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Abstract

This AFP entry formalises cubical w-categories and cubical w-cate-
gories with connections in the style of single-set categories. Cubical
categories, and the cubical sets on which they are based, have their ori-
gins and main applications in algebraic topology. Applications in com-
puter science include homotopy type theory, higher-dimensional au-
tomata in concurrency theory and higher-dimensional rewriting. The
single-set axiomatisation, introduced in these components and a com-
panion paper, allows a formalisation based on Isabelle’s type classes.
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1 Introductory Remarks

Based on a formalisation of catoids and single-set categories in the AFP [2]
we develop single-set axiomatisations for cubical w-categories with and with-
out connections. A detailed explanation of the single-set approach, the clas-
sical approach to cubical w-categories and the proof of equivalence of the
single-set and the classical approach can be found in a companion article [1].
Isabelle, with its high degree of proof automation, has been instrumental for
developing the single-set axioms introduced in this article.



2 Indexed Catoids

theory ICatoids
imports Catoids. Catoid

begin

All categories considered in this component are single-set categories.

no-notation src (<o)

notation True («tt»)
notation False («ff>)

abbreviation Fiz :: (‘a = 'a) = 'a set where

Fiz f ={z. fz = z}
First we lift locality to powersets.

lemma (in local-catoid) locality-lifting: (X * Y # {}) = (Tgt X N Src Y # {})
proof—
have (X« Y #{}) =3z2zy.ze XANye YAz 0oy#{})
by (metis (mono-tags, lifting) all-not-in-conv conv-exp2)

alsohave ... = (Jzy. 2 € X ANy € Y A tgt z = src y)
using local.st-local by auto
also have ... = (Tgt X N Src Y # {})
by blast
finally show ?thesis.
qed

The following lemma about functional catoids is useful in proofs.

lemma (in functional-catoid) pcomp-def-varf: A zy —= = © y = {z ® y}
using local.pcomp-def-var3 by blast

2.1 Indexed catoids and categories

class face-map-op =
fixes fmap :: nat = bool = 'a = 'a (O»)

begin

abbreviation Face :: nat = bool = 'a set = 'a set (100») where
00 i a = image (0 i «)

abbreviation face-fiz :: nat = 'a set where

face-fix i = Fiz (0 i ff)
abbreviation fFr iz = (0 i ffz = z)

abbreviation FFr i X = Vz € X. fFx i x)



end

class icomp-op =
fixes icomp :: 'a = nat = 'a = ‘a set (<-©--[70,70,70]70)

class imultisemigroup = icomp-op +
assumes iassoc: (|Jv € y ©@; 2. 2 ©;v) = (v € 2 ©; y. v O 2)

begin

sublocale ims: multisemigroup Az y. x ©®; y
by unfold-locales (simp add: local.iassoc)

abbreviation DD = ims.A

abbreviation iconv :: ‘a set = nat = 'a set = 'a set (<-*--[70,70,70]70) where
X x; Y =ims.convi XY

end

class icatoid = imultisemigroup + face-map-op +
assumes (Dst: DDixy = 0itte =0 iffy
and is-absorb [simp]: (0 i [fz) ©; z = {z}
and it-absord [simp]: z ©; (0 i tt z) = {x}

begin

Every indexed catoid is a catoid.
sublocale icid: catoid Az y. © ©; y 0 i ff 0 i tt
by unfold-locales (simp-all add: iDst)

lemma [Face-Sre: 00 i ff = icid.Src ©
by simp

lemma uFace-Tgt: 00 i tt = icid. Tgt @
by simp

lemma face-fiz-sfix: face-fix = icid.sfix
by force

lemma face-fix-tfix: face-fix = icid.tfix
using icid.stopp.stfiz-set by presburger

lemma face-fiz-prop [simp]: x € face-fix i = (0 i « x = x)
by (smt (verit, del-insts) icid.stopp.st-fix mem-Collect-eq)

lemma fFx-prop: fFr iz = (0 i o ¢ = x)
by (metis icid.st-eql icid.st-eq2)



end

class icategory = icatoid +
assumes locality: 0 itttz =0 i ffy= DD ixzy
and functionality: z € x O y = 2/ €x Oy = 2z =2’

begin

Every indexed category is a (single-set) category.

sublocale icat: single-set-category Az y. x ©; y 0 i ff O i tt
apply unfold-locales
apply (simp add: local.functionality)
apply (metis dual-order.eq-iff icid.src-local-cond icid.st-locality-locality local.locality)
by (metis icid.st-locality-locality local.iDst local.locality order-refl)

abbreviation ipcomp :: 'a = nat = ‘a = 'a (-®--[70,70,70]70) where
T ®; Yy = icat.pcomp i T Y

lemma iconv-prop: X »; Y ={z @y |lty. € X Nye€ Y ANDDizy}
by (rule antisym) (clarsimp simp: ims.conv-def, metis local.icat.pcomp-def-var)+

abbreviation dim-bound kxz = (Vi. k < i — fFx i x)
abbreviation fin-dim « = (3 k. dim-bound k x)
end

end

3 Cubical Categories

theory CubicalCategories
imports ICatoids

begin

All categories considered in this component are single-set categories.

3.1 Semi-cubical w-categories

We first define a class for cubical w-categories without symmetries.

class semi-cubical-omega-category = icategory +
assumes face-comm: i #j = 0iao0djB=0jBodia
and face-func: i # j=> DD jzy=0ia(z®jy)=0iaz®;0iay
and interchange: i # j = DDiwx = DDiyz=—= DD jwy = DD jzxz
= (w ®; ) ®j(y®iz) :(w®jy) ®Z'(:I:®jz)
and fin-fix: 3kNVi. k< i{— fFriz



begin

lemma pcomp-face-func-DD: i # j = DD jzy = DD j (0 iazx) (01iay)
by (metis comp-apply icat.st-local local.face-comm)

lemma comp-face-func: i #j = (00 ia) (zOjy) Cdiaz®;diay
using local.icat.pcomp-def-var local.icat.pcomp-def-var4 local.face-func pcomp-face-func-DD
by fastforce

lemma interchange-var:
assumes i # j
and (w ©; 7) xj (y ©; 2) # {}
and (w ©; y) *; (z ©5 z) # {}
shows (w ©; 7) %j (y ©; 2) = (w O y) *; (v ©j 2)
proof—
have hi: DD i wx
using assms(2) local.ims.conv-def by force
have h2: DD iy 2
using assms(2) multimagma.conv-distl by force
have h3: DD jwy
using assms(3) multimagma.conv-def by force
have hj: DD jz 2z
using assms(3) local.icid.stopp.conv-def by force
have (w ©; z) *j (y ©; 2) = {w ®; z} *j {y ®; 2}
using h1 h2 local.icat.pcomp-def-vary by force

also have ... = {(w ®; z) ®; (y ®; 2)}
using assms(2) calculation local.icat.pcomp-def-vars by force
also have ... = {(v ®; y) ®; (z ®; 2)}
by (simp add: assms(1) h1 h2 h3 h4 local.interchange)
also have ... = {w ®; y} *; {z ®; 2}
by (metis assms(8) h8 h4 local.icat.pcomp-def-varf multimagma.conv-atom)
also have ... = (v ©j y) *; (z ©; 2)

using h3 h4 local.icat.pcomp-def-vars by force
finally show ?thesis.
qed

lemma interchange-var2:
assumes i # j
and (Ja € w©;z. b€y ©; 2. a 05 b) # {}
and (Uc € w ojy. Ud €z 0j2 c0;d) #{}
shows (Ja e wo;r. Ubey©;2.0a0b) =UcewojyUdezo;zc
©; d)
proof—
have {(w ®; 7) ®; (y ®; 2)} = {(v ®; y) ®; (v ®; 2)}
using assms(1) assms(2) assms(3) local.interchange by fastforce
thus ?thesis
by (metis assms(1) assms(2) assms(3) interchange-var multimagma.conv-def)
qed



lemma face-compat: 0 i a« 0o @i =01 f
by (metis (full-types, lifting) ext comp-def[of O i tt O i tt] comp-deflof O i tt O
i ff]
comp-def[of 0 i ff O i tt] comp-deflof O i ff O i [f] icid.ts-compat]of ]
local.icid.stopp.ts-compat|of i])

lemma face-compat-var [simpl: 0 ia (i P x)=01if x
by (metis (full-types) icid.ts-compat local.icid.stopp.ts-compat)

lemma face-comm-var: i #j—=—= 0ia (0jBz)=0jp (0iauzx)
by (meson comp-eq-dest local.face-comm)

lemma face-comm-lift: i # j = 00 i a (00 j B X) =00 j B (00 i a X)
by (simp add: image-comp local.face-comm)

lemma face-func-lift: i # j = (00 i a) (X %; Y) C 00 ia X x; 00 ia Y
using ims.conv-def comp-face-func dual-order.refl image-subset-iff by fastforce

lemma pcomp-lface: DD izy = 0 i ff (z Q;y) =0 i ffz
by (simp add: icat.st-local local.icat.sscatml.locall-var)

lemma pcomp-uface: DD iz y = 0 it (z ®;y) =0 itty
using icat.st-local local.icat.sscatml.localr-var by force

lemma interchange-DD1:
assumes i # j
and DDiwz
and DD iy z
and DD jwy
and DD jx 2
shows DD j (w ®; z) (y ®; 2)
proof—
have a: 0 jtt (wW®;2) =0 jlitw®;0jttx
using assms(1) assms(2) face-func by simp

alsohave ... =0jffy®;0jffz
using assms(4) assms(5) local.iDst by simp
also have ... =0 j ff (y ®; 2)

using assms(1) assms(3) face-func by simp
finally show ?thesis
using local.locality by simp
qed

lemma interchange-DD2:
assumes | # j
and DDiwz
and DD iy z
and DDjwy
and DD jz 2
shows DD i (w ®; y) (z ®; z)



using assms interchange-DD1 by simp

lemma face-ideml: diarz=90ify=—0iaz®;0ify={01iaz}
by (metis face-compat-var local.it-absord)

lemma face-pidemi: 0 iarx=0ify=—0iaz®;0dify=0iazx
by (metis face-compat-var local.icat.sscatml.l0-absorb)

lemma face-pidem2: diaz#490ify=—=0iaz®;0iby={}
using icat.st-local by force

lemma face-fiz-comp-var: i # j = 00 ia (0iaz©j0iay)=0iaz®;0
iay

by (metis (mono-tags, lifting) comp-face-func empty-is-image face-compat-var
local.icat.pcomp-def-var4 subset-singletonD)

lemma interchange-lift-aux: v € X = ye€ Y = DDizy=—=2Q;y€ X x; Y
using local.icat.pcomp-def-var local.ims.conv-exp2 by blast

lemma interchange-lift1:
assumes i # j
anddJw e W.dz e X.dye Y. dze€e Z.DDiwzx ADDiyzANDDjwyA
DD jxz
shows (W x; X) x; (Y %; Z)) 0 (W x; Y) % (X x5 Z)) # {}
proof—
obtain wz y z where hi: we WAz e X ANye YANze ZANDDiwz A
DDiyzANDDjwyANDDjzxz
using assms(2) by blast
have h5: (w ®; ©) ®; (y ®; 2) € (W x; X) xj (Y x; Z)
using assms(1) hl interchange-lift-aux interchange-DD2 by presburger
have (w ®; y) ®; (z ®; 2) € (W % Y) *; (X %j Z)
by (simp add: assms(1) hl interchange-lift-auzx interchange-DD2)
thus ?thesis
using assms(1) hi h5 local.interchange by fastforce
qed

lemma interchange-lift2:
assumes i # j
andVwe W.Ve e X.Vye Y.Vz2e Z. DDiwx ANDDiyzANDDjwyA
DD jxz
shows (W x; X) xj (Y %; Z)) = (W x; YV) %; (X % Z))
proof—
{fix ¢
have (t € (W x; X) %; (Y %; Z)) = (Jwe W. 3z € X. dye€ Y. Iz € Z. DD
iwx ANDDiyzADDj(w®;z)(y@;2) At=(w®;r) Ry ;2)
unfolding iconv-prop by force
alsohave ... = 3we W.3z e X.3ye Y. 3z€ Z.DDiwxz AN DD iyz A
DDjwyANDDjzzAt=(w®;) Q(y®;2))
using assms(1) assms(2) interchange-DD2 by simp



alsohave ... = (3we W.3ze€ X.3ye Y. 32€ Z.DDjwyANDDjxz A
DDjwyADDjzzAt=(w®jy) ® (r®;2))
by (simp add: assms(1) assms(2) local.interchange)
alsohave ... = (Jwe W.3z e X.J3ye Y. 32€ Z.DDjwy AN DDjzz A
DD i (w®jy) (xz®j2) At =(w®jy) Q (r®; 2))
using assms(1) assms(2) interchange-DD1 by simp
also have ... = (t € (W x; Y) %; (X x; Z))
unfolding iconv-prop by force
finally have (¢t € (W x; X) %j (Y x; Z)) = (t € (W %; V) *%; (X %5 Z))
by blast}
thus ?thesis
by force
qed

lemma double-fix-prop: (0 i (0j P x) =) = (fFxiz A fFzjx)
by (metis face-comm-var face-compat-var)

end

3.2 Type classes for cubical w-categories
abbreviation diffSup :: nat = nat = nat = bool where
diffSupijhk=(G—j>kVj—i>k)

class symmetry-ops =
fixes symmetry :: nat = ‘a = ‘a (<o)
and inv-symmetry :: nat = 'a = 'a («h)

begin
abbreviation oo i = image (o )
abbreviation Y9 i = image (¥ 7)

symcomp i j composes the symmetry maps from index i to index i+j-1.

primrec symcomp :: nat = nat = ‘a = ‘a (1\¥») where
Yil0z=z
| X4 (Sucj)z=0 (i +75) (Xijaz)
inv-symcomp i j composes the inverse symmetries from i+j-1 to i.

primrec inv-symcomp :: nat = nat = 'a = 'a (<)) where
Oilz==x
| © i (Sucj) z=01ij @ (i +j)z)

end

Next we define a class for cubical w-categories.

class cubical-omega-category = semi-cubical-omega-category + symmetry-ops +
assumes sym-type: oo i (face-fix i) C face-fix (i + 1)



and inv-sym-type: 99 i (face-fix (i + 1)) C face-fix i

and sym-inv-sym: fFx (i + 1) e = o0 i (Viz) =2

and inv-sym-sym: fFriz = Y i(ciz) =z

and sym-facel: fFric = 0 ia (cix)=0ci (0 (i+ 1) ax)

and sym-face2: i £ j—= i #j+ 1 = fFrjo = 0ia(cjz)=0j(0ia

z)

and sym-func: i # j = fFrix = fFriy = DD jzy =
ci(z®jy)=(ifj=i+ 1thenoiz®;0iyelseoiz®;joiy)

and sym-fix: fFric = fFr (i+ 1)z = ociz ==z

and sym-sym-braid: diffSup ij 2 = fFrix = fFxjx = oci(cjz) =0}

(o ix)

begin

First we prove variants of the axioms.

lemma sym-type-var: fFxic = fFx (i + 1) (0 i x)
by (meson image-subset-iff local.face-fix-prop local.sym-type)

lemma sym-type-varl [simp]: 0 (i + 1) a (6 i (Qiazx)) =01 (0iax)
by (metis local.face-compat-var sym-type-var)

lemma sym-type-var2 [simp]: 0 (i + 1) aocociodia=0ciodia
unfolding comp-def fun-eq-iff using sym-type-varl by simp

lemma sym-type-var-lift-var [simp]: 00 (i + 1) a (o0 i (00 { o X)) = oo i (00
i aX)
by (metis image-comp sym-type-var2)

lemma sym-type-var-lift [simp):
assumes FFz ¢ X
shows 00 (i + 1) a (00 i X) =00 i X
proof—
have 90 (i + 1) a (oo i X)={0 (i + 1) a (o iz) |z. z € X}
by blast

also have ... ={o iz |z. z € X}
by (metis assms local.fFz-prop sym-type-var)
also have ... =00 7 X

by (simp add: setcompr-eq-image)
finally show ?thesis.
qged

lemma inv-sym-type-var: fFx (i + 1) = fFr i (¥ i x)
by (meson image-subset-iff local.face-fiz-prop local.inv-sym-type)

lemma inv-sym-type-varl [simpl: 0 ia (Vi (@ (i+ 1)ax)=9i (@ (G + 1)«
z)

by (metis inv-sym-type-var local.face-compat-var)

lemma inv-sym-type-var2 [simpl: 0 iao P iod (i +1)a=09i0d (i+ 1)«



unfolding comp-def fun-eq-iff using inv-sym-type-var! by simp

lemma inv-sym-type-lift-var [simpl: 90 i o (V9 ¢ (90 (i + 1) a X)) = 99 ¢ (90
(i+ 1) a X)
by (metis image-comp inv-sym-type-var2)

lemma inv-sym-type-lift:
assumes FFr (i + 1) X
shows 00 i a (09 i X) =99 i X
by (smt (verit, best) assms image-cong image-ident inv-sym-type-lift-var
local.icid.stopp.ST-compat)

lemma sym-inv-sym-varl [simpl: 0 ¢ (Vi (0 (i + 1) azx)=0({+1)azx
by (simp add: local.sym-inv-sym)

lemma sym-inv-sym-var2 [simp]: c ioYiod (i+ 1)a=0 (i + 1)«
unfolding comp-def fun-eq-iff using sym-inv-sym-varl by simp

lemma sym-inv-sym-lift-var: oo i (99 ¢ (00 (i + 1) a X)) =90 (i + 1) a X
by (metis image-comp sym-inv-sym-var2)

lemma sym-inv-sym-lift:
assumes FFr (i + 1) X
shows oo i (W9 1 X) = X
proof—
have oo i (99 i X) ={o i (¥ iz) |z. z € X}
by blast
thus ?thesis
using assms local.sym-inv-sym by force
qed

lemma inv-sym-sym-varl [simp]: 9 i (ci (Qiaz)=0iazx
by (simp add: local.inv-sym-sym)

lemma inv-sym-sym-var2 [simp]: Y ioociodia=01i«
unfolding comp-def fun-eq-iff by simp

lemma inv-sym-sym-lift-var [simp]: 99 i (oo i (00 i o X)) = 00 i a X
by (simp add: image-comp)

lemma inv-sym-sym-lift:
assumes FFx i X
shows 99 i (00 i X) = X

by (metis assms image-cong image-ident inv-sym-sym-lift-var)

lemma sym-fiz-varl [simpl: 0 i (Qia (0 (i+ 1)Bx)=0ia (@ + 1) x)
by (simp add: local.face-comm-var local.sym-fiz)

lemma sym-fiz-var2 [simpl: c i0diaod (i+1)B=0iaocd (i+1)p

10



unfolding comp-def fun-eq-iff using sym-fiz-varl by simp

lemma sym-fiz-lift-var: oo i (00 i o (00 (i + 1) B X)) =00 i« (00 (i + 1) B
X)
by (metis image-comp sym-fiz-var2)

lemma sym-fix-lift:
assumes FFx i X
and FFz (i + 1) X
shows g0 i X = X
using assms local.sym-fix by simp

lemma sym-facel-vari: 0 i a (0 i (0 i z) =040 (i+ 1) a(01ip 1))
by (simp add: local.sym-facel)

lemma sym-facel-var2: 0 i oo iodiff =cio0d(i+1)aocdif
by (simp add: comp-def local.sym-facel)

lemma sym-facel-lift-var: 00 i o (oo ¢ (00 ¢ B X)) = 00 ¢ (00 (i + 1) o (00 4
B X))

by (metis image-comp sym-facel-var2)

lemma sym-facel-lift:
assumes FFx i X
shows 00 i a (60 i X) =00 i (00 (i + 1) a X)
by (metis (lifting) ext assms inv-sym-sym-lift inv-sym-type-lift-var sym-facel-lift-var
sym-type-var-lift)

lemma sym-face2-vari:
assumes i # j
and i # j + 1
shows dia (cj(@jBx)=0cj@ia(djB )

using assms local.sym-face2 by simp

lemma sym-face2-var2:
assumes i # j
and i #j + 1
shows diaocjodjf=0jodiaodjf
unfolding comp-def fun-eq-iff using assms sym-face2-varl by simp

lemma sym-face2-lift-var:
assumes i # j
and i #j + 1
shows 00 i o (00 j (00§ X)) =00 j (00 { o (00 j B X))

by (metis assms image-comp sym-face2-var2)
lemma sym-face2-lift:

assumes § # j
and i #j + 1

11



and FFrj X
shows 00 i o (00 j X) = 00 j (00 i a X)
by (smt (23) assms image-cong image-image sym-face2-varl)

lemma sym-sym-braid-vari:
assumes diffSup i j 2
shows o i(cj(Qia(@jfzx))=0cj(ci(@ia(djp )

using assms local.face-comm-var local.sym-sym-braid by force

lemma sym-sym-braid-var2:
assumes diffSup 7 j 2
shows o ioocjodiaodjf=0cjociodiaodjf
using assms sym-sym-braid-varl by fastforce

lemma sym-sym-braid-lift-var:
assumes diffSup i1 j 2
shows oo i (00 j (00 i a (00 j  X))) = 00 j (00 i (00 i o (00 j B X)))
proof—
have 00 i (00 j (00 i a (00 jB X)) ={ci(cj(@ia(djp ) |r.z € X}
by blast
alsohave ... ={cj(ci(Qia(0jp 1)) |t ze X}
by (metis (full-types, opaque-lifting) assms sym-sym-braid-varl)
finally show ?thesis
by (simp add: Setcompr-eq-image image-image)
qed

lemma sym-sym-braid-lift:
assumes diffSup i j 2
and FFri X
and FFx j X
shows oo i (00 j X) = 00 j (00 i X)
by (smt (verit, best) assms(1,2,3) comp-apply image-comp image-cong local.sym-sym-braid)

lemma sym-func2:
assumes fFz iz
and fFr iy
and DD (i + 1) z y
showsaz’(x®(i+1) Y =0ix®; 01y
using assms local.sym-func by simp

lemma sym-func3:
assumes i # j
and j # i + 1
and fFr iz
and fFriy
and DD jzy
shows 0 i (z®jy) =0 iz ®joiy
using assms local.sym-func by simp
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lemma sym-func2-vari:
assumes DD (i + 1) Qi ax) (015 y)
showsai(@iaw®(i+1)8iﬁy)zoi(8iax)®iai(8i5y)
using assms local.face-compat-var local.sym-func2 by simp

lemma sym-func3-vari:
assumes i # j
and j # i+ 1
and DDj (Oiaz) (0ify)
shows o i (0iaz®;0ify)=0ci(@iaz)®j0i(0ify)
using assms local.face-compat-var local.sym-func3 by simp

lemma sym-func2-DD:
assumes fFz iz
and fFz iy
shows DD (i + 1) zy=DDi(ciz) (0 iy)
by (metis assms icat.st-local local.face-comm-var local.sym-facel sym-fiz-varl)

lemmafunCQ—var,Q:cro’i(@ioz:r@(i+1)aiﬁy):ai(ﬁz’az) ©;0i (01
B y)
proof (cases DD (i + 1) (Qiax) (018 y))
case True
haveaai(@iax@w+1)aiﬂy):aai{ﬁiam®(i+1)ﬁiﬁy}
using True local.icat.pcomp-def-vars by simp

alsohave...:{ai(aiax®(i+1)aiﬁy)}
by simp

alsohave ... ={ci(0iaz)®;0i(0iBy)}
using True sym-func2-varl by simp

alsohave ...=ci(Qiax)©;0i(0ify)

using True local.icat.pcomp-def-var4 sym-func2-DD by simp
finally show ?thesis.
next
case Fulse
thus ?thesis
using local.sym-func2-DD by simp
qed

lemma sym-func2-lift-varl: oo i (00 i X *(i 4+ 1) 00ipY)=001i (001«
X)x;004(00i8Y)
proof—
haveaai(é)aiaX*(i+1) 00 i B Y):Uoi{x®(i+])y|xy.x€88i
aXANyeddiBYANDD(i+1)zy}
using local.iconv-prop by presburger

alsohave...:{ai(az’a:r®(i+1)8iﬂy)|xy.:z:€X/\y€ Y A DD (i
+1)(Qiaz)(0ipy)}

by blast

alsohave ... ={ci(Qiaz)®;0i(0ify)lzry.ze XNye YANDDi(c

i@iax)(ci(@ify))}
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using func2-var2 sym-func2-varl by fastforce

alsohave ... ={z ®;ylzy. s €00 i (00 iaX)Ny€c€ooi(00ipY)A
DD iz y}

by blast

also have ... =00 i (00 i a X) x; 00 7 (00 i B Y)

using local.iconv-prop by presburger
finally show ?thesis.
qed

lemma sym-func2-lift:
assumes FFr i X
and FFr i Y
showsaai(X*(i+1) Y)=00iX *xj00iY
proof—
haveaai(X*(i+1) Y):UJi(aaittX*(i+1) 00 i tt Y)
by (smt (verit) assms image-cong image-ident local.icid.stopp.ST-compat)

also have ... =00 i (00 i tt X) x; 00 i (00 i tt'Y)
using sym-func2-lift-varl by simp
alsohave ... =00 i X x;001 Y

using assms icid.st-eql by simp
finally show ?thesis.
qed

lemma func3-varl:

assumes i # j

and j # i + 1

shows o0 i (0iaz©;0ify)=0ci(0iazx)©joi(dify)
proof (cases DD j (0 i o z) (0@ B y))

case True

have co i (0iaz ©®;0iBy) =00 i{diaz®;dify}

using True local.icat.pcomp-def-var4 by simp

also have ... = {0 i (0iaz®;01i0y)}
by simp
also have ... = {0 i (0iaz)®joi(dify)}
using True assms sym-func3-varl by simp
also have ... =0 i (diaz) ©joi(dify)

using True assms icat.st-local local.icat.pcomp-def-var4 sym-face2-varl by simp

finally show ?thesis.
next

case Fulse

thus ?thesis

by (metis assms empty-is-image icat.st-local inv-sym-sym-varl local.face-comm-var
sym-face2-varl)
qed

lemma sym-func3-lift-varl:
assumes i # j
and j # i+ 1
shows 00 i (00 i a X ;00 i 3 Y) =001 (00 ia X)*jo0i(00iBY)
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proof—
have 00 i (00 ia X xj00iBY)=00i{z®jylry. v €00ia X Ayedd
iB8Y ANDDjzy}
using local.iconv-prop by presburger

alsohave ... ={0i (0iaz®;0ify)lzryze XANye Y ANDDj(Dia
z) (018 y)}

by force

alsohave...={oci(0iaz)®joi(0ify)lryze XNye YADDj(o

i@iax)(ci(@ify))}

using assms func3-varl sym-func3-varl by fastforce

also have ... = {z @y [ry. 2 €00 i (00 ia X)Ny€ooi(00ifB Y)AN
DD jx y}

by force

also have ... =00 i (00 i a X) xj 004 (00 i B Y)

using local.iconv-prop by presburger
finally show ?thesis.
qed

lemma sym-func3-lift:
assumes i # j
and j # i+ 1
and FFri X
and FFr i Y
shows 00 i (X x; V) =00 i X xjo0 iV
proof—
have 0o i (X »; Y) =00 i (00 itt X ;00 itt Y)
by (smt (verit) assms(3) assms(4) image-cong image-ident local.icid.stopp.ST-compat)

also have ... = 00 i (00 i tt X) xj o0 i (00 i1t Y)
using assms(1) assms(2) sym-func3-lift-varl by presburger
also have ... =00 i X xjo0 1Y

using assms(3) assms(4) icid.st-eql by simp
finally show ?thesis.
qed

lemma sym-func3-var2: i # j = oo i (0 iaz©;0iBy)=(ifj=1i+ 1then
ci(@iaz)©;oi(@ify)elseci(diar)©joi(dify))
using func2-var2 func3-varl by simp

Symmetries and inverse symmetries form a bijective pair on suitable fix-
points of the face maps.

lemma sym-inj: inj-on (o i) (face-fix 7)
by (smt (verit, del-insts) CollectD inj-onl local.inv-sym-sym)

lemma sym-inj-var:
assumes fFz iz
and fFz iy
andoiz=01iy
shows z =y
by (metis assms inv-sym-sym-varl)
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lemma inv-sym-inj: inj-on (9 i) (face-fix (i + 1))
by (smt (verit, del-insts) CollectD inj-onl local.sym-inv-sym)

lemma inv-sym-inj-var:
assumes fFz (i + 1)
and fFz (i + 1) y
anddiz =91y
shows z = y
by (metis assms local.sym-inv-sym)

lemma surj-sym: image (o 1) (face-fix i) = face-fix (i + 1)
by (safe, metis sym-type-varl, smt (verit, del-insts) imagel inv-sym-type-varl
mem-Collect-eq sym-inv-sym-varl)

lemma surj-inv-sym: image (¥ ) (face-fix (i + 1)) = face-fix i
by (safe, metis inv-sym-type-varl, smt (verit, del-insts) imagel inv-sym-sym-varl
mem-Collect-eq sym-type-varl)

lemma sym-adj:
assumes fFr iz
and fFz (i + 1) y
shows (c iz =y)=(z =9 iy)
using assms local.inv-sym-sym local.sym-inv-sym by force

Next we list properties for inverse symmetries corresponding to the axioms.

lemma inv-sym:
assumes fFr iz
and fFr (i + 1)
shows ¥ iz ==z
proof—
have z =0 iz
using assms local.sym-fix by simp
thus ?thesis
using assms sym-adj by force
qed

lemma inv-sym-face2:
assumes i # j
and i # j + 1
and fFz (j+ 1) =
shows dia (Jjz) =97 (01iax)
proof—
haveoc j(Oia (Wjz)=0cj@ia(@jff (¥jx)))
using assms(3) inv-sym-type-var by simp

alsohave ... =0 ia(cj(0ja (Wjz)))
by (metis assms inv-sym-type-var local.fFz-prop sym-face2-varl)
also have ... =0 i a (0 j (¥ jx))

using assms calculation inv-sym-type-var local.sym-face2 by presburger
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alsohave ... =0ia (0 (j+ 1) a x)
by (metis assms(3) local.face-compat-var sym-inv-sym-varl)
finally have 0 j (0 ia (Vjz)=0ia (0 (j+ 1) a x).
thus ?thesis
by (metis assms(3) inv-sym-type-var local.fFz-prop local.face-comm-var lo-
cal.inv-sym-sym)
qed

lemma sym-braid:
assumes fFr iz
and fFz (i + 1) z
shows o i (o (i + 1) (cix)=0c(i+1)(ci(c(i+ 1))
using assms local.sym-face2 local.sym-fix sym-type-var by simp

lemma inv-sym-braid:
assumes fFz (i + 1) =
and fFz (i + 2)
shows 9 i (J (i +1)(Wiz)=9 G+ 1)Ii@ G+ 1))
using assms inv-sym inv-sym-face2 inv-sym-type-var by simp

lemma sym-inv-sym-braid:
assumes diffSup i j 2
and fFx (j+ 1) z
and fFr iz
shows o i (W jz) =9 j (0 ix)
by (metis (no-types, lifting) ext assms(1,2,3) diff-add-0 diff-add-inverse inv-sym-face2
inv-sym-type-var local.inv-sym-sym local.sym-face2 local.sym-inv-sym not-numeral-le-zero
numeral-le-one-iff semiring-norm(69) sym-sym-braid-varl)

lemma sym-funci:
assumes fFr iz
and fFriy
and DDizy
showsai(z@iy):aix®(i+1)crz'y
by (metis assms icid.ts-compat local.iDst local.icat.sscatml.l0-absorb sym-type-varl)

lemma sym-funcl-vari: oo i (Qiaz®;0iBy) =0i(0iaz) O+ 1) ¢
(01 py)

by (metis icid.t-idem image-empty image-insert inv-sym-sym-varl local.face-compat-var
local.icid.stopp. Dst sym-type-varl)

lemma inv-sym-func2-varl: 99 i (0 (i + 1) az ©;0 (i+ 1) By) =91 (0 (i +
proof—
haveaoi(ﬁi(@(i—i—J)a:c)G(Z-Jrl)ﬁi(@(i—i—])ﬁy)):a(z'—l—l)aa:
©;0(i+1)By
by (metis func2-var2 inv-sym-type-varl sym-inv-sym-varl)

henceaai(&@iﬁ(ﬂz’(@(i+1)am)®(i+1)19i(8(2'+Z)By))):aa
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G+ fF@GE+1)aze;0(i+1)By)

by (smt (verit) diff-add-0 diff-add-inverse inv-sym-type-varl local.face-fiz-comp-var

local.icid.stopp.ts-compat numerals(1) zero-neg-numeral)

hence 90 i ff (9 ¢ (0 (i + 1) « )@( 1)192'(8(2’-}-1)51/))219192’(88(2’

+1)ffO@UE+1)aze;0 (z+1)ﬂy))
by (metis inv-sym-sym-lift-var)

thus ?thesis

by (metis add-cancel-right-right dual-order.eq-iff inv-sym-type-varl local.face-compat-var
local. face-fix-comp-var not-one-le-zero)
qed

lemma inv-sym-func3-varl: 99 i ((0 (¢ + 1) « z) O + 1) @+ 1)By) =19
i@+ 1)ax)o;9i(0 G+ 1)BYy)

by (smt (28) empty-is-image image-insert inv-sym-type-varl local.face-idem1 lo-
cal.face-pidem?2 sym-inv-sym-varl)

lemma inv-sym-func-varl:
assumes i # j
and j # i+ 1
shows 90 i ((0 (i + 1) az)©; (O (i +1)By)=0i(@ G+ 1)az)©;di(d
(i+1) B y)
by (smt (23) assms(1) assms(2) inv-sym-sym-lift-var inv-sym-type-varl local.face-fix-comp-var
local.icid. stopp.ts-compat sym-func3-var2 sym-inv-sym-varl )

lemma inv-sym-func2:
assumes fFz (i + 1)
and fFz (i + 1) y
and DDizy
shows ¥ i (z @ y) =iz @y ) Jiy
proof—
have {V i (z ®; y)} =90 i (z ©; )
using assms(3) local.icat.pcomp-def-vars by fastforce
alsohave...zﬁix@u+1> Y1y
by (metis assms(1) assms(2) inv-sym-func2-varl)
also have ... = {0 iz BG4+ 1) Y iy}
by (metis calculation insert-not-empty local.icat.pcomp-def-var)
finally show ?thesis
by simp
qed

lemma inv-sym-funcs:

assumes fFz (i + 1)

and fFz (i + 1) y

and DD (i + 1)z y

showsﬂi(:v@(H_J) Y=viz®;%iy

by (metis assms icat.st-local icid.st-fix inv-sym-type-varl local.icat.sscatml.l0-absord)

lemma inv-sym-func:

18



assumes | # j
and j # i+ 1
and fFx (i + 1) z
and fFz (i + 1) y
and DD jzy
shows ¥ i (z ®;jy) =diz®;V iy
proof—
have {¥ i (z ®; y)} = 9V i (v ©; y)
using assms(9) local.icat.pcomp-def-vars by fastforce

also have ... =9 iz ©;0 iy
by (metis assms(1) assms(2) assms(3) assms(4) inv-sym-func-varl)
also have ... = {J iz ®; 9 iy}

by (metis calculation insert-not-empty local.icat.pcomp-def-var)
finally show ?thesis
by simp
qed

The following properties are related to faces and braids.

lemma sym-face3:
assumes fFz iz
shows 0 (i + 1) a (ciz) =014 (07 ax)
by (metis assms local.fFz-prop sym-type-varl)

lemma sym-face3-vari: 0 (i + 1) a(c i (0ifz)=0i(0ia(0if 1))

proof—

have 0 (i + 1) a(ci (Difz)=0({+1)a(ci(@ia(dipx)))
by simp

alsohave ... =0 i (0ia (01ip 1))
using local.sym-type-varl by fastforce
also have ... =0 { (0 i § z)
by simp

thus ?thesis
using calculation by simp
qed

lemma sym-face3-simp [simp):
assumes fFz iz
shows 0 (i + 1) a(ciz)=0ix
by (metis assms local.fFz-prop sym-face3)

lemma sym-face3-simp-varl [simpl]: 0 (i + 1) a (i (0 i B x)) =0 i(0ip z)
using sym-face3 by simp

lemma inv-sym-face3:
assumes fFz (i + 1) =

shows dia (Jiz) =940 (i+1)az)
by (metis assms inv-sym-type-varl local.face-compat-var)

lemma inv-sym-faceS-varl: d i o (Vi (0 (i+ 1) Bx) =93¢0 (G +1)a(d (4
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+ 1) B 7))

by (metis inv-sym-type-varl local.face-compat-var)

lemma inv-sym-face3-simp:
assumes fFz (i + 1)
shows dia (iz)=1viz
using assms inv-sym-type-var local.fFz-prop by force

lemma inv-sym-face3-simp-varl [simp]: 0 i a (Vi (0 (i + 1) B z)) =94 (0 (4
+ 1) 5 x)

using inv-sym-faced local.face-compat-var by simp

lemma inv-sym-facel:

assumes fFz (i + 1)

shows 0 (i + 1) a (Y iz) =94 (0iax)

by (metis assms inv-sym-face3-simp inv-sym-sym-varl local.face-comm-var lo-
cal.sym-inv-sym sym-facel-varl)

lemma inv-sym-facel-varl: 0 (i + 1) a (Wi (0 (i+ 1) B z) =040 (0 (i
+ 1) x))

using inv-sym-facel local.face-compat-var by simp

lemma inv-sym-sym-braid:
assumes diffSup i j 2
and fFzjz
and fFz (i + 1) z
shows 9 i (0 jz) =0 j (9 ix)
using assms sym-inv-sym-braid by force

lemma inv-sym-sym-braid-varl: diffSup i j 2 = 9 i (c j (@ (i + 1) a (0§ B
z) =0 j(Wi(0(i+1)a(djpB )

using local.face-comm-var local.sym-inv-sym-braid by force

lemma inv-sym-inv-sym-braid:

assumes diffSup i j 2

and fFz (i + 1)

and fFz (j+ 1) z

shows 9 ¢ (W jz) =95 (V¥ iux)

by (metis Suc-eg-plusl add-right-cancel assms inv-sym-face2 inv-sym-face3 inv-sym-sym-braid-varl
local.inv-sym-sym local.sym-inv-sym nat-le-linear not-less-eq-eq)

lemma inv-sym-inv-sym-braid-varl: diffSup i j 2 = 9 i (9 j (O (i + 1) a (0 (§
+1)Ba)=0j@i@ @+ 1)a(@(+1)p 1)

using inv-sym-inv-sym-braid local.face-comm-var by force

The following properties are related to symcomp and inv-symcomp.

lemma symcomp-type-var:
assumes fFz iz
shows fFz (i + j) (X i j x) using «fFz i 2
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apply (induct j)
using sym-face3 by simp-all

lemma symcomp-type: image (X i j) (face-fix i) C face-fix (i + j)
using symcomp-type-var by force

lemma symcomp-type-varl [simpl: 0 (i + j) a (Zij(@ipfx)=Xij(01ip x)
by (metis local.face-compat-var symcomp-type-var)

lemma inv-symcomp-type-var:
assumes fFz (i + j)
shows fFz ¢ (O ¢ j x) using fFz (i + j) o
by (induct j arbitrary: z, simp-all add: inv-sym-type-var)

lemma inv-symcomp-type: image (© i j) (face-fix (i + 7)) C face-fix i
using inv-symcomp-type-var by force

lemma inv-symcomp-type-varl [simp]: 0 i « (© ij (0 (i +7) fz) =045 (0 (i
+79) B x)

by (meson inv-symcomp-type-var local.fFz-prop local.face-compat-var)

lemma symcomp-inv-symcomp:
assumes fFz (i + j) z
shows ¥ i j (© i jz) = z using «fFz ({ + j) »
by (induct j arbitrary: i z, simp-all add: inv-sym-type-var local.sym-inv-sym)

lemma inv-symcomp-symcomp:
assumes fFz iz
shows © i j (X ¢ jz) = z using «fFz i z»
by (induct j arbitrary: i z, simp-all add: local.inv-sym-sym symcomp-type-var)

lemma symcomp-ady:
assumes fFr iz
and fFz (i + j) y
shows (X ijo=y)=(x=01ijy)
using assms inv-symcomp-symcomp symcomp-inv-symcomp by force

lemma decomp-symcompl:
assumes k < j
and fFr iz
shows Yijz =X (i+ k) (j— k) (X ikz) using <k <
apply (induct j)
using Suc-diff-le le-Suc-eq by force+

lemma decomp-symcomp2:
assumes I < k
and k£ < j
and fFr iz
shows X ije=X (G +k) G-k (c(i+k—-1)Ei(k—1)ux)
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by (metis Nat.add-diff-assoc add-diff-cancel-left’ assms decomp-symcompl lo-
cal.symcomp.simps(2) plus-1-eg-Suc)

lemma decomp-symcomp3:

assumes ¢ < [

and [+ 1 <i+3j

and fFrix

shows X ije=X(IU+1)(G+j—1—-1)(cl(Xi({l-1) )

by (smt (verit, del-insts) add.commute add-le-cancel-left assms decomp-symcomp2
diff-add-inverse2 diff-diff-left le-add1 le-add-diff-inverse)

lemma symcomp-face2:
assumes | < iV i+ j <
and fFriz
shows dla (X ijz)=2ij(Qlazx)usingd<iVi+j<Db
proof (induct j)
case (
show ?Zcase
by simp
next
case (Suc j)
have 0 la (X i (Sucj) z) =01la (o (i +7) (X ijz))
by simp
alsohave ... =0 (i +j) (0l a (¥ ijx))
using Suc.prems add.commute assms(2) local.sym-face2 symcomp-type-var by
auto

alsohave ... =0 (i +j) (X2 ij (01 a z))
using Suc.hyps Suc.prems by fastforce
also have ... = (¥ ¢ (Suc j) (01 a x))
by simp
finally show ?case.
qed

lemma symcomp-face3: fFric— 0 (i+j)a (X ijz)=Xij (0 azx)
by (metis local.face-compat-var symcomp-type-varl)

lemma symcomp-facel:

assumes ¢ < [

and [ < i+

and fFr iz

showsdla (Zijz)=2ij (01 +1)az)
proof—

have 0 la (X ijz)=0la XU+ 1) +j—1—1)(cl(Zi(l—1)x))

using Suc-eg-plusl Suc-lel assms(1) assms(2) assms(3) decomp-symcomp3 by
presburger

alsohave ... =X (I+ 1) (i+j—1—-1)@la(cl(Xi(l—1)x)))

by (metis assms(1) assms(3) less-add-one ordered-cancel-comm-monoid-diff-class. add-diff-inverse
sym-type-var symcomp-face2 symcomp-faces3)

alsohave ...=3X(I+1)(i+j—-1—-1)(cl@U+1)a(EZi(l—-1) 1))
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by (metis assms(1) assms(3) local.sym-facel ordered-cancel-comm-monoid-diff-class.add-diff-inverse
symcomp-face3)

alsohave ... =X+ 1)(i+j—-1—-1)(cl(Ei(l—-19) O+ 1)auz))
by (simp add: assms(1) assms(3) symcomp-face?2)
alsohave ... =X ij (0 (Il + 1) ax)

by (metis Suc-eq-plusl Suc-lel assms(1) assms(2) assms(3) decomp-symcomp3
local.fFx-prop local.face-comm-var)
finally show ?thesis.
qed

lemma inv-symcomp-face2:
assumes | <V i+ j <
and fFz (i + j) =
shows 0 la (O ijz)=0ij(@lax)using < iVi+j<b fFr(i+])
x
proof (induct j arbitrary: )
case (
show ?Zcase
using local.inv-sym-face2 by force
next
case (Suc j)
have 0 la (© i (Sucj) ) =0 ij (0 la (¥ (i+]j) z))
using Suc.hyps Suc.prems(1) Suc.prems(2) inv-sym-type-var by force

alsohave ... =0 ij (¥ (i +j) (01 auz))
using Suc.prems inv-sym-face2 by force
also have ... = (0 ¢ (Sucj) (01 a 1))
by simp
finally show ?Zcase.
qed

lemma inv-symcomp-face3: fFx (i + j) e = 0 ia (©® ijz) =0 ij (0 (i + j)
a x)
by (metis inv-symcomp-type-varl local.face-compat-var)

lemma inv-symcomp-facel:
assumes i < [
and [ < i+
and fFz (i + j) =
shows 0 la (©ijz)=0ij 01 —-1)ax)
proof—
have (0 (I — 1) a (2ij©Oijz)=0(—-1)ax)
using assms(3) symcomp-inv-symcomp by force
hence (X ij (0la(©ijz)=0 (- 1) ax)
using assms inv-symcomp-type-var symcomp-facel by auto
thus ?thesis
by (metis assms(1) assms(3) inv-symcomp-symcomp inv-symcomp-type-var
local.face-comm-var nat-neg-iff )
qed
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lemma symcomp-comp1:

assumes fFz iz

and fFr iy

and DD iz vy

showsZz’j(m@iy):Eijm®(i+j) Yijy

by (induct j, simp, metis assms local.face-compat-var local.iDst local.icat.sscatml.r0-absorb
symcomp-type-varl )

lemma symcomp-comp2:
assumes k < i
and fFr iz
and fFr iy
and DD kzxy
shows X ij(z @ y) =2 ijz QX i)y
proof (induct j)
case ()
show ?Zcase
by simp
next
case (Suc j)
have ¥ i (Suc j) (z@py) = o (i +j) (X ijz) @ (Zijy))
by (simp add: Suc)
alsohave ... =0 (i +j) (X ijz) Qo (i +j) Eijy)
apply (rule sym-func3)
using assms(1) assms(2) assms(3) symcomp-type-var apply presburger+
using assms local.iDst local.locality symcomp-face2 by presburger
finally show ?case
by simp
qed

lemma symcomp-comp3:
assumes i + j < k
and fFr iz
and fFr iy
and DD kzxy
shows ¥ ij (z Q@ y) =X ijz ® X ijyusing <k > i+
proof (induct j)
case ()
show ?Zcase
by simp
next
case (Suc j)
have ¥ 7 (Suc j) (s29) = o (i + ) (5 i 2) @ (S 15 1))
using Suc.hyps Suc.prems by force
alsohave ... =0 (i+j) (X ijz) Qo (i+j) (Eijy)
apply (rule sym-func3)
using Suc.prems apply linarith+
using assms(2) assms(3) symcomp-type-var apply presburger+
using Suc.prems assms(2) assms(8) assms(4) local.icid.ts-msg.st-locality-locality
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symcomp-face2 by simp
finally show ?case
by simp
qed

lemma fiz-comp:
assumes | # j
and fFr iz
and fFr iy
and DD jzy
shows fFr i (z ®; y)
using face-func assms by simp

lemma symcomp-compi:
assumes i < k
and k< i+ j
and fFrix
and fFr iy
and DD kzy
showsZij(x@ky)zzijx@?(k_]) Yijuy
using <k < i + p <fFx i x> <fFx iy <DD k x
proof (induct j arbitrary: x y)
case ()
thus ?case
using assms(1) by linarith
next
case (Suc j)
have a: fFz i (z Qp y)
using Suc.prems(2) Suc.prems(3) Suc.prems(4) assms(1) fiz-comp by force
have b: fFx (k— 1) (X i(k—1 — i) x)
using Suc.prems(2) assms(1) less-imp-Suc-add symcomp-type-var by fastforce
have ¢: fFx (k— 1) (X i(k—1 —1)y)
using Suc.prems(8) assms(1) less-imp-Suc-add symcomp-type-var by fastforce
have d: DDk (X i(k—1 -9 z)(Zi(k—1—-1)y)
by (metis Suc.prems(2) Suc.prems(83) Suc.prems(4) add-diff-cancel-left” assms(1)
lessI less-imp-Suc-add local.iDst local.locality plus-1-eq-Suc symcomp-face2)
have ¥ i (Sucj) (zQpy) =Xk (i+j+1 -k (c(k—1)Xi(k—1—1)
(z 9k 9)))
by (smt (verit) Suc.prems(1) Suc-eq-plusl a add-Suc-right add-le-imp-le-diff
assms(1) decomp-symcomp8 diff-diff-left le-add-diff-inverse2 less-eq-Suc-le plus-1-eq-Suc)
alsohave ... =X k(i +j+1—-k)(c(k—1)Ei(k—1—-9)2ze,X1(k
)
using Suc.prems(2) Suc.prems(8) Suc.prems(4) assms(1) symcomp-comp3 by
force
alsohave... =Yk (i+j+1—-k)(c(k—1)(Zi(k—1 —i)x@«k, 1)+ 1)
Si(k—1-14)vy)
using assms(1) by auto
alsohave ... =YXk (i+j+1—-k)(c(k—1)(2i(k—1 —i)x)®(k,1)
o k= 1) (Si(k—1-1)y)
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using assms(1) b ¢ d less-iff-Suc-add sym-func2 by fastforce
alsohave ... =Xk (i+j+1—-k)(c(k—1)Ei(k—-1 fi)x))@)(k_])
Sk(i+j+1—-k)(ck—-—1)Zi(k—1-1)y)
apply (rule symcomp-comp2)
using assms(1) b sym-face3 apply fastforce+
apply (metis assms(1) ¢ le-add! le-add-diff-inverse2 less-imp-Suc-add plus-1-eq-Suc
sym-face3)
by (metis assms(1) b ¢ d le-add1 le-add-diff-inverse2 less-imp-Suc-add plus-1-eq-Suc
sym-func2-DD)
alsohave ... =X k (i +j+ 1 fk)(Ei(kfi)x)®(k_1)2k(i+j+1
— k) (X i (k—1)y)
using assms(1) less-imp-Suc-add by fastforce
alsohave...:(Ei(jJr1)$)®(k_1)Ek(iJerrZ — k) (Zi(k—1)y)
by (smt (verit, ccfo-SIG) Nat.diff-diff-eq Suc.prems(1) Suc.prems(2) add.comm-neutral
add-left-mono assms(1) decomp-symcomp1 diff-add-inverse diff-le-mono group-cancel.add2
linordered-semidom-class.add-diff-inverse order-less-imp-le order-less-imp-not-less
plus-1-eq-Suc zero-less-Suc)
also have ... = (X ¢ (j + 1) z) R~ 1) (B G+ 1)y
by (smt (verit, ccfv-SIG) Nat.add-0-right Nat.diff-diff-eq Suc.prems(1) Suc.prems(3)
add-Suc add-Suc-shift add-diff-inverse-nat add-mono-thms-linordered-semiring(2)
assms(1) decomp-symcomp1 diff-add-inverse diff-le-mono nless-le order.asym plus-1-eq-Suc
trans-less-add2 zero-less-one)
finally show ?case
by simp
qed

lemma symcomp-comp:

assumes fFr iz

and fFr iy

and DD kzy

showsEij(x@ky)z(ifk:ithenzijx®(i+j) Yijy

else (if (i <k Nk <i+}j) thenEijx®(k_ 1) Yijy
elseXijrz @@L L ijy))

by (metis assms linorder-not-le not-less-iff-gr-or-eq symcomp-comp1 symcomp-comp2

symcomp-compd symcomp-comps, )

lemma inv-symcomp-comp1:

assumes fFz (i + j)

and fFz (i +j) y

and DD (i +j) z y

shows@ij(m®(i+j) Y=0ijz®;0ijy

by (metis assms inv-symcomp-type-var local.fFz-prop local.iDst local.icat.sscatml.l0-absorb)

lemma inv-symcomp-comp2:
assumes k < i
and fFz (i + j) z
and fFz (i +j) y
and DD kzy
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shows O ij (z QL y) =0ijz R0 ijy
proof—
have a: DDk (© ijz) (©ijy)
using assms inv-symcomp-face2 local.iDst local.locality by presburger
have z @y y =X ij (0 ijz) @ X ij(0ijy)
by (simp add: assms(2) assms(8) symcomp-inv-symcomp)
hence z @, y=2Xij (O ijz) @ (© ijy))
using a assms(1) assms(2) assms(3) inv-symcomp-type-var symcomp-comp?2
by presburger
thus ?thesis
using a assms(1) assms(2) assms(3) fix-comp inv-symcomp-faced inv-symcomp-symecomp
by simp
qed

lemma inv-symcomp-comp3:
assumes | + j < k
and fFz (i + j) =
and fFz (i + j) y
and DD kzy
shows O ij (z QrLy) =0ijz L0 ijy
proof—
have h: DDk (©ijz) (©ijy)
using assms inv-symcomp-face2 local.iDst local.locality by presburger
have 1 @, y =X ij(Oijz) @ Xij (©ijy)
by (simp add: assms(2) assms(3) symcomp-inv-symcomp)
hence z @, y=Xij(©ijz) @ (©ijy))
using assms(1) assms(2) assms(3) h inv-symcomp-faceld symcomp-comp3 by
stmp
thus ?thesis
using assms(1) assms(2) assms(3) fix-comp h inv-symcomp-face3d inv-symcomp-symcomp
by simp
qed

lemma inv-symcomp-compy:
assumes 7 < k
and k < i+ j
and fFz (i + j) z
and fFz (i +j) y
and DD kzy
shows@ij(m@ky):@ijx®(k+1)@z’jy
proof—
have h: DD (k+ 1) (©ijz) (O ijy)
using assms(1) assms(2) assms(8) assms(4) assms(5) inv-symcomp-facel
local.icat.sts-msg.st-local by auto
have 2 @y =X ij (O ijz) @, X ij(Oijy)
by (simp add: assms(3) assms(4) symcomp-inv-symcomp)
hence z ®, y=X14j ((© i jz) Bk + 1) ©ijy))
apply (subst symcomp-comps)
using assms h inv-symcomp-type-var by auto
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thus ?thesis
by (metis Suc-eq-plusl Suc-n-not-le-n assms(1) assms(3) assms(4) fix-comp h
inv-symcomp-faced inv-symcomp-symcomp)
qed

end

end

4 Cubical Categories with Connections

theory CubicalCategoriesConnections
imports CubicalCategories

begin

All categories considered in this component are single-set categories.

class connection-ops =
fixes connection :: nat = bool = 'a = 'a (IN)

abbreviation (in connection-ops) IT i a = image (T i «)

We define a class for cubical w-categories with connections.

class cubical-omega-category-connections = cubical-omega-category + connection-ops
_l’_

assumes conn-facel: fFrjr = 0ja T jaz) ==z

and conn-face2: fFrjz =0 (j+ 1) aTjaz)=0jx

and conn-face3: i £ j—= i#j+1 = fFrjz = 0ia(LjBz)=Tj 0
(01 aux)

and conn-corner!: fFx iz = fFxiy=— DD (i+ 1) zy =T it (x®(i+ 1)
y):(Fittx®(i+1)0ix) ®i(x®(i+1)Fitty)

and conn-corner2: fFxix = fFxiy=—= DD (i + 1) zy =T i ff (z R + 1)
y) = (Fiﬁ$®(i+1) Y) ®i(0iy®(i+1) Liffy)

and conn-corner8: j#iNjF i+ 1 = ffrizx = fFriy=— DD jzry—=
Fia(ejy=Tiaze;l'iay

and conn-fir: fFric = fFr (i+ 1)z =T iaz =2

and conn-zigzagl: fFx iz = T itt z i + 1) Fiffr=x=x

and conn-zigzag?: fflxic =T itte ;T iffr=0ix

and conn-conn-braid: diffSup i j 2 = fFrjx = fFxiz=Tia ([ jB x)
=TjB[Tiaxz)

and conn-shift: fFric = fFz (i+ 1)z =0 (i + 1) (ci (T (i + 1) o x))
=Tia(c(i+1)x)

begin
lemma conn-faces: fFrjz— 0 ja (T j(-a)z)=0(+ 1) az

by (smt (23) local.conn-facel local.conn-zigzag2 local.face-comm-var local.locality
local.pcomp-Iface local.pcomp-uface local.sym-facel local.sym-fiz-varl)
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lemma conn-facel-lift: FFr j X — 90 ja IT ja X) =X
by (auto simp add: image-iff local.conn-facel)

lemma conn-face-lift: FFx j X = 900 j o (IT j (-a) X) =00 (j + 1) a X
apply safe
apply (simp add: local.conn-face})
by (metis image-eql local.conn-faces)

lemma conn-face2-lift: FFx j X — 900 (j + 1) a (ITja X) =00 j X
by (smt (23) comp-apply image-comp image-cong local.conn-face2)

lemma conn-faceS-lift: i #j— i #j+ 1 = FFzj X —= 00 i a (IT j 8 X)
=TT jB(00iaX)
by (smt (23) image-cong image-image local.conn-face3)

lemma conn-fiz-lift: FFr i X = FFr (i + 1) X =ITia X =X
by (simp add: local.conn-fiz)

lemma conn-conn-braid-lift:
assumes diffSup 1 j 2
and FFrj X
and FFri X
shows IT i a IT j 8 X)=ITj 8 (ITia X)
by (smt (23) assms image-cong image-image local.conn-conn-braid)

lemma conn-sym-braid:

assumes diffSup i j 2

and fFzr iz

and fFz jz

showsT ia (cjz)=0cj(liauz)

by (smt (23) assms add-diff-cancel-left’ cancel-comm-monoid-add-class. diff-cancel
diff-is-0-eq’ icat.st-local le-add1 local.conn-conn-braid local.conn-cornerd local.conn-facel
local.conn-face local.conn-zigzag2 numeral-le-one-iff rel-simps(28) semiring-norm(69))

lemma conn-zigzagl-var [simp]: T i tt (0 i « z) O 4 T ilf (Oiax)y={01
a z}
proof (cases DD (i + 1) (D itt (i ax)) (T iff (01« x)))
case True
hence ' i it (0 i a ) Q(Z-Jr])Fiﬁ(@iam):{Fitt(8iaaz)®(i+1)F
iff (0iazx)}
by (metis True local.icat.pcomp-def-varj)
also have ... = {0 i o z}
using local.conn-zigzagl by simp
finally show ?thesis.
next
case Fulse
thus %thesis
using local.conn-face2 local.locality by simp
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qed

lemma conn-zigzagl1-lift:
assumes FFr i X
showsFFz’ttX*(i+1)FFz'ﬁX:X
proof—
haveFFz'ttX*(i+1)FFiﬁX:{Fitta:@(iJrl)Fiﬁy|:cy.x€X/\y
EXADD(i+1)Tittz) (Tiffy)}
unfolding local.iconv-prop by force
alsohave...:{l“z'tt:c®(l-+1)Fiﬁy|xy.xGX/\yEX/\@(i—l—1)tt
Titte)=00+1)ff Tiffy}

using icat.st-local by presburger

alsohave...:{Fitta:®(i+1)Fiﬁy|xy.x€X/\y€X/\aix=ai
y}
by (metis (no-types, lifting) assms local.conn-face2)
alsohave...:{Fz'tt:c®(i+1) Fiffe|z ze X}
using assms local.sym-inj-var by blast
also have ... = {T' i tt (0 i it ) (i + 1) Tiff Qittx)|z. ze X}
by (metis (full-types) assms icid.ts-compat)
also have ... = {0 ittz | z. z € X}

using local.conn-zigzagl local.face-compat-var by presburger
also have ... = X
by (smt (verit, del-insts) Collect-cong Collect-mem-eq assms local.icid.stopp. st-fix)
finally show ?thesis.
qed

lemma conn-zigzag2-var: T i tt (O iax) O;Tiff (Qiazx)={oi(0iaz)}
proof (cases DD i (T itt (0 i ax)) (i ff (07 ax)))
case True
henceT'itt (Oiaz) O;Tiff Qiax)={Titt Oiaz);Tiff (0iaz)}
by (metis True local.icat.pcomp-def-varj)
also have ... = {0 i (0 i a z)}
using local.conn-zigzag2 by simp
finally show ?thesis.
next
case Fulse
thus ?thesis
by (simp add: local.conn-facel local.locality)
qed

lemma conn-zigzag2-lift:

assumes FFx i X

shows [T itt X x; IT i ffX =007 X
proof—

have ITitt X x; IT i fX ={Tittae; T iffy|lzy 2€ X ANye X ANDD
i(Tittz) (Tiffy}

unfolding local.iconv-prop by force
alsohave ... ={Tittz ;T iffy|lzy ce X Nye X ANditt T itta)=
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oiff (L'iffy)}

using icat.st-local by presburger

alsohave ... ={Tittz ;T iffz |z 2 € X}
by (metis (full-types) assms local.conn-facel)
alsohave ... ={Titt (Qittz) ;T iff (Qittz) |z z€ X}
by (metis (full-types) assms icid.ts-compat)
also have ... ={o iz | z. z € X}
by (metis assms icid.ts-compat local.conn-zigzag2)
also have ... =00 7 X
by force
finally show %thesis.
qed

lemma conn-sym-braid-lift: diffSup 1 j 2 — FFrx i X — FFrj X = IT i «
(c0jX)=00j(ITiaX)
by (smt (23) image-cong image-image local.conn-sym-braid)

lemma conn-corneri-DD:
assumes fFz iz
and fFr iy
and DD (i + 1) z y
shows DD i (T Pitr @ 4 ) i) ($®(i+ 1) T iity)
proof—
have hi: DD (i + 1) (T i tt z) (o i x)
using assms(1) local.conn-face2 local.locality local.sym-type-var by simp
have h2: DD (i + 1) z (I i tt y)
by (metis assms(2) assms(3) conn-zigzagl-var icat.st-local icid.src-comp-aux
singleton-iff)
have h3: 0 i it (Fitt$®(i+1) ocizx)=1
by (metis assms(1) local.conn-facel local.conn-face? local.icat.sscatml.r0-absorb)
haveaiﬁ(x®(i+1)Fitty)zaiﬁx®(i+1)aiﬁ(Fitty)
using h2 local.face-func by simp
henceh4:8iﬁ(m®(i+1)I‘z’tty):x®(i+1) oG+ 1)ffy
by (metis (full-types) assms(1) assms(2) local.conn-faces)
haveaitt(Fittx®(i+1)Jim)zaitt(Fittrﬁ) @iy py0itt (o iz
using h1 local.face-func by simp
also have ... =z ®¢; | 1) oG+ 1)t
using calculation h3 by simp
thus ?thesis
using assms(3) h3 hi local.icat.sts-msg.st-local by simp
qed

lemma conn-cornerf-var: TT i ¢t (0 { o « O + 1) 0ify) =T ittt (0iax)
@(Z'+1)Ui(aiam))*i(aia$®(i+1)Fitt(@iﬂy))
proof (cases DD (i + 1) (0 i ax) (014 B y))

case True

have hi: DD (i + 1) T itt (0iax)) (0 i (0 i« 1))

by (metis local.conn-face?2 local.face-compat-var local.locality)
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have h2: DD (i + 1) Qi az) (T itt (0B y))
by (metis True icid.src-comp-auz insertCI local.conn-zigzag1-var local.iDst lo-
cal.locality)
have h3: DD i (T i ¢t (0 i o ) ®(i+1)ai(6iam)) ((’)iax@(i_i_z)l"itt
(9148 y))
using True local.conn-corner1-DD local.face-compat-var by simp
havel“l"itt(@iax@(i+1)aiﬂy):FFitt{aiaac@(i_i_l)aiﬁy}
using True local.icat.pcomp-def-var4 by simp
also have ... = {(T i tt (0 { o ) ®(i+1)oi(8iam)) ®i(8iaa:®(i+1)
Tt (98 )}
using True local.conn-cornerl local.face-compat-var by simp
also have ... = {T' i tt (0 i « x) ®(z~+1)ai(aiax)}*i{aiaw®(i+1)
Ditt (0ipPy)}
using h3 local.icat.pcomp-def-var local.icid.stopp.conv-atom by simp
alsohave...:(Fitt(ﬁiaat)@(i+1)ai(aiax))*i(az'ax@(i+1)
Litt (018 y))
using h1 h2 local.icat.pcomp-def-varj by simp
finally show ?thesis.
next
case Fulse
thus ?thesis
by (smt (23) Union-empty empty-is-image icat.st-local icid.ts-compat local.conn-face/,
local.face-comm-var local.icid.stopp.ts-compat multimagma.conv-distl)
qged

lemma conn-corner!-lift-auz: fFric =0 (i + 1) ff (T ittz) =0 (i + 1) ff=
by (metis conn-zigzagl-var empty-not-insert equals0I icid.src-comp-auz single-
tonD)

lemma conn-corneri-lift:
assumes FFr i X
and FFzi Y
shows I'T" 7 tt (X *Gi+ 1) Y)=(IT Z'ttX*(i + 1) 00 i X) *; (X *(i 4+ 1) IT
ittY)
proof—
have h1:Vye Y. 0 (i+ 1) ff T itty) =0 (i + 1) ffy
by (metis assms(2) conn-zigzagl-var local.icid.ts-msg.tgt-comp-auzx singletonl)
have h2 NVza € X. DD (i + 1) (T i ¢t za) (o i xa) — d i tt (T i tt za R + 1)
ciza)=01itt (T ittza) Q1) 0itt (o iza)
by (simp add: local.face-func)
have h3 Vazc € X.Vye Y. DD (i + 1) xc(I‘z’tty)—>8i[f(:cc®(i+1) r
itty):@iﬁxc®(i+1) Oiff Titty)
by (simp add: local.face-func)
have h4:Vza € X. 0 i tt (T i tt za) R 4 1) 0 ittt (oixa) =20 O 1 1) 01
tt (0 (i + 1) tt za)
by (smt (23) assms(1) local.conn-facel local.fFz-prop local.face-comm-var lo-
cal.sym-facel-varl local.sym-fiz-varl)
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have h5: Vzec € X. Vy € Y.@iﬁxc®(i+1) 8iﬁ(Fitty)::rc®(i+1) 0
(i+ 1) ffy
by (metis (full-types) assms(1) assms(2) local.conn-faces)
have h6: Vac € X.Vye Y. DD (i + 1) zc (0 (i+ 1) ffy) — T O 4 1) 0
(i+ 1) ffy=xc
by (metis local.face-compat-var local.icat.sscatml.r0-absorb local.icid.stopp. Dst)
have h7: Vza € X. za (i + 1) Oitt (0(i+ 1)t za) = za
by (metis assms(1) local.face-comm-var local. face-compat-var local.icat.sscatml.r0-absorb)
have h8:Vz € X.Vy € Y. DD (i + 1)xy—>(Fittx®(i+1) oiz) Q; (z
i+ Litty) =Titt(z@; 4 1))
using assms(1) assms(2) local.conn-corner! by auto
have (I'T ittX*(i + 1) 00 i X) *; (X*(l + 1) ITitt Y)={(Tittza ®(i + 1)
Uia:b)@i(xc@)(i_’_l)Fitty)|xabecy.xaGX/\beX/\xcGX/\ye
YADD (i+ 1) (T ittaa) (0 iab) NDD (i+ 1) ze (T itty) AN DD i (T ittza
D4+ 1) i xzb) (zc @iy Litt y)}
unfolding local.iconv-prop by blast
also have ... = {(T' i tt za Q410 izb) ®; (xc Qi+ T itty) | za zb xc
yra€e XNabe X Nace XANye YANI(i+ 1)t (Tittwa)=0 G+ 1) ff
(cizb) NO(i+ 1) ttwc:a(i—l—Z)ﬁ(Fitty)A@itt(Fittma®(i+1)a
ixb):aiﬁ(xc®(i+1) T iitty)}
using icat.st-local by presburger
also have ... = {(I' i tt za R4 1)0 izb) ®; (xc 4 4 1) Uitty)]| za xb zc
yro e XNabe X Nace XANyeYANza=abNO (i +1)ttac=0 (i + 1)
F@Titty) NOitt (I‘z’ttm®(i+1) aimb):aiﬁ(xc®(i+1)Fitty)}
by (smt (verit) Collect-cong assms(1) local.conn-face2 local.sym-type-var)
also have ... = {(T" i ¢t za QG4 1)0 i za) ®; (zc Q4T itty) | za zc y.
za€ XNzce XANye YANI(i+1)ttaec=0(+1)fFfynoditt (T ittaa
®(Z’+1)az':z:a):8iﬁ(xc®(i+1)l“itty)}
by (smt (verit, best) Collect-cong assms(1) h1 local.conn-face3 local.locality
local.sym-type-var)
also have ... = {(T'" i tt za QG4+ 1)0 i za) ®; (zc Q4T itty) | za zcy.
za€ XNace XANye YA+ 1)ttac=0 G+ 1)fFfynditt (T ittza)
@iy py0itt (Uima)zaiﬁxc®(i+1)aiﬁ(Fz’tty)}
by (smt (verit, del-insts) h2 h3 Collect-cong assms(1) hl icat.st-local lo-
cal.conn-face2 local.sym-type-var)
also have ... = {(T' i tt za R4+ 1)0 i za) ®; (xc @i+l itty) | za zc y.
za€ X Nzee X Ny € Y/\a(i—l—1)ttarc:a(i+1)ﬁy/\xa®(i+1)3i
tt (0 (i + 1) tt za) =2c Q(; 4 1) oG+1)ffy}
by (smt (verit, del-insts) h4 h5 Collect-cong)
also have ... = {(T' i tt za R4+ 1)0 i za) ®; (zc Q4T itty) | za zcy.
za€ X Nezece XANye YANO(i+1)ttac=0(i+ 1) ffyA za=zc}
by (smt (23) h6 h7 Collect-cong assms(2) icid.st-eql local.face-comm-var)

alsohave...:{Fitt(x(X)(iJr1) y)]|rzyzeXANye YANDD (i+ 1)y}
by (smt (verit, ccfv-threshold) h8 Collect-cong icat.st-local)
also have ... =TT ¢t (X *(i + 1) Y)
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unfolding local.iconv-prop by force
finally show ?thesis
by simp
qed

lemma conn-corner2-DD:

assumes fFz iz

and fFr iy

and DD (i + 1)z y

showsDDi(Fiﬁa:Qb(H_l) Y) (Uiy®(i+1) Tiffy)
proof—

have hi: DD (i + 1) (I i ffz) y

by (metis assms(1) assms(8) conn-zigzagl-var insertCI local.iDst local.icid.ts-msg.src-comp-auz
local.locality)

haveh2:8iﬁ(az'y®(z-+1)Fiﬁy):Biﬁ(oiy)®(i+1)3iﬁ(Fiﬁ
y)

using assms(2) local.conn-face2 local.face-func local.locality local.sym-face3-simp
by auto

using hl local.face-func by simp
hence hy: 9 itt (I'iffe @y 4 yy) =0 (i + 1) tte @u 1)y
by (metis (full-types) assms(1) assms(2) icid.st-eql local.conn-faces)

thus ?thesis

by (metis h2 assms(2) assms(8) local.conn-facel local.conn-face2 local. face-comm-var
local.icid.stopp.Dst local.locality)
qed

lemma conn-corner2-var: ITT i ff (0 i ax O + 1) 0ify)=Ciff (0iaz)
O 0By xi(0i(@ify Oy nTiff (0iBy)
proof (cases DD (i + 1) (i« x) (018 y))

case True

have hi: DD (i + 1) T i ff (O i ax)) (01 B y)

by (metis True insertCI local.conn-zigzag1-var local.iDst local.icid.ts-msg.src-comp-aux
local.locality)

have h2: DD (i + 1) (c i (0 i B y)) T iff (018 y))

by (metis local.conn-face2 local.face-compat-var local.locality)

havehS’:DDz'(Fiﬁ(az'ax)®(i+1)5iﬁy) (0i(6iﬁy)®(i+1)Fiﬁ
(0i8y)

using True local.conn-corner2-DD by simp
haveFFz'ﬁ(aioza:@(iJrl)8iﬁy):{Fiﬁ(8ial’®(i+1)8iﬁy)}
by (metis (full-types) True local.icat.pcomp-def-vars image-empty image-insert)

alsohave...:{(Fz’ﬁ(@z’am)®(i+]) (6i5y))®i(0i(aiﬁy)®(i+1)
Liff (0ipy)}

using True conn-corner2 local.face-compat-var by simp
alsohave ... = {T i ff (0 i az) R 4 1) (OiBy)}*{ci(@ifBy) (i + 1)
Liff(01ipy)}

using h3 local.icat.pcomp-def-vary local.icid.stopp.conv-atom by simp
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alsohave...:(Fiﬁ(@ial’)@(i+1) Pipy)*x{ci(@ipBy) (i + 1)
Tiff (976 )}

by (metis h1 local.icat. functionality-lem-var local.icat.pcomp-def local.icat.sscatml.r0-absorb
local.it-absord)

alsohave...= (T iff (0iaz) O + 1) Oipy)*(ci(@ify) O + 1)
Liff (04By))

using h2 local.icat.pcomp-def-varj by simp

finally show ?thesis.
next

case Fulse

thus ?thesis

by (metis UN-empty add-eq-self-zero empty-is-image local.conn-facel local.face-compat-var
local.pcomp-face-func-DD multimagma.conv-def nat-neq-iff zero-less-one)
qed

lemma conn-corner2-lift:
assumes FFr i X
and FFzi Y
shows I'T" 7 ff (X *(i + 1) V)=(ITiffX *(i + 1) Y) x; (00 i Y*(i + 1) I'T
iffY)
proof—
have hl Vz € X.Vyae Y. 0 (i+ 1) ttz =0 (i+ 1) ffya— 0 itt (T iff
TG 4 1) ya)zaitt(f‘iﬁx)@)(i_i_l)aittya
by (metis local.face-func add.commute add-diff-cancel-right’ assms(1) bot-nat-0.extremum-unique
cancel-comm-monoid-add-class. diff-cancel conn-zigzagl-var empty-not-insert ex-in-conv
icat.st-local local.icid.ts-msg.src-comp-aux not-one-le-zero singletonD)
have h2 Vyb € Y. DD (i + 1) (o i yb) (T i ff yb) —>8iﬁ(aiyb®(i+1)
Fiﬁyb)zaiﬁ(aiyb)(@(i_,_])8iﬁ(I‘z’ﬁyb)
by (simp add: local.face-func)
have h3:Vz € X.Vye Y. DD (i+ 1) zy — T iffe @y 1)y @i (0iy
i+ Liffy) =T iff (+®;4 1)y
using assms local.conn-corner2 by simp
have hf:Vz e X.Vyae Y. O (i+ 1) tt T iffz)y=0 (i + 1) ffya) = (0 (i
+ 1) tte=0 (i + 1) ffya)
by (metis assms(1) conn-zigzagl-var local.icid.ts-msg.src-comp-auzx singletonl )
have h5:Vybe Y. Vyce Y. (0 (i + 1) tt (ciyb) =0 (¢ + 1) ff (T ¢ ff yc))
= (yb = ye)
by (metis assms(2) local.conn-face2 local.inv-sym-sym local.sym-faceS-simp)
have h6: Vr € X.Vyae Y. Vypbe Y. (z e X ANyae Y ANybe Y ANO (i +
1) ttxza(i+1)ﬁyaA6itt(Fiﬁx®(i+1) ya):ﬁiﬁ(aiyb®(i+1)
Tiffub)=(z€XANyae YAybe YANI(i+ 1)ttx=0 G+ 1) [fyaN0
itt (T i ffz) ®(i+])8ittya=8iﬁ(aiyb)®(i+1)6iﬁ(Fz’ﬁyb))
using h1 h2 h5 icat.st-local by force
have (FF ZﬁX *(’L' + 1) Y) *q (O'O' 7 Y*(Z' + 1) I'T Zﬁ Y) = {(F Zﬁlf ®(Z + 1)
ya) ®i(0iyb®(i+1)f‘iﬁy0)\a:yaybyc.xeX/\yaE YANybeY A yce
YADD (i+ 1) T iffz)yaADD (i + 1) (ciyb) T iffye) N\DDi (T iffz
R4 1y va) (0 iyb®y 1y Tiffye)}
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unfolding local.iconv-prop by fastforce
alsohave...:{(I‘iﬁx@(i_i_]) ya) ®; (0iyb®(i+1)Tiﬁyc)|xya yb
yeer € XANyae YAybe YAyce YAOI(G+1)tt(Tiffe)y=00G0+1)f
ya/\a(iJrl)tt(criyb)z@(iJrI)ﬁ(Fiﬁyc)A@itt(f‘iﬁx@(i_’_l)
ya)zaiﬁ(aiyb®(i+1)Fiﬁyc)}

using icat.st-local by simp
also have ... ={(T i ffz (i + 1) ya) ®; (o @ yb ®G 4+l i ffyb) | = ya yb.
ze€XANyoe YANybe YNO(i+1)tta=0G+1)fFfyanditt(Tiffa
(i + 1) ya)zaiﬁ(aiyb®(i+])Fiﬁyb)}

using h4 hd by (smt (verit, del-insts) Collect-cong)
also have ... = {(T' i ff = (i + 1) ya) ®; (o @ yb i + 1) T i ffyb) | z ya yd.
re€XANye YANype YANI(G+1)tte=0G+1)Ffyanditt(Tiffz)
®(Z~+1)3ittya:8iﬁ’(az'yb)®(i+1)8iﬁ(Fiﬁyb)}

using h6 by fastforce
also have ... = {(T'i ff = (i + 1) ya) ®; (o 7 yb @i+l i ff yb) | = ya yb.
z€XANyeYAypeYANI(U+1)tte=0{+1)ffyaNO(i+ 1)tz
B4y va=0+ 1) ffyb® 4 1) yb}

by (smt (28) Collect-cong assms(1) assms(2) icid.st-eql local.conn-facel lo-
cal.conn-face4 local.conn-face2 local.face-comm-var)
also have ... = {(T'i ff = (i + 1) ya) ®; (o 7 yb @i+l i ff yb) | = ya yb.
ze€XANyoe YANype YANI(i+1)tte=0(i+ 1) ffya A ya = yb}

by force

alsohave...:{Fiﬁ(:E@(i_,_]) Y0|lzyze XANye YADD (i+ 1)z y}
by (smt (verit, ccfv-threshold) h3 Collect-cong icat.st-local)
also have ... =TT i ff (X *(i + 1) Y)

unfolding local.iconv-prop by force
finally show ?thesis
by simp
qed

lemma conn-corner3-var:

assumes j £ (AN j £ i+ 1

shows T ia (0ifz®jdivyy)=Tia(@ifz)o;jlia(diyy)

by (smt (23) assms empty-is-image image-insert local.conn-corner3 local.conn-facel
local.conn-face3 local.face-compat-var local.iDst local.icat.pcomp-def-vars local.locality
local.pcomp-face-func-DD)

lemma conn-corner3-lift:
assumes j #
and j # i+ 1
and FFri X
and FFx 1Y
shows [T ia (X V)=ITTia X xITiaY
proof—
have : Ve € X.Vye Y. DDj(Tiaz) Tiay)=DDjzy
by (metis assms icat.st-local local.conn-facel local.conn-face3 local. face-comm-var)
have [Tia X xjITiaY={liarz®;liay|ryz€ XNye Y ADD
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j(Tias) (Tiay)
unfolding local.iconv-prop by force
alsohave ... ={l'iaz®;liay|ryze X Nye Y ADDjzy}
using h by force
alsohave ... ={T'ia (z®;y) |[zy. € X Nye Y ADDjzy}
using conn-corners assms by fastforce
also have ... =I'T i a (X x; Y)
unfolding local.iconv-prop by force
finally show ?thesis
by simp
qged

lemma conn-face5 [simpl: 0 (j + 1) a (T j(-a) Qjvyz)=0G+ 1) a(0jy
z)

by (smt (verit, ccfv-SIG) icid.s-absorb-var local.conn-corner1-lift-auz local. conn-zigzag1-var
local. face-compat-var local.icid.ts-msg.src-comp-cond local.is-absorb singleton-insert-inj-eq’)

lemma conn-inv-sym-braid:
assumes diffSup i j 2
showsTia(W@j@iBOG+1)v2)=0jTia@iB@G+1)v1))
by (smt (238) add-diff-cancel-left’ assms diff-add-0 diff-is-0-eq’ local.conn-face3
local.conn-sym-braid local.face-comm-var local.face-compat-var local.inv-sym-face2
local.inv-sym-sym-varl local.inv-sym-type-var local.sym-inv-sym nat-1-add-1 nle-le
rel-simps(28))

lemma conn-corner: IT itt (0 i o x O+ 1)0iB y)={Titt (Qiaz)©;0
ia:c)*(i+1) (ci(@iax)o;Titt(0ify)
proof (cases DD (i + 1) (0 i ax) (018 y))
case True
have h1: 90 (i+1) tt (T itt (Qiaz) ©;0iaz)={ci(0iaz)}
by (metis image-empty image-insert local.conn-facel local.conn-face2 local.face-compat-var
local.it-absord)
have 0 (i+1) tt (O iaz) =0 (i+1) ff (i B y)
using True local.iDst by simp
hence h2: 90 (i+1) ff (ci (Qiaz) ;T it (0ipy) ={ci(@iazx)}
by (smt (23) add-eq-self-zero conn-facej conn-faces icat.st-local image-is-empty
local.comp-face-func local.conn-face2 local.face-comm-var local.face-compat-var lo-
cal.it-absorb subset-singletonD zero-neq-one)
hence 90 (i+1) tt (T itt (Qiax) ©;0iaz)NId (i+1) ff (ci(0iazx) O
Tt (908 y) # )
using hl by simp
thus ?thesis
by (smt (23) True add-cancel-right-right dual-order.eq-iff empty-is-image h1 h2
icat.locality-lifting local.conn-corneri-var local.icat.pcomp-def-var4 local.interchange-var
multimagma.conv-atom not-one-le-zero)
next
case Fulse
thus ?thesis
by (smt (28) Union-empty add-eq-self-zero dual-order.eq-iff icat.st-local im-
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age-empty local.conn-faces local.conn-face2 local.face-comm-var local. face-compat-var
multimagma. conv-distl not-one-le-zero)
qed

lemma conn-corner5: TT i ff (0 i « x O 4 1) 0iBy)=CTiff (Oiaz) o;
oci(@ify)*qq) 0iByo;Tiff(0ipy)
proof (cases DD (i + 1) (0 i ax) (018 y))
case True
have h1: 00 (i+1) ff Qi Byo; T iff (0iBy) ={ci(@ipy)}
by (metis image-empty image-insert local.conn-facel local.conn-face2 local. face-compat-var
local.is-absord)
have 0 (i+1) tt (O iaz) =0 (i+1) ff (075 y)
using True local.iDst by simp
hence h2: 90 (i+1) tt (T iff (Qiaz) ©;0i(@iBy)={ci(@ify)}
by (smt (23) conn-face4 conn-face5 hl icat.st-local image-insert image-is-empty
local.comp-face-func local.conn-face2 local.face-comm-var local.face-compat-var lo-
cal.icat. functionality-lem-var local.it-absorb subset-singletonD)
hence 90 (i+1) ff (O iy ;T iff (0iBy) N0 (i+1)tt (T iff (0iax)
©ioi (@18 y)#{}
using hl by simp
thus ?thesis
by (smt (23) True add-cancel-right-right dual-order.eq-iff empty-is-image h1 h2
icat.locality-lifting local.conn-corner2-var local.icat. functionality-lem-var local.interchange-var
multimagma.conv-atom not-one-le-zero)
next
case Fulse
thus ?thesis
by (smt (23) UN-empty add-cancel-right-right dual-order.eq-iff image-empty lo-
cal.conn-face2 local.face-compat-var local.pcomp-face-func-DD local.sym-func2-DD
local.sym-type-var multimagma.conv-def not-one-le-zero)
qed

lemma conn-corner3-alt: j # i = j#i+1=Tlia(0ifz0;0iyy)
=lia(@iBz)ojlia(diyy)
by (simp add: local.conn-corner3-var)

lemma conn-shift2:
assumes fFr iz
and fFz (i + 2)
shows¥i (W (i+ 1) Tiaz)=TG(+1)a (@ (G+ 1))

proof—

havel'iaz=0(i+1)(ci T G+ 1)a @ (i+ 1))

using assms local.conn-shift local.inv-sym-face2 local.inv-sym-face3-simp lo-

cal.sym-inv-sym by simp

thus ?thesis

using assms local.conn-face3 local.inv-sym-face2 local.inv-sym-sym local.inv-sym-type-var
local.sym-type-var by simp
qged
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end

end

5 Cubical (w,0)-Categories with Connections

theory CubicalOmegaZeroCategoriesConnections
imports CubicalCategoriesConnections

begin
All categories considered in this component are single-set categories.

First we define shell-invertibility.

abbreviation (in cubical-omega-category-connections) ri-inv iz y = (DD iz y A
DDiyzs ANz ®;y=0iffe Ny®;xz=01ittz)

abbreviation (in cubical-omega-category-connections) ri-inv-shell k i z = (Vj a.
j+1<EkENj#i— By ri-invi (0jazx)y))

Next we define the class of cubical (w, 0)-categories with connections.

class cubical-omega-zero-category-connections = cubical-omega-category-connections
+

assumes ri-inv: k> 1 — 1 < k — 1 = dim-bound k © —> ri-inv-shell k i =
= Jy. ri-invizy

begin

Finally, to show our axiomatisation at work we prove Proposition 2.4.7 from
our companion paper, namely that every cell in an (w,0)-category is ri-
invertible for each natural number i. This requires some background theory
engineering.

lemma ri-inv-fiz:
assumes fFz iz
shows Jy. ri-inv iz y
by (metis assms icat.st-local local.face-compat-var local.icat.sscatml.l0-absord)

lemma ri-inv2:

assumes k > 1

assumes dim-bound k x

and ri-inv-shell k i x

shows Jy. ri-inv ¢ x y

proof (cases i < k — 1)

case True

thus ¢thesis

using assms local.ri-inv by simp

next
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case Fulse
hence fFr i x
using assms(2) by fastforce
thus %thesis
using ri-inv-fiz by simp
qed

lemma ri-inv3:
assumes dim-bound k x
and ri-inv-shell k i z
shows Jy. ri-invizy
proof (cases k = 0)
case True
thus ?thesis
using assms(1) less-eq-nat.simps(1) ri-inv-fiz by simp
next
case Fulse
hence k£ > 1
by simp
thus ?thesis
using assms ri-inv2 by simp
qged

lemma ri-unique: (3y. ri-inv { z y) = (ly. ri-inv i z y)
by (metis local.icat.pcomp-assoc local.icat.sscatml.assoc-defined local.icat.sscatml.l0-absorb
local.icat.sts-msg.st-local local.pcomp-uface)

lemma ri-unique-var: ri-inv i xty = ri-inv i Tz = Yy = 2
using ri-unique by fastforce

definition ri i © = (THE y. ri-inv i © y)

lemma ri-inv-ri: ri-invizy = (y = ri i x)
proof—
assume a: 7i-inv ¢ T Y
hence 3y. ri-inv iz y
using ri-unique by blast
thus y =riiz
unfolding ri-def
by (smt (verit, ccfo-threshold) a the-equality)
qed

lemma ri-def-prop:
assumes dim-bound k x
and ri-inv-shell k i z
shows DD iz (riiz) ADDi (riiz) s ANx ®; (riiz) =01iffaAN(riiz) @«
=0ittx
proof—
have Jy. ri-invizy
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using assms ri-inv3 by blast

hence 3ly. DDizyANDDiyz ANz Q;y=0iffeNy;z=0ittz

by (simp add: ri-unique)

hence DD iz (riix) ADDi(riiz) s ANax®; (riix) =0 iffa N (riiz) ®

r=01ittz
unfolding ri-def by (smt (verit, del-insts) thel’)
thus ?thesis
by simp
qed

lemma ri-right:
assumes dim-bound k x
and ri-inv-shell k i z
shows z @; riix =01 ffx
using assms ri-def-prop by simp

lemma ri-right-set:
assumes dim-bound k x
and ri-inv-shell k @ z
shows z ©; riiaz = {0 i ff x}
using assms local.icat.pcomp-def-var3 ri-def-prop by blast

lemma ri-left:
assumes dim-bound k x
and ri-inv-shell k i
shows riiz ®; z =0 itttz
using assms ri-def-prop by simp

lemma ri-left-set:
assumes dim-bound k x
and ri-inv-shell k i z
shows ri iz ©; z = {0 i ¢t «}
using assms local.icat.pcomp-def-var3 ri-def-prop by blast

lemma dim-face: dim-bound k © = dim-bound k (0 i o z)
by (metis local.double-fix-prop local.face-comm-var)

lemma dim-ri-inv:
assumes dim-bound k x
and ri-inv i x y
shows dim-bound k y
proof—
{fix |
assume ha: | > k
have h1: DD iz (0l a y)

by (smt (verit, ccfv-threshold) assms ha icat.st-local icid.s-absorb-var3 lo-

cal.pcomp-face-func-DD)
have h2: DD i (0l a y) z

by (metis (full-types) assms ha icid.ts-compat local.iDst local.locality local.pcomp-face-func-DD)
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have 0 la (z®;y) =0laz®;0lay
by (metis ha assms(1) assms(2) local.fEz-prop local.face-func local.icat.sscatml.r0-absorb
local.pcomp-uface)
hence h3: 0 la (z ®;y) =z ®;0lay
by (metis assms(1) ha local.face-compat-var)
have d la (y®;z)=0lay®;0lax
by (metis ha assms(1) assms(2) local.fEz-prop local.face-func local.icat.sscatml.r0-absorb
local.pcomp-uface)
hence dla (y®;z)=01lay®;z
by (metis assms(1) ha local.face-compat-var)
hence ri-inv iz (0 1 a y)
by (metis assms(1,2) h1 h2 h3 ha local.face-comm-var local.face-compat-var)
hence dlay=y
using ri-unique-var assms(2) by blast}
thus ?thesis
by simp
qed

lemma every-dim-k-ri-inv:
assumes dim-bound k x
shows Vi. y. ri-inv i z y using <dim-bound k x>
proof (induct k arbitrary: x)
case ()
thus ?case
using ri-inv-fiz by simp
next
case (Suc k)
{fix ¢
have Jy. ri-inv iz y
proof (cases Suc k < i)
case True
thus ?thesis
using Suc.prems ri-inv-fiz by simp
next
case Fulse
{fix j «
assume h: j < kAN j#1
hence a: dim-bound k (X j (k — j) (0 j a x))
by (smt (28) Suc.prems antisym-conv2 le-add-diff-inverse local.face-comm-var
local. face-compat-var local.symcomp-face2 local. symcomp-type-var nle-le not-less-eq-eq)
have Jy. ri-invi (0 j a z) y
proof (cases j < 1)
case True
obtain y where b: ri-inv (i — 1) (X j(k—j) Qjaz)y
using Suc.hyps a by force
have c: dim-bound k y
apply (rule dim-ri-inv[where x = X j (k — j) (0 j a z)])
using a b by simp-all
hence d: DD i (0 jazx) (©j(k—17) v
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by (smt (verit) False True a b h icid.ts-compat le-add-diff-inverse local.iDst
local.icid.stopp.ts-compat local.inv-symcomp-facel local.inv-symcomp-symcomp lo-
cal.locality nle-le not-less-eq-eq)
hence e: DD i (©j (k—j)y) (0jauzx)
by (smt (verit) False True b ¢ dual-order.refl h icid.ts-compat le-add-diff-inverse
local.iDst local.icid.stopp.ts-compat local.inv-symcomp-facel local.inv-symcomp-symcomp
local.locality local.symcomp-type-var not-less-eg-eq)
have f: 0 jaz ®;0j(k—j)y=0j(k -7 (Ejk—-j) 0jaz)
B - 1) Y)
apply (subst inv-symcomp-compi,)
using True local.symcomp-type-varl ¢ False One-nat-def b local.face-compat-var
local.inv-symcomp-symcomp a by auto
have © j (k— j) y i djax=0j (k=) (yoy_ ) Sik—j) @
Jja )
apply (subst inv-symcomp-compy)
using True local.symcomp-type-varl b ¢ False local.face-compat-var
local.inv-symcomp-symcomp a by simp-all
thus ?thesis
by (metis False True b ¢ d dual-order.refl e f h le-add-diff-inverse
local.icid.stopp.Dst local.inv-symcomp-facel not-less-eq-eq)
next
case Fulse
obtain y where b: ri-invi (X j (k —j) 0jax))y
using Suc.hyps a by presburger
have c: dim-bound k y
apply (rule dim-ri-inv[where x = X j (k — j) (0 j a z)])
using a b by simp-all
hence d: DD i (0 jazx) (©j(k—17) v
by (smt (verit) False a b dual-order.refl h icid.ts-compat le-add-diff-inverse
linorder-neqFE-nat local.iDst local.icid.stopp.ts-compat local.inv-symcomp-face2 lo-
cal.inv-symcomp-symcomp local.locality)
hence e: DD i (©j (k—j)y) (0jauzx)
by (smt (23) False add.commute b ¢ dual-order.refl h le-add-diff-inverse2
linorder-neqE-nat local. face-comm-var local. face-compat-var local.iDst local.inv-symcomp-face2
local.inv-symcomp-symcomp local.locality local.symcomp-face2)
[ hever0jore6 (- y=07k-) E] k-9 @i e,
Y
apply (subst inv-symcomp-comp2)
using False h nat-neq-iff local.symcomp-type-varl b c a local.face-compat-var
local.inv-symcomp-symcomp by simp-all
have © j (k —j) y®; 0 jaz=0j(k—j) (y®; X j(k—j)(0jauz)
apply (subst inv-symcomp-comp2)
using False h a b ¢ local.inv-symcomp-symcomp by simp-all
thus ?thesis
by (metis False antisym-conv3 b d e f h local.face-compat-var lo-
cal.inv-symcomp-face2 local.inv-symcomp-symcomp local.symcomp-type-varl )
qed}
thus ?thesis
apply (intro ri-inv[where k = k + 1])
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using False Suc.prems by simp-all
qed}
thus ?case
by simp
qed

We can now show that every cell is ri-invertible in every direction i.

lemma every-ri-inv: 3y. ri-inv i x y
using every-dim-k-ri-inv local.fin-fix by blast

end

end
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