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Abstract

This article gives an elementary computational proof of the group
law for Edwards elliptic curves. The associative law is expressed as a
polynomial identity over the integers that is directly checked by polyno-
mial division. Unlike other proofs, no preliminaries such as intersection
numbers, Bezouts theorem, projective geometry, divisors, or Riemann
Roch are required. It supports the material of [1].
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theory FEdwards-FElliptic-Curves-Group

imports HOL—Algebra.Group HOL— Library. Rewrite
begin

1 Affine Edwards curves

class ell-field = field +
assumes two-not-zero: 2 # 0

locale curve-addition =
fixes c d :: 'a:ell-field
begin

definition e :: ‘a = ‘a = ’'a where
exy=x2+c*xy 2 —1—dxz 2%y 2

definition delta-plus :: 'a = 'a = 'a = 'a = 'a where
delta-plus 1 y1 x2 y2 = 1 4+ d * 1 x yl * 2 *x y2

definition delta-minus :: 'a = 'a = 'a = 'a = 'a where
delta-minus 1 yl 22 y2 = 1 — d * x1 * yl % 2 * y2

definition delta :: 'a = 'a = 'a = 'a = 'a where
delta z1 y1 22 y2 = (delta-plus x1 y1 z2 y2) *
(delta-minus z1 y1 2 y2)

lemma delta-com:
(delta 20 y0 z1 y1 = 0) = (delta z1 y1 0 y0 = 0)
unfolding delta-def delta-plus-def delta-minus-def
by algebra

fun add :: 'a x 'a = 'a X 'a = 'a X 'a where
add (z1,y1) (22,y2) =
((x1%22 — cxyl*y2) div (1 —dxxlxylxx2xy2),
(z1xy2+4yl*x2) div (1+d*xl*yl*x2%y2))

lemma commutativity: add z1 22 = add 22 z1
by (cases z1,cases z2,simp add: algebra-simps)

lemma add-closure:
assumes add (z1,y1) (22,y2) = (23,y3)
assumes delta-minus 1 y1 z2 y2 # 0 delta-plus 1 y1 x2 y2 # 0
assumes ezl yl = 0exz2 y2 =0



shows e 28 y3 = 0
proof —
have z3-expr: ©3 = (x1*x2 — cxyl*y2) div (delta-minus z1 y1 z2 y2)
using assms delta-minus-def by auto
have y3-expr: y3 = (z1*xy2+yl*x2) div (delta-plus x1 y1 z2 y2)
using assms delta-plus-def by auto

have 3 r1 r2. (e 23 y3)*(delta z1 y1 22 y2)* — (r1 x e z1 y1 + 2 * e 22 y2)
=0
unfolding e-def r3-expr y3-expr delta-def
apply(simp add: divide-simps assms)
unfolding delta-plus-def delta-minus-def
by algebra
then show e z3 y3 = 0
using assms
by (simp add: delta-def)
qed

lemma associativity:

assumes zI1’' = (x1',y1’) 23" = (28',y3’)

assumes zI1’' = add (z1,yl) (22,y2) 23’ = add (22,y2) (z3,y3)

assumes delta-minus 1 y1 z2 y2 # 0 delta-plus 1 y1 x2 y2 # 0
delta-minus 2 y2 x8 y3 # 0 delta-plus z2 y2 38 y3 # 0
delta-minus z1’ y1' 28 y3 # 0 delta-plus x1' y1' 3 y3 # 0
delta-minus x1 y1 3’ y3' # 0 delta-plus z1 y1 z3' y3' # 0

assumes ezl yl = 0ez2y2 =0ez8y3 =10

shows add (add (z1,y1) (22,y2)) (23,y3) = add (z1,y1) (add (22,y2) (z3,y3))

proof —

define ¢! where el = e z1 yl

define €2 where €2 = e 22 y2

define e3 where e3 = e z3 y3

define Delta, where Delta, =

(delta-minus z1" y1' z8 y3)*(delta-minus z1 y1 z3’ y3")*

(delta x1 y1 22 y2)*(delta 2 y2 z3 y3)

define Delta, where Delta, =

(delta-plus x1' y1’ x3 y3)*(delta-plus x1 y1 z3' y3')x

(delta 1 y1 2 y2)x(delta 22 y2 z3 y3)

define g, where g, = fst(add 21’ (28,y3)) — fst(add (z1,y1) 23"

define g, where g, = snd(add 21’ (23,y3)) — snd(add (z1,y1) 23’

define gzpoly where grpoly = g, * Delta,

define gypoly where gypoly = g, * Delta,

have z1’-expr: 1’ = (21 * 22 — cx yl x y2) / (I — d *x x1 % yl % 2 * y2)
using assms(1,3) by simp

have y1'-expr: y1' = (z1 * y2 + yl * 22) / (1 + d * 21 x yl * 22 * y2)
using assms(1,8) by simp

have z8’-expr: 8" = (22 * 28 — c x y2 x y3) / (I — d * 22 % y2 x 3 * y3)
using assms(2,4) by simp

have y3’-expr: y8' = (22 * y3 + y2 x x3) / (1 + d * 22 * y2 x 23 * y3)



using assms(2,4) by simp

have non-unfolded-adds:
delta x1 y1 22 y2 # 0 using delta-def assms(5,6) by auto

have simp1gx:
(1'% 28 — ¢ x yl' % y3) * delta-minus z1 yI1 z3' y3' *
(delta z1 y1 z2 y2 * delta 2 y2 3 y3) =
((z1 * 22 — ¢ x yl % y2) * 23 * delta-plus x1 yl =2 y2 —
¢ (x1 x y2 4+ yl * x2) * y3 * delta-minus 1 y1 z2 y2) *
(delta-minus 2 y2 x3 y3 * delta-plus x2 y2 z3 y3 —
dxxl xyl % (22 % 23 — ¢ % y2 % y3) = (22 * y3 + y2 * x3))

apply (rewrite x1'-expr y1'-expr z3'-expr y3'-expr)+

apply (rewrite delta-minus-def)

apply(rewrite in - / X delta-minus-def[symmetric] delta-plus-def [symmetric])+
unfolding delta-def

by (simp add: divide-simps assms(5—38))

have simp2gx:
(21 % 23" — ¢ x yl * y3') * delta-minus x1' y1' 23 y3 *
(delta x1 y1 z2 y2 * delta 2 y2 3 y3) =

(z1 * (22 x z8 — ¢ x y2 * y3) * delta-plus x2 y2 x3 y3 —

c* yl x (22 x y3 + y2 x x3) * delta-minus z2 y2 z3 y3) *

(delta-minus z1 y1 2 y2 * delta-plus z1 y1 z2 y2 —

dx (z1 * 22 — cx yl * y2) = (xl x y2 + yl * 22) x 3 * y3)
apply (rewrite x1'-expr y1'-expr x3'-expr y3'-expr)+
apply(rewrite delta-minus-def)
apply(rewrite in - / Xt delta-minus-def [symmetric] delta-plus-def[symmetric])+
unfolding delta-def
by (simp add: divide-simps assms(5—38))

have 3 71 72 r3. gxpoly = 11 *x el + 12 % €2 + 138 * €3
unfolding gzpoly-def g.-def Delta,. -def
apply(simp add: assms(1,2))
apply (rewrite in - / X delta-minus-def[symmetric])+
apply(simp add: divide-simps assms(9,11))
apply (rewrite left-diff-distrib)
apply(simp add: simplgz simp2gz)
unfolding delta-plus-def delta-minus-def
el-def e2-def e3-def e-def
by algebra

then have gzpoly = 0

using el-def assms(18—15) e2-def e3-def by auto
have Delta, # 0

using Delta,-def delta-def assms(7—11) non-unfolded-adds by auto
then have g, = 0

using <«gzpoly = 0> gxpoly-def by auto



have simplgy: (1’ * y3 + yl’ * z8) * delta-plus z1 y1 238’ y3' = (delta x1 y1 22
y2 x delta z2 y2 z3 y3) =
((x1 % 22 — ¢ * yl * y2) * y8 * delta-plus x1 y1 z2 y2 + (21 * y2 + yl *
x2) x x3 * delta-minus z1 yl z2 y2) *
(delta-minus z2 y2 x3 y3 * delta-plus 2 y2 ©3 y3 + d * 1 * yl * (22 x 3 —
cx y2 x y3) x (22 * y3 + y2 x z3))
apply (rewrite z1'-expr y1'-expr z3'-expr y3'-expr)+
apply(rewrite delta-plus-def)
apply(rewrite in - / X delta-minus-def[symmetric] delta-plus-def [symmetric])+
unfolding delta-def
by (simp add: divide-simps assms(5—38))

have simp2gy: (z1 * y3' + yI * x3") * delta-plus x1’ y1’ 28 y8 * (delta z1 y1
2 y2 x delta 2 y2 x8 y3) =
(z1 * (22 * y3 + y2 * 28) * delta-minus x2 y2 3 y3 + yl * (22 * 28 — ¢ *
y2 x y3) * delta-plus x2 y2 x8 y3) *
(delta-minus x1 y1 x2 y2 * delta-plus x1 y1 22 y2 + d * (z1 * 22 — ¢ x yl *
y2) * (1 * y2 + yl = z2) * 23 * y3)
apply (rewrite x1'-expr y1'-expr x3'-expr y3'-expr)+
apply (rewrite delta-plus-def)
apply(rewrite in - / Xt delta-minus-def [symmetric] delta-plus-def[symmetric])+
unfolding delta-def
by (simp add: divide-simps assms(5—38))

have 3 71 72 8. gypoly = 11 x el + 12 % €2 + 13 * €8
unfolding gypoly-def g,-def Delta,-def
apply(simp add: assms(1,2))
apply(rewrite in - / X delta-plus-def [symmetric])+
apply(simp add: divide-simps assms(10,12))
apply (rewrite left-diff-distrib)
apply(simp add: simplgy simp2gy)
unfolding delta-plus-def delta-minus-def
el-def e2-def e3-def e-def
by algebra

then have gypoly = 0

using el-def assms(18—15) e2-def e3-def by auto
have Delta, # 0

using Delta,-def delta-def assms(7—12) non-unfolded-adds by auto
then have g, = 0

using <gypoly = 0> gypoly-def by auto

show ?thesis
using <gy = 0> <gp = O»
unfolding g¢.-def g,-def assms(3,4)
by (simp add: prod-eq-iff)
qged



lemma neutral: add z (1,0) = z by(cases z,simp)

lemma inverse:
assumes e a b = 0 delta-plus a b a b # 0
shows add (a,b) (a,—b) = (1,0)
using assms
apply(simp add: delta-plus-def e-def)
by algebra

lemma affine-closure:
assumes delta v1 yl 22 y2 = 0 ezl yl = 0ex2y2 =0
shows 3 b. (1/d=0"2AN1/d#0)V (1/(cxd) =b"2 A 1/(cxd) # 0)
proof —
define r where r = (1 — cxdxyl 2%y272) * (I — dxyl 2x2272)
define ¢! where el = e z1 yl
define e2 where €2 = ¢ 22 y2
have r = d"2 x y172 * y2 2 x 1272 x el + (I — d x y1~2) * delta 1 yl x2
y2 — d x yl™2 * e2
unfolding r-def el-def e2-def delta-def delta-plus-def delta-minus-def e-def
by algebra
then have r = 0
using assms el-def e2-def by simp
then have cases: (1 — cxdxyl 2xy272) = 0 V (1 — dxyl 2x2272) = 0
using r-def by auto
have d # 0 using <r = 0> r-def by auto
{
assume (1 — dxyl 2*z272) = 0
then have 1/d = y1 ™ 2x22"2 1/d # 0
apply(auto simp add: divide-simps «d # 0)
by algebra
}
note casel = this
{assume (1 — cxd*xyl 2xy272) = 0 (1 — d*xyl 2xx272) # 0
then have ¢ # 0 by auto
then have 1 /(cxd) = y172xy272 1/(cxd) # 0
apply(simp add: divide-simps <d # 0» <c # 0»)
using (I — cxdxyl 2xy272) = 0> apply algebra
using ¢ # 0> «d # 0> by auto
}

note case2 = this

show 3 b. (1/d=b"2AN1/d#0)V (1/(cxd) = b2 A 1/(cxd) # 0)
using cases casel case2 by (metis power-mult-distrib)
qed

lemma delta-non-zero:
fixes z1 y1 z2 y2
assumes ezl yl = 0ez2y2 =0
assumes 3 b. I/c=b"2-(F b.b#0N1/d=10b"2)



shows delta z1 y1 22 y2 # 0
proof (rule ccontr)
assume - delta z1 y1 22 y2 # 0
then have delta x1 y1 22 y2 = 0 by blast
then have 3 b. (1/d=b"2 AN 1/d# 0)V (1/(cxd) = b2 A 1/(exd) # 0)
using affine-closure| OF <delta x1 y1 22 y2 = 0»
ezl yl = 0y <e 22 y2 = 0>] by blast
then obtain b where b: (1/(cxd) = b"2 A 1/(cxd) # 0)
using (= (3 b. b# 0 AN 1/d = b72)» by fastforce
then have I /c# 0c# 0d # 01/d # 0 by simp+
then have 1/d =072 / (1/¢)
by (metis b divide-divide-eg-left’ mult.commute nonzero-divide-mult-cancel-right)
then have 3 b. b# 0 A 1/d = b2
using assms(3)
by (metis <1 / d # 0> power-divide zero-power2)
then show Fulse
using (= (3 b. b# 0 A 1/d = b72)» by blast
qed

lemma group-law:
assumes 3 b. I/e=b"2-(F b.b#0N1/d=10b"2)
shows comm-group (carrier = {(z,y). e x y = 0}, mult = add, one = (1,0))
(is comm-group ?q)
proof (unfold-locales)
{fix 21 y1 22 y2
assume ezl yl = 0ez2y2 =0
have e (fst (add (z1,y1) (22,y2))) (snd (add (x1,y1) (22,42))) = 0
using add-closure delta-non-zero[OF <e x1 y1 = 0) <e z2 y2 = 0> assms]
delta-def <e x1 y1 = 0> <e 22 y2 = 0> by auto}
then show Az y. z € carrier g = y € carrier 79 — x ®eq Y € carrier ]
by auto
next
{fix =1 yI 22 y2 28 y3
assume ezl yl = 0ez2y2 =0ex3y3 =0
then have delta x1 y1 z2 y2 # 0 delta 22 y2 3 y3 # 0
using assms(1,2) delta-non-zero by blast+
fix 1’ y1’ 28" y3'
assume (z1'y1’) = add (z1,y1) (22,y2)
(28",y3") = add (22,y2) (z3,y3)
then have e 21’ y1'= 0 e xz8’' y3' = 0
using add-closure <delta x1 y1 2 y2 # 0> <delta 2 y2 z8 y3 # 0>
cexl yl = 0y <ex2y2 = 05 <e ©8 y3 = 0> delta-def by fastforce+
then have delta x1' y1' 3 y3 # 0 delta x1 y1 3" y3' # 0
using assms delta-non-zero <e x3 y3 = 0>
by (auto simp add: <e z1 y1 = 0> <e 23’ y3' = 0» assms delta-non-zero)

have add (add (z1,y1) (22,y2)) (23,y3) =
add (z1,y1) (local.add (22,y2) (z3,y3))

using associativity



by (metis «(x1', y1') = add (z1, y1) (22, y2)» «(z8’, y3') = add (22, y2) (z3,
y3)» «delta z1 y1 22 y2 # 0>
<delta x1 y1 28" y38' # 0) «delta z1' y1' 28 y3 # 0» <delta z2 y2 28 y3
# 0y <exl yl = 0>
e 22 y2 = 0> <e 3 y3 = 0> delta-def mult-eq-0-iff ) }

then show
Nz y z.
T € carrier g = y € carrier g = z € carrier 79 =
TRy Y Rog 2 =1 gy (y @2y 2) by auto
next
show 1¢, € carrier ?g by (simp add: e-def)
next
show Az. z € carrier 79 = log ®ogz =1
by (simp add: commutativity neutral)
next
show Az. z € carrier %9 = z @94 1oy =z
by (simp add: neutral)
next
show Az y. z € carrier g = y € carrier g =
TRgq Y =Y Dog T
using commutativity by auto
next
show carrier 29 C Units ?g
proof (simp,standard)
fix z
assume z € {(z, y). local.e x y = 0}
show z € Units ?g
unfolding Units-def
proof (simp, cases z, rule conjI)
fixzy
assume z = (2,y)
from this <z € {(z, y). local.e xy = 0}
show case z of (x, y) = local.e x y = 0 by blast
then obtain = y where z = (z,y) e z y = 0 by blast
have ez (—y) = 0
using <e z y = 0> unfolding e-def by simp
have add (z,y) (z,—y) = (1,0)
using inverse[OF <e x y = 0» | delta-non-zero[OF ez y = 0y cexy = 0>
assms| delta-def by fastforce
then have add (z,—y) (z,y) = (1,0) by simp
show Jab. eab=0 AN
add (a, b) z = (1, 0) A
add z (a, b) = (1, 0)
using <add (z, y) (z, — y) = (1, 0)»
ez (—y) =0y <z = (x, y)» by fastforce
qed
qed
qed



end

2 Extension

locale ext-curve-addition = curve-addition +
fixes t' :: 'a::ell-field
assumes c-eq-1: ¢ = 1

—~,

assumes t-intro: d = t'72
assumes t-ineq: t'°2 #£ 1t # 0
begin

2.1 Change of variables
definition ¢ where t = ¢’
lemma t-nz: t # 0 using t-ineq(2) t-def by auto
lemma d-nz: d # 0 using t-nz t-ineq t-intro by simp
lemma t-expr: t72 = d t 4 = d"2 using t-intro t-def by auto
lemma ¢-sg-nl: t°2 # 1 using t-ineq(1) t-def by simp
lemma t-nml1: t # —1 using t-s¢-n1 by fastforce
lemma d-ni1: d # 1 using t-sq¢-nl t-expr by blast
lemma t-n1: t # 1 using t-s¢-nl by fastforce
lemma t-dneq2: 2xt # —2
proof (rule ccontr)

assume - 2 x t # — 2

then have 2xt = —2 by auto

then have ¢t = —1

using two-not-zero mult-cancel-left by fastforce
then show Fulse

using t-nm1 t-def by argo
qed

2.2 New points
definition ¢’ where e’z y =22+ y 2 — 1 —t 2% 2 2%y 2

definition e’-aff = {(z,y). ¢’ 2y = 0}
definition e-circ = {(2,y). x # 0 Ay # 0 A (z,y) € e’-aff}

lemma e-e-iff: exy=0<«+— e zy=10



unfolding e-def e’-def using c-eq-1 t-expr(1) t-def by simp
lemma circ-to-aff: p € e-circ = p € e’-aff
unfolding e-circ-def by auto
The case t72 = 1 corresponds to a product of intersecting lines which
cannot be a group

lemma t-2-1-lines:
1 2=1=¢c¢zy=—(1—-22)x(1 —y 2)
unfolding e’-def by algebra

The case t = 0 corresponds to a circle which has been treated before

lemma t-0-circle:
t=0= ¢ zy=2"2+y 2 —1
unfolding e’-def by auto

2.3 Group transformations and inversions

fun ¢ :: 'a X 'a = 'a x 'a where
o (z,y) = (—y.2)
fun 7 2 ‘a x 'a = 'a x 'a where

7 (2y) = (1/(txz),1/(txy))

definition G where
G = {id,0,0 0 0,00 00 0,7,T 0 0,T 0 0o 9,700 o0 p}

definition symmetries where
symmetries = {T,7T 0 9,T 0o g0 g,T 0 go g o o}

definition rotations where
rotations = {id,0,0 o 0,0 © 0 © o}

lemma G-partition: G = rotations U symmetries
unfolding G-def rotations-def symmetries-def by fastforce

lemma tau-sq: (7 o 7) (z,y) = (z,y) by(simp add: t-nz)

lemma tau-idemp: T o T = id
using t-nz comp-def by auto

lemma tau-idemp-explicit: T(r(z,y)) = (z,y)
using tau-idemp pointfree-idE by fast

lemma tau-idemp-point: 7(1 p) = p
using o-apply[symmetric, of T T p| tau-idemp by simp

fun i :: ‘a X 'a = 'a X 'a where

( (avb) (av_b)
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lemma i-idemp: ¢ o i = id
using comp-def by auto

lemma i-idemp-explicit: i(i(x,y)) = (2,y)
using i-idemp pointfree-idE by fast

lemma tau-rot-sym:
assumes r € rotations
shows 7 o r € symmetries
using assms unfolding rotations-def symmetries-def by auto

lemma tau-rho-com:
T o o= o T by auto

lemma tau-rot-com:
assumes 7 € rotations
shows Tor=ror
using assms unfolding rotations-def by fastforce

lemma rho-order-4:
0o oo pop=1idby auto

lemma rho-i-com-inverses:

i (id (z,y)) = id (i (z,y))

i (0 () = (00000 (i(x,9))

 ((000) (z,y) = (00 0) (i (z,9))
i((eooo 9) (z,9)) = o (i (z,9))
y

by (simp)+

lemma rotations-i-inverse:
assumes tr € rotations
shows 3 tr’ € rotations. (tr o i) (z,y) = (i o tr') (z,y) A tr o tr’' = id
using assms rho-i-com-inverses unfolding rotations-def by fastforce

lemma tau-i-com-inverses:
(i © T) (x,y) = (T © Z) (‘Tvy)
(io7100)(z,y) =(T0p0popoi)(zy)
(ioT0p00) (z,y) = (T 000 poi)(zy)
(ioTo0p0000) (z,y) = (T 0poi) (z,y)
by (simp)+

lemma rho-cire:
assumes p € e-circ
shows ¢ p € e-circ
using assms unfolding e-circ-def e’-aff-def e'-def
by (simp split: prod.splits add: add.commute)

lemma i-aff:
assumes p € e’-aff
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shows i p € e’-aff
using assms unfolding e’-aff-def e’-def by auto

lemma i-circ:
assumes (z,y) € e-circ
shows i (z,y) € e-circ
using assms unfolding e-circ-def e’-aff-def e’-def by auto

lemma i-circ-points:
assumes p € e-circ
shows 7 p € e-circ
using assms unfolding e-circ-def e’-aff-def e’-def by auto

lemma rot-circ:
assumes p € e-circ tr € rotations
shows tr p € e-circ
proof —
consider (1) tr=idd | (2)tr=90 |(3)tr=0po0p]| (4)tr=po0poyp
using assms(2) unfolding rotations-def by blast
then show ?thesis by(cases,auto simp add: assms(1) rho-circ)
qed

lemma 7-circ:
assuimes p € e-circ
shows 7 p € e-circ
using assms unfolding e-circ-def
apply(simp split: prod.splits)
apply(simp add: e’-aff-def e’-def divide-simps t-nz)
by(simp add: algebra-simps)

lemma rot-comp:
assumes tI € rotations t2 € rotations
shows t1 o t2 € rotations
using assms unfolding rotations-def by auto

lemma rot-tau-com:
assumes tr € rotations
shows tr o7 =7 o tr
using assms unfolding rotations-def by(auto)

lemma tau-i-com:
T o4 =1oT by auto

lemma rot-com:
assumes r € rotations r’ € rotations
shows r'or=ror’
using assms unfolding rotations-def by force
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lemma rot-inv:
assumes 7 € rotations
shows 3 r’ € rotations. v’ o r = id
using assms unfolding rotations-def by force

lemma rot-aff:
assumes 1 € rotations p € e’-aff
shows r p € e’-aff
using assms unfolding rotations-def e’-aff-def e’-def
by(auto simp add: semiring-normalization-rules(16) add.commute)

lemma rot-delta:
assumes r € rotations delta 1 y1 z2 y2 # 0
shows delta (fst (r (z1,y1))) (snd (r (z1,y1))) 22 y2 # 0
proof —
consider r=id |r=p|r=pop|r=popop
by (metis assms(1) insertE rotations-def singletonD)
then show ?thesis
using assms by cases (auto simp: mult-ac rotations-def delta-def delta-plus-def
delta-minus-def)
qed

lemma tau-not-id: T # id
by (metis T.simps eg-id-iff mult.right-neutral one-eq-divide-iff snd-eqD t-nl1)

lemma sym-not-id:
assumes r € rotations
shows 7 o r # id
proof —
have Ja b. 7 (id (a, b)) # (a, b)
using tau-not-id by auto
moreover have Ja b. 7 (¢ (a, b)) # (a, b)
by (metis o.simps T.simps snd-conv t-ineq(2))
moreover have Ja b. 7 ((0 o 9) (a, b)) # (a, b)
by (metis (no-types, opaque-lifting) o.simps T.elims comp-def divide-eq-minus-1-iff
divide-minus1 mult.right-neutral snd-conv t-nm1)
moreover have Ja b. 7 ((0 o 0 0 9) (a, b)) # (a, b)
by (rule exI[of - 1]) fastforce
ultimately show ?thesis
using assms by (force simp: rotations-def fun-eq-iff)
qed

lemma sym-decomp:
assumes g € symmetries
shows 3 r € rotations. g =71 o r
using assms unfolding symmetries-def rotations-def by auto

lemma symmetries-i-inverse:
assumes {r € symmetries
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shows 3 tr’ € symmetries. (tr o i) (z,y) = (i o tr') (z,y) A tr o tr’' = id
proof —
consider (1) tr = 7|
(2)tr=71o0 9]
(8)tr=7o0pop]
(4)tr=Topopoyp
using assms unfolding symmetries-def by blast
then show ?thesis
proof (cases)
case I
define tr’ where tr’ = 7
have (tr o i) (z, y) = (i o tr') (z, y) A tr o tr' = id tr' € symmetries
using tr'-def 1 tau-idemp symmetries-def by simp-+
then show ?thesis by blast
next
case 2
define tr’ where tr’' =70 popo g
have (ir o i) (z, y) = (i o tr') (z, y) A tr o tr' =id
using tr'-def 2 tau-idemp-point by fastforce
moreover have tr’ € symmetries
using symmetries-def tr'-def by simp
ultimately show ?thesis by blast
next
case 3
define tr’ where tr' =710 pop
have (tr o i) (z, y) = (i o tr') (z, y) A tr o tr' = id
using tr'-def 3 tau-idemp-point by fastforce
moreover have tr' € symmetries
using symmetries-def tr’-def by simp
ultimately show ¢thesis by blast
next
case J
define tr’ where tr' =70 p
have (tr o i) (z, y) = (i o tr') (z, y) A tr o tr' = id
using tr'-def / tau-idemp-point by fastforce
moreover have tr’ € symmetries
using symmetries-def tr'-def by simp
ultimately show ?thesis by blast
qed
qed

lemma sym-to-rot: g € symmetries => 7 o g € rotations

using tau-idemp unfolding symmetries-def rotations-def
by (metis (no-types, lifting) emptyE fun.map-comp id-comp insert-iff)

2.4 Extended addition

fun ext-add :: '‘a X 'a = 'a x 'a = 'a X 'a where
ext-add (z1,y1) (22,y2) =
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((x1%yl —z2%y2) div (x2xyl —z1xy2),
(z1xyl+a2%y2) div (xlxx2+yl*y2))

definition delta-z :: 'a = 'a = 'a = 'a = 'a where
delta-z x1 y1 z2 y2 = x2xyl — xlxy?2
definition delta-y :: 'a = 'a = 'a = 'a = ’'a where
delta-y x1 y1 22 y2 = x1xz2 + ylxy2
definition delta’ :: 'a = 'a = 'a = 'a = ’'a where
delta’ x1 y1 12 y2 = delta-z x1 y1 22 y2 x delta-y x1 y1 22 y2

lemma delta’-com: (delta’ z0 y0 z1 y1 = 0) = (delta’ x1 y1 20 y0 = 0)
unfolding delta’-def delta-z-def delta-y-def
by algebra

definition e’-aff-0 where
e’-aff-0 = {((z1,y1),(22,y2)). (z1,y1) € e’-aff A
(22,y2) € e-aff A
delta x1 y1 22 y2 #+ 0 }

definition e’-aff-1 where
e’-aff-1 = {((z1,y1),(22,y2)). (z1,y1) € e’-aff A
(22,y2) € e-aff A
delta’ x1 y1 22 y2 # 0}

lemma ext-add-comm:
ext-add (x1,y1) (22,y2) = ext-add (z2,y2) (x1,yl)
by (simp add: divide-simps,algebra)

lemma ext-add-comm-points:
ext-add z1 22 = ext-add 22 z1
using ext-add-comm by (metis surj-pair)

lemma ext-add-inverse:
T # 0=y # 0= ext-add (z,y) (7 (z,y)) = (1,0)
by (simp add: two-not-zero)

lemma ext-add-deltas:
ext-add (z1,y1) (22,y2) =
((delta-z 2 y1 x1 y2) div (delta-z x1 y1 22 y2),
(delta-y =1 z2 y1 y2) div (delta-y z1 y1 z2 y2))
by (simp add: delta-x-def delta-y-def)

2.4.1 Inversion and rotation invariance

lemma inversion-invariance-1:
assumes z1 # 0yl # 0z2 # 0y2 # 0
shows add (7 (z1,y1)) (22,y2) = add (z1,y1) (T (22,y2))
apply (simp)
apply(simp add: c-eq-1 algebra-simps t-expr flip: power2-eq-square)
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apply(simp add: divide-simps assms t-nz d-nz)
by(simp add: algebra-simps)

lemma inversion-invariance-2:
assumes zl # 0yl # 022 # 0y2 # 0
shows ext-add (7 (z1,y1)) (22,y2) = ext-add (x1,y1) (7 (22,y2))
apply(simp add: divide-simps t-nz assms)
by algebra

lemma rho-invariance-1:
add (¢ (z1,y1)) (22,y2) = ¢ (add (x1,y1) (22,y2))
apply (simp)
by (simp add: c-eq-1 field-split-simps)

lemma rho-invariance-1-points:
add (¢ p1) p2 = o (add p1 p2)
by (metis Tho-invariance-1 i.cases)

lemma rho-invariance-2:
ext-add (o (z1,y1)) (2,y2) = o (ext-add (z1,y1) (z2,y2))
by (simp add: field-split-simps)

lemma rho-invariance-2-points:
ext-add (o p1) p2 = o (ext-add p1 p2)
by (metis rho-invariance-2 i.cases)

lemma rotation-invariance-1:
assumes r € rotations
shows add (r (z1,y1)) (22,y2) = r (add (21,y1) (22,y2))
proof —
have add (0 © 0) (a1, y1)) (22, y2) = (0 © o) (add (a1, y1) (s2, y2))
by (simp add: field-split-simps)
moreover
have add ((¢ 0 0 0 0) (21, y1)) (22, y2) = (¢ © 0 © 0) (add (z1, y1) (22, y2))
by (simp add: field-split-simps) (simp add: c-eq-1)
ultimately show %thesis
using rho-invariance-1-points assms by (auto simp: rotations-def)
qed

lemma rotation-invariance-1-points:
assumes r € rotations
shows add (r p1) p2 = r (add p1 p2)
by (metis rotation-invariance-1 assms i.cases)

lemma rotation-invariance-2:

assumes r € rotations
shows ext-add (r (z1,y1)) (22,y2) = r (ext-add (x1,y1) (22,y2))
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proof —
have ext-add ((¢ o 9) (21, y1)) (22, y2) = (0 o 0) (ext-add (z1, y1) (22, y2))
by (simp add: field-split-simps add-eq-0-iff)
moreover have ext-add ((¢ o g o 0) (z1, yI)) (22, y2) = (0 o 0 o o) (ext-add
(x1, y1) (22, y2))
by (metis comp-def rho-invariance-2-points)
ultimately show ?thesis
using rho-invariance-2-points assms by (auto simp: rotations-def)
qed

lemma rotation-invariance-2-points:
assumes r € rotations
shows ext-add (r pl) p2 = r (ext-add p1 p2)
by (metis assms i.cases rotation-invariance-2)

lemma rotation-invariance-3:
delta x1 y1 (fst (0 (22,y2))) (snd (o (22,y2))) =
delta x1 y1 x2 y2
by(simp add: delta-def delta-plus-def delta-minus-def, algebra)

lemma rotation-invariance-4:
delta’ x1 y1 (fst (o (22,y2))) (snd (o (22,y2))) = — delta’ z1 y1 z2 y2
by (simp add: delta’-def delta-z-def delta-y-def, algebra)

lemma rotation-invariance-5:
delta’ (fst (o (z1,y1))) (snd (o (z1,y1))) 2 y2 = — delta’ 1 yI z2 y2
by(simp add: delta’-def delta-z-def delta-y-def, algebra)

lemma rotation-invariance-6:
delta (fst (o (x1,y1))) (snd (o (z1,y1))) 22 y2 = delta z1 y1 2 y2
by (simp add: delta-def delta-plus-def delta-minus-def, algebra)

lemma inverse-rule-1:

(roioT)(z,y) =i(zy)
by (simp add: t-nz)

lemma inverse-rule-2:

(00 iop) (zy) =1i(zy)
by simp

lemma inverse-rule-3:
i (add (21,y1) (22,92)) = add (i (z1,y1)) (i (22,y2))
by (simp add: divide-simps)

lemma inverse-rule-4:

i (ext-add (z1,y1) (22,y2)) = ext-add (i (z1,y1)) (i (22,y2))
by (simp add: field-split-simps)
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lemma e’-aff-20:
assumes z = 0 (z,y) € e’-aff
shows y =1V y=—1
using assms unfolding e’-aff-def e’-def
by (simp add: power2-eg-square square-eq-1-iff)

lemma e’-aff-y0:
assumes y = 0 (z,y) € e’-aff
showsz =1V azo=—-1
using assms unfolding e’-aff-def e’-def
by (simp add: power2-eq-square square-eq-1-iff)

lemma add-ext-add:
assumes zl1 # 0yl # 0
shows ext-add (z1,y1) (22,y2) = 7 (add (7 (21,y1)) (22,y2))
proof —
have (1 * yl — z2 x y2) / (22 x yl — 2l x y2) = (1 — d = 22 x y2 / (¢ * x1
w(tx 1)) [ (tx (82 ) (Exal) — cxy2 / (¢ y1)
using assms t-ineq
by (simp add: c-eq-1 field-split-simps power2-eq-square t-def t-intro)
moreover have (z1 * yI + 22 % y2) / (¢l * 22 + yl * y2) = (1 + d * 22 =
g2 [ (b ol + (txyl)) [ (t+ (2 [ (£ a1) + 22 | (¢ % y1)))
using assms t-ineq
by (simp add: c-eq-1 divide-simps add.commute mult.commute power2-eq-square
t-def t-intro)
ultimately show ?thesis
by auto
qed

corollary add-ext-add-2:
assumes z!1 # 0yl # 0
shows add (z1,y1) (22,y2) = 7 (ext-add (1 (z1,y1)) (22,y2))
proof —
obtain z1’ y1’ where tau-expr: 7 (z1,y1) = (z1’,y1’) by simp
then obtain p-nz: z1'# 0 yl1' # 0
using 7.simps assms tau-sq by fastforce
then show ?thesis
by (metis add-ext-add tau-expr tau-idemp-point)
qed

2.4.2 Coherence and closure

lemma coherence-1:
assumes delta-z z1 y1 2 y2 # 0 delta-minus z1 y1 2 y2 # 0
assumes e’ z1 yl = 0e' 22y2 =0
shows delta-z x1 y1 z2 y2 * delta-minus x1 y1 2 y2 x*
(fst (ext-add (x1,y1) (22,y2)) — fst (add (z1,y1) (22,y2)))
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=x2 xy2 x e’ xl yl — xl x yl x e’ 22 y2
proof —
have (z1 * y1 — 22 * y2) * delta-minus z1 yI1 22 y2 — (x1 * 22 — yl * y2) *
delta-x 1 yl 22 y2 = 22 x y2 x ¢’ 21 yl — x1 * yl * e’ 2 y2
unfolding delta-minus-def delta-z-def e’-def t-expr
by(simp add: power2-eq-square field-simps)
then have delta-z z1 y1 22 y2 * delta-minus z1 yI z2 y2 *
((z1 * y1 — 22 % y2) / delta-x «1 yI z2 y2 —
(21 % 22 — ¢ x yl * y2) / delta-minus x1 yI 22 y2) =
22 % y2 x e’ z1 yl — xl * yl x e’ 12 y2
by(simp add: c-eq-1 assms divide-simps)
then show ?thesis
by (simp add: delta-minus-def delta-z-def)
qed

lemma coherence-2:
assumes delta-y 1 y1 2 y2 # 0 delta-plus 1 y1 z2 y2 # 0
assumes e’ 21 yl = 0e' 22 y2 = 0
shows delta-y z1 yI 2 y2 * delta-plus x1 y1 x2 y2 x*
(snd (ext-add (z1,y1) (22,y2)) — snd (add (z1,y1) (22,y2)))
=—22%xy2 xe xlyl — xl * yl *x e 22 y2

proof —
have (z1 * yI + 22 * y2) * delta-plus =1 y1 2 y2 — (z1 * y2 + yl * z2) *
delta-y x1 y1 22 y2 = — (22 x y2 * e’ z1 y1) — zl * yl * e’ 22 y2

unfolding delta-plus-def delta-y-def e’-def t-expr
by (simp add: power2-eq-square field-simps)

then have delta-y z1 y1 2 y2 * delta-plus x1 y1 =2 y2 *
((z1 * yI 4+ z2 % y2) / delta-y z1 y1 2 y2 —
(z1 * y2 4+ yl * x2) / delta-plus x1 y1 22 y2) =
— (22 % y2 x e’ xl yl) — xl * yl = e’ 22 y2
by (simp add: c-eq-1 assms divide-simps)

then show ?thesis
by (simp add: delta-plus-def delta-y-def)

qed

lemma coherence:
assumes delta x1 y1 x2 y2 # 0 delta’ 1 y1 22 y2 # 0
assumes e’ z1 yl = 0e' 22y2 = 0
shows ext-add (z1,y1) (22,y2) = add (x1,y1) (22,y2)
using coherence-1 coherence-2 delta-def delta’-def assms by auto

lemma ext-add-closure:
assumes delta’ 1 y1 22 y2 # 0
assumes e’ z1 yl = 0e' 22y2 =0
assumes (z3,y3) = ext-add (z1,y1) (22,y2)
shows e’ 23 y3 = 0

proof —
have deltas-nz: delta-x x1 y1 z2 y2 # 0

delta-y 1 y1 z2 y2 # 0
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using assms(1) delta’-def by auto

have v3: 3 = fst (ext-add (z1,y1) (22,y2))
y3 = snd (ext-add (x1,y1) (22,y2))
using assms(4) by simp+

have 3 a b. t7 * (delta-x x1 y1 2 y2) 2 * (delta-y z1 y1 22 y2) 2 * ¢’ 3 y3
axe xlyl +bx*e z2y2
using deltas-nz
unfolding e’-def v3 delta-z-def delta-y-def
by (simp add: divide-simps) algebra

then show e’ 23 y3 = 0
using assms(2,3) deltas-nz t-nz by auto
qed

lemma ext-add-closure-points:
assumes delta’ z1 y1 22 y2 # 0
assumes (z1,y1) € e’-aff (22,y2) € e’-aff
shows ext-add (z1,y1) (z2,y2) € e’-aff
using ext-add-closure assms
unfolding e’-aff-def by auto

2.4.3 Useful lemmas in the extension

lemma inverse-generalized:
assumes (a,b) € e’-aff delta-plus a b a b # 0
shows add (a,b) (a,—b) = (1,0)
using assms e’-aff-def e-e'-iff inverse by blast

lemma inverse-generalized-points:
assumes p € e’-aff delta-plus (fst p) (snd p) (fst p) (snd p) # 0
shows add p (i p) = (1,0)
by (metis assms i.simps inverse-generalized surjective-pairing)

lemma add-closure-points:
assumes delta z y ' y' # 0
(2.9) € e"aff (") € ¢'-aff
shows add (z,y) (z'y') € e’-aff
using add-closure assms e-e’-iff
unfolding delta-def e’-aff-def by auto

lemma add-self:
assumes in-aff: (z,y) € e’-aff
shows delta x y z (—y) # 0 V delta’ x y z (—y) # 0
using in-aff d-ni
unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def
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e’-aff-def e'-def
apply(simp add: t-expr two-not-zero)
apply(auto simp add: algebra-simps)
by (simp add: two-not-zero flip: power2-eq-square mult.assoc)+

2.5 Delta arithmetic

lemma miz-tau:

assumes (z1,yl1) € e’-aff (22,y2) € e’-aff 22 # 0y2 # 0

assumes delta’ x1 y1 2 y2 # 0 delta’ 1 y1 (fst (7 (22,y2))) (snd (7 (22,y2)))
#0

shows delta z1 y1 z2 y2 # 0

using assms

unfolding e’-aff-def e’-def delta-def delta-plus-def delta-minus-def delta’-def delta-y-def
delta-z-def

apply(simp add: t-nz power2-eq-square[symmetric| t-expr d-nz)

apply(simp add: divide-simps t-nz)

by algebra

lemma miz-tau-0:

assumes (z1,yl) € e’-aff (z2,y2) € e’-aff 22 # 0y2 # 0

assumes delta 1 yI 22 y2 = 0

shows delta’ z1 y1 22 y2 = 0 V delta’ z1 y1 (fst (7 (22,y2))) (snd (7 (22,y2)))
=0

using assms miz-tau by blast

lemma miz-tau-prime:

assumes (z1,y1) € e’-aff (22,y2) € e’-aff 22 # 0 y2 # 0

assumes delta z1 yl1 z2 y2 # 0 delta x1 y1 (fst (7 (22,y2))) (snd (7 (22,y2)))
0

shows delta’ x1 y1 22 y2 # 0

using assms

unfolding e’-aff-def e’-def delta-def delta-plus-def delta-minus-def delta’-def delta-y-def
delta-z-def

apply(simp add: t-nz algebra-simps)

apply(simp add: power2-eq-square[symmetric] t-expr d-nz)

by algebra

lemma tau-tau-d:

assumes (z1,y1) € e’-aff (22,y2) € e’-aff

assumes delta (fst (7 (z1,y1))) (snd (7 (z1,y1))) (fst (7 (22,42))) (snd (7
(22,92))) # 0

shows delta 1 y1 22 y2 # 0

using assms

unfolding e’-aff-def e’-def delta-def delta-plus-def delta-minus-def delta’-def delta-y-def
delta-z-def

apply(simp add: t-expr split: if-splits add: divide-simps t-nz)

apply(simp-all add: t-nz algebra-simps power2-eq-square[symmetric] t-expr d-nz)
by algebra+
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lemma tau-tau-d":

assumes (z1,y1) € e’-aff (22,y2) € e’-aff

assumes delta’ (fst (7 (z1,y1))) (snd (7 (21,y1))) (fst (7 (22,y2))) (snd (7
(22.92)) # 0

shows delta’ ©1 y1 12 y2 # 0

using assms

unfolding e’-aff-def e’-def delta-def delta-plus-def delta-minus-def delta’-def delta-y-def
delta-z-def

apply (auto split: if-splits simp add: t-expr divide-simps t-nz)

by algebra

lemma delta-add-delta’-1:
assumes [:z1 # 0yl # 0z2 # 0y2 # 0
assumes r-expr: rz = fst (add (z1,y1) (22,y2)) ry = snd (add (z1,y1) (22,y2))

assumes in-aff: (z1,y1) € e’-aff (x2,y2) € e’-aff

assumes pd: delta 1 y1 x2 y2 # 0

assumes pd”: delta rz ry (fst (7 (i (22,y2)))) (snd (7 (i (22,92)))) # 0

shows delta’ rz ry (fst (i (22,42))) (snd (i (22,y2))) # 0

using pd’ unfolding delta-def delta-minus-def delta-plus-def
delta’-def delta-z-def delta-y-def

apply(simp split: if-splits add: field-simps t-nz 1 power2-eq-square|symmetric]

t-expr d-nz)

using pd in-aff unfolding r-expr delta-def delta-minus-def delta-plus-def
e’-aff-def e’-def

apply(simp add: divide-simps t-expr)

apply(simp add: c-eq-1 algebra-simps)

by algebra

lemma delta’-add-delta-1:
assumes 1:z1 £ 0yl £ 0x2 #0y2 #0
assumes 7-expr: rx = fst (ext-add (z1,y1) (22,y2)) ry = snd (ext-add (z1,yl)
(22,y2))
assumes in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff
assumes pd’: delta’ rx ry (fst (7 (i (22,y2)))) (snd (7 (i (22,y2)))) # 0
shows delta rx ry (fst (i (22,y2))) (snd (i (z2,y2))) # 0
using pd’ unfolding delta-def delta-minus-def delta-plus-def
delta’-def delta-z-def delta-y-def
apply(simp split: if-splits add: field-simps t-nz 1 power2-eq-square[symmetric|
t-expr d-nz)
using in-aff unfolding r-expr delta-def delta-minus-def delta-plus-def
e’-aff-def e’-def
apply(simp split: if-splits add: divide-simps t-expr)
apply(simp add: c-eq-1 algebra-simps)
by algebra

lemma funny-field-lemma-1:
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((x1 * 22 — yl x y2) * ((xl * 22 — yl * y2) x (22 * (y2 = (1 + d * 1 * yl =
72 % 42)))) +
(z1 * 22 — yl * y2) = ((x1 * y2 + yl * 22) * y2%) * (1 — d * o1 * yl * 22
(1 +dx*xlxyl *x132 xy2) #
((z1 % y2 + yl * 22) * ((x1 = y2 4+ yl * 22) * (22 * (y2 * (I — d * xl * ylI
(21 % 32 — yl * y2) * ((x1 * y2 + yl * 22) * 12°%) * (I + d x vl * yl * 12
(1 —dx*xl %yl 12 x y2) =
(d* ((x1 22 — y1 * y2) * ((x1 * y2 + yl * 22) * (22 * y2))))? =
(1 —dx*xl *yl «22%y2)* (1 +dx*azl *yl x 22 % y2))? =
21?2 + y1? — 1 =d x 21? x y1? =
222 + y22 — 1 = d * 222 x y22 = Fulse
by algebra

lemma delta-add-delta’-2:
assumes I1: zl # 0yl # 02 # 0y2 # 0
assumes r-expr: rz = fst (add (z1,y1) (22,y2)) ry = snd (add (z1,y1) (22,y2))

assumes in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff

assumes pd: delta 1 y1 22 y2 # 0

assumes pd”: delta’ rx ry (fst (7 (¢ (22,y2)))) (snd (7 (i (22,y2)))) # 0
shows delta rz ry (fst (i (22,y2))) (snd (i (22,y2))) # 0

using pd’ unfolding delta-def delta-minus-def delta-plus-def

delta’-def delta-z-def delta-y-def

apply (simp split: if-splits add: algebra-simps divide-simps t-nz 1 power2-eq-square[symmetric]
t-expr d-nz)

apply safe

using pd unfolding r-expr delta-def delta-minus-def delta-plus-def
apply(simp)

apply(simp add: c-eq-1 divide-simps)

using in-aff unfolding e’-aff-def e’-def

apply(simp add: t-expr power-mult-distrib[symmetric])

using funny-field-lemma-1 by blast

lemma funny-field-lemma-2: (22 * y2)? * (12 * y1 — 21 * y2) * (z1 * 22 + yl
x y2))2 # ((x1 * yl — 32 % y2) * (21 * yl + 12 % y2))? =

((x1 % yI — x2 % y2) = ((x1 * yl — 22 % y2) x (22 * (y2 * (2l * 2 + yl =*
¥2))) +

(z1 % yl — 32 % y2) * ((x1 * yl + 22 * y2) * 122) * (22 x yl — x1 * y2)) *

(x1 % 22 + yl = y2) =

((x1 % yI + 22 * y2) = ((x1 * yl + 22 % y2) * (22 * (y2 * (22 % yl — xl *
y2)))) +

(21 * yl — 32 % y2) * ((x1 * yl + 32 * y2) * y22) * (vl * 22 + yl * y2)) *

(22 x yl — x1 * y2) =

v1?2 4 91?2 — 1 =d x 21% % y1?> =
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222 + y2% — 1 = d x 22% x y2%2 — Fualse
by algebra

lemma delta’-add-delta-2:

assumes 1:xl # 0yl # 0z2 # 0y2 # 0

assumes r-expr: rx = fst (ext-add (z1,y1) (22,y2)) ry = snd (ext-add (x1,y1)
(22,y2))

assumes in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff

assumes pd: delta’ x1 y1 72 y2 # 0

assumes pd’: delta rz ry (fst (7 (i (22,y2)))) (snd (7 (i (22,y2)))) # 0

shows delta’ rz ry (fst (i (22,y2))) (snd (i (z2,y2))) # 0

using pd’ unfolding delta-def delta-minus-def delta-plus-def

delta’-def delta-z-def delta-y-def

apply (simp split: if-splits add: algebra-simps divide-simps t-nz 1 power2-eq-square|symmetric]
t-expr d-nz)

apply safe

using pd unfolding r-expr delta’-def delta-z-def delta-y-def

apply(simp)

apply(simp split: if-splits add: c-eq-1 divide-simps)

using in-aff unfolding e’-aff-def e’-def

apply(simp add: t-expr)

apply(rule funny-field-lemma-2)

by (simp add: power-mult-distrib)

lemma delta’-add-delta-not-add:

assumes 1: 21 £ 0yl £ 0x2 #0y2 # 0

assumes in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff

assumes pd: delta’ x1 y1 22 y2 # 0

assumes add-nz: fst (ext-add (x1,y1) (22,y2)) # 0 snd (ext-add (z1,y1) (22,y2))
# 0

shows pd”: delta (fst (7 (z1,y1))) (snd (7 (z1,y1))) 22 y2 # 0

unfolding delta-def delta-minus-def delta-plus-def

apply(simp add: t-nz 1 field-split-simps power2-eq-square[symmetric| t-expr d-nz)
using add-nz d-nz by simp algebra

lemma not-add-self:
assumes in-aff: (z,y) € e’-aff t # 0y # 0
shows delta o y (fst (v (i (z,9)))) (snd ( (i (2,9))))
delta’ z y (fst (v (i (z,9)))) (snd (7 (i (2.)))) =
using in-aff d-nl1
unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def
e’-aff-def e'-def
apply(simp add: t-expr two-not-zero)
apply (safe)
by (simp-all add: algebra-simps t-nz power2-eq-square[symmetric] t-expr)

=0
0
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3 Projective Edwards curves

3.1 No fixed-point lemma and dichotomies

lemma g-no-fp:
assumes g € Gp € ecircgp = p
shows g = id
proof —
obtain z y where p-def: p = (z,y) by fastforce
have nz: x # 0 y # 0 using assms p-def unfolding e-circ-def by auto

consider (id) g = id | (rot) g € rotations g # id | (sym) g € symmetries g # id
using G-partition assms by blast
then show ?thesis
proof (cases)
case id then show ?thesis by simp
next
case 1ot
then have z = 0
using assms(3) two-not-zero
unfolding rotations-def p-def
by auto
then have Fulse
using nz by blast
then show ?thesis by blast
next
case sym
then have txxxy = 0 V (tx272 € {—1,1} A txy 2 € {—1,1} A txz™2 =
txy " 2)
using assms(3) two-not-zero
unfolding symmetries-def p-def power2-eq-square
apply(auto simp: field-simps two-not-zero)
by (metis two-not-zero mult.left-commute mult.right-neutral)+
thenhave e’z y=2x (1 —t) /tVeazy=2x(—1-1)/t
using nz t-nz unfolding e’-def
by (simp add: field-simps,algebra)
then have e’ z y # 0
using t-dneq?2 t-nl
by (auto simp add: field-simps t-nz)
then have Fulse
using assms nz p-def unfolding e-circ-def e’-aff-def by fastforce
then show ?thesis by simp
qed
qed

lemma dichotomy-1:
assumes p € e’-aff ¢ € e’-aff
shows (p € e-circ A (3 g € symmetries. ¢ = (g o i) p)) V
(p,q) € e’-aff-0 V (p,q) € e’-aff-1
proof —
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obtain zI yI where p-def: p = (z1,y1) by fastforce
obtain 22 y2 where ¢-def: ¢ = (22,y2) by fastforce

1) (paq) € 6/'aﬁ'0 ‘
(2) (p.q) € e"-aff-1 |
(3) (pq) & e-aff-0 A (p,q) & e’-aff-1 by blast
then show ?thesis
proof (cases)
case 1 then show ?thesis by blast
next
case 2 then show ?thesis by simp
next
case 3
then have delta x1 y1 22 y2 = 0 delta’ 1 y1 22 y2 = 0
unfolding p-def g-def e’-aff-0-def e’-aff-1-def using assms
by (simp add: assms p-def q-def)+
have x1 # 0yl # 022 # 0y2 # 0
using «delta x1 y1 22 y2 = 0>
unfolding delta-def delta-plus-def delta-minus-def by auto
then have p € e-circ q € e-circ
unfolding e-circ-def using assms p-def g-def by blast+

consider (

obtain a0 b0 where tg-expr: 7 ¢ = (a0,b0) by fastforce

obtain af b1 where p-ezpr: p = (al,b1) by fastforce

from tg-ezpr have g-expr: ¢ = 7 (a0,b0) using tau-idemp-explicit g-def by
auto

have a0-nz: a0 # 000 # 0
using <7 ¢ = (a0, b0)» @2 # 0> Y2 # 0> comp-apply g-def tau-sq by auto

have al-nz: a1 # 0 b1 # 0
using «<p = (al, b1)» «xl # 0> <yl # 0> p-def by auto

have in-aff: (a0,b0) € e’-aff (al,b1) € e’-aff
using «q € e-cire» T-circ circ-to-aff tq-expr
using assms(1) p-expr by fastforce+

define 6’ :: 'a = 'a = 'a where

§'= (X z0 y0. 20 * y0 x delta-minus al b1 (1/(txx0)) (1/(t*xy0)))
define pé’ :: 'a = 'a = 'a where

pd'= (XA z0 y0. 20 * y0 * delta-plus al b1 (1/(txz0)) (1/(txy0)))
define §-plus :: 'a = 'a = 'a where

d-plus = (X 20 y0. t * x0 x y0 * delta-x al b1 (1/(txz0)) (1/(txy0)))
define §-minus :: '‘a = 'a = 'a where

d-minus = (A 20 y0. t * 20 * y0 = delta-y al b1 (1/(txx0)) (1/(txy0)))

have §’-expr: 6’ a0 b0 = a0*b0 — al*bl

unfolding §’-def delta-minus-def
by(simp add: algebra-simps a0-nz al-nz power2-eq-square[symmetric] t-expr
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d-nz)
have pd’-expr: pé’ a0 b0 = a0 * b0 + al * bl
unfolding pd’-def delta-plus-def
by (simp add: algebra-simps a0-nz al-nz power2-eq-square[symmetric] t-expr
d-nz)
have 0-plus-expr: 6-plus a0 b0 = b1 * b0 — al * a0
unfolding 0-plus-def delta-z-def
by (simp add: divide-simps a0-nz al-nz t-nz)
have §-minus-expr: d-minus a0 b0 = al * b0 + b1 * a0
unfolding d-minus-def delta-y-def
by (simp add: divide-simps a0-nz al-nz t-nz)

have casesl: 6’ a0 b0 = 0 V pd’ a0 b0 = 0
unfolding ¢’-def pd’-def
using «delta z1 y1 z2 y2 = 0> <p = (al, b1)> delta-def p-def g-def g-expr by
auto
have cases2: §-minus a0 b0 = 0 V 0-plus a0 b0 = 0
using §-minus-def §-plus-def «delta’ x1 y1 22 y2 = 0> <p = (al, b1))
delta’-def q-def p-def tq-expr by auto

consider
(1) 6’ a0 b0 = 0 6-minus a0 b0 = 0 |
(2) 6" a0 b0 = 0 6-plus a0 b0 = 0 |
(3) pd’ a0 b0 = 0 6-minus a0 b0 = 0 |
(4) pd’ a0 b0 = 0 6-minus a0 b0 # 0
using cases! cases2 by auto
then have (a0,00) = (b1,al) V (a0,b0) = (—bl,—al) V
(a0,b0) = (al,—b1) V (a0,b0) = (—al,bl)
proof (cases)
case [
have zeros: a0 x b0 — al * bl = 0 al * b0 + a0 *x bl = 0
using 1 -minus-expr &'-expr
by (simp-all add: algebra-simps)
have 3 q1 ¢2 q3 q4.
2xa0xb0*(b0"2 — al™2) =
glx(—1 + a072 + b0™2 — t72 % a0™2 * b0"2) +
@2x(—1 + al™2 4+ b172 — 72 x al ™2 % b172) +
q3%(a0 * b0 — al = b1) +
g4x(al * b0 + a0 % bl)
by algebra
then have 502 — a1? = 0 a0? — b12 = 0 a0 * b0 — al * b1 = 0
using a0-nz in-aff zeros
unfolding e’-aff-def e'-def
apply simp-all
apply(simp-all add: algebra-simps two-not-zero)
by algebra
then show ?thesis
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by algebra
next
case 2
have zeros: b1 * b0 — al * a0 = 0 a0 * b0 — al * b1 = 0
using 2 §-plus-expr §’-expr by auto
have 50% — a1?2 = 0 a0? — b1? = 0 a0 * b0 — al * b1 = 0
using in-aff zeros
unfolding e’-aff-def e'-def
apply simp-all
by algebra+
then show ?thesis
by algebra
next
case 3
have zeros: a1 * b0 + b1 * a0 = 0 a0 * b0 + al * b1 = 0
using 3 §-minus-expr pd’-expr by auto
have a0? — a1? = 0 b0? — b1? = 0 a0 * b0 + al * b1 = 0
using in-aff zeros
unfolding e’-aff-def e'-def
apply simp-all
by algebra+
then show ?thesis
by algebra
next
case /
have zeros: a0 *x b0 + al *x bl = 0 al * b0 + bl x a0 # 0
using 4 pd’-expr d-minus-expr §’-expr by auto
have a0 2—b1"2=0al"2 — 0072 =0
using in-aff zeros
unfolding e’-aff-def e'-def
by algebra+
then show ?thesis
using cases2 §-minus-expr §-plus-expr by algebra
qed

then have (a0,b0) € {ip, (00 i)p, (0000%) p, (0o popoi)p}
unfolding p-expr by auto
then have 3 g € rotations. 7 ¢ = (g o i) p
unfolding rotations-def by (auto simp add: <t ¢ = (a0, b0)»)
then obtain g where g € rotations 7 ¢ = (g o i) p by blast
then have g = (1o go i) p
using tau-sq <t ¢ = (a0, b0)» ¢-def by auto
then have 3 gesymmetries. ¢ = (g o i) p
using tau-rot-sym <g € rotations» symmetries-def by blast
then show ?thesis
using «p € e-circy by blast
qed
qed
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lemma dichotomy-2:

assumes add (z1,y1) (22,y2) = (1,0)

(a1,y1),(32,92)) € €"aff-0

shows (z2,y2) = i (z1,y1)
proof —

have 1: z1 = 22

using assms unfolding e’-aff-0-def e’-aff-def delta-def delta-plus-def
delta-minus-def e'-def

apply (simp)
apply(simp add: c-eq-1 t-expr)
by algebra

have 2: yI = — y2

using assms(1,2) unfolding e’-aff-0-def e’-aff-def delta-def delta-plus-def
delta-minus-def e’-def

apply (simp)

apply(simp add: c-eq-1 t-expr)

by algebra

from 1 2 show ?thesis by simp
qed

lemma dichotomy-3:
assumes ezt-add (z1,y1) (22,y2) = (1,0)
((z1,y1),(z2,y2)) € e’-aff-1
shows (22,y2) = i (z1,y1)
proof —
have nz: a1 # 0yl # 022 # 0y2 # 0
using assms by (simp,force)+
have in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff
using assms unfolding e’-aff-1-def by auto
have ds: delta’ z1 y1 22 y2 # 0
using assms unfolding e’-aff-1-def by auto

have egs: z1x(yl+y2) = z2x(yl+y2) 21 x yl + 22 % y2 = 0
using assms in-aff ds
unfolding e’-aff-def e’-def delta’-def delta-z-def delta-y-def
apply simp-all
by algebra

then consider (1) yI + y2 = 0 | (2) z1 = 22 by auto
then have 1: z1 = z2
proof(cases)

case I

then show ?thesis

using eqs nz by algebra

next

case 2

then show ?thesis by auto
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qed

have 2: y1 = — y2
using eqs 1 nz
by algebra

from 1 2 show ?thesis by simp
qed

3.1.1 Meaning of dichotomy condition on deltas

lemma wd-d-nz:
assumes g € symmetries (z', y') = (g o i) (z, y) (z,y) € e-circ
shows delta z yz' y' = 0
using assms unfolding symmetries-def e-circ-def delta-def delta-minus-def delta-plus-def
by (auto,auto simp add: divide-simps t-nz t-expr(1) power2-eq-square[symmetric]
d-nz)

lemma wd-d’-nz:
assumes g € symmetries (z', y') = (g 0 ©) (z, y) (x,y) € e-circ
shows delta’ zyz' y' = 0
using assms unfolding symmetries-def e-circ-def delta’-def delta-z-def delta-y-def
by auto

lemma meaning-of-dichotomy-1:

assumes (3 gesymmetries. (z2, y2) = (g o i) (x1, y1))

shows fst (add (z1,y1) (z2,y2)) = 0 V snd (add (z1,y1) (z2,y2)) = 0

using assms

apply(simp)

apply(simp add: c-eq-1)

unfolding symmetries-def

apply (safe)

by (simp-all split: if-splits add: t-nz field-simps power2-eq-square[symmetric]
t-expr)

lemma meaning-of-dichotomy-2:
assumes (3 gesymmetries. (22, y2) = (g o i) (x1, y1))
shows fst (ext-add (z1,y1) (22,y2)) = 0 V snd (ext-add (z1,y1) (22,y2)) = 0
using assms
by (auto split: if-splits simp add: t-nz field-simps symmetries-def)

3.2 Gluing relation and projective points

definition gluing :: ((("a x 'a) x bool) x (("a x 'a) x bool)) set where
gluing = {(((20,50),),((s1,41).)).
((z0,y0) € e’-aff N (z1,y1) € e’-aff) A
((z0 £ 0 N y0 # 0 A (x1,yl) =7 (20,y0) A j = Notl) V
(20 =21 Ny0 =yl N1 =7j))}

lemma gluing-char:
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assumes (((z0,y0),0),((z1,y1),j)) € gluing

shows ((20,y0) = (z1,y1) Nl =j)V ((z1,y1) =7 (20,y0) Al = Not j A z0 #
0N y0 #0)

using assms gluing-def by force+

lemma gluing-char-zero:
assumes (((20,y0),),((z1,y1),j)) € gluing 20 = 0 V y0 = 0
shows (z0,y0) = (z1,yl) ANl =]
using assms unfolding gluing-def e-circ-def by force

lemma gluing-aff:
assumes (((z0,y0),0),((z1,y1),j)) € gluing
shows (z0,y0) € e’-aff (z1,y1) € e’-aff
using assms unfolding gluing-def by force+

definition e’-aff-bit :: (('a x 'a) x bool) set where
e’-aff-bit = e’-aff x UNIV

lemma eq-rel: equiv e’-aff-bit gluing
unfolding equiv-def
proof (safe)
show refl-on e’-aff-bit gluing
unfolding refl-on-def e’-aff-bit-def gluing-def by auto
show sym gluing
unfolding sym-def gluing-def by (auto simp add: e-circ-def t-nz)
show trans gluing
unfolding trans-def gluing-def by(auto simp add: e-circ-def t-nz)
qed

lemma gluing-eq: © = y = gluing ““ {z} = gluing ““ {y}
by simp

definition e-proj where e-proj = e’-aff-bit // gluing

3.2.1 Point-class classification

lemma eq-class-simp:
assumes X € e-proj X # {}
shows X // gluing = {X}
proof —
have simp-un: gluing “ {z} = X ifz € X for z
by (metis equiv-class-eq|OF eq-rel] that quotientE Image-singleton-iff assms(1)
e-proj-def)
show X // gluing = {X}
unfolding quotient-def by(simp add: simp-un assms)
qed

lemma gluing-class-1:
assumes z = 0 V y = 0 (z,y) € e’-aff
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shows gluing *“ {((z,y), )} = {((z,y), D)}
proof —

have (z,y) ¢ e-circ using assms unfolding e-circ-def by blast
then show ?thesis
using assms unfolding gluing-def Image-def
by (simp split: prod.splits del: T.simps add: assms,safe)
qed

lemma gluing-class-2:
assumes z # 0y # 0 (z,y) € e’-aff
shows gluing *“ {((z,y), )} = {((z,9), 1), (7 (z,y), Not 1)}
proof —
have (z,y) € e-circ using assms unfolding e-circ-def by blast
then have 7 (2,y) € e’-aff
using 7-circ using e-circ-def by force
show ?thesis
using assms 7 (z,y) € e’-aff> by (auto simp add: e-circ-def gluing-def assms)
qed

lemma e-proj-elim-1:
assumes (z,y) € e’-aff
shows {((z,y),l)} € e-proj «— 2z =0V y=10
proof
assume as: {((z, y), 1)} € e-proj
have eg: gluing *“ {((z, y), 1)} = {((z,9),)}
(is - = ?B)
using quotientI[of - ?B gluing] eq-class-simp as by auto
then show z =0V y =0
using assms gluing-class-2 by force
next
assume z = 0 V y =0
then have eq: gluing ““ {((z, v), 1)} = {((z,y),0)}
using assms gluing-class-1 by presburger
show {((z,y),0)} € e-proj
using assms
by (metis Image-singleton-iff e-proj-def eq eq-rel equalsOI equiv-class-eq-iff
insert-not-empty quotientl)
qged

lemma e-proj-elim-2:
assumes (z,y) € e’-aff
shows {((z,9),0),(7 (z,y),Not )} € e-proj +— z# 0 ANy # 0
proof
assume z # 0 ANy # 0
then have eg: gluing “ {((z, v), D} = {((5.9).0.(7 (z.5),Not 1)}
using assms gluing-class-2 by presburger
show {((z,y),0),(7 (z,y),Not I)} € e-proj
using assms quotient] unfolding e-proj-def
by (metis (no-types, opaque-lifting) Image-iff eq eq-rel equiv-class-eq-iff
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insert-iff)
next
assume as: {((z, y), 1), (7 (z, y), Not l)} € e-proj
have eq: gluing ““ {((z, y), )} = {((z,y),0),(7 (z,y),Not 1)}
(is - = ?B)
using quotientI[of - ¢B gluing] eg-class-simp as by auto
then show z # 0 ANy # 0
using assms gluing-class-1 by auto
qed

lemma e-proj-eq:
assumes p € e-proj
shows 3 2y L. (p = {((z5).)} V p = {((2,9).1).( (2,9).Not D}) A (2.) € "-aff

proof —
obtain g where p-ezpr: p = gluing ““ {9} g € e’-aff-bit
using assms unfolding e-proj-def quotient-def by blast+
then obtain z y [ where g-ezpr: g = ((z,y),]) (z,y) € e’-aff
using e’-aff-bit-def by auto
show ?thesis
using e-proj-elim-1 e-proj-elim-2 gluing-class-1 gluing-class-2 g-expr p-expr by
meson
qed

lemma e-proj-aff:
luing “ {((5;9).)} € e-proj < (2,9) € ¢"off
proof
assume gluing “ {((z, y), 1)} € e-proj
then show (z,y) € e’-aff
unfolding e-proj-def e’-aff-bit-def
using eq-equiv-class gluing-aff e’-aff-bit-def eq-rel
by (fastforce elim!: quotientE)
next
assume as: (z, y) € e’-aff
show gluing “ {((z, y), )} € e-proj
using gluing-class-1[OF - as] gluing-class-2[OF - - as]
e-proj-elim-1[OF as] e-proj-elim-2[OF as] by fastforce
qged

lemma gluing-cases:
assumes 1 € e-proj
obtains z0 y0 | where = = {((20,y0),))} vV z = {((20,y0),1),(7 (20,y0),Not 1)}
using e-proj-eq[OF assms] that by blast

lemma gluing-cases-explicit:

assumes z € e-proj x = gluing ““ {((20,y0),0)}

shows = = {((z0,y0),D)} V z = {((z0,y0),),(T (20,y0),Not 1)}
proof —
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have (20,y0) € e'-aff
using assms e-proj-aff by simp
have gluing * {((20,50),1)} = {((20,50),1)} v
gluing ** {((20,y0),0)} = {((20,y0),0),(t (20,y0),Not 1)}
using assms gluing-class-1 gluing-class-2 «(z0, y0) € e’-aff> by meson
then show ?thesis using assms by fast
qed

lemma gluing-cases-points:
assumes z € e-proj z = gluing ““ {(p,0)}

shows = = {(p,))} V z = {(p,]),(7 p,Not 1)}
using gluing-cases-explicit| OF assms(1), of fst p snd p ] assms by auto

lemma identity-equiv:
gluing “{((1, 0), D} = {((1,0),))}
unfolding Image-def
proof (simp,standard)
show {y. (1, 0), 1), ) € gluing} C {((1, 0), D}
using gluing-char-zero by (intro subrell,fast)
have (1,0) € e’-aff
unfolding e’-aff-def e’-def by simp
then have ((1, 0), l) € e’-aff-bit
unfolding e’-aff-bit-def by blast
show {((1, 0), )} C {y. ({1, 0), 1), y) € gluing}
using eg-rel «((1, 0), 1) € e’-aff-bit
unfolding equiv-def refl-on-def by blast
qged

lemma identity-proj:
{((1,0),0)} € e-proj
proof —
have (1,0) € e’-aff
unfolding e’-aff-def e’-def by auto
then show ?thesis
using e-proj-aff[of 1 0 1] identity-equiv by auto
qed

lemma gluing-inv:
assumes z # 0y # 0 (z,y) € e’-aff
shows gluing * {((2,4).))} = gluing ** {(r (z,3), Not )}
proof —
have taus: 7 (z,y) € e’-aff
using e-circ-def assms T-circ by fastforce+
have gluing * {((z.5), )} = {((; ), ), (7 (&, ), Not )}
using gluing-class-2 assms by meson
also have ... = {(7 (z, y), Not j), (7 (7 (z, v)), j)}
using tau-idemp-explicit by force
also have {(7 (z, y), Not j), (7 (7 (z, y)), j)} = gluing ** {(7 (z,y), Not j)}
using assms gluing-class-2 t-def t-ineq(2) taus by auto
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finally show ?thesis .
qed

3.3 Projective addition on points

definition zor :: bool => bool = bool
where zor-def: zor PQ=(PA-Q)V (= P A Q)

function (domintros) proj-add :: ('a x 'a) x bool = ('a x 'a) x bool = ('a x 'a)
X bool
where
proj-add ((xz1, y1), 1) ((z2, y2), j) = (add (z1, y1) (22, y2), zor 1 j)
if delta x1 y1 z2 y2 # 0 and
(z1, y1) € e’-aff and
(22, y2) € e’-aff
| proj-add ((x1, y1), 1) (22, y2), j) = (eat-add (z1, y1) (22, y2), zor 1 j)
if delta’ z1 y1 22 y2 # 0 and
(21, y1) € e’-aff and
(22, y2) € e’-aff
| proj-add ((z1, y1), 1) (2, y2), j) = undefined
if (21, y1) ¢ e’-aff V (22, y2) ¢ e’-aff V
(delta z1 y1 22 y2 = 0 A delta’ z1 y1 22 y2 = 0)
using coherence e’-aff-def by force+

termination proj-add using termination by blast

lemma proj-add-inv:
assumes (z0,y0) € e’-aff
shows proj-add ((z0,y0),l) (i (20,y0),l") = ((1,0),zor 1 1")
proof —
have i-in: i (20,y0) € e’-aff
using i-aff assms by blast

consider (1) z0 = 0] (2) y0 = 0| (8) z0 # 0 y0 # 0 by fast
then show ?thesis
proof(cases)
case I
from assms 1 have y-expr: y0 = 1 V y0 = —1
unfolding e’-aff-def e’-def by(simp,algebra)
then have delta 20 y0 20 (—y0) # 0
using ! unfolding delta-def delta-minus-def delta-plus-def by simp
then show proj-add ((z0,y0),l) (¢ (z0,y0),l") = ((1,0),zor I 1)
using 1 assms delta-plus-def i-in inverse-generalized by fastforce
next
case 2
from assms 2 have z0 = 1 V 20 = —1
unfolding e’-aff-def e’-def by(simp,algebra)
then have delta 20 y0 z0 (—y0) # 0
using 2 unfolding delta-def delta-minus-def delta-plus-def by simp
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then show ?thesis
using 2 assms delta-def inverse-generalized by fastforce
next
case 3

consider (a) delta z0 y0 z0 (—y0) = 0 delta’ x0 y0 0 (—y0) = 0 |
(b) delta 0 y0 z0 (—y0) # 0 delta’ z0 y0 z0 (—y0) = 0 |
(¢) delta z0 y0 z0 (—y0) = 0 delta’ z0 y0 z0 (—y0) # 0 |
(d) delta z0 y0 z0 (—y0) # 0 delta’ x0 y0 =0 (—y0) # 0 by meson
then show ?thesis

proof (cases)
case a
then have d * 2072 x y0™2 = 1 V d x 2072 % y0" 2 = —1
2072 = y0~2

2072 +y0"2 — 1 =d* z072 % y0~ 2
unfolding power2-eq-square
using a unfolding delta-def delta-plus-def delta-minus-def apply algebra
using 3 two-not-zero a unfolding delta’-def delta-z-def delta-y-def apply
force
using assms t-ezpr unfolding e’-aff-def e’-def power2-eq-square by force
then have 2x2072 = 2 V 2xz0"2 = 0
by algebra
then have z0 = 1 V 20 = —1
using 3 a(1,2) add-self assms by blast
then have y0 = 0
using assms t-nl1 t-nm1 a add-self by blast
then have Fulse
using 3 by auto
then show ?thesis by auto
next
case b
have proj-add ((z0, y0), 1) (i (z0, y0), ") =
(add (z0, y0) (i (20, y0)), zor 1 1)
using assms i-in b by simp
also have ... = ((1,0),zor 1 I’)
using inverse-generalized| OF assms] b
unfolding delta-def delta-plus-def delta-minus-def
by auto
finally show ?thesis
by blast
next
case ¢
have proj-add ((z0, y0), ) (i (z0, y0), ") =
(ext-add (z0, y0) (i (20, y0)), zor 11’
using assms i-in ¢ by simp
also have ... = ((1,0),zor 1 1’)
using 3 ext-add-inverse by blast
finally show ?thesis
by blast
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next
case d
have proj-add ((z0, y0), 1) (i (20, y0), ') =
(add (z0, y0) (i (20, y0)), zor 11’
using assms i-in d by simp
also have ... = ((1,0),zor I 1)
using inverse-generalized| OF assms] d
unfolding delta-def delta-plus-def delta-minus-def
by auto
finally show ?thesis
by blast
qed
qed
qed

lemma proj-add-comm:
pmj—add ((:L’O,yO),l) ((Ilvyl)vj) = pmj—add ((Ilvyl)aj) ((IO,yU),l)
proof —
consider
(1) delta 20 y0 x1 yI # 0 A (20,y0) € e’-aoff A (z1,y1) € e’-aff |
(2) delta” z0 y0 x1 y1 # 0 A (20,y0) € e’-aff A (x1,y1) € e’-aff |
(3) (delta x0 y0 x1 y1 = 0 A delta’ 20 y0 z1 y1 = 0) V
(20,y0) ¢ e’-aff V (z1,y1) ¢ e’-aff by blast
then show ?thesis
proof (cases)
case 1 then show ?thesis
by (force simp add: zor-def commutativity delta-com)
next
case 2 then show ?thesis
using delta’-com ext-add-comm-points zor-def by auto
next
case 3 then show ?thesis
by (auto simp add: delta-com delta’-com)
qed
qed

3.4 Projective addition on classes

function (domintros) proj-add-class :: ((‘a x 'a) x bool ) set =
(("a x 'a) x bool ) set =
((("a x 'a) x bool ) set) set
where
proj-add-class c1 c¢2 =

(
{
proj—add ((Z], y]), Z) ((IQ, y'g)v .]) ‘
xl yl i 22 y2 j.
((x1, y1),4) € c1 A
((z2, y2), §) € c2 A
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((x1, y1), (22, y2)) € e’-aff-0 U e’-aff-1
/) ling
if c1 € e-proj and c2 € e-proj
| proj-add-class ¢l ¢2 = undefined
if ¢c1 ¢ e-proj V c2 ¢ e-proj
by (meson surj-pair) auto

termination proj-add-class using termination by auto

definition proj-addition where
proj-addition c1 c¢2 = the-elem (proj-add-class c¢1 ¢2)

3.4.1 Covering

corollary no-fp-eq:
assumes p € e-circ
assumes 1’ € rotations r € rotations
assumes (r' o i) p = (r o r) (i p)
shows Fulse
proof —
obtain r’’ where r'' o r’ = id r"’ € rotations
using rot-inv assms by blast
then have i p = (r"" o7 0 1) (i p)
using assms by (simp,metis pointfree-idF)
then have ip = (t o 7" o 1) (i p)
using rot-tau-com[OF «r'" € rotations)] by simp
then have 3 r". r”" € rotations A i p = (1 o ") (i p)
using rot-comp[OF <r' € rotations)] assms by fastforce
then obtain r’’ where
eq: "' € rotations i p = (1 o ") (i p)
by blast
have 7 o " € G i p € e-circ
using tau-rot-sym[OF <r'' € rotations)] G-partition
using i-circ-points assms(1) by simp+
then show False
using g-no-fp[OF <t o v € G) (i p € e-cire)]
eq assms(1) sym-not-id[OF eq(1)] by argo
qed

lemma covering:
assumes p € e-proj q € e-proj
shows proj-add-class p q¢ # {}
proof —
from e-proj-eq[OF assms(1)] e-proj-eq|OF assms(2)]
obtain z y [z’ y' I’ where
p-gq-expr: p = {((‘% y)7 l)} v p= {((I, y)? l)’ (T (CE, y)a Not l)}
7= (&, ¥, 10} Vg = {((", 4, 1), (7 (", y"), Not 1)}
(2.9) € eiaff (z'y) € e"off
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by blast
then have in-aff: (z,y) € e’-aff (z',y’) € e’-aff by auto
from p-g-ezpr have gluings: p = (gluing ““ {((z,y),))})
q = (gluing “* {((z"y").1")})
using assms e-proj-elim-1 e-proj-elim-2 gluing-class-1 gluing-class-2
by metis+
then have gluing-proj: (gluing ““ {((z,y),)}) € e-proj
(ghuing * {((z'y) 1)} € e-proj
using assms by blast+

consider
(z, y) € e-circ A (3 gesymmetries. (z', y') = (g 0 @) (z, y))
| ((:L.a y)a xlv y/) € e'—aﬁ—O
| ((ZL’, y), mlv y/) € el'aﬁ'l
using dichotomy-1[OF «(z,y) € e’-aff> «(x',y’) € e’-aff>] by blast
then show ?thesis
proof (cases)
case I
then obtain r where r-expr: (z',y') = (7 o r) (i (z,y)) r € rotations
using sym-decomp by force

then have nz: x £ 0y £ 0z’ # 0y’ # 0
using I t-nz unfolding e-circ-def rotations-def by force+

have taus: 7 (z',y’) € e’-aff
using nz i-aff p-q-expr(3) r-expr rot-aff tau-idemp-point by auto

have circ: (z,y) € e-circ
using nz in-aff e-circ-def by blast

have p-g-ezpr’: p = {((z,y),l),(7 (z,y),Not 1)}
q={(r (z"y"),Not I'),((z",y"),0")}

using gluings nz gluing-class-2 taus in-aff tau-idemp-point t-nz assms by auto

have p-g-proj: {((z,y),0),(T (z,y),Not 1)} € e-proj
{(r (z",y"),Not I),((z",y"),l"} € e-proj
using p-q-ezpr’ assms by auto

consider

(a) (z,y) € e-circ A (3 gesymmetries. T (z', y") = (g 0 7) (z, y))
(8) (5 9), 7 (&', y) € elafF-0
[(e) ((z, 9), 7 (2, y)) € e"aff-1

using dichotomy-1[OF <(z,y) € e’-aff> «7 (z', y') € e’-aff>] by blast
then show ?thesis
proof (cases)

case a

then obtain r’ where r’-expr: 7 (z',y') = (7 o 1) (i (z, y)) r’ € rotations

using sym-decomp by force
have (z',y') = ' (i (2, y))
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proof—
have (z'.y') = 7 (7 (z"y"))
using tau-idemp-point by presburger

also have ... =7 ((t o 1) (i (z, ¥)))
using r’-expr by argo
also have ... = r' (i (z, y))

using tau-idemp-point by simp
finally show ?thesis by simp
qed
then have Fulse
using no-fp-eq[OF circ r'-expr(2) r-expr(2)] r-expr by simp
then show ?thesis by blast
next
case b
then have ds: delta z y (fst (7 (2,y"))) (snd (7 (z',y")) # 0
unfolding e’-aff-0-def by simp
then have
add-some: proj-add ((z,y),l) (7 (z',y"),Not l') = (add (z, y) (7 (z',y’)), Not
(zor 11"))
using proj-add.simps[of x y - - | Not ', OF -]
(zy) € e’-affy <t (z', y') € e’-aff> zor-def by auto
have gluing ““ {(add (z, y) (7 (z', y")), = local.xzor I 1")} € proj-add-class p q
apply(subst proj-add-class.simps(1)[of p q, OF assms)])
apply(rule quotientl)
apply (subst p-g-expr’)+
apply (subst add-some[symmetric])
using b by fastforce
then show ?thesis by blast
next
case ¢
then have ds: delta’ z y (fst (7 (2',y)) (snd (7 (z'y")) # 0
unfolding e’-aff-1-def by simp
then have
add-some: proj-add ((x,y),l) (1 (z',y"),Not l') = (ext-add (z, y) (7 (z',y")),
Not (zor 1 1))
using proj-add.simps[of  y - - | Not ', OF -]
(zy) € e-affy <t (z', y') € e’-aff> zor-def by force
have gluing “ {(ext-add (z, y) (7 (z’, y")), = local.zor 1 ")} € proj-add-class
paq
subst proj-add-class.simps(1)[of p q, OF assms])
rule quotientI)
apply (subst p-g-expr’)+
apply (subst add-some[symmetric])
using c by fastforce
then show ?thesis by blast
qed
next
case 2
then have ds: delta z y 2’ y' # 0

apply
apply

A~ N S
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unfolding e’-aff-0-def by simp

then have
add-some: proj-add ((z,y),l) ((z ,y) l) = (add (z, y) (2',y"), zor L)
using proj-add.simps(1)[of v y &’ y' 11/, OF -] in-aff by blast

then show ?thesis
using p-q-expr
unfolding proj-add-class.simps(1)[OF assms]
unfolding e’-aff-0-def using ds in-aff xor-def by blast

next

case 3

then have ds: delta’ zy x' y' # 0
unfolding e’-aff-1-def by simp

then have
add-some: proj-add ((z,y),l) ((z',y"),l") = (ext-add (z, y) (z’,y), zor I ')
using proj-add.simps(2)[of v y x’ y' 11/, OF -] in-aff zor-def by simp

then show ?thesis
using p-q-expr
unfolding proj-add-class.simps(1)[OF assms)
unfolding e’-aff-1-def using ds in-aff zor-def by blast

qed
qed

lemma coverz’ng—with—deltas:
assumes (gluing ¢ {((x y),0)}) € e-proj (gluing “A((z",y",I"N}) € e-proj
shows delta z y x' y' # 0 V delta’ z y x’ y T£ 0V
delta z y (fst (7 (zy"))) (snd (7 (z,y")) # 0V
delta’ z y (fst (v (z',y") (snd (v (x'.y"))) # 0

proof —

define p where p = (gluing ““ {((z,y),0)})

define ¢ where ¢ = (gluing “ {((z’,y),l")})

have p € e’-aff-bit // gluing
using assms(1) p-def unfolding e-proj-def by blast

from e-proj-eq[OF assms(1)] e-proj-eq[OF assms(2)]

have p = {((z 9), O} V p = {((z, ), I, (7 (z, ). Not 1)}
using p-def using assms(1) gluing-cases-explicit by auto

moreover

have ¢ = {((z', ¥), I} V ¢ = {((z', ¥), '), (7 (&', y'), Not ')}
using ¢-def assms(2) gluing-cases-explicit g-def by auto

moreover

have «*: (z,y) € e’-aff (z')y’) € e’-aff
using assms e’-aff-bit-def eq-rel gluing-cases-explicit in-quotient-imp-subset
by (auto simp: e-proj-aff)

ultimately have in-aff: (z,y) € e’-aff (z',y’) € e’-aff by auto

then have gluings: p = (glumg {((m,y),l)})
q = (gluing ** {((z",y"),1)})
using p-def ¢-def by simp+

then have gluing-proj: (gluing ““ {((z,y),1)}) € e-proj
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(gluing “ {((",y),1)}) € e-proj
using assms by blast+

consider
(z, y) € e-circ A (3 gesymmetries. (z', y') = (g o @) (z, y))
| ((1}, y)v I/’ y/) € e’—aﬁ—O
| ((ZL’, y)a xlv y/) € e’—aff—l
using dichotomy-1[OF «(z,y) € e’-aff> «(z',y’) € e’-aff>] by blast
then show ?thesis
proof (cases)
case I
then obtain r where r-expr: (z',y") = (7 o ) (i (x,y)) r € rotations
using sym-decomp by force

then have nz: z # Oy # 0z’ # 0y’ # 0
using 1 t-nz unfolding e-circ-def rotations-def by force+

have taus: 7 (z',y’) € e’-aff
using nz i-aff * r-expr rot-aff tau-idemp-point by auto

have circ: (z,y) € e-circ
using nz in-aff e-circ-def by blast

have p-g-ezpr’: p = {((z,9),0),(7 (2,y), Not )}
q = A{(7 (&), Not I'),((z",y"),1")}
using gluings nz gluing-class-2 taus in-aff tau-idemp-point t-nz assms by auto

have p-¢-proj: {((z,),0),( (2,y),Not 1)} € e-proj
{(r (&), Not I),((z",y"),1")} € e-proj
using * p-g-expr’ assms gluing-proj gluings by auto

consider
(a) (z, y) € e-circ A (3 gesymmetries. T (z', y') = (g 0 ©) (z, y))
[ (8) (5 ), 7 (&', ) € e"aff-0
[ (0) (5, y). 7 (&', y) € e™aff-1
using dichotomy-1[OF «(z,y) € e’-aff> <7 (z', y') € e’-aff>] by blast
then show ?thesis
proof (cases)
case a
then obtain r’ where r'-expr: 7 (z',y’) = (7 o ') (¢ (z, y)) v’ € rotations
using sym-decomp by force
have (z',y") = r' (i (2, y))
proof—
have (z/,y) = 7 (7 (z',4")
using tau-idemp-point by presburger

also have ... =7 ((t o 1) (i (z, ¥)))
using r’-expr by argo
also have ... = 7' (i (z, y))

using tau-idemp-point by simp

42



finally show ?thesis by simp
qed
then have Fulse
using no-fp-eq[OF circ r'-expr(2) r-expr(2)] r-expr by simp
then show ?thesis by blast
next
case b
define 2z where 2"’ = fst (7 (z',y"))
define y’ where y"’ = snd (7 (z',y"))
from b have delta z y z"" y" # 0
unfolding e’-aff-0-def using z'’-def y'’-def by simp
then show ?thesis
unfolding z'’-def y'’-def by blast
next
case ¢
define 2z where 2" = fst (1 (z',y"))
define y'’ where y"”’ = snd (7 (z',y"))
from ¢ have delta’ x y x”" y"" # 0
unfolding e’-aff-1-def using z'’-def y'’-def by simp
then show ?Zthesis
unfolding z'’-def y''-def by blast
qed
next
case 2
then have delta z y 2z’ y' # 0
unfolding e’-aff-0-def by simp
then show ?thesis by simp
next
case 3
then have delta’ zy z' y' # 0
unfolding e’-aff-1-def by simp
then show ?thesis by simp
qed
qed

3.4.2 Independence of the representant

lemma proj-add-class-comm:
assumes cl € e-proj c2 € e-proj
shows proj-add-class c1 c2 = proj-add-class c2 c1
proof —
have ((z1, y1), 22, y2) € e-aff-0 U e’-aff-1 =
((z2, y2), 1, y1) € e’-aff-0 U e’-aff-1 for z1 y1 z2 y2
unfolding e’-aff-0-def e’-aff-1-def
e'-aff-def e’-def
delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def
by (simp,algebra)
then have {proj-add ((z1, y1), ©) ((z2, y2), j) |zl y1 i 22 y2 j.
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((z1, y1), ©) € c1 AN ((22, y2), j) € ¢2 A ((x1, y1), 22, y2) € e’-aff-0 U
e-aff-1} =
{proj-add ((x1, y1), i) ((22, y2), j) |l y1 i x2 y2 j.
(=1, y1), ©) € c2 N (22, y2), j) € c¢1 A (=1, y1), 22, y2) € e’-aff-0 U
e’-aff-1}
using proj-add-comm by blast
then show “thesis
unfolding proj-add-class.simps(1)[OF assms]
proj-add-class.simps(1)[OF assms(2) assms(1)] by argo
qged

lemma gluing-add-1:
llissumes gluing *“ {((z,y).0)} = {((z, y), D} gluing * {((=",y"),1"} = {((=', ¥),

#0
shows proj-addition (gluing ““ {((z,y),D)}) (gluing “ {((=",y"),l}) = (gluing *
{(add (z,y) (z'y"), zor L1)})
proof —
have in-aff: (z,y) € e’-aff (z',y’) € e’-aff
using assms e-proj-eq e-proj-aff by blast+
then have add-in: add (z, y) (z', y') € e’-aff
using add-closure «delta z y ' y' # 0> delta-def e-e’-iff e’-aff-def by auto
from in-aff have zeros: x =0V y=0z'"=0V y' =0
using e-proj-elim-1 assms by presburger+
then have add-zeros: fst (add (z,y) (z',y")) = 0 V snd (add (z,y) (z',y") = 0
by auto
then have add-proj: gluing ““ {(add (z, y) (z', y'), zor 1 1)} = {(add (z, y) (2
y"), zor 111}
using add-in gluing-class-1 by auto
have e-proj: gluing ““ {((z,y),))} € e-proj
gluing “ {((z",y"),l)} € e-proj
gluing ““ {(add (z, y) (z', y'), zor L")} € e-proj
using e-proj-aff in-aff add-in by auto

gluing ““ {((2.y).)} € e-proj gluing “ {((x,y/).1"} € e-proj delta w y =’ y’

consider
(a) (z, y) € e-circ A (3 gesymmetries. (z', y') = (g o 7) (z, y)) |
(0) (=, v), 2’y y") € e-aff-0 = ((z, y) € e-circ A (3 g€symmetries. (z', y') =
(g oi)(z,9)) |
(¢) ((z, ), ', y') € e-aff-1 = ((z, y) € e-circ N (3 gesymmetries. (z’, y') =
(9 0) (z,9) (, 9), 2", y') ¢ e’-aff-0
using dichotomy-1[OF «(z,y) € e’-aff> «(z'y’) € e’-aff>] by argo
then show ?thesis
proof (cases)
case a
then have Fulse
using in-aff zeros unfolding e-circ-def by force
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then show ?thesis by simp
next
case b
have add-eq: proj-add ((z, y), 1) ((z', y'), ') = (add (z,y) (z', y), zor 1 ')
using proj-add.simps <delta T y x’ y' # 0 in-aff by simp
show ?thesis
unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF e-proj(1,2)] add-proj
unfolding assms(1,2) e’-aff-0-def
using «delta x y ' y’' # 0> in-aff add-proj e-proj(3) eq-class-simp
by (simp add: add-eq del: add.simps)
next
case ¢
then have egs: delta x yx' y' = O delta’ vy’ vy £ 0exy=0ez’y' =0
unfolding e’-aff-0-def e’-aff-1-def e’-aff-def
using e-e’-iff in-aff by auto
then show ?thesis using assms by simp
qed
qed

lemma gluing-add-2:
assumes gluing *“ {((z,y),0)} = {((z, y), D} gluing ** {((z"y"),1")} = {((z', ¥"),
1), (r (&, y), Not )}
gluing “ {((z,y),0)} € e-proj gluing *“ {((z",y),l")} € e-proj delta z y =" y'
#0

shows proj-addition (gluing ““ {((z,y),D)}) (gluing “ {((«z",y"),i"}) = (gluing *
{(add (,y) (&"y"), wor 1 1)})
proof —
have in-aff: (z,y) € e’-aff (z',y’) € e’-aff
using assms e-proj-eq e-proj-aff by blast+
then have add-in: add (x, y) (z', y') € e’-aff
using add-closure «delta z y ' y' # 0> delta-def e-e’-iff e’-aff-def by auto
from in-aff have zeros: =0V y=0z"#0 y' # 0
using e-proj-elim-1 e-proj-elim-2 assms by presburger+
have e-proj: gluing ““ {((z,y),)} € e-proj
gluing “ {((z",y"),l)} € e-proj
gluing ““ {(add (z, y) (z', y'), zor 1 1")} € e-proj
using e-proj-aff in-aff add-in by auto

consider
(a) (z, y) € e-circ A (3 gesymmetries. (z', y') = (g o @) (z, y)) |
(b) ((z, y), z', y) € e’-aff-0 = ((z, y) € e-circ A (I g€symmetries. (z/, y") =
(g o i) (z,9)) |
(¢) (=, v), z', y') € e’-aff-1 = ((z, y) € e-circ A (3 gEsymmetries. (z', y') =
(g © ,L) (ZL’, y))) ((.Z', y)7 $/, y/) ¢ e’—aﬁ—O
using dichotomy-1[OF «(z,y) € e’-aff> «(z',y’) € e’-aff>] by fast
then show ?thesis
proof(cases)
case a
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then have Fulse
using in-aff zeros unfolding e-circ-def by force
then show #?thesis by simp
next
case b
then have ld-nz: delta x y ' y' # 0 unfolding e’-aff-0-def by auto

have v1: proj-add ((z, v), 1) (=", 4/}, 1) = (add (z, y) (&', y'), zor 1 1)
by (simp add: «(x,y) € e’-aff> «(z',y") € e’-aff> ld-nz del: add.simps)

have ecirc: (z',y’) € e-circz’ # 0y’ # 0

unfolding e-circ-def using zeros «(z',y’) € e’-aff> by blast+
then have 7 (2/, y') € e-circ

using zeros T-circ by blast
then have in-aff: 7 (z/, y') € e’-aff

unfolding e-circ-def by force

have add-nz: fst (add (z, y) (z', y')) # 0
snd (add (2, 4) (', 4)) # 0
using zeros ld-nz in-aff
unfolding delta-def delta-plus-def delta-minus-def e’-aff-def e’-def
apply (simp-all)
by (auto simp add: c-eq-1)

have add-in: add (z, y) (z', y') € e’-aff
using add-closure in-aff e-e'-iff ld-nz unfolding e’-aff-def delta-def by simp

have ld-nz" delta z y (fst (7 (z',y")) (snd (7 (z',y"))) # 0
unfolding delta-def delta-plus-def delta-minus-def
using zeros by fastforce

have tau-conv: 7 (add (z, y) (z', y") = add (z, y) (7 (2, y'))
using zeros e’-aff-z0[OF - in-aff(1)] e’-aff-y0[OF - in-aff (1)]
apply (simp-all)
apply(elim disjE)
by (auto simp add: c-eq-1 divide-simps d-nz t-nz zeros)

have v2: proj-add ((z, y), 1) (7 (2’, y'), Not ') = (7 (add (z, y) (z', y')), Not
(zor 1 1"))
using proj-add.simps <7 (z', y') € e’-aff> in-aff tau-conv
«delta z y (fst (7 (z', y'))) (snd (7 (z', y'))) # 0> zor-def by auto
have gluing ““ {(add (z, y) (¢, y'), local.zor 1 1)} € e-proj
using e-proj-aff add-in by auto
then
have gl-class: gluing ““ {(add (z, y) (z', y'), zor 1 1)} =
{(add (z, y) (2’ y'), zor L 1"), (7 (add (z, y) (z', y")), Not (zorl
)}

gluing ““ {(add (z, y) (z', y), zor 1 1')} € e-proj
using gluing-class-2 add-nz add-in by force+
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show ?thesis
proof —
have {proj-add ((x1, y1), i) (22, y2), j) |1 yI i 22 y2 j.
(a1, y1), ) € {((z, ), D} A
(22, 92), j) € {((z", ¥, 1), (= (z', '), Not 1)} A
((z1, y1), 22, y2)
e {((z1, y1), 22, y2). (21, yl) € e’-aff A (22, y2) € e’-aff A delta z1 yI z2
y2 £ 0} U e-aff-1} =
{pmj-add ((.Z‘, y)’ l) ((37/, y/)’ l/)’ proj-add ((CE, y)) l) (T (mla y/)v Not l/)}

(is 7t = -)
using ld-nz ld-nz’ in-aff in-aff’
by force
also have ... = {(add (z, y) (2, y'), zor 1 1'), (7 (add (z, y) (z', y’)), Not
(zor 11M)}

using vl v2 by presburger
finally have eq: 2t = {(add (z, y) (z', y'), zor 1 1), (7 (add (z, y) (z’, y')),
Not (zor 1 1)}
by blast

show ?thesis
unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF e-proj(1,2)]
unfolding assms(1,2) gl-class e’-aff-0-def
apply (subst eq)
apply (subst eg-class-simp)
using gl-class by auto
qed
next
case ¢
have Id-nz: delta z y z’' y' = 0
using «(z,y) € e’-aff> «(z'y’) € e’-aff> ¢
unfolding e’-aff-0-def by force
then have Fulse
using assms e-proj-elim-1 in-aff
unfolding delta-def delta-minus-def delta-plus-def by blast
then show %thesis by blast
qed
qed

lemma gluing-add-4:
assumes gluing *“ {((z, y), D} = {((z, y), D), (7 (2, y), Not 1)}
ahuing “ {((«', ), 1)} = (=", ). V), (r (a', ), Not 1)}
gluing “ {((z, y), )} € e-proj gluing ““ {((z', y"), ')} € e-proj delta x y =
y' #0
shows proj-addition (gluing ““ {((z, y), 1)}) (gluing “ {((z’, y"), I")}) =
gluing ““ {(add (z, y) (z',y"), zor 11"}
(is proj-addition ?p %q = -)
proof —

/
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have in-aff: (z,y) € e-aff (z',y") € e’-aff
using e-proj-aff assms by meson+
then have nz: z £ 0y £ 0z’ £ 0y’ # 0
using assms e-proj-elim-2 by auto
then have cire: (z,y) € e-circ (z',y’) € e-circ
using in-aff e-circ-def nz by auto
then have taus: (7 (z/, y')) € e’-aff (7 (z, y)) € e’-aff T (2’, y') € e-circ
using 7-circ circ-to-aff by auto

consider
(a) (z, y) € e-circ A (Fgesymmetries. (z', y') = (g o i) (=, y))
| (b) ((I7 y)7 mla Z//) € e’—aﬁ—O
| (C) ((CL', y)a xlv yl) € e/_a’ﬁ_z ((ZL’, y)a $/7 y/) ¢ 6I—aﬁ-0
using dichotomy-1[OF in-aff] by auto
then show ?thesis
proof(cases)
case a
then obtain g where sym-expr: g € symmetries (z', y') = (g o ) (z, y) by
auto
then have ds: delta z y x' y' = 0 delta’ zy z' y' = 0
using wd-d-nz wd-d’-nz a by auto
then have Fulse
using assms by auto
then show ?thesis by blast
next
case b
then have ld-nz: delta z y ' y' # 0
unfolding e’-aff-0-def by auto
with taus have ds: delta (fst (7 (z, y))) (snd (7 (=, v))) (fst (7 (2, y'))) (snd
(v (&, ) # 0
by (metis curve-addition.delta-plus-def delta-def delta-minus-def split-pairs2
tau-idemp-point tau-tau-d)
have v1: proj-add ((z, y), 1) ((z', y'), I") = (add (z, y) (z’, y'), zor 1 1)
using ld-nz proj-add.simps «(z,y) € e’-affr «(z’,y’) € e’-aff> by simp
have v2: proj-add (7 (z, y), Not l) (7 (2', y'), Not l) = (add (z, y) (2', y'),
zor 1 1)
using ds proj-add.simps taus
inversion-invariance-1 nz tau-idemp proj-add.simps zor-def
by (auto simp add: c-eq-1 t-nz )

consider (aaa) delta z y (fst (7 (z', y'))) (snd (7 (2, y")))
(bbd) delta’ x y (fst (7 (z', y'))) (sn )
delta x y (fst (7 (z', y
(cce) delta’ z y (fst (7 (
delta z y (fst (7 (z
then show ?thesis
proof (cases)
case aaa
have tau-conv: T (add (z, y) (7 (z', y))) = add (z,y) (z"y’)



apply(simp)

using aaa in-aff ld-nz

unfolding c-eq-1 e’-aff-def e'-def delta-def delta-minus-def delta-plus-def
apply (safe)

apply(simp-all add: divide-simps t-nz nz)

apply(simp-all add: algebra-simps t-expr d-nz flip: t-expr)

by algebra+

have v3: proj-add ((z, y), 1) (7 (2’, y'), Not l') = (7 (add (z, y) (2’, y")), Not
(zor 117))
using proj-add.simps(1)[OF aaa <(z,y) € e’-affy,simplified prod.collapse, OF
(7 (2, ") € e’-aff]

by (smt (verit, del-insts) tau-conv tau-idemp-point zor-def)

have ds”: delta (fst (7 (z, y))) (snd (7 (z, y))) ' y' # 0
using aaa unfolding delta-def delta-plus-def delta-minus-def
by (metis delta-def delta-minus-def delta-plus-def in-aff (2) split-pairs2
tau-idemp-point tau-tau-d taus(2))

have v/: proj-add (7 (x, y), Not 1) ((z’, y'), I') = (7 (add (z, y) (2’, y")), Not

(zor 1 17))
proof —
have proj-add (7 (z, y), Not 1) ((z', y), l') = (add (7 (z, y)) (z’, y'), Not
(zor 11"))
using proj-add.simps <t (z,y) € e’-aff» «(z', y') € e’-aff> ds’ xor-def by
auto
moreover have add (7 (z, y)) (z/, y') = 7 (add (z, y) (2, y'))
by (metis inversion-invariance-1 nz tau-conv tau-idemp-point)
ultimately show ?thesis by argo
qed

have add-closure: add (z,y) (z'y’) € e’-aff
using in-aff add-closure ld-nz e-e’-iff unfolding delta-def e’-aff-def by auto

have add-nz: fst (add (z,y) (z',y") # 0
snd (add (z,y) (z"y) # 0
using ld-nz unfolding delta-def delta-minus-def
apply(simp-all)
using aaa in-aff ld-nz
unfolding c-eq-1 e’-aff-def e'-def delta-def delta-minus-def delta-plus-def
apply(simp-all add: t-expr nz t-nz divide-simps)
apply(simp-all add: algebra-simps t-expr d-nz flip: t-expr)
by algebra+

have class-eq: gluing ““ {(add (z, y) (z', y'), zor 1 1")} =
{(add (z, y) (z', y'), zor L"), (7 (add (z, y) (2, y’)), Not (zor 11"))}
using add-nz add-closure gluing-class-2 by auto
have class-proj: gluing ““ {(add (z, y) (z’, y'), zor 1 1"} € e-proj
using add-closure e-proj-aff by auto
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have dom-eq: {proj-add ((z1, y1), i) (22, y2), j) |zl y1 i 22 y2 j.
((z1, y1), 1) € {((z, y), 1), (7 (2, y), Not )} A
((z2, 92), j) € {((z, ¥, 1), (v (2', y"), Not I)} A ((1, y1), 22, y2) €
e’-aff-0 U e’-aff-1} =
{(add (z, y) (z', y"), zor Ll"), (7 (add (z, y) (2, y')), Not(zor 1)}

(is %s = %¢)
proof
show ?s C ¢
proof
fix e

assume ¢ € ?s
then obtain 21 yI 22 y2 i j where
e = proj-add ((.CL‘], y1>7 Z) ((m?, yQ)v ])
((z1, y1), i) € {((z, ), 1), (7 (2, y), Not 1)}
(22, y2), j) € {((z', ), 1), (7 («', y'), Not I')}
((z1, yl1), 22, y2) € e’-aff-0 U e’-aff-1 by blast
then have e = (add (z, y) (z', y'), zor 1 1') V
e = (7 (add (z, y) (z', y'), Not (zor 1))
using vl v2 v3 v4 in-aff taus(1,2)
aaa ds ds' ld-nz by fastforce
then show e € ?c by blast
qged
next
show %s D ?¢
proof
fix e
assume ¢ € ¢
show ¢ € %s
proof(cases e = (add (z, y) (z', y'), zor 1))
case True
have (add (z, y) (z', y"), zor 1 1) = proj-add ((z, y), 1) ((z', v"), I
using vl by presburger
then show ?thesis
using True b by blast
next
case Fulse
then have e = (7 (add (=, y) (z', y')), - zor 1 1)
using <e € ?¢» by fastforce
have eq: (7 (add (z, y) (z/, y')), = zor I 1) = proj-add ((z, y), 1) (7 (z/,
y/)v - l/)
using v3 by presburger
have ((z, y), 7 (z', y")) € e’-aff-0 U e’-aff-1
proof(cases ((z, y), 7 (z’, y')) € e’-aff-0)
case True
then show ?thesis by blast
next
case Fulse
then have ((z, y), 7 (z/, y)) € e’-aff-1
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unfolding e’-aff-1-def e’-aff-0-def
using aaa in-aff (1) taus(1) by force
then show ?thesis
by blast
qed
then show ?thesis
using eq False <e = (7 (add (z, y) (z', y")), = zor 1 1)
by force
qed
qged
qed

show proj-addition ?p ?q = gluing *“ {(add (z, y) (2, y'), zor I 1)}
unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF assms(3,4)]
unfolding assms
using v1 v2 v8 v4 in-aff taus(1,2) aaa ds ds’ ld-nz
using dom-eq class-eq class-proj eq-class-simp by force
next
case bbb
from bbb have v3:
proj-add ((z, y), 1) (7 (z’, y"), Not ") = (ext-add (z, y) (7 (z’, y')), Not(xzor
117)
using proj-add.simps «(z,y) € e’-aff> «(7 (', y")) € e’-affr zor-def by auto
have pd: delta (fst (7 (z, y))) (snd (7 (z, y))) 2’ y' =0
using bbb unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def
by (metis delta-def delta-minus-def delta-plus-def in-aff (1) split-pairs2
tau-idemp-point
tau-tau-d taus(1))
have pd”: delta’ (fst (7 (z, y))) (snd (7 (z, v))) =’ y' # 0
using bbb unfolding delta’-def delta-z-def delta-y-def
by (simp add: t-nz nz field-simps)
then have pd’: delta’ z y (fst (7 (z', y"))) (snd (7 (z', y'))) # 0
using bbb(1) delta’-def delta-z-def delta-y-def by force
have vj: proj-add (7 (z, y), Not 1) ((z', y"), I') = (ext-add (7 (z, y)) (x’, y'),
Not(zor 11'))
using proj-add.simps in-aff taus pd pd’ ror-def by auto
have v3-eq-v4: (ext-add (z, y) (7 (z', y')), Not(zor I l')) = (ext-add (T (z,
v) (&, 4), Not(zor 1 1))
using inversion-invariance-2 nz by auto

have add-closure: ext-add (z, y) (7 (z', y') € e’-aff
proof —
obtain z1 y! where 22-d: 7 (z/, y’) = (z1,y1) by fastforce
define z3 where 23 = ext-add (z,y) (z1,y1)
obtain z2 y2 where 253-d: 28 = (22,y2) by fastforce
have d’: delta’ z y x1 y1 # 0
using bbb 22-d by auto
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have (z1,y1) € e’-aff
unfolding z2-d[symmetric]
using <7 (z/, y') € e’-aff» by auto
have e-eq: e/ zy=0e' z1 yl = 0
using «(z,y) € e’-aff> «(z1,y1) € e’-aff> unfolding e’-aff-def by(auto)

have ¢’ 22 y2 = 0
using 25-d z3-def ext-add-closure]OF d’ e-eq, of 2 y2] by blast
then show ?thesis
unfolding e’-aff-def using e-e¢’-iff 23-d z3-def z2-d by simp
qed

have eq: z x y' + y*x 2’ # 0 yxy # z* z’'
using bbb unfolding delta’-def delta-z-def delta-y-def
by (simp add: t-nz nz divide-simps)+

have add-nz: fst(ext-add (z, y) (7 (z', y'))) # 0
snd(ext-add (z, y) (1 (s, y))) # 0
apply(simp-all add: algebra-simps t-expr)
apply(simp-all add: divide-simps d-nz t-nz nz)
apply (safe)
using ld-nz eq unfolding delta-def delta-minus-def delta-plus-def
unfolding t¢-expr[symmetric]
by algebra+

have trans-add: 7 (add (z, y) (z', y')) = (ext-add (z, y) (7 (2’ y")))
¢ add ('/1:7 y) ($/7 y/) =T (ea:t—add (ﬁ, y) (T (wla y/)))
proof —

show 7 (add (z, y) (z', y) = (ext-add (z, y) (7 (z', y')))
using add-ext-add-2 inversion-invariance-2 assms e-proj-elim-2 in-aff by
auto
then show add (z, y) (z', y') = 7 (ext-add (z, y) (7 (z’, y")))
using tau-idemp-point|of add (z, y) (z', y')] by argo
qed

have dom-eq: {proj-add ((z1, y1), 7) ((z2, y2), j) |x1 y1 i z2 y2 j.
(a1, y1), §) € {((z, ), D, (7 (2, y), Not 1)} A
((z2, y2), j) € {((z', ¥, '), (= (z', y'), Not I)} A ((1, yl), 22, y2) €
e’-aff-0 U e’-aff-1} =
{(add (z, y) (&', "), wor L1, ( (add (=, y) (&', y7), Not (sor 1 1))}
(is %s = ?¢)
proof (standard)
show s C %¢
proof
fix e
assume e € ?s
then obtain z1 yI z2 y2 ¢ j where
e: e = proj-add ((z1, y1), i) (22, y2), j)
and ((z1, y1), 1) € {((z, ), D), (7 (2, 3), Not 1)}
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(a2, 42), J) € (@', ), 1) (7 (&, ), Not 1)}
((z1, y1), 22, y2) € e’-aff-0 U e’-aff-1 by blast
then have additional:
((z1,y1) € e’-aff N (22,y2) € e’-aff A delta x1 yl 22 y2 # 0) V
((z1,y1) € e"-aff N (22,y2) € e’-aff A delta’ x1 y1 2 y2 # 0)
unfolding e’-aff-0-def e’-aff-1-def by auto
then have proj-add ((z1, y1), 7) (22, y2), §) € { (add (21, y1) (22, y2),
zor i j),
(ext-add (z1, y1) (22, y2), zorij) }
proof(cases proj-add ((z1, y1), i) (22, y2), j) = (add (z1, y1) (22, y2),
zor i j))
case True
then show ?thesis by blast
next
case Fulse
then have ((z1,y1) € e’-aff N (22,y2) € e’-aff A delta’ x1 y1 2 y2 #+
0)
using additional proj-add.simps(1) by blast
then have proj-add ((z1, y1), ©) (22, y2), j) = (ext-add (z1, y1) (22,
y2), zor i j)
using proj-add.simps(1)[of z1 y1 x2 y2 i j] proj-add.simps(2)[of z1 y1

x2 y2 i j
by blast
then show ?thesis
by blast
ged
consider
(1) (a1, y1), 3) = (=, 9), D) (@2, y2), §) = (@', y"), 1) |
(2) (a1, y1), 3) = (=, y), D) (a2, y2), J) = (v (&', y), Not 1) |
(3) (at, 1), 3) = (7 (2, y), = ) (32, 92), ) = (=", ¥, 1) |
(4) (21, y1), 1) = (7 (z, y), 2 1) (22, y2), j) = (7 (z', y'), Not )
using ((IZ yl) 7’) € {((Qf, y)v l)’ (T (.’I}, y)’ - l)}>
- (22, y2), j) € {((z", y"), '), (7 (2, y'), Not 1)}
y auto

then have e € { (add (z, y) (z', y'), zor L 1'), (7 (add (z, y) (z', y')), Not
(zor 11M)}
proof cases
case [
then show ?thesis
using e vl by fastforce
next
case 2
then show ?thesis
using e trans-add(1) v3 by auto
next
case 3
then show ?thesis
using e trans-add(1) v3-eq-v4 v by auto
next
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case 4
then show ?thesis
using e v2 by auto
qed
then show e € ?c by blast
qged
next
show %s D ?¢
proof (safe-step)
fix e
assume ¢ € ¢
then have cases: e = (add (z, y) (z/, y'), zor 11') V
e = (7 (add (z, y) (z', y")), Not(zor 1 1)) by blast

have (add (z, y) (z', y'), zor 11') € %s
proof —
have ((z,y),2",y") € e’-aff-0 U e’-aff-1
by (simp add: b)
then show ?thesis using v1
unfolding mem-Collect-eq by (metis insertll)
qed

moreover have (7 (add (z, y) (z’, y')), Not(zor 1 1) € ?s
proof —
have (7 (add (z, y) (z', y')), Not(zor I 1)) = proj-add ((z, y), 1) (7 (2,
y/)v - l/)
using trans-add(1) v3 by presburger
moreover have ((z, y), 7 (z/, y')) € e’-aff-0 U e’-aff-1
by (metis Un-iff dichotomy-1 in-aff (1) pd’’ prod.ezhaust-sel taus(1)
wd-d’-nz)
ultimately show ?thesis
by fastforce
qed

ultimately show e € s
using local.cases by presburger
qged
qed

have ext-eq: gluing *“ {(ext-add (z, y) (7 (z', y")), Not(zor 1 1))} =
{(ext-add (z, y) (7 (', y")), Not (zor 11)), (7 (ext-add (z, y) (7 (z,
y))), wor 11}
using add-nz add-closure gluing-class-2 by auto
have class-eq: gluing ““ {(add (z, y) (z', y'), zor 1 1)} =
{(add (2, y) (2", y'), z0r 1 1), ( (add (z, y) (2% "), Not(zor 1 1))}
proof —
have gluing ““ {(add (z, y) (z', y"), zor 1 1)} =
gluing “ {(7 (ext-add (z, y) (7 (z', y))), zor 1 1)}
using trans-add by argo
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also have ... = gluing *“ {(ext-add (z, y) (7 (', y')), Not (zor 1 1"))}
using gluing-inv add-nz add-closure by auto
also have ... = {(ext-add (z, y) (7 (2, y")), Not(zor 1 1), (7 (ext-add (z,
y) (7 (2, ")), or L")}
using ezt-eq by blast
also have ... = {(add (z, y) (z’, y'), zor L l"), (7 (add (z, y) (z', y')), Not
(zor 1 1)}
using trans-add by force
finally show ?thesis .
qed

have ext-eq-proj: gluing ““ {(ext-add (z, y) (7 (z', y')), Not(zor 1))} € e-proj
using add-closure e-proj-aff by auto
then have class-proj: gluing ““ {(add (z, y) (z', y'), zor 1 1")} € e-proj
proof —
have gluing ““ {(add (z, y) (z', y"), zor 1 1)} =
gluing ““ {(7 (ext-add (z, y) (7 (z', y"))), zor 1 1)}
using trans-add by argo
also have ... = gluing “* {(ext-add (z, y) (7 (z’, y")), Not(zor 1 1))}
using gluing-inv add-nz add-closure by auto
finally show ?thesis using ext-eq-proj by argo
qed

show ?thesis

unfolding proj-addition-def

unfolding proj-add-class.simps(1)[OF assms(3,4)]

unfolding assms

using vl v2 v8 v4 in-aff taus(1,2) bbb ds ld-nz

using class-eq class-proj dom-eq eq-class-simp by auto

next
case ccc
then have v3: proj-add ((z, y), 1) (7 (2, y), Not ') = undefined by simp
from ccc have ds’: delta (fst (7 (z, y))) (snd (7 (z, v))) =’ y' = 0
delta’ (fst (7 (3, ))) (snd (7 (3, ) 7'y’ = 0
unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def

by (simp-all add: t-nz nz field-simps power2-eq-square[symmetric] t-expr d-nz)

then have v/: proj-add (7 (z, y), Not 1) ((z', y'), I') = undefined by simp

have add-z: fst (add (z, y) (z', y')) = 0 V snd (add (z, y) (z/, y")) = 0
using b ccc unfolding e’-aff-0-def
delta-def delta’-def delta-plus-def delta-minus-def
delta-z-def delta-y-def e’-aff-def e’-def
apply(simp add: t-nz nz field-simps)
apply(simp add: c-eq-1)
by algebra

have add-closure: add (z, y) (z', y') € e’-aff
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using b(1) «(z,y) € e’-aff> «(z',y") € e’-aff> add-closure e-e’-iff
by (auto simp: e’-aff-0-def delta-def e’-aff-def)
have class-eq: gluing ““ {(add (x, y) (z', y'), zor 1 1)} = {(add (z, y) (z', y"),
zor 1 1")}
using add-z add-closure gluing-class-1 by simp
have class-proj: gluing ““ {(add (z, y) (z', y'), zor 1 1"} € e-proj
using add-closure e-proj-aff by simp

have dom-eq:
{proj-add ((z1, y1), ©) ((z2, y2), j) |zI y1 i x2 y2 j.
(21, y1), 1) € {((=, y), 1), (7 (2, y), Not )} A
(12, 92), ) € U@y, 1, (7 (& '), Not 19} A ((al, y1), a2, y2) €
e’-aff-0 U e’-aff-1} =
{(add (z, y) (z', y"), zor 1)}
(is s = ?¢)
proof (standard)
show ?s C ?c
proof
fix e
assume e € ?s
then obtain z! yI z2 y2 i j where
e = proj-add ((z1, y1), i) ((z2, y2), j
(a1, y1), i) € {((z, ), D, (v (z, ), Not I}
(22, y2), ) € L@, ), 1), ( (&%, y), Not 17}
((z1, y1), 22, y2) € e’-aff-0 U e’-aff-1 by blast
then have e = (add (z, y) (2, y"), zor 11’
using v! v2 v8 v4 in-aff taus(1,2)
ld-nz ds ds' ccc
unfolding e’-aff-0-def e’-aff-1-def by auto
then show e € ?c by blast
qed
next
show ?s D ¢
proof
fix e
assume e € ?c
then have e = (add (z, y) (2', y'), zor 1 1) by blast
moreover have proj-add ((z, y), 1) ((z', y'), ') = (add (z, y) (2, y'), zor
1)
using v1 by blast
moreover have ((z,y),2",y") € e’-aff-0 U e’-aff-1
by (simp add: b)
ultimately show e € s
unfolding mem-Collect-eq by (metis insertll)
qed
qed
show ?thesis
unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF assms(3,4)]
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unfolding assms
using class-eq class-proj dom-eq eq-class-simp by auto
qed
next
case ¢
have Fulse
using ¢ assms unfolding e’-aff-1-def e’-aff-0-def by simp
then show #?thesis by simp
qed
qged

lemma gluing-add:
assumes gluing “ {((z1,y1),))} € e-proj gluing ““ {((2,y2),j)} € e-proj delta z1
yl 22 y2 # 0
shows proj-addition (gluing ““ {((z1,y1),0)}) (gluing ““ {((x2,y2),))}) =
(gluing ““ {(add (z1,y1) (22,y2), zor 1 j)})
proof —
have p-g-expr: (gluing ** {((z1,y1),1)} = {((«1, y1), D)} V
gluing * {((z1y1).0)} = {((s1, 1), 1), (v
(gluing “ {((22,y2).5)} = {((z2, y2), j)} V
QZUing “ {(('T'va'g)a])} - {((332’ yg) )’ (T (.7;2, y?), Not .])})
using assms(1,2) gluing-cases-explicit by auto
then consider

(21, y1), Not 1)})

(1) gluing “ {((z1,y1),)} = {((21, y1), )}
gluing ** {((22,92).5)} = {((22, y2), j)} |
(2) gluing ““ {((z1,y1),1)} = {((«1, y1)7 D}
gluing *“ {((22,y2).5)} = {((22, y2), j), (7 (22, y2), Not j)} |
(8) gluing ““ {((z1,y1),0)} = {((z1, y1), 1), (7 (21, y1), Not )}
gluing “* {((22,92).5)} = {((#2, y2), j)} |
(4) gluing “ {((z1,y1),0)} = {((21, y1), 1), (7 (21, y1), Not 1)}
gluing *“{((22,y2).5)} = {((22, y2), j), (7 (22, y2), Not j)} by argo

then show ?thesis
proof (cases)
case I
then show ?Zthesis using gluing-add-1 assms by presburger
next
case 2 then show ?thesis using gluing-add-2 assms by presburger
next
case 3 then show ?thesis
proof —
have pd: delta z2 y2 z1 y1 # 0
using assms(3) unfolding delta-def delta-plus-def delta-minus-def
by (simp,algebra)
have add-com: add (22, y2) (z1, y1) = add (z1, y1) (22, y2)
using commutativity by simp
have auz: proj-addition (gluing ““ {((z2, y2), j)}) (gluing ““ {((«1, y1), 1)})

gluing ““ {(add (z1, y1) (22, y2), xor j 1)}
using gluing-add-2[OF 3(2) 3(1) assms(2) assms(1) pd] add-com
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by simp
show ?thesis
unfolding proj-addition-def
by (smt (verit) assms auz proj-add-class-comm proj-addition-def zor-def)
qed
next
case / then show ?thesis using gluing-add-4 assms by presburger
qed
qed

lemma gluing-ext-add-1:
l/ﬁssumes gluing = {((z,9).0)} = {((z, y), D} gluing “ {((z"y"),1)} = {((z', ¥"),

#£0
shows proj-addition (gluing ““ {((z,y),1)}) (gluing “ {((z',y"),1")}) =
(gluing “ {(ext-add (z,y) (z'y"), zor 1 1")})
proof —
have in-aff: (z,y) € e’-aff (z',y’) € e’-aff
using assms e-proj-eq e-proj-aff by blast+
then have zeros: x =0V y=0z'=0V y' =0
using e-proj-elim-1 assms by presburger+

/

gluing ** {((z,y),)} € e-proj gluing ** {((z",y"),l")} € e-proj delta’ x y z" y

have ds: delta’ x y 2’ y' = 0 delta’ zy 2’ y' # 0
using delta’-def delta-z-def delta-y-def zeros(1) zeros(2) apply fastforce
using assms(5) by simp
consider
(a) (z, y) € e-circ N (3 gesymmetries. (z', y') = (g o ) (z, y)) |
(b) ((CL', y)v xlv yl) € e’—aﬁ—O
= ((z, y) € e-circ A (3 gesymmetries. (z', y') = (g o ) (z, v))) |
(¢) (z, ), ', y') € e-aff-1 = ((z, y) € e-circ N (3 gesymmetries. (z’, y') =
(9 0 i) (2 9))
((‘T’ y)’ 1:/7 y/) §é e,’aﬁ'O
using dichotomy-1[OF «(z,y) € e’-aff> «(z',y’) € e’-aff>] by argo
then show ?thesis
proof (cases)
case a
then have Fulse
using in-aff zeros unfolding e-circ-def by force
then show ?thesis by simp
next
case b
from ds show ?thesis by simp
next
case ¢
from ds show #?thesis by simp
qed
qed
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lemma gluing-ext-add-2:
assumes gluing “ {((z,y),)} = {((z, v), D} gluing “ {((z,y"),1")} = {((z', ¥"),
", (r (z', y'), Not 1)}
gluing {((I7y)al)} € e-proj gluing * {((x/ay/)al/)} € e-proj delta’ © Y z’ 3//
# 0

shows proj-addition (gluing ““ {((z,y),))}) (gluing * {((z’,y"),IN}) = (gluing
{(est-add (z,y) (", zor 1 1)})
proof —
have in-aff: (z,y) € e’-aff (z',y’) € e’-aff
using assms e-proj-eq e-proj-aff by blast+
then have add-in: ext-add (z, y) (z', y') € e’-aff
using ext-add-closure <delta’ z y x’ y' # 0> delta-def e-e’-iff e’-aff-def by auto
from in-aff have zeros: =0V y=0z"#0 y' # 0
using e-proj-elim-1 e-proj-elim-2 assms by presburger+
have e-proj: gluing *“ {((z,y),0)} € e-proj
gluing “ {((z'y), 1)} € e-proj
gluing ““ {(ext-add (z, y) (z', y’), zor L I")} € e-proj
using e-proj-aff in-aff add-in by auto

consider
(a) (z, y) € e-circ A (Fgesymmetries. (z', y') = (g o ) (z, y)) |
() (z, y), «', v') € e-aff-0 = ((z, y) € e-circ A (3 gesymmetries. (z', y') =
(9 0i) (z,9)))
((I7 y)7 113/, y/) ¢ e/'a’.[f'l |
(¢) ((z, y), z', y) € e’-aff-1 = ((z, y) € e-circ A (I g€symmetries. (z/, y') =
(g o) (2, 9))
using dichotomy-1[OF «(z,y) € e’-aff> «(z',y’) € e’-aff>] by fast
then show ?thesis
proof (cases)
case a
then have Fulse
using in-aff zeros unfolding e-circ-def by force
then show ?thesis by simp
next
case b
have Id-nz: delta’ z y 2’ y' = 0
using «(z,y) € e’-aff> «(z'y’) € e’-aff> b
unfolding e’-aff-1-def by force
then have Fulse
using assms e-proj-elim-1 in-aff
unfolding delta-def delta-minus-def delta-plus-def by blast
then show ?thesis by blast
next
case ¢
then have ld-nz: delta’ z y x’ y’ # 0 unfolding e’-aff-1-def by auto

have v1: proj-add ((z, y), 1) ((z, y'), ') = (ext-add (z, y) (x’, y’), zor 1 1')
by (simp add: «(z,y) € e’-aff> «(z',y") € e’-aff> ld-nz del: add.simps)
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have ecirc: (z',y’) € e-circz’ # 0y’ # 0

unfolding e-circ-def using zeros «(z',y’) € e’-aff> by blast+
then have 7 (z/, y') € e-circ

using zeros T-circ by blast
then have in-aff . 7 (z', y') € e’-aff

unfolding e-circ-def by force

have add-nz: fst (ext-add (x, y) (z', y')) # 0
snd (ext-add (z, y) (z', y') # 0
using zeros ld-nz in-aff
unfolding delta-def delta-plus-def delta-minus-def e’-aff-def e’-def
by auto

have add-in: ext-add (x, y) (z', y') € e’-aff

using ezt-add-closure in-aff e-e’-iff ld-nz unfolding e’-aff-def delta-def by
stmp

have ld-nz" delta’ z y (fst (7 (z',y"))) (snd (7 (2'y"))) # 0
using ld-nz
unfolding delta’-def delta-z-def delta-y-def
using zeros by(auto simp add: divide-simps t-nz)

have tau-conv: T (ext-add (z, y) (z', y')) = ext-add (z, y) (7 (2’, y"))
using zeros e’-aff-z0[OF - in-aff (1)] e’-aff-y0[OF - in-aff (1)]
apply (simp-all add: c-eq-1 divide-simps d-nz t-nz)
apply(elim disjE)
by (auto simp add: t-nz zeros)

have v2: proj-add ((z, y), 1) (7 (2, y'), Not l') = (7 (ext-add (z, y) (z', y)),

Not (zor 1 1))
using proj-add.simps <t (z
<delta’ x y (fst (7 (z,

" y') € e-affr in-aff tau-conv
y")) (snd (7 (z', y'))) # 0> zor-def by auto

obtain gl-class: gluing ““ {(ext-add (z, y) (z', y'),zor 11} =
{(ext-add (z, y) (x', y"), zor L), (1 (ext-add (z, y) (z', y')), Not(zor
L)}

gluing ““ {(ext-add (z, y) (z', y), zor 1 l')} € e-proj
by (metis prod.collapse gluing-class-2 add-nz add-in e-proj-aff add-in)

show ?thesis
proof —
have {proj-add ((z1, y1), i) (22, y2), j) |zl yI i 22 y2 j.
(a1, y1), i) € {((z, ), D} A
(a2, v2), ) € L@, ), 1), (v (&', 3), Not I} A
((z1, y1), 22, y2)
€ el-aff-0 U {((z1, y1), 2, y2). (z1, y1) € e’-aff A (22, y2) € e-aff A
delta’ x1 y1 2 y2 # 0}} =
{proj-add (3, ), ) (&, 4", 1), proj-add ((z, 9), ) ( (&', y'), Not 1}
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(is 2t = -)
using ld-nz ld-nz' in-aff in-aff’
by force
also have ... = {(ext-add (z, y) (z', y"), zor L), (7 (ext-add (z, y) (z’, y)),
Not(zor 11'))}
using vl v2 by presburger
finally have eq: ?t = {(ext-add (z, y) (z', v'), zor 1), (7 (ext-add (z, y)
(z’, y")), Not(zorll))}
by blast

show ?thesis
unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF e-proj(1,2)]
unfolding assms(1,2) gl-class e’-aff-1-def
using eq-class-simp gl-class eq by force

qed

qed

qed

lemma gluing-ext-add-4:
assumes gluing “ {((z,y),)} = {((z, y), 1), (7 (=, y), Not 1)}
gluing “ {((=" 5,10} = {((&', 37, 1), (7 (", 4"), Not 1)}
gluing ““ {((z,y),1)} € e-proj gluing ““ {((z',y"),l")} € e-proj
delta’ xy z' y' # 0
shows proj-addition (gluing ““ {((z,y),D)}) (gluing “ {((«z",y"),i"}) = (gluing *
{(ext-add (z,y) (x',y"),xzor 1 1)})
(is proj-addition ?p %q = -)
proof —
have in-aff: (z,y) € e’-aff (z',y’) € e’-aff
using e-proj-aff assms by meson+
then have nz: z £ 0y # 0z’ # 0y’ # 0
using assms e-proj-elim-2 by auto
then have cire: (z,y) € e-circ (z'y’) € e-circ
using in-aff e-circ-def nz by auto
then have taus: (7 (z/, y')) € e’-aff (7 (z, y)) € e’-aff 7 (2', y') € e-circ
using 7-circ circ-to-aff by auto

consider
(a) (z, y) € e-circ A (3 gesymmetries. (z', y') = (g o ) (z, y))
| (b) ((3:7 y)> xla y/> € e/—aﬁ-O (({E7 y)7 LE/, y/) ¢ GI—Gﬁ-I
| (C) ((‘7’” y)’ xlv y/) € e/'aﬁ'Z
using dichotomy-1[OF in-aff] by auto
then show ?thesis
proof (cases)
case a
then obtain g where sym-expr: g € symmetries (z', y') = (g o ) (z, y) by
auto
then have ds: delta v y 2’ y' = 0 delta’ zyz' y' = 0

61



using wd-d-nz wd-d’-nz a by auto
then have Fulse
using assms by auto
then show ?thesis by blast
next
case b
have Fulse
using b assms unfolding e’-aff-1-def e¢’-aff-0-def by simp
then show ?thesis by simp
next
case ¢
then have ld-nz: delta’ zy z' y' # 0
unfolding e’-aff-1-def by auto
then have ds: delta’ (fst (7 (z, y))) (snd (7 (z, v))) (fst (7 (2’ y")) (snd (7
(z', y)) # 0
unfolding delta’-def delta-z-def delta-y-def
by (simp add: t-nz field-simps nz)

have v1: proj-add ((z, y), 1) ((z', y'), ) = (ext-add (z, y) (z’, y’), zor 1 1')
using ld-nz proj-add.simps «(z y) Ee aﬁ> (z'y") € e’-aff> by simp
have v2: proj-add (7 (z, y), Not l) (7 (z', y"), Not 1) = (ext-add (z, y) (z’,
y'), zor 11"
using inversion-invariance-2[OF nz(1,2), of fst (7 (z',y’)) snd (7 (z’,y"))]
using ds nz(38,4) tau-idemp-point taus(l 2) zor-def by force

consider (aaa) delta’ z y (fst (7 (z', y"))) (snd (7 (z', y'))) # 0 |
z’ z

(bbd) delta x y (fst (7 (z', y")) (snd (7 (', y')) # 0
delta’ z y (fst (7 (', y")) (snd (7 (z', y)) = 0 |
(cee) delta’ z y (fst (7 (z/, y")) (snd (7 (z', ¥'))) = 0
delta z y (fst (r (z', y"))) (snd (17 (z', y'))) = 0 by blast

then show ?thesis
proof(cases)
case aaa
have tau-conv: T (ext-add (z, y) (7 (z', y'))) = ext-add (z,y) (z',y")
apply(simp)
using aaa in-aff ld-nz
unfolding e’-aff-def e’-def delta’-def delta-z-def delta-y-def
apply (safe)
apply(simp-all add: divide-simps t-nz nz)
by algebra+

have taul: 7 (ext-add (z, y) (z', y')) = ext-add (z, y) (7 (z', y'))
using tau-idemp-point[of ext-add (z, y) (7 (z’, y"))]
using tau-conv by argo

have v3:
) proj-add ((z, y), 1) (7 (2’, y'), Not l') = (7 (ext-add (z, y) (z', y)), Not(zor

using aaa in-aff (1) taul taus(1) zor-def by auto
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have ds” delta’ (fst (7 (z, y))) (snd (7 (2, ) =’ y' # 0
using aaa unfolding delta’-def delta-z-def delta-y-def
by (simp add: field-simps t-nz nz)

have v/: proj-add (7 (z, y), Not 1) ((z', y'), I") = (7 (ext-add (z, y) (z', ¥")),
Not(zor 1 1))
proof —
have proj-add (7 (z, y), Not 1) ((z', y"), l') = (ext-add (7 (z, y)) (2, y’),
Not (zor 1 1))
using proj-add.simps <t (z,y) € e’-aff> «(z', y’) € e’-aff> ds’ zor-def by

auto
moreover have ezt-add (7 (z, y)) (z/, y') = 7 (ext-add (z, y) (z’, y'))
using inversion-invariance-2 nz taul by presburger
ultimately show ?thesis by argo
qed

have add-closure: ext-add (z,y) (z',y’) € e’-aff
using in-aff ext-add-closure ld-nz e-e’-iff unfolding delta’-def e’-aff-def by
auto

have add-nz: fst (ext-add (z,y) (z',y")) # 0
snd (ext-add (z,y) (z',y") # 0
using Id-nz unfolding delta-def delta-minus-def
using aaa in-aff ld-nz unfolding e’-aff-def e’-def delta’-def delta-z-def
delta-y-def
apply(simp-all add: t-expr nz t-nz divide-simps d-nz)
by algebra+

have class-eq: gluing *“ {(ext-add (z, y) (z', y'), zor 1 1")} =
{(ext-add (z, y) (z', y'), zor 1l'), (7 (ext-add (z, y) (z', y')), Not (zorl

using add-nz add-closure gluing-class-2 by auto
have class-proj: gluing “ {(ext-add (z, y) (z’, y’), zor 1 1")} € e-proj
using add-closure e-proj-aff by auto

have dom-eq: {proj-add ((z1, y1), ©) ((z2, y2), ) |x1 y1 i z2 y2 j.
((z1, y1), 1) € {((z, y), 1), (7 (2, y), Not )} A
(22, y2), §) € (@ v, 1), (r (&, '), Not 10} A (a1, y1), a2, y2) €
e’-aff-0 U e’-aff-1} =
{(ext-add (z, y) (z', y'), zor 1), (7 (ext-add (z, y) (z', y")), Not (zor

)}
(is %s = ?¢)
proof
show ?s C ?¢
proof
fix e

assume e € %s
then obtain z1 yI 22 y2 ¢ j where
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e = proj-add (a1, 1), 1) (32, 92), J)
(a1, 1), ) € {((z, 9), D, (r (5, y), Not )}
(02, 42), ) € (). 1), & (&', ), Not 19}
((z1, y1), 22, y2) € e’-aff-0 U e’-aff-1 by blast
then have e = (ext-add (z, y) (2, y'), zor 1 1) v
e = (1 (ext-add (z, y) (z', y')), Not (zor 1))
using v1 v2 v8 v4 in-aff taus(1,2)
aaa ds ds' ld-nz by fastforce
then show e € ?¢c by blast
qged
next
show %s D ¢
proof
fix e
assume as: e € c
then have cases: e = proj-add ((z, y), 1) (7 (', y'), = )V
e = proj-add (7 (z, y), = 1) (7 (z', y'), = I)
using v2 v3 by auto
have asl: ((z, y), 7 (2, y')) € e’-aff-0 U e’-aff-1
unfolding e’-aff-0-def e’-aff-1-def
using ds taus aaa in-aff (1) by auto
have as2: (7 (z, y), 7 (z', ¥') € e’-aff-0 U e’-aff-1
unfolding e’-aff-0-def e’-aff-1-def
using ds taus(1) taus(2) by auto
consider
(1) ¢ = projadd ((z, ), 1) ( s/
(2) e = proj-add (7 (z, y), = 1) (
using cases by auto
then show ¢ € %s
by (cases) (use as2 asl in force)+
qed
qed

~

show proj-addition ?p 2q = gluing ** {(ext-add (z, y) (', y'), zor I 1)}
unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF assms(3,4)]
unfolding assms
using v1 v2 v8 v4 in-aff taus(1,2) aaa ds ds’ ld-nz
using class-eq class-proj dom-eq eq-class-simp by auto
next
case bbb
from bbb have v3:
proj-add ((z, y), 1) (7 (z', y"), Not l') = (add (z, y) (7 (z', y")), Not (zorl
)
using proj-add.simps «(z,y) € e’-aff> «(7 (', y")) € e’-affr zor-def by auto
have pd: delta’ (fst (7 (z, y))) (snd (7 (z, y))) =’ y' = 0
using bbb unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def
by (simp add: t-nz nz field-simps t-expr d-nz)
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have pd”: delta (fst (7 (z, y))) (snd (7 (z, y))) =’ y' # 0
using bbb unfolding delta’-def delta-z-def delta-y-def
delta-def delta-plus-def delta-minus-def
by (simp add: t-nz nz field-simps power2-eq-square[symmetric] t-expr d-nz)
then have pd’: delta z y (fst (7 (z', y))) (snd (7 (2, y'))) # 0
unfolding delta-def delta-plus-def delta-minus-def
by(simp add: field-simps t-nz nz t-expr power2-eq-square[symmetric] d-nz)
have v/: proj-add (7 (z, y), Not 1) ((z', y"), I') = (add (7 (z, y)) (z’, y’),
Not(zor 11'))
using proj-add.simps in-aff taus pd pd’ Tor-def by auto
have v3-eq-v4: (add (z, y) (7 (', y")), Not(zor 1 l')) = (add (7 (z, y)) (z’,
y'), Not(zor 1 1’))
using inversion-invariance-1 nz by auto

have add-closure: add (z, y) (7 (z', y)) € e’-aff
proof —
obtain z! yI where 22-d: 7 (z/, y') = (z1,y1) by fastforce
define z3 where 23 = add (z,y) (z1,y1)
obtain 22 y2 where 23-d: 23 = (22,y2) by fastforce
have d’: delta z y 1 y1 # 0
using bbb 22-d by auto
have (z1,y1) € e’-aff
unfolding z2-d[symmetric]
using <7 (z/, y') € e’-aff» by auto
have ec-eq: e/ zy=0e' z1 yl = 0
using «(z,y) € e’-aff> «(x1,y1) € e’-aff> unfolding e’-aff-def by(auto)

have e’ 22 y2 = 0
using d’ 253-d z3-def add-closure e-e¢'-iff e-eq unfolding delta-def by auto
then show ?thesis
unfolding e’-aff-def using e-e¢’-iff 23-d z3-def z2-d by simp
qed

have add-nz: fst(add (z, y) (7 (z', y'))) # 0
snd(add (z, y) (7 (', y))) # 0
apply(simp-all add: algebra-simps power2-eq-square[symmetric] t-expr)
apply (simp-all add: divide-simps d-nz t-nz nz c-eq-1)
apply (safe)
using bbb ld-nz unfolding delta’-def delta-z-def delta-y-def
delta-def delta-plus-def delta-minus-def
by (simp-all add: field-simps t-nz nz power2-eq-square[symmetric| t-expr d-nz)

have trans-add: T (ext-add (z, y) (z’, y)) = (add (z, y) (7 (z', ¥")))
ext-add (z, y) (z', y") = 7 (add (z, y) (7 (z', y)))
proof —
show 7 (ext-add (z, y) (2, y')) = (add (z, y) (7 (z', y')))
using inversion-invariance-1 assms add-ext-add nz tau-idemp-point by
presburger
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then show ezt-add (z, y) (2, y') = 7 (add (z,
using tau-idemp-point|of ext-add (x, y) (z’
qed

y) (1
y)] by argo

have dom-eq: {proj-add ((z1, y1),

(21, y1), 7) € {((z, v), D), (7 (z

i) ((z2, y2),
y), Not )} A

(=, ¥))

i) |zt y1 i x2 y2 3.

(=2, y2), ) € {((=", ¥,
e’-aff-0 U e’-aff-1} =

(r
)

), (7 (2, y), Not I)} A (1, yl), 42, y2) €

{(ext-add (z, y) (z', y"), zor I 1), (T

(ext-add (z,

y) (z', y")), Not (zor I1'))}

(is %s = ?¢)
proof (standard)
show ¢s C ?¢
proof
fix e
assume e € ?s
then obtain z1 yI 22 y2 i j where cases:

¢ = proj-add ((z1, y1), i) ((s2, y2), J)
(a1, 41, 1) € {((z, ), D), (7 (s, 9), Not )}
(22, y2), 3) € {((=', ¥), 1), (7 (", y"), Not 1)}
((z1, y1), 22, y2) € e’-aff-0 U e’-aff-1 by blast
consider
(1) (a1, y1), i) = ((z, y), D) (22, y2), j) = (=, y'), I') |
(2) (21, y1), 1) = (=, y), I) (22, y2), j) = (7 (z', y'), Not I') |
(8) ((z1, y1), 1) = (7 (=, y), Not 1) (22, y2), j) = (', y'), I') |
(4) (21, y1), 1) = (7 (z, y), Not 1) (22, y2), j) = (7 (2, y'), Not I)

using cases by fast
then have e = (ext-add (z,
e = (7 (ext-add (=,

y) (z'; y"), zor L1y v
y) (z’, y'), Not (zor 11"))

by (metis local.cases(1) trans-add(1) vl v2 v3 v3-eq-v4 v4)

then show e € ?c by fast
ged
next
show ?s D ?c
proof
fix e
assume e € ¢
then consider
(1) e = (ext-add (z, y) (', y'), zor 1 1) |
(2) e = (7 (ext-add (z,
then show e € %s
proof (cases)
case [
have eq: (ext-add (z, y) (z’, y'),xor I l’) = proj-add ((z
using ds taus(1) taus(2) vl by auto
show ?thesis
using 1 ¢ eq by blast
next
case 2
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have eq: (7 (ext-add (z, y) (', y")),Not (zor 1 1")) = proj-add ((z,y),)
(t (z',y"),Not l")
using taus in-aff (1) pd'' trans-add(1) v3 by presburger
have ina: ((z, y), 7 (z/, y')) € e’-aff-0 U e’-aff-1
by (metis Unll Unl2 dichotomy-1 in-aff (1) pd’" prod.collapse taus(1)
wd-d-nz)
show ?thesis
using 2 eq ina by fastforce
qed
qged
qed

have ext-eq: gluing ““ {(add (z, y) (7 (z', y')), Not (zor 1 1)} =
{(add (z, y) (1 (z', y')), Not (zor 11l'), (t (add (z, y) (7 (2, y"))), zorl

using add-nz add-closure gluing-class-2 by auto
have class-eq: gluing ““ {(ext-add (z, y) (z', y'), zor 1 1')} =
{(ext-add (z, y) (z', y'), zor Ll'), (7 (ext-add (z, y) (z', y')), Not (zor I

proof —
have gluing ““ {(ext-add (z, y) (z', y'), zor 1 1)} =
gluing **{( (add (z, y) (7 (z', ")), zor L1")}
using trans-add by argo

also have ... = gluing ““ {(add (z, y) (7 (2’, y")), Not (zor 1 1’))}
using gluing-inv add-nz add-closure by auto
also have ... = {(add (z, y) (7 (z', y")), Not (zor 1)), (7 (add (z, y) (T

(', y")), wor L1')}
using ext-eq by blast
also have ... = {(ext-add (z, y) (z’, y'), zor 1 ), (7 (ext-add (z, y) (z’,
y"), Not (zor 11"))}
using trans-add by force
finally show ?thesis .
qed

have ext-eq-proj: gluing ““ {(add (z, y) (7 (2, y')), Not (zor 1 1))} € e-proj
using add-closure e-proj-aff by auto
then have class-proj: gluing ““ {(ext-add (z, y) (z’, y’), zor 1 1")} € e-proj
proof —
have gluing “ {(ext-add (z, y) (z', y'), zor 1 1)} =
gluing * {(r (add (s, y) (7 (', ")), or | 1)}
using trans-add by argo
also have ... = gluing ““ {(add (z, y) (7 (2’, y")), Not (zor 11'))}
using gluing-inv add-nz add-closure by auto
finally show ?thesis using ext-eq-proj by argo
qed

show ?Zthesis

unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF assms(3,4)]
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unfolding assms
using v! v2 v8 v4 in-aff taus(1,2)
bbb ds ld-nz
using class-eq class-proj dom-eq eq-class-simp by auto
next
case ccc
then have v3: proj-add ((z, y), 1) (7 (2, y’), Not ') = undefined by simp
from ccc have ds” delta (fst (7 (z, y))) (snd (7 (z, y))) 2’ y' =0
delta’ (fst (7 (x, y))) (snd (7 (z, y))) =" y' = 0
unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def

by (simp-all add: t-nz nz field-simps power2-eq-square[symmetric] t-expr d-nz)

then have v/: proj-add (v (z, y), Not 1) ((z’, y’), I') = undefined by simp

have add-z: fst (ext-add (z, y) (z', y')) = 0 V snd (ext-add (z, y) (z', y')) =

using ¢ ccc ld-nz unfolding e’-aff-0-def
delta-def delta’-def delta-plus-def delta-minus-def
delta-z-def delta-y-def e'-aff-def e’-def
apply(simp-all add: field-simps t-nz nz)
unfolding t-expr[symmetric] power2-eq-square
apply(simp-all add: divide-simps d-nz t-nz)
by algebra

have add-closure: ext-add (z, y) (z', y') € e’-aff
using c¢(1) «(z,y) € e’-aff> «(z',y") € e’-aff> ext-add-closure e-e’-iff
unfolding e’-aff-1-def delta-def e’-aff-def by simp
have class-eq: gluing ““ {(ext-add (z, y) (z’, y'), zor 1 1")} = {(ext-add (z, y)
(&, y'), zor 117}
using add-z add-closure gluing-class-1 by simp
have class-proj: gluing “ {(ext-add (z, y) (z', y'), zor 11")} € e-proj
using add-closure e-proj-aff by simp

have dom-eq:
{proj-add ((z1, y1), i) ((22, y2), j) |l y1 i x2 y2 j.
(1, y1), i) € {((z, y), 1), (7 (2, y), Not )} A
(22, 42), J) € {((z, y), 1), (7 (&', "), Not )} A (1, y1), a2, y2) €
e’-aff-0 U e’-aff-1} =
{(ext-add (z, y) (&', y"), zor L 1)}
(is %s = %c)
proof (standard)
show %s C ?¢
proof
fix e
assume ¢ € ?s
then obtain 27 yI z2 y2 7 j where
e = proj-add (('7717 yl)’ Z) ((m?, y?), ])
(a1, y1), 1) € {((@. v), D), (7 (2. y), Not 1)}
(a2, 92), §) € {((&", 9, 1), (7 (2, '), Not 1)}

68



((z1, y1), 22, y2) € e’-aff-0 U e’-aff-1 by blast
then have e = (ext-add (z, y) (z', y'), zor 1 1)
using vl v2 v3 v in-aff taus(1,2) ld-nz ds ds’ ccc
unfolding e’-aff-0-def e’-aff-1-def
by fastforce
then show e € ?¢c by blast
qged
next
show ?s D ¢
proof
fix e
assume ¢ € ¢
then have eq: e = (ext-add (z, y) (z', y’), zor [ I’) by blast
have (ext-add (z, y) (z', y'), zor 11") =
proj-add ((‘7:’ y)’ l) ((xl’ y/)v l/>
using vl by presburger
show ¢ € %s
apply (simp add: eq)
by (metis c ext-add.simps v1)
qed
qed
show ?thesis
unfolding proj-addition-def
unfolding proj-add-class.simps(1)[OF assms(3,4)]
unfolding assms
using class-eq class-proj dom-eq eq-class-simp by auto
qed
qed
qed

lemma gluing-exrt-add:
assumes gluing ““ {((z1,y1),l)} € e-proj gluing ““ {((z2,y2),7)} € e-proj delta’
xl yl 22 y2 # 0
shows proj-addition (gluing ““ {((z1,y1),0)}) (gluing ““ {((z2,y2),7)}) =
(gluing ““ {(ext-add (z1,y1) (22,y2),zor | j)})
proof —
have p-g-expr: (gluing “ {((z1,y1),0)} = {((z1, y1), D)} V
gluing ** {((z1,y1),0)} = {((«1, y1), 1), (7 (1, y1), Not 1)})
(gluing ** {((z2,y2).7)} = {((22, y2), )} V
gluing “ {((22,52).1)} = (22, ¥2), ), (v (a2, y2), Not j)})
using assms(1,2) gluing-cases-explicit by auto
then consider

(1) gluing “ {((x1,y1),1)} = {((=1, y1), 1)}
gluing * {((fr? y2).4)} = {((=2, y2), j)} |
(2) gluing “ {((z1,y1),1)} = {((=1, yl), 0}
gluing {((372 y2).4)} = {((z2, y2), ), (7 (z2, y2), Not j)} |
(3) gluing “{((z1,y1),)} = {((z1, y1), 1), (7 (z1, y1), Not I)}
gluing {(($2 y2).4)} = {((22, ¥2), j)} |
(4) gluing “ {((z1,y1),)} = {((=1, y1), 1), (7 (z1, y1), Not I)}



gluing * {((32,42).0)} = {((s2, y2), 7). (7 (a2, y2), Not j)} by argo
then show ?thesis
proof (cases)
case I
then show ?thesis using gluing-ext-add-1 assms by presburger
next
case 2 then show ?thesis using gluing-ext-add-2 assms by presburger
next
case 3 then show ?thesis
proof —
have pd: delta’ 2 y2 z1 y1 # 0
using assms(3) unfolding delta’-def delta-z-def delta-y-def by algebra
have proj-addition (gluing ““ {((z1, y1), 1)}) (gluing ““ {((z2, y2), §)}) =
proj-addition (gluing ** {((2, y2), )} (gluing ** {((x1, y1), )})
unfolding proj-addition-def
using assms proj-add-class-comm by presburger

also have ... = gluing “ {(ext-add (22, y2) (z1, y1), zor j 1)}
using gluing-ext-add-2[OF 3(2,1) assms(2,1) pd] by blast
also have ... = gluing * {(ext-add (z1, y1) (22, y2), zor 1 j)}

by (smt (verit) ext-add-comm-points zor-def)
finally show ?thesis by fast
qed
next
case / then show ?thesis using gluing-ext-add-4 assms by presburger
qed
qged

lemma gluing-exrt-add-points:
assumes gluing “ {(p1,0)} € e-proj gluing ““ {(p2,j)} € e-proj delta’ (fst p1) (snd
p1) (fst p2) (snd p2) # 0
shows proj-addition (gluing ““ {(p1,1)}) (gluing “ {(p2,5)}) =
(gluing ““ {(ext-add p1 p2,zor 1 j)})
proof —
obtain zI yI 22 y2 where p1 = (z1,yl) p2 = (22,y2)
by fastforce
then show ?thesis
using assms gluing-ext-add by auto
qged

3.4.3 Basic properties

theorem well-defined:
assumes p € e-proj ¢ € e-proj
shows proj-addition p q € e-proj
proof —
obtainzylz' y' I’
where p-g-expr: p = gluing ““ {((z,y),0)}
q = gluing ** {((z",y"),l)}
using e-proj-def assms
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by (metis quotientE surj-pair)

then have in-aff: (z,y) € e’-aff
(2'y") € e-aff

using e-proj-aff assms by auto

consider
(a) (z, y) € e-circ A (3 gesymmetries. (z', y') = (g o 7) (z, y))
(1) (@, ), 2, ) € eaff-0
((113, y)7 .Z'/, yl) ¢ e’-aﬁ-]
(z, y) ¢ e-circ V = (3 gesymmetries. (z', y') = (g o @) (z, y))
| (C) ((.I’, y)’ 1117 y,) € e/’aﬁ'l
using dichotomy-1[OF in-aff] by auto
then show ?thesis
proof (cases)
case a
then obtain g where sym-expr: g € symmetries (z’, y') = (g o ©) (z, y) by
auto
then have ds: delta z y 2’ y' = 0 delta’ zyz' y' = 0
using wd-d-nz wd-d’-nz a by auto
have nz:x A0y # 0z’ # 0y’ # 0
proof —
from a show =z # 0y # 0
unfolding e-circ-def by auto
then show z’ #£ 0y’ # 0
using sym-expr t-nz
unfolding symmetries-def e-circ-def
by auto
qed
have taus: 7 (z',y’) € e’-aff
using in-aff (2) e-circ-def nz(3,4) T-circ by force
then have proj: gluing ““ {(7 (2, y’), Not I")} € e-proj
gluing “ {((, ), D} € e-proj
using e-proj-aff in-aff by auto

have alt-ds: delta z y (fst (7 (z',y"))) (snd (7 (z',y")) # 0 V
delta’ z y (fst (7 (z'y)) (snd (7 (z"y"))) # 0
(is 2d1 # 0 V 242 # 0)
using covering-with-deltas ds assms p-q-expr by blast
have proj-addition p q¢ = proj-addition (gluing ““ {((z, y), 1)}) (gluing ““ {((z’,
¥, 1))
(is ?lhs = proj-addition ?p ?q)
unfolding p-g-expr by simp
also have ... = proj-addition ?p (gluing ““ {(7 (z’, y'), Not I")})
(is - = ?rhs)
using gluing-inv nz in-aff by presburger
finally have eq: ?lhs = ?rhs
by auto
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have closurel: ?d1 # 0 = add (z, y) (7 (z', y')) € e’-aff
using e-proj-aff add-closure in-aff taus delta-def e’-aff-def e-e’-iff by fastforce

have closure2: ?d2 # 0 = ext-add (z, y) (7 (z', y')) € e’-aff
using e-proj-aff ext-add-closure in-aff taus delta-def e’-aff-def e-e’-iff by
fastforce

have eq1:
?d1 # 0 = ?lhs = gluing ““ {(add (z, y) (7 (2, y')), Not (zor 1 1))}
using proj
apply (simp add: eq gluing-add)
by (smt (verit, best) xor-def)

have eq2:
?d2 # 0 = ?lhs = gluing *‘ {(ext-add (z, y) (7 (', y')), Not (zor 11))}
using proj
apply (simp add: eq gluing-ext-add)
by (smt (verit, best) xor-def)

have ?d1 # 0 = gluing ““ {(add (z, y) (7 (2', y')), Not(zor 1 1'))} € e-proj
2d2 # 0 = gluing *‘ {(ext-add (z, y) (7 (z’, y)), Not(zor I 1))} € e-proj
using e-proj-aff closurel closure2 by force+

then show ?thesis
using eql eq2 alt-ds by auto
next
case b
then have ds: delta z y z' y' # 0
unfolding e’-aff-0-def by auto

have eq: proj-addition p q = gluing ““ {(add (z, y) (z',y’), zor 1 1)}
(is ?lhs = ?rhs)
unfolding p-q-expr
using gluing-add assms p-g-expr ds by meson
have add-in: add (z, y) (z'y’) € e’-aff
using add-closure in-aff ds e-e’-iff
unfolding delta-def e’-aff-def by auto
then show ?thesis
using eq e-proj-aff by auto
next
case ¢
then have ds: delta’ Ty z’ y' # 0
unfolding e’-aff-1-def by auto

have eq: proj-addition p q = gluing “ {(ext-add (z, y) (z',y’), zor I 1)}
unfolding p-g-expr
using gluing-ext-add assms p-q-expr ds by meson
have add-in: ext-add (z, y) (z',y’) € e’-aff
using ext-add-closure in-aff ds e-e’-iff
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unfolding delta-def e’-aff-def by auto
then show ?thesis
using eq e-proj-aff by auto
qed
qed

lemma proj-add-class-inv:
assumes gluing ““ {((z,y),l)} € e-proj
shows proj-addition (gluing *“ {((z,y),0)}) (gluing “ {(i (z,y),l)}) = {((1, 0),
zor 1 1)}
gluing * {(i (5,9),1)} € e-proj
proof —
have in-aff: (z,y) € e’-aff
using assms e-proj-aff by blast
then have i-aff: i (z, y) € e’-aff
using i-aff by blast
show i-proj: gluing ““ {(i (z,y),l")} € e-proj
using e-proj-aff i-aff by simp

consider (1) deltaxyz (—y) # 0 | (2) delta’ z y x (—y) # 0
using add-self in-aff by blast
then show proj-addition (gluing ““ {((z,y),0)}) (gluing “ {(i (z,y),l")}) = {((1,
0), zor 11")}
proof (cases)
case I
have add (z,y) (¢ (z,y)) = (1,0)
using 1 delta-def delta-minus-def delta-plus-def in-aff inverse-generalized by
auto
then show ?thesis
using 1 assms gluing-add i-proj identity-equiv by auto
next
case 2
have ezxt-add (z,y) (i (z,y)) = (1,0)
using 2 delta’-def delta-z-def by auto
then show ?thesis
using 2 assms gluing-ext-add i-proj identity-equiv by auto
qged
qged

lemma proj-add-class-inv-point:
assumes gluing “ {(p,l)} € e-proj ne = (1,0)
shows proj-addition (gluing ““ {(p,))}) (gluing ““ {(i p,l")}) = {(ne, zor 1 1)}
gluing ““ {(i p,l")} € e-proj
proof —
obtain z y where p: p = (z,y) by fastforce
then show proj-addition (gluing ““ {(p,0)}) (gluing ““{(i p,l")}) = {(ne, zor 1)}
using assms(1) assms(2) prod.collapse proj-add-class-inv(1) by simp
from p show gluing ““ {(i p,l")} € e-proj
using assms proj-add-class-inv(2) surj-pair by blast
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qed

lemma proj-add-class-identity:
assumes 1 € e-proj
shows proj-addition {((1, 0), False)} = = x
proof —
obtain z0 y0 [0 where
z-expr: x = gluing ““ {((20,y0),10)}
using assms e-proj-def by (metis prod.ezhaust-sel quotientE)
then have in-aff: (20,y0) € e’-aff
using e-proj-aff assms by blast

have proj-addition {((1, 0), False)} z =
proj-addition (gluing ““ {((1, 0), False)}) (gluing “* {((x0,y0),10)})
using identity-equiv|of False] z-expr by argo
also have ... = gluing “ {(add (1,0) (20,y0),l0)}
proof (subst gluing-add)
show gluing “ {((1, 0), False)} € e-proj
by (simp add: identity-equiv identity-proy)
show gluing ““ {((z0, y0), 10)} € e-proj
using assms x-expr by auto
show delta 1 0 z0 y0 # 0
by (simp add: delta-def delta-minus-def delta-plus-def)
qed (simp add: zor-def)
also have ... = gluing ““ {((x0,y0),10)}
using inverse-generalized in-aff
unfolding e’-aff-def by simp
also have ... =z
using z-expr by simp
finally show ?thesis by simp
qed

corollary proj-addition-comm:
assumes cl € e-proj c2 € e-proj
shows proj-addition c1 c2 = proj-addition c2 c1
using proj-add-class-comm|OF assms)
unfolding proj-addition-def by auto

4 Group law

4.1 Class invariance on group operations
definition ¢f where

tf g = image (X p. (g (fst p), snd p))

lemma tf-comp:

tfg (tffs)=1tf(gof)s
unfolding tf-def by force
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lemma tf-id:
tfid s =s
unfolding tf-def by fastforce

lemma tf-cong:
f=f=s=s=tffs=1tff"s
by auto

definition ¢f’ where
tf" = image (X p. (fst p, Not (snd p)))

lemma tf-tf -commute:
tfr (' p) = tf' (¢ r p)
unfolding tf’-def tf-def image-def
by auto

lemma rho-preserv-e-proj:
assumes gluing ““ {((z, y), 1)} € e-proj
shows tf o (gluing ““ {((z, y), I)}) € e-proj
proof —
have in-aff: (z,y) € e’-aff
using assms e-proj-aff by blast
have rho-aff: o (z,y) € e’-aff
using rot-aff [of 0,0F - in-aff] rotations-def by blast

have eq: gluing *“ {((z, y), )} = {((z, y), )} v
gluing *“ {((z, ), } = {((z, ), 1), (v (z, y), Not 1)}
using assms gluing-cases-explicit by auto
from eq consider
(1) gluing *“ {((=, y), D} = {((z, y), D} |
(2) gluing = {((z, y), D} = {((z, v), 1), (7 (, y), Not 1)}
by fast
then show if o (gluing ““ {((z, y), 1)}) € e-proj
proof (cases)
case I
have zeros: t =0V y =0
using in-aff e-proj-elim-1 assms e-proj-aff 1 by auto
show ?thesis
unfolding tf-def
using rho-aff zeros e-proj-elim-1 1 by auto
next
case 2
have zeros: x £ 0y # 0
using in-aff e-proj-elim-2 assms e-proj-aff 2 by auto
show ?thesis
unfolding tf-def
using rho-aff zeros e-proj-elim-2 2 by fastforce
qged
qed
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lemma rho-preserv-e-proj-point:
assumes gluing “ {p} € e-proj
shows tf o (gluing ““ {p}) € e-proj
proof —
obtain z y | where p = ((z,y),)
using surj-pair|of p] by force
then show ?thesis
using rho-preserv-e-proj assms by blast
qed

lemma insert-rho-gluing:
assumes gluing “ {((z, y), 1)} € e-proj
shows tf o (gluing * {((z, 1), 1}}) = gluing * {(o (z, v), 1}
proof —
have in-aff: (z,y) € e’-aff
using assms e-proj-aff by blast
have rho-aff: o (x,y) € e’-aff
using rot-aff [of 0,0F - in-aff] rotations-def by blast

have eq: gluing *“ {((z, y), D} = {((z, y), D} Vv
gluing *“ {((z, ), )} = {((z, y), 1), (v (z, y), Not 1)}
using assms gluing-cases-explicit by auto
from eq consider
(1) gluing = {((z, y), D} = {((z, v), D} |
(2) gluing = {((z, y), D} = {((z, v), 1), (7 (, y), Not 1)}
by fast
then show tf o (gluing “ {((z, y), )}) = gluing “ {(o (z, y), 1)}
proof (cases)
case I
have zeros: x =0V y =0
using in-aff e-proj-elim-1 assms e-proj-aff 1 by auto
have gluing * {(o (, 1), D} = {(o (z. v), )}
using gluing-class-1[of fst (o (z, y)) snd (o (z, y))]
by (metis p.simps add.inverse-neutral fst-eqD rho-aff snd-conv zeros)
then show ?thesis
unfolding tf-def image-def 1 by simp
next
case 2
have zeros: x # 0y # 0
using in-aff e-proj-elim-2 assms e-proj-aff 2 by auto
then have gluing *“ {(¢ (=, y), )} = {(¢ (=, y), 1), (7 (¢ (, y)), Not 1)}
using gluing-class-2[of fst (o (z, y)) snd (o (z, y)),
sitmplified prod.collapse, OF - - rho-aff] by force
then show ?thesis
unfolding tf-def image-def 2 by force
qed
qed
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lemma insert-rho-gluing-point:
assumes gluing ““ {(p, )} € e-proj

shows tf o (gluing ““ {(p, )}) = gluing ““ {(o p, )}
by (metis assms insert-rho-gluing prod.collapse)

lemma rotation-preserv-e-proj:
assumes gluing “ {((z, y), 1)} € e-proj r € rotations
shows tf r (gluing “ {((z, y), 1)}) € e-proj
(is tf ?r 29 € -)
proof —
have tf id (gluing ““ {((z, y), 1)}) € e-proj
by (simp add: assms(1) tf-id)
moreover have tf o (gluing “ {((z, y), )}) € e-proj
by (simp add: assms(1) rho-preserv-e-proj-point)
moreover have tf (o o o) (gluing ““ {((z, y), 1)}) € e-proj
by (metis (no-types, opaque-lifting) assms(1) insert-rho-gluing rho-preserv-e-proj-point
tf-comp)
moreover have f (0 o g o 9) (gluing ““ {((z, y), 1)}) € e-proj
by (metis (no-types, lifting) assms(1) insert-rho-gluing-point rho-preseruv-e-proj-point
tf-comp)
ultimately show ?thesis
using assms by (auto simp: rotations-def)
qed

lemma rotation-preserv-e-proj-point:
assumes gluing ‘“ {p} € e-proj r € rotations
shows tf r (gluing ““ {p}) € e-proj
proof —
obtain z y | where p = ((z,y),])
using surj-pair[of p] by force
then show ?thesis
using rotation-preserv-e-proj assms by blast
qed

lemma insert-rotation-gluing:
assumes gluing ““ {((z, y), )} € e-proj r € rotations
shows if r (gluing *“ {((z, y), D)}) = gluing “*{(r (z, y), 1)}
proof —
have in-proj: gluing *“ {(¢ (z, y), 1)} € e-proj gluing ** {((¢ ° o) (z, y), )} €
e-proj
using rho-preserv-e-proj assms insert-rho-gluing by auto+

consider r =id |[r=p|r=pop|r=popoyp
using assms(2) unfolding rotations-def by fast
then show ?thesis
proof (cases)
case I
then show ?thesis using tf-id by auto
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next
case 2
then show ?thesis using insert-rho-gluing assms by presburger
next
case 3
with assms show ?thesis
using assms
using in-proj(1) insert-rho-gluing by (force simp flip: tf-comp)
next
case /
with assms show ?thesis
using in-proj insert-rho-gluing-point by (auto simp flip: tf-comp)
qed
qed

lemma insert-rotation-gluing-point:
assumes gluing ‘“ {(p, )} € e-proj r € rotations
shows 1f  (gluing “ {(p, )}) = gluing ** {(r p, )}
by (metis assms i.cases insert-rotation-gluing)

lemma tf-tau:
assumes gluing ‘“ {((z,y),1)} € e-proj
shows gluing * {((z,y), Not 1)} = tf' (gluing ** {((z,4),)})
using assms unfolding symmetries-def
proof —
have in-aff: (z,y) € e’-aff
using e-proj-aff assms by simp

have gl-expr: gluing ** {((z,y),0)} = {((z,9),)} v
gluing ** {((xvy)J)} = {((l‘,y),l),(ﬂ' (a:,y), Not l)}
using assms(1) gluing-cases-explicit by simp

consider (1) gluing *“ {((z,y),0)} = {((z,y),D)} |
(2) gluing “ {((2.1).0} = {((z.9)D,(7 (2,9), Not 1)}
using gl-expr by argo
then show gluing ““ {((z,y), Not )} = tf’ (gluing ““ {((z,y), )})
proof (cases)
case I
then have zeros: x =0V y =10
using e-proj-elim-1 in-aff assms by auto
show ?thesis
apply(simp add: 1 tf’-def del: T.simps)
using gluing-class-1 zeros in-aff by auto
next
case 2
then have zeros: © # 0y # 0
using assms e-proj-elim-2 in-aff by auto
show ?thesis
apply(simp add: 2 tf’-def del: T.simps)
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using gluing-class-2 zeros in-aff by auto
qed
qed

lemma tf-preserv-e-proj:
assumes gluing ““ {((z,y),)} € e-proj
shows tf’ (gluing “ {((z,y),1)}) € e-proj
by (metis assms e-proj-aff tf-taw)

lemma tf-preserv-e-proj-point:
assumes gluing ‘‘ {p} € e-proj
shows tf’ (gluing ““ {p}) € e-proj
by (metis assms prod.collapse tf-preserv-e-proj)

lemma remove-rho:
assumes gluing ‘“ {((z,y),1)} € e-proj
shows gluing *“ {(¢ (z,9),0)} = if o (gluing ** {((z,y),1)})
using assms unfolding symmetries-def
proof —
have in-aff: (z,y) € e’-aff using assms e-proj-aff by simp
have rho-aff: o0 (z,y) € e’-aff
using in-aff unfolding e’-aff-def e’-def by(simp,algebra)

consider (1) gluing “ {((z,y),0)} = {((z,y),0)} |
(2) gluing ** {((Ivy)vl)} = {((:B,y),l)7(7' (w,y), Not l)}
using assms gluing-cases-explicit by blast
then show gluing *“ {(¢ (z,y), 1)} = tf o (gluing ** {((z,y), )})
using assms insert-rho-gluing by presburger
qed

lemma remove-rotations:
assumes gluing ““ {((z,y),l)} € e-proj r € rotations

shows gluing *“ {(r (z,y),)} = tf r (gluing ** {((z,y),])})
by (simp add: assms insert-rotation-gluing-point)

lemma remove-tau:
assumes gluing “ {((z,y),0)} € e-proj gluing ““ {(7 (z,y),l)} € e-proj
shows gluing *“ {(7 (z,y),)} = tf’ (gluing ** {((z,y),])})
(is 29t = tf' ?g)
proof —
have in-aff: (z,y) € e’-off 7 (z,y) € e’-aff
using assms e-proj-aff by simp+

consider (1) %gt = {(r (m:9).0)} | (2) %t = {( (:1).0)((z,9), Not )}
using tau-idemp-point gluing-cases-points|OF assms(2), of T (z,y) l] by pres-
burger
then show ?thesis
proof(cases)
case I
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then have zeros: x =0V y =0

using e-proj-elim-1 in-aff assms by (simp add: t-nz)

have Fulse
using zeros in-aff t-n1 d-ni
unfolding e’-aff-def e’-def

by (simp add: field-split-simps t-def t-intro split: if-split-asm)

then show ?thesis by simp
next

case 2

then have zeros: x # 0y # 0

using e-proj-elim-2 in-aff assms gluing-class-1 by auto
then have gl-eq: gluing ** {((z,y),))} = {((z,y),0),(7 (z,y), Not 1)}

using in-aff gluing-class-2 by auto
then show ?thesis

by (simp add: 2 gl-eq tf'-def del: T.simps,fast)

qged
qed

lemma remove-add-rho:
assumes p € e-proj q € e-proj

shows proj-addition (tf o p) q = tf o (proj-addition p q)

proof —
obtain z y [ 2’ y' I’ where

p-g-expr: p = gluing “ {((z, y), )}

q = gluing “{((z', y), 1)}

using assms

unfolding e-proj-def by (metis prod.collapse
have e-proj:

gluing ““ {((z, y), D)} € e-proj

gluing “{((z', y"), 1)} € e-proj

using p-q-expr assms by auto
then have rho-e-proj:

gluing *“{(e (z, y), )} € e-proj

using remove-rho rho-preserv-e-proj by auto

have in-aff: (z,y) € e’-aff (z',y’) € e’-aff
using assms p-g-expr e-proj-aff by auto

consider

(a) (z, y) € e-circ A (EI gesymmetries. (z', y
(0) ((z, y), o', y') € ¢’ aﬁU = ((z, y) € e-circ
(3 gesymmetries. (

(3 gesymmetries. (z', y') =
using dichotomy-1[OF <(x y) € e’-affr «(z’,
then show ?thesis
proof (cases)
case a
then have e-circ: (z,y) € e-circ by auto
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then have zeros: © # 0 y # 0 unfolding e-circ-def by auto

from a obtain g where g-expr:
g € symmetries (z', y') = (g o @) (z, y) by blast

then obtain r where r-expr: (', y') = (t o r 0 i) (z, y) r € rotations
using sym-decomp by blast

have ds: delta z y ' y' = O delta’ zyz' y' = 0
using wd-d-nz[OF g-expr e-circ] wd-d’-nz[|OF g-expr e-circ] by auto

have ren: 7 (z',y") = (r o @) (=, y)
using 7-expr tau-idemp-point by auto

have ds”: delta x y (fst ((r o 7) (z, y))) (snd ((r o i) (z, y)))

#
delta’ z y (fst ((r o @) (z, y))) (snd ((r o 9) (z, y))) #

(is ?ds1 # 0 Vv 2ds2 # 0)

using ren covering-with-deltas ds e-proj by fastforce

0V
0

have ds'"" delta (fst (o (2,9))) (snd (0 (,9))) (fst ((r o ) (, 1)) (snd ((r o
i) (z,9) # 0V
delta’ (fst (o (z,9))) (snd (o (z,y))) (fst ((r o @) (z, y))) (snd ((r o
i) (z, ) # 0
(is 2ds3 # 0V ?dsf # 0)
using ds'’ rotation-invariance-5 rotation-invariance-6 by force

have ds: ?ds3 # 0 = delta z y x (—y) # 0
?dsy # 0 = delta’ xyx (—y) # 0
2dsl1 #£ 0 = deltaxyz (—y) # 0
?ds2 # 0 = delta’ vy x (—y) # 0
using ds'" r-expr
unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def rotations-def
by (auto simp: field-simps t-nz zeros two-not-zero)

have eq: gluing “ {(( o 7 0 i) (z, y), 1)} = gluing “ {((r o §) (z, ), Not I}
proof —
have fst ((r o i) (z, y)) # 0 snd ((r o i) (z, y)) # 0
using zeros r-expr unfolding rotations-def by fastforce+
moreover have (r o i) (z, y) € e’-aff
using i-aff in-aff (1) r-expr(2) rot-aff by force
ultimately show ?thesis
using ext-curve-addition.gluing-inv ext-curve-addition-azioms by force
qed
have e-proj”: gluing ““ {(o (z, y), 1)} € e-proj
gluing “{((r o i) (z, y), Not I")} € e-proj
using e-proj(1,2) eq r-expr(1) insert-rho-gluing rho-preserv-e-proj by auto

have add-case: add (¢ (z, y)) ((r o i) (z,y)) = (0o r) (1,0) (is ?lhs = ?rhs)

if delta x yx (—y) # 0
proof —
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have ?lhs = ¢ (add (z, y) (r (i (z, v))))
using rho-invariance-1-points o-apply|of r i) by presburger

also have ... = (p o 7) (add (z, y) (¢ (z, y)))
by (metis comp-def curve-addition.commutativity r-expr(2) rotation-invariance-1-points)
also have ... = ?rhs

using inverse-generalized|OF in-aff (1)] that in-aff
unfolding delta-def delta-plus-def delta-minus-def by simp
finally show ?thesis .
qed

have ezt-add-case: ext-add (o (z, y)) ((r o %) (z, y)) = (0 o r) (1,0)
(is ?lhs = ?rhs)
proof —
have ?lhs = o (ext-add (z, y) (r (i (z, v))))
using rho-invariance-2-points o-apply[of r 7] by presburger

also have ... = (g o 7) (ext-add (z, y) (i (z, y)))
using ext-add-comm-points r-expr(2) rotation-invariance-2-points by auto
also have ... = %rhs

using ext-add-inverse| OF zeros] by argo
finally show ?thesis .
qed

have simp1: proj-addition (gluing ““ {(o (z, y), 1)})
(gluing * {((r o 1) (2 y), Not 1)}) =
gluing “{((0 o r) (1,0), Not (zor 1 1)}
(is proj-addition ?g1 292 = ?2¢3)
proof(cases ?ds3 # 0)
case True
have proj-addition %91 292 = gluing ““ {(add (o (z, y)) ((r o @) (z, y)), Not
(zor 1 1)}
proof —
have delta (fst (¢ (z, y))) (snd (e (z, y))) (fst ((r o @) (z, y))) (snd ((r o
i) (s, ) # 0

using True by linarith
moreover have gluing ““ {(add (o (z, y)) ((r o %) (z, y)), local.zor 1 (-
")} = gluing ““ {(add (0 (x, y)) ((r o @) (z, y)), = local.zor 1 1')}
by (smt (verit, best) zor-def)
ultimately show ?thesis
by (metis e-proj'(2) gluing-add prod.collapse rho-e-proj)
qed
also have ... = %¢3
using True add-case ds(1) by presburger
finally show ?thesis .
next
case Fulse
have proj-addition 291 292 = gluing * {(ext-add (o (z, y)) ((r o 7) (z, y)),
Not (zor 1 1)}
proof —

have delta’ (fst (o (z, y))) (snd (o (2, ))) (fst ((r o ) (=, y))) (snd ((r o
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i) (z,9) # 0
using False ds’”’ by blast

moreover have gluing ““ {(ext-add (o (z, y)) ((r o %) (x, y)), local.zor | (=
)} = gluing “ {(ext-add (o (z, y)) ((r o @) (z, y)), = local.zor 1 1')}
by (smt (verit, best) zor-def)
ultimately show ?thesis
using e-proj’(2) gluing-ext-add-points rho-e-proj by presburger
qed
also have ... = 7¢3
using ezt-add-case by presburger
finally show ?thesis .
qed

have e-proj”: gluing “ {((z, y), )} € e-proj
gluing ““ {((r o @) (z, y), Not l')} € e-proj
using e-proj eq r-expr(1) by auto
have simp2: tf o
(proj-addition (gluing ** {((z, v), D}) (gluing *“ {((r o ) (2, y), Not 1)})) =
gluing “{((¢ o r) (1,0), Not (zor 11’))}
(is tf - (proj-addition 291 292) = 2943)
proof(cases ?dsl # 0)
case True
then have us-ds: delta z y z (—y) # 0 using ds by blast
then have aux: delta x yx y # 0
using delta-def delta-minus-def delta-plus-def by auto
have proj-addition ?q1 292 = gluing ““ {(add (z, y) ((r o 7) (z, y)), Not (zor

1)}
proof —
have delta oy (fst (r o §) (3, 1)) (snd ((r 0 i) (3, 1)) £ 0
using True by auto
moreover
have gluing ““ {(add (z, y) ((r o 9) (z, y)), local.zor | (= 1"))}
= gluing ““ {(add (z, y) ((r o ©) (z, y)), = local.zor 1 1)}
by (smt (verit, best) zor-def)
ultimately show ?thesis
by (metis e-proj’ gluing-add prod.collapse)
qed
also have ... = gluing “ {(r (1, 0), Not (zor 1)}

by (metis add-case comp-def i.cases i-idemp-explicit inverse-rule-2
rho-invariance-1-points us-ds)
finally have eq’: proj-addition ?q1 292 = gluing “ {(r (1, 0), Not (zor 11"))}

have gluing ““ {(r (1, 0), = local.zor 1 l")} € e-proj
using e-proj’ eq’ well-defined by force
with eq’ show ?thesis
by (simp add: insert-rho-gluing-point)
next
case Fulse
then have us-ds: delta’ z y z (—y) # 0 using ds ds’’ by argo

83



then have 2: ext-add (z, y) ((r o i) (z, y)) = r (1,0)
using ext-add-comm-points ext-add-inverse r-expr(2) rotation-invariance-2-points
zeros by auto
have proj-addition ?g1 792 =
gluing ““ {(ext-add (z, y) ((r o 7) (z, y)), Not (zor 1))}
proof —
have gluing * {((z, y), )} € e-proj ghuing “ {((r 0 i) (z. 4), ~ 1)} € e-proj
using e-proj’ by auto
moreover have gluing ““ {(ext-add (z, y) ((r o i) (z, y)), local.zor I (= 1"))}
= gluing ““ {(ext-add (z, y) ((r o %) (z, y)), — local.xzor 1 1"}
by (smt (verit, best) zor-def)
ultimately show ?thesis
using False ds’' gluing-ext-add-points by auto
qed
also have ... = gluing “ {(r (1, 0), Not (zor 1 1)}
using 2 by auto
finally have eq”: proj-addition ?q1 292 = gluing ““ {(r (1, 0), Not (zor 11’))}
by auto
have gluing “ {(r (1, 0), = local.zor 1 1")} € e-proj
by (metis assms(1) e-proj’(2) eq’ p-g-expr(1) well-defined)
with eq’ show ?thesis
by (simp add: insert-rho-gluing-point)
qed
show ?thesis
using e-proj’(1) eq insert-rho-gluing-point p-q-expr r-expr(1) simpl simp2
by presburger
next
case b
then have ds: delta z y 2’ y' # 0
unfolding e’-aff-0-def by auto
have eql: proj-addition (tf o (gluing ““ {((z, y), 1)}))
(gluing * {((z", y), 1}) =
gluing * {(add (o (2.)) (', y'), zor 117}
using ds e-proj(1,2) gluing-add insert-rho-gluing-point rho-e-proj rotation-invariance-6
by auto

have eq2: tf o
(proj-addition (gluing *“ {((z, y), )}) (gluing *“{((z’, y), I)})) =
gluing ““ {(add (¢ (z,y)) (z', y'), zor L 1)}
by (metis ds e-proj gluing-add insert-rho-gluing-point rho-invariance-1-points
well-defined)

then show ?thesis
unfolding p-q¢-expr
using eq! eq2 by auto
next
case ¢
then have ds: delta’ zy z’ y' # 0
unfolding e’-aff-1-def by auto
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have eql: proj-addition (tf o (gluing “ {((z, y), 1)}))
(gluing * {((z", y), 1}) =
gluing ““ {(ext-add (o (z,y)) (z', y'), zor 1 1')}
proof (subst insert-rho-gluing)
show gluing “ {((z, y), 1)} € e-proj
by (simp add: e-proj(1))
next
show proj-addition (gluing “ {(0 (x, v), D}) (gluing “ {((&", ¥"), 1)})
= gluing “ {(ext-add (o0 (z, y)) (z', y'), local.zor 1 I')}
using ds e-proj(2) gluing-ext-add-points rho-e-proj rotation-invariance-5 by
auto
qed
have eq2: {f o (proj-addition (gluing “ {((z, v), D}) (gluing ** {((=', '), 1)}))

gluing ““ {(ext-add (o (z,y)) (z', y'), zor 1 1')}
by (metis ds e-proj gluing-ext-add insert-rho-gluing-point rho-invariance-2-points
well-defined)
show ?thesis
unfolding p-g-expr using eql eq2 by auto
qed
qed

lemma remove-add-rotation:
assumes p € e-proj q € e-proj r € rotations
shows proj-addition (tf r p) ¢ = tf r (proj-addition p q)
proof —
obtain z y | ' y’ I’ where p-g-expr: p = gluing “ {((z, y), 1)} p = gluing
(@, 9, 1))
by (metis assms(1) e-proj-def prod.collapse quotientE)
consider (1) r=idd | (2)r=0|(8) r=pop0|(4)r=po0poyp
using assms(3) unfolding rotations-def by fast
then show ?thesis
proof(cases)
case |
then show ?thesis using tf-id by metis
next
case 2
then show %thesis using remove-add-rho assms(1,2) by auto
next
case 3
then show ?thesis
by (metis (no-types, lifting) assms(1,2) p-q-expr(1) remove-add-rho
rho-preserv-e-proj-point tf-comp)
next
case 4
then show #thesis
by (metis (no-types, opaque-lifting) assms insert-rho-gluing-point p-g-expr(2)
remove-add-rho rho-preserv-e-proj-point tf-comp)
qed
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qed

lemma remove-add-tau:
assumes p € e-proj q € e-proj
shows proj-addition (tf' p) q = tf’ (proj-addition p q)
proof —
obtain z y [ 2’ y' I’ where
p-g-expr: p = gluing “ {((z, y), )} ¢ = gluing “ {((z’, y), 1)}
using assms unfolding e-proj-def by (metis quotientE surj-pair)
have e-proj:
gluing “ {((z, y), 5)} € e-proj
gluing “ {((z', y"), s")} € e-proj for s s’
using p-g-expr assms e-proj-aff by auto
then have i-proj:
gluing ““ {(i (z, y), Not 1)} € e-proj
using proj-add-class-inv(2) by auto

have in-aff: (z,y) € e’-aff (z',y’) € e’-aff
using assms p-g-expr e-proj-aff by auto

have other-proj:
gluing ““ {((z, y), Not 1)} € e-proj
using in-aff e-proj-aff by auto

consider
(a) (z, y) € e-circ A (3 gesymmetries. (z', y') =
(0) ((z, y), =', y') € e’-aff-0 = ((z, y) € e-circ A
(3 gesymmetries. (+', 1) = (5 0 9) (3, 1))
(¢) ((z, ), z', y') € e-aff-1 = ((z, y) € e-circ A
(3 gEsymmetries. (o', ) = (5 ) (z, 1) (
using dichotomy-1[OF <(a: y) € e’-affr «(x"y’)
then show ?thesis
proof(cases)
case a
then have e-circ: (z,y) € e-circ by auto
then have zeros: x # 0 y # 0 unfolding e-circ-def by auto
from a obtain g where g-ezpr:
g € symmetries (z', y') = (g o ) (z, y) by blast
then obtain r where r-expr: (2, y') = (1t o r 0 @) (z, y) r € rotations
using sym-decomp by blast
have eq: gluing “ {((t o 7 o @) (z, y),8)} = gluing “ {((r o ©) (x, y), Not s)}
for s
proof —
have fst ((r o i) (z, y)) # 0 snd ((r o @) (z, y)) # 0
using zeros r-expr unfolding rotations-def by fastforce+
moreover
have (r o 7) (z, y) € e’-aff
gluing “ {((r o 7 0 1) (z, ), $)} = gluing “ {(7 (( © §) (2, ), ~ - )}
using i-aff in-aff (1) r-expr(2) rot-aff by force+

(g 0 4) (z,y)) |

(z, ), 2", y) & e"aff-0
€ e’-aff] by argo
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ultimately show ?thesis
by (smt (verit) gluing-inv surjective-pairing)
qed

have proj-addition (tf'" (gluing ““ {((z, y), D}))
(gluing = {((z', y"), I)}) =
proj-addition (gluing ““ {((z, y), Not 1)})
(gluing < {((7 o r 0 i) (z, y), I)})

(is ?lhs = -)
using assms(1) p-g-expr(1) tf-tau r-expr by auto
also have ... =

proj-addition (gluing ““ {((z, y), Not 1)})
(gluing * {(r (i (z, )), Not I})
using eq by auto
also have ... =
tf v (proj-addition (gluing ““ {((z, y), Not 1)})
(gluing ** {(i (z, y), Not )}))
proof —

have proj-addition (gluing ““{((z, y), = )}) (¢f r (gluing “{(i (z, y), = IN}))

= tf v (proj-addition (gluing ““ {((z, y), = D)}) (gluing “ {(i (z, y), -
1)
by (metis e-proj(1) proj-add-class-inv(2) proj-addition-comm r-expr(2)
remove-add-rotation rotation-preserv-e-proj-point)
then show ?thesis
using i-proj insert-rotation-gluing-point r-expr(2) by auto
qed

also have ... = tf r {((1, 0), local.zor (= 1) (= 1)}
using e-proj(1) proj-add-class-inv(1) by presburger
also have ... = tf r {((1,0), zor 1 I')}
(is - = ?rhs)

by (smt (verit, del-insts) xzor-def)
finally have simpl: ?lhs = ?rhs .

have tf' (proj-addition (gluing ““ {((x, y), 1)})
(gluing = {((z', y'), I)})) =
tf’ (proj-addition (gluing *“ {((x, y), 1)})
(gluing *“ {((T o r 0 7) (z, y), I)}))

(is ?lhs = -)
using assms(1) p-g-expr(1) tf-tau r-expr by auto
also have ... =

tf" (proj-addition (gluing “ {((z, y), 1)})
(gtuing * {(r (i (3, )), Not 1)}))
using eq by auto
also have ... = tf’ (proj-addition (gluing ““ {((z, y), 1)}) (&f r (gluing ““ {(i (=,
9, = 101))
using i-proj insert-rotation-gluing-point r-expr(2) by force
also have ... = tf' (tf r (proj-addition (gluing ““ {(i (z, y), = 1)}) (gluing
{((z, ), D}))
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by (metis e-proj(1) i-proj proj-addition-comm r-expr(2) remove-add-rotation
rotation-preserv-e-proj-point)

also have ... = tf' (¢f r {(({, 0), local.xzor | (= 1))})
using e-proj(1) i-proj proj-add-class-inv(1) proj-addition-comm by presburger
also have ... = ¢f r {((Z, 0), zor 1 1")}

by (smt (verit) identity-equiv identity-proj tf-tau tf-tf '-commaute zor-def)
finally have simp2: ?lhs = ?rhs
by auto

show ?thesis
unfolding p-g-expr
unfolding remove-rho|OF e-proj(1),symmetric]
unfolding simpl simp2 by auto
next
case b
then have ds: delta z y z’ y' # 0
unfolding e’-aff-0-def by auto
have add-proj: gluing ““ {(add (z, y) (z', y'), s)} € e-proj for s
using e-proj add-closure-points ds e-proj-aff by auto
have gluing ““ {(add (z, y) (2', y’), local.xzor (— 1) I")} =
tf’ (gluing ““ {(add (z, y) (', y'), local.zor 1 1’)})
by (smt (verit, best) add-proj i.cases tf-tau zor-def)
then show ?thesis
unfolding p-g-expr by (metis ds e-proj gluing-add tf-tau)
next
case ¢
then have ds: delta’ Ty x’ y' # 0
unfolding e’-aff-1-def by auto
have add-proj: gluing “ {(ext-add (z, y) (z’, y'), s)} € e-proj for s
using e-proj ext-add-closure-points ds e-proj-aff by auto
have gluing “ {(ext-add (z, y) (2, y"), local.zor (= 1) I} =
tf’ (gluing ““ {(ext-add (z, y) (z', y'), local.xor 1 1")})
by (smt (verit, best) add-proj i.cases tf-tau zor-def)
then show ?thesis
unfolding p-g-expr by (metis ds e-proj gluing-ext-add tf-tau)
qed
qed

lemma remove-add-tau”:
assumes p € e-proj q € e-proj
shows proj-addition p (tf' q) = tf’ (proj-addition p q)
proof —
obtain r where gluing “ {r} = ¢
by (metis assms(2) e-proj-def quotientE)
then have inp: tf’' ¢ € e-proj
using assms(2) tf-preserv-e-proj-point by blast
show ?thesis
by (metis assms inp proj-addition-comm remove-add-tau)
qed
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lemma tf’-idemp:
assumes s € e-proj
shows tf’ (tf' s) = s
proof —
obtain z y ¢ [ where s = {((z, y), )} V s = {((z, v), 1), (7 (z, y), Not 1)}
using assms gluing-cases by blast
then show ?thesis
by (force simp: tf’-def)
qed

definition ¢f’’ where

tf"gs=1tf"(if g s)

lemma remove-sym:
assumes gluing ““ {((z, y), )} € e-proj gluing *“ {(g (z, y), 1)} € e-proj g €
symmetries
shows gluing *“ {(g (v, y), O} = tf" ( © g) (gluing * {((z, v), D})
using assms remove-tau remove-rotations sym-decomp
proof —
obtain r where r-expr: r € rotations g =T o r
using assms sym-decomp by blast
then have e-proj: gluing ““ {(r (z, y), 1)} € e-proj
using rotation-preserv-e-proj insert-rotation-gluing assms by simp
have gluing “ {(g (2, y), )} = {f' (gluing * {(r (x, y), D})
using assms r-expr
by (metis remove-tau e-proj comp-def i.cases)

also have ... = tf’ (tf r (gluing “{((z, y), D)}))
using remove-rotations r-expr assms(1) by force
also have ... = #f"' (1 o g) (gluing “ {((z, y), D)})

using r-expr(2) tf''-def tau-idemp-explicit
by (metis (no-types, lifting) comp-assoc id-comp tau-idemp)
finally show ?thesis.
qed

lemma remove-add-sym:
assumes p € e-proj q € e-proj g € rotations
shows proj-addition (tf" g p) q = tf"" g (proj-addition p q)
proof —
obtain z y [ 2’ y’ I’ where p-g-expr: p = gluing “ {((z, y), 1)} ¢ = gluing *
CATRD)!
by (metis assms(1,2) e-proj-def prod.collapse quotientE)+
then have e-proj: (tf g p) € e-proj
using rotation-preserv-e-proj assms by fast
have proj-addition (tf"' g p) q = proj-addition (tf’ (if g p)) q
unfolding tf'’-def by simp

also have ... = tf’ (proj-addition (tf g p) q)
using remove-add-tau assms e-proj by blast
also have ... = #f’ (if g (proj-addition p q))
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using remove-add-rotation assms by presburger
also have ... = tf"” g (proj-addition p q)
using tf"’-def by auto
finally show ?thesis by simp
qed

lemma tf’'-preserv-e-proj:
assumes gluing ““ {((z,y),l)} € e-proj r € rotations
shows tf" r (gluing “ {((z,y),1)}) € e-proj
unfolding tf''-def
by (metis (no-types, lifting) assms rotation-preserv-e-proj-point
tf-preserv-e-proj-point tf-tau tf-tf -commute)

lemma tf’-injective:
assumes cl € e-proj c2 € e-proj
assumes tf' ¢l = tf’ ¢2
shows ¢l = ¢2
using assms by (metis tf'-idemp)

4.2 Associativities

lemma add-add-add-add-assoc:
assumes (z1,y1) € e’-aff (22,y2) € e’-aff (z3,y3) € e’-aff
assumes delta 1 yl 2 y2 # 0 delta x2 y2 x3 y3 # 0
delta (fst (add (x1,y1) (22,92))) (snd (add (x1,y1) (22,y2))) 28 y
delta x1 y1 (fst (add (z2,y2) (23,y3))) (snd (add (z2,y2) (23,y3)
shows add (add (z1,y1) (22,y2)) (23,y3) = add (z1,y1) (add
(23,y3))
using assms unfolding e’-aff-def delta-def
using associativity e-e’-iff by fastforce

lemma fstl: z = (y, z) = y = fstx
by simp

lemma sndl: z = (y, 2) = z = snd x
by simp

ML «
fun basic-equalities assms ctxt z1' 28" =
let

(* Basic equalities *)

val th1 = @Q{thm fstI} OF [(nth assms 0)]
val th2 = Thm.instantiate’ [SOME Q{ctyp 'a}]
[SOME @{cterm fst::'ax’'a = 'a}]
(Q{thm arg-cong} OF [(nth assms 2)])
val x1'-expr = Goal.prove ctzt || [| (HOLogic.mk-Trueprop
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(HOLogic.mk-eq (Q{term xz1":'a},HOLogic.mk-fst z1")))
(fn-=>
EqSubst.eqsubst-tac ctzt [1] [th1] 1
THEN EqSubst.eqsubst-tac ctzt [1] [th2] 1
THEN simp-tac ctat 1)
val th8 = Q{thm sndl} OF [(nth assms 0)]
val th4 = Thm.instantiate’ [SOME Q{ctyp 'a}]
[SOME @{cterm snd::'ax’a = 'a}]
(@Q{thm arg-cong} OF [(nth assms 2)])
val y1'-expr = Goal.prove ctxt || ]
(HOLogic.mk-Trueprop (HOLogic.mk-eq (Q{term
yl1":'a},HOLogic.mk-snd z1')))
(fn - => EqSubst.eqsubst-tac ctxt [1] [th3] 1
THEN EqSubst.eqsubst-tac ctat [1] [th4] 1
THEN simp-tac ctxt 1)

val thd = Q{thm fstI} OF [(nth assms 1)]
val th6 = Thm.instantiate’ [SOME Q{ctyp 'a}]
[SOME @{cterm fst::'ax'a = 'a}]
(@Q{thm arg-cong} OF [(nth assms 3)])
val ©38'-expr = Goal.prove ctat [] ||
(HOLogic.mk-Trueprop (HOLogic.mk-eq (Q{term
x3":'a},HOLogic.mk-fst 23")))
(fn - => EqSubst.eqsubst-tac ctzt [1] [thd] 1
THEN EqSubst.eqsubst-tac ctzt [1] [th6] 1
THEN simp-tac ctxt 1)

val th7 = @Q{thm sndI} OF [(nth assms 1)]
val th8 = Thm.instantiate’ [SOME Q{ctyp 'a}]
[SOME @{cterm snd::'ax’a = 'a}]
(@Q{thm arg-cong} OF [(nth assms 3)])
val y3'-expr = Goal.prove ctxt || ]
(HOLogic.mk-Trueprop (HOLogic.mk-eq (Q{term
y3":'a},HOLogic.mk-snd 23")))
(fn - => EqSubst.eqsubst-tac ctzt [1] [th7] 1
THEN EqSubst.eqsubst-tac ctzt [1] [th8] 1
THEN simp-tac ctat 1)
m
(z1'-expr,yl’-expr,z3’-expr,y3 '-expr)
end

fun rewrite-procedures ctrt =
let
val rewritel =
let
val pat = [Rewrite.In,Rewrite. Term
(Q{const divide('a)} $ Var ((¢, 0), typ <'a>) $ Rewrite.mk-hole 1
(typ @), []),
Rewrite. At]
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val to = NONE
m
CCONVERSION (Rewrite.rewrite-conv ctzt (pat, to) Q{thms delta-z-def [symmetric]
delta-y-def [symmetric]
delta-minus-def[symmetric]
delta-plus-def[symmetric]}) 1
end

val rewrite2 =
let
val pat = [Rewrite.In,Rewrite. Term
(Q{const divide('a)} $ Var ((c, 0), typ <'a>) $ Rewrite.mk-hole 1
(typ <), []),
Rewrite.In)
val to = NONE
mn
CCONVERSION (Rewrite.rewrite-conv ctzt (pat, to) Q{thms delta-z-def [symmetric]
delta-y-def [symmetric]
delta-minus-def [symmetric]
delta-plus-def[symmetric]
b i

end,

val rewrite3 =
let
val pat = [Rewrite.In,Rewrite. Term (@Q{const divide('a)} $ Var ((¢, 0),
typ <a>) $
Rewrite.mk-hole 1 (typ <'w), []),Rewrite. At
val to = NONE
mn
CCONVERSION (Rewrite.rewrite-conv ctzt (pat, to) Q{thms delta-z-def [symmetric]
delta-y-def [symmetric]
delta-minus-def [symmetric]
delta-plus-def[symmetric]}) 1
end

val rewrite =
let
val pat = [Rewrite.In,Rewrite. Term (Q{const divide('a)} $ Var ((¢, 0),
typ'a>) $
Rewrite.mk-hole 1 (typ <'a»), []),Rewrite.In]
val to = NONE
mn
CCONVERSION (Rewrite.rewrite-conv ctzt (pat, to) Q{thms delta-z-def [symmetric]
delta-y-def [symmetric]
delta-minus-def [symmetric]
delta-plus-def[symmetric]}) 1
end
n
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(rewritel ;rewrite2 rewrited ,rewrites )
end

fun concrete-assoc first second third fourth =
let

val ctrt0 = Q{ context };
val ctat = ctxt0;
val (-,ctat) = Variable.add-fizes [21',x1'y1’,
28"x3' y3’,
zl, y1, 2, y2, ©3, y3| ctxt

val z1' = if first = ext then @Q{term ext-add (z1,y1) (z2,y2)} else Q{term add
(z1,y1) (22,y2)}
val 23" = if fourth = ext then Q{term ext-add (x2,y2) (z8,y3)} else Q{term add
(22,y2) (23,y3)}
val lhs = if second = ext then (fn 21’ => Q{term ext-add} $ z1’' $ Q{term
(23::"a,y8::"a)})
else (fn z1' => Q{term add} $ z1'$ Q{term (z3::'a,y3::'a)})
val rhs = if third = ext then (fn 23’ => Q{term ext-add (z1,y1)} $ 23’)
else (fn 28’ => Q{term add (x1,y1)} $ 23")

val deltal = case z1' of @Q{term ext-add} $ - $ - => [@{term delta’ x1 y1 22
y2},@Q{term delta-x x1 y1 22 y2},@Q{term delta-y z1 y1 x2 y2}]

| @{term add} $ -$ - => [Q{term delta z1 y1 x2 y2},Q{term
delta-minus ©1 y1 z2 y2},@Q{term delta-plus x1 y1 22 y2}]
| -=>1

val delta2 = case (lhs @{term z1":'a x 'a}) of
Q{term ext-add} $ - $ - => [Q{term delta-z x1' y1’ 8
y3},Q{term delta-y x1’ y1' z3 y3}]
| @{term add} $ -$ - => [Q{term delta-minus 1’ y1' z3
y3},@{term delta-plus 1’ y1' x3 y3}]
|- =>1
val delta3 = if third = ext then [Q{term delta-z x1 yI1 3’ y3'},Q{term delta-y
xzl yl z3' y38'}]
else [Q{term delta-minus x1 y1 3’ y3'},@{term delta-plus
zl yl z3' y3'}]

val delta4 = if fourth = ext then [@Q{term delta’ 22 y2 x3 y3},Q{term delta-z x2
y2 x8 y3},@{term delta-y 22 y2 x3 y5})
else [Q{term delta z2 y2 x8 y3},Q{term delta-minus x2
y2 x8 y3},@Q{term delta-plus z2 y2 z3 y3}]

val assms8 = Thm.cterm-of ctxt (HOLogic.mk-Trueprop (HOLogic.mk-eq(Q{term
z1":'a x 'a},z17)))
val assms4 = Thm.cterm-of ctxt (HOLogic.mk-Trueprop (HOLogic.mk-eq(@Q{term
28":'a x 'a},287)))
val assmsd = Thm.cterm-of ctzt (HOLogic.mk-Trueprop (HOLogic.mk-not (HOLogic.mk-eq
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(nth deltal 1,@Q{term 0::'a}))))

val assms6 = Thm.cterm-of ctat (HOLogic.mk-Trueprop (HOLogic.mk-not (HOLogic.mk-eq
(nth deltal 2,@{term 0::'a}))))

val assms7 = Thm.cterm-of ctzt (HOLogic.mk-Trueprop (HOLogic.mk-not (HOLogic.mk-eq
(nth deltaq 1,Q{term 0::a}))))

val assms8 = Thm.cterm-of ctxt (HOLogic.mk-Trueprop (HOLogic.mk-not (HOLogic.mk-eq
(nth delta 2,@Q{term 0::'a}))))

val assms9 = Thm.cterm-of ctxt (HOLogic.mk-Trueprop (HOLogic.mk-not (HOLogic.mk-eq
(nth delta2 0,Q{term 0::'a}))))

val assms10 = Thm.cterm-of ctxt (HOLogic.mk-Trueprop (HOLogic.mk-not (HOLogic.mk-eq
(nth delta2 1,Q{term 0::'a}))))

val assms11 = Thm.cterm-of ctzt (HOLogic.mk-Trueprop (HOLogic.mk-not (HOLogic.mk-eq
(nth delta3 0,@{term 0::'a}))))

val assms12 = Thm.cterm-of ctzt (HOLogic.mk- Trueprop (HOLogic.mk-not (HOLogic.mk-eq
(nth delta3 1,@Q{term 0::a}))))

val (assms,ctzt) = Assumption.add-assumes
[@{cprop 21’ = (x1":"a,yl " "a)}, @{cprop 23" = (x3"::/a,y3":"a)},
assms3,assms4 ,assmsd ,assms6 ,assms7, assms8,assms9,
assms10,assms11, assmsi2,
Q{cprop e’ x1 y1 = 0}, Q{cprop e’ z2 y2 = 0}, Q{cprop e’
x3 y3 = 0}
| ctat;

val normalizex = List.foldl (HOLogic.mk-binop Groups.times-class.times) Q{term
1::'a} [nth delta2 0, nth delta3 0, nth deltal 0, nth delta 0]

val normalizey = List.foldl (HOLogic.mk-binop Groups.times-class.times) Q{term
1:'a} [nth delta2 1, nth delta3 1, nth deltal 0, nth deltaj 0]

val fstminus = HOLogic.mk-binop Groups.minus-class.minus
(HOLogic.mk-fst (lhs @Q{term z1":'a x 'a}), HOLogic.mk-fst (rhs
@Q{term z3":'a x 'a}))
val sndminus = HOLogic.mk-binop Groups.minus-class.minus
(HOLogic.mk-snd (lhs @{term z1":'a x 'a}), HOLogic.mk-snd (rhs
Q@{term z3":'a x 'a}))

val goal = HOLogic.mk-Trueprop( HOLogic.mk-eq(lhs z1',rhs z3"))

val grDeltar =
HOLogic.mk-Trueprop(
HOLogic.mk-exists (r1,Q{typ 'a},
HOLogic.mk-exists(r2,Q{typ 'a},
HOLogic.mk-exists(r3,Q{typ 'a},
HOLogic.mk-eq( HOLogic.mk-binop Groups.times-class.times (fstminus,normalizez),

Q{term r1 x e’ z1 yl + r2 x ' 22 y2 + r3 * ¢’ 28 y3})))))
val gyDeltay =

HOLogic.mk-Trueprop(
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HOLogic.mk-exists (r1,@Q{typ 'a},
HOLogic.mk-ezists(r2,Q{typ 'a},
HOLogic.mk-exists(r3,Q{typ 'a},
HOLogic.mk-eq( HOLogic.mk-binop Groups.times-class.times (sndminus,normalizey),

@Q{term r1 x e’ xl yl + 12 x e’ 22 y2 + r3 x ¢’ 23 y3})))))

val (x1'-expr,yl’-expr,z3’-expr,y83’-expr) = basic-equalities assms ctxt z1' 23’
val (rewritel ,rewrite2,rewrite3,rewrite4 ) = rewrite-procedures ctat

(x First subgoal *)
val divl = Goal.prove ctzt || [| grDeltax
(fn - => asm-full-simp-tac (ctzt addsimps [nth assms 0,nth assms 1]) 1
THEN REPFEAT rewritel
THEN asm-full-simp-tac (ctat
addsimps (Q{thms divide-simps} Q [nth assms 8, nth assms 10]))

THEN REPEAT (EqSubst.eqsubst-tac ctzt [0]
(Q{thms left-diff-distrib delta-z-def delta-y-def delta-minus-def
delta-plus-def} @ [x1'-expr,yl '-expr,z3’-expr,y3’-expr]) 1)
THEN simp-tac ctzt 1
THEN REPEAT rewrite2
THEN asm-full-simp-tac (ctat
addsimps (Q{thms divide-simps} @ map (nth assms) [4,5,6,7] Q
[@{thm delta’-def}, @{thm delta-def}])) 1
THEN asm-full-simp-tac (ctat addsimps
[Q{thm c-eq-1},@Q{thm t-expr(1)},Q{thm delta-z-def},
Q@Q{thm delta-y-def}, @Q{thm delta-plus-def},
Q@Q{thm delta-minus-def }, Q{thm e’-def}]) 1
THEN Groebner.algebra-tac [| [| ctzt 1

)

val goall = HOLogic.mk-Trueprop (HOLogic.mk-eq (fstminus, Q{term 0::'a}))

val eql = Goal.prove ctat [ || goall
(fn - => Method.insert-tac ctxt [divl] 1
THEN asm-full-simp-tac (ctxt addsimps
(map (nth assms) [4,5,6,7,8,10,12,13,14]) @ @Q{thms
delta’-def delta-def}) 1)

val div2 = Goal.prove ctzt || | gyDeltay
(fn - => asm-full-simp-tac (Q{context} addsimps [nth assms 0,nth assms 1]) 1
THEN REPEAT rewrite3
THEN asm-full-simp-tac (Q{context} addsimps (Q{thms divide-simps}
Q [nth assms 9,nth assms 11])) 1
THEN REPEAT (EqSubst.eqsubst-tac ctet [0] (Q{thms left-diff-distrib
delta-z-def delta-y-def delta-minus-def delta-plus-def} @ [x1'-expr,yl'-expr,z3’-expr,y3 '-expr])
1)
THEN simp-tac @Q{context} 1
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THEN REPEAT rewrite4
THEN asm-full-simp-tac (@{context} addsimps (Q{thms divide-simps
delta’-def delta-def} Q (map (nth assms) [4,5,6,7]))) 1
THEN asm-full-simp-tac (Q{context} addsimps
[@{thm c-eq-1},Q{thm t-expr(1)},Q{thm delta-z-def},
@{thm delta-y-def}, Q{thm delta-plus-def},
@{thm delta-minus-def}, Q{thm e’-def}]) 1
THEN Groebner.algebra-tac || || ctat 1

)

val goal2 = HOLogic.mk-Trueprop (HOLogic.mk-eq (sndminus, Q{term 0::'a}))

val eq2 = Goal.prove ctxt || || goal2
(fn - => Method.insert-tac ctxt [div2] 1
THEN asm-full-simp-tac (ctat addsimps
(map (nth assms) [4,5,6,7,9,11,12,13,14]) @ @Q{thms
delta’-def delta-def}) 1 );

val goal = Goal.prove ctzt [| [| goal
(fn - => Method.insert-tac ctzt ([eql,eq2] Q [nth assms 2,nth assms
3]) 1
THEN asm-full-simp-tac ctzt 1 );
mn
singleton (Proof-Context.export ctxt ctat0) goal
end

>

local-setup ¢«

Local-Theory.note ((Q{binding ext-ext-ext-ext-assoc}, []), [concrete-assoc ext ext
ext ext]) #> snd
)

local-setup «

Local-Theory.note ((Q{binding ext-add-ext-ext-assoc}, []), [concrete-assoc add ext
ext ext]) #> snd
)

local-setup «

Local-Theory.note ((Q{binding ext-ext-ext-add-assoc}, []), [concrete-assoc ext ext
ext add)) #> snd
)

local-setup ¢«

Local-Theory.note ((Q{binding add-ext-add-ext-assoc}, []), [concrete-assoc ext add
add ext]) #> snd
)
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lemma add-ext-add-ext-assoc-points:
assumes (z1,y1) € e’-aff (22,y2) € e’-aff (z3,y3) € e’-aff
assumes delta’ z1 y1 22 y2 # 0 delta’ 22 y2 3 y3 # 0
delta (fst (ext-add (x1,y1) (22,y2))) (snd (ext-add (z1,y1) (z2,y2))) x3
y3 # 0
delta ©1 y1 (fst (ext-add (22,y2) (23,y3))) (snd (ext-add (z2,y2) (z3,y3)))
#0

shows add (ext-add (z1,y1) (22,y2)) (23,y3) = add (z1,y1) (ext-add (z2,y2)
(23,y3))

apply(rule add-ext-add-ext-assoc refl)+

using assms delta-def delta’-def e’-aff-def by force+

local-setup ¢«

Local-Theory.note ((Q{binding add-ext-ext-ext-assoc}, []), [concrete-assoc ext add
ext ext]) #> snd
)

local-setup «

Local-Theory.note ((Q{binding add-ext-add-add-assoc}, []), [concrete-assoc ext add
add add)) #> snd

)

lemma add-ext-add-add-assoc-points:
assumes (z1,y1) € e’-aff (22,y2) € e’-aff (z3,y3) € e’-aff
assumes delta’ 1 y1 22 y2 # 0 delta 2 y2 3 y3 # 0
delta (fst (ext-add (x1,y1) (22,y2))) (snd (ext-add (z1,y1) (z2,y2))) x3
y8 £ 0
delta z1 y1 (fst (add (z2,y2) (23,y3))) (snd (add (z2,y2) (23,y3))) # 0
shows add (ext-add (x1,y1) (22,y2)) (23,y3) = add (z1,y1) (add (z2,y2)
(¢3,y3))
apply(rule add-ext-add-add-assoc refl)+
using assms delta-def delta’-def e’-aff-def by force+

local-setup «

Local-Theory.note ((@Q{binding add-add-ext-add-assoc}, [|), [concrete-assoc add
add ext add]) #> snd
)

lemma add-add-ext-add-assoc-points:
assumes (z1,y1) € e’-aff (22,y2) € e’-aff (z3,y3) € e’-aff
assumes delta 1 y1 2 y2 # 0 delta x2 y2 x8 y3 # 0
delta (fst (add (z1,y1) (22,y2))) (snd (add (z1,y1) (22,y2))) 28 y3 # 0
delta’ x1 y1 (fst (add (22,y2) (23,y3))) (snd (add (z2,y2) (23,y3))) # 0
shows add (add (z1,y1) (22,y2)) (23,y3) = ext-add (z1,yl) (add (22,y2)
(23,y3))
apply(rule add-add-ext-add-assoc refl)+
using assms delta-def delta’-def e'-aff-def by force+

local-setup «
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Local-Theory.note ((@{binding add-add-ext-ext-assoc}, []), [concrete-assoc add add
ext ext]) #> snd
)

local-setup «

Local-Theory.note ((@{binding add-add-add-ext-assoc}, [|), [concrete-assoc add
add add ext]) #> snd
)

lemma add-add-add-ext-assoc-points:
assumes (z1,yl) € e’-aff (22,y2) € e’-aff (23,y3) € e’-aff
assumes delta x1 yl1 x2 y2 # 0 delta’ 22 y2 3 y3 # 0
delta (fst (add (z1,y1) (22,y2))) (snd (add (z1,y1) (22,y2))) 23 y3 # 0
delta x1 y1 (fst (ext-add (22,y2) (23,y3))) (snd (ext-add (z2,y2) (23,y3)))

#£0
shows add (add (z1,y1) (22,y2)) (23,y8) = add (x1,y1) (ext-add (z2,y2)
(z3,y3))
apply(rule add-add-add-ext-assoc refl | simp)+
using assms delta-def delta’-def e’-aff-def by force+

local-setup ¢«

Local-Theory.note ((Q{binding ext-add-add-ext-assoc}, []), [concrete-assoc add ext
add ext]) #> snd
)

lemma ext-add-add-ext-assoc-points:
assumes (z1,yl) € e’-aff (22,y2) € e’-aff (23,y3) € e’-aff
assumes delta x1 yl1 x2 y2 # 0 delta’ 2 y2 3 y3 # 0
delta’ (fst (add (xz1,y1) (22,y2))) (snd (add (z1,y1) (22,y2))) z3 y3 # 0
delta x1 y1 (fst (ext-add (22,y2) (23,y3))) (snd (ext-add (z2,y2) (23,y3)))
#£0
shows ezt-add (add (z1,y1) (22,y2)) (23,y3) = add (z1,y1) (ext-add (22,y2)
(z3,y3))
apply(rule ext-add-add-ext-assoc refl | simp)+
using assms delta-def delta’-def e’-aff-def by force+

local-setup ¢«

Local-Theory.note ((Q{binding ext-add-add-add-assoc}, []), [concrete-assoc add
ext add add]) #> snd
)

lemma ext-add-add-add-assoc-points:
assumes (z1,yl) € e’-aff (22,y2) € e’-aff (3,y3) € e’-aff
assumes delta 1 yl1 22 y2 # 0 delta 22 y2 3 y3 # 0
delta’ (fst (add (xz1,y1) (22,y2))) (snd (add (z1,y1) (22,y2))) z3 y3 # 0
delta x1 y1 (fst (add (22,y2) (23,y3))) (snd (add (22,y2) (23,y8))) # 0
shows ext-add (add (z1,y1) (22,y2)) (23,y3) = add (x1,y1) (add (22,y2)
(z3,3))
by (metis add-add-ext-add-assoc-points assms curve-addition.commutativity
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curve-addition.delta-com delta’-com ext-add-comm-points)

local-setup «

Local-Theory.note ((Q{binding ext-add-ext-add-assoc}, []), [concrete-assoc add ext
ext add)) #> snd
)

local-setup «

Local-Theory.note ((Q{binding ext-ext-add-add-assoc}, []), [concrete-assoc ext ext
add add)) #> snd
)

lemma ext-ext-add-add-assoc-points:
assumes (z1,yl) € e’-aff (22,y2) € e’-aff (z3,y3) € e’-aff
assumes delta’ z1 y1 22 y2 # 0 delta 2 y2 3 y3 # 0
delta’ (fst (ext-add (x1,y1) (22,y2))) (snd (ext-add (x1,y1) (z2,y2))) x3
y3 # 0
delta z1 y1 (fst (add (22,y2) (23,y3))) (snd (add (z2,y2) (23,y3))) # 0
shows ext-add (ext-add (z1,y1) (22,y2)) (23,y3) = add (z1,y1) (add (22,y2)
(23,y3))
apply(rule ext-ext-add-add-assoc refl | simp)+
using assms delta-def delta’-def e’-aff-def by force+

local-setup «

Local-Theory.note ((Q{binding ext-ext-add-ext-assoc}, []), [concrete-assoc ext ext
add ext]) #> snd
)

lemma ext-ext-add-ext-assoc-points:
assumes (z1,y1) € e’-aff (22,y2) € e’-aff (23,y3) € e’-aff
assumes delta’ z1 y1 22 y2 # 0 delta’ 2 y2 z3 y3 # 0
delta’ (fst (ext-add (x1,y1) (22,y2))) (snd (ext-add (z1,y1) (22,y2))) =8

y8 # 0
delta z1 y1 (fst (ext-add (22,y2) (23,y3))) (snd (ext-add (z2,y2) (23,y3)))
#0
shows ext-add (ext-add (z1,y1) (22,y2)) (3,y3) = add (z1,y1) (ext-add (22,y2)
(23,y3))

apply(rule ext-ext-add-ext-assoc refl | simp)+
using assms delta-def delta’-def e’-aff-def by force+

local-setup ¢«

Local-Theory.note ((Q{binding add-ext-ext-add-assoc}, []), [concrete-assoc ext add
ext add)) #> snd
)

4.3 Lemmas for associativity

lemma cancellation-assoc:
assumes gluing ““ {((z1,y1), False)} € e-proj
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gluing ““ {((z2,y2), False)} € e-proj
gluing ““ {(¢ (22,y2), False)} € e-proj
shows proj-addition (proj-addition (gluing “ {((z1,y1), False)})
(gluing *“ {((«2,y2), Fulse)})) (gluing ** {(i (22,y2),
False)}) =
gluing ““ {((z1,y1), False)}
(is proj-addition (proj-addition ?g1 992) 993 = ?q1)
proof —
have in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff i (22,y2) € e’-aff
using assms e-proj-aff by auto

have one-in: gluing ““ {((1, 0), False)} € e-proj
using identity-proj identity-equiv by auto

have e-proj: gluing ““ {((x1, y1), False)} € e-proj
gluing ““ {((z2, y2), False)} € e-proj
gluing ““ {(7 (x1, y1), False)} € e-proj
{((1, 0), False)} € e-proj
gluing ““ {(i (22, y2), False)} € e-proj
using e-proj-aff in-aff apply(simp,simp)
using assms proj-add-class-inv apply blast
using identity-equiv one-in apply auto[1]
using assms(2) proj-add-class-inv by blast

{

assume (3 gesymmetries. (22, y2) = (g o i) (z1, y1))

then obtain g where g-exzpr: g € symmetries (22, y2) = (g o ©) (z1, y1) by
auto

then obtain g’ where g-expr’: g’ € symmetries i (z2,y2) = g’ (21, y1) go g’
= 1id

using symmetries-i-inverse[OF g-expr(1), of x1 y1]
i-idemp pointfree-idE by force

obtain r where r-expr: r € rotations (22, y2) = (t o r) (i (x1, yl)) g=17 o
using g-expr sym-decomp by force

have e-proj-comp:
gluing “{(g (i (z1, y1)), False)} € e-proj
gluing “ {(g (7 (22, y2)), False)} € e-proj
using assms g-expr’ pointfree-idE g-expr(2) by fastforce+

have g2-eq: 292 = tf"" r (gluing ““ {(i (x1, y1), False)})
(is - = tf"" - 794)
using remove-sym|of fst (i (z1,y1)) snd (i (z1,y1)) False 7 o r,
simplified prod.collapse]
by (metis (no-types, lifting) comp-assoc e-proj(2,8) g-expr(1) id-comp r-expr(2,3)
tau-idemp)
have eql: proj-addition (proj-addition ?g1 (tf" r 294)) 298 = %g1
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apply (subst proj-addition-comm)
using e-proj g2-eq[symmetric] apply(simp,simp)
apply (subst remove-add-sym)
using e-proj r-expr apply(simp,simp,simp)
apply (subst proj-addition-comm)
using e-proj apply(simp,simp)
apply (subst proj-add-class-inv(1))
using e-proj apply simp
apply (subst remove-add-sym)
using e-proj r-expr xor-def apply(simp,simp,simp)
apply(simp add: zor-def del: i.simps)
apply (subst proj-add-class-identity)
using e-proj apply simp
apply (subst remove-sym[symmetric, of fst (i (z2,y2)) snd (i (22,y2)) False
Tor,
simplified prod.collapse comp-assoclof T T r,symmetric] tau-idemp
id-o])
using e-proj apply simp
using e-proj-comp(2) r-expr(3) apply auto[1]
using g-expr(1) r-expr(8) apply auto[!]
using g-expr'(2) g-expr'(3) pointfree-idE r-expr(3) by fastforce
have ?thesis
unfolding g¢2-eq eql by auto
}

note dichotomy-case = this

consider (1) zl # 0yl #0222 #0y2 40| (2)2l =0V yl =0V z2=20
V y2 = 0 by fastforce
then show ?thesis
proof (cases)
case I
have taus: 7 (i (22, y2)) € e’-aff
proof —
have ¢ (22,y2) € e-circ
using e-circ-def in-aff 1 by auto
then show ?thesis
using 7-circ circ-to-aff by blast
qed

consider
(a) (3 gesymmetries. (z2, y2) = (g o 1) (x1, y1)) |
(b) ((x1, y1), 22, y2) € e’-aff-0
= ((3 gesymmetries. (z2, y2) = (g o ) (z1, y1))) |
(¢) ((z1, y1), 22, y2) € e’-aff-1
= (3 gesymmetries. (22, y2) = (g o 1) (21, y1))) ((z1, y1), 22, y2) ¢
e’-aff-0
using dichotomy-1 in-aff by blast
then show “thesis
proof (cases)
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case a
then show ?thesis
using dichotomy-case by auto
next
case b
have pd: delta 1 y1 22 y2 # 0
using b(1) unfolding e’-aff-0-def by simp

have ds: delta 22 y2 22 (—y2) # 0 V delta’ 22 y2 (22) (—y2) # 0
using in-aff d-nl1
unfolding delta-def delta-plus-def delta-minus-def
delta’-def delta-z-def delta-y-def
e’-aff-def e'-def
by (metis (no-types, opaque-lifting) add-self curve-addition.delta-minus-def
curve-addition.delta-plus-def delta’-def delta-def delta-z-def delta-y-def
in-aff (2))

have eql: proj-addition %91 292 = gluing ““ {(add (z1, y1) (22, y2), False)}
(is - = %g-add)
using gluing-add[OF assms(1,2) pd] zor-def by force
then obtain rz ry where r-expr:
re = fst (add (z1, y1) (22, y2))
ry = snd (add (21, y1) (22, y2))
(rz,ry) = add (z1,y1) (22,y2)
by simp
have in-aff-r: (rz,ry) € e’-aff
using in-aff add-closure-points pd r-expr by auto
have e-proj-r: gluing ““ {((rz,ry), False)} € e-proj
using e-proj-aff in-aff-r by auto

consider
(aa) (rz, ry) € e-circ A (I gesymmetries. i (2, y2) = (g o @) (rz, ry)) |
(bb) ((rz, ry), i (22, y2)) € e’-aff-0 = ((rz, ry) € e-circ A (3 g€symmetries.
i (a2, 42) = (g0 ) (rs, 19))) |
(ce) ((rz, ry), @ (22, y2)) € e’-aff-1 = ((rz, ry) € e-circ A (3 gEsymmetries.
i (22, y2) = (g o i) (rz, ry))) ((rz, ry), i (22, y2)) ¢ e"-aff-0
using dichotomy-1[OF in-aff-r in-aff (3)] by fast
then show ?thesis
proof (cases)
case aa
then obtain ¢ where g-expr:
g € symmetries (i (22, y2)) = (g o ©) (rz, ry) by blast
then obtain r where rot-expr:
r € rotations (i (z2, y2)) = (troroi) (rz,ry) Tog=r
using sym-decomp pointfree-idE sym-to-rot tau-idemp by fastforce

from aa have pd”: delta rz ry (fst (i (22,92))) (snd (i (22,y2))) = 0

using wd-d-nz by auto
consider
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(aaa) (rz, ry) € e-circ A (3 gesymmetries. 7 (i (22, y2)) = (g o 9) (rz,
ry)) |
(bbd) ((rz, ry), T (i (22, y2))) € e’-aff-0 — ((rz, ry) € e-circ A
(3 gesymmetries. T (i (22, y2)) = (g o @) (rz, ry))) |
(cce) ((rz, ry), T (i (22, y2))) € e’-aff-1 — ((rz, ry) € e-circ A
(3 gesymmetries. T (i (22, y2)) = (g o i) (rz, ry))) ((rz, ry), 7 (i (22, y2)))
¢ e’-aff-0
using dichotomy-1[OF in-aff-r taus] by fast
then show ?thesis
proof(cases)
case aaa
have pd’": delta rz ry (fst (7 (i (22, y2)))) (snd (7 (¢ (22, y2)))) = 0
using wd-d-nz aaa by auto
from aaa obtain ¢’ where g’-expr:
g’ € symmetries T (i (2, y2)) = (¢’ o @) (rz, ry)
by blast
then obtain r’ where r’-expr:
r’ € rotations T (i (2, y2)) = (1 o v’ 0 9) (rz, ry)
using sym-decomp by blast
from r’-ezpr have
i (22, y2) = (r' o %) (rz, ry)
using tau-idemp-point by (metis comp-apply)
from this rot-expr have (7 o r o i) (rz, ry) = (r’' o i) (rz, ry)
by argo
then obtain ri’ where ri’ € rotations ri’( (1 o r o i) (rz, ry)) = i (rz,

ry)
by (metis comp-def rho-i-com-inverses(1) r'-expr(1) rot-inv tau-idemp
tau-sq)
then have (7 o ri’ o r 0 %) (rz, ry) = i (rz, ry)
by (metis comp-apply rot-tau-com)
then obtain ¢/ where g"-expr: ¢'' € symmetries g"" (i ((rz, ry))) = 4
(rz,ry)

using «ri’ € rotations) rot-expr(1) rot-comp tau-rot-sym by force
have in-¢g: ¢ € G
using ¢'’-ezpr(1) unfolding G-def symmetries-def by blast
have in-circ: i (rz, ry) € e-circ
using aa i-circ by blast
then have ¢"' = id
using g-no-fp in-g in-circ g"’-expr(2) by blast
then have Fulse
using sym-not-id sym-decomp g¢'’-expr(1) by fastforce
then show “thesis by simp
next
case bbb
then have pd’: delta rz ry (fst (7 (i (22,y2)))) (snd (7 (i (22,y2)))) # 0
unfolding e’-aff-0-def by simp
then have pd’: delta’ rz ry (fst (i (22,y2))) (snd (i (22,y2))) # 0
using 1 delta-add-delta’-1 in-aff pd r-expr by auto
have Fulse
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using aa pd"’ wd-d’-nz by auto
then show ?thesis by auto
next
case ccc
then have pd": delta’ rz ry (fst (7 (i (22,y2)))) (snd (7 (i (22,y2)))) # 0
unfolding e’-aff-0-def e’-aff-1-def by auto
then have pd'": delta rx ry (fst (i (22,y2))) (snd (i (22,y2))) # 0
using 1 delta-add-delta’-2 in-aff pd r-expr by auto
have Fulse
using aa pd"’ wd-d-nz by auto
then show ?thesis by auto
qed
next
case bb
then have pd” delta rz ry (fst (i (22,y2))) (snd (i (22,y2))) # 0
using bb unfolding e’-aff-0-def r-expr by simp
have add-assoc: add (add (z1, y1) (22, y2)) (i (22, y2)) = (x1,y1)
proof(cases delta x2 y2 z2 (—y2) # 0)
case True
have inv: add (22, y2) (i (22, y2)) = (1,0)
using inverse-generalized|OF in-aff (2)] True
unfolding delta-def delta-minus-def delta-plus-def by auto
show ?thesis
apply (subst add-add-add-add-assoc|OF in-aff (1,2),
of fst (i (22,y2)) snd (i (22,y2)),
simplified prod.collapse])
using in-aff (8) pd True pd’ r-expr apply force+
using inv unfolding delta-def delta-plus-def delta-minus-def apply simp
using inv neutral by presburger
next
case Fulse
then have ds’: delta’ 2 y2 22 (— y2) # 0
using ds by auto
have inv: ext-add (22, y2) (i (22, y2)) = (1,0)
using ext-add-inverse 1 by simp
show ?thesis
apply (subst add-add-add-ext-assoc-points|of ©1 y1 z2 y2
fst (i (z2,y2)) snd (i (22,y2)), simplified prod.collapse])
using in-aff pd ds’ pd’ r-expr apply force+
using inv unfolding delta-def delta-plus-def delta-minus-def apply simp
using inv neutral by presburger
qged

show ?thesis
using add-assoc e-proj(5) e-proj-r gluing-add pd' r-expr(3) zor-def
by (force simp add: gluing-add e-proj pd)
next
case cc
then have pd”: delta’ rz ry (fst (i (22,y2))) (snd (i (z2,y2))) # 0
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using cc unfolding e’-aff-1-def r-expr by simp
have add-assoc: ext-add (add (z1, y1) (22, y2)) (i (22, y2)) = (x1,y1)
proof(cases delta 22 y2 z2 (—y2) # 0)
case True
have inv: add (22, y2) (i (22, y2)) = (1,0)
using inverse-generalized|OF in-aff (2)] True
unfolding delta-def delta-minus-def delta-plus-def by auto
show ?thesis
apply (subst ext-add-add-add-assoc-points|OF in-aff(1,2),
of fst (i (2,y2)) snd (i (22,y2)),
simplified prod.collapse])
using in-aff (8) pd True pd' r-expr apply force+
using inv unfolding delta-def delta-plus-def delta-minus-def apply simp
using inv neutral by presburger
next
case Fulse
then have ds’: delta’ 22 y2 22 (— y2) # 0
using ds by auto
have inv: ext-add (22, y2) (i (22, y2)) = (1,0)
using ezt-add-inverse 1 by simp
show ?thesis
apply(subst ext-add-add-ext-assoc-points[of x1 y1 x2 y2
fst (i (z2,y2)) snd (i (22,y2)), simplified prod.collapse])
using in-aff pd ds’ pd’ r-expr apply force+
using inv unfolding delta-def delta-plus-def delta-minus-def apply simp
using inv neutral by presburger
ged

show ?thesis
using add-assoc e-proj(5) e-proj-r gluing-ext-add-points pd’ r-expr(3)
zor-def
by (force simp add: gluing-add e-proj pd)
qed
next

case ¢
have pd: delta’ z1 y1 22 y2 # 0

using ¢ unfolding e’-aff-1-def by simp

have ds: delta 2 y2 x2 (—y2) # 0 V
delta’ z2 y2 (z2) (—y2) # 0
using in-aff d-nl1 add-self by blast

have eql: proj-addition ?g1 992 = gluing * {(ext-add (x1, y1) (22, y2),
False)}
(is - = %g-add)
using gluing-ext-add[OF assms(1,2) pd] xor-def by presburger
then obtain rr ry where r-expr:
re = fst (ext-add (z1, y1) (22, y2))
ry = snd (ext-add (z1, y1) (22, y2))
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(rz,ry) = ext-add (z1,y1) (22,y2)
by simp
have in-aff-r: (rz,ry) € e’-aff
using in-aff ext-add-closure-points pd r-expr by auto
have e-proj-r: gluing ““ {((rz,ry), False)} € e-proj
using e-proj-aff in-aff-r by auto

consider
(aa) (rz, ry) € e-circ A (3 gesymmetries. i (z2, y2) = (g o i) (rz, ry)) |
(bd) ((rz, ry), i (22, y2)) € e’-aff-0
= ((rz, ry) € e-circ A (3 gesymmetries. i (22, y2) = (g o i) (rz, ry))) |
(ce) ((rz, ry), @ (22, y2)) € e’-aff-1
= ((rz, ry) € e-circ A (3 gesymmetries. i (2, y2) = (g o i) (rz, ry)))
(r2, 19), 1 (22, 42)) & e-aff-0
using dichotomy-1[OF in-aff-r in-aff (3)] by fast
then show ?thesis
proof (cases)
case aa
then obtain ¢ where g-expr:
g € symmetries (i (22, y2)) = (g o i) (rz, ry) by blast
then obtain r where rot-expr:
r € rotations (i (22, y2)) = (roroi) (ra,ry) Tog=r
using sym-decomp pointfree-idFE sym-to-rot tau-idemp by fastforce

from aa have pd”: delta rz ry (fst (i (22,92))) (snd (i (22,y2))) = 0
using wd-d-nz by auto
consider
(aaa) (rz, ry) € e-circ A (3 gesymmetries. T (i (z2, y2)) = (g o @) (rz,
) |
(bbd) ((rz, ry), ™ (i (22, y2))) € e-aff-0 — ((rz, ry) € e-circ A
(3 gesymmetries. T (i (22, y2)) = (g o @) (rz, ry))) |
(cce) ((rz, ry), T (i (22, y2))) € e’-aff-1 = ((rz, ry) € e-circ A
(3 gesymmetries. T (i (22, y2)) = (g o @) (rz, ry))) ((rz, ry), T (i (22, y2)))
¢ e’-aff-0
using dichotomy-1[OF in-aff-r taus] by fast
then show ?thesis
proof(cases)
case aaa
have pd’": delta rz ry (fst (7 (i (22, y2)))) (snd (7 (¢ (22, y2)))) = 0
using wd-d-nz aaa by auto
from aaa obtain ¢’ where g’-expr:
g’ € symmetries T (i (2, y2)) = (¢’ o i) (rz, ry)
by blast
then obtain r’ where r’-expr:
r’ € rotations T (i (2, y2)) = (1 o v’ 0 9) (rz, ry)
using sym-decomp by blast
from r’-ezpr have
i (22, y2) = (r' o %) (rz, Ty)
using tau-idemp-point by (metis comp-apply)
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from this rot-expr have (7 o r o i) (rz, ry) = (v’ o i) (rz, ry)
by argo
then obtain ri’ where ri’ € rotations ri’( (1 o r o i) (rz, ry)) = i (rz,
Ty)
by (metis comp-def rho-i-com-inverses(1) r'-expr(1) rot-inv tau-idemp
tau-sq)
then have (7 o ri’ o r 0 %) (rz, ry) = i (rz, 1Y)
by (metis comp-apply rot-tau-com)
then obtain ¢’ where g”-expr: ¢'' € symmetries g"' (i ((rz, ry))) = 4
(rz,ry)
using «ri’ € rotations) rot-expr(1) rot-comp tau-rot-sym by force
then show ?thesis
proof —
have in-g: ¢ € G
using ¢”’-expr(1) unfolding G-def symmetries-def by blast
have in-circ: i (rz, ry) € e-circ
using aa i-circ by blast
then have ¢'' = id
using g-no-fp in-g in-circ g"’-expr(2) by blast
then have Fulse
using sym-not-id sym-decomp g¢'"-expr(1) by fastforce
then show ¢thesis by simp
qed
next
case bbb
then have pd”: delta rx ry (fst (7 (i (22,y2)))) (snd (7 (i (22,y2)))) # 0
unfolding e’-aff-0-def by simp
then have pd’”: delta’ rz ry (fst (i (22,y2))) (snd (i (22,y2))) # 0
using 1 delta’-add-delta-2 in-aff pd r-expr by meson
have Fulse
using aa pd"’ wd-d’-nz by auto
then show ?thesis by auto
next
case ccc
then have pd’: delta’ rz ry (fst (7 (i (22,y2)))) (snd (7 (i (22,y2)))) # 0
unfolding e’-aff-0-def e’-aff-1-def by auto
then have pd': delta rx ry (fst (i (22,y2))) (snd (i (22,y2))) # 0
using 1 delta’-add-delta-1 in-aff pd r-expr by auto
have Fulse
using aa pd"’ wd-d-nz by auto
then show f%thesis by auto
qged
next
case bb
then have pd’: delta rz ry (fst (i (22,y2))) (snd (i (22,y2))) # 0
using bb unfolding e’-aff-0-def r-expr by simp
have add-assoc: add (ext-add (x1, y1) (22, y2)) (i (22, y2)) = («1,y1)
proof(cases delta x2 y2 22 (—y2) # 0)
case True
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have inv: add (22, y2) (i (22, y2)) = (1,0)
using inverse-generalized|OF in-aff (2)] True
unfolding delta-def delta-minus-def delta-plus-def by auto
have delta ©1 y1 (fst (add (22, y2) (i (22, y2))))
(snd (add (22, y2) (i (22, y2)))) # 0
using inv unfolding delta-def delta-plus-def delta-minus-def by simp
moreover have add (21, y1) (add (22, y2) (i (22, y2))) = (z1, y1)
using inv neutral by presburger
ultimately show #thesis
using add-ext-add-add-assoc-points| OF in-aff (1,2),
of fst (i (2,y2)) snd (i (22,y2))]
using in-aff (8) pd True pd’ r-expr by force
next
case Fulse
then have ds”: delta’ 2 y2 12 (— y2) # 0
using ds by auto
have inv: ext-add (22, y2) (i (22, y2)) = (1,0)
using ext-add-inverse 1 by simp
have delta z1 y1 (fst (ext-add (22, y2) (i (22, y2))))
(snd (ext-add (z2, y2) (i (22, y2)))) # 0
using inv unfolding delta-def delta-plus-def delta-minus-def by simp
moreover have add (z1, y1) (ext-add (22, y2) (i (22, y2))) = (z1, y1)
using inv neutral by presburger
ultimately
show ?thesis
using add-ext-add-ext-assoc-points[of x1 yI 2 y2
fst (i (z2,y2)) snd (i (22,y2))]
using in-aff pd ds’ pd’ r-expr by force
qed
show ?thesis
using add-assoc e-proj(5) e-proj-r gluing-add pd’ r-expr zor-def
by (auto simp add: gluing-ext-add e-proj pd)
next
case cc
then have pd": delta’ rz ry (fst (i (22,y2))) (snd (i (22,y2))) # 0
using cc unfolding e’-aff-1-def r-expr by simp
have add-assoc: ext-add (ext-add (z1, y1) (22, y2)) (i (22, y2)) = («1,y1)
proof(cases delta z2 y2 z2 (—y2) # 0)
case True
have inv: add (22, y2) (i (22, y2)) = (1,0)
using inverse-generalized|OF in-aff (2)] True
unfolding delta-def delta-minus-def delta-plus-def by auto
have delta z1 y1 (fst (add (22, y2) (i (22, y2))))
(snd (add (22, y2) (i (22, y2)))) # 0
using inv unfolding delta-def delta-plus-def delta-minus-def by simp
moreover have add (z1, y1) (add (22, y2) (i (22, y2))) = («1, y1)
using inv neutral by presburger
ultimately show ?thesis
using ext-ext-add-add-assoc-points| OF in-aff (1,2), of fst (i (x2,y2)) snd
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(i (s2,92))]
using in-aff (3) pd True pd’ r-expr by force
next
case Fulse
then have ds”: delta’ 2 y2 22 (— y2) # 0
using ds by auto
have inv: ext-add (22, y2) (i (22, y2)) = (1,0)
using ext-add-inverse 1 by simp
have delta z1 y1 (fst (ext-add (22, y2) (i (22, y2))))
(snd (ext-add (z2, y2) (i (22, y2)))) # 0
using inv unfolding delta-def delta-plus-def delta-minus-def by simp
moreover
have add (21, y1) (ext-add (22, y2) (i (22, y2))) = («1, y1)
using inv neutral by presburger
ultimately show “thesis
using ext-ext-add-ext-assoc-pointsof x1 y1 x2 y2 fst (i (x2,y2)) snd (i
(22,y2))]
using in-aff pd ds’ pd’ r-expr by force
qed

show ?thesis
using add-assoc e-proj(5) e-proj-r eql gluing-ext-add-points pd’ r-expr(3)
zor-def
by auto
qed
qged
next
case 2
then have (3 r € rotations. (z1,y1) = r (1,0)) V (3 r € rotations. (z2,y2)
=r (1,0))
using in-aff (1,2) unfolding e’-aff-def e’-def
apply (safe)
unfolding rotations-def
by (simp,algebra)+
then consider
(a) (3 r € rotations. (z1,yl) = r (1,
(b) (3 r € rotations. (x2,y2) = r (1,
then show ?thesis
proof (cases)
case a
then obtain r where rot-expr: r € rotations (z1, y1) = r (1, 0) by blast

0)) |
0)) by argo

have proj-addition (gluing “ {((x1, y1), False)}) (gluing ““ {((z2, y2),
False)}) =
proj-addition (tf r (gluing ““ {((1, 0), False)})) (gluing *“ {((x2, y2),
False)})
using remove-rotations|OF one-in rot-expr(1)] rot-expr(2) by presburger
also have ... = tf r (proj-addition (gluing “ {((1, 0), False)}) (gluing
{((«#2, y2), False)}))
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using remove-add-rotation assms rot-expr one-in by presburger
also have ... = ¢f r (gluing ““ {((z2, y2), False)})
using proj-add-class-identity
by (simp add: e-proj(2) identity-equiv)
finally have eql: proj-addition (gluing * {((x1, y1), False)}) (gluing
{((#2, y2), False)}) =
tf v (gluing ““ {((z2, y2), False)}) by argo

have proj-addition (proj-addition (gluing ““ {((z1, y1), False)}) (gluing
{((22, y2), Fulse)}))
(gluing ““ {(7 (z2, y2), False)}) =
proj-addition (tf r (gluing *“ {((z2, y2), False)})) (gluing ““ {(i (22,
y2), False)})
using eq! by argo
also have ... = tf r (proj-addition (gluing ““ {((z2, y2), False)}) (gluing *
{(i (2, y2), False)}))
using remove-add-rotation rot-expr well-defined proj-addition-def assms
one-in by simp
also have ... = tf r (gluing “ {((1, 0), False)})
using proj-addition-def proj-add-class-inv assms zor-def
by (simp add: identity-equiv)
finally have eq2: proj-addition (proj-addition (gluing ““ {((z1, y1), False)})
(gluing * {((s2, y2), Fulse)}))
(gluing < {(7 (22, y2), False)}) =
tf v (gluing “ {((1, 0), False)}).
show %thesis
using eq2 one-in remove-rotations rot-expr by auto
next
case b
then obtain r where rot-expr: r € rotations (¢2, y2) = r (1, 0) by blast
then obtain r’ where rot-expr’. r' € rotations i (22, y2) =1r' (i (1, 0)) r
or'=1id
using rotations-i-inverse[ OF rot-expr(1)]
by (metis comp-def id-def rot-inv)
have proj-addition (gluing ““ {((x1, y1), False)}) (gluing ““ {((22, y2),
False)}) =
proj-addition (gluing ““ {((x1, y1), False)}) (tf r (gluing “ {((1, 0),
False)}))
using remove-rotations|OF one-in rot-expr(1)] rot-expr(2) by presburger
also have ... = tf r (proj-addition (gluing ““ {((z1, y1), False)}) (gluing *
{((1, 0), False)}))
using remove-add-rotation assms rot-expr one-in
by (metis proj-addition-comm remove-rotations)
also have ... = tf r (gluing ““ {((z1, y1), False)})
using proj-add-class-identity assms
identity-equiv one-in proj-addition-comm by metis
finally have eql: proj-addition (gluing *“ {((x1, y1), False)}) (gluing
(52, y2), Fulse)}) =
tf v (gluing ““ {((z1, y1), False)}) by argo
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have proj-addition (proj-addition (gluing *“ {((x1, y1), False)}) (gluing *
(22, y2), Faise)}))
(gluing ““ {(i (z2, y2), False)}) =
proj-addition (tf r (gluing ““ {((z1, y1), False)})) (gluing ““ {(i (22,
y2), False)})
using eq! by argo
also have ... = #f r (proj-addition (gluing ““ {((z1, y1), False)}) (gluing *
{(i (52, y2), False)}))
using remove-add-rotation rot-expr well-defined proj-addition-def assms
one-in by simp
also have ... = tf r (proj-addition (gluing * {((x1, y1), False)}) (tf r’
(gluing “*{(i (1, 0), False)})))
using remove-rotations one-in rot-expr’ by simp
also have ... = tf r (tf v’ (proj-addition (gluing ** {((z1, y1), False)})
(gluing * {(i (1, 0), False)})))
using proj-add-class-inv assms
by (metis insert-rotation-gluing-point one-in proj-addition-comm re-
move-add-rotation rot-expr'(1) rot-expr’(2))
also have ... = tf (id) (proj-addition (gluing ““ {((x1, y1), False)}) ((gluing
“{((1, 0), False)}))
using tf-comp rot-expr’ by force
also have ... = (gluing ““ {((z1, y1), False)})
by (simp add: assms(1) identity-equiv identity-proj proj-add-class-identity
proj-addition-comm tf-id)
finally have eq2: proj-addition (proj-addition (gluing ““ {((x1, y1), False)})

(gluing “ {((32, y2), False)})) (gluing “ {(i (2,
y2), False)}) =
(gluing ““ {((x1, y1), False)}).
show ?thesis
using eq2 by blast
qed
qed
qed

lemma e’-aff-0-invariance:
((z,9),(z"y") € eaff-0 = ((z',y'),(z,y)) € e’-aff-0
unfolding e’-aff-0-def
apply(subst (1) prod.collapse[symmetric])
apply (simp)
unfolding delta-def delta-plus-def delta-minus-def
by algebra

lemma e’-aff-1-invariance:
((z,y),(z"y") € e-aff-1 = ((z'y").(z,y)) € e’-aff-1
unfolding e’-aff-1-def
apply(subst (1) prod.collapse[symmetric])
apply (simp)
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unfolding delta’-def delta-z-def delta-y-def
by algebra

lemma assoc-1:
assumes gluing ‘“ {((z1, y1), False)} € e-proj
gluing ““ {((z2, y2), False)} € e-proj
gluing ““ {((z3, y3), False)} € e-proj
assumes a: g € symmetries (22, y2) = (g o i) (x1, y1)
shows
proj-addition (gluing ““ {((z1, y1), False)}) (gluing *“ {((z2, y2), False)}) =
tf" (o g) {((1,0),False)} (is proj-addition ?g1 292 = -)
proj-addition (proj-addition (gluing ““ {((z1, y1), False)}) (gluing ““ {((z2, y2),
False)})) (gluing ““ {((z3, y3), False)}) =
tf" (r o g) (gluing *“ {((23, y3), False)})
proj-addition (gluing ““ {((x1, y1), False)}) (proj-addition (gluing ““ {((z2, y2),
False)}) (gluing ““ {((x3, y3), False)})) =
tf" (1 o g) (gluing ““ {((z3, y3), False)}) (is proj-addition ?g1 (proj-addition
292 293) = -)
proof —
have in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff (28,y3) € e’-aff
using assms(1,2,3) e-proj-aff by auto

have one-in: {((1, 0), False)} € e-proj
using identity-proj by force

have rot: 7 o g € rotations using sym-to-rot assms by blast

obtain e-proj: gluing ““ {(g (i (z1, y1)), False)} € e-proj
gluing “ {(¢ (x1, y1), False)} € e-proj (is %igl € -)
proj-addition (gluing “ {(i (z1, y1), False)}) (gluing *“ {((3, y3),
False)}) € e-proj
using assms proj-add-class-inv-point(2) well-defined by force

show 1: proj-addition 291 292 = tf" (7 o g) {((1,0),False)}
proof —
have eql: %92 = tf" (1 o g) %igl
using assms e-proj(2) remove-sym by auto
have eq2: proj-addition 291 (tf" (7 o g) %igl) =
tf"” (1 o g) (proj-addition %91 %igl)
using assms(1) e-proj(2) proj-addition-comm remove-add-sym rot tf "'-preserv-e-proj
by fastforce
have eq3: tf" (1 o g) (proj-addition ?q1 ?igl) = tf" (7 o g) {((1,0),False)}
using assms(1) proj-add-class-inv zor-def by auto
show ?thesis using eql eq2 eq3 by presburger
qed

have proj-addition (proj-addition ?g1 ?92) %93 =

proj-addition (tf"" (7 o g) {((1,0),False)}) ?g3
using 1 by force
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also have ... = tf"" (1 o g) (proj-addition ({((1,0),False)}) %93)
by (simp add: assms(3) one-in remove-add-sym rot)

also have ... = tf"”' (1 o g) %93
using assms(3) identity-equiv proj-add-class-identity by simp

finally show 2: proj-addition (proj-addition 291 292) 293 = tf"' (1 o g) %93
by blast

have proj-addition 991 (proj-addition 292 ?¢8) =
proj-addition ?g1 (proj-addition (gluing ““ {(g (¢ (z1, y1)), False)}) 2¢43)
using assms by simp
also have ... = proj-addition %91 (tf" (7 o g) (proj-addition (gluing ““ {(i (=1,
yl), False)}) 293))
proof —
have eql: gluing “{(g (i (1, y1)), False)} = tf" (7 o g) %igl
using assms(4) e-proj(1,2) remove-sym by force
have eq2: proj-addition (tf" (1 o g) %igl) 298 =
tf" (1 o g) (proj-addition ?igl ?93)
using assms(3) e-proj(2) ext-curve-addition.remove-add-sym ext-curve-addition-azioms
rot

by blast
show ?thesis using eql eq2 by presburger
qed
also have ... = #f"' (1 o g) (proj-addition ?91 (proj-addition ?igl ?¢3))

by (metis (no-types, lifting) 1 assms(1,2) e-proj(3) one-in proj-add-class-identity
proj-addition-comm remove-add-sym rot well-defined)

also have ... = tf" (1 o g) %93
proof —

have proj-addition 991 (proj-addition %igl ?43) = %93

by (metis assms(1,3) cancellation-assoc e-proj(2,8) i.simps i-idemp-explicit
proj-addition-comm)

then show ?thesis by argo
qed
finally show 3: proj-addition 991 (proj-addition 292 2¢93) =

tf" (1 o g) %93 by blast
qed

lemma assoc-11:
assumes gluing “ {((z1, y1), False)} € e-proj
gluing ““ {((z2, y2), False)} € e-proj
gluing ““ {((z8, y3), False)} € e-proj
assumes a: g € symmetries (z8, y3) = (g o i) (22, y2)
shows
proj-addition (proj-addition (gluing ““ {((z1, y1), False)}) (gluing ““ {((z2, y2),
False)})) (gluing * {((13, y3), False)}) =
proj-addition (gluing ““ {((x1, y1), False)}) (proj-addition (gluing ““ {((z2, y2),
False)}) (gluing ““ {((x3, y3), False)}))
(is proj-addition (proj-addition 291 292) 293 = -)
proof —
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have in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff (23,y3) € e’-aff
using assms(1,2,3) e-proj-aff by auto

have one-in: {((1, 0), False)} € e-proj
using identity-equiv identity-proj by auto

have rot: 7 o g € rotations using sym-to-rot assms by blast

obtain e-proj: gluing ““ {(g (i (22, y2)), False)} € e-proj
gluing ““ {(i (22, y2), False)} € e-proj (is %ig2 € -)
proj-addition ?g1 292 € e-proj
using assms proj-add-class-inv(2) well-defined by force

have eql: 293 = tf" (1 o g) ?ig2

using assms e-proj(2) remove-sym by auto
have eq2: proj-addition (proj-addition ?g1 292) (tf"” (1 o g) %ig2) =

tf" (1 o g) 291

apply(subst (2) proj-addition-comm)

using e-proj eql assms(3) apply(simp,simp)

apply (subst remove-add-sym)

using e-proj rot apply(simp,simp,simp)

apply(subst proj-addition-comm)

using e-proj apply(simp,simp)

apply (subst cancellation-assoc)

using assms(1,2) e-proj by(simp,simp,simp,simp)
have eq3: proj-addition 292 (tf" (7 o g) %ig2) =

i (v o g) {((1, 0), False)}

apply(subst proj-addition-comm)

using e-proj eql assms(2,3) apply(simp,simp)

apply (subst remove-add-sym)

using e-proj rot assms(2) apply(simp,simp,simp)

apply (subst proj-addition-comm)

using e-proj eql assms(2,3) apply(simp,simp)

apply (subst proj-add-class-inv(1))

using assms(2) apply blast

using zor-def by simp

have tf"" (1 o g) {((1, 0), False)} € e-proj
using tf ’-preserv-e-proj| OF - rot] one-in identity-equiv by metis

then show ?thesis
by (metis assms(1) eql eq2 eq3 i.simps identity-proj proj-add-class-identity
proj-addition-comm remove-add-sym rot)
qed

lemma assoc-111-add:
assumes gluing ““ {((z1, y1), False)} € e-proj
gluing ““ {((z2, y2), False)} € e-proj
gluing ““ {((z3, y3), False)} € e-proj
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assumes 22: gcsymmetries (z1, y1) = (g o 1) (add (22,y2) (z3,y3)) (22, y2),
x3, y3) € e’-aff-0
shows
proj-addition (proj-addition (gluing ““ {((z1, y1), False)}) (gluing ““ {((z2, y2),
False)})) (gluing ““ {((z3, y3), False)}) =
proj-addition (gluing ““ {((z1, y1), False)}) (proj-addition (gluing *“ {((x2, y2),
False)}) (gluing ““ {((x3, y3), False)}))
(is proj-addition (proj-addition 291 992) %93 = -)
proof —
have in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff (23,y3) € e’-aff
using assms(1,2,3) e-proj-aff by auto

have e-proj-0: gluing ““ {(i (z1,y1), False)} € e-proj (is ?igl € -)
gluing ““ {(i (2,y2), Fulse)} € e-proj (is %ig2 € -)
gluing < {(i (3,y3), False)} € e-proj (is %ig3 € -)
using assms proj-add-class-inv by blast+

have p-delta: delta x2 y2 3 y3 # 0
delta (fst (i (2,y2))) (snd (i (22,y2)))
(fst (i (3,93))) (snd (i (23,y3))) # 0
using 22 unfolding e’-aff-0-def apply simp
using 22 unfolding e’-aff-0-def delta-def delta-plus-def delta-minus-def by
simp

define add-2-3 where add-2-3 = add (22,y2) (z3,y3)
have add-in: add-2-3 € e’-aff
unfolding e’-aff-def add-2-3-def
apply(simp del: add.simps)
apply (subst (2) prod.collapse[symmetric])
apply(standard)
apply(simp del: add.simps add: e-e'-iff [symmetric))
apply(subst add-closure)
using in-aff e-e’-iff 22 unfolding e’-aff-def e’-aff-0-def delta-def by (fastforce)+
have e-proj-2-8: gluing *“ {(add-2-3, False)} € e-proj
gluing ““ {(i add-2-3, False)} € e-proj
using add-in add-2-3-def e-proj-aff apply simp
using add-in add-2-3-def e-proj-aff proj-add-class-inv by auto

from 22 have g-expr: g € symmetries (z1,yl) = (g o i) add-2-3 unfolding
add-2-3-def by auto
then have rot: 7 o g € rotations using sym-to-rot by blast

have e-proj-2-3-g: gluing ““ {(g (i add-2-3), False)} € e-proj
using e-proj-2-3 g-expr assms(1) by auto

have proj-addition 991 (proj-addition 292 2¢3) =
proj-addition (gluing ““ {((g o %) add-2-3, False)}) (proj-addition %92 ?¢3)
using g-expr by simp
also have ... = proj-addition (gluing ““ {((g o i) add-2-3, False)}) (gluing
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{(add-2-3, False)})
using gluing-add add-2-3-def p-delta assms(2,3) zor-def by force
also have ... = tf"" (1 o g) (proj-addition (gluing *“ {(i add-2-3, False)}) (gluing
“{(add-2-3, False)}))
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply(subst remove-sym,)
using g-expr e-proj-2-3 e-proj-2-3-g apply (simp,simp,simp)
apply(subst remove-add-sym)
using e-proj-2-3 e-proj-2-3-g rot by auto
also have ... = tf" (1 o g) {((1,0), False)}
apply(subst proj-addition-comm)
using add-2-3-def e-proj-2-8(1) proj-add-class-inv zor-def by auto
finally have eql: proj-addition 291 (proj-addition 292 %¢93) =
tf" (1 o g) {((1,0), False)}
by auto

have proj-addition (proj-addition %91 292) 293 =

proj-addition (proj-addition (gluing ““ {((g o i) add-2-3, False)}) ?92) %98
using g-expr by argo

also have ... = proj-addition (tf" (7 o g)

(proj-addition (gluing ““ {(i add-2-3, False)}) ?92)) %93
apply(subst comp-apply,subst (2) prod.collapse[symmetric])
apply(subst remove-sym)
using g-expr e-proj-2-3 e-proj-2-3-g apply(simp,simp,simp)
apply (subst remove-add-sym)
using e-proj-2-8 e-proj-2-3-g assms(2) rot by auto

also have ... = proj-addition (tf" (7 o g)

(proj-addition (proj-addition 2ig2 %ig3) 292)) 293
unfolding add-2-3-def
apply (subst inverse-rule-3)
using gluing-add e-proj-0 p-delta zor-def by force

also have ... = proj-addition (tf"" (1 o g) %ig3) %93
using cancellation-assoc
proof —

have proj-addition 292 (proj-addition ?ig3 ?ig2) = %ig3
by (metis (no-types, lifting) assms(2) cancellation-assoc e-proj-0(2) e-proj-0(3)
i.simps i-idemp-explicit proj-addition-comm well-defined)
then show ?thesis
using assms(2) e-proj-0(2) e-proj-0(3) proj-addition-comm well-defined by
auto
qed
also have ... = tf"” (1 o g) (proj-addition %ig3 ?93)
apply(subst remove-add-sym)
using assms(3) rot e-proj-0(8) by auto
also have ... = tf” (1 o g) {((1,0), False)}
apply (subst proj-addition-comm)
using assms(3) proj-add-class-inv zor-def by auto
finally have eq2: proj-addition (proj-addition g1 2g2) 298 =
tf"" (o g) {((1,0), False)} by blast
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show ?thesis using eql eq2 by argo
qed

lemma assoc-111-ext-add:
assumes gluing ‘“ {((z1, y1), False)} € e-proj
gluing ““ {((z2, y2), False)} € e-proj
gluing ““ {((z3, y3), False)} € e-proj
assumes 22: gesymmetries (x1, y1) = (g o 1) (ext-add (z2,y2) (23,y3)) ((z2,
y2), 28, y3) € e’-aff-1
shows
proj-addition (proj-addition (gluing ““ {((z1, y1), False)}) (gluing ““ {((z2, y2),
False)})) (gluing ““ {((z3, y3), False)}) =
proj-addition (gluing ““ {((z1, y1), False)}) (proj-addition (gluing “ {((z2, y2),
False)}) (gluing ““ {((x3, y3), False)}))
(is proj-addition (proj-addition ?g1 2g2) 293 = -)
proof —
have in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff (23,y3) € e’-aff
using assms(1,2,3) e-proj-aff by auto

have one-in: gluing ““ {((1, 0), False)} € e-proj
using identity-equiv identity-proj by force

have e-proj-0: gluing ““ {(i (z1,y1), False)} € e-proj (is ?igl € e-proj)
gluing ““ {(i (22,y2), False)} € e-proj (is %ig2 € e-proj)
gluing ““ {(¢ (23,y8), Fualse)} € e-proj (is ?ig3 € e-proj)
using assms proj-add-class-inv by blast+

have p-delta: delta’ 2 y2 13 y3 # 0
delta’ (fst (i (22,92))) (snd (i (22,y2)))
(st (i (33,93))) (snd (i (a3,93))) £ 0
using 22 unfolding e’-aff-1-def apply simp
using 22 unfolding e’-aff-1-def delta’-def delta-z-def delta-y-def by force

define add-2-8 where add-2-3 = ext-add (z2,y2) (23,y3)
have add-in: add-2-3 € e’-aff
unfolding e’-aff-def add-2-3-def
apply(simp del: ext-add.simps)
apply (subst (2) prod.collapse[symmetric])
apply(standard)
apply(subst ext-add-closure)
using in-aff 22 unfolding e’-aff-def e’-aff-1-def by(fastforce)+

have e-proj-2-3: gluing *“ {(add-2-3, False)} € e-proj
gluing ““ {(i{ add-2-3, False)} € e-proj

using add-in add-2-3-def e-proj-aff apply simp
using add-in add-2-3-def e-proj-aff proj-add-class-inv by auto

from 22 have g-expr: g € symmetries (z1,y1) = (g o i) add-2-3 unfolding
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add-2-3-def by auto
then have rot: 7 o g € rotations using sym-to-rot by blast

have e-proj-2-3-g: gluing ““ {(g (i add-2-3), False)} € e-proj
using e-proj-2-8 g-expr assms(1) by auto

have proj-addition 991 (proj-addition 292 298) =
proj-addition (gluing “ {((g o ) add-2-3, False)}) (proj-addition 292 293)
using g-expr by simp
also have ... = proj-addition (gluing ““ {((g o i) add-2-3, False)}) (gluing
{(add-2-3, False)})
using gluing-ext-add add-2-3-def p-delta assms(2,3) xzor-def by force
also have ... = tf"" (1 o g) (proj-addition (gluing *“ {(i add-2-3, False)}) (gluing
“{(add-2-3, False)}))
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply(subst remove-sym,)
using g-expr e-proj-2-3 e-proj-2-3-g apply(simp,simp,simp)
apply(subst remove-add-sym)
using e-proj-2-3 e-proj-2-3-g rot by auto
also have ... = tf" (7 o g) {((1,0), False)}
apply(subst proj-addition-comm)
using add-2-3-def e-proj-2-8(1) proj-add-class-inv zor-def by auto
finally have eql: proj-addition 291 (proj-addition 292 2¢93) =
§" (v o g) {((1,0), False)}
by auto

have proj-addition (proj-addition %91 292) 293 =
proj-addition (proj-addition (gluing ““ {((g o i) add-2-3, False)}) 292) 293
using g-expr by argo
also have ... = proj-addition (tf" (7 o g)

(proj-addition (gluing ““ {(i add-2-3, False)}) ?92)) %93
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply(subst remove-sym)
using g-expr e-proj-2-3 e-proj-2-3-g apply (simp,simp,simp)
apply(subst remove-add-sym)
using e-proj-2-8 e-proj-2-3-g assms(2) rot by auto

also have ... = proj-addition (tf" (1 o g)
(proj-addition (proj-addition 2ig2 2ig3) 292)) 293
unfolding add-2-3-def
apply (subst inverse-rule-4)
using gluing-ext-add e-proj-0 p-delta zor-def by force
also have ... = proj-addition (tf" (7 o g) %ig3) %93
proof —
have proj-addition 292 (proj-addition %ig3 ?ig2) = %ig3
apply (subst proj-addition-comm)
using assms e-proj-0 well-defined apply(simp,simp)
apply (subst cancellation-assoc|of fst (i (z3,y3)) snd (i (23,y3))
fst (i (z2,y2)) snd (i (22,y2)),
simplified prod.collapse i-idemp-explicit))
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using assms e-proj-0 by auto
then show ?thesis
using assms(2) e-proj-0(2) e-proj-0(3) proj-addition-comm well-defined by
auto
qged
also have ... = tf"” (1 o g) (proj-addition ?ig3 ?93)
apply(subst remove-add-sym)
using assms(3) rot e-proj-0(3) by auto
also have ... = tf" (1 o g) {((1,0), False)}
using assms(3) proj-add-class-inv proj-addition-comm zor-def by auto
finally have eq2: proj-addition (proj-addition g1 2g2) 298 =
tf"” (1 o g) {((1,0), False)} by blast

show ?thesis using eql eq2 by argo
qed

lemma assoc-with-zeros:
assumes gluing “ {((z1, y1), False)} € e-proj
gluing ““ {((z2, y2), False)} € e-proj
gluing ““ {((z8, y3), False)} € e-proj
shows proj-addition (proj-addition (gluing ““ {((z1, y1), False)}) (gluing
{((=2, y2), False)}))
(gluing *“ {((s5, y3), False)}) =
proj-addition (gluing ““ {((z1, y1), False)})
(proj-addition (gluing ““ {((z2, y2), False)}) (gluing *“ {((z3,
y3), False)}))
(is proj-addition (proj-addition ?g1 292) 293 =
proj-addition ?g1 (proj-addition 992 293))
proof —
have in-aff: (z1,y1) € e’-aff (22,y2) € e’-aff (28,y3) € e’-aff
using assms(1,2,3) e-proj-aff by auto

have e-proj-0: gluing ““ {(i (z1,y1), False)} € e-proj (is ?igl € e-proj)
gluing ““ {(i (22,y2), False)} € e-proj (is %ig2 € e-proj)
gluing ““ {(i (3,y3), False)} € e-proj (is ?ig3 € e-proj)
using assms proj-add-class-inv by auto

consider

(1) (3 gesymmetries. (2, y2) = (g o ©) (x1, y1)) |

(2) ((‘7127 y]), (EQ, yg) € e/_aﬁ'O

- ((3 gesymmetries. (22, y2) = (g o i) (z1, y1))) |
(3) ((x1, y1), 22, y2) € e’-aff-1
- (( gesymmetries. (22, y2) = (g o i) (x1, y1))) ((z1, y1), 22, y2) ¢
e’-aff-0

using dichotomy-1 in-aff by blast
then show ?thesis
proof (cases)

case ! then show ?thesis using assoc-1(2,3) assms by force
next
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case 2
have p-delta-1-2: delta z1 y1 22 y2 # 0
delta (fst (i (z1, y1))) (snd (i (z1, y1)))
(fst (i (2, y2))) (snd (i (22, y2))) # 0
using 2 unfolding e’-aff-0-def apply simp
using 2 in-aff unfolding e’-aff-0-def delta-def delta-minus-def delta-plus-def

by auto

define add-1-2 where add-1-2 = add (1, y1) (22, y2)
have add-in-1-2: add-1-2 € e’-aff
proof —
have e (fst (add (z1, y1) (22, y2))) (snd (add (z1, y1) (22, y2))) = 0
apply(rule add-closure)
using in-aff p-delta-1-2(1) e-e’-iff
by (force simp: delta-def e’-aff-def )+
then show ?thesis
using add-1-2-def add-closure-points in-aff p-delta-1-2(1) by blast
qed
have e-proj-1-2: gluing *“ {(add-1-2, False)} € e-proj
gluing ““ {(i add-1-2, False)} € e-proj
using add-in-1-2 add-1-2-def e-proj-aff proj-add-class-inv by auto

consider
(11) (3 gesymmetries. (3, y3) = (g o i) (22, y2)) |
(22) ((z2, y2), (28, y3)) € e’-aff-0
= ((3 gesymmetries. (z3, y3) = (g o 7) (22, y2))) |
(33) ((z2, y2), (23, y3)) € e’-aff-1
~ (3 gesymmetries. (z3, y3) = (g 0 1) (32, 42))) (12, ¥2), (33, 43)) ¢
e’-aff-0
using dichotomy-1 in-aff by blast
then show ?thesis
proof (cases)
case 11
then obtain g where g-expr: g € symmetries (23, y8) = (g o i) (22, y2)
by blast
then show ?thesis using assoc-11 assms by force
next
case 22
have p-delta-2-3: delta z2 y2 x3 y3 # 0
delta (fst (i (22,92))) (snd (i (22,y2)))
(fst (i (23,y3))) (snd (i (23,y3))) # 0
using 22 unfolding e’-aff-0-def delta-def delta-plus-def delta-minus-def by

auto

define add-2-3 where add-2-8 = add (22,y2) (28,y3)

have e (fst (add (22, y2) (28, y3))) (snd (add (22, y2) (23, y3))) = 0
apply(subst add-closure)

using in-aff e-e¢’-iff 22 unfolding e’-aff-def e’-aff-0-def delta-def by (fastforce)+
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then have add-in: add-2-3 € e’-aff
unfolding e’-aff-def add-2-3-def
by (metis add-closure-points e’-aff-def in-aff (2,3) p-delta-2-3(1))
have e-proj-2-3: gluing ““ {(add-2-3, False)} € e-proj
gluing ““ {(i add-2-3, False)} € e-proj
using add-in add-2-3-def e-proj-aff apply simp
using add-in add-2-3-def e-proj-aff proj-add-class-inv by auto

consider
(111) (3 gesymmetries. (x1,y1) = (g o i) add-2-3) |
(222) (add-2-3, (z1,y1)) € e’-aff-0 — ((3 gesymmetries. (z1,y1) = (g o 7)
add-2-3)) |
(833) (add-2-3, (x1,y1)) € e’-aff-1 — ((3 g€symmetries. (z1,y1) = (g o 1)
add-2-3))
(add-2-3, (z1,y1)) ¢ e’-aff-0
using add-in in-aff dichotomy-1 by blast
then show ?thesis
proof (cases)
case 111
then show ?thesis using assoc-111-add using 22(1) add-2-3-def assms(1)
assms(2) assms(3) by blast
next
case 222
have assumps: ((z1, y1),add-2-3) € e’-aff-0
by (metis 222(1) e’-aff-0-invariance surj-pair)

consider
(1111) (3 gesymmetries. (x3,y3) = (g o i) add-1-2) |
(2222) (add-1-2, (23,y3)) € e’-aff-0 — ((3 g€symmetries. (x3,y3) = (g o
i) add-1-2)) |
(3333) (add-1-2, (23,y3)) € e’-aff-1
= ((3 gesymmetries. (z3,y3) = (g o i) add-1-2)) (add-1-2, (23,y3))
¢ e'-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
then show ?thesis
proof(cases)
case 1111
then obtain g where g-expr: g € symmetries (z3, y3) = (g o %) add-1-2
by blast
then have rot: 7 o g € rotations using sym-to-rot assms by blast

have proj-addition (proj-addition ?g1 992) 293 =
proj-addition (gluing *‘ {(add-1-2, False)}) (gluing *“ {((g o 7) add-1-2,
False)})
using g-ezpr p-delta-1-2 gluing-add assms(1,2) add-1-2-def zor-def by
force
also have ... = tf” (1 o g) ({((1, 0), False)})
apply (subst proj-addition-comm)
using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
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apply (subst comp-apply,subst (2) prod.collapse[symmetric))

apply (subst remove-sym,)

using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
by (simp add: e-proj-1-2(1,2) ext-curve-addition.proj-add-class-inv-point(1)

ext-curve-addition.proj-addition-comm ext-curve-addition-axioms
remove-add-sym rot
zor-def)
finally have eql: proj-addition (proj-addition 291 292) 298 =
tf" (r o g) ({((1, 0), False)}) by blast

have proj-addition 291 (proj-addition 292 2¢93) =
proj-addition ?g1 (proj-addition 292 (gluing ““ {((g o ) add-1-2,

False)}))
using g-expr by auto
also have ... = proj-addition 791
(tf"" (T o g)
(proj-addition (gluing ““ {(add (i (x1, y1)) (i (22, y2)),
False)})

?92))
apply (subst comp-apply,subst (6) prod.collapse[symmetric])
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
using add-1-2-def assms(2) e-proj-1-2(2) inverse-rule-3 proj-addition-comm
remove-add-sym
rot tf"'-preserv-e-proj by fastforce

also have ... = proj-addition ?g1 (tf"' (7 o g)
(proj-addition (proj-addition %igl %ig2)
?92))

proof —

have gluing ““ {(add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?igl %ig2
using gluing-add[symmetric,of fst (i (z1,y1)) snd (i (x1,y1)) False
fst (i (z2,y2)) snd (i (22,y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)

zor-def
by simp
then show ?thesis by presburger
qed
also have ... = proj-addition %91 (tf" (7 o g) %ig1)

using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = tf"' (1 o g) (proj-addition %91 %igl)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf""-preserv-e-proj by fastforce
also have ... = " (7 o g) ({((1, 0), False)})
using assms(1) proj-add-class-comm proj-add-class-inv zor-def by simp
finally have eq2: proj-addition ?q1 (proj-addition 292 ?93) =
tf" (o g) ({((1, 0), False)}) using zor-def by auto
then show ?thesis
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using eql eq2 by blast
next
case 2222
have proj-addition (proj-addition ?g1 ?92) 293 =
proj-addition (gluing ““ {(add (z1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def
by simp
also have ... = gluing “ {(add (add (21, y1) (22, y2)) (28, y3), False)}
apply (subst (2) prod.collapse[symmetric])
apply (subst gluing-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp, simp)
using 2222 unfolding e’-aff-0-def add-1-2-def zor-def by(simp,force)
also have ... = gluing ““ {(add (21, y1) (add (22, y2) (z3, y3)), False)}
apply(subst add-add-add-add-assoc)
using p-delta-1-2 p-delta-2-3(1) 2222(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by auto
also have ... = proj-addition %91 (gluing “ {(add (22, y2) (23, y3),
False)})
apply (subst (10) prod.collapse|symmetric))
apply(subst gluing-add)
using assms(1) e-proj-2-3(1) add-2-3-def assumps zor-def
unfolding e’-aff-0-def by(simp,simp,force,simp)
also have ... = proj-addition 991 (proj-addition 292 ?¢3)
by (simp add: assms(2,3) gluing-add p-delta-2-3(1) zor-def)
finally show ?thesis .
next
case 3333

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *“ {(add (z1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def
by simp
also have ... = gluing “ {(ext-add (add (z1, y1) (22, y2)) (23, y3),
False)}
apply (subst (2) prod.collapse[symmetric])
apply (subst gluing-ext-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply(simp,simp)
using 3333 unfolding e’-aff-1-def add-1-2-def zor-def by (simp,force)
also have ... = gluing ““ {(add (21, y1) (add (22, y2) (23, y3)), False)}
apply(subst ext-add-add-add-assoc)
apply (simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 3333(1) assumps in-aff
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unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by auto
also have ... = proj-addition ?g1
(gluing ““ {(add (z2, y2) (z3, y3), False)})
apply(subst (10) prod.collapse[symmetric])
apply(subst gluing-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-0-def by(simp,simp,force,simp)
also have ... = proj-addition ?g1 (proj-addition %92 ?¢43)
apply(subst gluing-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
qed
next
case 333
have assumps: ((z1, y1),add-2-3) € e’-aff-1
using 333(1) e’-aff-1-invariance add-2-3-def by auto

consider
(1111) (3 gesymmetries. (¢8,y3) = (g © 1) add-1-2) |
(2222) (add-1-2, (23,y3)) € e’-aff-0
= ((3 gesymmetries. (z3,y3) = (g o ) add-1-2)) |
(8838) (add-1-2, (23,y8)) € e’-aff-1
- ((3 gesymmetries. (¢8,y3) = (g o 1) add-1-2))
(add-1-2, (23,y3)) & e’-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
then show ?thesis
proof (cases)
case 1111
then obtain g where g-expr: g € symmetries (¢3, y3) = (g o i) add-1-2
by blast
then have rot: 7 o g € rotations using sym-to-rot assms by blast

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *“ {(add-1-2, False)}) (gluing ““ {((g o 7) add-1-2,
False)})
using g-ezpr p-delta-1-2 gluing-add assms(1,2) add-1-2-def zor-def by
force
also have ... = tf” (1 o g) {((Z, 0), False)}
apply (subst proj-addition-comm)
using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply (subst remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst remove-add-sym)
using e-proj-1-2 rot apply(simp,simp,simp)
apply (subst prod.collapse, subst (2 4) prod.collapse[symmetric])
using e-proj-1-2(1) e-proj-1-2(2) proj-add-class-inv-point(1) proj-addition-comm
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zor-def by auto
finally have eql: proj-addition (proj-addition 291 292) 298 =
tf"" (r o g) {((1, 0), False)} by blast

have proj-addition ?g1 (proj-addition 992 ?¢93) =
proj-addition ?g1 (proj-addition 292 (gluing ““ {((g o i) add-1-2,

False)}))
using g-expr by auto
also have ... = proj-addition ?gl1
(1" (7 o g)
(proj-addition (gluing *“ {(add (i (z1, y1)) (¢ (22, y2)),
False)})

?92))
apply (subst comp-apply,subst (6) prod.collapse[symmetric])
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst prod.collapse)
apply(subst (2) proj-addition-comm)
using assms(2) apply simp
using tf"'-preserv-e-proj rot e-proj-1-2(2)
apply (metis prod.collapse)
apply (subst remove-add-sym)
using assms(2) e-proj-1-2(2) rot apply(simp,simp,simp)
unfolding add-1-2-def
by (subst inverse-rule-3,blast)
also have ... = proj-addition ?g1 (tf"' (7 o g)
(proj-addition (proj-addition %igl ?ig2) 2g2))
proof —
have gluing ““ {(add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?ig1 %ig2
using gluing-add[symmetric, of fst (i (x1,y1)) snd (i (z1,yl)) False
fst (i (22, y2)) snd (i (2, y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)

zor-def
by simp
then show ?Zthesis by presburger
qged
also have ... = proj-addition %91 (tf" (7 o g) %igl)

using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = tf"' (1 o g) (proj-addition ?g1 %igl)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf"-preserv-e-proj by fastforce
also have ... = tf" (1 o g) {((1, 0), False)}
using assms(1) proj-add-class-comm proj-addition-def proj-add-class-inv
zor-def by simp
finally have eq2: proj-addition ?q1 (proj-addition 292 ?93) =
tf"" (o g) {((1, 0), False)} using zor-def by auto
then show ?thesis using eql eq2 by blast
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next

case 2222

have proj-addition (proj-addition ?g1 ?92) 293 =
proj-addition (gluing ““ {(add (z1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def
by simp
also have ... = gluing “ {(add (add (21, y1) (22, y2)) (28, y3), False)}
apply (subst (2) prod.collapse[symmetric])
apply (subst gluing-add)
apply (subst prod.collapse)
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp, simp)
using 2222 unfolding e’-aff-0-def add-1-2-def zor-def by(simp,force)

also have ... = gluing “ {(ext-add (x1, y1) (add (22, y2) (28, y3)),
False)}

apply(subst add-add-ext-add-assoc)

apply (simp,simp)

apply (subst prod.collapse[symmetric],subst prod.inject,fast)+

using p-delta-1-2 p-delta-2-3(1) 2222(1) assumps in-aff

unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def

add-1-2-def add-2-3-def e’-aff-def

by force+

also have ... = proj-addition ?g1 (gluing “ {(add (22, y2) (23, y3),
False)})

apply (subst (10) prod.collapse[symmetric))
apply (subst gluing-ext-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-1-def by(blast,auto)
also have ... = proj-addition 991 (proj-addition 292 ?93)
apply (subst gluing-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
next
case 3333
have proj-addition (proj-addition ?g1 ?92) 293 =
proj-addition (gluing ““ {(add (x1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def
by simp
also have ... = gluing “* {(ext-add (add (z1, y1) (22, y2)) (23, y3),
False)}
apply (subst (2) prod.collapse[symmetric])
apply (subst gluing-ext-add)
apply (subst prod.collapse)
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp,simp)
using 3333 unfolding e’-aff-1-def add-1-2-def zor-def by(simp,force)
also have ... = gluing “ {(ext-add (x1, y1) (add (22, y2) (23, y3)),
False)}
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apply(subst ext-add-ext-add-assoc)
apply (simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 3333(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by (force)+
also have ... = proj-addition ?g1 (gluing “ {(add (22, y2) (3, y3),
False)})
apply (subst (10) prod.collapse[symmetric))
apply (subst gluing-ext-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-1-def by(simp,simp,force,simp)
also have ... = proj-addition 991 (proj-addition 292 ?93)
apply (subst gluing-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
qed
qed
next
case 33
have p-delta-2-3: delta’ 2 y2 3 y3 # 0
delta’ (fst (i (22,y2))) (snd (i (22,y2)))
(fst (7 (a3,49))) (snd (i (a9,y9)) # 0
using 33 unfolding e’-aff-1-def apply simp
using 33 unfolding e’-aff-1-def delta’-def delta-z-def delta-y-def by force

define add-2-8 where add-2-3 = ext-add (z2,y2) (23,y3)
have add-in: add-2-3 € e’-aff

unfolding e’-aff-def add-2-3-def

apply(simp del: ext-add.simps)

apply(subst (2) prod.collapse[symmetric])

apply(standard)

apply(subst ext-add-closure)
using in-aff e-e’-iff 33 unfolding e’-aff-def e’-aff-1-def delta’-def by (fastforce)+
have e-proj-2-3: gluing ““ {(add-2-3, False)} € e-proj

gluing ““ {(i add-2-3, False)} € e-proj
using add-in add-2-3-def e-proj-aff proj-add-class-inv by auto

consider
(111) (3 gesymmetries. (x1,y1) = (g o i) add-2-3) |
(222) (add-2-3, (z1,y1)) € e’-aff-0
= ((3 gesymmetries. (z1,y1) = (g o i) add-2-3)) |
(333) (add-2-3, (x1,y1)) € e’-aff-1
= ((3 gesymmetries. (z1,y1) = (g o 7) add-2-3))
(add-2-8, (z1,y1)) & e’-aff-0
using add-in in-aff dichotomy-1 by blast
then show %thesis
proof (cases)

127



case 111
then show ?thesis using assoc-111-ext-add using 33(1) add-2-3-def
assms(1) assms(2) assms(3) by blast
next
case 222
have assumps: ((z1, y1),add-2-3) € e’-aff-0
apply(subst (8) prod.collapse[symmetric])
using 222 e’-aff-0-invariance by fastforce
consider
(1111) (3 gesymmetries. (¢8,y3) = (g o 1) add-1-2) |
(2222) (add-1-2, (23,y3)) € e’-aff-0
= ((3 gesymmetries. (z3,y3) = (g o ) add-1-2)) |
(8838) (add-1-2, (3,y8)) € e’-aff-1
- ((3 gesymmetries. (28,y3) = (g o 1) add-1-2)) (add-1-2, (23,y3))
¢ e’-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
then show ?thesis
proof (cases)
case 1111
then obtain g where g-expr: g € symmetries (z8, y3) = (g o i) add-1-2
by blast
then have rot: 7 o g € rotations using sym-to-rot assms by blast

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *“ {(add-1-2, False)}) (gluing ““ {((g o 7) add-1-2,
False)})
using g-ezpr p-delta-1-2 gluing-add assms(1,2) add-1-2-def zor-def by
force
also have ... = tf” (7 o g) {((Z, 0), False)}
apply (subst proj-addition-comm)
using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply (subst remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst remove-add-sym)
using e-proj-1-2 rot apply(simp,simp,simp)
apply (subst prod.collapse, subst (2 4) prod.collapse[symmetric])
apply (subst proj-addition-comm)
using e-proj-1-2 apply(simp,simp)
apply (subst proj-add-class-inv(1))
using e-proj-1-2 apply simp
using e-proj-1-2(1) zor-def by auto
finally have eql: proj-addition (proj-addition 291 292) 298 =
tf"” (1t o g) {((1, 0), False)} by blast

have proj-addition 991 (proj-addition 292 ?¢93) =
proj-addition 291 (proj-addition 292 (gluing ““ {((g o %) add-1-2,
False)}))

using g-ezpr by auto
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also have ... = proj-addition g1
(tf" (T o g)
(proj-addition (gluing ““ {(add (i (z1, y1)) (i (22, y2)),

792))
apply (subst comp-apply,subst (6) prod.collapse[symmetric))
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst prod.collapse)
apply (subst (2) proj-addition-comm,)
using assms(2) apply simp
using tf '-preserv-e-proj rot e-proj-1-2(2) apply (metis prod.collapse)
apply(subst remove-add-sym)
using assms(2) e-proj-1-2(2) rot apply(simp,simp,simp)
unfolding add-1-2-def
by (subst inverse-rule-3,blast)
also have ... = proj-addition %91 (tf" (7 o g)
(proj-addition (proj-addition %igl ?ig2) 2¢92))

False)})

proof —
have gluing ““ {(add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?igl ?ig2
using gluing-add|[symmetric, of fst (i (z1,y1)) snd (i (z1,y1)) False
fst (i (z2,y2)) snd (i (22,y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)

zor-def
by simp
then show ?thesis by presburger
qed
also have ... = proj-addition ?g1 (tf"' (1 o g) %igl)

using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = tf" (7 o g) (proj-addition ?g1 %ig1)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf '"-preserv-e-proj by fastforce
also have ... = tf" (1 o g) {((Z, 0), False)}
using assms(1) proj-add-class-comm proj-addition-def proj-add-class-inv
zor-def by auto
finally have eq2: proj-addition 291 (proj-addition 292 2¢93) =
tf" (o g) {((1, 0), False)} by blast
then show ?thesis using eql eq2 by blast
next
case 2222

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *“ {(add (z1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def
by simp
also have ...

= gluing “ {(add (add (z1, y1) (22, y2)) (23, y3), False)}
apply(subst (2)

prod.collapse[symmetric])
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apply(subst gluing-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)

apply (simp,simp)

False)}

False)})

using 2222 unfolding e’-aff-0-def add-1-2-def zor-def by(simp,force)
also have ... = gluing * {(add (z1, y1) (ext-add (22, y2) (28, y3)),

apply(subst add-add-add-ext-assoc)
apply (simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-8(1) 2222(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by auto
also have ... = proj-addition 2?91 (gluing * {(ext-add (x2, y2) (z3, y3),

apply (subst (10) prod.collapse|symmetric))
apply(subst gluing-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-0-def by auto

also have ... = proj-addition 991 (proj-addition 292 2¢3)
apply(subst gluing-ext-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto

finally show ?thesis .

next

case 3333

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *“ {(add (z1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def

by simp

False)}

also have ... = gluing “ {(ext-add (add (z1, y1) (22, y2)) (23, y3),

apply (subst (2) prod.collapse[symmetric])

apply (subst gluing-ext-add)

apply (subst prod.collapse)

using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)

apply (simp,simp)

False)}

using 3333 zor-def unfolding e’-aff-1-def add-1-2-def by(simp,force)
also have ... = gluing ““ {(add (x1, y1) (ext-add (22, y2) (23, y3)),

apply (subst ext-add-add-ext-assoc)
apply(simp,simp)
apply (subst prod.collapse[symmetric|,subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-8(1) 3333(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by auto
also have ... = proj-addition 2?91 (gluing ‘ {(ext-add (22, y2) (23, y3),
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False)})
apply (subst (10) prod.collapse|symmetric))
apply(subst gluing-add)
using assms(1) e-proj-2-3(1) add-2-3-def assumps zor-def
unfolding e’-aff-0-def by(simp,simp,force,simp)
also have ... = proj-addition 991 (proj-addition 292 293)
apply(subst gluing-ext-add)
using assms(2,8) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
qged
next
case 333
have assumps: ((z1, y1),add-2-3) € e’-aff-1
using 333(1) e’-aff-1-invariance add-2-3-def by auto

consider
(1111) (3 gesymmetries. (x3,y3) = (g o i) add-1-2) |
(2222) (add-1-2, (23,y3)) € e’-aff-0
- ((3 gesymmetries. (28,y3) = (g o i) add-1-2)) |
(3333) (add-1-2, (23,y3)) € e’-aff-1
= ((3 gesymmetries. (x8,y3) = (g o 1) add-1-2))
(add-1-2, (z3,y3)) ¢ e’-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
then show ?thesis
proof(cases)
case 1111
then obtain g where g-expr: g € symmetries (z3, y3) = (g o %) add-1-2
by blast
then have rot: 7 o g € rotations using sym-to-rot assms by blast

have proj-addition (proj-addition ?g1 ?92) 293 =
proj-addition (gluing *‘ {(add-1-2, False)}) (gluing ““ {((g o ©) add-1-2,
False)})
using g-ezpr p-delta-1-2 gluing-add assms(1,2) add-1-2-def zor-def by
force
also have ... = tf"” (1 o g) {((1, 0), False)}
apply (subst proj-addition-comm)
using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply (subst remove-sym,)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst remove-add-sym)
using e-proj-1-2 rot apply(simp,simp,simp)
apply(subst prod.collapse, subst (2 4) prod.collapse[symmetric])
apply (subst proj-addition-comm)
using e-proj-1-2 rot apply(simp,simp)
apply (subst proj-add-class-inv(1))
using e-proj-1-2(1) zor-def by auto
finally have eql: proj-addition (proj-addition 291 292) 298 =
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tf"” (1t o g) {((1, 0), False)} by blast

have proj-addition 991 (proj-addition 292 ?¢93) =
proj-addition 291 (proj-addition 292 (gluing ““ {((g o %) add-1-2,

False)}))
using g-ezpr by auto
also have ... = proj-addition g1
(tf" (1 0 g)
(proj-addition (gluing “ {(add (i (z1, y1)) (i (22, y2)),
False)})

?92))
apply (subst comp-apply,subst (6) prod.collapse|symmetric))
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst prod.collapse)
apply(subst (2) proj-addition-comm)
using assms(2) apply simp
using tf"-preserv-e-proj rot e-proj-1-2(2) apply (metis prod.collapse)
apply (subst remove-add-sym)
using assms(2) e-proj-1-2(2) rot apply(simp,simp,simp)
unfolding add-1-2-def
by (subst inverse-rule-3,blast)

also have ... = proj-addition %91 (tf" (7 o g)
(proj-addition (proj-addition %igl ?ig2) 2¢92))
proof —
have gluing ““ {(add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?igl %ig2
using gluing-add|[symmetric, of fst (i (z1, y1)) snd (i (z1, y1)) False
fst (i (22, y2)) snd (i (22, y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)

zor-def
by simp
then show ?thesis by presburger
qed
also have ... = proj-addition ?g1 (¢f"" (1 o g) %igl)

using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = tf"' (7 o g) (proj-addition ?g1 %ig1)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf'"-preserv-e-proj by fastforce
also have ... = #f"" (1 o g) {(({, 0), False)}
using assms(1) proj-add-class-comm proj-addition-def proj-add-class-inv
zor-def by auto
finally have eq2: proj-addition (gluing ““ {((z1, y1), False)})
(proj-addition (gluing ““ {((x2, y2), False)}) (gluing
(59, y3), False)}) =
tf" (r o g) {((1, 0), False)} by blast
then show ?thesis using eql eq2 by blast
next
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case 2222

have proj-addition (proj-addition %91 ?92) 293 =
proj-addition (gluing ““ {(add (x1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def
by simp
also have ... = gluing “ {(add (add (z1, y1) (22, y2)) (23, y3), False)}
apply(subst (2) prod.collapse[symmetric])
apply (subst gluing-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp,simp)
using 2222 zor-def unfolding e’-aff-0-def add-1-2-def by (simp,force)
also have ... = gluing “ {(ext-add (z1, y1) (ext-add (22, y2) (28, y3)),
False)}
apply(subst add-add-ext-ext-assoc)
apply(simp,simp)
apply (subst prod.collapse[symmetric|,subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 2222(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by force+
also have ... = proj-addition 291 (gluing ‘ {(ext-add (22, y2) (23, y3),
False)})
apply (subst (10) prod.collapse|symmetric))
apply (subst gluing-ext-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-1-def by(blast,auto)
also have ... = proj-addition 991 (proj-addition 292 ?93)
apply (subst gluing-ext-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
next
case 3333

have proj-addition (proj-addition ?g1 ?92) 293 =
proj-addition (gluing ““ {(add (x1, y1) (22, y2), False)}) 293
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2) zor-def
by simp
also have ... = gluing “* {(ext-add (add (z1, y1) (22, y2)) (23, y3),
False)}
apply (subst (2) prod.collapse[symmetric])
apply (subst gluing-ext-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp,simp)
using 3333 zor-def unfolding e’-aff-1-def add-1-2-def by(simp,force)
also have ... = gluing ““ {(ext-add (z1, y1) (ext-add (22, y2) (23, y3)),
False)}
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apply(subst ext-add-ext-ext-assoc)
apply (simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 3333(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by (force)+
also have ... = proj-addition ?91 (gluing ‘‘ {(ext-add (22, y2) (23, y3),
False)})
apply (subst (10) prod.collapse[symmetric))
apply (subst gluing-ext-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-1-def by(simp,simp,force,simp)
also have ... = proj-addition 991 (proj-addition 292 ?93)
apply (subst gluing-ext-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
qed
qed
qed
next
case 3
have p-delta-1-2: delta’ z1 y1 22 y2 # 0
delta’ (fst (i (z1, y1))) (snd (i (21, y1)))
(st (i (32, 42)) (snd (i (32, 92))) # 0
using 3 unfolding e’-aff-1-def apply simp
using 3 in-aff unfolding e’-aff-1-def delta’-def delta-z-def delta-y-def
by auto

define add-1-2 where add-1-2 = ext-add (z1, y1) (22, y2)
have add-in-1-2: add-1-2 € e’-aff

unfolding e’-aff-def add-1-2-def

apply(simp del: ext-add.simps)

apply(subst (2) prod.collapse[symmetric])

apply(standard)

apply (subst ext-add-closure)

using in-aff p-delta-1-2(1) e-e’-iff

unfolding delta’-def e’-aff-def by(blast,(simp)+)

have e-proj-1-2: gluing *“ {(add-1-2, False)} € e-proj
gluing ““ {(i add-1-2, False)} € e-proj
using add-in-1-2 add-1-2-def e-proj-aff proj-add-class-inv by auto

consider
(11) (3 gesymmetries. (x3, y3) = (g o i) (22, y2)) |
(22) (22, y2), (23, y3)) € e’-aff-0
= ((3 gesymmetries. (z8, y3) = (g o i) (22, y2))) |
(33) (22, y2), (3, y3)) € e’-aff-1
= ((3 gesymmetries. (28, y3) = (g o ©) (22, y2))) ((z2, y2), (28, y3)) ¢
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e’-aff-0
using dichotomy-1 in-aff by blast
then show ?thesis
proof (cases)
case 11
then obtain g where g-expr: g € symmetries (23, y3) = (g o i) (22, y2)
by blast
then show ?thesis using assoc-11 assms by force
next
case 22
have p-delta-2-3: delta 2 y2 x8 y3 # 0
delta (fst (i (22,92))) (snd (i (z2,y2)))
(st (i (23,43))) (snd (i (a3,93))) # 0
using 22 unfolding e’-aff-0-def apply simp
using 22 unfolding e’-aff-0-def delta-def delta-plus-def delta-minus-def by
simp

define add-2-3 where add-2-3 = add (22,y2) (23,y3)
have add-in: add-2-3 € e’-aff

unfolding e’-aff-def add-2-3-def

apply(simp del: add.simps)

apply(subst (2) prod.collapse[symmetric])

apply(standard)

apply(simp del: add.simps add: e-e’-iff [symmetric])

apply (subst add-closure)
using in-aff e-e’-iff 22 unfolding e’-aff-def e’-aff-0-def delta-def by(fastforce)+
have e-proj-2-3: gluing ““ {(add-2-3, Fulse)} € e-proj

gluing ““ {(i add-2-3, Fualse)} € e-proj
using add-in add-2-3-def e-proj-aff apply simp
using add-in add-2-3-def e-proj-aff proj-add-class-inv by auto

consider
(111) (3 gesymmetries. (x1,y1) = (g o ©) add-2-3) |
(222) (add-2-3, (z1,y1)) € e’-aff-0
= ((3 gesymmetries. (z1,y1) = (g o 7) add-2-3)) |
(333) (add-2-3, (x1,y1)) € e’-aff-1
- ((3 gesymmetries. (z1,y1) = (g o i) add-2-3)) (add-2-3, (z1,y1)) ¢
e’-aff-0
using add-in in-aff dichotomy-1 by blast
then show ?thesis
proof (cases)
case 111
then show ?thesis using assoc-111-add using 22(1) add-2-3-def assms(1)
assms(2) assms(3) by blast
next
case 222
have assumps: ((z1, y1),add-2-3) € e’-aff-0
apply (subst (3) prod.collapse[symmetric])
using 222 e’-aff-0-invariance by fastforce
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consider
(1111) (3 gesymmetries. (¢8,y3) = (g o i) add-1-2) |
(2222) (add-1-2, (23,y3)) € e’-aff-0
= ((3 gesymmetries. (z3,y3) = (g o %) add-1-2)) |
(3333) (add-1-2, (23,y3)) € e’-aff-1
= ((3 gesymmetries. (23,y3) = (g o i) add-1-2)) (add-1-2, (23,y3))
¢ e’-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
then show ?thesis
proof(cases)
case 1111
then obtain g where g-expr: g € symmetries (z3, y3) = (g o %) add-1-2
by blast
then have rot: 7 o g € rotations using sym-to-rot assms by blast

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *‘ {(add-1-2, False)}) (gluing ““ {((g o 7) add-1-2,
False)})
using g-expr p-delta-1-2 gluing-ext-add assms(1,2) add-1-2-def zor-def
by auto
also have ... = #f"" (1 o g) ({((1, 0), False)})
apply (subst proj-addition-comm)
using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply (subst remove-sym,)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst remove-add-sym)
using e-proj-1-2 rot apply(simp,simp,simp)
apply (subst prod.collapse, subst (2 4) prod.collapse[symmetric])
using e-proj-1-2(1) e-proj-1-2(2) proj-add-class-inv-point(1) proj-addition-comm
zor-def by auto
finally have eql: proj-addition (proj-addition 291 292) 298 =
tf" (r o g) {((1, 0), False)}) by blast

have proj-addition ?g1 (proj-addition %92 ?¢3) =
proj-addition ?91 (proj-addition 292 (gluing ““ {((g o %) add-1-2,

False)}))
using g-expr by auto
also have ... = proj-addition ?g1
(1" (r o g)
(proj-addition (gluing *“ {(ext-add (i (z1, y1)) (i (22, y2)),
False)})

?92))
apply (subst comp-apply,subst (6) prod.collapse|symmetric))
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst prod.collapse)
apply(subst (2) proj-addition-comm)
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using assms(2) apply simp

using tf"-preserv-e-proj rot e-proj-1-2(2) apply (metis prod.collapse)
apply (subst remove-add-sym)

using assms(2) e-proj-1-2(2) rot apply(simp,simp,simp)

unfolding add-1-2-def

by (subst inverse-rule-4 ,blast)

also have ... = proj-addition %91 (tf" (7 o g)
(proj-addition (proj-addition %igl %ig2)
792))

proof —

have gluing “ {(ext-add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?igl %ig2
using gluing-ext-add[symmetric,of fst (i (z1,y1)) snd (i (z1,y1)) False
fst (i (z2,y2)) snd (i (22,y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)

zor-def
by simp
then show ?thesis by presburger
qed
also have ... = proj-addition ?g1 (tf"' (1 o g) %igl)

using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = #f”' (1 o g) (proj-addition ?g1 ?igl)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf"-preserv-e-proj by fastforce
also have ... = tf” (1 o g) ({((1, 0), False)})
using assms(1) proj-add-class-comm proj-add-class-inv zor-def by simp
finally have eq2: proj-addition 291 (proj-addition 292 9¢93) =
" (v o g) ({((1, 0), False)}) by auto
then show ?thesis
using eql eq2 by blast
next
case 2222
have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing * {(ext-add (z1, y1) (22, y2), False)}) %93
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
zor-def by simp
also have ... = gluing * {(add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}
apply(subst (2) prod.collapse[symmetric])
apply(subst gluing-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply(simp,simp)
using 2222 unfolding e’-aff-0-def add-1-2-def zor-def by(simp,force)
also have ... = gluing “ {(add (21, y1) (add (22, y2) (23, y3)), False)}
apply (subst add-ext-add-add-assoc-points)
using p-delta-1-2 p-delta-2-3 2222 assumps in-aff
unfolding add-1-2-def add-2-3-def e’-aff-0-def
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by auto
also have ... = proj-addition ?g1 (gluing “ {(add (22, y2) (23, y3),
False)})

apply (subst (10) prod.collapse[symmetric))
apply(subst gluing-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-0-def by(simp,simp,force,simp)

also have ... = proj-addition 991 (proj-addition 292 ?93)
apply (subst gluing-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto

finally show ?thesis .

next
case 3333

have proj-addition (proj-addition ?g1 992) 293 =
proj-addition (gluing “ {(ext-add (z1, y1) (z2, y2), False)}) 293
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
zor-def by simp
also have ... = gluing “ {(ext-add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}
apply (subst (2) prod.collapse[symmetric])
apply(subst gluing-ext-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp,simp)
using 3333 unfolding e’-aff-1-def add-1-2-def zor-def by(simp,force)
also have ... = gluing “ {(add (1, y1) (add (22, y2) (23, y3)), False)}
apply(subst ext-ext-add-add-assoc)
apply (simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 3333(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by auto
also have ... = proj-addition ?g1 (gluing “ {(add (22, y2) (23, y3),
False)})
apply (subst (10) prod.collapse[symmetric))
apply(subst gluing-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-0-def by(simp,simp,force,simp)
also have ... = proj-addition 991 (proj-addition ?g2 ?93)
apply (subst gluing-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
qed
next
case 333
have assumps: ((¢1, y1),add-2-3) € e’-aff-1
using 333(1) e’-aff-1-invariance add-2-3-def by auto
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consider
(1111) (3 gesymmetries. (¢8,y3) = (g o i) add-1-2) |
(2222) (add-1-2, (23,y3)) € e’-aff-0
= ((3 gesymmetries. (z3,y3) = (g o %) add-1-2)) |
(3333) (add-1-2, (23,y3)) € e’-aff-1
= ((F gesymmetries. (x3,y3) = (g o 1) add-1-2))
(add-1-2, (23,y3)) ¢ e’-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
then show ?thesis
proof(cases)
case 1111
then obtain g where g-expr: g € symmetries (z3, y3) = (g o %) add-1-2
by blast
then have rot: 7 o g € rotations using sym-to-rot assms by blast

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *‘ {(add-1-2, False)}) (gluing ““ {((g o 7) add-1-2,
False)})
using g-expr p-delta-1-2 gluing-ext-add assms(1,2) add-1-2-def zor-def
by force
also have ... = tf"' (1t o g) {((1, 0), False)}
apply (subst proj-addition-comm)
using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply (subst remove-sym,)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst remove-add-sym)
using e-proj-1-2 rot apply(simp,simp,simp)
apply (subst prod.collapse, subst (2 4) prod.collapse[symmetric])
by (simp add: e-proj-1-2(1) e-proj-1-2(2) proj-add-class-inv-point(1)
proj-addition-comm zor-def)
finally have eql: proj-addition (proj-addition 291 292) 298 =
tf'" (r o g) {((1, 0), False)} by blast

have proj-addition ?g1 (proj-addition %92 ?¢3) =
proj-addition ?91 (proj-addition 292 (gluing ““ {((g o %) add-1-2,

False)}))
using g-expr by auto
also have ... = proj-addition ?g1
(1" (r o g)
(proj-addition (gluing *“ {(ext-add (i (z1, y1)) (i (22, y2)),
False)})

?92))
apply (subst comp-apply,subst (6) prod.collapse|symmetric))
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst prod.collapse)
apply(subst (2) proj-addition-comm)
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using assms(2) apply simp
using tf"-preserv-e-proj rot e-proj-1-2(2)
apply (metis prod.collapse)
apply (subst remove-add-sym)
using assms(2) e-proj-1-2(2) rot apply(simp,simp,simp)
unfolding add-1-2-def
by (subst inverse-rule-4 ,blast)
also have ... = proj-addition ?g1 (¢f"' (1 o g)
(proj-addition (proj-addition %igl ?ig2) ?92))
proof —
have gluing “ {(ext-add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?igl %ig2
using gluing-ext-add[symmetric, of fst (i (z1,y1)) snd (i (z1,y1)) False
fst (i (22, y2)) snd (i (22, y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)

zor-def
by simp
then show ?thesis by presburger
qed
also have ... = proj-addition ?g1 (tf"' (1 o g) %igl)

using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = #f”' (1 o g) (proj-addition ?g1 ?igl)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf"-preserv-e-proj by fastforce
also have ... = tf” (1t o g) {((, 0), False)}
using assms(1) proj-add-class-comm proj-addition-def proj-add-class-inv
zor-def by simp
finally have eq2: proj-addition 291 (proj-addition 292 %¢93) =
tf" (r o g) {((1, 0), False)} by auto
then show %thesis using eql eq2 by blast
next

case 2222

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing “ {(ext-add (z1, y1) (z2, y2), False)}) 293
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
zor-def by simp
also have ... = gluing “ {(add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}
apply (subst (2) prod.collapse[symmetric])
apply (subst gluing-add)
apply (subst prod.collapse)
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp,simp)
using 2222 zor-def unfolding e’-aff-0-def add-1-2-def by(simp,force)
also have ... = gluing “ {(ext-add (x1, y1) (add (22, y2) (28, y3)),
False)}
apply(subst add-ext-ext-add-assoc)
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apply(simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 2222(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by force+
also have ... = proj-addition ?g1 (gluing “ {(add (22, y2) (23, y3),
False)})
apply (subst (10) prod.collapse|symmetric))
apply (subst gluing-ext-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-1-def by(blast,auto)
also have ... = proj-addition 991 (proj-addition 292 ?93)
apply(subst gluing-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto
finally show ?thesis .
next
case 3333
have proj-addition (proj-addition %91 ?92) 293 =
proj-addition (gluing “ {(ext-add (z1, y1) (22, y2), False)}) 293
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
zor-def by simp
also have ... = gluing “‘ {(ext-add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}
apply (subst (2) prod.collapse[symmetric])
apply (subst gluing-ext-add)
apply (subst prod.collapse)
using gluing-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp,simp)
using 3333 unfolding e’-aff-1-def add-1-2-def zor-def by(simp,force)

also have ... = gluing “ {(ext-add (x1, y1) (add (22, y2) (28, y3)),
False)}

apply(subst ext-ext-ext-add-assoc)

apply (simp,simp)

apply (subst prod.collapse[symmetric],subst prod.inject,fast)+

using p-delta-1-2 p-delta-2-3(1) 3333(1) assumps in-aff

unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def

add-1-2-def add-2-3-def e’-aff-def

by (force)+

also have ... = proj-addition ?g1 (gluing “ {(add (22, y2) (23, y3),
False)})

apply (subst (10) prod.collapse[symmetric))
apply (subst gluing-ext-add)
using assms(1) e-proj-2-8(1) add-2-3-def assumps zor-def
unfolding e’-aff-1-def by(simp,simp,force,simp)

also have ... = proj-addition 991 (proj-addition 292 ?93)
apply (subst gluing-add)
using assms(2,3) p-delta-2-3(1) zor-def by auto

finally show ?%thesis .
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qged

qed
next
case 33
have p-delta-2-3: delta’ 2 y2 3 y3 # 0
delta’ (fst (i (z2,y2))) (snd (i (z2,y2)))
(fst (i (23.49))) (snd (i (a3,93))) # 0
using 33 unfolding e’-aff-1-def apply simp
using 33 unfolding e’-aff-1-def delta’-def delta-z-def delta-y-def by fastforce

define add-2-3 where add-2-3 = ext-add (z2,y2) (23,y3)
have add-in: add-2-3 € e’-aff

unfolding e’-aff-def add-2-3-def

apply(simp del: ext-add.simps)

apply(subst (2) prod.collapse[symmetric])

apply(standard)

apply(subst ext-add-closure)
using in-aff e-e’-iff 33 unfolding e’-aff-def e’-aff-1-def delta’-def by (fastforce)+
have e-proj-2-3: gluing ““ {(add-2-3, False)} € e-proj

gluing < {(i add-2-3, False)} € e-proj
using add-in add-2-3-def e-proj-aff apply simp
using add-in add-2-3-def e-proj-aff proj-add-class-inv by auto

consider
(111) (3 gesymmetries. (x1,y1) = (g o i) add-2-3) |
(222) (add-2-3, (z1,y1)) € e’-aff-0
= ((3 gesymmetries. (z1,y1) = (g o i) add-2-3)) |
(333) (add-2-3, (x1,y1)) € e’-aff-1
= ((3gesymmetries. (z1,y1) = (g o 7) add-2-3))
(add-2-8, (z1,y1)) & e’-aff-0
using add-in in-aff dichotomy-1 by blast
then show ?thesis
proof (cases)
case 111
then show ?thesis using assoc-111-ext-add using 33(1) add-2-3-def
assms(1) assms(2) assms(3) by blast
next
case 222
have assumps: ((z1, y1),add-2-3) € e’-aff-0
apply (subst (3) prod.collapse[symmetric])
using 222 e’-aff-0-invariance by fastforce
consider
(1111) (3 gesymmetries. (z3,y3) = (g o i) add-1-2) |
(2222) (add-1-2, (23,y3)) € e'-aff-0
= ((3 gesymmetries. (z3,y3) = (g o ) add-1-2)) |
(8838) (add-1-2, (23,y8)) € e’-aff-1
- ((3 gesymmetries. (¢8,y3) = (g o 1) add-1-2))
(add-1-2, (23,y3)) & e’-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
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then show ?thesis
proof (cases)

case 1111

then obtain g where g-expr: g € symmetries (¢3, y3) = (g o i) add-1-2

by blast

then have rot: 7 o g € rotations using sym-to-rot assms by blast

False)})

by force

have proj-addition (proj-addition %91 292) 293 =

proj-addition (gluing *“ {(add-1-2, False)}) (gluing ““ {((g o 7) add-1-2,

using g-expr p-delta-1-2 gluing-ext-add assms(1,2) add-1-2-def zor-def

also have ... = tf” (1t o g) {((1, 0), False)}

apply (subst proj-addition-comm)

using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply (subst remove-sym)

using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst remove-add-sym)

using e-proj-1-2 rot apply(simp,simp,simp)

apply (subst prod.collapse, subst (2 4) prod.collapse[symmetric])
apply (subst proj-addition-comm)

using e-proj-1-2 apply(simp,simp)

apply (subst proj-add-class-inv(1))

using e-proj-1-2 apply simp

using e-proj-1-2(1) zor-def by auto

finally have eql: proj-addition (proj-addition 291 292) 298 =

tf" (1t o g) {((1, 0), False)} by blast

have proj-addition ?g1 (proj-addition %92 ?¢3) =

False)}))

proj-addition 291 (proj-addition 292 (gluing ““ {((g o %) add-1-2,

using g-ezxpr by auto

also have ... = proj-addition ?g1

False)})

(" (T o g)
(proj-addition (gluing ““ {(ext-add (i (z1, y1)) (i (22, y2)),

?92))
apply(subst comp-apply,subst (6) prod.collapse[symmetric))
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst prod.collapse)
apply(subst (2) proj-addition-comm)
using assms(2) apply simp
using tf"-preserv-e-proj rot e-proj-1-2(2) apply (metis prod.collapse)
apply (subst remove-add-sym)
using assms(2) e-proj-1-2(2) rot apply(simp,simp,simp)
unfolding add-1-2-def
by (subst inverse-rule-4 ,blast)
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also have ... = proj-addition %91 (tf" (7 o g)
(proj-addition (proj-addition %igl ?ig2) 2¢92))
proof —
have gluing “ {(ext-add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?igl ?ig2
using gluing-ext-add[symmetric, of fst (i (x1,y1)) snd (i (z1,y1)) False
fst (i (z2,y2)) snd (i (22,y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)
zor-def
by simp
then show ?thesis by presburger
qed
also have ... = proj-addition ?g1 (¢f"" (1 o g) %igl)
using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = tf"' (7 o g) (proj-addition ?g1 %ig1)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf '"-preserv-e-proj by fastforce
also have ... = tf” (7 o g) {((1, 0), False)}
using assms(1) proj-add-class-comm proj-addition-def proj-add-class-inv
zor-def by auto
finally have eq2: proj-addition 291 (proj-addition 292 2¢93) =
tf" (r o g) {((1, 0), False)} by blast
then show ?thesis using eq! eq2 by blast
next
case 2222

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing *“ {(ezxt-add (z1, y1) (22, y2), False)}) 293
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
zor-def by simp
also have ... = gluing “ {(add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}
apply (subst (2) prod.collapse[symmetric])
apply(subst gluing-add)
apply (subst prod.collapse)
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp,simp)
using 2222 zor-def unfolding e’-aff-0-def add-1-2-def by(simp,force)
also have ... = gluing ““ {(add (x1, y1) (ext-add (22, y2) (23, y3)),
False)}
apply (subst add-ext-add-ext-assoc)
apply(simp,simp)
apply (subst prod.collapse[symmetric|,subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-8(1) 2222(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by auto
also have ... = proj-addition 291 (gluing  {(ext-add (22, y2) (23, y3),
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False)})
apply (subst (10) prod.collapse|symmetric))
apply(subst gluing-add)
using assms(1) e-proj-2-3(1) add-2-3-def assumps zor-def
unfolding e’-aff-0-def by auto
also have ... = proj-addition 991 (proj-addition 292 293)

by (simp add: assms ext-curve-addition.gluing-ext-add ext-curve-addition-axioms

p-delta-2-3(1) zor-def)
finally show ?thesis .
next

case 3333

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing ** {(ext-add (z1, y1) (22, y2), False)}) %93
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
zor-def by simp
also have ... = gluing “‘ {(ext-add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}
proof —
have gluing ““ {((fst (ext-add (z1, y1) (22, y2)), snd (ext-add (z1, y1)
(22, y2))), False)} € e-proj
using add-1-2-def e-proj-1-2(1) by force
moreover have delta’ (fst (ext-add (z1, y1) (22, y2))) (snd (ext-add
(a1, y1) (a2, y2))) 23 y3 # 0
using 3333 unfolding e’-aff-1-def add-1-2-def by force
ultimately show ?thesis
by (simp add: assms gluing-ext-add zor-def)
qed
also have ... = gluing “ {(add (x1, y1) (ext-add (22, y2) (3, y3)),
False)}
apply (subst ext-ext-add-ext-assoc)
apply(simp,simp)
apply(subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-8(1) 3333(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by auto
also have ... = proj-addition 291 (gluing * {(ext-add (22, y2) (23, y3),
False)})
proof —
have gluing ““ {((fst (ext-add (22, y2) (23, y3)), snd (ext-add (z2, y2)
(23, y3))), False)} € e-proj
using add-2-3-def e-proj-2-3(1) by auto
moreover have delta z1 y1 (fst (ext-add (22, y2) (23, y3))) (snd
(ext-add (z2, y2) (z3, y3))) # 0
using add-2-3-def assumps unfolding e’-aff-0-def by force
ultimately show ?thesis
by (simp add: assms gluing-add zor-def)
qed
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also have ... = proj-addition 991 (proj-addition 292 293)
by (simp add: assms(2,3) gluing-ext-add p-delta-2-3(1) zor-def)

finally show ?thesis .

qed

next

case 333

have assumps: ((z1, y1),add-2-8) € e’-aff-1
using 333(1) e’-aff-1-invariance add-2-3-def by auto

consider
(1111) (3 gesymmetries. (z3,y3) = (g o i) add-1-2) |
(2222) (add-1-2, (23,y3)) € e’-aff-0
= ((3 gesymmetries. (z3,y3) = (g o ) add-1-2)) |
(8838) (add-1-2, (23,y8)) € e’-aff-1
- ((3 gesymmetries. (¢8,y3) = (g o 1) add-1-2))
(add-1-2, (23,y3)) ¢ e’-aff-0
using add-in-1-2 in-aff dichotomy-1 by blast
then show ?thesis
proof (cases)
case 1111
then obtain g where g-expr: g € symmetries (¢3, y3) = (g o ©) add-1-2
by blast
then have rot: 7 o g € rotations using sym-to-rot assms by blast

have proj-addition (proj-addition ?g1 ?92) 293 =
proj-addition (gluing *‘ {(add-1-2, False)}) (gluing ““ {((g o 7) add-1-2,
False)})
using g-expr p-delta-1-2 gluing-ext-add assms(1,2) add-1-2-def zor-def
by force
also have ... = tf” (7 o g) {((, 0), False)}
apply (subst proj-addition-comm)
using e-proj-1-2(1) g-expr(2) assms(3) apply(simp,simp)
apply (subst comp-apply,subst (2) prod.collapse[symmetric])
apply (subst remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst remove-add-sym)
using e-proj-1-2 rot apply(simp,simp,simp)
apply (subst prod.collapse, subst (2 4) prod.collapse[symmetric])
apply (subst proj-addition-comm)
using e-proj-1-2 rot apply(simp,simp)
apply (subst proj-add-class-inv(1))
using e-proj-1-2(1) zor-def by auto
finally have eql: proj-addition (proj-addition 291 292) 298 =
tf" (1t o g) {((1, 0), False)} using zor-def by blast

have proj-addition 991 (proj-addition 292 ?¢93) =
proj-addition 291 (proj-addition 292 (gluing ““ {((g o %) add-1-2,
False)}))

using g-ezpr by auto
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also have ... = proj-addition g1
(tf" (T o g)
(proj-addition (gluing ““ {(ext-add (i (z1, y1)) (i (22, y2)),

792))
apply (subst comp-apply,subst (6) prod.collapse[symmetric))
apply (subst (3) remove-sym)
using e-proj-1-2(2) g-expr assms(3) apply(simp,simp,simp)
apply (subst prod.collapse)
apply (subst (2) proj-addition-comm,)
using assms(2) apply simp
using tf '-preserv-e-proj rot e-proj-1-2(2) apply (metis prod.collapse)
apply(subst remove-add-sym)
using assms(2) e-proj-1-2(2) rot apply(simp,simp,simp)
unfolding add-1-2-def
by (subst inverse-rule-4 ,blast)
also have ... = proj-addition %91 (tf" (7 o g)
(proj-addition (proj-addition %igl ?ig2) 2¢92))

False)})

proof —
have gluing “ {(ext-add (i (z1, y1)) (¢ (22, y2)), False)} =
proj-addition ?igl ?ig2
using gluing-ext-add|[symmetric, of fst (i (x1, y1)) snd (i (x1, y1))

False
fst (i (22, y2)) snd (i (22, y2)) False,
simplified prod.collapse] e-proj-0(1,2) p-delta-1-2(2)
zor-def
by simp
then show ?thesis by presburger
qed
also have ... = proj-addition ?g1 (tf"' (1 o g) %igl)

using cancellation-assoc
by (metis assms(2) e-proj-0(1) e-proj-0(2) i.simps i-idemp-explicit)
also have ... = tf"' (1 o g) (proj-addition ?g1 ?igl)
using assms(1) e-proj-0(1) proj-addition-comm remove-add-sym rot
tf ""-preserv-e-proj by fastforce
also have ... = tf"” (1 o g) {((1, 0), False)}
using assms(1) proj-add-class-comm proj-addition-def proj-add-class-inv
zor-def by auto
finally have eq2: proj-addition (gluing ““ {((z1, y1), False)})
(proj-addition (gluing *“ {((x2, y2), False)}) (gluing
(23, y3), False)})) =
tf"” (r o g) {((1, 0), False)} by blast
then show ?thesis using eql eq2 by blast
next
case 2222

have proj-addition (proj-addition ?g1 ?92) 293 =

proj-addition (gluing “ {(ext-add (z1, y1) (z2, y2), False)}) 293
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
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zor-def by simp

also have ... = gluing * {(add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}

apply (subst (2) prod.collapse[symmetric])

apply(subst gluing-add)

apply (subst prod.collapse)

using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2,3)
apply (simp, simp)

using 2222 unfolding e’-aff-0-def add-1-2-def zor-def by(simp,force)

also have ... = gluing ““ {(ext-add (z1, y1) (ext-add (22, y2) (23, y3)),
False)}
apply(subst add-ext-ext-ext-assoc)
apply (simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 2222(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by force+
also have ... = proj-addition ?g1 (gluing “ {(ext-add (22, y2) (23, y3),
False)})
proof —

have gluing ““ {((fst (ext-add (22, y2) (28, y3)), snd (ext-add (2, y2)
(28, y3))), False)} € e-proj
using add-2-3-def e-proj-2-3(1) by auto
moreover have delta’ x1 y1 (fst (ext-add (22, y2) (28, y3))) (snd
(ext-add (22, y2) (23, y3))) # 0
using add-2-3-def assumps unfolding e’-aff-1-def by auto
ultimately show ¢thesis
by (simp add: assms gluing-ext-add-points zor-def)
qed
also have ... = proj-addition ?g1 (proj-addition %92 ?¢43)
by (simp add: assms ext-curve-addition.gluing-ext-add ext-curve-addition-axioms
p-delta-2-3(1) xor-def)
finally show ?thesis .
next
case 3333

have proj-addition (proj-addition %91 292) 293 =
proj-addition (gluing “ {(ext-add (z1, y1) (22, y2), False)}) %93
using gluing-ext-add p-delta-1-2(1) e-proj-1-2 add-1-2-def assms(1,2)
zor-def by simp
also have ... = gluing *‘ {(ext-add (ext-add (z1, y1) (22, y2)) (23, y3),
False)}
proof —
have gluing ““ {((fst (ext-add (z1, y1) (22, y2)), snd (ext-add (z1, y1)
(22, y2))), False)} € e-proj
using add-1-2-def e-proj-1-2(1) by force
moreover have delta’ (fst (ext-add (z1, y1) (22, y2))) (snd (ext-add
(z1, y1) (22, y2))) x3 y3 # 0
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using 3333 by (force simp: e’-aff-1-def add-1-2-def)
ultimately show ?thesis
by (simp add: assms gluing-ext-add-points zor-def)

qed
also have ... = gluing ““ {(ext-add (z1, y1) (ext-add (22, y2) (23, y3)),
False)}
apply(subst ext-ext-ext-ext-assoc)
apply (simp,simp)
apply (subst prod.collapse[symmetric],subst prod.inject,fast)+
using p-delta-1-2 p-delta-2-3(1) 3333(1) assumps in-aff
unfolding e’-aff-0-def e’-aff-1-def delta-def delta’-def
add-1-2-def add-2-3-def e’-aff-def
by (force)+
also have ... = proj-addition 291 (gluing * {(ext-add (22, y2) (z3, y3),
False)})
proof —

have gluing ““ {((fst (ext-add (22, y2) (23, y3)), snd (ext-add (2, y2)
(23, y3))), False)} € e-proj
using add-2-3-def e-proj-2-3(1) by auto
moreover have delta’ x1 y1 (fst (ext-add (22, y2) (28, y3))) (snd
(ext-add (22, y2) (23, y3))) # 0
using add-2-3-def assumps by (force simp: e’-aff-1-def)
ultimately show ¢thesis
by (simp add: assms gluing-ext-add zor-def)
qed
also have ... = proj-addition ?g1 (proj-addition %92 ?¢43)
by (simp add: assms(2,3) gluing-ext-add p-delta-2-3(1) zor-def)
finally show ?thesis .
qed
qed
qed
qed
qed

lemma general-assoc:
assumes gluing “{((z1, y1), 1)} € e-proj gluing “{((x2, y2), m)} € e-proj gluing
“ {(('T‘?v y3)7 n)} € €-p7’0j
shows proj-addition (proj-addition (gluing ““ {((z1, y1), D}) (gluing ““{((z2, y2),
m)}))

(gluing ““ {((z3, y3), n)}) =

proj-addition (gluing ““ {((z1, y1), I)})

(proj-addition (gluing *“ {((x2, y2), m)}) (gluing * {((x3, y3),

n)}))

proof —
let ?2t1 = (proj-addition (proj-addition (gluing *“ {((x1, y1), False)}) (gluing
(22, y2), False)}))
(gluing *“{((3, y3), False)}))
let ?t2 = proj-addition (gluing ““ {((z1, y1), False)})
(proj-addition (gluing ““ {((z2, y2), False)}) (gluing * {((x3, y3),
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False)}))

have e-proj-0: gluing ““ {((z1, y1), False)} € e-proj
gluing ““ {((z2, y2), False)} € e-proj
gluing ““ {((z3, y3), False)} € e-proj
gluing ““ {((z1, y1), True)} € e-proj
gluing ““ {((z2, y2), True)} € e-proj
gluing ““ {((z8, y3), True)} € e-proj
using assms e-proj-aff by blast+
have e-proj-add-0: proj-addition (gluing ““ {((xz1, y1), False)}) (gluing * {((z2,
y2), False)}) € e-proj
proj-addition (gluing ““ {((z2, y2), False)}) (gluing ““ {((x3, y3),
False)}) € e-proj
proj-addition (gluing ““ {((z2, y2), False)}) (gluing ““ {((x3, y3),
True)}) € e-proj
proj-addition (gluing ““ {((z1, y1), False)}) (gluing “* {((22, y2),
True)}) € e-proj
proj-addition (gluing ““ {((z2, y2), True)}) (gluing ““ {((z3, y3),
False)}) € e-proj
proj-addition (gluing ““ {((z2, y2), True)}) (gluing “ {((z3, y3),
True)}) € e-proj
using e-proj-0 well-defined proj-addition-def by blast+

have complez-e-proj: ?t1 € e-proj
7t2 € e-proj
using e-proj-0 e-proj-add-0 well-defined proj-addition-def by blast+

have eq3: ?t1 = 712
by (subst assoc-with-zeros,(simp add: e-proj-0)+)

show ?thesis
proof(cases | = Fulse)
case [: True
show ?thesis
proof(cases m = False)
case m: True
show ?thesis
proof(cases n = False)
case True
then show ?thesis
using [ m assms assoc-with-zeros by simp
next
case n: Fulse
have eq!: proj-addition (proj-addition (gluing ““ {((x1, y1), False)}) (gluing
“{((22, y2), False)}))
(gluing ““ {((x3, y3), True)}) = #f’ (9t1)
using tf-tau[of - - False] e-proj-0
using remove-add-tau’ well-defined by force
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have eq2: proj-addition (gluing “ {((x1, y1), False)})
(proj-addition (gluing ““ {((z2, y2), False)}) (gluing *“ {((z3,
y3), True)})) =
tf'(2t2)
using tf-tau[of - - False] e-proj-0
using e-proj-add-0(2) remove-add-tau’ by presburger

show ?thesis
using n by (simp add: eql eq2 eq3 1 m)
qed
next

case m: Fualse
then show ?thesis
proof(cases n = False)

case n: True

have eq!: proj-addition (proj-addition (gluing ““ {((x1, y1), False)}) (gluing
“{((z2, y2), True)})
(gluing ““ {((x3, y3), False)}) = tf'(7t1)
using tf-tau[of - - False] e-proj-0
using e-proj-add-0(1,4) proj-addition-comm remove-add-tau’ by force
have eq2: proj-addition (gluing “ {((x1, y1), False)})
(proj-addition (gluing ““ {((22, y2), True)}) (gluing ““ {((z3, y3),
False)})) =
tf'(2t2)
using tf-tau|of - - False] e-proj-0
using remove-add-tau remove-add-tau’ well-defined by presburger

with [ m show ?thesis
by (simp add: eql eq3 n)
next
case n: Fualse

have eql: proj-addition (proj-addition (gluing ““ {((z1, y1), False)}) (gluing
“{((«2, y2), True)}))
(gluing ““ {((x3, y3), True)}) = 2t1
using tf-tau[of - - False] e-proj-0
by (smt (verit, best) e-proj-add-0(4) remove-add-tau remove-add-tau’
tf '~idemp)

have eq2: proj-addition (gluing ““ {((x1, y1), False)})
(proj-addition (gluing ““ {((z2, y2), True)}) (gluing “{((x3, y3), True)}))

22
using tf-tau|of - - False] e-proj-0

using remove-add-tau remove-add-tau’ tf-idemp e-proj-add-0 by presburger

then show ?thesis
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using eql eq3 | m n by presburger
qed
qed
next
case [: Fulse
show ?thesis
proof(cases m = False)
case m: True
show ?thesis
proof(cases n = False)
case n: True

have eq1: proj-addition (proj-addition (gluing ““ {((z1, y1), True)}) (gluing
“{((=2, y2), Fulse)}))
(gluing ““ {((x3, y3), False)}) = tf'(%t1)
using tf-tau[of - - Fualse] e-proj-0
using e-proj-add-0(1) remove-add-tau by presburger

have eq2: proj-addition (gluing ““ {((z1, y1), True)})
(proj-addition (gluing ““{((x2, y2), False)}) (gluing ““ {((z3, y3), False)}))

tf'(9t2)
using tf-tauof - - False] e-proj-0
by (simp add: e-proj-add-0(2) ext-curve-addition.remove-add-tau
ext-curve-addition-axioms)

then show ?thesis
using [ eql eq3 m n by force
next
case n: Fualse
have eql: proj-addition (proj-addition (gluing *“ {((x1, y1), True)}) (gluing
“ (52, y2), False)}))
(gluing ““ {((z3, y3), True)}) = ?t1
using tf-tau[of - - False] e-proj-0
using remove-add-tau remove-add-tau’ tf'-idemp well-defined by presburger

have eq2: proj-addition (gluing “ {((x1, y1), True)})
(proj-addition (gluing ““ {((x2, y2), False)}) (gluing ““ {((z3, y3), True)}))

22
using tf-tau|of - - False] e-proj-0
by (metis e-proj-add-0(2) proj-addition-comm remove-add-tau’ tf'-idemp)

with [ n show ?thesis
by (simp add: eql eq8 m)
qed
next
case m: False
show ?thesis
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proof(cases n = False)
case True
have eql: proj-addition (proj-addition (gluing ““ {((z1, y1), True)}) (gluing
“{((22, y2), True)}))
(gluing ““ {((x3, y3), False)}) = ?t1
using tf-tau[of - - False] e-proj-0
by (metis (no-types, lifting) remove-add-tau remove-add-tau’ tf'-idemp)

have eq2: proj-addition (gluing ““ {((x1, y1), True)})
(proj-addition (gluing ““ {((22, y2), True)}) (gluing *“ {((z3, y3), False)}))

72
using tf-tau[of - - False] e-proj-0
using e-proj-add-0(1,2,4) eql eq3 remove-add-tau remove-add-tau’ by
auto

with [ m show ?thesis
by (simp add: eql eq3 True)
next
case Fulse
have eql: proj-addition (proj-addition (gluing *“ {((z1, y1), True)}) (gluing
“{((#2, y2), True)}))
(gluing “ {((x3, y3), True)}) = 1f(#41)
using tf-tau|of - - False] e-proj-0
using e-proj-add-0(1) remove-add-tau remove-add-tau’ tf'-idemp by
presburger

have eq2: proj-addition (gluing “ {((x1, y1), True)})
(proj-addition (gluing ““ {((z2, y2), True)}) (gluing *“ {((z3, y3),
True)})) =
tf'(2t2)
using tf-tau[of - - False] e-proj-0
using e-proj-add-0(2) remove-add-tau remove-add-tau’ tf’-idemp by
presburger

with | m Fualse show ?thesis
by (simp add: eql eq3)
qed
qed
qed
qed

lemma proj-assoc:
assumes r € e-proj y € e-proj z € e-proj
shows proj-addition (proj-addition x y) z = proj-addition = (proj-addition y z)
proof —
obtain =1 y1 [ 22 y2 m 23 y3 n where
z = gluing * {((wlv y]), l)}
y = gluing ** {((22, y2), m)}
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z = gluing ** {((z3, y3), n)}
by (metis assms e-proj-def prod.collapse quotientE)

then show ?thesis
using assms general-assoc by force
qed

4.4 Group law

theorem projective-group-law:
shows comm-group ((carrier = e-proj, mult = proj-addition, one = {((1,0),False)}

proof (unfold-locales,simp-all)
show one-in: {((1, 0), False)} € e-proj
using identity-proj by auto

show comm: proj-addition r y = proj-addition y x
if x € e-proj y € e-proj for z y
using proj-addition-comm that by simp

show id-1: proj-addition {((1, 0), False)} z = x
if ¢ € e-proj for z
using proj-add-class-identity that by simp

show id-2: proj-addition z {((1, 0), False)} = z
if © € e-proj for z
using comm id-1 one-in that by simp

show e-proj C Units (carrier = e-proj, mult = proj-addition, one = {((1, 0),
False)})
unfolding Units-def
proof (simp,standard)
fix z
assume z € e-proj
then obtain z’ y’ I’ where = = gluing ““ {((z’, y'), ')}
by (metis e-proj-def quotientE surj-pair)
then have proj-addition (gluing ““ {(i (z’, y’), I)})
(gluing “ {((x", 3", 1)}) =
{((1, 0), False)}
proj-addition (gluing “ {((z', y'), 1")})
(gluing *“{(i (z', y"), I)}) =
{((1, 0), Fulse)}
gluing “{(i (z', y"), I)} € e-proj
using proj-add-class-inv proj-addition-comm <z € e-projy wor-def by simp+
then show z € {y € e-proj. Ix€e-proj. proj-addition x y = {((1, 0), False)}

proj-addition y x = {((1, 0), False)}}
using <z = gluing “ {((z', ¥'), ")} «x € e-proj> by blast
qed
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show proj-addition x y € e-proj
if x € e-proj y € e-proj for z y
using well-defined that by blast

show proj-addition (proj-addition = y) z = proj-addition x (proj-addition y z)
if x € e-proj y € e-proj z € e-proj for x y z
using proj-assoc that by simp
qed

end

end
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