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Abstract

The Derangements Formula describes the number of fixpoint-free
permutations as closed-form formula. This theorem is the 88th theo-

rem of the Top 100 Theorems list.
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1 Derangements

theory Derangements
imports

Complex-Main

HOL— Combinatorics. Permutations
begin

1.1 Preliminaries

1.1.1 Additions to HOL.Finite-Set Theory

lemma card-product-dependent:

assumes finite S Vx € S. finite (T x)

shows card {(z, y). € SANye Tz} =z e S. card (T x))
(proof)



1.1.2 Additions to HOL— Combinatorics. Permutations Theory

lemma permutes-imp-bij":
assumes p permutes S
shows bij p

(proof)

lemma permuteskE:

assumes p permutes S

obtains bijpVze. 2 ¢ S — pr==x
{proof)

lemma bij-imp-permutes’:
assumes bijpVe. 2 ¢ A — pzr ==z
shows p permutes A

(proof)

lemma permutes-swap:
assumes p permutes S
shows Fun.swap x y p permutes (insert z (insert y S))

(proof)

lemma bij-extends:
bijp=pz=z= bij (p(z:=y, invpy:=uz))
(proof)

lemma permutes-add-one:

assumes p permutes Sz ¢ Sy € S

shows p(z := vy, inv p y := z) permutes (insert z S)
(proof)

lemma permutations-skip-one:

assumes p permutes S : S

shows p(z := z, inv p z := p x) permutes (S — {z})
(proof)

lemma permutes-drop-cycle-size-two:
(p o Transposition.transpose x (p x) permutes (S — {z, p z})»
if <p permutes Sy <p (p ) =

(proof)

1.2 Fixpoint-Free Permutations

definition derangements :: nat set = (nat = nat) set
where
derangements S = {p. p permutes S N (Vz € S. px # z)}

lemma derangementsl:
assumes p permutes S \z. 2 € S = pz #x
shows p € derangements S



(proof)

lemma derangementsk:
assumes d : derangements S
obtains d permutes S VzeS. dz # «

(proof)

1.3 Properties of Derangements

lemma derangements-inv:
assumes d: d € derangements S
shows inv d € derangements S

(proof)

lemma derangements-in-image:
assumes d € derangements A x € A
shows dz € A

(proof)

lemma derangements-in-image-strong:
assumes d € derangements A x € A
shows d z € A — {z}

(proof)

lemma derangements-inverse-in-image:
assumes d € derangements A x € A
shows inv dx € A

(proof)

lemma derangements-fizpoint:
assumes d € derangements A x ¢ A
shows dz =z

(proof)

lemma derangements-no-fizpoint:
assumes d € derangements A x € A
shows d z # ¢

(proof)

lemma finite-derangements:
assumes finite A
shows finite (derangements A)

(proof)

1.4 Construction of Derangements

lemma derangements-empty[simp]:
derangements {} = {id}
(proof)



lemma derangements-singleton[simp):
derangements {z} = {}

(proof)

lemma derangements-swap:
assumes d € derangements Sx ¢ Sy ¢ Sx # vy
shows Fun.swap z y d € derangements (insert x (insert y S))

(proof)

lemma derangements-skip-one:
assumes d: d € derangements S and z € Sd (dz) # =
shows d(z := z, inv d x := d z) € derangements (S — {z})
(proof)

lemma derangements-add-one:

assumes d € derangements Sx ¢ Sy € S

shows d(z := y, inv d y := z) € derangements (insert x S)
(proof)

lemma derangements-drop-minimal-cycle:

assumes d € derangements S d (d x) =z

shows Fun.swap z (d z) d € derangements (S — {z, d z})
(proof)

1.5 Cardinality of Derangements

1.5.1 Recursive Characterization

fun count-derangements :: nat = nat
where
count-derangements 0 = 1
| count-derangements (Suc 0) = 0
| count-derangements (Suc (Suc n)) = (n + 1) * (count-derangements (Suc n) +
count-derangements n)

lemma card-derangements:
assumes finite S card S = n
shows card (derangements S) = count-derangements n

(proof)

1.5.2 Closed-Form Characterization

lemma count-derangements:
real (count-derangements n) = fact n * (> k € {0..n}. (—1) "k / fact k)
(proof)

1.5.3 Approximation of Cardinality

lemma two-power-fact-le-fact:
assumes n > I



shows 27k * fact n < (fact (n + k) :: 'a :: {semiring-char-0,linordered-semidom})
(proof)

lemma expI-approx:

assumes n > 0

shows exp (1:real) — O k<n. 1/ fact k) € {0..2 / fact n}
(proof)

lemma expl-bounds: exp 1 € {8 / 8..11 | 4 :: real}
{proof)

lemma count-derangements-approximation:
assumes n # 0
shows abs(real (count-derangements n) — factn [ exp 1) <1/ 2

(proof)

theorem derangements-formula:
assumes n # 0 finite S card S = n
shows int (card (derangements S)) = round (fact n / exp 1 :: real)

{proof)

theorem derangements-formula’:
assumes n # 0 finite S card S = n
shows card (derangements S) = nat (round (fact n / exp 1 :: real))

{proof)

end

References

[1] J. Harrison. Formula for the number of derangements. Available at https:
//github.com/jrh13/hol-light /blob/master/100/derangements.ml.

[2] Wikipedia. Rencontres numbers — Wikipedia, The Free Encyclo-
pedia, 2014. https://en.wikipedia.org/w/index.php?title=Rencontres__
numbers&oldid=616214357, [Online; accessed 18-November-2015].

[3] Wikipedia. Derangement — Wikipedia, The Free Encyclope-
dia, 2015. https://en.wikipedia.org/w/index.php?title=Derangement&
0ldid=686842426, [Online; accessed 18-November-2015].

[4] Wikipedia. Fixpunktfreie Permutation — Wikipedia, Die freie
Enzyklopadie, 2015. https://de.wikipedia.org/w/index.php?title=
Fixpunktfreie Permutation&oldid=146073460, [Online; accessed 18-
November-2015].


https://github.com/jrh13/hol-light/blob/master/100/derangements.ml
https://github.com/jrh13/hol-light/blob/master/100/derangements.ml
https://en.wikipedia.org/w/index.php?title=Rencontres_numbers&oldid=616214357
https://en.wikipedia.org/w/index.php?title=Rencontres_numbers&oldid=616214357
https://en.wikipedia.org/w/index.php?title=Derangement&oldid=686842426
https://en.wikipedia.org/w/index.php?title=Derangement&oldid=686842426
https://de.wikipedia.org/w/index.php?title=Fixpunktfreie_Permutation&oldid=146073460
https://de.wikipedia.org/w/index.php?title=Fixpunktfreie_Permutation&oldid=146073460

	Derangements
	Preliminaries
	Additions to 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 HOL.Finite-Set Theory
	Additions to 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 HOL-Combinatorics.Permutations Theory

	Fixpoint-Free Permutations
	Properties of Derangements
	Construction of Derangements
	Cardinality of Derangements
	Recursive Characterization
	Closed-Form Characterization
	Approximation of Cardinality



