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Abstract

This entry presents a framework for the modular verification of DFS-based
algorithms, which is described in our [CPP-2015] paper. It provides a generic
DFS algorithm framework, that can be parameterized with user-defined ac-
tions on certain events (e.g. discovery of new node).

It comes with an extensible library of invariants, which can be used to
derive invariants of a specific parameterization.

Using refinement techniques, efficient implementations of the algorithms
can easily be derived. Here, the framework comes with templates for a re-
cursive and a tail-recursive implementation, and also with several templates
for implementing the data structures required by the DFS algorithm.

Finally, this entry contains a set of re-usable DFS-based algorithms,
which illustrate the application of the framework.

[CPP-2015] Peter Lammich, René Neumann: A Framework for Verifying Depth-First
Search Algorithms. CPP 2015: 137-146
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Chapter 1

The DFS Framework

This chapter contains the basic DFS Framework

1.1 General DFS with Hooks

theory Param-DFS
imports
CAVA-Base.CAVA-Base
CAVA-Automata. Digraph
Misc/ DFS-Framework-Refine- Aux
begin

We define a general DFS algorithm, which is parameterized over hook func-
tions at certain events during the DFS.

1.1.1 State and Parameterization

The state of the general DFS. Users may inherit from this state using the
record package’s inheritance support.

record v state =

counter :: nat — Node counter (timer)
discovered :: 'v — nat — Discovered times of nodes
finished :: 'v — nat — Finished times of nodes
pending :: ('v X 'v) set — Edges to be processed next
stack :: v list — Current DF'S stack

tree-edges :: 'v rel — Tree edges

back-edges :: v rel — Back edges

cross-edges :: 'v rel ~ — Cross edges

abbreviation NOOP s = RETURN (state.more s)

Record holding the parameterization.

record ('v,’s,’es) gen-parameterization =



on-init :: 'es nres

on-new-root :: 'v = 's = 'es nres
on-discover :: 'v = v = 's = 'es nres
on-finish :: 'v = 's = 'es nres
on-back-edge :: 'v = 'v = ‘s = 'es nres
on-cross-edge :: 'v = 'v = 's = 'es nres
is-break 1 's = bool

Default type restriction for parameterizations. The event handler functions
go from a complete state to the user-defined part of the state (i.e. the fields
added by inheritance).
type-synonym ('v,’es) parameterization

= ("v,('v,’es) state-scheme,’es) gen-parameterization

Default parameterization, the functions do nothing. This can be used as the
basis for specialized parameterizations, which may be derived by updating
some fields.

definition A\more init. dfit-parametrization more init = (
on-init = init,
on-new-root = \-. RETURN o more,
on-discover = \- -. RETURN o more,
on-finish = X\-. RETURN o more,
on-back-edge = \- -. RETURN o more,
on-cross-edge = A- -. RETURN o more,
is-break = A-. False )
lemmas dfit-parametrization-simp|simp] =
gen-parameterization.simps[mk-record-simp, OF dflt-parametrization-def]

This locale builds a DFS algorithm from a graph and a parameterization.

locale param-DFS-defs =
graph-defs G
for G :: ('v, 'more) graph-rec-scheme
_|_
fixes param :: ('v,’es) parameterization
begin

1.1.2 DF'S operations
Node predicates

First, we define some predicates to check whether nodes are in certain sets

definition is-discovered :: 'v = ('v,’es) state-scheme = bool
where is-discovered u s = u € dom (discovered s)

definition is-finished :: 'v = ('v,’es) state-scheme = bool
where is-finished u s = u € dom (finished s)

definition is-empty-stack :: ('v,’es) state-scheme = bool
where is-empty-stack s = stack s = ||



Effects on Basic State

We define the effect of the operations on the basic part of the state

definition discover
v = v = ('v,’es) state-scheme = ('v,’es) state-scheme
where
discover v v s = let
d = (discovered s)(v — counter s); ¢ = counter s + 1;
st = vftstack s;
p = pending s U {v} x E‘{v};
t = insert (u,v) (tree-edges s)
in s( discovered := d, counter := ¢, stack := st, pending := p, tree-edges := t|)

lemma discover-simps[simp]:
counter (discover uw v s) = Suc (counter s)
discovered (discover u v ) = (discovered s)(v — counter )
finished (discover u v s) = finished s
stack (discover u v s) = v#stack s
pending (discover u v s) = pending s U {v} x E‘{v}
tree-edges (discover u v s) = insert (u,v) (tree-edges s)
cross-edges (discover u v s) = cross-edges s
back-edges (discover u v s) = back-edges s
state.more (discover u v s) = state.more s

(proof)

definition finish
' = ('v,es) state-scheme = ('v,’es) state-scheme
where
finish u s = let
f = (finished s)(u — counter s); ¢ = counter s + 1;
st = tl (stack s)
in s( finished := f, counter := ¢, stack := st

lemma finish-simps|simp]:
counter (finish u s) = Suc (counter s)
discovered (finish u s) = discovered s
finished (finish u s) = (finished s)(u — counter s)
stack (finish u s) = tl (stack s)
pending (finish u s) = pending s
tree-edges (finish u s) = tree-edges s
cross-edges (finish u s) = cross-edges s
back-edges (finish u s) = back-edges s
state.more (finish u ) = state.more s

(proof)

definition back-edge

v = v = ('v,’es) state-scheme = ('v,’es) state-scheme
where
back-edge u v s = let



b = insert (u,v) (back-edges s)
in s( back-edges := b))

lemma back-edge-simps[simp:
counter (back-edge u v s) = counter s
discovered (back-edge u v s) = discovered s
finished (back-edge u v s) = finished s
stack (back-edge u v s) = stack s
pending (back-edge u v s) = pending s
tree-edges (back-edge u v s) = tree-edges s
cross-edges (back-edge u v s) = cross-edges s
back-edges (back-edge u v s) = insert (u,v) (back-edges s)
state.more (back-edge v v s) = state.more s

(proof)

definition cross-edge
v = v = ('v,es) state-scheme = ('v,’es) state-scheme
where
cross-edge u v s = let
¢ = insert (u,v) (cross-edges s)
in s( cross-edges := c |)

lemma cross-edge-simps|simp]:
counter (cross-edge u v s) = counter s
discovered (cross-edge u v s) = discovered s
finished (cross-edge u v s) = finished s
stack (cross-edge u v s) = stack s
pending (cross-edge u v s) = pending s
tree-edges (cross-edge u v s) = tree-edges s
cross-edges (cross-edge u v s) = insert (u,v) (cross-edges s)
back-edges (cross-edge u v s) = back-edges s
state.more (cross-edge u v s) = state.more s

(proof)

definition new-root
= 'v = ('v,’es) state-scheme = ('v,’es) state-scheme
where
new-root v0 s = let
¢ = Suc (counter s);
d = (discovered s)(v0 — counter s);
p = {v0}x E*{v0};
st = [v0]

in s(counter := ¢, discovered := d, pending := p, stack := st|)

lemma new-root-simps|simp):
counter (new-root v0 s) = Suc (counter s)
discovered (new-root v0 s) = (discovered s)(v0 +— counter s)
finished (new-root v0 ) = finished s



stack (new-root v0 s) = [v0]

pending (new-root v0 s) = ({v0}x E‘{v0})
tree-edges (new-root v0 s) = tree-edges s
cross-edges (new-root v0 s) = cross-edges s
back-edges (new-root v0 s) = back-edges s
state.more (new-root v0 s) = state.more s

(proof)

definition empty-state e

= (| counter = 0,
discovered = Map.empty,
finished = Map.empty,
pending = {},
stack =[],
tree-edges = {},
back-edges = {},
cross-edges = {},

.=e)

lemma empty-state-simps[simp):
counter (empty-state e) = 0
discovered (empty-state €) = Map.empty
finished (empty-state e) = Map.empty
pending (empty-state e) = {}
stack (empty-state e) = ||
tree-edges (empty-state e) = {}
back-edges (empty-state e) = {}
cross-edges (empty-state e) = {}
state.more (empty-state e) = e
(proof)

Effects on Whole State

The effects of the operations on the whole state are defined by combining
the effects of the basic state with the parameterization.

definition do-cross-edge
v = v = ('v,’es) state-scheme = ('v,’es) state-scheme nres
where
do-cross-edge uw v s = do {
let s = cross-edge u v s;
e  on-cross-edge param u v ;
RETURN (s(state.more := e|)

}

definition do-back-edge
== v = ('v,’es) state-scheme = ('v,’es) state-scheme nres
where
do-back-edge u v s = do {
let s = back-edge u v s;



e < on-back-edge param u v s;

RETURN (s(state.more := e|)
}

definition do-known-edge
v = v = ('v,’es) state-scheme = ('v,’es) state-scheme nres
where
do-known-edge u v s =
if is-finished v s then
do-cross-edge u v s
else
do-back-edge u v s

definition do-discover

= v = v = ('v,es) state-scheme = ('v,’es) state-scheme nres
where
do-discover u v s = do {

let s = discover u v s;

e < on-discover param u v

RETURN (s(state.more := e))

}

definition do-finish

v = ('v,es) state-scheme = ('v,’es) state-scheme nres
where
do-finish u s = do {

let s = finish u s;

e < on-finish param u S;

RETURN (s(state.more := e))
}

definition get-new-root where
get-new-root s = SPEC (Av. v€ VO A —is-discovered v s)

definition do-new-root where
do-new-root v0 s = do {
let s = new-root v0 s;
e < on-new-root param v0 s;
RETURN (s(state.more := e))

}

lemmas op-defs = discover-def finish-def back-edge-def cross-edge-def new-root-def

lemmas do-defs = do-discover-def do-finish-def do-known-edge-def
do-cross-edge-def do-back-edge-def do-new-root-def

lemmas pred-defs = is-discovered-def is-finished-def is-empty-stack-def

definition init = do {
e < on-init param;
RETURN (empty-state e)



}

1.1.3 DFS Algorithm

We phrase the DFS algorithm iteratively: While there are undiscovered root
nodes or the stack is not empty, inspect the topmost node on the stack:
Follow any pending edge, or finish the node if there are no pending edges
left.

definition cond :: ('v,’es) state-scheme = bool where
cond s «— (V0 C {v. is-discovered v s} — —is-empty-stack s)
A —is-break param s

lemma cond-alt:
cond = (As. (VO C dom (discovered s) — stack s # []) A —is-break param s)

(proof)

definition get-pending ::
("v, 'es) state-scheme = (v x 'v option x ('v, 'es) state-scheme) nres
— Get topmost stack node and a pending edge if any. The pending edge is
removed.
where get-pending s = do {
let w = hd (stack s);
let Vs = pending s ““ {u};

/

if Vs = {} then
RETURN (u,None,s)

else do {
v < RES Vs;
let s = s( pending := pending s — {(u,v)});
RETURN (u,Some v,s)

}

}

definition step :: ('v,’es) state-scheme = ('v,’es) state-scheme nres
where
step s =
if is-empty-stack s then do {
v0 < get-new-root s;
do-new-root v0 s
} else do {
(u, Vs,s) < get-pending s;
case Vs of
None = do-finish u s
| Some v = do {
if is-discovered v s then
do-known-edge u v s
else



do-discover u v s

definition it-dfs = init >= WHILE cond step
definition it-dfsT = init >= WHILET cond step

end

1.1.4 Invariants

We now build the infrastructure for establishing invariants of DFS algo-
rithms. The infrastructure is modular and extensible, i.e., we can define
re-usable libraries of invariants.

For technical reasons, invariants are established in a two-step process:

1. First, we prove the invariant wrt. the parameterization in the param-DFS
locale.

2. Next, we transfer the invariant to the DFS-invar-locale.

locale param-DFS =
fo-graph G + param-DFS-defs G param
for G :: ('v, 'more) graph-rec-scheme
and param :: ('v,’es) parameterization
begin

definition is-invar :: (('v, 'es) state-scheme = bool) = bool
— Predicate that states that I is an invariant.
where is-invar I = is-rwof-invar init cond step I

end

Invariants are transferred to this locale, which is parameterized with a state.

locale DFS-invar =
param-DFS G param
for G :: ('v, 'more) graph-rec-scheme
and param :: ('v,’es) parameterization
_|_
fixes s :: ('v,’es) state-scheme
assumes rwof: rwof init cond step s
begin

lemma make-invar-thm: is-invar I — I s

— Lemma to transfer an invariant into this locale

(proof)

end

10



Establishing Invariants

context param-DFS
begin

Include this into refine-rules to discard any information about parameteri-
zation

lemmas indep-invar-rules =
leof- True-rule[where m=on-init param)
leof- True-rule[where m=on-new-root param v0 s’ for v0 s]
leof-True-rule[where m=on-discover param u v s’ for u v s']
leof-True-rule[where m=on-finish param v s’ for v s’
leof- True-rule[where m=on-cross-edge param u v s’ for u v s’
leof- True-rule[where m=on-back-edge param u v s’ for u v s’

lemma rwof-eq-DFS-invar|simp]:
rwof init cond step = DFS-invar G param
— The DFS-invar locale is equivalent to the strongest invariant of the loop.

(proof)

lemma DFS-invar-step: [nofail it-dfs; DFS-invar G param s; cond s
= step s < SPEC (DFS-invar G param)
— A step preserves the (best) invariant.

(proof)

lemma DFS-invar-step”: [nofail (step s); DFS-invar G param s; cond §]
= step s < SPEC (DFS-invar G param)
(proof)

We define symbolic names for the preconditions of certain operations

definition pre-is-break s = DFS-invar G param s

definition pre-on-new-root v0 s’ = I s.
DFS-invar G param s A cond s A
stack s = [| A v0 € VO A v0 ¢ dom (discovered s) N
s’ = new-root v0 s

definition pre-on-finish v s’ = 3 s.
DFS-invar G param s A cond s A\
stack s # [| A u = hd (stack s) A pending s “ {u} = {} A s’ = finish u s

definition pre-edge-selected u v s =
DFS-invar G param s N\ cond s N\
stack s # [| A u = hd (stack s) A (u, v) € pending s

definition pre-on-cross-edge v v s’ = Js. pre-edge-selected u v s N\

v € dom (discovered s) N vedom (finished s)
A 8" = cross-edge u v (s(pending := pending s — {(u,v)}]))

11



definition pre-on-back-edge u v s’ = Is. pre-edge-selected v v s A
v € dom (discovered s) N\ v¢dom (finished s)
A 8" = back-edge u v (s(pending := pending s — {(u,v)}]))

definition pre-on-discover v v ' = Is. pre-edge-selected u v s N
v & dom (discovered s)
A s" = discover u v (s(pending := pending s — {(u,v)}))

lemmas pre-on-defs = pre-on-new-root-def pre-on-finish-def
pre-edge-selected-def pre-on-cross-edge-def pre-on-back-edge-def
pre-on-discover-def pre-is-break-def

Next, we define a set of rules to establish an invariant.

lemma establish-invarl |case-names init new-root finish cross-edge back-edge dis-
cover]:
— Establish a DFS invariant (explicit preconditions).
assumes nit: on-init param <, SPEC (Az. I (empty-state z))
assumes new-root: \s s’ v0.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s = []; v0 € VO0; v0 ¢ dom (discovered s);
s" = new-root v0 ]
= on-new-root param v0 s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := xl))
— I (s'(state.more := xJ)))
assumes finish: \s s’ u.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [|; uw = hd (stack s);
pending s *“ {u} = {};
s" = finish u ]
= on-finish param u s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := x|)
— I (s/(|state.more := x))))
assumes cross-edge: \s s’ u v.
[DFS-invar G param s; I s; cond s; = is-break param s;
stack s # []; (u, v) € pending s; u = hd (stack s);
v € dom (discovered s); vEdom (finished s);
s" = cross-edge u v (s(pending := pending s — {(u,v)}))]
= on-cross-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := xl))
— I (s/(state.more := z)))
assumes back-edge: A\s s’ u v.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [); (u, v) € pending s; u = hd (stack s);
v € dom (discovered s); v¢dom (finished s);
s' = back-edge u v (s(pending := pending s — {(u,v)}))]
= on-back-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z)))
— I (s/(|state.more := xJ)))

12



assumes discover: \s s’ u v.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [); (u, v) € pending s; u = hd (stack s);
v & dom (discovered s);
s" = discover u v (s(pending := pending s — {(u,v)}]))]
= on-discover param u v s’ <,
SPEC (Ax. DFS-invar G param (s'(state.more := z))
— I (s'(|state.more := zJ)))
shows is-invar I

(proof)

lemma establish-invarl [case-names init new-root finish cross-edge back-edge dis-
coverl:
— Establish a DFS invariant (symbolic preconditions).
assumes nit: on-init param <, SPEC (Az. I (empty-state x))
assumes new-root: \s' v0. pre-on-new-root v0 s’
= on-new-root param v0 s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z|)
— I (s/(|state.more := x))))
assumes finish: \s' u. pre-on-finish u s’
= on-finish param u s’ <,
SPEC (Ax. DFS-invar G param (s'(state.more := xl))
— I (s'(state.more := x)))
assumes cross-edge: \s' u v. pre-on-cross-edge u v s’
= on-cross-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z))
— I (s'(state.more := zl)))
assumes back-edge: \s' u v. pre-on-back-edge u v s’
= on-back-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z)))
— I (s/(|state.more := zJ)))
assumes discover: \s' u v. pre-on-discover u v s’
= on-discover param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z|))
— I (s'(|state.more := zJ)))
shows is-invar I

(proof)

lemma establish-invarl-ND [case-names prereq init new-discover finish cross-edge
back-edgel:
— Establish a DFS invariant (new-root and discover cases are combined).
assumes prereq: \u v s. on-discover param u v § = on-new-root param v $
assumes nit: on-init param <, SPEC (Az. I (empty-state x))
assumes new-discover: \s s’ v.
[DFS-invar G param s; I s; cond s; = is-break param s;
v & dom (discovered s);
discovered s’ = (discovered s)(v— counter s); finished s’ = finished s;
counter s’ = Suc (counter s); stack s’ = v#stack s;
back-edges s’ = back-edges s; cross-edges s’ = cross-edges s;

13



tree-edges s' D tree-edges s;
state.more s’ = state.more 5|
= on-new-root param v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := zl))
— I (s/(|state.more := x))))
assumes finish: \s s’ u.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [|; uw = hd (stack s);
pending s ** {u} = {};
s' = finish u 3]
= on-finish param u s’ <,
SPEC (Azx. DFS-invar G param (s'(state.more := xl))
— I (s/(|state.more := x))))
assumes cross-edge: \s s’ u v.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [); (u, v) € pending s; u = hd (stack s);
v € dom (discovered s); vEdom (finished s);
s" = cross-edge u v (s(pending := pending s — {(u,v)}))]
= on-cross-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z))
— I (s/(|state.more := zJ)))
assumes back-edge: N\s s’ u v.
[DFS-invar G param s; I s; cond s; = is-break param s;
stack s # [); (u, v) € pending s; u = hd (stack s);
v € dom (discovered s); v¢dom (finished s);
s" = back-edge u v (s(pending := pending s — {(u,v)}))]
= on-back-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z))
— I (s/(|state.more := z))))
shows is-invar I

(proof)

lemma establish-invarl-CB [case-names prereq init new-root finish cross-back-edge
discover]:
— Establish a DFS invariant (cross and back edge cases are combined).
assumes prereq: \u v s. on-back-edge param u v s = on-cross-edge param u v s
assumes nit: on-init param <, SPEC (Az. I (empty-state x))
assumes new-root: \s s’ v0.
[DFS-invar G param s; I s; cond s; = is-break param s;
stack s = []; v0 € VO0; v0 ¢ dom (discovered s);
s" = new-root v0 ]
= on-new-root param v0 s’ <,
SPEC (Azx. DFS-invar G param (s'(state.more := xl))
— I (s/(|state.more := x))))
assumes finish: \s s’ u.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [|; w = hd (stack s);
pending s *“ {u} = {};
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s' = finish u ]
= on-finish param u s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := x|)
— I (s'(|state.more := x)))
assumes cross-back-edge: \s s’ u v.
[DFS-invar G param s; I s; cond s; = is-break param s;
stack s # []; (u, v) € pending s; u = hd (stack s);
v € dom (discovered s);
discovered s’ = discovered s; finished s’ = finished s;
stack s’ = stack s; tree-edges s' = tree-edges s; counter s’ = counter s;
pending s’ = pending s — {(u,v)};
cross-edges s’ U back-edges s’ = cross-edges s U back-edges s U {(u,v)};
state.more s’ = state.more s |
= on-cross-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z))
— I (s/(|state.more := zJ)))
assumes discover: \s s’ u v.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [); (u, v) € pending s; u = hd (stack s);
v & dom (discovered s);
s" = discover u v (s(pending := pending s — {(u,v)})))]
= on-discover param u v s’ <,
SPEC (Ax. DFS-invar G param (s'(state.more := zl))
— I (s'(|state.more := zJ)))
shows is-invar I

(proof)

lemma establish-invarl-ND-CB [case-names prereq-ND prereq-CB init new-discover
finish cross-back-edge]:
— Establish a DFS invariant (new-root/discover and cross/back-edge cases are
combined).
assumes prereq:
Au v s. on-discover param u v s = on-new-root param v $
Au v s. on-back-edge param u v s = on-cross-edge param u v s
assumes nit: on-init param <, SPEC (A\z. I (empty-state x))
assumes new-discover: N\s s’ v.
[DFS-invar G param s; I s; cond s; — is-break param s;
v ¢ dom (discovered s);
discovered s’ = (discovered s)(v— counter s); finished s’ = finished s;
counter s’ = Suc (counter s); stack s’ = v#stack s;
back-edges s’ = back-edges s; cross-edges s’ = cross-edges s;
tree-edges s’ D tree-edges s;
state.more s’ = state.more s
= on-new-root param v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z|)
— I (s/(|state.more := x))))
assumes finish: \s s’ u.
[DFS-invar G param s; I s; cond s; — is-break param s;
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stack s # [|; uw = hd (stack s);
pending s *“ {u} = {};
s’ = finish u 3]
= on-finish param u s’ <,
SPEC (Ax. DFS-invar G param (s'(state.more := zl))
— I (s'(state.more := x)))
assumes cross-back-edge: N\s s’ u v.
[DFS-invar G param s; I s; cond s; — is-break param s;
stack s # [); (u, v) € pending s; u = hd (stack s);
v € dom (discovered s);
discovered s’ = discovered s; finished s’ = finished s;
stack s’ = stack s; tree-edges s’ = tree-edges s; counter s’ = counter s;
pending s’ = pending s — {(u,v)};
cross-edges s’ U back-edges s’ = cross-edges s U back-edges s U {(u,v)};
state.more s’ = state.more s |
= on-cross-edge param u v s’ <,
SPEC (Az. DFS-invar G param (s'(state.more := z))
— I (s'(|state.more := zJ)))
shows is-invar I

{proof)

lemma is-invarl-full [case-names init new-root finish cross-edge back-edge dis-
cover]:
— Establish a DFS invariant not taking into account the parameterization.
assumes init: \e. I (empty-state e)
assumes new-root: \s s’ v0 e.
[I s; cond s; DES-invar G param s; DFS-invar G param s’
stack s = []; v0 ¢ dom (discovered s); v0 € VO0;
s" = new-root v0 s(state.more := e|)]
= I’
and finish: \s s’ u e.
[I s; cond s; DFS-invar G param s; DFS-invar G param s’
stack s # []; pending s ““ {u} = {};
u = hd (stack s); s’ = finish u s(state.more := e|)]
= I’
and cross-edge: \s s’ v v e.
[I s; cond s; DFS-invar G param s; DFS-invar G param s’
stack s # []; v € pending s ““ {u}; v € dom (discovered s);
v € dom (finished s);
u = hd (stack s);
s" = (cross-edge u v (s(pending := pending s — {(u,v)})))(state.more := e])]
=TI’
and back-edge: N\s s’ u v e.
[I s; cond s; DFS-invar G param s; DFS-invar G param s’
stack s # [|; v € pending s ““ {u}; v € dom (discovered s); v ¢ dom (finished

u = hd (stack s);
s" = (back-edge u v (s(pending := pending s — {(u,v)}))))(state.more := e])]
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=TI’
and discover: \s s’ u v e.

[I s; cond s; DFS-invar G param s; DFS-invar G param s’
stack s # [|; v € pending s ““ {u}; v ¢ dom (discovered s);
u = hd (stack s);
s" = (discover u v (s(pending := pending s — {(u,v)})))(state.more := €|)]
=I5’
shows is-invar I

{proof)

lemma is-invarl [case-names init new-root finish visited discover]:

— Establish a DFS invariant not taking into account the parameterization,
cross/back-edges combined.

assumes nit": Ne. I (empty-state e)
and new-root”: As s’ v0 e.
[I s; cond s; DFS-invar G param s; DFS-invar G param s’

stack s = []; v0 ¢ dom (discovered s); v0 € VO0;

s" = new-root v0 s(state.more := e|)]
= Is’

and finish”: \s s’ u e.
[I s; cond s; DFS-invar G param s; DFS-invar G param s’
stack s # []; pending s ““ {u} = {};

u = hd (stack s); s’ = finish u s(state.more := el)]
= Is’

and visited”: N\s s’ wv e cb.
[I s; cond s; DFS-invar G param s; DFS-invar G param s’

stack s # [|; v € pending s ““ {u}; v € dom (discovered s);
u = hd (stack s);

cross-edges s C c; back-edges s C b;

s = s
pending := pending s — {(u,v)},
state.more = e,
cross-edges 1= c,
back-edges := b))]
= Is’

and discover”: \s s’ u v e.

[I s; cond s; DFS-invar G param s; DES-invar G param s’

stack s # [); v € pending s ““ {u}; v ¢ dom (discovered s);
u = hd (stack s);

s" = (discover u v (s(pending := pending s — {(u,v)}))))(state.more := e|)]
= Is’

shows is-invar I

{proof)

end

1.1.5 Basic Invariants

We establish some basic invariants
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context param-DFS begin

definition basic-invar s =
set (stack s) = dom (discovered s) — dom (finished s) A
distinct (stack s) A
(stack s # [| — last (stack s) € VO) A
dom (finished s) C dom (discovered s) N
Domain (pending s) C dom (discovered s) — dom (finished s) A
pending s C FE

lemma i-basic-invar: is-invar basic-invar

(proof)

end

context DFS-invar begin
lemmas basic-invar = make-invar-thm|OF i-basic-invar]

lemma pending-ssE: pending s C E

(proof)

lemma pendingD:
(u,v)Epending s => (u,v)€E A ucdom (discovered s)

(proof)

lemma stack-set-def:
set (stack s) = dom (discovered s) — dom (finished s)

(proof)

lemma stack-discovered:
set (stack s) C dom (discovered s)

(proof)

lemma stack-distinct:
distinct (stack s)

(proof)

lemma last-stack-in-V0:
stack s # [| = last (stack s) € VO

(proof)

lemma stack-not-finished:
z € set (stack ) = x ¢ dom (finished s)

(proof)

lemma discovered-not-stack-imp-finished:
z € dom (discovered s) = x ¢ set (stack s) = x € dom (finished s)

(proof)

lemma finished-discovered:
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dom (finished s) C dom (discovered s)
(proof)

lemma finished-no-pending:
v € dom (finished s) = pending s *“ {v} = {}
(proof)

lemma discovered-eq-finished-un-stack:
dom (discovered s) = dom (finished s) U set (stack s)

(proof)

lemma pending-on-stack:
(v,w) € pending s = v € set (stack s)

(proof)
lemma empty-stack-imp-empty-pending:
stack s = [| = pending s = {}
(proof)
end

context param-DFS begin

lemma i-discovered-reachable:
is-invar (As. dom (discovered s) C reachable)

{proof)

definition discovered-closed s =
E“dom (finished s) C dom (discovered s)
A (E — pending s) * set (stack s) C dom (discovered s)

lemma i-discovered-closed: is-invar discovered-closed
(proof )

lemma i-discovered-finite: is-invar (As. finite (dom (discovered s)))

(proof)

end

context DFS-invar
begin

lemmas discovered-reachable =
i-discovered-reachable [THEN make-invar-thm)

lemma stack-reachable: set (stack s) C reachable

(proof)

19



lemmas discovered-closed = i-discovered-closed| THEN make-invar-thm]

lemmas discovered-finite[simp, intro!] = i-discovered-finite] THEN make-invar-thm)]
lemma finished-finite[simp, introl]: finite (dom (finished s))
(proof)

lemma finished-closed:
E ““ dom (finished s) C dom (discovered s)

(proof)

lemma finished-imp-succ-discovered:
v € dom (finished s) = w € succ v = w € dom (discovered s)

(proof)

lemma pending-reachable: pending s C reachable x reachable

(proof)

lemma pending-finite[simp, intro!]: finite (pending s)
(proof)

lemma no-pending-imp-succ-discovered:
assumes u € dom (discovered s)
and pending s ““ {u} = {}
and v € succ u
shows v € dom (discovered s)

{proof)

lemma nc-finished-eq-reachable:
assumes NC: —cond s —is-break param s
shows dom (finished s) = reachable

(proof)

lemma nc-V0-finished:
assumes NC: — cond s — is-break param s
shows V0 C dom (finished s)

(proof)

lemma nc-discovered-eq-finished:
assumes NC: — cond s = is-break param s
shows dom (discovered s) = dom (finished s)

(proof)

lemma nc-discovered-eq-reachable:
assumes NC: — cond s — is-break param s
shows dom (discovered s) = reachable

(proof)

lemma nc-fin-closed:
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assumes NC: —cond s

assumes NB: —is-break param s

shows E‘‘dom (finished s) C dom (finished s)
(proof)

end

1.1.6 Total Correctness

We can show termination of the DFS algorithm, independently of the pa-
rameterization

context param-DFS begin
definition param-dfs-variant = inv-image
(finite-psupset reachable <xlexx> finite-psubset <xlexx> less-than)
(As. (dom (discovered s), pending s, length (stack s)))

lemma param-dfs-variant-wf[simp, introl]:
assumes [simp, introl]: finite reachable
shows wf param-dfs-variant

(proof)

lemma param-dfs-variant-step:
assumes A: DFS-invar G param s cond s nofail it-dfs
shows step s < SPEC (\s'. (s',s)€param-dfs-variant)
(proof )

end

context param-DFS begin
lemma it-dfsT-eq-it-dfs:
assumes [simp, introl]: finite reachable
shows it-dfsT = it-dfs

(proof )
end

1.1.7 Non-Failing Parameterization

The proofs so far have been done modulo failure of the parameterization.
In this locale, we assume that the parameterization does not fail, and derive
the correctness proof of the DFS algorithm wrt. its invariant.

locale DF'S =
param-DFS G param
for G :: (v, 'more) graph-rec-scheme
and param :: ('v,’es) parameterization
+
assumes nofail-on-init:
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nofail (on-init param)

assumes nofail-on-new-root:
pre-on-new-root v0 s => nofail (on-new-root param v0 s)

assumes nofail-on-finish:
pre-on-finish u s => nofail (on-finish param u s)

assumes nofail-on-cross-edge:
pre-on-cross-edge u v s => nofail (on-cross-edge param u v )

assumes nofail-on-back-edge:
pre-on-back-edge u v s = nofail (on-back-edge param u v s)

assumes nofail-on-discover:
pre-on-discover u v s = nofail (on-discover param u v s)

begin
lemmas nofails = nofail-on-init nofail-on-new-root nofail-on-finish
nofail-on-cross-edge nofail-on-back-edge nofail-on-discover

lemma init-leof-invar: init <, SPEC (DFS-invar G param)
(proof)

lemma it-dfs-eq-spec: it-dfs = SPEC (As. DFS-invar G param s A —cond s)
(proof)

lemma it-dfs-correct: it-dfs < SPEC (As. DFS-invar G param s A —cond s)
(proof)

lemma it-dfs-SPEC"
assumes \s. [DFS-invar G param s; —cond s] => P s
shows it-dfs < SPEC P
(proof)

lemma it-dfsT-correct:
assumes finite reachable
shows it-dfsT < SPEC (As. DFS-invar G param s A —cond s)

(proof)

lemma it-dfsT-SPEC"
assumes finite reachable
assumes \s. [DFS-invar G param s; —cond s] = P s
shows it-dfsT < SPEC P

(proof)

end
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end

1.2 Basic Invariant Library

theory DFS-Invars-Basic
imports ../Param-DFS
begin

We provide more basic invariants of the DFS algorithm

1.2.1 Basic Timing Invariants

abbreviation the-discovered s v = the (discovered s v)
abbreviation the-finished s v = the (finished s v)

locale timing-syntax
begin

notation the-discovered (¢0»)
notation the-finished («p»)
end

context param-DFS begin context begin interpretation timing-syntaz (proof)

definition timing-common-inv s =
—dsv<psv
(Vv € dom (finished s). § s v < ¢ s v)

—VFW—ISVFEISWAPSVFEpPSw

— Can’t use card dom = card ran as the maps may be infinite ...

A (Vv € dom (discovered s). ¥V w € dom (discovered s). v # w — d sv # 0 s w)
A (Yv € dom (finished s). Vw € dom (finished s). v # w — @ s v # ¢ s w)

— § s v < counter A\ ¢ s v < counter
A (Vv € dom (discovered s). § s v < counter s)
A (Vv € dom (finished s). ¢ s v < counter s)
A (Yv € dom (finished s). Vw € succ v. § s w < ¢ sv)
lemma timing-common-inv:
is-itnvar timing-common-iny
(proof)
end end

context DFS-invar begin context begin interpretation timing-syntaz (proof)

lemmas s-timing-common-inv =
timing-common-inv| THEN make-invar-thm)
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lemma timing-less-counter:
v € dom (discovered s) = & s v < counter s
v € dom (finished s) = ¢ s v < counter s

(proof)

lemma disc-lt-fin:
v € dom (finished s) = 6 s v < @ s

(proof)

lemma disc-unequal:
assumes v € dom (discovered s) w € dom (discovered s)
and v # w
shows § s v #40 s w

(proof)

lemma fin-unequal:
assumes v € dom (finished s) w € dom (finished s)
and v # w
shows ¢ s v # ¢ s w

(proof)

lemma finished-succ-fin:
assumes v € dom (finished s)
and w € succ v
shows § s w < ¢ s v

(proof)

end end
context param-DF'S begin context begin interpretation timing-syntax {proof)

lemma i-prev-stack-discover-all:
is-invar (As. V n < length (stack s). ¥V v € set (drop (Suc n) (stack s)).
5 s (stacks!n) > 6§ sv)

(proof )
end end

context DFS-invar begin context begin interpretation timing-syntaz (proof)

lemmas prev-stack-discover-all
= i-prev-stack-discover-all THEN make-invar-thm]

lemma prev-stack-discover:
[n < length (stack s); v € set (drop (Suc n) (stack s)) ]
= 0 s (stacks!n) > swv

(proof )
lemma Suc-stack-discover:

assumes n: n < (length (stack s)) — 1
shows § s (stack s ! n) > ¢ s (stack s ! Suc n)
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{proof)

lemma tl-lt-stack-hd-discover:
assumes notempty: stack s # ||
and z € set (¢l (stack s))
shows § s z < s (hd (stack s))

{proof)

lemma stack-nth-order:
assumes I: { < length (stack s) j < length (stack s)
shows 0 s (stack s ! i) < d s (stacks!j)+—i>j(isds % <Js?+—-)
(proof )
end end

1.2.2 Paranthesis Theorem

context param-DFS begin context begin interpretation timing-syntaz (proof)

definition parenthesis s =
Yv € dom (discovered s). Yw € dom (discovered s).
dsv<dswAve dom (finished s) — (
psv<d§sw— disjoint
V(psv>dswA we dom (finished s) A p s w < ¢ s v))

lemma i-parenthesis: is-invar parenthesis

(proof )
end end

context DFS-invar begin context begin interpretation timing-syntaz (proof)

lemma parenthesis:
assumes v € dom (finished s) w € dom (discovered s)
and 0 sv < d sw
shows ¢ s v < § s w— disjoint
Vipsv>dswAwe dom (finished s) A p s w < ¢ sv)

(proof)

lemma parenthesis-contained:
assumes v € dom (finished s) w € dom (discovered s)
anddsv<dswesv>Isw
shows w € dom (finished s) N p s w < ¢ s v

(proof)

lemma parenthesis-disjoint:
assumes v € dom (finished s) w € dom (discovered s)
anddsv<dswesw>pswv
shows p s v < § s w

(proof)
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lemma finished-succ-contained:
assumes v € dom (finished s)
and w € succ v
and d sv < d sw
shows w € dom (finished s) A p s w < ¢ sv

(proof)

end end

1.2.3 Edge Types

context param-DFS
begin
abbreviation edges s = tree-edges s U cross-edges s U back-edges s

lemma is-invar (As. finite (edges s))

(proof)

Sometimes it’s useful to just chose between tree-edges and non-tree.

lemma edgesE-CB:
assumes z € edges s
and z € tree-edges s =—> P
and z € cross-edges s U back-edges s = P
shows P

(proof)

definition edges-basic s =

Field (back-edges s) C dom (discovered s) A back-edges s C E — pending s
A Field (cross-edges s) C dom (discovered s) N cross-edges s C E — pending s
A Field (tree-edges s) C dom (discovered s) N tree-edges s C E — pending s
A back-edges s N cross-edges s = {}
A back-edges s N tree-edges s = {}
A cross-edges s N tree-edges s = {}

lemma i-edges-basic:

is-invar edges-basic

(proof)
lemmas (in DFS-invar) edges-basic = i-edges-basic| THEN make-invar-thm]
lemma i-edges-covered:

is-invar (As. (E N dom (discovered s) x UNIV) — pending s = edges s)
(proof)

end

context DFS-invar begin
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lemmas edges-covered =
i-edges-covered| THEN make-invar-thm]

lemma edges-ss-reachable-edges:
edges s C E N reachable x UNIV

(proof)

lemma nc-edges-covered:
assumes —cond s —is-break param s
shows E N reachable x UNIV = edges s

(proof)

lemma
tree-edges-sskE: tree-edges s C F and
tree-edges-not-pending: tree-edges s C — pending s and
tree-edge-is-succ: (v,w) € tree-edges s = w € succ v and
tree-edges-discovered: Field (tree-edges s) C dom (discovered s) and

cross-edges-ssE: cross-edges s C E and

cross-edges-not-pending: cross-edges s C — pending s and
cross-edge-is-succ: (v,w) € cross-edges s —> w € succ v and
cross-edges-discovered: Field (cross-edges s) C dom (discovered s) and

back-edges-ssE: back-edges s C E and

back-edges-not-pending: back-edges s C — pending s and
back-edge-is-suce: (v,w) € back-edges s = w € succ v and
back-edges-discovered: Field (back-edges s) C dom (discovered s)

(proof)

lemma edges-disjoint:

back-edges s N cross-edges s = {}
back-edges s N tree-edges s = {}

cross-edges s N tree-edges s = {}

(proof)

lemma tree-edge-imp-discovered:
(v,w) € tree-edges s => v € dom (discovered s)
(v,w) € tree-edges s = w € dom (discovered s)
(proof)

lemma back-edge-imp-discovered:
(v,w) € back-edges s => v € dom (discovered s)
(v,w) € back-edges s = w € dom (discovered s)

(proof)

lemma cross-edge-imp-discovered:
(v,w) € cross-edges s => v € dom (discovered s)
(v,w) € cross-edges s = w € dom (discovered s)

(proof)
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lemma edge-imp-discovered:
(v,w) € edges s => v € dom (discovered s)
(v,w) € edges s = w € dom (discovered s)

(proof)

lemma tree-edges-finite[simp, introl]: finite (tree-edges s)

(proof)

lemma cross-edges-finite[simp, introl]: finite (cross-edges s)

(proof)

lemma back-edges-finite[simp, introl]: finite (back-edges s)

(proof)

lemma edges-finite: finite (edges s)

(proof)

end

Properties of the DFS Tree

context DFS-invar begin context begin interpretation timing-syntaz (proof)
lemma tree-edge-disc-lt-fin:
(v,w) € tree-edges s = v € dom (finished ) = § s w < ¢ sv

(proof)

lemma back-edge-disc-lt-fin:
(v,w) € back-edges s => v € dom (finished s) = 6 sw < ¢ s v

(proof)

lemma cross-edge-disc-lt-fin:
(v,w) € cross-edges s => v € dom (finished s) = § sw < @ sv

(proof)

end end

context param-DFS begin
lemma i-stack-is-tree-path:
is-invar (As. stack s # [| — (300 € V0.
path (tree-edges s) v0 (rev (tl (stack s))) (hd (stack s))))
(proof)
end

context DFS-invar begin

lemmas stack-is-tree-path =
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i-stack-is-tree-path| THEN make-invar-thm, rule-format)

lemma stack-is-path:
stack s # [| = v0€ V0. path E v0 (rev (tl (stack s))) (hd (stack s))

(proof)

lemma hd-succ-stack-is-path:
assumes ne: stack s # ||
and succ: v € suce (hd (stack s))
shows Jv0€ V0. path E v0 (rev (stack s)) v

(proof)

lemma tl-stack-hd-tree-path:
assumes stack s # ||
and v € set (t (stack s))
shows (v, hd (stack s)) € (tree-edges s)™

(proof )
end

context param-DFS begin
definition tree-discovered-inv s =
(tree-edges s = {} — dom (discovered s) C VO A (stack s = []
V (300 V0. stack s = [v0])))
A (tree-edges s # {} — (tree-edges s)™ “ VO U VO = dom
(discovered s) U V0)

lemma i-tree-discovered-inv:
is-invar tree-discovered-inv

{proof)

lemmas (in DFS-invar) tree-discovered-inv =
i-tree-discovered-inv| THEN make-invar-thm)

lemma (in DFS-invar) discovered-iff-tree-path:
v & V0 = v € dom (discovered s) <— (Fv0€ V0. (v0,v) € (tree-edges s)*)

(proof)

lemma i-tree-one-predecessor:
is-invar (As. ¥V (v,v’) € tree-edges s. Vy. y # v — (y,v’) ¢ tree-edges s)
(proof )

lemma (in DFS-invar) tree-one-predecessor:
assumes (v,w) € tree-edges s
and a # v
shows (a,w) ¢ tree-edges s

(proof)

lemma (in DFS-invar) tree-eq-rule:
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[(v,w) € tree-edges s; (u,w) € tree-edges s] = v=u
(proof)

context begin interpretation timing-syntax (proof)

lemma i-tree-edge-disc:
is-invar (As. ¥ (v,v’) € tree-edges s. 6 s v < & s v’)

(proof )
end end

context DFS-invar begin context begin interpretation timing-syntazx {proof)

lemma tree-edge-disc:
(v,w) € tree-edges s = J sv <0 sw

(proof)

lemma tree-path-disc:
(v,w) € (tree-edges s)T = d sv < s w
(proof)

lemma no-loop-in-tree:
(v,v) & (tree-edges s)™
(proof)

lemma tree-acyclic:
acyclic (tree-edges s)

(proof)

lemma no-self-loop-in-tree:
(v,v) & tree-edges s
(proof)

lemma tree-edge-unequal:
(v,w) € tree-edges s = v # w
(proof)

lemma tree-path-unequal:
(v,w) € (tree-edges )™ = v # w
(proof )

lemma tree-subpath’:

assumes z: (z,0) € (tree-edges s)*

and y: (y,v) € (tree-edges )™

and z #£ y

shows (z,y) € (tree-edges s)* V (y,z) € (tree-edges s)™
(proof)

lemma tree-subpath:
assumes (z,v) € (tree-edges s)™
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and (y,v) € (tree-edges s)*

and §: sz <0 sy

shows (z,y) € (tree-edges s)™
{proof)

lemma on-stack-is-tree-path:
assumes z: z € set (stack s)
and y: y € set (stack s)
and 6: sz < d sy
shows (z,y) € (tree-edges s)*
(proof)

lemma hd-stack-tree-path-finished:
assumes stack s # ||
assumes (hd (stack s), v) € (tree-edges s)™
shows v € dom (finished s)

(proof)

lemma tree-edge-impl-parenthesis:
assumes t: (v,w) € tree-edges s
and f: v € dom (finished s)
shows w € dom (finished s)
ANdsv<dsw
ANpsw<psv
(proof)

lemma tree-path-impl-parenthesis:
assumes (v,w) € (tree-edges s)™
and v € dom (finished s)
shows w € dom (finished s)
ANdsv<dsw
Npsw<gsv

(proof)

lemma nc-reachable-v0-parenthesis:
assumes C: - cond s — is-break param s
and v: v € reachable v ¢ VO
obtains v0 where v0 € V0
and d sv0 < S svApsv<psul

(proof)
end end
context param-DFS begin context begin interpretation timing-syntax {proof)
definition paren-imp-tree-reach where
paren-imp-tree-reach s = Y v € dom (discovered s). Y w € dom (finished s).

dsv<dswA (v dom (finished )V ¢ sv > ¢ s w)
— (v,w) € (tree-edges s)*
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lemma paren-imp-tree-reach:
is-invar paren-imp-tree-reach
(proof)
end end

context DFS-invar begin context begin interpretation timing-syntazx {proof)

lemmas s-paren-imp-tree-reach =
paren-imp-tree-reach| THEN make-invar-thm)

lemma parenthesis-impl-tree-path-not-finished:
assumes v € dom (discovered s)
and w € dom (finished s)
andd sv <{dsw
and v ¢ dom (finished s)
shows (v,w) € (tree-edges s)*
(proof)

lemma parenthesis-impl-tree-path:
assumes v € dom (finished s) w € dom (finished s)
anddsv<dswesv>psw
shows (v,w) € (tree-edges s)*

(proof)

lemma tree-path-iff-parenthesis:
assumes v € dom (finished s) w € dom (finished s)
shows (v,w) € (tree-edges )T <= sv<IJswApsv>psw
(proof)

lemma no-pending-succ-impl-path-in-tree:
assumes v: v € dom (discovered s) pending s ““ {v} = {}
and w: w € succ v
and 0: d sv <4 sw
shows (v,w) € (tree-edges s)*

{proof)

lemma finished-succ-impl-path-in-tree:
assumes f: v € dom (finished s)
and s: w € succ v
and 6: 6 sv < § sw
shows (v,w) € (tree-edges s)*
(proof)

end end

Properties of Cross Edges

context param-DFS begin context begin interpretation timing-syntax {proof)
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lemma i-cross-edges-finished: is-invar (As. V (u,v)€cross-edges s.
v € dom (finished s) A (u € dom (finished s) — @ sv < ¢ s u))
{proof)

end end

context DFS-invar begin context begin interpretation timing-syntazx {proof)
lemmas cross-edges-finished
= {-cross-edges-finished|[ THEN make-invar-thm]

lemma cross-edges-target-finished:
(u,v)Ecross-edges s = v € dom (finished s)

(proof)

lemma cross-edges-finished-decr:
[(u,v)Ecross-edges s; ucdom (finished s)] = ¢ sv < ¢ su

(proof)

lemma cross-edge-unequal:
assumes cross: (v,w) € cross-edges s
shows v # w

(proof )
end end

Properties of Back Edges
context param-DFS begin context begin interpretation timing-syntax {proof)
lemma i-back-edge-impl-tree-path:

is-invar (As. ¥V (v,w) € back-edges s. (w,v) € (tree-edges s)™ V w = v)
{proof)

end end
context DFS-invar begin context begin interpretation timing-syntaz (proof)

lemma back-edge-impl-tree-path:
[(v,w) € back-edges s; v # w] => (w,v) € (tree-edges s)™
(proof )

lemma back-edge-disc:
assumes (v,w) € back-edges s
shows 6 s w < 4§ swv

{proof)

lemma back-edges-tree-disjoint:
back-edges s N tree-edges s = {}

(proof)
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lemma back-edges-tree-pathes-disjoint:
back-edges s N (tree-edges s)* = {}
(proof)

lemma back-edge-finished:
assumes (v,w) € back-edges s
and w € dom (finished s)
shows v € dom (finished s) AN p s v < ¢ sw

{proof)

end end
context param-DF'S begin context begin interpretation timing-syntax {proof)

lemma i-disc-imp-back-edge-or-pending:
is-invar (As. V(v,w) € E.
v € dom (discovered s) A w € dom (discovered s)
Adsv>0sw
A (w € dom (finished s) — v € dom (finished s) A ¢ s w > ¢ s v)
— (v,w) € back-edges s V (v,w) € pending s)
(proof )
end end

context DES-invar begin context begin interpretation timing-syntaz {proof)

lemma disc-imp-back-edge-or-pending:
[w € succ v; v € dom (discovered s); w € dom (discovered s); 6 s w < 0 s v
(w € dom (finished s) = v € dom (finished s) A ¢ s v < ¢ s w)]
= (v, w) € back-edges s V (v, w) € pending s

(proof)

lemma finished-imp-back-edge:
[w € succ v; v € dom (finished s); w € dom (finished s);
§sw<dsv,osv<psul
= (v, w) € back-edges s

(proof)

lemma finished-not-finished-imp-back-edge:
[w € succ v; v € dom (finished s); w € dom (discovered s);
w ¢ dom (finished s);
dsw<d s
= (v, w) € back-edges s

(proof)

lemma finished-self-loop-in-back-edges:
assumes v € dom (finished s)
and (v,v) € E
shows (v,v) € back-edges s

(proof)
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end end

context DFS-invar begin
context begin interpretation timing-syntax (proof)

lemma tree-cross-acyclic:
acyclic (tree-edges s U cross-edges s) (is acyclic ?EF)

(proof)

end

lemma cycle-contains-back-edge:

assumes cycle: (u,u) € (edges s)*

shows Jv w. (u,v) € (edges s)* A (v,w) € back-edges s N (w,u) € (edges s)*
(proof)

lemma cycle-needs-back-edge:
assumes back-edges s = {}
shows acyclic (edges s)

{proof)

lemma back-edge-closes-cycle:
assumes back-edges s # {}
shows — acyclic (edges s)
(proof )

lemma back-edge-closes-reachable-cycle: