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Abstract

The architecture of a system describes the system’s overall organization into components
and connections between those components. With the emergence of mobile computing, dy-
namic architectures have become increasingly important. In such architectures, components
may appear or disappear, and connections may change over time. In the following we mecha-
nize a theory of dynamic architectures and verify the soundness of a corresponding calculus.
Therefore, we first formalize the notion of configuration traces [5] as a model for dynamic
architectures. Then, the behavior of single components is formalized in terms of behavior
traces and an operator is introduced and studied to extract the behavior of a single com-
ponent out of a given configuration trace. Then, behavior trace assertions are introduced
as a temporal specification technique to specify behavior of components. Reasoning about
component behavior in a dynamic context is formalized in terms of a calculus for dynamic
architectures [3]. Finally, the soundness of the calculus is verified by introducing an alter-
native interpretation for behavior trace assertions over configuration traces and proving the
rules of the calculus. Since projection may lead to finite as well as infinite behavior traces,
they are formalized in terms of coinductive lists. Thus, our theory is based on Lochbih-
ler’s [1] formalization of coinductive lists. The theory may be applied to verify properties
for dynamic architectures.
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1 A Theory of Dynamic Architectures

The following theory formalizes configuration traces [4, 5] as a model for dynamic architectures.
Since configuration traces may be finite as well as infinite, the theory depends on Lochbihler’s
theory of co-inductive lists [1].

theory Configuration-Traces
imports Coinductive. Coinductive-List
begin

In the following we first provide some preliminary results for natural numbers, extended nat-
ural numbers, and lazy lists. Then, we introduce a locale Qtextdynamic_ architectures which
introduces basic definitions and corresponding properties for dynamic architectures.

1.1 Natural Numbers

We provide one additional property for natural numbers.

lemma boundedGreatest:
assumes P (i:nat)
and Vn' > n. = Pn’
shows 3i'<n. Pi' A (Vn'. Pn' — n'<i’)
proof —
have P (i:nat) = n>i = Vn'>n. - Pn' = (i'<n. Pi' A (Yn'<n. P n’ — n'<7’))
proof (induction n)
case (
then show ?case by auto
next
case (Suc n)
then show ?case
proof cases
assume i = Suc n
then show ?thesis using Suc.prems by auto
next
assume —(i = Suc n)
thus ?thesis
proof cases
assume P (Suc n)
thus ?thesis by auto
next
assume — P (Suc n)
with Suc.prems have Vn’ > n. = P n’ using Suc-lessI by blast
moreover from (i = Suc n)> have ¢ < n and P 7 using Suc.prems by auto
ultimately obtain i’ where i'<n A P i’ A (Vn'/<n. P n' — n’ < i’) using Suc.IH by blast
hence i’ < nand P i’ and (Vn'<n. P n’ — n’ < i’) by auto
thus ?thesis by (metis le-Sucl le-Suc-eq)
qed
qed
qed
moreover have n>1
proof (rule ccontr)
assume — (n > 17)
hence n < i by arith
thus False using assms by blast
qed
ultimately obtain i’ where i'<n and P i’ and Vn'<n. P n’ — n’ < i’ using assms by blast



with assms have Vn'. P n’ — n’ < i’ using not-le-imp-less by blast
with «i’ < n) and <P i"» show ?thesis by auto
qed

1.2 Extended Natural Numbers

We provide one simple property for the strict order over extended natural numbers.

lemma enat-min:
assumes m > enat n’
and enat n < m — enat n’
shows enat n + enat n’ < m
using assms by (metis add.commute enat.simps(3) enat-add-mono enat-add-sub-same le-iff-add)

1.3 Lazy Lists

In the following we provide some additional notation and properties for lazy lists.

notation LNil (<[];»)
notation LCons (infix] «#;) 60)
notation lappend (infixl <@Q;» 60)

lemma Inth-lappend[simp]:
assumes [finite s
and — Inull ys
shows Inth (zs Q; ys) (the-enat (llength xzs)) = lhd ys
proof —
from assms have 3 k. llength xs = enat k using Ifinite-conv-llength-enat by auto
then obtain k& where llength xs = enat k by blast
hence Inth (zs Q; ys) (the-enat (llength xs)) = Inth ys 0
using Inth-lappend2[of zs k k ys] by simp
with assms show ?thesis using Inth-0-conv-lhd by simp
qed

lemma [filter-ltake:
assumes V (n::nat)<llength zs. n>i — (= P (Inth xs n))
shows Ifilter P xs = lIfilter P (ltake i xs)
proof —
have [filter P xs = Ifilter P ((ltake i zs) Q; (Ildrop i zs))
using lappend-ltake-ldrop|of (enat i) xs] by simp
hence lfilter P xs = (Ifilter P ((ltake ) xzs)) @Q; (Ifilter P (ldrop i xs)) by simp
show ?thesis
proof cases
assume enat i < llength s

have V z<llength (Idrop i xs). = P (Inth (ldrop i xs) x)
proof (rule alll)
fix z show enat x < llength (Idrop (enat i) xs) — — P (Inth (ldrop (enat i) xs) x)
proof
assume enat © < llength (Idrop (enat ) zs)
moreover have llength (ldrop (enat i) zs) = llength xs — enat @
using llength-ldrop|of enat i] by simp
ultimately have enat z < llength xs — enat i by simp
with <enat ¢ < llength zs» have enat x + enat i < llength xs
using enat-min[of i llength zs x] by simp
moreover have enat ¢ + enat x = enat x + enat i by simp



ultimately have enat ¢ + enat z < llength xs by arith
hence i + z < llength zs by simp
hence Inth (ldrop i xs) © = Inth xs (z + the-enat ©) using Inth-ldrop|of enat i z xs] by simp
moreover have z + i > i by simp
with assms <i + z < llength zs) have — P (Inth zs (z + the-enat 7))
by (simp add: assms(1) add.commute)
ultimately show — P (Inth (Idrop i xzs) x) using assms by simp
qed
qed
hence [filter P (Ildrop i xs) = [|; by (metis diverge-lfilter-LNil in-lset-conv-Inth)
with «lfilter P xs = (Ifilter P ((ltake ©) zs)) @Q; (Ifilter P (Ildrop i xs))»
show [filter P xs = lfilter P (ltake i xs) by simp
next
assume - enat 1 < llength xs
hence enat i > llength xs by simp
hence ldrop i xs = [|; by simp
hence [filter P (ldrop i xs) = [|; using [filter-LNil[of P] by arith
with «lfilter P zs = (Ifilter P ((ltake i) zs)) @, (Ifilter P (Idrop i xs))»
show l[filter P xs = lfilter P (ltake i xs) by simp
ged
qed

lemma [filter-Ifinite[simp]:
assumes [finite (Ifilter P t)
and - Ifinite t
shows In. Vn'>n. = P (Inth t n')
proof —
from assms have finite {n. enat n < llength t A P (Inth t n)} using Ifinite-lfilter by auto
then obtain %
where sset: {n. enat n < llength t A P (Inth t n)} C {n. n<k A enat n < llength t A P (Inth t n)}
using finite-nat-bounded[of {n. enat n < llength t A P (Inth t n)}] by auto
show ?thesis
proof (rule ccontr)
assume —(In. Va'>n. = P (Inth t n’))
hence Vn. In">n. P (Inth t n') by simp
then obtain n’ where n’>k and P (Inth t n') by auto
moreover from <— Ifinite t» have n’ < llength t by (simp add: not-lfinite-llength)
ultimately have n’ ¢ {n. n<k A enat n < llength ¢ A P (Inth ¢t n)} and
n'e{n. enat n < llength t A P (Inth t n)} by auto
with sset show Fulse by auto
ged
qed

1.4 Specifying Dynamic Architectures

In the following we formalize dynamic architectures in terms of configuration traces, i.e., se-
quences of architecture configurations. Moreover, we introduce definitions for operations to
support the specification of configuration traces.

typedecl cnf
type-synonym trace = nat = cnf
consts arch:: trace set

type-synonym cta = trace = nat = bool



1.4.1 Implication

definition imp :: cta = cta = cta (infixl «(—° 10)
where v —¢ ' =Xitn.vytn—~v'tn

declare imp-def[simp]

lemma impl[intro!]:
fixes t n
assumes y tn = 't n
shows (y —* v') t n using assms by simp

lemma impE[elim!]:
fixes t n
assumes (y —°v/)tnandytnandy tn = ~v"tn
shows ~"' t n using assms by simp

1.4.2 Disjunction

definition disj :: cta = cta = cta (infixl V¢ 15)
where vy Vv = A tn.ytnV~y' tn

declare disj-def|[simp]

lemma disjl1[intro]:
assumes vy t n
shows (v V¢ v') t n using assms by simp

lemma disjI2[introl:
assumes 7' ¢t n
shows (v V¢ v') t n using assms by simp

lemma disjE[elim!]:
assumes (y V¢ v') t n
and ytn=~"tn
andvy' tn=~"1tn
shows v’ t n using assms by auto

1.4.3 Conjunction

definition conj :: cta = cta = cta (infixl <A 20)
where y Ay = Atn.ytn Ay tn

declare conj-def[simp)

lemma conjl[introl]:
fixes n
assumes v tnand v’ t n
shows (y A° v') t n using assms by simp

lemma conjE[elim!]:
fixes n
assumes (Y A°Y)tnandytn= ~vy'tn=~"tn
shows v t n using assms by simp



1.4.4 Negation

definition neg :: cta = cta («<=° -» [19] 19)
where ““y=Atn. vy tn

declare neg-def[simp]

lemma negl[introl]:
assumes v t n => Fulse
shows (—¢ 7) ¢t n using assms by auto

lemma negEelim!]:
assumes (—° ) t n
and v tn
shows v’ t n using assms by simp

1.4.5 Quantifiers

definition all :: ('a = cta)
= cta (binder <V .> 10)
where all P = At n. (Vy. (Pytn))

declare all-def[simp]

lemma alll[intro!]:
assumes Az. v ztn
shows (V.z. v ) t n using assms by simp

lemma allE[elim!]:
fixes n
assumes (V.z.vz)tnand yztn = v'tn
shows v’ t n using assms by simp

definition ez :: ('a = cta)
= cta (binder «3.> 10)
where ex P = At n. (3y. (Pytn))

declare ez-def|[simp]

lemma exI[introl]:
assumes Yzt n
shows (3 .z. v z) t n using assms HOL.exI by simp

lemma exE][elim!]:
assumes (J.z.y2z)tnand Az. yztn = ~v"tn
shows v’ t n using assms HOL.exE by auto

1.4.6 Atomic Assertions

First we provide rules for basic behavior assertions.

definition ca :: (enf = bool) = cta
where ca ¢ = Xt n. ¢ (tn)

lemma cal[introl:
fixes n
assumes ¢ (t n)



shows (ca ¢) t n using assms ca-def by simp

lemma caE[elim]:
fixes n
assumes (ca @) tn
shows ¢ (t n) using assms ca-def by simp

1.4.7 Next Operator

definition nzt :: cta = cta («Oc(-)> 24)
where O.(v) = A(t::(nat = cnf)) n. v t (Suc n)

1.4.8 Eventually Operator

definition evt :: cta = cta («Oc(-)> 23)
where O.(7) = A(t:(nat = enf)) n. In">n. vt n’

1.4.9 Globally Operator

definition glob :: cta = cta (\O.(-)> 22)
where O.(v) = A(t::(nat = enf)) n. Va'>n. v tn’

lemma globlI[intro!]:
fixes n’
assumes Vn>n'. y t n
shows (O.(7)) ¢ n’ using assms glob-def by simp

lemma globE[elim!]:
fixes n n’
assumes (O.(y)) ¢t n and n'>n
shows v t n’ using assms glob-def by simp

1.4.10 Until Operator

definition until :: cta = cta = cta (infix] 4> 21)
where v/ . v = A(t:(nat = enf)) n. In">n. vy tn”" A (Vn'>n. n’ < n' — 't n')

lemma untill [intro]:
fixes n
assumes In'>n. y tn”" A (Yn'>n. n'<n’” — ~v" t n')
shows (7' 4. v) t n using assms until-def by simp

lemma untilE[elim]:
fixes n
assumes (7' U. v) tn
shows 3n'>n. v t n'" A (Vn'>n. n'<n’ — ~' t n’) using assms until-def by simp

1.4.11 Weak Until

definition wuntil :: cta = cta = cta (infix]l W, 20)
where v/ 0, v =" U, v v O.(v)

lemma wUntill [intro:
fixes n
assumes (An">n. vyt n”" A (Vn'>n. n'<n” — " tn")) vV Vn'>n. v t n')
shows (7' 20, ) t n using assms wuntil-def by auto



lemma wUntilE[elim]:
fixes n n’
assumes (7' W, v) t n
shows (An'>n. v t n' A (Vn'>n. n'<n” — "t n")) v (VYn'>n. v t n’)
proof —
from assms have (v’ . v V¢ O.(7")) t n using wuntil-def by simp
hence (v' . v) t n VvV (O:(v") t n by simp
thus ?thesis
proof
assume (y' 4. v) t n
hence 3n'>n. y tn"" A (Vn'>2n. n’ < n” — ~' t n’) by auto
thus ?thesis by auto
next
assume (O.y') tn
hence Vn'>n. v’ t n’ by auto
thus ?thesis by auto
qed
qed

lemma wUntil-Glob:
assumes (v 2. v) ¢t n
and (O.(v' —° ") tn
shows (v . v) tn
proof
from assms(1) have (I3n">n. vyt n”" A (Yn'>n. n’ < n” — ~v" tn’)) Vv Yn'>n. v’ ¢t n’) using
wUntilE by simp
thus (3n">n. vy tn”" A ¥n>n.n' <n'" — " tn) v (Vn'>n. v" tn)
proof
assume In'">n. vyt n”’ A (Vn'>n.n’ <n' — v tn')
show (An">n. v tn”" A (Vn'>2n.n' <n” — " tn") v Vn'>n. ~v" tn)
proof —
from IAn'">n. vy tn” A (Vn'>n. n’ < n’ — v’ t n’') obtain n” where n’’>n and v t n” and
al:Vn'>n.n' < n'" — ~' t n' by auto
moreover have Vn'>n. n’ < n’ — ~"" tn’
proof
fix n'
show n'>n — n'< n' — v t n’
proof (rule HOL.impI[OF HOL.impl))
assume n'>n and n'<n’’
with assms(2) have (y/ —° ~v'") ¢t n’ using globE by simp
hence v’ t n' — " t n’ using impE by auto
moreover from al n'>ny (n'<n’’y have v’ ¢t n’ by simp
ultimately show v" ¢t n’ by simp
qed
qed
ultimately show #%thesis by auto
qed
next
assume al: Vn'>n. vt n’
have Vn'>n. v t n'
proof
fix n’
show n'>n — ~"" t n'
proof
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assume n'>n
with assms(2) have (y' —° ~') t n’ using globE by simp
hence v’ t n’ — ~"' t n’ using impE by auto
moreover from al «(n>n> have v’ t n’ by simp
ultimately show ~'' t n’ by simp
qed
qed
thus (3n'">n. vy tn” A (Vn'>n.n’ < n” — " tn')) v Yn'>n. " t n') by simp
qged
qed

1.5 Dynamic Components

To support the specification of patterns over dynamic architectures we provide a locale for
dynamic components. It takes the following type parameters:

e id: a type for component identifiers
e cmp: a type for components

e cnf: a type for architecture configurations

locale dynamic-component =
fixes tCMP :: 'id = cnf = 'emp (<o-(-)» [0,110]60)
and active :: "id = enf = bool (<||-||-> [0,110]60)
begin
The locale requires two parameters:

e tCMP is an operator to obtain a component with a certain identifier from an architecture
configuration.

e active is a predicate to assert whether a certain component is activated within an archi-

tecture configuration.

The locale provides some general properties about its parameters and introduces six important
operators over configuration traces:

e An operator to extract the behavior of a certain component out of a given configuration
trace.

e An operator to obtain the number of activations of a certain component within a given
configuration trace.

o An operator to obtain the least point in time (before a certain point in time) from which
on a certain component is not activated anymore.

e An operator to obtain the latest point in time where a certain component was activated.

e Two operators to map time-points between configuration traces and behavior traces.

Moreover, the locale provides several properties about the operators and their relationships.

lemma nact-active:
fixes t::nat = cnf

11



and n::nat

and n'’

and id
assumes ||id||¢

and n”’ > n

and ~ (3n>n. n' < n" A, 1)
shows n=n"’
using assms le-eq-less-or-eq by auto

lemma nact-exists:
fixes t::nat = cnf
assumes 3i>n. |c||t 4
shows 3i>n. ||y 4 A Bk n<k A k<i A ||clly 1)
proof —
let 2L = LEAST i. (i>n A ||c|lt 4)
from assms have ?L>n A ||c||; ¢f, using LeastI[of Az::nat. (x>n A ||c|l¢ 1)] by auto
moreover have k. n<k A k<?L A | c|;  using not-less-Least by auto
ultimately show ?thesis by blast
qed

lemma [Active-least:

assumes 3i>n. ¢ < length t A |lc|jh ¢

shows 3i>n. (i < length t A ||c|lpe ¢ 5 A Bk n<k A k<i A k<llength t A |lc|lijnth ¢ 1)
proof —

let L = LEAST i. (i>n A i < llength t A ||c|ljnh ¢ 5)

from assms have ?L>n A ?L < length t A |\ ¢|ljnh ¢ 2L

using LeastI[of Az:nat.(z>n A z<llength t A ||c||jh ¢ 2)] BY auto

moreover have B k. n<k A k<llength t N k<?L A ||c||jpsp, ¢ 1. uSing not-less-Least by auto

ultimately show ?thesis by blast
qed

1.6 Projection

In the following we introduce an operator which extracts the behavior of a certain component
out of a given configuration trace.

definition proj:: ‘id = (enf llist) = (‘emp list) («n-(-)» [0,110]60)
where proj ¢ = lmap (Aenf. (o¢(enf))) o (Ifilter (active c))

lemma proj-inil [simp,intro]:
me((l) = [l using proj-def by simp

lemma proj-lnull [simp):
we(t) = [l| «+— (VEk € lset t. = |lc||)
proof
assume 7.(t) = [];
hence Ifilter (active ¢) t = [|; using proj-def Imap-eq-LNil by auto
thus Vk € lset t. = ||c||;, using lfilter-eq-LNil[of active c| by simp
next
assume YV k€lset t. = |||
hence filter (active ¢) ¢t = [|; by simp
thus 7.(t) = [|; using proj-def by simp
qed

lemma proj-LCons [simp]:

mi(x #1 xs) = (if |[illz then (04(2)) #1 (mi(ws)) else m4(ws))

12



using proj-def by simp

lemma proj-llength]simp]:
llength (mwe(t)) < llength t
using llength-Ifilter-ile proj-def by simp

lemma proj-ltake:
assumes Y (n':nat)<llength t. n’>n — (= [|cll 1 t n?)
shows 7¢(t) = wc(ltake n t) using Ifilter-ltake proj-def assms by (metis comp-apply)

lemma proj-finite-bound:
assumes [finite (mc(inf-llist t))
shows 3n. Vn'>n. = [cl|, ./
using assms Ifilter-lfinite[of active c inf-llist t] proj-def by simp

1.6.1 Monotonicity and Continuity

lemma proj-mcont:
shows mcont [Sup Iprefix ISup lprefix (proj c)
proof —
have mcont ISup Iprefiz [Sup Iprefix (Az. Imap (Aenf. oc(enf)) (Hfilter (active c) x))
by simp
moreover have (Az. Imap (Aenf. ac(enf)) (filter (active ¢) z)) =
Imap (Aenf. oc(enf)) o lfilter (active ¢) by auto
ultimately show ?thesis using proj-def by simp
qed

lemma proj-mcont2mcont:

assumes mcont lub ord [Sup lprefix f

shows mcont lub ord ISup lprefiz (\z. 7e(f 2))
proof —

have mcont ISup lprefiz Sup Iprefiz (proj ¢) using proj-mcont by simp

with assms show ?thesis using llist.mcont2mcont|of ISup Iprefiz proj c] by simp
qed

lemma proj-mono-prefix[simp):
assumes [prefiz t t’
shows Iprefiz (mwe(t)) (me(t))
proof —
from assms have Iprefix (Ifilter (active c) t) (Ifilter (active ¢) t) using Iprefiz-lfilter] by simp
hence Ilprefiz (Imap (Aenf. oc(enf)) (lfilter (active c) t))
(Imap (Aenf. oc(enf)) (lfilter (active ¢) t')) using Imap-lprefiz by simp
thus ?thesis using proj-def by simp
qed

1.6.2 Finiteness

lemma proj-finite[simp]:
assumes lfinite t
shows [finite (m(t))
using assms proj-def by simp

lemma proj-finite2:

assumes Y (n':nat)<llength t. n’>n — (= ||cll 1 t n')
shows [finite (w¢(t)) using assms proj-ltake proj-finite by simp

13



lemma proj-append-lfinite[simp]:
fixes ¢ ¢’
assumes [finite t
shows w¢(t @Q; t) = (7e(t)) Q; (we(t) (is 2lhs=9rhs)

proof —
have ?lhs = (Imap (Aenf. oc(enf)) o (Ifilter (active ¢))) (t Q; t') using proj-def by simp
also have ... = Imap (Aenf. ac(enf)) (filter (active ¢) (¢t @Q; t)) by simp
also from assms have ... = lmap (Aenf. oc(enf))
((Ifilter (active ¢) t) Q; (Ifilter (active ¢) t')) by simp
also have ... = (@Q;) (Imap (Aenf. oc(enf)) (Ifilter (active ¢) t))
(Imap (Aenf. oc(enf)) (lfilter (active c) t')) using Imap-lappend-distrib by simp
also have ... = ?rhs using proj-def by simp
finally show ?thesis .
qed

lemma proj-one:
assumes 34. 1 < length t A |\ ¢||jneh ¢
shows llength (m¢(t)) > 1

proof —
from assms have Jzcliset t. | c||z using Iset-conv-Inth by force
hence - lfilter (Ak. ||c||;) ¢t = [|; using [filter-eq-LNil[of (Ak. ||c||;)] by blast
hence — 7(t) = [|; using proj-def by fastforce
thus ?thesis by (simp add: ilell Inull-def one-eSuc)
qed

1.6.3 Projection not Active

lemma proj-not-active[simpl:
assumes enat n < llength t
and = [|¢]jph ¢
shows 7¢(ltake (Suc n) t) = we(ltake n t) (is ?lhs = %rhs)
proof —
from assms have ltake (enat (Suc n)) t = (ltake (enat n) t) @, ((Inth t n) #; [|1)
using ltake-Suc-conv-snoc-Inth by blast
hence ?lhs = me((ltake (enat n) t) Q; ((Inth t n) #; [l1)) by simp

moreover have ... = (w¢(ltake (enat n) t)) Q; (we((Inth t n) #; [J1)) by simp
moreover from assms have mwq((Inth t n) #; [l;) = [li by simp
ultimately show ?thesis by simp

qed

lemma proj-not-active-same:
assumes enat n < (n':enat)
and - Ifinite t V n'—1 < llength t
and B k. k>n A k<n’ A k < length t A |[c|pin ¢ &
shows 7¢(ltake n' t) = mwe(ltake n t)
proof —
have 7.(ltake (n + (n' — n)) t) = we((ltake n t) Q; (ltake (n'—n) (Idrop n t)))
by (simp add: ltake-plus-conv-lappend)
hence 7.(ltake (n + (n’ — n)) t) =
(me(ltake n t)) Q; (we(ltake (n'—n) (ldrop n t))) by simp
moreover have 7.(ltake (n'—n) (Idrop n t)) = [|;
proof —
have V ke{Inth (itake (n’ — enat n) (ldrop (enat n) t)) na |
na. enat na < llength (ltake (n’ — enat n) (Idrop (enat n) t))}. = ||c[/
proof
fix k assume ke{lnth (ltake (n’ — enat n) (ldrop (enat n) t)) na |
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na. enat na < llength (ltake (n’ — enat n) (Idrop (enat n) t))}
then obtain %k’ where enat k' < llength (ltake (n" — enat n) (ldrop (enat n) t))
and k=inth (ltake (n’ — enat n) (Idrop (enat n) t)) k' by auto
have enat (k' + n) < llength ¢
proof —
from <enat k' < llength (ltake (n’ — enat n) (Idrop (enat n) t))» have enat k' < n’—n by simp
hence enat k' + n < n' using assms(1) enat-min by auto
show ?thesis
proof cases
assume lfinite t
with <= Ifinite t V n'—1 < llength t» have n'—1<llength t by simp
hence n'< eSuc (llength t) by (metis eSuc-minus-1 enat-minus-monol leD lel)
hence n'< llength t using eSuc-ile-mono ilell by blast
with <enat k' + n < n’s show %thesis by (simp add: add.commute)
next
assume — Ifinite t
hence llength t = oo using not-lfinite-llength by auto
thus ?thesis by simp
qged
qed
moreover have k = Inth t (k' + n)
proof —
from <enat k' < llength (ltake (n' — enat n) (ldrop (enat n) t))»
have enat k'<n’ — enat n by auto
hence Inth (ltake (n' — enat n) (Idrop (enat n) t)) k' = Inth (ldrop (enat n) t) k'
using Inth-ltake[of k' n' — enat n] by simp
with <enat (k' + n) < llength t» show ?thesis using Inth-ldrop[of n k' t |
using <k = Inth (ltake (n’ — enat n) (Idrop (enat n) t)) k"> by (simp add: add.commute)
qed
moreover from <enat n < (n’:enat)> have k' + the-enat n>n by auto
moreover from <enat k' < llength (ltake (n’ — enat n) (ldrop (enat n) t))> have k' + n<n’
using assms(1) enat-min by auto
ultimately show — | c||;, using B k. k>n A k<n’ A k < llength t A ||c|[jp ¢ 1> PY simp
qed
hence V kelset (ltake (n'—n) (Idrop n t)). = |lc|l&
using Iset-conv-Inth[of (Itake (n' — enat n) (ldrop (enat n) t))] by simp
thus ?thesis using proj-lnull by auto
qed
moreover from assms have n + (n’ — n) = n’
by (meson enat.distinct(1) enat-add-sub-same enat-diff-cancel-left enat-le-plus-same(1) less-imp-le)
ultimately show ?thesis by simp
qed

1.6.4 Projection Active

lemma proj-active[simp]:
assumes enat ¢ < length t ||c||jm ¢
shows 7¢(ltake (Suc 7) t) = (we(ltake i t)) Q ((oc(Inth t 7)) #; [)1) (is ?lhs = %rhs)
proof —
from assms have ltake (enat (Suc i)) t = (ltake (enat ©) t) @, ((Inth ¢ ) #; [|;)
using ltake-Suc-conv-snoc-Inth by blast
hence ?lhs = mw¢((ltake (enat ©) t) Q; ((Inth t i) #; [];)) by simp

moreover have ... = (w¢(ltake (enat ©) t)) Q; (we((Inth t ©) #; [];)) by simp
moreover from assms have wq((Inth t ©) #; [|;) = (c¢(Inth t 1)) #; [J; by simp
ultimately show ?thesis by simp

qed
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lemma proj-active-append:
assumes al: (n:nat) < @
and a2: enat i < (n":enat)
and a3: - Ifinite t V n'—1 < llength t
and a4: || el ¢ i
and Vi’ (n < i' A enat i'<n’ A di" < llength t A |cll,y, ¢ 49) — (' = 1)
shows 7¢(ltake n' t) = (we(ltake n t)) Qp ((oe(Inth t i) #; [li) (is ?lhs = ?rhs)
proof —
have ?lhs = w(ltake (Suc @) t)
proof —
from a2 have Suc i < n' by (simp add: Suc-ile-eq)
moreover from a3 have — [finite t V n'—1 < llength t by simp
moreover have 3 k. enat k>enat (Suc i) A k<n' A k < llength t A ||c|lpin ¢ &
proof
assume 3 k. enat k>enat (Suc i) A k<n’ ANk < length t A |||l ¢ &
then obtain k& where enat k>enat (Suc i) and k<n’and k < llength t and |/c||j,, ¢ 1 Dy blast
moreover from <enat k>enat (Suc i)» have enat k>n
using assms by (meson dual-order.trans enat-ord-simps(1) le-Sucl)
ultimately have enat k=enat ¢ using assms using enat-ord-simps(1) by blast
with <enat k>enat (Suc i)> show Fulse by simp
qed
ultimately show ?thesis using proj-not-active-same|of Suc i n' t ¢] by simp
qed
also have ... = (w¢(ltake i t)) Q; ((oc(Inth t 7)) #1 [|1)
proof —
have i < llength t
proof cases
assume I[finite t
with a3 have n'—1 < llength t by simp
hence n’ < llength t by (metis eSuc-minus-1 enat-minus-monol ilell not-le)
with a2 show enat i < llength t by simp
next
assume — Ifinite t
thus ?thesis by (metis enat-ord-code(4) llength-eq-infty-conv-lfinite)

qed

with a/ show ?thesis by simp
qed
also have ... = ?rhs
proof —

from a! have enat n < enat i by simp

moreover from a2 a3 have — [finite t V enat i—1 < llength t
using enat-minus-monol less-imp-le order.strict-trans1 by blast

moreover have k. k>n A enat k<enat i A enat k < llength t A ||c|ljin ¢ &

proof
assume Jk. k>n A enat k<enat i A\ enat k < llength t A ||c||jh ¢ &
then obtain k£ where k>n and enat k<enat ¢ and enat k < llength t and ||c||j, ¢ 1 PY blast
moreover from <enat k<enat 7> have enat k<n' using assms dual-order.strict-trans by blast
ultimately have enat k=enat i using assms by simp
with <enat k<enat ©» show Fualse by simp

qed
ultimately show ?thesis using proj-not-active-same[of n i t c] by simp
qed
finally show ?thesis by simp
qed
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1.6.5 Same and not Same

lemma proj-same-not-active:
assumes n < n’
and enat (n'—1) < llength t
and 7.(ltake n’ t) = w(ltake n t)
shows A k. k>n A k<n’ A |cllmth t &
proof
assume 3 k. k>n A k<n’ A ||l ¢ &
then obtain ¢ where i>n and i<n’and |/c||;, ¢ ; by blast
moreover from <enat (n'—1)<llength ¢» and <i<n’> have i<llength ¢
by (metis diff-Suc-1 dual-order.strict-trans enat-ord-simps(2) lessE)
ultimately have 7. (ltake (Suc i) t) =
(me(ltake i t)) Q ((oe(Inth t i) #; [];) by simp
moreover from (i<n’y have Suc i < n’ by simp
hence Iprefiz(nc(ltake (Suc ) t)) (me(ltake n' t)) by simp
then obtain ¢/ where w.(ltake n’ t) = (mwc(ltake (Suc @) t)) Q; #l
using Iprefiz-conv-lappend by auto
moreover from (n<i» have lprefiz(nc(ltake n t)) (wc(ltake i t)) by simp
hence lprefiz(mwe(ltake n t)) (we(ltake i t)) by simp
then obtain hd where 7. (ltake i t) = (mc(ltake n t)) Q; hd
using Iprefiz-conv-lappend by auto
ultimately have 7.(ltake n' t) =
(((we(ltake n t)) @Q; hd) Q; ((oc(Inth t 1)) #; [)1)) Q; tl by simp

also have ... = ((r¢(ltake n t)) @, hd) Q; ((oc(Inth t i) # )
using lappend-snocL1-conv-LCons2[of (mwc(ltake n t)) Q; hd oc(Inth t 7)) by simp
also have ... = (w¢(ltake n t)) @, (hd Q; ((o¢(Inth t i) # t))

using lappend-assoc by auto
also have 7.(ltake n' t) = (we(ltake n’ t)) Q; [|; by simp
finally have (w¢(ltake n' t)) Q; [|; = (we(ltake n t)) @, (hd Q; ((oc(Inth t i) #; t)) .
moreover from assms(3) have llength (wc(ltake n' t)) = llength (w¢(ltake n t)) by simp
ultimately have [finite (nc(ltake n’ t)) — [|; = hd @, ((o¢c(Inth t 7)) #; tl)

using assms(3) lappend-eg-lappend-conv|of wc(ltake n' t) we(ltake n t) [|i] by simp
moreover have [finite (wq(ltake n’ t)) by simp

ultimately have [|; = hd Q; ((oc(Inth t i)) #; tl) by simp
hence (o¢(Inth t 7)) #; tl = [|; using LNil-eq-lappend-iff by auto
thus Fualse by simp

qed

lemma proj-not-same-active:
assumes enat n < (n':enat)
and (- Ifinite t) V n'—1 < llength t
and —(w¢(ltake n' t) = we(ltake n t))
shows Jk. k>n A k<n’ A enat k < llength t A |||\ jnth ¢ &
proof (rule ccontr)
assume —(3k. k>n A k<n’ A enat k < llength t A ||l ¢ 1)
have 7.(ltake n' t) = w(ltake (enat n) t)
proof cases
assume [finite t
hence llength t#00 by (simp add: lfinite-llength-enat)
hence enat (the-enat (llength t)) = llength t by auto
with assms <— (Jk>n. k < n' A enat k < llength t A |[c|ljpn ¢ &)
show %thesis using proj-not-active-same[of n n' t c| by simp
next
assume - [finite t
with assms «<— (Fk>n. k < n' A enat k < llength t A ¢l ¢ 1)
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show ?thesis using proj-not-active-same[of n n' ¢ ¢| by simp
qed
with assms show Fulse by simp
qed

1.7 Activations

We also introduce an operator to obtain the number of activations of a certain component
within a given configuration trace.

definition nAct :: 'id = enat = (cnf llist) = enat (<{- #--)») where
(c #p t)y = llength (mwe(ltake n t))

lemma nAct-0[simp]:
(c #g t) = 0 by (simp add: nAct-def)

lemma nAct-NIL[simpl:
(¢ #n [J1) = 0 by (simp add: nAct-def)

lemma nAct-Null:
assumes llength t > n
and (¢ #p, t) = 0
shows Vi<n. = ||clljnen ¢
proof —
from assms have lnull (7c(ltake n t)) using nAct-def Inull-def by simp
hence n¢(ltake n t) = [|; using lnull-def by blast
hence (Vk€lset (ltake n t). = || c||) by simp
show ?thesis
proof (rule ccontr)
assume — (Vi<n. = [[cllpp, ¢ )
then obtain ¢ where i<n and ||c||;,, + ; by blast
moreover have enat i < llength (ltake n t) A Inth (ltake n t) ¢ = (Inth t %)
proof
from <llength t > ny have n = min n (llength t) using min.orderE by auto
hence llength (ltake n t) = n by simp
with «i<n> show enat i < llength (ltake n t) by auto
from «i<n> show Inth (ltake n t) i = (Inth t i) using Inth-ltake by auto
qed
hence (Inth t i € lset (ltake n t)) using in-lset-conv-Inth[of Inth t ¢ ltake n t] by blast
ultimately show Fulse using «(V k€lset (ltake n t). = ||c||p)> by simp
qed
qed

lemma nAct-ge-one[simp):
assumes llength t > n
and i < n
and || c[ljnep ¢ 4
shows (¢ #n, t) > enat 1
proof (rule ccontr)
assume — ((¢ #q t) > enat 1)
hence (¢ #n, t) < enat 1 by simp
hence (¢ #p, t) < 1 using enat-1 by simp
hence (¢ #n, t) = 0 using Suc-ile-eq <— enat 1 < (¢ #n t)» zero-enat-def by auto
with «llength t > n) have Vi<n. = ||c|| ;s ¢ ; using nAct-Null by simp
with assms show Fulse by simp
qed
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lemma nAct-finite[simp:
assumes n # oo
shows In'. (¢ #p t) = enat n’
proof —
from assms have Ifinite (ltake n t) by simp
hence [finite (wq(ltake n t)) by simp
hence 3n'. llength (mwc(ltake n t)) = enat n’ using lfinite-llength-enat[of mc(ltake n t)] by simp
thus ?thesis using nAct-def by simp
qed

lemma nAct-enat-the-nat[simp]:

assumes n # oo

shows enat (the-enat ((¢ #n t))) = (c #n t)
proof —

from assms have (¢ #p, t) # co by simp

thus ?thesis using enat-the-enat by simp
qed

1.7.1 Monotonicity and Continuity

lemma nAct-mcont:
shows mcont ISup lprefix Sup (<) (nAct ¢ n)
proof —
have mcont ISup lprefiz Sup lprefiz (ltake n) by simp
hence mcont ISup Iprefix Sup lprefix (At. 7c(ltake n t))
using proj-mcont2mcont|of ISup lprefix (ltake n)] by simp
hence mcont ISup lprefix Sup (<) (At. llength (wc(ltake n t))) by simp
moreover have nAct ¢ n = (At. llength (7wc(ltake n t))) using nAct-def by auto
ultimately show ?thesis by simp
qed

lemma nAct-mono:
assumes n < n’
shows (c #n t) < (c #,,/ 1)
proof —
from assms have Ilprefic (ltake n t) (ltake n' t) by simp
hence lprefiz (mwc(ltake n t)) (mwc(ltake n' t)) by simp
hence llength (mc(ltake n t)) < llength (7we(ltake n' t))
using Iprefiz-llength-le[of (wc(ltake n t))] by simp
thus ?thesis using nAct-def by simp
qed

lemma nAct-strict-mono-back:
assumes (c #n t) < (c #,,/ 1)
shows n < n’
proof (rule ccontr)
assume — n<n’
hence n>n' by simp
hence (c #n t) > (c #,,/ t) using nAct-mono by simp
thus Fulse using assms by simp
qed

1.7.2 Not Active

lemma nAct-not-active[simp):
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fixes n::nat
and n':nat
and t:(enf llist)
and c:id
assumes enat i < llength t
and = [|cllppep ¢ 4
shows (¢ #gyc i 1) = (¢ #i 1)
proof —
from assms have wc(ltake (Suc i) t) = we(ltake i t) by simp
hence llength (mc(ltake (enat (Suc 7)) t)) = llength (mwc(ltake i t)) by simp
moreover have llength (wq(ltake i t)) # oo
using llength-eq-infty-conv-lfinite[of m.(ltake (enat i) t)] by simp
ultimately have llength (mc(ltake (Suc @) t)) = llength (w¢(ltake i t))
using the-enat-eSuc by simp
with nAct-def show ?thesis by simp
qed

lemma nAct-not-active-same:
assumes enat n < (n':enat)
and n'—1 < llength t
and B k. enat k>n A k<n’ A ||c|lpih ¢ &
shows (c #,/ t) = (c #n t)
using assms proj-not-active-same nAct-def by simp

1.7.3 Active

lemma nAct-active[simp]:
fixes n::nat
and n’:nat
and t:(enf llist)
and c::'id
assumes enat i < llength t
and ||c[ljn¢p ¢ 4
shows (¢ #gyc i t) = eSuc ((c #; t))
proof —
from assms have w¢(ltake (Suc @) t) =
(me(ltake i t)) Qp ((oe(Inth t 7)) #; [l1) by simp
hence llength (mc(ltake (enat (Suc 7)) t)) = eSuc (llength (mc(ltake i t)))
using plus-1-eSuc one-eSuc by simp
moreover have llength (mc(ltake i t)) # oo
using llength-eq-infty-conv-lfinite[of mc(ltake (enat i) t)] by simp
ultimately have llength (mc(ltake (Suc @) t)) = eSuc (llength (wc(Itake i t)))
using the-enat-eSuc by simp
with nAct-def show ?thesis by simp
qed

lemma nAct-active-suc:

fixes n::nat
and n':enat
and t:(enf llist)
and c::'id

assumes — lfinite t V n'—1 < llength t
and n < g
and enat i < n’

and |[¢l| e ¢ 4
and Vi’ (n < i’ A enat i'<n’ A i’ < llength t A |lclly,, ) — (i = 19)
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shows (c #,/ t) = eSuc ((c #n 1))
proof —
from assms have 7¢(ltake n' t) = (we(ltake (enat n) t)) Q; ((oc(lnth t 7)) #1 [)1)
using proj-active-append[of n i n’ t ¢] by blast
moreover have llength ((w¢(ltake (enat n) t)) Q; ((oc(lnth t 0)) #; 1)) =
eSuc (llength (mwc(ltake (enat n) t))) using one-eSuc eSuc-plus-1 by simp
ultimately show ?thesis using nAct-def by simp
qed

lemma nAct-less:
assumes enat k < llength t
and n < k
and k < (n":enat)
and || cllmep ¢ &
shows (c #n t) < (c #,,/ 1)
proof —
have (c #}. t) # oo by simp
then obtain en where en-def: (¢ # t) = enat en by blast
moreover have eSuc (enat en) < (c #,/ t)
proof —
from assms have Suc k < n’ using Suc-ile-eq by simp
hence (¢ #g,. 1, t) < (¢ #,, t) using nAct-mono by simp
moreover from assms have (¢ #g,. 1 t) = eSuc ((¢ #}, t)) by simp
ultimately have eSuc ((c #j, t)) < (c #,,/ t) by simp
thus ?thesis using en-def by simp
qed
moreover have enat en < eSuc (enat en) by simp
ultimately have enat en < (c #,/ t) using less-le-trans[of enat en eSuc (enat en)] by simp
moreover have (¢ #p, t) < enat en
proof —
from assms have (¢ #q t) < (¢ #;. t) using nAct-mono by simp
thus ?thesis using en-def by simp
qged
ultimately show ?thesis using le-less-trans[of (¢ #n t)] by simp
qed

lemma nAct-less-active:
assumes n’ — 1 < llength t
and (¢ #enat n t) < (¢ #,/ 1)
shows Ji>n. i<n’ A ||l t
proof (rule ccontr)
assume - (Fi>n. i<n’ A el ¢ 4)
moreover have enat n < n’ using assms(2) less-imp-le nAct-strict-mono-back by blast
ultimately have (c #p, t) = (c #,,/ t) using «n’ — 1 < llength t» nAct-not-active-same by simp
thus False using assms by simp
qed

1.7.4 Same and Not Same

lemma nAct-same-not-active:
assumes (c #,/ inf-llist t) = (c #n inf-llist t)
shows Vik>n. k<n’ — = |lc|l; 1
proof (rule ccontr)
assume —(Vk>n. k<n’ — = |lc|; 1)
then obtain £ where k>n and k<n’and | c||; j, by blast
hence (¢ #gy. . inf-llist t) = eSuc ((c #y, inf-llist t)) by simp
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moreover have (c #j. inf-llist t)#oo by simp
ultimately have (c #, inf-llist t) < (¢ #gyc 1 inf-llist t) by fastforce
moreover from «n<k) have (c #y, inf-llist t) < (c #}. inf-llist t) using nAct-mono by simp
moreover from <k<n’> have Suc k < n’ by (simp add: Suc-ile-eq)
hence (c # g, ; inf-llist t) < (c #,,/ inf-llist t) using nAct-mono by simp
ultimately show Fulse using assms by simp
qed

lemma nAct-not-same-active:
assumes (¢ #epgt n t) < (¢ #,/ )
and - Ifinite t V n' — 1 < llength t
shows 3 (i::nat)>n. enat i< n' A i<llength t A |||\ ¢ i
proof —
from assms have llength(wc(ltake n t)) < llength (7wc(ltake n' t)) using nAct-def by simp
hence 7c(ltake n' t) # wc(ltake n t) by auto
moreover from assms have enat n < n’ using nAct-strict-mono-back[of ¢ enat n t n'] by simp
ultimately show ?thesis using proj-not-same-active[of n n' t c] assms by simp
qed

lemma nAct-less-llength-active:
assumes z < llength (mw(t))
and enat x = (¢ # .1 n' 1)
shows 3 (i::nat)>n'. i<llength t A ||c||jnth ¢ i
proof —
have llength(mc(ltake n' t)) < llength (wc(t)) using assms(1) assms(2) nAct-def by auto
hence llength(mc(ltake n' t)) < llength (wc(ltake (llength t) t)) by (simp add: ltake-all)
hence (c #,,,,; ,/ 1) < (c H#ilength t t) using nAct-def by simp
moreover have — [finite t V llength t — 1 < llength t
proof (rule Meson.imp-to-disiD[OF HOL.implI))
assume [finite t
hence llength t # oo by (simp add: llength-eq-infty-conv-Ifinite)
moreover have llength t>0
proof —
from <z < llength (w¢(t))» have llength (w¢(t))>0 by auto
thus “thesis using proj-llength order.strict-trans2 by blast
qed
ultimately show llength t — 1 < llength t by (metis One-nat-def <Ifinite t» diff-Suc-less
enat-ord-simps(2) idiff-enat-enat lfinite-conv-llength-enat one-enat-def zero-enat-def)
qed
ultimately show ?thesis using nAct-not-same-active[of ¢ n' t llength t] by simp
qed

lemma nAct-exists:
assumes z < llength (mw(t))
shows 3 (n":nat). enat x = (c #,/ t)
proof —
have z < llength (m¢(t)) — (3 (n':nat). enat x = (c #,,/ t))
proof (induction x)
case (
thus ?case by (metis nAct-0 zero-enat-def)
next
case (Suc x)
show Zcase
proof
assume Suc © < llength (m(1))
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hence z < llength (7w¢(t)) using Suc-ile-eq less-imp-le by auto
with Suc.IH obtain n’ where enat x = (¢ #,,,,; ,/ 1) by blast
with <z < llength (m¢(t))> have 3i>n'. ¢ < llength t A |||l ¢ i
using nAct-less-llength-activelof x ¢ t n'] by simp
then obtain ¢ where i>n’ and i<llength t and ||c||jm ¢ 4
and B k. n'<k A k<i A k<llength t A |\c|ljnh ¢ . using lActive-least[of n' t c] by auto
moreover from (i<llength t» have — Ifinite t V enat (Suc i) — 1 < llength t
by (simp add: one-enat-def)
moreover have enat i < enat (Suc i) by simp
moreover have Vi’ (n' < i' A enat i'<enat (Suc i) A i'<llength t A |c|l i ¢ i) — (@' = 1)
proof (rule HOL.impI[THEN HOL.allI])
fix i’ assume n' < i’ A enat i'<enat (Suc i) A i'<llength t A |c|l ;i + 7
with Bk n'<k A k<i A k<llength t A | c|jnh ¢ 1> Show i'=i by fastforce
qed
ultimately have (c #g,. ; t) = eSuc ({c #,, t)) using nAct-active-suc[of t Suc i n' i c| by simp
with <enat x = (¢ #,,,,4 p’ t)> have (c #g,. ; t) = eSuc (enat ) by simp
thus 3n’. enat (Suc ©) = (¢ # .0 n/ 1) Y (metis eSuc-enat)
qed
qged
with assms show ?thesis by simp
qed

1.8 Projection and Activation

In the following we provide some properties about the relationship between the projection and
activations operator.

lemma nAct-le-proj:
(¢ #n ty < length (me(t))
proof —
from nAct-def have (¢ #n, t) = llength (7wc(ltake n t)) by simp
moreover have llength (w¢(ltake n t)) < llength (m(t))
proof —
have Iprefiz (ltake n t) t by simp
hence Ilprefiz (mc(ltake n t)) (wc(t)) by simp
hence llength (w¢(ltake n t)) < llength (m¢(t)) using lprefiz-llength-le by blast
thus ?thesis by auto
qed
thus “thesis using nAct-def by simp
qed

lemma proj-nAct:
assumes (enat n < llength t)
shows 7.(ltake n t) = ltake ({¢ #n t)) (we(t)) (is ?lhs = 2rhs)
proof —
have ?lhs = ltake (llength (wc(ltake n t))) (we(ltake n t))
using ltake-alllof 7¢(ltake n t) llength (7c(ltake n t))] by simp

also have ... = ltake (llength (w¢(ltake n t))) ((we(ltake n t)) @ (we(Idrop n t)))
using ltake-lappendl [of llength (7c(ltake (enat n) t)) we(ltake n t) (we(ldrop n t))] by simp
also have ... = ltake ({c #n t)) ((wc(ltake n t)) Q; (we(Idrop n t))) using nAct-def by simp
also have ... = ltake ({c #n t)) (we((ltake (enat n) t) @, (Idrop n t))) by simp
also have ... = ltake ({c #n t)) (7¢(t)) using lappend-ltake-ldroplof n t] by simp
finally show ?thesis by simp
qed

lemma proj-active-nth:
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assumes enat (Suc 1) < length t ||| ¢ 4
shows Inth (w¢(t)) (the-enat ({c #; t))) = oc(Inth t i)
proof —
from assms have enat i < llength t using Suc-ile-eq[of i llength t] by auto
with assms have w¢(ltake (Suc i) t) = (we(ltake i t)) Q; ((oc(inth t 1)) #1 [)1) by simp
moreover have Inth ((wc(ltake i t)) Q; ((oc(Inth t 7)) #1 [l1))
(the-enat (llength (mc(ltake it)))) = oc(Inth t i)
proof —
have = lnull ((oc(Inth t ©)) #; [|;) by simp
moreover have [finite (7¢(ltake i t)) by simp
ultimately have Inth ((mc(ltake i t)) Q; ((oc(Inth t 7)) #1 [l1))
(the-enat (llength (me(ltake it)))) = lhd ((oc(Inth t 7)) #; [|;) by simp
also have ... = o¢(Inth t i) by simp
finally show Inth ((mc(ltake i t)) Q; ((oe(inth t 1)) #1 [)i1))
(the-enat (llength (we(ltake i t)))) = oe(lnth t ) by simp
qed
ultimately have o(Inth t i) = Inth (7wc(ltake (Suc 7) t))
(the-enat (llength (wc(ltake i t)))) by simp

also have ... = Inth (mwc(ltake (Suc @) t)) (the-enat ((c #; t))) using nAct-def by simp
also have ... = inth (ltake ({c #gyc i 1)) (7c(t))) (the-enat ((c #; t)))
using proj-nAct[of Suc i t c] assms by simp
also have ... = Inth (7w¢(t)) (the-enat ({c #; t)))
proof —

from assms have (¢ #g,. ; t) = eSuc ((c #; t)) using <enat ¢ < llength t» by simp
moreover have (¢ #; t) < eSuc ({(c #; t)) using iless-Suc-eq[of the-enat ({¢ #epat i t))] By simp
ultimately have (¢ #; t) < ({c #gyc ; t)) by simp
hence enat (the-enat ((¢ #gye ; t))) > enat (the-enat ((c #; t))) by simp
thus ?thesis using Inth-ltake[of the-enat ((c #; t)) the-enat ((¢ # .pat (Suc ) t)) me(t)] by simp
qed
finally show ?thesis ..
qed

lemma nAct-eq-proy:
assumes ~(3i=n. ||cl| e ¢ )
shows (¢ #p, t)y = llength (w¢(t)) (is ?lhs = ?rhs)
proof —
from nAct-def have ?lhs = llength (wc(ltake n t)) by simp
moreover from assms have V (n':nat)<llength t. n’>n — (= |lcll ;4 ¢ n?) PY simP
hence 7.(t) = w(ltake n t) using proj-ltake by simp
ultimately show ?thesis by simp
qed

lemma nAct-llength-proj:
assumes 3i>n. ||c||; 4
shows llength (mc(inf-llist t)) > eSuc ({c¢ #n inf-llist t))
proof —
from «3i>n. ||c||; » obtain ¢ where i>n and ||c||¢ ;
and - (3k>n. k < i Ak < llength (inf-llist t) A |clls 1)
using [Active-least[of n inf-llist t ¢] by auto
moreover have llength (mc(inf-llist t)) > (¢ #gyc ; inf-llist t) using nAct-le-proj by simp
moreover have eSuc ((¢ #n inf-llist t)) = (¢ #gye ; inf-llist t)
proof —
have enat (Suc i) < llength (inf-llist t) by simp
moreover have i < Suc i by simp
moreover from - (Fk>n. k < i A k < llength (inf-llist t) A || c|l4 )
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have Vi'. n < i' A i" < Suci A |[cll (inf-llist t) i’ — i’ = i by fastforce
ultimately show ?thesis using nAct-active-suc <i>n> <|c||; 5 by simp
qed
ultimately show ?thesis by simp
qed

1.9 Least not Active

In the following, we introduce an operator to obtain the least point in time before a certain
point in time where a component was deactivated.

definition [NAct :: 'id = (nat = cnf) = nat = nat (- < -)0)
where (¢ < t)p, = (LEAST n'. n=n'V (n'<n A (k. k>n' A k<n A ||cllt 1))

lemma [Nact0[simp]:
(e=thy=0
by (simp add: INAct-def)

lemma [Nact-least:

assumes n=n'V n'<n A (Bk. k>n' A k<n A |c|ls )

shows (¢ < t)p < n’
using Least-le[of An’. n=n'V (n'<n A (k. k>n’ A k<n A |c|l; ) n'] INAct-def using assms by
auto

lemma INAct-ex: {c < t)p=nV (¢ < t)n<n A (Bk. k>(c < t)n A k<n A |c|l¢ 1)
proof —

let ?P=An’. n=n'V n'<n A (Fk. k>n' A k<n A |c|l; 1)

from [NAct-def have (¢ < t)p, = (LEAST n'. ?P n’) by simp

moreover have ?P n by simp

with Least] have ?P (LEAST n'. 2P n’) .

ultimately show ?thesis by auto
qed

lemma [Nact-notActive:
fixesctnk
assumes k>(c < t)p,
and k<n
shows |lcll; 1
by (metis assms INAct-ex leD)

lemma [NactGe:
fixes c t n n’
assumes n’' > (¢ < t)p
and |[c[|;
shows n’ > n
using assms [Nact-notActive lel by blast

lemma [NactLe[simpl:
fixes n n’
shows (¢ < t)p < n
using [NAct-ex less-or-eq-imp-le by blast

lemma [NactLe-nact:
fixes n n’
assumes n'=n V (n'<n A (Pk. k>n' A k<n A |lc|ls 1)
shows (¢ < t)p < n’
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using assms INAct-def Least-le[of An'. n=n'V (n'<n A (k. k>n' A k<n A |c|l; )] by auto

lemma [Nact-active:
fixes cid t n
assumes Vk<n. ||cid||; 1.
shows (cid < t)p = n
using assms INAct-ex by blast

lemma nAct-mono-back:
fixes ¢ t and n and n’
assumes (c #,/ inf-llist t) > (c #n inf-Ulist t)
shows n'>(c < t)y,
proof cases
assume (c #,/ inf-llist t) = (c #n inf-llist t)
thus ?thesis
proof cases
assume n'>n
thus %thesis
by (rule order-trans[OF [NactLe])
next
assume - n'>n
hence n'<n by simp
with «(c #,/ inf-llist t) = (¢ #n inf-llist t)> have Bk. k>n' A k<n A [lc|¢ g
by (metis enat-ord-simps(1) enat-ord-simps(2) nAct-same-not-active)
thus ?thesis using INactLe-nact by (simp add: «n' < n»)
qed
next
assume —(c #,/ inf-llist t) = (c #p inf-llist t)
with assms have (c #, ., . inf-llist t) > (c #epat n inf-llist t) by simp
hence n’ > n using nAct-strict-mono-back|of ¢ enat n inf-llist t enat n’] by simp
thus ?thesis by (meson dual-order.strict-implies-order INactLe le-trans)
qed

lemma nAct-mono-INact:
assumes (¢ < t)yp, < n’
shows (c #n, inf-llist t) < (c #,,/ inf-llist t)
proof —
have k. k>(c < t)n A k<n A ||c||; j using INact-notActive by auto
moreover have enat n — 1 < llength (inf-llist t) by (simp add: one-enat-def)
moreover from (¢ < t)p < n’» have enat (¢ < t)y, < enat n by simp
ultimately have (¢ #y, inf-llist t)=(c #<C = tn inf-llist t) using nAct-not-active-same by simp
thus “thesis using nAct-mono assms by simp
qed

1.10 Next Active

In the following, we introduce an operator to obtain the next point in time when a component
is activated.

definition natAct :: 'id = (nat = cnf) = nat = nat (- = -)0)
where (¢ — t)p = (THE n'. n'>n A ||c|l, v A (Bk. k>n A k<n’ A |lclly 1))

lemma nztActl:
fixes n::nat
and t:nat = cnf
and c::’id
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assumes 3i>n. ||c||; 4
shows (¢ — t)n > n A |c|; (¢ = tyn N Pk k>n A k<(c = t)n Al i)
proof —
let P = THE n'. n'>n A |lc|ly ;v A Bk k>n A k<n' A |lclly 1)
from assms obtain i where i>n A |c|;; A Bk k>n A k<i A ||cll; 1)
using [Active-least[of n inf-llist t ¢] by auto
moreover have (Az. n < z A lc|ly 2 A= (Fk>n. k <z Alcllyp) = ¢ =1)
proof —
fix z assume n < z A fle|lp 2 A0 (FEk>n. k <z Acllsp)
show z = i
proof (rule ccontr)
assume - (z = i)
thus False using «i>n A [[c[|z 4 A (Bk. k>n A k<i A ||c|ls 1)
n <z Allellg g A (FE>n k<2 Ay ) by fastforce
qed
qged
ultimately have (7P) > n A ||c[|; (2p) N (Bk. k>n A k<?P Al 1)
using thel[of An'. n'>n A |lc||, ,v A Bk k>n A k<n’ A ||c|l; ;)] by blast
thus ?thesis using naztAct-def[of ¢ t n] by metis
qed

lemma natActLe:
fixes n n’
assumes 3i>n. ¢t 4
shows n < (¢ — t)p
by (simp add: assms nztActl)

lemma nztAct-eq:
assumes n'>n
and |[c[|;
and Vn'>n. n"<n’ — = [, ,»
shows n' = (¢ — t)p
by (metis assms(1) assms(2) assms(3) nxtActl linorder-neqE-nat natActLe)

lemma natAct-active:
fixes i::nat
and t:nat = cnf
and c::'id
assumes ||c||¢ 4
shows (¢ — t); = i by (metis assms le-eq-less-or-eq nxtActl)

lemma natActive-no-active:
assumes 3!i. i>n A |cll¢ 4
shows — (3i">Suc (¢ — t)n. |l ;)

proof
assume 3i'>Suc (¢ — t)n. [lc[l; ;/
then obtain i’ where i">Suc (¢ — t)p and | c|, ;» by auto
moreover from assms(1) have (¢ — t)p>n using nztActl by auto
ultimately have i">n and ||c||, ;» and i"#(c — t)n by auto
moreover from assms(1) have |[|c|; (¢ — t)n and (¢ = t)p>n using nztAct] by auto
ultimately show Fulse using assms(1) by auto

qed

lemma nat-geq-INact[simpl:
assumes 3i>n. |c||t 4
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shows (¢ — t)p>(c < t)p
proof —
from assms have n < (¢ — t)p, using natActLe by simp
moreover have (¢ < t)p,<n by simp
ultimately show ?thesis by arith
qed

lemma active-geg-nrtAct:
assumes |||/t ;
and the-enat ((¢ #; inf-llist t))>the-enat ({¢ #n inf-llist t))
shows i>{(c — t)p,
proof cases
assume (¢ #; inf-llist ty=(c #n, inf-llist t)
show ?thesis
proof (rule ccontr)
assume - i>(c = t)p
hence i<{(c — t)n by simp
with <(c #; inf-llist t)=(c #n, inf-llist t)> have = (Fk>i. k < n A |lc||; k)
by (metis enat-ord-simps(1) leD lel nAct-same-not-active)
moreover have = (3k>n. k <(c — t)n A ||c||; ) using nztActl by blast
ultimately have = (3k>i. k <(c — t)n A |lc||; ) by auto
with «<(c — t)n> show False using «||c||; » by simp
qed
next
assume —(c #; inf-llist t)=(c #n, inf-llist t)
moreover from <the-enat ((¢ #; inf-llist t))>the-enat ({¢ #p inf-llist t))»
have (¢ #; inf-llist t)>(c #p, inf-llist t)
by (metis enat.distinct(2) enat-ord-simps(1) nAct-enat-the-nat)
ultimately have (¢ #; inf-llist t)>(c #y, inf-llist t) by simp
hence i>n using nAct-strict-mono-back[of ¢ n inf-llist t 7] by simp
with ¢||c||; p» show ?thesis by (meson dual-order.strict-implies-order lel nxtActl)
qed

lemma nAct-same:
assumes (¢ < t)p, < n’and n' < (¢ = t)p
shows the-enat ((c # s 5,/ f-Ulist t)) = the-enat ((c #epat n nf-llist t))
proof cases
assume n < n’
moreover have n’ — 1 < llength (inf-llist t) by simp
moreover have — (Fi>n. i <n’ A ||c||; ;) by (meson assms(2) less-le-trans nxtActl)
ultimately show ?thesis using nAct-not-active-same by (simp add: one-enat-def)
next
assume - n < n’
hence n’ < n by simp
moreover have n — 1 < llength (inf-llist t) by simp
moreover have = (3i>n'. i < n A |lc||t ) by (metis <= n < n’s assms(1) dual-order.trans INAct-ex)
ultimately show ?thesis using nAct-not-active-same[of n’ n] by (simp add: one-enat-def)
qed

lemma nAct-mono-natAct:
assumes 3i>n. |c||t 4
and (¢ — t)p < n’
shows (c #n, inf-llist t) < (c #,,/ inf-llist t)
proof —
from assms have (c #<C S bn inf-llist t) < (c #,,/ inf-llist t) using nAct-mono assms by simp
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moreover have (c #ic - Hn inf-llist t)=(c #n inf-llist t)

proof —
from assms have Bk. k>n A k<(c — t) A ||c||; 1, and n < (¢ — t),, using natAct] by auto
moreover have enat (¢ — t), — 1 < llength (inf-llist t) by (simp add: one-enat-def)
ultimately show ?thesis using nAct-not-active-samelof n (¢ — t)n] by auto

qged

ultimately show ?thesis by simp

qed

1.11 Latest Activation

In the following, we introduce an operator to obtain the latest point in time when a component
is activated.

abbreviation latestAct-cond:: "id = trace = nat = nat = bool

where latestAct-cond c t n n’ = n'<n A ||cHt n'

definition latestAct:: "id = trace = nat = nat («{(- < -))
where latestAct ¢ t n = (GREATEST n'. latestAct-cond ¢ t n n’)

lemma latestActEx:

assumes 3 n'<n. |[nid||,

shows 3n’. latestAct-cond nid t n n' A (Vn'. latestAct-cond nid t n n' — n'" < n’)
proof —

from assms obtain n’ where latestAct-cond nid t n n’ by auto

moreover have Vn'’>n. — latestAct-cond nid t n n'’ by simp

ultimately obtain n’ where latestAct-cond nid t n n’ A (¥ n'. latestAct-cond nid t n n"" — n”’ <
n’)

using boundedGreatest|of latestAct-cond nid t n n'| by blast

thus %thesis ..

qed

lemma latestAct-prop:
assumes 3 n'<n. |[nidl|,
shows ||nid||, (latestAct nid ¢ n) @0d latestAct nid t n<n
proof —
from assms latestActEx have latestAct-cond nid t n (GREATEST x. latestAct-cond nid t n x)
using Greatestl-ez-nat|of latestAct-cond nid t n] by blast
thus ||nid||, (nid < tn and latestAct nid t n<n using latestAct-def by auto

qed

lemma latestAct-less:
assumes latestAct-cond nid t n n'
shows n’ < (nid «+ t)p,
proof —
from assms latestActEx have n' < (GREATEST x. latestAct-cond nid t n x)
using Greatest-le-nat|of latestAct-cond nid t n] by blast
thus ?thesis using latestAct-def by auto
qed

lemma latestActNzxt:
assumes 3 n'<n. |[nidl|,

shows (nid — t>< =(nid < typ

nid < t>n
using assms latestAct-prop(1) natAct-active by auto
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lemma latestActNztAct:
assumes 3n'>n. ||tid||, ./
and 3n'<n. [[tid|,
shows (tid — t)p, > (tid + t)n
by (meson assms latestAct-prop(2) less-le-trans nztActl zero-le)

lemma latestActless:
assumes 3n'>ng. n'<n A [|nid||,
shows (nid < t)p>ns
by (meson assms dual-order.trans latestAct-less)

lemma latestActEq:
fixes nid::"id
assumes |[nid||, .- and =(In'">n". n"'<n A ||nid|, /) and n'<n
shows (nid < t)n = n’
using latestAct-def
proof
have (GREATEST n’'. latestAct-cond nid t n n’) = n’
proof (rule Greatest-equality|of latestAct-cond nid t n n'))
from assms(1) assms (3) show latestAct-cond nid t n n’ by simp
next
fix y assume latestAct-cond nid t n y
hence |[[nid||; , and y<n by auto
thus y < n’ using assms(1) assms (2) lel by blast
qged
thus n’ = (GREATEST n'. latestAct-cond nid t n n’) by simp
qed

1.12 Last Activation

In the following we introduce an operator to obtain the latest point in time where a certain
component was activated within a certain configuration trace.

definition [Active :: id = (nat = cnf) = nat (<(- A -)»)
where (¢ A t) = (GREATEST i. ||c||t ;)

lemma [Active-active:
assumes ||c||¢ 4
and Vn' > n. = ([[c]l; /)
shows ||c||; ({¢ A )
proof —
from assms obtain i’ where |c[|, ;» and Ay. |lc|; y = y < i’
using boundedGreatest[of \i'. |c||, ;» i n] by blast
thus ?thesis using [Active-def Nat.GreatestI-nat[of Ai'. ||c||, ;1] by metis
qed

lemma [Active-less:
assumes |||/t ;
and Vn' > n. = (||, )
shows (¢ A t) < n
proof (rule ccontr)
assume - (¢ A t) < n
hence (¢ A t) > n by simp
moreover from assms have | c||; (¢ A t)) using lActive-active by simp
ultimately show Fulse using assms by simp
qed
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lemma [Active-greatest:
assumes |||/t ;
and Vn' > n. = (||, )
shows i < (¢ A t)
proof —
from assms obtain i’ where |c[|, ;» and Ay. |lc|; y = y < i’
using boundedGreatest[of \i'. |c|, ;7 i n] by blast
with assms show ?thesis using [Active-def Nat.Greatest-le-nat[of \i'. |c||, ;+ i] by metis
qed

lemma [Active-greater-active:
assumes n > (¢ A t)
and Vn' > n' = |cl, v
shows ~ [[c]; »
proof (rule ccontr)
assume - - |l¢ll¢
with Vn'" > n'. = |[c[|; ,»» have n < (c A t) using lActive-greatest by simp
thus Fulse using assms by simp
qed

lemma [Active-greater-active-all:
assumes Vn' > n' = |c[|, v
shows —(3n > (¢ A 8). |lc|l¢ n)
proof (rule ccontr)
assume =~ (In > (¢ A1) ||c|l¢ n)
then obtain n where n>(c A t) and ||¢c|| , by blast
with Vn" > n'. = (||c|l, ,,»7)> have = |[c||; 5, using lActive-greater-active by simp
with ¢||¢c||¢ ,» show False by simp
qed

lemma [Active-equality:
assumes ||c||¢ 4
and (Az. ||cllt o = z < i)
shows (c A t) = i unfolding IActive-def using assms Greatest-equality[of \i'. ||c||, ;7] by simp

lemma natActive-lactive:
assumes 3i>n. ||c||; 4
and - (i>(c = t)n. |lc|lt 4)
shows (¢ — t)p=(c A t)
proof —

from assms(1) have ||c using nxztActl by auto
t

c — t>n
moreover from assms have - (3i">Suc (¢ — t)n. |c|, ;) using natActive-no-active by simp
hence (Az. ||c||t ; = = < (¢ — t)p) using not-less-eq-eq by auto
ultimately show ?thesis using <= (3i">Suc (¢ — t)n. ||c[|; ;+)> lActive-equality by simp

qed

1.13 Mapping Time Points

In the following we introduce two operators to map time-points between configuration traces
and behavior traces.
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1.13.1 Configuration Trace to Behavior Trace

First we provide an operator which maps a point in time of a configuration trace to the corre-
sponding point in time of a behavior trace.

definition cnf2bhv :: 'id = (nat = cnf) = nat = nat («-}-(-)» [150,150,150] 110)
where c|¢(n) = the-enat(llength (we(inf-llist t))) — 1 + (n — (¢ A t))

lemma cnf2bhv-mono:
assumes n’>n

shows c|4(n') > cli(n)
by (simp add: assms cnf2bhv-def diff-le-mono)

lemma cnf2bhv-mono-strict:
assumes n>(c A t) and n’>n

shows cly(n') > cli(n)
using assms cnf2bhv-def by auto

Note that the functions are nat, that means that also in the case the difference is negative they
will return a 0!

lemma cnf2bhv-ge-llength|simp]:
assumes n>(c A t)
shows cl¢(n) > the-enat(llength (wc(inf-llist t))) — 1
using assms cnf2bhv-def by simp

lemma cnf2bhv-greater-llength]simp):
assumes n>(c A t)
shows cl¢(n) > the-enat(llength (wc(inf-llist t))) — 1
using assms cnf2bhv-def by simp

lemma cnf2bhv-suc[simp:
assumes n>(c A t)
shows c|4(Suc n) = Suc (cle(n))
using assms cnf2bhv-def by simp

lemma cnf2bhv-lActive[simp]:
shows cl¢({c A t)) = the-enat(llength (mc(inf-llist t))) — 1
using cnf2bhv-def by simp

lemma cnf2bhv-Inth-lappend:
assumes act: 3. |c||y 4
and nAct: Bi. i>n A ||clly 4
shows Inth ((mc(inf-llist t)) Q; (inf-llist t')) (cd¢(n)) = Inth (inf-llist t') (n — (¢ AN t) — 1)
(is ?lhs = ?rhs)
proof —
from nAct have lfinite (wc(inf-llist t)) using proj-finite2 by auto
then obtain k where k-def: llength (wc(inf-llist t)) = enat k using lfinite-llength-enat by blast
moreover have k < .|4(n)
proof —
from nAct have f1i. i>n—1 A ||c||; ; by simp
with act have (¢ A t) < n—1 using [Active-less by auto
moreover have n>(0 using act nAct by auto
ultimately have (¢ A t) < n by simp
hence the-enat (llength (weinf-llist t)) — 1 < ¢l4(n) using cnf2bhv-greater-llength by simp
with k-def show ?thesis by simp
qed
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ultimately have ?lhs = Inth (inf-llist t') (¢+(n) — k) using Inth-lappend?2 by blast
moreover have cly(n) —k=n— (cANt) — 1

proof —

from cnf2bhv-def have cli(n) — k = the-enat (llength (mweinf-llist t)) — 1 + (n — (¢ A ) — k
by simp

also have ... = the-enat (llength (wcinf-llist t)) — 1 + (n — (¢ A t)) —
the-enat (llength (mc(inf-llist t))) using k-def by simp

also have ... = the-enat (llength (wcinf-llist t)) + (n — (¢ A t)) — 1 —
the-enat (llength (wc(inf-llist t)))

proof —

have 3. enat i < llength (inf-llist t) A |[c||j,m (inf-Uist ©) ; by (simp add: act)

hence llength (wcinf-llist t) > 1 using proj-one by simp

moreover from k-def have llength (mcinf-llist t) # oo by simp

ultimately have the-enat (llength (wcinf-llist t)) > 1 by (simp add: k-def one-enat-def)
thus ?thesis by simp

qed
also have ... = the-enat (llength (mwcinf-llist t)) + (n — (¢ A t)) —
the-enat (llength (mc(inf-llist t))) — 1 by simp

also have ... =n — (¢ A t) — 1 by simp
finally show ?thesis .

qed

ultimately show ?thesis by simp

qed

lemma nAct-cnf2proj-Suc-dist:
assumes 3i>n. |c||t 4
and ~(Fi>{c = thn. |cllt )
shows Suc (the-enat (¢ #enat ninf-llist t))=cl¢(Suc (¢ = t)n)
proof —
have the-enat (¢ #enat ninf-llist t) = cJ¢({c = t)pn) (is 2LHS = ?RHS)
proof —
from assms have ?RHS = the-enat(llength (wc(inf-llist t))) — 1
using natActive-lactive[of n c t] by simp
also have llength (mc(inf-llist t)) = eSuc ({c #<C =t inf-llist t))
proof —
from assms have - (33> Suc ((¢ = t)n). [[cll; ;7) using natActive-no-active by simp
hence (c #g,. ({¢ = t)n) inf-llist t) = llength (wc(inf-llist t))
using nAct-eg-projlof Suc ({¢ = t)pn) c inf-llist t] by simp
moreover from assms(1) have |c[|; ((c — t)p) USIng nztActl by blast
hence (c #g,, ((¢c — t)p) inf-llist t) = eSuc ({c (e — typ inf-list t)) by simp
ultimately show ?thesis by simp
qed
also have the-enat(eSuc ({c #<C St inf-llist t))) — 1 = ({c #ic = t)n inf-llist t))
proof —
have (¢ #<C St inf-llist t) # oo by simp
hence the-enat(eSuc ({c #<c S Bn inf-llist t))) = Suc(the-enat({c #<c S Bn inf-llist t)))
using the-enat-eSuc by simp
thus ?thesis by simp
qed
also have ... = ?LHS
proof —
have enat (¢ — t)p, — 1 < llength (inf-llist t) by (simp add: one-enat-def)
moreover from assms(1) have (¢ — t)p>n and
Bk. enat n < enat k A enat k < enat (¢ = thn A ||c|l i, (inf-llist t) k using natActl by auto
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ultimately have (c #,,,.; (c = t>ninf—llist t) = (¢ #enat ninf-llist t)
using nAct-not-active-same[of n (¢ — t)y, inf-llist t c] by simp
moreover have (¢ #¢nqt ninf-llist t)#oco by simp
ultimately show ?thesis by auto
qed
finally show ?thesis by fastforce
qged
moreover from assms have (¢ — t)n=(c A t) using natActive-lactive by simp
hence Suc (clt((c = t)n)) = cdt(Suc (¢ — t)p) using cnf2bhv-suc[where n=(c — )] by simp
ultimately show ?thesis by simp
qed

1.13.2 Behavior Trace to Configuration Trace

Next we define an operator to map a point in time of a behavior trace back to a corresponding
point in time for a configuration trace.

definition bhv2enf :: 'id = (nat = cnf) = nat = nat («1-(-) [150,150,150] 110)
where T¢(n) = (¢ A t) + (n — (the-enat(llength (wc(inf-llist t))) — 1))

lemma bhv2cnf-mono:
assumes n'>n

shows (T4(n’) > T¢(n)
by (simp add: assms bhv2cnf-def diff-le-mono)

lemma bhv2cnf-mono-strict:
assumes 1n'>n
and n > the-enat (llength (wc(inf-llist t))) — 1
shows c1y(n') > cty(n)
using assms bhv2cnf-def by auto

Note that the functions are nat, that means that also in the case the difference is negative they
will return a 0!

lemma bhv2cnf-ge-lActive]simp]:
shows T¢(n) > (¢ A t)
using bhv2cnf-def by simp

lemma bhv2cnf-greater-lActive[simp):
assumes n>the-enat(llength (wc(inf-llist t))) — 1
shows T4(n) > (¢ A t)
using assms bhv2cnf-def by simp

lemma bhv2cnf-lActive[simp):
assumes 3. ||c||¢ 4
and [finite (mc(inf-llist t))
shows T(the-enat(llength (wc(inf-llist t)))) = Suc ({c A t))
proof —
from assms have 7.(inf-llist t)# [|; by simp
hence llength (wc(inf-llist t)) > 0 by (simp add: Inull-def)
moreover from <lfinite (7c(inf-llist t))> have llength (wc(inf-llist t)) # oo
using llength-eg-infty-conv-lfinite by auto
ultimately have the-enat(llength (wc(inf-llist t))) > 0 using enat-0-iff (1) by fastforce
hence the-enat(llength (mc(inf-llist t))) — (the-enat(llength (mwe(inf-list t))) — 1) = 1 by simp
thus “thesis using bhv2cnf-def by simp
qed
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1.13.3 Relating the Mappings

In the following we provide some properties about the relationship between the two mapping
operators.

lemma bhv2cnf-cnf2bhv:
assumes 1 > (¢ A t)
shows T4(cdi(n)) = n (is ?lhs = ?rhs)
proof —
have ?lhs = (¢ A t) + ((¢dt(n)) — (the-enat(llength (we(inf-llist t))) — 1))
using bhv2cnf-def by simp
also have ... = (¢ A t) + (((the-enat (llength (wc(inf-llist £)))) — 1 + (n — (¢ A 1)) —
(the-enat (llength (mc(inf-llist t))) — 1)) using enf2bhv-def by simp
also have (the-enat(llength (we(inf-list t)))) — 1 + (n — ({(¢ A t))) —
(the-enat (llength (mc(inf-llist t))) — 1) = (the-enat(llength (mc(inf-llist t)))) — 1 —
((the-enat (llength (we(inf-llist t)))) — 1) + (n — ((¢ A t))) by simp
also have ... = n — ({c A t)) by simp
also have ((¢ A t)) + (n — ({(c A t))) = ({(c A t)) + n — (¢ A t) using assms by simp
also have ... = %rhs by simp
finally show ?thesis .
qed

lemma cnf2bhv-bhv2enf:
assumes n > the-enat (llength (mwc(inf-llist t))) — 1
shows cli(cT4(n)) = n (is ?lhs = ?rhs)
proof —
have ?lhs = the-enat(llength (mc(inf-llist 1)) — 1 + ((¢Te(n)) — ({c A 1))
using cnf2bhv-def by simp
also have ... = the-enat(llength (mwc(inf-llist t))) — 1 + ({(¢c A t) +
(n — (the-enat(llength (me(inf-llist t))) — 1)) — ({¢ A t))) using bhv2enf-def by simp
also have (¢ A t) + (n — (the-enat(llength (mc(inf-llist t))) — 1)) — ({c A 1)) =
(e Nt) — (e At)) + (n — (the-enat(llength (we(inf-llist t))) — 1)) by simp
also have ... = n — (the-enat(llength (wc(inf-llist t))) — 1) by simp
also have the-enat (llength (mc(inf-llist t))) — 1 + (n — (the-enat (llength (mwe(inf-llist t))) — 1)) =
— (the-enat (llength (mwe(inf-llist t))) — 1) + (the-enat (llength (we(inf-llist t))) — 1) by simp

also have ... = n + ((the-enat (llength (wc(inf-llist t))) — 1) —
(the-enat (llength (we(inf-llist t))) — 1)) using assms by simp
also have ... = %rhs by simp
finally show ?thesis .
qed

lemma p2c-mono-c2p:

assumes n > (¢ A t)

and n' > ¢l4(n)
shows T4(n’) > n

proof —

from «n' > cly(n) have T4(n’) > 14(cdt(n)) using bhv2enf-mono by simp

thus ?thesis using bhv2cnf-cnf2bhv <n > (¢ A t)» by simp
qed

lemma p2c-mono-c2p-strict:
assumes n > (¢ A t)
and n<T¢(n’)
shows cl¢(n) < n’
proof (rule ccontr)
assume - (¢ly(n) < n')
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hence }4(n) > n’ by simp

with «n > (¢ A t)» have T4(nat (c4(n))) > Te(n’)
using bhv2cnf-mono by simp

hence —(ty(nat (cd¢(n))) < Te(n’)) by simp

with <n > (¢ A t)» have —(n < f4(n'))
using bhv2enf-cnf2bhv by simp

with assms show Fualse by simp

qed

lemma c2p-mono-p2c:

assumes n > the-enat (llength (mwe(inf-llist t))) — 1

and n’ > Ty(n)
shows ¢l4(n’) > n

proof —

from «n’ > f4(n)> have cly(n’) > cli(cTe(n)) using enf2bhv-mono by simp

thus ?thesis using cnf2bhv-bhv2cenf <n > the-enat (llength (mwe(inf-llist t))) — 1> by simp
qed

lemma c2p-mono-p2c-strict:
assumes n > the-enat (llength (mwe(inf-llist t))) — 1
and n<clg(n’)
shows (fy(n) < n’
proof (rule ccontr)
assume - (¢fy(n) < n’)
hence 14(n) > n’ by simp
with <n > the-enat (llength (mwc(inf-llist t))) — 1> have cl¢(nat (¢T4(n))) > cdi(n’)
using cnf2bhv-mono by simp
hence ~(chy(nat (cf(n))) < chi(n) by simp
with «n > the-enat (llength (wc(inf-llist t))) — 1» have —(n < cly(n’))
using cnf2bhv-bhv2enf by simp
with assms show Fualse by simp
qed

end

end

2 A Calculus for Dynamic Architectures

The following theory formalizes our calculus for dynamic architectures [2, 3] and verifies its
soundness. The calculus allows to reason about temporal-logic specifications of component
behavior in a dynamic setting. The theory is based on our theory of configuration traces and
introduces the notion of behavior trace assertion to specify component behavior in a dynamic
setting.

theory Dynamic-Architecture-Calculus

imports Configuration-Traces
begin

2.1 Extended Natural Numbers

We first provide one additional property for extended natural numbers.

lemma the-enat-monolsimp]:
assumes m # oo
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and n < m
shows the-enat n < the-enat m
using assms(1) assms(2) enat-ile by fastforce

2.2 Lazy Lists

Finally, we provide an additional property for lazy lists.

lemma [length-geq-enat-lfiniteD: llength s < enat n = Ifinite zs
using not-lfinite-llength by force

context dynamic-component
begin

2.3 Dynamic Evaluation of Temporal Operators

In the following we introduce a function to evaluate a behavior trace assertion over a given
configuration trace.

type-synonym ’c bta = (nat = ’c¢) = nat = bool

definition eval:: 'id = (nat = cnf) = (nat = 'emp) = nat
= ‘cmp bta = bool
where eval cid t t' n v =
(Fizn. |lcid|l: ) A v (Inth ((7o4q(inf-llist t)) Q; (inf-llist t'))) (the-enat({cid #n inf-llist t))) V
(3. leid|lg ) A @i’ i™>n A cid|l, ;) A (Inth (7 gq(inf-llist t)) @ (inf-list t')) (zigle(n)) V
(Bi. |lcid||¢ ;) A v (Inth ((7q(inf-llist t)) Q; (inf-Uist t'))) n

eval takes a component identifier cid, a configuration trace t, a behavior trace t’, and point in
time n and evaluates behavior trace assertion ~ as follows:

o If component cid is again activated in the future, v is evaluated at the next point in time
where cid is active in ¢.

e If component cid is not again activated in the future but it is activated at least once in ¢,
then ~ is evaluated at the point in time given by .;4l¢n.

e If component cid is never active in £, then ~ is evaluated at time point n.

The following proposition evaluates definition ewval by showing that a behavior trace assertion
~ holds over configuration trace ¢ and continuation ¢’ whenever it holds for the concatenation
of the corresponding projection with ¢’

proposition eval-corr:
eval cid t t' 0 v «— v (Inth ((7 oiq(inf-llist t)) Q; (inf-llist t'))) 0
proof
assume eval cid t t' 0 v
with eval-def have (3i>0. | cid||+ ;) N
v (Inth (7 oginf-llist t Qp inf-llist t')) (the-enat (cid #enat ginf-llist t)) V
(3. [[cid|ly i) N = (3i>0. |[cid]|, ;1) Ny (Inth (7 giqinf-llist t Qp inf-llist t)) (o3q440) V
(Bi. |[cid|| 5) A v (Inth (7 iqinf-llist t Q; inf-llist t')) 0 by simp
thus v (Inth (7 ;qinf-llist t Q; inf-llist t')) 0
proof
assume (3i>0. ||cid||¢ ;) A v (Inth (7 giqinf-llist t Qp inf-llist t')) (the-enat (cid # enqt ginf-llist t))
moreover have the-enat (cid #epgt ginf-llist t) = 0 using zero-enat-def by auto
ultimately show ?thesis by simp
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next
assume (3. |[cid||; ;) A = (39>0. |cid|[, ;) Ny (Inth (7 gqinf-llist t Qp inf-llist t)) (o4qd40) V
(Fi. ||cid|| ;) A~ (Inth (7 gginf-llist t @ inf-Ulist ) 0
thus ?thesis by auto
qed
next
assume v (Inth ((w;q(inf-llist t)) Q@ (inf-llist t'))) 0
show ewval cid t t' 0 ~
proof cases
assume 3 i. ||cid||s 4
hence 3i>0. ||cid|; ; by simp
moreover from «y (Inth ((7q;q(inf-llist t)) @, (inf-llist t'))) 0> have
v (Inth ((7gq(inf-llist t)) Q; (inf-llist t))) (the-enat({cid #enat ¢ inf-llist t)))
using zero-enat-def by auto
ultimately show #thesis using eval-def by simp
next
assume 7 i. ||cid||; ;
with <y (Inth ((7;q(inf-llist t)) @, (inf-llist t'))) 0> show 2thesis using eval-def by simp
qged
qed

2.3.1 Simplification Rules

lemma validCI-act[simp]:
assumes 3i>n. || cid||; ;
and v (Inth ((7q(inf-llist t)) Q; (inf-llist t'))) (the-enat({cid #n¢ inf-llist t)))
shows eval cid t t' n ~
using assms eval-def by simp

lemma validCI-cont[simp]:
assumes 1. ||cid|s ;
and 3i’. i">n A |cidl|, ;1
and 1 (Inth ((oiq(inf dlst £)) @ (inf-list 1)) (gigbe(n))
shows eval cid t t' n v
using assms eval-def by simp

lemma validCI-not-act[simp]:
assumes 4. ||cid||; ;
and v (Inth ((7;q(inf-llist t)) Q; (inf-llist t'))) n
shows eval cid t t' n v
using assms eval-def by simp

lemma validCE-act[simp]:
assumes 3i>n. || cid||; ;
and eval cid t t' n ~y
shows 7 (Inth ((mq;q(inf-llist t)) Q; (inf-llist t'))) (the-enat({cid #n inf-llist t)))
using assms eval-def by auto

lemma validCE-cont[simp]:
assumes 1. ||cid||s ;
and i’ i">n A ||cid|, ;
and eval cid t t' n v
shows v (Inth ((mq;q(inf-llist t)) Q; (inf-llist t'))) (ciqde(n))
using assms eval-def by auto

lemma valid CE-not-act[simp]:
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assumes 4. ||cid||; ;

and eval cid t t' n ~y
shows «y (Inth ((my;q(inf-llist t)) Q; (inf-llist t'))) n
using assms eval-def by auto

2.3.2 No Activations

proposition validity1:
assumes n<n’
and Fi>n’. |c||; 4
and Vk>n. k<n’ — = ||c|ls &
shows eval c t t' nyv = eval ct t' n’ v
proof —
assume ceval c t t' n vy
moreover from assms have 3i>n. ||c||¢ ; by (meson order.trans)
ultimately have v (Inth ((7wc(inf-llist t)) Q; (inf-llist t'))) (the-enat ({¢ #enat n nf-llist t)))
using validCE-act by blast
moreover have enat n’ — 1 < llength (inf-llist t) by (simp add: one-enat-def)
with assms have the-enat ((¢ #enat n inf-llist t)) = the-enat ((¢c #,,,4s ,,/ Inf-llist t))
using nAct-not-active-same[of n n' inf-llist t c] by simp
ultimately have v (Inth ((7c(inf-llist t)) Q; (inf-llist t))) (the-enat ((c¢ # ., 4 n’ f-llist t)))
by simp
with assms show ?thesis using validCl-act by blast
qed

proposition validity2:
assumes n<n’
and 3i>n’. el
and Vk>n. k<n’ — = ||c|;
shows eval ctt' n' v = eval ct t' n vy
proof —
assume ceval c tt' n' vy
with <3i>n'. |lc|ls p
have v (Inth ((mc(inf-llist t)) Q; (inf-llist t'))) (the-enat ((¢ # o up n/ f-Ulist 1))
using validCE-act by blast
moreover have enat n’ — 1 < llength (inf-llist t) by (simp add: one-enat-def)
with assms have the-enat ((c #epat n inf-llist t)) = the-enat ((c #.,,,; n' f-llist 1))
using nAct-not-active-same by simp
ultimately have v (Inth ((7w¢(inf-llist t)) Q; (inf-llist t'))) (the-enat ({¢ #epat n nf-llist t)))
by simp
moreover from assms have 3i>n. ||c||¢ ; by (meson order.trans)
ultimately show ?thesis using validCI-act by blast
qed

2.4 Specification Operators

In the following we introduce some basic operators for behavior trace assertions.

2.4.1 Predicates

Every predicate can be transformed to a behavior trace assertion.

definition pred :: bool = ('cmp bta)
where pred P =\t n. P

lemma predI[intro]:
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fixes cid t t' n P
assumes P
shows eval cid t t' n (pred P)
proof cases
assume (3. || cid||¢ 5)
show ?thesis
proof cases
assume 3i>n. ||cid||; ;
with assms show ?thesis using eval-def pred-def by auto
next
assume — (Fi>n. ||cid||y )
with assms show ?thesis using eval-def pred-def by auto
qed
next
assume —(34. ||cid||; 4)
with assms show ?thesis using eval-def pred-def by auto
qed

lemma predE[elim]:
fixes cid t t' n P
assumes eval cid t t' n (pred P)
shows P
proof cases
assume (3. ||cid||; 4)
show ?thesis
proof cases
assume 3i>n. ||cid||; 4
with assms show ?thesis using eval-def pred-def by auto
next
assume — (Fi>n. ||cid||; )
with assms show ?thesis using eval-def pred-def by auto
qed
next
assume —(34. ||cid||t 4)
with assms show ?thesis using eval-def pred-def by auto
qed

2.4.2 True and False

abbreviation true :: ‘cmp bta
where true = At n. HOL. True

abbreviation false :: ‘cmp bta
where false = A\t n. HOL.Fulse

2.4.3 Implication

definition imp :: (‘emp bta) = (‘emp bta) = (‘cmp bta) (infixl (—b) 10)
where v —? vy ' =Xtn.ytn —~'tn

lemma impl[introl]:
assumes eval cid t t' n v — eval cid t t' n v’
shows eval cid t t' n (y —b v/
proof cases
assume 3. ||cid||¢ 4
show ?thesis
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proof cases
assume 3i>n. ||cid||; ;
with <eval cid t t' n v — eval cid t t' n "
have v (Inth (7 ;qinf-list t Q; inf-llist t')) (the-enat (cid #epat ninf-llist t))
— v (Inth (7 o;qinf-llist t Q; inf-llist t')) (the-enat (cid #epgt ninf-llist t))
using eval-def by blast
with «(3i>n. ||cid||; »» have eval cid tt' n (Mt n. vy tn — v’ tn)
using validCl-act[where y=X t n. v t n — ~' t n] by blast
thus ?thesis using imp-def by simp
next
assume — (Fi>n. ||cid||y )
with «34. ||cid||; p <eval cid t t' n v — eval cid t t' n v’
have v (Inth (7w ;qinf-llist t Q; inf-llist t')) (oqben)
— v (Inth (7 o;qinf-llist t Q; inf-llist t')) (.;q4¢n) using eval-def by blast
with 34 ||cid|| p - (Fi>n. ||cid||¢ ;) have eval cid t t' n (At n. vy tn — v tn)
using validCI-cont[where y=\ t n. v t n — ~' t n] by blast
thus ?thesis using imp-def by simp
qed
next
assume —(34. ||cid||; 4)
with <eval cid t ' n v — eval cid t t' n "
have v (Inth (7 ;qinf-llist t Q; inf-llist t')) n — ' (Inth (7 qinf-llist t Q; inf-llist t')) n
using eval-def by blast
with «—~(3i. ||cid|| ;)> have eval cid t t' n (At n. vy tn — v' t n)
using validCIl-not-act[where y=\ t n. v t n — ' t n] by blast
thus ?thesis using imp-def by simp
qed

lemma impE[elim!]:
assumes eval cid t t' n (v —° 7/
shows eval cid t t' n v — eval cid t t' n '
proof cases
assume (3. || cid||¢ 4)
show ?thesis
proof cases
assume Ji>n. ||cid||; ;
moreover from <eval cid t t' n (y —° v')» have eval cid t t' n (At n. vyt n — ' t n)
using imp-def by simp
ultimately have v (Inth (7 ;ginf-llist t Q; inf-llist t')) (the-enat {cid #enat ninf-llist t))
— v (Inth (7 o;qinf-llist t Qp inf-llist t')) (the-enat {cid #epqgt ninf-llist t))
using validCE-act[where y=\ t n. v t n — ~’ t n] by blast
with «3i>n. ||cid||; p» show ?thesis using eval-def by blast
next
assume — (Fi>n. ||cid||y )
moreover from <eval cid t t' n (y —® v')) have eval cid t t' n (At n. vy t n — ' t n)
using imp-def by simp
ultimately have v (Inth (7 .;qginf-llist t Q; inf-llist t')) (o;qden)
— v (Inth (7 oiginf-llist t Q; inf-llist t')) (o;qd4n)
using validCE-cont[where y=\ t n. v t n — ' t n] <3 i. ||cid||¢ » by blast
with «— (Fi>n. ||cid||¢ ;) Ti. ||cid||+ » show ?thesis using eval-def by blast
qed
next
assume — (3. ||cid||s ;)
moreover from <eval cid t t' n (y —° v')) have eval cid t t' n (Mt n. v t n — v' t n)
using imp-def by simp
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ultimately have v (Inth (7 ;qinf-llist t Q; inf-llist t')) n
— ' (Inth (7 o;qinf-llist t Q; inf-llist t')) n
using validCE-not-act[where y=\ t n. v t n — ' t n] by blast
with «—(3 4. ||cid|| ;)> show ?2thesis using eval-def by blast
qed

2.4.4 Disjunction

definition disj :: (‘cmp bta) = ("cmp bta) = (‘cmp bta) (infixl «v®) 15)
where y VP vy =X tn.ytnV~y'tn

lemma disjl[intro!]:
assumes eval cid t t' n vy V eval cid t t' n '
shows eval cid t t' n (y Vb ~/)
using assms disj-def eval-def by auto

lemma disjE[elim!]:
assumes eval cid t t' n (v V° ')
shows eval cid t t' n v V eval cid t t' n '
proof cases
assume (3. || cid||¢ 5)
show ?thesis
proof cases
assume 3 i>n. ||cid||; ;
moreover from <eval cid t t' n (v V® v')> have eval cid t t' n (At n. vy t n V v’ t n)
using disj-def by simp
ultimately have v (Inth (7 ;ginf-llist t Q; inf-llist t')) (the-enat (cid #enat ninf-llist t))
V! (Inth (7 giqinf-llist t Qp inf-llist t')) (the-enat (cid #epqat ninf-llist t))
using validCE-act[where y=X t n. v t n V v’ t n] by blast
with 3i>n. ||cid||; » show ?thesis
using validCl-act[of n cid t v t'] validCI-act[of n cid t +' t'] by blast
next
assume — (Fi>n. ||cid||; ;)
moreover from <eval cid t t' n (y V® v')» have eval cid t ' n (At n. v t n V v’ t n)
using disj-def by simp
ultimately have v (Inth (7 .;qginf-llist t Q; inf-llist t')) (oqden)
V v (Inth (7 o;qinf-llist t Qp inf-llist t')) (oq44n)
using validCE-cont[where y=X t n. v t n V v ¢t n] <34. ||cid||; »» by blast
with «— (Fi>n. ||cid||¢ ;) T i. ||cid]|s » show Zthesis
using validCI-cont[of cid t n v t'] validCI-cont[of cid t n v’ t] by blast
qged
next
assume —(34. || cid||s ;)
moreover from <eval cid t t' n (v V® v')) have eval cid t ' n (At n. vy tn V v’ t n)
using disj-def by simp
ultimately have «y (Inth (7 .;qinf-llist t Q; inf-llist t')) n
V ' (Inth (7 q;qinf-llist t Qp inf-llist t')) n
using validCE-not-act[where y=X t n. v t n V v’ t n| by blast
with <—(314. ||cid||; ;)> show ?Zthesis
using validCl-not-act|of cid t v t’ n] validCI-not-act|of cid t v’ t' n] by blast
qed

2.4.5 Conjunction

definition conj :: (‘cmp bta) = (‘cmp bta) = (‘cmp bta) (infixl AP 20)
where y A’ Y/ = Xtn.ytn Ay tn
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lemma conjl[introl]:
assumes eval cid t t' n vy A eval cid t t' n '
shows eval cid t t' n (y Ab v/
proof cases
assume 3. ||cid||; 4
show ?thesis
proof cases
assume Ji>n. ||cid||y ;
with <eval cid t t' n v A eval cid t t' n v
have v (Inth (7 ;qinf-llist t Q; inf-llist t')) (the-enat (cid #epqt ninf-llist t))
A ' (Inth (7 giqinf-llist t Qp inf-llist t')) (the-enat (cid #epqat ninf-llist t))
using eval-def by blast
with «3i>n. ||cid||; »» have eval cid t t' n (Mt n. vy tn Ay tn)
using validCl-act[where y=\ t n. v t n A v’ t n] by blast
thus ?thesis using conj-def by simp
next
assume — (Fi>n. ||cid||; ;)
with «34. ||cid||; p <eval cid t t' n v A eval cid t t' n v"
have v (Inth (7. ;qinf-list t Q; inf-llist t')) (oqb¢n)
A " (Inth (7 giqinf-llist t Qp inf-llist t')) (o4q4¢n) using eval-def by blast
with 34. ||cid||; p = (Fi>n. ||cid]||+ ;) have eval cid t t' n (Mt n. vy tn A~y tn)
using validCI-cont[where y=X t n. v t n A v’ t n] by blast
thus ?thesis using conj-def by simp
qged
next
assume —(34. ||cid||s ;)
with <eval cid t t' n v A eval cid t t' n "> have ~ (Inth (7 ;qinf-llist t Q; inf-llist ') n
A " (Inth (7 qzqinf-Ulist t @, inf-llist t')) n using eval-def by blast
with «—~(34. ||cid|| ;)> have eval cid t t' n (At n. vy tn A~y tn)
using validCI-not-act[where y=\ t n. v t n A v’ t n| by blast
thus ?thesis using conj-def by simp
qed

lemma conjE[elim!]:
assumes eval cid t t' n (v A’ 7'
shows eval cid t t' n v A eval cid t t' n ~'
proof cases
assume (3. ||cid||; 4)
show ?thesis
proof cases
assume Ji>n. |[cid||y ;
moreover from <eval cid t t' n (v A 4)> have eval cid t t' n (At n. vy t n Ayt n)
using conj-def by simp
ultimately have v (Inth (7 ;qinf-llist t Q; inf-llist t')) (the-enat (cid #enat ninf-llist t))
A " (Inth (7 giqinf-llist t Qp inf-llist t')) (the-enat (cid #epqt ninf-llist t))
using validCE-act[where y=X t n. v t n A v’ t n] by blast
with <3i>n. ||cid||; ;» show ?thesis using eval-def by blast
next
assume — (Fi>n. ||cid||; ;)
moreover from <eval cid t t' n (y A’ 4')> have eval cid t ' n (At n. v t n Ay’ t n)
using conj-def by simp
ultimately have v (Inth (7 .;ginf-llist t Q; inf-llist t')) (o;qden)
A" (Inth (7 oiginf-llist t Qp inf-llist t')) (pigden)
using validCE-cont[where y=X t n. v t n A y' ¢t n] «34. ||cid||; »» by blast
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with <= (Fi>n. ||cid||; 4)> «Fi. ||cid||; o show ?Zthesis using eval-def by blast
qed
next
assume —(34. ||cid||; 4)
moreover from <eval cid t t' n (y A’ v')) have eval cid t t' n (At n. y t n A v’ t n)
using conj-def by simp
ultimately have ~ (Inth (7 ;qginf-llist t Q; inf-llist t')) n A ' (Inth (7 ;qinf-Uist t Q; inf-llist t')) n
using validCE-not-act[where y=\ t n. v t n A v’ ¢ n] by blast
with «—~(3¢. ||cid|| ;)> show ?thesis using eval-def by blast
qed

2.4.6 Negation

definition neg :: (‘emp bta) = (‘emp bta) (<= - [19] 19)
where - y=Xtn. .~y tn

lemma negl[intro!]:
assumes — eval cid t t' n
shows eval cid t t' n (= )
proof cases
assume 3. ||cid||; 4
show ?thesis
proof cases
assume 3 i>n. ||cid||; ;
with <= eval cid t t' n >
have = v (Inth (7 ;qinf-llist t Q; inf-llist t')) (the-enat (cid #epqr ninf-llist t))
using eval-def by blast
with «3i>n. ||cid||; p» have eval cid t t' n (At n. = v ¢ n)
using validCl-act[where y=\ ¢t n. = 7 ¢ n] by blast
thus ?thesis using neg-def by simp
next
assume — (Fi>n. ||cid||y ;)
with 34 ||cid|| p < eval cid t t' n v»
have — v (Inth (7 ;ginf-llist t Q; inf-llist t')) (.4q4¢n) using eval-def by blast
with 34 ||cid||; p <= (Fi>n. ||cid]|s ;)» have eval cid t t' n (At n. = v t n)
using validCI-cont[where y=\ t n. = v t n] by blast
thus ?thesis using neg-def by simp
qed
next
assume —(34. ||cid||; ;)
with <= eval cid ¢t t' n v» have — 7 (Inth (7 ginf-llist t Q; inf-llist t')) n using eval-def by blast
with <—(3i. ||cid||; ;)> have eval cid t t' n (At n. = v t n)
using validCI-not-act[where y=X t n. = v t n] by blast
thus “thesis using neg-def by simp
qed

lemma negE[elim!]:
assumes eval cid t t' n (-
shows — eval cid t t' n ~y
proof cases
assume (3. ||cid||; 4)
show ?thesis
proof cases
assume 3i>n. ||cid||; 4
moreover from <eval cid t t' n (=* v)> have eval cid t t' n (At n. = v t n) using neg-def by simp
ultimately have — v (Inth (7 ;ginf-llist t Q; inf-llist t')) (the-enat {cid #enqgt ninf-llist t))

by)
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using validCE-act[where y=\ t n. = v t n] by blast
with «3i>n. ||cid||; p» show ?thesis using eval-def by blast
next
assume — (Fi>n. || cid||; )
moreover from <eval cid t t' n (= v)> have eval cid t t' n (At n. = v t n) using neg-def by simp
ultimately have — v (Inth (7 ;ginf-llist t Q; inf-llist t')) (;qlen)
using validCE-cont[where y=\ ¢t n. = v t n] «<3i. ||cid||; by blast
with «— (Fi>n. ||cid||¢ ;) Ti. ||cid||¢ » show ?thesis using eval-def by blast
qged
next
assume — (3. ||cid||¢ ;)
moreover from <eval cid t t' n (=° 7)) have eval cid t t' n (At n. =~y t n) using neg-def by simp
ultimately have — ~y (Inth (7 ;ginf-llist t Q; inf-llist t')) n
using validCE-not-act[where y=\ t n. = v t n] by blast
with «—(3 4. ||cid||; ;)> show ?2thesis using eval-def by blast
qed

2.4.7 Quantifiers

definition all :: (‘a = (‘cmp bta))
= (‘emp bta) (binder V> 10)
where all P = At n. (Vy. (Pytn))

lemma alll[intro!]:
assumes YV p. eval cid t t' n (v p)
shows eval cid t t' n (all (Ap. v p))
proof cases
assume 3. ||cid||¢ 4
show ?thesis
proof cases
assume Ji>n. ||cid||y ;
with «Vp. eval cid t t’' n (v p)»
have Vp. (v p) (Inth (7 ;ginf-llist t Q; inf-llist t')) (the-enat {cid #epqt ninf-llist t))
using eval-def by blast
with «3i>n. ||cid||; »» have eval cid t t' n (Mt n. (Vy. (v y tn)))
using validCl-act[where y=At n. (Vy. (v y t n))] by blast
thus %thesis using all-def|of 7] by auto
next
assume — (Fi>n. ||cid||; ;)
with «34. ||cid||; o <V p. eval cid t t' n (v p)
have Y p. (v p) (Inth (7 ;qinf-llist t Q; inf-llist t')) (oqb¢n)
using cval-def by blast
with 34 ||cid||; p <= (Fi>n. ||cid||¢ ;)» have eval cid t t' n (Mt n. (Vy. (v y t n)))
using validCI-cont[where y=XAt n. (Vy. (v y t n))] by blast
thus ?thesis using all-def[of ] by auto
qged
next
assume — (3. ||cid||s ;)
with «Vp. eval cid t t' n (v p)» have Vp. (v p) (Inth (7 ;qinf-llist t Q; inf-llist t)) n
using eval-def by blast
with «—~(3i. ||cid|| ;)> have eval cid t t' n (At n. (Vy. (v y t n)))
using validCI-not-act[where y=At n. (Vy. (v y t n))] by blast
thus ?thesis using all-def|of 7] by auto
qed

lemma allE[elim!]:
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assumes eval cid t t' n (all (Ap. v p))
shows V p. eval cid t t' n (v p)
proof cases
assume (3. ||cid||; 4)
show ?thesis
proof cases
assume 3i>n. ||cid||; ;
moreover from <eval cid t t' n (all (Ap. v p))» have eval cid t t' n (At n. (Vy. (v y t n)))
using all-def[of 7] by auto
ultimately have Vp. (v p) (Inth (7 qinf-llist t Q; inf-llist t')) (the-enat {(cid #enat ninf-llist t))
using validCE-act[where v=At n. (Vy. (v y ¢t n))] by blast
with «3i>n. ||cid||; » show ?thesis using eval-def by blast
next
assume — (Fi>n. ||cid||; )
moreover from <eval cid t t' n (all (Ap. v p))» have eval cid t t' n (At n. (Vy. (v y t n)))
using all-def[of ~] by auto
ultimately have YV p. (v p) (Inth (7 qinf-llist t Q; inf-Ulist t')) (oqden)
using validCE-cont[where y=At n. (Vy. (v y t n))] «<Ji. ||cid||; » by blast
with «— (Fi>n. ||cid||¢ ;) Ti. ||cid||¢ » show ?thesis using eval-def by blast
ged
next
assume —(34. || cid||s ;)
moreover from <eval cid t t' n (all (Ap. v p))» have eval cid t t' n (Mt n. (Vy. (v y t n)))
using all-def[of 7] by auto
ultimately have Vp. (v p) (Inth (7 ginf-llist ¢ Q; inf-llist t')) n
using validCE-not-act[where y=At n. (Vy. (v y t n))] by blast
with <—(3i. ||cid||; ;)> show ?thesis using eval-def by blast
qed

definition ez :: ('a = (‘emp bta))
= (‘emp bta) (binder 3> 10)
where ex P = At n. (3y. (Pytn))

lemma exI[introl]:
assumes 3p. eval cid t t' n (v p)
shows eval cid t t' n (Fpp. v p)
proof cases
assume 3. ||cid||; 4
show ?thesis
proof cases
assume Ji>n. ||cid||; ;
with (3 p. eval cid t t' n (v p)»
have 3p. (v p) (Inth (7 ;qinf-llist t Q; inf-llist t')) (the-enat (cid # epqgt ninf-llist t))
using eval-def by blast
with «(3i>n. ||cid||; »» have eval cid t t' n (Mt n. (Fy. (v y tn)))
using validCl-act[where y=At n. (3y. (v y t n))] by blast
thus ?thesis using ez-def|of 7] by auto
next
assume — (Fi>n. ||cid||y )
with «34. ||cid||; p» I p. eval cid t t' n (v p)
have 3p. (v p) (Inth (7 ;ginf-llist t Q; inf-llist t')) (.;qd+n) using eval-def by blast
with 34 ||cid||; o <= (Fi>n. ||cid||¢ ;)» have eval cid t t' n (At n. 3y. (v y tn)))
using validCI-cont[where y=At n. (3y. (v y t n))] by blast
thus ?thesis using ez-def[of ~] by auto
qed
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next
assume —(34. ||cid||; 4)
with «3p. eval cid t t' n (v p)» have Ip. (v p) (Inth (7 iqinf-llist t Q inf-llist t')) n
using eval-def by blast
with <—(3i. ||cid||; ;)> have eval cid t t' n (At n. 3y. (v y t n)))
using validCIl-not-act[where y=At n. (3y. (v y t n))] by blast
thus ?thesis using ez-def[of 7] by auto
qed

lemma exElelim!]:
assumes eval cid t t' n (Fpp. 7 p)
shows Jp. eval cid t t' n (v p)
proof cases
assume (3. ||cid||; 4)
show ?thesis
proof cases
assume 3i>n. ||cid||; 4
moreover from <eval cid t t' n (ex (Ap. v p))> have eval cid t t' n (At n. (Fy. (v y t n)))
using ez-def[of ] by auto
ultimately have 3p. (v p) (Inth (7 qinf-llist t Q; inf-llist t')) (the-enat {(cid #enat ninf-llist t))
using validCE-act[where y=At n. (3y. (v y ¢t n))] by blast
with <3i>n. ||cid||; ;» show ?thesis using eval-def by blast
next
assume — (Fi>n. ||cid||; ;)
moreover from <eval cid t t' n (Fpp. v p)» have eval cid t t' n (At n. 3y. (v y t n)))
using ex-def[of 7] by auto
ultimately have 3p. (v p) (Inth (7 qinf-llist t Q; inf-Ulist t')) (pqdn)
using validCE-cont[where y=At n. (Jy. (v y t n))] 3i. ||cid||¢ » by blast
with «— (Fi>n. ||cid||¢ ;) Ti. ||cid||¢ » show ?thesis using eval-def by blast
qged
next
assume — (3. ||cid||¢ ;)
moreover from <eval cid t t' n (3pp. v p)» have eval cid t t' n (At n. (Fy. (v y t n)))
using ez-def[of ] by auto
ultimately have 3 p. (v p) (Inth (7 ;qinf-llist t Q; inf-llist t')) n
using validCE-not-act[where y=At n. (3y. (v y t n))] by blast
with <—(3i. ||cid||; ;)> show ?thesis using eval-def by blast
qed

2.4.8 Behavior Assertions

First we provide rules for basic behavior assertions.

definition ba :: (‘emp = bool) = (‘ecmp bta) (<[-]p>)
where ba ¢ = XAt n. ¢ (t n)

lemma balA[intro):
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
assumes 3i>n. ¢t 4
and ¢ (o¢(t (¢ = t)pn))
shows eval ¢ t t' n (ba @)
proof —
from assms have ¢ (o¢(t (¢ — t)p)) by simp
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moreover have o¢(t (¢ — t)p) = Inth (mwc(inf-llist t)) (the-enat ({c #<C St inf-llist t)))
proof —
have enat (Suc (¢ — t)n) < llength (inf-llist t) using enat-ord-code by simp
moreover from assms have ||c[|, ({c = t)n) using natActl by simp
hence |[c| 4, (inf-llist t) (¢ — t)n by simp
ultimately show ?thesis using proj-active-nth by simp
qed
ultimately have ¢ (Inth (7c(inf-llist t)) (the-enat({c #<C =t inf-llist t)))) by simp
moreover have (¢ #y, inf-llist t) = {(c #<C = inf-llist t)
proof —
from assms have B k. n<k A k<(c — t)n A ||c|l; , using naztActl by simp
hence - (Fk>n. k < (¢ = t)n A ¢l (inf-Ulist 1) i) by simp
moreover have enat (¢ = t)p, — 1 < llength (inf-llist t) by (simp add: one-enat-def)
moreover from assms have (¢ — t)p>n using nztActl by simp
ultimately show ?thesis using nAct-not-active-samelof n (¢ — t)p, inf-llist t c] by simp
qed
ultimately have ¢ (Inth (wq(inf-llist t)) (the-enat({c #p, inf-llist t)))) by simp
moreover have enat (the-enat ({(¢c #enat n nf-llist t))) < llength (mwc(inf-llist t))
proof —
have ltake co (inf-llist t) = (inf-llist t) using ltake-all[of inf-llist t] by simp
hence llength (we(inf-llist t)) = (¢ #oo inf-llist t) using nAct-def by simp
moreover have (¢ # .4t n inf-llist t) < (¢ #oo inf-llist t)
proof —
have enat (¢ — t)p, < length (inf-llist t) by simp
moreover from assms have (¢ — t)p>n and ||c[|; ((c — t)p) Using nztActl by auto
ultimately show ?thesis using nAct-less[of (¢ — t)p inf-llist t n co] by simp
qed
ultimately show %thesis by simp
qed
hence Inth (wc(inf-llist t)) (the-enat ({(c #n inf-llist t))) =
Inth ((me(inf-llist t)) @Q; (inf-llist t')) (the-enat ((c #n inf-llist t)))
using Inth-lappend1[of the-enat ((¢ #enat n f-llist t)) we(inf-llist t) inf-llist t'] by simp
ultimately have ¢ (Inth ((7c(inf-llist t)) @ (inf-llist t')) (the-enat({(c #n inf-llist t)))) by simp
hence ¢ (Inth ((me(inf-llist t)) @Q; (inf-list t')) (the-enat ({c #n, inf-list t)))) by simp
moreover from assms have (¢ — t)p>n and ||c||; ({c = t)n) using natActl by auto
ultimately have (3i>snd (¢, n). ||c[|zy (t, n) i) N
© (Inth ((we(inf-llist (fst (¢, n)))) Q; (inf-llist t'))
(the-enat ({¢ #ihe-enat (snd (t,n)) f-list (fst (¢, n)))))) by auto
thus ?thesis using ba-def by simp
qed

lemma baIN1 [intro]:
fixes c::'id
and t:nat = cnf
and t:nat = ‘cmp
and n:nat
assumes act: 3. |c||y 4
and nAct: Bi. i>n A el
and al: ¢ (' (n — (¢ A t) — 1))
shows eval ¢ t t' n (ba ©)

proof —
have t' (n — (¢ A t) — 1) = Inth (inf-llist t') (n — {c A t) — 1) by simp
moreover have ... = Inth ((we(inf-llist t)) @, (inf-llist ') (de(n))

using act nAct enf2bhv-Inth-lappend by simp
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ultimately have ¢ (Inth ((wc(inf-llist t)) @ (inf-llist t')) (¢d+(n))) using al by simp
with act nAct show ?thesis using ba-def by simp
qed

lemma baIN2[intro:
fixes c::'id
and t:nat = cnf
and t:nat = ‘cmp
and n:nat
assumes nAct: Ai. ||c|l;
and al: ¢ (' n)
shows eval ¢ t t' n (ba p)
proof —
have t' n = Inth (inf-llist t') n by simp
moreover have ... = Inth ((wc(inf-llist t)) @ (inf-llist t')) n
proof —
from nAct have w.(inf-llist t) = [|; by simp
hence (mc(inf-llist t)) Q; (inf-llist t') = inf-llist t' by (simp add: «wcinf-llist t = [];»)
thus ?thesis by simp
ged
ultimately have ¢ (Inth ((mc(inf-list t)) @ (inf-llist t’)) n) using al by simp
hence ¢ (Inth ((mwc(inf-llist t)) Q; (inf-llist t’)) n) by simp
with nAct show ?thesis using ba-def by simp
qed

lemma balANow|introl:
fixes tn c ¢
assumes ¢ (o¢(t n))
and |[|c[l¢ n
shows eval ¢ t t' n (ba ¢)
proof —
from assms have ¢(o¢(t (¢ = t))) using nztAct-active by simp
with assms show ?thesis using balA by blast
qed

lemma baFA[elim]:
fixes c::'id
and t:nat = cnf
and t’:nat = ‘cmp
and n:nat
and i::nat
assumes 3i>n. || c||; 4
and eval c t t' n (ba @)
shows ¢ (o¢(t (¢ = t)n))
proof —
from <eval ¢ t t’' n (ba @) have eval ¢ t t' n (A t n. ¢ (¢t n)) using ba-def by simp
moreover from assms have (¢ — t)p>n and | c||; ((¢ = t)n) using nztActl[of n c t] by auto
ultimately have ¢ (Inth ((wc(inf-llist t)) Q; (inf-llist t')) (the-enat ({¢ #np inf-llist t))))
using validCE-act by blast
hence ¢ (Inth ((mc(inf-llist t)) Q; (inf-Uist t')) (the-enat ({¢ #n, inf-list t)))) by simp
moreover have enat (the-enat ({(¢ #eopat n nf-list t))) < llength (mwc(inf-llist t))
proof —
have ltake oo (inf-llist t) = (inf-llist t) using ltake-all[of inf-llist t] by simp
hence llength (me(inf-llist t)) = (¢ #oo inf-llist t) using nAct-def by simp
moreover have (¢ #epqt n nf-llist t) < (¢ #oo inf-llist t)
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proof —
have enat (¢ — t)y < length (inf-llist t) by simp
with (¢ = t)p>n> ||c[|; ( » show ?thesis using nAct-less by simp
qed
ultimately show “thesis by simp
qged
hence Inth ((wc(inf-llist t)) Q; (inf-llist t')) (the-enat ({¢ #n inf-llist t))) =
Inth (mc(inf-llist t)) (the-enat ({c #n inf-llist t)))
using Inth-lappend1[of the-enat ({¢ #enat n f-llist t)) we(inf-llist t) inf-llist t'] by simp
ultimately have ¢ (Inth (wc(inf-llist t)) (the-enat ({c #n inf-llist t)))) by simp
moreover have (¢ #p, inf-llist t) = (c e = tyy Mf-llist t)
proof —
from assms have A k. n<k A k<(c — t)n A ||c||; ) using natActI[of n c t] by auto
hence - (Fk>n. k < (¢ = t)n A ¢l (inf-llist t) ) by simp
moreover have enat (¢ = t)p, — 1 < llength (inf-llist t) by (simp add: one-enat-def)
ultimately show ?thesis using (¢ — t)p>n» nAct-not-active-same by simp
qed
moreover have o.(t (¢ — t)p) = Inth (mwc(inf-llist t)) (the-enat ({c #<c =t inf-llist t)))
proof —
have enat (Suc i) < llength (inf-llist t) using enat-ord-code by simp
moreover from <[ c[|; (¢ = tin have ||c|/;,:1, (inf-llist t) (¢ — O)n by simp
ultimately show ?thesis using proj-active-nth by simp
qed
ultimately show ?thesis by simp
qed

C—>t>n

lemma baENI [elim]:
fixes c::id
and t:nat = cnf
and t":nat = ‘cmp
and n:nat
assumes act: 3. ||c||t 4
and nAct: Bi. i>n A ¢l
and al: eval c tt' n (ba p)
shows ¢ (t' (n — (¢ A t) — 1))
proof —
from al have ¢ (Inth ((7c(inf-llist t)) Q; (inf-llist t")) (¢d¢(n)))
using act nAct validCE-cont ba-def by metis
hence ¢ (Inth ((we(inf-llist t)) @, (inf-llist t')) (cd¢(n))) by simp
moreover have Inth ((w¢(inf-llist t)) Q; (inf-llist t')) (cdt(n)) = Inth (inf-llist t') (n — (¢ A t) — 1)
using act nAct cnf2bhv-Inth-lappend by simp

moreover have ... =t (n — (¢ A t) — 1) by simp
ultimately show ?thesis by simp
qed

lemma baEN2|elim]:
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
assumes nAct: Ai. |c|l;
and al: eval ¢ t t' n (ba p)
shows ¢ (t' n)
proof —
from al have ¢ (Inth ((7c(inf-llist t)) Q; (inf-llist t)) n)
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using nAct validCE-not-act ba-def by metis
hence ¢ (Inth ((mwc(inf-llist t)) Q; (inf-llist t')) n) by simp
moreover have Inth ((wc(inf-llist t)) Q; (inf-llist t')) n = Inth (inf-llist t') n
proof —
from nAct have wc(inf-llist t) = [|; by simp
hence (m.(inf-llist t)) @Q; (inf-llist t') = inf-llist t' by (simp add: «weinf-llist t = [];»)
thus ?thesis by simp

qed

moreover have ... = t' n by simp

ultimately show ?thesis by simp
qed

lemma baEANow[elim]:

fixes t n c ¢

assumes eval ¢ t t' n (ba @)

and | c[¢ n

shows ¢ (o¢(t n))
proof —

from assms have ¢(o¢(t (¢ — t)n)) using baEA by blast

with assms show ?thesis using natAct-active by simp
qed

2.4.9 Next Operator

definition nat :: (‘cmp bta) = ("‘cmp bta) (<Op(-)> 24)
where Op(y) = A t n. v t (Suc n)

lemma natlA[intro]:
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n:nat
assumes 3i>n. ||c||; 4
and [3i>(c = O)n. el = In’ > n. 3l n<i Ad<n’ Ale|l¢ ) A eval ctt' n'y
and [-(3i>(c = thn. |c|l¢ )] = eval ¢ t t' (Suc (¢ = t)n) ¥
shows eval ¢ t t' n (Op(7))
proof (cases)
assume 3i>(c — thn. |cll¢ g
with assms(2) obtain n’ where n’>n and 3!i. n<i{ A i<n’ A ||c||¢ ; and eval ¢ t t' n’ v by blast
moreover from assms(1) have ||c[|, (¢ = t)n and (¢ — t)p>n using nztActl by auto

ultimately have 3i’>n". ||, ;s by (metis 3 i>(c — t)n. ||c||¢  dual-order.strict-trans2 lel nat-less-le)
with <eval ¢ t t' n' >
have v (Inth ((mc(inf-llist t)) Q; (inf-llist ")) (the-enat ((c¢ # ,pqr n' Tf-Ulist 1))
using validCE-act by blast
moreover have the-enat({c #,: inf-llist t)) = Suc (the-enat ((c #n inf-llist t)))
proof —
from «3!i. n<i A i<n’ A |||t ;» obtain ¢ where n<{ and i<n’ and ||¢c||; ;
and Vi’ n<i’ Ad'<n’ A ¢, ;;, — i'=i by blast
moreover have n' — 1 < llength (inf-llist t) by simp
ultimately have the-enat((c #,,/ inf-llist t)) = the-enat(eSuc ({c #n inf-llist t)))
using nAct-active-suc[of inf-llist t n’ n i c] by (simp add: <n < D)
moreover have (¢ #; inf-llist t) # oo by simp
ultimately show %thesis using the-enat-eSuc by simp
qed
ultimately have v (Inth ((wc(inf-list t)) Q; (inf-llist t'))) (Suc (the-enat ({c #n inf-llist t))))
by simp
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with assms have eval ¢ t t' n (At n. v t (Suc n))
using validCl-act[of n ¢ t At n. v t (Suc n) t'] by blast
thus “thesis using nxt-def by simp
next
assume - (Fi>(c — thp. |cll¢4)
with assms(3) have eval ¢ t t' (Suc (¢ = t)n) v by simp
moreover from - (3i>(c = t)n. ||c||t ;) have = (Fi>Suc (¢ = t)n. |||+ ;) by simp
ultimately have v (Inth (wcinf-llist t Q; inf-llist t')) (cd4(Suc (¢ = t)pn))
using assms(1) validCE-cont|of ¢ t Suc (¢ — t)p, t' ] by blast
moreover from assms(1) <= (Fi>{c = t)n. ||c|lt )
have Suc (the-enat (¢ #enat ninf-llist t)) = cl4(Suc (¢ = t)pn)
using nAct-cnf2proj-Suc-dist by simp
ultimately have v (Inth ((wc(inf-list t)) Q; (inf-llist t'))) (Suc (the-enat ({c #n inf-llist t))))
by simp
moreover from assms(1) have ||c[|, (¢ — t)n, and (¢ = t)n > n using nxtActl by auto
ultimately have eval ¢ t t' n (At n. v t (Suc n)) using validCI-act[of n ¢ t At n. v t (Suc n) t’]
by blast
with <||c[|; (c =ty (3i">Suc (¢ — t)n. ||cll; ;)> show ?thesis using nat-def by simp
qed

lemma natIN [intro]:
fixes c::'id
and t:nat = cnf
and t:nat = ‘cmp
and n:nat
assumes —(3i>n. ||c|l¢ ;)
and eval ¢ t t' (Suc n) v
shows eval ¢ t t' n (Op(7))
proof cases
assume 3. ||c||¢ ¢
moreover from - (3i>n. ||c||; ;)» have = (Fi>Suc n. ||c||y ;) by simp
ultimately have v (Inth ((wc(inf-Uist t)) Q; (inf-llist t'))) (cd+(Suc n))
using validCE-cont <eval ¢ t t' (Suc n) > by blast
with «34. ||¢||t » have v (Inth ((7e(inf-llist t)) Q; (inf-llist t'))) (Suc (cd4(n)))
using (3 i>n. ||c|s ;) [Active-less by auto
with «—~(3i>n. ||c|l¢ 1) <Ti. ||| »» have eval ¢ t t' n (At n. v t (Suc n))
using validCI-cont[where y=(At n. v ¢t (Suc n))] by simp
thus ?thesis using nat-def by simp
next
assume —(34. |lcl|s )
with assms have v (Inth (wcinf-llist t Q; inf-llist t)) (Suc n) using validCE-not-act by blast
with «—~(3i. |||+ ;)» have eval ¢ t t' n (At n. v t (Suc n))
using validCIl-not-act[where y=(\t n. v t (Suc n))] by blast
thus ?thesis using nxt-def by simp
qed

lemma nztEA1[elim]:

fixes c:id
and t:nat = cnf
and t’:nat = ‘cmp
and n::nat

assumes 3i>(c = t)n. |Icll¢ 4
and eval ¢ t t' n (Op(7))
and n’>n
and 3!i. i>n A d<n’ A clly 4
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shows eval c t t' n' v
proof —
from <eval ¢ t t' n (Op(7))» have eval ¢ t t' n (At n. v t (Suc n)) using nat-def by simp
moreover from assms(4) obtain i where i>n and i<n’ and |/c||; ;
and Vi’ n<i’ A di'<n’ A |c||, ,, — i'=i by blast
ultimately have ~ (Inth (wcinf-llist t Q; inf-llist t')) (Suc (the-enat (¢ #enat ninf-llist t)))
using validCE-act[of n ¢ t t' Xt n. v t (Suc n)] by blast
moreover have the-enat({(c #, inf-llist t)) = Suc (the-enat ((c #n inf-llist t)))
proof —
have n’ — 1 < llength (inf-llist t) by simp
with «i<n’» and ([[c[l; p and Vi’ n<i" Ai'<n’ A el ;o — i'=D
have the-enat((c #,, inf-llist t)) = the-enat(eSuc ({c #n inf-llist t}))
using nAct-active-suc[of inf-llist t n’ n i c] by (simp add: <n < D)
moreover have (¢ #; inf-llist t) # oo by simp
ultimately show ¢thesis using the-enat-eSuc by simp
qed
ultimately have « (Inth ((mcinf-llist t) Q; inf-llist t')) (the-enat ((c #,,/ inf-llist t))) by simp
moreover have 3i’>n’. |c||, ;s
proof —
from assms(4) have (¢ — t)p>n and |[|c|, (c = 1)y, USIng nztActl by auto
with Vi’ n<i’ A i'<n’ A |||, ;» — i'=i> show ?thesis
using assms(1) by (metis lel le-trans less-le)
qged
ultimately show ?thesis using validCI-act by blast
qed

lemma natEA2[elim)]:
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
and ¢
assumes 3i>n. |c|lt ; and =(Fi>(c = n. |lcllt4)
and eval c t t' n (Op(7))
shows eval ¢ t t' (Suc (¢ — t)n) v
proof —
from <eval ¢ t t' n (Op(7))» have eval ¢ t t' n (At n. v t (Suc n)) using nat-def by simp
with assms(1) have v (Inth (wcinf-llist t Q; inf-llist t')) (Suc (the-enat (¢ #epat ninf-llist t)))
using validCE-act[of n ¢ t t' A\t n. v t (Suc n)] by blast
moreover from assms(1) assms(2) have Suc (the-enat (¢ #enat ninf-llist t))=cl4(Suc (¢ — t)p)
using nAct-cnf2proj-Suc-dist by simp
ultimately have ~ (Inth (wcinf-llist t Q; inf-llist t)) (cd4(Suc (¢ — t)p)) by simp
moreover from assms(1) assms(2) have =(3i">Suc (¢ = t)n. |lc|l; ;7)
using nxtActive-no-active by simp
ultimately show ?thesis using validCI-cont|where n=Suc (¢ — t)y] assms(1) by blast
qed

lemma natEN [elim]:
fixes c::"id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
assumes —(3i>n. ||c||t ;)
and eval ¢ t t' n (Op(7))
shows eval ¢ t t' (Suc n) v
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proof cases
assume 3. ||c||¢ ¢
moreover from <eval ¢ t t' n (Op(7))» have eval ¢ t t' n (At n. v t (Suc n)) using nzt-def by simp
ultimately have v (Inth (wcinf-llist t Q; inf-llist t')) (Suc (¢ln))
using (3 i>n. ||c|| 4)» validCE-cont[where y=(At n. v t (Suc n))] by simp
hence v (Inth ((mc(inf-llist t)) Q; (inf-llist t'))) (cde(Suc n))
using 4. |l¢||; o assms(1) lActive-less by auto
moreover from - (3i>n. ||c||; ;)» have = (Fi>Suc n. ||c||t ;) by simp
ultimately show ?thesis using validCI-cont|where n==Suc n] «31i. ||c||; » by blast
next
assume —(31i. |||t )
moreover from <eval ¢ t t' n (Op(7))> have eval ¢ t t' n (At n. v t (Suc n)) using nzt-def by simp
ultimately have v (Inth (wcinf-llist t Q; inf-llist t')) (Suc n)
using (3. ||c||¢ ¢)» validCE-not-act|where y=(At n. v t (Suc n))] by blast
with «—~(3i. ||c||¢ ;)» show ?thesis using validCIl-not-act[of ¢ t v t' Suc n] by blast
qed

2.4.10 Eventually Operator

definition evt :: (‘emp bta) = (‘cmp bta) («Op(-)> 23)
where Op(y) = A tn. In">n. v t n'

lemma evtlIA[intro):
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
and n':nat
assumes 3i>n. |c|lt 4
and n'>(c < t)p
and [Fi>n'. ¢l ] = In">(c = 1), n'<(c = t),  Neval ctt' n' v
and [-(3i>n’ |c|l¢ )] = eval ctt' n' v
shows eval ¢ t t' n (Qp(7))
proof cases assume 3i>n". [|c[|, ;s
with assms(3) obtain n’ where n” >(c < t),and n’< (¢ — t),»and eval c t t' n" v by auto
hence 3i’>n". ||c[|, ;» using Fi">n". ||c||, ;» nztAct] by blast
with <eval ¢ t t' n'" 7> have
v (Inth ((mc(inf-llist t)) @ (inf-llist t'))) (the-enat ((c #,, inf-llist t)))
using validCE-act by blast
moreover have the-enat ({c #n inf-llist t)) < the-enat ((c #,, inf-llist t))
proof —
from «(c < t) <n'’ have (c #, inf-llist t) < (c #,, inf-llist t)
using nAct-mono-INact by simp
moreover from n'>(c <= t)p> have (c #p inf-llist t) < (c #,,+ inf-llist t)
using nAct-mono-INact by simp
moreover have (c #,/ inf-llist t) # oo by simp
ultimately show ?thesis by simp
qed
moreover have 3i">n. |[c|, ;/
proof —
from 3i">n". ||c[|; ;» obtain i’ where i">n’and |||, ;, by blast
with «(n">(c < t)») have i"> n using [NactGe le-trans by blast
with ¢, ;» show ?thesis by blast
qed
ultimately have eval ¢ t t' n (At n. In'>n. v t n’)
using validCl-actjwhere y=(At n. 3n'>n. v t n’)] by blast
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thus ?thesis using evt-def by simp
next
assume —~(3i>n". |[c[|; ;)
with «(3i>n. ||c||t ;)» have n’ > (¢ A t) using [Active-less by auto
hence cl¢(n’) > the-enat (llength (mwc(inf-llist t))) — 1 using cnf2bhv-ge-llength by simp
moreover have the-enat(llength (mwe(inf-llist t))) — 1 > the-enat({c #n inf-llist t))
proof —
from 3i>n. ||c||l; p» have llength (wc(inf-list t)) > eSuc ((¢ #n inf-llist t))
using nAct-llength-proj by simp
moreover from —(3i">n". ||c||, ;/)» have [finite (wc(inf-Ulist t))
using proj-finite2|of inf-llist t| by simp
hence llength (mwc(inf-llist t))#oo using llength-eq-infty-conv-Ifinite by auto
ultimately have the-enat (llength (mwc(inf-llist t))) > the-enat(eSuc ({¢c #p inf-llist t)))
by simp
moreover have (¢ #y, inf-llist t)£00 by simp
ultimately have the-enat (llength (wc(inf-llist t))) > Suc (the-enat ({c #n inf-llist t)))
using the-enat-eSuc by simp
thus ?thesis by simp
qged
ultimately have |¢(n’) > the-enat ({c #n inf-llist t)) by simp
moreover from «—(3i>n". |c||, ;/)> have eval ¢ t t' n' vy using assms(4) by simp
with Ji>n. |c|l; p —(3i=n" [lc[|; ;)
have v (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) (cd¢(n’)) using validCE-cont by blast
ultimately have eval ¢ t t' n (At n. In'>n. v t n’)
using «3i>n. ||c||; o validCI-actjwhere y=(At n. In'>n. v t n')] by blast
thus ?thesis using evi-def by simp
qed

lemma evtIN[introl:
fixes c::"id
and t:nat = cnf
and t":nat = ‘cmp
and n:nat
and n’:nat
assumes —(3i>n. ||c|l¢ ;)
and n">n
and eval ct t' n'~
shows eval ¢ t t' n (Op(7))
proof cases
assume 3. ||c||¢ ¢
moreover from assms(1) assms(2) have =(3i">n". ||c||, ;) by simp
ultimately have v (Inth ((wc(inf-list t)) Q; (inf-llist t'))) (cde(n'))
using validCE-cont[of ¢ t n' t' v] <eval ¢ t t' n’ > by blast
moreover from (n’>n» have c|4(n’) > cl4(n) using enf2bhv-mono by simp
ultimately have eval ¢ t t' n (At n. In'>n. v t n’)

using validCl-cont[where y=(At n. In'>n. v t n/)] 3i. ||c|lt p (3 i>n. ||c||¢ ) by blast

thus ?thesis using evt-def by simp
next
assume —(314. |||t )
with assms have v (Inth (wcinf-llist t Q; inf-llist t')) n' using validCE-not-act by blast
with (3. ||¢c||¢ ;)> have eval ¢ t t' n (At n. In'>n. v t n’)
using validCIl-not-act[where y=At n. In'>n. v t n’] <n’>n> by blast
thus ?thesis using evt-def by simp
qed
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lemma evtEA[elim]:
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
assumes 3i>n. ||c||; 4
and eval c t t' n (Op(7))
shows In">(c — t)p.
(Fizn' |lcllg s A (Vn"> (c <= 1), n"'<(c = ),y —> eval c t 1" n" 7)) V
(=(Fi=n’. |lcll¢4) A eval c tt' n' )
proof —
from <eval ¢ t t' n (Op(7))> have eval ¢ t t' n (At n. In’>n. v t n') using evi-def by simp
with «3i>n. |c|; o
have In'>the-enat (¢ #engt ninf-llist t). v (Inth (weinf-llist t Q; inf-llist t')) n’
using validCE-act[where y=At n. An'>n. v t n'] by blast
then obtain z where z>the-enat ((c #n, inf-llist t)) and
v (Inth ((me(inf-llist t)) @ (inf-llist t))) = by auto
thus ?thesis
proof (cases)
assume z > llength (mc(inf-llist t))
moreover from <¢(z > llength (mw¢(inf-llist t)))> have llength (7 c(inf-llist t))#oco
by (metis infinity-ileE)
moreover from 3i>n. ||c||; » have length (mwq(inf-llist t))>1
using proj-one[of inf-llist t| by auto
ultimately have the-enat (llength (wc(inf-llist t))) — 1 < z
by (metis One-nat-def Suc-ile-eq antisym-conv2 diff-Suc-less enat-ord-simps(2)
enat-the-enat less-imp-diff-less one-enat-def)
hence z = 4(14(7)) using cnf2bhv-bhv2enf by simp
with «y (Inth ((we(inf-llist t)) Q; (inf-llist t'))) @
have ~ (Inth ((wc(inf-llist t)) Q; (inf-Uist t)) (di(cTe(z))) by simp
moreover have —(3i>:14(z). ||cllt )
proof —
from <z > llength (mwc(inf-llist t))) have lfinite (mwc(inf-llist t))
using llength-geq-enat-lfiniteD|of wc(inf-llist t) z] by simp
then obtain z where Vn'>z. = |c||, ,,» using proj-finite-bound by blast
moreover from <the-enat (llength (we(inf-llist t))) — 1 < x> have (¢ A t) < T4(2)
using bhv2cnf-greater-lActive by simp
ultimately show ?thesis using [Active-greater-active-all by simp
qed
ultimately have eval ¢ t t' (¢T42) v
using 3 i>n. || c||¢ p validCI-contlof ¢ t T¢(x)] by blast
moreover have 14(z) > (¢ — t)pn
proof —
from <z > llength (mwc(inf-llist t))> have Ifinite (wc(inf-llist t))
using llength-geg-enat-lfiniteD|of wc(inf-llist t) z] by simp
then obtain z where Vn'>z. = |[c||, ,,» using proj-finite-bound by blast

moreover from 3i>n. |[c||; » have ||c|, (¢ = t)p, USINg nxtActl by simp

ultimately have (¢ A t)>(c — t)y, using [Active-greatest by fastforce
moreover have f(z) > (¢ A t) by simp
ultimately show 14(z) > (¢ — t)n by arith

qed

ultimately show ?thesis using —(3i>T(z). ||c||¢ ;) by blast

next
assume —(x > llength (wc(inf-llist t)))
hence z<llength (mwc(inf-llist t)) by simp
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then obtain n':nat where z=(c #, inf-llist t) using nAct-exists by blast
with <enat x < llength (wc(inf-llist t))> have 3i>n’. | c||+ ; using nAct-less-llength-active by force
then obtain ¢ where i>n’ and ||c||; ; and = (3k>n". k < i A ||c||; 1) using nact-exists by blast
moreover have (Vn'"> (¢ < t);. n''<(c = t); —> eval c t t' n"' ~)
proof
fix n” show (c = t); <n"" — n" < {(c—t); — eval ct t' n" v
proof(rule HOL.impI[OF HOL.impl])
assume (¢ < t); < n” and n” < (¢ = t)
hence the-enat ((¢ #enat ¢ inf-llist t)) = ¢
using nAct-same by simp
moreover from «| c[|; » have |c||; (c = t); using natActl by auto

)
he-enat ((¢ # ppgt n' f-llist t))

with «n” < (¢ — t);» have Fi>n"". ||¢|; ; using dual-order.strict-implies-order by auto
moreover have v (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) (the-enat ({(¢ #enat ; inf-llist t)))
proof —
have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
with <x=(c #,/ inf-llist t)» «i>n" = (Fk>n". k < i A [[c||y ) have z=(c #; inf-Ulist t)
using one-enat-def nAct-not-active-same by simp
moreover have (¢ #; inf-llist t)7#oco by simp
ultimately have x=the-enat({c #; inf-llist t)) by fastforce
thus ?thesis using «y (Inth ((we(inf-llist t)) @, (inf-llist t'))) x> by blast
qged
with «the-enat ((c #enat ¢ inf-llist t)) = the-enat ((c #.,,,; " nf-llist t))) have
v (Inth ((7c(inf-llist t)) Q; (inf-llist t')) (the-enat ((c #.,,,4 n f-Ulist t))) by simp
ultimately show eval ¢ t t' n' v using validCI-act by blast
qed
qed
moreover have i>(c — t)p
proof —
have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
with «x=(c # ./ inf-llist t)) <i>n" = (Fk>n". k < i A |[cl|¢ ) have z=(c #; inf-Ulist t)
using one-enat-def nAct-not-active-same by simp
moreover have (¢ #; inf-llist t)7#o0o0 by simp
ultimately have z=the-enat((c #; inf-llist t)) by fastforce
with «x>the-enat ((¢c #n inf-llist t))>
have the-enat ({c #; inf-llist t))>the-enat ((c #n inf-llist t)) by simp
with ¢||c||; y» show ?thesis using active-geg-natAct by simp
qed
ultimately show ?thesis using ¢||c||; » by auto
qed
qed

lemma evtEN|[elim):
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n:nat
and n':nat
assumes —(3i>n. |c||¢ ;)
and eval c t t' n (Op(7))
shows 3n'>n. eval c t t' n' v
proof cases
assume Ji. ||c||¢ ¢
moreover from <eval ¢ t t' n (QOp(7y))> have eval c t t' n (At n. In">n. v t n’) using evt-def by simp
ultimately have 3n'>c]n. v (Inth (weinf-llist t Q; inf-llist t')) n’
using validCE-cont[where y=(At n. In'>n. v t n')] <=(Fi>n. ||c||t ;)> by blast
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then obtain z where z>.]4(n) and ~ (Inth ((7c(inf-llist t)) Q; (inf-llist t'))) = by auto
moreover have the-enat (llength (wc(inf-llist t))) — 1 < x
proof —
have (c A t) < n
proof (rule ccontr)
assume —(c A t) < n
hence (¢ A t) > n by simp
moreover from 3. |[c[|; p <= (Fi>n. |cl; ;) have |||, (e A1)
using [Active-active less-or-eq-imp-le by blast
ultimately show Fulse using <— (3i>n. || c||¢ ;)» by simp
qed
hence the-enat (llength (mwc(inf-llist t))) — 1 < cl¢(n) using cnf2bhv-greater-llength by simp
with <z>.l4(n)> show ?thesis by simp
qed
hence = = ¢J4(T(2)) using enf2bhv-bhv2enf by simp
ultimately have v (Inth ((wc(inf-list t)) Q; (inf-llist t")) (cd+(cTe(z))) by simp
moreover from —(3i>n. ||c|ly ;) have =(Fi>cTe(z). |cllt 4)
proof —
from «—(3i>n. ||c|ls ;) have finite (7 c(inf-llist t)) using proj-finite2 by simp
then obtain z where Vn'>z. = ||c||, ./ using proj-finite-bound by blast
moreover from <the-enat (llength (mwe(inf-llist t))) — 1 < x> have (¢ A t) < Ty(x)
using bhv2cnf-greater-lActive by simp
ultimately show #%thesis using [Active-greater-active-all by simp
qed
ultimately have eval ¢ ¢t t' (¢14z) v
using validCl-cont[of ¢ t ¢T4(x) ¥] <3 i. ||c||t »» by blast
moreover from «3i. |c|; o <—(Fi>n. || c|l¢;)> have (¢ A t) < n using [Active-less[of ¢ t - n] by
auto
with «z>c]¢(n)> have n < :T¢(z) using p2¢c-mono-c2p by blast
ultimately show ?thesis by auto
next
assume —(34. ||lcl|y )
moreover from <eval ¢ t t' n (Op(y))> have eval ¢ t t' n (At n. In’>n. v t n’) using evi-def by simp
ultimately obtain n’ where n'>n and v (Inth (7wcinf-llist t Q; inf-llist t')) n'
using «—(34. ||¢|l; 4)» validCE-not-act[where y=At n. An">n. v ¢t n'] by blast
with «—(3i. ||¢||¢ ;)» show ?thesis using validCl-not-act[of ¢ t v t' n'] by blast
qed

2.4.11 Globally Operator

definition glob :: (‘emp bta) = (‘emp bta) (<Op(-)> 22)
where O (y) = A tn. Vn'>n. v t n'

lemma globIA[intro:
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
assumes Fi>n. ||c||; 4
and An'. [3i>n". [[c[l; i n>(c = t)n] = In">(c = 1), n"'<(c = 1), Neval ct t' n" ~
and An'. [=(3i=n’ |c|lt i); n'>(c = t)n] = eval c t t' n' v
shows eval ¢ t t' n (Op(y))
proof —
have V n'>the-enat (¢ #enat ninf-llist t). v (Inth (weinf-llist t Q; inf-llist t')) n’
proof
fix z::nat show
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x>the-enat ({(¢ #n inf-llist t)) — v (Inth (weinf-llist t Q; inf-llist t')) z
proof
assume z>the-enat ((¢ #p, inf-llist t))
show v (Inth ((we(inf-llist t)) Q; (inf-llist t')) x
proof (cases)
assume (z > llength (mc(inf-llist t)))
hence Ifinite (wc(inf-llist t))
using llength-geq-enat-lfiniteD[of mc(inf-llist t) z] by simp
then obtain z where Vn'>z. = |c||, ,» using proj-finite-bound by blast
moreover have || c|, (¢ = t)n by (simp add: <3i>n. ||c||y p nztActl)
ultimately have (¢ A t)>(c — t)y, using [Active-greatest[of ¢ t (¢ — t)n] by blast
moreover have 4(z) > (¢ A t) by simp
ultimately have  14(z) > (¢ — t), by arith
moreover have = (3> c14(z). ¢/, ;)
proof —
from «lfinite (wc(inf-llist t))> <Fi>n. ||c|l¢
have  14(the-enat (llength (wc(inf-llist t)))) = Suc ({¢ A t))
using bhv2enf-lActive by blast
moreover from <¢(z > llength (mwc(inf-llist t)))> have x > the-enat(llength (7c(inf-llist t)))
using the-enat-mono by fastforce
hence f4(x) > 1i(the-enat (llength (we(inf-llist t))))
using bhv2enf-mono|of the-enat (llength (mc(inf-llist t))) z] by simp
ultimately have .14(z) > Suc ({¢ A t)) by simp
hence f4(z) > (c A t) by simp
with «Vn'">z. = ||c||, ,,;» show ?Zthesis using [Active-greater-active-all by simp
qed
ultimately have eval ¢ t t' (¢14(z)) v using assms(8) by simp
hence v (Inth ((mc(inf-llist t)) @Q; (inf-llist t')) (cdi(cTe(x)))
using validCE-cont[of ¢ t ¢T4(z) t' 7] Fi>n. |lclly p = (3i=cT4(). |||l ;) by blast
moreover from «(z > llength (7c(inf-llist t)))»
have (enat © > llength (7c(inf-llist t))) by auto
with «finite (wc(inf-llist t))> have llength (wc(inf-llist t))#£o00
using llength-eqg-infty-conv-lfinite by auto
with «(z > llength (mwc(inf-llist t)))»
have the-enat(llength (m¢(inf-llist t))) — 1 < z by auto
ultimately show ?thesis using cnf2bhv-bhv2enf|of ¢ t x| by simp
next
assume —(z > llength (mwc(inf-llist t)))
hence z<llength (mwc(inf-llist t)) by simp
then obtain n".:nat where z=(c #, inf-llist t) using nAct-exists by blast
moreover from <enat z < llength (mwc(inf-llist t))> <enat ¥ = (c # r inf-llist t)»
have 3i>n'. ||c||t ; using nAct-less-llength-active by force
then obtain ¢ where i>n’and |[¢|;; and = (3k>n" k < i A | c|ls 1)
using nact-exists by blast
moreover have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
ultimately have z=(c #; inf-llist t) using one-enat-def nAct-not-active-same by simp
moreover have (¢ #; inf-llist t)7#oco0 by simp
ultimately have z=the-enat({c #; inf-llist t)) by fastforce
from <x>the-enat ((c #n, inf-llist t))> «x=the-enat({c #; inf-llist t))»
have the-enat ({¢ #; inf-llist t))>the-enat ({¢ #n inf-llist t)) by simp
with <||c||; o have i>(c — t)y using active-geqg-naztAct by simp
moreover from <z=(c #; inf-llist t)) <x < llength (7c(inf-llist t))»
have 34’ i < enat i’ A ||c||; ;» using nAct-less-llength-active[of x c inf-llist t i] by simp
hence 3i'>i. ||c[|, ;» by simp
ultimately obtain n’’ where eval ¢ t t' n”’ v and n'>{c < t); and n"'<(c — t);

enat n
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using assms(2) by blast
moreover have 3i">n". |c|, ;/
using || c||¢ »» n"'<(c — t)» less-or-eq-imp-le nxtAct-active by auto
ultimately have v (Inth ((7c(inf-llist t)) Q; (inf-llist t'))) (the-enat ((c #,, inf-llist t)))
using validCE-act[of n'' ¢ t t’ +] by blast
moreover from «n'">(c < t)p and n"'<(c — t)p
have the-enat ({c #,, 1 inf-llist t))=the-enat ((c #; inf-llist t)) using nAct-same by simp
hence the-enat ({c #,, inf-llist t)) = z by (simp add: v = the-enat (c # gyt jinf-llist t)»)
ultimately have v (Inth ((7w¢(inf-llist t)) Q; (inf-llist t"))) (the-enat x) by simp
thus ?thesis by simp
qed
qed
qed
with «3i>n. ||c||; » have eval c t t' n (At n. Vn'>n. v t n')
using validCl-actlof n c t A t n. Vn'>n. v t n’ t'] by blast
thus ?thesis using glob-def by simp
qed

lemma globIN|[introl:
fixes c::id
and t:nat = cnf
and t":nat = ‘cmp
and n:nat
assumes —(3i>n. ||c||¢ ;)
and An’. n'>n = eval c tt' n' v
shows eval ¢ t t' n (Op(y))
proof cases
assume 3. |||t 4
from «—(3i>n. || c||¢ ;)» have lfinite (7 (inf-llist t)) using proj-finite2 by simp
then obtain z where Vn'>z. = |c||, ./ using proj-finite-bound by blast

have Vz::nat> cly(n). v (Inth (weinf-llist t Qp inf-llist t'))
proof
fix x::nat show (z>cl¢(n)) — v (Inth (weinf-llist t Q; inf-llist t')) x
proof
assume z>¢l4(n)
moreover from «—(3i>n. ||c|l¢ ;)» have (¢ A t) < n using «Ji. ||c||¢ » [Active-less by auto
ultimately have .14(z) > n using p2c-mono-c2p by simp
with assms have eval ¢ t t' (¢14(z)) v by simp
moreover have - (39> ¢14(z). |cll, ;)
proof —
from <ifinite (mwc(inf-llist t))> <3i. || c|l¢
have (1i(the-enat (llength (mc(inf-llist t)))) = Suc ({c A t))
using bhv2cenf-lActive by blast
moreover from —~(3i>n. ||c|lt ;)» have n>{c A t)
by (meson «3i. ||c||y o lActive-active lel le-eq-less-or-eq)
hence n>Suc ({c A t)) by simp
with n>Suc({c A ) <T¢(x) > n» have f4(z) > Suc ({c A t)) by simp
hence  1¢(z) > (c A t) by simp
with Vn'">z. = [|c||; ,»» show ?thesis using lActive-greater-active-all by simp
qed
ultimately have v (Inth ((wc(inf-llist t)) Q; (inf-llist t')) (de(cTe(x)))
using validCE-cont[of ¢ t ¢1¢(z) t’~] «<Fi. ||c|ls » by blast
moreover have = > the-enat (llength (we(inf-llist t))) — 1
using <cl¢(n) < x> cnf2bhv-def by auto
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ultimately show ~ (Inth ((wc(inf-llist t)) Q; (inf-llist t')) =
using cnf2bhv-bhv2enf by simp
qged
qed
with «34. ||c|l¢ » <=(Fi>n. ||c|l¢ ;)> have eval c t t' n (At n. Vn'>n. v tn')
using validCl-contlof c t n A t n. Vn'>n. v t n’ t/| by simp
thus “thesis using glob-def by simp
next
assume —(34. ||cl|y )
with assms have VY n'>n. v (Inth (wcinf-llist t Q; inf-llist t')) n’ using validCE-not-act by blast
with <—=(3i. |[c||¢ 4)» have eval c t t' n (At n. Vn'>n. v t n’)
using validCIl-not-act[where y=\ t n. Vn'>n. v t n/] by blast
thus “thesis using glob-def by simp
qed

lemma globEA[elim):
fixes c::'id
and t:nat = cnf
and t:nat = ‘cmp
and n::nat
and n’:nat
assumes Fi>n. ||c||; 4
and eval ¢ t t' n (Op(7))
and n'>(c < t)p
shows eval c t t' n' vy
proof (cases)
assume 3i>n’. ||c||¢ 4
with «n'>(c < t)p) have the-enat ((c #, inf-llist t)) > the-enat ((c #n inf-llist t))
using nAct-mono-INact «<3i>n. ||c||y » by simp
moreover from <eval ¢ t t' n (Op(y))» have eval c t t' n (At n. Vn'>n. v t n’)
using glob-def by simp
hence V z>the-enat (¢ #engt ninf-llist t). v (Inth (weinf-llist t Q; inf-llist t'))
using validCE-act «<3i>n. ||c||¢ »» by blast
ultimately have v (Inth ((7c(inf-llist t)) Q; (inf-llist ")) (the-enat ((c #,,/ inf-llist t))) by simp
with <3i>n’. ||c||; » show ?thesis using validCI-act by blast
next
assume —(Fi>n’. ||c|l; 5)
from <eval ¢ t t' n (Op(7))» have eval ¢ t t' n (At n. Vn'>n. v ¢t n') using glob-def by simp
hence V z>the-enat (¢ #engt ninf-llist t). v (Inth (weinf-llist t Q; inf-llist t')) z
using validCE-act <3i>n. ||c||¢ p» by blast
moreover have cl4(n') > the-enat ({(¢ #n inf-llist t))
proof —
have (¢ #y, inf-llist t)<llength (7c(inf-llist t)) using nAct-le-proj by metis
moreover from - (3i>n’. ||c||; ;)» have llength (7(inf-llist t))#oo
by (metis llength-eq-infty-conv-Ilfinite Inth-inf-llist proj-finite2)
ultimately have the-enat({c #n, inf-llist t))<the-enat(llength (mwc(inf-llist t))) by simp
moreover from 3i>n. |[c||; p < (Fi>n'. ||c|ls ;) have n'>(c A t)
using [Active-active by (meson lel le-eq-less-or-eq)
hence ¢}4(n’) > the-enat (llength (mwe(inf-llist t))) — 1 using cnf2bhv-greater-llength by simp
ultimately show ?thesis by simp
qed
ultimately have v (Inth ((7wc(inf-llist t)) @Q; (inf-llist t")) (cli(n”)) by simp
with «3i>n. ||c|l; p (3 i>n'. ||c|l¢ ;) show ?thesis using validCI-cont by blast
qed
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lemma globEANow:
fixesctt'niry
assumes n < ¢
and |[[cf|¢ 4
and eval ¢ t t' n (Opy)
shows eval c t t' i~
proof —
from «||¢||; o «<n < © have Fi>n. ||c||¢ ; by auto
moreover from «n < i» have (¢ < t), < i using dual-order.trans INactLe by blast
ultimately show ?thesis using globEA[of n ¢ t t' v i] <eval ¢ t t' n (Opy)» by simp
qed

lemma globEN [elim]:
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
and n':nat
assumes —(3i>n. ||c|l¢ ;)
and eval ¢ t t' n (Op(y))
and n'>n
shows eval c t t' n' vy
proof cases
assume 3. ||c||¢ ¢
moreover from <eval ¢ t t' n (Op(7))> have eval c t t' n (At n. Vn'>n. v t n’)
using glob-def by simp
ultimately have Vx> | n. v (Inth (wcinf-llist ¢ Q; inf-llist ¢)) x
using validCE-cont[of ¢ t n t' At n. Vn'>n. v t n'] <=(Fi>n. ||c|l; 4)» by blast
moreover from (n">n> have ¢l4(n’) > cl¢(n) using cnf2bhv-mono by simp
ultimately have v (Inth ((wc(inf-list t)) Q; (inf-llist t')) (cde(n’)) by simp
moreover from —(3i>n. |[c|l¢ ;) <n’>n> have ~(Fi>n'. ||c||¢ ;) by simp
ultimately show ?thesis using validCI-cont «31. ||c||¢ » by blast
next
assume —(34. |lcl|t )
moreover from <eval ¢ t t' n (Op(7))» have eval ¢ t t' n (At n. Vn'>n. v t n’)
using glob-def by simp
ultimately have Vn'>n. v (Inth (mwcinf-llist t Q; inf-llist t')) n'
using «—(3i. ||c|l; 4)» validCE-not-act[where y=At n. Vn'>n. v ¢t n'] by blast
with «—=(3i. |||t 1) <n’>n> show ?thesis using validCI-not-act by blast
qed

2.4.12 Until Operator

definition until :: ("emp bta) = (‘emp bta) = (‘emp bta) (infixl <y 21)
where vy y= A tn. In">n. ytn"" A (Vn'2n. n’ < n” — vt n')

lemma untilIA[intro):

fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n:nat
and n':nat

assumes 3i>n. ||c||; 4
and n'>(c < tyy
and [Fi>n". |c|; ] = In"">(c <= 1), n"'< (c =), Nevalct t' n"” v A

(Vn"">(c = t)n. n""'< (c <= ),
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— 3@n"">(c <= t),m. n""< (c = t),m A eval ct ' 0" v))
and [~(Fi>n". |lc||lt )] = eval c t t' n' vy A
(Vn'">{(c = t)p. n''< n’
— (Bi=n" el o) A Bn""2(c <= t),n. n""< (c = t),n N eval c tt' n'" ")) Vv
(=(3Fi=>n"c|l¢ 5) A eval ¢t t' n'" v7))
shows eval ¢ t t' n (v' Up )
proof cases
assume 3i’>n’. | ¢, ;/
with assms(3) obtain n’ where n'>(c < t) ,and n''< (¢ — t),, and eval c t t' n" v and
al:Vn'"">(c = t)p. n'"'< (c <= 1),
— 3@n"">(c <= t),m. n""< (¢ = t),m A eval c tt' n'"" v') by blast
hence 3i’>n". ||c||, ;,» using Fi">n". ||c||, ;» nxtAct] by blast
with <eval ¢ t t' n'" > have
v (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) (the-enat ((c #,, inf-llist t)))
using validCE-act by blast
moreover have the-enat ((c #n inf-llist t)) < the-enat ((c #,, inf-llist t))
proof —
from «(c <= t)p<n’» have (c #n inf-llist t) < (c #,,/ inf-llist t)
using nAct-mono-INact by simp
moreover from «(c <= t) <n') have (c #,/ inf-llist t) < (c #, v inf-list t)
using nAct-mono-INact by simp
ultimately have (c #y, inf-llist t) < (c #,, . inf-llist t) by simp
moreover have (c #, ./ inf-llist t) # oo by simp
ultimately show ?thesis by simp
qged
moreover have 3i>n. |[c|, ;/
proof —
from 3i">n". ||c[|, ;» obtain i’ where i">n’and |||, , by blast
with «n">(c < t)p» have ("> n using INactGe le-trans by blast
with ¢ c||, ;,» show ?thesis by blast
qged
moreover have V n'>the-enat (¢ #ninf-llist t). n’ < (the-enat (¢ #
— ' (Inth (mcinf-llist t @, inf-llist t')) n’
proof
fix x::nat show z>the-enat ((¢ #n inf-llist t))
— @ < (the-enat (c F s prinf-llist 1)) — ~" (Inth (7wcinf-llist t Q; inf-llist t')) x
proof (rule HOL.impI[OF HOL.impl))
assume z>the-enat ({c #n inf-llist t)) and z < (the-enat (c #.,,,; ,,/inf-Ulist t))
moreover have the-enat ((c # .4 /" f-llist 1)) = (¢ # 0t n f-Ulist t) By simp
ultimately have xz<llength (wc(inf-llist t)) using nAct-le-proj|of ¢ n'" inf-llist t]
by (metis enat-ord-simps(2) less-le-trans)
hence z<llength (mwc(inf-llist t)) by simp
then obtain n’:nat where z=(c #,, inf-llist t) using nAct-exists by blast
moreover from <enat x < length (wc(inf-llist t))> <enat x = (c # r inf-llist t)»
have 3i>n'. ||c||; ; using nAct-less-llength-active by force
then obtain { where i>n’and ||c||; ; and - (3k>n’. k < i A ||c||; ) using nact-ezists by blast
moreover have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
ultimately have z=(c #; inf-llist t) using one-enat-def nAct-not-active-same by simp
moreover have (¢ #; inf-llist t)7#oo0 by simp
ultimately have z=the-enat({(c #; inf-llist t)) by fastforce
from (x>the-enat ({c #n inf-llist t))» <z=the-enat((c #; inf-llist t))
have the-enat ({c #; inf-llist t))>the-enat ({c #n inf-llist t)) by simp
with <||¢c||; o have i>(¢ — t)y using active-geg-natAct by simp
moreover have i < (c < t)
proof —

vinf-llist t))

enat n

enat n
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have the-enat (c #,,, .1 n/inf-llist t) = (¢ # 04 n//inf-Ulist t) By simp
with <z < (the-enat (c #,,,4 ,,/inf-llist t))> and «z=(c #; inf-llist t)> have
(c # inf-llist t)<(c #,, inf-llist t) by (metis enat-ord-simps(2))
hence i<n’’ using nAct-strict-mono-back|of ¢ i inf-llist t n"’] by auto
with <||c||; o show ?thesis using [Nact-notActive lel by blast
qed
ultimately obtain n'’ where eval ¢ t t' n” v and n'">(c < t); and n''<(c — t);
using al by auto
moreover have 3i’>n". |[c|, ;/
using «||c||¢ p (n"'<{c — t)p less-or-eg-imp-le natAct-active by auto
ultimately have ' (Inth ((7c(inf-llist t)) @, (inf-llist t'))) (the-enat ({c #,, . inf-Ulist t)))
using validCE-act[of n"’ ¢ t t' +'] by blast
moreover from «n'">(c < t)p and «n"'<(c — )
have the-enat ((c #,, inf-llist t))=the-enat ({c #; inf-llist t)) using nAct-same by simp
hence the-enat ({c #,, inf-llist t)) = z by (simp add: <z = the-enat (¢ #enqt jinf-llist t)»)
ultimately show ~' (Inth ((7w¢(inf-llist t)) Q; (inf-llist t"))) = by simp
qed
qed
ultimately have eval c t t'n (A tn. In'>n. vyt n"" A (Vn'>n. n’ < n” — ~' ¢t n'))
using validCl-actjwhere y=A t n. An">n. vy t n'’ A (Vn'>n. n’ < n” — ~' t n’)] by blast
thus ?thesis using until-def by simp
next
assume —~(3i">n". |[c[|; ;)
with assms(4) have eval ¢ t t' n’ v and a2: Vn'">(c — t)p. n''< n’
— (=" |lclly i) A Bn"">(c <= t),n. n"'< (¢ — t),n AN eval ctt’' n'" y')) vV
(=(Fi>n" |cllg5) A eval ¢t t’ n' v') by auto
with (=(33>n". [|c[|; ;/)» <eval ¢ tt" n" y Fizn. |c|s » have
v (Inth ((me(inf-llist t)) Q; (inf-llist t'))) (cde(n’)) using validCE-cont by blast
moreover have cl4(n') > the-enat ({(¢ #np, inf-llist t))
proof —
from «(Ji>n. [[c||¢ ;) —(3i=n" |c|, ;) have n’ > (c A t) using lActive-less by auto
hence ¢|4(n’) > the-enat (llength (mwc(inf-llist t))) — 1 using cnf2bhv-ge-llength by simp
moreover have the-enat(llength (mc(inf-llist t))) — 1 > the-enat({c #n inf-llist t))
proof —
from 3i>n. ||c||; » have length (wc(inf-llist t)) > eSuc ((¢ #n inf-llist t))
using nAct-llength-proj by simp
moreover from —(3i>n". ||c||, ;/)» have [finite (mc(inf-Ulist t))
using proj-finite2|of inf-llist t] by simp
hence llength (mwc(inf-llist t))7#oo using llength-eq-infty-conv-lfinite by auto
ultimately have the-enat (llength (mwc(inf-llist t))) > the-enat(eSuc ({c #y, inf-llist t)))
by simp
moreover have (¢ #y, inf-llist )00 by simp
ultimately have the-enat (llength (mwc(inf-llist t))) > Suc (the-enat ({c #n inf-list t)))
using the-enat-eSuc by simp
thus ?thesis by simp
ged
ultimately show ?thesis by simp
qed
moreover have Vz>the-enat (¢ #ninf-llist t). z < (¢(n’))
— ' (Inth (weinf-llist t Q; inf-llist t')) z
proof
fix z::nat show
x>the-enat (¢ #ninf-llist ty — x < (cde(n’)) — v’ (Inth (mweinf-llist t Q; inf-llist t')) =
proof (rule HOL.impI[OF HOL.impl))
assume z>the-enat (¢ #npinf-llist t) and z < (¢(n’))

1/ H
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show ~' (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) =
proof (cases)
assume (z > llength (mc(inf-llist t)))
hence Ifinite (wc(inf-llist t))
using llength-geg-enat-lfiniteD[of mc(inf-llist t) x| by simp
then obtain z where Vn'’>z. = lelly . using proj-finite-bound by blast
moreover have ||c||; (¢ = tyn DY (simp add: <3 i>n. ||c||¢ » natActl)

ultimately have (¢ A t)>(c — t)y, using [Active-greatest[of ¢ t (¢ — t)n] by blast
moreover have 14(z) > (c A t) by simp
ultimately have .f4(z) > (¢ — t) by arith
moreover have = (3i'>cTy(z). ¢, ;)
proof —
from <lfinite (mwc(inf-llist t))y «Fi>n. ||c||s »
have 1(the-enat (llength (wc(inf-llist t)))) = Suc ({c A t))
using bhv2enf-lActive by blast
moreover from «(z > llength (mwc(inf-llist t)))» have x > the-enat(llength (wc(inf-llist t)))
using the-enat-mono by fastforce
hence (f4(z) > 1i(the-enat (llength (wc(inf-llist t))))
using bhv2cnf-mono[of the-enat (llength (mc(inf-llist t))) z] by simp
ultimately have 1¢(z) > Suc ((¢ A t)) by simp
hence Ty(z) > (¢ A t) by simp
with Vn'">z. = ||c|; ,,/» show ?thesis using IActive-greater-active-all by simp
qged
moreover have fz < n'
proof —
from «lfinite (wc(inf-llist t))> have llength (wcinf-llist t) = the-enat (llength (wcinf-llist t))
by (simp add: enat-the-enat llength-eq-infty-conv-lfinite)
with <z > llength (wc(inf-llist t))> have z>the-enat (llength (mcinf-llist t))
using enat-ord-simps(1) by fastforce
moreover from (3i>n. |[c||; p» have llength (wcinf-llist t)>1 using proj-one by force
ultimately have the-enat (llength (mcinf-llist t)) — 1 < z by simp
with «x < (¢l4(n’))> show ?thesis using c2p-mono-p2c-strict by simp
qged
ultimately have eval ¢ ¢t t' (¢14(z)) v’ using a2 by blast
hence ~' (Inth ((me(inf-list t)) @ (inf-llist t')) (di(cTe()))
using validCE-cont[of ¢ t ¢T4(x) t' '] Fi>n. |[cll¢ p - Fi>cti(2). [lclly ;) by blast
moreover from «(z > llength (me(inf-llist t)))»
have (enat « > llength (wc(inf-llist t))) by auto
with <lfinite (mc(inf-llist t))> have llength (wc(inf-llist t))#o00
using llength-eq-infty-conv-lfinite by auto
with «(z > length (7c(inf-llist t)))»
have the-enat(llength (mwc(inf-llist t))) — 1 < z by auto
ultimately show ?thesis using cnf2bhv-bhv2enf|of ¢ t x] by simp
next
assume —(z > llength (wc(inf-llist t)))
hence z<llength (mwc(inf-llist t)) by simp
then obtain n':nat where x=(c #,  inf-llist t) using nAct-exists by blast
moreover from <enat z < llength (mwc(inf-llist t))> <enat x = (¢ # i inf-llist t)»
have Ji>n"". ||c|; ; using nAct-less-llength-active by force
then obtain ¢ where i>n" and |¢c||; ; and = (3k>n". k < i A |lc|l; 1)
using nact-exists by blast
moreover have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
ultimately have z=(c #; inf-llist t) using one-enat-def nAct-not-active-same by simp
moreover have (¢ #; inf-llist t)#oo by simp
ultimately have z=the-enat({c #; inf-llist t)) by fastforce

enat n
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from <xz>the-enat ({c #n inf-llist t))> <x=the-enat({c #; inf-llist t))>
have the-enat ({c #; inf-llist t))>the-enat ({c #n inf-llist t)) by simp
with ¢||¢c||; »» have i>(c — t)n, using active-geg-nztAct by simp
moreover from <«z=(c #; inf-llist t)) <z < llength (7wc(inf-llist t))>
have 34’ i < enat i’ A ||c||; ;» using nAct-less-llength-active[of x c inf-llist t i] by simp
hence 3i">i. ||c||, ;» by simp
moreover have i<n’
proof —
from Fi>n. |[cll; p —=(Fi=n" ¢, ;) have n">(c A t) using [Active-less by auto
hence | 4(n’)>the-enat(llength (wc(inf-llist t))) — 1 using cnf2bhv-ge-llength by simp
with «x<llength (mwc(inf-llist t))> show ?Zthesis
using «— (i >n" [[cll; ;) <lcll¢ i le-neg-implies-less nat-le-linear by blast
qed
ultimately obtain n’"’ where eval ¢ t t' n'"' v and n""">(c < t); and n'"'<(c — t);
using a2 by blast
moreover from ¢| c[|; »» have |c||; (c = t); using natActl by auto
with «n'"<(c — t)p» have 3i’>n"". | c|, ;,» using less-or-eg-imp-le by blast
ultimately have ' (Inth ((mc(inf-llist t)) @, (inf-llist t'))) (the-enat ((c #,, inf-llist t)))
using validCE-act[of n'" ¢ t t' +'] by blast
moreover from (n'’>(c < t);» and <n""'<(c — t)p
have the-enat ({c #,, 1 inf-llist t))=the-enat ((c #; inf-llist t)) using nAct-same by simp
hence the-enat ((c 4, inf-llist t)) = x by (simp add: <z = the-enat (¢ # epar sinf-llist t)»)
ultimately have ~' (Inth ((7wc(inf-llist t)) Q; (inf-llist t'))) (the-enat z) by simp
thus ?thesis by simp
qed
qed
qed
ultimately have eval c t t'n (At n. In">n. vyt n” A (VYn'>n.n' <n” — " tn')
using <3 i>n. ||c||¢ ¢ validCl-actlof n ct X tn. In">n. vyt n”" A (Vn'2n. n’ < n” — v tn') t/
by blast
thus ?thesis using until-def by simp
qed

lemma untilIN[introl:
fixes c::'id
and t:nat = cnf
and t":nat = ‘cmp
and n::nat
and n':nat
assumes —(3i>n. ||c|l¢ ;)
and n">n
and eval ctt' n' vy
and al: An'". [n<n'; n''<n’] = eval c tt' n" ~’
shows eval ¢ t t' n (' Uy )
proof cases
assume 3. ||c||¢ 4
moreover from assms(1) assms(2) have =(3i'>n". ||c[|, ;») by simp
ultimately have v (Inth ((7w¢(inf-llist t)) Q; (inf-llist t'))) (cde(n')
using validCE-cont[of ¢ t n’' t' 7] <eval ¢ t t' n’ v» by blast
moreover from (n'>n> have ¢l4(n’) > cl¢(n) using cnf2bhv-mono by simp
moreover have Vz::nat> cly(n). <cli(n’) — v’ (Inth ((we(inf-llist t)) Q; (inf-llist t'))) =
proof (rule HOL.allI[OF HOL.impI[OF HOL.implI)])
fix x assume z>¢l¢(n) and z< |y (n’)

from «—(3i>n. ||c||¢ ;)» have (¢ A t) < n using 3 i. ||c||; o lActive-less by auto
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with <z>.|;(n)> have 14(z) > n using p2c-mono-c2p by simp
moreover from (¢ A t) < n» <clg(n) < x> have z > the-enat (llength (w.(inf-llist t))) — 1
using cnf2bhv-ge-llength dual-order.trans by blast
with x<cly(n') have ¢T4(z) < n' using c2p-mono-p2c-strictjof ¢ t x n'] by simp
moreover from = (i>n. [|c[|; ;) «T¢(z) > n> have = (3i">c14(x). ||, ;) by auto
ultimately have eval ¢ t t' (¢1T4(z)) 7' using al[of 14(z)] by simp
with - (Hi//ZcTtﬂﬁ. ||C||t Z-//))
have ~/ (Inth ((rc(inf-llst 1)) @ (inf-llist ) (cba(cH(2)))
using validCE-cont[of ¢ t 14(z) t' v <3i. ||c||¢ p» by blast
moreover have © > the-enat (llength (mwe(inf-llist t))) — 1
using <cl¢(n) < x> enf2bhu-def by auto
ultimately show ~’ (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) ()
using cnf2bhv-bhv2enf by simp
ged
ultimately have eval ctt'n (A tn. In">n. vt n”’ A (Yn'>n. n’ < n” — v t n')
using validCI-contlof ct n At n. In'">n. vt n"" A (Yn'>n. n’ < n” — v  t n') t’]
Fi. el p —Fi>n. |[cll; ;) by blast
thus “thesis using until-def by simp
next
assume —(34. |lcl|y )
with assms have In'">n. v (Inth (7wcinf-llist t Qp inf-llist t')) n'' A
(Vn'>n.n' < n'" — ~' (Inth (weinf-llist t Qp inf-llist t)) n') using validCE-not-act by blast
with <=(34. |[c||¢ )» have eval ct t'n (A tn. In">n. vyt n"”" A (Yn'>n. n" < n” — v tn'))
using validCIl-not-act[where y=\ t n. In">n. v t n” A (Vn'>n. n' < n'” — ' t n’)] by blast
thus ?thesis using until-def by simp
qed

lemma untilEA[elim):
fixes n::nat
and n':nat
and t:nat = cnf
and t":nat = ‘cmp
and c::'id
assumes 3i>n. |c||t 4
and eval c t t' n (v' Uy 7)
shows In">(c — t)n.
(Fizn' el i) A (V"> (e <= 1), n""<(c = t),r —> eval c t t' n" 7)
ANVn'">(c<=tin. n'" <(c=t), —evalctt' n" )V
(=Fizn’ cllg)) Neval ctt' n' v A (Vn'">(c < t)p. n" <n’ — eval c t t' n” v"))
proof —
from <eval c tt' n (v Uy y)»
have eval ctt'n (At n. In">n. vt n" A (Vn'>n. n’ <n'" — 't n’')) using until-def by simp
with <3i>n. ||c||; ;» obtain z
where z>the-enat (¢ #engt ninf-llist t) and v (Inth (weinf-llist t Qp inf-llist t')) z
and al: Va'>the-enat (¢ #enat ninf-llist t). ©' < z — ~' (Inth (wcinf-llist t Q; inf-llist t')) =’
using validCE-act[where y=X t n. An">n. v t n'’ A (Vn'>n. n’ < n” — ~' t n’)] by blast
thus ?thesis
proof (cases)
assume z > llength (mc(inf-llist t))
moreover from «(z > llength (wc(inf-llist t)))» have llength (mc(inf-llist t))#oco
by (metis infinity-ileE)
moreover from 3i>n. ||c||; » have length (wc(inf-llist t))>1
using proj-one|of inf-llist t] by auto
ultimately have the-enat (llength (we(inf-llist t))) — 1 < =
by (metis One-nat-def Suc-ile-eq antisym-conv2 diff-Suc-less enat-ord-simps(2)
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enat-the-enat less-imp-diff-less one-enat-def)
hence z = |(c14(2)) using enf2bhv-bhv2enf by simp
with ¢y (Inth ((we(inf-llist t)) Q; (inf-llist t'))) x
have v (Inth ((we(inf-llist t)) Q; (inf-llist t)) (cdi(cTe(z))) by simp
moreover have —(3 > 14(x). |lc|lt 4)
proof —
from <z > llength (wc(inf-llist t))> have Ilfinite (7c(inf-llist t))
using llength-geg-enat-lfiniteD[of wc(inf-llist t) z] by simp
then obtain z where Vn'>z. = |[c||, ,» using proj-finite-bound by blast
moreover from <the-enat (llength (we(inf-llist t))) — 1 < » have (¢ A t) < T4(2)
using bhv2cnf-greater-lActive by simp
ultimately show ?thesis using [Active-greater-active-all by simp
qed
ultimately have eval ¢ t t' (¢T4z)
using <3 i>n. ||c|l¢ p validCI-cont[of ¢ t T4(x)] by blast
moreover have :1T4(z) > (¢ — t)p
proof —
from <z > llength (wc(inf-llist t))> have Ilfinite (7c(inf-llist t))
using llength-geq-enat-lfiniteD[of wc(inf-llist t) z] by simp
then obtain z where Vn'>z. = |[c|, ,» using proj-finite-bound by blast
moreover from 3i>n. |[c|; » have |c|, (¢ = t)n using natActl by simp

ultimately have (¢ A t)>(c — t)p, using [Active-greatest by fastforce
moreover have T(z) > (¢ A t) by simp
ultimately show 14(z) > (¢ — t)n, by arith
qed
moreover have Vn'>(c < t)p. n” < (¢tx) — eval c t t' n'' ~’
proof
fix n" show (¢ < t)p < n" — n"” < ¢t — eval c tt' n'” ~'
proof (rule HOL.impI[OF HOL.impl))
assume (¢ < t)p < n” and n" < Mz
show eval ¢ t t' n' ~'
proof cases

assume Ji>n"". ||

cllt i

with n'>(c < t)p> have the-enat ((c #,, inf-llist t)) > the-enat ((c #n inf-Ulist t))

using nAct-mono-INact <3i>n. ||c||¢ p by simp
moreover have the-enat ((c #,, . inf-llist t))<x
proof —
from 3i>n". ||| p» have eSuc (¢ #
using nAct-llength-proj by auto
with <z > llength (mc(inf-llist t))> have eSuc (¢ # ., »
moreover have (c #,, . . inf-llist t)7oc by simp
ultimately have Suc (the-enat({c #,,, 4 ,,/inf-llist t))) < x
by (metis enat.distinct(2) the-enat.simps the-enat-eSuc the-enat-mono)
thus ?thesis by simp
qed

"o minf-llist ty < llength (mcinf-llist t)

enat n

ninf-llist ty < xz by simp

ultimately have ~' (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) (the-enat ((c 9, inf-llist t)))

using al by auto
with <3i>n". ||c||; » show ?thesis using validCl-act by blast
next
assume —(3i>n". ||c||¢ 5)
moreover have ¢|;(n’) > the-enat ((c #n inf-llist t))
proof —
have (c #y, inf-llist t)<llength (mc(inf-llist t)) using nAct-le-proj by metis
moreover from - (Fi>n". ||c||¢ ;)» have llength (7c(inf-llist t))Fo0
by (metis llength-eg-infty-conv-lfinite Inth-inf-llist proj-finite2)
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ultimately have the-enat({c #, inf-llist t))<the-enat(llength (7.(inf-llist t))) by simp
moreover from 3i>n. |[¢|; » < (Fi=n". |||t ;)> have n'">(c A t)
using [Active-active by (meson lel le-eq-less-or-eq)
hence cl¢(n") > the-enat (llength (mc(inf-llist t))) — 1 using cnf2bhv-greater-llength by simp
ultimately show ¢thesis by simp
qed
moreover from «—(3i>n"" ||c||t ;)> have (¢ A t) < n' using assms(1) [Active-less by auto
with «n"’ < 142> have ol (n")<z using p2c-mono-c2p-strict by simp
ultimately have ' (Inth ((7w¢(inf-llist t)) Q; (inf-llist t")) (cdt(n'’))
using al by auto
with (3i>n. |c|lt » «<=(Fi>n". ||c|lt ;) show ?thesis using validCI-cont by blast
qed
qed
qed
ultimately show ?thesis using «—(3i>1y(z). || c|l¢ ;)> by blast
next
assume —(z > llength (wc(inf-llist t)))
hence z<llength (w¢(inf-llist t)) by simp
then obtain n':nat where r=(c #, s inf-llist t) using nAct-exists by blast
with <enat z < llength (mc(inf-llist t))» have 3i>n'. ||c||; ; using nAct-less-llength-active by force
then obtain ¢ where i>n’ and ||c||; ; and = (Fk>n'. k < ¢ A || c||4 1) using nact-exists by blast
moreover have (Vn'> (¢ < t);. n"'<(c = t); — eval ¢ t t' n"" ¥)
proof
fix n” show (c = t); <n” — n"”" <({c—t); — eval ct t' n" v
proof(rule HOL.impI[OF HOL.impl])
assume (¢ < t); < n” and n” < (¢ — t);
hence the-enat ((c¢ #cpat ; inf-llist t)) = the-enat ((c # .1 n'" nf-llist t))
using nAct-same by simp
moreover from «[c[[; ;» have |||, (c = t); using natAct] by auto
with «n”’ < (¢ — t)p» have Fi>n"". ||c|; ; using dual-order.strict-implies-order by auto
moreover have v (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) (the-enat ({¢ #enat ¢ inf-list t)))
proof —
have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
with =(c #,/ inf-llist t)> «i>n" = (Fk=>n'". k < i A |[c|ly ) have z=(c #; inf-llist t)
using one-enat-def nAct-not-active-same by simp
moreover have (¢ #; inf-llist t)#oco0 by simp
ultimately have z=the-enat({c #; inf-llist t)) by fastforce
thus ?thesis using <y (Inth ((wc(inf-llist t)) Q; (inf-llist ¢))) z> by blast
qed
with <the-enat ((c #enat ¢ inf-llist t)) = the-enat ((c #.,,, " f-llist t))> have
v (Inth ((mc(inf-llist t)) Q; (inf-Ulist t')) (the-enat ((c # 4t n f-Uist t))) by simp
ultimately show eval ¢ ¢ t' n" v using validCI-act by blast
qed
qed
moreover have i>(c — t)p
proof —
have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
with «x=(c 4,/ inf-llist t)) «i>n" <= (Fk>n". k < i A [[c[|¢ ) have z=(c #; inf-Ulist t)
using one-enat-def nAct-not-active-same by simp
moreover have (¢ #; inf-llist t)#oo by simp
ultimately have z=the-enat({c #; inf-llist t)) by fastforce
with <z>the-enat ({c #n inf-llist t))»
have the-enat ({¢ #; inf-llist t))>the-enat ({c¢ #y inf-llist t)) by simp
with <||c||; o show ?thesis using active-geg-nztAct by simp
qed

69



moreover have Vn'>(c < t)yp. n” < (c = t); —> eval c t t' n" v’
proof
fix n” show (c = t)p < n” — n"" < (c<=t); — eval ctt' n" ~’
proof (rule HOL.impI[OF HOL.impl))
assume (¢ < t)p < n' and n” < (¢ < t);
moreover have (¢ < t);<i by simp
ultimately have 3i>n"". ||c||; ; using <||c||t »» by (meson less-le less-le-trans)
with (n">(c < t)p) have the-enat ((c #,, 1 inf-llist t)) > the-enat ((c #n inf-llist t))
using nAct-mono-INact <3i>n. ||c||y » by simp
moreover have the-enat ((c #,, inf-llist 1)) < x
proof —
from n"' < (¢ < t)p (¢ < t); < O have n” < i using dual-order.strict-transl by arith
with (' < (¢ < t)p have 3i’>n". i’ < i A |c|, ;» using [Nact-least[of i n"] by fastforce
hence (c #,, . inf-llist t) < (c #; inf-llist t) using nAct-less by auto
moreover have enat i — 1 < llength (inf-llist t) by (simp add: one-enat-def)
with <x=(c 4,/ inf-llist t)» «i>n" = (Fk>n". k < i A [[c||y ) have z=(c #; inf-Ulist t)
using one-enat-def nAct-not-active-same by simp
moreover have (¢ #, 1 inf-llist t)#oo by simp
ultimately show ?thesis by (metis enat-ord-simps(2) enat-the-enat)
qged
ultimately have ' (Inth ((7c(inf-llist t)) Q; (inf-llist t'))) (the-enat ({c #,, . inf-llist t)))
using al by auto
with «3i>n"". ||c||; »» show eval ¢ t t' n'' v’ using validCI-act by blast
qed
qed
ultimately show ?thesis using ¢||c||; » by auto
qed
qed

lemma untilEN[elim]:
fixes n::nat
and n’:nat
and t:nat = cnf
and t":nat = ‘cmp
and c::'id
assumes Bi. i>n A |lc|;
and eval c t t' n (v Uy 7)
shows dAn'>n. eval c t t' n' v A
(Vn'">n.n" <n’ — eval ct t' n' v’
proof cases
assume 3. ||cl¢ 4
moreover from <eval ¢ t t' n (y' LUy v
have eval ctt'n (A tn. In">n. vt n" A (VYn'>n. n’ < n' — v’ t n’)) using until-def by simp
ultimately have 3n'">:l¢(n). v (Inth (7cinf-llist t @, inf-llist t')) n'' A
(Vn'>clp(n). n' < 0’ — ~' (Inth (weinf-llist t Q; inf-llist t')) n')
using validCE-cont[where y=A t n. IAn'>n. y t n"" A (Vn'>n. n’ < n” — ~' t n’)]
G i>n A c|ly p by blast
then obtain z where z>.|4(n) and v (Inth ((wc(inf-llist t)) Q; (inf-llist t'))) =
and Vz'>cy(n). z'<e — ' (Inth ((we(inf-llist t)) Q; (inf-llist ¢))) z' by auto
moreover from —~(3i>n. ||c||t ;) have the-enat (llength (me(inf-llist t))) — 1 < z
proof —
have (c A t) < n
proof (rule ccontr)
assume —(c A t) < n
hence (¢ A t) > n by simp
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moreover from «3i. [[c||; » = (Fi>n. ||c[|; ;) have |[c||; (e A1)
using [Active-active less-or-eq-imp-le by blast
ultimately show Fulse using <— (Fi>n. ||c||; ;)> by simp
qed
hence the-enat (llength (mwc(inf-llist t))) — 1 < ¢l4(n) using cnf2bhv-greater-llength by simp
with «x>cl4(n)> show ?thesis by simp
qed
hence z = |(cT4(z)) using cnf2bhv-bhv2enf by simp
ultimately have v (Inth ((wc(inf-list t)) Q; (inf-llist t")) (cd+(cTe(z))) by simp
moreover from «—(3i>n. ||c||¢ ;) have ~(Fi>cT4(2). |lcll¢ 4)
proof —
from «—(3i>n. ||c||¢ ;)» have lfinite (wc(inf-llist t)) using proj-finite2 by simp
then obtain z where Vn'>z. = ||c[|, ./ using proj-finite-bound by blast
moreover from <the-enat (llength (wc(inf-llist t))) — 1 < x> have (¢ A t) < T¢(x)
using bhv2cnf-greater-lActive by simp
ultimately show ¢thesis using [Active-greater-active-all by simp
qed
ultimately have eval ¢ t t' (¢14(z)) v using validCI-cont 3. ||c||¢ » by blast
moreover from (3. |[c||; p» <—(Fi>n. |||t ;) have (¢ A t) < n using lActive-less[of ¢ t - n] by
auto
with «z>]4(n)> have n <  14(z) using p2c¢c-mono-c2p by blast
moreover have Vn''>n. n” < f4(x) — eval c t t' n'' ~'
proof (rule HOL.allI][OF HOL.impI[OF HOL.implI]])
fix n” assume n < n” and n" < Ay(z)
hence c|4(n")>cl¢(n) using cnf2bhv-mono by simp
moreover have n"’<:1(z) by (simp add: «n"" < )
with «(c A t) < n» «<n < n' have J(n")<cdi(cTe(z)) using enf2bhv-mono-strict by simp
with <z = cli(1i(z))) have cJy(n”)< z by simp
ultimately have ' (Inth ((7¢(inf-llist t)) Q; (inf-llist t")) (cd¢(n'’))
using Vz'>cli(n). z'<e — v’ (Inth ((we(inf-llist t)) Qp (inf-llist t'))) z’» by simp
moreover from «n < n') have #i. i>n"" A ||c||; ; using A i. i>n A |c||; p by simp
ultimately show eval ¢ t t' n'' v’ using validCI-cont using <3 i. ||¢c||; ;» by blast
qged
ultimately show ?thesis by auto
next
assume —(34. |lcl|s )
moreover from <eval ¢ t t' n (v' U v)
have eval ctt'n (A tn. An">n. vyt n"” A (Vn'>n. n’ < n’” — v’ t n')) using until-def by simp
ultimately have In'">n. v (Inth (7wcinf-llist t Q; inf-llist t")) n”’
AN (n'>n.n' < n” — 5 (Inth (weinf-llist ¢ Q; inf-llist t')) n') using «—(Fi. ||c|l; 4)»
validCE-not-act[where y=X t n. I3n">n. v t n"" A (Vn'>n. n’ < n' — ~' t n’)] by blast
with «—=(34. ||c||¢ ;)» show ?Zthesis using validCI-not-act by blast
qed

2.4.13 Weak Until

definition wuntil :: (‘emp bta) = (‘emp bta) = (‘emp bta) (infixl 2> 20)
where ' 2, v = 7' U, v VP Oy(v)

end

end
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