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Abstract

In this entry we formalize Huet’s [1] bounds for minimal solutions
of homogenous linear Diophantine equations (HLDESs). Based on these
bounds, we further provide a certified algorithm for computing the set
of all minimal solutions of a given HLDE.
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1 Vectors as Lists of Naturals

theory List-Vector
imports Main
begin

lemma lez-lengthD: (z, y) € lex P = length x = length y
(proof )

lemma lex-take-indez:
assumes (zs, ys) € lex r
obtains ¢ where length ys = length xs
and i < length zs and take i s = take i ys
and (zs! i, ys'i) er
(proof)

lemma mods-with-nats:
assumes (v:nat) > w
and (v * b) mod a = (w * b) mod a
shows ((v — w) x b) mod a = 0
(proof )
abbreviation zeroes :: nat = nat list
where
zeroes n = replicate n 0

lemma rep-upd-unit:
assumes z = (zeroes n)[i := a]
shows Vj < lengthz. (j#i—z!j=0)AN({GH=17i—2!j=aq)
(proof)

definition nonzero-iff: nonzero s «— (Jz€set zs. x # 0)

lemma nonzero-append [simp:
nonzero (xs Q ys) «— nonzero xs V nonzero ys {proof)



1.1 The Inner Product

definition dotprod :: nat list = nat list = nat (infixl - 70)
where
zs - ys = (O i<min (length xs) (length ys). zs ! i * ys ! 1)

lemma dotprod-code [code]:
xs + ys = sum-list (map (A(z, y). = x y) (zip xs ys))
{proof)

lemma dotprod-commute:
assumes length xs = length ys
shows zs « ys = ys - xs
(proof )

lemma dotprod-Nil [simp]: [] - [] = 0
{proof)

lemma dotprod-Cons [simp]:
(z # @) - (y# ys) =z xy + a5 - ys
{proof)

lemma dotprod-1-right [simp]:
xs - replicate (length zs) 1 = sum-list xs
{proof)

lemma dotprod-0-right [simp]:
zs - zeroes (length xs) = 0
{proof)

lemma dotprod-unit [simp]:
assumes length a = n

and k£ < n
shows a - (zeroes n)lk := 2k| = a ! k x 2k
{proof)

lemma dotprod-gt0:
assumes length x = length y and Fi<lengthy. ! i > 0 ANy!li> 0
shows z - y > 0

{proof)

lemma dotprod-gtOD:
assumes length x = length y
and z -y > 0
shows Ji<lengthy. z!i>0ANy!i>0
(proof )

lemma dotprod-gt0-iff [iff):
assumes length x = length y
shows z - y > 0 +— (Ji<lengthy. z!'i>0Ay!li>0)



{proof)

lemma dotprod-append:
assumes length a = length b
shows(a Qz) - (bQy)=a-b+z-y
(proof)

lemma dotprod-le-take:
assumes length a = length b
and k < length a
showstake k a - take kb < a - b

{proof)

lemma dotprod-le-drop:
assumes length a = length b
and k < length a
shows drop k a - drop kb < a-b

{proof)

lemma dotprod-is-0 [simp):
assumes length x = length y
shows z - y = 0 +— (Vi<lengthy. z!'i=0Vy!i=20)
(proof)

lemma dotprod-eq-0-iff:
assumes length x = length a

and 0 ¢ set a
shows z - a =0+ (Ve € setz. e =10)
{proof )

lemma dotprod-eq-nonzero-iff:
assumes a - £ = b - y and length x = length o and length y = length b
and 0 ¢ set a and 0 ¢ set b
shows nonzero © <— nonzero y

{proof)

lemma eg-0-iff:
xs = zeroes n <— length xs = n A (Vx€set zs. x = 0)
(proof)

lemma not-nonzero-iff: - nonzero x +— x = zeroes (length x)
(proof)

lemma neq-0-iff :
xs # zeroes n «— length xs # n V (Jz€set zs. x > 0)
(proof)

lemma dotprod-pointwise-le:
assumes length as = length xs



and i < length as
shows as! ¢ x 2s ! i < as - zs

(proof)

lemma replicate-dotprod:
assumes length y = n
shows replicate n x « y = x * sum-list y

(proof)

1.2 The Pointwise Order on Vectors

definition less-eq :: nat list = nat list = bool (-/ <, - [51, 51] 50)
where
zs <, ys «— length xs = length ys N (Vi<length xzs. xs | i < ys ! i)

definition less :: nat list = nat list = bool (-/ <, - [51, 51] 50)
where
T8 <y YS > 78 <y YS N\ 1 ys <, T8

interpretation order-vec: order less-eq less
(proof)

lemma less-eql [intro?]: length xs = length ys = Vi<length xs. xs | ¢ < ys ! i
= 75 <, YS
(proof)

lemma le0 [simp, intro]: zeroes (length xs) <, zs (proof)

lemma le-list-update [simp):
assumes zs <, ys and i < length ys and z < ys ! ¢
shows zs[i := 2] <, ys
(proof)

lemma le-Cons: ©z # 1s <, y # ys — x < y A x5 <, s
(proof )

lemma zero-less:
assumes nonzero T
shows zeroes (length ©) <, «

(proof)

lemma le-append:
assumes length xs = length vs
shows zs @ ys <, vs Q@ ws «— x5 <, Vs A ys <, ws

(proof)

lemma less-Cons:
(z # xs) <y (y # ys) «— length zs = length ys A (x < y AN as <, ysVz <y
A zs <, ys)



{proof)

lemma le-length [dest]:
assumes s <, ys
shows length s = length ys

{proof)

lemma less-length [dest]:
assumes z <, y
shows length © = length y

(proof)

lemma less-append:
assumes zs <, vs and ys <, ws
shows zs Q ys <, vs Q@ ws

(proof)

lemma less-appendD:
assumes zs Q ys <, vs Q ws
and length zs = length vs
shows zs <, vs V ys <, ws

{proof)

lemma less-append-cases:
assumes zs Q ys <, vs Q@ ws and length s = length vs
obtains zs <, vs and ys <, ws | zs <, vs and ys <, ws
(proof)

lemma less-append-swap:
assumes z Q y <, u Q v
and length © = length u

shows y Q z <, v Q u

{proof)

lemma le-sum-list-less:
assumes s <, ys
and sum-list xs < sum-list ys
shows zs <, ys

(proof)

lemma dotprod-le-right:
assumes v <, w
and length b = length w
shows b-v<b-.-w

{proof)

lemma dotprod-pointwise-le-right:
assumes length z = length u
and length u = length v



and Vi<lengthv. u!i < ov!{
shows z - u < z .0
(proof)

lemma dotprod-le-left:
assumes v <, w
and length b = length w
shows v-b< w-b
(proof )

lemma dotprod-le:
assumes z <, v and y <, v
and length y = length r and length v = length u
shows z - y < u - v

(proof)

lemma dotprod-less-left:
assumes length b = length w
and 0 ¢ set b
and v <, w
shows v - b < w- b

(proof)

lemma le-append-swap:
assumes length y = length v
andz @y <, w@Qu
shows y @ z <, v Q@ w

(proof)

lemma le-append-swap-iff:
assumes length y = length v
shows yQzr <, vQuw +—zQy <, wQu

{proof)

lemma unit-less:
assumes ¢ < n
and z <, (zeroes n)[i := b
shows z! i < b A (Vj<n. j#£i—z!j=0)
(proof)

lemma le-sum-list-mono:
assumes s <, ys
shows sum-list xs < sum-list ys

{proof)

lemma sum-list-less-diff-Fx:
assumes u <, y
and sum-list u < sum-list y
shows Ji<length y. u!i < y!i



(proof)

lemma less-vec-sum-list-less:
assumes v <, W
shows sum-list v < sum-list w

{proof)

definition mazne0 :: nat list = nat list = nat
where
maznel T a =
(if length x = length a N (Fi<length a. z i # 0)
then Maz {a i | i. i <lengtha ANz !i# 0}
else 0)

lemma mazne0-le-Mazx:
maznel z a < Maz (set a)

(proof)

lemma mazne0-Nil [simp]:
maznel [| as = 0
maznel zs || = 0

{proof)

lemma mazne0-Cons [simp]:
maznel (z # zs) (a # as) =
(if length xs = length as then
(if £ = 0 then maznel xs as else mazx a (maznel xs as))
else 0)

(proof)

lemma maznel-times-sum-list-gt-dotprod:
assumes length b = length ys
shows maxnel ys b * sum-list ys > b + ys

{proof)

lemma maz-times-sum-list-gt-dotprod:
assumes length b = length ys
shows Mazx (set b) * sum-list ys > b - ys
(proof)

lemma maxne0-mono:
assumes y <, T
shows maznel y a < maznel z a

(proof)

lemma all-leg-Max:
assumes ¢ <, y
and z # ||
shows Vi € set z. i < Mazx (set y)



{proof)

lemma le-not-less-replicate:

Vz€set xs. ¥ < b = — xs <, replicate (length xs) b = xs = replicate (length
xs) b

(proof)

lemma le-replicatel: ¥V z€set zs. x < b = xzs <,, replicate (length zs) b
(proof )

lemma le-take:
assumes z <, y and i < length © shows take i x <, take i y

{proof)

lemma wf-less:

wf {(z, y). = <, y}
(proof)

1.3 Pointwise Subtraction

definition vdiff :: nat list = nat list = nat list (infixl —, 65)
where
w—v=map (M. w!i—ov!i)[0.<length w]

lemma vdiff-Nil [simp]: [| — [] = [] (proof)

lemma upt-Cons-conv:
assumes j < n
shows [j..<n] = j # [j+1..<n]
(proof )

lemma map-upt-Suc: map f [Suc m ..< Suc n] = map (f o Suc) [m ..< n]
{proof)

lemma vdiff-Cons [simp]:
(z # @) =0 (y # ys) = (z — y) # (25 —0 y5)
{proof )

lemma vdiff-alt-def:
assumes length w = length v
shows w —, v = map (A (z, y). z — y) (zip w v)
(proof)

lemma vdiff-dotprod-distr:
assumes length b = length w
and v <, w
shows (w —y v) *b=w-b—v-b
(proof)



lemma sum-list-vdiff-distr [simp]:
assumes v <, u
shows sum-list (u —, v) = sum-list v — sum-list v
{proof)

lemma vdiff-le:
assumes v <, w
and length v = length x
shows v —, z <, w
(proof )

lemma mods-with-vec:
assumes v <, w
and 0 ¢ set b
and length b = length w
and (v - b) mod a = (w - b) mod a
shows ((w —, v) + b) mod a = 0
(proof)

lemma mods-with-vec-2:
assumes v <, w
and 0 ¢ set b
and length b = length w
and (b - v) mod a = (b -+ w) mod a
shows (b - (w —, v)) mod a = 0
(proof )

1.4 The Lexicographic Order on Vectors

abbreviation lez-less-than (-/ <jer - [51, 51] 50)
where
zs <jex Ys = (zs, ys) € lex less-than

definition rlex (infix <,jc, 50)
where
TS <plex YS <> T€V TS <[eg TEV YS

lemma rev-le [simp]:
eV TS <y TEeV YS — xS <y YS

(proof)

lemma rev-less [simp]:
TeV TS <y TEV YS > TS <y YS

{proof)

lemma less-imp-lex:
assumes zs <, ys shows xs <;., ys

(proof)
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lemma less-imp-rlex:
assumes zs <, ys shows zs <,jec, ys

{proof)

lemma lex-not-sym:
assumes s <jep YS
shows — ys <jeq s

(proof)

lemma rlez-not-sym:
assumes s <rjey YS
shows — ys <;,jes S

(proof)

lemma lex-trans:
assumes z <je, y and y <je; 2
shows = <[, 2

{proof)

lemma rlex-trans:
assumes T <pjep ¥ and y <pjey 2
shows © <,jes 2

{proof)

lemma lex-append-rightD:
assumes s Q us <., ys Q vs and length zs = length ys
and - 5 <jez YS
shows ys = zs A\ us <jez v$

{proof)

lemma rlex-Cons:
TS <plew YH YS > 18 <plex YSV ys=as ANz < y (is A = ?B)

{proof)

lemma rlez-irrefl:
T <rlex T

(proof)

1.5 Code Equations

fun exists2
where
exists?2 d P || [| «— False
| exists2 d P (z#axs) (y#ys) «— Pxy V exists2 d P xs ys
| exists2 d P - - +— d

lemma not-le-code [code-unfold]: — xs <, ys «— exists2 True (>) xs ys
{proof)
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end

2 Homogeneous Linear Diophantine Equations

theory Linear-Diophantine-Equations
imports List- Vector
begin

lemma lcm-div-le:
fixes a :: nat
shows lema b divb < a

{proof)

lemma lcm-div-le’:
fixes a :: nat
shows lem a b diva <)

{proof)

lemma lcm-div-gt-0:
fixes a :: nat
assumes a > 0 and b > 0
shows lem a b diva > 0

(proof)

lemma sum-list-list-update-Suc:
assumes i < length u
shows sum-list (u[i := Suc (u ! 7)]) = Suc (sum-list u)
(proof )

lemma lessThan-conv:
assumes card A = nand Vz€Ad. z < n
shows A = {.<n}

(proof)

Given a non-empty list s of n natural numbers, either there is a value in
zs that is 0 modulo n, or there are two values whose moduli coincide.

lemma list-mod-cases:
assumes length s = nand n > 0
shows (Fz€set zs. x mod n = 0) V
(Fi<length zs. Aj<length xs. i # j A (xs ! i) mod n = (xs ! j) mod n)
(proof)

Homogeneous linear Diophantine equations: a1z + -+ 4+ amTm = b1y1 +
et bnyn
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locale hlde-ops =
fixes a b :: nat list
begin

abbreviation m = length a
abbreviation n = length b

— The set of all solutions.
definition Solutions :: (nat list x nat list) set
where
Solutions = {(z, y). a + x = b - y A length t = m A length y = n}

lemma in-Solutions-iff:
(z, y) € Solutions <— length z = m ANlengthy=nANa-z=">b-y
(proof )
definition Minimal-Solutions :: (nat list x nat list) set
where
Minimal-Solutions = {(z, y) € Solutions. nonzero x A
= (3 (u, v) € Solutions. nonzero u A u Q@ v <, z Q y)}

definition dij :: nat = nat = nat
where
dijij=1lem (a! Q) (b!]) div(a! i)

definition eij :: nat = nat = nat
where
eijij=lem (a! i) (b)) div(b!j)

definition sij :: nat = nat = (nat list x nat list)
where
sij i j = ((zeroes m)[i := dij i j], (zeroes n)[j := eij i j))

2.1 Further Constraints on Minimal Solutions

definition Ej :: nat = nat list = nat set
where
Ejja={ejij—1|ii<lengghxANz!i>dijij}

definition Di :: nat = nat list = nat set
where
Diiy={dijij—11]jj<lengthyNy!j>ceijij}

definition Di’ :: nat = nat list = nat set
where
Di'iy={diji(j+ lengthb — lengthy) — 1 |j.j<lengthy Ay!j> eiji
(4 + length b — length y) }

lemma Ej-take-subset:
FEjj (takekz) C Ejjx
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{proof)

lemma Di-take-subset:
Di i (take ly) C Diiy
(proof)

lemma Di’-drop-subset:
Di" i (drop ly) € Di’ iy
(proof )

lemma finite-Ej:
finite (Ej j x)
{proof )

lemma finite-Di:
finite (Di i y)
(proof)

lemma finite-Di’":
finite (Di’ i y)
(proof )

definition max-y :: nat list = nat = nat
where
maz-y = (if j < n A Ejjz # {} then Min (Ej j x) else Max (set a))

definition maz-z :: nat list = nat = nat
where
maz-z y ¢ = (if i < m A Diiy # {} then Min (Diiy) else Max (set b))

definition maz-z’ :: nat list = nat = nat
where
maz-z' yi= (ifi < m A Di' iy # {} then Min (Di’ i y) else Max (set b))

lemma Min-FEj-le:
assumes j < n
and e € Fjjx
and length x < m
shows Min (Ej j z) < Maz (set a) (is m < -)
(proof)

lemma Min-Di-le:
assumes i < m
and e € Diiy
and length y < n
shows Min (Diiy) < Maz (set b) (is #m < -)
(proof)

lemma Min-Di’-le:
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assumes 7 < m
and e € Di' iy
and length y < n
shows Min (Di’ i y) < Maz (set b) (is m < -)
(proof )

lemma maz-y-le-take:
assumes length © < m
shows maz-y = j < maz-y (take k x) j

(proof)

lemma maz-z-le-take:
assumes length y < n
shows maz-z y © < maz-z (take l y) ©

(proof)

lemma maz-z'-le-drop:
assumes length y < n
shows maz-z’ y i < maz-z' (drop ly) i
(proof )

end

abbreviation Solutions = hlde-ops.Solutions
abbreviation Minimal-Solutions = hlde-ops. Minimal-Solutions

abbreviation dij = hlde-ops.dij
abbreviation eij = hlde-ops.eij
abbreviation sij = hlde-ops.sij

declare hlde-ops.dij-def [code]
declare hide-ops.eij-def [code]
declare hide-ops.sij-def [code]

lemma Solutions-sym: (z, y) € Solutions a b +— (y, z) € Solutions b a
{proof)

lemma Minimal-Solutions-imp-Solutions: (z, y) € Minimal-Solutions ¢ b = (z,
y) € Solutions a b

{proof)

lemma Minimal-Solutionsl:
assumes (z, y) € Solutions a b
and nonzero x
and - (3 (u, v) € Solutions a b. nonzero u A v Q v <, z @ y)
shows (z, y) € Minimal-Solutions a b

(proof)

lemma minimize-nonzero-solution:
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assumes (z, y) € Solutions a b and nonzero x
obtains v and v where v Q@ v <, z @ y and (u, v) € Minimal-Solutions a b

{proof)

lemma Minimal-Solutionsl "
assumes (z, y) € Solutions a b
and nonzero
and - (3 (u, v) € Minimal-Solutions a b. u Q v <, z Q y)
shows (z, y) € Minimal-Solutions a b

{(proof)

lemma Minimal-Solutions-length:
(z, y) € Minimal-Solutions a b = length x = length a A length y = length b

{proof)

lemma Minimal-Solutions-gt0:
(z, y) € Minimal-Solutions a b => zeroes (length x) <, =

{proof)

lemma Minimal-Solutions-sym:
assumes 0 ¢ set a and 0 ¢ set b
shows (zs, ys) € Minimal-Solutions a b — (ys, zs) € Minimal-Solutions b a

{proof)

locale hlde = hlde-ops +
assumes no0: 0 ¢ set a 0 ¢ set b
begin

lemma nonzero-Solutions-iff:
assumes (z, y) € Solutions
shows nonzero x <— nonzero y

(proof)

lemma Minimal-Solutions-min:
assumes (z, y) € Minimal-Solutions
and v Q v <, z Q y
and a - u="5b-v
and [simp]: length u = m
and non0: nonzero (u @ v)
shows Fulse

(proof)

lemma Solutions-snd-not-0:
assumes (z, y) € Solutions
and nonzero x
shows nonzero y

(proof)

end
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2.2 Pointwise Restricting Solutions

Constructing the list of u vectors from Huet’s proof [1], satisfying

o Vi<length u. u!i <y!iand

o 0 < sum-list u < ag.

Given g, increment a "previous' u vector at first position starting from ¢
where u is strictly smaller than y. If this is not possible, return « unchanged.

function inc :: nat list = nat = nat list = nat list
where
meyiu=
(if i < length y then
ifuli<ylithenu[i :=u! i+ 1]
else inc y (Suc i) u
else u)
(proof)
termination inc

{proof)
declare inc.simps [simp del]

Starting from the 0-vector produce us by iteratively incrementing with re-
spect to .

definition huets-us :: nat list = nat = nat list (u 1000)
where
uyi=((incy0) " Suc i) (zeroes (length y))

lemma huets-us-simps [simp):
uy 0 =incy 0 (zeroes (length y))
uy (Suci)=1incy 0 (ayi)
(proof)

lemma length-inc [simp]: length (inc y i u) = length u
(proof)

lemma length-us [simp]:
length (u y i) = length y
(proof)

inc produces vectors that are pointwise smaller than y

lemma inc-le:
assumes length v = length y and ¢ < length y and u <, y
shows inc yiu <, y
(proof)
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lemma us-le:
assumes length y > 0
showsu yi <, y
(proof )

lemma sum-list-inc-le:
u <, y = sum-list (inc y i u) < sum-list y
(proof )

lemma sum-list-inc-gt0:
assumes sum-list u > 0 and length y = length u
shows sum-list (inc y i u) > 0
(proof)

lemma sum-list-inc-gt0":
assumes length u = length y and 7 < length yand y ! 7 > 0 and j < §
shows sum-list (inc y j u) > 0
(proof)

lemma sum-list-us-gt0:
assumes sum-list y # 0
shows 0 < sum-list (u y ©)

{proof)

lemma sum-list-inc-le’:
assumes length u = length y
shows sum-list (inc y i u) < sum-list u + 1
(proof )

lemma sum-list-us-le:
sum-list (w y i) < i+ 1

(proof)

lemma sum-list-us-bounded:
assumes i < k
shows sum-list (u y i) < k
(proof )

lemma sum-list-inc-eq-sum-list-Suc:
assumes length u = length y and i < length y
and 3j5>i. j<lengthy ANu!j<y!lj
shows sum-list (inc y i u) = Suc (sum-list u)
(proof)

lemma sum-list-us-eq:
assumes i < sum-list y
shows sum-list (u y i) =i + 1
(proof )
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lemma inc-ge: length u = length y = u <, incy i u
{proof )

lemma us-le-mono:
assumes i < j
showsuyi<,uyj
(proof)

lemma us-mono:
assumes i < j and j < sum-list y
showsuyi <,uyj

(proof)

context hlde
begin

lemma maz-coeff-bound-right:
assumes (zs, ys) € Minimal-Solutions
shows Vz € set zs. x < maznel ys b (is VzEset zs. x < ?m)

(proof)

Proof of Lemma 1 of Huet’s paper.

lemma maz-coeff-bound:
assumes (s, ys) € Minimal-Solutions
shows (Vz € set zs. x < mazne0 ys b) A (Vy € set ys. y < maznel zs a)

(proof)

lemma maz-coeff-bound’:
assumes (z, y) € Minimal-Solutions
shows Vi<length z. z ! i < Maz (set b) and Vj<length y. y ! j < Maz (set a)

{proof)

lemma Minimal-Solutions-alt-def:
Minimal-Solutions = {(z, y)€Solutions.
(z, y) # (zeroes m, zeroes n) A
z <, replicate m (Maz (set b)) A
y <, replicate n (Maz (set a)) A
= (3 (u, v)€Solutions. nonzero u A u Q v <, z Q y)}
(proof )

2.3 Special Solutions

definition Special-Solutions :: (nat list x nat list) set
where
Special-Solutions = {sijij|ij. i <m A j < n}

lemma dij-neq-0:

assumes 1 < m
and j < n
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shows dij i j # 0
(proof )

lemma eij-neq-0:
assumes i < m

and j < n
shows eijij # 0
(proof)

lemma Special-Solutions-in-Solutions:
x € Special-Solutions = x € Solutions

{proof)

lemma Special-Solutions-in-Minimal-Solutions:
assumes (z, y) € Special-Solutions
shows (z, y) € Minimal-Solutions

(proof)

lemma non-special-solution-non-minimal:
assumes (z, y) € Solutions — Special-Solutions
and 4: i <mj<n
andz!i>dijijand y!j > eijij
shows (z, y) ¢ Minimal-Solutions

(proof)

2.4 Huet’s conditions

definition cond-A zs ys +— (Vz€set xs. © < maxnel ys b)

definition cond-B z +—
(Vk<m. take k a - take k & < b - map (maz-y (take k x)) [0 ..< n])

definition boundr z y +— (Vj<n. y ! j < maz-y z j)

definition cond-D z y +— (VI<n. take 1 b - take l y < a - x)

2.5 New conditions: facilitating generation of candidates from
right to left

definition subdprodr y <—
(VI<n. take L b - take l y < a - map (maz-z (take L y)) [0 ..< m])

definition subdprodl z y «— (Vk<m. take k a - take k x < b - y)
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definition boundl z y «— (Vi<m. z ! i < maz-z y 7)

lemma boundr:
assumes min: (z, y) € Minimal-Solutions
and (z, y) ¢ Special-Solutions
shows boundr z y

(proof)

lemma boundl:
assumes min: (z, y) € Minimal-Solutions
and (z, y) ¢ Special-Solutions
shows boundl x y

(proof)

lemma Solution-imp-cond-D:
assumes (z, y) € Solutions
shows cond-D z y

{proof)

lemma Solution-imp-subdprodl:
assumes (z, y) € Solutions
shows subdprodl xz y

{proof)

theorem conds:

assumes min: (z, y) € Minimal-Solutions

shows cond-A: cond-A z y
and cond-B: (z, y) ¢ Special-Solutions = cond-B z
and (z, y) ¢ Special-Solutions = boundr  y
and cond-D: cond-D z y
and subdprodr: (z, y) ¢ Special-Solutions => subdprodr y
and subdprodl: subdprodl x y

(proof)

lemma le-imp-Ej-subset:
assumes u <, T
shows Ejju C Ejjz
(proof)

lemma le-imp-maz-y-ge:
assumes u <, T
and length x < m
shows maz-y v j > maz-y x j
(proof)

lemma le-imp-Di-subset:

assumes v <, Y
shows Diiv C Diiy
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{proof)

lemma le-imp-mazx-x-ge:
assumes v <, Y
and length y < n
shows maz-x v i > maz-z y i

{proof)

end

end

theory Sorted-Wrt
imports Main
begin

lemma sorted-wrt-filter:
sorted-wrt P xs = sorted-wrt P (filter Q zs)

{proof)

lemma sorted-wrt-map-mono:
assumes sorted-wrt @) xs
and A\zy. Qzy = P (fz) (fy)
shows sorted-wrt P (map f xs)
(proof )

lemma sorted-wrt-concat-map-map:
assumes sorted-wrt @ xs
and sorted-wrt Q) ys
and NAazy. Qezy = P (fza) (fya)
and Az yuv. ¢ € setxs = y € setxs = Quv = P (fzu) (fyv)
shows sorted-wrt P [fz y . y + ys, © < ]

{proof)

lemma sorted-wrt-concat-map:
assumes sorted-wrt P (map h xs)
and Az. z € set s = sorted-wrt P (map h (f z))
and Az yuwv. P(hz)(hy) = x € set s => y € set s => u € set (f z)
= veset(fy) = P (hu) (hv)
shows sorted-wrt P (concat (map (map h o f) xs))

(proof )

lemma sorted-wrt-map-distr:
assumes sorted-wrt (Az y. P z y) (map f xs)
shows sorted-wrt (Ax y. P (fz) (fy)) s

(proof)

lemma sorted-wrt-tl:
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zs # [| = sorted-wrt P xs = sorted-wrt P (tl xs)
{proof)

end

3 Minimization

theory Minimize- Wrt
imports Sorted- Wrt
begin

fun minimize-wrt
where
minimize-wrt P [| = []
| minimize-wrt P (x # xs) = x # filter (P x) (minimize-wrt P xs)

lemma minimize-wrt-subset: set (minimize-wrt P xzs) C set s
{proof)

lemmas minimize-wrtD = minimize-wrt-subset [THEN subsetD]

lemma sorted-wrt-minimize-wrt:
sorted-wrt P (minimize-wrt P xs)

{proof)

lemma sorted-wrt-imp-sorted-wrt-minimize-wrt:
sorted-wrt Q xs => sorted-wrt Q (minimize-wrt P xs)
(proof )

lemma in-minimize-wrt-False:
assumes A\zy. Qry—=— - Quyz
and sorted-wrt @ s
and z € set (minimize-wrt P xs)
and - Pyzand Q yxz and y € set s and y # z
shows Fulse

(proof)

lemma in-minimize-wrtl:
assumes ¢ € set 1
and Vyeset zs. Py
shows z € set (minimize-wrt P xs)

(proof)

lemma minimize-wrt-eq:

assumes distinct zs and Az y. z € set s = y € setzs = Pz y +— Qzy
Vr=y

shows minimize-wrt P xs = minimize-wrt @) xs

(proof)
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lemma minimize-wrt-ni:
assumes ¢ € set 1S
and z ¢ set (minimize-wrt Q) xs)
shows Jy € setas. (- Qyz) ANz #y
(proof )

lemma in-minimize-wrtD:
assumes A\zy. Qzy=— -~ Quyz
and sorted-wrt Q) s
and z € set (minimize-wrt P xs)
and Azy. " Pzy= Quzy

and Az. Pz z
shows z € set zs A (Vyeset xs. Py x)
{proof)

lemma in-minimize-wrt-iff:
assumes Az y. Qzy=— - Quyz
and sorted-wrt @) s
and Az y. - Pzy= Quzy
and Az. Pz
shows = € set (minimize-wrt P zs) +— x € set s N (Vy€Eset xs. P y x)

{proof)

lemma set-minimize-wrt:
assumes A\zy. Qrzy=— - Quy=x
and sorted-wrt @ s
and A\zy. " Pzy = Quzy
and Az. Pz x
shows set (minimize-wrt P xs) = {x € set xs. Vyecset xs. Py x}

{proof)

lemma minimize-wrt-append:

assumes YV z€set zs. Vy€eset (xzs Q ys). Py z

shows minimize-wrt P (zs Q ys) = zs Q filter (A\y. Vz€set zs. P x y) (minimize-wrt
P ys)

{proof)

end

theory Simple-Algorithm
imports
Linear-Diophantine- Equations
Minimize- Wrt
begin

lemma concat-map-nth0: xs # [| = f (xs ! 0) # [| = concat (map fas)! 0 =
flzs!t0)!o
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{proof)

3.1 Reverse-Lexicographic Enumeration of Potential Mini-
mal Solutions

fun rlex2 :: (nat list x nat list) = (nat list x nat list) = bool (Infix <,jcz2 50)
where
(28, ys) <riex2 (us, v8) +— 18 Q ys <yjer us Q vs

lemma rlex2-irrefi:
DT <plex2 T

{proof)

lemma rlex2-not-sym: © <rlezo ¥ = 2 Y <rlexz2 T

(proof)

lemma less-imp-rlex2: — (case z of (z, y) = Mu, v). ~ 2 Q y <, v Q v) y =
T <rlex2 Y
(proof )

Generate all lists (of natural numbers) of length n with elements bounded
by B.

fun gen :: nat = nat = nat list list
where
gen B 0 = [[]
| gen B (Suc n) = [z#xs . xs < gen Bn, z + [0 ..< B + 1]]

definition generate A Bmn = tl [(z, y) . y + gen B n, x + gen A m]
definition check a b = filter (A\(z, y). a - =10 - y)
definition minimize = minimize-wrt (A(z, y) (u, v). 72 Q y <, uv Q v)
definition solutions a b =

(let A = Maz (set b); B = Maz (set a); m = length a; n = length b

in minimize (check a b (generate A B m n)))
lemma set-gen: set (gen B n) = {xs. length zs = n A (Vi<n. zs ! i < B)} (is -
= %A n)
(proof )

abbreviation gen2 A Bmn = [(z, y) . y < gen B n, z + gen A m)|

lemma sorted-wrt-gen:
sorted-wrt (<yiez) (gen B n)

(proof)

lemma sorted-wrt-gen2: sorted-wrt (<ries2) (gen2 A B m n)
(proof)
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lemma gen-ne [simp]: gen B n # || (proof)
lemma gen2-ne: gen2 A B m n # [| (proof)

lemma sorted-wrt-generate: sorted-wrt (<,jez2) (generate A B m n)
(proof)

abbreviation check-generate a b = check a b (generate (Maz (set b)) (Maz (set
a)) (length a) (length b))

lemma sorted-wrt-check-generate: sorted-wrt (<,jez2) (check-generate a b)
(proof)

lemma in-tl-gen2: x € set (tl (gen2 A B m n)) = z € set (gen2 A B m n)
{proof)

lemma gen-nth0 [simp|: gen Bn! 0 = zeroes n
(proof )

lemma gen2-nth0 [simp:
gen2 A Bmn! 0 = (zeroes m, zeroes n)
{proof )

lemma set-gen2:

set (gen2 A B m n) = {(z, y). length x = m A length y = n A (Vi<m. z ! i <
A) A (Vi<n. y 1 < B)}

(proof)

lemma gen2-unique:
assumes i < j
and j < length (gen2 A B m n)
shows gen2 A Bmn!i# gen2 ABmmn!j

{proof)

lemma zeroes-ni-tl-gen2:
(zeroes m, zeroes n) ¢ set (tl (gen2 A B m n))

(proof)

lemma set-generate:
set (generate A B m n) = {(z, y). (z, y) # (zeroes m, zeroes n) A (z, y) € set
(gen2 A B m n)}

(proof)

lemma set-check-generate:
set (check-generate a b) = {(z, y).
(z, y) # (zeroes (length a), zeroes (length b)) A
length © = length a A length y = length b AN a -z =0y A
(Vi<length a. z ! i < Mazx (set b)) A (Vj<length b. y!j < Max (set a))}
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{proof)

lemma set-minimize-check-generate:

set (minimize (check-generate a b))

{(z, y)€set (check-generate a b). —
z@y)}
(proof)

(3 (u, v)€set (check-generate a b). u @ v <,

lemma set-solutions-iff:
set (solutions a b) =
{(z, y) € set (check-generate a b). = (3 (u, v)Eset (check-generate a b). u Q v
<, x @ y)}
(proof)

3.1.1 Completeness: every minimal solution is generated by solu-
tions

lemma (in hide) solutions-complete:
Minimal-Solutions C set (solutions a b)

(proof)

3.1.2 Correctness: solutions generates only minimal solutions.

lemma (in hide) solutions-sound:
set (solutions a b) C Minimal-Solutions

(proof)

lemma (in hide) set-solutions [simp]: set (solutions a b) = Minimal-Solutions
(proof)

end

4 Computing Minimal Complete Sets of Solutions

theory Algorithm
imports Simple-Algorithm
begin

lemma all-Suc-le-conv: (Vi<Suc n. P i) +— P 0 A (Vi<n. P (Suc 1))
(proof)

lemma concat-map-filter-filter:
assumes A\z. r € set 1s = - Q v = filter P (fz) = ||
shows concat (map (filter P o f) (filter Q zs)) = concat (map (filter P o f) xs)

{proof)
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lemma filter-pairs-conj:

filter Mz, y). Pz y A Qy) xs = filter (A\(z, y). Pz y) (filter (Q o snd) zs)
{proof)

lemma concat-map-filter:
concat (map f (filter P xs)) = concat (map (Az. if P z then f x else []) xs)

{proof)

fun alls
where

alls B ] = [([], 0)]
| alls B (a # as) = [(z # zs, s + a x x). (s, s) < alls Bas, z < [0 ..< B + 1]]

lemma alls-ne [simp]:
alls B as # |]
(proof)

lemma set-alls: set (alls B a) =
{(z, s). length x = length a A (Vi<lengtha.z!i< B)As=a-z}
(is /L a = ?R a)
(proof)

lemma alls-nth0 [simp]: alls A as ! 0 = (zeroes (length as), 0)
{proof)

lemma alls-Cons-tl-conv: alls A as = (zeroes (length as), 0) # tl (alls A as)
(proof)

lemma sorted-wrt-alls:
sorted-wrt (<yjez) (map fst (alls B xs))

(proof)

definition alls2 A B a b = [(xs, ys). ys < alls B b, xs < alls A a]

lemma alls2-ne [simp]:
alls2 A Bab # ]

{proof)

lemma set-alls2:
set (alls2 A B a b) = {((=, 9), (y, t)). length x = length a A length y = length b
A
(Vi<length a. x 1 i < A) A (Vj<length b. y!j< B)As=a-xzAt=10b-y}
(proof )

lemma alls2-nth0 [simp]: alls2 A B as bs ! 0 = ((zeroes (length as), 0), (zeroes
(length bs), 0))
{proof)
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lemma alls2-Cons-tl-conv: alls2 A B as bs =
((zeroes (length as), 0), (zeroes (length bs), 0)) # tl (alls2 A B as bs)

{proof)

abbreviation gen2
where
gen2 A B a b = map (\N(z, y). (fst z, fst y)) (alls2 A B a b)

lemma sorted-wrt-gen2:
sorted-wrt (<,jex2) (gen2 A B a b)

(proof)

definition generate’
where
generate’ A B a b = tl (map (M(z, y). (fst z, fst y)) (alls2 A B a b))

lemma sorted-wrt-generate’:
sorted-wrt (<rjes2) (generate’ A B a b)

{proof)

lemma gen2-nth0 [simp:
gen2 A Bab! 0 = (zeroes (length a), zeroes (length b))
{proof )

lemma gen2-ne [simp, intro]: gen2 m n b ¢ # || (proof)

lemma in-generate”: x € set (generate’ m n ¢ b) = x € set (gen2 m n ¢ b)
(proof)

definition cond-cons P = (A(ys, s). case ys of [| = True | ys = P ys s)

lemma cond-cons-simp [simp):
cond-cons P ([], s) = True
cond-cons P (z # xs, s) = P (z # xs) s
{proof)

fun suffs
where
suffs P as (zs, s) «—
length zs = length as N
§=as - xs N
(Vi<length xzs. cond-cons P (drop i xs, drop i as - drop i zs))
declare suffs.simps [simp del]

lemma suffs-Nil [simp]: suffs P[] ([], s) «— s =10
{proof)

lemma suffs-Cons:
suffs P (a # as) (z # xs, 8) +—
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s=axx+ as+ xs A cond-cons P (z # zs, s) A suffs P as (zs, as + 5)
{proof)

4.1 The Algorithm

fun maxnel-impl
where
maznel-impl || a
| maznel-impl x [|
| mazne0-impl (z#xs) (a#as) = (if © > 0 then maz o (mazned-impl xs as) else
maznel-impl xs as)

=0
=0

lemma maznel-impl:
assumes length x = length a
shows mazne0-impl x a = maznel x a

{proof)

lemma maxne0-impl-le:
mazne0-impl x a < Maz (set (a:nat list))

{proof)

context
fixes a b :: nat list
begin

definition special-solutions :: (nat list x nat list) list
where
special-solutions = [sij a b ij .1 + [0 ..< length al], j < [0 ..< length b))

definition big-e :: nat list = nat = nat list
where
big-e xj = map (Ai. eijabij— 1) (filter (M. z1i>dijabij) [0 .<length
z])

definition big-d :: nat list = nat = nat list
where
big-dyi=map (Nj. dijabij— 1) (filter (N\j.y!j>eijabij)[0.< length
yl)

definition big-d’ :: nat list = nat = nat list
where
big-d’ y i =
(let I = length y; n = length b in
if 1 > n then [] else
(letk=mn—Llin
map (Nj. dijabi (j+ k) — 1) (filler (\j.y!j>ejabi(j+Ek)][0.<
length yl)))

definition maz-y-impl :: nat list = nat = nat
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where
maz-y-impl x j =
(if j < length b A big-e x j # [] then Min (set (big-e x j))
else Maz (set a))

definition maz-z-impl :: nat list = nat = nat
where
maz-r-impl y 1 =
(if i < length a A big-d y i # [| then Min (set (big-d y 7))
else Maz (set b))

definition maz-z-impl’ :: nat list = nat = nat
where
maz-z-impl’ y i =
(if i < length a A big-d’' y i # || then Min (set (big-d’ y ©))
else Maz (set b))

definition cond-a :: nat list = nat list = bool
where
cond-a zs ys «— (Vzeset zs. x < maznel ys b)

definition cond-b :: nat list = bool
where
cond-b zs +— (V k<length a.
take k a - take k zs < b - (map (max-y-impl (take k xs)) [0 ..< length b]))

definition boundr-impl :: nat list = nat list = bool
where
boundr-impl z y <— (Vj<length b. y ! j < maz-y-impl x j)

definition cond-d :: nat list = nat list = bool
where
cond-d xs ys +— (VI<length b. take 1 b - take l ys < a - x5)

definition subdprodr-impl :: nat list = bool
where
subdprodr-impl ys +— (VI<length b.
take 1 b « take l ys < a - map (maz-z-impl (take 1 ys)) [0 ..< length a])

definition subdprodl-impl :: nat list = nat list = bool
where
subdprodl-impl x y +— (VY k<length a. take k a - take k © < b - y)

definition boundl-impl © y +— (Vi<length a. z ! i < maz-z-impl y )
definition static-bounds
where

static-bounds x y +—
(let mx = mazne0-impl y b; my = maznel-impl x a in
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(Vzeset . x < mz) A (VyeEset y. y < my))

definition check-cond =
(Mz, y). static-bounds x y A a -z =b -y A boundr-impl x y A subdprodl-impl x
y A subdprodr-impl y)

definition check’ = filter check-cond

definition non-special-solutions =
(let A = Maz (set b); B = Maz (set a)
in minimize (check’ (generate’ A B a b)))

definition solve = special-solutions @ non-special-solutions
end

lemma sorted-wrt-check-generate’:
sorted-wrt (<,iex2) (check’ a b (generate’ A B a b))

{proof)

lemma big-e:
set (big-e a b xs j) = hlde-ops.Ej a b j xs
(proof )

lemma big-d:
set (big-d a b ys i) = hide-ops.Di a b i ys
(proof )

lemma big-d":
length ys < length b = set (big-d’ a b ys i) = hide-ops.Di’ a b i ys
(proof )

lemma maz-y-impl:
maz-y-impl a b x j = hlde-ops.max-y a b x j
(proof )

lemma mazx-z-impl:
maz-z-impl a b y ¢ = hlde-ops.maz-x a b y i
(proof)
lemma maz-z-impl”:
assumes length y < length b
shows maz-z-impl’ a b y i = hide-ops.maz-x’ a b y i
(proof)

lemma (in hide) cond-a [simp]: cond-a bz y = cond-A z y

(proof)

lemma (in hide) cond-b [simp]: cond-b a b x = cond-B x
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{proof)

lemma (in hide) boundr-impl [simp]: boundr-impl a b x y = boundr x y
(proof )

lemma (in hide) cond-d [simp]: cond-d a b x y = cond-D z y
(proof)

lemma (in hide) subdprodr-impl [simp]: subdprodr-impl a b y = subdprodr y
(proof )

lemma (in hide) subdprodi-impl [simp]: subdprodl-impl a b x y = subdprodl x y
(proof )

lemma (in hide) cond-bound-impl [simp]: boundl-impl a b x y = boundl x y
{proof)

lemma (in hide) check [simp):
check’ a b =
filter (M, y). static-bounds a bxy A a -z =1"b-y A boundrxy A
subdprodl  y A
subdprodr y)

{proof)

conditions B, C, and D from Huet as well as "subdprodr" and "subdprodl"
are preserved by smaller solutions

lemma (in hide) le-imp-conds:

assumes le: u <, zv <, y
and len: length x = m length y = n

shows cond-B © = cond-B u
and boundr x y = boundr u v
and a - u=0b+v= cond-D x y = cond-D u v
and a + v = b+ v = subdprodl x y = subdprodl u v
and subdprodr y = subdprodr v

(proof)

lemma (in hide) special-solutions [simp]:
shows set (special-solutions a b) = Special-Solutions

(proof)

lemma set-gen2:

set (gen2 A B a b) = {(z, y). © <, replicate (length a) A N y <, replicate (length
b) B}

(is 7L = ?R)
(proof)

lemma set-gen2’:

Mz, y). (fstz, fsty)) “set (alls2 A Bab) =
{(z, y). <, replicate (length a) A N y <, replicate (length b) B}
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{proof)

lemma (in hlde) in-non-special-solutions:
assumes (z, y) € set (non-special-solutions a b)
shows (z, y) € Solutions

{proof)

lemma generate-unique:
assumes i < j
and j < length (generate A B a b)
shows generate A B a b! i # generate A Bab!j

{proof)

lemma gen2-unique:
assumes i < j
and j < length (gen2 A B a b)
shows gen2 A Bab!i# gen2ABab!j

{proof)

lemma zeroes-ni-generate’:
(zeroes (length a), zeroes (length b)) ¢ set (generate’ A B a b)

(proof)

lemma set-generate”:
set (generate’ A B a b) =
{(z, y). (z, y) # (zeroes (length a), zeroes (length b)) A (z, y) € set (gen2 A B
ab)}

(proof)

lemma set-generate’”:

set (generate’ A B a b) =

{(z, y). (z, y) # (zeroes (length a), zeroes (length b)) A x <, replicate (length a)
A Ny <, replicate (length b) B}

(proof)

lemma (in hide) zeroes-ni-non-special-solutions:
shows (zeroes m, zeroes n) ¢ set (non-special-solutions a b)

(proof)

4.1.1 Correctness: solve generates only minimal solutions.

lemma (in hide) solve-subset-Minimal-Solutions:
shows set (solve a b) C Minimal-Solutions

(proof)

4.1.2 Completeness: every minimal solution is generated by solve

lemma (in hide) Minimal-Solutions-subset-solve:
shows Minimal-Solutions C set (solve a b)

(proof)
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The main correctness and completeness result of our algorithm.

lemma (in hlde) solve [simp]:
shows set (solve a b) = Minimal-Solutions
{proof)

5 Making the Algorithm More Efficient

locale bounded-gen-check =
fixes C' :: nat list = nat = bool
and B :: nat
assumes bound: Nz zs s. ¢ > B = C (z # zs) s = False
and cond-antimono: Nz z' zs ss’. C (z # 1s) s =2’ <1 = s'<s= C
(2’ # xs) s
begin

function incs :: nat = nat = (nat list X nat) = (nat list X nat) list
where
incs a x (xs, s) =
(lett=s+ax*zin
if C (xz # xs) t then (z # xs, t) # incs a (Suc z) (xs, s) else [])
(proof )
termination

{proof)
declare incs.simps [simp del]

lemma in-incs:
assumes (ys, t) € set (incs a z (zs, s))
shows length ys = length xs + 1 ANt =s+ hdysx a Ntlys=axs N Cyst
(proof)

lemma incs-Nil [simp]: * > B = incs a z (s, s) = ||
{proof)

lemma incs-filter:

assumes z < B

shows incs a x = (A(zs, s). filter (cond-cons C) (map (Az. (z # xs, s + a * 1))
[z ..< B+ 1]))

(proof)
fun gen-check :: nat list = (nat list x nat) list
where
gen-check [| = [([}, 0)]

| gen-check (a # as) = concat (map (incs a 0) (gen-check as))

lemma gen-check-len:
assumes (ys, s) € set (gen-check as)
shows length ys = length as

{proof)
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lemma in-gen-check:
assumes (zs, s) € set (gen-check as)
shows length xs = length as A s = as + xs

(proof)

lemma gen-check-filter:
gen-check as = filter (suffs C as) (alls B as)

(proof)

lemma in-gen-check-cond:
assumes (zs, s) € set (gen-check as)
shows V j<length zs. drop j xs # [| — C (drop j zs) (s — take j as - take j xs)

{proof)

lemma sorted-gen-check:
sorted-wrt (<,ies) (map fst (gen-check xs))

(proof)

end

locale bounded-generate-check =

c2: bounded-gen-check Cq By for Cy By +

fixes C'1 and B;

assumes condl: \b ys. ys € fst ¢ set (c2.gen-check b) = bounded-gen-check
(01 b yS) (Bl b)
begin

definition generate-check a b =
[(zs, ys). ys < c2.gen-check b, zs < bounded-gen-check.gen-check (C1 b (fst ys))
al

lemma generate-check-filter-conv:
generate-check a b = [(xs, ys).
ys < filter (suffs Cq b) (alls By b),
xs + filter (suffs (C1 b (fst ys)) a) (alls (B b) a)]
(proof)

lemma generate-check-filter:

generate-check a b = [(zs, ys) < alls2 (By b) B2 a b. suffs (C1 b (fst ys)) a zs
A suffs Ca b ys)

(proof)

lemma tl-generate-check-filter:
assumes suffs (C1 b (zeroes (length b))) a (zeroes (length a), 0)
and suffs Cg b (zeroes (length b), 0)
shows tl (generate-check a b) = [(zs, ys) < tl (alls2 (By b) By a b). suffs (C
b (fst ys)) a xs A suffs Ca b ys]
(proof)
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end

context
fixes a b :: nat list
begin

fun cond1
where
condl ys [| s +— True
| condl ys (z # xs) s «— s < b - ys A z < maznel-impl ys b

lemma maz-z-impl’-conv:

i < length a = length y = length b = maz-z-impl’ a b y i = maz-z-impl a b
Yy

(proof )

fun cond?
where
cond2 || s «— True
| cond2 (y # ys) s +— y < Max (set a) A s < a - map (maz-z-impl’ a b (y #
ys)) [0 ..< length a)

lemma le-imp-big-d’-subset:
assumes v <, Y
shows set (big-d’ a b v i) C set (big-d" a by i)
(proof )

lemma finite-big-d’:
finite (set (big-d’ a b y 7))
(proof)

lemma Min-big-d’-le:
assumes i < length a
and big-d' a by i # ||
and length y < length b
shows Min (set (big-d’ a by i)) < Max (set b) (is ?m < -)
(proof)

lemma le-imp-mazx-z-impl’-ge:
assumes v <, Y
and 7 < length a
shows maz-z-impl’ a b v i > maz-z-impl’ a b y i
(proof)

end

global-interpretation c12: bounded-generate-check (cond2 a b) Maz (set a) condl
Ab. Maz (set b)
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defines c2-gen-check = c12.c2.gen-check and c2-incs = c12.c2.incs
and c12-generate-check = c12.generate-check

(proof)

definition post-cond a b = (A(z, y). static-bounds a bz y AN a -z =1>b -y A
boundr-impl a b x y)

definition fast-filter a b =
filter (post-cond a b) (map (A(z, y). (fst x, fst y)) (¢t (c12-generate-check a b a

b))

lemma cond1-cond2-zeroes:
shows suffs (condl b (zeroes (length b))) a (zeroes (length a), 0)
and suffs (cond2 a b) b (zeroes (length b), 0)

(proof)

lemma suffs-cond1l:
assumes V ycset aa. y < maznel-impl aaa b
and length aa = length a
and a - aa = b - aaa
shows suffs (condl b aaa) a (aa, b - aaa)
(proof)

lemma suffs-cond2-conv:
assumes length ys = length b
shows suffs (cond2 a b) b (ys, b - ys) +—
(Vyeset ys. y < Max (set a)) A subdprodr-impl a b ys
(is /L +— ?R)
(proof)

lemma suffs-cond2I:
assumes V yEset aaa. y < Maz (set a)
and length aaa = length b
and subdprodr-impl a b aaa
shows suffs (cond2 a b) b (aaa, b - aaa)

{proof)

lemma check-cond-conv:
assumes (z, y) € set (alls2 (Maz (set b)) (Max (set a)) a b)
shows check-cond a b (fst x, fst y) <—
static-bounds a b (fst x) (fst y) A a - fst x = b - fst y A boundr-impl a b (fst x)
(fst y) A
suffs (cond b (fst y)) a xz A
suffs (cond2 a b) by
(proof)

lemma tune:
check’ a b (generate’ (Max (set b)) (Maz (set a)) a b) = fast-filter a b

{proof)
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locale bounded-incs =
fixes cond :: nat list = nat = bool
and B :: nat
assumes bound: Nz zs s. ¢ > B = cond (x # xs) s = False
begin

function incs :: nat = nat = (nat list x nat) = (nat list X nat) list
where
incs a x (xs, 8) =
(lett =84 ax*xin
if cond (x # xs) t then (x # s, t) # incs a (Suc ) (zs, s) else [])
(proof)
termination

(proof)

declare incs.simps [simp del]

lemma in-incs:
assumes (ys, t) € set (incs a © (zs, s))
shows length ys = length xs + 1 Nt = s+ hd ys * a N\ tl ys = xs N\ cond ys t
(proof )

lemma incs-Nil [simp]: © > B = incs a x (s, ) = ||
{proof)

end

global-interpretation incsi:
bounded-incs (condl b ys) (Maz (set b))
for b ys :: nat list
defines ci-incs = incsi.incs

(proof)

fun ci-gen-check
where
cl-gen-check b ys [| = [([], 0)]
| c1-gen-check b ys (a # as) = concat (map (cI-incs b ys a 0) (c1-gen-check b ys

as))

definition generate-check a b = [(xs, ys). ys + c2-gen-check a b b, xs + c1-gen-check
b (fst ys) d]

lemma c1-gen-check-conv:
assumes (ys, s) € set (c2-gen-check a b b)
shows cI-gen-check b ys a = bounded-gen-check.gen-check (condl b ys) a

(proof)

39



5.1 Code Generation

lemma solve-efficient [code]:
solve a b = special-solutions a b @ minimize (fast-filter a b)

(proof)

lemma c12-generate-check-code [code-unfold):
c12-generate-check a b a b = generate-check a b

{proof)

end
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