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Abstract

In 1968 Earley [1] introduced his parsing algorithm capable of pars-
ing all context-free grammars in cubic space and time. This entry con-
tains a formalization of an executable Earley parser. We base our devel-
opment on Jones’ [2] extensive paper proof of Earley’s recognizer and
the formalization of context-free grammars and derivations of Obua
[4] [3]. We implement and prove correct a functional recognizer mod-
eling Earley’s original imperative implementation and extend it with
the necessary data structures to enable the construction of parse trees
following the work of Scott [5]. We then develop a functional algorithm
that builds a single parse tree and prove its correctness. Finally, we
generalize this approach to an algorithm for a complete parse forest
and prove soundness.
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theory Limit
imports Main
begin

1 Slightly adjusted content from AFP /LocalLex-
ing
fun funpower :: ('a = 'a) = nat = (‘a = ’a) where

funpower f 0 x = x
| funpower f (Suc n) x = f (funpower fn x)

definition natUnion :: (nat = ‘a set) = 'a set where
natUnion f = { fn|n. True}

definition limit :: (‘a set = 'a set) = 'a set = 'a set where
limit f © = natUnion (A n. funpower fn x)



definition setmonotone :: (a set = 'a set) = bool where
setmonotone f = (V X. X C f X)

lemma subset-setmonotone: setmonotone f = X C f X
{proof)

lemma funpower-id [simp]: funpower id n = id
(proof )

lemma limit-id [simp]: limit id = id
(proof)

definition chain :: (nat = ‘a set) = bool
where
chain C = (V i. Ci C C (i + 1))

definition continuous :: (a set = 'b set) = bool
where

continuous f = (V C. chain C — (chain (f o C) A f (natUnion C) = natUnion
(fo C)))

lemma natUnion-upperbound:
(A n. fnC G) = (natUnion f) C G
(proof)

lemma funpower-upperbound:
N[.LICG= fICG)=ICG= funpower fnl C G
(proof)

lemma limit-upperbound:
NILICG=fICG =ICG=IlmitfICG
(proof)

lemma elem-limit-simp: x € limit f X = (3 n. x € funpower f n X)

(proof)

definition pointwise :: ('a set = b set) = bool where
pointwise f = (VY X. fX = { f{z} | z. z € X})

lemma natUnion-elem: © € fn = = € natUnion f
(proof)

lemma limit-elem: © € funpower fn X = x € limit f X

(proof)

definition pointbase :: ('a set = 'b set) = 'a set = 'b set where
pointbase FI = { FX | X. finite X N X C T}

definition pointbased :: ('a set = 'b set) = bool where



pointbased f = (3 F. f = pointbase F')

lemma chain-implies-mono: chain C = mono C

(proof)

lemma setmonotone-implies-chain-funpower:
assumes setmonotone: setmonotone f
shows chain (A n. funpower fn I)

(proof)

lemma natUnion-subset: (A n. 3 m. fn C g m) = natUnion f C natUnion g
(proof )

lemma natUnion-eq[case-names Subset Superset]:

(An.3 m. fnCgm)= (A n 3 m. gnCfm)= natUnion f = natUnion
g
(proof)

lemma natUnion-shift[symmetric):
assumes chain: chain C
shows natUnion C = natUnion (A n. C (n + m))

(proof)

definition regular :: (‘a set = 'a set) = bool
where
reqular f = (setmonotone f A continuous f)

lemma regular-fixpoint:
assumes reqular: regular f
shows f (limit f I) = limit f I
{proof )

lemma fiz-is-fiz-of-limit:
assumes fizpoint: fI =1
shows limit fI =1
(proof)

lemma limit-is-idempotent: reqular f = limit f (limit f I) = limit f I

(proof)

definition mk-regular! :: ('b = 'a = bool) = ('b = 'a = 'a) = 'a set = 'a set
where
mk-reqgularl PFI =1U{ Fqz|qu.z €I ANPquz}

definition mk-regular2 :: ('b = ‘a = 'a = bool) = (b = 'a = 'a = 'a) = 'a set
= 'a set where

mk-reqular2 PF I =1U{ Fqzy|qey. 2 €I ANyeIANPqxy}

end



theory CFG
imports Main
begin

2 Adjusted content from AFP /LocalLexing
type-synonym ’a rule = 'a x ’a list
type-synonym ’a rules = 'a rule list
type-synonym ‘a sentence = 'a list

datatype 'a cfg =
CFG (M : 'a list) (T : 'a list) (R : 'a rules) (& : 'a)

definition disjunct-symbols :: 'a cfg = bool where
disjunct-symbols G = set (M G) N set (T G) = {}

definition wvalid-startsymbol :: 'a c¢fg = bool where
valid-startsymbol G = & G € set (N G)

definition valid-rules :: 'a c¢fg = bool where
valid-rules G =V (N, a) € set (R G). N € set (M G) A (Vs € set a. s € set (N
G) U set (¥ G))

definition distinct-rules :: 'a cfg = bool where
distinct-rules G = distinct (R G)

definition wf-G :: 'a c¢fg = bool where
wf-G G = disjunct-symbols G A valid-startsymbol G N\ valid-rules G A distinct-rules

g

lemmas wf-G-defs = wf-G-def valid-rules-def valid-startsymbol-def disjunct-symbols-def
distinct-rules-def

definition is-terminal :: 'a cfg = 'a = bool where
is-terminal G © = z € set (T G)

definition is-nonterminal :: 'a c¢fg = 'a = bool where
is-nonterminal G © = x € set (M G)

definition is-symbol :: 'a cfg = 'a = bool where
is-symbol G © = is-terminal G = V is-nonterminal G x

definition wf-sentence :: 'a c¢fg = 'a sentence = bool where
wf-sentence G w =V € set w. is-symbol G x

lemma is-nonterminal-startsymbol:
wf-G G = is-nonterminal G (& G)



{proof)

definition is-word :: 'a cfg = ’a sentence = bool where
is~word G w =V € set w. is-terminal G x

definition derives! :: 'a c¢fg = 'a sentence = 'a sentence = bool where
derives] Guv=3 zy N a.
u=2z@Q[N]Q@yA
v=zrQa@yA
(N, ) € set (R G)

definition derivations! :: 'a cfg = ('a sentence x 'a sentence) set where
derivations! G = { (u,v) | u v. derives] G u v }

definition derivations :: ‘a cfg = ('a sentence x 'a sentence) set where
derivations G = (derivationsl G) x

definition derives :: 'a c¢fg = 'a sentence = 'a sentence = bool where
derives G v v = ((u, v) € derivations G)

end
theory Derivations
imports
CFG
begin

3 Adjusted content from AFP /LocalLexing
type-synonym ‘a derivation = (nat X 'a rule) list
lemma is-word-empty: is-word G [| (proof)

lemma derivesI-implies-derives[simpl:
derivesl G a b = derives G a b
{proof)

lemma derives-trans:
derives G a b = derives G b ¢ = derives G a ¢

{proof)

lemma derivesi-eq-derivationsi:
derives! G zy = ((z, y) € derivationsl G)
(proof )

lemma derives-induct[consumes 1, case-names Base Step|:
assumes derives: derives G a b
assumes Pa: P a
assumes induct: Ay z. derives G a y = derives] G yz=— Py =— P2
shows P b



(proof)

definition Derives! :: 'a c¢fg = 'a sentence = nat = 'a rule = ’a sentence =
bool where
Derives1 Guirv=3 zy N a.
u=z @[N] QgyA
v=zQa@yA
(N, a) e set MRG)Ar=(N,a)ANi=lengthz

lemma Derivesl-split:

Derivest Guirv=— I zy u=zQfssr] QyAv=2Q (sndr) Qy A
length x = i

(proof)

lemma Derivesl-implies-derivesl: Derivesl G u i r v —> derives] G u v
(proof)

lemma derivesl-implies-Derivesl: derives] G uw v = 3 i r. Derives] Guirv
(proof )

fun Derivation :: 'a cfg = 'a sentence = 'a derivation = 'a sentence = bool
where

Derivation - a [ b= (a=b
| Derivation G a (d#D) b = (3 z. Derives! G a (fst d) (snd d) x A Derivation G
z D b)

lemma Derivation-implies-derives: Derivation G a D b = derives G a b

(proof)

lemma Derivation-Derivesl: Derivation G a S y = Derives] G y i r z =
Derivation G a (SQ[(i,r)]) z
(proof)

lemma derives-implies-Derivation: derives G a b = 3 D. Derivation G a D b
(proof)

lemma rule-nonterminal-type[simp|: wf-G G = (N, ) € set (R G) = is-nonterminal
G N
(proof)

lemma DerivesI-rule [elim]: Derives] G a ir b= 1 € set (R G)
(proof)

lemma is-terminal-nonterminal: wf-G G = is-terminal G ©* = is-nonterminal
G z = Fualse

{proof)

lemma is-word-is-terminal: i < length u = is-word G v = is-terminal G (u !

i)



{proof)

lemma Derivation-append: Derivation G a (DQE) ¢ = (3 b. Derivation G a D b
A Derivation G b E c)

(proof)

lemma Derivation-implies-append:
Derivation G a D b = Derivation G b E ¢ = Derivation G a (DQE) ¢
(proof)

4 Additional derivation lemmas

lemma Derives-prepend:
assumes Derives] G uir v
shows Derives! G (wQu) (i + length w) r (w@Qu)

(proof)

lemma Derivation-prepend:

Derivation G b D b' = Derivation G (aQb) (map (A(¢, 7). (i + length a, 7)) D)
(a@b’)

(proof)

lemma Derives1-append:
assumes Derives] G uirwv
shows Derives! G (uQuw) i r (vQuw)

(proof)

lemma Derivation-append’:
Derivation G a D o' = Derivation G (a@Qb) D (a'Qb)
(proof)

lemma Derivation-append-rewrite:
assumes Derivation G a D (b @ ¢ @ d) Derivation G ¢ E ¢’
shows 3 F. Derivation G a F (b @ ¢’ Q d)

{proof)

lemma derivesI-if-valid-rule:
(N, a) € set (R G) = derives] G [N] «
(proof)

lemma derives-if-valid-rule:
(N, a) € set (R G) = derives G [N] a
(proof)

lemma Derivation-from-empty:
Derivation G [| D a = a = []

(proof)

lemma Derivation-concat-split:



Derivation G (a@b) D ¢ = IFE F a’ b’. Derivation G a E o’ A Derivation G b
Fb' A
c=a'Qb' A length E < length D A length F < length D
(proof)

lemma Derivation-&1:
assumes Derivation G [6 G] D w is-word G w wf-G G
shows Ja E. Derivation G o E w A (6 G,a) € set (R G)

(proof)

end
theory Farley
imports
Derivations
begin

5 Slices

fun slice :: nat = nat = 'a list = 'a list where
slice - - [| =[]

| slice - 0 (z#xs) = |]

| slice 0 (Suc b) (z#xs) = x # slice 0 b xs

| slice (Suc a) (Suc b) (z#zs) = slice a b xs

lemma slice-drop-take:
slice a b xs = drop a (take b xs)

{proof)

lemma slice-append-aux:
Suc b < ¢ = slice (Suc b) ¢ (z # xs) = slice b (c—1) xs
(proof)

lemma slice-concat:
a<b=b< c¢c= sliceabazs Q slice b cxzs= slice a czxs
(proof)

lemma slice-concat-FEz:

a < c= sliceacas=ysQzs = Fb. ys = slice a b xs N\ zs = slice b ¢ xs N
a<bAb<ec¢
(proof)

lemma slice-nth:
a < length xs = slice a (a+1) zs = [zsla]
{proof )

lemma slice-append-nth:
a < b= b < length s = slice a b zs Q [zs!b] = slice a (b+1) zs
(proof )



lemma slice-empty:
b < a= sliceabuzs=]
{proof)

lemma slice-id[simp]:
slice 0 (length xs) xs = xs
{proof )

lemma slice-singleton:
b < length ©s = [z] = slice a b xs = b= a + 1
(proof)

6 Earley recognizer

6.1 Earley items

definition rule-head :: 'a rule = 'a where
rule-head = fst

definition rule-body :: 'a rule = 'a list where
rule-body = snd

datatype ‘a item =
Item (item-rule: 'a rule) (item-dot : nat) (item-origin : nat) (item-end : nat)

definition item-rule-head :: 'a item = 'a where
item-rule-head © = rule-head (item-rule x)

definition item-rule-body :: 'a item = 'a sentence where
item-rule-body x = rule-body (item-rule x)

definition item-o :: ‘a item = ’'a sentence where
item-a x = take (item-dot z) (item-rule-body )

definition item-8 :: 'a item = 'a sentence where
item-f x© = drop (item-dot z) (item-rule-body x)

definition is-complete :: 'a item = bool where
is-complete © = item-dot © > length (item-rule-body x)

definition next-symbol :: 'a item = 'a option where
next-symbol x = if is-complete © then None else Some (item-rule-body x | item-dot

z)

lemmas item-defs = item-rule-head-def item-rule-body-def item-a-def item-3-def
rule-head-def rule-body-def

definition is-finished :: 'a c¢fg = 'a sentence = 'a item = bool where
is-finished G w © =

10



item-rule-head t = & G A
item-origin ¢ = 0 A
item-end x = length w N
is-complete x

definition recognizing :: 'a item set = 'a cfg = 'a sentence = bool where
recognizing I G w = dz € I. is-finished G w «

inductive-set Farley :: 'a cfg = 'a sentence = 'a item set
for G :: 'a ¢fg and w :: ‘a sentence where
Init: r € set R G) = fstr=6G =
Itemr 000 € Farley G w
| Scan: ¢ = Item r b ij — z € Earley G w =
wlj = a = j < length w = neat-symbol z = Some o =
Itemr (b+ 1)i(j+ 1) € Earley G w
| Predict: x = Item r b { j = z© € Earley G w =
r’ € set (R G) = next-symbol x = Some (rule-head r’') =
Item r' 0jj € Earley G w
| Complete: © = Item ry by i j = x € Earley G w = y = Item ry by j k =
y € Earley G w =
is-complete y = next-symbol x = Some (item-rule-head y) =
Item ry (by + 1) ik € Earley G w

6.2 Well-formedness

definition wf-item :: ‘a c¢fg = 'a sentence => 'a item = bool where
wf-item G w x =
item-rule © € set (R G) A
item-dot x < length (item-rule-body x) A
item-origin x < item-end x A
item-end x < length w

lemma wf-Init:
assumes r € set (R G) fstr=6 G
shows wf-item G w (Item r 0 0 0)

{proof)

lemma wf-Scan:

assumes z = Item 1 b 1 j wf-item G w z w!j = a j < length w next-symbol x =
Some a

shows wf-item G w (Item v (b + 1) i (j+1))

(proof)

lemma wf-Predict:

assumes ¢ = [tem r b i j wf-item G w x v’ € set (R G) next-symbol x = Some
(rule-head 1)

shows wf-item G w (Item r' 0 j j)

(proof)

11



lemma wf-Complete:
assumes z = ltem v, by i j wf-item G w xy = Item vy by j k wf-item G w y
assumes is-complete y next-symbol v = Some (item-rule-head y)
shows wf-item G w (Item r, (by + 1) i k)
(proof )

lemma wf-Farley:
assumes z € FEarley G w
shows wf-item G w x

(proof)

6.3 Soundness

definition sound-item :: 'a c¢fg = 'a sentence = 'a item = bool where
sound-item G w x = derives G [item-rule-head x| (slice (item-origin x) (item-end
z) w Q jtem-0 x)

lemma sound-Init:
assumes 7 € set (RG) fstr=6¢G
shows sound-item G w (Item r 0 0 0)

(proof)

lemma sound-Scan:
assumes x = Item 7 b i j wf-item G w x sound-item G w x
assumes w!j = a j < length w next-symbol x = Some a
shows sound-item G w (Item r (b+1) ¢ (j+1))

(proof)

lemma sound-Predict:
assumes z = Item 7 b i j wf-item G w x sound-item G w x
assumes 1’ € set (R G) next-symbol © = Some (rule-head ')
shows sound-item G w (Item v’ 0 j j)
(proof )

lemma sound-Complete:
assumes z = Item r, b, i j wf-item G w x sound-item G w x
assumes y = ltem ry by j k wf-item G w y sound-item G w y
assumes is-complete y next-symbol v = Some (item-rule-head y)
shows sound-item G w (Item r, (by + 1) i k)

(proof )

lemma sound-FEarley:
assumes z € Farley G w wf-item G w x
shows sound-item G w x

(proof)
theorem soundness-FEarley:

assumes recognizing (Earley G w) G w
shows derives G [ G| w

12



(proof)

6.4 Completeness

definition partially-completed :: nat = 'a c¢fg = 'a sentence = 'a item set = ('a
derivation = bool) = bool where
partially-completed k G w EP=Vrbi' ijzaD.
1<jiNj<kANEk<lengthw A
x=1TItemrbi" i ANz € E A next-symbol = Some a A
Derivation G [a] D (slice i j w) N P D —
Item r (b+1)i'j € E

lemma partially-completed-upto:
assumes j < k k < length w
assumes z = Item (N,a) dijaz € IVz € I. wf-item G w z
assumes Derivation G (item- z) D (slice j k w)
assumes partially-completed k G w I (AD'. length D' < length D)
shows Item (N,a) (length «) i k € 1

(proof)

lemma partially-completed-Farley-k:
assumes wf-G G
shows partially-completed k G w (Earley G w) (A-. True)

(proof)

lemma partially-completed-Farley:
wf-G G = partially-completed (length w) G w (Earley G w) (A-. True)
{proof)

theorem completeness-Earley:
assumes derives G [6 G| w is-word G w wf-G G
shows recognizing (Earley G w) G w

(proof)

6.5 Correctness

theorem correctness-FEarley:
assumes wf-G G is-word G w
shows recognizing (Farley G w) G w +— derives G [ G] w

{proof)

6.6 Finiteness

lemma finiteness-empty:
set (R G) = {} = finite { z | z. wf-item Gw z }
(proof)

fun item-intro :: 'a rule X nat X nat x nat = ’a item where
item-intro (rule, dot, origin, ends) = Item rule dot origin ends

13



lemma finiteness-nonempty:
assumes set (R G) # {}
shows finite { z | z. wf-item G w z }

(proof)

lemma finiteness-UNIV-wf-item:
finite { z | z. wf-item G w z }
{proof )

theorem finiteness-Earley:
finite (Earley G w)
(proof)

end
theory Farley-Fizpoint
imports
Earley
Limit
begin

7 Earley recognizer

7.1 Earley fixpoint

definition init-item :: 'a rule = nat = 'a item where
nit-item r k = Item r 0k k

definition inc-item :: 'a item = nat = 'a item where
inc-item x k = Item (item-rule x) (item-dot = + 1) (item-origin z) k

definition bin :: ‘a item set = nat = 'a item set where
binlk={z.z€lNitemendz =%}

definition Initr :: 'a cfg = 'a item set where
Initp G = { init-itemr 0 | r. 7 € set (R G) A fstr=(6G) }

definition Scanp :: nat = 'a sentence = 'a item set = 'a item set where
Scanp k w I = { inc-item z (k+1) | = a.
x € binlkA
wk=aA
k < length w A
next-symbol © = Some a }

definition Predictr :: nat = ’a cfg = ’a item set = 'a item set where
Predictp k G I = { init-item r k| r x.
r € set (RG) A
zebinlkA
next-symbol © = Some (rule-head 1) }

14



definition Completer :: nat = 'a item set = 'a item set where
Completep kI = { inc-item z k | z y.
z € bin I (item-origin y) A
yebinlkA
is-complete y N
next-symbol = Some (item-rule-head y) }

definition Earleyp-bin-step :: nat = ’a cfg = 'a sentence = 'a item set = 'a
item set where
Earleyp-bin-step k G w [ = 1 U Scanpg k w I U Completer kI U Predicty k G 1

definition Earleyp-bin :: nat = 'a cfg = 'a sentence = 'a item set = 'a item set
where
Earleyp-bin k G w I = limit (Earleyp-bin-step k G w) T

fun Farleyp-bins :: nat = 'a c¢fg = 'a sentence = 'a item set where
Earleyp-bins 0 G w = Earleyp-bin 0 G w (Initp G)
| Earleyp-bins (Suc n) G w = Earleyp-bin (Suc n) G w (Earleyp-bins n G w)

definition Earleyr :: 'a cfg = 'a sentence = 'a item set where
Earleyr G w = FEarleyp-bins (length w) G w

7.2 Monotonicity and Absorption
lemma Farleypg-bin-step-empty:
Earleyp-bin-step k G w {} = {}
{proof )

lemma FEarleyg-bin-step-setmonotone:
setmonotone (Earleyp-bin-step k G w)
(proof)

lemma FEarleyp-bin-step-continuous:
continuous (Earleyp-bin-step k G w)
(proof)

lemma FEarleyp-bin-step-regular:
reqular (Earleyp-bin-step k G w)
(proof )

lemma FEarleyp-bin-idem:
Earleyp-bin k G w (Earleyp-bin k G w I) = Earleyp-bin k G w I
(proof )

lemma Scanp-bin-absorb:
Scanp k w (bin I k) = Scanp k w T
(proof)

lemma Predictp-bin-absorb:

15



Predictp k G (bin I k) = Predictp k G I
(proof )

lemma Scanp-Un:
Scanp kw (I U J) = Scanp kw I U Scanp k w J

{proof)

lemma Predictp-Un:
Predictp k G (I U J) = Predictp k G I U Predictp k G J
(proof )

lemma Scanpg-sub-mono:
I CJ = Scanp kw I C Scang k w J

{proof)

lemma Predict -sub-mono:
I C J = Predictr kG I C Predictp kG J
(proof )

lemma Completer-sub-mono:
I C J = Completer kI C Completer k J

{proof)

lemma FEarleyp-bin-step-sub-mono:
I C J = Earleyp-bin-step k G w I C FEarleyp-bin-step k G w J
(proof )

lemma funpower-sub-mono:

I C J = funpower (Earleyp-bin-step k G w) n I C funpower (Earleyp-bin-step
kEGuw)ndJ

(proof )

lemma FEarleyp-bin-sub-mono:
I C J = Earleyp-bin k G w I C Earleyp-bin k G w J
(proof )

lemma Scanp-FEarleyp-bin-step-mono:
Scanp k w I C FEarleyp-bin-step k G w I
(proof)

lemma Predictp-FEarleyp-bin-step-mono:
Predictp k G I C Earleyp-bin-step k G w I
(proof)

lemma Completer-FEarleyp-bin-step-mono:
Completer k I C FEarleyp-bin-step k G w I
(proof )

lemma FEarleyr-bin-step-FEarleyr-bin-mono:

16



FEarleyp-bin-step k G w I C Farleyp-bin k G w I
(proof)

lemma Scanp-FEarleyp-bin-mono:
Scang kw I C Earleyp-bink G w I

{proof)

lemma Predictp-FEarleyp-bin-mono:
Predictp k G I C Earleyp-bin k G w I
(proof )

lemma Completep-FEarleyr-bin-mono:
Completer k I C FEarleyp-bin k G w I
(proof )

lemma Farleyg-bin-mono:
I C Earleyp-bink G w I
(proof )

lemma Initp-sub-Earleyp-bins:
Initp G C Farleyp-bins n G w
(proof)

7.3 Soundness

lemma Initp-sub-FEarley:
Initp G C FEarley G w
(proof )

lemma Scanp-sub-Earley:
assumes [ C Farley G w
shows Scanp k w I C Earley G w

{proof)

lemma Predict g-sub-FEarley:
assumes [ C Farley G w
shows Predictp k G I C FEarley G w

{proof)

lemma Completep-sub-Earley:
assumes I C Farley G w
shows Completer kI C Earley G w

{proof)

lemma FEarleyg-bin-step-sub-Earley:
assumes [ C Farley G w
shows Farleyp-bin-step k G w I C Farley G w

{proof)
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lemma Farleyp-bin-sub-Farley:
assumes [ C FEarley G w
shows Earleyp-bin k G w I C Farley G w

{proof)

lemma Farleypg-bins-sub-FEarley:
shows Farleyp-bins n G w C Farley G w

{proof)

lemma FEarleyg-sub-FEarley:
shows FEarleyr G w C Farley G w

{proof)

theorem soundness-FEarleyp:
assumes recognizing (Farleyr G w) G w
shows derives G [6 G| w

(proof)

7.4 Completeness

definition prev-symbol :: 'a item = 'a option where
prev-symbol © = if item-dot * = 0 then None else Some (item-rule-body z !
(item-dot x — 1))

definition base :: 'a sentence = 'a item set = nat = ’a item set where
base w Ik ={z .z €I AN itemendz =kAk>0 A prev-symbol z = Some

(WHk=1)) }

lemma FEarleyp-bin-sub-Farleyp-bin:

assumes Initp G C I

assumes V&' < k. bin (Earley G w) k' C T

assumes base w (Earley G w) k C I

shows bin (Earley G w) k C bin (Earleyp-bink G w I) k
(proof)

lemma Farley-base-sub-Farleyp-bin:
assumes Initp G C I
assumes V&' < k. bin (Earley G w) k' C T
assumes base w (Farley G w) k C T
assumes wf-G G is-word G w
shows base w (Farley G w) (k+1) C bin (Earleyp-bin k G w I) (k+1)
(proof)
lemma FEarleyp-bin-k-sub-Farleyg-bins:
assumes wf-G G is-word G w k < n
shows bin (Earley G w) k C Earleyp-bins n G w
(proof)

lemma FEarley-sub-Farleyp:
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assumes wf-G G is-word G w
shows Earley G w C FEarleyr G w

(proof)

theorem completeness-Farleyp:
assumes derives G [S G| w is-word G w wf-G G
shows recognizing (Farleyr G w) G w

{proof)

7.5 Correctness

theorem Farley-eq-Earleyr:
assumes wf-G G is-word G w
shows FEarley G w = FEarleyr G w

{proof)

theorem correctness-Earleyr:
assumes wf-G G is-word G w
shows recognizing (Farleyr G w) G w «— derives G [6 G] w

{proof)

end
theory Farley-Recognizer
imports
Earley-Fizpoint
begin

8 Earley recognizer

8.1 List auxilaries

fun filter-with-indez’ :: nat = ('a = bool) = 'a list = (‘a X nat) list where
filter-with-indez’ - - || = |]
| filter-with-index’ i P (z#xs) = (
if Pz then (z,i) # filter-with-index’ (i+1) P xs
else filter-with-index’ (i+1) P xs)

definition filter-with-index :: (‘a = bool) = 'a list = ('a x nat) list where
filter-with-index P zs = filter-with-index’ 0 P xs

lemma filter-with-index’-P:
(z, n) € set (filter-with-indez’ i P xs) = P«
(proof)

lemma filter-with-indez-P:
(z, n) € set (filter-with-index P xs) = P x
(proof)

lemma filter-with-index'-cong-filter:
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map fst (filter-with-index’ i P xs) = filter P xs
{proof)

lemma filter-with-indez-cong-filter:
map fst (filter-with-index P xs) = filter P xs

{proof)

lemma size-indez-filter-with-index:
(z, n) € set (filter-with-index’ i P xs) = n > 1
(proof)

lemma index-filter-with-index’-lt-length:
(z, n) € set (filter-with-indezx’ i P xs) = n—i < length xs
{proof)

lemma index-filter-with-index-lt-length:
(z, n) € set (filter-with-index P xs) = n < length s

{proof)

lemma filter-with-index’-nth:
(z, n) € set (filter-with-index’ i P 2s) = zs ! (n—i) =«

(proof)

lemma filter-with-index-nth:
(z, n) € set (filter-with-index P xs) = zs ! n =z
(proof)

lemma filter-with-index-nonempty:
z € set s => P x = filter-with-index P xs # []
(proof)

lemma filter-with-index’- Ez-first:
(Fz i xs'. filler-with-index’ n P xs = (z, ©)#xs’) «— (3z € set zs. P x)
{proof)

lemma filter-with-index- Ez-first:

(Fz i xs'. filter-with-index P xs = (z, i)#as’) +— (I € set zs. P x)
(proof)

8.2 Definitions

datatype pointer =
Null
| Pre nat — pre
| PreRed nat x nat x nat (nat X nat x nat) list — k’, pre, red

datatype ‘a entry =
Entry (item : 'a item) (pointer : pointer)

20



type-synonym ’a bin = 'a entry list
type-synonym ’a bins = ’a bin list

definition items :: ‘a bin = 'a item list where
items b = map item b

definition pointers :: 'a bin = pointer list where
pointers b = map pointer b

definition bins-eq-items :: 'a bins = 'a bins = bool where
bins-eq-items bs0 bsl = map items bsO = map items bsl

definition bins :: ‘a bins = 'a item set where
bins bs = |J { set (items (bs'k)) | k. k < length bs }

definition bin-upto :: 'a bin = nat = 'a item set where
bin-upto b i = { items b1 j | j. j < i A j < length (items b) }

definition bins-upto :: ‘a bins = nat = nat = ’a item set where
bins-upto bs ki = J { set (items (bs! 1)) | I. I < k } U bin-upto (bs ! k) 4

definition wf-bin-items :: 'a cfg = 'a sentence = nat = 'a item list = bool where
wf-bin-items G w k xs =V € set xs. wf-item G w x A item-end z = k

definition wf-bin :: ‘a cfg = 'a sentence = nat = ’a bin = bool where
wf-bin G w k b = distinct (items b) A wf-bin-items G w k (items b)

definition wf-bins :: ‘a ¢fg = 'a list = 'a bins = bool where
wf-bins G w bs = Vk < length bs. wf-bin G w k (bslk)

definition nonempty-derives :: 'a cfg = bool where
nonempty-derives G =V N. N € set (N G) — — derives G [N] |]

definition Inity :: ‘a c¢fg = 'a sentence = 'a bins where
Init;, G w =
let rs = filter (Ar. rule-head r = & G) (R G) in
let b0 = map (Ar. (Entry (init-item r 0) Null)) rs in
let bs = replicate (length w + 1) ([]) in
bs[0 = b0]

definition Scang :: nat = 'a sentence = ‘a = 'a item = nat = 'a entry list
where
Scany, k w a x pre =
if wk = a then
let z' = inc-item x (k+1) in
[Entry ©’ (Pre pre))
else []

definition Predicty, :: nat = 'a ¢fg = 'a = 'a entry list where
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Predicty, kG X =
let rs = filter (Ar. rule-head 1 = X) (R G) in
map (Ar. (Entry (init-item r k) Null)) rs

definition Completey, :: nat = 'a item = 'a bins = nat = 'a entry list where
Completer, k y bs red =
let orig = bs ! (item-origin y) in
let is = filter-with-index (Az. next-symbol x = Some (item-rule-head y)) (items
orig) in
map (A(z, pre). (Entry (inc-item x k) (PreRed (item-origin y, pre, red) []))) is

fun bin-upd :: 'a entry = ‘a bin = 'a bin where
bin-upd e’ || = [e]
| bin-upd e’ (e#tes) = (
case (e, e) of
(Entry « (PreRed px xs), Entry y (PreRed py ys)) =
if © = y then Entry x (PreRed py (px#xsQys)) # es
else e # bin-upd e’ es
| - =
if item e’ = item e then e # es
else e # bin-upd e’ es)

fun bin-upds :: 'a entry list = ’a bin = ’a bin where
bin-upds [| b =b
| bin-upds (edtes) b = bin-upds es (bin-upd e b)

definition bins-upd :: 'a bins = nat = 'a entry list = 'a bins where
bins-upd bs k es = bs[k := bin-upds es (bs!k)]

partial-function (tailrec) Earleyr-bin' :: nat = 'a c¢fg = 'a sentence = 'a bins
= nat = 'a bins where
Earleyr-bin" k G w bsi = (
if © > length (items (bs ! k)) then bs

else
let x = items (bslk) ! i in
let bs' =
case next-symbol x of

Some a =
if is-terminal G a then
if k < length w then bins-upd bs (k+1) (Scany k w a x 7)
else bs
else bins-upd bs k (Predicty, k G a)
| None = bins-upd bs k (Completey, k  bs i)
in Earleyr-bin’ k G w bs’ (i+1))

declare Earley -bin'.simps|code]
definition Earleyy-bin :: nat = 'a cfg = 'a sentence = ’a bins = 'a bins where

Earleyr-bin k G w bs = FEarleyr-bin’ k G w bs 0
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fun Earleyr-bins :: nat = 'a cfg = 'a sentence = 'a bins where
Earleyy,-bins 0 G w = Earleyr-bin 0 G w (Init;, G w)
| Earleyr,-bins (Suc n) G w = Earleyr-bin (Suc n) G w (Earleyr,-bins n G w)

definition Earleyy, :: 'a ¢fg = 'a sentence = ’a bins where
Earleyr, G w = Earleyy,-bins (length w) G w

8.3 Bin lemmas

lemma length-bins-upd[simp):
length (bins-upd bs k es) = length bs
(proof )

lemma length-bin-upd:
length (bin-upd e b) > length b
(proof )

lemma length-bin-upds:
length (bin-upds es b) > length b
(proof)

lemma length-nth-bin-bins-upd:
length (bins-upd bs k es ! n) > length (bs ! n)
(proof )

lemma nth-idem-bins-upd:
k # n = bins-upd bs kes! n=">bs!n
(proof )

lemma items-nth-idem-bin-upd:
n < length b = items (bin-upd e b) ! n = items b ! n
{proof)

lemma items-nth-idem-bin-upds:
n < length b = items (bin-upds es b) | n = items b ! n
{proof )

lemma items-nth-idem-bins-upd:
n < length (bs | k) = items (bins-upd bs k es | k) ! n = items (bs ! k) ! n
(proof)

lemma bin-upto-eq-set-items:
i > length b = bin-upto b i = set (items b)
(proof)

lemma bins-upto-empty:

bins-upto bs 0 0 = {}
{proof)
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lemma set-items-bin-upd:
set (items (bin-upd e b)) = set (items b) U {item e}
(proof)

lemma set-items-bin-upds:
set (items (bin-upds es b)) = set (items b) U set (items es)
{proof)

lemma bins-bins-upd:
assumes k < length bs
shows bins (bins-upd bs k es) = bins bs U set (items es)

(proof)

lemma kth-bin-sub-bins:
k < length bs = set (items (bs ! k)) C bins bs
(proof)

lemma bin-upto-Cons-0:
bin-upto (e#es) 0 = {}
(proof)

lemma bin-upto-Cons:
assumes ( < n
shows bin-upto (e#tes) n = { item e } U bin-upto es (n—1)

(proof)

lemma bin-upto-nth-idem-bin-upd:
n < length b = bin-upto (bin-upd e b) n = bin-upto b n
(proof)

lemma bin-upto-nth-idem-bin-upds:
n < length b = bin-upto (bin-upds es b) n = bin-upto b n
(proof )

lemma bins-upto-kth-nth-idem:

assumes [ < length bs k < I n < length (bs ! k)

shows bins-upto (bins-upd bs I es) k n = bins-upto bs k n
(proof)

lemma bins-upto-sub-bins:
k < length bs = bins-upto bs k n C bins bs
(proof )

lemma bins-upto-Suc-Un:

n < length (bs ! k) = bins-upto bs k (n+1) = bins-upto bs k n U { items (bs !
E)!'n}

(proof )
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lemma bins-bin-exists:
z € bins bs = Ik < length bs. x € set (items (bs ! k))

{proof)

lemma distinct-bin-upd:
distinct (items b) = distinct (items (bin-upd e b))
(proof)

lemma wf-bins-kth-bin:

wf-bins G w bs = k < length bs = x € set (items (bs | k)) = wf-item G w =
A item-end © = k

{proof )

lemma wf-bin-bin-upd:
assumes wf-bin G w k b wf-item G w (item e) A item-end (item e) = k
shows wf-bin G w k (bin-upd e b)
(proof)

lemma wf-bin-bin-upds:
assumes wf-bin G w k b distinct (items es)
assumes Yz € set (items es). wf-item G w x A item-end x = k
shows wf-bin G w k (bin-upds es b)
(proof)

lemma wf-bins-bins-upd:
assumes wf-bins G w bs distinct (items es)
assumes Yz € set (items es). wf-item G w x A item-end x = k
shows wf-bins G w (bins-upd bs k es)
(proof)

lemma wf-bins-impl-wf-items:
wf-bins G w bs = V& € (bins bs). wf-item G w z

{proof)

lemma bin-upds-eq-items:
set (items es) C set (items b) = set (items (bin-upds es b)) = set (items b)
(proof)

lemma bin-eq-items-bin-upd:
item e € set (items b) = items (bin-upd e b) = items b
(proof)

lemma bin-eq-items-bin-upds:
assumes set (items es) C set (items b)
shows items (bin-upds es b) = items b

{proof)

lemma bins-eq-items-bins-upd:
assumes set (items es) C set (items (bslk))
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shows bins-eg-items (bins-upd bs k es) bs
{proof)

lemma bins-eq-items-imp-eq-bins:
bins-eq-items bs bs’ = bins bs = bins bs’
(proof )

lemma bin-eq-items-dist-bin-upd-bin:
assumes items a = items b
shows items (bin-upd e a) = items (bin-upd e b)
(proof)

lemma bin-eq-items-dist-bin-upds-bin:
assumes items a = items b
shows items (bin-upds es a) = items (bin-upds es b)
(proof )

lemma bin-eq-items-dist-bin-upd-entry:
assumes item e = item e’
shows items (bin-upd e b) = items (bin-upd e’ b)
(proof )

lemma bin-eq-items-dist-bin-upds-entries:
assumes items es = items es’
shows items (bin-upds es b) = items (bin-upds es’ b)
(proof )

lemma bins-eq-items-dist-bins-upd:
assumes bins-eq-items as bs items aes = items bes k < length as
shows bins-eg-items (bins-upd as k aes) (bins-upd bs k bes)

{(proof)

8.4 Well-formed bins

lemma distinct-Scany,:
distinct (items (Scang k w a x pre))

{proof)

lemma distinct-Predicty,:
wf-G G = distinct (items (Predicty k G X))
(proof)

lemma inj-on-inc-item:
Vi e A. item-end x = | = inj-on (\z. inc-item z k) A
(proof)

lemma distinct-Completer,:

assumes wf-bins G w bs item-origin y < length bs
shows distinct (items (Completer, k y bs red))
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(proof)

lemma wf-bins-Scany”:
assumes wf-bins G w bs k < length bs z € set (items (bs ! k))
assumes k < length w next-symbol x # None y = inc-item z (k+1)
shows wf-item G w y A item-end y = k+1
(proof)

lemma wf-bins-Scany,:

assumes wf-bins G w bs k < length bs x € set (items (bs ! k)) k < length w
next-symbol x # None

shows Vy € set (items (Scany, k w a x pre)). wf-item G w y A item-end y =
(k+1)

(proof )

lemma wf-bins-Predicty,:
assumes wf-bins G w bs k < length bs k < length w wf-G G
shows Vy € set (items (Predicty, k G X)). wf-item G w y A item-end y = k
(proof)

lemma wf-item-inc-item:
assumes wf-item G w = next-symbol x = Some a item-origin x < k k < length w
shows wf-item G w (inc-item x k) A item-end (inc-item ¢ k) = k
(proof)

lemma wf-bins-Completey,:

assumes wf-bins G w bs k < length bs y € set (items (bs ! k))

shows Vx € set (items (Completer, k y bs red)). wf-item G w x A item-end x =
k

(proof)

lemma Ez-wf-bins:
dnbsw G. n < length w A length bs = Suc (length w) A wf-G G A wf-bins G w
bs

{proof)

definition wf-earley-input :: (nat x 'a c¢fg X 'a sentence x ‘a bins) set where
wf-earley-input = {
(k, G, w, bs) | k G w bs.

k < length w A
length bs = length w + 1 A
wf-G G A
wf-bins G w bs

¥

typedef ‘a wf-bins = wf-earley-input::(nat X 'a c¢fg x 'a sentence x 'a bins) set
morphisms from-wf-bins to-wf-bins
(proof )
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lemma wf-earley-input-elim:

assumes (k, G, w, bs) € wf-earley-input

shows k < length w N k < length bs A length bs = length w + 1 AN wf-G G A
wf-bins G w bs

(proof )

lemma wf-earley-input-intro:
assumes k < length w length bs = length w + 1 wf-G G wf-bins G w bs
shows (k, G, w, bs) € wf-earley-input
(proof )

lemma wf-earley-input-Completer :
assumes (k, G, w, bs) € wf-earley-input — length (items (bs ! k)) < ¢
assumes z = items (bs | k) ! i next-symbol x = None
shows (k, G, w, bins-upd bs k (Completer, k x bs red)) € wf-earley-input
(proof )

lemma wf-earley-input-Scany:
assumes (k, G, w, bs) € wf-earley-input — length (items (bs ! k)) < ¢
assumes z = items (bs | k) | i next-symbol x = Some a
assumes is-terminal G a k < length w
shows (k, G, w, bins-upd bs (k+1) (Scany k w a x pre)) € wf-earley-input
(proof )

lemma wf-earley-input-Predicty:
assumes (k, G, w, bs) € wf-earley-input — length (items (bs ! k)) < ¢
assumes z = items (bs | k) ! i next-symbol x = Some a — is-terminal G a
shows (k, G, w, bins-upd bs k (Predict;, k G a)) € wf-earley-input

(proof)

fun earley-measure :: nat x 'a cfg X 'a sentence x 'a bins = nat = nat where
earley-measure (k, G, w, bs) i = card { z | z. wf-item G w = A item-end x = k }
— 1

lemma Farleyy,-bin’-simps[simp):
i > length (items (bs ! k)) = Earleyr-bin" k G w bs i = bs
- ¢ > length (items (bs | k)) = x = items (bs'k) | i = next-symbol x = None
—
Earleyr,-bin' k G w bs i = Earleyr,-bin' k G w (bins-upd bs k (Completer, k x bs
) (i+1)
- i > length (items (bs ! k)) = x = items (bslk) | i = next-symbol © = Some
a —>
is-terminal G a = k < length w = Farleyr-bin’ k G w bs ¢ = Earleyr-bin
k G w (bins-upd bs (k+1) (Scang, k w a z i) (i+1)
— 1 > length (items (bs | k)) = x = items (bs'k) | i = next-symbol z = Some
o =
is-terminal G a = — k < length w = Earley;-bin’ k G w bs i = Earleyy-bin
kG wbs (i+1)
= 1 > length (items (bs | k)) = x = items (bs'k) | i = next-symbol z = Some

/

/
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a4 —
- is-terminal G a => Farleyr,-bin' k G w bs i = Farleyr-bin’ k G w (bins-upd
bs k (Predicty, k G a)) (i+1)
(proof)

lemma Farleyy,-bin'-induct[case-names Base Completer Scanp Pass Predictp|:
assumes (k, G, w, bs) € wf-earley-input
assumes base: ANk G w bs i. © > length (items (bs ! k)) = Pk G w bs i
assumes complete: Nk G w bs i . = i > length (items (bs ! k)) = z = items
(bslk)!i=
next-symbol z = None => P k G w (bins-upd bs k (Completer, k x bs 7))
(i+1) = Pk Gwbsi
assumes scan: Nk G w bs i x a. = i > length (items (bs ! k)) = = = items (bs
k)i =
next-symbol x = Some a = is-terminal G a = k < length w =
Pk G w (bins-upd bs (k+1) (Scany k w a 1)) (i+1) = Pk G w bs i
assumes pass: Nk G w bs i x a. = 7 > length (items (bs ! k)) = z = items (bs
k)i =
nezt-symbol x = Some a = is-terminal G a = - k < length w =
PkGuwbs(i+1) = PkGuwbsi
assumes predict: Nk G w bs i x a. = { > length (items (bs ! k)) = = = items
(bsk)!i=
next-symbol x = Some a = — is-terminal G o =
Pk G w (bins-upd bs k (Predicty, k G a)) (i+1) = Pk Gw bsi
shows Pk G w bs i
(proof )

lemma wf-earley-input-Earleyr,-bin’:
assumes (k, G, w, bs) € wf-earley-input
shows (k, G, w, Farleyr-bin' k G w bs i) € wf-earley-input
(proof )

lemma wf-earley-input-Earleyy,-bin:
assumes (k, G, w, bs) € wf-earley-input
shows (k, G, w, Earleyy-bin k G w bs) € wf-earley-input
(proof )

lemma length-bins-FEarleyr-bin':
assumes (k, G, w, bs) € wf-earley-input
shows length (Earleyr-bin’ k G w bs i) = length bs
(proof )

lemma length-nth-bin-FEarleyr,-bin':
assumes (k, G, w, bs) € wf-earley-input
shows length (items (Earleyp-bin’ k G w bs i ! 1)) > length (items (bs ! 1))
{proof)

lemma wf-bins-Earleyy -bin':
assumes (k, G, w, bs) € wf-earley-input
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shows wf-bins G w (Earleyr-bin" k G w bs )
(proof )

lemma wf-bins-Earleyy,-bin:
assumes (k, G, w, bs) € wf-earley-input
shows wf-bins G w (Earleyr-bin k G w bs)
(proof )

lemma kth-FEarleyy-bin'-bins:
assumes (k, G, w, bs) € wf-earley-input
assumes j < length (items (bs! 1))
shows items (Earleyr-bin’ k G w bs i ! 1) ! j = items (bs! 1) !
(proof)

lemma nth-bin-sub-Earleyy-bin:

assumes (k, G, w, bs) € wf-earley-input

shows set (items (bs ! 1)) C set (items (Earleyr-bin’ k G w bs i ! 1))
(proof)

lemma nth-Earleyy,-bin'-eq:
assumes (k, G, w, bs) € wf-earley-input
shows | < k = FEarleyp-bin’ k Gw bsi!l=10bs!]
(proof)

lemma set-items-Earleyy-bin'-eq:
assumes (k, G, w, bs) € wf-earley-input
shows | < k = set (items (Earleyr-bin" k G w bs i ! 1)) = set (items (bs ! 1))
(proof )

lemma bins-upto-k0-Earleyr-bin'-eq:
assumes (k, G, w, bs) € wf-earley-input
shows bins-upto (Earleyr-bin k G w bs) k 0 = bins-upto bs k 0
(proof )

lemma wf-earley-input-Inity,:
assumes k < length w wf-G G
shows (k, G, w, Inity, G w) € wf-earley-input

(proof)

lemma length-bins-Initr,[simp:
length (Init;, G w) = length w + 1
(proof )

lemma wf-earley-input-Earley,-bins[simp]:
assumes k < length w wf-G G

shows (k, G, w, Farleyy,-bins k G w) € wf-earley-input
(proof )

lemma length-Earleyy,-bins[simp):
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assumes k < length w wf-G G
shows length (Earleyy-bins k G w) = length (Init;, G w)
{proof)

lemma wf-bins-Farleyy,-bins[simp]:
assumes k < length w wf-G G
shows wf-bins G w (Earleyy,-bins k G w)
(proof)

lemma wf-bins-FEarleyy,:
wf-G G = wf-bins G w (Farley;, G w)
(proof)

8.5 Soundness

lemma Inity -eq-Initp:
bins (Init;, G w) = Initp G
(proof )

lemma Scany -sub-Scang:

assumes wf-bins G w bs bins bs C I x € set (items (bs ! k)) k < length bs k <
length w

assumes next-symbol x = Some a

shows set (items (Scany k w a x pre)) C Scanp k w I

(proof)

lemma Predicty,-sub-Predictp:
assumes wf-bins G w bs bins bs C I x € set (items (bs | k)) k < length bs
assumes next-symbol x = Some X
shows set (items (Predicty, k G X)) C Predictp k G I

(proof)

lemma Completer -sub-Completep:
assumes wf-bins G w bs bins bs C Iy € set (items (bs | k)) k < length bs
assumes next-symbol y = None
shows set (items (Completer, k y bs red)) C Completer k I

(proof)

lemma sound-Scany,:

assumes wf-bins G w bs bins bs C I x € set (items (bslk)) k < length bs k <
length w

assumes nezxt-symbol x = Some a Vx € I. wf-item G w x Vx € I. sound-item G
w T

shows Vz € set (items (Scang k w a z 7). sound-item G w

(proof)

lemma sound-Predicty,:
assumes wf-bins G w bs bins bs C I x € set (items (bslk)) k < length bs
assumes next-symbol x = Some X Va € 1. wf-item G w x YV € 1. sound-item
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Gwz
shows YV € set (items (Predicty, k G X)). sound-item G w
(proof)

lemma sound-Completey,:
assumes wf-bins G w bs bins bs C Iy € set (items (bslk)) k < length bs
assumes next-symbol y = None Vz € I. wf-item G w z Vz € I. sound-item G w
T
shows Vz € set (items (Completer, k y bs i)). sound-item G w x

{(proof)

lemma sound-Earleyr-bin”:
assumes (k, G, w, bs) € wf-earley-input
assumes V1 € bins bs. sound-item G w x
shows V& € bins (Earleyr-bin' k G w bs i). sound-item G w x
(proof )

lemma sound-FEarleyr,-bin:
assumes (k, G, w, bs) € wf-earley-input
assumes Yz € bins bs. sound-item G w x
shows Vz € bins (Earleyr-bin k G w bs). sound-item G w x

{proof)

lemma FEarleyy -bin'-sub-Earleyr-bin:
assumes (k, G, w, bs) € wf-earley-input
assumes bins bs C [
shows bins (Earleyr-bin’ k G w bs i) C Farleyp-bink G w I
(proof )

lemma FEarleyy -bin-sub-FEarleyg-bin:
assumes (k, G, w, bs) € wf-earley-input
assumes bins bs C [
shows bins (Earleyr-bin k G w bs) C Earleyp-bin k G w I
(proof)

lemma Farleyy -bins-sub-Earleyp-bins:
assumes k < length w wf-G G
shows bins (Earleyr-bins k G w) C Farleyp-bins k G w
(proof )

lemma Farleyy -sub-Earleyr:
wf-G G = bins (Earleyr, G w) C Earleyr G w
(proof)

theorem soundness-FEarleyy:
assumes wf-G G recognizing (bins (Farleyr, G w)) G w
shows derives G [6 G| w
(proof )
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8.6 Completeness

lemma bin-bins-upto-bins-eq:
assumes wf-bins G w bs k < length bs i > length (items (bs 1 k)) | < k
shows bin (bins-upto bs k i) I = bin (bins bs) [
(proof )

lemma impossible-complete-item:
assumes wf-G G wf-item G w x sound-item G w x
assumes is-complete x item-origin x = k item-end x = k nonempty-derives G
shows Fulse

(proof)

lemma Completer-Un-eq-terminal:

assumes nezt-symbol z = Some a is-terminal G a ¥V € I. wf-item G w x wf-item
Gwzuwf-G g

shows Completer k (I U {z}) = Completep kI
(proof)

lemma Completer - Un-eq-nonterminal:
assumes wf-G G Vz € I. wf-item G w x Vx € I. sound-item G w «
assumes nonempty-derives G wf-item G w z
assumes item-end z = k next-symbol z # None
shows Completer k (I U {z}) = Completer k I
(proof)

lemma wf-item-in-kth-bin:
wf-bins G w bs = € bins bs = item-end v = k = x € set (items (bs | k))
{proof)

lemma Completer-bins-upto-eq-bins:
assumes wf-bins G w bs k < length bs i > length (items (bs ! k))
shows Completer k (bins-upto bs k i) = Completer k (bins bs)
(proof)

lemma Completer -sub-bins-Un-Completey,:

assumes Completep k I C bins bs I C bins bs is-complete z wf-bins G w bs
wf-item G w z

shows Completer k (I U {z}) C bins bs U set (items (Completer, k z bs red))
(proof)

lemma Completey, -eq-item-origin:

bs | item-origin y = bs’ ! item-origin y = Completer k y bs red = Completey,
ky bs' red

(proof)

lemma kth-bin-bins-upto-empty:
assumes wf-bins G w bs k < length bs
shows bin (bins-upto bs k 0) k = {}
(proof )
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lemma FEarleyy,-bin’-mono:
assumes (k, G, w, bs) € wf-earley-input
shows bins bs C bins (Earleyr,-bin’ k G w bs i)
(proof )

lemma Earleyr-bin-step-sub-Earleyr-bin”:
assumes (k, G, w, bs) € wf-earley-input
assumes Farleyp-bin-step k G w (bins-upto bs k i) C bins bs
assumes YV € bins bs. sound-item G w z is-word G w nonempty-derives G
shows Farleyp-bin-step k G w (bins bs) C bins (Earleyr-bin' k G w bs )
(proof)

lemma FEarleyp-bin-step-sub-Earleyr,-bin:
assumes (k, G, w, bs) € wf-earley-input
assumes Farleyp-bin-step k G w (bins-upto bs k 0) C bins bs
assumes YV € bins bs. sound-item G w z is-word G w nonempty-derives G
shows Farleyp-bin-step k G w (bins bs) C bins (Earleyr-bin k G w bs)
(proof)

lemma bins-eq-items-Completey,:
assumes bins-eq-items as bs item-origin x < length as
shows items (Completer, k x as i) = items (Completer, k x bs i)

(proof)

lemma FEarleyy-bin'-bins-eq:
assumes (k, G, w, as) € wf-earley-input
assumes bins-eq-items as bs wf-bins G w as
shows bins-eg-items (Earleyr-bin’ k G w as i) (Earleyr-bin' k G w bs 1)
(proof )

lemma FEarleyy-bin’-idem:

assumes (k, G, w, bs) € wf-earley-input

assumes | < j Vz € bins bs. sound-item G w x nonempty-derives G

shows bins (Earleyr-bin’ k G w (Earleyr-bin' k G w bs i) j) = bins (Earleyr-bin’
kG w bs i)

(proof )

lemma FEarleyy -bin-idem:

assumes (k, G, w, bs) € wf-earley-input

assumes Yz € bins bs. sound-item G w = nonempty-derives G

shows bins (Farleyr-bin k G w (Farleyr-bin k G w bs)) = bins (Earleyr-bin k
G w bs)

(proof)

lemma funpower-FEarleyp-bin-step-sub-Earleyr,-bin:

assumes (k, G, w, bs) € wf-earley-input

assumes Farleyp-bin-step k G w (bins-upto bs k 0) C bins bs Yz € bins bs.
sound-item G w x
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assumes is-word G w nonempty-derives G

shows funpower (Earleyp-bin-step k G w) n (bins bs) C bins (Earleyy-bin k G
w bs)

{proof)

lemma Farleyp-bin-sub-FEarleyy -bin:

assumes (k, G, w, bs) € wf-earley-input

assumes FEarleyp-bin-step k G w (bins-upto bs k 0) C bins bs Y& € bins bs.
sound-item G w z

assumes is-word G w nonempty-derives G

shows Farleyp-bin k G w (bins bs) C bins (Earleyr-bin k G w bs)

(proof)

lemma Farleyp-bins-sub-FEarleyr -bins:
assumes k < length w wf-G G
assumes is-word G w nonempty-derives G
shows Farleyp-bins k G w C bins (Earleyr-bins k G w)

{proof)

lemma Farleyp-sub-Farleyr:
assumes wf-G G is-word G w nonempty-derives G
shows Farleyr G w C bins (Earleyr, G w)
(proof)

theorem completeness-FEarleyy:
assumes derives G [6 G| w is-word G w wf-G G nonempty-derives G
shows recognizing (bins (Earleyr, G w)) G w

{proof)

8.7 Correctness

theorem Farley-eq-Earleyy:
assumes wf-G G is-word G w nonempty-derives G
shows Farley G w = bins (Earleyr, G w)

(proof)

theorem correctness-Earleyy:
assumes wf-G G is-word G w nonempty-derives G
shows recognizing (bins (Earleyr, G w)) G w «— derives G [6 G] w
(proof )

end
theory FEarley-Parser
imports
FEarley-Recognizer
HOL- Library. Monad-Syntaz
begin
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9 Earley parser

9.1 Pointer lemmas

definition predicts :: 'a item = bool where
predicts x = item-origin © = item-end x A item-dot x = 0

definition scans :: ‘a sentence = nat = 'a item = 'a item = bool where
scans w k zy = y = inc-item z k A (3 a. next-symbol x = Some a AN wl(k—1) =

)

definition completes :: nat = 'a item = 'a item = 'a item = bool where
completes k x y z = y = inc-item © k N\ is-complete z A\ item-origin z = item-end
HAVAN
(I N. next-symbol © = Some N N N = item-rule-head z)

definition sound-null-ptr :: 'a entry = bool where
sound-null-ptr e = (pointer e = Null — predicts (item e))

definition sound-pre-ptr :: 'a sentence = 'a bins = nat = 'a entry = bool where
sound-pre-ptr w bs k e = Y pre. pointer e = Pre pre —
k> 0 A pre < length (bsl(k—1)) A scans w k (item (bs!(k—1)!pre)) (item e)

definition sound-prered-ptr :: 'a bins = nat = ’a entry = bool where
sound-prered-ptr bs k e =V p ps k' pre red. pointer e = PreRed p ps N (k', pre,
red) € set (p#ps) —
k" < k N pre < length (bslk’) A red < length (bslk) A completes k (item
(bslk\pre)) (item €) (item (bs'klred))

definition sound-ptrs :: 'a sentence = ’a bins = bool where
sound-ptrs w bs = Vk < length bs. Ve € set (bs'k).
sound-null-ptr e A sound-pre-ptr w bs k e A sound-prered-ptr bs k e

definition mono-red-ptr :: 'a bins = bool where
mono-red-ptr bs = ¥k < length bs. Vi < length (bs!k).
YV k' pre red ps. pointer (bs'k!i) = PreRed (k', pre, red) ps — red < i

lemma nth-item-bin-upd:
n < length es = item (bin-upd e es | n) = item (es!n)
{proof)

lemma bin-upd-append:
item e ¢ set (items es) = bin-upd e es = es Q [¢]
{proof)

lemma bin-upd-null-pre:
item e € set (items es) => pointer e = Null V pointer e = Pre pre = bin-upd
ees = es

{proof)
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lemma bin-upd-prered-nop:

assumes distinct (items es) i < length es

assumes item e = item (esli) pointer e = PreRed p ps Bp ps. pointer (esli) =
PreRed p ps

shows bin-upd e es = es

{proof)

lemma bin-upd-prered-upd:

assumes distinct (items es) ¢ < length es

assumes item e = item (esli) pointer e = PreRed p rs pointer (esli) = PreRed
p’ rs’ bin-upd e es = es’

shows pointer (es'i) = PreRed p’ (p#rsQrs’) A (Vj < length es’. i#j — es'lj
= eslj) A length (bin-upd e es) = length es

(proof)

lemma sound-ptrs-bin-upd:
assumes sound-ptrs w bs k < length bs es = bslk distinct (items es)
assumes sound-null-ptr e sound-pre-ptr w bs k e sound-prered-ptr bs k e
shows sound-ptrs w (bs[k := bin-upd e es))

{proof)

lemma mono-red-ptr-bin-upd:

assumes mono-red-ptr bs k < length bs es = bslk distinct (items es)

assumes Yk’ pre red ps. pointer e = PreRed (k', pre, red) ps — red < length
es

shows mono-red-ptr (bs[k := bin-upd e es])

(proof )

lemma sound-mono-ptrs-bin-upds:

assumes sound-ptrs w bs mono-red-ptr bs k < length bs b = bslk distinct (items
b) distinct (items es)

assumes V e € set es. sound-null-ptr e A sound-pre-ptr w bs k e A sound-prered-ptr
bs ke

assumes Ve € set es. VE' pre red ps. pointer e = PreRed (k', pre, red) ps —
red < length b

shows sound-ptrs w (bs[k := bin-upds es b)) A mono-red-ptr (bs[k := bin-upds es
b))

{proof)

lemma sound-mono-ptrs-Earley -bin":

assumes (k, G, w, bs) € wf-earley-input

assumes sound-ptrs w bs Yz € bins bs. sound-item G w x

assumes mono-red-ptr bs

assumes nonempty-derives G wf-G G

shows sound-ptrs w (Earley-bin' k G w bs i) A mono-red-ptr (Earleyr,-bin' k G
w bs 1)

(proof)

lemma sound-mono-ptrs-Earley,-bin:
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assumes (k, G, w, bs) € wf-earley-input

assumes sound-ptrs w bs Vx € bins bs. sound-item G w x

assumes mono-red-ptr bs

assumes nonempty-derives G wf-G G

shows sound-ptrs w (Earleyr-bin k G w bs) A mono-red-ptr (Earleyr-bin k G w
bs)

(proof)

lemma sound-ptrs-Inity:
sound-ptrs w (Inity, G w)
(proof)

lemma mono-red-ptr-Inity:
mono-red-ptr (Init;, G w)

(proof)

lemma sound-mono-ptrs-Earleyr -bins:
assumes k < length w wf-G G nonempty-derives G wf-G G
shows sound-ptrs w (Earleyr-bins k G w) A mono-red-ptr (Farleyy,-bins k G w)

{proof)

lemma sound-mono-ptrs-Earleyy,:
assumes wf-G G nonempty-derives G
shows sound-ptrs w (Earleyr, G w) A mono-red-ptr (Earleyr G w)
(proof )

9.2 Common Definitions

datatype ‘a tree =
Leaf 'a
| Branch 'a 'a tree list

fun yield-tree :: 'a tree = 'a sentence where
yield-tree (Leaf a) = [a]
| yield-tree (Branch - ts) = concat (map yield-tree ts)

fun root-tree :: 'a tree = 'a where
root-tree (Leaf a) = a
| root-tree (Branch N -) = N

fun wf-rule-tree :: 'a c¢fg = 'a tree = bool where
wf-rule-tree - (Leaf a) +— True
| wf-rule-tree G (Branch N ts) «— (
(3r € set (R G). N = rule-head r N\ map root-tree ts = rule-body 1) A
(Vt € set ts. wf-rule-tree G t))

fun wf-item-tree :: 'a c¢fg = 'a item = 'a tree = bool where

wf-item-tree G - (Leaf a) «— True
| wf-item-tree G x (Branch N ts) +— (
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N = item-rule-head © N map root-tree ts = take (item-dot ) (item-rule-body x)
A
(Vi € set ts. wf-rule-tree G t))

definition wf-yield-tree :: 'a sentence = 'a item = ’a tree = bool where
wf-yield-tree w x t +— yield-tree t = slice (item-origin z) (item-end x) w

datatype ’a forest =
FLeaf 'a
| FBranch 'a 'a forest list list

fun combinations :: 'a list list = 'a list list where
combinations [| = [[]]
| combinations (zs#xss) = [ x#cs . © <— 8, cs <— combinations xss |

fun trees :: 'a forest = 'a tree list where
trees (FLeaf a) = [Leaf a)
| trees (FBranch N fss) = (
let tss = (map (Afs. concat (map (Nf. trees f) fs)) fss) in
map (Ats. Branch N ts) (combinations tss)

)

lemma list-comp-flatten:

[fas.azs<—[gasys.zs <— as, ys <— bs | ] =[f (g xs ys) . zs <— as, ys
<— bs ]

(proof )

lemma list-comp-flatten-Cons:
[ z#xs . <— as, xs <— [ x5 Q ys. xs <— bs, ys <— ¢s| | = [ z#xsQys. z <—
as, s <— bs, ys <— cs]

(proof)

lemma list-comp-flatten-append:

[ 2sQys . xs <— [ a#tas . x <— as, xs <— bs |, ys <— ¢s | = [ zH#xsQys . x <—
as, s <— bs, ys <— cs]

(proof )

lemma combinations-append:
combinations (zss @ yss) = [ zs Q ys . xs <— combinations xss, ys <— combi-
nations yss |

{proof)

lemma trees-append:
trees (FBranch N (xzss @ yss)) = (
let xtss = (map (Azs. concat (map (Af. trees f) xs)) xss) in
let ytss = (map (Ays. concat (map (Af. trees f) ys)) yss) in
map (Ats. Branch N ts) [ xs Q ys . s <— combinations ztss, ys <— combinations
ytss ])
(proof)
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lemma trees-append-singleton:
trees (FBranch N (zss @ [ys])) = (
let ztss = (map (Azs. concat (map (Nf. trees f) xs)) xss) in
let ytss = [concat (map trees ys)] in
map (Ats. Branch N ts) [ zs Q ys . zs <— combinations xtss, ys <— combinations
ytss |)
{proof )

lemma trees-append-single-singleton:
trees (FBranch N (zss @ [[y]])) = (
let xtss = (map (Azs. concat (map (Af. trees f) xs)) xss) in
map (Ats. Branch N ts) [ zs Q ys . s <— combinations wztss, ys <— [[t] . ¢
<— trees y ]])

(proof)

9.3 foldl lemmas

lemma foldl-add-nth:

k < length s = foldl (+) z (map length (take k zs)) + length (xs'k) = foldl
(+) z (map length (take (k+1) xs))
(proof)

lemma foldl-acc-mono:
a < b= foldl (+) a zs < foldl (+) b xs for a :: nat
{proof )

lemma foldl-ge-z-nth:
j < length xs = z + length (zs!j) < foldl (+) z (map length (take (j+1) xs))
(proof)

lemma foldl-add-nth-ge:

i < j = j < length xs = foldl (+) z (map length (take i zs)) + length (zs!j)
< foldl (+) z (map length (take (j+1) xs))
(proof)

lemma foldl-ge-acc:
foldl (+) z (map length xs) > z
(proof )
lemma foldl-take-mono:
i < j = foldl (+) z (map length (take i xs)) < foldl (+) z (map length (take j

zs))
{(proof)

9.4 Parse tree

partial-function (option) build-tree’ :: 'a bins = 'a sentence = nat = nat = 'a
tree option where
build-tree’ bs w ki = (
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let e = bslkliin (
case pointer e of
Null = Some (Branch (item-rule-head (item e)) [|) — start building sub-tree
| Pre pre = ( — add sub-tree starting from terminal
do {
t < build-tree’ bs w (k—1) pre;
case t of
Branch N ts = Some (Branch N (ts Q [Leaf (w!(k—1))]))
| - = undefined — impossible case

H

| PreRed (', pre, red) - = ( — add sub-tree starting from non-terminal
do {
t < build-tree’ bs w k' pre;
case t of
Branch N ts =
do {
t < build-tree’ bs w k red;
Some (Branch N (ts @ [t]))
}
| - = undefined — impossible case
1)
)

declare build-tree’.simps [code]

definition build-tree :: 'a cfg = 'a sentence = 'a bins = 'a tree option where
build-tree G w bs = (
let k = length bs — 1 in (
case filter-with-index (\z. is-finished G w x) (items (bslk)) of
[ = None
| (-, ©)#- = build-tree’ bs w ki

lemma build-tree’-simps|[simp]:
e = bslkli = pointer e = Null = build-tree’ bs w k i = Some (Branch
(item-rule-head (item €)) [])
e = bs'k!i = pointer e = Pre pre => build-tree’ bs w (k—1) pre = None =
build-tree’ bs w k i = None
e = bslkli = pointer e = Pre pre => build-tree’ bs w (k—1) pre = Some (Branch
N ts) =
build-tree’ bs w k i = Some (Branch N (ts @ [Leaf (w!(k—1))]))
e = bslkli = pointer e = Pre pre = build-tree’ bs w (k—1) pre = Some (Leaf
a) =
build-tree’ bs w k i = undefined
e = bslkli = pointer e = PreRed (k', pre, red) reds => build-tree’ bs w k' pre
= None =
build-tree’ bs w k i = None
e = bs'kli = pointer e = PreRed (k', pre, red) reds = build-tree’ bs w k' pre
= Some (Branch N ts) =
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build-tree’ bs w k red = None = build-tree’ bs w k i = None

e = bslkli = pointer e = PreRed (k', pre, red) reds => build-tree’ bs w k' pre
= Some (Leaf a) =

build-tree’ bs w k i = undefined

e = bslkli = pointer e = PreRed (k', pre, red) reds = build-tree’ bs w k' pre
= Some (Branch N ts) =

build-tree’ bs w k red = Some t —>

build-tree’ bs w k i = Some (Branch N (ts Q [t]))

{proof)

definition wf-tree-input :: (‘a bins x 'a sentence X nat X nat) set where
wf-tree-input = {
(bs, w, k, 7) | bs w k i.

sound-ptrs w bs A
mono-red-ptr bs N
k < length bs A
i < length (bslk)

}

fun build-tree’-measure :: ('a bins x 'a sentence x nat X nat) = nat where
build-tree’-measure (bs, w, k, i) = foldl (+) 0 (map length (take k bs)) + i

lemma wf-tree-input-pre:
assumes (bs, w, k, i) € wf-tree-input
assumes e = bslk!i pointer e = Pre pre
shows (bs, w, (k—1), pre) € wf-tree-input
(proof )

lemma wf-tree-input-prered-pre:
assumes (bs, w, k, i) € wf-tree-input
assumes e = bslkli pointer e = PreRed (k', pre, red) ps
shows (bs, w, k', pre) € wf-tree-input
(proof)

lemma wf-tree-input-prered-red:
assumes (bs, w, k, i) € wf-tree-input
assumes e = bslkli pointer e = PreRed (k', pre, red) ps
shows (bs, w, k, red) € wf-tree-input
(proof)

lemma build-tree’-induct:
assumes (bs, w, k, i) € wf-tree-input
assumes Abs w k i.
(A\e pre. e = bslkli = pointer e = Pre pre => P bs w (k—1) pre) =
(Ae k' pre red ps. e = bslkli => pointer e = PreRed (k’, pre, red) ps => P bs
w k' pre) =
(ANe k' pre red ps. e = bslkli = pointer e = PreRed (k', pre, red) ps = P bs
w k red) =
Pbswki
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shows P bs w k i
(proof )

lemma build-tree’-termination:

assumes (bs, w, k, i) € wf-tree-input

shows 3 N ts. build-tree’ bs w k i = Some (Branch N ts)
(proof)

lemma wf-item-tree-build-tree’:
assumes (bs, w, k, i) € wf-tree-input
assumes wf-bins G w bs
assumes k < length bs i < length (bs!k)
assumes build-tree’ bs w ki = Some t
shows wf-item-tree G (item (bs!kli)) ¢
(proof)

lemma wf-yield-tree-build-tree’:
assumes (bs, w, k, i) € wf-tree-input
assumes wf-bins G w bs
assumes k < length bs i < length (bs'k) k < length w
assumes build-tree’ bs w k i = Some t
shows wf-yield-tree w (item (bslkli)) t
(proof)

theorem wf-rule-root-yield-tree-build-forest:

assumes wf-bins G w bs sound-ptrs w bs mono-red-ptr bs length bs = length w +
1

assumes build-tree G w bs = Some ¢

shows wf-rule-tree G t A root-tree t = & G A yield-tree t = w

(proof)

corollary wf-rule-root-yield-tree-build-tree- Earleyy:
assumes wf-G G nonempty-derives G
assumes build-tree G w (Earleyr, G w) = Some t
shows wf-rule-tree G t N root-tree t = & G A yield-tree t = w

{proof)

theorem correctness-build-tree-FEarleyy,:

assumes wf-G G is-word G w nonempty-derives G

shows (3t. build-tree G w (Earleyr, G w) = Some t) «— derives G [6 G] w (is
?L +— ?R)

(proof)

9.5 those, map, map option lemmas

lemma those-map-exists:

Some ys = those (map fzs) = y € set ys = Jz. = € set xs A\ Some y € set
(map f 3)
(proof)
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lemma those-Some:
(Vz € set xs. Ja. © = Some a) «— (Fys. those xs = Some ys)

{proof)

lemma those-Some-P:
assumes Vz € set zs. Jys. © = Some ys A (Vy € set ys. P y)
shows Jyss. those s = Some yss N (Vys € set yss. Vy € set ys. P y)

{proof)

lemma map-Some-P:
assumes z € set (map f xs)
assumes Vz € set zs. Jys. fz = Some ys A (Vy € set ys. P y)
shows Jys. z = Some ys A (Vy € set ys. P y)

(proof)

lemma those-map-FBranch-only:

assumes g = (Af. case f of FBranch N fss = Some (FBranch N (fss @Q [[FLeaf
(@!(k—1)])) | - = None)

assumes Some fs = those (map g pres) f € set fs

assumes Vf € set pres. AN fss. f = FBranch N fss

shows I f-pre N fss. f = FBranch N (fss Q [[FLeaf (w!(k—1))]]) A f-pre =
FBranch N fss A\ f-pre € set pres

{proof)

lemma those-map-Some-concat-exists:
assumes y € set (concat ys)
assumes Some ys = those (map f zs)
shows Jys x. Some ys = fx Ny € set ys N © € set xs

{proof)

lemma map-option-concat-those-map-exists:
assumes Some fs = map-option concat (those (map F' xs))
assumes f € set fs
shows 3 fss fs'. Some fss = those (map F xs) A fs' € set fss N\ [ € set fs’
(proof)

lemma [partial-function-mono]:
monotone option.le-fun option-ord
(MNf. map-option concat (those (map (M((k', pre), reds).
f((((r, 5), k"), pre), {pre}) >=
(Apres. those (map (Ared. f ((((r, s), t), red), b U {red})) reds) >=
(Arss. those (map (Af. case f of FBranch N fss = Some (FBranch N (fss
@ [concat rss])) | - = None) pres))))
)))
(proof)
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9.6 Parse trees

fun insert-group = (‘a = k) = (‘la = v) = ‘a = ('k x 'vlist) list = ('k x v
list) list where
insert-group K Va [| = [(K a, [V a])]
| insert-group K V a ((k, vs)#xs) = (
if Ka=kthen (k, Va # vs) # zs
else (k, vs) # insert-group K V a zs

)

fun group-by :: ('a = k) = (‘a = v) = 'a list = ('k x 'v list) list where
group-by K V [| = ]
| group-by K 'V (x#xs) = insert-group K V x (group-by K V xs)

lemma insert-group-cases:

assumes (k, vs) € set (insert-group K V a xs)

shows (k= K a A wvs=[Va])V (k, vs) € set zs V (3 (k', vs’) € set xs. k' =k
ANk=KaANvs=Va# vs')

{proof )

lemma group-by-exists-kv:

(k, vs) € set (group-by K V xs) = Jz € setaxs. k= Kz A (Jv € set vs. v =
V)

(proof)

lemma group-by-forall-v-exists-k:
(k, vs) € set (group-by K Vas) = v € setvs = Jx € setas. k=Kz A v =
Vaz

(proof)

partial-function (option) build-trees’ :: 'a bins = 'a sentence = nat = nat =
nat set = 'a forest list option where
build-trees’ bs w ki I = (
let e = bslkliin (
case pointer e of
Null = Some ([FBranch (item-rule-head (item €)) []]) — start building sub-
trees
| Pre pre = ( — add sub-trees starting from terminal
do {
pres <+ build-trees’ bs w (k—1) pre {pre};
those (map (Af.

case f of
FBranch N fss = Some (FBranch N (fss Q [[FLeaf (w!(k—1))]]))
| - = None — impossible case
) pres)

D

| PreRed p ps = ( — add sub-trees starting from non-terminal
let ps’ = filter (A(k', pre, red). red ¢ I) (p#ps) in
let gs = group-by (A(k', pre, red). (k', pre)) (MKk', pre, red). red) ps’ in
map-option concat (those (map (A((k', pre), reds).
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do {
pres < build-trees’ bs w k' pre {pre};
rss <— those (map (Ared. build-trees’ bs w k red (I U {red})) reds);
those (map (\f.
case f of
FBranch N fss = Some (FBranch N (fss @ [concat rss]))
| - = None — impossible case

) pres)

}
) 95))
)
)

declare build-trees’.simps [code]

definition build-trees :: 'a cfg = ’a sentence = ’'a bins = 'a forest list option
where
build-trees G w bs = (
let k = length bs — 1 in
let finished = filter-with-index (A\z. is-finished G w z) (items (bslk)) in
map-option concat (those (map (A(-, 7). build-trees’ bs w k i {i}) finished))

)

lemma build-forest’-simps[simp):

e = bslkli = pointer e = Null = build-trees’ bs w k i I = Some ([FBranch
(item-rule-head (item €)) []])

e = bslkli = pointer e = Pre pre = build-trees’ bs w (k—1) pre {pre} = None
= build-trees’ bs w k i I = None

e = bslkli = pointer e = Pre pre = build-trees’ bs w (k—1) pre {pre} = Some
pres =

build-trees’ bs w k ¢ I = those (map (Af. case f of FBranch N fss = Some

(FBranch N (fss Q [[FLeaf (w!(k—1))]])) | - = None) pres)

{proof)

definition wf-trees-input :: (‘a bins x 'a sentence X nat X nat X nat set) set
where
wf-trees-input = {
(bs, w, k, 4, I) | bsw ki l.
sound-ptrs w bs A
k < length bs A
i < length (bslk) A
I C {0..<length (bslk)} A
i€l

}

fun build-forest’-measure :: (‘a bins X ’a sentence X nat x nat X nat set) = nat
where

build-forest’-measure (bs, w, k, i, I) = foldl (+) 0 (map length (take (k+1) bs))
— card 1
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lemma wf-trees-input-pre:
assumes (bs, w, k, i, I) € wf-trees-input
assumes e = bslk!i pointer e = Pre pre
shows (bs, w, (k—1), pre, {pre}) € wf-trees-input
(proof )

lemma wf-trees-input-prered-pre:
assumes (bs, w, k, i, I) € wf-trees-input
assumes ¢ = bs'k!i pointer e = PreRed p ps
assumes ps’ = filter (A(k', pre, red). red ¢ I) (p#ps)
assumes gs = group-by (A(k', pre, red). (k’, pre)) (A(k’, pre, red). red) ps’
assumes ((k’, pre), reds) € set gs
shows (bs, w, k', pre, {pre}) € wf-trees-input

(proof)

lemma wf-trees-input-prered-red:
assumes (bs, w, k, i, I) € wf-trees-input
assumes e = bslkli pointer e = PreRed p ps
assumes ps’ = filter (A(k’, pre, red). red ¢ I) (p#ps)
assumes gs = group-by (A(k’, pre, red). (k', pre)) (A(k', pre, red). red) ps’
assumes ((k', pre), reds) € set gs red € set reds
shows (bs, w, k, red, I U {red}) € wf-trees-input
(proof)

lemma build-trees’-induct:
assumes (bs, w, k, i, I) € wf-trees-input
assumes Absw ki I.
(A\e pre. e = bslkli = pointer e = Pre pre = P bs w (k—1) pre {pre}) =
(Ae p ps ps’ gs k' pre reds. e = bslkli = pointer e = PreRed p ps =
ps’ = filter (\(k', pre, red). red ¢ I) (p#ps) =
gs = group-by (A(k', pre, red). (k', pre)) (A(k', pre, red). red) ps' =
((k', pre), reds) € set gs = P bs w k' pre {pre}) =
(Ae p ps ps’ gs k' pre red reds reds’. e = bs'kli = pointer e = PreRed p ps
_—
ps’ = filter (\(k', pre, red). red ¢ I) (p#ps) =
gs = group-by (A(k’, pre, red). (k’, pre)) (A(k’, pre, red). red) ps' =
((k', pre), reds) € set gs = red € set reds => P bs w k red (I U {red})) =
Pbswkil
shows Pbsw kil

{proof)

lemma build-trees’-termination:

assumes (bs, w, k, i, I) € wf-trees-input

shows 3 fs. build-trees’ bs w ki I = Some fs N\ (Vf € set fs. AN fss. f = FBranch
N fss)
(proof)

lemma wf-item-tree-build-trees”:
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assumes (bs, w, k, i, I) € wf-trees-input

assumes wf-bins G w bs

assumes k < length bs i < length (bs!k)

assumes build-trees’ bs w k i I = Some fs

assumes f € set fs

assumes t € set (trees f)

shows wf-item-tree G (item (bs!k!)) t
(proof)

lemma wf-yield-tree-build-trees’”:
assumes (bs, w, k, i, I) € wf-trees-input
assumes wf-bins G w bs
assumes k < length bs i < length (bslk) k < length w
assumes build-trees’ bs w k i I = Some fs
assumes f € set fs
assumes t € set (trees f)
shows wf-yield-tree w (item (bslkli)) t
(proof)

theorem wf-rule-root-yield-tree-build-trees:
assumes wf-bins G w bs sound-ptrs w bs length bs = length w + 1
assumes build-trees G w bs = Some fs f € set fs t € set (trees f)
shows wf-rule-tree G t A root-tree t = & G A yield-tree t = w

(proof)

corollary wf-rule-root-yield-tree-build-trees- Earley,:
assumes wf-G G nonempty-derives G
assumes build-trees G w (Earley;, G w) = Some fs f € set fs t € set (trees f)
shows wf-rule-tree G t A root-tree t = & G A yield-tree t = w

{proof)

theorem soundness-build-trees-Earleyy,:
assumes wf-G G is-word G w nonempty-derives G
assumes build-trees G w (Earley;, G w) = Some fs f € set fs t € set (trees f)
shows derives G [ G| w

(proof)

theorem termination-build-tree-FEarleyy:
assumes wf-G G nonempty-derives G derives G [& G| w
shows 3 fs. build-trees G w (Earleyr, G w) = Some fs

(proof)

end

theory Fxamples
imports Farley-Parser

begin
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10 Epsilon productions

definition e-free :: 'a ¢fg = bool where
e-free G «— (V1 € set (R G). rule-body r # |])

lemma e-free-impl-non-empty-sentence-deriv:
e-free G = a # [| = — Derivation G a D |]

(proof)

lemma e-free-impl-non-empty-deriv:
e-free G = VN € set (N G). = derives G [N] |]
(proof)

lemma nonempty-deriv-impl-c-free:

assumes VN € set (M G). - derives G [N] [| V(N, «) € set (RG). N € set (N
9)

shows e-free G

(proof)

lemma nonempty-deriv-iff-e-free:
assumes V (N, a) € set (R G). N € set (M G)
shows (VN € set (M G). — derives G [N] []) «— e-free G

(proof)

11 Example 1: Addition

datatype t1 = z | plus
datatype n1 = §
datatype sI = Terminal t1 | Nonterminal nl

definition nonterminalsl :: sl list where
nonterminalsl = [Nonterminal S

definition terminalsl :: si1 list where
terminals! = [Terminal x, Terminal plus]

definition rules! :: sI rule list where
rules] = |
(Nonterminal S, [Terminal z]),
(Nonterminal S, [Nonterminal S, Terminal plus, Nonterminal S])

}

definition start-symboll :: s1 where
start-symboll = Nonterminal S

definition cfg1 :: sI cfg where
c¢fgl = CFG nonterminalsl terminalsl rulesl start-symboll

definition inp! :: s1 list where
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inpl = [Terminal z, Terminal plus, Terminal x, Terminal plus, Terminal x|
lemmas cfgl-defs = cfg1-def nonterminals1-def terminals1-def rulesi-def start-symboll-def

lemma wf-G1:
wf-G cfgl
(proof )

lemma is-word-inp1:
is-word cfgl inpl
(proof)

lemma nonempty-derivesi:
nonempty-derives cfgl

(proof)

lemma correctnessi:
recognizing (bins (Earleyr, cfgl inpl)) cfgl inpl <— derives cfgl [S cfgl] inpl
(proof )

lemma wf-treel:
assumes build-tree cfgl inp1 (Farleyy, cfgl inpl) = Some t
shows wf-rule-tree cfg1 t A root-tree t = S cfgl N yield-tree t = inpl

{proof)

lemma correctness-treel :

(3t. build-tree cfgl inpl (Earleyy cfgl inpl) = Some t) «— derives cfgl [&
cfgl] inpl

(proof )

lemma wf-trees!:
assumes build-trees cfgl inpl (Earleyr cfgl inpl) = Some fs f € set fs t € set

(trees f)
shows wf-rule-tree cfg1 t A root-tree t = S cfgl N yield-tree t = inpl

{proof)

lemma soundness-trees1:
assumes build-trees cfgl inpl (Earleyr cfgl inpl) = Some fs f € set fs t € set

(trees f)
shows derives cfgl [& cfgl] inpl

{proof)

12 Example 2: Cyclic reduction pointers

datatype t2 = =
datatype n2 = A | B
datatype s2 = Terminal t2 | Nonterminal n2

definition nonterminals2 :: s2 list where
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nonterminals2 = [Nonterminal A, Nonterminal B)

definition terminals?2 :: s2 list where
terminals2 = [Terminal ]

definition rules2 :: s2 rule list where
rules?2 = |
(Nonterminal B, [Nonterminal A]),
(Nonterminal A, [Nonterminal B]),
(Nonterminal A, [Terminal z])

]

definition start-symbol?2 :: s2 where
start-symbol2 = Nonterminal A

definition cfg2 :: s2 cfg where
cfg2 = CFG nonterminals2 terminals2 rules2 start-symbol2

definition inp2 :: s2 list where
inp2 = [Terminal z]

lemmas cfg2-defs = cfg2-def nonterminals2-def terminals2-def rules2-def start-symbol2-def

lemma wf-G2:
wf-G cfg2
(proof)

lemma is-word-inp2:
is-word cfg2 inp2
(proof )

lemma nonempty-derives2:
nonempty-derives cfg2

{proof)

lemma correctness2:
recognizing (bins (Earleyr, cfg2 inp2)) cfg2 inp2 «— derives cfg2 [& cfg2] inp2
(proof )

lemma wf-tree2:
assumes build-tree cfg2 inp2 (Earleyr, cfg2 inp2) = Some t
shows wf-rule-tree cfg2 t A root-tree t = & cfg2 N yield-tree t = inp2

{proof)

lemma correctness-tree2:

(3t. build-tree cfg2 inp2 (Earleyr, cfg2 inp2) = Some t) +— derives cfg2 [&
cfg2] inp2

(proof )
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lemma wf-trees2:
assumes build-trees cfg2 inp2 (Earleyr, cfg2 inp2) = Some fs f € set fs t € set

(trees f)
shows wf-rule-tree cfg2 t N root-tree t = & cfg2 N yield-tree t = inp2

(proof)

lemma soundness-trees2:
assumes build-trees cfg2 inp2 (Earleyr, cfg2 inp2) = Some fs f € set fs t € set

(trees f)
shows derives cfg2 [S cfg2] inp2

(proof)

end
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