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Abstract

Difference Bound Matrices (DBMs) [2] are a data structure used
to represent a type of convex polytopes, often called zones. DBMs
find application such as in timed automata model checking and static
program analysis. This entry formalizes DBMs and operations for in-
clusion checking, intersection, variable reset, upper-bound relaxation,
and extrapolation (as used in timed automata model checking). With
the help of the Imperative Refinement Framework, efficient imperative
implementations of these operations are also provided. For each zone,
there exists a canonical DBM. The characteristic properties of canoni-
cal forms are proved, including the fact that DBMs can be transformed
in canonical form by the Floyd-Warshall algorithm. This entry is part
of the work described in a paper by the authors of this entry [4] and a
PhD thesis [3].
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theory DBM
imports
Floyd-Warshall. Floyd- Warshall
HOL.Real
begin

type-synonym (‘c, 't) cval = 'c = 't

1 Difference Bound Matrices

1.1 Definitions
1.1.1 Definition and Semantics of DBMs

Difference Bound Matrices (DBMs) constrain differences of clocks (or more
precisely, the difference of values assigned to individual clocks by a valua-
tion). The possible constraints are given by the following datatype:

datatype 't DBMFEntry = Le 't | Lt 't | INF (x00))
This yields a simple definition of DBMs:
type-synonym 't DBM = nat = nat = 't DBMEntry

To relate clocks with rows and columns of a DBM, we use a clock number-
ing v of type ‘c = nat to map clocks to indices. DBMs will regularly be
accompanied by a natural number n, which designates the number of clocks
constrained by the matrix. To be able to represent the full set of clock con-
straints with DBMs, we add an imaginary clock 0, which shall be assigned
to 0 in every valuation. In the following predicate we explicitly keep track
of 0.

class time = linordered-ab-group-add +
assumes dense: t < y = Jz. z <z Az <y
assumes non-trivial: 3 x. x # 0

begin

lemma non-trivial-neg: 3 z. x < 0
proof —
from non-trivial obtain z where z: z # 0 by auto
show ?thesis
proof (cases z < 0)
case Fulse
with z have z > 0 by auto
then have (—z) < 0 by auto
then show %thesis ..



qed auto
qged

end

instantiation real :: time
begin
instance proof
fix z y :: real
assume r < y
then show dz>z. z < y using dense-order-class.dense by blast
next
have (1 :: real) # 0 by auto
then show Jz. (z::real) # 0 ..
qed
end

inductive dbm-entry-val :: ('c, 't) cval = 'c option = 'c option = ('t::time)

DBMEntry = bool

where
ur < d= dbm-entry-val u (Some 1) None (Le d) |
—u ¢ < d = dbm-entry-val uw None (Some c) (Le d) |
ur < d= dbm-entry-val u (Some r) None (Lt d) |
—u ¢ < d = dbm-entry-val u None (Some c) (Lt d) |
ur —uc<d= dbm-entry-val u (Some r) (Some c) (Le d) |
ur —uc<d= dbm-entry-val u (Some r) (Some c¢) (Lt d) |
dbm-entry-val - - - 00

declare dbm-entry-val.intros[intro]
inductive-cases|elim!]: dbm-entry-val u None (Some c)
inductive-cases|elim!]: dbm-entry-val v (Some ¢) None (Le d
inductive-cases|elim!]: dbm-entry-val u None (Some ¢) (Lt d)
inductive-cases|elim!]: dbm-entry-val u (Some ¢) None (Lt d)
inductive-cases[elim!]: dbm-entry-val u (Some r) (Some c¢) (Le d)
inductive-cases[elim!]: dbm-entry-val u (Some r) (Some c¢) (Lt d)

Le d)
)

fun dbm-entry-bound :: ('t::time) DBMEntry = 't
where

dbm-entry-bound (Le t) = t |

dbm-entry-bound (Lt t) =t |

dbm-entry-bound oo = 0

inductive dbm-lt :: ("t::linorder) DBMEntry = 't DBMEntry = bool



(x- = - [51, 51] 50)
where
dbm-lt (Lt -) oo |
dbm-lt (Le -) oo |
a<b = dbm-lt (Le a)
a < b = dbm-lt (Le a)
b = dbm-lt (Lt a)
b = dbm-lt (Lt a)

(Le b) |
(Lt D) |
(Le b) |
(Lt b)

ANNVAN

a
a
declare dbm-It.intros[intro]

definition dbm-le :: ("t::linorder) DBMEntry = 't DBMEntry = bool
(«- = [51, 51] 50)
where

dbm-leab=(a<b)Va=1b

Now a valuation is contained in the zone represented by a DBM if it fulfills
all individual constraints:

definition DBM-val-bounded :: ('c = nat) = ('c, 't) cval = ("t::time) DBM
= nat = bool
where
DBM-val-bounded vumn=Le 0 < m00 A
(V ¢c. v e < n— (dbm-entry-val u None (Some ¢) (m 0 (v ¢))
A dbm-entry-val u (Some ¢) None (m (v ¢) 0)))

ANV clc2. vel <nAwvc2 <n— dom-entry-val u (Some c1) (Some

c2) (m (vel) (ve2)))

abbreviation DBM-val-bounded-abbrev ::

(e, 't) cval = ('c = nat) = nat = ('t::time) DBM = bool
(<_ l__y_ - [487 487 487 48] 48)
where

u tyn M = DBM-val-bounded v u M n

1.1.2 Ordering DBM Entries

abbreviation
dmin a b = if a < b then a else b

lemma dbm-le-dbm-min:
a X b= a = dmin a b unfolding dbm-le-def
by auto

lemma dbm-lt-asym:
assumes e < f



shows ~ f < e
using assms
proof (safe, cases e f rule: dbm-lt.cases, goal-cases)

case [ from this(2) show Zcase using 1(3—) by (cases f e rule:
auto
next

case 2 from this(2) show ?case using 2(3—) by (cases f e rule:
auto
next

case 3 from this(2) show ?case using 3(3—) by (cases f e rule:
auto
next

case / from this(2) show ?Zcase using 4 (3—) by (cases f e rule:
auto
next

case 5 from this(2) show ?case using 5(3—) by (cases f e rule:
auto
next

case 0 from this(2) show ?case using 6(3—) by (cases f e rule:
auto
qed

lemma dbm-le-dbm-min2:
a=b=— a=dminba
using dbm-lt-asym by (auto simp: dbm-le-def)

lemma dmb-le-dbm-entry-bound-inf:
a=b=—=a=00—=— b=
by (auto simp: dbm-le-def elim: dbm-It.cases)

lemma dbm-not-lt-eq: ~a < b= -"b<a=— a=1>4
by (cases a; cases b; fastforce)

dbm-lt.cases)

dbm-lt.cases)

dbm-lt.cases)

dbm-lt.cases)

dbm-lt.cases)

dbm-lt.cases)

lemma dbm-not-lt-impl: = a < b = b < a V a = b using dbm-not-lt-eq

by auto

lemma dmin a b = dmin b a
proof (cases a < b)

case True thus ?thesis by (simp add: dbm-lt-asym)
next

case Fulse thus ?thesis by (simp add: dbm-not-lt-eq)
ged

lemma dbm-lt-trans: a < b = b < c=— a < ¢



proof (cases a b rule: dbm-lt.cases, goal-cases)

case 1 thus ?case by simp
next

case 2 from this(2—) show Zcase by (cases rule: dbm-lt.cases) simp+
next

case 3 from this(2—) show ?Zcase by (cases rule: dbm-lt.cases) simp+
next

case / from this(2—) show ?Zcase by (cases rule: dbm-lt.cases) auto
next

case 5 from this(2—) show ?Zcase by (cases rule: dbm-lt.cases) auto
next

case 6 from this(2—) show Zcase by (cases rule: dbm-lt.cases) auto
next

case 7 from this(2—) show ?Zcase by (cases rule: dbm-lt.cases) auto
qed

lemma auz-3: ~a <b=—="b<c=a<c=c=a
proof goal-cases
case 1 thus ?case
proof (cases ¢ < b)
case True
with <a < ¢ have a < b by (rule dbm-It-trans)
thus ?thesis using 1 by auto
next
case Fualse thus ?thesis using dbm-not-lt-eq 1 by auto
qed
qed

inductive-cases[elim!]: co < z

lemma dbm-lt-asymmetric[simp|: © < y = y < © = False
by (cases z y rule: dbm-lt.cases) (auto elim: dbm-It.cases)

lemma le-dbm-le: Le a < Le b = a < b unfolding dbm-le-def by (auto
elim: dbm-lt.cases)

lemma le-dbm-lt: Le a < Lt b = a < b unfolding dbm-le-def by (auto
elim: dbm-lt.cases)

lemma lt-dbm-le: Lt a < Le b = a < b unfolding dbm-le-def by (auto
elim: dbm-lIt.cases)

lemma lt-dbm-lt: Lt a <= Lt b = a < b unfolding dbm-le-def by (auto
elim: dbm-lt.cases)



lemma not-dbm-le-le-impl: = Le a < Le b = a > b by (metis dbm-It.intros(3)
not-less)

lemma not-dbm-lt-le-impl: = Lt a < Le b => a > b by (metis dbm-It.intros(5)
not-less)

lemma not-dbm-lt-lt-impl: = Lt a < Lt b = a > b by (metis dbm-It.intros(6)
not-less)

lemma not-dbm-le-lt-impl: = Le a < Lt b => a > b by (metis dbm-lt.intros(4)
not-less)
1.1.3 Addition on DBM Entries

fun dbm-add :: ('t::linordered-cancel-ab-semigroup-add) DBMEntry = 't
DBMEntry = 't DBMEntry (infixl «®» 70)

where
dbm-add co - = 00 |
dbm-add - oo =00 |
dbm-add (Le a) (Le b) = (Le (a+Db)) |
dbm-add (Le a) (Lt b) = (Lt (a+Dd)) |
dbm-add (Lt a) (Le b) = (Lt (a+b)) |
dbm-add (Lt a) (Lt b) = (Lt (a+b))

lemma auz-4: x < y = — dbm-add x z < dbm-add y z = dbm-add x z
= dbm-add y z
by (cases z y rule: dbm-lt.cases; cases z; auto)

lemma auz-5: = ¢ < y = dbm-add z z < dbm-add y 2 = dbm-add y z
= dbm-add  z
proof —
assume It: dbm-add z z < dbm-add y z =z < y
hence x = y V y < = by (auto simp: dbm-not-lt-eq)
thus ?thesis
proof
assume z = y thus ?thesis by simp
next
assume y < T
thus ?thesis
proof (cases y x rule: dbm-lt.cases, goal-cases)
case 1 thus ?case using It by auto
next
case 2 thus ?case using It by auto



next
case 3 thus ?case using dbm-lt-asymmetric lt(1) by (cases z) fast-
force+
next
case 4 thus ?case using dbm-lt-asymmetric [t(1) by (cases z) fast-
force+
next
case 5 thus ?case using dbm-lt-asymmetric lt(1) by (cases z) fast-
force+
next
case 6 thus “case using dbm-lt-asymmetric lt(1) by (cases z) fast-
force+
qed
qed
qed

lemma auz-42: * < y = - dbm-add z v < dbm-add z y = dbm-add z
= dbm-add z y
by (cases z y rule: dbm-lt.cases) ((cases z), auto)+

lemma aquz-52: = x < y = dbm-add z x < dbm-add z y = dbm-add z y
= dbm-add z x
proof —
assume lt: dbm-add z x < dbm-add zy ~z < y
hence xz = y V y < = by (auto simp: dbm-not-lt-eq)
thus ?thesis
proof
assume z = y thus ?thesis by simp
next
assume y <
thus ?thesis
proof (cases y x rule: dbm-lt.cases, goal-cases)
case I thus ?case using It by (cases z) fastforce+
next
case 2 thus ?case using It by (cases z) fastforce+
next
case 3 thus ?case using dbm-lt-asymmetric lt(1) by (cases z) fast-
force+
next
case 4 thus ?case using dbm-lt-asymmetric [t(1) by (cases z) fast-
force+
next
case 5 thus ?case using dbm-lt-asymmetric lt(1) by (cases z) fast-
force+



next
case 6 thus ?case using dbm-lt-asymmetric lt(1) by (cases z) fast-
force+
qged
qed
qged

lemma dbm-add-not-inf:
a# 00 =b#o00= dbm-add a b # ¢
by (cases a; cases b; auto)

lemma dbm-le-not-inf:
a=b=b#00 = a#
by (cases a = b) (auto simp: dbm-le-def)

1.1.4 Negation of DBM Entries

fun neg-dbm-entry where

neg-dbm-entry (Le a) = Lt (—a) |

neg-dbm-entry (Lt a) = Le (—a) |

neg-dbm-entry oo = oo

— This case does not make sense but we make this definition for technical
convenience.

lemma neg-entry:

{u. = dbm-entry-val uw a b e} = {u. dbm-entry-val u b a (neg-dbm-entry
o)

if e # (0o :: - DBMEntry) a # None V b # None

using that by (cases e; cases a; cases b; auto 4 3 simp: le-minus-iff
less-minus-iff)

instantiation DBMEntry :: (uminus) uminus
begin
definition uminus: uminus = neg-dbm-entry
instance ..
end

Note that it is not clear that this is the only sensible definition for nega-
tion of DBM entries. The following would also have been quite viable: fun
neg-dbm-entry where neg-dbm-entry (Le a) = Le (—a) | neg-dbm-entry (Lt
a) = Lt (—a) | neg-dbm-entry oo = oo

For most practical proofs using arithmetic on DBM entries we have found
that this does not make much of a difference. Lemma [?e # oco; 7a # None
V 2b # None] = {u. = dbm-entry-val u ?a ?b ?e} = {u. dbm-entry-val u
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?b ?a (neg-dbm-entry ?e)} would not hold any longer, however.

1.2 DBM Entries Form a Linearly Ordered Abelian Monoid

instantiation DBMEntry :: (linorder) linorder
begin
definition less-eq: (<) = dbm-le
definition less: (<) = dbm-lt
instance
proof ((standard; unfold less less-eq), goal-cases)
case 1 thus ?case unfolding dbm-le-def using dbm-lt-asymmetric by
auto
next
case 2 thus ?case by (simp add: dbm-le-def)
next
case 3 thus ?case unfolding dbm-le-def using dbm-lt-trans by auto
next
case 4 thus ?case unfolding dbm-le-def using dbm-lt-asymmetric by
auto
next
case 5 thus ?case unfolding dbm-le-def using dbm-not-lt-eq by auto
qed
end

class linordered-cancel-ab-monoid-add =
linordered-cancel-ab-semigroup-add + zero +
assumes neutl[simp]: 0 + = = z
assumes neutr[simpl: ¢ + 0 = x
begin

subclass linordered-ab-monoid-add
by standard (rule neutl)

end

instantiation DBMEntry :: (zero) zero
begin
definition neutral: 0 = Le 0
instance ..
end

instantiation DBMEntry :: (linordered-cancel-ab-monoid-add) linordered-ab-monoid-add
begin

11



definition add: (+) = dbm-add

instance proof ((standard; unfold add neutral less less-eq), goal-cases)

case (1 a b ¢) thus ?case by (cases a; cases b; cases c; auto simp:

add.assoc)

next

case (2 a b) thus ?case by (cases a; cases b; auto simp: add.commute)
next

case (3 a) thus ?case by (cases a) auto
next

case (4 a b ¢)

thus ?case unfolding dbm-le-def

apply safe

apply (rule dbm-lIt.cases)

apply assumption
by (cases c; fastforce)+

qed

end

interpretation linordered-monoid:

linordered-ab-monoid-add dbm-add Le (0::'t::linordered-cancel-ab-monoid-add)
dbm-le dbm-lt

apply (standard, fold neutral add less-eq less)

using add.commute by (auto intro: add-left-mono simp: add.assoc)

instance time C linordered-cancel-ab-monoid-add by (standard; simp)
lemma dbm-add-strict-right-mono-neutral: a < Le (d :: 't :: time) = a +
Le (—d) < Le 0
unfolding less add by (cases a) (auto elim!: dbm-lt.cases)
lemma dbm-lt-not-inf-less[intro]: A # co = A < oo by (cases A) auto
lemma add-inf[simp]:

a+00=0000+ a=
unfolding add by (cases a) auto
lemma inf-lt[simp,dest!]:

oo < x = Fualse

by (cases z) (auto simp: less)

lemma inf-lt-impl-False[simp]:
oo < x = Fualse

12



by auto

lemma Le-Le-dbm-lt-D]dest]: Le a < Lt b = a < b by (cases rule: dbm-lt.cases)
auto
lemma Le-Lt-dbm-it-D[dest]: Le a < Le b= a < b by (cases rule: dbm-lt.cases)
auto
lemma Lt-Le-dbm-It-D[dest]: Lt a < Le b => a < b by (cases rule: dbm-lt.cases)
auto
lemma Lit-Lt-dbm-lt-D[dest]: Lt a < Lt b => a < b by (cases rule: dbm-lt.cases)
auto

lemma Le-le-Lel[intro]: a < b= Le a < Le b unfolding less-eq dbm-le-def
by auto

lemma Lt-le-Lel|intro|: a < b = Lt a < Le b unfolding less-eq dbm-le-def
by auto

lemma Li-le-LtI[intro]: a < b = Lt a < Lt b unfolding less-eq dbm-le-def
by auto

lemma Le-le-Ltl[intro|: a < b = Le a < Lt b unfolding less-eq dbm-le-def
by auto

lemma Lt-lt-Lel: x < y = Lt x < Le y unfolding less by auto

lemma Le-le-LeD[dest]: Le a < Le b = a < b unfolding dbm-le-def less-eq
by auto
lemma Le-le-LtD[dest]: Le a < Lt b => a < b unfolding dbm-le-def less-eq
by auto
lemma Lt-le-LeD[dest]: Lt a < Le b = a < b unfolding less-eq dbm-le-def
by auto
lemma Lt-le-LtD[dest]: Lt a < Lt b = a < b unfolding less-eq dbm-le-def
by auto

lemma inf-not-le-Le[simp|: oo < Le x = False unfolding less-eq dbm-le-def
by auto

lemma inf-not-le-Lt[simp]: co < Lt x = False unfolding less-eq dbm-le-def
by auto

lemma inf-not-lt[simp]: co < x = False by auto

lemma any-le-inf: x < (oo :: - DBMEntry) by (metis less-eq dmb-le-dbm-entry-bound-inf
le-cases)

lemma dbm-lt-code-simps|code]:
dbm-lt (Lt a) oo = True
dbm-lt (Le a) oo = True
dbm-It (Le a) (Le b) = (a < b)
dbm-lt (Le a) (Lt b) = (a < b)
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dbm-lt (Lt a) (Le b) = (a < b)
dbm-lt (Lt a) (Lt b) = (a < b)
dbm-Ilt co x = Fulse

by auto

1.3 Basic Properties of DBMs
1.3.1 DBMs and Length of Paths

lemma dbm-entry-val-add-1: dbm-entry-val uw (Some c) (Some d) a =
dbm-entry-val u (Some d) None b
= dbm-entry-val u (Some ¢) None (dbm-add a b)
proof (cases a, goal-cases)
case I thus ?thesis
apply (cases b)
using add-mono-thms-linordered-semiring(1) add-le-less-mono by auto
fastforce+
next
case 2 thus ?thesis
apply (cases b)
apply (clarsimp simp: dbm-entry-val.intros(3) diff-less-eq less-le-trans)
apply (clarsimp, metis add-le-less-mono dbm-entry-val.intros(3) diff-add-cancel
less-imp-le)
apply auto
done
next
case 3 thus ?thesis by (cases b) auto
qed

lemma dbm-entry-val-add-2: dbm-entry-val u None (Some ¢) a = dbm-entry-val
u (Some c) (Some d) b
= dbm-entry-val u None (Some d) (dbm-add a b)
proof (cases a, goal-cases)
case I thus “thesis
apply (cases b)
using add-mono-thms-linordered-semiring(1) add-le-less-mono by fast-
force+
next
case 2 thus ?thesis
apply (cases b)
using add-mono-thms-linordered-field(3) apply fastforce
using add-strict-mono by fastforce+
next
case 3 thus ?thesis by (cases b) auto

14



qed

lemma dbm-entry-val-add-3:
dbm-entry-val u (Some c) (Some d) a = dbm-entry-val u (Some d)
(Some €) b
= dbme-entry-val u (Some c¢) (Some €) (dbm-add a b)
proof (cases a, goal-cases)
case 1 thus %thesis
apply (cases b)
using add-mono-thms-linordered-semiring(1) apply fastforce
using add-le-less-mono by fastforce+
next
case 2 thus ?thesis
apply (cases b)
using add-mono-thms-linordered-field(3) apply fastforce
using add-strict-mono by fastforce+
next
case 3 thus ?thesis by (cases b) auto
qged

lemma dbm-entry-val-add-4:
dbm-entry-val v (Some ¢) None a = dbm-entry-val u None (Some d) b
= dbm-entry-val u (Some c) (Some d) (dbm-add a b)
proof (cases a, goal-cases)
case I thus ?thesis
apply (cases b)
using add-mono-thms-linordered-semiring(1) apply fastforce
using add-le-less-mono by fastforce+
next
case 2 thus ?thesis
apply (cases b)
using add-mono-thms-linordered-field(3) apply fastforce
using add-strict-mono by fastforce+
next
case 3 thus ?thesis by (cases b) auto
qed

no-notation dbm-add (infixl «®» 70)

lemma DBM-val-bounded-len-1"-aux:

assumes DBM-val-bounded vu mmnvec <nV ke&setvs. k>0ANEk<
nA@3cuve=k)

shows dbm-entry-val u (Some ¢) None (len m (v ¢) 0 vs) using assms
proof (induction vs arbitrary: c)
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case Nil then show ?case unfolding DBM-val-bounded-def by auto
next

case (Cons k vs)

then obtain ¢’ where ¢ k > 0k < nv ¢’ = k by auto

with Cons have dbm-entry-val u (Some ¢’) None (len m (v ¢’) 0 vs) by
auto

moreover have dbm-entry-val u (Some ¢) (Some ¢’) (m (v ¢) (v ¢'))
using Cons.prems c’

by (auto simp add: DBM-val-bounded-def)

ultimately have dbm-entry-val u (Some ¢) None (m (v ¢) (v ¢’) + len
m (v ¢’) 0 vs)

using dbm-entry-val-add-1 unfolding add by fastforce

with ¢’ show Zcase unfolding DBM-val-bounded-def by simp
qed

lemma DBM-val-bounded-len-3'-auz:

DBM-val-bounded vu mn —= ve<n—vd<n—VY k€ setvs. k
>0NE<nAFcovec=k)

= dbm-entry-val u (Some ¢) (Some d) (len m (v ¢) (v d) vs)
proof (induction vs arbitrary: c)

case Nil thus ?case unfolding DBM-val-bounded-def by auto
next

case (Cons k vs)

then obtain ¢’ where ¢ k > 0k < n v ¢’ = k by auto

with Cons have dbm-entry-val u (Some ¢’) (Some d) (len m (v ¢’) (v d)
vs) by auto

moreover have dbm-entry-val u (Some ¢) (Some ¢’) (m (v ¢) (v ¢'))
using Cons.prems ¢’

by (auto simp add: DBM-val-bounded-def)

ultimately have dbm-entry-val u (Some ¢) (Some d) (m (v ¢) (v ¢’) +
len m (v c') (v d) vs)

using dbm-entry-val-add-3 unfolding add by fastforce

with ¢’ show Zcase unfolding DBM-val-bounded-def by simp
qed

lemma DBM-val-bounded-len-2'-aux:
DBM-val-bounded vumn — vec<n—Vkesetvs. k>0ANk<n
N3 cove=k)
= dbm-entry-val u None (Some ¢) (len m 0 (v c) vs)
proof (cases vs, goal-cases)
case 1 then show ?thesis unfolding DBM-val-bounded-def by auto
next
case (2 k vs)
then obtain ¢’ where ¢ k > 0k < n v ¢’ = k by auto
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with 2 have dbm-entry-val u (Some ¢’) (Some ¢) (len m (v ¢’) (v ¢) vs)

using DBM-val-bounded-len-3'-auzx by auto

moreover have dbm-entry-val u None (Some ¢’) (m 0 (v ¢))

using 2 ¢’ by (auto simp add: DBM-val-bounded-def)

ultimately have dbm-entry-val u None (Some ¢) (m 0 (v ¢’) + len m (v
¢) (v ¢) vs)

using dbm-entry-val-add-2 unfolding add by fastforce

with 2(4) ¢’ show ?case unfolding DBM-val-bounded-def by simp
ged

lemma cnt-0-D:
entxzs =0 = x ¢ set xs
apply (induction zs)
apply simp
subgoal for a xs
by (cases © = a; simp)
done

lemma cnt-at-most-1-D:
entz (zs Qu # ys) < 1 = = ¢ set xs N\ © ¢ set ys
apply (induction xs)
apply autol]
using cnt-0-D apply force
subgoal for a zs
by (cases © = a; simp)
done

lemma nat-list-0 [intro]:
r € set xs = 0 ¢ set (zs :: nat list) = = > 0
by (induction xs) auto

lemma DBM-val-bounded-len’1:
fixes v
assumes DBM-val-bounded vumn 0 ¢ set vsvc < n
Vikesetvs. k>0—k<nA3cvc=k)
shows dbm-entry-val u (Some ¢) None (len m (v ¢) 0 vs)
using DBM-val-bounded-len-1"-auz[OF assms(1,3)] assms(2,4) by fast-
force

lemma DBM-val-bounded-len’2:
fixes v
assumes DBM-val-bounded vumn 0 ¢ set vsvc < n
Vkesetvs. k>0—k<nAFcuvec=k
shows dbm-entry-val u None (Some ¢) (len m 0 (v ¢) vs)
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using DBM-val-bounded-len-2'-auz|OF assms(1,3)] assms(2,4) by fast-
force

lemma DBM-val-bounded-len’3:
fixes v
assumes DBM-val-bounded vu mnent Qvs < 1vel <nwc2<n
Vikesetvs.k>0—k<nA(3covec=k)
shows dbm-entry-val u (Some c1) (Some ¢2) (len m (v c1) (v ¢2) vs)
proof —
show “thesis
proof (cases V k € set vs. k > 0)
case True
with assms have V k € setvs. k> 0 ANk <n A (3 c. vec=k)by auto
with DBM-val-bounded-len-3'-auz|OF assms(1,3,4)] show ?thesis by
auto
next
case Fulse
then have 3 k£ € set vs. kK = 0 by auto
then obtain us ws where vs: vs = us @Q 0 # ws by (meson split-list-last)
with cnt-at-most-1-D[of 0 us| assms(2) have
0 ¢ set us 0 ¢ set ws
by auto
with vs have vs: vs = us Q 0 # wsV k € set us. k> 0V k € set ws.
k > 0 by auto
with assms(5) have v
Vkesetus. 0 <k ANk<nA(Fc vec=k)Vkeset ws. 0 < k Nk <
nA@cove=k)
by auto
with
dbm-entry-val-add-4[OF
DBM-val-bounded-len-1"-auz|OF assms(1,3) v(1)]
DBM-val-bounded-len-2"-aux| OF assms(1,4) v(2)]
]
have dbm-entry-val u (Some c1) (Some c2) (dbm-add (len m (v ¢1) 0
us) (len m 0 (v c2) ws))
by auto
moreover from vs have len m (v c1) (v ¢2) vs = dbm-add (len m (v
cl) 0 us) (len m 0 (v c2) ws)
by (simp add: len-comp add)
ultimately show ?thesis by auto
qed
ged

18



Now unused lemma DBM-val-bounded-len’:
fixes v
defines vo = A k. if k = 0 then None else Some (SOME c. v ¢ = k)
assumes DBM-val-bounded v u m n cnt 0 (i # j # vs) < 1
Vikecset(i#j#uvs)k>0—k<nAN@cuvec=k)
shows dbm-entry-val u (vo ©) (vo j) (len m i j vs)
proof —
show ?thesis
proof (cases V k € set vs. k > 0)
case True
with assms have «: V k € setvs. k> 0Nk <nA (3 c. ve=Ek)by
auto
show ?thesis
proof (cases i = 0)
case True
then have i: vo i = None by (simp add: vo-def)
show “thesis
proof (cases j = 0)
case True with assms «i = 0> show ?thesis by auto
next
case Fulse
with assms obtain ¢2 where c2: j < nwv c2 = jvoj= Some c2
unfolding vo-def by (fastforce intro: somel)
with <i = 0> i DBM-val-bounded-len-2'-auz[OF assms(2) - x| show
?thesis by auto
qed
next
case Fulse
with assms(4) obtain cI where c¢1: 7 < nwvcl = ivoi= Some cl
unfolding vo-def by (fastforce intro: somel)
show “thesis
proof (cases j = 0)
case True
with DBM-val-bounded-len-1"-auz[OF assms(2) - *] ¢l show ?thesis
by (auto simp: vo-def)
next
case Fulse
with assms obtain c¢2 where c2: j < nwv c2 = jvoj = Some c2
unfolding vo-def by (fastforce intro: somel)
with ¢1 DBM-val-bounded-len-3"-auxz| OF assms(2) - - x| show ?thesis
by auto
qed
qged
next
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case Fulse
then have 3 £ € set vs. kK = 0 by auto
then obtain us ws where vs: vs = us Q 0 # ws by (meson split-list-last)
with cnt-at-most-1-D[of 0 i # j # us ws| assms(3) have
0 ¢ setus 0 ¢ setwsi# 035 # 0
by auto
with vs have vs: vs = us Q 0 # wsV k € set us. k> 0V k € set ws.
k > 0 by auto
with assms(4) have v:
Vkesetus. 0 < kNk<nA(Fcvec=k) VkeEsetws. 0 < k Nk <
nA(Je ve=k)
by auto
from i # 0> <j # 0> assms obtain c1 c2 where
cl:i<nwvcl =ivoi=Somecl and c2: j <nvc2 =jvoj=
Some c2
unfolding vo-def by (fastforce intro: somel)
with dbm-entry-val-add-4 [OF DBM-val-bounded-len-1"-auz[OF assms(2)
- v(1)] DBM-val-bounded-len-2'-auz[OF assms(2) - v(2)]]
have dbm-entry-val u (Some c1) (Some ¢2) (dbm-add (len m (v ¢1) 0
us) (len m 0 (v ¢2) ws)) by auto
moreover from vs have len m (v ¢1) (v ¢2) vs = dbm-add (len m (v
cl) 0 us) (len m 0 (v c2) ws)
by (simp add: len-comp add)
ultimately show ?thesis using cI c2 by auto
qed
qed

lemma DBM-val-bounded-len-1: DBM-val-bounded v u m n — v ¢ < n
—Vcesetes.ve<n
= dbm-entry-val u (Some ¢) None (len m (v ¢) 0 (map v cs))
proof (induction cs arbitrary: c)
case Nil thus “case unfolding DBM-val-bounded-def by auto
next
case (Cons ¢’ ¢s)
hence dbm-entry-val u (Some ¢’) None (len m (v ¢’) 0 (map v cs)) by
auto
moreover have dbm-entry-val u (Some ¢) (Some ¢’) (m (v ¢) (v ¢'))
using Cons.prems
by (simp add: DBM-val-bounded-def)
ultimately have dbm-entry-val v (Some ¢) None (m (v ¢) (v ¢') + len
m (v ¢’y 0 (map v cs))
using dbm-entry-val-add-1 unfolding add by fastforce
thus “case unfolding DBM-val-bounded-def by simp
qged

20



lemma DBM-val-bounded-len-3: DBM-val-bounded v u m n =—> v ¢ < n
—vd<n=—=Vcec€setcs.vec<n
= dbm-entry-val u (Some c) (Some d) (len m (v ¢) (v d) (map v cs))
proof (induction cs arbitrary: c)
case Nil thus ?case unfolding DBM-val-bounded-def by auto
next
case (Cons ¢’ ¢s)
hence dbm-entry-val u (Some c) (Some d) (len m (v ¢') (v d) (map v
¢s)) by auto
moreover have dbm-entry-val u (Some c¢) (Some ¢’) (m (v ¢) (v ¢'))
using Cons.prems
by (simp add: DBM-val-bounded-def)
ultimately have dbm-entry-val u (Some ¢) (Some d) (m (v ¢) (v ¢') +
len m (v ') (vd) (map v cs))
using dbm-entry-val-add-3 unfolding add by fastforce
thus ?case unfolding DBM-val-bounded-def by simp
qed

lemma DBM-val-bounded-len-2: DBM-val-bounded v u m n — v ¢ < n
—Vcesetes.ve<n
= dbm-entry-val u None (Some ¢) (len m 0 (v ¢) (map v cs))
proof (cases cs, goal-cases)
case 1 thus ?thesis unfolding DBM-val-bounded-def by auto
next
case (2 ¢’ ¢s)
hence dbm-entry-val u (Some ¢’) (Some ¢) (len m (v ¢') (v ¢) (map v cs))
using DBM-val-bounded-len-3 by auto
moreover have dbm-entry-val u None (Some ¢’) (m 0 (v ¢))
using 2 by (simp add: DBM-val-bounded-def)
ultimately have dbm-entry-val u None (Some ¢) (m 0 (v ¢’) + len m (v
¢ (v ¢) (map v cs))
using dbm-entry-val-add-2 unfolding add by fastforce
thus ?case using 2(4) unfolding DBM-val-bounded-def by simp
qged

lemmas DBM-arith-defs = add neutral uminus
end
theory Paths-Cycles

imports Floyd-Warshall. Floyd- Warshall
begin
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2 Library for Paths, Arcs and Lengths

lemma length-eq-distinct:
assumes set xs = set ys distinct xs length xs = length ys
shows distinct ys

using assms card-distinct distinct-card by fastforce

2.1 Arcs

fun arcs :: nat = nat = nat list = (nat * nat) list where
arcs a b [| = [(a,b)] |
arcs a b (z # xs) = (a, x) # arcs ¢ b xs

definition arcs’ :: nat list = (nat * nat) set where
arcs’ s = set (arcs (hd zs) (last xzs) (butlast (tl zs)))

lemma arcs’-decomp:
length xs > 1 = (i, j) € arcs’ s = 3 zs ys. xs = 2s Q § # j # ys
proof (induction xs)
case Nil thus ?case by auto
next
case (Cons x xs)
then have length xs > 0 by auto
then obtain y ys where zs: s = y # ys by (metis Suc-length-conv
less-imp-Suc-add)
show Zcase
proof (cases (i, j) = (z, y))
case True
with zs have x # zs = [| Q i # j # ys by simp
then show ?thesis by auto
next
case Fulse
then show “thesis
proof (cases length ys > 0, goal-cases)
case 2
then have ys = [| by auto
then have arcs’ (z#zs) = {(z,y)} using zs by (auto simp add:
arcs’-def)
with Cons.prems(2) 2(1) show ?case by auto
next
case True
with zs Cons.prems(2) False have (i, j) € arcs’ zs by (auto simp
add: arcs'-def)
with Cons.IH[OF - this] True zs obtain zs ys where zs = zs @Q | #
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i # ys by auto
then have z # xzs = (z # 2s) Q i # j # ys by simp
then show ?thesis by blast
qged
qed
qged

lemma arcs-decomp-tail:
arcs j 1 (ys @Q [i]) = arcs j i ys @ [(4, 1)]
by (induction ys arbitrary: j) auto

lemma arcs-decomp: zs = ys Q y # zs = arcs x z s = arcs T y ys Q
arcs y z zs
by (induction ys arbitrary: © xs) simp+

lemma distinct-arcs-ex:
distinct xs = i ¢ setxs = xs # [| = 3 a b. a # = A (a,b) € set (arcs
ijxs)
apply (induction xs arbitrary: i)
apply simp
subgoal for a xs i
apply (cases zs)
apply (simp, metis)
by auto
done

lemma cycle-rotate-2-aux:

(7, j) € set (arcs a b (zs Q [c])) = (i,j) # (¢,b) = (4, j) € set (arcs a
c s)
by (induction xs arbitrary: a) auto

lemma arcs-set-elem1:

assumes j # k k € set (i # xs)

shows 3 . (k, [) € set (arcs i j xs) using assms
by (induction xs arbitrary: i) auto

lemma arcs-set-elem2:

assumes i # k k € set (j # ws)

shows 3 1. (I, k) € set (arcs i j xs) using assms
proof (induction xs arbitrary: i)

case Nil then show ?Zcase by simp
next

case (Cons x zs)

then show ?Zcase by (cases k = x) auto
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qed

2.2 Length of Paths

lemmas (in linordered-ab-monoid-add) comm = add.commute

lemma len-add:

fixes M :: ('a :: linordered-ab-monoid-add) mat

shows len M ijxs + len Mijazs =1len (Nij. Mij+ Mij)ijus
proof (induction xs arbitrary: i j)

case Nil thus “case by auto
next

case (Cons x zs)

have Miz +len Mz jas+ (Miz + len Mz jus)=Miz + (len Mz
jxs+ Mix)+ len M xjxs

by (simp add: add.assoc)

alsohave ... =Mixz + (Mixz + len M xjxs) + len Mz j zs by (simp
add: comm,)
also have ... = (M iz + Miz) + (len Mz j zs + len M z j xs) by

(simp add: add.assoc)
finally have M iz + len Mz jas + (M iz + len M z j xs)
=(Miz+ Mix)+len(Nij Mij+ Mij)xzjas
using Cons by simp
thus “case by simp
ged

2.3 Cycle Rotation

lemma cycle-rotate:

fixes M :: ('a :: linordered-ab-monoid-add) mat

assumes length s > 1 (i, j) € arcs’ zs

shows 3 ys zs. len Maaxs=1len Mii (j# ys Q a # 25) N zs = zs @Q
1 # j # ys using assms
proof —

assume A: length s > 1 (i, j) € arcs’ xs

from arcs’-decomp|OF this] obtain ys zs where zs: xs = zs Q { # j #
ys by blast

from len-decomp|OF this, of M a a]

have len M a a s = len M a i zs + len M ia (j # ys) .

also have ... =len M i a (j # ys) + len M a i zs by (simp add: comm)

also from len-complof M iij # ys a zs) have ... =len M ii (j # ys @
a # zs) by auto

finally show ?thesis using zs by auto
qed
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lemma cycle-rotate-2:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes zs # || (i, j) € set (arcs a a xs)
shows 3 ys. len M a a xs = len M i1 (j # ys) A set ys C set (a # xs)
A length ys < length xs
using assms proof —
assume A:xs # || (¢, j) € set (arcs a a xs)
{ fix ys assume A:a = i xs = j # ys
then have ?thesis by auto
} note x = this
{ fix b ys assume A: a = j xs = ys Q [{]
have len M jj (ys@Q [i]) = Mij+ len Mjiuys
using len-decomplof ys Q [i] ys i [| M j j] by (auto simp: comm)
with A have ?thesis
by auto
} note xx = this
{ assume length xs = 1
then obtain b where zs: zs = [b] by (metis One-nat-def length-0-conv
length-Suc-conv)
with A(2) have a =i Ab=3jV a=j A b=1iby auto
then have ?thesis using * xx xs by auto
} note xxx = this
show “thesis
proof (cases length xs = 0)
case True with A show ?thesis by auto
next
case Fulse
thus ?thesis
proof (cases length ts = 1, goal-cases)
case True with *xxx show ?thesis by auto
next
case 2
hence length xs > 1 by linarith
then obtain b ¢ ys where ys:zs = b # ys @Q []
by (metis One-nat-def assms(1) 2(2) length-0-conv length-Cons list.exhaust
rev-exhaust)
thus ?thesis
proof (cases (i,j) = (a,b), goal-cases)
case True
with ys x show ?thesis by auto
next
case False
then show “thesis
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proof (cases (i,j) = (c,a), goal-cases)
case True
with ys xx show ?thesis by auto
next
case 2
with A(2) ys have (i, j) € arcs’ zs
using cycle-rotate-2-auz by (auto simp: arcs’-def)
from cycle-rotate] OF <length zs > 1) this, of M a] show ?thesis
by auto
qed
qed
qed
qed
qed

lemma cycle-rotate-len-arcs:

fixes M :: ('a :: linordered-ab-monoid-add) mat

assumes length s > 1 (i, j) € arcs’ zs

shows 3 ys zs. len M a a xs = len Mii (j # ys Q a # 2s5)

A set (arcs a a zs) = set (arcs i (j # ys Q a # zs)) N zs =

zs Qi # j # ys
using assms
proof —

assume A: length zs > 1 (i, j) € arcs’ zs

from arcs’-decomp|OF this| obtain ys zs where zs: s = 25 Q ¢ # j #
ys by blast

from len-decomp|OF this, of M a al

have len M a a xs = len M a i zs + len M ia (j # ys) .

also have ... =len M i a (j # ys) + len M a i zs by (simp add: comm)

also from len-complof M iij # ys a zs) have ... =len Mii (j # ys Q
a # zs) by auto

finally show ?thesis

using zs arcs-decomp[OF zs, of a a] arcs-decomplof j # ys Q a # zs j #
ys a zs i 1| by force
qged

lemma cycle-rotate-2":
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes zs # || (i, j) € set (arcs a a xs)
shows 3 ys. len M a a zs = len M i1 (j # ys) N\ set (i # j # ys) = set
(a # xs)
A 1 + length ys = length zs N set (arcs a a xs) = set (arcs © 4 (j
# ys))

proof —
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note A = assms
{ fix ys assume A:a = i xs = j # ys
then have ?thesis by auto
} note x = this
{ fix b ys assume A:a = j zs = ys Q [{]
have len M jj (ys@Q [i]) = Mij+ len Mjiuys
using len-decomplof ys Q [i] ys i [| M j j] by (auto simp: comm)
moreover have arcs j j (ys Q [i]) = ares j ¢ ys Q [(4, j)] using
arcs-decomp-tail by auto
ultimately have ?thesis using A by auto
} note xx = this
{ assume length zs = 1
then obtain b where xs: zs = [b] by (metis One-nat-def length-0-conv
length-Suc-conv)
with A(2) have a =i A b=jV a=jAb=1iby auto
then have ?thesis using * x* zs by auto
} note xxx = this
show ?thesis
proof (cases length zs = 0)
case True with A show ?thesis by auto
next
case Fulse
thus ?thesis
proof (cases length xs = 1, goal-cases)
case True with *xxx show ?thesis by auto
next
case 2
hence length xs > 1 by linarith
then obtain b ¢ ys where ys:zs = b # ys Q [(]
by (metis One-nat-def assms(1) 2(2) length-0-conv length-Cons list.exhaust
rev-exhaust)
thus ?thesis
proof (cases (i,j) = (a,b))
case True
with ys x show ?thesis by blast
next
case Fulse
then show “thesis
proof (cases (i,j) = (c,a), goal-cases)
case True
with ys xx show %thesis by force
next
case 2
with A(2) ys have (i, j) € arcs’ zs
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using cycle-rotate-2-auz by (auto simp add: arcs’-def)

from cycle-rotate-len-arcs|OF <length xs > 1) this, of M a] show
?thesis by auto

qed
qed
qged
qed

qed

2.4 More on Cycle-Freeness

lemma cyc-free-diag-dest:
assumes cyc-free M n i < n set zs C {0..n}
shows len M i7{xs > 0

using assms by auto

lemma cycle-free-0-0:
fixes M :: ('a::linordered-ab-monoid-add) mat
assumes cycle-free M n
shows M 00 > 0
using cyc-free-diag-dest|OF cycle-free-diag-dest| OF assms], of 0 [|] by auto

2.5 Helper Lemmas for Bouyer’s Theorem on Approxima-
tion

lemma aquzl: i <n=j<n= setas C {0..n} = (a,b) € set (arcs i
jrzs) = a<nAb<n
by (induction xs arbitrary: i) auto

lemma arcs-distinct1:

i ¢ set s => j ¢ set xs = distinct s = xs # [| = (a,b) € set (arcs
ijxs) = a#b

apply (induction xs arbitrary: i)

apply fastforce

subgoal for a’ xs i

by (cases zs) auto
done

lemma arcs-distinct2:
i ¢ set xs = j ¢ set xs = distinct xs = i # j = (a,b) € set (arcs i
jrs) = a #£b

by (induction xs arbitrary: i) auto

lemma arcs-distinct3: distinct (a # b # ¢ # zs) = (i,j) € set (arcs a b
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xS) =i # cNj#c
by (induction zs arbitrary: a) force+

lemma arcs-elem:

assumes (a, b) € set (arcs i j xs) shows a € set (i # xs) b € set (j #
xs)
using assms by (induction xs arbitrary: i) auto

lemma arcs-distinct-dest1:
distinct (i # a # zs) = (b,c) € set (arcs a j zs) = b # i
using arcs-elem by fastforce

lemma arcs-distinct-fiz:
distinct (a # = # zs Q [b]) = (a,c) € set (arcs a b (v # xs)) = c ==
using arcs-elem(1) by fastforce

lemma disjE3: AV BV ( = (A—= () = (B= () = (C = G)
= @G
by auto

lemma arcs-predecessor:

assumes (a, b) € set (arcs i j xs) a # 1

shows 3 c. (¢, a) € set (arcs i j zs) using assms
by (induction xs arbitrary: i) auto

lemma arcs-successor:
assumes (a, b) € set (arcs i jxs) b # j
shows 3 c. (b,c) € set (arcs i j xs) using assms
apply (induction xs arbitrary: i)
apply simp
subgoal for aa zs i
by (cases xs) auto
done

lemma arcs-predecessor’:
assumes (a, b) € set (arcs i j (x # xs)) (a,b) # (i, x)
shows 3 c. (¢, a) € set (arcs i j (x # xs)) using assms
by (induction xs arbitrary: i x) auto

lemma arcs-cases:
assumes (a, b) € set (arcs i j xs) xs # []
shows (3 ys. zs =b# ys Aa=1)V (I ys. zs = ys Q [a] A b = j)
V(3 cdys. (a,b) € set (arcs ¢ d ys) N xs = ¢ # ys Q [d])
using assms
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proof (induction xs arbitrary: 7)
case Nil then show ?case by auto
next
case (Cons x xs)
show Zcase
proof (cases (a, b) = (i, x))
case True
with Cons.prems show ?thesis by auto
next
case Fulse
note F' = this
show ?thesis
proof (cases xs = [])
case True
with F' Cons.prems show ?thesis by auto
next
case Fulse
from F Cons.prems have (a, b) € set (arcs x j xs) by auto
from Cons.IH[OF this False] have
(Fys.as=b# ysNa=2x)V (Jys. zs = ys Q [a] A b= j)
V (e dys. (a, b) € set (arcs ¢ d ys) N zs = ¢ # ys Q [d])

then show ?thesis

proof (rule disjE3, goal-cases)
case 1
from I obtain ys where x: zs = b # ys A a = = by auto
show ?thesis

proof (cases ys = [])

case True

with * show ?thesis by auto
next

case Fulse

then obtain z zs where zs: ys = zs @Q [z] by (metis ap-
pend-butlast-last-id)
with x show ?thesis by auto
qed
next
case 2 then show ?case by auto
next
case 3 with Fualse show ?case by auto
qed
ged
qed
qged
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lemma arcs-cases”:
assumes (a, b) € set (arcs i j xs) xs # ||
shows (3 ys.zs =b# ysNa=1i)V (I ys.zs =ys Q [a] A b=j)V
(3 ys zs. s = ys Q a # b # 25)
using assms
proof (induction xs arbitrary: i)
case Nil then show ?case by auto
next
case (Cons x zs)
show Zcase
proof (cases (a, b) = (i, x))
case True
with Cons.prems show ?thesis by auto
next
case Fulse
note F' = this
show ?thesis
proof (cases xs = [])
case True
with F' Cons.prems show ?thesis by auto
next
case Fulse
from F Cons.prems have (a, b) € set (arcs x j xs) by auto
from Cons.IH[OF this False] have
(Fys.azs=b# ys Na=2z)V (Jys. zs = ys Q [a] A b = j)
V (Jys zs. xs = ys Q a # b # zs)

then show ?thesis

proof (rule disjES3, goal-cases)
case |
from 1 obtain ys where x: zs = b # ys A a = z by auto
show ?thesis

proof (cases ys = [])

case True

with * show ?thesis by auto
next

case Fulse

then obtain z zs where zs: ys = zs Q [z] by (metis ap-
pend-butlast-last-id)
with * show ?thesis by auto
qed
next
case 2 then show ?case by auto
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next
case 3
then obtain ys zs where zs = ys @Q a # b # zs by auto
then have z # zs = (z # ys) Q a # b # zs by auto
then show ?thesis by blast

qed

qed
qed
ged

lemma arcs-successor’:
assumes (a, b) € set (arcs i jzs) b # j
shows 3 c.as=[b)|ANa=iV (T yssas=bH# cH# ysNa=1) V(I ys.
zs = ys Q [a,b] A ¢ = j)
V(T yszs.xs =ys Q a # b # c# zs)
using assms
proof (induction xs arbitrary: i)
case Nil then show ?case by auto
next
case (Cons x zs)
show ?case
proof (cases (a, b) = (i, x))
case True
with Cons.prems show ?thesis by (cases zs) auto
next
case Fulse
note F = this
show ?thesis
proof (cases zs = [])
case True
with F' Cons.prems show ?thesis by auto
next
case Fulse
from F' Cons.prems have (a, b) € set (arcs x j xs) by auto
from Cons.IH[OF this <b # j>] obtain ¢ where c:
zs=[bNa=zV 3Bys.as=b# cH# ysNa=2z)V (Jys. zs =
ys @ [a, b] A ¢ = j)
V (Jys zs. xs = ys Q a # b # ¢ # zs)

then show ?thesis
proof (standard, goal-cases)

case | with Cons.prems show ?case by auto
next

case 2
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then show ?thesis

proof (rule disjE3, goal-cases)
case 1
from ! obtain ys where *: zs = b # ys A a = z by auto
show ?thesis

proof (cases ys = [])

case True

with * show ?thesis by auto
next

case Fulse

then obtain z zs where zs: ys = z # zs by (cases ys) auto
with *x show ?thesis by fastforce
qed
next
case 2 then show ?case by auto
next
case 3
then obtain ys zs where zs = ys Q a # b # ¢ # zs by auto
then have © # xs = (z # ys) Q a # b # ¢ # zs by auto
then show ?thesis by blast
qed
qged
qed
qed
qed

lemma list-last:
zs =[]V (3 yys zs = ys Q[y])
by (induction xs) auto

lemma arcs-predecessor’”:
assumes (a, b) € set (arcs i j xzs) a # i
shows 3 c. zs = [a] V (T ys. zs = a # b # ys) V (3 ys. zs = ys Q [c,a]
Ab =)
V(3 yszs.xs =ys Q c # a # b # zs)
using assms
proof (induction xs arbitrary: 7)
case Nil then show ?case by auto
next
case (Cons x zs)
show “case
proof (cases (a, b) = (i, x))
case True
with Cons.prems show ?thesis by (cases xs) auto
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next
case Fulse
note F' = this
show ?thesis
proof (cases zs = [])
case True
with F' Cons.prems show ?thesis by auto
next
case Fulse
from F' Cons.prems have *: (a, b) € set (arcs z j xs) by auto
from Fulse obtain y ys where zs: zs = y # ys by (cases zs) auto
show “thesis
proof (cases (a,b) = (z,y))
case True with *x xs show ?thesis by auto
next
case Fulse
with % xs have *x: (a, b) € set (arcs y j ys) by auto
show ?thesis
proof (cases ys = [])
case True with xx zs show ?thesis by force
next
case Fulse
from arcs-cases’{OF xx this] obtain ws zs where xxx:
ys=bH# wsNa=yVys=wsQla] Nb=jV ys=wsQa#
b # zs
by auto
then show “thesis
proof (elim disjE, goal-cases)
case I
then show ?case using zs by blast
next
case 2
then have Jy ys. ws = ys @Q [y] if ws # []
using list-last[of ws| that by fastforce
with 2 show “case
using zs by (cases ws = []) auto
next
case 3
then have x # xzs = [z] Q y # a # b # zs if ws = ||
using that by (simp add: zs)
with & show “case
apply (cases ws = [])
apply blast
by (metis append.left-neutral append-Cons append-assoc list-last
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xs)
qed
qed
qed
qed
qed
qed

lemma arcs-ex-middle:
3 b. (a, b) € set (arcsij (ys Q a # xs))
by (induction xs arbitrary: i ys) (auto simp: arcs-decomp)

lemma arcs-ex-head:
3 b. (i, b) € set (ares i j xs)
by (cases zs) auto

2.5.1 Successive

fun successive where

successive - [| = True |

successive P [-] = True |

successive P (x # y # xs) «— — P y A successive P zs V = P x A
successive P (y # xs)

lemma — successive (A x. x > (0 :: nat)) [Suc 0, Suc 0] by simp
lemma successive (A z. z > (0 :: nat)) [Suc 0] by simp

lemma successive (A z. © > (0 :: nat)) [Suc 0, 0, Suc 0] by simp
lemma — successive (A z. z > (0 :: nat)) [Suc 0, 0, Suc 0, Suc 0] by simp

lemma — successive (A z. x > (0 :: nat)) [Suc 0, 0, 0, Suc 0, Suc 0] by
simp

lemma successive (A z. x > (0 = nat)) [Suc 0, 0, Suc 0, 0, Suc 0] by simp
lemma — successive (A z. x > (0 :: nat)) [Suc 0, Suc 0, 0, Suc 0] by simp
lemma successive (A z. z > (0 = nat)) [0, 0, Suc 0, 0] by simp

lemma successive-step: successive P (x # xs) = - P x = successive P
xs
apply (cases zs)
apply simp
subgoal for y ys
by (cases ys) auto
done

lemma successive-step-2: successive P (x # y # zs) = - P y = suc-
cessive P xs
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apply (cases zs)
apply simp
subgoal for z zs

by (cases zs) auto
done

lemma successive-stepl:
successive P xs = = P © = successive P (x # xs)
by (cases zs) auto

lemmas list-two-induct|case-names Nil Single Cons| = induct-list012

lemma successive-end-1:
successive P s = = P x = successive P (zs Q [z])
by (induction - xs rule: list-two-induct) auto

lemma successive-ends-1:
successive P xs => = P 1 = successive P ys => successive P (zs Q x

# ys)

by (induction - zs rule: list-two-induct) (fastforce intro: successive-stepl)+

lemma successive-ends-1":

successive P xs = - Px =— Py = — P z = successive P ys —
successive P (zs Q © # y # 2z # ys)
by (induction - zs rule: list-two-induct) (fastforce intro: successive-stepl )+

lemma successive-end-2:
successive P s = = P x = successive P (zs Q [z,y])
by (induction - zs rule: list-two-induct) auto

lemma successive-end-2":
successive P (zs Q [z]) = = P x = successive P (zs Q [z,y])
by (induction - zs rule: list-two-induct) auto

lemma successive-end-3:
successive P (zs Q [z]) = - Pz = P y = - P z = successive P
(zs @ [z,y,2])

by (induction - zs rule: list-two-induct) auto
lemma successive-step-rev:
successive P (zs Q [z]) = = P x = successive P xs

by (induction - zs rule: list-two-induct) auto

lemma successive-glue:
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successive P (zs Q [z]) = successive P (x # xs) = - PzV -~ Pz —
successive P (zs Q [z] @ z # xs)
proof goal-cases
case A: 1
show ?thesis
proof (cases P 1)
case Fulse
with A(1,2) successive-ends-1 successive-step show ?thesis by fastforce
next
case True
with A(1,3) successive-step-rev have — P z successive P zs by fastforce+
with A(2) successive-ends-1 show ?thesis by fastforce
qed
qed

lemma successive-glue”:

successive P (zs Q [y]) A = P z \V successive P zs N = Py

= successive P (z # xs) N = P w V successive P xs N = P x

= = P2zV — Pw= successive P (zs Q y # 2z # w # x # xs)
by (metis append-Cons append-Nil successive.simps(3) successive-ends-1 suc-
cessive-glue successive-stepl)

lemma successive-dest-head:

s = w # ¢ # ys = successive P 1s = successive P (z # zs) N = P w
V successtve P xs N = Pz
by auto

lemma successive-dest-tail:
rs = zs Q [y,z] = successive P xs
= successive P (zs Q [y]) A = P z V successive P zs N = Py
apply (induction - zs arbitrary: zs rule: list-two-induct)
apply simp+
subgoal for - - - zs
apply (cases zs)
apply simp
subgoal for - ws
by (cases ws) auto
done
done

lemma successive-split:
xs = ys Q zs = successive P xs = successive P ys N\ successive P zs
apply (induction - zs arbitrary: ys rule: list-two-induct)
apply simp
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subgoal for - ys
by (cases ys; simp)
subgoal for - - - ys
apply (cases ys; simp)
subgoal for list
by (cases list) (auto intro: successive-stepl)
done
done

lemma successive-decomp:

s = ¢ # ys Q zs Q [z2] = successive P xs = - Pz V = P z =
successive P (zs Q [z] @Q (z # ys))
by (metis Cons-eq-appendl successive-glue successive-split)

lemma successive-predecessor:
assumes (a, b) € set (arcs i j xs) a # i successive P (arcs i j zs) P (a,b)
s # ||
shows 3 ¢. (zs = [a] A ¢
ys. s = ys Q [c,a] A b = j)
V(3 yszs.os=ysQc# a# b# zs)) A= P (ca)
proof —
from arcs-predecessor’|OF assms(1,2)] obtain ¢ where c:
xs =la] V (Jys. xs = a # b# ys) V (Fys. s = ys Q [c, a] A b = j)
V (Fys zs. xs =ys Q ¢ # a # b # zs)
by auto
then show ?thesis
proof (safe, goal-cases)
case I
with assms have arcs i j zs = [(i, a), (a, j)] by auto
with assms have = P (i, a) by auto
with 1 show ?case by simp
next
case 2
with assms have = P (i, a) by fastforce
with 2 show ?case by auto
next
case 3
with assms have = P (¢, a) using arcs-decomp successive-dest-tail by
fastforce
with 8 show ?case by auto
next
case /
with assms(3,4) have — P (¢, a) using arcs-decomp successive-split
by fastforce

=iV 3ysazs=a#bH#ysNc=1) V(3
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with / show ?case by auto
qed
qed

lemma successive-successor:
assumes (a, b) € set (arcs i j xs) b # j successive P (arcs i j xs) P (a,b)
w5 # |
shows 3 c. (zs =[] AN c=3V (T ys.as=bF# c# ys) V (I ys. s = ys
Q [a,b] A ¢ =7)
V(3 yszs.zs=ysQa# b# c# 25)) A= P (bye)
proof —
from arcs-successor’|OF assms(1,2)] obtain ¢ where c:
zs=[b]ANa=iV Fys.as=b# cH#H ysNa=1)V (Jys. zs = ys Q
[0, 8 A e =)
V (Fys zs. xs =ys Q a # b # c # z2s)

then show ?thesis
proof (safe, goal-cases)
case |
with assms(1,2) have arcs i j zs = [(a,b), (b,j)] by auto
with assms have = P (b,j) by auto
with 7 show ?case by simp
next
case 2
with assms have = P (b, ¢) by fastforce
with 2 show ?case by auto
next
case 3
with assms have = P (b, ¢) using arcs-decomp successive-dest-tail by
fastforce
with 8 show ?case by auto
next
case /
with assms(3,4) have = P (b, ¢) using arcs-decomp successive-split by
fastforce
with 4 show ?case by auto
qed
qed

lemmas add-mono-right = add-mono|OF order-refl]
lemmas add-mono-left = add-mono[OF - order-refi]

Obtaining successive and distinct paths lemma canonical-successive:
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fixes A B
defines M = X\ i j. min (A ij) (Bij)
assumes canonical A n
assumes set zs C {0..n}
assumes 1 < nj<n
shows 3 ys. len M i jys < len M ijas A set ys C {0..n}
A successive (A (a, b). M a b= A ab) (arcs ijys)
using assms
proof (induction xs arbitrary: i rule: list-two-induct)
case Nil show Zcase by fastforce
next
case 2: (Single x 1)
show ?Zcase
proof (cases Mix=Aix AN Mxj=Axj)
case Fulse
then have successive (A(a, b). M a b = A a b) (arcs i j [z]) by auto
with 2 show ?thesis by blast
next
case True
with 2 have M i j < M iz + M z j unfolding min-def by fastforce
with 2(3—) show ?thesis apply simp apply (rule exI[where z = []])
by auto
qed
next
case 3: (Cons x y s 1)
show ?Zcase
proof (cases M iy < Mix + M xy, goal-cases)
case I
from & obtain ys where
len Mijys <len Mij(y# xs) A\ set ys C {0..n}
A successive (Aa. case a of (a, b)) = M a b= A ab) (arcs i j ys)
by fastforce
moreover from 1 have len M ij (y # zs) < len M ij (z # y # xs)
using add-mono by (auto simp: add.assoc[symmetric])
ultimately show ?case by force
next
case Fulse
{assume Miz=AizMzxy=Azxy
with 3(3—) have A iy < M iz + M z y by auto
then have M iy < M ix + M x y unfolding M-def min-def by auto
} note x = this
with Fualse have M iz # AixV Mz y # A zy by auto
then show ?thesis
proof (standard, goal-cases)
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case |
from 3 obtain ys where ys:
len Mxjys <len Mzj (y# xs) set ys C {0..n}
successive (Aa. case a of (a, b) = M a b= A ab) (arcs z j ys)
by force+
from 1 successive-stepl[OF ys(3), of (i, z)] have
successive (Aa. case a of (a, b) = Mab= A ab) (arcsij (x # ys))
by auto
moreover have len M i j (z # ys) < len M i j (z # y # xs) using
add-mono-right[ OF ys(1)]
by auto
ultimately show ?case using 3(5) ys(2) by fastforce
next
case 2
from & obtain ys where ys:
len My jys < len My jaxs set ys C {0..n}
successive (Aa. case a of (a, b) = M a b= A ab) (arcs yjys)
by force+
from this(3) 2 have
successive (Aa. case a of (a, b)) = Mab=Aab) (arcsij(z#y
# ys))
by simp
moreover from add-mono-right[OF ys(1)] have
len Mij(zx# y# ys) <lenMij(z#y# xs)
by (auto simp: add.assoc[symmetric])
ultimately show ?thesis using ys(2) 3(5) by fastforce
qed
qed
qed

lemma canonical-successive-distinct:
fixes A B
defines M = \ i j. min (A ij) (Bij)
assumes canonical A n
assumes set zs C {0..n}
assumes 1 < nj<n
assumes distinct zs i ¢ set xs j ¢ set xs
shows 3 ys. len M ijys < len M ijzs N\ set ys C set xs
A successive (A (a, b). M a b= A ab) (arcs ijys)
A distinct ys N\ i ¢ set ys \ j & set ys
using assms
proof (induction xs arbitrary: i rule: list-two-induct)
case Nil show ?case by fastforce
next
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case 2: (Single x 1)
show ?Zcase
proof (cases Mix =Aix AN Mxj=Axj)
case Fulse
then have successive (A(a, b). M a b = A a b) (arcs i j [z]) by auto
with 2 show ?thesis by blast
next
case True
with 2 have M i j < M iz + M z j unfolding min-def by fastforce
with 2(3—) show ?thesis apply simp apply (rule exI[where z = []])
by auto
qed
next
case 3: (Cons x y s 1)
show Zcase
proof (cases Miy < Mix + Mz y)
case 1: True
from 3(2)[OF 3(3,4)] 3(5—10) obtain ys where ys:
len Mijuys <len Mij(y# xzs) set ys C set (x # y # xs)
successive (Aa. case a of (a, b) = M ab= A ab) (arcs i jys)
distinct ys N\ i@ ¢ set ys A\ j & set ys
by fastforce
moreover from 1 have len M ij (y # zs) < len M ij (z # y # xs)
using add-mono by (auto simp: add.assoc[symmetric])
ultimately have len M ijys < len M ij (x # y # zs) by auto
then show ?thesis using ys(2—) by blast
next
case Fulse
{assume Miz=AizMzxy=Azxy
with 3(3—) have A iy < M iz + Mz y by auto
then have M iy < M ix + M x y unfolding M-def min-def by auto
} note x = this
with Fualse have Mix # AixV Mxy # A zy by auto
then show ?Zthesis
proof (standard, goal-cases)
case I
from 3(2)[OF 3(3,4)] 3(5—10) obtain ys where ys:
len M xjys <len Mxzj (y# xs) set ys C set (y # zs)
successive (Aa. case a of (a, b) = M a b= A ab) (arcs x j ys)
distinct ys i ¢ set ys x ¢ set ys j ¢ set ys
by fastforce
from 1 successive-stepI[OF ys(3), of (i, )] have
successive (Aa. case a of (a, b)) = Mab= A ab) (arcsij (x # ys))
by auto
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moreover have len M i j (z # ys) < len M i j (z # y # xs) using
add-mono-right|OF ys(1)]
by auto
moreover have distinct (x # ys) i ¢ set (x # ys) j ¢ set (z # ys)
using ys(4—) 3(8—)
by auto
moreover from ys(2) have set (z # ys) C set (¢ # y # xs) by auto
ultimately show ?case by fastforce
next
case 2
from 3(1)[OF 3(3,4)] 3(5—) obtain ys where ys:
len My jys <len My juxs set ys C set xs
successive (Aa. case a of (a, b)) = M ab= A ab) (arcs y j ys)
distinct ys j & set ys y ¢ set ys i ¢ set ys x ¢ set ys
by fastforce
from this(3) 2 have
successive (Aa. case a of (a, b)) = Mab=Aab) (arcsij(z#y
# ys))
by simp
moreover from add-mono-right|OF ys(1)] have
len Mij (x# y# ys) <len Mij(x# y# xs)
by (auto simp: add.assoc[symmetric])
moreover have distinct (z # y # ys) i@ ¢ set (v # y # ys) j ¢ set
(x # y # ys)
using ys(4—) 3(8—) by auto
ultimately show ?thesis using ys(2) by fastforce
qed
qed
qed

lemma successive-snd-last: successive P (xs Q [z, y]) = Py = - Pz
by (induction - xs rule: list-two-induct) auto

lemma canonical-shorten-rotate-neg-cycle:

fixes A B

defines M = X i j. min (A ij) (Bij)

assumes canonical A n

assumes set zs C {0..n}

assumes i < n

assumes len M ¢ i xs < 0

shows 3 jys. len Mjjys < 0 N set (j # s) C se
A successive (A (a, b). Mab=Aa
A distinct ys N j & set ys A
(ys £ [ — Mj (hd ys) # A j (hd ys) v M (last ys) j # A

set (i # xs)
b) (ares j j ys)
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(last ys) j)
using assms
proof —
note A = assms
from negative-len-shortest[OF - A(5)] obtain j ys where ys:
distinct (j # ys) len M jjys < 0] € set (i # xs) set ys C set s
by blast
from this(1,3) canonical-successive-distinct| OF A(2) subset-trans|OF this(4)
A(3)], of 1 B] A(3,4)
obtain zs where zs:
len Mjjzs <len Mjjys
set zs C set ys successive (A(a, b). M a b= A ab) (arcsjj z2s)
distinct zs j ¢ set zs
by (force simp: M-def)
show ?thesis
proof (cases zs = [])
assume zs # |]
then obtain w ws where ws: zs = w # ws by (cases zs) auto
show ?thesis
proof (cases ws = [])
case False
then obtain u us where us: ws = us @ [u] by (induction ws) auto
show ?thesis
proof (cases Mjw=Ajw AN Muj= A uj)
case True
have u < nj < nw < n using us ws z5(2) ys(3,4) A(3,4) by auto
with A(2) True have M v w < M u j + M j w unfolding M-def
min-def by fastforce
then have
len M uu (w# us) < len Mjjzs
using ws us by (simp add: len-comp comm) (auto intro: add-mono
simp: add.assoc[symmetric])
moreover have set (u # w # us) C set (i # xs) using ws us zs(2)
ys(3,4) by auto
moreover have distinct (w # us) u ¢ set (w # us) using ws us
2s(4) by auto
moreover have successive (A(a, b). M a b= A ab) (arcs u u (w #
us))
proof (cases us)
case Nil
with zs(3) ws us True show ?thesis by auto
next
case (Cons v vs)
with zs5(3) ws us True have M w v # A w v by auto
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with ws us Cons zs(3) True arcs-decomp-tail successive-split show
?thesis by (simp, blast)

qed
moreover have M (last (w # us)) u # A (last (w # us)) u
proof (cases us = [])

case 1 True
with zs5(3) ws us True show ?thesis by auto
next
case Fulse
then obtain v vs where vs: us = vs @ [v] by (induction us) auto
with ws us have arcs jj zs = arcs jv (w # vs) Q [(v, u), (u,j)]
by (simp add: arcs-decomp)
with zs(3) True have M vu # A v u
using successive-snd-last[of A(a, b). M a b= A abarcsjv (w #
vs)] by auto
with vs show ?thesis by simp
qed
ultimately show ?thesis using zs(1) ys(2)
by (intro exI[where z = u|, intro exl[where x = w # us]) fastforce
next
case Fulse
with zs ws us ys show ?thesis by (intro exl[where z = j|, intro
exI[where = = zs]) auto
qed
next
case True
with True ws zs ys show ?thesis by (intro exl[where x = j|, intro
exlI[where z = zs]) fastforce
qed
next
case True
with ys zs show ?thesis by (intro exl[where = = j|, intro exI[where
z = zs]) fastforce
qed
qged

lemma successive-arcs-extend-last:
successive P (arcs i j xs) = — P (i, hd zs) V = P (last zs, j) = x5 # |
= successive P (arcs 1 j xs Q [(4, hd zs)])
proof —
assume al: = P (i, hd xs) V = P (last xs, j)
assume a2: successive P (arcs i j xs)
assume a3: xs # ||

45



then have f/: = P (last zs, j) — successive P (arcs i (last zs) (butlast
as))
using a2 by (metis (no-types) append-butlast-last-id arcs-decomp-tail
successive-step-rev)
have f5: arcs i j xs = arcs i (last xs) (butlast xs) Q [(last s, j)]
using a3 by (metis (no-types) append-butlast-last-id arcs-decomp-tail)
have ([] @ arcs i j zs @Q [(4, hd xs)]) Q [(i, hd xs)] = arcs i j xs Q [(4, hd
zs), (i, hd zs)]
by simp
then have P (last xs, j) — successive P (arcs i j xs @ [(i, hd zs)])
using a2 al by (metis (no-types) self-append-conv2 successive-end-2
successive-step-rev)
then show ?thesis
using f5 f4 successive-end-2 by fastforce
qed

lemma cycle-rotate-arcs:

fixes M :: ('a :: linordered-ab-monoid-add) mat

assumes length xs > 1 (i, j) € arcs’ xs

shows 3 ys zs. set (arcs a a xs) = set (arcs i1 (j # ys Q a # zs)) N xs
= 28 Q { # j # ys using assms
proof —

assume A: length xs > 1 (i, j) € arcs’ xs

from arcs’-decomp|OF this] obtain ys zs where zs: zs = zs Q { # j #
ys by blast

with arcs-decomp|OF this, of a a] arcs-decomplof j # ys Q a # zsj # ys
a zs i i

show ?thesis by force
qed

lemma cycle-rotate-len-arcs-successive:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes length zs > 1 (i, j) € arcs’ zs successive P (arcs a a zs) = P
(a, hd xs) V = P (last zs, a)
shows 3 ys zs. len M a a xzs = len M ii (j # ys Q a # zs)
A set (arcs a a zs) = set (arcs i1 (j # ys Q a # zs)) A\ zs =
28 Q¢ # j# ys
A successive P (arcs i1 (j # ys Q a # zs))
using assms
proof —
note A = assms
from arcs’-decomp|OF A(1,2)] obtain ys zs where zs: s = 25 Q ¢ # j
# ys by blast
note arcs! = arcs-decomp|OF zs, of a a]

46



note arcs2 = arcs-decomplof j # ys Q a # zsj # ys a 28 1 1]
have x:successive P (arcs i i (j # ys Q a # zs))
proof (cases ys = [])
case True
show ?thesis
proof (cases zs)
case Nil
with A(3,4) xs True show ?thesis by auto
next
case (Cons z zs')
with True arcs2 A(3,4) xs show ?thesis apply simp
by (metis arcs.simps(1,2) arcsl successive.simps(3) successive-split
successive-step)
qed
next
case Fulse
then obtain y ys’ where ys: ys = ys’ @ [y] by (metis append-butlast-last-id)
show ?thesis
proof (cases zs)
case Nil
with A(3,4) zs ys have
= P (a, i) V = P (y, a) successive P (arcs a a (i # j # ys' Q [y]))
by simp+
from successive-decomp[OF - this(2,1)] show ?thesis using ys Nil
arcs-decomp by fastforce
next
case (Cons z zs')
with A(3,4) xs ys have
= P (a, 2) V- P (y, a) successive P (arcs a a (z # zs' Q { # j #
y5' @ [3))
by simp+
from successive-decomp|OF' - this(2,1)] show ?thesis using ys Cons
arcs-decomp by fastforce
qed
qed
from len-decomp|OF zs, of M a a] have len M a a s = len M a i zs +
len Mia (j# ys).
also have ... =len M i a (j # ys) + len M a i zs by (simp add: comm)
also from len-complof M iij # ys a zs) have ... =len M ii (j # ys Q
a # zs) by auto
finally show ?thesis
using * xs arcs-decomp[OF xs, of a a] arcs-decomplof 7 # ys Q a # zsj
# ys a zs i 1] by force
qged
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lemma successive-successors:
zs = ys Q a # b # ¢ # zs = successive P (arcs i j zs) = — P (a,b)
V = P (b, ¢
apply (induction - zs arbitrary: i ys rule: list-two-induct)
apply fastforce
apply fastforce
subgoal for - - - - ys
apply (cases ys)
apply fastforce
subgoal for - list
apply (cases list)
apply fastforce+
done
done
done

lemma successive-successors':
xs = ys Q a # b # 28 = successive Prs = - PaV - Pb
using successive-split by fastforce

lemma cycle-rotate-len-arcs-successive':
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes length zs > 1 (i, j) € arcs’ xs successive P (arcs a a xs)
= P (a, hd zs) V = P (last s, a)
shows 3 ys zs. len M a a s = len M i i (j # ys Q a # zs)
A set (arcs a a zs) = set (arcs i1 (j # ys Q a # zs)) A zs =
28 Qi # j# ys
N successive P (arcs i1 (j # ys Q a # zs) Q [(4,5)])
using assms
proof —
note A = assms
from arcs’-decomp|OF A(1,2)] obtain ys zs where zs: s = zs Q ¢ # j
# ys by blast
note arcs! = arcs-decomp|OF zs, of a a]
note arcs2 = arcs-decomplof j # ys Q a # zsj # ys a zs 1 1]
have x:successive P (arcs i i (j # ys @ a # zs) Q [(4,5)])
proof (cases ys = [])
case True
show ?thesis
proof (cases zs)
case Nil
with A(3,4) xs True show ?thesis by auto
next
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case (Cons z zs')
with True arcs2 A(3,4) xs show ?thesis
apply simp
apply (cases P (a, z))
apply (simp add: arcs-decomp)
using successive-split[of ((a, z) # arcs z i zs") Q [(4, j), (4, a)] - [(J,
2) P)
apply autol]
by (metis append-Cons arcs.simps(1,2) arcsl successive.simps(1)
successive-dest-tail
successive-ends-1 successive-step)
qed
next
case False
then obtain y ys’ where ys: ys = ys’ Q [y] by (metis append-butlast-last-id)
show ?thesis
proof (cases zs)
case Nil
with A(3,4) zs ys have x:
- P (a, i) V = P (y, a) successive P (arcs a a (i # j # ys' Q [y]))
by simp+
from successive-decomp|OF - this(2,1)] ys Nil arcs-decomp have
successive P (arcs i1 (j # ys Q a # zs))
by fastforce
moreover from * have = P (a, i) V = P (i, j) by auto
ultimately show ?thesis
by (metis append-Cons last-snoc list.distinct(1) list.sel(1) Nil succes-
sive-arcs-extend-last)
next
case (Cons z zs')
with A(3,4) zs ys have x:
= P (a, 2) V= P (y, a) successive P (arcs a a (z # 28’ Q { # j #
ys' @ [y))
by simp+
from successive-decomp|OF - this(2,1)] ys Cons arcs-decomp have sxx:
successive P (arcs i1 (j # ys Q a # zs))
by fastforce
from Cons have zs # [| by auto
then obtain w ws where ws: zs = ws Q [w] by (induction zs) auto
with A(3,4) zs ys have x:
successive P (arcs a a (ws Q [w] @ ¢ # j # ys' @ [y]))
by simp
moreover from successive-successors|OF - this] have = P (w, i) V —
P (i, j) by auto
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ultimately show ?thesis
by (metis ** append-is-Nil-conv last.simps last-append list.distinct(2)
list.sel(1)
successive-arcs-extend-last ws)
qed
qed
from len-decomp|OF zs, of M a a] have len M a a zs = len M a i zs +
len Mia (j# ys) .
also have ... =len M i a (j # ys) + len M a i zs by (simp add: comm)
also from len-complof M i ij # ys a zs| have ... = len M i i (j # ys Q
a # zs) by auto
finally show ?thesis
using * xs arcs-decomp[OF xs, of a a] arcs-decomplof j # ys Q a # zsj
# ys a zs i i] by force
qed

lemma cycle-rotate-3:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes zs # [| (i, j) € set (arcs a a zs) successive P (arcs a a xs) = P
(a, hd zs) V = P (last zs, a)
shows 3 ys. len M a a zs = len M i i (j # ys) N\ set (i # j # ys) = set
(a # xs) N 1 + length ys = length xs
A set (arcs a a xs) = set (arcs i i (j # ys))
A successive P (arcs i1 (j # ys))
proof —
note A = assms
{ fix ys assume A:a = i xs = j # ys
with assms(3) have ?thesis by auto
} note x = this
have xx: ?thesis if A: a = j zs = ys Q [i] for ys using A
proof (safe, goal-cases)
case I
have len Mjj (ysQ [i]) = Mij+ len Mjiuys
using len-decomp|of ys Q [i] ys i [| M j j] by (auto simp: comm)
moreover have arcs j j (ys Q [i]) = ares j i ys Q [(4, j)] using
arcs-decomp-tail by auto
moreover with assms(3,4) A have successive P ((i,j) # arcs j i ys)
apply simp
apply (cases ys)
apply simp
by (simp, metis arcs.simps(2) calculation(2) 1(1) successive-split suc-
cessive-step)
ultimately show ?case by auto
qed
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{ assume length zs = 1
then obtain b where xs: zs = [b] by (metis One-nat-def length-0-conv
length-Suc-conv)
with A(2) have a =i A b=jV a=jAb=1iby auto
then have ?thesis using * x* zs by auto
} note xxx = this
show “thesis
proof (cases length zs = 0)
case True with A show ?thesis by auto
next
case Fulse
thus ?thesis
proof (cases length xs = 1, goal-cases)
case True with *xxx show ?thesis by auto
next
case 2
hence length xs > 1 by linarith
then obtain b ¢ ys where ys:zs = b # ys Q []
by (metis One-nat-def assms(1) 2(2) length-0-conv length-Cons list.exhaust
rev-exhaust)
thus ?thesis
proof (cases (i,j) = (a,b))
case True
with ys x show ?thesis by blast
next
case Fulse
then show ¢thesis
proof (cases (i,j) = (c,a), goal-cases)
case True
with ys xx show ?thesis by force
next
case 2
with A(2) ys have (i, j) € arcs’ zs
using cycle-rotate-2-auz by (auto simp add: arcs’-def)
from cycle-rotate-len-arcs-successive[ OF <length xs > 15 this A(3,4),
of M) show ?%thesis
by auto
qed
qed
qed
qed
ged

lemma cycle-rotate-3":
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fixes M :: (‘a :: linordered-ab-monoid-add) mat
assumes zs # [| (i, j) € set (arcs a a xs) successive P (arcs a a xs) = P
(a, hd zs) V = P (last zs, a)
shows 3 ys. len M a a s = len M i i (j # ys) N\ set (i # j # ys) = set
(a # xs) N 1 + length ys = length xs
A set (arcs a a xs) = set (arcs i1 (§ # ys))
A successive P (arcs i1 (j # ys) Q [(7, §)])
proof —
note A = assms
have *: ?thesis if a = ¢ xs = j # ys for ys
using that assms(3) successive-arcs-extend-last[OF assms(3,4)] by auto
have xx: ?thesis if A:a = j zs = ys Q [i] for ys
using A proof (safe, goal-cases)
case I
have len M jj (ys@Q [i]) = Mij+ len Mjiuys
using len-decomp|of ys Q [i] ys i [| M j j] by (auto simp: comm)
moreover have arcs j j (ys Q [i]) = ares j i ys Q [(4, j)] using
arcs-decomp-tail by auto
moreover with assms(3,4) A have successive P ((i,j) # arcs j i ys Q
G )
apply simp
apply (cases ys)
apply simp
by (simp, metis successive-step)
ultimately show ?case by auto
qed
{ assume length xs = 1
then obtain b where zs: zs = [b] by (metis One-nat-def length-0-conv
length-Suc-conv)
with A(2) have a =i Ab=jV a=jAb=1iDby auto
then have ?thesis using * xx xs by auto
} note sxx = this
show %thesis
proof (cases length xs = 0)
case True with A show ?thesis by auto
next
case Fulse
thus ?thesis
proof (cases length xs = 1, goal-cases)
case True with *xxx show ?thesis by auto
next
case 2
hence length xs > 1 by linarith
then obtain b ¢ ys where ys:zs = b # ys @Q []
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by (metis One-nat-def assms(1) 2(2) length-0-conv length-Cons list.exhaust
rev-exhaust)
thus ?thesis
proof (cases (i,j) = (a,b))
case True
with ys x show ?thesis by blast
next
case Faulse
then show “thesis
proof (cases (i,j) = (c,a), goal-cases)
case True
with ys *xx show Zthesis by force
next
case 2
with A(2) ys have (i, j) € arcs’ xs
using cycle-rotate-2-auz by (auto simp add: arcs’-def)
from cycle-rotate-len-arcs-successive’|OF <length xs > 1 this
A(8,4), of M| show ?thesis
by auto
qged
qed
qged
qed
qed

end

2.5.2 Zones and DBMs

theory Zones
imports DBM
begin

type-synonym (‘c, 't) zone = (c, 't) cval set
type-synonym (‘c, 't) cval = 'c = 't
definition cval-add :: ('c,'t) cval = "t::plus = ('c,'t) cval (infixr «®)> 64)
where
udd=ANz. vz + d)
definition zone-delay :: ('c, ('t::time)) zone = ('c, 't) zone

(<1 [71] 71)
where
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Z"'={uddlud. ve ZNd>(0:"1)}

fun clock-set :: 'c list = "t::time = ('¢,’t) cval = ('c,'t) cval
where

clock-set || - u = u |

clock-set (c#cs) t u = (clock-set cs t u)(c:=t)

abbreviation clock-set-abbrv :: ‘¢ list = 't::time = ('c,’t) cval = ('c,’t)
cval
(([-—]-» [65,65,65] 65)
where
[r — tlu = clock-set rt u

definition zone-set :: ('c, 't::time) zone = 'c list = ('c, 't) zone
(<-- 5 o [71] 71)
where

zone-set Zr ={[r = (0:")]u | v .u e Z}

lemma clock-set-set][simp]:
([r—dlu) ¢ = dif c € setr
using that by (induction r) auto

lemma clock-set-id]simp]:
([r—=dlu) c=ucif c ¢ setr
using that by (induction 1) auto

definition DBM-zone-repr :: ('t::time) DBM = (‘¢ = nat) = nat = (’c,
't 2 time) zone
(s [72,72,72] 72)
where
[M]y.n = {u . DBM-val-bounded v u M n}

lemma dbm-entry-val-monol:

dbm-entry-val u (Some ¢) (Some ¢') b = b < b’ = dbm-entry-val u
(Some ¢) (Some ¢') b’
proof (induction b, goal-cases)

case 1 thus ?case using le-dbm-le le-dbm-It by — (cases b’; fastforce)
next

case 2 thus ?case using lt-dbm-le lt-dbm-It by (cases b'; fastforce)
next

case 3 thus ?case unfolding dbm-le-def by auto
ged

lemma dbm-entry-val-mono2:
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dbm-entry-val uw None (Some ¢) b = b = b’ = dbm-entry-val u None
(Some ¢) b’
proof (induction b, goal-cases)

case 1 thus ?case using le-dbm-le le-dbm-It by — (cases b’; fastforce)
next

case 2 thus ?case using lt-dbm-le lt-dbm-It by (cases b'; fastforce)
next

case 3 thus ?case unfolding dbm-le-def by auto
ged

lemma dbm-entry-val-mono3:

dbm-entry-val u (Some ¢) None b = b < b’ = dbm-entry-val u (Some
¢) None b’
proof (induction b, goal-cases)

case 1 thus ?case using le-dbm-le le-dbm-It by — (cases b'; fastforce)
next

case 2 thus ?case using lt-dbm-le lt-dbm-It by (cases b'; fastforce)
next

case 3 thus ?case unfolding dbm-le-def by auto
ged

lemmas dbm-entry-val-mono = dbm-entry-val-monol dbm-entry-val-mono?2
dbm-entry-val-mono8

lemma DBM-le-subset:
Vijoi<n—j<n—Mij<Mij= uc[Mlyn= uc[Myn
proof —
assume A:Vij. i <n-—j<n-—Mij<Mijuec [Myn
hence DBM-val-bounded v u M n by (simp add: DBM-zone-repr-def)
with A(1) have DBM-val-bounded v u M’ n unfolding DBM-val-bounded-def
proof (safe, goal-cases)
case 1 from this(1,2) show ?case unfolding less-eq[symmetric] by
fastforce
next
case (2 ¢)
hence dbm-entry-val u None (Some ¢) (M 0 (ve)) MO (ve) = M0
(v ¢) by auto
thus ?case using dbm-entry-val-mono2 by fast
next
case (3 ¢)
hence dbm-entry-val u (Some ¢) None (M (ve¢) 0) M (ve) 0 < M’ (v
¢) 0 by auto
thus ?case using dbm-entry-val-mono8 by fast
next
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case (4 cl1 c2)
hence dbm-entry-val u (Some c1) (Some c2) (M (v c1) (v c2)) M (v
cl) (ve2) X M (vel) (ve2)
by auto
thus ?case using dbm-entry-val-monol by fast
qed
thus u € [M']y,n, by (simp add: DBM-zone-repr-def)
qed

end
theory DBM-Basics
imports
DBM
Paths-Cycles
Zones
begin

2.5.3 Useful definitions

fun get-const where
get-const (Le ¢) = ¢ |
get-const (Lt c) = ¢ |
get-const (oo :: - DBMEntry) = undefined

2.5.4 Updating DBMs

abbreviation DBM-update :: ("t::time) DBM = nat = nat = ('t DBMEn-
try) = ('t::time) DBM
where

DBM-update M mnv=(Azy. if m=x A n=ythen velse M zy)

fun DBM-upd :: ('t::time) DBM = (nat = nat = 't DBMEntry) = nat
= nat = nat = 't DBM
where

DBM-upd M f 0 0 - = DBM-update M 0 0 (f 0 0) |

DBM-upd M f (Suc i) 0 n = DBM-update (DBM-upd M fin n) (Suc 7)
0 (f (Suci) 0)

DBM-upd M fi (Suc j) n = DBM-update (DBM-upd M fijn) i (Suc j)
(f i (Suc j))

lemma upd-1:

assumes j < n

shows DBM-upd M1 f (Suc m) n N (Suc m) j = DBM-upd M1 f (Suc m)
j N (Suc m) j
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using assms
by (induction n) auto

lemma upd-2:
assumes 7 < m
shows DBM-upd M1 f (Suc m) n N ij = DBM-upd M1 f (Suc m) 0 N ij
using assms
proof (induction n)
case ( thus ?case by blast
next
case (Suc n)
thus ?case by simp
qged

lemma upd-3:
assumes m < Nn< Nj<ni<m
shows (DBM-upd M1 fmn N) ij= (DBM-upd M1 fijN)ij
using assms
proof (induction m arbitrary: n i j, goal-cases)
case (I n) thus ?case by (induction n) auto
next
case (2 m n i j) thus ?case
proof (cases i = Suc m)
case True thus ?thesis using upd-1[OF <«j < ny] by blast
next
case Fulse
with < < Suc m» have i < m by auto
with upd-2[OF this| have DBM-upd M1 f (Suc m) n N i j = DBM-upd
M1 fm N N ijby force

also have ... = DBM-upd M1 fij N i j using Fulse 2 by force
finally show ?thesis .
qed
ged

lemma upd-id:

assumes m < Nn< Ni<mj<n

shows (DBM-upd M1 fmn N)ij=fij
proof —

from assms upd-3 have DBM-upd M1 fm n N ij = DBM-upd M1 fij
N i j by blast

also have ... = f i j by (cases i; cases j; fastforce)
finally show %thesis .
qed
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2.5.5 DBMs Without Negative Cycles are Non-Empty

We need all of these assumptions for the proof that matrices without negative
cycles represent non-negative zones:

o Abelian (linearly ordered) monoid
o Time is non-trivial

e Time is dense

lemmas (in linordered-ab-monoid-add) comm = add.commute

lemma sum-gt-neutral-dest”:
(a :: (("a :: time) DBMEntry)) > 0 = a+b> 0= 3 d. Led < a A
Le (—d) < bAd>0
proof —
assume a + b > 0a > 0
show ?thesis
proof (cases b > 0)
case True
with <a > 0> show ?Zthesis by (auto simp: neutral)
next
case Fulse
hence b < Le 0 by (auto simp: neutral)
note x = this <a > 0> <a + b > 0>
note [simp] = neutral
show ?thesis
proof (cases a, cases b, goal-cases)
case (1 a’ b’
with x have a’ + b’ > 0 by (auto elim: dbm-It.cases simp: less add)
hence b’ > —a’ by (metis add.commute diff-0 diff-less-eq)
with x I show ?case
by (auto simp: dbm-le-def less-eq le-dbm-le)
next
case (2a’ V)
with x have o’ + b’ > 0 by (auto elim: dbm-lt.cases simp: less add)
hence b’ > —a’ by (metis add.commute diff-0 diff-less-eq)
with x 2 show ?case
by (auto simp: dbm-le-def less-eq le-dbm-le)
next
case (3 a’)
with x show Zcase
by auto
next
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case (4 a’)

thus “case
proof (cases b, goal-cases)
case (1b)
have b’ < 0 using 1(2) x by (metis dbm-It.intros(3) less less-asym
neqk)
from 1 x have o’ + b’ > 0 by (auto elim: dbm-lt.cases simp: less
add)
then have —b’ < a’ by (metis diff-0 diff-less-eq)
with b’ < 0) x 1 show ?Zcase by (auto simp: dbm-le-def less-eq)
next
case (2 b)
with x have 4: b’ < 0 a’ > 0 by (auto elim: dbm-It.cases simp: less
less-eq dbm-le-def)
show “case
proof (cases b’ = 0)
case True
from dense[OF A(2)] obtain d where d: d > 0 d < o’ by auto
then have Le (—d) < Lt b’ Le d < Lt o’ unfolding less using
True by auto
with d(1) 2 % show ?thesis by — (rule exzl[where z = d], auto)
next
case False
with A(1) have *x: — b’ > 0 by simp
from 2 x have a’ + b’ > 0 by (auto elim: dbm-lt.cases simp: less
add)
then have —b’ < o’ by (metis less-add-same-cancell minus-add-cancel
minus-less-iff )
from dense[OF this] obtain d where d:
d>-b—d<b d<a
by (auto simp add: minus-less-iff)
then have Le (—d) < Lt b’ Le d < Lt a’ unfolding less by auto
with d(1) 2 xx show ?thesis
by — (rule exI[where z = d], auto,
meson d(2) dual-order.order-iff-strict less-trans neg-le-0-iff-le)
qed
next
case 3
with * show Zcase
by auto
qged
next
case 5 thus Zcase
proof (cases b, goal-cases)
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case (1 b')
with * have —b' > 0
by (metis dbm-lt.intros(3) lel less less-asym neg-less-0-iff-less)
let 7d = — b’
have Le ?d < oo Le (— 2d) < Le b’ by (auto simp: any-le-inf)
with «(—b' > 0> * 1 show ?case by auto
next
case (2 b)
with « have b’ < 0 by (auto elim: dbm-lt.cases simp: less)
from non-trivial-neg obtain e :: ‘a where e:e < 0 by blast
let 2d = — (b' + e)
from e b’ < 0> have Le ?d < 0o Le (— 2d) < Lt b' b+ e < 0
by (auto simp: dbm-It.intros(4) less less-imp-le any-le-inf add-nonpos-neg)
then have Le ?d < oo Le (— 2d) < Lt b' 2d > 0
using less-imp-le neg-0-le-iff-le by blast+
with * 2 show ?case by auto
next
case 3
with *x show ?case
by auto
qed
qged
qed
qed

lemma sum-gt-neutral-dest:
(a = (("a :: time) DBMEntry)) + b > 0 = 3 d. Le d < a A Le (—d) <
b
proof —
assume A: a + b > 0
then have A" b + a > 0 by (simp add: comm)
show ?thesis
proof (cases a > 0)
case True
with A sum-gt-neutral-dest’ show ?thesis by auto
next
case Fulse
{ assume b < 0
with False have a < 0 b < 0 by auto
from add-mono|OF this| have a + b < 0 by auto
with A have Fualse by auto
}
then have b > 0 by fastforce
with sum-gt-neutral-dest’|OF this A'] show ?thesis by auto
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qed
qged

2.5.6 Negative Cycles in DBMs

lemma DBM-val-bounded-neg-cyclel :
fixes 7 zs assumes
bounded: DBM-val-bounded v u M n and A:i < n set zs C {0..n} len M
tizs < 0 and
surj-on: ¥ k < mn. k>0 — (3 c. vc=k)and at-most: i # 0 cnt 0 zs
< 1
shows False
proof —
from A(1) surj-on at-most obtain ¢ where c: v ¢ = i by auto
with DBM-val-bounded-len’3| OF bounded at-most(2), of ¢ ¢c] A(1,2) surj-on
have bounded:dbm-entry-val v (Some c) (Some ¢) (len M i i zs) by force
from A(3) have len M i i zs < Le 0 by (simp add: neutral less)
then show Fulse using bounded by (cases rule: dbm-lt.cases) (auto elim:
dbm-entry-val.cases)
qed

lemma cnt-0-1:
z & set xs = ent x xs = 0
by (induction xs) auto

lemma distinct-cnt: distinct xs = cnt x s < 1
apply (induction xs)
apply simp
subgoal for a zs
using cnt-0-1 by (cases © = a) fastforce+
done

lemma DBM-val-bounded-neg-cycle:
fixes i xs assumes
bounded: DBM-val-bounded v w M n and A:i < n set xzs C {0..n} len M
iixs < 0 and
surj-on: ¥V k<n. k>0 -— (3 ccvc=k)
shows False
proof —
from negative-len-shortest[OF - A(3)] obtain j ys where ys:
distinct (j # ys) len M jjys < 0] € set (i # xs) set ys C set s
by blast
show Fulse
proof (cases ys = [])
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case True
show ?thesis
proof (cases j = 0)
case True
with «ys = [|> ys bounded show Fualse unfolding DBM-val-bounded-def
neutral less-eq[symmetric]
by auto
next
case Fulse
with «ys = [|» DBM-val-bounded-neg-cyclel [OF bounded - - ys(2)
surj-on] ys(3) A(1,2)
show Fulse by auto
qed
next
case Fulse
from distinct-arcs-ex[OF - - this, of j 0 j] ys(1) obtain a b where arc:
a# 0 (a, b) € set (arcs j j ys)
by auto
from cycle-rotate-2'|OF False this(2)] obtain zs where zs:
len M jjys=1len M aa (b# zs) set (a # b # zs) = set (j # ys)
1 + length zs = length ys set (arcs j j ys) = set (arcs a a (b # 2s))
by blast
with distinct-card[OF ys(1)] have distinct (a # b # zs) by (intro
card-distinct) auto
with distinct-cnt[of b # zs] have *x: cnt 0 (b # zs) < 1 by fastforce
show ?thesis
apply (rule DBM-val-bounded-neg-cycle1[OF bounded - - - surj-on <a
£ 0 +)
using 2s(2) ys(3,4) A(1,2) apply fastforce+
using zs(1) ys(2) by simp
qged
qged

Nicer Path Boundedness Theorems lemma DBM-val-bounded-len-1:

fixes v

assumes DBM-val-bounded v u M nvec < nsetvs C{0.n}V k< n. (3
c.ve=k)

shows dbm-entry-val u (Some ¢) None (len M (v ¢) 0 vs) using assms
proof (induction length vs arbitrary: vs rule: less-induct)

case A: less

show “case

proof (cases 0 € set vs)

case Fulse
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with DBM-val-bounded-len-1"-auz|OF A(2,3)] A(4,5) show ?thesis by

fastforce
next

case True

then obtain zs ys where vs: vs = zs Q@ 0 # ys by (meson split-list)

from len-decomp|OF this] have len M (v ¢) 0 vs = len M (v ) 0 xs +
len M 00 ys .

moreover have len M 0 0 ys > 0

proof (rule ccontr, goal-cases)

case |
then have len M 0 0 ys < 0 by simp
with DBM-val-bounded-neg-cycle[OF assms(1), of 0 ys| vs A(4,5)

show Fulse by auto

qed

ultimately have x: len M (v ¢) 0 vs > len M (v ¢) 0 xs by (simp add:
add-increasing2)

from vs A have dbm-entry-val u (Some ¢) None (len M (v ¢) 0 xs) by
auto

from dbm-entry-val-mono3|[OF this, of len M (v ¢) 0 vs] * show ?thesis
unfolding less-eq by auto

qed

qged

lemma DBM-val-bounded-len-2:
fixes v
assumes DBM-val-bounded vu M n v e < nsetwvs C {0.n}V k< n.(3
c.ve=k)
shows dbm-entry-val u None (Some ¢) (len M 0 (v ¢) vs) using assms
proof (induction length vs arbitrary: vs rule: less-induct)
case A: less
show Zcase
proof (cases 0 € set vs)
case Fulse
with DBM-val-bounded-len-2"-auz[OF A(2,3)] A(4,5) show ?thesis by
fastforce
next
case True
then obtain zs ys where vs: vs = zs Q@ 0 # ys by (meson split-list)
from len-decomp[OF this] have len M 0 (v ¢) vs = len M 0 0 zs + len
MO (ve)ys.
moreover have len M 0 0 xs > 0
proof (rule ccontr, goal-cases)
case !
then have len M 0 0 zs < 0 by simp
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with DBM-val-bounded-neg-cycle|OF assms(1), of 0 zs| vs A(4,5)

show Fulse by auto

qed

ultimately have x: len M 0 (v c¢) vs > len M 0 (v ¢) ys by (simp add:
add-increasing)

from vs A have dbm-entry-val u None (Some c) (len M 0 (v ¢) ys) by
auto

from dbm-entry-val-mono2|[OF this] * show ?thesis unfolding less-eq
by auto

qed

qged

lemma DBM-val-bounded-len-3:

fixes v

assumes DBM-val-bounded v u M nvcl <nwvc2 <nsetwvsC{0.n}

ViE<n (3 covec=k)

shows dbm-entry-val u (Some c1) (Some c2) (len M (v c1) (v ¢2) vs)
using assms
proof (cases 0 € set vs)

case Fulse

with DBM-val-bounded-len-3'-auz[OF assms(1—3)| assms(4—) show ?thesis
by fastforce
next

case True

then obtain zs ys where vs: vs = s Q 0 # ys by (meson split-list)

from assms(4,5) vs DBM-val-bounded-len-1[OF assms(1,2)] DBM-val-bounded-len-2[OF
assms(1,3)]

have

dbm-entry-val u (Some c1) None (len M (v c¢1) 0 xs)
dbm-entry-val u None (Some ¢2) (len M 0 (v ¢2) ys)

by auto

from dbm-entry-val-add-4 [ OF this] len-decomp|OF vs, of M| show ?thesis
unfolding add by auto
qed

An equivalent way of handling 0

fun val-0 :: ('c = ('a :: linordered-ab-group-add)) = 'c option = 'a where

val-0 u None = 0 |
val-0 u (Some ¢) = u ¢

notation val-0 (<-o - [90,90] 90)

lemma dbm-entry-val-None-None|dest]:
dbm-entry-val uw None None | = | = o
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by (auto elim: dbm-entry-val.cases)

lemma dbm-entry-val-dbm-It:
assumes dbm-entry-val u x y [
shows Lt (up © — up y) < 1
using assms by (cases rule: dbm-entry-val.cases, auto)

lemma dbm-lt-dbm-entry-val-1:

assumes Lt (uz) < [

shows dbm-entry-val u (Some x) None I
using assms by (cases rule: dbm-lt.cases) auto

lemma dbm-lt-dbm-entry-val-2:

assumes Lt (— u ) < [

shows dbm-entry-val u None (Some z) [
using assms by (cases rule: dbm-lt.cases) auto

lemma dbm-lt-dbm-entry-val-3:

assumes Lt (uz — uy) <1

shows dbm-entry-val u (Some x) (Some y) 1
using assms by (cases rule: dbm-lt.cases) auto

A more uniform theorem for boundedness by paths

lemma DBM-val-bounded-len:
fixes v
defines v/ = X\ z. if z = None then 0 else v (the x)
assumes DBM-val-bounded vu M n v’ x < nv'y < n set vs C {0..n}
Vk<n (3 cvec=k)z# NoneV y# None
shows Lt (ug z — ug y) < len M (v’ z) (v’ y) vs using assms
apply —
apply (rule dbm-entry-val-dbm-lt)
apply (cases z; cases y)
apply simp-all
apply (rule DBM-val-bounded-len-2; auto)
apply (rule DBM-val-bounded-len-1; auto)
apply (rule DBM-val-bounded-len-3; auto)
done

2.5.7 Floyd-Warshall Algorithm Preservers Zones

lemma D-dest: t =D mijk =

z € {lenmijuxs|zs. set ws C {0..k} N i & set xs \ j & set xs N distinct
zs}
using Min-elem-dest[ OF D-base-finite'" D-base-not-empty| by (fastforce simp
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add: D-def)

lemma FW-zone-equiv:
VE<nk>0— 3 cvec=k = [Mlyn=[FWMnlyn
proof safe
fix v assume A: v € [FW M n]yn
{fixijassume i < nj<n
hence FW M n ij < M i j using fw-mono[of i n j M] by simp
hence FW M nij < M ij by (simp add: less-eq)
}
with DBM-le-subset[of n FW M n M] A show u € [M], , by auto

next
fix u assume wu € [M],, and surj-on:V k<n. k>0 — (3 c.vec

= ]g)
hence *:DBM-val-bounded v u M n by (simp add: DBM-zone-repr-def)
note xx = DBM-val-bounded-neg-cycle[OF this - - - surj-on]

have cyc-free: cyc-free M n using xx by fastforce
from cyc-free-diag|OF this| have diag-ge-zero: Yk<n. M k k > Le 0
unfolding neutral by auto

have DBM-val-bounded v u (FW M n) n unfolding DBM-val-bounded-def
proof (safe, goal-cases)
case I
from fw-shortest-path|OF cyc-free] have xx:
DMOOn=FWMno0O0
by (simp add: neutral)
from D-dest|OF xx[symmetric|]] obtain zs where zs:
FWMn0O0=1lenMOOuxs set xzs C {0..n}
0 ¢ set zs distinct xs
by auto
with cyc-free have FW M n 0 0 > 0 by auto
then show ?case unfolding neutral less-eq by simp
next
case (2 ¢)
with fw-shortest-path|OF cyc-free] have xx:
DMO (ve)n=FWMno0 (vc)
by (simp add: neutral)
from D-dest|OF xx[symmetric]] obtain zs where zs:
FWMno0O (ve)=len M0 (vc)zs set zs C {0..n}
0 ¢ set zs v c ¢ set xs distinct xs
by auto
show ?case unfolding zs(1) using xs surj-on v ¢ < n»
by — (rule DBM-val-bounded-len’2[OF x xs(3)]; auto)
next
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case (3 ¢)
with fw-shortest-path|OF cyc-free] have xx:
DM (ve)On=FWMn(vc)0
by (simp add: neutral)
with D-dest|OF xx[symmetric]] obtain zs where zs:
FWMn(ve)0=1len M (vc) 0wxs set xs C {0..n}
0 ¢ set xs v c ¢ set xs distinct xs
by auto
show ?case unfolding zs(1) using xs surj-on v ¢ < n»
by — (rule DBM-val-bounded-len’1[OF x zs(3)]; auto)
next
case (4 cl1 c2)
with fw-shortest-path|OF cyc-free]
have D M (vcl) (ve2) n=FW Mn (vcl) (vc2) by (simp add:
neutral)
from D-dest|OF this|symmetric]] obtain zs where zs:
FWMn (vel) (ve2)=1len M (vel) (ve2) xs set xs C {0..n}
vl ¢ set xs v c2 ¢ set xs distinct s
by auto
show Zcase
unfolding zs(1)
apply (rule DBM-val-bounded-len’3[OF ])
using zs surj-on v c1 < n) <v c2 < ny by (auto dest!: distinct-cnt[of
- 0])
qed
then show u € [FW M nly , unfolding DBM-zone-repr-def by simp
qed

lemma new-negative-cycle-auz”:
fixes M :: (‘a :: time) DBM
fixes i j d
defines M’ = X i'j" if (i' =14 N j' = j) then Le d
else if (i’ =j A j' = i) then Le (—d)
else M i’ j'
assumes i < nj < n set xs C {0..n} cycle-free M n length xs = m
assumes len M i (j # xs) < 0V len M jj (i # xs) < 0
assumes i # j
shows Juzs. set s C {0..n} A j & set xs N\ i ¢ set s
A (len M"ii (j# xs) < 0V len M'jj (i # xs) < 0) using
assms
proof (induction - m arbitrary: zs rule: less-induct)
case (less x)
{ fix b a zs assume A: (i, j) ¢ set (arcs b a xs) (j, i) ¢ set (arcs b a zs)
with (i # j» have len M' b a xs = len M b a xs
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unfolding M'-def by (induction zs arbitrary: b) auto
} note x = this
{ fix a zs assume A:(i, j) ¢ set (arcs a a xs) (j, i) & set (arcs a a xs)
assume a: a < n and zs: set zs C {0..n} and cycle: = len M’ a a zs
>0
from *x[OF A] have len M' a a xs = len M a a zs .
with <cycle-free M n» i < n» cycle zs a have Fualse unfolding cy-
cle-free-def by auto
} note xx = this
{ fix a :: nat fix ys :: nat list
assume A: ys # || length ys < length zs set ys C set s a < n
assume cycle: len M' a a ys < 0
assume arcs: (4, j) € set (arcs a a ys) V (4, i) € set (arcs a a ys)
from arcs have ?thesis
proof
assume (7, j) € set (arcs a a ys)
from cycle-rotate-2[OF <ys # []» this, of M’
obtain ws where ws: len M' a a ys = len M' i i (j # ws) set ws C
set (a # ys)
length ws < length ys by auto
with cycle less.hyps(1)[OF - less.hyps(2) , of length ws ws] less.prems
A
show ?thesis by fastforce
next
assume (j, 7) € set (arcs a a ys)
from cycle-rotate-2[OF <ys # []» this, of M’
obtain ws where ws: len M' a a ys = len M’ j j (i # ws) set ws C
set (a # ys)
length ws < length ys by auto
with cycle less.hyps(1)[OF - less.hyps(2) , of length ws ws] less.prems
A
show ?thesis by fastforce
ged
} note xxx = this
{ fix a :: nat fix ys :: nat list
assume A: ys # [| length ys < length xs set ys C set zs a < n
assume cycle: - len M' a a ys > 0
with A xx[of a ys] less.prems
have (i, j) € set (arcs a a ys) V (j, i) € set (arcs a a ys) by auto
with s«xx[OF A] cycle have ?thesis by auto
} note neg-cycle-IH = this
from cycle-free-diag[OF <cycle-free M ny] have Vi. i <n — Le 0 < M
7 1 unfolding neutral by auto
then have M’-diag: Vi. i < n — Le 0 < M’ i i unfolding M'-def
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using i # j» by auto
from less(8) show ?thesis
proof standard
assume cycle:len M’ i i (j # xs) < 0
show ?thesis
proof (cases i € set xs)
case Fulse
then show ?thesis
proof (cases j € set xs)
case Fulse
with <« ¢ set xs» show ?thesis using less.prems(3,6) by auto
next
case True
then obtain ys zs where ys-zs: s = ys Q j # zs by (meson split-list)
with len-decomplof j # xs j # ys j zs M’ i i
have len: len M" i (j # zs) = M'ij+ len M'jjys + len M'ji
zs by auto
show ?thesis
proof (cases len M'jjys > 0)
case True
have len M'ii (j # 28) = M'ij + len M’ j i zs by simp
also from len True have M’ ij + len M'jizs <len M’ ii (j #

xs)

by (metis add-le-impl add-lt-neutral comm not-le)

finally have cycle”: len M’ i i (j # 2s) < 0 using cycle by auto

from ys-zs less.prems(5) have © > length zs by auto

from cycle’ less.prems ys-zs less.hyps(1)[OF this less.hyps(2) , of
2]

show ?thesis by auto

next
case Fulse

with M’-diag less.prems have ys # [| by (auto simp: neutral)
from neg-cycle-IH[OF this] ys-zs False less.prems(1,2) show ?Zthesis
by auto
qed
qed
next
case True
then obtain ys zs where ys-zs: zs = ys Q i # zs by (meson split-list)
with len-decomp|of j # xs j # ys i zs M’ i i]
have len: len M’ ii (j # xs) = M'ij+ len M' jiys + len M" i i zs
by auto
show ?thesis
proof (cases len M’ i i zs > 0)
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case True
have len M'ii (j # ys) = M'ij+ len M'j i ys by simp
also from len True have M’ i j + len M'jiys < len M'ii (j #
xs)
by (metis add-lt-neutral comm not-le)
finally have cycle”: len M' i i (j # ys) < 0 using cycle by auto
from ys-zs less.prems(5) have x > length ys by auto
from cycle’ less.prems ys-zs less.hyps(1)[OF this less.hyps(2) , of ys]
show ?thesis by auto
next
case Fulse
with less.prems(1,7) M’'-diag have zs # [| by (auto simp: neutral)
from neg-cycle-IH[OF this] ys-zs False less.prems(1,2) show ?thesis
by auto
qed
qed
next
assume cycle:len M’ jj (i # zs) < 0
show ?thesis
proof (cases j € set xs)
case Fulse
then show ?thesis
proof (cases i € set xs)
case Fulse
with j ¢ set xs» show ?thesis using less.prems(3,6) by auto
next
case True
then obtain ys zs where ys-zs: s = ys Q { # zs by (meson split-list)
with len-decomplof i # zs i # ys i zs M' j j]
have len: len M'jj (i # xs) = M'ji 4 len M'iiys + len M' i j
zs by auto
show ?thesis
proof (cases len M' i iys > 0)
case True
have len M'jj (i # 2zs) = M'ji + len M’ i j zs by simp
also from len True have M’ ji + len M’ ijzs < len M’ jj (i #

xs
)
by (metis add-le-impl add-lt-neutral comm not-le)
finally have cycle’: len M’ jj (i # 2s) < 0 using cycle by auto
from ys-zs less.prems(5) have z > length zs by auto
from cycle’ less.prems ys-zs less.hyps(1)|[OF this less.hyps(2) , of
28
]

show ?thesis by auto
next
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case Fulse
with less.prems M'-diag have ys # [| by (auto simp: neutral)
from neg-cycle-IH[OF this] ys-zs False less.prems(1,2) show ?thesis
by auto
qed
qed
next
case True
then obtain ys zs where ys-zs: zs = ys Q j # zs by (meson split-list)
with len-decomp|of i # xs i # ys j zs M’ j j]
have len: len M’ jj (i # xs) = M'ji + len M’ ijys + len M’ jj zs
by auto
show “thesis
proof (cases len M'jjzs > 0)
case True
have len M'"jj (i # ys) = M'ji + len M' i jys by simp
also from len True have M’ ji + len M' i jys < len M'jj (i #
xs)
by (metis add-lt-neutral comm not-le)
finally have cycle”: len M'jj (i # ys) < 0 using cycle by auto
from ys-zs less.prems(5) have x > length ys by auto
from cycle’ less.prems ys-zs less.hyps(1)[OF this less.hyps(2) , of ys]
show ?thesis by auto
next
case Fualse
with less.prems(2,7) M'-diag have zs # [| by (auto simp: neutral)
from neg-cycle-IH[OF this| ys-zs False less.prems(1,2) show ?thesis
by auto
qed
qged
qged
qged

lemma new-negative-cycle-aux:

fixes M :: ('a :: time) DBM
fixes i d
defines M’ = X i'j" if (i'=14 N j' = 0) then Le d

else if (i"'= 0 A j' = 1) then Le (—d)

else M i’ j'
assumes i < n set s C {0..n} cycle-free M n length xs = m
assumes len M' 00 (i # xs) < 0V len M'ii (0 # xs) < 0
assumes i # 0
shows Jzs. set xs C {0..n} N 0 ¢ set xs N i ¢ set xs

A (len M"00 (i # xzs) < 0V len M ii(0# xzs) < 0) using
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assms
proof (induction - m arbitrary: xs rule: less-induct)
case (less x)
{ fix b a zs assume A: (0, i) ¢ set (arcs b a xs) (i, 0) ¢ set (arcs b a
xs)
then have len M' b a zs = len M b a s
unfolding M'-def by (induction zs arbitrary: b) auto
} note x = this
{ fix a zs assume A:(0, i) ¢ set (arcs a a zs) (i, 0) ¢ set (arcs a a xs)
assume a: a < n and zs: set xs C {0..n} and cycle: - len M' a a xs
>0
from *[OF A] have len M' a a zs = len M a a zs .
with <cycle-free M ny <i < n» cycle s a have Fualse unfolding cy-
cle-free-def by auto
} note xx = this
{ fix a :: nat fix ys :: nat list
assume A: ys # || length ys < length zs set ys C set xs a < n
assume cycle: len M' a a ys < 0
assume arcs: (0, i) € set (arcs a a ys) V (i, 0) € set (arcs a a ys)
from arcs have ?thesis
proof
assume (0, i) € set (arcs a a ys)
from cycle-rotate-2[OF <ys # [|» this, of M|
obtain ws where ws: len M’ a a ys = len M’ 0 0 (i # ws) set ws C
set (a # ys)
length ws < length ys by auto
with cycle less.hyps(1)[OF - less.hyps(2) , of length ws ws] less.prems
A
show ?thesis by fastforce
next
assume (7, 0) € set (arcs a a ys)
from cycle-rotate-2[OF <ys # []» this, of M’
obtain ws where ws: len M’ a a ys = len M' i i (0 # ws) set ws C
set (a # ys)
length ws < length ys by auto
with cycle less.hyps(1)[OF - less.hyps(2) , of length ws ws] less.prems
A
show ?thesis by fastforce
qged
} note xxx = this
{ fix a :: nat fix ys :: nat list
assume A: ys # || length ys < length zs set ys C set s a < n
assume cycle: - len M' a a ys > 0
with A sx[of a ys] less.prems(2)
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have (0, i) € set (arcs a a ys) V (i, 0) € set (arcs a a ys) by auto
with sxx[OF A] cycle have ?thesis by auto
} note neg-cycle-IH = this
from cycle-free-diag[OF «<cycle-free M n»] have Vi. i <n — Le 0 < M
7 1 unfolding neutral by auto
then have M’-diag: Vi. i < n — Le 0 < M’ i i unfolding M’-def
using i # 0» by auto
from less(7) show ?thesis
proof standard
assume cycle:len M’ 0 0 (i # xs) < 0
show ?thesis
proof (cases 0 € set xs)
case Fulse
thus ?thesis
proof (cases i € set xs)
case Fulse
with <0 ¢ set xs» show ?thesis using less.prems by auto
next
case True
then obtain ys zs where ys-zs: s = ys Q { # zs by (meson split-list)
with len-decomplof i # xs i # ysizs M' 0 0]
have len: len M’ 00 (i # zs) = M' 0i + len M' i iys + len M’ i
0 zs by auto
show ?thesis
proof (cases len M’ i i ys > 0)
case True
have len M' 00 (i # zs) = M’ 0 i + len M’ i 0 zs by simp
also from len True have M’ 0 i + len M' i 0 2s < len M 0 0 (i

# 1)
by (metis add-le-impl add-lt-neutral comm not-le)
finally have cycle”: len M’ 0 0 (i # zs) < 0 using cycle by auto
from ys-zs less.prems(4) have z > length zs by auto
from cycle’ less.prems ys-zs less.hyps(1)[OF this less.hyps(2) , of
2]
show ?thesis by auto
next
case Fulse
with less.prems(1,6) M'-diag have ys # [] by (auto simp: neutral)
from neg-cycle-IH[OF this] ys-zs False less.prems(1,2) show ?thesis
by auto
qed
qed
next
case True
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then obtain ys zs where ys-zs: xs = ys Q 0 # zs by (meson split-list)
with len-decomplof i # xs i # ys 0 zs M’ 0 0]
have len: len M" 00 (i # zs) = M' 0@ + len M' i 0 ys + len M' 0 0
zs by auto
show “thesis
proof (cases len M' 0 0 zs > 0)
case True
have len M' 00 (i # ys) = M’ 0 i + len M’ i 0 ys by simp
also from len True have M' 0 i + len M'i 0 ys < len M' 00 (i #

xs
)
by (metis add-lt-neutral comm not-le)
finally have cycle”: len M’ 0 0 (i # ys) < 0 using cycle by auto
from ys-zs less.prems(4) have z > length ys by auto
from cycle’ less.prems ys-zs less.hyps(1)[OF this less.hyps(2) , of ys]
show ?thesis by auto
next
case False
with less.prems(1,6) M'-diag have zs # [| by (auto simp: neutral)
from neg-cycle-IH[OF this] ys-zs False less.prems(1,2) show ?thesis
by auto
qed
qged
next

assume cycle: len M' i i (0 # xs) < 0
show ?thesis
proof (cases i € set xs)
case Fulse
thus ?thesis
proof (cases 0 € set xs)
case Fulse
with i ¢ set xs» show ?thesis using less.prems by auto
next
case True
then obtain ys zs where ys-zs: s = ys @ 0 # zs by (meson
split-list)
with len-decomplof 0 # xs 0 # ys 0 zs M' i 1]
have len: len M"ii (0 # zs) = M'i 0 + len M' 00 ys + len M' 0
1 zs by auto
show ?thesis
proof (cases len M' 0 0 ys > 0)
case True
have len M' i1 (0 # zs) = M"i 0 + len M’ 0 i zs by simp
also from len True have M' i 0 + len M' 0 i zs < len M' i i (0
# 15)
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by (metis add-le-impl add-lt-neutral comm not-le)
finally have cycle”: len M’ ii (0 # 2s) < 0 using cycle by auto
from ys-zs less.prems(4) have z > length zs by auto
from cycle’ less.prems ys-zs less.hyps(1)[OF this less.hyps(2) , of
2]
show ?thesis by auto
next
case Fulse
with less.prems(1,6) M'-diag have ys # [] by (auto simp: neutral)
from neg-cycle-IH|OF this| ys-zs False less.prems(1,2) show ?thesis
by auto
qed
qed
next
case True
then obtain ys zs where ys-zs: xs = ys Q i # zs by (meson split-list)
with len-decomplof 0 # xs 0 # ys i zs M’ i i
have len: len M'ii (0 # xzs) = M'i0 + len M" 0iys + len M i1
zs by auto
show %thesis
proof (cases len M’ i i zs > 0)
case True
have len M' i (0 # ys) = M'i 0 + len M’ 0 i ys by simp
also from len True have M' i 0 + len M' 0 iys < len M’ ii (0 #

xs
)
by (metis add-lt-neutral comm not-le)
finally have cycle”: len M’ i i (0 # ys) < 0 using cycle by auto
from ys-zs less.prems(4) have z > length ys by auto
from cycle’ less.prems ys-zs less.hyps(1)[OF this less.hyps(2) , of ys]
show ?thesis by auto
next
case Fulse
with less.prems(1,6) M'-diag have zs # [| by (auto simp: neutral)
from neg-cycle-IH|[OF this] ys-zs False less.prems(1,2) show ?thesis
by auto
qed
qged
qed
qged

2.6 The Characteristic Property of Canonical DBMs

theorem fiz-indez’:
fixes M :: (('a :: time) DBMEntry) mat
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assumes Ler < M ij Le (—r) < M j i cycle-free M n canonical M n i <
nj<ni#j
defines M’ =\ i’ j. if (i'=1i AN j' =j) then Ler
else if (i'’=j A j' = i) then Le (—r)
else M i’ j'
shows (V u. DBM-val-bounded v w M’ n — DBM-val-bounded v u M n)
A cycle-free M' n
proof —
note A = assms
note r = assms(1,2)
from <cycle-free M ny have diag-cycles: Vi zs. i < n A set s C {0..n}
— Le 0 <len Miiuxs
unfolding cycle-free-def neutral by auto
let ?M'=Xi'j.4f (i'’=14 N j =j) then Ler
else if (i'’=j A j' = i) then Le (—r)
else M i’ j'
have ?M’ i’ j’ < M i’ j’ when i’ < n j' < n for i’ j' using assms by
auto
with DBM-le-subset[folded less-eq, of n ?M’ M) have DBM-val-bounded
vu Mn
if DBM-val-bounded v u ?M’ n for u unfolding DBM-zone-repr-def using
that by auto
then have not-empty:V u. DBM-val-bounded v u M’ n —s DBM-val-bounded
v u M n by auto
{ fix a zs assume prems: a < n set zs C {0..n} and cycle: = len ?M’ a
axs >0
{ fix b assume A: (i, j) ¢ set (arcs b a xs) (j, ©) ¢ set (arcs b a zs)
with «i # j» have len M’ b a xs = len M b a xs by (induction zs
arbitrary: b) auto
} note x = this
{ fix a b xs assume A: i ¢ set (a # xs) j & set (a # xs)
then have len M’ a b xs = len M a b xs by (induction xs arbitrary:
a, auto)
} note *x = this
{ assume A:(i, j) ¢ set (arcs a a zs) (j, ©) ¢ set (arcs a a xs)
from *[OF this| have len M’ a a xs = len M a a xs .
with <cycle-free M n> prems cycle have False by (auto simp: cy-
cle-free-def)
}
then have arcs:(i, j) € set (arcs a a xs) V (j, i) € set (arcs a a zs) by
auto
with «i # j» have zs # || by auto
from arcs obtain zs where xs: set xs C {0..n}
len ?M"ii (j # xs) < 0V len 2M'jj (i # xs) < 0
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proof (standard, goal-cases)
case 1
from cycle-rotate-2'|OF «xs # []» this(2), of ?M’] prems obtain ys
where
len M" i (j # ys) = len ?M' a a s set ys C {0..n}
by fastforce
with 1 cycle show ?thesis by fastforce
next
case 2
from cycle-rotate-2'|OF <xs # [ this(2), of ?M’] prems obtain ys
where
len ?M"jj (i # ys) = len ?M’ a a xs set ys C {0..n}
by fastforce
with 2 cycle show ?thesis by fastforce
qged
from new-negative-cycle-auz'[OF <i < ny <j < n» this(1) <cycle-free M
ny - this(2) <i # ]
obtain zs where zs:
set xs C {0..n} i ¢ set xs j ¢ set xs
len M0 (j# xs) < 0V len ?M"jj (i # xzs) < 0
by auto
from this(4) have False
proof
assume A: len ?M'jj (i # xzs) < 0
show Fulse
proof (cases xs)
case Nil
with i # j» have «:?M’' ji = Le (—r) ?M' ij = Le r by simp+
from Nil have len ?M'jj (i # xs) = ?M’'ji + ?M' i j by simp
with x have len ?M’ j j (i # zs) = Le 0 by (simp add: add)
then show Fulse using A by (simp add: neutral)
next
case (Cons y ys)
have xMiy+ Myj> Mij
using <canonical M ny Cons zs <i < ny <j < n» by (simp add: add
less-eq)
have Le 0 = Le (—r) + Le r by (simp add: add)
also have ... < Le (—r) + M i j using r by (simp add: add-mono)
also have ... < Le (—r) + M iy + M y j using * by (simp add:
add-mono add.assoc)
also have ... < Le (—r) + ?M" iy + len M y j ys
using canonical-len[OF <canonical M ny] zs(1—38) «i < ny <j < m»
Cons
by (simp add: add-mono)
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also have ... = len ?M’ j j (i # xs) using Cons i # j» x*x xs(1—3)
by (simp add: add.assoc)
also have ... < Le 0 using A by (simp add: neutral)
finally show Fualse by simp
qed
next
assume A: len ?M'ii (j # zs) < 0
show Fulse
proof (cases zs)
case Nil
with (i # j» have x:?M' ji = Le (—r) ?M' ij = Le r by simp+
from Nil have len ?M' ii (j # zs) = ?M'ij+ ?M’ji by simp
with x have len ?M’ i i (j # xs) = Le 0 by (simp add: add)
then show False using A by (simp add: neutral)
next
case (Cons y ys)
have xMjy+ Myi> Mji
using <canonical M ny Cons zs <i < ny <j < ny by (simp add: add
less-eq)
have Le 0 = Le r + Le (—r) by (simp add: add)
also have ... < Le r + M j i using r by (simp add: add-mono)
also have ... < Ler + M jy + M y i using * by (simp add:
add-mono add.assoc)
alsohave ... < Ler + ?M’'jy + len M yiys
using canonical-len[OF <canonical M ny] zs(1—3) «i < n) <j < m»
Cons
by (simp add: add-mono)
also have ... = len ?M' i i (j # xs) using Cons i # j» xx xs(1—3)
by (simp add: add.assoc)
also have ... < Le 0 using A by (simp add: neutral)
finally show Fulse by simp
qed
ged
} note *x = this
have cycle-free M’ n unfolding cycle-free-diag-equiv|symmetric]
using negative-cycle-dest-diag * by fastforce
then show ?thesis using not-empty <i # j» r unfolding M’-def by auto
qed

lemma fiz-index:
fixes M :: (('a :: time) DBMEntry) mat
assumes M 0 i + M i 0 > 0 cycle-free M n canonical M n i < n i 0

shows
3 (M’ :: (la DBMEntry) mat). ((3 w. DBM-val-bounded v u M' n) —
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(3 u. DBM-val-bounded v u M n))
AM 0i+ M'i0=0 A cycle-free M' n
ANVJIi£FAMOj+Mjo=0— M 0j+ M j0=0)
ANVGiEFAMOj+Mjo>0— M 0j+ M jo>0)
proof —
note A = assms
from sum-gt-neutral-dest[OF assms(1)] obtain d where d: Le d < M i
0 Le (—d) < M 0 i by auto
have i # 0 using A by — (rule ccontr; simp)
let M’ = Ni" j'.if i’ =i A j' = 0 then Le d else if i’ = 0 A j' = i then
Le (—d) else M i’ j'
from fiz-index'|OF d(1,2) A(2,3,4) - <i # 0)] have M"
YV u. DBM-val-bounded v v ?M’' n —s DBM-val-bounded v u M n cycle-free
M’ n
by auto
moreover from i # 0> haveV j. i #jAMOj+ Mj0 =0 — ?M’
07+ ?M’"j0 = 0 by auto
moreover from i # 0> haveV j. i #jAMOj+ Mj0 >0 — ?M’
0j+ ?M’j0 > 0 by auto
moreover from i # 0> have ?M’' 0i + ?M’i 0 = 0 unfolding neutral
add by auto
ultimately show ?thesis by blast
qed

Putting it together lemma FW-not-empty:

DBM-val-bounded v u (FW M' n) n = DBM-val-bounded v u M’ n
proof —

assume A: DBM-val-bounded v u (FW M’ n) n

haveVij. i <n-—j<n-— FWM' nij< M'ijusing fw-mono
by blast

from DBM-le-subset[of n FW M' n M’ - v, OF this[unfolded less-eq]]

show DBM-val-bounded v u M’ n using A by (auto simp: DBM-zone-repr-def)
qed

lemma fiz-indices:
fixes M :: (('a :: time) DBMEntry) mat
assumes set xs C {0..n} distinct zs
assumes cyc-free M n canonical M n
shows
3 (M’ :: ('a DBMEntry) mat). ((3 uw. DBM-val-bounded v v M’ n) —
(3 u. DBM-val-bounded v u M n))
ANV iesetzs.i#0— M 0i+ M'i0=20)AN cycfree M'n
ANV i<n.ig¢setas NMOi+Mi0=0— M 0i+ M i0=20)
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using assms
proof (induction xs arbitrary: M)
case Nil then show ?case by auto
next
case (Cons i xs)
show ?Zcase
proof (cases M 0i+ Mi0 <0V i=0)
case True
note T = this
show ?thesis
proof (cases i = 0)
case Fulse
from Cons.prems have 0 < n set [i] C {0..n} by auto
with Cons.prems(3) False T have M 0 i + M i 0 = 0 by fastforce
with Cons. IH[OF - - Cons.prems(3,4)] Cons.prems(1,2) show ?thesis
by auto
next
case True
with Cons. IH[OF - - Cons.prems(3,4)] Cons.prems(1,2) show ?thesis
by auto
qed
next
case Fulse
with Cons.prems have 0 < M 0i¢+ Mi0i < ni# 0 by auto
with fiz-index|OF this(1) cycle-free-diag-intro] OF Cons.prems(3)] Cons.prems(4)
this(2,3), of v]
obtain M’ :: ("a DBMEntry) mat where M"
((3u. DBM-val-bounded v u M’ n) — (3u. DBM-val-bounded v u M
n) (M' 0+ M'i0=0)
cyc-free M nVj<n. i i AMOj+ Mj0>0— M 0j+ M'j
0>0
Vi iAiAMOj+MjO0=0—M0j+Mijo=0
using cycle-free-diag-equiv by blast
let M’ = FW M'n
from fw-canonical[of n M'] <cyc-free M’ ny have canonical ?M’ n by
auto
from FW-cyc-free-preservation|OF <cyc-free M’ ny] have cyc-free M’

by auto
from FW-fized-preservation|OF <i < ny» M'(2) <canonical ?M’ n»
ccyc-free 2M’ n]
have fized:?M' 0 i + ?M’ i 0 = 0 by (auto simp: add-mono)
from Cons.IH[OF - - <cyc-free 2M ' ny <canonical ?M’' ny] Cons.prems(1,2,3)
obtain M" :: ("a DBMEntry) mat
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where M": ((3 u. DBM-val-bounded vu M'"' n) — (3 u. DBM-val-bounded

vu M’ n))
(Vieset zs. i # 0 — M" 07+ M" i 0 = 0) cyc-free M"" n
(Vi<n. i ¢ setxs N M 0i+ M i0=0— M"0i+ M"i0 =

0)

by auto

from F'W-fized-preservation[OF - - <canonical M’ ny <cyc-free M’ n»|
M(5)

have Vi<n. i 2§ AMO0j+ Mj0 =0 — ?2M 0+ ?2M'j0 = 0
by auto

with M (/) have Vj<n. j ¢ set (i # xs) AMOj+ Mj0=0—
M"0j+ M"j0 = 0 by auto

moreover from M"(2) M"(4}) fized Cons.prems(2) <i < n»

have (Vieset (i#xs). i # 0 — M" 0i+ M" i 0 = 0) by auto

moreover from M"(1) M'(1) FW-not-emptylof v - M’ n]

have (3 u. DBM-val-bounded v u M" n) — (3 u. DBM-val-bounded v u
M n) by auto

ultimately show ?thesis using <cyc-free M" ny M"(}) by auto

qed

ged

lemma cyc-free-obtains-valuation:
cyc-frre Mn =V c.cvc<n—vc>0= 3 u. DBM-val-bounded v
uMn
proof —
assume A: cyc-free M nV¥ c.cvc<n—wvec>10
let M = FW M n
from fw-canonicallof n M] A have canonical ?M n by auto
from F'W-cyc-free-preservation|OF A(1) | have cyc-free ?M n .
have set [0..<n+1] C {0..n} distinct [0..<n+1] by auto
from fiz-indices|OF this <cyc-free ?M ny <canonical ?M n»)
obtain M':: (‘a DBMEntry) mat where M":
(3u. DBM-val-bounded v uw M’ n) — (3 u. DBM-val-bounded v u (FW
Vieset [0.<n+ 1].i# 0 — M'0i+ M'i0 = 0 cyc-free M' n
by blast
let ?M' = FW M’ n
have A i. i < n = i € set [0..<n + 1] by auto
with M'(2) have M'-fized: Vi<n. i # 0 — M’ 0i+ M’ i 0 = 0 by
fastforce
from fw-canonicallof n M'] M'(8) have canonical ?M’ n by blast
from FW-fized-preservation[OF - - this FW-cyc-free-preservation| OF M'(3)]]
M'-fized
have fized: Vi<n. i # 0 — ?M’' 0i + ?M'i 0 = 0 by auto
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have x: N\i. i <n=1i# 0= 3 d. ?M' 0i=Le (—d) N ?M' i 0 =
Le d
proof —
fix i assume i: i < ni# 0
from i fized have x:dbm-add (?M’' 0 i) (?M'i 0) = Le 0 by (auto simp
add: add neutral)
moreover
{fixab: 'aassume a+ b= 0
then have a = —b by (simp add: eq-neg-iff-add-eq-0)
}
ultimately show 3d. M’ 0i = Le (—d) A ?M'i 0 = Le d
by (cases M’ 0 i; cases ?M’ i 0; simp)
qed
then obtain f where f:V i<n. i # 0 — Le (fi) = M'i 0 A Le (—
fi) = ?M’ 0 i by metis
let 7u =MXc. f (vc)
have DBM-val-bounded v ?u ?M’' n
unfolding DBM-val-bounded-def
proof (safe, goal-cases)
case I
from cyc-free-diag-dest’|OF FW-cyc-free-preservation| OF M'(3)]] show
?case
unfolding neutral less-eq by fast
next
case (2 ¢)
with A(2) have *x: v ¢ > 0 by auto
with «x[OF 2] obtain d where d: Le (—d) = ?M' 0 (v ¢) by auto
with f 2 %% have Le (— f (v ¢)) = Le (— d) by simp
then have — f (v ¢) < — d by auto
from dbm-entry-val.intros(2)[of ?u , OF this| d
show ?case by auto
next
case (3 ¢)
with A(2) have xx: v ¢ > 0 by auto
with #[OF 3] obtain d where d: Le d = ?M’ (v ¢) 0 by auto
with f 3 xx have Le (f (v ¢)) = Le d by simp
then have f (v ¢) < d by auto
from dbm-entry-val.intros(1)[of ?u, OF this| d
show ?case by auto
next
case (4 cl c2)
with A(2) have xx: v cI > 0 v c2 > 0 by auto
with x[OF 4(1)] obtain df where d1: Le d1 = ?M’ (v c1) 0 by auto
with f 4 +x have Le (f (v c1)) = Le d1 by simp
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then have d1": f (v cl) = dI by auto
from *[OF 4 (2)] #+ obtain d2 where d2: Le d2 = ?M’ (v ¢2) 0 by
auto
with f 4/ xx have Le (f (v ¢2)) = Le d2 by simp
then have d2": f (v ¢2) = d2 by auto
have Le dI < ?M' (v cl) (v ¢2) + Le d2 using <canonical ?M’ ny 4
d1 d2
by (auto simp add: less-eq add)
then show Zcase
proof (cases ?M’ (v c1) (v ¢2), goal-cases)
case (I d)
then have di < d + d2 by (auto simp: add less-eq le-dbm-le)
then have dI — d2 < d by (simp add: diff-le-eq)
with 1 show ?case using d1’ d2' by auto
next
case (2 d)
then have dI < d + d2 by (auto simp: add less-eq dbm-le-def elim:
dbm-lt.cases)
then have diI — d2 < d using diff-less-eq by blast
with 2 show ?case using d1’ d2' by auto
qed auto
qed
from M'(1) FW-not-empty[OF this] obtain u where DBM-val-bounded
vu M n by auto
from F'W-not-empty|OF this] show %thesis by auto
qed

2.6.1 Floyd-Warshall and Empty DBMs

theorem F'W-detects-empty-zone:
Vk<n. 0 <k — Bc.vec=k =V cve<n—vec>0
= [FW M n]yn ={} «— (3 i<n. (FW Mmn)ii < Le 0)
proof
assume surj-on:Vk<n. 0 < k — (Jec. vc =k) and Fi<n. (FW M n)
i1 < Le 0
then obtain ¢ where x: len (FW M n) i i [] < 0 i <n by (auto simp
add: neutral)
show [F'W M n)yn = {}
proof (rule ccontr, goal-cases)
case I
then obtain u where DBM-val-bounded v u (FW M n) n unfolding
DBM-zone-repr-def by auto
from DBM-val-bounded-neg-cycle[OF this *(2) - %(1) surj-on] show
?case by auto
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qed
next
assume surj-on: Vk<n. 0 < k — (Jc. v ¢ = k) and empty: [FW M
non = {}
and c:Vcove<n—wve>0
show 3 i<n. (FW Mn) ii< Le 0
proof (rule ccontr, goal-cases)
case I
then have x:Vi<n. FW M n i i > 0 by (auto simp add: neutral)
have cyc-free M n
proof (rule ccontr)
assume — cyc-free M n
from FW-neg-cycle-detect[OF this] * show False by auto
qed
from FW-cyc-free-preservation|OF this] have cyc-free (FW M n) n .
from cyc-free-obtains-valuation|OF <cyc-free (FW M n) n) cn] empty
obtain u where DBM-val-bounded v u (FW M n) n by blast
with empty show ?case by (auto simp add: DBM-zone-repr-def)
qed
ged

hide-const (open) D

2.6.2 Mixed Corollaries

lemma cyc-free-not-empty:

assumes cyc-free M nVec.ve<n—0<wvc

shows [(M :: (‘a :: time) DBM)]yn # {}
using cyc-free-obtains-valuation| OF assms(1,2)] unfolding DBM-zone-repr-def
by auto

lemma empty-not-cyc-free:
assumes Vc. ve<n— 0 <vc|[M:('a: time) DBM)]yn = {}
shows = cyc-free M n

using assms by (meson cyc-free-not-empty)

lemma not-empty-cyc-free:

assumes Vi<n. 0 <k — (3 c.vec=Fk) [(M == ("a :: time) DBM)]yn
#{}

shows cyc-free M n using DBM-val-bounded-neg-cycle[OF - - - - assms(1)]
assms(2)
unfolding DBM-zone-repr-def by fastforce
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lemma neg-cycle-empty:

assumes Vik<n. 0 <k — (3 ccvec=k) setas C{0..n} i <nlen Mi
txs < 0

shows [(M :: (‘a :: time) DBM)]y.n = {} using assms
by (metis leD not-empty-cyc-free)

abbreviation clock-numbering’ :: ('c = nat) = nat = bool
where

clock-numbering’ vn =V c.ve> 0N Vz.Vy vz <nAvy<nAwv
r=vy—x=1y)

lemma non-empty-dbm-diag-set:
clock-numbering’ vn = [M|yn # {}
= [M]yn = [(Aij. if i = jthen 0 else M ij)lun
unfolding DBM-zone-repr-def
proof (safe, goal-cases)
case 1
{ fix c assume A: v ¢ =0
from 1 have v ¢ > 0 by auto
with A have Fulse by auto
} note *x = this
from 1 have [simp]: Le 0 < M 0 0 by (auto simp: DBM-val-bounded-def)
note [simp| = neutral
from 1 show ?Zcase
unfolding DBM-val-bounded-def
apply safe
subgoal
using * by simp
subgoal
using * by (metis (full-types))
subgoal
using * by (metis (full-types))
subgoal for c1 c2
by (cases c1 = ¢2) auto
done
next
case (2 x za)
note G = this
{ fix c assume A: v c = 0
from 2 have v ¢ > 0 by auto
with A have Fulse by auto
} note x = this
{fix cassume A:vc<nM(ve)(ve) <0
with 2 have Fulse
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by (fastforce simp: neutral DBM-val-bounded-def less elim!: dbm-It.cases)
} note xx = this
from 2 have [simp]: Le 0 = M 0 0 by (auto simp: DBM-val-bounded-def)
note [simp| = neutral
from 2 show ?Zcase
unfolding DBM-val-bounded-def
proof (safe, goal-cases)
case 1 with x show ?case by simp presburger
case 2 with x show ?case by presburger
next
case (3 cl c2)
show ?Zcase
proof (cases v ¢l = v c2)
case True
with 3 have c1 = ¢2 by auto
moreover from this *x[OF 3(9)] not-less have M (v ¢2) (v ¢2) > 0
by auto
ultimately show dbm-entry-val za (Some c1) (Some ¢2) (M (v c1)
(v ¢2)) unfolding neutral
by (cases M (v c1) (v ¢2)) (auto simp add: less-eq dbm-le-def, fast-
force+)
next
case Fulse
with 3 show ?thesis by presburger
qed
qed
qed

lemma non-empty-cycle-free:

assumes [M]y,, # {}

and Vk<n. 0 < k — (Jc. vec=k)

shows cycle-free M n
apply (rule ccontr)
apply (drule negative-cycle-dest-diag’)
using DBM-val-bounded-neg-cycle assms unfolding DBM-zone-repr-def by
blast

lemma neg-diag-empty:

assumes Vik<n. 0 <k — (Jecve=k)i<nMii<?0

shows [M]yn = {}
unfolding DBM-zone-repr-def using DBM-val-bounded-neg-cycle[of v - M
n i []] assms by auto

lemma canonical-empty-zone:
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assumes Vik<n. 0 <k — (e ve=k) Ve ve<n—0<uwvc
and canonical M n
shows [M]yn = {} «— (Fi<n. M ii < 0)
using FW-detects-empty-zone[OF assms(1,2), of M| FW-canonical-id[OF
assms(3)] unfolding neutral
by simp

2.7 Orderings of DBMs

lemma canonical-saturated-1:
assumes Ler < M (vel) 0
and Le (—r) < M0 (vcl)
and cycle-free M n
and canonical M n
and vecl <n
and vcl > 0
andVecve<n—0<uwvc
obtains u where v € [M], , ucl =71
proof —
let 2M' = Xi’ j'. if i'=v c1 A j'=0 then Le r else if i'=0 A j'=v cl then
Le (— r) else M i j'
from fiz-index'|OF assms(1—25)] assms(6) have M
YV u. DBM-val-bounded v v ?M' n — DBM-val-bounded v u M n
cycle-free M’ n ¢M' (vecl) 0 = Ler ?M' 0 (vcl) = Le (— r)
by auto
with cyc-free-obtains-valuation[unfolded cycle-free-diag-equiv, of 2M’ n v]
assms(7) obtain v where
w: DBM-val-bounded v u ?M' n
by fastforce
with assms(5,6) M'(3,4) have u ¢ = r unfolding DBM-val-bounded-def
by fastforce
moreover from u M'(1) have u € [M], , unfolding DBM-zone-repr-def
by auto
ultimately show thesis by (auto intro: that)
qed

lemma canonical-saturated-2:
assumes Le r < M 0 (v ¢2)

and Le (—r) < M (ve2) 0
and cycle-free M n
and canonical M n
and vc2 <n
and v c2 > 0
andVecve<n—0<uwvc
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obtains u where v € [M]yp u c2 = — 7
proof —
let 2M’' = Xi’ j'. if i'=0 N j'=v c2 then Le r else if i'=v c2 A j'=0 then
Le (—r) else M i j'
from fiz-index'|OF assms(1—4)] assms(5,6) have M.
V u. DBM-val-bounded v u ?M' n — DBM-val-bounded v u M n
cycle-free M’ n 2M'" 0 (v c2) = Le r M’ (v c2) 0 = Le (— r)
by auto
with cyc-free-obtains-valuation[unfolded cycle-free-diag-equiv, of ?M’ n v]
assms(7) obtain u where
u: DBM-val-bounded v u M’ n
by fastforce
with assms(5,6) M'(3,4) have u ¢2 < —r — u ¢2 < r unfolding
DBM-val-bounded-def by fastforce+
then have u c2 = —r by (simp add: le-minus-iff)
moreover from v M'(1) have u € [M], , unfolding DBM-zone-repr-def
by auto
ultimately show thesis by (auto intro: that)
qged

lemma canonical-saturated-3:
assumes Le r < M (v cl) (v c2)
and Le (— ) < M (v c2) (vel)
and cycle-free M n
and canonical M n
andvecl <nwvc2<n
and v ¢l # v 2
andVecve<n—0<uwvc
obtains u where v € [M]yp ucl —uc2 =7
proof —
let 2M'=X\i" j. if i'=v ¢l N j'=v c2 then Le r else if i'=v c2 A j'=v cl
then Le (—r) else M i’ j'
from fiz-index'|OF assms(1—7), of v| assms(7,8) have M".
YV u. DBM-val-bounded v v M’ n — DBM-val-bounded v u M n
cycle-free ?M" n ?M' (v cl) (v e2) = Ler M’ (v c¢2) (vel) = Le (—
r)
by auto
with cyc-free-obtains-valuation[unfolded cycle-free-diag-equiv, of ?M’ n v]
assms obtain u where u:
DBM-val-bounded v u ?M' n
by fastforce
with assms(5,6) M'(3,4) have
uel —uc2<ruc?2 —ucl <-—r
unfolding DBM-val-bounded-def by fastforce+
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then have u ¢l — u ¢2 = r by (simp add: le-minus-iff)

moreover from u M'(1) have u € [M], , unfolding DBM-zone-repr-def
by auto

ultimately show thesis by (auto intro: that)
qed

lemma DBM-canonical-subset-le:

notes any-le-inf[intro]

fixes M :: real DBM

assumes canonical M n [M]ypn C [Myn [Mlon #{} i <nj<ni#j

assumes clock-numbering: clock-numbering’ v n

Vk<n. 0 <k — (Jec. vec=k)

shows M ij < M'ij
proof —

from non-empty-cycle-free[OF assms(3)] clock-numbering(2) have cy-
cle-free M n by auto

with assms(1,4,5) have non-neg:

Mij+ Mji> Le0
by (metis cycle-free-diag order.trans neutral)

from clock-numbering have cn: Vec. ve < n — 0 < v c by auto
show %thesis
proof (cases i = 0)
case True
show ?thesis
proof (cases j = 0)
case True
with assms <i = 0> show ?thesis
unfolding neutral DBM-zone-repr-def DBM-val-bounded-def less-eq by
auto
next
case Fulse
then have j > 0 by auto
with <j < n» clock-numbering obtain c2 where c2: v c2 = j by auto
note t = canonical-saturated-2[OF - - <cycle-free M ny assms(1)
assms(5)[folded c2] - cn,unfolded c2]
show %thesis
proof (rule ccontr, goal-cases)
case I
{ fix d assume 1: M 0j = o0
obtain r where r: Le r < M 0jLe (—r) < MjO0d<r
proof (cases M j 0)
case (Le d)
obtain r where r > — d’ using gt-ex by blast
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with Le 1 show ?thesis by (intro that[of maz r (d + 1)]) auto
next
case (Lt d')
obtain r where r > — d’ using gt-ex by blast
with Lt 1 show ?thesis by (intro that[of maz r (d + 1)]) auto
next
case INF
with 1 show ?thesis by (intro that[of d + 1]) auto
qed
then have 3 r. Ler < M 0j A Le (—r) < M j0 A d < r by auto
} note inf-case = this
{ fix a bd: real assume I1: ¢ < b assume b: b+ d > 0
then have x: b > —d by auto
obtain r where r > —dr >ar <b
proof (cases a > — d)
case True
from I obtain r where r > a r < b using dense by auto
with True show ?thesis by (auto intro: that[of r])
next
case Fulse
with * obtain r where r > —d r < b using dense by auto
with False show ?thesis by (auto intro: that[of r])
qed
then have 3 r.r > —d A r > a A r < b by auto
} note gt-case = this
{fixarassume r: Ler < MOjLe(—r) < MjOa<rM 0j=
LeaVv M'0j=1Lta
from t[OF this(1,2) <0 < j»] obtain u where u: u € [M]yn u c2
=—r.
with ¢ < n) ¢2 assms(2) have dbm-entry-val u None (Some c2)
(M’ 0)
unfolding DBM-zone-repr-def DBM-val-bounded-def by blast
with u(2) r(3,4) have Fulse by auto
} note contr = this
from 1 True have M’ 0 j < M 0 j by auto
then show Fulse unfolding less
proof (cases rule: dbm-lt.cases)
case (1 d)
with inf-case obtain r where r: Le r < M 0j Le (—r) < Mj0d
< r by auto
from contr[OF this| 1 show False by fast
next
case (2 d)
with inf-case obtain r where r: Le r < M 0j Le (—r) < M j0d
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< r by auto
from contr[OF this] 2 show Fualse by fast
next
case (3 ab)
obtain r where r: Ler < M 0jLe (—r) < MjOa<r
proof (cases M j 0)
case (Le d’)
with 3 non-neg <i = 0> have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 3 obtain r where r > — d'r > a r < b by blast
with Le 3 show ?thesis by (intro that[of r]) auto
next
case (Lt d’)
with 3 non-neg <i = 0> have b + d’ > 0 unfolding add by auto
from gt-case|OF 3(3) this| obtain r where r > — d'r > ar <
b by auto
with Lt 3 show ?Zthesis by (intro that[of r]|) auto
next
case INF
with 3 show ?thesis by (intro that[of b]) auto
qed
from contr[OF this| 3 show False by fast
next
case (4 a b)
obtain r where : Ler < M 0jLe (—r) < MjOa<r
proof (cases M j 0)
case (Le d)
with 4 non-neg <i = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 4(3) this| obtain r where r > — dr > ar <
b by auto
with Le / show ?thesis by (intro that[of r]) auto
next
case (Lt d)
with 4 non-neg <i = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 4(3) this] obtain r where r > — dr > ar <
b by auto
with Lt 4 show ?Zthesis by (intro that[of r]|) auto
next
case INF
from 4 dense obtain r where r > a r < b by auto
with / INF show ?thesis by (intro that[of r]) auto
qed
from contr[OF this] 4 show Fualse by fast
next
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case (5 a b)
obtain » where r: Le r < M 0jLe (—r) < MjOa<r
proof (cases M j 0)
case (Le d)
with 5 non-neg <i = 0> have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 5 obtain r where r > — d'r > a r < b by blast
with Le 5 show ?thesis by (intro that[of r]) auto
next
case (Lt d')
with 5 non-neg <i = 0> have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 5 obtain r where r > — d’'r > a r < b by blast
with Lt 5 show ?thesis by (intro that[of r|) auto

next
case INF
with 5 show ?thesis by (intro that[of b]) auto
qed
from t[OF this(1,2) <j > 0] obtain v where u: v € [M]y u c2
=—r.
with < < n) ¢2 assms(2) have dbm-entry-val u None (Some c2)
(M 0 j)

unfolding DBM-zone-repr-def DBM-val-bounded-def by blast
with u(2) r(3) 5 show False by auto
next
case (6 a b)
obtain r where : Ler < M 0jLe (—r) < MjOa<r
proof (cases M j 0)
case (Le d)
with 6 non-neg <i = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 6(3) this] obtain r where r > — dr > ar <
b by auto
with Le 6 show ?thesis by (intro that[of r]) auto
next
case (Lt d)
with 6 non-neg <i = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 6(3) this] obtain r where r > — dr > ar <
b by auto
with Lt 6 show ?Zthesis by (intro that[of r]|) auto
next
case INF
from 6 dense obtain r where r > a r < b by auto
with 6 INF show ?thesis by (intro that[of r]) auto
qed
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from contr[OF this] 6 show False by fast
qged
qed
qged
next
case Fulse
then have ¢ > 0 by auto
with i < n) clock-numbering obtain c1 where ci1: v cI = 7 by auto
show “thesis
proof (cases j = 0)
case True
note t = canonical-saturated-1[OF - - <cycle-free M ny assms(1)
assms(4)[folded c1] - cn,
unfolded c1]
show ?thesis
proof (rule ccontr, goal-cases)
case
{ fix d assume 1: M i 0 = o0
obtain r where r: Le r < M i 0 Le (—r) < M 0id<r
proof (cases M 0 i)
case (Le d)
obtain r where r > — d’ using gt-ex by blast
with Le 1 show ?thesis by (intro that[of max v (d + 1)]) auto
next
case (Lt d')
obtain r where r > — d’ using gt-ex by blast
with Lt 1 show ?thesis by (intro that[of maz r (d + 1)]) auto
next
case INF
with 1 show ?thesis by (intro that[of d + 1]) auto
qed
then have 3 r. Ler < M i 0 N Le (—r) < M 0i A d < r by auto
} note inf-case = this
{ fix a bd:: real assume I1: ¢ < b assume b: b + d > 0
then have x: b > —d by auto
obtain r where r > —dr >ar <b
proof (cases a > — d)
case True
from I obtain r where r > a r < b using dense by auto
with True show ?thesis by (auto intro: that[of r])
next
case Fulse
with x obtain r where r > —d r < b using dense by auto
with False show ?thesis by (auto intro: that[of r])
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qed
then have 3 r.r > —d A r > a A r < b by auto
} note gt-case = this
{fixarassumer: Ler < MiOLe(—r) < MOia<rM i0O=
LeaVv M'i0=Lta
from t[OF this(1,2) <i > 0)] obtain u where u: u € [M]y p u cl
=r.
with < < n) ¢l assms(2) have dbm-entry-val u (Some c1) None
(M'"i0)
unfolding DBM-zone-repr-def DBM-val-bounded-def by blast
with u(2) r(3,4) have Fulse by auto
} note contr = this
from 1 True have M’ i 0 < M i 0 by auto
then show Fulse unfolding less
proof (cases rule: dbm-lt.cases)
case (1 d)
with inf-case obtain r where r: Le r < M i 0 Le (—r) < M 0id
< r by auto
from contr[OF this| 1 show False by fast
next
case (2 d)
with inf-case obtain r where r: Le r < M i 0 Le (—r) < M 0id
< r by auto
from contr[OF this] 2 show Fualse by fast
next
case (3 a b)
obtain r where : Ler < M i0Le (—r) < MOia<r
proof (cases M 0 1)
case (Le d’)
with 3 non-neg <j = 0> have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 3 obtain r where r > — d'r > a r < b by blast
with Le 3 show ?thesis by (intro that[of r]) auto
next
case (Lt d’)
with 3 non-neg <j = 0> have b + d’ > 0 unfolding add by auto
from gt-case|OF 3(3) this| obtain r where r > — d'r > ar <
b by auto
with Lt 3 show ?Zthesis by (intro that[of r]|) auto
next
case INF
with 3 show %thesis by (intro that[of b]) auto
qed
from contr[OF this| 3 show False by fast
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next
case (4 a b)
obtain r where r: Ler < M i0Le (—r) < MOia<r
proof (cases M 0 i)
case (Le d)
with 4/ non-neg <j = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 4(3) this| obtain r where r > — dr > ar <
b by auto
with Le / show ?thesis by (intro that[of r]) auto
next
case (Lt d)
with 4 non-neg <j = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 4(3) this] obtain r where r > — dr > ar <
b by auto
with Lt 4 show ?Zthesis by (intro that[of r]|) auto
next
case INF
from 4 dense obtain r where r > a r < b by auto
with / INF show ?thesis by (intro that[of r]) auto
qed
from contr[OF this] 4 show False by fast
next
case (5 a b)
obtain r where r: Le r < M i 0 Le (—r) < M Oia<r
proof (cases M 0 i)
case (Le d')
with 5 non-neg <j = 0> have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 5 obtain r where r > — d'r > a r < b by blast
with Le 5 show ?thesis by (intro that[of r]) auto
next
case (Lt d')
with 5 non-neg <j = 0> have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 5 obtain r where r > — d’'r > a r < b by blast
with Lt 5 show ?thesis by (intro that[of r|) auto
next
case INF
with 5 show ?thesis by (intro that[of b]) auto
qed
from t[OF this(1,2) «i > 0)] obtain u where u: u € [M]yp u cl
=r.
with < < n) ¢l assms(2) have dbm-entry-val u (Some c1) None
(M'"i0)
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unfolding DBM-zone-repr-def DBM-val-bounded-def by blast
with u(2) r(3) 5 show False by auto
next
case (6 a b)
obtain r where r: Ler < M i0Le (—r) < M Oia<r
proof (cases M 0 i)
case (Le d)
with 6 non-neg <j = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 6(3) this] obtain r where r > — dr > ar <
b by auto
with Le 6 show ?thesis by (intro that[of r]) auto
next
case (Lt d)
with 6 non-neg <j = 0> have b + d > 0 unfolding add by auto
from gt-case|OF 6(3) this] obtain r where r > — dr > ar <
b by auto
with Lt 6 show ?Zthesis by (intro that[of r]|) auto
next
case INF
from 6 dense obtain r where r > a r < b by auto
with 6 INF show ?thesis by (intro that[of r]) auto
qed
from contr[OF this] 6 show Fualse by fast
qged
qed
next
case Fulse
then have j > 0 by auto
with <j < n» clock-numbering obtain c2 where c2: v c2 = j by auto
note t = canonical-saturated-3[OF - - <cycle-free M ny assms(1)
assms(4)[folded c1]
assms(5)[folded c2] - cn, unfolded c1 c2]
show “thesis
proof (rule ccontr, goal-cases)
case 1
{ fix d assume I1: M ij = oo
obtain r where m: Le r < M ijLe (—r) < Mjid<r
proof (cases M j 1)
case (Le d’)
obtain r where r > — d’ using gt-ex by blast
with Le 1 show ?thesis by (intro that[of maz r (d + 1)]) auto
next
case (Lt d')
obtain r where r > — d’ using gt-ex by blast
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with Lt 1 show ?thesis by (intro that[of maz v (d + 1)]) auto
next
case INF
with 1 show ?thesis by (intro that[of d + 1]) auto
qed
then have 3 r. Ler < M ij A Le (—r) < M ji A d < r by auto
} note inf-case = this
{ fix a b d:: real assume I1: ¢ < b assume b: b+ d > 0
then have x: b > —d by auto
obtain » where r > —dr >ar <b
proof (cases a > — d)
case True
from I obtain r where r > a r < b using dense by auto
with True show ?thesis by (auto intro: that[of r])
next
case Fulse
with * obtain r where r > —d r < b using dense by auto
with False show ?thesis by (auto intro: that[of r])
qed
then have 3 r.r > —d A r > a A r < b by auto
} note gt-case = this
{fixarassume r: Ler < MijLe(-r) < Mjia<rM ij=
LeaVv M'ij=Lta
from ¢[OF this(1,2) <i # j»] obtain v where u: v € [M]yp u cl
—uc2=r.
with < < n) <j < n» ¢l c2 assms(2) have dbm-entry-val u (Some
cl) (Some c2) (M’ ij)
unfolding DBM-zone-repr-def DBM-val-bounded-def by blast
with u(2) r(3,4) have Fulse by auto
} note contr = this
from 1 have M'ij < M ij by auto
then show Fulse unfolding less
proof (cases rule: dbm-lt.cases)
case (1 d)
with inf-case obtain r where r: Le r < M i j Le (—r) < M jid
< r by auto
from contr[OF this] 1 show False by fast
next
case (2 d)
with inf-case obtain r where r: Le r < M ijLe (—r) < Mjid
< r by auto
from contr[OF this| 2 show False by fast
next
case (3 a b)
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obtain r where r: Ler < M ijLe (—r) < Mjia<r
proof (cases M j i)
case (Le d’)
with 3 non-neg have b + d’ > (0 unfolding add by auto
then have b > — d’ by auto
with 3 obtain r where r > — d’r > a r < b by blast
with Le 3 show ?thesis by (intro that[of r]) auto
next

case (Lt d')

with 3 non-neg have b + d’ > 0 unfolding add by auto
from gt-case[OF 3(3) this] obtain r where r > — d'r > ar <
b by auto

with Lt 3 show ?Zthesis by (intro that[of r]|) auto

next
case INF
with 3 show ?thesis by (intro that[of b]) auto
qed
from contr[OF this] 3 show Fulse by fast
next
case (4 a b)

obtain r where r: Ler < M ijLe (—r) < Mjia<r
proof (cases M j 1)
case (Le d)
with 4 non-neg have b + d > 0 unfolding add by auto
from gt-case|OF 4(3) this] obtain r where r > — dr > ar <
b by auto
with Le / show ?thesis by (intro that[of r]) auto
next
case (Lt d)

with 4 non-neg have b + d > 0 unfolding add by auto
from gt-case|OF 4(3) this] obtain r where r > — dr > ar <
b by auto
with Lt 4 show ?thesis by (intro that[of r]|) auto
next
case INF
from 4 dense obtain r where r > a r < b by auto
with / INF show ?thesis by (intro that[of r]) auto
qed
from contr[OF this] 4 show False by fast
next
case (5 a b)
obtain r where r: Ler < M ijLe (—r) < Mjia<Tr
proof (cases M j i)
case (Le d')
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with 5 non-neg have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 5 obtain r where r > — d’' r > a r < b by blast
with Le 5 show ?thesis by (intro that[of r]) auto
next
case (Lt d')
with 5 non-neg have b + d’ > 0 unfolding add by auto
then have b > — d’ by auto
with 5 obtain r where r > — d'r > a r < b by blast
with Lt 5 show ?thesis by (intro that[of r]) auto
next
case INF
with 5 show ?thesis by (intro that[of b]) auto
qed
from ¢[OF this(1,2) «i # j»] obtain v where u: v € [M]yp u c1
—ucl2=r.
with i < n» j < n> ¢l ¢2 assms(2) have dbm-entry-val u (Some
cl) (Some c2) (M’ i7)
unfolding DBM-zone-repr-def DBM-val-bounded-def by blast
with u(2) 7(3) 5 show Fulse by auto
next
case (6 a b)
obtain r where r: Le r < M ijLe (—r) < Mjia<r
proof (cases M j i)
case (Le d)
with 6 non-neg have b + d > 0 unfolding add by auto
from gt-case|OF 6(3) this] obtain r where r > — dr > ar <
b by auto
with Le 6 show ?thesis by (intro that[of r]) auto
next
case (Lt d)
with 6 non-neg have b + d > 0 unfolding add by auto
from gt-case|OF 6(3) this] obtain r where r > — dr > ar <
b by auto
with Lt 6 show ?Zthesis by (intro that[of r]|) auto
next
case INF
from 6 dense obtain r where r > a r < b by auto
with 6 INF show ?thesis by (intro that[of r]) auto
qed
from contr[OF this] 6 show Fualse by fast
qed
qed
qged
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qed
qged

end
theory FW-More
imports
DBM-Basics
Floyd-Warshall. FW-Code
begin

2.8 Partial Floyd-Warshall Preserves Zones

lemma fwi-len-distinct:

Jys. setys C{k} ANfwimnknnij=lenmijysNi¢ setys\jé¢
set ys N distinct ys

ifi<nj<nk<nmkk>20

using fwi-step’[of m, OF that(4), of n n n i j] that

apply (clarsimp split: if-splits simp: min-def)

by (rule exI|[where z = [|] exl[where = = [k]]; auto simp: add-increasing
add-increasing2)+

lemma FWI-mono:
i<n=jij<n=FWIMnkij< Mij
using fwi-mono[of - n - M k n n, folded FWI-def, rule-format] .

lemma FWI-zone-equiv:
(M]y,n = [FWI M n klyp if surj-on:V k< n. k>0 — (3 c. ve=k)
and £ < n
proof safe
fix v assume A: v € [FWI M n klyn
{fixijassume i <nj<n
then have FWI M n kij < M ij by (rule FWI-mono)
hence FWI M n kij < Mijby (simp add: less-eq)
}
with DBM-le-subset[of n FWI M n k M] A show u € [M],n by auto
next
fix v assume w:u € [M]y
hence x:DBM-val-bounded v u M n by (simp add: DBM-zone-repr-def)
note xx = DBM-val-bounded-neg-cycle[OF this - - - surj-on]
have cyc-free: cyc-free M n using xx by fastforce
from cyc-free-diag|OF this] <k < n> have M k k > 0 by auto

have DBM-val-bounded v v (FWI M n k) n unfolding DBM-val-bounded-def
proof (safe, goal-cases)
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case I
with <k < n» <M k k > 0> cyc-free show ?case
unfolding FWI-def neutral[symmetric] less-eq[symmetric]
by — (rule fwi-cyc-free-diaglwhere I = {0..n}]; auto)
next
case (2 ¢)
with <k < ny <M k k > 0) fwi-len-distinctlof 0 n v ¢ k M| obtain zs
where zs:
FWIMnkO (ve)=1len MO (vec)asset xs C {0..n} 0 ¢ set xs
unfolding FWI-def by force
with surj-on v ¢ < ny show ?Zcase unfolding xs(1)
by — (rule DBM-val-bounded-len’2[OF x|; auto)
next
case (3 ¢)
with <k < nmy <M k k > 0> fwi-len-distinct[of v ¢ n 0 k M| obtain zs
where zs:
FWIMnk (ve) 0=len M (ve) 0xs set zs C {0..n}
0 ¢ set xs v c ¢ set s
unfolding FWI-def by force
with surj-on v ¢ < ny show ?Zcase unfolding xs(1)
by — (rule DBM-val-bounded-len'1[OF x; auto)
next
case (4 cl1 c2)
with <k < ny <M k k > 0> fwi-len-distinct[of v ¢I n v c2 k M] obtain
zs where zs:
FWIMnk (vel) (ve2) =len M (vel) (ve2) zs set xs C {0..n}
vecl ¢ set xs v c2 ¢ set xs distinct xs
unfolding FWI-def by force
with surj-on v cl < ny <v ¢2 < n> show ?case
unfolding zs(1) by — (rule DBM-val-bounded-len’3[OF x]; auto dest:
distinct-cnt[of - 0])
qed
then show u € [FWI M n k|, unfolding DBM-zone-repr-def by simp
qed

end

3 DBM Operations

theory DBM-Operations
imports
DBM-Basics
begin
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3.1 Auxiliary

lemmas [trans| = finite-subset

lemma finite-vimagel2: finite (h —* F') if finite F inj-on h {z. h x € F'}
proof —
have h —“F =h —“FNn{z. hz € F}
by auto
from that show ?thesis
by (subst <h —‘F = -») (rule finite-vimage-Intl[of F' h {z. h z € F}])
qed

lemma gt-swap:
fixes a b c :: 't :: time
assumes ¢ < a + b
shows ¢ < b + a
by (simp add: add.commute assms)

lemma le-swap:
fixes a b c :: 't :: time
assumes c < a + b
shows ¢ < b + a
by (simp add: add.commute assms)

abbreviation clock-numbering :: ('c = nat) = bool
where
clock-numbering v =V c. vec > 0

lemma DBM-triv:
u by (A j. 00)
unfolding DBM-val-bounded-def by (auto simp: dbm-le-def)

3.2 Relaxation

Relaxation of upper bound constraints on all variables. Used to compute
time lapse in timed automata.

definition
up :: ('t::linordered-cancel-ab-semigroup-add) DBM = 't DBM
where
up M =
Aij.if ¢ > 0thenif j = 0 then oo else min (dbm-add (M i 0) (M 0 j))
(Mij) else Mij

lemma dbm-entry-dbm-lt:
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assumes dbm-entry-val u (Some c1) (Some ¢2) a a < b
shows dbm-entry-val u (Some c1) (Some c2) b
using assms
proof (cases, goal-cases)
case I thus ?case by (cases, auto)
next
case 2 thus ?case by (cases, auto)
qed auto

lemma dbm-entry-dbm-min2:
assumes dbm-entry-val u None (Some c¢) (min a b)
shows dbm-entry-val u None (Some ¢) b
using dbm-entry-val-mono2[folded less-eq, OF assms] by auto

lemma dbm-entry-dbm-min3:
assumes dbm-entry-val u (Some c¢) None (min a b)
shows dbm-entry-val u (Some ¢) None b
using dbm-entry-val-mono3|folded less-eq, OF assms| by auto

lemma dbm-entry-dbm-min:
assumes dbm-entry-val u (Some c1) (Some c2) (min a b)
shows dbm-entry-val u (Some c1) (Some c2) b

using dbm-entry-val-monol [folded less-eq, OF assms| by auto

lemma dbm-entry-dbm-min3":
assumes dbm-entry-val u (Some ¢) None (min a b)
shows dbm-entry-val u (Some ¢) None a
using dbm-entry-val-mono3|[folded less-eq, OF assms] by auto

lemma dbm-entry-dbm-min2':
assumes dbm-entry-val u None (Some c¢) (min a b)
shows dbm-entry-val u None (Some ¢) a
using dbm-entry-val-mono2[folded less-eq, OF assms] by auto

lemma dbm-entry-dbm-min’:
assumes dbm-entry-val u (Some c1) (Some ¢2) (min a b)
shows dbm-entry-val u (Some c1) (Some c2) a

using dbm-entry-val-monol [folded less-eq, OF assms| by auto

lemma DBM-up-complete’: clock-numbering v = u € ([M]yn)" = u €

[UP M]’U,n

unfolding up-def DBM-zone-repr-def DBM-val-bounded-def zone-delay-def

proof (safe, goal-cases)
case prems: (2 u d c)
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hence *: dbm-entry-val uw None (Some ¢) (M 0 (v ¢)) by auto
thus “case
proof (cases, goal-cases)
case (1 d')
have — (u ¢ + d) < — u ¢ using «d > 0> by simp
with 7(2) have — (u ¢ + d)< d’ by (blast intro: order.trans)
thus ?case unfolding cval-add-def using 1 by fastforce
next
case (2 d’)
have — (u ¢ + d) < — u ¢ using «d > 0> by simp
with 2(2) have — (u ¢ + d) < d’ by (blast intro: order-le-less-trans)
thus ?case unfolding cval-add-def using 2 by fastforce
qed auto
next
case prems: (4 u d cl c2)
then have
dbm-entry-val u (Some c1) None (M (v c¢1) 0) dbm-entry-val u None
(Some ¢2) (M 0 (v c2))
by auto
from dbm-entry-val-add-4[OF this| prems have
dbm-entry-val u (Some c1) (Some ¢2) (min (dbm-add (M (v cl) 0) (M
0 (ve2)) (M (vel) (vc2))
by (auto split: split-min)
with prems(1) show ?case
by (cases min (dbm-add (M (v c1) 0) (M 0 (v c2))) (M (v cl) (v c2)),
auto simp: cval-add-def)
qed auto

fun theLe :: ("t::time) DBMEntry = 't where
theLe (Le d) = d |
theLe (Lt d) = d |
theLe oo = 0

lemma DBM-up-sound’:
assumes clock-numbering’ v n u € [up My p
shows u € ([M]yn)"
proof —
obtain S-Max-Le where S-Max-Le:
S-Maz-Le ={d —uc|cd. 0 <veANve<nAMI(vec)0=Led}
by auto
obtain S-Max-Lt where S-Mazx-Lt:
S-Maz-Lt ={d —uc|cd. 0 <vecAve<nAM(vec)0=Ltd}
by auto
obtain S-Min-Le where S-Min-Le:
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S-Min-Le ={—d —uclcd. 0 <veANvec<nAMO (ve)= Led}
by auto
obtain S-Min-Lt where S-Min-Lt:

S-Min-Lt ={—d —ucl|cd. 0 <veANve<nAMO (vc)= Ltd}

by auto

have finite {c. 0 < v e A ve < n} (is finite 25)
proof —
have 25 C v —“{1..n}
by auto

also have finite ...
using assms(1) by (auto introl: finite-vimagel2 inj-onl)
finally show ?thesis .
qed
then have V f. finite {(¢,b) | cb. 0 <vecAve<nAfM(vec)= b}

by auto

moreover have
VK. {(¢,Kd)|cd O<vecAhve<nAfM(ve)=Kd}

C{(e,b) | cb.0<vehve<nAfM(vec)=b}
by auto
ultimately have 1:
V fK. finite {(c,Kd) | cd. 0 <vecAve<nAfM(wc)=Kd}
using finite-subset
by fast
have V f K. theLe o K = id — finite {(¢,d) | cd. 0 <vcANvec<n
ANfM (ve)=Kd}
proof (safe, goal-cases)
case prems: (1 f K)
then have (¢, d) = (A (¢,b). (¢, theLe b)) (¢, K d) for ¢ :: 'a and d
by (simp add: pointfree-idE)
then have
{e;d) | cd. O <venhve<nAfM((vc)=Kd}
= (A (¢,b). (¢, theLe b)) ‘{(¢,Kd) | cd. 0 <vecAhve<nAfM (v
c) =K d}
by (force simp: split-beta)
moreover from ! have
finite (X (¢,b). (¢, theLe b)) ‘{(¢,K d) | cd. 0 <vecAve<nAf
M (ve¢) =K d})
by auto
ultimately show ?case by auto

qed

then have finl:
N fg K. theLe o K = id = finite (g ‘{(¢,d) | cd. 0 <vecAve<n

ANfM(ve)=Kd})
by auto
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have
finite (M(c,d). —d —uc) “{(c,d) | cd. 0O <veNve<nAMO (v
c) = Le d})
by (rule finl, auto)
moreover have
S-Min-Le = (M(¢,d). —d —uc) ‘{(c,d) | cd. 0 <vecAhve<nAM
0 (vc)= Led})
using S-Min-Le by auto
ultimately have fin-min-le: finite S-Min-Le by auto

have
finite (M(c,d). —d —uc) “{(e,d) | cd. 0 <veANve<nAMO (v
c) = Lt d})
by (rule finl, auto)
moreover have
S-Min-Lt = (Me,d). —d —uc) ‘{(¢,d) | cd. 0O <vecAhve<nAM
0 (vc)= Lt d})
using S-Min-Lt by auto
ultimately have fin-min-It: finite S-Min-Lt by auto

have finite (A(¢,d). d —uc) ‘{(c,d) | cd. 0 <veAhve<nAMI(v
c) 0 = Le d})
by (rule finl, auto)
moreover have
S-Max-Le = (Me,d). d —ue) “{(e,d) | cd. 0 <veAhve<nAM
(ve) 0= Led})
using S-Maz-Le by auto
ultimately have fin-maz-le: finite S-Maz-Le by auto

have
finite (M(c,d). d —uc) ‘{(c,d) | cd. 0 <vecAhve<nAMI(vec)0
= Lt d})
by (rule finl, auto)
moreover have
S-Maz-Lt = (Mc,d). d —uc) “‘{(c,d) | cd. 0O <veANve<nAM
(ve) 0= Ltd})
using S-Max-Lt by auto
ultimately have fin-maz-lt: finite S-Max-Lt by auto

{ fix = assume z € S-Min-Le
hence z < 0 unfolding S-Min-Le
proof (safe, goal-cases)

case (I ¢ d)
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with assms have — u ¢ < d unfolding DBM-zone-repr-def DBM-val-bounded-def
up-def by auto
thus ?case by (simp add: minus-le-iff)
qged
} note Min-Le-le-0 = this
have Min-Lt-le-0: x < 0 if x € S-Min-Lt for z using that unfolding
S-Min-Lt
proof (safe, goal-cases)
case (1 ¢ d)
with assms have — u ¢ < d unfolding DBM-zone-repr-def DBM-val-bounded-def
up-def by auto
thus ?case by (simp add: minus-less-iff)
qed

The following basically all use the same proof. Only the first is not com-
pletely identical but nearly identical.

{ fix | r assume | € S-Min-Le r € S-Max-Le
with S-Min-Le S-Max-Le have [ < r
proof (safe, goal-cases)
case (1 cc' dd
note G1 = this
hence x:(up M) (v ¢) (v ¢) = min (dbm-add (M (v ¢’) 0) (M 0 (v
) (M (v ¢) (v c))
using assms unfolding up-def by (auto split: split-min)
have dbm-entry-val u (Some ¢’) (Some ¢) ((up M) (v ¢’) (v ¢))
using assms G1 unfolding DBM-zone-repr-def DBM-val-bounded-def
by fastforce
hence dbm-entry-val u (Some ¢’) (Some ¢) (dbm-add (M (v ¢') 0) (M
0 (v )
using dbm-entry-dbm-min’ * by auto
hence v ¢/’ — u ¢ < d' + d using G1 by auto
hence u ¢’ + (— u ¢ — d) < d' by (simp add: add-diff-eq diff-le-eq)
hence — u ¢ — d < d' — u ¢’ by (simp add: add.commute le-diff-eq)
thus ?case by (metis add-uminus-conv-diff uminus-add-conv-diff)
qged
} note EE = this
{ fix | r assume | € S-Min-Le r € S-Max-Le
with S-Min-Le S-Max-Le have [ < r
proof (safe, goal-cases)
case (I cc' dd
note G1 = this
hence *:(up M) (v ¢') (v ¢) = min (dbm-add (M (v ¢’) 0) (M 0 (v
c))) (M (v ') (ve))

using assms unfolding up-def by (auto split: split-min)
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have dbm-entry-val u (Some ¢) (Some ¢) ((up M) (v ¢’) (v ¢))
using assms G1 unfolding DBM-zone-repr-def DBM-val-bounded-def
by fastforce
hence dbm-entry-val u (Some ¢’) (Some ¢) (dbm-add (M (v ¢') 0) (M
0 (v )
using dbm-entry-dbm-min’ * by auto
hence v ¢/’ — u ¢ < d’ + d using G1 by auto
hence u ¢’ + (— u ¢ — d) < d' by (simp add: add-diff-eq diff-le-eq)
hence — u ¢ — d < d' — u ¢’ by (simp add: add.commute le-diff-eq)
thus ?case by (metis add-uminus-conv-diff uminus-add-conv-diff)
qged
} note EE = this
{ fix | r assume | € S-Min-Lt r € S-Maz-Le
with S-Min-Lt S-Maz-Le have | < r
proof (safe, goal-cases)
case (1 cc' dd
note G1 = this
hence *:(up M) (v ¢') (v ¢) = min (dbm-add (M (v ¢’) 0) (M 0 (v
c))) (M (v ') (ve))
using assms unfolding up-def by (auto split: split-min)
have dbm-entry-val u (Some ¢') (Some ¢) ((up M) (v ¢’) (v ¢))
using assms G1 unfolding DBM-zone-repr-def DBM-val-bounded-def
by fastforce
hence dbm-entry-val u (Some ¢’) (Some ¢) (dbm-add (M (v ¢') 0) (M
0 (v )
using dbm-entry-dbm-min’ x by auto
hence v ¢’ — u ¢ < d’ + d using G1 by auto
hence u ¢’ + (— u ¢ — d) < d' by (simp add: add-diff-eq diff-less-eq)
hence — u ¢ — d < d' — u ¢’ by (simp add: add.commute less-diff-eq)
thus ?Zcase by (metis add-uminus-conv-diff uminus-add-conv-diff)
qed
} note LE = this
{ fix [ r assume [ € S-Min-Le r € S-Maz-Lt
with S-Min-Le S-Maz-Lt have | < r
proof (safe, goal-cases)
case (1 cc' dd)
note G1 = this
hence *:(up M) (v ¢') (v ¢) = min (dbm-add (M (v ¢’) 0) (M 0 (v
) (M (v¢) (v c))
using assms unfolding up-def by (auto split: split-min)
have dbm-entry-val u (Some ¢') (Some ¢) ((up M) (v ¢’) (v ¢))
using assms G1 unfolding DBM-zone-repr-def DBM-val-bounded-def
by fastforce
hence dbm-entry-val u (Some ¢') (Some ¢) (dbm-add (M (v ¢') 0) (M
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0 (v o))
using dbm-entry-dbm-min’ x by auto
hence v ¢’ — u ¢ < d’ + d using G1 by auto
hence u ¢’ + (— u ¢ — d) < d' by (simp add: add-diff-eq diff-less-eq)
hence — u ¢ — d < d' — u ¢’ by (simp add: add.commute less-diff-eq)
thus ?case by (metis add-uminus-conv-diff uminus-add-conv-diff)
qed
} note EL = this
{ fix [ r assume [ € S-Min-Lt r € S-Maz-Lt
with S-Min-Lt S-Maz-Lt have [ < r
proof (safe, goal-cases)
case (1 cc'dd)
note G1 = this
hence *:(up M) (v ¢') (v ¢) = min (dbm-add (M (v ¢’) 0) (M 0 (v
c))) (M (v c') (v o))
using assms unfolding up-def by (auto split: split-min)
have dbm-entry-val u (Some ¢’) (Some ¢) ((up M) (v ¢’) (v ¢))
using assms G1 unfolding DBM-zone-repr-def DBM-val-bounded-def
by fastforce
hence dbm-entry-val u (Some ¢’) (Some ¢) (dbm-add (M (v ¢’) 0) (M
0 (vc)))
using dbm-entry-dbm-min’ * by auto
hence v ¢/’ — u ¢ < d’ + d using G1 by auto
hence u ¢’ + (— u ¢ — d) < d' by (simp add: add-diff-eq diff-less-eq)
hence — u ¢ — d < d' — u ¢’ by (simp add: add.commute less-diff-eq)
thus ?case by (metis add-uminus-conv-diff uminus-add-conv-diff)
qed
} note LL = this
obtain m where m: V t € S-Min-Le. m >tV t € S-Min-Lt. m >t
V t e S-Max-Le. m < tV t € S-Max-Lt. m < tm < 0
proof —
assume m:(Am. VteS-Min-Le. t < m —
VtieS-Min-Lt. t < m = VteS-Maz-Le. m < t = Vt€S-Max-Lt.
m <t = m < 0 = thesis)
let ?min-le = Max S-Min-Le
let ?min-it = Max S-Min-Lt
let Ymaz-le = Min S-Max-Le
let ?max-lit = Min S-Max-Lt
show thesis
proof (cases S-Min-Le = {} N S-Min-Lt = {})
case True
note T = this
show thesis
proof (cases S-Max-Le = {} N S-Maz-Lt = {})

109



case True
let 2d" = 0 :: 't :: time
show thesis using True T by (intro m[of ?d’]) auto
next

case Fulse
let 7d =

if S-Max-Le # {}

then if S-Maxz-Lt # {} then min ?maz-lt ?maz-le else ?max-le
else Ymax-lt

obtain a :: 'b where a: a < 0 using non-trivial-neg by auto
let 2d’ = min 0 (?d + a)
{ fix z assume z € S-Maz-Le

with fin-maz-le a have min 0 (Min S-Maz-Le + a) < z

by (metis Min-le add-le-same-cancell le-less-trans less-imp-le
min.cobounded?2 not-less)

then have min 0 (Min S-Maz-Le + a) < z by auto
} note 1 = this
{ fix z assume z: z € S-Maz-Lt

have min 0 (min (Min S-Max-Lt) (Min S-Max-Le) + a) < ?maz-It
by (meson a add-less-same-cancell min.coboundedl min.strict-coboundedl?2

order.strict-trans2)
also from fin-maz-it  have ... < z by auto
finally have min 0 (min (Min S-Max-Lt) (Min S-Max-Le) + a) <

z .
} note 2 = this
{ fix = assume z: z € S-Maz-Le
have min 0 (min (Min S-Maz-Lt) (Min S-Maxz-Le) + a) < ?max-le
by (metis le-add-same-cancell linear not-le a min-le-iff-disj)
also from fin-mazx-le x have ... < x by auto
finally have min 0 (min (Min S-Max-Lt) (Min S-Max-Le) + a) <
z .

} note 3 = this
show thesis using False T a 1 2 3
apply (intro m[of 2d'))
apply simp-all
apply (metis Min.coboundedl add-less-same-cancell dual-order.strict-trans2
fin-maz-It
min.boundedE not-le)
done
qed
next
case Fulse
note F' = this
show thesis
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proof (cases S-Maz-Le = {} N S-Maz-Lt = {})
case True
let ?d' = 0 :: 't :: time
show thesis using True Min-Le-le-0 Min-Lt-le-0 by (intro m[of ?d])
auto
next
case Fulse
let 7r =
if S-Max-Le # {}
then if S-Maz-Lt # {} then min ?maz-lt ?maz-le else ?max-le
else Ymax-lt
let 71 =
if S-Min-Le # {}
then if S-Min-Lt # {} then maz ?min-lt ?min-le else ?min-le
else Ymin-lt

have 1: z < max ?min-lt ?min-le v < ?min-le if x € S-Min-Le for z
using that fin-min-le by (simp add: max.coboundedI2)+

{

fix ¢ y assume 2: z € S-Max-Le y € S-Min-Lt
then have S-Min-Lt # {} by auto
from LE[OF Maz-in]|OF fin-min-it], OF this, OF z(1)] have ?min-lt
< z by auto
} note 3 = this

have /: ?min-le < z if x € S-Maz-Le y € S-Min-Le for z y
using FE[OF Maz-in[OF fin-min-le], OF - that(1)] that by auto

{

fix ¢ y assume 2: z € S-Maz-Lt y € S-Min-Lt
then have S-Min-Lt # {} by auto
from LL[OF Maz-in[OF fin-min-lt|, OF this, OF z(1)] have ?min-lt
< z by auto
} note 5 = this
{
fix z y assume x: ¢ € S-Max-Lt y € S-Min-Le
then have S-Min-Le # {} by auto
from EL[OF Maz-in[OF fin-min-le], OF this, OF z(1)] have ?min-le
< z by auto
} note 6 = this
{
fix z y assume z: y € S-Min-Le
then have S-Min-Le # {} by auto
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from Min-Le-le-0[OF Maz-in[OF fin-min-le], OF this| have ?min-le
< 0 by auto
} note 7 = this
{
fix x y assume z: y € S-Min-Lt
then have S-Min-Lt # {} by auto
from Min-Lt-le-0[OF Maz-in|OF fin-min-lt], OF this| have ?min-It
< 0 ?min-lt < 0 by auto
} note 8 = this
show thesis
proof (cases ?l < ?r)
case Fulse
then have x: S-Max-Le # {}
proof (safe, goal-cases)
case I
with = (S-Maz-Le = {} N S-Maz-Lt = {})> obtain y where
y:y € S-Max-Lt by auto
note 1 = 1 this
{ fix z y assume A: z € S-Min-Le y € S-Maz-Lt
with EL[OF Maz-in|OF fin-min-le] Min-in[OF fin-max-It]]
have Max S-Min-Le < Min S-Max-Lt by auto
} note xx = this
{ fix z y assume A: z € S-Min-Lt y € S-Maz-Lt
with LL[OF Max-in[OF fin-min-It] Min-in[OF fin-max-It]]
have Max S-Min-Lt < Min S-Maz-Lt by auto
} note xxx = this
show Zcase
proof (cases S-Min-Le # {})
case True
note T = this
show %thesis
proof (cases S-Min-Lt # {})
case True
then show Fulse using I T True xx *xx by auto
next
case Fulse with 1 T xx show Fulse by auto
qed
next
case Fulse
with 1 False sxx <= (S-Min-Le = {} N S-Min-Lt = {})> show
?thesis by auto
ged
qed
{ fix z y assume A: z € S-Min-Lt y € S-Maz-Lt
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with LL[OF Maz-in[OF fin-min-lt] Min-in[OF fin-maz-It]]
have Max S-Min-Lt < Min S-Maz-Lt by auto
} note xxx = this
{ fix z y assume A: z € S-Min-Lt y € S-Maz-Le
with LE[OF Maz-in[OF fin-min-lt] Min-in[OF fin-maz-le]
have Max S-Min-Lt < Min S-Mazx-Le by auto
} note xxxx = this
from F Fualse have xx: S-Min-Le # {}
proof (safe, goal-cases)
case (1 z)
show “case
proof (cases S-Maz-Le # {})
case True
note T = this
show ?thesis
proof (cases S-Maz-Lt # {})
case True
then show z € {} using I T True sxxx sxx by auto
next
case False with 1 T xxxx show z € {} by auto
qed
next
case False
with 1 False sxx <= (S-Maz-Le = {} N S-Maz-Lt = {})» show
?thesis by auto
qed
qed
{
fix z assume z: x € S-Min-Lt
then have z < ?min-lt using fin-min-lt by (simp add:
mazx.coboundedI2)
also have ?min-lt < ?min-le
proof (rule ccontr, goal-cases)
case |
with z *x have 1: 2] = ?min-Iit by auto
have 2: ?min-lt < ?maz-le using * *xxxx[OF z| by auto
show Fulse
proof (cases S-Maz-Lt = {})
case Fulse
then have ?min-lt < ?maz-lt using * xxx[OF z| by auto
with 1 2 have ¢l < ?r by auto
with = 2l < ?ry show Fualse by auto
next
case True
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with 7 2 have ?l < ?r by auto
with (= 2l < ?ry show Fulse by auto
ged
qed

finally have z < max ?min-lt ?min-le by (simp add: maz.strict-coboundedI?2)

} note 2 = this
show thesis using F False 1 2 3 4 5 6 7 8 *x xx by ((intro m[of
?l)), auto)
next
case True
then obtain d where d: 7l < d d < ?r using dense by auto
let ?d’ = min 0 d
{
fix t assume t € S-Min-Le
then have t < ?] using 1 by auto
with d have ¢t < d by auto
}
moreover {
fix t assume t: t € S-Min-Lt
then have t < maz ?min-lt ?min-le using fin-min-lit by (simp
add: maz.coboundedlI1)
with ¢t Min-Lt-le-0 have t < ?] using fin-min-lt by auto
with d have ¢t < d by auto
}
moreover {
fix ¢t assume t: t € S-Max-Le
then have min ¢maz-lt ?mazx-le < t using fin-maz-le by (simp
add: min.coboundedI?2)
then have ?r < t using fin-maz-le t by auto
with d have d < t by auto
then have min 0 d < t by (simp add: min.coboundedI2)
}
moreover {
fix t assume t: t € S-Maz-Lt
then have min ?maz-lt ?mazx-le < t using fin-maz-it by (simp
add: min.coboundedl1)
then have ?r < t using fin-maz-lt t by auto
with d have d < t by auto
then have min 0 d < t by (simp add: min.strict-coboundedI?2)
}
ultimately show thesis using Min-Le-le-0 Min-Lt-le-0 by ((intro
mlof ?d'), auto)
qged
qed
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qed
qed
obtain u’ where v’ = (u & m) by blast
hence u”: u = (v’ ® (—m)) unfolding cval-add-def by force
have DBM-val-bounded v v’ M n unfolding DBM-val-bounded-def
proof (safe, goal-cases)
case I with assms(1,2) show ?case unfolding DBM-zone-repr-def
DBM-val-bounded-def up-def by auto
next
case (3 ¢)
thus ?Zcase
proof (cases M (v ¢) 0, goal-cases)
case (1 x1)
hence m < z1 — u c using m(3) S-Maz-Le assms by auto
hence u ¢ + m < z1 by (simp add: add.commute le-diff-eq)
thus ?case using v’ 1(2) unfolding cval-add-def by auto
next
case (2 z2)
hence m < 22 — u ¢ using m(4) S-Max-Lt assms by auto
hence u ¢ + m < z2 by (metis add-less-cancel-left diff-add-cancel
gt-swap)
thus ?case using v’ 2(2) unfolding cval-add-def by auto
next
case 3 thus ?case by auto
qed
next
case (2 c¢) thus ?case
proof (cases M 0 (v ¢), goal-cases)
case (I z1)
hence — 21 — u ¢ < m using m(1) S-Min-Le assms by auto
hence — u ¢ — m < zl using diff-le-eq neg-le-iff-le by fastforce
thus ?case using v’ 1(2) unfolding cval-add-def by auto
next
case (2 z2)
hence — 22 — u ¢ < m using m(2) S-Min-Lt assms by auto
hence — u ¢ — m < z2 using diff-less-eq neg-less-iff-less by fastforce
thus ?case using v’ 2(2) unfolding cval-add-def by auto
next
case 3 thus ?case by auto
qed
next
case (4 cl1 c2)
from assms have v ¢c1 > 0 v c2 # 0 by auto
then have B: (up M) (v cl) (v ¢2) = min (dbm-add (M (v cl) 0) (M
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0 (vec2))) (M (vel) (ve2))
unfolding up-def by simp

show Zcase
proof (cases (dbm-add (M (v c¢1) 0) (M 0 (v c2))) < (M (v cl) (v
2)))
case Fulse
with B have (up M) (v cl) (vc2) = M (vcl) (v c2) by (auto split:
split-min)
with assms 4 have
dbm-entry-val u (Some c1) (Some c2) (M (v cl) (v c2))
unfolding DBM-zone-repr-def unfolding DBM-val-bounded-def by
fastforce
thus ?thesis using v’ by cases (auto simp add: cval-add-def)
next
case True
with B have (up M) (v cl) (v ¢2) = dbm-add (M (v cl) 0) (M 0 (v
c2)) by (auto split: split-min)
with assms 4 have
dbm-entry-val u (Some c1) (Some c2) (dbm-add (M (v cl) 0) (M 0
(v c2)))
unfolding DBM-zone-repr-def unfolding DBM-val-bounded-def by
fastforce
with True dbm-entry-dbm-it have
dbm-entry-val w (Some c1) (Some c2) (M (v cl) (v c2))
unfolding less by fast
thus ?thesis using u’ by cases (auto simp add: cval-add-def)
qged
qed
with m(5) v’ show ?thesis
unfolding DBM-zone-repr-def zone-delay-def by fastforce
qged

3.3 Intersection

fun And :: ('t :: {linordered-cancel-ab-monoid-add}) DBM = 't DBM = 't
DBM where
And M1 M2 = (X i j. min (M1 ij) (M2 j))

lemma DBM-and-complete:
assumes DBM-val-bounded v u M1 n DBM-val-bounded v u M2 n
shows DBM-val-bounded v u (And M1 M2) n
using assms unfolding DBM-val-bounded-def by (auto simp: min-def)
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lemma DBM-and-sound1:
assumes DBM-val-bounded v u (And M1 M2) n
shows DBM-val-bounded v v M1 n
using assms unfolding DBM-val-bounded-def
apply safe
apply (simp add: less-eq[symmetric]; fail)
apply (auto 4 3 intro: dbm-entry-val-mono[folded less-eq])
done

lemma DBM-and-sound2:
assumes DBM-val-bounded v v (And M1 M2) n
shows DBM-val-bounded v v M2 n
using assms unfolding DBM-val-bounded-def
apply safe
apply (simp add: less-eq[symmetric]; fail)
apply (auto 4 3 intro: dbm-entry-val-mono[folded less-eq])
done

lemma And-correct:

[M1]yn O [M2)yn = [And M1 M2y 5

using DBM-and-soundl DBM-and-sound?2 DBM-and-complete unfolding
DBM-zone-repr-def by blast

3.4 Variable Reset

definition

DBM-reset :: ('t :: time) DBM = nat = nat = 't = 't DBM = bool
where

DBM-reset M n k d M' =

Vi<n O0<jANk#j— M©kj= coANMjk= co) AM'k0 =
Led A M' 0k = Le (— d)

ANM kk=MEkEk

A (Vi< n Vi<

i £ kNjFEk— M'ij=min (dbm-add (M ik) (Mkj)) (Mij))

lemma DBM-reset-mono:
assumes DBM-reset MnkdM' i <nj<ni#kj#k
shows M'ij < Mij

using assms unfolding DBM-reset-def by auto

lemma DBM-reset-len-mono:

assumes DBM-reset M nk d M'k ¢ set xs i # kj # k set (i # j # xs)
C {0..n}
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shows len M’ ijxs < len M ij xs
using assms by (induction zs arbitrary: i) (auto intro: add-mono DBM-reset-mono)

lemma DBM-reset-neg-cycle-preservation:
assumes DBM-reset M nk d M’ len M iixs < Le 0 set (k # i # zs) C
{0..n}
shows 3 j. 3 ys. set (j # ys) C {0..n} Alen M'jjys < Le 0
proof (cases xs = [])
case Nil: True
show ?thesis
proof (cases k = 1)
case True
with Nil assms have len M’ i i [] < Le 0 unfolding DBM-reset-def by
auto
moreover from assms have set (i # []) C {0..n} by auto
ultimately show ?thesis by blast
next
case Fulse
with Nil assms DBM-reset-mono have len M' i i [| < Le 0 by fastforce
moreover from assms have set (i # []) C {0..n} by auto
ultimately show ?thesis by blast
qed
next
case Fulse
with assms obtain j ys where cycle:
len M jjys < Le 0 distinct (j # ys) j € set (i # zs) set ys C set xs
by (metis negative-len-shortest neutral)
show %thesis
proof (cases k € set (j # ys))
case Fulse
with cycle assms have len M’ j j ys < len M j j ys by — (rule
DBM-reset-len-mono, auto)
moreover from cycle assms have set (j # ys) C {0..n} by auto
ultimately show ?thesis using cycle(1) by fastforce
next
case True
then obtain [ where I: (I, k) € set (arcs j j ys)
proof (cases j = k, goal-cases)
case True
show “thesis
proof (cases ys = [])
case 1" True
with True show ?thesis by (auto intro: that)
next
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case False
then obtain z zs where ys = zs Q [z] by (metis append-butlast-last-id)
from arcs-decomp|OF this] True show ?thesis by (auto intro: that)
qed
next
case Fulse
from arcs-set-elem2[OF False True] show ?thesis by (blast intro: that)
qged
show “thesis
proof (cases ys = [])
case Fulse
from cycle-rotate-2'|OF False 1, of M] cycle(1) obtain zs where
rotated:
len M 11 (k # zs) < Le 0 set (I # k # zs) = set (j # ys) 1 + length
zs = length ys
by auto
with length-eg-distinct] OF this(2)[symmetric] cycle(2)] have distinct
(I # k # zs) by auto
note rotated = rotated(1,2) this
from this(2) cycle(3,4) assms(3) have n-bound: set (I # k # zs) C
{0..n} by auto
then have | < n by auto
show ?thesis
proof (cases zs)
case Nil
with rotated have Ml k + Mkl < Le 01 # k by auto
with assms(1) <l < n» have M’ 11 < Le 0 unfolding DBM-reset-def
add min-def by auto
with < < n) have len M’ 11 [] < Le 0 set [I]] C {0..n} by auto
then show ?thesis by blast
next
case (Cons w ws)
with n-bound have x: set (w # | # ws) C {0..n} by auto
from Cons n-bound rotated(3) have w < n w # k| # k by auto
with assms(1) <l < n» have
Mlw<MIk+ Mkw
unfolding DBM-reset-def add min-def by auto
moreover from Cons rotated assms * have
len M' wlws <len M w!l ws
by — (rule DBM-reset-len-mono, auto)
ultimately have
len M"112s <len M 11 (k# zs)
using Cons by (auto intro: add-mono simp add: add.assoc[symmetric])
with n-bound rotated(1) show ?thesis by fastforce
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qed
next
case T: True
with True cycle have M jj < Le 0 j = k by auto
with assms(1) have len M' k k [| < Le 0 unfolding DBM-reset-def
by simp
moreover from assms(3) have set (k # []) C {0..n} by auto
ultimately show ?thesis by blast
ged
qed
qged

Implementation of DBM reset

definition
reset :: ('t::{linordered-cancel-ab-semigroup-add,uminus}) DBM = nat =
nat = 't = 't DBM
where
reset M nkd=
(N ij.
ifi =kNj= 0then Le d
else if i = 0 N j = k then Le (—d)
else if i = k N j # k then oo
else if i # k N j = k then oo
else ifi = kN j=kthen M kk
else min (dbm-add (M i k) (M k j)) (M i j)

fun
reset’ :
('t::{linordered-cancel-ab-semigroup-add,uminus}) DBM
= nat = 'c list = ('c = nat) = 't = 't DBM
where
reset’ Mn [l vd= M|
reset’ M n (¢ # cs) v d = reset (reset’ M ncsvd) n(ve)d

lemma DBDM-reset-reset:
0 <k= k< n= DBM-reset M nk d (reset M n k d)
unfolding DBM-reset-def by (auto simp: reset-def)

lemma DBM-reset-complete:

assumes clock-numbering’ v n v ¢ < n DBM-reset M n (v ¢) d M’
DBM-val-bounded v uw M n

shows DBM-val-bounded v (u(c := d)) M'n
unfolding DBM-val-bounded-def using assms

120



proof (safe, goal-cases)
case 1
then have x: M 0 0 > Le 0 unfolding DBM-val-bounded-def less-eq by
auto
from 1 have xx: M' 00 = min (M0 (ve)+ M (ve) 0) (MODO0)
unfolding DBM-reset-def add by auto
show Zcase
proof (cases M 0 (ve)+ M (ve) 0 < MODO)
case Fulse
with * xx show ¢thesis unfolding min-def less-eq by auto
next
case True
have dbm-entry-val u (Some ¢) (Some ¢) (M (ve) 0+ M0 (vc))
by (metis DBM-val-bounded-def assms(2,4) dbm-entry-val-add-4 add)
then have M (ve) 0 + M0 (ve) > Le 0
unfolding less-eq dbm-le-def by (cases M (v ¢) 0 + M 0 (v ¢)) auto
with True *x have M’ 0 0 > Le 0 by (simp add: comm)
then show ?thesis unfolding less-eq .
qed
next
case (2 ¢
show Zcase
proof (cases ¢ = ¢')
case Fulse
hence F:v ¢’ # v ¢ using 2 by metis
hence «:M' 0 (v ¢") = min (dbm-add (M 0 (v ¢)) (M (v ¢) (v <)) (M
0 (ve)
using F' 2 unfolding DBM-reset-def by simp
show ?thesis
proof (cases dbm-add (M 0 (v ¢)) (M (ve) (ve') < MO (vch)
case Fulse
with x have M’ 0 (v ¢') = M 0 (v ¢’) by (auto split: split-min)
hence dbm-entry-val u None (Some ¢') (M’ 0 (v ¢'))
using 2 unfolding DBM-val-bounded-def by auto
thus ?thesis using F' by cases fastforce+
next
case True
with x have x«: M’ 0 (v ¢) = dbm-add (M 0 (v ¢)) (M (v ¢) (v )
by (auto split: split-min)
from 2 have sxx:dbm-entry-val u None (Some ¢) (M 0 (v ¢))
dbm-entry-val u (Some ¢) (Some ¢) (M (v ¢) (v ¢'))
unfolding DBM-val-bounded-def by auto
show ?thesis
proof —
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note
moreover have dbm-entry-val (u(c := d)) None (Some ¢') (dbm-add
(Le d1) (M (v ) (v c)))
if M0 (vec)= Le d1
and dbm-entry-val u (Some ¢) (Some ¢’) (M (v ¢) (v ¢'))
and — u ¢ < dI
for d1 :: b
proof —
note G1 = that
from G1(2) show ?Zthesis
proof (cases, goal-cases)
case (1 d’)
from <u ¢ — u ¢’ < d» G1(3) have — u ¢’ < d1 + d’
by (metis diff-minus-eq-add less-diff-eq less-le-trans minus-diff-eq
minus-le-iff not-le)
thus ?case using 1 <c¢ # ¢'» by fastforce
next
case (2 d)
from this(2) G1(3) have u ¢ — v ¢’ — v ¢ < dI + d’ using
add-le-less-mono by fastforce
hence — u ¢’ < dI + d’ by simp
thus ?case using 2 «c¢ # c¢’» by fastforce
next
case (3) thus ?case by auto
qed
qed
moreover have dbm-entry-val (u(c := d)) None (Some ¢') (dbm-add
(Lt d2) (M (v c) (v c))
if M0 (ve)= Lt d2
and dbm-entry-val u (Some ¢) (Some ¢’) (M (v ¢) (v ¢'))
and — u ¢ < d2
for d2 :: b
proof —
note G2 = that
from this(2) show ?thesis
proof (cases, goal-cases)
case (1 d')
from this(2) G2(8) have uc — u ¢’ — u ¢ < d’' + d2 using
add-le-less-mono by fastforce
hence — u ¢’ < d' + d2 by simp
hence — u ¢/ < d2 + d’
by (metis (no-types) diff-0-right diff-minus-eq-add minus-add-distrib
minus-diff-eq)
thus ?case using 1 «c¢ # c¢’» by fastforce
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next
case (2 d)
from this(2) G2(8) have u ¢ — u ¢’ — u ¢ < d2 + d’ using
add-strict-mono by fastforce
hence — u ¢/ < d2 + d’' by simp
thus ?case using 2 «c # c¢/» by fastforce
next
case (3) thus Zcase by auto
qed
qed
ultimately show ?thesis
unfolding xx by (cases, auto)
qed
qed
next
case True
with 2 show ?thesis unfolding DBM-reset-def by auto
qed
next
case (3 ¢')
show ?case
proof (cases ¢ = ¢’)
case Fulse
hence F:v ¢’ # v ¢ using 3 by metis
hence «:M' (v ¢') 0 = min (dbm-add (M (v ¢’) (ve)) (M (ve) 0)) (M
(veh) 0)
using F' & unfolding DBM-reset-def by simp
show ?thesis
proof (cases dbm-add (M (v ¢’) (ve)) (M (ve) 0) < M (ve') 0)
case Fulse
with « have M’ (v ¢') 0 = M (v ¢') 0 by (auto split: split-min)
hence dbm-entry-val u (Some ¢’) None (M’ (v ¢’) 0)
using 3 unfolding DBM-val-bounded-def by auto
thus ?thesis using F' by cases fastforce+
next
case True
with x have «x:M' (v ¢') 0 = dbm-add (M (v ¢’) (v ¢)) (M (v ¢) 0)
by (auto split: split-min)
from 3 have xxx:dbm-entry-val u (Some ¢’) (Some ¢) (M (v ¢’) (v ¢))
dbm-entry-val u (Some ¢) None (M (v ¢) 0)
unfolding DBM-val-bounded-def by auto
thus ?thesis
proof —
note *x*x

123



moreover have dbm-entry-val (u(c := d)) (Some ¢’) None (dbm-add
(Le d1) (M (v c) 0))
if M (ve) (ve) = Ledl
and dbm-entry-val u (Some ¢) None (M (v ¢) 0)
and v ¢/ — uwec < dl
for d1 = 'b
proof —
note G1 = that
from GI1(2) show ?thesis
proof (cases, goal-cases)
case (1 d)
from this(2) G1(3) have u ¢/ < dI + d'using ordered-ab-semigroup-add-class.add-mono
by fastforce
thus ?case using 1 <c # ¢» by fastforce
next
case (2 d’)
from this(2) G1(3) have u ¢ + u ¢’ — u ¢ < dI + d’ using
add-le-less-mono by fastforce
hence u ¢’ < d1 + d’ by simp
thus ?case using 2 <c¢ # ¢» by fastforce
next
case (3) thus “case by auto
qed
qed
moreover have dbm-entry-val (u(c := d)) (Some ¢’) None (dbm-add
(Lt d1) (M (ve) 0))
if M (ve) (ve) = Ltdl
and dbm-entry-val u (Some ¢) None (M (v ¢) 0)
and u ¢’ — u ¢ < dI
for d1 ::'b
proof —
note G2 = that
from that(2) show ?thesis
proof (cases, goal-cases)
case (1 d)
from this(2) G2(3) have u ¢ + u ¢’ — v ¢ < d' + dI using
add-le-less-mono by fastforce
hence u ¢’ < d’ + d1 by simp
hence u ¢’ < d1 + d’
by (metis (no-types) diff-0-right diff-minus-eq-add minus-add-distrib
minus-diff-eq)
thus ?case using 1 <c # ¢» by fastforce
next

case (2 d)
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from this(2) G2(3) have u ¢ + u ¢/ — v ¢ < dI + d’ using
add-strict-mono by fastforce
hence u ¢’ < d1 + d’ by simp
thus ?case using 2 «c¢ # c¢’» by fastforce
next
case 3 thus ?case by auto
qed
qed
ultimately show ?thesis
unfolding xx by (cases, auto)
qed
qed
next
case True
with & show ?thesis unfolding DBM-reset-def by auto
qed
next
case (4 cl c2)
show ?Zcase
proof (cases ¢ = c1)
case Fulse
note F1 = this
show ?thesis
proof (cases ¢ = c2)
case Fulse
with F1 4 have F:vc# vclvec#vc2vcel # 0vc2 # 0 by
force+
hence «:M' (v c1) (v ¢2) = min (dbm-add (M (v c1) (v ¢)) (M (v c)
(v ¢2))) (M (v el) (v c2))
using 4 unfolding DBM-reset-def by simp
show “thesis
proof (cases dbm-add (M (v cl) (vc)) (M (ve) (ve2)) < M (vel)
(v c2))
case Fulse
with * have M’ (v c¢1) (v ¢2) = M (v c¢l) (v ¢2) by (auto split:
split-min)
hence dbm-entry-val u (Some c1) (Some ¢2) (M’ (v cl) (v ¢2))
using 4 unfolding DBM-val-bounded-def by auto
thus ?thesis using F by cases fastforce+
next
case True
with x have xx:M' (v c1) (v ¢2) = dbm-add (M (v c1) (v ) (M
(v ) (ve2)) by (auto split: split-min)
from 4 have sxx:dbm-entry-val u (Some c1) (Some ¢) (M (v cl) (v
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c))
dbm-entry-val v (Some ¢) (Some c2) (M (v ¢) (v ¢2)) unfolding
DBM-val-bounded-def by auto
show ?thesis
proof —
note *xx
moreover have dbm-entry-val (u(c := d)) (Some c1) (Some c2)
(dbm-add (Le d1) (M (v ¢) (v ¢2)))
if M (vel) (ve) = Ledl
and dbm-entry-val u (Some ¢) (Some ¢2) (M (v ¢) (v ¢2))
and v cl — uc < dl
for d1 ::'b
proof —
note G1 = that
from G1(2) show ?thesis
proof (cases, goal-cases)
case (1 d)
from <uc—uc2<d)«ucl —uc<dl have u cl — u c2
<dl + d’
by (metis (no-types) ab-semigroup-add-class.add-ac(1)
add-le-cancel-right
add-left-mono diff-add-cancel dual-order.refl
dual-order.trans)
thus Zcase using 1(1) <c # cl» <¢c # ¢2» by fastforce

next
case (2 d)
from add-less-le-mono[OF <u ¢ — u ¢2 < d» <ucl — uc <

d1>] have
—uc2+ucl <d + dl by simp

hence u c1 — u c2 < d1 + d’ by (simp add: add.commute)
thus ?case using 2 <c # c1y <c # ¢2» by fastforce

next
case (3) thus ?case by auto

qed

qed

moreover have dbm-entry-val (u(c := d)) (Some c1) (Some c2)
(dbm-add (Lt d2) (M (v ¢) (v c2)))
if M (vel) (ve)= Lt d2
and dbm-entry-val u (Some c) (Some c2) (M (v ¢) (v c2))
and v ¢l — uc < d2
for d2 :: b
proof —
note G2 = that
from G2(2) show ?thesis
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proof (cases, goal-cases)
case (1 d)
with add-less-le-mono[OF G2(3) this(2)] <c # cly <c # c2»
show ?Zcase
by auto
next
case (2 d’)
with add-strict-mono[OF this(2) G2(3)] <¢c # c1» <c # ¢c2»
show Zcase
by (auto simp: add.commute)
next
case (3) thus ?case by auto
qged
qed
ultimately show ?thesis
unfolding *x by (cases, auto)
qed
qed
next
case True
with F1 / have F: vc# vclvel # 0wvc2 # 0 by force+
thus ?thesis using 4 True unfolding DBM-reset-def by auto
qed
next
case True
note 11 = this
show ?thesis
proof (cases ¢ = c2)
case Fulse
with T1 4 have F: vc# v c2vcl # 0vc2 # 0 by force+
thus ?thesis using 4 True unfolding DBM-reset-def by auto
next
case True
then have x: M’ (vel) (vel) =M (vel) (vel)
using T'1 4 unfolding DBM-reset-def by auto
from 4 True T1 have dbm-entry-val v (Some c1) (Some ¢2) (M (v
cl) (v c2))
unfolding DBM-val-bounded-def by auto
then show ?thesis by (cases rule: dbm-entry-val.cases, auto simp: *
True[symmetric] T1)
qged
qged
qed
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lemma DBM-reset-sound-empty:
assumes clock-numbering’ vn v ¢ < n DBM-reset M n (v ¢) d M’
V u . = DBM-val-bounded v u M’ n
shows = DBM-val-bounded v w M n

using assms DBM-reset-complete by metis

lemma DBM-reset-diag-preservation:

Vk<n. M'kk < 0ifVk<n. M kk < 0 DBM-reset M n i d M'
proof safe

fix k :: nat

assume k£ < n

with that show M’ kk < 0

by (cases k = i; cases k = 0)
(auto simp add: DBM-reset-def less[symmetric] neutral split: split-min)

qed

lemma FW-diag-preservation:

Vik<n. Mkk < 0= Vk<n. (FW Mn) kk <0
proof clarify

fix kassume A: VE<n. Mkk <0k <n

then have M k k < 0 by auto

with fw-monolof k n k M n] A show FW M n kk < 0 by auto
qed

lemma DBM-reset-not-cyc-free-preservation:

assumes — cyc-free M n DBM-reset M nkd M'k < n

shows — cyc-free M' n
proof —

from assms(1) obtain i s where ¢ < n set xs C {0..n} len M iixs <
Le 0

unfolding neutral by auto

with DBM-reset-neg-cycle-preservation| OF assms(2) this(3)] assms(3)
obtain j ys where

set (j # ys) C {0..n} len M'jjys < Le 0

by auto

then show ?thesis unfolding neutral by force
qged

lemma DBM-reset-complete-empty’:
assumes Vk<n. k > 0 — (Fc. v ¢ = k) clock-numbering vk < n
DBM-reset M n k d M’V w . = DBM-val-bounded v u M n
shows = DBM-val-bounded v u M’ n
proof —
from assms(5) have [M], , = {} unfolding DBM-zone-repr-def by auto
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from empty-not-cyc-free[OF - this] have — cyc-free M n using assms(2)
by auto

from DBM-reset-not-cyc-free-preservation|OF this assms(4,3)] have —
cyc-free M' n by auto

then obtain i zs where i < n set s C {0..n} len M'iixs < 0 by auto

from DBM-val-bounded-neg-cycle[OF - this assms(1)] show %thesis by
fast
qed

lemma DBM-reset-complete-empty:

assumes Vk<n. k > 0 — (Fc. v ¢ = k) clock-numbering v

DBM-reset (FW M n) n (ve)dM'VY u.— DBM-val-bounded v u

(FW Mn)n

shows = DBM-val-bounded v u M’ n
proof —

note A = assms

from A(4) have [FW M nly, = {} unfolding DBM-zone-repr-def by
auto

with FW-detects-empty-zone|OF A(1), of M] A(2)

obtain ¢ where i: i < n FW M n ii < Le 0 by blast

with A(3,4) have M'ii < Le 0

unfolding DBM-reset-def by (cases i = v ¢, auto split: split-min)

with fw-monolof i n i M’ n] i have FW M’ n i i < Le 0 by auto

with FW-detects-empty-zone[OF A(1), of M'] A(2) i

have [FW M’ n]yn, = {} by auto

with FW-zone-equiv|OF A(1)] show ?thesis by (auto simp: DBM-zone-repr-def)
qed

lemma DBM-reset-complete-emptyl :

assumes Vk<n. k > 0 — (3c. v ¢ = k) clock-numbering v

DBM-reset (FW M n) n (ve) dM'Y u.— DBM-val-bounded v u

Mn

shows = DBM-val-bounded v u M' n
proof —

from assms have [M], , = {} unfolding DBM-zone-repr-def by auto

with FW-zone-equiv|OF assms(1)] have

YV u . = DBM-val-bounded v u (FW M n) n

unfolding DBM-zone-repr-def by auto

from DBM-reset-complete-empty| OF assms(1—3) this] show Zthesis by
auto
qged

Lemma FW-canonical-id allows us to prove correspondences between reset
and canonical, like for the two below. Can be left out for the rest because
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of the triviality of the correspondence.

lemma DBM-reset-empty’":

assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ vnvec <n

DBM-reset M n (vc) d M’

shows [M]yn = {} «— [Mo,n = {}
proof

assume A: [M],, = {}

hence V v . = DBM-val-bounded v u M n unfolding DBM-zone-repr-def
by auto

hence V u . = DBM-val-bounded v u M’ n

using DBM-reset-complete-empty’ |OF assms(1) - assms(3,4)] assms(2)
by auto

thus [M'), , = {} unfolding DBM-zone-repr-def by auto
next

assume (M, , = {}

hence V u . = DBM-val-bounded v u M’ n unfolding DBM-zone-repr-def
by auto

hence V u . - DBM-val-bounded v u M n using DBM-reset-sound-empty[OF
assms(2—4)] by auto

thus [M], , = {} unfolding DBM-zone-repr-def by auto
qed

lemma DBM-reset-empty:

assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ vnvec <n

DBM-reset (FW M n) n (ve)dM'

shows [FW M n)yn = {} «— [Myn = {}
proof

assume A: [FW M nlyn = {}

henceV u .-~ DBM-val-bounded v u (FW M n) n unfolding DBM-zone-repr-def
by auto

hence V u . = DBM-val-bounded v u M’ n

using DBM-reset-complete-emptylof n v M, OF assms(1) - assms(4)]
assms(2,3) by auto

thus (M), = {} unfolding DBM-zone-repr-def by auto
next

assume (M, , = {}

hence V u . = DBM-val-bounded v v M’ n unfolding DBM-zone-repr-def
by auto

hence V u .- DBM-val-bounded v u (FW M n) n using DBM-reset-sound-empty|OF
assms(2—)] by auto

thus [FF'W M n]y, = {} unfolding DBM-zone-repr-def by auto
ged
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lemma DBM-reset-empty’:
assumes canonical M nVk<n. k > 0 — (3 ¢c. v ¢ = k) clock-numbering’
vnvec<n
DBM-reset (FW M n) n (ve)dM’
shows  [M]yn = {} <= [Mon = {}
using F'W-canonical-id[OF assms(1)] DBM-reset-empty[OF assms(2—)] by
simp

lemma DBM-reset-sound”:
assumes clock-numbering’ v n v ¢ < n DBM-reset M n (v ¢) d M’
DBM-val-bounded v u M' n
DBM-val-bounded v u” M n
obtains d’ where DBM-val-bounded v (u(c := d’)) M n
proof —
from assms(1) have
Ve 0<wve
andVzy ve<nAvy<nAvr=vy —x=y
by auto
note A = that assms(2—) this
obtain S-Min-Le where S-Min-Le:
S-Min-Le={uc' —d|c' d. 0 <ve' ANve'<nAc#c ANMwc) (v
c) = Le d}
U{—d|d MO0 (vc)= Le d} by auto
obtain S-Min-Lt where S-Min-Lt:
S-Min-Lt ={uc'—d|c'd 0O<vcANve <nANc#cd ANM((vc) (v
c) = Lt d}
U{—-d|d MO0 (vec)= Lt d} by auto
obtain S-Max-Le where S-Max-Le:
S-Maz-Le ={uc'+d|c'd O0<vc'ANve'<nANc#cd ANM(we) (v
¢y = Le d}
U{d|d M (vec) 0= Led} by auto
obtain S-Max-Lt where S-Max-Lt:
S-Maz-Lt ={uc’'+d|c'd O0<vcAve<nAc#c ANM(ve) (v
¢\ = Lt d}
U{d|d M (vc) 0= Ltd} by auto

have finite {c. 0 < ve¢ A ve < n} using A(6,7)
proof (induction n)
case (
then have {c. 0 < vec Avec <0} =/{} by auto
then show ?case by (metis finite.emptyl)
next
case (Suc n)
then have finite {c. 0 < vec A ve < n} by auto
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moreover have {c. 0 <vcAve<Sucn}={c. 0<veAve<n}

U {c. v ¢ = Suc n} by auto

moreover have finite {c. v ¢ = Suc n}

proof —

{fix c assume v ¢ = Suc n
then have {c. v ¢ = Suc n} = {c} using Suc.prems(2) by auto

}

then show ?thesis by (cases {c. v ¢ = Suc n} = {}) auto

qed
ultimately show ?case by auto
qed
then have V f. finite {(¢,b) | cb. 0 <vecAve<nAfM(vec)="b}
by auto

moreover have
VK {(c,Kd)|cd O<vehve<nAfM(vec)=Kd}

C{(e,b) | cb.0<vehve<nAfM(vec)=b}

by auto
ultimately have B:
V fK. finite {(¢,Kd) | cd. 0 <veANve<nAfM(ve)=Kd}

using finite-subset by fast
have V f K. theLe o K = id — finite {(¢,d) | ¢ d. 0 <vecAve<n

ANfM (ve)=Kd}
proof (safe, goal-cases)

case prems: (1 f K)

then have (¢, d) = (A (¢,b). (¢, theLe b)) (¢, K d) for ¢ :: 'a and d
by (simp add: pointfree-idE)

then have
{(e;d) | cd. 0O <veAhve<nAfM(ve)=Kd}
= (A (¢,b). (¢, theLe b)) “{(¢,Kd) | cd. 0 <vecAhve<nAfM(v

c) =K d}
by (force simp: split-beta)
moreover from B have
finite (X (¢,b). (¢, theLe b)) ‘{(¢,K d) | cd. 0 <vecAve<nAf
M (ve¢) = K d})

by auto
ultimately show ?case by auto

qed

then have finl:

A fg K. theLe o K = id = finite (g ‘{(c’;d) | ¢/d. 0 <vc ' Nve' <
nAfM(vc)=Kd})

by auto

have finli:
A fg K. theLe o K = id = finite (¢ ‘{(c¢\d) | ¢’ d. 0 <vc' ' ANve' <
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nANc#cdNfM(vc)=Kd})
proof goal-cases
case (1 fg K)

have

g {d)|cdd O0O<ve'ANve<nANc#c NfM(ve)=Kd}
Cglcd)|c'dO0<ve'ANve <nAfM(vc)=Kd}

by auto

from finite-subset|OF this finI[OF 1, of g f]] show Zcase .
qed
have V f. finite {b. f M (v ¢) = b} by auto
moreover haveV f K. {Kd |d. fM (ve)=Kd} C{b. fM (ve)=
b} by auto
ultimately have B: V f K. finite {K d | d. f M (v ¢) = K d} using
finite-subset by fast

have V f K. theLe o K = id — finite {d | d. f M (v ¢) = K d}
proof (safe, goal-cases)
case prems: (1 f K)
then have (¢, d) = (X (¢,b). (¢, theLe b)) (¢, K d) for ¢ :: 'a and d
by (simp add: pointfree-idE)
then have
{d|d. fM (ve)=Kd}
= (N b. theLe b) ‘{Kd|d. fM (vec)=Kd}
by (force simp: split-beta)
moreover from B have
finite ((A\b. theLe b) “{K d | d. fM (vec)=Kd})
by auto
ultimately show ?case by auto
qed
then have C:V fg K. theLe o K = id — finite (¢ ‘{d | d. f M (v ¢)
= K d}) by auto
have finI2: \ fg K. theLe o K = id = finite {gd | d. fM (vc¢c) = K
d})
proof goal-cases
case (1 fg K)
have {gd |d. fM (ve)=Kd} =g ‘{d | d. fM (vec)= K d} by auto
with C 1 show ?case by auto
qed

{ fix K :: 'b = 'b DBMEntry assume A: theLe o K = id
then have
finite (M(¢,d). we —d) “{(c\d)|c'd. 0<vcANve'<nAc#c!
AM(ve) (ve) = Kd})
by (intro finll, auto)
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moreover have
{uc'—d|c’d.0<vc'ANve'<nANec#c ANM((wc)(ve) =K d}
= ((Meyd).ue—d) “A(c'yd) | ¢d. 0 <ve'ANve'<nANc#c A
M (ve)(ve) = Kd})
by auto
ultimately have finite {u ¢’ — d|c'd. 0 <vc' ANve' <nAc#c A
M (ve') (ve) =K d}
by auto
moreover have finite {— d |d. M 0 (v ¢) = K d} using A by (intro
finl2, auto)
ultimately have
finite {uc’'—d|c'd. 0 <vc'ANve'<nAc#cdANM(vc) (ve)
= K d}
U{—d|d. M0 (ve)=Kd})
by (auto simp: S-Min-Le)
} note finl = this
have fin-min-le: finite S-Min-Le unfolding S-Min-Le by (rule finl, auto)
have fin-min-lt: finite S-Min-Lt unfolding S-Min-Lt by (rule finl, auto)

{ fix K :: 'b = 'b DBMEntry assume A: theLe o K = id
then have finite (M(¢,d). uc+ d) ‘{(c’d) | c'd. 0 <vc'ANve'<n
Ne#cd ANM (ve) (ve) =K d})
by (intro finll, auto)
moreover have
{uc'+d|c’d 0O<vc'Ahve<nANc#cd ANM(ve)(ve)=Kd}
=((Meyd).ue+d) “(c'd) | ¢"d. 0 <ve'ANve' <nAc#cd A
M (ve) (ve)=Kd})
by auto
ultimately have finite {u ¢’ + d|c'd. 0 <vc' ANve'<nAc#c A
M (ve) (ve) =K d}
by auto
moreover have finite {d |d. M (v ¢) 0 = K d} using A by (intro
finl2, auto)
ultimately have
finite {uc’'+d|c'd. 0 <ve'ANve'<nANc#c ANM(ve) (v
= K d}
U{dl|d. M (ve) 0=Kd})
by (auto simp: S-Min-Le)
} note fin2 = this
have fin-mazx-le: finite S-Maz-Le unfolding S-Maz-Le by (rule fin2, auto)
have fin-max-lt: finite S-Mazx-Lt unfolding S-Max-Lt by (rule fin2, auto)

{ fix | r assume | € S-Min-Le r € S-Max-Le
then have [ < r
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unfolding S-Min-Le S-Max-Le
proof (safe, goal-cases)
case (1 c¢1 d1 c2 d2)
with A have
dbm-entry-val u (Some c1) (Some ¢2) (M’ (v cl) (v c2))
unfolding DBM-val-bounded-def by presburger
moreover have
M’ (vel) (ve2) = min (dbm-add (M (v cl) (ve)) (M (ve) (ve2)))
(M (vel) (ve2))
using A(3,7) 1 unfolding DBM-reset-def by metis
ultimately have
dbm-entry-val u (Some c1) (Some ¢2) (dbm-add (M (v cl) (ve)) (M
(ve) (ve2)))
using dbm-entry-dbm-min’ by auto
with 1 have v ¢ — u ¢2 < dI + d2 by auto
thus Zcase
by (metis (no-types) add-diff-cancel-left diff-0-right diff-add-cancel
diff-eq-diff-less-eq)
next
case (2 ¢’ d)
with A have
Vi<n. i £veANi>0— M'i0 = min (dbm-add (M i (v c)) (M
(ve) 0)) (Mi0))
ve' #wve
unfolding DBM-reset-def by auto
hence (M’ (v ¢’) 0 = min (dbm-add (M (v ') (ve)) (M (ve) 0)) (M
(v ) 0))
using 2 by blast
moreover from A 2 have dbm-entry-val u (Some ¢’) None (M’ (v
¢ 0)
unfolding DBM-val-bounded-def by presburger
ultimately have dbm-entry-val u (Some ¢) None (dbm-add (M (v ¢’)
(v ) (M (v c) 0))
using dbm-entry-dbm-min3’ by fastforce
with 2 have u ¢/’ < d + r by auto
thus ?case by (metis add-diff-cancel-left add-le-cancel-right diff-0-right
diff-add-cancel)
next
case (3d ¢’ d)
with A have
(Vi<n. i £veNi>0— M'0i= min (dbm-add (M 0 (v ¢)) (M
(v ) 1) (M0 7))
ve' #ve
unfolding DBM-reset-def by auto
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hence (M’ 0 (v ¢') = min (dbm-add (M 0 (v ¢)) (M (v ¢) (v <)) (M
0 (vch))
using 3 by blast
moreover from A 3 have dbm-entry-val u None (Some ¢’) (M’ 0 (v
c’))
unfolding DBM-val-bounded-def by presburger
ultimately have dbm-entry-val u None (Some c¢’) (dbm-add (M 0 (v
c)) (M (ve) (vch))
using dbm-entry-dbm-min2’ by fastforce
with 3 have —u ¢’ < d + d’ by auto
thus Zcase
by (metis add-uminus-conv-diff diff-le-eq minus-add-distrib minus-le-iff)
next

case (4 d)

Here is the reason we need the assumption that the zone was not empty
before the reset. We cannot deduce anything from the current value of ¢
itself because we reset it. We can only ensure that we can reset the value
of ¢ by using the value from the alternative assignment. This case is only
relevant if the tightest bounds for d were given by its original lower and
upper bounds. If they would overlap, the original zone would be empty.

from A(2,5) have
dbm-entry-val u" None (Some ¢) (M 0 (v ¢))
dbm-entry-val u" (Some ¢) None (M (v ¢) 0)

unfolding DBM-val-bounded-def by auto
with / have — v ¢ < d v” ¢ < r by auto

thus ?case by (metis minus-le-iff order.trans)

qged

} note EE = this
{ fix [ r assume [ € S-Min-Le r € S-Maz-Lt

then have | < r
unfolding S-Min-Le S-Max-Lt

proof (safe, goal-cases)
case (1 c¢1 d1 c2 d2)

with A have dbm-entry-val u (Some c1) (Some ¢2) (M’ (v c1) (v c2))
unfolding DBM-val-bounded-def by presburger
moreover have M’ (v ¢1) (v ¢2) = min (dbm-add (M (v c1) (v ¢))

(M (v e) (ve2))) (M (vel) (v c2))

using A(3,7) 1 unfolding DBM-reset-def by metis

ultimately have dbm-entry-val u (Some c1) (Some c2) (dbm-add (M

(vel) (ve)) (M (ve) (ve2)))

using dbm-entry-dbm-min’ by fastforce
with 7 have u c1 — u ¢c2 < d1I + d2 by auto
then show ?Zcase by (metis add.assoc add.commute diff-less-eq)
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next
case (2 ¢’ d)
with A have
Vi<n.i£veNi>0— M'i0 = min (dbm-add (M i (vc)) (M
(vc) 0)) (M7 0))
ve' #£wve
unfolding DBM-reset-def by auto
hence (M’ (v ¢) 0 = min (dbm-add (M (v ¢’) (ve)) (M (ve) 0)) (M
(v ) 0))
using 2 by blast
moreover from A 2 have dbm-entry-val u (Some ¢’) None (M’ (v
¢ 0)
unfolding DBM-val-bounded-def by presburger
ultimately have dbm-entry-val u (Some ¢’) None (dbm-add (M (v ¢’)
(v ) (M (ve) 0))
using dbm-entry-dbm-min3’ by fastforce
with 2 have u ¢’ < d + r by auto
thus ?case by (metis add-less-imp-less-right diff-add-cancel gt-swap)
next
case (3 d ¢’ da)
with A have
(Vi<n.iZveNi>0— M'0i=min (dbm-add (M 0 (vc)) (M
(ve) i) (MO i)
ve' #wve
unfolding DBM-reset-def by auto
hence (M’ 0 (v ¢’) = min (dbm-add (M 0 (v c)) (M (ve¢) (vc)) (M
0 (v )
using 3 by blast
moreover from A 8 have dbm-entry-val u None (Some ¢') (M’ 0 (v
c’))
unfolding DBM-val-bounded-def by presburger
ultimately have dbm-entry-val u None (Some ¢’) (dbm-add (M 0 (v
&) (M (v ¢) (v )
using dbm-entry-dbm-min2’ by fastforce
with 3 have —u ¢/ < d + da by auto
thus ?case by (metis add.commute diff-less-eq uminus-add-conv-diff)
next
case (4 d)
from A(2,5) have
dbm-entry-val u" None (Some ¢) (M 0 (v c))
dbm-entry-val u" (Some ¢) None (M (v ¢) 0)
unfolding DBM-val-bounded-def by auto
with / have — v" ¢ < d v” ¢ < r by auto
thus ?Zcase by (metis minus-le-iff neq-iff not-le order.strict-trans)
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qed
} note EL = this
{ fix [ r assume [ € S-Min-Lt r € S-Maz-Le
then have [ < r
unfolding S-Min-Lt S-Maax-Le
proof (safe, goal-cases)
case (1 c¢1 d1 c2 d2)
with A have dbm-entry-val u (Some c1) (Some ¢2) (M’ (v cl) (v c2))
unfolding DBM-val-bounded-def by presburger
moreover have M’ (v c1) (v ¢2) = min (dbm-add (M (v c1) (v ¢))
(M (v e) (ve2)) (M (v cl) (v c2))
using A(3,7) 1 unfolding DBM-reset-def by metis
ultimately have dbm-entry-val u (Some c1) (Some ¢2) (dbm-add (M
(vet) (ve) (M (vc) (ve2)))
using dbm-entry-dbm-min’ by fastforce
with 7 have u ¢l — u c2 < dI + d2 by auto
thus ?Zcase by (metis add.assoc add.commute diff-less-eq)
next
case (2 ¢’ d)
with A have
(Vi<n. i £veANi>0— M'i0 = min (dbm-add (M i (vc)) (M
(ve) 0)) (Mi0))
ve' #£wve
unfolding DBM-reset-def by auto
hence (M’ (v ¢’) 0 = min (dbm-add (M (v ') (ve)) (M (ve) 0)) (M
(v ) 0))
using 2 by blast
moreover from A 2 have dbm-entry-val u (Some ¢’) None (M’ (v
c) 0)
unfolding DBM-val-bounded-def by presburger
ultimately have dbm-entry-val u (Some ¢’) None (dbm-add (M (v ¢’)
(ve)) (M (ve) 0))
using dbm-entry-dbm-min3’ by fastforce
with 2 have u ¢’ < d + r by auto
thus ?case by (metis add-less-imp-less-right diff-add-cancel gt-swap)
next
case (3 d ¢’ da)
with A have
(Vi<n.i£veANi>0— M 0i=min (dbm-add (M 0 (v c)) (M
(ve) i) (M 04)
ve' #£ve
unfolding DBM-reset-def by auto
hence (M’ 0 (v ¢') = min (dbm-add (M 0 (v ¢)) (M (v ¢) (v <)) (M
0 (v )
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using 3 by blast
moreover from A 3 have dbm-entry-val u None (Some ¢') (M’ 0 (v
c’))
unfolding DBM-val-bounded-def by presburger
ultimately have dbm-entry-val u None (Some c¢’) (dbm-add (M 0 (v
¢)) (M (v c) (vc))
using dbm-entry-dbm-min2’ by fastforce
with 3 have —u ¢’ < d + da by auto
thus ?case by (metis add.commute diff-less-eq uminus-add-conv-diff)
next
case (4 d)
from A(2,5) have
dbm-entry-val u” None (Some ¢) (M 0 (v ¢))
dbm-entry-val u" (Some ¢) None (M (v ¢) 0)
unfolding DBM-val-bounded-def by auto
with 4 have — v” ¢ < d u" ¢ < r by auto
thus ?Zcase by (meson less-le-trans minus-less-iff)
qed
} note LE = this
{ fix [ r assume [ € S-Min-Lt r € S-Maz-Lt
then have [ < r
unfolding S-Min-Lt S-Maz-Lt
proof (safe, goal-cases)
case (1 c1 d1 c2 d2)
with A have dbm-entry-val u (Some c1) (Some ¢2) (M’ (v cl) (v c2))
unfolding DBM-val-bounded-def by presburger
moreover have M’ (v c1) (v ¢2) = min (dbm-add (M (v c1) (v ¢))
(M (v c) (ve2))) (M (vel) (ve2))
using A(3,7) 1 unfolding DBM-reset-def by metis
ultimately have dbm-entry-val u (Some c1) (Some ¢2) (dbm-add (M
(vet) (ve) (M (v c) (ve2)))
using dbm-entry-dbm-min’ by fastforce
with 7 have u ¢ — u ¢2 < dI + d2 by auto
then show ?Zcase by (metis add.assoc add.commute diff-less-eq)
next
case (2 ¢’ d)
with A have
Vi<n. i £ vecANi>0— M'i0 = min (dbm-add (M i (v c)) (M
(ve) 0) (Mi0))
ve #Fwve
unfolding DBM-reset-def by auto
hence (M’ (v ¢’) 0 = min (dbm-add (M (v ') (ve)) (M (ve) 0)) (M
(v ) 0))
using 2 by blast
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moreover from A 2 have dbm-entry-val u (Some ¢’) None (M’ (v
¢ 0)

unfolding DBM-val-bounded-def by presburger

ultimately have dbm-entry-val u (Some ¢’) None (dbm-add (M (v ¢’)
(ve)) (M (v ) 0))

using dbm-entry-dbm-min3’ by fastforce

with 2 have u ¢’ < d + r by auto

thus ?case by (metis add-less-imp-less-right diff-add-cancel gt-swap)

next
case (3 d ¢’ da)
with A have
(Vi<n. i £2veNi>0— M'0i= min (dbm-add (M 0 (v ¢)) (M
(ve) i) (M 04))
ve #wve

unfolding DBM-reset-def by auto

hence (M’ 0 (v ¢) = min (dbm-add (M 0 (v c)) (M (vc) (vc)) (M
0 (vch))

using 3 by blast

moreover from A 3 have dbm-entry-val u None (Some ¢') (M’ 0 (v
c’))

unfolding DBM-val-bounded-def by presburger

ultimately have dbm-entry-val u None (Some ¢’) (dbm-add (M 0 (v
c)) (M (ve) (vch))

using dbm-entry-dbm-min2’ by fastforce

with 3 have —u ¢’ < d + da by auto

thus Zcase by (metis ab-group-add-class.ab-diff-conv-add-uminus add.commute

diff-less-eq)
next
case (4 d)
from A(2,5) have
dbm-entry-val u" None (Some ¢) (M 0 (v c))
dbm-entry-val u" (Some ¢) None (M (v ¢) 0)
unfolding DBM-val-bounded-def by auto
with 4 have — v” ¢ < d u" ¢ < r by auto
thus Zcase by (metis minus-le-iff neg-iff not-le order.strict-trans)
qed
} note LL = this

obtain d’ where d"
V t € S-Min-Le. d' >tV t € S-Min-Lt. d’' >t
V t € S-Maz-Le. d' < tV t e S-Max-Lt. d' < t
proof —
assume m:

Ad'. [VteS-Min-Le. t < d'; Vt€S-Min-Lt. t < d’; VteS-Maz-Le. d' <
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t; VteS-Maz-Lt. d' < ]
= thesis
let ?min-le = Max S-Min-Le
let ?min-lt = Max S-Min-Lt
let ?max-le = Min S-Mazx-Le
let ?max-lit = Min S-Max-Lt

show thesis
proof (cases S-Min-Le = {} N S-Min-Lt = {})
case True
note 1" = this
show thesis
proof (cases S-Mazx-Le = {} N S-Maz-Lt = {})
case True
let 2d" = 0 :: 't :: time
show thesis using True T by (intro m[of ?d’]) auto
next
case Fulse
let 9d =
if S-Max-Le # {}
then if S-Maz-Lt # {} then min ?maz-lt ?maz-le else ?max-le
else Ymax-lt
obtain a :: 'b where a: a < 0 using non-trivial-neg by auto
let 2d’ = min 0 (?d + a)
{ fix z assume z € S-Max-Le
with fin-maz-le a have min 0 (Min S-Maz-Le + a) < x
by (metis Min.boundedE add-le-same-cancell empty-iff less-imp-le
min.coboundedI?2)
then have min 0 (Min S-Maz-Le + a) < z by auto
} note 1 = this
{ fix = assume z: © € S-Max-Lt
have min 0 (min (Min S-Max-Lt) (Min S-Max-Le) + a) < ?maz-It
by (meson a add-less-same-cancell min.coboundedl min.strict-coboundedl?2
order.strict-trans2)
also from fin-maz-lt z have ... < z by auto
finally have min 0 (min (Min S-Maz-Lt) (Min S-Maz-Le) + a) <

} note 2 = this
{ fix = assume z: z € S-Maz-Le
have min 0 (min (Min S-Maz-Lt) (Min S-Max-Le) + a) < ?max-le
by (metis le-add-same-cancell linear not-le a min-le-iff-disj)
also from fin-mazx-le x have ... < x by auto
finally have min 0 (min (Min S-Max-Lt) (Min S-Max-Le) + a) <
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} note 3 = this
show thesis using False T a 1 2 8
by (intro m[of ?d'], auto)
(metis Min.coboundedI add-less-same-cancell fin-maz-It min.boundedE
min.orderk
not-less)
qed
next
case Fulse
note F' = this
show thesis
proof (cases S-Mazx-Le = {} N S-Maz-Lt = {})
case True
let 7] =
if S-Min-Le # {}
then if S-Min-Lt # {} then maz ?min-lt ?min-le else ?min-le
else ?min-lt
obtain a :: 'b where a < 0 using non-trivial-neg by blast
then have a: —a > 0 using non-trivial-neg by simp
then obtain a :: ‘b where a: a > 0 by blast
let 7d' = 2l + a
{
fix x assume z: z € S-Min-Le
then have z < max ?min-lt ?min-le © < ?min-le using fin-min-le
by (simp add: maz.coboundedI2)+
then have z < max ?min-lt ?min-le + o ¢ < ?min-le + o using
a by (simp add: add-increasing2)+
} note 1 = this
{
fix x assume z: z € S-Min-Lt
then have z < maz ?min-lt ?min-le x < ?min-lt using fin-min-It
by (simp add: maz.coboundedll )+
then have z < ?d’ using a z by (auto simp add: add.commute
add-strict-increasing)
} note 2 = this
show thesis using True F a 1 2 by ((intro m[of ?d'])), auto)
next
case Fulse
let 9r =
if S-Max-Le # {}
then if S-Maz-Lt # {} then min ?maz-lt ?maz-le else ?max-le
else ?max-lt
let 721 =
if S-Min-Le # {}
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then if S-Min-Lt # {} then maz ?min-lt ?min-le else ?min-le
else ?min-lt
have 1: z < maz ?min-lt ?min-le v < ¢min-le if x € S-Min-Le for z
by (simp add: max.coboundedI2 that fin-min-le)+
{
fix ¢ y assume 2: z € S-Maz-Le y € S-Min-Lt
then have S-Min-Lt # {} by auto
from LE[OF Maz-in[OF fin-min-1t], OF this, OF z(1)] have ?min-It
< z by auto
} note 3 = this
{
fix z y assume x: ¢ € S-Max-Le y € S-Min-Le
with EE[OF Maz-in|OF fin-min-le], OF - z(1)] have ?min-le < z
by auto
} note 4 = this
{
fix z y assume 2: © € S-Maz-Lt y € S-Min-Lt
then have S-Min-Lt # {} by auto
from LL[OF Maz-in[OF fin-min-lt|, OF this, OF z(1)] have ?min-It
< z by auto
} note 5 = this
{
fix z y assume x: z € S-Max-Lt y € S-Min-Le
then have S-Min-Le # {} by auto
from EL[OF Maxz-in[OF fin-min-le], OF this, OF z(1)] have ¢min-le
< z by auto
} note 6 = this

show thesis
proof (cases ?l < ?r)
case Fulse
then have x: S-Max-Le # {}
proof (safe, goal-cases)
case I
with <= (S-Maz-Le = {} A S-Maz-Lt = {})> obtain y where
y:y € S-Max-Lt by auto
note 1 = 1 this
{ fix z y assume A: z € S-Min-Le y € S-Maz-Lt
with EL[OF Maz-in[OF fin-min-le] Min-in|OF fin-maz-It]]
have Max S-Min-Le < Min S-Max-Lt by auto
} note xx = this
{ fix z y assume A: z € S-Min-Lt y € S-Maz-Lt
with LL[OF Maz-in[OF fin-min-lt] Min-in[OF fin-maz-It]]
have Mazx S-Min-Lt < Min S-Maz-Lt by auto
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} note xxx = this
show Zcase
proof (cases S-Min-Le # {})
case True
note T = this
show %thesis
proof (cases S-Min-Lt # {})
case True
then show Fulse using 1 T True *x *xxx by auto
next
case Fulse with 1 T xx show Fulse by auto
ged
next
case Fulse
with 1 False sxx <= (S-Min-Le = {} A S-Min-Lt = {})> show
?thesis by auto
qed
qed
{ fix z y assume A: z € S-Min-Lt y € S-Max-Lt
with LL[OF Maz-in[OF fin-min-lt] Min-in|OF fin-maz-It)]
have Max S-Min-Lt < Min S-Max-Lt by auto
} note xxx = this
{ fix z y assume A: z € S-Min-Lt y € S-Max-Le
with LE[OF Maz-in[OF fin-min-lt] Min-in[OF fin-maz-le]]
have Max S-Min-Lt < Min S-Maz-Le by auto
} note xxxx = this
from F' False have xx: S-Min-Le # {}
proof (safe, goal-cases)
case I
show ?case
proof (cases S-Max-Le # {})
case True
note T = this
show “thesis
proof (cases S-Maz-Lt # {})
case True
then show ?thesis using I T True xx*x *xx by auto
next
case Fualse with I T xxxx show ¢thesis by auto
qed
next
case Fulse
with 1 False %% <= (S-Maz-Le = {} N S-Maz-Lt = {})» show
?thesis by auto
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qed
qed
{
fix ¢ assume z: x € S-Min-Lt
then have z < ?min-lt using fin-min-lt by (simp add:
maz.coboundedI?2)
also have ?min-lt < ?min-le
proof (rule ccontr, goal-cases)
case 1
with z xx have 1: 2l = ?min-lt by (auto simp: max.absorbl)
have 2: ?min-lt < ?maz-le using x xxxx[OF z| by auto
show Fulse
proof (cases S-Maz-Lt = {})
case Fulse
then have ?min-lt < ?maz-lt using x xxx[OF z| by auto
with 7 2 have ?l < ?r by auto
with <= 2l < ?ry show Fulse by auto
next
case True
with 7 2 have ?l < ?r by auto
with <= 2] < ?ry show Fulse by auto
qed
qed
finally have = < max ?min-lt ?min-le by (simp add: maz.strict-coboundedI?2)
} note 2 = this
show thesis using F False 1 2 3 4 5 6 % xx by ((intro m[of ?1]),
auto)
next
case True
then obtain d where d: 7l < d d < ?r using dense by auto
let ?d' = d
{
fix ¢t assume t € S-Min-Le
then have ¢t < ?] using 1 by auto
with d have ¢t < d by auto
}
moreover {
fix t assume t: t € S-Min-Lt
then have t < maz ?min-lt ?min-le using fin-min-It by (simp
add: maz.coboundedl1)
with ¢t have t < 7] using fin-min-lt by auto
with d have t < d by auto

}

moreover {
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fix t assume t: t € S-Max-Le
then have min ?maz-lt ?mazx-le < t using fin-maz-le by (simp
add: min.coboundedI?2)
then have ?r < t using fin-maz-le t by auto
with d have d < ¢ by auto
then have d < t by (simp add: min.coboundedI2)
}
moreover {
fix ¢ assume ¢: t € S-Max-Lt
then have min ?maz-lt ?mazx-le < t using fin-maz-it by (simp
add: min.coboundedl1)
then have ?r < t using fin-maz-it t by auto
with d have d < ¢ by auto
then have d < t by (simp add: min.strict-coboundedI?2)
}
ultimately show thesis by ((intro m[of ?d']), auto)
qed
qed
qged
qed
have DBM-val-bounded v (u(c := d’)) M n unfolding DBM-val-bounded-def
proof (safe, goal-cases)
case I
with A show ?case unfolding DBM-reset-def DBM-val-bounded-def by
auto
next
case (2 ¢')
show ?Zcase
proof (cases ¢ = ¢)
case Fulse
with A(2,7) have v ¢ # v ¢’ by auto
hence x:M' 0 (v ¢') = min (dbm-add (M 0 (v ¢)) (M (v ¢) (v ¢')))
(M0 (v )
using A(2,3,6,7) 2 unfolding DBM-reset-def by auto
from 2 A(2,4) have dbm-entry-val u None (Some ¢’) (M’ 0 (v ¢'))
unfolding DBM-val-bounded-def by auto
with dbm-entry-dbm-min2 * have dbm-entry-val u None (Some c¢)
(M 0 (v ) by auto
thus “thesis using Fulse by cases auto
next
case True
note [simp] = True[symmetric]
show ?thesis
proof (cases M 0 (v c))
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case (Le t)
hence —t € S-Min-Le unfolding S-Min-Le by force
hence d’ > —t using d’ by auto
thus ?thesis using A Le by (auto simp: minus-le-iff)
next
case (Lt t)
hence —t € S-Min-Lt unfolding S-Min-Lt by force
hence d’ > —t using d’ by auto
thus ?thesis using 2 Lt by (auto simp: minus-less-iff)
next
case INF thus ?thesis by auto
qed
qed
next
case (3 ¢’
show Zcase
proof (cases ¢ = ¢')
case Fulse
with A(2,7) have v ¢ # v ¢’ by auto
hence «:M' (v ¢') 0 = min (dbm-add (M (v ¢’) (v e)) (M (ve) 0))
(M (vc)0)
using A(2,3,6,7) 3 unfolding DBM-reset-def by auto
from 3 A(2,4) have dbm-entry-val u (Some ¢’) None (M’ (v ¢’) 0)
unfolding DBM-val-bounded-def by auto
with dbm-entry-dbm-min3 * have dbm-entry-val u (Some c¢’) None
(M (v ') 0) by auto
thus ?thesis using Fualse by cases auto
next
case [symmetric, simp|: True
show %thesis
proof (cases M (v ¢) 0, goal-cases)
case (1t)
hence ¢t € S-Maz-Le unfolding S-Maz-Le by force
hence d’ < t using d’ by auto
thus Zcase using 1 by (auto simp: minus-le-iff)
next
case (2 t)
hence t € S-Max-Lt unfolding S-Maz-Lt by force
hence d’ < t using d’ by auto
thus ?case using 2 by (auto simp: minus-less-iff)
next
case 3 thus “case by auto
qed
qged
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next
case (4 cl1 c2)
show Zcase
proof (cases ¢ = cl)
case Fulse
note F'1 = this
show “thesis
proof (cases ¢ = ¢2)
case Fulse
with A(2,6,7) F1 have v ¢ # v ¢l v ¢ # v ¢2 by auto
hence «:M' (v c1) (v ¢2) = min (dbm-add (M (v cl) (v c)) (M (v
&) (ve2)) (M (v cl) (v c2))
using A(2,3,6,7) 4 unfolding DBM-reset-def by auto
from 4 A(2,4) have dbm-entry-val u (Some c1) (Some ¢2) (M’ (v
cl) (v c2))
unfolding DBM-val-bounded-def by auto
with dbm-entry-dbm-min * have dbm-entry-val u (Some c1) (Some
c2) (M (vel) (ve2)) by auto
thus ?thesis using F1 Fulse by cases auto
next
case [symmetric, simp|: True
show ?thesis
proof (cases M (v cl) (v ¢), goal-cases)
case (1 t)
hence u ¢! — t € S-Min-Le unfolding S-Min-Le using A F1 4
by blast
hence d’ > u c1 — t using d’ by auto
hence ¢ + d' > u ¢l by (metis le-swap add-le-cancel-right
diff-add-cancel)
hence u c1 — d’' < t by (metis add-le-imp-le-right diff-add-cancel)
thus ?case using 1 F1 by auto
next
case (2 t)
hence u ¢! — t € S-Min-Lt unfolding S-Min-Lt using A 4 F1
by blast
hence d’ > u ¢l — t using d’ by auto
hence d’ + t > u ¢l by (metis add-strict-right-mono diff-add-cancel)
hence u ¢! — d' < t by (metis gt-swap add-less-cancel-right
diff-add-cancel)
thus ?case using 2 F1 by auto
next
case 8 thus “case by auto
qged
qed
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next
case True
note T = this
show ?thesis
proof (cases ¢ = c2)
case False
show ?thesis
proof (cases M (v ¢) (v ¢2), goal-cases)
case (I t)
hence u c2 + t € S-Maz-Le unfolding S-Max-Le using A J False
by blast
hence d’ < u c2 + t using d’ by auto
hence d' — v c2 < t
by (metis (no-types) add-diff-cancel-left add-ac(1) add-le-cancel-right
add-right-cancel diff-add-cancel)
thus “case using 1 T Fualse by auto
next
case (2 t)
hence u c2 + t € S-Max-Lt unfolding S-Maz-Lt using A 4 False
by blast
hence d’ < u c2 + t using d’ by auto
hence d' — u ¢2 < t by (metis gt-swap add-less-cancel-right
diff-add-cancel)
thus ?case using 2 T Fulse by force
next
case 3 thus ?case using T by auto
qed
next
case [symmetric, simp|: True
from A / have x:dbm-entry-val u” (Some c1) (Some c1) (M (v cl)
(v )
unfolding DBM-val-bounded-def by auto
show ?thesis using True T
proof (cases M (v c1) (v cl), goal-cases)
case (1 t)
with x have 0 < t by auto
thus ?case using 1 by auto
next
case (2 t)
with x have 0 < t by auto
thus “case using 2 by auto
next
case 3 thus ?case by auto
qed
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qed
qged
qed
thus ?thesis using A(1) by blast
qed

lemma DBM-reset-sound2:
assumes v ¢ < n DBM-reset M n (v ¢) d M’ DBM-val-bounded v u M’ n
shows u ¢ = d

using assms unfolding DBM-val-bounded-def DBM-reset-def

by fastforce

lemma DBM-reset-sound’”:
fixes Mvecnd
defines M’ = reset M n (v c¢) d
assumes clock-numbering’ v n v ¢ < n DBM-val-bounded v v M’ n
DBM-val-bounded v u"” M n
obtains d’ where DBM-val-bounded v (u(c := d")) M n
proof —
assume A:\d’. DBM-val-bounded v (u(c := d')) M n = thesis
from assms DBM-reset-reset|of v ¢ n M d]
have x:DBM-reset M n (v ¢) d M’ by (auto simp add: M'-def)
with DBM-reset-sound’[of v n ¢ M d M', OF - - this] assms obtain d’
where
DBM-val-bounded v (u(c := d")) M n by auto
with A show thesis by auto
qed

lemma DBM-reset-sound:

fixes Mvend

defines M’ = reset M n (v ¢) d

assumes Vk<n. k > 0 — (Fe¢. v ¢ = k) clock-numbering’ vnve < n

u € [Myn

obtains d’ where u(c:= d’) €[M]yy
proof (cases [M]yn = {})

case Fulse

then obtain u’ where DBM-val-bounded v u’ M n unfolding DBM-zone-repr-def
by auto

from DBM-reset-sound”|OF assms(3—4) - this] assms(1,5) that show
?thesis

unfolding DBM-zone-repr-def by auto
next

case True

with DBM-reset-complete-empty’|OF assms(2) - - DBM-reset-reset, of v
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¢ M u d] assms show ?thesis
unfolding DBM-zone-repr-def by simp
qed

lemma DBM-reset’-complete’:
assumes DBM-val-bounded v u M n clock-numbering’ vn ¥V ¢ € set ¢s. v
c<n
shows 3 u’. DBM-val-bounded v u’ (reset’ M n cs v d) n
using assms
proof (induction cs)
case Nil thus ?case by auto
next
case (Cons ¢ cs)
let M’ = reset’ M n csvd
let ?M" = reset M’ n (v c) d
from Cons obtain v’ where u”: DBM-val-bounded v u' M’ n by fastforce
from Cons(3,4) have 0 < v ¢ v ¢ < n by auto
from DBM-reset-reset|OF this| have xx: DBM-reset M’ n (v ¢) d ?M"
by fast
from Cons(4) have v ¢ < n by auto
from DBM-reset-complete[of vn ¢ ?M'd ?M", OF Cons(3) this ** u]
have DBM-val-bounded v (u'(c := d)) (reset (reset’ M n cs v d) n (v c)
d) n by fast
thus ?case by auto
qed

lemma DBM-reset’-complete:

assumes DBM-val-bounded v u M n clock-numbering’ vn ¥V ¢ € set ¢s. v
c<n

shows DBM-val-bounded v ([cs — du) (reset’ M n cs v d) n
using assms
proof (induction cs)

case Nil thus ?case by auto
next

case (Cons ¢ cs)

let ?M’' = reset’ M n cs v d

let ?M" = reset M’ n (v c) d

from Cons have x: DBM-val-bounded v ([cs—d]u) (reset’ M n cs v d) n
by fastforce

from Cons(3,4) have 0 < v ¢ v c < n by auto

from DBM-reset-reset| OF this| have xx: DBM-reset M’ n (v ¢) d ?M"
by fast

from Cons(4) have v ¢ < n by auto

from DBM-reset-complete[of v n ¢ M’ d ?M", OF Cons(3) this *x x|
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have xxx: DBM-val-bounded v ([c#cs—d]u) (reset (reset’ M n cs v d) n
(vc) d) n by simp
have reset’ M n (c#tcs) v d = reset (reset’ M n cs v d) n (v ) d by auto
with *xxx show ?case by presburger
qed

lemma DBM-reset’-sound-empty:
assumes clock-numbering’ vn V¢ € set ¢cs. ve < n
V u .= DBM-val-bounded v u (reset’ M n cs v d) n
shows = DBM-val-bounded v u M n
using assms DBM-reset’-complete by metis

fun set-clocks :: 'c list = 't::time list= ('c,’t) cval = ('¢,’t) cval
where

set-clocks [| - u = u |

set-clocks - [| u = u |

set-clocks (c#cs) (t#ts) u = (set-clocks cs ts (u(c:=t)))

lemma DBM-reset’-sound”:

fixes Mvcndcs

assumes clock-numbering’ vnV ¢ € set cs. ve < n

DBM-val-bounded v u (reset’ M n ¢s v d) n DBM-val-bounded v u”

Mn

shows 3 ts. DBM-val-bounded v (set-clocks cs ts u) M n
using assms
proof (induction cs arbitrary: M u)

case Nil

hence DBM-val-bounded v (set-clocks [] [| u) M n by auto

thus ?case by blast
next

case (Cons ¢’ ¢s)

let ?M' = reset’ M n (¢’ # cs) vd

let ?M" = reset’ M n csvd

from DBM-reset’-complete] OF Cons(5) Cons(2)] Cons(3)

have u”: DBM-val-bounded v ([cs—d]u"") ?M" n by fastforce

from Cons(3,4) have v ¢/ < n DBM-val-bounded v u (reset ?M" n (v ¢’)
d) n by auto

from DBM-reset-sound’[OF Cons(2) this u"/

obtain d’ where xx:DBM-val-bounded v (u(c’ := d’)) ?M" n by blast

from Cons.IH[OF Cons.prems(1) - xx Cons.prems(4)] Cons.prems(2)

obtain ts where ts: DBM-val-bounded v (set-clocks cs ts (u(c':= d"))) M
n by fastforce

hence DBM-val-bounded v (set-clocks (¢’ # cs) (d'#ts) u) M n by auto

thus ?case by fast
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qed

lemma DBM-reset’-resets:

fixes Mvcndecs

assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ vn ¥V ¢ € set
cs.vec<n

DBM-val-bounded v u (reset’ M n cs v d) n

shows V¢ € set cs. uc=d
using assms
proof (induction cs arbitrary: M u)

case Nil thus ?case by auto
next

case (Cons ¢’ ¢s)

let ?M' = reset’ M n (¢’ # cs) vd

let ?M" = reset’ M n csvd

from Cons(4,5) have v ¢/ < n DBM-val-bounded v u (reset ?M" n (v ¢’)
d) n by auto

from DBM-reset-sound2|OF this(1) - Cons(5), of ?M"" d] DBM-reset-reset| OF
- this(1), of ?M" d] Cons(3)

have cu ¢’ = d by auto

from Cons(4,5) have v ¢/ < n DBM-val-bounded v u (reset ?M" n (v ¢’)
d) n by auto

with DBM-reset-sound[OF Cons.prems(1,2) this(1)]

obtain d’ where *x: DBM-val-bounded v (u(c¢’:= d’)) ?M" n unfolding
DBM-zone-repr-def by blast

from Cons.IH[OF Cons.prems(1,2) - xx] Cons.prems(3) have V c€set
cs. (u(c':=d")) ¢ = d by auto

thus ?case using ¢’

by (auto split: if-split-asm)

qged

lemma DBM-reset’-resets”:
fixes M :: ('t :: time) DBM and v ¢ n d cs
assumes clock-numbering’ vnV ¢ € set c¢s. v ¢ < n DBM-val-bounded v
u (reset’ M n cs v d) n
DBM-val-bounded v u"" M n
shows V¢ € set cs. uc=d
using assms
proof (induction cs arbitrary: M )
case Nil thus ?case by auto
next
case (Cons ¢’ cs)
let ?M' = reset’ M n (¢’ # cs) vd
let ?M" = reset’ M n cs v d
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from DBM-reset’-complete] OF Cons(5) Cons(2)] Cons(3)

have u”: DBM-val-bounded v ([cs—d]u'"") ?M" n by fastforce

from Cons(3,4) have v ¢/ < n DBM-val-bounded v u (reset ?M" n (v ¢’)
d) n by auto

from DBM-reset-sound2|OF this(1) - Cons(4), of ?M"" d] DBM-reset-reset| OF
- this(1), of ?M" d] Cons(2)

have cu ¢’ = d by auto

from Cons(3,4) have v ¢/ < n DBM-val-bounded v u (reset 2M" n (v ¢’)
d) n by auto

from DBM-reset-sound”[OF Cons(2) this u")

obtain d’ where xx:DBM-val-bounded v (u(c’ := d’)) ?M" n by blast

from Cons.IH[OF Cons.prems(1) - *x Cons.prems(4)] Cons.prems(2)

have V ceset cs. (u(c¢’ := d’)) ¢ = d by auto

thus ?case using ¢’

by (auto split: if-split-asm)

qed

lemma DBM-reset’-neg-diag-preservation’:
fixes M :: ('t :: time) DBM
assumes k<n M k k < 0 clock-numbering vV c € set cs. vec < n
shows reset’ M n cs v d k k < 0 using assms
proof (induction cs)
case Nil thus ?case by auto
next
case (Cons c cs)
then have [H: reset’ M n csvdkk < 0 by auto
from Cons.prems have v ¢ > 0 v ¢ < n by auto
from DBM-reset-reset|OF this, of reset’ M n cs v d d] <k < n»
have reset (reset’ M n csvd) n (ve)dkk < reset'’ MncsovdkeEk
unfolding DBM-reset-def
by (cases v ¢ = k, cases k = 0, auto simp: less[symmetric])
with IH show ?case by auto
ged

lemma DBM-reset’-complete-empty’:
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ v n
Vcesetes.ve<nV u.—- DBM-val-bounded v u M n
shows V u . = DBM-val-bounded v u (reset’ M n cs v d) n using assms
proof (induction cs)
case Nil then show ?case by simp
next
case (Cons c cs)
then have Vu. = DBM-val-bounded v u (reset’ M n cs v d) n by auto
from Cons.prems(2,3) DBM-reset-complete-empty’|OF Cons.prems(1) -
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- DBM-reset-reset this)
show ?case by auto
qed

lemma DBM-reset’-complete-empty:

assumes Vk<n. k > 0 — (Fec. v ¢ = k) clock-numbering’ v n

Vecesetes.ve<nV u.—- DBM-val-bounded v u M n

shows V u . = DBM-val-bounded v u (reset’ (FW M n) n cs v d) n using
assms
proof —

note A = assms

from A(4) have [M],,, = {} unfolding DBM-zone-repr-def by auto

with F'W-zone-equiv[OF A(1)] have [FW M n],, = {} by auto

with FW-detects-empty-zone[OF A(1)] A(2) obtain i where i: i < n
FW M n i< Le 0 by blast

with DBM-reset’-neg-diag-preservation’ A(2,3) have

reset’ (FW M n) necsvdii< Le 0

by (auto simp: neutral)

with fw-monolof i n i reset’ (FW M n) n cs v dn] i

have FW (reset’ (FW M n) ncsvd) nii< Le 0 by auto

with FW-detects-empty-zone|OF A(1), of reset’ (FW M n) n c¢s v d]
A(2,3) i

have [FW (reset’ (FW M n) n cs v d) nlyn = {} by auto

with FW-zone-equiv]OF A(1), of reset’ (FW M n) n cs v d| A(3,4)

show ?thesis by (auto simp: DBM-zone-repr-def)
qed

lemma DBM-reset’-empty’:

assumes Vk<n. k> 0 — (Jc. v ¢ = k) clock-numbering’ vn 'V c € set
cs.vec<n

shows [M]yn = {} «— [reset’ (FW M n) n cs v dlyn = {}
proof

let ?M' = reset’ (FW M n) ncsvd

assume A: [M]y, = {}

hence V v . = DBM-val-bounded v v M n unfolding DBM-zone-repr-def
by auto

with DBM-reset’-complete-empty| OF assms] show [?M'], , = {} unfold-
ing DBM-zone-repr-def by auto
next

let M’ = reset’ (FW M n) ncswvd

assume A: [?M '], = {}

hence V u . — DBM-val-bounded v u M’ n unfolding DBM-zone-repr-def
by auto

from DBM-reset’-sound-empty| OF assms(2,3) this| have ¥ u. = DBM-val-bounded

155



vu (FW M n) n by auto

with FW-zone-equiv|OF assms(1)] show [M], , = {} unfolding DBM-zone-repr-def
by auto
qged

lemma DBM-reset’-empty:

assumes Vk<n. k> 0 — (Jc. v ¢ = k) clock-numbering’ vn ¥V c € set
cs.vec<n

shows [M]y, n, = {} «— [reset' M n cs v d]yn = {}
proof

let ?M' = reset’ M n cs v d

assume A: [M]y, = {}

hence V v . = DBM-val-bounded v v M n unfolding DBM-zone-repr-def
by auto

with DBM-reset’-complete-empty’|OF assms] show [?M'],, = {} un-
folding DBM-zone-repr-def by auto
next

let M’ = reset’ M n csvd

assume A: [?M '], = {}

hence V u .~ DBM-val-bounded v u M’ n unfolding DBM-zone-repr-def
by auto

from DBM-reset’-sound-empty| OF assms(2,3) this| have ¥ u. = DBM-val-bounded
vu M n by auto

with FW-zone-equiv|OF assms(1)] show [M], , = {} unfolding DBM-zone-repr-def
by auto
qed

lemma DBM-reset’-sound:
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ v n
and Vceset cs. ve < n
and u € [reset’ M n cs v d]yn
shows Jts. set-clocks cs ts u € [M]yn
proof —
from DBM-reset’-empty[OF assms(1—3)| assms(4) obtain u’ where u
€ [M]y,n by blast
with DBM-reset’-sound’|OF assms(2,3)] assms(4) show ?thesis unfold-
ing DBM-zone-repr-def by blast
qed

/

3.5 Misc Preservation Lemmas

lemma get-const-sum[simp:
a # 0o = b # co = get-const a € Z. = get-const b € Z. => get-const
(a+b) ez
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by (cases a) (cases b, auto simp: add)+

lemma sum-not-inf-dest:

assumes a + b # (oo :: - DBMEntry)

shows a # (oo :: - DBMEntry) A b # (oo :: - DBMEntry)
using assms by (cases a; cases b; simp add: add)

lemma sum-not-inf-int:
assumes a + b # (oo :: - DBMEntry) get-const a € Z. get-const b € Z
shows get-const (a + b) € Z

using assms sum-not-inf-dest by fastforce

lemma int-fw-upd:
Vi<nVji<n mij#oo— get-const(mij)eZ—k<n—1i
Sn=j<n
= i'<n=j'"<n= (fwupd mkijij)# o
= get-const (fw-upd m kiji'j) € Z
proof (goal-cases)
case 1
show %thesis
proof (cases i =i’ A j = j)
case True
with 1 show %thesis by (fastforce simp: fw-upd-def upd-def min-def
dest: sum-not-inf-dest)
next
case Fulse
with 1 show ?thesis by (auto simp : fw-upd-def upd-def)
qed
qed

abbreviation dbm-int M n =V i<n.V j<n. M ij # oo — get-const (M
ij)ez

abbreviation dbm-int-all M =V .V j. M ij # oo — get-const (M i j)
ez

lemma dbm-intl:
dbm-int-all M = dbm-int M n
by auto

lemma fwi-int-preservation:

dbm-int (fwi M n k i j) n if dbm-int M n k < n

apply (induction - (i, j) arbitrary: i j rule: wf-induct|[of less-than <xlex*>
less-than))
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apply force
subgoal for i j

using that
by (cases i; cases j) (auto 4 3 dest: sum-not-inf-dest simp: min-def
fw-upd-def upd-def)
done

lemma fw-int-preservation:
dbm-int (fw M n k) n if dbm-int M n k < n
using <k < n» apply (induction k)
using that apply simp
apply (rule fwi-int-preservation; auto)
using that by (simp) (rule fwi-int-preservation; auto)

lemma F'W-int-preservation:
assumes dbm-int M n
shows dbm-int (FW M n) n
using fw-int-preservation| OF assms(1)] by auto

lemma F'W-int-all-preservation:
assumes dbm-int-all M
shows dbm-int-all (FW M n)
using assms
apply clarify
subgoal for 7 j
apply (cases i < n)
apply (cases j < n)
by (auto simp: FW-int-preservation|OF dbm-intI[OF assms(1)]] F W-out-of-bounds1
FW-out-of-bounds?2)

done

lemma And-int-all-preservation|[intro]:
assumes dbm-int-all M1 dbm-int-all M2
shows dbm-int-all (And M1 M2)

using assms by (auto simp: min-def)

lemma And-int-preservation:
assumes dbm-int M1 n dbm-int M2 n
shows dbm-int (And M1 M2) n
using assms by (auto simp: min-def)

lemma up-int-all-preservation:
dbm-int-all (M :: (('t :: {time, ring-1}) DBM)) = dbm-int-all (up M)
unfolding up-def min-def add[symmetric] by (auto dest: sum-not-inf-dest
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split: if-split-asm)

lemma up-int-preservation:
dbm-int (M :: (('t :: {time, ring-1}) DBM)) n = dbm-int (up M) n
unfolding up-def min-def add[symmetric] by (auto dest: sum-not-inf-dest
split: if-split-asm)

lemma DBM-reset-int-preservation’:
assumes dbm-int M n DBM-reset Mnkd M'd e Z k <n
shows dbm-int M’ n
proof clarify
fix ij
assume A: i < nj<nMij# oo
from assms(2) show get-const (M’ i j) € Z unfolding DBM-reset-def
apply (cases i = k; cases j = k)
apply simp
subgoal using A assms(1,4) by presburger
apply (cases j = 0)
subgoal using assms(3) by simp
subgoal using A by simp
apply simp
apply (cases i = 0)
subgoal using assms(3) by simp
subgoal using A by simp
using A apply simp
apply (simp split: split-min, safe)
subgoal
proof goal-cases
case 1
then have x: M i k + M k j # oo unfolding add min-def by meson
with sum-not-inf-dest have M i k # oo M k j # oo by auto
with 1(3,4) assms(1,4) have get-const (M i k) € Z get-const (M k
j) € Z by auto
with sum-not-inf-int[folded add, OF %] show ?case unfolding add
by auto
qged
subgoal
proof goal-cases
case I
then have x: M i j # oo unfolding add min-def by meson
with 1(3,4) assms(1,4) show ?case by auto
qged
done
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qed

lemma DBM-reset-int-preservation:

fixes M :: ('t :: {time,ring-1}) DBM

assumes dm-int M ndeZ 0 < kk<n

shows dbm-int (reset M n k d) n
using assms(3—) DBM-reset-int-preservation’| OF assms(1) DBM-reset-reset
assms(2)] by blast

lemma DBDM-reset-int-all-preservation:
fixes M :: ('t :: {time,ring-1}) DBM
assumes dbm-int-all M d € Z
shows dbm-int-all (reset M n k d)
using assms
apply clarify
subgoal for i j
by (cases i = k; cases j = k;
auto simp: reset-def min-def add[symmetric] dest!: sum-not-inf-dest
)

done

lemma DBM-reset’-int-all-preservation:
fixes M :: ('t :: {time, ring-1}) DBM
assumes dbm-int-all M d € Z
shows dbm-int-all (reset’ M n cs v d) using assms
by (induction cs) (simp | rule DBM-reset-int-all-preservation)-+

lemma DBM-reset’-int-preservation:
fixes M :: ('t :: {time, ring-1}) DBM
assumes ddm-int Mnd € ZVec.ve>0V cesetecs.ve<n
shows dbm-int (reset’ M n cs v d) n using assms
proof (induction cs)
case Nil then show ?case by simp
next
case (Cons ¢ cs)
from Cons.IH[OF Cons.prems(1,2,3)] Cons.prems(4) have dbm-int (reset’
Mnesvd)n
by fastforce
from DBM-reset-int-preservation|OF this Cons.prems(2), of v ¢| Cons.prems(3,4)
show Zcase
by auto
ged

lemma reset-setl:
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Ve € set cs. ([es—du) ¢ =d
by (induction cs) auto

lemma reset-setl1:
Ve ¢ ¢ set cs — ([es—dJu) c =uc
by (induction cs) auto

lemma reset-set2:

Ve. ¢ ¢ set cs — (set-clocks cs ts u)c = u c
proof (induction cs arbitrary: ts u)

case Nil then show ?case by auto
next

case Cons then show ?case

proof (cases ts, goal-cases)

case Nil then show ?thesis by simp

next

case (2 o) then show ?case by auto

qed

qged

lemma reset-set:
assumes V c € set ¢s. uc=d
shows [cs—d|(set-clocks cs ts u) = u
proof
fix ¢
show ([cs—d]set-clocks cs ts u) ¢ = u ¢
proof (cases c € set cs)
case True
hence ([cs—d]set-clocks cs ts u) ¢ = d using reset-setl by fast
also have d = u c using assms True by auto
finally show ?thesis by auto
next
case Fulse
hence ([cs—d]set-clocks cs ts u) ¢ = set-clocks cs ts u ¢ by (simp add:
reset-set11)
also with Fulse have ... = u ¢ by (simp add: reset-set2)
finally show ?thesis by auto
qed
qged

3.5.1 Unused theorems

lemma canonical-cyc-free:
canonical M n = Vi <n. Mii> 0 = cyc-free M n
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by (auto dest!: canonical-len)

lemma canonical-cyc-free2:
canonical M n = cyc-free Mn <— (Vi < n. Mii> 0)
apply safe
apply (simp add: cyc-free-diag-dest’)
using canonical-cyc-free by blast

lemma DBM-reset’-diag-preservation:
fixes M :: ('t :: time) DBM
assumes Vk<n. M k k < 0 clock-numbering vV ¢ € set cs. vec < n
shows Vk<n. reset’ M n cs v d k k < 0 using assms
proof (induction cs)
case Nil thus ?case by auto
next
case (Cons c cs)
then have [H: Vk<n. reset’ M n csvdkk < 0 by auto
from Cons.prems have v ¢ > 0 v ¢ < n by auto
from DBM-reset-diag-preservation|of n reset’ M n cs v d, OF IH DBM-reset-reset,
of v ¢, OF this]
show ?case by simp
qged

end
theory DBM-Misc
imports
Main
HOL.Real
begin

lemma finite-set-of-finite-funs2:
fixes A :: 'a set
and B :: 'b set
and C :: c set
and d :: ‘c
assumes finite A
and finite B
and finite C
shows finite {f. Vz.Vy. (t € ANyeB—fzyec C)N(z ¢ A—f
zy=d)AN(y¢ B— foy=d)}
proof —
let S ={f.Ve.Vy (r€eANyeB—fzye C)N(z¢ A— fzy
=d)AN(y¢ B— foy=d)}
let R ={g.Vz. (t€B—gze€ C)N(z ¢ B— gz =4d)}
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let 7Q={f.Vo. (r € A—foec RN (¢ A— fz=(\y. d))}
from finite-set-of-finite-funs[OF assms(2,3)] have finite ?R .
from finite-set-of-finite-funs|OF assms(1) this, of X y. d| have finite ?Q

moreover have 25 = 2()
by force+
ultimately show ?thesis by simp
qed

end

3.6 Extrapolation of DBMs

theory DBM-Normalization
imports
DBM-Basics
DBM-Misc
HOL— FEisbach. Fisbach
begin

NB: The journal paper on extrapolations based on lower and upper bounds
[1] provides slightly incorrect definitions that would always set (lower) bounds
of the form M 0 i to co. To fix this, we use two invariants that can also be
found in TChecker’s DBM library, for instance:

1. Lower bounds are always nonnegative, i.e. Vi < n. M 0 i < 0 (see
extra-lup-lower-bounds).

2. Entries to the diagonal is always normalized to Le 0, Lt 0 or oo. This
makes it again obvious that the set of normalized DBMs is finite.

lemmas dbm-less-simps|[simp| = dbm-lt-code-simps|folded DBM .less]

lemma dbm-less-eq-simps|simp):
Lea<Leb+—a<d
Lea<Ltb+—a<bd
Lta<Leb<+—a<d
Lta<Ltb+— a<d
unfolding less-eq dbm-le-def by auto

lemma Le-less-Lt[simp|: Le © < Lt z < False
using leD by blast

3.6.1 Classical extrapolation

This is the implementation of the classical extrapolation operator (Extrapy).

163



fun norm-upper :: ('t::linorder) DBMEntry = 't = 't DBMEntry
where
norm-upper e t = (if Le t < e then oo else e)

fun norm-lower :: ('t::linorder) DBMEntry = 't = 't DBMEntry
where
norm-lower e t = (if e < Lt t then Lt t else e)

definition
norm-diag e = (if e < Le 0 then Lt 0 else if e = Le 0 then e else c0)

Note that literature pretends that 0 would have a bound of negative infinity
in k£ and thus defines normalization uniformly. The easiest way to get around
this seems to explicate this in the definition as below.

definition norm :: ('t :: linordered-ab-group-add) DBM = (nat = 't) =
nat = 't DBM
where
norm M kn = \ij.

let ub = if i > 0 then ki else 0 in

let Ib =if j > 0 then — k j else 0 in

ifi <nAj<nthen

if i # j then norm-lower (norm-upper (M i j) ub) lb else norm-diag

(M i j)

else M ij

3.6.2 Extrapolations based on lower and upper bounds

This is the implementation of the LLU-bounds based extrapolation operation
(Extra-{LU}).

definition extra-lu :
('t :: linordered-ab-group-add) DBM = (nat = 't) = (nat = 't) = nat
= 't DBM
where
extra-lu Ml un = Aij.
let ub =if i > 0 thenli else 0in
let Ib = if j > 0 then — u j else 0 in
ifi <nAj<nthen
if i # j then norm-lower (norm-upper (M i j) ub) Ib else norm-diag
(M i j)
else M ij

lemma norm-is-extra:
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norm M k n = extra-lu M k kn
unfolding norm-def extra-lu-def ..

This is the implementation of the LU-bounds based extrapolation operation
(Extra-{LU} +).

definition extra-lup :
('t :: linordered-ab-group-add) DBM = (nat = 't) = (nat = 't) = nat
= 't DBM
where
extra-lup Ml v n = A\i j.
let ub = if i > 0 then Lt (1 17) else Le 0,
Ib=1ifj> 0then Lt (— u j) else Lt 0
m
ifi <nAj<nthen
if i # j then
if ub < M i j then oo
elseif i > 0 N M O0i < Lt (— 11i) then co
else if i > 0 N M 0j < lb then oo
elseif i = 0 N M 0j < Ibthen Lt (— u j)
else M ij
else norm-diag (M i j)
else M ij

method csimp = (clarsimp simp: extra-lup-def Let-def DBM .less[symmetric]
not-less any-le-inf neutral)

method solve = csimp?; safe?; (csimp | meson Lt-le-Lel le-less le-less-trans
less-asym); fail

I T e Y e iz Wt 0 T 0 1y 1 1 72 10
HI 80 10 1 77 P B e o A b o 1 e VI A T by sy e def
A el At o0 o iy

lemma
assumes Vi <n. i1 >0 —M0O0i<0Vi<n Ui>0
shows
extra-lu-lower-bounds: Vi < n. 1> 0 — extra-lu ML Un 014 <0
and
norm-lower-bounds: Vi<n.i>0—normMUnO0i<0 and
extra-lup-lower-bounds: Vi < n. i > 0 — extra-lup ML Un 07 < 0
using assms unfolding extra-lu-def norm-def by — (csimp; force)+

lemma ezxtra-lu-le-extra-lup:
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assumes canonical: canonical M n
and canonical-lower-bounds: Vi <n. 1> 0 — M 0i < 0
shows extra-lu Ml unij < extra-lup Mlunij
proof —
have MO0j < Mijifi<nj<ni>J0
proof —
have M 07 < 0
using canonical-lower-bounds <i < n» <i > 0> by simp
then have M 0i+ Mij < Mij
by (simp add: add-decreasing)
alsohave MO0j < MOi+ Mij
using canonical that by auto
finally (xtrans) show ?thesis .
qed
then show ?thesis
unfolding eztra-lu-def Let-def by (cases i < n; cases j < n) (simpj
safe?; solve)+
qed

lemma extra-lu-subs-exrtra-lup:
assumes canonical: canonical M n and canonical-lower-bounds: Vi < n.
i>0—M0i<0
shows [extra-lu M L U nlyn C [extra-lup M L U n)y gy
using assms
by (auto intro: extra-lu-le-extra-lup simp: DBM .less-eq[symmetric] elim!:
DBM-le-subset[rotated))

3.6.3 Extrapolations are widening operators

lemma extra-lu-mono:
assumes Vc. vc > 0u € [M]yn
shows u € [extra-lu M L U n]yp (is v € [2M2]y n)
proof —
note A = assms
note M1 = A(2)[unfolded DBM-zone-repr-def DBM-val-bounded-def]
show “thesis
unfolding DBM-zone-repr-def DBM-val-bounded-def
proof safe
show Le 0 < M2 0 0
using A unfolding extra-lu-def DBM-zone-repr-def DBM-val-bounded-def
dbm-le-def norm-diag-def
by auto
next
fix c assume vc < n

166



with M1 have M1: dbm-entry-val v None (Some ¢) (M 0 (v c)) by
auto
from v ¢ < n» A have x:
M2 0 (v ¢) = norm-lower (norm-upper (M 0 (v c)) 0) (— U (v ¢))
unfolding eztra-lu-def by auto
show dbm-entry-val u None (Some c¢) (?M2 0 (v c))
proof (cases M 0 (vec) < Lt (— U (v ¢c)))
case True
show ?thesis
proof (cases Le 0 < M 0 (v ¢))
case True with x show ?thesis by auto
next
case Fulse
with * True have ?M2 0 (v ¢) = Lt (— U (v ¢)) by auto
moreover from True dbm-entry-val-mono2[OF M1] have
dbm-entry-val uw None (Some ¢) (Lt (— U (v ¢)))
by auto
ultimately show ?thesis by auto
qed
next
case Fulse
show ?thesis
proof (cases Le 0 < M 0 (v c))
case True with x show ?thesis by auto
next
case [': Fulse
with M1 x False show ?thesis by auto
qed
qed
next
fix c assume vc < n
with M1 have M1: dbm-entry-val u (Some ¢) None (M (v ¢) 0) by
auto
from v ¢ < ny A have *:
M2 (v ¢) 0 = norm-lower (norm-upper (M (v ¢) 0) (L (v ¢))) 0
unfolding eztra-lu-def by auto
show dbm-entry-val u (Some ¢) None (?M2 (v ¢) 0)
proof (cases Le (L (v ¢)) < M (v e) 0)
case True
with A(1,2) <v ¢ < n» have ?M2 (v ¢) 0 = oo unfolding extra-lu-def
by auto
then show ?thesis by auto
next
case Fulse
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show ?thesis
proof (cases M (v ¢) 0 < Lt 0)
case True with False x dbm-entry-val-mono3[OF M1] show ?thesis
by auto
next
case F: Fulse
with M1 x False show ?thesis by auto
qed
ged
next
fix c1 c2 assumevcl <nwvc2<n
with M1 have M1: dbm-entry-val u (Some c1) (Some ¢2) (M (v c1)
(v ¢2)) by auto
show dbm-entry-val u (Some c1) (Some ¢2) (?M2 (v c1) (v c2))
proof (cases v cl = v c2)
case True
with M1 show ?thesis
by (auto simp: extra-lu-def norm-diag-def dbm-entry-val.simps dbm-It.simps)
(meson diff-less-0-iff-less le-less-trans less-le-trans)+
next
case Fulse
show %thesis
proof (cases Le (L (vecl)) < M (v el) (v c2))
case True
with A(1,2) «vel <m w2 < n<wel #vc2 have M2 (v cl)
(ve2) =00
unfolding eztra-lu-def by auto
then show ?thesis by auto
next
case Fulse
with A(1,2) <vcl < m w2 < n wel # vl have *:
M2 (v cl) (v c2) = norm-lower (M (v cl) (v c2)) (— U (v c2))
unfolding eztra-lu-def by auto
show ?thesis
proof (cases M (v cl) (v c2) < Lt (— U (v ¢2)))
case True
with dbm-entry-val-mono1[OF M1] have
dbm-entry-val u (Some c1) (Some c2) (Lt (— U (v c2)))
by auto
then have u c1 — u c2 < — U (v ¢2) by auto
with * True show ?thesis by auto
next
case Fualse with M1 % show ?thesis by auto
qed
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qed
qged
qed
qged

lemma norm-mono:
assumes Vc. vc > 0u € [M]yn
shows u € [norm M k n|yn
using assms unfolding norm-is-extra by (rule extra-lu-mono)

3.6.4 Finiteness of extrapolations

abbreviation dbm-default M n= (VY i >n. V¥V j. Mij=0) AN (VY j> n.
Vi Mij=0)

lemma norm-default-preservation:
dbm-default M n = dbm-default (norm M k n) n
by (simp add: norm-def norm-diag-def DBM .neutral dbm-It.simps)

lemma extra-lu-default-preservation:
dbm-default M n = dbm-default (extra-lu M L U n) n
by (simp add: extra-lu-def norm-diag-def DBM .neutral dbm-It.simps)

instance int :: linordered-cancel-ab-monoid-add by (standard; simp)

lemmas finite-subset-rev[intro?] = finite-subset[rotated]
lemmas [intro?] = finite-subset

lemma extra-lu-finite:
fixes L U :: nat = nat
shows finite {extra-lu M L Un | M. dbm-default M n}
proof —
let 2u = Max {Li|i i<n}let 2l=— Max {Ui]| i i<n}
let 25 = (Le ‘{d ::int. 21 < dANd< ?u})U (Lt ‘{d:int. 1 < dANd
< %u}) U {Le 0, Lt 0, o}
from finite-set-of-finite-funs2[of {0..n} {0..n} 7S] have fin:
finite {f Vzy (ze{0.n} Nye{0.n} — frzye ?25)
ANz g{0.n} — fzy=0)N(y¢{0.n} — fzy=20)}
(is finite ?R)
by auto
{ fix M :: int DBM assume A: dbm-default M n
let ?M = extra-lu M L Un
from extra-lu-default-preservation| OF A] have A: dbm-default ?M n .
{ fix i jassume i € {0..n} j € {0..n}
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then have B: i < nj<n
by auto
have ?M i j € 25
proof (cases ?M i j € {Le 0, Lt 0, co})
case True then show ?thesis
by auto
next
case F: Fulse
note not-inf = this
have ?I < get-const (?M i j) N get-const (?M i j) < ?u
proof (cases i = 0)
case True
show “thesis
proof (cases j = 0)
case True
with i = 0y A F show ?thesis
unfolding eztra-lu-def by (auto simp: neutral norm-diag-def)
next
case Fulse
with <i = 0> B not-inf have ?M ij < Le 0 Lt (—int (U j)) <
M i j
unfolding extra-lu-def by (auto simp: Let-def less[symmetric]
intro: any-le-inf)
with not-inf have get-const (?M i j) < 0 —U j < get-const (?M
i j)
by (cases ?M i j; auto)+
moreover from <j < n)» have — Uj > 9]
by (auto intro: Maz-ge)
ultimately show ?thesis
by auto
qed
next
case Fulse
then have i > 0 by simp
show “thesis
proof (cases j = 0)
case True
with < > 0» A(1) B not-inf have Lt 0 < ¢M ij ?Mij < Le
(int (L 1))
unfolding extra-lu-def by (auto simp: Let-def less[symmetric]
intro: any-le-inf)
with not-inf have 0 < get-const (M i j) get-const (?M i j) < L

by (cases ?M i j; auto)+
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moreover from ¢ < ny have L 1 < %y
by (auto intro: Maz-ge)
ultimately show ?thesis
by auto
next
case Fulse
with <i > 0) A(1) B not-inf F' have
Lt (—int (Uj) < M ij?Mij < Le (int (L 7))
unfolding extra-lu-def
by (auto simp: Let-def less[symmetric] neutral norm-diag-def
intro: any-le-inf split: if-split-asm)
with not-inf have — U j < get-const (?M i j) get-const (?M i j)

by (cases ?M i j; auto)+
moreover from < < n) ¢j < n» have 2l < — UjLi< %u
by (auto intro: Maz-ge)
ultimately show ?thesis
by auto
qed
qged
then show ?thesis by (cases ?M i j; auto elim: Ints-cases)
qged
} moreover
{ fix i j assume i ¢ {0..n}
with A have ?M ¢ j = 0 by auto
} moreover
{ fix 7 j assume j ¢ {0..n}
with A have ?M i j = 0 by auto
} moreover note the = calculation
} then have {eztra-lu M L Un | M. dbm-default M n} C ?R
by blast
with fin show ?thesis ..
ged

lemma normalized-integral-dbms-finite:
finite {norm M (k :: nat = nat) n | M. dbm-default M n}
unfolding norm-is-extra by (rule extra-lu-finite)

end

4 DBMs as Constraint Systems

theory DBM-Constraint-Systems

171



imports
DBM-Operations
DBM-Normalization

begin

4.1 Misc

lemma Maz-le-Minl:

assumes finite S finite TS #{} T # {} N\ey.z € S —=ye T =z
<y

shows Max S < Min T by (simp add: assms)

lemma Min-insert-cases:
assumes ¢ = Min (insert a S) finite S
obtains (default) x = a | (elem) z € S
by (metis Min-in assms finite.insertl insertE insert-not-empty)

lemma cval-add-simp[simp):
(udd)z=uzx+d
unfolding cval-add-def by simp

lemmas [simp] = any-le-inf

lemma Le-in-between:
assumes a < b
obtains d where a < Led Le d < b
using assms by atomize-elim (cases a; cases b; auto)

lemma DBMEntry-le-to-sum:

fixes ¢ e’ :: 't :: time DBMEntry

assumes e’ # oo e < ¢’

shows — e/ + e < 0

using assms by (cases e; cases €) (auto simp: DBM .neutral DBM .add
uminus)

lemma DBMEntry-le-add:

fixes a b ¢ :: 't :: time DBMEntry

assumes a < b+ ¢ ¢ # ©

shows —c + a < b

using assms

by (cases a; cases b; cases c) (auto simp: DBM .neutral DBM .add uminus
algebra-simps)

lemma DBM-triv-emptyl:
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assumes M 0 0 < 0

shows [M],, = {}

using assms

unfolding DBM-zone-repr-def DBM-val-bounded-def DBM .less-eq[symmetric]
DBM .neutral by auto

4.2 Definition and Semantics of Constraint Systems

datatype ('z, 'v) constr =
Lower 'x 'v DBMEntry | Upper 'z '"v DBMEntry | Diff 'z 'z 'v DBMEntry

type-synonym ('z, 'v) ¢s = ('z, 'v) constr set

inductive entry-sem (¢- =, - [62, 62] 62) where
viEe Ltz ifv < x|
vie Lex if v < x|

Ve 00

inductive constr-sem (<- =. - [62, 62] 62) where
u e Lower z e if — uzx =, e |
u = Upper z eif uz|= e |
ubEcDiffryeifur —uy e e

definition cs-sem (¢- |=cs - [62, 62] 62) where
U es ¢s «— (V¢ € ¢s. u = ¢)

definition cs-models (- = - [62, 62] 62) where
csEc=Vu ulEe s — u = c

definition cs-equiv (- =.s - [62, 62] 62) where
€S =es ¢8' =V u. u Ees €8 —— u o5 cs’

definition
closure cs = {c. ¢s = ¢}

definition
bot-cs = {Lower undefined (Lt 0), Upper undefined (Lt 0)}

lemma constr-sem-less-eq-iff:
u . Lower x e +— Le (—u x)
u = Upper v e «— Le (ux) <
ubEeDiffrye<— Le (ux —uvy) <e
by (cases e; auto simp: constr-sem.simps entry-sem.simps)—+

<e
e
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lemma constr-sem-mono:
assumes e < e’
shows
u =e Lower z e = u |=. Lower x e’
u = Upper x e = u |=. Upper x e’
ule Diff tye = u = Diff vy e’
using assms unfolding constr-sem-less-eq-iff by simp+

lemma constr-sem-triv[simp,introl:
u e Upper z oo u =. Lower y oo u =, Diff xy oo
unfolding constr-sem.simps entry-sem.simps by auto

lemma cs-sem-antimono:
assumes cs C c¢s’ u s s’
shows u =5 cs
using assms unfolding cs-sem-def by auto

lemma cs-equivD[intro, dest]:
assumes u [F=.s €S ¢S =c5 ¢S’
shows u =5 cs’
using assms unfolding cs-equiv-def by auto

lemma cs-equiv-sym:
cs =5 cs'if cs' =.4 cs
using that unfolding cs-equiv-def by fast

lemma cs-equiv-union:
cs =c cs U cs’if cs =.5 cs’
using that unfolding cs-equiv-def cs-sem-def by blast

lemma cs-equiv-alt-def:
cs =es 8’ +— (Ve csEc+— cs'E ¢
unfolding cs-equiv-def cs-models-def cs-sem-def by auto

lemma closure-equiv:
closure cs =.5 cs
unfolding cs-equiv-alt-def closure-def cs-models-def cs-sem-def by auto

lemma closure-superset:
cs C closure cs

unfolding closure-def cs-models-def cs-sem-def by auto

lemma bot-cs-empty:
= (u:: ("e = 't i linordered-ab-group-add)) f=¢s bot-cs
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unfolding bot-cs-def cs-sem-def by (auto elim!: constr-sem.cases en-
try-sem.cases)

lemma finite-bot-cs:
finite bot-cs
unfolding bot-cs-def by auto

definition cs-vars where

cs-vars cs = |J (setl-constr

cs)

definition map-cs-vars where
map-cs-vars v ¢s = map-constr v id ‘ cs

lemma constr-sem-rename-vars:
assumes inj-on v S setl-constr ¢ C S
shows (u o inv-into S v) = map-constr v id ¢ «— u = ¢
using assms

by (cases ¢) (auto intro!: constr-sem.intros elim!: constr-sem.cases simp:
DBMEntry.map-id)

lemma cs-sem-rename-vars:
assumes inj-on v (cs-vars cs)
shows (u o inv-into (cs-vars cs) v) Fcs map-cs-vars v ¢s «— u FEes €8
using assms constr-sem-rename-vars unfolding map-cs-vars-def cs-sem-def
cs-vars-def by blast

4.3 Conversion of DBMs to Constraint Systems and Back

definition dbm-to-cs :: nat = ('z = nat) = ('v :: {linorder,zero}) DBM
= ('z, 'v) cs where
dbm-to-cs nv M = if M 0 0 < 0 then bot-cs else
{Lower x (M 0 (vz))|z. ve <n}U
{Upper x (M (vz) 0) | z.ve < n}U
{Diff ry (M (vz) (vy)) |zy. ve<nAvy<n}

lemma dbm-entry-val-Lower-iff:
dbm-entry-val u None (Some z) e +— u =, Lower z e
by (cases €) (auto simp: constr-sem-less-eq-iff)
lemma dbm-entry-val-Upper-iff:
dbm-entry-val v (Some z) None e <— u =, Upper z e

by (cases €) (auto simp: constr-sem-less-eq-iff)

lemma dbm-entry-val-Diff-iff:
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dbm-entry-val v (Some z) (Some y) e «— u = Diffx y e
by (cases €) (auto simp: constr-sem-less-eq-iff)

lemmas dbm-entry-val-constr-sem-iff =
dbm-entry-val- Lower-iff
dbm-entry-val- Upper-iff
dbm-entry-val-Diff-iff

theorem dbm-to-cs-correct:
ubyn M <— u f=cs dbm-to-cs n v M
apply (rule iff])
unfolding DBM-val-bounded-def dbm-entry-val-constr-sem-iff dbm-to-cs-def
subgoal
by (auto simp: DBM .neutral DBM .less-eq[symmetric] cs-sem-def)
using bot-cs-empty by (cases M 0 0 < 0, auto simp: DBM .neutral
DBM .less-eq[symmetric] cs-sem-def)

definition
cs-to-dbm v ¢s = if (Yu. —u s cs) then (M- -. Lt 0) else (
i j.
if i = 0 then
if j = 0 then
Le 0
else
Min (insert oo {e. Jx. Lower x e € cs N vz = j})
else
if j = 0 then
Min (insert oo {e. 3z. Upper z e € cs N vx = i})
else
Min (insert oo {e. Jz y. Diff rye € cs Nve =i ANvy=j})

)

lemma finite-dbm-to-cs:
assumes finite {z. vz < n}
shows finite (dbm-to-cs n v M)
using [[simproc add: finite-Collect]] unfolding dbm-to-cs-def
by (auto intro: assms simp: finite-bot-cs)

lemma empty-dbm-empty:
u by (A- - Lt 0) <— False
unfolding DBM-val-bounded-def by (auto simp: DBM .less-eq[symmetric])

fun expr-of-constr where
expr-of-constr (Lower - ) = e |
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expr-of-constr (Upper - €) = e |
expr-of-constr (Diff - - €) = e

lemma cs-to-dbm1:
assumes Yz € cs-vars cs. v > 0 AN va < n finite cs
assumes u 5 cs-to-dbm v cs
shows u .5 ¢s
proof (cases ¥V u. —u F¢s cs)
case True
with assms(3) show ?thesis
unfolding cs-to-dbm-def by (simp add: empty-dbm-empty)
next
case Fulse
show u =5 cs
unfolding cs-sem-def
proof (rule balll)
fix ¢
assume ¢ € cs
show u =, ¢
proof (cases c)
case (Lower z e)
with assms(1) <c € c¢s» have x: 0 < vzvz <n
by (auto simp: cs-vars-def)
let 7S = {e. 3z’ Lowerz' e € cs N vz’ =va}
let e = Min (insert co ?5)
have 25 C expr-of-constr ‘ cs
by force
with <finite cs» <¢ € ¢s» <¢ = - have %e < e
using finite-subset finite-imagel by (blast intro: Min-le)
moreover from x assms(3) False have dbm-entry-val u None (Some
x) Ze
unfolding DBM-val-bounded-def cs-to-dbm-def by (auto 4 4)
ultimately have dbm-entry-val u None (Some x) (e)
by — (rule dbm-entry-val-mono(folded DBM .less-eq])
then show ?thesis
unfolding dbm-entry-val-constr-sem-iff [symmetric] <¢c = - .
next
case (Upper z e)
with assms(1) <c € ¢s» have x: 0 <vzvz <n
by (auto simp: cs-vars-def)
let 7S = {e. 3z’ Upperz'e € cs N vz’ = vz}
let e = Min (insert co ?5)
have 5 C expr-of-constr ‘ cs
by force
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with <finite cs)» <¢ € ¢s» <¢ = -» have 7e < e
using finite-subset finite-imagel by (blast intro: Min-le)
moreover from x assms(3) False have dbm-entry-val u (Some x)
None ?e
unfolding DBM-val-bounded-def cs-to-dbm-def by (auto 4 4)
ultimately have dbm-entry-val u (Some x) None e
by — (rule dbm-entry-val-mono(folded DBM .less-eq))
then show ?thesis
unfolding dbm-entry-val-constr-sem-iff <c = -» .
next
case (Diff z y e)
with assms(1) <c € ¢s» have x: 0 <vzvez<nlO<vyvy<n
by (auto simp: cs-vars-def)
let S = {e. 32’y Diffc' y'ec€csNvz'=vazANvy =y}
let e = Min (insert oo ?5)
have 25 C expr-of-constr ¢ cs
by force
with <finite cs)» <¢ € ¢s» <¢c = -» have %e < e
using finite-subset finite-imagel by (blast intro: Min-le)
moreover from x assms(3) False have dbm-entry-val u (Some )
(Some y) %e
unfolding DBM-val-bounded-def cs-to-dbm-def by (auto 4 4)
ultimately have dbm-entry-val u (Some z) (Some y) e
by — (rule dbm-entry-val-mono|folded DBM .less-eq))
then show ?thesis
unfolding dbm-entry-val-constr-sem-iff <¢ = -» .
qed
qed
qed

lemma cs-to-dbm?2:

assumes Vz. vz <n—vzx>0Vrzy.ve<nAvy<nAvr=0vy
— =y

assumes finite cs

assumes u .5 S

shows u -y, cs-to-dbm v cs
proof (cases ¥V u. —u =¢s cs)

case True

with assms show ?thesis

unfolding cs-to-dbm-def by (simp add: empty-dbm-empty)

next

case Fulse

let ?M = cs-to-dbm v cs

show u by p cs-to-dbm v cs
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unfolding DBM-val-bounded-def DBM .less-eq[symmetric]
proof (safe)
show Le 0 < cs-to-dbm v ¢s 0 0
using Fulse unfolding cs-to-dbm-def by auto
next
fixz:'a
assume vz < n
let 25 = {e. 3z’ Lowerz' e € cs N vz’ = vz}
from vz < n» assms have vz > 0
by simp
with False have ?M 0 (v x) = Min (insert co ?5)
unfolding cs-to-dbm-def by auto
moreover have finite 25
proof —
have 25 C expr-of-constr ‘ cs
by force
also have finite ...
using «finite cs» by (rule finite-imagel )
finally show ?thesis .
ged
ultimately show dbm-entry-val u None (Some z) (?M 0 (v x))
using assms(2—) «wzx < n
apply (cases rule: Min-insert-cases)
apply autol]
apply (simp add: dbm-entry-val-constr-sem-iff cs-sem-def, metis)
done
next
fixz:'a
assume vz < n
let 7S = {e. 3z’ Upperz’' e € cs N vz’ = vz}
from vz < n» assms have vz > 0
by simp
with False have ?M (v z) 0 = Min (insert oo 25)
unfolding cs-to-dbm-def by auto
moreover have finite 25
proof —
have 25 C expr-of-constr ‘ cs
by force
also have finite ...
using «finite cs» by (rule finite-imagel )
finally show ?thesis .
ged
ultimately show dbm-entry-val u (Some x) None (cs-to-dbm v ¢s (v x)
0)
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using v x < ny assms(2—)
apply (cases rule: Min-insert-cases)
apply autol]
apply (simp add: dbm-entry-val-constr-sem-iff cs-sem-def, metis)
done
next
fixzy:'a
assume v < nvy < n
let S ={e. 32’y Diff e’ y'e€ csNvz' =vzAvy =vy}
from vz < m vy < n> assms have vz > 0vy > 0
by auto
with False have ?M (v z) (v y) = Min (insert oo ¢5)
unfolding cs-to-dbm-def by auto
moreover have finite 25
proof —
have 25 C expr-of-constr ¢ cs
by force
also have finite ...
using «finite cs» by (rule finite-imagel )
finally show ?thesis .
qed
ultimately show dbm-entry-val u (Some z) (Some y) (cs-to-dbm v cs
(v2) (v 1))
using vz < n <wy < n» assms(2—)
apply (cases rule: Min-insert-cases)
apply autol]
apply (simp add: dbm-entry-val-constr-sem-iff cs-sem-def, metis)
done
qed
qged

theorem cs-to-dbm-correct:
assumes Vz € cs-vars cs. v < nVz.vrz<n—vzx >0
Vey. ve<nAvy<nAvr=vy—z=y
finite cs
shows u by cs-to-dbm v cs «— u =¢s cs
using assms by (blast intro: cs-to-dbm1 cs-to-dbm?2)

corollary cs-to-dbm-correct”:
assumes
bij-betw v (cs-vars cs) {1.n} Ve. ve <n— vz >0Vz. x ¢ cs-vars
cs—vr>n
finite cs
shows u by 5 cs-to-dbm v cs <— u |=¢5 ¢S
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proof (rule cs-to-dbm-correct , safe)
fix r assume z € cs-vars cs
then show vz < n
using assms(1) unfolding bij-betw-def by auto
next
fix x assume vz < n
then show 0 < v x
using assms(2) by blast
next
fixzy:'a
assume A: v <novy<nvzr=uvy
with A assms show z = y
unfolding bij-betw-def by (auto dest!: inj-onD)
next
show finite cs
by (rule assms)
qged

4.4 Application: Relaxation On Constraint Systems

The following is a sample application of viewing DBMs as constraint sys-
tems. We show define an equivalent of the up operation on DBMs, prove it
correct, and then derive an alternative correctness proof for up.

definition
up-cs ¢s = {c. ¢ € es A (case ¢ of Upper - - = False | - = True)}

lemma Lower-shiftl:

u @ d |=c Lower z e if u |=. Lower z e (d :: 't :: linordered-ab-group-add)
>0

using that diff-mono less-trans not-less-iff-gr-or-eq

by (cases e;fastforce simp: constr-sem-less-eq-iff)

lemma Upper-shiftl:
u @ d . Upper z e if u =, Upper z e (d :: 't :: linordered-ab-group-add)
<90
using that add-less-le-mono
by (cases e) (fastforce simp: constr-sem-less-eq-iff add.commute add-decreasing)+

lemma Diff-shift:
u® dE. Diffvye<+— ul=. Diffvyefor d:: 't :: linordered-ab-group-add

by (cases €) (auto simp: constr-sem-less-eq-iff)

lemma up-cs-complete:
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u @ d=es up-cs cs if u =g ¢s d > 0 for d :: 't i linordered-ab-group-add
using that unfolding up-cs-def cs-sem-def
apply clarsimp
subgoal for z
by (cases z) (auto simp: Diff-shift intro: Lower-shiftl)
done

definition
lower-upper-closed cs =V z y e e’
Lower z e € ¢cs N Upper ye' € cs — (3 e’ Diffyz e’ € cs Ne'' < e
+ ')

lemma up-cs-sound:
assumes u |=.s up-cs cs lower-upper-closed cs finite cs
obtains u" and d :: 't :: time where d > 0 u' |Ees csu=u' @ d
proof —
define U and L and LT where
U={e + Le(—uzx)|ze Upperze € cs A\ e # o}
and L={—-e+ Le (—uz) | z e. Lower z e € cs \ e # oo}
and LT = {Le (—d — u ) | © d. Lower z (Lt d) € cs}
note defs = U-def L-def LT-def
let 20 = Max L and %u = Min U
have LT C L
by (force simp: DBM-arith-defs defs)
have Diff-semD: u =, Diff y x (e + €') if Lower x e € cs Upper y e’ €
csforzyee'
proof —
from assms that obtain ¢’ where Diff yz e” € cs e’ < e + ¢’
unfolding lower-upper-closed-def cs-equiv-def by blast
with assms(1) show ?thesis
unfolding cs-sem-def up-cs-def by (auto intro: constr-sem-mono)
qed
have Lower-semD: u |=. Lower z e if Lower z e € cs for z e
using that assms unfolding cs-sem-def up-cs-def by auto
have Lower-boundl: —e + Le (—u z) < 0 if Lower x e € ¢s e # oo for z
e
using Lower-semD[OF that(1)] that(2) unfolding constr-sem-less-eq-iff
by (intro DBMEntry-le-to-sum,)
from «<finite cs> have finite L
unfolding defs
by (force intro: finite-subset[where B = (Ac. case ¢ of Lower z e = —
e+ Le (—ux)) ‘cs))
from «(finite cs» have finite U
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unfolding defs
by (force intro: finite-subset{where B = (Ac. case ¢ of Upper z e = e
+ Le (— ux)) ‘cs))
note L-ge = Maz-ge|OF «finite Ly] and U-le = Min-le[OF «<finite U>]
have L-0: Maz L < 0 if L # {}
by (intro Maz.boundedl <finite Ly that) (auto intro: Lower-boundl simp:
defs)
have L-U: Max L < Min U if L # {} U # {}
apply (intro Max-le-Minl «finite L> «finite U> that)
apply (clarsimp simp: defs)
apply (drule (1) Diff-semD)
subgoal for z y e ¢’
unfolding constr-sem-less-eq-iff
by (cases e; cases e’; simp add: DBM-arith-defs; simp add: alge-
bra-simps)
done
consider
(L-empty) L = {} | (Lt-empty) LT = {} | (L-gt-Lt) Max L > Maz LT |
(Lt-Maz) x d where Lower x (Lt d) € ¢s Le (—d — ux) € LT Maz L
= Le (—d — u x)
by (smt (verit) finite-subset Mazx-in Maz-mono <finite Ly «LT C L»
less-le mem-Collect-eq defs)
note L-Lt-cases = this
have Lt-Maz-rule: — ¢ —u2x < 0
if Lower z (Lt ¢) € ¢s Max L = Le (— ¢ —uz) L # {} for cz
using that
by (metis DBMEntry.distinct(1) L-0 Le-le-LeD Le-less-Lt Lower-semD
add.inverse-inverse constr-sem-less-eq-iff (1) eq-iff-diff-eq-0 less-le
neutral)
have LT-0-boundl: 3d < 0. (V1 € L.l < Led) N (VI € LT. | < Le d)
if <L # {}p
proof —
obtain d where d: 21 < Led d < 0
by (metis L-0 <L # {}» neutral order-refl)
show ?thesis
proof (cases rule: L-Lt-cases)
case L-empty
with <L # {}» show ?thesis
by simp
next
case Lt-empty
then show ?thesis
by (smt (verit) L-ge d(1,2) empty-iff leD lel less-le-trans)
next
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case L-gt-Lt
then show ?thesis
by (smt (verit) finite-subset Max-ge <finite Ly <LT C Ly d(1,2) leD
leI less-le-trans)
next
case (Lt-Maz x c)
define d where d = — ¢ — u x
from Lt-Max(1,3) <L # {}> have d < 0
unfolding d-def by (rule Lt-Maz-rule)
then obtain d’ where d: d < d' d’' < 0
using dense by auto
have Vi e L. | < Le d’
proof safe
fix [
assume [ € L
then have [ < Le d
unfolding d-def «Max L = -y[symmetric] by (rule L-ge)
also from d’ have ... < Le d’
by auto
finally show [ < Le d’.
qed
with Lt-Max(1,3) d’ <finite Ly <L # {}» <LT C L) show ?thesis
by (intro exI[of - d']) auto
qed
qed
consider
(none) L ={} U ={}
| (upper) L ={} U #{}
| (lower) L#{} U=1{}
| (proper) L # {} U # {}
by force

The main statement of of the proof. Note that most of the lengthiness of the
proof is owed to the third conjunct. Our initial hope was that this conjunct
would not be needed.

then obtain d where d: d < 0VIie L. I < LedVie LT.l < LedVu
e U.Led <u
proof cases
case none
then show ?thesis
by (intro that[of 0]) (auto simp: defs)
next

case upper
obtain d where Le d < Min Ud < 0
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by (smt (verit) DBMEntry.distinct(3) add-inf(2) any-le-inf neg-le-0-iff-le
DBM .neutral
order.not-eq-order-implies-strict sum-gt-neutral-dest’)
then show “thesis
using upper <finite U» by (intro that|of d]) (auto simp: defs)
next
case lower
obtain d where d: Marxr L < Led d < 0
by (smt (verit) L-0 lower(1) neutral order-refl)
show ?thesis
proof (cases rule: L-Lt-cases)
case L-empty
with lower(1) show ?thesis
by simp
next
case Lt-empty
then show ?thesis
by (metis (lifting) L-ge d(1,2) empty-iff leD lel less-le-trans lower(2)
that)
next
case L-gt-Lt
then show ?thesis
using LT-0-boundl lower(1,2) that by blast
next
case (Lt-Mazx z c)
define d where d = — ¢ — u x
from Lt-Max(1,3) lower(1) have d < 0
unfolding d-def by (rule Lt-Maz-rule)
then obtain d’ where d”: d < d' d’' < 0
using dense by auto
have VI e L. 1 < Le d’
proof safe
fix |
assume [ € L
then have [ < Le d
unfolding d-def «Max L = -»[symmetric] by (rule L-ge)
also from d’ have ... < Le d’
by auto
finally show [ < Le d’.
qed
with Lt-Mazx(1,3) d’ «finite L) lower <LT C Ly show ?thesis
by (intro that[of d']) auto
qged
next
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case proper
with L-U L-0 have Maz L < Min U Max L < 0
by auto
from <finite Uy <U # {}» have 7u € U
unfolding U-def by (rule Min-in)
have main:
3d. —d —uzx < d ANLed < %u
if Lower x (Lt d) € ¢s Le (—d — uz) € LT ?l = Le (—d — u z) for d

proof (cases ?u)
case (Le d')
with «?u € U) obtain e y where *: Le d' = e + Le (— u y) Uppery
e € cs
unfolding U-def by auto
then obtain d7 where e = Le dI
by (cases €) (auto simp: DBM-arith-defs)
with x have d' = dl — uy
by (auto simp: DBM-arith-defs)
from Diff-semD[OF <Lower x (Lt d) € cs» «Upper y e € -] have u y
—ux <d+ dl
unfolding constr-sem-less-eq-iff <e = -» by (simp add: DBM-arith-defs)
then have — d — uz < d’
unfolding «d’ = -» by (simp add: algebra-simps)
then obtain dI where —d — uwz < d1 dI < d’
using dense by auto

with <%u = -» show ?thesis
by (intro exI[where = = d1]) auto
next
case (Lt d’)

with «?u € U) obtain e y where x: Lt d' = e + Le (— u y) Upper y
e ccs
unfolding U-def by auto
then obtain di where e = Lt d1
by (cases €) (auto simp: DBM-arith-defs)
with x have d' = dl — uy
by (auto simp: DBM-arith-defs)
from Diff-semD][OF <Lower z (Lt d) € cs» <Upper y e € -»] have u y
—ux <d+ dl
unfolding constr-sem-less-eq-iff <e = -» by (simp add: DBM-arith-defs)
then have — d — uz < d’
unfolding «d’ = -» by (simp add: algebra-simps)
then obtain d! where —d — uz < d1 dI < d’
using dense by auto
with <%y = -» show ?thesis
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by (intro exI[where z = d1]) auto
next
case INF
with «?u € U) show ?thesis
using Lt-Maz-rule proper(1) that(1,3) by fastforce
qged
consider (eq) Max L = Min U | (0) Min U > 0 | (gt) Max L < Min
UMin U < 0
using «Mazx L < Min Uy by fastforce
then show ?thesis
proof cases
case eq
from proper <finite L» <finite U» have 2l € L ?u € U
by — (rule Maz-in Min-in; assumption)+
then obtain z y e ¢/ where *:
9l=— e+ Le (— ux) Lower z e € cs e # 00
fu=¢e'"+ Le (—uvy) Upperye € cs e’ #
unfolding defs by auto
with <%l = ?u» obtain d where d: 7l = Le d
apply (cases e; cases e; simp add: DBM-arith-defs)
subgoal for a b
proof —
assume prems: — a —uxr =b—uye=Leae = Lth
from x have u =, Diff y z (e + ¢)
by (intro Diff-semD)
with prems have Fulse
by (simp add: DBM-arith-defs constr-sem-less-eq-iff algebra-simps)
then show ?thesis ..
qed
done
from <2l < 0y have xx: d < 0VIie L. I< LedVue U.Led <u
apply (simp add: DBM .neutral d)
apply (auto simp: d[symmetric| intro: L-ge)|]
apply (auto simp: d[symmetric] eq intro: U-le L-ge)|]
done
show “thesis
proof (cases rule: L-Lt-cases)
case L-empty
with <L # {}> show ?Zthesis
by simp
next
case Lt-empty
with xx show ?thesis
by (intro that[of d]) auto
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next
case L-gt-Lt
with xx show ?Zthesis
by (intro that[of d]; simp)
(metis finite-subset Maz-ge <LT C L» <finite L d le-less-trans)
next
case (Lt-Mazx y d1)
from main[OF this| obtain d’ where d' > — dI — u y Le d’ < Min
U
by auto
with s« Lt-Maz(3)[symmetric] d eq show ?Zthesis
by (intro that[of d']; simp)
qed
next
case (
from LT-0-boundI[OF <L # {}»] obtain d where d < 0 ViIeL. | <
Le dVIELT. | < Le d
by safe
with «Max L < 0> <finite Ly <finite U» proper 0 show Zthesis
by (intro that[of d]) (auto simp: DBM .neutral intro: order-trans)
next
case gt
then obtain d where d: Max L < Le d Le d < Min U
by (elim Le-in-between)
with - < 0> have Le d < 0
by auto
then have d < 0
by (simp add: neutral)
show “thesis
proof (cases rule: L-Lt-cases)
case L-empty
with <L # {}> show ?thesis
by simp
next
case Lt-empty
with d «d < 0) show ?thesis
using proper (finite Ly <finite U» by (intro that]of d]) (auto intro:
L-ge U-le)
next
case L-gt-Lt
with d «d < 0» proper <finite Ly <finite U> show ?thesis
apply (intro that|of d])
apply (auto intro: L-ge U-le)[2]
apply (meson finite-subset Maz-ge <LT C L» le-less-trans
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less-le-trans)
apply simp
done
next
case (Lt-Mazx y d1)
from main[OF this| obtain d’ where d: d' > — dl — uy Le d' <
Min U

by auto
with d have d-bounds: 2l < Le d' Le d’ < %u
unfolding <%l = -» by auto

from (7l < Le d» have V] € L. | < Le d’
using Maax-less-iff <finite L by blast
moreover from «Le d’' < ?uy <%u < 0> have d' < 0
by (metis Le-le-LeD le-less-trans neutral order.strict-iff-order)
with d Lt-Maz(3)[symmetric] d-bounds d' <LT C L) show ?thesis
using proper <finite Ly <finite U>»
by (intro that[of d']); auto)
qed
qged
qed
have u @ d .5 cs
unfolding cs-sem-def
proof safe
fix ¢ = (“a, 't) constr
assume c € cs
show u @ d = ¢
proof (cases c)
case (Lower z e)
show ?thesis
proof (cases e = o0)

case True
with <¢c = -) show ?thesis
by (auto simp: constr-sem-less-eq-iff)
next
case Fulse

with <¢c = -» <c € - have —e + Le (—uz) € L
unfolding defs by auto
with d have —e + Le (—uz) < Le d

by auto
then show ?thesis
using d(3) «c € - unfolding «c = - constr-sem-less-eq-iff

apply (cases e; simp add: defs DBM-arith-defs)
apply (metis diff-le-eq minus-add-distrib minus-le-iff uminus-add-conv-diff)
apply (metis ab-group-add-class.ab-diff-conv-add-uminus leD le-less
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less-diff-eq
minus-diff-eq neg-less-iff-less)
done

qed

next
case (Upper x e)
show ?thesis
proof (cases e = o0)

case True
with ¢ = -» show ?thesis
by (auto simp: constr-sem-less-eq-iff)
next
case Fulse
with <¢c = -» <c € -» have e + Le (—uz) € U

by (auto simp: defs)
with d show ?thesis
by (cases e) (auto simp: <c = -» constr-sem-less-eq-iff DBM-arith-defs
algebra-simps)
qed
next
case (Diff z y e)
with assms <c € csy show ?Zthesis
by (auto simp: Diff-shift cs-sem-def up-cs-def)
qed
qed
with «d < 0) show ?thesis
by (intro that[of —d u @ dJ; simp add: cval-add-def)
qged

Note that if we compare this proof to [Vc. 0 < v e A (Vz y. vz < ?n
Nwy< A= 2vy — x=y); %uclup Mg 2] = %uc
[?M] 2, on!, We can see that we have not gained much. Settling on DBM
entry arithmetic as done above was not the optimal choice for this proof,
while it can drastically simply some other proofs. Also, note that the final
theorem we obtain below (DBM-up-correct) is slightly stronger than what
we would get with [Ve. 0 < v e A Vzy. vz < n A vy < ?n AN %
=%y — x=1y); 2uc [up Mg, 2] = %u € [?M]g, 2,'. Finally,
note that a more elegant definition of lower-upper-closed would probably
be: definition lower-upper-closed ¢s = Vx y e €. ¢cs = Lower z e N cs
E Upper y e/ — (3 €”. ¢cs = Diff y x e’ A e” < e + ¢’) This would
mean that in the proof we would have to replace minimum and maximum
by supremum and infimum. The advantage would be that the finiteness
assumption could be removed. However, as our DBM entries do not come
with —oo, they do not form a complete lattice. Thus we would either have to
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make this extension or directly refer to the embedded values directly, which
would again have to form a complete lattice. Both variants come with some
technical inconvenience.

lemma up-cs-sem:
fixes cs :: ('z, 'v i1 time) cs
assumes lower-upper-closed cs finite cs
shows {u. u |=cs up-cs cs} ={u® d | ud. ul=es cs N d> 0}
by safe (metis up-cs-sound up-cs-complete assms)—+

definition

close-lu :: ('t::linordered-cancel-ab-semigroup-add) DBM = 't DBM
where

close-lu M = X\i j. if i > 0 then min (dbm-add (M ¢ 0) (M 0 j)) (M i j)
else M i j

definition

up’ i ("t::linordered-cancel-ab-semigroup-add) DBM = 't DBM
where

up’ M = Xij.if i >0 N j= 0 then oo else M i j

lemma up-alt-def:
up M = up’ (close-lu M)
by (intro ext) (simp add: up-def up’-def close-lu-def)

lemma close-lu-equiv:
fixes M :: 't ::time DBM
shows dbm-to-cs n v M =.5 dbm-to-cs n v (close-lu M)
unfolding cs-equiv-def dbm-to-cs-correct[symmetric]
DBM-val-bounded-def close-lu-def dbm-entry-val-constr-sem-iff
unfolding min-def DBM .add[symmetric]
unfolding constr-sem-less-eq-iff
unfolding DBM .less-eq[symmetric] DBM .neutral[symmetric]
apply (auto simp:)|]
apply (force simp add: add-increasing?)
apply (metis (full-types) le0)+
subgoal premises prems for u c1 c2
proof —
have Le (u ¢l — u c2) = Le (u cl) + Le (— u c2)
by (simp add: DBM-arith-defs)
also from prems have ... < M (vel) 0 + M 0 (v ¢2)
by (intro add-mono) auto
finally show ?thesis .
qed
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by (smt (verit) lel le-zero-eq order-trans | metis le0)+

lemma close-lu-closed:
lower-upper-closed (dbm-to-cs n v (close-lu M)) if M 0 0 > 0
using that unfolding lower-upper-closed-def dbm-to-cs-def close-lu-def
apply (clarsimp; safe)
subgoal
by auto
subgoal for z y
by (auto simp: DBM .add[symmetric])
(metis add.commute add.right-neutral add-left-mono min.absorb2
min.cobounded1)
by (simp add: add-increasing?2)

lemma close-lu-closed”.: — Unused
lower-upper-closed (dbm-to-cs n v (close-lu M) U dbm-to-cs n v M) if M
00>0
using that unfolding lower-upper-closed-def dbm-to-cs-def close-lu-def
apply (clarsimp; safe)
subgoal
by auto
subgoal for z y
by (metis DBM .add add.commute add.right-neutral add-left-mono min.absorb2
min.cobounded1)
subgoal for z y
by (metis DBM.add add.commute min.coboundedl )
by (simp add: add-increasing?)

lemma up-cs-up’-equiv:
fixes M :: 't ::time DBM
assumes M 0 0 > 0 clock-numbering v
shows up-cs (dbm-to-cs n v M) =.s dbm-to-cs n v (up’ M)
using assms
unfolding up’-def up-cs-def cs-equiv-def dbm-to-cs-correct[symmetric]
DBM-val-bounded-def close-lu-def dbm-entry-val-constr-sem-iff
by (auto split: if-split-asm
simp: dbm-to-cs-def cs-sem-def DBM .add[symmetric] DBM .less-eq[symmetric]
DBM .neutral)

lemma up-equiv-cong: — Unused
fixes cs cs’ :: ("z, v i time) cs
— / . . /
assumes cs =5 c¢s’ finite cs finite cs’ lower-upper-closed cs lower-upper-closed
/
cs

shows up-cs cs =5 up-cs cs’
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using assms unfolding cs-equiv-def by (metis up-cs-complete up-cs-sound)

lemma DBM-up-correct:
fixes M :: 't ::time DBM
assumes clock-numbering v finite {z. v x < n}
shows u € ([M]yn)! < u € [up M]yn
proof (cases M 00 > 0)
case True
have u € ([M]yn)' «— Fdu’. v'Fypy MAd>0ANu=1u& d)
unfolding DBM-zone-repr-def zone-delay-def by auto
also have ... +— (3d v’ v’ =5 dbm-to-csnv M ANd>0Nu=u&
d)
unfolding dbm-to-cs-correct ..
also have ... +— (3d v’ u' =5 dbm-to-cs n v (close-lu M) A d > 0 A
u=u'® d)
using cs-equivD close-lu-equiv cs-equiv-sym by metis
also have ... «+— u ¢ up-cs (dbm-to-cs n v (close-lu M))
proof —
let ?cs = dbm-to-cs n v (close-lu M)
have lower-upper-closed ?cs
by (intro close-lu-closed True)
moreover have finite ?cs
by (intro finite-dbm-to-cs assms)
ultimately have {u. u .5 up-cs ?cs} = {u @ d |u d. u s Zes A O
< d)
by (rule up-cs-sem)
then show “thesis
by (auto 4 3)
qed
also have ... +— u =5 dbm-to-cs n v (up’ (close-lu M))
proof —
from <M 0 0 > 0> have up-cs (dbm-to-cs n v (close-lu M)) =.5 dbm-to-cs
n v (up’ (close-lu M))
by (intro up-cs-up’-equiv[OF - <clock-numbering v], simp add: close-lu-def)
then show “thesis
using cs-equivD cs-equiv-sym by metis
qed
also have ... «— u |=¢5; dbm-to-cs n v (up M)
unfolding up-alt-def ..
also have ... +— u by, up M
unfolding dbm-to-cs-correct ..
also have ... «— u € [up M|y,
unfolding DBM-zone-repr-def by blast
finally show %thesis .
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next
case Fulse
then have M 0 0 < 0
by auto
then have up M 00 < 0
unfolding up-def by auto
with <M 0 0 < 0> have M|y, = {} [up M]yn = {}
by (auto intro!: DBM-triv-emptyl)
then show ?thesis
unfolding zone-delay-def by blast
qged

end

5 Implementation of DBM Operations

theory DBM-Operations-Impl
imports
DBM-Operations
DBM-Normalization
Refine-Imperative-HOL.IICF
HOL- Library.IArray
begin

5.1 Misc

lemma fold-last:
fold f (zs Q [z]) a = fx (fold f xs a)
by simp

5.2 Reset

definition
reset-canonical M k d =

(Nij.ifi =k ANj=0then Le d
else if i = 0 N j = k then Le (—d)
elseif i =k Nj#kthenLed + M 0j
else if i 2k N\ j=kthen Le (—d) + M i 0
else M i j

)

— However, DBM entries are NOT a member of this typeclass.
lemma canonical-is-cyc-free:
fixes M :: nat = nat = ('b :: {linordered-cancel-ab-semigroup-add, linordered-ab-monoid-add})
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assumes canonical M n
shows cyc-free M n
proof (casesV i < n. 0 < Mii)
case True
with assms show ?thesis by (rule canonical-cyc-free)
next
case Fulse
then obtain ¢ where i < n M i ¢ < 0 by auto
then have M ii 4+ M ii < M ¢ ¢ using add-strict-left-mono by fastforce
with i < n) assms show ?thesis by fastforce
qged

lemma dbm-neg-add:
fixes a :: ('t :: time) DBMEntry
assumes a < 0
shows a + a < 0
using assms unfolding neutral add less
by (cases a) auto

instance linordered-ab-group-add C linordered-cancel-ab-monoid-add by stan-
dard auto

lemma Le-cancel-1[simp]:
fixes d :: 'c :: linordered-ab-group-add
shows Le d + Le (—d) = Le 0
unfolding add by simp

lemma Le-cancel-2[simp]:
fixes d :: 'c :: linordered-ab-group-add
shows Le (—d) + Le d = Le 0
unfolding add by simp

lemma reset-canonical-canonical’:
canonical (reset-canonical M k (d :: 'c :: linordered-ab-group-add)) n
itMO00=0MEkk= 0 canonical M nk > 0 for kn :: nat
proof —
have add-mono-neutr”: a < a + b if b > Le (0 :: 'c) for a b
using that unfolding neutral[symmetric] by (simp add: add-increasing?)
have add-mono-neutl: a < b+ a if b > Le (0 :: 'c) for a b
using that unfolding neutral[symmetric] by (simp add: add-increasing)
show ?thesis
using that
unfolding reset-canonical-def neutral
apply (clarsimp split: if-splits)
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apply safe
apply (simp add: add-mono-neutr’; fail)
apply (simp add: comm; fail)
apply (simp add: add-mono-neutl”; fail)
apply (simp add: comm; fail)
apply (simp add: add-mono-neutl’; fail)
apply (simp add: add-mono-neutl’; fail)
apply (simp add: add-mono-neutl’; fail)
apply (simp add: add-mono-neutl’ add-mono-neutr’; fail)
apply (simp add: add.assoc[symmetric] add-mono-neutl” add-mono-neutr’;
fail)
apply (simp add: add.assoc[symmetric] add-mono-neutl” add-mono-neutr’
comm; fail)
apply (simp add: add.assoc[symmetric] add-mono-neutl” add-mono-neutr’;
fail)
subgoal premises prems for i j k
proof —
from prems have M ik < Mi0 + M0k
by auto
also have ... < Le (—d) + Mi0 + (Led + M 0 k)
apply (simp add: add.assoc[symmetric], simp add: comm, simp add:
add.assoc[symmetric])
using prems(1) that(1) by auto
finally show ?thesis .

qed
subgoal premises prems for i j k
proof —
from prems have Le 0 < M 0j+ Mj0
by force

alsohave ... < Led + M 0j+ (Le (— d) + M j0)
apply (simp add: add.assoc[symmetric], simp add: comm, simp add:
add.assoc[symmetric))
using prems(1) that(1) by (auto simp: add.commute)
finally show ?thesis .

qged
subgoal premises prems for i j k
proof —
from prems have Le 0 < M 0j+ M j0
by force

then show ?thesis
by (simp add: add.assoc add-mono-neutr’)
ged
subgoal premises prems for i j k
proof —
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from prems have M 0k < M 0j+ Mjk
by force

then show ?thesis
by (simp add: add-left-mono add.assoc)

qed
subgoal premises prems for i j
proof —
from prems have M i 0 < Mij+ Mj0
by force

then show ?thesis
by (simp add: ab-semigroup-add-class.add.left-commute add-mono-right)
qed
subgoal premises prems for i j
proof —
from prems have Le 0 < M 0j+ Mj0
by force
then show ?thesis
by (simp add: ab-semigroup-add-class.add.left-commute add-mono-neutr’)
qged
subgoal premises prems for i j
proof —
from prems have M ¢ 0 < Mij+ M350
by force
then show ?thesis
by (simp add: ab-semigroup-add-class.add.left-commute add-mono-right)
qed
done
qged

lemma reset-canonical-canonical:
canonical (reset-canonical M k (d :: 'c :: linordered-ab-group-add)) n
ifVi<n Mii= 0canonical M nk > 0 for kn :: nat
proof —
have add-mono-neutr: a < a + bif b > Le (0 :: '¢) for a b
using that unfolding neutral[symmetric] by (simp add: add-increasing?2)
have add-mono-neutl”. a < b+ a if b > Le (0 :: 'c) for a b
using that unfolding neutral[symmetric| by (simp add: add-increasing)
show “thesis
using that
unfolding reset-canonical-def neutral
apply (clarsimp split: if-splits)
apply safe
apply (simp add: add-mono-neutr’; fail)
apply (simp add: comm; fail)
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apply (simp add: add-mono-neutl’; fail)
apply (simp add: comm; fail)
apply (simp add: add-mono-neutl’; fail)
apply (simp add: add-mono-neutl”; fail)
apply (simp add: add-mono-neutl’; fail)
apply (simp add: add-mono-neutl’ add-mono-neutr’; fail)
apply (simp add: add.assoc[symmetric] add-mono-neutl” add-mono-neutr’
fail)
apply (simp add: add.assoc[symmetric] add-mono-neutl” add-mono-neutr’
comm; fail)
apply (simp add: add.assoc[symmetric| add-mono-neutl’ add-mono-neutr’;
fail)
subgoal premises prems for i j k
proof —
from prems have M ik < Mi0 + M0k
by auto
alsohave ... < Le (—d)+ Mi0 + (Led + M 0 k)
apply (simp add: add.assoc|symmetric], simp add: comm, simp add:
add.assoc[symmetric))
using prems(1) that(1) by (auto simp: add.commute)
finally show ?thesis .

qged
subgoal premises prems for i j k
proof —
from prems have Le 0 < M 0j+ M j0
by force

alsohave ... < Led + M 0j+ (Le (— d) + M j0)
apply (simp add: add.assoc[symmetric], simp add: comm, simp add:
add.assoc|symmetric])
using prems(1) that(1) by (auto simp: add.commute)
finally show ?thesis .

qged
subgoal premises prems for i j k
proof —
from prems have Le 0 < M 0j+ Mj0
by force

then show ?thesis
by (simp add: add.assoc add-mono-neutr’)

qged
subgoal premises prems for i j k
proof —
from prems have M 0k < M 0j+ Mjk
by force

then show ?thesis
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by (simp add: add-left-mono add.assoc)

qged
subgoal premises prems for i j
proof —
from prems have M i 0 < Mij+ M350
by force

then show ?thesis
by (simp add: ab-semigroup-add-class.add.left-commute add-mono-right)
ged
subgoal premises prems for i j
proof —
from prems have Le 0 < M 0j + M j 0
by force
then show ?thesis
by (simp add: ab-semigroup-add-class.add.left-commute add-mono-neutr’)
qed
subgoal premises prems for i j
proof —
from prems have M i 0 < Mij+ Mj0
by force
then show ?thesis
by (simp add: ab-semigroup-add-class.add.left-commute add-mono-right)
qed
done
qed

lemma canonicalD[simp]:

assumes canonical Mni<nj<nk<mn

shows min (dbm-add (M i k) (M kj) (Mij)=Mij
using assms unfolding add[symmetric] min-def by fastforce

lemma reset-reset-canonical:
assumes canonical M n k > 0k < n clock-numbering v
shows [reset M n k d]yn = [reset-canonical M k d]y
proof safe
fix v assume u € [reset M n k d]y
show u € [reset-canonical M k dly n
unfolding DBM-zone-repr-def DBM-val-bounded-def
proof (safe, goal-cases)
case I
with (u € -» have
Le 0 < reset MnkdOo0oO
unfolding DBM-zone-repr-def DBM-val-bounded-def less-eq by auto
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also have ... = M 0 0 unfolding reset-def using assms by auto
finally show ?case unfolding less-eq reset-canonical-def using <k >
0> by auto
next
case (2 ¢)
from <clock-numbering -» have v ¢ > 0 by auto
show Zcase
proof (cases v ¢ = k)
case True
with <v ¢ > 0» <u € -» <v ¢ < n> show ?thesis
unfolding reset-canonical-def DBM-zone-repr-def DBM-val-bounded-def
reset-def by auto
next
case Fulse
show ?thesis
proof (cases v ¢ = k)
case True
with <ve > 0> <vu € -y <v e < n <k > 0> show ?thesis
unfolding reset-canonical-def DBM-zone-repr-def DBM-val-bounded-def
reset-def
by auto
next
case Fulse
with <ve > 0y <k > 0> <ve < n k< n (canonical - -» <u € -»
have
dbm-entry-val u None (Some ¢) (M 0 (v c))
unfolding DBM-zone-repr-def DBM-val-bounded-def reset-def by
auto
with False <k > 0> show ?thesis unfolding reset-canonical-def by
auto
qged
qged
next
case (3 ¢)
from <clock-numbering -» have v ¢ > 0 by auto
show Zcase
proof (cases v ¢ = k)
case True
with <v ¢ > 0> <u € -» (v ¢ < n» show ?thesis
unfolding reset-canonical-def DBM-zone-repr-def DBM-val-bounded-def
reset-def by auto
next
case Fulse
show %thesis
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proof (cases v ¢ = k)
case True
with «ve > 0y <u € - «we < n <k > 0> show ?thesis
unfolding reset-canonical-def DBM-zone-repr-def DBM-val-bounded-def
reset-def
by auto
next
case Fulse
with <ve > 0y <k > 0> <ve < n k< n (canonical - -» <u € -»
have
dbm-entry-val v (Some ¢) None (M (v ¢) 0)
unfolding DBM-zone-repr-def DBM-val-bounded-def reset-def by
auto
with Fualse <k > 0> show ?thesis unfolding reset-canonical-def by
auto
qed
qged
next
case (4 cl1 c2)
from «<clock-numbering -» have v c1 > 0 v c2 > 0 by auto
show ?case
proof (cases v ¢l = k)
case True
show ?thesis
proof (cases v c¢2 = k)
case True
with <vecl =k <vel >0 «ve2 >0 ue - wel <n wel <
ny <canonical - -
have reset-canonical M k d (vcl) (ve2) = Mkk
unfolding reset-canonical-def by auto
moreover from True <vcl =k <vecl > 0> <ve2 >0y «wel <mn
wel2 < ny
have reset M n k d (v cl) (v ¢2) = M k k unfolding reset-def by
auto
moreover from v € - «vwecl =k <vc2 =k <k < n» have
dbm-entry-val u (Some c1) (Some c2) (reset M n k d k k)
unfolding DBM-zone-repr-def DBM-val-bounded-def by auto metis
ultimately show ?thesis using v ¢l = k» v c2 = k» by auto
next
case Fulse
with <v cl =k <wel > 0y <k > 0> <vel < <k < ny <canonical
- -y «u € - have
dbm-entry-val u (Some c1) None (Le d)
unfolding DBM-zone-repr-def DBM-val-bounded-def reset-def by
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auto
moreover from v ¢2 # k> <k > 0y <v c2 < n> <k < n> <(canonical
- - <u € -» have
dbm-entry-val u None (Some ¢2) (M 0 (v ¢2))
unfolding DBM-zone-repr-def DBM-val-bounded-def reset-def by

auto
ultimately show #thesis using False <k > 0> <v ¢l = ky <v c2 >
0>
unfolding reset-canonical-def add by (auto intro: dbm-entry-val-add-4 )
qged
next
case Fulse

show ?thesis
proof (cases v c2 = k)
case True
from v cl # ky <vel > 0> <k > 0> <vecl < ny <k < ny <canonical
- - <u € -» have
dbm-entry-val v (Some c1) None (M (v c1) 0)
unfolding DBM-zone-repr-def DBM-val-bounded-def reset-def by
auto
moreover from v c2 = k> <k > 0y <v c2 < n <k < n> <canonical
- -y <u € -» have
dbm-entry-val u None (Some ¢2) (Le (—d))
unfolding DBM-zone-repr-def DBM-val-bounded-def reset-def by
auto
ultimately show %thesis using Fulse <k > 0> <v c2 = k» <v cl >
0y <vc2 > 0
unfolding reset-canonical-def
apply simp
apply (subst add.commute)
by (auto intro: dbm-entry-val-add-4[folded add])
next
case Fulse
from (u € - <vecl < m ve2 < n have
dbm-entry-val u (Some c1) (Some c2) (reset M n 'k d (v cl) (v c2))
unfolding DBM-zone-repr-def DBM-val-bounded-def by auto
with (v cl £k <«wve2 #k «wel <n<we2 <m k< n <canonical
- -» have
dbm-entry-val u (Some c1) (Some ¢2) (M (v cl) (v c2))
unfolding DBM-zone-repr-def DBM-val-bounded-def reset-def by
auto
with v cl # k> v c2 # k» show ?thesis unfolding reset-canonical-def
by auto
qed
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qed
qed
next
fix v assume u € [reset-canonical M k d}yn
note unfolds = DBM-zone-repr-def DBM-val-bounded-def reset-canonical-def
show u € [reset M n k d]y.n
unfolding DBM-zone-repr-def DBM-val-bounded-def
proof (safe, goal-cases)
case I
with (v € -» have
Le 0 < reset-canonical Mk d 0 0
unfolding DBM-zone-repr-def DBM-val-bounded-def less-eq by auto
also have ... = M 0 0 unfolding reset-canonical-def using assms by
auto
finally show ?case unfolding less-eq reset-def using <k > 0> <k < n»
<canonical - -» by auto
next
case (2 ¢)
with assms have v ¢ > 0 by auto
note A = this assms(1—3) v ¢ < n
show ?case
proof (cases v ¢ = k)
case True
with A <u € -» show ?thesis unfolding reset-def unfolds by auto
next
case Fulse
with A <u € -» show ?thesis unfolding unfolds reset-def by auto
qged
next
case (3 ¢)
with assms have v ¢ > 0 by auto
note A = this assms(1—3) <v ¢ < m
show Zcase
proof (cases v ¢ = k)
case True
with A <u € -) show ?thesis unfolding reset-def unfolds by auto
next
case Fulse
with A <u € -» show ?thesis unfolding unfolds reset-def by auto
qed
next
case (4 cl1 c2)
with assms have v ¢cI > 0 v c2 > 0 by auto
note A = this assms(1—3) <vcl < n v c2 < n
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show Zcase
proof (cases v ¢l = k)
case True
show %thesis
proof (cases v c2 = k)
case True
with <u € -» A <v ¢l = k> have
dbm-entry-val u (Some c1) (Some ¢2) (reset-canonical M k d k k)
unfolding DBM-zone-repr-def DBM-val-bounded-def by auto metis
with A v ¢I = k> have
dbm-entry-val v (Some c1) (Some c2) (M k k)
unfolding reset-canonical-def by auto
with A <v ¢l = k» show ?thesis unfolding reset-def unfolds by auto
next
case Fulse
with A <v ¢l = k» show ?thesis unfolding reset-def unfolds by auto
qed
next
case Fulse
show %thesis
proof (cases v c2 = k)
case Fulse
with <u € -» A <v ¢l # k> have
dbm-entry-val u (Some c1) (Some c2) (reset-canonical M k d (v
cl) (v c2))
unfolding DBM-zone-repr-def DBM-val-bounded-def by auto
with A v ¢l # k» <v c2 # k> have
dbm-entry-val u (Some c1) (Some ¢2) (M (v cl) (v c2))
unfolding reset-canonical-def by auto
with A <v ¢l # k> show ?thesis unfolding reset-def unfolds by auto
next
case True
with A <v ¢l # k» show ?thesis unfolding reset-def unfolds by auto
qed
qged
qed
qged

lemma reset-canonical-diag-preservation:

fixes k :: nat

assumes k > (

shows V ¢ < n. (reset-canonical M k d) i1 = Mii
using assms unfolding reset-canonical-def by auto
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definition reset’”” where
reset’” M n cs v d = fold (A ¢ M. reset-canonical M (v ¢) d) cs M

lemma reset’-diag-preservation:
assumes clock-numbering v
shows V i < n. (reset” Mncsvd)ii=Mii
using assms
apply (induction cs arbitrary: M)
unfolding reset”-def apply auto]
using reset-canonical-diag-preservation by simp blast

lemma reset-resets:
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ vnvec < n
shows [reset M n (v ¢) dlyn = {u(c :=d) | u. u € [M]yn}
proof safe
fix v assume u: u € [reset M n (v ¢) dlyn
with assms have
uec=d
by (auto intro: DBM-reset-sound2[OF - DBM-reset-reset| simp: DBM-zone-repr-def)
moreover from DBM-reset-sound[OF assms u| obtain d’ where
u(c == d’) € [M]ypn (is %u € -)
by auto
ultimately have u = ?u(c := d) by auto
with <?u € - show Ju’. u = u/(¢c := d) A v’ € [M]y,n, by blast
next
fix v assume u: u € [M]y
with DBM-reset-complete[OF assms(2,3) DBM-reset-reset| assms
show u(c := d) € [reset M n (v ¢) d]y,n unfolding DBM-zone-repr-def
by auto
qged

lemma reset-eq’”:
assumes prems: Vk<n. k > 0 — (3 c. v ¢ = k) clock-numbering’ v n v
c<n
and eq: [M]yn = [M'o.n
shows [reset M n (v ¢) d]yn = [reset M' n (v ¢) d]yn
using reset-resets|OF prems| eq by blast

lemma reset-eq:
assumes prems: Vk<n. k > 0 — (I ¢c. v ¢ = k) clock-numbering’ v n
and k: k> 0k <n
and eq: [M]yn = [M'on
shows [reset M n k d)yn = [reset M' n k d]y.n
using reset-eq'|OF prems - eq] prems(1) k by blast

205



lemma F'W-reset-commute:

assumes prems: Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ v n k
>0k<n

shows [FW (reset M n k d) n]ypn = [reset (FW M n) nk dlyn
using reset-eq|OF prems] FW-zone-equiv[OF prems(1)] by blast

lemma reset-canonical-diag-presv:

fixes k :: nat

assumes M ii=Le 0k > 0

shows (reset-canonical M k d) i i = Le 0
unfolding reset-canonical-def using assms by auto

lemma reset-cycle-free:

fixes M :: ('t :: time) DBM

assumes cycle-free M n

and prems: Vk<n. k > 0 — (I¢c. v ¢ = k) clock-numbering’ v n k >

0k<n

shows cycle-free (reset M n k d) n
proof —

from assms cyc-free-not-empty cycle-free-diag-equiv have [M], , # {} by
metis

with reset-resets|OF prems(1,2)] prems(1,3,4) have [reset M n k d]yn
£ {} by fast

with not-empty-cyc-free[OF prems(1)] cycle-free-diag-equiv show ?thesis
by metis
qed

lemma reset’-reset’’-equiv:

assumes canonical Mnd > 0Vi<n Mii=0

clock-numbering’ vnV ¢ € set cs. ve < n
and surj:V k<n. k>0 — (3 c.vc=k)

shows [reset’ M n cs v d]yn = [reset” M n cs v dlyn
proof —

from assms(3,4,5) surj have

Vi<n. Mii>0MO0OO0=Le0Y cecsetcs. M (ve) (ve)= Le0

unfolding neutral by auto

note assms = assms(1,2) this assms(4—)

from <clock-numbering’ v n» have clock-numbering v by auto

from canonical-cyc-free assms(1,3) cycle-free-diag-equiv have cycle-free
M n by metis

have reset’ M n cs v d = foldr (A ¢ M. reset M n (v ¢) d) ¢s M by
(induction cs) auto

then have
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[FW (reset’ M n cs v d) nlyn = [FW (foldr (A ¢ M. reset M n (v c) d)
cs M) nly.n
by simp
also have ... = [foldr (Ac M. reset-canonical M (v ¢) d) cs M|y n
using assms
apply (induction cs)
apply (force simp: FW-canonical-id)

apply simp
subgoal premises prems for a cs
proof —
let 21 = FW (reset (foldr (Ac¢ M. reset M n (vc) d) ¢s M) n (va) d)
n
let ?m = reset (foldr (Ac¢ M. reset-canonical M (v ¢) d) c¢s M) n (v a)
d

let ?r = reset-canonical (foldr (Ac M. reset-canonical M (v ¢) d) cs
M) (va)d
have foldr (Ac¢ M. reset-canonical M (v ¢) d) es M 0 0 = Le 0
apply (induction cs)
using prems by (force intro: reset-canonical-diag-presv)+
from prems(6) have canonical (foldr (Ac¢ M. reset-canonical M (v c)
d) cs M) n
apply (induction cs)
using <canonical M n> apply force
apply simp
apply (rule reset-canonical-canonical funfolded neutral])
using assms apply simp
subgoal premises — for a cs
apply (induction cs)
using assms(4) <clock-numbering vy by (force intro: reset-canonical-diag-presv)+
subgoal premises prems for a cs
apply (induction cs)
using prems <clock-numbering vy by (force intro: reset-canonical-diag-presv)+
apply (simp; fail)
using «<clock-numbering vy by metis
have [FW (reset (foldr (Ac M. reset M n (v ¢) d) ¢s M) n (v a) d)
n]v,n
= [reset (F'W (foldr (A¢ M. reset M n (v c) d) ¢s M) n) n (v a) dlyn
using assms(8—) prems(7—) by — (rule FW-reset-commute; auto)

also from prems have ... = [?m], ,, by — (rule reset-eq; auto)
also from <canonical (foldr - - -) n» prems have
. = [?T]Uyn

by — (rule reset-reset-canonical; simp)
finally show ?thesis .
qged
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done
also have ... = [reset” M n cs v d], , unfolding reset”-def
apply (rule arg-cong[where f = X M. [M]y p])
apply (rule fun-conglwhere z = M])
apply (rule foldr-fold)
apply (rule ext)
apply simp
subgoal for z y M
proof —
from <clock-numbering vy have vz > 0 vy > 0 by auto
show Zthesis
proof (cases vz = v y)
case True
then show ?thesis unfolding reset-canonical-def by force
next
case Fulse
with <v 2z > 0) <vy > 0> show ?thesis unfolding reset-canonical-def
by fastforce
qed
qged
done
finally show ?thesis using F'W-zone-equiv|OF surj] by metis
qed

Eliminating the clock numbering

definition reset’”” where

reset””! M n cs d = fold (A ¢ M. reset-canonical M ¢ d) c¢s M
lemma reset’-reset’"”:

assumes V c € set cs. vec=c

shows reset’” M n cs v d = reset’”' M n cs d
using assms

apply (induction cs arbitrary: M)
unfolding reset’-def reset’’-def by simp+

type-synonym ’‘a DBM' = nat x nat = 'a DBMEntry

definition
reset-canonical-upd
(M :: (Ya :: {linordered-cancel-ab-monoid-add,uminus}) DBM') (n:: nat)
(k:: nat) d =
fold (XN i M. if i = k then M else M((k, i) :== Le d + M(0,7), (i, k) :=
Le (—d) + M(i, 0)))
(map nat [1..n])
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(M((k, 0) := Le d, (0, k) := Le (—d)))

lemma one-upto-Suc:
[1.<Suci+ 1] =[1..<i+1] Q [Suc {]
by simp

lemma one-upto-Suc”:
[1..Suc i] = [1..i] @ [Suc 1]
by (simp add: upto-rec2)

lemma one-upto-Suc’:
[1..1 4+ i] = [1..4] Q [Suc 1]
by (simp add: upto-rec2)

lemma reset-canonical-upd-diag-id:

fixes k n :: nat

assumes k > (

shows (reset-canonical-upd M n k d) (k, k) = M (k, k)
unfolding reset-canonical-upd-def using assms by (induction n) (auto simp:
upto-rec?)

lemma reset-canonical-upd-out-of-bounds-id1 :
fixes v j k n :: nat
assumes i £ ki > n
shows (reset-canonical-upd M n k d) (i, j) = M (i, j)
using assms by (induction n) (auto simp add: reset-canonical-upd-def upto-rec2)

lemma reset-canonical-upd-out-of-bounds-id2:
fixes i j kn :: nat
assumes j £ kj > n
shows (reset-canonical-upd M n k d) (i, j) = M (i, j)
using assms by (induction n) (auto simp add: reset-canonical-upd-def upto-rec?2)

lemma reset-canonical-upd-out-of-bounds1:
fixes i j k n :: nat
assumes k< ni>n
shows (reset-canonical-upd M n k d) (i, j) = M (i, j)
using assms reset-canonical-upd-out-of-bounds-id1 by (metis not-le)

lemma reset-canonical-upd-out-of-bounds2:
fixes i j kn :: nat
assumes kK < nj>n
shows (reset-canonical-upd M n k d) (i, j) = M (i, j)
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using assms reset-canonical-upd-out-of-bounds-id2 by (metis not-le)

lemma reset-canonical-upd-id1:
fixes k n :: nat
assumes k> 0i¢> 0i<ni#k
shows (reset-canonical-upd M n k d) (i, k) = Le (—d) + M(i,0)
using assms apply (induction n)
apply (simp add: reset-canonical-upd-def; fail)
subgoal for n
apply (simp add: reset-canonical-upd-def)
apply (subst one-upto-Suc'’)
using reset-canonical-upd-out-of-bounds-id1 [unfolded reset-canonical-upd-def,
where j = 0 and M = M]
by fastforce
done

lemma reset-canonical-upd-id2:

fixes k n :: nat

assumes k> 0i > 0i<ni+#k

shows (reset-canonical-upd M n k d) (k, i) = Le d + M(0,7)
unfolding reset-canonical-upd-def using assms apply (induction n)
apply (simp add: upto-rec2; fail)
subgoal for n

apply (simp add: one-upto-Suc’)

using reset-canonical-upd-out-of-bounds-id2[unfolded reset-canonical-upd-def,
where i = 0 and M = M]
by fastforce
done

lemma reset-canonical-updid-0-1:
fixes n :: nat
assumes k > (
shows (reset-canonical-upd M n k d) (0, k) = Le (—d)
using assms by (induction n) (auto simp add: reset-canonical-upd-def upto-rec2)

lemma reset-canonical-updid-0-2:
fixes n :: nat
assumes k > (
shows (reset-canonical-upd M n k d) (k, 0) = Le d
using assms by (induction n) (auto simp add: reset-canonical-upd-def upto-rec2)

lemma reset-canonical-upd-id:

fixes n :: nat
assumes i # kj # k
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shows (reset-canonical-upd M n k d) (i,j) = M (i,5)
using assms by (induction n; simp add: reset-canonical-upd-def upto-rec2)

lemma reset-canonical-upd-reset-canonical:
fixes ijkn:: nat and M :: nat x nat = ('a :: {linordered-cancel-ab-monoid-add,uminus})
DBMEntry
assumes k> 0i<nj<nVi<nVji<n M(@j=Mij
shows (reset-canonical-upd M n k d)(i,j) = (reset-canonical M' k d) i j
(is 7M(i.j) =
proof (cases i = k)
case True
show “thesis
proof (cases j = k)
case True
with < = k» assms reset-canonical-upd-diag-id[where M = M] show
?thesis
by (auto simp: reset-canonical-def)
next
case Fulse
show ?thesis
proof (cases j = 0)
case Fulse
with i = b 4 # kb assms have
M (i,j) = Le d + M(0,j)
using reset-canonical-upd-id2[where M = M] by fastforce
with < =k ¢ # kb 4 # 0> assms show Zthesis unfolding re-
set-canonical-def by auto
next
case True
with <i = k» <k > 0> show ?thesis by (simp add: reset-canonical-updid-0-2
reset-canonical-def)
qged
qed
next
case Fulse
show “thesis
proof (cases j = k)
case True
show ?thesis
proof (cases i = 0)
case Fulse
with <j = k> <i # k>assms have
M (i,j) = Le (—d) + M(4,0)
using reset-canonical-upd-id1 [where M = M] by fastforce
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with <j = k» < # k» <i # 0> assms show ?thesis unfolding re-
set-canonical-def by force
next
case True
with <j = k» <k > 0> show ?thesis by (simp add: reset-canonical-updid-0-1
reset-canonical-def)
qed
next
case Fulse
with i # k> assms show ?thesis by (simp add: reset-canonical-upd-id
reset-canonical-def)
qed
qged

lemma reset-canonical-upd-reset-canonical:
fixes i j kn :: nat
assumes k> 0t <nj<mn
shows (reset-canonical-upd M n k d)(i,j) = (reset-canonical (curry M) k
d)ij (is PM(ij) = )
proof (cases i = k)
case True
show %thesis
proof (cases j = k)
case True
with i = k» assms reset-canonical-upd-diag-id show ?thesis by (auto
simp add: reset-canonical-def)
next
case Fulse
show ?thesis
proof (cases j = 0)
case Fulse
with i = b j # kb assms have
M (i,j) = Le d + M(0,j)
using reset-canonical-upd-id2[where M = M] by fastforce
with «i = k> j # k> <j # 0> show ?thesis unfolding reset-canonical-def
by simp
next
case True
with <i = k» <k > 0> show ?thesis by (simp add: reset-canonical-updid-0-2
reset-canonical-def)
qged
qged
next
case Fulse
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show “thesis
proof (cases j = k)
case True
show ?thesis
proof (cases i = 0)
case Fulse
with «j = k> < # k> assms have
M (i,j) = Le (—d) + M(4,0)
using reset-canonical-upd-id1 [where M = M] by fastforce
with <j = k) <i # k> <i # 0> show ?thesis unfolding reset-canonical-def
by simp
next
case True
with <j = k» <k > 0> show ?thesis by (simp add: reset-canonical-updid-0-1
reset-canonical-def)
qed
next
case Fulse
with < # k> show ?thesis by (simp add: reset-canonical-upd-id re-
set-canonical-def)
qed
qged

lemma reset-canonical-upd-canonical:

canonical (curry (reset-canonical-upd M n k (d :: 'c :: {linordered-ab-group-add,uminus})))
n

if V.i<n M (i i) = 0 canonical (curry M) n k > 0 for k n :: nat

using reset-canonical-canonical[of n curry M k| that

by (auto simp: reset-canonical-upd-reset-canonical’)

definition reset’-upd where
reset’-upd M n c¢s d = fold (X ¢ M. reset-canonical-upd M n ¢ d) cs M
lemma reset’’-reset’-upd:
fixes n:: nat and cs :: nat list
assumes V c € setes.c#0i<nj<nVi<nVji<n MY(j=
M'ij
shows (reset’-upd M n cs d) (i, j) = (reset’”’ M'n cs d) ij
using assms
apply (induction cs arbitrary: M M)
unfolding reset’-upd-def reset’"’-def
apply (simp; fail)
subgoal for ¢ cs M M’
using reset-canonical-upd-reset-canonical[where M = M] by auto
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done

lemma reset’’-reset’-upd’:
fixes n:: nat and cs :: nat list and M :: ('a :: {linordered-cancel-ab-monoid-add,uminus})
DBM'’
assumes VY c € setcs. c#E 0i<nj<n
shows (reset’-upd M n cs d) (i, j) = (reset’” (curry M) n cs d) i j
using reset”’-reset’-upd[where M = M and M’ = curry M, OF assms]
by simp

lemma reset’-upd-out-of-bounds1 :
fixes i j k n :: nat
assumes V c € setcs.c<ni>n
shows (reset’-upd M n cs d) (i, j) = M (i, j)
using assms
by (induction cs arbitrary: M, auto simp: reset’-upd-def intro: reset-canonical-upd-out-of-bounds-id1)

lemma reset’-upd-out-of-bounds2:
fixes i j kn :: nat
assumes V c € set cs. c < nj>n
shows (reset’-upd M n cs d) (i, j) = M (i, j)
using assms
by (induction cs arbitrary: M, auto simp: reset’-upd-def intro: reset-canonical-upd-out-of-bounds-id2)

lemma reset-canonical-int-preservation:
fixes n :: nat
assumes dbm-int M n d € Z
shows dbm-int (reset-canonical M k d) n
using assms unfolding reset-canonical-def by (auto dest: sum-not-inf-dest)

lemma reset-canonical-upd-int-preservation:

assumes dbm-int (curry M) nd € Z k > 0

shows dbm-int (curry (reset-canonical-upd M n k d)) n
using reset-canonical-int-preservation| OF assms(1,2)] reset-canonical-upd-reset-canonical’
by (metis assms(8) curry-conv)

lemma reset’-upd-int-preservation:
assumes dbm-int (curry M) nd € ZV ¢ € set cs. ¢ # 0
shows dbm-int (curry (reset’-upd M n cs d)) n

using assms

apply (induction cs arbitrary: M)

unfolding reset’-upd-def

apply (simp; fail)

apply (drule reset-canonical-upd-int-preservation; auto)
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done

lemma reset-canonical-upd-diag-preservation:
fixes i :: nat
assumes k > 0
shows V i < n. (reset-canonical-upd M n k d) (i, i) = M (i, 7)
using reset-canonical-diag-preservation reset-canonical-upd-reset-canonical’
assms
by (metis curry-conv)

lemma reset’-upd-diag-preservation:
assumes V c € setcs.¢c > 0i<n
shows (reset’-upd M n cs d) (i, i) = M (i, i)
using assms
by (induction cs arbitrary: M; simp add: reset’-upd-def reset-canonical-upd-diag-preservation)

lemma upto-from-1-upt:
fixes n :: nat
shows map nat [1..int n] = [1..<n+1]
by (induction n) (auto simp: one-upto-Suc'’)

lemma reset-canonical-upd-alt-def:
reset-canonical-upd (M :: ('a :: {linordered-cancel-ab-monoid-add,uminus})
DBM) ( n:: nat) (k :: nat) d =
fold
(Ai M.
if i = k then
M
else do {
let m0i = op-mitx-get M(0,7);
let mi0 = op-mtz-get M(i, 0);
M((k, i) :== Le d + m0i, (i, k) :== Le (—d) + mi0)
}
)

[1.<n+1]
(M((k, 0) := Le d, (0, k) := Le (—d)))

unfolding reset-canonical-upd-def by (simp add: upto-from-1-upt cong: if-cong)

5.3 Relaxation

named-theorems dbm-entry-simps
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lemma [dbm-entry-simps]:
a + 00 =0
unfolding add by (cases a) auto

lemma [dbm-entry-simps]:
o0 + b= o0
unfolding add by (cases b) auto

lemmas any-le-inf|dbm-entry-simps]

lemma up-canonical-preservation:
assumes canonical M n
shows canonical (up M) n
unfolding up-def using assms by (simp add: dbm-entry-simps)

definition up-canonical :: 't DBM = 't DBM where
up-canonical M = (XN i j. if i > 0 N j = 0 then oo else M i j)

lemma up-canonical-eq-up:
assumes canonical M ni<nj<mn
shows up-canonical M i j = up M i j
unfolding up-canonical-def up-def using assms by simp

lemma DBM-up-to-equiv:
assumesV i < n.V j<n Mij=M"ij
shows [M]y.n = [M'yn
apply safe
apply (rule DBM-le-subset)
using assms by (auto simp: add[symmetric| intro: DBM-le-subset)

lemma up-canonical-equiv-up:
assumes canonical M n
shows [up-canonical M)y, = [up Mlyn
apply (rule DBM-up-to-equiv)
unfolding up-canonical-def up-def using assms by simp

lemma up-canonical-diag-preservation:
assumes VY i <n. Mii=0
shows V i < n. (up-canonical M) i i =0
unfolding up-canonical-def using assms by auto
no-notation Ref.update (¢- := - 62)
definition up-canonical-upd :: 't DBM' = nat = 't DBM' where
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up-canonical-upd M n = fold (A i M. M((i,0) := o)) [1..<n+1] M

lemma up-canonical-upd-rec:
up-canonical-upd M (Suc n) = (up-canonical-upd M n) ((Suc n, 0) := o)
unfolding up-canonical-upd-def by auto

lemma up-canonical-out-of-boundsI :
fixes i :: nat
assumes ¢ > n
shows up-canonical-upd M n (i, j) = M(i,j)
using assms by (induction n) (auto simp: up-canonical-upd-def)

lemma up-canonical-out-of-bounds2:
fixes j :: nat
assumes j > 0
shows up-canonical-upd M n (i, j) = M(i,j)
using assms by (induction n) (auto simp: up-canonical-upd-def)

lemma up-canonical-upd-up-canonical:
assumes i < nj<nVi<nVji<n M(ij)=M1ij
shows (up-canonical-upd M n) (i, j) = (up-canonical M') i j
using assms
proof (induction n)
case (
then show ?case by (simp add: up-canonical-upd-def up-canonical-def;
fail)
next
case (Suc n)
show Zcase
proof (cases j = Suc n)
case True
with Suc.prems show ?thesis by (simp add: up-canonical-out-of-bounds2
up-canonical-def)
next
case Fulse
show ?thesis
proof (cases i = Suc n)
case True
with Suc.prems <j # -» show ?thesis
by (simp add: up-canonical-out-of-bounds! up-canonical-def up-canonical-upd-rec)
next
case Fulse
with Suc <j # -» show %thesis by (auto simp: up-canonical-upd-rec)
qged
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qed
qged

lemma up-canonical-int-preservation:
assumes dbm-int M n
shows dbm-int (up-canonical M) n
using assms unfolding up-canonical-def by auto

lemma up-canonical-upd-int-preservation:
assumes dbm-int (curry M) n
shows dbm-int (curry (up-canonical-upd M n)) n
using up-canonical-int-preservation| OF assms| up-canonical-upd-up-canonical|where
M’ = curry M]
by (auto simp: curry-def)

lemma up-canonical-diag-preservation’”:
(up-canonical M) ii= Mii
unfolding up-canonical-def by auto

lemma up-canonical-upd-diag-preservation:
(up-canonical-upd M n) (i, i) = M (i, i)
unfolding up-canonical-upd-def by (induction n) auto

5.4 Intersection

definition
unbounded-dbm n = (A (i, §). (if i = jV i > n V j > n then Le 0 else
00))

definition And-upd :: nat = ('t::{linorder,zero}) DBM' = 't DBM' = 't
DBM' where
And-upd n A B =
fold (i M.
fold (N\j M. M((4,j) :== min (A(i,5)) (B(%,5)))) [0..<n+1] M)
[0..<n+1]
(unbounded-dbm n)

lemma fold-loop-inv-rule:
assumes [ 0
assumes N\iz. [ iz = i <n =1 (Suci) (fiz)
assumes A\z. Inz —= Q«z
shows @ (fold f [0..<n] z)
proof —
from assms(2) have I n (fold f [0..<n] x)
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proof (induction n)
case (
show Zcase
by simp (rule assms)
next
case (Suc n)
show Zcase
using Suc by auto
qed
then show ?thesis
by (rule assms(3))
qed

lemma And-upd-min:
assumes ¢t < nj<n
shows And-upd n A B (i, j) = min (A(%,5)) (B(%,7))
unfolding And-upd-def
apply (rule fold-loop-inv-rule[where I = \k M.V i<k.Vj < n. M(i,j) =
min (A(d.5)) (B(i.))])
apply (simp; fail)
subgoal for & z
apply (rule fold-loop-inv-rule[where I =
X' M.V i<k,
if i = k then
(V) < 4. M(i4) = min (A(i.f)) (B(i,j)))
else
(V) < n. M(ig) = min (A(i.f)) (B(i))])
by (simp-all) (metis Suc-eq-plusl less-Suc-eg-le)
using assms by auto

lemma And-upd-And:
assumes 1 < nj<n
Vi<nVji<nA@G j)=A"ij¥Vi<nVj<n B(ij) =DBij
shows And-upd n A B (i, j) = And A’ B' i j
using assms by (auto simp: And-upd-min)

5.5 Inclusion
definition pointwise-cmp where

pointwise-cmp Pn M M'= (N i <n.V j<n. P (Mij) (M'ij))

lemma subset-eqg-pointwise-le:
fixes M :: real DBM
assumes canonical MnV i <n. Mii=0V i<n. M'ii=20
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and prems: clock-numbering’ vn Vk<n. 0 < k — (3c. ve=k)
shows [M]y.n, C [M')yn <— pointwise-cmp (<) n M M’
unfolding pointwise-cmp-def
apply safe
subgoal for i j
apply (cases i = j)
using assms apply (simp; fail)
apply (rule DBM-canonical-subset-le)
using assms(1—3) prems by (auto simp: cyc-free-not-empty[OF canoni-
cal-cyc-free])
by (auto simp: less-eq intro: DBM-le-subset)

definition check-diag :: nat = ('t :: {linorder, zero}) DBM' = bool where
check-diagn M =3 i < n. M (i, i) < Le 0

lemma check-diag-empty:

fixes n :: nat and v

assumes surj: V k<n. 0 < k — (Jc. vc = k)

assumes check-diag n M

shows [curry M|y, = {}
using assms neg-diag-empty|OF surj, where M = curry M] unfolding
check-diag-def neutral by auto

lemma check-diag-alt-def:
check-diag n M = list-ex (X i. op-mtz-get M (i, i) < Le 0) [0..<Suc n]
unfolding check-diag-def list-ex-iff by fastforce

definition dbm-subset :: nat = ('t :: {linorder, zero}) DBM' = 't DBM'
= bool where

dbm-subset n M M' = check-diag n M V pointwise-cmp (<) n (curry M)
(curry M)

lemma dbm-subset-ref:
dbm-subset n M M
unfolding dbm-subset-def pointwise-cmp-def by simp

lemma dbm-subset-trans:

assumes dbm-subset n M1 M2 dbm-subset n M2 M3

shows dbm-subset n M1 M3
using assms unfolding dbm-subset-def pointwise-cmp-def check-diag-def
by fastforce

lemma canonical-nonneg-diag-non-empty:
assumes canonical M nVi<n. 0 < MiiVec.ve<n—0<wvc

220



shows [M],n # {}

apply (rule cyc-free-not-empty)
apply (rule canonical-cyc-free)
using assms by auto

The type constraint in this lemma is due to [canonical ?M ?n; [?M]e, ¢y
C [?Ml]?v,?n; [?M]?u?n #F AL %< fny 2 < Py P £ 2 Ve 0 < Puce A
Vzy vz <A 2y< AN e=%y — z=y);Vk<n. 0 <
k— (Fe. 2ve=Fk)] = ?M % % < ?M’ ? ?j. Proving it for a more
general class of types is possible but also tricky due to a missing setup for
arithmetic.

lemma subset-eq-dbm-subset:
fixes M :: real DBM'
assumes canonical (curry M) n \V check-diagn M ¥ i < n. M (i, i) <
0V i<n M (i,i) <0
and cn: clock-numbering’ v n and surj: V k<n. 0 < k — (Jc. vec =
k)
shows [curry M|y, C [curry My, <— dbm-subset n M M’
proof (cases check-diag n M)
case True
with check-diag-empty[OF surj] show ?thesis unfolding dbm-subset-def
by auto
next
case F': Fulse
with assms(1) have canonical: canonical (curry M) n by fast
show ?thesis
proof (cases check-diag n M)
case True
from F' cn have
[curry M]yn # {}
apply —
apply (rule canonical-nonneg-diag-non-empty[OF canonical])
unfolding check-diag-def neutral[symmetric] by auto
moreover from F True have
- dbm-subset n M M’
unfolding dbm-subset-def pointwise-cmp-def check-diag-def by fastforce
ultimately show ?thesis using check-diag-empty|OF surj True] by auto
next
case Fulse
with F assms(2,3) have
Vi<n M (@(i,i))=0Vi<n M (ii) =0
unfolding check-diag-def neutral[symmetric| by fastforce+
with F Fulse show ?thesis unfolding dbm-subset-def
by (subst subset-eg-pointwise-le]OF canonical - - c¢n surj]; auto)
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qed
qged

lemma pointwise-cmp-alt-def:
pointwise-cmp P n M M' =
list-all (X 4. list-all (X j. P (M ij) (M’ i3)) [0..<Suc n]) [0..<Suc n]
unfolding pointwise-cmp-def by (fastforce simp: list-all-iff)

lemma dbm-subset-alt-def[code]:
dbm-subset n M M’ =
(list-ex (X i. op-mtz-get M (i, i) < Le 0) [0..<Suc n] V
list-all (X i. list-all (X j. (op-mtz-get M (i, j) < op-mta-get M’ (i, 7)))
[0..<Suc n]) [0..<Suc n])
by (simp add: dbm-subset-def check-diag-alt-def pointwise-cmp-alt-def)

definition pointwise-cmp-alt-def where
pointwise-cmp-alt-def P n M M’ = fold (X i b. fold (A jb. P (Mij) (M’
i7) A b) [1..<Suc n] b) [1..<Suc n] True

lemma list-all-foldli:
list-all P xs = foldli xzs (A\x. © = True) (A z -. P z) True
apply (induction xs)
apply (simp; fail)
subgoal for z xs
apply simp
apply (induction xs)
by auto
done

lemma list-ex-foldli:
list-ex P xs = foldli zs Not (A z y. Pz V y) False
apply (induction xs)
apply (simp; fail)
subgoal for z zs
apply simp
apply (induction xs)
by auto
done

5.6 Extrapolations

context
fixes
upd-entry :: nat = nat = 't = 't = (‘t::{linordered-ab-group-add})
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DBMEntry = 't DBMEntry
and upd-entry-0 :: nat = 't = 't DBMEntry = 't DBMEntry
begin

definition extra ::
't DBM = (nat = 't) = (nat = 't) = nat = 't DBM
where
extra M lun = X\ij.
let ub = if i > 0 then l i else 0 in
let Ib=1if j > 0 then u j else 0 in
ifi < nAj<nthen
if i # j then
if © > 0 then upd-entry i j b ub (M i j) else upd-entry-0 j b (M i j)
else norm-diag (M 1 j)
else M ij

definition upd-line-0 ::
't DBM' = 't list = nat = 't DBM'
where
upd-line-0 M k n =
fold
(N M.
M((0, j) := upd-entry-0 j (op-list-get k j) (M(0, 7))))
[1..<Suc n]
(M((0, 0) := norm-diag (M (0, 0))))

definition upd-line ::
't DBM' = 't list = 't = nat = nat = 't DBM'
where
upd-line M k ub i n =
fold
(\j M.
if i # j then
M((%, j) := upd-entry i j (op-list-get k j) ub (M (i, j)))
else M((%, j) := norm-diag (M (i, j))))
[1..<Suc n]
(M((i, 0) := upd-entry i 0 0 ub (M(i, 0))))

lemma upd-line-Suc-unfold:
upd-line M k ub i (Suc n) = (let M' = upd-line M k ub i n in
if i # Suc n then
M’ ((i, Suc n) := upd-entry i (Suc n) (op-list-get k (Suc n)) ub (M'(i,
Suc n)))
else M’ ((i, Suc n) := norm-diag (M’ (i, Suc n))))
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unfolding upd-line-def by simp

lemma upd-line-out-of-bounds:
assumes j > n
shows upd-line M k ub in (i', j) = M (i’ j)
using assms by (induction n) (auto simp: upd-line-def)

lemma upd-line-alt-def:
assumes ¢ > 0
shows
upd-line M k ub in (i', j) = (
let Ib = if j > 0 then op-list-get k j else 0 in
if i’ =i A j < n then
if i # j then
upd-entry i j b ub (M (i, 7))
else
norm-diag (M (i, j))
else M (i', j)
)
using assms
apply simp
apply safe
apply (induction n, simp add: upd-line-def,
auto simp: upd-line-out-of-bounds upd-line-Suc-unfold Let-def)+
done

lemma upd-line-0-alt-def:
upd-line-0 M kn (i, j) = (
if i’ = 0 N j < n then
if j > 0 then upd-entry-0 j (op-list-get k j) (M (0, j)) else norm-diag
(M (0, 0))
else M (i', j)
)

by (induction n) (auto simp: upd-line-0-def)

definition extra-upd :: 't DBM' = 't list = 't list = nat = 't DBM'
where
extra-upd Ml un =
fold (\i M. upd-line M u (op-list-get 1 i) i n) [1..<Suc n] (upd-line-0 M
un
)

lemma upd-line-0-out-ouf-bounds1:
assumes i > 0

shows upd-line-0 M k n (i, j) = M (1, j)
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using assms unfolding upd-line-0-alt-def by simp

lemma upd-line-0-out-ouf-bounds2:
assumes j > n
shows upd-line-0 M k n (i, j) = M (1, j)
using assms unfolding upd-line-0-alt-def by simp

lemma upd-out-of-bounds-auzl:

assumes i > n

shows fold (A\i M. upd-line M k (op-list-get [ i) i m) [1..<Suc n] M (i, j)
= M (4, j)

using assms

by (intro fold-invariant[fwhere Q@ = Xi. i > 0 N i < n and P = \M".
M’ (i, j) = M (i, j)])

(auto simp: upd-line-alt-def)

lemma upd-out-of-bounds-aux2:

assumes j > m

shows fold (A\i M. upd-line M k (op-list-get 1 i) i m) [1..<Suc n] M (i, j)
= M (i, j)

using assms

by (intro fold-invariant[where Q = Xi. i > 0 A i < n and P = AM".
M (i, §) = M (i, )

(auto simp: upd-line-alt-def)

lemma upd-out-of-bounds1:
assumes i > n
shows extra-upd M 1w n (i, j) = M (i, 7)
using assms unfolding extra-upd-def
by (subst upd-out-of-bounds-auzxl) (auto simp: upd-line-0-out-ouf-bounds1)

lemma upd-out-of-bounds2:
assumes j > n
shows eztra-upd M 1w n (i, j) = M (i, j)
by (simp only: assms extra-upd-def upd-out-of-bounds-auz2 upd-line-0-out-ouf-bounds2)

definition norm-entry where
norm-entry x lu i j = (
let ub = if i > 0 then (1! ) else 0 in
let Ib = if j > 0 then (u!j) else 0 in
if i #£ j then if i = 0 then upd-entry-0 j lb = else upd-entry i j Ib ub x else
norm-diag x)

lemma upd-extra-auz:
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assumes 1 < nj<m

shows

fold (Mi M. upd-line M u (op-list-get 1 i) i m) [1..<Suc n] (upd-line-0 M
um) (i, )

= norm-entry (M (i, 7)) luij

using assms upd-out-of-bounds-auz1[unfolded op-list-get-def]

apply (induction n)

apply (simp add: upd-line-0-alt-def norm-entry-def; fail)

apply (auto simp: upd-line-alt-def upt-Suc-append upd-line-0-out-ouf-bounds1
norm-entry-def

stmp del: upt-Suc)
done

lemma upd-extra-auz’:

assumes ¢t < nj<n

shows eztra-upd M [ u n (i, j) = extra (curry M) (Ai. 11 4) (Ai. u! i) n
i j

using assms unfolding extra-upd-def

by (subst upd-eztra-auz[OF assms|) (simp add: norm-entry-def extra-def
norm-diag-def Let-def)

lemma extra-upd-extra’:
extra-upd M 1w n (i, j) = extra (curry M) (Xi. 11 i) (M. u ! i) nij
by (cases i > n; cases j > n;
simp add: upd-out-of-bounds1 upd-out-of-bounds2 extra-def upd-extra-aux’)

lemma eztra-upd-extra”:
curry (extra-upd M 1 u n) = extra (curry M) (Ai. 114) (Ni. u! i) n
by (simp add: curry-def extra-upd-extra’)

lemma extra-upd-extra:
extra-upd = (AM L u n (i, j). extra (curry M) (Xi. 11 4) (Ai. w! i) nij)
by (intro ext) (clarsimp simp: extra-upd-extra’)

end

lemma norm-is-extra:
norm M kn =
extra
(A- - Ib ub e. norm-lower (norm-upper e ub) (—1Ib))
(A\- 1b e. norm-lower (norm-upper e 0) (—Ib)) Mk kn
unfolding norm-def extra-def Let-def by (intro ext) auto

lemma eztra-lu-is-extra:
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extra-lu M lun =
extra
(A- - Ib ub e. norm-lower (norm-upper e ub) (—1Ib))
(A-Ib e. norm-lower (norm-upper e 0) (=1b)) Ml un
unfolding extra-def extra-lu-def Let-def by (intro ext) auto

lemma extra-lup-is-extra:
extra-lup Ml un =
extra
(Ni j b ub e. if Lt ub < e then oo
else if M 07 < Lt (— ub) then oo
else if M 0 j < (if j > 0 then Lt (— Ib) else Lt 0) then oo
else e)
(Njlb e if Le 0 < M 0 j then oo
else if M 07 < (if j > 0 then Lt (— Ib) else Lt 0) then Lt (— Ib)
else M 0j) Mlun
unfolding extra-def extra-lup-def Let-def by (intro ext) auto

definition
norm-upd M k =
extra-upd
(A- - Ib ub e. norm-lower (norm-upper e ub) (—Ib))
(A- Ib e. norm-lower (norm-upper e 0) (—1b)) M k k

definition
extra-lu-upd =
extra-upd
(A- - Ib ub e. norm-lower (norm-upper e ub) (—1b))
(A- Ib e. norm-lower (norm-upper e 0) (—1b))

definition
extra-lup-upd M =
extra-upd

(Ni 7 b ub e. if Lt ub < e then oo
else if M (0, i) < Lt (— ub) then oo
else if M (0, j) < (if 7 > 0 then Lt (— [b) else Lt 0) then oo
else e)

(Njlbe. if Le 0 < M (0, j) then oo
else if M (0, j) < (if 7 > 0 then Lt (— Ib) else Lt 0) then Lt (— Ib)
else M (0, j)) M

lemma extra-upd-cong:
assumes N\ijzye | <n=— j<n=— upd-entry ijzy e = upd-entry’

1jTye
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Nize i <n = upd-entry-0 i z e = upd-entry-0' i z e
shows extra-upd upd-entry upd-entry-0 M | uw n = extra-upd upd-entry’
upd-entry-0" M 1l u n
unfolding extra-upd-def upd-line-def upd-line-0-def
apply (intro fold-cong)
apply (auto simp: assms)[4]
apply (rule ext, rule fold-cong, auto simp: assms)
done

lemma extra-lup-upd-alt-def:
extra-lup-upd M lun = (
let zs = IArray (map (Ni. M (0, 7)) [0..<Suc n]) in
extra-upd
(Ni 7 b ub e. if Lt ub < e then oo
else if (xzs ! i) < Lt (— ub) then oo
else if (xzs ! j) < (if j > 0 then Lt (— Ib) else Lt 0) then oo
else e)
(Njlbe. if Le 0 < (zs !! j) then oo
else if (xs ! j) < (if j > 0 then Lt (— Ib) else Lt 0) then Lt (— Ib)
else (zs 11 7)) M lun
unfolding eztra-lup-upd-def Let-def by (rule extra-upd-cong; clarsimp
simp del: upt-Suc; fail)

lemma extra-lup-upd-alt-def2:
extra-lup-upd Ml un = (
let s = map (Ni. M (0, 7)) [0..<Suc n] in
extra-upd
(Ni j b ub e. if Lt ub < e then oo
else if (zs! i) < Lt (— ub) then oo
else if (zs!j) < (if 7 > 0 then Lt (— Ib) else Lt 0) then oo
else e)
(Njlbe. if Le 0 < (zs! j) then oo
else if (zs!j) < (if 7 > 0 then Lt (— Ib) else Lt 0) then Lt (— Ib)
else (zs! 7)) M1l un)
unfolding eztra-lup-upd-def Let-def by (rule extra-upd-cong; clarsimp
simp del: upt-Suc; fail)

lemma norm-upd-norm: norm-upd = (AM k n (i, j). norm (curry M) (\i.
k1) nij)
and extra-lu-upd-extra-lu:
extra-lu-upd = (AM L u n (i, j). extra-lu (curry M) (Xi. 11 %) (Ni. u! 9)
n i)
and eztra-lup-upd-extra-lup:
extra-lup-upd = (AM 1w n (i, j). extra-lup (curry M) (Xi. 1! 4) (Ai. u!
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unfolding norm-upd-def norm-is-extra extra-lu-upd-def extra-lu-is-extra
extra-lup-upd-def extra-lup-is-extra extra-upd-extra curry-def
by standard+

lemma norm-upd-norm’:
curry (norm-upd M k n) = norm (curry M) (Xi. k! i) n
unfolding norm-upd-norm by simp

— Copy from Regions Beta, original should be moved
lemma norm-int-preservation:
assumes dbm-int M nV c<n.kceZ
shows dbm-int (norm M k n) n
using assms unfolding norm-def norm-diag-def by (auto simp: Let-def)

lemma
assumes dm-int M nV c<n.lceZV c<n.ucéel
shows eztra-lu-preservation: dbm-int (extra-lu M [ u n) n
and eztra-lup-preservation: dbm-int (extra-lup M 1 u n) n
using assms unfolding eztra-lu-def extra-lup-def norm-diag-def by (auto
simp: Let-def)

lemma norm-upd-int-preservation:

fixes M :: ('t :: {linordered-ab-group-add, ring-1}) DBM’

assumes dbm-int (curry M) nV c € set k. ¢ € Z length k = Suc n

shows dbm-int (curry (norm-upd M k n)) n

using norm-int-preservation|OF assms(1)] assms(2,3) unfolding norm-upd-norm
curry-def by simp

lemma
fixes M :: ('t :: {linordered-ab-group-add, ring-1}) DBM’
assumes dbm-int (curry M) n
Vecesetl ceZlengthl = SucnVcé€ setu ¢ €Z length u = Sucn
shows extra-lu-upd-int-preservation: dbm-int (curry (extra-lu-upd M 1 u

and eztra-lup-upd-int-preservation: dbm-int (curry (extra-lup-upd M [ u
using extra-lu-preservation|OF assms(1)] extra-lup-preservation|OF assms(1)]
assms(2—)

unfolding eztra-lu-upd-extra-lu extra-lup-upd-extra-lup curry-def by simp+
lemma

assumes dbm-default (curry M) n
shows norm-upd-default: dbm-default (curry (norm-upd M k n)) n
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and extra-lu-upd-default: dbm-default (curry (extra-lu-upd M [l u n)) n
and extra-lup-upd-default: dbm-default (curry (extra-lup-upd M 1 u n))
n
using assms unfolding
norm-upd-norm norm-def extra-lu-upd-extra-lu extra-lu-def extra-lup-upd-extra-lup
extra-lup-def
by auto

end
theory DBM-Imperative-Loops
imports
Refine-Imperative-HOL.IICF
begin

5.6.1 Additional proof rules for typical looping constructs

Heap-Monad.fold-map lemma fold-map-ht:

assumes list-all (A\x. <A *x true> fz <Ar. 1(Q z r) x A>;) zs

shows <A x true> Heap-Monad.fold-map f xs <Ars. T(list-all2 (Az r. Q
TT) TS TS) * A>y

using assms by (induction xs; sep-auto)

lemma fold-map-ht":

assumes [list-all (Az. <true> fx <Ar. 1(Q x r)>¢) zs

shows <true> Heap-Monad.fold-map f xs <Ars. 1(list-all2 Az r. Q z 1)
TS TS)>¢

using assms by (induction xs; sep-auto)

lemma fold-map-ht1:
assumes A\z zi. <A * R x i * true> fai <A\r. A« 1(Q x 7)>,
shows
<A x list-assn R s xsi x true>
Heap-Monad.fold-map f xsi
<Ars. A * T(list-all2 Az r. Q x 1) 28 18)>4
apply (induction zs arbitrary: zsi)
apply (sep-auto; fail)
subgoal for z xs zsi
by (cases zsi; sep-auto heap: assms)
done

lemma fold-map-ht2:
assumes A\z zi. <A * R x xi x true> faxi <Ar. A x Rz zi x 1(Q z 7)>¢
shows
<A x list-assn R s xsi x true>
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Heap-Monad.fold-map f xsi
<Ars. A x list-assn R xs xsi * T(list-all2 Az r. Q x 1) 25 15)>4
apply (induction xs arbitrary: xsi)
apply (sep-auto; fail)
subgoal for z xs zsi
apply (cases zsi; sep-auto heap: assms)
apply (rule cons-rule[rotated 2], rule frame-rule, rprems)
apply frame-inference
apply frame-inference
apply sep-auto
done
done

lemma fold-map-ht3:
assumes Az zi. <A * Rz xi * true> fai <Ar. A x Q x r>¢
shows <A x list-assn R xs xsi x true> Heap-Monad.fold-map f xsi <Ars.
A x list-assn Q xs rs>
apply (induction xs arbitrary: xsi)
apply (sep-auto; fail)
subgoal for z xs zsi
apply (cases wsi; sep-auto heap: assms)
apply (rule Hoare-Triple.cons-pre-rule[rotated|, rule frame-rule, rprems,
frame-inference)
apply sep-auto
done
done

imp-for’ and imp-for lemma imp-for-rule2:
assumes
emp =4 11%a
Nia. <AxTiaxtrue> cia<Ar. AxITiaxT(r<+— ca)>
Niai<j=—ca=<AxTiaxtrue>fia<Air.Ax1I (i+ 1)
r>¢
Na.lja=—=4QaNia i<j=—=-ca=Ilia=4 Qa
i<j
shows <A * true> imp-forijcifa <Ar. A x Q r>;
proof —
have
<A x Iiax*true>
mmp-for i jci fa
<A Ax (Ijrvag @ai t@' <jAn—-cr)*xIi r))>
using « < j» assms(2,3)
apply (induction j — i arbitrary: i a; sep-auto)
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subgoal
apply (rule ent-star-mono, rule ent-star-mono)
apply (rule ent-refl, rule ent-disjl1-direct, rule ent-refl)
done
apply rprems
apply sep-auto
apply (rprems)
apply sep-auto+
apply (rule ent-star-mono, rule ent-star-mono, rule ent-refl, rule ent-disjI2’)
apply solve-entails
apply simp+
done
then show ?thesis
apply (rule cons-rule[rotated 2])
subgoal
apply (subst merge-true-star[symmetric))
apply (rule ent-frame-fwd]OF assms(1)])
apply frame-inference+
done
apply (rule ent-star-mono)
apply (rule ent-star-mono, rule ent-refl)
apply (solve-entails eintros: assms(5) assms(4) ent-disjE)+
done
qed

lemma imp-for-rule:

assumes
emp =4 1ia
Nia. <liaxtrue> cia <Ar.IiaxT(r+— ca)>
Nia i<j= ca= <liaxtrue>fia<ir.I (i+1)r>
Nao.lja=p QaNia.i<j=—-ca=Ilia=,4 Qa
1< J

shows <true> imp-for i j ci fa <Ar. Q r>;

by (rule cons-rule[rotated 2], rule imp-for-rule2[where A = truel)
(rule assms | sep-auto heap: assms; fail)+

lemma imp-for’-rule2:

assumes
emp =4 11ia
Nia i<j= <AxTiaxtrue>fia<r.AxI (i+1)r>
Na. Ija=4 Qa
1 <j

shows <A x true> imp-for’ i j fa <Ar. A x Q r>;

unfolding imp-for-imp-for’[symmetric] using assms(3,4)
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by (sep-auto heap: assms imp-for-rule2[where ¢ = \-. Truel)

lemma imp-for’-rule:
assumes
emp=—=4117a
Nia i<j= <liaxtrue>fia<ir.I(i+1)r>
Na. Ija=—=4 Qa
i <j
shows <true> imp-for’ i j fa <Ar. Q r>;
unfolding imp-for-imp-for’[symmetric] using assms(3,4)
by (sep-auto heap: assms imp-for-rule[where ¢ = A-. True)

lemma nth-rule:
assumes is-pure S
and b < length a
shows
<nat-assn b bi x array-assn S a ai> Array.nth ai bi
<AT. 4z nat-assn b bi x array-assn S a ai * Sz T * true x T (z = a
'b)>
using sepref-fr-rules(165)[unfolded hn-refine-def hn-ctxzt-def] assms by
force

lemma imp-for-list-all:
assumes
is-pure R n < length xs
Nz zi. <A x Rz xi x true> Pixi <Ar. A x 1 (r <— P x)>,
shows
<A x array-assn R xs a x true>
imp-for 0 n Heap-Monad.return
(A -. do {
x < Array.nth a i; Pl x
1)
True
<Ar. A x array-assn R xs a x 1(r «— list-all P (take n xs))>,
apply (rule imp-for-rule2|where I = \i r. T (r <— list-all P (take i
)
apply sep-auto
apply sep-auto
subgoal for 7 b
using assms(2)
apply (sep-auto heap: nth-rule)
apply (rule cons-rule[rotated 2], rule frame-rule,
rule nth-rulefwhere b = ¢ and a = zs|, rule assms)

apply simp
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apply (simp add: pure-def)
apply frame-inference
apply frame-inference
apply (sep-auto heap: assms(3) simp: pure-def take-Suc-conv-app-nth)
done
apply (simp add: take-Suc-conv-app-nth)
apply simp
unfolding list-all-iff
apply clarsimp
apply (metis le-less set-take-subset-set-take subsetCE)

lemma imp-for-list-ex:
assumes
is-pure R n < length xs
Nz zi. <A x Rz xi x true> Pixi <Ar. A * 1T (r <— P x)>;
shows
<A x array-assn R zs a * true>
imp-for 0 n (\z. Heap-Monad.return (— z))
(X -. do {
x < Array.nth a i; Pix
1)
False
<Ar. A x array-assn R xs a x T(r «— list-ex P (take n xs))>,
apply (rule imp-for-rule2[where I = \i r. 1 (r <— list-ex P (take i
zs))])
apply sep-auto
apply sep-auto
subgoal for 7 b
using assms(2)
apply (sep-auto heap: nth-rule)
apply (rule cons-rule[rotated 2], rule frame-rule, rule nth-rule[of - i x|,
rule assms)
apply simp
apply (simp add: pure-def)
apply frame-inference
apply frame-inference
apply (sep-auto heap: assms(3) simp: pure-def take-Suc-conv-app-nth)
done
apply (simp add: take-Suc-conv-app-nth)
apply simp
unfolding list-ex-iff
apply clarsimp
apply (metis le-less set-take-subset-set-take subsetCE)
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lemma imp-for-list-all2:
assumes
is-pure R is-pure S n < length xs n < length ys
Nz xiyyi. <A x Rzxix Sy yi* true> Pixiyi <Ar. Ax1 (r«— P
T Y)>
shows
<A x array-assn R xs a * array-assn S ys b *x true>
imp-for 0 n Heap-Monad.return
(Xi -. do {
x < Array.nth a i; y < Array.nth b i; Pizy
})
True
<Ar. A % array-assn R xs a x array-assn S ys b x T(r <— list-all2 P
(take n xs) (take n ys))>y
apply (rule imp-for-rule2[where I = Xi r. 1 (r <— list-all2 P (take i
xs) (take i ys))])
apply (sep-auto; fail)
apply (sep-auto; fail)
subgoal for 7 -
supply [simp] = pure-def
using assms(3,4)
apply sep-auto
apply (rule cons-rule[rotated 2], rule frame-rule, rule nth-rule[of - i x|,
rule assms)
apply force
apply (simp, frame-inference; fail)
apply frame-inference
apply sep-auto

apply (rule cons-rule[rotated 2], rule frame-rule, rule nth-rule[of - i ys],
rule assms)
unfolding pure-def
apply force
apply (simp, frame-inference; fail)
apply frame-inference
apply sep-auto

supply [sep-heap-rules] = assms(5)

apply sep-auto

subgoal
unfolding list-all2-conv-all-nth apply clarsimp
subgoal for i’
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by (cases i’ = i) auto
done
subgoal
unfolding list-all2-conv-all-nth by clarsimp
apply frame-inference
done
unfolding list-all2-conv-all-nth apply auto
done

lemma imp-for-list-all2":
assumes
is-pure R is-pure S n < length xs n < length ys
Neziyyi. <Rz ai*x Sy yi> Pixiyi <Ar. T (r <— Pxy)>
shows
<array-assn R xs a * array-assn S ys b>
imp-for 0 n Heap-Monad.return
(A -. do {
x < Array.nth a i; y < Array.nth b i; Piz y
})
True
<Ar. array-assn R xs a * array-assn S ys b x T(r «— list-all2 P (take n
xs) (take n ys))>¢
by (rule cons-rule[rotated 2], rule imp-for-list-all2[where A = true, ro-
tated 4])

(sep-auto heap: assms intro: assms)+

end
theory DBM-Operations-Impl-Refine
imports
DBM-Operations-Impl
HOL—- Library.1Array
DBM-Imperative-Loops
begin

lemma rev-map-fold-append-auz:
fold (N x zs. fx # xs) xs zs Q ys = fold (N z xs. fx # xs) xs (25Qys)
by (induction xs arbitrary: zs) auto

lemma rev-map-fold:
rev (map f xs) = fold (A x zs. fx # xs) x5 ]

by (induction xs; simp add: rev-map-fold-append-aur)

lemma map-rev-fold:
map f s = rev (fold (A z xs. fx # zs) xs [])
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using rev-map-fold rev-swap by fastforce

lemma pointwise-cmp-iff:
pointwise-cmp P n M M’ +— list-all2 P (take ((n + 1) * (n + 1)) xs)
(take (n + 1) x (n + 1)) ys)
if Vi<n. Vi<n.azs! (i +i*xn+j)=Mij
Vi<n. Vji<n.ys! (i+i*xn+j)=Mij
(n+1)x(n+ 1) <lengthxzs (n+ 1) (n+ 1) < length ys
using that unfolding pointwise-cmp-def
unfolding list-all2-conv-all-nth
apply clarsimp
apply safe
subgoal premises prems for z
proof —
let % =z div (n+ 1)let 25 =z mod (n + 1)
from <z < -» have 2 < Sucn %j <n
by (simp add: less-mult-imp-div-less)+
with prems have
zs ! (26 + Zixn+ 2) =M% %ys | (%0 + 2ixn+ %) =M 2%
P (M % 2j) (M’ 2i %))
by auto
moreover have %i + % x n + % = x
by (metis ab-semigroup-add-class.add.commute mod-div-mult-eq mult-Suc-right
plus-1-eq-Suc)
ultimately show <P (zs! z) (ys ! z)»
by auto
qed
subgoal for 7 j
apply (erule allE[of - i, erule impE, simp)
apply (erule allE]of - i, erule impE, simp)
apply (erule allE[of - i + i * n + j|, erule impE)
subgoal
by (rule le-imp-less-Suc) (auto intro!: add-mono simp: algebra-simps)
apply (erule allE[of - j], erule impE, simp)
apply (erule allE]of - j|, erule impE, simp)
apply simp
done
done

fun intersperse :: 'a = 'a list = 'a list where
intersperse sep (x # y # xs) = x # sep # intersperse sep (y # xs) |
intersperse - s = xs

lemma the-pure-id-assn-eq[simp):
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the-pure (Aa ¢. T (¢ = a)) = Id
proof —
have x: (Aa ¢. T (¢ = a)) = pure Id
unfolding pure-def by simp
show ?thesis
by (subst *) simp
qed

lemma pure-eq-conv:

(Aa c. T (¢ = a)) = id-assn

using is-pure-assn-def is-pure-iff-pure-assn is-pure-the-pure-id-eq the-pure-id-assn-eq
by blast

5.7 Refinement

instance DBMEntry :: ({countable}) countable
apply (rule
countable-classI|of
(ALe (a::'a) = to-nat (0::nat,a) |
DBM.Lt a = to-nat (1:nat,a) |
DBM_.INF = to-nat (2::nat,undefined::'a) )|)
apply (simp split: DBMEntry.splits)
done

instance DBMEntry :: ({heap}) heap ..

definition dbm-subset’ :: nat = ('t :: {linorder, zero}) DBM' = "t DBM'
= bool where
dbm-subset’ n M M' = pointwise-cmp (<) n (curry M) (curry M)

lemma dbm-subset’-alt-def:
dbm-subset’ n M M' =
list-all (N\i. list-all (N\j. (op-mtz-get M (i, j) < op-mtz-get M’ (i, 7)))
[0..<Suc n])
[0..<Suc n]
by (simp add: dbm-subset’-def pointwise-cmp-alt-def neutral)

lemma dbm-subset-alt-def'[code]:
dbm-subset n M M’ +—
list-ex (Ai. op-mtz-get M (i, i) < 0) [0..<Suc n] V
list-all (Ai. list-all (Aj. (op-mtz-get M (i, j) < op-mtx-get M’ (i, j)))
[0..<Suc n])
[0..<Suc n]
by (simp add: dbm-subset-def check-diag-alt-def pointwise-cmp-alt-def neu-
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tral)

definition
mtz-line-to-iarray m M = IArray (map (Ai. M (0, 7)) [0..<Suc m)])

definition
mitz-line m (M :: - DBM') = map (Ai. M (0, 7)) [0..<Suc m]

locale DBM-Impl =
fixes n :: nat
begin

abbreviation

mtz-assn :: (nat X nat = (‘a :: {linordered-ab-monoid-add, heap})) = 'a
array = assn
where

mitz-assn = asmitz-assn (Suc n) id-assn

abbreviation clock-assn = nbn-assn (Suc n)

lemmas Relation.IdI[where a = oo, sepref-import-param]

lemma [sepref-import-param]: ((+),(+)) € Id—Id—Id by simp

lemma [sepref-import-param]: (uminus,uminus) € (Id::(-x-)set)—Id by simp
lemma [sepref-import-param|: (Lt,Lt) € Id—Id by simp

lemma [sepref-import-param|: (Le Le) € Id—1Id by simp

lemma [sepref-import-param]: (co,00) € Id by simp

lemma [sepref-import-param]: (min :: - DBMEntry = -, min) € Id — Id
— Id by simp

lemma [sepref-import-param]: (Suc, Suc) € Id — Id by simp

(
(
(
(

lemma [sepref-import-param]: (norm-lower, norm-lower) € Id— Id—Id by
simp
lemma [sepref-import-param|: (norm-upper, norm-upper) € Id—Id—Id by
simp
lemma [sepref-import-param]: (norm-diag, norm-diag) € Id—Id by simp

end
definition zero-clock :: - :: linordered-cancel-ab-monoid-add where
zero-clock = 0

sepref-register zero-clock
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lemma [sepref-import-param]: (zero-clock, zero-clock) € Id by simp

lemmas [sepref-opt-simps| = zero-clock-def
context

fixes n :: nat
begin

interpretation DBM-Impl n .

sepref-definition reset-canonical-upd-impl’ is
uncurry2 (uncurry (Az. RETURN ooo reset-canonical-upd x)) ::
IA((-0),1),-). i<n A j<n], mtz-assn® x, nat-assn® x4 nat-assn® x,
id-assn® — mtz-assn
unfolding reset-canonical-upd-alt-def op-mix-set-def [symmetric] by sepref

sepref-definition reset-canonical-upd-impl is
uncurry2 (uncurry (Az. RETURN ooo reset-canonical-upd x)) ::
IA((-0),1),-). i<n A j<n], mtz-assn® x, nat-assn® x, nat-assn® x,
id-assn® — mtz-assn
unfolding reset-canonical-upd-alt-def op-mtz-set-def [symmetric] by sepref

sepref-definition up-canonical-upd-impl is

uncurry (RETURN oo up-canonical-upd) :: [A(-,i). i<n], miz-assn? *,
nat-assn® — mtz-assn

unfolding up-canonical-upd-def op-mitz-set-def [symmetric] by sepref

lemma [sepref-import-param):
(Le 0, 0) € Id
unfolding neutral by simp

— Not sure if this is dangerous.
sepref-register (

sepref-definition check-diag-impl’ is
uncurry (RETURN oo check-diag) ::
A4, -). i<n], nat-assn®
unfolding check-diag-alt-def list-ex-foldli neutral[symmetric] by sepref

k

x, mitz-assn® — bool-assn

lemma [sepref-opt-simps]:
(z = True) =z
by simp
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sepref-definition dbm-subset’-impl2 is

uncurry?2 (RETURN ooo dbm-subset’) ::

IA((7, -), -). i<n]q nat-assn® x, mtaz-assn® x, mtaz-assn
unfolding dbm-subset’-alt-def list-all-foldli by sepref

k k

— bool-assn

definition
dbm-subset’-impl’ = Am a b.
do {
imp-for 0 ((m + 1) * (m + 1)) Heap-Monad.return
(Ni -. do {

x < Array.nth a i; y < Array.nth b i; Heap-Monad.return (z < y)

)

True

}
lemma imp-for-list-all2-spec:

<a +rg xS * b g ys>
imp-for 0 n' Heap-Monad.return

(X -. do {

x < Array.nth a i; y < Array.nth b i; Heap-Monad.return (P x y)

1)

True
<7 P(r «+— list-all2 P (take n' zs) (take n' ys)) * a —q xS * b >4 ys>¢
if n’ < length zs n’ < length ys
apply (rule cons-rule[rotated 2])

apply (rule imp-for-list-all2'[where zs = zs and ys = ys and R =

id-assn and S = id-assn])
apply (use that in simp; fail)+

apply (sep-auto simp: pure-def array-assn-def is-array-def )+

done

lemma dbm-subset’-impl’-refine:

(uncurry2 dbm-subset’-impl’, uncurry2 (RETURN ooo dbm-subset’))
€ [M(4, -), -). i = n]q nat-assn® x4 local.mtz-assn® x, local.mtz-assn
bool-assn

apply sepref-to-hoare

unfolding dbm-subset’-impl’-def

unfolding amtz-assn-def hr-comp-def is-amtx-def

apply (sep-auto heap: imp-for-list-all2-spec simp only:)

apply (simp; intro add-mono mult-mono; simp; fail)+
apply sep-auto

ko

subgoal for b bi ba bia [ la a bb
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unfolding dbm-subset’-def by (simp add: pointwise-cmp-iff[where xs
=l and ys = la])

subgoal for b bi ba bia [ la a bb
unfolding dbm-subset’-def by (simp add: pointwise-cmp-iff[where xs
= | and ys = la])
done

sepref-register check-diag ::
nat = - :: {linordered-cancel-ab-monoid-add,heap} DBMEntry i-mtx =
bool

sepref-register dbm-subset’ ::
nat = 'a :: {linordered-cancel-ab-monoid-add,heap} DBMEntry i-mtx =
'a DBMEntry i-mtx = bool

lemmas [sepref-fr-rules] = dbm-subset’-impl’-refine check-diag-impl’.refine

sepref-definition dbm-subset-impl’ is

uncurry2 (RETURN ooo dbm-subset) ::

[IA((4, -), -). i=n]q nat-assn® *, mtz-assn® x, mtz-assn® — bool-assn
unfolding dbm-subset-def dbm-subset’-def[symmetric] short-circuit-conv by
sepref

k

context
notes [id-rules| = itypel[of n TYPE (nat)]
and [sepref-import-param| = IdI[of n]
begin

sepref-definition dbm-subset-impl is

uncurry (RETURN oo PR-CONST (dbm-subset n)) :: mtz-assn® *, mtz-assn®
—4 bool-assn

unfolding dbm-subset-def dbm-subset’-def[symmetric] short-circuit-conv
PR-CONST-def by sepref

sepref-definition check-diag-impl is
RETURN o PR-CONST (check-diag n) :: mtz-assn® —, bool-assn
unfolding check-diag-alt-def list-ex-foldli neutral|symmetric] PR-CONST-def

by sepref

sepref-definition dbm-subset’-impl is

uncurry (RETURN oo PR-CONST (dbm-subset’ n)) :: mtz-assn® , mtz-assn®
—4 bool-assn

unfolding dbm-subset’-alt-def list-all-foldli PR-CONST-def by sepref
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end

abbreviation
tarray-assn x y = pure (br IArray (A-. True)) y x

lemma [sepref-fr-rules:
(uncurry (return oo IArray.sub), uncurry (RETURN oo op-list-get))
S iarmy—assnk g id-assn® —, id-assn

unfolding br-def by sepref-to-hoare sep-auto

lemmas extra-defs = extra-upd-def upd-line-def upd-line-0-def

sepref-definition norm-upd-impl is
uncurry2 (RETURN ooo norm-upd) ::
A((~, ws), 7). length xs > n A i<n|, miz-assn
nat-assn® — mtz-assn
unfolding norm-upd-def extra-defs zero-clock-def [symmetric] by sepref

d k

*g 1ATTAY-ASSN” *g

sepref-definition norm-upd-impl’ is

uncurry2 (RETURN ooo norm-upd) ::

A((-, zs), 7). length zs > n A i<n], mtz-assn
nat-assn® — mtz-assn

unfolding norm-upd-def extra-defs zero-clock-def[symmetric] by sepref

4 %o (list-assn id-assn) x,

sepref-definition ezrtra-lu-upd-impl is
uncurry3 (Azx. RETURN ooo (extra-lu-upd z)) ::
A(((-, ys), zs), ©). length xs > n A length ys > n A i<n],
mitz-assn® %, iarray-assn® x, iarray-assn® %, nat-assn® — mtz-assn
unfolding extra-lu-upd-def extra-defs zero-clock-def[symmetric] by sepref

sepref-definition mitx-line-to-list-impl is

uncurry (RETURN oo PR-CONST miz-line) :

[A(m, -). m < n], nat-assn® x, mtz-assn® — list-assn id-assn

unfolding mitz-line-def HOL-list.fold-custom-empty PR-CONST-def map-rev-fold
by sepref

context
fixes m :: nat assumes m < n
notes [id-rules] = itypel|of m TYPE (nat)]
and [sepref-import-param| = IdI[of m]
begin

sepref-definition miz-line-to-list-impl2 is
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RETURN o PR-CONST mtz-line m :: mtz-assn® —, list-assn id-assn
unfolding mtz-line-def HOL-list.fold-custom-empty PR-CONST-def map-rev-fold
apply sepref-dbg-keep
using <m < n»
apply sepref-dbg-trans-keep
apply sepref-dbg-opt
apply sepref-dbg-cons-solve
apply sepref-dbg-cons-solve
apply sepref-dbg-constraints
done

end

lemma [Array-impl:
(return o IArray, RETURN o id) € (list-assn id-assn)¥ —, iarray-assn
by sepref-to-hoare (sep-auto simp: br-def list-assn-pure-conv pure-eq-conv)

definition
mtz-line-to-iarray-impl m M = (mitz-line-to-list-impl2 m M >= return o
IArray)

lemmas mitx-line-to-iarray-impl-ht =
mtz-line-to-list-impl2.refine[to-hnr, unfolded hn-refine-def hn-ctxt-def, sim-
plified]

lemmas IArray-ht = IArray-impl[to-hnr, unfolded hn-refine-def hn-ctzt-def,
sitmplified)

lemma mtz-line-to-iarray-impl-refine[sepref-fr-rules|:
(uncurry mtz-line-to-iarray-impl, uncurry (RETURN oo mtz-line))
€ [A(m, -). m < nlq nat-assn® x, mtz-assn® — iarray-assn
unfolding mtz-line-to-iarray-impl-def hfref-def
apply clarsimp
apply sepref-to-hoare
apply (sep-auto
heap: mtz-line-to-iarray-impl-ht IArray-ht simp: br-def pure-eq-conv list-assn-pure-conv)
apply (simp add: pure-def)
done

sepref-register mtz-line :: nat = ('ef) DBMEntry i-mtx = 'ef DBMEntry
list

lemma [sepref-import-param]: (dbm-lt :: - DBMEntry = -, dbm-It) € Id —
Id — Id by simp
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sepref-definition eztra-lup-upd-impl is
uncurry3 (Azx. RETURN ooo (extra-lup-upd z)) ::
A(((-, ys), zs), 7). length xs > n A length ys > n A i<n],
mtz-assn® x, iarray-assn® x, iarray-assn® s, nat-assn® — mtz-assn
unfolding extra-lup-upd-alt-def2 extra-defs zero-clock-def[symmetric] mtz-line-def[symmetric]
by sepref

context
notes [id-rules| = itypel[of n TYPE (nat)]
and [sepref-import-param| = IdI[of n]
begin

definition
unbounded-dbm' = unbounded-dbm n

lemma unbounded-dbm-alt-def:
unbounded-dbm n = op-amtz-new (Suc n) (Suc n) (unbounded-dbm’)
unfolding unbounded-dbm’-def by simp

We need the custom rule here because unbounded-dbm is a higher-order
constant

lemma [sepref-fr-rules|:

(uncurry0 (return unbounded-dbm'), uncurry0) (RETURN (PR-CONST
(unbounded-dbm))))

€ unit-assn® —4 pure (nat-rel x, nat-rel — Id)

by sepref-to-hoare sep-auto

sepref-register PR-CONST (unbounded-dbm n) :: nat X nat = int DB-
MEntry :: 'v DBMEntry i-mtx
sepref-register unbounded-dbm’ :: nat x nat = - DBMFEntry

Necessary to solve side conditions of op-amitz-new

lemma unbounded-dbm’-bounded:

mtz-nonzero unbounded-dbm’ C {0..<Suc n} x {0..<Suc n}

unfolding mtz-nonzero-def unbounded-dbm’'-def unbounded-dbm-def neu-
tral by auto

We need to pre-process the lemmas due to a failure of TRADE

lemma unbounded-dbm’-bounded-1:
(a, b) € mtz-nonzero unbounded-dbm’ = a < Suc n
using unbounded-dbm’-bounded by auto
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lemma unbounded-dbm’-bounded-2:
(a, b) € mtz-nonzero unbounded-dbm’ —> b < Suc n
using unbounded-dbm’-bounded by auto

lemmas [sepref-fr-rules] = dbm-subset-impl.refine

sepref-register PR-CONST (dbm-subset n) :: 'e DBMEntry i-mtx = 'e
DBMEntry i-mtx = bool

lemma [def-pat-rules:
dbm-subset $ n = PR-CONST (dbm-subset n)
by simp

sepref-definition unbounded-dbm-impl is
uncurry0) (RETURN (PR-CONST (unbounded-dbm n))) :: unit-assn® —,
mitr-assn
supply unbounded-dbm’-bounded-1[simp] unbounded-dbm’-bounded-2[simp)
using unbounded-dbm’-bounded
apply (subst unbounded-dbm-alt-def)
unfolding PR-CONST-def by sepref

DBM to List

definition dbm-to-list :: (nat x nat = 'a) = 'a list where
dbm-to-list M =
rev $ fold (\i zs. fold (Nj xs. M (i, j) # xs) [0..<Suc n] zs) [0..<Suc n] ||

sepref-definition dbm-to-list-impl is
RETURN o PR-CONST dbm-to-list :: mtz-assn® —, list-assn id-assn
unfolding dbm-to-list-def HOL-list.fold-custom-empty PR-CONST-def by
sepref

5.8 Pretty-Printing

context
fixes show-clock :: nat = string
and show-num :: 'a :: {linordered-ab-group-add,heap} = string
begin

definition
make-string e i j =
if i = j then if e < 0 then Some ("EMPTY") else None

else
if i = 0 then
case e of
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DBMEntry.Le a = if a = 0 then None else Some (show-clock j @ "
>="@ show-num (— a))
| DBMEntry.Lt a = Some (show-clock j @ " > " @Q show-num (— a))
| - = None
else if j = 0 then
case e of
DBMEntry.Le a = Some (show-clock i @ "' <="@Q show-num a)
| DBMEntry.Lt a = Some (show-clock i @ " <" @ show-num a)
| - = None
else
case e of
DBMEntry.Le a = Some (show-clock i @ " — " @ show-clock j @ "'
<="@ show-num a)
| DBMEntry.Lt a = Some (show-clock i @ "' — " @ show-clock j @ " <
'@ show-num a)
| - = None

definition
dbm-list-to-string ©s =
(concat o intersperse "', " o rev o snd o snd) $ fold (\e (i, j, acc).
let
v = make-string e i j;
j=G+ 1) mod (n+ 1);
i = (if j = 0then i + 1 else i)
m
case v of
None = (i, j, acc)
| Some s = (i, j, s # acc)
) s (0, 0, 1)

lemma [sepref-import-param):
(dbm-list-to-string, PR-CONST dbm-list-to-string) € (Id)list-rel — (Id)list-rel
by simp

definition show-dbm where
show-dbm M = PR-CONST dbm-list-to-string (dbm-to-list M)

sepref-register PR-CONST local.dbm-list-to-string
sepref-register dbm-to-list :: 'b i-mtx = 'b list

lemmas [sepref-fr-rules] = dbm-to-list-impl.refine
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sepref-definition show-dbm-impl is
RETURN o show-dbm :: mtz-assn® —, list-assn id-assn
unfolding show-dbm-def by sepref

end
end

end

5.9 Generate Code

lemma [code]:
dbm-le a b = (a = bV (a < b))
unfolding dbm-le-def by auto

export-code
norm-upd-impl
reset-canonical-upd-impl
up-canonical-upd-impl
dbm-subset-impl
dbm-subset
show-dbm-impl

checking SML

export-code
norm-upd-impl
reset-canonical-upd-impl
up-canonical-upd-impl
dbm-subset-impl
dbm-subset
show-dbm-impl

checking SML-imp

end
theory DBM-Ezamples
imports
DBM-Operations-Impl-Refine
FW-More
Show.Show-Instances
begin
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5.10 Examples
no-notation Ref.update (¢- := - 62)
Let us represent the zone y <z Az —y < 2 Ay > 1 asaDBM:

definition test-dbm :: int DBM' where
test-dbm = (((\(4, 5). Le 0)((1,2) := Le 2))((0, 2) := Le (—1)))((1, 0)
= 0))(2, 0) = o0)

— Pretty-printing
definition show-test-dbm where
show-test-dbm M = String.implode (
show-dbm 2
(Ni. if i = 1 then "z" else if i = 2 then "y else "'f") show
M
)

— Pretty-printing
value [code] show-test-dbm test-dbm

— Canonical form
value [code] show-test-dbm (FW' test-dbm 2)

— Projection onto z axis

value [code] show-test-dbm (reset’-upd (FW' test-dbm 2) 2 [2] 0)

— Note that if reset’-upd is not applied to the canonical form, the result is
incorrect:

value [code] show-test-dbm (reset’-upd test-dbm 2 [2] 0)

— In this case, we already obtained a new canonical form after reset:
value [code] show-test-dbm (FW' (reset’-upd (FW' test-dbm 2) 2 [2] 0) 2)
— Note that FWI can be used to restore the canonical form without running
a full FW".

— Relaxation, a.k.a computing the "future", or "letting time elapse":
value [code] show-test-dbm (up-canonical-upd (reset’-upd (FW' test-dbm 2)
— Note that up-canonical-upd always preservers canonical form.

— Intersection

value [code] show-test-dbm (FW' (And-upd 2
(up-canonical-upd (reset’-upd (FW' test-dbm 2) 2 [2] 0) 2)
(A, 3). 00)((1, 0):=Lt 1)) 2)

— Note that up-canonical-upd always preservers canonical form.
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— Checking if DBM represents the empty zone
value [code] check-diag 2 (FW' (And-upd 2

(up-canonical-upd (reset’-upd (FW' test-dbm 2) 2 [2] 0) 2)
(MG, 4). 00)((1, 0):=Lt 1))) 2)

— Instead of A(4, j). co we could also have been using unbounded-dbm.

end
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