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Abstract

This theory contains a formalization of decreasing diagrams show-
ing that any locally decreasing abstract rewrite system is confluent.
We consider the valley (van Oostrom, TCS 1994) and the conversion
version (van Qostrom, RTA 2008) and closely follow the original proofs.
As an application we prove Newman’s lemma.

A description of this formalization is available in [3].
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1 Decreasing Diagrams

theory Decreasing-Diagrams imports HOL— Library. Multiset Abstract— Rewriting. Abstract- Rewriting
begin

1.1 Valley Version

This section follows [1].

1.1.1 Appendix

interaction of multisets with sets

definition diff :: 'a multiset = 'a set = 'a multiset
where diff M S = filter-mset (A\x. x ¢ S) M



definition intersect :: 'a multiset = 'a set = 'a multiset
where intersect M S = filter-mset (Az. . € S) M

notation
diff (infix] «—s» 800) and
intersect (infixl <Ns» 800)

lemma count-diff [simp:
count (M —s A) a = count M a * of-bool (a ¢ A)
by (simp add: diff-def)

lemma set-mset-diff [simp]:
set-mset (M —s A) = set-mset M — A
by (auto simp add: diff-def)

lemma diff-eq-singleton-imp:
M —s A = {#a#} = a € (set-mset M — A)
unfolding diff-def filter-mset-eq-conv by auto

lemma count-intersect [simp]:
count (M Ns A) a = count M a * of-bool (a € A)
by (simp add: intersect-def)

lemma set-mset-intersect [simp):
set-mset (M Ns A) = set-mset M N A
by (auto simp add: intersect-def)

lemma diff-from-empty: {#}—s S = {#} unfolding diff-def by auto
lemma diff-empty: M —s {} = M unfolding diff-def by (rule multiset-eqI) simp

lemma submultiset-implies-subset: assumes M C# N shows set-mset M C set-mset
N
using assms mset-subset-eqD by auto

lemma subset-implies-remove-empty: assumes set-mset M C S shows M —s S

= {#}
unfolding diff-def using assms by (induct M) auto

lemma remove-empty-implies-subset: assumes M —s S = {#} shows set-mset
M C S proof

fix © assume A: z € set-mset M

have z ¢ set-mset (M —s S) using assms by auto

thus z € S using A unfolding diff-def by auto

qed

lemma lemmaA-3-8: (M + N) —sS = (M —s S) + (N —s S) unfolding diff-def
by (rule multiset-eql) simp



lemma lemmaA-3-9: (M —sS) —s T = M —s (S U T) unfolding diff-def by
(rule multiset-eql) simp

lemma lemmaA-3-10: M = (M Ns S) + (M —s S) unfolding diff-def intersect-def
by auto

lemma lemmaA-3-11: (M —s T) Ns S = (M Ns S) —s T unfolding diff-def
intersect-def by (rule multiset-eql) simp

1.1.2 Multisets

Definition 2.5(1)

definition ds :: ‘a rel = 'a set = 'a set
where dsr S ={y.3z € S. (y,z) € r}

definition dm :: 'a rel = 'a multiset = 'a set
where dm r M = ds r (set-mset M)

definition dl :: 'a rel = ’a list = 'a set
where dir o = ds r (set o)

notation

ds (infixl «|s» 900) and
dm (infix] <|m> 900) and
dl (infix] <[ 900)

missing but useful

lemma ds-ds-subseteg-ds: assumes t: trans r shows ds r (ds r S) C ds r S proof
fix x assume A: z € dsr (ds r S) show z € ds r S proof —

from A obtain y z where (z,y) € r and (y,z) € r and mem: z € S unfolding
ds-def by auto

thus ?thesis using mem t trans-def unfolding ds-def by fast

qged
qed

from PhD thesis of van Oostrom
lemma ds-monotone: assumes S C T shows ds r S C ds r T using assms

unfolding ds-def by auto

lemma subset-imp-ds-subset: assumes trans r and S C ds r T shows ds r S C
dsr T
using assms ds-monotone ds-ds-subseteq-ds by blast

Definition 2.5(2)

strict order (mult) is used from Multiset.thy

definition mult-eq :: 'a rel = 'a multiset rel where
mult-eq v = (multl r)*

definition mul :: 'a rel = 'a multiset rel where



mulr ={(M,N)3IJK. M =1+ KAN=1+ J A set-mset K C dmrJ A
J# {#}

definition mul-eq :: 'a rel = 'a multiset rel where
mul-eqr ={(M,N)3IIJK. M =1+ KAN=1+ J A set-mset K C dmr J}

lemma in-mul-eql:
assumes M =1+ KN =1+ J set-mset K C r | mJ
shows (M, N) € mul-eq r
using assms by (auto simp add: mul-eq-def)

lemma downset-intro:

assumes Vk€set-mset K.3jeset-mset J.(k,j)er shows set-mset K C dm r J
proof

fix © assume ze€set-mset K thus x € dm r J using assms unfolding dm-def
ds-def by fast

qed

lemma downset-elim:

assumes set-mset K C dm r J shows Vkeset-mset K.3jeset-mset J.(k,j)Er
proof

fix k assume k€ set-mset K thus 3 jeset-mset J.(k,j)€ r using assms unfolding
dm-def ds-def by fast

qed

to closure-free representation

lemma mult-eq-implies-one-or-zero-step:
assumes trans r and (M,N) € mult-egr showsIIJK. N=I+JAM=1+
K A set-mset K C dm r J
proof (cases (M,N) € mult r)
case True thus ?thesis using mult-implies-one-step| OF assms(1)] downset-intro
by blast
next
case Fulse hence A: M = N using assms rtrancl-eq-or-trancl unfolding mult-eq-def
mult-def by metis
hence N = N + {#} A M = M + {#} A set-mset {#} C dm r{#} by auto
thus ?thesis unfolding A by fast
qed

from closure-free representation

lemma one-step-implies-mult-eq: assumes trans r and set-mset K C dm r J
shows (I+K,I+J)emult-eq r
proof (cases set-mset J = {})

case True hence set-mset K = {} using assms downset-elim by (metis all-not-in-conv
emptyE)

thus “thesis using True unfolding mult-eq-def by auto
next

case Fulse hence h:J # {#} using set-mset-eg-empty-iff by auto

hence (I+K,I+J)€ mult r using set-mset-eq-empty-iff assms one-step-implies-mult



downset-elim
by auto blast
thus ?thesis unfolding mult-eq-def mult-def by auto
qed

lemma mult-is-mul: assumes trans r shows mult r = mul r proof
show mult r C mul r proof
fix N M assume A: (N,M) € mult r show (N,M) € mul r proof —
obtain [ J K where M =1 + Jand N = I + K and J # {#} and set-mset
KCdmrJ
using mult-implies-one-step| OF assms A] downset-intro by metis
thus ?thesis unfolding mul-def by auto
qed
qed
next
show mul r C mult r proof
fix N M assume A: (N,M) € mul r show (N,M) € mult r proof —
obtain [ J K where M =1+ Jand N = I + K and J # {#} and set-mset
KCdnrJ
using A unfolding mul-def by auto
thus ?thesis using one-step-implies-mult assms downset-elim by metis
qed
qed
qed

lemma mult-eq-is-mul-eq: assumes trans r shows mult-eq r = mul-eq v proof
show mult-eq  C mul-eq v proof

fix N M assume A: (N,M) € mult-eq r show (N,M) € mul-eq r proof (cases
(N,M) € mult r)

case True thus ?thesis unfolding mult-is-mul[OF assms] mul-def mul-eq-def
by auto

next

case Fualse hence eq: N = M using A rtranclD unfolding mult-def mult-eq-def
by metis

hence M = M + {#} A N = N + {#} A set-mset {#} C dm r {#} by auto

thus ?thesis unfolding eq unfolding mul-eq-def by fast

qged
qged
show mul-eq r C mult-eq r using one-step-implies-mult-eq| OF assms] unfolding
mul-eq-def by auto
qed

lemma mul-eq r = (mul r)~ proof
show mul-eq v C (mul r)~ proof
fix M N assume A:(M,N) € mul-eq r show (M,N) € (mul )~ proof —
from A obtain [/ J K where 1: M =1 + K and 2: N =1 + J and 3:
set-mset K C dm r J unfolding mul-eq-def by auto
show ?thesis proof (cases J = {#})
case True hence K = {#} using 3 unfolding dm-def ds-def by auto



hence M = N using True 1 2 by auto
thus ?thesis by auto
next
case Fulse thus ?thesis using 1 2 38 unfolding mul-def mul-eq-def by auto
qed
qed
qged
show mul-eq 7 O (mul r)~ proof
fix M N assume A:(M,N) € (mul r)= show (M,N) € mul-eq r
proof (cases M = N)
case True hence M = M + {#} and N = M + {#} and set-mset {#} C
dm r {#} by auto
thus ?thesis unfolding mul-eq-def by fast
next
case Fulse hence (M,N) € mul r using A by auto
thus ?thesis unfolding mul-def mul-eq-def by auto
qed
qged
qed

useful properties on multisets

lemma mul-eq-reflexive: (M,M) € mul-eq r proof —

have M = M + {#} and set-mset {#} C dm r {#} by auto
thus ?thesis unfolding mul-eq-def by fast

qed

lemma mul-eg-trans: assumes trans r and (M,N) € mul-eq r and (N,P) € mul-eq
r shows (M,P) € mul-eq r

using assms unfolding mult-eq-is-mul-eq[symmetric, OF assms(1)] mult-eq-def
by auto

lemma mul-eq-singleton: assumes (M, {#a#}) € mul-eq r shows M = {#a#}
V set-mset M C dm r {#a#} proof —
from assms obtain I J K where 1:M = I + K and 2:{#a#} = I + J and
3:set-mset K C dm r J unfolding mul-eq-def by auto
thus ?thesis proof (cases I = {#})
case True hence J = {#a#} using 2 by auto
thus ?thesis using 1 8 True by auto
next
case Fulse hence i: I = {#a+#} using 2 union-is-single by metis
hence J = {#} using 2 union-is-single by metis
thus ?thesis using 1 7 3 unfolding dm-def ds-def by auto
qed
qed

lemma mul-and-mul-eq-imp-mul: assumes trans r and (M,N) € mul r and

(N,P) € mul-eq r shows (M,P) € mul r

using assms unfolding mult-is-mul[symmetric, OF assms(1)] mult-eq-is-mul-eq[symmetric, OF
assms(1)] mult-def mult-eq-def by auto



lemma mul-eq-and-mul-imp-mul: assumes trans r and (M,N) € mul-eq r and

(N,P) € mul r shows (M,P) € mul r

using assms unfolding mult-is-mul[symmetric, OF assms(1)] mult-eq-is-mul-eq[symmetric, OF
assms(1)] mult-def mult-eq-def by auto

lemma wf-mul: assumes trans r and wf r shows wf (mul r)
unfolding mult-is-mul[symmetric, OF assms(1)] using wf-mult[OF assms(2)] by
auto

lemma remove-is-empty-imp-mul: assumes M —s dm r {#a#} = {#} shows

(M {#a#}) € mul r proof —

from assms have C: set-mset M C dm r {#a#} by (metis remove-empty-implies-subset)
have M = {#}+M and {#a#}={#}+{#a#} and {#a#} # {#} by auto

thus “thesis using C unfolding mul-def by fast

qed

Lemma 2.6

lemma lemma2-6-1-set: dsr (SU T) =dsr SUdsr T
unfolding set-mset-union ds-def by auto

lemma lemma2-6-1-list: dl r (cQr) =dlroUdlrT
unfolding di-def ds-def set-append by auto

lemma lemma2-6-1-multiset: dm r (M + N) =dmr M U dm r N
unfolding dm-def set-mset-union ds-def by auto

lemma lemma2-6-1-diff: (dm r M) — dsr S C dmr (M —s S)
unfolding diff-def dm-def ds-def by (rule subsetl) auto

missing but useful

lemma di-monotone: dl r (c@Q1) C dl r (c@Q7'Q7) unfolding lemma2-6-1-list by
auto

Lemma 2.6.2

lemma lemma2-6-2-a: assumes t: trans r and M C# N shows (M,N) € mul-eq

r proof —

from assms(2) obtain J where N=M+J by (metis assms(2) mset-subset-eq-exists-conv)
hence M = M + {#} and N = M + J and set-mset {#} C dm r J by auto

thus ?thesis unfolding mul-eq-def by fast

qed

lemma mul-eq-not-equal-imp-elt:

assumes (M,N)emul-eq r and yeEset-mset M — set-mset N shows 3 z€set-mset
N.(y,z)€r proof —

from assms obtain I J K where N=I+J and M=I+K and F3:set-mset K C
dm r J unfolding mul-eq-def by auto

thus ?thesis using assms(2) downset-elim|OF F3] by auto

qed



lemma lemma2-6-2-b: assumes trans r and (M,N) € mul-eq r shows dm r M
C dm r N proof
fix z assume A: £ € dm r M show z € dm r N proof —

from A obtain y where F2:ycset-mset M and F3:(z,y)€r unfolding dm-def
ds-def by auto

hence 3 z € set-mset N. (z,z)er proof (cases ycset-mset N)

case True thus ?thesis using F3 unfolding ds-def by auto

next

case Fulse thus ?thesis using mul-eq-not-equal-imp-elt assms F2 F3 trans-def
by fast

qed

thus ?thesis unfolding dm-def ds-def by auto
qed
qed

Lemma 2.6.3

lemma ds-trans-contrapos: assumes t: trans r and z ¢ ds r S and (z,y) € r
shows y ¢ dsr S
using assms unfolding ds-def trans-def by fast

lemma dm-mazx-elt: assumes i: irrefl r and t: trans r shows z € dm r M =
3 y € set-mset (M —s dm r M). (z,y) € r
proof (induct M arbitrary: x)
case empty thus ?case unfolding dm-def ds-def by auto
next
case (add p P)
hence mem: ¢ € (dm r P U dm r {#p#}) unfolding dm-def ds-def by auto
from i ¢t have not-mem-dm: p ¢ dm r {#p#} unfolding dm-def ds-def irrefi-def
by auto
thus ?case
proof (cases v € dm r P)
case Fulse hence relp: (z,p) € r using mem unfolding dm-def ds-def by auto
show ?thesis proof (cases p € dm r P)
case True thus ?thesis using relp t ds-trans-contrapos False unfolding dm-def
by fast
next
case Fulse thus ?thesis using not-mem-dm relp unfolding dm-def ds-def
diff-def by auto
qed
next
case True obtain y where key: y € set-mset Py ¢ dm r P (z,y) € r using
add(1)[OF True] unfolding diff-def by auto
thus ?thesis
proof (cases y € dm r {#p#})
case True hence rely: (y,p) € r unfolding dm-def ds-def by auto
hence relp: (z,p) € r using rely ¢ key trans-def by metis
have not-memp: p ¢ set-mset P using rely key unfolding dm-def ds-def by
auto



have memp: p € set-mset (P + {#p#}) by auto
have p ¢ dm r P using ds-trans-contrapos|OF t] key(2) rely unfolding dm-def
by auto
hence p ¢ dm r (P + {#p#}) using not-mem-dm unfolding dm-def ds-def
by auto
thus ?thesis using relp unfolding diff-def by auto
next
case Fulse thus ?thesis using key unfolding dm-def ds-def diff-def by auto
qed
qged
qged

lemma dm-subset: assumes i:irrefl r and t: trans r shows dm r M C dm r (M
—sdmr M)
using assms dm-maz-elt unfolding dm-def ds-def by fast

lemma dm-eq: assumes i:irrefl r and ¢: trans r shows dm r M = dm r (M —s
dm r M)
using dm-subset[OF assms| unfolding dm-def ds-def diff-def by auto

lemma lemma2-6-3: assumes t:trans r and i:irrefl r and (M,N) € mul-eq r
shows 3 I'J'K' N=I'"+J ANM=1'"+ K'\NJ' N# K' = {#} A set-mset
K' CdmrJ’
proof —

from assms obtain I J K where 1:N =1+ Jand 2:M = I + K and 3:set-mset
K C dm r J unfolding mul-eq-def by auto

have set-mset (J N# K) C r |m J using 3 by auto

then obtain A where r [m J = set-mset (J N# K) U A

by blast

then have key: set-mset (J —s dm r J) C set-mset (J — (J N# K))

by clarsimp (metis Multiset.count-diff add.left-neutral add-diff-cancel-left’ mem-Collect-eq
not-gr0 set-mset-def)

from 1 2 3 have N = (I + (J N# K)) + (J — (J N# K))

by (metis diff-union-cancell subset-mset.inf-le2 multiset-diff-union-assoc multi-
set-inter-commute union-commaute union-lcomm,)

moreover have M = (I + (J N# K)) + (K — (J N# K))

by (rule multiset-eql) (simp add: 2)

moreover have set-mset (K—(JN#K)) C dm r (J—(JN#K))

proof —

have set-mset (K—(JN#K)) C dm r J using 3

by (meson Multiset.diff-subset-eq-self mset-subset-eqD subset-eq)

moreover have ... = dm r (J —s dm r J) using dm-eq[OF i t] by auto

moreover have ... C dm r (J — (J N# K)) using ds-monotone| OF key] un-
folding dm-def by auto

ultimately show ?thesis by auto
qed

moreover have (J—(JN#K)) N# (K—(JN#K)) = {#} by (rule multiset-eql)
auto

ultimately show ?Zthesis by auto



qed

Lemma 2.6.4

lemma lemma2-6-4: assumes t: trans r and N # {#} and set-mset M C dm r
N shows (M,N) € mul r proof —

have M = {#} + M and N = {#} + N using assms by auto

thus ?thesis using assms(2,3) unfolding mul-def by fast

qed

lemma lemma2-6-5-a: assumes t: trans 7 and ds r S C S and (M,N) € mul-eq
r
shows (M —s S, N —s S) € mul-eq r
proof —
from assms(1,3)

obtain I J K where a: N=I+4+J and b:M=I+K and c:set-mset K C dm r J
unfolding mul-eq-def by best
from a bhave M —s S=1—-sS5+ K —s S

N —-sS=1-5s85+4J —s85 by (auto simp add: lemmaA-3-8)
moreover have set-mset (K—sS) C dm r (J—sS) proof —

have set-mset (K—sS) C set-mset (K—s (ds r S)) using assms(2) unfolding
diff-def by auto

moreover have set-mset(K—s (ds r S)) C (dm r J) — (ds r S) using ¢ un-
folding diff-def by auto

moreover have (dm r J) — (ds rS) C dm r (J —s S) using lemma2-6-1-diff
by fast

ultimately show ?thesis by auto
qed

ultimately show ?thesis by (rule in-mul-eql)
qed

lemma lemma2-6-5-a’: assumes t:trans r and (M,N) € mul-eq r shows (M —s
dsr S, N —sdsrS) e muleqr
using assms lemma2-6-5-a[OF t] ds-ds-subseteq-ds[OF' t] by auto

Lemma 2.6.6

lemma lemma2-6-6-a: assumes t: trans r and (M,N) € mul-eq r shows (Q +
M.,Q + N) € mul-eq r proof —

obtain / J K where A:Q+N=(Q+I)+J and B:Q+M=(Q+I1)+K and C:set-mset
KCdnrJ

using assms(2) unfolding mul-eq-def by auto

thus ?thesis using C unfolding mul-eq-def by blast
qed

lemma add-left-one:

assumes 3 [ J K. add-mset ¢ N =1 + J A add-mset ¢ M =1 + K A
(JN#K={#}) N set-mset K C dm r J

shows 3 I2J K. N=12 + JANM =12 + K A set-mset K C dm r J proof —
from assms obtain I J K where A: {#q#} + N =1 + J and B:{#q#} + M
=1+ K

10



and C:(J N# K = {#}) and D:set-mset K C dm r J by auto
have ge#I proof (cases q €# I)
case True thus ?thesis by auto
next
case Fulse
have ¢ €# J using Fulse A by (metis UnE multi-member-this set-mset-union)
moreover have ¢ €# K using Fualse B by (metis UnE multi-member-this
set-mset-union)
moreover have - g €# (J N# K) using C by auto
ultimately show ¢thesis by auto
qged
hence 3 I2. I = add-mset q I2 by (metis multi-member-split)
hence 3 I2. add-mset ¢ N = (add-mset q I2) + J A add-mset ¢ M = (add-mset
g I2) + K using A B by auto
thus “thesis using D by auto
qed

lemma lemmaZ2-6-6-b-one :

assumes trans v and drrefl r and (add-mset g M, add-mset ¢ N) € mul-eq r
shows (M,N) € mul-eq r

using add-left-one[OF lemma2-6-3[OF assms|] unfolding mul-eq-def by auto

lemma lemma2-6-6-b’ : assumes trans r and i: irrefl r and (Q + M, @ + N)
€ mul-eq r
shows (M,N) € mul-eq r using assms(3) proof (induct Q arbitrary: M N)
case empty thus ?case by auto
next
case (add q Q) thus ?case unfolding union-assoc using lemma2-6-6-b-one[OF
assms(1,2)]

by (metis union-mset-add-mset-left)
qed

lemma lemma?2-6-9: assumes t: trans r and (M ,N) € mul r shows (Q+M,Q+N)
€ mul r proof —

obtain I J K where F1:N =1 + J and F2:M = I + Kand F3:set-mset K C
dm r J and Fj:J # {#}

using assms unfolding mul-def by auto

have Q+N=Q+I+J and Q+M=Q+I1+K by (auto simp: F1 F2 union-commaute
union-lcomm)

thus ?thesis using assms(1) F3 F4 unfolding mul-def by blast
qed

Lemma 2.6.7

lemma lemma2-6-7-a: assumes t: trans r and set-mset Q C dm r N — dm r M
and (M,N) € mul-eq r

shows (Q+M,N) € mul-eq r proof —

obtain I J K where A: N=I+J and B:M=I+K and C:set-mset K C dm r J
using assms unfolding mul-eq-def by auto

hence set-mset(Q+K) C dm r J using assms lemma2-6-1-diff unfolding dm-def

11



ds-def by auto

hence (I+(Q+K),I+J) € mul-eq r unfolding mul-eq-def by fast
thus ?thesis using A B C union-assoc union-commute by metis
qed

missing?; similar to lemma_ 2.6.27

lemma lemma2-6-8: assumes t: trans r and S C T shows (M —s T,M —s §)

€ mul-eq v proof —

from assms(2) have (M —s T) C# (M —s S)

by (metis Un-absorb2 Un-commute lemmaA-3-10 lemmaA-3-9 mset-subset-eq-add-right)
thus ?thesis using lemma2-6-2-a[OF t] by auto
qed

1.1.3 Lexicographic maximum measure

Def 3.1: lexicographic maximum measure

fun lezmaz :: 'a rel = 'a list = 'a multiset where
lexmaz r [| = {#}
| lexmaz v (a#to) = {#aft} + (lexmaz r o —s ds r {a})

notation

lexmaz (<-|-> [1000] 1000)

lemma lexmaz-singleton: r|[a]| = {#a#} unfolding lexmaz.simps diff-def by
stmp

Lemma 3.2

Lemma 3.2(1)

lemma lemma3-2-1: assumes t: trans r shows r |m r|o| = r [l o proof (induct
o
)
case Nil show ?case unfolding dm-def di-def by auto
next
case (Cons « o)
have dm r {#a#} U dm r (rlo| —s dsr {a}) = dmnr {#a#} U dlro (is 2L =
?R) proof —
have 7L C ?R unfolding Cons[symmeltric| diff-def dm-def ds-def by auto
moreover have ?R C ?L proof
fix  assume A: x € ?R show z € 7L proof (cases x € dm r {#a#})
case True thus ?thesis by auto
next
case Fulse
hence mem: z € dm r (lexmax r o) using A Cons by auto
have z ¢ (ds r (ds r {a})) using Fualse ds-ds-subseteg-ds|OF t] unfolding
dm-def by auto
thus ?thesis using mem lemma2-6-1-diff by fast
qed
qed
ultimately show #¢thesis by auto

12



qged
thus ?case unfolding lemma2-6-1-multiset lexmax.simps di-def dm-def ds-def by
auto
qed

Lemma 3.2(2)

lemma lemma8-2-2: r|c@Qr| = r|o| + (r|7| —s r Ll o) proof(induct o)
case Nil thus ?case unfolding di-def ds-def lexmazx.simps apply auto unfolding
diff-empty by auto
next
case (Cons a o)
have lezmaz r (a#0Q7) = {#a#} + ((lexmaz r (c@Q71)) —s (ds r {a})) by auto
moreover have ... = {#a#} + ((lexmaz r o + ((lexmaz r 7) —s (dl r 0))) —s
(ds r {a})
using Cons by auto
moreover have ... = {#a#} + ((lexmaz r o) —s (ds r {a})) + (((lexmaz r T)
—s(dlr o)) —s (dsr {a}))
unfolding lemmaA-3-8 unfolding union-assoc by auto

moreover have ... = lexmaz v (a#0) + (((lexmaz r 7) —s (dl r o)) —s (ds r
{a})) by simp
moreover have ... = lezmaz r (a#0) + ((lexmaz r 7) —s (dl r (aft0))) un-

folding lemmaA-3-9 di-def dm-def lemma2-6-1-set[symmetric] by auto
ultimately show ?case unfolding diff-def by simp
qed

Definition 3.3

definition D :: 'a rel = 'a list = 'a list = 'a list = 'a list = bool where
Drroo' 7= ((rlcQr, r|7| + rlo] ) € mul-eq r
A (rlmQc’|, r|T| + rlo| ) € mul-eq r)

lemma D-eq: assumes trans r and irrefl rand Dr 7o o' 7’
shows (r|7'| —s dl r o,r|T| ) € mul-eq r and (r|o’| —s dl r 7,r|o| ) € mul-eq r
using assms unfolding D-def lemma3-2-2 using union-commute lemma2-6-6-b’
apply metis
using assms unfolding D-def lemma3-2-2 using union-commute lemma2-6-6-b’
by metis
lemma D-inv: assumes trans r and irrefl r and (r|7'| —s dl r o,r|7| ) € mul-eq
r

and (rlo’| —s dl r 7,r|o| ) € mul-eq r
shows Dr 1o o’ 7’
using assms unfolding D-def lemma3-2-2 using lemma2-6-6-a|OF assms(1)]
union-commute by metis

lemma D: assumes trans r and irrefl r

shows Drroo' 7' =((r|7] —sdlr o,r|r|) € mul-eq r
A (r|lo’| —s dl r T,r|lo| ) € mul-eq r)

using assms D-eq D-inv by auto
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lemma mirror-D: assumes trans r and irrefl rand D r 7 0 ¢’ 7/ shows D r o
710!
using assms D by metis

Proposition 3.4

definition LD-1":: 'a rel = 'a = 'a = 'a list = 'a list = 'a list = bool
where LD-1'r S a ol 02 08 =
(set 01 C dsr {8} Alength o2 < 1 A set 02 C {a} A set 03 C ds r {«o,5})

definition LD’ :: ‘a rel = 'a = a

= 'a list = 'a list = 'a list = 'a list = 'a list = 'a list = bool

where LD’ r S ool 02 08 71 72 78 = (LD-1"r B a ol 02 063 N LD-1"r «
BTl T2 73)

auxiliary properties on multisets

lemma lezmaz-le-multiset: assumes t:trans r shows r|o| C# mset o proof
(induct o)

case Nil thus ?case unfolding lexmaz.simps by auto

next

case (Cons s 7) hence lexmaz r 7 —s ds r {s} C# mset T using lemmaA-3-10
mset-subset-eq-add-right subset-mset.order-trans by metis

thus ?case by simp

qed

lemma split: assumes LD-1'r S a ol 02 03 shows 02 =[] V 02 = [q]
using assms unfolding LD-1'-def by (cases 02) auto

lemma proposition3-4-step: assumes trans r and irrefl r and LD-1"r 8 o o1
o2 o3
shows (r|c1@Qo2Qc 3| —s (dm r {#0#}), r|la]| ) € mul-eq r proof —

from assms have set o1 C dm r {#06#} unfolding LD’-def LD-1'-def dm-def
by auto

hence set-mset (lexmaz r 01) C dm r {#5#} using submultiset-implies-subset[ OF
lexmaz-le-multiset| OF assms(1)]] by auto

hence one: lexmazr ol —s dm r {#0#} = {#} using subset-implies-remove-empty
by auto

from assms have set 08 C dlr o2 U dlr ol U dm r {#08#} U dm r {#a#}
(is 2l C ?r) unfolding LD’-def LD-1'-def dm-def ds-def by auto

hence set-mset (lexmaz r 03) C ?r using submultiset-implies-subset[OF lex-
maz-le-multiset| OF assms(1)]] by auto

hence pre3: lexmax r 03 —s ?r = {#} using subset-implies-remove-empty by
auto

show ?thesis proof (cases 02 = [])

case True

hence two:(lexmaz r 02 —s dlr o1) —s dm r {#p#} = {#} unfolding diff-def
by auto

from pre3 have (((lexmaz r 08 —s dlr 02) —s dlr ol) —s dm r {#5#}) —s
dm r {#a#} = {#} unfolding True dl-def lemmaA-3-9 by auto

hence three:(((lexmaz r 03 —s dlr 02) —s dlr o1) —s dm r {#6#} {#a#})
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€ mul r using remove-is-empty-imp-mul by metis

show ?Zthesis using three unfolding lemma3-2-2 lexmax-singleton lemmaA-3-8
one two mul-def mul-eq-def by auto

next

case Fulse hence eq: 02 = [a] using split[OF assms(3)] by fast

have two: ((lexmaxr 02 —s dlr o1) —s dm r {#8#},{#a#}) € mul-eq r using
lemma2-6-8[OF assms(1) empty-subset]] unfolding eq lexmaz.simps diff-from-empty
lemmaA-3-9 diff-empty by auto

from pre3 have lexmax r 08 —s ((dlr o2 U dm r {#a#}) Udlr ol Udmr
{#0+#}) = {#} unfolding eq lemmaA-3-9 using Un-assoc Un-commute by metis

hence three: ((lexmaz r 03 —s dlr c2) —s dlr o1) —s dm r {#08#} = {#}
using Un-absorb unfolding lemmaA-3-9 eq dm-def di-def by auto

show ?thesis unfolding lemma3-2-2 lexmazx-singleton lemmaA-3-8 one three
using two by auto

qed
qed

lemma proposition3-4:

assumes t: trans r and i: irrefl r and ld: LD’ r 8 a0l 02 03 71 72 78
shows D r [8] [a] (c1@Qc2Qc3) (T1QT2QT13)

using proposition3-4-step[OF t i] ld unfolding LD’-def D[OF assms(1,2)] dl-def
dm-def by auto

lemma lezxmaz-decompose: assumes o €# r|o| shows Jo1 03. (0=01Q[a]Q0c3
Naé¢dlrol)
using assms proof (induct o)

case Nil thus ?case by auto

next

case (Cons f as) thus ?case proof (cases a=03)

case True

from this obtain o1 03 where dec: f#as = 01Q[a]Qo3 and empty: o1 = |]
by auto

hence a ¢ di r o1 unfolding dl-def ds-def by auto

thus ?thesis using dec by auto

next

case Fulse hence a €# r|as|—s ds r {8} using Cons(2) by auto

hence z: a €# rlas| A o ¢ ds r {5}

by simp

from this obtain 01 03 where as =01 Q [a] @ 03 and w: « ¢ dlr o1 using
Cons(1) by auto

hence f#as= (f#01) Q[a] Qo3 and « ¢ dlr (#01) using z w unfolding
dm-def dl-def ds-def by auto

thus ?thesis by fast

qed
qed

lemma lexmaz-elt: assumes trans r and z € (set o) and = ¢ set-mset r|o|
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shows Jy. (z,y) € r A y € set-mset r|o| using assms(2,3) proof (induct o)
case Nil thus ?case by auto
next
case (Cons a as) thus ?case proof (cases © ¢ set-mset r|as|)
case True
from Cons True obtain y where s: (z, y) € 7 A y € set-mset r|as| by auto
thus ?thesis proof (cases y € ds r {a})
case True thus ?thesis using transD[OF assms(1)] s unfolding dm-def ds-def
by auto
next
case Fualse thus ?thesis using s unfolding lexmaz.simps diff-def by auto
qed
next
case Fulse thus ?thesis using Cons unfolding diff-def dm-def ds-def lex-
maz.simps by auto
qged
qed

lemma lexmax-set: assumes trans r and set-mset rlo| C r |s S shows set o C
r s S proof
fix x assume A: z € set 0 show z € ds r S proof (cases © € set-mset r|o|)
case True thus ?thesis using assms by auto
next
case Fulse from lezmax-elt|OF assms(1) A False] obtain y
where rel: (z,y) € r A y € set-mset r|o| by auto
hence y € ds r S using assms by auto
thus ?thesis using rel assms transD unfolding dm-def ds-def by fast
qed
qed

lemma drop-left-mult-eq:
assumes trans r and irrefl r and (N+M,M) € mul-eq r shows N = {#} proof

have (M+N,M+{#}) € mul-eq r using assms(3) apply auto using union-commute
by metis

hence k:(N,{#}) € mul-eq r using lemma2-6-6-b'|OF assms(1,2)] by fast

from this obtain I J K where {#} =1+ J AN =1+ K A set-mset K C dm

r J unfolding mul-eq-def by fast

thus ?thesis unfolding dm-def ds-def by auto

qed

generalized to lists

lemma proposition3-4-inv-lists:
assumes t: trans r and ¢ irrefl r and k:(r|o| —s r | B, {#a#}) € mul-eq r (is
(M) € -)
shows 3 01 02 08. ((0 = 01@c2Qc3) A set o1 C dlr B A length 02 < 1 A
set 02 C {a}) A set 03 C dlr (a#p) proof (cases a €# ?2M)

case True hence a €# r|o| by simp

from this obtain o1 08 where sigma: c=01Q[«a]Qo3 and alpha: o ¢ dlr o1
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using lexmax-decompose by metis

hence dec: ((rlo1|—sdlr B) + (r|la]|—s (dlr o1 U dlr B)) + (rle3] —s (dl r
[l Udlrol UdlrB)), {#a#}) € mul-eq r (is (?M1 + ?M2 + ?2M3,-) € -)

using k unfolding sigma lemma3-2-2 lemmaA-3-8 lemmaA-3-9 LD-1'-def union-assoc
by auto

from True have key: o ¢ dlr 8 by simp

hence ?M2 = {#a#} unfolding lezmaz-singleton diff-def using alpha by auto

hence (?M1+?M3 + {#a#} {#a#}) € mul-eq r using dec union-assoc union-commute
by metis

hence w: ?M1+?M3 = {#} using drop-left-mult-eq assms(1,2) by blast

from w have (r|o1|—sdl r 8) = {#} by auto

hence set-mset r|o1| C ds r (set B) using remove-empty-implies-subset unfold-
ing dl-def dm-def by auto

hence sigmal: set o1 C ds r (set §) using lexmax-set[OF assms(1)] by auto

have sigma2: length [a] < 1 A set [a] C {a} by auto

have sub:dl r o1 C dl r § using subset-imp-ds-subset|OF assms(1) sigmal]
unfolding dm-def di-def by auto

hence sub2: dlr o1 U dlr 8 = dlr 8 by auto

from w have ?M3 = {#} by auto

hence r|o3|—s (ds r {a} U ds r (set B)) = {#} unfolding Un-assoc sub2
unfolding di-def by auto

hence r|o3|—s (dsr ({a} U (set B))) = {#} unfolding lemma2-6-1-set[symmetric]
by metis

hence set-mset r|o3| C ds r ({a} U (set 8)) using remove-empty-implies-subset
by auto

hence sigma3: set 03 C ds r ({a} U (set B)) using lexmaz-set[OF assms(1)]
by auto

show ?thesis using sigma sigmal sigma2 sigmad unfolding di-def apply auto
by (metis One-nat-def append-Cons append-Nil sigma?2)

next

case Fulse hence set-mset /M C dm r {#a#} using mul-eq-singleton| OF k]

by (auto dest: diff-eg-singleton-imp)

hence set-mset r|lo| C ds r ({a} U (set B8)) unfolding diff-def dm-def di-def
ds-def by auto

hence set o C ds r ({a} U (set B8)) using lexmaz-set[OF assms(1)] by auto
thus ?thesis unfolding dl-def apply auto by (metis append-Nil bot-least empty-set
le0 length-0-conv)

qed

lemma proposition3-4-inv-step:

assumes t: trans r and i: irrefl r and k:(r|o| —s r 1 [B], {#a#}) € mul-eq r (is
(M) € )

shows 3 01 02 08. ((0 = 01@02Q@Q0o3) AN LD-1"r Ba ol 02 08)

using proposition3-4-inv-lists| OF assms] unfolding LD-1’-def di-def by auto

lemma proposition3-4-inv:
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assumes ¢: trans r and @: irrefl r and D r [§] [o] o T

shows 3 01 02 6371 72 73. (0 = 01Q02Q03 AT =71Q72Q73 A LD' 1 f «

ol 020371 71278)

using proposition3-4-inv-step[ OF assms(1,2)] D-eq[OF assms] unfolding lexmaz-singleton
LD’-def by metis

Lemma 3.5

lemma lemma3-5-1:
assumes t: trans r and irreflrand Dr 1o o’ 7'and Dr v o’ o’ v’
shows (lezmaz r (1 Qv @ ¢”), lexmaz r (T Q@ v) + lezmax r o) € mul-eq r proof
have lexmaz r (1 Q v Q ¢") = (lexmaz r (1 Q v) + ((lexmaz r o) —s (dl r
(T@v))))
unfolding append-assoc[symmetric] using lemma3-2-2 by fast
moreover have z:... = lexmaz r (1Qu) + (((lexmaz r 0'’) —s dlr v) —s dlr T)
by (auto simp: lemma?2-6-1-list lemmaA-3-9 Un-commute)
moreover have (... lezxmaz r (1Quv) + (lexmax r ¢’ —s dl r 7)) € mul-eq r (is
(~?R) € -)
using lemma2-6-6-a[OF t lemma2-6-5-a'|OF t D-eq(2)[OF assms(1,2,4)]]] un-
folding di-def by auto
moreover have (7R,lexmaz r (TQu) + lexmaz r o) € mul-eq r
using lemma2-6-6-a[OF t D-eq(2)[OF assms(1—23)]] by auto
ultimately show ?thesis using mul-eq-trans|OF t] by metis
qged

lemma claiml: assumes t: trans rand Dr 7o o' 7’
shows (r|c@Q7’'| + ((r|v'] —s v U (c@7) Ns r Ll 7),r|lo| + r|7] ) € mul-eq r (is
(?F+?H,?G) € -)
proof —

have 1: (?F,?G) € mul-eq r using assms(2) unfolding D-def by (auto simp:
union-commaute)

have 2: set-mset ?H C (dm r ?G) — (dm r ?F) (is (?L C -)) proof —

have set-mset ?H = set-mset ((lexmaz r v’ Ns dlr 7) —s dl r (c@Q7’)) unfolding
lemmaA-3-11 by auto

moreover have ... C (dlr 7 — dlr (c@Q7’)) unfolding diff-def intersect-def
by auto

moreover have ... C ((dlr o U dlr 7) — dl r (c@7')) by auto

ultimately show ?thesis unfolding lemma2-6-1-multiset lemma3-2-1[OF t] by
auto

qged
show ?Zthesis using lemma2-6-7-a[OF t 2 1] by (auto simp: union-commuite)
qed

lemma step3: assumes t:itrans rand Dr 7 o o’ 7'
shows r [l (c@Q7) D (r {m (r|o’| + r|7| )) proof —
have a: dl r (0Q7) = dm r (lexmaz v 7 + lexmaz r o) and b: dl r (TQo’) = dm
r (lexmaz r o' + lexmax r T)

unfolding lemma2-6-1-list lemma3-2-1[OF t,symmetric] lemma2-6-1-multiset
by auto
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show ?thesis using assms(2) lemma2-6-2-b[OF t| lemma3-2-1[OF t,symmetric]
unfolding D-def a b[symmetric] by auto
qed

lemma claim2: assumes ¢: transrand Dr 7o o' 7’
shows ((r|v’] —s r Ll (c@Q7")) —sr U7, (rlv| —srllo’) —srllT) € mul-eqr
(is (?L,?R) € -)

proof —

have ?L = lexmaz r v’ —s (dl r (cQ7'Q7)) unfolding lemmaA-3-9 append-assoc|symmetric]
lemma2-6-1-list by auto

moreover have (..., lexmax r v’ —s dlr (c@Q7)) € mul-eq r (is (-,?R) € -) using
lemma2-6-8[OF t dl-monotone] by auto

moreover have (?R,lexmazr v’ —s dm r (lexmaz r o’ + lexmaz v 7)) € mul-eq
r (is (-, ?R) € -) using lemma2-6-8[OF t step3[OF assms]] by auto

moreover have ?R = (lexmazr v’ —s dlr o) —s dl r 7 unfolding lemma3-2-1[OF
t,symmetric] lemma2-6-1-multiset lemmaA-3-9[symmetric] by auto

ultimately show ?thesis using mul-eq-trans[OF t] by metis

qged

lemma lemma3-5-2: assumes trans r and irreflr and Dr 7o o’ 7'and D r v
0_/ 0_// ,UI
shows (r|(c @ 7/ Q v')|, r|lo| + r|(7@Quv)| ) € mul-eq r

proof —
have 0: lexmaz r (0@Q7'Qu’) = lezmaz r (0Q7’) + (lexmaz r v’ —s dl r (c@Q7"))
(is 7L = -)
unfolding append-assoc[symmetric] lemma3-2-2 by auto
moreover have ... = lexmaz r (cQ7’) + ((lexmaz r v’ —s dl r (c@Q7")) Ns dl r

7) + ((lexmaz r v’ —s dl r (c@Q7")) —s dlr T)

using lemmaA-3-10 unfolding union-assoc by auto

moreover have (..., lexmaz r 0 + lexmaz r 7 + ((lexmaz v v’ —s dl r (cQ71))
—sdlr 1)) € mul-eqr (is (-,?R) € -)

using assms claiml1 lemma2-6-6-a union-commute by metis

moreover have (7R, lexmax v o + lexmaz v 7 + (((lexmaz r v’ —s dl r ') —s
dlr 7)) € mul-eq r (is (-,?R) € -)

using lemma2-6-6-a|OF assms(1) claim2[OF assms(1,3)]] by auto

moreover have (?R, lexmaz r o + lexmax r 7 + lexmaz r v —s dl r 7) € mul-eq
r (is (-,?R) € -)

using lemma2-6-6-a[OF assms(1) lemmaZ2-6-5-a'[OF assms(1) D-eq(1)[OF assms(1,2,4)]]]
unfolding di-def by auto

moreover have ?R = lexmax r 0 + lezmaz r (1Qu) unfolding union-assoc
lemma3-2-2 by auto

ultimately show ?thesis using mul-eq-trans|OF assms(1)] by metis
qed

lemma lemma3-5: assumes trans r and irrefl rand D r 7 o ¢’ 7'and D r v
O_/ O_// U/

shows D r (7@Qu) o ¢” (7'Quv’)

unfolding D-def append-assoc using assms lemma3-5-1 lemma3-5-2 union-commute
by metis
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lemma step2: assumes trans r and 7 # [| shows (M Ns dl r 7,lexmaz v 7) €
mul r proof —

from assms obtain x xs where T=x#zs using list.exhaust by auto

hence z: lexmaz r 7 # {#} by auto

from assms(2) have y: set-mset (M Nsdl r 7) C dm r (lexmaz r 7) unfolding
lemma3-2-1[OF assms(1)] intersect-def by auto

show ?thesis using lemma2-6-4[OF assms(1) z y] by auto

qed

Lemma 3.6

lemma lemma3-6: assumes t: trans r and ne: 7 # [Jand D: Dr 70 o' 7’
shows (r|o’| + r|v|, r|lo| + r|7@Qu| ) € mul r (is (¢L,?R) € -) proof —

have ?L = ((lexmax v o' + lezmaz r v) Ns dl r 7) + ((lexmaz r o' + lexmaz
v) —sdlrT)

unfolding lemmaA-3-10[symmetric] by auto

moreover have (... lezmaz r 7 + ((lexmax r o' + lexmax r v) —s dl r 7)) €
mul v (is (-,?R2) € -)

using lemma2-6-9[OF t step2[OF t ne]] union-commute by metis

moreover have ?R2 = lexmaz r 7 + (lexmaz r o' —s dl r 7) + (lexmaz r v —s

dlr )
unfolding lemmaA-3-8 union-assoc[symmetric] by auto
moreover have ... = lexmaz r (71Qc’) + (lexmaz r v —s dl r 7) unfolding

lemma3-2-2 by auto

moreover have (..., lexmaz r o + lexmaz v 7 + (lexmaz r v —s dlr 7)) € mul-eq
r (is (-,R5) € -)

using D unfolding D-def using lemma2-6-6-a[OF t] union-commute by metis
moreover have ?R5 = ?R unfolding lemma3-2-2 union-assoc by auto
ultimately show ?thesis using mul-and-mul-eq-imp-mul t by metis
qed

lemma lemmaS8-6-v: assumes trans r and irrefl rand o # [Jand Dr 7o o' 7/

shows (r|7'| + rlv|, r|7| + r|lcQu| ) € mul r
using assms lemma3-6 mirror-D by fast

1.1.4 Labeled Rewriting

Theorem 3.7

type-synonym (‘a,’b) lars = (‘ax’bx’a) set
type-synonym (‘a,’b) seq = ("ax('bx'a)list)

inductive-set seq :: (‘a,’d) lars = ('a,’b) seq set for ars
where (a,[]) € seq ars

| (a,a,b) € ars = (b,ss) € seq ars = (a,(,b) # ss) € seq ars

definition Ist :: (‘a,’d) seq = 'a
where st ss = (if snd ss = [| then fst ss else snd (last (snd ss)))

results on seqs
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lemma seg-taill : assumes seq: (s,z#xs) € seq lars

shows (snd z,xs) € seq lars and (s,fst x,snd z) € lars and st (s,z#xs) = lst (snd
Z,z8)

proof —

show (snd z,1s)€ seq lars using assms by (cases) auto

next

show (s,fst z,snd z) € lars using assms by (cases) auto

next

show Ist (s,z#xs) = st (snd x,zs) using assms unfolding Ist-def by (cases)
auto

qed

lemma seq-chop: assumes (s,55Qts) € seq ars shows (s,ss) € seq ars (Ist(s,ss),ts)
€ seq ars proof —
show (s,s5) € seq ars using assms proof (induct ss arbitrary: s)
case Nil show ?case using seq.intros(1) by fast
next
case (Cons z xs) hence k:(s,z#(xzsQts)) € seq ars by auto
from Cons have (snd z,zs) € seq ars using seq-taill (1) unfolding append.simps
by fast
thus ?case using seq.intros(2)[OF seg-taill (2)[OF k]| by auto
qged
next
show (Ist(s,ss),ts) € seq ars using assms proof (induct ss arbitrary:s)
case Nil thus ?case unfolding Ist-def by auto
next
case (Cons z zs)
hence (Ist (snd z,xs),ts) € seq ars using seq-taill (1) unfolding append.simps
by fast
thus ?case unfolding Ist-def by auto
qed
qed

lemma seq-concat-helper:
assumes (s,ls) € seq ars and ss2 € seq ars and st (s,ls) = fst ss2
shows (s,lsQsnd ss2) € seq ars A (Ist (s,lsQsnd ss2) = st ss2)
using assms proof (induct ls arbitrary: s ss2 rule:list.induct)
case Nil thus ?case unfolding Ist-def by auto
next
case (Cons z zs)
hence (snd z,zs) € seq ars and mem:(s,fst z,snd x) € ars and Ist (snd x,2s) =
fst ss2
using seg-taill [OF Cons(2)] Cons(4) by auto
thus ?case using Cons seq.intros(2)[OF mem] unfolding Ist-def by auto
qed

lemma seq-concat:

assumes ssI € seq ars and ss2 € seq ars and Ist ss1 = fst ss2
shows (fst ss1,snd ss1@Qsnd ss2) € seq ars and (Ist (fst ss1,snd ss1Qsnd ss2) =
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Ist ss2)
proof —
show (fst ss1,snd ss1@snd ss2) € seq ars using seq-concat-helper assms by force
next
show (Ist (fst ssl,snd ss1Qsnd ss2) = st ss2)
using assms surjective-pairing seq-concat-helper by metis
qed

diagrams

definition diagram :: (‘a,’d) lars = ('a,’d) seq x (‘a,’d) seq x (‘a,’d) seq x ('a,’d)

seq = bool

where diagram ars d = (let (1,0,0',7") = d in {o,7,0',7"} C seq ars A
fsto=fst T Nlist o = fst 7' Nlst 7= fst o' N\ lst o' = Ist 7')

definition labels :: ('a,’d) seq = 'b list
where labels ss = map fst (snd ss)

definition D2 :: ‘b rel = ('a,’b) seq x ('a,’d) seq x ('a,’db) seq x ('a,’d) seq =
bool
where D2 r d = (let (t,0,0',7") = din D r (labels 7) (labels o) (labels o) (labels

™)

lemma lemma3-5-d: assumes diagram ars (7,0,0',7") and diagram ars (v,0',0" v’

shows diagram ars ((fst 7,snd 7Qsnd v),0,0",(fst 77),snd 7'Qsnd v’) proof —
from assms have tau: T € seq ars and upsilon: v € seq ars and o: Ist T = fst v

and tau”: 7' € seq ars and upsilon’: v’ € seq ars and I: Ist T/ = fst v’

unfolding diagram-def by auto

show ?thesis using assms seq-concat| OF tau’ upsilon’ I seq-concat| OF tau upsilon

o] unfolding diagram-def by auto

qed

lemma lemma3-5-d-v: assumes diagram ars (1,0,0',7') and diagram ars (t',v,0",7")
shows diagram ars (7,(fst o,snd c@snd v),(fst o’,snd c'Qsnd v’),7'") proof —
from assms have dI: diagram ars (o,7,7',0") and d2: diagram ars (v,7';7"0")
unfolding diagram-def by auto

show ?thesis using lemma3-5-d[OF d1 d2] unfolding diagram-def by auto

qed

lemma lemma3-5'. assumes trans r and irrefl r and D2 r (7,0,0',7') and D2 r
(”U,U/,O'”,U/)

shows D2 r ((fst 7,snd 7Qsnd v),0,0",(fst 77),snd 7'Qsnd v’)

using assms lemma3-5[OF assms(1,2)] unfolding labels-def D2-def by auto

lemma lemma3-5'-v: assumes trans r and irrefl r and D2 r (7,0,0',7") and D2

r (t/ou' ")

shows D2 r (7, (fst o,snd o@Qsnd v),(fst o’,snd oc’Qsnd v’),7"’) proof —

from assms(3,4) have D1:D2 r (o,7,7',¢") and D2: D2 r (v,7';7"v")
unfolding D2-def using mirror-D[OF assms(1,2)] by auto

show ?thesis using lemma3-5'[OF assms(1,2) D1 D2] mirror-D[OF assms(1,2)]
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unfolding D2-def by auto
qed

lemma trivial-diagram: assumes o € seq ars shows diagram ars (o,(fst o.[]),(Ist

a,[]),0)

using assms seq.intros(1) unfolding diagram-def Let-def Ist-def by auto

lemma trivial-D2: assumes o € seq ars shows D2 r (o,(fst 0,(]),(Ist 0,[]),0)
using assms unfolding D2-def D-def labels-def using mul-eq-reflexive by auto

definition DD :: (‘a,’d) lars = 'b rel = ('a,’d) seq x ('a,’d) seq x ('a,’b) seq x
("a,’d) seq = bool
where DD ars r d = (diagram ars d N D2 r d)

lemma lemma3-5-DD: assumes trans r and irrefl r and DD ars r (1,0,0',7)
and DD ars r (v,o',0” v’
shows DD ars r ((fst T,snd T7Qsnd v),0,0",(fst 77),snd 7'Qsnd v’

using assms lemma3-5-d lemma3-5'|OF assms(1,2)] unfolding DD-def by fast

lemma lemma3-5-DD-v: assumes trans r and irrefl r and DD ars r (1,0,0',7")
and DD ars r (t'vu'1")
shows DD ars r (r, (fst o,snd c@snd v),(fst o’,snd c’@Qsnd v’),7"")

using assms lemma3-5-d-v lemma3-5'-v unfolding DD-def by fast

lemma trivial-DD: assumes o € seq ars shows DD ars r (o,(fst 0,[]),(Ist 7,]]),0)
using assms trivial-diagram trivial-D2 unfolding DD-def by fast

lemma mirror-DD: assumes trans r and irrefl r and DD ars r (1,0,0',7') shows
DD ars r (o,7,7',0")
using assms mirror-D unfolding DD-def D2-def diagram-def by auto

well-foundedness of rel r

definition measure :: 'b rel = ('a,’b) seq x ('a,’d) seq = 'b multiset
where measure r P = r|labels (fst P)| + r|labels (snd P)]

definition pez :: 'b rel = ((a,’d) seq x ('a,’d) seq) rel
where pex r = {(P1,P2). (measure r P1,measure r P2) € mul r}

lemma wfi: assumes relr = pex r and — wf (relr) shows — wf (mul r) proof —
have — SN ((relr)™!) using assms unfolding SN-iff-wf converse-converse by
auto

from this obtain s where Vi. (s i, s (Suc i)) € relr~! unfolding SN-def
SN-on-def by auto

hence fact:Vi. (measure r (s i), measure r (s (Suc i))) € (mul r)~! unfolding
assms(1) pex-def by auto

have — SN ((mul r)~1) using chain-imp-not-SN-on[OF fact] unfolding SN-on-def
by auto

thus “thesis unfolding SN-iff-wf converse-converse by auto
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qed

lemma wf: assumes trans r and wf r shows wf (pex r) using wf-mul|OF assms]
wfi by auto

main result

definition peak :: ('a,’d) lars = (a,’b) seq x ('a,’d) seq = bool
where peak ars p = (let (1,0) = p in {T,0} C seq ars A fst T = fst o)

definition local-peak :: (‘a,’d) lars = ('a,’d) seq x ('a,’d) seq = bool
where local-peak ars p = (let (1,0) = p in peak ars p A length (snd 7) = 1 A
length (snd o) = 1)

proof of Theorem 3.7

lemma LD-imp-D: assumes trans r and wf r and V P. (local-peak ars P — (3
o' 7. DD ars r (fst P,snd P,o',m")))
and peak ars P shows (3 o’ 7. DD ars r (fst P,snd P,o’,7’)) proof —
have i: irrefl r using assms(1,2) acyclic-irrefl trancl-id wf-acyclic by metis
have wf: wf (pex r) using wf[OF assms(1,2)] .
show ?thesis using assms(4) proof (induct rule:wf-induct-rule]OF wf])
case (1 P)
obtain s 7 o where decompose:P = (7,0) and tau:T € seq ars and sigma:o €
seq ars
and tau-s: fst T = s and sigma-s: fst 0 = s using I unfolding peak-def by
auto
show ?case proof (cases snd T)
case Nil from mirror-DD[OF assms(1) i trivial-DD[OF sigmal]
show ?thesis using tau-s sigma-s Nil surjective-pairing unfolding decompose
fst-conv snd-conv DD-def by metis
next
case (Cons [3-step v-step)
hence tau-dec: 7 = (s,[3-step|Qu-step) apply auto using tau-s surjective-pairing
by metis
hence tau2: (s,[3-step|Qu-step) € seq ars using tau by auto
show ?thesis proof (cases snd o)
case Nil from trivial-DD][OF tau)
show ?%thesis using tau-s sigma-s Nil surjective-pairing unfolding decompose
fst-conv snd-conv DD-def by metis
next
case (Cons a-step p-step)
hence sigma-dec: o = (s,|a-step]@Qp-step) apply auto using sigma-s surjec-
tive-pairing by metis
hence sigma2:(s,[a-step|Qp-step) € seq ars using sigma by auto

have alpha:(s,[a-step]) € seq ars (is 2o € -)
and rho: (Ist (s,[a-step]),0-step) € seq ars (is %o € -) using seg-chop|OF
sigma2] by auto
have beta:(s,[B-step]) € seq ars (is 75 € -)
and upsilon: (Ist (s,[B-step]),v-step) € seq ars (is Pv € -) using seq-chop| OF
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tau2] by auto
have local-peak ars (28, %a) using alpha beta unfolding local-peak-def peak-def
by auto
from this obtain x p where D:DD ars r (283, %x,k,u) using assms(3) apply
auto by metis
hence kappa: k€seq ars and mu: p€seq ars unfolding DD-def diagram-def by
auto
have P-IH1: peak ars (?v,k) using upsilon kappa D unfolding DD-def dia-
gram-def peak-def by auto
have beta-ne: labels 28 # [| unfolding labels-def by auto
have dec: D r (labels 28) (labels ?a) (labels k) (labels 1) using D unfolding
DD-def D2-def by auto
have z1:((%v,r), (T,%a)) € pex r using lemma3-6[{OF assms(1) beta-ne dec]
unfolding pez-def measure-def decompose labels-def tau-dec by (simp add:
add.commute)
have (lexmaz r (labels T) + lexmaz v (labels (?)), lexmaz r (labels T) + lexmax
r (labels o)) € mul-eq v (is (?1,%r) € -)
unfolding sigma-dec labels-def snd-conv list.map lexmazx.simps diff-from-empty
using assms(1) by (simp add: lemma2-6-2-a)
hence ((%,x),P) € pex r using z! unfolding sigma-s pexz-def measure-def
decompose using mul-and-mul-eg-imp-mul| OF assms(1)] by auto
from this obtain ' v’ where IHI: DD ars r (%v,k,x’v’) using 1(1)[OF -
P-IH1] unfolding decompose by auto
hence kappa’k'€seq ars and upsilon’: v'Eseq ars using D unfolding DD-def
diagram-def by auto
have tau” (fst p,snd p@(snd v’)) € seq ars (is ?7’ € -) using seg-concat(1)[OF
mu upsilon’] D IH1 unfolding DD-def diagram-def by auto
have DIHI: DD ars r (7, %k’ 27") using lemma3-5-DD[OF assms(1) i D IH1]
tau-dec by auto
hence dec-dih1: D r (labels T) (labels ?a) (labels ') (labels ?7') using DIHI
unfolding DD-def D2-def by simp

have P-IH2: peak ars (?7',%p) using tau’ rho D unfolding DD-def diagram-def
peak-def by auto
have alpha-ne: labels ?a # || unfolding labels-def by simp
have ((7/,%0),P) € pex r using lemma3-6-v[OF assms(1) i alpha-ne dec-dih1]
unfolding pezx-def measure-def decompose labels-def sigma-dec by auto
from this obtain ¢’ 7" where IH2: DD ars r (97',%0,0',7"') using 1(1)[OF -
P-TH2] by auto
show ?thesis using lemma3-5-DD-v[OF assms(1) ¢ DIH1 IH2] unfolding
decompose fst-conv snd-conv sigma-dec by fast
qed
qed
qged
qed

CR with unlabeling

definition unlabel :: (‘a,’d) lars = 'a rel
where unlabel ars = ( ,¢). 3b. (a,b,c) € ars}
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lemma step-imp-seq: assumes (a,b) € (unlabel ars)

shows Jss € seq ars. fst ss = a N Ist ss = b proof —

obtain « where step:(a,a,b) € ars using assms unfolding unlabel-def by auto
hence ss: (a,[(a,b)]) € seq ars (is ?ss € -) using seq.intros by fast

have fst ?ss = a and Ist ?ss = b unfolding Ist-def by auto

thus ?thesis using ss unfolding Ist-def by fast

qed

lemma steps-imp-seq: assumes (a,b) € (unlabel ars)
shows Jss € seq ars. fst ss = a A st ss = b using assms(1) proof
fix n assume A: (a,b) € (unlabel ars) ™ n thus ?thesis proof (induct n arbitrary:
a b ars)
case 0 hence eq: a = b by auto
have (q,[]) € seq ars using seq.intros(1) by fast
thus ?case using fst-eqD snd-conv Ist-def eq by metis
next
case (Suc m)
obtain ¢ where steps: (a,c) € (unlabel ars)”™ m and step: (¢,b) € (unlabel ars)
using Suc by auto
obtain ss ts where ssl: ss € seq ars and ss2:fst ss = a
and tsi: ts € seq ars and ts3:lst ts = b and eq: lst ss = fst ts
using Suc steps step-imp-seq[OF step] by metis
show ?case using seq-concat|OF ssl ts1 eq] unfolding ss2 ts3 by force
qed
qed

lemma step-imp-unlabeled-step: assumes (a,b,c) € ars shows (a,c) € (unlabel
ars)
using assms unfolding unlabel-def by auto

lemma seg-imp-steps:
assumes ss € seq ars and fst ss = a and Ist ss = b shows (a,b) € (unlabel ars) x
proof —
from assms surjective-pairing obtain Is where (a,ls) € seq (ars) and Ist (a,ls)
= b by metis
thus ?thesis proof (induct ls arbitrary: a b rule:list.induct)
case Nil thus ?case unfolding Ist-def by auto
next
case (Cons z zs)
have fst:(a,fst z,snd z) € ars using Cons seq-taill (2) surjective-pairing by metis
have (snd z,b) € (unlabel ars) > using Cons seq-taill (1,3) by metis
thus ?case using step-imp-unlabeled-step[OF fst] by auto
qged
qed

lemma seg-vs-steps: shows (a,b) € (unlabel ars) » = (I ss. fst ss = a A st ss =

b A ss € seq ars)
using seq-imp-steps steps-imp-seq by metis
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lemma D-imp-CR: assumes V P. (peak ars P — (3 o' 7. DD ars r (fst P,snd
P.,o’ 7)) shows CR (unlabel ars) proof
fix a b c assume A: (a,b) € (unlabel ars) x and B: (a,c) € (unlabel ars) * show
(b,c) € (unlabel ars)* proof —

obtain ss! ss2 where peak ars (ss1,ss2) and b: Ist ss1 = b and c: Ist ss2 = ¢

unfolding peak-def using A B unfolding seq-vs-steps by auto

from this obtain ss3 ss/ where dia: diagram ars (ssl,ss2,ss3,ss4) using
assms(1) unfolding DD-def apply auto using surjective-pairing by metis

from dia obtain d where ss3: ss8 € seq ars and ss4: ss{ € seq ars

and ss3-1: fst ss3 = b and ss3-2: Ist ss8 = d and ss4-1: fst ss4 = c¢ and

s84-2:lst ss4 = d

using b ¢ unfolding diagram-def by auto

show ?thesis using seq-imp-steps|OF ss3 ss3-1 $s3-2| seq-imp-steps|OF ss4 ss4-1
$s4-2] by auto

qged
qed

definition LD :: 'b set = 'a rel = bool
where LD L ars = (3 (r:: ('b rel)) (Irs::("a,’d) lars). (ars = unlabel Irs) A trans
r A wfr A (YP. (local-peak Irs P — (3 o’ 7. (DD lrs r (fst P,snd P,o’,7"))))))

lemma sound: assumes LD L ars shows CR ars
using assms LD-imp-D D-imp-CR unfolding LD-def by metis

1.1.5 Application: Newman’s Lemma

lemma measure:

assumes lab-eq: Irs = {(a,c,b). ¢ = a A (a,b) € ars} and (s,(a,t) # ss) € seq lrs
shows set (labels (t,s5)) C ds ((ars™+)7!) {a} using assms(2) proof (induct ss
arbitrary: s a t)

case Nil thus ?case unfolding labels-def by auto

next

case (Cons z zs)

from this obtain 5 u where z:z = (8,u) using surjective-pairing by metis
have t: trans ((arst)~1) by (metis trans-on-converse trans-trancl)

from Cons(1) = have s0: (s, a, t) € Irs and cs:(t,(8,u)#xs) € seq lrs using
Cons.prems seq-taill (1) snd-conv fst-conv seq-taill (2) by auto

have ih: set (labels (u, xs)) C ds ((ars™+)~1) {8} using Cons(1)[OF cs] by auto
have key: {8} C ds ((ars™+)7!) {a} using s0 cs seq-taill (2)[OF cs] unfolding
ds-def lab-eq by auto

show ?case using ih subset-imp-ds-subset|OF t key| key unfolding z labels-def
by auto

qed

lemma newman: assumes WCR ars and SN ars shows CR ars proof —
from assms obtain L where L = {a .3 b. (a,b) € ars} by auto

from assms obtain lrs where lab-eq: (Irs = {(a,c,b). ¢ = a A (a,b) € ars}) by
auto
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have lab: ars = unlabel Irs unfolding unlabel-def lab-eq by auto
have t: trans ((arst)~!) using trans-on-converse trans-trancl by auto
have w: wf ((ars™+)~!) using assms(2) wf-trancl trancl-converse unfolding
SN-iff-wf by metis
have ps: V P. (local-peak Irs P ——> (3 o’ 7'. DD Irs ((ars™+)71) (fst P,snd
P,o’.7"))) proof
fix P show local-peak Irs P ——> (3 o’ 7'. DD Irs ((ars™+)~1) (fst P,snd P,o',7"))
proof
assume A: local-peak Irs P show (3 o' 7'. DD lrs ((ars™+)"1) (fst P,snd
P.o',r") (is ?DD) proof —
from lab-eq have lab: ars = unlabel Irs unfolding unlabel-def by auto
from A obtain 7 ¢ where ts: {7,0} C seq Irs and [1: length (snd 7) = 1 and
[2: length (snd o) = 1 and P: P = (1,0)
and p: fst T = fst 0 unfolding local-peak-def peak-def by auto

from I7 obtain § b where 1: snd 7 = [(3,b)] by(auto simp add: length-Suc-conv)

from this obtain a where tau: 7 = (a,[(5,b)]) by (metis surjective-pairing)

hence alb: (a,8,b) € Irs using ts by (metis fst-conv insert-subset seq-taill(2)
snd-conv)

have ab: (a,b) € ars and a-eq: a = 8 using alb unfolding lab-eq by auto

from I2 obtain a ¢ where 2: snd o = [(a,c)] by(auto simp add: length-Suc-conv)

hence sigma: 0 = (a,[(«,c)]) using s by (metis fst-conv p prod.collapse tau)

hence alc: (a,a,¢) € Irs using ts by (metis fst-conv insert-subset seq-taill (2)
snd-conv)

hence ac: (a,¢) € ars and a-eq: a = « using alb unfolding lab-eq by auto

from tau sigma have fi: fst T = a A fst 0 = a A lst T = b A lst 0 = ¢ unfolding
Ist-def by auto
from ab ac obtain d where (b,d) € ars™* and (¢,d) € ars™* using assms(1)
by auto
from this obtain ¢’ 7’ where sigma’ o’ € seq lrs and sigma’l: fst o' = b
and Ist o' = d
and tau’:T’ € seq lrs and fst 7/ = ¢ and Ist 7' = d using
steps-imp-seq unfolding lab by metis
hence d:diagram lrs (fst P, snd P, o', 7') using P A ts fl unfolding lo-
cal-peak-def peak-def diagram-def by auto

have sI:(a,(8,b)# snd ') € seq Irs using <fst o’ = by seq.intros(2)[OF alb
sigma’ by auto

have vv: set (labels ') C ds ((ars™+)7!) {8} using measure[OF lab-eq s1]
by (metis <fst o’ = by surjective-pairing)

have s2:(a,(a,c)# snd 7') € seq Irs using <fst 7/ = ¢ seq.intros(2)[OF alc]
tau’ by auto

hence ww: set (labels 7') C ds ((ars™+)71) {a} using measure[OF lab-eq] 52
by (metis «fst T/ = ¢ surjective-pairing)

from w have i: irrefl ((ars™+)~1) by (metis SN-imp-acyclic acyclic-converse
acyclic-irrefl assms(2) trancl-converse)
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from vv ww have Id: LD’ ((ars™+)7Y) B « (labels ') [] [| (labels /) ] ||
unfolding LD’-def LD-1'-def by auto

have D: D ((ars™+)~1) (labels (fst P)) (labels (snd P)) (labels o) (labels ')
using proposition3-4[OF t i Id] unfolding P sigma tau lst-def labels-def by auto

from d D have DD Irs ((ars™+)~') (fst P, snd P, o', 7) unfolding DD-def
D2-def by auto
thus ?thesis by fast
qed
qged
qged
have LD L ars using lab t w ps unfolding LD-def by fast
thus ?thesis using sound by auto
qed

1.2 Conversion Version
This section follows [2].

auxiliary results on multisets

lemma mul-eq-add-right: (M,M+P) € mul-eq r proof —
have M = M + {#} set-mset {#} C dm r P by auto
thus “thesis unfolding mul-eq-def by fast

qed

lemma mul-add-right: assumes (M,N) € mul r shows (M,N+P) € mul r proof
from assms obtain I J K where M =1 + KN =1+ J set-mset K C dm r J
J # {#} unfolding mul-def by auto

hence b M =1+ KN+ P =1+ (J + P) set-mset K C ds r (set-mset J U
set-mset P) J+P # {#} unfolding dm-def lemma2-6-1-set using union-assoc by
auto

hence set-mset K C ds r (set-mset (J+P )) by auto

thus ?thesis using b unfolding mul-def unfolding dm-def by fast

qed

lemma mul-eq-and-ds-imp-ds:

assumes ¢: trans r and (M,N) € mul-eq r and set-mset N C ds r S

shows set-mset M C ds r S proof —

from assms obtain I J K where a: M =1 + K and N = [ + J and c: set-mset
K C dm r J unfolding mul-eq-def by auto

hence k1:set-mset I C ds r S set-mset J C ds r S using assms by auto

hence ds r (set-mset J) C ds r S using subset-imp-ds-subset|OF t] by auto
thus “thesis using kI a ¢ unfolding dm-def by auto

qed

lemma lemma2-6-2-set: assumes S C T shows ds r S C ds r T using assms
unfolding ds-def by auto
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lemma leg-imp-subseteq: assumes M C# N shows set-mset M C set-mset N
using assms mset-subset-eqD by auto

lemma mul-add-mul-eq-imp-mul: assumes (M,N) € mul r and (P,Q) € mul-eq
r shows (M+P,N+Q) € mul r proof —

from assms(1) obtain I J K where a:M =1 + K N =1 + J set-mset K C dm
rJ J # {#} unfolding mul-def by auto

from assms(2) obtain 12 J2 K2 where b:P = 12 + K2 Q = 12 + J2 set-mset
K2 C dm r J2 unfolding mul-eq-def by auto

have M + P = (I + 12) 4+ (K 4+ K2) using a b union-commute union-assoc by
metis

moreover have N + @ = (I + I2) + (J + J2) using a b union-commute
union-assoc by metis

moreover have set-mset (K + K2) C dm r (J + J2) using a b unfolding
lemma2-6-1-multiset by auto

ultimately show ?thesis using a b unfolding mul-def by fast
qed

labeled conversion

type-synonym (‘a,’b) conv = (‘a x ((bool x 'b x 'a) list))

inductive-set conv :: (‘a,’d) lars = ('a,’d) conv set for ars

where (a,[]) € conv ars
| (a,a,b) € ars = (b,ss) € conv ars = (a,( True,a,b) # ss) € conv ars
| (b,a,a) € ars = (b,ss) € conv ars = (a,(False,a,b) # ss) € conv ars

definition labels-conv :: (‘a,’b) conv = b list
where labels-conv ¢ = map (Aq. (fst (snd q))) (snd c)

definition measure-conv :: 'b rel = (‘a,’b) conv = 'b multiset
where measure-conv r ¢ = lexmaz r (labels-conv c)

fun Ist-conv :: (‘a,’d) conv = 'a
where Ist-conv (s,[]]) = s
| Ist-conv (s,(d,,t) # ss) = Ilst-conv (t,ss)

definition local-diagram! :: ('a,’d) lars = (‘a,’b) seq = ('a,’d) seq = (a,’d) seq
= ('a,’d) seq = ('a,’b) seq = bool

where local-diagraml ars B o 01 02 08 =

(local-peak ars (B,a) AN {oc1,02,03} C seqars Nlst § = fst o1 Nlist ol = fst o2
Alst 02 = fst 03)

definition LDD1 :: ('a,’d) lars = b rel = (‘a,’d) seq = ('a,’d) seq = ('a,’d) seq

= ('a,’d) seq = ('a,’b) seq = bool

where LDDI arsr S a ol 02 08 = (local-diagram1 ars B o 01 02 08 A
LD-1"r (hd (labels B)) (hd (labels a)) (labels o1) (labels 02) (labels 03))

definition LDD :: ('a,’d) lars = 'b rel = ('a,’d) seq x ('a,’d) seq x ('a,’d) seq x
("a,’d) seq x ('a,’d) seq x ('a,’b) seq x ('a,’b) seq x ('a,’d) seq = bool
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where LDD ars rd = (let (B,a,01,02,03,71,72,73) = d in LDD1 ars r 8 a o1
0203 NLDDI arsr o 871 7273 Nlst 03 = Ist 73)

definition local-triangle! :: ('a,’d) lars = ('a,’d) seq = ('a,’d) seq = ('a,’d) conv
= ('a,’b) seq = ('a,’b) conv = bool

where local-triangle! ars B o 01 02 08 =

(local-peak ars (B,a) A 02 € seq ars A {o1,03} C conv ars A lst = fst a1 A
Ist-conv 01 = fst 02 Nlst 02 = fst 03)

definition LT1 :: (‘a,’d) lars = 'b rel = ('a,’d) seq = ('a,’d) seq = (a,’b) conv

= (‘a,’b) seq = ('a,’b) conv = bool

where LT! arsr B o 01 02 03 = (local-trianglel ars f o 01 02 08 A
LD-1"r (hd (labels B)) (hd (labels «)) (labels-conv o 1) (labels o2) (labels-conv

03))

definition LT : (‘a,’d) lars = 'b rel = ('a,’d) seq x ('a,’d) seq x ('a,’b) conv x
("a,’b) seq x ('a,’d) conv x ('a,’b) conv x ('a,’d) seq x ('a,’d) conv = bool
where LT ars rt = (let (B,a,01,02,08,71,72,78) =tin LTl arsr B ol o2
o3 NLT1arsr o B 11 72 73 A lst-conv 03 = lst-conv 73)

lemma conv-taill: assumes conv: (s,(d,a,t)#xs) € conv ars

shows (t,zs) € conv ars and d = (s,a,t) € ars and ~d = (f,«,8) € ars and
Ist-conv (s,(d,c,t)#xs) = Ilst-conv (t,xs) proof —

show (t,xs) € conv ars using assms by (cases) auto

show d = (s,a,t) € ars using assms by (cases) auto

show —d = (t,a,s) € ars using assms by (cases) auto

show Ist-conv (s,(d,a,t)#xs) = lst-conv (t,2s) unfolding Ist-conv.simps by auto
qed

lemma conv-chop: assumes (s,ss1@Qss2) € conv ars shows (s,ss1) € conv ars
(Ist-conv (s,ss1),882) € conv ars proof —
show (s,s81) € conv ars using assms proof (induct ss1 arbitrary: s)

case Nil thus ?case using conv.intros by fast

next

case (Cons t’ ts) from this obtain d o ¢t where dec: t' = (d,a,t) using
prod-cases3 by metis

from Cons have (s, t' # ts Q ss2) € conv ars by auto

hence (¢, ts @ ss2) € conv ars and dI: d = (s,a,t) € ars and d2:~d =
(t,r,8) € ars using conv-taill (1—38) unfolding dec by auto

hence (t, ts) € conv ars using Cons by auto

thus ?case unfolding dec using Cons conv.intros d1 d2 by (cases d) auto
qged
show (lst-conv (s,ss1),882) € conv ars using assms proof (induct ss1 arbitrary:s)

case Nil thus ?case using conv.intros unfolding last.simps by auto
next

case (Cons t’ ts) from this obtain d o ¢t where dec: t' = (d,a,t) using
prod-cases3 by metis

from Cons have (s, t' # ts Q ss2) € conv ars by auto

hence (snd (snd t'), ts Q ss2) € conv ars using conv-taill (1) unfolding dec
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by auto

thus ?case using Cons(1) unfolding dec last.simps by auto
qed
qed

lemma conv-concat-helper:
assumes (s,ls) € conv ars and ss2 € conv ars and Ist-conv (s,ls) = fst ss2
shows (s,isQsnd ss2) € conv ars A (Ist-conv (s,lsQsnd ss2) = lst-conv ss2)
using assms proof (induct ls arbitrary: s ss2 rule:list.induct)

case Nil thus ?case unfolding Ist-def by auto

next

case (Cons z zs) from this obtain d o t where dec: © = (d,«,t) using prod-cases3
by metis

hence tl: (t,xs) € conv ars and d1:d = (s,o,t) € ars and d2: -d = (1,0,9)
€ ars and Ist:lst-conv (t,xs) = fst ss2

using conv-taill Cons(2) Cons(4) by auto

have (t,2sQsnd ss2) € conv ars and Ist: lst-conv (t,xsQsnd ss2) = lst-conv ss2
using Cons(1)[OF tl Cons(3) Ist] by auto

thus ?Zcase using conv.intros d1 d2 unfolding dec Ilst-conv.simps by (cases d)
auto
qed

lemma conv-concat:
assumes ss! € conv ars and ss2 € conv ars and Ist-conv ssl = fst ss2
shows (fst ss1,snd ss1@snd ss2) € conv ars and (Ist-conv (fst ss1,snd ss1@snd
$82) = lst-conv $s2)
proof —
show (fst ss1,snd ss1@snd ss2) € conv ars using conv-concat-helper assms by
force
next
show (Ist-conv (fst ssl,snd ss1@Qsnd ss2) = lst-conv $s2)
using assms surjective-pairing conv-concat-helper by metis
qed

lemma conv-concat-labels:

assumes ssI € conv ars and ss2 € conv ars and set (labels-conv ss1) C S and
set (labels-conv ss2) C T

shows set (labels-conv (fst ss1,snd ss1@Qsnd ss2)) C S U T using assms unfold-
ing labels-conv-def by auto

lemma seq-decompose:

assumes o € seq ars and labels 0 = o1'Qc 2’

shows 3 01 02. ({01,062} C seq ars N o = (fst 01,snd 01Qsnd 02) A lst o1 =
fst a2 Nlst 02 = lst o A labels 01 = o1’ A labels 02 = 02') proof —

obtain s ss where o-dec: 0 = (s,ss) using assms(1) surjective-pairing by metis
show ?thesis using assms unfolding o-dec proof (induct ss arbitrary: s o1’ o2’
rule:list.induct)

case Nil thus ?case unfolding labels-def Ist-def by auto

next
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case (Cons z zs)
have step: (s,z) € ars and z:(snd z,xs) € seq ars using seq-taill [OF Cons(2)]
surjective-pairing by auto
hence steps: (s,[z]) € seq ars by (metis Cons(2) append-Cons append-Nil seq-chop(1))
from Cons(3) have a:fst z#labels (snd z,2s) = o1'Qo2’ unfolding labels-def
snd-conv by auto
show ?case proof (cases o1'=[])
case True
from a True obtain [ Is where o2’-dec: 02’ = l#ls and yI:fst z = | and
y2:labels (snd z,zs) = [|Qls by auto
obtain o1 02 where ih: 01 € seq ars 02 € seq ars (snd x, xs) = (fst o1, snd
ol @ snd 02) Ist 01 = fst 02
labels 01 =[] labels 02 = Is using Cons(1)[OF z y2] by blast
hence c:fst (snd z,zs) = fst o1 by auto

have 1: 01 = (snd x,[]) using ih unfolding labels-def apply auto by (metis
surjective-pairing)

hence 2: snd x = fst 01 xs = snd 02 using ih by auto

have 3: snd x = fst 02 using ih 1 unfolding Ist-def by auto

have 02 = (snd z,xs) using z 1 2 3 surjective-pairing by metis

hence l:ist (s, [z]) = fst 02 unfolding Ist-def by auto

have m:{(s,[]), (s,2# snd 02)} C seq ars (is {901,702} C -) using seq.intros(1)
seg-concat(1)[OF steps - ] ih by auto

moreover have (s, x # zs) = (fst %01, snd %01 Q snd %02) using m 2 by
auto

moreover have Ist 01 = fst 702 using m unfolding Ist-def by auto

moreover have Ist %02 = Ist (s,z#zs) unfolding Isi-def using 2 & by auto

moreover have labels (s,]]) = o1’ unfolding labels-def using True by auto

moreover have labels %02 = 02’ using ih yI unfolding o2 ’-dec labels-def by
auto

ultimately show ¢thesis by metis

next

case Fulse from False obtain [ Is where o1 ’-dec:ol’ = I#1s using list.ezhaust
by auto

hence yI:fst x = | and y2:labels (snd z,2s) = Is @ o2’ using a by auto

obtain o1 02 where ih: 01 € seq ars 02 € seq ars (snd x, zs) = (fst o1, snd
ol Q snd 02)

Ist 01 = fst 02 1st 02 = Ist (snd x, xs) labels o1 = Is labels 02 = 02’ using

Cons(1)[OF z y2] by blast

hence {(s,z# snd 01),02} C seq ars (is { %01,-} C seq ars) using seq-concat(1)[OF
steps] ih unfolding Ist-def by auto

moreover have (s,x#xs) = (fst %01,snd %01Qsnd 02) using ih by auto

moreover have Ist %01 = fst 02 using ih unfolding Ist-def by auto

moreover have lst 02 = Ist (s,  # xs) using ih unfolding Ist-def by auto

moreover have labels 201 = o1’ using ih 01’-dec y1 unfolding labels-def by
auto

moreover have labels 02 = 02’ using ih by auto

ultimately show ?thesis by blast

qed
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qged
qed

lemma seq-imp-conv:
assumes (s,88) € seq ars
shows (s,map (Astep. (True,step)) ss) € conv ars N
Ist-conv (s,map (Astep.(True,step)) ss) = lst (s,s8) A
labels (s,ss) = labels-conv (s,map (Astep.(True,step)) ss)
using assms proof (induct ss arbitrary: s rule:list.induct )
case Nil show ?case unfolding Ist-def labels-def labels-conv-def apply auto
using conv.intros by fast
next
case (Cons t’ ts) have t’-dec: t' = (fst t/,snd t’) using surjective-pairing by auto
have step: (s,fst t',snd t') € ars and z:(snd t',ts) € seq ars using seg-taill [OF
Cons(2)] by auto
have y1:(snd t’, map (Pair True) ts) € conv ars and
y2: Ist (snd t’, ts) = Ist-conv (snd t’, map (Pair True) ts) and
y3: labels (snd t', ts) = labels-conv (snd t', map (Pair True) ts) using
Cons(1)[OF z] by auto
have k: (s,(True,fst t',snd t")#map (Pair True) ts) € conv ars using step yl
conv.intros by fast
moreover have Ist (s,(fst t',snd t')#ts) = Ilst-conv (s, map (Pair True) ((fst
t’,snd t")#ts)) using y2 unfolding list.map Ilst-def Ist-conv.simps by auto
moreover have labels (s,(fst t',snd t')#ts) = labels-conv (s,map (Pair True) ((fst
t’,snd t')#ts)) using y3 unfolding list.map labels-def labels-conv-def by auto
ultimately show “case by auto
qged

fun conv-mirror :: (‘a,’b) conv = ('a,’d) conv
where conv-mirror o = (let (s,ss) = o in case ss of
= (s,89)
| z#as = let (d,a,t) = z in
(fst (conv-mirror (t,xzs)),snd (conv-mirror (t,zs))Q[(—d,a,s)]))

lemma conv-mirror: assumes o € conv ars
shows conv-mirror o € conv ars A
set (labels-conv (conv-mirror o)) = set (labels-conv o) A
fst o = lst-conv (conv-mirror o) A
Ist-conv o = fst (conv-mirror o) proof —
from assms obtain s ss where o-dec: o = (s,ss) using surjective-pairing by
metis
show ?thesis using assms unfolding o-dec proof (induct ss arbitrary:s rule:list.induct)
case Nil thus ?case using conv.intros conv-mirror.simps by auto
next
case (Cons t’ ts) from this obtain d « ¢ where t'-dec: t' = (d,a,t) by (metis
prod-cases3)
have 1:(¢, ts) € conv ars and 2: d = (s,a,t) € ars and 3: ~d = (t,,8) €
ars and 4:lst-conv (s,t'#ts) = Ist-conv (t,ts)
using Cons(2) conv-taill unfolding t’-dec by auto
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have r: (t,[(—d,a,s)]) € conv ars using 2 3 conv.intros(3)[OF - conv.intros(1)]
conv.intros(2)[OF - conv.intros(1)] by (cases d) auto

have conv-mirror (s,t'#ts) € conv ars using conv-concat[OF - r | Cons(1)[OF
1] t'-dec by auto

moreover have set (labels-conv (conv-mirror (s, t' # ts))) = set (labels-conv
(s, t' # ts)) using Cons(1)[OF 1] unfolding labels-conv-def t’-dec by auto
moreover have fst (s, t’ # ts) = lst-conv (conv-mirror (s, t' # ts)) using t’-dec
Cons(1)[OF 1] conv-concat(2)[OF - r] by auto

moreover have Ist-conv (s, t' # ts) = fst (conv-mirror (s, t’' # ts)) using t’-dec
4 Cons(1)[OF 1] by auto

ultimately show ?case by auto

qged
qed

lemma DD-subset-helper:
assumes t:trans r and (r|7Qc’|, r|7| + r|o| ) € mul-eq r and set-mset (r|T| +
rlo] ) Cdsr S
shows set-mset r|o’| C ds r S proof —

from assms have d: (r|7| + rlo’| —=s dlr (1), r|7| + r|o| ) € mul-eq r unfolding
lemma3-2-2 by auto

from assms have assm:set-mset (r|7| + rlo| ) C ds r S unfolding measure-def
by auto

hence tau:ds r (set-mset r|7| ) C ds r S using subset-imp-ds-subset| OF t] by
auto

have set-mset (r|7| + (r|o’| —=s dlr 7)) C ds r S using mul-eq-and-ds-imp-ds|OF
t d assm] by auto

hence set-mset (rlo’| —s ds r (set 7)) C ds r S unfolding di-def by auto

hence set-mset (r|o’| —s ds r (set 7)) U ds r (set 7) C ds r S using tau by
(metis t dl-def dm-def le-sup-iff lemma3-2-1)

thus ?thesis unfolding diff-def by auto
qed

lemma DD-subset-ds:
assumes t:trans r and DD: DD ars r (1,0,0',7") and set-mset (measure v (7,0))
C ds r S shows set-mset (measure r (o',7')) C ds r S proof —

have d1:(r|labels T Q labels 0’|, r|labels T| + r|labels 0| ) € mul-eq r using DD
unfolding DD-def D2-def D-def by auto

have d2:(r|labels o @Q labels T'|, r|labels o| + r|labels 7| ) € mul-eq r using DD
unfolding DD-def D2-def D-def

by (auto simp: union-commute)

show ?thesis using DD-subset-helper[OF t d1] DD-subset-helper|OF t d2] assms(3)
unfolding measure-def by auto
qed

lemma conv-imp-valley:

assumes t: trans r

and TH: "y . ((y,((s,[a-step]Qo-step),(s,[-step]Qu-step))) € pex r => peak ars y
= Jo’ 7. DD arsr (fsty, snd y, o', 7)) (is ly. ((y,?P) € - = - = -))

and §1 € conv ars
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and set-mset (measure-conv r §1) C dm r M
and (M {#/fst a-step,fst 5-step#}) € mul-eq r
shows 3 o 7. ({o,7} C seq ars A fst o = fst §1 A fst 7 = Ist-conv §1 A lst o =
Ist T A set-mset (measure r (o,7)) € dm r M) proof —
from assms obtain s ss where sigmal: §1 = (s,ss) using surjective-pairing by
metis
show ?thesis using assms(3,4) unfolding sigmal proof (induct ss arbitrary: s
rule:list.induct)
case Nil
hence (s,[]) € seq ars using seq.intros(1) by fast
moreover have set-mset (measure r ((s,[]),(s,]]))) € dm r M unfolding mea-
sure-def labels-def by auto
ultimately show ?case by auto
next
case (Cons t' ts) obtain d § t where dec: t' = (d,5,t) using surjective-pairing
by metis
hence dic: {8} C ds r (set-mset M) using Cons(3) unfolding dec measure-conv-def
labels-conv-def dm-def by auto
have one:ds r {8} C dm r M unfolding dm-def using subset-imp-ds-subset| OF
t dic] by auto
have set-mset (measure-conv r (t,ts) —s ds r {}) C dm r M using Cons(3)
unfolding measure-conv-def labels-conv-def dec by auto
hence set-mset (measure-conv r (t,ts)) € dm r M U ds r {f} unfolding
set-mset-def diff-def by auto
hence ts2: set-mset (measure-conv r (t,ts)) C dm r M using dic one by auto
from Cons(2) have ts: (t,ts) € conv ars unfolding dec using conv-taill (1) by
fast
from Cons(1)[OF ts ts2] obtain o’ 7 where
ih:{o’, 7} C seq ars A fst o' = fst (L,t8) A fst 7 = lst-conv (¢, ts) A lst o' = st
T A set-mset (measure r (¢/,7)) C dm r M by metis
have diff:!lz. © €# r|map fst (snd o')|—sds r {B} = x €# r|map fst (snd o’)|
by simp
show ?case proof (cases d)
case True hence step:(s,0,t) € ars using conv-taill (2) Cons(2) unfolding dec
by auto
have (s,(8,t)# snd o) € seq ars (is %0 € -) using seq.intros(2)[OF step] using
ih(1) by auto
hence {%0,7} C seq ars using ih by auto
moreover have (fst ?0) = fst (s, t' # ts) by auto
moreover have fst T = Ist-conv (s, t’ # ts) using ih unfolding dec Ist-conv.simps
by auto
moreover have Ist %0 = Ist 7 by (metis «(s, (8, t) # snd o) € seq ars» fst-conv
th seq-taill (3) snd-conv surjective-pairing)
moreover have set-mset (measure r (%0,7)) C dm r M using diff ih dic un-
folding measure-def labels-def dm-def by auto
ultimately show #?thesis by blast
next
case Fulse hence step:(t,8,8) € ars using conv-taill (3) Cons(2) unfolding
dec by auto
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hence (1,[(8,5)]) € seq ars using seq.intros by metis
hence p:peak ars ((t,[(8,s)]),0') (is peak ars ?y) using seq.intros unfolding
peak-def using ih by auto
hence mp: set-mset (measure r ?y) C ds r (set-mset M) using ih dic unfolding
measure-def labels-def dm-def
by simp
hence ne: M # {#} using dec dic unfolding dm-def ds-def by auto
hence z:(measure r 2y,M) € mul r using mp unfolding dm-def mul-def apply
auto by (metis add-0)
have ({#fst a-step#}+{F#fst B-step#},measure r ?P) € mul-eq r unfolding
assms(2) measure-def labels-def apply auto
unfolding union-lcomm union-assoc[symmetric] using mul-eq-add-right[where
M={#fst a-step#}+{#fst 5-step#}] unfolding union-assoc by auto
hence (M,measure r ?P) € mul-eq v using assms(5) mul-eq-trans ¢t by (auto
simp: add-mset-commute)
hence w:(?y,?P) € pex r unfolding assms(1) pex-def using mul-and-mul-eg-imp-mul[ OF
t z] by auto
obtain ¢” 7" where DD:DD ars r ((1,[(8,3)]),0',c",7"") using IH[OF w p] by
auto
have sigma: o’ € seq ars fst o'’ = fst (s, t' # ts) lst ¢” = Ist 7"/ using DD
unfolding DD-def diagram-def Ist-def by auto
have tau'": 7" € seq ars and eq: Ist T = fst 7'/ using DD wunfolding DD-def
diagram-def using ih by auto
have tau:(fst 7,snd T Q snd 7'") € seq ars (is ?7'" € -) and Ist 7' = Ist (fst
7,5nd 7@ snd 7'') using seg-concat[OF - tau’’ eq] ih by auto
hence tau2: fst 27" = lst-conv (s,t'#ts) Ist o'’ = Ist ¢r'" using DD ih un-
folding DD-def diagram-def dec Ist-conv.simps by auto
have set-mset (measure r (o',7")) C ds r (set-mset M) using DD-subset-ds[OF
t DD mp] unfolding measure-def by auto
hence set-mset (r|labels o''| + r|labels 7| + (r|labels 7| —s (dl r (labels 7)) ))
C dm r M using ih unfolding measure-def dm-def diff-def by auto
hence fin: set-mset (measure v (¢”,?7""")) C dm r M unfolding measure-def
labels-def apply auto unfolding lemma3-2-2 by auto
show ?thesis using sigma tau tau? fin by blast
qed
qed
qed

lemma labels-multiset: assumes length (labels o) < 1 and set (labels o) C {a}
shows (r|labels o|, {#a#}) € mul-eq r proof (cases snd o)

case Nil hence r|labels o| = {#} unfolding labels-def by auto

thus “thesis unfolding mul-eq-def by auto

next

case (Cons z zs) hence l:length (labels o) = 1 using assms(1) unfolding la-
bels-def by auto

from this have labels o # [| by auto

from this obtain a as where labels 0 = a#tas using neq-Nil-conv by metis
hence leq: labels o = [a] using | by auto

hence set (labels o) = {a} using assms(2) by auto
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hence (r|labels o| ) = {#a#} unfolding leq lexmaz.simps diff-def by auto
thus ?thesis using mul-eg-reflexive by auto
qed

lemma decreasing-imp-local-decreasing:
assumes t:trans v and i:irrefl r and DD: DD ars r (1,0,0',7') and set (labels T)
C ds r {8)
and length (labels o) < 1 and set (labels o) C {a}
shows 301 ¢2 3. (0'=(fst o1,snd c1@Qsnd 02Qsnd 03) A Ist c1=fst 02 N Ist
02 = fst c3 N lst 03 = lst o’
A LD-1"1r 8 « (labels o1) (labels 02) (labels 03))
set (labels ') C ds r ({«,5})
proof —
show 3 01 02 ¢3. (0! = (fst o1,snd c1@Qsnd 02Qsnd c3) A
Ist o1 = fst 02 Nlst 02 = fst 03 Nlst 03 = Ist o' A LD-1"r 8 « (labels
1) (labels 02) (labels 03)) proof —
from DD have c’.c’ € seq ars using assms unfolding DD-def diagram-def by
auto
from DD have z: (r|labels 0’| —s dl r (labels T),r|labels o| ) € mul-eq r unfolding
DD-def D2-def using D-eq(2)[OF t i] by auto
have di r (labels 7) C ds r (ds r {B}) using assms(4) unfolding di-def ds-def
by auto
hence dl r (labels 7) C ds r {} using ds-ds-subseteq-ds|OF t] by auto
hence z:(r|labels 0’| —s ds r {8},r|labels o| ) € mul-eq r using z unfolding
diff-def by (metis diff-def lemma2-6-8 mul-eg-trans t)
hence z:(r|labels o'| —s dl v [B],{#a#}) € mul-eq r using labels-multiset[OF
assms(5,6)] unfolding di-def using mul-eq-trans[OF ¢ x] by auto
obtain o1’ 02’ 03’ where l:labels 0’ = 01'Q(02'Qo3’) and o1'l: set 01’ C
ds r {#} and
o2'l: length 02’ < 1 A set 02’ C {a} and 08'l: set 08’ C ds r {«,[} using
propositions-4-inv-lists|OF t i z] unfolding di-def by auto
obtain o1 023 where 01:01 € seq ars and 023: 023 € seq ars and If1: Ist o1
= fst 023 and If1b: Ist o' = Ist 023 and
o'-eq:o’ = (fst o1,snd 01Qsnd 023) and o 1l:labels 01 = o1’ and [2:labels 023
=02'Qo3’
using seq-decompose|OF o' l] by auto
obtain 02 038 where 0d2:02 € seq ars and 03:03 € seq ars and [f2:lst 02 =
fst 08 and If2b:lst 023 = Ist 03 and
023-eq:0238 = (fst 02,snd 02Qsnd 03) and oc2l: labels 02 = 02’ and o 3l: labels
o3 =03’
using seq-decompose| OF 023 12] by auto
have ¢’ = (fst 01, snd 01 Q snd 02 Q snd 03) using o1 02 03 o’-eq 025-¢q
by auto
moreover have Ist 01 = fst 02 using If] 023-eq by auto
moreover have Ist 02 = fst 03 using [f2 by auto
moreover have Ist 03 = Ist o’ using If1b [f20 by auto
moreover have set (labels 1) C ds r {8} using o1l o1'l by auto
moreover have length (labels 02) < 1 A set (labels 02) C {a} using 02l 02’
by auto
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moreover have set (labels 08) C ds r {«a, 8} using 03l 03'l by auto

ultimately show ¢thesis unfolding LD-1'-def by fast

qed

show set (labels 77) C ds r ({a,B}) proof —

have z:(r|labels 7' —s dl r (labels o),r|labels T| ) € mul-eq r using DD D-eq[OF
t ] unfolding DD-def D2-def by auto

have y:set-mset r|labels 7| C ds r {5} using leg-imp-subseteq[ OF lexmaz-le-multiset| OF
t]] assms(4) by auto

hence set-mset (r|labels 7'|—s ds r (set (labels 0))) C ds r {5} using mul-eq-and-ds-imp-ds[OF
t = y] unfolding dl-def by auto

hence set-mset (r|labels 7'| ) C ds r {8} U ds r (set (labels o)) unfolding
diff-def by auto

hence set-mset (r|labels 7| ) C ds r {a,5} using assms(6) unfolding ds-def
by auto

thus ?thesis using lexmax-set[OF t] by auto

qged
qed

lemma local-decreasing-extended-imp-decreasing:
assumes LTI ars r (s,[S-step]) (s,[a-step]) v1 v2 v3
and t: trans r and i irrefl v
and IH:My . ((y,((s,[B-step]Qu-step),(s,[a-step]|Qp-step))) € pex 1 => peak ars y
= Jo’ 7. DD ars r (fst y, snd y, o', 7)) (is ly. ((y,?P) € - = - = -))
shows 3 01 02 03" v1". ({c1,02,03'v1""} C seq ars A

set (labels o1) C ds r {fst B-step} A length (labels 02) < 1 A set (labels 02) C
{fst a-step} A set (labels 03') C ds r {fst a-step,fst B-step}) A

set (labels v1'"") C ds r {fst a-step,fst 5-step} A

snd [-step = fst o1 Nlst o1 = fst 02 N lst 02 = fst 08’ N lst 08’ = Ist v1'"
A fst y1'" = fst 43
proof —

from assms labels-multiset have s2:(r|labels v2|,{#fst a-step#}) € mul-eq r un-
folding LT1-def local-trianglel-def LD-1"-def labels-def by auto

from assms have y1: v1 € conv ars and v3: v3 € conv ars and v2-1: length
(labels v2) < 1

and y2-s: set (labels v2) C {fst a-step} and v3-s: set (labels-conv v3) C ds r
{fst a-step,fst B-step}

and set (labels-conv v1) C ds r {fst B-step} unfolding LT-def LD'-def LT1-def
LD-1'-def labels-def local-triangle1-def by auto

hence set-mset (measure-conv r v1) C ds r {fst 8-step} unfolding measure-conv-def
using lexmaz-le-multiset[OF t] by (metis set-mset-mset submultiset-implies-subset
subset-trans)

hence v1-s: set-mset (measure-conv r v1) C dm r {#fst S-step#} unfolding
dm-def by auto

have x: ({#/fst B-step#}, {#/fst B-step, fst a-step#}) € mul-eq r using mul-eq-add-right[of
{#-#}] by auto

obtain v1’ ~v1’” where v1" v1’ € seq ars and v1'": v1'" € seq ars and eqx:fst
~v1' = fst v1

and fst v1' = Ist-conv v1 and ~v1'-eq: Ist v1' = Ist v1" and m2: set-mset
(measure r (y1'y1')) C dm r {#fst B-step#}
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using conv-imp-valley[OF t IH v1 ~v1-s z] apply auto by fast
hence Q:peak ars (v1",72) (is peak ars ?Q)) unfolding peak-def using assms(1)
unfolding LT-def LD'-def LT1-def local-triangle1-def by auto
from m2 have ~1's: set (labels v1') C ds r {fst B-step} and v1"'s: set (labels
~v1') C ds r {fst B-step} unfolding measure-def dm-def using lexmaz-set|OF t]
by auto
from m2 have 71'-m:(r|labels v1"| {#fst B-step#}) € mul r unfolding mea-
sure-def mul-def apply auto by (metis dm-def empty-neutral(1) set-mset-single
add-mset-not-empty)
hence y:(r|labels v1"| + r|labels v2|,{#[st a-step#}+{#fst B-step#}) € mul r
using mul-add-mul-eg-imp-mul|OF T1'-m s2] union-commute by metis
have (r|labels v1"| + r|labels v2|, {#fst a-step,fst B-step#} + (r|map fst o-step|—sds
r {fst a-step} + r|map fst v-step|—sds r {fst f-step})) € mul r using mul-add-right[OF
y] by (auto simp: add-mset-commute)
hence ¢:(?Q,?P) € pex r unfolding pez-def measure-def labels-def apply auto
by (metis union-assoc union-commute union-lcomm,)
obtain 1" ¢’ where DD:DD ars r (v1"v2,0'v1"") using IH[OF ¢q Q] by
auto
from DD have ¢”: ¢’ € seq ars and ~v1"":v1"" € seq ars unfolding DD-def
diagram-def by auto
from decreasing-imp-local-decreasing[OF t i DD ~v1'"'s v2-1 v2-s] obtain o1’ 02’
03’ where o’-dec: o' = (fst 01’, snd 01’ @Q snd 02’ @Q snd 03')
and eql: Ist 01’ = fst 02’ Ist 02’ = fst 03’ Ist 03’ = Ist o’
and o1s: set (labels 01") C ds r {fst B-step} and o2l: length (labels 02") < 1
and 02’s: set (labels 02') C {fst a-step} and set (labels 03") C ds r {fst a-step,fst
B-step}
and 038’s: set (labels 03') C ds r {fst a-step,fst 5-step} and ~v1'"s: set (labels
~1"") C ds r {fst a-step,fst B-step} unfolding LD-1'-def by blast
have o’-ds: (fst 01’ snd o1’ Q snd 02’ Q snd 03') € seq ars using o’ o’-dec
by auto
have o101’ € seq ars and tmp: (fst 02’,snd c2'Qsnd c3’) € seq ars using
seq-chop[OF o’-ds] surjective-pairing eql by auto
have 02" 02’ € seq ars and 03" 03’ € seq ars using seq-chop[OF tmp] using
surjective-pairing eql by auto
have eq:lst v1'= fst 01’ using DD ~y1'-eq unfolding DD-def diagram-def apply
auto unfolding o’-dec by auto
have o1: (fst v1',snd v1'Qsnd 01') € seq ars (is %01 € -) and eq0:lst (fst v1’,
snd v1' @ snd o1') = Ist 01’ using seg-concat[|OF ~v1' o1’ eq] by auto
moreover have set (labels 01) C ds r {fst S-step} using o1s v1’s unfolding
labels-def dm-def by auto
moreover have snd [-step = fst %01 using assms(1) unfolding LT1-def lo-
cal-trianglel-def Ist-def o’-dec eqr by auto
moreover have Ist 201 = fst 02’ unfolding eq0 eql by auto
moreover have Ist 03’ = Ist v1'"" unfolding eq! using DD unfolding DD-def
diagram-def by auto
moreover have fst v1'" = fst v3 using DD assms(1) unfolding DD-def dia-
gram-def LT1-def local-trianglel-def by auto
ultimately show ?thesis using o2’ c2's 03’ d8's ~1"" ~v1'"s eql surjec-
tive-pairing o2l by blast
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qed

lemma LDD-imp-DD:
assumes t:trans r and i:irrefl r and LDD ars r (1,0,01,02,08,71,72,783)
shows 3 ¢’ 7. DD ars r (7,0,0",7') proof —

from assms have length (labels o) = 1 unfolding LDD-def LDD1-def local-diagram1-def
local-peak-def unfolding labels-def by auto

from this obtain a where I: labels o = [a] by (metis append-Nil append-butlast-last-id
butlast-conv-take diff-self-eq-0 length-0-conv take-0 zero-neg-one)

hence ol: labels 0 = [hd (labels )] by auto

from assms have length (labels 7) = 1 unfolding LDD-def LDD1-def local-diagram1-def
local-peak-def unfolding labels-def by auto

from this obtain 8 where [: labels T = [3] by (metis append-Nil append-butlast-last-id
butlast-conv-take diff-self-eq-0 length-0-conv take-0 zero-neg-one)

hence 7l: labels 7 = [hd (labels T)] by auto

from assms have o':(fst 01,snd c1Qsnd 02Qsnd 03) € seq ars (is %0’ € -) and
T (fst 71,snd T1Qsnd T2Qsnd T3) € seq ars (is 7' € -)

unfolding LDD-def LDD1-def local-diagram1-def local-peak-def peak-def apply
auto apply (metis fst-eqD seq-concat(1) snd-eqD) by (metis fst-eqD seq-concat(1)
snd-eqD)

from assms have sigmas: fst 20’ = fst o1 Ist %0’ = Ist 03 unfolding LDD-def
LDD1-def local-diagram1-def local-peak-def peak-def apply auto by (metis (opaque-lifting,
no-types) o’ append-assoc seq-chop(1) seq-concat(2) seq-concat-helper)

from assms have taus: fst 27’ = fst 71 Ist 27" = Ist 78 unfolding LDD-def
LDD1-def local-diagram1-def local-peak-def peak-def apply auto by (metis (opaque-lifting,
no-types) 7' append-assoc seq-chop(1) seq-concat(2) seq-concat-helper)

have diagram ars (7,0,%0',27') using assms unfolding LDD-def LDDI1-def lo-
cal-diagram1-def diagram-def local-peak-def apply auto

unfolding peak-def apply auto using sigmas taus o’ 7’ by auto

moreover have D2 r (1,0,% ' ?r') using assms proposition3-4[OF t i] ol 7l
unfolding LDD-def LDD1-def D2-def LD’-def labels-def by auto

ultimately show ?thesis unfolding DD-def by auto
qed

lemma LT-imp-DD:
assumes t:trans r
and i:irrefl v
and IH:My . ((y,((s,[B-step]Qu-step),(s,[a-step]|Qp-step))) € pex 1 => peak ars y
= Jo’ 7. DD ars r (fst y, snd y, o’, 7)) (is ly. ((y,?P) € - = - = -))
and LT: LT ars r ((s,[B-step]),(s,[a-step]),y1,72,73,61,62,089)
shows 3 k u. DD ars r ((s,[B-step]),(s,[a-step]),x,u)
proof —
from LT have LTa: LTI ars r (s,[-step]) (s,[a-step]) v1 v2 3 and LTb:
LT1 ars r (s,[a-step]) (s,[B-step]) 61 §2 63 unfolding LT-def by auto

from local-decreasing-extended-imp-decreasing|OF LTa t i IH] obtain o1 o2
08’ v1"" where sigmas:{c1,02,03'~v1""} C seq ars and

onetwol: set (labels 1) C ds r {fst B-step} A length (labels 02) < 1 A set
(labels 02) C {fst a-step} A
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set (labels 08") C ds r {fst a-step, fst B-step} A set (labels 1) C ds r {fst
a-step,fst B-step} A

snd B-step = fst o1 Nlst o1 = fst 02 Nlst 02 = fst 08’ Nlst 08’ = lst v1'"'
A fst v1'"" = fst v3 by metis

have ih2: Ny. (y, (s, [a-step] @ p-step),(s,[B-step] @ v-step)) € pex 1 => peak
ars y = 3o’ 7. DD ars r (fst y, snd y, o/, ')
using [H unfolding pez-def measure-def by (auto simp: union-commute)

from local-decreasing-extended-imp-decreasing|OF LTb t i th2] obtain 71 72
73" 61" where taus:{71,72,73",61""} C seq ars and

onetwo2: set (labels 71) C ds r {fst a-step} A length (labels T2) < 1 A set
(labels T72) C {fst -step} A

set (labels T87) C ds r {fst B-step,fst a-step} A set (labels §1'"") C ds r {fst
B-step,fst a-step} A

snd a-step = fst 71 Nlst 71 = fst T2 Nlst 72 = fst 78 N lst 78" = Ist 61"
A fst 61" = fst 63 by metis

have v3: 78 € conv ars and y3m:set (labels-conv v8) C ds r {fst a-step,fst
B-step} and
03: 83 € conv ars (is ?c2 € -) and 63m: set (labels-conv §3) C ds r {fst
B-step,fst a-step} and
eq: lst-conv v8 = lst-conv §8 using LT unfolding LT-def LT1-def lo-
cal-trianglel-def LD-1'-def labels-def by auto
hence 05m: set (labels-conv §3) C ds r {fst a-step, fst [3-step} using in-
sert-commute by metis

have §1'": 61" € seq ars using taus by auto
have v1'": v1"" € seq ars using sigmas by auto
have c1: (fst 61" map (Pair True) (snd 61""")) € conv ars (is ?c0 € -)
using seq-imp-conv 01" surjective-pairing by metis
have c11: Ist 61" = Ist-conv ?c0 using seg-imp-conv 61" surjective-pairing
by metis
have c1l: set (labels-conv ?c0) C ds r {fst [3-step,fst a-step} using onetwo2
seq-imp-conv 81" surjective-pairing by metis
hence c1l:set (labels-conv ?¢0) C ds r {fst a-step,fst 5-step} using insert-commute
by metis

have c1: conv-mirror ?c0 € conv ars (is ?cl € -)
set (labels-conv (conv-mirror ?¢0)) C ds r {fst a-step,fst B-step}
fst (conv-mirror 2¢0) = lst 73’
Ist-conv (conv-mirror 2¢0) = fst §3

using conv-mirror[OF c1] c11 c1l c1 onetwo2 by auto

have c2: ?¢c2 € conv ars
set (labels-conv ?¢2) C ds r {fst a-step, fst 5-step}
fst 2c2 = fst 63
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Ist-conv ?c2 = Ist-conv v8 using 03 eq 63m by auto

have conv-mirror v3 € conv ars (is ?¢3 € -) set (labels-conv (conv-mirror v3))
= set (labels-conv v3) using conv-mirror[OF 3] by auto
hence c¢3: ?c3 € conv ars
set (labels-conv ?¢3) C ds r {fst a-step, fst 5-step}
fst 2¢8 = lst-conv 03
Ist-conv 2¢8 = fst yv1'"" using conv-mirror|OF 3] eq onetwol y3m
by auto

have c4: (fst v1"",;map (Pair True) (snd v1'")) € conv ars (is 2c4 € -) set
(labels-conv (fst v1'" ;map (Pair True) (snd v1'"))) = set (labels v1'")
using seq-imp-conv 1’ surjective-pairing apply metis using seq-imp-conv
~1'"" surjective-pairing by metis
have c¢4: ?c/ € conv ars
Ist-conv ?c¢f = Ist v1'"
set (labels-conv ?c¢4) C ds r {fst a-step,fst B-step}
using seq-imp-conv 1" surjective-pairing apply metis using seg-imp-conv
~v1"" surjective-pairing apply metis using c4(2) onetwol by auto

have eq: Ist-conv ?c1 = fst ?c2 using c1 ¢2 by auto

have c12: (fst ?c1,snd ?c1Qsnd ?¢2) € conv ars (is ?c12 € -)

fst (fst 2cl,snd 2c1@Qsnd ?¢2) = fst 2cl lst-conv (fst ?c1,snd ?c1Qsnd ?¢2) =
Ist-conv ?¢2 using conv-concat|OF ¢1(1) c2(1) eq] by auto

have eq: Ist-conv ?c12 = fst ?¢c8 using c12 c¢3 by auto

have c125: (fst ?c12,snd ?c12@Qsnd ?¢83) € conv ars (is 2¢123 € -)

fst (fst 2¢12,snd 2c12@snd ?¢3) = fst ?c¢12 lst-conv (fst ?c12,snd 2c12Qsnd
?c83) = Ist-conv ?c3 using conv-concat[OF c12(1) ¢3(1) eq] by auto

have eq: Ist-conv 7c123 = fst ?c/ using c123 c2 ¢4 onetwol onetwo2 apply
auto unfolding Let-def using ¢3(4) apply auto by metis

have ¢123/: (fst 2c123,snd ?c128Qsnd ?c4) € conv ars (is 2¢1234 € -)

fst (fst 2¢123,snd 2c123Qsnd ?c4) = fst 2123 Ist-conv (fst c123,snd ?¢123Qsnd
?cq) = lst-conv ?c4 using conv-concat[OF c123(1) c4(1) eq] by auto

hence c1234: ?¢123 € conv ars (is 9c1234 € -)

fst (9c1234) = Ist 73" lst-conv ?¢1234 = lst 03’ apply auto unfolding Let-def
using cI(3) apply auto apply metis using c4(2) onetwol by metis

have c12l: set (labels-conv ?c12) C ds r {fst a-step, fst B-step} using conv-concat-labels| OF
c1(1) c2(1)] cI c2 by auto
have c123l: set (labels-conv 2¢128) C ds r {fst a-step,fst 3-step} using
conv-concat-labels|OF ¢12(1) ¢3(1)] ¢12l ¢3 by auto
have c1234l:set (labels-conv ?c1234) C ds r {fst a-step,fst B-step} using
conv-concat-labels|OF ¢123(1) ¢4 (1)] ¢123l ¢4 by auto
hence set-mset (r|labels-conv 2c1234| ) C ds r {fst a-step,fst B-step} using
submultiset-implies-subset[ OF lexmaz-le-multiset| OF t]] by auto
hence set-mset (measure-conv r ?¢1234) C dm r {#fst B-step, fst a-step#}
unfolding measure-conv-def dm-def by (auto simp: add-mset-commute)
hence m: set-mset (measure-conv r 2¢12384) C dm r {#fst a-step, fst B-step#}
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by (auto simp: add-mset-commute)

from c123/ m obtain ¢ where g:p € conv ars and pm:set-mset (measure-conv

r o) C dm r {# fst a-step, fst B-step#}
and eql: fst o = Ist 78’ and eq2: Ist-conv ¢ = Ist 03’ by auto

have M:({#fst a-step,fst B-step#},{F#[st B-step,fst a-step#}) € mul-eq r using
mul-eq-reflexive add-mset-commute by metis

from conv-imp-valley|OF t IH ¢ om M] obtain 73" 3’ where
78":78" € seq ars and 03" 03" € seq ars and eq:fst 73" = fst o A fst 03"’
= Ist-conv o A\ lst 78" = Ist 08" A
set-mset (measure r (13", 08")) C dm r {#fst a-step, fst S-step#} apply
auto by fast
have si: set (labels c3'") C ds r {fst a-step, fst 5-step} using eq un-
folding dm-def measure-def apply auto by (metis (opaque-lifting, no-types) in-
sert-commute lexmaz-set subsetD t)
have s2: set (labels 73") C ds r {fst B-step, fst a-step} using eq un-
folding dm-def measure-def apply auto by (metis (opaque-lifting, no-types) in-
sert-commute lexmaz-set subsetD t)
have o 1-eq: Ist (s, [B-step]) = fst o1 and T1-eq: Ist (s, [a-step]) = fst 71 using
onetwol onetwo?2 surjective-pairing unfolding Ist-def by auto
have eqn: Ist 78" = Ist 03" and o-eq: Ist 03’ = fst 03" and T-eq: Ist T3’ =
fst 78" using eq eql eq2 by auto
have 03":(fst 03',snd 0 3'Qsnd 03"') € seq ars (is %08 € -) using seq-concat|OF
- 03" o-eq| sigmas by blast
have 73" (fst 73',snd 78'Qsnd 73") € seq ars (is 973 € -) using seq-concat| OF
- 78" T-¢q] taus by blast
have fst 03 = Ist 02 and fst 978 = Ist 72 using onetwol onetwo?2 by auto
have Ist:lst 203 = Ist 973 using eqn 03" 03’ o-eq 73" T-eq T3’ seq-chop(1)
seq-concat(2) surjective-pairing by metis
have local-diagram1 ars (s, [B-step]) (s, [a-step]) o1 o2 (fst 08', snd c3' @
snd c3")
using sigmas o3’ onetwol ol-eq LT unfolding local-diagrami-def LT-def
LT1-def local-trianglel-def by auto
moreover have local-diagram1 ars (s,[a-step]) (s,[B-step]) 71 72 (fst 78',snd
T3'Qsnd 73")
using taus 73’ onetwo2 71-eq LT unfolding local-diagram1-def LT-def LT1-def
local-triangle1-def by auto
moreover have LD-1' r (hd (labels (s, [B-step]))) (hd (labels (s, [a-step])))
(labels o 1) (labels 02) (labels (fst 08’, snd 08’ @Q snd 03"))
using onetwol s1 unfolding LD-1'-def labels-def by auto
moreover have LD-1'r (hd (labels (s, [a-step]))) (hd (labels (s, [B-step])))
(labels 71) (labels 72) (labels (fst 73', snd 73’ @Q snd 73"))
using onetwo2 s2 unfolding LD-1'-def labels-def by auto
ultimately have LDD: LDD ars r ((s,|3-step]),(s,[a-step]),01,02,%083,71,72,713)
using Ist unfolding LDD-def LDD1-def local-diagram1-def by auto
from LDD-imp-DD[OF t i LDD] show ?thesis by auto
qed
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lemma LT-imp-D: assumes t:trans r and wf r and V p. (local-peak ars p — (3
v1 42 ~v8 61 62 63. LT ars r (fst p,snd pyy1,72,78,61,62,03)))
and peak ars P shows (3 ¢’ 7'. DD ars r (fst P,snd P,oc’,7)) proof —
have i: irrefl r using assms(1,2) acyclic-irrefl trancl-id wf-acyclic by metis
have wf: wf (pex r) using wf[OF assms(1,2)] .
show ?thesis using assms(4) proof (induct rule:wf-induct-rule]OF wf])
case (1 P)
obtain s 7 o where decompose:P = (7,0) and tau:T € seq ars and sigma:o €
seq ars
and tau-s: fst T = s and sigma-s: fst 0 = s using I unfolding peak-def by
auto
show ?case proof (cases snd 7)
case Nil from mirror-DD[OF assms(1) i trivial-DD[OF sigmal]
show ?thesis using tau-s sigma-s Nil surjective-pairing unfolding decompose
fst-conv snd-conv DD-def by metis
next
case (Cons [3-step v-step)
hence tau-dec: T = (s,[3-step|Qu-step) apply auto using tau-s surjective-pairing
by metis
hence tau2: (s,[3-step|Qu-step) € seq ars using tau by auto
show ?thesis proof (cases snd o)
case Nil from trivial-DD[OF tau)
show ?thesis using tau-s sigma-s Nil surjective-pairing unfolding decompose
fst-conv snd-conv DD-def by metis
next
case (Cons a-step p-step)
hence sigma-dec: o = (s,|a-step]Qp-step) apply auto using sigma-s surjec-
tive-pairing by metis
hence sigma2:(s,[a-step|Qp-step) € seq ars using sigma by auto

have alpha:(s,[a-step]) € seq ars (is 2o € -)
and rho: (Ist (s,[a-step]),o-step) € seq ars (is %0 € -) using seq-chop[OF
sigma2] by auto
hence alpha’: (s,fst a-step, snd a-step) € ars by (metis seq-taill(2))
have beta:(s,[3-step]) € seq ars (is 70 € -)
and upsilon: (Ist (s,[8-step]),v-step) € seq ars (is Zv € -) using seg-chop|OF
tau2] by auto

have Ip:local-peak ars (253, %a) using alpha beta unfolding local-peak-def peak-def
by auto

from this obtain v1 v2 v8 §1 §2 68 where LT: LT ars v (98, %a, v1, 72,
~v8,01, 02, 03) using assms(3) apply auto by metis

have P:P = ((s,[-step|Qu-step),(s,[a-step]@Qp-step)) (is P = ¢P) using de-
compose unfolding tau-dec sigma-dec by auto

obtain k p where D:DD ars r (28, %a,k,u) using LT-imp-DD[OF t i 1(1) LT]
unfolding P by fast
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hence kappa: k€seq ars and mu: p€seq ars unfolding DD-def diagram-def by
auto

have P-IHI: peak ars (%v,k) using upsilon kappa D unfolding DD-def dia-
gram-def peak-def by auto

have beta-ne: labels 28 # [| unfolding labels-def by auto

have dec: D r (labels 28) (labels ?a) (labels k) (labels p) using D unfolding
DD-def D2-def by auto

have z1:((%v,k), (7,%a)) € pex r using lemma3-6[{OF assms(1) beta-ne dec]

unfolding pez-def measure-def decompose labels-def tau-dec apply (auto simp:
add-mset-commute) using union-commute by metis

have (lexmaz r (labels T) + lexmaz r (labels (), lexmaz r (labels T) + lexmax
r (labels o)) € mul-eq v (is (21,%r) € -)

unfolding sigma-dec labels-def snd-conv list.map lexmaz.simps diff-from-empty
by (simp add: lemma2-6-2-a t)

hence ((%,x),P) € per r using z! unfolding sigma-s pex-def measure-def
decompose using mul-and-mul-eq-imp-mul[ OF assms(1)] by auto

from this obtain k' v’ where IH1: DD ars r (%v,s,x"v’) using 1(1)[OF -
P-TH1] unfolding decompose by auto

hence kappa':k'€seq ars and upsilon’: v'€seq ars using D unfolding DD-def
diagram-def by auto

have tau” (fst p,snd pQ(snd v')) € seq ars (is #7’ € -) using seq-concat(1)[OF
mu upsilon’] D IH! unfolding DD-def diagram-def by auto

have DIHI: DD ars r (7,%x,k’, ?1") using lemma3-5-DD[OF assms(1) i D IH1|
tau-dec by auto

hence dec-dih1: D r (labels T) (labels ?a) (labels k') (labels ?7') using DIHI
unfolding DD-def D2-def by simp

have P-TH2: peak ars (?7’,20) using tau’ rho D unfolding DD-def diagram-def
peak-def by auto
have alpha-ne: labels ?a0 # || unfolding labels-def by simp
have ((97/,%0),P) € pex r using lemma3-6-v][OF assms(1) i alpha-ne dec-dih1]
unfolding pez-def measure-def decompose labels-def sigma-dec by auto
from this obtain ¢’ 7'’ where IH2: DD ars r (97/,%0,0',7"') using 1(1)[OF -
P-IH2] by auto
show ?thesis using lemma3-5-DD-v[OF assms(1) ¢ DIH1 IH2] unfolding
decompose fst-conv snd-conv sigma-dec by fast
qed
qed
qed
qed

definition LD-conv :: 'b set = 'a rel = bool

where LD-conv L ars = (3 (r:: ('b rel)) (Irs::(‘a,’d) lars). (ars = unlabel lrs) A
trans v A wf r A (Vp. (local-peak lrs p — (3 v1 v2 v3 61 62 63. LT lrs r (fst
p,snd pyl,v2,78,01,62,03)))))

lemma sound-conv: assumes LD-conv L ars shows CR ars
using assms LT-imp-D D-imp-CR unfolding LD-conv-def by metis
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hide-const (open) D
hide-const (open) seq
hide-const (open) measure

hide-fact (open) split

end
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