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Abstract

We formalize mixture and disintegraion of measures. This entry is
a formalization of Chapter 14.D of the book by Baccelli et.al. [1]. The
main result is the disintegration theorem: let (X, ¥ x) be a measurable
space, (Y, ¥y) be a standard Borel space, v be a o-finite measure on
X x Y, and vx be the marginal measure on X defined by vx(A) =
V(A xY). Assume that vx is o-finite, then there exists a probability

kernel s from X to Y such that

v(A x B) :/ kz(B)vx(de), A€ ¥x,B € Zy.
A

Such a probability kernel is unique vx-almost everywhere.
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1 Lemmas

theory Lemmas-Disintegration
imports Standard-Borel-Spaces.StandardBorel

begin



1.1 Lemmas

lemma semiring-of-sets-binary-product-sets|simpl:
semiring-of-sets (space X x space Y) {a x blab. a € sets X AN b € sets Y}

(proof)

lemma sets-pair-restrict-space:
sets (restrict-space X A Q) pr restrict-space Y B) = sets (restrict-space (X Q) m

Y) (A x B))
(is ?lhs = %rhs)
(proof )

lemma restrict-space-space[simp]: restrict-space M (space M) = M
(proof )

lemma atMostq-Int-stable:
Int-stable {{..r} |r:real. r € Q}

{proof)

lemma rborel-eq-atMostq:
borel = sigma UNIV { {..r} | rureal. r € Q}
(proof)

corollary rborel-eq-atMostq-sets:
sets borel = sigma-sets UNIV {{..r} |rireal. r € Q}

(proof )

lemma mono-absolutely-continuous:
assumes sets = sets v NA. A € setsy —= p A<v A
shows absolutely-continuous v

(proof)

lemma ex-measure-countable-space:
assumes countable (space X)
and sets X = Pow (space X)
shows . sets p = sets X N (Va€space X. p {z} = fx)

(proof)

lemma ex-prob-space-countable:
assumes space X # {} countable (space X)
and sets X = Pow (space X)
shows Ju. sets u = sets X N prob-space i

(proof)

lemma AE-I"":
assumes N € null-sets M
and A\z. 2 € space M = ¢ N = Pz
shows AE zin M. P x

{proof)



lemma absolutely-continuous-trans:
assumes absolutely-continuous L M absolutely-continuous M N
shows absolutely-continuous L N

{proof)

1.2 Equivalence of Measures

abbreviation equivalence-measure :: 'a measure = 'a measure = bool (infix <~ pr»

60)

where equivalence-measure M N = absolutely-continuous M N A absolutely-continuous
NM

lemma equivalence-measure-refl: M ™~ M
(proof)

lemma equivalence-measure-sym:
assumes M ~y N
shows N ~py M

(proof)

lemma equivalence-measure-trans:
assumes M ~py NN ~p L
shows M ~p; L

(proof)

lemma equivalence-measurel:
assumes absolutely-continuous M N absolutely-continuous N M
shows M ~yy N

(proof )

end

2 Disintegration Theorem

theory Disintegration
imports S-Finite-Measure-Monad. Kernels
Lemmas-Disintegration
begin

2.1 Definition 14.D.2. (Mixture and Disintegration)

context measure-kernel
begin

definition mizture-of :: [('a x'b) measure, 'a measure] = bool where
mizture-of v p <— sets v = sets (X Q@ m Y) A sets p = sets X A\ (V Cesets (X
QRum Y). v C=([Tz [Ty indicator C (z,y) I(k ) dp))

definition disintegration :: [('a x'b) measure, 'a measure] = bool where



disintegration v p <— sets v = sets (X Qm Y) A sets u = sets X N (VY A€sets
X.VBesets Y. v (A x B) = ([ Tz€A. (k z B) du))

lemma disintegration:
assumes sets v = sets (X @ Y) sets p = sets X
and A\A B. A € sets X = B e sets Y = v (A x B) = ([ tz€A. (k z B)
o)

shows disintegration v

{proof)

lemma mizture-of-disintegration:
assumes mizture-of v p
shows disintegration v u

{proof)

lemma
shows mizture-of-sets-eq: mizture-of v p = sets v = sets (X @ n Y) mizture-of
v pu = sets p = sets X

and mizture-of-space-eq: mixture-of v p = space v = space (X Qu Y)
mixture-of vy => space p = space X

and disintegration-sets-eq: disintegration v p = sets v = sets (X Q@ Y)
disintegration v p = sets u = sets X

and disintegration-space-eq: disintegration v p = space v = space (X Q)
Y) disintegration v . = space u = space X

{proof)

lemma
shows mizture-ofD: mizture-of v p = C € sets (X @u Y) = v C = ([ ta.
[ Ty. indicator C (z,y) d(rk x) Op)
and disintegrationD: disintegration v p = A € sets X = B € sets ¥ = v
(A x B) = ([ Tz€A. (k z B) Op)
(proof )

lemma disintegration-restrict-space:

assumes disintegration v y A N space X € sets X

shows measure-kernel.disintegration (restrict-space X A) Y k (restrict-space v
(A x space Y)) (restrict-space i A)

(proof)

end

context subprob-kernel
begin
lemma countable-disintegration-AE-unique:
assumes countable (space V) and [measurable-cong|:sets Y = Pow (space Y)
and subprob-kernel X Y k' sigma-finite-measure p
and disintegration v p measure-kernel.disintegration X Y &' v p
shows AEzin p. kz=k"x

(proof)



end

lemmal(in subprob-kernel) nu-mu-spaceY-le:
assumes disintegration v j A € sets X
shows v (A x space V) < p A

(proof)

context prob-kernel
begin

lemma countable-disintegration-AE-unique-prob:
assumes countable (space V) and [measurable-cong|:sets Y = Pow (space Y)
and prob-kernel X Y k' sigma-finite-measure p
and disintegration v p measure-kernel.disintegration X Y &' v p
shows AEzin p. kz=k"x

(proof)

end

2.2 Lemma 14.D.3.

lemma(in prob-kernel) nu-mu-spaceY:
assumes disintegration v p A € sets X
shows v (A x space V) = pu A

(proof)

corollary(in subprob-kernel) nu-finite:
assumes disintegration v u finite-measure p
shows finite-measure v

(proof)

corollary(in subprob-kernel) nu-subprob-space:
assumes disintegration v u subprob-space p
shows subprob-space v

(proof)

corollary(in prob-kernel) nu-prob-space:
assumes disintegration v p prob-space
shows prob-space v

(proof)

lemmal(in subprob-kernel) nu-sigma-finite:
assumes disintegration v u sigma-finite-measure
shows sigma-finite-measure v

(proof)

2.3 Theorem 14.D.4. (Measure Mixture Theorem)

lemma(in measure-kernel) exist-nu:



assumes sets y = sets X
shows Jv. disintegration v p

(proof)

lemmal(in subprob-kernel) exist-unique-nu-sigma-finite”:
assumes sets u = sets X sigma-finite-measure
shows 3lv. disintegration v p

(proof)

lemmal(in subprob-kernel) exist-unique-nu-sigma-finite:
assumes sets (1 = sets X sigma-finite-measure
shows 3lv. disintegration v p A sigma-finite-measure v

{proof)

lemmal(in subprob-kernel) exist-unique-nu-finite:
assumes sets u = sets X finite-measure
shows 3lv. disintegration v p A finite-measure v

{proof)

lemmal(in subprob-kernel) exist-unique-nu-sub-prob-space:
assumes sets u = sets X subprob-space
shows 3lv. disintegration v p A subprob-space v

{proof)

lemma(in prob-kernel) exist-unique-nu-prob-space:
assumes sets u = sets X prob-space p
shows 3lv. disintegration v p A prob-space v

{proof)

lemmal(in subprob-kernel) nn-integral-fst-finite”:
assumes f € borel-measurable (X @ r Y) disintegration v p finite-measure p
shows ([ Tz fzov) = ([ Tz [Ty. f (z,y) O(k z) Op)
(proof )

lemmal(in prob-kernel) nn-integral-fst:
assumes [ € borel-measurable (X Q) rr Y) disintegration v p sigma-finite-measure

W
shows ([ Yz fz0ov) = ([ Tz. [Ty. f (z,y) O(k ) Op)
(proof )

lemmal(in prob-kernel) integrable-eq!:
fixes f :: - = -::{banach, second-countable-topology}
assumes [measurable]:f € borel-measurable (X @ Y)
and disintegration v pu sigma-finite-measure
shows ([ z. ennreal (norm (f z)) Ov) < co +— ([ Ta. [ Ty. ennreal (norm
(f (z,9))) Ok x) Op) < o0
(proof )



lemma(in prob-kernel) integrable-kernel-integrable:
fixes [ :: - = -::{banach, second-countable-topology}
assumes integrable v f disintegration v pu sigma-finite-measure [
shows AFE z in p. integrable (k ) (\y. f (z,y))

(proof)

lemma(in prob-kernel) integrable-lebesgue-integral-integrable’:
fixes f :: - = -::{banach, second-countable-topology}
assumes integrable v f disintegration v u sigma-finite-measure
shows integrable p (Az. [y. f (z,y) O(k z))

(proof)

lemma(in prob-kernel) integrable-lebesgue-integral-integrable:
fixes f :: - =- = -::{banach, second-countable-topology}
assumes integrable v (A(z,y). f x y) disintegration v u sigma-finite-measure p
shows integrable p (A\z. [y. fzy O(k x))
(proof)

lemma(in prob-kernel) integral-fst:
fixes f :: - = -::{banach, second-countable-topology}
assumes integrable v f disintegration v u sigma-finite-measure
shows ([z. fzov) = ([=. [y. [ (z,y) O(k z) D)
(proof )

2.4 Marginal Measure

definition marginal-measure-on :: ['a measure, 'b measure, (‘a x 'b) measure, 'b
set] = 'a measure where
marginal-measure-on X Y v B = measure-of (space X) (sets X) (AA. v (A x B))

abbreviation marginal-measure :: ['a measure, 'b measure, (‘a x 'b) measure] =
'a measure where
marginal-measure X Y v = marginal-measure-on X Y v (space Y)

lemma space-marginal-measure: space (marginal-measure-on X Y v B) = space X
and sets-marginal-measure: sets (marginal-measure-on X Y v B) = sets X

{proof)

lemma emeasure-marginal-measure-on:
assumes sets v = sets (X @ V) B € sets Y A € sets X
shows marginal-measure-on X Y v B A =v (A x B)

{proof)

lemma emeasure-marginal-measure:
assumes sets v = sets (X Q@ V) A € sets X
shows marginal-measure X Y v A = v (A X space Y)

{proof)

lemma finite-measure-marginal-measure-on-finite:



assumes finite-measure v sets v = sets (X Qnu Y) B € sets YV
shows finite-measure (marginal-measure-on X Y v B)

{proof)

lemma finite-measure-marginal-measure-finite:
assumes finite-measure v sets v = sets (X Qnu Y)
shows finite-measure (marginal-measure X Y v)

{proof)

lemma marginal-measure-restrict-space:

assumes sets v = sets (X @ u Y) B € sets YV

shows marginal-measure X (restrict-space Y B) (restrict-space v (space X x B))
= marginal-measure-on X Y v B

(proof)

lemma restrict-space-marginal-measure-on:

assumes sets v = sets (X @ u Y) B € sets Y A € sets X

shows restrict-space (marginal-measure-on X Y v B) A = marginal-measure-on
(restrict-space X A) Y (restrict-space v (A X space Y)) B

(proof)

lemma restrict-space-marginal-measure:

assumes sets v = sets (X Qu V) A € sets X

shows restrict-space (marginal-measure X Y v) A = marginal-measure (restrict-space
X A) Y (restrict-space v (A X space Y))

(proof)

lemma marginal-measure-mono:

assumes sets v = sets (X @Qu Y) A€ sets Y B € sets YAC B

shows emeasure (marginal-measure-on X Y v A) < emeasure (marginal-measure-on
XY v B)

(proof)

lemma marginal-measure-absolutely-countinuous:

assumes sets v = sets (X Qu Y) A € sets Y B € sets Y AC B

shows absolutely-continuous (marginal-measure-on X Y v B) (marginal-measure-on
XYv A

{proof)

lemma marginal-measure-absolutely-continuous”:

assumes sets v = sets (X Qum Y) A € sets ¥

shows absolutely-continuous (marginal-measure X Y v) (marginal-measure-on X
Y v A)

{proof)

2.5 Lemma 14.D.6.

locale sigma-finite-measure-on-pair =
fixes X :: ‘a measure and Y :: ‘b measure and v :: (‘a X 'b) measure



assumes nu-sets/measurable-cong|: sets v = sets (X @ u Y)
and sigma-finite: sigma-finite-measure v
begin

abbreviation vz = marginal-measure X Y v
end

locale projection-sigma-finite =
fixes X :: ‘a measure and Y :: ‘b measure and v :: (Ya x 'b) measure
assumes nu-sets[measurable-cong|: sets v = sets (X @ m Y)
and marginal-sigma-finite: sigma-finite-measure (marginal-measure X Y v)
begin

sublocale vz : sigma-finite-measure marginal-measure X Y v
(proof )

lemma v-sigma-finite: sigma-finite-measure v
(proof)

sublocale sigma-finite-measure-on-pair
(proof)

definition k' :: 'a = 'b set = ennreal where
k' ¥ B = RN-deriv v (marginal-measure-on X Y v B) x

lemma kernel-measurable[measurable]:
(Az. RN-deriv (marginal-measure X Y v) (marginal-measure-on X Y v B) z) €
borel-measurable vz

(proof)

corollary rk’-measurable[measurable]:
(Az. k' z B) € borel-measurable X

{proof)

lemma kernel-RN-deriv:
assumes A € sets X B € sets Y
shows v (A x B) = ([ tz€A. k' z B dvz)
(proof)

lemma empty-Y-bot:
assumes space ¥ = {}
shows v = |

(proof)

lemma empty-Y-nux:
assumes space Y = {}
shows vz A = 0



(proof)

lemma kernel-empty0-AE:
AEzinve. 'z {} =0
(proof )

lemma kernel-Y1-AE:
AE z in va. k' x (space Y) = 1
{proof)

lemma kernel-suminf-AE:
assumes disjoint-family F
and A\i. Fi € sets Y
shows AE zinvz. (3 i. &'z (Fi)) =r"2z (J (range F))
(proof )

lemma kernel-finite-sum-AE:
assumes disjoint-family-on F S finite S
and \i. i€ S= Fi€ sets Y
shows AE z in vz. (Y, i€S. k' x (F 1)) =&’z (Ji€S. Fi)
(proof)

lemma kernel-disjoint-sum-AE:
assumes B € sets Y C € sets YV
and BN C ={}
shows AEzinve. v’z (BUC)=rk"2B+r'zC

(proof)

lemma kernel-mono-AE:
assumes B € sets Y C € sets YV
and B C C
shows AEzinvz. k"2 B<k'z(C

(proof)

lemma kernel-incseq-AFE:
assumes range B C sets Y incseq B
shows AF x in vz. incseq (An. k' x (B n))

{proof)

lemma kernel-decseq-AE:
assumes range B C sets Y decseq B
shows AF x in vz. decseq (An. k' x (B n))

{proof)

corollary kernel-01-AE:
assumes B € sets YV
shows AEzinvz. 0 <k'z2BANk'zB<1

(proof)

10



lemma kernel-get-0: 0 < vk’ x B
{proof )

lemma kernel-lel-AFE:
assumes B € sets Y
shows AE z in vx. k' 2 B < 1

{proof)

corollary kernel-n-infty:
assumes B € sets Y
shows AEzinve. k't B# T

{proof)

corollary kernel-le-infty:
assumes B € sets Y
shows AEzinvz. k' z B < T

(proof)

lemma kernel-SUP-incseq:
assumes range B C sets Y incseq B
shows AE z in ve. k' z (U (range B)) = (| |n. k' = (B n))

(proof)

lemma kernel-lim-incseq:
assumes range B C sets Y incseq B
shows AE z in va. (An. k' x (Bn)) —— &’z (lJ (range B))

{proof)

lemma kernel-INF-decseq:
assumes range B C sets Y decseq B
shows AE z in va. k' z ([ (range B)) = ([|n. k' = (B n))

(proof)

lemma kernel-lim-decseq:
assumes range B C sets Y decseq B
shows AE z in vax. (An. k' x (Bn)) —— &’z ([ (range B))

(proof)

end

lemma qlim-eq-lim-mono-at-bot:
fixes g :: rat = ‘a :: linorder-topology
assumes mono f (9§ —— a) at-bot Ar:rat. f (real-of-rat r) = g r
shows (f —— a) at-bot

(proof)
lemma qlim-eq-lim-mono-at-top:

fixes g :: rat = ’'a :: linorder-topology
assumes mono f (9§ —— a) at-top N\r:rat. f (real-of-rat r) = g r

11



shows (f —— a) at-top
(proof)

2.6 Theorem 14.D.10. (Measure Disintegration Theorem)

locale projection-sigma-finite-standard = projection-sigma-finite + standard-borel-ne
Y
begin

theorem measure-disintegration:
Jk. prob-kernel X Y k A measure-kernel.disintegration X Y kv vz A
(VK. prob-kernel X Y k' — measure-kernel.disintegration X Y &' v vz
— (AEz inve. k x = k" 1))

(proof)

end

2.7 Lemma 14.D.12.

lemma ex-finite-density-measure:
fixes A :: nat = -
assumes A: range A C sets M |J (range A) = space M N\i. emeasure M (A i)
# oo disjoint-family A
defines h = (Az. (O n. (1/2)(Suc n) x (1 / (1 + M (A n))) * indicator (A
n) 2))
shows h € borel-measurable M
Nz. z € space M = 0 < hz
Nz. z € space M = hz < 1
finite-measure (density M h)

(proof)

lemmal(in sigma-finite-measure) finite-density-measure:
obtains i where h € borel-measurable M
Nz. z € space M = 0 < h
Nz. z € space M = hz < 1
finite-measure (density M h)

(proof)

2.8 Lemma 14.D.13.

lemma (in measure-kernel)
assumes disintegration v [
defines vz = marginal-measure X Y v
shows disintegration-absolutely-continuous: absolutely-continuous pu vx
and disintegration-density: ve = density p (Az. k z (space Y))
and disintegration-absolutely-continuous-iff:
absolutely-continuous vz p «— (AE z in p. k z (space Y) > 0)

(proof)

12



2.9 Theorem 14.D.14.

locale sigma-finite-measure-on-pair-standard = sigma-finite-measure-on-pair + stan-
dard-borel-ne Y

sublocale projection-sigma-finite-standard C sigma-finite-measure-on-pair-standard
(proof)

context sigma-finite-measure-on-pair-standard
begin

lemma measure-disintegration-extension:
Ju k. finite-measure N measure-kernel X Y k N\ measure-kernel.disintegration
XYrvpuA
(Vz€space X. sigma-finite-measure (£ x)) A
(Vzespace X. k x (space Y) > 0) A
w v (is ?goal)
(proof)

end

lemma(in sigma-finite-measure-on-pair) measure-disintegration-extension-AE-unique:
assumes sigma-finite-measure p sigma-finite-measure p'
measure-kernel X Y k measure-kernel X Y r'
measure-kernel.disintegration X Y k v u measure-kernel.disintegration X
Yr'vyu
and absolutely-continuous p ' B € sets Y
shows AE z in p. k' B x RN-deriv p u' 2 = k x B

(proof)

end
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