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Abstract

We formalize differential dynamic logic, a logic for proving prop-
erties of hybrid systems. The proof calculus in this formalization is
based on the uniform substitution principle. We show it is sound with
respect to our denotational semantics, which provides increased con-
fidence in the correctness of the KeYmaera X theorem prover based
on this calculus. As an application, we include a proof term checker
embedded in Isabelle/HOL with several example proofs.

Published in [1]

We present a formalization of a uniform substitution calculus for differ-
ential dynamic logic (dL). In this calculus, the soundness of dL proofs is
reduced to the soundness of a finite number of axioms, standard proposi-
tional rules and a central uniform substitution rule for combining axioms.
We present a formal definition for the denotational semantics of dL and
prove the uniform substitution calculus sound by showing that all inference
rules are sound with respect to the denotational semantics, and all axioms
valid (true in every state and interpretation).

This work is published in [1] along with a Coq formalization. It is based
on prior non-mechanized proofs [3, 2].
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theory Ids
imports Complex-Main
begin

1 Identifier locale

The differential dynamic logic formalization is parameterized by the type
of identifiers. The identifier type(s) must be finite and have at least 3-4
distinct elements. Distinctness is required for soundness of some axioms.

locale ids =
fixes vidl :: ('sz:{finite,linorder})
fixes vid2 :: sz
fixes vid3 :: sz
fixes fidl :: ('sf::finite)

fixes fid2 :: 'sf
fixes fid3 :: 'sf
fixes pidl :: ('sc:finite)
fixes pid2 :: 'sc

!/
fixes pid3 :: 'sc
fixes pid4 :: 'sc
assumes vnel2:vidl # vid?2
assumes vne23:vid2 # vid3
assumes vneld:vidl # vid3
assumes fnel2:fidl # fid2
assumes fne23:fid2 # fid3
assumes fnel3:fidl # fid3
assumes pnel2:pidl # pid2
assumes pne23:pid2 # pid3
assumes pnel3:pidl # pid3
assumes pnel/:pidl # pidj
assumes pne24:pid2 # pidj
assumes pneds:pid3 # pidj

context ids begin

lemma id-simps:
(vidl = vid2) = False (vid2 = vid3) = False (vidl = vid3) = False
(fidl1 = fid2) = False (fid2 = fid3) = False (fidl = fid3) = False
(pidl = pid2) = False (pid2 = pid3) = False (pidl = pid3) = False
(pid1 = pid4) = False (pid2 = pid4) = False (pid3 = pid4) = False
(vid2 = wvidl) = False (vid3 = vid2) = False (vid3 = vidl) = False



(fid2 = fid1) = False (fid3 = fid2) = False (fid3 = fidl) = False
(pid2 = pidl) = False (pid3 = pid2) = False (pid3 = pidl) = False
(pid4 = pidl) = False (pid4 = pid2) = False (pidj = pid3) = False
using wvnel2 vne23 vneld fnel2 fne23 fnell pnel2 pne23 pnell pnell pne2

pned4 by auto

end

end

theory Lib

imports
Ordinary-Differential- Equations. ODE-Analysis

begin

2 Generic Mathematical Lemmas

General lemmas that don’t have anything to do with dL specifically and
could be fit for general-purpose libraries, mostly dealing with derivatives,
ODEs and vectors.

lemma vec-extensionality:(\i. v8i = w$i) = (v = w)
by (simp add: vec-eq-iff)

lemma norm-azis: norm (azis i x) = norm x

unfolding axis-def norm-vec-def

unfolding L2-set-def

by(clarsimp simp add: if-distribjwhere f=norm)] if-distribjwhere f=\z. 27|
sum.If-cases)

lemma bounded-linear-axis: bounded-linear (axis ©)
proof
show azis ¢ (x + y) = awis i ¢ + axis { y axis i (r xg ) = 7 *g axis ¢ ¢ for z
y:'aand r
by (auto simp: vec-eq-iff axis-def)
show 3 K. Vz::'a. norm (azis i ©) < norm z * K
by (auto simp add: norm-axis introl: exI[of - 1])
qed

lemma bounded-linear-vec:
fixes f::('a::finite) = 'bureal-normed-vector = 'c::real-normed-vector
assumes bounds: \i. bounded-linear (f 7)
shows bounded-linear (\z. x i. fi x)
proof unfold-locales
fixrzy
interpret bounded-linear f i for i by fact
show (x i. fi(z+y) = (xi fiz)+ (xi fiy)
by (vector add)
show (x i. fi (rxg x)) = r*g (x i fix)
by (vector scaleR)
obtain K where norm (fiz) < norm z x K i for z i
using bounded by metis



then have norm (x i. fiz) < norm x x (i€ UNIV. K i) (is ?lhs < ?rhs) for
T
unfolding sum-distrib-left
unfolding norm-vec-def
by (auto intro!: L2-set-le-sum-abs| THEN order-trans] sum-mono simp: abs-mult)
then show 3 K. V. norm (x i. fiz) < normz x K
by blast
qed

lift-definition blinfun-vec::(‘a::finite = 'b::real-normed-vector =, real) = 'b =,
(real ~'a) is (A(f::('a = b = real)) (x::'d). x (i'a). fix)

by (rule bounded-linear-vec, simp)
lemmas blinfun-vec-simps[simp] = blinfun-vec.rep-eq

lemma continuous-blinfun-vec:(\i. continuous-on UNIV (blinfun-apply (g1))) =
continuous-on UNIV (blinfun-vec g)
by (simp add: continuous-on-vec-lambda)

lemma blinfun-elim: \g. (blinfun-apply (blinfun-vec g)) = (Az. x i. g i x)
using blinfun-vec.rep-eq by auto

lemma sup-plus:

fixes f g::('b::metric-space) = real

assumes nonempty:R # {}

assumes bddf:bdd-above (f ‘ R)

assumes bddg:bdd-above (g ‘ R)

shows (SUP z€R. fz + gxz) < (SUP z€R. fz) + (SUP z€R. g 1)

proof —

have bddfg:bdd-above((Az. fx + gz ) ‘R)
using bddf bddg apply (auto simp add: bdd-above-def)
using add-mono-thms-linordered-semiring(1) by blast

have eq:(SUP z€R. fz + g z) < (SUP z€R. fz) + (SUP z€R. g 1)
+— (Vz€R. (fz + gz) < (SUP z€R. fz) + (SUP z€R. g 1))
apply(rule cSUP-le-iff)
subgoal by (rule nonempty)
subgoal by (rule bddfy)
done

have fs:A\z. 2 € R = fx < (SUP z€R. fx)
using bddf
by (simp add: cSUP-upper)

have gs:\z. x € R = gz < (SUP z€R. g x)
using bddyg
by (simp add: ¢SUP-upper)

have (VzeR. (fz + g z) < (SUP z€R. fz) + (SUP z€R. g 1))
apply auto
subgoal for z using fs[of z] gs[of z] by auto
done

then show %thesis by (auto simp add: eq)



qed

lemma continuous-blinfun-vec':
fixes f::'a::{finite,linorder} = 'b::{metric-space, real-normed-vector,abs} = 'b
=, real
fixes S::'b set
assumes conts:\i. continuous-on UNIV (f 1)
shows continuous-on UNIV (Axz. blinfun-vec (X i. fi x))
proof (auto simp add: LIM-def continuous-on-def)
fix 21 and e::real
assume £:0 < ¢
let ?n = card (UNIV:'a set)
have conts: Nizl e. 0 <e = 36>0.Va2. 22 # z1 A dist 22 21 < § — dist
(fi z2) (fizl)<e
using conts by (auto simp add: LIM-def continuous-on-def)
have conts:\i. 36>0. V2. 22 # x1 A dist 22 x1 < § — dist (fi{ z2) (f i
zl) < (e/?n)
subgoal for i using conts’[of ¢ / ?n z1 i] € by auto done
let ?f = (Az. blinfun-vec (X i. f i x))
let 2P6 = (M i 4. (6>0 N (Va2. 22 # a1l N distz2xl < 6 — dist (fi 22) (fi
zl) < (¢/?n))))
let 25¢ = (Ai. SOME 6. ?P¢ i §)
have Ps:\i. 36. P§ i § using conts’” by auto
have Pdi:\i. 2P0 i (204 1)
subgoal for i using somel[of ?Pd i ] Ps[of i] by auto done
have finU:finite (UNIV::'a set) by auto
let 26 = linorder-class.Min (%5¢ ¢ UNIV)
have §0s:\i. 257 i > 0 using Pdi by blast
then have §0s:\i. 0 < 25i i by auto
have bounds:bdd-below (95 ¢ UNIV)
unfolding bdd-below-def
using §0s less-eq-real-def by blast
have ds:\i. 20 < %54
using bounds cINF-lower[of 20i] by auto
have finite:finite ((20¢ ¢ UNIV)) by auto
have nonempty:((25¢ < UNIV)) # {} by auto
have 0:90 > 0 using Min-gr-iff[OF finite nonempty] 00s’
by blast
have conts":\i z2. 22 # x1 = dist 2 x1 < 2511 = dist (fi 22) (fizl) <
o
subgoal for ¢ z2
using conts'[of i| apply auto
subgoal for §
apply(erule allE[where z=12])
using Pdi ds[of i| apply (auto simp add: ds[of i])
done
done
done
have Az2. 22 # z1 A dist 22 1 < 20 = dist (blinfun-vec (Ni. f i z2))



(blinfun-vec (Xi. fizxl)) <e
proof (auto)
fix z2
assume ne:x2 #* xl
assume dist:Vi. dist 2 x1 < 201 1
have dists: \i. dist 22 1 < %5i @
subgoal for i using dist ds[of i] by auto done
have euclid: \y. norm(?f z1 y — 9f 22 y) = (L2-set (Ai. norm(fizl y — fi 22
y)) UNIV)
by (simp add: norm-vec-def)
have finite:finite (UNIV::'a set) by auto
have nonempty: (UNIV::'a set) # {} by auto
have nonemptyB: (UNIV::'b set) # {} by auto
have nonemptyR: (UNIV::real set) # {} by auto
have SUP-leg: \f::("b = real). N\ ¢:('b = real). \ S:'b set. S # {} =
bdd-above (g *S) = (Az. z € (S::'b set) = ((f z):=real) < ((g z):real)) =
(SUP z€8. fz) < (SUP z€S. g x)
by (rule cSup-mono, auto)
have SUP-sum-comm” AR S f . finite (S::’a set) = (R::'d::metric-space set)
#{} =
(ANiz. (fix)real) > 0) =
(Ai. bdd-above (fi ‘ R)) =
(SUPzeR . (>.ie S. fix)) < (> i€ S. (SUP z€R. fix))
proof —
fix R::’d set and S ::(‘a)set and f ::'a = 'd = real
assume non:R # {}
assume fin:finite S
assume every:(A\i z. 0 < fi x)
assume bddF:\i. bdd-above (fi ¢ R)
then have bddF":A\i. IM.Vz €R. fiz < M
unfolding bdd-above-def by auto
let ?boundP = (Mi M. Vz €R. fix < M)
let ?bound = (Ai::'a. SOME M.V z €R. fix < M)
have Ai. AM. ?boundP i M using bddF'’ by auto
then have each-bound:\i. ZboundP i (?bound 1)
subgoal for i using somel[of ?boundP i] by blast done
let ?bigBound = (AF. >  i€F. (?bound 7))
have bddG:\i::'a. AF. bdd-above ((Az. Y i€F. fiz) ‘R)
subgoal for i F'
using bddF[of i] unfolding bdd-above-def apply auto
apply(rule exl[where z=?bigBound F))
subgoal for M
apply auto
subgoal for z
using each-bound by (simp add: sum-mono)
done
done
done
show ?thesis R S f using fin assms



proof (induct)
case empty
have ((SUP z€R. Y ie{}. fi x)ureal) < (3] ie{}. SUP ac€R. fia) by
(simp add: non)
then show ?case by auto
next
case (insert z F)
have ((SUP zacR. > icinsert ¢ F. f i za):real) < (SUP za€R. f z za +
(OCdeF. fixa))
using insert.hyps(2) by auto
moreover have ... < (SUP za€ R. fz za) + (SUP zacR. () i€F. fiza))
by (rule sup-plus, rule non, rule bddF, rule bddQ)
moreover have ... < (SUP za€ R. fz za) + (D i€F. SUP «€R. fi a)
using add-le-cancel-left conts insert.hyps(3) by blast
moreover have ... < (> i€(insert x F). SUP a€R. f i a)
by (simp add: insert.hyps(2))
ultimately have ((SUP zacR. Y icinsert x F. fi za):real) < (3 i€(insert
z F). SUP a€R. fi a)
by linarith
then show ?case by auto

qed
qed
have SUP-sum-comm: \R S y1 y2 . finite (S::'a set) = (R::'b set) # {} =
(SUP zeR . (3.i € S. norm(fiyl z — fiy2az)/norm(z))) < O i€ S. (SUP

z€R. norm(f iyl v — fiy2 z)/norm(z)))
apply (rule SUP-sum-comm )
apply (auto)[3]
proof (unfold bdd-above-def)
fix RSyl y2i
{ fix rr :: real = real
obtain bb :: real = ('b = real) = 'b set = 'b where
fL:NrfB.réf BV fbrfB) =r
unfolding image-iff by moura
{ assume 37r. = rrr < norm (f iyl — fiy2)
then have 3r. norm (blinfun-apply (f i y1) (bb (rr r) (Ab. norm
(blinfun-apply (f i y1) b — blinfun-apply (f ¢ y2) b) / norm b) R) — blinfun-apply
(fiy2) (bb (rrr) (Ab. norm (blinfun-apply (fi y1) b — blinfun-apply (fiy2) b) /
norm b) R)) / norm (bb (rr r) (Ab. norm (blinfun-apply (f i y1) b — blinfun-apply
(fiy2) b) / norm b) R) # rrr
by (metis (no-types) le-norm-blinfun minus-blinfun.rep-eq)
then have 3r. rrr < r V rrr ¢ (Ab. norm (blinfun-apply (f i y1) b
— blinfun-apply (f i y2) b) / norm b) ‘R
using ffI by meson }
then have 3r. rrr < r V rrr ¢ (A\b. norm (blinfun-apply (f i y1) b
— blinfun-apply (fiy2) b) / norm b) ‘R
by blast }
then show 3 r. Vra€(Ab. norm (blinfun-apply (f i y1) b — blinfun-apply (f
iy2) b) / normb) ‘R.ra<r
by meson



qed
have SUM-leq: \S::("a) set. A\ f g ::('a = real). S # {} = finite S = (A\z.
zeS=frz<gz)= O zeS. fz) < (D z€S. gx)
by (rule sum-strict-mono, auto)
have L2:A\f S. L2-set (Az. norm(fz)) S < Oz € S. norm(f z))
using L2-set-le-sum norm-ge-zero by metis
have L2"Ay. (L2-set (Ai. norm(f i ©1 y — f i 22 y)) UNIV)/norm(y) <
(> 4€UNIV. norm(fial y — fix2vy))/norm(y)
subgoal for y
using L2[of A z. fzal y — fz 22 y) UNIV]
by (auto simp add: divide-right-mono)
done
have Ai. (SUP ye UNIV. norm((fixl — fix2) y)/norm(y)) = norm(f i x1
— fiz2)
by (simp add: onorm-def norm-blinfun.rep-eq)
then have each-norm: \i. (SUP ye UNIV. norm(fixl y — fixz2y)/norm(y))
= norm(f izl — fix2)
by (metis (no-types, lifting) SUP-cong blinfun.diff-left)
have bounded-linear: \i. bounded-linear (\y. fizl y — fiz2y)
by (simp add: blinfun.bounded-linear-right bounded-linear-sub)
have each-bound: \i. bdd-above ((A\y. norm(f i 1 y — f i z2 y)/norm(y))

UNIV)
using bounded-linear unfolding bdd-above-def
proof —
fixi:'a

{ fix rr :: real = real
have Aa r. norm (blinfun-apply (f a x1) r — blinfun-apply (f a 22) 1) /
norm r < norm (f a z1 — fa x2)
by (metis le-norm-blinfun minus-blinfun.rep-eq)
then have Ar R. r ¢ (Ar. norm (blinfun-apply (f i 1) r — blinfun-apply
(fiz2)r) /[ normr) RV r < norm (fixzl — fiz2)
by blast
then have 3r. rrr < r V rrr ¢ range (Ar. norm (blinfun-apply (f i z1) r
— blinfun-apply (f ¢ 22) r) / norm r)
by blast }
then show 3 r. Vracrange (Ar. norm (blinfun-apply (f i x1) r — blinfun-apply
(fiz2)r) [ normr). ra <r
by meson
qed
have bdd-above:(bdd-above ((Ay. (3 i€ UNIV. norm(fizly — fiz2y)/norm(y)))
< UNIV))
using each-bound unfolding bdd-above-def apply auto
proof —
assume each:(A\i. AM. Vx. |blinfun-apply (f i x1) = — blinfun-apply (f i x2)
z| / normxz < M)
let ?boundP = (Ai M.V z. |blinfun-apply (f i 1) x — blinfun-apply (f i 22)
z| / normx < M)
let ?bound = (Ai. SOME x. ?boundP i x)
have bounds:\i. ?boundP i (?bound 1)



subgoal for i using each somel|of ?boundP i] by blast done
let ?bigBound = Y ic(UNIV::'a set). ?bound i
show I3 M. Vz. (> i€ UNIV. |blinfun-apply (fi z1) = — blinfun-apply (f i x2)
z| [/ normz) < M
apply(rule exl[where z= ?bigBound))
by (auto simp add: bounds sum-mono)
qed
have bdd-above:(bdd-above ((Ay. (> i€ UNIV. norm(fizly — fiz2y))/norm(y))
‘ UNIV))
using bdd-above unfolding bdd-above-def apply auto
proof —
fix M :: real
assume al: Vz. (Y. i€ UNIV. |blinfun-apply (f i z1) x — blinfun-apply (f i
x2) z| / norm z) < M
{ fix bb :: real = b
have Ab. (3 ac UNIV. |blinfun-apply (f a x1) b — blinfun-apply (f a z2)
b)) / norm b < M
using al by (simp add: sum-divide-distrib)
then have 3r. (> ac UNIV. |blinfun-apply (f a x1) (bb r) — blinfun-apply
(faz2) (bbr)]) / norm (bbr) < r
by blast }
then show 3r. Vb. (3" ac UNIV. |blinfun-apply (f a 1) b — blinfun-apply (f
ax2) b))/ normb<r
by meson
qed
have dist (?f z2) (?f 1) = norm((?f z2) — (?f x1))
by (simp add: dist-blinfun-def)
moreover have ... = (SUP ye UNIV. norm(?f 1 y — ?f 22 y)/norm(y))
by (metis (no-types, lifting) SUP-cong blinfun.diff-left norm-blinfun.rep-eq
norm-minus-commaute onorm-def)
moreover have ... = (SUP ye UNIV. (L2-set (A\i. norm(f izl y — fi 22 y))
UNIV) /norm(y))
using euclid by auto
moreover have ... < (SUP yeUNIV. (> i€ UNIV. norm(f izl y — f i 22

y))/norm(y))

using L2’ SUP-cong SUP-leq bdd-above by auto

moreover have ... = (SUP yeUNIV. (> i€ UNIV. norm(f i 1 y — f i x2
y)/norm(y)))

by (simp add: sum-divide-distrib)
moreover have ... < (3 i€ UNIV. (SUP yeUNIV. norm(fizly — fi z2

y)/norm(y)))
by (rule SUP-sum-comm[OF finite nonemptyB, of ©1 x2])

moreover have ... = (3 i€ UNIV. norm(f i x1 — fi x2))
using each-norm by simp
moreover have ... = (> i€ UNIV. dist(f i 1) (f i 22))

by (simp add: dist-blinfun-def)
moreover have ... < (Y i€(UNIV::'a set). e | ?n)
using conts’'|OF ne dists] using SUM-leq|OF nonempty, of (Ai. dist (f i

o1) (fi22)) (Ni. €/ )]

10



by (simp add: dist-commute)
moreover have ... = ¢
by (auto)
ultimately show dist (7f 22) (?fz1) < ¢
by linarith
qed
then show Js>0. V2. 22 # x1 A dist 22 1 < s — dist (blinfun-vec (Ai. f1i
z2)) (blinfun-vec (Ni. fixl)) <e
using J by blast
qed

lemma has-derivative-vec|derivative-intros|:
assumes Ai. ((Az. fi x) has-derivative (Ah. f' i h)) F
shows ((Az. x i. f i z) has-derivative (Ah. x i. f' i h)) F
proof —
have x: (x i. fixz) = O (€UNIV. axis i (fix)) (x i. f'ix) = (O i€UNIV.
aris i (f' i x)) for x
by (simp-all add: azis-def sum.If-cases vec-eg-iff)
show ?thesis
unfolding *
by (intro has-derivative-sum bounded-linear.has-derivative] OF bounded-linear-azis]
assms)
qed

lemma has-derivative-proj:
fixes j:('a::finite)
fixes f::'a = real = real
assumes assm:((Az. x i. f i z) has-derivative (Ah. x i. f' i h)) F
shows ((Az. fj z) has-derivative (\h. f’ j h)) F
proof —
have bounded-proj:bounded-linear (A z::(real™a). © $ 7)
by (simp add: bounded-linear-vec-nth)
show ?thesis
using bounded-linear.has-derivative| OF bounded-proj, of (Ax. x i. fix) (Ah. x
i. f" i h), OF assm|
by auto
qed

lemma has-derivative-proj’:
fixes i::'a::finite
shows Vz. (A z. z $ ) has-derivative (Az::(reala). z $ 7)) (at z)
proof —
have bounded-proj:bounded-linear (\ z::(real™a). z $ )
by (simp add: bounded-linear-vec-nth)
show ?thesis
using bounded-proj unfolding has-derivative-def by auto
qed

lemma constant-when-zero:

11



fixes v::real = (real, "i:finite) vec
assumes z0: (v t0) $ i = z0
assumes sol: (v solves-ode f) T S
assumes f0: Asz.s€ T = fsz$i=10
assumes t0:t0 € T
assumes t:t € T
assumes convex:conver T
shows vt $ i = z0
proof —
from solves-odeD[OF sol]
have deriv: (v has-vderiv-on (At. ft (vt))) T by simp
then have ((A\t. vt $ ©) has-vderiv-on (At. 0)) T
using f0
by (auto simp: has-vderiv-on-def has-vector-derivative-def cart-eq-inner-azxis
introl: derivative-eq-intros)
from has-vderiv-on-zero-constant|OF convex this)
obtain ¢ where c:A\z. x € T = vz $ i = c by blast
with 20 have c = 20 vt $ i = ¢
using ¢t t0 c z0 by blast+
then show ?thesis by simp
qed

lemma
solves-ode-subset:
assumes z: (z solves-ode f) T X
assumes s: S C T
shows (z solves-ode f) S X
apply(rule solves-odel)
using has-vderiv-on-subset s solves-ode-vderivD x apply force
using assms by (auto intro!: solves-odel dest!: solves-ode-domainD)

lemma
solves-ode-supset-range:
assumes z: (z solves-ode f) T X
assumes y: X C Y
shows (z solves-ode f) T 'Y
apply(rule solves-odel)
using has-vderiv-on-subset y solves-ode-vderivD x apply force
using assms by (auto introl: solves-odel dest!: solves-ode-domainD)

lemma

usolves-ode-subset:

assumes z: (z usolves-ode f from t0) T X

assumes s: S C T

assumes t0: t0 € §

assumes S: is-interval S

shows (z usolves-ode f from t0) S X
proof (rule usolves-odel)

note usolves-odeD][OF x]
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show (z solves-ode f) S X by (rule solves-ode-subset; fact)
show t0 € S is-interval S by(fact+)
fix 2t
assume s: {t0 —— t} C S and z: (z solves-ode f) {t0 —— t} X and 20: z t0 =
z t0
then have 10 € {t0 —— t} is-interval {t0 —— t}
by auto
moreover note s
moreover have (z solves-ode f) {t0——t} X
using solves-odeD[OF z] <S C T
by (intro solves-ode-subset-range| OF z]) force
moreover note z0
moreover have t € {t0 —— t} by simp
ultimately show 2zt =z ¢
by (meson <Az ta T'. [t0 € T'; is-interval T'; T' C T; (z solves-ode f) T' X;
zt0 =z t0; ta € T'| = z ta = z ta> assms(2) dual-order.trans)
qed

— Example of using lemmas above to show a lemma that could be useful for dL:
The constant ODE
— 0 does not change the state.
lemma example:
fixes z t::real and i:('sz:finite)
assumes t > 0
shows z = (ll-on-open.flow UNIV (At. Ax. x (i:('sz::finite)). 0) UNIV 0 (x i.
z)t)$ i
proof —
let T = UNIV
let 2f = (At. Az. x i::(“sz::finite). 0)
let X = UNIV
let 2t0.0 = 0
let 220.0 = x i::('sz::finite). x
interpret [l: ll-on-open UNIV (At x. x i:('sz:finite). 0) UNIV
using gt-ex
by unfold-locales
(auto simp: interval-def continuous-on-def local-lipschitz-def intro!: lipschitz-intros)
have foo1:2t0.0 € ?T by auto
have f002:220.0 € ?X by auto
let v = ll.flow %t0.0 2x0.0
from [l.flow-solves-ode[OF fool foo2]
have solves:(Il.flow %t0.0 ?z0.0 solves-ode ?f) (ll.existence-ivl 7t0.0 ?20.0) ?X
by (auto)
then have solves:(%v solves-ode ?f) (ll.existence-ivl 9t0.0 2z0.0) ?X by auto
have thex0: (?v 7t0.0) $ (i::('sz:finite)) = = by auto
have sol-help: (?v solves-ode ?f) (ll.existence-iwvl 7t0.0 ?20.0) ?X using solves
by auto
have ivl:ll.existence-ivl 2t0.0 ?x0.0 = UNIV
by (rule ll.existence-ivl-eq-domain)
(auto introl: exl[where z=0] simp: vec-eq-iff)
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have sol: (?v solves-ode ?f) UNIV ¢X using solves ivl by auto
have thef0: Nt z. ?ftz $ i = 0 by auto
from constant-when-zero [OF thex0 sol thef0)]
have vt $ i =2
by auto
thus ?thesis by auto
qged

lemma MV T-vl:
fixes f::’a::ordered-euclidean-space='b::ordered-euclidean-space
assumes fderiv: Az. ¢ € D = (f has-derivative J ) (at © within D)
assumes J-ivl: Az. 2 € D = Jzu > J0
assumes line-in: A\z. z € {0..1} = a+ 2 *gu € D
shows f (a + u) — fa > JO
proof —
from MVT-corrected[OF fderiv line-in] obtain t where
t: t€Basis — {0<..<1} and
mut: f (¢ + u) — fa= (D i€Basis. (J (a+ ti*g u) u-i)*pg i)
by auto
note mut
also have ... > J0
proof —
have J: A\i. i € Basis = J0 < J (a + ti *p u) u
using J-iwl t line-in by (auto simp: Pi-iff)
show ?thesis
using J
unfolding atLeastAtMost-iff eucl-lefwhere 'a="'b]
by auto
qed
finally show ?thesis .
qed

lemma MVT-ivl"
fixes f::'a::ordered-euclidean-space="b:: ordered-euclidean-space
assumes fderiv: (Az. v € D = (f has-derivative J ) (at x within D))
assumes J-ivl: Az. 2 € D = Jz (a — b) > JO
assumes line-in: Az. z € {0..1} = b+ z *g (a — b) € D
shows fa > fb+ JO
proof —
have f (b + (a — b)) — fb> JO
apply (rule MVT-ivl[OF fderiv ])
apply assumption
apply (rule J-ivl) apply assumption
using line-in
apply (auto simp: diff-le-eq le-diff-eq ac-simps)
done
thus ?thesis
by (auto simp: diff-le-eq le-diff-eq ac-simps)
qed
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end

theory Syntax

imports
Complez-Main
Ids

begin

3 Syntax

We define the syntax of dL. terms, formulas and hybrid programs. As in
CADE’15, the syntax allows arbitrarily nested differentials. However, the
semantics of such terms is very surprising (e.g. (x’)’ is zero in every state),
so we define predicates dfree and dsafe to describe terms with no differentials
and no nested differentials, respectively.

In keeping with the CADE’15 presentation we currently make the simplify-
ing assumption that all terms are smooth, and thus division and arbitrary
exponentiation are absent from the syntax. Several other standard logi-
cal constructs are implemented as derived forms to reduce the soundness
burden.

The types of formulas and programs are parameterized by three finite types
(’a, 'b, ’c) used as identifiers for function constants, context constants, and
everything else, respectively. These type variables are distinct because some
substitution operations affect one type variable while leaving the others un-
changed. Because these types will be finite in practice, it is more useful to
think of them as natural numbers that happen to be represented as types
(due to HOL’s lack of dependent types). The types of terms and ODE sys-
tems follow the same approach, but have only two type variables because
they cannot contain contexts.

datatype (‘a, ‘c) trm =

— Real-valued variables given meaning by the state and modified by programs.
Var 'c

— N.B. This is technically more expressive than true dL since most reals

— can’t be written down.

| Const real

— A function (applied to its arguments) consists of an identifier for the function

— and a function ‘c = (‘a, 'c) trm (where c is a finite type) which specifies one

— argument of the function for each element of type ‘c. To simulate a function

with

— less than ’c arguments, set the remaining arguments to a constant, such as Const

0

| Function 'a 'c = (‘a, 'c) trm («$f>)

| Plus (‘a, 'c) trm ('a, 'c) trm

| Times ('a, 'c) trm (‘a, 'c) trm

— A (real-valued) variable standing for a differential, such as z’, given meaning by

the state
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— and modified by programs.

| Diff Var 'c (x8'")

— The differential of an arbitrary term ()’
| Differential (‘a, 'c) trm

datatype(’a, 'c) ODE =

— Variable standing for an ODE system, given meaning by the interpretation
OVar 'c

— Singleton ODE defining z’ = ¢, where 9 may or may not contain z

— (but must not contain differentials)

| OSing 'c ('a, 'c) trm

— The product OProd ODE1 ODE2 composes two ODE systems in parallel, e.g.
— OProd (z' = y) (y' = —=z) is the system {z' = y, y' = —z}

| OProd ('a, '¢c) ODE (‘a, '¢) ODE

datatype (‘a, b, 'c) hp =
— Variables standing for programs, given meaning by the interpretation.

Pvar 'c (Ba)
— Assignment to a real-valued variable z := ¢
| Assign ‘c (a, 'c) trm (infixr =) 10)

— Assignment to a differential variable

| DiffAssign 'c ('a, 'c) trm

— Program %p succeeds iff ¢ holds in current state.

| Test (‘a, 'b, 'c) formula («?)

— An ODE program is an ODE system with some evolution domain.
| FvolveODE ('a, 'c¢) ODE ('a, 'b, 'c) formula

— Non-deterministic choice between two programs a and b

| Choice ('a, 'b, 'c) hp ('a, b, 'c) hp (infixl <UU> 10)

— Sequential composition of two programs a and b

| Sequence (‘a, 'b, 'c) hp ('a, 'b, 'c) hp (infixr < 8)

— Nondeterministic repetition of a program a, zero or more times.
| Loop (‘a, 'b, 'c) hp (¢=kk>)

and (‘a, 'b, 'c) formula =
Geq ('a, 'c) trm ('a, 'c) trm
| Prop 'c 'c = (‘a, 'c) trm («$e»)
| Not (‘a, 'b, 'c) formula («h)
| And (‘a, 'b, 'c) formula (‘a, 'b, 'c) formula  (infixl (&&> 8)
| Ezists 'c (‘a, 'b, 'c) formula
— (a)p iff exists run of « where ¢ is true in end state
| Diamond ('a, 'b, 'c) hp (‘a, 'b, 'c) formula «({-) - 10)
— Contexts C are symbols standing for functions from (the semantics of) formulas
to
— (the semantics of) formulas, thus C(¢) is another formula. While not necessary
— in terms of expressiveness, contexts allow for more efficient reasoning principles.
| InContext 'b (‘a, 'b, 'c) formula

— Derived forms
definition Or :: (‘a, 'b, 'c) formula = (‘a, b, 'c) formula = ('a, 'b, 'c) formula
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(infix1 <[> 7)
where Or P Q = Not (And (Not P) (Not Q))

definition Implies :: ('a, 'b, 'c) formula = ('a, 'b, 'c) formula = ('a, 'b, 'c) formula
(infixr <—» 10)
where Implies P Q = Or @ (Not P)

definition Equiv :: (‘a, 'b, 'c) formula = ('a, 'b, 'c) formula = ('a, 'b, 'c) formula
(infixl «+» 10)
where Fquiv P Q = Or (And P Q) (And (Not P) (Not Q))

definition Forall :: 'c = ('a, 'b, 'c) formula = ('a, 'b, 'c) formula
where Forall x P = Not (Ezists © (Not P))

definition Fquals :: ('a, 'c) trm = (a, 'c) trm = ('a, 'b, 'c) formula
where Equals 9 9’ = ((Geq ¥ ¥') && (Geq 9’ 0))

definition Greater :: (‘a, '¢) trm = (‘a, 'c) trm = ('a, 'b, 'c) formula
where Greater 9 ¥ = ((Geq 9 ¥') && (Not (Geq ¥’ 9)))

definition Boz :: (‘a, 'b, 'c) hp = (‘a, 'b, 'c) formula = ('a, 'b, 'c) formula

(«([[-]-p 10)
where Box o P = Not (Diamond « (Not P))

definition TT ::('a,’d,’c) formula
where TT = Geq (Const 0) (Const 0)

definition FF ::('a,’d,’c) formula

where FI' = Geq (Const 0) (Const 1)
type-synonym (’a,’d,’c) sequent = ('
— Rule: assumptions, then conclusion
type-synonym ('a,’b,’c) rule = ('a,’b,’c) sequent list * ('a,’d,’c) sequent

a,’b,’c) formula list * (‘a,’d,’c) formula list

— silliness to enable proving disequality lemmas
primrec sizeF::('sf,’sc, 'sz) formula = nat
and sizeP:('sf,’sc, 'sz) hp = nat
where
sizeP (Pvar a) = 1
| sizeP (Assign x 9) = 1
| sizeP (DiffAssign x ) = 1
| sizeP (Test p) = Suc (sizeF )
| sizeP (EvolveODE ODE @) = Suc (sizeF o)
| sizeP (Choice o B) = Suc (sizeP o + sizeP )
| sizeP (Sequence o ) = Suc (sizeP o + sizeP ()
| sizeP (Loop o) = Suc (sizeP «)
| sizeF' (Geqp q) = 1
| sizeF' (Prop p args) = 1
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| sizeF' (Not p) = Suc (sizeF p)

| sizeF (And p q) = sizeF' p + sizeF q

| sizeF' (Exists x p) = Suc (sizeF' p)

| sizeF' (Diamond p q) = Suc (sizeP p + sizeF q)
| sizeF' (InContext C @) = Suc (sizeF @)

lemma sizeF-diseq:sizeF p # sizeF ¢ = p # q by auto

named-theorems expr-diseq Structural disequality rules for expressions

lemma [expr-diseq|:p # And p q by(induction p, auto)

lemma [expr-diseq|:q # And p g by(induction q, auto)

lemma [expr-diseq):p # Not p by(induction p, auto)

lemma [expr-diseq):p # Or p q by(rule sizeF-diseq, auto simp add: Or-def)
lemma [expr-diseq|:q # Or p q by(rule sizeF-diseq, auto simp add: Or-def)
lemma [expr-diseq|:p # Implies p q by(rule sizeF-diseq, auto simp add: Implies-def
Or-def)

lemma [expr-diseq):q # Implies p q by (rule sizeF-diseq, auto simp add: Implies-def
Or-def)

lemma [expr-diseq):p # Equiv p q by(rule sizeF-diseq, auto simp add: Equiv-def
Or-def)

lemma [ezpr-diseq]:q # Equiv p q by(rule sizeF-diseq, auto simp add: Equiv-def
Or-def)

lemma [expr-diseq):p # Exists x p by (induction p, auto)

lemma [expr-diseq|:p # Diamond a p by(induction p, auto)

lemma [expr-diseq|:p # InContext C p by(induction p, auto)

— A predicational is like a context with no argument, i.e. a variable standing for a
— state-dependent formula, given meaning by the interpretation. This differs from
a predicate

— because predicates depend only on their arguments (which might then indirectly
depend on the state).

— We encode a predicational as a context applied to a formula whose truth value
is constant with

— respect to the state (specifically, always true)

fun Predicational :: 'b = (‘a, 'b, 'c) formula (<Pc»)

where Predicational P = InContext P (Geq (Const 0) (Const 0))

— Abbreviations for common syntactic constructs in order to make axiom defini-
tions, etc. more

— readable.

context ids begin

— "Empty" function argument tuple, encoded as tuple where all arguments assume
a constant value.

definition empty:: 'b = (‘a, 'b) trm

where empty = \i.(Const 0)

— Function argument tuple with (effectively) one argument, where all others have

a constant value.
fun singleton :: (‘a, 'sz) trm = ('sz = (‘a, 'sz) trm)
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where singleton t i = (if i = vidI then t else (Const 0))

lemma expand-singleton:singleton t = (Ai. (if { = vidI then t else (Const 0)))
by auto

— Function applied to one argument
definition f1::'sf = 'sz = ('sf,’sz) trm
where f1 fx = Function f (singleton (Var z))

— Function applied to zero arguments (simulates a constant symbol given meaning
by the interpretation)

definition f0::'sf = ('sf,’sz) trm

where f0 f = Function f empty

— Predicate applied to one argument
definition p1::'sz = 'sz = ('sf, 'sc, 'sz) formula
where p! p x = Prop p (singleton (Var z))

— Predicational

definition P::'sc = ('sf, sc, 'sz) formula
where P p = Predicational p

end

3.1 Well-Formedness predicates

inductive dfree :: (‘a, 'c) trm = bool
where
dfree-Var: dfree (Var 1)
| dfree-Const: dfree (Const r)
| dfree-Fun: (\i. dfree (args i)) = dfree (Function i args)
| dfree-Plus: dfree 91 = dfree 99 = dfree (Plus 91 ¥2)
| dfree-Times: dfree 1 = dfree Yo = dfree (Times 91 V2)

inductive dsafe :: ('a, 'c) trm = bool
where
dsafe-Var: dsafe (Var 7)
| dsafe-Const: dsafe (Const r)
| dsafe-Fun: (\i. dsafe (args ©)) = dsafe (Function i args)
| dsafe-Plus: dsafe 91 = dsafe 93 = dsafe (Plus 91 92)
| dsafe-Times: dsafe 91 = dsafe Yo = dsafe (Times 91 U2)
| dsafe-Diff: dfree ¢ = dsafe (Differential )
| dsafe-Diff Var: dsafe ($ i)

— Explictly-written variables that are bound by the ODE. Needed to compute
whether
— ODE’s are valid (e.g. whether they bind the same variable twice)
fun ODE-dom::('a, 'c) ODE = 'c set
where
ODE-dom (OVar ¢) = {}
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| ODE-dom (OSing z 9) = {z}
| ODE-dom (OProd ODE1 ODE2) = ODE-dom ODE1 U ODE-dom ODE2

inductive osafe:: (‘a, '¢) ODE = bool
where
osafe-Var:osafe (OVar c)
| osafe-Sing:dfree 9 = osafe (OSing x )
| osafe-Prod:osafe ODE1 = osafe ODE2 —> ODE-dom ODE1 N ODE-dom
ODE?2 = {} = osafe (OProd ODE1 ODE2)

— Programs/formulas without any differential terms. This definition not currently
used but may
— be useful in the future.
inductive hpfree:: (‘a, 'b, 'c) hp = bool
and  ffree:: (‘a, b, 'c) formula = bool
where
hpfree (Pvar x)
| dfree e => hpfree (Assign z e)
— Differential programs allowed but not differential terms
| dfree e = hpfree (DiffAssign x e)
| ffree P —> hpfree (Test P)
— Differential programs allowed but not differential terms
| osafe ODE = ffree P —> hpfree (EvolveODE ODE P)
| hpfree a = hpfree b = hpfree (Choice a b )
| hpfree a = hpfree b = hpfree (Sequence a b)
| hpfree a = hpfree (Loop a)
| firee f = ffree (InContext C f)
| (Aarg. arg € range args = dfree arg) = ffree (Prop p args)
| ffree p = [free (Not p)
| fifree p = ffree ¢ = ffree (And p q)
| ffree p = ffree (Exists x p)
| hpfree a = ffree p = ffree (Diamond a p)
| ffree (Predicational P)
| dfree t1 = dfree t2 = f[free (Geq t1 t2)

inductive hpsafe:: (‘a, 'b, '¢) hp = bool
and  fsafe:: (‘a, 'b, 'c) formula = bool
where
hpsafe-Pvar:hpsafe (Pvar x)
| hpsafe-Assign:dsafe e = hpsafe (Assign x e)
| hpsafe-DiffAssign:dsafe e => hpsafe (DiffAssign x e)
| hpsafe-Test:fsafe P —> hpsafe (Test P)
| hpsafe-Evolve:osafe ODE = fsafe P = hpsafe (EvolveODE ODE P)
| hpsafe-Choice:hpsafe a = hpsafe b = hpsafe (Choice a b))
| hpsafe-Sequence:hpsafe a = hpsafe b = hpsafe (Sequence a b)
| hpsafe-Loop:hpsafe a = hpsafe (Loop a)

| fsafe-Geq:dsafe t1 = dsafe t2 = fsafe (Geq t1 t2)
| fsafe-Prop:(\i. dsafe (args i)) = fsafe (Prop p args)

20



| fsafe-Not:fsafe p = fsafe (Not p)

| fsafe-And:fsafe p = fsafe ¢ = fsafe (And p q)

| fsafe-Exists:fsafe p = fsafe (Fxists x p)

| fsafe-Diamond:hpsafe a = fsafe p = fsafe (Diamond a p)
| fsafe-InContext:fsafe f = fsafe (InContext C f)

— Auto-generated simplifier rules for safety predicates
inductive-simps
dfree- Plus-simps[simp)|: dfree (Plus a b)

and dfree- Times-simps[simp]: dfree (Times a b)

and dfree-Var-simps[simp]: dfree (Var z)

and dfree-DiffVar-simps[simp)|: dfree (DiffVar x)

and dfree-Differential-simps[simp): dfree (Differential x)

and dfree-Fun-simps[simp]: dfree (Function i args)

and dfree-Const-simps|simp): dfree (Const r)

inductive-simps
dsafe-Plus-simps[simp|: dsafe (Plus a b)

and dsafe-Times-simps[simp]: dsafe (Times a b)
and dsafe- Var-simps[simp]: dsafe (Var x)
and dsafe-DiffVar-simps[simpl: dsafe (DiffVar x)
and dsafe-Fun-simps[simp|: dsafe (Function i args)
and dsafe-Diff-simps|simp]: dsafe (Differential a)
and dsafe-Const-simps[simp): dsafe (Const r)

inductive-simps
osafe-OVar-simps|simp]:osafe (OVar c)
and osafe-0Sing-simps|simp|:osafe (OSing x )
and osafe-OProd-simps|simp]:osafe (OProd ODE1 ODE?2)

inductive-simps
hpsafe- Pvar-simps[simpl: hpsafe (Pvar a)
and hpsafe-Sequence-simps[simpl: hpsafe (a ;; b)
and hpsafe-Loop-simps|simp|: hpsafe (a*x)
and hpsafe-ODE-simps[simp]: hpsafe (EvolveODE ODE p)
and hpsafe-Choice-simps[simp]: hpsafe (a UU b)
and hpsafe-Assign-simps[simp]: hpsafe (Assign z €)
and hpsafe-DiffAssign-simps|[simp|: hpsafe (DiffAssign x e)
and hpsafe-Test-simps[simp]: hpsafe (2 p)

and fsafe-Geq-simps[simp]: fsafe (Geq t1 t2)

and fsafe-Prop-simps[simp): fsafe (Prop p args)

and fsafe-Not-simps[simp]: fsafe (Not p)

and fsafe-And-simps[simp)|: fsafe (And p q)

and fsafe-Exists-simps[simpl: fsafe (Exists x p)

and fsafe-Diamond-simps[simp]: fsafe (Diamond a p)
and fsafe-Context-simps[simp]: fsafe (InContext C p)

definition Ssafe::('sf,’sc,’sz) sequent = bool
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where Ssafe S «—((Vi. i > 0 — i < length (fst S) — fsafe (nth (fst S) 7))
ANVi. 1> 0 — i < length (snd S) — fsafe (nth (snd S) 7)))

definition Rsafe::('sf,’sc,’sz) rule = bool
where Rsafe R «— ((Vi. i > 0 — i < length (fst R) — Ssafe (nth (fst R) ©))
A Ssafe (snd R))

— Basic reasoning principles about syntactic constructs, including inductive prin-
ciples
lemma dfree-is-dsafe: dfree 9 = dsafe ¥

by (induction rule: dfree.induct) (auto intro: dsafe.intros)

lemma hp-induct [case-names Var Assign DiffAssign Test Evolve Choice Compose
Star]:

(Az. P ($a 2)) =
(Azl 2. P (21 = 22)) =
Nzl z2. P (DiffAssign z1 22)) =
)

(
(Az. P (?2) =
(Az? 22. P (EvolveODE zl 22)) =
(Axl 22. Pzl = P12 = P (z1 UU 22)) =
(Axl 22. Pxl = P12 = P (a1 ;; 22)) =
(Az. Pz = P x%x) =

P hp
by (induction rule: hp.induct) (auto)

lemma fml-induct:
(/\t] t2. P (Geq t1 t2))
A\p args. P (Prop p args))
.

Nz p. P p = P (Euxists z p))

Na p. P p = P (Diamond a p))
= (AC p. P p = P (InContext C p))
= Py

by (induction rule: formula.induct) (auto)

= (
(
E/\pq Pp= Pq= P (Andp q))
(

context ids begin
lemma proj-singl:(singleton ¥ vidl) = o
by (auto)

lemma proj-sing2:vidl # y = (singleton ¢ y) = (Const 0)
by (auto)
end

end

theory Denotational-Semantics

imports
Ordinary-Differential- Equations. ODE-Analysis
Lib
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Ids
Syntax
begin

3.2 Denotational Semantics

The canonical dynamic semantics of dL. are given as a denotational seman-
tics. The important definitions for the denotational semantics are states v,
interpretations I and the semantic functions [[¢]]I, [[0]]Iv, [[«]]], which are
represented by the Isabelle functions fml_sem, dterm_sem and prog_sem,
respectively.

3.3 States

We formalize a state S as a pair (Sy,S{,) : R" x R", where Sy assigns
values to the program variables and Sy’ assigns values to their differentials.
Function constants are also formalized as having a fixed arity m (Rvec_dim)
which may differ from n. If a function does not need to have m arguments,
any remaining arguments can be uniformly set to 0, which simulates the
affect of having functions of less arguments.

Most semantic proofs need to reason about states agreeing on variables. We
say Vagree A B V if states A and B have the same values on all variables in
V, similarly with VSagree A B V for simple states A and B and lagree I J
V for interpretations I and J.

type-synonym ’a Rvec = real ('a::finite)

— A state specifies one vector of values for unprimed variables z and a second
vector for z’

type-synonym 'a state = 'a Rvec X 'a Rvec

— 'a simple-state is half a state - either the zs or the z's

type-synonym ’a simple-state = 'a Rvec

definition Vagree :: 'c::finite state = 'c state = ('c + 'c) set = bool
where Vagree v v’ V =

Vi.Inlie V— fstv$i=fstv'$i)
ANNi.Inri €V — sndv$i=sndv'$i)

definition VSagree :: ‘c::finite simple-state = 'c simple-state = 'c set = bool
where VSagree v v' V +— (Vie V. (v $1i) = (v'$ 1))

— Agreement lemmas
lemma agree-nil: Vagree v w {}

by (auto simp add: Vagree-def)

lemma agree-supset:A O B = Vagree v v’ A = Vagree v v’ B
by (auto simp add: Vagree-def)
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lemma VSagree-nil: VSagree v w {}
by (auto simp add: VSagree-def)

lemma VSagree-supset:A O B = VSagree v v’ A = VSagree v v’ B
by (auto simp add: VSagree-def)

lemma VSagree-UNIV-eq: VSagree A B UNIV — A =B
unfolding VSagree-def by (auto simp add: vec-eq-iff)

lemma agree-comm:\NA B V. Vagree A BV — Vagree B A V unfolding Va-
gree-def by auto

lemma agree-sub:A\v w A B. A C B = Vagree v w B = Vagree v w A
unfolding Vagree-def by auto

lemma agree-UNIV-eq: \v w. Vagree v w UNIV — v = w
unfolding Vagree-def by (auto simp add: vec-eq-iff)

lemma agree-UNIV-fst:\v w. Vagree v w (Inl * UNIV) = (fst v) = (fst w)
unfolding Vagree-def by (auto simp add: vec-eq-iff)

lemma agree-UNIV-snd: \v w. Vagree v w (Inr ¢ UNIV) = (snd v) = (snd w)
unfolding Vagree-def by (auto simp add: vec-eq-iff)

lemma Vagree-univ:A\a b ¢ d. Vagree (a,b) (¢,d) UNIV = a=cANb=d
by (auto simp add: Vagree-def vec-eq-iff)

lemma agree-union: \v w A B. Vagree v w A = Vagree v w B = Vagree v w
(AU B)
unfolding Vagree-def by (auto simp add: vec-eg-iff)

lemma agree-trans: Vagree v n A = Vagree py w B = Vagree v w (A N B)
by (auto simp add: Vagree-def)

lemma agree-refi: Vagree v v A
by (auto simp add: Vagree-def)

lemma VSagree-sub:\v w A B. A C B = VSagree v w B = VSagree v w A
unfolding VSagree-def by auto

lemma VSagree-refl: VSagree v v A
by (auto simp add: VSagree-def)

3.4 Interpretations

For convenience we pretend interpretations contain an extra field called
FunctionFrechet specifying the Frechet derivative (FunctionFrechet f \<nu>)
: R™ — R for every function in every state. The proposition (is_interp I)
says that such a derivative actually exists and is continuous (i.e. all functions

24



are Cl-continuous) without saying what the exact derivative is.

The type parameters ’a, ’b, 'c are finite types whose cardinalities indicate
the maximum number of functions, contexts, and <everything else defined
by the interpretation>, respectively.

record ('a, 'b, 'c) interp =

Functions  'a = 'c¢ Rvec = real

Predicates ‘e = 'c Rvec = bool

Contexts : 'b = ¢ state set = ’c state set
Programs ' = ('c state * 'c state) set

ODEs o ‘e = 'c simple-state = 'c simple-state
ODEBV e = 'c set

fun FunctionFrechet :: ('a:finite, 'b::finite, 'c::finite) interp = 'a = ¢ Rvec = 'c
Rvec = real
where FunctionFrechet I i = (THE f'. ¥ x. (Functions I © has-derivative f' x)

(at x))

— For an interpretation to be valid, all functions must be differentiable everywhere.
definition is-interp :: (‘a::finite, 'b::finite, 'c::finite) interp = bool

where is-interp I =

V. Vi. (FDERIV (Functions I i) x :> (FunctionFrechet I i x)) A continuous-on
UNIV (Az. Blinfun (FunctionFrechet I i x)))

lemma is-interpD:is-interp I =V x. ¥V i. (FDERIV (Functions I i) x :> (FunctionFrechet
Tiux))
unfolding is-interp-def by auto

— Agreement between interpretations.
definition Iagree :: (‘a::finite, 'b::finite, 'c::finite) interp = (‘a::finite, 'b::finite,
‘c::finite) interp = (‘a + 'b + 'c¢) set = bool
where lagree I J V =

(VieV.
Vz. i = Inl t — Functions I © = Functions J ) A
Va. i = Inr (Inl ) — Contexts I x = Contexts J x) A
Va. i = Inr (Inr x) — Predicates I © = Predicates J x) A
V. i = Inr (Inr x) — Programs I £ = Programs J z) A\
Va. i = Inr (Inr xt) — ODEs I x = ODEs J z) A

i = Inr (Inr ) — ODEBV Iz = ODEBYV J x))

e e Y e Y Y

V.
lemma lagree-Func:lagree I J V = Inl f € V = Functions I f = Functions J
f

unfolding Ilagree-def by auto
lemma lagree-Contexts:lagree I J V = Inr (Inl C) € V = Contexts I C =
Contexts J C

unfolding Ilagree-def by auto

lemma Iagree-Pred:lagree I J V = Inr (Inr p) € V = Predicates I p = Pred-
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icates J p
unfolding lagree-def by auto

lemma lagree-Prog:lagree I J V. =—> Inr (Inr a) € V. => Programs I a = Programs
Ja
unfolding lagree-def by auto

lemma lagree-ODE:lagree I J V = Inr (Inr a) € V = ODEs I a = ODEs J a
unfolding lagree-def by auto

lemma Iagree-comm:\A B V. Iagree A BV = Iagree BA V
unfolding Ilagree-def by auto

lemma Jagree-sub:\I J A B. A C B=> Iagree [ J B = lagree I J A
unfolding lagree-def by auto

lemma lagree-refl:lagree I I A
by (auto simp add: lagree-def)

— Semantics for differential-free terms. Because there are no differentials, depends
only on the z variables
— and not the z’ variables.
primrec sterm-sem :: (‘a::finite, 'b::finite, 'c::finite) interp = ('a, 'c) trm = 'c
simple-state = real
where
sterm-sem I (Varz) v=v$ z
| sterm-sem I (Function f args) v = Functions I f (x i. sterm-sem I (args i) v)
| sterm-sem I (Plus t1 t2) v = sterm-sem I t1 v + sterm-sem I t2 v
| sterm-sem I (Times t1 t2) v = sterm-sem I t1 v * sterm-sem I t2 v
| sterm-sem I (Const ryv=r
| sterm-sem I ($' ¢) v = undefined
| sterm-sem I (Differential d) v = undefined

— frechet I 9 v syntactically computes the frechet derivative of the term ¢ in the
interpretation
— I at state v (containing only the unprimed variables). The frechet derivative is
a
— linear map from the differential state v to reals.
primrec frechet :: (‘a::finite, 'b::finite, 'c:finite) interp = ('a, 'c) trm = 'c sim-
ple-state = 'c simple-state = real
where
frechet I (Var ) v = (\v’. v’ - axis z 1)

| frechet I (Function f args) v =

(M\v’. FunctionFrechet I f (x . sterm-sem I (args i) v) (x i. frechet I (args i) v
o)
| frechet I (Plus t1 t2) v = (Av'. frechet I t1 v v’ + frechet I t2 v v’)
| frechet I (Times t1 t2) v =

(Av'. sterm-sem I t1 v * frechet It2 v v’ + frechet I t1 v v’ x sterm-sem I t2 v)
| frechet I (Const r) v = (v’ 0)
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| frechet I (3’ ¢) v = undefined
| frechet I (Differential d) v = undefined

definition directional-derivative :: ('a:finite, 'b:finite, 'c::finite) interp = (‘a, 'c)
trm = 'c state = real
where directional-derivative I t = (Av. frechet It (fst v) (snd v))

— Sem for terms that are allowed to contain differentials.
— Note there is some duplication with sterm-sem.
primrec dterm-sem :: ('a:finite, 'b:finite, 'c::finite) interp = (‘a, 'c) trm = 'c
state = real
where
dterm-sem I (Var z) = (Av. fst v $ z)
| dterm-sem I (DiffVar z) = (Av. snd v $ x)
| dterm-sem I (Function f args) = (Av. Functions I f (x i. dterm-sem I (args 7)
v))
| dterm-sem I (Plus t1 t2) = (Av. (dterm-sem I t1 v) + (dterm-sem I t2 v))
| dterm-sem I (Times t1 t2) = (Av. (dterm-sem I t1 v) x (dterm-sem I t2 v))
| dterm-sem I (Differential t) = (Av. directional-derivative I t v)
| dterm-sem I (Const ¢) = (Av. ¢)

The semantics of an ODE is the vector field at a given point. ODE’s are all
time-independent so no time variable is necessary. Terms on the RHS of an
ODE must be differential-free, so depends only on the xs.

The safety predicate osafe ensures the domains of ODE1 and ODE2 are
disjoint, so vector addition is equivalent to saying "take things defined from
ODE1 from ODE], take things defined by ODE2 from ODE2"

fun ODE-sem:: (‘a::finite, 'b:finite, 'c::finite) interp = (‘a, 'c) ODE = 'c Rvec
= 'c Rvec

where

ODE-sem-OVar:ODE-sem I (OVar x) = ODEs I x
| ODE-sem-0Sing:ODE-sem I (OSing v ¥9) = (Av. (x @. if i = = then sterm-sem
I 9 v else 0))
— Note: Could define using SOME operator in a way that more closely matches
above description,
— but that gets complicated in the OVar case because not all variables are bound
by the OVar
| ODE-sem-OProd:ODE-sem I (OProd ODE1 ODE2) = (Av. ODE-sem I ODE1
v + ODE-sem I ODE2 v)

— The bound variables of an ODE
fun ODE-vars :: ('a,’d,’c) interp = ('a, 'c) ODE = 'c set
where
ODE-vars I (OVar ¢) = ODEBV I ¢
| ODE-vars I (OSing z 9) = {z}
| ODE-vars I (OProd ODE1 ODE2) = ODE-vars I ODE1 U ODE-vars I ODE2

fun semBV :(‘a, 'b,’c) interp = (‘a, 'c) ODE = ('c + 'c¢) set
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where semBV I ODE = Inl ‘ (ODE-vars I ODE) U Inr ¢ (ODE-vars I ODE)

lemma ODE-vars-lr:
fixes z::'sz and ODE::('sf,’sz) ODE and I::('sf,’sc,’sz) interp
shows Inl z € semBV I ODE <— Inr z € semBV I ODE
by (induction ODE, auto)

fun mk-zode::('a:: finite, 'b::finite, 'c::finite) interp = ('a::finite, 'c::finite) ODE =
‘c::finite simple-state = 'c::finite state
where mk-zode I ODE sol = (sol, ODE-sem I ODE sol)

Given an initial state v and solution to an ODE at some point, construct
the resulting state w. This is defined using the SOME operator because the
concrete definition is unwieldy.

definition mk-v::(‘a::finite, 'b::finite, 'c:: finite) interp = ('a::finite, 'c::finite) ODE
= 'c::finite state = 'c::finite simple-state = 'c::finite state
where mk-v I ODE v sol = (THE w.
Vagree w v (— semBV I ODE)
A Vagree w (mk-zode I ODE sol) (semBV I ODE))

— repv v x r replaces the value of (unprimed) variable z in the state v with r
fun repv :: ‘c::finite state = ‘¢ = real = 'c state
where repv vz r = ((x y. if x = y then r else vec-nth (fst v) y), snd v)

— repd v x' r replaces the value of (primed) variable z’ in the state v with r
fun repd :: 'c::finite state = ‘¢ = real = 'c state
where repd v z r = (fst v, (x y. if £ = y then r else vec-nth (snd v) y))

— Semantics for formulas, differential formulas, programs.
fun fmi-sem :: (‘a::finite, 'b::finite, 'c::finite) interp = (‘a::finite, 'b::finite, 'c::finite)
formula = 'c::finite state set and

prog-sem :: ('a:finite, 'b::finite, 'c::finite) interp = ('a::finite, 'b::finite, 'c::finite)
hp = (‘c::finite state * 'c::finite state) set

where
fml-sem I (Geq t1 t2) = {v. dterm-sem I t1 v > dterm-sem I t2 v}
| fml-sem I (Prop P terms) = {v. Predicates I P (x i. dterm-sem I (terms i) v)}
| fmi-sem I (Not ¢) = {v. v & fml-sem I p}
| fmi-sem I (And ¢ ¥) = fml-sem I @ N fml-sem I 9
| fml-sem I (Ezists z ¢) = {v | v r. (repv v x r) € fml-sem I p}
| fmi-sem I (Diamond o ¢) = {v | v w. (v, w) € prog-sem I a A w € fml-sem I
v}

| fmi-sem I (InContext ¢ @) = Contexts I ¢ (fml-sem I ¢)

| prog-sem I
| prog-sem I
| prog-sem I
| prog-sem I
| prog-sem I
| prog-sem I

Pvar p) = Programs I p

Assign z t) = {(v, w). w = repv v z (dterm-sem It v)}
DiffAssign z t) = {(v, w). w = repd v x (dterm-sem It v)}
Test ) = {(v, v) | v. v € fmil-sem I ¢}

Choice « ) = prog-sem I o U prog-sem I (

Sequence a 3) = prog-sem I o O prog-sem I

e N N N e NN
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| prog-sem I (Loop o) = (prog-sem I «)*
| prog-sem I (EvolveODE ODE ) =
({(v, mk-v I ODE v (sol t)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v z € fml-sem
Ie}A
sol 0 = fst v})

context ids begin

definition valid :: ('sf, 'sc, 'sz) formula = bool

where valid ¢ = (V 1.V v. is-interp I — v € fml-sem I )
end

Because mk_ v is defined with the SOME operator, need to construct a state
that satisfies Vagreewr(—0DE__vars ODE)AVagreew(mk xode I ODE sol) (ODE_vars ODE))
to do anything useful

fun concrete-v::(‘a::finite, 'b::finite, 'c::finite) interp = ('a::finite, 'c:finite) ODE
= 'ci:finite state = 'c::finite simple-state = 'c::finite state

where concrete-v I ODE v sol =

((x 1. (if Inl i € semBV I ODE then sol else (fst v)) $ i),

(x 7. (if Inr i € semBV I ODE then ODE-sem I ODE sol else (snd v)) $ 1))

lemma mk-v-ezists:3w. Vagree w v (— semBV I ODE)
A Vagree w (mk-zode I ODE sol) (semBV I ODE)
by (rule exI[where x=(concrete-v I ODE v sol)], auto simp add: Vagree-def)

lemma mk-v-agree: Vagree (mk-v I ODE v sol) v (— semBV I ODE)
A Vagree (mk-v I ODE v sol) (mk-zode I ODE sol) (semBV I ODE)
unfolding mk-v-def
apply(rule thel[where a= ((x i. (if Inl i € semBV I ODE then sol else (fst v))
$ 4),
(x i. (if Inr i € semBV I ODE then ODE-sem I ODE sol else (snd v)) $ ))])
using exE[OF mk-v-exists, of v I ODE sol]
by (auto simp add: Vagree-def vec-eq-iff)

lemma mk-v-concrete:mk-v I ODE v sol = ((x 4. (if Inl i € semBV I ODE then
sol else (fst v)) $ ),
(x i. (if Inr i € semBV I ODE then ODE-sem I ODE sol else (snd v)) $ 1))
apply(rule agree-UNIV-eq)
using mk-v-agree[of I ODE v sol]
unfolding Vagree-def by auto

3.5 Trivial Simplification Lemmas

We often want to pretend the definitions in the semantics are written slightly
differently than they are. Since the simplifier has some trouble guessing that
these are the right simplifications to do, we write them all out explicitly as
lemmas, even though they prove trivially.
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lemma svar-case:
sterm-sem I (Var z) = (Av. v § z)
by auto

lemma sconst-case:
sterm-sem I (Const r) = (Av. 1)
by auto

lemma sfunction-case:
sterm-sem I (Function f args) = (Av. Functions I f (x i. sterm-sem I (args i) v))
by auto

lemma splus-case:
sterm-sem I (Plus t1 t2) = (Av. (sterm-sem I t1 v) + (sterm-sem I t2 v))
by auto

lemma stimes-case:
sterm-sem I (Times t1 t2) = (Av. (sterm-sem I t1 v) % (sterm-sem I t2 v))
by auto

lemma or-sem [simp]:
fmil-sem I (Or ¢ ¥) = fml-sem I ¢ U fml-sem I 9
by (auto simp add: Or-def)

lemma iff-sem [simp]: (v € fml-sem I (A < B))
+—— ((v € fml-sem I A) +— (v € fml-sem I B))
by (auto simp add: Equiv-def)

lemma boz-sem [simp]:fml-sem I (Box o ¢) = {v. V w. (v, w) € prog-sem I «
— w € fml-sem I ¢}

unfolding Boz-def fml-sem.simps

using Collect-cong by (auto)

lemma forall-sem [simp]:fml-sem I (Forall z ¢) = {v. Vr. (repv vz 1) € fml-sem

I ¢}
unfolding Forall-def fml-sem.simps

using Collect-cong by (auto)

lemma greater-sem[simp|:fml-sem I (Greater 9 9') = {v. dterm-sem I ¥ v >
dterm-sem I ¥’ v}
unfolding Greater-def by auto

lemma loop-sem:prog-sem I (Loop «) = (prog-sem I «)*
by (auto)

lemma impl-sem [simp]: (v € fml-sem I (A — B))

= ((v € fml-sem I A) — (v € fml-sem I B))
by (auto simp add: Implies-def)
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lemma equals-sem [simp]: (v € fml-sem I (Equals 9 9’))
= (dterm-sem I 9 v = dterm-sem [ 9’ v)
by (auto simp add: Equals-def)

lemma diamond-sem [simp]: fmil-sem I (Diamond o @)
={v. 3 w. (v, w) € prog-sem I a N w € fmil-sem I p}
by auto

lemma tt-sem [simp|:fml-sem I TT = UNIV unfolding TT-def by auto
lemma ff-sem [simp]:fml-sem I FF = {} unfolding FF-def by auto

lemma iff-to-impl: ((v € fml-sem I A) <— (v € fml-sem I B))
— (((v € fml-sem I A) — (v € fml-sem I B))
A (v € fml-sem I B) — (v € fmi-sem I A)))
by (auto)

fun seq2fml :: ('a,’d,’c) sequent = ('a,’d,’c) formula
where
seq2fml (ante,succ) = Implies (foldr And ante TT) (foldr Or succ FF')

context ids begin
fun seq-sem ::('sf, 'sc, 'sz) interp = ('sf, 'sc, 'sz) sequent = 'sz state set
where seg-sem I S = fml-sem I (seq2fml S)

lemma and-foldl-sem:v € fmi-sem I (foldr And T' TT) = (A¢. List.member T
o = v € fml-sem I )
by (induction T, auto simp add: member-rec)

lemma and-foldl-sem-conv:(\g. List. member I' ¢ => v € fml-sem I ¢) = v €
fmil-sem I (foldr And T" TT)
by (induction T, auto simp add: member-rec)

lemma or-foldl-sem:List. member I' ¢ = v € fml-sem I ¢ = v € fml-sem I
(foldr Or T FF)
by (induction T, auto simp add: member-rec)

lemma or-foldi-sem-conv:v € fml-sem I (foldr Or T FF) = 3 p. v € fmil-sem |
@ A List.member I' ¢
by (induction T, auto simp add: member-rec)

lemma seg-semI’:(v € fml-sem I (foldr And T TT) = v € fml-sem I (foldr Or
A FF)) = v € seg-sem I (T,A)
by auto

lemma seq-semD"A\P. v € seg-sem I (I'A) = ((v €
TT) = v € fml-sem I (foldr Or A FF)) = P) = P
by simp

fml-sem I (foldr And T

definition sublist::’'a list = 'a list = bool
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where sublist A B = (VY x. List. member A x — List.member B x)

lemma sublistI:(\z. List.member A x = List.member B ©) = sublist A B
unfolding sublist-def by auto

lemma T-sub-sem:sublist T'1 T2 = v € fml-sem I (foldr And T2 TT) = v €
fmil-sem I (foldr And T'1 TT)

unfolding sublist-def

by (metis and-foldl-sem and-foldl-sem-conv)

lemma seq-semlI:List.member A ¢ =>((A\p. List.member T' ¢ = v € fml-sem
I ¢) = v € fml-sem I ) = v € seg-sem I (I',A)

apply(rule seq-semlI’)

using and-foldl-sem[of v I T| or-foldl-sem by blast

lemma seg-semD:v € seg-sem I (I',A) = (A\p. List. member T ¢ => v € fml-sem
I ¢) = J¢. (List. member A @) A\v € fml-sem I ¢

apply(rule seq-semD’)

using and-foldl-sem-conv or-foldl-sem-conv

by blast+

lemma seq-MP:v € seg-sem I (I''A) = v € fml-sem I (foldr And T TT) = v
€ fml-sem I (foldr Or A FF)
by (induction A, auto)

definition seq-valid
where seq-valid S =V 1. is-interp I — seq-sem I S = UNIV

Soundness for derived rules is local soundness, i.e. if the premisses are all
true in the same interpretation, then the conclusion is also true in that same
interpretation.

definition sound :: ('sf, ’sc, 'sz) rule = bool
where sound R <— (V1. is-interp I — (Vi. i > 0 — i < length (fst R) —
seg-sem I (nth (fst R) i) = UNIV) — seq-sem I (snd R) = UNIV)

lemma soundl:(\I. is-interp I = (\i. i > 0 = i < length SG = seq-sem I
(nth SG i) = UNIV) = seq-sem I G = UNIV) = sound (SG,QG)
unfolding sound-def by auto

lemma soundl:(A\I v. is-interp I = (\i . 1 > 0 = i < length SG = v €
seg-sem I (nth SG i)) = v € seg-sem I G) = sound (SG,G)
unfolding sound-def by auto

lemma soundl-mem:(\I. is-interp I = (\p. List.member SG ¢ = seq-sem I
¢ = UNIV) = seq-sem I C = UNIV) = sound (SG,C)
apply (auto simp add: sound-def)

by (metis in-set-conv-nth in-set-member iso-tuple-UNIV-I seq2fml.simps)

lemma soundl-memuv:(\I. is-interp I = (A\y v. List.member SG ¢ = v €
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seqg-sem I p) = (A\v. v € seg-sem I C)) = sound (SG,C)
apply(rule soundI-mem)
using impl-sem by blast

lemma soundl-memuv”:(\I. is-interp I = (A\¢ v. List.member SG ¢ — v €
seqg-sem I p) = (A\v. v € seqg-sem I C)) = R = (SG,C) = sound R

using soundl-mem

using impl-sem by blast

lemma soundD-mem:sound (SG,C) = (AI. is-interp I = (A\p. List.member
SG ¢ = seq-sem I o = UNIV) = seq-sem I C = UNIV)

apply (auto simp add: sound-def)

using in-set-conv-nth in-set-member iso-tuple- UNIV-1 seq2fml.simps

by (metis seq2fml.elims)

lemma soundD-memuv:sound (SG,C) = (A\I. is-interp I = (N v. List.member
SG ¢ = v € seq-sem I ¢) = (A\v. v € seg-sem I C))

using soundD-mem

by (metis UNIV-I UNIV-eq-I)

end
end
theory Azioms
imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntaz
Denotational-Semantics
begin context ids begin

4 Axioms

The uniform substitution calculus is based on a finite list of concrete ax-
ioms, which are defined and proved valid (as in sound) in this section. When
axioms apply to arbitrary programs or formulas, they mention concrete pro-
gram or formula variables, which are then instantiated by uniform substitu-
tion, as opposed metavariables.

This section contains axioms and rules for propositional connectives and
programs other than ODE’s. Differential axioms are handled separately
because the proofs are significantly more involved.

named-theorems aziom-defs Aziom definitions
definition assign-axziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]:assign-aziom =

([[vid1 := ($f fid1 empty)]] (Prop vidl (singleton (Var vidl))))
< Prop vidl (singleton ($f fidl empty))
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definition diff-assign-axziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs|: diff-assign-aziom =
([[DiffAssign vid1 ($f fidl empty)]] (Prop vidl (singleton (Diff Var vid1))))
<> Prop vidl (singleton ($f fidl empty))

definition loop-iterate-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs|:loop-iterate-aziom = ([[$a vidlxx]] Predicational pidl)
< ((Predicational pidl) && ([[$a vid1]][[Scv vid1 ]| Predicational pidl))

definition test-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]:test-axiom =
([[#($¢ vid2 empty)]]$p vidl empty) <> (($p vid2 empty) — ($¢ vidl empty))

definition boz-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs|:boz-aziom = (($a vid1) Predicational pid1) < ([[$« vid1]]!( Predicational
pid1))

definition choice-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]:choice-aziom = ([[$a vidl UU $a vid2]] Predicational pid1)
< (([[$a vid1]] Predicational pid1) && ([[$Sc vid2]] Predicational pidl))

definition compose-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]:compose-aziom = ([[$o vidl ;; $ov vid2]] Predicational pidl) <

([[$a vid1]][[ $a vid2]] Predicational pidl)

definition Kaziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]: Kaziom = ([[$a vid1]]((Predicational pidl) — (Predicational

pid2)))
— ([[$av vid1]] Predicational pidl) — ([[$a vid1]] Predicational pid2)

definition Taziom :: ('sf, 'sc, 'sz) formula

where [aziom-defs|: laziom =

([[(Scr vid1)*x])( Predicational pid1 — ([[Sa vid1]]Predicational pid1)))
—((Predicational pidl — ([[($a vidl)*x]] Predicational pid1)))

definition Vaziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]: Vaziom = ($¢ vidl empty) — ([[Sov vid1]]($3¢ vidl empty))

4.1 Validity proofs for axioms

Because an axiom in a uniform substitution calculus is an individual formula,
proving the validity of that formula suffices to prove soundness

theorem test-valid: valid test-axiom
by (auto simp add: valid-def test-axiom-def)
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lemma assign-lem1:
dterm-sem I (if i = vid1 then Var vidl else (Const 0))
(vec-lambda (Ay. if vidl = y then Functions I fidl
(vec-lambda (Ai. dterm-sem I (empty i) v)) else wvec-nth (fst v) y), snd v)
dterm-sem I (if i = vidl then $f fidl empty else (Const 0)) v
by (cases i = vidl) (auto simp: proj-singl)

lemma diff-assign-lem1:
dterm-sem I (if i = vidl then DiffVar vidl else (Const 0))

(fst v, vec-lambda (Ay. if vidl = y then Functions I fidl (vec-lambda
(Ni. dterm-sem I (empty i) v)) else wvec-nth (snd v) y))

dterm-sem I (if i = vid1 then $f fidl empty else (Const 0)) v
by (cases i = vidl) (auto simp: proj-singl)

theorem assign-valid: valid assign-axiom
unfolding wvalid-def assign-axiom-def
by (simp add: assign-lem1)

theorem diff-assign-valid: valid diff-assign-aziom
unfolding wvalid-def diff-assign-axiom-def
by (simp add: diff-assign-lem1)

lemma mem-to-nonempty: w € S = (S # {})
by (auto)

lemma loop-forward: v € fml-sem I ([[$a id1xx]] Predicational pidl)
— v € fml-sem I (Predicational pid1&&[[$a id1]][[$av id1++]] Predicational pidl)
by (cases v) (auto intro: converse-rtrancl-into-rtrancl simp add: boz-sem,)

lemma loop-backward:

v € fmil-sem I (Predicational pidl && [[$ov id1]][[$cv id1+x]| Predicational pid1)
— v € fml-sem I ([[Sav id1*x]|Predicational pidl)
by (auto elim: converse-rtranclE simp add: boz-sem,)

theorem loop-valid: valid loop-iterate-axiom
apply(simp only: valid-def loop-iterate-aziom-def)
apply(simp only: iff-sem)
apply(simp only: HOL.iff-conv-conj-imp)
apply(rule alll | rule impI)+
apply(rule conjI)
apply(rule loop-forward)
apply(rule loop-backward)

done

theorem boz-valid: valid box-axiom
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unfolding valid-def box-aziom-def by (auto)

theorem choice-valid: valid choice-axiom
unfolding valid-def choice-aziom-def by (auto)

theorem compose-valid: valid compose-axiom
unfolding valid-def compose-aziom-def by (auto)

theorem K-valid: valid Kazxiom
unfolding valid-def Kaziom-def by (auto)

lemma I-aziom-lemma:
fixes I::('sf,’sc,’sz) interp and v
assumes is-interp I
assumes IS:v € fmi-sem I ([[$a vid1=*x]](Predicational pidl —
[ vid1]] Predicational pid1))
assumes BC:v € fml-sem I (Predicational pidl)
shows v € fml-sem I ([[$a vid1=x]](Predicational pidl))
proof —
have IS Av2. (v, v2) € (prog-sem I (3a vidl))* = v2 € fml-sem I (Predicational
pidl — [[$a vid1]](Predicational pidl))
using IS by (auto simp add: box-sem)
have res:A\v3. (v, v3) € (prog-sem I ($a vid1))*) = v3 € fml-sem I (Predicational
pid1)
proof —
fix v3
show ((v, v3) € (prog-sem I ($a vid1))*) = v3 € fmi-sem I (Predicational
pid1)
apply (induction rule:rtrancl-induct)
apply(rule BC)
proof —
fix y 2z
assume vy:(v, y) € (prog-sem I ($a vid1))*
assume yz:(y, z) € prog-sem I ($a vidl)
assume yPP:y € fml-sem I (Predicational pid1)
have imp3:y € fmil-sem I (Predicational pidl — [[$a vid! ]](Predicational
pidl))
using IS’ vy by (simp)
have impj:y € fml-sem I (Predicational pidl) = y € fml-sem I ([[Sa
vid1]]( Predicational pid1))
using imp8 impl-sem by (auto)
have yaPP:y € fml-sem I ([[$a vid1]|Predicational pidl) using impj yPP
by auto
have 2zPP:z € fml-sem I (Predicational pidl) using yaPP boz-sem yz
mem-Collect-eq by blast
show
(v, y) € (prog-sem I ($a vidl))* =
(y, 2) € prog-sem I ($a vidl) =
y € fml-sem I (Predicational pidl) =
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z € fml-sem I (Predicational pidl) using zPP by simp
qed
qed
show v € fml-sem I ([[Sa vid1xx]] Predicational pidl)
using res by (simp add: mem-Collect-eq boz-sem loop-sem)
qed

theorem [-valid: valid Iaziom
apply (unfold Iaziom-def valid-def)
apply(rule impl | rule alll)+
apply(simp only: impl-sem)
using I-axiom-lemma by blast

theorem V-valid: valid Vaxiom
apply(simp only: valid-def Vaziom-def impl-sem box-sem)
apply(rule alll | rule impI)+
apply(auto simp add: empty-def)

done

definition G-holds :: ('sf, 'sc, 'sz) formula = ('sf, 'sc, 'sz) hp = bool
where G-holds ¢ a = valid ¢ — wvalid ([[a]]e)

definition Skolem-holds :: ('sf, 'sc, 'sz) formula = 'sz = bool
where Skolem-holds ¢ var = valid ¢ — wvalid (Forall var o)

definition MP-holds :: ('sf, 'sc, 'sz) formula = ('sf, 'sc, 'sz) formula = bool
where MP-holds ¢ ¢ = valid (¢ — ) — walid ¢ — wvalid

definition CT-holds :: 'sf = ('sf, 'sz) trm = ('sf, ’sz) trm = bool
where CT-holds g ¥ ¥' = valid (Equals ¢ 97)
— walid (Equals (Function g (singleton ) (Function g (singleton 9")))

definition CQ-holds :: 'sz = ('sf, 'sz) trm = ('sf, 'sz) trm = bool
where CQ-holds p 9 ¥’ = wvalid (Equals 9 1)
— walid ((Prop p (singleton 9)) < (Prop p (singleton 9")))

definition CE-holds :: 'sc = ('sf, 'sc, 'sz) formula = ('sf, 'sc, 'sz) formula =
bool
where CE-holds var ¢ ¥ = wvalid (¢ < )

— wvalid (InContext var ¢ < InContext var 1))

4.2 Soundness proofs for rules

theorem G-sound: G-holds ¢ «
by (simp add: G-holds-def valid-def box-sem)

theorem Skolem-sound: Skolem-holds ¢ var
by (simp add: Skolem-holds-def valid-def)
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theorem MP-sound: MP-holds ¢ v
by (auto simp add: MP-holds-def valid-def)

lemma CT-lemma: \I::('sf::finite, 'sc::finite, 'sz::{ finite,linorder}) interp. \ a::(real,
'sz) vec. N\ b::(real, 'sz) vec. ¥ I::('sf,’sc,’sz) interp. is-interp I — (¥ a b. dterm-sem
19 (a, b) = dterm-sem I 9' (a, b)) =
is-interp I —>
Functions I var (vec-lambda (\i. dterm-sem I (if i = vidl then O else
(Const 0)) (a, b))) =
Functions I var (vec-lambda (\i. dterm-sem I (if i = vidl then 9’ else
(Const 0)) (a, b))
proof —
fix I :: ('sf::finite, 'sc::finite, 'sz::{finite,linorder}) interp and a :: (real, 'sz) vec
and b :: (real, 'sz) vec
assume al: is-interp I
assume V I::('sf,’sc,’sz) interp. is-interp I — (Y a b. dterm-sem I 9 (a, b) =
dterm-sem I ¥' (a, b))
then have Vi. dterm-sem I (if i = wvidl then ¥’ else (Const 0)) (a, b) =
dterm-sem I (if i = vid1 then ¥ else (Const 0)) (a, b)
using al by presburger
then show Functions I var (vec-lambda (\i. dterm-sem I (if i = vidl then 9
else (Const 0)) (a, b)))
= Functions I var (vec-lambda (N\i. dterm-sem I (if i = vidl then ¥’ else
(Const 0)) (a, b)))
by presburger
qged

theorem CT-sound: CT-holds var ¢ ¢’
apply(simp only: CT-holds-def valid-def equals-sem vec-extensionality vec-eq-iff)
apply(simp)
apply(rule alll | rule impl)+
apply(simp add: CT-lemma)
done

theorem CQ-sound: CQ-holds var 9 ¥’
proof (auto simp only: CQ-holds-def valid-def equals-sem vec-extensionality vec-eq-iff
singleton.simps mem-Collect-eq)
fix I :: ('sf,’sc,’sz) interp and a b
assume sem:V I::('sf,’sc,’sz) interp. ¥ v. is-interp I — dterm-sem I ¥ v =
dterm-sem I 9’ v
assume good:is-interp I
have sem-eq:dterm-sem I ¢ (a,b) = dterm-sem I 9’ (a,b)
using sem good by auto
have feq:(x i. dterm-sem I (if i = wvidl then ¥ else Const 0) (a, b)) = (x i.
dterm-sem I (if i = vid1 then 9’ else Const 0) (a, b))
apply(rule vec-extensionality)
using sem-eq by auto
then show (a, b) € fml-sem I ($¢ var (singleton 9) < $¢ var (singleton 9'))
by auto
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qed

theorem CE-sound: CE-holds var ¢
apply(simp only: CE-holds-def valid-def iff-sem)
apply(rule alll | rule impl)+
apply (simp)
apply(metis subsetl subset-antisym surj-pair)
done
end end
theory Frechet-Correctness
imports
Ordinary-Differential- Equations. ODE-Analysis
Lib
Syntax
Denotational-Semantics
Ids
begin
context ids begin

5 Characterization of Term Derivatives

This section builds up to a proof that in well-formed interpretations, all
terms have derivatives, and those derivatives agree with the expected rules
of derivatives. In particular, we show the [frechet] function given in the
denotational semantics is the true Frechet derivative of a term. From this
theorem we can recover all the standard derivative identities as corollaries.

lemma inner-prod-eq:
fixes i::’a::finite
shows (A\(v::'a Rvec). v+ azis i 1) = (M v::'a Rvec). v § i)
unfolding cart-eq-inner-axis axis-def by (simp add: eq-commute)

theorem svar-deriv:
fixes z:: 'sv::finite and v:: ‘sv Rvec and F::real filter
shows ((A\v. v $ ) has-derivative (Av'. v’ + (x i. if i = x then 1 else 0))) (at v)
proof —
let 2f = (Av. v)
let ?2f' = (Av’. v)
let ?2g = (\v. axisz 1)
let 29" = (Av. 0)
have id-deriv: (?f has-derivative ?f') (at v)
by (rule has-derivative-ident)
have const-deriv: (?g has-derivative ?g') (at v)
by (rule has-derivative-const)
have inner-deriv:((Az. inner (?f z) (?g x)) has-derivative
(Ah. dinner (2f v) (%9’ h) + inner (2f" h) (29 v))) (at v)
by (intro has-derivative-inner [OF id-deriv const-deriv])
from inner-prod-eq
have left-eq: (Az. inner (?f z) (%9 x)) = (A\v. vec-nth v z)
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by (auto)

from inner-deriv and inner-prod-eq

have better-deriv:((Av. vec-nth v ©) has-derivative

(Ah. dinner (2f v) (%9’ h) + inner (2f" h) (29 v))) (at v)

by (metis (no-types, lifting) UNIV-I has-derivative-transform)

have vec-eq:(x 4. if i = x then 1 else 0) = (x i. if x = i then 1 else 0)
by (rule vec-extensionality, auto)

have deriv-eq:(Ah. v - 0 + h - azisz 1) = (Av". v+ (x . if i = x then I else 0))
by (rule ext, auto simp add: azis-def vec-eq)

show ?thesis
apply(rule has-derivative-eq-rhsjwhere f'= (Ah. v - 0 + h - azis z 1)])
using better-deriv deriv-eq by auto

qed

lemma function-case-inner:
assumes good-interp:
(Vz i. (Functions I i has-derivative FunctionFrechet I { z) (at z))
assumes IH:((Av. x i. sterm-sem I (args i) v)
has-derivative (A v. (x ©. frechet I (args i) v v))) (at v)
shows ((Av. Functions I f (x i. sterm-sem I (args i) v))
has-derivative (\v. frechet I ($f f args) v v)) (at v)
proof —
let ?h = (\v. Functions I f (x i. sterm-sem I (args i) v))
let ?h’' = frechet I ($f f args) v
let 29 = (A\v. x i. sterm-sem I (args i) v)
let 29’ = (Av. x ©. frechet I (args i) v v)
let ?f = (\y. Functions I [ y)
let ?f' = FunctionFrechet I f (%9 v)
have hEqFG: ?h = ?f o %9 by (auto)
have hEqFG': ?h' = 2f' o ?g’
proof —
have frechet-def:frechet I (Function f args) v
= (Av'. FunctionFrechet I f (?g v) (x ©. frechet I (args i) v v'))
by (auto)
have composition:
(Av'. FunctionFrechet I f (29 v) (x i. frechet I (args i) v v'))
= (FunctionFrechet I f (?g v)) o (A v’. x i. frechet I (args i) v v’)
by (auto)
from frechet-def and composition show ?thesis by (auto)
qed
have fDeriv: (?f has-derivative ?f") (at (?g v))
using good-interp is-interp-def by blast
from IH have gDeriv: (?g has-derivative ?9’) (at v) by (auto)
from fDeriv and gDeriv
have composeDeriv: ((?f o ?g) has-derivative (2f' o ?g’)) (at v)
using diff-chain-at good-interp by blast
from hEqFG hEqFG' composeDeriv show ?thesis by (auto)
qed
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lemma func-lemma2:(V x i. (Functions I i has-derivative (THE f'. ¥ z. (Functions
I i has-derivative f' x) (at z)) z) (at z) A

continuous-on UNIV (Az. Blinfun ((THE f'. ¥ z. (Functions I i has-derivative
[ x) (at 7)) 1)) =

(AY. ¥ € range args = (sterm-sem I ¥ has-derivative frechet I ¥ v) (at v))
—

((Mv. Functions I [ (vec-lambda(Ai. sterm-sem I (args i) v))) has-derivative
(M. (THE f'. VY z. (Functions I f has-derivative f' z) (at x)) (x i. sterm-sem I
(args ©) v) (x ©. frechet I (args i) v v’))) (at v)
proof —

assume al: Vz i. (Functions I i has-derivative (THE f'. ¥ x. (Functions I i
has-derivative f' ) (at x)) z) (at ) A

continuous-on UNIV (Az. Blinfun ((THE f'. ¥ z. (Functions I i has-derivative

[ ) (at ) ))

then have a1’V z i. (Functions I i has-derivative (THE f'. V x. (Functions I i
has-derivative f' x) (at ) z) (at z) by auto

assume a2: \Y. 9 € range args = (sterm-sem I ¥ has-derivative frechet I 9
v) (at v)

have YV f fa v. (3fb. = (f (fb::'a) has-derivative fa fo (v::(real, 'a) vec)) (at v)) V
(M. (x fa. (f fa v:ireal))) has-derivative (Ava. (x f. fa f v va))) (at v)

using has-derivative-vec by force

then have ((Av. x f. sterm-sem I (args f) v) has-derivative (Av. x f. frechet I
(args f) v ©)) (at v)

by (auto simp add: a2 has-derivative-vec)
then show ((Av. Functions I f (vec-lambda(\f. sterm-sem I (args f) v))) has-derivative
(M. (THE f'. ¥ x. (Functions I f has-derivative f' x) (at x)) (x i. sterm-sem I (args
i) v) (x i. frechet I (args i) v v")) (at v)

using al’ function-case-inner by auto
qed

lemma func-lemma:
is-interp I —
(AY == (Yaz:finite, 'c:: finite) trm. O € range args = (sterm-sem I ¥ has-derivative
frechet I 9 v) (at v)) =
(sterm-sem I (3f f args) has-derivative frechet I ($f f args) v) (at v)
apply(auto simp add: sfunction-case is-interp-def function-case-inner)
apply(erule func-lemmaZ2)
apply(auto)
done

The syntactic definition of term derivatives agrees with the semantic defini-
tion. Since the syntactic definition of derivative is total, this gives us that
derivatives are "decidable" for terms (modulo computations on reals) and
that they obey all the expected identities, which gives us the axioms we
want for differential terms essentially for free.

lemma frechet-correctness:
fixes I :: (‘a::finite, 'b::finite, 'c::finite) interp and v
assumes good-interp: is-interp I
shows dfree 9 = FDERIV (sterm-sem I 9) v :> (frechet I ¥ v)
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proof (induct rule: dfree.induct)
case (dfree-Var i) then show ?case
by (auto simp add: svar-case svar-deriv azis-def)
next
case (dfree-Fun args i) with good-interp show ?case
by (intro func-lemma) auto
qed auto

If terms are semantically equivalent in all states, so are their derivatives

lemma sterm-determines-frechet:
fixes I ::(‘al::finite, 'b1::finite, 'c:finite) interp
and J ::(“a2:finite, 'b2::finite, 'c::finite) interp
and 91 :: (‘al:finite, 'c::finite) trm
and 92 :: (‘a2::finite, 'c::finite) trm
and v
assumes good-interpl:is-interp I
assumes good-interp2:is-interp J
assumes freel:dfree 91
assumes free2:dfree 92
assumes sem:sterm-sem I ¥1 = sterm-sem J 92
shows frechet I 91 (fst v) (snd v) = frechet J 92 (fst v) (snd v)
proof —
have d1:(sterm-sem I 91 has-derivative (frechet I 91 (fst v))) (at (fst v))
using frechet-correctness|OF good-interpl freel] by auto
have d2:(sterm-sem J 92 has-derivative (frechet J 92 (fst v))) (at (fst v))
using frechet-correctness|OF good-interp2 free2] by auto
then have d1":(sterm-sem I 91 has-derivative (frechet J 92 (fst v))) (at (fst v))
using sem by auto
thus ?thesis using has-derivative-unique d1 d1’ by metis
qed

lemma the-deriv:
assumes deriv:(f has-derivative F) (at x)
shows (THE G. (f has-derivative G) (at z)) = F
apply(rule the-equality)
subgoal by (rule deriv)
subgoal for G by (auto simp add: deriv has-derivative-unique)
done

lemma the-all-deriv:
assumes deriv:¥ z. (f has-derivative F ) (at z)
shows (THE G.V z. (f has-derivative G z) (at z)) = F
apply(rule the-equality)
subgoal by (rule deriv)
subgoal for G
apply(rule ext)
subgoal for z
apply(erule allE[where z=1])
by (auto simp add: deriv has-derivative-unique)
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done
done

typedef (‘a, ‘c) strm = {¢¥:: (‘a,’c) trm. dfree ¥}
morphisms raw-term simple-term
by (rule exI[where xz= Const 0], auto simp add: dfree-Const)

typedef (‘a, b, 'c) good-interp = {I::(’a::finite,'b:: finite, c:: finite) interp. is-interp
I}
morphisms raw-interp good-interp
apply(rule exI[where z=( Functions = (Af z. 0), Predicates = (A\p z. True),
Contexts = (AC' S. S), Programs = (Aa. {}), ODEs = (Ac v. (x i. 0)), ODEBV
“ e (1)
apply(auto simp add: is-interp-def)
proof —
fix z ::real
have eq:(THE f'. ¥V x. (Az. 0) has-derivative f' z) (at z)) = (A- -. 0)
by (rule the-all-deriv, auto)
have eq":(THE f'. V. (Az. 0) has-derivative f' z) (at z)) z = (A-. 0)
by (simp add: eq)
have deriv:((Az.0) has-derivative (Az. 0)) (at )
by auto
then show Az. (Az. 0) has-derivative (THE f'. Y z. (Az. 0) has-derivative f’
z) (at z)) z) (at )
by (auto simp add: eq eq’ deriv)
next
have eq:(THE f'. Vz. ((Az. 0) has-derivative f' z) (at z)) = (A- -. 0)
by (rule the-all-deriv, auto)
have eq"Vz. (THE f'. V. ((Az. 0) has-derivative f' x) (at z)) z = (A-. 0)
by (simp add: eq)
have deriv: \z. ((Az.0) has-derivative (Az. 0)) (at )
by auto
have blin: \z. bounded-linear (THE f'. ¥V z. (Az. 0) has-derivative f' z) (at 1))
)
by (simp add: eq’)
show continuous-on UNIV (Az. Blinfun ((THE f'. V. ((Az. 0) has-derivative
[ x) (at ) z))
apply(clarsimp simp add: continuous-on-topological[of UNIV (Az. Blinfun
((THE f'. Y z. (Az. 0) has-derivative f' z) (at z)) z))])
apply(rule exI[where z = UNIV))
by (auto simp add: eq’ blin)
qged

lemma frechet-linear:

assumes good-interp:is-interp I

fixes v ¥

shows dfree ¥ = bounded-linear (frechet I ¥ v)
proof (induction rule: dfree.induct)

case (dfree-Var i)
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then show ?case by(auto)
next
case (dfree-Const r)
then show ?Zcase by auto
next
case (dfree-Fun args 1)
have blin1:\z. bounded-linear(FunctionFrechet I i x)
using good-interp unfolding is-interp-def using has-derivative-bounded-linear
by blast
have blin2:bounded-linear (A a. (x i. frechet I (args i) v a))
using dfree-Fun.IH by(rule bounded-linear-vec)
then show ?case
using bounded-linear-compose|of FunctionFrechet I i (x i. sterm-sem I (args i)
v) (Aa. (x i. frechet I (args i) v a)), OF blinl blin2]
by auto
next
case (dfree-Plus 91 U2)
then show ?case
apply auto
using bounded-linear-add by (blast)
next
case (dfree-Times ¥1 U2)
then show ?case
by (auto simp add: bounded-linear-add bounded-linear-const-mult bounded-linear-mult-const)
qed

setup-lifting type-definition-good-interp
setup-lifting type-definition-strm

lift-definition blin-frechet::('sf, 'sc, 'sz) good-interp = (’sf,’sz) strm = (real, 'sz)
vec = (real, 'sz) vec =1, real is frechet
using frechet-linear by auto

lemmas [simp] = blin-frechet.rep-eq

lemma frechet-blin:is-interp I = dfree 9 = (Av. Blinfun (Av’. frechet I 9 v v’))
= blin-frechet (good-interp I) (simple-term 1)

apply/(rule ext)

apply(rule blinfun-eql)

by (simp add: bounded-linear-Blinfun-apply frechet-linear good-interp-inverse sim-
ple-term-inverse)

lemma sterm-continuous:

assumes good-interp:is-interp I

shows dfree 9 = continuous-on UNIV (sterm-sem I 9)
proof (induction rule: dfree.induct)

case (dfree-Fun args 1)

assume IH:\i. continuous-on UNIV (sterm-sem I (args i))
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have conl:continuous-on UNIV (Functions I 7)
using good-interp unfolding is-interp-def
using continuous-on-eq-continuous-within has-derivative-continuous by blast
have con2:continuous-on UNIV (X x. (x i. sterm-sem I (args i) x))
apply(rule continuous-on-vec-lambda)
using IH by auto
have con:continuous-on UNIV ((Functions I i) o (Az. (x i. sterm-sem I (args
i) o))
apply(rule continuous-on-compose)
using conl con2 apply auto
using continuous-on-subset by blast
show ?Zcase
using con comp-def by(simp)
qed (auto intro: continuous-intros)

lemma sterm-continuous”
assumes good-interp:is-interp I
shows dfree 9 = continuous-on S (sterm-sem I V)
using sterm-continuous continuous-on-subset good-interp by blast

lemma frechet-continuous:
fixes I :: ('sf, 'sc, 'sz) interp
assumes good-interp:is-interp I
shows dfree ¥ = continuous-on UNIV (blin-frechet (good-interp I) (simple-term
7))
proof (induction rule: dfree.induct)
case (dfree-Var i)
have free:dfree (Var i) by (rule dfree-Var)
have bounded-linear:bounded-linear (\ v'. v’ - azis i 1)
by (auto simp add: bounded-linear-vec-nth)
have cont:continuous-on UNIV (Av. Blinfun(\ v'. v’ - axis i 1))
using continuous-on-const by blast
have eq:Av v'. (\v. Blinfun(A v'. v’ - axis i 1)) v v’ = (blin-frechet (good-interp
I) (simple-term (Var 7)) v v’
unfolding azis-def apply(auto)
by (metis (no-types) axzis-def blinfun-inner-left.abs-eq blinfun-inner-left.rep-eq
dfree-Var-simps frechet.simps(1) mem-Collect-eq simple-term-inverse)
have eq”:(A\v. Blinfun(Av'. v+ azisi 1)) = (blin-frechet (good-interp I) (simple-term
(Var )
apply(rule ext)
apply (rule blinfun-eql)
using eq by auto
then show Zcase by (metis cont)
next
case (dfree-Const r)
have free:dfree (Const r) by (rule dfree-Const)
have bounded-linear:bounded-linear (A v'. 0) by (simp)
have cont:continuous-on UNIV (Av. Blinfun(\ v’. 0))
using continuous-on-const by blast
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have eq”:(Av. Blinfun(X v’. 0)) = (blin-frechet (good-interp I) (simple-term
(Const 1)))
apply(rule ext)
apply (rule blinfun-eqI)
apply auto
using zero-blinfun.abs-eq zero-blinfun.rep-eq free
by (metis frechet.simps(5) mem-Collect-eq simple-term-inverse)
then show ?case by (metis cont)
next
case (dfree-Fun args f)
assume [H:\i. continuous-on UNIV (blin-frechet (good-interp I) (simple-term
(args 1))
assume frees:(\i. dfree (args i))
then have free:dfree ($f f args) by (auto)
have great-interp: \f. continuous-on UNIV (Az. Blinfun (FunctionFrechet I f x))
using good-interp unfolding is-interp-def by auto
have cont1:Av. continuous-on UNIV (Av’. (x i. frechet I (args i) v v’))
apply(rule continuous-on-vec-lambda)
using IH by (simp add: frechet-linear frees good-interp linear-continuous-on)
have eq:(Av. Blinfun(\v’. FunctionFrechet I f (x i. sterm-sem I (args i) v) (x 1.
frechet I (args i) v v")))
= (blin-frechet (good-interp I) (simple-term (Function f args)))
using frechet-blin[OF good-interp free] by auto
have bounded-linears: \z. bounded-linear (FunctionFrechet I f x) using good-interp
unfolding is-interp-def by blast
let #blin-ff =(Az. Blinfun (FunctionFrechet I f 1))
have some-eq:(A\zx. Blinfun (FunctionFrechet I f (x i. sterm-sem I (args i) )))

((2blin-ff) o (Az. (x 4. sterm-sem I (args i) x)))
apply(rule ext)
apply (rule blinfun-eqI)
unfolding comp-def by blast
have sub-cont:continuous-on UNIV ((#blin-ff) o (Az. (x i. sterm-sem I (args i)
7))
apply(rule continuous-intros)+
apply (simp add: frees good-interp sterm-continuous’)
using continuous-on-subset great-interp by blast
have blin-frech-vec: \z. bounded-linear (Av'. x i. frechet I (args i) x v’)
by (simp add: bounded-linear-vec frechet-linear frees good-interp)
have frech-vec-eq:(Az. Blinfun (Av'. x i. frechet I (args i) z v')) = (Az. blinfun-vec
(X i. blin-frechet (good-interp I) (simple-term (args i)) z))
apply(rule ext)
apply(rule blinfun-eql)
apply(rule vec-extensionality)
subgoal for z i j
using blin-frech-vec|of x]
apply auto
by (metis (no-types, lifting) blin-frechet.rep-eq bounded-linear-Blinfun-apply
frechet-blin frechet-linear frees good-interp vec-lambda-beta)
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done
have cont-frech-vec: continuous-on UNIV (Az. blinfun-vec (X i. blin-frechet (good-interp
I) (simple-term (args i)) z))
apply(rule continuous-blinfun-vec’)
using IH by blast
have cont-intro:\ s f g. continuous-on s f = continuous-on s ¢ => continu-
ous-on s (Az. fz or, g )
by (auto intro: continuous-intros)
have cont:continuous-on UNIV (Av. blinfun-compose (Blinfun (FunctionFrechet
If (x 4. sterm-sem I (args i) v))) (Blinfun(Av'. (x i. frechet I (args i) v v'))))
apply(rule cont-intro)
subgoal using sub-cont by simp
using frech-vec-eq cont-frech-vec by presburger
have best-eq:(blin-frechet (good-interp I) (simple-term ($f f args))) = (Av. blin-
fun-compose (Blinfun (FunctionFrechet I f (x i. sterm-sem I (args i) v))) (Blinfun(Av'.
(x 4. frechet I (args i) v v")))
apply(rule ext)
apply(rule blinfun-eql)
proof —
fix v :: (real, 'sz) vec and i :: (real, 'sz) vec
have frechet I ($3f f args) v i = blinfun-apply (blin-frechet (good-interp I)
(simple-term ($f f args)) v) @
by (metis (no-types) bounded-linear-Blinfun-apply dfree-Fun-simps frechet-blin
frechet-linear frees good-interp)
then have FunctionFrechet I f (x s. sterm-sem I (args s) v) (blinfun-apply
(Blinfun (Ava. x s. frechet I (args s) v va)) ©) = blinfun-apply (blin-frechet (good-interp
I) (simple-term ($f f args)) v) i
by (simp add: blin-frech-vec bounded-linear-Blinfun-apply)
then show blinfun-apply (blin-frechet (good-interp I) (simple-term ($f f args))
v) i@ = blinfun-apply (Blinfun (FunctionFrechet I f (x s. sterm-sem I (args s) v))
or, Blinfun (Ava. x s. frechet I (args s) v va)) i
by (metis (no-types) blinfun-apply-blinfun-compose bounded-linear-Blinfun-apply
bounded-linears)
qed
then show ?case using cont best-eq by auto
next
case (dfree-Plus ¥, U2)
assume [HI:continuous-on UNIV (blin-frechet (good-interp I) (simple-term 91))
assume [H2:continuous-on UNIV (blin-frechet (good-interp I) (simple-term 9z))
assume freel :dfree 9,
assume free2:dfree 9o
have free:dfree (Plus ¥, ¥2) using freel free2 by auto
have bounded-linear: \v. bounded-linear (Av'. frechet I 91 v v’ + frechet I 95 v
v’)
subgoal for v
using frechet-linear[OF good-interp free| by auto
done
have eq2:(Av. blin-frechet (good-interp I) (simple-term ¥1) v + blin-frechet
(good-interp I) (simple-term V2) v) = blin-frechet (good-interp I) (simple-term
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(Pl’U,S 191 192))
apply(rule ext)
apply(rule blinfun-eql)
by (simp add: blinfun.add-left freel free2 simple-term-inverse)
have cont:continuous-on UNIV (Av. blin-frechet (good-interp I) (simple-term 1)
v + blin-frechet (good-interp I) (simple-term J2) v)
using continuous-on-add dfree-Plus. IH (1) dfree-Plus.IH(2) by blast
then show ?case using cont eq2 by metis
next
case (dfree-Times 91 U2)
assume [HI:continuous-on UNIV (blin-frechet (good-interp I) (simple-term 91))
assume [H2:continuous-on UNIV (blin-frechet (good-interp I) (simple-term 93))
assume freel:dfree 9,
assume free2:dfree 9o
have free:dfree (Times ¥; ¥2) using freel free2 by auto
have bounded-linear: \v. bounded-linear (Av'. sterm-sem I ¥1 v x frechet I ¥ v
v’ + frechet I 91 v v’ x sterm-sem I Y5 v)
apply(rule bounded-linear-add)
apply(rule bounded-linear-const-mult)
using frechet-linear[OF good-interp free2] apply auto
apply (rule bounded-linear-mult-const)
using frechet-linear[OF good-interp freel] by auto
then have blin":Av. (Av'. sterm-sem I ¥1 v x frechet I 95 v v’ + frechet I ¥1 v
v’ x sterm-sem I Oo v) € {f. bounded-linear f} by auto
have blinfun-eq: Av. Blinfun (Av'. sterm-sem I ©¥1 v * frechet I 99 v v’ + frechet
I 91 v o' * sterm-sem I 95 )
= scaleR (sterm-sem I 91 v) (blin-frechet (good-interp I) (simple-term ¥s) v)
+ scaleR (sterm-sem I U2 v) (blin-frechet (good-interp I) (simple-term Y1) v)
apply(rule blinfun-eql)
subgoal for v ¢
using Blinfun-inverse[OF blin’, of v] apply auto
using blinfun.add-left[of sterm-sem I ¥4 v xg blin-frechet (good-interp I)
(simple-term 93) v sterm-sem I ¥ v xg blin-frechet (good-interp I) (simple-term
191) U}
blinfun.scaleR-left[of sterm-sem I 91 v blin-frechet (good-interp I) (simple-term
792) U}
blinfun.scaleR-left|of sterm-sem I ¥4 v blin-frechet (good-interp I) (simple-term
191) U}
bounded-linear-Blinfun-apply
frechet-blin[OF good-interp freel]
frechet-blin[OF good-interp free2]
frechet-linear[OF good-interp freel|
frechet-linear[OF good-interp free2)
mult.commute
real-scale R-def
proof —
have f1: Av. blinfun-apply (blin-frechet (good-interp I) (simple-term 1) )
= frechet I Y1 v
by (metis (no-types) <(Av. Blinfun (frechet I 91 v)) = blin-frechet (good-interp
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I) (simple-term 91)» < \v. bounded-linear (frechet I 91 v)> bounded-linear-Blinfun-apply)
have Awv. blinfun-apply (blin-frechet (good-interp I) (simple-term ¥2) v) =

frechet I 99 v

by (metis (no-types) <(Av. Blinfun (frechet I 95 v)) = blin-frechet (good-interp
I) (simple-term ¥2)> < \v. bounded-linear (frechet I 92 v)> bounded-linear-Blinfun-apply)

then show sterm-sem I U1 v * frechet I V5 v i + frechet I 91 v i % sterm-sem [
Yo v = blinfun-apply (sterm-sem I 91 v *g blin-frechet (good-interp I) (simple-term
¥a) v + sterm-sem I ¥ v xg blin-frechet (good-interp I) (simple-term ¥1) v) i

using fI by (simp add: < \b. blinfun-apply (sterm-sem I 91 v xg blin-frechet

(good-interp I) (simple-term ¥2) v + sterm-sem I ¥4 v xR blin-frechet (good-interp
I) (simple-term Y1) v) b = blinfun-apply (sterm-sem I 91 v xg blin-frechet (good-interp
I) (simple-term 93) v) b + blinfun-apply (sterm-sem I 99 v xg blin-frechet (good-interp
I) (simple-term Y1) v) by <A\b. blinfun-apply (sterm-sem I 1 v *xg blin-frechet
(good-interp I) (simple-term ¥2) v) b = sterm-sem I 91 v xg blinfun-apply (blin-frechet
(good-interp I) (simple-term ¥2) v) by <A\b. blinfun-apply (sterm-sem I 93 v *p
blin-frechet (good-interp I) (simple-term 91) v) b = sterm-sem I Yo v xr blin-
fun-apply (blin-frechet (good-interp I) (simple-term 91) v) b)

qed

done

have cont’:continuous-on UNIV

(Av. scaleR (sterm-sem I Y1 v) (blin-frechet (good-interp I) (simple-term ¥s)

v)

)
apply (rule continuous-on-add)
apply(rule continuous-on-scaleR)
apply (rule sterm-continuous|OF good-interp freel])
apply(rule IH2)
apply(rule continuous-on-scaleR)
apply (rule sterm-continuous|OF good-interp free2])
by(rule IH1)
have cont:continuous-on UNIV (Av. Blinfun (Av’. sterm-sem I 91 v * frechet I
P9 v v’ + frechet I 91 v v’ x sterm-sem I Y5 v))
using cont’ blinfun-eq by auto
have eq:(\v. Blinfun (A\v’. sterm-sem I ¥1 v * frechet I 99 v v’ + frechet I ¥
v v’ * sterm-sem I Y9 v)) = blin-frechet (good-interp I) (simple-term (Times ¥4
U2))
using frechet-blin[OF good-interp free)
by auto
then show ?case by (metis cont)
qed
end end
theory Static-Semantics
imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics

+ scaleR (sterm-sem I Y2 v) (blin-frechet (good-interp I) (simple-term 1)
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Frechet-Correctness
begin

6 Static Semantics

This section introduces functions for computing properties of the static se-
mantics, specifically the following dependencies:

o Signatures: Symbols (from the interpretation) which influence the re-
sult of a term, ode, formula, program

o Free variables: Variables (from the state) which influence the result of
a term, ode, formula, program

« Bound variables: Variables (from the state) that *might* be influenced
by a program

o Must-bound variables: Variables (from the state) that are *always™
influenced by a program (i.e. will never depend on anything other
than the free variables of that program)

We also prove basic lemmas about these definitions, but their overall cor-
rectness is proved elsewhere in the Bound Effect and Coincidence theorems.

6.1 Signature Definitions

primrec SIGT :: (‘a, 'c) trm = 'a set
where
SIGT (Var var) = {}
| SIGT (Const r) = {}
| SIGT (Function var f) = {var} U (|Ji. SIGT (f 1))
| SIGT (Plus t1 t2) = SIGT t1 U SIGT t2
| SIGT (Times t1 t2) = SIGT t1 U SIGT t2
| SIGT (DiffVar z) = {}
| SIGT (Differential t) = SIGT t

primrec SIGO : ('a, 'c) ODE = ('a + 'c) set
where
SIGO (OVar ¢) = {Inr c}
| SIGO (OSing x ¥) = {Inl z| z. z € SIGT ¥}
| SIGO (OProd ODE1 ODE2) = SIGO ODE1 U SIGO ODE2

primrec SIGP :: (‘a, 'b, 'c) hp = (la+ b+ 'c) set
and  SIGF : (‘a,'b, 'c) formula = (a + 'b + 'c) set
where

SIGP (Pvar var) = {Inr (Inr var)}
| SIGP (Assign var t) = {Inlz | z. x € SIGT t}
| SIGP (DiffAssign var t) = {Inl z | z. z € SIGT t}
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| SIGP (Test p) = SIGF p

| SIGP (EvolveODE ODE p) = SIGF p U {Inl z | z. Inl x € SIGO ODE} U {Inr
(Inr z) | z. Inr x € SIGO ODE}

| SIGP (Choice a b) = SIGP a U SIGP b

| SIGP (Sequence a b) = SIGP a U SIGP b

| SIGP (Loop a) = SIGP a

| SIGF (Geq t1t2) = {Inlz | z. x € SIGT t1 U SIGT t2}

| SIGF (Prop var args) = {Inr (Inr var)} U {Inlz | z. z € (Ji. SIGT (args i))}
| SIGF (Not p) = SIGF p

| SIGF (And p1 p2) = SIGF p1 U SIGF p2

| SIGF (FEzists var p) = SIGF p

| SIGF (Diamond a p) = SIGP a U SIGF p

| SIGF (InContext var p) = {Inr (Inl var)} U SIGF p

fun primify :: ('a + 'a) = (‘a + 'a) set
where

primify (Inl ) = {Inl z, Inr z}
| primify (Inr ) = {Inl x, Inr z}

6.2 Variable Binding Definitions

We represent the (free or bound or must-bound) variables of a term as an
(id 4 id) set, where all the (Inl x) elements are unprimed variables x and
all the (Inr x) elements are primed variables x’.

Free variables of a term

primrec FVT :: (‘a, 'c) trm = (c + 'c) set
where
FVT (Var x) = {Inl z}
| FVT (Const x) = {}
| FVT (Function f args) = ((Ji. FVT (args 1))
| FVT (Plus fg) = FVT f U FVT g
| FVT (Times fg) = FVT f U FVT g
| FVT (Differential f) = (Uz € (FVT f). primify )
| FVT (DiffVar z) = {Inr z}

fun FVDiff :: (‘a, 'c) trm = (‘c + 'c) set
where FVDiff f = (Jz € (FVT f). primify x)

Free variables of an ODE includes both the bound variables and the terms

fun FVO :: (‘a, 'c) ODE = 'c set
where
FVO (OVar ¢) = UNIV
| FVO (OSing z 9) = {z} U{z . Inlx € FVT 9}
| FVO (OProd ODE1 ODE2) = FVO ODE1 U FVO ODE2

Bound variables of ODEs, formulas, programs

fun BVO :: (‘a, '¢) ODE = ('c + 'c) set
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where
BVO (OVar ¢) = UNIV
| BVO (OSing z ¥) = {Inl z, Inr z}
| BVO (OProd ODE1 ODE2) = BVO ODE1 U BVO ODE2

fun BVF :: (‘a, 'b, 'c) formula = ('c + 'c) set
and BVP :: (‘a, 'b, 'c) hp = (‘¢ + 'c) set
where
BVF (Geq f g) = {}
| BVF (Prop p dfun-args) = {}
| BVF (Not p) = BVF p
| BVF (And p q) = BVF p U BVF ¢
| BVF (Exists ¢ p) = {Inl z} U BVF p
| BVF (Diamond o p) = BVP a U BVF p
| BVF (InContext C p) = UNIV

(Pvar a) = UNIV

(Assign z 9) = {Inl z}

(DiffAssign = ¥) = {Inr z}

(Test ) = {}

(EvolveODE ODE ¢) = BVO ODE
(Choice a B) = BVP « U BVP 3
(Sequence a ) = BVP o« U BVP j8
(Loop a) = BVP «

Must-bound variables (of a program)

fun MBV :: (a, 'b, 'c) hp = (‘c + 'c) set
where
MBYV (Pvar a) = {}
| MBV (Choice o 8) = MBV o N MBV 8
| MBV (Sequence oo B) = MBV o U MBV 3
| MBV (Loop o) = {}
| MBV (EvolveODE ODE -) = (Inl * (ODE-dom ODE)) U (Inr ‘ (ODE-dom ODE))
| MBV a = BVP o

Free variables of a formula, free variables of a program

fun FVF :: (Ya, 'b, 'c) formula = ('c + 'c) set
and FVP :: (‘a, 'b, c) hp = ("¢ + 'c¢) set
where

FVF (Geqfg) =FVT fUFVTg
| FVF (Prop p args) = (Ji. FVT (args ))
| FVF (Not p) = FVF p
| FVF (And p q) = FVF p U FVF q
| FVF (Exists x p) = FVF p — {Inl z}
| FVF (Diamond o p) = FVP a U (FVFp — MBV «)
| FVF (InContext C p) = UNIV
| FVP (Pvar a) = UNIV
| FVP (Assign x 9) = FVT ¢
| FVP (DiffAssign x 9) = FVT 9
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| FVP (Test ) = FVF ¢

| FVP (EvolveODE ODE ) = BVO ODE U (Inl * FVO ODE) U FVF ¢
| FVP (Choice o B) = FVP o« U FVP 3

| FVP (Sequence o ) = FVP o« U (FVP 8 — MBV «)

| FVP (Loop o) = FVP «

6.3 Lemmas for reasoning about static semantics

lemma primify-contains:x € primify x
by (cases z) auto

lemma FVDiff-sub: FVT f C FVDiff f
by (auto simp add: primify-contains)

lemma fudiff-plus1:FVDiff (Plus t1 t2) = FVDiff t1 U FVDiff t2
by (auto)

lemma agree-func-fut: Vagree v v’ (FVT (Function f args)) = Vagree v v’ (FVT

(args 1))
by (auto simp add: Set.Un-upperl agree-supset Vagree-def)

lemma agree-plusi:Vagree v v' (FVDiff (Plus t1 t2)) = Vagree v v’ (FVDiff
t1)
proof —
assume agree: Vagree v v’ (FVDiff (Plus t1 t2))
have agree”: Vagree v v’ (Ji€FVT t1. primify i) U (Ji€FVT t2. primify 7))
using fudiff-plusl FVDiff.simps agree by (auto)
have agreeL: Vagree v v’ ((Ui€FVT t1. primify ©))
using agree’ agree-supset Set. Un-upperl by (blast)
show Vagree v v’ (FVDiff t1) using agreeL by (auto)
qed

lemma agree-plus2: Vagree v v' (FVDiff (Plus t1 t2)) = Vagree v v’ (FVDiff
t2)
proof —
assume agree: Vagree v v’ (FVDiff (Plus t1 t2))
have agree’:Vagree v v’ ((Ji€FVT t1. primify i) U (Ji€FVT t2. primify 7))
using fudiff-plusl FVDiff.simps agree by (auto)
have agreeR: Vagree v v’ ((Ji€FVT t2. primify 7))
using agree’ agree-supset Set. Un-upper! by (blast)
show Vagree v v’ (FVDiff t2) using agreeR by (auto)
qed

lemma agree-times!:Vagree v v’ (FVDiff (Times t1 t2)) = Vagree v v’ (FVDiff
t1)
proof —
assume agree: Vagree v v’ (FVDiff (Times t1 t2))
have agree’:Vagree v v’ (Ji€FVT t1. primify i) U (UI€FVT t2. primify i))
using fudiff-plusl FVDiff.simps agree by (auto)
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have agreeL: Vagree v v’ ((Ji€FVT t1. primify 7))
using agree’ agree-supset Set. Un-upperl by (blast)
show Vagree v v’ (FVDiff t1) using agreeL by (auto)
qed

lemma agree-times2: Vagree v v’ (FVDiff (Times t1 t2)) = Vagree v v’ (FVDiff
t2)
proof —
assume agree: Vagree v v’ (FVDiff (Times t1 t2))
have agree’:Vagree v v’ ({(Ji€FVT t1. primify i) U (Ji€FVT t2. primify 7))
using fudiff-plusl FVDiff.simps agree by (auto)
have agreeR: Vagree v v’ ((Ji€FVT t2. primify 7))
using agree’ agree-supset Set. Un-upperl by (blast)
show Vagree v v’ (FVDiff t2) using agreeR by (auto)
qed

lemma agree-func: Vagree v v’ (FVDiff ($f var args)) = (\i. Vagree v v’ (FVDiff
(args 1))
proof —
assume agree: Vagree v v’ (FVDiff ($f var args))
have agree”:Vagree v v’ (Ui. (Uj €(FVT (args 7)). primify j)))
using fudiff-plusl FVDiff.simps agree by (auto)
fixi:'a
have AS. =S C (Uf. U (primify * FVT (args f))) V Vagree v v’ S
using agree’ agree-supset by blast
then have Af. f ¢ UNIV V Vagree v v’ (| (primify * FVT (args f)))
by blast
then show Vagree v v’ (FVDiff (args i))
by simp
qed

end

theory Coincidence

imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics
Frechet-Correctness
Static-Semantics

begin

7 Coincidence Theorems and Corollaries
This section proves coincidence: semantics of terms, odes, formulas and pro-

grams depend only on the free variables. This is one of the major lemmas for
the correctness of uniform substitutions. Along the way, we also prove the
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equivalence between two similar, but different semantics for ODE programs:
It does not matter whether the semantics of ODE’s insist on the existence
of a solution that agrees with the start state on all variables vs. one that
agrees only on the variables that are actually relevant to the ODE. This is
proven here by simultaneous induction with the coincidence theorem for the
following reason:

The reason for having two different semantics is that some proofs are easier
with one semantics and other proofs are easier with the other definition.
The coincidence proof is either with the more complicated definition, which
should not be used as the main definition because it would make the spec-
ification for the dL. semantics significantly larger, effectively increasing the
size of the trusted core. However, that the proof of equivalence between the
semantics using the coincidence lemma for formulas. In order to use the
coincidence proof in the equivalence proof and the equivalence proof in the
coincidence proof, they are proved by simultaneous induction.

context ids begin

7.1 Term Coincidence Theorems

lemma coincidence-sterm: Vagree v v’ (FVT ¥) = sterm-sem I ¢ (fst v) =
sterm-sem I ¢ (fst v')

apply (induct 9)

apply(auto simp add: Vagree-def)

by (meson rangel)

lemma coincidence-sterm”.dfree ¢ = Vagree v v’ (FVT ) = Iagree I J {Inl
z|z. z € SIGT ¥} = sterm-sem I ¥ (fst v) = sterm-sem J ¥ (fst v')
proof (induction rule: dfree.induct)
case (dfree-Fun args 1)
then show “case
proof (auto)
assume free:(\i. dfree (args i))
and IH:(A\i. Vagree v v’ (FVT (args i)) = lagree I J {Inl z |z. © € SIGT
(args i)} = sterm-sem I (args i) (fst v) = sterm-sem J (args i) (fst v’))
and VA:Vagree v v’/ (Ji. FVT (args ©))
and [A:Iagree I J {Inl z |z. x = i V (3za. © € SIGT (args za))}
from A have IAorig:Iagree I J {Inl z |z. x € SIGT (Function i args)} by
auto
from Iagree-Func|OF IAorig] have eqF:Functions I i = Functions J i by
auto
have Vsubs:A\i. FVT (args i) C (Ui FVT (args 7)) by auto
from VA
have VAs:\i. Vagree v v’ (FVT (args 7))
using agree-sub]OF Vsubs] by auto
have Isubs:\j. {Inl z |z. x € SIGT (args j)} C {Inl z |z. x € SIGT (Function
i args)}
by auto
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from IA
have IAs:\i. Iagree I J {Inl z |z. x € SIGT (args ©)}
using Iagree-sub| OF Isubs] by auto
show Functions I i (x i. sterm-sem I (args i) (fst v)) = Functions J i (x i.
sterm-sem J (args i) (fst v'))
using ITH[OF VAs IAs] eqF by auto
qed
next
case (dfree-Plus 91 U2)
then show “case
proof (auto)
assume dfree 91 dfree 99
and IH1:(Vagree v v' (FVT 91) = Iagree I J {Inl z |z. x € SIGT ¥} =
sterm-sem I ¥ (fst v) = sterm-sem J ¥ (fst v'))
and TH2:(Vagree v v’ (FVT ¥9) = Iagree I J {Inl z |z. z € SIGT Y2} =
sterm-sem I U9 (fst v) = sterm-sem J Jo (fst v'))
and VA:Vagree v v’/ (FVT 91 U FVT 9s)
and [A:Iagree I J {Inl z |z. x € SIGT 91 V z € SIGT ¥,}
from VA
have VAs:Vagree v v’ (FVT 1) Vagree v v' (FVT ¥3)
unfolding Vagree-def by auto
have Isubs:{Inl z |z. v € SIGT ¥1} C {Inl z |z. v € SIGT (Plus 91 ¥2)}
{Inl z |z. z € SIGT Y3} C {Inl z |z. x € SIGT (Plus V1 92)}
by auto
from IA
have [As:Iagree I J {Inl z |z. x € SIGT 91}
Iagree I J {Inl z |x. x € SIGT 93}
using JTagree-sub|OF Isubs(1)] Iagree-sub|OF Isubs(2)] by auto
show sterm-sem I ¥y (fst v) + sterm-sem I Uy (fst v) = sterm-sem J 91 (fst
v') + sterm-sem J Vo (fst v’)
using THI[OF VAs(1) IAs(1)] IH2[OF VAs(2) IAs(2)] by auto
qed
next
case (dfree-Times ¥1 U2)
then show “case
proof (auto)
assume dfree V1 dfree 92
and IHI1:(Vagree v v’ (FVT ¥1) = lagree I J {Inl z |z. x € SIGT ¥,} =
sterm-sem I 91 (fst v) = sterm-sem J V1 (fst v'))
and IH2:(Vagree v v’ (FVT 99) = Iagree I J {Inl z |z. x € SIGT ¥y} —
sterm-sem I 99 (fst v) = sterm-sem J ¥ (fst v'))
and VA:Vagree v v’/ (FVT ¥ U FVT 9s)
and IA:Iagree I J {Inl z |z. x € SIGT 91 V = € SIGT ¥>}
from VA
have VAs:Vagree v v’ (FVT 1) Vagree v v' (FVT 93)
unfolding Vagree-def by auto
have Isubs:{Inl z |z. v € SIGT %1} C {Inl z |x. x € SIGT (Times ¥1 ¥2)}
{Inlz |xz. z € SIGT Y2} C {Inlz |z. v € SIGT (Times ¥, ¥2)}
by auto
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from 1A
have [As:Iagree I J {Inl z |x. x € SIGT 91}
Iagree I J {Inl z |z. z € SIGT 92}
using Ilagree-sub|OF Isubs(1)] Iagree-sub]OF Isubs(2)] by auto
show sterm-sem I ¥ (fst v) % sterm-sem I Oy (fst v) = sterm-sem J V1 (fst
v') x sterm-sem J 99 (fst v')
using [H1[OF VAs(1) IAs(1)] IH2[OF VAs(2) IAs(2)] by auto
qed
qed (unfold Vagree-def Iagree-def, auto)

lemma sum-unique-nonzero:
fixes i::'sv::finite and f::'sv = real
assumes restZero:\j. jE(UNIV::'sv set) = j £ i = fj= 0
shows (> je(UNIV::'sv set). fj) = fi
proof —
have (3 je(UNIV::'sv set). fj) = O_j€{i}. f])
using restZero by (intro sum.mono-neutral-cong-right) auto
then show ?thesis
by simp
qed

lemma coincidence-frechet :
fixes I :: (‘a::finite, 'b::finite, 'c::finite) interp and v :: 'c state and v'::'c state
shows dfree ¢ = Vagree v v’ (FVDiff 9) = frechet I ¥ (fst v) (snd v) =
frechet I 9 (fst v’) (snd v’)
proof (induction rule: dfree.induct)
case dfree-Var then show ?case
by (auto simp: inner-prod-eq Vagree-def)
next
case dfree-Const then show ?case
by auto
next
case (dfree-Fun args var)
assume free:(\i. dfree (args 7))
assume [H:(\i. Vagree v v’ (FVDiff (args i)) = frechet I (args ) (fst v) (snd
v) = frechet I (args i) (fst v’) (snd v"))
have frees:(\i. dfree (args i)) using free by (auto simp add: rangel)
assume agree: Vagree v v’ (FVDiff ($f var args))
have agrees: \i. Vagree v v’ (FVDiff (args ©)) using agree agree-func by metis
have agrees: \i. Vagree v v’ (FVT (args 7))
subgoal for ¢
using agrees[of i] FVDiff-sublof args i] unfolding Vagree-def by blast
done
have sterms: \i. sterm-sem I (args i) (fst v) = sterm-sem I (args i) (fst v’)
by (rule coincidence-sterm[of v v', OF agrees'])
have frechets: \i. frechet I (args i) (fst v) (snd v) = frechet I (args i) (fst v’)
(snd v') using IH agrees frees rangel by blast
show Zcase
using agrees sterms frechets by (auto)
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next
case (dfree-Plus t1 t2)
assume dfreel :dfree t1
assume [H1:(Vagree v v’ (FVDiff t1) = frechet I t1 (fst v) (snd v) = frechet
It1 (fst v') (snd v'))
assume dfree2:dfree t2
assume [H2:(Vagree v v’ (FVDiff t2) = frechet I t2 (fst v) (snd v) = frechet
I't2 (fst v') (snd v'))
assume agree: Vagree v v’ (FVDiff (Plus t1 t2))
have agreel:Vagree v v’ (FVDiff t1) using agree agree-plus! by (blast)
have agree2: Vagree v v’ (FVDiff t2) using agree agree-plus2 by (blast)
have IH1":(frechet I t1 (fst v) (snd v) = frechet I t1 (fst v') (snd v’))
using [HI agreel by (auto)
have TH2':(frechet I t2 (fst v) (snd v) = frechet I t2 (fst v’) (snd v'))
using TH2 agree2 by (auto)
show Zcase
by (metis FVT.simps(4) IH1' IH2' UnCI Vagree-def coincidence-sterm frechet.simps(8)
mem-Collect-eq)
next
case (dfree-Times t1 t2)
assume dfreel :dfree t1
assume [H1:(Vagree v v’ (FVDiff t1) = frechet I t1 (fst v) (snd v) = frechet
It1 (fst v') (snd v"))
assume dfree2:dfree t2
assume [H2:(Vagree v v’ (FVDiff t2) = frechet I t2 (fst v) (snd v) = frechet
It2 (fst v') (snd v'))
assume agree: Vagree v v’ (FVDiff (Times t1 t2))
have agreel:Vagree v v’ (FVDiff t1) using agree agree-timesl by blast
have agree2:Vagree v v’ (FVDiff t2) using agree agree-times2 by blast
have agreel :Vagree v v’ (FVT t1)
using agreel apply(auto simp add: Vagree-def)
using primify-contains by blast+
have agree2’:Vagree v v’ (FVT t2)
using agree2 apply(auto simp add: Vagree-def)
using primify-contains by blast+
have IH1":(frechet I t1 (fst v) (snd v) = frechet I t1 (fst v’) (snd v'))
using IHI agreel by (auto)
have TH2'":(frechet I t2 (fst v) (snd v) = frechet I t2 (fst v') (snd v’))
using IH2 agree2 by (auto)
have almost: Vagree v v’ (FVT (Times t1 t2)) = frechet I (Times t1 t2) (fst
v) (snd v) = frechet I (Times t1 t2) (fst v’) (snd v’)
by (auto simp add: UnCI Vagree-def agree IH1' IH2' coincidence-sterm[OF
agreel’, of I coincidence-sterm[OF agree2’, of I])
show ?Zcase
using agree FVDiff-sub almost
by (metis agree-supset)
qed

lemma coincidence-frechet’ :
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fixes I J :: ('a::finite, 'b::finite, 'c::finite) interp and v :: ‘c state and v"::'c state
shows dfree ¢ = Vagree v v' (FVDiff ¥) = Iagree I J {Inl z | z. = € (SIGT
N} = frechet I 9 (fst v) (snd v) = frechet J & (fst v’) (snd v’)
proof (induction rule: dfree.induct)
case dfree-Var then show ?case
by (auto simp: inner-prod-eq Vagree-def)
next
case dfree-Const then show ?case
by auto
next
case (dfree-Fun args var)
assume free:(\i. dfree (args 7))
assume IH:(\i. Vagree v v’ (FVDiff (args i)) = Ilagree I J {Inl z |z. z €
SIGT (args i)} = frechet I (args i) (fst v) (snd v) = frechet J (args i) (fst v’)
(snd v'"))
have frees:(\i. dfree (args i)) using free by (auto simp add: rangel)
assume agree: Vagree v v’ (FVDiff ($f var args))
assume [A:Iagree I J {Inl z |z. v € SIGT ($f var args)}
have agrees: \i. Vagree v v’ (FVDiff (args 7)) using agree agree-func by metis
then have agrees”:\i. Vagree v v’ (FVT (args 7))
using agrees FVDiff-sub
by (metis agree-sub)
from Iagree-Func [OF IA Jhave fEq:Functions I var = Functions J var by auto

have subs:\i.{Inl z |z. x € SIGT (args i)} C {Inl z |z. v € SIGT ($f var args)}
by auto
from IA have IAs:\i. Iagree I J {Inl z |z. © € SIGT (args i)}
using lagree-sub[OF subs] by auto
have sterms:\i. sterm-sem I (args ) (fst v) = sterm-sem J (args i) (fst v’)
subgoal for
using frees agrees’ coincidence-sterm’[of args i v v’ I J] IAs
by (auto)
done
have frechets:\i. frechet I (args i) (fst v) (snd v) = frechet J (args ©) (fst v')
(snd v’
using [TH|[OF agrees IAs] agrees frees rangel by blast
show Zcase
using agrees agrees’ sterms frechets fEq by auto
next
case (dfree-Plus t1 t2)
assume dfreel :dfree t1
assume dfree2:dfree t2
assume [HI1:(Vagree v v' (FVDiff t1) = Iagree I J {Inl z |z. x € SIGT t1}
= frechet I t1 (fst v) (snd v) = frechet J t1 (fst v') (snd v'))
assume [H2:(Vagree v v’ (FVDiff t2) = Iagree I J {Inl z |z. z € SIGT 12}
= frechet I t2 (fst v) (snd v) = frechet J t2 (fst v’) (snd v'))
assume agree: Vagree v v’ (FVDiff (Plus t1 t2))
assume J[A:Iagree I J {Inl z |z. © € SIGT (Plus t1 t2)}
have subs:{Inl z |z. v € SIGT t1} C {Inl z |z. € SIGT (Plus t1 t2)} {Inl z
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|z. x € SIGT t2} C {Inl z |x. x € SIGT (Plus t1 t2)}
by auto
from /A
have IA1:Iagree I J {Inl z |z. z € SIGT t1}
and [A2:lagree I J {Inl z |z. x € SIGT t2}
using lagree-sub]|OF subs(1)] Iagree-sub[OF subs(2)] by auto
have agreel:Vagree v v’ (FVDiff t1) using agree agree-plusl by (blast)
have agree2: Vagree v v’ (FVDiff t2) using agree agree-plus2 by (blast)
have agreel . Vagree v v’ (FVT t1) using agreel primify-contains by (auto simp
add: Vagree-def, metis)
have agree2’:Vagree v v’ (FVT t2) using agree2 primify-contains by (auto simp
add: Vagree-def, metis)
have IH1":(frechet I t1 (fst v) (snd v) = frechet J t1 (fst v’) (snd v’))
using IHI agreel IA1 by (auto)
have TH2':(frechet I t2 (fst v) (snd v) = frechet J t2 (fst v') (snd v'))
using IH2 agree2 IA2 by (auto)
show ?Zcase
using coincidence-sterm[OF agreel’] coincidence-sterm[OF agreel’] coinci-
dence-sterm|[OF agree2’|
by (auto simp add: IH1' IH2' UnCI Vagree-def)

next
case (dfree-Times t1 t2)
assume dfreel :dfree t1
assume dfree2:dfree t2
assume [HI1:(Vagree v v' (FVDiff t1) = Iagree I J {Inl z |z. x € SIGT t1}
= frechet I t1 (fst v) (snd v) = frechet J t1 (fst v’) (snd v'))
assume [H2:(Vagree v v' (FVDiff t2) = Iagree I J {Inl z |z. x € SIGT 2}
= frechet I t2 (fst v) (snd v) = frechet J t2 (fst v’) (snd v'))
assume agree: Vagree v v’ (FVDiff (Times t1 t2))
assume [A:Iagree I J {Inl z |z. © € SIGT (Times t1 t2)}
have subs:{Inl z |z. x € SIGT t1} C {Inl z |x. x € SIGT (Times t1 t2)} {Inl z
|z. x € SIGT t2} C {Inl z |x. x € SIGT (Times t1 t2)}
by auto
from IA
have IA1:Iagree I J {Inl z |z. x € SIGT t1}
and [A2:lagree I J {Inl z |z. x € SIGT t2}
using lagree-sub]OF subs(1)] Iagree-sub]OF subs(2)] by auto
have agreel:Vagree v v’ (FVDiff t1) using agree agree-timesl by (blast)
then have agreel’: Vagree v v’ (FVT t1)
using agreel primify-contains by (auto simp add: Vagree-def, metis)
have agree2: Vagree v v’ (FVDiff t2) using agree agree-times2 by (blast)
then have agree2”:Vagree v v’ (FVT t2)
using agree2 primify-contains by (auto simp add: Vagree-def, metis)
have IH1":(frechet I t1 (fst v) (snd v) = frechet J t1 (fst v’) (snd v’))
using [HI agreel IA1 by (auto)
have TH2':(frechet I t2 (fst v) (snd v) = frechet J t2 (fst v') (snd v'))
using [H2 agree2 IA2 by (auto)
note col = coincidence-sterm’[of t1 v v’ I J] and co2 = coincidence-sterm’[of
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t2 vv'1J]
show ?Zcase
using col [OF dfreel agreel’ IA1] co2 [OF dfree2 agree2’ IA2] IH1' IH2' by
auto
qed

lemma coincidence-dterm:
fixes I :: (‘a::finite, 'b::finite, 'c::finite) interp and v :: 'c state and v'::'c state
shows dsafe 9 = Vagree v v’ (FVT 9) = dterm-sem I O v = dterm-sem I 9
l//
proof (induction rule: dsafe.induct)
case (dsafe-Fun args f)
assume safe:(\i. dsafe (args 7))
assume [H:\i. Vagree v v’ (FVT (args i)) = dterm-sem I (args i) v =
dterm-sem I (args i) v’
assume agree: Vagree v v’ (FVT ($f f args))
then have Ai. Vagree v v’ (FVT (args 7))
using agree-func-fot by (metis)
then show ?case
using safe coincidence-sterm IH rangel by (auto)
qed (auto simp: Vagree-def directional-derivative-def coincidence-frechet)

lemma coincidence-dterm”:
fixes I J :: (‘a::finite, 'b::finite, 'c::finite) interp and v :: 'c:finite state and
v':c:: finite state
shows dsafe 9 = Vagree v v’/ (FVT 9) = Iagree I J {Inl z | z. © € (SIGT
W)} = dterm-sem I 9 v = dterm-sem J 9 v’
proof (induction rule: dsafe.induct)
case (dsafe-Fun args f) then
have safe:(\i. dsafe (args 7))
and IH:\i. Vagree v v’ (FVT (args i)) = lagree I J {Inl z | z. x € (SIGT
(args 7))} = dterm-sem I (args i) v = dterm-sem J (args i) v’
and agree: Vagree v v’ (FVT ($f f args))
and [A:lagree I J {Inl z |z. x € SIGT ($f f args)}
by auto
have subs:\i. {Inl z |z. © € SIGT (args )} C {Inl z |z. x € SIGT ($f f args)}
by auto
from A have IAs:
Ni. Tagree I J {Inl z |z. © € SIGT (args i)}
using Ilagree-sub [OF subs IA] by auto
from agree have agrees: \i. Vagree v v' (FVT (args 7))
using agree-func-fot by (metis)
from Iagree-Func [OF IA] have fEq:Functions I f = Functions J f by auto
then show ?case
using safe coincidence-sterm IH[OF agrees IAs| rangel agrees fEq
by (auto)
next
case (dsafe-Plus ¥; ¥2) then
have safe:dsafe V1 dsafe Vo
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and [HI:Vagree v v' (FVT ¥1) = lagree I J {Inl z |z. z € SIGT ¥} =
dterm-sem I U1 v = dterm-sem J U1 v’
and IH2:Vagree v v' (FVT ¥9) = lagree I J {Inl z |z. = € SIGT ¥} =
dterm-sem I 99 v = dterm-sem J ¥y v’
and VA:Vagree v v’/ (FVT (Plus 91 92))
and IA:Iagree I J {Inl z |z. z € SIGT (Plus 91 ¥2)}
by auto
from VA have VAI1:Vagree v v’ (FVT ¢1) and VA2:Vagree v v’ (FVT 95)
unfolding Vagree-def by auto
have subs:{Inl z |z. z € SIGT ¥1} C {Inl z |z. x € SIGT (Plus ¥1 ¥2)}
{Inl z |z. z € SIGT ¥2} C {Inl z |z. x € SIGT (Plus ¥1 Y2)}by auto
from IA have IA1:Iagree I J {Inl z |z. x € SIGT ¥} and IA2:Iagree I J {Inl
z|z. © € SIGT Y2}
using lagree-sub subs by auto
then show “case
using [H1[OF VA1 IA1] IH2[OF VA2 IA2] by auto
next
case (dsafe-Times 91 J2) then
have safe:dsafe 1 dsafe Vo
and IH1:Vagree v v’/ (FVT ¢1) = Iagree I J {Inl z |z. z € SIGT ¥} =
dterm-sem I 91 v = dterm-sem J Y1 v’
and TH2:Vagree v v’ (FVT 9) = lagree I J {Inl z |z. x € SIGT 95} =
dterm-sem I U9 v = dterm-sem J U9 v’
and VA:Vagree v v’ (FVT (Times ¥, 92))
and [A:lagree I J {Inl z |z. x € SIGT (Times 91 ¥2)}
by auto
from VA have VA1:Vagree v v’ (FVT v;) and VA2:Vagree v v’ (FVT ¥3)
unfolding Vagree-def by auto
have subs:{Inl z |z. z € SIGT ¥1} C {Inl z |z. x € SIGT (Times 91 ¥2)}
{Inl z |z. z € SIGT Y2} C {Inl z |z. z € SIGT (Times V1 Y¥2)}by auto
from IA have IA1:Iagree I J {Inl z |z. x € SIGT $1} and IA2:Iagree I J {Inl
z |z. z € SIGT Y2}
using lagree-sub subs by auto
then show ?case
using [H1[OF VA1 IA1] IH2|OF VA2 IA2] by auto
qed (auto simp: Vagree-def directional-derivative-def coincidence-frechet’)

7.2 ODE Coincidence Theorems

lemma coincidence-ode:
fixes I J :: (‘a:finite, 'b::finite, 'c::finite) interp and v :: ‘c::finite state and
v':'c::finite state
shows osafe ODE —
Vagree v v’ (Inl * FVO ODE) =
Iagree I'J ({Inl z | x. Inl x € SIGO ODE} U {Inr (Inr z) | z. Inr x €
SIGO ODE}) =
ODE-sem I ODE (fst v) = ODE-sem J ODE (fst v')
proof (induction rule: osafe.induct)
case (osafe-Var c)
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then show ?case
proof (auto)
assume VA:Vagree v v’ (range Inl)
have eqV:(fst v) = (fst V')
using agree-UNIV-fst[OF VA| by auto
assume [A:Iagree I J {Inr (Inr ¢)}
have eqlJ:ODEs I ¢ = ODEs J ¢
using lagree-ODE[OF IA] by auto
show ODEs I ¢ (fst v) = ODEs J ¢ (fst v')
by (auto simp add: eqV eqlJ)
qed
next
case (osafe-Sing U 1)
then show ?case
proof (auto)
assume free:dfree ¥
and VA:Vagree v v’ (insert (Inl z) (Inl ‘ {z. Inl x € FVT 9}))
and IA:Iagree I J {Inl z |z. z € SIGT ¥}
from VA have VA":Vagree v v’ {Inl x | z. Inl z € FVT ¥} unfolding Vagree-def
by auto
have agree-Lem:\9. dfree 9 = Vagree v v/ {Inl x | z. Inl x € FVT ¥} =
Vagree v v’ (FVT 9)
subgoal for ¥
apply (induction rule: dfree.induct)
by (auto simp add: Vagree-def)
done
have trm:sterm-sem I ¥ (fst v) = sterm-sem J O (fst v’)
using coincidence-sterm’ free VA' IA agree-Lem[of 9, OF free] by blast
show (Ai. if i = z then sterm-sem I ¥ (fst v) else 0) =
(Ai. if i = x then sterm-sem J O (fst v') else 0)
by (auto simp add: vec-eq-iff trm)
qed
next
case (osafe-Prod ODE1 ODE2)
then show ?case
proof (auto)
assume safel:osafe ODE1
and safe2:o0safe ODE2
and disjoint: ODE-dom ODE1 N ODE-dom ODE2 = {}
and [HI:Vagree v v’ (Inl ¢ FVO ODEl) =
Iagree I J ({Inl x |z. Inl x € SIGO ODE1} U {Inr (Inr z) |z. Inr z € SIGO
ODE1}) = ODE-sem I ODE1 (fst v) = ODE-sem J ODE1 (fst v")
and IH2:Vagree v v’ (Inl * FVO ODE2) =
Iagree I J ({Inl z |x. Inl x € SIGO ODE2} U {Inr (Inr z) |z. Inr x € SIGO
ODE2}) = ODE-sem I ODE2 (fst v) = ODE-sem J ODE2 (fst v')
and VA:Vagree v v’ (Inl ¢ (FVO ODE1 U FVO ODE2))
and IA:Iagree I J ({Inl z |x. Inl x € SIGO ODE1 V Inl z € SIGO ODE2}
U {Inr (Inr z) |x. Inr x € SIGO ODE1 V Inr x € SIGO ODE2})
let ?2IA = ({Inl z |z. Inl z € SIGO ODE1 V Inl x € SIGO ODE2} U {Inr (Inr
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z) |x. Inr z € SIGO ODE1 V Inr z € SIGO ODE2})
have FVsubs:

Inl * FVO ODE2 C Inl * (FVO ODE1 U FVO ODE2)

Inl * FVO ODE1 C Inl ¢ (FVO ODE1 U FVO ODE2)

by auto
from VA
have VAI1:Vagree v v’ (Inl * FVO ODE1)

and VA2:Vagree v v’ (Inl ¢ FVO ODE2)

using agree-sub|OF FVsubs(1)] agree-sub|OF FVsubs(2)]

by (auto)
have SIGsubs:

({Inl z |x. Inl x € SIGO ODE1} U {Inr (Inr z) |z. Inr x € SIGO ODE1})
2IA

({Inl z |z. Inl z € SIGO ODE2} U {Inr (Inr z) |x. Inr x € SIGO ODE2})
?IA

by auto
from IA
have IA1:Iagree I J ({Inl z |z. Inl z € SIGO ODE1} U {Inr (Inr z) |z. Inr z
€ SIGO ODE1})

and TA2:Iagree I J ({Inl z |xz. Inl x € SIGO ODE2} U {Inr (Inr z) |z. Inr x
€ SIGO ODE2})
using lagree-sub|OF SIGsubs(1)] Iagree-sub]OF SIGsubs(2)] by auto
show ODE-sem I ODE1 (fst v) + ODE-sem I ODE2 (fst v) = ODE-sem J
ODE1 (fst v') + ODE-sem J ODE2 (fst v’)
using [H1[OF VA1 IA1] IH2[OF VA2 IA2] by auto

qged

qged

N

N

lemma coincidence-ode’:
fixes I J :: (‘a::finite, 'b::finite, 'c::finite) interp and v :: ‘¢ simple-state and
v':'c simple-state
shows osafe ODE —
VSagree v v' (FVO ODE) =
Iagree I J ({Inl z | x. Inl x € SIGO ODE} U {Inr (Inr z) | z. Inr x €
SIGO ODE}) =
ODE-sem I ODE v = ODE-sem J ODE v’
using coincidence-ode[of ODE (v, x i. 0) (v/, x i. 0) 1 J]
apply(auto)
unfolding VSagree-def Vagree-def apply auto
done

lemma alt-sem-lemma: \ I::('a::finite,'b:: finite, c::finite) interp. \ ODE::('a:finite,’c:: finite)
ODE. \sol. Nt::real. \ ab. osafe ODE —>
ODE-sem I ODE (sol t) = ODE-sem I ODE (x i. if i € FVO ODE then sol t $
ielse ab § ©)
proof —
fix I::('a,’d,’c) interp
and ODE::('a,’c) ODE
and sol
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and t::real
and ab
assume safe:osafe ODE
have VA:VSagree (sol t) (x i. if i € FVO ODE then sol t $ i else ab $ i) (FVO
ODE)
unfolding VSagree-def Vagree-def by auto
have IA: Iagree I' 1 ({Inlz | z. Inl x € SIGO ODE} U {Inr (Inr z) | z. Inr x
€ SIGO ODE}) unfolding Iagree-def by auto
show ODE-sem I ODE (sol t) = ODE-sem I ODE (x i. if ¢ € FVO ODE then
solt $ i else ab $ 9)
using coincidence-ode’|OF safe VA IA] by auto
qed

lemma bvo-to-fvo:Inl x € BVO ODE — z € FVO ODE
proof (induction ODE)
qed auto

lemma ode-to-fvo:z € ODE-vars I ODE = z € F'VO ODE
proof (induction ODE)
qed auto

definition coincide-hp :: (‘a::finite, 'b::finite, 'c::finite) hp = ('a::finite, 'b::finite,
‘c::finite) interp = ('a::finite, 'b: finite, 'c::finite) interp = bool

where coincide-hp a I J <— (Y v v’ u V. Iagree I J (SIGP ) — Vagree v v’
V— VD (FVP a) — (v, p) € prog-sem I o« — (3u’. (v/, p') € prog-sem J
a A Vagree p u' (MBV o U V)))

definition ode-sem-equiv ::('a::finite, 'b::finite, 'c::finite) hp = ('a::finite, 'b::finite,
‘c::finite) interp = bool
where ode-sem-equiv o I +—
(VY ODE::("a::finite,’c:: finite) ODE. ¥ @::('a::finite,’b::finite,’c:: finite) formula. os-
afe ODE — fsafe p —
(o« = EvolveODE ODE ¢) —
{(v, mk-v I ODE v (solt)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v z € fml-sem
I o} A
VSagree (sol 0) (fst v) {x | z. Inl z € FVP (EvolveODE ODE ¢)}} =
{(v, mk-v I ODE v (solt)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v z € fml-sem
I o} A
sol 0 = fst v})

definition coincide-hp' :: ('a::finite, 'b:finite, 'c::finite) hp = bool
where coincide-hp’ oo «— (¥ I J. coincide-hp o I J A ode-sem-equiv o 1)

definition coincide-fml :: (‘a::finite, 'b::finite, 'c::finite) formula = bool
where coincide-fml ¢ «+— (V v v' I J . Iagree I J (SIGF ¢) — Vagree v v’
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(FVF @) — v € fml-sem I ¢ «— v' € fml-sem J @)

lemma coinc-fml [simp]: coincide-fml ¢ = (V v v’ I J. Iagree I J (SIGF ) —
Vagree v v’ (FVF @) — v € fml-sem [ ¢ «— v’ € fml-sem J ¢)
unfolding coincide-fml-def by auto

7.3 Coincidence Theorems for Programs and Formulas

lemma coincidence-hp-fml:
fixes a::(‘a::finite, 'b::finite, 'c::finite) hp
fixes ¢::(‘a::finite, 'b::finite, 'c::finite) formula
shows (hpsafe a — coincide-hp' ) A (fsafe ¢ — coincide-fml ¢)
proof (induction rule: hpsafe-fsafe.induct)
case (hpsafe-Puar x)
thus ?case
apply (unfold coincide-hp’-def | rule alll | rule conjl)+
prefer 2 unfolding ode-sem-equiv-def subgoal by auto
unfolding coincide-hp-def apply(auto)
subgoal for I J a b aa ba ab bb V
proof —
assume J[A:Iagree I J {Inr (Inr z)}
have Peq:\y. y € Programs I x +— y € Programs J z using lagree-Prog| OF
I4] by auto
assume agree: Vagree (a, b) (aa, ba) V
and sub:UNIV C V
and sem:((a, b), ab, bb) € Programs I =
from agree-UNIV-eq|OF agree-sub [OF sub agree]]
have eq:(a,b) = (aa,ba) by auto
hence sem’:((aa,ba), (ab,bb)) € Programs I
using sem by auto
have triv-sub: V' C UNIV by auto
have VA:Vagree (ab,bb) (ab,bb) V using agree-sub[OF triv-sub agree-refl[of
(ab,bb)]] eq
by auto
show Ja b. ((aa, ba), a, b) € Programs J x A Vagree (ab, bb) (a, b) V
apply(rule exl[where z=ab])
apply(rule exl[where z=>bb])
using sem eq VA by (auto simp add: Peq)
qed
done
next
case (hpsafe-Assign e x) then
show ?Zcase
proof (auto simp only: coincide-hp’-def ode-sem-equiv-def coincide-hp-def)
fix T J :: (‘a:finite,’b::finite,’c:: finite) interp
and v1 v2v'1 v'2 ul p2V
assume safe:dsafe e
and [A:lagree I J (SIGP (z := e))
and VA:Vagree (v1,v2) (v'1,v'2) V
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and sub:FVP (z :=¢) C V
and sem:((v1, v2), (ul, u2)) € prog-sem I (z := e)
from VA have VA':Vagree (v1,v2) (v'1,v'2) (FVT e) unfolding FVP.simps
Vagree-def using sub by auto
have Ssub:{Inl z | z. z € SIGT e} C (SIGP (z := €)) by auto
from A have IA"Iagree I J {Inl z | z. € SIGT e} using Ssub unfolding
SIGP.simps by auto
have ((v1, v2), repv (v1, v2) = (dterm-sem I e (v1, v2))) € prog-sem I (z =
e) by auto
then have sem’:((v'1, v'2), repv (v'1, v'2) z (dterm-sem J e (v'1, v'2))) €
prog-sem J (x := e)
using coincidence-dterm’ safe VA’ IA’ by auto
from sem have eq:(u1, p2) = (repv (v1, v2) z (dterm-sem I e (v1, v2))) by
auto
have VA':Vagree (n1, p2) (repv (v'1, v'2) x (dterm-sem J e (v'1, v'2)))
(MBV (z:=¢) U V)
using coincidence-dterm’[of e (v1,v2) (v'1,v'2) I J] safe VA" IA' eq agree-refl
VA unfolding MBYV .simps Vagree-def

by auto
show 3u’. ((v'1, v'2), u') € prog-sem J (z := €) A Vagree (ul, u2) p’ (MBV
(z:=e) UV
using VA" sem’ by blast
qed
next

case (hpsafe-DiffAssign e x) then show ?Zcase
proof (auto simp only: coincide-hp’-def ode-sem-equiv-def coincide-hp-def)
fix I J::('a,’d,’c) interp
andvv' pV
assume safe:dsafe e
and [A:lagree I J (SIGP (DiffAssign z €))
and VA:Vagree v v’ V
and sub:FVP (DiffAssign x €¢) C V
and sem:(v, u) € prog-sem I (DiffAssign z e)
from VA have VA”:Vagree v v’ (FVT e) unfolding FVP.simps Vagree-def
using sub by auto
have Ssub:{Inl z | z. z € SIGT e} C (SIGP (DiffAssign x e)) by auto
from A have IA":Iagree I J {Inl z | z. x € SIGT e} using Ssub unfolding
SIGP.simps by auto
have (v, repv v z (dterm-sem I e v)) € prog-sem I (z := e) by auto
then have sem’:(v’, repd v’ z (dterm-sem J e v')) € prog-sem J (DiffAssign x
€)
using coincidence-dterm’ safe VA' IA’ by auto
from sem have eq:u = (repd v z (dterm-sem I e v)) by auto
have VA" Vagree p (repd v’ z (dterm-sem J e v')) (MBV (DiffAssign = e) U
V)
using coincidence-dterm’|OF safe VA', of I J, OF IA] eq agree-refl VA
unfolding MBYV .simps Vagree-def
by auto
show Ju’. (v/, p') € prog-sem J (DiffAssign © e) N Vagree u p' (MBV
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(DiffAssign x e) U V)
using VA’ sem’ by blast
qed

next
case (hpsafe-Test P) then
show ?Zcase
proof (auto simp add:coincide-hp’-def ode-sem-equiv-def coincide-hp-def)
fix I J::('a,’d,’c) interp and v v’ w w' ::'c simple-state
and V
assume safe:fsafe P
assume Va b aa ba I J. (Iagree I J (SIGF P) — Vagree (a, b) (aa, ba) (FVF
P) — ((a, b) € fml-sem I P) = ((aa, ba) € fmi-sem J P))
hence IH:Iagree I J (SIGF P) = Vagree (v, v') (w, w") (FVF P) = ((v,
v') € fml-sem I P) = ((w, w’') € fmi-sem J P)
by auto
assume [A:Iagree I J (SIGF P)
assume VA:Vagree (v, v') (w, w’) V
assume sub:FVF P C V
hence VA’:Vagree (v, v') (w, w’) (FVF P) using agree-supset VA by auto
assume sem:(v, v’) € fml-sem I P
show (w, w’) € fml-sem J P using IH[OF IA VA'] sem by auto
qed
next
case (hpsafe-Fvolve ODE P) then show ?case
proof (unfold coincide-hp’-def)
assume osafe:osafe ODE
assume fsafe:fsafe P
assume [H:coincide-fml P
from IH have IHF:Av v’ I J. Iagree I J (SIGF P) = Vagree v v’ (FVF
P) = (v € fml-sem I P) = (v’ € fml-sem J P)
unfolding coincide-fml-def by auto
have equiv: \I. ode-sem-equiv (EvolveODE ODE P) I
subgoal for I
apply(unfold ode-sem-equiv-def)
apply(rule alll)+
subgoal for ODFE ¢
apply(rule impl)+
apply(auto)
subgoal for aa ba ab bb sol t
apply(rule exl[where z=(\t. x i. if i € FVO ODE then sol t § i else
ab $ 7))
apply(rule conjI)
subgoal using mk-v-agree[of I ODE (ab,bb) sol t| mk-v-agree[of I ODE
(ab,bb) (x . if i € FVO ODE then solt $ i else ab § 7)]
unfolding Vagree-def VSagree-def by (auto simp add: vec-eq-iff)
apply(rule exl[where z=t])
apply(rule conjI)
subgoal

68



apply(rule agree-UNIV-eq)
using mk-v-agree[of I ODE (ab,bb) sol t]
mk-v-agree[of I ODE (ab,bb) (x i. if i € FVO ODE then solt $ i else
ab $ )]
mk-v-agree[of I ODE (x i. if i € FVO ODE then sol 0 $ i else ab $
i, bb) (x 4. if i € FVO ODE then sol t $ i else ab § 7)]
unfolding Vagree-def VSagree-def
apply(auto)
subgoal for i
apply(cases Inl i € BVO ODE)
using bvo-to-fvolof i ODE] apply (metis (no-types, lifting))
apply(erule allE[where z=1])+
using Inl-Inr-Fualse imageFE ode-to-fvo
proof —
assume al: (aa, ba) = mk-v I ODE (ab, bb) (sol t)
assume a2: (Inli € BVO ODE — sol 0 $i=ab$ i) A (Inlic€
Inl “FVO ODE — sol 0 $i=ab$ i) AN (Inli € FVF ¢ — s0l 0% i=ab$ i)
assume a3: (Inl i::'c + 'c) ¢ Inl * ODE-vars I ODE A Inl i ¢ Inr
“ ODE-vars I ODE — fst (mk-v I ODE (ab, bb) (solt)) $i=ab$§ i
assume aj: (Inli::'c + 'c) ¢ Inl * ODE-vars I ODE A Inli ¢ Inr ¢
ODE-vars I ODE — fst (mk-v I ODE (x i. if i € FVO ODE then sol 0 $ i else
ab $ i, bb) (x i. if i € FVO ODE then solt $ i else ab $ 1)) $ i = (if i € FVO
ODE then sol 0 $ i else ab $ i)
assume ab: ((Inli:'c + '¢) € Inl * ODE-vars I ODE — fst (mk-v
I ODE (ab, bb) (solt)) $i=solt$ i) A (Inlie Inr * ODE-vars I ODE — fst
(mk-v I ODE (ab, bb) (sol t)) $ i = solt $ i)
assume a6: ((Inli::'c + 'c) € Inl * ODE-vars I ODE — fst (mk-v
I ODE (x i. if i € FVO ODE then sol 0 $ i else ab $ i, bb) (x i. if i € FVO
ODE then sol t $ i else ab $ 7)) $ i = (if ¢ € FVO ODE then sol t § i else ab $
i)) A (Inl i € Inr * ODE-vars I ODE — fst (mk-v I ODE (x i. if i € FVO ODE
then sol 0 $ i else ab $ i, bb) (x i. if i € FVO ODE then sol t $ i else ab $ 7)) $
i = (if i € FVO ODE then sol t $ i else ab $ 1))
have f7: fst (aa, ba) $ i = solt $ iV (Inli::'c + 'c) ¢ Inl * ODE-vars
1 ODE
using ab al by auto
have f8: fst (aa, ba) $ i = ab$ iV (Inli:'c + 'c) € Inl * ODE-vars
I ODE
using a3 al by fastforce
moreover
{ assume fst (mk-v I ODE (x c. if ¢ € FVO ODE then sol 0 $ ¢
else ab $ ¢, bb) (x c. if ¢ € FVO ODE then solt$ celse ab$ ¢)) $i# ab$ i
{ assume fst (mk-v I ODE (x c. if ¢ € FVO ODE then sol 0 $ ¢
else ab $ ¢, bb) (x c. if ¢ € FVO ODE then solt $ celse ab$ ¢)) $i# ab$ i A
Inli ¢ Inr * ODE-vars I ODE
have { € FVO ODE A fst (aa, ba) $ ¢ = ab $ i — fst (mk-v
I ODE (x c. if ¢ € FVO ODE then sol 0 $ ¢ else ab $ ¢, bb) (x ¢. if ¢ € FVO
ODE then solt $ celse ab $ ¢)) $ i # solt$ i A (Inli:'c+ 'c) € Inl * ODE-vars
I ODE V fst (mk-v I ODE (x c. if ¢ € FVO ODE then sol 0 $ c else ab $ ¢, bb)
(x c.if ¢ € FVO ODE then solt$ celse ab$ ¢)) $i=ab$ i
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using f7 a4 a2 by force }
then have i € FVO ODE A fst (aa, ba) $ i = ab $ i — fst
(mk-v I ODE (x c. if ¢ € FVO ODE then sol 0 $ ¢ else ab $ ¢, bb) (x c. if ¢
€ FVO ODE then solt $ c else ab $ ¢)) $ i # solt $ ¢ A (Inl i:'c + 'c) € Inl *
ODE-vars I ODE V fst (mk-v I ODE (x c. if ¢ € FVO ODE then sol 0 $ ¢ else
ab $ ¢, bb) (x c. if ¢ € FVO ODE then solt $ celse ab$ ¢c)) $i=ab$ i
by blast }
ultimately have i € FVO ODE — fst (mk-v I ODE (x c. if ¢
€ FVO ODE then sol 0 $ ¢ else ab $ ¢, bb) (x c. if ¢ € FVO ODE then solt $ ¢
elseab$ ¢)) $ i = fst (aa, ba) $ 7
using f7 a6 by fastforce
then have fst (mk-v I ODE (x c. if ¢ € FVO ODE then sol 0 $ ¢
else ab $ ¢, bb) (x c. if ¢ € FVO ODE then solt $ ¢ else ab $ ¢)) $ i = fst (aa,
ba) $ i
using f8 a4 ode-to-fvo by fastforce
then show %thesis
using al by presburger
qed
proof —
fix i :: 'c
assume al: osafe ODE
assume a2: (aa, ba) = mk-v I ODE (ab, bb) (sol t)
assume a3: Vi. (Inr i € Inl * ODE-vars I ODE — snd (mk-v I
ODE (x i. if i € FVO ODE then sol 0 $ i else ab $ i, bb) (x i. if i € FVO ODE
then sol t $ i else ab $ ©)) $ i = ODE-sem I ODE (x i. if i € FVO ODE then sol
t$ielseab$i)$ i) A ((Inri’c + 'c) € Inr * ODE-vars I ODE — snd (mk-v I
ODE (x i. if i € FVO ODE then sol 0 $ i else ab $ i, bb) (x i. if i € FVO ODE
then sol t $ i else ab $ 7)) $ i = ODE-sem I ODE (x 4. if i € FVO ODE then sol
t$ielseab$ i) $ i)
assume a4: Vi. (Inr i € Inl * ODE-vars I ODE — snd (mk-v I
ODE (ab, bb) (sol t)) $ i = ODE-sem I ODE (solt) $ i) A ((Inr i:'c + 'c) € Inr
¢ ODE-vars I ODE — snd (mk-v I ODE (ab, bb) (solt)) $ i = ODE-sem I ODE
(sol t) $ 9)
assume a5: Vi. Inr i ¢ Inl * ODE-vars I ODE A (Inr i::'c + 'c) ¢
Inr ¢ ODE-vars I ODE — snd (mk-v I ODE (x i. if ¢ € FVO ODE then sol 0 $
ielseab$ i, bb) (x i. if i € FVO ODE then solt $ i else ab$ 1)) $i="0bb% i
assume a6: Vi. Inr i ¢ Inl * ODE-vars I ODE A (Inr i::'c 4+ 'c) ¢
Inr  ODE-vars I ODE — snd (mk-v I ODE (ab, bb) (solt)) $i=0bb$ i
have Ai f r v. ODE-sem (i::('a, 'b, 'c) interp) ODE (x c. if ¢ €
FVO ODE then f (r::real) $ c else v $ ¢) = ODE-sem i ODE (fr)
using al by (metis (no-types) alt-sem-lemma)
moreover
{ assume (Inr i::’c + 'c¢) ¢ Inr ¢ ODE-vars I ODE
moreover
{ assume (Inr i::’c + '¢) ¢ Inr * ODE-vars I ODE A Inr i ¢
Inl ¢ ODE-vars I ODE A (Inr i::'c + 'c¢) ¢ Inr * ODE-vars I ODE A Inr i ¢ Inl ¢
ODE-vars I ODE
then have snd (aa, ba) $ i = bb $ i A (Inriz'c + 'c) ¢ Inr
ODE-vars I ODE A Inr i ¢ Inl ¢ ODE-vars I ODE
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using a6 a2 by presburger
then have snd (mk-v I ODE (x c. if ¢ € FVO ODE then sol 0
$ celse ab $ ¢, bb) (x c. if ¢ € FVO ODE then sol t $ c else ab $ ¢)) $ i = snd
(aa, ba) $ 7
using a5 by presburger }
ultimately have snd (mk-v I ODE (x c. if ¢ € FVO ODE then
sol 0§ celse ab $ ¢, bb) (x c. if ¢ € FVO ODE then solt $ celse ab$ ¢)) $ i =
snd (aa, ba) $ i
by blast }
ultimately show snd (mk-v I ODE (ab, bb) (sol t)) $ ¢ = snd (mk-v
I ODE (x c. if ¢ € FVO ODE then sol 0 $ ¢ else ab $ ¢, bb) (x c. if ¢ € FVO
ODE then solt $ c else ab $ ¢)) $ ¢
using a4 a3 a2 by fastforce
qed
apply (rule congl)
subgoal by auto
apply(auto simp only: solves-ode-def has-vderiv-on-def has-vector-derivative-def)
apply (rule has-derivative-vec| THEN has-derivative-eq-rhs))
defer
apply (rule ext)
apply (subst scaleR-vec-def)
apply (rule refl)
subgoal for z unfolding VSagree-def apply auto
proof —
assume osafe:osafe ODE
and fsafe:fsafe
and eqP:P = ¢
and aaba: (aa, ba) = mk-v I ODE (ab, bb) (sol t)
and all:Vi. (Inli € BVO ODE — sol 0 $ i =ab$ i) A (Inl i €
Inl “FVO ODE — sol 08 i=ab$ i) A (Inli € FVF ¢ — s0ol 0 $ i = ab § i)
and allSol:V z€{0..t}. (sol has-derivative (Aza. xa *g ODE-sem I
ODE (sol z))) (at x within {0..t})
and mkV:sol € {0..t} — {z. mk-v I ODE (ab, bb) z € fml-sem I ¢}
and z:0 < z
and t:z < ¢
from all have allT:\s. s > 0 = s < t = mk-v I ODE (ab,bb) (sol
s) € fml-sem I ¢
using mkV by auto
have VA:Az. Vagree (mk-v I ODE (ab, bb) (sol z)) (mk-v I ODE (ab,
bb) (x i. if i € FVO ODE then sol z $ i else ab $ 1))
(FVF )
unfolding Vagree-def
apply(auto)
subgoal for za i
using mk-v-agree[of I ODE (ab,bb) sol za]
mk-v-agree[of I ODE (ab,bb) (x i. if ¢ € FVO ODE then sol
za $ i else ab $ 7))
apply(cases i € ODE-vars I ODE)
using ode-to-fvo [of i I ODE] unfolding Vagree-def
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apply auto
by fastforce
subgoal for za 7
using mk-v-agree[of I ODE (ab,bb) sol za]
mk-v-agree[of I ODE (ab,bb) (x ¢. if i € FVO ODE then sol za
$ i else ab $ 7))
ODE-vars-lr
using ode-to-fvolof i I ODE] unfolding Vagree-def apply auto
using alt-sem-lemma osafe
subgoal
proof —
assume al: Vi. Inr i ¢ Inl * ODE-vars I ODE A (Inr i::'c 4+ 'c)
¢ Inr * ODE-vars I ODE — snd (mk-v I ODE (ab, bb) (sol za)) $ i = bb $ ¢
assume a2: Vi. Inr i ¢ Inl * ODE-vars I ODE A (Inr i::'c 4+ '¢)
¢ Inr ¢ ODE-vars I ODE — snd (mk-v I ODE (ab, bb) (x i. if ¢ € FVO ODE
then sol za $ i else ab $4)) $ i =009 i
assume a3: Vi. (Inr i € Inl * ODE-vars I ODE — snd (mk-v I
ODE (ab, bb) (sol za)) $ i = ODE-sem I ODE (sol za) $ i) A ((Inr iz:’c + '¢c) €
Inr ¢ ODE-vars I ODE — snd (mk-v I ODE (ab, bb) (sol za)) $ i = ODE-sem I
ODE (sol za) $ 1)
assume af: Vi. (Inr i € Inl * ODE-vars I ODE — snd (mk-v I
ODE (ab, bb) (x i. if i € FVO ODE then sol za $ i else ab $ 7)) $ i = ODE-sem
I ODE (x i. if i € FVO ODE then sol za $ i else ab $ i) $ i) A ((Inr i::'c + 'c)
€ Inr * ODE-vars I ODE — snd (mk-v I ODE (ab, bb) (x 4. if i € FVO ODE
then sol za $ ¢ else ab $ ©)) $ ¢ = ODE-sem I ODE (x i. if i € FVO ODE then
sol za $ i else ab $ i) $ @)
have ODFE-sem I ODE (x c. if ¢ € FVO ODE then sol za $ c
else ab $ ¢) $ ¢ = ODE-sem I ODE (sol za) $ @
by (metis (no-types) alt-sem-lemma osafe)
then have Inr i ¢ Inl * ODE-vars I ODE A (Inri:'c + 'c¢) ¢ Inr
¢ ODE-vars I ODE V snd (mk-v I ODE (ab, bb) (sol za)) $ ¢ = snd (mk-v I ODE
(ab, bb) (x c. if ¢ € FVO ODE then solza $ c else ab $ ¢)) $ i
using a4 a3 by fastforce
then show ?thesis
using a2 al by presburger
qed
done
done
note sem = IHF[OF Iagree-refl[of I]]
have VA1:(Vi. Inli € FVF ¢ —
fst (mk-v I ODE ((x i. if i € FVO ODE then sol 0 $ i else
ab $ i), bb) (x i. if i € FVO ODE then sol x $ i else ab $ 7)) $ i
= fst (mk-v I ODE (ab, bb) (sol z)) $ 1)
and VA2: (Vi. Inri € FVF ¢ —
snd (mk-v I ODE ((x i. if i € FVO ODE then sol 0 § i else
ab $ 7), bb) (x i. if i € FVO ODE then sol x $ i else ab $ 7)) $ ¢
= snd (mk-v I ODE (ab, bb) (sol z)) $ i)
apply (auto)
subgoal for i
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using mk-v-agree[of I ODE ((x i. if ¢ € FVO ODE then sol 0 $
i else ab $ ©),bb) (x i. if ¢ € FVO ODE then sol z $ i else ab $ 7)]
using mk-v-agree[of I ODE (ab,bb) (sol x)] ODE-vars-lrjof i I
ODE]
unfolding Vagree-def apply (auto)
apply(erule allE[where z=i])+
apply(cases i € FVO ODE)

apply(auto)
apply(cases i € FVO ODE)

apply (auto)
using ODE-vars-lr[of i I ODE)] ode-to-fvo[of i I ODE]
apply auto
using all by meson
subgoal for ¢
using mk-v-agree[of I ODE ((x i. if © € FVO ODE then sol 0 $
i else ab $ ©),bb) (x @. if i € FVO ODE then sol z $ i else ab $ )]
using mk-v-agree[of I ODE (ab,bb) (sol z)] ODE-vars-lr|of i I
ODE]
unfolding Vagree-def apply (auto)
apply(erule allE[where z=i])+
apply(cases i € FVO ODE)

apply(auto)
apply(cases i € FVO ODE)
apply(auto)
using ODE-vars-lr[of i I ODE) ode-to-fvo[of i I ODE]
apply (auto)
using alt-sem-lemma osafe
by (metis (no-types) alt-sem-lemma osafe)+
done
show mk-v I ODE (x i. if ¢ € FVO ODE then sol 0 $ i else ab $ i,

bb)
(x i. if i € FVO ODE then sol z $ i else ab $ i) €

fml-sem I ¢

using mk-v-agree[of I ODE (x i. if i € FVO ODE then sol 0 $ i
else ab $ 7, bb)

(x i.if i € FVO ODE then sol x $ i else ab § 7)]
mk-v-agree[of I ODE (ab, bb) sol x]

using sem|[of mk-v I ODE (x i. if i € FVO ODE then sol 0 $ i

else ab $ ¢, bb) (x i. if ¢ € FVO ODE then sol  $ i else ab $ 1)
mk-v I ODE (ab, bb) (sol z)]

VA1 VA2

allT[of z] allT|[of 0]

unfolding Vagree-def

apply auto

using atLeastAtMost-iff mem-Collect-eq mkV t x

apply(auto)

using eqP VA sem

by auto

qed
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proof —
fix x ¢
assume
assms:osafe ODE
fsafe ¢
0<t
(aa, ba) = mk-v I ODE (ab, bb) (sol t)
VSagree (sol 0) ab {z. Inl x € BVO ODE V Inl x € Inl * FVO
ODE Vv Inl x € FVF ¢}
and deriv:V z€{0..t}. (sol has-derivative (Aza. za *g ODE-sem I
ODE (sol z))) (at x within {0..t})
and sol:sol € {0..t} — {x. mk-v I ODE (ab, bb) x € fmi-sem I ¢}
and mem:x € {0..t}
from deriv
have zDeriv:(sol has-derivative (Aza. xa xg ODE-sem I ODE (sol
z))) (at z within {0..t})
using mem by blast
have sillyl:(Az. x i. sol x $ i) = sol
by (auto simp add: vec-eq-iff)
have silly2:(Ah. x i. h x ODE-sem I ODFE (sol z) $ i) = (Aza. za
xr ODE-sem I ODE (sol x))
by (auto simp add: vec-eq-iff)
from zDeriv have
zDeriv":(Ax. x 4. sol  $ i) has-derivative (Ah. x i. b * ODE-sem
I ODE (sol x) $ ©)) (at z within {0..t})
using silly! silly2 apply auto done
from zDeriv have zDerivs: \j. (At. sol t $ j) has-derivative (Aza.
(za xr ODE-sem I ODE (sol z)) $ 7)) (at z within {0..t})
subgoal for j
using sillyl silly2 has-derivative-projlof (Ni. At. sol t § i) (A i.
Aza. (za xg ODE-sem I ODE (sol z)) $ i) (at x within {0..t}) j]
apply auto
done
done
have neato:A\v. i ¢ FVO ODE = ODE-sem I ODE v $ i =0
proof (induction ODE)
ged auto
show ((\t. if i € FVO ODE then sol t $ i else ab $ i) has-derivative
(Ah. h xp ODE-sem I ODE (x i. if i € FVO ODE then sol z $ i
else ab $ ©) $ 7))
(at = within {0..t})
using assms sol mem
apply auto
apply (rule has-derivative-eq-rhs)
unfolding VSagree-def apply auto
apply(cases i € FVO ODE)
using zDerivs|[of i) apply auto
using alt-sem-lemma neato[of (x 4. if ¢ € FVO ODE then sol z $
i else ab $ ©)] apply auto
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proof —
assume al: ((At. sol t § i) has-derivative (Aza. za * ODE-sem I
ODE (sol z) $ ©)) (at z within {0..t})
have Ai r. ODE-sem (i::('a, 'b, 'c) interp) ODE (x c. if ¢ € FVO
ODE then sol v $ ¢ else ab $ ¢) = ODE-sem i ODE (sol r)
by (metis (no-types) alt-sem-lemma assms(1))
then show ((Ar. sol r $ ) has-derivative (Ar. r + ODE-sem I ODE
(x c. if ¢ € FVO ODE then solz $ c else ab $ ¢) $ ©)) (at z within {0..t})
using al by presburger
qed
qged
proof —
fix aa ba bb sol t
assume osafe:osafe ODE
and fsafe:fsafe
and ¢:0 <t
and aaba:(aa, ba) = mk-v I ODE (sol 0, bb) (sol t)
and sol:(sol solves-ode (Aa. ODE-sem I ODE)) {0..t} {z. mk-v I
ODE (sol 0, bb) x € fml-sem I ¢}
show3 sola ta. mk-v I ODE (sol 0, bb) (sol t) = mk-v I ODE (sol 0,
bb) (sola ta) N
0 < taA
(sola solves-ode (Aa. ODE-sem I ODE)) {0..ta} {x. mk-v I
ODE (sol 0, bb) x € fml-sem I o} A
VSagree (sola 0) (sol 0) {z. Inl x € BVO ODE V Inl z €
Inl * FVO ODE Vv Inl x € FVF ¢}
apply(rule exl[where z=s0l])
apply(rule exI[where z=t])
using fsafe t aaba sol apply auto
unfolding VSagree-def by auto
qed
done
done
show VI J. coincide-hp (EvolveODE ODE P) I J A ode-sem-equiv
(EvolveODE ODE P) I
proof (rule alll)+
fix I J::('a,’d,’c) interp
from equiv|of I
have equivl:
{(v, mk-v I ODE v (sol t)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v = €
fml-sem I P} A
VSagree (sol 0) (fst v) {z | z. Inl x € FVP (EvolveODE ODE P)}}

{(v, mk-v I ODFE v (sol t)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v = €
fml-sem I P} A
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(sol 0) = (fst v)}
unfolding ode-sem-equiv-def using osafe fsafe by blast

from equiv|of J|
have equivJ:
{(v, mk-v J ODE v (sol t)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem J ODE)) {0..t} {z. mk-v J ODE v z €
fml-sem J P} A
VSagree (sol 0) (fst v) {z | z. Inl x € FVP (EvolveODE ODE P)}}

{(v, mk-v J ODE v (sol t)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem J ODE)) {0..t} {z. mk-v J ODE v z €
fml-sem J P} A
(sol 0) = (fst v)}
unfolding ode-sem-equiv-def using osafe fsafe by blast
from equivl
have alt-ode-seml:prog-sem I (EvolveODE ODE P) =
{(v, mk-v I ODE v (sol t)) | v sol t.
t>0AN
(sol solves-ode (A\-. ODE-sem I ODE)) {0..t} {x. mk-vI ODE v z €
fml-sem I P} A
VSagree (sol 0) (fst v) {z | . Inl x € FVP (EvolveODE ODE P)}}
by auto

from equivJ
have alt-ode-semJ:prog-sem J (EvolveODE ODE P) =
{(v, mk-v J ODE v (sol t)) | v sol t.

t>0A

(sol solves-ode (A-. ODE-sem J ODE)) {0..t} {z. mk-v J ODE v z €
fml-sem J P} A

VSagree (sol 0) (fst v) {z | z. Inl x € FVP (EvolveODE ODE P)}}
by auto

have co-hp:coincide-hp (EvolveODE ODE P) I J
apply (unfold coincide-hp-def)
apply (auto simp del: prog-sem.simps(8) simp add: alt-ode-seml
alt-ode-sem.J)
proof —
fix a b aa ba ab bb V sol t
from IH have IHF:V a b aa ba . Iagree I J (SIGF P) — Vagree (a,
b) (aa, ba) (FVF P) — ((a, b) € fmi-sem I P) = ((aa, ba) € fml-sem J P)
unfolding coincide-fml-def by blast
assume J[A:Iagree I J (SIGF P U {Inl z |z. Inl ¢ € SIGO ODE} U
{Inr (Inr z) |z. Inr x € SIGO ODE})
and VA:Vagree (a, b) (aa, ba) V
and OVsub:BVO ODE C V
and Osub:Inl ¢ FVO ODE C V
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and Fsub:FVF P C V
and veq:(ab, bb) = mk-v I ODE (a, b) (sol t)
and t:0 < t
and sol:(sol solves-ode (Aa. ODE-sem I ODE)) {0..t} {z. mk-v I
ODE (a, b) z € fml-sem I P}
and VSA:VSagree (sol 0) a {uu. Inl vu € BVO ODE V Inl uu €
Inl * FVO ODE V Inl wu € FVF P}
have semBVsub:(semBV I ODE) C BVO ODE
by (induction ODE, auto)
then have OVsub”:(semBV I ODE) C V using OVsub by auto
have MBVBVsub:(Inl ¢ ODE-dom ODE U Inr ¢ ODE-dom ODE) C
BVO ODE
apply (induction ODE)
by auto
from OVsub and MBVBVsub have OVsub':(Inl ¢ ODE-dom ODE U
Inr * ODE-dom ODE) C V
by auto
from sol
have solSem:A\z. 0 < z = z < t = mk-v I ODE (a, b) (sol z) €
fml-sem I P
and solDeriv:\z. 0 < ¢ = z < t = (sol has-vector-derivative
ODE-sem I ODE (sol x)) (at x within {0..t})
unfolding solves-ode-def has-vderiv-on-def by auto
have SIGFsub:(SIGF P) C (SIGF P U {Inl z |z. Inl z € SIGO ODE}
U {Inr (Inr z) |z. Inr x € SIGO ODE}) by auto
from A have IAP:lagree I J (SIGF P)
using lagree-sub]OF SIGFsub] by auto
from [HF have [H"
Ya b aa ba. Vagree (a, b) (aa, ba) (FVF P) — ((a, b) € fml-sem I
P) = ((aa, ba) € fmi-sem J P)
using IAP by blast
from VA
have VAOV:Vagree (a,b) (aa,ba) (BVO ODE)
using agree-sub|OF OVsub] by auto
have ag:\s. Vagree (mk-v I ODE (a, b) (sol s)) (a, b) (— semBV I
ODE)
As. Vagree (mk-v I ODE (a, b) (sol s)) (mk-zode I ODE (sol s))
(semBV I ODE)
N\s. Vagree (mk-v J ODE (aa, ba) (sol s)) (aa, ba) (— semBV J
ODE)
N\s. Vagree (mk-v J ODE (aa, ba) (sol s)) (mk-zode J ODE (sol
s)) (semBV J ODE)
subgoal for s using mk-v-agree
subgoal for s using mk-v-agree
subgoal for s using mk-v-agree
subgoal for s using mk-v-agree
done
have sem-sub-BVO:\I. semBV I ODE C BVO ODE
subgoal for I

of I ODE
of I ODE
of J ODE
of J ODE

a,b) sol s] by auto
a,b) sol s] by auto
aa,ba) sol s| by auto
aa,ba) sol s] by auto

P e L
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apply (induction ODE)
by auto
done
have MBV-sub-sem:\I. (Inl ¢ ODE-dom ODE U Inr ¢ ODE-dom
ODE) C semBV I ODE
subgoal for I by (induction ODE, auto) done
have ag-BVO:
N\s. Vagree (mk-v I ODE (a, b) (sol s)) (a, b) (— BVO ODE)
N\s. Vagree (mk-v J ODE (aa, ba) (sol s)) (aa, ba) (— BVO ODE)
using ag(1) ag(3) sem-sub-BVO|of I] sem-sub-BVO|[of J| agree-sub
by blast+
have ag-semBYV:
Ns. Vagree (mk-v I ODE (a, b) (sol s)) (mk-zode I ODE (sol s))
(Inl ©* ODE-dom ODE U Inr ¢ ODE-dom ODE)
Ns. Vagree (mk-v J ODE (aa, ba) (sol s)) (mk-zode J ODE (sol
s)) (Inl * ODE-dom ODE U Inr ¢ ODE-dom ODE)
using ag(2) ag(4) MBV-sub-sem[of I| MBV-sub-sem[of J]
by (simp add: agree-sub)+
have I0sub:({Inl z |x. Inl x € SIGO ODE} U {Inr (Inr z) |z. Inr z
€ SIGO ODE}) C (SIGF P U {Inl z |z. Inl x € SIGO ODE} U {Inr (Inr z) |z.
Inr ¢ € SIGO ODE}Y)
by auto
from IA
have [AO:Iagree I J ({Inl z |xz. Inl x € SIGO ODE} U {Inr (Inr x)
|z. Inr x € SIGO ODE?})
using lagree-sub]OF 10sub] by auto
have I0sub”.({Inr (Inr z) |z. Inr ¢ € SIGO ODE}) C ({Inl z |z. Inl
z € SIGO ODE} U {Inr (Inr z) |z. Inr x € SIGO ODE})
by auto
from TAO
have TAO":Iagree I J ({Inr (Inr z) |z. Inr x € SIGO ODE})
using Ilagree-sub]OF 10sub’] by auto
have VAsol:As v'. Vagree ((sol s), v') ((sol s), v') (Inl ‘FVO ODE)
unfolding Vagree-def by auto
have Osem:\s. 0 < s = s < t = ODE-sem I ODE (sol s) =
ODE-sem J ODE (sol s)
subgoal for s
using coincidence-ode[OF osafe VAsol[of s] IAO] by auto
done
from Osem
have Oag:\s. 0 < s = s < t = VSagree (ODE-sem I ODFE (sol
s)) (ODE-sem J ODE (sol s)) {z. Inr x € BVO ODE}
unfolding VSagree-def by auto
from Osem
have Oagsem:\s. 0 < s = s < t = VSagree (ODE-sem I ODE
(sol s)) (ODE-sem J ODE (sol s)) {z. Inr ¢ € (semBV I ODE)}
unfolding VSagree-def by auto
from Osem
have halp:A\s. 0 < s = s < t = Vagree (mk-zode I ODE (sol s))
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(mk-zode J ODE (sol s)) (semBV I ODE)
apply(auto)
using Oag unfolding Vagree-def VSagree-def by blast
then have halpp:\s. 0 < s = s < t = Vagree (sol s, ODE-sem I
ODE (sol s)) (sol s, ODE-sem J ODE (sol s)) (semBV I ODE)
by auto
have eqV:V = ((semBV I ODE)) U (V N (—(semBV I ODE))) using
OVsub" by auto
have neat: \ODE. Iagree I J ({Inr (Inr z) |z. Inr z € SIGO ODE})
= semBV I ODE = semBV J ODE
subgoal for ODFE
proof (induction ODE)
case (OVar 1)
then show ?case unfolding lagree-def by auto
next
case (OSing zla z2)
then show Zcase by auto
next
case (OProd ODE1 ODE2)
assume [HI:Iagree I J {Inr (Inr z) |z. Inr z € SIGO ODE1}
= semBV I ODE1 = semBV J ODFE1
assume [H2:Iagree I J {Inr (Inr z) |z. Inr x € SIGO ODE2}
= semBV I ODE2 = semBV J ODE2
assume agree:lagree I J {Inr (Inr z) |z. Inr © € SIGO (OProd
ODE1 ODE2)}
from agree have agreel:lagree I J {Inr (Inr z) |z. Inr x € SIGO
( ODE1 )} and agree2:Iagree I J {Inr (Inr z) |z. Inr x € SIGO ( ODE2)}
unfolding Ilagree-def by auto
show ?case using IH1[OF agreel] IH2[OF agree2] by auto
qed
done
note semBVeq = neat[OF TAO']
then have halpp”A\s. 0 < s = s < t = Vagree (mk-v I
ODE (a, b) (sol s)) (mk-v J ODE (aa, ba) (sol s)) (semBV I ODE)
subgoal for s using aglof s| ag-semBV|[of s] Oagsem agree-trans
semBVeq
unfolding Vagree-def by (auto simp add: semBVeq Osem)
done
have VAbar:A\s. 0 < s = s < t = Vagree (mk-v I ODE (a, b) (sol
s)) (mk-v J ODE (aa, ba) (sols)) (V N (—(semBV I ODE)))
subgoal for s
apply (unfold Vagree-def)
apply(rule conjl | rule alll)+
subgoal for i
apply auto
using VA aglof s| semBVeq unfolding Vagree-def apply auto
by (metis Un-iff)

apply (rule alll)+
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subgoal for
using VA aglof s] semBVeq unfolding Vagree-def by auto
done
done
have VAfoo:\s. 0 < s = s < t = Vagree (mk-v I ODE (a, b) (sol
s)) (mk-v J ODE (aa, ba) (sol s)) V
using agree-union[OF halpp’ VAbar| eqV by auto
have duhSub:FVF P C UNIV by auto
from VAfoo
have VA'foo:\s. 0 < s = s < t = Vagree (mk-v I ODE (a, b)
(sol s)) (mk-v J ODE (aa, ba) (sol s)) V
using agree-sub[OF duhSub] by auto
then have VA" 'foo:\s. 0 < s = s < t = Vagree (mk-v I ODE (a,
b) (sol s)) (mk-v J ODE (aa, ba) (sol s)) (FVF P)
using agree-sub]OF Fsub] by auto
from VA'foo IH'
have fmiSem:\s. 0 < s = s < t = (mk-v I ODE (a, b) (sol s))
€ fmil-sem I P <— (mk-v J ODE (aa, ba) (sol s)) € fml-sem J P
using IAP coincide-fml-def hpsafe-Evolve.IH by blast
from VA
have VAO:Vagree (a, b) (aa, ba) (Inl ‘FVO ODE)
using agree-sub|OF Osub] by auto
have sol”:(sol solves-ode (A-. ODE-sem J ODE)) {0..t} {z. mk-v J
ODE (aa, ba) x € fml-sem J P}
apply(auto simp add: solves-ode-def has-vderiv-on-def)
subgoal for s
using solDeriv[of s] Osem[of s] by auto
subgoal for s
using solSem|of s] fmlSem]|of s] by auto
done
have VSA’:VSagree (sol 0) aa {uu. Inl uu € BVO ODE V Inl uu €
Inl ‘FVO ODE V Inl uu € FVF P}
using VSA VA OVsub unfolding VSagree-def Vagree-def
apply auto
using Osub apply blast
using Fsub by blast
show
Fab bb. (Isol t. (ab, bb) = mk-v J ODE (aa, ba) (sol t) A
0<tA
(sol solves-ode (Aa. ODE-sem J ODE)) {0..t} {z. mk-v
J ODE (aa, ba) z € fml-sem J P} A
VSagree (sol 0) aa {uu. Inl uvu € BVO ODE V Inl uu
€ Inl ‘FVO ODE V Inl uu € FVF P}) A
Vagree (mk-v I ODE (a, b) (sol t)) (ab, bb) (Inl ©* ODE-dom
ODE U Inr ¢ ODE-dom ODE U V)
apply(rule exI[where z=fst (mk-v J ODE (aa, ba) (sol t))])
apply(rule exl[where z=snd (mk-v J ODE (aa, ba) (sol t))])
apply(rule conjl)
subgoal
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apply(rule exl[where z=s0l])
apply(rule exI[where z=t])
apply(rule conjI)
subgoal
apply (auto)
done
subgoal
apply(rule conjI)
subgoal by (rule t)
subgoal
apply(rule conjl)
subgoal by (rule sol’)
subgoal by (rule VSA")
done
done
done
apply(auto)
using mk-v-agree[of I ODE (a,b) (sol t)]
mk-v-agree[of J ODE (aa,ba) (sol t)]
using agree-refl t VA'foo
OVsub’ Un-absorbl by (auto simp add: OVsub’ Un-absorbl)
qged
show coincide-hp (EvolveODE ODE P) I J A ode-sem-equiv (EvolveODE
ODE P) I using co-hp equiv[of I] by auto
qed
qged
next
case (hpsafe-Choice a b)
then show ?case
proof (auto simp only: coincide-hp’-def coincide-hp-def)
fix I J::('a,’b,’c) interp and v v1'v2 v2 pu' 'V
assume safe:hpsafe a
hpsafe b
and [HI:
VIJ NVvv'plV.
Iagree I J (SIGP a) —
Vagree v v’ V. — FVP a C V — (v, pu) € prog-sem I a — (Fu’. (v/,
') € prog-sem J a N Vagree p p' (MBV a U V)))
A ode-sem-equiv a I
and IH2:Y IJ. Vv v/ p V.
lagree I J (SIGP b) —
Vagree vv'V.— FVP b C V — (v, p) € prog-sem I b — (Fu’. (v/, 1)
€ prog-sem J b A Vagree p p' (MBV b U V)))
A ode-sem-equiv b I
and [A:lagree I J (SIGP (a UU b))
and VA:Vagree (v1,v1') (v2,v2) V
and sub:FVP (a UUb) C V
and sem:((v1, v1'), (u, p')) € prog-sem I (a UU b)
hence eitherSem:((v1, v1’), (u, p')) € prog-sem I a vV ((v1, v1’), (u, p')) €
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prog-sem I b
by auto
have Ssub:(SIGP a) C SIGP (a UU b) (SIGP b) C SIGP (a UU b)
unfolding SIGP.simps by auto
have IA1:Iagree I J (SIGP a) and IA2:Iagree I J (SIGP b)
using IA Iagree-sub[OF Ssub(1)] Iagree-sub[OF Ssub(2)] by auto
from sub have subl:FVP a C V and sub2:FVP b C V by auto
then
show Ipu”. ((v2, v2'), u'") € prog-sem J (a UU b) A Vagree (u, p') pn'’ (MBV
(aUU D) U V)
proof (cases ((v1, v1'), (u, p’)) € prog-sem I a)
case True
then obtain p’’ where prog-sem:((v2,v2'), u'") € prog-sem J a and agree: Vagree
(s p') p" (MBV a U V)
using IH1 VA subl IA1 by blast
from agree have agree’: Vagree (u, p') p’’ (MBV (a UU b) U V)
unfolding Vagree-def MBV .simps by auto
from prog-sem have prog-sem’:(v2,v2"), n'') € prog-sem J (a UU b)
unfolding prog-sem.simps by blast
from agree’ and prog-sem’ show ?thesis by blast
next
case Fulse
then have sem2:((v1, v1’), (u, p')) € prog-sem I b using eitherSem by blast
then obtain p’ where prog-sem:((v2,v2"), u'") € prog-sem J b and agree: Vagree
(s p') p"" (MBV b U V)
using IH2 VA sub2 IA2 by blast
from agree have agree”: Vagree (u, p') p’’ (MBV (a UU b) U V)
unfolding Vagree-def MBV .simps by auto
from prog-sem have prog-sem’:(v2,v2"), n'') € prog-sem J (a UU b)
unfolding prog-sem.simps by blast
from agree’ and prog-sem’ show ?thesis by blast
qed
next
fix I
assume [Hs:
VIJ. Vvvip V.
Iagree I J (SIGP a) —
Vagree v v’ V.— FVP a C V — (v, u) € prog-sem I a — (Fu’. (v/,
u') € prog-sem J a A Vagree p p’ (MBV a U V))) A
ode-sem-equiv a I
VIJ. Vvvip V.
Iagree I J (SIGP b) —
Vagreevv' V.— FVP b C V — (v, u) € prog-sem I b — (Ju’. (v/, p')
€ prog-sem J b A Vagree p p’ (MBV b U V))) A
ode-sem-equiv b 1
show ode-sem-equiv (a UU b) [
unfolding ode-sem-equiv-def by auto
qged
next
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case (hpsafe-Sequence a b) then show Zcase
apply (unfold coincide-hp’-def coincide-hp-def)
apply (rule alll)+
apply (rule congl)
prefer 2 subgoal unfolding ode-sem-equiv-def by auto
apply (unfold prog-sem.simps SIGP.simps FVP.simps )
apply(rule olll)+
apply(auto)
subgoal for I J v2 v2' Vvl vl pp ww’
proof —
assume safe:hpsafe a hpsafe b
assume (VI. ((VJ. Iagree I J (SIGP a) — (Y aa b ab ba ac bb V.
Vagree (aa, b) (ab, ba) V —
FVPa CV — ((aa, b), ac, bb) € prog-sem I a — (Faa b. ((ab, ba), aa,
b) € prog-sem J a A Vagree (ac, bb) (aa, b) (MBV a U V)))))
A ode-sem-equiv a I)
hence IH1":Aaa b ab ba ac bb V.
Iagree I J (SIGP a) =
Vagree (aa, b) (ab, ba) V =
FVP a CV = ((aa, b), ac, bb) € prog-sem I a => (Faa b. ((ab, ba), aa,
b) € prog-sem J a A Vagree (ac, bb) (aa, b) (MBV a U V))
by auto
note [H1 = IH1'lof v1 v1'v2v2' V pu
assume [H2'"
VI.(VJ. Iagree I J (SIGP b) — (VY a ba aa bb ab bc V.
Vagree (a, ba) (aa, bb) V. —
FVPbC V — ((a, ba), ab, bc) € prog-sem I b — (Fa ba. ((aa, bb), a,
ba) € prog-sem J b A\ Vagree (ab, bc) (a, ba) (MBV b U V))))
A ode-sem-equiv b I
assume [Aab:lagree I J (SIGP o U SIGP b)
have IAsubs:SIGP a C (SIGP a U SIGP b) SIGP b C (SIGP a U SIGP b)
by auto
from IAab have IA:Iagree I J (SIGP a) Iagree I J (SIGP b) using Ia-
gree-sub[OF IAsubs(1)] Iagree-sub]OF IAsubs(2)] by auto
from IH2'" have IH2":A\a ba aa bb ab be V .
Iagree I J (SIGP b)) =
Vagree (a, ba) (aa, bb) V =
FVP b CV = ((a, ba), ab, bc) € prog-sem I b = (Fa ba. ((aa, bb), a,
ba) € prog-sem J b A\ Vagree (ab, bc) (a, ba) (MBV b U V))
using IA by auto
assume VA:Vagree (v1,v1’) (v2,v2") V
assume sub:FVPa C VFVPb - MBVaCV
hence sub”.FVP a C V by auto
assume sem:((v1, v1’), (u, p’)) € prog-sem I a
(1, 1), (w, w')) € prog-sem Ib
obtain w! wl!’ where seml:((v2, v2'), (w1, wl')) € prog-sem J a and
VA1:Vagree (p, p') (w1, w1’y (MBV a U V)
using IH1[OF IA(1) VA sub’ sem(1)] by auto
note TH2 = [H2'[of p p' wl w1’ MBVa UV w w
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have sub2:FVP b C MBV a U V using sub by auto
obtain w2 w2’ where sem2:((wl, wl’), (w2, w2’) € prog-sem J b and
VA2: Vagree (w, w') (w2, w2") (MBV bU (MBV a U V))
using TH2[OF IA(2) VA1 sub2 sem(2)] by auto
show Jab bb. (v2, v2'), (ab, bb)) € prog-sem J a O prog-sem J b A Vagree
(w, w') (ab, bb) (MBV a U MBV b U V)
using sem1 sem2 VA1 VA2
by (metis (no-types, lifting) Un-assoc Un-left-commute relcomp.relcompl)
qed
done
next
case (hpsafe-Loop a) then show ?case
apply (unfold coincide-hp'-def coincide-hp-def)
apply(rule alll)+
apply (rule conjI)
prefer 2 subgoal unfolding ode-sem-equiv-def by auto
apply(rule olll | rule impl)+
apply (unfold prog-sem.simps FVP.simps MBV .simps SIGP.simps)
subgoal for I J v v’/ p V
proof —
assume safe:hpsafe a
assume JIH:(V I J. Vv v/ p V.
Iagree I J (SIGP a) —
Vagree v v' V. — FVP a C V — (v, u) € prog-sem I a — (Fpu’. (v', p’)
€ prog-sem J a A\ Vagree p ' (MBV a U V)))
A ode-sem-equiv a I)
assume agree:lagree I J (SIGP a)
assume VA:Vagree v v’V
assume sub:FVP a C V
have (v, ) € (prog-sem I a)* = (A\v'. Vagree v v’ V. = Ju’. (v/, p') €
(prog-sem J a)* N Vagree pu p' ({} U V)
apply(induction rule: converse-rtrancl-induct)
apply(auto)
subgoal for w w’ s s’ v v’
proof —
assume sem!:((w, w’), (s, s')) € prog-sem I a
and sem2:((s, s'), n) € (prog-sem I a)*
and TH2:\v v'. (Vagree (s, s') (v,v") V.= Jab ba. ((v,v"), (ab, ba)) €
(prog-sem J a)* A Vagree u (ab, ba) V)
and VA:Vagree (w, w’) (v,0') V
obtain s” where sem’:((v, v'), s'') € prog-sem J a and VA" Vagree (s,s’)
s" (MBV a U V)
using I/H agree VA sub sem1 agree-refl by blast
then obtain s'1 and s’2 where sem'":((v, v'), (s’1, s'2)) € prog-sem J
a and VA'":Vagree (s,s’) (s'1, s’2) (MBV a U V)
using IH agree VA sub sem1 agree-refl by (cases s, blast)
from VA’ have VA" V:Vagree (s,s') (s'1, s'2) V
using agree-sub by blast
note TH2' = IH2[of s'1 s'2]
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note [H2'" = [H2'[OF VA"'V]
then obtain ab and ba where sem'’:((s'1, s’2), (ab, ba)) € (prog-sem
J a)* and VA'":Vagree u (ab, ba) V
using IH2'" by auto
from sem’’ sem’” have sem:((v, v'), (ab, ba)) € (prog-sem J a)* by auto
show Jp'1 p'2. (v, v'), (n'1, u'2)) € (prog-sem J a)* N Vagree u (p'1,
uwe)v
using sem VA" by blast
qed
done
then show (v, u) € (prog-sem I a)* = Vagree v v' V.= Jpu’. (v/, 1) €
(prog-sem J a)* A Vagree p p' ({} U V)
by auto
qed
done
next
case (fsafe-Geq t1 t2)
then have safe:dsafe t1 dsafe t2 by auto
have almost: A\v v'. A IJ :: ("a, 'b, 'c) interp. Iagree I J (SIGF (Geq t1 t2)) =
Vagree v v’ (FVF (Geq t1 t2)) = (v € fml-sem I (Geq t1 t2)) = (v' € fml-sem
J (Geq t1 t2))
proof —
fix vy’ and IJ :: (‘a, 'b, 'c) interp
assume [A:Iagree I J (SIGF (Geq t1 t2))
hence [As:Iagree I J {Inlz | z. z € (SIGT t1)}
Iagree I J {Inlz | z. z € (SIGT t2)}
unfolding SIGF.simps lagree-def by auto
assume VA:Vagree v v’ (FVF (Geq t1 t2))
hence VAs:Vagree v v’ (FVT t1) Vagree v v’ (FVT t2)
unfolding FVF.simps Vagree-def by auto
have sem!:dterm-sem I t1 v = dterm-sem J t1 v’
by (auto simp add: coincidence-dterm'[OF safe(1) VAs(1) IAs(1)])
have sem2:dterm-sem I t2 v = dterm-sem J t2 v’
by (auto simp add: coincidence-dterm’[OF safe(2) VAs(2) IAs(2)])
show (v € fml-sem I (Geq t1 t2)) = (v’ € fmil-sem J (Geq t1 t2))
by (simp add: sem1 sem2)
qged
show ?case using almost unfolding coincide-fml-def by blast
next
case (fsafe-Prop args p)
then have safes:\arg. arg € range args = dsafe arg using dfree-is-dsafe by
auto
have almost:A\v v'. \ I J::("a, 'b, 'c) interp. Iagree I J (SIGF (Prop p args))
= Vagree v v’ (FVF (Prop p args)) = (v € fml-sem I (Prop p args)) = (v’ €
fml-sem J (Prop p args))
proof —
fix vv'and IJ :: (Ya, 'b, 'c) interp
assume [A:Iagree I J (SIGF (Prop p args))
have subs:\i. {Inl z | z. € SIGT (args i)} C (SIGF (Prop p args))
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by auto
have IAs:\i. Iagree I J {Inl z | . x € SIGT (args i)}
using IA apply(unfold SIGF.simps)
subgoal for i
using lagree-sub]OF subs|of i]] by auto
done
have mem:Inr (Inr p) € {Inr (Inr p)} U {Inlz |z. x € ({Ji. SIGT (args 7))}
by auto
from IA have pSame: Predicates I p = Predicates J p
by (auto simp add: Iagree-Pred TA mem)
assume VA:Vagree v v’ (FVF (Prop p args))
hence VAs:\i. Vagree v v’/ (FVT (args 7))
unfolding FVF.simps Vagree-def by auto
have sems:\i. dterm-sem I (args i) v = dterm-sem J (args i) v’
using IAs VAs coincidence-dterm’ rangel safes
by (simp add: coincidence-dterm”)
hence vecSem:(x i. dterm-sem I (args i) v) = (x 1. dterm-sem J (args i) v')
by auto
show (v € fml-sem I (Prop p args)) = (v’ € fmil-sem J (Prop p args))
apply (unfold fml-sem.simps mem-Collect-eq)
using IA vecSem pSame by (auto)
qed
then show ?case unfolding coincide-fml-def by blast
next
case fsafe-Not then show ?case by auto
next
case (fsafe-And p1 p2)
then have safes:fsafe p1 fsafe p2
and IH1:Y v v'IJ. Iagree I J (SIGF p1) — Vagree v v’ (FVF pl) — (v
€ fmil-sem I p1) = (v’ € fml-sem J pl)
and [H2:Y v v'1J. Iagree I J (SIGF p2) — Vagree v v’ (FVF p2) — (v
€ fml-sem I p2) = (v’ € fml-sem J p2)
by auto
have almost:\v v' I J. Iagree I J (SIGF (And p1 p2)) = Vagree v v’ (FVF
(And p1 p2)) = (v € fml-sem I (And p1 p2)) = (v’ € fmil-sem J (And pl p2))
proof —
fixvv'IJ
assume [A:Iagree I J (SIGF (And pl p2))
have [Asubs:(SIGF p1) C (SIGF (And p1 p2)) (SIGF p2) C (SIGF (And p1
p2)) by auto
from IA have IAs:Iagree I J (SIGF p1) Iagree I J (SIGF p2)
using lagree-sub]OF IAsubs(1)] Iagree-sub|OF IAsubs(2)] by auto
assume VA:Vagree v v’ (FVF (And pl1 p2))
hence VAs:Vagree v v’/ (FVF pl1) Vagree v v’ (FVF p2)
unfolding FVF.simps Vagree-def by auto
have eql:(v € fml-sem I p1) = (v’ € fml-sem J p1) using IH1 IAs VAs by
blast
have eq2:(v € fml-sem I p2) = (v’ € fml-sem J p2) using IH2 IAs VAs by
blast
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show (v € fml-sem I (And p1 p2)) = (v' € fmil-sem J (And p1 p2))
using eq! eq2 by auto
qed
then show ?case unfolding coincide-fmi-def by blast
next
case (fsafe-FErists p x)
then have safe:fsafe p
and IHNY v v' I J. Iagree I J (SIGF p) — Vagree v v’ (FVF p) — (v €
fml-sem I p) = (v' € fml-sem J p)
by auto
have almost:A\v v’ I J. Iagree I J (SIGF (Euxists z p)) = Vagree v v’ (FVF
(Ezists  p)) = (v € fml-sem I (Exists x p)) = (v’ € fml-sem J (Exists x p))
proof —
fixvv'1J
assume [A:Iagree I J (SIGF (FEzxists x p))
hence IA":Iagree I J (SIGF p)
unfolding SIGF.simps lagree-def by auto
assume VA:Vagree v v’ (FVF (Ezists © p))
hence VA" Vagree v v’ (FVEF p — {Inl z}) by auto
hence VA":A\r. Vagree (repv v z 1) (repv v’ x 1) (FVF p)
subgoal for r
unfolding Vagree-def FVF.simps repv.simps
by auto
done
have IH" Ar. Iagree I J (SIGF p) = Vagree (repv v z ) (repv v’ z 1) (FVF
p) = ((repv v z r) € fml-sem I p) = ((repv v’ z 1) € fml-sem J p)
subgoal for r
using IH apply(rule allE[where z = repv v x ])
apply(erule allE[where z = repv v’ z r])
by (auto)
done
hence IH":A\r. ((repv v z r) € fml-sem I p) = ((repv v' z r) € fml-sem J p)
subgoal for r
using IA’ VA" by auto
done
have fact: \r. (repv v z r € fml-sem I p) = (repv v’ x r € fmil-sem J p)
subgoal for r
using IH'[OF IA" VA"] by auto
done
show (v € fml-sem I (Ezists z p)) = (v’ € fml-sem J (Exists x p))
apply(simp only: fml-sem.simps mem-Collect-eq)
using IH'" by auto
qed
then show ?case unfolding coincide-fml-def by blast
next
case (fsafe-Diamond a p) then
have hsafe:hpsafe a
and psafe:fsafe p
and [H1:Y IJ. (Vv v' pu V. Iagree I J (SIGP a) —
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Vagree v v’V —
FVPa CV — (v, u) € prog-sem [ a — (3p’. (v, n') € prog-sem J
a N Vagree p p’ (MBV a U V)))
and [H2:VNv v' I J. Iagree I J (SIGF p) — Vagree v v' (FVF p) — (v €
fml-sem I p) = (v' € fml-sem J p)
unfolding coincide-hp'-def coincide-hp-def coincide-fml-def apply auto done
have almost:\v v’ I J. Iagree I J (SIGF (Diamond a p)) = Vagree v v’ (FVF
(Diamond a p)) = (v € fml-sem I (Diamond a p)) = (v’ € fml-sem J (Diamond
ap))
proof —
fixvv'IJ
assume [A:Iagree I J (SIGF (Diamond a p))
have IAsubs:(SIGP a) C (SIGF (Diamond a p)) (SIGF p) C (SIGF (Diamond
a p)) by auto
from A have IAP:lagree I J (SIGP a)
and TAF:Iagree I J (SIGF p) using Iagree-sub|OF IAsubs(1)] Iagree-sub|OF
TAsubs(2)] by auto
from IAP have IAP"Iagree J I (SIGP a) by (rule Iagree-comm)
from IAF have IAF':Iagree J I (SIGF p) by (rule Iagree-comm)
assume VA:Vagree v v’ (FVF (Diamond a p))
hence VA" Vagree v’ v (FVF (Diamond a p)) by (rule agree-comm,)
have dirl:v € fmil-sem I (Diamond a p) => v’ € fml-sem J (Diamond a p)
proof —
assume sem:v € fmil-sem I (Diamond a p)
let ¢V = FVF (Diamond a p)
have Vsup:FVP a C ?V by auto
obtain ;. where prog:(v, u) € prog-sem I a and fml:p € fmil-sem I p
using sem by auto
from [H! have [H1"
Iagree I J (SIGP a) =
Vagree v v’ 2V —
FVPa C 2V = (v, p) € prog-sem I a = (Iu’. (v', p’) € prog-sem J
a N Vagree p p' (MBV a U 2V))
by blast
obtain p’ where prog’:(v’, 1') € prog-sem J a and agree: Vagree p ' (MBV
ayU ?V)
using IH1'[OF IAP VA Vsup prog] by blast
from ITH?2
have [H2"Iagree I J (SIGF p) = Vagree p p’' (FVF p) = (u € fml-sem I
p) = (u' € fml-sem J p)
by blast
have VAF:Vagree p u' (FVF p)
using agree VA by (auto simp only: Vagree-def FVF.simps)
hence IH2":(u € fml-sem I p) = (' € fml-sem J p)
using IH2'[OF IAF VAF) by auto
have fml’:u’ € fml-sem J p using IH2'" fml by auto
have 3 u'. (v/, 1) € prog-sem J a A p' € fml-sem J p using fml’ prog’ by
blast
then show v’ € fml-sem J (Diamond a p)
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unfolding fml-sem.simps by (auto simp only: mem-Collect-eq)
qed
have dir2:v' € fml-sem J (Diamond a p) = v € fml-sem I (Diamond a p)
proof —
assume sem:v’ € fml-sem J (Diamond a p)
let ?V = FVF (Diamond a p)
have Vsup: FVP a C ?V by auto
obtain p where prog:(v', u) € prog-sem J a and fml:p € fml-sem J p
using sem by auto
from [H! have [H1"
Iagree J I (SIGP o) =
Vagree v’ v 2V —
FVPa C 2V = (v/, p) € prog-sem J a = (Ap’. (v, u’) € prog-sem I
a A Vagree p ' (MBV a U ?2V))
by blast
obtain p’ where prog”:(v, u') € prog-sem I a and agree: Vagree pu u’ (MBV
ayU ?V)
using [H1'[OF IAP' VA’ Vsup prog| by blast
from IH2
have IH2":Iagree J I (SIGF p) = Vagree u p’ (FVF p) = (u € fml-sem
= (u' € fml-sem I p)
by blast
have VAF:Vagree i pu' (FVF p)
using agree VA by (auto simp only: Vagree-def FVF.simps)
hence IH2":(p € fml-sem J p) = (u' € fml-sem I p)
using IH2'[OF IAF' VAF] by auto
have fmi’:u’ € fml-sem I p using IH2" fml by auto
have 3 u’. (v, p') € prog-sem I a A\ p' € fml-sem I p using fml’ prog’ by
blast
then show v € fmi-sem I (Diamond a p)
unfolding fml-sem.simps by (auto simp only: mem-Collect-eq)
qed
show (v € fml-sem I (Diamond a p)) = (v’ € fml-sem J (Diamond a p))
using dir! dir2 by auto
qed
then show ?case unfolding coincide-fml-def by blast
next
case (fsafe-InContext ¢) then
have safe:fsafe ¢
and IH:(\V v v’ IJ. lagree I J (SIGF ¢) — Vagree v v’ (FVF ¢) — v €
fml-sem I ¢ «— v’ € fml-sem J ¢)
by (unfold coincide-fml-def)
hence IHA\v v’ I J. Iagree I J (SIGF ¢) = Vagree v v' (FVF ¢) = v €
fml-sem I p «— v’ € fml-sem J ¢
by auto
hence sem-eq: \I J. Iagree I J (SIGF ¢) = fml-sem I ¢ = fml-sem J ¢
apply (auto simp: Collect-cong Collect-mem-eq agree-refl)
using agree-refl by blast+
have (A v v/ I J C . Iagree I J (SIGF (InContext C ¢)) = Vagree v v’

Jp

~
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(FVF (InContext C ¢)) = v € fml-sem I (InContext C ¢) «— v’ € fml-sem J
(InContext C ¢))
proof —
fixvv'IJC
assume [A:Iagree I J (SIGF (InContext C ¢))
then have IA":Iagree I J (SIGF ) unfolding SIGF.simps Iagree-def by
auto
assume VA:Vagree v v’ (FVF (InContext C ¢))
then have VAU:Vagree v v’ UNIV unfolding FVF.simps Vagree-def by
auto
then have VA'":Vagree v v’ (FVF ) unfolding FVF.simps Vagree-def by
auto
from VAU have eq:v = v’ by (cases v, cases v', auto simp add: vec-eq-iff
Vagree-def)
from IA have Cmem:Inr (Inl C) € SIGF (InContext C ¢)
by simp
have Cagree: Contexts I C = Contexts J C by (rule Iagree-Contexts|OF IA
Cmem])
show v € fml-sem I (InContext C' ) <— v' € fml-sem J (InContext C ¢)
using Cagree eq sem-eq IA’ by (auto)
qed
then show Zcase by simp
qed

lemma coincidence-formula:\v v' I J. fsafe (p::(a::finite, 'b::finite, 'c::finite) for-
mula) = Iagree I J (SIGF ¢) = Vagree v v’ (FVF ¢) = (v € fml-sem I ¢
«—— v’ € fml-sem J @)

using coincidence-hp-fml unfolding coincide-fml-def by blast

lemma coincidence-hp:
fixesvv' p VIJ
assumes safe:hpsafe («::('a::finite, 'b::finite, 'c::finite) hp)
assumes [A:lagree I J (SIGP «)
assumes VA:Vagree v v’V
assumes sub:V 2 (FVP «)
assumes sem:(v, p) € prog-sem I «
shows (Fpu’. (v/, p') € prog-sem J o A Vagree p ' (MBV o U V))
proof —
have thing:(VIJ. Vv v’ p V.
Iagree I J (SIGP o) —
Vagree v v' V. — FVP a C V — (v, p) € prog-sem I o — (I p’.
(v', u') € prog-sem J a N\ Vagree yu ' (MBV a U V))) A
ode-sem-equiv « I)
using coincidence-hp-fml unfolding coincide-hp-def coincide-hp’-def
using safe by blast
then have (lagree I J (SIGP o) =
Vagree v v' V. = FVP a C V = (v, p) € prog-sem I o« = (Ip’.
(v', u') € prog-sem J a A\ Vagree p u' (MBV o« U V)))
using [A VA sub sem thing by blast
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then show (Fu’. (v/, u') € prog-sem J a A Vagree pp p’ (MBV o U V))
using [A VA sub sem by auto
qed

7.4 Corollaries: Alternate ODE semantics definition

lemma ode-sem-eq:
fixes I::('a::finite,’b:: finite, c:: finite) interp and ODE::('a,’c) ODE and ¢::('a,’d,’c)
formula
assumes osafe:osafe ODE
assumes fsafe:fsafe ¢
shows
({(v, mk-v I ODE v (sol t)) | v sol t.
t>0N
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v z € fml-sem
I o} A
VSagree (sol 0) (fst v) {z | . Inl x € FVP (FEvolveODE ODE ¢)}}) =
({(v, mk-v I ODE v (sol t)) | v sol t.

t>0AN

(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v z € fml-sem
I o} A

(sol 0) = (fst v)})
proof —

have hpsafe:hpsafe (EvolveODE ODE ) using osafe fsafe by (auto intro: hp-
safe-fsafe.intros)
have coincide-hp'( EvolveODE ODE ) using coincidence-hp-fml hpsafe by blast
hence ode-sem-equiv (EvolveODE ODE ) I unfolding coincide-hp’-def by auto
then show ?thesis
unfolding ode-sem-equiv-def using osafe fsafe by auto
qed

lemma ode-alt-sem: \I::('a::finite,'b: finite,’c:: finite) interp. )\ ODE::('a,’c) ODE.
Np::(a,’'d,’c) formula. osafe ODE = fsafe ¢ —
prog-sem I (EvolveODE ODE )
(v, mk-v I ODE v (sol t)) | v sol t.
t>0AN
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v z € fml-sem
I o} A
VSagree (sol 0) (fst v) {z | z. Inl z € FVP (FEvolveODE ODE ¢)}}

subgoal for I ODE ¢
using ode-sem-eq[of ODE ¢ I| by auto
done
end
end
theory Bound-Effect
imports
Ordinary-Differential- Equations. ODE-Analysis
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Ids
Lib
Syntax
Denotational-Semantics
Frechet-Correctness
Static-Semantics
Coincidence

begin

8 Bound Effect Theorem

The bound effect lemma says that a program can only modify its bound
variables and nothing else. This is one of the major lemmas for showing
correctness of uniform substitution.

context ids begin
lemma bound-effect:

fixes I::('sf,’sc,’sz) interp

assumes good-interp:is-interp I

shows Av :: ‘sz state. A\w ::'sz state. hpsafe o« = (v, w) € prog-sem I o =
Vagree v w (— (BVP a))
proof (induct rule: hp-induct)

case Var then show ?case

using agree-nil Compl-UNIV-eq BVP.simps(1) by fastforce

next

case Test then show ?Zcase

by auto(simp add: agree-refl Compl-UNIV-eq Vagree-def)

next

case (Choice a b v w)

assume THI:Av'. Aw’. hpsafe a = ((v', w’) € prog-sem I a = Vagree v’ w’
(= BVP a))

assume [H2:A\v'. \w’. hpsafe b =((v', w’) € prog-sem I b = Vagree v’ w’ (—
BVP b))

assume sem:(v, w) € prog-sem I (a UU b)

assume safe:hpsafe (Choice a b)

from safe have safes:hpsafe a hpsafe b by (auto dest: hpsafe.cases)

have sems:(v, w) € prog-sem I (a) V (v, w) € prog-sem I (b) using sem by auto

have agrees: Vagree v w (— BVP a) V Vagree v w (— BVP b) using IH1 IH2
sems safes by blast

have subl:—(BVP a) 2 (— BVP a N — BVP b) by auto

have sub2:—(BVP a) D (— BVP a N — BVP b) by auto

have res: Vagree v w (— BVP a N — BVP b) using agrees subl sub2 agree-supset
by blast

then show ?case by auto
next

case (Compose a b v w)

assume [HI:A\v'. A\w’. hpsafe a = (v', w') € prog-sem I a = Vagree v’ w’
(— BVP a)

assume [H2:\v'. N\w'. hpsafe b = (v', w’) € prog-sem I b = Vagree v’ w’ (—
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BVP b)
assume sem:(v, w) € prog-sem I (a ;; b)
assume safe:hpsafe (a ;; b)
from safe have safes:hpsafe a hpsafe b by (auto dest: hpsafe.cases)
then show ?case
using agree-trans IH1 IH2 sem safes by fastforce
next
fix ODE::('sf,’sz) ODE and P::('sf,’sc,’sz) formula and v w
assume safe:hpsafe (EvolveODE ODE P)
from safe have osafe:osafe ODE and fsafe:fsafe P by (auto dest: hpsafe.cases)
show (v, w) € prog-sem I (EvolveODE ODE P) — Vagree v w (— BVP
(EvolveODE ODE P))
proof —
assume sem:(v, w) € prog-sem I (EvolveODE ODE P)
from sem have agree: Vagree v w (— BVO ODE)
apply(simp only: prog-sem.simps(8) mem-Collect-eq osafe fsafe)
apply(erule exE)+
proof —
fix v’ sol ¢
assume assm:
(v, w) = (v, mk-v I ODE v’ (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I ODE)) {0..t} {z. mk-v I ODE v' ¢ €
fml-sem I P} N (sol 0) = (fst V')
have semBV:—BVO ODE C —semBV I ODE
by (induction ODE, auto)
from assm have Vagree w v (— BVO ODE) using mk-v-agree[of I ODE v
(sol t)]
using agree-sub|OF semBV]| by auto
thus Vagree v w (— BVO ODE) by (rule agree-comm)
qed
thus Vagree v w (— BVP (EvolveODE ODE P)) by auto
qed
next
case (Star a v w) then
have IH:(A\v w. hpsafe a = (v, w) € prog-sem I a = Vagree v w (— BVP a))
and safe:hpsafe axx
and sem:(v, w) € prog-sem I axx
by auto
from safe have asafe:hpsafe a by (auto dest: hpsafe.cases)
show Vagree v w (— BVP axx)
using sem apply (simp only: prog-sem.simps)
apply (erule converse-rtrancl-induct)
subgoal by(rule agree-refl)
subgoal for y z using IH[of y z, OF asafe] sem by (auto simp add: Vagree-def)
done
qed (auto simp add: Vagree-def)
end end
theory Differential-Azioms
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imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics
Frechet-Correctness
Azioms
Coincidence
begin context ids begin

9 Differential Axioms

Differential axioms fall into two categories: Axioms for computing the deriva-
tives of terms and axioms for proving properties of ODEs. The derivative
axioms are all corollaries of the frechet correctness theorem. The ODE ax-
ioms are more involved, often requiring extensive use of the ODE libraries.

9.1 Derivative Axioms

definition diff-const-axiom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]: diff-const-axiom = Equals (Differential ($f fid1 empty)) (Const
0)

definition diff-var-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]:diff-var-aziom = Equals (Differential (Var vid1)) (DiffVar
vid1)

definition state-fun ::'sf = ('sf, 'sz) trm
where [aziom-defs]:state-fun f = ($f f (Ai. Var 1))

definition diff-plus-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs|: diff-plus-axiom = FEquals (Differential (Plus (state-fun fid1)
(state-fun fid2)))

(Plus (Differential (state-fun fid1)) (Differential (state-fun fid2)))

definition diff-times-aziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]: diff-times-axiom = Equals (Differential ( Times (state-fun fid1)
(state-fun fid2)))
(Plus (Times (Differential (state-fun fidl)) (state-fun fid2))
(Times (state-fun fidl) (Differential (state-fun fid2))))

— =@y =1 (9(®))’ = F(3)")
definition diff-chain-axziom::('sf, 'sc, 'sz) formula
where [aziom-defs]: diff-chain-aziom = [[Assign vid2 (fI fid2 vid1)]]([[DiffAssign
vid2 (Const 1)]]

(Fquals (Differential ($f fidl (singleton (f1 fid2 vid1)))) (Times (Differential (f1
fidl vid2)) (Differential (f1 fid2 vid1)))))
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9.2 ODE Axioms

definition DWaxiom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]: DWaziom = ([[EvolveODE (OVar vid1) (Predicational pid1)]](Predicational
pidl))

definition DWaxiom' :: ('sf, 'sc, 'sz) formula
where [aziom-defs]: D Waziom' = ([[EvolveODE (OSing vid1 (Function fidl (singleton
(Var vid1)))) (Prop vid2 (singleton (Var vid1)))]](Prop vid2 (singleton (Var vid1))))

definition DCaziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs|: DCaziom = (
([[EvolveODE (OVar vidl) (Predicational pidl)]|Predicational pid3) —
(([[EvolveODE (OVar vidl) (Predicational pidl1)]](Predicational pid2))
4
([[EvolveODE (OVar vidl) (And (Predicational pid1) (Predicational pid3))]] Predicational

pid2)))

definition DFaziom :: ('sf, 'sc, 'sz) formula

where [aziom-defs|: DEaziom =

(([[EvolveODE (OSing vid1 (f1 fidl vid1)) (pl vid2 vidl)]] (P pidl))

g

([[EvolveODE (OSing vid1 (f1 fidl vid1)) (pl vid2 vidl)]]
[[DiffAssign vidl (fI fidl vid1)]|P pidl))

definition DSaziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]:DSaziom =
(([[BvolveODE (OSing vid1 (f0 fidl)) (p! vid2 vidl1)]|p1 vid3 vid1)
d
(Forall vid2
(Implies (Geq (Var vid2) (Const 0))
(Implies
(Forall vid3
(Implies (And (Geq (Var vid3) (Const 0)) (Geq (Var vid2) (Var vid3)))
(Prop vid2 (singleton (Plus (Var vidl) (Times (f0 fidl) (Var vid3)))))))
([[Assign vidl (Plus (Var vid1) (Times (f0 fid1) (Var vid2)))]]p1 vid3 vid1)))))

—(Q > [ QU (@) > o))
— =
— (& QUf () > 9()) ——> (@ > ((x) = g(x))
definition DIGeqaziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs|: DIGeqaziom =
Implies

(Implies (Prop vidl empty) ([[EvolveODE (OVar vidl) (Prop vidl empty)]](Geq
(Differential (f1 fidl vid1)) (Differential (f1 fid2 vid1)))))

(Implies

(Implies(Prop vidl empty) (Geq (f1 fidl vid1) (f1 fid2 vid1)))
([[EvolveODE (OVar vidl) (Prop vidl empty)]|(Geq (f1 fidl vidl) (f1 fid2

vidi))))
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;( !;(x) > h(z) = [2'=f(2), ¢ & p()](9(2)" = M(z)) = [z'=f(x), ¢ & p(z)]g(z) >

—(Q = [c&Q)(f(2)" = g(x)))
— =
(& QU () > 9(a)) <—> (@ > ((#) > g(o))
definition DIGraziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs|: DIGraziom =
Implies
(Implies (Prop vidl empty) ([[EvolveODE (OVar vid1) (Prop vidl empty)]](Geq
(Differential (f1 fidl vid1)) (Differential (f1 fid2 vid1)))))
(Implies
(Implies(Prop vidl empty) (Greater (f1 fidl vid1) (fI fid2 vidl)))
([[EvolveODE (OVar vidl) (Prop vid1l empty)]]( Greater (f1 fidl vid1) (fI fid2
vid1))))

—[{1'=1(1) & 1(1)}2(1) <—>
32 [{1'=1(1), 2" = 2(1)%2 + 3(1) & 1(1)}]2(1)%)
definition DGaziom :: ('sf, 'sc, 'sz) formula
where [aziom-defs]:DGaziom = (([[EFvolveODE (OSing vidl (fI fidl vid1)) (p1
vid1 vid1)]]pl vid2 vidl) +
(Exists vid2

([[FvolveODE (OProd (OSing vidl (fI fidl vid1)) (OSing vid2 (Plus (Times

(f1 fid2 vid1) (Var vid2)) (f1 fid3 vid1)))) (p1 vidl vid1)]]
pl vid2 vidl)))

9.3 Proofs for Derivative Axioms

lemma constant-deriv-inner:
assumes interp:V x i. (Functions I i has-derivative FunctionFrechet I i x) (at z)
shows FunctionFrechet I id1 (vec-lambda (Ai. sterm-sem I (empty i) (fst v)))
(vec-lambda(Ni. frechet I (empty @) (fst v) (snd v)))= 0
proof —
have empty-zero:(vec-lambda(\i. frechet I (empty i) (fst v) (snd v))) = 0
using local.empty-def Cart-lambda-cong frechet.simps(5) zero-vec-def
apply auto
apply(rule vec-extensionality)
using local.empty-def Cart-lambda-cong frechet.simps(5) zero-vec-def
by (simp add: local.empty-def)
let %z = (vec-lambda (Ni. sterm-sem I (empty i) (fst v)))
from interp
have has-deriv:(Functions I id1 has-derivative FunctionFrechet I id1 ?z) (at ?z)
by auto
then have f-linear:linear (FunctionFrechet I idl ?x)
using Deriv.has-derivative-linear by auto
then show %thesis using empty-zero f-linear linear-0 by (auto)
qed
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lemma constant-deriv-zero:is-interp I = directional-derivative I ($f id1 empty)

v=20
apply(simp only: is-interp-def directional-derivative-def frechet.simps frechet-correctness)
apply(rule constant-deriv-inner)
apply (auto)

done

theorem diff-const-axiom-valid: valid diff-const-axiom

apply(simp only: valid-def diff-const-axiom-def equals-sem)

apply(rule alll | rule impl)+

apply(simp only: dterm-sem.simps constant-deriv-zero sterm-sem.simps)
done

theorem diff-var-axiom-valid: valid diff-var-aziom
apply(auto simp add: diff-var-aziom-def valid-def directional-derivative-def)
by (metis inner-prod-eq)

theorem diff-plus-aziom-valid: valid diff-plus-axiom
apply(auto simp add: diff-plus-aziom-def valid-def)
subgoal for I a b
using frechet-correctness[of I (Plus (state-fun fidl) (state-fun fid2)) b]
unfolding state-fun-def apply (auto intro: dfree.intros)
unfolding directional-derivative-def by auto
done

theorem diff-times-azxiom-valid: valid diff-times-aziom
apply(auto simp add: diff-times-axiom-def valid-def)
subgoal for 7 a b
using frechet-correctness[of I (Times (state-fun fidl) (state-fun fid2)) b]
unfolding state-fun-def apply (auto intro: dfree.intros)
unfolding directional-derivative-def by auto
done

9.4 Proofs for ODE Axioms

lemma DW-valid:valid DWaziom
apply(unfold DWaziom-def valid-def Let-def impl-sem )
apply (safe)
apply(auto simp only: fml-sem.simps prog-sem.simps box-sem,)
subgoal for I aa ba ab bb sol t using mk-v-agree[of I (OVar vidl) (ab,bb) sol t]
Vagree-univ[of aa ba sol t ODEs I vidl (sol t)] solves-ode-domainD

by (fastforce)
done

lemma DE-lemma:
fixes ab bb::'sz simple-state
and sol::real = sz simple-state
and I:('sf, 'sc, 'sz) interp
shows
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repd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) vid1 (dterm-sem I (f1
fidl vid1) (mk-v I (OSing vidl (f1 fid1 vid1)) (ab, bd) (sol t)))
= mk-v I (OSing vidl (fI fidl vid1)) (ab, bb) (sol t)
proof
have set-eq: {Inl vid1, Inr vidl} = {Inr vid1, Inl vid1} by auto
have agree: Vagree (mk-v I (OSing vid1 (f1 fidl vid1)) (ab, bb) (sol t)) (mk-zode
I (OSing vidl (f1 fid1 vid1)) (sol t))
{Inl vid1, Inr vidl}
using mk-v-agree[of I (OSing vid1 (f1 fidl vid1)) (ab, bb) (sol t)]
unfolding semBV .simps using set-eq by auto
have fact:dterm-sem I (f1 fidl vid1) (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb)
(sol t))
= snd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) $ vidl
using agree unfolding Vagree-def dterm-sem.simps f1-def mk-zode.simps
proof —
assume alls:(Vi. Inl i € {Inl vidl, Inr vidl} —
fst (mk-v I (OSing vidl ($f fidl (singleton (trm.Var vid1)))) (ab, bb) (sol
1) $i=
fst (sol t, ODE-sem I (OSing vidl ($f fidl (singleton (trm.Var vid1)))) (sol
t) $ ) A
(Vi. Inr i € {Inl vidl, Inr vidl} —
snd (mk-v I (OSing vidl ($f fidl (singleton (trm.Var vid1)))) (ab, bb) (sol
1) $i=
snd (sol t, ODE-sem I (OSing vidl ($f fidl (singleton (trm.Var vidl))))
(sol t)) $ 9)
hence atVid":snd (mk-v I (OSing vidl ($f fidl (singleton (trm.Var vidl))))
(ab, bb) (sol t)) $ vidl = sterm-sem I ($f fidl (singleton (trm.Var vid1))) (sol t)
by auto
have argsEq:(x i. dterm-sem I (singleton (trm.Var vidl) i)
(mk-v I (OSing vid1 (3f fid1 (singleton (trm.Var vid1)))) (ab, bb) (sol t)))
= (x i. sterm-sem I (singleton (trm.Var vidl) i) (sol t))
using alls f1-def by auto
thus Functions I fidl (x i. dterm-sem I (singleton (trm.Var vidl) 7)
(mk-v I (OSing vidl ($f fidl (singleton (trm.Var vid1)))) (ab, bb) (sol t)))

= snd (mk-v I (OSing vidl ($f fidl (singleton (trm.Var vid1)))) (ab, bb)
(sol t)) $ vid1
by (simp only: atVid" ODE-sem.simps sterm-sem.simps dterm-sem.simps)
qed
have eqSnd:(x y. if vidl = y then snd (mk-v I (OSing vid1 (f1 fidl vid1)) (ab,
bb) (sol t)) $ wvidl
else snd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) $ y) = snd
(mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t))
by (simp add: vec-extensionality)
have truth:repd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) vid1
(dterm-sem I (f1 fidl vid1) (mk-v I (OSing vid1 (f1 fidl vid1)) (ab, bb) (sol
t))

= mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)
using fact by (auto simp only: eqSnd repd.simps fact prod.collapse split: if-split)
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thus fst (repd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) vid1
(dterm-sem I (f1 fidl vidl) (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb)
(s0l 1)))) =
fst (mk-v I (OSing vidl (fI fidl vid1)) (ab, bb) (sol t))

snd (repd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) vidl
(dterm-sem I (f1 fid1 vid1) (mk-v I (OSing vid1 (f1 fid1 vid1)) (ab, bb) (sol
t))) =
snd (mk-v I (OSing vid1 (f1 fid1 vid1)) (ab, bb) (sol t))
by auto
qged

lemma DFE-valid:valid DEaziom
proof —
have dsafe:dsafe ($f fidl (singleton (trm.Var vid1))) unfolding singleton-def
by (auto intro: dsafe.intros)
have osafe:osafe(OSing vidl (f1 fidl vid1)) unfolding f1-def empty-def single-
ton-def using dsafe osafe.intros dsafe.intros
by (simp add: osafe-Sing dfree-Const)
have fsafe:fsafe (p1 vid2 vid1) unfolding pI-def singleton-def using hpsafe-fsafe.intros(10)
using dsafe dsafe-Fun-simps image-iff
by (simp add: dfree-Const)
show walid DEaxiom
apply(auto simp only: DEaxiom-def valid-def Let-def iff-sem impl-sem)
apply (auto simp only: fml-sem.simps prog-sem.simps mem-Collect-eq box-sem)
proof —
fix I::('sf,’sc,’sz) interp
and aa ba ab bb sol
and t::real
and ac be
assume is-interp 1
assume allw:Vw. (v sol t.
((ab, bb), w) = (v, mk-v I (OSing vidl (fI fidl vid1)) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OSing vidl (f1 fidl vid1)))) {0..t}
{z. mk-v I (OSing vidl (f1 fidl vid1)) v x € fml-sem I (p1 vid2
vidl)} A
(sol 0) = (fstv) ) —
w € fml-sem I (P pidl)
assume t:0 < ¢
assume aaba:(aa, ba) = mk-v I (OSing vidl (fI fidl vid1)) (ab, bb) (sol t)
assume solve: (sol solves-ode (A-. ODE-sem I (OSing vidl (fI fidl vid1))))
{0..t}

vid1)}
assume sol0: (sol 0) = (fst (ab, bb))
assume rep: (ac, bc) =
repd (mk-v I (OSing vid1 (f1 fidl vid1)) (ab, bb) (sol t)) vidl
(dterm-sem I (f1 fidl vid1) (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb)

{z. mk-v I (OSing vidl (f1 fid1 vid1)) (ab, bb) z € fml-sem I (pl vid2
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(sol t)))

have aaba-sem:(aa,ba) € fml-sem I (P pidl) using allw t aaba solve sol0 rep
by blast
have truth:repd (mk-v I (OSing vid1 (f1 fidl vid1)) (ab, bb) (sol t)) vid1
(dterm-sem I (f1 fid1 vidl) (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bd)
(sol 1))
= mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)
using DFE-lemma by auto
show
repd (mk-v I (OSing vid1 (f1 fidl vid1)) (ab, bb) (sol t)) vidl
(dterm-sem I (f1 fidl vidl) (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb)
(s0l1)))
€ fmil-sem I (P pid1) using aaba aaba-sem truth by (auto)
next
fix I:('sf,’sc,’sz) interp and aa ba ab bb sol and t:real
assume is-interp I
assume all:Vw. (Jv sol t.
((ab, bb), w) = (v, mk-v I (OSing vidl (f1 fidl vid1)) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OSing vidl (f1 fidl vid1)))) {0..t}
{z. mk-v I (OSing vidl (f1 fidl vidl)) v © € fml-sem I (pl vid2
vid1)} A
(sol 0) = (fstv) ) —
(Vw' w’ = repd w vidl (dterm-sem I (f1 fidl vidl) w) — w’ € fml-sem
I (P pidl))
hence justW:(3v sol t.
((ab, bb), (aa, ba)) = (v, mk-v I (OSing vidl (fI fidl vidl)) v (sol t))

A
0<tA
(sol solves-ode (A-. ODE-sem I (OSing vidl (f1 fidl vid1)))) {0..t}
{z. mk-v I (OSing vidl (f1 fidl vid1)) v « € fml-sem I (pl vid2
vidl)} A

(sol 0) = (fst v)) —
(Vw' w’ = repd (aa, ba) vidl (dterm-sem I (f1 fidl vidl) (aa, ba)) —
w’ € fml-sem I (P pidl))
by (rule allE)
assume t:0 < t
assume aaba:(aa, ba) = mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)
assume sol:(sol solves-ode (A-. ODE-sem I (OSing vidl (f1 fidl vid1))))
{0..t}
{z. mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) z € fml-sem I (p1 vid2 vid1)}
assume s50l0: (sol 0) = (fst (ab, bb))
have repd (aa, ba) vidl (dterm-sem I (f1 fidl vidl) (aa, ba)) € fml-sem I
(P pidl)
using justW t aaba sol sol0 by auto
hence foo:repd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) vidl
(dterm-sem I (f1 fid1 vidl) (mk-v I (OSing vidl (fI fidl vid1)) (ab, bb) (sol t)))
€ fml-sem I (P pidl)
using aaba by auto
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hence repd (mk-v I (OSing vidl (f1 fidl vid1)) (ab, bb) (sol t)) wvidl
(dterm-sem I (f1 fid1 vid1l) (mk-v I (OSing vid1 (f1 fidl vid1)) (ab, bd) (sol t)))
= mk-v I (OSing vidl (f1 fidl vidl)) (ab, bb) (sol t) using DE-lemma
by auto
thus mk-v I (OSing vid1 (f1 fidl vid1)) (ab, bd) (sol t) € fml-sem I (P pidl)
using foo by auto
qed
qed

lemma ODE-zero:\i. Inl i ¢ BVO ODE = Inr i ¢ BVO ODE = ODE-sem I
ODE v $i= 0
by (induction ODE, auto)

lemma DFE-sys-valid:
assumes disj:{Inl vidl, Inr vidl1} N BVO ODE = {}
shows walid (([[EFvolveODE (OProd (OSing vidl (f1 fidl vidl)) ODE) (p1 vid2
vid1)]] (P pidl)) <
([[EvolveODE ((OProd (OSing vidl (f1 fidl vid1))ODE)) (p1 vid2 vid1)]]
[[DiffAssign vidl (fI fidl vid1)]|P pidl))
proof —
have dsafe:dsafe ($f fidl (singleton (trm.Var vid1))) unfolding singleton-def
by (auto intro: dsafe.intros)
have osafe:osafe(OSing vidl (f1 fidl vid1)) unfolding f1-def empty-def single-
ton-def using dsafe osafe.intros dsafe.intros
by (simp add: osafe-Sing dfree-Const)
have fsafe:fsafe (p1 vid2 vid1) unfolding pI-def singleton-def using hpsafe-fsafe.intros(10)
using dsafe dsafe-Fun-simps image-iff
by (simp add: dfree-Const)
show wvalid (([[EvolveODE (OProd (OSing vidl (f1 fidl vidl)) ODE) (p1 vid2
vid1)]] (P pidl)) <
([[EvolveODE ((OProd (OSing vid1 (f1 fidl vid1)) ODE)) (p1 vid2 vidl)]]
[[DiffAssign vidl (f1 fidl vid1)]|P pidl))
apply(auto simp only: DEaxiom-def valid-def Let-def iff-sem impl-sem)
apply(auto simp only: fml-sem.simps prog-sem.simps mem-Collect-eq box-sem
f1-def p1-def P-def expand-singleton)
proof —
fix I ::('sf,’sc,’sz) interp
and aa ba ab bb sol
and t:real
and ac be
assume good:is-interp I
assume bigAll:
Vw. (3v sol t. ((ab, bb), w) = (v, mk-v I (OProd (OSing vid1l ($f fidl (\i. if
i = vidl then trm.Var vidl else Const 0))) ODE) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OProd(OSing vidl (3f fidl (Ai. if
i = vidl then trm.Var vidl else Const 0))) ODE ))) {0..t}
{z. Predicates I vid2
(x 4. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
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(mk-v I (OProd (OSing vid1 ($f fidl (Ai. if i = vidl
then trm.Var vidl else Const 0)))ODE) v x))} A
sol 0 = fst v) —
w € fml-sem I (Pc pidl)
let ?myw = mk-v I (OProd (OSing vidl ($f fid1 (Ni. if i = vidl then trm. Var
vidl1 else Const 0))) ODE) (ab,bb) (sol t)
assume t:0 < ¢
assume aaba:(aa, ba) = mk-v I (OProd (OSing vidl ($f fidl (A\i. if i = vid!
then trm. Var vidl else Const 0))) ODE) (ab, bb) (sol t)
assume sol:(sol solves-ode (A-. ODE-sem I (OProd (OSing vidl ($f fidl (\i.
if © = vidl1 then trm.Var vidl else Const 0)))ODE))) {0..t}
{z. Predicates I vid2
(x 7. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (M\i. if i = vidI then trm.Var
vidl else Const 0)))ODE) (ab, bb) z))}
assume sol0:sol 0 = fst (ab, bb)
assume acbe:(ac, be) =
repd (mk-v I (OProd (OSing vidl ($f fidl (Ai. if i = vidl then trm.Var vidl
else Const 0))) ODE) (ab, bb) (sol t)) vidl
(dterm-sem I ($f fidl (Mi. if i = vid1 then trm.Var vidl else Const 0))
(mk-v I (OProd (OSing vidl ($f fidl (Ai. if i = vidl then trm. Var vid1 else
Const 0)))ODE) (ab, bb) (sol t)))
have bigEz:(3v sol t. ((ab, bb), ?myw) = (v, mk-v I (OProd (OSing vidl ($f
fidl (Ai. if i = vidl then trm.Var vidl else Const 0)))ODE) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OProd (OSing vidl ($f fid1 (\i.
if © = vidl1 then trm.Var vidl else Const 0)))ODE))) {0..t}
{z. Predicates I vid2
(x i. dterm-sem I (if i = wvidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (\i. if i = vid!
then trm.Var vidl else Const 0)))ODE) v x))} A
sol 0 = fst v)
apply(rule exl[where z=(ab, bb)])
apply(rule exl[where z=sol])
apply(rule exzl[where z=t])
apply(rule conjI)
apply (rule refl)
apply(rule conjI)
apply(rule t)
apply(rule conjI)
using sol apply blast
by (rule sol0)
have bigRes: ?myw € fml-sem I (Pc pidl) using bigAll bigEx by blast
have notinl:Inl vidl ¢ BVO ODE using disj by auto
have notin2:Inr vidl ¢ BVO ODE using disj by auto
have ODE-sem:0ODE-sem I ODE (sol t) $ vidl = 0
using ODE-zero notinl notin2
by blast
have vec-eq:(x 4. sterm-sem I (if i = vidl then trm.Var vidl else Const 0)
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(sol t)) =
(x 7. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (Ai. if © = vidI then trm.Var vidl
else Const 0)))ODE) (ab, bb) (sol t)))
apply(rule vec-extensionality)
apply simp
using mk-v-agree[of I (OProd (OSing vidl ($f fidl (Ai. if i = vidl then
trm. Var vidl else Const 0))) ODE) (ab, bb) (sol t)]
by (simp add: Vagree-def)
have sem-eq:(?myw € fml-sem I (Pc pidl)) = ((repd (mk-v I (OProd (OSing
vid1 ($f fid1 (N\i. if i = vidl then trm. Var vidl else Const 0))) ODE) (ab, bb) (sol
t)) vidl
(dterm-sem I ($f fid1 (Ai. if ¢ = vidl then trm.Var vidl else Const 0))
(mk-v I (OProd (OSing vidl ($f fidl (Xi. if i = vidl then trm.Var vidl else
Const 0))) ODE) (ab, bb) (sol t)))) € fmi-sem I (Pc pidl))
apply(rule coincidence-formula)
subgoal by simp
subgoal by (rule Iagree-refl)
using mk-v-agree[of I (OProd (OSing vidl ($f fidl (\i. if i = vidl then
trm. Var vidl else Const 0))) ODE) (ab, bb) (sol t)]
unfolding Vagree-def
apply simp
apply(erule conjE)+
apply (erule allE[where z=vidl])+
apply(simp add: ODE-sem)
using vec-eq by simp
show repd (mk-v I (OProd (OSing vidl ($f fidl (\i. if i = vid1 then trm.Var
vid1 else Const 0))) ODE) (ab, bb) (sol t)) vidl
(dterm-sem I ($f fidl (A\i. if ¢ = vidl then trm.Var vid1 else Const 0))
(mk-v I (OProd (OSing vidl ($f fidl (Ai. if i = vidl then trm. Var vidl else
Const 0)))ODE) (ab, bb) (sol t)))
€ fml-sem I (Pc pidl)
using bigRes sem-eq by blast
next
fix I::('sf,’sc,’sz)interp
and aa ba ab bb sol
and t:real
assume good-interp:is-interp I
assume all:Yw. (v sol t. ((ab, bb), w) = (v, mk-v I (OProd (OSing vidl ($f
fidl (Ni. if i = vidl then trm.Var vidl else Const 0)))ODE) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OProd (OSing vidl ($f fid!
(Ai. if i = vidl then trm.Var vidl else Const 0)))ODE))) {0..t}
{z. Predicates I vid2
(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const
0)
(mk-v I (OProd (OSing vidl ($f fidl (\i. if i = vid!
then trm.Var vidl else Const 0)))ODE) v x))} A
sol 0 = fst v) —
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(Vw'. w’' = repd w vidl (dterm-sem I ($f fidl (Ni. if { = vidl then
trm. Var vidl else Const 0)) w) — w’ € fml-sem I (Pc pidl))
let ?myw = mk-v I (OProd (OSing vidl ($f fidl (Mi. if i = vidl then trm.Var
vid1 else Const 0))) ODE) (ab, bb) (sol t)
assume t:0 < t
assume aaba:(aa, ba) = mk-v I (OProd (OSing vid1l ($f fidl (Ai. if i = vid1
then trm. Var vidl else Const 0))) ODE) (ab, bb) (sol t)
assume sol:
(sol solves-ode (A-. ODE-sem I (OProd (OSing vidl ($f fidl (\i. if i = vidl
then trm. Var vidl else Const 0)))ODE))) {0..t}
{z. Predicates I vid2
(x 7. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (Ai. if i = vidl then trm.Var
vid1 else Const 0))) ODE) (ab, bb) x))}
assume sol0:sol 0 = fst (ab, bb)
have bigEz:(3v sol t. ((ab, bb), ?myw) = (v, mk-v I (OProd (OSing vid1l ($f
fidl (Ai. if i = vidl then trm.Var vidl else Const 0)))ODE) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OProd (OSing vidl ($f fidl (\i.
if i = vidl then trm.Var vidl else Const 0)))ODE))) {0..t}
{z. Predicates I vid2
(x 4. dterm-sem I (if i = vid1 then trm.Var vidl else Const
0)
(mk-v I (OProd (OSing vidl ($f fidl (N\i. if i = vidl
then trm. Var vidl else Const 0)))ODE) v x))} A
sol 0 = fst v)
apply(rule exl[where z=(ab, bb)])
apply(rule exl[where z=s0l])
apply(rule exl[where z=t])
apply(rule conjI)
apply (rule refl)
apply(rule conjI)
apply(rule t)
apply(rule conjI)
using sol sol0 by(blast)+
have rep-sem-eq:repd (mk-v I (OProd (OSing vidl ($f fidl (Xi. if i = vidl
then trm. Var vidl else Const 0)))ODE) (ab, bb) (sol t)) vidl
(dterm-sem I ($f fidl (Ni. if © = vidl then trm.Var vidl else Const
0))
(mk-v I (OProd (OSing vidl ($f fidl (Ni. if ¢ = vidl then trm.Var
vidl else Const 0)))ODE) (ab, bb) (sol t))) € fml-sem I (Pc pidl)
= (repd ?myw vidl (dterm-sem I ($f fidl (N\i. if i = vidI then trm. Var vidl
else Const 0)) ?myw) € fmil-sem I (Pc pidl))
apply(rule coincidence-formula)
subgoal by simp
subgoal by (rule Iagree-refl)
by (simp add: Vagree-def)
have notinl:Inl vidl ¢ BVO ODE using disj by auto
have notin2:Inr vidl ¢ BVO ODE using disj by auto
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have ODE-sem:ODE-sem I ODE (sol t) $ vidl = 0
using ODE-zero notinl notin2
by blast
have vec-eq:
(x . dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (N\i. if i = vidl then trm. Var vidl
else Const 0))) ODE) (ab, bb) (sol t))) =
(x 7. sterm-sem I (if i = vidl then trm.Var vidl else Const 0) (sol t))
apply (rule vec-extensionality)
using mk-v-agree[of I (OProd (OSing vidl ($f fidl (A\i. if ¢ = vidl then
trm. Var vidl else Const 0))) ODE) (ab, bb) (sol t)]
by (simp add: Vagree-def)
have sem-eq:
(repd ?myw vidl (dterm-sem I ($f fidl (A\i. if i = vidl then trm. Var vidl
else Const 0)) ?myw) € fml-sem I (Pc pidl))
= (mk-v I (OProd (OSing vid1l ($f fidl (\i. if i = vidl then trm.Var vidl else
Const 0)))ODE) (ab, bb) (sol t) € fmi-sem I (Pc pidl))
apply(rule coincidence-formula)
subgoal by simp
subgoal by (rule Iagree-refl)
using mk-v-agree[of I (OProd (OSing vidl ($f fidl (A\i. if ¢ = vidl then
trm. Var vid1 else Const 0))) ODE) (ab, bb) (sol t)]
unfolding Vagree-def apply simp
apply(erule conjE)+
apply(erule allE[where z=vidI])+
by (simp add: ODE-sem vec-eq)
have some-sem:repd (mk-v I (OProd (OSing vidl ($f fidl (\i. if i = vidl
then trm.Var vidl else Const 0))) ODE) (ab, bb) (sol t)) vidl
(dterm-sem I ($f fid1 (Ai. if i = vidl then trm.Var vid1 else Const 0))
(mk-v I (OProd (OSing vidl ($f fidl (M\i. if i = vidI then trm.Var
vidl else Const 0)))ODE) (ab, bb) (sol t))) € fmi-sem I (Pc pidl)
using rep-sem-eq
using all bigFEz by blast
have bigimp:(Vw’. w’ = repd ?myw vidl (dterm-sem I ($f fidl (\i. if i =
vid1 then trm.Var vidl else Const 0)) ?myw) — w' € fml-sem I (Pc pidl))
apply(rule alll)
apply(rule impI)
apply auto
using some-sem by auto
have fmi-sem:repd ?myw vidl (dterm-sem I ($f fidl (N\i. if i = vidl then
trm. Var vidl else Const 0)) ?myw) € fml-sem I (Pc pidl)
using sem-eq biglmp by blast
show mk-v I (OProd (OSing vidl ($f fid1 (\i. if i = vidl then trm.Var vid1
else Const 0))) ODE) (ab, bb) (sol t) € fml-sem I (Pc pidl)
using fml-sem sem-eq by blast
qed
qed

lemma DC-valid:valid DCaxiom
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proof (auto simp only: fml-sem.simps prog-sem.simps DCaziom-def valid-def iff-sem
impl-sem box-sem, auto)
fix I:('sf,’sc,’sz) interp and aa ba bb sol t
assume is-interp I
and all3:V a b. (3 sola. sol 0 = sola 0 N
(3t. (a, b) = mk-v I (OVar vidl) (sola 0, bb) (sola t) A
0 <t A (sola solves-ode (Aa. ODEs I vidl)) {0..t} {z. mk-v I
(OVar vid1) (sola 0, bb) x € Contexts I pidl UNIV})) —
(a, b) € Contexts I pid3 UNIV
and all2:V a b. (I sola. sol 0 = sola 0 A
(3t. (a, b) = mk-v I (OVar vidl) (sola 0, bb) (sola t) A
0 <t A (sola solves-ode (Aa. ODEs I vid1)) {0..t} {z. mk-v I
(OVar vidl) (sola 0, bb) © € Contexts I pidl UNIV})) —
(a, b) € Contexts I pid2 UNIV
and t:0 < ¢
and aaba:(aa, ba) = mk-v I (OVar vidl) (sol 0, bb) (sol t)
and sol:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. mk-v I (OVar vidl) (sol 0, bb) x € Contexts I pidl UNIV N mk-v I
(OVar vid1) (sol 0, bb) x € Contexts I pid3 UNIV'}
from sol have
soll:(sol solves-ode (Aa. ODEs I vid1)) {0..t} {z. mk-v I (OVar vid1) (sol
0, bb) z € Contexts I pidl UNIV}
by (metis (mono-tags, lifting) Collect-mono solves-ode-supset-range)
from all2 have all2”:\v. (3 sola. sol 0 = sola 0 A
(3t. v = mk-v I (OVar vidl) (sola 0, bb) (sola t) A
0 <t A (sola solves-ode (Aa. ODEs I vid1)) {0..t} {x. mk-v I
(OVar vidl) (sola 0, bb) = € Contexts I pidl UNIV})) =
v € Contexts I pid2 UNIV by auto
show mk-v I (OVar vidl) (sol 0, bb) (sol t) € Contexts I pid2 UNIV
apply(rule all2'lof mk-v I (OVar vidl) (sol 0, bb) (sol t)])
apply(rule exl[where z=s0l])
apply(rule conjl)
subgoal by (rule refl)
subgoal using t soll by auto
done
next
fix I:('sf,’sc,’sz) interp and aa ba bb sol t
assume is-interp I
and all3:Va b. (I sola. sol 0 = sola 0 A
(3t. (a, b) = mk-v I (OVar vid1) (sola 0, bb) (sola t) A
0 < t A (sola solves-ode (Aa. ODEs I vid1)) {0..t} {x. mk-v I
(OVar vid1) (sola 0, bb) x € Contexts I pidl UNIV})) —
(a, b) € Contexts I pid3 UNIV
and all2:V a b. (I sola. sol 0 = sola 0 A
(3t. (a, b) = mk-v I (OVar vid1) (sola 0, bb) (sola t) A
0<tA
(sola solves-ode (Aa. ODEs I vid1)) {0..t}
{z. mk-v I (OVar vidl) (sola 0, bb) x € Contexts I pidl UNIV A
mk-v I (OVar vid1) (sola 0, bb) z € Contexts I pid3 UNIV'}))
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H
(a, b) € Contexts I pid2 UNIV
and t:0 <t
and aaba:(aa, ba) = mk-v I (OVar vidl) (sol 0, bb) (sol t)
and sol:(sol solves-ode (Aa. ODEs I vidl)) {0..t} {z. mk-v I (OVar vidl) (sol
0, bb) z € Contexts I pidl UNIV}
from all2
have ali2”:\v. (3 sola. sol 0 = sola 0 A
(3t. v = mk-v I (OVar vidl) (sola 0, bb) (sola t) A
0<tA
(sola solves-ode (Aa. ODEs I vid1)) {0..t}
{z. mk-v I (OVar vidl) (sola 0, bb) x € Contexts I pidl UNIV A
mk-v I (OVar vid1) (sola 0, bb) © € Contexts I pid3 UNIV'}))
.
v € Contexts I pid2 UNIV
by auto
from all3
have all3”:\v. (3 sola. sol 0 = sola 0 A
(3t. v=mk-v I (OVar vidl) (sola 0, bb) (sola t) A
0 < t A (sola solves-ode (Aa. ODEs I vid1)) {0..t} {x. mk-v I
(OVar vidl) (sola 0, bb) © € Contexts I pidl UNIV})) =
v € Contexts I pid3 UNIV
by auto
have inpl:A\s. 0 < s = s < t = mk-v I (OVar vidl) (sol 0, bb) (sol s) €
Contexts I pid1 UNIV
using sol solves-odeD atLeastAtMost-iff by blast
have inp3:\s. 0 < s = s < t = mk-v I (OVar vidl) (sol 0, bb) (sol s) €
Contexts I pid3 UNIV
apply(rule all3’)
subgoal for s
apply(rule ezl [where z=s0l])
apply(rule conjl)
subgoal by (rule refl)
apply(rule ezl [where z=s])
apply(rule conjl)
subgoal by (rule refl)
apply (rule congl)
subgoal by assumption
subgoal using sol by (meson atLeastatMost-subset-iff order-refl solves-ode-subset)
done
done
have inp13:\s. 0 < s = s < t = mk-v I (OVar vid1) (sol 0, bb) (sol s) €
Contexts I pidl UNIV N mk-v I (OVar vidl) (sol 0, bb) (sol s) € Contexts I pid3
UNIV
using inpl inp3 by auto
have s0l13:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. mk-v I (OVar vidl) (sol 0, bb) x € Contexts I pidl UNIV A mk-v I (OVar
vidl) (sol 0, bb) z € Contexts I pid3 UNIV}
apply(rule solves-odel)
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subgoal using sol by (rule solves-odeD)
subgoal for s using inp13[of s| by auto
done
show mk-v I (OVar vid1) (sol 0, bb) (sol t) € Contexts I pid2 UNIV
using t sol13 all2’[of mk-v I (OVar vid1) (sol 0, bb) (sol t)] by auto
qed

lemma DS-valid:valid DSaxiom
proof —
have dsafe:dsafe($f fid1 (\i. Const 0))
using dsafe-Const by auto
have osafe:osafe( OSing vid1 (f0 fid1))
unfolding f0-def empty-def
using dsafe osafe.intros
by (simp add: osafe-Sing dfree-Const)
have fsafe:fsafe(p1 vid2 vidl)
unfolding pI-def
apply(rule fsafe-Prop)
using singleton.simps dsafe-Const by (auto intro: dfree.intros)
show wvalid DSaxiom
apply(auto simp only: DSaziom-def valid-def Let-def iff-sem impl-sem boz-sem,)
apply(auto simp only: fml-sem.simps prog-sem.simps mem-Collect-eq iff-sem
impl-sem box-sem forall-sem)
proof —
fix I::('sf,’sc,’sz) interp
and a b 7 aa ba
assume good-interp:is-interp I
assume allW:Yw. (v sol t.
((a, b), w) = (v, mk-v I (OSing vidl (f0 fid1)) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OSing vidl (f0 fid1)))) {0..t}
{z. mk-v I (OSing vidl (f0 fid1)) v z € fml-sem I (pl vid2 vid1)} A
(sol 0) = (fst v)) —
w € fml-sem I (p1 vid3 vidl)
assume dterm-sem I (Const 0) (repv (a, b) vid2 r) < dterm-sem I (trm.Var
vid2) (repv (a, b) vid2 r)
hence leq:0 < r by (auto)
assume Y ra. repv (repv (a, b) vid2 r) vid3 ra
€ {v. dterm-sem I (Const 0) v < dterm-sem I (trm.Var vid3) v} N
{v. dterm-sem I (trm.Var vid3) v < dterm-sem I (trm.Var vid2) v} —
Predicates I vid2
(x i. dterm-sem I (singleton (Plus (trm.Var vidl) (Times (f0 fid1) (trm. Var
vid3))) 7)
(repv (repv (a, b) vid2 r) vid3 ra))
hence constraint:Vra. (0 < ra A ra < 1) —
(repv (repv (a, b) vid2 r) vid3 ra)
€ fml-sem I (Prop vid2 (singleton (Plus (Var vid1) (Times (f0 fidl) (Var
vid3)))))

using leq by auto
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assume aaba: (aa, ba) =
repv (repv (a, b) vid2 r) vidl
(dterm-sem I (Plus (trm.Var vid1) (Times (f0 fidl) (trm.Var vid2))) (repv
(a, b) vid2 1))
let 2abba = repv (repd (a, b) vidl (Functions I fidl (x 4. 0))) vidl
(dterm-sem I (Plus (trm.Var vidl) (Times (f0 fidl) (trm.Var vid2))) (repv
(a, b) vid2 r))
from allW have thisW:(3v sol t.
((a, b), 2abba) = (v, mk-v I (OSing vidl (f0 fidl)) v (sol t)) A
0<tA
(sol solves-ode (A-. ODE-sem I (OSing vidl (f0 fid1)))) {0..t}
{z. mk-v I (OSing vidl (f0 fid1)) v z € fmil-sem I (p1 vid2 vid1)} A
(sol 0) = (fst v)) —
2abba € fml-sem I (p1 vid3 vidl) by blast
let ?c = Functions I fidl (x -. 0)
let ?sol = (At. x i. if i = vidl then (a $ 1) + %c = t else (a $ 7))
have agrees: Vagree (mk-v I (OSing vidl (f0 fid1)) (a, b) (?sol 1)) (a, b) (—
semBV I (OSing vidl (f0 fid1)))
N Vagree (mk-v I (OSing vidl (f0 fid1)) (a, b) (?sol r))
(mk-zode I (OSing vid1 (f0 fid1)) (%sol r)) (semBV I (OSing vidl (f0 fid1)))
using mk-v-agree[of I (OSing vidl (f0 fid1)) (a,b) (%sol r)] by auto
have prereqia:fst ?abba
= fst (mk-v I (OSing vid1 (f0 fid1)) (a,b) (?sol r))
using agrees aaba
apply (auto simp add: aaba Vagree-def)
apply (rule vec-extensionality)
subgoal for i
apply (cases i = vidl)
using vnel?2 agrees Vagree-def apply (auto simp add: aaba f0-def empty-def)
done
apply (rule vec-extensionality)
subgoal for ¢
apply (cases i = vidl)
apply(auto simp add: f0-def empty-def)
done
done
have prereqlb:snd (?abba) = snd (mk-v I (OSing vid1 (f0 fid1)) (a,b) (?sol 1))
using agrees aaba
apply (auto simp add: aaba Vagree-def)
apply (rule vec-extensionality)
subgoal for ¢
apply (cases i = vidl)
using vnel2 agrees Vagree-def apply (auto simp add: aaba f0-def empty-def

done
done
have Zabba = mk-v I (OSing vidl (f0 fid1)) (a,b) (%sol r)
using prod-eq-iff prereqla prereqlb by blast
hence req?:((a, b), 2abba) = ((a, b), mk-v I (OSing vidl (f0 fid1)) (a,b) (?sol
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r)) by auto
have sterm-sem I (3f fidl (A\i. Const 0)) b = Functions I fidl (x i. 0) by auto
hence vec-simp:(Aa b. x i. if i = vidl then sterm-sem I ($f fidl (M\i. Const 0))
b else 0)
= (Xa b. x i. if i = vidl then Functions I fidl (x i. 0) else 0)
by (auto simp add: vec-eq-iff cong: if-cong)
have sub: {0..r} C UNIV by auto
have sub2:{z. mk-v I (OSing vidl (f0 fidl)) (a,b) z € fml-sem I (p1 vid2 vidl)}
C UNIV by auto
have req3:(?sol solves-ode (A-. ODE-sem I (OSing vid1 (f0 fid1)))) {0..r}
{z. mk-v I (OSing vidl (f0 fid1)) (a,b) z € fml-sem I (p1 vid2 vidl)}
apply(auto simp add: f0-def empty-def vec-simp)
apply(rule solves-odel)
apply(auto simp only: has-vderiv-on-def has-vector-derivative-def boz-sem)
apply (rule has-derivative-vec| THEN has-derivative-eq-rhs))
defer
apply (rule ext)
apply (subst scaleR-vec-def)
apply (rule refl)
apply (auto introl: derivative-eg-intros)
— Domain constraint satisfied
using constraint apply (auto)
subgoal for ¢
apply (erule allE[where z=t))
apply (auto simp add: p1-def)
proof —
have eq:(x i. dterm-sem I (if i = vidl then Plus (trm.Var vidl) (Times (f0
fidl) (trm.Var vid3)) else Const 0)
(x y. if vid3 = y then t else fst (x y. if vid2 = y then r else fst (a, b) $
5 1) $ g, b)) =
(x ©. dterm-sem I (if i = vid1 then trm.Var vidl else Const 0)
(mk-v I (OSing vidl ($f fidl (Mi. Const 0))) (a, b)
(x i. if i = vidl then a $ ¢ + Functions I fidl (x -. 0) x t else a $ 7)))
using vnel2 vnel8 mk-v-agree[of I (OSing vid1l ($f fid1 (Ai. Const 0))) (a,
b) (x i. if i = vidl then a $ i + Functions I fidl (x -. 0) = t else a $ 7)]
by (auto simp add: vec-eq-iff f0-def empty-def Vagree-def)
show 0 < t =
t<r—=
Predicates I vid2
(x 4. dterm-sem I (if © = wvidl then Plus (trm.Var vid1l) (Times (f0 fidl)
(trm. Var vid3)) else Const 0)
(x y. if vid3 = y then t else fst (x y. if vid2 = y then 1 else fst (a, b) $
Yy, 0) $y, b)) =
Predicates I vid2
(x 7. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OSing vid1 (8f fidl (Xi. Const 0))) (a, b)
(x i. if i = vidl then a $ © + Functions I fidl (x -. 0) x t else a $ 1)))
using eq by auto
qed
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done
have req} " ?sol 0 = fst (a,b) by (auto simp: vec-eq-iff)
then have req4: (?sol 0) = (fst (a,b))
using VSagree-reflof a] reqs’ unfolding VSagree-def by auto
have inPred: ?abba € fml-sem I (p1 vid3 vid1)
using reql! leq req3 reqs4 thisW by fastforce
have sem-eq: abba € fml-sem I (p1 vid3 vidl) <— (aa,ba) € fml-sem I (p1 vid3
vid1)
apply (rule coincidence-formula)
apply (auto simp add: aaba Vagree-def p1-def fO-def empty-def)
subgoal using Iagree-refl by auto
done
from inPred sem-eq have inPred”:(aa,ba) € fmil-sem I (p1 vid3 vidl)
by auto
— thus by lemma 6 consequence for formulas
show repv (repv (a, b) vid2 r) vidl
(dterm-sem I (Plus (trm.Var vidl) (Times (f0 fidl) (trm.Var vid2))) (repv
(a, b) vid2 r))
€ fmil-sem I (p1 vid3 vidl)
using aaba inPred’ by (auto)
next
fix I:('sf,’sc,’sz) interp
and aa ba ab bb sol
and ?:: real
assume good-interp:is-interp I
assume all:
Vr. dterm-sem I (Const 0) (repv (ab, bb) vid2 r) < dterm-sem I (trm.Var
vid2) (repv (ab, bb) vid2 r) —
(Y ra. repv (repv (ab, bb) vid2 r) vid3 ra
€ {v. dterm-sem I (Const 0) v < dterm-sem I (trm.Var vid3) v} N
{v. dterm-sem I (trm.Var vid3) v < dterm-sem I (trm.Var vid2)
v} —
Predicates I vid2
(x 7. dterm-sem I (singleton (Plus (trm.Var vidl) (Times (f0 fidl)
(trm. Var vid3))) )
(repv (repuv (ab, bb) vid2 r) vid3 ra))) —

(Vw. w = repv (repv (ab, bb) vid2 r) vidl
(dterm-sem I (Plus (trm.Var vidl) (Times (f0 fid1) (trm.Var
vid2))) (repv (ab, bb) vid2 1)) —
w € fmil-sem I (p1 vid3 vidl))

assume t:0 < t

assume aaba:(aa, ba) = mk-v I (OSing vidl (f0 fid1)) (ab, bb) (sol t)

assume sol:(sol solves-ode (\-. ODE-sem I (OSing vid1 (f0 fid1)))) {0..t}

{z. mk-v I (OSing vidl (f0 fid1)) (ab, bb) z € fmli-sem I (p1 vid2 vidl)}

hence constraint:A\s. s € {0 .. t} = sol s € {x. mk-v I (OSing vidl (f0 fid1))

(ab, bb) z € fml-sem I (pl vid2 vidl)}
using solves-ode-domainD by fastforce
— sol 0 = fst (ab, bb)
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assume sol0: (sol 0) = (fst (ab, bb))
have impl:dterm-sem I (Const 0) (repv (ab, bb) vid2 t) < dterm-sem I (trm.Var
vid2) (repv (ab, bb) vid2 t) —
(Vra. repv (repv (ab, bb) vid2 t) vid3 ra
€ {v. dterm-sem I (Const 0) v < dterm-sem I (trm.Var vid3) v} N
{v. dterm-sem I (trm.Var vid8) v < dterm-sem I (trm.Var vid2)
v} —
Predicates I vid2
(x 4. dterm-sem I (singleton (Plus (trm.Var vidl) (Times (f0 fidl)
(trm. Var vid3))) )
(repv (repv (ab, bb) vid2 t) vid3 ra))) —
(Vw. w = repv (repv (ab, bb) vid2 t) vid1
(dterm-sem I (Plus (trm.Var vidl) (Times (f0 fid1l) (trm.Var
vid2))) (repv (ab, bb) vid2 t)) —
w € fml-sem I (p1 vid3 vid1)) using all by auto
interpret [l:ll-on-open-it UNIV (A-. ODE-sem I (OSing vidl (f0 fid1))) UNIV
0
apply(standard)
apply(auto)
unfolding local-lipschitz-def f0-def empty-def sterm-sem.simps
using gt-ex lipschitz-on-constant by blast
have eq-UNIV:ll.existence-ivl 0 (sol 0) = UNIV
apply(rule ll.existence-ivl-eq-domain)
apply(auto)
subgoal for tm tM ¢
apply (unfold f0-def empty-def sterm-sem.simps)
by (metis add.right-neutral mult-zero-left order-refl)
done
— Combine with flow-usolves-ode and equals-flowl to get uniqueness of solution
let 2f = (A-. ODE-sem I (OSing vid1 (f0 fid1)))
have sol-UNIV: At z. (ll.flow 0 z usolves-ode ?f from 0) (ll.existence-ivl 0 x)
UNIV
using [l.flow-usolves-ode by auto
from sol have sol”:
(sol solves-ode (A-. ODE-sem I (OSing vid1 (f0 fid1)))) {0..t} UNIV
apply (rule solves-ode-supset-range)
by auto
from sol’ have sol’”:Ns. s > 0 = s < t = (sol solves-ode (A-. ODE-sem I
(0Sing vid1 (f0 fid1)))) {0..s} UNIV
by (simp add: solves-ode-subset)
have sol0-eq:sol 0 = ll.flow 0 (sol 0) 0
using [l.general.flow-initial-time-if by auto
have isFlow:\s. s > 0 = s < t = sol s = ll.flow 0 (sol 0) s
apply(rule ll.equals-flowl)
apply(auto)
subgoal using eq-UNIV by auto
subgoal using sol’’ closed-segment-eq-real-ivl t by (auto simp add: solves-ode-singleton)
subgoal using eq-UNIV sol sol0-eq by auto
done
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let ?c = Functions I fidl (x -. 0)
let ?sol = (At. x . if i = vidl then (ab$ ) + ¢ * t else (ab $ 7))
have vec-simp:(Aa b. x i. if i = vidl then sterm-sem I ($f fid1 (\i. Const 0)) b
else 0)
= (Xa b. x i. if i = vidl then Functions I fidl (x i. 0) else 0)
by (auto simp add: vec-eq-iff cong: if-cong)
have exp-sol:(?sol solves-ode (A-. ODE-sem I (OSing vidl (f0 fid1)))) {0..t}
UNIV
apply(auto simp add: f0-def empty-def vec-simp)
apply (rule solves-odel)
apply(auto simp only: has-vderiv-on-def has-vector-derivative-def boz-sem)
apply (rule has-derivative-vec| THEN has-derivative-eq-rhs))
defer
apply (rule ext)
apply (subst scaleR-vec-def)
apply (rule refl)
apply (auto introl: derivative-eq-intros)
done
from ezp-sol have exp-sol:As. s > 0 = s < t = (?s0l solves-ode (\-.
ODE-sem I (OSing vidl (f0 fid1)))) {0..s} UNIV
by (simp add: solves-ode-subset)
have exp-sol0-eq:?sol 0 = ll.flow 0 (?sol 0) 0
using ll.general.flow-initial-time-if by auto
have more-eq:(x . if i = vidl then ab $ © + Functions I fidl (x -. 0) % 0 else
ab $ i) = sol 0
using sol0
apply auto
apply(rule vec-extensionality)
by (auto)
have exp-isFlow:\s. s > 0 = s < t = %sol s = ll.flow 0 (s0l 0) s
apply(rule ll.equals-flowl)
apply(auto)
subgoal using eq-UNIV by auto
defer
subgoal for s
using eq-UNIV apply auto
subgoal using exp-sol exp-sol0-eq more-eq
apply(auto)
done
done
using exp-sol’ closed-segment-eq-real-ivl t apply(auto)
by (simp add: solves-ode-singleton)
have sol-eg-exp:\s. s > 0 = s < t = %sol s = sol s
unfolding exp-isFlow isFlow by auto
then have sol-eq-exp-t:?sol t = sol t
using ¢ by auto
then have sol-eg-exp-t"sol t § vidl = ?sol t $ vidl by auto
then have useful: ?sol t $ vidl = ab $ vidl + Functions I fidl (x i. 0) * t
by auto
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from sol-eq-exp-t’ useful have useful’:sol t $ vidl = ab $ vidl + Functions I
fidl (xi. 0) =t
by auto
have sol-int:((ll.flow 0 (sol 0)) usolves-ode ?f from 0) {0..t} {x. mk-v I (OSing
vidl (f0 fid1)) (ab, bb) x € fml-sem I (pI vid2 vidl)}
apply (rule usolves-ode-subset-range[of (ll.flow 0 (sol 0)) ?f 0 {0..t} UNIV
{z. mk-v I (OSing vidl (f0 fid1)) (ab, bb) z € fml-sem I (p1 vid2 vid1)}])
subgoal using eq-UNIV s0l-UNIV[of (sol 0)] apply (auto)
apply (rule usolves-ode-subset)
using t by(auto)
apply(auto)
using sol apply(auto dest!: solves-ode-domainD)
subgoal for za using isFlow[of za] by(auto)
done
have thing:\s. 0 < s = s < t = fst (mk-v I (OSing vidl ($f fidl (\i. Const
0))) (ab, bb) (?sol s)) $ vidl = ab $ vidl + Functions I fidl (x i. 0) * s
subgoal for s
using mk-v-agree[of I (OSing vidl ($f fidl (Ai. Const 0))) (ab, bb) (?sol s)]
apply auto
unfolding Vagree-def by auto
done
have thing" \s. 0 < s = s < t = fst (mk-v I (OSing vidl ($f fidl (\i. Const
0))) (ab, bb) (sol s)) $ vidl = ab $ vidl + Functions I fidl (x i. 0) * s
subgoal for s using thing[of s] sol-eq-exp[of s] by auto done
have another-eq:\i s. 0 < s = s < t = dterm-sem I (if i = vid1 then trm.Var
vid1 else Const 0)
(mk-v I (OSing vid1 (f0 fid1)) (ab, bb) (sol s))

= dterm-sem I (if i = wvidl then Plus (trm.Var vidl) (Times (f0 fidl)
(trm. Var vid3)) else Const 0)
(x y. if vid3 = y then s else fst (x y. if vid2 = y then s else fst (ab,
bb) § y, bb) $ y, bb)
using mk-v-agree[of I (OSing vidl (f0 fid1)) (ab, bb) (sol s)] wvnel2 vne23
vnel3
apply(auto simp add: f0-def p1-def empty-def)
unfolding Vagree-def apply(simp add: f0-def empty-def)
subgoal for s using thing’ by auto
done
have allRa":(¥ ra. repv (repv (ab, bb) vid2 t) vid3 ra
€ {v. dterm-sem I (Const 0) v < dterm-sem I (trm.Var vid3) v} N
{v. dterm-sem I (trm.Var vid3) v < dterm-sem I (trm.Var vid2) v}

Predicates I vid2
(x i. dterm-sem I (if { = vidl then trm.Var vidl else Const 0)
(mk-v I (OSing vidl (f0 fid1)) (ab, bb) (sol ra))))
apply(rule alll)
subgoal for ra
using mk-v-agree[of I (OSing vid1 (f0 fid1)) (ab, bb) (sol ra)]
vne28 constraint|of ra] apply(auto simp add: Vagree-def p1-def)
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done
done
have anotherFact:A\ra. 0 < ra = ra < t = (x i. if ¢ = vidl then ab $ i +
Functions I fidl (x -. 0) = ra else ab $ ) $ vidl =
ab $ vidl + dterm-sem I (f0 fidl) (x y. if vid3 = y then ra else fst (x y. if
vid2 = y then t else fst (ab, bb) $ y, bb) $ y, bb) * ra
subgoal for ra
apply simp
apply (rule disjI2)
by (auto simp add: f0-def empty-def)
done
have thing" Ara i. 0 < ra = ra < t = dterm-sem I (if i = vidI then trm.Var
vidl else Const 0) (mk-v I (OSing vidl ($f fidl (Ai. Const 0))) (ab, bb) (sol ra))
= dterm-sem I (if i = vidI then Plus (trm.Var vidl) (Times (f0 fidl) (trm.Var
vid3)) else Const 0)
(x y- if vid3 = y then ra else fst (x y. if vid2 = y then t else fst (ab, bb)
$y, bb) $ vy, bb)
subgoal for ra i
using vnel2 vnel3 mk-v-agree[of I OSing vidl ($f fidl (Xi. Const 0)) (ab,bb)
(sol ra)]
apply (auto)
unfolding Vagree-def apply(safe)
apply(erule allE|where z=wvid1])+
using sol-eq-exp|of ra] anotherFact|of ra] by auto
done
have allRa:(V ra. repv (repv (ab, bb) vid2 t) vid3 ra
€ {v. dterm-sem I (Const 0) v < dterm-sem I (trm.Var vid3) v} N
{v. dterm-sem I (trm.Var vid3) v < dterm-sem I (trm.Var vid2) v}

Predicates I vid2
(x i. dterm-sem I (singleton (Plus (trm.Var vidl) (Times (f0 fidl)
(trm. Var vid3))) 1)
(repv (repv (ab, bb) vid2 t) vid3 ra)))
apply(rule alll)
subgoal for ra
using mk-v-agree[of I (OSing vid1 (f0 fid1)) (ab, bb) (sol ra)]
vne23 constraint[of ra] apply(auto simp add: Vagree-def p1-def)
using sol-eq-explof ra] apply (auto simp add: f0-def empty-def Vagree-def
vec-eq-iff)
using thing’ by auto
done
have fml3:Ara. 0 < ra = 0 < t =
(Vw. w = repv (repv (ab, bb) vid2 t) vidl
(dterm-sem I (Plus (trm.Var vidl) (Times (f0 fid1l) (trm.Var
vid2))) (repv (ab, bb) vid2 t)) —
w € fml-sem I (p1 vid3 vidl))
using impl allRa by auto
have someEq:(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(x y. if vidl = y then (if vid2 = vidl then t else fst (ab, bb) $ vidl) +
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Functions I fidl (x i. 0) * t
else fst (x y. if vid2 = y then t else fst (ab, bb) § y, bb) $ y,
b))
= (x i. dterm-sem I (if i = vidI then trm.Var vidl else Const 0) (mk-v
I (OSing vidl ($f fid1 (M\i. Const 0))) (ab, bb) (sol t)))
apply(rule vec-extensionality)
using vnel2 sol-eq-exp t thing by auto
show mk-v I (OSing vidl (f0 fid1)) (ab, bb) (sol t) € fmi-sem I (p1 vid3 vidl)
using mk-v-agree[of I OSing vidl (f0 fid1) (ab, bb) sol t] fmi3[of t]
unfolding f0-def p1-def empty-def Vagree-def
using someEq by (auto simp add: sol-eq-exp-t’' t vec-extensionality wvnel2)
qged qed

lemma MVT0-within:
fixes f ::real = real
and f’:real = real = real
and st :: real
assumes [ A\z. z € {0..t} = (f has-derivative (f" z)) (at x within {0..t})
assumes geq :A\z. z € {0..t} = f'zs> 0
assumes int-s:s > 0 AN s < t
assumes t: 0 < ¢
shows fs > f0
proof —
have fO0 + 0 < fs
apply (rule Lib.MVT-ivl'[OF f', of 0 s 0])
subgoal for z by assumption
subgoal for z using geq’ by auto
using t int-s t apply auto
subgoal for z
by (metis int-s mult.commute mult.right-neutral order.trans mult-le-cancel-left-pos)
done
then show ?thesis by auto
qed

lemma MVT"
fixes f g ::real = real
fixes f/ g":real = real = real
fixes st ::real
assumes f:As. s € {0..t} = (f has-derivative (f' s)) (at s within {0..t})
assumes g As. s € {0..t} = (g has-derivative (g’ s)) (at s within {0..t})
assumes geq :A\z. z € {0..t} = f'zs> g’ zs
assumes geq0:f 0 > g 0
assumes nt-s:s > 0 N s <t
assumes t:t > 0
shows fs > ¢ s
proof —
let ?2h = (\z. fz — g x)
let ' = (A\sz. f sz — g’ sx)
have ?h s > ?h 0
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apply (rule MV TO-within[of t ?h ?h' s])
subgoal for s using f'[of s] g’[of 5] by auto
subgoal for sa using geq’[of sa] by auto

subgoal using int-s by auto

subgoal using ¢ by auto

done

then show ?thesis using geq0 by auto
qed

lemma MVT'-gr:
fixes f g ::real = real
fixes [’ g":real = real = real
fixes st ::real
assumes [ As. s € {0..t} = (f has-derivative (f' s)) (at s within {0..t})
assumes ¢ As. s € {0..t} = (g has-derivative (g’ s)) (at s within {0..t})
assumes geq " A\z. z € {0..t} = f'zs>g'zs
assumes geq0:f 0 > g 0
assumes int-s:s > 0 A s < t
assumes t:t > 0
shows fs > g s
proof —
let ?h = (\z. fz — g x)
let ' = (Asz. f'sx — g’ sx)
have ?h s > ?h 0
apply(rule MV TO0-within[of t ?h ?h' s])
subgoal for s using f'[of s] g'[of 5] by auto
subgoal for sa using geq'[of sa] by auto
subgoal using int-s by auto
subgoal using t by auto
done
then show ?thesis using geq0 by auto
qed

lemma frech-linear:
fixeszdvv'I
assumes good-interp:is-interp I
assumes free:dfree
shows z * frechet I ¥ v v’ = frechet I ¥ v (x g V')
using frechet-linear[OF good-interp free]
by (simp add: linear-simps)

lemma rift-in-space-time:
fixes sol I ODE ) 9 tsb
assumes good-interp:is-interp I
assumes free:dfree
assumes osafe:osafe ODE
assumes sol:(sol solves-ode (A- v'. ODE-sem I ODE v')) {0..t}
{z. mk-v I ODE (sol 0, b) z € fml-sem I ¢}
assumes FVT:FVT 9 C semBV I ODE

117



assumes ivl:s € {0..t}
shows ((At. sterm-sem I ¥ (fst (mk-v I ODE (sol 0, b) (sol t))))
— This is Frechet derivative, so equivalent to:
— has-real-derivative frechet I ¢ (fst((mk-v I ODE (sol 0, b) (sol s)))) (snd
(mk-v I ODE (sol 0, b) (sol s))))) (at s within {0..t})
has-derivative (At'. t’ = frechet I ¢ (fst((mk-v I ODE (sol 0, b) (sol s)))) (snd
(mk-v I ODE (sol 0, b) (sol s))))) (at s within {0..t})
proof —
let %o = (At. (mk-v I ODE (sol 0, b) (sol t)))
let %ps = (At. fst (%p t))
have sol-deriv:\s. s € {0..t} = (sol has-derivative (Aza. za xgr ODE-sem I
ODE (sol s))) (at s within {0..t})
using sol apply simp
apply (drule solves-odeD(1))
unfolding has-vderiv-on-def has-vector-derivative-def
by auto
have sol-dom:\s. s€ {0..t} = %p s € fml-sem I 9
using sol apply simp
apply (drule solves-odeD(2))
by auto
let ?h = (At. sterm-sem I ¥ (%ps t))
let g = (\v. sterm-sem I ¥ v)
let 9f = %ps
let 2f' = (At'. t' *g (x i. if i € ODE-vars I ODE then ODE-sem I ODE (sol s)
$ i else 0))
let 29’ = (frechet I ¥ (%ps s))
have heq:?h = %9 o ?f by (auto)
have fact!:\i. i € ODE-vars I ODE = (At. 2ps(t) $ i) = (At. sol t $ 1)
subgoal for i
apply(rule ext)
subgoal for ¢
using mk-v-agree[of I ODE (sol 0, b) sol t]
unfolding Vagree-def by auto
done done
have fact2:\i. i € ODE-vars I ODE = (At. if i € ODE-vars I ODE then
ODE-sem I ODE (sol t) $ i else 0) = (A\t. ODE-sem I ODE (sol t) $ i)
subgoal for
apply(rule ext)
subgoal for ¢
using mk-v-agree[of I ODE (sol 0, b) sol t]
unfolding Vagree-def by auto
done done
have fact3:\i. i € (—ODE-vars I ODE) = (\t. %ps(t) $ i) = (At. sol 0 $ i)
subgoal for i
apply(rule ext)
subgoal for ¢
using mk-v-agree[of I ODE (sol 0, b) sol t]
unfolding Vagree-def by auto
done done
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have fact{:\i. i € (—ODE-vars I ODE) = (At. if i € ODE-vars I ODE then
ODE-sem I ODE (sol t) $ i else 0) = (At. 0)
subgoal for ¢
apply (rule ext)
subgoal for ¢
using mk-v-agree[of I ODE (sol 0, b) sol t]
unfolding Vagree-def by auto
done done
have some-eq:(A\v’. x i. v/ *xg ODE-sem I ODE (sol s) $ i) = (Av’. v’ xg ODE-sem
I ODE (sol s))
apply(rule ext)
apply(rule vec-extensionality)
by auto
have some-sol:(sol has-derivative (Av’. v/ xg ODE-sem I ODE (sol s))) (at s
within {0..t})
using sol vl unfolding solves-ode-def has-vderiv-on-def has-vector-derivative-def
by auto
have some-eta:(At. x i. sol t $ i) = sol by (rule ext, rule vec-extensionality,
auto)
have ode-deriv:\i. i € ODE-vars I ODE =
((At. sol t $ @) has-derivative (A v'. v’/ xg ODE-sem I ODE (sol s) $ 7)) (at s
within {0..t})
subgoal for i
apply(rule has-derivative-proj)
using some-eq some-sol some-eta by auto
done
have eta:(\t. (x i. 2/t $ i) = ¢f by(rule ext, rule vec-extensionality, auto)
have eta-esque:(\t". x i. t' x (if i € ODE-vars I ODE then ODE-sem I ODE (sol
s) $ielse 0)) =
(At t' «xg (x 1. if i € ODE-vars I ODE then ODE-sem I ODE (sol
s) $ i else 0))
apply(rule ext | rule vec-extensionality)+
subgoal for t’ ¢ by auto done
have ((At. (x . 2f t $ 1)) has-derivative (At'. (x i. ?f' t' $ ©))) (at s within
{0..t})
apply (rule has-derivative-vec)
subgoal for
apply(cases i € ODE-vars I ODE)
subgoal using fact1[of i] fact2|of i] ode-deriv|of i] by auto
subgoal using fact3[of i] facts|of i] by auto
done
done
then have fderiv:(?f has-derivative 2f') (at s within {0..t}) using eta eta-esque
by auto
have gderiv:(2g has-derivative 29") (at (?f s) within 2f <{0..t})
using has-derivative-at-withinl
using frechet-correctness free good-interp
by blast
have chain:((?g o ?f) has-derivative (29’ o 2f")) (at s within {0..t})
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using fderiv gderiv diff-chain-within by blast
let ?covl = (fst (mk-v I ODE (sol 0, b) (sol s)), ODE-sem I ODE (fst (mk-v I
ODE (sol 0, b) (sol s))))
let ?cov2 = (fst (mk-v I ODE (sol 0, b) (sol s)), snd (mk-v I ODE (sol 0, b)
(s0l 5)))
have sub-cont:\a .a ¢ ODE-vars I ODE = Inl a € FVT ¢ = Fulse
using FVT by auto
have sub-cont2:\a .a ¢ ODE-vars I ODE = Inr a € FVT 9 = False
using FVT by auto
have Vagree (mk-v I ODE (sol 0, b) (sol s)) (sol s, b) (Inl * ODE-vars I ODE)
using mk-v-agree[of I ODE (sol 0, b) sol s]
unfolding Vagree-def by auto
let %co’v1 = (Az. (fst (mk-v I ODE (sol 0, b) (sols)), x *r (x i. if i € ODE-vars
I ODE then ODE-sem I ODFE (sol s) $ i else 0)))
let ?co'v2 = (Az. (fst (mk-v I ODE (sol 0, b) (sol s)),  xg snd (mk-v I ODE
(sol 0, b) (sol s))))
have co-agree-sem:/\s. Vagree (?co'v1 s) (?co'v2 s) (semBV I ODE)
subgoal for sa
using mk-v-agree[of I ODE (sol 0, b) sol s]
unfolding Vagree-def by auto
done
have co-agree-help:\s. Vagree (9co'vl s) (¢co'v2 s) (FVT 9)
using agree-sub[OF FVT co-agree-sem] by auto
have co-agree”:\s. Vagree (?co'vl s) (2co'v?2 s) (FVDiff 9)
subgoal for s
using mk-v-agree[of I ODE (sol 0, b) sol s
unfolding Vagree-def apply auto
subgoal for i z
apply/(cases x)
subgoal for a
apply(cases a € ODE-vars I ODE)
by (simp | metis (no-types, lifting) FVT ODE-vars-lr Vagree-def mk-v-agree
mk-zode.elims subsetD snd-conv)+
subgoal for a
apply(cases a € ODE-vars I ODE)
by (simp | metis (no-types, lifting) FVT Vagree-def mk-v-agree mk-zode. elims
subsetD snd-conv)+
done
subgoal for i z
apply/(cases x)
subgoal for a
apply(cases a € ODE-vars I ODE)
using FVT ODFE-vars-lr Vagree-def mk-v-agree mk-zode.elims subsetD
snd-conv
by auto
subgoal for a
apply(cases a € ODE-vars I ODE)
apply (erule allE[where z=i])+
using FVT ODE-vars-lr Vagree-def mk-v-agree mk-zode.elims subsetD

120



snd-conv
by auto
done
done
done
have heq":(?29" o 2f") = (At'. t' xg frechet I ¥ (%ps s) (snd (%o s)))
using mk-v-agree[of I ODE (sol 0, b) sol s]
unfolding comp-def
apply auto
apply(rule ext | rule vec-extensionality)+
subgoal for z
using frech-linear[of I 9 = (fst (mk-v I ODE (sol 0, b) (sol s))) (snd (mk-v I
ODE (sol 0, b) (sol s))), OF good-interp free]
using coincidence-frechet| OF free, of (?co'vl z) (?co'v2 x), OF co-agree’|of
z], of 1]
by auto
done
have ((?g o ?f) has-derivative (29’ o ?f')) (at s within {0..t})
using chain by auto
then have ((?g o ?f) has-derivative (A\t'. t' * frechet I ¥ (%ps s) (snd (%¢ s))))
(at s within {0..t})
using heq’’ by auto
then have result:((\t. sterm-sem I ¥ (%ps t)) has-derivative (At. t x frechet I
9 (%ps s) (snd (%9 s)))) (at s within {0..t})
using heq by auto
then show ?thesis by auto
qged

lemma dterm-sterm-dfree:
dfree 9 = (A\v v'. sterm-sem I ¥ v = dterm-sem I 9 (v, v'))
by (induction rule: dfree.induct, auto)

—g@)2 h(e) o ['=f(3), ¢ & p(@)](g(x)’ > h(x)) = [5'=F(z), dg(x) > h(z)
lemma DIGeq-valid:valid DIGeqaziom
unfolding DIGegaziom-def
apply (unfold DIGeqaziom-def valid-def impl-sem iff-sem)
apply (auto)
proof —
fix I:('sf,’sc,’sz) interp and b aa ba
and sol::real = 'sz simple-state
and t:real
let YODE = OVar vidl
let 2p = (At. mk-v I (?ODE) (sol 0, b) (sol t))
assume t:0 < ¢
and sol:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (empty i) (mk-v I ?ODE (sol 0, b)
z))}
and notin: —(Predicates I vidl (x i. dterm-sem I (empty ©) (sol 0, b)))
have fsafe:fsafe (Prop vidl empty) by (auto simp add: empty-def)
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from sol have Predicates I vidl (x i. dterm-sem I (empty ©) (%o 0))
using ¢ solves-ode-domainD|of sol (Aa. ODEs I vid1) {0..t}] by auto
then have incon: Predicates I vidl (x i. dterm-sem I (empty i) ((sol 0, b)))
using coincidence-formula] OF fsafe Iagree-refi[of I, of (sol 0, b) %p 0]
unfolding Vagree-def by (auto simp add: empty-def)
show dterm-sem I (f1 fid2 vidl) (mk-v I (OVar vidl) (sol 0, b) (sol t)) <
dterm-sem I (f1 fidl vidl) (mk-v I (OVar vid1) (sol 0, b) (sol t))
using notin incon by auto
next
fix I:('sf,’sc,’sz) interp and b aa ba
and sol::real = sz simple-state
and t::real
let 7ODE = OVar vidl
let % = (At. mk-v I (?ODE) (sol 0, b) (sol t))
assume t:0 < t
and sol:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (empty i) (mk-v I ?ODE (sol 0, b)
)
and notin: —(Predicates I vidl (x 4. dterm-sem I (empty ©) (sol 0, b)))
have fsafe:fsafe (Prop vid1l empty) by (auto simp add: empty-def)
from sol have Predicates I vidl (x . dterm-sem I (empty ) (%o 0))
using ¢ solves-ode-domainD]of sol (Aa. ODEs I vid1) {0..t}] by auto
then have incon: Predicates I vidl (x i. dterm-sem I (empty i) ((sol 0, b)))
using coincidence-formula] OF fsafe Iagree-refi[of I, of (sol 0, b) %p 0]
unfolding Vagree-def by (auto simp add: empty-def)
show dterm-sem I (f1 fid2 vidl) (mk-v I (OVar vidl) (sol 0, b) (sol t)) <
dterm-sem I (f1 fidl vid1) (mk-v I (OVar vidl) (sol 0, b) (sol t))
using notin incon by auto
next
fix I:('sf,’sc,’sz) interp and b aa ba
and sol::real = sz simple-state
and t::real
let 7ODE = OVar vidl
let % = (At. mk-v I (?ODE) (sol 0, b) (sol t))
assume t:0 < ¢
assume sol:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (local.empty i) (mk-v I (OVar vidl)
(sol 0, b) 1))}
assume notin:— Predicates I vid1 (x 4. dterm-sem I (local.empty i) (sol 0, b))
have fsafe:fsafe (Prop vidl empty) by (auto simp add: empty-def)
from sol have Predicates I vidl (x i. dterm-sem I (empty i) (%o 0))
using t solves-ode-domainD|of sol (Aa. ODEs I vid1) {0..t}] by auto
then have incon:Predicates I vidl (x i. dterm-sem I (empty i) ((sol 0, b)))
using coincidence-formula|OF fsafe Iagree-refiof I], of (sol 0, b) %o 0]
unfolding Vagree-def by (auto simp add: empty-def)
show dterm-sem I (f1 fid2 vid1l) (mk-v I (OVar vidl) (sol 0, b) (sol t))
< dterm-sem I (f1 fidl vid1) (mk-v I (OVar vidl) (sol 0, b) (sol t))
using incon notin by auto
next
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fix I:('sf,’sc,’sz) interp and b aa ba
and sol::real = 'sz simple-state
and t::real
let YODE = OVar vidl
let % = (At. mk-v I (?ODE) (sol 0, b) (sol t))
assume good-interp:is-interp I
assume aaba:(aa, ba) = mk-v I (OVar vidl) (sol 0, b) (sol t)
assume t:0 < ¢
assume sol:(sol solves-ode (Aa. ODEs I vidl)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (local.empty i) (mk-v I (OVar vidl)
(sol 0, b) z))}
assume boz:V a ba. (I sola. sol 0 = sola 0 A
(3t. (a, ba) = mk-v I (OVar vidl) (sola 0, b) (sola t) A
0<tA
(sola solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl
(x i. dterm-sem I (local.empty ©) (mk-v I (OVar vidl)
(s0la 0, b) 2)}) —
directional-derivative I (f1 fid2 vid1) (a, ba) < directional-derivative I
(f1 fid1 vid1) (a, ba)
assume geq0:dterm-sem I (f1 fid2 vid1) (sol 0, b) < dterm-sem I (f1 fidl vid1)
(sol 0, b)
have freel:dfree ($f fid2 (Ai. if i = vidl then trm.Var vidl else Const 0))
by (auto intro: dfree.intros)
have free2:dfree ($f fidl (\i. if i = vid1 then trm.Var vidl else Const 0))
by (auto intro: dfree.intros)
from geq0
have geq0’:sterm-sem I (f1 fid2 vid1) (sol 0) < sterm-sem I (f1 fidl vid1) (sol
0)
unfolding f1-def using dterm-sterm-dfree|OF freel, of I sol 0 b] dterm-sterm-dfree[OF
free2, of I sol 0 b]
by auto
let %ps = A\z. fst (%o x)
let %pt = Ax. snd (%o x)
let ?df1 = (At. dterm-sem I (f1 fid2 vid1) (%o t))
let 2f1 = (A\t. sterm-sem I (fI fid2 vid1) (%ps t))
let 2f1' = (X s t’ t’ «x frechet I (f1 fid2 vidl) (%ps s) (%ot s))
have dfeq: 7df1 = ?f1
apply(rule ext)
subgoal for ¢
using dterm-sterm-dfree|OF freel, of I %ps t snd (% t)] unfolding f1-def
expand-singleton by auto
done
have free3:dfree (f1 fid2 vidl) unfolding fI-def by (auto intro: dfree.intros)
let ?2df2 = (At. dterm-sem I (f1 fidl vidl) (%o t))
let 2f2 = (A\t. sterm-sem I (fI fidl vidl) (%ps t))
let 2f2' = (As t’. t’ x frechet I (f1 fid1 vid1l) (%ps s) (%0t s))
let ?int = {0..t}
have bluh: Az i. (Functions I i has-derivative (THE f'. ¥V x. (Functions I i
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has-derivative f' x) (at z)) z) (at )
using good-interp unfolding is-interp-def by auto
have blah:(Functions I fid2 has-derivative (THE f'. Y z. (Functions I fid2
has-derivative ' x) (at x)) (x 4. if i = vidl then sol t $ vidl else 0)) (at (x i.
if i = vid1 then sol t § vidl else 0))
using bluh by auto
have bigEx:\s. s € {0..t} =(3 sola. sol 0 = sola 0 A
(Fta. (fst (Zp s),
snd (% s)) =
mk-v I (OVar vidl) (sola 0, b) (sola ta) A
0 < ta N
(sola solves-ode (Aa. ODEs I vidl)) {0..ta}
{z. Predicates I vidl (x i. dterm-sem I (local.empty i) (mk-v I (OVar
vid1) (sol 0, b) z))}))
subgoal for s
apply(rule exl[where z=s0l])
apply(rule conjI)
subgoal by (rule refl)
apply(rule ezl[where z=s))
apply (rule conjI)
subgoal by auto
apply(rule conjI)
subgoal by auto
using sol
using atLeastAtMost-iff atLeastatMost-subset-iff order-refl solves-ode-on-subset
by (metis (no-types, lifting) subsetl)
done
have boz:A\s. s € {0..t} = directional-derivative I (f1 fid2 vidl) (%ps s, %pt
)
< directional-derivative I (f1 fidl vid1l) (%ps s, %pt s)
subgoal for s
using boz
apply simp
apply (erule allE[where z=%ps s]|)
apply (erule allE[where z="7%pt s])
using bigEz[of s] by auto
done
have dsafel:dsafe (f1 fid2 vidl) unfolding f1-def by (auto intro: dsafe.intros)
have dsafe2:dsafe (f1 fid1 vid1) unfolding f1-def by (auto intro: dsafe.intros)
have agreel:Vagree (sol 0, b) (2p 0) (FVT (f1 fid2 vid1))
using mk-v-agree[of I (OVar vidl) (sol 0, b) fst (% 0)]
unfolding f1-def Vagree-def expand-singleton
apply auto
by (metis (no-types, lifting) Compl-iff Vagree-def fst-conv mk-v-agree mk-zode.simps
semBYV .simps)
have agree2: Vagree (sol 0, b) (2p 0) (FVT (f1 fidl vid1))
using mk-v-agree[of I (OVar vidl) (sol 0, b) fst (% 0)]
unfolding fI-def Vagree-def expand-singleton
apply auto
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by (metis (no-types, lifting) Compl-iff Vagree-def fst-conv mk-v-agree mk-zode.simps

semBV .simps)

have sem-eql:dterm-sem I (fl fid2 vidl) (sol 0, b) = dterm-sem I (f1 fid2

vidl) (%p 0)

using coincidence-dterm|OF dsafel agreel] by auto
then have sem-eql ":sterm-sem I (f1 fid2 vidl) (sol 0) = sterm-sem I (f1 fid2

vidl) (Zps 0)

using dterm-sterm-dfree|OF freel, of I sol 0 b]
dterm-sterm-dfree|OF freel, of I (%ps 0) snd (?p 0)]
unfolding f1-def expand-singleton by auto
have sem-eq2:dterm-sem I (f1 fidl vidl) (sol 0, b) = dterm-sem I (f1 fidl

vidl) (%p 0)

using coincidence-dterm[OF dsafe2 agree2] by auto
then have sem-eq2’:sterm-sem I (f1 fidl vidl) (sol 0) = sterm-sem I (f1 fid1

vidl) (%ps 0)

using dterm-sterm-dfree[OF free2, of I sol 0 b] dterm-sterm-dfree[OF free2,

of I (%ps 0) snd (% 0)]

unfolding f1-def expand-singleton by auto
have good-interp”:\i z. (Functions I i has-derivative (THE f'. V z. (Functions

I i has-derivative f' z) (at z)) z) (at )

using good-interp unfolding is-interp-def by auto
have chain :
Nflgg as.
(f has-derivative f') (at z within s) =
(g has-derivative g') (at (f z) within f < s) = (g o f has-derivative g’ o f)

(at x within s)

by (auto intro: derivative-intros)
have soll:(sol solves-ode (A-. ODE-sem I (OVar vidl))) {0..t} {z. mk-v I

(OVar vid1) (sol 0, b) x € fml-sem I (Prop vidl empty)}

using sol unfolding pI-def singleton-def empty-def by auto
have FVTsubl:vidl € ODE-vars I (OVar vidl) = FVT ($f fid2 (\i. if i =

vid1 then trm.Var vidl else Const 0)) C semBV I ((OVar vidl))

apply auto
subgoal for z za
apply/(cases za = vid1)
by auto
done
have FVTsub2:vidl € ODE-vars I (OVar vidl) = FVT ($f fidl (\i. if i =

vid1 then trm.Var vidl else Const 0)) C semBV I ((OVar vidl))

apply auto
subgoal for z za
apply(cases za = vidl)
by auto
done
have osafe:osafe (OVar vid1)
by auto
have derivi:\s. vidl € ODE-vars I (OVar vidl) = s € ?int = (%f1

has-derivative (2f1' s)) (at s within {0..t})

subgoal for s
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using rift-in-space-time[OF good-interp freel osafe soll FVTsubl, of s
unfolding f1-def expand-singleton directional-derivative-def
by blast
done
have deriv2:\s. vidl € ODE-vars I (OVar vidl) = s € ?int = (/2
has-derivative (2f2' s)) (at s within {0..t})
subgoal for s
using rift-in-space-time[ OF good-interp free2 osafe soll FVTsub2, of s]
unfolding f1-def expand-singleton directional-derivative-def
by blast
done
have leg:\s . s € %int = 2f1's1 < 22" s 1
subgoal for s using boz'[of s]
by (simp add: directional-derivative-def)
done
have preserve-agreel:vidl ¢ ODFE-vars I (OVar vidl) = VSagree (sol 0) (fst
(mk-v I (OVar vid1) (sol 0, b) (sol t))) {vid1}
using mk-v-agree[of I OVar vidl (sol 0, b) sol t]
unfolding Vagree-def VSagree-def
by auto
have preserve-coincidel :
vidl ¢ ODE-vars I (OVar vidl) =
sterm-sem I (f1 fid2 vid1) (fst (mk-v I (OVar vidl) (sol 0, b) (sol t)))
= sterm-sem I (f1 fid2 vid1) (sol 0)
using coincidence-sterm[of (sol 0, b) (mk-v I (OVar vidl) (sol 0, b) (sol t))
f1 fid2 vid1 1)
preserve-agreel unfolding VSagree-def Vagree-def f1-def by auto
have preserve-coincide2:
vidl ¢ ODE-vars I (OVar vidl) =
sterm-sem I (f1 fidl vidl) (fst (mk-v I (OVar vidl) (sol 0, b) (sol t)))
= sterm-sem I (f1 fidl vidl) (sol 0)
using coincidence-sterm[of (sol 0, b) (mk-v I (OVar vidl) (sol 0, b) (sol t))
f1 fid1 vid1 I
preserve-agreel unfolding VSagree-def Vagree-def f1-def by auto
have 7f1t < 22t
apply(cases t = 0)
subgoal using geq0’ sem-eql’ sem-eq2’ by auto
subgoal
apply(cases vidl € ODE-vars I (OVar vidl))
subgoal
apply (rule MVT'[OF deriw2 derivl, of t))
subgoal by auto
subgoal by auto
subgoal for s using deriv2[of s] using leq by auto
using ¢ leq geq0’ sem-eql’ sem-eq2’ by auto
subgoal
using geq0
using dterm-sterm-dfree| OF freel, of I sol 0 b]
using dterm-sterm-dfree|OF free2, of I sol 0 b)

126



using preserve-coincidel preserve-coincide2
by (simp add: f1-def)
done
done
then
show dterm-sem I (f1 fid2 vidl) (mk-v I (OVar vid1) (sol 0, b) (sol t))
< dterm-sem I (f1 fidl vid1) (mk-v I (OVar vidl) (sol 0, b) (sol t))

using ¢
dterm-sterm-dfree|OF free2, of I %ps t snd (%¢ t)]
dterm-sterm-dfree[OF freel, of I %ps t snd (% t)]
by (simp add: f1-def)

qed

lemma DIGr-valid:valid DIGraxiom
unfolding DIGraziom-def
apply(unfold DIGraziom-def valid-def impl-sem iff-sem)
apply(auto)
proof —
fix I::('sf,’sc,’sz) interp and b aa ba
and sol::real = sz simple-state
and t::real
let 7ODE = OVar vidl
let %o = (At. mk-v I (?ODE) (sol 0, b) (sol t))
assume t:0 < t
and sol:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (empty i) (mk-vI YODE (sol 0, b) x))}
and notin: —(Predicates I vidl (x 4. dterm-sem I (empty i) (sol 0, b)))
have fsafe:fsafe (Prop vidl empty) by (auto simp add: empty-def)
from sol have Predicates I vidl (x i. dterm-sem I (empty i) (% 0))
using t solves-ode-domainD|of sol (Aa. ODEs I vid1) {0..t}] by auto
then have incon: Predicates I vidl (x i. dterm-sem I (empty ) ((sol 0, b)))
using coincidence-formula[|OF fsafe Iagree-refi[of I], of (sol 0, b) %p 0]
unfolding Vagree-def by (auto simp add: empty-def)
show dterm-sem I (f1 fid2 vidl) (mk-v I (OVar vidl) (sol 0, b) (sol t)) <
dterm-sem I (f1 fid1 vidl) (mk-v I (OVar vid1) (sol 0, b) (sol t))
using notin incon by auto
next
fix I:('sf,’sc,’sz) interp and b aa ba
and sol::real = 'sz simple-state
and t::real
let 7ODE = OVar vidl
let %p = (At. mk-v I (?ODE) (sol 0, b) (sol t))
assume t:0 < t
and sol:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (empty i) (mk-v I ?ODE (sol 0, b) x))}
and notin: —~(Predicates I vidl (x i. dterm-sem I (empty i) (sol 0, b)))
have fsafe:fsafe (Prop vidl empty) by (auto simp add: empty-def)
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from sol have Predicates I vidl (x i. dterm-sem I (empty 7) (% 0))
using t solves-ode-domainD|of sol (Aa. ODEs I vid1) {0..t}] by auto
then have incon: Predicates I vidl (x . dterm-sem I (empty ) ((sol 0, b)))
using coincidence-formula] OF fsafe Iagree-refi[of I], of (sol 0, b) %o 0]
unfolding Vagree-def by (auto simp add: empty-def)
show dterm-sem I (f1 fid2 vidl) (mk-v I (OVar vidl) (sol 0, b) (sol t)) <
dterm-sem I (f1 fidl vidl) (mk-v I (OVar vid1) (sol 0, b) (sol t))
using notin incon by auto
next
fix I::('sf,’sc,’sz) interp and b aa ba
and sol::real = sz simple-state
and t::real
let 7ODE = OVar vidl
let 2p = (At. mk-v I (?ODE) (sol 0, b) (sol t))
assume t:0 < t
assume sol:(sol solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (local.empty i) (mk-v I (OVar vid1)
(500, b) 2))}
assume notin:— Predicates I vidl (x i. dterm-sem I (local.empty i) (sol 0, b))
have fsafe:fsafe (Prop vidl empty) by (auto simp add: empty-def)
from sol have Predicates I vidl (x i. dterm-sem I (empty i) (% 0))
using ¢ solves-ode-domainD]of sol (Aa. ODEs I vid1) {0..t}] by auto
then have incon: Predicates I vidl (x i. dterm-sem I (empty ) ((sol 0, b)))
using coincidence-formula| OF fsafe Iagree-refi[of I, of (sol 0, b) %o 0]
unfolding Vagree-def by (auto simp add: empty-def)
show dterm-sem I (f1 fid2 vid1l) (mk-v I (OVar vid1) (sol 0, b) (sol t))
< dterm-sem I (f1 fidl vid1) (mk-v I (OVar vidl) (sol 0, b) (sol t))
using incon notin by auto
next
fix I:('sf,’sc,’sz) interp and b aa ba
and sol::real = 'sz simple-state
and t::real
let 7ODE = OVar vid1
let %p = (At. mk-v I (ODE) (sol 0, b) (sol t))
assume good-interp:is-interp I
assume aaba:(aa, ba) = mk-v I (OVar vidl) (sol 0, b) (sol t)
assume t:0 < t
assume sol:(sol solves-ode (Aa. ODFEs I vid1)) {0..t}
{z. Predicates I vidl (x i. dterm-sem I (local.empty i) (mk-v I (OVar vid1)
(5010, b) 1))}
assume boz:V a ba. (3 sola. sol 0 = sola 0 A
(3t. (a, ba) = mk-v I (OVar vid1) (sola 0, b) (sola t) A
0<tA
(sola solves-ode (Aa. ODEs I vid1)) {0..t}
{z. Predicates I vidl
(x i. dterm-sem I (local.empty i) (mk-v I (OVar vidl)
(sola 0, D) 1))})) —
directional-derivative I (f1 fid2 vidl) (a, ba) < directional-derivative I
(f1 fidl vid?) (a, ba)
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assume geqO:dterm-sem I (f1 fid2 vid1) (sol 0, b) < dterm-sem I (f1 fidl vid1)
(sol 0, b)
have freel:dfree ($f fid2 (\i. if i = vidl then trm.Var vidl else Const 0))
by (auto intro: dfree.intros)
have free2:dfree (3f fid1 (Mi. if i = vid1 then trm.Var vidl else Const 0))
by (auto intro: dfree.intros)
from geq0
have geq0':sterm-sem I (f1 fid2 vid1) (sol 0) < sterm-sem I (f1 fidl vid1) (sol
0)
unfolding f1-def using dterm-sterm-dfree| OF freel, of I sol 0 b] dterm-sterm-dfree[OF
free2, of I sol 0 b]
by auto
let %ps = Az. fst (%p x)
let %ot = Az. snd (%p x)
let 2df1 = (At. dterm-sem I (f1 fid2 vid1) (% t))
let 2f1 = (\t. sterm-sem I (f1 fid2 vidl) (%ps t))
let 2f1' = (X s t’. t'  frechet I (f1 fid2 vidl) (%ps s) (%ot s))
have dfeq: ?df1 = ¢f1
apply(rule ext)
subgoal for ¢
using dterm-sterm-dfree[OF freel, of I %ps t snd (%o t)] unfolding f1-def
expand-singleton by auto
done
have free3:dfree (f1 fid2 vid1) unfolding fI-def by (auto intro: dfree.intros)
let 2df2 = (At. dterm-sem I (f1 fidl vid1) (% t))
let 22 = (At. sterm-sem I (f1 fidl vid1) (%ps t))
let 2/2' = (Ast’ . t' x frechet I (f1 fidl vidl) (%ps s) (%t s))
let Zint = {0..t}
have bluh: \z i. (Functions I i has-derivative (THE f'. ¥ x. (Functions I i has-derivative
f2) (at ) 2) (at 2)
using good-interp unfolding is-interp-def by auto
have blah:(Functions I fid2 has-derivative (THE f'. ¥ x. (Functions I fid2 has-derivative
f x) (at ) (x @. if i = vidl then sol t $ vidl else 0)) (at (x i. if i = vidl then
sol t $§ vidl else 0))
using bluh by auto
have bigEx:\s. s € {0..t} =(3 sola. sol 0 = sola 0 A
(Fta. (fst (2o s),
snd (%p s)) =
mk-v I (OVar vidl) (sola 0, b) (sola ta) A
0 <taAN
(sola solves-ode (Aa. ODEs I vid1)) {0..ta}
{z. Predicates I vidl (x i. dterm-sem I (local.empty i) (mk-v I (OVar
vidl) (sol 0, b) z))}))
subgoal for s
apply(rule exl[where z=sol])
apply(rule conjl)
subgoal by (rule refl)
apply(rule exl[where z=s])
apply(rule conjl)
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subgoal by auto
apply(rule conjl)
subgoal by auto
using sol
using atLeastAtMost-iff atLeastatMost-subset-iff order-refl solves-ode-on-subset
by (metis (no-types, lifting) subsetl)
done
have boz":\s. s € {0..t} = directional-derivative I (f1 fid2 vidl) (%ps s, %pt
s)
< directional-derivative I (f1 fidl vidl) (%ps s, %ot s)
subgoal for s
using boz
apply simp
apply (erule allE[where x="%ps s])
apply (erule allE[where z="7%pt s])
using bigEz[of s] by auto
done
have dsafel:dsafe (f1 fid2 vid1) unfolding fI-def by (auto intro: dsafe.intros)
have dsafe2:dsafe (f1 fid1 vid1) unfolding f1-def by (auto intro: dsafe.intros)
have agreel:Vagree (sol 0, b) (2p 0) (FVT (f1 fid2 vid1))
using mk-v-agree[of I (OVar vidl) (sol 0, b) fst (?p 0)]
unfolding f1-def Vagree-def expand-singleton
apply auto
by (metis (no-types, lifting) Compl-iff Vagree-def fst-conv mk-v-agree mk-zode.simps
semBYV .simps)
have agree2: Vagree (sol 0, b) (2p 0) (FVT (f1 fidl vid1))
using mk-v-agree[of I (OVar vidl) (sol 0, b) fst (% 0)]
unfolding f1-def Vagree-def expand-singleton
apply auto
by (metis (no-types, lifting) Compl-iff Vagree-def fst-conv mk-v-agree mk-zode.simps
semBYV .simps)
have sem-eq!:dterm-sem I (f1 fid2 vid1) (sol 0, b) = dterm-sem I (f1 fid2 vid1)
(% 0)
using coincidence-dterm[OF dsafel agreel] by auto
then have sem-eql "sterm-sem I (fI fid2 vidl) (sol 0) = sterm-sem I (f1 fid2
vid1) (%ps 0)
using dterm-sterm-dfree|OF freel, of I sol 0 b]
dterm-sterm-dfree|OF freel, of I (%ps 0) snd (?p 0)]
unfolding f1-def expand-singleton by auto
have sem-eq2:dterm-sem I (f1 fidl vid1) (sol 0, b) = dterm-sem I (f1 fid1 vidl)
(% 0)
using coincidence-dterm|[OF dsafe2 agree2] by auto
then have sem-eq2”:sterm-sem I (f1 fidl vidl) (sol 0) = sterm-sem I (f1 fidl
vidl) (Zps 0)
using dterm-sterm-dfree|OF free2, of I sol 0 b] dterm-sterm-dfree|OF free2, of
I (2ps 0) snd (2p 0)]
unfolding f1-def expand-singleton by auto
have good-interp”: \i z. (Functions I i has-derivative (THE f'. ¥ x. (Functions I
i has-derivative f' x) (at z)) z) (at x)
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using good-interp unfolding is-interp-def by auto
have chain :
Nfgg zs.
(f has-derivative f') (at © within s) =
(9 has-derivative g’) (at (f x) within f *s) = (g o f has-derivative g’ o f)
(at z within s)
by (auto intro: derivative-intros)
have sol1:(sol solves-ode (A-. ODE-sem I (OVar vidl))) {0..t} {z. mk-v I (OVar
vidl) (sol 0, b) x € fml-sem I (Prop vidl empty)}
using sol unfolding p1-def singleton-def empty-def by auto
have FVTsubl:vidl € ODE-vars I (OVar vidl) = FVT ($f fid2 (\i. if i =
vid1 then trm.Var vidl else Const 0)) C semBV I ((OVar vidl))
apply auto
subgoal for z za
apply(cases za = vidl)
by auto
done
have FVTsub2:vidl € ODFE-vars I (OVar vidl) = FVT ($f fidl (Mi. if i =
vid1 then trm.Var vidl else Const 0)) C semBV I ((OVar vidl))
apply auto
subgoal for z za
apply(cases za = vidl)
by auto
done
have osafe:osafe (OVar vidl)
by auto
have derivl:\s. vidl € ODE-vars I (OVar vidl) = s € ?int = (?f1 has-derivative
(21" s)) (at s within {0..t})
subgoal for s
using rift-in-space-time[OF good-interp freel osafe soll FVTsubl, of s]
unfolding f1-def expand-singleton directional-derivative-def
by blast
done
have deriv2:\s. vidl € ODE-vars I (OVar vidl) = s € ?int = (?f2 has-derivative
(2127 5)) (at s within {0..t})
subgoal for s
using rift-in-space-time[ OF good-interp free2 osafe soll FVTsub2, of s]
unfolding f1-def expand-singleton directional-derivative-def
by blast
done
have leqg:\s . s € %int = 9f1's1 < 92" s 1
subgoal for s using boz'[of s]
by (simp add: directional-derivative-def)
done
have preserve-agreel:vidl ¢ ODE-vars I (OVar vidl) = VSagree (sol 0) (fst
(mk-v I (OVar vidl) (sol 0, b) (sol t))) {vidl}
using mk-v-agree[of I OVar vidl (sol 0, b) sol t]
unfolding Vagree-def VSagree-def
by auto
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have preserve-coincidel :
vidl ¢ ODE-vars I (OVar vidl) =
sterm-sem I (f1 fid2 vid1) (fst (mk-v I (OVar vidl) (sol 0, b) (sol t)))
= sterm-sem I (fI fid2 vid1) (sol 0)
using coincidence-sterm[of (sol 0, b) (mk-v I (OVar vidl) (sol 0, b) (sol t)) f1
fid2 wvid1 I
preserve-agreel unfolding VSagree-def Vagree-def f1-def by auto
have preserve-coincide?2:
vidl ¢ ODE-vars I (OVar vidl) =
sterm-sem I (f1 fidl vid1) (fst (mk-v I (OVar vid1) (sol 0, b) (sol t)))
= sterm-sem I (f1 fidl vidl) (sol 0)
using coincidence-sterm[of (sol 0, b) (mk-v I (OVar vidl) (sol 0, b) (sol t)) f1
fid1 vid1 I
preserve-agreel unfolding VSagree-def Vagree-def f1-def by auto
have ?f1t < 22t
apply(cases t = 0)
subgoal using geq0’ sem-eql’ sem-eq2’ by auto
subgoal
apply(cases vidl € ODE-vars I (OVar vidl))
subgoal
apply (rule MVT'-gr[OF deriv2 derivl, of t])
subgoal by auto
subgoal by auto
subgoal for s using deriv2|[of s| using leq by auto
using t leq geq0’ sem-eql’ sem-eq2’ by auto
subgoal
using geq0
using dterm-sterm-dfree| OF freel, of I sol 0 b]
using dterm-sterm-dfree| OF free2, of I sol 0 b]
using preserve-coincidel preserve-coincide2
by (simp add: f1-def)
done
done
then
show dterm-sem I (f1 fid2 vid1l) (mk-v I (OVar vidl) (sol 0, b) (sol t))
< dterm-sem I (f1 fidl vid1) (mk-v I (OVar vidl) (sol 0, b) (sol t))
using ¢
dterm-sterm-dfree|OF free2, of I %ps t snd (% t)]
dterm-sterm-dfree[OF freel, of I %ps t snd (% t)]
using geq0 f1-def
by (simp add: f1-def)
qged

lemma DG-valid:valid DGaziom
proof —
have osafe:osafe (OSing vidl (f1 fidl vid1))
by (auto simp add: osafe-Sing dfree-Fun dfree-Const f1-def expand-singleton)
have fsafe:fsafe (p1 vidl vid1)
by (auto simp add: p1-def dfree-Const)
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have osafe2:0safe (OProd (OSing vidl (f1 fidl vidl)) (OSing vid2 (Plus (Times
(f1 fid2 vid1) (trm.Var vid2)) (f1 fid3 vid1))))
by (auto simp add: f1-def expand-singleton osafe.intros dfree.intros vnel2)
note sem = ode-alt-sem[OF osafe fsafe]
note sem2 = ode-alt-sem[OF osafe2 fsafe]
have p2safe:fsafe (p1 vid2 vidl) by(auto simp add: p1-def dfree-Const)
show wvalid DGaziom
apply(auto simp del: prog-sem.simps(8) simp add: DGaziom-def valid-def sem
sem2)
apply(rule exl[where z=0], auto simp add: f1-def p1-def expand-singleton)
subgoal for I a b aa ba sol t
proof —
assume good-interp:is-interp I
assume
Vaa ba. (3sol t. (aa, ba) = mk-v I (OSing vidl ($f fid1 (Ni. if i = vidl then
trm. Var vidl else Const 0))) (a, b) (sol t) A
0<tA
(sol solves-ode (Aa b. x i. if i = vidl then sterm-sem I (f1 fid1
vidl) b else 0)) {0..t}
{z. Predicates I vidl
(x 1. dterm-sem I (if i = vidl then trm.Var vidl else Const
0)
(mk-v I (OSing vidl ($f fidl (Ni. if i = vidl then
trm. Var vidl else Const 0))) (a, b) x))} A
VSagree (sol 0) a {uu. wvu = vidl V
Inl wu € Inl “ {z. 3za. Inl x € FVT (if za = vidl then
trm. Var vidl else Const 0)} V
(Fz. Inl uu € FVT (if z = vidl then trm.Var vidl else Const
0))}) —
Predicates I vid2 (x i. dterm-sem I (if i = vid1 then trm.Var vidl else
Const 0) (aa, ba))
then have
bigAll:
Naa ba. (3sol t. (aa, ba) = mk-v I (OSing vidl ($f fidl (Ni. if i = vidl then
trm. Var vidl else Const 0))) (a, b) (sol t) A
0<tA
(sol solves-ode (Aa b. x i. if i = vidl then sterm-sem I (f1 fidl
vid1) b else 0)) {0..t}
{z. Predicates I vid1l
(x 1. dterm-sem I (if i = vidl then trm.Var vidl else Const
0)
(mk-v I (OSing vidl ($f fidl (Ni. if i = vidl then
trm. Var vidl else Const 0))) (a, b) x))} A
VSagree (sol 0) a {uu. vu = vidl V (3z. Inl wu € FVT (if x =
vid1 then trm.Var vidl else Const 0))}) —
Predicates I vid2 (x i. dterm-sem I (if i = vid1 then trm.Var vidl else
Const 0) (aa, ba))
by (auto)
assume aaba:(aa, ba) =
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mk-v I (OProd (OSing vidl ($f fidl (Mi. if i = vid1 then trm. Var vidl else Const
0)))
(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vidl then trm.Var vidl else Const 0))
(trm. Var vid2))
($f fid3 (Ni. if i = vidl then trm. Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t)
assume t:0 < t
assume sol:
(sol solves-ode
(Aa b. (x i. if i = vidl then sterm-sem I (f1 fidl vidl) b else 0) +
(x . if i = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1) (trm.Var
vid2)) (f1 fid3 vid1)) b else 0)))
{0..t} {z. Predicates I vidl
(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fid1 (Ni. if i = vidI then trm.Var
vid1 else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ai. if i = vid1 then trm. Var vidl
else Const 0)) (trm.Var vid2))
(81 fid3 (X\i. if i = vidl then trm.Var vidl else Const
0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) z))}
assume VSag: VSagree (sol 0) (x y. if vid2 = y then 0 else fst (a, b) $ y)
{z. 2 =vid2 Vo =widl Vz=wvid2Vz=wvidlVInlzelnl {z = vid2
Vo =widl} V= wvidl}
let ?sol = (At. x i. if i = vidl then sol t $ vidl else 0)
let Zaaba’ = mk-v I (OSing vid1 ($f fidl (\i. if i = vidl then trm.Var vidl
else Const 0))) (a, b) (?sol t)
from bigAll[of fst 2aaba’ snd ?aaba’]
have bigEz:(3 sol t. 2aaba’ = mk-v I (OSing vidl ($f fidl (Ni. if i = vid1 then
trm. Var vidl else Const 0))) (a, b) (sol t) A
0<tAN
(sol solves-ode (Aa b. x i. if i = vidl then sterm-sem I (f1 fid1
vidl) b else 0)) {0..t}
{z. Predicates I vidl
(x i. dterm-sem I (if i = vid1 then trm.Var vidl else Const
0)
(mk-v I (OSing vidl ($f fidl (M. if i = vidl then
trm. Var vidl else Const 0))) (a, b) z))} A
VSagree (sol 0) a {wu. uu = vidl vV (3z. Inl uu € FVT (if z
= vidl then trm.Var vidl else Const 0))}) —
Predicates T vid2 (x i. dterm-sem I (if i = vid1 then trm.Var vid1 else
Const 0) (%aaba’))
by simp
have prel:?aaba’ = mk-v I (OSing vidl ($f fidl (\i. if i = vidI then trm.Var
vid1 else Const 0))) (a, b) (?sol t)
by (rule refl)
have agreeL: \s. fst (mk-v I (OProd (OSing vidl ($f fidl (\i. if i = vidl then
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trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Xi. if i = vidl then trm.Var vid1 else Const
0)) (trm.Var vid2))
(81 fid3 (Ni. if i = vid1 then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol s)) $ vidl = sol s $ vid!
subgoal for s
using mk-v-agree[of I (OProd (OSing vidl ($f fidl (Xi. if i = vidl then
trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vidl then trm.Var vidl else
Const 0)) (trm. Var vid2))
($f fid3 (Ni. if i = vidl then trm.Var vidl else Const 0))))) (x
y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol s)]
unfolding Vagree-def by auto done
have agreeR:\s. fst (mk-v I (OSing vid1 ($f fid1 (\i. if i = vid! then trm.Var
vid1 else Const 0))) (a, b) (x 4. if i = vidl then sol s $ vidl else 0)) $ vidl = sol
s $ vid1
subgoal for s
using mk-v-agree[of I (OSing vid1 ($f fidl (\i. if i = vidl then trm.Var
vid1 else Const 0))) (a, b) (x 4. if i = vidl then sol s $ vidl else 0)]
unfolding Vagree-def by auto
done
have FV:(FVF (p1 vidl vid1)) = {Inl vid! } unfolding pI1-def expand-singleton
apply auto subgoal for z za apply(cases xa = vidl) by auto done
have agree:\s. Vagree (mk-v I (OProd (OSing vidl ($f fidl (Xi. if i = vidl
then trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ni. if i = vidl then trm.Var vidl else
Const 0)) (trm.Var vid2))
(81 fid3 (X\i. if i = vidl then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol s)) (mk-v I (OSing
vidl ($f fid1 (Ni. if i = vidl then trm.Var vidl else Const 0))) (a, b) (x . if i =
vid1 then sol s $ vidl else 0)) (FVF (p1 vidl vid1))
using agreeR agreeL unfolding Vagree-def F'V by auto
note con-sem-eq = coincidence-formula|OF fsafe Iagree-refl agree)
have constraint:\s. 0 < s A s < t =
Predicates I vid1
(x i. dterm-sem I (if { = vidl then trm.Var vidl else Const 0)
(mk-v I (OSing vidl ($f fidl (Ni. if i = vidI then trm.Var vidl else
Const 0))) (a, b) (x i. if i = vidl then sol s $ vidl else 0)))
using sol apply simp
apply(drule solves-odeD(2))
apply auto[1]
subgoal for s using con-sem-eq by (auto simp add: p1-def expand-singleton)
done
have eta:sol = (At. x 1. sol t $ i) by (rule ext, rule vec-extensionality, simp)
have yet-another-eq: \x. (Aza. za xg ((x 4. if i = vidl then sterm-sem I (f1
fidl vid1) (sol z) else 0) +
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(x i. if i = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1)
(trm. Var vid2)) (f1 fid3 vid1)) (sol x) else 0)))
= (Aza. (x 1. (za *g ((x i. if { = vidl then sterm-sem I (f1 fid1 vid1) (sol z) else
0) +
(x 4. if i = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1)
(trm.Var vid2)) (f1 fid3 vidl)) (sol x) else 0))) $ ©))
subgoal for z by (rule ext, rule vec-extensionality, simp) done
have sol-deriv:\z. z €{0..t} =
(sol has-derivative
(Aza. za xr ((x 4. if { = vidl then sterm-sem I (f1 fidl vid1) (sol x) else
0) +
(x i. if i = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1)
(trm. Var vid2)) (f1 fid3 vid1)) (sol x) else 0))))
(at z within {0..t})
using sol apply simp
apply(drule solves-odeD(1))
unfolding has-vderiv-on-def has-vector-derivative-def by auto
then have sol-deriv:A\z. z € {0..t} =
((At. x i. sol t $ ) has-derivative
(Aza. (x @ (za xg ((x @. if © = vidl then sterm-sem I (f1 fidl vidl) (sol
z) else 0) +
(x 4. if i = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1)
(trm. Var vid2)) (f1 fid3 vid1)) (sol z) else 0))) $ 7)))
(at z within {0..t}) using yet-another-eq eta by auto
have sol-derivl: Nz. z € {0..t} =
((At. sol t $ vid1) has-derivative
(Aza. (za xg ((x i. if i = vidl then sterm-sem I (fI fidl vidl) (sol ) else
0) +
(x i. if © = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1)
(trm. Var vid2)) (f1 fid3 vid1)) (sol x) else 0)) $ vid1)))
(at © within {0..t})
subgoal for s

apply(rule has-derivative-projlof (A i t. sol t $ i) (A\j za. (za *p ((x @. if i
= vid1 then sterm-sem I (f1 fidl vidl) (sol s) else 0) +
(x 7. if i = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1)
(trm. Var vid2)) (f1 fid3 vid1)) (sol s) else 0)) $ 7)) at s within {0..t}vid1])
using sol-deriv[of s| by auto done
have hmm:\s. (x . sterm-sem I (if i = wvidl then trm.Var vidl else Const
0) (sol s)) = (x i. sterm-sem I (if i = vidl then trm.Var vidl else Const 0) (x 1.
if i = vidl then sol s $ vidl else 0))
by (rule vec-extensionality, auto)
have aha:\s. (Aza. za * sterm-sem I (f1 fidl vid1) (sol s)) = (Aza. za *
sterm-sem I (f1 fidl vid1) (x i. if i = vidl then sol s $ vidl else 0))
subgoal for s
apply(rule ext)
subgoal for za using hmm by (auto simp add: f1-def) done done
let ?sol’ = (As. (Aza. x i. if i = vidl then za x sterm-sem I (f1 fidl vidl) (x
i. if i = vidl then sol s $ vidl else 0) else 0))
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let ?project-me-plz = (At. (x 4. if © = vidl then %sol t $ vidl else 0))
have sol-deriv-eq:\s. s €{0..t} =
((Mt. (x i. if i = vidI then ?sol t $ vidl else 0)) has-derivative ?sol’ s) (at s
within {0..t})
subgoal for s
apply(rule has-derivative-vec)
subgoal for i
apply (cases i = vidl, cases i = vid2, auto)
using vnel2 apply simp
using sol-derivi[of s] using aha by auto
done done
have yup:(A\t. (x 4. if i = vidl then ?sol t $ vidl else 0) $ vidl) = (\t. sol t
$ vidl1)
by(rule ext, auto)
have maybe: \s. (A\za. za * sterm-sem I (f1 fidl vid1) (x ©. if ¢ = vidl then
sol s $ vidl else 0)) = (Aza. (x i. if i = vidl then za x sterm-sem I (f1 fidl vidl)
(x 7. if i = vidl then sol s $ vidl else 0) else 0) $ vidl)
by (rule ext, auto)
have almost:(Az. if vidl = vidl then (x i. if i = vidl then sol x $ vidl else
0) $ vidl else 0) =
(Az. (x 1. if i = vidl then sol x $ vidl else 0) $ vidl) by(rule ext, auto)
have almost” \s. (Ah. if vidl = vidl then h *x sterm-sem I (f1 fid1 vid1) (x .
if i = vidl then sol s $ vidl else 0) else 0) = (Ah. h * sterm-sem I (f1 fidl vidl)
(x i. if i = vidl then sol s $ vidl else 0))
by (rule ext, auto)
have deriv”: N\z. z € {0..t} =
((At. x 1. if i = vid1 then sol t $ vidl else 0) has-derivative
(Aza. (x i. za xg (if i = vidl then sterm-sem I (f1 fidl vidl) (x ¢. if i = vidl
then sol z § vidl else 0) else 0))))
(at z within {0..t})
subgoal for s
apply(rule has-derivative-vec)
subgoal for i
apply(cases i = vidl)
prefer 2 subgoal by auto
apply auto
using has-derivative-proj[OF sol-deriv-eq[of s, of vidl] using yup
maybe[of s] almost almost’[of s]
by fastforce
done
done
have derEq:\s. (Aza. (x i. za xg (if { = vidl then sterm-sem I (f1 fidl vid1)
(x 7. if i = vid1 then sol s $ vidl else 0) else 0)))
= (Aza. za xg (x . if i = vidl then sterm-sem I (f1 fidl vid1) (x i. if © = vidl
then sol s $ vid1 else 0) else 0))
subgoal for s apply (rule ext, rule vec-extensionality) by auto done
have Az. z € {0..t} =
((At. x ©. if i = vid1 then sol t § vidl else 0) has-derivative
(Aza. za *r (x i. if i = vidl then sterm-sem I (f1 fidl vid1) (x i. if i = vidl
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then sol x $ vidl else 0) else 0)))
(at z within {0..t}) subgoal for s using deriv’[of s] derEq[of s] by auto done
then have deriv:((At. x i. if { = vidl then sol t $ vid! else 0) has-vderiv-on
(At. x i. if i = vidl then sterm-sem I (f1 fidl vidl) (x i. if { = vidl then
sol t $ vidl else 0) else 0))
{0..t}
unfolding has-vderiv-on-def has-vector-derivative-def
by auto
have pre2:(?sol solves-ode (Aa b. x 4. if i = vidl then sterm-sem I (f1 fidl
vidl) b else 0)) {0..t}
{z. Predicates I vidl
(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OSing vidl (3f fidl (Ni. if i = vid1 then trm.Var vidl else
Const 0))) (a, b) z))}
apply(rule solves-odel)
subgoal by (rule deriv)
subgoal for s using constraint by auto
done
have pre3: VSagree (2sol 0) a {u. w = vidl V (3z. Inlw € FVT (if x = vid!
then trm. Var vidl else Const 0))}
using vnel2 VSag unfolding VSagree-def by simp
have bigPre:(3sol t. %aaba’ = mk-v I (OSing vidl ($f fidl (Ai. if i = vidl
then Var vidl else Const 0))) (a, b) (sol t) A
0<tA
(sol solves-ode (Aa b. x 4. if i = vidl then sterm-sem I (f1 fidl
vidl) b else 0)) {0..t}
{z. Predicates I vidl
(x 7. dterm-sem I (if i = vidl then trm.Var vidl else Const
0)
(mk-v I (OSing vid1 ($f fidl (Mi. if i = vidl then Var
vid1 else Const 0))) (a, b) x))} A
VSagree (sol 0) a {u. w = vid1 V (3z. Inl w € FVT (if z = vid!
then Var vidl else Const 0))})
apply(rule exl[where z=7?s0l])
apply(rule ezl[where z=t])
apply (rule conjI)
apply(rule prel)
apply(rule conjI)
apply/(rule t)
apply(rule conjI)
apply(rule pre2)
by (rule pre3)
have pred2: Predicates I vid2 (x i. dterm-sem I (if i = vidl then trm.Var vid1
else Const 0) ?aaba’)
using bigEx bigPre by auto
then have pred2”?aaba’ € fmil-sem I (pl vid2 vidl) unfolding pi-def ex-
pand-singleton by auto
let ?res-state = (mk-v I (OProd (OSing vidl ($f fidl (N\i. if ¢ = vidl then
trm. Var vid1 else Const 0)))
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(OSing vid2
(Plus (Times ($f fid2 (Ni. if i = vidl then trm.Var vidl else
Const 0)) (trm. Var vid2))
(81 fid3 (X\i. if i = vidl then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t))
have aabaX:(fst 2aaba’) $ vidl = sol t $ vid1
using aaba mk-v-agree[of I (OSing vid1 ($f fidl (A\i. if i = vid1 then trm. Var
vid1 else Const 0)))
(a, b) (?sol t)]
proof —
assume Vagree (mk-v I (OSing vidl ($f fidl (Mi. if i = vidl then trm.Var
vid1 else Const 0))) (a, b) (x 4. if i = vidl then sol t $ vidl else 0))
(a, b) (— semBV I (OSing vidl ($f fidl (Ni. if ¢ = vid1 then trm.Var vidl else
Const 0)))) A
Vagree (mk-v I (OSing vid1 ($f fid1 (Mi. if © = vid1 then trm. Var vidl else Const
0))) (a, b) (x i. if i = vidl then sol t $ vidl else 0))
(mk-zode I (OSing vidl ($f fid1 (Ni. if © = vidl then trm.Var vidl else Const
0))) (x i. if i = vidl then sol t $ vidl else 0))
(semBV I (OSing vidl ($f fid1 (Ai. if ¢ = vidl then trm.Var vidl else Const
0))
then have ag: Vagree (mk-v I (OSing vid1 ($f fidl (Xi. if ¢ = vidl then
trm. Var vid1 else Const 0))) (a, b) (?sol t))
(mk-zode I (OSing vidl ($f fidl (Ai. if ¢ = vidl then trm.Var vidl else Const

0))) (%sol t))
(semBV I (OSing vidl ($f fidl (Ni. if i = vidl then trm.Var vidl else Const

0))))
by auto
have sembv:(semBV I (OSing vidl ($f fidl (Ai. if i = vidl then trm.Var
vid1 else Const 0)))) = {Inl vid1, Inr vid1}
by auto
have sub:{Inl vidl} C {Inl vidl, Inr vidl} by auto
have ag”: Vagree (mk-v I (OSing vidl ($f fidl (Xi. if i = vidl then trm.Var
vid1 else Const 0))) (a, b) (%sol t))
(mk-zode I (OSing vid1l ($f fidl (Mi. if i = vidl then trm.Var vidl else
Const 0))) (?sol t)) {Inl vid1}
using ag agree-sub[OF sub] sembv by auto
then have eq!:fst (mk-v I (OSing vid1 ($f fid1 (N\i. if i = vid1 then trm.Var
vid1 else Const 0))) (a, b) (%sol t)) $ vid1
= fst (mk-zode I (OSing vidl ($f fidl (Ai. if ¢ = vidl then trm.Var vidl
else Const 0))) (?sol t)) $ vidl unfolding Vagree-def by auto

moreover have ... = sol t $§ vidl by auto
ultimately show ?thesis by auto
qed

have res-stateX:(fst ?res-state) $ vidl = sol t $ vid1
using mk-v-agree[of I (OProd (OSing vidl ($f fid1 (N\i. if { = vidl then
trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (\i. if i = vidl then trm. Var vidl else
Const 0)) (trm. Var vid2))
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($f fid3 (N\i. if © = vid1 then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t)]
proof —
assume Vagree (mk-v I (OProd (OSing vidl ($f fidl (N\i. if i = vidI then
trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ai. if i = vidl then trm.Var vidl else
Const 0)) (trm. Var vid2))
($f fid3 (Ni. if i = vidl then trm. Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t))
(x y- if vid2 = y then 0 else fst (a, b) $ y, b)
(— semBV I (OProd (OSing vidl ($f fidl (Ai. if i = vidl then trm. Var vidl
else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ai. if i = vid1 then trm.Var vidl else Const
0)) (trm.Var vid2))
(8f fid3 (Ni. if i = vid1 then trm.Var vidl else Const 0)))))) A
Vagree (mk-v I (OProd (OSing vidl ($f fidl (Mi. if i = vid! then trm.Var vidl
else Const 0)))
(OSing vid2
(Plus (Times (8f fid2 (Ai. if i = vid1 then trm.Var vidl else
Const 0)) (trm.Var vid2))
($f fid3 (Ni. if © = vidl1 then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t))
(mk-zode T
(OProd (OSing vid1 (3f fidl (Xi. if ¢ = vidl then trm.Var vidl else Const
0)))

(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vidl then trm.Var vidl else Const 0))
(trm. Var vid2))
($f fid3 (X\i. if i = vidl then trm.Var vidl else Const 0)))))
(sol t))
(semBV I (OProd (OSing vid1 ($f fidl (Ni. if i = vidl then trm.Var vid1 else
Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Xi. if i = vidI then trm.Var vidl else Const
0)) (trm.Var vid2))
($f fid3 (Ni. if i = vid1 then trm.Var vidl else Const 0))))))
then have ag: Vagree (mk-v I (OProd (OSing vid1l ($f fid1 (N\i. if i = vidl
then trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (N\i. if i = vidl then trm.Var vidl else Const
0)) (trm.Var vid2))
(8f fid3 (Ni. if i = vid1 then trm. Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t))
(mk-zode I
(OProd (OSing vid1 ($f fidl (Xi. if i = vidl then trm.Var vidl else Const 0)))
(0OSing vid2
(Plus (Times ($f fid2 (Mi. if ¢ = vidl then trm.Var vidl else Const 0))
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(trm. Var vid2))
(8f fid3 (Ni. if i = vid1 then trm.Var vidl else Const 0)))))
(sol t))
(semBV I (OProd (OSing vidl ($f fidl (N\i. if ¢ = vidl then trm.Var vidl else
Const 0)))
(OSing vid2
(Plus (Times (8f fid2 (A\i. if i = vid1 then trm.Var vidl else Const 0))
(trm. Var vid2))
($f fid3 (Ni. if i = vidl then trm.Var vidl else Const 0)))))) by auto
have sembv:(semBV I (OProd (OSing vidl ($f fidl (N\i. if i = vidl then
trm. Var vidl1 else Const 0)))
(OSing vid2
(Plus (Times (8f fid2 (A\i. if ¢ = vid1 then trm.Var vidl else Const 0))
(trm. Var vid2))
(81 fid3 (X\i. if i = vidl then trm.Var vidl else Const 0)))))) = {Inl
vidl, Inr vid1, Inl vid2, Inr vid2} by auto
have sub:{Inl vidl} C {Inl vid1, Inr vidl, Inl vid2, Inr vid2} by auto
have ag’: Vagree (mk-v I (OProd (OSing vid1 ($f fidl (\i. if i = vidl then
trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ni. if i = vidl then trm.Var vidl else Const
0)) (trm.Var vid2))
($f fid3 (Ni. if i = vid1 then trm. Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t))
(mk-zode T
(OProd (OSing vid1 (3f fidl (\i. if { = vid1 then trm.Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (\i. if i = vidl then trm.Var vidl else Const 0))
(trm. Var vid2))
(81 fids (Ni. if i = vidl then trm.Var vidl else Const 0)))))
(sol t)) {Inl vidl} using ag sembv agree-sub]OF sub] by auto
then have fst ?res-state $ vidl = fst ((mk-zode I
(OProd (OSing vidl ($f fid1 (N\i. if i = vid1 then trm.Var vid1 else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vidl then trm.Var vidl else Const 0))
(trm. Var vid2))
(81 fid3 (X\i. if i = vidl then trm.Var vidl else Const 0)))))
(sol t))) $ vidl unfolding Vagree-def by blast

moreover have ... = sol t $ vidl by auto
ultimately show ?thesis by linarith
qed

have agree: Vagree ?aaba’ (?res-state) (FVF (pl1 vid2 vidl))

unfolding pI-def Vagree-def using aabaX res-stateX by auto
have fml-sem-eq:(?res-state € fml-sem I (p1 vid2 vidl)) = (Zaaba’ € fml-sem

I (p1 vid2 vidl))

using coincidence-formula] OF p2safe Iagree-refl agree, of I] by auto
then show Predicates I vid2
(x . dterm-sem I (if i = vidl then trm.Var vidl else Const 0)

(mk-v I (OProd (OSing vidl ($f fid1 (Mi. if i = vidl then trm.Var vid!
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else Const 0)))
(OSing vid2
(Plus (Times (3f fid2 (Xi. if ¢ = vid1 then trm.Var vidl else
Const 0)) (trm. Var vid2))
(8f fid3 (X\i. if i = vidl then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then 0 else fst (a, b) $ y, b) (sol t)))
using pred?2 unfolding p1-def expand-singleton by auto
qed
subgoal for I a b r aa ba sol t
proof —
assume good-interp:is-interp I
assume bigAll:  Vaa ba. (I sol t. (aa, ba) =
mk-v I (OProd (OSing vid1l ($f fidl (Ni. if ¢ = vidl then trm.Var
vid1 else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vidl then trm.Var vid1
else Const 0)) (trm.Var vid2))
($f fid3 (Ai. if i = vidl then trm.Var vidl else Const
0)))))

(x y. if vid2 = y then r else fst (a, b) $ y, b) (sol t) A
0<tA
(sol solves-ode
(Xa b. (x i.if i = vidl then sterm-sem I (f1 fidl vid1) b else 0) +
(x 4. if i = vid2 then sterm-sem I (Plus (Times (f1 fid2
vid1) (trm.Var vid2)) (f1 fid3 vid1)) b else 0)))
{0..t} {z. Predicates I vid1
(x . dterm-sem I (if i = wvidl then trm.Var vidl else
Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (N\i. if i =
vid1 then trm.Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ni. if i = vid1
then trm.Var vidl else Const 0)) (trm.Var vid2))
($f fid3 (N\i. if i = vidl then trm.Var
vid1 else Const 0)))))

)} A

(x y. if vid2 = y then r else fst (a, b) $ y, b)

VSagree (sol 0) (x y. if vid2 = y then r else fst (a, b) $ y)
{vwu. vu = vid2 v

uu = vidl V
uy = vid2 V
uu = vidl V
Inl vu

€ Inl * ({z. Jza. Inl z € FVT (if za = vidl then trm.Var
vid1 else Const 0)} U
{z. 2 = vid2 vV (3za. Inl z € FVT (if za = vidl
then trm. Var vidl else Const 0))}) V
(Fz. Inl uwu € FVT (if z = vidl then trm.Var vidl else Const
0)}) —

142



Predicates I vid2 (x i. dterm-sem I (if i = vidl then trm.Var vidl else
Const 0) (aa, ba))
assume aaba:(aa, ba) = mk-v I (OSing vidl ($f fidl (Ni. if i = vidl then
trm. Var vidl else Const 0))) (a, b) (sol t)
assume t:0 < t
assume sol:(sol solves-ode (Aa b. x i. if © = vidl then sterm-sem I (f1 fidl
vidl) b else 0)) {0..t}
{z. Predicates I vidl
(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OSing vidl ($f fid1 (N\i. if i = vidl then trm.Var vidl else
Const 0))) (a, b) )}
assume VSA:VSagree (sol 0) a
{vwu. uu = vidl v
Inl wu € Inl “{z. Jza. Inl x € FVT (if za = vidl then trm.Var vidl else
Const 0)} V
(Fz. Inl wu € FVT (if x = vidl then trm.Var vidl else Const 0))}
let ?zode = (Aa b. x i. if { = vidl then sterm-sem I (f1 fidl vid1) b else 0)
let ?zconstraint = UNIV
let %l = ll-on-open.existence-ivl {0 .. t} ?zode ?zconstraint 0 (sol 0)
have freef1:dfree (3f fidl (\i. if i = vid1 then trm.Var vidl else Const 0))
by (auto simp add: dfree-Fun dfree-Const)
have simple-term-inverse’: \¥. dfree 9 = raw-term (simple-term 9) = ¢
using simple-term-inverse by auto
have old-lipschitz:local-lipschitz (UNIV::real set) UNIV (Aa b. x i. if i = vid1
then sterm-sem I (f1 fidl vid1) b else 0)
apply (rule c1-implies-local-lipschitz[where f'=(X (t,b). blinfun-vec(\ i. if i =
vid1 then blin-frechet (good-interp I) (simple-term (Function fidl (X i. if ¢ = vid1
then Var vidl else Const 0))) b else Blinfun(\ -. 0)))])
apply auto
subgoal for z
apply(rule has-derivative-vec)
subgoal for ¢
apply(auto simp add: bounded-linear-Blinfun-apply good-interp-inverse
good-interp)
apply(auto simp add: simple-term-inverse’|OF freef1])
apply(cases i = vid1)
apply (auto simp add: f1-def expand-singleton)
proof —
let ?h = (Ab. Functions I fidl (x i. sterm-sem I (if i = vidI then trm.Var
vid! else Const 0) b))
let ?h' = (A\b'. FunctionFrechet I fidl (x i. sterm-sem I (if i = vidl then
trm. Var vidl else Const 0) z) (x i. frechet I (if ¢ = vidl then trm.Var vidl else
Const 0) z b))
let 2f = (A b. (x i. sterm-sem I (if i = vid1 then trm.Var vidl else Const
0) 1))
let 2f' = (A b". (x i. frechet I (if i = vidl then trm.Var vidl else Const
0) z b))
let ?g = Functions I fid1
let ?g’= FunctionFrechet I fidl (?f x)

143



have heq:?h = %9 o ?f by(rule ext, auto)
have heq:?h' = 29’ o ?f' by(rule ext, auto)
have fderiv:(?f has-derivative ?f") (at x)
apply (rule has-derivative-vec)
by (auto simp add: svar-deriv axis-def)
have gderiv:(?g has-derivative ?q’) (at (?f ))
using good-interp unfolding is-interp-def by blast
have gfderiv: ((?g o ?f) has-derivative(?g’ o 2f")) (at x)
using fderiv gderiv diff-chain-at by blast
have boring-eq:(\b. Functions I fidl (x i. sterm-sem I (if i = vidl then
trm. Var vidl else Const 0) b)) =
sterm-sem I ($f fidl (Mi. if i = vidl then trm.Var vidl else Const 0))
by (rule ext, auto)
have (?h has-derivative ?h") (at x) using gfderiv heq heq' by auto
then show (sterm-sem I ($f fid1 (X\i. if i = vidl then trm.Var vidl else
Const 0)) has-derivative
(M. (THE f'. Y z. (Functions I fidl has-derivative f' z) (at x)) (x i. sterm-sem I
(if i = vid1 then trm.Var vidl else Const 0) x)
(x i. frechet I (if i = vidl then trm.Var vidl else Const 0) z v’)))
(at z)
using boring-eq by auto
qed
done
proof —
have the-thing:continuous-on (UNIV::('sz Rvec set))
(\b.
blinfun-vec
(Xi. if i = vid1 then blin-frechet (good-interp I) (simple-term ($f fidl (\i.
if i = vidl1 then trm.Var vidl else Const 0))) b
else Blinfun (A-. 0)))
apply(rule continuous-blinfun-vec’)
subgoal for ¢
apply(cases i = vid1)
apply(auto)
using frechet-continuous|OF good-interp freef1] by (auto simp add:
continuous-on-const)
done
have another-cont:continuous-on (UNIV)
(Az.
blinfun-vec
(Xi. if i = vidl then blin-frechet (good-interp I) (simple-term ($f fidl (\i.
if © = vid1 then trm.Var vidl else Const 0))) (snd x)
else Blinfun (A-. 0)))
apply(rule continuous-on-compose2|of UNIV (Ab. blinfun-vec
(Xi. if i = vid1 then blin-frechet (good-interp I) (simple-term ($f fid1 (\i.
if © = vid1 then trm.Var vidl else Const 0))) b
else Blinfun (A-. 0)))])
apply(rule the-thing)
by (auto intro!: continuous-intros)
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have ext:(Az. case x of
(t, b) =
blinfun-vec
(Xi. if i = vidl then blin-frechet (good-interp I) (simple-term ($f fidl (\i.
if © = vid1 then trm.Var vidl else Const 0))) b
else Blinfun (A-. 0))) =(\x.
blinfun-vec
(Xi. if i = vid1 then blin-frechet (good-interp I) (simple-term ($f fidl (\i.
if © = vidl then trm.Var vidl else Const 0))) (snd z)
else Blinfun (A-. 0))) apply(rule ext, auto)
by (metis snd-conv)
then show continuous-on (UNIV)
(Az. case z of
(t, b) =
blinfun-vec
(Xi. if i = vidl then blin-frechet (good-interp I) (simple-term ($f fidl (\i.
if © = vidl1 then trm.Var vidl else Const 0))) b
else Blinfun (A-. 0)))
using another-cont
by (simp add: another-cont local.ext)
qed
have old-continuous: Az. x € UNIV = continuous-on UNIV (At. x i. if i =
vid1 then sterm-sem I (f1 fidl vidl) x else 0)
by (rule continuous-on-const)
interpret [l-old: ll-on-open-it UNIV ?zode ?zconstraint 0
apply (standard)
subgoal by auto
prefer 3 subgoal by auto
prefer 3 subgoal by auto
apply(rule old-lipschitz)
by (rule old-continuous)
let 2wl = (ll-old.existence-ivl 0 (sol 0))
let ?flow = ll-old.flow 0 (sol 0)
have tclosed:{0..t} = {0——t} using t real-Icc-closed-segment by auto
have (sol solves-ode (Aa b. x i. if i = vidl then sterm-sem I (f1 fid1 vid1) b
else 0)) {0..t} UNIV
apply(rule solves-ode-supset-range)
apply(rule sol)
by auto
then have sol’:(sol solves-ode (Aa b. x i. if i = vidl then sterm-sem I (f1 fid1
vid1) b else 0)) {0——t} UNIV
using tclosed by auto
have sub:{0——t} C ll-old.existence-ivl 0 (sol 0)
apply(rule ll-old.closed-segment-subset-existence-ivl)
apply(rule ll-old.existence-ivl-mazimal-segment)
apply(rule sol’)
apply (rule refl)
by auto
have usol-old:(?flow wusolves-ode ?zode from 0) %ivl UNIV
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by (rule ll-old.flow-usolves-ode, auto)
have sol-old:(ll-old.flow 0 (sol 0) solves-ode ?zode) ?ivl UNIV
by (rule ll-old.flow-solves-ode, auto)
have another-sub:\s. s € {0..t} = {s——0} C {0..t}
unfolding closed-segment-def
apply auto
by (metis diff-0-right diff-left-mono mult.commute mult-left-le order.trans)
have sol-eq-flow: \s. s € {0..t} = sol s = ?flow s
using usol-old apply simp
apply (drule usolves-odeD(4))
apply auto
subgoal for s x
proof —
assume zs0:x € {s——0}
assume s0:0 < sand st: s < ¢
have {s——0} C {0..t} using another-sublof s| s0 st by auto
then have z € {0..t} using zs0 by auto
then have z € {0——t} using tclosed by auto
then show z € [i-old.existence-ivl 0 (sol 0)
using sub by auto
qged
apply(rule solves-ode-subset)
using sol’ apply auto[1]
subgoal for s
proof —
assume s0:0 < s and st:s < ¢
show {s——0} C {0——t}
using tclosed unfolding closed-segment using s0 st
using another-sub intervalEl by blast
qed
done
have sol-deriv-orig:\s. s€ ?ivl = (?flow has-derivative (A\za. za *g (x i. if i
= vidl then sterm-sem I (f1 fidl vidl) (?flow s) else 0))) (at s within ?ivl)
using sol-old apply simp
apply(drule solves-odeD(1))
by (auto simp add: has-vderiv-on-def has-vector-derivative-def)
have sol-eta:(A\t. x i. flow t $ i) = ?flow by(rule ext, rule vec-extensionality,
auto)
have sol-deriv-eq1:\s i. (Aza. za xg (x i. if i = vidl then sterm-sem I (f1 fidl
vid1) (?flow s) else 0)) = (Aza. x i. za * (if ¢ = vidl then sterm-sem I (f1 fid1
vid1) (?flow s) else 0))
by (rule ext, rule vec-extensionality, auto)
have sol-deriv-proj: \s i. s€ 2ivl = ((At. ?flow t $ i) has-derivative (Aza. (za
xp (x 1. if ¢ = vidl then sterm-sem I (f1 fidl vidl) (?flow s) else 0)) $ ©)) (at s
within %ivl)
subgoal for s i
apply(rule has-derivative-projlof (A i t. 2flow t $ ¢) (N it'. (¢t' *p (x i. if i
= vidl then sterm-sem I (f1 fidl vid1) (?flow s) else 0)) $ i) (at s within %ivl) 7))
using sol-deriv-orig[of s] sol-eta sol-deriv-eql by auto
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done
have sol-deriv-eq2:\s i. (Aza. za * (if i = vid1 then sterm-sem I (f1 fid1 vidl)
(?flow s) else 0)) = (Aza. (za xg (x i. if i = vidI then sterm-sem I (f1 fidl vid1)
(?flow s) else 0)) $ 1)
by (rule ext, auto)
have sol-deriv-proj: \s i. s€ 2ivl = ((At. ?flow t $ ) has-derivative (Aza. za
* (if i = vidl then sterm-sem I (f1 fidl vid1l) (?flow s) else 0))) (at s within %ivl)
subgoal for s i using sol-deriv-proj[of s i] sol-deriv-eq2[of i s| by metis done

have sol-deriv-proj-vidl:\s. s€?ivl = ((At. ?flow t $ vidl) has-derivative
(Aza. za * (sterm-sem I (f1 fidl vid1l) (?flow s)))) (at s within %ivl)
subgoal for s
using sol-deriv-proj’[of s vidl] by auto done
have derivi-args:\s. s € ?ivl = (A t. (x 4. sterm-sem I (if i = vidl then
trm. Var vidl else Const 0) (?flow t))) has-derivative (A t'. x i . t' * (if i = vidl
then sterm-sem I (f1 fidl vid1l) (?flow s) else 0)))) (at s within ?ivl)
apply(rule has-derivative-vec)
by (auto simp add: sol-deriv-proj-vidl)
have con-fid: \fid. continuous-on ?ivl (Az. sterm-sem I (f1 fid vid1) (?flow x))
subgoal for fid
apply (rule has-derivative-continuous-on|of ?ivl (Az. sterm-sem I (f1 fid vid1)
(?flow x))
(At t'. FunctionFrechet I fid (x i. sterm-sem I (if i = vidl then trm.Var
vid1 else Const 0) (?flow t)) (x @ . t’* (if i = vidl then sterm-sem I (f1 fidl vidl)
(?flow t) else 0)))])
proof —
fix s
assume wl:s € vl
let ?h = (Az. sterm-sem I (f1 fid vid1) (?flow z))
let ?g = Functions I fid
let ?2f = (Az. (x i. sterm-sem I (if i = vidI then trm.Var vidl else Const 0)
(?flow x)))
let ?n' = (At’. FunctionFrechet I fid (x i. sterm-sem I (if i = wvidl then
trm. Var vidl else Const 0) (?flow s))
(x i. t' = (if i = vid1 then sterm-sem I (f1 fidl vid1) (?flow s) else 0)))
let 29’ = FunctionFrechet I fid (?f s)
let 7' = (At xi.t' * (if i = vidl then sterm-sem I (fI fidl vid1) (?flow
s) else 0))
have heq:?h = ?g o ?f unfolding comp-def f1-def expand-singleton by auto
have heq’:?h' = ?¢g’ o ?f’ unfolding comp-def by auto
have fderiv:(?f has-derivative ?f") (at s within %ivl)
using derivi-args|OF wl] by auto
have gderiv:(?g has-derivative 2q’) (at (2f s) within (2f < %ivl))
using good-interp unfolding is-interp-def
using has-derivative-subset by blast
have gfderiv:((?g o ?f) has-derivative (%9’ o 2f")) (at s within %ivl)
using fderiv gderiv diff-chain-within by blast
show ((Az. sterm-sem I (f1 fid vid1) (?flow z)) has-derivative
(At". FunctionFrechet I fid (x i. sterm-sem I (if i = vidl then trm.Var vid!
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else Const 0) (?flow s))
(x i. t’* (if i = vid1 then sterm-sem I (f1 fidl vid1) (?flow s) else 0))))
(at s within %ivl)
using heq heq’ gfderiv by auto
qed
done
have con:A\z. continuous-on (?ivl) (At. z * sterm-sem I (f1 fid2 vid1) (?flow
t) + sterm-sem I (f1 fid3 vid1l) (?flow t))
apply (rule continuous-on-add)
apply(rule continuous-on-mult-left)
apply (rule con-fid]of fid2])
by (rule con-fid[of fid3])
let 2azis = (X 4. Blinfun(axis 7))
have bounded-linear-deriv: \t. bounded-linear (\y’ . y' *xg sterm-sem I (f1 fid2
vid1) (ll-old.flow 0 (sol 0) t))
using bounded-linear-scaleR-left by blast
have [i:local-lipschitz (1l-old.existence-ivl 0 (sol 0)) UNIV (Aty. y % sterm-sem
I (f1 fid2 vidl) (?flow t) + sterm-sem I (f1 fid3 vid1) (?flow t))
apply(rule cI-implies-local-lipschitz[where f'=(\ (t,y). Blinfun(Ay’ . y’ *g
sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol 0) t)))])
apply auto
subgoal for ¢ z
apply(rule has-derivative-add-const)
proof —
have deriv:((Az. z * sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol 0) t))
has-derivative (Ax. x x sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol 0) t))) (at )
by (auto intro: derivative-eq-intros)
have eq:(A\z. x * sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol 0) t)) =
blinfun-apply (Blinfun (A\y'. y' x sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol
)
apply (rule ext)
using bounded-linear-deriv[of t| by (auto simp add: bounded-linear-Blinfun-apply)
show ((Az. z * sterm-sem I (f1 fid2 vid1l) (ll-old.flow 0 (sol 0) t))
has-derivative
blinfun-apply (Blinfun (\y'. y' % sterm-sem I (f1 fid2 vid1) (ll-old.flow
0 (sol 0) t))))
(at ) using deriv eq by auto
qed
apply(auto intro: continuous-intros simp add: split-beta’)
proof —
have bounded-linear: \z. bounded-linear (Ay'. y’ x sterm-sem I (f1 fid2 vid1)
z)

by (simp add: bounded-linear-mult-left)
have eq:(Az. Blinfun (Ay’. y' * sterm-sem I (f1 fid2 vid1) z)) = (Az. (sterm-sem
I (f1 fid2 vid1) z) xR id-blinfun)
apply(rule ext, rule blinfun-eql)
subgoal for z ¢
using bounded-linear|of z] apply (auto simp add: bounded-linear-Blinfun-apply)
by (simp add: blinfun.scaleR-left)
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done
have conFlow:continuous-on (ll-old.existence-ivl 0 (sol 0)) (li-old.flow 0 (sol

0))
using ll-old.general.flow-continuous-on by blast
have conF':continuous-on (ll-old.flow 0 (sol 0) ‘ll-old.existence-ivl 0 (sol 0))

(Az. (sterm-sem I (f1 fid2 vidl) z) *p id-blinfun)
apply(rule continuous-on-scaleR)
apply(auto intro: continuous-intros)
apply(rule sterm-continuous’)
apply(rule good-interp)
by (auto simp add: f1-def intro: dfree.intros)
have conF:continuous-on (ll-old.flow 0 (sol 0) *ll-old.existence-ivl 0 (sol 0))

(Az. Blinfun (Ay'. y' * sterm-sem I (f1 fid2 vid1) z))
apply(rule continuous-on-compose2[of UNIV (Az. Blinfun (Ay'. y’ * x))
(l-old.flow 0 (sol 0) ll-old.existence-ivl 0 (sol 0)) sterm-sem I (f1 fid2 vidl1)])
subgoal by (metis blinfun-mult-left.abs-eq bounded-linear-blinfun-mult-left
continuous-on-eq linear-continuous-on)
apply(rule sterm-continuous’)
apply(rule good-interp)
by (auto simp add: f1-def intro: dfree.intros)
show continuous-on (ll-old.existence-ivl 0 (sol 0) x UNIV') (Az. Blinfun (Ay'.
y' * sterm-sem I (f1 fid2 vidl) (ll-old.flow 0 (sol 0) (fst z))))
apply (rule continuous-on-compose2|of ll-old.existence-ivl 0 (sol 0) (Ax. Blin-
fun (Ay’. y' * sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol 0) x))) (ll-old.existence-ivl
0 (sol 0) x UNIV) fst])
apply (rule continuous-on-compose2[of (ll-old.flow 0 (sol 0) *ll-old.existence-ivl
0 (sol 0)) (Az. Blinfun (A\y’. y’ * sterm-sem I (f1 fid2 vidl) z))
(ll-old.existence-ivl 0 (sol 0)) (ll-old.flow 0 (sol 0))])
using conF conFlow by (auto introl: continuous-intros)
qed
let %ivl = ll-old.existence-ivl 0 (sol 0)
— Construct solution to ODE for 3’ here:
let ?yode = (At y. y * sterm-sem I (f1 fid2 vidl) (?flow t) + sterm-sem I (f1
fid3 vid1) (?flow t))
let 2ysol0 = r
interpret ll-new: ll-on-open-it ?ivl ?yode UNIV 0
apply(standard)
apply(auto)
apply(rule ll)
by (rule con)
have sol-new:(ll-new.flow 0 r solves-ode ?yode) (ll-new.existence-ivl 0 r) UNIV
by (rule ll-new.flow-solves-ode, auto)
have more-lipschitz: \tm tM. tm € ll-old.existence-ivl 0 (sol 0) =
tM € ll-old.existence-ivl 0 (sol 0) =
AM L. Vite{tm.tM}. Yz |x * sterm-sem I (f1 fid2 vidl) (?flow t) +
sterm-sem I (f1 fid3 vid1) (?flow t)| < M + L * |z]
proof —
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fix tm tM
assume tm:tm € ll-old.existence-ivl 0 (sol 0)
assume tM:tM € ll-old.ezistence-ivl 0 (sol 0)
let 2f2 = (At. sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol 0) t))
let 2f3 = (At. sterm-sem I (f1 fid3 vid1) (ll-old.flow 0 (sol 0) t))
let ZboundLP = (ALt . (tm <t At < tM — |?f2¢| < L))
let ?boundL = (SOME L. (Vt. ?boundLP L t))
have compactT:compact {tm..tM} by auto
have sub:{tm..tM} C ll-old.existence-ivl 0 (sol 0)
by (metis atLeastatMost-empty-iff empty-subsetl ll-old.general.segment-subset-existence-ivl
real-Icc-closed-segment tM tm)
let ?f2abs = (Az. abs(?f2 x))
have neg-compact: \S::real set. compact S = compact ((Az. —z) * S)
by (rule compact-continuous-image, auto intro: continuous-intros)
have compactf2:compact (2f2 ¢ {tm..tM})
apply(rule compact-continuous-image)
apply(rule continuous-on-compose2[of UNIV sterm-sem I (f1 fid2 vidl)
{tm..tM} l-old.flow 0 (sol 0)))
apply(rule sterm-continuous)
apply(rule good-interp)
subgoal by (auto intro: dfree.intros simp add: f1-def)
apply(rule continuous-on-subset)
prefer 2 apply (rule sub)
subgoal using [l-old.general.flow-continuous-on by blast
by auto
then have boundedf2:bounded (2f2 ¢ {tm..tM}) using compact-imp-bounded
by auto
then have boundedf2neg:bounded ((Az. —x) ¢ 2f2 ¢ {tm..tM}) using com-
pact-imp-bounded neg-compact by auto
then have bdd-above-f2neg:bdd-above (Az. —z) ¢ 2f2 “ {tm..tM}) by (rule
bounded-imp-bdd-above)
then have bdd-above-f2:bdd-above ( 2f2 ‘{tm..tM}) using bounded-imp-bdd-above
boundedf?2 by auto
have bdd-above-f2-abs:bdd-above (abs ¢ 22 < {tm..tM})
using bdd-above-f2neg bdd-above-f2 unfolding bdd-above-def
apply auto
subgoal for M1 M2
apply(rule exI[where z=maz M1 M2])
by fastforce
done
then have theBound:3 L. (Yt. ?boundLP L t)
unfolding bdd-above-def norm-conv-dist
by (auto simp add: Ball-def Bez-def norm-conv-dist image-iff norm-bcontfun-def
dist-blinfun-def)
then have boundLP:Vt. ?boundLP (?boundL) t using somel[of (A L. Vt.
?boundLP L t)] by blast
let ZboundMP = (AM ¢. (tm < t At < tM — |9f3 ¢| < M))
let ZboundM = (SOME M. (Vt. ?boundMP M t))
have compactf3:compact (2f3 ¢ {tm..tM})
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apply(rule compact-continuous-image)
apply(rule continuous-on-compose2[of UNIV sterm-sem I (f1 fid3 vid1)
{tm..tM} ll-old.flow 0 (sol 0)])
apply(rule sterm-continuous)
apply(rule good-interp)
subgoal by (auto intro: dfree.intros simp add: f1-def)
apply(rule continuous-on-subset)
prefer 2 apply (rule sub)
subgoal using [l-old.general.flow-continuous-on by blast
by auto
then have boundedf3:bounded (2f3 ¢ {tm..tM}) using compact-imp-bounded
by auto
then have boundedf3neg:bounded ((A\z. —x) ¢ 2f3 * {tm..tM}) using com-
pact-imp-bounded neg-compact by auto
then have bdd-above-f3neg:bdd-above (Ax. —z) ¢ 2f3 “ {tm..tM}) by (rule
bounded-imp-bdd-above)
then have bdd-above-f3:bdd-above ( 2f3 ‘{tm..tM}) using bounded-imp-bdd-above
boundedf3 by auto
have bdd-above-f3-abs:bdd-above (abs * 2f8 < {tm..tM})
using bdd-above-f3neg bdd-above-f3 unfolding bdd-above-def
apply auto
subgoal for M1 M2
apply(rule exI[where z=maz M1 M2])
by fastforce
done
then have theBound:3 L. (Vt. ZboundMP L t)
unfolding bdd-above-def norm-conv-dist
by (auto simp add: Ball-def Bez-def norm-conv-dist image-iff norm-bcontfun-def
dist-blinfun-def)
then have boundMP:V t. ?boundMP (?boundM) t using somel[of (A M.V t.
ZboundMP M t)] by blast
show IM L. Vie{tm..tM}. V. |z * /2t + 93¢ < M + L * |z
apply(rule exl[where z=?boundM])
apply(rule exl[where z=?boundL])
apply auto
proof —
fix t and z :: real
assume ttm:tm < t
assume tM:t < tM
from ttm ttM have ttmM:tm < t A t < tM by auto
have leqf3:|7f3 t| < ?boundM using boundMP ttmM by auto
have leqf2:|?f2 t| < ?boundL using boundLP ttmM by auto
have g¢r0: |z| > 0 by auto
have leqf2z:|7f2 t| = |z| < ZboundL * |z| using gr0 leqf2
by (metis (no-types, lifting) real-scaleR-def scaleR-right-mono)
have |z x 22t + 2f3 t] < |z| * |22 | + |9/3 ¢
proof —
have f1: Ar ra. |r:real| * |ra| = |r % ral
by (metis norm-scaleR real-norm-def real-scaleR-def)
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have Ar ra. |(r::real) + ra| < |r| + |ra|
by (metis norm-triangle-ineq real-norm-def)
then show ?thesis
using fI by presburger
qed
moreover have ... = |2f3 t| + |2f2 t| % |z]
by auto
moreover have ... < ?boundM + |?2f2 t| * |z
using leqf3 by linarith
moreover have ... < ?boundM + ?boundL * |x|
using leqf2z by linarith
ultimately show |z x 22t + 2f3 t| < ZboundM + ?boundL x |z|
by linarith
qed
qed
have ivls-eq:(ll-new.existence-ivl 0 r) = (ll-old.existence-ivl 0 (sol 0))
apply(rule ll-new.existence-ivl-eq-domain)
apply auto
apply (rule more-lipschitz)
by auto
have sub:{0——t} C ll-new.existence-ivl 0 r
using sub wis-eq by auto
have sol-new”:(ll-new.flow 0 r solves-ode ?yode) {0——t} UNIV
by (rule solves-ode-subset, rule sol-new, rule sub’)
let ?soly = ll-new.flow 0 r
let ?sol’ = (At. x 4. if i = vid2 then ?soly t else sol t $ 1)
let 2aaba’ = mk-v I (OProd (OSing vidl ($f fidl (Ai. if i = vidl then trm.Var
vid1 else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ni. if i = vidl then trm. Var vidl
else Const 0)) (trm.Var vid2))
($f fid3 (Ni. if i = vidl then trm.Var vidl else Const
0)))))

(x y. if vid2 = y then r else fst (a, b) $ y, b)
(2s0l’ 1)
have duh:(fst ?aaba’, snd ?aaba’) = ?aaba’ by auto
note bigEx = spec|OF spec[OF bigAll, where z=fst ?aaba’], where z=snd
?aaba’)
have sol-deriv:\s. s € {0..t} = (sol has-derivative (A\za. za xg (x . if i =
vid1 then sterm-sem I (f1 fidl vid1) (sol s) else 0))) (at s within {0..t})
using sol apply simp
by (drule solves-odeD(1), auto simp add: has-vderiv-on-def has-vector-derivative-def)
have silly-eq1:(\t. x 4. sol t $ i) = sol
by (rule ext, rule vec-extensionality, auto)
have silly-eq2: \s. (Aza. x i. (za *g (x ©. if { = vidI then sterm-sem I (f1 fid!
vid1) (sol s) else 0)) $ ©) = (Aza. za *r (x i. if { = vidl then sterm-sem I (f1 fidl
vid1) (sol s) else 0))
by (rule ext, rule vec-extensionality, auto)
have sol-proj-deriv:\s i. s € {0..t} = (A t. sol t $ i) has-derivative (Aza.
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(za xr (x i. if i = vidl then sterm-sem I (f1 fidl vid1) (sol s) else 0)) $ 7)) (at s
within {0..t})
subgoal for s 7
apply(rule has-derivative-proy)
using sol-deriv|of s| silly-eql silly-eq2[of s] by auto
done
have sol-proj-deriv-vid1:\s. s € {0..t} = ((A t. sol t $ vidl) has-derivative
(Aza. za * sterm-sem I (f1 fidl vid1) (sol s))) (at s within {0..t})
subgoal for s using sol-proj-deriv|of s vidl] by auto done
have sol-proj-deriv-other:\s i. s € {0..t} = i # vidl = (A t. sol t $ ©)
has-derivative (Aza. 0)) (at s within {0..t})
subgoal for s i using sol-proj-deriv[of s i| by auto done
have fact:\z. © €{0..t} =
(ll-new.flow 0 r has-derivative
(Aza. za xg (ll-new.flow 0 r x * sterm-sem I (f1 fid2 vid1) (ll-old.flow 0 (sol
0) ) +
sterm-sem I (f1 fid3 vid1) (ll-old.flow 0 (sol 0) xz))))
(at © within {0 .. t})
using sol-new’ apply simp
apply(drule solves-odeD(1))
using tclosed unfolding has-vderiv-on-def has-vector-derivative-def by auto
have new-sol-deriv:\s. s € {0..t} = (ll-new.flow 0 r has-derivative
(Aza. za xg (ll-new.flow 0 v s x sterm-sem I (f1 fid2 vid1) (sol s) + sterm-sem
I (f1 fid3 vid1) (sol s))))
(at s within {0.. t})
subgoal for s
using fact[of s] tclosed sol-eq-flow[of s] by auto
done
have sterm-agree:\s. Vagree (x i. if i = vid2 then ll-new.flow 0 r s else sol s
$ 4, undefined) (sol s, undefined) {Inl vid1}
subgoal for s unfolding Vagree-def using vnel2 by auto done
have FVF:(FVT (f1 fid2 vid1)) = {Inl vid1} unfolding fI-def expand-singleton
apply auto subgoal for z za by (cases xa = vidl, auto) done
have FVF2:(FVT (f1 fid3 vid1)) = {Inl vid1 } unfolding fI-def expand-singleton
apply auto subgoal for z za by (cases xa = vid1, auto) done
have sterm-agree-FVF:\s. Vagree (x i. if i = vid2 then ll-new.flow 0 r s else
sol s $ i, undefined) (sol s, undefined) (FVT (f1 fid2 vid1))
using sterm-agree FVF by auto
have sterm-agree-FVF2:\s. Vagree (x i. if i = vid2 then ll-new.flow 0 r s else
sol s $ i, undefined) (sol s, undefined) (FVT (f1 fid3 vid1))
using sterm-agree FVF2 by auto
have y-component-sem-eq2:\s. sterm-sem I (f1 fid2 vid1l) (x i. if i = vid2
then ll-new.flow 0 r s else sol s $ )
= sterm-sem I (f1 fid2 vidl) (sol s)
using coincidence-sterm|[OF sterm-agree-F'VF | of I] by auto
have y-component-sem-eq3:\s. sterm-sem I (f1 fid3 vid1l) (x i. if i = vid2
then ll-new.flow 0 r s else sol s $ )
= sterm-sem I (f1 fid3 vidl) (sol s)
using coincidence-sterm|[OF sterm-agree-FVF2, of I] by auto
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have y-component-ode-eq:\s. s € {0..t} =
(Aza. za * (ll-new.flow 0 r s x sterm-sem I (f1 fid2 vid1) (sol s) + sterm-sem
I (f1 fid3 vidl) (sol s)))
= (Aza. za x (sterm-sem I (fI fid2 vidl) (x 4. if i = vid2 then ll-new.flow 0 r
s else sol s $ @) * ll-new.flow 0 r s +
sterm-sem I (f1 fid3 vid1) (x 4. if i = vid2 then ll-new.flow 0 r s else
sol s $ 1))
subgoal for s
apply(rule ext)
subgoal for za
using y-component-sem-eq2 y-component-sem-eq3 by auto
done
done
have agree-vid1:\s. Vagree (sol s, undefined) (x i. if i = vid2 then ll-new.flow
0 r s else sol s $ i, undefined) {Inl vid1}
unfolding Vagree-def using vnei2 by auto
have FVT-vid1:FVT(f1 fidl vidl) = {Inl vid1} apply(auto simp add: f1-def)
subgoal for z za apply(cases za = vidl) by auto done
have agree-vid1-FVT:\s. Vagree (sol s, undefined) (x i. if i = vid2 then
l-new.flow 0 r s else sol s $ i, undefined) (FVT (f1 fidl vidl))
using FVT-vidl agree-vidl by auto
have sterm-eq-vid1:\s. sterm-sem I (f1 fidl vid1) (sol s) = sterm-sem I (f1
fid1 vid1) (x i. if © = vid2 then ll-new.flow 0 r s else sol s $ 1)
subgoal for s
using coincidence-sterm|[OF agree-vid1-FVT|of s|, of I] by auto
done
have vid1-deriv-eq: \s. (Aza. za * sterm-sem I (f1 fidl vidl) (sol s)) =
(Aza. za x sterm-sem I (f1 fid1l vid1) (x i. if i = vid2 then l-new.flow 0 r s
else sol s § 7))
subgoal for s
apply(rule ext)
subgoal for z’
using sterm-eq-vid1[of s] by auto
done done
have inner-deriv: \s. s € {0..t} =
((At. x 1. if i = vid2 then ll-new.flow 0 7 t else sol t $ i) has-derivative (Aza. (x
i. za * (if i = vid1 then sterm-sem I (f1 fidl vid1) (x ©. if i = vid2 then ll-new.flow
0 r s else sol s $ i) else
if © = vid2 then sterm-sem I (Plus (Times (f1
fid2 vid1) (trm.Var vid2)) (f1 fid3 vid1)) (x i. if ¢ = vid2 then ll-new.flow 0 r s
else sol s § 1) else 0))))
(at s within {0..t})
subgoal for s
apply(rule has-derivative-vec)
subgoal for i
apply(cases i = vid2)
subgoal
using vnel?2
using new-sol-deriv[of s|
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using y-component-ode-eq by auto
subgoal
apply(cases i = vidl)
using sol-proj-deriv-vidI [of s] vid1-deriv-eq|of s] sol-proj-deriv-other|of
s i] by auto
done
done
done
have deriv-eta:\s. (Aza. za xg ((x 4. if i = vidl then sterm-sem I (f1 fidl
vidl) (x i. if ¢ = vid2 then ll-new.flow 0 r s else sol s $ i) else 0) +
(x 4. if i = vid2
then sterm-sem I (Plus (Times (f1 fid2 vid1) (trm.Var vid2)) (f1
fid3 vid1))
(x i. if i = vid2 then ll-new.flow 0 r s else sol s $ 7)
else 0)))
= (A\za. (x i. za x (if i = vidl then sterm-sem I (f1 fidl vid1) (x
i. if i = vid2 then ll-new.flow 0 r s else sol s $ ©) else
if © = vid2 then sterm-sem I (Plus (Times (f1
fid2 vid1) (trm.Var vid2)) (f1 fid3 vid1)) (x i. if ¢ = vid2 then ll-new.flow 0 r s
else sol s $ 1) else 0)))
subgoal for s
apply(rule ext)
apply(rule vec-extensionality)
using vnel2 by auto
done
have sol’-deriv:A\s. s € {0..t} =
(Nt x i. if i = vid2 then ll-new.flow 0 r t else sol t $ i) has-derivative
(Aza. za *r ((x i. if i = vidl then sterm-sem I (fI fidl vid1) (x i. if i = vid2
then ll-new.flow 0 r s else sol s $ i) else 0) +
(x 4. if i = vid2
then sterm-sem I (Plus (Times (f1 fid2 vidl) (trm.Var vid2))
(f1 fid3 vid1))
(x i. if i = vid2 then ll-new.flow 0 1 s else sol s $ 1)
else 0))))
(at s within {0..t})
subgoal for s
using inner-deriv]of s| deriv-etalof s] by auto done
have FVT:\i. FVT (if i = vidl then trm.Var vidl else Const 0) C {Inl vid1}
by auto
have agree:\s. Vagree (mk-v I (OSing vidl ($f fidl (Xi. if i = vidl then
trm. Var vid1 else Const 0))) (a, b) (sol s)) (mk-v I (OProd (OSing vidl ($f fidl
(Ai. if i = vidl then trm.Var vidl else Const 0)))
(0Sing vid2
(Plus (Times ($f fid2 (Ai. if i = vid1 then trm.Var vidl else Const
0)) (trm.Var vid2))
(81 fids (Ni. if i = vid1 then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then r else fst (a, b) $ y, b) (x i. if { = vid2 then
l-new.flow 0 r s else sol s $ 1)) {Inl vidl}
subgoal for s
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using mk-v-agree [of I (OSing vid1 ($f fidl (A\i. if i = vid1 then trm.Var
vid1 else Const 0))) (a, b) (sol s)]
using mk-v-agree [of I (OProd (OSing vid1l ($f fid1 (N\i. if i = vidl then
trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vid1 then trm.Var vidl else Const
0)) (trm.Var vid2))
($f fid3 (\i. if ¢ = vidl then trm.Var vidl else Const 0))))) (x
y. if vid2 = y then r else fst (a, b) $ y, b) (x i. if i = vid2 then ll-new.flow 0 r s
else sol s $ 7)]
unfolding Vagree-def using vnel2 by simp
done
have agree”:\s i. Vagree (mk-v I (OSing vid1 ($f fidl (N\i. if i = vidl then
trm. Var vidl else Const 0))) (a, b) (sol s)) (mk-v I (OProd (OSing vidl ($f fidl
(Ai. if i = vid1 then trm.Var vidl else Const 0)))
(0Sing vid2
(Plus (Times ($f fid2 (Ai. if i = vid1 then trm.Var vidl else Const
0)) (trm.Var vid2))
(8f fid3 (Ni. if i = vid1 then trm. Var vidl else Const 0)))))
(x y. if vid2 = y then r else fst (a, b) $ y, b) (x i. if { = vid2 then
l-new.flow 0 r s else sol s $ ©)) (FVT (if i = vidl then trm.Var vidl else Const

0))
subgoal for s i using agree-sub|OF FVT|of i] agree|[of s]] by auto done
have safe:\i. dsafe (if i = vidl then trm.Var vidl else Const 0) subgoal for
i apply(cases i = vidl, auto) done done
have dterm-sem-eq:\s i. dterm-sem I (if i = vidl then trm. Var vidl else Const
0) (mk-v I (OSing vidl ($f fidl (\i. if ¢ = vidl then trm.Var vidl else Const 0)))
(a, b) (sol s))
= dterm-sem I (if { = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (Xi. if i = vidI then trm.Var vidl else
Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Ai. if i = vid1 then trm.Var vidl else Const
0)) (trm.Var vid2))
(8f fid3 (Ni. if i = vid1 then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then r else fst (a, b) $ y, b) (x i. if i = vid2 then
ll-new.flow 0 7 s else sol s $ 1))
subgoal for s i using coincidence-dterm|[OF safe|of i| agree’[of s i], of I| by
auto done
have dterm-vec-eq: \s. (x . dterm-sem I (if i = vidl then trm.Var vidl else
Const 0) (mk-v I (OSing vid1 ($f fidl (\i. if ¢ = vid1 then trm. Var vidl else Const
0))) (a, b) (sol )
= (x 4. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (Ni. if i = vid1 then trm.Var vidl else
Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Xi. if i = vid1 then trm.Var vidl else Const
0)) (trm.Var vid2))
(8f fid3 (Ni. if i = vid1 then trm.Var vidl else Const 0)))))
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(x y. if vid2 = y then r else fst (a, b) $ y, b) (x i. if i = vid2 then
l-new.flow 0 r s else sol s $ 7)))
subgoal for s
apply (rule vec-extensionality)
subgoal for i using dterm-sem-eq[of i s] by auto
done done
have pred-same:\s. s € {0..t} = Predicates I vidl
(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OSing vidl ($f fid1 (\i. if i = vidl then trm.Var vidl else
Const 0))) (a, b) (sol s))) =
Predicates I vidl
(x 1. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vid1 ($f fidl (Ai. if i = vidl then trm.Var vidl else
Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vidl then trm.Var vidl else Const
0)) (trm.Var vid2))
(8f fid3 (Ni. if i = vid1 then trm. Var vidl else Const 0)))))
(x y. if vid2 = y then r else fst (a, b) $ y, b) (x i. if i = vid2 then
l-new.flow 0 r s else sol s $ 7))
subgoal for s using dterm-vec-eq|of s| by auto done
have sol’-domain:\s. 0 < s =
s <t =
Predicates I vidl
(x i. dterm-sem I (if i = vidI then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vid1 ($f fidl (\i. if i = vid1 then trm.Var vidl
else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (N\i. if i = vidl then trm.Var vidl else
Const 0)) (trm.Var vid2))
(81 fid3 (Ni. if i = vidl then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then r else fst (a, b) $ y, b) (x i. if i = vid2
then ll-new.flow 0 r s else sol s $ 7)))
subgoal for s
using sol apply simp
apply(drule solves-odeD(2))
using pred-samelof s] by auto
done
have sol”:(?sol’ solves-ode
(Aa b. (x . if i = vidl then sterm-sem I (f1 fidl vidl) b else 0) +
(x i. if i = vid2 then sterm-sem I (Plus (Times (f1 fid2 vid1) (trm.Var
vid2)) (f1 fid3 vid1)) b else 0)))
{0..t} {z. Predicates I vid1
(x 7. dterm-sem I (if i = vid1 then trm.Var vidl else Const 0)
(mk-v I (OProd (OSing vidl (3f fidl (Ai. if i = vidl then trm.Var
vid1 else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (Mi. if i = vidl then trm.Var vid1
else Const 0)) (trm.Var vid2))
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($f fid3 (Ni. if i = vidl then trm.Var vidl else Const
0)))))
(x y. if vid2 = y then r else fst (a, b) $ y, b) z))}
apply (rule solves-odel)
subgoal
unfolding has-vderiv-on-def has-vector-derivative-def
using sol’-deriv by auto
by (auto, rule sol’-domain, auto)
have set-eq:{y. y = vid2 V y = vidl V y = vid2 V y = vidl V (3z. Inl y €
FVT (if x = vidl then trm.Var vidl else Const 0))} = {vidl, vid2}
by auto
have VSagree (%sol’ 0) (x y. if vid2 = y then r else fst (a, b) $ y) {vid1, vid2}
using VSA unfolding VSagree-def by simp
then have VSA”: VSagree (?sol’ 0) (x y. if vid2 = y then r else fst (a, b) $
0)

{y.y=wvid2 Vy=wvidl Vy=wvid2Vy=widlV (3z. Inly € FVT (if z =
vid1 then trm.Var vidl else Const 0))}
by (auto simp add: set-eq)
have bigPre:(3 sol t. (fst ?aaba’, snd ?aaba’) =
mk-v I (OProd (OSing vidl ($f fidl (Mi. if i = vidl then trm.Var
vid1 else Const 0)))
(OSing vid2
(Plus (Times (3f fid2 (Ai. if i = vidl then trm.Var vid1
else Const 0)) (trm.Var vid2))
($f fid3 (Ni. if i = vidl then trm.Var vidl else Const
0)))))

((x y. if vid2 = y then r else fst (a,b) $ y), b) (sol t) A
0<tA
(sol solves-ode
(Aa b. (x i. if i = vidl then sterm-sem I (f1 fidl vidl) b else 0) +
(x i. if © = vid2 then sterm-sem I (Plus (Times (f1 fid2
vid1) (trm.Var vid2)) (f1 fid3 vid1)) b else 0)))
{0..t} {z. Predicates I vid1
(x i. dterm-sem I (if i = vidl then trm.Var vid1 else
Const 0)
(mk-v I (OProd (OSing vidl ($f fidl (\i. if i =
vid1 then trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times ($f fid2 (N\i. if i = vidl
then trm. Var vidl else Const 0)) (trm.Var vid2))
($f fid3 (\i. if i = vidl then trm.Var
vid1 else Const 0)))))

z))} A

((x y. if vid2 = y then r else (fst (a,b)) $ y), b)

VSagree (sol 0) (x y. if vid2 = y then r else fst (a,b) $ y)
{uwu. uu = vid2 vV

wu = vidl V

uy = vid2 V
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uu = vidl V
Inlwu € Inl * ({z. Jza. Inl x € FVT (if za = vidl then trm.Var
vid1 else Const 0)} U
{z. 2 = vid2 V (3za. Inl x € FVT (if za = vidl
then trm. Var vidl else Const 0))}) V
(Fz. Inl wu € FVT (if = vid1 then trm.Var vidl else Const 0))})
apply(rule exI[where z=72s0l’])
apply(rule ezl[where z=t])
apply(rule conjI)
subgoal by simp
apply(rule conjI)
subgoal by (rule t)
apply(rule conjI)
apply(rule sol’)
using VSA' unfolding VSagree-def by auto
have pred-sem: Predicates I vid2 (x 4. dterm-sem I (if i = vidl then trm.Var
vid1 else Const 0) Zaaba’)
using mp[OF bigEz bigPre] by auto
let 2other-state = (mk-v I (OSing vidl ($f fidl (Xi. if i = vidl then trm.Var
vid1 else Const 0))) (a, b) (sol t))
have agree: Vagree (?aaba’) (Pother-state) {Inl vid1}
using mk-v-agree [of I (OProd (OSing vidl ($f fidl (\i. if i = vidl then
trm. Var vidl else Const 0)))
(OSing vid2
(Plus (Times (8f fid2 (Xi. if i = vidl then trm.Var vidl else Const
0)) (trm.Var vid2))
($f fid3 (Ni. if i = wvidl then trm.Var vidl else Const 0)))))
(x y. if vid2 = y then r else fst (a, b) $ y, b) (%sol’ t)]
using mk-v-agree [of I (OSing vid1l ($f fidl (N\i. if ¢ = vidl then trm.Var
vid1 else Const 0))) (a, b) (sol t)]
unfolding Vagree-def using vnel2 by simp
have sub:\i. FVT (if i = vidl then trm.Var vidl else Const 0) C {Inl vid1}
by auto
have agree”:\i. Vagree (?aaba’) (2other-state) (FVT (if i = vidl then trm.Var
vid1 else Const 0))
subgoal for i using agree-sub|OF sublof i] agree] by auto done
have silly-safe: \i. dsafe (if i = vidl then trm.Var vidl else Const 0)
subgoal for i
apply(cases i = vidl)
by (auto simp add: dsafe-Var dsafe-Const)
done
have dsem-eq:(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
faaba’) =
(x i. dterm-sem I (if i = vidl then trm.Var vidl else Const 0) ?other-state)
apply(rule vec-extensionality)
subgoal for i
using coincidence-dterm|[OF silly-safelof i] agree’[of i], of I] by auto
done
show
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Predicates I vid2
(x 7. dterm-sem I (if i = vidl then trm.Var vidl else Const 0)
(mk-v I (OSing vid1 ($f fid1 (M. if i = vid1 then trm. Var vidl else Const

0))) (a, b) (sol 1))

using pred-sem dsem-eq by auto
qged

done

qed

end end

theory USubst

imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics
Static-Semantics

begin

10 Uniform Substitution Definitions

This section defines substitutions and implements the substitution opera-
tion. Every part of substitution comes in two flavors. The "Nsubst" variant
of each function returns a term/formula/ode/program which (as encoded
in the type system) has less symbols that the input. We use this operation
when substitution into functions and function-like constructs to make it easy
to distinguish identifiers that stand for arguments to functions from other
identifiers. In order to expose a simpler interface, we also have a "subst"
variant which does not delete variables.

Naive substitution without side conditions would not always be sound. The
various admissibility predicates *admit describe conditions under which the
various substitution operations are sound.

Explicit data structure for substitutions.

The RHS of a function or predicate substitution is a term or formula with
extra variables, which are used to refer to arguments.

record (a, 'b, 'c) subst =

SFunctions w'a— ('a+ 'c, ') trm
SPredicates 2 e = (a4 ‘e, 'b, ') formula
SContexts ' — (‘a, 'b + unit, 'c) formula
SPrograms = 'c— (a, 'b, 'c) hp

SODEs 2 '¢c = (Ya, 'c) ODE

context ids begin
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definition NTUadmit :: ('d = (‘a, 'c) trm) = (‘a + 'd, 'c) trm = ('c + 'c) set
= bool
where NTUadmit o & U +— (U ¢ € {i. Inr i € SIGT ¥}. FVT (0 i)) N U) =

{

inductive TadmitFFO :: ('d = (‘a, 'c) trm) = (‘a + 'd, 'c) trm = bool
where

TadmitFFO-Diff: TadmitFFO o ¢ = NTUadmit o 9 UNIV = TadmitFFO o
(Differential 1)
| TadmitFFO-Funl:(\i. TadmitFFO o (args 1)) = TadmitFFO o (Function (Inl
[) args)
| TadmitFFO-Fun2:(\i. TadmitFFO o (args ©)) = dfree (0 f) = TadmitFFO
o (Function (Inr f) args)
| TadmitFFO-Plus: TadmitFFO o 91 = TadmitFFO o 92 = TadmitFFO o
(Plus 91 92)
| TadmitFFO-Times: TadmitFFO ¢ ¥1 = TadmitFFO o 92 = TadmitFFO o
(Times 91 92)
| TadmitFFO-Var: TadmitFFO o (Var x)
| TadmitFFO-Const: TadmitFFO o (Const r)

inductive-simps

TadmitFFO-Diff-simps[simpl: TadmitFFO o (Differential 1)
and TadmitF'FO-Fun-simps[simp): TadmitFFO o (Function f args)
and TadmitFFO-Plus-simps|[simp]: TadmitFFO o (Plus t1 t2)
and TadmitFFO-Times-simps[simp|: TadmitFFO o (Times t1 t2)
and TadmitFFO-Var-simps[simp]: TadmitFFO o (Var x)
and TadmitFFO-Const-simps|[simp]: TadmitFFO o (Const r)

primrec TsubstFO:('a + 'b, '¢) trm = ('b = (‘a, 'c¢) trm) = ('a, 'c) trm
where
TsubstFO (Var v) o = Var v

| TsubstFO (DiffVar v) o = Diff Var v
| TsubstF'O (Const r) o = Const r
| TsubstF'O (Function f args) o =

(case f of

Inl f' = Function f' (X i. TsubstFO (args i) o)

| Inr f' = o f7)
| TsubstF'O (Plus 91 ¥2) o = Plus (TsubstFO 91 o) (TsubstFO 92 o)
| TsubstF'O (Times 91 9¥2) o = Times (TsubstFO 91 o) (TsubstFO 92 o)
| TsubstF'O (Differential V) o = Differential (TsubstF'O 9 o)

inductive TadmitFO :: ('d = (‘a, 'c) trm) = (Ya + 'd, 'c) trm = bool
where
TadmitFO-Diff: TadmitFFO o ¥ = NTUadmit o ¥ UNIV = dfree (TsubstFO
Y o) = TadmitFO o (Differential ¥)
| TadmitFO-Fun:(\i. TadmitFO o (args ©)) = TadmitFO o (Function f args)
| TadmitFO-Plus: TadmitFO o 91 = TadmitFO o V2 = TadmitFO o (Plus V1
92)
| TadmitFO-Times: TadmitFO o 91 = TadmitFO o 92 = TadmitFO o (Times
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91 92)

| TadmitFO-Diff Var: TadmitFO o (Diff Var x)
| TadmitFO-Var:TadmitFO o (Var )

| TadmitFO-Const: TadmitFO o (Const r)

inductive-simps
TadmitFO-Plus-simps[simp]: TadmitFO o (Plus a b)
and TadmitFO-Times-simps[simp]: TadmitFO o (Times a b)
and TadmitFO-Var-simps[simp): TadmitFO o (Var z)
and TadmitFO-DiffVar-simps[simp]: TadmitFO o (DiffVar z)
and TadmitFO-Differential-simps[simp|: TadmitFO o (Differential 9)
and TadmitFO-Const-simps[simp]: TadmitFO o (Const r)
and TadmitF'O-Fun-simps|[simp]: TadmitF'O o (Function i args)

primrec Tsubst::(‘a, 'c) trm = (‘a, 'b, 'c) subst = ('a, 'c) trm
where
Tsubst (Var z) o = Var z
| Tsubst (DiffVar z) o = DiffVar
| Tsubst (Const r) o = Const r
| Tsubst (Function f args) o = (case SFunctions o f of Some f’ = TsubstFO f' |
None = Function f) (X i. Tsubst (args i) o)
| Tsubst (Plus 91 92) o = Plus (Tsubst 91 o) (Tsubst 92 o)
| Tsubst (Times 91 92) o = Times (Tsubst 91 o) (Tsubst V2 o)
| Tsubst (Differential ©) o = Differential (Tsubst ¥ o)

primrec OsubstFO::('a + 'b, 'c) ODE = ('b = ('a, c) trm) = ('a, 'c) ODE
where

OsubstFO (OVar ¢) o = OVar ¢
| OsubstFO (OSing © 9) 0 = OSing © (TsubstFO 9 o)
| OsubstFO (OProd ODE1 ODE2) o = OProd (OsubstFO ODE! o) (OsubstFO
ODE2 o)

primrec Osubst::(‘a, 'c) ODE = ('a, 'b, 'c) subst = ('a, 'c) ODE
where
Osubst (OVar ¢) o = (case SODEs o ¢ of Some ¢’ = ¢’ | None = OVar c)
| Osubst (OSing © ¥) o = OSing x (Tsubst ¥ o)
| Osubst (OProd ODE1 ODE2) o = OProd (Osubst ODE1 o) (Osubst ODE2 o)

fun PsubstFO::(‘a + 'd, 'b, 'c) hp = ('d = (‘a, 'c) trm) = (‘a, 'b, 'c) hp
and FsubstFO::('a + 'd, 'b, 'c) formula = ('d = ('a, 'c) trm) = ('a, 'b, 'c) formula
where
PsubstFO (Pvar a) o = Pvar a
| PsubstFO (Assign x 9) o = Assign x (TsubstFO 9 o)
| PsubstFO (DiffAssign x ) o = DiffAssign © (TsubstFO 9 o)
| PsubstFO (Test p) o = Test (FsubstF'O ¢ o)
| PsubstFO (EvolveODE ODE ) o = EvolveODE (OsubstFO ODE o) (FsubstFO
p o)
| PsubstFO (Choice oo 8) o = Choice (PsubstFO « o) (PsubstFO (3 o)
| PsubstFO (Sequence o ) 0 = Sequence (PsubstFO « o) (PsubstF'O 3 o)
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| PsubstFO (Loop o) o = Loop (PsubstFO o o)

| FsubstFO (Geq v1 92) 0 = Geq (TsubstFO 91 o) (TsubstFO 92 o)

| FsubstFO (Prop p args) o = Prop p (Ai. TsubstFO (args i) o)

| FsubstFO (Not ¢) o = Not (FsubstFO ¢ o)

| FsubstFO (And ¢ ¥) 0 = And (FsubstFO ¢ o) (FsubstFO v o)

| FsubstFO (Exists © @) 0 = Exists x (FsubstFO ¢ o)

| FsubstFO (Diamond o ¢) o = Diamond (PsubstFO o o) (FsubstF'O ¢ o)
| FsubstFO (InContext C ¢) o = InContext C' (FsubstFO ¢ o)

fun PPsubst::(‘a, 'b + 'd, 'c) hp = ('d = ('a, 'b, 'c) formula) = (‘a, 'b, 'c) hp
and PFsubst::(‘a, 'b + 'd, 'c) formula = ('d = (a, 'b, 'c) formula) = ('a, 'b, 'c)
formula
where
PPsubst (Pvar a) o = Pvar a
| PPsubst (Assign © 9) o = Assign z 0
| PPsubst (DiffAssign x 9) o = DiffAssign x ¢
| PPsubst (Test @) o = Test (PFsubst ¢ o)
| PPsubst (EvolveODE ODE ¢) 0 = EvolveODE ODE (PFsubst ¢ o)
| PPsubst (Choice a ) o = Choice (PPsubst o o) (PPsubst o)
| PPsubst (Sequence o §) o = Sequence (PPsubst « o) (PPsubst B o)
| PPsubst (Loop o) o = Loop (PPsubst « o)

| PFsubst (Geq ¥1 92) 0 = (Geq ¥1 ¥2)

| PFsubst (Prop p args) o = Prop p args

| PFsubst (Not @) o = Not (PFsubst ¢ o)

| PFsubst (And ¢ ¢) 0 = And (PFsubst ¢ o) (PFsubst 1 o)

| PFsubst (Exists © ¢) o = Exists x (PFsubst ¢ o)

| PFsubst (Diamond « ¢) o = Diamond (PPsubst « o) (PFsubst ¢ o)

| PEsubst (InContext C ¢) o = (case C of Inl C' = InContext C' (PFsubst ¢ o)
| Inr p’ = o p’)

fun Psubst::(‘a, b, 'c) hp = ('a, 'b, 'c) subst = ('a, 'b, 'c) hp
and Fsubst::(‘a, 'b, 'c) formula = ('a, 'b, 'c) subst = (‘a, 'b, '¢) formula
where
Psubst (Pvar a) o = (case SPrograms o a of Some a’ = a’ | None = Puar a)
| Psubst (Assign x 9) o = Assign x (Tsubst ¥ o)
| Psubst (DiffAssign x ) o = DiffAssign x (Tsubst ¥ o)
| Psubst (Test ¢) o = Test (Fsubst ¢ o)
| Psubst (EvolveODE ODE ¢) o = EvolveODE (Osubst ODE o) (Fsubst ¢ o)
| Psubst (Choice o 8) o = Choice (Psubst o o) (Psubst 8 o)
| Psubst (Sequence o B) o = Sequence (Psubst « o) (Psubst 5 o)
| Psubst (Loop «) o = Loop (Psubst a o)

| Fsubst (Geq ¥1 92) 0 = Geq (Tsubst 91 o) (Tsubst 92 o)

| Fsubst (Prop p args) o = (case SPredicates o p of Some p’ = FsubstFO p’ (\i
Tsubst (args i) o) | None = Prop p (\i. Tsubst (args i) o))

| Fsubst (Not ¢) 0 = Not (Fsubst ¢ o)
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| Fsubst (And ¢ ¥) 0 = And (Fsubst ¢ o) (Fsubst ¥ o)

| Fsubst (Ezists ¢ @) o = Exists © (Fsubst ¢ o)

| Fsubst (Diamond « ¢) 0 = Diamond (Psubst o o) (Fsubst ¢ o)

| Fsubst (InContext C' ) o = (case SContexts o C of Some C' = PFsubst C’ (A
-. (Fsubst ¢ o)) | None = InContext C (Fsubst ¢ o))

definition FVA :: (Ya = (a, 'c) trm) = ('c + 'c) set
where FVA args = (|J i. FVT (args 7))

fun SFV :: (‘a, 'b, 'c) subst = (‘a + 'b + 'c¢) = (‘¢ + 'c¢) set

where SF'V o (Inl i) = (case SFunctions o i of Some f' = FVT f'| None = {})
| SFV o (Inr (Inl 7)) = {}

| SFV o (Inr (Inr i)) = (case SPredicates o i of Some p’ = FVF p’| None = {})

definition FVS :: (‘a, b, 'c) subst = ('c 4+ 'c) set
where FVS o = (|Ji. SFV o i)

definition SDom :: (‘a, 'b, 'c) subst = (‘a + 'b + '¢) set
where SDom o =

{Inl z | z. © € dom (SFunctions o)}

U {Inr (Inl z) | z. € dom (SContexts o)}

U {Inr (Inr z) | z. € dom (SPredicates o)}

U {Inr (Inr z) | z. € dom (SPrograms o)}

definition TUadmit :: (‘a, 'b, 'c) subst = ('a, 'c) trm = ('c + 'c) set = bool
where TUadmit o 9 U «+— ((J 7 € SIGT 9. (case SFunctions o i of Some f' =
FVT f" | None = {})) N U) = {}

inductive Tadmit :: (a, 'b, 'c) subst = (‘a, 'c) trm = bool
where
Tadmit-Diff: Tadmit o ¢ = TUadmit o ¥ UNIV = Tadmit o (Differential ¥)
| Tadmit-Funl:(\i. Tadmit o (args i)) = SFunctions o f = Some f' = Tad-
mitFO (A i. Tsubst (args i) o) f' = Tadmit o (Function f args)
| Tadmit-Fun2:(\i. Tadmit o (args i)) = SFunctions o f = None => Tadmit o
(Function f args)
| Tadmit-Plus: Tadmit o 91 = Tadmit o 92 = Tadmit o (Plus 91 92)
| Tadmit-Times: Tadmit o 91 = Tadmit o 92 = Tadmit o (Times 91 ¥2)
| Tadmit-DiffVar: Tadmit o (DiffVar x)
| Tadmit-Var: Tadmit o (Var x)
| Tadmit-Const: Tadmit o (Const 1)

inductive-simps
Tadmit-Plus-simps[simp): Tadmit o (Plus a b)
and Tadmit-Times-simps[simp|: Tadmit o (Times a b)
and Tadmit- Var-simps[simp]: Tadmit o (Var z)
and Tadmit-Diff Var-simps[simp]: Tadmit o (Diff Var z)
and Tadmit-Differential-simps[simp|: Tadmit o (Differential ©)
and Tadmit-Const-simps[simp]: Tadmit o (Const r)
and Tadmit-Fun-simps[simp]: Tadmit o (Function i args)
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inductive TadmitF :: (‘a, 'b, 'c) subst = (‘a, 'c) trm = bool
where

TadmitF-Diff: TadmitF o ¢ = TUadmit o 9 UNIV = TadmitF o (Differential
0)
| TadmitF-Funl:(\i. TadmitF o (args i)) = SFunctions o f = Some f' = (.
dfree (Tsubst (args i) o)) = TadmitFFO (X i. Tsubst (args i) o) f' = TadmitF
o (Function f args)
| TadmitF-Fun2:(\i. TadmitF o (args i)) = SFunctions o f = None = Tad-
mitF o (Function f args)
| TadmitF-Plus: TadmitF o 91 = TadmitF o 92 = TadmitF o (Plus 91 92)
| TadmitF-Times: TadmitF o 91 = TadmitF o 92 = TadmitF o (Times 91
92)
| TadmitF-Diff Var: TadmitF o (DiffVar x)
| TadmitF-Var: TadmitF o (Var x)
| TadmitF-Const: TadmitF o (Const r)

inductive-simps
TadmitF-Plus-simps[simp|: TadmitF o (Plus a b)
and TadmitF-Times-simps[simp|: TadmitF o (Times a b)
and TadmitF-Var-simps[simp]: TadmitF o (Var z)
and TadmitF-Diff Var-simps[simpl: TadmitF o (Diff Var x)
and TadmitF-Differential-simps[simp]: TadmitF o (Differential )
and TadmitF-Const-simps[simp]: TadmitF o (Const r)
and TadmitF-Fun-simps[simp): TadmitF o (Function i args)

inductive Oadmit:: ('a, 'b, 'c) subst = ('a, 'c) ODE = ('c + 'c) set = bool
where

Oadmit-Var:Oadmit o (OVar ¢) U
| Oadmit-Sing: TUadmit 0 ¥ U = TadmitF o ¢ = Oadmit o (OSing z 9) U
| Oadmit-Prod: Oadmit o ODE1 U = Oadmit 0 ODE2 U = ODE-dom (Osubst
ODE!1 o) N ODE-dom (Osubst ODE2 o) = {} = Oadmit o (OProd ODE1
ODE2) U

inductive-simps
Oadmit-Var-simps[simpl: Oadmit o (OVar ¢) U
and Oadmit-Sing-simps[simp]: Oadmit o (OSing z e) U
and Oadmit-Prod-simps[simp]: Oadmit o (OProd ODE1 ODE2) U

definition PUadmit :: ('a, b, 'c) subst = (‘a, 'b, 'c) hp = (‘¢ + '¢) set = bool
where PUadmit o 0 U «— ((J 7 € (SDom o N SIGP ¥). SFV o i)n U) = {}

definition FUadmit :: ('a, 'b, '¢) subst = ('a, 'b, 'c) formula = ('c + 'c) set =
bool
where FUadmit o ¥ U +— ((J 7 € (SDom o N SIGF ¥). SFV o i) N U) ={}

definition OUadmitFO :: ('d = ('a, 'c) trm) = (Ya + 'd, 'c) ODE = ('c + '¢)

set = bool
where OUadmitFO o 9 U «— ((U ¢ € {i. Inl (Inr i) € SIGO 9}. FVT (o 7))
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nu)={}

inductive OadmitFO :: ('d = ('a, 'c) trm) = (‘a + 'd, '¢) ODE = ('c + 'c) set
= bool
where

OadmitFO-OVar:OUadmitFO o (OVar ¢) U = OadmitFO o (OVar ¢) U
| OadmitF'O-0Sing: OUadmitFO o (OSing  ¥) U = TadmitFFO ¢ 9 = Oad-
mitFO o (OSing = V) U
| OadmitFO-OProd: OadmitFO ¢ ODE1 U = OadmitFO o ODE2 U = Oad-
mitFO o (OProd ODE1 ODE2) U

inductive-simps
OadmitFO-OVar-simps[simp|: OadmitFO o (OVar a) U
and OadmitFO-OProd-simps|simp|: OadmitFO o (OProd ODE1 ODE2) U
and OadmitFO-0Sing-simps[simp]: OadmitFO o (OSing x ) U

definition FUadmitFO :: ('d = (‘a, 'c) trm) = (‘a + 'd, 'b, 'c) formula = ('c +
‘c) set = bool
where FUadmitFO o ¢ U «— (U ¢ € {i. Inl (Inr i) € SIGF ¥}. FVT (0 i)) N

U) =1}

definition PUadmitFO :: ('d = ('a, 'c) trm) = (a + 'd, 'b, 'c) hp = ('c + '¢)
set = bool
where PUadmitFO o 9 U <— (U ¢ € {i. Inl (Inr i) € SIGP 9}. FVT (o 1))

nu)={

inductive NPadmit :: ('d = (‘a, 'c) trm) = ('a + 'd, 'b, '¢) hp = bool
and NFadmit :: ('d = (‘a, 'c) trm) = (‘a + 'd, 'b, 'c) formula = bool
where

NPadmit-Pvar: NPadmit o (Pvar a)
| NPadmit-Sequence: NPadmit o a« = NPadmit 0 b = PUadmitFO o b (BVP
(PsubstFO a 0))=> hpsafe (PsubstFO a o) = NPadmit o (Sequence a b)
| NPadmit-Loop: NPadmit 0 o = PUadmitFO o a (BVP (PsubstFO a o)) =
hpsafe (PsubstFO a o) => NPadmit o (Loop a)
| NPadmit-ODE:OadmitFO ¢ ODE (BVO ODE) = NFadmit 0 ¢ = FUad-
mitFO o ¢ (BVO ODE) = fsafe (FsubstFO ¢ o) = osafe (OsubstFO ODE o)
= NPadmit o (EvolveODE ODE )
| NPadmit-Choice:NPadmit ¢ a = NPadmit ¢ b = NPadmit o (Choice a b)

| NPadmit-Assign: TadmitFO o 9 = NPadmit o (Assign © 0)
| NPadmit-DiffAssign: TadmitFO o ¢ = NPadmit o (DiffAssign x )
| NPadmit-Test: NFadmit o ¢ =—> NPadmit o (Test @)

| NFadmit-Geq: TadmitFO o 91 = TadmitFO o 92 = NFadmit o (Geq 91 92)
| NFadmit-Prop:(\i. TadmitF'O o (args i)) = NFadmit o (Prop f args)

| NFadmit-Not: NFadmit o ¢ = NFadmit o (Not )

| NFadmit-And: NFadmit o ¢ = NFadmit o ¢ = NFadmit o (And ¢ 1)

| NEadmit-Exists: NFadmit o ¢ = FUadmitFO o ¢ {Inl 2} = NFadmit o (Exists

T Q)
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| NFadmit-Diamond: NFadmit o ¢ => NPadmit 0 a = FUadmitFO o ¢ (BVP
(PsubstFO a o)) = hpsafe (PsubstFO a o) = NFadmit o (Diamond a ¢)

| NFadmit-Context: NFadmit o ¢ = FUadmitFO o ¢ UNIV = NFadmit o
(InContext C )

inductive-simps
NPadmit-Pvar-simps[simp]: NPadmit o (Pvar a)
and NPadmit-Sequence-simps|simp|: NPadmit o (a ;; b)
and NPadmit-Loop-simps[simp]: NPadmit o (axx)
and NPadmit-ODE-simps[simp]: NPadmit o (EvolveODE ODE p)
and NPadmit-Choice-simps[simp]: NPadmit o (a UU b)
and NPadmit-Assign-simps|[simp|: NPadmit o (Assign x e)
and NPadmit-DiffAssign-simps|simp|: NPadmit o (DiffAssign x e)
and NPadmit-Test-simps[simp]: NPadmit o (? p)

and NFadmit-Geq-simps|[simp|: NFadmit o (Geq t1 t2)

and NFadmit-Prop-simps[simp]: NFadmit o (Prop p args)

and NFadmit-Not-simps[simp]: NFadmit o (Not p)

and NFadmit-And-simps[simp|: NFadmit o (And p q)

and NFadmit-Exists-simps[simp|: NFadmit o (Exists z p)

and NFadmit-Diamond-simps[simp]: NFadmit o (Diamond a p)
and NFadmit-Context-simps[simp): NFadmit o (InContext C p)

definition PFUadmit :: ('d = ('a, b, 'c) formula) = (‘a, 'b + 'd, 'c) formula =
(e + 'c) set = bool
where PFUadmit o 9 U <— True

definition PPUadmit :: ('d = (‘a, 'b, 'c) formula) = (‘a, 'b + 'd, 'c) hp = ('c +
‘c) set = bool
where PPUadmit o 9 U «— ((J i. FVF (¢ 7)) N U) = {}

inductive PPadmit:: ('d = (‘a, b, 'c) formula) = ('a, 'b + 'd, '¢) hp = bool
and PFadmit:: ('d = (‘a, 'b, 'c) formula) = ('a, 'b + 'd, 'c) formula = bool
where

PPadmit-Pvar: PPadmit o (Pvar a)
| PPadmit-Sequence: PPadmit ¢ a = PPadmit 0 b = PPUadmit o b (BVP
(PPsubst a 0))=—> hpsafe (PPsubst a 0) = PPadmit o (Sequence a b)
| PPadmit-Loop:PPadmit o a« => PPUadmit o a (BVP (PPsubst a 0)) = hpsafe
(PPsubst a 0) = PPadmit o (Loop a)
| PPadmit-ODE:PFadmit o ¢ = PFUadmit o ¢ (BVO ODE) = PPadmit o
(EvolveODE ODE ¢)
| PPadmit-Choice:PPadmit ¢ a => PPadmit 0 b = PPadmit o (Choice a b)

| PPadmit-Assign: PPadmit o (Assign x )
| PPadmit-DiffAssign: PPadmit o (DiffAssign © )
| PPadmit-Test:PFadmit o ¢ = PPadmit o (Test ¢)

| PFadmit-Geq: PFadmit o (Geq 91 ¥2)
| PFadmit-Prop: PFadmit o (Prop f args)
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| PFadmit-Not: PFadmit o ¢ = PFadmit o (Not ¢)

| PFadmit-And: PFadmit o ¢ = PFadmit o ¢ = PFadmit o (And ¢ 1)

| PFadmit-Exists: PFadmit o ¢ = PFUadmit o ¢ {Inl 2} = PFadmit o (Exists
 ¢)

| PFadmit-Diamond:PFadmit o ¢ —> PPadmit ¢ a« = PFUadmit o ¢ (BVP
(PPsubst a 0)) = PFadmit o (Diamond a ¢)

| PFadmit-Context: PFadmit o ¢ => PFUadmit o ¢ UNIV = PFadmit o (InContext

C )

inductive-simps
PPadmit-Pvar-simps[simp]: PPadmit o (Pvar a)
and PPadmit-Sequence-simps[simp|: PPadmit o (a ;; b)
and PPadmit-Loop-simps|[simp]: PPadmit o (axx)
and PPadmit-ODE-simps[simp|: PPadmit o (EvolveODE ODE p)
and PPadmit-Choice-simps[simp]: PPadmit o (a UU b)
and PPadmit-Assign-simps[simp|: PPadmit o (Assign  e)
and PPadmit-DiffAssign-simps|simp]: PPadmit o (DiffAssign x e)
and PPadmit-Test-simps[simp|: PPadmit o (? p)

and PFadmit-Geg-simps|[simp|: PFadmit o (Geq t1 t2)

and PFadmit-Prop-simps[simp|: PFadmit o (Prop p args)

and PFadmit-Not-simps[simp]: PFadmit o (Not p)

and PFadmit-And-simps|simp|: PFadmit o (And p q)

and PFadmit-Ezists-simps|simp|: PFadmit o (Exists x p)

and PFadmit-Diamond-simps[simp|: PFadmit o (Diamond a p)
and PFadmit-Context-simps[simp|: PFadmit o (InContext C p)

inductive Padmit:: ('a, 'b, 'c) subst = (‘a, 'b, '¢) hp = bool
and Fadmit:: (a, 'b, 'c) subst = (‘a, 'b, 'c) formula = bool
where
Padmit-Pvar: Padmit o (Pvar a)
| Padmit-Sequence: Padmit o a = Padmit 0 b = PUadmit o b (BVP (Psubst a
0))= hpsafe (Psubst a o) => Padmit o (Sequence a b)
| Padmit-Loop:Padmit 0 a = PUadmit o a (BVP (Psubst a o)) = hpsafe
(Psubst a o) = Padmit o (Loop a)
| Padmit-ODE:Oadmit o ODE (BVO ODE) = Fadmit ¢ ¢ = FUadmit o ¢
(BVO ODE) = Padmit o (EvolveODE ODE )
| Padmit-Choice: Padmit o a« = Padmit ¢ b => Padmit o (Choice a b)
| Padmit-Assign: Tadmit o ¥ = Padmit o (Assign x )
| Padmit-DiffAssign: Tadmit o ¥ = Padmit o (DiffAssign x )
| Padmit-Test: Fadmit o ¢ = Padmit o (Test ©)

| Fadmit-Geq: Tadmit o0 91 = Tadmit o 92 = Fadmit o (Geq 91 9¥2)

| Fadmit-Prop1:(\i. Tadmit o (args ©)) = SPredicates o p = Some p’ = NFad-
mit (X i. Tsubst (args i) o) p’ = (\i. dsafe (Tsubst (args i) o))=—> Fadmit o
(Prop p args)

| Fadmit-Prop2:(\i. Tadmit o (args i)) = SPredicates 0 p = None —> Fadmit
o (Prop p args)

| Fadmit-Not:Fadmit o ¢ => Fadmit o (Not ¢)
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| Fadmit-And:Fadmit o ¢ = Fadmit o 1 => Fadmit o (And ¢ )

| Fadmit-Exists:Fadmit o ¢ = FUadmit o ¢ {Inl x} = Fadmit o (Exists z ¢)
| Fadmit-Diamond:Fadmit 0 ¢ = Padmit 0 o = FUadmit o ¢ (BVP (Psubst
a o)) = hpsafe (Psubst a o) = Fadmit o (Diamond a @)

| Fadmit-Contextl:Fadmit o ¢ —> FUadmit 0 ¢ UNIV — SContexts 0 C =
Some C' = PFadmit (X -. Fsubst p o) C' = fsafe(Fsubst ¢ o) = Fadmit o
(InContext C )

| Fadmit-Context2:Fadmit 0 ¢ = FUadmit o ¢ UNIV = SContexts 0 C =
None = Fadmit o (InContext C ¢)

inductive-simps
Padmit-Pvar-simps[simp|: Padmit o (Pvar a)
and Padmit-Sequence-simps[simp|: Padmit o (a ;; b)
and Padmit-Loop-simps[simp]: Padmit o (axx)
and Padmit-ODE-simps[simp]: Padmit o (EvolveODE ODE p)
and Padmit-Choice-simps[simp|: Padmit o (a UU b)
and Padmit-Assign-simps|[simp|: Padmit o (Assign x e)
and Padmit-DiffAssign-simps[simp|: Padmit o (DiffAssign x e)
and Padmit- Test-simps[simp|: Padmit o (2 p)

and Fadmit-Geg-simps[simp|: Fadmit o (Geq t1 t2)

and Fadmit-Prop-simps[simp|: Fadmit o (Prop p args)

and Fadmit-Not-simps[simp|: Fadmit o (Not p)

and Fadmit-And-simps|simp|: Fadmit o (And p q)

and Fadmit-Exists-simps[simp|: Fadmit o (Ezxists © p)

and Fadmit-Diamond-simps[simp]: Fadmit o (Diamond a p)
and Fadmit-Context-simps|simp|: Fadmit o (InContext C p)

fun extendf :: ('sf, 'sc, 'sz) interp = ‘sz Rvec = ('sf + 'sz, 'sc, 'sz) interp
where extendf I R =

(Functions = (A\f. case f of Inl f' = Functions [ f'| Inr f' = (A-. R $ [")),
Predicates = Predicates I,

Contexts = Contexts I,

Programs = Programs I,

ODEs = ODEs I,

ODEBV = ODEBV I

)

fun extendc :: ('sf, 'sc,
where extendc I R =
(Functions = Functions I,

Predicates = Predicates I,

Contexts = (AC. case C of Inl C' = Contexts I C'| Inr () = (A-. R)),
Programs = Programs I,

ODEs = ODEs I,

ODEBV = ODEBV I)

'sz) interp = 'sz state set = ('sf, 'sc + unit, 'sz) interp

definition adjoint :: ('sf, 'sc, 'sz) interp = ('sf, 'sc, 'sz) subst = 'sz state = ('sf,
'se, 'sz) interp
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where adjoint I o v =

(Functions = (\f. case SFunctions o f of Some f' = (AR. dterm-sem (extendf I
R) f'v) | None = Functions I f),

Predicates = (Ap. case SPredicates o p of Some p’ = (AR. v € fml-sem (extendf
I R) p’) | None = Predicates I p),

Contexts = (Ac. case SContexts o ¢ of Some ¢’ = (AR. fml-sem (extendc I R)
¢’) | None = Contexts I c),

Programs =  (Aa. case SPrograms o a of Some o’ = prog-sem I a’ | None =
Programs I a),

ODEs =  (Aode. case SODEs o ode of Some ode’ = ODE-sem I ode’ | None =
ODEFs I ode),

ODEBV = (Mode. case SODEs o ode of Some ode’ = ODE-vars I ode’ | None =
ODEBV I ode)

)

lemma dsem-to-ssem:dfree 9 = dterm-sem I 9 v = sterm-sem I ¥ (fst v)
by (induct rule: dfree.induct) (auto)

definition adjointFO::('sf, 'sc, 'sz) interp = ('d::finite = ('sf, 'sz) trm) = 'sz
state = ('sf + 'd, 'sc, 'sz) interp

where adjointFO I o v =

(Functions = (Af. case f of Inl f" = Functions I f' | Inr f' = (A-. dterm-sem I
(0 1) v),

Predicates = Predicates I,

Contexts = Contexts I,

Programs = Programs I,

ODEs = ODEs I,

ODEBV = ODEBV I

)

lemma adjoint-free:

assumes sfree:(\i f'. SFunctions o { = Some f' = dfree f)

shows adjoint I o v =

(Functions = (Af. case SFunctions o f of Some f' = (AR. sterm-sem (extendf I
R) f' (fst v)) | None = Functions I f),

Predicates = (Ap. case SPredicates o p of Some p’ = (AR. v € fml-sem (extendf
I R) p’) | None = Predicates I p),

Contexts = (Ac. case SContexts o ¢ of Some ¢’ = (AR. fml-sem (extendc I R)
¢') | None = Contexts I c),

Programs =  (Aa. case SPrograms o a of Some a’ = prog-sem I a’ | None =
Programs I a),
ODEs =  (Aode. case SODEs o ode of Some ode’ = ODE-sem I ode’ | None

= ODEs I ode),

ODEBV = (Xode. case SODEs o ode of Some ode’ = ODE-vars I ode’ | None
= ODEBV I ode))

using dsem-to-ssem[OF sfree]

by (cases v) (auto simp add: adjoint-def fun-eq-iff split: option.split)

lemma adjointFO-free:(\i. dfree (o i)) = (adjointFO I o v =
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(Functions = (Af. case f of Inl f' = Functions I f'| Inr f' = (A-. sterm-sem I
(o 1) (fst 1),
Predicates = Predicates I,
Contexts = Contexts I,
Programs = Programs 1,
ODFEs = ODEs I,
ODEBV = ODEBV I))
by (auto simp add: dsem-to-ssem adjointF'O-def)

definition PFadjoint::('sf, 'sc, 'sz) interp = ('d::finite = ('sf, 'sc, 'sz) formula)
= ('sf, 'sc + 'd, 'sz) interp
where PFadjoint [ o =

(Functions = Functions I,

Predicates = Predicates I,

Contexts = (Af. case f of Inl f' = Contexts I f'| Inr f' = (A-. fmil-sem I (o f))),
Programs = Programs 1,

ODEs = ODFEs 1,

ODEBV = ODEBV I)

fun Ssubst::('sf, 'sc, 'sz) sequent = ('sf,’sc,’sz) subst = ('sf,’sc,’sz) sequent
where Ssubst (I',A) o = (map (A . Fsubst ¢ o) T, map (A . Fsubst ¢ o) A)

fun Rsubst::('sf, 'sc, 'sz) rule = ('sf,’sc,’sz) subst = ('sf,’sc,’sz) rule
where Rsubst (SG,C) o = (map (A . Ssubst ¢ o) SG, Ssubst C o)

definition Sadmit::('sf,’sc,’sz) subst = ('sf,’sc,’sz) sequent = bool
where Sadmit o S «— ((Vi. i > 0 — i < length (fst S) — Fadmit o (nth (fst

S) )
i)))

definition Radmit::('sf,’sc,’sz) subst = ('sf,’sc,’sz) rule = bool
where Radmit 0 R <— (((Vi. i > 0 — i < length (fst R) — Sadmit o (nth
(fst R) i)

ANVi. 1> 0 — i < length (snd S) — Fadmit o (nth (snd S)

A Sadmit o (snd R)))

end end

theory USubst-Lemma

imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics
Frechet-Correctness
Static-Semantics
Coincidence
Bound-Effect
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USubst
begin context ids begin

11 Soundness proof for uniform substitution rule

lemma interp-eq:

f=f'=p=p' = c=c¢ = PP = PP’ = ode = ode’ = odebv = odebv’
_—

(Functions = f, Predicates = p, Contexts = ¢, Programs = PP, ODFEs = ode,
ODEBV = odebv|) =

(FPunctions = f', Predicates = p', Contexts = ¢’, Programs = PP', ODEs = ode’,
ODEBV = odebv’)

by auto

11.1 Lemmas about well-formedness of (adjoint) interpreta-
tions.

When adding a function to an interpretation with extendf, we need to show
it’s C1 continuous. We do this by explicitly constructing the derivative
extendf_deriv and showing it’s continuous.

primrec extendf-deriv :: ('sf,’sc,’sz) interp = 'sf = ('sf + 'sz,’sz) trm = 'sz state
= sz Rvec = ('sz Rvec = real)
where
extendf-deriv I - (Var i) v z = (A-. 0)
| extendf-deriv I - (Const r) v & = (A-. 0)
| extendf-deriv I g (Function f args) v =
(case f of
Inl ff = (THE f'. Vy. (Functions I ff has-derivative f" y) (at y))
(x 4. dterm-sem
(Functions = case-sum (Functions I) (\f' -. = $ f'), Predicates
= Predicates I, Contexts = Contexts I, Programs = Programs I,
ODEs = ODEs I, ODEBV = ODEBV I)
(args i) v) o
(W' x ia. extendf-deriv I g (args ia) v z v’)
| Int ff = (A v'. v'$ ff))
| extendf-deriv I g (Plus t1 t2) v z
(extendf-deriv I g t2 v x v'))
| extendf-deriv I g (Times t1 t2) v z =
(Av'. ((dterm-sem (extendf I x) t1 v x (extendf-deriv I g t2 v x v’)))
+ (extendf-deriv I g t1 v x v') * (dterm-sem (extendf I z) t2 v))
| extendf-deriv I g ($' -) v = undefined
| extendf-deriv I g (Differential -) v = undefined

(W', (extendf-deriv I g t1 v x v') +

lemma extendf-dterm-sem-continuous:
fixes f":('sf + 'sz,’sz) trm and I::('sf,’sc,’sz) interp
assumes free:dfree f'
assumes good-interp:is-interp I
shows continuous-on UNIV (Az. dterm-sem (extendf I z) f' v)
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proof (induction rule: dfree.induct]OF free])
case (3 args f)
then show ?case
apply(cases f)
apply (auto simp add: continuous-intros)
subgoal for a
apply(rule continuous-on-compose2|of UNIV Functions I a UNIV (A z. (x i.
dterm-sem
(Functions = case-sum (Functions I) (\f' -. x $ f'), Predicates
= Predicates I, Contexts = Contexts I,
Programs = Programs I, ODEs = ODFEs I, ODEBV =

(args i) v))])

ODEBYV I

subgoal
using is-interpD[OF good-interp]
using has-derivative-continuous-on[of UNIV (Functions I a) (THE f'. V x.
(Functions I a has-derivative f' x) (at x))]
by auto
apply(rule continuous-on-vec-lambda) by auto
done
qged (auto simp add: continuous-intros)

lemma extendf-deriv-bounded:
fixes f':('sf + 'sz,’sz) trm and I::('sf,’sc,’sz) interp
assumes free:dfree f'
assumes good-interp:is-interp I
shows bounded-linear (extendf-deriv I i f' v x)
proof (induction rule: dfree.induct]OF free])
case (1 1)
then show “case by auto
next
case (2 )
then show ?case by auto
next
case (3 args f)
then show ?case apply auto
apply(cases f)
apply auto
subgoal for a
apply (rule bounded-linear-compose|of (THE f'.V y. (Functions I a has-derivative
f'y) (at y))
(x ©. dterm-sem
(Functions = case-sum (Functions I) (Af' -. z $ f'), Predicates =
Predicates I, Contexts = Contexts I, Programs = Programs I,

ODEs = ODFEs I, ODEBV = ODEBV I)
(args 1) v)])
subgoal using good-interp unfolding is-interp-def using has-derivative-bounded-linear
by fastforce
apply(rule bounded-linear-vec)
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by auto
done
next
case (4 Y ¥2)
then show ?case apply auto
using bounded-linear-add by blast
next
case (5 V1 V¥2)
then show “case apply auto
apply (rule bounded-linear-add)
apply(rule bounded-linear-const-mult)
subgoal by auto
apply(rule bounded-linear-mult-const)
subgoal by auto
done
qed

lemma extendf-deriv-continuous:
fixes f':('sf + 'sz,’sz) trm and I::('sf,’sc,’sz) interp
assumes free:dfree f'
assumes good-interp:is-interp I
shows continuous-on UNIV (Az. Blinfun (extendf-deriv I i f' v x))
proof (induction rule: dfree.induct|OF free])
case (3 args f)
assume dfrees: \i. dfree (args i)
assume const: \j. continuous-on UNIV (Ax. Blinfun (extendf-deriv I i (args j)
v 7))
then show ?case
unfolding extendf-deriv.simps
apply(cases f)
subgoal for a
apply simp
proof —
have boundedF: \z. bounded-linear (((THE f'. ¥V y. (Functions I a has-derivative

f"y) (at y))
(x ©. dterm-sem (extendf I x) (args i) v) ))
using blinfun.bounded-linear-right using good-interp unfolding is-interp-def

by auto
have boundedG: \z. bounded-linear (A b. (x ia. extendf-deriv I i (args ia) v
z b))
by (simp add: bounded-linear-vec dfrees extendf-deriv-bounded good-interp)
have boundedH:\z. bounded-linear (Ab. (THE f'. ¥Yy. (Functions I a
has-derivative f' y) (at y))
(x . dterm-sem
(extendf I x)

(args i) v)
(x ta. extendf-deriv I i (args ia) v z b))
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using bounded-linear-compose boundedG boundedF by blast
have eq:(Az. Blinfun (Ab. (THE f'. Vy. (Functions I a has-derivative f' y)
(at 1))
(x 7. dterm-sem
(extendf I x)
(args i) v)
(x ta. extendf-deriv I i (args ia) v z b)))

(Az. blinfun-compose(Blinfun((THE f'.V y. (Functions I a has-derivative
I"9) (at 9))
(x . dterm-sem
(extendf I x)
(args i) v) )) (Blinfun(X b. (x ta. extendf-deriv I i (args
ia) v 2 1))))
apply(rule ext)
apply(rule blinfun-eql)
subgoal for z ia
using boundedG[of x| blinfun-apply-blinfun-compose bounded-linear-Blinfun-apply
proof —
have f1: bounded-linear (Av. FunctionFrechet I a (x s. dterm-sem (extendf
I'z) (args s) v) (x s. extendf-deriv I i (args s) v z v))
using FunctionFrechet.simps <bounded-linear (\b. (THE f'. Vy.
(Functions I a has-derivative f" y) (at y)) (x i. dterm-sem (extendf I x) (args i) v)
(x ia. extendf-deriv I i (args ia) v z b))
by fastforce
have bounded-linear (FunctionFrechet I a (x s. dterm-sem (extendf I x)
(args ) v))
using good-interp is-interp-def by blast
then have blinfun-apply (Blinfun (FunctionFrechet I a (x s. dterm-sem
(extendf I x) (args s) v))) (x s. extendf-deriv I i (args s) v x ia) = blinfun-apply
(Blinfun (Av. FunctionFrechet I a (x s. dterm-sem (extendf I x) (args s) v) (x s.
extendf-deriv I ¢ (args s) v x v))) ia
using f1 by (simp add: bounded-linear-Blinfun-apply)
then have blinfun-apply (Blinfun (FunctionFrechet I a (x s. dterm-sem
(extendf I x) (args s) v))) (x s. extendf-deriv I i (args s) v x ia) = blinfun-apply
(Blinfun (Av. FunctionFrechet I a (x s. dterm-sem (extendf I x) (args s) v) (x s.
extendf-deriv I © (args s) v x v))) ia A bounded-linear (Av. x s. extendf-deriv I i
(args s) v z v)
by (metis <bounded-linear (A\b. x ia. extendf-deriv I i (args ia) v z b))
then show ?thesis
by (simp add: bounded-linear-Blinfun-apply)
ged
done
have bounds: \ia z. bounded-linear (extendf-deriv I i (args ia) v x)
by (simp add: dfrees extendf-deriv-bounded good-interp)
have vec-bound: \z. bounded-linear (A\b. x ia. extendf-deriv I i (args ia) v

by (simp add: boundedG)
have blinfun-vec:(Az. Blinfun (Ab. x ia. extendf-deriv I i (args ia) v z b)) =
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(Az. blinfun-vec (X ia. Blinfun(\b. extendf-deriv I i (args ia) v x b)))
apply(rule ext)
apply(rule blinfun-eql)
apply (rule vec-extensionality)
subgoal for = y ia
proof —
have (x s. extendf-deriv I'i (args s) v x y) $ ia = blinfun-apply (blinfun-vec
(As. Blinfun (extendf-deriv I i (args s) v z))) y $ ia
by (simp add: bounded-linear-Blinfun-apply bounds)
then have (x s. extendf-deriv I i (args s) v z y) $ ia = blinfun-apply
(blinfun-vec (As. Blinfun (extendf-deriv I i (args s) v z))) y $ ia A bounded-linear
(M. x s. extendf-deriv I i (args 8) v x v)
by (metis <bounded-linear (Ab. x ia. extendf-deriv I i (args ia) v z b))
then show ?thesis
by (simp add: bounded-linear-Blinfun-apply)
qed
done
have vec-cont:continuous-on UNIV (Az. blinfun-vec (A ia. Blinfun(\b.
extendf-deriv I i (args ia) v z b)))
apply(rule continuous-blinfun-vec’)
using 3.IH by blast
have cont-intro:\ f g s. continuous-on s f = continuous-on s g =
continuous-on s (A\z. fx o g x)
by (auto intro: continuous-intros)
have cont:continuous-on UNIV (Az. blinfun-compose(Blinfun((THE f'. ¥V y.
(Functions I a has-derivative f' y) (at y))
(x . dterm-sem
(Functions = case-sum (Functions I) (A\f' -. z $ f),
Predicates = Predicates I, Contexts = Contexts I,
Programs = Programs I, ODEs = ODEs I, ODEBV
= ODEBV I)

ia) v b))
apply(rule cont-intro)
defer
subgoal using blinfun-vec vec-cont by presburger
apply(rule continuous-on-compose2[of UNIV (Az. Blinfun ((THE f'. Vy.
(Functions I a has-derivative f' y) (at y)) z))])
subgoal using good-interp unfolding is-interp-def by simp
apply(rule continuous-on-vec-lambda)
subgoal for i using exztendf-dterm-sem-continuous|OF dfrees|of i|
good-interp] by auto
by auto
then show continuous-on UNIV
(Az. Blinfun (A\b. (THE f'. Vy. (Functions I a has-derivative f' y) (at y))
(x . dterm-sem
(Functions = case-sum (Functions I) (\f' -. z $ f'),
Predicates = Predicates I, Contexts = Contexts I,
Programs = Programs I, ODEs = ODEs I, ODEBV

(args i) v) )) (Blinfun(X b. (x ia. extendf-deriv I i (args
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= ODEBV I
(args i) v)
(x ta. extendf-deriv I i (args ia) v z b)))
using eq apply simp by presburger
qged
by simp
next
case (4 Y1 ¥a)
assume freel:dfree ¥,
assume free2:dfree 92
assume [H1:continuous-on UNIV (Az. Blinfun (extendf-deriv I i 9, v x))
assume [H2:continuous-on UNIV (Ax. Blinfun (extendf-deriv I i 93 v 1))
have bound: \z. bounded-linear (Aa. extendf-deriv I i 91 v z a + extendf-deriv
Iivs v za)
using extendf-deriv-bounded|OF freel good-interp] extendf-deriv-bounded|OF
free2 good-interp)
by (simp add: bounded-linear-add)
have eq:(A\z. Blinfun (Aa. extendf-deriv I i 91 v © a + extendf-deriv I i 99 v x
a)) = (Az. Blinfun (Aa. extendf-deriv I i V1 v z a) + Blinfun (\a. extendf-deriv I
i Y v xa))
apply(rule ext)
apply(rule blinfun-eql)
subgoal for z j
using bound|of z] extendf-deriv-bounded|OF freel good-interp
extendf-deriv-bounded[OF free2 good-interp]
blinfun.add-left[of Blinfun (extendf-deriv I i 91 v z) Blinfun (extendf-deriv I
iV v )
bounded-linear-Blinfun-apply[of (extendf-deriv I i 91 v x))
bounded-linear-Blinfun-apply[of (extendf-deriv I i 95 v x))
by (simp add: bounded-linear-Blinfun-apply)
done
have continuous-on UNIV (Ax. Blinfun (Aa. extendf-deriv I i 91 v z a) + Blinfun
(Aa. extendf-deriv I i 93 v x a))
apply(rule continuous-intros)
using IH1 IH2 by auto
then show ?case
apply simp
using eq by presburger
next
case (5 V1 V2)
assume freel:dfree ¥,
assume free2:dfree 9o
assume [HI:continuous-on UNIV (Az. Blinfun (extendf-deriv I i 9, v x))
assume [H2:continuous-on UNIV (Ax. Blinfun (extendf-deriv I i 93 v 1))
have bounded: \z. bounded-linear (Aa. dterm-sem (extendf I x) U1 v x extendf-deriv
ITidvza+
extendf-deriv I i 91 v = a x dterm-sem (extendf I x) Y2 v)
using extendf-deriv-bounded|OF freel good-interp] extendf-deriv-bounded|OF
free2 good-interp]
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by (simp add: bounded-linear-add bounded-linear-const-mult bounded-linear-mult-const)
have eq:(Az. Blinfun (Aa. dterm-sem (extendf I x) 91 v x extendf-deriv I i Y9 v
T a+
extendf-deriv I i 91 v x a x dterm-sem (extendf I x) Y2 v)) =
(Az. dterm-sem (extendf I ) ¥1 v *g Blinfun (Aa. extendf-deriv I i 9o v
za)+
dterm-sem (extendf I x) 99 v xg Blinfun (\a. extendf-deriv I i V1 v z a))
apply(rule ext)
apply (rule blinfun-eqI)
subgoal for z j
using extendf-deriv-bounded| OF freel good-interp] extendf-deriv-bounded[OF
free2 good-interp] bounded|of ]
blinfun.scaleR-left
bounded-linear-Blinfun-apply|of Blinfun (extendf-deriv I i 95 v z)]
bounded-linear-Blinfun-apply|of Blinfun (extendf-deriv I i 91 v z)]
mult.commute
plus-blinfun.rep-eq|of dterm-sem (extendf I x) 91 v xr Blinfun (extendf-deriv
Ii 99 v z) dterm-sem (extendf I x) 99 v xg Blinfun (extendf-deriv I i ¥1 v z)]
real-scaleR-def
by (simp add: blinfun.scaleR-left bounded-linear-Blinfun-apply)
done
have continuous-on UNIV (Az. dterm-sem (extendf I z) 91 v xgr Blinfun (\a.
extendf-deriv I i Vo v z a) +
dterm-sem (extendf I x) 99 v xg Blinfun (\a. extendf-deriv I ¢ V1 v z a))
apply(rule continuous-intros)+
apply (rule extendf-dterm-sem-continuous|OF freel good-interp))
apply(rule TH2)
apply(rule continuous-intros)+
apply(rule extendf-dterm-sem-continuous|OF free2 good-interp))
by (rule IH1)
then show ?case
unfolding eztendf-deriv.simps
using eq by presburger
qed (auto intro: continuous-intros)

lemma extendf-deriv:
fixes f':('sf + 'sz,’sz) trm and I::('sf,’sc,’sz) interp
assumes free:dfree f'
assumes good-interp:is-interp I
shows 3 f". V. (AR. dterm-sem (extendf I R) f'v) has-derivative (extendf-deriv
Ti-ff' v z)) (at z)
using free apply (induction rule: dfree.induct)
apply(auto)+
defer
subgoal for ¥, ¥ z
apply(rule has-derivative-mult)
by auto
subgoal for args i z

apply(cases 1)
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defer
apply auto
subgoal for b using has-derivative-proj’ by blast
subgoal for a
proof —
assume dfrees:(\i. dfree (args ©))
assume [HI1:(Ada. Vz. (AR. dterm-sem
( Functions = case-sum (Functions I) (\f' -. R $ f'), Predicates
= Predicates I, Contexts = Contexts I, Programs = Programs I,
ODEs = ODEs I, ODEBV = ODEBV I))
(args ia) v) has-derivative
extendf-deriv I i-f (args ia) v x)
(at 7))
then have IH1":(Aia. Az. (AR. dterm-sem
(Functions = case-sum (Functions I) (\f’ -. R $ f'), Predicates
= Predicates 1, Contexts = Contexts I, Programs = Programs I,
ODFEs = ODEs I, ODEBV = ODEBV I
(args ia) v) has-derivative
extendf-deriv I i-f (args ia) v x)
(at z))
by auto
assume a:i = Inl a
have chain:\f f' z s g g'. (f has-derivative f') (at z within s) =
(g has-derivative ¢") (at (f ) within f ¢ s) = (g o f has-derivative g’ o f)
(at z within s)
by (auto intro: derivative-intros)
let ?f = (Az. Functions I a x)
let g = (A R. (x 4. dterm-sem
(Functions = case-sum (Functions I) (\f' -. R'$ f'), Predicates
= Predicates I, Contexts = Contexts I,
Programs = Programs I, ODEs = ODEs I, ODEBV =
ODEBYV I))
(args ) v))
let ?myf’ = (A\z. (THE f'. Vy. (Functions I a has-derivative f' y) (at y)) (%9
)
let ?myg’ = (Az. (\v'. x ia. extendf-deriv I i-f (args ia) v z v'))
have fg-eq:(AR. Functions I a
(x . dterm-sem
(Functions = case-sum (Functions I) (\f' -. R $ '), Predicates =
Predicates I, Contexts = Contexts I, Programs = Programs I,
ODEs = ODEs I, ODEBV = ODEBV I
(args 1) ) = (¢ o %)
by auto
have Vz. ((?f o ?g) has-derivative (?myf’ = o ¢myg’ x)) (at x)
apply (rule alll)
apply (rule diff-chain-at)
subgoal for za
apply (rule has-derivative-vec)
subgoal for i using IH!'[of i za] by auto
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done
subgoal for za
proof —

have deriv: \z. (Functions I a has-derivative FunctionFrechet I a z) (at )

and cont:continuous-on UNIV (Azx. Blinfun (FunctionFrechet I a 1))
using good-interp[unfolded is-interp-def] by auto

show ?thesis

apply(rule has-derivative-at-withinl )

using deriv by auto
qged
done

then have ((9f o ?g) has-derivative (¢myf’ x o ?myg’ x)) (at z) by auto

then show ((AR. Functions I a
(x ©. dterm-sem

(Functions = case-sum (Functions I) (A\f' -. R $ f'), Predicates
Predicates I, Contexts = Contexts I, Programs = Programs I,
ODFEs = ODFEs I, ODEBV = ODEBV I)

(args i) v)) has-derivative

(THE f'.Vy. (Functions I a has-derivative ' y) (at y))

(x ©. dterm-sem

(Functions = case-sum (Functions I) (A\f' -. = $ f'), Predicates
Predicates I, Contexts = Contexts I, Programs = Programs I,
ODEs = ODFEs I, ODEBV = ODEBV I)

(args i) v) o

(AW’ x ia. extendf-deriv I i-f (args ia) v z v'))

(at z)
using fg-eq by auto
qed
done
done

lemma adjoint-safe:
assumes good-interp:is-interp I

assumes good-subst:(\i f'. SFunctions o i = Some f' => dfree f')

shows is-interp (adjoint I o v)
apply (unfold adjoint-def)
apply (unfold is-interp-def)

apply(auto simp del: extendf.simps extendc.simps FunctionFrechet.simps)

subgoal for z i

apply(cases SFunctions o i = None)

subgoal

apply(auto simp del: extendf.simps extendc.simps)
using good-interp unfolding is-interp-def by simp
apply(auto simp del: extendf.simps extendc.simps)

subgoal for f’

using good-subst|of i f'] apply (auto simp del: extendf.simps extendc.simps)

proof —

assume some:SFunctions o i = Some f'

assume free:dfree f’
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let ?f = (AR. dterm-sem (extendfI R) f'v)
let ?Pred = (Mfd. (Vz. (?f has-derivative (fd z)) (at x)))
let ?f"'=extendf-deriv i f' v
have Pf:?Pred ?f"
using extendf-deriv|OF good-subst[of i '] good-interp, of v i, OF some]
by auto
have (THE G. (?f has-derivative G) (at x)) = ?f" x
apply(rule the-deriv)
using Pf by auto
then have the-eq:(THE G. YV xz. (?f has-derivative G z) (at x)) = 2f"
using Pf the-all-deriv by auto
show ((AR. dterm-sem (extendf I R) f' v) has-derivative (THE f'a. V z.
((AR. dterm-sem (extendf I R) f'v) has-derivative f'a z) (at z)) z) (at z)
using the-eq Pf by simp
qed
done
subgoal for i
apply(cases SFunctions o i = None)
subgoal
apply(auto simp del: extendf.simps extendc.simps)
using good-interp unfolding is-interp-def by simp
apply(auto simp del: extendf.simps extendc.simps)
subgoal for [’
using good-subst|of i f'] apply (auto simp del: extendf.simps extendc.simps)
proof —
assume some:SFunctions o i = Some f'
assume free:dfree f’
let ?f = (AR. dterm-sem (extendfI R) f'v)
let ?Pred = (Afd. (Vz. (?f has-derivative (fd z)) (at z)))
let ?f"'=extendf-deriv i f' v
have Pf:?Pred ?f"
using extendf-deriv|OF good-subst[of i '] good-interp, of v i, OF some]
by auto
have Az. (THE G. (?f has-derivative G) (at z)) = 2f" z
apply(rule the-deriv)
using Pf by auto
then have the-eq:(THE G. YV xz. (?f has-derivative G z) (at x)) = 2f"
using Pf the-all-deriv by auto
have continuous-on UNIV (Az. Blinfun (2" x))
by (rule extendf-deriv-continuous|OF free good-interp])
show continuous-on UNIV (Az. Blinfun ((THE f’a. Vz. (AR. dterm-sem
(extendf I R) f' v) has-derivative f'a x) (at x)) z))
using the-eq Pf
by (simp add: <continuous-on UNIV (Az. Blinfun (extendf-deriv I i f' v
))
qed
done
done
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lemma adjointFO-safe:
assumes good-interp:is-interp I
assumes good-subst:(\i. dsafe (o 7))
shows is-interp (adjointF'O I o v)
apply (unfold adjointFO-def)
apply(unfold is-interp-def)
apply(auto simp del: extendf.simps extendc.simps FunctionFrechet.simps)
subgoal for z 7
apply(cases 7)
subgoal
apply(auto simp del: extendf.simps extendc.simps)
using good-interp unfolding is-interp-def by simp
apply(auto simp del: extendf.simps extendc.simps)
subgoal for f’
proof —
assume some:i = Inr f'
have free:dsafe (o f') using good-subst by auto
let 2f = (A-. dterm-sem I (o f') v)
let ?Pred = (Afd. (Vz. (?f has-derivative (fd z)) (at x)))
let 2f""=(\- -. 0)
have Pf:?Pred ?f"
proof (induction o )
qed (auto)
have (THE G. (?f has-derivative G) (at z)) = 2f" x
apply(rule the-deriv)
using Pf by auto
then have the-eq:(THE G.V xz. (?f has-derivative G z) (at z)) = 2f"
using Pf the-all-deriv]of ?f ?f"] by auto
have another-eq:(THE f'a. ¥V x. ((A-. dterm-sem I (o f') v) has-derivative
flaz) (at z)) x = (X - 0)
using Pf by (simp add: the-eq)
then show ((A-. dterm-sem I (o f') v) has-derivative (THE f’a. ¥V x. ((\-.
dterm-sem I (o f') v) has-derivative f'a ) (at z)) z) (at x)
using the-eq Pf by simp
qed
done
subgoal for i
apply(cases 1)
subgoal
apply(auto simp del: extendf.simps extendc.simps)
using good-interp unfolding is-interp-def by simp
apply(auto simp del: extendf.simps extendc.simps)
subgoal for [’
using good-subst[of f’]
proof —
assume some:i = Inr f'
have free:dsafe (o f’) using good-subst by auto
let ?f = (AR. dterm-sem I (o f') v)
let ?Pred = (Mfd. (Y z. (?f has-derivative (fd x)) (at z)))
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let f"=(\- -. 0)
have Pf:?Pred ?f' by simp
have Az. (THE G. (?f has-derivative G) (at z)) = 2f" x
apply(rule the-deriv)
using Pf by auto
then have the-eq:(THE G. Y xz. (?f has-derivative G z) (at x)) = 2f"
using Pf the-all-deriv[of (AR. dterm-sem I (o f') v) (A- -. 0)]
by blast
then have blin-cont:continuous-on UNIV (Az. Blinfun (?f" x))
by (simp add: continuous-on-const)
have truth:(Az. Blinfun ((THE f'a. ¥V x. ((A-. dterm-sem I (o f’) v) has-derivative
faw) (at 2)) 7))
= (Az. Blinfun (X -. 0))
apply(rule ext)
apply (rule blinfun-eql)
by (simp add: local.the-eq)
then show continuous-on UNIV (Az. Blinfun ((THE f'a. ¥ z. (A-. dterm-sem
I (o f') v) has-derivative f'a x) (at z)) z))
using truth
by (metis (mono-tags, lifting) blin-cont continuous-on-eq)
qed
done
done

11.2 Lemmas about adjoint interpretations

lemma adjoint-consequence:(\f f’. SFunctions o f = Some f' = dsafe [') =
(Nf [ SPredicates o f = Some f' = fsafe f') = Vagree v w (FVS o) =
adjoint [ o v = adjoint [ o w
apply(unfold FVS-def)
apply(auto)
apply(unfold adjoint-def)
apply(rule interp-eq)
apply (auto simp add: fun-eq-iff)
subgoal for za zaa
apply(cases SFunctions o za)
apply(auto)
subgoal for a
proof —
assume safes:(\f f'. SFunctions o f = Some f' = dsafe )
assume agrees: Vagree v w ((Jz. SFV o x)
assume some:SFunctions o ra = Some a
from safes some have safe:dsafe a by auto
have sub:SFV o (Inl za) C (Jz. SFV o z)
by blast
from agrees
have Vagree v w (SFV o (Inl za))
using agree-sub[OF sub agrees] by auto
then have agree: Vagree v w (FVT a)
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using some by auto
show ?thesis
using coincidence-dterm[of a, OF safes|of za a, OF some| agree] by auto
qed
done
subgoal for za zaa
apply(cases SPredicates o za)
apply(auto)
subgoal for a
proof —
assume safes:(\f f'. SPredicates o f = Some f' = fsafe [
assume agrees: Vagree v w ((Jz. SFV o 1)
assume some:SPredicates 0 xa = Some a
assume sem:v € fml-sem (Functions = case-sum (Functions I) (\f' -. zaa $
1), Predicates = Predicates I, Contexts = Contexts I, Programs = Programs I,
ODEs = ODEs I, ODEBV = ODEBV I)
a
from safes some have safe:fsafe a by auto
have sub:SFV o (Inr (Inr za)) C (Jz. SFV o z)
by blast
from agrees
have Vagree v w (SFV o (Inr (Inr za)))
using agree-sub[OF sub agrees| by auto
then have agree: Vagree v w (FVF a)
using some by auto
let ?I' = (Functions = case-sum (Functions I) (A\f' -. zaa $ f’), Predicates
= Predicates 1, Contexts = Contexts I, Programs = Programs I,
ODFEs = ODEs I, ODEBV = ODEBV I
have TA:\S. Iagree ?I' 21’ (SIGF a) using Iagree-refl by auto
show ?thesis
using coincidence-formula[of a, OF safes[of za a, OF some| IA agree] sem
by auto
qed
done
subgoal for za xaa
apply(cases SPredicates o xa)
apply(auto)
subgoal for a
proof —
assume safes:(\f f'. SPredicates o f = Some f' = fsafe f')
assume agrees: Vagree v w ((Jz. SFV o 1)
assume some:SPredicates o xa = Some a
assume sem:w € fml-sem (Functions = case-sum (Functions I) (\f' -. zaa $
1), Predicates = Predicates I, Contexts = Contexts I, Programs = Programs I,
ODFEs = ODEs I, ODEBV = ODEBV I
a
from safes some have safe:fsafe a by auto
have sub:SFV o (Inr (Inr za)) C (Jz. SFV o x)
by blast
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from agrees
have Vagree v w (SFV o (Inr (Inr za)))
using agree-sub|OF sub agrees] by auto
then have agree: Vagree v w (FVF a)
using some by auto
let 21’ = (Functions = case-sum (Functions I) (Af’ -. zaa $ f'), Predicates
= Predicates I, Contexts = Contexts I, Programs = Programs I,
ODFEs = ODEs I, ODEBV = ODEBV I
have TA:\S. Iagree ?I' 21’ (SIGF a) using Iagree-refl by auto
show ?thesis
using coincidence-formula[of a, OF safes[of za a, OF some| IA agree] sem
by auto
qed
done
done

lemma SIGT-plusl:Vagree v w (|Ji€SIGT (Plus t1 t2). case SFunctions o i of
Some © = FVT x| None = {})
= Vagree v w (|Ji€SIGT t1. case SFunctions o i of Some & = FVT z | None

={})
unfolding Vagree-def by auto

lemma SIGT-plus2:Vagree v w (|Ji€SIGT (Plus t1 t2). case SFunctions o i of
Some © = FVT x| None = {})
= Vagree v w (|Ji€SIGT t2. case SFunctions o i of Some & = FVT z | None

={})

unfolding Vagree-def by auto

lemma SIGT-times1:Vagree v w (|Ji€SIGT (Times t1 t2). case SFunctions o i
of Some v = FVT z | None = {})
= Vagree v w (|Ji€SIGT t1. case SFunctions o i of Some x = FVT x | None

={})

unfolding Vagree-def by auto

lemma SIGT-times2:Vagree v w (|Ji€SIGT (Times t1 t2). case SFunctions o i
of Some © = FVT z | None = {})
= Vagree v w (|Ji€SIGT t2. case SFunctions o i of Some x = FVT x | None

={})

unfolding Vagree-def by auto

lemma uadmit-sterm-adjoint’:

assumes dsafe:\f f'. SFunctions o f = Some f' = dsafe f’

assumes fsafe: \f f’. SPredicates o f = Some f' => fsafe '

shows Vagree v w (|Ji€SIGT 9. case SFunctions o i of Some © = FVT x|
None = {}) = sterm-sem (adjoint I o v) ¥ = sterm-sem (adjoint I o w) ¥
proof (induct )

case (Plus 91 92)

assume [H1:Vagree v w (|Ji€SIGT ¥1. case SFunctions o i of Some a = FVT
a | None = {}) = sterm-sem (local.adjoint I o v) 91 = sterm-sem (local.adjoint
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Iow)dt
assume [H2:Vagree v w (|Ji€SIGT 92. case SFunctions o i of Some a = FVT
a | None = {}) = sterm-sem (local.adjoint I o v) 92 = sterm-sem (local.adjoint
Iow)d2
assume VA:Vagree v w (|Ji€SIGT (Plus 91 92). case SFunctions o i of Some
a= FVT a| None = {})
then show “case
using [H1[OF SIGT-plus1[OF VA]| IH2[OF SIGT-plus2[OF VA]] by auto
next
case (Times 91 92)
assume [H1:Vagree v w (|Ji€SIGT ¥1. case SFunctions o i of Some a = FVT
a | None = {}) = sterm-sem (local.adjoint I o v) 91 = sterm-sem (local.adjoint
I ow)vl
assume [H2: Vagree v w (|J1€SIGT V2. case SFunctions o i of Some a = FVT
a | None = {}) = sterm-sem (local.adjoint I o v) 92 = sterm-sem (local.adjoint
Iow)d2
assume VA:Vagree v w (|Ji€SIGT (Times 91 92). case SFunctions o i of Some
a= FVT a| None = {})
then show “case
using [H1[OF SIGT-times1|OF VA]| IH2|OF SIGT-times2|OF VA]| by auto
next
case (Function rla 22a)
assume IH:\z. z € range 220 = Vagree v w (|Ji€SIGT z. case SFunctions o
i of Some a = FVT a | None = {}) =
sterm-sem (local.adjoint I o v) x = sterm-sem (local.adjoint I o w) x
from IH have IH":\j. Vagree v w (|Ji€SIGT (22a j). case SFunctions o i of
Some a = FVT a | None = {}) =
sterm-sem (local.adjoint I o v) (z2a j) = sterm-sem (local.adjoint I o w) (z2a
7)
using rangel by auto

assume VA:Vagree v w (|Ji€SIGT ($f z1a x2a). case SFunctions o i of Some a
= FVT a | None = {})
from VA have VAs:A\j. Vagree v w (|Ji€SIGT (22a j). case SFunctions o i of
Some a = FVT a | None = {})
unfolding Vagree-def SIGT.simps using rangel by blast
have SIGT:zla € SIGT ($f z1a 22a) by auto
have VAsub:\a. SFunctions o zla = Some a = (FVT a) C (JieSIGT ($f
zla x2a). case SFunctions o i of Some a = FVT a | None = {})
using SIGT by auto
have VAf:Aa. SFunctions o xla = Some a = Vagree v w (FVT a)
using agree-sub|OF VAsub VA] by auto
then show “case
using [H'[OF VAs| apply (auto simp add: fun-eq-iff)
apply(cases SFunctions o xla)
defer
subgoal for z a
proof —
assume VA:(Aa. SFunctions o z1a = Some a = Vagree v w (FVT a))
assume sems:(\j. ¥V z. sterm-sem (local.adjoint I o v) (z2a j) © = sterm-sem
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(local.adjoint I o w) (z2a j) x)
assume some:SFunctions o tla = Some a
note FVT = VAf[OF some]
have dsem:A\R . dterm-sem (extendf I R) a v = dterm-sem (extendf I R) a

using coincidence-dterm[OF dsafe]OF some] FVT] by auto
have AR. Functions (local.adjoint I o v) zla R = Functions (local.adjoint
Iow)zla R
using dsem some unfolding adjoint-def by auto
then show Functions (local.adjoint I o v) zla (x i. sterm-sem (local.adjoint
Iow) (22a1i)z) =
Functions (local.adjoint I o w) zla (x i. sterm-sem (local.adjoint I
o w) (z2a 1) T)
by auto
qed
unfolding adjoint-def apply auto
done
qed (auto)

— Not used, but good practice for dterm adjoint
lemma uadmit-sterm-adjoint:
assumes TUA:TUadmit o ¢ U
assumes VA:Vagree v w (—U)
assumes dsafe: \f f’. SFunctions o f = Some f' = dsafe [’
assumes fsafe:\f f'. SPredicates o f = Some f' = fsafe f'
shows sterm-sem (adjoint I o v) 9 = sterm-sem (adjoint I o w) ¥
proof —
have duh:AA B. AnNnB={}= AC -B
by auto
have Az. z € (JieSIGT 9. case SFunctions o i of Some v = FVT z | None
={}) ==z (=0
using TUA unfolding T'Uadmit-def by auto
then have subl:(|Ji€SIGT 9. case SFunctions o i of Some x = FVT z | None
S{hc-U
by auto
then have VA" Vagree v w (|Ji€SIGT ¥. case SFunctions o i of Some © = FVT
z | None = {})
using agree-sub|OF subl VA] by auto
then show %thesis using uadmit-sterm-adjoint'[OF dsafe fsafe VA'] by auto
qed

lemma uadmit-sterm-ntadjoint’”:

assumes dsafe:\i. dsafe (o Q)

shows Vagree v w (U i€{i. Inr i € SIGT ¥}. FVT (0 i))) = sterm-sem
(adjointFO I o v) 9 = sterm-sem (adjointF'O I o w) ¥
proof (induct )

case (Plus 91 92)

assume [HI:Vagree vw (| i€{i. Inri € SIGT 91}. FVT (0 i)) = sterm-sem
(adjointFO I o v) 91 = sterm-sem (adjointFO I o w) V1
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assume [H2: Vagree v w (| i€{i. Inri € SIGT 92}. FVT (o i)) = sterm-sem
(adjointFO I o v) 92 = sterm-sem (adjointFO I o w) 92
assume VA:Vagree v w ((J i€{i. Inr i € SIGT (Plus 91 92)}. FVT (o 1)))
from VA
have VAI:Vagree v w (lJ i€{i. Inr i € SIGT ¥1}. FVT (o i)
and VA2:Vagree v w (U i€{i. Inr i € SIGT 92}. FVT (o i)) unfolding
Vagree-def by auto
then show ?case
using [H1[OF VA1) IH2[OF VA2] by auto
next
case (Times 91 ¥2)
assume [H1:Vagree vw (| i€{i. Inri € SIGT 91}. FVT (0 7)) = sterm-sem
(adjointFO I o v) 91 = sterm-sem (adjointFO I o w) 91
assume [H2: Vagree v w (J i€{i. Inri € SIGT 92}. FVT (0 1)) = sterm-sem
(adjointFO I o v) 92 = sterm-sem (adjointFO I o w) 92
assume VA:Vagree v w (U i€{i. Inr i € SIGT (Times 91 92)}. FVT (o 7))
from VA
have VAI1:Vagree v w (|J i€{i. Inr i € SIGT 91}. FVT (o0 1))
and VA2:Vagree v w (J i€{i. Inr i € SIGT ¥2}. FVT (o i)) unfolding
Vagree-def by auto
then show Zcase
using [H1[OF VA1] IH2[OF VA2] by auto
next
case (Function rla 22a)
assume IH:A\z. z € range 220 = Vagree v w (| i€{i. Inri € SIGT z}. FVT
(0 i) =
sterm-sem (adjointFO I o v) © = sterm-sem (adjointFO I o w) x
from IH have IH"\j. Vagree v w (J i€{i. Inri € SIGT (22a j)}. FVT (o 1))
_—
sterm-sem (adjointFO I o v) (z2a j) = sterm-sem (adjointFO I o w) (z2a j)
using rangel by auto
assume VA:Vagree v w (U i€{i. Inr i € SIGT ($f zla z2a)}. FVT (o 1))
from VA have VAs:\j. Vagree v w (|J i€{i. Inr i € SIGT (22a j)}. FVT (o
i)
unfolding Vagree-def SIGT.simps using rangel by blast
have SIGT:zla € SIGT ($f z1a 22a) by auto
have VAsub:Aa. zla = Inr a = (FVT (o a)) C (U i€{i. Inr i € SIGT ($f
zla t2a)}. FVT (o 1))
using SIGT by auto
have VAf:Aa. z1a = Inr a = Vagree v w (FVT (o a))
using agree-sub|OF VAsub VA] by auto
then show ?Zcase
using [H'[OF VAs| apply (auto simp add: fun-eq-iff)
apply(cases z1a)
defer
subgoal for z a
proof —
assume VA:(Aa. zla = Inr a = Vagree v w (FVT (o a)))
assume sems:(\j. ¥V z. sterm-sem (adjointFO I o v) (22a j) © = sterm-sem
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(adjointFO I o w) (z2a j) x)
assume some:zla = Inr a
note FVT = VAf[OF some]
from dsafe have dsafer:\i. dsafe (o i) using dfree-is-dsafe by auto
have dsem:dterm-sem I (o a) v = dterm-sem I (0 a) w
using coincidence-dterm|OF dsafer FVT] some by auto
then have AR. Functions (adjointFO I o v) xla R = Functions (adjointFO
Iow)zla R
using some unfolding adjoint-def unfolding adjointFO-def by auto
then show Functions (adjointFO I o v) xzla (x i. sterm-sem (adjointFO I
ow) (x2a i) z) =
Functions (adjointFO I o w) zla (x i. sterm-sem (adjointFO I o
w) (z2a ©) x)
by auto
qed
unfolding adjointFO-def by auto
qed (auto)

lemma uadmit-sterm-ntadjoint:
assumes TUA:NTUadmit o 9 U
assumes VA:Vagree v w (= U)
assumes dsafe: \i . dsafe (o 7)
assumes good-interp:is-interp I
shows sterm-sem (adjointF'O I o v) 9 = sterm-sem (adjointFO I o w) ¥
proof —
have duh:AA B.AnNB={} = AC -B
by auto
have Az. z € (U i€{i. Inr i € SIGT ¥}. FVT (0 i))) = z € (- U)
using TUA unfolding NTUadmit-def by auto
then have subl:(|Jie{i. Inr i € SIGT 9}. FVT (0 i)) C =U
by auto
then have VA" Vagree v w ((Ji€{i. Inr i € SIGT ¥}. FVT (o 7))
using agree-sub|OF subl VA] by auto
then show ?thesis using uadmit-sterm-ntadjoint’|OF dsafe VA'] by auto
qed

lemma uadmit-dterm-adjoint’:

assumes dfree:\f f'. SFunctions o f = Some f' = dfree f’

assumes fsafe: \f f'. SPredicates o f = Some f' = fsafe '

assumes good-interp:is-interp I

shows Av w. Vagree v w (|Ji€SIGT 9. case SFunctions o i of Some x = FVT x
| None = {}) = dsafe 9 = dterm-sem (adjoint I o v) ¢ = dterm-sem (adjoint
Iow)d
proof (induct )

case (Plus V1 92)

assume [HI:Av w. Vagree v w (|Ji€SIGT 91. case SFunctions o i of Some a
= FVT a | None = {}) = dsafe 91 = dterm-sem (local.adjoint I o v) 91 =
dterm-sem (local.adjoint I o w) 91

assume [H2:\v w. Vagree v w (|J1€SIGT 92. case SFunctions o i of Some a
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= FVT a | None = {}) = dsafe 92 = dterm-sem (local.adjoint I o v) 92 =
dterm-sem (local.adjoint I o w) U2
assume VA:Vagree v w (|Ji€SIGT (Plus 91 9¥2). case SFunctions o i of Some
a= FVT a | None = {})
assume safe:dsafe (Plus 91 92)
then show “case
using [H1[OF SIGT-plus1[OF VA]| IH2[OF SIGT-plus2[OF VA]| by auto
next
case (Times 91 92)
assume [HI:A\v w. Vagree v w (|Ji€SIGT 91. case SFunctions o i of Some a
= FVT a | None = {}) = dsafe 91 = dterm-sem (local.adjoint I o v) 91 =
dterm-sem (local.adjoint I o w) 91
assume [H2:\v w. Vagree v w (|J4€SIGT 92. case SFunctions o i of Some a
= FVT a | None = {}) = dsafe 92 = dterm-sem (local.adjoint I o v) 92 =
dterm-sem (local.adjoint I o w) 92
assume VA:Vagree v w (|Ji€SIGT (Times ¥1 92). case SFunctions o i of Some
a= FVT a| None = {})
assume safe:dsafe (Times V1 ¥2)
then show “case
using [H1[OF SIGT-times1|OF VA]| IH2|OF SIGT-times2|OF VA]| by auto
next
case (Function rla 22a)
assume [H:A\z. A\v w. z € range 20 = Vagree v w (|Ji€SIGT z. case SFunc-
tions o i of Some a = FVT a | None = {}) =
dsafe © = dterm-sem (local.adjoint I o v) z = dterm-sem (local.adjoint I o
w) T
assume safe:dsafe (Function zla z2a)
from safe have safes:\j. dsafe (z2a j) by auto
from IH have IH":\j. Vagree v w (|Ji€SIGT (z2a j). case SFunctions o i of
Some a = FVT a | None = {}) =
dterm-sem (local.adjoint I o v) (z2a j) = dterm-sem (local.adjoint I o w) (z2a
7)
using rangel safes by auto

assume VA:Vagree v w (|J1€SIGT ($f z1a 22a). case SFunctions o i of Some a
= FVT a | None = {})
from VA have VAs:A\j. Vagree v w (|Ji€SIGT (22a j). case SFunctions o i of
Some a = FVT a | None = {})
unfolding Vagree-def SIGT.simps using rangel by blast
have SIGT:zla € SIGT ($f z1a z2a) by auto
have VAsub:\a. SFunctions o tla = Some a = (FVT a) C (JieSIGT (3f
zla x2a). case SFunctions o i of Some a = FVT a | None = {})
using SIGT by auto
have VAf:Aa. SFunctions o zla = Some a = Vagree v w (FVT a)
using agree-sub]OF VAsub VA] by auto
then show ?case
using [H'[OF VAs| apply (auto simp add: fun-eq-iff)
apply(cases SFunctions o zla)
defer
subgoal for zI z2 a

190



proof —
assume VA:(Aa. SFunctions o t1la = Some a = Vagree v w (FVT a))
assume sems:(\j. VaI z2. dterm-sem (local.adjoint I o v) (z2a j) (x1,22)
= dterm-sem (local.adjoint I o w) (z2a j) (z1,22))
assume some:SFunctions o zla = Some a
note FVT = VAf[OF some]
have dsafe: \f f'. SFunctions o f = Some f' = dsafe f'
using dfree dfree-is-dsafe by auto
have dsem:A\R . dterm-sem (extendf I R) a v = dterm-sem (extendf I R) a

using coincidence-dterm|[OF dsafe|OF some] FVT] by auto
have AR. Functions (local.adjoint I o v) xla R = Functions (local.adjoint
Iow)zla R
using dsem some unfolding adjoint-def by auto
then show Functions (local.adjoint I o v) zla (x i. dterm-sem (local.adjoint
I o w) (22a 1) (21,22)) =
Functions (local.adjoint I o w) zla (x 4. dterm-sem (local.adjoint I
o w) (22a i) (21,22))
by auto
qed
unfolding adjoint-def apply auto
done
next
case (Differential 9)
assume [H:Av w. Vagree v w (|Ji€SIGT 9. case SFunctions o i of Some a
= FVT a | None = {}) = dsafe 9 = dterm-sem (local.adjoint I o v) ¢ =
dterm-sem (local.adjoint I o w) ¥
assume VA:Vagree v w (|Ji€SIGT (Differential 9). case SFunctions o i of Some
a= FVT a| None = {})
assume safe:dsafe (Differential )
then have free:dfree ¥ by (auto dest: dsafe.cases)
from VA have VA" Vagree v w (|Ji€SIGT 9. case SFunctions o i of Some a =
FVT a | None = {})
by auto
have dsafe: \f f'. SFunctions o f = Some f' = dsafe f’
using dfree dfree-is-dsafe by auto
have sem:sterm-sem (local.adjoint I o v) ¥ = sterm-sem (local.adjoint I o w) ¥
using uadmit-sterm-adjoint'|OF dsafe fsafe VA', of Xz y. ¢ A x y. x I] by auto
have good1:is-interp (adjoint I o v) using adjoint-safe[OF good-interp dfree] by
auto
have good2:is-interp (adjoint I o w) using adjoint-safe| OF good-interp dfree] by
auto
have frech:frechet (local.adjoint I o v) ¢ = frechet (local.adjoint I o w) ¥
apply (auto simp add: fun-eq-iff)
subgoal for a b
using sterm-determines-frechet [OF goodl good2 free free sem, of (a,b)] by
auto
done
then show dterm-sem (local.adjoint I o v) (Differential ¥) = dterm-sem (local.adjoint
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I o w) (Differential )
by (auto simp add: directional-derivative-def)
qed (auto)

lemma uadmit-dterm-adjoint:
assumes TUA:TUadmit o 9 U
assumes VA:Vagree v w (—U)
assumes dfree:\f f'. SFunctions o f = Some f' = dfree [’
assumes fsafe:\f f'. SPredicates o f = Some f' = fsafe f’
assumes dsafe:dsafe ¥
assumes good-interp:is-interp I
shows dterm-sem (adjoint I o v) 9 = dterm-sem (adjoint I o w) ¥
proof —
have duh:AA B.ANB={} = AC -B
by auto
have Az. z € (|Ji€SIGT 9. case SFunctions o i of Some © = FVT x | None
={}) = ze(-0)
using TUA unfolding TUadmit-def by auto
then have sub1:(|Ji€SIGT 9. case SFunctions o i of Some v = FVT x| None
={Hc-U
by auto
then have VA" Vagree v w (| Ji€SIGT 9. case SFunctions o i of Some © = FVT
z | None = {})
using agree-sub[OF subl VA] by auto
then show %thesis using uadmit-dterm-adjoint’|OF dfree fsafe good-interp VA’
dsafe]
by auto
qed

lemma uadmit-dterm-ntadjoint’”:
assumes dfree:\i. dsafe (o 1)
assumes good-interp:is-interp I
shows Av w. Vagree v w (|J i€{i. Inr i € SIGT 9}. FVT (o i)) = dsafe ¢
= dterm-sem (adjointFO I o v) 9 = dterm-sem (adjointF'O I o w) 9
proof (induct )
case (Plus 91 92 v w)
assume [HI:Av w. Vagree v w (|J i€{i. Inr i € SIGT 91}. FVT (0 i) =
dsafe 91 = dterm-sem (adjointFO I o v) 91 = dterm-sem (adjointFO I o w)
91
assume [H2:A\v w. Vagree v w (J i€{i. Inr ¢ € SIGT 92}. FVT (o0 i) =
dsafe 92 = dterm-sem (adjointFO I o v) 92 = dterm-sem (adjointF'O I o w)
92
assume VA:Vagree v w (|J i€{i. Inr i € SIGT (Plus 91 92)}. FVT (o 1))
then have VAI:Vagree v w (|J i€{i. Inr i € SIGT 91}. FVT (0 7))
and VA2:Vagree v w (J i€{i. Inr i € SIGT 9¥2}. FVT (o 1))
unfolding Vagree-def by auto
assume safe:dsafe (Plus 91 92)
show ?case
using [H1[OF VA1) IH2[OF VA2] safe by auto
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next
case (Times V1 92 v w)
assume [HI:Av w. Vagree v w ({J i€{i. Inr i € SIGT 91}. FVT (0 i)) =
dsafe 91 = dterm-sem (adjointFO I o v) ¥1 = dterm-sem (adjointFO I o w)
91
assume [H2:A\v w. Vagree v w (J i€{i. Inr i € SIGT 92}. FVT (o0 7)) =
dsafe 92 = dterm-sem (adjointFO I o v) 92 = dterm-sem (adjointFO I o w)
92
assume VA:Vagree v w (| i€{i. Inr i € SIGT (Times 91 92)}. FVT (o 1))
then have VAI:Vagree v w (J i€{i. Inri € SIGT 91}. FVT (o 1))
and VA2:Vagree v w (J i€{i. Inr i € SIGT ¥2}. FVT (o0 1))
unfolding Vagree-def by auto
assume safe:dsafe (Times V1 ¥2)
show Zcase
using [HI1[OF VA1) IH2[OF VA2] safe by auto
next
case (Function rla 22a)
assume IH:A\z. Av w. z € range 120 = Vagree v w (|J i€{i. Inr i € SIGT
z}. FVT (0 i) =
dsafe x = dterm-sem (adjointFO I o v) x = dterm-sem (adjointFO I o w)
T
assume safe:dsafe (Function zla z2a)
from safe have safes:\j. dsafe (z2a j) by auto
from IH have IH"\j. Vagree v w (U i€{i. Inr i € SIGT (22a j)}. FVT (o
1) =
dterm-sem (adjointFO I o v) (22a j) = dterm-sem (adjointFO I o w) (x2a j)
using rangel safes by auto
assume VA:Vagree v w (|J i€{i. Inr i € SIGT ($f zla z2a)}. FVT (o 7))
from VA have VAs:\j. Vagree v w (|J i€{i. Inr i € SIGT (22a j)}. FVT (o
)
unfolding Vagree-def SIGT.simps using rangel by blast
have SIGT:zla € SIGT ($f z1a z2a) by auto
have VAsub:Aa. z1a = Inr a= (FVT (0 a)) C (U i€{i. Inr i € SIGT ($f
zla z2a)}. FVT (0 )
using SIGT by auto
have VAf:Aa. z1a = Inr « = Vagree v w (FVT (o a))
using agree-sub|OF VAsub VA] by auto
then show “case
using IH'[OF VAs| apply (auto simp add: fun-eq-iff)
apply(cases zla)
defer
subgoal for z! z2 a
proof —
assume VA:(Aa. zla = Inr a = Vagree v w (FVT (0 a)))
assume sems:(\j. V1 22. dterm-sem (adjointFO I o v) (22a j) (z1,22) =
dterm-sem (adjointFO I o w) (22a j) (z1,22))
assume some:zla = Inr a
note FVT = VAf[OF some]
have dsafe:\i. dsafe (o )
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using dfree dfree-is-dsafe by auto
have dsem: AR . dterm-sem I (0 a) v = dterm-sem I (o a) w
using coincidence-dterm|[OF dsafe FVT] by auto
have AR. Functions (adjointFO I o v) zla R = Functions (adjointFO I o
w) zla R
using dsem some unfolding adjointFO-def by auto
then show Functions (adjointF'O I o v) zla (x i. dterm-sem (adjointFO I
o w) (22a i) (21,22)) =
Functions (adjointFO I o w) zla (x i. dterm-sem (adjointFO I o
w) (22a i) (z1,22))
by auto
qed
unfolding adjointF'O-def apply auto
done
next
case (Differential 9)
assume H:\v w. Vagree v w (J i€{i. Inr i € SIGT ¥}. FVT (0 7)) = dsafe
Y = dterm-sem (adjointF'O I o v) ¥ = dterm-sem (adjointFO I o w) ¥
assume VA:Vagree v w (U i€{i. Inr i € SIGT (Differential ¥)}. FVT (o 7))
assume safe:dsafe (Differential )
then have free:dfree ¥ by (auto dest: dsafe.cases)
from VA have VA":Vagree v w (|J i€{i. Inr i € SIGT 9}. FVT (o 7))
by auto
have dsafe: \i. dsafe (o 7)
using dfree dfree-is-dsafe by auto
have sem:sterm-sem (adjointFO I o v) 9 = sterm-sem (adjointFO I o w) ¥
using uadmit-sterm-ntadjoint’|OF dsafe VA'] by auto
have good1:is-interp (adjointFO I o v) using adjointF'O-safe]OF good-interp
dsafe, of Ai. i] by auto
have good2:is-interp (adjointFO I o w) using adjointFO-safe|OF good-interp
dsafe, of \i. i] by auto
have frech:frechet (adjointFO I o v) 9 = frechet (adjointFO I o w) ¢
apply (auto simp add: fun-eq-iff)
subgoal for a b
using sterm-determines-frechet [OF goodl good2 free free sem, of (a,b)] by
auto
done
then show dterm-sem (adjointFO I o v) (Differential 9) = dterm-sem (adjointF'O
I o w) (Differential )
by (auto simp add: directional-derivative-def)
qed (auto)

lemma uadmit-dterm-ntadjoint:
assumes TUA:NTUadmit o 9 U
assumes VA:Vagree v w (—U)
assumes dfree:\i . dsafe (o i)
assumes dsafe:dsafe ¥
assumes good-interp:is-interp I
shows dterm-sem (adjointFO I o v) 9 = dterm-sem (adjointFO I o w) ¥
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proof —
have duh:ANAB. AnNB={} = AC -B
by auto
have duh:AA B.ANB={} = AC -B
by auto
have Az. z € (I i€{i. Inr i € SIGT 9}. FVT (0 i)) = z € (—U)
using TUA unfolding NTUadmit-def by auto
then have subl:(|J i€{i. Inr i € SIGT ¥}. FVT (0 4)) C =U
by auto
then have VA" Vagree v w (J i€{i. Inr i € SIGT ¥}. FVT (o 7))
using agree-sub]OF subl VA] by auto
then show ?thesis using uadmit-dterm-ntadjoint’|OF dfree good-interp VA'
dsafe]
by auto
qed

definition ssafe ::('sf, 'sc, 'sz) subst = bool

where ssafe 0 =
(V i f'. SFunctions o i = Some f' — dfree f') A
(V ff'. SPredicates o f = Some f' — fsafe f') A
(Y ff'. SPrograms o f = Some f' — hpsafe ') A
(V ff'. SODEs o f = Some f' — osafe f') A
(V C C'. SContexts o0 C = Some C' — fsafe C’)

lemma uadmit-dterm-adjointS:
assumes ssafe:ssafe o
assumes good-interp:is-interp I
fixes v w
assumes VA:Vagree v w (|J1€SIGT 9. case SFunctions o i of Some ¢ = FVT
z | None = {})
assumes dsafe:dsafe ¥
shows dterm-sem (adjoint I o v) ¥ = dterm-sem (adjoint I o w) 9
proof —
show ?thesis
apply(rule uvadmit-dterm-adjoint’)
using good-interp ssafe VA dsafe unfolding ssafe-def by auto
qed

lemma adj-sub-assign-fact: \i j e. i€ SIGT e => j € (case SFunctions o i of Some
z = FVT x| None = {}) = Inli €e({Inl z |z. x € dom (SFunctions o)} U {Inr
(Inl z) |z. © € dom (SContexts o)} U {Inr (Inr z) |z. x € dom (SPredicates o)} U
{Inr (Inr z) |z. * € dom (SPrograms o)}) N
{Inl z |z. z € SIGT e}
unfolding SDom-def apply auto
subgoal for i j
apply (cases SFunctions o 1)
by auto
done
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lemma adj-sub-geql-fact: \i j x1 2. i€SIGT x1 = j € (case SFunctions o i of
Some x = FVT x| None = {}) = Inli €({Inl x |z. € dom (SFunctions o)} U
{Inr (Inl z) |z. © € dom (SContexts o)} U {Inr (Inr z) |z. x € dom (SPredicates
o)} U
{Inr (Inr z) |z. * € dom (SPrograms o)}) N
{Inlz |z. x € SIGT z1 V z € SIGT z2}
unfolding SDom-def apply auto
subgoal for i j
apply (cases SFunctions o 1)
by auto
done

lemma adj-sub-geq2-fact: \i j x1 2. i€ SIGT x2 = j € (case SFunctions o i of
Some x = FVT x| None = {}) = Inli e({Inl z |z. x € dom (SFunctions o)} U
{Inr (Inl z) |x. x € dom (SContexts o)} U {Inr (Inr z) |z. © € dom (SPredicates
o)} U
{Inr (Inr z) |z. x € dom (SPrograms o)}) N
{Inlz |z. x € SIGT z1 V z € SIGT 22}
unfolding SDom-def apply auto
subgoal for i j
apply (cases SFunctions o 1)
by auto
done
lemma adj-sub-prop-fact: \i j x1 22 k. i€ SIGT (22 k) = j € (case SFunctions o i
of Some v = FVT z | None = {}) = Inl i e({Inl z |z. © € dom (SFunctions o)}
U {Inr (Inl x) |z. z € dom (SContexts o)} U {Inr (Inr z) |x. © € dom (SPredicates
o)} U
{Inr (Inr z) |z. x € dom (SPrograms o)}) N
insert (Inr (Inr x1)) {Inl z |z. 3za. x € SIGT (22 za)}
unfolding SDom-def apply auto
subgoal for i j
apply (cases SFunctions o i)
by auto
done

lemma adj-sub-ode-fact: \i j x1 2. Inl i € SIGO x1 = j € (case SFunctions o i
of Some x = FVT x| None = {}) = Inli e({Inl z |z. z € dom (SFunctions o)}
U {Inr (Inl z) |z. x € dom (SContexts o)} U {Inr (Inr z) |z. x € dom (SPredicates
o)} U
{Inr (Inr z) |z. x € dom (SPrograms o)}) N
(SIGF z2 U {Inl z |x. Inl x € SIGO z1} U {Inr (Inr z) |z. Inr x € SIGO
#1})
unfolding SDom-def apply auto
subgoal for i j
apply (cases SFunctions o i)
by auto
done

lemma adj-sub-assign:\e o z. ({Ji€SIGT e. case SFunctions o i of Some x =
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FVT z | None = {}) C (UaceSDom o N SIGP (z := e). SFV o a)
subgoal for e o =
unfolding SDom-def apply auto
subgoal for i j
apply (cases SFunctions o )
apply auto
subgoal for a
using adj-sub-assign-fact[of j e ]
by (metis (mono-tags, lifting) SFV .simps(1) option.simps(5))
done
done
done

lemma adj-sub-diff-assign: \e o z. (Ji€SIGT e. case SFunctions o i of Some x
= FVT x| None = {}) C (Ja€SDom o N SIGP (DiffAssign z €). SFV ¢ a)
subgoal for e o z
unfolding SDom-def apply auto
subgoal for i j
apply (cases SFunctions o j)
apply auto
subgoal for a
using adj-sub-assign-fact[of j e i]
by (metis (mono-tags, lifting) SFV .simps(1) option.simps(5))
done
done
done

lemma adj-sub-geql:N\o z1 z2. ({|Ji€SIGT z1. case SFunctions o i of Some © =
FVT z | None = {}) C (Ua€SDom o N SIGF (Geq x1 22). SFV o a)
subgoal for o =1 z2
unfolding SDom-def apply auto
subgoal for z i
apply (cases SFunctions o i)
apply auto
subgoal for a
using adj-sub-geql-fact[of i z1 x o]
by (metis (mono-tags, lifting) SFV .simps(1) option.simps(5))
done
done
done

lemma adj-sub-geq2: \o 1 z2. ({Ji€SIGT x2. case SFunctions o i of Some © =
FVT z | None = {}) C (Ja€SDom o N SIGF (Geq x1 x2). SFV o a)
subgoal for o z1 z2
unfolding SDom-def apply auto
subgoal for z ¢
apply (cases SFunctions o )
apply auto
subgoal for a
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using adj-sub-geq2-fact[of i 2 x o]
by (metis (mono-tags, lifting) SFV .simps(1) option.simps(5))
done
done
done

lemma adj-sub-prop:\o x1 22 j . ((Ji€SIGT (22 j). case SFunctions o i of Some
z = FVT x| None = {}) C (UaeSDom o N SIGF ($¢ z1 22). SFV o a)
subgoal for o z1 z2 j
unfolding SDom-def apply auto
subgoal for z ¢
apply (cases SFunctions o i)
apply auto
subgoal for a
using adj-sub-prop-factof i 22 j x o x1]
by (metis (mono-tags, lifting) SFV .simps(1) option.simps(5))
done
done
done

lemma adj-sub-ode:\o z1 2. (\Ji€{i |i. Inl i € SIGO z1}. case SFunctions o i
of None = {} | Some z = FVT z) C (JaceSDom o N SIGP (FvolveODE x1 x2).
SFV o a)
subgoal for o z1 x2
unfolding SDom-def apply auto
subgoal for = ¢
apply (cases SFunctions o i)
apply auto
subgoal for a
using adj-sub-ode-fact[of i z1 x o z2]
by (metis (mono-tags, lifting) SFV .simps(1) option.simps(5))
done
done
done

lemma uadmit-ode-adjoint’:

fixes o I

assumes ssafe:ssafe o

assumes good-interp:is-interp I

showsA\v w. Vagree v w (|Jie{i |i. Inl ¢ € SIGO ODE}. case SFunctions o i
of None = {} | Some © = FVT )= osafe ODE = ODE-sem (adjoint I o v)
ODE = ODE-sem (adjoint I o w) ODE
proof (induction ODE)

case (OVar 1)

then show ?case unfolding adjoint-def by auto
next

case (0OSing xla ©2)

assume VA:Vagree v w ((Ji€{i |i. Inl i € SIGO (OSing z1la x2)}. case SFunc-

tions o © of None = {} | Some a = FVT a)
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assume osafe:osafe (OSing xla z2)
then have dfree:dfree 2 by (auto dest: osafe.cases)
have safes:(\f f'. SFunctions o f = Some f' => dsafe ')
(A\f [’ SPredicates o f = Some f' = fsafe f)
using ssafe unfolding ssafe-def using dfree-is-dsafe by auto
have sem:sterm-sem (local.adjoint I o v) 2 = sterm-sem (local.adjoint I o
w) 2
using uadmit-sterm-adjoint’[of o v w 22 I, OF safes, of (A zy. z) (A z y.
z)] VA
by auto
show ?Zcase
apply auto
apply (rule ext)
subgoal for z
apply (rule vec-extensionality)
using sem by auto
done
next
case (OProd ODE1 ODE2)
assume [H1:A\v w. Vagree v w (|Ji€{i|i. Inli € SIGO ODE1}. case SFunctions
o i of None = {} | Some a = FVT a) =
osafe ODE1 => ODE-sem (local.adjoint I o v) ODE1 = ODE-sem (local.adjoint
I 0 w) ODE1
assume [H2:\v w. Vagree vw (|Ji€{i |i. Inli € SIGO ODE2}. case SFunctions
o i of None = {} | Some a = FVT o) =
osafe ODE2 —> ODE-sem (local.adjoint I o v) ODE2 = ODE-sem (local.adjoint
I 0 w) ODE2
assume VA:Vagree v w ((Ji€{i |i. Inl i € SIGO (OProd ODE1 ODE2)}. case
SFunctions o © of None = {} | Some a = FVT a)
assume safe:osafe (OProd ODE1 ODE2)
from safe have safel:osafe ODE! and safe2:0safe ODE2 by (auto dest:
osafe.cases)
have sub1:(|Ji€{i |i. Inl i € SIGO ODEL}. case SFunctions o i of None =
{} | Some a = FVT a) C (\Jie{i |i. Inl i € SIGO (OProd ODE1 ODE2)}. case
SEunctions o i of None = {} | Some a = FVT a)
by auto
have sub2:(|Jie{¢ |i. Inl i € SIGO ODE2}. case SFunctions o i of None =
{} | Some a = FVT a) C (Ji€{i |i. Inli € SIGO (OProd ODE1 ODE2)}. case
SFunctions o i of None = {} | Some a = FVT a)
by auto
then show ?case using TH1[OF agree-sub|OF subl VA] safel] IH2[OF agree-sub[OF
sub2 VA] safe2] by auto
qed

lemma uadmit-ode-ntadjoint’:
fixes o I
assumes ssafe:\i. dsafe (o @)
assumes good-interp:is-interp I
showsA\v w. Vagree v w (Jye{y. Inl (Inr y) € SIGO ODE}. FVT (o y)) =
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osafe ODE =—> ODE-sem (adjointFO I o v) ODE = ODE-sem (adjointFO I o
w) ODE
proof (induction ODE)
case (OVar x)
then show ?case unfolding adjointFO-def by auto
next
case (OSing xla z2)
assume VA:Vagree v w ({|Jye{y. Inl (Inr y) € SIGO (OSing z1a 22)}. FVT (o
Y)
assume osafe:osafe (OSing xla x2)
then have dfree:dfree x2 by (auto dest: osafe.cases)
have sem:sterm-sem (adjointFO I o v) 22 = sterm-sem (adjointFO I o w) z2
using uadmit-sterm-ntadjoint’|of o v w 2 I, OF ssafe] VA
by auto
show Zcase
apply auto
apply (rule ext)
subgoal for z
apply (rule vec-extensionality)
using sem by auto
done
next
case (OProd ODE! ODE?)
assume [HI:A\v w. Vagree v w (|Jye{y. Inl (Inr y) € SIGO ODE1}. FVT (o
y) =
osafe ODE1 = ODE-sem (adjointFO I o v) ODE! = ODE-sem (adjointFO
I 0 w) ODE1
assume [H2:\v w. Vagree v w (|Jye{y. Inl (Inr y) € SIGO ODE2}. FVT (o
y) =
osafe ODE2 = ODE-sem (adjointFO I o v) ODE2 = ODE-sem (adjointFO
I 0 w) ODE2
assume VA:Vagree v w (|Jye{y. Inl (Inr y) € SIGO (OProd ODE1 ODE2)}.
FVT (o y))
assume safe:osafe (OProd ODE1 ODE2)
from safe have safel:osafe ODE1 and safe2:o0safe ODE2 by (auto dest: os-
afe.cases)
have subl:(|Jye{y. Inl (Inr y) € SIGO ODE1}. FVT (o y)) C (Uye{y. Inl
(Inr y) € SIGO (OProd ODE1 ODE2)}. FVT (o y))
by auto
have sub2:(|Jye{y. Inl (Inr y) € SIGO ODE2}. FVT (o y)) C (Uye{y. Inl
(Inr y) € SIGO (OProd ODE1 ODE2)}. FVT (o y))
by auto
then show Zcase using IH1[OF agree-sub|OF subl VA] safel] IH2[OF agree-sub[OF
sub2 VA] safe2] by auto
qed

lemma adjoint-ode-vars:

shows ODE-vars (local.adjoint I o v) ODE = ODE-vars (local.adjoint I o w)
ODE
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apply(induction ODE)
unfolding adjoint-def by auto

lemma uadmit-mkv-adjoint:
assumes ssafe:ssafe o
assumes good-interp:is-interp I
assumes VA:Vagree v w ((J7 € {7 | 7. (Inl i€SIGO ODE)}. case SFunctions o
i of Some x = FVT x| None = {})
assumes osafe:osafe ODE
shows mk-v (adjoint I o v) ODE = mk-v (adjoint I o w) ODE
apply(rule ext)
subgoal for R
apply(rule ext)
subgoal for solt
apply(rule agree-UNIV-eq)
using mk-v-agree|of (adjoint I o v) ODE R solt]
using mk-v-agree|of (adjoint I o w) ODE R solt]
using uadmit-ode-adjoint’|OF ssafe good-interp VA osafe]
unfolding Vagree-def
apply auto
subgoal for i
apply (cases Inl i € Inl * ODE-vars (adjoint I o w) ODE)
proof —
assume sem-eq: ODE-sem (local.adjoint I o v) ODE = ODE-sem (local.adjoint
I o w) ODE
have vars-eq: ODE-vars (local.adjoint I o v) ODE = ODE-vars (local.adjoint
I o w) ODE
apply (induction ODE)
unfolding adjoint-def by auto
assume thing1:
Vi. (Inl i € Inl * ODE-vars (local.adjoint I o v) ODE — fst (mk-v
(local.adjoint I o v) ODE R solt) $ i = solt $ i) A
(Inl i € Inr * ODE-vars (local.adjoint I o v) ODE — fst (mk-v
(local.adjoint I o v) ODE R solt) $ i = solt $ )
assume thing2:
Vi. (Inl i € Inl * ODE-vars (local.adjoint I o w) ODE — fst (mk-v
(local.adjoint I o w) ODE R solt) $ i = solt $ i) A
(Inl i € Inr * ODE-vars (local.adjoint I o w) ODE — fst (mk-v
(local.adjoint I o w) ODE R solt) $ i = solt $ 1)
assume inl:Inl i € Inl * ODE-vars (local.adjoint I o w) ODE
from thing! and inl have eql: fst (mk-v (local.adjoint I o v) ODE R
solt) $ ¢ = solt $ ¢
using vars-eq by auto
from thing2 and inl have eq2: fst (mk-v (local.adjoint I ¢ w) ODE R
solt) $ i = solt $ ¢
using vars-eq by auto
show fst (mk-v (local.adjoint I o v) ODE R solt) $ i = fst (mk-v (local.adjoint
I o w) ODE R solt) $ i
using eql eq2 by auto
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next
assume sem-eq: ODE-sem (local.adjoint I o v) ODE = ODE-sem (local.adjoint
[ o w) ODE
assume thingl:Vi. Inl i ¢ Inl * ODE-vars (local.adjoint I o v) ODE A Inl
i ¢ Inr © ODE-vars (local.adjoint I o v) ODE —»
fst (mk-v (local.adjoint I o v) ODE R solt) $ i = fst R $ i
assume thing2:Vi. Inl i ¢ Inl * ODE-vars (local.adjoint I o w) ODE A Inl
i ¢ Inr * ODE-vars (local.adjoint I o w) ODE —
fst (mk-v (local.adjoint I o w) ODE R solt) $ i = fst R $ i
assume inl:Inl i ¢ Inl * ODE-vars (local.adjoint I o w) ODE
have vars-eq: ODE-vars (local.adjoint I o v) ODE = ODE-vars (local.adjoint
I o w) ODE
apply (induction ODE)
unfolding adjoint-def by auto
from thing! and inl have eql: fst (mk-v (local.adjoint I o v) ODE R solt)
$i=fstRS$ i
using vars-eq by auto
from thing2 and inl have eq2: fst (mk-v (local.adjoint I o w) ODE R solt)
$i=fstR$ i
using vars-eq by auto
show fst (mk-v (local.adjoint I o v) ODE R solt) $ i = fst (mk-v (local.adjoint
I o w) ODE R solt) $ i
using eql eq2 by auto
qed
subgoal for ¢
apply (cases Inr i € Inr ¢ ODE-vars (adjoint I o w) ODE)
proof —
assume sem-eq: ODE-sem (local.adjoint I o v) ODE = ODE-sem (local.adjoint
[ o w) ODE
assume thingl:Vi. (Inr i € Inl * ODE-vars (local.adjoint I o v) ODE —
snd (mk-v (local.adjoint I o v) ODE R solt) $ i = ODE-sem (local.adjoint
I o w) ODE solt $ i) A
(Inr i € Inr © ODE-vars (local.adjoint I o v) ODE —
snd (mk-v (local.adjoint I o v) ODE R solt) $ i = ODE-sem (local.adjoint
I 0 w) ODE solt $ i)
assume thing2:Vi. (Inr i € Inl * ODE-vars (local.adjoint I ¢ w) ODE —
snd (mk-v (local.adjoint I o w) ODE R solt) $ i = ODE-sem (local.adjoint
I o w) ODE solt $ i) A
(Inr i € Inr © ODE-vars (local.adjoint I o w) ODE —
snd (mk-v (local.adjoint I o w) ODE R solt) $ i = ODE-sem (local.adjoint
I 0 w) ODE solt $ i)
assume inr:Inr ¢ € Inr * ODE-vars (local.adjoint I o w) ODE
have vars-eq: ODE-vars (local.adjoint I o v) ODE = ODE-vars (local.adjoint
I o w) ODE
apply(induction ODE)
unfolding adjoint-def by auto
show snd (mk-v (local.adjoint I o v) ODE R solt) $ i = snd (mk-v
(local.adjoint I o w) ODE R solt) $ i
using thingl thing2 vars-eq inr by auto
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next
assume sem-eq: ODE-sem (local.adjoint I o v) ODE = ODE-sem (local.adjoint
[ o w) ODE
assume thingl:Vi. Inr i ¢ Inl * ODE-vars (local.adjoint I o v) ODE A Inr
i ¢ Inr © ODE-vars (local.adjoint I o v) ODE —»
snd (mk-v (local.adjoint I o v) ODE R solt) $ i = snd R $ i
assume thing2:Vi. Inr i ¢ Inl ¢ ODE-vars (local.adjoint I o w) ODE A
Inr i ¢ Inr ¢ ODE-vars (local.adjoint I o w) ODE —
snd (mk-v (local.adjoint I ¢ w) ODE R solt) $ i = snd R $ i
assume inr:Inr i ¢ Inr * ODE-vars (local.adjoint I o w) ODE
have vars-eq: ODE-vars (local.adjoint I o v) ODE = ODE-vars (local.adjoint
I o w) ODE
apply(induction ODE)
unfolding adjoint-def by auto
have eql:snd (mk-v (local.adjoint I o v) ODE R solt) $ i = snd R $ i
using thingl sem-eq vars-eq inr by auto
have eq2:snd (mk-v (local.adjoint I o w) ODE R solt) $ i = snd R $ 4
using thing2 sem-eq vars-eq inr by auto
show snd (mk-v (local.adjoint I o v) ODE R solt) $ i = snd (mk-v
(local.adjoint I o w) ODE R solt) $ i
using eq! eq2 by auto
qged
done
done
done

lemma adjointFO-ode-vars:
shows ODE-vars (adjointFO I o v) ODE = ODE-vars (adjointFO I o w) ODE
apply(induction ODE)
unfolding adjointFO-def by auto

lemma uadmit-mkv-ntadjoint:
assumes ssafe: \i. dsafe (o 1)
assumes good-interp:is-interp I
assumes VA:Vagree v w ((Jye{y. Inl (Inr y) € SIGO ODE}. FVT (o y))
assumes osafe:osafe ODE
shows mk-v (adjointFO I o v) ODE = mk-v (adjointFO I ¢ w) ODE
apply(rule ext)
subgoal for R
apply(rule ext)
subgoal for solt
apply(rule agree-UNIV-eq)
using mk-v-agree[of (adjointFO I o v) ODE R solt]
using mk-v-agree|of (adjointFO I o w) ODE R solt]
using uadmit-ode-ntadjoint’|OF ssafe good-interp VA osafe]
unfolding Vagree-def
apply auto
using adjointFO-ode-vars by metis+
done
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done

lemma uadmit-prog-fml-adjoint”:
fixes o I
assumes ssafe:ssafe o
assumes good-interp:is-interp I
shows Av w. Vagree v w (JzeSDom o N SIGP «. SFV ¢ ©) = hpsafe o =
prog-sem (adjoint I o v) a = prog-sem (adjoint I 0 w) «
and Av w. Vagree v w (|Jz€SDom o N SIGF ¢. SFV o 1) = fsafe p =
fml-sem (adjoint I o v) ¢ = fml-sem (adjoint I o w) ¢
proof (induct o and )
case (Pvar z)
then show ?case unfolding adjoint-def by auto
next
case (Assign x e)
assume VA:Vagree v w (|Ja€SDom o N SIGP (z := e). SFV o a)
assume safe:hpsafe (x := e)
from safe have dsafe:dsafe e by (auto dest: hpsafe.cases)
have sub:(|J i€SIGT e. case SFunctions o i of Some x = FVT z | None = {})
C (JaeSDom o N SIGP (z :=¢€). SFV ¢ a)
using adj-sub-assign[of o e x] by auto
have dterm-sem (local.adjoint I o v) e = dterm-sem (local.adjoint I o w) e
by (rule uwadmit-dterm-adjointS[OF ssafe good-interp agree-sub|OF sub VA]
dsafe])
then show ?case by (auto simp add: vec-eq-iff)
next
case (DiffAssign x €)
assume VA:Vagree v w (|Ja€SDom o N SIGP (DiffAssign = e). SFV o a)
assume safe:hpsafe (DiffAssign z e)
from safe have dsafe:dsafe e by (auto dest: hpsafe.cases)
have sub:(|Ji€SIGT e. case SFunctions o i of Some x = FVT x | None = {})
C (JaeSDom o N SIGP (DiffAssign x e). SFV o a)
using adj-sub-diff-assign[of o €] by auto
have dterm-sem (local.adjoint I o v) e = dterm-sem (local.adjoint I o w) e
by (rule uadmit-dterm-adjointS|OF ssafe good-interp agree-sub|OF sub VA]
dsafe])
then show ?Zcase by (auto simp add: vec-eq-iff)
next
case (Test x)
assume [H:\v w. Vagree v w (Ja€SDom o N SIGF z. SFV ¢ a) = fsafe ©
= fml-sem (adjoint I o v) x = fml-sem (adjoint I 0 w) z
assume VA:Vagree v w (|Ja€SDom o N SIGP (? z). SFV o a)
assume hpsafe:hpsafe (¢ x)
then have fsafe:fsafe x by (auto dest: hpsafe.cases)
have sub:(|J acSDom o N SIGF z. SF'V ¢ a) C (JaeSDom o N SIGP (? x).
SFV ¢ a)
by auto
have fmil-sem (adjoint I o v) z = fml-sem (adjoint I o w)
using [H|[OF agree-sub|OF sub VA] fsafe] by auto
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then show ?case by auto
next
case (EvolveODE z1 z2)
assume TH:A\v w. Vagree v w (|Ja€SDom o N SIGF z2. SFV ¢ a) = fsafe
22 = fml-sem (local.adjoint I o v) z2 = fml-sem (local.adjoint I o w) 22
assume VA:Vagree v w (|Ja€SDom o N SIGP (EvolveODE 1 x2). SFV o a)
assume safe:hpsafe (EvolveODE x1 z2)
then have osafe:osafe 1 and fsafe:fsafe 2 by (auto dest: hpsafe.cases)
have subl:(|Ja€SDom o N SIGF z2. SFV ¢ a) C (|JaeSDom o N SIGP
(FvolveODE z1 x2). SFV ¢ a)
by auto
then have VAF:Vagree v w (| a€SDom o N SIGF z2. SFV ¢ a)
using agree-sub[OF subl VA] by auto
note [H' = [H[OF VAF fsafe]
have sub:(|Ji€{i |i. Inli € SIGO x1}. case SFunctions o i of None = {} | Some
z = FVT z) C (JaceSDom o N SIGP (FvolveODE z1 z2). SFV o a)
using adj-sub-ode[of o z1 z2] by auto
moreover have [H2:ODE-sem (local.adjoint I o v) x1 = ODE-sem (local.adjoint
Iow)al
apply (rule uadmit-ode-adjoint’)
subgoal by (rule ssafe)
subgoal by (rule good-interp)
subgoal using agree-sub[OF sub VA] by auto
subgoal by (rule osafe)
done
have mkv:mk-v (adjoint I o v) x1 = mk-v (adjoint I o w) x1
apply (rule uvadmit-mkv-adjoint)
using ssafe good-interp osafe agree-sub[OF sub VA] by auto
show ?Zcase
apply auto
subgoal for aa ba bb sol t
apply(rule exI[where z = sol])
apply(rule conjI)
subgoal by auto
apply(rule exzl[where z=t])
apply(rule conjI)
subgoal using mkv by auto
apply(rule conjI)
subgoal by auto using IH2 mkv IH' by auto
subgoal for aa ba bb sol t
apply(rule exzl[where z = sol))
apply (rule congl)
subgoal by auto
apply(rule exI[where z=t])
apply(rule conjl)
subgoal using mkv by auto
apply (rule congl)
subgoal by auto using IH2 mkv IH' by auto
done
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next
case (Choice z1 z2)
assume IH1:Av w. Vagree v w ((Ja€SDom o N SIGP z1. SF'V ¢ a) = hpsafe
xl = prog-sem (local.adjoint I o v) x1 = prog-sem (local.adjoint I o w) x1
assume [H2:\v w. Vagree v w (|Ja€SDom o N SIGP z2. SFV ¢ a) = hpsafe
x2 = prog-sem (local.adjoint I o v) 2 = prog-sem (local.adjoint I o w) x2
assume VA:Vagree v w (|Ja€SDom o N SIGP (z1 UU z2). SFV o a)
assume safe:hpsafe (x1 UU z2)
from safe have
safel:hpsafe x1
and safe2:hpsafe x2
by (auto dest: hpsafe.cases)
have sub!:(|JacSDom o N SIGP z1. SFV ¢ a) C (|JaeSDom o N SIGP (x1
UU z2). SFV o a)
by auto
have sub2:(|J aeSDom o N SIGP z2. SFV ¢ a) C (|JaeSDom o N SIGP (z1
UU z2). SFV o a)
by auto
then show ?Zcase using IH1[OF agree-sub|OF subl VA] safel] IH2|OF agree-sub|OF
sub2 VA] safe2] by auto
next
case (Sequence x1 z2)
assume [H1:A\v w. Vagree v w (|Ja€SDom o N SIGP z1. SFV ¢ a) = hpsafe
x1 = prog-sem (local.adjoint I o v) 1 = prog-sem (local.adjoint I o w) x1
assume IH2:\v w. Vagree v w ({J a€SDom o N SIGP z2. SF'V ¢ a) = hpsafe
2 = prog-sem (local.adjoint I o v) 22 = prog-sem (local.adjoint I o w) x2
assume VA:Vagree v w (|Ja€SDom o N SIGP (z1 ;; 22). SFV o a)
assume safe:hpsafe (x1 ;; ©2)
from safe have
safel :hpsafe x1
and safe2:hpsafe 2
by (auto dest: hpsafe.cases)
have sub?:(|Ja€eSDom o N SIGP z1. SFV ¢ a) C (|JaeSDom o N SIGP (z1
5 22). SFV o a)
by auto
have sub2:(|J a€SDom o N SIGP z2. SFV ¢ a) C (|JaeSDom o N SIGP (x1
i;x2). SFV o a)
by auto
then show Zcase using IH1[OF agree-sub|OF subl VA] safel] IH2|OF agree-sub[OF
sub2 VA] safe2] by auto
next
case (Loop x)
assume IH:A\v w. Vagree v w ({Ja€SDom o N SIGP z. SFV o a) = hpsafe ©
= prog-sem (local.adjoint I o v) © = prog-sem (local.adjoint I o w)
assume VA:Vagree v w (|Ja€SDom o N SIGP (zxx). SFV o a)
assume safe:hpsafe (xxx)
from safe have
safe:hpsafe x
by (auto dest: hpsafe.cases)
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have sub:(|J a€SDom o N SIGP x. SFV o a) C (JacSDom o N SIGP (x*x).
SFV o a)
by auto
show ?case using IH[OF agree-sub[OF sub VA] safe] by auto
next
case (Geq x1 z2)
assume VA:Vagree v w (|Ja€SDom o N SIGF (Geq z1 z2). SFV o a)
assume safe:fsafe (Geq x1 z2)
then have dsafel:dsafe v1 and dsafe2:dsafe ©2 by (auto dest: fsafe.cases)
have sub1:(|J¢€SIGT z1. case SFunctions o i of Some x = FVT z | None =
{}) € (UaeSDom o N SIGF (Geq z1 22). SFV o a)
using adj-sub-geql [of o z1 22] by auto
have sub2:(|Ji€SIGT z2. case SFunctions o i of Some ¥ = FVT z | None =
{}) € (UaeSDom o N SIGF (Geq z1 z2). SFV ¢ a)
using adj-sub-geg2[of o z2 x1] by auto
have dterm-sem (local.adjoint I o v) x1 = dterm-sem (local.adjoint I o w) x1
by (rule uadmit-dterm-adjointS[OF ssafe good-interp agree-sub|OF subl VA]
dsafel])
moreover have dterm-sem (local.adjoint I o v) 22 = dterm-sem (local.adjoint
I ow) a2
by (rule uadmit-dterm-adjointS[OF ssafe good-interp agree-sub|OF sub2 VA]
dsafe?])
ultimately show ?case by auto
next
case (Prop z1 2 v w)
assume VA:Vagree v w (|J a€SDom o N SIGF ($¢ z1 ©2). SFV o a)
assume safe:fsafe (3¢ x1 z2)
then have safes: \i. dsafe (22 i) using dfree-is-dsafe by auto
have subs:\j. (U7€SIGT (2 j). case SFunctions o i of Some © = FVT x|
None = {}) C (JaeSDom o N SIGF ($¢ x1 22). SFV o a)
subgoal for j using adj-sub-proplof o x2 j x1] by auto
done
have Ai. dterm-sem (local.adjoint I o v) (22 i) = dterm-sem (local.adjoint I o
by (rule uadmit-dterm-adjointS|OF ssafe good-interp agree-sub|OF subs VA]
safes])
then have vec-eq: \AR. (x i. dterm-sem (local.adjoint I o v) (22 i) R) = (x i.
dterm-sem (local.adjoint I o w) (z214) R)
by (auto simp add: vec-eq-iff)
from VA have VAs:\j. Vagree v w (|Ji€SIGT (22 j). case SFunctions o i of
Some a = FVT a | None = {})
unfolding Vagree-def SIGT.simps using rangel
by (metis (no-types, lifting) subsetD subs)
have SIGF:\a. SPredicates o 1 = Some a = Inr (Inr z1) € SDom o N SIGF
(3¢ x1 x2) unfolding SDom-def
by auto
have VAsub:\a. SPredicates o ©1 = Some a = (FVF a) C (|Ji€SDom o N
SIGF ($¢ x1 22). SFV ¢ 1)
using SIGF by auto
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have VAf:Aa. SPredicates o ©1 = Some a = Vagree v w (FVF a)
using agree-sub|OF VAsub VA] by auto
then show ?case
apply(cases SPredicates o x1)
defer
subgoal for a
proof —
assume some:SPredicates o x1 = Some a
note FVF = VAf[OF some]
have dsafe: \f f'. SFunctions o f = Some f' = dsafe f'
using ssafe dfree-is-dsafe unfolding ssafe-def by auto
have dsem: AR . (v € fmi-sem (extendf I R) a) = (w € fml-sem (extendf I R)
2
subgoal for R
apply (rule coincidence-formula)
subgoal using ssafe unfolding ssafe-def using some by auto
subgoal unfolding lagree-def by auto
subgoal by (rule FVF)
done
done
have pred-eq: \ R. Predicates (local.adjoint I o v) x1 R = Predicates (local.adjoint
ITow)zl R
using dsem some unfolding adjoint-def by auto
show fml-sem (local.adjoint I o v) ($¢ x1 22) = fml-sem (local.adjoint I o
w) (8¢ z1 z2)
apply auto
subgoal for a b using pred-eq[of (x i. dterm-sem (local.adjoint I o v) (z2
i) (a, b))] vec-eq by auto
subgoal for a b using pred-eq[of (x i. dterm-sem (local.adjoint I o v) (z2
i) (a, b))] vec-eq by auto
done
qed
unfolding adjoint-def using local.adjoint-def local.vec-eq apply auto
done
next
case (Not 1)
assume [H:A\v w. Vagree v w (Ja€SDom o N SIGF x. SFV o a) = fsafe z
= fml-sem (local.adjoint I o v) z = fml-sem (local.adjoint I o w) x
assume VA:Vagree v w (|Ja€SDom o N SIGF (Not z). SFV o a)
assume safe:fsafe (Not x)
from safe have
safe:fsafe x
by (auto dest: fsafe.cases)
have sub:(|J acSDom o N SIGF x. SF'V ¢ a) C (|Ja€SDom o N SIGF (Not z).
SFV o a)
by auto
show ?case using IH[OF agree-sub[OF sub VA] safe] by auto
next

case (And x1 z2)
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assume JHI:A\v w. Vagree v w (|Ja€SDom o N SIGF z1. SFV o a) = fsafe
zl = fml-sem (local.adjoint I o v) x1 = fml-sem (local.adjoint I o w) 1
assume [H2:A\v w. Vagree v w (|Ja€SDom o N SIGF z2. SFV ¢ a) = fsafe
22 = fml-sem (local.adjoint I o v) z2 = fml-sem (local.adjoint I o w) z2
assume VA:Vagree v w (|Ja€SDom o N SIGF (And z1 z2). SFV o a)
assume safe:fsafe (And z1 x2)
from safe have
safel:fsafe x1
and safe2:fsafe z2
by (auto dest: fsafe.cases)
have subl:(|Ja€SDom o N SIGF z1. SFV ¢ a) C (Ja€SDom o N SIGF (And
zl 22). SFV o a)
by auto
have sub2:(|J a€SDom ¢ N SIGF z2. SFV ¢ a) C (|Ja€SDom o N SIGF (And
z1 22). SFV o a)
by auto
show ?Zcase using IHI[OF agree-sub[OF subl VA] safel] IH2[OF agree-sub|OF
sub2 VA] safe2] by auto
next
case (Exists z1 z2)
assume [HI1:A\v w. Vagree v w (|Ja€SDom o N SIGF z2. SFV o a) = fsafe
22 = fml-sem (local.adjoint I o v) 22 = fml-sem (local.adjoint I o w) 22
assume VA:Vagree v w (|Ja€SDom o N SIGF (Exists ©1 x2). SFV o a)
assume safe:fsafe (Exists x1 z2)
from safe have safel:fsafe 2
by (auto dest: fsafe.cases)
have sub1:(|J aeSDom o N SIGF z2. SFV o a) C (U a€SDom o N SIGF (Exists
z1 22). SFV o a)
by auto
show ?case using IH1[OF agree-sub|OF subl VA] safel] by auto
next
case (Diamond z1 z2)
assume [H1:A\v w. Vagree v w (|Ja€SDom o N SIGP z1. SFV ¢ a) = hpsafe
x1 = prog-sem (local.adjoint I o v) 1 = prog-sem (local.adjoint I o w) x1
assume [H2:A\v w. Vagree v w (|Ja€SDom o N SIGF z2. SFV ¢ a) = fsafe
22 = fml-sem (local.adjoint I o v) z2 = fml-sem (local.adjoint I o w) 22
assume VA:Vagree v w (|J a€SDom o N SIGF (Diamond z1 z2). SFV ¢ a)
assume safe:fsafe (Diamond x1 z2)
from safe have
safel:hpsafe x1
and safe2:fsafe z2
by (auto dest: fsafe.cases)
have subl:(|JaceSDom o N SIGP z1. SFV o a) C (JaeSDom o N SIGF
(Diamond z1 z2). SFV o a)
by auto
have sub2:(|Ja€SDom o N SIGF z2. SFV o a) C (JaeSDom o N SIGF
(Diamond z1 x2). SFV o a)
by auto
show ?case using IH1[OF agree-sub]OF subl VA] safel] IH2[OF agree-sub|OF
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sub2 VA] safe2] by auto
next
case (InContext z1 z2)
assume [HI1:A\v w. Vagree v w (|Ja€SDom o N SIGF z2. SFV o a) = fsafe
22 = fml-sem (local.adjoint I o v) z2 = fml-sem (local.adjoint I o w) 22
assume VA:Vagree v w (|Ja€SDom o N SIGF (InContext x1 z2). SFV o a)
assume safe:fsafe (InContext x1 x2)
from safe have safel:fsafe z2
by (auto dest: fsafe.cases)
have sub:(|J a€SDom o N SIGF z2. SFV ¢ a) C (| a€SDom o N SIGF (InContext
xz1 z2). SFV ¢ a)
by auto
show ?Zcase using IH1[OF agree-sub[OF sub VA] safel]
unfolding adjoint-def by auto
qed

lemma uadmit-prog-adjoint:
assumes PUA:PUadmit o a U
assumes VA:Vagree v w (—U)
assumes hpsafe:hpsafe a
assumes ssafe:ssafe o
assumes good-interp:is-interp I
shows prog-sem (adjoint I o v) a = prog-sem (adjoint I o w) a
proof —
have sub:(|Jz€SDom o N SIGP a. SFV o z) C —U using PUA unfolding
PUadmit-def by auto
have VA':Vagree v w (|Jz€SDom o N SIGP a. SFV o z) using agree-sub|OF
sub VA] by auto
show ?thesis
apply (rule uwadmit-prog-fml-adjoint’|OF ssafe good-interp))
subgoal by (rule VA')
subgoal by (rule hpsafe)
done
qed

lemma uadmit-fml-adjoint:

assumes FUA:FUadmit o ¢ U

assumes VA:Vagree v w (—U)

assumes fsafe:fsafe ¢

assumes ssafe:ssafe o

assumes good-interp:is-interp I

shows fml-sem (adjoint I o v) ¢ = fml-sem (adjoint I o w) ¢
proof —

have sub:(|Jz€SDom o N SIGF ¢. SFV ¢ z) C —U using FUA unfolding
FUadmit-def by auto

have VA':Vagree v w ((Jz€SDom o N SIGF ¢. SFV o z) using agree-sub[OF
sub VA] by auto

show ?thesis

apply(rule uadmit-prog-fml-adjoint’| OF ssafe good-interp])
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subgoal by (rule VA’
subgoal by (rule fsafe)
done

qed

lemma ntadj-sub-assign:N\e o z. (Jye{y. Inr y € SIGT e}. FVT (o y))
(Uye{y. Inl (Inr y) € SIGP (Assign z e)}. FVT (o y))
by auto

N

N

lemma ntadj-sub-diff-assign:\e o z. (Jye{y. Inl y € SIGT e}. FVT (o y))
(Uye{y. Inl (Inl y) € SIGP (DiffAssign z e)}. FVT (o y))
by auto

lemma ntadj-sub-geql:N\o z1 z2. (Jye{y. Inl y € SIGT z1}. FVT (0 y))
(Uye{y. Inl (Inl y) € SIGF (Geq x1 z2)}. FVT (o y))
by auto

N

lemma ntadj-sub-geq2:N\o z1 z2. ({Jye{y. Inl y € SIGT 22}. FVT (o y))
(Uye{y. Inl (Inl y) € SIGF (Geq z1 z2)}. FVT (0 y))
by auto

N

lemma ntadj-sub-prop:A\o z1 22 5. (Jye{y. Inly € SIGT (22 j)}. FVT (o y)) C
(Uye{y. Inl (Inl y) € SIGF (3¢ 1 22)}.FVT (o y))
by auto

lemma ntadj-sub-ode:\o =1 z2. (|Jye{y. Inl (Inly) € SIGO z1}. FVT (0 y)) C
(Uye{y. Inl (Inl y) € SIGP (EvolveODE z1 x2)}. FVT (o y))
by auto

lemma uadmit-prog-fml-ntadjoint”:

fixes o I

assumes ssafe:\i. dsafe (o @)

assumes good-interp:is-interp I

shows Av w. Vagree v w ((Jze{z. Inl (Inr z) € SIGP a}. FVT (0 1)) =
hpsafe o« = prog-sem (adjointFO I o v) a = prog-sem (adjointFO I o w) «

and A\v w. Vagree v w (Jze€{z. Inl (Inr z) € SIGF ¢}. FVT (0 z)) = fsafe
© = fml-sem (adjointFO I o v) ¢ = fml-sem (adjointFO I o w) ¢
proof (induct o and )

case (Pvar z)

then show ?case unfolding adjointFO-def by auto
next

case (Assign x e)

assume VA:Vagree v w (|Jye{y. Inl (Inr y) € SIGP (Assign z e)}. FVT (o y))

assume safe:hpsafe (x := e)

from safe have dsafe:dsafe e by (auto dest: hpsafe.cases)

have sub:(|Jye{y. Inr y € SIGT e}. FVT (0 y)) C (Uye{y. Inl (Inr y) € SIGP
(Assign x e)}. FVT (o y))

using ntadj-sub-assign[of o e x] by auto
have VA":(Vagree v w (|Ji€{i. Inr i € SIGT e}. FVT (o i)))
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using agree-sub]OF sub VA] by auto
have dterm-sem (adjointF'O I o v) e = dterm-sem (adjointFO I o w) e
using uadmit-dterm-ntadjoint’[of o I v w €] ssafe good-interp agree-sub]OF sub
VA] dsafe by auto
then show Zcase by (auto simp add: vec-eq-iff)
next
case (DiffAssign x e)
assume VA:Vagree v w (Jye{y. Inl (Inry) € SIGP (DiffAssign x e)}. FVT (o
v)
assume safe:hpsafe (DiffAssign z e)
from safe have dsafe:dsafe e by (auto dest: hpsafe.cases)
have sub:(|Jye{y. Inry € SIGT e}. FVT (0 y)) C (Uye{y. Inl (Inr y) € SIGP
(DiffAssign z e)}. FVT (o y))
using ntadj-sub-assign[of o e x] by auto
have VA':.(Vagree v w (|Ji€{i. Inr i € SIGT e}. FVT (o 1))
using agree-sub|OF sub VA] by auto
have dterm-sem (adjointFO I o v) e = dterm-sem (adjointFO I o w) e
using uwadmit-dterm-ntadjoint’[of o I v w €] ssafe good-interp agree-sub]OF sub
VA] dsafe by auto
then show ?case by (auto simp add: vec-eq-iff)
next
case (Test x)
assume [H:A\v w. Vagree v w ((Jye{y. Inl (Inr y) € SIGF z}. FVT (0 y)) =
fsafe & = fml-sem (adjointFO I o v) z = fml-sem (adjointFO I o w) x
assume VA:Vagree v w (Jye{y. Inl (Inr y) € SIGP (? z)}. FVT (o y))
assume hpsafe:hpsafe (? x)
then have fsafe:fsafe © by (auto dest: hpsafe.cases)
have sub:(Jye{y. Inl (Inr y) € SIGF z}. FVT (0 y)) € (Uye{y. Inl (Inr y)
€ SIGP (? x)}. FVT (o y))
by auto
have fml-sem (adjointFO I o v) xz = fmil-sem (adjointFO I o w) x
using [H|[OF agree-sub|OF sub VA] fsafe] by auto
then show ?case by auto
next
case (EvolveODE z1 z2)
assume IH:Av w. Vagree v w (Jye{y. Inl (Inr y) € SIGF z2}. FVT (o0 y))
= fsafe 22 = fml-sem (adjointFO I o v) 22 = fml-sem (adjointFO I o w) z2
assume VA:Vagree v w (|Jye{y. Inl (Inr y) € SIGP (EvolveODE z1 z2)}. FVT
(0 1))
assume safe:hpsafe (EvolveODE z1 z2)
then have osafe:osafe x1 and fsafe:fsafe 2 by (auto dest: hpsafe.cases)
have subl:(|Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGP (EvolveODE z1 22)}. FVT (o y))
by auto
then have VAF:Vagree v w (Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y))
using agree-sub[OF subl VA] by auto
note IH' = IH[OF VAF fsafe]
have sub:(|Jye{y. Inl (Inr y) € SIGO z1}. FVT (o y)) C (Uye{y. Inl (Inr y)
€ SIGP (EvolveODE z1 z2)}. FVT (o y))
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by auto
moreover have [H2:ODE-sem (adjointFO I o v) ©1 = ODE-sem (adjointFO I
o w) zl
apply (rule uadmit-ode-ntadjoint’)
subgoal by (rule ssafe)
subgoal by (rule good-interp)
defer subgoal by (rule osafe)
using agree-sub[OF sub VA] by auto
have mkv:mk-v (adjointFO I o v) x1 = mk-v (adjointFO I o w) x1
apply (rule uadmit-mkv-ntadjoint)
using ssafe good-interp osafe agree-sub[OF sub VA] by auto
show ?Zcase
apply auto
subgoal for aa ba bb sol t
apply(rule exl[where z = sol))
apply(rule conjl)
subgoal by auto
apply(rule exI[where z=t])
apply(rule conjl)
subgoal using mkv by auto
apply (rule congl)
subgoal by auto using IH2 mkv IH' by auto
subgoal for aa ba bb sol t
apply(rule ezl[where z = sol))
apply (rule conjl)
subgoal by auto
apply(rule exl[where z=t])
apply(rule conjl)
subgoal using mkv by auto
apply(rule conjl)
subgoal by auto using IH2 mkv IH' by auto
done
next
case (Choice z1 z2)
assume [HI:Av w. Vagree v w (Jye{y. Inl (Inr y) € SIGP z1}. FVT (o y))
= hpsafe x1 = prog-sem (adjointFO I o v) x1 = prog-sem (adjointFO I o w)
z1
assume [H2:A\v w. Vagree v w (|Jye{y. Inl (Inr y) € SIGP z2}. FVT (o y))
= hpsafe 22 = prog-sem (adjointF'O I o v) x2 = prog-sem (adjointFO I o w)
z2
assume VA:Vagree v w (|Jye{y. Inl (Inr y) € SIGP (z1 UU 22)}. FVT (o y))
assume safe:hpsafe (x1 UU z2)
from safe have
safel :hpsafe x1
and safe2:hpsafe x2
by (auto dest: hpsafe.cases)
have sub!:(|Jye{y. Inl (Inr y) € SIGP (x1)}. FVT (o y)) € (Uye{y. Inl (Inr
y) € SIGP (z1 UU z2)}. FVT (o y))
by auto
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have sub2:(|J ye{y. Inl (Inr y) € SIGP (22)}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGP (z1 UU z2)}. FVT (o y))
by auto
then show ?Zcase using IH1[OF agree-sub[OF subl VA] safel] IH2[OF agree-sub[OF
sub2 VA] safe2] by auto
next
case (Sequence x1 z2)
assume [HI:Av w. Vagree v w (Jye{y. Inl (Inr y) € SIGP z1}. FVT (o y))
= hpsafe x1 = prog-sem (adjointFO I o v) x1 = prog-sem (adjointFO I o w)
zl1
assume [H2:\v w. Vagree v w (Jye{y. Inl (Inr y) € SIGP z2}. FVT (o y))
= hpsafe 2 = prog-sem (adjointFO I o v) x2 = prog-sem (adjointFO I o w)
z2
assume VA:Vagree v w (Jye{y. Inl (Inr y) € SIGP (z1 ;; 22)}. FVT (0 y))
assume safe:hpsafe (x1 ;; x2)
from safe have
safel :hpsafe 1
and safe2:hpsafe 2
by (auto dest: hpsafe.cases)
have subl:(|Jye{y. Inl (Inr y) € SIGP z1}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGP (z1 ;; z2)}. FVT (o y))
by auto
have sub2:(|Jye{y. Inl (Inr y) € SIGP z2}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGP (z1 ;; 22)}. FVT (0 y))
by auto
then show ?case using IH1[OF agree-sub[OF subl VA] safel] IH2[OF agree-sub[OF
sub2 VA] safe2] by auto
next
case (Loop z)
assume IH:A\v w. Vagree v w (Jye{y. Inl (Inry) € SIGP z}. FVT (0 y)) =
hpsafe © = prog-sem (adjointFO I o v) © = prog-sem (adjointFO I o w) x
assume VA:Vagree v w (|Jy€e{y. Inl (Inr y) € SIGP (x*x )}. FVT (o y)
assume safe:hpsafe (xxx )
from safe have
safe:hpsafe x
by (auto dest: hpsafe.cases)
have sub:(Jye{y. Inl (Inr y) € SIGP (z)}. FVT (o y)) € (Uye{y. Inl (Inr
y) € SIGP (zxx )}. FVT (o y))
by auto
show ?case using IH|[OF agree-sub|OF sub VA] safe] by auto
next
case (Geq x1 z2)
assume VA:Vagree v w (Jye{y. Inl (Inr y) € SIGF (Geq z1 22)}. FVT (o y))
assume safe:fsafe (Geq x1 12)
then have dsafel:dsafe x1 and dsafe2:dsafe 2 by (auto dest: fsafe.cases)
have subl:({Jye{y. Inr y € SIGT z1}. FVT (0 y)) C (Uye{y. Inl (Inr y) €
SIGF (Geq x1 22)}. FVT (o y))
by auto
have sub2:(|Jye{y. Inr y € SIGT z2}. FVT (0 y)) € (Uye{y. Inl (Inr y) €
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SIGF (Geq x1 22)}. FVT (o y))
by auto
have dterm-sem (adjointF'O I o v) x1 = dterm-sem (adjointF'O I o w) x1
by (rule uadmit-dterm-ntadjoint’|OF ssafe good-interp agree-sub|OF subl VA]
dsafel])
moreover have dterm-sem (adjointFO I o v) 22 = dterm-sem (adjointFO I o
w) 2
by (rule uadmit-dterm-ntadjoint’|OF ssafe good-interp agree-sub|OF sub2 VA|
dsafe2])
ultimately show ?case by auto
next
case (Prop z1 22 v w)
assume VA:Vagree v w (|Jye{y. Inl (Inr y) € SIGF (3¢ z1 22)}. FVT (0 y))
assume safe:fsafe (3¢ x1 22)
then have safes: \i. dsafe (22 i) using dfree-is-dsafe by auto
have subs:\j. (Jye{y. Inr y € SIGT (22 j)}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGF ($¢ z1 22)}. FVT (0 y))
subgoal for j by auto

done
have Ai. dterm-sem (adjointFO I o v) (22 i) = dterm-sem (adjointFO I o w)
by (rule uadmit-dterm-ntadjoint’|OF ssafe good-interp agree-sub]OF subs VA|
safes))

then have vec-eq: AR. (x i. dterm-sem (adjointFO I o v) (22 i) R) = (x i.
dterm-sem (adjointFO I o w) (22 i) R)
by (auto simp add: vec-eq-iff)
from VA have VAs:\j. Vagree v w (|Jye{y. Inr y € SIGT (22 j)}. FVT (0 y))
subgoal for j
using agree-sub|OF subs[of j| VA] by auto
done
then show ?case
using vec-eq by (auto simp add: adjointFO-def)
next
case (Not 1)
assume IH:A\v w. Vagree v w (Jye{y. Inl (Inr y) € SIGF z}. FVT (0 y)) =
fsafe & = fml-sem (adjointFO I o v) z = fml-sem (adjointFO I o w) x
assume VA:Vagree v w (|Jye{y. Inl (Inr y) € SIGF (Not z)}. FVT (o y))
assume safe:fsafe (Not x)
from safe have
safe:fsafe x
by (auto dest: fsafe.cases)
have sub:(Jye{y. Inl (Inr y) € SIGF z}. FVT (0o y)) € (Uye{y. Inl (Inr y)
€ SIGF (Not z)}. FVT (o y))
by auto
show ?Zcase using IH[OF agree-sub[OF sub VA] safe] by auto
next
case (And x1 z2)
assume [HI:Av w. Vagree v w ((Jye{y. Inl (Inr y) € SIGF z1}. FVT (o y))
= fsafe x1 = fml-sem (adjointFO I o v) z1 = fml-sem (adjointFO I o w) x1
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assume [H2:A\v w. Vagree v w ((Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y))
= fsafe 22 = fml-sem (adjointFO I o v) 2 = fml-sem (adjointFO I o w) z2
assume VA:Vagree v w (Jye{y. Inl (Inry) € SIGF (And 1 z2)}. FVT (o y))
assume safe:fsafe (And x1 22)
from safe have
safel:fsafe x1
and safe2:fsafe x2
by (auto dest: fsafe.cases)
have subl:(Jye{y. Inl (Inr y) € SIGF z1}. FVT (0 y)) < (Uye{y. Inl (Inr
y) € SIGF (And z1 22)}. FVT (o y))
by auto
have sub2:(Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y)) < (Uye{y. Inl (Inr
y) € SIGF (And z1 22)}. FVT (o y))
by auto
show ?Zcase using IHI[OF agree-sub[OF subl VA] safel] IH2[|OF agree-sub|OF
sub2 VA] safe2] by auto
next
case (Ewists z1 ©2)
assume [HI:Av w. Vagree v w ((Jye{y. Inl (Inr y) € SIGF 22}. FVT (o y))
= fsafe 22 = fml-sem (adjointFO I o v) 22 = fml-sem (adjointFO I o w) z2
assume VA:Vagree v w (|Jye{y. Inl (Inr y) € SIGF (Exists z1 z2)}. FVT (o
Y)
assume safe:fsafe (Exists x1 z2)
from safe have safel:fsafe z2
by (auto dest: fsafe.cases)
have subl:(|Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGF (FEzists z1 2)}. FVT (o y))
by auto
show ?Zcase using IH1[OF agree-sub[OF subl VA] safel] by auto
next
case (Diamond z1 z2)
assume [HI:Av w. Vagree v w (Jye{y. Inl (Inr y) € SIGP z1}. FVT (o y))
= hpsafe x1 = prog-sem (adjointFO I o v) x1 = prog-sem (adjointFO I o w)
)
assume [H2:Av w. Vagree v w ((Jye{y. Inl (Inr y) € SIGF 22}. FVT (0 y))
= fsafe 22 = fml-sem (adjointFO I o v) 22 = fml-sem (adjointFO I o w) z2
assume VA:Vagree v w ((Jye{y. Inl (Inr y) € SIGF (Diamond x1 z2)}. FVT
(@ y))
assume safe:fsafe (Diamond x1 z2)
from safe have
safel :hpsafe 1
and safe2:fsafe x2
by (auto dest: fsafe.cases)
have sub1:(|Jye{y. Inl (Inr y) € SIGP z1}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGF (Diamond z1 z2)}. FVT (0 y))
by auto
have sub2:(|Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y)) C (Uye{y. Inl (Inr
y) € SIGF (Diamond z1 z2)}. FVT (o y))
by auto
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show ?Zcase using IHI[OF agree-sub[OF subl VA] safel] IH2[OF agree-sub]OF
sub2 VA] safe2] by auto
next
case (InContext z1 z2)
assume [HI:Av w. Vagree v w ({Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y))
= fsafe 22 = fml-sem (adjointFO I o v) 2 = fml-sem (adjointFO I o w) z2
assume VA:Vagree v w ((Jye{y. Inl (Inr y) € SIGF (InContext z1 z2)}. FVT
(0 1))
assume safe:fsafe (InContext x1 x2)
from safe have safel:fsafe x2
by (auto dest: fsafe.cases)
have sub:(|Jye{y. Inl (Inr y) € SIGF z2}. FVT (o y)) C (Uye{y. Inl (Inr y)
€ SIGF (InContext x1 22)}. FVT (o y))
by auto
show ?case using IH1[OF agree-sub]OF sub VA] safel]
unfolding adjointFO-def by auto
qed

lemma uadmit-prog-ntadjoint:
assumes TUA:PUadmitFO o o U
assumes VA:Vagree v w (= U)
assumes dfree:\i . dsafe (o ©)
assumes hpsafe:hpsafe a
assumes good-interp:is-interp I
shows prog-sem (adjointFO I o v) a = prog-sem (adjointFO I o w) «
proof —
have sub:((Jz€{z. Inl (Inr z) € SIGP a}. FVT (o z)) C —U using TUA
unfolding PUadmitFO-def by auto
have VA":Vagree v w ((Jz€{z. Inl (Inr z) € SIGP «a}. FVT (o z)) using
agree-sub| OF sub VA] by auto
show ?thesis
apply (rule uadmit-prog-fmi-ntadjoint'|OF dfree good-interp))
subgoal by (rule VA’
subgoal by (rule hpsafe)
done
qed

lemma uadmit-fml-ntadjoint:

assumes TUA:FUadmitFO o ¢ U

assumes VA:Vagree v w (—U)

assumes dfree:\i . dsafe (o i)

assumes fsafe:fsafe p

assumes good-interp:is-interp I

shows fml-sem (adjointFO I o v) ¢ = fml-sem (adjointFO I o w) ¢
proof —

have sub:((Jze{z. Inl (Inr ) € SIGF ¢}. FVT (0 z)) C —U using TUA
unfolding FUadmitFO-def by auto

have VA":Vagree v w (Jz€{z. Inl (Inr ) € SIGF ¢}. FVT (0 z)) using
agree-sub[OF sub VA] by auto
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show ?thesis
apply (rule uadmit-prog-fmi-ntadjoint'|OF dfree good-interp])
subgoal by (rule VA')
subgoal by (rule fsafe)
done
qed

11.3 Substitution theorems for terms

lemma nsubst-sterm:
fixes I::('sf, 'sc, 'sz) interp
fixes v::'sz state
shows TadmitFFO o 9 = (\i. dsafe (o ©)) = sterm-sem I (TsubstFO 9 o)
(fst v) = sterm-sem (adjointFO I o v) ¥ (fst v)
proof (induction rule: TadmitFFO.induct)
case (TadmitFFO-Funl o args f)
then show ?case by(auto simp add: adjointF'O-def)
next
case (TadmitFFO-Fun2 o args f)
then show ?case
apply(auto simp add: adjointFO-def)
by (simp add: dsem-to-ssem)
qed (auto)

lemma nsubst-sterm”:

fixes I:('sf, 'sc, 'sz) interp

fixes a b::'sz simple-state

shows TadmitFFO o O = (\i. dsafe (0 7)) = sterm-sem I (TsubstFO ¢ o)
a = sterm-sem (adjointFO I o (a,b)) ¥ a

using nsubst-sterm by (metis fst-conv)

lemma ntsubst-preserves-free:
dfree 0 = (\i. dfree (o 1)) = dfree( TsubstFO ¥ o)
proof (induction rule: dfree.induct)
case (dfree-Fun args i) then show Zcase
by (cases i) (auto intro:dfree.intros)
qed (auto intro: dfree.intros)

lemma tsubst-preserves-free:
dfree ¢ = (A\i f'. SFunctions o i = Some f' = dfree f") = dfree( Tsubst ¥ o)
proof (induction rule: dfree.induct)
case (dfree-Fun args i) then show ?Zcase
by (cases SFunctions o i) (auto intro:dfree.intros ntsubst-preserves-free)
qed (auto intro: dfree.intros)

lemma subst-sterm:
fixes I:('sf, 'sc, 'sz) interp
fixes v::'sz state
shows
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TadmitF o ¥ —
(A\i f'. SFunctions o i = Some f' = dfree f') =
sterm-sem I (Tsubst ¥ o) (fst v) = sterm-sem (adjoint I o v) 9 (fst v)
proof (induction rule: TadmitF.induct)
case (TadmitF-Funl o args f ') then
have subFree: TadmitFFO (\i. Tsubst (args i) o) f'
and frees:\i. dfree (Tsubst (args i) o)
and TFA:\i. TadmitF o (args i)
and NTFA:TadmitFFO (X\i. Tsubst (args i) o) f'
and thelH:\i. sterm-sem I (Tsubst (args i) o) (fst v) = sterm-sem (local.adjoint
Iov) (args i) (fst v)
by auto
from frees have safes:\i. dsafe (Tsubst (args i) o)
by (simp add: dfree-is-dsafe)
assume subFreeer:(\i f'. SFunctions o i = Some f' = dfree f')
note admit = TadmitF-Funl.hyps(1) and sfree = TadmitF-Funl.prems(1)
have IH:(\i. sterm-sem I (Tsubst (args i) o) (fst v) = sterm-sem (adjoint I o
) (args 1) (fot v))
using admit TadmitF-Funl.prems TadmitF-Funl.IH by auto
have vec-eq:(x 4. sterm-sem (local.adjoint I o v) (args i) (fst v)) = (x i
sterm-sem I (Tsubst (args i) o) (fst v))
apply(rule vec-extensionality)
using IH by auto
assume some:SFunctions o f = Some '
let Zsub = (X i. Tsubst (args i) o)
have TH2:sterm-sem I (TsubstFO f' ?sub) (fst v) = sterm-sem (adjointF'O I ?sub
v) 17 (st v)
apply(rule nsubst-sterm,)
apply(rule subFree)
by (rule safes)
show Zcase
apply (simp add: some)
unfolding vec-eq IH2
by (auto simp add: some adjoint-free]OF subFreeer, of o (A z y. z) I V]
adjointFO-free|OF frees|)
next
case (TadmitF-Fun2 o args f)
assume none:SFunctions o f = None
note admit = TadmitF-Fun2.hyps(1) and sfree = TadmitF-Fun2.prems(1)
have IH:(\i. TadmitF o (args i) =
sterm-sem I (Tsubst (args i) o) (fst v) = sterm-sem (adjoint I o v) (args i)
(fst v))
using TadmitF-Fun2.prems TadmitF-Fun2.IH by auto
have egs: \i. sterm-sem I (Tsubst (args i) o) (fst v) = sterm-sem (adjoint I o
v) (args i) (fst v)
by (auto simp add: IH admit)
show Zcase
by (auto simp add: none IH adjoint-def vec-extensionality eqs)
qged auto
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lemma nsubst-dterm”:
fixes I::('sf, 'sc, 'sz) interp
fixes v::’sz state
assumes good-interp:is-interp I
shows TadmitFO o ¢ = dfree 9 = (\i. dsafe (o i)) = dterm-sem [
(TsubstF'O 9 o) v = dterm-sem (adjointFO I o v) 9 v
proof (induction rule: TadmitFO.induct)
case (TadmitFO-Fun o args f)
assume admit: \i. TadmitFO o (args i)
assume IH:\i. dfree (args i) = (\i. dsafe (o 7)) = dterm-sem I (TsubstFO
(args 7) o) v = dterm-sem (adjointFO I o v) (args i) v
assume free:dfree (3f f args)
assume safe: \i. dsafe (o 7)
from free have frees: \i. dfree (args i) by (auto dest: dfree.cases)
have sem:\i. dterm-sem I (TsubstFO (args i) o) v = dterm-sem (adjointFO I
ov) (args i) v
using IH[OF frees safe] by auto
have vecEq: (x . dterm-sem (adjointFO I o v) (args i) v) =
(x i. dterm-sem
(Functions = case-sum (Functions I) (\f' -. dterm-sem I (o f') v),
Predicates = Predicates I, Contexts = Contexts I,
Programs = Programs I, ODEs = ODEs I, ODEBV = ODEBV I
(args i) v)
apply (rule vec-extensionality)
by (auto simp add: adjointFO-def)
show dterm-sem I (TsubstFO ($f f args) o) v = dterm-sem (adjointFO I o v)
(81 f args) v
apply (cases f)
apply (auto simp add: vec-extensionality adjointF'O-def)
using sem apply auto
subgoal for a using vecEq by auto
done
next
case (TadmitFO-Diff o )
hence admit: TadmitFFO o 9
and admitU:NTUadmit o 9 UNIV

and safe: dfree (Differential )
and freeSub:\i. dsafe (o )
by auto
from safe have Fulse by (auto dest: dfree.cases)
then show dterm-sem I (TsubstF'O (Differential ¥) o) v = dterm-sem (adjointFO
I o v) (Differential ¥) v
by auto
qed (auto simp add: TadmitFO.cases)

lemma ntsubst-free-to-safe:
dfree 9 = (\i. dsafe (0 i)) = dsafe (TsubstFO 9 o)
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proof (induction rule: dfree.induct)
case (dfree-Fun args i) then show ?Zcase
by (cases i) (auto intro:dsafe.intros ntsubst-preserves-free)
qed (auto intro: dsafe.intros)

lemma ntsubst-preserves-safe:
dsafe 9 = (\i. dfree (o i)) = dsafe (TsubstFO ¥ o)
proof (induction rule: dsafe.induct)

case (dsafe-Fun args i) then show ?case

by (cases i) (auto intro:dsafe.intros ntsubst-preserves-free dfree-is-dsafe)
next

case (dsafe-Diff ¥) then show ?case
by (auto intro:dsafe.intros ntsubst-preserves-free)
qed (auto simp add: ntsubst-preserves-free intro: dsafe.intros)

lemma tsubst-preserves-safe:
dsafe 9 = (\i f'. SFunctions o i = Some f' = dfree f') = dsafe( Tsubst 9 o)
proof (induction rule: dsafe.induct)
case (dsafe-Fun args ©)
assume dsafes:\i. dsafe (args i)
assume IH:Aj. (\i f'. SFunctions o i = Some f' = dfree ') = dsafe (Tsubst
(args j) o)
assume frees: \i f. SFunctions o i = Some f = dfree f
have IH":\i. dsafe (Tsubst (args i) o)
using frees IH by auto
then show ?case
apply auto
apply(cases SFunctions o 1)
subgoal using IH frees by auto
subgoal for a using frees[of i a] ntsubst-free-to-safe[of a] IH' by auto
done
qed (auto intro: dsafe.intros tsubst-preserves-free)

lemma subst-dterm:
fixes I::('sf, 'sc, 'sz) interp
assumes good-interp:is-interp I
shows
Tadmit 0 ¥ =
dsafe 9 —
(A\i f'. SFunctions o i = Some f' = dfree f') =
(N\ff'. SPredicates o f = Some f' = fsafe f') =
(Av. dterm-sem I (Tsubst ¥ o) v = dterm-sem (adjoint I o v) ¥ v)
proof (induction rule: Tadmit.induct)
case (Tadmit-Funl o args f f' v)
note safe = Tadmit-Funl.prems(1) and sfree = Tadmit-Funl .prems(2) and TA
= Tadmit-Funl .hyps(1)
and some = Tadmit-Funl.hyps(2) and NTA = Tadmit-Funl .hyps(3)
hence safes:\i. dsafe (args i) by auto
have IH:(Av'. \i. dsafe (args i) =
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dterm-sem I (Tsubst (args i) o) v = dterm-sem (adjoint I o v) (args i) v)
using Tadmit-Funl.prems Tadmit-Funl.[H by auto
have egs:\i v'. dterm-sem I (Tsubst (args ©) o) v = dterm-sem (adjoint I o v)
(args i) v
by (auto simp add: IH safes)
let Zsub = (A i. Tsubst (args i) o)
have subSafe:(\i. dsafe (?sub 1))
using tsubst-preserves-safe[ OF safes sfree]
by (simp add: safes sfree tsubst-preserves-safe)
have freef:dfree f' using sfree some by auto
have [H2:dterm-sem I (TsubstFO f’ ?sub) v = dterm-sem (adjointFO I 2sub v)
frv
by (simp add: nsubst-dterm’[OF good-interp NTA freef subSafe])
have vec:(y i. dterm-sem I (Tsubst (args i) o) v) = (x i. dterm-sem (local.adjoint
I ov) (args i) v)
apply(auto simp add: vec-eq-iff)
subgoal for i
using IH[of i, OF safes|of ]|
by auto
done
show Zcase
using IH safes eqs apply (auto simp add: IH2 some good-interp)
using some unfolding adjoint-def adjointFO-def by auto
next
case (Tadmit-Fun2 o args f v)
note safe = Tadmit-Fun2.prems(1) and sfree = Tadmit-Fun2.prems(2) and TA
= Tadmit-Fun2.hyps(1)
and none = Tadmit-Fun2.hyps(2)
hence safes:\i. dsafe (args i) by auto
have IH:(Av'. \i. dsafe (args i) =
dterm-sem I (Tsubst (args ©) o) v = dterm-sem (adjoint I o v) (args i) v)
using Tadmit-Fun2.prems Tadmit-Fun2.IH by auto
have Ieq: Functions I f = Functions (adjoint I o v) f
using none unfolding adjoint-def by auto
have vec:(x i. dterm-sem I (Tsubst (args 7) o) v) = (x i. dterm-sem (adjoint I
o v) (args i) v)
apply (auto simp add: vec-eq-iff)
subgoal for ¢ using IH[of i, OF safes|of i]] by auto
done
show ?case using none IH Ieq vec by auto
next
case (Tadmit-Diff o 9) then
have TA:Tadmit o ¥
and TUA:TUadmit o 9 UNIV
and IH:dsafe 9 = (\i f'. SFunctions o i = Some f' = dfree f') = (Av.
dterm-sem I (Tsubst 9 o) v = dterm-sem (local.adjoint I o v) ¥ v)
and safe:dsafe (Differential 9)
and sfree:\i f'1. SFunctions o i = Some f'1 = dfree f'1
and spsafe: \f f'. SPredicates o f = Some f' = fsafe f'
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by auto
from sfree have sdsafe:\f f'. SFunctions o f = Some f' = dsafe [’
using dfree-is-dsafe by auto
have VA:Av w. Vagree v w (—UNIV) unfolding Vagree-def by auto
from safe have free:dfree ¥ by (auto dest: dsafe.cases intro: dfree.intros)
from free have tsafe:dsafe ¥ using dfree-is-dsafe by auto
have freeSubst:dfree (Tsubst 9 o)
using tsubst-preserves-free|OF free sfree]
using Tadmit-Diff .prems(2) free tsubst-preserves-free by blast
have IH"A\v. dterm-sem I (Tsubst ¥ o) v = dterm-sem (local.adjoint I o v) 9
v
using IH[OF tsafe sfree] by auto
have sem-eq:\v'. dsafe 9 = is-interp [ = dterm-sem (local.adjoint I o v) ¥
= dterm-sem (local.adjoint I o v') 9
subgoal for v’
using uadmit-dterm-adjoint|OF TUA VA sfree spsafe, of (A z y. ) (A z y.
z) I v
by auto
done
have IH':Av'. dterm-sem I (Tsubst O o) v’ = dterm-sem (local.adjoint I o v)
9 v’
subgoal for v’
using sem-eq|OF tsafe good-interp, of v’ IH'[of v'] by auto
done
have sem-eq:sterm-sem I (Tsubst ¢ o) = sterm-sem (local.adjoint I o v) 9
apply (auto simp add: fun-eq-iff)
subgoal for v’
apply (cases v')
subgoal for v’/
apply auto
using dsem-to-ssem|OF free, of (local.adjoint I o v) (v',v’)] dsem-to-ssem|OF
freeSubst, of I (v'w")] IH [of (v)]
apply auto
using IH'" by auto
done
done
show ?Zcase
apply (auto simp add: directional-derivative-def fun-eq-iff)
using sterm-determines-frechet| OF
good-interp
adjoint-safe| OF good-interp sfree]
tsubst-preserves-free| OF free sfree]
free sem-eq|
by auto
qed auto

11.4 Substitution theorems for ODEs

lemma osubst-preserves-safe:

223



assumes ssafe:ssafe o

shows (osafe ODE = Oadmit o ODE U = osafe (Osubst ODE o))
proof (induction rule: osafe.induct)

case (osafe-Var c)

then show ?case using ssafe unfolding ssafe-def by (cases SODEs o ¢, auto
intro: osafe.intros)
next

case (osafe-Sing U 1)

then show ?case

using tsubst-preserves-free ssafe unfolding ssafe-def by (auto intro: osafe.intros)
next

case (osafe-Prod ODE1 ODE2)

moreover have Oadmit ¢ ODE1 U Oadmit o ODE2 U ODE-dom (Osubst ODE1
o) N ODE-dom (Osubst ODE2 o) = {}

using osafe-Prod.prems by (auto dest: Oadmit.cases)

ultimately show ?case by (auto intro: osafe.intros)

qed

lemma nosubst-preserves-safe:
assumes sfree:\i. dfree (o i)
fixes a ::('a + 'd, 'b, 'c) hp and ¢ ::('a + 'd, 'b, 'c) formula
shows (osafe ODE = OUadmitFO o ODE U = osafe (OsubstFO ODE o))
proof (induction rule: osafe.induct)
case (osafe-Var c)
then show ?case by (auto intro: osafe.intros)
next
case (osafe-Sing U x)
then show ?case using sfree ntsubst-preserves-free[of ¥ o] unfolding OUad-
mitFO-def by (auto intro: osafe.intros)
next
case (osafe-Prod ODE1 ODE2)
assume safel:osafe ODE1
and safe2:o0safe ODE2
and disj:ODE-dom ODE1 N ODE-dom ODE2 = {}
and [H!:0UadmitFO o ODE1 U = osafe (OsubstFO ODE1 o)
and [H2:0UadmitFO o ODE2 U = osafe (OsubstFO ODE2 o)
and NOUA:0OUadmitFO o (OProd ODE1 ODE2) U
have nosubst-preserves-ODE-dom: \ ODE. ODE-dom (OsubstFO ODE o) = ODE-dom
ODE
subgoal for ODFE
apply (induction ODE)
by auto
done
have disj:ODE-dom (OsubstFO ODE1 o) N ODE-dom (OsubstFO ODE2 o) =

{}
using disj nosubst-preserves-ODE-dom by auto
from NOUA have NOUA1:OUadmitFO ¢ ODE1 U and NOUAZ2:0UadmitFO
o ODE2 U unfolding OUadmitFO-def by auto
then show ?case using IH1[OF NOUA1] IH2[OF NOUAZ2] disj’' by (auto intro:
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osafe.intros)
qed

lemma nsubst-dterm:
fixes I::('sf, 'sc, 'sz) interp
fixes v::'sz state
fixes v":'sz state
assumes good-interp:is-interp I
shows TadmitFO o ¢ = dsafe 9 = (A\i. dsafe (o i)) = dterm-sem I
(TsubstFO ¥ o) v = dterm-sem (adjointFO I o v) 9 v
proof (induction rule: TadmitFO.induct)
case (TadmitF'O-Diff o ) then
have subFree:(\i. dsafe (o 1))
and NTFA:TadmitFFO o 9
and substFree:dfree (TsubstFO ¥ o)
and dsafe:dsafe (Differential 9)
and subSafe:\i. dsafe (o 7)
and NTU:NTUadmit o ¢ UNIV
by auto
have dfree:dfree ¥ using dsafe by auto
then show ?case
apply auto
apply (unfold directional-derivative-def)
apply (rule sterm-determines-frechet)
subgoal using good-interp by auto
subgoal using adjointFO-safe[OF good-interp, of o] subSafe by auto
subgoal using substFree by auto
subgoal using dfree by auto
subgoal
apply(rule ext)
subgoal for z
using nsubst-sterm’[of o 9 I (fst v) (snd v), OF NTFA subSafe] apply
auto
proof —
assume sem:sterm-sem I (TsubstFO 9 o) (fst v) = sterm-sem (adjointFO
ITov)d (fstv)
have VA:Av w. Vagree v (z,snd v) (—UNIV) unfolding Vagree-def by

auto
show sterm-sem I (TsubstFO ¥ o) © = sterm-sem (adjointFO I o v) ¥ x
using wadmit-sterm-ntadjoint|OF NTU VA subSafe, OF good-interp, of
(z, snd v)]
nsubst-sterm|OF NTFA subSafe, of T v ]
apply auto

using NTU VA dfree-is-dsafe dsafe subSafe substFree good-interp uad-
mit-sterm-ntadjoint
by (metis NTFA fst-eqD nsubst-sterm)
qed
done
done
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next

case (TadmitFO-Fun o args f)

then show ?case apply auto apply(cases f) unfolding adjointFO-def by auto
qed (auto)

lemma nsubst-ode:
fixes I:('sf, 'sc, 'sz) interp
fixes v::'sz state
fixes v"::'sz state
assumes good-interp:is-interp I
shows osafe ODE = OadmitFO 0 ODE U = (\!i. dsafe (o i)) = ODE-sem
I (OsubstFO ODE o) (fst v)= ODE-sem (adjointFO I o v) ODE (fst v)
proof (induction rule: osafe.induct)
case (osafe-Var c)
then show ?case unfolding OUadmitFO-def adjointFO-def by auto
next
case (osafe-Sing 9 x)
then show ?case apply auto
using nsubst-sterm’ [of o 9 I (fst v) (snd v)] by auto
next
case (osafe-Prod ODE1 ODE2) then
have NO1:0admitFO ¢ ODE! U and NO2:0admitFO ¢ ODE2 U
unfolding OUadmitFO-def by auto
have ODE-sem I (OsubstFO ODE1 o) (fst v) = ODE-sem (adjointFO I o v)
ODE1 (fst v)
ODE-sem I (OsubstFO ODE2 o) (fst v) = ODE-sem (adjointFO I o v) ODE2
(fst v) using osafe-Prod.IH osafe-Prod.prems osafe-Prod.hyps
using NOI NO2 by auto
then show ?case by auto
qed

lemma osubst-preserves-BVO:

shows BVO (OsubstFO ODE o) = BVO ODE
proof (induction ODE)
qed (auto)

lemma osubst-preserves-ODE-vars:

shows ODE-vars I (OsubstFO ODE o) = ODE-vars (adjointFO I o v) ODE
proof (induction ODE)
qed (auto simp add: adjointFO-def)

lemma osubst-preserves-semBV:

shows semBV I (OsubstFO ODE o) = semBV (adjointFO I o v) ODE
proof (induction ODE)
qed (auto simp add: adjointFO-def)

lemma nsubst-mkv:

fixes I:('sf, 'sc, 'sz) interp
fixes v::'sz state
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fixes v":'sz state
assumes good-interp:is-interp I
assumes NOU:OadmitFO ¢ ODE U
assumes osafe:osafe ODE
assumes frees:(\i. dsafe (o 7))
shows (mk-v I (OsubstFO ODE o) v (fst v'))

= (mk-v (adjointFO I o v') ODE v (fst v’))
apply(rule agree-UNIV-eq)
using mk-v-agree|[of adjointFO I o v’ ODE v fst v']
using mk-v-agree[of I OsubstFO ODE o v fst V]
unfolding Vagree-def
using nsubst-ode|OF good-interp osafe NOU frees, of v’]
apply auto
subgoal for

apply(erule allE[where z=i])+

apply(cases Inl i € semBV I (OsubstFO ODE o))

using osubst-preserves-ODE-vars
by (metis (full-types))+

subgoal for ¢

apply(erule allE[where z=i])+

apply(cases Inr ¢ € BVO ODE)

using osubst-preserves-ODE-vars

by (metis (full-types))+
done

lemma ODE-unbound-zero:

fixes i

shows Inl i ¢ BVO ODE = ODE-sem | ODExz $ i = 0
proof (induction ODE)
qed (auto)

lemma ODE-bound-effect:
fixes st sol ODE X b
assumes s:s € {0..t}
assumes sol:(sol solves-ode (A\-. ODE-sem I ODE)) {0..t} X
shows Vagree (sol 0,b) (sol s, b) (—(BVO ODE))
proof —
have A\i. Inli ¢ BVO ODE = (V¥ s. s € {0..t} — sols$ i=s0l 0 $ i)
apply auto
apply (rule constant-when-zero)
using s sol apply auto
using ODE-unbound-zero solves-ode-subset
by fastforce+
then show Vagree (sol 0, b) (sol s, b) (— BVO ODE)
unfolding Vagree-def
using s by (metis Compl-iff fst-conv snd-conv)
qed

lemma NO-sub: OadmitFO ¢ ODE A — B C A — OadmitFO o ODE B
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by (induction ODE, auto simp add: OUadmitFO-def)

lemma NO-to-NOU:OadmitFO o ODE S = OUadmitFO ¢ ODE S
by (induction ODE, auto simp add: OUadmitFO-def)

11.5 Substitution theorems for formulas and programs

lemma nsubst-hp-fml:
fixes I:('sf, 'sc, 'sz) interp
assumes good-interp:is-interp I
shows (NPadmit o a — (hpsafe o« — (Vi. dsafe (o 7)) — (V v w. (v, w)
€ prog-sem I (PsubstFO « o)) = ((v, w) € prog-sem (adjointFO I o v) a)))) A
(NFadmit o ¢ — (fsafe ¢ — (Vi. dsafe (o0 7)) — (V v. (v € fml-sem |
(FsubstFO ¢ o)) = (v € fml-sem (adjointFO I o v) ¢))))
proof (induction rule: NPadmit-NFadmit.induct)
case (NPadmit-Pvar o a)
then show ?case unfolding adjointFO-def by auto
next
case (NPadmit-ODE o ODE ¢) then
have NOU:0OadmitFO ¢ ODE (BVO ODE)
and NFA:NFadmit o ¢
and NFU:FUadmitFO o ¢ (BVO ODE)
and fsafe:fsafe (FsubstFO ¢ o)
and IH:fsafe ¢ = (\i. dsafe (o 7)) = (Av. (v € fmi-sem I (FsubstFO ¢
o)) = (v € fml-sem (adjointFO I o v) ¢))
and osafe’osafe (OsubstFO ODE o)
by auto
have hpsafe (EvolveODE ODE ¢) = (\i. dsafe (0 7)) = (Av w. ((v, w) €
prog-sem I (PsubstFO (EvolveODE ODE ¢) o)) = ((v, w) € prog-sem (adjointFO
I o v) (EvolveODE ODE ¢)))
proof —
assume safe:hpsafe (EvolveODE ODE )
then have osafe:osafe ODE and fsafe:fsafe ¢ by auto
assume frees:(\i. dsafe (o ©))
fix vw
show ((v, w) € prog-sem I (PsubstFO (EvolveODE ODE ¢) o)) = ((v, w) €
prog-sem (adjointFO I o v) (EvolveODE ODE ¢))
proof (auto)
fix b
and sol :: real =(real, 'sz) vec
and ¢t :: real
assume eql:v = (sol 0, b)
assume eg2:w = mk-v I (OsubstFO ODE o) (sol 0, b) (sol t)
assume t:0 < ¢
assume sol:(sol solves-ode (Aa. ODE-sem I (OsubstFO ODE o))) {0..t}
{z. mk-v I (OsubstFO ODE o) (sol 0, b) x € fml-sem I (FsubstFO ¢ o)}
have agree-sem: \t. Vagree (mk-v I (OsubstFO ODE o) (sol 0, b) (sol t)) (sol
0, b) (— (Inl * ODE-vars I (OsubstFO ODE o) U Inr ¢ ODE-vars I (OsubstF'O
ODE 0)))
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subgoal for ¢
using mk-v-agree[of I OsubstFO ODE o (sol 0, b) sol t] unfolding
Vagree-def apply auto
done
done
have bv-sub:(—BVO ODE) C — (Inl * ODE-vars I (OsubstFO ODE o) U Inr
“ ODE-vars I (OsubstFO ODE o))
by (induction ODE, auto)
have agree: \t. Vagree (mk-v I (OsubstFO ODE o) (sol 0, b) (sol t)) (sol 0,
b) (— BVO ODE)
using agree-sub]OF bv-sub agree-sem] by auto
— Necessary
have mkv: \t. mk-v I (OsubstFO ODE o) (sol 0, b) (sol t) = mk-v (adjointFO
I o (solt, b)) ODE (sol 0, b) (sol t)
using nsubst-mkv[OF good-interp NOU osafe frees]
by auto
have hmm:\s. s € {0..t} = Vagree (sol 0,b) (sol s, b) (—(BVO ODE))
using ODE-bound-effect sol
by (metis osubst-preserves-BVO)
have FVT-sub:(J ye{y. Inl (Inr y) € SIGO ODE}. FVT (o y)) C (—(BVO
ODE))
using NOU NO-to-NOU OUadmitFO-def
by fastforce
have agrees:\s. s € {0..t} = Vagree (sol 0,b) (sol s, b) (Uye{y. Inl (Inr
y) € SIGO ODE}. FVT (o y))
subgoal for s using agree-sub|OF FVT-sub hmm[of s]] by auto done
have A\s. s € {0..t} = mk-v (adjointFO I o (sol s, b)) ODE = mk-v
(adjointFO I o (sol 0, b)) ODE
subgoal for s
apply (rule uvadmit-mkv-ntadjoint)
prefer 3
using NOU hmm|of s] NO-to-NOU unfolding OUadmitFO-def Vagree-def
apply fastforce
using frees good-interp osafe by auto
done
then have mkva:A\s. s € {0..t} = mk-v (adjointFO I o (sol s, b)) ODE
(sol 0, b) (sol s) = mk-v (adjointFO I o (sol 0, b)) ODE (sol 0, b) (sol s)
by presburger
have main-eq:\s. s € {0..t} = mk-v I (OsubstFO ODE o) (sol 0, b) (sol
s) = mk-v (adjointF'O I o (sol 0, b)) ODE (sol 0, b) (sol s)
using mkv mkva by auto
note mkvt = main-eq|of t]
have fml-eql:As. s € {0..t} =
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem I (FsubstFO ¢
)
= (mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem (adjointFO I o
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s))) ¢)
using IH[OF fsafe frees] by auto
have fml-eq2:\s. s € {0..t} =
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((mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem (adjointFO I o
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s))) ¢
=(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem (adjointFO I o
(sol 0,°0)) ¢))
subgoal for s
using NFU frees fsafe good-interp mk-v-agree osubst-preserves-ODE-vars
uadmit-fml-ntadjoint
using agree by blast
done
have fml-eq8:\s. s € {0..t} =
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem (adjointFO I o
(sol 0, b)) ) = (mk-v (adjointFO I o (sol 0,b)) ODE (sol 0, b) (sol s) € fmi-sem
(adjointFO I o (sol 0, b)) ¢)
using main-eq by auto
have fml-eq: \s. s € {0..t} =
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem I (FsubstFO ¢ o))

= (mk-v (adjointFO I o (sol 0,b)) ODE (sol 0, b) (sol s) € fml-sem
(adjointFO I o (sol 0, b)) @)
using fml-eql fml-eq2 fml-eq3 by meson
have sem-eq:\t. ODE-sem I (OsubstFO ODE o) (solt) = ODE-sem (adjointFO
I o (solt, b)) ODE (sol t)
subgoal for ¢
using nsubst-ode[OF good-interp osafe NOU frees, of (sol t,b)] by auto
done
have sem-fact:\s. s € {0..t} = ODE-sem I (OsubstFO ODE o) (sol s) =
ODE-sem (adjointFO I o (sol 0, b)) ODE (sol s)
subgoal for s
using nsubst-ode| OF good-interp osafe NOU frees, of (sol s, b)]
uadmit-ode-ntadjoint'|OF frees good-interp agrees|of s| osafe]
by auto
done
have sol’:(sol solves-ode (A-. ODE-sem (adjointFO I o (sol 0, b)) ODE))
{0..t}
{z. mk-v I (OsubstFO ODE o) (sol 0, b) « € fml-sem I (FsubstFO ¢ o)}
apply (rule solves-ode-congl)
apply (rule sol)
subgoal for ta by auto
subgoal for ta by (rule sem-fact|of ta])
subgoal by (rule refl)
subgoal by (rule refl)
done
have sub:A\s. s € {0..t}
= sol s € {z. (mk-v (adjointFO I o (sol 0,b)) ODE (sol 0, b) z €
fml-sem (adjointFO I o (sol 0, b)) )}
using fml-eq rangel t sol solves-ode-domainD by fastforce
have sol'":(sol solves-ode (Ac. ODE-sem (adjointFO I o (sol 0, b)) ODE))

{0..t}
{z. mk-v (adjointFO I o (sol 0, b)) ODE (sol 0, b) x € fml-sem (adjointFO I o
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(sol 0, b)) ¢}
apply (rule solves-odel)

subgoal using sol’ solves-ode-vderivD by blast
using sub by auto
show Jsola. sol 0 = sola 0 A
(ta. mk-v I (OsubstFO ODE o) (sol 0, b) (sol t) = mk-v (adjointFO I o
(sol 0, b)) ODE (sola 0, b) (sola ta) A
0 < taA
(sola solves-ode (Aa. ODE-sem (adjointFO I o (sol 0, b)) ODE))

{0..ta}
{z. mk-v (adjointFO I o (sol 0, b)) ODE (sola 0, b) = € fml-sem
(adjointFO I o (sol 0, b)) ¢})
apply(rule exl[where z=sol])
apply(rule conjI)
subgoal by (rule refl)
apply(rule exl[where z=t])
apply(rule conjI)
subgoal using mkuvt t by auto
apply(rule conjI)
subgoal by (rule t)
subgoal by (rule sol”)
done
next
fix b
and sol::real = (real, 'sz) vec
and t:real
assume eql:v = (sol 0, b)
assume eq2:w = mk-v (adjointF'O I o (sol 0, b)) ODE (sol 0, b) (sol t)
assume t:0 < ¢
assume sol:(sol solves-ode (Aa. ODE-sem (adjointF'O I o (sol 0, b)) ODE))
{0..t}
{z. mk-v (adjointFO I o (sol 0, b)) ODE (sol 0, b) z € fml-sem (adjointFO I
o (sol 0, D)) ¢}
have agree-sem:\t. Vagree (mk-v I (OsubstFO ODE o) (sol 0, b) (sol t)) (sol
0, b) (— (Inl * ODE-vars I (OsubstFO ODE o) U Inr ¢ ODE-vars I (OsubstF'O
ODE 0)))
subgoal for ¢
using mk-v-agree[of I OsubstFO ODE o (sol 0, b) sol t] unfolding Vagree-def
apply auto
done
done
have buv-sub:(—BVO ODE) C — (Inl * ODE-vars I (OsubstFO ODE o) U Inr
“ ODE-vars I (OsubstFO ODE o))
by (induction ODE, auto)
have agree: \t. Vagree (mk-v I (OsubstFO ODE o) (sol 0, b) (sol t)) (sol 0, b)
(= BVO ODE)
using agree-sub]OF bv-sub agree-sem| by auto
— Necessary
have mkv:A\t. mk-v I (OsubstFO ODE o) (sol 0, b) (sol t) = mk-v (adjointFO
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I o (solt, b)) ODE (sol 0, b) (sol t)
using nsubst-mkv[OF good-interp NOU osafe frees|
by auto
have hmm:\s. s € {0..t} = Vagree (sol 0,b) (sol s, b) (—(BVO ODE))
using ODE-bound-effect sol
by (metis osubst-preserves-ODE-vars)
have FVT-sub:(|Jye{y. Inl (Inr y) € SIGO ODE}. FVT (o y)) C (—(BVO
ODE))
using NOU NO-to-NOU unfolding OUadmitFO-def by fastforce
have agrees:\s. s € {0..t} = Vagree (sol 0,b) (sol s, b) (IJye{y. Inl (Inr y)
€ SIGO ODE}. FVT (o y))
subgoal for s using agree-sub|OF FVT-sub hmm[of s|]| by auto done
have As. s € {0..t} = mk-v (adjointFO I o (sol s, b)) ODE = mk-v
(adjointFO I o (sol 0, b)) ODE
subgoal for s
apply (rule uwadmit-mkv-ntadjoint)
prefer 3
using NOU hmm/[of s] NO-to-NOU unfolding OUadmitFO-def Vagree-def
apply fastforce
using frees good-interp osafe by auto
done
then have mkva:\s. s € {0..t} = mk-v (adjointFO I o (sol s, b)) ODE (sol
0, b) (sol s) = mk-v (adjointFO I o (sol 0, b)) ODE (sol 0, b) (sol s)
by presburger
have main-eq:\s. s € {0..t} = mk-v I (OsubstFO ODE o) (sol 0, b) (sol s)
= mk-v (adjointFO I o (sol 0, b)) ODE (sol 0, b) (sol s)
using mkv mkva by auto
note mkvt = main-eq|of |
have fml-eq1:\s. s € {0..t} =
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem I (FsubstFO ¢ o))
= (mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem (adjointFO I o
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s))) )
using [H[OF fsafe frees| by auto
have fml-eq2:\s. s € {0..t} =
((mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fmil-sem (adjointFO I o
(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s))) ¢)
=(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem (adjointFO I o (sol
0, b)) ¢))
using NFU frees fsafe good-interp mk-v-agree osubst-preserves-ODE-vars
uadmit-fml-ntadjoint agree by blast

have fml-eq8:\s. s € {0..t} =

(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem (adjointFO I o (sol
0, b)) v) = (mk-v (adjointFO I o (sol 0,b)) ODE (sol 0, b) (sol s) € fmi-sem
(adjointFO I o (sol 0, b)) ¢)

using main-eq by auto

have fml-eq: As. s € {0..t} =

(mk-v I (OsubstFO ODE o) (sol 0, b) (sol s) € fml-sem I (FsubstFO ¢ o))

= (mk-v (adjointFO I o (sol 0,b)) ODE (sol 0, b) (sol s) € fml-sem
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(adjointFO I o (sol 0, b)) @)
using fml-eql fml-eq2 fml-eq3 by meson
have sem-eq: \t. ODE-sem I (OsubstFO ODE o) (sol t) = ODE-sem (adjointFO
I o (solt, b)) ODE (solt)
subgoal for ¢
using nsubst-ode| OF good-interp osafe NOU frees, of (sol t,b)] by auto
done
have sem-fact:\s. s € {0..t} = ODE-sem I (OsubstFO ODE o) (sol s) =
ODE-sem (adjointFO I o (sol 0, b)) ODE (sol s)
subgoal for s
using nsubst-ode[OF good-interp osafe NOU frees, of (sol s, b)]
uadmit-ode-ntadjoint |OF frees good-interp agrees[of s| osafe]
by auto
done

have sol”:
(sol solves-ode (Aa. ODE-sem I (OsubstFO ODE o))) {0..t} {z. mk-v

(adjointFO I o (sol 0, b)) ODE (sol 0, b) z € fml-sem (adjointFO I o (sol 0,
b)) ¢}

apply (rule solves-ode-congl)
apply (rule sol)
subgoal for ta by auto
subgoal for ta using sem-fact[of ta] by auto
subgoal by (rule refl)
subgoal by (rule refl)
done
have sub:A\s. s € {0..t}
= sol s € {z. (mk-v (adjointF'O I o (sol 0,b)) ODE (sol 0, b) = €
fml-sem (adjointFO I o (sol 0, b)) )}
using fml-eq rangel t sol solves-ode-domainD by fastforce
have sol’":(sol solves-ode (Aa. ODE-sem I (OsubstFO ODE ¢))) {0..t} {z. mk-v
I (OsubstFO ODE o) (sol 0, b) x € fml-sem I (FsubstFO ¢ o)}
apply (rule solves-odel)
subgoal using sol’ solves-ode-vderivD by blast
using sub fml-eq by blast
show Fsola. sol 0 = sola 0 A
(Fta. mk-v (adjointFO I & (sol 0, b)) ODE (sol 0, b) (sol t) = mk-v I
(OsubstFO ODE o) (sola 0, b) (sola ta) N
0 < taA
(sola solves-ode (Aa. ODE-sem I (OsubstFO ODE o))) {0..ta} {x.
mk-v I (OsubstFO ODE o) (sola 0, b) © € fmil-sem I (FsubstFO ¢ 0)})
apply (rule exl[where z=s0l])
apply (rule congl)
subgoal by (rule refl)
apply(rule exI[where z=t])
apply(rule conjl)
subgoal using t mkvt by auto
apply (rule congl)
subgoal by (rule t)
subgoal by (rule sol”)
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done
qed
qed
then show ?Zcase by auto
next
case (NPadmit-Assign o 9 1)
then show ?case using nsubst-dterm[OF good-interp, of o ] by auto
next
case (NPadmit-DiffAssign o ¥ )
then show ?Zcase using nsubst-dterm[OF good-interp, of o ¥] by auto
next
case (NFadmit-Geq o 91 92)
then show ?case
using nsubst-dterm[OF good-interp, of o ¥1]
using nsubst-dterm[OF good-interp, of o 92] by auto
next
case (NFadmit-Prop o args f)
assume NTA:A\i. TadmitFO o (args i)
have Av. fsafe ($¢ fargs) = (Ai. dsafe (0 i)) = (v € fml-sem I (FsubstFO
(8¢ fargs) 0)) = (v € fmi-sem (adjointFO I o v) ($¢ f args))
proof —
fix v
assume safe:fsafe (3¢ f args)
from safe have safes:\i. dsafe (args i) using dfree-is-dsafe by auto
assume subFree:(\i. dsafe (o 1))
have vec-eq:(x i. dterm-sem (adjointFO I o v) (args i) v) = (x i. dterm-sem
I (TsubstFO (args i) o) v)
apply(rule vec-extensionality)
using nsubst-dterm[OF good-interp NTA safes subFree] by auto
then show ?thesis v unfolding adjointFO-def by auto
qed
then show ?case by auto
next
case (NPadmit-Sequence o a b) then
have PUA:PUadmitFO o b (BVP (PsubstFO a o))
and PA:NPadmit o a
and HI:hpsafe a = (\i. dsafe (o0 i) = (A\v w. ((v, w) € prog-sem I
(PsubstFO a o)) = ((v, w) € prog-sem (adjointFO I o v) a))
and [H2:hpsafe b = (A\i. dsafe (0 7)) = (Av w. (
(PsubstFO b o)) = ((v, w) € prog-sem (adjointFO I o v) b))
and hpsafeS:hpsafe (PsubstFO a o)
by auto
have hpsafe (a ;; b)) = (\i. dsafe (0 7)) = (Av w. ((v, w) € prog-sem I
(PsubstFO (a ;; b) 0)) = ((v, w) € prog-sem (adjointFO I o v) (a ;; b)))
proof —
assume hpsafe:hpsafe (a ;; b)
assume ssafe:(\i. dsafe (o 7))
from hpsafe have safel:hpsafe a and safe2:hpsafe b by (auto dest: hpsafe.cases)
fix vw

(v, w) € prog-sem I
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have agree: A\p. (v, p) € prog-sem I (PsubstFO a o) = Vagree v u (—BVP(PsubstFO
@ 0))
subgoal for p
using bound-effect|OF good-interp, of (PsubstFO a o) v , OF hpsafeS] by
auto
done
have sem-eq:A\p. (v, p) € prog-sem I (PsubstFO a o) =
((n, w) € prog-sem (adjointFO I o v) b) =
(4, w) € prog-sem (adjointFO I o u) b)
subgoal for p
proof —
assume assm:(v, p) € prog-sem I (PsubstFO a o)
show ((u, w) € prog-sem (adjointFO I o v) b) = ((u, w) € prog-sem
(adjointFO I o ) b)
using uwadmit-prog-ntadjoint [OF PUA agree[OF assm] ssafe safe2
good-interp)
by auto
qed
done
have ((v, w) € prog-sem I (PsubstFO (a ;; b) o)) = (3 p. (v, ) € prog-sem I
(PsubstFO a o) A (i, w) € prog-sem I (PsubstFO b o))
by auto
moreover have ... = (3 p. (v, p) € prog-sem I (PsubstFO a o) A (u, w) €
prog-sem (adjointFO I o ) b)
using TH2|OF safe2 ssafe] by auto
moreover have ... = (3 p. (v, p) € prog-sem I (PsubstFO a o) A (u, w) €
prog-sem (adjointFO I o v) b)
using sem-eq by auto
moreover have ... = (3 u. (v, u) € prog-sem (adjointFO I o v) a A (i, w) €
prog-sem (adjointFO I o v) b)
using IHI1[OF safel ssafe] by auto
ultimately
show ((v, w) € prog-sem I (PsubstFO (a ;; b) o)) = ((v, w) € prog-sem
(adjointFO I o v) (a ;; b))
by auto
qed
then show ?case by auto
next
case (NPadmit-Loop o a) then
have PA:NPadmit o a
and PUA:PUadmitFO o a (BVP (PsubstFO a o))
and IH:hpsafe a = (\i. dsafe (o i) = (Av w. ((v, w) € prog-sem I
(PsubstFO a o)) = ((v, w) € prog-sem (adjointFO I o v) a))
and hpsafeS:hpsafe (PsubstFO a o)
by auto
have hpsafe (axx) = (A\i. dsafe (0 7)) = (Av w. ((v, w) € prog-sem I
(PsubstFO (axx) o)) = ((v, w) € prog-sem (adjointFO I o v) (ax*x)))
proof —
assume hpsafe (axx)

235



then have hpsafe:hpsafe a by (auto dest: hpsafe.cases)
assume ssafe:(\i. dsafe (o 1))
have agree:A\v p. (v, u) € prog-sem I (PsubstFO a o) = Vagree v u
(=BVP(PsubstFO a o))
subgoal for v pu
using bound-effect| OF good-interp, of (PsubstFO a o) v, OF hpsafeS]
by auto
done
have sem-eq:A\v p w. (v, p) € prog-sem I (PsubstFO a o) =
((u, w) € prog-sem (adjointFO I o v) a) =
((1, w) € prog-sem (adjointFO I o p) a)
subgoal for v p w
proof —
assume assm:(v, p) € prog-sem I (PsubstF'O a o)
show ((u, w) € prog-sem (adjointFO I o v) a) = ((u, w) € prog-sem
(adjointFO I o ) a)
using uadmit-prog-ntadjoint|OF PUA agree[OF assm| ssafe hpsafe
good-interp] by auto
qed
done
fix v w
have UN-rule:\ a S S’ (An b. (a,b) € Sn +— (a,b) € S" n) = (Ab. (a,b)
e (Un. Sn)+— (a,b) € (Un. S n))
by auto
have eqL:((v, w) € prog-sem I (PsubstFO (axx) o)) = ((v, w) € (Un. (prog-sem
I (PsubstFO a o)) "~ n))
using rtrancl-is- UN-relpow by auto
moreover have eachEq:A\n. (Av w. (v, w) € (prog-sem I (PsubstFO a o))
T n) = ((v, w) € (prog-sem (adjointFO I o v) a)” " n)))
proof —
fix n
show ((Av w. ((v, w) € (prog-sem I (PsubstFO a o)) ~ " n) = ((v, w) €
(prog-sem (adjointFO I o v) a)” " n)))
proof (induct n)
case (
then show ?Zcase by auto
next
case (Suc n) then
have IH2:A\v w. ((v, w) € prog-sem I (PsubstFO a o) " " n) = ((v, w) €
prog-sem (adjointFO I o v) a = n)
by auto
have relpow:ARn. R "~ Sucn=ROR " n
using relpow.simps(2) relpow-commute by metis
show Zcase
apply (simp only: relpow[of n prog-sem I (PsubstFO a o)| relpow|of n
prog-sem (adjointF'O I o v) al)
apply (unfold relcomp-unfold)
apply auto
subgoal for ab b
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apply(rule exl[where z=ab])
apply(rule exI[where z=0])
using TH2 IH[OF hpsafe ssafe] sem-eqlof v (ab,b) w| apply auto
using uadmit-prog-ntadjoint[OF PUA agree ssafe hpsafe good-interp]
IH[OF hpsafe ssafe]
apply (metis (no-types, lifting))
using wadmit-prog-ntadjoint[OF PUA agree ssafe hpsafe good-interp]
IH[OF hpsafe ssafe]
apply (metis (no-types, lifting))
done
subgoal for ab b
apply(rule exl[where z=ab))
apply(rule exI[where z=b])
using TH2 IH[OF hpsafe ssafe] sem-eqlof v (ab,b) w]| apply auto
using uadmit-prog-ntadjoint|OF PUA agree ssafe hpsafe good-interp]
IH[OF hpsafe ssafe]
apply (metis (no-types, lifting))
using uadmit-prog-ntadjoint|OF PUA agree ssafe hpsafe good-interp]
IH[OF hpsafe ssafe]
apply (metis (no-types, lifting))
done
done
qed
qed
moreover have ((v, w) € (|Jn. (prog-sem I (PsubstFO a c)) " n)) = ((v, w)
€ (U n.(prog-sem (adjointFO I o v) a)” " n))
apply(rule UN-rule)
using eachFq by auto
moreover have eqR:((v, w) € prog-sem (adjointFO I o v) (axx)) = ((v, w) €
(Un. (prog-sem (adjointFO I o v) a) ~ " n))
using rtrancl-is- UN-relpow by auto
ultimately show ((v, w) € prog-sem I (PsubstFO (axx) o)) = ((v, w) €
prog-sem (adjointFO I o v) (axx))
by auto
qed
then show “case by auto
next
case (NFadmit-Exists o ¢ x)
then have IH:fsafe ¢ = (\i. dsafe (0 7)) = (Av. (v € fmi-sem I (FsubstFO
p o)) = (v € fmil-sem (adjointFO I o v) ¢))
and FUA:FUadmitFO o ¢ {Inl z}
by blast+
have fsafe:fsafe (Ezists © ©) = fsafe ¢
by (auto dest: fsafe.cases)
have eq:fsafe (Exists © ¢) = (Ai. dsafe (o0 i) = (Av. (v € fml-sem I
(FsubstF'O (Exists © @) o)) = (v € fml-sem (adjointFO I o v) (Exists © ¢)))
proof —
assume fsafe:fsafe (Exists © )
from fsafe have fsafe’:fsafe p by (auto dest: fsafe.cases)
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assume ssafe:(\i. dsafe (o 1))
fix v
have agree: \r. Vagree v (repv v xz r) (— {Inl z})
unfolding Vagree-def by auto
have sem-eq:A\r. ((repv v z r) € fml-sem (adjointFO I o (repv v z 1)) @) =
((repv v z 1) € fml-sem (adjointFO I o v) @)
using uadmit-fml-ntadjoint|OF FUA agree ssafe fsafe’ good-interp] by auto
have (v € fmil-sem I (FsubstFO (Ezists ) o)) = (3r. (repv v x r) € fml-sem
I (FsubstFO ¢ o))
by auto
moreover have ... = (3r. (repv v z r) € fml-sem (adjointFO I o (repv v x

r)) #)
using IH|[OF fsafe’ ssafe] by auto

moreover have ... = (3r. (repv v z r) € fml-sem (adjointFO I o v) ¢)
using sem-eq by auto

moreover have ... = (v € fml-sem (adjointFO I o v) (Ezists © ¢))
by auto

ultimately show (v € fml-sem I (FsubstFO (Ewists x ¢) o)) = (v € fmi-sem
(adjointFO I o v) (Exists © ¢))
by auto
qged
then show ?case by auto
next
case (NFadmit-Diamond o ¢ a) then
have PA:NPadmit o a
and FUA:FUadmitFO o ¢ (BVP (PsubstFO a o))
and [H1:fsafe ¢ = (\i. dsafe (0 i)) = (Av. (v € fml-sem I (FsubstFO ¢
0)) = (v € fml-sem (adjointFO I o v) ¢))
and [H2:hpsafe a = (\i. dsafe (0 i) = (A\v w. ((v, w) € prog-sem I
(PsubstFO a o)) = ((v, w) € prog-sem (adjointFO I o v) a))
and hpsafeF:hpsafe (PsubstFO a o)
by auto
have fsafe (( a ) ¢) = (A\i. dsafe (o 7)) = (Av. (v € fml-sem I (FsubstF'O
((a)p) o)) =(ve fml-sem (adjointFO I o v) (( a ) ¢)))
proof —
assume fsafe:fsafe (( a ) )
assume ssafe:(\i. dsafe (o 7))
from fsafe have fsafe’:fsafe p and hpsafe:hpsafe a by (auto dest: fsafe.cases)
fix v
have agree: A\w. (v, w) € prog-sem I (PsubstF'O a o) = Vagree v w (—BVP(PsubstFO
@ 0))
using bound-effect| OF good-interp, of (PsubstFO a o) v, OF hpsafeF] by
auto
have sem-eq:A\w. (v, w) € prog-sem I (PsubstFO a 0) =
(w € fmi-sem (adjointFO I o v) ¢) =
(w € fml-sem (adjointFO I o w) )
using wadmit-fml-ntadjoint [OF FUA agree ssafe fsafe’ good-interp] by auto
have (v € fml-sem I (FsubstFO (( a ) ¢) 0)) = (3 w. (v, w) € prog-sem I
(PsubstFO a o) A w € fml-sem I (FsubstF'O ¢ o))
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by auto
moreover have ... = (3 w. (v, w) € prog-sem (adjointFO I o v) a N w €
fml-sem (adjointFO I o w) ¢)
using IH1[OF fsafe’ ssafe] IH2[OF hpsafe ssafe, of v] by auto
moreover have ... = (3 w. (v, w) € prog-sem (adjointFO I o v) a AN w €
fml-sem (adjointFO I o v) )
using sem-eq IH2 hpsafe ssafe by blast
moreover have ... = (v € fml-sem (adjointFO I o v) ({( a ) ¢))
by auto
ultimately show %thesis v by auto
qed
then show ?case by auto
next
case (NFadmit-Context o ¢ C) then
have FA:NFadmit o ¢
and FUA:FUadmitFO o o UNIV
and IH:fsafe ¢ = (\i. dsafe (o 7)) = (Av. (v € fmi-sem I (FsubstFO ¢
0)) = (v € fml-sem (adjointFO I o v) ¢))
by auto
have fsafe (InContext C' ¢) =
(A\i. dsafe (0 7)== (Av. (v € fml-sem I (FsubstF'O (InContext C ) o))
= (v € fml-sem (adjointFO I o v) (InContext C ¢)))
proof —
assume safe:fsafe (InContext C o)
then have fsafe:fsafe ¢ by (auto dest: fsafe.cases)
assume ssafe:\i. dsafe (o 1)
fix v
have leq: Contexts (adjointFO I o v) C = Contexts I C
unfolding adjointF'O-def by auto
have IH" Av. (v € fml-sem I (FsubstFO ¢ o)) = (v € fmil-sem (adjointFO I
o) ¢)
using IH[OF fsafe ssafe] by auto
have agree: Aw. Vagree v w (— UNIV) unfolding Vagree-def by auto
have adj-eq: \w. fml-sem (adjointFO I o v) ¢ = fmil-sem (adjointFO I o w) ¢
using wadmit-fml-ntadjoint| OF FUA agree ssafe fsafe good-interp] by auto
then have sem:fml-sem I (FsubstFO ¢ o) = fml-sem (adjointFO I o v) ¢
using IH' agree adj-eq by auto
show ?thesis v using Ieq sem by auto
qed
then show ?case by auto
qed (auto)

lemma nsubst-fmil:
fixes I:('sf, 'sc, 'sz) interp
fixes v::'sz state
assumes good-interp:is-interp I
assumes NFA:NFadmit o ¢
assumes fsafe:fsafe p
assumes frees:(Vi. dsafe (o 7))
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shows (v € fmi-sem I (FsubstFO ¢ o)) = (v € fml-sem (adjointFO I o v) @)
using good-interp NFA fsafe frees
by (auto simp add: nsubst-hp-fml)

lemma nsubst-hp:

fixes I:('sf, 'sc, 'sz) interp

fixes v::'sz state

assumes good-interp:is-interp I

assumes NPA:NPadmit o «

assumes hpsafe:hpsafe o

assumes frees:\i. dsafe (o 7)

shows ((v, w) € prog-sem I (PsubstFO « o)) = ((v, w) € prog-sem (adjointFO
Iov)a)

using good-interp NPA hpsafe frees nsubst-hp-fml by blast

lemma psubst-sterm:

fixes I:('sf, 'sc, 'sz) interp

assumes good-interp:is-interp I

shows (sterm-sem I ¢ = sterm-sem (PFadjoint I o) )
proof (induction 1)
qged (auto simp add: PFadjoint-def)

lemma psubst-dterm:
fixes I::('sf, 'sc, 'sz) interp
assumes good-interp:is-interp I
shows (dsafe 9 = dterm-sem I ¥ = dterm-sem (PFadjoint I o) ¥)
proof (induction )
case (Differential )
assume safe:dsafe (Differential )
from safe have free:dfree ¢ by auto
assume sem:dsafe 9 = dterm-sem I ¢ = dterm-sem (PFadjoint I o) ¢
have Av. frechet I ¥ (fst v) (snd v) = frechet (PFadjoint I o) ¥ (fst v) (snd v)
apply(rule sterm-determines-frechet)
using good-interp free apply auto
subgoal unfolding is-interp-def PFadjoint-def by auto
using psubst-sterm[of I Y] by auto
then show ?case
by (auto simp add: directional-derivative-def)
qed (auto simp add: PFadjoint-def)

lemma psubst-ode:
assumes good-interp:is-interp I
shows ODE-sem I ODE = ODE-sem (PFadjoint I o) ODE
proof (induction ODE)
case (OVar 1)
then show ?case unfolding PFuadjoint-def by auto
next
case (OSing xla ©2)
then show Zcase apply auto apply (rule ext) apply (rule vec-extensionality)
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using psubst-sterm[OF good-interp, of 2 o] by auto
next

case (OProd ODE1 ODE?)

then show ?Zcase by auto
qed

lemma psubst-fml:
fixes I::('sf, 'sc, 'sz) interp
assumes good-interp:is-interp I
shows (PPadmit o o — hpsafe a« — (Vi. fsafe (o0 7)) — (V v w. (vw) €
prog-sem I (PPsubst o o) = ((v,w) € prog-sem (PFadjoint I o) «))) A
(PFadmit o ¢ — fsafe o — (V1. fsafe (o i) — (¥ v. v € fml-sem I (PFsubst
p o) = (v € fml-sem (PFadjoint I o) ¢)))
proof (induction rule: PPadmit-PFadmit.induct)
case (PPadmit-ODE ¢ ¢ ODE)
assume PF:PFadmit o ¢
assume PFU:PFUadmit o ¢ (BVO ODE)
assume [H:fsafe ¢ — (Vi. fsafe (o 7)) — (Yv. (v € fml-sem I (PFsubst ¢
0)) = (v € fml-sem (PFadjoint I o) ¢))
have hpsafe (EvolveODE ODE ) =
(Vi. fsafe (o 7)) = (Av w. ((v, w) € prog-sem I (PPsubst (EvolveODE ODE
) 0)) = ((v, w) € prog-sem (PFadjoint I o) (FvolveODE ODE ¢)))
proof —
assume safe:hpsafe (EvolveODE ODE )
from safe have fsafe:fsafe ¢ by auto
assume ssafe:(Vi. fsafe (o 7))
have fml-eqg:A\v. (v € fml-sem I (PFsubst ¢ 0)) = (v € fmi-sem (PFadjoint I
o) ¢)
using IH ssafe fsafe by auto
fix vw
show ((v, w) € prog-sem I (PPsubst (EvolveODE ODE ¢) o)) = ((v, w) €
prog-sem (PFadjoint I o) (FvolveODE ODE ))
apply auto
proof —
fix b sol t
assume eql:v = (sol 0, b)
and eq2:w = mk-v I ODE (sol 0, b) (sol t)
and t:0 < t
and sol:(sol solves-ode (Aa. ODE-sem I ODE)) {0..t} {z. mk-v I ODE (sol
0,b) z € fml-sem I (PFsubst ¢ o)}
have var:ODE-vars I ODE = ODEFE-vars (PFadjoint I o) ODE
by (induction ODE, auto simp add: PFadjoint-def)
have mkv-eq:\s. s € {0..t} = mk-v I ODE (sol 0, b) (sol s) = mk-v
(PFEadjoint I o) ODE (sol 0, b) (sol s)
apply(rule agree-UNIV-eq)
unfolding Vagree-def apply auto
subgoal for s i
using mk-v-agree[of I ODE (sol 0, b) sol s| mk-v-agree|of PFadjoint I o
ODE (sol 0, b) sol s
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unfolding Vagree-def var
apply (cases Inl i € Inl * ODE-vars I ODE, auto simp add: var)
by force
subgoal for s i
using mk-v-agree[of I ODE (sol 0, b) sol s] mk-v-agree[of PFadjoint I o
ODE (sol 0, b) sol s
unfolding Vagree-def var
apply (cases Inr ¢ € Inr * ODE-vars I ODE, auto simp add: var psubst-ode)
using psubst-ode| OF good-interp, of ODE o] apply auto
using psubst-ode| OF good-interp, of ODE o] by force
done
have sol”:(sol solves-ode (A-. ODE-sem (PFadjoint I o) ODE)) {0..t}
{z. mk-v I ODE (so0l 0, b) z € fml-sem I (PFsubst ¢ o)}
apply (rule solves-ode-congl)
apply (rule sol)
subgoal for ta by auto
subgoal for ta using psubst-ode[OF good-interp, of ODE o] by auto
subgoal by (rule refl)
subgoal by (rule refl)
done
have sub:A\s. s € {0..1}
= sol s € {z. (mk-v (PFadjoint I o ) ODE (sol 0, b) z € fml-sem
(PFadjoint I o ) )}
subgoal for s
using solves-ode-domainD[OF sol, of s] mkv-eq[of s| fml-eq[of mk-v
(PFEadjoint I o ) ODE (sol 0, b) (sol s)]
by auto
done
have sol’:(sol solves-ode (Ac. ODE-sem (PFadjoint I o ) ODE)) {0..t}
{z. mk-v (PFadjoint I o) ODE (sol 0, b) = € fml-sem (PFadjoint I o ) ¢}
apply (rule solves-odel)
subgoal using sol’ solves-ode-vderivD by blast
using sub by auto
show3 sola. sol 0 = sola 0 A
(3 ta. mk-v I ODE (sol 0, b) (sol t) = mk-v (PFadjoint I o) ODE (sola 0,
b) (sola ta) A
0 < ta AN
(sola solves-ode (Aa. ODE-sem (PFadjoint I o) ODE)) {0..ta}
{z. mk-v (PFadjoint I o) ODE (sola 0, b) x € fml-sem (PFadjoint I
o) o}
apply(rule exzl[where z=s0l])
apply(rule conjI)
apply(rule refl)
apply(rule exl[where z=t])
apply(rule conjI)
subgoal using mkv-eq t by auto
apply (rule conjI)
apply(rule t)
apply(rule sol”)
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done
next
fix b sol t
assume eql:v = (sol 0, b)
and eq2:w = mk-v (PFadjoint I o) ODE (sol 0, b) (sol t)
and t:0 <t
and sol:(sol solves-ode (Aa. ODE-sem (PFadjoint I o) ODE)) {0..t} {z.
mk-v (PFadjoint I o) ODE (sol 0, b) z € fml-sem (PFadjoint I o) ¢}
have var:ODE-vars I ODE = ODEFE-vars (PFadjoint I o) ODE
by (induction ODE, auto simp add: PFadjoint-def)
have mkv-eq:\s. s € {0..t} = mk-v I ODE (sol 0, b) (sol s) = mk-v
(PFadjoint I o) ODE (sol 0, b) (sol s)
apply(rule agree-UNIV-eq)
unfolding Vagree-def apply auto
subgoal for s i
using mk-v-agree[of I ODE (sol 0, b) sol s| mk-v-agree|of PFadjoint I o
ODE (sol 0, b) sol s
unfolding Vagree-def var
apply (cases Inl i € Inl ¢ ODE-vars I ODE, auto simp add: var)
by force
subgoal for s i
using mk-v-agree[of I ODE (sol 0, b) sol s| mk-v-agree[of PFadjoint I o
ODE (sol 0, b) sol s
unfolding Vagree-def var
apply (cases Inr ¢ € Inr * ODE-vars I ODE, auto simp add: var psubst-ode)
using psubst-ode| OF good-interp, of ODE o] apply auto
using psubst-ode| OF good-interp, of ODE o] by force
done
have sol”(sol solves-ode (A-. ODE-sem I ODE)) {0..t}
{z. mk-v (PFadjoint I o) ODE (sol 0, b) z € fml-sem (PFadjoint I o) ¢}
apply (rule solves-ode-congl)
apply (rule sol)
subgoal for ta by auto
subgoal for ta using psubst-ode[OF good-interp, of ODE o] by auto
subgoal by (rule refl)
subgoal by (rule refl)
done
have sub:\s. s € {0..t}
= sol s € {z. (mk-v I ODE (sol 0, b) z € fml-sem I (PFsubst ¢ o))}
subgoal for s
using solves-ode-domainD[OF sol, of s] mkv-eq[of s| fml-eq[of mk-v
(PFadjoint I o ) ODE (sol 0, b) (sol s)]
by auto
done
have sol’:(sol solves-ode (Ac. ODE-sem I ODE)) {0..t}
{z. mk-v I ODE (sol 0, b) © € fml-sem I (PFsubst ¢ o)}
apply (rule solves-odel)
subgoal using sol’ solves-ode-vderivD by blast
using sub by auto
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show Fsola. sol 0 = sola 0 A
(3 ta. mk-v (PFadjoint I o) ODE (sol 0, b) (solt) = mk-v I ODE (sola 0,
b) (sola ta) A
0 < ta A (sola solves-ode (Aa. ODE-sem I ODE)) {0..ta} {x. mk-v I
ODE (sola 0, b) x € fmil-sem I (PFsubst ¢ 0)})
apply(rule exl[where z=s0l])
by (metis dual-order.refl intervalE mkv-eq sol’’ t)
qed
qed
then show ?case
by auto
next
case (PPadmit-Assign o x 1)
have hpsafe (z := ¥) = (Vi. fsafe (0 i) = (V v w. (v, w) €
(PPsubst (z := 9) 0)) = ((v, w) € prog-sem (PFadjoint I o) (z := 1))
proof —
assume safe:hpsafe (z := o)
then have dsafe:dsafe 9 by auto
assume safes:(Vi. fsafe (o 7))
show ?thesis
using psubst-dterm[OF good-interp dsafe, of o] by auto
qed
then show ?case by auto
next
case (PPadmit-DiffAssign o = 9)
have hpsafe (DiffAssign z ¥) = (Vi. fsafe (0 7)) = (V¥ v w. ((v, w) € prog-sem
I (PPsubst (DiffAssign z 9) o)) = (((v, w) € prog-sem (PFadjoint I o) (DiffAssign
7))
proof —
assume safe:hpsafe (DiffAssign x )
then have dsafe:dsafe ¢ by auto
assume safes:(Vi. fsafe (o ©))
show ?thesis
using psubst-dterm|[OF good-interp dsafe, of o] by auto
qed
then show “case by auto
next
case (PFadmit-Geq o ¥1 92) then
have fsafe (Geq 01 ¥2) = (Y i. fsafe (0 7)) = (V v. (v € fmi-sem I (PFsubst
(Geq ¥1 92) o)) = (v € fml-sem (PFadjoint I o) (Geq V1 92)))
proof —
assume safe:fsafe (Geq 91 ¥2)
then have safel:dsafe V1
and safe2:dsafe 92 by auto
assume safes:(Vi. fsafe (o 7))
show ?thesis
using psubst-dterm[OF good-interp safel, of o] psubst-dterm[OF good-interp
safe2, of o] by auto
qed

prog-sem [
)
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then show ?case by auto
next
case (PFadmit-Prop o p args) then
have fsafe (Prop p args) = (\i. fsafe (o i)) = (A\v.(v € fml-sem I (PFsubst
($¢ p args) o)) = (v € fml-sem (PFadjoint I o) ($¢ p args)))
proof —
assume safe:fsafe (Prop p args) and ssafe: (\i. fsafe (o 7))
fix v
from safe have safes:\i. dsafe (args i) using dfree-is-dsafe by auto
have leq: Predicates I p = Predicates (PFadjoint I o) p
unfolding PFadjoint-def by auto
have vec:(x i. dterm-sem I (args i) v) = (x . dterm-sem (PFadjoint I o) (args
i) v)
apply (auto simp add: vec-eq-iff)
subgoal for ¢ using safes|of i|
by (metis good-interp psubst-dterm)
done
show ?thesis v using Ieq vec by auto
qed
then show “case by auto
next
case (PPadmit-Sequence o a b) then
have PUA:PPUadmit o b (BVP (PPsubst a o))
and PA:PPadmit o a
and [HI:hpsafe a = (\i. fsafe (o 7)) = (V v w. (v, w) € prog-sem I
(PPsubst a 0)) = ((v, w) € prog-sem (PFadjoint I o) a))
and IH2:hpsafe b = (\i. fsafe (0 i) = (V v w. ((v, w) € prog-sem I
(PPsubst b o)) = ((v, w) € prog-sem (PFadjoint I o) b))
and substSafe:hpsafe (PPsubst a o)
by auto
have hpsafe (a ;; b) = (Ai. fsafe (0 7)) = (A v w. ((v, w) € prog-sem I
(PPsubst (a ;; b) o)) = ((v, w) € prog-sem (PFadjoint I o) (a ;; b)))
proof —
assume hpsafe:hpsafe (a ;; b)
assume ssafe:(\i. fsafe (o 7))
from hpsafe have safel:hpsafe a and safe2:hpsafe b by (auto dest: hpsafe.cases)
fix v w
have agree: A\u. (v, p) € prog-sem I (PPsubst a 0) => Vagree v y (— BVP(PPsubst
@ 0))
subgoal for p
using bound-effect|OF good-interp, of (PPsubst a o) v, OF substSafe] by
auto
done
have sem-eq:Ap. (v, u) € prog-sem I (PPsubst a 0) =
((u, w) € prog-sem (PFadjoint I o) b) =
((4, w) € prog-sem (PFadjoint I o) b)
subgoal for p
proof —
assume assm:(v, p) € prog-sem I (PPsubst a o)
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show ((u, w) € prog-sem (PFadjoint I o) b) = ((14, w) € prog-sem (PFadjoint
I0)b)
using PUA agree|OF assm] safe2 ssafe good-interp by auto
qed
done
have ((v, w) € prog-sem I (PPsubst (a ;; b) 0)) = (3 p. (v, p) € prog-sem I
(PPsubst a o) A (p, w) € prog-sem I (PPsubst b o))
by auto
moreover have ... = (
prog-sem (PFadjoint I o) b)
using TH2[OF safe2 ssafe] by blast
moreover have ... = (3 pu. (v, p) € prog-sem (PFadjoint I o) a A (i, w) €
prog-sem (PFadjoint I o) b)
using IH1[OF safel ssafe] sem-eq by blast
ultimately
show ((v, w) € prog-sem I (PPsubst (a ;; b) o)) = ((v, w) € prog-sem (PFadjoint
Io) (a3 b))
by auto
qed
then show “case by auto
next
case (PPadmit-Loop o a) then
have PA:PPadmit o a
and PUA:PPUadmit o a (BVP (PPsubst a o))
and [H:hpsafe a = (\i. fsafe (0 7)) = (Av w. ((v, w) € prog-sem I (PPsubst
a 0)) = ((v, w) € prog-sem (PFadjoint I o) a))
and substSafe:hpsafe (PPsubst a o)
by auto
have hpsafe (axx) = (\i. fsafe (0 i) = (A\v w. ((v, w) € prog-sem I (PPsubst
(axx) 0)) = ((v, w) € prog-sem (PFadjoint I o) (a*x)))
proof —
assume hpsafe (axx)
then have hpsafe:hpsafe a by (auto dest: hpsafe.cases)
assume ssafe: \i. fsafe (o @)
have agree: A\v p. (v, p) € prog-sem I (PPsubst a 0) = Vagree v u (—BVP(PPsubst
)
subgoal for v pu
using bound-effect|OF good-interp, of (PPsubst a o) v, OF substSafe] by

3 p. (v, u) € prog-sem I (PPsubst a o) A (p, w) €

auto
done
fix vw
have UN-rule:\ a S S’ (An b. (a,b) € Sn +— (a,b) € §' n) = (Ab. (a,b)
e (Un. Sn)+— (a,b) € (Un. S' n))
by auto
have eqL:((v, w) € prog-sem I (PPsubst (axx) o)) = ((v, w) € (Un. (prog-sem
I (PPsubst a 0)) " n))
using rtrancl-is- UN-relpow by auto
moreover have eachEq:An. (Av w. (v, w) € (prog-sem I (PPsubst a o))
n) = ((v, w) € (prog-sem (PFadjoint I o) a)”  n)))

A~
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proof —
fix n
show ((Av w. ((v, w) € (prog-sem I (PPsubst a o)) ~n) = ((v, w) €
(prog-sem (PFadjoint I o) a)” " n)))
proof (induct n)
case (
then show ?Zcase by auto
next
case (Suc n) then
have TH2:\v w. ((v, w) € prog-sem I (PPsubst a o) ~ " n) = ((v, w) €
prog-sem (PFadjoint I o) a = n)
by auto
have relpow:ARn. R =~ Sucn=R OR " n
using relpow.simps(2) relpow-commute by metis
show ?Zcase
apply (simp only: relpow[of n prog-sem I (PPsubst a o)] relpow|[of n
prog-sem (PFadjoint I o) a))
apply(unfold relcomp-unfold)
apply auto
subgoal for ab b
apply(rule exl[where z=ab))
apply(rule exl[where z=0])
using [H2 IH[OF hpsafe ssafe] by auto
subgoal for ab b
apply(rule exl[where z=ab])
apply(rule exl[where z=b))
using [H2 IH[OF hpsafe ssafe] by auto
done
qed
qed
moreover have ((v, w) € (Un. (prog-sem I (PPsubst a o)) ~n)) = ((v, w)
€ (U n.(prog-sem (PFadjoint I o) a)” n))
apply(rule UN-rule)
using eachFq by auto
moreover have eqR:((v, w) € prog-sem (PFadjoint I o) (axx)) = ((v, w) €
(Un. (prog-sem (PFadjoint I o) a) " n))
using rtrancl-is- UN-relpow by auto
ultimately show ((v, w) € prog-sem I (PPsubst (axx) o)) = ((v, w) € prog-sem
(PFadjoint I o) (axx))
by auto
qed
then show ?case by auto
next
next
case (PFadmit-Contest o ¢ C) then
have FA:PFadmit o ¢
and FUA:PFUadmit o ¢ UNIV
and IH:fsafe ¢ = (\i. fsafe (o 7)) = (Av. (v € fmi-sem I (PFsubst ¢ o))
= (v € fml-sem (PFadjoint I o) ¢))
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by auto
have fsafe (InContext C ¢) =
(Ai. fsafe (o i) = (Av. (v € fml-sem I (PFsubst (InContext C ¢) o))
= (v € fml-sem (PFadjoint I o) (InContext C ¢)))
proof —
assume safe:fsafe (InContext C )
then have fsafe:fsafe p by (auto dest: fsafe.cases)
assume ssafe:(\i. fsafe (o 7))
fix v :: (real, 'sz) vec x (real, 'sz) vec
have IH:A\v. (v € fml-sem I (PFsubst ¢ o)) = (v € fml-sem (PFadjoint I o)
)
using [H[OF fsafe ssafe] by auto
have agree: A\w. Vagree v w (— UNIV) unfolding Vagree-def by auto
then have sem:fml-sem I (PFsubst ¢ o) = fml-sem (PFadjoint I o) ¢
using IH' agree by auto
show ?thesis v using sem
apply auto
apply(cases C)
unfolding PFadjoint-def apply auto
apply(cases C)
by auto
qed
then show ?case by auto
qed (auto simp add: PFadjoint-def)

lemma subst-ode:
fixes I:: ('sf, 'sc, 'sz) interp and v :: 'sz state
assumes good-interp:is-interp I
shows osafe ODE —
ssafe 0 =
Oadmit o ODE (BVO ODE) =
ODE-sem I (Osubst ODE o) (fst v) = ODE-sem (adjoint I o v) ODE (fst
v
)
proof (induction rule: osafe.induct)
case (osafe-Var c)
then show ?case unfolding adjoint-def by (cases SODEs o ¢, auto)
next
case (osafe-Sing U x)
then show ?case
using subst-sterm [of o ¥ I V]
unfolding ssafe-def by auto
next
case (osafe-Prod ODE1 ODE2) then
have NOU!:0Oadmit o ODE1 (BVO (OProd ODE1 ODE2)) and NOU2: Oadmit
o ODE2 (BVO (OProd ODE1 ODE2))
by auto
have TUA-sub:A\o ¢ A B. TUadmit 0 9 B=—= A C B = TUadmit o 9 A
unfolding TUadmit-def by auto
have OA-sub: NODE A B. Oadmit 0 ODE B = A C B = Oadmit 0 ODE A
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subgoal for ODFE A B
proof (induction rule: Oadmit.induct)
case (Oadmit-Var o ¢ U)
then show ?case by auto
next
case (Oadmit-Sing o 9 U z)
then show ?case using TUA-sublof o ¥ U A] by auto
next
case (Oadmit-Prod ¢ ODE1 U ODE2)
then show ?case by auto
qed
done
have sub!:(BVO ODE1) C (BVO (OProd ODE1 ODEZ2))
by auto
have sub2: (BVO ODEZ2) C (BVO (OProd ODE! ODE2))
by auto
have ODFE-sem I (Osubst ODE1 o) (fst v) = ODE-sem (adjoint I o v) ODE1
(fst v)
ODE-sem I (Osubst ODE2 o) (fst v) = ODE-sem (adjoint I o v) ODE2 (fst
v) using osafe-Prod.IH osafe-Prod.prems osafe-Prod.hyps
using OA-sub|OF NOU! subl] OA-sub|OF NOU2 sub2] by auto
then show ?case by auto
qed

lemma osubst-eq-ODE-vars: ODE-vars I (Osubst ODE o) = ODE-vars (adjoint T
o v) ODE
proof (induction ODE)
case (OVar 1)
then show ?case by (cases SODEs o x, auto simp add: adjoint-def)
qed (auto)

lemma subst-semBV:semBV (adjoint I o v') ODE = (semBV I (Osubst ODE
7))
proof (induction ODE)
case (OVar 1)
then show ?case by (cases SODEs o x, auto simp add: adjoint-def)
qged (auto)

lemma subst-mkv:
fixes I::('sf, 'sc, 'sz) interp
fixes v::'sz state
fixes v":'sz state
assumes good-interp:is-interp I
assumes NOU:Oadmit ¢ ODE (BVO ODE)
assumes osafe:osafe ODE
assumes frees:ssafe o
shows (mk-v I (Osubst ODE o) v (fst v’))
= (mk-v (adjoint I o v’') ODE v (fst v"))
apply(rule agree-UNIV-eq)
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using mk-v-agree[of adjoint I o v’ ODE v fst v/]
using mk-v-agree[of I Osubst ODE o v fst V]
unfolding Vagree-def
using subst-ode| OF good-interp osafe frees NOU, of v']
apply auto
subgoal for i
apply(erule allE[where z=1])+
apply(cases Inl i € Inl * ODE-vars (adjoint I o v') ODE)
using osubst-eq-ODE-vars[of I ODE o v']
apply force
proof —
assume ODE-sem I (Osubst ODE o) (fst v') = ODE-sem (local.adjoint I o
v') ODE (fst v')
Inl i ¢ Inl * ODE-vars (local.adjoint I o v') ODE A Inl i ¢ Inr ¢ ODE-vars
(local.adjoint I o v') ODE —
fst (mk-v (local.adjoint I o v') ODE v (fst v')) $i = fst v $ i
Inli ¢ Inl * ODE-vars I (Osubst ODE o) A Inli ¢ Inr ¢ ODE-vars I (Osubst
ODE o) —
fst (mk-v I (Osubst ODE o) v (fst v')) $i=fst v $ i
Inl i ¢ Inl ¢ ODE-vars (local.adjoint I o v') ODE
then show
fst (mk-v I (Osubst ODE o) v (fst v')) $ i = fst (mk-v (local.adjoint T o
vy ODE v (fst v')) $ i
using osubst-eq-ODE-vars[of I ODE o v'| by force
qed
subgoal for i
apply(erule allE[where z=1])+
apply(cases Inr i € Inr * ODE-vars (adjoint I o v’) ODE)
using osubst-eq-ODE-vars[of I ODE o V']
apply force
proof —
assume ODE-sem I (Osubst ODE o) (fst v') = ODE-sem (local.adjoint I o
v') ODE (fst v")
Inr i ¢ Inl * ODE-vars (local.adjoint I o v') ODE A Inr i ¢ Inr ¢ ODE-vars
(local.adjoint I o v') ODE —
snd (mk-v (local.adjoint I o v') ODE v (fst v')) $i=snd v $ i
Inri ¢ Inl  ODE-vars I (Osubst ODE o) A Inr i ¢ Inr < ODE-vars I (Osubst
ODE o) —
snd (mk-v I (Osubst ODE o) v (fst v')) $ i =snd v $ i
Inr i ¢ Inr © ODE-vars (local.adjoint I o v') ODE
then show snd (mk-v I (Osubst ODE o) v (fst v')) $ i = snd (mk-v (local.adjoint
Iov') ODEv (fstv') $ i
using osubst-eq-ODE-vars[of I ODE o v'] by force
qed
done

lemma subst-fmi-hp:

fixes I:('sf, 'sc, 'sz) interp
assumes good-interp:is-interp I
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shows
(Padmit 0 a« —»
(hpsafe o —
ssafe 0 —>
(Vv v w. (v, w) € prog-sem I (Psubst a o)) = ((v, w) € prog-sem (adjoint I o
v) @))))
A
(Fadmit o ¢ —
(fsafe p —
ssafe 0 —>
(Y v. (v € fml-sem I (Fsubst ¢ o)) = (v € fmil-sem (adjoint I o v) p))))
proof (induction rule: Padmit-Fadmit.induct)
case (Padmit-Pvar o a) then
have hpsafe (3 a) = ssafe 0 = (Av w. ((v, w) € prog-sem I (Psubst (3a a)
0)) = ((v, w) € prog-sem (local.adjoint I o v) (Sa a)))
apply (cases SPrograms o a)
unfolding adjoint-def by auto
then show ?case by auto
next
case (Padmit-Sequence o a b) then
have PUA:PUadmit o b (BVP (Psubst a o))
and PA:Padmit o a
and [HI:hpsafe a = ssafe 0 = (\v w. ((v, w) € prog-sem I (Psubst a o))
= ((v, w) € prog-sem (local.adjoint I o v) a))
and IH2:hpsafe b = ssafe 0 = (A\v w. ((v, w) € prog-sem I (Psubst b o))
= ((v, w) € prog-sem (local.adjoint I o v) b))
and substSafe:hpsafe (Psubst a o)
by auto
have hpsafe (a ;; b) = ssafe 0 = (Av w. ((v, w) € prog-sem I (Psubst (a ;;
b) 0)) = ((v, w) € prog-sem (local.adjoint I o v) (a ;; b)))
proof —
assume hpsafe:hpsafe (a ;; b)
assume ssafe:ssafe o
from hpsafe have safel:hpsafe a and safe2:hpsafe b by (auto dest: hpsafe.cases)
fix v w
have agree:A\p. (v, p) € prog-sem I (Psubst a 0) = Vagree v p (—BVP(Psubst
a0))
subgoal for u
using bound-effect| OF good-interp, of (Psubst a o) v, OF substSafe] by auto
done
have sem-eq: Ap. (v, u) € prog-sem I (Psubst a o) =
((u, w) € prog-sem (local.adjoint I o v) b) =
((1, w) € prog-sem (local.adjoint I o u) b)
subgoal for p
proof —
assume assm:(v, p) € prog-sem I (Psubst a o)
show ((p, w) € prog-sem (local.adjoint I o v) b) = ((1, w) € prog-sem
(local.adjoint I o p) b)
using uadmit-prog-adjoint| OF PUA agree[OF assm]| safe2 ssafe good-interp]
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by auto
qed
done
have ((v, w) € prog-sem I (Psubst (a ;; b) o)) = (3 p. (v, p) € prog-sem I
(Psubst a o) A (p, w) € prog-sem I (Psubst b o))
by auto
moreover have ... = (3 p. (v, pu) € prog-sem I (Psubst a o) A (p, w) €
prog-sem (adjoint I o ) b)
using TH2|OF safe2 ssafe] by auto
moreover have ... = (3 u. (v, p) € prog-sem I (Psubst a o) A (p, w) €
prog-sem (adjoint I o v) b)
using sem-eq by auto
moreover have ... = (3 u. (v, p) € prog-sem (adjoint I o v) a A (4, w) €
prog-sem (adjoint I o v) b)
using IHI1[OF safel ssafe] by auto
ultimately
show ((v, w) € prog-sem I (Psubst (a ;; b) 0)) = ((v, w) € prog-sem (local.adjoint
Tov)(as b))
by auto
qed
then show ?case by auto
next
case (Padmit-Loop ¢ a) then
have PA:Padmit o a
and PUA:PUadmit o a (BVP (Psubst a o))
and [H:hpsafe a = ssafe 0 = (Av w. ((v, w) € prog-sem I (Psubst a o)) =
((v, w) € prog-sem (local.adjoint I o v) a))
and substSafe:hpsafe (Psubst a o)
by auto
have hpsafe (axx) = ssafe 0 = (Av w. ((v, w) € prog-sem I (Psubst (a*x)
0)) = ((v, w) € prog-sem (local.adjoint I o v) (axx)))
proof —
assume hpsafe (a*x)
then have hpsafe:hpsafe a by (auto dest: hpsafe.cases)
assume ssafe:ssafe o
have agree: \v p. (v, ) € prog-sem I (Psubst a o) = Vagree v i (—BVP(Psubst
a0))
subgoal for v p
using bound-effect| OF good-interp, of (Psubst a o) v, OF substSafe] by auto
done
have sem-eq:A\v p w. (v, u) € prog-sem I (Psubst a 0) =
((u, w) € prog-sem (local.adjoint I o v) a) =
((1, w) € prog-sem (local.adjoint I o u) a)
subgoal for v p w
proof —
assume assm:(v, p) € prog-sem I (Psubst a o)
show ((u, w) € prog-sem (local.adjoint I o v) a) = ((u, w) € prog-sem
(local.adjoint I o p) a)
using uadmit-prog-adjoint[OF PUA agree|[OF assm] hpsafe ssafe good-interp]
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by auto
qed
done
fix v w
have UN-rule:A a S S’. (An b. (a,b) € Sn <— (a,b) € S’ n) = (A\b. (a,b) €
(Un. Sn)<+— (a,b) € (Un. S'n)
by auto
have eqL:((v, w) € prog-sem I (Psubst (axx) o)) = ((v, w) € (Un. (prog-sem I
(Psubst a o)) " n))
using rtrancl-is- UN-relpow by auto
moreover have eachEq:An. (Av w. (v, w) € (prog-sem I (Psubst a 0)) ~ n)
= ((v, w) € (prog-sem (adjoint I o v) a)” " n)))
proof —
fix n
show ((Av w. ((v, w) € (prog-sem I (Psubst a o)) ~ " n) = ((v, w) € (prog-sem
(adjoint I o v) a)” " n)))
proof (induct n)
case (
then show ?case by auto
next
case (Suc n) then
have TH2:\v w. ((v, w) € prog-sem I (Psubst a o) ~ n) = ((v, w) € prog-sem
(local.adjoint I o v) a =" n)
by auto
have relpow:ARn. R "~ Sucn=ROR " n
using relpow.simps(2) relpow-commute by metis
show ?case
apply (simp only: relpow[of n prog-sem I (Psubst a )] relpow[of n prog-sem
(adjoint I o v) al)
apply(unfold relcomp-unfold)
apply auto
subgoal for ab b
apply(rule exl[where z=ab))
apply(rule exI[where z=b])
using IH2 IH[OF hpsafe ssafe] sem-eqlof v (ab,b) w| apply auto
using uadmit-prog-adjoint[OF PUA agree hpsafe ssafe good-interp
IH[OF hpsafe ssafe]
apply (metis (no-types, lifting))
using wadmit-prog-adjoint[OF PUA agree hpsafe ssafe good-interp] IH[OF
hpsafe ssafe]
apply (metis (no-types, lifting))
done
subgoal for ab b
apply(rule exl[where z=ab])
apply(rule exl[where z=0])
using TH2 IH[OF hpsafe ssafe] sem-eqlof v (ab,b) w]| apply auto
using uadmit-prog-adjoint| OF PUA agree hpsafe ssafe good-interp| IH[OF
hpsafe ssafe]
apply (metis (no-types, lifting))
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using uadmit-prog-adjoint[OF PUA agree hpsafe ssafe good-interp] IH[OF
hpsafe ssafe]
apply (metis (no-types, lifting))
done
done
qed
qed
moreover have ((v, w) € (Jn. (prog-sem I (Psubst a 0)) ~ n)) = ((v, w) €
(U n.(prog-sem (adjoint I o v) a)” " n))
apply(rule UN-rule)
using eachFq by auto
moreover have eqR:((v, w) € prog-sem (adjoint I o v) (axx)) = ((v, w) € (Un.
(prog-sem (adjoint I o v) a) ~ n))
using rtrancl-is- UN-relpow by auto
ultimately show ((v, w) € prog-sem I (Psubst (axx) o)) = ((v, w) € prog-sem
(local.adjoint I o v) (a*x))
by auto
qed
then show ?case by auto
next
case (Padmit-ODE o ODE ¢) then
have 0A:0admit 0 ODE (BVO ODE)
and FA:Fadmit o ¢
and FUA:FUadmit o ¢ (BVO ODE)
and IH:fsafe p = ssafe 0 = (A\v. (v € fml-sem I (Fsubst ¢ o)) = (v €
fml-sem (local.adjoint I o v) ¢))
by auto
have hpsafe (EvolveODE ODE ¢) =
ssafe 0 = (A\v w. ((v, w) € prog-sem I (Psubst (EvolveODE ODE ¢) o)) =
((v, w) € prog-sem (local.adjoint I o v) (EvolveODE ODE ¢)))
proof (auto)
fix aa ba bb
and sol :: real =(real, 'sz) vec
and ¢ :: real
assume ssafe:ssafe o
assume osafe:osafe ODE
assume fsafe:fsafe
assume t:0 < ¢
assume eq:(aa,ba) = mk-v I (Osubst ODE o) (sol 0, bb) (sol t)
assume sol:(sol solves-ode (Aa. ODE-sem I (Osubst ODE o))) {0..t}
{z. mk-v I (Osubst ODE o) (sol 0, bb) x € fmi-sem I (Fsubst ¢ o)}
have silly:
At. mk-v I (Osubst ODE o) (sol 0, bb) (sol t) = mk-v (local.adjoint I o (sol
t, bb)) ODE (sol 0, bb) (sol t)
subgoal for ¢ using subst-mkv[OF good-interp OA osafe ssafe, of (sol 0, bb)
(sol t, bb)] by auto done
have hmmsubst:\s. s € {0..t} = Vagree (sol 0,bb) (sol s, bb) (—(BVO (Osubst
ODE 0)))
subgoal for s
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apply (rule ODE-bound-effect|of s])
apply auto[1]
by (rule sol)
done
have sub:(—(BVO ODE)) C (—(BVO (Osubst ODE ¢)))
by (induction ODE, auto)
have hmm:\s. s € {0..t} = Vagree (sol 0,bb) (sol s, bb) (—(BVO ODE))
subgoal for s
using agree-sub]OF sub hmmsubst|of s]] by auto
done
from hmm have hmm”A\s. s € {0..t} = VSagree (sol 0) (sol s) {z. Inl z €
(=(BVO ODE))}
unfolding VSagree-def Vagree-def by auto
note hmmm = hmmsubst
from hmmm have hmmm’: As. s € {0..t} = VSagree (sol 0) (sol s) {z. Inl
z € (—(BVO (Osubst ODE 0)))}
unfolding VSagree-def Vagree-def by auto
have Vagree-of-VSagree:A\v1 v2 wl w2 S. VSagree vl v2 {z. Inlz € S} =
VSagree w1l w2 {z. Inr x € S} = Vagree (v1, wl) (v2, w2) S
unfolding VSagree-def Vagree-def by auto
have mkv:As. s € {0..t} = mk-v I (Osubst ODE o) (sol 0, bb) (sol s) =
mk-v (adjoint I o (sol s, bb)) ODE (sol 0, bb) (sol s)
subgoal for s by (rule silly[of s])
done
have lem:\ ODE. Oadmit 0 ODE (BVO ODE) = (|Ji€{i |i. Inl i € SIGO
ODE}. case SFunctions o i of None = {} | Some x = FVT z) C (—(BVO ODE))
subgoal for ODFE
apply(induction rule: Oadmit.induct)
apply auto
subgoal for o ¢ U z za
apply (cases SFunctions o za)
apply auto
unfolding T'Uadmit-def
proof —
fix a
assume un:(|Ji€SIGT ¥. case SFunctions o i of None = {} | Some z =
FVTz)n U = {}
assume sig:za € SIGT ¢
assume some:SFunctions o xa = Some a
assume fot:x € FVT a
assume zU:x € U
from un sig have (case SFunctions o za of None = {} | Some x = FVT
z)NU={}
by auto
then have (FVT o) N U = {}
using some by auto
then show Fulse using fvt zU by auto
qged
done
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done
have FVT-sub:(|Jie{¢ |i. Inl i € SIGO ODE}. case SFunctions o i of None
= {} | Some x = FVT z) C (—(BVO ODE))
using lem[OF OA] by auto
have agrees: \s. s € {0..t} = Vagree (sol 0,bb) (sol s, bb) (|Ji€{i |i. Inli €
SIGO ODE}. case SFunctions o i of None = {} | Some z = FVT x)
subgoal for s using agree-sub[OF FVT-sub hmm|of s|] by auto done
have As. s € {0..t} = mk-v (adjoint I o (sol 0, bb)) ODE = mk-v (adjoint
I o (sol s, bb)) ODE
subgoal for s
apply (rule uvadmit-mkv-adjoint)
prefer 3
subgoal using agrees by auto
using OA hmm[of s] unfolding Vagree-def
using ssafe good-interp osafe by auto
done
then have mkiva:As. s € {0..t} = mk-v (adjoint I o (sol s, bb)) ODE (sol
0, bb) (sol s) = mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol s)
by presburger
have main-eq:\s. s € {0..t} = mk-v I (Osubst ODE o) (sol 0, bb) (sol s)
= mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol s)
using mkv mkva by auto
note mkvt = main-eq|of |
have fml-eq1:\s. s € {0..t} =
(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem I (Fsubst ¢ o))
= (mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem (adjoint I o (mk-v
I (Osubst ODE o) (sol 0, bb) (sol s))) )
using [H[OF fsafe ssafe] by auto
have fmi-vagree:\s. s € {0..t} = Vagree (mk-v I (Osubst ODE o) (sol 0, bb)
(sol s)) (sol 0, bb) (— semBV I (Osubst ODE o))
subgoal for s
using mk-v-agree[of I Osubst ODE o (sol 0,bb) sol s] osubst-eq-ODE-vars|of
[ ODE o]
unfolding Vagree-def
by auto
done
have sembv-eq:semBV I (Osubst ODE o) = semBV (adjoint I o (sol 0, bb))
ODE
using subst-semBV by auto
have fml-vagree’:\s. s € {0..t} = Vagree (mk-v I (Osubst ODE o) (sol 0,
bb) (sol s)) (sol 0, bb) (— semBV (adjoint I o (sol 0,bb)) ODE)
using sembv-eq fml-vagree by auto
have mysub:—BVO ODE C —(semBV I (Osubst ODFE o))
by (induction ODE,auto)
have fmi-vagree:\s. s € {0..t} = Vagree (mk-v I (Osubst ODE o) (sol 0, bb)
(sol s)) (sol 0, bb) (— BVO ODE)
subgoal for s using agree-sub[OF mysub fml-vagree|of s|]] by auto done
have fmi-sem-eq:\s. s € {0..t} = fml-sem (adjoint I o (mk-v I (Osubst ODE
o) (sol 0, bb) (sol s))) ¢ = fml-sem (adjoint I o (sol 0, bb)) ¢
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apply (rule uvadmit-fml-adjoint)
using FUA fsafe ssafe good-interp fml-vagree by auto
have fml-eq2:\s. s € {0..t} =
((mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem (adjoint I o (mk-v I
(Osubst ODE o) (sol 0, bb) (sol s))) ¢)
=(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem (adjoint I o (sol 0,
) ¢))
using fml-sem-eq by auto
have fml-eq8:\s. s € {0..t} =
(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem (adjoint I o (sol 0, bb))
) = (mk-v (adjoint I o (sol 0,bb)) ODE (sol 0, bb) (sol s) € fml-sem (adjoint I
o (sol 0, bb)) ¢)
using main-eq by auto
have fml-eq: As. s € {0..t} =
(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fmil-sem I (Fsubst ¢ o))
= (mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol s) € fml-sem (adjoint
I o (sol 0, bb)) ¢)
using fml-eql fml-eq2 fml-eq3 by meson
have sem-eq: \t. ODE-sem I (Osubst ODE o) (sol t) = ODE-sem (adjoint I o
(sol t, bb)) ODE (sol t)
subgoal for ¢
using subst-ode|OF good-interp osafe ssafe OA, of (sol t,bb)] by auto
done
have sem-fact:\s. s € {0..t} = ODE-sem I (Osubst ODE o) (sol s) =
ODE-sem (adjoint I o (sol 0, bb)) ODE (sol s)
subgoal for s
using subst-ode[OF good-interp osafe ssafe OA, of (sol s, bb)]
uadmit-ode-adjoint’ |OF ssafe good-interp agrees|of s| osafe]
by auto
done
have sol’:(sol solves-ode (A-. ODE-sem (adjoint I o (sol 0, bb)) ODE)) {0..t}
{z. mk-v I (Osubst ODE o) (sol 0, bb) x € fml-sem I (Fsubst ¢ o)}
apply (rule solves-ode-congl)
apply (rule sol)
subgoal for ta by auto
subgoal for ta by (rule sem-fact|[of ta))
subgoal by (rule refl)
subgoal by (rule refl)
done
have sub:A\s. s € {0..t}
= sol s € {z. (mk-v (adjoint I o (sol 0,bb)) ODE (sol 0, bb) z €
fml-sem (adjoint I o (sol 0, bb)) ¢)}
using fml-eq rangel t sol solves-ode-domainD by fastforce
have sol’":(sol solves-ode (Ac. ODE-sem (adjoint I o (sol 0, bb)) ODE)) {0..t}
{z. mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) x € fmli-sem (adjoint I o (sol
0, bb)) ¢}
apply (rule solves-odel)
subgoal using sol’ solves-ode-vderivD by blast
using sub by auto
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show Jsola. sol 0 = sola 0 A
(Fta. mk-v I (Osubst ODE o) (sol 0, bb) (sol t) = mk-v (local.adjoint I o
(sol 0, bb)) ODE (sola 0, bb) (sola ta) A
0 < ta AN
(sola solves-ode (Aa. ODE-sem (local.adjoint I o (sol 0, bb)) ODFE))

{0..ta}
{z. mk-v (local.adjoint I o (sol 0, bb)) ODE (sola 0, bb) = € fml-sem
(local.adjoint I o (sol 0, bb)) ¢})
apply(rule exl[where z=s0l])
apply (rule congI)
subgoal by (rule refl)
apply(rule exI[where z=t])
apply(rule conjl)
subgoal using mkvt t by auto
apply (rule conjI)
subgoal by (rule t)
subgoal by (rule sol”)
done
next
fix aa ba bb
and sol::real = (real, 'sz) vec
and t::real
assume ssafe:ssafe o
assume osafe:osafe ODE
assume fsafe:fsafe ©

assume eq:(aa,ba) = mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol t)
assume t:0 < ¢
assume sol:(sol solves-ode (Aa. ODE-sem (adjoint I o (sol 0, bb)) ODE))
{0..t}
{z. mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) x € fml-sem (adjoint I o
(sol 0, bb)) ¢}
have silly:
At. mk-v I (Osubst ODE o) (sol 0, bb) (sol t) = mk-v (local.adjoint I o (sol
t, bb)) ODE (sol 0, bb) (sol t)
subgoal for ¢ using subst-mkv[|OF good-interp OA osafe ssafe, of (sol 0, bb)
(sol t, bb)] by auto done
have hmm:\s. s € {0..t} = Vagree (sol 0,bb) (sol s, bb) (—(BVO ODE))
subgoal for s
apply (rule ODE-bound-effect|of s])
apply auto|1]
by (rule sol)
done
from hmm have hmm”A\s. s € {0..t} = VSagree (sol 0) (sol s) {z. Inl z €
(=(BVO ODE))}
unfolding VSagree-def Vagree-def by auto
have Vagree-of-VSagree:A\v1 v2 wl w2 S. VSagree vl v2 {z. Inlz € S} =
VSagree w1l w2 {z. Inr x € S} = Vagree (v1, wl) (v2, w2) S
unfolding VSagree-def Vagree-def by auto
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have mkv:As. s € {0..t} = mk-v I (Osubst ODE o) (sol 0, bb) (sol s) =
mk-v (adjoint I o (sol s, bb)) ODE (sol 0, bb) (sol s)
subgoal for s by (rule silly[of s])
done
have lem:\ODE. Oadmit 0 ODE (BVO ODE) = (|Ji€{i |i. Inl i € SIGO
ODE}. case SFunctions o i of None = {} | Some x = FVT z) C (—(BVO ODE))
subgoal for ODFE
apply (induction rule: Oadmit.induct)
apply auto
subgoal for ¢ ¢ U z za
apply (cases SFunctions o xa)
apply auto
unfolding TUadmit-def
proof —
fix a
assume un:(|Ji€SIGT 9. case SFunctions o i of None = {} | Some z =
FVTz)n U = {}
assume sig:za € SIGT ¥
assume some:SFunctions o za = Some a
assume fvt:x € FVT a
assume zU:z € U
from un sig have (case SFunctions o za of None = {} | Some x = FVT x)
nu={}
by auto
then have (FVT a) N U = {}
using some by auto
then show Fulse using fvt U by auto
qed
done
done
have FVT-sub:(|Ji€{i |i. Inl i € SIGO ODE}. case SFunctions o i of None
= {} | Some z = FVT z) C (—(BVO ODE))
using lem[OF OA] by auto
have agrees: \s. s € {0..t} = Vagree (sol 0,bb) (sol s, bb) (|Ji€{i |i. Inli €
SIGO ODE}. case SFunctions o i of None = {} | Some © = FVT z)
subgoal for s using agree-sub|OF FVT-sub hmm[of s]] by auto done
have A\s. s € {0..t} = mk-v (adjoint I o (sol 0, bb)) ODE = mk-v (adjoint
I o (sol s, bb)) ODE
subgoal for s
apply (rule uvadmit-mkv-adjoint)
prefer 3
subgoal using agrees by auto
using OA hmm[of s] unfolding Vagree-def
using ssafe good-interp osafe by auto
done
then have mkva:As. s € {0..t} = mk-v (adjoint I o (sol s, bb)) ODE (sol
0, bb) (sol s) = mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol s)
by presburger
have main-eq:\s. s € {0..t} = mk-v I (Osubst ODE o) (sol 0, bb) (sol s)
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= mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol s)
using mkv mkva by auto
note mkvt = main-eq|of t]
have fml-eql:\s. s € {0..t} =
(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem I (Fsubst ¢ o))
= (mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem (adjoint I o (mk-v
I (Osubst ODE o) (sol 0, bb) (sol s))) )
using IH|[OF fsafe ssafe] by auto
have fml-vagree:\s. s € {0..t} = Vagree (mk-v I (Osubst ODE o) (sol 0, bb)
(sol s)) (sol 0, bb) (— semBV I (Osubst ODE o))
subgoal for s
using mk-v-agree[of I Osubst ODE o (sol 0,bb) sol s| osubst-eq-ODE-vars|of
[ ODE o]
unfolding Vagree-def
by auto
done
have sembv-eq:semBV I (Osubst ODE o) = semBV (adjoint I o (sol 0, bb))
ODE
using subst-semBV by auto
have fml-vagree”:\s. s € {0..t} = Vagree (mk-v I (Osubst ODE o) (sol 0,
bb) (sol s)) (sol 0, bb) (— semBV (adjoint I o (sol 0,bb)) ODE)
using sembv-eq fml-vagree by auto
have mysub:—BVO ODE C —(semBV I (Osubst ODE o))
by (induction ODE,auto)
have fml-vagree:\s. s € {0..t} = Vagree (mk-v I (Osubst ODE o) (sol 0, bb)
(sol s)) (sol 0, bb) (— BVO ODE)
subgoal for s using agree-sub[OF mysub fml-vagree|of s]] by auto done
have fmi-sem-eq:\s. s € {0..t} = fml-sem (adjoint I o (mk-v I (Osubst ODE
o) (sol 0, bb) (sol s))) ¢ = fml-sem (adjoint I o (sol 0, bb)) ¢
apply (rule uvadmit-fml-adjoint)
using FUA fsafe ssafe good-interp fml-vagree by auto
have fml-eq2:\s. s € {0..t} =
((mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem (adjoint I o (mk-v I
(Osubst ODE o) (sol 0, bb) (sol s))) ¢)
=(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fmi-sem (adjoint I o (sol 0,
bb)) )
using fml-sem-eq by auto
have fl-eq3:\s. s € {0..t} =
(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem (adjoint I o (sol 0,
bb)) ¢) = (mk-v (adjoint I o (sol 0,bb)) ODE (sol 0, bb) (sol s) € fml-sem (adjoint
I o (sol 0, bb)) )
using main-eq by auto
have fml-eq: As. s € {0..t} =
(mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem I (Fsubst ¢ o))
= (mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol s) € fmi-sem
(adjoint I o (sol 0, bb)) ¢)
using fml-eql fml-eq2 fml-eq3 by meson
have sem-eq: \t. ODE-sem I (Osubst ODE o) (sol t) = ODE-sem (adjoint I o
(sol t, bb)) ODE (sol t)
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subgoal for ¢
using subst-ode|OF good-interp osafe ssafe OA, of (sol t,bb)] by auto
done
have sem-fact:\s. s € {0..t} = ODE-sem I (Osubst ODE o) (sol s) =
ODE-sem (adjoint I o (sol 0, bb)) ODE (sol s)
subgoal for s
using subst-ode|OF good-interp osafe ssafe OA, of (sol s, bb)]
uadmit-ode-adjoint'|OF ssafe good-interp agrees|of s osafe]
by auto
done
have sub:\s. s € {0..t}
= sol s € {z. mk-v I (Osubst ODE o) (sol 0, bb) (sol s) € fml-sem I
(Fsubst ¢ o)}
using fml-eq rangel t sol solves-ode-domainD by fastforce
have sol’:(sol solves-ode (Aa. ODE-sem I (Osubst ODE o))) {0..t} {z. mk-v
(adjoint I o (sol 0, bb)) ODE (sol 0, bb) x € fml-sem (adjoint I o (sol 0, bb)) ¢}
apply (rule solves-ode-congl)
apply (rule sol)
subgoal for ta by auto
subgoal for ta using sem-fact|of ta] by auto
subgoal by (rule refl)
subgoal by (rule refl)
done
have sol”":(sol solves-ode (Aa. ODE-sem I (Osubst ODE ¢))) {0..t} {z. mk-v I
(Osubst ODE o) (sol 0, bb) x € fml-sem I (Fsubst ¢ o)}
apply (rule solves-odel)
subgoal using sol’ solves-ode-vderivD by blast
subgoal for ta using sub|of ta] apply auto
by (meson empty-iff)
done
show Jsola. sol 0 = sola 0 A
(I ta. mk-v (adjoint I o (sol 0, bb)) ODE (sol 0, bb) (sol t) = mk-v I (Osubst
ODE o) (sola 0, bb) (sola ta) A
0 < ta N
(sola solves-ode (Aa. ODE-sem I (Osubst ODE o))) {0..ta} {z. mk-v I
(Osubst ODE o) (sola 0, bb) x € fml-sem I (Fsubst ¢ 0)})
apply(rule exl[where z=s0l])
apply(rule conjl)
subgoal by (rule refl)
apply(rule exl[where z=t])
apply (rule conjI)
subgoal using mkvt ¢t by auto
apply(rule conjl)
subgoal by (rule t)
subgoal using sol’’ by auto
done
qed
then show ?case by auto
next
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case (Padmit-Choice o a b) then
have [H1:hpsafe a = ssafe 0 = (\v w. ((v, w) € prog-sem I (Psubst a o))
= ((v, w) € prog-sem (local.adjoint I o v) a))
and [H2:hpsafe b = ssafe 0 = (A\v w. ((v, w) € prog-sem I (Psubst b o))
= ((v, w) € prog-sem (local.adjoint I o v) b))
by blast+
have hpsafel:hpsafe (a UUJ b) = hpsafe a
and hpsafe2:hpsafe (a UU b) = hpsafe b
by (auto dest: hpsafe.cases)
show ?case using IH1[OF hpsafel] IH2[OF hpsafe2] by auto
next
case (Padmit-Assign o 9 z) then
have TA:Tadmit o ¢ by auto
have hpsafe (Assign © 9) = ssafe 0 = (Av w. ((v, w) € prog-sem I (Psubst
(Assign © 9) 0)) = ((v, w) € prog-sem (adjoint I o v) (Assign x V)))
proof —
assume hpsafe:hpsafe (Assign x )
assume ssafe:ssafe o
from ssafe have ssafes:(\i f’. SFunctions o i = Some f' => dfree f’)
(Nf [’ SPredicates o f = Some f' = fsafe f)
unfolding ssafe-def by auto
from hpsafe have dsafe:dsafe ¥ by (auto elim: hpsafe.cases)
fix vw
show ?thesis v w
using subst-dterm[OF good-interp TA dsafe ssafes]
by auto
qed
then show ?case by auto
next
case (Padmit-DiffAssign o ¥ z) then
have TA:Tadmit o ¢ by auto
have hpsafe (DiffAssign ¢ V) = ssafe 0 = (A\v w. ((v, w) € prog-sem I
(Psubst (DiffAssign z 9) o)) = ((v, w) € prog-sem (adjoint I o v) (DiffAssign
9))
proof —
assume hpsafe:hpsafe (DiffAssign x )
assume ssafe:ssafe o
from ssafe have ssafes:(\i f'. SFunctions o i = Some f' = dfree f')
(NS f'. SPredicates o f = Some f' = fsafe f')
unfolding ssafe-def by auto
from hpsafe have dsafe:dsafe ¥ by (auto elim: hpsafe.cases)
fix vw
show ?thesis v w
using subst-dterm[OF good-interp TA dsafe ssafes]
by auto
qed
then show ?Zcase by auto
next
case (Padmit-Test o ) then
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have IH:fsafe ¢ = ssafe 0 = (A\v. (v € fml-sem I (Fsubst ¢ o)) = (v €
fmi-sem (local.adjoint I o v) ¢))
by auto
have hpsafe (? ¢) = ssafe 0 = (A\v w. ((v, w) € prog-sem I (Psubst (? @)
o)) = ((v, w) € prog-sem (local.adjoint I o v) (% ¢)))
proof —
assume hpsafe:hpsafe (¢ @)
from hpsafe have fsafe:fsafe ¢ by (auto dest: hpsafe.cases)
assume ssafe:ssafe o
fix vw
show ?thesis v w using IH[OF fsafe ssafe] by auto
qed
then show ?case by auto
next
case (Fadmit-Geq o 91 ¥2) then
have TAI1:Tadmit o 91 and TA2:Tadmit o 92
by auto
have fsafe (Geq ¥1 92) = ssafe 0 = (\v. (v € fml-sem I (Fsubst (Geq 91
92) o)) = (v € fmi-sem (local.adjoint I o v) (Geq V1 ¥2)))
proof —
assume fsafe:fsafe (Geq 91 92)
assume ssafe:ssafe o
from fsafe have dsafel:dsafe ¥1 and dsafe2:dsafe 92
by (auto dest: fsafe.cases)
from ssafe have ssafes:(\i f'. SFunctions o i = Some f' = dfree f’)
(A\ff'. SPredicates o f = Some f' = fsafe f)
unfolding ssafe-def by auto
fix v
show ?thesis v using
subst-dterm[OF good-interp TA1 dsafel ssafes)
subst-dterm[OF good-interp TA2 dsafe2 ssafes)
by auto
qed
then show ?case by auto
next
case (Fadmit-Propl o args p p’) then
have TA:\i. Tadmit o (args 7)
and some:SPredicates o p = Some p’
and NFA:NFadmit (Ai. Tsubst (args i) o) p’
and substSafes: \i. dsafe (Tsubst (args i) o)
by auto
have fsafe ($¢ p args) =
ssafe 0 = (A\v. (v € fml-sem I (Fsubst ($¢ p args) o)) = (v € fml-sem
(local.adjoint I o v) ($¢ p args)))
proof —
assume fsafe:fsafe (3¢ p args)
assume ssafe:ssafe o
from ssafe have ssafes:(\i f’. SFunctions o i = Some f' = dfree f)
(NS f'. SPredicates o f = Some f' = fsafe f)
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unfolding ssafe-def by auto

fix v

from fsafe have safes:\i. dsafe (args i) using dfree-is-dsafe by auto

have IH:(A\v'. \i. dsafe (args i) =
dterm-sem I (Tsubst (args i) o) v = dterm-sem (adjoint I o v) (args i) v)
using subst-dterm[OF good-interp TA safes ssafes] by auto

have egs:\i v'. dterm-sem I (Tsubst (args i) o) v = dterm-sem (adjoint I o

v) (args i) v

by (auto simp add: IH safes)

let Zsub = (X i. Tsubst (args i) o)

have freef:fsafe p’ using ssafe some unfolding ssafe-def by auto

have IH2:(v € fml-sem I (FsubstFO p' ?sub)) = (v € fml-sem (adjointFO I

2sub v) p’)
using nsubst-fml good-interp NFA freef substSafes
by blast
have wvec:(x i. dterm-sem I (Tsubst (args i) o) v) = (x . dterm-sem

(local.adjoint I o v) (args i) v)
apply(auto simp add: vec-eq-iff)
subgoal for ¢
using IH|of i, OF safes|of i]]
by auto
done
show ?thesis v
using IH safes eqs apply (auto simp add: IH2 some good-interp)
using some unfolding adjoint-def adjointFO-def by auto
qged
then show ?Zcase by auto
next
case (Fadmit-Prop2 o args p)
note TA = Fadmit-Prop2.hyps(1)
and none = Fadmit-Prop2.hyps(2)
have fsafe (Prop p args) = ssafe 0 = (A\v.(v € fml-sem I (Fsubst (3¢ p args)
0)) = (v € fmi-sem (local.adjoint I o v) ($¢ p args)))
proof —
assume safe:fsafe (Prop p args) and ssafe:ssafe o
from ssafe have ssafes:(\i f'. SFunctions o i = Some f' = dfree f’)
(Nf f'. SPredicates o f = Some f' = fsafe f)
unfolding ssafe-def by auto
fix v
from safe have safes:\i. dsafe (args ©) using dfree-is-dsafe by auto
have IH:(Av'. \i. dsafe (args i) =
dterm-sem I (Tsubst (args i) o) v = dterm-sem (adjoint I o v) (args i) v)
using subst-dterm[OF good-interp TA safes ssafes] by auto
have Ieq: Predicates I p = Predicates (adjoint I o v) p
using none unfolding adjoint-def by auto
have vec:(x i. dterm-sem I (Tsubst (args 7) o) v) = (x i. dterm-sem (adjoint
I ov) (args i) v)
apply(auto simp add: vec-eq-iff)
subgoal for ¢ using IH[of i, OF safes|of i]] by auto
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done
show ?thesis v using none IH Ieq vec by auto
qed
then show ?Zcase by auto
next
case (Fadmit-Not o ¢) then
have IH:fsafe ¢ = ssafe 0 = (A\v. (v € fml-sem I (Fsubst ¢ o)) = (v €
fml-sem (local.adjoint I o v) ¢))
by blast
have fsafe:fsafe (Not ) = fsafe ¢
by (auto dest: fsafe.cases)
show ?case using IH[OF fsafe] by auto
next
case (Fadmit-And o ¢ 1) then
have IH1:fsafe ¢ = ssafe 0 = (A\v. (v € fml-sem I (Fsubst p 0)) = (v €
fmi-sem (local.adjoint I o v) ¢))
and IH2:fsafe v = ssafe 0 = (A\v. (v € fmil-sem I (Fsubst ¢ o)) = (v €
fmi-sem (local.adjoint I o v) 1))
by (blast)+
have fsafel:fsafe (p && V) = fsafe ¢ and fsafe2:fsafe (p && b)) = fsafe
(G
by (auto dest: fsafe.cases)
show ?case using IH1[OF fsafel] IH2[OF fsafe2] by auto
next
case (Fadmit-Exists o ¢ )
then have IH:fsafe ¢ = ssafe 0 = (Av. (v € fml-sem I (Fsubst ¢ 0)) = (v
€ fml-sem (local.adjoint I o v) ¢))
and FUA:FUadmit o ¢ {Inl z}
by blast+
have fsafe:fsafe (Ezists ¢ ¢) = fsafe ¢
by (auto dest: fsafe.cases)
have eq:fsafe (Fzists x ) = ssafe 0 = (Av. (v € fml-sem I (Fsubst (Ewists
z @) o)) = (v € fmil-sem (local.adjoint I o v) (Exists © ¢)))
proof —
assume fsafe:fsafe (Exists © )
from fsafe have fsafe’:fsafe ¢ by (auto dest: fsafe.cases)
assume ssafe:ssafe o
fix v
have agree: \r. Vagree v (repv v x r) (— {Inl z})
unfolding Vagree-def by auto
have sem-eq: \r. ((repv v z 1) € fml-sem (local.adjoint I o (repv v x 1)) ) =
((repv v z 1) € fml-sem (local.adjoint I o v) ¢)
using wadmit-fml-adjoint| OF FUA agree fsafe’ ssafe good-interp] by auto
have (v € fml-sem I (Fsubst (Exists x @) o)) = (7. (repv v z r) € fml-sem
I (Fsubst ¢ 0))
by auto
moreover have ... = (3r. (repv v x r) € fmi-sem (local.adjoint I o (repv v
) )
using [H[OF fsafe’ ssafe] by auto
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moreover have ... = (3. (repv v x r) € fmi-sem (local.adjoint I o v) )
using sem-eq by auto
moreover have ... = (v € fml-sem (adjoint I o v) (Ezists x ¢))
by auto
ultimately show (v € fml-sem I (Fsubst (Exists x ¢) o)) = (v € fml-sem
(local.adjoint I o v) (Exists z ¢))
by auto
qed
then show “case by auto
next
case (Fadmit-Diamond o ¢ a) then
have PA:Padmit o a
and FUA:FUadmit o ¢ (BVP (Psubst a 0))
and IHI:fsafe ¢ = ssafe 0 = (A\v. (v € fmil-sem I (Fsubst ¢ 0)) = (v €
fml-sem (adjoint I o v) ¢))
and [H2:hpsafe a = ssafe 0 = (A\v w. ((v, w) € prog-sem I (Psubst a o))
= ((v, w) € prog-sem (adjoint I o v) a))
and substSafe:hpsafe (Psubst a o)
by auto
have fsafe ({ a ) ¢) = ssafe 0 = (A\v. (v € fml-sem I (Fsubst ({ a ) @) 7))
= (v € fml-sem (local.adjoint I o v) ({ a ) ¥)))
proof —
assume fsafe:fsafe ({ a ) @)
assume ssafe:ssafe o
from fsafe have fsafe’.fsafe o and hpsafe:hpsafe a by (auto dest: fsafe.cases)
fix v
have agree: A\w. (v, w) € prog-sem I (Psubst a o) = Vagree v w (—BVP(Psubst
@ 0))
using bound-effect| OF good-interp, of (Psubst a o) v, OF substSafe] by auto
have sem-eq: \w. (v, w) € prog-sem I (Psubst a 0) =
(w € fml-sem (local.adjoint I o v) @) =
(w € fml-sem (local.adjoint I o w) )
using uadmit-fml-adjoint[OF FUA agree fsafe’ ssafe good-interp] by auto
have (v € fml-sem I (Fsubst ({ a ) ¢) 0)) = (3 w. (v, w) € prog-sem I
(Psubst a 0) A\ w € fml-sem I (Fsubst ¢ o))
by auto
moreover have ... = (3 w. (v, w) € prog-sem (adjoint I o v) a A w € fmi-sem
(adjoint T o w) )
using [H1[OF fsafe’ ssafe] IH2|OF hpsafe ssafe, of v] by auto
moreover have ... = (3 w. (v, w) € prog-sem (adjoint I o v) a A w € fmi-sem
(adjoint I o v) ¢)
using sem-eq IH2 hpsafe ssafe by blast
moreover have ... = (v € fml-sem (adjoint I o v) (( a ) ¢))
by auto
ultimately show ?thesis v by auto
qed
then show ?Zcase by auto
next
case (Fadmit-Propl o args p p’)
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have fsafe(Prop p args) = ssafe 0 = (A\v.(v € fml-sem I (Fsubst (3¢ p args)
o)) = (v € fml-sem (local.adjoint I o v) ($¢ p args)))
proof —
assume fsafe:fsafe (Prop p args)
and ssafe:ssafe o
from ssafe have ssafes:(\i f'. SFunctions o i = Some f' = dfree f')
(NS f'. SPredicates o f = Some f' = fsafe f')
unfolding ssafe-def by auto
fix v
note TA = Fadmit-Prop1.hyps(1)
and some = Fadmit-Prop1.hyps(2) and NFA = Fadmit-Prop1.hyps(3)
from fsafe have safes:\i. dsafe (args i) using dfree-is-dsafe by auto
have IH:(Av'. Ai. dsafe (args i) =
dterm-sem I (Tsubst (args i) o) v = dterm-sem (adjoint I o v) (args i) v)
using subst-dterm[OF good-interp TA safes ssafes| by auto
have egs:\i v'. dterm-sem I (Tsubst (args ©) o) v = dterm-sem (adjoint I o
v) (args i) v
by (auto simp add: IH safes)
let ?sub = (A i. Tsubst (args i) o)
have subSafe:(V 4. dsafe (?sub i))
by (simp add: safes ssafes tsubst-preserves-safe)
have freef:fsafe p’ using ssafe some unfolding ssafe-def by auto
have IH2:(v € fmi-sem I (FsubstFO p’ ?sub)) = (v € fml-sem (adjointF'O I
Zsub v) p’)
by (simp add: nsubst-fml [OF good-interp NFA freef subSafe])
have vec:(x i. dterm-sem I (Tsubst (args i) o) v) = (x i. dterm-sem (local.adjoint
Iov) (argsi) v)
apply(auto simp add: vec-eq-iff)
subgoal for ¢
using IH|of i, OF safes|of ]|
by auto
done
show ?thesis v
using IH safes eqs apply (auto simp add: IH2 some good-interp)
using some unfolding adjoint-def adjointFO-def by auto
qed
next
case (Fadmit-Context] o ¢ C C’) then
have FA:Fadmit o ¢
and FUA:FUadmit o ¢ UNIV
and some:SContexts o C = Some C’
and PFA:PFadmit (A-. Fsubst ¢ o) C’
and IH:fsafe ¢ = ssafe 0 = (A\v. (v € fml-sem I (Fsubst ¢ o)) = (v €
fmil-sem (local.adjoint I o v) ¢))
and substSafe: fsafe( Fsubst ¢ o)
by auto
have fsafe (InContest C ¢) = ssafe 0 = (A\v. (v € fml-sem I (Fsubst
(InContext C ¢) 0)) = (v € fml-sem (local.adjoint I o v) (InContext C ¢)))
proof —
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assume safe:fsafe (InContext C )
from safe have fsafe:fsafe ¢ by (auto dest: fsafe.cases)
assume ssafe:ssafe o
fix v :: ‘sz state
have agree: \w. Vagree v w (—UNIV) unfolding Vagree-def by auto
have adj-eq: A\w. fml-sem (adjoint I o v) ¢ = fml-sem (adjoint I o w) ¢
using uadmit-fmi-adjoint|OF FUA agree fsafe ssafe good-interp] by auto
have eq:(v € fml-sem I (Fsubst ¢ o)) = (v € fmi-sem (local.adjoint I o v) ¢)
using adj-eq IH[OF fsafe ssafe] by auto
let ?sub = (A-. Fsubst ¢ o)
let R1 = fml-sem I (Fsubst ¢ o)
let ?R2 = fml-sem (adjoint I o v) ¢
have eq:?R1 = ?R2
using adj-eq IH[OF fsafe ssafe] by auto
have freef:fsafe C' using ssafe some unfolding ssafe-def by auto
have IH2:(v € fmi-sem I (PFsubst C' ?sub)) = (v € fml-sem (PFadjoint I
Zsub) C)
using psubst-fml good-interp PFA fsafe substSafe freef by blast
have IH":(Av. (v € fml-sem I (Fsubst ¢ o)) = (v € fml-sem (adjoint I o v)
)
using IH[OF fsafe ssafe] by auto
then have IH:fml-sem I (Fsubst ¢ o) = fml-sem (adjoint I o v) ¢
using eq’ by blast
have duh: (\f' -. fmil-sem I (case () of () = Fsubst ¢ o)) = (A z (). fml-sem
(local.adjoint I o v) @)
by (simp add: case-unit-Unity eq’ ext)
have eztend-PF:(PFadjoint I ?sub) = (extendc I ?R2)
unfolding PFadjoint-def using IH apply (simp)
by (metis old.unit.case old.unit.exhaust)
have (v € fml-sem I (Fsubst (InContext C ¢) o)) = (v € fmil-sem I (PFsubst
C' (A-. Fsubst ¢ 0)))
using some by simp

moreover have ... = (v € fml-sem (PFadjoint I ?sub) C”)
using IH2 by auto
moreover have ... = (v € fml-sem (extendc I ?R2) C”)
using extend-PF by simp
moreover have ... = (v € fml-sem (extendc I ?R1) C")
using eq’ by auto
moreover have ... = (v € Contexts (adjoint I o v) C (fmi-sem (adjoint I o

v) ¢))
using some unfolding adjoint-def apply auto
apply (simp add: eq’ local.adjoint-def)
by (simp add: eq’ local.adjoint-def)
moreover have ... = (v € fml-sem (adjoint I o v) (InContext C ¢))
by auto
ultimately
show (v € fml-sem I (Fsubst (InContext C ¢) c)) = (v € fml-sem (local.adjoint
I o v) (InContext C ¢))
by blast
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qed
then show ?case by auto
next
case (Fadmit-Context2 o ¢ C) then
have FA:Fadmit o ¢
and FUA:FUadmit o ¢ UNIV
and none:SContexts o C = None
and [H:fsafe p = ssafe 0 = (A\v. (v € fmi-sem I (Fsubst ¢ o)) = (v €
fml-sem (local.adjoint I o v) ¢))
by auto
have fsafe (InContext C p) =
ssafe 0 = (A\v. (v € fml-sem I (Fsubst (InContext C ¢) o)) = (v €
fmi-sem (local.adjoint I o v) (InContext C ¢)))
proof —
assume safe:fsafe (InContext C o)
then have fsafe:fsafe p by (auto dest: fsafe.cases)
assume ssafe:ssafe o
fix v
have leq: Contexts (local.adjoint I o v) C = Contexts I C
using none unfolding adjoint-def by auto
have IH:A\v. (v € fml-sem I (Fsubst ¢ o)) = (v € fml-sem (local.adjoint I o
v) @)
using [H[OF fsafe ssafe] by auto
have agree: A\w. Vagree v w (— UNIV) unfolding Vagree-def by auto
have adj-eq: \w. fml-sem (adjoint I o v) ¢ = fmil-sem (adjoint I o w) ¢
using wadmit-fml-adjoint| OF FUA agree fsafe ssafe good-interp] by auto
then have sem:fml-sem I (Fsubst p o) = fml-sem (local.adjoint I o v) ¢
using IH' agree adj-eq by auto
show ?thesis v using none Ieq sem by auto
qed
then show ?Zcase by auto
qed

lemma subst-fml:
fixes I::('sf, 'sc, 'sz) interp and v::'sz state
assumes good-interp:is-interp I
assumes Fadmit: Fadmit o ¢
assumes fsafe:fsafe ¢
assumes ssafe:ssafe o
shows (v € fmi-sem I (Fsubst ¢ o)) = (v € fml-sem (adjoint I o v) ¢)
using subst-fml-hp|OF good-interp] Fadmit fsafe ssafe by blast

lemma subst-fmi-valid:
fixes I:('sf, 'sc, 'sz) interp and v::'sz state
assumes Fadmit: Fadmit o ¢
assumes fsafe:fsafe ¢
assumes ssafe:ssafe o
assumes valid:valid ¢
shows walid (Fsubst ¢ o)
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proof —
have sub-sem:\I v. is-interp I = v € fmil-sem I (Fsubst ¢ o)
proof —
fix I::('sf,’sc,’sz) interp and v::'sz state
assume good-interp:is-interp I
have good-adj:is-interp (adjoint I o v)
apply(rule adjoint-safe[ OF good-interp))
using ssafe unfolding ssafe-def by auto
have psem:v € fml-sem (adjoint I o v) ¢ using valid using good-adj unfolding
valid-def by blast
then show ?thesis I v
using subst-fml[OF good-interp Fadmit fsafe ssafe]
by auto
qed
then show ?thesis unfolding valid-def by blast
qed

lemma subst-sequent:
fixes I::('sf, 'sc, 'sz) interp and v::'sz state
assumes good-interp:is-interp I
assumes Sadmit:Sadmit o (T',A)
assumes Ssafe:Ssafe (T',A)
assumes ssafe:ssafe o
shows (v € seg-sem I (Ssubst (I',A) o)) = (v € seg-sem (adjoint I o v) (T',A))
proof —
let ?f = (seq2fml (', A))
have subst-eqG:Fsubst (foldr (&&) I' TT) o = foldr (&&) (map (Ap. Fsubst ¢
o)) TT
by (induction T, auto simp add: TT-def)
have subst-eqD:Fsubst (foldr (||) A FF) o = foldr (||) (map (Ap. Fsubst ¢ o)
A) FF
by (induction A, auto simp add: FF-def Or-def)
have subst-eq:Fsubst ?f o = (seq2fml (Ssubst (I, A) o))
using subst-eqG subst-eqD
by (auto simp add: Implies-def Or-def)
have fsafeG:fsafe (foldr (&&) T TT)
using Ssafe apply(induction T, auto simp add: Ssafe-def TT-def)
by fastforce
have fsafeD:fsafe (foldr (||) A FF)
using Ssafe Or-def apply (induction A, auto simp add: Ssafe-def FF-def Or-def)
by fastforce
have fsafe:fsafe ?f
using fsafeD fsafeG by (auto simp add: Implies-def Or-def)
have FadmitG:Fadmit o (foldr (&&) T' TT)
using Sadmit Or-def apply(induction T', auto simp add: Sadmit-def TT-def
Or-def)
by fastforce
have FadmitD:Fadmit o (foldr (||) A FF)
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using Sadmit Or-def apply(induction A, auto simp add: Sadmit-def FF-def

Or-def)

by fastforce

have Fadmit:Fadmit o ?f
using FadmitG FadmitD unfolding Implies-def
by (simp add: Implies-def Or-def)

have (v € fml-sem I (Fsubst ?f o))

=(v € fmi-sem (adjoint I o v) (seq2fml (T', A)))

using subst-fml[OF good-interp Fadmit fsafe ssafe]
by auto

then show ?thesis
using subst-eq by auto

qed

11.6 Soundness of substitution rule

theorem subst-rule:
assumes sound:sound R
assumes Radmit: Radmit o R
assumes FVS:FVS o = {}
assumes Rsafe: Rsafe R
assumes ssafe:ssafe o
shows sound (Rsubst R o)
proof —
obtain SG and C where Rdef:R = (SG,C) by (cases R, auto)
obtain SG’ and C’ where Rdef”Rsubst R o = (SG',C’) by (cases R, auto)
obtain I'C and AC where Cdef:C = (I'C, AC) by (cases C, auto)
obtain I'C’ and AC’ where C'def:C’ = (I'C’, AC’) by (cases C’, auto)
have CC”":(Ssubst (T'C, AC) o) = (I'C’, AC")
using Rdef Rdef' Cdef C'def by auto

have AT v. is-interp I = (AI' A w . List.member SG' (I';, A) = w € seq-sem

I (T, A)) = v € seg-sem I C’
proof —
fix I:('sf,’sc,’sz) interp and v::'sz state
assume good-interp:is-interp I
assume prems:(AI' A w. List.member SG' (I, A) = w € seg-sem I (T, A))
have good-interp”: Aw. is-interp (adjoint I o w)
using adjoint-safe[OF good-interp | ssafe[unfolded ssafe-def] by auto
have sound:Aw. (A¢ v . List.member SG ¢ = v € seq-sem (adjoint I o w)
Y) = w € seg-sem (adjoint I o w) (I'C, AC)
using soundD-memuv[of SG C] sound good-interp’ Rdef Cdef by auto
have SadmitC:Sadmit o (I'C, AC)
using Radmit unfolding Radmit-def Rdef Cdef by auto
have SsafeC:Ssafe (I'C, AC)
using Rsafe unfolding Rsafe-def Rdef Cdef by auto
have seq-sem:v € seq-sem (adjoint I o v) (I'C, AC)
proof (rule sound)
fix S :: ('sf,’sc,’sz) sequent and v’
assume mem:List.member SG S
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obtain I'S AS where Sdef:S = (I'S, AS) by (cases S, auto)
from mem obtain di where di:di < length SG N SG ! di = S
by (meson in-set-conv-nth in-set-member)
have SadmitS:Sadmit o (T'S, AS)
using Rdef Sdef di Radmit Radmit-def by auto
have SsafeS:Ssafe (T'S, AS)
using Rsafe unfolding Rsafe-def Rdef Cdef using Sdef mem di by auto
have map-mem: \f L x. List.member L x = List.member (map f L) (f x)
subgoal for f L x
by (induction L, auto simp add: member-rec)
done
let 25’ = (Ssubst (I'S, AS) o)
have eq:Ssubst S o = (map (Ap. Fsubst ¢ o) T'S, map (Ap. Fsubst ¢ o) AS)

using Sdef by auto
from Sdef have mem':List. member SG' (fst 25’, snd %5”)

using mem Rdef Rdef’ eq map-mem[of SG S (Az. Ssubst x o)] by auto
have v’ € seq-sem I (fst 25', snd 2S’) by (rule prems[OF mem’, of v'])
then have v’ € seg-sem (adjoint I o v') S

using subst-sequent[OF good-interp SadmitS SsafeS ssafe, of V']

Sdef by auto
have VA:Vagree v v’ (FVS o) using FVS unfolding Vagree-def by auto
show v’ € seq-sem (local.adjoint I o v) S

using adjoint-consequence VA ssafe[unfolded ssafe-def]

by (metis «v' € seq-sem (local.adjoint I o v') S» dfree-is-dsafe)
qed

have v € seg-sem I (I'C’, AC")

using subst-sequent| OF good-interp SadmitC SsafeC ssafe, of v] seq-sem Cdef

C'def CC'

by auto

then show v € seq-sem I C' using C’def by auto
qed

then show ?thesis
apply(rule soundl-memuv’)

qed

end

using Rdef’ by auto

end

theory Uniform-Renaming
imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics
Frechet-Correctness
Static-Semantics
Coincidence
Bound-Effect
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begin context ids begin

12 Uniform and Bound Renaming

Definitions and soundness proofs for the renaming rules Uniform Renaming
and Bound Renaming. Renaming in dL. swaps the names of two variables x
and y, as in the swap operator of Nominal Logic.

fun swap ::'sz = 'sz = 'sz = sz
where swap z y 2z = (if z = z then y else if z = y then z else z)

12.1 Uniform Renaming Definitions

primrec TUrename :: 'sz = ‘sz = ('sf, 'sz) trm = ('sf, 'sz) trm
where
TUrename z y (Var z) = Var (swap z y 2)
| TUrename z y (DiffVar z) = DiffVar (swap z y )
| TUrename z y (Const r) = (Const r)
| TUrename z y (Function f args) = Function f (Ai. TUrename z y (args 1))
| TUrename z y (Plus 91 9¥2) = Plus (TUrename x y 91) (TUrename z y 92)
| TUrename zy (Times V1 92) = Times (TUrename x y 91) (TUrename z y 9¥2)
| TUrename z y (Differential ©¥) = Differential (TUrename x y )

primrec OUrename :: 'sz = 'sz = ('sf, 'sz) ODE = ('sf, 'sz) ODE
where
OUrename z y (OVar c¢) = undefined
| OUrename z y (OSing z 9) = OSing (swap x y z) (TUrename z y 9)
| OUrename xy (OProd ODE1 ODE2) = OProd (OUrename xy ODE1) (OUrename
xy ODE2)

inductive ORadmit :: ('sf, 'sz) ODE = bool
where
ORadmit-Sing: ORadmit (OSing x 1)
| ORadmit-Prod: ORadmit ODE1 = ORadmit ODE2 =—> ORadmit (OProd ODE1
ODE?)

primrec PUrename :: 'sz = 'sz = ('sf, 'sc, 'sz) hp = ('sf, 'sc, 'sz) hp
and FUrename :: 'sz = ‘sz = ('sf, 'sc, 'sz) formula = ('sf, 'sc, 'sz) formula
where
PUrename z y (Pvar a) = undefined
| PUrename x y (Assign z 9) = Assign (swap z y z) (TUrename x y )
| PUrename x y (DiffAssign z ©) = DiffAssign (swap z y z) (TUrename z y 9)
| PUrename x y (Test @) = Test (FUrename z y )
| PUrename x y (EvolveODE ODE ¢) = EvolveODE (OUrename xy ODE) (FUrename
R
| PUrename x y (Choice a b) = Choice (PUrename x y a) (PUrename x y b)
| PUrename x y (Sequence a b) = Sequence (PUrename z y a) (PUrename  y b)
| PUrename x y (Loop a) = Loop (PUrename z y a)
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| FUrename zy (Geq 91 92) = Geq (TUrename z y 91) (TUrename z y 92)

| FUrename x y (Prop p args) = Prop p (Ai. TUrename x y (args 7))

| FUrename z y (Not ) = Not (FUrename z y @)

| FUrename x y (And ¢ ¢) = And (FUrename z y @) (FUrename z y 1)

| FUrename x y (Exists z @) = Exists (swap z y z) (FUrename z y @)

| FUrename z y (Diamond « ¢) = Diamond (PUrename = y «) (FUrename x y ¢)
| FUrename x y (InContext C ¢) = undefined

12.2 Uniform Renaming Admissibility

inductive PRadmit :: ('sf, 'sc, 'sz) hp = bool
and  FRadmit =:('sf, 'sc, 'sz) formula = bool
where
PRadmit-Assign: PRadmit (Assign © )
| PRadmit-DiffAssign: PRadmit (DiffAssign © )
| PRadmit-Test:FRadmit ¢ = PRadmit (Test )
| PRadmit-EvolveODE: ORadmit ODE = FRadmit ¢ = PRadmit (EvolveODE
ODE o)
| PRadmit-Choice: PRadmit « = PRadmit b = PRadmit (Choice a b)
| PRadmit-Sequence: PRadmit a = PRadmit b => PRadmit (Sequence a b)
| PRadmit-Loop:PRadmit a = PRadmit (Loop a)

| FRadmit-Geq:FRadmit (Geq 91 92)

| FRadmit-Prop:FRadmit (Prop p args)

| FRadmit-Not:FRadmit ¢ => FRadmit (Not ¢)

| FRadmit-And:FRadmit ¢ => FRadmit ¢ = FRadmit (And ¢ 1)

| FRadmit-Exists: FRadmit ¢ => FRadmit (Ezists © ¢)

| FRadmit-Diamond: PRadmit o« = FRadmit ¢ = FRadmit (Diamond « ¢)

inductive-simps
FRadmit-boz-simps|simp|: FRadmit (Box a f)
and PRadmit-box-simps[simp|: PRadmit (Assign  e)

definition RSadj :: 'sz = 'sz = 'sz simple-state = 'sz simple-state
where RSadj zyv = (x 2. v $ (swap T y 2))

definition Radj :: 'sz = 'sz = 'sz state = sz state
where Radj vy v = (RSadj z y (fst v), RSadj z y (snd v))

lemma SUren: sterm-sem I (TUrename x y ) v = sterm-sem I ¥ (RSadj z y v)
by (induction ¥, auto simp add: RSadj-def)

lemma ren-preserves-dfree:dfree 9 = dfree (TUrename z y 1)
by (induction rule: dfree.induct, auto intro: dfree.intros)

12.3 Uniform Renaming Soundness Proof and Lemmas

lemma TUren-frechet:
assumes good-interp:is-interp I
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shows dfree 9 = frechet I (TUrename xy 9) v v’ = frechet I ¥ (RSadj z y v)
(RSadj x y v')
proof (induction rule: dfree.induct)
— There’s got to be a more elegant proof of this...
case (dfree-Var 1)
then show ?case
unfolding RSadj-def apply auto
subgoal by (metis vec-lambda-eta)
subgoal
proof (auto simp add: azis-def)
assume yr:y # T
have a:(x z. v'$ (if z =z then y else if z = y thenz else 2)) Sy =v'$ z
by simp
show v’ - (x i. if i = x then 1 else 0)
= (x 2. V'8 (if z = z then y else if z = y then x else 2)) - (x i. if i
= y then 1 else 0)
by (metis (no-types) a axis-def inner-axis)
qed
subgoal
proof —
have A\v s. v+ (x sa. if sa = (s::'sz) then 1 else 0) = v $ s
subgoal for v s
using inner-azxis[of v s 1]
by (auto simp add: azis-def)
done
then show ?thesis
by (auto simp add: azis-def)
qed
subgoal
proof —
assume al: i # y
assume a2: i # x
have Avs. v+ (x sa. if sa = (s::'sz) then 1 else 0) = v $ s
by (metis (no-types) inner-azis axis-def inner-prod-eq)
then show ?thesis
using a2 al by (auto simp add: azis-def)
qged
done
qed (auto simp add: SUren good-interp is-interp-def)

lemma RSadj-fst:RSadj z y (fst v) = fst (Radj z y v)
unfolding RSadj-def Radj-def by auto

lemma RSadj-snd:RSadj z y (snd v) = snd (Radj z y v)
unfolding RSadj-def Radj-def by auto

lemma TUren:

assumes good-interp:is-interp I
shows dsafe ¥ = dterm-sem I (TUrename x y 9) v = dterm-sem I ¥ (Radj x
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yv)
proof (induction rule: dsafe.induct)
case (dsafe-Diff )
assume free:dfree
show ?Zcase
apply (auto simp add: directional-derivative-def)
using T'Uren-frechet|OF good-interp free, of x y fst v snd v|
by (auto simp add: RSadj-fst RSadj-snd)
qed (auto simp add: Radj-def RSadj-def)

lemma adj-sum:RSadj x y (v1 + v2) = (RSadj z y v1) + (RSadj z y v2)
unfolding RSadj-def apply auto apply (rule vec-extensionality)
subgoal for i
apply (cases i = x)
apply (cases i = y)
by auto
done

lemma OUren: ORadmit ODE = ODE-sem I (OUrename z y ODE) v = RSadj
zy (ODE-sem I ODE (RSadj x y v))
proof (induction rule: ORadmit.induct)
case (ORadmit-Prod ODE1 ODE2)
then show ?case
using adj-sum by auto
next
case (ORadmit-Sing z )
then show Zcase
by (rule vec-extensionality | auto simp add: SUren RSadj-def)+
qed

lemma state-eq:

fixes v v’ :: 'sz state

shows (Ai. (fstv) $i= (fst v') $ i) = (Ai. (sndv)$i=(sndv')$i) =
v =v'

apply (cases v, cases v', auto)

by (rule vec-extensionality, auto)+

lemma Radj-repvl:
fixes Ty z sz
shows (Radj z y (repvv yr)) = repv (Radjzy v) zr
apply(rule state-eq)
subgoal for
apply(cases i = z) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
subgoal for i
apply(cases i = ) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
done

276



lemma Radj-repv2:
fixes z y 2 sz
shows (Radj z y (repvv z 1)) = repv (Radjzyv) yr
apply(rule state-eq)
subgoal for
apply(cases i = z) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
subgoal for ¢
apply(cases i = z) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
done

lemma Radj-repv3:
fixes z y z sz
assumes zz:z # r and zy:z # y
shows (Radj z y (repv v 2 1)) = repv (Radj z y v) z r
apply(rule state-eq)
subgoal for i
apply(cases i = z) apply (cases i = y)
using zz zy unfolding Radj-def RSadj-def by auto
subgoal for i
apply(cases i = z) apply (cases i = y)
using zz zy unfolding Radj-def RSadj-def by auto
done

lemma Radj-repd1:
fixes z y z ::'sz
shows (Radj z y (repd v y 1)) = repd (Radj z y v) z r
apply(rule state-eq)
subgoal for
apply(cases i = z) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
subgoal for i
apply(cases i = z) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
done

lemma Radj-repd2:
fixes Ty z sz
shows (Radj z y (repd v x 1)) = repd (Radjzy v) yr
apply(rule state-eq)
subgoal for
apply(cases i = z) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
subgoal for i
apply(cases i = ) apply (cases i = y)
unfolding Radj-def RSadj-def by auto
done
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lemma Radj-repd3:
fixes z y 2 sz
assumes zz:z # x and 2y:z # y
shows (Radj z y (repd v z 1)) = repd (Radjz y v) z 1
apply(rule state-eq)
subgoal for i
apply(cases i = z) apply (cases i = y)
using 2z zy unfolding Radj-def RSadj-def by auto
subgoal for i
apply(cases i = z) apply (cases i = y)
using 2z zy unfolding Radj-def RSadj-def by auto
done

— i.e. shows Radj = y is a bijection for all z y
lemma Radj-eq-iff:(a = b) = ((Radj z y a) = (Radj z y b))
unfolding Radj-def RSadj-def apply auto
apply (rule state-eq)
apply (smt (verit))+
done

lemma RSadj-cancel:RSadj x y (RSadj z y v) = v
unfolding RSadj-def apply auto
apply(rule vec-extensionality)
by (auto)

lemma Radj-cancel:Radj x y (Radj z y v) = v
unfolding Radj-def RSadj-def apply auto
apply(rule state-eq)
subgoal for i by(cases i = z, cases i = y, auto)
subgoal for i by(cases { = z, cases i = y, auto)
done

lemma OUrename-preserves-ODE-vars:ORadmit ODE = {z. (swap = y z) €
ODE-vars I ODE} = ODE-vars I (OUrename z y ODE)
apply(induction rule: ORadmit.induct)
subgoal for za ¢ by auto
subgoal for ODE! ODE2
proof —
assume [HI1:{z. swap zy z € ODE-vars I ODE1} = ODE-vars I (OUrename
zy ODET1)
assume [H2:{z. swap z y z € ODE-vars I ODE2} = ODE-vars I (OUrename
xy ODE2)
have {z. swap z y z € ODE-vars I (OProd ODE1 ODE2)} =
{z. swap x y z € (ODE-vars I ODE1 U ODE-vars I ODE2)} by auto
moreover have ... = {z. swap z y z € (ODE-vars I ODE1)} U {z. swap z y 2
€ (ODE-vars I ODE2)} by auto
moreover have ... = ODE-vars I (OUrename x y ODE1) U ODE-vars I
(OUrename x y ODE2) using IH! TH2 by auto
moreover have ... = ODE-vars I (OUrename z y (OProd ODE1 ODE2)) by
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auto
ultimately show {z. swap = y z € ODE-vars I (OProd ODE1 ODE2)} =
ODE-vars I (OUrename xz y (OProd ODE1 ODEZ2))
by blast
qged
done

lemma ren-proj:(RSadj x y a) $ 2 = a $ (swap x y 2)
unfolding RSadj-def by simp

lemma swap-cancel:swap © y (swap Ty z) = 2
by auto

lemma mkv-lemma:
assumes ORA:ORadmit ODE
shows Radj z y (mk-v I (OUrename z y ODE) (a, b) ¢) = mk-v I ODE (RSadj
xy a, RSadj z y b) (RSadj z y ¢)
proof —
have inner!:(mk-v I (OUrename z y ODE) (a, b) ¢) = ((x 4 (if ¢ € ODE-vars
I (OUrename x y ODE) then c else a) $ i), (x i. (if i € ODE-vars I (OUrename
z y ODE) then ODE-sem I (OUrename zy ODE) c else b) $ 1))
using mk-v-concrete[of I OUrename x y ODE (a,b) c] by auto
have inner2:(((x ¢ (if i € ODE-vars I (OUrename z y ODE) then c else a) $
i), (x i. (if i € ODE-vars I (OUrename x y ODE) then ODE-sem I (OUrename x
y ODE) c else b) $ 1))
= (((x 7. (if (swap x y i) € ODE-vars I ODE then c else a) $ 1), (x . (if
(swap z y i) € ODE-vars I ODE then ODE-sem I (OUrename z y ODE) ¢ else b)
5 1)))
by (force simp: OUrename-preserves-ODE-vars|OF ORA, symmetric])
have Radj z y (mk-v I (OUrename z y ODE) (a, b) ¢) =
Radj z y (((x 4. (if ¢ € ODE-vars I (OUrename z y ODE) then c else a) $
i), (x . (if i € ODE-vars I (OUrename z y ODE) then ODE-sem I (OUrename x
y ODE) c else b) $ 1)))
using inner! by auto
moreover have ... = Radj z y (((x 4 (¢if (swap x y i) € ODE-vars I ODE then
celse a) $ 1),
(x i. (if (swap zy i) € ODE-vars I ODE then ODE-sem I
(OUrename x y ODE) ¢ else b) $ 17)))
using inner2 by auto
moreover have ... = (((x . (if (swap zy (swap x y i)) € ODE-vars I ODE then
celse a) $ (swap z y 7)),
(x 4. (if (swap z y (swap z y 1)) € ODE-vars I ODE then
ODE-sem I (OUrename x y ODE) ¢ else b) $ (swap x y 7)))
unfolding Radj-def RSadj-def by auto
moreover have ... = (((x i. (if i € ODE-vars I ODE then c else a) $ (swap z y

i),
(x i. (if i € ODE-vars I ODE then ODE-sem I (OUrename x

y ODE) c else b) $ (swap x y 7)))
using swap-cancel by auto
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moreover have ... = (((x 4. (if i € ODE-vars I ODE then RSadj z y ¢ else
RSadj z y a) $ 7)),
(x i. (if i € ODE-vars I ODE then RSadj x y (ODE-sem I
(OUrename z y ODE) c¢) else RSadj z y b) $ 7))
by (auto simp add: ren-proj)
moreover have ... = (((x 4. (if i € ODE-vars I ODE then RSadj z y ¢ else
RSadj z y a) $ 7)),
(x i. (if ¢ € ODE-vars I ODE then RSadj x y (RSadj z y
(ODE-sem I ODE (RSadj z y c))) else RSadj = y b) $ 1))
using OUren[OF ORA, of I z y c] by auto
moreover have ... = (((x 4. (if i € ODE-vars I ODE then RSadj z y ¢ else
RSadj z y a) $ 7)),
(x i. (if i € ODE-vars I ODE then (ODE-sem I ODE (RSadj
Ty c)) else RSadj z y b) $ 1))
by (auto simp add: RSadj-cancel)
moreover have ... = mk-v I ODE (RSadj z y a, RSadj z y b) (RSadj z y ¢)
using mk-v-concrete[of I ODE (RSadj z y a, RSadj x y b) RSadj = y |
by auto
ultimately show #¢thesis by auto
qed

lemma sol-lemma:
assumes ORA:ORadmit ODE
assumes t:0 < t
assumes fml:\v. (v € fml-sem I (FUrename z y ¢)) = (Radj ¢ y v € fml-sem
I )
assumes sol:(sol solves-ode (Aa. ODE-sem I (OUrename zy ODE))) {0..t} {za.
mk-v I (OUrename x y ODE) (sol 0, b) za € fml-sem I (FUrename =y ¢)}
shows ((At. RSadj z y (sol t)) solves-ode (Aa. ODE-sem I ODE)) {0..t} {za.
mk-v I ODE (RSadj = y (sol 0), RSadj z y b) za € fml-sem I ¢}
apply (unfold solves-ode-def)
apply(rule conjI)
defer
subgoal
apply auto
proof —
fix s
assume t:0 < ss <t
have wi:s € {0..t} using ¢ by auto
have mk-v I (OUrename x y ODE) (sol 0,b) (sol s) € fml-sem I (FUrename
TY )
using solves-odeD(2)[OF sol ivl] by auto
then have Radj z y (mk-v I (OUrename zy ODE) (sol 0, b) (sol s)) € fml-sem
Iy
using fmli[of mk-v I (OUrename x y ODE) (sol 0, b) (sol s)] by auto
then show mk-v I ODE (RSadj z y (sol 0), RSadj x y b) (RSadj z y (sol s))
€ fml-sem I ¢
using mkv-lemma]OF ORA, of  y I sol 0 b sol s] by auto
qed
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apply (unfold has-vderiv-on-def has-vector-derivative-def)
proof —
have As. s€{0..t} = ((At. RSadj z y (sol t)) has-derivative (Azb. xb *g
ODE-sem I ODE (RSadj z y (sol s)))) (at s within {0..t})
proof —
fix s
assume s:s €{0..t}
let g = RSadj z y
let 29’ = RSadj z y
let ?f = sol
let /' = (\t'. t' xg ODE-sem I (OUrename z y ODE) (sol s))
let 7h = 29 o 2f

have fun-eq:(At’. t' xg ODE-sem I (OUrename z y ODE) (sol s)) = (At’. t’
xgr (RSadj x y (ODE-sem I ODE (RSadj z y (sol s)))))
apply(rule ext)
using OUren|OF ORA, of I x y] by simp
have fun-eq1:(Av. (x i. RSadj zy v $ 1)) = RSadj z y
by (rule ext, rule vec-extensionality, simp)
have s € {0..t} = (sol has-derivative (At'. t' xr ODE-sem I (OUrename
z y ODE) (sol s))) (at s within {0..t})
using solves-odeD(1)[OF sol] unfolding has-vderiv-on-def has-vector-derivative-def
by auto
then have fderiv:s € {0..t} = (?f has-derivative ?f') (at s within {0..t})
using fun-eq by auto
have ((Av. (x 7. RSadj z y v $ ©)) has-derivative (A\v'. (x i . RSadjzy v’ $
1)) (at (2f s) within 2f < {0..t})
apply(rule has-derivative-vec)
apply(auto simp add: RSadj-def intro:derivative-eg-intros)
by (simp add: has-derivative-at-withinl has-derivative-proj’)+
then have gderiv:(RSadj z y has-derivative (RSadj z y)) (at (?f s) within 2f
“{0..t})
using fun-eq! by auto
have hderiv:(?h has-derivative (29’ o 2f')) (at s within {0..t})
by (rule diff-chain-within[OF fderiv gderiv], rule s)
have heq:(At. RSadj z y (sol t)) = ?h
unfolding comp-def by simp
have RSadj-scale:/\c a. RSadj x y (¢ *gr RSadj x y a) = ¢ *r a
subgoal for ¢ a
unfolding RSadj-def
apply auto
apply (rule vec-extensionality)
by (auto)
done
have heq”:(Azb. xb xg ODE-sem I ODE (RSadj z y (sol s))) = (29’ o 2f)
unfolding comp-def apply(rule ext) using OUren|OF ORA, of I z y sol s]
apply auto
subgoal for ¢
using RSadj-scale[of ¢ ODE-sem I ODE (RSadj z y (sol s))] by auto
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done
show ((At. RSadj z y (sol t)) has-derivative (Azb. xb xr ODE-sem I ODE
(RSadj xz y (sol s)))) (at s within {0..t})
using heq heq' hderiv by auto
qged
then show Vzac{0..t}. ((A\t. RSadj z y (sol t)) has-derivative (Azb. zb *g
ODE-sem I ODE (RSadj z y (sol za)))) (at za within {0..t})
by auto
qed

lemma sol-lemma?2:

assumes ORA:ORadmit ODE

assumes £:0 < ¢t

assumes fml:A\v. (v € fml-sem I (FUrename z y ¢)) = (Radj x y v € fml-sem
I )

assumes sol:(sol solves-ode (Aa. ODE-sem I ODE)) {0..t} {z. mk-v I ODE (sol
0,b) z € fml-sem I ¢}

shows ((At. RSadj z y (solt)) solves-ode (Aa. ODE-sem I (OUrename xy ODE)))

{0..t}
{za. mk-v I (OUrename x y ODE) (RSadj z y (sol 0), RSadj z y b) za €
fmil-sem I (FUrename z y ¢)}
apply(unfold solves-ode-def)
apply(rule conjI)
defer
subgoal
apply auto
proof —
fix s
assume t:0 < ss <t
have wl:s € {0..t} using ¢ by auto
have mk-v I ODE (sol 0,b) (sol s) € fmi-sem I ¢
using solves-odeD(2)[OF sol ivl] by auto
then have Radj x y (mk-v I ODE (sol 0, b) (sol s)) € fmi-sem I (FUrename
Ty p)
using Radj-cancel[of © y (mk-v I ODE (sol 0, b) (sol s))]
by (simp add: fml)
then show mk-v I (OUrename z y ODFE) (RSadj z y (sol 0), RSadj x y b)
(RSadj z y (sol s)) € fml-sem I (FUrename z y @)
using mkv-lemma[OF ORA, of x y I RSadj x y (sol 0) RSadj x y b RSadj
zy (sol s)]
by (simp add: RSadj-cancel <mk-v I ODE (sol 0, b) (sol s) € fml-sem I ¢»
fml)

qed
apply (unfold has-vderiv-on-def has-vector-derivative-def)
proof —
have As. s€{0..t} = ((At. RSadj = y (sol t)) has-derivative (Azb. zb *g
ODE-sem I (OUrename x y ODE) (RSadj z y (sol s)))) (at s within {0..t})
proof —
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fix s
assume s:s €{0..t}
let g = RSadj z y
let g’ = RSadj z y
let 2f = sol
let 2f' = (Azb. zb xgr RSadj vy (ODE-sem I (OUrename x y ODE) (RSadj
y (s0l ))))
let ?h = %9 o 2f
have fun-eq:(A\t’. t' *g ODE-sem I ODE (sol s)) = (Azb. zb g RSadj x y
(ODE-sem I (OUrename xy ODE) (RSadj z y (sol s))))
apply/(rule ext)
using OUren|OF ORA, of I z y, of RSadj x y (sol s)] RSadj-cancel by simp
have fun-eq1:(Av. (x i. RSadjz y v $ 1)) = RSadj z y
by (rule ext, rule vec-extensionality, simp)
have s € {0..t} = (sol has-derivative (At'. t' xg ODE-sem I ODE (sol s)))
(at s within {0..t})
using solves-odeD(1)[OF sol] unfolding has-vderiv-on-def has-vector-derivative-def
by auto
then have fderiv:s € {0..t} = (?f has-derivative ?f') (at s within {0..t})
using fun-eq by auto
have ((Av. (x i. RSadj z y v $ 7)) has-derivative (\v'. (x i . RSadj z y v’ $
1)) (at (2f s) within 2f < {0..t})
apply(rule has-derivative-vec)
apply(auto simp add: RSadj-def intro:derivative-eg-intros)
by (simp add: has-derivative-at-withinl has-derivative-proj’)+
then have gderiv:(RSadj x y has-derivative (RSadj x y)) (at (?f s) within 2f ¢
{0..t})
using fun-eql by auto
have hderiv:(?h has-derivative (29’ o 2f")) (at s within {0..t})
by (rule diff-chain-within[OF fderiv gderiv], rule s)
have heq:(At. RSadj z y (sol t)) = ?h
unfolding comp-def by simp
have RSadj-scale:/\c a. RSadj x y (¢ *gr RSadj z y a) = ¢ *g a
subgoal for ¢ a
unfolding RSadj-def
apply auto
apply (rule vec-extensionality)
by (auto)
done
have heq”:(Azb. 2b xg ODE-sem I (OUrename z y ODE) (RSadj z y (sol s)))
= (%9" 0 #f")
unfolding comp-def apply(rule ext) using OUren[OF ORA, of I x y RSadj
zy (sol s)]
apply auto
subgoal for ¢
using RSadj-scale[of ¢ ODE-sem I (OUrename x y ODE) (RSadj z y (sol
s))] RSadj-cancelof x y sol s
RSadj-cancel[of © y ODE-sem I ODE (sol s)| by auto
done
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show ((At. RSadj z y (sol t)) has-derivative (Axb. xb *g ODE-sem I (OUrename
zy ODE) (RSadj z y (sol s)))) (at s within {0..t})
using heq heq’ hderiv by auto
qed
then show Vzac{0..t}. (At. RSadj z y (sol t)) has-derivative (Azb. zb *g
ODE-sem I (OUrename x y ODE) (RSadj z y (sol za)))) (at za within {0..t})
by blast
qed

lemma PUren-FUren:
assumes good-interp:is-interp I
shows
(PRadmit o — hpsafe « — (¥ v w. (v, w) € prog-sem I (PUrename © y o)
«— (Radj x y v, Radj z y w) € prog-sem I «))
A (FRadmit ¢ — fsafe ¢ — (¥ v. v € fml-sem I (FUrename z y @) <—
(Radj z y v) € fml-sem I ))
proof (induction rule: PRadmit-FRadmit.induct)
case (FRadmit-Geq 91 92)
then show ?case using TUren[OF good-interp] by auto
next
case (FRadmit-Ezxists ¢ z) then have
FRA:FRadmit ¢
and IH:fsafe p = (Av. (v € fml-sem I (FUrename ¢y ¢)) = (Radjz y v €
fml-sem I @))
by auto
have fsafe (Ezists z ¢) = (Av. (v € fml-sem I (FUrename x y (Ezists z ¢)))
= (Radj z y v € fml-sem I (Exists z ¢)))
apply (cases z = x)
subgoal for v
proof —
assume fsafe:fsafe (Exists z ¢)
assume zz:z = &
from fsafe have fsafe’:fsafe v by auto
have IH":.(A\v. (v € fml-sem I (FUrename z y ¢)) = (Radj z y v € fml-sem
I ¢))
by (rule IH[OF fsafe’])
have (v € fml-sem I (FUrename x y (Ezists z ¢))) = (v € fml-sem I (Exists
y (FUrename x y ¢))) using zz by auto

moreover have ... = (3r. (repv v y r) € fmil-sem I (FUrename z y ¢)) by
auto

moreover have ... = (3r. (Radj z y (repv v y 1)) € fml-sem I ¢) using
IH' by auto

moreover have ... = (3r. (repv (Radj z y v) x r) € fml-sem I ¢) using
Radj-repvl|of z y v] by auto

moreover have ... = (Radj z y v € fml-sem I (Exists z )) using zz by
auto

ultimately

show (v € fml-sem I (FUrename z y (Exists z ¢))) = (Radj x y v € fml-sem
I (Ezists z ¢))
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by auto
qed
apply (cases z = y)
subgoal for v
proof —
assume fsafe:fsafe (Exists z @)
assume zz:z = y
from fsafe have fsafe’.fsafe o by auto
have IH":.(Av. (v € fml-sem I (FUrename z y ¢)) = (Radj z y v € fml-sem
I ¢))
by (rule IH[OF fsafe’])
have (v € fml-sem I (FUrename z y (Ezists z ¢))) = (v € fml-sem I (Exists
z (FUrename x y ¢))) using zz by auto

moreover have ... = (3r. (repv v z r) € fml-sem I (FUrename z y ¢)) by
auto

moreover have ... = (3r. (Radj x y (repv v z r)) € fml-sem I ¢) using
IH' by auto

moreover have ... = (3r. (repv (Radj x y v) y r) € fml-sem I ¢) using
Radj-repv2[of z y v] by auto

moreover have ... = (Radj z y v € fmil-sem I (Ezists z ¢)) using zz by
auto

ultimately

show (v € fml-sem I (FUrename x y (Exists z ¢))) = (Radj x y v € fml-sem
I (Ezists z ¢))
by auto
qed
subgoal for v
proof —
assume fsafe:fsafe (Exists z @)
assume zz:z # z and zy:z # y
from fsafe have fsafe’:fsafe o by auto
have IH":(A\v. (v € fml-sem I (FUrename z y ¢)) = (Radj z y v € fml-sem
I ¢))
by (rule IH[OF fsafe’])
have (v € fml-sem I (FUrename z y (Exists z ¢))) = (v € fml-sem I (Exists
z (FUrename x y ¢))) using zz zy by auto

moreover have ... = (3r. (repv v z ) € fml-sem I (FUrename = y ¢)) by
auto

moreover have ... = (3r. (Radj z y (repv v z 1)) € fml-sem I ¢) using IH’
by auto

moreover have ... = (3r. (repv (Radj x y v) z 1) € fml-sem I ) using
Radj-repv3lof z x y v, OF zz zy| by auto

moreover have ... = (Radj z y v € fmil-sem I (Ezists z p)) using zx by auto

ultimately

show (v € fmi-sem I (FUrename x y (Ezists z ¢))) = (Radj x y v € fml-sem
I (Ezists z ¢))
by auto
qed
done
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then show ?case by auto
next
case (PRadmit-Assign z 1)
have hpsafe (Assign z 9) = (Av w. ((v, w) € prog-sem I (PUrename z y
(Assign z 19))) = ((Radj z y v, Radj x y w) € prog-sem I (Assign z 1))
apply (cases z = x)
subgoal for v w
proof —
assume fsafe:hpsafe (Assign z 9)
assume zz:z = &
from fsafe have dsafe:dsafe ¥ by auto
have IH":(Av. dterm-sem I (TUrename x y ) v = dterm-sem I ¥ (Radj =
yv))
subgoal for v using TUren[OF good-interp dsafe , of x y v] by auto done
have ((v, w) € prog-sem I (PUrename x y (Assign z 9))) = ((v, w) € prog-sem
I (Assign y (TUrename z y ¥))) using zz by auto

moreover have ... = (w = repv v y (dterm-sem I (TUrename z y 9) v)) by
auto
moreover have ... = (w = repv v y (dterm-sem I ¥ (Radj z y v))) using
IH' by auto
moreover have ... = (Radj z y w = Radj z y (repv v y (dterm-sem I 9
(Radj z y v)))) using Radj-eq-iff by auto
moreover have ... = (Radj z y w = repv (Radj z y v) z (dterm-sem I 9
(Radj z y v))) using Radj-repvl by auto
moreover have ... = (Radj 2 y w = repv (Radj z y v) z (dterm-sem I 9
(Radj z y v))) using zz by auto
moreover have ... = ((Radj z y v, Radj x y w) € prog-sem I (Assign z 9))
by auto
ultimately

show ((v, w) € prog-sem I (PUrename x y (Assign z ¥))) = ((Radj z y v,
Radj z y w) € prog-sem 1 (Assign z 1))
by auto
qed
apply (cases z = y)
subgoal for v w
proof —
assume fsafe:hpsafe (Assign z 9)
assume zy:z = y
from fsafe have dsafe:dsafe 9 by auto
have IH":.(\v. dterm-sem I (TUrename z y 9) v = dterm-sem I 9 (Radj =
yv))
subgoal for v using TUren[OF good-interp dsafe , of z y v] by auto done
have ((v, w) € prog-sem I (PUrename z y (Assign z 9))) = ((v, w) € prog-sem
I (Assign © (TUrename x y 9))) using zy by auto

moreover have ... = (w = repv v © (dterm-sem I (TUrename z y ¥) v)) by
auto
moreover have ... = (w = repv v z (dterm-sem I ¢ (Radj x y v))) using
IH' by auto
moreover have ... = (Radj z y w = Radj z y (repv v z (dterm-sem I ¢
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(Radj z y v)))) using Radj-eq-iff by auto

moreover have ... = (Radj z y w = repv (Radj z y v) y (dterm-sem I 9
(Radj z y v))) using Radj-repv2 by auto

moreover have ... = (Radj z y w = repv (Radj z y v) z (dterm-sem I 9
(Radj z y v))) using zy by auto

moreover have ... = ((Radj z y v, Radj x y w) € prog-sem I (Assign z 9))
by auto

ultimately

show ((v, w) € prog-sem I (PUrename z y (Assign z ¥))) = ((Radj z y v,
Radj z y w) € prog-sem 1 (Assign z 1))
by auto

qed
subgoal for v w
proof —

assume fsafe:hpsafe (Assign z 9)

assume zzr:z # x and z2y:z # y

from fsafe have dsafe:dsafe ¥ by auto

have IH":(A\v. dterm-sem I (TUrename x y ¥) v = dterm-sem I 9 (Radj z y

v))
subgoal for v using TUren[OF good-interp dsafe , of x y v] by auto done
have ((v, w) € prog-sem I (PUrename x y (Assign z 9))) = ((v, w) € prog-sem
I (Assign z (TUrename x y 9))) using zz zy by auto

moreover have ... = (w = repv v z (dterm-sem I (TUrename z y ) v)) by
auto

moreover have ... = (w = repv v z (dterm-sem I 9 (Radj x y v))) using
IH' by auto

moreover have ... = (Radj r y w = Radj z y (repv v z (dterm-sem I 9 (Radj
z y v)))) using Radj-eq-iff by auto

moreover have ... = (Radj z y w = repv (Radj z y v) z (dterm-sem I ¢
(Radj z y v))) using Radj-repv3|OF zx zy] by auto

moreover have ... = ((Radj z y v, Radj x y w) € prog-sem I (Assign z 1))
by auto

ultimately

show ((v, w) € prog-sem I (PUrename z y (Assign z ¥))) = ((Radj z y v,
Radj z y w) € prog-sem I (Assign z 9))
by auto
qged
done
then show ?case by auto
next
case (PRadmit-DiffAssign z )
have hpsafe (DiffAssign z ¥) = (Av w. (v, w) € prog-sem I (PUrename x y
(DiffAssign z ¥9))) = ((Radj z y v, Radj z y w) € prog-sem I (DiffAssign z 9)))
apply (cases z = x)
subgoal for v w
proof —
assume fsafe:hpsafe (DiffAssign z 9)
assume 212 = ¢
from fsafe have dsafe:dsafe ¥ by auto
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have IH":(Av. dterm-sem I (TUrename x y ) v = dterm-sem I ¥ (Radj =
yv))

subgoal for v using TUren[OF good-interp dsafe , of x y v] by auto done

have ((v, w) € prog-sem I (PUrename x y (DiffAssign z 9))) = ((v, w) €
prog-sem I (DiffAssign y (TUrename x y 19))) using zz by auto

moreover have ... = (w = repd v y (dterm-sem I (TUrename z y 9) v)) by
auto
moreover have ... = (w = repd v y (dterm-sem I ¥ (Radj z y v))) using
IH' by auto
moreover have ... = (Radj z y w = Radj z y (repd v y (dterm-sem I 9
(Radj z y v)))) using Radj-eq-iff by auto
moreover have ... = (Radj z y w = repd (Radj xz y v) z (dterm-sem I 9
(Radj z y v))) using Radj-repdl by auto
moreover have ... = (Radj z y w = repd (Radj z y v) z (dterm-sem I 9
(Radj z y v))) using zz by auto
moreover have ... = ((Radj z y v, Radj x y w) € prog-sem I (DiffAssign z
9)) by auto
ultimately

show ((v, w) € prog-sem I (PUrename x y (DiffAssign z 9))) = ((Radj = y
v, Radj © y w) € prog-sem I (DiffAssign z 9))
by auto
qed
apply (cases z = y)
subgoal for v w
proof —
assume fsafe:hpsafe (DiffAssign z 9)
assume 2y:z = y
from fsafe have dsafe:dsafe 9 by auto
have IH":.(\v. dterm-sem I (TUrename z y 9) v = dterm-sem I ¥ (Radj =
yv))
subgoal for v using TUren[OF good-interp dsafe , of x y v] by auto done
have ((v, w) € prog-sem I (PUrename z y (DiffAssign z 9))) = ((v, w) €
prog-sem I (DiffAssign x (TUrename x y 19))) using zy by auto

moreover have ... = (w = repd v = (dterm-sem I (TUrename z y 9) v)) by
auto
moreover have ... = (w = repd v x (dterm-sem I ¢ (Radj x y v))) using
IH' by auto
moreover have ... = (Radj z y w = Radj z y (repd v = (dterm-sem I ¢
(Radj z y v)))) using Radj-eq-iff by auto
moreover have ... = (Radj z y w = repd (Radj z y v) y (dterm-sem I 9
(Radj z y v))) using Radj-repd2 by auto
moreover have ... = (Radj z y w = repd (Radj z y v) z (dterm-sem I 9
(Radj z y v))) using zy by auto
moreover have ... = ((Radj z y v, Radj © y w) € prog-sem I (DiffAssign z
9)) by auto
ultimately

show ((v, w) € prog-sem I (PUrename x y (DiffAssign z 9))) = ((Radj z y
v, Radj x y w) € prog-sem I (DiffAssign z 9))
by auto
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qed
subgoal for v w
proof —
assume fsafe:hpsafe (DiffAssign z )
assume zzr:z # z and z2y:z # y
from fsafe have dsafe:dsafe 9 by auto
have IH":.(Av. dterm-sem I (TUrename z y 9) v = dterm-sem I 9 (Radj z y

v))
subgoal for v using TUren[OF good-interp dsafe , of z y v] by auto done
have ((v, w) € prog-sem I (PUrename z y (DiffAssign z 9))) = ((v, w) €
prog-sem I (DiffAssign z (TUrename x y 9))) using zz zy by auto

moreover have ... = (w = repd v z (dterm-sem I (TUrename z y ¥) v)) by
auto

moreover have ... = (w = repd v z (dterm-sem I O (Radj x y v))) using IH'
by auto

moreover have ... = (Radj x y w = Radj z y (repd v z (dterm-sem I 9 (Radj
z y v)))) using Radj-eq-iff by auto

moreover have ... = (Radj z y w = repd (Radj x y v) z (dterm-sem I ¥ (Radj
z y v))) using Radj-repd3|OF zx zy] by auto

moreover have ... = ((Radj z y v, Radj x y w) € prog-sem I (DiffAssign z
9¥)) by auto

ultimately

show ((v, w) € prog-sem I (PUrename z y (DiffAssign z 9))) = ((Radj z y v,
Radj z y w) € prog-sem I (DiffAssign z ¥))
by auto
qged
done
then show ?case by auto
next
case (PRadmit-Test ) then
have FRA:FRadmit ¢
and IH:fsafe ¢ = (Av. (v € fml-sem I (FUrename z y ¢)) = (Radj xz y v €
fml-sem I )
by auto
have hpsafe (7 ¢) = (A\v w. (v, w) € prog-sem I (PUrename z y (¢ ¢))) =
((Radj x y v, Radj © y w) € prog-sem I (? ¢)))
proof —
assume hpsafe:hpsafe (¢ @)
fix vw
from hpsafe have fsafe:fsafe ¢ by auto
have IH Av. (v € fml-sem I (FUrename z y ¢)) = (Radj x y v € fml-sem I
)
by (rule IH[OF fsafe])
have ((v, w) € prog-sem I (PUrename x y (? ¢))) = (v = w A (w € fml-sem
I (FUrename z y ¢))) by (cases w, auto)
moreover have ... = (v = w A (Radj z y w) € fml-sem I ) using IH' by
auto
moreover have ... = (Radj z y v = Radj z y w A (Radj x y w) € fmil-sem I
) using Radj-eq-iff by auto
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moreover have ... = ((Radj z y v, Radj  y w) € prog-sem I (? ¢)) by (cases
Radj = y w, auto)
ultimately show ?thesis v w by auto
qed
then show ?case by auto
next
case (FRadmit-Prop p args) then
have fsafe (Prop p args) = (Av. (v € fmi-sem I (FUrename z y (Prop p args)))
= ((Radj z y v) € fml-sem I (Prop p args)))
proof —
assume fsafe:fsafe (Prop p args)
fix v
from fsafe have dsafes: \i. dsafe (args i) using dfree-is-dsafe by auto
have IH:\i v. dterm-sem I (TUrename x y (args ©)) v = dterm-sem I (args
i) (Radj z y v)
using TUren|OF good-interp dsafes] by auto
have (v € fmi-sem I (FUrename x y (Prop p args))) = (v € fml-sem I (Prop
p (Ai . TUrename z y (args 7)))) by auto

moreover have ... = (Predicates I p (x i. dterm-sem I (TUrename x y (args
i)) v)) by auto
moreover have ... = (Predicates I p (x i. dterm-sem I (args i) (Radj x y v)))
using IH by auto
moreover have ... = ((Radj z y v) € fml-sem I (Prop p args)) by auto
ultimately show ¢thesis v by blast
qed
then show ?case by auto
next

case (PRadmit-Sequence a b) then
have IHI1:hpsafe a = (A\v w. ((v, w) € prog-sem I (PUrename z y a)) = ((Radj
zy v, Radj z y w) € prog-sem I a))
and [H2:hpsafe b = (A\v w. ((v, w) € prog-sem I (PUrename x y b)) =
((Radj x y v, Radj © y w) € prog-sem I b))
by auto
have hpsafe (a ;; b)) = (Av w. ((v, w) € prog-sem I (PUrename = y (a ;;b))) =
((Radj z y v, Radj © y w) € prog-sem I (a ;; b)))
proof —
assume hpsafe:hpsafe (a ;; b)
fix vw
from hpsafe have safel:hpsafe a and safe2:hpsafe b by auto
have IH1:(Ap. ((v, p) € prog-sem I (PUrename = y a)) = ((Radj z y v, Radj
xy p) € prog-sem I a))
using IH1[OF safel] by auto
have TH2:(Ap. ((p, w) € prog-sem I (PUrename z y b)) = ((Radj z y u, Radj
z Yy w) € prog-sem I b))
using [H2[OF safe2] by auto
have ((v, w) € prog-sem I (PUrename z y (a ;;b))) = ((v, w) € prog-sem I
((PUrename z y a) ;;(PUrename x y b))) by auto
moreover have ... = (3pu. (v, u) € prog-sem I (PUrename z y a) A (p, w) €
prog-sem I (PUrename x y b)) by auto
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moreover have ... = (Ju. (Radj z y v, Radj x y p) € prog-sem I a A (Radj =
y p, Radj z y w) € prog-sem I b) using IH1 IH2 by auto
moreover have ... = (Ju. (Radj z y v, u) € prog-sem I a N (n, Radj z y w)
€ prog-sem I b)
apply auto
subgoal for aa ba
apply(rule exI[where z=fst(Radj z y (aa,ba))])
apply(rule exI[where z=snd(Radj z y (aa,ba))])
by auto
subgoal for aa ba
apply(rule exl[where z=fst(Radj x y (aa,ba))])
apply(rule exI[where z=snd(Radj z y (aa,ba))])
using Radj-cancel by auto
done
moreover have ... = ((Radj z y v, Radj © y w) € prog-sem I (a ;;b)) by
(auto,blast)
ultimately show ?thesis v w by auto
qed
then show ?case by auto
next
case (FRadmit-Diamond « ¢) then
have IH1:hpsafe « = (A\v w. ((v, w) € prog-sem I (PUrename z y «)) = ((Radj
zy v, Radj z y w) € prog-sem I «))
and [H2:fsafe ¢ = (A\v. (v € fmi-sem I (FUrename zy ¢)) = (Radj x y v €
fml-sem I @))
by auto
have fsafe ({a)) = (Av. (v € fml-sem I (FUrename x y ({a)p))) = (Radj z
yv e fnbsem T ((a)p))
proof —
assume safe:fsafe ({a)p)
fix v
from safe have safel :hpsafe o and safe2:fsafe p by auto
have IH1:A\w. ((v, w) € prog-sem I (PUrename = y «)) = ((Radj = y v, Radj
xy w) € prog-sem I «)
using IH1[OF safel] by auto
have IH2:\v. (v € fml-sem I (FUrename z y ¢)) = (Radj x y v € fml-sem I
©)
by (rule IH2[OF safe2])
have (v € fml-sem I (FUrename z y ({a)¢))) = (v € fml-sem I ((PUrename
z y ayFUrename z y ¢)) by auto

moreover have ... = (3 w. (v, w) € prog-sem I (PUrename z y o) A\ w €
fml-sem I (FUrename xz y ¢)) by auto
moreover have ... = (3 w. (Radj z y v, Radj = y w) € prog-sem I a A (Radj

zyw) € fml-sem I )
using IH1 IH2 by auto
moreover have ... = (3 w. (Radj z y v, w) € prog-sem I a N w € fml-sem I
©)
apply auto
subgoal for aa ba

291



apply(rule exI[where z=fst(Radj z y (aa,ba))])
apply(rule exI[where z=snd(Radj z y (aa,ba))])
by auto
subgoal for aa ba
apply(rule exl[where z=fst(Radj x y (aa,ba))])
apply(rule exl[where z=snd(Radj x y (aa,ba))])
using Radj-cancel by auto
done
moreover have ... = (Radj z y v € fmil-sem I ({a)p)) by auto
ultimately show %thesis v by auto
qed
then show ?case by auto
next
case (PRadmit-Loop a) then
have IH: hpsafe a = (\v w. ((v, w) € prog-sem I (PUrename z y a)) = ((Radj
xy v, Radj z y w) € prog-sem I a))
by auto
have hpsafe (ax*x ) = (Av w. ((v, w) € prog-sem I (PUrename z y (a*x ))) =
((Radj z y v, Radj x y w) € prog-sem I (axx)))
proof —
assume safe:hpsafe (axx )
fix v w
from safe have safe:hpsafe a by auto
have IHI:(Av w. ((v, w) € prog-sem I (PUrename z y a)) = ((Radj z y v, Radj
Ty w) € prog-sem I a))
by (rule IH[OF safe])
have relpow-iff:A\v w R n. (v, w) € R " Sucn) = (Ju. (v, n) € R A (, w)
€ R "n)
apply auto
subgoal for R n = y z by (auto simp add: relpow-Suc-D2’)
subgoal for v w R n u using relpow-Suc-12 by fastforce
done
have rtrancl-iff-relpow:A\v w R. ((v, w) € R*) = (3In. (v, w) € R " " n)
using rtrancl-imp-relpow relpow-imp-rtrancl by blast
have lem:An. (V v w. ((v, w) € prog-sem I (PUrename z y a)” n) = ((Radj
zy v, Radj z y w) € prog-sem I a” n))
subgoal for n
proof (induction n)
case (
then show ?case using Radj-eq-iff by auto
next
case (Suc n) then
have IH2:A\v w. (v, w) € prog-sem I (PUrename xy a) ~ n) = ((Radj
y v, Radj x y w) € prog-sem I a ~ " n)
by auto
have Av w. ((v, w) € prog-sem I (PUrename zy a) ~ Suc n) = ((Radj =
y v, Radj x y w) € prog-sem I a = Suc n)
proof —
fix vw
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have ((v, w) € prog-sem I (PUrename x y a) ~ Suc n)
= (3 p. (v, p) € prog-sem I (PUrename z y a) A (i, w) € prog-sem I
(PUrename z y a) ~ n)
using relpow-iff [of v w n prog-sem I (PUrename x y a)] by auto
moreover have ... = (3 p. (Radj z y v, Radj z y ) € prog-sem I a A
(Radj z y p, Radj z y w) € prog-sem I a = n)
using IH1 IH2 by blast
moreover have ... = (3 u. (Radj z y v, p) € prog-sem I a A (u, Radj z y
w) € prog-sem I a =" n)
apply auto
subgoal for aa ba
apply(rule exI[where z=fst(Radj z y (aa,ba))])
apply(rule exl[where z=snd(Radj z y (aa,ba))])
by auto
subgoal for aa ba
apply(rule exl[where z=fst(Radj x y (aa,ba))])
apply(rule exl[where z=snd(Radj = y (aa,ba))])
using Radj-cancel by auto
done
moreover have ... = ((Radj z y v, Radj x y w) € prog-sem I a = Suc n)
using relpow-iff [of Radj x y v Radj x y w n prog-sem I a] by auto
ultimately show %thesis v w by auto
qged
then show ?Zcase by auto
qed
done
have ((v, w) € prog-sem I (PUrename z y (axx ))) = ((v, w) € (prog-sem I
(PUrename z y a))*) by auto

moreover have ... = (In. (v, w) € (prog-sem I (PUrename z y a)) ~ n)
using rtrancl-iff-relpow(of v w prog-sem I (PUrename z y a)] by auto
moreover have ... = (In. (Radj z y v, Radj x y w) € (prog-sem I a) ~ " n)
using lem by blast
moreover have ... = ((Radj z y v, Radj x y w) € (prog-sem I a)*)
using rtrancl-iff-relpow[of Radj x y v Radj x y w prog-sem I a] by auto
moreover have ... = ((Radj z y v, Radj x y w) € prog-sem I (axx )) by auto
ultimately show ?thesis v w by blast
qged
then show ?case by auto
next

case (PRadmit-FEvolveODE ODE ¢) then
have ORA:ORadmit ODE
and TH:fsafe o = (A\v. (v € fml-sem I (FUrename z y ¢)) = (Radj z y v €
fml-sem I ))
by auto
have hpsafe (EvolveODE ODE ¢) = (A\v w. ((v, w) € prog-sem I (PUrename
zy (EvolveODE ODE ¢))) = ((Radj z y v, Radj © y w) € prog-sem I (EvolveODE
ODE ¢)))
proof —
assume safe:hpsafe (EvolveODE ODE )
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fix v w
from safe have osafe:osafe ODE and fsafe:fsafe ¢ by auto
have IHI1:Av. (v € fml-sem I (FUrename z y ¢) = (Radj x y v € fml-sem I
©)) by (rule IH[OF fsafe])
have IH2:A\v. ODE-sem I (OUrename x y ODE) v = RSadj x y (ODE-sem I
ODE (RSadj z y v))
using OUren[OF ORA] by auto
have RSadj-Radj:\a b. (RSadj x y a, RSadj  y b) = Radj z y (a,b)
unfolding RSadj-def Radj-def by auto
have Radj-swap:A\a b. Radj ztya = b= a = Radjzyb
using Radj-cancel Radj-eq-iff by metis
have mkv: A\t sol b. Radj  y (mk-v I (OUrename z y ODE) (sol 0, b) (sol t))
= mk-v I ODE (RSadj z y (sol 0), RSadj z y b) (RSadj z y (sol t))
using mkv-lemma]OF ORA] by blast
have mkv2:/\t sol b. Radj x y w = mk-v I ODE (sol 0, b) (sol t) =
w = mk-v I (OUrename x y ODE) (RSadj xz y (sol 0), RSadj = y b) (RSadj
y (sol )
using mkv-lemma]OF ORA| by (metis RSadj-cancel Radj-cancel)
have sol: \t sol b. 0 < t =
(sol solves-ode (Aa. ODE-sem I (OUrename x y ODE))) {0..t} {za. mk-v I
(OUrename z y ODE) (sol 0, b) za € fml-sem I (FUrename x y ¢)} =
((\t. RSadj x y (sol t)) solves-ode (Aa. ODE-sem I ODE)) {0..t} {xa. mk-v I
ODE (RSadj z y (sol 0), RSadj x y b) za € fml-sem I ¢}
using sol-lemma IH1 IH2 ORA by blast
have sol2:\t sol b. 0 < t =
(sol solves-ode (Aa. ODE-sem I ODE)) {0..t} {x. mk-v I ODE (sol 0, b) x €
fml-sem I p} =
((At. RSadj z y (sol t)) solves-ode (Aa. ODE-sem I (OUrename z y ODE))) {0..t}
{za. mk-v I (OUrename x y ODE) (RSadj z y (sol 0), RSadj x y b) za € fmi-sem
I (FUrename zy o)}
using sol-lemma2 IH1 IH2 ORA by blast
show ?thesis v w
apply auto
subgoal for b sol t
apply(rule exl[where z= RSadj z y b))
apply(rule exI[where z= (At. RSadj z y (sol t))])
apply (rule conjI)
subgoal using RSadj-Radj[of sol 0 b] by auto
apply(rule exl[where z =t])
apply(rule conjI)
subgoal by (rule mkv)
apply(rule conjI)
subgoal by assumption
by (rule sol)
subgoal for b sol t
apply(rule exl[where z= RSadj z y b])
apply(rule exI[where z= (At. RSadj x y (sol t))])
apply(rule conjI)
subgoal using RSadj-Radj[of sol 0 b] Radj-swaplof v (sol 0,b)] by auto
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apply(rule exl[where z =t])
apply(rule conjI)
subgoal by (rule mkv2)
apply (rule conjI)
subgoal by assumption
by (rule sol2)
done
qed
then show “case by auto
qed (auto simp add: Radj-def)

lemma FUren:is-interp I = FRadmit ¢ = fsafe ¢ = (Av. (v € fml-sem I
(FUrename z y ¢)) = (Radj x y v € fmil-sem I ¢))
using PUren-FUren by blast

12.4 Uniform Renaming Rule Soundness

lemma URename-sound:FRadmit ¢ = fsafe p = valid ¢ = valid (FUrename

Ty )
unfolding valid-def using F'Uren by blast

12.5 Bound Renaming Rule Soundness

lemma BRename-sound:
assumes FRA:FRadmit([[Assign x 9]]p)
assumes fsafe:fsafe ([[Assign z V]])
assumes valid:valid ([[Assign z ¥]]p)
assumes FVF:{Inly, Inry, Inr z} N FVF ¢ = {}
shows walid([[Assign y Y]] FUrename z y ¢)
proof —
have FRA'’:FRadmit ¢ using FRA
by (metis (no-types, lifting) Boz-def FRadmit.cases formula.distinct(15) for-
mula.distinct(21) formula.distinct(27) formula.distinct(29) formula.distinct(3) for-
mula.distinct(31) formula.distinct formula.distinct(9) formula.inject(8) formula.inject(6))
have fsafe’:fsafe ¢ using fsafe by (simp add: Boz-def)
have dsafe:dsafe ¥ using fsafe by (simp add: Boz-def)
have AI v. is-interp I = v € fml-sem I ([[y := V]]FUrename  y )
proof —
fix I:('sf,’sc,’sz) interp and v::'sz state
assume good-interp:is-interp I
from FVF have sub:FVF ¢ C —{Inly, Inr y, Inr z} by auto
have Vagree (repv (Radj x y v) = (dterm-sem I ¥ v)) (repv v x (dterm-sem I
Y v)) (—{Inl y, Inr y, Inr x})
unfolding Vagree-def using FVF unfolding Radj-def RSadj-def by auto
then have agree: Vagree (repv (Radj z y v) x (dterm-sem I ¥ v)) (repv v z
(dterm-sem I 9 v)) (FVF )
using agree-sub]OF sub] by auto
have fmli-sem-eq:(repv (Radj x y v) z (dterm-sem I 9 v) € fml-sem I ¢) =
(repv v © (dterm-sem I ¥ v) € fml-sem I o)
using coincidence-formula| OF fsafe’ Iagree-refl agree| by auto
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have (v € fmi-sem I ([[y := O)]FUrename z y ¢)) = (repv v y (dterm-sem I 9
v) € fml-sem I (FUrename z y ¢))

by auto
moreover have ... = (Radj z y (repv v y (dterm-sem I ¥ v)) € fml-sem I ¢)
using FUren[OF good-interp FRA' fsafe’] by auto
moreover have ... = (repv (Radj = y v) z (dterm-sem I ¥ v) € fml-sem I )
using Radj-repvl by auto
moreover have ... = (v € fmil-sem I ([[z := J]]¢))
using fml-sem-eq by auto
moreover have ... = True
using valid unfolding valid-def using good-interp by blast
ultimately
show v € fml-sem I ([[y := 9]|FUrename z y ¢)
by blast
qed
then
show ?thesis unfolding valid-def by auto
qed
end end
theory Pretty-Printer
imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntaz
begin

context ids begin

13 Syntax Pretty-Printer

The deeply-embedded syntax is difficult to read for large formulas. This
pretty-printer produces a more human-friendly syntax, which can be helpful
if you want to produce a proof term by hand for the proof checker (not
recommended for most users).

fun join :: string = char list list = char list
where join S [] = ||

| join S [S] = S’

| join S (S’ # 85) =8"@ S Q@ (join S SS)

fun vid-to-string::'sz = char list
where vid-to-string vid = (if vid = vid1 then "'z else if vid = vid2 then "y"" else
if vid = vid3 then "'z else "w'’)

fun oid-to-string::'sz = char list
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where oid-to-string vid = (if vid = vidl then "¢ else if vid = vid2 then "c2"
else if vid = vid3 then "c3" else ''c/ ")

fun cid-to-string::'sc = char list
where cid-to-string vid = (if vid = pidl then ""C"' else if vid = pid2 then ""C2"
else if vid = pid3 then ""C3" else ""C4 ")

fun ppid-to-string::'sc = char list
where ppid-to-string vid = (if vid = pidl then ""P" else if vid = pid2 then "'Q"
else if vid = pid3 then "R else ""H")

fun hpid-to-string::'sz = char list
where hpid-to-string vid = (if vid = vidl then "'’ else if vid = vid2 then "'b"
else if vid = vid8 then "al’ else "'b1"")

fun fid-to-string::'sf = char list
where fid-to-string vid = (if vid = fidl then "f"" else if vid = fid2 then "g"" else
if vid = fid3 then "h'' else "j"")

primrec trm-to-string::('sf,’sz) trm = char list

where
trm-to-string (Var x) = vid-to-string ©
| trm-to-string (Const r) = ""r"

(
(
| trm-to-string (Function f args) = fid-to-string f

| trm-to-string (Plus t1 t2) = trm-to-string t1 @ "'+ Q trm-to-string t2
| trm-to-string (Times t1 t2) = trm-to-string t1 Q "s'" Q trm-to-string t2
| trm-to-string (DiffVar ) = ""Dv{"" @ vid-to-string x @ "'}

| trm-to-string (Differential t) = ""D{"" @ trm-to-string t @ '"}"

primrec ode-to-string::(’sf,’sz) ODE = char list
where
ode-to-string (OVar x) = oid-to-string
| ode-to-string (OSing z t) = "'d”" Q vid-to-string x Q@ ""=""Q trm-to-string t
| ode-to-string (OProd ODE1 ODE2) = ode-to-string ODE1 @ ") "' @ ode-to-string
ODE2

fun fmli-to-string ::('sf, 'sc, 'sz) formula = char list
and hp-to-string ::('sf, 'sc, 'sz) hp = char list
where
fml-to-string (Geq t1 t2) = trm-to-string t1 Q "">=""Q trm-to-string t2
| fml-to-string (Prop p args) = ||
| fml-to-string (Not p) =
(case p of (And (Not q) (Not (Not p))) = fml-to-string p Q@ ""—>"" @
fml-to-string q
| (Ezists x (Not p)) = ""A"Q vid-to-string x @ "."" @ fml-to-string p
| (Diamond a (Not p)) = "[""Q hp-to-string a @ """ @ fmi-to-string p
| (And (Not (And p q)) (Not (And (Not p’) (Not ¢')))) =
(if (p=p' N q=¢') then fmi-to-string p Q ""<—>" Q fml-to-string
q else """ Q fmi-to-string (And (Not (And p q)) (Not (And (Not p’) (Not ¢')))))
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| - = "1"Q fmi-to-string p)

| fml-to-string (And p q) = fml-to-string p @ "&" Q fmli-to-string q
| fml-to-string (Fzists x p) = ""E’ Q vid-to-string x Q@ "' . " @Q fmi-to-string p
| fml-to-string (Diamond a p) = "< @ hp-to-string a Q@ "'>" Q fml-to-string p
| fml-to-string (InContext C p) =

(case p of

(Geq - -) = ppid-to-string C
| - = cid-to-string C @ "("" @ fml-to-string p @ )"

| hp-to-string (Pvar a) = hpid-to-string a

| hp-to-string (Assign x e) = vid-to-string x Q ':=""Q trm-to-string e

| hp-to-string (DiffAssign z €) = ""D{" Q vid-to-string x @ ""}:="" Q trm-to-string
e

| hp-to-string (Test p) = Q fml-to-string p

| hp-to-string (EvolveODE ODE p) = "{"" @ ode-to-string ODE Q "&" Q@

fml-to-string p @ "'}

| hp-to-string (Choice a b) = hp-to-string a @ ""U" @ hp-to-string b

| hp-to-string (Sequence a b) = hp-to-string a Q ;"' @ hp-to-string b

| hp-to-string (Loop a) = hp-to-string a @ "+’

11911

end end

theory Proof-Checker

imports
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics
Axioms
Differential-Axioms
Frechet-Correctness
Static-Semantics
Coincidence
Bound-FEffect
Uniform-Renaming
USubst-Lemma
Pretty-Printer

begin context ids begin

14 Proof Checker

This proof checker defines a datatype for proof terms in dL. and a function
for checking proof terms, with a soundness proof that any proof accepted
by the checker is a proof of a sound rule or valid formula.

A simple concrete hybrid system and a differential invariant rule for con-
junctions are provided as example proofs.
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lemma sound-weaken-gen:\NA B C. sublist A B = sound (A, C) = sound
(B,C)
proof (rule soundl-mem)
fix A B::('sf,’se,’sz) sequent list
and C::('sf,’sc,’sz) sequent
and I::('sf,’sc,’sz) interp
assume sub:sublist A B
assume good:is-interp I
assume sound (A, C)
then have soundC:(/\y. List.member A ¢ = seq-sem I ¢ = UNIV) = seg-sem
1C = UNIV
apply simp
apply(drule soundD-mem)
by (auto simp add: good)
assume SG:(\p. List. member B o = seq-sem I ¢ = UNIV)
show seq-sem I C = UNIV
using soundC SG sub unfolding sublist-def by auto
qed

lemma sound-weaken: \SG SGS C. sound (SGS, C) = sound (SG # SGS, C)
subgoal for SG SGS C
apply (induction SGS)
subgoal unfolding sound-def by auto
subgoal for SG2 SGS
unfolding sound-def
by (metis fst-conv le0 length-Cons not-less-eq nth-Cons-Suc snd-conv)
done
done

lemma member-filter: \P. List.member (filter P L) x = List.member L x
apply (induction L, auto)
by(metis (full-types) member-rec(1))

lemma nth-member:n < List.length L = List.member L (List.nth L n)
apply(induction L, auto simp add: member-rec)
by (metis in-set-member length-Cons nth-mem set-ConsD)

lemma mem-appL: List.member A x = List.member (A @Q B) x
by (induction A, auto simp add: member-rec)

lemma sound-weaken-appR: \SG SGS C. sound (SG, C') = sound (SG @ SGS,
&)
subgoal for SG SGS C
apply(rule sound-weaken-gen)
apply(auto)
unfolding sublist-def apply(rule alll)
subgoal for x
using mem-appL[of SG z SGS| by auto
done
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done

fun start-proof::('sf,’sc,’sz) sequent = ('sf,’sc,’sz) rule
where start-proof S = ([S], )

lemma start-proof-sound:sound (start-proof S)
unfolding sound-def by auto

15 Proof Checker Implementation

datatype aziom =

Alooplter | AI | Atest | Abox | Achoice | AK | AV | Aassign | Adassign
| AdConst | AdPlus | AdMult
| ADW | ADE | ADC | ADS | ADIGeq | ADIGr | ADG

fun get-aziom:: axiom = ('sf,’sc,’sz) formula
where
get-axiom Alooplter = loop-iterate-axiom
| get-aziom AI = Iaziom
| get-aziom Atest = test-axiom
| get-aziom Aboxr = boz-aziom
| get-axiom Achoice = choice-axiom
| get-axiom AK = Kaziom
| get-aziom AV = Vaziom
| get-aziom Aassign = assign-axiom
| get-aziom Adassign = diff-assign-aziom
| get-axiom AdConst = diff-const-axiom
| get-axiom AdPlus = diff-plus-aziom
| get-axiom AdMult = diff-times-aziom
| get-axiom ADW = DWaziom
| get-axiom ADE = DEaxiom
| get-axiom ADC = DCaziom
| get-aziom ADS = DSaxiom
| get-axiom ADIGeq = DIGegaziom
| get-axiom ADIGr = DIGraxiom
| get-aziom ADG = DGazxiom

lemma aziom-safe:fsafe (get-axiom a)

by(cases a, auto simp add: aziom-defs Box-def Or-def Equiv-def Implies-def
empty-def Equals-def f1-def p1-def P-def f0-def expand-singleton Forall-def Greater-def
id-simps)

lemma aziom-valid:valid (get-aziom a)
proof (cases a)

case Alooplter

then show ?thesis by (simp add: loop-valid)
next

case Al
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then show %thesis by (simp add:

next
case Atest

then show ?thesis by (simp add:

next
case Abox

then show ?thesis by (simp add:

next
case Achoice

then show ?thesis by (simp add:

next
case AK

then show %thesis by (simp add:

next
case AV

then show %thesis by (simp add:

next
case Aassign

then show ?thesis by (simp add:

next
case Adassign

then show ?thesis by (simp add:

next
case AdConst

then show ?thesis by (simp add:

next
case AdPlus

then show %thesis by (simp add:

next
case AdMult

then show ?thesis by (simp add:

next

case ADW

then show
next

case ADE

then show
next

case ADC

then show
next

case ADS

then show
next

case ADIGeq

then show %thesis by (simp add:

next
case ADIGr

then show ?thesis by (simp add:

Zthesis by (simp add:

Zthesis by (simp add:

Zthesis by (simp add:

Zthesis by (simp add:

T-valid)

test-valid)

boz-valid)

choice-valid)

K-valid)

V-valid)

assign-valid)

diff-assign-valid)

diff-const-aziom-valid)

diff-plus-aziom-valid)

diff-times-axiom-valid)

DW-valid)

DE-valid)

DC-valid)

DS-valid)

DIGeqg-valid)

DIGr-valid)
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next

case ADG

then show ?thesis by (simp add: DG-valid)
qed

datatype rrule = ImplyR | AndR | CohideR | CohideRR | TrueR | EquivR
datatype lrule = ImplyL | AndL | EquivForwardL | EquivBackwardL

datatype (‘a, 'b, 'c) step =
Aziom aziom
| MP
| G
| CT
| CQ ('a, 'c) trm (‘a, 'c) trm ('a, 'b, 'c) subst
| CE (‘a, b, 'c) formula (‘a, 'b, 'c) formula (‘a, 'b, 'c) subst
| Skolem
— Apply Usubst to some other (valid) formula
| VSubst (‘a, 'b, 'c) formula ('a, 'b, 'c) subst
| AzSubst axiom ('a, 'b, 'c) subst
| URename
| BRename
| Rrule rrule nat
| Lrule lrule nat
| Closeld nat nat
| Cut ("a, 'b, 'c) formula
| DEAziomSchema ('a,’c) ODE (‘a, 'b, 'c) subst

type-synonym (‘a, 'b, 'c) derivation = (nat x (‘a, 'b, 'c) step) list
type-synonym (‘a, ‘b, ‘c) pf = ('a,’d,’c) sequent * ('a, 'b, 'c) derivation

fun seq-to-string :: ('sf, 'sc, 'sz) sequent = char list

where seq-to-string (A,S) = join ", ' (map fml-to-string A) Q " |— "' @ join ",

" (map fmi-to-string S)

fun rule-to-string :: ('sf, 'sc, 'sz) rule = char list
where rule-to-string (SG, C) = (join ';; "' (map seg-to-string SG)) @ "

QS by VY seq-to-string C

fun close :: 'a list = 'a ='a list
where close L © = filter (A\y. y # z) L

fun closel ::'a list = nat ='a list
where closel L i = close L (nth L 1)

lemma close-sub:sublist (close T' ) T
apply (auto simp add: sublist-def)

using member-filter by fastforce

lemma close-app-comm:close (A @ B) x = close A x @Q close B x
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by auto

lemma close-provable-sound:sound (SG, C) = sound (close SG ¢, ¢) = sound
(close SG ¢, C)
proof (rule soundI-mem)
fix I:('sf,’sc,’sz) interp
assume SI:sound (SG, C)
assume S2:sound (close SG ¢, @)
assume good:is-interp I
assume SGCs:(A\p'. List.member (close SG ) ¢’ = seg-sem I ¢’ = UNIV)
have Sy:seq-sem I ¢ = UNIV
using S2 apply simp
apply(drule soundD-mem)
using good apply auto
using SGCs UNIV-I by fastforce
have mem-close: \P. List.member SG P —> P # ¢ = List.member (close SG
@) P
by (induction SG, auto simp add: member-rec)
have SGs:A\P. List. member SG P = seq-sem I P = UNIV
subgoal for P
apply(cases P = )
subgoal using S¢ by auto
subgoal using mem-close[of P] SGCs by auto
done
done
show seq-sem I C = UNIV
using S1 apply simp
apply(drule soundD-mem)
using good apply auto
using SGs apply auto
using impl-sem by blast
qed

fun Lrule-result :: lrule = nat = ('sf, 'sc, 'sz) sequent = ('sf, 'sc, 'sz) sequent
list

where Lrule-result AndL j (A,S) = (case (nth A j) of And p q = [(close ([p, q] @
1) (nth A j), 8))

| Lrule-result ImplyL j (A,S) = (case (nth A j) of Not (And (Not q) (Not (Not
p)) =

[(close (q # A) (nth A j), S), (clo
| Lrule-result EquivForwardL j (A,S)

0)) (Not (And (Not p') (Not ¢)))) =

[(close (g # A) (nth A j), S), (close A (nth A j), p # 5)])
| Lrule-result EquivBackwardL j (A,S) = (case (nth A j) of Not(And (Not (And p
2)) (Not (And (Not p') (Not ¢1))) =

[(close (p # A) (nth A j), S), (close A (nth A j), ¢ # 5)])

close A (nth A j), p # S)])
= (case (nth A j) of Not(And (Not (And p

— Note: Some of the pattern-matching here is... interesting. The reason for this is
that we can only
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— match on things in the base grammar, when we would quite like to check things
in the derived grammar.
— So all the pattern-matches have the definitions expanded, sometimes in a silly
way.
fun Rrule-result :: rrule = nat = ('sf, 'sc, 'sz) sequent = ('sf, 'sc, 'sz) sequent
list
where

Rstep-Imply: Rrule-result ImplyR j (A,S) = (case (nth S j) of Not (And (Not q)
(Not (Not p))) = [(p # A, q # (closel S j))] | - = undefined)
| Rstep-And: Rrule-result AndR j (A,S) = (case (nth S j) of (And p q) = [(4, p #
(closel S j)), (A, ¢ # (closel S j))])
| Rstep-EquivR: Rrule-result EquivR j (A,S) =

(case (nth S j) of Not(And (Not (And p q)) (Not (And (Not p’) (Not ¢)))) =

(if (p=0p"Nq=q') then [(p # A, q # (closel Sj)), (¢ # A, p #

(closel S j))]

else undefined))
| Rstep-CohideR: Rrule-result CohideR j (A,S) = [(A, [nth S j])]
| Rstep-CohideRR: Rrule-result CohideRR j (A,S) = [([], [nth S j])]
| Rstep-TrueR: Rrule-result TrueR j (A,S) = |]

fun step-result :: ('sf, 'sc, 'sz) rule = (nat x ('sf, 'sc, 'sz) step) = ('sf, 'sc, 'sz)
rule
where

Step-aziom:step-result (SG,C) (i,Aziom a) = (closel SG i, C)
| Step-AxSubst:step-result (SG,C) (i,AzSubst a o) = (closel SG i, C)
| Step-Lrule:step-result (SG,C) (i,Lrule L j) = (close (append SG (Lrule-result L
j (nth SG 7)) (nth SG i), C)
| Step-Rrule:step-result (SG,C) (i,Rrule L j) = (close (append SG (Rrule-result L
j (nth SG 1)) (nth SG i), C)
| Step-Cut:step-result (SG,C) (27Cut ) = (let (A4,5) = nth SG iin ((¢ # A, S)
# (A, o # 9) # (closel G i), C))
| Step- Vsubst:step-result (SG,C) (i,VSubst ¢ o) = (closel SG i, C)
| Step-Closeld:step-result (SG,C) (i,Closeld j k) = (closel SG i, C)
| Step-G:step-result (SG,C) (i,G) = (case nth SG i of (-, (Not (Diamond q (Not
p))) # Nil) = ([, [p]) # closel SG i, C))
| Step-DEAziomSchema:step-result (SG,C) (i,DEAxziomSchema ODE o) = (closel
SG i, C)
| Step-CE:step-result (SG,C) (i, CE ¢ ¢ o)
| Step-CQ:step-result (SG,C) (i
| Step-default:step-result R (i,S)

= (closel SG i, C)
i C’Q Y1 99 0) = (closel SG i, C)

fun deriv-result :: ('sf, 'sc, 'sz) rule = ('sf, 'sc, 'sz) derivation = ('sf, 'sc, 'sz)
rule
where
deriv-result R [| = R
| deriv-result R (s # ss) = deriv-result (step-result R s) (ss)

fun proof-result :: ('sf, 'sc, 'sz) pf = ('sf, 'sc, 'sz) rule
where proof-result (D,S) = deriv-result (start-proof D) S
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inductive lrule-ok ::('sf,’sc,’sz) sequent list = ('sf,’sc,’sz) sequent = nat = nat
= lrule = bool
where

Lrule-And: A\p q. nth (fst (nth SG i) j = (p && q) = lrule-ok SG C i j AndL
| Lrule-Imply:\p q. nth (fst (nth SG i)) j = (p = q) = lrule-ok SG C'i j ImplyL
| Lrule-EquivForward: \p q. nth (fst (nth SG 7)) j = (p <> ¢) = lrule-ok SG C'i
j EquivForwardL
| Lrule-EquivBackward:\p q. nth (fst (nth SG 7)) j = (p & q) = lrule-ok SG C
i j EquivBackwardL

named-theorems prover Simplification rules for checking validity of proof certifi-
cates

lemmas [prover] = aziom-defs Box-def Or-def Implies-def filter-append ssafe-def
SDom-def FUadmit-def PFUadmit-def id-simps

inductive-simps
Lrule-And[prover]: lrule-ok SG C i j AndL
and Lrule-Imply[prover]: lrule-ok SG C i j ImplyL
and Lrule-Forward[prover]: lrule-ok SG C i j EquivForwardL
and Lrule-EquivBackward[prover]: lrule-ok SG C'i j EquivBackwardL

inductive rrule-ok ::('sf,’sc,’sz) sequent list = ('sf,’sc,’sz) sequent = nat = nat
= rrule = bool
where

Rrule-And:\p q. nth (snd (nth SG 7)) j = (p && q) = rrule-ok SG C i j AndR
| Rrule-Imply:A\p q. nth (snd (nth SG ©)) j = (p — q) = rrule-ok SG C'ij ImplyR
| Rrule-Equiv:\p q. nth (snd (nth SG ©)) j = (p <> q) = rrule-ok SG C'ij EquivR
| Rrule-Cohide:length (snd (nth SG i)) > j = (AL q. (nth SG i) # (T, [q])) =
rrule-ok SG C i j CohideR
| Rrule-CohideRR:length (snd (nth SG i)) > j = (Aq. (nth SG i) # (], [4]))
= rrule-ok SG C' i j CohideRR
| Rrule-True:nth (snd (nth SG ©)) j = TT = rrule-ok SG C i j TrueR

inductive-simps

Rrule-And-simps[prover]: rrule-ok SG C i j AndR
and Rrule-Imply-simps[prover]: rrule-ok SG C i j ImplyR
and Rrule-Equiv-simps|prover]: rrule-ok SG C i j EquivR
and Rrule-CohideR-simps[prover]: rrule-ok SG C i j CohideR
and Rrule-CohideRR-simps[prover|: rrule-ok SG C i j CohideRR
and Rrule-TrueR-simps[prover]: rrule-ok SG C i j TrueR

inductive step-ok :: ('sf, 'sc, 'sz) rule = nat = ('sf, 'sc, 'sz) step = bool
where

Step-Axiom:(nth SG i) = ([], [get-aziom a]) = step-ok (SG,C) i (Aziom a)
| Step-AxSubst:(nth SG i) = ([], [Fsubst (get-axiom a) o]) = Fadmit o (get-axiom
a) = ssafe 0 = step-ok (SG,C) i (AzSubst a o)
| Step-Lrule:lrule-ok SG Cij L = j < length (fst (nth SG i)) = step-ok (SG,C)
i (Lrule L j)
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| Step-Rrule:rrule-ok SG C i j L = j < length (snd (nth SG 7)) = step-ok
(SG,C) i (Rrule L j)
| Step-Cut:fsafe p = i < length SG = step-ok (SG,C) i (Cut v)
| Step-Closeld:nth (fst (nth SG i) j = nth (snd (nth SG i) k = j < length (fst
(nth SG i)) = k < length (snd (nth SG i)) = step-ok (SG,C) i (Closeld j k)
| Step-G:Aa p. nth SG i = ([], [([[a]]p)]) = step-ok (SG,C) i G
| Step-DEAziom-schema:
nth SG i =
(], [Fsubst ((([[EvolveODE (OProd (OSing vidl (f1 fidl vid1)) ODE) (p! vid2
vid1)]] (P pidl)) <
([[EvolveODE ((OProd (OSing vidl (f1 fidl vid1))) ODE) (p1 vid2 vid1)]]
[[DiffAssign vidl (f1 fidl vid1)]]P pidl))) o))
= ssafe o
= osafe ODE
= {Inl vid1, Inr vidl} N BVO ODE = {}
= Fadmit o ((([[EvolveODE (OProd (OSing vidl (f1 fidl vid1))ODE) (pl1
vid2 vidl1)]] (P pidl)) <
([[EvolveODE ((OProd (OSing vid1 (f1 fidl vid1))ODE)) (p1 vid2 vid1)]]
[[DiffAssign vidl (f1 fidl vid1)]]P pidl)))
= step-ok (SG,C) i (DEAziomSchema ODE o)
| Step-CE:nth SG i = ([], [Fsubst (Equiv (InContext pidl ¢) (InContext pidl 1))
o))
= walid (Equiv ¢ 1)
= fsafe ¢
= fsafe ¢
= ssafe o
= Fadmit o (Equiv (InContext pidl ) (InContext pidl 1))
= step-ok (SG,C) i (CE ¢ ¢ o)
| Step-CQ:nth SG i = ([], [Fsubst (Equiv (Prop p (singleton 9)) (Prop p (singleton
2)) o)
= walid (Equals ¥ ¥')
= dsafe ¥
= dsafe 9’
— ssafe o
= Fadmit o (Equiv (Prop p (singleton ©)) (Prop p (singleton 9")))
= step-ok (SG,C) i (CQ Y ¥’ o)

inductive-simps

Step-G-simps|prover]: step-ok (SG,C) i G
and Step-Closeld-simps[prover]: step-ok (SG,C) i (Closeld j k)
and Step-Cut-simps[prover]: step-ok (SG,C) i (Cut ¢)
and Step-Rrule-simps[prover]: step-ok (SG,C) i (Rrule j L)
and Step-Lrule-simps[prover]: step-ok (SG,C) i (Lrule j L)
and Step-Aziom-simps[prover]: step-ok (SG,C) i (Aziom a)
and Step-AxzSubst-simps|[prover]: step-ok (SG,C) i (AxSubst a o)
and Step-DEAziom-schema-simps[prover]: step-ok (SG,C) i (DEAziomSchema ODE
o)
and Step-CE-simps[prover]: step-ok (SG,C) i (CE ¢ ¢ o)
and Step-CQ-simps[prover]: step-ok (SG,C) i (CQ 9 ¥’ o)
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inductive deriv-ok :: ('sf, 'sc, 'sz) rule = ('sf, 'se, 'sz) derivation = bool
where

Deriv-Nil:deriv-ok R Nil
| Deriv-Cons:step-ok R i S = i > 0 = i < length (fst R) = deriv-ok (step-result
R (i,9)) SS = deriv-ok R ((4,5) # SS)

inductive-simps
Deriv-nil-simps|[prover]: deriv-ok R Nil
and Deriv-cons-simps[prover]: deriv-ok R ((i,S)#5S5)

inductive proof-ok :: ('sf, 'sc, 'sz) pf = bool
where
Proof-ok:deriv-ok (start-proof D) S = proof-ok (D,S)

inductive-simps Proof-ok-simps[prover|: proof-ok (D,S)

15.1 Soundness

named-theorems member-intros Prove that stuff is in lists

lemma mem-sing[member-intros): \x. List.member [z] x
by (auto simp add: member-rec)

lemma mem-appR[member-intros]: NA B x. List.member B x = List.member (A
@ B) x
subgoal for A by(induction A, auto simp add: member-rec) done

lemma mem-filter[member-intros|: NA P x. P & = List.member A x = List.member
(filter P A) z
subgoal for A
by (induction A, auto simp add: member-rec)
done

lemma sound-weaken-appL: NSG SGS C. sound (SGS, C) = sound (SG @Q SGS,
0)
subgoal for SG SGS C
apply(rule sound-weaken-gen)
apply(auto)
unfolding sublist-def apply(rule alll)
subgoal for x
using mem-appR[of SGS z SG] by auto
done
done

lemma fml-seq-valid:valid ¢ = seq-valid ([], [¢])
unfolding seq-valid-def valid-def by auto

lemma closel-provable-sound: \i. sound (SG, C) = sound (closel SG i, (nth SG
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i)) = sound (closel SG i, C)
using close-provable-sound by auto

lemma valid-to-sound:seq-valid A = sound (B, A)
unfolding seq-valid-def sound-def by auto

lemma closel-valid-sound: \i. sound (SG, C) = seq-valid (nth SG i) = sound
(closel SG i, C)

using valid-to-sound closel-provable-sound by auto

lemma close-nonmember-eq:—(List.member A a) = close A a = A
by (induction A, auto simp add: member-rec)

lemma close-noneg-nonempty: List. member A 1 = x # a = close A a # ]
by (induction A, auto simp add: member-rec)

lemma close-app-neq: List. member A © = © # a = close (A Q B) a # B
using append-self-conv2[of close A a close B a] append-self-conv2[of close A a
B] close-app-comm[of A B a] close-noneg-nonemptylof A = a
apply(cases close B a = B)
apply (auto)
by (metis (no-types, lifting) filter-True filter-append mem-Collect-eq set-filter)

lemma member-singD: Az P. P x = (\y. List.member [z] y = P y)
by (metis member-rec(1) member-rec(2))

lemma fst-neq:A # B = (A,C) # (B,D)
by auto

lemma lrule-sound: lrule-ok SG C i j L = i < length SG = j < length (fst
(SG ! i)) = sound (SG,C) = sound (close (append SG (Lrule-result L j (nth
SG 7)) (nth SG 1), C)
proof (induction rule: lrule-ok.induct)
case (Lrule-And SGij Cp q)
assume eq:fst (SG! i) !j= (p && q)
assume sound:sound (SG, C)
obtain Al and ST where SG-dec:(AI,ST) = (SG ! i)
by (metis seq2fml.cases)
have Aljeq:AI ! j = (p && q) using SG-dec eq
by (metis fst-conv)
have sub:sublist [(close ([p, q] @ AI) (p && ¢),SI)] ([y«SG . y # (AI, SI)] @
[y« [(close (p # q # AI) (p && q), SI)] . y # (Al, SI)])
apply (rule sublistl)
using member-singD [of Ay. List.member ([y<SG . y # (AI, SI)] Q [y«
[(close ([p, q] @ AI) (p && q), SI)] . y # (AL, SI)]) y (close ([p, q] @ AI) (p &&
q),51)]
using close-app-neqlof [p, q] p p && q Al
by (auto intro: member-intros fst-neq simp add: member-rec expr-diseq)
have cool:sound ([y<SG . y # (AI, SI)] Q [y« [(close (p # q # AI) (p &&
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q), SI)] . y # (AI, SI)|, AI, SI)
apply (rule sound-weaken-gen[OF sub] )
apply(auto simp add: member-rec expr-diseq)
unfolding seq-valid-def
proof (rule soundI-mem)
fix I:('sf,’sc,’sz) interp
assume good:is-interp I
assume sgs:(A\p. List.member [(p # q # [y« Al . y # (p && q)], ST)] p =
seg-sem I o = UNIV)
have theSg:seq-sem I (p # q # [y« AI . y # (p && q)], SI) = UNIV
apply(rule sgs)
by (auto intro: member-intros)
then have sgln:Av. v € seg-sem I ((p && q) # [y« AI . y # (p && q)], SI)
by auto
{ fix v
assume sem:v € seq-sem I ((p && q) # [y« Al . y # (p && q)], SI)
have mem-eq: \z. List. member ((p && q) # [y« Al . y # (p && q)]) = =
List.member Al z
by (metis (mono-tags, lifting) Lrule-And.prems(2) SG-dec eq fst-conv lo-
cal.member-filter mem-filter member-rec(1) nth-member)
have myeq:v € seq-sem I ((p && q) # [y« Al . y # (p && q)], SI) = v
€ seq-sem I (AI, SI)
using and-foldl-sem and-foldl-sem-conv seq-seml Lrule-And.prems(2) SG-dec
eq seq-MP seq-seml’ mem-eq
by (metis (no-types, lifting))
have v € seqg-sem I ((p && q) # [y«AI . y # (p && q)], SI)
using sem by auto
then have v € seg-sem I ((p && q) # [y« Al . y # (p && q)], SI)
by blast
then have v € seg-sem I (AI, SI)
using myeq by auto}
then show seg-sem I (AI, SI) = UNIV
using sgIn by blast
qed
have res-sound:sound ([y«<SG .y # (AI,SI)] Q [y« Lrule-result AndL j (AI,SI)
.y # (ALSI)|,(ALSI))
apply (simp)
using cool Aljeq by auto
show ?Zcase
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
using res-sound SG-dec by auto
next
case (Lrule-Imply SGij Cp q)
have implyL-simp: \NAI ST SS p q.
(nth AI j) = (Not (And (Not q) (Not (Not p)))) =
(AISI) = 88 =
Lrule-result ImplyL j SS = [(close (q # AI) (nth AI j), SI), (close AI (nth AI
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7), p # SI)]
subgoal for AI SI SS p q apply(cases SS) by auto done
assume eq:fst (SG! ) !j=(p — q)
assume iL:i < length SG
assume jL:j < length (fst (SG ! 1))
assume sound:sound (SG, C)
obtain I' and A where SG-dec:(I',A) = (SG ! i)
by (metis seq2fml.cases)
have res-eq: Lrule-result ImplyL j (SG ! i) =
[(close (¢ # I') (nth I j), A),
(close T' (nth T j), p # A)]
apply(rule implyL-simp)
using SG-dec eq Implies-def Or-def
by (metis fstI)+
have Aljeq:T' ! j = (p — q)
using SG-dec eq unfolding Implies-def Or-def
by (metis fst-conv)
have big-sound:sound ([(close (¢ # T') (p — q), A), (close T (p — q), p # A)],
(1.A)
apply(rule soundl”’)
apply(rule seq-semlI”)
proof —
fix I:('sf,’sc,’sz) interp and v::'sz state
assume good:is-interp I
assume sgs:(\i. 0 < i =
i < length [(close (¢ # T) (p — q), A), (close T (p — q), p # A)] =
v € seq-sem I ([(close (¢ # T) (p — q), A), (close T (p — q), p # A)]
i)
have sg1:v € seqg-sem I (close (¢ # T') (p — q), A) using sgs[of 0] by auto
have sg2:v € seq-sem I (close T’ (p — q), p # A) using sgs[of Suc 0] by auto
assume I':'v € fmil-sem I (foldr And T' TT)
have T'-proj: A T'. List.member T' ¢ = v € fml-sem I (foldr And T TT) =
v € fml-sem I ¢
apply (induction T, auto simp add: member-rec)
using and-foldl-sem by blast
have imp:v € fml-sem I (p — q)
apply (rule T-proj[of T)
using Aljeq jL SG-dec nth-member
apply (metis fst-conv)
by (rule I')
have sub:sublist (close T' (p — ¢q)) T
by (rule close-sub)
have T'C:v € fml-sem I (foldr And (close T (p — q)) TT)
by (rule T'-sub-sem[OF sub T'))
have v € fml-sem I (foldr (||) (p # A) FF)
by (rule seq-MP[OF sg2 I'C))
then have disj:v € fml-sem I p V v € fml-sem I (foldr (||) A FF)
by auto
{ assume p:v € fml-sem I p
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have q:v € fml-sem I q using p imp by simp
have res: v € fml-sem I (foldr (||) A FF)
using disj I' seq-seml
proof —
have v € fml-sem I (foldr (&&) (¢ #T) TT)
using I' ¢ by auto
then show ?thesis
by (meson I'-sub-sem close-sub seq-MP sq1)
qed
have conj:v € fmil-sem I (foldr (&&) (¢ # T') TT)
using ¢ I' by auto
have conj:v € fmil-sem I (foldr (&&) (close (¢ # T') (p — q)) TT)
apply(rule I'-sub-sem)
defer
apply(rule conj)
by (rule close-sub)
have A1:w € fmi-sem I (foldr (||) A FF)
by (rule seq-MP[OF sg1 congj))

then show v € fml-sem I (foldr (||) A FF)
using disj by auto
qed
have neql:close ([¢q QT) (p — ¢q) #T
apply(rule close-app-neq)
apply (rule mem-sing)
by (auto simp add: expr-diseq)
have neg2:p # A # A
by (induction p, auto)
have close-eq:close [(close (¢ # T') (p — q), A), (close T (p — q), p # A)]
(T,A) = [(close (¢ # ) (p — q), A), (close T' (p = q), p # A)]
apply(rule close-nonmember-eq)
apply auto
using neql neq2
apply (simp add: member-rec)
proof —
assume al: ¢ = (p = q)
assume List.member [([y<T . y # q|, A), ([y<T .y # q], p # A)] (T, A)
then have [f«I'.f# ¢ =T
by (simp add: member-rec)
then show Fulse
using al neql by fastforce
qed
show ?Zcase
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
apply (unfold res-eq)
apply (unfold Aljeq)
unfolding close-app-comm
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apply (rule sound-weaken-appL)
using close-eq big-sound SG-dec
by simp
next
case (Lrule-EquivBackward SG i j C p q)
have equivL Backward-simp: NAI SI SS p q.
(nth AI j) = Not (And (Not (And p q)) (Not (And (Not p) (Not q)))) =
(AL,SI) =SS =
Lrule-result EquivBackwardL j SS = [(close (p # AI) (nth AI j), SI), (close AT
(nth ALj), q # SI)]
subgoal for AI SI SS p q apply(cases SS) by auto done
assume eq:fst (SG! i) !j=(p + q)
assume iL:i < length SG
assume jL:j < length (fst (SG ! 1))
assume sound:sound (SG, C)
obtain I' and A where SG-dec:(I',A) = (SG ! 7)
by (metis seq2fml.cases)
have res-eq: Lrule-result EquivBackwardL j (SG ! i) =
(close (p # T) (nth T j), A),
(close T (nth T j), ¢ # A)]
apply(rule equivLBackward-simp)
using SG-dec eq Equiv-def Or-def
by (metis fstI)+
have Aljeq:I' ! j = (p < q)
using SG-dec eq unfolding Implies-def Or-def
by (metis fst-conv)
have big-sound:sound ([(close (p # T') (p < q), A), (close T (p < q), ¢ # A)],
(r,A))
apply(rule soundl’)
apply (rule seq-semI’)
proof —
fix I::('sf,’sc,’sz) interp and v::'sz state
assume good:is-interp 1
assume sgs:(\i. 0 < i =
i < length [(close (p #T) (p < q), A), (close T (p > q), ¢ # A)] =
v € seq-sem I ([(close (p # T) (p < q), A), (close T (p + q), ¢ # A)]
)
have sgl:v € seq-sem I (close (p # T') (p <> ¢), A) using sgs[of 0] by auto
have sg2:v € seq-sem I (close T' (p <> q), ¢ # A) using sgs[of Suc 0] by auto
assume v € fmi-sem I (foldr And T TT)
have I'-proj: \¢ T. List.member T' ¢ => v € fml-sem I (foldr And T TT) =
v € fml-sem I ¢
apply (induction T, auto simp add: member-rec)
using and-foldl-sem by blast
have imp:v € fml-sem I (p < q)
apply (rule T-proj[of T))
using Aljeq jL SG-dec nth-member
apply (metis fst-conv)
by (rule T')
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have sub:sublist (close T (p — ¢)) T
by (rule close-sub)
have I'C:v € fmi-sem I (foldr And (close T' (p — q)) TT)
by (rule T'-sub-sem[OF sub T'))
have v € fml-sem I (foldr (||) (p # A) FF)
by (metis T' T-sub-sem close-sub iff-sem imp member-rec(1) or-foldl-sem
or-foldl-sem-conv seq-MP sg2)
then have disj:v € fml-sem [ p V v € fml-sem I (foldr (||) A FF)
by auto
{ assume p:v € fml-sem I p
have q:v € fml-sem I q using p imp by simp
have res: v € fml-sem I (foldr (||) A FF)
using disj I' seq-seml
proof —
have v € fml-sem I (foldr (&&) (¢ #T) TT)
using I' ¢ by auto
then show ?thesis
proof —
have Vfs p i. (3f. List.member fs (f::('sf, 'sc, 'sz) formula) A p ¢
fml-sem i f) V p € fml-sem i (foldr (&&) fs TT)
using and-foldl-sem-conv by blast
then obtain ff :: (sf, 'sc, 'sz) formula list = (real, 'sz) vec x (real,
sz) veec = ('sf, 'sc, 'sz) interp = ('sf, 'sc, 'sz) formula where
f1: ¥V fs p i. List.member fs (ff fsp i) AN p & fml-sem ¢ (ff fspi) V p
€ fml-sem i (foldr (&&) fs TT)
by metis
have A\f. v € fmi-sem I f V = List.member T f
by (meson v € fml-sem I (foldr (&&) (¢ # T') TT)» and-foldl-sem
member-rec(1))
then have v € fmli-sem I (foldr (&&) (close (p # T') (p <+ q)) TT)
using fI by (metis (no-types) close-sub local.sublist-def member-rec(1)

/

p)
then show ?thesis
using seq-MP sg1 by blast
qed
qed
have conj:v € fmil-sem I (foldr (&&) (¢ # T') TT)
using ¢ I' by auto
have conj:v € fmil-sem I (foldr (&&) (close (¢ # T') (p — q)) TT)
apply(rule I'-sub-sem)
defer
apply(rule conj)
by (rule close-sub)
have A1:w € fmi-sem I (foldr (||) A FF)
using res by blast
}
then show v € fmi-sem I (foldr (||) A FF)
using disj by auto
qed

313



have neql:close ([¢q QT) (p <> ¢q) # T
apply(rule close-app-neq)
apply(rule mem-sing)
by (auto simp add: expr-diseq)
have neg2:p # A # A
by (induction p, auto)
have close-eq:close [(close (p # T) (p < q), A), (close T (p <> q), ¢ # A)] (T,A)
= [(close (p # T') (p <> q), A), (close T (p > q), q # A)]
apply(rule close-nonmember-eq)
apply auto
using neql neq?2
apply (simp add: member-rec)
apply (metis append-Cons append-Nil close.simps close-app-neq member-rec(1))
proof —
assume al:p = (p + q)
then show Fulse
by (simp add: expr-diseq)
qed
show ?Zcase
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
apply (unfold res-eq)
apply (unfold Aljeq)
unfolding close-app-comm
apply (rule sound-weaken-appL)
using close-eq big-sound SG-dec
by simp
next
case (Lrule-EquivForward SGij C p q)
have equivL Forward-simp:\AI SI SS p q.
(nth AT j) = Not (And (Not (And p q)) (Not (And (Not p) (Not q)))) =
(AL,SI) = 8§ =
Lrule-result EquivForwardL j SS = [(close (¢ # AI) (nth AI j), SI), (close Al
(nth A j), p # SI)
subgoal for AT ST SS p q apply(cases SS) by auto done
assume eq:fst (SG! i) j=(p < q)
assume iL:i < length SG
assume jL:j < length (fst (SG ! 1))
assume sound:sound (SG, C)
obtain I" and A where SG-dec:(T',A) = (SG ! i)
by (metis seq2fml.cases)
have res-eq: Lrule-result EquivForwardL j (SG ! i) =
((close (g # T) (nth T j), A),
(close T (nth T j), p # A)]
apply(rule equivLForward-simp)
using SG-dec eq Equiv-def Or-def
by (metis fstI)+
have Aljeqg:T' ! j = (p < q)
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using SG-dec eq unfolding Implies-def Or-def
by (metis fst-conv)
have big-sound:sound ([(close (¢ # T) (p > q), A), (close T (p < q), p # A)],
(ra))
apply(rule soundl”)
apply(rule seq-semlI”)
proof —
fix I:('sf,’sc,’sz) interp and v::'sz state
assume good:is-interp I
assume sgs:(\i. 0 < i =
i < length [(close (¢ # T) (p > q), A), (close T (p <> q), p # A)] =
v € seq-sem I ([(close (¢ # T') (p <> q), A), (close T (p <> q), p # A)]
i)
have sgl:v € seq-sem I (close (¢ # T') (p < q), A) using sgs[of 0] by auto
have sg2:v € seq-sem I (close T’ (p <> q), p # A) using sgs[of Suc 0] by auto

assume v € fmi-sem I (foldr And T TT)
have I"-proj: A . List.member T' ¢ = v € fml-sem I (foldr And T TT) =
v € fml-sem I ¢
apply (induction T, auto simp add: member-rec)
using and-foldl-sem by blast
have imp:v € fml-sem I (p + q)
apply(rule T-proj[of T)
using Aljeq jL SG-dec nth-member
apply (metis fst-conv)
by (rule T')
have sub:sublist (close T (p — ¢)) T
by (rule close-sub)
have I'C:v € fmi-sem I (foldr And (close T' (p — q)) TT)
by (rule I'-sub-sem[OF sub I'])
have v € fml-sem I (foldr (||) (p # A) FF)
by (metis T' T-sub-sem close-sub iff-sem imp member-rec(1) or-foldl-sem
or-foldl-sem-conv seq-MP sg2)
then have disj:v € fml-sem I p V v € fml-sem I (foldr (||) A FF)
by auto
{ assume p:v € fml-sem I p
have q:v € fml-sem I q using p imp by simp
have res: v € fml-sem I (foldr (||) A FF)
using disj I' seq-seml
proof —
have v € fml-sem I (foldr (&&) (¢ # T) TT)
using I' ¢ by auto
then show ?thesis
by (meson v € fml-sem I (foldr (&&) (¢ # T') TT)» and-foldl-sem
and-foldl-sem-conv close-sub local.sublist-def seq-MP sq1)
qed
have conj:v € fmil-sem I (foldr (&&) (¢ # T') TT)
using ¢ I' by auto
have conj:v € fmil-sem I (foldr (&&) (close (¢ # T') (p — q)) TT)
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apply(rule T'-sub-sem)
defer
apply(rule conj)
by (rule close-sub)
have A1:w € fml-sem I (foldr (||) A FF)
using res by blast
}
then show v € fmi-sem I (foldr (||) A FF)
using disj by auto
qged
have neql:close ([q QT) (p <> ¢q) #T
apply(rule close-app-neq)
apply(rule mem-sing)
by (auto simp add: expr-diseq)
have neq2:p # A # A
by (induction p, auto)
have close-eq:close [(close (¢ # T) (p < q), A), (close T (p <> q), p # A)] (T,A)
= [(close (¢ # T') (p <> q), A), (close I' (p <> q), p # A)]
apply(rule close-nonmember-eq)
apply auto
using neql neq?2
apply (simp add: member-rec)
proof —
assume al:q = (p < q)
then show Fulse
by (simp add: expr-diseq)
qed
show ?Zcase
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
apply (unfold res-eq)
apply (unfold Aljeq)
unfolding close-app-comm
apply (rule sound-weaken-appL)
using close-eq big-sound SG-dec
by simp
qged

lemma rrule-sound: rrule-ok SG Cij L = i < length SG = j < length (snd
(SG ! 7)) = sound (SG,C) = sound (close (append SG (Rrule-result L j (nth
SG 7)) (nth SG 1), C)
proof (induction rule: rrule-ok.induct)

case (Rrule-And SG ij Cp q)

assume eq:snd (SG i) ! j = (p && q)

assume i < length SG

assume j < length (snd (SG ! 1))

assume sound:sound (SG, C)

obtain I" and A where SG-dec:(I',A) = (SG ! i)
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by (metis seq2fml.cases)
have andR-simp:A\T' A SS p q.
(nth A j) = And p ¢ =
(I,A) = 8§ =
Rrule-result AndR j SS = [(T, p # (close A (nth A j))), (T, g # (close A (nth
A7)
subgoal for AI SI SS p q apply(cases SS) by auto done
have res-eq: Rrule-result AndR j (SG ! i) =
[(T, p # (close A (nth A j))), (T, q¢ # (close A (nth A j)))]
using SG-dec andR-simp apply auto
using SG-dec eq Implies-def Or-def
using fstl
by (metis andR-simp close.simps snd-conv)
have Aljeq¢:A ! j = (p && q)
using SG-dec eq snd-conv
by metis
have big-sound:sound ([(T', p # (close A (nth A j))), (T, q¢ # (close A (nth A
ML (TA))
apply(rule soundl”’)
apply (rule seq-semlI”)
proof —
fix I:('sf,’sc,’sz) interp and v
assume good:is-interp I
assume sgs:(\i. 0 < i =
i < length [(T, p # close A (nth A 7)), (T', ¢ # close A (nth A )]
_—
v € seq-sem I (nth [(T', p # close A (nth A j)), (T, ¢ # close A (nth
A )] )
assume I'-sem:v € fmil-sem I (foldr (&&) T TT)
have sgl:v € seq-sem I (T, p # close A (nth A j)) using sgs[of 0] by auto
have sg2:v € seq-sem I (T, q # close A (nth A j)) using sgs[of 1] by auto
have A1:w € fmil-sem I (foldr (||) (p # close A (nth A j)) FF)
by (rule seq¢-MP[OF sg1 T'-sem))
have A2:ww € fmil-sem I (foldr (||) (¢ # close A (nth A j)) FF)
by (rule seq¢-MP[OF sg2 I'-sem])
have A’v € fmi-sem I (foldr (||) ((p && q) # close A (nth A 7)) FF)
using A1 A2 by auto
have mem-eq:\zx. List.member ((p && q) # close A (nth A j)) 2 =
List.member A z
using Rrule-And.prems SG-dec eq member-rec(1) nth-member
by (metis close-sub local.sublist-def snd-conv)
have myeq:v € fmi-sem I (foldr (||) ((p && q) # close A (nth A j)) FF) =
v € fml-sem I (foldr (||) A FF)
using seq-seml Rrule-And.prems SG-dec eq seq-MP seq-seml’ mem-eq
or-foldl-sem or-foldl-sem-conv
by metis
then show v € fml-sem I (foldr (||) A FF)
using A’ by auto
qed
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have list-neql1: \NL1 L2 x. List.member L1 x => —(List.member L2 1) = L1
4 L2
by (auto)
have list-neqI2: \L1 L2 x. —~(List.member L1 x) = (List.member L2 x) = L1
£ L2
by (auto)
have notin-cons: \z y ys. x # y = —(List.member ys ) = —(List.member (y
# ys) z)
subgoal for = y ys
by (induction ys, auto simp add: member-rec)
done
have notin-close: AL z. —(List.member (close L x) x)
subgoal for L z
by (induction L, auto simp add: member-rec)
done
have neg-lemma: \L z y. List. member L t = y # © = (y # (close L x)) # L
subgoal for L z y
apply(cases List.member L y)
subgoal
apply(rule list-neqI2[of y # close L z z])
apply (rule notin-cons)
defer
apply(rule notin-close)
by (auto)
subgoal
apply(rule list-neqI2[of y # close L z z])
apply(rule notin-cons)
defer
apply(rule notin-close)
by (auto)
done
done
have neql:p # close A (p && q) # A
apply(rule neg-lemma)
apply (metis Rrule-And.prems(2) SG-dec eq nth-member sndl)
by (auto simp add: expr-diseq)
have neq2:q # close A (p && q) # A
apply(rule neg-lemma)
apply (metis Rrule-And.prems(2) SG-dec eq nth-member sndl)
by (auto simp add: expr-diseq)
have close-eq:close [(T', p # close A (p && q)), (T, q # close A (p && q))]
(TA) = [(T, p # close A (p && q)), (T, g # close A (p && q))]
apply(rule close-nonmember-eq)
apply auto
using neql neq?2
by (simp add: member-rec)
show sound (close (SG Q Rrule-result AndR j (SG ! i)) (SG ! i), C)
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
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apply(rule sound)
apply (unfold res-eq)
apply (unfold Aljeq)
unfolding close-app-comm
apply (rule sound-weaken-appL)
using close-eq big-sound SG-dec
by (simp add: Aljeq)
next
case (Rrule-Imply SGij Cp q)
assume eq:snd (SG 1) ! j=(p = q)
assume i < length SG
assume j < length (snd (SG ! 1))
assume sound:sound (SG, C)
obtain I" and A where SG-dec:(T',A) = (SG ! i)
by (metis seq2fml.cases)
have impR-simp: A\T' A SS p q.
(nth A j) = Implies p ¢ =
TA) =8 =
Rrule-result ImplyR j SS = [(p # T, ¢ # (close A (nth A j)))]
subgoal for AI SI SS p q apply(cases SS) by (auto simp add: Implies-def
Or-def) done
have res-eq: Rrule-result ImplyR j (SG ! i) =
[(p # T, g # (close A (nth A )]
using SG-dec impR-simp apply auto
using SG-dec eq Implies-def Or-def
using fst]
by (metis impR-simp close.simps snd-conv)
have Alje¢:A ! j = (p — q)
using SG-dec eq snd-conv
by metis
have close-eq:close [(p # T', q # (close A (nth A )] (TLA) =[(p # T, ¢ #
(close A (nth A j)))]
apply(rule close-nonmember-eq)
by (simp add: member-rec)
have big-sound:sound ([(p # T, q # close A (A!3))], (T,A))
apply(rule soundl”’)
apply (rule seq-semI”)
proof —
fix I ::('sf,’sc,’sz) interp and v::'sz state
assume is-interp I
assume sgs:(A\i. 0 < i =i <length [(p # T, ¢ # close A (A j)] = v €
seg-sem I ([(p # T, q¢ # close A (A1) 1))
have sg:v € seg-sem I (p # T, q # close A (A §)) using sgs[of 0] by auto
assume I'-sem:v € fmil-sem I (foldr (&&) T TT)
show v € fml-sem I (foldr (||) A FF)
using I'-sem sg
AlTjeq Rrule-Imply.prems(2) SG-dec and-foldl-sem-conv close-sub impl-sem lo-
cal.sublist-def member-rec(1) nth-member or-foldl-sem-conv seq-MP seq-seml snd-conv
I'-sub-sem and-foldl-sem or-foldl-sem seq-sem.simps sublist]
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proof —
have f1: Vfs p i. 3f. (p € fml-sem i (foldr (&&) fs (TT::('sf, 'sc, 'sz)
formula)) V List.member fs f) A (p & fml-sem i f V p € fml-sem i (foldr (&&) fs
TT))
using and-foldl-sem-conv by blast
have Vp i fs. f. Vpa ia fa fo pb ib fe fd. p € fml-sem i (f::('sf, 'sc, 'sz)
formula) A (pa € fml-sem ia (fa::('sf, 'sc, 'sz) formula) V pa € fml-sem ia (fa —
) A (pb ¢ fml-sem b (fe:('sf, 'se, 'sz) formula) V pb € fml-sem ib (fd — fe)) A
(p & fml-sem i (foldr (||) fs FF) V List.member fs f)
by (metis impl-sem or-foldl-sem-conv)
then obtain ff :: (real, 'sz) vec x (real, 'sz) vec = ('sf, 'sc, 'sz) interp =
('sf, 'sc, 'sz) formula list = ('sf, 'sc, 'sz) formula where
f2: \p i fs paia f fa pbib fb fc. p € fml-sem i (ffp i fs) A (pa € fml-sem ia
(f=('sf, 'sc, 'sz) formula) V pa € fmil-sem ia (f — fa)) A (pb & fml-sem ib (fb::('sf,
'sc, 'sz) formula) V pb € fml-sem ib (fc — b)) A (p ¢ fml-sem i (foldr (||) fs FF)
V' List.member fs (ff p i fs))
by metis
then have Afs. v ¢ fmi-sem I (foldr (&&) (p # T') TT) V — local.sublist
(close A (p — q)) fsV [fv I (q# close A(p— q)) = qV List.member fs (ff v
I (q # close A (p — q)))
by (metis (no-types) Aljeq local.sublist-def member-rec(1) seq-MP sg)
then have 3f. List.member A f A v € fml-sem I f
using f2 f1 by (metis (no-types) Aljeq Rrule-Imply.prems(2) SG-dec I'-sem
and-foldl-sem close-sub member-rec(1) nth-member snd-conv)
then show ?thesis
using or-foldl-sem by blast
qed
qed
show ?Zcase
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
using res-eq
apply (unfold res-eq)
apply (unfold Aljeq)
unfolding close-app-comm
apply (rule sound-weaken-appL)
using close-eq big-sound SG-dec Aljeq
by (simp add: Aljeq)
next
case (Rrule-Cohide SG i j C)
assume i < length SG
assume j < length (snd (SG ! 7))
assume chg:(A' q. (nth SG i) # (T, [q]))
assume sound:sound (SG, C)
obtain I' and A where SG-dec:(I',A) = (SG ! 1)
by (metis seq2fml.cases)
have cohideR-simp:
(TA) =85 =
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Rrule-result CohideR j SS = [(T, [nth A j])] for T' A SS p q
by (cases SS, auto)
have res-eq: Rrule-result CohideR j (SG ! i) = [(T, [nth A j])]
using SG-dec by (rule cohideR-simp)
have close-eq:close [(T, [nth A j])] (T,A) = [(T, [nth A 7])]
using chg
by (metis SG-dec close-nonmember-eq member-rec(1) member-rec(2))
have big-sound:sound ([(T, [nth A j])], (T,A))
apply(rule soundl”’)
apply(rule seq-semI”)
by (metis (no-types, lifting) Rrule-Cohide.prems(2) SG-dec length-greater-0-conv
less-or-eq-imp-le list.distinct(1) member-singD nth-Cons-0 nth-member or-foldl-sem
or-foldl-sem-conv seq-MP snd-conv)
show ?Zcase
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
using res-eq
apply (unfold res-eq)
unfolding close-app-comm
apply (rule sound-weaken-appL)
using big-sound SG-dec
apply(cases [nth A j] = A)
apply(auto)
using chg by (metis)+
next
case (Rrule-CohideRR SG i j C)
assume i < length SG
assume j < length (snd (SG ! 1))
assume chg:(Ag. (nth SG i) # ([], [q]))
assume sound:sound (SG, C)
obtain I' and A where SG-dec:(I',A) = (SG ! 7)
by (metis seq2fml.cases)
have cohideRR-simp:
TA) =8 =
Rrule-result CohideRR j SS = [([], [nth A j])] for T A SSp g
by (cases SS, auto)
have res-eq: Rrule-result CohideRR j (SG ! i) = [([], [nth A j])]
using SG-dec by (rule cohideRR-simp)
have close-eq:close [([], [nth A j])] (T,A) = [([], [nth A j)])]
using chg
by (metis SG-dec close-nonmember-eq member-rec(1) member-rec(2))
have big-sound:sound ([([], [nth A j])], (T,A))
apply(rule soundI”)
apply (rule seq-semI’)
by (metis (no-types, lifting) Rrule-CohideRR.prems(2) SG-dec and-foldl-sem-conv
length-greater-0-conv less-or-eq-imp-le list.distinct(1) member-rec(2) member-singD
nth-Cons-0 nth-member or-foldl-sem or-foldl-sem-conv seq-MP snd-conv)
show ?Zcase

321



apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
using res-eq
apply (unfold res-eq)
unfolding close-app-comm
apply (rule sound-weaken-appL)
using big-sound SG-dec
apply(cases [nth A j] = A)
apply (auto)
using chg by (metis)+
next
case (Rrule-True SG ij C)
assume tt:snd (SG14i)!j=TT
assume iL:i < length SG
assume iJ:j < length (snd (SG ! 7))
assume sound:sound (SG, C)
obtain I' and A where SG-dec:(I',A) = (SG ! i)
by (metis seq2fml.cases)
have AI v. is-interp I = v € fml-sem I (foldr (||) A FF)
proof —
fix I::('sf,’sc,’sz)interp and v::'sz state
assume good:is-interp I
have mem2:List.member A (Al j)
using iJ nth-member
by (metis SG-dec snd-conv)
then show v € fmi-sem I (foldr (||) A FF)
using mem2
using or-foldl-sem
by (metis SG-dec UNIV-I snd-conv tt tt-sem)
qed
then have seg-valid:seg-valid (SG ! i)
unfolding seg-valid-def using SG-dec
by (metis UNIV-eq-1 seq-seml’)
show ?Zcase
using closel-valid-sound|OF sound seq-valid)
by (simp add: sound-weaken-appR)
next
case (Rrule-Equiv SG ij Cp q)
assume eq:snd (SG 1) ! j= (p ¢ q)
assume iL:i < length SG
assume jL:j < length (snd (SG ! 7))
assume sound:sound (SG, C)
obtain I' and A where SG-dec:(I',A) = (SG ! i)
by (metis seq2fml.cases)
have equivR-simp: \I' A SS p q.
(nth A j) = Equivp ¢ =
(T,A) = 8§ =
Rrule-result EquivR j SS = [(p # T, q # (closel A j)), (¢ # T, p # (closel A
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)]
subgoal for AI SI SS p q apply(cases SS) by (auto simp add: Equiv-def
Implies-def Or-def) done
have res-eq: Rrule-result EquivR j (SG ! i) =
[(p # T, q# (closel Aj)), (q# T, p# (closel A j))]
apply(rule equivR-simp)
subgoal using eq SG-dec by (metis snd-conv)
by (rule SG-dec)
have Alje¢:A ! j = (p < q)
using SG-dec eq snd-conv
by metis
have close-eq:close [(p # T, q # (closel A j)), (¢ # T, p # (closel A j))] (T',A)
= (p # T, g # (closel A j)), (q # T, p # (closel A 7))
apply(rule close-nonmember-eq)
by (simp add: member-rec)
have big-sound:sound ([(p # T, ¢ # (closel A j)), (¢ # T, p # (closel A j7))],
(r,A))
apply(rule soundI”)
apply (rule seq-semI’)
proof —
fix T ::('sf,’sc,’sz) interp and v::'sz state
assume good:is-interp I
assume sgs:(N\i. 0 < i =i < length [(p # T, ¢ # (closel Aj)), (¢ # T, p#
(closel A j))] = v € seq-sem I ([(p # T, q # (closel Aj)), (¢ # 7T, p# (closel
Ag)) i)
have sgl:v € seq-sem I (p # T, q¢ # close A (A'! j)) using sgs[of 0] by auto
have sg2:v € seq-sem I (¢ # T, p # (closel A 7)) using sgs[of 1] by auto
assume I'-sem:v € fmil-sem I (foldr (&&) T TT)
have casel:v € fmil-sem I p = v € fml-sem I (foldr (||) A FF)
proof —
assume sem:v € fmil-sem I p
have v € fml-sem I (foldr (||) (¢ # (close A (nth A 7))) FF)
using sem I'-sem sgl by auto
then show v € fmi-sem I (foldr (||) A FF)
using Aljeq SG-dec close-sublof A nth A j] iff-semlof v I p q] jL lo-
cal.sublist-def
member-rec(1)[of q close A (nth A j)] sem snd-conv
or-foldl-sem-conv|of v I q # close A (nth A j)]
or-foldl-sem[of A, where I=I and v=v]
nth-member[of j snd (SG ! )]
by metis
qed
have case2:v ¢ fml-sem I p => v € fml-sem I (foldr (||) A FF)
proof —
assume sem:v ¢ fmil-sem I p
have v € fml-sem I ¢ = v ¢ fmil-sem I (foldr (||) A FF) = Fulse
using
and-foldl-sem|[OF T'-sem)

and-foldl-sem-conv
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closel .simps
close-sub
local.sublist-def
member-rec(1)[of p closel A j]
member-rec(1)[of q T
or-foldl-sem[of A]
or-foldl-sem-conviof v Ip # closel A j]
sem
592
seq¢-MPlof v I q# T p # closel A j, OF sg2]
proof —
assume al: v € fml-sem I q
assume a2: v ¢ fmi-sem I (foldr (||) A FF)
obtain ff :: ('sf, ’sc, 'sz) formula where
v € fml-sem I ff N List.member (p # close A (A ) ff
using al by (metis (no-types) <\p. List.member T' ¢ = v € fml-sem
I ¢y <\y. List.member (¢ # T) y = (¢ = y V List.member T y)» v € fml-sem I
(foldr (&&) (¢ # T') TT) = v € fml-sem I (foldr (||) (p # closel A j) FF)) w €
fmi-sem I (foldr (||) (p # closel A j) FF) = 3¢. v € fml-sem I ¢ N\ List.member
(p # closel A j) ¢y and-foldl-sem-conv closel.simps)
then show ?%thesis
using a2 by (metis (no-types) <A\ v I. [List.member A ¢; v € fml-sem
I o] = v € fml-sem I (foldr (||) A FF)» <\y. List.member (p # closel A j) y
= (p = y V List.member (closel A j) y)» closel.simps close-sub local.sublist-def
sem)
qed
show v € fml-sem I (foldr (||) A FF)
by (metis Aljeq SG-dec «[v € fml-sem I q; v & fml-sem I (foldr (||) A FF)]
= Fualse) iff-sem jL nth-member or-foldl-sem sem snd-eqD)
qed
show v € fml-sem I (foldr (||) A FF)
by(cases v € fml-sem I p, (simp add: casel case2)+)
qed
show ?Zcase
apply(rule close-provable-sound)
apply(rule sound-weaken-appR)
apply(rule sound)
using res-eq
apply (unfold res-eq)
unfolding close-app-comm
apply (rule sound-weaken-appL)
using close-eq big-sound SG-dec Aljeq
by (simp add: Aljeq)
qed

lemma step-sound:step-ok R i S = ¢ > 0 = i < length (fst R) = sound R
= sound (step-result R (4,5))
proof (induction rule: step-ok.induct)

case (Step-Aziom SG i a C)

324



assume is-axiom:SG | i = ([], [get-aziom al)
assume sound:sound (SG, C)
assume 10:0 < ¢
assume i < length (fst (SG, C))
then have iL:i < length (SG)
by auto
have seg-valid ([], [get-axiom a])
apply(rule fml-seq-valid)
by (rule aziom-valid)
then have seq-valid:seq-valid (SG ! 7)
using is-aziom by auto
— 40 <L
then show ?case
using closel-valid-sound|OF sound seq-valid] by simp
next
case (Step-AzSubst SG i a o C)
assume is-axiom:SG | i = ([], [Fsubst (get-aziom a) o))
assume sound:sound (SG, C)
assume ssafe:ssafe o
assume 0:0 < ¢
assume Fadmit: Fadmit o (get-aziom a)
assume i < length (fst (SG, C))
then have iL:i < length (SG)
by auto
have valid-aziom:valid (get-axiom a)
by (rule axiom-valid)
have subst-valid:valid (Fsubst (get-axiom a) o)
apply(rule subst-fml-valid)
apply(rule Fadmit)
apply(rule axiom-safe)
apply(rule ssafe)
by (rule valid-aziom)
have seg-valid ([], [(Fsubst (get-aziom a) o0)])
apply(rule fml-seq-valid)
by (rule subst-valid)
then have seg-valid:seg-valid (SG ! i)
using is-aziom by auto
— 40 <L
then show ?case
using closel-valid-sound|OF sound seq-valid] by simp
next
case (Step-Lrule R i j L)
then show Zcase
using Ilrule-sound
using step-result.simps(2) surj-pair
by simp
next
case (Step-Rrule R i SG j L)
then show ?case
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using rrule-sound
using step-result.simps(2) surj-pair
by simp
next
case (Step-Cut ¢ i SG C)
assume safe:fsafe ¢
assume i < length (fst (SG, C))
then have iL:i < length SG by auto
assume sound:sound (SG, C)
obtain I" and A where SG-dec:(T',A) = (SG ! i)
by (metis seq2fml.cases)
have sound ((¢ # T, A) # (T, o # A) # [y« SG . y # SG ! i], C)
apply(rule soundI-memv)
proof —
fix I::('sf,’sc,’sz) interp and v::'sz state
assume good:is-interp I
assume sgs:(\¢’ v. List. member ((p # T, A) # (T, ¢ # A) # [y<SG . y #
SGi]) o' = v € seq-sem I @)
have sgl:A\v. v € seg-sem I (¢ # I', A) using sgs by (meson member-rec(1))
have sg2:\v. v € seg-sem I (I', ¢ # A) using sgs by (meson member-rec(1))
have sgs:\p v. (List.member (close SG (nth SG i)) ¢) = v € seg-sem I ¢
using sgs by (simp add: member-rec(1))
then have sgs:\¢ v. (List.member (close SG (I',A)) ) = v € seq-sem I ¢
using SG-dec by auto
have sgNew:Av. v € seq-sem I (T, A)
using sg! sg2 by auto
have same-mem: \z. List.member SG © = List.member ((I',A) # close SG
(TA) o
subgoal for s
by (induction SG, auto simp add: member-rec)
done
have SGS:(A\y’ v. List.member SG ¢' = v € seg-sem I @)
using sgNew sgs same-mem member-rec(1) seq-MP
by metis
show v € seq-sem I C
using sound apply simp
apply(drule soundD-memuv)
apply(rule good)
using SGS
apply blast
by auto
qed
then show Zcase
using SG-dec case-prod-conv
proof —
have (Af. ((case nth SG i of (z, za) = ((f = za):('sf, 'sc, 'sz) rule)) = (f T
A))
by (metis (no-types) SG-dec case-prod-conv)
then show ?thesis
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by (simp add: «sound ((p # T, A) # (T, ¢ # A) # [y« SG . y # SG ! 1],
o))
qed
next
case (Step-G SG i C a p)
assume eg:5G 1 i = (]}, [([[al]p)])
assume iL:i < length (fst (SG, C))
assume sound:sound (SG, C)
have sound (([], [p]) # (close SG ([}, [([ « ]] P)])), C)
apply(rule soundl-memv)
proof —
fix I:('sf,’sc,’sz) interp and v::'sz state
assume is-interp I
assume sgs:(A\¢ v. List.member (([], [p]) # close SG (], [([[allp)])) p = v €
seg-sem I ©)
have sg0:(A\v. v € seg-sem I ([], [p]))
using sgs by (meson member-rec(1))
then have sg0":(A\v. v € seg-sem I ([], [([[a]]p)]))
by auto
have sgTail:(\¢ v. List.member (close SG ([], [([[a]lp)])) ¢ = v € seq-sem I
)
using sgs by (simp add: member-rec(1))
have same-mem: \z. List.member SG x = List.member (([], [([[a]]p)]) # close
SG ([], [([allp))) =
subgoal for s
by (induction SG, auto simp add: member-rec)
done
have sgsC:(A\y v. List. member SG ¢ = v € seq-sem I @)
apply auto
using sgTail sg0’ same-mem member-rec
by (metis seq-MP)
then show v € seg-sem I C
using sound
by (metis UNIV-eq-1 <is-interp I> iso-tuple-UNIV-I soundD-mem)
qed
then show ?case
by (auto simp add: eq Boz-def)
next
case (Step-Closeld SG i j k C)
assume match:fst (SG149)!j=snd (SG!1i)!k
assume jL:j < length (fst (SG ! )
assume kL:k < length (snd (SG ! i)
assume iL:i < length (fst (SG, C))
then have iL:i < length (SG)
by auto
assume sound:sound (SG, C)
obtain I' A where SG-dec:(T', A) = SG ! i
using prod.collapse by blast
have jI':j < length T’
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using SG-dec jL
by (metis fst-conv)
have kA:k < length A
using SG-dec kL
by (metis snd-conv)
have AI v. is-interp I = v € fml-sem I (foldr (&&) T TT) = v € fml-sem
I (foldr (||) A FF)
proof —
fix I::('sf,’sc,’sz)interp and v::'sz state
assume good:is-interp I
assume I'-sem:v € fml-sem I (foldr (&&) T TT)
have mem:List.member T' (T ! j)
using jI' nth-member by blast
have mem2: List. member A (A ! k)
using kA nth-member by blast
have v € fml-sem I (T'! j)
using ['-sem mem
using and-foldl-sem by blast
then have v € fmil-sem I (A1 k)
using match SG-dec
by (metis fst-conv snd-conv)
then show v € fml-sem I (foldr (||) A FF)
using mem2
using or-foldl-sem by blast
qed
then have seq-valid:seq-valid (SG ! 7)
unfolding seg-valid-def using SG-dec
by (metis UNIV-eq-1 seq-seml’)
then show sound (step-result (SG, C) (i, Closeld j k))
using closel-valid-sound|OF sound seq-valid] by simp
next
case (Step-DEAxiom-schema SG i ODE o C)
assume isNth:nth SG i =
(I, [Fsubst (([[EvolveODE (OProd (OSing vidl (f1 fidl vid1))ODE) (p1 vid2
vid1)]] P pidl) +
([[EvolveODE (OProd (OSing vidl (f1 fidl vid1))ODE) (pl vid2
vid1)]][[DiffAssign vidl (f1 fidl vid1)]]P pidl)) o))
assume FA:Fadmit o
(([[FvolveODE (OProd (OSing vidl (f1 fidl vid1))ODE) (p1 vid2 vid1)]]P pid1)
<~
([[EvolveODE (OProd (OSing vid1 (f1 fidl vid1))ODE) (p1 vid2 vid1)]][[ DiffAssign
vidl (f1 fidl vid1)]|P pidl))
assume disj:{Inl vid1, Inr vidl } N BVO ODE = {}
have schem-valid:valid (([[EvolveODE (OProd (OSing vidl (f1 fidl vid1))ODE)
(p1 vid2 vid1)]] (P pidl)) <
([[EFvolveODE ((OProd (OSing vidl (f1 fidl vid1))ODE)) (p1 vid2 vid1)]]
[[DiffAssign vidl (f1 fidl vid1)]|P pidl))
using DE-sys-valid[OF disj] by auto
assume ssafe:ssafe o
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assume osafe:osafe ODE
have subst-valid:valid (Fsubst (([[EvolveODE (OProd (OSing vid1 (f1 fidl vid1)) ODE)
(pI vid2 vid1)]|P pidl) <
([[EvolveODE (OProd (OSing vidl (f1 fidl vid1))ODE) (pl vid2
vid1)]|[[DiffAssign vid1 (f1 fidl vid1)]]P pidl)) o)
apply(rule subst-fml-valid)
apply(rule FA)
subgoal using disj by (auto simp add: f1-def Boxz-def p1-def P-def Equiv-def
Or-def expand-singleton osafe, induction ODE, auto)
subgoal by (rule ssafe)
by (rule schem-valid)
assume (0 < 1
assume i < length (fst (SG, C))
assume sound:sound (SG, C)
have seq-valid ([], [(Fsubst (([[EvolveODE (OProd (OSing vidl (f1 fidl vid1)) ODE)
(p1 vid2 vid1)]|P pidl) +
([[EvolveODE (OProd (OSing vidl (f1 fid1 vid1))ODE) (p1 vid2
vid1)]][[DiffAssign vid1 (f1 fidl vid1)]]|P pidl)) o)])
apply(rule fml-seq-valid)
by (rule subst-valid)
then have seq-valid:seq-valid (SG ! 7)
using isNth by auto
— 40 iL
then show ?case
using closel-valid-sound[OF sound seq-valid] by simp
next
case (Step-CE SG i ¢ ¢ o C)
assume isNth:SG ! i = ([], [F'subst (InContext pidl ¢ < InContext pidl ) o])
assume valid:valid (¢ < V)
assume FA:Fadmit o (InContext pidl ¢ < InContext pidl 1)
assume 0 < ¢
assume i < length (fst (SG, C))
assume sound:sound (SG, C)
assume fsafel:fsafe ¢
assume fsafe2:fsafe
assume ssafe:ssafe o
have schem-valid:valid (InContext pidl ¢ + InContext pidl 1)
using valid unfolding valid-def
by (metis CE-holds-def CE-sound fml-sem.simps(7) iff-sem surj-pair valid-def )+
have subst-valid:valid (Fsubst (InContext pidl ¢ < InContext pidl 1) o)
apply (rule subst-fml-valid)
apply(rule FA)
subgoal by(auto simp add: f1-def Boz-def p1l-def P-def Equiv-def Or-def
expand-singleton fsafel fsafe2)
subgoal by (rule ssafe)
by (rule schem-valid)
have seq-valid ([], [Fsubst (InContext pidl ¢ <+ InContext pidl 1) o))
apply(rule fml-seq-valid)
by (rule subst-valid)
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then have seg-valid:seg-valid (SG ! 7)
using isNth by auto
show sound (step-result (SG, C) (i, CE ¢ 9 o))
using closel-valid-sound|OF sound seq-valid] by simp
next
case (Step-CQ SGip ¥ ¥ o C)
assume isNth:nth SG i = ([], [Fsubst (Equiv (Prop p (singleton 9)) (Prop p
(singleton ¥7))) o])
assume valid:valid (Equals 9 97)
assume FA:Fadmit o (3¢ p (singleton 9) + S p (singleton ¥'))
assume (0 < ¢
assume i < length (fst (SG, C))
assume sound:sound (SG, C)
assume dsafel :dsafe ¥
assume dsafe2:dsafe ¥’
assume ssafe:ssafe o
have schem-valid:valid ($¢ p (singleton 9) <> $¢ p (singleton 9'))
using valid unfolding valid-def
by (metis CQ-holds-def CQ-sound fml-sem.simps(7) iff-sem surj-pair valid-def )+
have subst-valid:valid (Fsubst ($¢ p (singleton ¥) < $¢ p (singleton 9')) o)
apply (rule subst-fml-valid)
apply(rule FA)
using schem-valid ssafe by (auto simp add: fl-def Boxz-def pl-def P-def
Equiv-def Or-def expand-singleton dsafel dsafe2 expand-singleton)
have seg-valid ([], [Fsubst ($¢ p (singleton 9) <> $¢ p (singleton ¥')) o))
apply (rule fml-seq-valid)
by (rule subst-valid)
then have seg-valid:seg-valid (SG ! 7)
using isNth by auto
show sound (step-result (SG, C) (i, CQ ¥ V¥’ o))
using closel-valid-sound|OF sound seq-valid] by simp
qed

lemma deriv-sound:deriv-ok R D = sound R = sound (deriv-result R D)
apply(induction rule: deriv-ok.induct)
using step-sound by auto

lemma proof-sound:proof-ok Pf = sound (proof-result Pf)
apply(induct rule: proof-ok.induct)
unfolding proof-result.simps apply(rule deriv-sound)
apply assumption
by (rule start-proof-sound)

16 Example 1: Differential Invariants

definition DIAndConcl::('sf,’sc,’sz) sequent
where DIAndConcl = ([], [Implies (And (Predicational pidl) (Predicational pid2))

(Implies ([[Pvar vid1]|(And (Predicational pid3) (Predicational pid4)))
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([[Pvar vid1]](And (Predicational pid1) (Predicational pid2))))])

definition DIAndSG1::('sf,’sc,’sz) formula
where DIAndSG1 = (Implies (Predicational pid1) (Implies ([[Pvar vid1]]( Predicational
pid3)) ([[Pvar vid1]]( Predicational pid1))))

definition DIAndSG2::('sf,’sc,’sz) formula
where DIAndSG2 = (Implies (Predicational pid2) (Implies ([[Pvar vid1]]( Predicational
pid4)) ([[Pvar vid1]]( Predicational pid2))))

definition DIAndCut::('sf,’sc,’sz) formula
where DIAndCut =

(([[$a vid1]]((And (Predicational ( pid3)) (Predicational ( pid4)))) — (And
(Predicational ( pidl)) (Predicational ( pid2))))

— ([[$ vid1]](And (Predicational ( pid3)) (Predicational ( pid4)))) — ([[$«
vid1]](And (Predicational (pidl)) (Predicational ( pid2)))))

definition DIAndSubst::('sf,’sc,’sz) subst
where DIAndSubst =
( SFunctions = (A-. None
SPredicates = (A-. None
SContexts = (AC. (if C = pidl then Some(And (Predicational (Inl pid3))
(Predicational (Inl pid4)))
else (if C = pid2 then Some(And (Predicational (Inl pid1)) (Predicational
(Inl pid2))) else None))),
SPrograms = (A-. None),
SODEs = (A-. None)

)

— [a]R&H—>R—>[a]|R&H—>[a]R DIAndSubst3/
definition DIAndSubst341::(’sf,’sc,’sz) subst
where DIAndSubst341 =
( SFunctions = (A-. None),
SPredicates = (A-. None),
SContexts = (AC. (if C = pidl then Some(And (Predicational (Inl pid3))
(Predicational (Inl pid4)))
else (if C = pid2 then Some(Predicational (Inl pid3)) else None))),
SPrograms = (A-. None),
SODEs = (A-. None)
)
definition DIAndSubst342::('sf,’sc,’sz) subst
where DIAndSubst342 =
( SFunctions = (A-. None),
SPredicates = (A-. None),
SContexts = (AC. (if C = pidl then Some(And (Predicational (Inl pid3))
(Predicational (Inl pid4)))
else (if C = pid2 then Some(Predicational (Inl pid4)) else None))),
SPrograms = (A-. None),
SODEs = (A-. None)

);
);
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)

— [a]P, [a]R&H, P, Q |- [a]Q—>P&Q—>[a] Q—>[a] P& Q, [a] P& Qs;
definition DIAndSubst12::(’sf,’sc,’sz) subst
where DIAndSubst12 =
( SFunctions = (A-. None),
SPredicates = (A-. None),
SContexts = (AC. (if C = pid1 then Some(Predicational (Inl pid2))
else (if C = pid2 then Some(Predicational (Inl pidl) && Predicational

(Inl pid2)) else None))),

SPrograms = (A-. None),

SODEs = (A-. None)

)

— P —> Q—>P&Q
definition DIAndCurry12::('sf,’sc,’sz) subst
where DIAndCurryl2 =
( SFunctions = (A-. None),
SPredicates = (A-. None),
SContexts = (AC. (if C' = pidl then Some(Predicational (Inl pidl))
else (if C = pid2 then Some(Predicational (Inl pid2) — (Predicational

(Inl pid1) && Predicational (Inl pid2))) else None))),

SPrograms = (A-. None),

SODEs = (A-. None)

J

definition DIAnd :: ('sf,’sc,’sz) rule
where DIAnd =
([0, DIARASG 1)), (1, DTARASG2))),
DIAndConcl)

definition DIAndCutP1 :: ('sf,’sc,’sz) formula
where DIAndCutP1 = ([[Pvar vidl1]](Predicational pidl))

definition DIAndCutP?2 :: ('sf,’sc,’sz) formula
where DIAndCutP2 = ([[Pvar vidl]](Predicational pid2))

definition DIAndCutP12 :: ('sf,’sc,’sz) formula
where DIAndCutP12 = (([[Pvar vid1]](Pc pidl) — (Pc pid2 — (And (Pc pid1)
(Pe pid2))
— (([[Pvar vidI]]Pc pid1) — ([[Pvar vid1]](Pc pid2 — (And (Pc pidl) (Pc
pid2))))))
definition DIAndCut34Elim1 :: ('sf,’sc,’sz) formula
where DIAndCut34Elim1 = (([[Pvar vid1]](Pc pid3 && Pc pid4) — (Pc pid3))
— (([[Pvar vid1]](Pc pid3 && Pc pid4)) — ([[Pvar vid1]](Pc pid3))))

definition DIAndCut34Elim2 :: ('sf,’sc,’sz) formula
where DIAndCut34Elim2 = (([[Pvar vid1]](Pc pid3 && Pc pid4) — (Pc pid4))
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— (([[Pvar vid1]](Pc pid3 && Pc pid4)) — ([[Pvar vid1]](Pc pid4))))

definition DIAndCut12Intro :: ('sf,’sc,’sz) formula
where DIAndCut12Intro = (([[Pvar vid1]](Pc pid2 — (Pc pidl && Pc pid2)))
— (([[Pvar vid1]](Pc pid2)) — ([[Pvar vid1]](Pc pidl && Pc pid2))))

definition DIAndProof :: ('sf, 'sc, 'sz) pf
where DIAndProof =
(DIAndConcl, |
(0, Rrule ImplyR 0) — 1
(0, Lrule AndL 0)
(0, Rrule ImplyR 0)
(0, Cut DIAndCutP1)
,(1, Cut DIAndSG1)
,(0, Rrule CohideR 0)
J(Suc (Suc 0), Lrule ImplyL 0)
,(Suc (Suc (Suc 0)), Closeld 1 0)
,(Suc (Suc 0), Lrule ImplyL 0)
,(Suc (Suc 0), Closeld 0 0)
,(Suc (Suc 0), Cut DIAndCut34Elim1) — 11
,(0, Lrule ImplyL 0)
J(Suc (Suc (Suc 0)), Lrule ImplyL 0)
,(0, Rrule CohideRR 0)
,(0, Rrule CohideRR 0)
,(Suc 0, Rrule CohideRR 0)
,(Suc (Suc (Suc (Suc (Suc 0)))), G)
(0, Rrule ImplyR 0)
,(Suc (Suc (Suc (Suc (Suc 0)))), Lrule AndL 0)
,(Suc (Suc (Suc (Suc (Suc 0)))), Closeld 0 0)
J(Suc (Suc (Suc 0)), AxSubst AK DIAndSubst341) — 21
,(Suc (Suc 0), Closeld 0 0)
,(Suc 0, Closeld 0 0)
,(0, Cut DIAndCut12Intro)
,(Suc 0, Rrule CohideRR 0)
J(Suc (Suc 0), AzSubst AK DIAndSubst12)
,(0, Lrule ImplyL 0)
,(1, Lrule ImplyL 0)
,(Suc (Suc 0), Closeld 0 0)
,(Suc 0, Cut DIAndCutP12)
,(0, Lrule ImplyL 0) — 31
,(0, Rrule CohideRR 0)
,(Suc (Suc (Suc (Suc 0))), AxSubst AK DIAndCurry12)
J(Suc (Suc (Suc 0)), Rrule CohideRR 0)
,(Suc (Suc 0), Lrule ImplyL 0)
,(Suc (Suc 0), G)
,(0, Rrule ImplyR 0)
,(Suc (Suc (Suc (Suc 0))), Rrule ImplyR 0)
,(Suc (Suc (Suc (Suc 0))), Rrule AndR 0)
J(Suc (Suc (Suc (Suc (Suc 0)))), Closeld 0 0)
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,(Suc (Suc (Suc (Suc 0))), Closeld 1 0) — 41
,(Suc (Suc 0), Closeld 0 0)

,(Suc 0, Cut DIAndCut34Elim2)

,(0, Lrule ImplyL 0)

,(0, Rrule CohideRR 0)

J(Suc (Suc (Suc (Suc 0))), AzSubst AK DIAndSubst342) — 46
,(Suc (Suc (Suc 0)), Rrule CohideRR 0)
,(Suc (Suc (Suc 0)), G) — 48

,(0, Rrule ImplyR 0)

,(Suc (Suc (Suc 0)), Lrule AndL 0) — 50
J(Suc (Suc (Suc 0)), Closeld 1 0)

,(Suc (Suc 0), Lrule ImplyL 0)

,(Suc 0, Closeld 0 0)

(1, Cut DIAndSG2)

,(0, Lrule ImplyL 0)

(0, Rrule CohideRR 0)

,(Suc (Suc (Suc 0)), Closeld 4 0)

,(Suc (Suc 0), Lrule ImplyL 0)

,(Suc (Suc (Suc 0)), Closeld 0 0)

,(Suc (Suc (Suc 0)), Closeld 0 0)

(1, Closeld 1 0)

)

i

fun proof-take :: nat = ('sf,’sc,’sz) pf = ('sf,’se,’sz) pf
where proof-take n (C,D) = (C,List.take n D)

fun last-step::('sf,’sc,’sz) pf = nat = nat x ('sf,’sc,’sz ) step
where last-step (C,D) n = List.last (take n D)

lemma DIAndSound-lemma:sound (proof-result (proof-take 61 DIAndProof))
apply(rule proof-sound)
unfolding DIAndProof-def DIAndConcl-def DIAndCutP1-def DIAndSG1-def
DIAndCut34Elim1-def DIAndSubst341-def DIAndCutl12Intro-def DIAndSubst12-def
DIAndCutP12-def DIAndCurryl2-def DIAndSubst342-def
DIAndCut34Elim2-def — 43
DIAndSG2-def — 54
apply (auto simp add: prover)
done

17 Example 2: Concrete Hybrid System

definition SystemConcl::('sf,’sc,’sz) sequent
where SystemConcl =
(I
Implies (And (Geq (Var vid1) (Const 0)) (Geq (f0 fid1) (Const 0)))
([[EvolveODE (OProd (OSing vid1 (f0 fid1)) (OSing vid2 (Var vid1))) (TT)]]Geq
(Var vid1) (Const 0))

)
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definition SystemDICut :: ('sf,’sc,’sz) formula
where SystemDICut =
Implies
(Implies TT ([[EvolveODE (OProd (OSing vidl (f0 fid1)) (OSing vid2 (Var
vid1))) TT])
(Geq (Differential (Var vid1)) (Differential (Const 0)))))
(Implies
(Implies TT (Geq (Var vidl) (Const 0)))
([[EvolveODE (OProd (OSing vid1 (f0 fid1)) (OSing vid2 (Var vid1))) TT]](Geq
(Var vid1) (Const 0))))

definition SystemDCCut::('sf,’sc,’sz) formula
where SystemDCCut =
(([[EvolveODE (OProd (OSing vid1 (f0 fid1)) (OSing vid2 (Var vid1))) TT]|(Geq
(f0 fid1) (Const 0))) —

(([[EvolveODE (OProd (OSing vid1 (f0 fid1)) (OSing vid2 (Var vid1))) TT]]((Gegq
(Differential (Var vidl)) (Differential (Const 0)))))

4

([[EvolveODE (OProd (OSing vidl (f0 fid1)) (OSing vid2 (Var vidl))) (And
TT (Geq (f0 fid1) (Const 0)))]](Geq (Differential (Var vid1)) (Differential (Const

0))))))

definition System VCut::('sf,’sc,’sz) formula
where System VCut =

Implies (Geq (f0 fid1) (Const 0)) ([[EvolveODE (OProd (OSing vidl (f0 fid1))
(OSing vid2 (Var vid1))) (And TT (Geq (f0 fid1) (Const 0)))]](Geg (f0 fid1)
(Const 0)))

definition SystemVCut2::('sf,’sc,’sz) formula
where SystemVCut2 =

Implies (Geq (f0 fid1) (Const 0)) ([[EvolveODE (OProd (OSing vidl (f0 fid1))
(0Sing vid2 (Var vid1))) TT)](Geq (f0 fid1) (Const 0)))

definition SystemDECut::('sf,’sc,’sz) formula
where SystemDECut = (([[EvolveODE (OProd (OSing vid1 (f0 fid1)) (OSing vid2
(Var vid1))) (And TT (Geq (f0 fid1) (Const 0)))]] ((Geq (Differential (Var vidl))
(Differential (Const 0))))) <
([[EvolveODE (OProd (OSing vidl (f0 fid1)) (OSing vid2 (Var vid1))) (And TT
(Geq (f0 fidt) (Const 0)))]

[[DiffAssign vidl (f0 fid1)])(Geq (Differential (Var vidl)) (Differential (Const

0)))))

definition SystemKCut::('sf,’sc,’sz) formula
where SystemKCut =
(Implies ([[EvolveODE (OProd (OSing vid1 (f0 fid1)) (OSing vid2 (Var vidl)))
(And TT (Geq (f0 fid1) (Const 0)))]]
(Implies ((And TT (Geq (f0 fid1) (Const 0)))) ([[DiffAssign vid1 (f0
fid1)])(Geq (Differential (Var vidl)) (Differential (Const 0))))))
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(Implies ([[EvolveODE (OProd (OSing vid1 (f0 fid1)) (OSing vid2 (Var vidl)))
(And TT (Geq (f0 fid1) (Const 0)))]] ((And TT (Geq (f0 fid1) (Const 0)))))
([[FvolveODE (OProd (OSing vidl (f0 fid1)) (OSing vid2 (Var
vid1))) (And TT (Geq (f0 fid1) (Const 0)))]] ([[DiffAssign vid1 (f0 fid1)]](Geq
(Differential (Var vid1)) (Differential (Const 0)))))))

definition SystemEquivCut::('sf,’sc,’sz) formula
where SystemFEquivCut =
(Equiv (Implies ((And TT (Geq (f0 fidl) (Const 0)))) ([[DiffAssign vidl (f0
fid1)]](Geq (Differential (Var vid1)) (Differential (Const 0)))))
(Implies ((And TT (Geq (f0 fid1) (Const 0)))) ([[DiffAssign vidl (f0
fid1)]](Geq (DiffVar vidl) (Const 0)))))

definition SystemDiffAssignCut::('sf,’sc,’sz) formula
where SystemDiffAssignCut =

(([[DiffAssign vid1 ($f fidl empty)]] (Geq (Diff Var vid1) (Const 0)))
« (Geg ($f fidl empty) (Const 0)))

definition SystemCEFmi1::('sf,’sc,’sz) formula
where SystemCEFmll = Geq (Differential (Var vidl1)) (Differential (Const 0))

definition SystemCEFmI2::('sf,'sc,’sz) formula
where SystemCEFml2 = Geq (DiffVar vid1) (Const 0)

definition CQ1Concl::('sf,’sc,’sz) formula
where CQ1Concl = (Geq (Differential (Var vidl)) (Differential (Const 0))
Geq (DiffVar vidl) (Differential (Const 0)))

definition CQ2Concl::('sf,’sc,’sz) formula
where CQ2Concl = (Geq (DiffVar vidl) (Differential (Const 0)) <> Geq ($’ vid1)
(Const 0))

definition CEReq::('sf,’sc,’sz) formula
where CEReq = (Geq (Differential (trm.Var vidl)) (Differential (Const 0)) >
Geq ($' vid1) (Const 0))

definition CQRightSubst::('sf,’sc,’sz) subst
where CQRightSubst =
( SFunctions = (A-. None),
SPredicates = (Ap. (if p = vidI then (Some (Geq (DiffVar vid1) (Function (Inr
vid1) empty))) else None)),
SContexts = (A-. None),
SPrograms = (A-. None),
SODEs = (A-. None)

)
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definition CQLeftSubst::('sf,’sc,’sz) subst
where CQLeftSubst =
( SFunctions = (A-. None),
SPredicates = (Ap. (if p = vidl then (Some (Geq (Function (Inrwvidl) empty)
(Differential (Const 0)))) else None)),
SContexts = (A-. None),
SPrograms = (A-. None),
SODEs = (A-. None)

)

definition CEProof:('sf,'sc,’sz) pf
where CEProof = (([],|CEReq]), |
(0, Cut CQ1Concl)
(0, Cut CQ2Concl)
(1, Rrule CohideRR 0)
,(Suc (Suc 0), CQ (Differential (Const 0)) (Const 0) CQRightSubst)
,(1, Rrule CohideRR 0)
(1, CQ (Differential (Var vidl)) (Diff Var vidl) CQLeftSubst)
,(0, Rrule EquivR 0)
(0, Lrule EquivForwardL 1)
,(Suc (Suc 0), Lrule EquivForwardL 1)
,(Suc (Suc (Suc 0)), Closeld 0 0)
,(Suc (Suc 0), Closeld 0 0)
,(Suc 0, Closeld 0 0)
(0, Lrule EquivBackwardL (Suc (Suc 0)))
,(0, Closeld 0 0)
(0, Lrule EquivBackwardL (Suc 0))
(0, Closeld 0 0)
(0, Closeld 0 0)
)

]
lemma CE-result-correct:proof-result CEProof = ([],([],| CEReq]))
unfolding CEProof-def CEReq-def CQI1Concl-def CQ2Concl-def Implies-def

Or-def fO-def TT-def Equiv-def Box-def CQRightSubst-def
by (auto simp add: id-simps)

definition DiffConstSubst::('sf,’sc,’sz) subst
where DiffConstSubst = (|
SFunctions = (Af. (if f = fidl then (Some (Const 0)) else None)),
SPredicates = (A-. None),
SContexts = (A-. None),
SPrograms = (A-. None),
SODEs = (A-. None)

J

definition DiffConstProof::('sf,’sc,’sz) pf
where DiffConstProof = (([|,[(Equals (Differential (Const 0)) (Const 0))]), [
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(0, AzSubst AdConst DiffConstSubst)])

lemma diffconst-result-correct:proof-result DiffConstProof = ({], ([J,[Equals (Differential
(Const 0)) (Const 0)]))
by (auto simp add: prover DiffConstProof-def)

lemma diffconst-sound-lemma:sound (proof-result Diff ConstProof)

apply(rule proof-sound)

unfolding DiffConstProof-def

by (auto simp add: prover Diff ConstProof-def Diff ConstSubst-def Equals-def empty-def
TUadmit-def)

lemma wvalid-of-sound:sound ([|, ([].[¢])) = valid ¢
unfolding valid-def sound-def TT-def FF-def
apply (auto simp add: TT-def FF-def Or-def)
subgoal for I a b
apply(erule allE[where z=I])
by (auto)
done

lemma almost-diff-const-sound:sound ([], ([], [Equals (Differential (Const 0)) (Const

0))))

using diffconst-result-correct diffconst-sound-lemma by simp

lemma almost-diff-const:valid (Equals (Differential (Const 0)) (Const 0))
using almost-diff-const-sound valid-of-sound by auto

— Note: this is just unpacking the definition: the axiom is defined as literally this

formula

lemma almost-diff-var:valid (Equals (Differential (trm.Var vidl)) ($’ vid1))
using diff-var-aziom-valid unfolding diff-var-axiom-def by auto

lemma CESound-lemma:sound (proof-result CEProof)

apply(rule proof-sound)

unfolding CEProof-def CEReq-def CQ1Concl-def CQ2Concl-def Equiv-def CQRight-
Subst-def diff-const-axiom-valid diff-var-aziom-valid empty-def Or-def expand-singleton

diff-var-aziom-def
by (auto simp add: prover CEProof-def CEReq-def CQ1Concl-def CQ2Concl-def
Equiv-def
CQRightSubst-def diff-const-axiom-valid diff-var-axiom-valid empty-def Or-def
expand-singleton
TUadmit-def NTUadmit-def almost-diff-const CQLeftSubst-def almost-diff-var)

lemma sound-to-valid:sound ([], ([], [¢])) = valid ¢
unfolding wvalid-def apply auto
apply(drule soundD-mem)
by (auto simp add: member-rec(2))
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lemma CFElpre:sound ([], ([], [CEReq]))
using CE-result-correct CESound-lemma
by simp

lemma CFElpre-valid:valid CEReq
by (rule sound-to-valid|OF CElpre])

lemma CElIpre-valid2:valid (! (! (Geq (Differential (trm.Var vidl)) (Differential
(Const 0)) && Geq ($' vid1) (Const 0)) &&
! (! (Geq (Differential (trm.Var vid1)) (Differential (Const 0))) && !
(Geq (8’ vidl) (Const 0)))))
using CFElIpre-valid unfolding CEReq-def Equiv-def Or-def by auto

definition SystemDISubst::('sf,’sc,’sz) subst
where SystemDISubst =
( SFunctions = (Af.
(i f = fidl then Some(Function (Inr vidl) empty)
else if f = fid2 then Some(Const 0)
else None)),
SPredicates = (Ap. if p = vidl then Some TT else None),
SContexts = (A-. None),
SPrograms = (A-. None),
SODEs = (Ac. if ¢ = vidl then Some (OProd (OSing vidl (f0 fid1)) (OSing
vid2 (trm.Var vidl))) else None)
)

definition SystemDCSubst::('sf,’sc,’sz) subst
where SystemDCSubst =
( SFunctions = (A
f. None),
SPredicates = (Ap. None),
SContexts = (AC.
if C = pidl then
Some TT
else if C = pid2 then
Some (Geq (Differential (Var vidl)) (Differential (Const 0)))
else if C' = pid3 then
Some (Geq (Function fidl empty) (Const 0))
else
None),
SPrograms = (A-. None),
SODEs = (Ac. if ¢ = vidl then Some (OProd (OSing vidl (Function fidl
empty)) (OSing vid2 (trm.Var vidl))) else None)
)

definition System VSubst::('sf,’sc,’sz) subst
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where System VSubst =
( SFunctions = (Af. None),
SPredicates = (Ap. if p = vidl then Some (Geq (Function (Inl fidl) empty)
(Const 0)) else None),
SContexts = (A-. None),
SPrograms = (Aa. if a = vidl then
Some (EvolveODE (OProd
(OSing vidl (Function fidl empty))
(0Sing vid2 (Var vidl)))
(And TT (Geq (Function fidl empty) (Const 0))))
else None),
SODEs = (A-. None)

)

definition System VSubst2::('sf,’sc,’sz) subst
where System VSubst2 =
( SFunctions = (Af. None),
SPredicates = (Ap. if p = vidl then Some (Geq (Function (Inl fidl) empty)
(Const 0)) else None),
SContexts = (A-. None),
SPrograms = (Aa. if a = vidl then
Some (EvolveODE (OProd
(OSing vidl (Function fidl empty))
(OSing vid2 (Var vidl)))
TT)
else None),
SODEs = (A-. None)

)

definition SystemDESubst::('sf,’sc,’sz) subst
where SystemDFESubst =
( SFunctions = (A\f. if f = fidl then Some(Function (Inl fidl) empty) else None),
SPredicates = (Ap. if p = vid2 then Some(And TT (Geq (Function (Inl fid1)
empty) (Const 0))) else None),
SContexts = (AC. if C = pidl then Some(Geq (Differential (Var vidl))
(Differential (Const 0))) else None),
SPrograms = (A-. None),
SODEs = (A-. None)

)

lemma systemdesubst-correct:3 ODE.(([[EvolveODE (OProd (OSing vid1 (f0 fid1))
(OSing vid2 (Var vid1))) (And TT (Geq (f0 fid1) (Const 0)))]] ((Geq (Differential
(Var vid1)) (Differential (Const 0))))) <
([[EvolveODE (OProd (OSing vidl (f0 fid1)) (OSing vid2 (Var vidl))) (And TT
(Geq (J0 fid1) (Const 0)))]

[[DiffAssign vidl (f0 fid1)]](Geq (Differential (Var vid1)) (Differential (Const
0)))))

= Fsubst ((([[EvolveODE (OProd (OSing vidl (f1 fidl vidl)) ODE) (p1 vid2
vid1)]] (P pidl)) +
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([[EvolveODE ((OProd (OSing vidl (f1 fidl vid1))) ODE) (p1 vid2 vid1)]]
[[DiffAssign vid1 (f1 fidl vid1)]]P pidl))) SystemDESubst
apply(rule exI[where t=0Sing vid2 (trm.Var vid1))])
by (auto simp add: f0-def f1-def Boz-def Or-def Equiv-def empty-def TT-def P-def
pl-def SystemDESubst-def empty-def)

— {dz=, dy=a&r>=r&>=r}r>=r&>=r—>[D{z}:=|D{z}>=D{r}—>
— {da=, dy=a&r>=r&>=r}|r>=r&>=r—>
— {da=, dy=2&r>=r&>=r}]|[D{z}:=]D{z}>=D{r}
— ([[$ vid1]]((Predicational pidl) — (Predicational pid2)))
— = ([[$a vid1]] Predicational pidl) — ([[$a vid1]]Predicational pid2)
definition SystemKSubst::('sf,’sc,’sz) subst
where SystemKSubst = (| SFunctions = (Af. None),
SPredicates = (A-. None),
SContexts = (AC. if C = pidl then
(Some (And (Geq (Const 0) (Const 0)) (Geq (Function fidl empty) (Const
0))))
else if C' = pid2 then
(Some ([[DiffAssign vidl (Function fidl empty)]](Geq (Differential (Var
vid1)) (Differential (Const 0))))) else None),

SPrograms = (Ac. if ¢ = vidl then Some (EvolveODE (OProd (OSing vidl
(Function fidl empty)) (OSing vid2 (Var vidl))) (And (Geq (Const 0) (Const 0))
(Geq (Function fidl empty) (Const 0)))) else None),

SODEs = (A-. None)

J

lemma subst-imp-simp: Fsubst (Implies p q) o = (Implies (Fsubst p o) (Fsubst q

o))
unfolding Implies-def Or-def by auto

lemma subst-equiv-simp: Fsubst (Equiv p q) o = (Equiv (Fsubst p o) (Fsubst q o))
unfolding Implies-def Or-def Equiv-def by auto

lemma subst-box-simp: Fsubst (Bozx p q) 0 = (Box (Psubst p o) (Fsubst ¢ 0))
unfolding Boz-def Or-def by auto

lemma pfsubst-bozr-simp: PFsubst (Box p q) 0 = (Box (PPsubst p o) (PFsubst q

7))
unfolding Boz-def Or-def by auto

lemma pfsubst-imp-simp: PFsubst (Implies p q) o = (Implies (PFsubst p o) (PFsubst

q0))
unfolding Boz-def Implies-def Or-def by auto

definition SystemDWSubst::('sf,’sc,’sz) subst
where SystemDWSubst = (| SFunctions = (Af. None),

SPredicates = (A-. None),

SContexts = (AC. if C = pidl then Some (And (Geq (Const 0) (Const 0))
(Geq (Function fidl empty) (Const 0))) else None),
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SPrograms = (A-. None),
SODEs = (Ac. if ¢ = vidl then Some (OProd (OSing vidl (Function fidl
empty)) (OSing vid2 (Var vidl))) else None)

definition SystemCESubst::('sf,’sc,’sz) subst
where SystemCESubst = ( SFunctions = (Af. None),
SPredicates = (A-. None),
SContexts = (AC. if C = pidl then Some(Implies(And (Geq (Const 0) (Const
0)) (Geq (Function fid1 empty) (Const 0))) ([[DiffAssign vidl (Function fidl empty)]]( Predicational
(Inr ())))) else None),
SPrograms = (A-. None),
SODEs = (A-. None)

J

lemma SystemCESubstOK:
step-ok
([({];[Equiv (Implies(And (Geq (Const 0) (Const 0)) (Geq (Function fidl empty)
(Const 0))) ([DiffAssign vidl (Function fidl empty)]|( SystemCEFmI1)))
(Implies(And (Geq (Const 0) (Const 0)) (Geq (Function fidl empty) (Const
0))) ([[DiffAssign vidl (Function fidl empty)]]( (SystemCEFmI2))))
DI,
(0,0

0
(CE SystemCEFml1 SystemCEFmI2 System CESubst)
apply(rule Step-CE)
subgoal by(auto simp add: subst-equiv-simp subst-imp-simp subst-box-simp
System CESubst-def System CEFml1-def System CEFmI2-def pfsubst-imp-simp pfsubst-bozx-simp)
subgoal using CElIpre-valid
by (auto simp add: CEReg-def SystemCEFmli-def SystemCEFmI2-def
CEl1pre-valid)
subgoal unfolding SystemCEFml1-def by auto
subgoal unfolding System CEFmi2-def by auto
subgoal unfolding SystemCESubst-def ssafe-def Implies-def Boxz-def Or-def
empty-def by auto
unfolding System CESubst-def Equiv-def Or-def System CEFml1-def System CEFml2-def
TUadmit-def apply (auto simp add: TUadmit-def FUadmit-def Box-def Implies-def
Or-def)
unfolding PFUadmit-def by auto

— [D{z}:=f]Dv{z}>=r<—>f>=r
— [[DiffAssign vid1 ($f fidl empty)]] (Prop vidl (singleton (DiffVar vid1))))
— <> Prop vidl (singleton ($f fidl empty))
definition SystemDiffAssignSubst::('sf,’sc,’sz) subst
where SystemDiffAssignSubst = ( SFunctions = (Af. None),
SPredicates = (Ap. if p = vidl then Some (Geq (Function (Inr vidl) empty)
(Const 0)) else None),
SContexts = (A-. None),
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SPrograms = (A-. None),
SODEs = (A-. None)

J

lemma SystemDICutCorrect:SystemDICut = Fsubst DIGeqaxiom SystemDISubst
unfolding SystemDICut-def DIGegaxiom-def SystemDISubst-def
by (auto simp add: f1-def p1-def f0-def Implies-def Or-def id-simps TT-def Boz-def
empty-def)

— >0 N A()>0 — [{z'=v, v'=A()}v>0
definition SystemProof :: ('sf, 'sc, 'sz) pf
where SystemProof =

(SystemConcl, |

(0, Rrule ImplyR 0)

,(0, Lrule AndL 0)

(0, Cut SystemDICut)

(0, Lrule ImplyL 0)

,(0, Rrule CohideRR 0)

,(0, Lrule ImplyL 0)

,(Suc (Suc 0), Closeld 0 0)

,(Suc 0, AzSubst ADIGeq SystemDISubst) — 8

,(Suc 0, Rrule ImplyR 0)

ANy
,(Suc 0, Closeld 1 0)

A a1y

,(0, Rrule ImplyR 0)

(0, Cut SystemDCCut)
(0, Lrule ImplyL 0)
,(0, Rrule CohideRR 0)
(0, Lrule EquivBackwardL 0)
,(0, Rrule CohideR 0)
(0, AxSubst ADC' SystemDCSubst) — 17
,(0, Closeld 0 0)

,(0, Rrule CohideRR 0)
(0, Cut SystemVCut)
,(0, Lrule ImplyL 0)
,(0, Rrule CohideRR 0)

(0, Cut SystemDECut)

(0, Lrule EquivBackwardL 0)

,(0, Rrule CohideRR 0)

,(1, Closeld (Suc 1) 0) — Last step
,(Suc 1, Closeld 0 0)

(1, AxSubst AV SystemVSubst) — 28
(0, Cut SystemVCut2)

(0, Lrule ImplyL 0)

,(0, Rrule CohideRR 0)
J(Suc 1, Closeld 0 0)

,(Suc 1, Closeld (Suc 2) 0)
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,(Suc 1, AzSubst AV SystemVSubst2) — 34
(0, Rrule CohideRR 0)
,(0, DEAziomSchema (OSing vid2 (trm.Var vidl)) SystemDESubst) — 36
,(0, Cut SystemKCut)
(0, Lrule ImplyL 0)
,(0, Rrule CohideRR 0)
(0, Lrule ImplyL 0)
,(0, Rrule CohideRR 0)
,(0, AzSubst AK SystemKSubst) — 42
(0, Closeld 0 0)
,(0, Rrule CohideR 0)
(1, AzSubst ADW SystemDWSubst) — 45
(0, G)
,(0, Cut SystemEquivCut)
(0, Lrule EquivBackwardL 0)
,(0, Rrule CohideR 0)
,(0, Closeld 0 0)
(0, Rrule CohideR 0)
,(0, CE SystemCEFml1 System CEFmI2 System CESubst) — 52
,(0, Rrule ImplyR 0)
(0, Lrule AndL 0)
(0, Cut SystemDiffAssignCut)
(0, Lrule EquivBackwardL 0)
,(0, Rrule CohideRR 0)
,(0, Closeld 0 0)
(0, Closeld 1 0)
(0, AzSubst Adassign SystemDiffAssignSubst) — 60
)
lemma system-result-correct:proof-result SystemProof =
(I,
([,[Implies (And (Geq (Var vid1) (Const 0)) (Geq (f0 fid1) (Const 0)))
([[EvolveODE (OProd (OSing vidl (f0 fid1)) (OSing vid2 (Var vidl)))
(TT)]|)Geq (Var vidl) (Const 0))]))
unfolding SystemProof-def SystemConcl-def Implies-def Or-def fO-def TT-def
Equiv-def SystemDICut-def SystemDCCut-def
proof-result.simps deriv-result.simps start-proof.simps Boz-def SystemDCSubst-def
System VCut-def SystemDECut-def SystemKCut-def SystemEquivCut-def
SystemDiffAssignCut-def System VCut2-def

apply( simp add: prover)
done

lemma SystemSound-lemma:sound (proof-result SystemProof)

apply(rule proof-sound)

unfolding SystemProof-def SystemConcl-def CQ1Concl-def CQ2Concl-def Equiv-def
CQRightSubst-def diff-const-axiom-valid diff-var-axiom-valid empty-def Or-def ex-

pand-singleton
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diff-var-aziom-def SystemDICut-def

apply (auto simp add: prover CEProof-def CEReq-def CQ1Concl-def CQ2Concl-def
Equiv-def
CQRightSubst-def diff-const-axiom-valid diff-var-axiom-valid empty-def Or-def
expand-singleton
TUadmit-def NTUadmit-def almost-diff-const CQLeftSubst-def almost-diff-var
fO-def TT-def SystemDISubst-def f1-def p1-def SystemDCCut-def SystemDCSubst-def
System VCut-def SystemDECut-def System VSubst-def
System VCut2-def System VSubst2-def SystemDESubst-def P-def SystemKCut-def
SystemKSubst-def SystemDWSubst-def SystemEquivCut-def
System CESubst-def SystemCEFml1-def System CEFml2-def CE1pre-valid2 Sys-
temDiffAssignCut-def SystemDiffAssignSubst-def)
done

lemma system-sound:sound ([], SystemConcl)
using SystemSound-lemma system-result-correct unfolding SystemConcl-def by

auto

lemma DIAnd-result-correct:proof-result (proof-take 61 DIAndProof) = DIAnd

unfolding DIAndProof-def DIAndConcl-def Implies-def Or-def

proof-result.simps deriv-result.simps start-proof.simps DIAndCutP12-def DIAndSG1-def
DIAndSG2-def DIAndCutP1-def Box-def DIAndCut3}Elim1-def DIAndCut12Intro-def
DIAndCut34Elim2-def DIAnd-def

using pnel2 pnel3 pnel] pne23 pne2/ pne3j by (auto)

theorem DIAnd-sound: sound DIAnd
using DIAndSound-lemma DIAnd-result-correct by auto

end end

18 dL Formalization

theory Differential-Dynamic-Logic
imports
Complex-Main
Ordinary-Differential- Equations. ODE-Analysis
Ids
Lib
Syntax
Denotational-Semantics
Frechet-Correctness
Static-Semantics
Coincidence
Bound-Effect
Axioms
Differential-Azioms
USubst
USubst-Lemma
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Uniform-Renaming
Proof-Checker
begin
end
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