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Abstract

In this entry we formalize Huet’s [1] bounds for minimal solutions
of homogenous linear Diophantine equations (HLDESs). Based on these
bounds, we further provide a certified algorithm for computing the set
of all minimal solutions of a given HLDE.
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1 Vectors as Lists of Naturals

theory List-Vector
imports Main
begin

lemma lez-lengthD: (z, y) € lex P = length x = length y
by (auto simp: lexord-lex)

lemma lex-take-indez:
assumes (zs, ys) € lex r
obtains ¢ where length ys = length xs
and i < length zs and take i s = take i ys
and (zs! i, ys'i) er
proof —
obtain n us x xs’ y ys’ where (xs, ys) € lexn r n and length zs = n and length
ys=n
and zs = us Q z # zs’and ys = us Q@ y # ys' and (z, y) € r
using assms by (fastforce simp: lez-def lexn-conv)
then show ?thesis by (intro that [of length us]) auto
qed

lemma mods-with-nats:
assumes (v:inat) > w
and (v * b) mod a = (w * b) mod a
shows ((v — w) * b) mod a = 0
using assms by (simp add: mod-eq-dvd-iff-nat algebra-simps)

— The 0-vector of length n.
abbreviation zeroes :: nat = nat list
where
zeroes n = replicate n 0

lemma rep-upd-unit:
assumes z = (zeroes n)[i := a
shows Vj <lengthz. (j#i{—z!j=0)AN({G=7—z!j=a)



using assms by simp
definition nonzero-iff: nonzero s «— (Jz€set zs. x # 0)

lemma nonzero-append [simp:
nonzero (xs Q ys) <— nonzero xs V nonzero ys by (auto simp: nonzero-iff)

1.1 The Inner Product

definition dotprod :: nat list = nat list = nat (infixl <> 70)
where
zs + ys = (O i<min (length zs) (length ys). zs ! i % ys | 9)

lemma dotprod-code [code):
xs + ys = sum-list (map (A(z, y). = x y) (zip xs ys))
by (auto simp: dotprod-def sum-list-sum-nth lessThan-atLeast0)

lemma dotprod-commute:
assumes length xs = length ys
shows zs - ys = ys « zs
using assms by (auto simp: dotprod-def mult.commute)

lemma dotprod-Nil [simp]: [] - [| = 0
by (simp add: dotprod-def)

lemma dotprod-Cons [simp]:

(z 4 05) - (y #t ys) = o %y + 25 - ys

unfolding dotprod-def and length-Cons and min-Suc-Suc and sum.less Than-Suc-shift
by auto

lemma dotprod-1-right [simp]:
xs -+ replicate (length zs) 1 = sum-list xs
by (induct zs) (simp-all)

lemma dotprod-0-right [simp]:
zs - zeroes (length xs) = 0
by (induct zs) (simp-all)

lemma dotprod-unit [simp]:
assumes length a = n
and k < n
shows a - (zeroes n)k := 2k] = a ! k x 2k
using assms by (induct a arbitrary: k n) (auto split: nat.splits)

lemma dotprod-gt0:

assumes length x = length y and Fi<length y. ! i > 0 Ay!li> 0

shows z - y > 0

using assms by (induct z y rule: list-induct2) (fastforce simp: nth-Cons split:
nat.splits)+



lemma dotprod-gt0D:
assumes length © = length y
andz -y > 0
shows Ji<lengthy. z'i>0ANy!i>0
using assms by (induct z y rule: list-induct2) (auto simp: Ex-less-Suc2)

lemma dotprod-gt0-iff [iff):
assumes length © = length y
shows z - y > 0 +— (Ji<lengthy. 2! i>0ANy!i>0)
using assms and dotprod-gt0D and dotprod-gt0 by blast

lemma dotprod-append:
assumes length a = length b
shows(a Qz) - (bQy)=a-b+z-y
using assms by (induct a b rule: list-induct2) auto

lemma dotprod-le-take:
assumes length a = length b
and k < length a
showstake k a - take kb < a - b
using assms and append-take-drop-id [of k a] and append-take-drop-id [of k b]
by (metis add-right-cancel lel length-append length-drop not-add-less1 dotprod-append)

lemma dotprod-le-drop:
assumes length a = length b
and k < length a
shows drop k a - drop kb < a-b
using assms and append-take-drop-id [of k a] and append-take-drop-id [of k b]
by (metis dotprod-append length-take order-refl trans-le-add2)

lemma dotprod-is-0 [simp]:
assumes length x = length y
shows z - y = 0 +— (Vi<lengthy. z!'i=0V y!li=0)
using assms by (metis dotprod-gt0-iff neq0-conv)

lemma dotprod-eq-0-iff:
assumes length x = length a
and 0 ¢ set a
shows z:a=0++— (Ve € setz. e =10)
using assms by (fastforce simp: in-set-conv-nth)

lemma dotprod-eq-nonzero-iff:
assumes a - £ = b - y and length x = length a and length y = length b
and 0 ¢ set a and 0 ¢ set b
shows nonzero © <— nonzero y
using assms by (auto simp: nonzero-iff) (metis dotprod-commute dotprod-eq-0-iff
neq0-conv)+



lemma eq-0-iff:
xs = zeroes n <— length xs = n N (Vz€set zs. x = 0)
using in-set-replicate [of - n 0] and replicate-eql [of zs n 0] by auto

lemma not-nonzero-iff: -~ nonzero x <— x = zeroes (length x)
by (auto simp: nonzero-iff replicate-length-same eq-0-iff)

lemma neq-0-iff
xs # zeroes n +— length xs # n VvV (3z€set zs. x > 0)
by (auto simp: eq-0-iff)

lemma dotprod-pointwise-le:
assumes length as = length xs
and 7 < length as
shows as! i x as! i< as- xs
proof —
have as - xs = (3] i<min (length as) (length xs). as ! i x zs | q)
by (simp add: dotprod-def)
then show ?thesis
using assms by (auto intro: member-le-sum,)
qed

lemma replicate-dotprod:
assumes length y = n
shows replicate n x « y = x * sum-list y
proof —
have z x (3 i<length y. y!1i) = O i<length y. z x y ! 7)
using sum-distrib-left by blast
then show ?thesis
using assms by (auto simp: dotprod-def sum-list-sum-nth atLeastOLessThan)
qed

1.2 The Pointwise Order on Vectors

definition less-eq :: nat list = nat list = bool («-/ <, -» [51, 51] 50)
where
zs <, ys «— length xs = length ys N (Vi<length xzs. xs | i < ys ! i)

definition less :: nat list = nat list = bool («-/ <, -» [51, 51] 50)
where
T8 <y YS > x5 <y YS N\ T ys <, T8

interpretation order-vec: order less-eq less
by (standard, auto simp add: less-def less-eq-def dual-order.antisym nth-equalityl)

(force)

lemma less-eql [intro?): length xs = length ys = Vi<length xzs. zs ! i < ys ! i
= x5 <, YS
by (auto simp: less-eq-def)



lemma le0 [simp, introl: zeroes (length xs) <, xs by (simp add: less-eq-def)

lemma le-list-update [simp):
assumes zs <, ys and i < length ys and z < ys ! ¢
shows zs[i := z] <, ys
using assms by (auto simp: less-eq-def nth-list-update)

lemma le-Cons: z # 1s <, y # ys «— x < y A s <, s
by (auto simp add: less-eq-def nth-Cons split: nat.splits)

lemma zero-less:
assumes nonzero T
shows zeroes (length ©) <, =
using assms and eq-0-iff order-vec.dual-order.strict-iff-order
by (auto simp: nonzero-iff)

lemma le-append:
assumes length rs = length vs
shows zs @ ys <, vs Q@ ws «— x5 <, Vs A ys <, ws
using assms
by (auto simp: less-eq-def nth-append)
(metis add.commute add-diff-cancel-left’ nat-add-left-cancel-less not-add-less2)

lemma less-Cons:

(z # 18) <y (y # ys) +— length xzs = length ys N (t < y Aaxs <, ysVz <y
A 28 <y yS)

by (simp add: less-def less-eq-def All-less-Suc2) (auto dest: leD)

lemma le-length [dest]:
assumes s <, ys
shows length s = length ys
using assms by (simp add: less-eq-def)

lemma less-length [dest]:
assumes r <, Y
shows length © = length y
using assms by (auto simp: less-def)

lemma less-append:
assumes zs <, vs and ys <, ws
shows zs Q ys <, vs Q@ ws
proof —
have length zs = length vs
using assms by blast
then show ?thesis
using assms by (induct xs vs rule: list-induct2) (auto simp: less-Cons le-append
le-length)
qed



lemma less-appendD:
assumes zs Q ys <, vs @ ws
and length zs = length vs
shows zs <, vs V ys <, ws
by (auto) (metis (no-types, lifting) assms le-append order-vec.order.strict-iff-order)

lemma less-append-cases:
assumes zs Q ys <, vs @ ws and length s = length vs
obtains zs <, vs and ys <, ws | zs <, vs and ys <, ws
using assms and that
by (metis le-append less-appendD order-vec.order.strict-implies-order)

lemma less-append-swap:
assumes ¢ Q y <, u Q v
and length x = length u
shows y Q z <, v Q u
using assms(2, 1)
by (induct x u rule: list-induct2)
(auto simp: order-vec.order.strict-iff-order le-Cons le-append le-length)

lemma le-sum-list-less:
assumes zs <, ys
and sum-list xs < sum-list ys
shows zs <, ys
proof —
have length zs = length ys and Vi<length ys. zs ! i < ys ! i
using assms by (auto simp: less-eq-def)
then show ?thesis
using <sum-list xs < sum-list ys»
by (induct xs ys rule: list-induct?2)
(auto simp: less-Cons All-less-Suc? less-eq-def)
qed

lemma dotprod-le-right:
assumes v <, w
and length b = length w
shows b-v<b-.w
using assms by (auto simp: dotprod-def less-eq-def intro: sum-mono)

lemma dotprod-pointwise-le-right:
assumes length z = length u
and length u = length v
and Vi<lengthv. u!i < ov!{
shows z - u < z .0
using assms by (intro dotprod-le-right) (auto intro: less-eql)

lemma dotprod-le-left:
assumes v <, w



and length b = length w
showsv-b<w-b
using assms by (simp add: dotprod-le-right dotprod-commute le-length)

lemma dotprod-le:
assumes z <, v and y <, v
and length y = length z and length v = length u
shows z - y < u - v
using assms by (metis dotprod-le-left dotprod-le-right le-length le-trans)

lemma dotprod-less-left:
assumes length b = length w
and 0 ¢ set b
and v <, w
shows v - b < w-b
proof —
have length v = length w using assms
using less-eq-def order-vec.order.strict-implies-order by blast
then show ?thesis
using assms
proof (induct v w arbitrary: b rule: list-induct2)
case (Cons z xs y ys)
then show ?case
by (cases b) (auto simp: less-Cons add-mono-thms-linordered-field dotprod-le-left)
qed simp
qged

lemma le-append-swap:
assumes length y = length v
andzQy <, w@Qu
shows y @ z <, v Q@ w
proof —
have length w = length = using assms by auto
with assms show ?thesis
by (induct y v arbitrary: z w rule: list-induct2) (auto simp: le-Cons le-append)
qed

lemma le-append-swap-iff:
assumes length y = length v
shows yQz <, vQuw +—zQy <, wQu
using assms and le-append-swap
by (auto) (metis (no-types, lifting) add-left-imp-eq le-length length-append)

lemma unit-less:
assumes ¢ < n

and z <, (zeroes n)[i := b]
shows z !l i < b A (Vj<n. j#i—z!j=20)
proof

show z ! 7 < b



using assms less-def by fastforce
next
have z <, (zeroes n)[i := b] by (simp add: assms order-vec.less-imp-le)
then show Vj<n. j # i — z ! j = 0 by (auto simp: less-eq-def)
qed

lemma le-sum-list-mono:
assumes s <, ys
shows sum-list rs < sum-list ys
using assms and sum-list-mono [of [0..<length ys] (1) zs () ys]
by (auto simp: less-eq-def) (metis map-nth)

lemma sum-list-less-diff-Fx:
assumes u <, y
and sum-list u < sum-list y
shows Ji<length y. u!i < y!i
proof —
have length u = length y and Vi<length y. u! i < y!1{
using «u <, y» by (auto simp: less-eq-def)
then show ?thesis
using (sum-list u < sum-list y»
by (induct u y rule: list-induct2) (force simp: Ex-less-Suc2 All-less-Suc2)+
qed

lemma less-vec-sum-list-less:
assumes v <, w
shows sum-list v < sum-list w
using assms
proof —
have length v = length w
using assms less-eq-def less-imp-le by blast
then show ?thesis
using assms
proof (induct v w rule: list-induct2)
case (Cons z zs y ys)
then show ?Zcase
using length-replicate less-Cons order-vec.order.strict-iff-order by force
qed simp
qed

definition maxnel :: nat list = nat list = nat
where
maznel T a =
(if length © = length a A (Fi<length a. x ! i # 0)
then Maz {a i | i. i <lengtha ANz !i# 0}
else 0)

lemma maznel-le-Mazx:
maznel z a < Maz (set a)



by (auto simp: maxne0-def nonzero-iff in-set-conv-nth) simp

lemma mazne0-Nil [simp]:
maznel [| as = 0
maznel zs || = 0
by (auto simp: mazne0-def)

lemma mazne0-Cons [simp]:
maznel (z # xs) (a # as) =
(if length xs = length as then
(if £ = 0 then maznel xs as else mazx a (maznel s as))
else 0)
proof —
let 2a = a # as and %z = x # xs
have eg: {?a ! i | i. i < length ?a N %z 1 i +# 0} =
(if x > 0 then {a} else {}) U {as i | i i < length as AN zs ! i # 0}
by (auto simp: nth-Cons split: nat.splits) (metis Suc-pred)+
show ?thesis
unfolding maznel-def and eq
by (auto simp: less-Suc-eq-0-disj nth-Cons’ intro: Mazx-insert2)
qed

lemma maznel-times-sum-list-gt-dotprod:
assumes length b = length ys
shows maznel ys b * sum-list ys > b - ys
using assms
apply (induct b ys rule: list-induct2)
apply (auto simp: maz-def ring-distribs add-mono-thms-linordered-semiring(1))
by (meson lel le-trans mult-less-cancel2 nat-less-le)

lemma maz-times-sum-list-gt-dotprod:
assumes length b = length ys
shows Mazx (set b) * sum-list ys > b - ys
proof —
have V e € set b . Max (set b) > e by simp
then have replicate (length ys) (Max (set b)) - ys > b - ys (is ?rep > -)
by (metis assms dotprod-pointwise-le-right dotprod-commute
length-replicate nth-mem nth-replicate)
moreover have Max (set b) x sum-list ys = frep
using replicate-dotprod [of ys - Maz (set b)] by auto
ultimately show ?thesis
by (simp add: assms)
qged

lemma maxne0-mono:
assumes y <, T
shows maznel y a < mazxnel x a
proof (cases length y = length a)
case True

10



have length y = length = using assms by (auto)
then show ?thesis
using assms and True
proof (induct y x arbitrary: a rule: list-induct2)
case (Cons z zs y ys)
then show ?case by (cases a) (force simp: less-eq-def All-less-Suc? le-max-iff-disj)+
qed simp
next
case Fulse
then show ?thesis
using assms by (auto simp: mazne0-def)
qed

lemma all-leq-Max:
assumes ¢ <, y
and z # ||
shows Vi € set z. i < Mazx (set y)
by (metis (no-types, lifting) List.finite-set Maz-ge-iff
assms in-set-conv-nth length-0-conv less-eq-def set-empty)

lemma le-not-less-replicate:

Vze€set xs. x < b = — s <, replicate (length xs) b = xs = replicate (length
xs) b

by (induct xs) (auto simp: less-Cons)

lemma le-replicatel: ¥V x€set xs. x < b = xs <,, replicate (length xs) b
by (induct zs) (auto simp: le-Cons)

lemma le-take:
assumes z <, y and i < length © shows take i x <, take i y
using assms by (auto simp: less-eq-def)

lemma wf-less:
wf {(z, v)- & <o 1}
proof —
have wf (measure sum-list) ..
moreover have {(z, y). © <, y} C measure sum-list
by (auto simp: less-vec-sum-list-less)
ultimately show wf {(z, v). z <, y}
by (rule wf-subset)
qed

1.3 Pointwise Subtraction

definition vdiff :: nat list = nat list = nat list (infix]l <—,» 65)
where
w—yv=map M. w!i—v!4q)[0.<length w]

lemma vdiff-Nil [simp]: [| —, [] = [] by (simp add: vdiff-def)

11



lemma upt-Cons-conv:
assumes j < n
shows [j..<n] = j # [j+1..<n]
by (simp add: assms upt-eq-Cons-conv)

lemma map-upt-Suc: map f [Suc m ..< Suc n] = map (f o Suc) [m ..< n]
by (fold list.map-comp [of f Suc [m ..< n]]) (simp add: map-Suc-upt)

lemma vdiff-Cons [simp]:

(z # 2s) —o (y # ys) = (z — y) # (25 — ys)
by (simp add: vdiff-def upt-Cons-conv [OF zero-less-Suc] map-upt-Suc del: upt-Suc)

lemma vdiff-alt-def:
assumes length w = length v
shows w —, v = map (A (z, y). © — y) (zip w v)
using assms by (induct rule: list-induct2) simp-all

lemma vdiff-dotprod-distr:
assumes length b = length w
and v <, w
shows (w —y, v) cb=w-b—v-b
proof —
have length v = length w and Vi<length w. v!i < w!i
using assms less-eq-def by auto
then show ?thesis
using <length b = length w»
proof (induct v w arbitrary: b rule: list-induct?2)
case (Cons z zs y ys)
then show ?case
by (cases b) (auto simp: All-less-Suc2 diff-mult-distrib
dotprod-commute dotprod-pointwise-le-right)
qed simp
qed

lemma sum-list-vdiff-distr [simp):
assumes v <, U
shows sum-list (u —, v) = sum-list v — sum-list v
by (metis (no-types, lifting) assms diff-zero dotprod-1-right
length-map length-replicate length-upt
less-eq-def vdiff-def vdiff-dotprod-distr)

lemma vdiff-le:
assumes v <, w
and length v = length x
shows v —, 2 <, w
using assms by (auto simp add: less-eq-def vdiff-def)

lemma mods-with-vec:

12



assumes v <, w
and 0 ¢ set b
and length b = length w
and (v - b) mod a = (w - b) mod a
shows ((w —, v) -+ b) mod a = 0
proof —
have x: v - b<w- b
using dotprod-less-left and assms by blast
have v <, w
using assms by auto
from vdiff-dotprod-distr [OF assms(3) this]
have (w —, v) -+ b) mod a = (w+ b — v+ b) moda
by simp
also have ... = 0 mod a
using mods-with-nats [of v+ b w - b 1 a, OF %] assms by auto
finally show ?thesis by simp
qed

lemma mods-with-vec-2:
assumes v <, w
and 0 ¢ set b
and length b = length w
and (b - v) mod a = (b -+ w) mod a
shows (b« (w —y v)) mod a = 0
by (metis (no-types, lifting) assms diff-zero dotprod-commute
length-map length-upt less-eq-def order-vec.less-imp-le
mods-with-vec vdiff-def)

1.4 The Lexicographic Order on Vectors

abbreviation lez-less-than (<-/ <jeyx - [51, 51] 50)
where
zs <jew Ys = (zs, ys) € lex less-than

definition rlez (infix <<,;e;> 50)
where
T8 <plex YS > T€V TS <joy TEV YS

lemma rev-le [simp]:
eV TS <y TeV YS — xS <y YS
proof —
{ fix i assume i: i < length ys and [simp]: length xs = length ys
and Vi < length ys. revzs | ¢ < rev ys ! i
then have rev xs ! (length ys — i — 1) < rev ys ! (length ys — i — 1) by auto
then have zs ! i < ys ! i using ¢ by (auto simp: rev-nth) }
then show %thesis by (auto simp: less-eq-def rev-nth)
qed

lemma rev-less [simp]:

13



TeV TS <, TEV YS > TS <, YS

by (simp add: less-def)

lemma less-imp-lex:
assumes zs <, ys shows zs <j¢, ys
proof —
have length ys = length xs using assms by auto
then show ?thesis using assms
by (induct rule: list-induct2) (auto simp: less-Cons)
qed

lemma less-imp-rlex:
assumes s <, ys shows xs <,je, y$
using assms and less-imp-lex [of rev xs rev ys]
by (simp add: rlex-def)

lemma lex-not-sym:
assumes s <jez YS
shows — ys <je. s
proof
assume ys <jey TS
then obtain ¢ where 7 < length zs and take i s = take i ys
and ys ! i < xs ! i by (elim lex-take-indez) auto
moreover obtain j where j < length xs and length ys = length xs and take j
xs = take j ys
and zs ! j < ys ! j using assms by (elim lex-take-index) auto
ultimately show Fualse by (metis le-antisym nat-less-le nat-neg-iff nth-take)
qed

lemma rlez-not-sym:
assumes s <rjey YS
shows = ys <,jey s
proof
assume ass: Ys <pjeg TS
then obtain 7 where ¢ < length s and take © s = take i ys
and ys ! i > zs ! i using assms lex-not-sym rlex-def by blast
moreover obtain j where j < length xs and length ys = length xs and take j
zs = take j ys
and zs ! j > ys ! j using assms rlez-def ass lex-not-sym by blast
ultimately show Fulse
by (metis leD nat-less-le nat-neg-iff nth-take)
qed

lemma lex-trans:
assumes r <je, y and y <jex 2
shows = <je, 2

using assms by (auto simp: antisym-def intro: transD [OF lex-transl))

lemma rlez-trans:

14



assumes t <pjep ¥ and y <pep 2
shows = <,jecs 2
using assms lex-trans rlex-def by blast

lemma lex-append-rightD:
assumes zs Q us <;e, ys @ vs and length xs = length ys
and = zs <jeq YS
shows ys = xs A\ us <jez VS
using assms(2,1,3)
by (induct zs ys rule: list-induct2) auto

lemma rlez-Cons:

T H xS <plex YH YS > T8 <plex YsVys=as ANz < y (is A = ?B)

by (cases length ys = length xs)

(auto simp: rlex-def intro: lex-append-rightl lez-append-leftI dest: lex-append-rightD
lex-lengthD)

lemma rlex-irrefl:
T <rlex T
by (induct z) (auto simp: rlez-def dest: lex-append-rightD)

1.5 Code Equations

fun exists2
where
exists2 d P || [| «— False
| exists2 d P (z#txs) (y#ys) «— Pz y V exists2 d P xs ys
| exists2 d P - - +— d

lemma not-le-code [code-unfold]: = zs <, ys «— exists2 True (>) zs ys

by (induct True (>) :: nat = nat = bool xs ys rule: exists2.induct) (auto simp:
le-Cons)

end

2 Homogeneous Linear Diophantine Equations

theory Linear-Diophantine-Equations
imports List-Vector
begin

lemma lcm-div-le:
fixes a :: nat
shows lem a b div b < a
by (metis div-by-0 div-le-dividend div-le-mono div-mult-self-is-m lem-nat-def neq0-conv)

lemma lem-div-le’:
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fixes a :: nat
shows lem a b diva <)
by (metis lem.commute lem-div-le)

lemma lcm-div-gt-0:
fixes a :: nat
assumes a > ( and b > 0
shows lcm a b diva > 0
proof —
have lcm a b = (a * b) div (ged a b)
using lecm-nat-def by blast
moreover have ... > 0
using assms
by (metis assms calculation lem-pos-nat)
ultimately show ?thesis
using assms
by simp (metis div-greater-zero-iff div-le-mono2 div-mult-self-is-m gcd-le2-nat
not-gr0)
qed

lemma sum-list-list-update-Suc:
assumes i < length u
shows sum-list (u[i :== Suc (u ! 7)]) = Suc (sum-list u)
using assms
proof (induct u arbitrary: 7)
case (Cons z zs)
then show ?case by (simp-all split: nat.splits)
qed (simp)

lemma lessThan-conv:
assumes card A = nand VzeA. z < n
shows A = {..<n}
using assms by (simp add: card-subset-eq subsetl)

Given a non-empty list s of n natural numbers, either there is a value in
zs that is 0 modulo n, or there are two values whose moduli coincide.

lemma list-mod-cases:
assumes length xs = n and n > 0
shows (Fz€set zs. x mod n = 0) V
(Fi<length zs. Jj<length xs. i # j A (zs ! i) mod n = (xs ! j) mod n)
proof —
let ?f = Az. x mod n and ?X = set xs
have x: Vz € ?2f  ?X. x < n using <n > 0) by auto
consider (eq) card (?f © ?X) = card ?X | (less) card (¢f * ?X) < card ?X
using antisym-conv2 and card-image-le by blast
then show ?thesis
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proof (cases)
case eq
show ?thesis
proof (cases distinct xs)
assume distinct s
with eq have card (?f * ?X) = n
using <distinct x> by (simp add: assms card-distinct distinct-card)
from lessThan-conv [OF this x| and «n > 0
have Jz€set zs. x mod n = 0 by (metis imageE lessThan-iff)
then show ?thesis ..
next
assume - distinct xs
then show %thesis by (auto) (metis distinct-conv-nth)
qed
next
case less
from pigeonhole [OF this
show %thesis by (auto simp: inj-on-def iff: in-set-conv-nth)
qed
qed

Homogeneous linear Diophantine equations: aijzy + -+ + amZTm = b1y +
4 buyn

locale hlde-ops =
fixes a b :: nat list
begin

abbreviation m = length a
abbreviation n = length b

— The set of all solutions.
definition Solutions :: (nat list x nat list) set
where
Solutions = {(z, y). a - x = b+ y A length x = m A length y = n}

lemma in-Solutions-iff:
(z, y) € Solutions +— length x = m Alengthy=nANa-x=>b-y
by (auto simp: Solutions-def)

— The set of pointwise minimal solutions.
definition Minimal-Solutions :: (nat list x nat list) set
where
Minimal-Solutions = {(z, y) € Solutions. nonzero x A
= (3 (u, v) € Solutions. nonzero u AN u @ v <, x @ y)}

definition dij :: nat = nat = nat

where
dijij=1lem (ald) (b!j) div(a!i)
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definition eij :: nat = nat = nat
where
eijij=lem (a! i) (b!j) div (b!j)

definition sij :: nat = nat = (nat list X nat list)
where
sij i § = ((zeroes m)[i := dij i j], (zeroes n)[j := eij i j])

2.1 Further Constraints on Minimal Solutions

definition FEj :: nat = nat list = nat set
where
FEije={ejij—1|ii<lengthzAx!i>dijij}

definition Di :: nat = nat list = nat set
where
Diiy={dijij—1]jj<lengthyNylj>eijij}

definition Di’ :: nat = nat list = nat set
where
Di"iy={diji(j+ length b — lengthy) — 1 | j.j<lengthy A y!j> eiji
(4 + length b — length y) }

lemma Ej-take-subset:
Ejj (take kz) C Ejjx
by (auto simp: Ej-def)

lemma Di-take-subset:
Di i (take ly) C Diiy
by (auto simp: Di-def)

lemma Di’-drop-subset:
Di’ i (drop ly) C Di’ iy
by (auto simp: Di’-def) (metis add.assoc add.commute less-diff-conv)

lemma finite-Ej:
finite (Ej j x)
by (rule finite-subset [of - (Xi. eijij — 1) ‘{0 ..< length z}]) (auto simp: Ej-def)

lemma finite-Di:
finite (Di i y)
by (rule finite-subset [of - (Aj. dijij — 1) ‘{0 ..< length y}]) (auto simp: Di-def)

lemma finite-Di’":

finite (Di’ i y)

by (rule finite-subset [of - (Aj. dij i (j + length b — length y) — 1) ‘{0 ..< length
yil)

(auto simp: Di'-def)
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definition maz-y :: nat list = nat = nat
where

maz-y ¢ j = (if j < n AN Ejjz # {} then Min (Ej j z) else Mazx (set a))

definition max-z :: nat list = nat = nat
where

maz-z y ¢ = (if i < m A Diiy # {} then Min (Diiy) else Max (set b))

definition maz-z’ :: nat list = nat = nat
where

maz-z' yi= (ifi < m A Di' iy # {} then Min (Di’ i y) else Max (set b))

lemma Min-FEj-le:
assumes j < n
andec Ejjz
and length x < m
shows Min (Ej j z) < Maz (set a) (is m < -)
proof —
have ?m € Fjjx
using assms and finite-Ej and Min-in by blast
then obtain ¢ where
fm=ecijij— 1i<lengthzx!i>dijij
by (auto simp: Ej-def)
have lem (a ! 7) (b!j) divdb!j < aliby (rule lem-div-le)
then show ?thesis
using ¢ and assms
by (auto simp: eij-def)
(meson List.finite-set Max-ge diff-le-self le-trans less-le-trans nth-mem)
qed

lemma Min-Di-le:
assumes i < m
and e€ Diiy
and length y < n
shows Min (Diiy) < Maz (set b) (is #m < -)
proof —
have ?m € Diiy
using assms and finite-Di and Min-in by blast
then obtain j where
Jfm=dijij—1j<lengthyy!j>eijij
by (auto simp: Di-def)
have lem (a ! 4) (b!j) diva! i < b!jby (rule lem-div-le’)
then show ?thesis
using j and assms
by (auto simp: dij-def)
(meson List.finite-set Max-ge diff-le-self le-trans less-le-trans nth-mem)
qed

lemma Min-Di’-le:
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assumes 7 < m
and e € Di' iy
and length y < n
shows Min (Di’ i y) < Maz (set b) (is m < -)
proof —
have ?m € Di' iy
using assms and finite-Di’ and Min-in by blast
then obtain j where
J: fm = diji (j + length b — length y) — 1 j < lengthyy ! j > eiji (j + length
b — length y)
by (auto simp: Di'-def)
then have j + length b — length y < length b using assms by auto
moreover
have lem (a ! %) (0! (j + length b — length y)) diva! i < b! (j + length b —
length y) by (rule lem-div-le’)
ultimately show ?thesis
using j and assms
by (auto simp: dij-def)
(meson List.finite-set Max-ge diff-le-self le-trans less-le-trans nth-mem)
qed

lemma maz-y-le-take:

assumes length © < m

shows maz-y z j < maz-y (take k z) j

using assms and Min-Ej-le and Ej-take-subset and Min.subset-imp [OF - -
finite-Ej)

by (auto simp: max-y-def) blast

lemma maz-z-le-take:

assumes length y < n

shows maz-z y { < maz-z (take L y) ¢

using assms and Min-Di-le and Di-take-subset and Min.subset-imp [OF - -
finite-D1]

by (auto simp: max-z-def) blast

lemma maz-z'-le-drop:

assumes length y < n

shows maz-z' y i < maz-z' (drop ly) i

using assms and Min-Di’-le and Di’-drop-subset and Min.subset-imp [OF - -
finite-Di’]

by (auto simp: maz-z'-def) blast

end

abbreviation Solutions = hlde-ops.Solutions
abbreviation Minimal-Solutions = hlde-ops. Minimal-Solutions

abbreviation dij = hlde-ops.dij
abbreviation eij = hlde-ops.eij
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abbreviation sij = hide-ops.sij

declare hlde-ops.dij-def [code]
declare hlde-ops.eij-def [code]
declare hlde-ops.sij-def [code]

lemma Solutions-sym: (z, y) € Solutions a b +— (y, x) € Solutions b a
by (auto simp: hlde-ops.in-Solutions-iff)

lemma Minimal-Solutions-imp-Solutions: (z, y) € Minimal-Solutions a b = (z,
y) € Solutions a b
by (auto simp: hlde-ops. Minimal-Solutions-def)

lemma Minimal-SolutionsI:
assumes (z, y) € Solutions a b
and nonzero x
and - (3 (u, v) € Solutions a b. nonzero u A v Q v <, z @ y)
shows (z, y) € Minimal-Solutions a b
using assms by (auto simp: hlde-ops. Minimal-Solutions-def)

lemma minimize-nonzero-solution:
assumes (z, y) € Solutions a b and nonzero x
obtains v and v where v Q@ v <, z @ y and (u, v) € Minimal-Solutions a b
using assms
proof (induct z Q y arbitrary: x y thesis rule: wf-induct [OF wjf-less])
case 1
then show Zcase
proof (cases (z, y) € Minimal-Solutions a b)
case Fulse
then obtain u and v where nonzero v and (u, v) € Solutions a b and wv: u
Quv<,zQ@y
using 1(3,4) by (auto simp: hlde-ops. Minimal-Solutions-def)
with 1(1) [rule-format, of u @ v u v] obtain v’ and v’ where uwv" v’ Q v’
<, u@u
and (u', v") € Minimal-Solutions a b by blast
moreover have v’ Q v’ <, r Q y using wv and uwv’ by auto
ultimately show ?thesis by (intro 1(2))
qed blast
qed

lemma Minimal-Solutionsl .
assumes (z, y) € Solutions a b
and nonzero x
and - (3 (u, v) € Minimal-Solutions a b. u Q v <, z Q y)
shows (z, y) € Minimal-Solutions a b
proof (rule Minimal-SolutionsI [OF assms(1,2)])
show — (3 (u, v) € Solutions a b. nonzero u A u Q@ v <, z Q y)
proof
assume 3 (u, v) € Solutions a b. nonzero u A v Q@ v <, x Q y
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then obtain v and v where (u, v) € Solutions a b and nonzero u
and wv: v Q v <, x Q y by blast

then obtain v’ and v’ where (u/, v') € Minimal-Solutions a b
and w” v’ @ v’ <, u @ v by (blast elim: minimize-nonzero-solution)

moreover have v’ @Q v’ <, z @Q y using wv and wv’ by auto

ultimately show Fulse using assms by blast

qed
qed

lemma Minimal-Solutions-length:
(z, y) € Minimal-Solutions a b = length x = length a A length y = length b
by (auto simp: hlde-ops. Minimal-Solutions-def hlde-ops.in-Solutions-iff)

lemma Minimal-Solutions-gt0:
(z, y) € Minimal-Solutions a b => zeroes (length x) <,
using zero-less by (auto simp: hlde-ops. Minimal-Solutions-def)

lemma Minimal-Solutions-sym:
assumes 0 ¢ set a and 0 ¢ set b
shows (zs, ys) € Minimal-Solutions a b — (ys, xs) € Minimal-Solutions b a
using assms
by (auto simp: hlde-ops. Minimal-Solutions-def hlde-ops.Solutions-def
dest: dotprod-eq-nonzero-iff dest!: less-append-swap [of - - ys xs])

locale hlde = hlde-ops +
assumes no0: 0 ¢ set a 0 ¢ set b
begin

lemma nonzero-Solutions-iff:
assumes (z, y) € Solutions
shows nonzero x <— nonzero y
using assms and no0 by (auto simp: in-Solutions-iff dest: dotprod-eq-nonzero-iff)

lemma Minimal-Solutions-min:
assumes (z, y) € Minimal-Solutions
and v Q v <, z Q y
anda-u=">b-v
and [simp]: length u = m
and non0: nonzero (u @ v)
shows Fulse
proof —
have [simp]: length v = n using assms by (force dest: less-appendD Mini-
mal-Solutions-length)
have (u, v) € Solutions using <a - v = b - v» by (simp add: in-Solutions-iff)
moreover from nonzero-Solutions-iff [OF this] have nonzero u using non0 by
auto
ultimately show Fulse using assms by (auto simp: hlde-ops. Minimal-Solutions-def)
qed
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lemma Solutions-snd-not-0:
assumes (z, y) € Solutions
and nonzero x
shows nonzero y
using assms by (metis nonzero-Solutions-iff)

end

2.2 Pointwise Restricting Solutions

Constructing the list of u vectors from Huet’s proof [1], satisfying

e Vi<length u. u!i < y!iand

o 0 < sum-list u < ag.

Given g, increment a "previous' u vector at first position starting from ¢
where u is strictly smaller than y. If this is not possible, return « unchanged.

function inc :: nat list = nat = nat list = nat list
where
meyiu=
(if © < length y then
ifuli<ylithenu[i :=u!i+ 1]
else inc y (Suc i) u
else u)
by (pat-completeness) auto
termination inc
by (relation measure (A(y, i, u). maz (length y) (length u) — ©)) auto

declare inc.simps [simp del]

Starting from the O-vector produce us by iteratively incrementing with re-
spect to .

definition huets-us :: nat list = nat = nat list (<u> 1000)
where
uyi=((incy0) " Suc i) (zeroes (length y))

lemma huets-us-simps [simp):
uy 0 = incy 0 (zeroes (length y))
uy (Suci) =incy 0 (uyi
by (auto simp: huets-us-def)

lemma length-inc [simp]: length (inc y i u) = length u
by (induct y i u rule: inc.induct) (simp add: inc.simps)

lemma length-us [simpl:
length (u y i) = length y
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by (induct 7) (simp-all)

inc produces vectors that are pointwise smaller than y

lemma inc-le:
assumes length u = length y and ¢ < length y and u <, y
shows inc y it u <, y
using assms by (induct y i u rule: inc.induct)
(auto simp: inc.simps nth-list-update less-eg-def)

lemma us-le:
assumes length y > 0
showsuyi <, y
using assms by (induct i) (auto simp: inc-le le-length)

lemma sum-list-inc-le:
u <, y = sum-list (inc y i u) < sum-list y
by (induct y ¢ u rule: inc.induct)
(auto simp: inc.simps intro: le-sum-list-mono)

lemma sum-list-inc-gt0:

assumes sum-list v > 0 and length y = length u

shows sum-list (inc y i u) > 0

using assms
proof (induct y i u rule: inc.induct)

case (1 yiu)

then show ?case

by (auto simp add: inc.simps)
(meson Suc-neq-Zero gr-zerol set-update-memlI sum-list-eq-0-iff)

qed

lemma sum-list-inc-gt0":
assumes length u = length y and i < length yand y ! i > 0 and j < ¢
shows sum-list (inc y j u) > 0
using assms
proof (induct y j u rule: inc.induct)
case (1 yiu)
then show ?case
by (auto simp: inc.simps [of y i] sum-list-update)
(metis elem-le-sum-list le-antisym le-zero-eq neq0-conv not-less-eq-eq sum-list-inc-gt0)
qged

lemma sum-list-us-gt0:
assumes sum-list y # 0
shows 0 < sum-list (u y 7)
using assms by (induct 7) (auto simp: in-set-conv-nth sum-list-inc-gt0' sum-list-inc-gt0)

lemma sum-list-inc-le’:

assumes length u = length y
shows sum-list (inc y i u) < sum-list u + 1
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using assms
by (induct y i u rule: inc.induct) (auto simp: inc.simps sum-list-update)

lemma sum-list-us-le:
sum-list (w y i) < i+ 1
proof (induct i)
case ()
then show ?Zcase
by (auto simp: sum-list-update)
(metis Suc-eq-plusl in-set-replicate length-replicate sum-list-eq-0-iff sum-list-inc-le”)
next
case (Suc 17)
then show Zcase
by auto (metis Suc-le-mono add.commute le-trans length-us plus-1-eq-Suc sum-list-inc-le’)
qed

lemma sum-list-us-bounded:
assumes i < k
shows sum-list (u y i) < k
using assms and sum-list-us-le [of y i] by force

lemma sum-list-inc-eq-sum-list-Suc:
assumes length u = length y and i < length y
and 3j>i. j<lengthy ANu!j<y!lj
shows sum-list (inc y i u) = Suc (sum-list u)
using assms
by (induct y i u rule: inc.induct)
(metis inc.simps Suc-eq-plusl Suc-lel antisym-conv2 leD sum-list-list-update-Suc)

lemma sum-list-us-eq:
assumes i < sum-list y
shows sum-list (u y i) = i + 1
using assms
proof (induct 7)
case (Suc 17)
then show ?case
by (auto)
(metis (no-types, lifting) Suc-eq-plusl gr-implies-not0 length-pos-if-in-set
length-us less-Suc-eq-le less-imp-le-nat antisym-conv2 not-less-eq-eq
sum-list-eq-0-iff sum-list-inc-eq-sum-list-Suc sum-list-less-diff-Ex us-le)
qed (metis Suc-eq-plusl Suc-lel antisym-conv gr-implies-not0 sum-list-us-gt0 sum-list-us-le)

lemma inc-ge: length v = length y = u <, incy i u
by (induct y i u rule: inc.induct) (auto simp: inc.simps nth-list-update less-eq-def)

lemma us-le-mono:
assumes i < j
showsuyi <, uyj
using assms
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proof (induct j — i arbitrary: j i)

case (Suc n)

then show ?case

by (simp add: Suc.prems inc-ge order.strict-implies-order order-vec.lift-Suc-mono-le)
qed simp

lemma us-mono:
assumes i < j and j < sum-list y
showsuyi <, uyj
proof —
let Zu =uyiand v=uyj
have %u <, %v
using us-le-mono [OF i < j] by simp
moreover have sum-list 7u < sum-list v
using assms by (auto simp: sum-list-us-eq)
ultimately show ?thesis by (intro le-sum-list-less) (auto simp: less-eq-def)
qed

context hlde
begin

lemma maz-coeff-bound-right:
assumes (zs, ys) € Minimal-Solutions
shows Vz € set zs. x < maznel ys b (is VzEset zs. x < ?m)
proof (rule ccontr)
assume — ?Zthesis
then obtain &
where k-def: k < length xs A = (zs | k < ?m)
by (metis in-set-conv-nth)
have sol: (zs, ys) € Solutions
using assms Minimal-Solutions-def by auto
then have len: m = length xs by (simp add: in-Solutions-iff)
have maz-suml: ?m x sum-list ys > b + ys
using maznel-times-sum-list-gt-dotprod sol by (auto simp: in-Solutions-iff)
then have is-sol: b+ ys = a + xs
using sol by (auto simp: in-Solutions-iff)
then have a-ge-ak: a - zs > a !k xzs! k
using dotprod-pointwise-le k-def len by auto
then have ak-gt-maz: a ! kx xs! k> a !k x ?m
using no0 in-set-conv-nth k-def len by fastforce
then have sl-ys-g-ak: sum-list ys > a ! k
by (metis a-ge-ak is-sol less-le-trans max-suml
mult.commute mult-le-monol not-le)
define Seq where
Seq-def: Seq = map (u ys) [0 ..< a! k]
have ak-n0: a ! k # 0
using <a ! k* ?m < a ! k * zs ! k» by auto
have zeroes (length ys) <, ys
by (intro zero-less) (metis gr-implies-not0 nonzero-iff sl-ys-g-ak sum-list-eq-0-iff)
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then have length Seq > 0
using ak-n0 Seq-def by auto
have u-in-nton: Vu € set Seq. length v = length ys
by (simp add: Seq-def)
have prop-3: Vu € set Seq. u <, ys
proof —
have length ys > 0
using sl-ys-g-ak by auto
then show ?thesis
using us-le [of ys | less-eq-def Seq-def by (simp)
qed
have prop-4-1: Vu € set Seq. sum-list u > 0
by (metis Seq-def sl-ys-g-ak gr-implies-not-zero imageFE
set-map sum-list-us-gt0)
have prop-4-2: Vu € set Seq. sum-list u < a ! k
by (simp add: Seq-def sum-list-us-bounded)
have prop-5: Fu. length u = length ys A u <, ys A sum-list w > 0 N\ sum-list u
<alk
using <0 < length Seq> nth-mem prop-3 prop-4-1 prop-4-2 u-in-nton by blast
define Us where
Us = {u. length u = length ys A u <, ys A sum-list u > 0 A sum-list u < a !
k}
have Ju € Us. b-umoda! k=10
proof (rule ccontr)
assume neg-th: - ?thesis
define Seq-p where
Seg-p = map (dotprod b) Seq
have length Seq = a ! k
by (simp add: Seq-def)
then consider (eg-0) (3zeset Seq-p. x mod (a ! k) = 0) |
(not-0) (Fi<length Seq-p. j<length Seq-p. i # j A
(Seq-p ! i) mod (alk) = (Seq-p ! j) mod (alk))
using list-mod-cases|[of Seq-p| Seq-p-def ak-n0 by auto force
then show Fulse
proof (cases)
case eq-0
have du € set Seq. b- umoda! k =0
using Seq-p-def eq-0 by auto
then show Fulse
by (metis (mono-tags, lifting) Us-def mem-Collect-eq
neg-th prop-8 prop-4-1 prop-4-2 u-in-nton)
next
case not-0
obtain ¢ and j where
i-j: i<length Seq-p j<length Seq-p i # j
Seq-p! imod a! k= Seqg-p! jmodalk
using not-0 by blast
define v where
v-def: v = Seqli
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define w where
w-def: w = Seqlj
have mod-eq: b - v mod a'k = b - w mod a'k
using Seq-p-def i-j w-def v-def i-j by auto
have v <, w V w <, v
using (i # j» and i-j
proof (cases i < j)
case True
then show ?thesis
using Seq-p-def sl-ys-g-ak i-j(2) local.Seq-def us-mono v-def w-def by auto
next
case Fulse
then show ?thesis
using Seq-p-def sl-ys-g-ak <i # j» i-j(1) local.Seq-def us-mono v-def w-def
by auto
qed
then show Fulse
proof
assume ass: v <, w
define v where
u-def: u = w —, v
have w <, ys
using Seq-p-def w-def i-j(2) prop-8 by force
then have prop-3: less-eq u ys
using vdiff-le ass less-eq-def order-vec.less-imp-le u-def by auto
have prop-4-1: sum-list u > 0
using le-sum-list-mono [of v w] ass u-def sum-list-vdiff-distr [of v w]
by (simp add: less-vec-sum-list-less)
have prop-4-2: sum-list u < a ! k
proof —
have u <, w using u-def
using ass less-eq-def order-vec.less-imp-le vdiff-le by auto
then show ?thesis
by (metis Seq-p-def i-j(2) length-map le-sum-list-mono
less-le-trans not-le nth-mem prop-4-2 w-def)
qed
have b - umod a! k=0
by (metis (mono-tags, lifting) in-Solutions-iff «w <, ys» u-def ass no0(2)
less-eq-def mem-Collect-eq mod-eq mods-with-vec-2 prod.simps(2) sol)
then show Fulse using neg-th
by (metis (mono-tags, lifting) Us-def less-eq-def mem-Collect-eq
prop-3 prop-4-1 prop-4-2)
next
assume ass: w <, v
define u where
u-def: u = v —, w
have v <, ys
using Seq-p-def v-def i-j(1) prop-3 by force
then have prop-3: v <, ys
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using vdiff-le ass less-eq-def order-vec.less-imp-le u-def by auto
have prop-4-1: sum-list u > 0
using le-sum-list-mono [of w v] sum-list-vdiff-distr [of w v]
U= v —y W ass less-vec-sum-list-less by auto
have prop-4-2: sum-list u < alk
proof —
have u <, v using u-def
using ass less-eq-def order-vec.less-imp-le vdiff-le by auto
then show ?thesis
by (metis Seq-p-def i-j(1) le-neg-implies-less length-mayp less-imp-le-nat
less-le-trans nth-mem prop-4-2 le-sum-list-mono v-def)
qed
have b - umod a! k =0
by (metis (mono-tags, lifting) in-Solutions-iff <v <, ys» u-def ass no0(2)
less-eq-def mem-Collect-eq mod-eq mods-with-vec-2 prod.simps(2) sol)
then show Fulse
by (metis (mono-tags, lifting) neg-th Us-def less-eq-def mem-Collect-eq
prop-3 prop-4-1 prop-4-2)
qed
qed
qged
then obtain v where
ud-4: u <, ys sum-list u > 0 sum-list u < a'lk b+ umod (a!k)=10
length u = length ys
unfolding Us-def by auto
have u-b-len: length v = n
using less-eq-def u3-4 in-Solutions-iff sol by simp
have b - u < mazne0 u b x sum-list u
by (simp add: maznel-times-sum-list-gt-dotprod u-b-len)
also have ... < m x a ! k
by (intro mult-le-mono) (simp-all add: w3-4 mazne0-mono)
also have ... < a!k*xxzs !k
using ak-gt-max by auto
then obtain zk where
zkib-u=zkxalk
using u8-4(4) by auto
have length zs > k
by (simp add: k-def)
have zk # 0
proof —
have Je € set u. e # 0
using u3-4
by (metis neq0-conv sum-list-eq-0-iff)
then have b - u > 0
using assms no0 u3-4
unfolding dotprod-gt0-iff [OF u-b-len [symmetric]]
by (fastforce simp add: in-set-conv-nth u-b-len)
then have a ! k > 0
using <a ! k # 0> by blast
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then show ?thesis
using <0 < b - w zk by auto
qed
define z where
z-def: z = (zeroes (length xs))[k = zk]
then have zk-zk: 2z | k = 2k
by (auto simp add: <k < length xs»)
have length z = length xs
using assms z-def <k < length zs» by auto
then have bu-eq-akzk: b - u=alkx 2!k
by (simp add: <b - u = 2k x a ! k> zk-2k)
then have 2k < zslk
using ak-gt-maz calculation by auto
then have z-less-zs: z <, s
by (auto simp add: z-def) (metis <k < length xs» le0 le-list-update less-def
less-imp-le order-vec.dual-order.antisym nat-neq-iff z-def zk-zk)
then have 2 Q@ u <, s @Q ys
by (intro less-append) (auto simp add: u3-4(1) z-less-xs)
moreover have (z, u) € Solutions
by (auto simp add: bu-eq-akzk in-Solutions-iff z-def u-b-len <k < length zs> len)
moreover have nonzero z
using «length z = length zs» and <zk # 0> and k-def and zk-zk by (auto simp:
nonzero-iff)
ultimately show Fualse using assms by (auto simp: Minimal-Solutions-def)
qed

Proof of Lemma 1 of Huet’s paper.

lemma maz-coeff-bound:
assumes (s, ys) € Minimal-Solutions
shows (Vz € set zs. x < mazne0 ys b) A (Vy € set ys. y < maznel zs a)
proof —
interpret ba: hide b a by (standard) (auto simp: no0)
show ?thesis
using assms and Minimal-Solutions-sym [OF no0, of xs ys]
by (auto simp: max-coeff-bound-right ba.maz-coeff-bound-right)
qed

lemma maz-coeff-bound’:
assumes (z, y) € Minimal-Solutions
shows Vi<length z. z ! i < Mazx (set b) and Vj<length y. y ! j < Maz (set a)
using maz-coeff-bound [OF assms] and mazne0-le-Maz
by auto (metis le-eq-less-or-eq less-le-trans nth-mem)+

lemma Minimal-Solutions-alt-def:
Minimal-Solutions = {(z, y)€Solutions.
(z, y) # (zeroes m, zeroes n) A
z <, replicate m (Maz (set b)) A
y <, replicate n (Maz (set a)) A
= (3 (u, v)eSolutions. nonzero u AN u Q@ v <, z @ y)}
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by (auto simp: not-nonzero-iff Minimal-Solutions-imp-Solutions less-eq-def Min-
imal-Solutions-length max-coeff-bound’
introl: Minimal-Solutionsl’ dest: Minimal-Solutions-gt0)
(auto simp: Minimal-Solutions-def nonzero-Solutions-iff not-nonzero-iff)

2.3 Special Solutions

definition Special-Solutions :: (nat list X nat list) set
where
Special-Solutions = {sijij|ij. i <m A j < n}

lemma dij-neq-0:
assumes { < m
and j < n
shows dij i j # 0
proof —
have a!¢>0and b!j > 0
using assms and no0 by (simp-all add: in-set-conv-nth)
then have dijij > 0
using lem-div-gt-0 [of a ! i b ! j] by (simp add: dij-def)
then show ?thesis by simp
qed

lemma eij-neq-0:
assumes ;| < m

and j < n
shows eijij # 0
proof —

have a!i>0and b!j> 0
using assms and no0 by (simp-all add: in-set-conv-nth)
then have eijij > 0
using lem-div-gt-0lof b ! j a ! i] by (simp add: eij-def lem.commute)
then show ?thesis
by simp
qed

lemma Special-Solutions-in-Solutions:
x € Special-Solutions = x € Solutions
by (auto simp: in-Solutions-iff Special-Solutions-def sij-def dij-def eij-def)

lemma Special-Solutions-in-Minimal-Solutions:
assumes (z, y) € Special-Solutions
shows (z, y) € Minimal-Solutions
proof (intro Minimal-Solutionsl’)
show (z, y) € Solutions by (fact Special-Solutions-in-Solutions [OF assms])
then have [simp]: length x = m length y = n by (auto simp: in-Solutions-iff)
show nonzero z using assms and dij-neg-0
by (auto simp: Special-Solutions-def sij-def nonzero-iff)
(metis length-replicate set-update-meml)
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show — (3 (u, v)€Minimal-Solutions. u Q@ v <, z Q y)
proof
assume 3 (u, v)€Minimal-Solutions. u Q@ v <, £ Q y
then obtain v and v where uv: (u, v) € Minimal-Solutions and v Q@ v <, z
Qy
and [simp]: length v = m length v = n
and nonzero u by (auto simp: Minimal-Solutions-def in-Solutions-iff)
then consider v <, z and v <, y | v <, y and v <, z by (auto elim:
less-append-cases)
then show Fulse
proof (cases)
case I
then obtain 7 and j where 4j: i < mj < n
and less-dij: u ! i < dijij
and u <, (zeroes m)[i := dij i j]
and v <, (zeroes n)[j := eij i j]
using assms by (auto simp: Special-Solutions-def sij-def unit-less)
then have u: u = (zeroes m)[i ;== w ! i| and v: v = (zeroes n)[j := v ! j]
by (auto simp: less-eq-def list-eq-iff-nth-eq)
(metis le-zero-eq length-list-update length-replicate rep-upd-unit)+
then have u ! i > 0 using (nonzero w» and 7j
by (metis gr-implies-not0 neq0-conv unit-less zero-less)

define ¢ where c =a ! i+ u! ¢
then have ac: a ! ¢ dvd ¢ by simp

have a - u = b - v using wv by (auto simp: Minimal-Solutions-def in-Solutions-iff)
then have c =b!j*xv!j
using ij unfolding c-def by (subst (asm) u, subst (asm)v, subst u, subst
v) auto
then have bc: b ! j dvd ¢ by simp

have a!lixuli<alixdijij
using less-dij and no0 and ij by (auto simp: in-set-conv-nth)
then have ¢ < lem (a ! 7)) (b !j) by (auto simp: dij-def c-def)
moreover have lcm (a ! i) (b!j) dvd ¢ by (simp add: ac bc)
moreover have ¢ > 0 using «u ! i > 0> and no0 and % by (auto simp:
c-def in-set-conv-nth)
ultimately show Fulse using ac and bc by (auto dest: nat-dvd-not-less)
next
case 2
then obtain 7 and j where 4j: i < mj < n
and less-dij: v!j < eijij
and u <, (zeroes m)[i := dij i j]
and v <, (zeroes n)[j := eij i j]
using assms by (auto simp: Special-Solutions-def sij-def unit-less)
then have u: v = (zeroes m)[i ;== u ! {] and v: v = (zeroes n)[j := v ! j]
by (auto simp: less-eq-def list-eq-iff-nth-eq)
(metis le-zero-eq length-list-update length-replicate rep-upd-unit)+
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moreover have nonzero v
using <nonzero uwy and «(u, v) € Minimal-Solutions
and Minimal-Solutions-imp-Solutions Solutions-snd-not-0 by blast
ultimately have v ! j > 0 using 7j
by (metis gr-implies-not0 neq0-conv unit-less zero-less)

define ¢ where c =b!j*xv!j
then have bc: b ! j dvd ¢ by simp

have a - u = b - v using uv by (auto simp: Minimal-Solutions-def in-Solutions-iff)
then have c=a!i*xu!i
using ij unfolding c-def by (subst (asm) u, subst (asm)v, subst u, subst
v) auto
then have ac: a! ¢ dvd ¢ by simp

have b ! jxv!j<bljxeijij
using less-dij and no0 and ij by (auto simp: in-set-conv-nth)
then have ¢ < lem (a ! i) (b!j) by (auto simp: eij-def c-def)
moreover have lem (a! %) (b!j) dvd ¢ by (simp add: ac bc)
moreover have ¢ > 0 using <v ! j > 0» and no0 and i by (auto simp:
c-def in-set-conv-nth)
ultimately show Fulse using ac and bc by (auto dest: nat-dvd-not-less)
qed
qed
qed

lemma non-special-solution-non-minimal:
assumes (z, y) € Solutions — Special-Solutions
and ij: i < mj<n
andz!i>dijijand y!j> eijij
shows (z, y) ¢ Minimal-Solutions
proof
assume min: (z, y) € Minimal-Solutions
moreover have sij i j € Solutions
using ij by (intro Special-Solutions-in-Solutions) (auto simp: Special-Solutions-def)
moreover have (case sij i j of (u, v) = v Qv) <, zQy
using assms and min
apply (cases sij i j)
apply (auto simp: sij-def Special-Solutions-def)
by (metis List- Vector.le0 Minimal-Solutions-length le-append le-list-update less-append
order-vec.dual-order.strict-iff-order same-append-eq)
moreover have (case sij i j of (u, v) = nonzero u)
apply (auto simp: sij-def)
by (metis dij-neq-0 ij length-replicate nonzero-iff set-update-memlI)
ultimately show Fulse
by (auto simp: Minimal-Solutions-def)
qed
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2.4 Huet’s conditions

definition cond-A zs ys <— (Vz€set xs. © < maznel ys b)

definition cond-B z +—
(VE<m. take k a - take k x < b - map (maz-y (take k x)) [0 ..< n])

definition boundr z y +— (Vj<n. y!j < maz-y z j)

definition cond-D z y «— (VI<n. take I b - take ly < a - x)

2.5 New conditions: facilitating generation of candidates from
right to left

definition subdprodr y «—
(VI<n. take L b - take l y < a - map (maz-z (take L y)) [0 ..< m])

definition subdprodl = y «— (Vk<m. take k a - take k x < b - y)

definition boundl z y +— (Vi<m. z ! i < maz-z y 7)

lemma boundr:
assumes min: (z, y) € Minimal-Solutions
and (z, y) ¢ Special-Solutions
shows boundr z y
proof (unfold boundr-def, intro alll impI)
fix j
assume ass: j < n
have In: m = length ¢ A n = length y
using assms Minimal-Solutions-def in-Solutions-iff min by auto
have is-sol: (z, y) € Solutions
using assms Minimal-Solutions-def min by auto
have j-less-l: j < n
using assms ass le-less-trans by linarith
consider (notemp) Ejjz # {} | (empty) Ejjz={}
by blast
then show y ! j < maz-y z j
proof (cases)
case notemp
have maz-y-def: maz-y xj = Min (Ejj z)
using j-less-l maz-y-def notemp by auto
have fin-e: finite (Ej j x)
using finite-Ej [of j z] by auto
have e-def Ve € Fjjx. (Ji<lengthz. z'i>dijijNeijij—1=c¢e)
using Fj-def [of j z] by auto
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then have Ji<length z. ! i > dijij N eijij— 1 = Min (Ejjx)
using notemp Min-in e-def’ fin-e by blast
then obtain i where
i <lengthzzx!i>dijijeijij— 1 = Min (Ejjz)
by blast
show ?thesis
proof (rule ccontr)
assume — ?thesis
with non-special-solution-non-minimal [of z y 7 j]
and 7 and In and assms and is-sol and j-less-1
have case sij i j of (u, v) => u@ v <, zQy
by (force simp: maz-y-def)
then have cs:case sij i j of (u, v) = uQ v <, zQy
using assms by (auto simp: Special-Solutions-def) (metis append-eg-append-conv
i(1) j-less-l length-list-update length-replicate sij-def
order-vec.le-neg-trans In prod.sel(1))
then obtain u v where
u-v: sijij=(u,v) u@uv <, zQy
by blast
have dij-gt0: dijij > 0
using assms(1) assms(2) dij-neq-0 i(1) j-less-l In by auto
then have not-0-u: nonzero u
proof (unfold nonzero-iff)
have i < length (zeroes m) by (simp add: i(1) In)
then show Jicset u. i # 0
by (metis (no-types) Pair-inject dij-gt0 set-update-meml sij-def u-v(1)
neq0-conv)
qed
then have sij ¢ j € Solutions
by (metis (mono-tags, lifting) Special-Solutions-def i(1)
Special-Solutions-in-Solutions j-less-l In mem-Collect-eq u-v(1))
then show Fulse
using assms cs u-v not-0-u Minimal-Solutions-def min by auto
qed
next
case empty
have Vyeset y. y < Max (set a)
using assms and maz-coeff-bound and mazne0-le-Max
using le-trans by blast
then show ?thesis
using empty j-less-l In max-y-def by auto
qed
qed

lemma boundl:
assumes min: (z, y) € Minimal-Solutions
and (z, y) ¢ Special-Solutions
shows boundl z y
proof (unfold boundl-def, intro alll impl)
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fix 7
assume ass: 1 < m
have In: n = length y A m = length x
using assms Minimal-Solutions-def in-Solutions-iff min by auto
have is-sol: (z, y) € Solutions
using assms Minimal-Solutions-def min by auto
have i-less-l: i < m
using assms ass le-less-trans by linarith
consider (notemp) Di iy # {} | (empty) Diiy = {}
by blast
then show z ! i < maz-x y @
proof (cases)
case notemp
have maz-z-def: maz-x y i = Min (Diiy)
using i-less-l maz-z-def notemp by auto
have fin-e: finite (Di i y)
using finite-Di [of ¢ y] by auto
have e-def" " Ve € Diiy. (j<lengthy. y!j>eijijNdijij—1=c¢e)
using Di-def [of i y] by auto
then have Jj<length y. y ! j > eijij AN dijij— 1 = Min (Diiy)
using notemp Min-in e-def’ fin-e by blast
then obtain j where
Jii<lengthyy!j>eijijdijij— 1 = Min (Diiy)
by blast
show ?thesis
proof (rule ccontr)
assume — ?thesis
with non-special-solution-non-minimal [of © y © j]
and j and In and assms and is-sol and i-less-1
have case sij i j of (u,v) = u@Quv <, zQy
by (force simp: maz-a-def)
then have cs: case sij i j of (u, v) = v Qv <, zQy
using assms by (auto simp: Special-Solutions-def) (metis append-eg-append-conv
J(1) i-less-l length-list-update length-replicate sij-def
order-vec.le-neg-trans In prod.sel(1))
then obtain u v where
u-v: sif i = (u,v) u@u <, zQy
by blast
have dij-gt0: dijij > 0
using assms(1) assms(2) dij-neq-0 j(1) i-less-l In by auto
then have not-0-u: nonzero u
proof (unfold nonzero-iff)
have i < length (zeroes m)
using ass by simp
then show Jicset u. i # 0
by (metis (no-types) Pair-inject dij-gt0 set-update-meml sij-def u-v(1)
neq0-conv)
qed
then have sij ¢ j € Solutions
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by (metis (mono-tags, lifting) Special-Solutions-def j(1)
Special-Solutions-in-Solutions i-less-l In mem-Collect-eq u-v(1))
then show Fulse
using assms cs u-v not-0-u Minimal-Solutions-def min by auto
qed
next
case empty
have Vzeset z. ¢ < Max (set b)
using assms and maz-coeff-bound and mazne0-le-Max
using le-trans by blast
then show ?thesis
using empty i-less-l In max-xz-def by auto
qed
qed

lemma Solution-imp-cond-D:
assumes (z, y) € Solutions
shows cond-D z y
using assms and dotprod-le-take by (auto simp: cond-D-def in-Solutions-iff)

lemma Solution-imp-subdprodl:
assumes (z, y) € Solutions
shows subdprodl xz y
using assms and dotprod-le-take
by (auto simp: subdprodl-def in-Solutions-iff) metis

theorem conds:
assumes min: (z, y) € Minimal-Solutions
shows cond-A: cond-A z y
and cond-B: (z, y) ¢ Special-Solutions => cond-B z
and (z, y) ¢ Special-Solutions = boundr x y
and cond-D: cond-D x y
and subdprodr: (z, y) ¢ Special-Solutions => subdprodr y
and subdprodl: subdprodl x y
proof —
have sol: a - x = b - y and In: m = length x A n = length y
using min by (auto simp: Minimal-Solutions-def in-Solutions-iff)
then have Vi<m. z ! i < maznel y b
by (metis min maz-coeff-bound-right nth-mem)
then show cond-A z y
using min and le-less-trans by (auto simp: cond-A-def maz-coeff-bound)
show (z, y) ¢ Special-Solutions = cond-B z
proof (unfold cond-B-def, intro alll impl)
fix k assume non-spec: (z, y) ¢ Special-Solutions and k: k < m
from k have take k a - take kz < a - x
using dotprod-le-take In by blast
also have ... = b - y by fact
also have map-b-dot-p: ... < b - map (maz-y z) [0..<n] (is - < - b - ?nt)
using non-spec and less-eq-def and In and boundr and min
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by (fastforce intro!: dotprod-le-right simp: boundr-def)
also have ... < b - map (maz-y (take k x)) [0..<n] (is - < -+ 1)
proof —
have Vj<n. ?ntlj < ?2tlj
using min and In and maz-y-le-take and k by auto
then have ?nt <, %t
using less-eq-def by auto
then show ?thesis
by (simp add: dotprod-le-right)
qed
finally show take k a - take k x < b - map (maz-y (take k x)) [0..<n]
by (auto simp: cond-B-def)
qed

show (z, y) ¢ Special-Solutions = subdprodr y
proof (unfold subdprodr-def, intro alll impI)
fix | assume non-spec: (z, y) ¢ Special-Solutions and I: | < n
from [ have take I b - take ly < b -y
using dotprod-le-take In by blast
also have ... = a - z by (simp add: sol)
also have map-b-dot-p: ... < a - map (maz-z y) [0..<m] (is - < - a - nt)
using non-spec and less-eq-def and In and boundl and min
by (fastforce intro!: dotprod-le-right simp: boundl-def)
also have ... < a - map (maz-z (take l y)) [0..<m] (is - < -+ %)
proof —
have Vi<m. nt ! ¢ < 2t ¢
using min and In and maz-z-le-take and [ by auto
then have 2nt <, 2t
using less-eq-def by auto
then show ?thesis
by (simp add: dotprod-le-right)
qed
finally show take [ b - take l y < a - map (maz-x (take l y)) [0..<m]
by (auto simp: cond-B-def)
qed

show (z, y) ¢ Special-Solutions = boundr  y
using boundr [of x y] and min by blast

show cond-D x y
using In and dotprod-le-take and sol by (auto simp: cond-D-def)

show subdprodl = y
using In and dotprod-le-take and sol by (force simp: subdprodl-def)
qed

lemma le-imp-Ej-subset:

assumes u <, T
shows EjjuC Ejjx
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using assms and le-trans by (force simp: Ej-def less-eq-def dij-def eij-def)

lemma le-imp-maz-y-ge:
assumes u <, T
and length x < m
shows maz-y u j > maz-y = j
using assms and le-imp-Ej-subset and Min-Ej-le [of j, OF - - assms(2)]
by (metis Min.subset-imp Min-in emptyE finite- Ej maz-y-def order-refl subsetCE)

lemma le-imp-Di-subset:
assumes v <, Y
shows Diiv C Diiy
using assms and le-trans by (force simp: Di-def less-eq-def dij-def eij-def)

lemma le-imp-mazx-x-ge:
assumes v <, Y
and length y < n
shows maz-z v i > maz-r y i
using assms and le-imp-Di-subset and Min-Di-le [of i, OF - - assms(2)]
by (metis Min.subset-imp Min-in emptyE finite-Di maz-z-def order-refl subsetCE)

end

end

theory Sorted-Wrt
imports Main
begin

lemma sorted-wrt-filter:
sorted-wrt P xs => sorted-wrt P (filter Q xs)
by (induct zs) (auto)

lemma sorted-wrt-map-mono:
assumes sorted-wrt @ zs
and Az y. Qzy = P (fz) (fy)
shows sorted-wrt P (map f xs)
using assms by (induct zs) (auto)

lemma sorted-wrt-concat-map-map:
assumes sorted-wrt () xs
and sorted-wrt @ ys
and Aazy. Qrzy = P (fza) (fya)
and Azyuv. z€setas = y€setzs— Quv—=— P (fzu) (fyv)
shows sorted-wrt P [fz y .y + ys, x + ]
using assms by (induct ys)
(auto simp: sorted-wrt-append intro: sorted-wrt-map-mono [of Q])
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lemma sorted-wrt-concat-map:
assumes sorted-wrt P (map h zs)
and Az. z € set xs = sorted-wrt P (map h (f z))
and Azyuv. P(hz)(hy = z € set s = y € set s = u € set (f )
= veset(fy) = P (hu) (hv)
shows sorted-wrt P (concat (map (map h o f) zs))
using assms by (induct zs) (auto simp: sorted-wrt-append)

lemma sorted-wrt-map-distr:
assumes sorted-wrt (Az y. P z y) (map f xs)
shows sorted-wrt (Ax y. P (fz) (fy)) s
using assms
by (induct zs) (auto)

lemma sorted-wrt-tl:
zs # [| = sorted-wrt P xs = sorted-wrt P (tl xs)
by (cases xs) (auto)

end

3 Minimization

theory Minimize- Wrt
imports Sorted- Wrt
begin

fun minimize-wrt
where
minimize-wrt P [| = []
| minimize-wrt P (z # xs) = x # filter (P x) (minimize-wrt P xs)

lemma minimize-wrt-subset: set (minimize-wrt P xzs) C set s
by (induct zs) auto

lemmas minimize-wrtD = minimize-wrt-subset [THEN subsetD]

lemma sorted-wrt-minimize-wrt:
sorted-wrt P (minimize-wrt P xs)
by (induct zs) (auto simp: sorted-wrt-filter)

lemma sorted-wrt-imp-sorted-wrt-minimize-wrt:
sorted-wrt Q xs => sorted-wrt Q (minimize-wrt P xs)
by (induct zs) (auto simp: sorted-wrt-filter dest: minimize-wrtD)

lemma in-minimize-wrt-False:
assumes A\zy. Qzy=— - Quy=x
and sorted-wrt @ s
and z € set (minimize-wrt P xs)
and - Pyzand Q yxz and y € set s and y # z
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shows Fulse
using assms by (induct zs) (auto dest: minimize-wrtD)

lemma in-minimize-wrtl:
assumes r € set s
and Vyeset zs. Py x
shows = € set (minimize-wrt P xs)
using assms by (induct zs) auto

lemma minimize-wrt-eq:

assumes distinct zs and Az y. x € set s = y € set zs = Py +— Qzy
Vr=y

shows minimize-wrt P xs = minimize-wrt Q) s

using assms by (induct zs) (auto, metis contra-subsetD filter-cong minimize-wrt-subset)

lemma minimize-wrt-ni:
assumes v € set z$
and z ¢ set (minimize-wrt @ xs)
shows Jy € setzs. (- Quz) ANz #y
using assms by (induct xs) (auto)

lemma in-minimize-wrtD:
assumes A\zy. Qzy=— - Quyz
and sorted-wrt Q) xs
and z € set (minimize-wrt P xs)
and Az y. " Pzy= Quzy
and A\z. Pz z
shows = € set zs A (VyEset xs. Py x)
using in-minimize-wrt-False [OF assms(1—3)] and minimize-wrt-subset [of P
zs] and assms(3—5)
by blast

lemma in-minimize-wrt-iff:
assumes A\zy. Qzy=— - Quyz
and sorted-wrt Q) xs
and Az y. " Pzy= Quzy
and A\z. Pz
shows z € set (minimize-wrt P zs) «— = € set zs A (Vy€Eset zs. P y x)
using assms and in-minimize-wrtD [of Q xs ¥ P, OF assms(1,2) - assms(3,4)]
by (blast intro: in-minimize-wrtl)

lemma set-minimize-wrt:
assumes A\zy. Qzy=— - Quyz
and sorted-wrt @) s
and Azy. " Pzy=— Quzy
and A\z. Pz z
shows set (minimize-wrt P xs) = {x € set xs. VyEset zs. P y x}
by (auto simp: in-minimize-wrt-iff [OF assms])
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lemma minimize-wrt-append:

assumes YV zE€set zs. Vy€set (xzs Q ys). Py x

shows minimize-wrt P (zs Q ys) = zs @ filter (Ay. Vz€set xs. P xy) (minimize-wrt
P ys)

using assms by (induct zs) (auto intro: filter-cong)

end

theory Simple-Algorithm
imports
Linear-Diophantine- Equations
Minimize- Wrt
begin

lemma concat-map-nth0: xs # [| = f (xs ! 0) # [| = concat (map fxs)! 0 =
flzst0)!o
by (induct zs) (auto simp: nth-append)

3.1 Reverse-Lexicographic Enumeration of Potential Mini-
mal Solutions

fun rlez2 :: (nat list x nat list) = (nat list X nat list) = bool (Infix (<,jeqz2’
50)
where
(28, Ys) <rlexa (us, vs) +— 8 Q ys <,jes us @ vs

lemma rlex2-irrefl:
T <plex2 T
by (cases x) (auto simp: rlex-irrefl)

lemma rlex2-not-sym: © <ilezo Yy = 2 Y <rlexz2 T
using rlex-not-sym by (cases x; cases y; simp)

lemma less-imp-rlex2: = (case © of (z, y) = ANy, v). "2 Q y <, v Qv) y =

T <rlex2 Y
using less-imp-rlex by (cases x; cases y; auto)

Generate all lists (of natural numbers) of length n with elements bounded
by B.

fun gen :: nat = nat = nat list list
where
gen B 0 = [[]]
| gen B (Suc n) = [z#xs . xs < gen Bn, z « [0 .< B + 1]]
definition generate A B mn = tl [(z, y) . y < gen B n, © < gen A m]

definition check a b = filter (M(z, y). a -z =10 - y)
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definition minimize = minimize-wrt (\(z, y) (u, v). "z Q y <, u Q v)

definition solutions a b =
(let A = Mazx (set b); B = Maz (set a); m = length a; n = length b
in minimize (check a b (generate A B m n)))

lemma set-gen: set (gen B n) = {zs. length xs = n A (Vi<n. xzs! i < B)} (is -
= %A n)
proof (induct n)

case [simp]: (Suc n)

{ fix zs assume zs € A (Suc n)

then have zs € set (gen B (Suc n))
by (cases xs) (force simp: All-less-Suc2)+ }

then show ?Zcase by (auto simp: less-Suc-eq-0-disj)

qed simp

abbreviation gen2 A Bmn = [(z, y) . y + gen B n, x + gen A m]
lemma sorted-wrt-gen:
sorted-wrt (<,iez) (gen B n)
by (induction n)
(auto simp: rlex-Cons sorted-wrt-append sorted-wrt-map rlex-irrefl
introl: sorted-wrt-concat-map [where h = id, simplified])
lemma sorted-wrt-gen2: sorted-wrt (<ries2) (gen2 A B m n)
by (intro sorted-wrt-concat-map-map [where Q = (<riez)] sorted-wrt-gen)
(auto simp: set-gen rlex-def intro: lex-append-left] lex-append-rightl)
lemma gen-ne [simp]: gen B n # [| by (induct n) auto

lemma gen2-ne: gen2 A B m n # [| by auto

lemma sorted-wrt-generate: sorted-wrt (<,jex2) (generate A B m n)
by (auto simp: generate-def intro: sorted-wrt-tl sorted-wrt-gen2)

abbreviation check-generate a b = check a b (generate (Mazx (set b)) (Maz (set
a)) (length a) (length b))

lemma sorted-wrt-check-generate: sorted-wrt (<,jez2) (check-generate a b)
by (auto simp: check-def intro: sorted-wrt-filter sorted-wrt-generate)

lemma in-tl-gen2: z € set (tl (gen2 A B m n)) = = € set (gen2 A B m n)
by (rule list.set-sel) simp

lemma gen-nth0 [simp]: gen Bn! 0 = zeroes n
by (induct n) (auto simp: nth-append concat-map-nth0)

lemma gen2-nth0 [simp:
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gen2 A Bmn! 0 = (zeroes m, zeroes n)
by (auto simp: concat-map-nth0)

lemma set-gen2:

set (gen2 A B m n) = {(z, y). length x = m A length y = n A (Vi<m. z ! i <
A) A (Vi<n. y 1§ < B)}

by (auto simp: set-gen)

lemma gen2-unique:
assumes i < j
and j < length (gen2 A B m n)
shows gen2 A Bmn!i# gen2 ABmmn!j
using sorted-wrt-nth-less [OF sorted-wrt-gen2 assms|
by (auto simp: rlex2-irrefl)

lemma zeroes-ni-tl-gen2:
(zeroes m, zeroes n) ¢ set (tl (gen2 A B m n))
proof —
have gen2 A Bm n! 0 = (zeroes m, zeroes n) by (auto simp: generate-def)
with gen2-unique[of 0 - A m B n] show ?thesis
by (metis (no-types, lifting) Suc-eg-plus! in-set-conv-nth length-tl less-diff-conv
nth-tl zero-less-Suc)
qed

lemma set-generate:
set (generate A B m n) = {(z, y). (z, y) # (zeroes m, zeroes n) A (z, y) € set
(gen2 A B m n)}
proof
show set (generate A B m n)
C {(z, y).(z, y) # (zeroes m, zeroes n) A (z, y) € set (gen2 A B m n)}
using in-tl-gen2 and mem-Collect-eq and zeroes-ni-tl-gen2 by (auto simp:
generate-def)
next
have (zeroes m, zeroes n) = hd (gen2 A B m n)
by (simp add: hd-conv-nth)
moreover have set (gen2 A B m n) = set (generate A B m n) U {(zeroes m,
zeroes n)}
by (metis Un-empty-right generate-def Un-insert-right gen2-ne calculation list.exhaust-sel
list.simps(15))
ultimately show {(z, y). (z, y) # (zeroes m, zeroes n) A (z, y) € set (gen2 A
B mn)}
C set (generate A B m n)
by blast
qed

lemma set-check-generate:
set (check-generate a b) = {(z, y).
(z, y) # (zeroes (length a), zeroes (length b)) A
length © = length a A length y = length b AN a -z =b-9y A
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(Vi<length a. x ! i < Maz (set b)) A (Vi<length b. y ! j < Max (set a))}
unfolding check-def and set-filter and set-generate and set-gen2 by auto

lemma set-minimize-check-generate:
set (minimize (check-generate a b))
{(z, y)€set (check-generate a b). =
z@y)}
unfolding minimize-def
by (subst set-minimize-wrt [OF - sorted-wrt-check-generate]) (auto dest: rlex-not-sym
less-imp-rlex)

(3 (u, v)€set (check-generate a b). u Q v <,

lemma set-solutions-iff:
set (solutions a b) =
{(z, y) € set (check-generate a b). = (3 (u, v)Eset (check-generate a b). u @ v
<y z @ y)}
by (auto simp: solutions-def set-minimize-check-generate)

3.1.1 Completeness: every minimal solution is generated by solu-
tions

lemma (in hide) solutions-complete:
Minimal-Solutions C set (solutions a b)
proof (rule subrell)
let ?A = Mazx (set b) and ?B = Mazx (set a)
fix z y assume min: (z, y) € Minimal-Solutions
then have (z, y) € set (check a b (generate ?A ?B m n))
by (auto simp: Minimal-Solutions-alt-def set-check-generate less-eq-def in-Solutions-iff)
moreover have V (u, v) € set (check a b (generate A ?Bmn)). - u Qv <, x
Qy
using min and no0
by (auto simp: check-def set-generate neg-0-iff ' set-gen nonzero-iff dest!: Mini-
mal-Solutions-min)
ultimately show (z, y) € set (solutions a b) by (auto simp: set-solutions-iff)
qed

3.1.2 Correctness: solutions generates only minimal solutions.

lemma (in hlde) solutions-sound:
set (solutions a b) C Minimal-Solutions
proof (rule subrell)
fix x y assume sol: (z, y) € set (solutions a b)
show (z, y) € Minimal-Solutions
proof (rule Minimal-Solutionsl’)
show #: (z, y) € Solutions
using sol by (auto simp: set-solutions-iff in-Solutions-iff check-def set-generate
set-gen)
show nonzero x
using sol and nonzero-iff and replicate-eql and nonzero-Solutions-iff [OF
*
}
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by (fastforce simp: solutions-def minimize-def check-def set-generate set-gen
dest!: minimize-wrtD)
show — (3 (u, v)eMinimal-Solutions. u @ v <,  Q y)
proof
have min-cg: (z, y) € set (minimize (check-generate a b))
using sol by (auto simp: solutions-def)
note x = in-minimize-wrt-False [OF - sorted-wrt-check-generate min-cg
[unfolded minimize-def]]

assume 3 (u, v)€Minimal-Solutions. u Q@ v <, z Q y
then obtain v and v where (u, v) € Minimal-Solutions and less: u Q v <,
z @Q y by blast
then have (u, v) € set (solutions a b) by (auto intro: solutions-complete
[THEN subsetD))
then have (u, v) € set (check-generate a b)
by (auto simp: solutions-def minimize-def dest: minimize-wrtD)

from x [OF - - - this] and less show Fulse
using less-imp-rlex and rlex-not-sym by force
qed
qed

qed

lemma (in hide) set-solutions [simp]: set (solutions a b) = Minimal-Solutions
using solutions-sound and solutions-complete by blast

end

4 Computing Minimal Complete Sets of Solutions

theory Algorithm
imports Simple-Algorithm
begin

lemma all-Suc-le-conv: (Vi<Suc n. P i) ¢<— P 0 A (Vi<n. P (Suc 1))
by (metis less-Suc-eq-0-disj nat-less-le order-refl)

lemma concat-map-filter-filter:
assumes A\z. z € set 1s = - Q © = filter P (f z) = |]
shows concat (map (filter P o f) (filter Q xs)) = concat (map (filter P o f) xs)
using assms by (induct xs) simp-all

lemma filter-pairs-cony:
filter (M(z, y). Pz y A Qy) s = filter (\(z, y). Pz y) (filter (Q o snd) zs)
by (induct zs) auto
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lemma concat-map-filter:
concat (map f (filter P xs)) = concat (map (Az. if P z then f x else []) xs)
by (induct zs) simp-all

fun alls
where
alls B[] = [([], 0)]
| alls B (a # as) = [(z # xs, s + a * ). (28, s) < alls Bas, z + [0 .< B + 1]]

lemma alls-ne [simp]:
alls B as # |]
by (induct as)
(auto, metis (no-types, lifting) append-is-Nil-conv case-prod-conv list.set-intros(1)
neq-Nil-conv old.prod.exhaust)

lemma set-alls: set (alls B a) =
{(z, s). length x = length a A (Vi<length a. x 1 i < B) A s =a -z}
(is /L a = 7R a)
proof
show ?L a C ?R a by (induct a) (auto simp: nth-Cons split: nat.splits)
next
show ?R a C ?L a
proof (induct a)
case (Cons a as)
show ?Zcase
proof
fix zs’ assume zs’ € 7R (a # as)
then obtain z and zs where [simp|: zs' = (z # xs, (a # as) - (x # zs))
and length as = length xs
and B: z < B Vi<length as. zs! i < B
by (cases xs', case-tac a) (auto simp: All-less-Suc2)
then have (zs, as - zs) € ?L as using Cons by auto
then show zs’ € ?L (a # as)
using B
apply auto
apply (rule bexl [of - (zs, as - xs)])
apply auto
done
qed
qged auto
qed

lemma alls-nth0 [simp]: alls A as ! 0 = (zeroes (length as), 0)
by (induct as) (auto simp: nth-append concat-map-nth0)

lemma alls-Cons-tl-conv: alls A as = (zeroes (length as), 0) # tl (alls A as)
by (rule nth-equalityl) (auto simp: nth-Cons nth-tl split: nat.splits)

lemma sorted-wrt-alls:
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sorted-wrt (<yiez) (map fst (alls B xs))
by (induct zs) (auto simp: map-concat rlex-Cons sorted-wrt-append
introl: sorted-wrt-concat-map sorted-wrt-map-mono [of (<)])

definition alls2 A B a b = [(xs, ys). ys < alls B b, s < alls A d]

lemma alls2-ne [simp]:
alls2 A Bab # ||
by (auto simp: alls2-def) (metis alls-ne list.set-intros(1) neq-Nil-conv surj-pair)

lemma set-alls2:
set (alls2 A B a b) = {((z, 9), (y, t)). length x = length a A length y = length b
N
(Vi<length a. z ! i < A) A (Vj<length b. y!j< B)As=a-xzANt=10b-y}
by (auto simp: alls2-def set-alls)

lemma alls2-nth0 [simp]: alls2 A B as bs | 0 = ((zeroes (length as), 0), (zeroes
(length bs), 0))
by (auto simp: alls2-def concat-map-nth0)

lemma alls2-Cons-tli-conv: alls2 A B as bs =

((zeroes (length as), 0), (zeroes (length bs), 0)) # tl (alls2 A B as bs)

apply (rule nth-equalityl)

apply (auto simp: alls2-def nth-Cons nth-tl length-concat concat-map-nth0 split:
nat.splits)

apply (cases alls B bs; simp)

done

abbreviation gen2
where
gen2 A B a b= map (Mz, y). (fst z, fst y)) (alls2 A B a b)

lemma sorted-wrt-gen2:
sorted-wrt (<rjez2) (gen2 A B a b)
apply (rule sorted-wrt-map-mono [of Az, y) (u, v). (fst z, fst y) <rjex2 (fst u,
fst v)])
apply (auto simp: alls2-def map-concat)
apply (fold riex2.simps)
apply (rule sorted-wrt-concat-map-map)
apply (rule sorted-wrt-map-distr, rule sorted-wrt-alls)
apply (rule sorted-wrt-map-distr, rule sorted-wrt-alls)
apply (auto simp: rlex-def set-alls intro: lex-append-left] lex-append-rightl)
done

definition generate’
where

generate’ A B a b = tl (map (M(z, y). (fst z, fst y)) (alls2 A B a b))

lemma sorted-wrt-generate’:
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sorted-wrt (<,iez2) (generate’ A B a b)
by (auto simp: generate’-def sorted-wrt-gen2 sorted-wrt-tl)

lemma gen2-nth0 [simp:
gen2 A Bab! 0 = (zeroes (length a), zeroes (length b))
by auto

lemma gen2-ne [simp, intro]: gen2 m n b ¢ # [| by auto

lemma in-generate”: © € set (generate’ m n ¢ b) = x € set (gen2 m n ¢ b)
unfolding generate’-def by (rule list.set-sel) simp

definition cond-cons P = (A(ys, s). case ys of [| = True | ys = P ys s)

lemma cond-cons-simp [simp):
cond-cons P ([], s) = True
cond-cons P (z # zs, s) = P (z # xs) s
by (auto simp: cond-cons-def)

fun suffs
where
suffs P as (zs, s) «—
length zs = length as N
s = as - xs N
(Vi<length xzs. cond-cons P (drop i xs, drop i as - drop i zs))
declare suffs.simps [simp del]

lemma suffs-Nil [simp]: suffs P[] ([, s) «— s =10
by (auto simp: suffs.simps)

lemma suffs-Cons:
suffs P (a # as) (z # xs, 8) +—
s=ax*x+ as+ xs A cond-cons P (z # zs, s) A suffs P as (zs, as + xs)
apply (auto simp: suffs.simps cond-cons-def split: list.splits)
apply force
apply (metis Suc-le-mono drop-Suc-Cons)
by (metis One-nat-def Suc-le-mono Suc-pred dotprod-Cons drop-Cons’ le-0-eq
not-le-imp-less)

4.1 The Algorithm

fun mazxne0-impl
where
mazne0-impl || a
| mazne0-impl z ||
| mazneO-impl (z#xs) (a#as) = (if © > 0 then maz a (mazned-impl xs as) else
maznel-impl xs as)

=0
=0

lemma mazne0-impl:
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assumes length x = length a
shows mazne0-impl x a = maznel x a
using assms by (induct © a rule: list-induct2) (auto)

lemma maznel-impl-le:

mazne0-impl x a < Maz (set (a:nat list))

apply (induct x a rule: mazne0-impl.induct)

apply (auto simp add: maz.coboundedl2)

by (metis List.finite-set Maz-insert Nat.leO le-maz-iff-disj maxne0-impl.elims
mazne0-impl.simps(2) set-empty)

context
fixes a b :: nat list
begin

definition special-solutions :: (nat list x nat list) list
where
special-solutions = [sij a b ij .1+ [0 ..< length a], j < [0 ..< length b]]

definition big-e :: nat list = nat = nat list
where
big-e xj = map (Ni. eijabij— 1) (filter (Ni.x!1i>dijabij) [0..<length

z])

definition big-d :: nat list = nat = nat list
where
big-dy i =map (Nj. dijabij— 1) (filter (\j.y!j>eijabdij)[0.< length
yl)

definition big-d’ :: nat list = nat = nat list
where
big-d' y i =
(let I = length y; n = length b in
if 1 > n then [] else
(letk=n—1lin
map (A\j. dijabi (j+ k) — 1) (filter (M. y!j>eijadi(j+k)]I[0.<
length 3])))

definition max-y-impl :: nat list = nat = nat
where
maz-y-impl x j =
(if j < length b A big-e z j # [| then Min (set (big-e z j))
else Mazx (set a))

definition max-z-impl :: nat list = nat = nat
where
maz-T-impl y i =
(if i < length a A big-d y i # [] then Min (set (big-d y ©))
else Maz (set b))
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definition maz-2-impl’ :: nat list = nat = nat
where
maz-z-impl’ y i =
(if i < length a A big-d’' y i # || then Min (set (big-d’ y ©))
else Mazx (set b))

definition cond-a :: nat list = nat list = bool
where
cond-a s ys +— (Vz€set xs. © < maxnel ys b)

definition cond-b :: nat list = bool
where
cond-b zs +— (¥ k<length a.
take k a - take k zs < b - (map (max-y-impl (take k xs)) [0 ..< length b]))

definition boundr-impl :: nat list = nat list = bool
where
boundr-impl z y <— (Vj<length b. y ! j < maz-y-impl x j)

definition cond-d :: nat list = nat list = bool
where
cond-d xs ys +— (VI<length b. take 1 b - take l ys < a - x3)

definition subdprodr-impl :: nat list = bool
where
subdprodr-impl ys +— (VI<length b.
take 1 b « take l ys < a - map (maz-z-impl (take 1 ys)) [0 ..< length a])

definition subdprodl-impl :: nat list = nat list = bool
where
subdprodl-impl x y +— (Vk<length a. take k a - take kz < b - y)

definition boundl-impl © y +— (Vi<length a. z ! { < maz-z-impl y )

definition static-bounds
where
static-bounds x y <—
(let mx = mazneO-impl y b; my = maznel-impl x a in
(Vzeset . x < mz) N (Vyeset y. y < my))

definition check-cond =

Mz, y). static-bounds xy A a -z = b -y A boundr-impl x y A subdprodl-impl
y A subdprodr-impl y)
definition check’ = filter check-cond

definition non-special-solutions =
(let A = Maz (set b); B = Maz (set a)
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in minimize (check’ (generate’ A B a b)))
definition solve = special-solutions @ non-special-solutions
end

lemma sorted-wrt-check-generate’:
sorted-wrt (<,ies2) (check’ a b (generate’ A B a b))
by (auto simp: check’-def intro!: sorted-wrt-filter sorted-wrt-generate’ sorted-wrt-tl)

lemma big-e:
set (big-e a b xs j) = hlde-ops.Ej a b j xs
by (auto simp: hlde-ops.Ej-def big-e-def)

lemma big-d:
set (big-d a b ys i) = hide-ops.Di a b i ys
by (auto simp: hlde-ops.Di-def big-d-def)

lemma big-d":
length ys < length b = set (big-d’ a b ys i) = hide-ops.Di’ a b i ys
by (auto simp: hide-ops.Di’-def big-d’-def Let-def)

lemma maz-y-impl:
maz-y-impl a b x j = hlde-ops.max-y a b x j
by (simp add: maz-y-impl-def big-e hlde-ops.max-y-def set-empty [symmetric))

lemma mazx-z-impl:
maz-z-impl a b y i = hlde-ops.max-x a b y i
by (simp add: maz-z-impl-def big-d hide-ops.maz-z-def set-empty [symmetric))

lemma maz-z-impl”:

assumes length y < length b

shows maz-z-impl’ a b y i = hide-ops.maz-x’ a b y i

by (simp add: maz-z-impl’-def big-d’ [OF assms| hlde-ops.maz-z'-def set-empty
[symmetric])

lemma (in hide) cond-a [simp]: cond-a b x y = cond-A z y
by (simp add: cond-a-def cond-A-def)

lemma (in hide) cond-b [simp]: cond-b a b © = cond-B x
using maz-y-impl by (auto simp: cond-b-def cond-B-def) presburger+

lemma (in hide) boundr-impl [simp]: boundr-impl a b © y = boundr x y
by (simp add: boundr-impl-def boundr-def maz-y-impl)

lemma (in hide) cond-d [simp]: cond-d a b x y = cond-D z y
by (simp add: cond-d-def cond-D-def)

lemma (in hlde) subdprodr-impl [simp]: subdprodr-impl a b y = subdprodr y
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using maz-z-impl by (auto simp: subdprodr-impl-def subdprodr-def) presburger+

lemma (in hide) subdprodl-impl [simp]: subdprodi-impl a b x y = subdprodl z y
by (simp add: subdprodl-impl-def subdprodl-def)

lemma (in hlde) cond-bound-impl [simp]: boundl-impl a b x y = boundl = y
by (simp add: boundl-impl-def boundl-def max-z-impl)

lemma (in hide) check [simp]:
check’ a b =
filter (A\(z, y). static-bounds a bxy AN a-x=">b-y A boundrzy A
subdprodl z y A
subdprodr y)
by (simp add: check’-def check-cond-def)

conditions B, C, and D from Huet as well as "subdprodr" and "subdprodl"
are preserved by smaller solutions

lemma (in hide) le-imp-conds:
assumes le: u <, z v <, ¥
and len: length x = m length y = n
shows cond-B ©+ = cond-B u
and boundr x y = boundr u v
and a+u="b+v= cond-D x y = cond-D u v
and a + v = b+ v = subdprodl x y => subdprodl u v
and subdprodr y = subdprodr v
proof —
assume B: cond-B z
have length u = m using len and le by (auto)
show cond-B u
proof (unfold cond-B-def, intro alll impl)
fix k
assume k: kK < m
moreover have *: take k u <, take k x if k < m for k
using le and that by (intro le-take) (auto simp: len)
ultimately have take k a - take k u < take k a - take k x
by (intro dotprod-le-right) (auto simp: len)
also have ... < b - map (maz-y (take k x)) [0..<n]
using k and B by (auto simp: cond-B-def)
also have ... < b - map (maz-y (take k u)) [0..<n]
using le-imp-maz-y-ge [OF  [OF k]
using k by (auto simp: len introl: dotprod-le-right less-eql)
finally show take k a - take k uw < b - map (maz-y (take k w)) [0..<n] .
qged
next
assume subdprodr: subdprodr y
have length v = n using len and le by (auto)
show subdprodr v
proof (unfold subdprodr-def, intro alll impI)
fix [
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assume [: [ < n
moreover have x: take l v <, take [ y if [ < n for [
using le and that by (intro le-take) (auto simp: len)
ultimately have take [ b - take [ v < take I b - take l y
by (intro dotprod-le-right) (auto simp: len)
also have ... < a - map (maz-z (take I y)) [0..<m]
using [ and subdprodr by (auto simp: subdprodr-def)
also have ... < a - map (maz-z (take [ v)) [0..<m)]
using le-imp-maz-z-ge [OF * [OF ]]
using [ by (auto simp: len intro!: dotprod-le-right less-eql)
finally show take I b - take l v < a - map (maz-z (take [ v)) [0..<m)] .
qed
next
assume C: boundr x y
show boundr u v
using le-imp-maz-y-ge [OF <u <, 2] and C and le
by (auto simp: boundr-def len less-eq-def) (meson order-trans)
next
assume a + v = b - v and cond-D x y
then show cond-D u v
using le by (auto simp: cond-D-def len le-length intro: dotprod-le-take)
next
assume a + v = b - v and subdprodl x y
then show subdprodl u v
using le by (metis subdprodl-def dotprod-le-take le-length len(1))
qged

lemma (in hlde) special-solutions [simp]:
shows set (special-solutions a b) = Special-Solutions
proof —
have set (special-solutions a b) C Special-Solutions
by (auto simp: Special-Solutions-def special-solutions-def) (blast)
moreover have Special-Solutions C set (special-solutions a b)
by (auto simp: Special-Solutions-def special-solutions-def)
ultimately show ¢thesis ..
qed

lemma set-gen2:
set (gen2 A B a b) = {(z, y). © <, replicate (length a) A A y <, replicate (length
b) B}
(is 7L = ?R)
proof (intro equalityl subrell)
fix xs ys assume (zs, ys) € 7R
then have Vzeset xs. © < A and Vy€eset ys. y < B
and length s = length a and length ys = length b
by (auto simp: less-eq-def in-set-conv-nth)
then have ((zs, a - xs), (ys, b - ys)) € set (alls2 A B a b) by (auto simp:
set-alls2)
then have (\(z, y). (fst z, fst y)) ((zs, a - zs), (ys, b - ys)) € (A(z, y). (fst =,
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fsty)) “set (alls2 A B ab)
by (intro imagel)
then show (zs, ys) € ?L by simp
qed (auto simp: less-eq-def set-alls2)

lemma set-gen2”:
Mz, y). (fst z, fsty))  set (alls2 A Bab) =
{(z, y). = <, replicate (length a) A N y <, replicate (length b) B}
using set-gen2 by simp

lemma (in hide) in-non-special-solutions:
assumes (z, y) € set (non-special-solutions a b)
shows (z, y) € Solutions
using assms
by (auto dest!: minimize-wrtD in-generate’
simp: non-special-solutions-def in-Solutions-iff minimize-def set-alls2)

lemma generate-unique:
assumes i < j
and j < length (generate A B a b)
shows generate A B a b! i # generate A Bab! j
using sorted-wrt-nth-less [OF sorted-wrt-generate assms]
by (auto simp: rlex2-irrefl)

lemma gen2-unique:
assumes i < j
and j < length (gen2 A B a b)
shows gen2 A Bab!i# gen2 ABab!j
using sorted-wrt-nth-less [OF sorted-wrt-gen2 assms]
by (auto simp: rlex2-irrefl)

lemma zeroes-ni-generate:

(zeroes (length a), zeroes (length b)) ¢ set (generate’ A B a b)
proof —

have gen2 A B a b! 0 = (zeroes (length a), zeroes (length b)) by (auto)

with gen2-unique [of 0 - A B a b] show ?thesis

by (auto simp: in-set-conv-nth nth-tl generate’-def)
(metis One-nat-def Suc-eg-plusi less-diff-conv zero-less-Suc)

qed

lemma set-generate”:
set (generate’ A B a b) =
{(z, y). (z, y) # (zeroes (length a), zeroes (length b)) A (z, y) € set (gen2 A B
o b))
proof
show set (generate’ A B a b)
C {(z, y).(z, y) # (zeroes (length a), zeroes (length b)) A (z, y) € set (gen2
A Bab)}

using in-generate’ and mem-Collect-eq and zeroes-ni-generate’ by (auto)
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next
have (zeroes (length a), zeroes (length b)) = hd (gen2 A B a b)
by (simp add: hd-conv-nth)
moreover have set (gen2 A B a b) = set (tl (gen2 A B a b)) U {(zeroes (length
a), zeroes (length b))}
by (metis Un-empty-right Un-insert-right gen2-ne calculation list.ezhaust-sel
list.simps(15))
ultimately show {(z, y). (z, y) # (zeroes (length a), zeroes (length b)) A (=,
y) € set (gen2 A B a D)}
C set (generate’ A B a b)
unfolding generate’-def by blast
qed

lemma set-generate’”:

set (generate’ A B a b) =

{(z, y). (z, y) # (zeroes (length a), zeroes (length b)) A x <, replicate (length a)
A Ny <, replicate (length b) B}

by (simp add: set-generate’ set-gen2’)

lemma (in hide) zeroes-ni-non-special-solutions:
shows (zeroes m, zeroes n) ¢ set (non-special-solutions a b)
proof —
define All-lex where
All-lex: All-lex = gen2 (Maz (set b)) (Max (set a)) a b
define z where z: z = (zeroes m, zeroes n)
have set (non-special-solutions a b) C set (tl (All-lex))
by (auto simp: All-lex generate’-def non-special-solutions-def minimize-def dest:
minimize-wrtD)
moreover have z ¢ set (¢l (All-lex))
using zeroes-ni-generate’ All-lex z by (auto simp: generate’-def)
ultimately show “thesis
using z by blast
qed

4.1.1 Correctness: solve generates only minimal solutions.

lemma (in hlde) solve-subset-Minimal-Solutions:
shows set (solve a b) C Minimal-Solutions
proof (rule subrell)
let %a = Max (set a) and ?b = Max (set b)
fix zy
assume ass: (z, y) € set (solve a b)
then consider (z, y) € set (special-solutions a b) | (z, y) € set (non-special-solutions
a b)
unfolding solve-def and set-append by blast
then show (z, y) € Minimal-Solutions
proof (cases)
case I
then have (z, y) € Special-Solutions
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unfolding special-solutions .
then show ?thesis
by (simp add: Special-Solutions-in-Minimal-Solutions)
next
let %zs = [(z, y) + generate’ ?b %a a b.
static-bounds a bx y A a - x = b -y A boundr x y X/ CORGBL BN 81 N
subdprodl x y A
subdprodr y]
case 2
then have conds: Ve€set . e < Max (set b) boundr x y
subdprodl © y subdprodr y
and zs: (z, y) € set (minimize ?zs)
by (auto simp: non-special-solutions-def minimize-def set-alls2
dest!: minimize-wrtD in-generate’)
(metis in-set-conv-nth)
have sol: (z, y) € Solutions
using ass by (auto simp: solve-def Special-Solutions-in-Solutions in-non-special-solutions)
then have len: length © = m length y = n by (auto simp: Solutions-def)
have nonzero z
using sol Solutions-snd-not-0 [of y ]
by (metis 2 eq-0-iff len nonzero-Solutions-iff nonzero-iff zeroes-ni-non-special-solutions)
moreover have — (3 (u, v) € Minimal-Solutions. u @ v <, = @ y)
proof
let 2P = Az, y) (u, v). "2 Qy <, u@Qu
let ?Q = (A(z, y). static-bounds a bz y A a -z =0b-y A boundr x y M/Lon47B
IR A N

subdprodl x y N
subdprodr y)
note sorted = sorted-wrt-generate’ [THEN sorted-wrt-filter, of ?Q ?b %a a b]
note x = in-minimize-wrt-False [OF - sorted, of (x, y) P, OF - xs [unfolded
minimize-def]]

assume 3 (u, v)€Minimal-Solutions. u Q@ v <, £ Q y
then obtain v and v where
wv: (u, v) € Minimal-Solutions and less: u Q v <, z @Q y by blast
from uv and less have le: v <, zv <, yand sol> a-u=1"0-v
and nonzero: nonzero u
using sol by (auto simp: Minimal-Solutions-def Solutions-def elim!: less-append-cases)

with le-imp-conds(2,4,5) [OF le] and conds(2—)
have conds’: V e€set u. e < Max (set b) boundr u v
subdprodl u v subdprodr v
using conds(1,3,4) by (auto simp: len less-eq-def) (metis in-set-conv-nth
le-trans len(1))
moreover have static-bounds a b u v
using maz-coeff-bound [OF wv] and Minimal-Solutions-length [OF uv]
by (auto simp: static-bounds-def mazne0-impl)
moreover have x <, replicate m ?b
using zs set-generate’ [of Maz (set b) Max (set a) a b
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cond-A-def conds(1) le-replicatel len by metis
moreover have y <, replicate n ?a
using zs by (auto simp: less-eql minimize-def set-generate’ set-alls2 dest!:
minimize-wrtD)
ultimately have (u, v) € set ?zs
using sol’ and set-generate’ [of ?b ?a a b] and wv [THEN Minimal-Solutions-imp-Solutions]
and nonzero
by (simp add: set-gen2) (metis in-set-replicate le order-vec.dual-order.trans
nonzero-iff )
from * [OF - - - this] and less show False
using less-imp-rlex and rlex-not-sym by force
qed
ultimately show ?thesis by (simp add: Minimal-SolutionsI’ sol)
qed
qed

4.1.2 Completeness: every minimal solution is generated by solve

lemma (in hlde) Minimal-Solutions-subset-solve:
shows Minimal-Solutions C set (solve a b)
proof (rule subrell)
fix zy
assume min: (z, y) € Minimal-Solutions
then have sol: a - x = b - y length x = m lengthy = n
and [dest]: © = zeroes m = y = zeroes n = Fulse
by (auto simp: Minimal-Solutions-def Solutions-def nonzero-iff)
consider (special) (z, y) € Special-Solutions
| (not-special) (z, y) ¢ Special-Solutions by blast
then show (z, y) € set (solve a b)
proof (cases)
case special
then show “thesis
by (simp add: no0 solve-def)
next
define all where all = generate’ (Max (set b)) (Maz (set a)) a b
have *: V¥ (u, v) € set (check’ a ball). " u Qv <, zQy
using min and no0
by (auto simp: all-def set-generate’ neq-0-iff " nonzero-iff dest!: Minimal-Solutions-min)

case not-special
from conds [OF min] and not-special
have (z, y) € set (check’ a b all)

using maz-coeff-bound [OF min] and mazne0-le-Maz

and Minimal-Solutions-length [OF min)]
apply (auto simp: sol all-def set-generate’’ cond-A-def less-eq-def static-bounds-def
mazne0-impl)

apply (metis le-trans nth-mem sol(2))

by (metis le-trans nth-mem sol(3))
from in-minimize-wrtl [OF this, of Az, y) (u, v). "2 Q y <, u @ v]
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have (z, y) € set (non-special-solutions a b)
by (auto simp: non-special-solutions-def minimize-def all-def)
then show ?thesis
by (simp add: solve-def)
qed
qed

The main correctness and completeness result of our algorithm.

lemma (in hide) solve [simp]:
shows set (solve a b) = Minimal-Solutions
using Minimal-Solutions-subset-solve and solve-subset-Minimal-Solutions by blast

5 Making the Algorithm More Efficient

locale bounded-gen-check =
fixes C :: nat list = nat = bool
and B :: nat
assumes bound: Nz zs s. > B = C (z # zs) s = False
and cond-antimono: Ax z' zsss’. C (z # 1s) s = 1'<=' < s= C
(z' # zs) s
begin

function incs :: nat = nat = (nat list x nat) = (nat list x nat) list
where
incs a x (xs, s) =
(lett =854 ax*zin
if C (z # xs) t then (z # xs, t) # incs a (Suc x) (zs, s) else [])
by (auto)
termination
by (relation measure (A(a, x, xs, ). B + 1 — z), rule wf-measure, case-tac x >
B)
(use bound in auto)
declare incs.simps [simp del]

lemma in-incs:
assumes (ys, t) € set (incs a z (zs, s))
shows length ys = length xs + 1 ANt =s+ hdysx a Ntlys=axs N Cyst
using assms
by (induct a x (zs, s) arbitrary: ys t rule: incs.induct)
(subst (asm) (2) incs.simps, auto simp: Let-def)

lemma incs-Nil [simp]: © > B = incs a z (s, ) = ||
by (induct a x (zs, s) rule: incs.induct) (simp add: incs.simps bound)

lemma incs-filter:

assumes z < B

shows incs a x = (A(zs, s). filter (cond-cons C) (map (Az. (x # xs, s + a * 1))
[z .< B+ 1))
proof
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fix zss
show incs a x xss = (A(zs, s). filter (cond-cons C) (map (A\z. (x # xs, s + a *
z)) [z .< B + 1])) wss
using assms
proof (induct a x zss rule: incs.induct)
case (1 a x zs )
then show ?case
by (unfold incs.simps [of a x|, cases © = B)
(auto simp: filter-empty-conv Let-def cond-cons-def upt-conv-Cons intro:
cond-antimono)
qed
qed

fun gen-check :: nat list = (nat list x nat) list
where
gen-check [| = [([}, 0)]
| gen-check (a # as) = concat (map (incs a 0) (gen-check as))

lemma gen-check-len:
assumes (ys, s) € set (gen-check as)
shows length ys = length as
using assms
proof (induct as arbitrary: ys s)
case (Cons a as)
have 3 (la,t) € set (gen-check as). (ys, s) € set (incs a 0 (la,t))
using Cons.prems(1) by auto
moreover obtain la ¢t where (la,t) € set (gen-check as)
using calculation by auto
moreover have length ys = length la + 1
using calculation
by (metis (no-types, lifting) Cons.hyps case-prodE in-incs)
moreover have length la = length as
using calculation
using Cons.hyps Cons.prems by fastforce
ultimately show ?case by simp
qed (auto)

lemma in-gen-check:
assumes (zs, s) € set (gen-check as)
shows length xs = length as A s = as « zs
using assms
apply (induct as arbitrary: xs s)
apply (auto simp: in-incs)
apply (case-tac zs)
apply (auto dest: in-incs)
done

lemma gen-check-filter:
gen-check as = filter (suffs C as) (alls B as)
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proof (induct as)
next
case (Cons a as)
have filter (suffs C (a # as)) (alls B (a # as)) =
filter (A(zs, s). cond-cons C (xs, s) A suffs C as (tl xs, as - tl xs)) (alls B (a #
as))
by (intro filter-cong [OF refl])
(auto simp: set-alls suffs.simps all-Suc-le-conv ac-simps split: list.splits)
also have ... =
concat (map (A(zs, s). filter (cond-cons C) (map (A\z. (z # xs, s + a * 1))
[0..<B + 1]))
(filter (suffs C as) (alls B as)))
unfolding alls.simps
unfolding filter-concat
unfolding map-map
by (subst concat-map-filter-filter [symmetric, where @ = suffs C as])
(auto simp: set-alls intro: arg-cong [of - - concat] filter-cong)
finally have x*: filter (suffs C (a # as)) (alls B (a # as)) =
concat (map (A(zs, s).
filter (cond-cons C) (map (Az. (x # zs, s + a x z)) [0..<B + 1])) (filter
(suffs C as) (alls B as))) .
have gen-check (a # as) = filter (suffs C (a # as)) (alls B (a # as))
unfolding x
by (simp add: incs-filter [OF zero-le] Cons)
then show ?case by simp
qged simp

lemma in-gen-check-cond:
assumes (zs, s) € set (gen-check as)
shows V j<length xs. drop j zs # [| — C (drop j xs) (s — take j as - take j xs)
using assms
apply (induct as arbitrary: xs s)
apply auto
apply (case-tac zs)
apply auto
apply (case-tac j)
apply (auto dest: in-incs)
done

lemma sorted-gen-check:
sorted-wrt (<,ies) (map fst (gen-check xs))
proof —
have sort-map: sorted-wrt (Az y. x <pjex y) (map fst (alls B xs))
using sorted-wrt-alls by auto
then have sorted-wrt (Az y. fst © <,1es fst y) (alls B xs)
using sorted-wrt-map-distr [of (<riez) fst alls B xs]
by (auto)
then have sorted-wrt (Az y. fst & <,jeq fst y) (filter (suffs C zs) (alls B xs))
using sorted-wrt-alls sorted-wrt-filter sorted-wrt-map
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by blast
then show ?thesis
using gen-check-filter
by (simp add: case-prod-unfold sorted-wrt-map-mono)
qed

end

locale bounded-generate-check =

c2: bounded-gen-check Co By for Coy By +

fixes 'y and B;

assumes condl: A\b ys. ys € fst ¢ set (c2.gen-check b) = bounded-gen-check
(C1 bys) (B1b)
begin

definition generate-check a b =
[(ws, ys). ys < c2.gen-check b, xs < bounded-gen-check.gen-check (C1 b (fst ys))
a]

lemma generate-check-filter-conv:
generate-check a b = [(xs, ys).
ys < filter (suffs Co b) (alls By b),
xs < filter (suffs (C1 b (fst ys)) a) (alls (B1 b) a)]
using bounded-gen-check.gen-check-filter [OF cond1]
by (force simp: generate-check-def c2.gen-check-filter intro!: arg-cong [of - - con-
cat] map-cong)

lemma generate-check-filter:

generate-check a b = [(zs, ys) < alls2 (B1 b) By a b. suffs (C1 b (fst ys)) a xs
A suffs Ca b ys)

by (auto intro: arg-cong [of - - concat]

simp: generate-check-filter-conv alls2-def filter-concat concat-map-filter filter-map
o-def)

lemma tl-generate-check-filter:
assumes suffs (C1 b (zeroes (length b))) a (zeroes (length a), 0)
and suffs Ca b (zeroes (length b), 0)
shows tl (generate-check a b) = [(zs, ys) < tl (alls2 (By b) By a b). suffs (C
b (fst ys)) a xs A suffs Ca b ys]
using assms
by (unfold generate-check-filter, subst (1 2) alls2-Cons-tl-conv) auto

end
context
fixes a b :: nat list

begin

fun condl
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where
condl ys [| s «— True
| condl ys (x # xs) s +— s < b - ys A z < maznel-impl ys b

lemma maz-z-impl’-conv:

i < length a = length y = length b = maz-z-impl’ a b y i = maz-z-impl a b
K}

by (auto simp: maz-z-impl’-def maz-z-impl-def Let-def big-d’-def big-d-def)

fun cond?
where
cond2 [| s «— True
| cond2 (y # ys) s +— y < Maz (set a) A s < a - map (maz-z-impl’ a b (y #
ys)) [0 ..< length a]

lemma le-imp-big-d’-subset:
assumes v <, Y
shows set (big-d’ a b v i) C set (big-d’ a by i)
using assms and le-trans
by (auto simp: Let-def big-d’-def less-eq-def hlde-ops.dij-def hlde-ops.eij-def)

lemma finite-big-d’:
finite (set (big-d’ a by 7))
by (rule finite-subset [of - (\j. dij a b i (j + length b — length y) — 1) ‘{0 ..<
length y}])
(auto simp: Let-def big-d’-def)

lemma Min-big-d’-le:
assumes i < length a
and big-d' a by i # ||
and length y < length b
shows Min (set (big-d" a b y i)) < Mazx (set b) (is ?m < -)
proof —
have ?m € set (big-d’ a by 7)
using assms and finite-big-d’ and Min-in by auto
then obtain j where
Jifm=dijabi(j+ lengthb —lengthy) — 1j<lengthyy!j>eijadi(j
+ length b — length y)
by (auto simp: big-d’-def Let-def split: if-splits)
then have j + length b — length y < length b
using assms by auto
moreover
have lcm (a ! %) (0! (j + length b — length y)) diva!i < b! (j + length b —
length y) by (rule lem-div-le’)
ultimately show ?thesis
using j and assms
by (auto simp: hide-ops.dij-def)
(meson List.finite-set Max-ge diff-le-self le-trans less-le-trans nth-mem)
qed
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lemma le-imp-max-z-impl’-ge:

assumes v <, Y
and 7 < length a

shows maz-z-impl’ a b v i > maz-z-impl’ a b y i

using assms and le-imp-big-d’-subset [OF assms(1), of i]
and Min-in [OF finite-big-d’, of y i
and finite-big-d’ and Min-le

by (auto simp: maz-z-impl’-def Let-def introl: Min-big-d’-le [of i y])
(fastforce simp: big-d’-def intro: lel)

end

global-interpretation c12: bounded-generate-check (cond2 a b) Maz (set a) condl
Ab. Max (set b)
defines c2-gen-check = c12.c2.gen-check and c2-incs = c12.c2.incs
and c12-generate-check = c12.generate-check
proof —
{ fix z zs s assume Maz (set a) < x
then have cond2 a b (z # zs) s = False by (auto) }
note 1 = this

{ fix z 2’ zs s s’ assume cond2 a b (z # zs) sand 2’ < z and s’ < s
moreover have map (maz-z-impl’ o b (z # zs)) [0..<length a] <, map
(maz-z-impl’ a b (z' # xs)) [0..<length a]
using le-imp-maz-z-impl’-ge [of v’ # xs x # xs] and <z’ < )
by (auto simp: le-Cons less-eq-def All-less-Suc2)
ultimately have cond2 a b (¢’ # xs) s’
by (auto simp: le-Cons) (metis dotprod-le-right le-trans length-map map-nth)

}

note 2 = this
interpret c2: bounded-gen-check cond2 a b Maz (set a) by (standard) fact+

{ fix b ys z zs s assume ys € fst ‘ set (c2.gen-check b) and Max (set b) < x
then have cond! b ys (x # xs) s = False
by (auto dest!: ¢2.in-gen-check) (metis leD less-le-trans mazne0-impl mazne0-le-Max)

}

note 3 = this

{ fix bysza’ xs s s’ assume ys € fst ‘ set (c2.gen-check b) and cond! b ys (z
# xs) s
and z'’ < zand s’ < s
then have cond! b ys (x’ # zs) s’ by auto }
note 4 = this

show bounded-generate-check (cond2 a b) (Max (set a)) condl (Ab. Mazx (set b))

using 7 and 2 and 3 and / by (unfold-locales) metis+
qed
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definition post-cond a b = (A(z, y). static-bounds a bz y AN a -2z =>b+y A
boundr-impl a b x y)

definition fast-filter a b =
filter (post-cond a b) (map (A(z, y). (fst z, fst y)) (¢ (c12-generate-check a b a
b)))

lemma condi1-cond2-zeroes:

shows suffs (condl b (zeroes (length b))) a (zeroes (length a), 0)
and suffs (cond2 a b) b (zeroes (length b), 0)

apply (auto simp: suffs.simps cond-cons-def split: list.splits)
apply (metis dotprod-0-right length-drop)
apply (metis Cons-replicate-eq Nat.leQ)

apply (metis Cons-replicate-eq Nat.leO)

by (metis Nat.leO dotprod-0-right length-drop)

lemma suffs-cond1l:
assumes V yeset aa. y < maznel-impl aaa b
and length aa = length a
and ¢ - aa = b - aaa
shows suffs (condl b aaa) a (aa, b - aaa)
using assms
apply (auto simp: suffs.simps cond-cons-def split: list.splits)
apply (metis dotprod-le-drop)
by (metis in-set-dropD list.set-intros(1))

lemma suffs-cond2-conv:
assumes length ys = length b
shows suffs (cond2 a b) b (ys, b - ys) +—
(Vyeset ys. y < Max (set a)) A subdprodr-impl a b ys
(is /L +— ?R)
proof
assume x: ?L
then have Vyeset ys. y < Mazx (set a)
apply (auto simp: suffs.simps cond-cons-def in-set-conv-nth split: list.splits)
apply (auto simp: hd-drop-conv-nth [symmetric])
apply (case-tac drop i ys)
apply simp-all
using less-or-eq-imp-le by blast
moreover
{ fix [ assume I: | < length b
have take I b - take l ys < b - ys
using [ and assms by (simp add: dotprod-le-take)
also have ... < a - map (maz-z-impl’ a b ys) [0 ..< length a]
using * apply (auto simp: suffs.simps cond-cons-def split: list.splits)
apply (drule-tac x = 0 in spec)
apply (cases ys)
apply auto
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done
also have ... = a - map (maz-z-impl a b ys) [0 ..< length a)
using maz-z-impl’-conv [OF - assms, of - a]
by (metis (mono-tags, lifting) atLeastLessThan-iff map-eq-conv set-upt)
also have ... < a - map (maz-z-impl a b (take [ ys)) [0 ..< length a
unfolding maz-z-impl using hlde-ops.maz-z-le-take [OF eq-imp-le, OF assms,
of a]
by (intro dotprod-le-right) (auto simp: less-eq-def)
finally have take [ b - take | ys < a - map (maz-z-impl a b (take [ ys)) [0 ..<
length a] .
}
ultimately show ?R by (auto simp: subdprodr-impl-def)
next
assume *: 7R
then have V yeset ys. y < Max (set a) and subdprodr-impl a b ys by auto
moreover
{ fix i assume i: i < length b
have drop i b« drop i ys < b+ ys
using ¢ and assms by (simp add: dotprod-le-drop)
also have ... < a - map (maz-z-impl a b ys) [0 ..< length a)
using * and assms by (auto simp: subdprodr-impl-def)
also have ... = a - map (maz-z-impl’ a b ys) [0 ..< length a]
using maz-z-impl’-conv [OF - assms, of - a]
by (metis (mono-tags, lifting) atLeastLessThan-iff map-eq-conv set-upt)
also have ... < a - map (maz-z-impl’ a b (drop i ys)) [0 ..< length d]
using hlde-ops.maz-z'-le-drop [OF eq-imp-le, OF assms, of a]
by (intro dotprod-le-right) (auto simp: less-eq-def max-z-impl’ i assms)
finally have drop i b - drop i ys < a + map (maz-z-impl’ a b (drop i ys)) [0 ..<
length a] .
}
ultimately show ¢L
using assms
apply (auto simp: suffs.simps cond-cons-def split: list.splits)
apply (metis in-set-dropD list.set-intros(1))
apply force
done
qed

lemma suffs-cond2I:
assumes YV ye€set aaa. y < Max (set a)
and length aaa = length b
and subdprodr-impl a b aaa
shows suffs (cond2 a b) b (aaa, b - aaa)
using assms by (subst suffs-cond2-conv) simp-all

lemma check-cond-conv:
assumes (z, y) € set (alls2 (Maz (set b)) (Maz (set a)) a b)
shows check-cond a b (fst x, fst y) <—
static-bounds a b (fst x) (fst y) A a - fst x = b - fst y A boundr-impl a b (fst x)
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(fsty) A
suffs (condl b (fst y)) a x A
suffs (cond2 a b) by
using assms
apply (cases x; cases y; auto simp: static-bounds-def check-cond-def set-alls2 split:
list.splits)
apply (auto intro: suffs-cond1I suffs-cond2l simp: subdprodl-impl-def suffs-cond2-conv)
apply (metis in-set-conv-nth)
by (metis dotprod-le-take)

lemma tune:
check’ a b (generate’ (Max (set b)) (Max (set a)) a b) = fast-filter a b
using cond1-cond2-zeroes
by (auto simp: c12.tl-generate-check-filter check’-def generate’-def map-tl [symmetric]
filter-map post-cond-def fast-filter-def
introl: map-cong filter-cong dest: list.set-sel(2) [THEN check-cond-conv, OF
alls2-ne))

locale bounded-incs =
fixes cond :: nat list = nat = bool

and B :: nat
assumes bound: Nz zs s. x > B = cond (x # xs) s = False
begin

function incs :: nat = nat = (nat list x nat) = (nat list x nat) list
where
incs a x (xs, s) =
(lett =854 ax*zin
if cond (x # xs) t then (x # s, t) # incs a (Suc ) (zs, s) else [])
by (auto)
termination
by (relation measure (A(a, x, xs, s). B + 1 — z), rule wf-measure, case-tac x >
B)
(use bound in auto)
declare incs.simps [simp del]

lemma in-incs:
assumes (ys, t) € set (incs a = (s, 3))
shows length ys = length xs + 1 Nt = s+ hd ys * a A\ tl ys = xs N\ cond ys t
using assms
by (induct a x (s, s) arbitrary: ys t rule: incs.induct)
(subst (asm) (2) incs.simps, auto simp: Let-def)

lemma incs-Nil [simp]: © > B = incs a x (zs, ) = ||
by (induct a x (zs, s) rule: incs.induct) (auto simp: Let-def incs.simps bound)

end

global-interpretation incs?:
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bounded-incs (condl b ys) (Maz (set b))

for b ys :: nat list

defines ci-incs = incsl.incs
proof

fix zas s

assume Maz (set b) < z

then show cond! b ys (z # xzs) s = False

using maznel-impl-le [of ys b] by auto

qed

fun c1-gen-check
where
cl-gen-check b ys [| = [([], 0)]
| c1-gen-check b ys (a # as) = concat (map (cl-incs b ys a 0) (c1-gen-check b ys

as))

definition generate-check a b = [(xs, ys). ys < c2-gen-check a b b, xs « c1-gen-check
b (fst ys) a]

lemma ci-gen-check-conv:
assumes (ys, s) € set (c2-gen-check a b b)
shows cI-gen-check b ys a = bounded-gen-check.gen-check (condl b ys) a
proof —
interpret c1: bounded-gen-check (condl b ys) Maz (set b)
by (unfold-locales) (auto, meson leD less-le-trans mazne0-impl-le)
have eq: cl-incs b ys al 0 (a, ba) = cl.incs al 0 (a, ba) if (a, ba) € set
(cI.gen-check a2)
for a al a2 ba
using that
by (induct rule: c1.incs.induct)
(auto dest!: c1.in-gen-check simp: Let-def incs1.incs.simps c1.incs.simps)
show ?thesis
by (induct a) (auto introl: arg-cong [of - - concat] dest: eq)
qed

5.1 Code Generation

lemma solve-efficient [code]:
solve a b = special-solutions a b @ minimize (fast-filter a b)
by (auto simp: solve-def non-special-solutions-def tune)

lemma c12-generate-check-code [code-unfold):
c12-generate-check a b a b = generate-check a b
by (auto simp: generate-check-def c12.generate-check-def c1-gen-check-conv in-

trol: arg-cong [of - - concat])

end
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