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Abstract

We study models of state-based non-deterministic sequential com-
putations and describe them using algebras. We propose algebras that
describe iteration for strict and non-strict computations. They unify
computation models which differ in the fixpoints used to represent
iteration. We propose algebras that describe the infinite executions
of a computation. They lead to a unified approximation order and
results that connect fixpoints in the approximation and refinement or-
ders. This unifies the semantics of recursion for a range of computation
models. We propose algebras that describe preconditions and the ef-
fect of while-programs under postconditions. They unify correctness
statements in two dimensions: one statement applies in various com-
putation models to various correctness claims.

These theories consolidate results which have appeared in [1-20]. Most
are described in [16]. Theorem numbers refer to [16] except in theory Lattice-
Ordered Semirings, where they refer to [2], and in theories Capped Omega
Algebras, N-Algebras, N-Omega-Algebras, N-Omega Binary Iterings and Re-
cursion, where they refer to [19].
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1 Base

theory Base

imports Stone-Relation-Algebras.Semirings
begin

nitpick-params [timeout = 600)]

class while =
fixes while :: 'a = 'a = 'a (infixr x> 59)

class n =

fixes n :: /

a="a

class diamond =
fixes diamond :: 'a = 'a = 'a (| - > - [50,90] 95)

class box =
fixes box :: 'a = 'a = 'a (3] -] - [560,90] 95)

context ord
begin

definition ascending-chain :: (nat = ’a) = bool
where ascending-chain f =V n . fn < f (Suc n)

definition descending-chain :: (nat = 'a) = bool
where descending-chain f =Vn . f (Sucn) < fn

definition directed :: 'a set = bool

where directed X = X # {} AN (VzeX . VyeX .FzeX .2 < 2Ny < 2)

definition co-directed :: 'a set = bool
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where co-directed X = X # {} A (VzeX .VyeX . 326X . 2 <z A 2z < y)



definition chain :: 'a set = bool
where chain X =VzeX . VyeX .2 <yvy<z

end

context order
begin

lemma ascending-chain-k:
ascending-chain f = fm < f (m + k)
(proof)

lemma ascending-chain-isotone:
ascending-chain f = m < k= fm < fk
(proof )

lemma ascending-chain-comparable:
ascending-chain f = fk < fmV fm < fk

{proof)

lemma ascending-chain-chain:
ascending-chain f = chain (range f)
(proof)

lemma chain-directed:
X # {} = chain X = directed X

{proof)

lemma ascending-chain-directed:
ascending-chain f = directed (range f)
(proof )

lemma descending-chain-k:
descending-chain f = f (m + k) < fm

{proof)

lemma descending-chain-antitone:
descending-chain f = m < k= fk < fm
(proof)

lemma descending-chain-comparable:
descending-chain f = fk < fmV fm < fk
(proof)

lemma descending-chain-chain:
descending-chain f = chain (range f)
(proof )



lemma chain-co-directed:

X # {} = chain X = co-directed X
{proof)

lemma descending-chain-codirected:
descending-chain f = co-directed (range f)
(proof )

end

context semilattice-sup
begin

lemma ascending-chain-left-sup:
ascending-chain f = ascending-chain (An . z U fn)

(proof)

lemma ascending-chain-right-sup:
ascending-chain f = ascending-chain (An . fn U z)
(proof )

lemma descending-chain-left-add:
descending-chain f = descending-chain (An . z U fn)

{proof)

lemma descending-chain-right-add:
descending-chain f = descending-chain (An . fn U x)
(proof )

primrec pSum0 :: (nat = 'a) = nat = 'a
where pSum0 f 0 = f 0
| pSum0 f (Suc m) = pSum0 fm U fm

lemma pSum0-below:
Vi.fi<z= pSum0fm <z
(proof )

end

context non-associative-left-semiring
begin

lemma ascending-chain-left-mult:
ascending-chain f = ascending-chain (An . x x fn)

{proof)

lemma ascending-chain-right-mult:
ascending-chain f = ascending-chain (An . fn x 1)

{proof)



lemma descending-chain-left-mult:
descending-chain f = descending-chain (An . z x fn)

{proof)

lemma descending-chain-right-mult:
descending-chain f = descending-chain (An . fn * x)

{proof)

end

context complete-lattice
begin

lemma sup-Sup:
A #{} = sup z (Sup A) = Sup ((sup z) ‘ A)
(proof)

lemma sup-SUP:
Y #{} = supx (SUPyeY . fy) = (SUP yeY. sup z (fy))
(proof )

lemma inf-Inf:
A#{} = infz (InfA) = Inf ((infz) ‘ A)
(proof)

lemma inf-INF:
Y #{} = infz (INFyeY . fy) = (INFyeY.infz (fy))
{proof )

lemma SUP-image-id[simp):
(SUP zef‘A . z) = (SUP z€A . fx)
{proof )

lemma INF-image-id[simp]:
(INF zef‘A . z) = (INF z€A . fx)
(proof)

end

lemma image-Collect-2:

fAgalz. Pa}y={f(g2)|z. Pz}
(proof)

The following instantiation and four lemmas are from Jose Divason Mal-
lagaray.

instantiation fun :: (type, type) power
begin



definition one-fun :: 'a = 'a
where one-fun-def: one-fun = id

definition times-fun :: (Ya = 'a) = ('a = 'a) = (Ya = 'a)
where times-fun-def: times-fun = comp

instance
(proof )

end

lemma id-power:
id"m = id
(proof )

lemma power-zero-id:
0 =1id
(proof)

lemma power-succ-unfold:
fSucm=fofm
(proof)

lemma power-succ-unfold-ext:
(fSuc m) z = f ((f"m) )
(proof)

end

2 Omega Algebras

theory Omega-Algebras

imports Stone-Kleene-Relation-Algebras. Kleene-Algebras
begin

nitpick-params [timeout = 600)]

class omega =
fixes omega :: 'a = 'a (<-*> [100] 100)

class left-omega-algebra = left-kleene-algebra + omega +
assumes omega-unfold: y* = y x y*
assumes omega-induct: t < z U yxz — v < y¥ Uy *x 2
begin

Many lemmas in this class are taken from Georg Struth’s Isabelle theo-
ries.



lemma star-bot-below-omega:
* x bot < ¥
{proof )

lemma star-bot-below-omega-bot:
* * bot < ¥ x bot
(proof )

lemma omega-induct-mult:
y<zrzxy=—y< ¥
(proof)

lemma omega-sub-dist:
z¥ < (z U y)”

(proof)

lemma omega-isotone:
r<y= ¥ <y
{proof )

lemma omega-induct-equal:
y=zUzxy=y< ¥ Uz"x*z
(proof)

lemma omega-bot:
bot” = bot

{proof)

lemma omega-one-greatest:
r < 1%

(proof)

lemma star-mult-omega:
¥k ¥ = ¥
{proof )

lemma omega-sub-vector:
v % Y < s
(proof)

lemma omega-simulation:
zxx < yxz = zx*xa¥ < gy¥
(proof)

lemma omega-omega:

(proof)

lemma left-plus-omega:



(z % 2*)¥ = a¥

{proof)

lemma omega-slide:
zx (y*x)¥ = (z*xy)*
(proof)

lemma omega-simulation-2:
yxx<z*xy= (zx*xy<a¥
(proof )

lemma wagner:
(rUy)=z*x(rUy)Uz= (zUy)* =2 Ur"*z
(proof )

lemma right-plus-omega:
(z* % )¥ = ¥

{proof)

lemma omega-sub-dist-1:
(z * y*)* < (z U y)
(proof)

lemma omega-sub-dist-2:
(z* * y)* < (z U y)®
(proof )

lemma omega-star:
(z¥)* =1U a2
(proof )

lemma omega-mult-omega-star:
W
x

{proof)

* W = v

lemma omega-sum-unfold-1:
(zUy¥ =z Uz xyx*(zUy
(proof)

lemma omega-sum-unfold-2:
(z U y)» < (2% * y)¥ U (z* * y)* * v
(proof )

lemma omega-sum-unfold-3:
(z* * y)* x 2¥ < (z U y)*
(proof )

lemma omega-decompose:
(z Uy~ = ("% y) U (2% % y)* * ¥



{proof)

lemma omega-loop-fixpoint:
yx (P Uy x2)Uz=9Y Uy %z
(proof )

lemma omega-loop-greatest-fizpoint:
yrxzlz=0= o<y’ Uy" *xz
(proof)

lemma omega-square:
¥ = (z * z)¥

{proof)

lemma mult-bot-omega:
(z * bot)” = z * bot
(proof)

lemma mult-bot-add-omega:
(z Uy * bot)” = ¥ U z* % y * bot
(proof )

lemma omega-mult-star:
¥ ok xF = a¥
(proof )

lemma omega-loop-is-greatest-fixpoint:
is-greatest-fizpoint (A\z . y x z U 2) (y* U y* * 2)
(proof)

lemma omega-loop-nu:
v(drx.yxzlUz)=yYUy**2z

{proof)

lemma omega-loop-bot-is-greatest-fizpoint:
is-greatest-fixpoint (Az . y * z) (y*)
(proof )

lemma omega-loop-bot-nu:
v(Ar.yxz)=y”
(proof)

lemma affine-has-greatest-fixpoint:
has-greatest-fizpoint (Az . y * x U 2)
(proof)

lemma omega-separate-unfold:

(* % y)¥ =y Uy =z * (z* * y)

{proof)
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lemma omega-bot-left-slide:
(xxy)*((zxy)xbotU1l)xz<zx(y=*z)=*((y*2z)*botlI)
(proof)

lemma omega-bot-add-1:

(zUy)** ((z Uy xbot U1)=2za*x (z¥=*bot U1)x*(y=z*= (2= bot U
IN* % ((y * 2 % (2% % bot U 1))* = bot U 1)
(proof)

lemma star-omega-greatest:

:L.*w — JUJ

{proof)

lemma omega-vector-greatest:

(proof)

lemma mult-greatest-omega:
(% 19)Y <z« 1¥
(proof )

lemma omega-mult-star-2:
ok Yyt =¥
(proof )

lemma omega-import:
assumes p < p * p
and pxz <z xp
shows p x 2% = p x (p * z)¥

{(proof)

proposition omega-circ-simulate-right-plus: z * x < y x (y* * bot U y*) * z U w
— z* (2% * bot U 2*) < (y¥ * bot U y*) % (z U w * (2% % bot U z*)) nitpick
[ezpect=genuine,card=/] (proof)

proposition omega-circ-simulate-left-plus: x x z < z * (y* = bot U y*) U w —
(z% % bot U 2*) x z < (2 U (2 * bot U a*) * w) * (y* * bot U y*) nitpick
[ezpect=genuine,card=5] (proof)

end

Theorem 50.2

sublocale left-omega-algebra < comb0: left-conway-semiring where circ = (\z .
z* * (¥ % bot U 1))
(proof )

class left-zero-omega-algebra = left-zero-kleene-algebra + left-omega-algebra
begin

11



lemma star-omega-absorb:
yrx (ytx )t gt = (Yt ok a)t ky
(proof )

w

lemma omega-circ-simulate-right-plus:
assumes 2z * £ < y * (y¥ * bot U y*) * z U w
shows z x (2 * bot LU %) < (y* * bot U y*) * (2 U w * (¥ * bot U z*))

(proof)

lemma omega-circ-simulate-left-plus:
assumes 7 x z < z * (y* * bot U y*) U w
shows (2% * bot U z*) * 2z < (z U (2% * bot U z*) * w) * (y* * bot U y*)
(proof)

lemma omega-translate:
¥ % (¥ *x bot U 1) = z¥ % bot U z*
(proof)

lemma omega-circ-simulate-right:
assumes z x z < yx z L w
shows z * (2% * bot U z*) < (y* % bot U y*) % (z U w * (2% % bot U x*))

(proof)

end

sublocale left-zero-omega-algebra < combl: left-conway-semiring-1 where circ
= Az . z* % (z¥ % bot U 1))
(proof)

sublocale left-zero-omega-algebra < comb0: itering where circ = (Az . * * (2%

* bot LU 1))
(proof)

Theorem 2.2

sublocale left-zero-omega-algebra < comb2: itering where circ = (Ax . ¥ * bot
U a*)
(proof)

class omega-algebra = kleene-algebra + left-zero-omega-algebra

class left-omega-conway-semiring = left-omega-algebra + left-conway-semiring
begin

subclass left-kleene-conway-semiring (proof)
lemma circ-below-omega-star:

° < z¥ U z*
(proof )

12



lemma omega-mult-circ:
¥ x x2° = ¥
{proof )

lemma circ-mult-omega:
x° % ¥ = ¥
(proof)

lemma circ-omega-greatest:
¥ = 1¢

(proof)

lemma omega-circ:
x¥° =1 U ¥

(proof)

end

class bounded-left-omega-algebra = bounded-left-kleene-algebra +
left-omega-algebra
begin

lemma omega-one:
1% = top
(proof )

lemma star-omega-top:
¥ = top
{proof )

lemma omega-vector:

¥ x top = v

{proof)

lemma mult-top-omega:
(z = top)* < m * top
(proof)

end

sublocale bounded-left-omega-algebra < comb0: bounded-left-conway-semiring
where circ = (Az . z* * (% = bot U 1)) (proof)

class bounded-left-zero-omega-algebra = bounded-left-zero-kleene-algebra +
left-zero-omega-algebra

begin

subclass bounded-left-omega-algebra {proof)

13



end

sublocale bounded-left-zero-omega-algebra < comb0: bounded-itering where circ
= (Az . 2 % (z¥ x bot U 1)) (proof)

class bounded-omega-algebra = bounded-kleene-algebra + omega-algebra
begin

subclass bounded-left-zero-omega-algebra {proof)
end

class bounded-left-omega-conway-semiring = bounded-left-omega-algebra +
left-omega-conway-semiring
begin

subclass left-kleene-conway-semiring (proof)
subclass bounded-left-conway-semiring (proof)

lemma circ-omega:
z°¥ = top
(proof)

end

class top-left-omega-algebra = bounded-left-omega-algebra +
assumes top-left-bot: top x © = top
begin

lemma omega-translate-3:
¥k (z¥ x bot U 1) = o % (¥ U 1)

{proof)

end

Theorem 50.2

sublocale top-left-omega-algebra < combs: left-conway-semiring where circ =
Az . z* % (z¥ U 1))
(proof )

class top-left-bot-omega-algebra = bounded-left-zero-omega-algebra +
assumes top-left-bot: top x © = top
begin

lemma omega-translate-2:

¥ x bot U z* = z¥ U z*
{proof)

14



end

Theorem 2.3

sublocale top-left-bot-omega-algebra < comb3: itering where circ = (Az . 2% U
x*)
(proof)

class Omega =
fixes Omega :: 'a = 'a (<-4 [100] 100)

end

3 Capped Omega Algebras

theory Capped-Omega-Algebras
imports Omega-Algebras
begin

class capped-omega =
fixes capped-omega :: 'a = 'a = 'a (x-¥-» [100,100] 100)

class capped-omega-algebra = bounded-left-zero-kleene-algebra +
bounded-distrib-lattice + capped-omega +

assumes capped-omega-unfold: y*, = y * y“, M v

assumes capped-omega-induct: x < (yx z U z) Nov — 2 < y¥, U y* * 2

AACP Theorem 6.1

notation
top (xT)

sublocale capped-omega-algebra < capped: bounded-left-zero-omega-algebra
where omega = (\y . y“T)
(proof)

context capped-omega-algebra
begin
AACP Theorem 6.2

lemma capped-omega-below-omega:
ywv S wa
(proof )
AACP Theorem 6.3
lemma capped-omega-below:
Yy < w
(proof )

15



AACP Theorem 6.4

lemma capped-omega-one:
1“, =w
(proof)
AACP Theorem 6.5

lemma capped-omega-zero:
bot¥, = bot
(proof)

lemma star-below-cap:
ySu=—=z<v=uxv<v=y" x2z2<v
(proof )

lemma capped-fix:
assumes y < u
and z < v
and u x v < w
shows (y * (¢, Uy**2) U 2) MNov=yY, Uy* *z

(proof)

lemma capped-fizpoint:
y<u=z<v= ux*xv<v= is-flgpoint Az . (y x U 2) M) (y*, U y*
* 2)

{proof)

lemma capped-greatest-fixpoint:

y<u= z<v= ux*xv < v= is-greatest-fixzpoint (A\zx . (y * z U 2) M v)
(y0 U y* * 2)

(proof )

lemma capped-postfixpoint:

y<u= z<v= ux*xv < v= is-postfirpoint (Az . (y * z U 2) M v) (y*,
U y* % 2)

(proof )

lemma capped-greatest-postfixpoint:

y<u= z<v= ux*v<uv= is-grealest-postfizpoint (Az . (y x z U z) N
v) (y¥u U y* * 2)

(proof )

AACP Theorem 6.6

lemma capped-nu:
y<u=z<v=uxv<v=vAz.(yxzUz) Nv) =y, Uy *z
(proof)

lemma capped-pnu:
y<u=z<v=uxv<v=pr(Az.(yxzU2)MNuv) =9y, Uy**z
(proof )

16



AACP Theorem 6.7

lemma unfold-capped-omega:
y<u= uxv<v=yx*y“, =y",
(proof )

AACP Theorem 6.8

lemma star-mult-capped-omega:
assumes y < u
and u x v < v
shows y* * y*, = y*“,
(proof)

AACP Theorem 6.9

lemma star-zero-below-capped-omega-zero:
assumes y < u
and u x v < v
shows y* * bot < y*,, * bot

(proof)

lemma star-zero-below-capped-omega:
y<u=—= ux*xv<v= y** bot < y“,
(proof)

lemma capped-omega-induct-meet-zero:
r<yxzxNov=—= 2 <y, Uy* *x bot
(proof )

AACP Theorem 6.10

lemma capped-omega-induct-meet:
y<u=—=uxv<v=—=zc<yxzclNv=—=z< gy,
(proof)

lemma capped-omega-induct-equal:
z=(yxzUz)Nv=z <y, Uy* *z
(proof )

AACP Theorem 6.11

lemma capped-meet-nu:
assumes y < u
and u x v < v
shows v(Az . y x z M v) = y¥,

(proof)

lemma capped-meet-pnu:
assumes y < u
and u x v < v
shows pr(Az . y x x M wv) = y¥,

(proof)

17



AACP Theorem 6.12

lemma capped-omega-isotone:
y<u=uxv<v=1¢t<y=tv, < y¥,
(proof )

AACP Theorem 6.13

lemma capped-omega-simulation:
assumes y < u
and s < u
and u x v < v
and s * t <y *x s
shows s *x t¥, < y“,

(proof)

lemma capped-omega-slide-sub:
assumes s < u
and y < u
and u *x u
and u * v
shows s * (y * $)*, < (s * y)¥,
(proof)

AACP Theorem 6.14

lemma capped-omega-slide:

<u
<

s§u=>y§u=>u*u§u:>u*v§U:>s*(y*s)‘”y

(proof)

lemma capped-omega-sub-dist:
s<u=y<u=uxv<v= s, < (sUy"¥,
(proof )

AACP Theorem 6.15

lemma capped-omega-simulation-2:
assumes s < u
and y < u
and u x u < u
and u x v < v
and y * s < s*y
shows (s * y)“, < s,

(proof)
AACP Theorem 6.16

lemma left-plus-capped-omega:
assumes y < u
and u x u < u
and u x v < v
shows (y * y*)¥, = y*,
(proof)

18
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AACP Theorem 6.17

lemma capped-omega-sub-vector:
assumes 2 < v
and y < u
and u x v < v
shows y¥, * z < y¥,
(proof)

AACP Theorem 6.18

lemma capped-omega-omega:
y<u=uxv<v= (y.)%% < ¥
(proof )

end

end

4 General Refinement Algebras

theory General-Refinement-Algebras
imports Omega-Algebras
begin

class general-refinement-algebra = left-kleene-algebra + Omega +
assumes Omega-unfold: y* < 1 U y x y*
assumes Omega-induct: x < z Uy xz — z < yQ * 2z

begin

lemma Omega-unfold-equal:
Y =1 Uy xy?
(proof )

lemma Omega-sup-1:
(z Uy = 2% % (y * 29
{proof )

lemma Omega-left-slide:
(rxy)Pxz<zx*(yx*z)

(proof)

Q

end

Theorem 50.3

sublocale general-refinement-algebra < Omega: left-conway-semiring where circ
= Omega
(proof )

19



context general-refinement-algebra
begin

lemma star-below-Omega:
x* < xQ
(proof)

lemma star-mult-Omega;:
% = 7% % 2%

(proof)

lemma Omega-one-greatest:
z < 19

(proof)

lemma greatest-left-zero:
1% %z =19
{proof )

proposition circ-right-unfold: 1 U 2% x z = z% nitpick
[expect=genuine,card=8] {proof)

proposition circ-slide: (z * y) * z = z % (y * ) nitpick
[ezpect=genuine,card=6] (proof)

proposition circ-simulate: z x © < y x z = z * 2% < ¢y * 2 nitpick
[ezpect=genuine,card=6] (proof)

proposition circ-simulate-right: z * © < y x z Ll w = z * 2% < ¢y x (z U w *
) nitpick [expect=genuine,card=6] (proof)

proposition circ-simulate-right-1: z x © < y % z => z * 2% < ¢y % z nitpick
[expect=genuine,card=6] (proof)

proposition circ-simulate-right-plus: z x ¢ < y * y? x 2 U w = 2 * 2% < 3y %
(z U w x %) nitpick [expect=genuine,card=6] (proof)

proposition circ-simulate-right-plus-1: z x ¢ < y * y? % z = z x 22 < % x 2
nitpick [ezpect=genuine,card=6] (proof)

proposition circ-simulate-left-1: © % z < z % y = 2% x 2 < z % y@ U 2% * bot
(proof)

proposition circ-simulate-left-plus-1: z x 2z < z % y* = 2% % 2 < z % ¢y U 2%
* bot (proof)

proposition circ-simulate-absorb: y x © < z => ¢y * © < z U y® x bot nitpick
[ezpect=genuine,card=8] (proof)

end

class bounded-general-refinement-algebra = general-refinement-algebra +
bounded-left-kleene-algebra

begin

lemma Omega-one:

19 = top

20



{proof)

lemma top-left-zero:
top x x = top
(proof )

end

sublocale bounded-general-refinement-algebra < Omega:
bounded-left-conway-semiring where circ = Omega (proof)

class left-demonic-refinement-algebra = general-refinement-algebra +
assumes Omega-isolate: y& < y x bot LI y*
begin

lemma Omega-isolate-equal:
y? =y x bot U y*
(proof)

proposition Omega-sum-unfold-1: (z U 4)* = 4 U y* * z * (z U y)? (proof)
proposition Omega-sup-3: (z U 3)* = (z* * ) x 2% (proof)

end

class bounded-left-demonic-refinement-algebra = left-demonic-refinement-algebra
+ bounded-left-kleene-algebra
begin

proposition Omega-mult: (z * y)* = 1 Uz * (y * ) * y (proof)
proposition Omega-sup: (z U y)* = (2% % )@ * 2 (proof)

proposition Omega-simulate: z x © < y * z => z * 2% < ¢y x 2 nitpick
[ezpect=genuine,card=6] (proof)

proposition Omega-separate-2: y x < z % (z U y) = (z U 3)? = 2 % ¢
(proof)

proposition Omega-circ-simulate-right-plus: z x © < y* y? * 2 U w = 2z *
<y % (2 U w * 2%) nitpick [ezpect=genuine,card=6] {proof)

proposition Omega-circ-simulate-left-plus: © x z < z * y* U w = 29 * 2 < (2
U 22 w) * y* (proof)

Q

end

sublocale bounded-left-demonic-refinement-algebra < Omega:
bounded-left-conway-semiring where circ = Omega (proof)

class demonic-refinement-algebra = left-zero-kleene-algebra +
left-demonic-refinement-algebra

begin

lemma Omega-mult:
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(xy)l=1Uz*(yx2)Pxy
{proof)

lemma Omega-sup:
(z U y) = (2% % ) x 2%
(proof )

lemma Omega-simulate:
z*mgy*z:z*xggyg*z
(proof )

end

Theorem 2.4

sublocale demonic-refinement-algebra < Omegal: itering-1 where circ =
Omega
{proof )

sublocale demonic-refinement-algebra < Omegal: left-zero-conway-semiring-1
where circ = Omega {proof)

context demonic-refinement-algebra
begin

lemma Omega-sum-unfold-1:
(U y)? =9y Uy *xzx(zUy)"
(proof )

lemma Omega-sup-3:
(z U y)? = (a5 * y)? * a®

(proof)

lemma Omega-separate-2:
yrxr<z*(zUy) = (zUy)%=2"x%y°
(proof)

lemma Omega-circ-simulate-right-plus:
assumes z ¥ ¢ < y * y* * z U w
showsz*xﬂgyﬂ*(zl_lw*x

{(proof)

)

lemma Omega-circ-simulate-left-plus:
assumes:c*zgz*yﬂl_lw
shows 7% % 2 < (z U 2% % w) * y

(proof)

Q

lemma Omega-circ-simulate-right:
assumes 2 x ¢ < y x 2z L w

shows z * 7% < ¢y % (z U w * 2%)
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(proof)

end

sublocale demonic-refinement-algebra < Omega: itering where circ = Omega
(proof)

class bounded-demonic-refinement-algebra = demonic-refinement-algebra +
bounded-left-zero-kleene-algebra
begin

lemma Omega-one:
19 = top
(proof )

lemma top-left-zero:
top * T = top
(proof)

end

sublocale bounded-demonic-refinement-algebra < Omega: bounded-itering where
circ = Omega (proof)

class general-refinement-algebra-omega = left-omega-algebra + Omega +
assumes omega-left-zero: ¥ < ¥ * y
assumes Omega-def: 2% = 2 LI 1*

begin

lemma omega-left-zero-equal:
¥ x Yy =¥
(proof )

subclass left-demonic-refinement-algebra
(proof)

end

class left-demonic-refinement-algebra-omega = bounded-left-omega-algebra +
Omega +

assumes top-left-zero: top x © = top

assumes Omega-def: 2% = 2% U z*
begin

subclass general-refinement-algebra-omega
(proof )

end
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class demonic-refinement-algebra-omega = left-demonic-refinement-algebra-omega
+ bounded-left-zero-omega-algebra
begin

lemma Omega-mult:
(zxy)l=1Uzx*(yx2)txy
(proof )

lemma Omega-sup:
(z U y) = (2% % ) x 2%

(proof)

lemma Omega-simulate:
z*xﬁy*z:z*xggyg*z

(proof)
subclass demonic-refinement-algebra {proof)

end

proposition circ-circ-mult: 1 * 1% = % (proof)

proposition sub-mult-one-circ: z x 1% < 1% % x (proof)
proposition circ-circ-mult-1: % x 19 = 299 (proof)
proposition y * z < z = y° * & < 1° % z (proof)

proposition circ-simulate-2: y * 2% < 22 % % «— 3% % 2% < 2% % y@ (proof)
proposition circ-simulate-3: y * 19 < 2% = ¢y * 22 < 2% % ¥y (proof)
proposition circ-separate-mult-1: y * z < x * y = (x * ) < 2% x y** (proof)
proposition z° = (z * 2)° * (z U 1) (proof)

proposition y° x z° < z° x y° = (z U y)° = z° x y° (proof)

proposition y x z < (1 U z) * y° = (z U y)° = z° % y° {proof)

end

5 Lattice-Ordered Semirings

theory Lattice-Ordered-Semirings
imports Stone-Relation-Algebras.Semirings
begin

nitpick-params [timeout = 600)

Many results in this theory are taken from a joint paper with Rudolf
Berghammer.

MO-algebra
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class lattice-ordered-pre-left-semiring = pre-left-semiring + bounded-distrib-lattice
begin

subclass bounded-pre-left-semiring
(proof )

lemma top-mult-right-one:
x * top = x x top * 1

{proof)

lemma mult-left-sub-dist-inf-left:
zx(yNz)<zxy
(proof)

lemma mult-left-sub-dist-inf-right:
zx(yNz)<zx*z
(proof)

lemma mult-right-sub-dist-inf-left:
(zMy)*xz<zx*z
(proof )

lemma mult-right-sub-dist-inf-right:
(zMy)x2<yxz
(proof)

lemma mult-right-sub-dist-inf:
(zMy)x2z2<zx*x2zMy=xz
(proof)

Figure 1: fundamental properties

definition co-total :: 'a = bool where co-total x = x * bot = bot
definition up-closed : 'a = bool where up-closed x =z x 1 =z
definition sup-distributive :: ‘a = bool where sup-distributive x = Vy z . © *
(yUz)=zxyUzx*2)

definition inf-distributive :: 'a = bool where inf-distributive x = Vy z . = x (y
MNz)=xz*xylzx*2)

definition contact : 'a = bool where contact z =z xz U 1 = x
definition kernel :: 'a = bool where kernelz =z x M1 =z % 1
definition sup-dist-contact :: 'a = bool where sup-dist-contact x =
sup-distributive x N\ contact x

definition inf-dist-kernel :: 'a = bool where inf-dist-kernel © = inf-distributive
x A kernel x

definition test :: 'a = bool where test z =z x top 1 ==z
definition co-test :: 'a = bool where co-testz =z x bot U 1 =«
definition co-vector :: 'a = bool where co-vector t = = * bot = x

AAMP Theorem 6 / Figure 2: relations between properties

lemma reflexive-total:
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reflexive v = total x
{proof )

lemma reflexive-dense:
reflexive © => dense-rel x©

{proof)

lemma reflexive-transitive-up-closed:
reflexive © = transitive t = up-closed x

(proof)

lemma coreflexive-co-total:
coreflexive x = co-total x

{proof)

lemma coreflexive-transitive:
coreflexive x = transitive x

{proof)

lemma idempotent-transitive-dense:
idempotent © <— transitive © N\ dense-rel x

{proof)

lemma contact-reflexive:
contact t = reflexive x

(proof)

lemma contact-transitive:
contact x = transitive T

{proof)

lemma contact-dense:
contact x =—> dense-rel x

{proof)

lemma contact-idempotent:
contact x = idempotent x

{proof)

lemma contact-up-closed:
contact x = up-closed x

(proof )

lemma contact-refiexive-idempotent-up-closed:
contact © «— reflexive x A idempotent © N\ up-closed z

{proof)

lemma kernel-coreflezive:
kernel x = coreflezive x
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{proof)

lemma kernel-transitive:
kernel © = transitive x

(proof)

lemma kernel-dense:
kernel © — dense-rel

{proof)

lemma kernel-idempotent:
kernel x = idempotent x

{proof)

lemma kernel-up-closed:
kernel x = up-closed x
(proof )

lemma kernel-coreflexive-idempotent-up-closed:
kernel x «— coreflexive x A idempotent © A up-closed x

(proof)

lemma test-coreflexive:
test ¥ = coreflexive x

{proof)

lemma test-up-closed:
test x = up-closed x

{proof)

lemma co-test-reflexive:
co-test x = reflexive

{proof)

lemma co-test-transitive:
co-test r = transitive ©

(proof)

lemma co-test-idempotent:
co-test t = idempotent z

{proof)

lemma co-test-up-closed:
co-test t = up-closed x

{proof)

lemma co-test-contact:
co-test T = contact ©

{proof)
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lemma vector-transitive:
vector x = transitive x

{proof)

lemma vector-up-closed:
vector ¥ = up-closed x

(proof)
AAMP Theorem 10 / Figure 3: closure properties
total

lemma one-total:
total 1

(proof)

lemma top-total:
total top

{proof)

lemma sup-total:
total * = total y = total (z U y)

(proof)
co-total

lemma zero-co-total:
co-total bot

(proof)

lemma one-co-total:
co-total 1

{proof)

lemma sup-co-total:
co-total ¥ = co-total y = co-total (z U y)

{proof)

lemma inf-co-total:
co-total ¥ = co-total y = co-total (z M y)
(proof )

lemma comp-co-total:
co-total x = co-total y = co-total (z * y)

(proof )
sub-transitive

lemma zero-transitive:
transitive bot

{proof)
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lemma one-transitive:
transitive 1

{proof)

lemma top-transitive:
transitive top

{proof)

lemma inf-transitive:
transitive © = transitive y = transitive (z M y)

(proof)
dense

lemma zero-dense:
dense-rel bot

{proof)

lemma one-dense:
dense-rel 1

{proof)

lemma top-dense:
dense-rel top

(proof)

lemma sup-dense:
assumes dense-rel
and dense-rel y
shows dense-rel (z U y)

(proof)
reflexive

lemma one-reflezive:
reflexive 1
(proof)

lemma top-reflexive:
reflexive top

(proof)

lemma sup-reflexive:
reflexive & = reflexive y = reflexive (z U y)
(proof )

lemma inf-reflexive:
reflexive © = reflexive y = reflexive (z M y)
(proof )

lemma comp-reflexive:
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reflexive © = reflexive y = reflexive (x * y)
{proof )

co-reflexive

lemma zero-corefiezive:
coreflexive bot

{proof)

lemma one-coreflexive:
coreflexive 1

{proof)

lemma sup-corefiexive:
coreflexive t = coreflexive y = coreflexive (x U y)

(proof)

lemma inf-coreflexive:
coreflexive 1 = coreflexive y = coreflexive (z M y)

(proof)

lemma comp-coreflexive:
coreflexive t = coreflezive y = coreflexive (z * y)

(proof)
idempotent

lemma zero-idempotent:
idempotent bot

(proof)

lemma one-idempotent:
idempotent 1

{proof)

lemma top-idempotent:
idempotent top

(proof )
up-closed

lemma zero-up-closed:
up-closed bot

{proof)

lemma one-up-closed:
up-closed 1

{proof)

lemma top-up-closed:
up-closed top
(proof)
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lemma sup-up-closed:
up-closed © = up-closed y = up-closed (z U y)

{proof)

lemma inf-up-closed:
up-closed © = up-closed y = up-closed (z M y)

{proof)

lemma comp-up-closed:
up-closed ©z = up-closed y = up-closed (z * y)
(proof)

add-distributive

lemma zero-sup-distributive:
sup-distributive bot

{proof)

lemma one-sup-distributive:
sup-distributive 1

{proof)

lemma sup-sup-distributive:
sup-distributive © = sup-distributive y = sup-distributive (z U y)
(proof )

inf-distributive
lemma zero-inf-distributive:
inf-distributive bot
(proof )

lemma one-inf-distributive:
inf-distributive 1
(proof)

contact

lemma one-contact:
contact 1

{proof)

lemma top-contact:
contact top

{proof)

lemma inf-contact:
contact © = contact y = contact (z M y)

(proof)

kernel
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lemma zero-kernel:
kernel bot

{proof)

lemma one-kernel:
kernel 1

{proof)

lemma sup-kernel:
kernel 1 = kernel y = kernel (z U y)

(proof)
add-distributive contact

lemma one-sup-dist-contact:
sup-dist-contact 1

(proof)
inf-distributive kernel

lemma zero-inf-dist-kernel:
inf-dist-kernel bot

{proof)

lemma one-inf-dist-kernel:
inf-dist-kernel 1
(proof)

test

lemma zero-test:
test bot

{proof)

lemma one-test:
test 1

{proof)

lemma sup-test:
test © = test y = test (¢ U y)

(proof)

lemma inf-test:
test t = test y = test (z M y)

(proof )
co-test

lemma one-co-test:
co-test 1

{proof)

lemma sup-co-test:
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co-test x = co-test y = co-test (z U y)
{proof)

vector

lemma zero-vector:
vector bot

{proof)

lemma top-vector:
vector top

{proof)

lemma sup-vector:
vector x = wvector y = vector (z U y)

(proof)

lemma inf-vector:
vector t == vector y == vector (z M y)

(proof)

lemma comp-vector:
vector y = vector (z * y)

{proof)

end

class lattice-ordered-pre-left-semiring-1 = non-associative-left-semiring +
bounded-distrib-lattice +
assumes mult-associative-one: & x (y x z) = (x x (y * 1)) * z
assumes mult-right-dist-inf-one: (x * 1 My *x 1) *x z=x*x 2Ny * 2
begin

subclass pre-left-semiring
(proof )

subclass lattice-ordered-pre-left-semiring (proof)

lemma mult-zero-associative:
x % bot * y = x * bot

(proof)

lemma mult-zero-sup-one-dist:
(xxbotU1)xz=uzxbotlUz

{proof)

lemma mult-zero-sup-dist:
(x % bot Uy)*z=uxxbotUyx*z
(proof )
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lemma vector-zero-inf-one-comp:
(z*xbotT1)xy=uzx*botMy
(proof)

AAMP Theorem 6 / Figure 2: relations between properties

lemma co-test-inf-distributive:
co-test x = inf-distributive x

(proof)

lemma co-test-sup-distributive:
co-test ¥ = sup-distributive x

(proof)

lemma co-test-sup-dist-contact:
co-test x = sup-dist-contact x

(proof )
AAMP Theorem 10 / Figure 3: closure properties
co-test

lemma inf-co-test:
co-test ¥ = co-test y = co-test (z M y)

(proof)

lemma comp-co-test:
co-test x = co-test y = co-test (z * y)

{proof)

end

class lattice-ordered-pre-left-semiring-2 = lattice-ordered-pre-left-semiring +
assumes mult-sub-associative-one: © x (y * 2) < (z * (y x 1)) * 2
assumes mult-right-dist-inf-one-sub: ¢ x z My x 2z < (zx I My*x 1) x z

begin

subclass lattice-ordered-pre-left-semiring-1
(proof )

end

class multirelation-algebra-1 = lattice-ordered-pre-left-semiring +
assumes mult-left-top: top x © = top
begin

AAMP Theorem 10 / Figure 3: closure properties

lemma top-sup-distributive:
sup-distributive top

{proof)

lemma top-inf-distributive:
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inf-distributive top
(proof)

lemma top-sup-dist-contact:
sup-dist-contact top

{proof)

lemma top-co-test:
co-test top

(proof)

end

M1-algebra

class multirelation-algebra-2 = multirelation-algebra-1 +
lattice-ordered-pre-left-semiring-2
begin

lemma mult-top-associative:
Tk top x Yy = T *x top
(proof)

lemma vector-inf-one-comp:
(zxtopM1)xy=xzxtoply
{proof)

lemma vector-left-annihilator:
Vector T = T x Yy = T

(proof )
properties

lemma test-comp-inf:
lestx = testy=—=cxy=uclly
(proof)

AAMP Theorem 6 / Figure 2: relations between properties

lemma test-sup-distributive:
test x = sup-distributive x

{proof)

lemma test-inf-distributive:
test x = inf-distributive x

{proof)

lemma test-inf-dist-kernel:
test © = inf-dist-kernel x

(proof)

lemma vector-idempotent:
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vector x = idempotent x
{proof )

lemma vector-sup-distributive:
vector © — sup-distributive x

{proof)

lemma vector-inf-distributive:
vector t = inf-distributive x

(proof)

lemma vector-co-vector:
vector x <— co-vector T

(proof )
AAMP Theorem 10 / Figure 3: closure properties
test

lemma comp-test:
test © = test y = test (¢ * y)

{proof)

end

class dual =
fixes dual :: 'a = 'a («-% [100] 100)

class multirelation-algebra-8 = lattice-ordered-pre-left-semiring + dual +

assumes dual-involutive: %% = g

assumes dual-dist-sup: (z U y)¢ = z¢ 1 y¢
assumes dual-one: 1¢ = 1
begin

lemma dual-dist-inf:
(z N y)?=a? Uy

(proof)

lemma dual-antitone:
z<y= y? <l
(proof)

lemma dual-zero:
bot® = top
(proof)

lemma dual-top:
top® = bot
(proof)

AAMP Theorem 10 / Figure 3: closure properties
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lemma reflezive-coreflexive-dual:
reflevive  +— coreflexive (%)

(proof)
end

class multirelation-algebra-4 = multirelation-algebra-3 +
assumes dual-sub-dist-comp: (z % y)? < % * y?
begin

subclass multirelation-algebra-1
(proof)

lemma dual-sub-dist-comp-one:
(zx ) < (z* 1)% *x y?
(proof)
AAMP Theorem 10 / Figure 3: closure properties

lemma co-total-total-dual:
co-total z == total (z?)

{proof)

lemma transitive-dense-dual:
transitive T = dense-rel (z¢)

{proof)

end

M2-algebra

class multirelation-algebra-5 = multirelation-algebra-3 +
assumes dual-dist-comp-one: (z * y)? = (v * 1)% % y?
begin

subclass multirelation-algebra-4
(proof )

lemma strong-up-closed:
zx 1 <z=2%%y? < (zxy)
(proof )

lemma strong-up-closed-2:
up-closed v = (z * y)¢ =z
(proof)

d*yd

subclass lattice-ordered-pre-left-semiring-2
(proof )

AAMP Theorem &

subclass multirelation-algebra-2 (proof)
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AAMP Theorem 10 / Figure 3: closure properties

up-closed

lemma dual-up-closed:
up-closed x <— up-closed (z)

(proof )
contact

lemma contact-kernel-dual:
contact z < kernel (z%)

(proof )
add-distributive contact

lemma sup-dist-contact-inf-dist-kernel-dual:
sup-dist-contact © <— inf-dist-kernel (z?)
(proof)

test

lemma test-co-test-dual:
test x +— co-test (z%)

(proof)
vector

lemma vector-dual:
vector x +— vector (z%)

{proof)

end

class multirelation-algebra-6 = multirelation-algebra-4 +
assumes dual-sub-dist-comp-one: (z * 1)% x y? < (z * y)¢
begin

subclass multirelation-algebra-5

(proof)

proposition dense-rel x A coreflexive x — up-closed x nitpick
[ezpect=genuine,card=5] (proof)

proposition z * top M y * z < (z * top M y) * z nitpick
[ezpect=genuine,card=8] (proof)

end

Ma3-algebra

class up-closed-multirelation-algebra = multirelation-algebra-3 +
assumes dual-dist-comp: (z * y)¢ = z¢ x y?
begin

lemma mult-right-dist-inf:
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(zMy)xz=xx2MNy=xz
{proof)

AAMP Theorem 9

subclass idempotent-left-semiring
(proof)

subclass multirelation-algebra-6
(proof)

lemma vector-inf-comp:
(zxtopMy)*xz=uzx*xtopMyx*z

(proof)

lemma vector-zero-inf-comp:
(zxbotMy)*xz=u1xxbotMyxz

(proof )
AAMP Theorem 10 / Figure 3: closure properties

total

lemma inf-total:
total © = total y = total (x M y)

{proof)

lemma comp-total:
total * = total y = total (z *x y)

{proof)

lemma total-co-total-dual:
total z +— co-total (z?)

(proof )
dense

lemma transitive-iff-dense-dual:
transitive © +— dense-rel (z%)

(proof )
idempotent

lemma idempotent-dual:
idempotent x +— idempotent (%)

(proof)
add-distributive

lemma comp-sup-distributive:
sup-distributive © = sup-distributive y = sup-distributive (z * y)

(proof)

lemma sup-inf-distributive-dual:
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sup-distributive  «— inf-distributive (%)
{proof)

inf-distributive

lemma inf-inf-distributive:
inf-distributive x = inf-distributive y = inf-distributive (z M y)
(proof )

lemma comp-inf-distributive:
inf-distributive x = inf-distributive y = inf-distributive (z x y)
(proof)

proposition co-total x A transitive x A up-closed x — coreflexive z nitpick
[ezpect=genuine,card=5] (proof)

proposition total x N\ dense-rel x A up-closed x — reflerive z nitpick
[expect=genuine,card=5] {proof)

proposition = * top M z¢ % bot = bot nitpick [expect=genuine,card=6] {proof)

end

class multirelation-algebra-7 = multirelation-algebra-4 +
assumes vector-inf-comp: (x * top M y) x z =x * top M y * 2
begin

lemma vector-zero-inf-comp:
(zxbotMy)*xz=u1xxbotMyxz

{proof)

lemma test-sup-distributive:
test © = sup-distributive x

(proof)

lemma test-inf-distributive:
test x = inf-distributive x

(proof)

lemma test-inf-dist-kernel:
test ¥ = inf-dist-kernel x

{proof)

lemma co-test-inf-distributive:
assumes co-test T
shows inf-distributive x

(proof)

lemma co-test-sup-distributive:
assumes co-test
shows sup-distributive x

(proof)
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lemma co-test-sup-dist-contact:
co-test © = sup-dist-contact x

{proof)

end

end

6 Boolean Semirings

theory Boolean-Semirings
imports Stone-Algebras. P-Algebras Lattice-Ordered-Semirings
begin

class complemented-distributive-lattice = bounded-distrib-lattice + uminus +
assumes inf-complement: x M (—z) = bot
assumes sup-complement: U (—z) = top

begin

sublocale boolean-algebra where minus = Az y . M (—y) and inf = inf and
sup = sup and bot = bot and top = top

{proof)

end

MO-algebra

context lattice-ordered-pre-left-semiring
begin

Section 7

lemma vector-1:
vector t +— x * top < x

{proof)

definition zero-vector :: 'a = bool where zero-vector x = z < x * bot
definition one-vector :: 'a = bool where one-vector x = z * bot < x

lemma zero-vector-left-zero:
assumes zero-vector T
shows z x y = z * bot

(proof)

lemma zero-vector-1:
zero-vector x <— (Vy .z * y = z % bot)

{proof)
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lemma zero-vector-2:
zero-vector x <— (Vy .z * y < z % bot)

{proof)

lemma zero-vector-3:
zero-vector x <— x % 1 = x * bot

{proof)

lemma zero-vector-4:
zero-vector x <—— x * 1 < x * bot

(proof)

lemma zero-vector-5:
zero-vector x <— T * top = x * bot

(proof)

lemma zero-vector-6:
zero-vector x <— T * top < x * bot

{proof)

lemma zero-vector-7:
zero-vector  <— (Vy .z * top = T * y)

{proof)

lemma zero-vector-§:
zero-vector  «— (Vy . z * top < z * y)

{proof)

lemma zero-vector-9:
zero-vector x <— Vy .z % 1 =z % y)

(proof)

lemma zero-vector-0:
zero-vector x <— Vyz .z %y =2 % 2)

(proof)
Theorem 6 / Figure 2: relations between properties

lemma co-vector-zero-vector-one-vector:
co-vector T <— zero-vector x /\ one-vector T

(proof)

lemma up-closed-one-vector:
up-closed © =—> one-vector z

{proof)

lemma zero-vector-dense:
zero-vector © —> dense-rel

{proof)
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lemma zero-vector-sup-distributive:
zero-vector x = sup-distributive x

{proof)

lemma zero-vector-inf-distributive:
zero-vector ¥ = inf-distributive x

{proof)

lemma up-closed-zero-vector-vector:
up-closed x = zero-vector r — vector x

(proof)

lemma zero-vector-one-vector-vector:
zero-vector T =—> one-vector T —> vector x

(proof)

lemma co-vector-vector:
co-vector t = vector x

{proof)

Theorem 10 / Figure 3: closure properties

zero-vector

lemma zero-zero-vector:
zero-vector bot

{proof)

lemma sup-zero-vector:
zero-vector ©t = zero-vector y => zero-vector (z Ll y)

{proof)

lemma comp-zero-vector:
zero-vector x = zero-vector y = zero-vector (x x y)

(proof)
one-vector

lemma zero-one-vector:
one-vector bot

{proof)

lemma one-one-vector:
one-vector 1

{proof)

lemma top-one-vector:
one-vector top

{proof)

lemma sup-one-vector:
one-vector © = one-vector y = one-vector (z U y)

43



{proof)

lemma inf-one-vector:
one-vector & = one-vector y = one-vector (z M y)

(proof)

lemma comp-one-vector:
one-vector © == one-vector y = one-vector (z * y)

{proof)

end

context multirelation-algebra-1
begin

Theorem 10 / Figure 3: closure properties

zero-vector

lemma top-zero-vector:
zero-vector top

{proof)

end

MT1-algebra

context multirelation-algebra-2
begin

Section 7

lemma zero-vector-10:
zero-vector T <— T x top = x * 1

{proof)

lemma zero-vector-11:
zero-vector ¥ <— T * top < x * 1

(proof)
Theorem 6 / Figure 2: relations between properties

lemma vector-zero-vector:
vector x = zero-vector T

(proof)

lemma vector-up-closed-zero-vector:
vector © <— up-closed x A\ zero-vector x

{proof)

lemma vector-zero-vector-one-vector:
vector x <— zero-vector T N\ one-vector x

{proof)
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proposition (z x bot M y) * 1 = z % bot M y x 1 nitpick
[expect=genuine,card="7] {proof)
end

M3-algebra
context up-closed-multirelation-algebra

begin

lemma up-closed:
up-closed x

{proof)

lemma dedekind-1-left:
zxINy<(zNyx1)=x1
(proof )

Theorem 10 / Figure 3: closure properties
zero-vector

lemma zero-vector-dual:
zero-vector x +— zero-vector (z%)

(proof)

end

complemented M0-algebra

class lattice-ordered-pre-left-semiring-b = lattice-ordered-pre-left-semiring +
complemented-distributive-lattice
begin

definition down-closed :: 'a = bool where down-closed t = —x x 1 < —x
Theorem 10 / Figure 3: closure properties

down-closed

lemma zero-down-closed:
down-closed bot

{proof)

lemma top-down-closed:
down-closed top
(proof)

lemma complement-down-closed-up-closed:
down-closed © <— up-closed (—zx)

{proof)

lemma sup-down-closed:
down-closed v => down-closed y = down-closed (z U y)
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{proof)

lemma inf-down-closed:
down-closed x = down-closed y = down-closed (z M y)

(proof)

end

class multirelation-algebra-1b = multirelation-algebra-1 +
complemented-distributive-lattice
begin

subclass lattice-ordered-pre-left-semiring-b {proof)

Theorem 7.1

lemma complement-mult-zero-sub:
—(z % bot) < —z * bot

(proof )
Theorem 7.2

lemma transitive-zero-vector-complement:
transitive ¥ = zero-vector (—)

{proof)

lemma transitive-dense-complement:
transitive © = dense-rel (—1)

(proof )

lemma transitive-sup-distributive-complement:
transitive © = sup-distributive (—x)

{proof)

lemma transitive-inf-distributive-complement:
transitive x = inf-distributive (—x)
(proof)

lemma up-closed-zero-vector-complement:
up-closed © = zero-vector (—x)

(proof)

lemma up-closed-dense-complement:
up-closed © = dense-rel (—1x)

{proof)

lemma up-closed-sup-distributive-complement:
up-closed © = sup-distributive (—x)

{proof)

lemma up-closed-inf-distributive-complement:
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up-closed © = inf-distributive (—x)
{proof)

Theorem 10 / Figure 3: closure properties

closure under complement

lemma co-total-total:
co-total * = total (—x)
(proof)

lemma complement-one-vector-zero-vector:
one-vector T = zero-vector (—x)

(proof )
Theorem 6 / Figure 2: relations between properties

lemma down-closed-zero-vector:
down-closed © = zero-vector ©

{proof)

lemma down-closed-one-vector-vector:
down-closed x = one-vector t = vector «

{proof)

proposition complement-vector: vector © — vector (—z) nitpick
[ezpect=genuine,card=8] (proof)

end

class multirelation-algebra-1c = multirelation-algebra-1b +
assumes dedekind-top-left: © x top My < (z M y * top) * top
assumes comp-zero-inf: (z * bot M y) * bot < (z M y) * bot

begin

Theorem 7.3

lemma schroeder-top-sub:
—(z * top) x top < —=x
(proof)

Theorem 7.4

lemma schroeder-top:
Tk top <y +— —y *x top < —x
(proof)

Theorem 7.5

lemma schroeder-top-eq:
—(z * top) x top = —(z * top)
(proof)

lemma schroeder-one-eq:
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—(z * top) x 1 = —(z * top)
{proof)

Theorem 7.6

lemma vector-inf-comp:
zxtopMyxz=(xxtopMy)*z
(proof)

lemma dedekind-top-left-var:
z* top My < (zNyx* top) * top
(proof )

Theorem 7.7

lemma vector-zero-inf-comp:
(xxbotMy)*xz=uxxbotMyx*z

(proof)

lemma vector-zero-inf-comp-2:
(zxbotMy)*xz=(zxxbotMyx1)xz
(proof)

Theorem 7.8
lemma comp-zero-inf-2:
z x bot My % bot = (z M y) * bot
(proof )

lemma comp-zero-inf-3:
z % bot My * bot = (z * bot M y) * bot
(proof)

lemma comp-zero-inf-4:
x % bot My * bot = (z = bot M y * bot) x bot
(proof )

lemma comp-zero-inf-5:
zx bot My bot=(x*1Myxl)sxbot
{proof )

lemma comp-zero-inf-6:
xz* bot My * bot = (z % 1My bot)x bot
(proof)

lemma comp-zero-inf-7:
z % bot My * bot = (z % 1M y)=* bot
(proof)

Theorem 10 / Figure 3: closure properties

zero-vector
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lemma inf-zero-vector:
zero-vector ¥ = zero-vector y = zero-vector (x M y)

(proof)
down-closed

lemma comp-down-closed:
down-closed x = down-closed y = down-closed (z * y)

(proof )
closure under complement

lemma complement-vector:
vector © <+— vector (—x)

{proof)

lemma complement-zero-vector-one-vector:
zero-vector x = one-vector (—x)

(proof)

lemma complement-zero-vector-one-vector-iff:
zero-vector x <— one-vector (—zx)

{proof)

lemma complement-one-vector-zero-vector-iff:
one-vector & +— zero-vector (—1x)

(proof )
Theorem 6 / Figure 2: relations between properties

lemma vector-down-closed:
vector x —> down-closed x

{proof)

lemma co-vector-down-closed:
co-vector x = down-closed x

{proof)

lemma vector-down-closed-one-vector:
vector x© <— down-closed x A\ one-vector x

(proof)

lemma vector-up-closed-down-closed:
vector © <— up-closed x N\ down-closed x

(proof )
Section 7

lemma vector-b1:
vector * <— —x *x top = —=x

{proof)

lemma vector-b2:
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vector £ <— —x * bot = —x
(proof )

lemma covector-b1:
co-vector x <— —x * top = —x

{proof)

lemma covector-b2:
co-vector x <— —x * bot = —zx

(proof)

lemma vector-co-vector-iff:
vector x <— co-vector T

{proof)

lemma zero-vector-b:
zero-vector x <— —x * bot < —x

{proof)

lemma one-vector-b1:
one-vector x «+— —x < —z * bot

{proof)

lemma one-vector-b0:
one-vector © <— (Vyz.—x xy = —x % 2)
(proof)

proposition schroeder-one: x * —1 < y +— —y x —1 < —z nitpick
[ezpect=genuine,card=8] (proof)

end

class multirelation-algebra-2b = multirelation-algebra-2 +
complemented-distributive-lattice

begin

subclass multirelation-algebra-1b {proof)

proposition —z x bot < —(x * bot) nitpick [expect=genuine,card=8] (proof)

end

complemented M1-algebra
class multirelation-algebra-2c = multirelation-algebra-2b +

multirelation-algebra-1c

class multirelation-algebra-3b = multirelation-algebra-3 +
complemented-distributive-lattice
begin
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subclass lattice-ordered-pre-left-semiring-b {proof)

lemma dual-complement-commute:
—(2%) = (—2)?

{proof)

end

complemented M2-algebra

class multirelation-algebra-5b = multirelation-algebra-5 +
complemented-distributive-lattice
begin

subclass multirelation-algebra-2b (proof)
subclass multirelation-algebra-3b (proof)

lemma dual-down-closed:
down-closed x <— down-closed (z%)

{proof)

end

class multirelation-algebra-5¢ = multirelation-algebra-5b +
multirelation-algebra-1c
begin

lemma complement-mult-zero-below:
—z * bot < —(z * bot)

(proof)

proposition z « 1 My * 1 < (z M y) x 1 nitpick [expect=genuine,card=4]

(proof )
proposition z « I M (y * 1) < (z * 1 M y) * 1 nitpick
[ezpect=genuine,card=4] (proof)

end

class up-closed-multirelation-algebra-b = up-closed-multirelation-algebra +
complemented-distributive-lattice
begin

subclass multirelation-algebra-5c

(proof)

lemma complement-zero-vector:
zero-vector © <— zero-vector (—x)

{proof)
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lemma down-closed:
down-closed x

{proof)

lemma vector:
vector x

(proof)
end

end

7 Binary Iterings
theory Binary-Iterings
imports Base

begin

class binary-itering = idempotent-left-zero-semiring + while +

assumes while-productstar: (x x y) x 2z =z U z * ((y * z) x (y * 2))

assumes while-sumstar: (z U y) x z = (z x y) * (T * 2)

assumes while-left-dist-sup: z * (y U 2) = (z * y) U (z % 2)

assumes while-sub-associative: (z * y) * z < © * (y * 2)

assumes while-simulate-left-plus: x * 2 < zx (y*x 1) U w — x % (2 xv) < 2
(g x o) U (@x (ws (y*v)

assumes while-simulate-right-plus: z x t < yx (y*xz) Uw — z*x (z xv) <y
*x (zxvU w* (z % v))
begin

Theorem 9.1

lemma while-zero:
bot x x = x

(proof )
Theorem 9.4

lemma while-mult-increasing:
T*x Yy < TxyY

(proof)
Theorem 9.2

lemma while-one-increasing:
r<zT*xl1

(proof )
Theorem 9.3

lemma while-increasing:
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yswxy
(proof)

Theorem 9.42

lemma while-right-isotone:
Yy<z=zxy<zT*2
{proof)

Theorem 9.41

lemma while-left-isotone:
< y=ac*xz2<Yyx*xz

{proof)

lemma while-isotone:
WL rz=—=yY<2=>wWwxy<T*x2
(proof )

Theorem 9.17

lemma while-left-unfold:
zxy=yUzx(z*y)
(proof)

lemma while-simulate-left-plus-1:
zxz<zx(yx1)=z*x(zxw) <zx(y*xw) U/ (zx* bot)

(proof )
Theorem 11.1

lemma while-simulate-absorb:
yxz<z= y*rz<zU(yx* bot)
(proof )

Theorem 9.10

lemma while-transitive:
zx(x*xy)=x*xy
(proof)

Theorem 9.25

lemma while-slide:
(zxy)*x(xxz)=zx ((y*z)*2)
(proof )

Theorem 9.21

lemma while-zero-2:
(z % bot) *x y =z x bot U y
(proof )

Theorem 9.5

lemma while-mult-star-exchange:
zx (zxy)=1xx*(zx*y)
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(proof)
Theorem 9.18

lemma while-right-unfold:
zHxy=yU(zx(zxy))
(proof )

Theorem 9.7

lemma while-one-mult-below:
(zx1)xy<zx*y
(proof)

lemma while-plus-one:
zxy=yU(z*y)
(proof)

Theorem 9.19

lemma while-rtc-2:
yUzxyU(z*x(zxy) =z*y
(proof)

Theorem 9.6

lemma while-left-plus-below:
zx(zxy) <z*y

(proof)

lemma while-right-plus-below:
zx(zxy)<z*y
{proof)

lemma while-right-plus-below-2:
(zxz)xy<z*xy
(proof)

Theorem 9.47

lemma while-mult-transitive:
Tl 2xy=y<zrxw=zc< zxW
(proof)

Theorem 9.48

lemma while-mult-upper-bound:
r<zx]l = y<zrxw=—xy< z2xwW
(proof )

lemma while-one-mult-while-below:
(yx1)x(y*xv) <y*wv
(proof )

Theorem 9.34
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lemma while-sub-dist:
zxz<(zUy)*z
(proof )

lemma while-sub-dist-1:
zxz<(zUy)*z
(proof )

lemma while-sub-dist-2:
zxy*xz<(zUy)*z
(proof )

Theorem 9.36

lemma while-sub-dist-3:
zx(yxz) < (zUy) *2z
(proof )

Theorem 9.44

lemma while-absorb-2:
z<y=yx(@*x2)=yx*xz
(proof )

lemma while-simulate-right-plus-1:
zxr<yx(yxz) = zx (zxw) <yx(zx*w)
(proof)
Theorem 9.39
lemma while-sumstar-1-below:
zx((y*x(zx1))x2) < ((zx1)*y)*(zx2)
(proof)

lemma while-sumstar-2-below:
((zx1)*xy)*x(zx2) < (zxy)*(z*2)
(proof )

Theorem 9.38

lemma while-sup-1-below:
zx ((yx(zx1)*2) < (zUy) xz
(proof)

Theorem 9.16

lemma while-while-while:
((zx1)*x1)xy=(z*x1)xy
(proof)

lemma while-one:

(Ix1)*xy=1+%y
(proof)
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Theorem 9.22

lemma while-sup-below:
Uy <z*x(yx1I)
(proof )

Theorem 9.32

lemma while-sup-2:
(zUy)xz2<(z*x(yx1)) *xz
(proof)
Theorem 9.45
lemma while-sup-one-left-unfold:
I<z=zx(z*y =zxy
(proof)

lemma while-sup-one-right-unfold:
I<z=zx(zxy) =x*y

(proof )
Theorem 9.30

lemma while-decompose-7:
(zUy)*z=ax(yx((zUy)*2z)
(proof)
Theorem 9.31

lemma while-decompose-8:
(zUy)*z=(zUy)*(zx(y*z)
(proof )

Theorem 9.27

lemma while-decompose-9:
(2% (g 1) xz=ax (y* (@ (yx 1)) x2))
(proof)

lemma while-decompose-10:
(2% (yx 1)) % 2= (x % (y % 1)) % (a % (y * 2))
(proof )

lemma while-back-loop-fixpoint:
zx (yx(yxz)Uzxz=z%*(y*ux)
(proof)

lemma while-back-loop-prefizpoint:
zx(y*x1)xyldz<zx*x(yx1)
(proof )

Theorem 9

lemma while-loop-is-fizpoint:
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is-fizpoint Az . y *x x U 2) (y * 2)
{proof)

Theorem 9

lemma while-back-loop-is-prefixpoint:
is-prefizpoint Az .z x y U 2) (z * (y x 1))
(proof)

Theorem 9.20

lemma while-while-sup:
(IUz)*xy=(z*1)*y
(proof )

lemma while-while-mult-sub:
zx(Ixy) < (zx1)xy
(proof)

Theorem 9.11

lemma while-right-plus:
(zxz)*xy=x*xy
(proof )

Theorem 9.12

lemma while-left-plus:
(zx(zx1)* y=xz*y
(proof)

Theorem 9.9

lemma while-below-while-one:
cxr < zTx1

{proof)

lemma while-below-while-one-mult:
zx(xxz)<zx(r*xl)
(proof )

Theorem 9.23

lemma while-sup-sub-sup-one:
zx(zUy) <z*(1Uy)
(proof)

lemma while-sup-sub-sup-one-mult:
zx(zx(zUy) <zx(zx(IUy)
(proof )

lemma while-elimination:
zxy=bot = xx (y*2)=1x%z

{proof)

o7



Theorem 9.8

lemma while-square:
(zxz)*xy<zxy
(proof )

Theorem 9.35

lemma while-mult-sub-sup:
(zxy)xz<(zUy) 2z

(proof)
Theorem 9.43

lemma while-absorb-1:
z<y=zx(yxz)=yx*z
(proof)

lemma while-absorb-3:
z<y=zx(yxz)=yx*x(z*x2)
(proof )

Theorem 9.24

lemma while-square-2:
(zxz)x((zU1)*xy) <z*y
(proof)

lemma while-separate-unfold-below:
(y*(@x1))xz<(yx2)U(y*(yxzx(@x((y*(zx1))x2))
(proof)

Theorem 9.33

lemma while-mult-zero-sup:
(z Uy bot) x z=xx ((y * bot) * 2)
(proof)

lemma while-sup-mult-zero:
(xUy*bot) xy=1zx*y
(proof )

lemma while-mult-zero-sup-2:
(x Uy *bot) x z=(z*xz) U (z* (y * bot))
(proof)

lemma while-sup-zero-star:
(z Uy bot) x z=x* (y* bot U 2)
(proof)

lemma while-unfold-sum:

(xUy)xz=(zx2)U(zx(y*((&Uy)*2)
{proof)
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lemma while-simulate-left:
zrxz<zxylUlw=zx(z*x0v) <zx(yxv)U (zx(wx*(y*wv)))
{proof)

lemma while-simulate-right:
assumes z x z < yx z L w
shows z % (z xv) < yx (zxvU wx (z*0))
(proof)

lemma while-simulate:
zxx<y*xz= 2% (xxv) <yx(z%0v)
(proof )

Theorem 9.14

lemma while-while-mult:
Ix(z*xy) =(xx1)*y
(proof)

lemma while-simulate-left-1:
zxz<zxy=z*x(zxv) <zx*x(y*wv) U (z* bot)
(proof)

Theorem 9.46

lemma while-associative-1:
assumes 1 < z
shows z x (y x 2) = (z * y) * 2

(proof)
Theorem 9.29

lemma while-associative-while-1:
zx(yx(zx1))=(z*xy)*x(zx1)
(proof )

Theorem 9.13
lemma while-one-while:
(zx1)x(yx1)=xzx(yx1)
(proof )

lemma while-decompose-5-below:
(zx(y*x1)xz2<(yx(x*x1))*z
(proof)

Theorem 9.26

lemma while-decompose-5:
(zx(yx1)xz=(yx(x*x1))*z
(proof)

lemma while-decompose-4 :
(zx(yx1)xz=zx ((y*x(xzx1))*2)

99



(proof )
Theorem 11.7

lemma while-simulate-2:
yx(@xl)<zx(yx1l)+—y*x(@x1)<z*x(yx1)

(proof)

lemma while-simulate-1:
yxrx<zcxy=y*k(xx1)<zx(yxI)

(proof)

lemma while-simulate-3:
yx(x1)<zxl1=yx(z*x1)<zx(y*x1)
(proof )

Theorem 9.28

lemma while-extra-while:
(s (wx 1) 2= (y (y* (@ x 1) %2
(proof)
Theorem 11.6

lemma while-separate-4:
assumes y x z < z x (z x (I U y))
shows (z U y) x 2 = 2 x (y * 2)
(proof)

lemma while-separate-5:
yrxrz<zx(z*x(zUy) = (zUy) *z=21z*(yx*2)

{proof)

lemma while-separate-6:
yrrz<zx(zUy = (zUy) *xz=1cx(y*2)
(proof)

Theorem 11.4
lemma while-separate-1:
yxrx<zcxy= (zUy) *z=0*(y*2)
(proof )

Theorem 11.2
lemma while-separate-mult-1:
yxrx<zcxy= (*xy) xz<zx(yx*2)
(proof )

Theorem 11.5

lemma separation:
assumes y x z < z % (y * 1)
shows (z U y) x 2 =z % (y x 2)
(proof)
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Theorem 11.5

lemma while-separate-left:
yrrz<zx(yxl)=yx*x(x*xz) <z*x(yx*2)

(proof )
Theorem 11.6

lemma while-simulate-4:
yrrz<zx(z*x(IUy))=yx(@*x2) <zx(yx*2)
(proof)

lemma while-simulate-5:
yxr<zx(zx(zUy) = yx(@*x2) <z*(y*2)

(proof)

lemma while-simulate-6:
yxz<zx(zUy) = yx(x*x2) <zx(yx*2)
(proof )

Theorem 11.3

lemma while-simulate-7:
yxrx<zcxy=y*x(@xz) <zx(yx*2)
(proof )

lemma while-while-mult-1:
zx (1 xy)=1x(z*y)
(proof )

Theorem 9.15

lemma while-while-mult-2:
zx(Ixy)=(x*x1)xy
(proof)

Theorem 11.8

lemma while-import:
assumes p < px pAp< I Apxz<xTx*xp
shows p x (z x y) = p * ((p *x ) * y)
(proof)

Theorem 11.8

lemma while-preserve:
assumes p < p * p
and p < 1
and pxz <z xp
shows p x (z x y) = p * (x x (p * y))
{proof)

lemma while-plus-below-while:
(zx1)xz<xzxl1

{proof)
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Theorem 9.40

lemma while-01:
(ws(zx1))*x(y*z) < (zxw)*((z*y)*2)
(proof)

Theorem 9.37

lemma while-while-sub-associative:
zx(yx2z) < ((zxy)*2)U(z*2)
(proof)

lemma while-induct:
zx2<2NyYy<zANzx1 <z2=zxy<z

{proof)

proposition while-sumstar-4-below: (x x y) * (z x 1) % z) <z * ((y * (x x 1))
* z) (proof)

proposition while-sumstar-2: (x U y) x z =z x ((y * (z *x 1)) * 2) (proof)
proposition while-sumstar-3: (x U y) * z = ((z * 1) * y) * (z * z) (proof)
proposition while-decompose-6: z x ((y *x (z x 1)) x2) =y * ((z * (y x 1)) * 2)
(proof)

proposition while-finite-associative:  x bot = bot = (x x y) * 2 = x * (y * 2)
(proof)

proposition atomicity-refinement: s = s*% ¢ = v = ¢ *x . = ¢ *x b = bot =
rxb<bxr—=rxl<lsxr—=ucxl<Ilxrx=0bxI<Ilxb= qgx1<1
xkq=r*q<qgx(rxl)=q¢<1=sx((zUbdUruUl)x(gx*z)<sx
((x % (bxq) UrUl) xz) (proof)

proposition while-separate-right-plus: y x z < z * (x x (1 Uy)) U I = y * (z
*z) <z * (y* z) (proof)

proposition while-square-1: z x 1 = (z * x) * (x U 1) {proof)

proposition while-absorb-below-one: y * ¥ < © = y x © < 1 * = (proof)
proposition y x (zx 1) < z*x(yx 1) = (z U y)x I =x* (y x 1) (proof)
proposition y x z < (I Uz) x (yx 1) = (z U y) x 1 =z (y* 1) (proof)

end

class bounded-binary-itering = bounded-idempotent-left-zero-semiring +
binary-itering
begin

Theorem 9

lemma while-right-top:
T x top = top
(proof )

Theorem 9

lemma while-left-top:
top * (x x 1) = top
(proof)
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end

class extended-binary-itering = binary-itering +
assumes while-denest-0: w * (z * (y * 2)) < (w = (z*x y)) x (w * (z * y) * 2)
begin

Theorem 10.2

lemma while-denest-1:
wx (z % (y*2) < (w*(z*y)*z
(proof)

lemma while-mult-sub-while-while:
zx(yx2z) < (x*xy)*z
(proof)

lemma while-zero-zero:
(z % bot) * bot = x = bot

(proof)
Theorem 10.11

lemma while-mult-zero-zero:
(z * (y * bot)) x bot = = * (y * bot)
(proof )

Theorem 10.3

lemma while-denest-2:
wx ((zx(y*xw)*xz)=wx (((r*y) *w)* 2)

(proof )
Theorem 10.12

lemma while-denest-3:
(z x w) * (z x bot) = (x * w) * bot
(proof)

Theorem 10.15

lemma while-02:
zx ((zxw)*((z*xy) *x2)=(xxw) *x((z*xy) * 2)

(proof)

lemma while-sumstar-3-below:
(zxy)*x(xx2) < (zxy)*x((xzx1)x*2)
(proof)

lemma while-sumstar-4-below:
(zxy)*x((zx1)*2)<z*((y*x(zx1))*2)
(proof )

Theorem 10.10
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lemma while-sumstar-1:
(zUy)xz=(zxy)x((z*x1)x*2)
(proof )

Theorem 10.8

lemma while-sumstar-2:
(zUy)xz=zx ((y*x(z*1))*2)
(proof)

Theorem 10.9

lemma while-sumstar-3:
Uy *xz=((zx1)*xy) x(zx2)
(proof)

Theorem 10.6

lemma while-decompose-6-:
x (g (@ 1) % 2) =y (2% (y * 1)) % 2)
(proof )

Theorem 10.4

lemma while-denest-4:
(xxw)*(zx(yx*2)=(xxw*(z*xy) *2)
(proof)

Theorem 10.13

lemma while-denest-5:
wk ((z* (yxw) *(z*(yx2) =w=*(((z*xy)*w)*((z*xy)*2)
(proof )

Theorem 10.5

lemma while-denest-6:
(wx(z*xy)*xz=zUwx*((zUyx*w) *(y* 2))
(proof)

Theorem 10.1

lemma while-sum-below-one:
yx((zUy) x2) <(yx(x*x1))*z
(proof )

Theorem 10.14

lemma while-separate-unfold:
(yx(@x1))xz=(y*x2)U(y*(yxzx(zx((yx*(zx1))x*2)))
(proof)

Theorem 10.7

lemma while-finite-associative:
x * bot = bot = (z *xy) *x 2 =1x * (y * 2)
(proof)
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Theorem 12

lemma atomicity-refinement:
assumes s = s * ¢

and z = q x =

and g *x b = bot

and rx b<bxr

and rx [ <I[=xr

and z x [ < [x*xz

and b x [ < [xb

and g x [ <[ gq

andrxg<gx*x(rx1)ANg<1

shows sx ((zUbUrUl)x(g*x2) <sx((zx(bxq) Urul) z2)
(proof)

end

class bounded-extended-binary-itering = bounded-binary-itering +
extended-binary-itering

end

8 Strict Binary Iterings

theory Binary-Iterings-Strict

imports Stone-Kleene-Relation-Algebras. Iterings Binary-Iterings
begin

class strict-itering = itering + while +
assumes while-def: v x y = z° x y
begin

Theorem 8.1

subclass extended-binary-itering
(proof)

Theorem 13.1

lemma while-associative:
(zxy)*xz=21z%*(y=*2)
(proof )

Theorem 13.3

lemma while-one-mult:
(zx1)xz=z*zx
(proof)

lemma while-back-loop-is-fixpoint:
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is-fizpoint Az . x x y U 2) (2 % (y x 1))
{proof)

Theorem 13.4

lemma while-sumstar-var:
(zUy)xz=(zx1)xy)x((z*x1)x*2)
(proof)

Theorem 13.2

lemma while-mult-1-assoc:
(zx1)xy=xz*xy
(proof)

proposition y x (z x 1) <z *x (yx 1) = (z U y) x 1 =z % (y x 1) (proof)
proposition y x z < (I Uz) x (yx 1) = (z U y) 1 =z (y* 1) (proof)
proposition while-square-1: x x 1 = (z * z) *x (x U 1) (proof)

proposition while-absorb-below-one: y * & < © = y x ¢ < 1 * = (proof)

end

class bounded-strict-itering = bounded-itering + strict-itering
begin

subclass bounded-extended-binary-itering {proof)

Theorem 13.6

lemma while-top-2:
top x z = top * z
(proof )

Theorem 13.5

lemma while-mult-top-2:
(z % top) x z =2z U x * top * z

(proof )
Theorem 13 counterexamples

proposition while-one-top: 1 x © = top nitpick [ezpect=genuine,card=2]
(proof )

proposition while-top: top * x = top nitpick [expect=genuine,card=2] (proof)
proposition while-sub-mult-one: x x (1 * y) < 1 x z (proof)

proposition while-unfold-below-1: © = y x © = z < y * 1 (proof)
proposition while-unfold-below: x = z U y x © = z < y % z nitpick
[ezpect=genuine,card=2] (proof)

proposition while-unfold-below: © < z U y x © = = < y % z nitpick
[ezpect=genuine,card=2] (proof)

proposition while-mult-top: (z * top) x z = z U x * top nitpick
[expect=genuine,card=2] (proof)

proposition tarski-mult-top-idempotent: & * top = x x top * = * top {proof)
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proposition while-loop-is-greatest-postfixpoint: is-greatest-postfixpoint (Ax . y * x
U 2) (y % 2) nitpick [ezpect=genuine,card=2] (proof)

proposition while-loop-is-greatest-fizpoint: is-greatest-fixzpoint (A\z . y x z U z) (y
* z) nitpick [ezpect=genuine,card=2] {proof)

proposition while-sub-while-zero: x x z < (x % y) * z (proof)
proposition while-while-sub-associative: © * (y * z) < (z * y) * z (proof)
proposition tarski: © < z * top x x x top {proof)

proposition tarski-top-omega-below: x * top < (z * top) * bot nitpick
[ezpect=genuine,card=2] (proof)

proposition tarski-top-omega: x x top = (x * top) x bot nitpick
[ezpect=genuine,card=2] (proof)

proposition tarski-below-top-omega: x < (z * top) x bot nitpick
[ezpect=genuine,card=2] (proof)

proposition tarski: x = bot V top x x * top = top (proof)

proposition 1 = (z * bot) x I (proof)

proposition 1 U z x bot = z x 1 (proof)

proposition z = z x (z * 1) {proof)

proposition z x (z x 1) = z % 1 {proof)

proposition z x 1 =z x (1 * 1) (proof)

proposition (z U y) x I = (z x (y x 1)) x I (proof)

proposition z U y x 2 = 2 = y * z < z (proof)

proposition y x z = . = y *x © < z (proof)

proposition z Uz xy =2 = z % (y x 1) < z (proof)

proposition z x y =z = z x (y x 1) < x (proof)

proposition z x z = zx y = z % 2 < z x (y * 1) {proof)

end

class binary-itering-unary = extended-binary-itering + circ +
assumes circ-def: z° = x x 1
begin

Theorem 50.7
subclass left-conway-semiring

(proof)

end

class strict-binary-itering = binary-itering + circ +
assumes while-associative: (x x y) * 2 =z * (y * 2)
assumes circ-def: z° = z % 1

begin

Theorem 2.8

subclass itering
(proof)

Theorem 8.5

subclass ertended-binary-itering
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{proof)

end

end

9 Nonstrict Binary Iterings

theory Binary-Iterings-Nonstrict
imports Omega-Algebras Binary-Iterings
begin

class nonstrict-itering = bounded-left-zero-omega-algebra + while +
assumes while-def: v x y = =¥ U z* x y
begin

Theorem 8.2

subclass bounded-binary-itering

(proof)
Theorem 13.8

lemma while-top:
top x x = top
(proof)

Theorem 13.7

lemma while-one-top:
1 xz=top
(proof )

lemma while-finite-associative:
¥ =bot = (x*xy) *x 2 =1z % (y * 2)

(proof)

lemma star-below-while:
rrky < xT kY
(proof)

Theorem 13.9

lemma while-sub-mult-one:
zx (I xy) <1x*zx
(proof)

lemma while-while-one:
yx(@x1)=yYUy**a¥ly* *a*
(proof )
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lemma while-simulate-4-plus:
assumes y x z < z % (z * (I U y))
shows y x z x 2% <z % (z x (I Uy))

(proof)

lemma while-simulate-4-omega:
assumes y x z < z x (z * (I U y))
shows y * zv < ¥
(proof)

Theorem 13.11

lemma while-unfold-below:
r=zUyxrz =< yxz
(proof)

Theorem 13.12

lemma while-unfold-below-sub:
r<zUyxz=12<y*xz
(proof)

Theorem 13.10

lemma while-unfold-below-1:
T=yxx =1 < yx*x I

(proof)

lemma while-square-1:
zx1=(zx*xz)*(zUI)
(proof)

lemma while-absorb-below-one:
yx*xx<rx=yxz < 1xz

{proof)

lemma while-loop-is-greatest-postfixpoint:
is-greatest-postfizpoint (A\z . y * © U 2) (y x 2)
(proof )

lemma while-loop-is-greatest-fizpoint:
is-greatest-fizrpoint (A\z . y * z U 2) (y % 2)
(proof )

proposition while-sumstar-4-below: (z * y) * ((x x 1) x 2) < x x ((y x (z x 1))
* z) nitpick [expect=genuine,card=6] (proof)

proposition while-sumstar-2: (x U y) x z = z = ((y * (z x 1)) * z) nitpick
[ezpect=genuine,card=6] (proof)

proposition while-sumstar-3: (z U y) x z = ((z * 1) x y) x (z x 2) (proof)
proposition while-decompose-6: © x ((y x (z x 1)) x2z) = yx ((z * (y *x 1)) * 2)
nitpick [ezpect=genuine,card=6] (proof)

proposition while-finite-associative: T x bot = bot = (x * y) * 2z = = * (y * 2)
(proof)
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proposition atomicity-refinement: s = s *x ¢ = x = ¢ *x x = ¢ * b = bot =
rxb<bxr=rxl<lxr=zcxl<Ilxrx=0bxI<Ilxb= qgx1<1
kq=>r+ q<qgx(rxl)=¢<1=sx((zUbdbUrul)x(gx*z)<sx
((x % (bxq) UrUl) z) (proof)

proposition while-separate-right-plus: y x z < z * (x x (1 Uy)) U I = y * (z
x2) < @ % (y % 2) {proof)

proposition y x (zx 1) <z *x (yx 1) = (zUy) x I =z % (y x 1) (proof)
proposition y x z < (I Uz)*x (yx 1) = (zUy) I =z * (y* 1) (proof)

z) < (z % y) x z (proof)

* bot (proof)

= (z * w) * bot {proof)

2) = (% w) * (3% y) * 2)

proposition while-mult-sub-while-while: x x (y *
proposition while-zero-zero: (z x bot) * bot =
proposition while-denest-3: (x x w) * (z x bot)
proposition while-02: = x ((z x w) * ((z * y) *
(proof)

proposition while-sumstar-3-below: (z x y) * (z x 2) < (x x y) * (xz *x 1) * 2)
(proof)

proposition while-sumstar-1: (x U y) x z = (z x y) * ((z * 1) * z) (proof)
proposition while-denest-4: (x x w) x (z * (y * 2)) = (z * w) * ((z x y) * 2)
(proof)

end

class nonstrict-itering-zero = nonstrict-itering +
assumes mult-right-zero: x© x bot = bot
begin

lemma while-finite-associative-2:
xz * bot = bot = (z *xy) *x 2 =1x * (y * 2)
(proof)

Theorem 13 counterexamples

proposition while-mult-top: (z * top) x z = z U x * top nitpick
[ezpect=genuine,card=3] (proof)

proposition tarski-mult-top-idempotent: x * top = = * top * x * top nitpick
[ezpect=genuine,card=3] (proof)

proposition while-denest-0: w * (z * (y x 2)) < (w * (z % y)) * (w * (z % y) *
z) nitpick [ezpect=genuine,card=38] (proof)

proposition while-denest-1: w * (z * (y x z)) < (w * (z x y)) * z nitpick
[ezpect=genuine,card=3] (proof)

proposition while-mult-zero-zero: (z * (y x bot)) x bot = z * (y x bot) nitpick
[expect=genuine,card=3] {proof)

proposition while-denest-2: w * ((z * (y * w)) x 2) = w * (((x *x y) * w) * 2)
nitpick [expect=genuine,card=3] (proof)

proposition while-denest-5: w * ((z x (y * w)) * (z * (y * 2))) = w * (((z * y)
* w) * ((x x y) x 2)) nitpick [ezpect=genuine,card=3] (proof)

proposition while-denest-6: (w x (z x y)) x z =z U w* ((z Uy * w) x (y * 2))
nitpick [ezpect=genuine,card=3] (proof)
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proposition while-sum-below-one: y x ((z U y) x 2) < (y * (z = 1)) x z nitpick
[expect=genuine,card=3] {proof)

proposition while-separate-unfold: (y x (x x 1)) x z = (y*x z2) U (y * (y x = x (z
* ((y * (x % 1)) * 2)))) nitpick [ezpect=genuine,card=3] {proof)

proposition while-sub-while-zero: x * z < (z * y) * z nitpick
[expect=genuine,card=4] {proof)

proposition while-while-sub-associative: © * (y * z) < (z * y) * z nitpick
[ezpect=genuine,card=4] (proof)

proposition tarski: x < x * top x x * top nitpick [expect=genuine,card=3]
(proof)

proposition tarski-top-omega-below: z * top < (z * top)* nitpick
[ezpect=genuine,card=3] (proof)

proposition tarski-top-omega: x x top = (z * top)” nitpick
[ezpect=genuine,card=3] (proof)

proposition tarski-below-top-omega: x < (z x top)* nitpick
[ezpect=genuine,card=3] (proof)

proposition tarski-mult-omega-omega: (x * y*)¥ = z * y* nitpick
[ezpect=genuine,card=38] (proof)

proposition tarski-mult-omega-omega: (Vz . 2% = 2¥) = (z % y*)* = z * y*
nitpick [expect=genuine,card=3] (proof)

proposition tarski: x = bot V top * x * top = top nitpick
[expect=genuine,card=3] {proof)

end

class nonstrict-itering-tarski = nonstrict-itering +
assumes tarski: x < x * top * x x top
begin

Theorem 13.14

lemma tarski-mult-top-idempotent:
T * top = x * top * T * top
(proof )

lemma tarski-top-omega-below:
z * top < (x * top)¥
(proof)

lemma tarski-top-omega:
x * top = (x * top)*
{proof )

lemma tarski-below-top-omega:
z < (x % top)¥
(proof )

lemma tarski-mult-omega-omega:
(x5 4*)* = 7 %
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{proof)

lemma tarski-omega-idempotent:
l,UJUJ — mw

(proof)

lemma while-denest-2a:
wx ((zx(y*w)*x2)=wx (((z*y) *w) *2)
(proof)

lemma while-denest-3:
(z % w) * 2% = (z x w)¥

(proof)

lemma while-denest-4a:
(zxw)*x (xx(yx2)=(z*xw)*((zxy) *2)

(proof)
Theorem 8.3

subclass bounded-extended-binary-itering
(proof)

Theorem 13.13

lemma while-mult-top:
(z *x top) x z =z U x * top

(proof)

lemma tarski-top-omega-below-2:
x * top < (x * top) * bot
(proof)

lemma tarski-top-omega-2:
z * top = (x * top) x bot
(proof)

lemma tarski-below-top-omega-2:
z < (x * top) x bot
(proof )

proposition 1 = (z * bot) x 1 nitpick [ezpect=genuine,card=3] (proof)
end

class nonstrict-itering-tarski-zero = nonstrict-itering-tarski +
nonstrict-itering-zero

begin

lemma while-bot-1:

1 = (z * bot) * 1
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(proof )
Theorem 13 counterexamples

proposition while-associative: (z * y) * 2 = = * (y * z) nitpick
[expect=genuine,card=2] {proof)

proposition (z x 1) x y = z * y nitpick [ezpect=genuine,card=2] {proof)
proposition while-one-mult: (x x 1) * x = z * z nitpick
[ezpect=genuine,card=4] (proof)

proposition (z U y) * z = ((z % 1) * y) x ((z * 1) * z) nitpick
[expect=genuine,card=2] {proof)

proposition while-mult-top-2: (z * top) x z = z U x % top * z nitpick
[ezpect=genuine,card=2] (proof)

proposition while-top-2: top x z = top * z nitpick [expect=genuine,card=2)

(proof)

proposition tarski: x = bot \V top * x * top = top nitpick
[expect=genuine,card=38] (proof)

proposition while-back-loop-is-fizpoint: is-fizpoint (Az . z x y U z) (z * (y * 1))
nitpick [expect=genuine,card=4] (proof)

proposition 1 U z x bot = z * 1 nitpick [ezpect=genuine,card=3] (proof)
proposition z = z * (z * 1) nitpick [ezpect=genuine,card=3] {proof)
proposition z * (z x 1) = z * I nitpick [ezpect=genuine,card=2] (proof)
proposition z x I = z x (1 * 1) nitpick [ezpect=genuine,card=3] {proof)
proposition (z U y) x I = (z * (y * 1)) x 1 nitpick [ezpect=genuine,card=3]
{proof)

proposition z U y x £ = © = y * 2z < z nitpick [expect=genuine,card=2)
(proof)

proposition y x x = z ==> y * & < z nitpick [ezpect=genuine,card=2] (proof)
proposition z U z % y = 2 = z * (y x 1) < z nitpick
[ezpect=genuine,card=3] (proof)

proposition z x y = © = z * (y x 1) < x nitpick [ezpect=genuine,card=3]
(proof)

proposition z x z = z x y = z * 2 < z x (y x 1) nitpick
[ezpect=genuine,card=2] (proof)

proposition tarski: x = bot V top * x * top = top nitpick
[expect=genuine,card=3] {proof)

proposition tarski-case: assumes t1: x = bot — P z and t2: top * x * top =
top — P z shows P z nitpick [expect=genuine,card=3] {proof)

end

end

10 Tests

theory Tests

imports Subset-Boolean-Algebras.Subset-Boolean-Algebras Base
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begin

context subset-boolean-algebra-extended
begin

sublocale sba-dual: subset-boolean-algebra-extended where uminus = uminus
and sup = inf and minus = Az y . —(—z M y) and inf = sup and bot = top
and less-eq = greater-eq and less = greater and top = bot

(proof )

lemma strict-leg-def:
—z < —y<+— < —yA-(—y < —x)
(proof )

lemma one-def:
top = —bot
{proof )

end

class tests = times + uminus + one + ord + sup + bot +
assumes sub-assoc: —x x (—y * —z) = (—x * —y) * —z

assumes sub-comm: —z x —y = —y * —x
assumes sub-compl: —x = —(——x * —y) * —(——z * ——y)
assumes sub-mult-closed: —z x —y = ——(—z * —y)

assumes the-bot-def: bot = (THEz . (Vy .z = —y x ——y))

assumes one-def: 1 = — bot

assumes sup-def: —z Ll —y = —(——z * ——y)

assumes leq-def: —x < —y — —T x —y = —=z

assumes strict-leg-def: —z < —y +— —x < —y A = (—y < —x)
begin

sublocale tests-dual: subset-boolean-algebra-extended where uminus = uminus
and sup = times and minus = Az y . —(—z * y) and inf = sup and bot = 1
and less-eq = greater-eq and less = greater and top = bot

(proof)

sublocale sba: subset-boolean-algebra-extended where uminus = uminus and
sup = sup and minus = Az y . —(—z U y) and inf = times and bot = bot and
less-eq = less-eq and less = less and top = 1 {proof)

sets and sequences of tests
definition test-set :: ‘a set = bool

where test-set A =VzcAd .z = ——1z

lemma mult-left-dist-test-set:
test-set A = test-set { —p*x x|z .z € A}
{proof)

74



lemma mult-right-dist-test-set:
test-set A = test-set { x« —p |z .2 € A}
(proof)

lemma sup-left-dist-test-set:
test-set A = test-set { —pUz|z.z€ A}
(proof)

lemma sup-right-dist-test-set:
test-set A = test-set { z U —p |2z .z € A}
(proof)

lemma test-set-closed:
A C B = test-set B = test-set A

(proof)

definition test-seq :: (nat = ‘a) = bool
where test-seqt =Vn.tn=——tn

lemma test-seq-test-set:
test-seq t = test-set { t n | ninat . True }
(proof)

definition nat-test :: (nat = 'a) = ‘a = bool

where nat-testt s= (Vn.tn=——tn)As=—-——=sAVn.tn<s)AMzy

.Vnotnx —z < —y) — sx —x < —y)

lemma nat-test-seq:
nat-test t s = test-seq ¢

(proof)
primrec pSum :: (nat = 'a) = nat = 'a
where pSum f 0 = bot
| pSum f (Suc m) = pSum fm U fm

lemma pSum-test:

test-seq t => pSum t m = ——(pSum t m)
(proof )

lemma pSum-test-nat:
nat-test t s = pSum t m = ——(pSum t m)
(proof )

lemma pSum-upper:
test-seq t = i<m = t ¢ < pSum t m

{(proof)

lemma pSum-below:
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test-seq t => (Vm<k .t mx* —p < —q) = pSum tk x —p < —¢q
(proof)

lemma pSum-below-nat:
nat-test t s = (Vm<k .t mx* —p < —q) = pSum tk* —p < —¢q

{proof)

lemma pSum-below-sum:
nat-test t s = pSum tz < s

(proof)

lemma ascending-chain-sup-left:

ascending-chain t = test-seq t = ascending-chain (An . —p U t n) A test-seq
(An . —p U tn)

(proof )

lemma ascending-chain-sup-right:
ascending-chain t = test-seq t = ascending-chain (An . t n U —p) A test-seq
(An . tn U —p)

{proof)

lemma ascending-chain-mult-left:

ascending-chain t = test-seq t = ascending-chain (An . —p x t n) A test-seq
(An . —pxtmn)

(proof )

lemma ascending-chain-mult-right:
ascending-chain t = test-seq t = ascending-chain (An . t n x —p) A test-seq
(An . tnx —p)

{proof)

lemma descending-chain-sup-left:

descending-chain t = test-seq t => descending-chain (An . —p U t n) A
test-seq (An . —p U t n)

{proof )

lemma descending-chain-sup-right:
descending-chain t = test-seq t => descending-chain (An . t n U —p) A
test-seq (An . t n U —p)

{proof)

lemma descending-chain-mult-left:

descending-chain t = test-seq t => descending-chain (An . —p * t n) A
test-seq (An . —p * t n)

(proof)

lemma descending-chain-mult-right:

descending-chain t = test-seq t = descending-chain (An . t n * —p) A
test-seq (An . t n * —p)
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{proof)

end

end

11 Test Iterings

theory Test-Iterings

imports Stone-Kleene-Relation-Algebras. Iterings Tests

begin

class test-itering = itering + tests + while +
assumes while-def: p x y = (p * y)° * —p

begin

lemma wnf-lemma-5:
(~pU—q) *x(—g*xrU——gxy)=—q+zlU——qg*—px*y
(proof)

lemma test-case-split-left-equal:
2 XL = 2k Y= ——ZFRT = ——2xY=—>T=1Y
(proof )

lemma preserves-equation:

— Yk T STk Y —Y kT ==Y *T*k—Y
(proof)
Theorem 5
lemma preserve-test:
—y*xx < Tk —y=—= —yxx°=—y*xzx°*x —y
(proof )
Theorem 5
lemma import-test:
—yxr<z*—y=—= —y*xa°=—yx*x(—yx2x)°
(proof )

definition ite :: 'a = ‘a = 'a = 'a (- < - > - [58,58,58] 57)
where z < p>y=pxzl—pxy

definition it :: 'a = 'a = 'a (<- > - [58,58] 57)
where p>z=p*xz U —p

definition assigns :: ‘a = 'a = 'a = bool
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where assignsxpg=z =z % (p*x ¢ —p *x —q)

definition preserves :: ‘a = 'a = bool
where preservescp=pxrc < xxp A —pxx < T *x —p

lemma ite-neg:
rd—py=y<——p>x
{proof )

lemma ite-import-true:
rTd—pby=-pxr1—-p>>y
(proof)

lemma ite-import-false:
Td—pby=cd-—-pb ——p*xy
(proof )

lemma ite-import-true-false:
T —pby=-p*xax1—p>—p*xy
(proof )

lemma ite-context-true:
—p*(r<d-p>y)=-pxzx

(proof)

lemma ite-context-false:
——px(z<d—p>y)=——p*y
(proof)

lemma ite-context-import:
—px(r<d—q>y)=-px(@<d—p*—q>y)
(proof )

lemma ite-conjunction:
(<9 —q>y)<-—py=a<d-—p*—qb>y
(proof)

lemma ite-disjunction:
z<d-pb>(z<d—gqb>y =z<—-pU—gq>y
(proof )

lemma wnf-lemma-6:
(—pU—q)x (@< ——px—qPy)=(-pU—q*(y<—p>u
(proof )

lemma 7t-ite:
—p>rx=x<1—-pb> I
(proof)
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lemma it-neg:
——pbz=1<1-p> =2
{proof )

lemma it-import-true:
—-pb>r=—-p> —p*x=x
(proof )

lemma it-context-true:
—px(-p>r)=-pxz
(proof )

lemma it-context-false:
——px(-p>x)=——p
(proof )

lemma while-unfold-it:
—prkT=—p>xx(—p*1)

(proof)

lemma while-context-false:
—=px (=pxz)=——p
(proof)

lemma while-context-true:
—p* (~pxx)=—p*3*(—px1)
(proof )

lemma while-zero:
bot x x = 1

(proof)

lemma wnf-lemma-7:
1% (bot x 1) =1
{proof)

lemma while-import-condition:
—pPxT=-—pPk—p*2x
(proof)

lemma while-import-condition-2:
—Dx —Q*XT = —pP* —@*x —p*T
(proof)

lemma wnf-lemma-8:
—rx(-pU——px—q)x (<L ——pr—q>y)=-rx(-pU—q *(y<—p
> )
(proof )

Theorem 6 - see Theorem 31 on page 329 of Back and von Wright, Acta
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lemma split-merge-loops:
assumes ——p x Yy < Yy x ——p
shows (—p U —¢) x (2 < —p > y)=(—p*xx)*x(—q*y)
(proof)

lemma assigns-same:
assigns = (—p) (—p)

(proof)

lemma preserves-equation-test:
preserves T (—p) <— —P kT = —pP*xT* —PAN ——pP*xT = ——D*k T *x ——p
{proof )

lemma preserves-test:

preserves (—q) (—p)
(proof)

lemma preserves-zero:
preserves bot (—p)

{proof)

lemma preserves-one:
preserves 1 (—p)

(proof)

lemma preserves-sup:
preserves x (—p) = preserves y (—p) = preserves (z U y) (—p)

{proof)

lemma preserves-mult:
preserves © (—p) = preserves y (—p) = preserves (z x y) (—p)
(proof )

lemma preserves-ite:
preserves © (—p) = preserves y (—p) = preserves (x < —q > y) (—p)

(proof)

lemma preserves-it:
preserves ¥ (—p) = preserves (—q > z) (—p)

{proof)

lemma preserves-circ:
preserves x (—p) = preserves (z°) (—p)

{proof)

lemma preserves-while:
preserves © (—p) = preserves (—q * ) (—p)
(proof)
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lemma preserves-test-neg:
preserves ¥ (—p) = preserves ¥ (——p)

(proof)

lemma preserves-import-circ:
preserves ¢ (—p) = —p * 2° = —p * (—p * x)°
(proof)

lemma preserves-simulate:
preserves © (—p) => —p * 2° = —p * 1° * —p
(proof)

lemma preserves-import-ite:
assumes preserves z (—p)
shows z % (z < —pD>y)=zx2q—p> 2%y

(proof)
lemma preserves-while-context:
preserves T (—p) = —p * (=g * 1) = —p * (=p * —q * 1)
(proof )

lemma while-ite-context-false:
assumes preserves y (—p)

shows ——p x (—p U —gx (< —p D> y)) = ——p* (—qg xy)
(proof)
Theorem 7.1

lemma while-ite-norm:
assumes assigns z (—p) (—q)

and preserves x1 (—q)

and preserves x2 (—q)

and preserves y1 (—q)

and preserves y2 (—q)

shows z x (21 * (—rl *yl) < —pD> a2 * (—r2 x y2)) = z* (¢ < —q >

22) % ((—q % =11 U ——q % —12) % (yl < —q > y2))
(proof)

lemma while-it-norm:

assigns z (—p) (—q) = preserves x (—q) = preserves y (—q) = z * (—p >
zx(—rxy) =zx(—q>x)*x(—qgx —T*Yy)

{proof )

lemma while-else-norm:

assigns z (—p) (—q) = preserves © (—q) = preserves y (—q) = z * (1 <
—pxk(—r*xy)=z%x (1 <—qD>zx)*(——q¢*x—T*y)

(proof )

lemma while-while-pre-norm:
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—prxrx(—qxy)=-—p>a*x(—pU—qgx(y<—q> 7))
(proof)

Theorem 7.2

lemma while-while-norm:

assigns z (—p) (—r) = preserves © (—r) == preserves y (—r) => z % (—p *x ©
¥ (—gxy))=zx(-r>a)x(-rx(-pU—g) x(y < —g> 1)

{proof)

lemma while-seq-replace:
assigns z (=p) (—q) = 2% (—prxzT*x2)x y=2% (—qxx * 2) * y
{proof)

lemma while-ite-replace:
assigns z (—p) (—q) = z*x (xa < —pD> y) =z*x (. < —q > y)
(proof )

lemma while-post-norm-an:
assumes preserves y (—p)
shows (—pxz)*xy=y << ——p> (—p*z* (—p>y)
(proof )

lemma while-post-norm:
preserves y (—p) = (—pxz)xy=—pHxz*x (I A —p>y) < —p>y
(proof )

lemma wnf-lemma-9:
assumes assigns z (—p) (—q)

and preserves x1 (—q)
and preserves y1 (—q)
and preserves 2 (—q)
and preserves y2 (—q)
and preserves 2 (—p)
and preserves y2 (—p)

shows z * (21 <9 —q > 22) % (—g* —pU —rx (yl < —qg* —p> y2)) = z *

(21 < —p>32) % (=p U —1* (y1 < —p > y2))

{proof)

Theorem 7.3

lemma while-seq-norm:

assumes assigns z1 (—r1) (—q)
and preserves x2 (—q)
and preserves y2 (—q)
and preserves 22 (—q)
and z1 * 22 = 22 *x z1
and assigns 22 (—q) (—r)
and preserves y1 (—r)
and preserves z1 (—r)
and preserves x2 (—r)
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and preserves y2 (—r)
shows 1 % 21 * 22 x (—rl * yl * z1) *x 22 * (—r2 * y2) = x1 * z1 * 22 %
(yl # 21 (1 < —q>22)Q—qD>22) % (—qU —12 % (yl *21 (1 q9—q>
22) < —q > y2))
(proof)

end

end

12 N-Semirings
theory N-Semirings

imports Test-Iterings Omega-Algebras

begin
class n-semiring = bounded-idempotent-left-zero-semiring + n + L +
assumes n-bot : n(bot) = bot
assumes n-top : n(top) = 1
assumes n-dist-sup : n(z U y) = n(z) U n(y)
assumes 7n-export s n(n(z) x y) = n(z) * n(y)
assumes n-sub-mult-bot: n(x) = n(z * bot) * n(x)
assumes n-L-split  :xz * n(y) * L =z * bot U n(z * y) * L
assumes n-split cx <z % bot U n(zx L) * top
begin

lemma n-sub-one:
n(z) < 1
(proof )
Theorem 15
lemma n-isotone:
z <y = n(z) < n(y)
(proof )

lemma n-mult-idempotent:
(proof)

Theorem 15.3

lemma n-mult-bot:
n(z) = n(z * bot)
(proof )
lemma n-mult-left-upper-bound:

n(z) < n(z * y)
{proof)
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lemma n-mult-right-bot:
n(z) * bot = bot
(proof)

Theorem 15.9

lemma n-mult-n:
n(z * n(y)) = n(z)
(proof)

lemma n-mult-left-absorb-sup:
n(z) * (n(z) U n(y)) = n(z)
(proof )

lemma n-mult-right-absorb-sup:
(n(z) U n(y)) * n(y) = n(y)
{proof )

lemma n-sup-left-absorb-mult:
(proof )

lemma n-sup-right-absorb-mult:
n(z) * n(y) U n(y) = n(y)
(proof)

lemma n-mult-commutative:
n(z) * n(y) = n(y) * n(z)
(proof)

lemma n-sup-left-dist-mult:
n(z) U n(y)  n(z) = (n(z) U n(y)) * (n(z) U n(z))
{proof )

lemma n-sup-right-dist-mult:
n(z) * n(y) U n(z) = (n(z) U n(2)) * (n(y) U n(2))
(proof)

lemma n-order:
n(z) < n(y) +— n(z) * n(y) = n(z)
(proof)

lemma n-mult-left-lower-bound:
n(z) * n(y) < n(z)
(proof )

lemma n-mult-right-lower-bound:

n(z) * n(y) < n(y)
{proof)
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lemma n-mult-least-upper-bound:
n(z) < n(y) A (@) < n(z) < nlx) < n(y) * n(z)
(proof )

lemma n-mult-left-divisibility:
n(z) < n(y) «— (Fz . n(z) = n(y) * n(2))
(proof)

lemma n-mult-right-divisibility:
n(z) < nly) < (32 . n(z) = n(2) * n(y))
(proof )
Theorem 15.1
lemma n-one:
n(1) = bot
(proof )

lemma n-split-equal:
z U n(xx L) * top = x % bot U n(x x L) * top
(proof )

lemma n-split-top:
z % top < x % bot U n(z x L) % top
(proof)

Theorem 15.2

lemma n-L:
n(L) =1
(proof)

Theorem 15.5
lemma n-split-L:
zx L=xx%botUn(zx=*L)x*L
(proof )

lemma n-n-L:
n(n(z) * L) = n(x)
(proof )
lemma n-L-decreasing:
n(z) * L <z
(proof )
Theorem 15.10

lemma n-galois:
n(z) < n(y) «— n(z) * L <y
{proof)

Theorem 15.6
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lemma split-L:
z*x L <zx*bot UL
(proof )

Theorem 15.7

lemma L-left-zero:
Lxx=1
(proof )

Theorem 15.8

lemma n-mult:
n(z * n(y) x L) = n(z * y)
(proof)

lemma n-mult-top:
n(z * n(y) x top) = n(x * y)
(proof )

Theorem 15.4

lemma n-top-L:
n(z x top) = n(x x L)
(proof)

lemma n-top-split:
z x n(y) * top < z * bot U n(z * y) * top
(proof)

lemma n-mult-right-upper-bound:
n(z *y) < n(z) «— n(z) <n(z) Az *xn(y) « L <zx*bot Un(z)* L
(proof)

lemma n-preserves-equation:
{proof)

definition ni :: 'a = ‘a

where ni z = n(z) x L

lemma ni-bot:
ni(bot) = bot

(proof)
lemma ni-one:
ni(1) = bot

(proof)
lemma ni-L:
ni(L) = L

(proof)
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lemma ni-top:
ni(top) = L
(proof)

lemma ni-dist-sup:
ni(z U y) = ni(z) U ni(y)
(proof)

lemma ni-mult-bot:
ni(z) = ni(z * bot)
(proof )

lemma ni-split:
z x ni(y) = z * bot U ni(z * y)
(proof)

lemma ni-decreasing:
ni(z) < x
(proof )

lemma ni-isotone:
z <y = ni(z) < ni(y)
(proof )

lemma ni-mult-left-upper-bound:
(proof)

lemma ni-idempotent:
(proof )

lemma ni-below-L:
ni(z) < L
(proof)

lemma ni-left-zero:
(proof)

lemma ni-split-L:
zx L =1 % bot Uni(zx* L)
(proof )

lemma ni-top-L:
ni(z x top) = ni(z * L)
(proof)
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lemma ni-galois:
ni(z) < ni(y) +— ni(z) <y
{proof)

lemma ni-mult:
(proof)

lemma ni-n-order:
ni(z) < ni(y) «— n(z) < n(y)
(proof)

lemma ni-n-equal:
ni(z) = ni(y) +— n(z) = n(y)

(proof)

lemma ni-mult-right-upper-bound:
ni(z * y) < ni(z) «— ni(z) < ni(z) A z * ni(y) < z * bot U ni(z)
{proof)

lemma n-ni:
(proof)

lemma ni-n:
ni(n(z)) = bot
(proof )

lemma ni-n-galois:
n(z) < n(y) «— ni(z) <y

(proof)

lemma n-mult-ni:
n(a * ni(y)) = n(w * y)
(proof )

lemma ni-mult-n:
(proof)

lemma ni-export:
(proof )

lemma ni-mult-top:
ni(z * n(y) * top) = ni(z * y)
(proof )

lemma ni-n-bot:
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ni(z) = bot +— n(z) = bot
{proof)

lemma ni-n-L:
ni(z) = L «— n(x) = 1

(proof)
proposition n-bot : n(bot) = bot (proof)
proposition n-top : n(top) = 1 {(proof)
proposition n-dist-sup : n(z U y) = n(z) U n(y) (proof)
proposition n-ezport :n(n ) {proof)

proposition n-sub-mult-bot: n(z) = n(z * bot) * n(z) (proof)
proposition n-L-split  : z * n(y) x L = z % bot U n(z * y) * L (proof)
proposition n-split sz <z bot Un(z* L) * top (proof)

end

typedef (overloaded) ‘a nImage = { x::'a::in-semiring . (Jy::'a . x = n(y)) }
{proof)

lemma simp-nImage[simpl:
Jy . Rep-nImage z = n(y)
(proof)

setup-lifting type-definition-nImage
Theorem 15

instantiation nlmage :: (n-semiring) bounded-idempotent-semiring
begin

lift-definition sup-nImage :: 'a nImage = 'a nImage = 'a nlmage is sup
(proof )

lift-definition times-nImage :: 'a nImage = 'a nImage = 'a nImage is times
(proof )

lift-definition bot-nImage :: 'a nImage is bot
(proof )

lift-definition one-nImage :: 'a nImage is 1
(proof)

lift-definition top-nImage :: 'a nlmage is 1

(proof)
lift-definition less-eqg-nImage :: 'a nImage = 'a nImage = bool is less-eq {proof)

lift-definition less-nImage :: 'a nImage = 'a nlmage = bool is less {proof)
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instance
(proof )

end

Theorem 15

instantiation nlmage :: (n-semiring) bounded-distrib-lattice
begin

lift-definition inf-nfmage :: 'a nImage = ’a nImage = 'a nImage is times
(proof)

instance

(proof)

end

class n-itering = bounded-itering + n-semiring
begin

lemma mult-L-circ:
(zxL)°=1Uzx*xL
(proof)

lemma mult-L-circ-mult:
(zx L) *y=yUzx*L
(proof)

lemma cire-L:
L°=LU1{
(proof )

lemma circ-n-L:
z° % n(z) x L = z° * bot
(proof )

lemma n-circ-left-unfold:
n(z°) = n(z * z°)
(proof )

lemma ni-cire:
ni(z)° = 1 U ni(z)
(proof)

lemma circ-ni:

z° * ni(z) = z° * bot
{proof)
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lemma ni-circ-left-unfold:
ni(z°) = ni(z * z°)
{proof)

lemma n-circ-import:
n(y) * z <z n(y) = n(y) * 2° = n(y) = (n(y) * z)°
(proof )

end

class n-omega-itering = left-omega-conway-semiring + n-itering +
assumes circ-circ: z°° = L LI z*
begin

lemma L-below-one-circ:
L<1°
(proof )

lemma circ-below-L-sup-star:
° < LU zx*
(proof )

lemma L-sup-circ-sup-star:
LUz°=LUax"

(proof)

lemma circ-one-L:
1° =L U 1!
(proof)

lemma one-circ-zero:
L= 1° % bot
(proof)

lemma circ-not-simulate:
Vezyz.zxz2<z*xy—z°*2z<zx%xy’)— 1= bot
(proof )

lemma star-circ-L:
° =L U zx*
(proof)

lemma circ-cire-2:
2°° = L U 2°
(proof)

lemma circ-sup-6:

LU (zUy)° = (z°*y°)°
(proof)
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lemma circ-sup-7:
(z° % y°)° =L U (z Uy)*
(proof )

end

class n-omega-algebra-2 = bounded-left-zero-omega-algebra + n-semiring +
Omega +

assumes Omega-def: ¥ = n(z¥) * L U z*
begin

lemma mult-L-star:
(zxL)y*=1Uzx*xL
(proof)

lemma mult-L-omega:
(zx L)Y =xx L
{proof)

lemma mult-L-sup-star:
(zx LUy =y Uy xzxL
(proof)

lemma mult-L-sup-omega:
(zx LUy =9y Uy xzx*xL
(proof)

lemma mult-L-sup-circ:
(z+x LUy =n(y)*« LUy Uy *z*L
(proof)

lemma circ-sup-n:
(% % )2 % 22 = n((z* * 9)*) * LU ((z* * y)* * 2% U (2% * y)* * n(z*) * L)
(proof)

Theorem 20.6

lemma n-omega-induct:
n(y) < n(zxyUz) = n(y) < n(z¥ Ua*=*z2)

(proof )

lemma n-Omega-left-unfold:
1 Uz % 2% = g%

(proof)

lemma n-Omega-circ-sup:
(:L‘ L y)Q — (xQ * y)ﬂ * IQ
(proof)
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lemma n-Omega-circ-simulate-right-sup:
assumes z ¥ ¢ < y * y* % z U w
showsz*xﬂgyﬂ*(zl_lw*x

(proof)

)

lemma n-Omega-circ-simulate-left-sup:
assumesx*zgz*yﬂl_lw
shows 7% % 2 < (z U 2% % w) * y
(proof)

Q

end

Theorem 2.6 and Theorem 19

sublocale n-omega-algebra-2 < nL-omega: itering where circ = Omega
(proof)

sublocale n-omega-algebra-2 < nL-omega: n-omega-itering where circ = Omega
(proof)

sublocale n-omega-algebra-2 < nlL-omega: left-zero-kleene-conway-semiring
where circ = Omega {proof)

sublocale n-omega-algebra-2 < nL-star: left-omega-conway-semiring where circ
= star {proof)

context n-omega-algebra-2
begin

lemma circ-sup-8:
n((z* * y)* * 2*) x L < (2% * )@ * 29
(proof)

lemma n-split-omega-omega:
¥ < z¥ x bot U n(a¥) x top
(proof )
Theorem 20.1
lemma n-below-n-star:
n(z) < n(z*)
(proof)
Theorem 20.2

lemma n-star-below-n-omega:
n(z*) < n(z¥)
(proof)

lemma n-below-n-omega:

n(z) < n(z)
{proof)
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Theorem 20.4

lemma star-n-L:
z* * n(x) x L = z* * bot
(proof )

lemma star-L-split:
assumes y < 2
and z x z x L < x % bot U zx* L
shows * * y x L < a* % bot U z x L

(proof)

lemma star-L-split-same:
rxyx L<zxbotUyx L= a"xyxL=2a"xbotUy=x1L
(proof )

lemma star-n-L-split-equal:
n(z x y) < n(y) = =" * n(y) * L = 2* x bot U n(y) * L
(proof)

lemma n-star-mult:
n(z x y) < n(y) = n(z* * y) = n(z*) U n(y)
(proof )

Theorem 20.3

lemma n-omega-mult:
n(z* * y) = n(a®)
(proof)

lemma n-star-left-unfold:
n(z*) = n(z * z*)
(proof)

lemma ni-star-below-ni-omega:
ni(z*) < ni(a®)
(proof )

lemma ni-below-ni-omega:
ni(z) < ni(z?)
(proof )

lemma ni-star:
ni(z)* = 1 U ni(z)
(proof)

lemma ni-omega:
ni(z)* = ni(z)

{proof)

lemma ni-omega-induct:
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ni(y) < ni(z * y U 2) = ni(y) < ni(z¥ U z* * 2)
{proof)

lemma star-ni:
¥ * ni(z) = z* * bot
(proof )

lemma star-ni-split-equal:
ni(z * y) < ni(y) = z* * ni(y) = z* * bot U ni(y)
(proof)

lemma ni-star-mult:
ni(z x y) < ni(y) = ni(z* * y) = ni(z*) U ni(y)
{proof)

lemma ni-omega-mult:

ni(z¥ * y) = ni(z¥)

{proof)

lemma ni-star-left-unfold:
ni(z*) = ni(x * z*)
(proof)

lemma n-star-import:
assumes n(y) * ¢ < z * n(y)
shows n(y) * z* = n(y) * (n(y) * z)*
(proof)

lemma n-omega-export:
n(y) * z <z * n(y) = n(y) * =¥ = (n(y) * )®

(proof)

lemma n-omega-import:
n(y) * z <z x n(y) = n(y) = ¥ = n(y) * (n(y) * z)*
{proof )

Theorem 20.5

lemma star-n-omega-top:
z* * n(z¥) * top = x* * bot U n(z¥) * top
(proof)

proposition n-star-induct-sup: n(z U z * y) < n(y) = n(z* * 2) < n(y)
(proof)

end

end
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13 Boolean N-Semirings

theory N-Semirings-Boolean
imports N-Semirings
begin

class an =

fixes an :: '

a="a

class an-semiring = bounded-idempotent-left-zero-semiring + L + n + an +
uminus +

assumes an-complement: an(z) U n(z) = 1

assumes an-dist-sup : an(z U y) = an(z) * an(y)

assumes an-export : an(an(z) * y) = n(z) U an(y)

assumes an-mult-zero : an(z) = an(z * bot)

assumes an-L-split : z * n(y) * L = x * bot U n(z * y) * L

assumes an-split  : an(z * L) x ¢ < z * bot
assumes an-uminus : —x = an(z * L)
begin
Theorem 21

lemma n-an-def:
n(z) = an(an(z) * L)
(proof )
Theorem 21
lemma an-complement-bot:

an(z) * n(z) = bot
(proof)
Theorem 21
lemma an-n-def:
an(z) = n(an(z) * L)
(proof)
lemma an-case-split-left:
an(z) x z < yAn(z)xz<y+—z
{proof)

IN
S

lemma an-case-split-right:
zxan(z) <yAzxn(z) <y+—z
(proof)

IN
@

lemma split-sub:
zxy < zUxx* top

(proof)
Theorem 21
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subclass n-semiring
{proof )

lemma n-complement-bot:
n(z) * an(x) = bot
(proof)

lemma an-bot:
an(bot) = 1
(proof)

lemma an-one:
an(1) = 1
(proof)

lemma an-L:
an(L) = bot
(proof )

lemma an-top:
an(top) = bot
(proof )

lemma an-export-n:
an(n(z) * y) = an(z) U an(y)
(proof)

lemma n-export-an:
n(an(z) * y) = an(z) * n(y)
(proof )

lemma n-an-mult-commutative:
n(z) x an(y) = an(y) * n(x)
(proof)

lemma an-mult-commutative:
an(z) * an(y) = an(y) * an(z)
(proof )

lemma an-mult-idempotent:
an(z) * an(z) = an(zx)
(proof)

lemma an-sub-one:
an(z) < 1
(proof)
Theorem 21

lemma an-antitone:
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z <y = an(y) < an(z)
(proof)

lemma an-mult-left-upper-bound:
an(z x y) < an(z)
(proof)

lemma an-mult-right-zero:
an(z) * bot = bot
(proof )

lemma n-mult-an:
n( * an(y)) = n(z)
(proof )

lemma an-mult-n:
an(z x n(y)) = an(x)
(proof )

lemma an-mult-an:
an(z * an(y)) = an(zx)
(proof)

lemma an-mult-left-absorb-sup:
an(z) * (an(z) U an(y)) = an(zx)
(proof)

lemma an-mult-right-absorb-sup:
(an(z) U an(y)) * an(y) = an(y)
(proof )

lemma an-sup-left-absorb-mult:
an(z) U an(z) x an(y) = an(x)
(proof)

lemma an-sup-right-absorb-mult:

an(z)  an(y) U an(y) = an(y)
(proof)

lemma an-sup-left-dist-mult:
an(z) U an(y) * an(z) = (an(z) U an(y)) * (an(z) U an(z))
(proof )

lemma an-sup-right-dist-mult:
an(z) * an(y) U an(z) = (an(z) U an(z)) * (an(y) U an(z))
{proof)

lemma an-n-order:
an(z) < an(y) +— n(y) < n(z)
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{proof)

lemma an-order:
an(z) < an(y) +— an(z) * an(y) = an(zx)
(proof)

lemma an-mult-left-lower-bound:
an(z) * an(y) < an(zx)
(proof)

lemma an-mult-right-lower-bound:
an(z) * an(y) < an(y)
(proof)

lemma an-n-mult-left-lower-bound:
an(z) = n(y) < an(x)
(proof)

lemma an-n-mult-right-lower-bound:
an(z) * n(y) < n(y)
(proof )

lemma n-an-mult-left-lower-bound:
n(z) * an(y) < n(x)
(proof )

lemma n-an-mult-right-lower-bound:
n(z) * an(y) < an(y)
(proof)

lemma an-mult-least-upper-bound:
an(z) < an(y) A an(z) < an(z) +— an(z) < an(y) * an(z)

{proof)

lemma an-mult-left-divisibility:
an(z) < an(y) +— (3z . an(z) = an(y) * an(z))
(proof)

lemma an-mult-right-divisibility:
an(z) < an(y) «+— (Fz . an(z) = an(z) * an(y))
{proof)

lemma an-split-top:
an(z * L) x z * top < x * bot
(proof)

lemma an-n-L:

an(n(z) * L) = an(z)
(proof)
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lemma an-galois:
an(y) < an(z) «— n(z) *x L <y
(proof)

lemma an-mult:
an(z x n(y) x L) = an(z * y)
(proof )

lemma n-mult-top:
an(z + n(y) * top) = an(x + y)
(proof )

lemma an-n-equal:
an(z) = an(y) «— n(z) = n(y)
(proof)

lemma an-top-L:
an(z * top) = an(z * L)
{proof)

lemma an-case-split-left-equal:
an(z) x z =an(z) x y = n(z) xx =n(2) xy = =y
(proof )

lemma an-case-split-right-equal:
zxan(z) =y*xan(z) = z*xn(z) =y*xn(z) =z =y
(proof )

lemma an-equal-complement:
n(z) U an(y) = 1 A n(x) x an(y) = bot +— an(z) = an(y)
(proof)

lemma n-equal-complement:
n(z) U an(y) = 1 A n(z) * an(y) = bot <— n(z) = n(y)
(proof)

lemma an-shunting:
an(z) * z < y +— = < y U n(z) * top
(proof)

lemma an-shunting-an:
an(z) * an(z) < an(y) +— an(z) < n(z) U an(y)

{proof)

lemma an-L-zero:
an(z * L) x © = an(z x L) * x x bot

(proof)
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lemma n-plus-complement-intro-n:
n(z) U an(z) * n(y) = n(z) U n(y)
(proof)

lemma n-plus-complement-intro-an:
n(z) U an(z) * an(y) = n(z) U an(y)
(proof )

lemma an-plus-complement-intro-n:
an(z) U n(z) * n(y) = an(z) U n(y)
(proof)

lemma an-plus-complement-intro-an:
an(z) U n(z) * an(y) = an(z) U an(y)
(proof)

lemma n-mult-complement-intro-n:
n(z) * (an(z) U n(y)) = n(z) * n(y)
(proof)

lemma n-mult-complement-intro-an:
n(z) * (an(z) U an(y)) = n(z) * an(y)
(proof)

lemma an-mult-complement-intro-n:
an(z) * (n(z) U n(y)) = an(z) * n(y)
(proof)

lemma an-mult-complement-intro-an:
an(z) * (n(z) U an(y)) = an(z) * an(y)
(proof)

lemma an-preserves-equation:
an(y) * ¢ < z *x an(y) +— an(y) * z = an(y) * = * an(y)
{proof)

lemma wnf-lemma-1:
(n(p = L) * n(g* L) U an(p * L) * an(r * L)) * n(p * L) = n(p * L) * n(g * L)
{proof )

lemma wnf-lemma-2:
(n(p = L) * n(qg* L)U an(r *« L) * an(q * L)) * n(q * L) = n(p * L) * n(q * L)
{proof)

lemma wnf-lemma-3:

(n)(p x L)« n(rx L) U an(p * L) * an(q * L)) * an(p x L) = an(p * L) * an(q
* L

{proof)

101



lemma wnf-lemma-4:

(n)(r x L)« n(qg* L) U an(p * L) * an(q * L)) * an(q x L) = an(p * L) * an(q
* L

{proof)

lemma wnf-lemma-5:
n(p U q) * (n(q) * x U an(q) * y) = n(q) * x U an(q) * n(p) * y
(proof )

definition ani :: 'a = ‘a
where ani = an(z) x L

lemma ani-bot:

ani(bot) = L
(proof )
lemma ani-one:
ani(1) = L
(proof)
lemma ani-L:
ani(L) = bot
(proof)

lemma ani-top:
ani(top) = bot
(proof)

lemma ani-complement:
ani(z) U ni(z) = L

(proof)

lemma ani-mult-zero:
ani(z) = ani(z * bot)
(proof )

lemma ani-antitone:
y <z = ani(z) < ani(y)
(proof )

lemma ani-mult-left-upper-bound:
ani(z * y) < ani(z)
(proof)

lemma ani-involutive:
ani(ani(z)) = ni(x)

(proof)

lemma ani-below-L:
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ani(z) < L
{proof)

lemma ani-left-zero:
ani(z) x y = ani(z)
(proof)

lemma ani-top-L:
ani(z * top) = ani(z * L)
(proof)

lemma ani-ni-order:
ani(z) < ani(y) «— ni(y) < ni(x)
{proof)

lemma ani-ni-equal:
ani(z) = ani(y) +— ni(z) = ni(y)
(proof )

lemma ni-ani:
ni(ani(z)) = ani(z)
(proof )

lemma ani-ni:
ani(ni(x)) = ani(z)
(proof )

lemma ani-mult:
ani(z * ni(y)) = ani(z * y)
{proof)

lemma ani-an-order:
ani(z) < ani(y) +— an(z) < an(y)
{proof)

lemma ani-an-equal:
ani(z) = ani(y) «— an(z) = an(y)
(proof)

lemma n-mult-ani:
n(z) * ani(z) = bot
(proof )

lemma an-mult-ni:
an(z) * ni(z) = bot
{proof)

lemma n-mult-ni:
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{proof)

lemma an-mult-ani:
an(z) * ani(z) = ani(z)
(proof )

lemma ani-ni-meet:
z < ani(y) = 2 < ni(y) = = = bot
(proof )

lemma ani-galois:
ani(z) <y +— ni(zUy) =1L
(proof)

lemma an-ani:
an(ani(z)) = n(z)
(proof )

lemma n-ani:
n(ani(z)) = an(x)
(proof)

lemma an-ni:
an(ni(z)) = an(z)
(proof)

lemma ani-an:
ani(an(z)) = L
(proof )

lemma ani-n:
ani(n(z)) = L
(proof)

lemma ni-an:
ni(an(x)) = bot
(proof)

lemma ani-mult-n:
ani(z * n(y)) = ani(z)
{proof)

lemma ani-mult-an:
ani(z * an(y)) = ani(x)
(proof )

lemma ani-export-n:

ani(n(z) * y) = ani(z) U ani(y)

{proof)
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lemma ani-export-an:
ani(an(z) * y) = ni(z) U ani(y)
{proof)

lemma ni-export-an:
ni(an(z) * y) = an(z) * ni(y)
{proof)

lemma ani-mult-top:
ani(z * n(y) * top) = ani(z * y)
(proof )

lemma ani-an-bot:
ani(z) = bot +— an(z) = bot
(proof )

lemma ani-an-L:
ani(z) = L «— an(z) = 1
(proof )

Theorem 21

subclass tests
(proof)

end

class an-itering = n-itering + an-semiring + while +
assumes while-circ-def: p x y = (p * y)° * —p
begin

subclass test-itering
(proof)

lemma an-circ-left-unfold:
an(z®) = an(z * z°)
(proof)

lemma an-circ-z-n-circ:
an(z®) x z * n(xz®) < x * bot
(proof)

lemma an-circ-invariant:
an(z°) * © < z * an(z°)

(proof)

lemma ani-cire:
ani(z)° = 1 U ani(x)
(proof )
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lemma ani-circ-left-unfold:
ani(z°) = ani(z * z°)
(proof)

lemma an-circ-import:
an(y) * z < z *x an(y) = an(y) * 2° = an(y) * (an(y) * z)°
(proof )

lemma preserves-L:
preserves L (—p)
(proof )

end

class an-omega-algebra = n-omega-algebra-2 + an-semiring + while +
assumes while-Omega-def: p x y = (p * y) * —p
begin

lemma an-split-omega-omega:
an(z¥) x ¥ < x¥ * bot
(proof)

lemma an-omega-below-an-star:
an(z®) < an(z*)
(proof )

lemma an-omega-below-an:
an(z¥) < an(z)
(proof)

lemma an-omega-induct:
an(z * y U 2) < an(y) = an(z® U z* * 2) < an(y)
{proof)

lemma an-star-mult:
an(y) < an(z * y) = an(z* * y) = an(z*) * an(y)

{proof)

lemma an-omega-mult:
an(z¥ * y) = an(z*)
(proof )

lemma an-star-left-unfold:
an(z*) = an(z * z*)

{proof)

lemma an-star-z-n-star:
an(z*) *  * n(z*) < z * bot
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{proof)

lemma an-star-invariant:
an(z*) * z < z * an(z*)

(proof)

lemma n-an-star-unfold-invariant:
n(an(z*) * ) < an(z) * n(z * an(z*) * 2*)
(proof)

lemma ani-omega-below-ani-star:
ani(z¥) < ani(z*)
(proof)

lemma ani-omega-below-ani:
ani(z¥) < ani(z)
(proof)

lemma ani-star:
ani(z)* = 1 U ani(x)
(proof)

lemma ani-omega:
ani(z)® = ani(z) x L
(proof)

lemma ani-omega-induct:
ani(z * y U 2) < ani(y) = ani(z® U z* * z) < ani(y)
{proof )

lemma ani-omega-mult:
ani(z¥ * y) = ani(z*)

{proof)

lemma ani-star-left-unfold:
ani(z*) = ani(x * z*)
(proof)

lemma an-star-import:
an(y) * ¢ < z * an(y) = an(y) * ¥ = an(y) * (an(y) * z)*
(proof)

lemma an-omega-export:
an(y) * z < z % an(y) = an(y) * ¥ = (an(y) * )
{proof)

lemma an-omega-import:
w

an(y) * z < z % an(y) = an(y) * =¥ = an(y) * (an(y) * x)*

{proof)
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end

Theorem 22

sublocale an-omega-algebra < nL-omega: an-itering where circ = Omega
(proof)

context an-omega-algebra
begin

lemma preserves-star:
nL-omega.preserves & (—p) = nL-omega.preserves (z*) (—p)

(proof)

end

end

14 Modal N-Semirings
theory N-Semirings-Modal

imports N-Semirings-Boolean

begin

class n-diamond-semiring = n-semiring + diamond +
assumes ndiamond-def: |z>y = n(z * y * L)

begin

lemma diamond-z-bot:
|z>bot = n(z)
(proof )

lemma diamond-z-1:
|z>1 = n(z % L)
(proof )

lemma diamond-z-L:
|z>L = n(z * L)
(proof )

lemma diamond-x-top:
|z>top = n(z * L)
(proof )

lemma diamond-z-n:

lz>n(y) = n(z * y)
(proof )
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lemma diamond-bot-y:
|bot>y = bot
(proof)

lemma diamond-1-y:
15y = nly + L)
{proof )

lemma diamond-1-n:
[1>n(y) = n(y)
(proof )

lemma diamond-L-y:
|L>y = 1
(proof )

lemma diamond-top-y:
|top>y = 1
(proof )

lemma diamond-n-y:
[n(z)>y = n(z) * n(y * L)
(proof)

lemma diamond-n-bot:
|n(z)>bot = bot
(proof )

lemma diamond-n-1:
|n(z)>1 = n(x)
(proof)

lemma diamond-n-n:
[n(z)>n(y) = n(z) * n(y)
(proof )

lemma diamond-n-n-same:
in(z)>n(z) = n(z)
(proof )

Theorem 23.1

lemma diamond-left-dist-sup:
|z U y>z = |z>z U |y>z

(proof )
Theorem 23.2

lemma diamond-right-dist-sup:
lz>(y U 2) = |z>y U |z>2
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(proof )
Theorem 23.3

lemma diamond-associative:
|z % y>z = |[2>(y * 2)
(proof )

Theorem 23.3

lemma diamond-left-mult:
|z * y>z = |a>|y>z

(proof)

lemma diamond-right-mult:
lz>(y * 2) = |[z>]y>2
{proof)

lemma diamond-n-export:
In(z) * y>z = n(x) * |y>z
(proof)

lemma diamond-diamond-export:
l|z>y>z = |[z>y * |2>1
(proof)

lemma diamond-left-isotone:
z<y=|z>z < |y>z

(proof )

lemma diamond-right-isotone:
y<z=|z>y < |z>z
(proof)

lemma diamond-isotone:
w<y= 1< 2= |w>z < |y>z
(proof )

definition ndiamond-L :: 'a = 'a = 'a (¢| - » - [50,90] 95)
where ||zyy = n(z x y) x L

lemma ndiamond-to-L:
lzny = |[z>n(y) = L
(proof )

lemma ndiamond-from-L:
7>y = n(||z»(y * L))
(proof)

lemma diamond-L-ni:
lzvy = ni(z * y)
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{proof)

lemma diamond-L-associative:
|z % y»z = ||lz»(y * 2)
(proof)

lemma diamond-L-left-mult:

|z * y»z = [|z»||y»z
{proof)

lemma diamond-L-right-mult:
lz»(y * z) = ||z»||y»z
{proof)

lemma diamond-L-left-dist-sup:
lz U y»z = ||lzrz U ||y»z
(proof)

lemma diamond-L-x-ni:
lz»ni(y) = ni(z x y)
(proof)

lemma diamond-L-left-isotone:
z < y=|zrz < |yrz
(proof)

lemma diamond-L-right-isotone:
y < z= |lary < |arz
(proof)

lemma diamond-L-isotone:
w<y = 1< z=|wz < |yrz

{proof)

end

class n-box-semiring = n-diamond-semiring + an-semiring + bor +
assumes nboz-def: |z]y = an(z * an(y * L) x L)
begin

Theorem 23.8

lemma boz-diamond:
|z]ly = an( |z>an(y = L) * L)
{proof)

Theorem 23.4

lemma diamond-box:
|z>y = an( |z]an(y * L) % L)
(proof )
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lemma boz-z-bot:
|z]bot = an(z * L)
(proof )

lemma box-z-1:
|z]1 = an(z)
(proof )

lemma boz-z-L:
|z]L = an(z)
(proof )

lemma box-z-top:
|z]top = an(z)
(proof)

lemma boz-z-n:
|z]n(y) = an(z * an(y) = L)
(proof )

lemma boz-z-an:
[zlan(y) = an(z * y)

(proof )

lemma box-bot-y:
|bot]y = 1
(proof )

lemma box-1-y:
[ 1]y = n(y = L)
(proof )

lemma boz-1-n:
[ 1]n(y) = n(y)
(proof )

lemma boz-1-an:
[1]an(y) = an(y)
(proof)

lemma bozx-L-y:
|Lly = bot
(proof )

lemma box-top-y:
|toply = bot
(proof )
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lemma box-n-y:
[n(z)]y = an(z) U n(y * L)
{proof )

lemma box-an-y:
lan(z)]ly = n(z) U n(y * L)
(proof)

lemma boz-n-bot:
|n(z)]bot = an(x)
(proof )

lemma boz-an-bot:
|an(x)]bot = n(x)
(proof)

lemma boz-n-1:
In(z)]1 = 1
(proof )

lemma boz-an-1:
lan(z)]1 = 1
(proof )

lemma boz-n-n:
[n(z)]n(y) = an(z) U n(y)
(proof)

lemma boz-an-n:
lan(z)]n(y) = n(z) U n(y)
(proof)

lemma boz-n-an:
[n(z)]an(y) = an(z) U an(y)
(proof)

lemma boz-an-an:
lan(z)]an(y) = n(z) U an(y)

(proof)

lemma boz-n-n-same:
[n(z)]n(z) = 1
(proof)

lemma boz-an-an-same:
lan(z)]an(z) = 1
(proof)

Theorem 23.5
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lemma boz-left-dist-sup:
[z U ylz =[]z * [y]z
(proof)

lemma box-right-dist-sup:
|z](y U 2) = an(z * an(y = L) * an(z * L) = L)
{proof )

lemma bozx-associative:
|z % ylz = an(z x y * an(z *x L) * L)
(proof )

Theorem 23.7

lemma box-left-mult:
|z * ylz = |z]|y]2
(proof)

lemma box-right-mult:
|z](y * 2) = an(z * an(y * z * L) * L)
(proof)

Theorem 23.6

lemma box-right-mult-n-n:
|z](n(y) * n(2)) = |z]n(y) = |z]n(z)
(proof)

lemma box-right-mult-an-n:
|z](an(y) * n(2)) = |z]an(y) * [z]n(2)
(proof)

lemma box-right-mult-n-an:
|z)(n(y) * an(z)) = |a]n(y) * [z]an(z)
(proof)

lemma bozx-right-mult-an-an:
|z](an(y) * an(z)) = [z]an(y) * [z]an(z)
(proof )

lemma boz-n-export:
[n(z) * ylz = an(z) U |y]z
(proof )

lemma boz-an-export:
|an(z) * ylz = n(z) U [y]z
(proof)

lemma box-left-antitone:

y <z = |z]z < |ylz
(proof )
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lemma box-right-isotone:
y < z= |zly < |a]z
(proof )

lemma boz-antitone-isotone:
y<w=—z<z=|wz < |yz
(proof )

definition nboz-L :: 'a = 'a = 'a (<|| -] - [50,90] 95)
where ||z]y = an(z * an(y) * L) * L

lemma nboz-to-L:
2]y = [z]n(y) = L
(proof)

lemma nbozx-from-L:
2]y = n(|l2](y = L))
{proof )

lemma diamond-z-an:
|lz>an(y) = n(z x an(y) = L)
(proof )

lemma diamond-1-an:

|1>an(y) = an(y)
(proof)

lemma diamond-an-y:
lan(z)>y = an(z) * n(y * L)
(proof)

lemma diamond-an-bot:
|an(z)>bot = bot
(proof )

lemma diamond-an-1:
lan(z)>1 = an(zx)
(proof )

lemma diamond-an-n:
lan(z)>n(y) = an(z) * n(y)
(proof)

lemma diamond-n-an:
In(z)>an(y) = n(z) * an(y)
(proof)

lemma diamond-an-an:
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lan(z)>an(y) = an(z) * an(y)
{proof)

lemma diamond-an-an-same:
lan(z)>an(z) = an(zx)
(proof )

lemma diamond-an-export:
lan(z) * y>z = an(z) * |y>z
(proof)

lemma box-ani:
|z]ly = an(z * ani(y * L))
{proof)

lemma boz-z-n-ani:
[z]n(y) = an(z * ani(y))
(proof )

lemma box-L-ani:

2]y = ani(z * ani(y))
(proof)

lemma box-L-left-mult:
|z x y]z = [l=]lly]=
(proof )

lemma diamond-z-an-ani:
|lz>an(y) = n(z * ani(y))
(proof)

lemma box-L-left-antitone:
y <z = |lz]z < |ly]=
(proof)

lemma box-L-right-isotone:
y < z= =]y < |z]2
(proof)

lemma boz-L-antitone-isotone:
y<w=z<z= |uwz < |y]z
(proof)

end

class n-box-omega-algebra = n-box-semiring + an-omega-algebra
begin

lemma diamond-omega:
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|zv>y = 29>z

(proof)

lemma box-omega:
|29y = [2%]2
(proof)

lemma an-box-omega-induct:
|z]an(y) * n(z * L) < an(y) = |2* U 2*]z < an(y)
(proof)

lemma n-bozx-omega-induct:
|z]n(y) * n(z « L) < n(y) = [+ U z*]z < n(y)
(proof )

lemma an-boz-omega-induct-an:
|z]an(y) * an(z) < an(y) = |2 U z*]an(z) < an(y)
(proof)

Theorem 23.13

lemma n-boz-omega-induct-n:
|z]n(y) = n(z) < n(y) = |2 U 2*]n(2) < n(y)
(proof )

lemma n-diamond-omega-induct:
n(y) < lz>n(y) U n(z « L) = n(y) < |2¥ U z¥>2
(proof)

lemma an-diamond-omega-induct:
an(y) < lz>an(y) U n(z * L) = an(y) < |2¥ U 2*>2
(proof)
Theorem 23.9
lemma n-diamond-omega-induct-n:
n(y) < |z>n(y) U n(z) = n(y) < |2¥ U z*>n(z)
(proof)

lemma an-diamond-omega-induct-an:
an(y) < lz>an(y) U an(z) = an(y) < |z U 2*>an(z)
(proof)

lemma box-segerberg-an:
|z U z*]an(y) = an(y) * [z* U 2*](n(y) U |z]an(y))

(proof)
Theorem 23.16

lemma box-segerberg-n:
|z U a*]n(y) = n(y) * [z¥ U 2*](an(y) U |z]n(y))
(proof)
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lemma diamond-segerberg-an:
|z¥ U *>an(y) = an(y) U [z¥ U z*>(n(y) * |z>an(y))
(proof)

Theorem 23.12

lemma diamond-segerberg-n:
|z U z*>n(y) = n(y) U [2* U 2*>(an(y) = [z>n(y))
(proof)

Theorem 23.11

lemma diamond-star-unfold-n:
[z*>n(y) = n(y) U |an(y) * z>[z*>n(y)
(proof)

lemma diamond-star-unfold-an:
|z*>an(y) = an(y) U [n(y) * z>|z*>an(y)
(proof)

Theorem 23.15

lemma box-star-unfold-n:
[z*]n(y) = n(y) * |n(y) * z]|z*]n(y)
(proof)

lemma box-star-unfold-an:
|z*]an(y) = an(y) * |an(y) * z][z*]an(y)
(proof )
Theorem 23.10

lemma diamond-omega-unfold-n:
|z U z*>n(y) = n(y) U |an(y) * z>]z¥ U x*>n(y)
(proof)

lemma diamond-omega-unfold-an:
|z¢ U z*>an(y) = an(y) U |n(y) * z2>[2¥ U 2*>an(y)

(proof )
Theorem 23.14

lemma box-omega-unfold-n:
|z U 2*]n(y) = n(y) * [n(y) = z]]z* U z*]n(y)
(proof )

lemma box-omega-unfold-an:
2 U 2*]an(y) = an(y) + an(y) * alls* U 2*]an(y)
(proof)

lemma boz-cut-iteration-an:
2 U z*]an(y) = [(an(y) * z)* U (an(y) * z)*]an(y)
(proof)
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lemma boz-cut-iteration-n:
2 U z*]n(y) = |(n(y) * 2)* U (n(y) * z)*In(y)
(proof )

lemma diamond-cut-iteration-an:
[z¢ U z*>an(y) = [(n(y) * 2)* U (n(y) * z)*>an(y)
(proof )

lemma diamond-cut-iteration-n:
[z¢ U 2*>n(y) = [(an(y) * ) U (an(y) * 2)*>n(y)
(proof )

lemma ni-diamond-omega-induct:
ni(y) < |lewni(y) U ni(z) = ni(y) < ||2% U 2*»z
(proof)

lemma ani-diamond-omega-induct:
ani(y) < ||lzvani(y) U ni(z) = ani(y) < [|z% U z*»z
(proof)

lemma n-diamond-omega-L:
[n(z) * L>y = 29>y
(proof)

lemma n-diamond-loop:
29>y = |7 U 2" >y
(proof)

Theorem 24.1

lemma cut-iteration-loop:
|29 >n(y) = [(an(y) * 2)?>n(y)
(proof)

lemma cut-iteration-while-loop:
|29>n(y) = [(an(y) * ) * n(y)>n(y)
(proof)

Theorem 24.1

lemma cut-iteration-while-loop-2:
|29>n(y) = [an(y) * 2>n(y)
(proof)
lemma modal-while:
assumes —q*x —p*x L<xzx —px LA —-p< —qlU —1r
shows —p < |n((—qg * 2)*) x LU (—q * )* * ——g>(—7)
(proof)

lemma modal-while-loop:
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Q

—q*x—pxL<zx—pxLAN—-p<—qU—-—r= —p<|(—qxux)
——q>(-r)
(proof)

Theorem 24.2

lemma modal-while-loop-2:
_Q*_p*Lgm*—p*L/\—pS—(IU—T:>_P§|_Q*$>(_r)
(proof )

lemma modal-while-2:
assumes —p x L < x % —p x L
shows —p < |n((—g¢ * 2)*) * LU (=g * 2)* x ——¢>(=—q)
{proof )

end

class n-modal-omega-algebra = n-box-omega-algebra +
assumes n-star-induct: n(z x y) < n(y) — n(z* * y) < n(y)
begin

lemma n-star-induct-sup:
n(z Uz xy) < nly) = n(a* x 2) < n(y)
{proof)

lemma n-star-induct-star:
n(z x y) < n(y) = n(z*) < n(y)
(proof )

lemma n-star-induct-iff:
n(z x y) < n(y) «— n(z* * y) < n(y)

(proof)

lemma n-star-bot:
n(z) = bot +— n(z*) = bot
(proof)

lemma n-diamond-star-induct:
lz>n(y) < n(y) = [z">n(y) < n(y)
(proof)

lemma n-diamond-star-induct-sup:
[z>n(y) U n(z) < n(y) = [2">n(2) < n(y)
(proof)

lemma n-diamond-star-induct-iff:
z>n(y) < n(y) «— [2*>n(y) < n(y)
(proof )

lemma an-star-induct:
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an(y) < an(z * y) = an(y) < an(z* * y)
{proof)

lemma an-star-induct-sup:
an(y) < an(z U z * y) = an(y) < an(z* * z)
{proof)

lemma an-star-induct-star:
an(y) < an(z * y) = an(y) < an(z*)
(proof)

lemma an-star-induct-iff:
an(y) < an(z x y) +— an(y) < an(z* * y)
{proof)

lemma an-star-one:
an(z) = 1 +— an(z*) = 1
{proof)

lemma an-boz-star-induct:
an(y) < |zJan(y) = an(y) < |z*]an(y)
(proof )

lemma an-box-star-induct-sup:
an(y) < |z]an(y) = an(z) = an(y) < [z*]an(z)
(proof )

lemma an-box-star-induct-iff:
an(y) < |zlan(y) «— an(y) < |a*]an(y)
(proof )

lemma box-star-segerberg-an:
|[z*]an(y) = an(y) * [z*](n(y) U |z]an(y))
(proof)

lemma box-star-segerberg-n:
|[z*]n(y) = n(y) * |z*](an(y) U |z]n(y))
(proof)

lemma diamond-segerberg-an:
|z*>an(y) = an(y) U [2*>(n(y) * |z>an(y))
(proof )

lemma diamond-star-segerberg-n:
|[z*>n(y) = n(y) U [*>(an(y) * [z>n(y))
(proof)

lemma boz-cut-star-iteration-an:
[z*]an(y) = |(an(y) * z)*]an(y)
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{proof)

lemma boz-cut-star-iteration-n:

[z*]n(y) = |(n(y) * 2)*]n(y)
(proof )

lemma diamond-cut-star-iteration-an:
[z*>an(y) = [(n(y) * z)*>an(y)
(proof)

lemma diamond-cut-star-iteration-n:
[z*>n(y) = [(an(y) * z)*>n(y)
(proof )

lemma ni-star-induct:
ni(z * y) < ni(y) = ni(z* x y) < ni(y)
(proof )

lemma ni-star-induct-sup:
ni(z Uz *x y) < ni(y) = ni(z* x z) < ni(y)
(proof)

lemma ni-star-induct-star:
ni(z * y) < ni(y) = ni(z*) < ni(y)
(proof )

lemma ni-star-induct-iff:
ni(z x y) < ni(y) +— ni(z* * y) < ni(y)
(proof)

lemma ni-star-bot:
ni(z) = bot +— ni(z*) = bot

{proof)

lemma ni-diamond-star-induct:
|zrni(y) < ni(y) = [lz*»ni(y) < ni(y)
(proof)

lemma ni-diamond-star-induct-sup:
[lznni(y) U ni(z) < ni(y) = ||[z*»ni(z) < ni(y)
(proof)

lemma ni-diamond-star-induct-iff:
[zrni(y) < ni(y) <— [[z"»ni(y) < ni(y)
(proof)

lemma ani-star-induct:
ani(y) < ani(z * y) = ani(y) < ani(z* * y)

{proof)
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lemma ani-star-induct-sup:
ani(y) < ani(z U z x y) = ani(y) < ani(z* * 2)
(proof)

lemma ani-star-induct-star:
ani(y) < ani(z x y) = ani(y) < ani(z*)
(proof)

lemma ani-star-induct-iff:
ani(y) < ani(z * y) +— ani(y) < ani(z* * y)
(proof)

lemma ani-star-L:
ani(z) = L +— ani(z*) = L

(proof)

lemma ani-box-star-induct:
ani(y) < [[z]ani(y) = ani(y) < [|z*]ani(y)
(proof)

lemma ani-box-star-induct-iff :
ani(y) < |z ani(y) < ani(y) < [a*ani(y)
(proof)
lemma ani-bozx-star-induct-sup:
ani(y) < ||z]ani(y) = ani(y) < ani(z) = ani(y) < ||z*]ani(z)
(proof)

end

end

15 Approximation

theory Approximation

imports Stone-Kleene-Relation-Algebras. Iterings
begin

nitpick-params [timeout = 600)]

class apr =
fixes apz :: ‘a = 'a = bool (infix Ty 50)

class apz-order = apzr +

assumes apz-reflevive: © C x
assumes apz-antisymmetric: tC yANyCz — =y
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assumes apz-transitive: t Ty Ay C 2z — z C 2

sublocale apz-order < apz: order where less-eq = apxr and less = Az y .z C y
N-yLCux
(proof )

context apx-order
begin

abbreviation the-apz-least-fizpoint :: ('a = 'a) = 'a («k - [201] 200) where
Kk f = apz.the-least-fixrpoint f

abbreviation the-apz-least-prefizpoint :: (‘a = 'a) = 'a («pk -» [201] 200)
where px f = apzx.the-least-prefixpoint f

definition is-apz-meet :: ‘a = 'a = 'a = bool where is-apz-meet T y 2
=2CzA2CyANVw. wCzAwly— wC 2)
definition has-apz-meet :: 'a = 'a = bool where has-apz-meet ¢y =

dz . is-apx-meet x y 2
definition the-apaz-meet :: '‘a = ‘a = 'a (infixl <A) 66) where © A y = THE 2
. is-apr-meet T Y 2

lemma apz-meet-unique:
has-apz-meet © y => Iz . is-apr-meet x y 2
(proof)

lemma apz-meet:
assumes has-apz-meet T y
shows is-apz-meet z y (z A y)

(proof)

lemma apz-greatest-lower-bound:
has-apr-meet ty = (WC s AwC y+— wC z A y)

{proof)

lemma apa-meet-same:
is-apr-meet xy z = z =z A y
(proof )
lemma apz-meet-char:
is-apx-meet T y z <— has-apr-meet ty N z =z N y

{proof)

end

class apz-biorder = apx-order + order
begin

lemma mu-below-kappa:
has-least-fixpoint f —> apx.has-least-fizpoint f — p f < Kk f
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{proof)

lemma kappa-below-nu:
has-greatest-fixpoint f = apz.has-least-fizpoint f = k f < v f
(proof )

lemma kappa-apz-below-mu:
has-least-fixpoint f = apx.has-least-fizpoint f —= k f C u f
(proof )

lemma kappa-apz-below-nu:
has-greatest-fixpoint f =—> apz.has-least-fizpoint f = « f C v f
(proof)

end

class apz-semiring = apz-biorder + idempotent-left-semiring + L +
assumes apz-L-least: L C x
assumes sup-apz-left-isotone: t &y — z U 2 C y U 2
assumes mult-apx-left-isotone: t Ty — z % 2 C y * 2
assumes mult-apx-right-isotone: t C y — zx x C 2z * y
begin

lemma sup-apz-right-isotone:
rCy=—zUzC 2zUy
(proof )

lemma sup-apz-isotone:
wly=—=zCz=wlUzCylz
(proof )

lemma mult-apz-isotone:
wly=—zsLCz=w*xzlL yx*xz
(proof)

lemma affine-apz-isotone:
apz.isotone (A\x . y * x U 2)

{proof)

end

end

16 Strict Recursion

theory Recursion-Strict

imports N-Semirings Approximation
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begin

class semiring-apr = n-semiring + apr +
assumes apr-def: x Cy+— z < yUn(z) *x LAy <zUn(z)* top
begin

lemma apz-n-order-reverse:
y £z = n(z) < n(y)
(proof )

lemma apz-n-order:
zCy= yLCz= n(z) =n(y)
(proof )

lemma apz-transitive:
assumes z L gy
and y C 2
shows z C 2

(proof )
Theorem 16.1

subclass apz-biorder
(proof )

lemma sup-apz-left-isotone:
assumes z C gy
shows z Ll 2 C y U 2

(proof)

lemma mult-apz-left-isotone:
assumes v L y
shows z % 2 C y x 2

(proof)

lemma mult-apx-right-isotone:
assumes z L y
shows z x 2 C 2z * y

(proof)
Theorem 16.1 and Theorem 16.2

subclass apz-semiring
(proof)

Theorem 16.2

lemma ni-apz-isotone:
z Ty = ni(z) C ni(y)
(proof )

Theorem 17
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definition kappa-apz-meet :: (‘'a = 'a) = bool
where kappa-apz-meet f = apz.has-least-fizpoint f N has-apz-meet (u f) (v f)
Nef=pfAvf

definition kappa-mu-nu :: (‘a = 'a) = bool
where kappa-mu-nu f = apz.has-least-fixzpoint f AN f=p fUn(v f) * L

definition nu-below-mu-nu :: ('a = 'a) = bool
where nu-below-mu-nu f = v f < p fUn(v f) * top

definition mu-nu-apz-nu :: (‘a = ’a) = bool
where mu-nu-apz-nu f = p fUnv f) «x LC v f

definition mu-nu-apz-meet :: ('a = 'a) = bool
where mu-nu-apz-meet f = has-apz-meet (u f) W) ApfAvi=pfUnl
f) =L

definition apz-meet-below-nu :: (‘'a = ‘a) = bool
where apz-meet-below-nu f = has-apz-meet (u f) W ) AufAvf<vf

lemma mu-below-I:
pf<pfunf) =L
(proof )

lemma [-below-nu:
has-least-fizpoint f = has-greatest-fixzpoint f —= p f U n(v f)« L < v f
(proof )

lemma n-l-nu:
has-least-fizpoint f = has-greatest-fizpoint f = n(p f U n(v f) * L) = n(v f)
(proof )

lemma [-apz-mu:
has-least-fizpoint f = has-greatest-fizpoint f — p f U n(v f) * LC p f
(proof)

Theorem 17.4 implies Theorem 17.5

lemma nu-below-mu-nu-mu-nu-apr-nu:

has-least-fixpoint f = has-greatest-fizpoint f —> nu-below-mu-nu f —
mu-nu-apr-nu f

(proof )

Theorem 17.5 implies Theorem 17.6

lemma mu-nu-apz-nu-mu-nu-apr-meet:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and mu-nu-apz-nu f
shows mu-nu-apx-meet f
(proof)
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Theorem 17.6 implies Theorem 17.7

lemma mu-nu-apz-meet-apzr-meet-below-nu:
has-least-fixpoint f = has-greatest-fizpoint f —> mu-nu-apz-meet [ —>
apz-meet-below-nu f

(proof )
Theorem 17.7 implies Theorem 17.4

lemma apz-meet-below-nu-nu-below-mu-nu:
assumes apz-meet-below-nu f
shows nu-below-mu-nu f

(proof)
Theorem 17.1 implies Theorem 17.2

lemma has-apz-least-fixpoint-kappa-apr-meet:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and apz.has-least-fixrpoint f
shows kappa-apz-meet f

(proof )
Theorem 17.2 implies Theorem 17.7

lemma kappa-apz-meet-apzr-meet-below-nu:
has-greatest-fixrpoint f = kappa-apzr-meet f = apz-meet-below-nu f
(proof )

Theorem 17.7 implies Theorem 17.3

lemma apz-meet-below-nu-kappa-mu-nu:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and isotone f
and apzx.isotone f
and apz-meet-below-nu f
shows kappa-mu-nu f

(proof)
Theorem 17.3 implies Theorem 17.1

lemma kappa-mu-nu-has-apz-least-fizxpoint:
kappa-mu-nu f = apx.has-least-fixpoint f

{proof )
Theorem 17.4 implies Theorem 17.3

lemma nu-below-mu-nu-kappa-mu-nu:

has-least-fixpoint f =—> has-greatest-fizpoint f = isotone f = apzx.isotone f
= nu-below-mu-nu f = kappa-mu-nu f

(proof )

Theorem 17.3 implies Theorem 17.4

lemma kappa-mu-nu-nu-below-mu-nu:

128



has-least-fixpoint f = has-greatest-fizpoint f —> kappa-mu-nu f —>
nu-below-mu-nu f
(proof)

definition kappa-mu-nu-ni :: (‘'a = ‘a) = bool
where kappa-mu-nu-ni f = apz.has-least-fizpoint f A k f = p f U ni(v f)

lemma kappa-mu-nu-ni-kappa-mu-nu:
kappa-mu-nu-ni f +— kappa-mu-nu f
(proof )

lemma nu-below-mu-nu-kappa-mu-nu-ni:
has-least-fixpoint f = has-greatest-fixpoint f = isotone f = apzx.isotone f
= nu-below-mu-nu f = kappa-mu-nu-ni f

(proof)

lemma kappa-mu-nu-ni-nu-below-mu-nu:

has-least-fixpoint f = has-greatest-fixpoint f —> kappa-mu-nu-ni f =
nu-below-mu-nu f

(proof )

end
class itering-apxr = n-itering + semiring-apx
begin

Theorem 16.3

lemma circ-apa-isotone:
assumes z L y
shows z° C y¢°

(proof)

end
class omega-algebra-apr = n-omega-algebra-2 + semiring-apz
sublocale omega-algebra-apr < star: itering-apz where circ = star (proof)

sublocale omega-algebra-apz < nlL-omega: itering-apz where circ = Omega

(proof)
context omega-algebra-apx
begin

Theorem 16.4

lemma omega-apz-isotone:
assumes z C gy
shows z¢ C y“

(proof)
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end

class omega-algebra-apz-extra = omega-algebra-apxr +
assumes n-split-omega: ¥ < z* * bot U n(z*) * top
begin

lemma omega-n-star:
¥ U n(x*) * top < 2 « n(x¥) * top

{(proof)

lemma n-omega-zero:
n(z¥) = bot <— n(z*) = bot A z¥ < z* * bot
(proof)

lemma n-split-nu-mu:
WUy xz <y xzUn(y Uy xz) * top
(proof)

lemma loop-exists:
vdr.yxzUz)<pQAr.yxzUz)Unlv (Ax.y*xazlUz))*top
(proof )

lemma loop-apz-least-fixpoint:

apz.is-least-firpoint Az . yxz U 2) (p Az . yxzU2) Un(v Az . y*x2zU 2)
* L)

(proof )

lemma loop-has-apz-least-fizpoint:
apz.has-least-fixpoint (A\zx . y x = U 2)
(proof )

lemma loop-semantics:
k(A .yxzUz)=pAz.yxzUz)Unv (Az.y*xzU2))*L
{proof)

lemma loop-apz-least-fizpoint-ni:
apz.is-least-fixzpoint (Az . yxz U 2) (p Az . yxz U 2) Uni(v Az . y*xz U 2)))
(proof)

lemma loop-semantics-ni:
kAz.yxzU2)=pQz.yxzU2z)Uni(v (Az.yxzUz)
(proof )

Theorem 18

lemma loop-semantics-kappa-mu-nu:
kAz.yxzUz)=n(y)* LUy %z
(proof)
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end

class omega-algebra-apz-extra-2 = omega-algebra-apr +
assumes omega-n-star: ¥ < z* x n(z¥) * top
begin

subclass omega-algebra-apx-extra
(proof)

end

end

17 N-Algebras

theory N-Algebras
imports Stone-Kleene-Relation-Algebras. Iterings Base Lattice-Ordered-Semirings
begin

class C-left-n-algebra = bounded-idempotent-left-semiring +
bounded-distrib-lattice + n + L
begin

abbreviation C :: ‘a = ‘a where C 2 = n(L) * top M x
AACP Theorem 3.38

lemma C-isotone:
r<y— Czx<C(Cy
(proof )

AACP Theorem 3.40

lemma C-decreasing:
Cr<zx
(proof)

end

class left-n-algebra = C’-left-n-algebm +

assumes n-dist-n-add n(z) U n(y) = n(n(z) * top U y)

assumes n-export : n(:z:) n(y) = n(n(z) * y)

assumes n-left-upper-bound n(z) < n(z U y)

assumes n-nL-meet-L-nL0 n(L) x x = (z M L) U n(L * bot) * z
assumes n-n-L-split-n-n-L-L  : z % n(y) * L = x % bot U n(x = n(y) x L) x L
assumes n-sub-nL s n(z) < n(L)

assumes n-L-decreasing cn(z) « L<uz

assumes n-L-T-meet-mult-combined: C (z %« y) * 2 < Cxxy*x Cz

assumes n-n-top-split-n-top sz * n(y) * top < z * bot U n(z * y) * top
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assumes n-top-meet-L-below-L :x xtopx yM L <z Lx*xy
begin

subclass lattice-ordered-pre-left-semiring (proof)

lemma n-L-T-meet-mult-below:
Cxxy)<Czxy
(proof)

AACP Theorem 3.41

lemma n-L-T-meet-mult-propagate:
Crxy<zx*xCy
(proof )

AACP Theorem 3.43

lemma C-n-mult-closed:
C (n(z) * y) = n(z) * y
(proof )

AACP Theorem 3.40

lemma meet-L-below-C':
M L<Czx

(proof )
AACP Theorem 3.42

lemma n-L-T-meet-mult:
Crxy) =Czxxy
(proof)

AACP Theorem 3.42

lemma C-mult-propagate:
Czxy=CzxCy
(proof )

AACP Theorem 3.32

lemma meet-L-below-n-L:
zNL<n(l)*z
(proof)

AACP Theorem 3.27

lemma n-vector-meet-L:
xxtopN L<xxL

{proof)

lemma n-right-upper-bound:
n(z) < n(y U z)

(proof )
AACP Theorem 3.1
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lemma n-isotone:
z <y = n(z) < n(y)
(proof )

lemma n-add-left-zero:
n(bot) U n(z) = n(z)
(proof)

AACP Theorem 3.13

lemma n-mult-right-zero-L:
n(z) x bot < L
(proof)

lemma n-add-left-top:
n(top) U n(z) = n(top)
(proof)

AACP Theorem 3.18

lemma n-n-L:
n(n(z) * L) = n(x)
{proof)

lemma n-mult-transitive:
(proof)

lemma n-mult-left-absorb-add-sub:
n(z) * (n(z) U n(y)) < n(z)
(proof)

AACP Theorem 3.21

lemma n-mult-left-lower-bound:
n(z) * n(y) < n(z)
(proof)

AACP Theorem 3.20

lemma n-mult-left-zero:
n(bot) x n(z) = n(bot)
(proof)

lemma n-mult-right-one:
n(z) * n(top) = n(x)
(proof)

lemma n-L-increasing:
n(z) < n(n(z) * L)
(proof)

AACP Theorem 3.2
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lemma n-galois:
n(z) < n(y) «— n(z) * L <y
{proof)

lemma n-add-n-top:

n(z U n(z) * top) = n(x)
(proof)

AACP Theorem 3.6

lemma n-L-below-nL-top:
L < n(L) * top
(proof)

AACP Theorem 3.4

lemma n-less-eq-char-n:
z<y+—a<yULANCz<yUn(y) * top

(proof )
AACP Theorem 3.31

lemma n-L-decreasing-meet-L:
n(z) « L<zMNL
(proof)

AACP Theorem 3.5

lemma n-zero-L-zero:
n(bot) * L = bot
(proof)

lemma n-L-top-below-L:
L« top < L

(proof )
AACP Theorem 3.9

lemma n-L-top-L:
L« top=1
(proof )

AACP Theorem 3.10

lemma n-L-below-L:
Lxx <L

(proof)
AACP Theorem 3.7

lemma n-nL-nT:
n(L) = n(top)
(proof)

AACP Theorem 3.8

lemma n-L-L:
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n(L)« L =1

(proof)
lemma n-top-L:

n(top) * L =L

{proof)

AACP Theorem 3.23

lemma n-n-L-split-n-L:
zxn(y) * L <z xbotUn(zx*y) L
{proof )

AACP Theorem 3.12

lemma n-L-split-n-L-L:
zx L=ux%botUn(x=*L)*L
(proof)

AACP Theorem 3.11

lemma n-L-split-L:
z*x L <xx*bot UL
(proof)

AACP Theorem 3.24

lemma n-split-top:
z*n(y) * top < xxyUn(zxy)*top
(proof)

AACP Theorem 3.9

lemma n-L-L-L:
LxL=1L
(proof)

AACP Theorem 3.9

lemma n-L-top-L-L:
Lxtopx L =1L
(proof)

AACP Theorem 3.19

lemma n-n-nL:
n(z) = n(z) * n(L)
(proof )

lemma n-L-mult-idempotent:
n(L) * n(L) = n(L)
(proof)
AACP Theorem 3.22

lemma n-n-L-n:
n(z *x n(y) * L) < n(z x y)
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(proof)
AACP Theorem 3.3
lemma n-less-eq-char:
z<y+—az<yULAz<yUn(y) * top
(proof)

AACP Theorem 3.28

lemma n-top-meet-L-split-L:
xxtopxyM L < zxbot UL x*y
(proof)
AACP Theorem 3.29
lemma n-top-meet-L-L-meet-L:
rxxtopxyMNML=xxLxylL
(proof )

lemma n-n-top-below-n-L:
n(z * top) < n(z * L)
(proof)
AACP Theorem 3.14
lemma n-n-top-n-L:
n(z x top) = n(x x L)
(proof)
AACP Theorem 3.30

lemma n-meet-L-0-below-0-meet-L:
(x ML) * bot <z bot ML

(proof )
AACP Theorem 3.15

lemma n-n-L-below-L:
n(z) * L <zxL
(proof )
lemma n-n-L-below-n-L-L:
n(z) * L < n(z* L) * L
(proof)
AACP Theorem 3.16

lemma n-below-n-L:
n(z) < n(z x L)
(proof )

AACP Theorem 3.17

lemma n-below-n-L-mult:
n(z) < n(L) * n(x)
(proof )
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AACP Theorem 3.33

lemma n-meet-L-below:
n(z) ML <x
(proof)

AACP Theorem 3.35

lemma n-meet-L-top-below-n-L:

(n(z) ML) % top < n(z) * L
(proof)

AACP Theorem 3.34

lemma n-meet-L-top-below:
(n(z) ML) * top < z
(proof )

AACP Theorem 3.36
lemma n-n-meet-L:
n(z) = n(z N L)
(proof)
lemma n-T-below-n-meet:

n(z) * top = n(C z) * top
{proof)

AACP Theorem 3.44

lemma n-C:
n(C z) = n(z)
(proof )

AACP Theorem 3.37

lemma n-T-meet-L:
n(z) * top M L = n(z) x L
(proof )

AACP Theorem 3.39

lemma n-L-top-meet-L:
CL=1L
(proof)

end

class n-algebra = left-n-algebra + idempotent-left-zero-semiring

begin

proposition n-dist-n-add
proposition n-ezrport
proposition n-left-upper-bound

y) = n(n(z) * top U y) (proof)
) z) * y) (proof)
(proof)



proposition n-nL-meet-L-nL0 :n(L) « x = (z M L) U n(L * bot) * x

(proof)
proposition n-n-L-split-n-n-L-L  : z * n(y) * L = = * bot U n(z * n(y) * L) *
L (proof)

proposition n-sub-nL : n(z) < n(L) (proof)

proposition n-L-decreasing :n(z) * L < x (proof)

proposition n-L-T-meet-mult-combined: C (z x y) * 2 < Cz * y * C z (proof)
proposition n-n-top-split-n-top cxx n(y) * top < x * bot U n(z x y) * top
(proof)

proposition n-top-meet-L-below-L — : z * top * y M L < z x L x y (proof)
AACP Theorem 3.25

lemma n-top-split-0:
n(z) * top * y < z % y U n(x * bot) * top
(proof)

AACP Theorem 3.26

lemma n-top-split:
n(z) * top * y < z x y U n(x x y) * top
(proof )

proposition n-zero: n(bot) = bot nitpick [ezpect=genuine,card=2] (proof)
proposition n-one: n(1) = bot nitpick [ezpect=genuine,card=2] {proof)
proposition n-nL-one: n(L) = 1 nitpick [ezpect=genuine,card=2] (proof)
proposition n-nT-one: n(top) = 1 nitpick [exzpect=genuine,card=2] (proof)
proposition n-n-zero: n(z) = n(z x bot) nitpick [ezpect=genuine,card=2]
(proof )

proposition n-dist-add: n(z) U n(y) = n(z U y) nitpick
[expect=genuine,card=4] {proof)

proposition n-L-split: © x n(y) x L = z * bot U n(x * y) x L nitpick
[ezpect=genuine,card=3] (proof)

proposition n-split: © < x x bot U n(z * L) x top nitpick
[ezpect=genuine,card=2] (proof)

proposition n-mult-top-1: n(z * y) < n(z * n(y) * top) nitpick
[expect=genuine,card=3] {proof)

proposition [91-1: n(L) x ¢ < n(z * top) x top nitpick
[ezpect=genuine,card=3] (proof)

proposition meet-domain-top: x M n(y) x top = n(y) * z nitpick
[ezpect=genuine,card=3] (proof)

proposition meet-domain-2: z M n(y) * top < n(L) * = nitpick
[expect=genuine,card=4] {proof)

proposition n-nL-top-n-top-meet-L-top-2: n(L) * x x top < n(z * top M L)  top
nitpick [expect=genuine,card=3] (proof)

proposition n-nL-top-n-top-meet-L-top-1: n(z * top M L) * top < n(L) x x * top
nitpick [ezpect=genuine,card=2] (proof)

proposition [9: z x bot M L < n(z x L) x L nitpick [expect=genuine,card=4)
(proof)

proposition [18-2: n(z * L) x L < n(z) * L nitpick [ezpect=genuine,card=3]
(proof )
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proposition [51-1: n(z) * L < (z M L) x bot nitpick [expect=genuine,card=2)
(proof)
proposition [51-2: (z M L) * bot < n(x) x L nitpick [expect=genuine,card=4]
(proof)

proposition n-split-equal: © U n(zx * L) * top = z * bot U n(z x L) x top
nitpick [ezpect=genuine,card=2] (proof)

proposition n-split-top: z * top < x x bot U n(z * L) * top nitpick
[ezpect=genuine,card=2] (proof)

proposition n-mult: n(z x n(y) * L) = n(z * y) nitpick
[ezpect=genuine,card=3] (proof)

proposition n-mult-1: n(z * y) < n(z * n(y) * L) nitpick
[ezpect=genuine,card=3] (proof)

proposition n-mult-top: n(z * n(y) = top) = n(z x y) nitpick
[ezpect=genuine,card=3] (proof)

proposition n-mult-right-upper-bound: n(z x y) < n(z) +— n(z) < n(z) A z *
n(y) = L < z % bot Ul n(z) x L nitpick [expect=genuine,card=2] (proof)
proposition meet-domain: z M n(y) * z = n(y) * (z M 2z) nitpick
[ezpect=genuine,card=38] (proof)

proposition meet-domain-1: x M n(y) * z < n(y) * = nitpick
[ezpect=genuine,card=3] (proof)

proposition meet-domain-top-3: = M n(y) * top < n(y) * z nitpick
[expect=genuine,card=3] {proof)

proposition n-n-top-n-top-split-n-n-top-top: n(z) * top U z * n(y) * top = = *
bot U n(xz * n(y) * top) * top nitpick [ezpect=genuine,card=2] {proof)
proposition n-n-top-n-top-split-n-n-top-top-1: x * bot U n(z % n(y) * top) * top
< n(z) * top U x x n(y) * top nitpick [ezpect=genuine,card=5] {proof)
proposition n-n-top-n-top-split-n-n-top-top-2: n(z) * top U x * n(y) * top < x x
bot U n(z * n(y) * top) * top nitpick [expect=genuine,card=2] (proof)
proposition n-nL-top-n-top-meet-L-top: n(L) * z * top = n(z * top M L) * top
nitpick [expect=genuine,card=2] (proof)

proposition [18: n(z) * L = n(z * L) * L nitpick [ezpect=genuine,card=3|
(proof)

proposition [22: z x bot M L = n(z) = L nitpick [ezpect=genuine,card=2)]
(proof)

proposition [22-1: z *x bot M L = n(z x L) x L nitpick
[ezpect=genuine,card=2] (proof)

proposition [22-2: £ M L = n(z) x L nitpick [ezpect=genuine,card=3] (proof)
proposition [22-3: © M L = n(x * L) * L nitpick [ezpect=genuine,card=3]
(proof)

proposition [22-4: 2 M L < n(z) x L nitpick [expect=genuine,card=3] {proof)
proposition 122-5: z * bot M L < n(z) * L nitpick [expect=genuine,card=4]

(proof )

proposition [23: z x top N L = n(z) * L nitpick [expect=genuine,card=3]
(proof )

proposition 151: n(z) x L = (z M L) * bot nitpick [expect=genuine,card=2)
(proof)

proposition [91: z = z * top — n(L) * x < n(z) * top nitpick
[ezpect=genuine,card=3] (proof)
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proposition [92: z = z * top — n(L) * x < n(x N L) * top nitpick
[expect=genuine,card=3] {proof)

proposition z M L < n(z) * top nitpick [expect=genuine,card=3] {proof)
proposition n-meet-comp: n(z) N n(y) < n(z) * n(y) nitpick
[ezpect=genuine,card=3] (proof)

proposition n-n-meet-L-n-zero: n(z) = (n(z) M L) U n(x * bot) (proof)
proposition n-below-n-zero: n(z) < z U n(z * bot) (proof)

proposition n-n-top-split-n-L-n-zero-top: n(z) * top = n(z) * L U n(z * bot) *
top (proof)

proposition n-meet-L-0-0-meet-L: (x 11 L) = bot = z * bot M L {proof)

end

end

18 Recursion

theory Recursion
imports Approximation N-Algebras
begin

class n-algebra-apx = n-algebra + apzr +
assumes apr-def:  Cy+— < yU LA Cy < zUn(z)* top
begin

lemma apz-transitive-2:
assumes z C y
and y C 2
shows z C 2

(proof)

lemma apz-meet-L:
assumes y C z
shows ML < yMNL

(proof)
AACP Theorem 4.1
subclass apz-biorder

{proof)

lemma sup-apz-left-isotone-2:
assumes z L y
shows z Ll 2 C y U 2

(proof)

lemma mult-apz-left-isotone-2:
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assumes z L y
shows z x 2 C y * 2

(proof)

lemma mult-apx-right-isotone-2:
assumes z L y
shows z x 2 C z * y

(proof )
AACP Theorem 4.1 and Theorem 4.2

subclass apz-semiring
(proof )

AACP Theorem 4.2

lemma meet-L-apz-isotone:
rCy=2NLCynlL
(proof )

AACP Theorem 4.2

lemma n-L-apz-isotone:
assumes v L y
shows n(z) * L C n(y) * L
(proof )

definition kappa-apz-meet :: (‘a = 'a) = bool
where kappa-apz-meet f = apz.has-least-fizpoint f A has-apz-meet (i f) (v f)
Nef=pfAvf

definition kappa-mu-nu :: (‘a = ‘a) = bool
where kappa-mu-nu f = apz.has-least-fixzpoint f ANk f=p fU (v fNL)

definition nu-below-mu-nu :: ('a = ’'a) = bool
where nu-below-mu-nu f = C (v f) < p fU @ f1L)Un f) * top

definition nu-below-mu-nu-2 :: (‘a = 'a) = bool
where nu-below-mu-nu-2 f = C (v f) < pfU@WfN L Un(pfU@fnL)
* top

definition mu-nu-apz-nu :: (‘a = 'a) = bool
where mu-nu-apz-nu f = p fU (W fNL)Cvf

definition mu-nu-apz-meet :: ('a = ’a) = bool
where mu-nu-apz-meet f = has-apx-meet (u f) v ) Ap fAvf=pfUf
nkrL

definition apz-meet-below-nu :: (‘a = 'a) = bool
where apz-meet-below-nu f = has-apz-meet (u f) v ) ApfAvf<vf

lemma mu-below-I:
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pf<pfuvfni)
{proof)

lemma I-below-nu:
has-least-fizpoint f = has-greatest-fixzpoint f — p fU (v fM L) <v f
(proof)

lemma n-l-nu:

has-least-fizpoint f = has-greatest-fixzpoint f — (p fU (v f L) N L=vf
nL

(proof )

lemma [-apz-mu:
pfU@fnL)Cuf
(proof)

AACP Theorem 4.8 implies Theorem 4.9

lemma nu-below-mu-nu-nu-below-mu-nu-2:
assumes nu-below-mu-nu f
shows nu-below-mu-nu-2 f

(proof)
AACP Theorem 4.9 implies Theorem 4.8

lemma nu-below-mu-nu-2-nu-below-mu-nu:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and nu-below-mu-nu-2 f
shows nu-below-mu-nu f

(proof)

lemma nu-below-mu-nu-equivalent:

has-least-fizpoint f = has-greatest-fizpoint f = (nu-below-mu-nu f +—
nu-below-mu-nu-2 f)

(proof )

AACP Theorem 4.9 implies Theorem 4.10

lemma nu-below-mu-nu-2-mu-nu-apz-nu:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and nu-below-mu-nu-2 f
shows mu-nu-apz-nu f

(proof)
AACP Theorem 4.10 implies Theorem 4.11

lemma mu-nu-apz-nu-mu-nu-apr-meet:
assumes mu-nu-apr-nu f
shows mu-nu-apz-meet f

(proof)
AACP Theorem 4.11 implies Theorem 4.12
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lemma mu-nu-apz-meet-apzr-meet-below-nu:

has-least-fixpoint f = has-greatest-fizpoint f —> mu-nu-apz-meet [ —>
apz-meet-below-nu f

(proof )

AACP Theorem 4.12 implies Theorem 4.9

lemma apz-meet-below-nu-nu-below-mu-nu-2:
assumes apz-meet-below-nu f
shows nu-below-mu-nu-2 f

(proof)
AACP Theorem 4.5 implies Theorem 4.6

lemma has-apz-least-fixpoint-kappa-apx-meet:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and apz.has-least-fixrpoint f
shows kappa-apz-meet f

{(proof)
AACP Theorem 4.6 implies Theorem 4.12

lemma kappa-apz-meet-apzr-meet-below-nu:
has-greatest-fixrpoint f = kappa-apzr-meet f = apz-meet-below-nu f
(proof )

AACP Theorem 4.12 implies Theorem 4.7

lemma apz-meet-below-nu-kappa-mu-nu:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and isotone f
and apz.isotone f
and apz-meet-below-nu f
shows kappa-mu-nu f

(proof )
AACP Theorem 4.7 implies Theorem 4.5

lemma kappa-mu-nu-has-apz-least-fizpoint:
kappa-mu-nu f = apx.has-least-fixpoint f
(proof )

AACP Theorem 4.8 implies Theorem 4.7

lemma nu-below-mu-nu-kappa-mu-nu:

has-least-fixpoint f = has-greatest-fixpoint f = isotone f = apzx.isotone f
= nu-below-mu-nu f = kappa-mu-nu f

(proof )

AACP Theorem 4.7 implies Theorem 4.8

lemma kappa-mu-nu-nu-below-mu-nu:
has-least-fixpoint f = has-greatest-fizxpoint f —> kappa-mu-nu f —>
nu-below-mu-nu f
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{proof)

definition kappa-mu-nu-L :: (‘a = 'a) = bool
where kappa-mu-nu-L f = apz.has-least-fixzpoint f AN f=p fUn(v f) x L

definition nu-below-mu-nu-L :: (‘a = 'a) = bool
where nu-below-mu-nu-L f = C (v f) < p f U n(v f) * top

definition mu-nu-apz-nu-L :: ('a = ’a) = bool
where mu-nu-apr-nu-L f = p fUn(v f)x LC v f

definition mu-nu-apz-meet-L :: ('a = 'a) = bool
where mu-nu-apz-meet-L [ = has-apz-meet (u f) v ) ApfAvf=pnfU
n(v f) = L

lemma n-below-I:
zUn(y)« L<zU(ynlL)

{proof)

lemma n-equal-I:
assumes nu-below-mu-nu-L f
shows p fUn(v f)«x L=pfUfNL)
(proof)

AACP Theorem 4.14 implies Theorem 4.8

lemma nu-below-mu-nu-L-nu-below-mu-nu:
nu-below-mu-nu-L f = nu-below-mu-nu f
(proof )

AACP Theorem 4.14 implies Theorem 4.13

lemma nu-below-mu-nu-L-kappa-mu-nu-L:

has-least-fixpoint f = has-greatest-fixpoint f = isotone f = apzx.isotone f
= nu-below-mu-nu-L f = kappa-mu-nu-L f

(proof)

AACP Theorem 4.14 implies Theorem 4.15

lemma nu-below-mu-nu-L-mu-nu-apx-nu-L:

has-least-fixpoint f = has-greatest-fizpoint f = nu-below-mu-nu-L f —
mu-nu-apr-nu-L f

{proof )

AACP Theorem 4.14 implies Theorem 4.16

lemma nu-below-mu-nu-L-mu-nu-apxr-meet-L:

has-least-fixpoint f = has-greatest-fixpoint f —> nu-below-mu-nu-L f =
mu-nu-apxr-meet-L f

(proof)

AACP Theorem 4.15 implies Theorem 4.14

lemma mu-nu-apz-nu-L-nu-below-mu-nu-L:
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assumes has-least-fixpoint f
and has-greatest-fixpoint f
and mu-nu-apz-nu-L f

shows nu-below-mu-nu-L f

(proof)
AACP Theorem 4.13 implies Theorem 4.15

lemma kappa-mu-nu-L-mu-nu-apx-nu-L:
has-greatest-fizpoint f = kappa-mu-nu-L f = mu-nu-apz-nu-L f
(proof)

AACP Theorem 4.16 implies Theorem 4.15

lemma mu-nu-apz-meet- L-mu-nu-apx-nu-L:
mu-nu-apr-meet-L f = mu-nu-apz-nu-L f
(proof)

AACP Theorem 4.13 implies Theorem 4.14

lemma kappa-mu-nu-L-nu-below-mu-nu-L:
has-least-fixpoint f = has-greatest-fixpoint f —> kappa-mu-nu-L f —>
nu-below-mu-nu-L f

(proof)

proposition nu-below-mu-nu-nu-below-mu-nu-L: nu-below-mu-nu f —
nu-below-mu-nu-L f nitpick [ezpect=genuine,card=3] {proof)

lemma unfold-fold-1:

isotone f = has-least-prefixpoint f = apz.has-least-firpoint f = f(z) < z
=k f<zUL

(proof)

lemma unfold-fold-2:
assumes isotone f
and apz.isotone f
and has-least-prefixpoint f
and has-greatest-fixpoint f
and apz.has-least-fixrpoint f
and f(z) < z
andk fML<zNL
shows k f < z

(proof)

end
class n-algebra-apz-2 = n-algebra + apzr +

assumes apz-def: t Cy+— 2 < yU LAy <zUn(z)* top
begin

lemma apz-transitive-2:
assumes z C gy
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and y C 2
shows z C z

(proof)

lemma apz-meet-L:
assumes y L z
shows M L < yML

(proof )
AACP Theorem 4.1

subclass apz-biorder
(proof )

lemma sup-apz-left-isotone-2:
assumes z L y
shows z Ll 2 C y U 2

(proof)
lemma mult-apx-left-isotone-2:

assumes v L y
shows z % 2 C y x 2

(proof)

lemma mult-apx-right-isotone-2:
assumes r L y
shows z x 2 C 2z * y

(proof)

end

end

19 N-Omega-Algebras
theory N-Omega-Algebras

imports Omega-Algebras Recursion
begin

class itering-apx = bounded-itering + n-algebra-apz
begin

lemma cire-L:
L°=LU1I
(proof )

lemma C-circ-import:

C (z°) < (Cum)°
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(proof )
AACP Theorem 4.3 and Theorem 4.4

lemma circ-apx-isotone:
assumes z C gy
shows z° C ¢°
(proof)

end

class n-omega-algebra-1 = bounded-left-zero-omega-algebra + n-algebra-apx +
Omega +

assumes Omega-def: ¥ = n(z¥) * L U z*
begin

AACP Theorem 8.13
lemma C-omega-export:
C (z¥) = (Cx)¥
(proof)
AACP Theorem 8.2
lemma L-mult-star:
Lxzr=1
(proof)

AACP Theorem 8.3

lemma mult-L-star:
(zxL)y*=1Uzx*xL
(proof)

lemma mult-L-omega-below:
(zx L)Y <zxL
{proof)

AACP Theorem 8.5

lemma mult-L-sup-star:
(exLUy)* =y Uy *xxxL
(proof )

lemma mult-L-sup-omega-below:
(ex LUy <y’ Uy xzxL

(proof)

lemma n-Omega-isotone:
z<y= 2% <y
(proof)

lemma n-star-below-Omega:

< o
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{proof)

lemma mult-L-star-mult-below:
(zx L*xy<yUzx*L
(proof)

end
sublocale n-omega-algebra-1 < star: itering-apx where circ = star (proof)

class n-omega-algebra = n-omega-algebra-1 + n-algebra-apr +
assumes n-split-omega-mult: C (z%) < z* * n(z*) * top
assumes tarski: v x L <z x L *xz x L

begin

AACP Theorem 8.4

lemma mult-L-omega:
(rx L)Y =xx L
(proof)

AACP Theorem 8.6
lemma mult-L-sup-omega:
(rx LUy =y Uy xzxL
(proof)

AACP Theorem 8.1

lemma tarski-mult-top-idempotent:
cx L=xxLx*xxxL

(proof)
AACP Theorem 8.7

lemma n-below-n-omega:
n(z) < n(av)

(proof)
AACP Theorem 8.14

lemma n-split-omega-sup-zero:
C (z) < x* % bot U n(z¥) * top

(proof)

lemma n-split-omega-sup:
C () < z* U n(z¥) * top
(proof)

AACP Theorem 8.12

lemma n-dist-omega-star:
n(y? U y* x 2) = n(y?) U n(y* * 2)
(proof)
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lemma mult-L-sup-circ-below:
(z+x LUy?<ny)*« LUy Uy *zx*L
(proof)

lemma n-mult-omega-L-below-zero:
n(y *a¥) « L <yxz**boty=xn(a)*L
(proof)

AACP Theorem 8.10

lemma n-mult-omega-L-star-zero:
yx ¥« bot Un(y«a¥)« L=yx*xa*xbotUy=xn(z¥) L
(proof)

AACP Theorem 8.11

lemma n-mult-omega-L-star:
yxa*Un(yxa¥)« L=yxaz*Uyx*n(z’)*L
(proof)

lemma n-mult-omega-L-below:
n(yxz¥)« L<y*xz*Uyxn(z”)*L
(proof)

lemma n-omega-L-below-zero:
n(z¥) « L <z % 2* % bot Uz * n(z¥) * L

{proof)

lemma n-omega-L-below:
n(z¥) * L < 2" Uz n(z¥) x L
(proof)

lemma n-omega-L-star-zero:
zx 2 x bot U n(z¥) x L =x % 2* % bot Uz * n(a¥) x L

(proof )
AACP Theorem 8.8

lemma n-omega-L-star:
z* Un(z¥) « L=a*Uxx*n(z¥) * L
(proof)
AACP Theorem 8.9
lemma n-omega-L-star-zero-star:
z* % bot U n(z¥) * L = x* * bot U z* * n(z*) * L
(proof)

AACP Theorem 8.8

lemma n-omega-L-star-star:
¥ Un(z¥) « L=2"Ua**n(a¥) x L
{proof)
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lemma n-Omega-left-unfold:
1Uzx*z? = g%

{proof)

lemma n-Omega-left-slide:
(zxy)xz<azx*(yxaz)
(proof)

Q

lemma n-Omega-sup-1:
(z U y) =22 % (y x 2%

(proof)

end

sublocale n-omega-algebra < nL-omega: left-zero-conway-semiring where circ =
Omega
(proof)

context n-omega-algebra
begin

AACP Theorem 8.16

lemma omega-apz-isotone:
assumes z C gy
shows z¢ C y“
(proof)

lemma combined-apx-left-isotone:
cCy=n@)* LUz**xzCn(y’) « LU y* xz
(proof)

lemma combined-apx-left-isotone-2:
tCy= (e*NLUz**x2zC (y* NL)U y* 2z
(proof)

lemma combined-apz-right-isotone:
yCz=n(a¥)*x LUz*xyCn(a¥)x LUz*xz
(proof)

lemma combined-apx-right-isotone-2:
yCz= @ NLUz*«yC (¥ NL)Uaz*x*z
(proof)

lemma combined-apz-isotone:

rCy=wlz=n*)«LUz**xwlCn(y’)« LUy x2z
{proof)
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lemma combined-apz-isotone-2:
crCy=wlz= @ NLUz*«xwC (y* NL)Uy" *2
(proof)

lemma n-split-nu-mu:
C(y? Uy *2z) <y xzUn(y” Uy* *2)* top
(proof)

lemma n-split-nu-mu-2:
C Uy xz2) <y xzU((y¥Uy*x2) ML) Un(y” Uy* *2)* top
(proof )

lemma loop-exists:
Cv(z.yxzU2)<pQr.yxzUz2)Unlv Az.yxzU2z)) = top
{proof)

lemma loop-exists-2:
Clvhx.yxzUz2)<pAz.yxzUz)UwA.yxzUz)NL)Unv
Az .y xzU2z)) * top
{proof)

lemma loop-apz-least-fixpoint:

apz.is-least-fizpoint Az . yxz U 2) (p Az . yxz U z)Unlv Az . yxz U 2))
x L)
(proof )

lemma loop-apz-least-fizpoint-2:

apzx.is-least-fixzpoint Az . yxz U 2) (u Az .yxzU2)U (v (Az.yxzU2) N
L))
(proof )

lemma loop-has-apz-least-fixpoint:
apz.has-least-fixpoint (A\x . y * z U 2)
(proof )

lemma loop-semantics:
kAz.yxzUz)=pQz.yxzUz)Unlv (Az.y*xalUz))*L
(proof)

lemma loop-semantics-2:
EQz.yxzU2)=pQz.yxzUz) U (Az.y*xaUz) ML)
(proof)

AACP Theorem 8.15

lemma loop-semantics-kappa-mu-nu:
KAz .yxzUz2)=ny’)« LUy %z
(proof)

AACP Theorem 8.15
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lemma loop-semantics-kappa-mu-nu-2:
k(A .yxzUz)=@'NL)Uy* *z
(proof)

AACP Theorem 8.16

lemma loop-semantics-apx-left-isotone:
wEy=rx M. wxzU2)Cr(Az.yx*xzU2)
(proof )

AACP Theorem 8.16

lemma loop-semantics-apx-right-isotone:
wEz=rM.yxzUwCkrk(A.yxzU?2)
(proof )

lemma loop-semantics-apx-isotone:
vEy=wlz=xrxA.vxzUw) CrA.yx*xzl2)
(proof)

end

end

20 N-Omega Binary Iterings
theory N-Omega-Binary-Iterings

imports N-Omega-Algebras Binary-Iterings-Strict
begin

sublocale extended-binary-itering < left-zero-conway-semiring where circ = (\z
.z x 1)

{proof)

class binary-itering-apr = bounded-binary-itering + n-algebra-apx
begin

lemma C-while-import:
C(zxz)=C (Czx*2)
(proof)

lemma C-while-preserve:
Crrz)=C (zxC2)
(proof)

lemma C-while-import-preserve:

Crxz)=C (Cz*C2z)
{proof)
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lemma while-L-L:
LxL=1
(proof )

lemma while-L-below-sup:
Lxzxz<zUL

{proof)

lemma while-L-split:
ztxL<(zxy)ulL

(proof)

lemma while-n-while-top-split:
z x (n(z * y) * top) < (z * bot) U n(xz % y) * top
(proof)

lemma circ-apz-right-isotone:
assumes z C gy
shows z x 2 C z % y

(proof)

end

class extended-binary-itering-apx = binary-itering-apx +
bounded-extended-binary-itering +

assumes n-below-while-zero: n(x) < n(z * bot)
begin

lemma circ-apa-right-isotone:
assumes z C gy
shows z x 2 C y x 2

(proof)

proposition while-top: top x x = L Ll top * z (proof)
proposition while-one-top: 1 x ¢ = L U x (proof)
proposition while-unfold-below-1: © = y x x = = < y x 1 (proof)

proposition while-square-1: x * 1 = (z x x) x (z U 1) {proof)

proposition while-absorb-below-one: y x t < x = y x x < 1 * z (proof)
proposition while-mult-L: (x * L) x z = z U = * L (proof)

proposition tarski-top-omega-below-2: x x L < (z x L) % bot (proof)
proposition tarski-top-omega-2: © x L = (z * L) % bot (proof)

proposition while-separate-right-plus: y x z < z * (x x (1 Uy)) U 1 = y * (z
* z) < x* (y x z) (proof)

proposition y x (z x 1) <z *x (yx 1) = (zUy) x I =z % (y x 1) (proof)
proposition y x z < (I Uz) x (yx 1) = (z U y) 1 =2z (yx* 1) (proof)

end
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class n-omega-algebra-binary = n-omega-algebra + while +
assumes while-def: x x y = n(z¥) « LU z* x y
begin

lemma while-omega-inf-L-star:
zxy= (YN L)Uz**y
(proof)

lemma while-one-mult-while-below-1:
(yx1)x(yxv) <y*wv
(proof)

lemma star-below-while:
rxy<Try

(proof)

subclass bounded-binary-itering
(proof )

lemma while-top:
topxx =L U top x x
(proof)

lemma while-one-top:
lxz=LUz

(proof)

lemma while-finite-associative:
¥ =bot = (zxy) x z=1a * (y * 2)
(proof)

lemma while-while-one:
yx(xx1)=mn(y”)* LUy *n(z¥)x LUy *z*
(proof )

AACP Theorem 8.17

subclass bounded-extended-binary-itering
(proof)

subclass extended-binary-itering-apz
(proof)

lemma while-simulate-4-plus:
assumes y x z < z % (z * (I U y))
shows y x z % 2* <z % (z % (1 Uy))

(proof)

lemma while-simulate-4-omega:
assumes y x z < z % (z * (I U y))
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shows y *x ¥ < z¥
(proof )

lemma while-square-1:
zx 1 =(z*xx)x(xUI1)
(proof)

lemma while-absorb-below-one:
yxrx<zrx=yxzx < 1xz
(proof)

lemma while-mult-L:
(zxL)yxz=zUzx*L

{proof)

lemma tarski-top-omega-below-2:
z* L < (z* L) * bot

{proof)

lemma tarski-top-omega-2:
xx L = (z* L) * bot

{proof)

proposition while-sub-mult-one: © * (1 * y) < 1 x z nitpick
[ezpect=genuine,card=3] (proof)

proposition while-unfold-below: . = z U y x © — = < y x 2z nitpick
[ezpect=genuine,card=2] (proof)

proposition while-loop-is-greatest-postfixpoint: is-greatest-postfixpoint (Ax . y * z
U 2) (y % 2) nitpick [ezpect=genuine,card=2] (proof)

proposition while-loop-is-greatest-fizpoint: is-greatest-fixpoint (Az . y * z U 2) (y
* z) nitpick [ezpect=genuine,card=2] {proof)

proposition while-denest-3: (z x w) * ¥ = (z x w)* nitpick
[ezpect=genuine,card=2] (proof)

proposition while-mult-top: (z * top) x z = z U x * top nitpick
[ezpect=genuine,card=2] (proof)

proposition tarski-below-top-omega: x < (z % L)¥ nitpick
[ezpect=genuine,card=2] (proof)

proposition tarski-mult-omega-omega: (x * y*)¥ = z * y* nitpick
[expect=genuine,card=3] {proof)

proposition tarski-below-top-omega-2: x < (z * L) * bot nitpick
[ezpect=genuine,card=2] (proof)

proposition I = (z * bot) x I nitpick [ezpect=genuine,card=3] (proof)
proposition tarski: x = bot V top * x * top = top nitpick
[expect=genuine,card=3] {proof)

proposition (z U y) * 2= ((z * 1) * y) x ((z x 1) * 2) nitpick
[ezpect=genuine,card=2] (proof)

proposition while-top-2: top x z = top * z nitpick [expect=genuine,card=2)
{proof )

proposition while-mult-top-2: (z * top) x z = z Ll & * top * z nitpick
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[ezpect=genuine,card=2] (proof)

proposition while-one-mult: (x x 1) * £ = z * x nitpick
[ezpect=genuine,card=/] (proof)

proposition (z x 1) x y = z * y nitpick [ezpect=genuine,card=2] {proof)
proposition while-associative: (z * y) * z = z * (y * z) nitpick
[expect=genuine,card=2] {proof)

proposition while-back-loop-is-fizpoint: is-fizpoint (Ax . x * y U 2) (2 % (y * 1))
nitpick [ezpect=genuine,card=4] (proof)

proposition 1 U z x bot = z x 1 nitpick [expect=genuine,card=3] (proof)
proposition z = = * (z x 1) nitpick [expect=genuine,card=3] {proof)
proposition z x (z x 1) = x x I nitpick [ezpect=genuine,card=2] (proof)
proposition z x 1 = z * (1 % 1) nitpick [ezpect=genuine,card=3] (proof)
proposition (z U y) * I = (z x (y x 1)) *x 1 nitpick [ezpect=genuine,card=3]
(proof)

proposition z U y x £ = x = y * z < z nitpick [expect=genuine,card=2)
(proof )

proposition y x z = © = y * z < z nitpick [ezpect=genuine,card=2] (proof)
proposition z Uz x y = 2 = z % (y x 1) < z nitpick
[ezpect=genuine,card=38] (proof)

proposition z x y = © = z x (y x 1) < x nitpick [ezpect=genuine,card=5]
(proof )

proposition z x z = z x y = z * 2 < z x (y x 1) nitpick
[expect=genuine,card=2] {proof)

proposition while-unfold-below-1: x = y x x = = < y x 1 nitpick

[ezpect=genuine,card=3] (proof)

proposition z¥ < z¥ * ¥ (proof)

proposition tarski-omega-idempotent: %% = z* (proof)

end

class n-omega-algebra-binary-strict = n-omega-algebra-binary + circ +
assumes L-left-zero: L x ¢ = L
assumes circ-def: z° = n(z¥) *x L U z*

begin

subclass strict-binary-itering
(proof)

end

end

21 N-Relation-Algebras

theory N-Relation-Algebras

imports Stone-Relation-Algebras. Relation-Algebras N-Omega-Algebras
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begin

context bounded-distrib-allegory
begin

subclass lattice-ordered-pre-left-semiring (proof)

end

Theorem 37

sublocale relation-algebra < n-algebra where sup = sup and bot = bot and top
= top and inf = inf and n = N and L = top
(proof )

sublocale relation-algebra < n-algebra-apr where sup = sup and bot = bot and
top = top and inf = inf and n = N and L = top and apz = greater-eq
(proof)

no-notation
inverse-divide (infixl <’/» 70)

notation
divide (infix1 <'/» 70)

class left-residuated-relation-algebra = relation-algebra + inverse +
assumes lres-def: z /| y = —(—z * yT)
begin

Theorem 32.1
subclass residuated-pre-left-semiring

{proof)

end
context left-residuated-relation-algebra
begin

Theorem 32.3

lemma lres-mult-lres-lres:
z/(zxy)=(z/y) /=

(proof )
Theorem 32.5

lemma lres-dist-inf:
(zMy)/z=(z/2)N(y/ 2)

(proof)
Theorem 32.6

lemma lres-add-export-vector:
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assumes vector T
shows (z U y) /z=2U(y/ 2)
(proof)

Theorem 32.7

lemma Ires-top-vector:
vector (z / top)

(proof )
Theorem 32.10

lemma lres-top-export-inf-mult:
((z / top) My) = 2= (x / top) M (y * )
(proof )

lemma N-lres:
N(z)==z /topN 1
(proof)

end

class complete-relation-algebra = relation-algebra 4+ complete-lattice
begin

definition mu :: (‘a = 'a) = ‘a where mu f =Inf {y. fy <y}
definition nu :: ('/a = 'a) = ‘a where nu f = Sup { y .y < fy }

lemma mu-lower-bound:
fr<z=muf<z
(proof )

lemma mu-greatest-lower-bound:
NVy. fy<y—z<y =z<muf
(proof )

lemma mu-unfold-1:
isotone f = [ (mu f) < mu f
(proof )

lemma mu-unfold-2:
isotone f = mu f < f (mu f)

{proof)

lemma mu-unfold:
isotone f = mu f = f (mu f)
(proof )

lemma mu-const:

mu (Az . y) =y
(proof)
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lemma mu-Ipfp:
isotone f = is-least-prefizpoint f (mu f)
(proof )

lemma mu-Ifp:
isotone f = is-least-fixpoint f (mu f)
(proof)

lemma mu-pmu:
isotone f = pu f = mu f
(proof )

lemma mu-mu:
isotone f = u f = mu f
(proof )

end

class omega-relation-algebra = relation-algebra + star + omega +
assumes ra-star-left-unfold : 1 U y x y* < y*
assumes ra-star-left-induct : zU yxz <z — y* x z < x
assumes ra-star-right-induct: z Uz x y <z — zx y* < x
assumes ra-omega-unfold: y* = y * y*
assumes ra-omega-induct: t < zU yxxz — = < ¥ U y* % 2
begin

subclass bounded-omega-algebra
(proof)

end

Theorem 38

sublocale omega-relation-algebra < n-omega-algebra where sup = sup and bot
= bot and top = top and inf = inf and n = N and L = top and apx =
greater-eq and Omega = Az . N(z%) * top U z*

(proof)

end

22 Domain

theory Domain
imports Stone-Relation-Algebras.Semirings Tests
begin

context idempotent-left-semiring
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begin

sublocale ils: il-semiring where inf = times and sup = sup and bot = bot and
less-eq = less-eq and less = less and top = 1

(proof)

end

class left-zero-domain-semiring = idempotent-left-zero-semiring + dom +
assumes d-restrict: © U d(z) * z = d(z) * z
assumes d-mult-d : d(z * y) = d(z * d(y))
assumes d-plus-one: d(z) U 1 = 1

assumes d-zero : d(bot) = bot
assumes d-dist-sup: d(z U y) = d(z) U d(y)
begin

Many lemmas in this class are taken from Georg Struth’s theories.

lemma d-restrict-equals:
z=d(z) *xz
(proof)

lemma d-idempotent:
d(d(z)) = d(z)
(proof )

lemma d-fizpoint:
(Fy .z =d(y)) «— z = d(z)
(proof )

lemma d-type:
VP.(Vz.z=d(zr) — P(z)) «— (Vo . P(d(z)))
(proof)

lemma d-mult-sub:
d(z * y) < d(z)
(proof )

lemma d-sub-one:
z <1 =z < d(z)
(proof)

lemma d-strict:
d(z) = bot +— = = bot
(proof)

lemma d-one:
(1) =1
(proof )
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lemma d-below-one:
d(z) < 1
(proof )

lemma d-isotone:
< y= d(z) < d(y)
(proof )

lemma d-plus-left-upper-bound:
d(z) < d(z U y)
(proof)

lemma d-export:
d(d(z) x y) = d(z) * d(y)
(proof)

lemma d-mult-idempotent:
d(z) * d(z) = d(z)
(proof)

lemma d-commutative:
d(z) x d(y) = d(y) = d(z)
(proof )

lemma d-least-left-preserver:
z < d(y) * z +— d(z) < d(y)
(proof)

lemma d-weak-locality:
z xy = bot «— z * d(y) = bot
(proof)

lemma d-sup-closed:
d(d(z) U d(y)) = d(z) U d(y)
(proof)

lemma d-mult-closed:
d(d(z) = d(y)) = d(z) * d(y)
(proof)

lemma d-mult-left-lower-bound:
d(z) * d(y) < d(z)
(proof)
lemma d-mult-greatest-lower-bound:
d(x) < d(y) * d(z) < d(2) < d(y) A d(x) < d()
(proof )

lemma d-mult-left-absorb-sup:
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d(z) * (d(z) U d(y)) = d(z)
(proof)

lemma d-sup-left-absorb-mult:
d(z) U d(z) * d(y) = d(=)
(proof)

lemma d-sup-left-dist-mult:
d(z) U d(y) * d(z) = (d(z) U d(y)) * (d(z) U d(2))
(proof)

lemma d-order:
d(z) < d(y) «— d(z) = d(z) * d(y)
(proof )

lemma d-mult-below:
d(z) xy <y
(proof )

lemma d-preserves-equation:
dy) » z < z x d(y) +— d(y) * x = d(y) * z * d(y)
(proof)

end

class left-zero-antidomain-semiring = idempotent-left-zero-semiring + dom +
uminus +

assumes a-restrict : —x *x x = bot

assumes a-plus-mult-d: —(z *x y) U —(z x ——y) = —(z x ——vy)

assumes a-complement : ——z U —x = 1

assumes d-def cd(z) = ——x
begin

sublocale aa: a-algebra where minus = Az y . —(—z U y) and uminus =
uminus and inf = times and sup = sup and bot = bot and less-eq = less-eq
and less = less and top = 1

(proof)

subclass left-zero-domain-semiring
(proof)

subclass tests
(proof)
Many lemmas in this class are taken from Georg Struth’s theories.
notation

uminus (<a»)

lemma a-greatest-left-absorber:
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a(z) * y = bot +— a(z) < a(y)
{proof)

lemma a-mult-d:
a(z x y) = a(z = d(y))
(proof)

lemma a-d-closed:
d(a(z)) = a(z)

(proof)

lemma a-plus-left-lower-bound:
a(z U y) < alz)
(proof )

lemma a-mult-sup:
a(z) * (y U z) =a(z) xy
(proof)

lemma q-3:
a(z) * a(y) * d(z U y) = bot
(proof )

lemma a-export:
a(a(z) * y) = d(z) U a(y)
(proof )

lemma a-fizpoint:
Ve . (a(z) =2 — Yy .y = bot))
{proof)

lemma a-strict:
a(z) = 1 +— z = bot
(proof )

lemma d-complement-zero:
d(z) x a(x) = bot
(proof)

lemma a-complement-zero:
a(z) * d(z) = bot
(proof )

lemma a-shunting-zero:
a(z) * d(y) = bot +— a(z) < a(y)
{proof)

lemma a-antitone:
z < y= a(y) < a(z)
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{proof)

lemma a-mult-deMorgan:
a(a(z) * a(y)) = d(z U y)
(proof )

lemma a-mult-deMorgan-1:
a(a(z) * a(y)) = d(z) U d(y)
(proof )

lemma a-mult-deMorgan-2:
a(d(z) * d(y)) = a(z) U a(y)
(proof)

lemma a-plus-deMorgan:

a(a(z) U a(y)) = d(z) * d(y)
(proof )

lemma a-plus-deMorgan-1:
a(d(z) U d(y)) = a(z) * a(y)
(proof)

lemma a-mult-left-upper-bound:
a(z) < a(z * y)
(proof )

lemma d-a-closed:
a(d(z)) = a(z)
(proof)

lemma a-export-d:
a(d(z) * y) = a(z) U a(y)
(proof )

lemma a-7:
d(z) * a(d(y) U d(z)) = d(z) * a(y) = a(2)
(proof)

lemma d-a-shunting:
d(z) * a(y) < d(z) «— d(z) < d(2) U d(y)
(proof )

lemma d-d-shunting:
d(z) * d(y) < d(z) «— d(z) < d(z) U a(y)
(proof)

lemma d-cancellation-1:

d(z) < d(y) U (d(z) * a(y))
(proof )
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lemma d-cancellation-2:
(d(2) U d(y)) = a(y) < d(z)
(proof )

lemma a-sup-closed:
d(a(z) U a(y)) = a(z) U a(y)
(proof )

lemma a-mult-closed:

d(a(z) * a(y)) = a(z) * a(y)
{proof)

lemma d-a-shunting-zero:
d(z) x a(y) = bot +— d(z) < d(y)
(proof )

lemma d-d-shunting-zero:
d(z) * d(y) = bot +— d(z) < a(y)
(proof)

lemma d-compl-intro:
d(z) U d(y) = d(z) U a(z) * d(y)
(proof)

lemma a-compl-intro:
a(z) U a(y) = a(z) U d(z) = a(y)
(proof )

lemma kat-2:
y*a(z) < alz) * y = d(z) * y *x a(z) = bot
{proof)

lemma kat-3:
d(z) * y * a(z) = bot = d(z) * y = d(z) * y * d(z)
{proof)

lemma kat-4:
dz) » y=d(z) * y x d(z) = d(z) * y < y * d(2)
{proof)

lemma kat-2-equiv:
y*x a(z) < a(z) * y «— d(z) * y x a(z) = bot
(proof )

lemma kat-4-equiv:

d(z) » y=d(z) * y x d(z) +— d(z) x y < y * d(2)
(proof)
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lemma kat-3-equiv-opp:
a(z) x y * d(z) = bot +— y * d(z) = d(z) * y x d(z)
(proof)

lemma kat-4-equiv-opp:
yx d(z) = d(z) xy*x d(z) «— y*x d(z) < d(z) xy
(proof)

lemma d-restrict-iff:
(z < y) ¢ (z < d(z) * y)
(proof )

lemma d-restrict-iff-1:
(d(z) * y < z) «— (d(z) x y < d(z) * 2)
(proof)

end

end

23 Domain Iterings

theory Domain-Iterings
imports Domain Lattice-Ordered-Semirings Omega-Algebras
begin

class domain-semiring-lattice = left-zero-domain-semiring +
lattice-ordered-pre-left-semiring
begin

subclass bounded-idempotent-left-zero-semiring (proof)

lemma d-top:
d(top) = 1
(proof )

lemma mult-domain-top:
z * d(y) * top < d(z * y) * top
(proof)

lemma domain-meet-domain:
d(z M d(y) = z) < d(y)
(proof )

lemma meet-domain:

N d(y) « z=d(y) * (x 1 2)
(proof)
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lemma meet-intro-domain:
zNy=d(y) sxzNy
(proof)

lemma meet-domain-top:
xz M d(y) * top = d(y) * z
(proof )

proposition d(z) = z * top M 1 nitpick [expect=genuine,card=3] {proof)

lemma d-galois:
d(z) < d(y) «— = < d(y) * top
{proof)

lemma vector-meet:
zxtop My <d(z)*y
(proof)

end

class domain-semiring-lattice-L = domain-semiring-lattice + L +
assumes [1: % L = x % bot U d(z) x L
assumes [2: d(L) x ¢ < z * d(L)
assumes [3: d(L) x top < L U d(L * bot) * top
assumes l4: L x top < L
assumes [5: z x bot M L < (z M L) * bot
begin

lemma [§8:
(x ML) *bot <zxbotNL

(proof)

lemma [9:
z* bot ML < d(z * bot) x L

{proof)

lemma [10:
LxL=1L
(proof )

lemma [11:
dz) « L< xx L
(proof)

lemma [12:
d(z * bot) * L < z * bot

(proof)
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lemma [13:
d(z x bot) *x L < z
(proof )

lemma [1/:
z*x L <xx*bot UL

{proof)

lemma [15:
zxd(y) « L=axxbot U d(zx*y)*L

(proof)

lemma [16:
zxtopnl L <xzxL

(proof)

lemma [17:
d(z) « L < d(z % L) « L
(proof )

lemma [18:
d(z) « L=d(z * L) x L
{proof )

lemma [19:
d(z * top x bot) x L < d(z * L) * L
(proof )

lemma [20:
z<y+—z<yULAz<yUd(yx* bot) * top
(proof )

lemma [21:
d(z x bot) * L < z x bot M L

{proof)

lemma [22:
z x bot M L = d(z * bot) * L

{proof)

lemma [25:
zxtopN L=d(z)«L
(proof)

lemma [29:
Lxd(L)=1L
(proof )

lemma [30:
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d(L) x x < (x 1 L) U d(L * bot) * x
{proof)

lemma [51:
d(L) * z = (z M L) U d(L = bot) % x
(proof )

lemma 140:
Lxz <L

(proof)

lemma [41:
L x top =1L
(proof )

lemma [50:
x* bot ML= (xM L) x* bot

{proof)

lemma [51:
d(z * bot) * L = (z M L) * bot
(proof)

lemma [90:
Lxtopx L =1L
(proof)

lemma [91:
assumes r = z * top
shows d(L * bot) * x

{(proof)

IN

d(z * bot) * top

lemma [92:
assumes r = z * top
shows d(L * bot) * x

(proof)

IN

d((z M L) % bot) * top

end

class domain-itering-lattice-L = bounded-itering + domain-semiring-lattice-L
begin

lemma mult-L-cire:
(rxL)°=1Uzx*xL
(proof )

lemma mult-L-circ-mult-below:
(zx L *xy<yUzx*L
(proof )

169



lemma cire-L:
I°=LU 1
(proof)

lemma circ-d0-L:
x° * d(z * bot) * L = z° * bot
(proof )

lemma d0-circ-left-unfold:
d(z° * bot) = d(z * z° * bot)
(proof)

lemma d-circ-import:
d(y) * <z * d(y) = d(y) * 2° = d(y) * (d(y) * z)°
(proof)

end

class domain-omega-algebra-lattice-L = bounded-left-zero-omega-algebra +
domain-semiring-lattice-L
begin

lemma mult-L-star:
(zxL)y*=1Uzx*xL
(proof)

lemma mult-L-omega:
(zx L)Y <zxL
(proof )

lemma mult-L-sup-star:
(zx LUy =y Uy *xxxL
(proof)

lemma mult-L-sup-omega:
(zx LUy <y Uy xzxL

(proof)

end

sublocale domain-omega-algebra-lattice-L < dL-star: itering where circ = star

(proof)

sublocale domain-omega-algebra-lattice-L < dL-star: domain-itering-lattice-L
where circ = star (proof)

context domain-omega-algebra-lattice-L
begin
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lemma d0-star-below-d0-omega:
d(z* % bot) < d(z¥ * bot)
(proof)

lemma d0-below-d0-omega:
d(z * bot) < d(z¥ = bot)
(proof)

lemma star-L-split:
assumes y < z
and z x zx L < x % bot U z % L
shows z* x y « L < z* *x bot U 2z x L

(proof)

lemma star-L-split-same:
rxyx L<axxbot Uy« L=a"xyxL=a"«xbotUy=xlL
(proof )

lemma star-d-L-split-equal:
dz xy) < d(y) = 2% *x d(y) * L =a* * bot U d(y) = L
(proof)

lemma d0-omega-mult:
d(z¥ * y * bot) = d(z* * bot)
(proof)

lemma d-omega-export:
d(y) * z <z x d(y) = d(y) * ¥ = (d(y) * 2)°
(proof )

lemma d-omega-import:
d(y) * z <z * d(y) = d(y) » ¥ = d(y) * (d(y) * z)*
(proof)

lemma star-d-omega-top:
z* * d(z¥) * top = x* * bot U d(z*) * top
(proof)

lemma omega-meet-L:
M L=da) L
(proof )
proposition d-star-mult: d(z * y) < d(y) = d(z* * y) = d(z* * bot) U d(y)
(proof)
proposition d0-split-omega-omega: ¥ < z* * bot U d(z* M L)  top nitpick

[ezpect=genuine,card=2] (proof)

end
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end

24 Domain Recursion

theory Domain-Recursion

imports Domain-Iterings Approximation

begin

class domain-semiring-lattice-apx
assumes apz-def: t C y +— x

begin

lemma apz-transitive:
assumes z C gy
and y C z
shows z C 2

(proof)

lemma apz-meet-L:
assumes y C
shows M L < yML

(proof)

lemma sup-apz-left-isotone:
assumes z C gy
shows z Ll 2 C y U 2

(proof)

subclass apz-biorder
(proof)

lemma mult-apx-left-isotone:
assumes z L y
shows z % z C y % 2

(proof)

lemma mult-apz-right-isotone:
assumes z C y
shows z x x C 2z x y

(proof)

subclass apz-semiring
(proof )

lemma meet-L-apz-isotone:
rCy=zNLCynL

= domain-semiring-lattice-L + apr +

<

yULAdL) «y <zUd(x* bot) x top
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{proof)

definition kappa-apz-meet :: (‘a = 'a) = bool
where kappa-apz-meet f = apz.has-least-fizpoint f A has-apz-meet (i f) (v f)
Nef=pnfAvf

definition kappa-mu-nu :: (‘a = 'a) = bool
where kappa-mu-nu f = apz.has-least-fixzpoint f AN f =p fU (v f 1 L)

definition nu-below-mu-nu :: (‘a = 'a) = bool
where nu-below-mu-nu f = d(L) x v f < p fU (v f 11 L)Ud f * bot) * top

definition nu-below-mu-nu-2 :: (‘a = 'a) = bool
where nu-below-mu-nu-2 f = d(L) v f <pfU@fNL)udl(pfu@sfn
L)) * bot) * top

definition mu-nu-apz-nu :: (‘a = 'a) = bool
where mu-nu-apz-nu f =p fU (W fNL)Cvf

definition mu-nu-apz-meet :: ('a = ’a) = bool
where mu-nu-apz-meet f = has-apz-meet (u f) W) ApfAvf=pfUf
nkrL

definition apz-meet-below-nu :: (‘a = 'a) = bool
where apz-meet-below-nu f = has-apr-meet (u f) v ) ApfAvi<vf

lemma mu-below-1:
pf<ufu(wfnr
(proof )

lemma [-below-nu:
has-least-fizpoint f = has-greatest-fizpoint f = p fU (v fO L) < v f
(proof )

lemma n-l-nu:

has-least-fizpoint f = has-greatest-fixzpoint f — (p fU (v f L) N L=vf
nL

(proof )

lemma [-apz-mu:
pfUWfNL)Cuf
(proof )

lemma nu-below-mu-nu-nu-below-mu-nu-2:
assumes nu-below-mu-nu f
shows nu-below-mu-nu-2 f

{(proof)

lemma nu-below-mu-nu-2-nu-below-mu-nu:
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assumes has-least-fixpoint f
and has-greatest-fixpoint f
and nu-below-mu-nu-2 f

shows nu-below-mu-nu f

(proof)

lemma nu-below-mu-nu-equivalent:

has-least-fizpoint f = has-greatest-fizpoint f = (nu-below-mu-nu f «—
nu-below-mu-nu-2 f)

(proof )

lemma nu-below-mu-nu-2-mu-nu-apz-nu:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and nu-below-mu-nu-2 f
shows mu-nu-apz-nu f

(proof)

lemma mu-nu-apz-nu-mu-nu-apr-meet:
assumes mu-nu-apr-nu f
shows mu-nu-apz-meet f

(proof)

lemma mu-nu-apz-meet-apr-meet-below-nu:

has-least-fixpoint f = has-greatest-fizpoint f —> mu-nu-apz-meet [ —>
apz-meet-below-nu f

(proof)

lemma apa-meet-below-nu-nu-below-mu-nu-2:
assumes apz-meet-below-nu f
shows nu-below-mu-nu-2 f

(proof)

lemma has-apz-least-fixpoint-kappa-apr-meet:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and apz.has-least-fixrpoint f
shows kappa-apz-meet f

(proof)

lemma kappa-apz-meet-apr-meet-below-nu:
has-greatest-fixpoint f = kappa-apzr-meet f = apz-meet-below-nu f
(proof)

lemma apz-meet-below-nu-kappa-mu-nu:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and isotone f
and apz.isotone f
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and apz-meet-below-nu f
shows kappa-mu-nu f

(proof)

lemma kappa-mu-nu-has-apz-least-fixpoint:
kappa-mu-nu f = apx.has-least-fixpoint f
(proof)

lemma nu-below-mu-nu-kappa-mu-nu:

has-least-fixpoint f => has-greatest-fizpoint f = isotone f = apzx.isotone f
= nu-below-mu-nu f = kappa-mu-nu f

(proof)

lemma kappa-mu-nu-nu-below-mu-nu:

has-least-fixpoint f = has-greatest-fizpoint f = kappa-mu-nu [ =
nu-below-mu-nu f

(proof)

definition kappa-mu-nu-L :: (‘a = 'a) = bool

where kappa-mu-nu-L f = apz.has-least-fizpoint f A & f = p f U d(v f * bot) *
L
definition nu-below-mu-nu-L :: (‘a = 'a) = bool
where nu-below-mu-nu-L f = d(L) x v f < p f U d(v [ * bot) * top

definition mu-nu-apz-nu-L :: ('a = ’a) = bool
where mu-nu-apz-nu-L f = p f U d(v f x bot) * LC v f

definition mu-nu-apz-meet-L :: ('a = 'a) = bool
where mu-nu-apz-meet-L f = has-apz-meet (u f) W) ApfAvf=upfU
d(v f = bot) * L

lemma n-below-I:
zUd(y*xbot) * L<zU(ynL)
(proof )

lemma n-equal-I:
assumes nu-below-mu-nu-L f
showspy f U d(v f x bot) « L=p fU (v f1L)
(proof)

lemma nu-below-mu-nu-L-nu-below-mu-nu:
nu-below-mu-nu-L f = nu-below-mu-nu f
(proof )

lemma nu-below-mu-nu-L-kappa-mu-nu-L:
has-least-fixpoint f = has-greatest-fizpoint f = isotone f = apzx.isotone f
= nu-below-mu-nu-L f = kappa-mu-nu-L f

{proof)
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lemma nu-below-mu-nu-L-mu-nu-apx-nu-L:

has-least-fixpoint f = has-greatest-fixpoint f —> nu-below-mu-nu-L f =
mu-nu-apr-nu-L f

(proof )

lemma nu-below-mu-nu-L-mu-nu-apx-meet-L:

has-least-fixpoint f = has-greatest-fizpoint f —> nu-below-mu-nu-L f =
mu-nu-apzr-meet-L f

(proof )

lemma mu-nu-apz-nu-L-nu-below-mu-nu-L:
assumes has-least-fixpoint f
and has-greatest-fixpoint f
and mu-nu-apz-nu-L f
shows nu-below-mu-nu-L f

(proof)

lemma kappa-mu-nu-L-mu-nu-apz-nu-L:
has-greatest-fixpoint f = kappa-mu-nu-L f = mu-nu-apz-nu-L f
(proof )

lemma mu-nu-apzr-meet-L-mu-nu-apx-nu-L:

mu-nu-apr-meet-L f = mu-nu-apz-nu-L f

(proof )
lemma kappa-mu-nu-L-nu-below-mu-nu-L:

has-least-fixpoint f =—> has-greatest-fizpoint f —> kappa-mu-nu-L f —
nu-below-mu-nu-L f

(proof )

end

class itering-apr = domain-itering-lattice-L + domain-semiring-lattice-apx
begin

lemma circ-apx-isotone:

assumes r L y
shows z° C 3°
(proof)
end

class omega-algebra-apxr = domain-omega-algebra-lattice-L +
domain-semiring-lattice-apx

sublocale omega-algebra-apz < star: itering-apr where circ = star (proof)

context omega-algebra-apx
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begin

lemma omega-apz-isotone:
assumes z L y
shows z% C y¥

(proof)

lemma combined-apz-isotone:
rCy= (*NL)Uz**2C (y?NL)Uy**z2
(proof )

lemma d-split-nu-mu:

dL)* (y£WUy x2) <y xzU((yWUy *x2z)NL)Ud(yY Uy* * 2z)* bot) *
top
(proof)

lemma loop-exists:

dlysv Az .yxzUz2)<pAz.yxzU2)Uw QAz.yxzU2) N L)U
dlv (Az .y * z U 2) * bot) x top

{proof)

lemma loop-apz-least-fixpoint:

apz.is-least-firpoint Az . yxz U 2) (p Az .yxzU2z)U (v Az . y*xaz U 2z) M
L))

{proof)

lemma loop-has-apz-least-fixpoint:
apz.has-least-fixpoint (A\zx . y x = U 2)
(proof )

lemma loop-semantics:
kAz.yxzUz)=pQz.yxzUz) U (Ae.y*xalUz) ML)
(proof )

lemma loop-semantics-kappa-mu-nu:
EQz.yxzUz2) = NL)Uy" *xz
(proof)

lemma loop-semantics-kappa-mu-nu-domain:
kAz.yxazUz) =dy”)« LU y" %2z
(proof)

lemma loop-semantics-apz-isotone:
wEy=krx M. wxzU2)Cr(Ax.yx*xzU2)
(proof )

end

end
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25 Extended Designs

theory Fxtended-Designs
imports Omega-Algebras Domain
begin

class domain-semiring-L-below = left-zero-domain-semiring + L +
assumes L-left-zero-below: L x x < L
assumes mult-L-split: © « L = x * bot U d(z) * L

begin

lemma d-zero-mult-L:
d(z * bot) *x L < z
(proof)

lemma mult-L:
zx L <zxbotlUL

{proof)

lemma d-mult-L:
dz) « L< xx L
(proof )

lemma d-L-split:
zxd(y)* L=uaxx*botUd(zx*y)*L
{proof)

lemma d-mult-mult-L:
dlzxy)* L <zx*d(y) *L

(proof)
lemma L-L:

LxL=1L

(proof )
end

class antidomain-semiring-L = left-zero-antidomain-semiring + L +
assumes d-zero-mult-L: d(x * bot) * L < x
assumes d-L-zero  : d(L * bot) = 1
assumes mult-L cox L < xxbotlUL

begin

lemma L-left-zero:

Lxz=1
(proof)
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subclass domain-semiring-L-below
{proof )

end

class ed-below = bounded-left-zero-omega-algebra + domain-semiring-L-below +
Omega +

assumes Omega-def: 9 = d(z¥) * L U a*
begin

lemma Omega-isotone:
z <y = 1% <y?
(proof)

lemma star-below-Omega:
$* S mQ

(proof)

lemma one-below-Omega:
1< 2®

(proof)

lemma L-left-zero-star:

Lxax*=1
(proof )
lemma L-left-zero-Omega:
Lxz%=1L
(proof)

lemma mult-L-star:
(zxL)*=1Uxx*L

{proof)

lemma mult-L-omega-below:
(zx L) <zxL
(proof )

lemma mult-L-sup-star:
(cx LUy =y Uy *xaxxL
(proof )

lemma mult-L-sup-omega-below:
(zx LUy <y Uy xzxL
(proof)

lemma mult-L-sup-circ:
(z*x LUy =dy)* LUy Uy *zx*L
(proof)
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lemma circ-sup-d:
(2% % )2 % 2% = d((z* * »)¥) * LU ((z* % y)* * 2" U (2% % )* * d(z¥) * L)
(proof)

proposition mult-L-omega: (z *x L)¥ = x x L nitpick [ezpect=genuine,card=35]
(proof)

proposition mult-L-sup-omega: (z * L U y)¥ = y* U y* * = * L nitpick
[ezpect=genuine,card=5] (proof)

proposition d-Omega-circ-simulate-right-plus: z x © < y * y* x 2 U w = 2 *
2 < 4% % (2 U w x 2%) nitpick [ezpect=genuine,card=/] {proof)
proposition d-Omega-circ-simulate-left-plus: © x z < z % y* U w = 22 % z <
(z U 2% % w) * y* nitpick [expect=genuine,card=3] (proof)

end

class ed = ed-below +
assumes L-left-zero: L x x = L
begin

lemma mult-L-omega:
(xx L)Y =z %L
(proof)

lemma mult-L-sup-omega:
(zx LUy =9y Uy xzx*xL
(proof)

lemma d-Omega-circ-simulate-right-plus:
assumes z ¥ ¢ < y * y* * z U w
showsz*xﬂgyg*(zl_lw*w

(proof)

“)

lemma d-Omega-circ-simulate-left-plus:
assumes;c*zgz*yﬂl_lw
shows 7% x 2 < (z U 2% % w) * y

(proof)

Q

end

Theorem 2.5 and Theorem 50.4

sublocale ed < ed-omega: itering where circ = Omega
(proof )

sublocale ed < ed-star: itering where circ = star {proof)

class ed-2 = ed-below + antidomain-semiring-L + Omega
begin
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subclass ed
(proof )

end

end

26 Relative Domain

theory Relative-Domain
imports Tests
begin

class Z =
fixes Z :: 'a

class relative-domain-semiring = idempotent-left-semiring + dom + Z +
assumes d-restrict : x < d(z) x z U Z
assumes d-mult-d : d(z * y) = d(z * d(y))
assumes d-below-one: d(z) < 1
assumes d-Z 2 d(Z) = bot
assumes d-dist-sup : d(z U y) = d(z) U d(y)
assumes d-export : d(d(z) * y) = d(z) * d(y)

begin

lemma d-plus-one:
dlz) U 1 =1
(proof )

Theorem 44.2

lemma d-zero:
d(bot) = bot
(proof)

Theorem 44.3
lemma d-idempotent:
d(d(z)) = d(z)
(proof)

lemma d-fizpoint:
[y .z =d(y)) +— z = d(z)
(proof )

lemma d-type:
VP.NVz.z=d(z) — P(z)) +— (Vz . P(d(z)))
(proof )
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Theorem 44.4

lemma d-mult-sub:
d(z x y) < d(z)
(proof )

lemma d-sub-one:
<1 =z<dlz)UZ
(proof )

lemma d-one:
dlyuz=1u2Z
(proof)

Theorem 44.8
lemma d-strict:
d(z) = bot «— < Z
(proof)

Theorem 44.1
lemma d-isotone:
z < y=d(z) < d(y)
(proof )

lemma d-plus-left-upper-bound:
d(z) < d(z U y)
(proof )

lemma d-mult-idempotent:
d(z) * d(z) = d(z)
(proof)

Theorem 44.12
lemma d-least-left-preserver:
z<dy) *xzU Z+— d(z) < d(y)
(proof)

Theorem 44.9

lemma d-weak-locality:
rxy<Z+—zxdly <Z

(proof)

lemma d-sup-closed:
d(d(z) U d(y)) = d(z) U d(y)
(proof )

lemma d-mult-closed:

d(d(z) * d(y)) = d(z) * d(y)
(proof)

182



lemma d-mult-left-lower-bound:
d(z) * d(y) < d(z)
(proof)

lemma d-mult-left-absorb-sup:
d(z) * (d(z) U d(y)) = d(z)
(proof)

lemma d-sup-left-absorb-mult:
d(z) U d(z) * d(y) = d(=)
(proof)

lemma d-commutative:
d(z) = d(y) = d(y) = d(z)
(proof)

lemma d-mult-greatest-lower-bound:
d(z) < d(y) * d(2) «+— d(z) < d(y) A d(z) < d(2)
{proof )

lemma d-sup-left-dist-mult:

d(z) U d(y) * d(z) = (d(z) U d(y)) * (d(z) U d(2))
(proof )

lemma d-order:

d(z) < d(y) «— d(z) = d(z) * d(y)
(proof)

Theorem 44.6

lemma Z-mult-decreasing:
Zxx < Z

(proof )
Theorem 44.5

lemma d-below-d-one:
d(z) < d(1)
(proof)
Theorem 44.7

lemma d-relative-Z:
dlz)xzU Z=2UZ
(proof)

lemma Z-left-zero-above-one:
1 <z=Zxx=17
(proof )

Theorem 44.11

lemma kat-4:
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d(z) x y = d(z) x y x d(z) = d(z) * y < y x d(2)
{proof)

lemma kat-4-equiv:
d(z) « y=d(z) * y x d(z) +— d(z) x y < y * d(2)
(proof)

lemma kat-4-equiv-opp:
yxd(z) =d(z) xy*xdz) +— y*xdz) <d(z) xy
(proof )

Theorem 44.10

lemma d-restrict-iff-1:
dz) * y < z+— d(z) x y < d(z) * 2

(proof)

proposition d-restrict : © < d(z) * x U Z (proof)
proposition d-mult-d : d(z x y) = d(z * d(y)) (proof)
proposition d-below-one: d(z) < 1 (proof)

proposition d-Z : d(Z) = bot (proof)

proposition d-dist-sup : d(z U y) = d(z) U d(y) (proof)
proposition d-ezport : d(d(z) x y) = d(z) * d(y) (proof)

end

typedef (overloaded) ‘a dimage = { z::'a::relative-domain-semiring . (Jy::'a .
z=d(y)) }
(proof )

lemma simp-dImage[simpl:
Jy . Rep-dlmage z = d(y)
{proof)
setup-lifting type-definition-dImage
Theorem 44
instantiation dImage :: (relative-domain-semiring) bounded-distrib-lattice

begin

lift-definition sup-dImage :: 'a dlmage = 'a dImage = 'a dImage is sup
(proof )

lift-definition inf-dImage :: 'a dlmage = 'a dImage = 'a dImage is times
(proof )

lift-definition bot-dImage :: 'a dImage is bot
(proof )
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lift-definition top-dimage :: 'a dImage is d(1)
{proof)

lift-definition less-eq-dImage :: 'a dImage = 'a dImage = bool is less-eq {proof)
lift-definition less-dImage :: 'a dImage = 'a dImage = bool is less {proof)

instance
(proof)

end

class bounded-relative-domain-semiring = relative-domain-semiring +
bounded-idempotent-left-semiring

begin

lemma Z-top:
Z x top = 7
(proof)

lemma d-restrict-top:
z < d(z) *x top U Z
(proof )

proposition d-one-one: d(1) = 1 nitpick [expect=genuine,card=2] (proof)
end
class relative-domain-semiring-split = relative-domain-semiring +
assumes split-Z: z x (yU Z) <z xyU Z
begin
lemma d-restrict-iff:
(z<yUZ)+— (z<d(z)*xylL 2Z)
(proof)

end

class relative-antidomain-semiring = idempotent-left-semiring + dom + Z +
uminus +

assumes a-restrict : —x x x < Z
assumes a-mult-d : —(z x y) = —(x * ——y)
assumes a-complement: —x x ——x = bot
assumes a-Z =7 =1
assumes a-export : —(——z*xy) = —z U —y
assumes a-dist-sup : —(z U y) = —z x —y
assumes d-def cd(z) = ——x

begin
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notation
uminus (sa»)

Theorem 45.7

lemma a-complement-one:
——z U —-2x=1
(proof )

Theorem 45.5 and Theorem 45.6

lemma a-d-closed:
d(a(z)) = a(z)
(proof)

lemma a-below-one:
a(z) < 1
(proof)

lemma a-ezport-a:
a(a(z) * y) = d(z) U a(y)
(proof)

lemma a-sup-absorb:

(z U a(y)) * aa(y)) = = * a(a(y))
{proof)

Theorem 45.10

lemma a-greatest-left-absorber:
a(z) * y < Z +— a(z) < a(y)
(proof)

lemma a-plus-left-lower-bound:

a(z U y) < a(x)
(proof)

Theorem 45.2

subclass relative-domain-semiring
{proof )

Theorem 45.1

subclass tests
(proof )

lemma a-plus-mult-d:
—(z*y) U —(zx ——y) = —(z % ——y)
(proof)

lemma a-mult-d-2:
a(z * y) = a(z = d(y))
(proof )
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lemma qa-3:
a(z) * a(y) * d(z U y) = bot
{proof)

lemma a-fizpoint:
Ve . (a(z) =2 — Vy .y = bot))
{proof)

Theorem 45.9
lemma a-strict:
alz) =1+—2< 7
(proof )

lemma d-complement-zero:
d(z) x a(x) = bot
(proof)

lemma a-complement-zero:
a(z) * d(z) = bot
(proof )

lemma a-shunting-zero:
a(z) * d(y) = bot +— a(z) < a(y)
(proof)

lemma a-antitone:
z < y= a(y) < a(z)
(proof )

lemma a-mult-deMorgan:
a(a(z) * a(y)) = d(z U y)
(proof)

lemma a-mult-deMorgan-1:
a(a(z) * a(y)) = d(z) U d(y)
(proof)

lemma a-mult-deMorgan-2:
a(d(z) * d(y)) = a(z) U a(y)
(proof )

lemma a-plus-deMorgan:
a(a(z) U a(y)) = d(z) * d(y)
(proof)

lemma a-plus-deMorgan-1:

a(d(z) U d(y)) = a(z) * a(y)
(proof )
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Theorem 45.8

lemma a-mult-left-upper-bound:
a(z) < a(z * y)
(proof )

Theorem 45.6
lemma d-a-closed:

a(d(z)) = a(z)

(proof)

lemma a-export-d:
a(d(z)  y) = a(z) U a(y)
(proof)

lemma a-7:

d(z) * a(d(y) U d(2)) = d(z) * a(y) * a(2)

{proof)

lemma d-a-shunting:

d(z) * a(y) < d(z) «— d(z) < d(z) U d(y)

{proof)

lemma d-d-shunting:

d(z) * d(y) < d(z) «— d(z) < d(2) U a(y)

{proof)

lemma d-cancellation-1:
d(z) < d(y) U (d(z) * a(y))
(proof)

lemma d-cancellation-2:
(d(2) U d(y)) = a(y) < d(z)
(proof )

lemma a-sup-closed:
d(a(z) U a(y)) = a(z) U a(y)
(proof)

lemma a-mult-closed:
d(a(z) * a(y)) = a(z) * a(y)
(proof)

lemma d-a-shunting-zero:
d(z) x a(y) = bot +— d(z) < d(y)
(proof )

lemma d-d-shunting-zero:
d(z) * d(y) = bot +— d(z) < a(y)
(proof)
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lemma d-compl-intro:
d(z) U d(y) = d(z) U a(z) * d(y)
(proof )

lemma a-compl-intro:
a(z) U a(y) = a(z) U d(z) * a(y)
(proof )

lemma kat-2:
y*xa(z) < alz) * y = d(z) * y *x a(z) = bot
{proof )

Theorem 45.4

lemma kat-2-equiv:
yx a(z) < a(z) x y +— d(z) * y x a(z) = bot
{proof)

lemma kat-3-equiv-opp:
a(z) x y * d(z) = bot +— y * d(z) = d(2) * y x d(z)
(proof )

Theorem 45.4

lemma kat-3-equiv-opp-2:
d(z) x y x a(z) = bot +— y * a(z) = a(2) * y * a(z)
(proof)

lemma kat-equiv-6:
d(z) * y * a(z) = d(z) * y * bot +— d(z) *x y * a(z) < y * bot
(proof)

lemma d-one-one:
d(1) =1
(proof )

lemma case-split-left-sup:
—px < yYN—prxz<z=z<ylUz
(proof )

lemma test-mult-left-sub-dist-shunt:
—px(——pxzUZ)< Z
(proof)

lemma test-mult-left-dist-shunt:
—px(——pxaxUZ)=—-p=xZ
(proof)

proposition a-restrict : —x x & < Z (proof)
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proposition a-mult-d : —(z x y) = —(z * ——y) (proof)

proposition a-complement: —z x ——z = bot (proof)
proposition a-Z i —Z =1 (proof)

proposition a-export : —(——z % y) = —z U —y (proof)
proposition a-dist-sup : —(z U y) = —x x —y (proof)
proposition d-def :d(z) = ——z {(proof)

end

typedef (overloaded) ‘a almage = { z::'a::relative-antidomain-semiring .

Gyi'a. v = aly)) }
(proof)

lemma simp-almage[simpl:
3y . Rep-almage © = a(y)
(proof )

setup-lifting type-definition-almage
Theorem 45.3

instantiation almage :: (relative-antidomain-semiring) boolean-algebra
begin

lift-definition sup-almage :: 'a almage = 'a almage = 'a almage is sup
(proof )

lift-definition inf-almage :: 'a almage = 'a almage = ’a almage is times
(proof)

lift-definition minus-almage :: 'a almage = 'a almage = 'a almage is Az y . x

* a(y)
(proof)

lift-definition uminus-almage :: ‘a almage = 'a almage is a
(proof )

lift-definition bot-almage :: 'a almage is bot
(proof)

lift-definition top-almage :: 'a almage is 1
(proof)

lift-definition less-eg-almage :: 'a almage = 'a almage = bool is less-eq {proof)
lift-definition less-almage :: 'a almage = 'a almage = bool is less {proof)

instance
(proof )
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end

class bounded-relative-antidomain-semiring = relative-antidomain-semiring +
bounded-idempotent-left-semiring

begin

subclass bounded-relative-domain-semiring (proof)

lemma a-top:

a(top) = bot
(proof )
lemma d-top:
d(top) = 1
(proof)

lemma shunting-top-1:
—prxrx<y=z< ——pxtoply
{proof )

lemma shunting-Z:
—prxr < Z<4+—x< ——pxtopl Z
{proof )

proposition a-left-dist-sup: —p * (y U z2) = —p * y U —p * z nitpick
[ezpect=genuine,card="7] {proof)

proposition shunting-top: —p *x x < y +— =z < ——p * top U y nitpick
[expect=genuine,card="7] {proof)

end

class relative-left-zero-antidomain-semiring = relative-antidomain-semiring +
idempotent-left-zero-semiring
begin

lemma kat-3:
d(z) * y *x a(z) = bot = d(z) x y = d(z) * y x d(2)
(proof )

lemma a-a-below:
a(a(z)) *y <y
(proof)

lemma kat-equiv-5:
d(z) x y < yx d(z) «— d(z) * y x a(z) = d(z) * y * bot
(proof)

lemma case-split-right-sup:
T* —ply=zcx ——p<z=—zx<ylz
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{proof)

end

class bounded-relative-left-zero-antidomain-semiring =
relative-left-zero-antidomain-semiring + bounded-idempotent-left-zero-semiring
begin

lemma shunting-top:
—prxz<y+— < ——px*toplUy
(proof)

end

end

27 Relative Modal Operators

theory Relative-Modal
imports Relative-Domain
begin

class relative-diamond-semiring = relative-domain-semiring + diamond +
assumes diamond-def: |x>y = d(z * y)
begin

lemma diamond-z-1:
lz>1 = d(z)
(proof)

lemma diamond-z-d:
lz>d(y) = d(z = y)
(proof)

lemma diamond-z-und:
lz>d(y) = [z>y
(proof )

lemma diamond-d-closed:
2>y = d( [z>y)
(proof )

Theorem 46.11

lemma diamond-bot-y:
|bot>y = bot
(proof)
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lemma diamond-1-y:
[ 1>y = d(y)
{proof )

Theorem 46.12

lemma diamond-1-d:

[1>d(y) = d(y)
(proof )

Theorem 46.10

lemma diamond-d-y:
|d(z)>y = d(z) * d(y)
(proof )

Theorem 46.11

lemma diamond-d-bot:
|d(z)>bot = bot
(proof )

Theorem 46.12

lemma diamond-d-1:
|d(z)>1 = d(z)
(proof )

lemma diamond-d-d:

|d(z)>d(y) = d(z) * d(y)
(proof)

Theorem 46.12

lemma diamond-d-d-same:
|d(z)>d(z) = d()
(proof)

Theorem 46.2

lemma diamond-left-dist-sup:
lz U y>z = |z>2 U |y>2
{proof)

Theorem 46.3

lemma diamond-right-sub-dist-sup:
lz>y U |z>z < |z>(y U 2)
(proof)

Theorem 46.4

lemma diamond-associative:
|z % y>z = |[2>(y * 2)
(proof )

Theorem 46.4

193



lemma diamond-left-mult:
|z % y>z = |[z>|y>z
{proof)

lemma diamond-right-mult:
[2>(y * 2) = [z>[y>2
(proof )

Theorem 46.6

lemma diamond-d-export:
|d(z) * y>z = d(z) * |[y>=z
(proof)

lemma diamond-diamond-export:
l[z>y>z = |o>y * [2>1
(proof)

Theorem 46.1

lemma diamond-left-isotone:
z<y=|z>z < |y>z
(proof )

Theorem 46.1

lemma diamond-right-isotone:
y <z = |z>y < |z>z
(proof )

lemma diamond-isotone:
w<y=z<z= |w>z < |y>z
(proof)

lemma diamond-left-upper-bound:
lz>y < |z U 2>y
(proof )

lemma diamond-right-upper-bound:
lz>y < |a>(y U 2)

(proof)

lemma diamond-lower-bound-right:
|z>(d(y) * d(2)) < [z>d(y)
(proof )

lemma diamond-lower-bound-left:
|z>(d(y) * d(2)) < |z>d(z)
(proof )

Theorem 46.5

lemma diamond-right-sub-dist-mult:
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[z>(d(y) * d(2)) < |z>d(y) * |z>d(2)
(proof)

Theorem 46.13
lemma diamond-demodalisation-1:
dz) * [y>2 < Z ¢+ d(z) x y x d(2) < Z
(proof)
Theorem 46.14

lemma diamond-demodalisation-3:
lz>y < d(z) «— z* d(y) < d(z) xz U Z
(proof )

Theorem 46.6

lemma diamond-d-export-2:
|d(z) * y>z = d(z) * |d(z) * y>z
(proof )

Theorem 46.7
lemma diamond-d-promote:
|z * d(y)>z = [z * d(y)>(d(y) * 2)
(proof )

Theorem 46.8
lemma diamond-d-import-iff:
d(z) < |y>z +— d(z) < |d(z) * y>z
(proof)

Theorem 46.9
lemma diamond-d-import-iff-2:
d(z) * d(y) < |z>w «— d(z) * d(y) < |d(y) * z>w
(proof )

end

class relative-box-semiring = relative-diamond-semiring +
relative-antidomain-semiring + box +

assumes box-def: |z]y = a(z * a(y))
begin

Theorem 47.1

lemma boz-diamond:
[zly = a( [2>a(y))
(proof )

Theorem 47.2

lemma diamond-box:
2>y = a( |z]a(y))
(proof)
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lemma boz-z-bot:
|z]bot = a(z)
(proof)

lemma boz-z-1:
|z]1 = a(z * bot)
(proof )

lemma boz-z-d:
|z]d(y) = a(z * a(y))
(proof)

lemma boz-z-und:
|z]d(y) = [z]y
(proof)

lemma boz-z-a:
|z]a(y) = a(z * y)
(proof )

Theorem 47.15

lemma box-bot-y:
|bot]y = 1
(proof)

lemma box-1-y:
1]y = d(y)
(proof )

Theorem 47.16

lemma boz-1-d:

[1]d(y) = d(y)
(proof)
lemma boz-1-a:
[1]a(y) = a(y)
(proof)

lemma box-d-y:
|d(2)]y = a(z) U d(y)
{proof )

lemma box-a-y:
|a(z)]y = d(z) U d(y)
(proof)

Theorem 47.14

lemma boz-d-bot:
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|d(z)]bot = a(x)
{proof)

lemma boz-a-bot:
la(z)]bot = d(x)
(proof )
Theorem 47.15

lemma boz-d-1:

ld(z)]1 =1
(proof)
lemma boz-a-1:
la(z)]1 = 1
(proof)

Theorem 47.13

lemma boz-d-d:
|d(2)]d(y) = a(z) U d(y)
(proof)

lemma boz-a-d:
la(z)]d(y) = d(z) U d(y)
(proof)

lemma boz-d-a:
|d(2)]a(y) = a(z) U a(y)
(proof)

lemma boz-a-a:
la(z)]a(y) = d(z) U a(y)
(proof )

Theorem 47.15

lemma boz-d-d-same:

|d(z)]d(z) = 1
(proof)

lemma boz-a-a-same:
la(z)]a(z) = 1
(proof )

Theorem 47.16

lemma boz-d-below-box:
d(z) < |d(y)]d(z)
(proof)

lemma boz-d-closed:
2]y = d( |z]y)
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{proof)

lemma box-deMorgan-1:
a( |zly) = [z>a(y)
(proof )

lemma box-deMorgan-2:
a( |z>y) = |z]a(y)
(proof )

Theorem 47.5

lemma box-left-dist-sup:
|z U ylz = |z]z * [y]2
(proof)

lemma box-right-dist-sup:
z(y U 2) = a(z * a(y) * a(2))
(proof )

lemma boz-associative:
|z % ylz = a(z * y * a(2))
(proof)
Theorem 47.6

lemma box-left-mult:
|z * ylz = |z]|y]2
(proof)

lemma box-right-mult:
|z)(y = 2) = a(z * ay * 2))
(proof)

Theorem 47.7

lemma boz-right-submult-d-d:

|2](d(y) * d(2)) < [z]d(y) * |2]d(2)

{proof)

lemma box-right-submult-a-d:

|z](a(y) * d(2)) < |a]a(y) * [z]d(2)

{proof)

lemma box-right-submult-d-a:

|2)(d(y) * a(2)) < []d(y) * |]a(z)

{proof)

lemma box-right-submult-a-a:

|z)(a(y) * a(2)) < |2]a(y) * [z]a(2)

(proof )
Theorem 47.8
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lemma box-d-export:
|d(z) * ylz = a(z) U |y]z
(proof)

lemma box-a-export:
la(z) = y]z = d(z) U [y]z
(proof)

Theorem 47.4

lemma bozx-left-antitone:
y <z =]z < [ylz
(proof )

Theorem 47.3

lemma box-right-isotone:
y < z= |zly < |a]z
(proof )

lemma boz-antitone-isotone:
y<w=z<z= |wz <|ylz
(proof)

lemma diamond-1-a:
[1>a(y) = a(y)
(proof )

lemma diamond-a-y:
|a(z)>y = a(z) * d(y)
(proof )

lemma diamond-a-bot:
|a(z)>bot = bot
(proof)

lemma diamond-a-1:
la(z)>1 = a(x)
(proof )

lemma diamond-a-d:
la(z)>d(y) = a(z) * d(y)
(proof)

lemma diamond-d-a:
|d(z)>a(y) = d(z) * a(y)
(proof)

lemma diamond-a-a:

la(z)>a(y) = a(z) * a(y)
(proof)

199



lemma diamond-a-a-same:
la(z)>a(z) = a(x)
(proof)

lemma diamond-a-export:
la(z) * y>2z = a(z) * |y>z
(proof )

lemma a-box-a-a:
a(p) * |a(p)la(q) = a(p) * a(q)
(proof)

lemma box-left-lower-bound:
|z U ylz < |z]z
(proof )

lemma bozx-right-upper-bound:
|zy < |z](y U 2)
(proof )

lemma box-lower-bound-right:
|z](d(y) * d(z)) < |z]d(y)
(proof)

lemma box-lower-bound-left:

|2](d(y) * d(2)) < []d(2)
(proof)

Theorem 47.9

lemma boz-d-import:
d(z) * [ylz = d(z) * |d(z) * y|z
(proof)

Theorem 47.10

lemma boz-d-promote:

|z % d(y)lz = |z x d(y)l(d(y) * 2)
(proof)

Theorem 47.11
lemma box-d-import-iff:
d(z) < |ylz «— d(z) < |d(z) * y]z
(proof )
Theorem 47.12

lemma box-d-import-iff-2:
d(z) * d(y) < |zJw «— d(z) * d(y) < [d(y) * z]w
(proof )

Theorem 47.20
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lemma boz-demodalisation-2:
“p<|Yl(—=q) = —p*rxyx ——q< Z
(proof )

lemma box-right-sub-dist-sup:
|z]d(y) U |z}d(z) < |2](d(y) U d(2))
(proof)

lemma box-diff-var:
|z)(d(y) U a(2)) * |z]d(z) < |z]d(z)
(proof)

Theorem 47.19

lemma diamond-demodalisation-2:
lz>y < d(2) +— a(z) x . x d(y) < Z
(proof )

Theorem 47.17

lemma boz-below-Z2:
(lz]y) * z % a(y) < Z
(proof)

Theorem 47.18

lemma box-partial-correctness:
|z]1 = 1 +— z % bot < Z
(proof)

lemma diamond-split:
lz>y = d(2) * |z>y U a(z) * |[2>y
(proof)

lemma boz-import-shunting:
—p* —q < |z](=7) «—= —q < |=p * a](-7)
(proof )

proposition boz-dist-mult: |z](d(y) * d(z)) = |z](d(y)) * |z](d(z)) nitpick
[ezpect=genuine,card=6] (proof)

proposition boz-demodalisation-3: d(z) < |yld(z) — d(z) * y < y * d(z) U Z
nitpick [ezpect=genuine,card=6] (proof)

proposition fboz-diff: |z](d(y) U a(z)) < |z]y U a( |z]z) nitpick
[ezpect=genuine,card=6] (proof)

proposition diamond-diff: x>y * a( |z>2) < |z>(d(y) * a(z)) nitpick
[expect=genuine,card=6] {proof)

proposition diamond-diff-var: |z>d(y) < |z>(d(y) * a(z)) U |z>d(z) nitpick
[ezpect=genuine,card=6] (proof)

end

class relative-left-zero-diamond-semiring = relative-diamond-semiring +
relative-domain-semiring + idempotent-left-zero-semiring
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begin

lemma diamond-right-dist-sup:
lz>(y U 2) = |z>y U |z>2
(proof )

end

class relative-left-zero-boz-semiring = relative-box-semiring +
relative-left-zero-antidomain-semiring
begin

subclass relative-left-zero-diamond-semiring (proof)

lemma box-right-mult-d-d:
|z](d(y) * d(z)) = |z]d(y) * [z]d(z)
(proof)

lemma box-right-mult-a-d:
|z)(a(y) * d(2)) = |z]a(y) * |2]d(2)

(proof)

lemma box-right-mult-d-a:
|z)(d(y) = a(z)) = |2]d(y) * |z]a(2)
(proof )

lemma box-right-mult-a-a:
|z](a(y) * a(2)) = [z]a(y) * |z]a(z)
(proof)

lemma boz-demodalisation-3:
assumes d(z) < |y]d(z)
shows d(z) * y <y x d(2) U Z
(proof)

lemma fboz-diff:
|z](d(y) U a(2)) < |z]y U a( |z]2)
(proof)

lemma diamond-diff-var:
[z>d(y) < [z>(d(y) * a(2)) U [z>d(2)
(proof )

lemma diamond-diff:
2>y * a( [z>2) < [z>(d(y) * a(2))
(proof )

end
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end

28 Complete Tests

theory Complete-Tests
imports Tests
begin

class complete-tests = tests + Sup + Inf +

assumes sup-test: test-set A — Sup A = ——Sup A

assumes sup-upper: test-set ANz € A — < Sup A

assumes sup-least: test-set A N (Vz€A .z < —y) — Sup A < —y
begin

lemma Sup-isotone:
test-set B=— A C B— Sup A < Sup B

{proof)

lemma mult-right-dist-sup:
assumes test-set A
shows Sup A x —p=Sup{zx —p|z.2z€ A}
(proof)

lemma mult-left-dist-sup:

assumes test-set A

shows —px Sup A=Sup { —pxz|z.2x€ A}
(proof)

definition Sum :: (nat = 'a) = 'a
where Sum f = Sup { fn | ninat . True }

lemma Sum-test:
test-seq t = Sum t = ——Sum t

(proof)

lemma Sum-upper:
test-seqt =t x < Sum t

{proof)

lemma Sum-least:
test-seqt = (Vn .tn < —p) = Sumt < —p
(proof)

lemma mult-right-dist-Sum:
test-seqt => (Vn .tnx*x —p < —q) = Sumt*x —p< —q
(proof)
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lemma mult-left-dist-Sum:
test-segt = (Vn . —pxitn< —q) = —px*x Sumt < —¢q
(proof )

lemma pSum-below-Sum:
test-seq t = pSum t m < Sum t

{proof)

lemma pSum-sup:
assumes test-seq t
shows pSum t m = Sup { ti|i.i¢€ {.<m} }
(proof)

definition Prod :: (nat = 'a) = 'a
where Prod f = Inf { fn | nunat . True }

lemma Sum-range:
Sum f = Sup (range f)
(proof)

lemma Prod-range:
Prod f = Inf (range f)
(proof)

end

end

29 Complete Domain

theory Complete-Domain
imports Relative-Domain Complete-Tests
begin

class complete-antidomain-semiring = relative-antidomain-semiring +
complete-tests +
assumes a-dist-Sum: ascending-chain f — —(Sum f) = Prod (An . —f n)
assumes a-dist-Prod: descending-chain f — —(Prod f) = Sum (An . —f n)
begin

lemma a-ascending-chain:
ascending-chain f = descending-chain (An . —f n)
(proof )

lemma a-descending-chain:
descending-chain f = ascending-chain (An . —f n)
(proof )
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lemma d-dist-Sum:
ascending-chain f = d(Sum f) = Sum (An . d(f n))
{proof)

lemma d-dist-Prod:
descending-chain f = d(Prod f) = Prod (An . d(f n))

(proof)
end

end

30 Preconditions

theory Preconditions
imports Tests
begin

class pre =
fixes pre :: 'a = 'a = 'a (infixr ««» 55)

class precondition = tests + pre +
assumes pre-closed: t«—q = ——(z4—q)
assumes pre-seq: TxYLK—q = TLYLK—q
assumes pre-lower-bound-right: t«—px—q < x«—q
assumes pre-one-increasing: —q < 1«—q
begin

Theorem 39.2

lemma pre-sub-distr:
zi—px—q < (z«—p)*(z4—q)
(proof )
Theorem 39.5

lemma pre-below-one:
z4—p < 1

{proof)

lemma pre-lower-bound-left:
Th—px—q < TK—pP
(proof)

Theorem 39.1

lemma pre-iso:
—p < —q¢ = 24—p < TK—q
{proof)
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Theorem 39.4 and Theorem 40.9

lemma pre-below-pre-one:
Tz4—p <zl

(proof )
Theorem 39.3

lemma pre-seq-below-pre-one:
rxy«l < z«l

(proof )
Theorem 39.6

lemma pre-compose:
—p < z¢—q = —q S yk—1r = —p < THYLK—T
(proof )

proposition pre-test-test: —px(—p«—q) = —px—gq nitpick
[ezpect=genuine,card=2] (proof)

proposition pre-test-promote: —p«—q = —p«—px—q nitpick
[ezpect=genuine,card=2] (proof)

proposition pre-test: —p«—q = ——pll—q nitpick [ezpect=genuine,card=2]
(proof)

proposition pre-test: —p«—q = —p+—q nitpick [expect=genuine,card=2]
{proof )

proposition pre-distr-mult: x«—px—q = (z«—p)*(z¢—q) nitpick
[expect=genuine,card=4] {proof)
proposition pre-distr-plus: x«—plU—q = (z«—p)*(z«—q) nitpick
[ezpect=genuine,card=2] (proof)

end

class precondition-test-test = precondition +
assumes pre-test-test: —px(—p«—q) = —p*x—q
begin

lemma pre-one:
I«—p=—p
(proof )

lemma pre-import:
—px(T4—q) = —px(—p*rTC—Qq)
(proof)

lemma pre-import-composition:
—px(—prrxy«—q) = —px(T4y«—q)
(proof )

lemma pre-import-equiv:

—p < z4—q — —p < —p*kTL—q
{proof)
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lemma pre-import-equiv-mult:
—px—q < TE—8§ — —px—q < —q*xTL—S
(proof )

proposition pre-test-promote: —p«—q = —p«—px—q nitpick
[expect=genuine,card=2] {proof)

proposition pre-test: —p«—q = ——pli—q nitpick [ezpect=genuine,card=2]
(proof)

proposition pre-test: —p«—q = —p+—q nitpick [expect=genuine,card=2]
(proof)

proposition pre-distr-mult: z«—px—q = (z«—p)*(z«—q) nitpick
[expect=genuine,card=4] {proof)
proposition pre-distr-plus: x«—pl—q = (z«—p)*(z«—q) nitpick
[ezpect=genuine,card=2] (proof)

end

class precondition-promote = precondition +
assumes pre-test-promote: —ps—q = —p&—px—q
begin

lemma pre-mult-test-promote:
Tx—PL—q = Tx—PL—px—q
(proof )

proposition pre-test-test: —px(—p«—q) = —px—q nitpick
[expect=genuine,card=2] {proof)

proposition pre-test: —p«—q = ——pll—q nitpick [ezpect=genuine,card=2]
(proof)

proposition pre-test: —p«—q = —p+—q nitpick [expect=genuine,card=2]
(proof)

proposition pre-distr-mult: z«—px—q = (z«—p)*(z«—q) nitpick
[expect=genuine,card=4] {proof)
proposition pre-distr-plus: x«—plU—q = (z«—p)*(z«—q) nitpick
[ezpect=genuine,card=2] (proof)

end

class precondition-test-box = precondition +

assumes pre-test: —p«—q = ——pll—q
begin
lemma pre-test-neg:

——p*(—p«—q) = ——p

{proof)

lemma pre-bot:
bot«—q = 1
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{proof)

lemma pre-export:
—pxrs—q = ——pU(z«—q)
(proof )

lemma pre-neg-mult:

——p < —pFRrK—(q
(proof )

lemma pre-test-test-same:
—ps—p =1
(proof)

lemma test-below-pre-test-mult:
—q < —p«—px—q
(proof )

lemma test-below-pre-test:
—q < —ps—q
(proof )

lemma test-below-pre-test-2:

——P < —pL—q
(proof )
lemma pre-test-bot:
—p«bot = ——p
(proof)
lemma pre-test-one:
—p«l =1
(proof)
subclass precondition-test-test
(proof )
subclass precondition-promote
(proof)
proposition pre-test: —p«—q = —p+—q nitpick [expect=genuine,card=2]
(proof)

proposition pre-distr-mult: x«—px—q = (z«—p)*(z«—q) (proof)
proposition pre-distr-plus: x«—pl—q = (z«—p)*(z«—q) nitpick
[expect=genuine,card=2] {proof)

end

class precondition-test-diamond = precondition +
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assumes pre-test: —p«—q = —px—q

begin

lemma pre-test-neg:
——p*(—p«—q) = bot
(proof)

lemma pre-bot:
bot«—q = bot
(proof )

lemma pre-export:
—pxxs—q = —px(zK—q)
(proof)

lemma pre-neg-mult:
—prT4—q < —p
(proof)

lemma pre-test-test-same:
—p&—p = —p
(proof )

lemma test-above-pre-test-plus:
——p«—pl—qg < —¢
(proof )

lemma test-above-pre-test:
—p4—q = —¢q
(proof )

lemma test-above-pre-test-2:
—p«—q = —p

(proof )

lemma pre-test-bot:
—p«bot = bot
(proof )

lemma pre-test-one:
—p«l = —p
(proof )

subclass precondition-test-test
(proof)

subclass precondition-promote
(proof)
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proposition pre-test: —p«—q = ——pll—q nitpick [ezpect=genuine,card=2]
(proof)

proposition pre-distr-mult: z«—px—q = (z«—p)*(z«—q) nitpick
[ezpect=genuine,card=6] (proof)

proposition pre-distr-plus: x«—pl—q = (z«—p)*(z«—q) nitpick
[expect=genuine,card=2] {proof)

end

class precondition-distr-mult = precondition +
assumes pre-distr-mult: x«—px—q = (x«—p)*(z4—q)
begin

proposition pre-test-test: —p*(—p«—q) = —px—q nitpick
[ezpect=genuine,card=2] (proof)

proposition pre-test-promote: —p«—q = —p«—px—q nitpick
[ezpect=genuine,card=2] (proof)

proposition pre-test: —p«—q = ——pl—q nitpick [ezpect=genuine,card=2]
(proof)

proposition pre-test: —p«—q = —p+—q nitpick [expect=genuine,card=2]
(proof)

proposition pre-distr-plus: x«—pl—q = (z«—p)*(z«—q) nitpick
[expect=genuine,card=2] {proof)

end

class precondition-distr-plus = precondition +
assumes pre-distr-plus: z«—plU—q = (z«—p)U(z«—q)
begin

proposition pre-test-test: —px(—p«—q) = —px—q nitpick
[ezpect=genuine,card=2] (proof)

proposition pre-test-promote: —p«—q = —p«—p*—q nitpick
[expect=genuine,card=2] {proof)

proposition pre-test: —p«—q = ——pli—q nitpick [ezpect=genuine,card=2]
(proof)

proposition pre-test: —p«—q = —p+—q nitpick [expect=genuine,card=2]
(proof)

proposition pre-distr-mult: z«—px—q = (z«—p)*(z«—q) nitpick
[ezpect=genuine,card=4] {proof)

end

end

31 Hoare Calculus

theory Hoare

210



imports Complete-Tests Preconditions
begin

class ite =
fixes ite :: 'a = 'a = 'a = 'a (k- < - 1> - [58,58,58] 57)

class hoare-triple =
fixes hoare-triple :: 'a = 'a = 'a = bool (- { - [} - [54,54,54] 53)

class ifthenelse = precondition + ite +
assumes ite-pre: <1—p>y«—q = —px(z«—q) U ——p*x(y«—q)
begin

Theorem 40.2
lemma ite-pre-then:

—pr(z<a—pByi—q) = —pr(z<—q)
(proof)

Theorem 40.3
lemma ite-pre-else:
——px(z<—p>y«—q) = ——px(y«—q)
(proof)

lemma ite-import-mult-then:
—px—q < =T = —px—q < z]I—p>YL—T
(proof)
lemma ite-import-mult-else:
——px—q < Yk—1r = ——pkx—q < zI—p>yY«—r
(proof)
Theorem 40.1

lemma ite-import-mult:
—px—q < Th—T = ——p*x—q < Y«—1r = —q < zI—p>yYL—r
(proof )

end

class whiledo = ifthenelse + while +

assumes while-pre: —pxz«—q = —px(z«—p*xr¢—q) U ——px—q
assumes while-post: —pxr«—q = —pxT&——px—q
begin

Theorem 40.4

lemma while-pre-then:
—px(—prz4—q) = —pr(T4—p*rr8—q)
(proof )

Theorem 40.5
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lemma while-pre-else:
——px(—prac—q) = ——px—q
(proof)

Theorem 40.6

lemma while-pre-sub-1:
—pkzi—q < Tx(—pxz)<I—p>14—q
(proof)

Theorem 40.7

lemma while-pre-sub-2:
—pxzh—q < 2I—p>1«—pxTd—q

(proof )
Theorem 40.8

lemma while-pre-compl:
—=P < —pXTL——p

(proof)
lemma while-pre-compl-one:

——p < —p*x«l

(proof)

Theorem 40.10

lemma while-export-equiv:
—q < —prx«l — —px—q < —prx«l
(proof )

lemma nat-test-pre:
assumes nat-test t s
and —qg < s
and Vn . t nx—px—q < z4¢pSum t nx—q
shows —q < —pxz«——px—q

{(proof)

lemma nat-test-pre-1:
assumes nat-test t s
and —r < s
and —r < —¢q
and Vn . t nx—px—q < z4pSum t nx—q
shows —r < —pxz«——px—q

(proof)

lemma nat-test-pre-2:
assumes nat-test t s
and —r < s
and Vn . t nx—p < z«pSum t n
shows —r < —pxz«1

(proof)
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lemma nat-test-pre-3:
assumes nat-test t s
and —¢ < s
and Vn . t nx—px—q < z«pSum t nx—q
shows —q < —pxz«1

(proof)

definition alL :: ‘a
where al = 1x1«1

lemma al-test:
al = ——al
(proof)

end

class atoms = tests +
fixes Atomic-program :: 'a set
fixes Atomic-test :: 'a set
assumes one-atomic-program: 1 € Atomic-program
assumes zero-atomic-test: bot € Atomic-test
assumes atomic-test-test: p € Atomic-test — p = ——p

class while-program = whiledo + atoms + power
begin

inductive-set Test-expression :: 'a set
where atom-test: p € Atomic-test = p € Test-expression
| neg-test: p € Test-expression = —p € Test-expression
| conj-test: p € Test-expression = q € Test-expression = pxq €
Test-expression

lemma test-expression-test:
p € Test-expression =—> p = ——p
{proof)

lemma disj-test:
p € Test-expression —> q € Test-expression —> pllq € Test-expression
(proof)

lemma zero-test-expression:
bot € Test-expression

{proof)

lemma one-test-expression:
1 € Test-expression

(proof)
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lemma pSum-test-expression:
(Vn . tn € Test-expression) => pSum t m € Test-expression
{proof )

inductive-set While-program :: 'a set
where atom-prog: x € Atomic-program —> x € While-program

| seg-prog: x € While-program — y € While-program —> zxy €
While-program

| cond-prog: p € Test-expression = x € While-program —> y €
While-program —> x<ip>y € While-program

| while-prog: p € Test-expression = x € While-program =—> pkxzx €
While-program

lemma one-while-program:
1 € While-program
(proof )

lemma power-while-program:
x € While-program —> x~m € While-program
(proof )

inductive-set Pre-expression :: 'a set
where test-pre: p € Test-expression =—> p € Pre-expression
| neg-pre: p € Pre-expression =—> —p € Pre-expression
| conj-pre: p € Pre-expression = q € Pre-expression = pxq €
Pre-expression
| pre-pre: p € Pre-expression => x € While-program = x«p €
Pre-expression

lemma pre-expression-test:
p € Pre-expression — p = ——p
(proof )

lemma disj-pre:
p € Pre-expression =—> q € Pre-expression =—> pllq € Pre-expression
(proof )

lemma zero-pre-expression:
bot € Pre-expression

{proof)

lemma one-pre-expression:
1 € Pre-expression

{proof)

lemma pSum-pre-expression:
(Vn . tn € Pre-expression) = pSum t m € Pre-expression
(proof)
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lemma alL-pre-expression:
aL € Pre-expression

{proof)

end

class hoare-calculus = while-program + complete-tests
begin

definition tfun :: 'a = ‘a = 'a = 'a = 'a
where tfun p z gr = p U (x«g*r)

lemma tfun-test:
p=——p=q=——q=r=——"=>tfunprqr=——tfunpzqr

(proof)

lemma tfun-pre-expression:
x € While-program = p € Pre-expression = q € Pre-expression = r €
Pre-expression = tfun p © q r € Pre-expression

{proof)

lemma tfun-iso:
p=—p=—q=——q=—>r=——T"=—s5=——s=—=r < s=t{funprqr
<tfunpzqs
(proof )

definition tseq :: ‘a = 'a = 'a = 'a = nat = 'a
where tseqpx grm = (tfunpxq “m) r

lemma tseq-test:

P=—pP=—(q=——qQ—>T=——T=>1ls€qprqrm=——tseqprqrm
(proof )
lemma tseq-test-seq:
p=——p=q=——q=>r=——1 = test-seq (tseqp x q )
(proof )

lemma tseq-pre-expression:
x € While-program =—> p € Pre-expression =—> q € Pre-expression =—> r €
Pre-expression = tseq p x ¢ r m € Pre-expression

{proof)

definition tsum :: '‘a = 'a = 'a = 'a = 'a
where tsum p x g r = Sum (tseq p x q )

lemma tsum-test:

p=——p=—>q=——q=—>T=——T" = tlSumprqr=——tsumprqr
{proof)
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lemma t-fun-test:

g = ——q = tfun (—p) z (pxz«q) (—pU(z«(p*z«q)*al)) = ——tfun (—p) z
(pz(:zr<<q])c>(—pl_l(x«(p*x«q)*aL))
proo,

lemma t-fun-pre-expression:
x € While-program —> p € Test-expression =—> q € Pre-expression =—> tfun
(=p) = (pxz«q) (—pU(z«(prxz«q)*al)) € Pre-expression

{proof)
lemma t-seqg-test:

g =——q = tseq (—p) z (pxx«q) (—pU(z«(pxz«q)*al)) m = ——tseq (—p) x
(pxz«q) (—pU(z«(prrcq)*al)) m

{proof)
lemma t-seg-test-seq:

g = ——q = test-seq (tseq (—p) z (pxz«q) (—pU(z«(p*z4q)*al)))

(proof)

lemma t-seq-pre-expression:
x € While-program = p € Test-expression =—> q € Pre-expression = lseq
(=p) = (pxx«q) (—pU(z«(pxx«q)*al)) m € Pre-expression

(proof )
lemma t-sum-test:

g = ——q = tsum (—p) z (pxx«q) (—pU(z«(pxr«q)*al)) = ——tsum (—p) z
(pxx«q) (—pU(z«(prxz«q)*al))

(proof )

definition tfun2 :: 'a = ‘a = '‘a = '‘a = ‘a = a
where tfun2 p gz rs = p U gx(z«rxs)

lemma tfun2-test:
p=——p=>q=——q=—=>1r=—T="38§=——5s=tfun2pqrrs=
——tfun2pqxrs
(proof )

lemma tfun2-pre-expression:
x € While-program =—> p € Pre-expression =—> q € Pre-expression =—> r €
Pre-expression = s € Pre-expression = tfun2 p q x r s € Pre-expression

{proof)

lemma tfun2-iso:

p=—pP=—=q=—"q@qQ=>71=—T"= 8] = ——5] = 2 = ——s2 = sl
<82 = tfun2pqxrsl <tfun2pqzrsl
(proof)

definition tseq2 :: '"a = 'a = 'a = 'a = 'a = nat = 'a
where tseq2p gz rsm = (tfun2p gz r " m) s
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lemma tseq2-test:

pP=——pP=>(@=——(@q=>Tr=——T=>5=——5s=>tseg2 pqgrrsm=
——tseg2 pgqrrsm
(proof)
lemma tseq2-test-seq:
p=——p=—=q=——q=T=——17=—§=——5 = lest-seq (Iseg2 p qz r s)
(proof)

lemma tseq2-pre-expression:
x € While-program =—> p € Pre-expression =—> q € Pre-expression =—> r €
Pre-expression => s € Pre-expression = tseq2 p q x v s m € Pre-expression

{proof)

definition tsum2 :: 'a = 'a = 'a = 'a = 'a = 'a
where tsum2p gz r s = Sum (tseqg2 p q x 1 s)

lemma tsum2-test:

P=——p=q=——q=T=—T=8§=——85=>tsum2pqrrs=
——tsum2pqxrs

(proof )
lemma t-fun2-test:

p=——p= q=——q = tfun2 (—pxq) p z (pxr4q)
(—prqUpx(z«(prz«q)*xal)) = ——tfun2 (—pxq) p x (pxrkq)
(—pxqUp*(z«(pxz«q)*al))

(proof )

lemma t-fun2-pre-expression:

x € While-program = p € Test-expression = q € Pre-expression = tfun2
(—=pxq) p x (prx«q) (—pxqUpx(z«(prx«q)*al)) € Pre-expression

(proof )

lemma t-seq2-test:

p=——p= q=——q=>tseq2 (—pxq) p = (pxz4q)
(—prqUpx(z«(prz«q)xal)) m = ——tseq2 (—pxq) p x (pxrKq)
(—p*qUpx(z«(prT4q)*al)) m

(proof)
lemma t-seq2-test-seq:

p=——p = q=——q = test-seq (tseq2 (—pxq) p = (pxx«q)
(—pxqUp*(z«(pxz4q)*al)))

(proof)

lemma t-seq2-pre-expression:

x € While-program —> p € Test-expression =—> q € Pre-expression —> tseq?2
(=pxq) p x (pxx«q) (—pxqUpx(z«(pxz«q)*xal)) m € Pre-expression

(proof )
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lemma t-sum2-test:

p=——p= q=——q= tsum2 (—pxq) p x (prz«q)
(—prqUpx(z«(pkz4 q)xal)) = ——tsum2 (—pxq) p z (pxx4q)
(—prqUpx(z«(prz« q)*al))

(proof)

lemma t-seq2-below-t-seq:
assumes p € Test-expression
and g € Pre-expression
shows tseq2 (—pxq) p © (pxz«q) (—pxqUpx(z«(pxz«q)*al)) m < tseq (—p)
(pxz«q) (—pU(z«(prrcq)*al)) m
{proof)

lemma t-seq2-below-t-sum:

p € Test-expression =—> q € Pre-expression = © € While-program — tseq2
(=pxq) p z (pxx«q) (—pxqUpx(z«(pxx«q)*al)) m < tsum (—p) z (pxr«q)
(—pU(z«(pxz«q)*al))

(proof)

lemma t-sum2-below-t-sum:

p € Test-expression = q € Pre-expression = = € While-program —> tsum?2
(—pxq) p z (pxx«q) (—pxgUpx(z«(pxx«q)*al)) < tsum (—p) x (pxz«q)
(—pU(z«(pxz«q)*al))

(proof )

lemma t-seq2-below-w:

p € Test-expression =—> q € Pre-expression =—> © € While-program —> tseq2
(—p*q) p = (prx«q) (—prqUpx(z«(prxz4q)*al)) m < prz«q

(proof )

lemma t-sum2-below-w:

p € Test-expression = q € Pre-expression = x € While-program —> tsum?2
(—pxq) p x (pxx«q) (—pxqUpx(z«(pxx«q)*al)) < pxr«q

(proof )

lemma t-sum2-w:
assumes al = 1
and p € Test-expression
and ¢q € Pre-expression
and z € While-program
shows tsum2 (—pxq) p x (pxx«q) (—pxqUpx(z«(pra«q)*al)) = pkz4q
(proof)

inductive derived-hoare-triple :: 'a = 'a = 'a = bool («- ( - |) - [54,54,54] 53)
where atom-trip: p € Pre-expression = = € Atomic-program = z«p(z|p
| seqg-trip:  p(z)g A qQy)r = p(axy)r
| cond-trip: p € Test-expression —> q € Pre-expression = pxq(z)r A
—pxq(y)r = q(z<ap>y)r
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| while-trip: p € Test-expression = q € Pre-expression = test-seq t N q <
Sum t = t Oxpxq(z)alxqg = (VY n>0 . t nxpxq(z)pSum t nxq) =
q(pxz)—pxq

| cons-trip: p € Pre-expression = s € Pre-expression = p < ¢ A q(z)r
= r < s = p(z|)s

lemma derived-type:
p(z)g = p € Pre-expression A\ q € Pre-expression N\ x € While-program

{proof)

lemma cons-pre-trip:
p € Pre-expression => q(y)r = pxq(y)r
{proof)

lemma cons-post-trip:
q € Pre-expression =—> r € Pre-expression = p(y) gxr — p(y)r

(proof)

definition valid-hoare-triple :: 'a = 'a = 'a = bool («- { - ) - [54,54,54] 53)
where p(z)q = (p € Pre-expression A q € Pre-expression N\ x € While-program
A p < z4q)

end

class hoare-calculus-sound = hoare-calculus +
assumes while-soundness: —px—q < t«—q — alx—q < —pkrd—q
begin

lemma while-soundness-0:
—px—q < z«—q = —gxal < —prkr——p*x—q

(proof)

lemma while-soundness-1:
assumes test-seq t
and —¢ < Sum ¢
and ¢ O0x—px—q < x«alx—q
and Vn>0 . t nx—px—q < z«pSum t nx—q
shows —q < —pxz«——px—q
(proof)

lemma while-soundness-2:
assumes test-seq t
and —r < Sum t
and Vn . t nx—p < z«pSum t n
shows —r < —pxz«1

(proof)

theorem soundness:
p(z)g = p(x)q
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{proof)

end

class hoare-calculus-pre-complete = hoare-calculus +

assumes aL-pre-import: (x«—q)xal < z«—g*al

assumes pre-right-dist-Sum: v € While-program A ascending-chain t N test-seq
t — z«Sum t = Sum (An . z«t n)
begin

lemma alL-pre-import-equal:
(z¢«—q)xaL = (z«—q*al)xalL
(proof)

lemma aL-pre-below-t-seq2:
assumes p € Test-expression
and q € Pre-expression
shows (pxz«q)*al < tseq? (—pxq) p z (pxx«q) (—pxqUpx(x«(pxz«q)*al)) 0
(proof)

lemma t-seq2-ascending:
assumes p € Test-expression
and ¢q € Pre-expression
and z € While-program
shows tseq2 (—pxq) p x (pxx«q) (—pxqUpx(x«(pxx«q)*al)) m < tseq?
(—pxq) p = (prz4q) (—prqUpx(z«(prz<q)*al)) (Suc m)
{proof)

lemma t-seq2-ascending-chain:
p € Test-expression = q € Pre-expression = x € While-program —
ascending-chain (tseq2 (—pxq) p ¢ (pxx«q) (—pxqUp*(z«(pxz«q)*al)))
(proof )

end

class hoare-calculus-complete = hoare-calculus-pre-complete +
assumes while-completeness: —px(z«—q) < —q — —prz«—q < —qUal
begin

lemma while-completeness-var:
assumes —px(z«—q)U—r < —¢q
shows —pxz«—1r < —qUalL

(proof)

lemma while-completeness-sum:
assumes p € Test-expression
and g € Pre-expression
and z € While-program
shows pxz«q < tsum (—p) = (pxz«q) (—pU(z«(pxxrcq)*al))
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(proof)

lemma while-complete:
assumes p € Test-expression
and q € Pre-expression
and z € While-program
and V r& Pre-expression . x«r(z))r
shows pxz«q(pxz|q

(proof)

lemma pre-completeness:
x € While-program — q € Pre-expression —> z«q(z))q

{proof)

theorem completeness:
p(z)qg = plz)q
(proof )

end

class hoare-calculus-sound-complete = hoare-calculus-sound +
hoare-calculus-complete
begin

Theorem 41

theorem soundness-completeness:
plz)q < p(z)q
(proof )

end

class hoare-rules = whiledo + complete-tests + hoare-triple +
assumes rule-pre:  z«—q{z}—q
assumes rule-seq:  —p{zfp—q A —q{yf}—r — —p{zxy}—r
assumes rule-cond: —px—q{zff—r A ——px—g{y}—r — —q{a<—p>y}—r
assumes rule-while: test-seq t A —q < Sum t A t Ox—px—q¢{zfalx—q A (¥ n>0
.t nx—px—q{zfpSum t nx—q) — —q¢{—przf——px—q
assumes rule-cons: —p < —q A —q{zf—r A —r < —s — —p{z]}—s
assumes rule-disj: —p{z}—r AN —¢{z}—s — —pU—g¢{z}—rU—s
begin

lemma rule-cons-pre:
—p < —q = —q{z}—-r = —p{z}—r
(proof )

lemma rule-cons-pre-mult:

—{z}—r = —px—q{z}—r
(proof )
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lemma rule-cons-pre-plus:
—pl—q{zlt—r — —p{af—r
(proof)

lemma rule-cons-post:
—{zf-r = —r < —s = —q{z}—s
(proof )

lemma rule-cons-post-mult:
—q{z}—rx—s = —q{z}—s
(proof)

lemma rule-cons-post-plus:
—¢{z}—r = —q{z}}—ru-s

(proof)

lemma rule-disj-pre:
—plaf—r = —gfal—r = —pu—q{z}-r
{proof )

end

class hoare-calculus-valid = hoare-calculus-sound-complete + hoare-triple +
assumes hoare-triple-valid: —p{zff—q +— —p < 2¢—¢q
begin

lemma valid-hoare-triple-same:

p € Pre-expression =—> q € Pre-expression =—> © € While-program —> p{zlftq
= plz)q

(proof)

lemma derived-hoare-triple-same:

p € Pre-expression = q € Pre-expression => x € While-program = p{zl ¢
= plzq

(proof)

lemma valid-rule-disj:
assumes —p{z}—r

and —q{zf}—s
shows —plU—g{z}—rU—s
(proof)

subclass hoare-rules
(proof )

lemma nat-test-rule-while:

nat-test t s = —q < s = (Vn . t nx—px—q{zf}pSum t nx—q) =
—q{—pxzl——px—q

(proof )
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lemma test-seq-rule-while:

test-seq t = —q < Sum t = t Ox—px—q{zffalx—q = (Vn>0 . ¢
nx—px—q{zfpSum t nx—q) = —q{—p*af——px—q

(proof )

lemma rule-bot:
bot{z}—p
(proof)

lemma rule-skip:
—p{1}-p
(proof)

lemma rule-example-4:
assumes test-seq t
and Sum t = 1
and t Ox—plx—p3 = bot
and —p1{z1[}—pl*—p2
and Vn>0 . ¢ nx—plx—p2%x—p3{22}pSum t nx—plx—p2
shows —p1{z1*(—p3*22)}—p2%——p3
(proof)

end

class hoare-calculus-pc-2 = hoare-calculus-sound + hoare-calculus-pre-complete +
assumes al-one: al = 1
begin

subclass hoare-calculus-sound-complete
(proof )

lemma while-soundness-pc:
assumes —px—q < TL—q
shows —q < —pxx«——px—q

(proof)

end
class hoare-calculus-pc = hoare-calculus-sound + hoare-calculus-pre-complete +
assumes pre-one-one: x«1 = 1

begin

subclass hoare-calculus-pc-2
(proof)

end

class hoare-calculus-pc-valid = hoare-calculus-pc + hoare-calculus-valid
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begin

lemma rule-while-pc:
—pr—q{alt—q = —q{—pra}——px—q
(proof )

lemma rule-alternation:
—plzb—¢ = —dyl—p = —p{—rxaxy}——rx—p
(proof)

lemma rule-alternation-context:

—plol—p = —p{ul-—¢ = —d{z}—9 = —{ylt-p A —p{2}-p =
—p{—rxvxwkzkyrzf——rx—p

(proof)

lemma rule-example-3:
assumes —px—q{zf}——px—q
and ——px—r{z}—px—r
and —px—r{y}—pr—q
and ——px—q{z}——px—r
shows —px—qli——px—r{—skz*(y<i—p>2) [} ——sx(—px— qU——px—71)

(proof)

end

class hoare-calculus-tc = hoare-calculus + precondition-test-test +
precondition-distr-mult +

assumes while-bnd: p € Test-expression N q € Pre-expression N x €
While-program — pxxz«q < Sum (An . (pxx) n«bot)
begin

lemma
assumes p € Test-expression
and ¢q € Pre-expression
and z € While-program
shows pxx«q < tsum (—p) z (pxz«q) (—pU(a«(pxx«q)*al))

(proof)

end

class complete-pre = complete-tests + precondition + power
begin

definition bnd :: 'a = 'a
where bnd © = Sup { " n«bot | ni:nat . True }

lemma bnd-test-set:
test-set { " n«bot | ninat . True }

{proof)
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lemma bnd-test:
bnd r = ——bnd x

{proof)

lemma bnd-upper:
" m«bot < bnd z

(proof)

lemma bnd-least:
assumes Vn . z n«bot < —p
shows bnd z < —p

(proof)

lemma mult-right-dist-bnd:
assumes Vn . (z n«bot)x—p < —¢q
shows bnd zx—p < —¢q

(proof)

lemma tests-complete:
nat-test (An . (—p*z) n«bot) (bnd(—p*z))
(proof )

end

end

32 Hoare Calculus and Modal Operators

theory Hoare-Modal

imports Stone-Kleene-Relation-Algebras. Kleene-Algebras Complete-Domain
Hoare Relative-Modal

begin

class box-precondition = relative-box-semiring + pre +
assumes pre-def: z«p = |z]p
begin

Theorem 47

subclass precondition
(proof)

subclass precondition-test-test
(proof )

subclass precondition-promote
(proof)
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subclass precondition-test-box
(proof)

lemma pre-Z:
—p<xk—q— —pxr*x —q < 7
(proof)

lemma pre-left-dist-add:
zUy«—q = (z«—q) * (y«—q)
(proof)

lemma pre-left-antitone:
TS Y = yk—q < 18—q

(proof)

lemma pre-promote-neg:
(z«—q) x 2% ——q < Z
(proof )

lemma pre-pc-Z:
x4l = 1 < x * bot < Z
(proof)

proposition pre-sub-promote: (z«—q) * © < (z¢—q) * £ * —q U Z nitpick
[ezpect=genuine,card=6] (proof)

proposition pre-promote: (z«—q) * x U Z = (z«—q) * x * —¢ U Z nitpick
[expect=genuine,card=6] {proof)

proposition pre-mult-sub-promote: (zxy«—q) * x < (zxy«—q) * = * (y«—q) U Z
nitpick [ezpect=genuine,card=6] (proof)

proposition pre-mult-promote: (zxy«—q) * z * (y«—q) U Z = (zxy«—q) * z U Z
nitpick [expect=genuine,card=6] (proof)

end

class left-zero-boz-precondition = boz-precondition +
relative-left-zero-antidomain-semiring
begin

lemma pre-sub-promote:
(z¢—q) x x < (z¢—q) x z % —qU Z
(proof)

lemma pre-promote:
(z¢—q) xx U Z = (z¢—q) xx*x —qU Z
(proof)

lemma pre-mult-sub-promote:
(zxy«—q) x ¢ < (zxy«—q) x = x (y«—q) U Z
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{proof)

lemma pre-mult-promote-sub:
(zxys«—q) * ¢ * (y«—q) < (T*y«—q) *
(proof)

lemma pre-mult-promote:
(zxy«—q) * = x (y«—q) U Z = (zxy«—q) x z U Z
(proof)

end

class diamond-precondition = relative-box-semiring + pre +
assumes pre-def: z4p = |z>p
begin

Theorem 47

subclass precondition
(proof )

subclass precondition-test-test
(proof)

subclass precondition-promote
(proof)

subclass precondition-test-diamond
(proof )

lemma pre-left-dist-add:
zUy«—q = (z¢—q) U (y«—q)
(proof)

lemma pre-left-isotone:
T <y = z4—q < Y«—q
(proof)

end

class box-while = boz-precondition + bounded-left-conway-semiring + ite + while
_|_

assumes ite-def: z<pby=pxax L —p=x*y

assumes while-def: pxz = (p * 2)° x —p
begin

subclass bounded-relative-antidomain-semiring {proof)
lemma Z-circ-left-zero:

Zx3° =7
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{proof)

subclass ifthenelse
(proof )

Theorem 48.1

subclass whiledo
(proof)

lemma pre-while-1:
—px(—p*z)«1 = —prz«l
(proof)

lemma alL-one-cire:
al = a(1°xbot)
(proof )

end

class diamond-while = diamond-precondition + bounded-left-conway-semiring +
ite + while +

assumes ite-def: z<Ip>y=p*xz U —px*xy

assumes while-def: pxz = (p * 2)° * —p
begin

subclass bounded-relative-antidomain-semiring (proof)

lemma Z-circ-left-zero:
Zx1° =17
(proof )

subclass ifthenelse
(proof)

Theorem 48.2

subclass whiledo
(proof)

lemma alL-one-circe:
al = d(1°xbot)
(proof )

end

class box-while-program = boz-while + atoms
begin

subclass while-program (proof)
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end

class diamond-while-program = diamond-while + atoms
begin

subclass while-program (proof)
end

class bozx-hoare-calculus = box-while-program + complete-antidomain-semiring
begin

subclass hoare-calculus (proof)
end

class diamond-hoare-calculus = diamond-while-program +
complete-antidomain-semiring
begin

subclass hoare-calculus {proof)
end

class box-hoare-sound = box-hoare-calculus + relative-domain-semiring-split +
left-kleene-conway-semiring +

assumes al-circ: al x 2° < z*
begin

lemma alL-circ-ext:
|z*)y < |aL * z°ly
(proof)

lemma boz-star-induct:
assumes —p < |z](—p)
shows —p < |z*](—p)

(proof)

lemma boz-circ-induct:
—p < |z](=p) = —pxal < [2°](—p)
(proof)

lemma a-while-soundness:
assumes —px—q < |z](—¢q)
shows alx—q < |(—p*z)®*——p|(—q)
(proof)

subclass hoare-calculus-sound

{proof)
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end

class diamond-hoare-sound = diamond-hoare-calculus +
left-kleene-conway-semiring +

assumes al-circ: al x 2° < z*
begin

lemma al-circ-equal:
all x x° = al * x*

(proof)

lemma alL-zero:
al, = bot

(proof)

subclass hoare-calculus-sound
(proof )

end

class box-hoare-complete = box-hoare-calculus + left-kleene-conway-semiring +
assumes boz-circ-induct-2: —px|z](—q) < —q¢ — |z°](—p) < —gUalL
assumes al-zero-or-one: aL = bot V alL = 1
assumes while-mult-left-dist-Prod: x € While-program N descending-chain t N

test-seq t — xxProd t = Prod (An . xxt n)

begin

subclass hoare-calculus-complete
(proof )

end

class diamond-hoare-complete = diamond-hoare-calculus +
relative-domain-semiring-split + left-kleene-conway-semiring +

assumes dL-circ: —aLxz° < z*

assumes al-zero-or-one: al = bot V aL = 1

assumes while-mult-left-dist-Sum: © € While-program A ascending-chain t N
test-seq t —> xxSum t = Sum (An . zxt n)
begin

lemma diamond-star-induct-var:
assumes |[z>(d p) < dp
shows |[z*>(d p) < dp
(proof)

lemma diamond-star-induct:

dqUla>(dp) <dp= |z*>(dq) < dp
(proof)
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lemma while-completeness-1:
assumes —px(z¢«—q) < —¢q
shows —pxz«—q < —qUal

(proof)

subclass hoare-calculus-complete
(proof)

end

class box-hoare-valid = box-hoare-sound + box-hoare-complete + hoare-triple +
assumes hoare-triple-def: p{zftq +— p < |2]q
begin

Theorem 49.2

subclass hoare-calculus-valid
(proof)

lemma rule-skip-valid:
—p{1}—p
(proof)

end

class diamond-hoare-valid = diamond-hoare-sound + diamond-hoare-complete +
hoare-triple +

assumes hoare-triple-def: p{zftq +— p < |z>¢
begin

lemma circ-star-equal:
xo — x*
(proof )
Theorem 49.1

subclass hoare-calculus-valid
(proof)

end
class diamond-hoare-sound-2 = diamond-hoare-calculus +
left-kleene-conway-semiring +

assumes diamond-circ-induct-2: ——px—q < |[z>(—q) — al*x—q < |2°>(—p)
begin

subclass hoare-calculus-sound
(proof )

end
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class diamond-hoare-valid-2 = diamond-hoare-sound-2 +
diamond-hoare-complete + hoare-triple +

assumes hoare-triple-def: p{zftq +— p < |z>¢
begin

subclass hoare-calculus-valid
(proof )

end

end

33 Pre-Post Specifications

theory Pre-Post
imports Preconditions
begin

class pre-post =
fixes pre-post :: 'a = 'a = 'a (infix 1> 55)

class pre-post-spec-greatest = bounded-idempotent-left-semiring + precondition +
pre-post +

assumes pre-post-galois: —p < r«—q +— v < —pd—q
begin

Theorem 42.1
lemma post-pre-left-antitone:
TS Y = ys—q S 18—q
(proof )

lemma pre-left-sub-dist:
zUy«—q < x4—q
(proof)

Theorem 42.2

lemma pre-post-left-antitone:
—p < —q= —qd-r < —pi-r
(proof )

lemma pre-post-left-sub-dist:
—pl—gid—r < —pH—r
(proof)

lemma pre-post-left-sup-dist:
—pi—r < —px—qd—r
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(proof )

Theorem 42.5
lemma pre-pre-post:
z < (z«—p)d—p

(proof )

Theorem 42.6

lemma pre-post-pre:
—p < (=pi=q)«—q
(proof)

Theorem 42.8

lemma pre-post-zero-top:
bot+4—q = top
(proof )

Theorem 42.7
lemma pre-post-pre-one:
(14—q)«—q =1
(proof)

Theorem 42.3
lemma pre-post-right-isotone:
—p < —q¢= —rd=p < —ri—gq
(proof)

lemma pre-post-right-sub-dist:
—r4—p < —r4—pl—gq
(proof )

lemma pre-post-right-sup-dist:
—rd—px—q < —r-4—p
(proof)

Theorem 42.7

lemma pre-post-reflexive:
1< —pi-p
(proof)

Theorem 42.9

lemma pre-post-compose:
—q¢ < —r = (—pA—q)x(—rd—s) < —p-d—s
{proof)

Theorem 42.10

lemma pre-post-compose-1:
(=pA=q@)*(—gqi—r) < —p-—r
(proof)
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Theorem 42.11
lemma pre-post-compose-2:
(=pA=p)x(—pi—q) = —pi—¢
(proof)

Theorem 42.12
lemma pre-post-compose-3:

(=pA=q@)*(—q1—q) = —p-—q¢
(proof )

Theorem 42.13
lemma pre-post-compose-4:

(=pA=p)x(—=pi—p) = —p7-p
(proof )

Theorem 42.14
lemma pre-post-one-one:
6l =1 «— x < 141
(proof )

Theorem 42.4
lemma post-pre-left-dist-sup:

zUy«—q = (z¢—q)*(y«—q)
(proof)

proposition pre-post-right-dist-sup: —p-4—qU—r = (—pd—¢) U (—p-—r) nitpick
[ezpect=genuine,card=4] {proof)

end

class pre-post-spec-greatest-2 = pre-post-spec-greatest + precondition-test-test
begin

subclass precondition-test-box
(proof)

lemma pre-post-seq-sub-associative:
(=pA—q)x—r < —p-d—gx—r
(proof )

lemma pre-post-right-import-mult:
(=pA—q@)x—r = (—pi—gx—r)i—r
(proof)

lemma seq-pre-post-sub-associative:
—r¥(—pi—q) < ——rl-p-—q
(proof)

lemma pre-post-left-import-sup:
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—rx(=pi—q) = —rx(=—rl—pi—q)
(proof)

lemma pre-post-import-same:
—px(—pi—q) = —px(1-—q)

(proof )

lemma pre-post-import-complement:
——p*(—=p—q) = ——pxtop
(proof)

lemma pre-post-export:
—pi—q = (17—q) U ——pxtop
(proof)

lemma pre-post-left-dist-mult:
—px—qi—r = (—pi-r) U (—qi=r)

(proof)

lemma pre-post-left-import-mult:
—rk(—pd—gq) = —r*(—rx—p-d—q)
(proof)

lemma pre-post-right-import-sup:
(=pA=q)x—r = (=pi—qU——r)*—r
(proof )

lemma pre-post-shunting:
z < —px—qid—r +— —prz < —g—r
(proof)
proposition pre-post-right-dist-sup: —p1—qU—r = (—p-1—q) U (—p-—r) (proof)

end

class left-zero-pre-post-spec-greatest-2 = pre-post-spec-greatest-2 +
bounded-idempotent-left-zero-semiring
begin
lemma pre-post-right-dist-sup:
—pAi—gqu—r = (=pi=q) U (=p--7)
{proof )

end

class havoc =
fixes H :: 'a

class idempotent-left-semiring-H = bounded-idempotent-left-semiring + havoc +
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assumes H-zero : H x bot = bot
assumes H-split: x < = % bot U H
begin

lemma H-galois:
zxbot <y<+— 2z <yUH
(proof)

lemma H-greatest-finite:
T * bot = bot +—— z < H

(proof)

lemma H-reflexive:
1 <H
(proof )

lemma H-transitive:
H=H~xH
(proof )

lemma T-split-H:
top x bot U H = top
(proof )

proposition H x (z U y) = H x 2 U H x y nitpick [expect=genuine,card=06]
(proof)

end

class pre-post-spec-least = bounded-idempotent-left-semiring +
precondition-test-test + precondition-promote + pre-post +
assumes test-mult-right-distr-sup: —p x (z U y) = —pxxz U —p x y
assumes pre-post-galois: —p < x¢—q +— —p1—q¢ < x
begin

lemma shunting-top:
—prxzrx S ys<— <yl ——p=xtop

(proof)

lemma post-pre-left-isotone:
T < y= x2—q < y«—q
(proof )

lemma pre-left-sub-dist:
z¢«—q < zUy«—q
(proof )

lemma pre-post-left-isotone:
—p < —q= —pi-—r < —qi-r
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{proof)

lemma pre-post-left-sub-dist:
—p—r < —pU—qi—r
(proof )

lemma pre-post-left-sup-dist:
—px—qid—r < —pd—r
(proof)

lemma pre-pre-post:
(z«—p)H=p <z
(proof)

lemma pre-post-pre:
—p < (=pi—q)«—¢
(proof )

lemma pre-post-zero-top:
bot+4—q = bot
(proof )

lemma pre-post-pre-one:
(14—q)«—q =1
{proof)

lemma pre-post-right-antitone:
—p < —q¢= —rd=q¢< —rd-p
{proof )

lemma pre-post-right-sub-dist:
—r4—pl—q < —r——p
(proof )

lemma pre-post-right-sup-dist:
—r4—p < —rd—px—gq
(proof )

lemma pre-top:
top«—q = 1
(proof)

lemma pre-mult-top-increasing:
—p < —pxlop«—q
(proof )

lemma pre-post-below-mult-top:

—p-—q < —pxtop
(proof)
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lemma pre-post-import-complement:
——px(—pi—q) = bot
(proof )

lemma pre-post-import-same:
—p(—pi—q) = —pi—q
(proof)

lemma pre-post-export:
—pi—q = —px(14-q)
(proof)

lemma pre-post-seq-associative:
—r#(=pi—q) = —rx—pi—gq
(proof )

lemma pre-post-left-import-mult:
—r#(=pi—gq) = —rx(=rx—pi—q)
(proof )

lemma seq-pre-post-sub-associative:
—rx(—p-—q) < ——rU-—pi—¢q
(proof )

lemma pre-post-left-import-sup:
—rx(—pi—q) = —r¥(=—rU—p-i—q)
(proof)

lemma pre-post-left-dist-sup:
—pU—gd—r = (—pd—r) U (—¢1-7)
(proof)

lemma pre-post-reflexive:
—pi—-p < 1
(proof)

lemma pre-post-compose:
—q¢ < —r = —pi—s < (=pA=q)*(—r—s)
(proof)

lemma pre-post-compose-1:
—p—r < (=pA—q)x(—g4-r)
(proof)

lemma pre-post-compose-2:

(=p=p)*(—pi—q) = —pi—¢
(proof)
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lemma pre-post-compose-3:
(—=pA=q)*(—g1—q) = —pi—q
(proof)

lemma pre-post-compose-4
(=p-—p)*(—p-—p) = —p+—p
(proof)

lemma pre-post-one-one:
xl =1++— 141 <z

(proof)

lemma pre-one-right:
—p«l = —p
(proof )

lemma pre-pre-one:
Th—q = vx—qs 1
(proof)

subclass precondition-test-diamond
(proof)

proposition pre-post-shunting: x < —px—qd—r +— —p*xz < —g-—r nitpick
[ezpect=genuine,card=3] (proof)

proposition (—p-—gq)x—r = (—pd—qU—r)x—r nitpick
[ezpect=genuine,card=3] (proof)

proposition (—pd—¢)x—r = (—p-d—qgU——r)*—r nitpick
[ezpect=genuine,card=3] (proof)

proposition (—p-d—q)x—r = (—pd—gx—r)*—r nitpick [expect=genuine,card=3]
(proof)

proposition (—pd—q)x—r = (—p-d—gx——r)x—r nitpick
[ezpect=genuine,card=3] (proof)

proposition —p-d—qglLl—r = (—pd—q) U (—pd—r) nitpick
[expect=genuine,card=38] (proof)

proposition —pJ—qU—r = (—pd—q) * (—pd—r) nitpick
[ezpect=genuine,card=3] (proof)

proposition pre-post-right-dist-mult: —p-—gx—r = (—p-d—q) = (—p-—r) {proof)
proposition pre-post-right-dist-mult: —p"—qx—r = (—p-4—q) U (—p-—r) {proof)
proposition post-pre-left-dist-sup: sUy«—q = (z«—q) U (y«—q) (proof)

end

class havoc-dual =

fixes Hd :: 'a
class idempotent-left-semiring-Hd = bounded-idempotent-left-semiring +

havoc-dual +
assumes Hd-total: Hd * top = top
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assumes Hd-least: x * top = top — Hd < x
begin

lemma Hd-least-total:
x x top = top «— Hd < z

{proof)

lemma Hd-reflexive:
Hd < 1

(proof)

lemma Hd-transitive:

Hd = Hd « Hd
(proof)
end

class pre-post-spec-least-Hd = idempotent-left-semiring-Hd + pre-post-spec-least
+

assumes pre-one-mult-top: (z«1)xtop = zxtop
begin

lemma Hd-pre-one:
Hd«1 =1

{proof)

lemma pre-post-below-Hd:
1-1 < Hd

{proof)

lemma Hd-pre-post:
Hd = 111
(proof )

lemma top-left-zero:
topxz = top
(proof )

lemma test-dual-test:
(—pU——pxtop)x—p = —pl——pxtop
(proof)

lemma pre-zero-mult-top:
(z«bot)xtop = xxbot

{proof)

lemma pre-one-mult-Hd:
(z«1)xHd < x
(proof )
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lemma Hd-mult-pre-one:
Hdx(z«1) <z
(proof )

lemma pre-post-one-def-1:
assumes ! < z«—q
shows Hdx(—qU——gxtop) < z

(proof)

lemma pre-post-one-def:
1-—q = Hd*(—qU——gxtop)
(proof)
lemma pre-post-def:
—pi—q = —pxHdx(—ql——qgxtop)
(proof)

end

end

34 Pre-Post Specifications and Modal Operators

theory Pre-Post-Modal
imports Pre-Post Hoare-Modal
begin

class pre-post-spec-whiledo = pre-post-spec-greatest + whiledo
begin

lemma nat-test-pre-post:

nat-test t s = —q < s = (Vn .z < t nx—px—gd(pSum t nx—q)) = —pxz
S —qi=——pr—q

(proof )

lemma nat-test-pre-post-2:
nat-test t s = —r < s = (Vn .z < t nx—pd(pSum t n)) = —p*x < —r-1

{proof)

end

class pre-post-spec-hoare = pre-post-spec-whiledo + hoare-calculus-sound
begin

lemma pre-post-while:
x < —pk—qd—q — —pxz < alx—qd—q
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(proof )
Theorem 43.1

lemma while-soundness-3:

test-seqt = —q < Sum t = z < t Ox—px—qlalx—q = (Vn>0 .z < t
nx—pk—gapSum t nx—q) = —pxx < —gd——p*x—q

(proof )

Theorem 43.2

lemma while-soundness-4:
test-segt = —r < Sum t = (Vn .z < t nx—pdpSum t n) = —pxz < —r-1
(proof )

end
class pre-post-spec-hoare-pc-2 = pre-post-spec-hoare + hoare-calculus-pc-2
begin

Theorem 43.3

lemma pre-post-while-pc:
< —px—qi—q — —pkx < —q1——px—q
(proof)

end

class pre-post-spec-hoare-pc = pre-post-spec-hoare + hoare-calculus-pc
begin

subclass pre-post-spec-hoare-pc-2 {proof)

lemma pre-post-one-one-top:
141 = top
(proof )

end

class pre-post-spec-H = pre-post-spec-greatest + box-precondition + havoc +
assumes H-zero-2: H x bot = bot
assumes H-split-2: ¢ < x % —q x top LU H x ——¢q

begin

subclass idempotent-left-semiring-H
(proof)

lemma pre-post-def-iff:
—pxxx ——q< L=< ZU——pxtopl Hx* —q

(proof)

lemma pre-post-def:
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—pd—q = Z U ——pxtop LI Hx—q
(proof)

end

class pre-post-L = pre-post-spec-greatest + box-while + left-conway-semiring-L +
left-kleene-conway-semiring +

assumes circ-below-L-add-star: x° < L U x*
begin

a loop does not abort if its body does not abort

this avoids abortion from all states® alternatively from states in -r if -r
is an invariant

lemma body-abort-loop:
assumes Z = L
and z < —p-1I
shows —pxz < 11
(proof)

end
class pre-post-spec-Hd = pre-post-spec-least + diamond-precondition +
idempotent-left-semiring-Hd +

assumes d-mult-top: d(z) * top = z * top

begin

subclass pre-post-spec-least-Hd
(proof)

end

end

35 Monotonic Boolean Transformers

theory Monotonic-Boolean-Transformers
imports MonoBoolTranAlgebra.Assertion-Algebra Base
begin

no-notation nf (infixl M 70)
unbundle no uminus-syntax

context mbt-algebra
begin

lemma directed-left-mult:
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directed Y = directed ((¥) z * Y)

{proof)

lemma neg-assertion:
neg-assert € assertion

{proof)

lemma assertion-neg-assert:

x € assertion <— x = neg-assert (neg-assert x)

(proof)

extend and dualise part of Viorel Preoteasa’s theory

definition assumption = {z .
definition neg-assume (x::'a)

lemma neg-assume-assert:

1

neg-assume ¢ = (neg-assert (z

(proof)

lemma assert-iff-assume:

-~

< ax A (xxbot) U (z " o) =z}

(z "o« top) U 1

~o)) "o

x € assertion +— x ~ 0 € assumption

{proof)

lemma assertion-iff-assumption-subseteq:
X C assertion «<— dual * X C assumption

{proof)

lemma assumption-iff-assertion-subseteq:
X C assumption +— dual * X C assertion

(proof)

lemma assumption-prop:

T € assumption => (z * bot) U I =z

(proof)

lemma neg-assumption:
neg-assume x € assumption

{proof)

lemma assumption-neg-assume:
T € assumption <— x = neg-assume (neg-assume )

{proof)

lemma assumption-sup-comp-eq:

T € assumption = y € assumption = z Uy =2 x y

{proof)

lemma sup-uminus-assume[simp):
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T € assumption = z 'l neg-assume v = 1
{proof)

lemma inf-uminus-assume[simp):
T € assumption = = U neg-assume x = top
(proof)

lemma uminus-assumption|simp]:
T € assumption = neg-assume & € assumption

(proof)

lemma uminus-uminus-assume[simp):
T € assumption = neg-assume (neg-assume ) = T

{proof)

lemma sup-assumption[simp]:
T € assumption = y € assumption = z U y € assumption
{proof)

lemma comp-assumption|simp]:
T € assumption = y € assumption —> x * y € assumplion
(proof )

lemma inf-assumption|[simp:
T € assumption = y € assumption = x [ y € assumption
(proof )

lemma assumption-comp-idempotent|simp]:
T € assumption =—> T * T =<
(proof )

lemma assumption-comp-idempotent-dual[simp):
x € assumption = (z ~0) x (x o)==z "o
(proof)

lemma top-assumption|simp]:
top € assumption
(proof )

lemma one-assumption[simp):
1 € assumption

(proof )

lemma assert-top:
neg-assert (neg-assert p) ~ o x bot = neg-assert p x top

{proof)

lemma assume-bot:
neg-assume (neg-assume p) ~ o x top = neg-assume p x bot
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{proof)
definition wpb © = (z * bot) U 1

lemma wpt-iff-wpb:
wpb x = wpt (x " 0) "o
(proof)

lemma wpb-is-assumption|simpl:
wpb T € assumption
(proof )

lemma wpb-comp:
(wpb z) x z =z

(proof)

lemma wpb-comp-2:
wpb (z % y) = wpb (z * (wpb y))
(proof)

lemma wpb-assumption[simp):
T € assumption = wpb . = x
(proof)

lemma wpb-choice:
wpb (z U y) = wpb x U wpb y
(proof )

lemma wpb-dual-assumption:
z € assumption => wpb (z ~ o) = 1

(proof)

lemma wpb-mono:
x < y=—= wpbz < wpby
(proof)

lemma assumption-disjunctive:
T € assumption => = € disjunctive
(proof)

lemma assumption-conjunctive:
T € assumption = T € conjunctive

{proof)

lemma wpb-le-assumption:
x € assumptlion =z x y =y = x < wpb y

(proof)

definition dual-omega :: 'a = 'a («(- ~U)> [81] 80)
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where (z ~0) = (((z ~0) "w) " o)

lemma dual-omega-fix:
70 = (z % (z70)) U 1
(proof )

lemma dual-omega-comp-fix:
T0*xy=(zx*(z70)*xy) Uy
(proof )

lemma dual-omega-greatest:
z<(zx2) Uy = 2<(270) xy
(proof)

end

context post-mbt-algebra
begin

lemma post-antitone:
assumes z < y
shows post y < post x

(proof)

lemma post-assumption-below-one:
q € assumption = post q < post 1

{proof)

lemma post-assumption-above-one:
q € assumption = post 1 < post (¢ ~ o)

(proof)

lemma post-assumption-below-dual:
q € assumption = post ¢ < post (¢ ~ o)
(proof)

lemma assumption-assertion-absorb:
q € assumption => ¢ x (¢ ~0) = ¢
(proof)

lemma post-dual-below-post-one:
assumes g € assumption
shows post (¢ ~0) < post 1 * q

(proof)

lemma post-below-post-one:
q € assumption =—> post q < post 1 * q

(proof)
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end

context complete-mbt-algebra
begin

lemma Inf-assumption[simp):
X C assumption = Inf X € assumption
(proof)

definition continuous x = (VY . directed Y — z * (SUP yeY
yeY .z x y))

definition Continuous = { x . continuous x }

lemma continuous-Continuous:
continuous r +— x € Continuous

(proof )
Theorem 53.1

lemma one-continuous:
1 € Continuous

{proof)

lemma continuous-dist-ascending-chain:
assumes z € Continuous
and ascending-chain f
shows z * (SUP n::nat . fn) = (SUP n:nat . © * fn)
(proof)

Theorem 53.1

lemma assertion-continuous:
assumes ¢ € assertion
shows = € Continuous

(proof)
Theorem 53.1

lemma assumption-continuous:
assumes z € assumption
shows z € Continuous

(proof )
Theorem 53.1

lemma mult-continuous:
assumes z € Continuous
and y € Continuous
shows z x y € Continuous

(proof)
Theorem 53.1
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lemma sup-continuous:
z € Continuous = y € Continuous =—> z U y € Continuous

(proof)
Theorem 53.1

lemma inf-continuous:
assumes z € Continuous
and y € Continuous
shows z M y € Continuous

(proof)
Theorem 53.1

lemma dual-star-continuous:
assumes ¢ € Continuous
shows z ~ ® € Continuous

(proof )
Theorem 53.1

lemma omega-continuous:
assumes z € Continuous
shows z ~w € Continuous

(proof)

definition co-continuous x = (VY . co-directed Y — = * (INF yeY . y) =
(INF yeY . z x y))

definition Co-continuous = { x . co-continuous z }

lemma directed-dual:
directed X <— co-directed (dual “ X)

{proof)

lemma dual-dual-image:
dual ‘ dual * X = X
(proof )

lemma continuous-dual:
continuous & <— co-continuous (z ~ 0)

(proof)

lemma co-continuous-Co-continuous:
co-continuous x <— x € Co-continuous

(proof)
Theorem 53.1 and Theorem 53.2

lemma Continuous-dual:
z € Continuous +— x ~ o € Co-continuous

(proof )
Theorem 53.2
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lemma one-co-continuous:
1 € Co-continuous

{proof)

lemma ascending-chain-dual:
ascending-chain f +— descending-chain (dual o f)
(proof )

lemma co-continuous-dist-descending-chain:
assumes z € Co-continuous
and descending-chain f
shows z x (INF n:nat . fn) = (INF n:nat . z % fn)

(proof)
Theorem 53.2

lemma assertion-co-continuous:
x € assertion =—> ¢ € Co-continuous

(proof)
Theorem 53.2

lemma assumption-co-continuous:
x € assumption = z € Co-continuous

(proof)
Theorem 53.2

lemma mult-co-continuous:
x € Co-continuous = y € Co-continuous = x * y € Co-continuous

(proof)
Theorem 53.2

lemma sup-co-continuous:
x € Co-continuous = y € Co-continuous = = U y € Co-continuous
(proof)

Theorem 53.2

lemma inf-co-continuous:
x € Co-continuous = y € Co-continuous = = M y € Co-continuous

(proof )
Theorem 53.2

lemma dual-omega-co-continuous:
x € Co-continuous => ¢~ U € Co-continuous

(proof)
Theorem 53.2

lemma star-co-continuous:
z € Co-continuous => xz ~ * € Co-continuous

{proof)
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lemma dual-omega-iterate:
assumes y € Co-continuous
shows y ~ U x z = (INF n:nat . (Ax . y %z U 2) ~ n) top)
(proof)

lemma dual-omega-iterate-one:
y € Co-continuous => y ~ U = (INF nznat . (Ax . y*x 2 U 1) " n) top)
{proof )

subclass ccpo
(proof )

end
class post-mbt-algebra-ext = post-mbt-algebra +
assumes post-sub-fusion: post 1 x neg-assume q < post (neg-assume q ~ 0)

begin

lemma post-fusion:
post (neg-assume q ~ 0) = post 1 * neg-assume g
(proof )

lemma post-dual-post-one:
q € assumption = post 1 x q¢ < post (¢ ~ o)
(proof )

end

instance MonoTran :: (complete-boolean-algebra) post-mbt-algebra-ext
(proof)

class complete-mbt-algebra-ext = complete-mbt-algebra + post-mbt-algebra-ext

instance MonoTran :: (complete-boolean-algebra) complete-mbt-algebra-ext
(proof)

end

36 Instances of Monotonic Boolean Transformers

theory Monotonic-Boolean-Transformers-Instances

imports Monotonic-Boolean- Transformers Pre-Post-Modal
General-Refinement-Algebras

begin

sublocale mbt-algebra < mbta: bounded-idempotent-left-semiring
(proof)
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sublocale mbt-algebra < mbta-dual: bounded-idempotent-left-semiring where less
= greater and less-eq = greater-eq and sup = inf and bot = top and top = bot

{proof)

sublocale mbt-algebra < mbta: bounded-general-refinement-algebra where star
= dual-star and Omega = dual-omega

{proof)

sublocale mbt-algebra < mbta-dual: bounded-general-refinement-algebra where
less = greater and less-eq = greater-eq and sup = inf and bot = top and
Omega = omega and top = bot

(proof)

Theorem 50.9(b)

sublocale mbt-algebra < mbta: left-conway-semiring-L where circ = dual-star
and L = bot

{proof)
Theorem 50.8(a)

sublocale mbt-algebra < mbta-dual: left-conway-semiring-L where circ = omega
and less = greater and less-eq = greater-eq and sup = inf and bot = top and L
= bot

(proof )

Theorem 50.8(b)

sublocale mbt-algebra < mbta-fiz: left-conway-semiring-L where circ =
dual-omega and L = top

(proof)
Theorem 50.9(a)

sublocale mbt-algebra < mbta-fix-dual: left-conway-semiring-L where circ =
star and less = greater and less-eq = greater-eq and sup = inf and bot = top
and L = top

(proof )

sublocale mbt-algebra < mbta: left-kleene-conway-semiring where circ =
dual-star and star = dual-star (proof)

sublocale mbt-algebra < mbta-dual: left-kleene-conway-semiring where circ =
omega and less = greater and less-eq = greater-eq and sup = inf and bot = top

(proof)

sublocale mbt-algebra < mbta-fix: left-kleene-conway-semiring where circ =
dual-omega and star = dual-star (proof)

sublocale mbt-algebra < mbta-fiz-dual: left-kleene-conway-semiring where circ
= star and less = greater and less-eq = greater-eq and sup = inf and bot =

top (proof)
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sublocale mbt-algebra < mbta: tests where uminus = neg-assert
(proof)

sublocale mbt-algebra < mbta-dual: tests where less = greater and less-eq =
greater-eq and sup = inf and uminus = neg-assume and bot = top
(proof)

Theorem 51.2

sublocale mbt-algebra < mbta: bounded-relative-antidomain-semiring where d =
Az . (z % top) M 1 and uminus = neg-assert and Z = bot

(proof )
Theorem 51.1

sublocale mbt-algebra < mbta-dual: bounded-relative-antidomain-semiring
where d = Az . (z * bot) U 1 and less = greater and less-eq = greater-eq and
sup = inf and uminus = neg-assume and bot = top and top = bot and Z = top

{proof)

sublocale mbt-algebra < mbta: relative-domain-semiring-split where d = Az . (z
% top) M 1 and Z = bot

(proof)

sublocale mbt-algebra < mbta-dual: relative-domain-semiring-split where d =
Az . (z % bot) U I and less = greater and less-eq = greater-eq and sup = inf
and bot = top and Z = top

(proof )

sublocale mbt-algebra < mbta: diamond-while where box = Az y . neg-assert (z
* neg-assert y) and circ = dual-star and d = Az . (z * top) M 1 and diamond =
Az y . (zxyxtop) M1 and ite =Azxpy. (px*z)U (neg-assert p x y) and pre
=Xz y . wpt (z *x y) and uminus = neg-assert and while = Ap z . ((p *x z) ~®)
x neg-assert p and Z = bot

(proof)

sublocale mbt-algebra < mbta-dual: box-while where box = Az y . neg-assume
(z * neg-assume y) and circ = omega and d = Az . (z * bot) U I and diamond
=Xxy.(z*xyxbot)U I and ite=Axpy. (pxz) M (neg-assume p x y) and
less = greater and less-eq = greater-eq and sup = inf and pre = Az y . wpb (z ~
o * y) and uminus = neg-assume and while = Ap z . ((p * ) ~w) * neg-assume
p and bot = top and top = bot and Z = top

{proof)

sublocale mbt-algebra < mbta-fiz: diamond-while where box = Az y . neg-assert
(z * neg-assert y) and circ = dual-omega and d = Az . (x * top) M 1 and
diamond = Az y . (z x y * top) M 1 and ite = Az py . (p * =) U (neg-assert p x
y) and pre = Az y . wpt (z * y) and uminus = neg-assert and while = Ap z .
((p * £) ~U) * neg-assert p and Z = bot

(proof )
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sublocale mbt-algebra < mbta-fix-dual: bor-while where box = Az vy .
neg-assume (z * neg-assume y) and circ = star and d = Az . (z * bot) U 1 and
diamond = Az y . (z * y * bot) U 1 and ite = Az p y . (p * ) M (neg-assume p
y) and less = greater and less-eq = greater-eq and sup = inf and pre = Az y .
wpb (z ~ o x y) and uminus = neg-assume and while = Ap x . ((p * ) ~ *) *
neg-assume p and bot = top and top = bot and Z = top

(proof)

sublocale mbt-algebra < mbta-pre: box-while where box = Az y . neg-assert (z *
neg-assert y) and circ = dual-star and d = Az . (z * top) M 1 and diamond =
Az y . (zxyxtop) M1 and ite =Azxpy. (px*z) U (neg-assert p x y) and pre
=Xzy. wpt (z " ox*y)and uminus = neg-assert and while = Ap z . ((p * =) ~
®) * neg-assert p and Z = bot

(proof )

sublocale mbt-algebra < mbta-pre-dual: diamond-while where box = Az y .
neg-assume (z x neg-assume y) and circ = omega and d = Az . (z * bot) U 1
and diamond = Az y . (z * y * bot) U 1 and ite = Az py . (p * x) I
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z x y) and uminus = neg-assume and while = Ap = . ((p
* ) ~w) * neg-assume p and bot = top and top = bot and Z = top

(proof)

sublocale mbt-algebra < mbta-pre-fix: box-while where box = Az y . neg-assert
(z * neg-assert y) and circ = dual-omega and d = Az . (z * top) M 1 and
diamond = Xz y . (z x y * top) M 1 and ite = Az py . (p * z) U (neg-assert p *
y) and pre = Az y . wpt (z ~ o * y) and uminus = neg-assert and while = Ap
. ((p x £) T OU) * neg-assert p and Z = bot

(proof )

sublocale mbt-algebra < mbta-pre-fir-dual: diamond-while where box = Az y .
neg-assume (z * neg-assume y) and circ = star and d = Az . (z * bot) U I and
diamond = Az y . (x * y x bot) U 1 and ite = Ax p y . (p * z) M (neg-assume p *
y) and less = greater and less-eq = greater-eq and sup = inf and pre = Az y .
wpb (z * y) and uminus = neg-assume and while = Ap z . ((p * ) ~ *) *
neg-assume p and bot = top and top = bot and Z = top

(proof)

sublocale post-mbt-algebra < mbta: pre-post-spec-Hd where box = Az y .
neg-assert (x x neg-assert y) and d = Az . (z * top) M 1 and diamond = Az y .
(z % y = top) M 1 and pre = Az y . wpt (z * y) and pre-post = Ap q . p * post q
and uminus = neg-assert and Hd = post 1 and Z = bot

(proof)

sublocale post-mbt-algebra < mbta-dual: pre-post-spec-H where box = Az y .
neg-assume (z * neg-assume y) and d = Az . (z x bot) U I and diamond = Az y
. (z x y % bot) U 1 and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z ~ o x y) and pre-post = Ap q . (p " 0) x post (¢ " o)
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and uminus = neg-assume and bot = top and H = post 1 and top = bot and Z
= top
(proof)

sublocale post-mbt-algebra < mbta-pre: pre-post-spec-H where box = Az y .
neg-assert (x * neg-assert y) and d = Az . (z = top) M 1 and diamond = Az y .
(zxyxtop) N1 and pre = Axy . wpt (x ~ o * y) and pre-post = Ap q.p ~ o *
(post ¢ ~ o) and uminus = neg-assert and H = post 1 ~ o and Z = bot

{proof)

sublocale post-mbt-algebra < mbta-pre-dual: pre-post-spec-Hd where bor = Az y
. neg-assume (z * neg-assume y) and d = Az . (z * bot) U I and diamond = \x
y . (z*xy* bot) U 1 and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z * y) and pre-post = Ap q . p * (post (¢ ~ o) ~ o) and
uminus = neg-assume and bot = top and Hd = post 1 ~ o and top = bot and Z
= top

(proof)

sublocale post-mbt-algebra < mbta-dual: pre-post-spec-whiledo where ite = Az p
y . (p x ) M (neg-assume p x y) and less = greater and less-eq = greater-eq
and sup = inf and pre = Az y . wpb (z ~ o * y) and pre-post = Ap ¢ . (p " 0) *
post (¢ ~ o) and uminus = neg-assume and while = Ap z . ((p * z) ~w) *
neg-assume p and bot = top and top = bot (proof)

sublocale post-mbt-algebra < mbta-fiz-dual: pre-post-spec-whiledo where ite =
Az py . (p*x) N (neg-assume p * y) and less = greater and less-eq =
greater-eq and sup = inf and pre = Az y . wpb (z ~ o * y) and pre-post = Ap ¢
. (p " 0) x post (¢ ~ o) and uminus = neg-assume and while = Ap z . ((p x ) ~
%) * neg-assume p and bot = top and top = bot (proof)

sublocale post-mbt-algebra < mbta-pre: pre-post-spec-whiledo where ite = \x p
y . (p* ) U (neg-assert p x y) and pre = Az y . wpt (z ~ o * y) and pre-post =
Ap q.p o= (post ¢ o) and uminus = neg-assert and while = A\p x . ((p * z)
T ®) * neg-assert p {proof)

sublocale post-mbt-algebra < mbta-pre-fix: pre-post-spec-whiledo where ite = Az
py.(pxx)U (neg-assert p x y) and pre = Az y . wpt (z ~ o * y) and pre-post
=Apq.p ox(post q " o) and uminus = neg-assert and while = Ap z . ((p *
x) T O) * neg-assert p {proof)

sublocale post-mbt-algebra < mbta-dual: pre-post-L where box = Az y .
neg-assume (z * neg-assume y) and circ = omega and d = Az . (z * bot) U 1
and diamond = Az y . (z * y * bot) U 1 and ite = Az py . (p * z) I
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z ~ o x y) and pre-post = Ap q . (p " 0) * post (¢ " o)
and uminus = neg-assume and while = Ap = . ((p * ) ~w) * neg-assume p and
bot = top and L = bot and top = bot and Z = top

(proof)

255



sublocale post-mbt-algebra < mbta-fix-dual: pre-post-L where box = Az y .
neg-assume (z x neg-assume y) and circ = star and d = Az . (z * bot) U 1 and
diamond = Az y . (z * y = bot) U 1 and ite = Az p y . (p * z) M (neg-assume p *
y) and less = greater and less-eq = greater-eq and sup = inf and pre = Az y .
wpb (z "o x y) and pre-post = Ap q . (p ~ o) * post (¢ ~ o) and uminus =
neg-assume and while = A\p z . ((p * ) ~ *) * neg-assume p and bot = top and
L = top and top = bot and Z = top
(proof)

sublocale post-mbt-algebra < mbta-pre: pre-post-L where bor = Az y .
neg-assert (x * neg-assert y) and circ = dual-star and d = Az . (z * top) M 1
and diamond = Az y . (z x y x top) M 1 and ite = Az p y . (p * ) U (neg-assert
p*y)and pre = Az y . wpt (z ~ o x y) and pre-post = Ap ¢ . p ~ o * (post ¢ ~
0) and star = dual-star and uminus = neg-assert and while = Ap z . ((p x ) —
®) * neg-assert p and L = bot and Z = bot

(proof)

sublocale post-mbt-algebra < mbta-pre-fix: pre-post-L where box = Az y .
neg-assert (x x neg-assert y) and circ = dual-omega and d = Az . (z * top) M 1
and diamond = Az y . (z * y * top) M 1 and ite = Az p y . (p * x) U (neg-assert
pxy)and pre = Az y . wpt (z "o *x y) and pre-post = Ap ¢ . p ~ o * (post ¢ ~
0) and star = dual-star and uminus = neg-assert and while = A\p x . ((p x ) —
U) * neg-assert p and L = top and Z = bot

(proof)

sublocale complete-mbt-algebra < mbta: complete-tests where uminus =
neg-assert

{proof)

sublocale complete-mbt-algebra < mbta-dual: complete-tests where less =
greater and less-eq = greater-eq and sup = inf and uminus = neg-assume and
bot = top and Inf = Sup and Sup = Inf

(proof)

sublocale complete-mbt-algebra < mbta: complete-antidomain-semiring where d
= Xz . (z % top) M I and uminus = neg-assert and Z = bot

(proof)

sublocale complete-mbt-algebra < mbta-dual: complete-antidomain-semiring
where d = Az . (z % bot) U 1 and less = greater and less-eq = greater-eq and
sup = inf and uminus = neg-assume and bot = top and Inf = Sup and Sup =
Inf and Z = top

(proof)

sublocale complete-mbt-algebra < mbta: diamond-while-program where box =
Az y . neg-assert (z * neg-assert y) and circ = dual-star and d = Az . (z * top)
M 1 and diamond = Az y . (x x y * top) M 1 and ite = Az py . (p* z) U
(neg-assert p x y) and pre = Az y . wpt (z * y) and uminus = neg-assert and
while = Ap z . ((p * £) ~ ®) * neg-assert p and Atomic-program = Continuous
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and Atomic-test = assertion and Z = bot
(proof )

sublocale complete-mbt-algebra < mbta-dual: box-while-program where boxr =
Az y . neg-assume (z % neg-assume y) and circ = omega and d = Az . (z * bot)
U 1 and diamond = Az y . (z *x y * bot) U I and ite = Az py . (p x z) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z ~ o x y) and uminus = neg-assume and while = Ap z .
((p * £) ~w) * neg-assume p and bot = top and Atomic-program = Continuous
and Atomic-test = assumption and top = bot and Z = top

(proof)

sublocale complete-mbt-algebra < mbta-fix: diamond-while-program where boz
= Az y . neg-assert (z * neg-assert y) and circ = dual-omega and d = Az . (z *
top) M 1 and diamond = Az y . (x * y * top) M 1 and ite = Az py . (p x z) U
(neg-assert p x y) and pre = Az y . wpt (z * y) and uminus = neg-assert and
while = Ap z . ((p * ) ~U) * neg-assert p and Atomic-program =
Co-continuous and Atomic-test = assertion and Z = bot

(proof)

sublocale complete-mbt-algebra < mbta-fix-dual: bor-while-program where boz
= Az y . neg-assume (z * neg-assume y) and circ = star and d = Az . (z * bot)
U 1 and diamond = Az y . (z *x y *x bot) U I and ite = Az py . (p x z) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z ~ o * y) and uminus = neg-assume and while = A\p = .
((p * ) ~ %) x neg-assume p and bot = top and Atomic-program =
Co-continuous and Atomic-test = assumption and top = bot and Z = top
(proof)

sublocale complete-mbt-algebra < mbta-pre: boz-while-program where box = Az
y . neg-assert (xz * neg-assert y) and circ = dual-star and d = Az . (z * top) M 1
and diamond = Az y . (z * y x top) M 1 and ite = Az p y . (p * ) U (neg-assert
p*y)and pre = Az y . wpt (z ~ o x y) and uminus = neg-assert and while =
Apz. ((p*z) ®)* neg-assert p and Atomic-program = Continuous and
Atomic-test = assertion and Z = bot (proof)

sublocale complete-mbt-algebra < mbta-pre-dual: diamond-while-program where
bor = Az y . neg-assume (z * neg-assume y) and circ = omega and d = \z . (z
x bot) U 1 and diamond = Az y . (x x y x bot) U 1 and ite = Az py . (p * ) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z x y) and uminus = neg-assume and while = Ap z . ((p
x x) " w) * neg-assume p and bot = top and Atomic-program = Continuous and
Atomic-test = assumption and top = bot and Z = top (proof)

sublocale complete-mbt-algebra < mbta-pre-fix: box-while-program where bor =
Az y . neg-assert (z * neg-assert y) and circ = dual-omega and d = Az . (z *
top) M 1 and diamond = Az y . (x *x y * top) M 1 and ite = dxpy . (p x z) U
(neg-assert p x y) and pre = Az y . wpt (x ~ o * y) and uminus = neg-assert
and while = Ap z . ((p * ) ~ U) * neg-assert p and Atomic-program =
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Co-continuous and Atomic-test = assertion and Z = bot (proof)

sublocale complete-mbt-algebra < mbta-pre-fiz-dual: diamond-while-program
where box = Az y . neg-assume (x x neg-assume y) and circ = star and d = \z
. (z % bot) U 1 and diamond = Az y . (z x y * bot) U 1 and ite = Az py . (p *
x) M (neg-assume p * y) and less = greater and less-eq = greater-eq and sup =
inf and pre = Az y . wpb (z * y) and uminus = neg-assume and while = Ap z .
((p * ) ~ %) * neg-assume p and bot = top and Atomic-program =
Co-continuous and Atomic-test = assumption and top = bot and Z = top

{(proof)
Theorem 52

sublocale complete-mbt-algebra < mbta: diamond-hoare-sound where box = \x
y . neg-assert (x x neg-assert y) and circ = dual-star and d = Az . (z * top) M 1
and diamond = Az y . (z *x y x top) M 1 and ite = Ax p y . (p * ) U (neg-assert
p*y)and pre = Az y . wpt (z * y) and star = dual-star and uminus =
neg-assert and while = Ap x . ((p * ) ~ ®) * neg-assert p and Atomic-program
= Continuous and Atomic-test = assertion and Z = bot

(proof )

Theorem 52

sublocale complete-mbt-algebra < mbta-dual: box-hoare-sound where bor = Ax
y . neg-assume (z * neg-assume y) and circ = omega and d = Az . (z * bot) U 1
and diamond = Az y . (z * y * bot) U 1 and ite = Az py . (p * x) I
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z ~ o % y) and uminus = neg-assume and while = Ap x .
((p * £) ~w) * neg-assume p and bot = top and Atomic-program = Continuous
and Atomic-test = assumption and Inf = Sup and Sup = Inf and top = bot
and Z = top

(proof )
Theorem 52

sublocale complete-mbt-algebra < mbta-fix: diamond-hoare-sound-2 where box
= Az y . neg-assert (z x neg-assert y) and circ = dual-omega and d = Az . (z *
top) M 1 and diamond = Az y . (z *x y * top) M 1 and ite =Xz py . (p x z) U
(neg-assert p x y) and pre = Az y . wpt (z * y) and star = dual-star and
uminus = neg-assert and while = Ap = . ((p * ) ~ U) * neg-assert p and
Atomic-program = Co-continuous and Atomic-test = assertion and Z = bot
(proof)

Theorem 52

sublocale complete-mbt-algebra < mbta-fix-dual: boz-hoare-sound where bor =
Az y . neg-assume (z * neg-assume y) and circ = star and d = Az . (z * bot) U
1 and diamond = Az y . (z x yx bot) U I and ite = Az py . (p*z) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z ~ o x y) and uminus = neg-assume and while = Ap = .
((p * ) ~*) * neg-assume p and bot = top and Atomic-program =
Co-continuous and Atomic-test = assumption and Inf = Sup and Sup = Inf
and top = bot and Z = top
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(proof)
Theorem 52

sublocale complete-mbt-algebra < mbta-pre: box-hoare-sound where box = Az y
. neg-assert (z * neg-assert y) and circ = dual-star and d = Az . (z * top) M 1
and diamond = Az y . (z * y * top) M 1 and ite = Az p y . (p * ) U (neg-assert
p*y) and pre = Az y . wpt (z ~ o x y) and star = dual-star and uminus =
neg-assert and while = Ap z . ((p * z) ~ ®) * neg-assert p and Atomic-program
= Continuous and Atomic-test = assertion and Z = bot

(proof )
Theorem 52

sublocale complete-mbt-algebra < mbta-pre-dual: diamond-hoare-sound-2 where
bor = Az y . neg-assume (z x neg-assume y) and circ = omega and d = Az . (z
x bot) U 1 and diamond = Az y . (x x y x bot) U 1 and ite = Az py . (p * ) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and sup = inf
and pre = Az y . wpb (z * y) and uminus = neg-assume and while = Ap = . ((p
x ) " w) * neg-assume p and bot = top and Atomic-program = Continuous and
Atomic-test = assumption and Inf = Sup and Sup = Inf and top = bot and Z
= top

(proof)

Theorem 52

sublocale complete-mbt-algebra < mbta-pre-fix: box-hoare-sound where boxr =

Az y . neg-assert (z * neg-assert y) and circ = dual-omega and d = Az . (z *

top) M 1 and diamond = Az y . (x *x y * top) M 1 and ite = Az py . (p x z) U

(neg-assert p x y) and pre = Az y . wpt (x ~ o x y) and star = dual-star and

uminus = neg-assert and while = Ap z . ((p * ) ~ U) * neg-assert p and

Atomic-program = Co-continuous and Atomic-test = assertion and Z = bot
(proof)

Theorem 52

sublocale complete-mbt-algebra < mbta-pre-fix-dual: diamond-hoare-sound
where bor = Az y . neg-assume (x * neg-assume y) and circ = star and d = Az
. (x % bot) U I and diamond = Az y . (z *x y x bot) U 1 and ite = Az p y . (p *
x) M (neg-assume p * y) and less = greater and less-eq = greater-eq and sup =
inf and pre = Az y . wpb (z * y) and uminus = neg-assume and while = Ap z .
((p * ) ~ %) x neg-assume p and bot = top and Atomic-program =
Co-continuous and Atomic-test = assumption and Inf = Sup and Sup = Inf
and top = bot and Z = top

(proof)
Theorem 52

sublocale complete-mbt-algebra < mbta: diamond-hoare-valid where box = Az y
. neg-assert (xz * neg-assert y) and circ = dual-star and d = Az . (z * top) N 1
and diamond = Az y . (x x y x top) M 1 and hoare-triple = A\p z q . p < wpt(x *
g) and ite = Az py . (p* x) U (neg-assert p x y) and pre = Az y . wpt (z * y)
and star = dual-star and uminus = neg-assert and while = Ap z . ((p * z) ~ ®)
x neg-assert p and Atomic-program = Continuous and Atomic-test = assertion
and Z = bot
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(proof)
Theorem 52

sublocale complete-mbt-algebra < mbta-dual: boz-hoare-valid where box = Az y
. neg-assume (x * neg-assume y) and circ = omega and d = Az . (z * bot) U 1
and diamond = Az y . (z % y x bot) U 1 and hoare-triple = Ap = q . wpb(z ~ 0 *
q) <pandite=Xxpy. (pxx) (neg-assume p * y) and less = greater and
less-eq = greater-eq and sup = inf and pre = Az y . wpb (z ~ o x y) and
uminus = neg-assume and while = Ap = . ((p * ) ~w) * neg-assume p and bot
= top and Atomic-program = Continuous and Atomic-test = assumption and
Inf = Sup and Sup = Inf and top = bot and Z = top

(proof)

Theorem 52

sublocale complete-mbt-algebra < mbta-pre-fix-dual: diamond-hoare-valid where
bor = Az y . neg-assume (z x neg-assume y) and circ = star and d = Az . (z *
bot) U 1 and diamond = Az y . (z x y = bot) U I and hoare-triple = A\p z q .
wpb(z *x q) < pand ite = Axpy . (p x ) N (neg-assume p x y) and less =
greater and less-eq = greater-eq and sup = inf and pre = Az y . wpb (z * y)
and uminus = neg-assume and while = Ap = . ((p * ) ~ %) * neg-assume p and
bot = top and Atomic-program = Co-continuous and Atomic-test = assumption
and Inf = Sup and Sup = Inf and top = bot and Z = top

(proof)
Theorem 52

sublocale complete-mbt-algebra < mbta-pre-fir: box-hoare-valid where box = Az
y . neg-assert (x x neg-assert y) and circ = dual-omega and d = Az . (z * top)
M 1 and diamond = Az y . (z * y * top) M 1 and hoare-triple = Ap z q . p <
wpt(z "o x q) and ite = Az py . (p * x) U (neg-assert p x y) and pre = Az y .
wpt (z ~ o x y) and star = dual-star and uminus = neg-assert and while = \p
z . ((p *x ) ~U) * neg-assert p and Atomic-program = Co-continuous and
Atomic-test = assertion and Z = bot

(proof)

sublocale complete-mbt-algebra < mbta-dual: pre-post-spec-hoare where ite =
Az py . (p*z) M (neg-assume p * y) and less = greater and less-eq =
greater-eq and sup = inf and pre = Az y . wpb (z ~ o * y) and pre-post = Ap ¢
. (p o) % post (¢ ~ o) and uminus = neg-assume and while = Ap z . ((p x ) ~
w) * neg-assume p and bot = top and Atomic-program = Continuous and
Atomic-test = assumption and Inf = Sup and Sup = Inf and top = bot {proof)

sublocale complete-mbt-algebra < mbta-fix-dual: pre-post-spec-hoare where ite
=Xxpy.(pxz) 0 (neg-assume p * y) and less = greater and less-eq =
greater-eq and sup = inf and pre = Az y . wpb (z ~ o * y) and pre-post = Ap ¢
. (p T o) * post (¢ ~ o) and uminus = neg-assume and while = Ap x . ((p * )
%) % neg-assume p and bot = top and Atomic-program = Co-continuous and
Atomic-test = assumption and Inf = Sup and Sup = Inf and top = bot {proof)

sublocale complete-mbt-algebra < mbta-pre: pre-post-spec-hoare where ite = Az
py.(px*z)U (neg-assert p x y) and pre = Az y . wpt (z ~ o * y) and pre-post
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=Apq.p ox(post q " o) and uminus = neg-assert and while = Ap z . ((p *
z) T ®) * neg-assert p and Atomic-program = Continuous and Atomic-test =
assertion (proof)

sublocale complete-mbt-algebra < mbta-pre-fiz: pre-post-spec-hoare where ite =
Axpy. (px*z)U (neg-assert p x y) and pre = Az y . wpt (z ~ o * y) and
pre-post = Ap q . p o x (post ¢ ~ o) and uminus = neg-assert and while = A\p
z . ((p*xz) " O) % neg-assert p and Atomic-program = Co-continuous and
Atomic-test = assertion {proof)

end
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