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Abstract

We present a formalization of Matiyasevich’s proof of the DPRM
theorem, which states that every recursively enumerable set of natu-
ral numbers is Diophantine. This result from 1970 yields a negative
solution to Hilbert’s 10th problem over the integers. To represent re-
cursively enumerable sets in equations, we implement and arithmetize
register machines. We formalize a general theory of Diophantine sets
and relations to reason about them abstractly. Using several number-
theoretic lemmas, we prove that exponentiation has a Diophantine
representation.
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Overview A previous short paper [2] gives an overview of the formaliza-
tion. In particular, the challenges of implementing the notion of diophan-
tine predicates is discussed and a formal definition of register machines is
described. Another meta-publication [1] recounts our learning experience
throughout this project.

The present formalisation is based on Yuri Matiyasevich’s monograph [5]
which contains a full proof of the DPRM theorem. This result or parts
of its proof have also been formalized in other interactive theorem provers,
notably in Coq [4], Lean [3] and Mizar [7, 6].
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1 Diophantine Equations

theory Parametric-Polynomials
imports Main
abbrevs ++ = + and

—— = — and
% = % and
00 = 0 and

11 =1
begin

1.1 Parametric Polynomials

This section defines parametric polynomials and builds up the infrastruc-
ture to later prove that a given predicate or relation is Diophantine. The
formalization follows [5].

type-synonym assignment = nat = nat

Definition of parametric polynomials with natural number coefficients and
their evaluation function

datatype ppolynomial =
Const nat |
Param nat |
Var nat |
Sum  ppolynomial ppolynomial (infixl <+ 65) |
NatDiff ppolynomial ppolynomial (infixl <—» 65) |
Prod ppolynomial ppolynomial (infixl ¢x» 70)

fun ppeval :: ppolynomial = assignment = assignment = nat where
ppeval (Const ¢) p v = c |
ppeval (Param z) pv=p x|
ppeval (Var z) pv=vux |
ppeval (D1 + D2) p v = (ppeval DI p v) + (ppeval D2 p v) |

ppeval (D1 — D2) p v = (ppeval DI p v) — (ppeval D2 p v) |
ppeval (D1 % D2) p v = (ppeval DI p v) * (ppeval D2 p v)

definition S¢-pp (<- "2> [99] 75) where S¢-pp P = P % P

definition is-dioph-set :: nat set = bool where
is-dioph-set A = (3 P1 P2::ppolynomial. ¥V a. (a € A)
<— (Jv. ppeval P1 (Az. a) v = ppeval P2 (Az.
a) v))

datatype polynomial =
Const nat |
Param nat |
Sum  polynomial polynomial (infixl <[+]» 65) |



NatDiff polynomial polynomial (infixl (—]» 65) |
Prod polynomial polynomial (infixl <[x]» 70)

fun peval :: polynomial = assignment = nat where
peval (Const ¢) p = ¢ |
peval (Param z) p = p z |
peval (Sum D1 D2) p = (peval D1 p) + (peval D2 p) |

peval (NatDiff D1 D2) p = (peval DI p) — (peval D2 p) |
peval (Prod D1 D2) p = (peval D1 p) % (peval D2 p)

definition sq-p :: polynomial = polynomial (<- [72]> [99] 75) where sq¢-p P = P
(] P

definition zero-p :: polynomial (<0y) where zero-p = Const 0
definition one-p :: polynomial (<1») where one-p = Const 1

lemma sg-p-eval: peval (P[72]) p = (peval P p) 2
{proof)

fun convert :: polynomial = ppolynomial where
convert (Const ¢) = (ppolynomial. Const ¢) |
convert (Param z) = (ppolynomial. Param ) |
convert (D1 [+] D2) = (convert D1) 4+ (convert D2) |
convert (D1 [—] D2) = (convert D1) — (convert D2) |
convert (D1 [x] D2) = (convert D1) * (convert D2)

lemma convert-eval: peval P a = ppeval (convert P) a v
(proof)

definition list-eval :: polynomial list = assignment = (nat = nat) where
list-eval PL a = nth (map (Az. peval xz a) PL)

end

1.2 Variable Assignments

The following theory defines manipulations of variable assignments and
proves elementary facts about these. Such preliminary results will later
be necesary to e.g. prove that conjunction is diophantine.

theory Assignments

imports Parametric-Polynomials
begin

definition shift :: nat list = nat = assignment where
shiftla= M. 1! (i + a)

definition push :: assignment = nat = assignment where
push a n i = (if i = 0 then n else a (i—1))



definition push-list :: assignment = nat list = nat = nat where
push-list a ns i = (if i < length ns then (nsli) else a (i — length ns))

lemma push0: push an 0 = n
(proof)

lemma push-list-empty: push-list a [| = a
(proof)

lemma push-list-singleton: push-list a [n] = push a n
{proof)

lemma push-list-eval: i < length ns = push-list a ns i = nsli

(proof)

lemma push-list]: push (push-list a ns) n = push-list a (n # ns)
(proof )

lemma push-list2-auz: (push-list (push a n) ns) i = push-list a (ns Q [n]) i
{proof)

lemma push-list2: (push-list (push a n) ns) = push-list a (ns Q [n])
{proof)

fun pull-param :: ppolynomial = ppolynomial = ppolynomial where
pull-param (ppolynomial. Param 0) repl = repl |
pull-param (ppolynomial. Param (Suc n)) - = (ppolynomial. Param n) |
pull-param (D1 4+ D2) repl = (pull-param D1 repl) + (pull-param D2 repl) |
pull-param (D1 — D2) repl = (pull-param D1 repl) — (pull-param D2 repl) |
pull-param (D1 % D2) repl = (pull-param D1 repl) * (pull-param D2 repl) |
pull-param P repl = P

fun var-set :: ppolynomial = nat set where
var-set (ppolynomial.Const ¢) = {} |
var-set (ppolynomial. Param z) = {} |
var-set (ppolynomial. Var z) = {z} |
var-set (D1 + D2) = var-set D1 U var-set D2 |
var-set (D1 — D2) = var-set D1 U var-set D2 |
var-set (D1 % D2) = var-set D1 U var-set D2

definition disjoint-var :: ppolynomial = ppolynomial = bool where
disjoint-var P @ = (var-set P N var-set Q = {})

named-theorems disjoint-vars

lemma disjoint-var-sym: disjoint-var P Q = disjoint-var Q P



{proof)

lemma disjoint-var-sum/|disjoint-vars]: disjoint-var (P1 + P2) Q = (disjoint-var
P1 Q A disjoint-var P2 Q)
(proof)

lemma disjoint-var-diff |disjoint-vars]: disjoint-var (P1 — P2) Q = (disjoint-var
P1 Q A disjoint-var P2 Q)
(proof )

lemma disjoint-var-prod|disjoint-vars): disjoint-var (P1 % P2) Q = (disjoint-var
P1 Q A disjoint-var P2 Q)
(proof )

lemma auz-var-set:
assumes Vi € var-set P. x i = y i
shows ppeval P a x = ppeval P a y

{proof)

First prove that disjoint variable sets allow the unification into one variable
assignment

definition zip-assignments :: ppolynomial = ppolynomial = assignment = as-
stgnment = assignment
where zip-assignments P Q v w i = (if { € var-set P then v i else w )

lemma help-eval-zip-assignments1:
shows ppeval P1 a (Ai. if i € var-set P1 U var-set P2 then v i else w )
= ppeval P1 a (Ai. if i € var-set P1 then v i else w 1)

{proof)

lemma help-eval-zip-assignments2:
shows ppeval P2 a (Ai. if i € var-set P1 U var-set P2 then v i else w 1)
= ppeval P2 a (\i. if i € var-set P2 then v i else w i)
(proof )

lemma eval-zip-assignmentsl:
fixes v w
assumes disjoint-var P @
defines = = zip-assignments P Q v w
shows ppeval P a v = ppeval P a x

{proof)

lemma eval-zip-assignments2:
fixes v w
assumes disjoint-var P @)
defines ¢ = zip-assignments P Q v w
shows ppeval Q a w = ppeval Q a x

(proof)



lemma zip-assignments-correct:
assumes ppeval P1 a v = ppeval P2 a v and ppeval Q1 a w = ppeval Q2 a w
and disjoint-var (P1 4+ P2) (Q1 + Q2)
defines = = zip-assignments (P1 + P2) (Q1 4+ Q2) v w
shows ppeval P1 a x = ppeval P2 a x and ppeval Q1 a x = ppeval Q2 a x

(proof)

lemma disjoint-var-unifies:
assumes Jvl. ppeval P1 a vl = ppeval P2 a vl and Jv2. ppeval Q1 a v2 =
ppeval Q2 a v2
and disjoint-var (P1 4+ P2) (Q1 + Q2)
shows Fv. ppeval P1 a v = ppeval P2 a v A ppeval Q1 a v = ppeval Q2 a v
(proof)

A function to manipulate variables in ppolynomials

fun push-var :: ppolynomial = nat = ppolynomial where
push-var (ppolynomial. Var x) n = ppolynomial. Var (x + n) |
push-var (D1 + D2) n = push-var DI n 4+ push-var D2 n |
push-var (D1 — D2) n = push-var DI n — push-var D2 n |
push-var (D1 * D2) n = push-var D1 n * push-var D2 n |
push-var D n = D

lemma push-var-bound: x € var-set (push-var P (Suc n)) = = > n
(proof)

definition pull-assignment :: assignment = nat = assignment where
pull-assignment v n = (Az. v (z+n))

lemma push-var-pull-assignment:
shows ppeval (push-var P n) a v = ppeval P a (pull-assignment v n)

{proof)

lemma maz-set: finite A = Vaz€A. x < Mazx A
{proof )

fun push-param :: polynomial = nat = polynomial where
push-param (Const ¢) n = Const ¢ |
push-param (Param z) n = Param (z + n) |
push-param (Sum D1 D2) n = Sum (push-param D1 n) (push-param D2 n) |
push-param (NatDiff D1 D2) n = NatDiff (push-param D1 n) (push-param D2
n) |

push-param (Prod D1 D2) n = Prod (push-param D1 n) (push-param D2 n)

definition push-param-list :: polynomial list = nat = polynomial list where
push-param-list s k = map (Az. push-param z k) s



lemma push-param0: push-param P 0 = P
(proof)

lemma push-push-auz: peval (push-param P (Suc m)) (push a n) = peval (push-param
Pm)a
(proof)

lemma push-push:
shows length ns = n = peval (push-param P n) (push-list a ns) = peval P a

(proof)

lemma push-push-simp:
shows peval (push-param P (length ns)) (push-list a ns) = peval P a
(proof)

lemma push-pushl: peval (push-param P 1) (push a k) = peval P a
(proof )

lemma push-push-map: length ns = n =
list-eval (map (Az. push-param z n) ls) (push-list a ns) = list-eval ls a
(proof)

lemma push-push-map-i: length ns = n = i < length ls =
peval (map (Az. push-param z n) ls | i) (push-list a ns) = list-eval ls a i
(proof )

lemma push-push-map1: i < length ls =
peval (map (Az. push-param z 1) Is ! i) (push a n) = list-eval Is a @

(proof)

end

1.3 Diophantine Relations and Predicates

theory Diophantine-Relations
imports Assignments
begin

datatype relation =
NARY nat list = bool polynomial list
| AND relation relation (infixl <[A]> 35)
| OR relation relation (infixl [V]> 30)
| EXIST-LIST nat relation (x[3-] - 10)

fun eval :: relation = assignment = bool where
eval (NARY R PL) a = R (map (AP. peval P a) PL)
| eval (AND D1 D2) a = (eval DI a A eval D2 a)
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| eval (OR D1 D2) a = (eval D1 a V eval D2 a)
| eval ([3n] D) a = (Fks::nat list. n = length ks A eval D (push-list a ks))

definition is-dioph-rel :: relation = bool where
is-dioph-rel DR = (3 P1 Py::ppolynomial. ¥V a. (eval DR a) <+— (3 v. ppeval Py a
v = ppeval Py a v))

definition UNARY :: (nat = bool) = polynomial = relation where
UNARY R P = NARY (M. R (1!0)) [P]

lemma unary-eval: eval (UNARY R P) a = R (peval P a)
{proof)

definition BINARY :: (nat = nat = bool) = polynomial = polynomial = rela-
tion where
BINARY R Py Py = NARY (AL R (110) (111)) [Py, P

lemma binary-eval: eval (BINARY R Py P3) a = R (peval Py a) (peval Py a)
{proof)

definition TERNARY :: (nat = nat = nat = bool)
= polynomial = polynomial = polynomial = relation where
TERNARY R Py Py P3 = NARY (Al. R (I!0) (I'1) (1'2)) [Py, P2, Ps]

lemma ternary-eval: eval (TERNARY R Py Py P3) a = R (peval Py a) (peval
P5 a) (peval P3 a)
(proof)

definition QUATERNARY :: (nat = nat = nat = nat = bool)
= polynomial = polynomial = polynomial = polynomial =
relation where
QUATERNARY R Py Py P3 Py = NARY (Al. R (I'0) (I'1) (I'2) (I'3)) [Py, P2,
P3; P4]

definition EXIST :: relation = relation (<[3] -» 10) where
(Bl D)= (B1] D)

definition TRUE where TRUE = UNARY ((=) 0) (Const 0)

Bounded constant all quantifier (i.e. recursive conjunction)

fun ALLC-LIST :: nat list = (nat = relation) = relation («[V in -] -») where
[V in [|] DF = TRUE |
[V in (I # Is)] DF = (DF 1 [A] [V inls] DF)

lemma ALLC-LIST-eval-list-all: eval ([V in L] DF) a = list-all (M. eval (DF )

a) L
{proof)
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lemma ALLC-LIST-eval: eval ([V in L] DF) a = (¥ k<length L. eval (DF (Lk))
a)
{proof)

definition ALLC :: nat = (nat = relation) = relation (<[V<-] -») where
V<n] D=1V in [0..<n]] D

lemma ALLC-eval: eval ([V<n] DF) a = (Vk<n. eval (DF k) a)
{proof)

fun concat :: 'a list list = 'a list where
concat [| =[] |
concat (I # ls) = 1 @ concat s

fun splits :: 'a list = nat list = 'a list list where
splits L [| = [] |
splits L (n # ns) = (take n L) # (splits (drop n L) ns)

lemma split-concat:
splits (map f (concat pls)) (map length pls) = map (map f) pls
(proof )

definition LARY :: (nat list list = bool) = (polynomial list list) = relation where
LARY R PLL = NARY (Al. R (splits | (map length PLL))) (concat PLL)

lemma LARY-eval:
fixes PLL :: polynomial list list
shows eval (LARY R PLL) a = R (map (map (AP. peval P a)) PLL)

{proof)

lemma or-dioph:
assumes is-dioph-rel A and is-dioph-rel B
shows is-dioph-rel (A [V] B)

(proof)

lemma exists-disjoint-vars:
fixes Q1 Q2 :: ppolynomial
fixes A :: relation
assumes is-dioph-rel A
shows 3 P1 P2. disjoint-var (P1 + P2) (Q1 4+ Q2)
A (Va. eval A a «+— (Fv. ppeval P1 a v = ppeval P2 a v))
{proof )

lemma and-dioph:
assumes is-dioph-rel A and is-dioph-rel B
shows is-dioph-rel (A [A] B)

(proof)
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definition eq (infix <[=]» 50) where eq Q R = BINARY (=) Q R
definition /¢ (infix ([<]» 50) where It Q R = BINARY (<) Q R
definition le (1nﬁx (<]» 50) where le Q R=Q [<] R[V] Q [=] R
definition g¢ (infix <[>]> 50) where gt Q R = R [<] Q

definition ge (infix <[>]> 50) where ge Q R= Q [>] R[V] Q [=] R

named-theorems defs

lemmas [defs] = zero-p-def one-p-def eq-def lt-def le-def gt-def ge-def LARY-eval
UNARY-def BINARY-def TERNARY-def QUATERNARY-def

ALLC-LIST-eval ALLC-eval

named-theorems dioph
lemmas [dioph] = or-dioph and-dioph

lemma true-dioph[dioph): is-dioph-rel TRUE

{proof )
lemma eg-dioph[dioph): is-dioph-rel (Q [=] R)
{proof)
lemma lt-dioph[dioph]: is-dioph-rel (Q [<] R)
{proof )
definition zero (<[0=] -» [60] 60) where|defs]: zero Q@ = 0 [=] Q
lemma zero-dioph|dioph): is-dioph-rel ([0=] Q)
{proof )

lemma gt-dioph|[dioph]: is-dioph-rel (Q [>] R)
(proof)

lemma le-dioph[dioph]: is-dioph-rel (Q [<] R)
{proof )

lemma ge-dioph[dioph]: is-dioph-rel (Q [>] R)
(proof)
Bounded Constant All Quantifier, dioph rules

lemma ALLC-LIST-dioph|dioph): list-all (is-dioph-rel o DF) L = is-dioph-rel
(IV in L] DF)
(proof)

lemma ALLC-dioph|dioph]: Y i<n. is-dioph-rel (DF i) = is-dioph-rel ([V <n]
DF)
{proof)

end
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1.4 Existential quantification is Diophantine

theory FEuxistential-Quantifier
imports Diophantine-Relations
begin

lemma exist-list-dioph|dioph]:
fixes D
assumes is-dioph-rel D
shows is-dioph-rel ([3n] D)
(proof)

lemma exist-dioph|dioph]:
fixes D
assumes is-dioph-rel D
shows is-dioph-rel ([3] D)
(proof)

lemma exist-eval|defs]:
shows eval ([3] D) a = (3 k. eval D (push a k))

(proof)

end

1.5 Mod is Diophantine

theory Modulo-Divisibility
imports FEzistential-Quantifier
begin

Divisibility is diophantine
definition dvd (<DVD - - 1000) where DVD @ R = (BINARY (dvd) Q R)

lemma dvd-repr:
fixes a b :: nat
shows a dvd b «— (Jz. z *x a = b)

{proof)

lemma dvd-dioph[dioph): is-dioph-rel (DVD Q R)
(proof)

declare dvd-def|[defs]

definition mod (<MOD - - -» 1000)
where MOD A B C = (TERNARY (Aa b c. a mod b = c mod b) A B C)
declare mod-def[defs]

lemma mod-repr:
fixes a b ¢ :: nat

14



shows a mod b = ¢ mod b +— (3z y. ¢ + xxb = a + yxb)
{proof)

lemma mod-dioph[dioph]:
fixes A B C
defines D = (MOD A B ()
shows is-dioph-rel D

(proof )

declare mod-def[defs]

end

2 Exponentiation is Diophaninte

2.1 Expressing Exponentiation in terms of the alpha func-
tion

theory FEzxponentiation
imports Complex-Main
begin

locale Fxp-Matrices
begin

2.1.1 2x2 matrices and operations

datatype mat2 = mat (mat-11 : int) (mat-12 : int) (mat-21 : int) (mat-22 : int)
datatype vec2 = vec (vec-1: int) (vec-2: int)

fun mat-plus:: mat2 = mat2 = mat2 where
mat-plus A B = mat (mat-11 A + mat-11 B) (mat-12 A + mat-12 B)
(mat-21 A + mat-21 B) (mat-22 A + mat-22 B)

fun mat-mul:: mat?2 = mat2 = mat2 where
mat-mul A B = mat (mat-11 A * mat-11 B + mat-12 A x mat-21 B)
(mat-11 A * mat-12 B + mat-12 A * mat-22 B)
(mat-21 A x mat-11 B + mat-22 A x mat-21 B)
(mat-21 A x mat-12 B + mat-22 A x mat-22 B)

fun mat-pow:: nat = mat2 = mat2 where
mat-pow 0 - = mat 1 0 0 1 |
mat-pow n A = mat-mul A (mat-pow (n — 1) A)

lemma mat-pow-2[simp]: mat-pow 2 A = mat-mul A A

{proof)

fun mat-det::mat2 = int where
mat-det M = mat-11 M * mat-22 M — mat-12 M * mat-21 M

15



fun mat-scalar-mult::int = mat2 = mat2 where
mat-scalar-mult a M = mat (a x mat-11 M) (a * mat-12 M) (a * mat-21 M) (a
* mat-22 M)

fun mat-minus:: mat2 = mat2 = mat2 where
mat-minus A B = mat (mat-11 A — mat-11 B) (mat-12 A — mat-12 B)
(mat-21 A — mat-21 B) (mat-22 A — mat-22 B)

fun mat-vec-mult:: mat2 = vec2 = vec2 where
mat-vec-mult M v = vec (mat-11 M * vec-1 v + mat-12 M x vec-2 v)
(mat-21 M * vec-1 v + mat-21 M % vec-2 v)

definition ID :: mat2 where ID = mat 1 0 0 1
declare mat-det.simps[simp del]

2.1.2 Properties of 2x2 matrices
lemma mat-neutral-element: mat-mul ID N = N (proof)
lemma mat-associativity: mat-mul (mat-mul D B) C = mat-mul D (mat-mul B

C)
(proof)

lemma mat-exp-law: mat-mul (mat-pow n M) (mat-pow m M) = mat-pow (n+m)
M

{proof)

lemma mat-exp-law-mult: mat-pow (nxm) M = mat-pow n (mat-pow m M) (is
¢P n)
(proof)

lemma det-mult: mat-det (mat-mul M1 M2) = (mat-det M1) * (mat-det M2)
(proof)

2.1.3 Special second-order recurrent sequences

Equation 3.2

fun a:: nat = nat = int where
ab0=20]
ab (Suc0)=1|
alpha-n: o b (Suc (Suc n)) = (int b) * (a b (Suc n)) — (a b n)

Equation 3.3

lemma alpha-strictly-increasing:
shows int b > 2 = abn <ab(Sucn) A0 <ab(Sucn)

(proof)

lemma alpha-strictly-increasing-general:

16



fixes b n m::nat
assumes b > 2 Am > n
showsa bm >a bn

(proof)
Equation 3.4

lemma alpha-superlinear: b > 2 = intn < a bn
(proof)

A simple consequence that’s often useful; could also be generalized to alpha
using alpha linear

lemma alpha-nonnegative:
shows b > 2 — a bn >0

(proof)

Equation 3.5

lemma alpha-linear: « 2n = n
(proof)

Equation 3.6 (modified)
lemma alpha-exponential-1: b > 0 = intb " n < a (b+ 1) (n+1)
(proof)

lemma alpha-exponential-2: int b>2 — a b (n+1) < (int b) (n)

(proof)

2.1.4 First order relation

Equation 3.7 - Definition of A

fun A :: nat = nat = mat2 where

AbO=mat 1001 |

A-n: Abn=mat (ab(n+ 1)) (—(abn)) (abn) (—(abd(n—1)))
Equation 3.9 - Definition of B
fun B :: nat = mat2 where

B b= mat (inth) (—1) 10

declare A.simps[simp del]
declare B.simps[simp del]

Equation 3.8

lemma A-rec: b>2 = A b (Suc n) = mat-mul (A b n) (B b)
{proof)

Equation 3.10

lemma A-pow: b>2 = A b n = mat-pow n (B b)
{proof)
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2.1.5 Characteristic equation

Equation 3.11

lemma A-det: b>2 = mat-det (A bn) = 1
{proof)

Equation 3.12

lemma alpha-det1:

assumes b>2

shows (a b (Sucn))™2 — (int b) * a b (Sucn) *xabn+ (abn) 2 =1
(proof)

Equation 3.12

lemma alpha-det2:
assumes b>2 n>0
shows (a b (n—1))"2 — (int b) *x (a b (n—1) * (abn)) + (abn) 2 =1
(proof)

Equations 3.14 to 3.17

lemma alpha-char-eq:

fixes x y b:: nat

shows (y<zAzxz+yxy=1+bxzxxy) = (Im.inly=abmA int
z = a b (Suc m))
(proof)

lemma alpha-char-eq2:
assumes (z+z + yxy = 1 + b *x z x y) b>2
shows (In.intx =a bn)

(proof)

2.1.6 Divisibility properties

The following lemmas are needed in the proof of equation 3.25

lemma representation:
fixes k m :: nat
assumes k > 0n = m mod k| = (m—n)div k
shows m = n+kxl A 0<n A n<k—1 (proof)

lemma div-8251:

fixes b k m:: nat

assumes b>2 and k>0

defines n = m mod k

defines | = (m—n) div k

shows A b m = mat-mul (A b n) (mat-pow ! (A b k))
(proof)

lemma div-3252:
fixes a b cdm:: int and [ :: nat
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defines M = mat a b c d

assumes mat-21 M mod m = 0

shows (mat-21 (mat-pow I M)) mod m = 0 (is ?P )
{proof)

lemma div-3253:

fixes a b ¢ d m:: int and [ :: nat

defines M = mata b cd

assumes mat-21 M mod m = 0

shows ((mat-11 (mat-pow I M)) — a”l) mod m = 0 (is ?P I)
(proof)

Equation 3.25

lemma divisibility-lemmal :
fixes b k m:: nat
assumes b>2 and k>0
defines n = m mod k
defines | = (m—n) div k
shows a bmmod abk=abnx* (ab(k+1)) “Imod a bk
(proof )

Prerequisite lemma for 3.27

lemma div-coprime:
assumes b>2n > 0
shows coprime (o b k) (a b (k+1)) (is 7P)
(proof)

Equation 3.27

lemma divisibility-lemma2:
fixes b k m:: nat
assumes b>2 and k>0
defines n = m mod k
defines | = (m—n) div k
assumes o b k dvd o b m
shows a b k dvd o b n

(proof)

Equation 3.23 - main result of this section

theorem divisibility-alpha:
assumes b>2 and k>0
shows a b k dvd o b m +— k dvd m (is ?P «— ?Q)

{(proof)

2.1.7 Divisibility properties (continued)

Equation 3.28 - main result of this section

lemma divisibility-equations:
assumes 0: m = kxl and b>2 m>0
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shows A b m = mat-pow | (mat-minus (mat-scalar-mult (« b k) (B b))
(mat-scalar-mult (o b (k—1)) ID))
(proof)

lemma divisibility-cong:

fixes e f :: int

fixes [ :: nat

fixes M :: mat?2

assumes mat-22 M = 0 mat-21 M = 1

shows (mat-21 (mat-pow | (mat-minus (mat-scalar-mult e M) (mat-scalar-mult
fID)))) mod €72 = (—1) " (I—1)xlxexf (I—1)x(mat-21 M) mod e 2

A mat-22 (mat-pow I (mat-minus (mat-scalar-mult e M) (mat-scalar-mult f

ID))) mod e72 = (—1)71 xf I mod e 2
(is P I A 2Q 1)
(proof)

lemma divisibility-congruence:

assumes m = kxl and b>2 m>0

shows a b m mod (a b k) 2 = ((—1) ({—1)*xlx(a b k)x(a b (k—1)) (I—1)) mod
(e b k)2
(proof)

Main result section 3.5

theorem divisibility-alpha2:

assumes b>2 m>0

shows (a b k) 72 dvd (o b m) «— kx(a b k) dvd m (is ?P +— ?Q)
(proof)

2.1.8 Congruence properties

In this section we will need the inverse matrices of A and B

fun A-inv :: nat = nat = mat2 where
A-inv bn = mat (—a b (n—1)) (a bn) (—a bn) (ab(nt+l))

fun B-inv :: nat = mat2 where
B-invb=mat 01 (—1) b

lemma A-inv-auz: b>2 = n>0 = abnxabn —ab (Sucn) xab(n—
Suc 0) = 1
(proof)

lemma A-inverse[simp]: b>2 = n>0 = mat-mul (A-inv b n) (4 b n) = ID
{proof)

lemma B-inverse[simpl|: mat-mul (B b) (B-inv b) = ID (proof)
declare A-inv.simps B-inv.simps[simp del]

Equation 3.33
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lemma congruence:
assumes bl mod ¢ = b2 mod q
shows a b1 n mod ¢ = o b2 n mod q

(proof )
Equation 3.34

lemma congruence2:

fixes b1 :: nat

assumes b>=2

shows (a b n) mod (b — 2) = n mod (b — 2)
(proof)

lemma congruence-jpos:

fixes b m jl :: nat

assumes b>2 and 2xlxm+j>0

defines n = 2xlxm-+j

shows A b n = mat-mul (mat-pow I (mat-pow 2 (A b m))) (A b j)
(proof)

lemma congruence-inverse: b>2 = mat-pow (n+1) (B-inv b) = A-inv b (n+1)
{proof)

lemma congruence-inverse2:
fixes n b :: nat
assumes b>2
shows mat-mul (mat-pow n (B b)) (mat-pow n (B-inv b)) = mat 1 0 0 1

(proof)

lemma congruence-mult:
fixes m :: nat
assumes b>2

shows n>m ==> mat-pow (nat(int n— int m)) (B b) = mat-mul (mat-pow n
(B b)) (mat-pow m (B-inv b))
(proof)

lemma congruence-jneg:

fixes b m j 1 :: nat

assumes b>2 and 2xlxm > j and j>=1

defines n = nat(int 2xlxm— int j)

shows A b n = mat-mul (mat-pow | (mat-pow 2 (A b m))) (A-inv b j)
(proof)

lemma matriz-congruence:
fixes Y Z :: mat2
fixes b m jl :: nat
assumes b>2
defines X = mat-mul Y Z
defines a = mat-11 Y and b0= mat-12 Y and ¢ = mat-21 Y and d = mat-22

21



Y
defines ¢ = mat-11 Z and f = mat-12 Z and g = mat-21 Z and h = mat-22 7
defines v=a b (m+1) — a b (m—1)
assumes a mod v = al mod v and b0 mod v = b1 mod v and ¢ mod v = ¢l mod
v and d mod v = dI mod v
shows mat-21 X mod v = (cIxe+dIxg) mod v A mat-22 X mod v = (cl*f+
d1xh) mod v (is 2P N ?2Q))
(proof)

3.38

lemma congruence-Abm:

fixes b m n :: nat

assumes b>2

defines v=a b (m+1) — a b (m—1)

shows (mat-21 (mat-pow n (mat-pow 2 (A b m))) mod v = 0 mod v)

A (mat-22 (mat-pow n (mat-pow 2 (A b m))) mod v = ((—1)"n) mod v) (is ¢P
n A ?Q n)
(proof)

3.36 requires two lemmas 361 and 362

lemma 361:

fixes b m jl :: nat

assumes b>2

defines n = 2xlxm + j

defines v=a b (m+1) — a b (m—1)

shows (a b n) mod v = ((—1)"1* a bj) mod v
(proof)

lemma 362:

fixes b m jl :: nat
assumes b>2 and 2xlxm > j and j>=1
defines n = 2xlxm — j
defines v=a b (m+1) — «
shows (a b n) mod v = —((—

(proof)

b (m—1)
)T *xabj) modwv

Equation 3.36

lemma 36:

fixes b m jl:: nat

assumes b>2

assumes (n =2 lsxm+jV(n=2xlxm—FjA2xlsxm>j Nj>1))
defines v=a b (m+1) — a b (m—1)

shows (a bn) modv=abjmodvV (abn) modv=—abjmoduv (proof)

2.1.9 Diophantine definition of a sequence alpha

definition alpha-equations :: nat = nat = nat
= nat = nat = nat = nat = nat = nat = nat = nat =
bool where
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alpha-equations a bec rstuvwzy = (
—341b> 8 A

—342u 2+t 2=1+bxuxtA
— 34382 +1r " 2=14+b*xs*xrA
— 344 r<sA

— 345 u " 2dvd s A

— 346 v+ 21 =(b) xsA

— 3.47 w mod v = b mod v N\

— 3.48 w mod u = 2 mod u A
—349 2 < w A

—350z 724y " 2=14+ wxzxyA
— 35l 2xa<uA
—3522*xa<vA

— 3.53 a mod v = x mod v N\

— 354 2xc<uAN

— 3.55 ¢ mod u = x mod u)

The sufficiency

lemma alpha-equiv-suff:
fixes a b c::nat
assumes dr st u v wzxy. alpha-equations abcrstuvwzy
shows 3 < b A inta= (abc)

(proof)
3.7.2 The necessity

lemma add-mod:
fixes p q :: int
assumes p mod 2 = 0 ¢ mod 2 = 0
shows (p+¢) mod 2 = 0 A (p—q) mod 2 = 0
(proof )

lemma one-odd:

fixes b n :: nat

assumes b>2

shows (@ bn) mod 2 =1V (a b (n+1)) mod 2 = 1
(proof)

lemma oneodd:
fixes b n :: nat
assumes b>2
shows odd (« b n) = True V odd (o b (n+1)) = True
(proof )

lemma cong-solve-nat: a # 0 => Fxz. (a*xz) mod n = (ged a n) mod n
for a n :: nat

{proof)

lemma cong-solve-coprime-nat: coprime (a:nat) (n::nat) = Jz. (axz) mod n =
1 mod n
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{proof)

lemma chinese-remainder-aux-nat:

fixes m1 m2 :: nat

assumes a:coprime ml m2

shows 3061 b2. b1 mod m1 = 1 mod m1 A bl mod m2 = 0 mod m2 A b2 mod
ml = 0 mod m1 A b2 mod m2 = 1 mod m2

(proof)

lemma cong-scalar2-nat: a mod m = b mod m = (kxa) mod m = (kxb) mod m
for a b k :: nat

{proof)

lemma chinese-remainder-nat:
fixes m1 m2 :: nat
assumes a: coprime ml m2
shows Jz. £ mod m1 = ul mod m1 A x mod m2 = u2 mod m2

(proof)

lemma nat-int1: V (w::nat) (u:int).u>0 = (w mod nat v = 2 mod nat u = int
w mod u = 2 mod u)

{proof)

lemma nat-int2: V (w:nat) (b::nat) (viint).u>0 = (w mod nat v = b mod nat
v => int w mod v = int b mod v)

(proof)

lemma lem:
fixes u t::int and b::nat
assumes u~ 2—int bxuxt+t 2=1 u>0 t>0
shows (nat u) "2+ (nat t) "2=14bx(nat u)*(nat t)
(proof )

The necessity

lemma alpha-equiv-nec:
b>3ANa=abc= Irstuvwzy. alpha-equations abcrstuvwzy

(proof)

2.1.10 Exponentiation is Diophantine

Equations 3.80-3.83

lemma 86:

fixes b r and q::int

definesm=bxq— g% q— 1

shows (¢ xab(r+1)—abr)modm= (¢ (r+ 1)) modm
(proof)
This is a more convenient version of (86)

lemma 860:
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fixes b r and q::int
definesm=bxq— g q— 1
shows (g xabr — (intbxabr— ab(Sucr))) modm = (q " r) mod m

(proof)

We modify the equivalence (88) in a similar manner

lemma 88:

fixes b r p q:: nat

defines m = int b x int ¢ — int q x int ¢ — 1

assumes int ¢ r < mand g > 0

shows intp=intq "r+—intp<m AN (¢gxabr—(intbxabr— ab
(Suc 1)) mod m = int p mod m

(proof )

lemma 89:
fixes r p q :: nat
assumes q > 0
defines b = nat (a (¢ + 4) (r+ 1)) +qg*qg+ 2
defines m = int b % int ¢ — int ¢ * int ¢ — 1
shows int ¢ “r < m

(proof)
end

The final equivalence

theorem ezp-alpha:
fixes p q r :: nat
shows p=¢q " r ((g=0ANT=0ANp=1)V
=0AN0<rAp=20)V
>0 A (3bm.
b= Exp-Matricesa (¢ + 4) (r+ 1)+ q¢*xq—+ 2 A
m=bxq—qxqg— 1A
p<mAN
p mod m = ((q * Exp-Matrices.a b r) — (int b x Exp-Matrices.a
br — Ezp-Matrices.a b (r + 1))) mod m)))

(proof)

lemma alpha-equivalence:

fixes a b ¢

shows 3 < b A int a = Exp-Matrices.c b ¢ <— (Irstuwvwzy. BExp-Matrices.alpha-equations
abecrstuvwzy)

(proof)

end

2.2 Diophantine description of alpha function

theory Alpha-Sequence
imports Modulo-Divisibility Exponentiation
begin
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The alpha function is diophantine

definition alpha (\[- = « - -]» 1000)
where [X = o B N] = (TERNARY (Abnz. b > 3 Az = Exp-Matrices.c b n)
BN X)

lemma alpha-dioph[dioph]:
fixes BN X
defines D = [X = a B N]
shows is-dioph-rel D
{proof)

declare alpha-def[defs

end

2.3 Exponentiation is a Diophantine Relation

theory FExponential-Relation
imports Alpha-Sequence Exponentiation
begin

definition exp-equations :: nat = nat = nat = nat = nat = bool where
exp-equations p qr b m = (b = Exp-Matrices.a (¢ + 4) (r+ 1)+ g*xq+ 2 A
m+q2+1=>bxqA
p<mAN
(p + b x Exp-Matrices.a b r) mod m = (q * Exp-Matrices.«
br+
Ezxp-Matrices.a b (r + 1))
mod m)

lemma exp-repr:
fixes p ¢ r :: nat
shows p=q¢r+— (¢g=0Ar=0Ap=1)V
(q=0AN0<TADP=0)V
(¢ > 0 A (3bm :: nat. exp-equations p ¢ v b m))) (is 2P
s 2Q)

(proof)

definition ezp (<[- = - " -]» 1000)
where [Q = R ~ 8] = (TERNARY (Aabc.a=b"¢) QRS)

lemma exp-dioph|dioph]:
fixes P @ R :: polynomial
defines D = [P = Q " R]
shows is-dioph-rel D
(proof)

26



declare ezp-def[defs

end

2.4 Digit function is Diophantine

theory Digit- Function
imports Ezponential-Relation Digit-FExpansions. Bits-Digits
begin

definition digit (<[ - = Digit - - -]» [999] 1000)

where [D = Digit AA K BASE] = (QUATERNARY (AMdakb. b > 1

A d = nth-digit a k b) D AA K BASE)

lemma mod-dioph2[dioph):

fixes A B C

defines D = (MOD A B C)

shows is-dioph-rel D
(proof)

lemma digit-dioph[dioph]:
fixes D A B K :: polynomial
defines DR = [D = Digit A K B|
shows is-dioph-rel DR

(proof)

declare digit-def|defs)

end

2.5 Binomial Coefficient is Diophantine

theory Binomial-Coefficient
imports Digit- Function
begin

lemma bin-coeff-diophantine:
shows ¢ = a choose b <— (Fu.(u = 27(Suc a) A ¢ = nth-digit ((u+1)"a) b u))
(proof)

definition binomial-coefficient («[- = - choose -]> 1000)
where [A = B choose C] = (TERNARY (MAa b c. a = b choose ¢) A B C)

lemma binomial-coefficient-dioph|dioph]:
fixes A B C :: polynomial
defines DR = [C = A choose B]
shows is-dioph-rel DR

(proof)

declare binomial-coefficient-def|defs]
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odd function is diophantine

lemma odd-dioph-repr:
fixes a :: nat
shows odd a «— (3z:nat. a = 2xx + 1)

{proof)

definition odd-lift (<ODD -» [999] 1000)
where ODD A = (UNARY (odd) A)

lemma odd-dioph[dioph]:
fixes A
defines DR = (ODD A)
shows is-dioph-rel DR
(proof)

declare odd-lift-def|[defs]

end

2.6 Binary orthogonality is Diophantine

theory Binary-Orthogonal
imports Binomial-Coefficient Digit- Expansions. Binary-Operations Lucas- Theorem.Lucas-Theorem
begin

lemma equiv-with-lucas: nth-digit = Lucas- Theorem.nth-digit-general
(proof)

lemma Im0241-ortho-binom-equiv:(a L b) +— odd ((a + b) choose b) (is ?P +—
?Q)
(proof)

definition orthogonal (infix <[] 50)
where P [1] Q@ = (BINARY (Aab. a L b) P Q)

lemma orthogonal-dioph|dioph]:
fixes P ()
defines DR = (P [1] @)
shows is-dioph-rel DR

(proof)
declare orthogonal-def|defs]

end

2.7 Binary masking is Diophantine

theory Binary-Masking
imports Binary-Orthogonal
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begin

lemma Im0243-masks-binom-equiv: (b < ¢) <— odd (c choose b) (is ?P +— ?Q)

(proof)

definition masking (<- [X] - 60)
where P [<] Q = (BINARY (Aab. a 2 b) P Q)

lemma masking-dioph[dioph]:
fixes P @
defines DR = (P [<] Q)
shows is-dioph-rel DR
(proof)

declare masking-def|[defs

end

2.8 Binary and is Diophantine

theory Binary-And
imports Binary-Masking Binary-Orthogonal
begin

lemma Im0244: (a && b) < a
(proof )

lemma Im0245: (a && b) = b
{proof)

lemma bitAND-It-left: m && n < m

(proof )
lemma bitAND-lt-right: m && n < n

(proof)

lemmas bitAND-It = bitAND-It-right bitAND-It-left

lemma aurm3-Im0246:
shows bin-carry a b k = bin-carry a b k mod 2

(proof)

lemma auzm2-Im0246:
assumes (Vr< n.(nth-bit a r + nth-bit b r < 1))
shows (nth-bit (a+b) n) = (nth-bit a n + nth-bit b n) mod 2
{proof)

lemma auzmi1-Im0246: a < (a+b) = (¥ n. nth-bit a n + nth-bit bn < 1) (is ¢P
= 7Q)
(proof)
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lemma auz0-Im0246:a < (a+b) —(a+b)in=ajn+bin
(proof)

lemma auxl-Im0246:a<b — (¥ n. nth-bit (b—a) n = nth-bit b n — nth-bit a n)
(proof)

lemma [m0246:(a — (a && b)) L (b — (a && b))
{proof)

lemma aux0-Im0247:(nth-bit a k) * (nth-bit b k) < 1
(proof)

lemma Im0247-masking-equiv:

fixes a b ¢ :: nat

shows (c=a && b)+— (c2aANc=2bA(a—¢c)L(b—2c))(is 9P +— ?Q)
(proof)

definition binary-and (|- = - && -]» 1000)
where [A = B && C] = (TERNARY (MAabc. a=0b&& ¢) A B C)

lemma binary-and-dioph|[dioph):
fixes A B C :: polynomial
defines DR = [A = B && (]
shows is-dioph-rel DR

{proof )

declare binary-and-def|defs]

definition binary-and-attempt :: polynomial = polynomial = polynomial (<- &?
-y) where
A &? B = Const 0

end

3 Register Machines

3.1 Register Machine Specification

theory RegisterMachineSpecification
imports Main
begin

3.1.1 Basic Datatype Definitions

The following specification of register machines is inspired by [8] (see [9] for
the corresponding AFP article).
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type-synonym register = nat
type-synonym tape = register list

type-synonym state = nat
datatype instruction =
isadd: Add (modifies : register) (goes-to : state) |
issub: Sub (modifies : register) (goes-to : state) (goes-to-alt : state) |
ishalt: Halt
where
modifies Halt = 0 |
goes-to-alt (Add - next) = next

type-synonym program = instruction list

type-synonym configuration = (state * tape)

3.1.2 Essential Functions to operate the Register Machine

definition read :: tape = program = state = nat
where read t p s = t ! (modifies (pls))

definition fetch :: state = program = nat = state where
fetch s p v = (if issub (p!s) A v = 0 then goes-to-alt (pls)
else if ishalt (p!s) then s
else goes-to (p!s))

definition update :: tape = instruction = tape where
update t i = (if ishalt i then t
else if isadd i then list-update t (modifies i) (t!(modifies i) + 1)
else list-update t (modifies ©) (if t!(modifies i) = 0 then 0 else
(t!(modifies 7)) — 1))

definition step :: configuration = program = configuration
where
(step ic p) = (let nexts = fetch (fst ic) p (read (snd ic) p (fst ic));
nextt = update (snd ic) (p!(fst ic))
in (nexts, nextt))

fun steps :: configuration = program = nat = configuration
where
steps-zero: (steps ¢ p 0) = ¢
| steps-suc: (steps ¢ p (Suc n)) = (step (steps ¢ p n) p)

3.1.3 Validity Checks and Assumptions

fun instruction-state-check :: nat = instruction = bool
where isc-halt: instruction-state-check - Halt = True
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\ isc-add: instruction-state-check m (Add - ns) = (ns < m)
| isc-sub: instruction-state-check m (Sub - nsl ns2) = ((nsl < m) & (ns2 <

m))

fun instruction-register-check :: nat = instruction = bool
where instruction-register-check - Halt = True
\ instruction-register-check n (Add reg -) = (reg < n)
\ instruction-register-check n (Sub reg - -) = (reg < n)

fun program-state-check :: program = bool
where program-state-check p = list-all (instruction-state-check (length p)) p

fun program-register-check :: program = nat = bool
where program-register-check p n = list-all (instruction-register-check n) p

fun tape-check-initial :: tape = nat = bool
where tape-check-initial t a = (t Z [ A 10 =a N (VI>0.t!11=0))

fun program-includes-halt :: program = bool
where program-includes-halt p = (length p > 1 A ishalt (p ! (length p —1)) A
(Vk<length p—1. = ishalt (plk)))

Is Valid and Terminates

definition is-valid
where is-valid ¢ p = (program-includes-halt p N program-state-check p
A (program-register-check p (length (snd c))))

definition is-valid-initial
where is-valid-initial ¢ p a = ((is-valid ¢ p)
A (tape-check-initial (snd ¢) a)
A (fst ¢ = 0))

definition correct-halt
where correct-halt ¢ p ¢ = (ishalt (p ! (fst (steps ¢ p q))) — halting
A (Vi< (length (snd c)). snd (steps ¢ p q) ! I = 0))

definition terminates :: configuration = program = nat = bool
where terminates ¢ p ¢ = ((¢>0)
A (correct-halt ¢ p q)
A (Va<q. = ishalt (p ! (fst (steps ¢ p x)))))

definition initial-config :: nat = nat = configuration where
ingtial-config n a = (0, (a # replicate n 0))

end
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3.2 Simple Properties of Register Machines

theory RegisterMachineProperties
imports RegisterMachineSpecification
begin

lemma step-commutative: steps (step ¢ p) p t = step (steps ¢ p t) p
(proof )

lemma step-fetch-correct:
fixes ¢ :: nat
and c :: configuration
and p :: program
assumes is-valid ¢ p
defines ct = (steps ¢ p t)
shows fst (steps (step ¢ p) p t) = fetch (fst ct) p (read (snd ct) p (fst ct))

{proof)

3.2.1 From Configurations to a Protocol

Register Values

definition R :: configuration = program = nat = nat = nat
where R cpnt = (snd (stepscpt))!n

fun RL :: configuration = program = nat = nat = nat = nat where
RLcpb0l=((sndc)!l)|
RLcpb(Suct)l=((sndc)!l)+ bx (RL (stepcp)pbdbtl)

lemma RL-simp-aux:
<snd el l4+ b* RL (stepcp)pbtl=
RLcpbtl+ bx (b " txsnd (step (stepscpt)p)! i)
(proof )

declare RL.simps[simp del]
lemma RL-simp:

RL ¢ p b (Suct)l = (snd (stepscp (Suct) 1) «b " (Suct) + (RLcpbtl)
(proof )

State Values
definition S :: configuration = program = nat = nat = nat
where S ¢ p kt = (if (fst (steps ¢ p t) = k) then (Suc 0) else 0)

definition S2 :: configuration = nat = nat
where S2 ¢ k = (if (fst ¢) = k then 1 else 0)

fun SK :: configuration = program = nat = nat = nat = nat
where SK cp b 0k = (S2ck)|
SKcpb (Suct) k=(S2ck)+ bx* (SK (stepcp) pbtk)
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lemma SK-simp-auz:
«SK ¢ p b (Suc (Suc t)) k =
S2 (steps ¢ p (Suc (Suc t))) k* b = Suc (Suct) + SK ¢ p b (Suct) kb
{proof)

declare SK.simps[simp del]
lemma SK-simp:

SKcpb (Suct) k= (52 (steps cp (Suct)) k) « b " (Suct) + (SKcpbtk)
(proof)

Zero-Indicator Values

definition Z : configuration = program = nat = nat = nat where
Zepnt=(if (Rcpnt>0)then I else 0)

definition Z2 :: configuration = nat = nat where
Z2 cn = (if (sndc) ! n > 0then 1 else 0)

fun ZL :: configuration = program = nat = nat = nat = nat
where ZL cp b 01l = (Z2cl) |
ZLcpb (Suct)l=(Z2cl)+ b= (ZL (stepcp) pbtl)

lemma ZL-simp-aux:
Z2cl+bx ZL (stepcp)pbtl=
ZLepbtl+bx* (b7 tx Z2 (step (steps cp t) p) 1)
(proof )

declare ZL.simps[simp del]
lemma ZL-simp:

ZL cp b (Suct)l=(Z2 (steps cp (Suct)) ) « b " (Suct) + (ZL cp b tl)
(proof )

3.2.2 Protocol Properties

lemma Z-bounded: Z cplt < 1
(proof )

lemma S-bounded: Scp kt <1
(proof)

lemma S-unique: ¥ k<length p. (k # fst (stepscpt) — Scpkt = 0)
(proof)

fun cells-bounded :: configuration = program = nat = bool where
cells-bounded conf p ¢ = ((VI<(length (snd conf)). Yt. 27c > R confp 1 t)
AN (Vkt. 27c> Sconfpkt)
AN (Y1t 27c> Zconfplt))
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lemma steps-tape-length-invar: length (snd (steps ¢ p t)) = length (snd c)
{proof)

lemma step-is-valid-invar: is-valid ¢ p = is-valid (step ¢ p) p
(proof )

fun fetch-old
where
(fetch-old p s (Add r neat) -) = next
| (fetch-old p s (Sub r next nextalt) val) = (if val = 0 then nextalt else next)
| (fetch-old p s Halt -) = s

lemma fetch-equiv:
assumes 7 = pls
shows fetch s p v = fetch-old p s i v
(proof )

lemma p-contains: is-valid-initial ic p a = (fst (steps ic p t)) < length p
(proof)

lemma steps-is-valid-invar: is-valid ¢ p => is-valid (steps ¢ p t) p
(proof)

lemma terminates-halt-state: terminates ic p ¢ = is-valid-initial ic p a
= ishalt (p ! (fst (steps ic p q)))
(proof)

lemma R-termination:

fixes [ :: register and ic :: configuration

assumes is-val: is-valid ic p and terminate: terminates ic p ¢ and [: | < length
(snd ic)

shows Vi>q. Ricplt=10
(proof)

lemma terminate-c-exists: is-valid ic p => terminates ic p ¢ = 3 ¢>1. cells-bounded
icpc
(proof)

end

3.3 Simulation of a Register Machine

theory RegisterMachineSimulation
imports RegisterMachineProperties Digit- Expansions. Binary-Operations
begin

definition B :: nat = nat where

(B ¢) = 27(Suc ¢)
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definition RLe cpbqgl= (D>t =0..¢ b t*x Rcplt)
definition SKe cp b gk = (>t =0..q. bt * Scpkt)
definition ZLe cp b ql= (Dt =0..q. bt x Zcplt)

t
t

fun sum-radd :: program = register = (nat = nat) = nat
where sum-radd p | f = (D k = 0..length p—1. if isadd (p'k) A | = modifies
(p'k) then f k else 0)

abbreviation sum-radd-abbrev (<> R+ - - -» [999, 999, 999] 1000)
where (3 R+ p l f) = (sum-radd p 1 f)

fun sum-rsub :: program = register = (nat = nat) = nat
where sum-rsub p I f = Ok = 0..length p—1. if issub (p'k) A | = modifies
(p'k) then f k else 0)

abbreviation sum-rsub-abbrev (<" R— - - -> [999, 999, 999] 1000)
where (3" R— p 1 f) = (sum-rsub p [ f)

fun sum-sadd :: program = state = (nat = nat) = nat
where sum-sadd p d f = (O_k = 0..length p—1. if isadd (p'k) N d = goes-to
(p'k) then f k else 0)

abbreviation sum-sadd-abbrev (<> S+ - - -» [999, 999, 999] 1000)
where (3 S+ p d f) = (sum-sadd p d f)

fun sum-ssub-nzero :: program = state = (nat = nat) = nat
where sum-ssub-nzero p d f = (> k = 0..length p—1. if issub (plk) A d = goes-to
(p'k) then f k else 0)

abbreviation sum-ssub-nzero-abbrev (<> S— - - -» [999, 999, 999] 1000)
where (3" S— p d f) = (sum-ssub-nzero p d f)

fun sum-ssub-zero :: program = state = (nat = nat) = nat
where sum-ssub-zero p d f = Ok = 0..length p—1. if issub (plk) A d =
goes-to-alt (p'k) then [k else 0)

abbreviation sum-ssub-zero-abbrev (<> S0 - - - [999, 999, 999] 1000)
where (3-S50 p d f) = (sum-ssub-zero p d f)

declare sum-radd.simps[simp del]
declare sum-rsub.simps|[simp del]
declare sum-sadd.simps[simp del]
declare sum-ssub-nzero.simps[simp del]
declare sum-ssub-zero.simps[simp del]

Special sum cong lemmas

36



lemma sum-sadd-cong:
assumes Vk. k < length p—1 A isadd (p'k) N 1 = goes-to (plk) — fk =gk
shows Y-S+ plf=> S+plyg
(proof )

lemma sum-ssub-nzero-cong:
assumes Vk. k < length p — 1 A issub (p'k) Nl = goes-to (p'k) — fk =gk
shows > S—plf=>S—plyg
(proof )

lemma sum-ssub-zero-cong:

assumes Vk. k < length p — 1 A issub (p'k) A | = goes-to-alt (p'k) — fk =g
k

shows > S0plf=5 S0plyg

(proof )

lemma sum-radd-cong:
assumes Vk. k < length p — 1 A isadd (p'k) A I = modifies (plk) — fk =gk
shows > R+ plf=> R+ plyg
(proof )

lemma sum-rsub-cong:
assumes Vk. k < length p — 1 A issub (p'k) A | = modifies (plk) — fk =gk
shows > R—plf=> R—plyg
(proof )

Properties and simple lemmas
lemma RLe-equivalent: RL cp b gl = RLecpbaql
(proof)

lemma SKe-equivalent: SK cpb gk = SKecpbqk
(proof)

lemma ZLe-equivalent: ZL cp b ql = ZLecp b ql
(proof)

lemma sum-radd-distrib: a * (3. R+ plf) = O_ R+ pl (Mk. a * fk))
(proof )

lemma sum-rsub-distrib: a x (O R— plf) = (O R—pl (k. a x fk))
{proof)

lemma sum-sadd-distrib: a * (3. S+ pdf)=O_S+pd (M. a* fk)) for a
{proof)

lemma sum-ssub-nzero-distrib: a x (3. S—pdf)=(O_S—pd (M\k. a x fk)) for
a
{proof)
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lemma sum-ssub-zero-distrib: a x (3. S0p df) = (>, S0p d (Ak. a x fk)) for a
{proof)

lemma sum-distrib:
fixes SX :: program = nat = (nat = nat) = nat
and p :: program

assumes SX-simps: Ah. SX paxh = (D k = 0..length p—1. if g  k then h k else
0)

shows SXpahl + SXpaxh2 =SXpax (Ak. h1 k + h2k)
(proof )

lemma sum-commutative:
fixes SX :: program = nat = (nat = nat) = nat
and p :: program

assumes SX-simps: Ah. SX pzh = (> k = 0..length p—1. if g  k then h k else
0)

shows (> t=0..¢::nat. SX p x (\k. [k t))
= (SX pa (M. Y t=0.q. fk 1))
(proof)

lemma sum-radd-commutative: (> t=0..(¢::nat). Y, R+ pl (M\k. fkt)) = (O R+
pl (Ak. > t=0..q. fkt))

(proof)
lemma sum-rsub-commutative: (> t=0..(¢::nat). Y. R—pl (Mk. fkt)) = (O R—
pl (Ak. D> t=0..q. fkt))

(proof)
lemma sum-sadd-commutative: (3 t=0..(¢:nat). > S+ pl (Ak. fkt) = (> S+

pl (Ak. > t=0..q. fkt))
{proof)
lemma sum-ssub-nzero-commutative: (> t=0..(¢::nat). >.S— p I (M. fkt)) =

O-S—pl (Mk. D> t=0..q. fk 1))
(proof)
lemma sum-ssub-zero-commutative: (> t=0..(g::nat). >80 p I (M\k. f k t)) =

(280 p 1 (Ak. SSt=0..q. fk 1))
{proof)

lemma sum-int: ¢ < a + b = int(a + b — ¢) = int(a) + int(d) — int(c)
{proof)

lemma ZLe-bounded: b > 2 = ZLe cp b ql < b ™~ (Suc q)
(proof )

lemma SKe-bounded: b > 2 = SKecp b gk < b~ (Suc q)
(proof )
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lemma mult-to-bitAND:

assumes cells-bounded: cells-bounded ic p ¢
and ¢ > I
and b= B¢

shows (> t=0..q. bt x (Zicplt* Sicpkt))
=ZLeicpbql&& SKeicpbqk
(proof)

lemma sum-bt:
fixes b q :: nat
assumes b > 2
shows (Dt = 0..q. b7t) < b ™~ (Suc q)
(proof)

lemma mult-to-bitAND-state:

assumes cells-bounded: cells-bounded ic p ¢
and c: ¢ > I
and b: b= B¢

shows (3 t=0..q. bt x (1 — Zicplt) x Sicpkt))

=(>t=0..q.b7t) — ZLeicp b ql) && SKeicp b qk
(proof)

end

3.4 Single step relations

3.4.1 Registers

theory SingleStepRegister
imports RegisterMachineSimulation
begin

lemma single-step-add:
fixes c :: configuration
and p :: program
and [ :: register
and ¢ a :: nat

defines cs = fst (steps ¢ p t)

assumes is-val: is-valid-initial ¢ p a
and [: | < length tape

shows (D R+ pl (M. Scpkt))

= (if isadd (ples) A I = modifies (plcs) then 1 else 0)
(proof )
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lemma single-step-sub:
fixes ¢ :: configuration
and p :: program
and [ :: register
and ¢t a :: nat

defines cs = fst (steps ¢ p t)
assumes is-val: is-valid-initial ¢ p a

shows (D"R—pl(MAk. Zepltx Scpkt))
= (if issub (ples) A 1 = modifies (plcs) then Z ¢ p 1t else 0)

(proof)

lemma Im04-06-one-step-relation-register-old:
fixes [::register
and ic::configuration
and p::program

defines s = fst ic
and tape = snd ic

defines m = length p
and tape’ = snd (step ic p)

assumes is-val: is-valid ic p
and I: <l < length tape>

shows (tape'll) = (tapell) + (if isadd (p!s) A I = modifies (pls) then 1 else 0)
— Zicpl 0« (if issub (pls) A I = modifies (p!s) then 1
else 0)
(proof)

lemma Im0/4-06-one-step-relation-register:
fixes [ :: register
and c :: configuration
and p :: program
and ¢ :: nat
and a :: nat

defines r
defines s

assumes is-val: is-valid-initial ¢ p a
and I: | < length (snd c)

shows r 1 (Suct) =rilt+ O R+ pl (k. skt))
—OCR—pl(Mk. (Zeplt)*skt))

40



(proof)

end

3.4.2 States

theory SingleStepState
imports RegisterMachineSimulation
begin

lemma Im0/4-07-one-step-relation-state:
fixes d :: state
and c :: configuration
and p :: program
and ¢ :: nat
and a :: nat

defines r =R cp
defines s = S cp
defines z = Zcp
defines cs = fst (steps ¢ p t)

assumes is-val: is-valid-initial ¢ p a
and d < length p

shows s d (Suct) = (3. S+ pd (k. skt))
+ O 85— p d (Mk. z (modifies (p'k)) t x s k t))
+ (0280 p d (Mk. (1 — 2 (modifies (pk)) t) * s k 1))
+ (if ishalt (ples) A d = cs then Suc 0 else 0)
(proof )

end

3.5 Multiple step relations

3.5.1 Registers

theory MultipleStepRegister
imports SingleStepRegister
begin

lemma Im04-22-multiple-register:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b == B ¢
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and m == length p
and n == length (snd ic)

assumes is-val: is-valid-initial ic p a
assumes c-gt-cells: cells-bounded ic p ¢
assumes [: [ < n

and 0 <

and ¢: ¢ > 0

assumes terminate: terminates ic p q
assumes c: ¢ > |

defines r == RLeicp b q
and z == ZLeicp b q
and s == SKeicp b q

shows rl=0x*1rl

+ox (O R+pls)
—bx O_R—pl Mk 21 && s k))

(proof)

lemma Im04-23-multiple-registerl :
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b == B ¢
and m == length p
and n == length (snd ic)

assumes is-val: is-valid-initial ic p a
assumes c-gt-cells: cells-bounded ic p ¢
assumes [I: [ = 0
and ¢: ¢ > 0
assumes c: ¢ > 1
assumes terminate: terminates ic p q
defines r == RLeicp b q
and z == ZLe ic p b q
and s == SKeicp b q
shows rl=a+ bx*xrl

+hx (X R+ pls)
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—bx O R—pl Mk 21 && s k))
(proof)

end

3.5.2 States

theory MultipleStepState
imports SingleStepState
begin

lemma Im04-24-multiple-step-states:
fixes c :: nat

and [ :: register

and ic :: configuration

and p :: program

and q :: nat

and a :: nat

defines b == B ¢
and m == length p

assumes is-val: is-valid-initial ic p a

assumes c-gt-cells: cells-bounded ic p ¢

assumes d: d < m—1 and 0 < d
and ¢: ¢ > 0

assumes terminate: terminates ic p q
assumes c: ¢ > 1

defines r = RLeicp b q
and z = ZLeicp b q
and s = SKeicp b q
and e= >t =0..q. bt

shows s d =bx* (D S+ pds)

+ bx (O.5— pd (Ak. z (modifies (p'k)) && s k))
(oroof) +bx (D.S0pd (Mk. (e — z (modifies (p'k))) && s k))
Proo

lemma Im04-25-multiple-step-statel :
fixes c :: nat

and [ :: register

and ic :: configuration

and p :: program

and q :: nat

and a :: nat
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defines b == B ¢
and m == length p

assumes is-val: is-valid-initial ic p a
assumes c-gt-cells: cells-bounded ic p ¢
assumes d: d=0

and ¢: ¢ > 0

assumes terminate: terminates ic p q
assumes c: ¢ > I

defines r = RLeicp b q
and z = ZLeicp b q
and s = SKeicp b g
and e= >t = 0..q. bt

shows sd=1+bx DS+ pds)

+bx (38— pd (M. z (modifies (p'k)) && s k))
(oroof + b (>.S0p d (Mk. (e — z (modifies (p'k))) && s k))
Proo

lemma halting-condition-04-27:
fixes c :: nat

and [ :: register

and ic :: configuration

and p :: program

and q :: nat

and a :: nat

defines b == B ¢
and m == length p — 1

assumes is-val: is-valid-initial ic p a
and ¢: ¢ > 0

assumes terminate: terminates ic p q

shows SKeicpbqgm=1>b " gq
(proof)

lemma state-g-bound:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat
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defines b == B ¢
and m == length p — 1

assumes is-val: is-valid-initial ic p a
and ¢: ¢ > 0
and terminate: terminates ic p q
and c: ¢ > 0

assumes k<m

shows SKeicpbqgk <b "¢
(proof )

end

3.6 Masking properties

theory MachineMasking
imports RegisterMachineSimulation ../ Diophantine/Binary-And
begin

definition F :: nat = nat = nat where

(Eqb)=(Xt=0.q b1

lemma e-geom-series:

assumes b > 2

shows (Eqgb=c¢) «— ((b—1)*xe=0b"(Sucq) — 1) (is 2P +— ?20Q)
(proof)

definition D :: nat = nat = nat = nat where
(Dgeb)=00"t=10..¢. (27c—1)*b7t)

lemma d-geom-series:

assumes b = 27 (Suc ¢)

shows (D gcb=4d) «— ((b—1)xd = (2"c— 1) % (b (Suc q) — 1)) (is ?P
— ?2Q)

(proof)

definition F :: nat = nat = nat = nat where
(Fgecb)=0_t=0.q. 27¢c*bt)

lemma f-geom-series:

assumes b = 27 (Suc ¢)

shows (Fgecb=f)«— ((b—1)xf=2"¢cx (b (Sucq) — 1))
(proof)
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lemma auz-lt-implies-mask:
assumes a < 27k
shows Vr>k. ajr =20
(proof )

lemma [t-implies-mask:
fixes a b :: nat
assumes 3k. a < 27k A (Vr<k. nth-bit br = 1)
shows a < b

(proof)

lemma mask-conversed-shift:
fixes a b k :: nat
assumes asm: a < b
shows a x 27k < b*x 27k

(proof)

lemma base-summation-bound:
fixes ¢ ¢q :: nat
and f :: (nat = nat)

defines b: b = B ¢
assumes bound: Vi. ft < 2 7 Suc ¢ — (1::nat)

shows (D"t = 0..q. ft x b"t) < b (Suc q)
(proof)

lemma mask-conserved-sum:
fixes y ¢ q :: nat
and z :: (nat = nat)

defines b: b = B ¢

assumes mask: Vi. xt <y

assumes zlt: Vt. 2t < 2 "¢ — Suc 0
assumes ylt: y < 2 "¢ — Suc 0

shows D t=0..qzt+«b7t) X O t=0..q.y x b'1)
(proof)

lemma auz-powertwo-digits:
fixes k ¢ :: nat
assumes k < ¢
shows nth-bit (27¢) k= 0
(proof)

lemma obtain-digit-rep:
fixes x ¢ :: nat
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shows z && 27c = (D t<Suc c. 27t x (nth-bit z t) * (nth-bit (27¢) t))
(proof)

lemma nth-digit-bitA ND-equiv:

fixes z ¢ :: nat

shows 27¢ x nth-bit © ¢ = (z && 27¢)
(proof)

lemma bitAND-single-digit:
fixes z ¢ :: nat

assumes 2 c <z

assumes z < 2 ~ Suc ¢

shows nth-bit x ¢ = 1

(proof)

lemma auz-bitAND-distrib: 2 x (a && b) = (2 x a) && (2 * b)
{proof)

lemma bitAND-distrib: 27c * (a && b) = (27¢ * a) && (27¢ * b)
(proof)

lemma bitAND-linear-sum:
fixes z y :: nat = nat
and c :: nat
and q :: nat

defines b: b == 2 ~ Suc c

assumes zb: Vi. 2t < 2 " Succ — 1
assumes yb: Vt. yt < 2 " Suc ¢ — 1

shows (D"t =0..q. (xt && yt) = b71)
OCt=0.q ztxb71t)&& Dt =
(proof)

0..q.yt*bt)

lemma dmask-auz0:

fixes z :: nat

assumes = > ()

shows (2 "z — Suc 0) div2 =2 " (x — 1) — Suc 0
(proof)

lemma dmask-auz:

fixes ¢ :: nat

shows d < ¢ = (27¢c — Suc 0) div 2°d = 2 " (¢ — d) — Suc 0
(proof)
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lemma register-cells-masked:
fixes [ :: register
and ¢ :: nat
and ic :: configuration
and p :: program

assumes cells-bounded: cells-bounded ic p ¢
assumes I: | < length (snd ic)

shows Ricplt <2 ¢c— 1
(proof )

lemma Im0/-15-register-masking:
fixes ¢ :: nat
and [ :: register
and ic :: configuration
and p :: program
and ¢ :: nat

defines b == B ¢
defines d == D qc b

assumes cells-bounded: cells-bounded ic p ¢
assumes I: [ < length (snd ic)

defines r == RLeicp b q

shows r [ < d
(proof)

lemma zero-cells-masked:
fixes [ :: register
and ¢ :: nat
and ic :: configuration
and p :: program

assumes [: | < length (snd ic)

shows Zicplt <1
(proof)

lemma Im0/-15-zero-masking:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
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defines b == B ¢
defines e == E ¢ b

assumes cells-bounded: cells-bounded ic p ¢
assumes [: | < length (snd ic)
assumes c: ¢ > 0

defines z == ZLeicp b q

shows 2z [ < e

(proof)

lemma Im04-19-zero-register-relations:
fixes c :: nat
and [ :: register
and ¢ :: nat
and ic :: configuration
and p :: program

assumes cells-bounded: cells-bounded ic p ¢
assumes [: | < length (snd ic)

defines z == Z ic p
defines r == R ic p

shows 2 cx zlt=(rlt+ 27¢c—1)&& 27¢
(proof)

lemma Im04-20-zero-definition:
fixes ¢ :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat

defines b == B ¢
defines f == F qc b
defines d == D gc b

assumes cells-bounded: cells-bounded ic p ¢
assumes [: | < length (snd ic)

assumes c: ¢ > 0

defines z == ZLeicp b q
defines r == RLe ic p b q

shows 2 cx 2zl = (rl+ d) && f
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(proof)

lemma state-mask:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b = B ¢
and m = length p — 1

defines e = E ¢ b

assumes is-val: is-valid-initial ic p a
and q: ¢ > 0
and ¢ > 0

assumes terminate: terminates ic p q
shows SKeicpbqgk < e
(proof)

lemma state-sum-mask:
fixes c :: nat
and [ :: register
and ic :: configuration
and p :: program
and q :: nat
and a :: nat

defines b = B ¢
and m = length p — 1

defines e = F q b

assumes is-val: is-valid-initial ic p a
and ¢: ¢ > 0
and ¢ > 0
and b > 1

assumes M<m
assumes terminate: terminates ic p q

shows (D" k<M. SKeicpbqk) = e
(proof)

end
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4 Arithmetization of Register Machines

4.1 A first definition of the arithmetizing equations

theory MachineEquations
imports MultipleStepRegister MultipleStepState MachineMasking
begin

definition mask-equations :: nat = (register = nat) = (register = nat)
= nat = nat = nat = nat = bool
where (mask-equations nrzc de f) = (Vi<n. (ri) 2 d)
A (Vi<n. (z1) < e)
A Vi<n. 27cx* (z1) = (rl+ d) && f))

definition reg-equations :: program = (register = nat) = (register = nat) =
(state = nat)
= nat = nat = nat = nat = bool where
(reg-equations pr zs b an q) = (
— 422 (VIi>0.l<n—rl=bxrl+bx> R+ pl(\k. sk)— bxY R—p

L ( Mk sk && 2 1))

N —4.23 ( r0=a+bxr 0+ bxy R+ p0 (Mk. sk) — bxd> . R—p 0 (\k. s
k && z 0))

A (Vi<n. rl < b~ q)) — Extra equation not in Matiyasevich’s book. Needed to
show that all registers are empty at time g

definition state-equations :: program = (state = nat) = (register = nat) =
nat = nat = nat = nat = bool where
state-equations p s zb e ¢ m = (
—4.24 (Vd>0.d<m — sd = bxY_ S+ pd (Ak. sk)+ bx>,S—pd (M. sk
&& z (modifies (p'k)))

(p'%)))))
A —4.25 ( sO0=1+bx>.S+p0 (Mk. sk)+ bx>.5—p0 (Mk. sk &&

z (modifies (plk)))

(p'k)))))

AN—427 (sm = b"q)

ANNVE<m.sk=<e A (Vk<m. sk < b~ q) — these equations are not from
the book

ANNVM<m. (D k<M. s k) < e) — this equation is added, too )

+ x> S0 p d (M\k. sk && (e — z (modifies

+ bx> 50p 0 (M\k. s k && (e — z (modifies

definition state-unique-equations :: program = (state=-nat) = nat = nat = bool
where
state-unique-equations p s m e = (O k=0..m. s k) 2 e A (Vk<m. s k < e))
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definition rm-constants :: nat = nat = nat = nat = nat = nat = nat = bool
where
rm-constants g ¢ b d e fa = (
—4.14 (b=B¢)
AN—416 (d =D qcb)
AN —4.18 (e = E g b) — 4.19 left out (compare book)
AN—421 (f =F qcb)
A — extra equation not in the book ¢ > 0
AN—4.26 (a < 27¢) A (¢>0))

definition rm-equations-old :: program = nat = nat = nat = bool where
rm-equations-old p ¢ a n = (
dbcdef:: nat.
3 r z :: register = nat.
3 s :: state = nat.
mask-equations nr z c d e f
A reg-equations p rz s b an q
A state-equations p s z b e g (length p — 1)
A rm-constants ¢ ¢ b d e f a)

end

4.2 Preliminary commutation relations

theory CommutationRelations
imports RegisterMachineSimulation MachineEquations
begin

lemma auz-commute-bitAND-sum:
fixes N C :: nat
and frt :: nat = nat
shows Vi<N.Vj<N.i#j— (Vk. (fct @) j k* (fetj) ik =0)
= O k< N.fetk&& C)= (> k< N. fet k) && C
(proof)

lemma auz-commute-bitA ND-sum-if:
fixes N const :: nat
assumes nocarry: Vi<N.Vj<N. i # j— (Vk (fet i) j k= (fet§) j k= 0)
shows (D" k < N. if cond k then fct k && const else 0)
= Ok < N. if cond k then fet k else 0) && const

(proof)

lemma mod-mod:
fixes z a b :: nat
shows = mod 27a mod 27b = x mod 2 (min a b)

{proof)

lemma carry-gen-pow2-reduct:

52



assumes c¢>0
defines b: b = 2 ~ (Suc ¢)
assumes nth-digit x (t—1) (27Suc ¢) jc= 0
and nth-digit y (t—1) (27Suc ¢) j ¢ = 0
shows k<c¢ = bin-carry (nth-digit © t b) (nth-digit y ¢t b) k
= bin-carry x y (Suc ¢ x t + k)
(proof)

lemma nth-digit-bound:
fixes ¢ defines b = 2 ~ (Suc ¢)
shows nth-digit x t b < 2 ~ (Suc ¢)

{proof)

lemma digit-wise-block-additivity:
fixes ¢
defines b = 2 ~ Suc ¢
assumes nth-digit  (t—1) (27Suc ¢) j ¢ = 0
and nth-digit y (t—1) (27Suc ¢) j c= 0
and k<c
and c>0
shows nth-digit (z+y) t b | k = (nth-digit © t b + nth-digit y t b) | k
(proof)

lemma block-additivity:
assumes ¢ > 0
defines b = 2 ~ Suc ¢

assumes nth-digit x (t—1) bjc= 0
and nth-digit y (t—1) bjc=0
and nth-digit ztbjc=0
and nth-digit yt bjc= 0

shows nth-digit (z+y) t b = nth-digit x t b + nth-digit y t b
(proof)

lemma block-to-sum:
assumes c>(
defines b: b = 2 ~ (Suc ¢)
assumes yltz-digits: Vt'. nth-digit y t' b < nth-digit x t' b
shows y mod bt < z mod bt
(proof)

lemma narry-gen-pow2-reduct:
assumes ¢>(0
defines b: b = 2 ~ (Suc ¢)
assumes yltz-digits: ¥V t'. nth-digit y t' b < nth-digit = t' b
shows k<c¢ = bin-narry (nth-digit = t b) (nth-digit y t b) k
= bin-narry z y (Suc ¢ x t + k)
{proof )
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lemma digit-wise-block-subtractivity:
fixes c
defines b = 2 ~ Suc ¢
assumes yltz-digits: Vt'. nth-digit y t' b < nth-digit x t' b
and k<c
and c¢>0
shows nth-digit (x—y) t b | k = (nth-digit © t b — nth-digit y t b) | k
(proof)

lemma block-subtractivity:
assumes ¢ > 0
defines b = 2 ~ Suc ¢
assumes block-wise-It: V t'. nth-digit y t' b < nth-digit z t' b
shows nth-digit (z—y) t b = nth-digit x t b — nth-digit y t b
(proof)

lemma bitA ND-nth-digit-commute:

assumes b-def: b = 27(Suc c)

shows nth-digit (z && y) t b = nth-digit x t b && nth-digit y t b
(proof)

lemma bz-auz:
shows b>1 = nth-digit (b7z) t' b = (if z=t’ then 1 else 0)
{proof)

context
fixes ¢ b :: nat
assumes b-def: b = 27(Suc ¢)
assumes c-gt0: c¢>0

begin

lemma b-gt1: b>1 (proof)

Commutation relations with sums

lemma finite-sum-nth-digit-commute:
fixes M :: nat
shows Vt. VE<M. nth-digit (fct k) t b < 27¢c =
Vi (O i=0..M. nth-digit (fct i) tb) < 27c =
nth-digit (3 i=0..M. fct i) t b = (O i=0..M. (nth-digit (fct i) t b))
(proof)

lemma sum-nth-digit-commute-aux:
fixes g
defines SX-def: SX = Al m (fct :: nat = nat). (O k = 0..m. if g l k then fet k
else 0)
assumes nocarry: Vt. Vk<M. nth-digit (fct k) t b < 27¢
and nocarry-sum: ¥t. (SX I M (k. nth-digit (fct k) t b)) < 27¢
shows nth-digit (SX | M fct) t b = SX I M (\k. nth-digit (fet k) ¢ b)
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(proof)

lemma sum-nth-digit-commute:
fixes g
defines SX-def: SX = Ap I (fet :: nat = nat). (3 k= 0.lengthp — 1. if gl k
then fet k else 0)
assumes nocarry: Vt. Vk<length p — 1. nth-digit (fet k) t b < 27¢
and nocarry-sum: ¥t. (SX p I (Ak. nth-digit (fet k) t b)) < 27¢
shows nth-digit (SX p I fet) t b = SX p | (\k. nth-digit (fet k) t b)
(proof )

Commute inside, need assumption for all partial sums

lemma finite-sum-nth-digit-commute2:
fixes M :: nat
shows Vt. V<M. nth-digit (fet k) t b < 27c =
Vit. Ym<M. nth-digit (> i=0..m. fcti) tb < 27c =
nth-digit (3 i=0..M. fct i) t b = (O i=0..M. (nth-digit (fct i) t b))

(proof )
lemma sum-nth-digit-commute-aur2:

fixes g

defines SX-def: SX = Al m (fct :: nat = nat). O k = 0..m. if g l k then fet k
else 0)

assumes nocarry: Vt. Vk<M. nth-digit (fct k) t b < 27¢
and nocarry-sum: ¥Yt. Vm<M. nth-digit (SX I m fct) t b < 27¢
shows nth-digit (SX | M fct) t b = SX I M (Ak. nth-digit (fet k) ¢ b)
(proof)

lemma sum-nth-digit-commute2:
fixes g p
defines SX-def: SX = Ap I (fet :: nat = nat). (3 k= 0.lengthp — 1. if glk
then fet k else 0)
assumes nocarry: Vt. Vk<length p — 1. nth-digit (fet k) t b < 27¢
and nocarry-sum: ¥V t. ¥ m<length p — 1. nth-digit (SX (take (Suc m) p) [ fct)
th<2¢
shows nth-digit (SX p I fet) t b = SX p I (\k. nth-digit (fcet k) t b)
(proof)

end

end

4.3 From multiple to single step relations

theory Multiple ToSingleSteps
imports MachineEquations CommutationRelations ../ Diophantine/ Binary-And
begin

This file contains lemmas that are needed to prove the <— direction of con-
clusion4.5 in the file MachineEquationEquivalence. In particular, it is shown
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that single step equations follow from the multiple step relations. The key
idea of Matiyasevich’s proof is to code all register and state values over the
time into one large number. A further central statement in this file shows
that the decoding of these numbers back to the single cell contents is indeed
correct.

context

fixes a :: nat
and ic:: configuration
and p :: program
and q :: nat
and r z :: register = nat
and s :: state = nat
and bcdef: nat
and m n :: nat
and Req Seq Zeq

assumes m-def: m = length p — 1
and n-def: n = length (snd ic)

assumes is-val: is-valid-initial ic p a

assumes m-eq: mask-equations nr zc d e f
and r-eq: reg-equations p r zs b an g
and s-eq: state-equations p s zb e gm
and c-eq: rm-constants ¢ c b de fa

assumes Seq-def: Seq = (Ak t. nth-digit (s k) t b)
and Reg-def: Req = (Al t. nth-digit (r1) t b)
and Zeg-def: Zeq = (Al t. nth-digit (z 1) ¢ b)

begin

Basic properties

lemma n-gt0: n>0
(proof )

lemma f-def: f = (Dt = 0..q. 27c * b"t)
{proof)

lemma e-def: e = (3.t = 0..q. b7¢t)
{proof)

lemma d-def: d = (Dt =0..q. (27c — 1) % b7¥)
{proof)

lemma b-def: b = 27(Suc ¢)

{proof)

lemma b-gt1: b > 1 {proof)
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lemma c-gt0: ¢ > 0 (proof)
lemma h0: 1 < (2::nat) ¢
{proof)

lemma ri-fst-digit-zero:

assumes [ < n

shows nth-digit (rl) tbjc=20
(proof)

lemma e-mask-bound:
assumes ¢ X €
shows nth-digit x t b < 1

(proof)

lemma sk-bound:
shows V't k. k<length p — 1 — nth-digit (s k) t b < 1
(proof)

lemma sk-bitAND-bound:
shows V't k. k<length p — 1 — nth-digit (s k && z k) t b < 1
(proof)

lemma s-bound:
shows Vj<m. sj < b " q
(proof )

lemma sk-sum-masked:
shows VM<m. (D k<M. sk) < e
(proof)

lemma sk-sum-bound:
shows Vit M. M<length p — 1 — nth-digit (> k<M. sk)tb < 1
{proof)

lemma sum-sk-bound:
shows (> k<length p — 1. nth-digit (s k) t b) < 1
(proof)

lemma bitAND-sum-lt: (> k<length p — 1. nth-digit (s k && x k) t b)
< (OCk<length p — 1. Seq k t)
(proof )

lemma states-unique-RAW:
Vk<m. Seqkt=1— (Vji<m.j#k — Seqjt=0)
(proof)
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lemma block-sum-radd-bound:
shows Vt. (3 R+ p I (Ak. nth-digit (s k) ¢t b)) < 1
(proof)

lemma block-sum-rsub-bound:
shows Vt. (3. R— p Il (\k. nth-digit (s k && 2z 1) t b)) < 1
(proof)

lemma block-sum-rsub-special-bound:
shows Vt. (3 R— p I (Ak. nth-digit (s k) ¢t b)) < 1
(proof)

lemma block-sum-sadd-bound:
shows Vi. (3 S+ p j (Ak. nth-digit (s k) t b)) < 1
(proof)

lemma block-sum-ssub-bound:
shows Vt. (30 S— pj (Ak. nth-digit (s k && z (L k)) t b)) < 1
(proof)

lemma block-sum-szero-bound:
shows Vt. (350 p j (Ak. nth-digit (s k && (e — z (1 k))) t b)) < 1
(proof)

lemma sum-radd-nth-digit-commute:
shows nth-digit (D R+ pl (M. sk)) tb=> R+ pl (\k. nth-digit (s k) t b)
(proof)

lemma sum-rsub-nth-digit-commute:
shows nth-digit (3 R— p 1l (M. sk && z1)) t b
= > R— pl (\k. nth-digit (s k && z1) t b)
(proof)

lemma sum-sadd-nth-digit-commute:
shows nth-digit (3. S+ pj (Ak. s k)) t b= >S4+ pj (\k. nth-digit (s k) t b)
(proof)

lemma sum-ssub-nth-digit-commute:
shows nth-digit (3. S— pj (Ak. sk && z (1 k))) ¢
=>"5— pj (Mk. nth-digit (s k && z (1 k)) t )
(proof)

lemma sum-szero-nth-digit-commute:
shows nth-digit (3. S0 pj (Ak. sk && (e — z (1 k)))) ¢
= > 800pj (Ak. nth-digit (s k && (e — z (I k))) t )
(proof)

lemma block-bound-impl-fst-digit-zero:
assumes nth-digit t t b < 1
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shows (nth-digit x t b) j ¢ = 0
{proof)

lemma sum-radd-block-bound:
shows nth-digit (3 R+ p 1 (A\k. sk)) tb < 1
(proof)

lemma sum-radd-fst-digit-zero:
shows (nth-digit (3 R+ pls)tb)jc=0
(proof )

lemma sum-sadd-block-bound:
shows nth-digit (3 S+ pj (Mk. s k)) tb <1
(proof)

lemma sum-sadd-fst-digit-zero:
shows (nth-digit (3 S+ pjs)tb)jc=20
(proof )

lemma sum-ssub-block-bound:
shows nth-digit (3. S—pj (Mk. sk && 2z (k) tb< 1

(proof )

lemma sum-ssub-fst-digit-zero:
shows (nth-digit (> S— pj (Mk. sk && z (1k))) tb)jc=0
(proof )

lemma sum-szero-block-bound:
shows nth-digit (3. S0pj (M\k. sk && (e — z (1 k)))) tb< 1

(proof)
lemma sum-szero-fst-digit-zero:

shows (nth-digit (> S0 pj (Mk. sk && (e — 2z (1 k)))) td) jc=10
(proof)

lemma sum-rsub-special-block-bound:
shows nth-digit (3 R— pl (M\k. sk)) tb <1
(proof)

lemma sum-state-special-block-bound:

shows nth-digit (Y. S+ p j (Ak. s k)

+>80pj Mk sk && (e — 2z (1K) tb< 1

(proof)
lemma sum-state-special-fst-digit-zero:

shows (nth-digit (3. S+ pj (\k. s k)

+ >80 pj (Ak. sk && (e — z (modifies (p'k))))) t b) | ¢

=0

(proof)

Main three redution lemmas: Zero Indicators, Registers, States

lemma Z2:
assumes [<n
shows Zeq It = (if Req 1t > 0 then Suc 0 else 0)
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(proof)

lemma zl-le-rl: I<n — 2z < r [ for [

(proof)

lemma modifies-valid: ¥ k<m. modifies (p'k) < n
(proof)

lemma seq-bound: k < lengthp — 1 = Seq kt < 1
(proof )

lemma skzl-bitA ND-to-mult:

assumes k < length p — 1

assumes | < n

shows nth-digit (z 1) t b && nth-digit (s k) t b = (Zeq 1 t) * Seq k t
(proof)

lemma skzl-bitA ND-to-mult2:
assumes k < length p — 1
assumes Vi < lengthp — 1. 1k <n
shows (1 — nth-digit (2 (1 k)) t b) && nth-digit (s k) t b
= (1 — Zeq (Ik) t) * Seq kt
(proof)

lemma state-equations-digit-commute:
assumes t < gand j < m
defines [ = \k. modifies (p'k)
shows nth-digit (s 7) (Suct) b =
(>°8+ pj (Mk. Seq k t))

+ (O S—pj (Nk. Zeq (Lk) t * Seq k t))

+ (O2S0pj (M. (I — Zeq (1k) t) * Seq k t))
(proof)

lemma auz-nocarry-sk:
assumes t<q
shows i # j — i<m — j<m — nth-digit (s i) t b * nth-digit (sj) t b= 0

(proof)

lemma nocarry-sk:
assumes 7 # j and i<m and j<m
shows (s4) jk*x(sj)ik=20
(proof)

lemma commute-sum-rsub-bitAND: > R— p | (M\k. s k && z1) = >  R— p 1 (\k.
sk)&& 21

(proof)
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lemma sum-rsub-bound: I<n = > R—pl (M\k. sk && z1) <rl+ > R+ pls
(proof)

Obtaining single step register relations from multiple step register relations

lemma mult-to-single-reg:
>0 = I<n = Reql (Suct) = Reqlt + (3. R+ pl (\k. Seq k t))
— OSR—pl (Mk. (Zeqlt) « Seq k t)) for It
(proof )

Obtaining single step state relations from multiple step state relations

lemma mult-to-single-state:
fixes t j :: nat
defines [ = A\k. modifies (p'k)
shows j<m = t<q = Seq j (Suc t) = (3 S+ pj (k. Seq k t))
+ (O°S—pj (Ak. Zeq (L k) t x Seq k t))
+O-S0pj (M. (1 — Zeq (Lk) t) % Seq k t))
(proof)

Conclusion: The central equivalence showing that the cell entries obtained
from r s z indeed coincide with the correct cell values when executing the
register machine. This statement is proven by induction using the single
step relations for Req and Seq as well as the statement for Zeq.

lemma rzs-eq:

I<n = j<m = t<q= Ricplt=ReqltNZicplt=2ZeqltNSicpj
t=Seqjt

(proof)

end
end

4.4 Arithmetizing equations are Diophantine

theory Equation-Setup imports ../ Register-Machine/ Register MachineSpecification
../ Diophantine/ Diophantine- Relations

begin

locale register-machine =
fixes p :: program
and n :: nat
assumes p-nonempty: length p > 0
and wvalid-program: program-register-check p n
assumes n-gt-0: n > 0

begin

definition m :: nat where
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m = length p — 1

lemma modifies-yields-valid-register:
assumes k < length p
shows modifies (p'k) < n

{proof)

end

locale rm-eq-fizes = register-machine +
fixesabcdef: nat
and q :: nat
and r z :: register = nat
and s :: state = nat

end

4.4.1 Preliminary: Register machine sums are Diophantine

theory Register-Machine-Sums imports Diophantine-Relations
../ Register-Machine/ Register MachineSimulation

begin

fun sum-polynomial :: (nat = polynomial) = nat list = polynomial where
sum-polynomial f [| = Const 0 |
sum-polynomial [ (i#idzs) = fi [+] sum-polynomial f idxs

lemma sum-polynomial-eval:
peval (sum-polynomial f idxs) a = (> k=0..<length idxs. peval (f (idzsk)) a)
(proof)

definition sum-program :: program = (nat = polynomial) = polynomial
(«[>>-] - [100, 100] 100) where
- p] f = sum-polynomial f [0..<length p]

lemma sum-program-push: m = length ns = length | = length p =
peval ([>_ p] (\k. if g k then map (Az. push-param x m) [ ! k else h k)) (push-list
a ns)
= peval ([>_p] (k. if gk thenl! kelse hk)) a

(proof)

definition sum-radd-polynomial :: program = register = (nat = polynomial) =
polynomial

(<> R+] - - -») where

DR+ plf =1 p] (Ak. if isadd (p'k) A | = modifies (plk) then fk else Const
0)
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lemma sum-radd-polynomial-eval|defs]:

assumes length p > 0

shows peval (D R+] plf) a= (O R+ pl (Az. peval (fz) a))
(proof)

definition sum-rsub-polynomial :: program = register = (nat = polynomial) =
polynomial

(<[> R-] - - -») where

DoR-]plf=1[>p] (Ak. if issub (p'k) A I = modifies (p'k) then f k else Const
0)

lemma sum-rsub-polynomial-eval[defs]:

assumes length p > 0

shows peval (D R—] plf) a= (> R— pl (Az. peval (f z) a))
(proof)

definition sum-sadd-polynomial :: program = state = (nat = polynomial) =
polynomial

(«>°S+] - - -») where

D>S+] pdf=10>p] (M. if isadd (p'k) A d = goes-to (p'k) then f k else Const
0)

lemma sum-sadd-polynomial-eval|defs]:

assumes length p > 0

shows peval (3. S+] pdf) a= (>.S+ pd (Az. peval (f z) a))
(proof)

definition sum-ssub-nzero-polynomial :: program = state = (nat = polynomial)
= polynomial

(«[>->S-] - - -») where

D>S=]pdf=[>p (Ak. if issub (p'k) A d = goes-to (plk) then f k else Const
0)

lemma sum-ssub-nzero-polynomial-eval|defs]:

assumes length p > 0

shows peval ([>.S=]pdf)a= (35— pd (Az. peval (f z) a))
(proof)

definition sum-ssub-zero-polynomial :: program = state = (nat = polynomial)
= polynomial

(«[>> 80] - - -») where

D2S0lpdf=1[>p] (Ak. if issub (plk) A d = goes-to-alt (plk) then fk else Const
0)

lemma sum-ssub-zero-polynomial-eval|defs]:

assumes length p > 0

shows peval (>80l pdf) a=(>.S0pd (Az. peval (f z) a))
(proof)
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end
theory RM-Sums-Diophantine imports Equation-Setup ../ Diophantine/ Register-Machine-Sums
../ Diophantine/ Binary-And

begin

context register-machine
begin

definition sum-ssub-nzero-of-bit-and :: polynomial = nat = polynomial list =
polynomial list
= relation
(-=>59—-"(- && -')]») where
[x =58— d (s && 2)] = let ' = push-param x (length p);
s’ = push-param-list s (length p);
2" = push-param-list z (length p)
in [Ilength p] [V <length p| (A\i. [Param i = s'i && 2i))
[(A] 2" [=] ([X2 8] p d Param)

lemma sum-ssub-nzero-of-bit-and-dioph|dioph):
fixes s z :: polynomial list and d :: nat and z
shows is-dioph-rel [x = > S— d (s && 2)]
{proof )

lemma sum-rsub-nzero-of-bit-and-eval:
fixes z s :: polynomial list and d :: nat and x :: polynomial
assumes length s = Suc m length z = Suc m length p > 0
shows eval [z =) 85— d (s && 2)] a
> peval x a = Y S— p d (Ak. peval (s'k) a && peval (2!k) a) (is 2P +—
2Q)
(proof )

definition sum-ssub-zero-of-bit-and :: polynomial = nat = polynomial list =
polynomial list
= relation
(«[- =3280 - (- && -")]>) where
[x =3.50d (s && 2)] = let ©' = push-param z (length p);
s’ = push-param-list s (length p);
2" = push-param-list z (length p)
in [Tlength p] [V <length p] (Ai. [Param i = s'li && 2'1))
[A] 2’ [=] D2 S0] p d Param

lemma sum-ssub-zero-of-bit-and-dioph|dioph:
fixes s z :: polynomial list and d :: nat and z
shows is-dioph-rel [z = Y50 d (s && z)]
(proof )

lemma sum-rsub-zero-of-bit-and-eval:
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fixes z s :: polynomial list and d :: nat and x :: polynomial
assumes length s = Suc m length z = Suc m length p > 0
shows eval [z =Y 50d (s && 2)] a
+—— peval x a = > 50 p d (Ak. peval (s'k) a && peval (2!k) a) (is 7P +—
Q)
(proof )

end

end

4.4.2 Register Equations

theory Register-Equations imports ../ Register-Machine/ MultipleStep Register
Equation-Setup ../ Diophantine/ Register-Machine-Sums
../ Diophantine/ Binary-And HOL— Library. Rewrite

begin

context rm-eq-fizes
begin

Equation 4.22

definition register-0 :: bool where
register-0 = r 0 = a + bxr 0 + bxd> R+ p 0s— bxd  R—p 0 (Mk. sk && z
0)

Equation 4.23

definition register-l :: bool where
register-l =VI1>0. 1 <n — rl="bxrl+ bxd> R+ pls— bxd>, R— pl (A\k.
sk && z 1)

Extra equation not in Matiyasevich’s book

definition register-bound :: bool where
register-bound = VIl < n.rl<b " gq

definition register-equations :: bool where
register-equations = register-0 A register-l A register-bound

end

context register-machine
begin

definition sum-rsub-of-bit-and :: polynomial = nat = polynomial list = polyno-
mial
= relation
(«(-=>>R— - (- && -")]») where
[x =Y R— d (s && 2l)] = let z' = push-param x (length p);
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s’ = push-param-list s (length p);
2l = push-param zl (length p)
in [Ilength p| [V <length p| (Ai. [Param i = s'li && 21')
[A] 2’ [=] . R—] p d Param

lemma sum-rsub-of-bit-and-dioph|[dioph]:
fixes s :: polynomial list and d :: nat and z 2zl :: polynomial
shows is-dioph-rel [z = Y R— d (s && 21)]
(proof )

lemma sum-rsub-of-bit-and-eval:
fixes z s :: polynomial list and d :: nat and z :: polynomial
assumes length s = Suc m length p > 0
shows eval [z =Y R— d (s && 2l)] a
+— peval x a = >, R— p d (Ak. peval (slk) a && peval 2l a) (is 7P «—
?Q)
(proof)

lemma register-0-dioph|dioph]:
fixes A b :: polynomial
fixes r z s :: polynomial list
assumes length r = n length z = n length s = Suc m
defines DR = LARY (All. rm-eq-fizes.register-0 p (111010) (1110'1)
(nth (11'1)) (nth (11'2)) (nth (1113))) [[A, b], 7, 2, $]
shows is-dioph-rel DR
(proof)

lemma register-l-dioph[dioph]:
fixes b :: polynomial
fixes r z s :: polynomial list
assumes length r = n length z = n length s = Suc m
defines DR = LARY (\ll. rm-eq-fixes.register-l p n (1110'0)
(nth (11'1)) (nth (1102)) (nth (1113))) [[b], 7, 2, s
shows is-dioph-rel DR
(proof)

lemma register-bound-dioph:
fixes b q :: polynomial
fixes r :: polynomial list
assumes length r = n
defines DR = LARY (M. rm-eq-fixes.register-bound n (111010) (1110'1) (nth

(111)))
[[b, g, 7]

shows is-dioph-rel DR
(proof)
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definition register-equations-relation :: polynomial = polynomial = polynomial
= polynomial list = polynomial list = polynomial list = relation (<\[REG] - - -
- - ) where
[REG) a b qrzs= LARY (Al. rm-eq-fizes.register-equations p n (111010) (111011)
(111o12)
(nth (1'1)) (nth (112)) (nth (11!3))) [[a, b, q], T, 2, §]

lemma reg-dioph:
fixes Abqrzs
assumes length r = n length z = n length s = Suc m
defines DR = [REG) Abgqgrzs
shows is-dioph-rel DR
(proof)

end

end

4.4.3 State 0 equation

theory State-0-Equation imports ../ Register-Machine/ MultipleStepState
RM-Sums-Diophantine ../ Diophantine/ Binary-And

begin

context rm-eq-fizes
begin

Equation 4.24

definition state-0 :: bool where
state-0 = s 0 = 1 + bxy_ S+ p 0s 4 bx)  S— p 0 (Ak. s k && 2z (modifies

(p'k)))
(p'k))))

+ bx> S0 p 0 (Mk. s k && (e — z (modifies

end

context register-machine
begin

no-notation ppolynomial.Sum (infixl «+> 65)
no-notation ppolynomial. NatDiff (infixl «—) 65)
no-notation ppolynomial. Prod (infixl <x) 70)

lemma state-0-dioph:
fixes b e :: polynomial
fixes z s :: polynomial list
assumes length z = n length s = Suc m
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defines DR = LARY (All. rm-eq-fizes.state-0 p (111010) (1110'1)
(nth (11'1)) (nth (1112))) [[b, €], 2, $]
shows is-dioph-rel DR
(proof)

end

end

4.4.4 State d equation

theory State-d-Equation imports State-0-Equation
begin

context rm-eq-fizes
begin

Equation 4.25

definition state-d :: bool where
state-d =V d>0. d<m — sd = bx>_ S+ pds+ bx>.S—pd (M. sk && 2
(modifies (plk)))

(p'k))))

Combining the two

+ bx> S0p d (Mk. s k && (e — z (modifies

definition state-relations-from-recursion :: bool where
state-relations-from-recursion = state-0 N state-d

end

context register-machine
begin

lemma state-d-dioph:
fixes b e :: polynomial
fixes z s :: polynomial list
assumes length z = n length s = Suc m
defines DR = LARY (M. rm-eq-fizes.state-d p (111010) (1110!1)
(nth (1111)) (nth (1112)))
[[b, €], 2, s]
shows is-dioph-rel DR
(proof)

lemma state-relations-from-recursion-dioph:
fixes b e :: polynomial
fixes z s :: polynomial list
assumes length z = n length s = Suc m
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defines DR = LARY (Mll. rm-eq-fizes.state-relations-from-recursion p (1110'0)
(irotr)
(nth (11'1)) (nth (11!2)))

[[b, €], 2, §]
shows is-dioph-rel DR
(proof)
end
end

4.4.5 State unique equations
theory State-Unique-Equations imports ../ Register-Machine/ MultipleStepState
Equation-Setup ../ Diophantine/ Register-Machine-Sums
../ Diophantine/ Binary-And
begin
context rm-eq-fizes
begin

Equations not in the book:

definition state-mask :: bool where
state-mask = Vk<m. sk < e

definition state-bound :: bool where
state-bound = Vk<m. sk < b " gq

definition state-unique-equations :: bool where
state-unique-equations = state-mask N state-bound

end

context register-machine
begin

lemma state-mask-dioph:
fixes e :: polynomial
fixes s :: polynomial list
assumes length s = Suc m
defines DR = LARY (Al rm-eq-fizes.state-mask p (111010) (nth (1111))) [[e], ]
shows is-dioph-rel DR
(proof)

lemma state-bound-dioph:
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fixes b q :: polynomial

fixes s :: polynomial list

assumes length s = Suc m

defines DR = LARY (All. rm-eq-fizes.state-bound p (111010) (1110'1) (nth (1I'1)))
[[b, g, §]

shows is-dioph-rel DR
(proof)

lemma state-unique-equations-dioph:
fixes b q e :: polynomial
fixes s :: polynomial list
assumes length s = Suc m
defines DR = LARY
(Al rm-eqg-fizes.state-unique-equations p (111010) (1110'1) (111012) (nth
(1)

[[b, e, g, s]
shows is-dioph-rel DR
(proof)
end
end

4.4.6 Wrap-up: Combining all state equations
theory All-State-Equations imports State- Unique-Equations State-d-Equation

begin

The remaining equations:
context rm-eq-fizes
begin
Equation 4.27
definition state-m :: bool where
stateem =sm =10 "¢
Equation not in the book

definition state-partial-sum-mask :: bool where
state-partial-sum-mask =V M<m. (D k<M. s k) < e

Wrapping it all up
definition state-equations :: bool where
state-equations = state-relations-from-recursion N state-unique-equations
A state-partial-sum-mask N state-m

end

context register-machine
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begin

lemma state-m-dioph:

fixes b ¢ :: polynomial

fixes s :: polynomial list

assumes length s = Suc m

defines DR = LARY (All. rm-eq-fizes.state-m p (111010) (1110'1) (nth (1i'1)))
[[b, ], §]

shows is-dioph-rel DR
(proof )

lemma state-partial-sum-mask-dioph:
fixes e :: polynomial
fixes s :: polynomial list

assumes length s = Suc m
defines DR = LARY (All. rm-eqg-fizes.state-partial-sum-mask p (1110!10) (nth

(111))) [le], s]
shows is-dioph-rel DR

(proof)

definition state-equations-relation :: polynomial = polynomial = polynomial =
polynomial list
= polynomial list = relation ((|STATE] - - - - - y)where
[STATE] b e q z s = LARY (\ll. rm-eq-fizes.state-equations p (111010) (1110'1)
(1110'2)
(nth (11'1)) (nth (1112)))
[[b, e, g, 2, ¢]

lemma state-equations-dioph:
fixes b e q :: polynomial
fixes s z :: polynomial list
assumes length s = Suc m length z = n
defines DR = [STATE) beqgzs
shows is-dioph-rel DR

(proof)

end

end

4.4.7 Equations for masking relations

theory Mask-FEquations
imports ../ Register-Machine/ MachineMasking Equation-Setup ../ Diophantine/ Binary-And

abbrevs mb = <

begin
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context rm-eq-fizes
begin

Equation 4.15

definition register-mask :: bool where
register-mask = VI < n.rl <d

Equation 4.17

definition zero-indicator-mask :: bool where
zero-indicator-mask = VI < n. zl < e

Equation 4.20

definition zero-indicator-0-or-1 :: bool where
zero-indicator-0-or-1 =Vi<n. 27cx z 1= (rl+ d) && f

definition mask-equations :: bool where
mask-equations = register-mask A zero-indicator-mask N zero-indicator-0-or-1

end

context register-machine
begin

lemma register-mask-dioph:

fixes d r

assumes n = length r

defines DR = (NARY (Al. rm-eq-fizes.register-mask n (110) (shift | 1)) ([d] @
7))

shows is-dioph-rel DR
(proof)

lemma zero-indicator-mask-dioph:

fixes e z

assumes n = length z

defines DR = (NARY (MAl. rm-eq-fizes.zero-indicator-mask n (1'0) (shift 1 1))
(] @ 2))

shows is-dioph-rel DR
(proof)

lemma zero-indicator-0-or-1-dioph:

fixes cd frz

assumes n = length r and n = length z

defines DR = LARY (M. rm-eq-fizes.zero-indicator-0-or-1 n (111010) (1110'1)
(111o'2)

(nth (11'1)) (nth (11'2))) [[c, d, f], r, 2]

shows is-dioph-rel DR

(proof)
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definition mask-equations-relation (<[ MASK] - - - - - - ») where
[MASK] ¢ d e frz= LARY (All. rm-eq-fizes.mask-equations n
(ioto) (1rolr) (11o12) (110'3) (nth (U'1)) (nth (1112)))
[le. d, e, f], 7, 2]

lemma mask-equations-relation-dioph:
fixescdefrz
assumes n = length r and n = length z
defines DR = [MASK]| cdefrz
shows is-dioph-rel DR

(proof)

end

end

4.4.8 Equations for arithmetization constants

theory Constants-Equations imports Equation-Setup ../ Register-Machine/ MachineMasking
../ Diophantine/ Binary-And

begin

context rm-eq-fizes
begin

Equation 4.14

definition constant-b :: bool where
constant-b = b= B ¢

Equation 4.16

definition constant-d :: bool where
constant-d = d =D qc b

Equation 4.18

definition constant-e :: bool where
constant-e = e=E q b

Equation 4.21

definition constant-f :: bool where
constant-f = f = Fqcb

Equation not in the book

definition c-gt-0 :: bool where
c-gt-0 = ¢ > 0

Equation 4.26

definition a-bound :: bool where
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a-bound = a < 2 "¢

Equation not in the book

definition ¢-gt-0 :: bool where
g-gt-0 = q > 0

definition constants-equations :: bool where
constants-equations = constant-b N\ constant-d A constant-e N\ constant-f

definition miscellaneous-equations :: bool where
miscellaneous-equations = c-gt-0 N a-bound N q-gt-0

end

context register-machine
begin

definition rm-constant-equations ::

polynomial = polynomial = polynomial = polynomial = polynomial = polyno-
mial = relation

(<[CONST] - - - - - - y) where

[CONST) b cdefq= NARY (Al. rm-eq-fizes.constants-equations

(o) (1) (Ir2) (118) (I'4) (15)) 1b, ¢, d, e, f, q]

definition rm-miscellaneous-equations ::
polynomial = polynomial = polynomial = relation
(«(MISC] - - -») where
[MISC] ¢ a ¢ = NARY (Al. rm-eq-fizes.miscellaneous-equations

(o) (1) (1'2)) [e, a, q]

lemma rm-constant-equations-dioph:
fixesbcdefq
defines DR = [CONST] becdefq
shows is-dioph-rel DR

(proof)

lemma rm-miscellaneous-equations-dioph:
fixes c a ¢
defines DR = [MISC] a ¢ ¢
shows is-dioph-rel DR

(proof)

end

end
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4.4.9 Invariance of equations

theory All-Equations-Invariance
imports Register-Equations All-State- Equations Mask-FEquations Constants-Equations

begin

context register-machine
begin

definition all-equations where
all-equations a qbcdefrzs
= rm-eq-fizes.register-equations p na b qrz s
A rm-eq-fizes.state-equations p b e q z s
A rm-eq-fizes.mask-equations n c d e fr z
A rm-eq-fizes.constants-equations b ¢ d e f q
A rm-eg-fizes.miscellaneous-equations a ¢ q

lemma all-equations-invariance:
fixes r z s :: nat = nat
and r’ z' s’ :: nat = nat
assumes Vi<n. ri=r'iand Vi<n. zi = z'iand Vi<Suc m. s i = s’ i
shows all-equations a qbcde frzs= all-equationsaqgbcdefr' z's'

(proof)

end

end

4.4.10 Wrap-Up: Combining all equations

theory All-Equations
imports All-Equations-Invariance

begin

context register-machine
begin

definition all-equations-relation :: polynomial = polynomial = polynomial =
polynomial

= polynomial = polynomial = polynomial = polynomial list = polynomial list
= polynomial list

= relation (<|[ALLEQ] - - - - - - - - - - ») where

[ALLEQl aqgbcdefrzs

= LARY (M. all-equations (111010) (111011) (11'012) (1110'3) (1110Y4) (1110'5)
(11'0'6)
(nth (11'1)) (nth (11!12)) (nth (11!3)))

[[a7 q7 b’ C? d? e’ f:l’ T? z? S]
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lemma all-equations-dioph:
fixes A fedcbq:: polynomial
fixes r z s :: polynomial list
assumes length r = n length z = n length s = Suc m
defines DR = [ALLEQ]| A gbcdefrzs
shows is-dioph-rel DR
(proof)

definition rm-equations :: nat = bool where
rm-equations a = 3 q :: nat.
dbcdef: nat.
3 r z :: register = nat.
d s :: state = nat.
all-equations a gbcdefrzs

definition rm-equations-relation :: polynomial = relation (<[RM] -») where
[RM] A = UNARY (rm-equations) A

lemma rm-dioph:
fixes A
fixes ic :: configuration
defines DR = [RM] A
shows is-dioph-rel DR

(proof)

end

end

4.5 Equivalence of register machine and arithmetizing equa-
tions

theory Machine-Equation-Equivalence imports All-Equations
../ Register-Machine/ Machine Equations
../ Register-Machine/ Multiple ToSingleSteps

begin

context register-machine
begin

lemma conclusion-4-5:
assumes is-val: is-valid-initial ic p a
and n-def: n = length (snd ic)
shows (3 ¢. terminates ic p q) = rm-equations a

(proof)
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end

end

5

Proof of the DPRM theorem

theory DPRM
imports Machine-Equations/Machine- Equation-Equivalence
begin

definition is-recenum :: nat set = bool where
is-recenum A =

(3 p :: program.

3 n : nat.
V a :: nat. 3 ic. ic = initial-config n a A is-valid-initial ic p a A

(a € A) = (3 q::nat. terminates ic p q))

theorem DPRM: is-recenum A = is-dioph-set A

(proof)

end
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