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Abstract

This work is a formalization of epistemic logic with countably many
agents. It includes proofs of soundness and completeness for the axiom
system K. The completeness proof is based on the textbook "Reasoning
About Knowledge" by Fagin, Halpern, Moses and Vardi (MIT Press
1995) [2]. The extensions of system K (T, KB, K4, S4, S5) and their
completeness proofs are based on the textbook "Modal Logic" by Black-
burn, de Rijke and Venema (Cambridge University Press 2001) [1].
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theory Mazimal-Consistent-Sets imports HOL— Cardinals. Cardinal-Order-Relation
begin

context wo-rel begin

lemma underS-bound: <a € underS n = b € underS n = a € under b V b €
under ay

by (meson BNF-Least-Fizpoint.underS-Field REFL Refl-under-in in-mono un-
der-ofilter ofilter-linord)

lemma finite-underS-bound:
assumes <finite X» <X C underS n» «X # {b
shows (3a € X. Vb € X. b € under a»
using assms
proof (induct X rule: finite-induct)
case (insert z F)
then show ?case
proof (cases <F = {})
case True
then show ?thesis
using insert underS-bound by fast
next
case Fulse
then show ?thesis
using insert underS-bound by (metis TRANS insert-absorb insert-iff insert-subset
under-trans)
qed
qed simp

lemma finite-bound-under:
assumes <finite p> <p C (Un € Field r. fn)
shows <3m. p C (Un € under m. fn)»
using assms
proof (induct rule: finite-induct)
case (insert = p)
then obtain m where <p C ((Jn € under m. fn))
by fast
moreover obtain m’ where <z € fm’ «m’ € Field r
using insert(4) by blast
then have «z € (|Jn € under m’. f n)»
using REFL Refl-under-in by fast
ultimately have «({z} U p C (Un € under m. fn) U (Un € under m’. fn)
by fast
then show ?case
by (metis SUP-union Un-commute insert-is-Un sup.absorb-iff2 ofilter-linord
under-ofilter)
qed simp



end

locale MCS-Lim-Ord =
fixes r :: <a reb
assumes WELL: « Well-order r»
and isLimOrd-r: <isLimOrd r»
fixes consistent :: <'a set = bool>
assumes consistent-hereditary: <consistent S = S’ C S = consistent S’
and inconsistent-finite: <\S. = consistent S = 35’ C S. finite S’ A = con-
sistent S’
begin

definition exztendS :: <'a set = 'a = 'a set = 'a set» where
cextendS S n prev = if consistent ({n} U prev) then {n} U prev else prev

definition eztendL :: «('a = 'a set) = 'a = 'a set» where
cextendL rec n = |Jm € underS r n. rec m»

definition extend :: <'a set = 'a = ’a set» where
cextend S n = worecZSL r S (extendS S) extendL n»

lemma wo-rel-r: <wo-rel r»
by (simp add: WELL wo-rel.intro)

lemma adm-woL-extendL: <adm-woL r extendL»
unfolding extendL-def wo-rel.adm-woL-def[OF wo-rel-r] by blast

definition Extend :: ('a set = 'a set) where
«Extend S = Jn € Field r. extend S n»

lemma extend-subset: «<n € Field r =—> S C extend S n»
proof (induct n rule: wo-rel.well-order-inductZSL{OF wo-rel-r])
case 1
then show ?case
unfolding extend-def wo-rel.worecZSL-zero| OF wo-rel-r adm-woL-extendL)
by simp
next
case (2 1)
moreover from this have «i € Field r»
by (meson Fieldll wo-rel.succ-in wo-rel-r)
ultimately show Zcase
unfolding extend-def extendS-def
wo-rel.worecZSL-succ| OF wo-rel-r adm-woL-extendL 2(1)] by auto
next
case (3 1)
then show Zcase
unfolding eztend-def extendL-def



wo-rel.worecZSL-isLim[OF wo-rel-r adm-woL-extendL 3(1—2)]

using wo-rel-r by (metis SUP-upper?2 emptyE underS-1 wo-rel.zero-in-Field
wo-rel.zero-smallest)
qed

lemma FEzxtend-subset” «Field r # {} = S C Eatend S»
unfolding Faxtend-def using extend-subset by fast

lemma extend-underS: <m € underS r n = extend S m C extend S n»
proof (induct n rule: wo-rel.well-order-inductZSL|OF wo-rel-r])
case I
then show ?case
unfolding extend-def using wo-rel-r by (simp add: wo-rel.underS-zero)
next
case (2 1)
moreover from this have <m = iV m € underS r i
by (metis wo-rel.less-succ underS-E underS-I wo-rel-r)
ultimately show ?case
unfolding eztend-def extendS-def
wo-rel.worecZSL-succ| OF wo-rel-r adm-woL-extendL 2(1)]
by auto
next
case (3 1)
then show ?case
unfolding extend-def extendL-def
wo-rel.worecZSL-isLim[OF wo-rel-r adm-woL-extendL 3(1—2)]
by blast
qed

lemma exstend-under: <m € under r n = extend S m C extend S n»
using extend-underS wo-rel-r
by (metis empty-iff in- Above-under set-eq-subset wo-rel.supr-greater wo-rel.supr-under
underS-1
under-Field under-empty)

lemma consistent-extend:
assumes (consistent S»
shows <consistent (extend S n)»
using assms
proof (induct n rule: wo-rel.well-order-inductZSL]OF wo-rel-r])
case 1
then show “case
unfolding extend-def wo-rel.worecZSL-zero| OF wo-rel-r adm-woL-extendL] .
next
case (2 1)
then show ?case
unfolding extend-def extendS-def
wo-rel.worecZSL-succ| OF wo-rel-r adm-woL-extendL 2(1)]
by auto



next
case (3 1)
show ?Zcase
proof (rule ccontr)
assume <~ consistent (extend S 1))
then obtain S’ where S’ «finite S"» <S’' C (Un € underS r i. extend S n)»
<= consistent S"
unfolding extend-def extendL-def
wo-rel.worecZSL-isLim|OF wo-rel-r adm-woL-extendL 3(1—2)]
using inconsistent-finite by auto
then obtain ns where ns: «S' C (Un € ns. extend S n)» <ns C underS r O
finite ns»
by (metis finite-subset-Union finite-subset-image)
moreover have «ns # {}
using S'(8) assms calculation(1) consistent-hereditary by auto
ultimately obtain j where <Vn € ns. n € under r j» <j € underS r O
using wo-rel. finite-underS-bound wo-rel-r ns by (meson subset-iff)
then have Vn € ns. extend S n C extend S j»
using extend-under by fast
then have (S’ C extend S j>
using S’ ns(1) by blast
then show Fulse
using 3(3) < consistent S’y assms consistent-hereditary <j € underS r i> by
blast
qed
qged

lemma consistent-Extend:
assumes <consistent S»
shows <consistent (Extend S)»
unfolding FExtend-def
proof (rule ccontr)
assume <~ consistent ((Un € Field r. extend S n)»
then obtain S’ where «finite S S’ C (Un € Field r. extend S n)» <— consistent
S’
using inconsistent-finite by metis
then obtain m where S’ C (|Jn € under r m. extend S n)» «<m € Field r»
using wo-rel.finite-bound-under wo-rel-r
by (metis SUP-le-iff assms consistent-hereditary emptyE under-empty)
then have S’ C extend S m»
using extend-under by fast
moreover have (consistent (extend S m))
using assms consistent-extend by blast
ultimately show Fulse
using <— consistent S’y consistent-hereditary by blast

qed

definition mazimal’ :: <'a set = bool> where
<mazimal’ S =V p € Field r. consistent ({p} U S) — p € S



lemma Eztend-bound: <n € Field r —> extend S n C Extend S)
unfolding Eztend-def by blast

lemma mazximal’-Extend: <mazimal’ (Eztend S)»
unfolding mazimal’-def
proof safe
fix p
assume *: <p € Field ry <consistent ({p} U Fxtend S)»
then have «{p} U extend S p C {p} U Extend S»
unfolding FEztend-def by blast
then have *x: <consistent ({p} U extend S p)»
using * consistent-hereditary by blast
moreover have succ: (aboveS rp # {}
using * isLimOrd-r wo-rel.isLimOrd-aboveS wo-rel-r by fast
then have (succ r p € Field r»
using wo-rel-r by (simp add: wo-rel.succ-in-Field)
moreover have «p € extend S (succ r p)»
using *x unfolding extend-def extendS-def
wo-rel.worecZSL-succ[ OF wo-rel-r adm-woL-extendL succ]
by simp
ultimately show <p € FExtend S»
using Fxtend-bound by fast
qed

end

locale MCS =
fixes consistent :: <'a set = bool
assumes infinite-UNIV: <infinite (UNIV :: 'a set)»
and <consistent S = S’ C § = consistent S’
and «A\S. = consistent S = 35’ C S. finite S’ A = consistent S’

sublocale MCS C MCS-Lim-Ord <|UNIV|»

proof
show < Well-order |UNIV |
by simp
next

have <infinite ( Field |UNIV :: 'a set| )»
using infinite-UNIV by simp
with card-order-infinite-isLimOrd card-of-Card-order
show <isLimOrd |UNIV :: 'a set| .
next
fix 55’
show <consistent S => S’ C S = consistent S’
using MCS-axioms unfolding MCS-def by blast
next
fix 55’
show <= consistent S = 35’ C §. finite S’ A — consistent S’



using MCS-azioms unfolding MCS-def by blast
qed

context MCS begin

lemma FEzxtend-subset: <S C Extend S»
by (simp add: Extend-subset’)

definition mazimal :: 'a set = bool> where
<mazimal S =V p. consistent ({p} U S) — p € S»

lemma mazimal-mazimal’: <mazimal S <— mazximal’ S»
unfolding mazimal-def mazimal’-def by simp

lemma mazimal-Extend: <maximal (Extend S)»
using mazimal’-Extend maximal-maximal’ by fast

end

end

theory Epistemic-Logic imports Maximal-Consistent-Sets begin

1 Syntax
type-synonym id = string

datatype i fm
= FF («L»)
| Pro id
| Dis <"t fmy <'i fmy (infixr «V» 60)
| Con <'i fmy /i fmy (infixr <A> 65)
| Imp <'i fmy <'i fmy (infixr <—> 55)
| K ' <" fmo

abbreviation TT («<T») where
AT =1 — L)

abbreviation Neg (<= -» [70] 70) where
<Negp=p— L»

abbreviation <L ip = - K i (- p)

2 Semantics

record (i, 'w) frame =
W i <w sety



K di="vw= "wset

record (i, 'w) kripke =
(i, 'w) frames +
7w = id = booly

primrec semantics :: (i, 'w) kripke = 'w = i fm = booly (x-, - = - [50, 50,
50] 50) where

<M, w = L +— False)

| <M, wlE Prox +— 7 Mwux

| M, wEpVg+— M, wEDPV M wkE @

| <M, wEpAg+— M, uEDPAM wkE @

| M,wlEp—qg+— M,ulEp— M,wE ¢

| <M,wEKip+— VveWMNK Miw M, v p)

abbreviation validStar :: «(('i, 'w) kripke = bool) = i fm set = "i fm = bool
(<= - [|=x - [50, 50, 50] 50) where
Py Glxp=VM.PM —
NVweWM NVge G.M,wkEq — M, wkE=p)

3 S5 Axioms

definition reflexive :: <('i, 'w, 'c) frame-scheme = bool> where
<reflezive M =Vi.YVw e W M. w e K M i w

definition symmetric :: «('i, 'w, 'c) frame-scheme = bool> where
<symmetric M =Vi.VveW M. YuveWM veKMiws—weKMiv

definition transitive :: «('i, 'w, 'c) frame-scheme = bools where
<transitive M =Vi.Vue WM. YVvoe WM. YweW M.
weEKMivhueKMivwv—ueKMiw

abbreviation refltrans :: «('i, 'w, 'c) frame-scheme = bool> where
<refltrans M = reflexive M N transitive M»

abbreviation equivalence :: <('i, 'w, 'c) frame-scheme = bool> where
<equivalence M = reflexive M N symmetric M A transitive M>

definition Euclidean :: «('i, 'w, '¢) frame-scheme = bool> where
<Buclidean M =Vi.VueW M. Vve WM YweW M.
veEKMiv—weKkMiv—wekMivn

lemma I'mp-intro [introl: «(M, wlEp = M, wE q) = M, wEp— ¢
by simp

theorem distribution: <M, wE KipAKi(p— q) — Ki @
proof

assume <M, w = Kip A Ki(p — q)

then have <M, w = Kip <M, wE Ki(p — q)



by simp-all
then have Vve WM NK Miw M,vEp YSveWMNK Miw M, v
Fp—
by simp-all
then have Vv e W M NK Miw. M, v ¢
by simp
then show <M, w = K i ¢
by simp
qed

theorem generalization:
fixes M :: «('i, 'w) kripke>
assumes V(M :: (i, 'w) kripke). Vw e W M. M, w = p» «w €W M)
shows <M, w = K i p
proof —
have Yw' e WM NK Miw M, w |E p
using assms by blast
then show <M, w = K i p
by simp
qed

theorem truth:
assumes <reflexive M»> <w € W M
shows <M, wlE Kip — p
proof
assume M, w = K i p
then have Vv e W M NK Miw. M, v |E p
by simp
moreover have «w € X M i w»
using «<reflexive My <w € W M) unfolding reflexive-def by blast
ultimately show <M, w &= p
using <w € W M)» by simp
qed

theorem pos-introspection:
assumes <transitive M» «<w € W M)>
shows <M, wlE Kip — Ki (K ip)
proof
assume <M, w = K i p»
then have Vo e W MNK Miw. M, v} p
by simp
then have Vo e W M NK Miw. YueW MNK Miv. M, u = p
using <transitive M»> «<w € YW M»> unfolding transitive-def by blast
then have Vv e W M NK Miw. M,v|E Kip
by simp
then show <M, w = K i (K ip)
by simp
qed

10



theorem neg-introspection:
assumes <symmetric M <transitive My <w € W M)»
shows <M, wE - Kip— Ki (= Kip)
proof
assume <M, w = - (K i p)»
then obtain u where <u € K M i w» <= (M, u |= p)» <u € W M)
by auto
moreover have Vv e W M NK Miw. v e WMNK Miw
using <u € K M i wy <symmetric M> <transitive My <u € W M» «w € W M>
unfolding symmetric-def transitive-def by blast
ultimately have Vo e WM NK Miw. M,vE - Kip
by auto
then show <M, w = K i (- K ip)
by simp
qed

4 Normal Modal Logic

primrec eval :: <(id = bool) = ('i fm = bool) = i fm = bool> where
<eval - - L = False»

| <eval g - (Pro ) = g ©»

| <eval g h (p VvV q) = (eval g h p V eval g h q)»

| <eval g h (p A q) = (eval g h p A eval g h q)»

| <eval g h (p — q) = (eval g h p — eval g h q)»

| <eval - h (K ip)=h (Kip)

abbreviation <tautology p =V g h. eval g h p»

inductive AK :: (i fm = bool) = i fm = booly («-+ -» [50, 50] 50)
for A :: </i fm = bool) where

Al: <tautology p = A F p»

| A2« AF-KipANKi(p— ¢ — Kig

| Az: «<Ap=—= A+ p

| RI: \AFp=Atp—qg=— At ¢

| R2: <At p= AF Kip

primrec imply :: <"i fm list = i fm = i fm) (infixr <~»» 56) where
({(I~ad=w
| «(p# ps~ q) = (p —> ps~ q)

abbreviation AK-assms (<-; - - - [50, 50, 50] 50) where
<A; GEp=3Tgs. set s C G A (AF gs~ p)
5 Soundness

lemma eval-semantics:
ceval (piw) Ag. W=W,K=r,mr=pi),uEq¢p=(((W=W,K=rn=«
= pZD7 w ): p)>

11



by (induct p) simp-all

lemma tautology:
assumes <tautology p»
shows <M, w E p
proof —
from assms have <eval (g w) (N\g. (W =W, K=r,m=¢g), wE q) p for W
gr
by simp
then have «((W =W, K=r,m=g), wkEp for Wgr
using eval-semantics by fast
then show <M, w = p
by (metis kripke.cases)
qed

theorem soundness:
assumes (A\Mwp. Ap—=PM —=weWM=— M, wE p
shows (AFrp—=PM—weWM=— M, wEp
by (induct p arbitrary: w rule: AK.induct) (auto simp: assms tautology)

6 Derived rules

lemma K-A2 <A+ Ki(p—q) — Kip— Kig
proof —
have (AF KipAKi(p—q) — Kig
using A2 by fast
moreover have <A+ (PA Q@ — R) — (@ — P —> R)) for P Q R
by (simp add: A1)
ultimately show ?thesis
using R1 by fast
qed

lemma K-map:
assumes (A F p — ¢
shows <(AFKip— Kig
proof —
note <Ak p — ¢
then have <A+ K i (p — q)
using R2 by fast
moreover have (AF Ki(p— ¢) — Kip— Kig
using K-A2' by fast
ultimately show %thesis
using R1 by fast
qed

lemma K-LK: <A+ (Li (- p) — - Kip)
proof —
have <A+ (p — = = pp»
by (simp add: A1)

12



moreover have <A+ (P — Q) — (— Q@ — = P))» for P Q
using A1 by force
ultimately show ?thesis
using K-map R1 by fast
qed

lemma K-imply-head: <A & (p # ps ~ p)
proof —
have <tautology (p # ps ~ p)»
by (induct ps) simp-all
then show ?thesis
using A1 by blast
qed

lemma K-imply-Cons:
assumes (A F ps ~ ¢
shows (A F p # ps ~ ¢
proof —
have (A F (ps~ ¢ —> p # ps~ q)
by (simp add: A1)
with R1 assms show ?thesis .
qed

lemma K-right-mp:
assumes (A b ps~ py <A F ps~ (p — q)
shows <A F ps~ ¢
proof —
have <tautology (ps ~» p —> ps ~ (p —> q) —> ps ~ q)»
by (induct ps) simp-all
with A1 have (A F ps~p — ps~ (p — ¢) —> ps~ ¢ .
then show ?thesis
using assms R1 by blast
qed

lemma tautology-imply-superset:
assumes <set ps C set gs)
shows <tautology (ps ~ r —> qs ~> )
proof (rule ccontr)
assume < tautology (ps ~ r —> qs ~ r)
then obtain g h where <— eval g h (ps ~ r—> gs ~ r)
by blast
then have <eval g h (ps ~> 1)y <= eval g h (gs ~ )
by simp-all
then consider (np) «Ip € set ps. =~ eval g h p> | (r) ~Vp € set ps. eval g h p»
ceval g h >
by (induct ps) auto
then show False
proof cases
case np

13



then have <dp € set ¢gs. = eval g h p»
using <set ps C set gs» by blast
then have <eval g h (gs ~ 7)»
by (induct ¢s) simp-all
then show ?thesis
using <— eval g h (¢gs ~ r)> by blast
next
case r
then have <eval g h (gs ~ 7)»
by (induct ¢s) simp-all
then show ?thesis
using <— eval g h (gs ~ r)> by blast
qed
qed

lemma K-imply-weaken:
assumes (A - ps ~ ¢ <set ps C set ps’
shows (A F ps’ ~ ¢
proof —
have <tautology (ps ~> ¢ — ps’ ~ q)»
using «set ps C set ps’» tautology-imply-superset by blast
then have (A - ps ~ ¢ — ps’ ~ ¢
using A1 by blast
then show ?thesis
using <A F ps ~~ ¢» R1 by blast
qed

lemma imply-append: «(ps @ ps’ ~ q) = (ps ~ ps’ ~ q)»
by (induct ps) simp-all

lemma K-Impl:
assumes (A - p # G~ ¢
shows <A+ G~ (p — q)

proof —
have «set (p # G) C set (G Q [p])»
by simp

then have (A + G Q [p] ~ ¢
using assms K-imply-weaken by blast
then have <A+ G ~ [p] ~ ¢
using imply-append by metis
then show ?thesis
by simp
qed

lemma K-Boole:
assumes <A+ (- p) # G~ L
shows <A F G ~ p

proof —
have(AFGw—'—'p>

14



using assms K-Impl by blast

moreover have <tautology (G~ =~ = p — G~ p)
by (induct G) simp-all

then have <A F (G~ == p— G~ p)
using A1 by blast

ultimately show %thesis
using R1 by blast

qed

lemma K-DisE:
assumes (A p# G~ A q# G~ A G~ pV @
shows (A + G~ 1
proof —
have <tautology (p # G~r— q# G~~>1r—> G~>pV g—> G~ 1)
by (induct G) auto
then have AFp# G~»r— qg# G~~1r—> G~~pV q¢g— G~ 1
using A1 by blast
then show ?thesis
using assms R1 by blast
qed

lemma K-mp: <AFp# (p— q) # G~ ¢
by (meson K-imply-head K-imply-weaken K-right-mp set-subset-Cons)

lemma K-swap:
assumes (A p # qg# G~ 1
shows (At q# p# G~ 1m
using assms K-Impl by (metis imply.simps(1—2))

lemma K-DisL:
assumes (A p # ps~ ¢ <A+ p' # ps~ ¢
shows <A (pV p') # ps~ ¢
proof —
have (A p# (pV p) # ps~ ¢ <A p'# (pVp)# ps~ @
using assms K-swap K-imply-Cons by blast+
moreover have (A F (pV p') # ps~ pV p)
using K-imply-head by blast
ultimately show %thesis
using K-DisE by blast
qed

lemma K-distrib-K-imp:
assumes <A+ K i (G~ q)
shows <A+ map (K i) G~ Kig@
proof —
have (AF (Ki (G~ q) — map (Ki) G~ Kiq)
proof (induct G)
case Nil
then show ?case

15



by (simp add: A1)
next
case (Cons a G)
have (AF KiaAKi(a# G~ q) — Ki (G~ qp
by (simp add: A2)
moreover have
AF(KiaANKi(a# G~ q) — Ki (G~ q)) —
(Ki (G~ q) —> map (Ki) G~ Kigq) —
(KiaANKi(a# G~ q) — map (Ki) G~ Kiq))h
by (simp add: A1)
ultimately have <A+ Kia A Ki(a# G~ q) — map (Ki) G~ Ki ¢
using Cons R1 by blast
moreover have
AF (KiaNKi(a# G~ q) — map (Ki) G~ Kiq) —
(Ki(a# G~ q) — Kia—> map (Ki) G~ Kiq))
by (simp add: A1)
ultimately have <AF (Ki(a # G~ ¢q) — Kia—> map (Ki) G~ K i
q)
using R1 by blast
then show ?case
by simp
qed
then show ?thesis
using assms R1 by blast
qed

lemma K-trans: <A+ (p — q) — (¢—> 1) — p —>
by (auto intro: A1)

lemma K-L-dual: <A+ = Li(—mp) — Kip
proof —
have (A Kip— Kipp<AF - p— p
by (auto intro: A1)
then have <A+ Ki (= —p) — Kip
by (auto intro: K-map)
moreover have <A+ (P — @) — (n = P —> Q)» for P Q
by (auto intro: A1)
ultimately show (A == Ki (= —=p) — Kip
by (auto intro: R1)
qed

7 Strong Soundness

corollary soundness-imply:
assumes (A\Mwp. Ap—=PM —=weWM=— M, wE p
shows (A F ps ~ p = P; set ps |=* p»
proof (induct ps arbitrary: p)
case Nil
then show Zcase
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using soundness[of A P p| assms by simp
next
case (Cons a ps)
then show ?case
using K-Impl by fastforce
qed

theorem strong-soundness:
assumes (A\Mwp. Ap=—=PM = weWM=— M wEp
shows <4; G+ p = P; G =~ p»
proof safe
fix gs w and M :: <('a, 'b) kripke)
assume (A F gs ~ p»
moreover assume <set gs C G» Vge G. M, w E ¢
then have Vq € set ¢gs. M, w = ¢
using <set gs C G) by blast
moreover assume <P M> «w € W M»
ultimately show <M, w = p»
using soundness-imply[of A P ¢s p] assms by blast
qed

8 Completeness

8.1 Consistent sets

definition consistent :: <('i fm = bool) = i fm set = bool> where
<consistent A S = - (A; SE L)

lemma inconsistent-subset:
assumes <consistent A V> <= consistent A ({p} U V)
obtains V' where <set V' C Vs <A p# V'~ L)
proof —
obtain V' where V' «set V' C ({p} U V) <p € set VH <(AE V'~ L)
using assms unfolding consistent-def by blast
then have x: <A p # V'~ L»
using K-imply-Cons by blast

let 25 = <removeAll p V'
have «set (p # V') C set (p # 25)
by auto
then have <A+ p # 25~ 1>
using x K-imply-weaken by blast
moreover have (set 25 C V>
using V'(1) by (metis Diff-subset-conv set-removeAll)
ultimately show ?thesis
using that by blast
qed

lemma consistent-consequent:
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assumes <consistent A Vy «xp € Vy <Ak p — @
shows <¢consistent A ({q} U V)
proof —
have WV V' set VCV — 2 (Abp# V'~ 1)
using <consistent A V» <p € V» unfolding consistent-def
by (metis insert-subset list.simps(15))
then have WV V. set VCV — 2 (AF qg# V'~ L)
using <A F (p —> ¢)» K-imply-head K-right-mp by (metis imply.simps(1—2))
then show ?thesis
using <consistent A V) inconsistent-subset by metis
qged

lemma consistent-consequent'”:
assumes <consistent A Vy «p € V> <tautology (p —> q)»
shows <consistent A ({q} U V)
using assms consistent-consequent A1 by blast

lemma consistent-disjuncts:
assumes <consistent A V> «(p V ¢q) € V»
shows <consistent A ({p} U V) V consistent A ({q} U V)
proof (rule ccontr)
assume <~ ?thesis
then have - consistent A ({p} U V)» <= consistent A ({q} U V)
by blast+

then obtain S’ T’ where
Sh«set S'C VycAkFp# S~ 1) and
T:set T"C VyAbFq# T~ L
using <consistent A V) inconsistent-subset by metis

from S have p: <A+ p# 85" QT ~ L
by (metis K-imply-weaken Un-upperl append-Cons set-append)
moreover from T'have ¢: (A q# S'Q T/~ 1)
by (metis K-imply-head K-right-mp R1 imply.simps(2) imply-append)
ultimately have (A F (pV q) # 5/ Q T/~ L)
using K-DisL by blast
then have <A+ S'Q T/~ 1)
using S'(1) T'(1) p q <consistent A Vs «(p V ¢) € V> unfolding consistent-def
by (metis Un-subset-iff insert-subset list.simps(15) set-append)
moreover have ¢set (S'Q T') C V)
by (simp add: S'(1) T'(1))
ultimately show Fulse
using <consistent A V» unfolding consistent-def by blast
qed

lemma exists-finite-inconsistent:

assumes (— consistent A ({— p} U V)

obtains W where ({= p} U W C {= p} U Vs (= p) &€ W> (finite Wy <=
consistent A ({— p} U W)
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proof —
obtain W' where W' «set W C{—~p} U Vo (AF W'~ L»
using assms unfolding consistent-def by blast
let 25 = <removeAll (— p) W’
have «— consistent A ({— p} U set 25)»
unfolding consistent-def using W'(2) by auto
moreover have «finite (set ¢5)»
by blast
moreover have «({— p} U set 25 C {—=p} U
using W'(1) by auto
moreover have (- p) ¢ set 25
by simp
ultimately show ?thesis
by (meson that)
qed

lemma inconsistent-imply:
assumes (— consistent A ({— p} U set G)»
shows <A F G~ p»
using assms K-Boole K-imply-weaken unfolding consistent-def
by (metis insert-is-Un list.simps(15))

8.2 Maximal consistent sets

lemma fm-any-size: <3p :: i fm. size p = n»
proof (induct n)
case ()
then show ?case
using fm.size(7) by blast
next
case (Suc n)
then show ?case
by (metis add.commute add-0 add-Suc-right fm.size(12))
qed

lemma infinite-UNIV-fm: <nfinite (UNIV :: 'i fm set)»
using fm-any-size by (metis (full-types) finite-imagel infinite-UNIV-nat surj-def)

interpretation MCS <consistent As for A :: <'i fm = bool)
proof
show <infinite (UNIV :: 'i fm set))
using infinite-UNIV-fm .
next
fix § 5’
assume (consistent A S» «S' C S»
then show <consistent A S’
unfolding consistent-def by simp
next

fix §
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assume (- consistent A S»
then show 35’ C S. finite S’ A — consistent A S"
unfolding consistent-def by blast
qed

theorem deriv-in-maximal:
assumes <consistent A Vy <mazximal A Vy <A+ p»
shows (p € V)
using assms R1 inconsistent-subset unfolding consistent-def mazimal-def
by (metis imply.simps(2))

theorem ezactly-one-in-mazximal:
assumes <consistent A Vy <mazximal A V>
shows (p € V+— (0 p) ¢ V>
proof
assume p € V>
then show «(— p) ¢ V>
using assms K-mp unfolding consistent-def mazximal-def
by (metis empty-subset] insert-subset list.set(1) list.simps(15))
next
assume (- p) ¢ V>
have <AF (pV = p)
by (simp add: A1)
then have «(p V = p) € V)
using assms deriv-in-maximal by blast
then have <consistent A ({p} U V) V consistent A ({— p} U V)
using assms consistent-disjuncts by blast
then show p € V>
using <mazimal A V) <(— p) ¢ V» unfolding mazimal-def by blast
qed

theorem consequent-in-mazimal:
assumes (consistent A Vy «mazimal A Vy <p € Vs «(p —> q) € V)
shows (¢ € V»
proof —
have WV . set V' CV — 2 (AkpH# (p—q # V'~ L)
using <consistent A V> <p € Vs <(p —> ¢) € V> unfolding consistent-def
by (metis insert-subset list.simps(15))
then have WV V. set VCV — 2 (AF qg# V'~ 1)
by (meson K-mp K-Impl K-imply-weaken K-right-mp set-subset-Cons)
then have <consistent A ({q} U V)»
using <consistent A V) inconsistent-subset by metis
then show ?thesis
using (maximal A V> unfolding mazximal-def by fast
qed

theorem az-in-mazximal:

assumes (consistent A Vy <mazximal A V> <A p
shows (p € V>
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using assms deriv-in-mazimal Az by blast

theorem mcs-properties:
assumes <consistent A V> and <mazximal A V>
shows (At p=—pe V>
andp e V= (mp ¢V
andipe V= (p—qgeV=9qgel
using assms deriv-in-mazimal exactly-one-in-maximal consequent-in-maximal by
blast+

lemma mazximal-extension:
fixes V :: <'i fm set»
assumes <consistent A V>
obtains W where «(V C W5 <consistent A Wy <mazimal A W>
proof —
let ?W = «Extend A V>
have <V C ?W>»
using Faxtend-subset by blast
moreover have (consistent A ?W»
using assms consistent-Extend by blast
moreover have (mazimal A ?W>
using assms mazimal-Extend by blast
ultimately show ?thesis
using that by blast
qed

8.3 Canonical model

abbreviation pi :: (/i fm set = id = bool> where
xpi Va=Prox e V>

abbreviation known :: <"i fm set = i = 'i fm set> where
<knoun Vi={p. Kipe V}p

abbreviation reach :: <('i fm = bool) = "i = i fm set = i fm set set) where
<reach A iV = {W. known Vi C W}

abbreviation mecss :: <('i fm = bool) = 'i fm set sety where
«mess A = {W. consistent A W A mazimal A W}

abbreviation canonical :: <(i fm = bool) = (i, i fm set) kripke) where
ccanonical A = (W = mess A, K = reach A, m = pi|)»

lemma truth-lemma:
fixes p :: </t fm»
assumes (consistent A V» and <maximal A V>
shows <p € V +— canonical A, V = p»
using assms

proof (induct p arbitrary: V)
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case FF
then show ?case
proof safe
assume <1l € V)
then have Fulse
using <consistent A Vs K-imply-head unfolding consistent-def
by (metis bot.extremum insert-subset list.set(1) list.simps(15))
then show <canonical A, V | L» ..
next
assume <canonical A, V |= L»
then show (L € V)
by simp
qed
next
case (Pro )
then show ?case
by simp
next
case (Dis p q)
then show ?case
proof safe
assume ((p V ¢q) €
then have <consistent A ({p} U V) V consistent A ({q} U V)
using <consistent A V' consistent-disjuncts by blast
then have (p e VvV ge
using <mazimal A V> unfolding mazimal-def by fast
then show <canonical A, V = (p V q)
using Dis by simp
next
assume <canonical A, V = (p V q)
then consider <(canonical A, V = p> | <canonical A, V E ¢
by auto
then have <(p € VV g€
using Dis by auto
moreover have <(AFp —pV pAFq—pV @
by (auto simp: A1)
ultimately show «(p V ¢) € V>
using Dis.prems deriv-in-mazximal consequent-in-mazximal by blast
qed
next
case (Con p q)
then show ?case
proof safe
assume (p A q) € V»
then have <consistent A ({p} U V)» <consistent A ({q} U V)»
using «consistent A V) consistent-consequent’ by fastforce+
then have (p € V) «(qg € V»
using <mazimal A V> unfolding mazimal-def by fast+
then show <canonical A, V = (p A q)
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using Con by simp
next
assume <canonical A, V = (p A q)»
then have <canonical A, V = p» <canonical A, V = ¢
by auto
then have (p € V) «q e V»»
using Con by auto
moreover have <(AFp — ¢g— p A @
by (auto simp: A1)
ultimately show «(p A ¢) € V>
using Con.prems deriv-in-mazimal consequent-in-mazximal by blast
qed
next
case (Imp p q)
then show ?case
proof safe
assume (p —> ¢q) € V
then have <consistent A ({= pV q} U V)
using <consistent A V) consistent-consequent’ by fastforce
then have <consistent A ({— p} U V) V consistent A ({q} U V)»
using <consistent A V) <maximal A V> consistent-disjuncts unfolding mazx-
imal-def by blast
then have «(—p) e VvV ge V»
using (maximal A V) unfolding mazimal-def by fast
then have <p ¢ VvV g€
using Imp.prems exactly-one-in-mazimal by blast
then show <canonical A, V = (p —> q)»
using Imp by simp
next
assume <canonical A, V = (p — q)»
then consider «— canonical A, V = p) | <canonical A, V = ¢
by auto
then have <p ¢ VV ge
using Imp by auto
then have «(mp) e Vv ge V»
using Imp.prems exactly-one-in-maximal by blast
moreover have <A+ —-p—p— @Ak qg— p— ¢
by (auto simp: A1)
ultimately show «((p — ¢q) € V»
using Imp.prems deriv-in-mazximal consequent-in-maximal by blast
qed
next
case (K i p)
then show ?case
proof safe
assume <K ip e V>
then show <canonical A, V = K i p
using K.hyps by auto
next
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assume <canonical A, V = K i p

have «— consistent A ({= p} U known V i)»
proof
assume <consistent A ({— p} U known V i)»
then obtain W where W: «{— p} U known Vi C W» <consistent A W»
<mazimal A W
using <consistent A V» mazimal-extension by blast
then have <canonical A, W = = p»
using K <consistent A V> exactly-one-in-mazimal by auto
moreover have <W € reach A i Vy «<W € mess A»
using W by simp-all
ultimately have <canonical A, V = - K ip
by auto
then show Fulse
using <canonical A, V = K i p» by auto
qed

then obtain W where W:
= pt U W C {= p} Uknown Vir «(—p) & Ws <finite Wy <= consistent A
({~p}U W)
using ezists-finite-inconsistent by metis

obtain L where L: <set L = W
using <finite W» finite-list by blast

then have <A+ L ~ p
using W(4) inconsistent-imply by blast
then have <A+ K i (L~ p)
using R2 by fast
then have <A+ map (K i) L~ Kip
using K-distrib-K-imp by fast
then have <(map (K i) L~ Kip) e V)
using deriv-in-mazimal K.prems(1, 2) by blast
then show <K ip € V>
using L W(1-2)
proof (induct L arbitrary: W)
case (Cons a L)
then have (K ia € V>
by auto
then have <(map (K i) L~ Kip) e V)
using Cons(2) <consistent A V' <mazimal A V> consequent-in-mazximal by
auto
then show ?case
using Cons by auto
qed simp
qed
qed
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lemma canonical-model:
assumes <consistent A S» and <p € S
defines «V = FEatend A S» and <M = canonical A»
shows (M, V = p> and <consistent A V» and <mazimal A V>
proof —
have <consistent A V>
using <consistent A S» unfolding V-def using consistent-Extend by blast
have (mazimal A V>
unfolding V-def using mazimal-FExtend by blast
{ fix z
assume (r € S
then have <z € 1
unfolding V-def using Ezxtend-subset by blast
then have <M, V E o
unfolding M-def using truth-lemma <consistent A V> <mazximal A V> by
blast }
then show <M, V E p
using «p € S» by blast+
show «<consistent A V' <maximal A V>
by fact+
qed

8.4 Completeness

abbreviation valid :: <((i, 'i fm set) kripke = bool) = 'i fm set = 'i fm = bool>
(¢ - |= - [50, 50, 50] 50)
where <P; G |Ep=P; G =« p

theorem strong-completeness:
assumes (P; G |= p» and <P (canonical A)»
shows 4; G + p»
proof (rule ccontr)
assume i gs. set gs C G A (A gs ~ p)
then have x: V¢s. set s C G — = (AF (= p) # gs~ L)
using K-Boole by blast

let 25 = ({= p} U G
let 2V = (Eatend A 25)
let ?M = <canonical A

have (consistent A 25>

using * by (metis K-imply-Cons consistent-def inconsistent-subset)
then have <?M, ?V = (mpp Vg e G. M, ?V = ¢

using canonical-model by fastforce+
moreover have «?V € mcss A»

using <consistent A 25> consistent- Extend mazimal-Extend by blast
ultimately have <M, ?V = p

using assms by simp
then show Fulse
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using <?M, ?V = (- p)» by simp
qed

corollary completeness:
assumes «P; {} |= p» and <P (canonical A)>
shows (A F p»
using assms strong-completeness[where G=«{}»] by simp

corollary completenessa:
assumes ((A-. True); {} = p
shows (A F p»
using assms completeness by blast

9 System K

abbreviation SystemK (- Fx -» [50] 50) where
<G kg p= (M. False); G+ p

lemma strong-soundnessi: <G Fx p = P; G |=x p
using strong-soundness[of «\-. False) <A-. True)] by fast

abbreviation validK («- =g - [50, 50] 50) where
G Ek p = (A True); G |= p

lemma strong-completenessi: <G |Fx p = G Fx »
using strong-completeness|of «A-. True)] by blast

theorem maing: <G |Fx p «— G g p
using strong-soundnessy[of G p] strong-completenessi|of G p] by fast

corollary <G |=x p = (A-. True); G |= p»
using strong-soundnessyi[of G p] strong-completenessi|of G p] by fast

10 System T

Also known as System M

inductive AzT :: /i fm = bool> where
<AzT (Kip — p)

abbreviation SystemT (<- Fr -» [50, 50] 50) where
«GrFpp= AxT; G+

lemma soundness-AxT: <AzT p = reflexive M —= w e W M = M, w = p
by (induct p rule: AzT.induct) (meson truth)

lemma strong-soundnessp: <G br p = reflexive; G = p»
using strong-soundness soundness-AzT .
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lemma AxzT-reflexive:
assumes (AzT < Ay and <consistent A V> and <mazximal A V>
shows «V € reach A i V>
proof —
have «(Kip — p) € V> for p
using assms az-in-mazimal AzT.intros by fast
then have <p € V) if <Kip e V) for p
using that assms consequent-in-maximal by blast
then show ?thesis
using assms by blast
qed

lemma refleziver:
assumes (AzT < A»
shows <reflezive (canonical A)»
unfolding refiexive-def
proof safe
fix iV
assume <V € W (canonical A)»
then have (consistent A V» <mazimal A V>
by simp-all
with AzT-reflexive assms have <V € reach A i V> .
then show «V € K (canonical A) i V>
by simp
qed

abbreviation validT («- |=r -» [50, 50] 50) where
<G =1 p = reflezive; G |= p

lemma strong-completenesst: <G |Er p = G Fr p
using strong-completeness reflexiver by blast

theorem mainr: <G |Fr p «— G br p
using strong-soundnesst|of G p| strong-completeness|of G p] by fast

corollary <G |=r p — reflezive; G |=x p»
using strong-soundnessr|of G p| strong-completenessr|of G p] by fast

11 System KB

inductive AzB :: <'i fm = bool> where
(AzB (p — K i (Lip))

abbreviation SystemKB (- bxp - [50, 50] 50) where
«GFgp p= AzB; G+ p»

lemma soundness-AzB: <AzB p = symmetric M — weW M = M, w E p
unfolding symmetric-def by (induct p rule: AzB.induct) auto
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lemma strong-soundnessk g: <G Fxp p = symmetric; G |=x p
using strong-soundness soundness-AzB .

lemma AxzB-symmetric”.
assumes (AzB < A» (consistent A V> <maximal A V> <consistent A W» <maxzimal
A W
and <W € reach A i V)
shows <V € reach A i W»
proof —
have Vp. Kipe W —pe V»
proof (safe, rule ccontr)
fix p
assume <K ipe Wr«p ¢ V>
then have «(— p) € V»
using assms(2—3) exactly-one-in-mazimal by fast
then have <K i (Li (- p)) € »
using assms(1—38) az-in-mazimal AzB.intros consequent-in-mazximal by fast
then have <L i (— p) € W)
using «W € reach A i V) by fast
then have «(—= Kip) € W)
using assms(4—5) by (meson K-LK consistent-consequent maximal-def)
then show Fulse
using <K i p € W) assms(4—5) exactly-one-in-mazimal by fast
qed
then have <known Wi C V)
by blast
then show ?thesis
using assms(2—3) by simp
qed

lemma symmetricyk g:
assumes <AzB < A»
shows <symmetric (canonical A)»
unfolding symmetric-def
proof (intro alll balll)
fixi VW
assume <V € W (canonical A)y <W € W (canonical A)»
then have (consistent A V» <mazimal A V> <consistent A W <mazximal A W
by simp-all
with AxB-symmetric’ assms have (W € reach A i V +— V € reach A i W»
by metis
then show «(W € K (canonical A) i V) = (V € K (canonical A) i W)»
by simp
qed

abbreviation validKB (<- |Fxp - [50, 50] 50) where
<G |Exp p = symmetric; G |= p
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lemma strong-completenessxp: <G |Fxp p = G tFkp p
using strong-completeness symmetrick g by blast

theorem maingp: <G |EFxp p «— GFxp p
using strong-soundnessi glof G p| strong-completenessi glof G p| by fast

corollary <G |Fxp p — symmetric; G |=x p
using strong-soundnessi glof G p| strong-completenessi glof G p| by fast

12 System K4

inductive Az/ :: /i fm = bool> where
Az4 (Kip — Ki(Kip))

abbreviation SystemK4 (¢- Fx4 - [50, 50] 50) where
Grgap=Axs; G+ p

lemma soundness-Ax4: <Az4 p = transitive M — w e W M —= M, w = p
by (induct p rule: Azj.induct) (meson pos-introspection)

lemma strong-soundnessiq: <G b4 p = transitive; G |=x p»
using strong-soundness soundness-Ax4 .

lemma Ax/-transitive:
assumes Az < Ay (consistent A V) <maximal A V)
and <W € reach A i Vy <U € reach A i W»
shows «U € reach A i V>
proof —
have «(Kip — Ki (Kip)) € V) forp
using assms(1—3) az-in-mazimal Ax4 .intros by fast
then have <K i (Kip) e Vyif <Kipe V) for p
using that assms(2—38) consequent-in-maximal by blast
then show ?thesis
using assms(4—5) by blast
qed

lemma transitiver 4:
assumes Az < A
shows <transitive (canonical A))
unfolding transitive-def
proof safe
fix i UV W
assume <V € W (canonical A)»
then have (consistent A V» ¢mazimal A V>
by simp-all
moreover assume
«W € K (canonical A) i V>
«U € K (canonical A) i W»
ultimately have <U € reach A i V>
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using Azj-transitive assms by simp
then show «U € K (canonical A) i V>
by simp
qed

abbreviation validK/ («- |Fx4 - [50, 50] 50) where
(G |Ek4 p = transitive; G |= p

lemma strong-completenessis: (G |Fxa p = G Fra p
using strong-completeness transitivex 4 by blast

theorem maing: <G |Fra p — G lFga p
using strong-soundnessi s[of G p| strong-completenessi4]of G p| by fast

corollary <G |=x4 p — transitive; G |=* p
using strong-soundnessg 4[of G p| strong-completenessia]of G p] by fast

13 System K5

inductive Az5 :: /i fm = bool> where
<Azb (Lip — Ki (Lip))

abbreviation SystemK5 (¢- Fgs - [50, 50] 50) where
G rFgsp=Ax5; G+ p

lemma soundness-Ax5: <Axs p = Fuclidean M — w e W M — M, w = p
by (induct p rule: Az5.induct) (unfold Euclidean-def semantics.simps, blast)

lemma strong-soundnessis: <G b5 p = Euclidean; G |=* p»
using strong-soundness soundness-Azd .

lemma Ax5-Euclidean:
assumes (Az5 < A»
<consistent A Uy <mazimal A U>»
<consistent A V> <mazimal A V>
<consistent A Wy <mazimal A W»
and <V € reach A ¢ Uy <W € reach A i U»
shows «W & reach A i V»
using assms
proof —
{ fix p
assume (K ipe Vo «xp ¢ W)
then have «(— p) € W)
using assms(6—7) exactly-one-in-mazimal by fast
then have <L i (= p) € U»
using assms(2—3, 6—7, 9) ezxactly-one-in-mazimal by blast
then have <K i (L { (- p)) € U
using assms(1—3) az-in-mazimal Az .intros consequent-in-maximal by fast
then have <L i (— p) € V»
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using assms(8) by blast
then have <= Kip e V>
using assms(4—5) K-LK consequent-in-mazimal deriv-in-mazimal by fast
then have Fulse
using assms(4—5) <K i p € V» exactly-one-in-maximal by fast
}

then show ?Zthesis
by blast
qed

lemma FEuclideany s:
assumes (Az5 < A»
shows <Fuclidean (canonical A)»
unfolding FEuclidean-def
proof safe
fixi UVW
assume U € W (canonical A)y <V € W (canonical A)y <W € W (canonical A)>
then have
<consistent A Uy <mazimal A U>»
<consistent A V> <mazimal A V>
<consistent A Wy <mazximal A W
by simp-all
moreover assume
<V € K (canonical A) i U»
«W € K (canonical A) i U>»
ultimately have «W &€ reach A i V>
using Az5-FEuclidean assms by simp
then show «W € K (canonical A) i V>
by simp
qed

abbreviation validK5 («- |=xs5 - [50, 50] 50) where
<G Eks p = Euclidean; G |= p»

lemma strong-completenessis: <G |Fxs p = G Fgs p
using strong-completeness Fuclideanks by blast

theorem maings: <G |Fgs p «— G ks p
using strong-soundnessis[of G p| strong-completenessis|of G p| by fast

corollary <G |=k5 p — FEuclidean; G |=* p»
using strong-soundnessis|of G p| strong-completenessis|of G p] by fast

14 System S4

abbreviation Or :: «(‘a = bool) = (‘a = bool) = 'a = bool> (infixl «®> 65)
where
(A AYp=ApVv A'p
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abbreviation SystemS4 (¢<- kg4 - [50, 50] 50) where
«Glrgyp=AzT & Azf; G+ p

lemma soundness-AxT4: «(AzT & Azf) p = reflexive M A transitive M — w
EWM=— M,wkEp
using soundness-AxT soundness-Axj by fast

lemma strong-soundnessgy: <G Fgq p = refllrans; G |=x p
using strong-soundness soundness-AxT/ .

abbreviation validS; («- =54 - [50, 50] 50) where
<G |Esa p = refltrans; G |= p

lemma strong-completenessgy: <G |EFsas p = G Fsq p

using strong-completeness|of refltrans] reflexiver|of <AzT @ Axj>] transitiver 4[of
(AzT & Az

by blast

theorem maingy: <G |Fga p +— G lsa p
using strong-soundnessgy|of G p| strong-completenesssq|of G p] by fast

corollary (G |Fg4 p — refltrans; G |=x p»
using strong-soundnessgq[of G p| strong-completenesssq|of G p| by fast

15 System S5

151 T+ B+ 4

abbreviation SystemS5 (¢- kg5 - [50, 50] 50) where
<G Fgs p=AzT & AzB & Az4; G+ p»

abbreviation AzTBj :: «'i fm = bool> where
AzTBj = AxzT ® AzB ® Ax)>»

lemma soundness-AxzTB/: «AxTB4 p = equivalence M — w € W M = M,

w = p

using soundness-AxT soundness-AzB soundness-Az4 by fast

lemma strong-soundnessgs: <G bgs p = equivalence; G |[=* p»
using strong-soundness soundness-AzTB4 .

abbreviation validS5 («- |=g5 - [50, 50] 50) where
<G |Es5 p = equivalence; G |= p

lemma strong-completenessss: <G |Fs5 p = G g5 p»
using strong-completeness|of equivalence]
reflexiver|of AzTB4] symmetrick g[of AxTB4)] transitivexs|of AzTB/]
by blast
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theorem maings: <G |Ess p «— G bFgs p
using strong-soundnessgs[of G p| strong-completenessss|[of G p| by fast

corollary <G |=g5 p — equivalence; G =% p»
using strong-soundnessgs[of G p| strong-completenessss|of G p] by fast

152 T+ 5

abbreviation SystemS5' («- g5 - [50, 50] 50) where
G Fgs' p=AzT & Az5; G+ p»

abbreviation AzT5 :: /i fm = bool> where
«AxT5 = AxT ® Azxd»

lemma symm-trans-Euclid: <symmetric M —> transitive M —> Fuclidean M)»
unfolding symmetric-def transitive-def Euclidean-def by blast

lemma soundness-AxT5: <AxT5 p — equivalence M — w € W M — M, w
=P

using soundness-AxT[of p M w| soundness-Ax5[of p M w] symm-trans-Fuclid
by blast

lemma strong-soundnessss” <G bFgs’ p = equivalence; G |=* p»
using strong-soundness soundness-AxT5 .

lemma refi-Fuclid-equiv: <reflezive M —> FEuclidean M —> equivalence M>
unfolding reflezive-def symmetric-def transitive-def Euclidean-def by metis

lemma strong-completenessss” <G |=s5 p = G Fg5' p
using strong-completeness|of equivalence]
reflexiver|of AxzT5] Euclideanys[of AxT5] refl-Euclid-equiv by blast

theorem maings” <G g5 p «— G Fgs' p
using strong-soundnessgs'[of G p] strong-completenessss’[of G p] by fast

15.3 Equivalence between systems

15.3.1 Axiom 5 from B and 4

lemma K4-L:
assumes Az} < A
shows <A+ Li(Lip) — Lip
proof —
have <(AF Ki(—p) — Ki(Ki(=p))
using assms by (auto intro: Az Azxj .intros)
then show ?thesis
by (meson K-LK K-trans R1)
qed

lemma KB4-5:
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assumes (AzB < A) (Azf < A
shows <AF Lip— Ki(Lip)
proof —
have <AFLip— Ki(Li(Lip))p
using assms by (auto intro: Az AzB.intros)
moreover have <A+ Li(Lip) — Lip
using assms by (auto intro: K4-L)
then have <A+ Ki (Li(Lip)) — Ki(Lip)
using K-map by fast
ultimately show ?thesis
using K-trans R1 by metis
qed

15.3.2 Axioms B and 4 from T and 5

lemma T-L:
assumes <AzT < A»
shows <(AFp— Lip
proof —
have <(AF Ki(—p) — - p
using assms by (auto intro: Az AzT.intros)
moreover have (AF (P— - Q) — Q@ — — P for P Q
by (auto intro: A1)
ultimately show ?thesis
by (auto intro: R1)
qed

lemma S5'-B:
assumes <AzT < Ay <Az5 < A»
shows <A+ p — Ki (Lip)
proof —
have <A+-Lip — Ki (Lip)
using assms(2) by (auto intro: Az Az5.intros)
moreover have <(AFp — Lip
using assms(1) by (auto intro: T-L)
ultimately show “thesis
using K-trans R1 by metis
qed

lemma K5-L:
assumes <Azd < A»
shows <A+ Li(Kip) — Kip
proof —
have (A Li(—mp) — Ki(Li(—p)
using assms by (auto intro: Az Az5.intros)
then have <A+ Li(=p) — Ki (= Kip)
using K-LK by (metis K-map K-trans R1)
moreover have <A+ (P— Q) — - Q@ — = P» for P Q
by (auto intro: A1)
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ultimately have <A+ - Ki (- Kip) — - Li (- p)
using R1 by blast
then have <A - Ki (- Kip) — Kip
using K-L-dual R1 K-trans by metis
then show ?%thesis
by blast
qed

lemma S5'-4:
assumes <AzT < Ay <Azd < A»
shows <A+ Kip— Ki (Kip)
proof —
have (AFLi(Kip)— Ki(Li(Kip))
using assms(2) by (auto intro: Az Ax5.intros)
moreover have <A+ Kip — Li (K ip)
using assms(1) by (auto intro: T-L)
ultimately have <A+ Kip — Ki (Li (Kip))
using K-trans R1 by metis
moreover have (AF L i (Kip) — Kip
using assms(2) K5-L by metis
then have <A+ Ki (Li(Kip) — Ki (Kip)
using K-map by fast
ultimately show ?thesis
using R1 K-trans by metis
qed

lemma $5-S5": <AzTB4 + p — AxzT5 + p»
proof (induct p rule: AK .induct)
case (Az p)
moreover have (AzT5 F py if <AzT p»
using that AK.Az by metis
moreover have «AxT5 + py if <AzB p»
using that S5’-B by (metis (no-types, lifting) AzB.cases predicatell)
moreover have «AzT5 + py if <Az p»
using that S5'-4 by (metis (no-types, lifting) Axj.cases predicatell)
ultimately show ?case
by blast
qed (auto intro: AK .intros)

lemma S5’-5S5: «(AzT5 + p = AzTBj + p
proof (induct p rule: AK .induct)
case (Az p)
moreover have «(AzTB/ + py if <AzT p»
using that AK.Az by metis
moreover have (AzTBj + p» if <Azd p»
using that KB4-5 by (metis (no-types, lifting) Az5.cases predicatell)
ultimately show ?case
by blast
qed (auto intro: AK.intros)
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corollary $5-S5'-assms: <G Fg5 p +— G Fg5’ p»
using S$5-55' S5’-S5 by blast
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