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Abstract

This is a basic library of definitions and results about context-
free grammars and languages. It includes context-free grammars and
languages, parse trees, Chomsky normal form, pumping lemmas and
the relationship of right-linear grammars to finite automata.
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1 Context-Free Grammars

theory Context Free Grammar
imports HOL— Library. Infinite_ Typeclass
begin

definition fresh :: ('n::infinite) set = 'n where
fresh A = (SOME z. x ¢ A)

lemma fresh_ finite: finite A = fresh A ¢ A
(proof)

declare relpowp.simps(2)[simp del]

lemma bex_pair_conv: (3(z,y) € R. Pz y) «— 3z y. (2,y) € RN Pzxy)
{proof)

lemma in_image _map_prod: fgp € map_prod f g ‘ R +— (I (z,y)ER. fgp = (f
2,9 Y))
(proof )

1.1 Symbols and Context-Free Grammars

Most of the theory is based on arbitrary sets of productions. Finiteness of
the set of productions is only required where necessary. Finiteness of the
type of terminal symbols is only required where necessary. Whenever fresh
nonterminals need to be invented, the type of nonterminals is assumed to
be infinite.

datatype ('n,’t) sym = Nt 'n | Tm 't
type_synonym ('n,’t) syms = ('n,’t) sym list
type__synonym ('n,’t) prod = 'n x ('n,'t) syms

type__synonym ('n,’t) prods = ('n,’t) prod list
type_synonym ('n,’t) Prods = ('n,’t) prod set

datatype ('n,’t) cfg = cfg (prods : ('n,’t) prods) (start : 'n)
datatype ('n,’t) Cfg = Cfg (Prods : ('n,’t) Prods) (Start : 'n)

definition isTm :: ('n, 't) sym = bool where
isTm S = (a. S = Tm a)

definition isNt :: ('n, 't) sym = bool where
isNt S = (FA. S = Nt A)

fun destTm :: ('n, 't) sym = 't where
<destTm (Tm a) = a



lemma isTm__simps[simp):
<isTm (Nt A) = False)
<isTm (Tm a)»

(proof)

lemma filter _isTm_map_ Tm[simpl: <filter isTm (map Tm zs) = map Tm zs>
(proof)

lemma destTm__o_ Tm[simp]: <destTm o Tm = id»

(proof)

definition nts_syms :: ('n,’t)syms = 'n set where
nts_syms w = {A. Nt A € set w}

definition tms_syms :: ('n,’t)syms = 't set where
tms_syms w = {a. Tm a € set w}

definition Nts :: ('n,’t) Prods = 'n set where
Nits P = (U (A4,w)eP. {A} U nts_syms w)

definition Tms :: ('n,’t)Prods = 't set where
Tms P = (|J (A,w)€P. tms_syms w)

abbreviation nts :: ('n,’t) prods = 'n set where
nts P = Nts (set P)

definition Syms :: ('n,’t) Prods = ('n,’t) sym set where
Syms P = (| (A,w)eP. {Nt A} U set w)

abbreviation tms :: ('n,’t) prods = 't set where
tms P = Tms (set P)

abbreviation syms :: ('n,t) prods = ('n,’t) sym set where
syms P = Syms (set P)

definition Lhss :: ('n, 't) Prods = 'n set where
Lhss P = (J (A,w) € P. {4})

abbreviation lhss :: ('n, 't) prods = 'n set where
lhss ps = Lhss(set ps)

definition Rhs_Nts :: ('n, 't) Prods = 'n set where
Rhs_Nts P = (J(_,w)EP. nts_syms w)

definition Rhss :: ('n X 'a) set = 'n = 'a set where
Rhss P A = {w. (A,w) € P}

lemma inj Nt: inj Nt



(proof)

lemma map_ Tm__inject_iff [simp]: map Tm zs = map Tm ys +— s = ys

(proof)

lemma map_ Nt _eq _map_Nt_iff [simp]: map Nt v = map Nt v +— u = v
(proof)

lemma map_ Nt_eq _map_ Tm__iff[simp]: map Nt w = map Tmv +— u=1[ A v
=1
(proof)

lemmas map Tm__eq _map_Nt_iff[simp] = eq_iff swap|OF map_ Nt _eq map_ Tm__iff)

lemma nts_syms_ Nil[simp]: nts_syms [| = {}

(proof)

lemma nts_syms_ Cons[simp|: nts_syms (a#v) = (case a of Nt A = {A} | _ =
{}) U nts_syms v
(proof)

lemma nts_syms__append[simpl: nts_syms (u Q@ v) = nts_syms u U nts_syms v
(proof)

lemma nts_syms_map_ Nt[simp|: nts_syms (map Nt w) = set w

(proof)

lemma nts_syms_map_ Tm[simpl|: nts_syms (map Tm w) = {}
(proof)

lemma in_ Nts iff in_Syms: B € Nts P «— Nt B € Syms P
(proof)

lemma Nts Un: Nts (P1 U P2) = Nis P1 U Nts P2
(proof)

lemma Nts Lhss Rhs Nts: Nts P = Lhss P U Rhs_Nits P
(proof)

lemma Nts nts syms: w € Rhss P A = nts_syms w C Nts P
(proof)

lemma Syms__simps[simp]:
Syms {} = {}
Syms(insert (A,w) P) = {Nt A} U set w U Syms P
Syms(P U P’) = Syms P U Syms P’

(proof)

lemma Lhss_simps[simp]:



Lhss {} = {}

Lhss(insert (A,w) P) = {A} U Lhss P

Lhss(P U P") = Lhss P U Lhss P’
(proof)

1.1.1 Finiteness Lemmas

lemma finite_nts_syms: finite (nts_syms w)

(proof)

lemma finite_nts: finite(nts ps)
(proof)

lemma fresh_nts: fresh(nts ps) ¢ nts ps

(proof)

lemma finite_nts_prods_start: finite(nts(prods g) U {start g})
(proof)

lemma fresh_nts_prods_start: fresh(nts(prods g) U {start g}) ¢ nts(prods g) U

{start g}
(proof)

lemma finite_ Nts: finite P = finite (Nts P)
(proof )

lemma finite Rhss: finite P = finite (Rhss P A)
(proof)
1.2 Derivations

1.2.1 The standard derivations =, =%, =(n)

inductive derive :: ('n,’t) Prods = ('n,’t) syms = ('n,’t)syms = bool
((2_F/(_=/_)) [90, 0, 50] 50) where
(Ajo) e P— PFuQ[NtA|Quv=uQaQu

abbreviation deriven ((2_+F/ (_ /='(_")/ _)) [50, 0, 0, 50] 50) where
PFu=(n)v=(derive P """ n) uv

abbreviation derives ((2_F/ (_/ ==/ _)) [50, 0, 50] 50) where
Pt u=x%v=((derive P) “xx) u v

definition Ders :: ('n,'t)Prods = 'n = ('n,’t)syms set where
Ders P A = {w. P F [Nt A] =% w}

abbreviation ders :: ('n,'t)prods = 'n = ('n,’t)syms set where
ders ps = Ders (set ps)

lemma Dersl:



assumes P - [Nt A] =% w shows w € Ders P A
{proof)

lemma DersD:
assumes w € Ders P A shows P b [Nt A] = w

{proof)

lemmas DersE = DersDlelim__format]

definition Lang :: ('n,’t)Prods = 'n = 't list set where
Lang P A = {w. P F [Nt A] =% map Tm w}

abbreviation lang :: ('n,'t)prods = 'n = 't list set where
lang ps A = Lang (set ps) A

abbreviation LangS :: ('n,’t) Cfg = 't list set where
LangS G = Lang (Prods G) (Start G)

abbreviation langS :: ('n,'t) cfg = 't list set where
langS g = lang (prods g) (start g)

lemma Lang_Ders: map Tm ‘ (Lang P A) C Ders P A
(proof)

lemma Lang eql derives:
assumes Av. R b [Nt A] =% map Tm v +— S+ [Nt A] =% map Tm v
shows Lang R A = Lang S A

{proof)

lemma derive_iff: R u = v+— (3 (A,w) € R. Jul u2. u=ul Q@ Nt A # u2
ANv=ul QuwaQu2)

(proof)

lemma not_derive_from__Tms: =~ P F map Tm as = w

(proof)

lemma deriven_from__TmsD: P+ map Tm as =(n) w = w = map Tm as

(proof)

lemma derives_from_Tms_iff: P F map Tm as =% w +— w = map Tm as
(proof)

lemma Un_derive: RUSFy=2+—> RFy=2VSFky==z
(proof)

lemma derives rule:

assumes 2: (Aw) € Rand I: R+ 2z =%y Q Nt A # z and 3: R+ yQuQz
=% v

shows R+ z =% v



(proof)

lemma derives Cons _rule:
assumes I: (A,w) € Rand 2: R+ w Q u =% v shows R+ Nt A # u =x* v

(proof)

lemma deriven_mono: P C P'= P+ u=(n) v= P'F u=(n)v
(proof)

lemma derives mono: P C P/ = PF u=%xv=—= P'Fu=xv

(proof)

lemma Lang_mono: P C P’ = Lang P A C Lang P’ A
(proof)

1.2.2 Customized Induction Principles

lemma deriven_induct[consumes 1, case_names 0 Suc]:

assumes P F zs =(n) ys

and Q 0 xs

and AnuAvw [PFas=(n)uQ@[Nt Al Qv; Qn (uQ [Nt A] Q v); (A,w)
€EP]= Q (Sucn) (u@wa )

shows Q n ys
(proof)

lemma derives__induct[consumes 1, case__names base step]:

assumes P F zs =% ys

and @ zs

and Au Avw. [ PFxs =+ u @ [Nt Al @Qv; Q (u @ [Nt A] Q v); (A,w) € P ]
= Q (v Q w Q v)

shows @ ys

(proof)

lemma converse__derives__induct[consumes 1, case _names base step):

assumes P F xs =% ys

and Base: Q ys

and Step: Au Avw. [ PFu @ [Nt A Qv =xys; Q (uQwQv); (Aw) € P
] = Q (v @ [Nt A] Q v)

shows @) zs

{proof)

1.2.3 (De)composing derivations

lemma derive__append:
GFu= 1= GF uQuw = vQu

(proof)

lemma derive prepend:
GFHu=v— GF wQu = wQu

(proof)



lemma deriven__append:
Pru=Mn)v=PFuQuw=(n)vQuw
(proof)

lemma deriven_ prepend:
Pru=Mnh)v=PFwQu=(n)wQu
(proof )

lemma derives append:
Pru=%xv=— PF uQuw =% vQu

{proof)

lemma derives_ prepend:
PFu=%v= PF wQu =% wQu

(proof)

lemma derive__append__decomp:

Pt uQu = w<+—

Guv. w=uv@QuAPFu=u)V 3v. w=uQu APFv=v
(is 2l +— 7r)

(proof)

lemma deriven__append__decomp:

PFu@uv=(n) w+—

Hnl n2wl w2.n=nl + n2 ANw=wl Qw2 APFu=(nl) wl ANPF v
=(n2) w2)

(is 2l +— 2r)
(proof)

lemma derives append__decomp:
PruQou=*xw<+— (Ju v . Pru=xu' APFov=xv Aw=u Q)

{proof)

lemma derives concat:
Vi€ setis. Pk fi=%gi= PF concat(map fis) =x concat(map g is)

(proof)

lemma derives concatl:
Vi€ setis. Pt [fi] =% gi = Pt map fis =x concat(map g is)
(proof)

lemma derive_ Cons:
PFu=v= PF a#u= a#v
(proof )

lemma derives Cons:
RFu=%xv=— R&F a#u =* a#v

{proof)



lemma derive_from__empty[simp]:
Pr [ = w<+— False

{proof)

lemma deriven_ from__empty[simp):
PH=Mn)w+—n=0ANw=]
(proof)

lemma derives_from__empty[simp]:
GFl=xw+«— w=]
{proof )

lemma deriven startl:
assumes P F [Nt A] =(n) map Tm w
shows Ja m. n = Suc m A P+ o =(m) (map Tm w) A (A,a) € P

(proof)

lemma derives_startl: P F [Nt A] =% map Tm w = Ja. P+ a =* map Tm
wA (4,a) € P
(proof)

lemma Lang_empty if notin_Lhss: A ¢ Lhss P = Lang P A = {}
(proof)

lemma derive_Tm__ Cons:
PEFTma#u=v+— Fw.v=Tnae# wAPFu= w)
(proof)

lemma deriven Tm_ Cons:
PETma# u=Mn)v+— Gw.v=Tma# wAPF u=(n) w)
(proof)

lemma derives Tm_ Cons:
PETma#u=xv+— Fwv=Tna# wAPkFu=xw)

{proof)

lemma derives_Tm[simp]: P F [Tm a] =% w <— w = [Tm d]
(proof)

lemma derive_singleton: P & [a] = u <— (3A. (A,u) € P A a = Nt A)
(proof)

lemma deriven_singleton: P+ [a] =(n) u <— (
case n of 0 = u = [a]
| Sucm = 3F(Aw) € P.a=NtAANPFw=(m) u)
(is 71 +— ?r)

(proof)
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lemma deriven_ Cons__decomp:
PFa# u=(n)v+—
(3v2. v=a#v2 N P+ u=(n) v2)V
(3nin2Awvlv2. n==8uc(nl +n2)ANv=vl Qu2Aa=NAA
(Ajw) € PAPFw=(nl) vl NPk u=(n2) v2)
(is 7l = ?r)
{proof)

lemma derives Cons__decomp:

PlF s# u=%v<+—

(Fv2. v=s#v2 AN PF u=x0v2)V

FAwviv2. v=0vl Qu2As=NAN(Aw) € PNPFw=%xvl NPFu
=% v2) (is ?L +— ?R)
(proof)

lemma deriven_ Suc__decomp_left:
PF u=(Sucn)v+— (Ip A u2wvl v2nl nl.
u=pQNtAH# u2 Nv=pQul Qu2An=nl+n2A
(A,w) € PAPF w=(nl)vl A
PF u2 =(n2) v2) (is 7l +— ?r)

(proof )

lemma derives NilD: PF w =x [| = s € set w = P [s] =x ||
(proof)

lemma derive__decomp__Tm: P+ o =(n) map Tm f =
3Bs ns. B = concat Bs A length o = length Bs A length o = length ns N\ sum__list
ns=n
A (Vi < length Bs. P & [a! 9] =(nsli) map Tm (Bs ! 1))
(is_ = 3PBsns. ?G a B n fsns)

{(proof)

lemma derives simul _rules:
assumes ANA w. (A,w) € P = P'F [Nt A] =x* w
shows P+ w =+ w' = P'+ w =% w’

(proof)

lemma derives _set subset:
PFu=%v=— set v C set u U Syms P

(proof)

lemma derives nts syms_subset:
Pt u=%v= nts_syms v C nts_syms u U Nts P

(proof)

Bottom-up definition of =x*. Single definition yields more compact in-
ductions. But derives induct may already do the job.

inductive derives_bu :: ('n, 't) Prods = ('n,’t) syms = ('n,’t) syms = bool
((2_F/ (/) =bu/_)) [50, 0, 50] 50) for P :: ('n, 't) Prods

11



where
bu_refl: PF a =bu o |
bu_prod: (A,a) € P = P+ [Nt A] =bu « |
bu_embed: [ P a =bua; Qas @Qag; PHay=bu ] = PF a=bua; @
B @ as

lemma derives if bu: PFa =buf=— PF a=xp
(proof)

lemma derives bu_if: PFa =% = P+ a=bup

(proof)

lemma derives_bu_iff: P+ a =bu f +— PF a=xf
(proof)

1.2.4 Leftmost/Rightmost Derivations

inductive derivel :: ('n,’t) Prods = ('n,'t) syms = ('n,’t)syms = bool
((2_F/ (_=1/_)) 50,0, 50] 50) where
(Aj@) e P= PFmap Tmu Q Nt A# v=Imap Tmu Q@ a Qu

abbreviation derivels ((2_F/ (_ =Ix/ _)) [50, 0, 50] 50) where
PF u=lx v=((derivel P) "xx) u v

abbreviation derivels! ((2_F/ (_ =Il+/ _)) [50, 0, 50] 50) where
PtF u =i+ v = ((derivel P) "++) u v

abbreviation deriveln ((2_+F/ (_ =1U'(_")/ _)) [50, 0, 0, 50] 50) where
PF u=l(n) v=((derivel P) " n) uwv

inductive deriver :: ('n,’t) Prods = ('n,’t) syms = ('n,’t)syms = bool
(2_F/ (_=r/_)) [50, 0, 50] 50) where
(Ajo) e P=—=PFu@QNtA# map Tmv=ru@a@map Tmv

abbreviation derivers ((2_+/ (_ =r«/ _)) [560, 0, 50] 50) where
Pt u=rxv=((deriver P) ") u v

abbreviation derivers! ((2_+F/ (_ =r+/ _)) [50, 0, 50] 50) where
PF u=r+v=((deriver P) ++4) u v

abbreviation derivern ((2_+/ (_ =r'(_")/ _)) [50, 0, 0, 50] 50) where
Pt u=r(n)v=((deriver P) " " n) uwv

lemma derivel iff: R+ u =l v +—
(3 (A,w) € R. Jul u2. u=map Tm ul Q@ Nt A # u2 AN v=map Tm ul Q@ w
Q@ u2)

(proof)

12



lemma derivel _from__empty|[simp]:
P F || =1 w <— False (proof)

lemma deriveln_ from__empty|[simp]:
PE=ln)w+—n=0Aw=]
(proof )

lemma derivels_from__empty[simp]:
GH[ =l w+— w=]
(proof )

lemma Un_derivel: RUSFy=lz+— RFy=lzV Skty=lz
(proof)

lemma derivel _append:
Pru=lv=—=PFHuQuw=IlvQuw

(proof)

lemma deriveln__append:
PrHu=ln)v=PrFuQuw=I(n)vQuw

(proof)

lemma derivels append:
Pru=lkxv=— PFuQuw=lxvQuw

{proof)

lemma derivelsl _append:
Pru=l+v—PFHuQuw=Il4+vQw

{proof)

lemma derivel Tm_Cons:
PrTma#u=lv+— Gwov=Tna# wAPtu=lw)

(proof)

lemma deriveln Tm_Cons:
PETma# u=ln)v+— Qw.v=Tma# wAPFu=Iln)w)
(proof )

lemma derivels Tm_Cons:
PETma# u=lxv+— Fw. v=Tma# wAPF u=lxw)

{proof)

lemma derivel Nt _Cons:
PENtA#u=lv+— Quw (Aw) € PAv=wQ y)
(proof )

lemma derivels1 Nt Cons:
PENA# u=l+v+— Bw (Abw) € PAPF wQ@u=lx )

{proof)

13



lemma derivels Nt _Cons:
PENtA#Hu=lxv+—v=NA#uV 3w (Aw) e PN\PFwQ@u=lx

v)

(proof)

lemma deriveln Nt _Cons:
PENtA# u=l(n) v+ (
case n of 0 = v= Nt A# u
| Suc m = Jw. (A,w) € PAPFw@u=I(m)v)

(proof)

lemma derivel _map_Tm__append:
PFEmap Tmw Qu =lv+— Fz.v=map Tmw @z A PF u=lxz)

(proof)

lemma deriveln_map Tm__append:
PFmap Tmw Q u =I(n) v<— 3z.v=map Tmw Q@ z A P+ u=I(n) z)

{proof)

lemma derivels _map_Tm__append:
Ptmap Tmw @ u =lxv<+— (Jz. v=map Tmw Q@ z A P+ u =Ix x)

{proof)

lemma derivel not_elim_Tm:
assumes P - xs =1 map Nt w
shows Fv. zs = map Nt v

(proof)

lemma deriveln _not__elim_Tm:
assumes P F zs =I(n) map Nt w
shows Fv. zs = map Nt v

(proof)

lemma decomp__derivel _map__Nts:

assumes P - map Nt Xs =1 map Nt Zs

shows 3X Xs' Vs. Xs = X # Xs' A P+ [Nt X] =1 map Nt Ys A Zs = Ys Q
Xs’
(proof)

lemma derivel _imp_derive: PFu =lv=— PFu= v
(proof)

lemma deriveln__imp_ deriven:
PFu=ln)v= PFu=(n)v

{proof)

lemma derivels _imp _derives:
Pru=lxv— PFu=xuvw

14



{proof)

lemma deriveln_iff deriven:
PF u=l(n) map Tm v +— P+ u=(n) map Tm v
(is 2l «— 2r)

(proof)

lemma derivels iff derives: P+ u =Ix map Tm v «— P F u =% map Tm v
(proof )

lemma deriver iff: R+ u =r v +—
3 (Aw) e R Ful u2. u=ul QNt A# map Tmu2 N v=ul Qw Q@ map
Tm u2)

{proof)

lemma deriver _imp_derive: R+ u=rv— RF u= v
(proof )

lemma derivern_imp_deriven: R+ u =r(n) v= RF u =(n) v
{proof)

lemma derivers _imp_derives: R u =r« v = RF u =% v
(proof )

lemma deriver iff rev_derivel:
PF u=ruv+— map_prodid rev ‘ P+ rev u =l rev v (is 7l +— ?r)

(proof)

lemma rev_deriver iff derivel:
map_prod id rev ‘ P+ u=rv<+— PF revu =lrevwv

(proof)

lemma derivern_iff rev_deriveln:
PF u=r(n)v<— map_prod id rev * P rev u =I(n) rev v

(proof)

lemma rev_derivern_iff deriveln:
map__prod id rev * P+ u =r(n) v +— P+ revu =I(n) revv

{proof)

lemma derivers iff rev_derivels:
Pt u=r«xv+— map_prod id rev ‘ P F rev u =Ix rev v

{proof)

lemma rev_derivers iff derivels:
map_prod id rev ‘ P+ u =rx v <— P rev u =% rev v

(proof)

lemma rev_derive:
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map_prod id rev ‘Pt u = v<+— PF revu = revo
(proof)

lemma rev deriven:
map__prod id rev ‘ P+ u =(n) v +— P F revu =(n) rev v

(proof)

lemma rev derives:
map_prod id rev ‘ P+ u =% v <— P I revu =x* rev v

(proof)

lemma derivern_iff _deriven: P+ u =r(n) map Tm v <— P+ u =(n) map Tm
v

{proof)

lemma derivers_iff derives: P+ u =rx map Tm v <— P+ u =% map Tm v
(proof )

lemma deriver _append_map__Tm:
PHu@map Tmw=rv+— z.v=2Qmap Tmw A Pt u=rz)

(proof)

lemma derivern__append_map__Tm:
PFu@map Tmw =r(n) v+<— Bz.v=2Qmap Tm w A PF u=r(n) z)

{proof)

lemma deriver _snoc_ Nt:
PFu@ [Nt A =rv+— Qw. (Aw) € PAv=uQuw)
(proof )

lemma deriver_singleton:
Pr[NtAl =rv<+— (Av) P
(proof )

lemma deriversl snoc_ Nt:
PFu@[Nt A =r4+ v+— Gw. (Aw) € PAPF u@w=rx0)

(proof)

lemma derivers snoc_ Nt:

PHu@[NtA =rsv+—v=u@[Nt AV Fw (Abw) e PANPFu@uw
=7% )

(proof )

lemma derivern__snoc_ Tm:
PFu@[Tma] =r(n)vé— Bw.v=wQ[Tma] AN PF u=r(n) w)
{proof)

lemma derivern__snoc_ Nt:
PFu@[Nt A =r(n) v (
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case n of 0 = v = u Q [Nt A]
| Suc m = Jw. (A,w) € PAPFu@w=r(m)v)

{proof)

lemma derivern__singleton:
P F [Nt Al =r(n) v +— (
case n of 0 = v = [Nt A]
| Suc m = Jw. (A,w) € PN P+ w=r(m)v)

{proof)

1.3 Substitution in Lists

Function substs y ys xs replaces every occurrence of y in xs with the list ys

fun substs :: 'a = 'a list = 'a list = 'a list where
substs y ys [] =[] |
substs y ys (ztxs) = (if x = y then ys Q substs y ys xs else © # substs y ys xs)

Alternative definition, but apparently no simpler to use: substs y ys xs
= concat (map (Az. if x = y then ys else [z]) xs)

abbreviation substsNt A = substs (Nt A)

lemma substs__append[simp]: substs y ys (xs Q zs’) = substs y ys xs Q substs y ys
xs’
(proof)

lemma substs _skip: y ¢ set xs = substs y ys xs = zs
(proof)

lemma susbstsNT _map__Tm[simp]: substsNt A o (map Tm w) = map Tm w

(proof)

lemma substs_len: length (substs y [y'] xs) = length xs

(proof)

lemma substs_rev: y’' ¢ set s = substs y’ [y] (substs y [y'] zs) = xs
(proof)

lemma substs der:
(Byw) € P = P+ u =% substs (Nt B) v u

(proof)

1.4 Epsilon-Freeness
definition Eps_free where Eps_free R = (V(_,r) € R. 7 # [])

abbreviation eps_free rs == Eps_ free(set rs)

lemma Eps_freel:
assumes AA r. (4,r) € R = r # [| shows Eps_free R

17



{proof)

lemma FEps free Nil: Eps_free R = (A)[]) ¢ R
(proof)

lemma Eps_freeE_Cons: Eps_free R = (A,w) € R = Ja u. w = a#u
(proof)

lemma Eps free derives Nil:
assumes R: Eps_free R shows Rt | =« [| +— [ =[] (is 2l +— ?r)

(proof)

lemma Eps free derivels Nil: Eps _free R = RF [ =Ix[| +— | =]
(proof)

lemma FEps_free_deriveln_Nil: Eps_free R— RF | =i(n) [| = 1l = |]
(proof)

lemma decomp__deriveln__map_Nts:
assumes FEps_free P
shows P b Nt X # map Nt Xs =I(n) map Nt Zs =
Ys' Ys'@ Xs = Zs A P+ [Nt X]| =I(n) map Nt Ys'
(proof)

end

2 Parse Trees

theory Parse_ Tree
imports Context Free Grammar
begin

datatype ('n,’t) tree = Sym ('n,’t) sym | Rule 'n ('n,’t) tree list
datatype__compat tree

fun root :: ('n,’t) tree = ('n,’t) sym where
root(Sym s) = s |
root(Rule A _) = Nt A

fun fringe :: ('n,’t) tree = ('n,’t) syms where

fringe(Sym s) = [s] |

fringe(Rule __ ts) = concat(map fringe ts)

abbreviation fringes ts = concat(map fringe ts)

fun parse_tree :: ('n,'t)Prods = ('n,’t) tree = bool where

parse_tree P (Sym s) = True |
parse__tree P (Rule A ts) = ((Vt € set ts. parse_tree P t) A (A,map root ts) € P)
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lemma fringe steps_if parse_tree: parse_tree Pt = P I [root t] =x fringe t
(proof)

fun subst_pt and subst_pts where
subst_ptt’' 0 (Sym _) =t
subst_pt t' m (Rule A ts) = Rule A (subst_pts t' m ts) |
subst_pts t' m (t#ts) =
(let n = length(fringe t) in if m < n then subst_pt t' m t # ts
else t # subst_pts t' (m—n) ts)

lemma fringe subst_pt: i < length(fringe t) =
fringe(subst_pt t’' i t) = take i (fringe t) Q fringe t’ @ drop (Suc i) (fringe t)
and
fringe__subst_pts: i < length(fringes ts) =
fringes (subst_pts t' i ts) =
take i (fringes ts) Q fringe t' @ drop (Suc ) (fringes ts)
(proof)

lemma root__subst_pt: [ i < length(fringe t); fringe t | i = Nt A; root t' = Nt A ]
= root (subst_pt t' i t) = root t and

map__root__subst_pts: [ i < length(fringes ts); fringes ts | i = Nt A; root t' = Nt
A]

= map root (subst_pts t’ i ts) = map root ts

(proof)

lemma parse_tree subst_pt:

[ parse_tree P t; i < length(fringe t); fringe t | i = Nt A; parse_tree P t'; root
t'= Nt A ]

= parse_tree P (subst_pt t' i t)
and parse_tree_subst_pts:

[ Vt € set ts. parse_tree P t; i < length(fringes ts); fringes ts | i = Nt A;
parse_tree P t'; root t'= Nt A ]

= V' € set(subst_pts t’ i ts). parse_tree P t’'

(proof)

lemma parse_tree_if derives: P &+ [Nt A] = w = Jt. parse_tree Pt A fringe
t=wA roott= Nt A

(proof)

end

3 Renaming Nonterminals

theory Renaming CFG
imports Context Free Grammar
begin

This theory provides lemmas that relate derivations w.r.t. some set of
productions P to derivations w.r.t. a renaming of the nonterminals in P.
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fun rename_sym :: (Yold = 'new) = ('old,’t) sym = ('new,’t) sym where
rename_sym f (Nt n) = Nt (f n) |
rename_sym f (Tm t) = Tm ¢

abbreviation rename_syms f = map (rename__sym f)

fun rename_prod :: (‘old = 'new) = (‘old,’t) prod = ('new,’t) prod where
rename_prod f (A,w) = (f A, rename__syms f w)

abbreviation rename_ Prods f P = rename_prod f ¢ P

lemma rename__sym__o_Tm[simp|: rename_sym f o Tm = Tm
(proof)

lemma Nt _notin_rename__syms_if notin_range:
x & range f = Nt z ¢ set (rename_syms f w)

(proof)

lemma in_Nts _rename_Prods: B € Nts (rename_Prods f P) = (3 A € Nts P. f
A = B)
(proof)

lemma rename__preserves__deriven:

Pt a=(n) B = rename__Prods f P - rename__syms f o =(n) rename__syms
B
(proof)

lemma rename__preserves__derives:
Pt a =% f = rename_ Prods f P - rename__syms f a =% rename_syms f

(proof)

lemma rename__preserves_derivel:
assumes PF a =1
shows rename__Prods f P & rename_syms f o =1 rename__syms f 5

(proof)

lemma rename_preserves_deriveln:
Pt a=l(n) § = rename_Prods f P+ rename__syms f o =1(n) rename__syms

B
(proof)

lemma rename__preserves_derivels:
Pt a =lx 8 = rename_Prods f P - rename__syms f a =1x rename_syms f

B
(proof)

lemma rename_ deriven__iff inj:

fixes P :: ('a,'t) Prods
assumes inj_on f (Nts P U nts_syms o U nts_syms ()
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shows rename__Prods f P - rename__syms [ a =(n) rename_syms f 8 «— P F
a=(n) B (is 2l «— ?r)
(proof )

lemma rename__derives_iff ingj:

assumes inj_on f (Nts P U nts_syms « U nts_syms ()

shows rename_Prods f P - rename__syms f o =% rename_syms f § <— P F
a =x* 3
(proof)

lemma rename__deriveln_ iff inj:

fixes P :: (‘a,’t) Prods

assumes inj_on f (Nts P U nts_syms o U nts_syms 3)

shows rename_ Prods f P - rename__syms f o =1(n) rename_syms f  <— P F
a =l(n) B (is 21 +— 2r)

(proof)

lemma rename__derivels_iff inj:

assumes inj_on f (Nts P U nts_syms o U nts_syms ()

shows rename__Prods f P & rename_syms f a =Ix rename_syms f f «— P
a =Ilxp

(proof)

lemma Lang rename_Prods:
assumes inj_on f (Nts P U {S})
shows Lang (rename__Prods f P) (f S) = Lang P S

(proof)

lemma derives preserves_renaming:
assumes rename_Prods f P+ rename__syms f u =x fv
shows Jv. fu = rename_syms f v

(proof)

end

4 Disjoint Union of Sets of Productions

theory Disjoint_Union_CFG
imports
Regular— Sets. Reqular__Set
Context_Free  Grammar
begin

This theory provides lemmas relevant when combining the productions
of two grammars with disjoint sets of nonterminals. In particular that the
languages of the nonterminals of one grammar is unchanged by adding pro-
ductions involving only disjoint nonterminals.

lemma derivel disj Un__if:
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assumes Rhs_Nts P N Lhss P’ = {}
and PUP'Fu=lv
and nts_syms u N Lhss P' = {}
shows P+ u =l v A nts_syms v N Lhss P’ = {}

(proof)

lemma derive_disj Un__if:
assumes Rhs Nits P N Lhss P’ = {}
and PUP'Fu=vw
and nts_syms uw N Lhss P’ = {}
shows P F u = v A nts_syms v N Lhss P! = {}

(proof)

lemma deriveln_disj Un__if:

assumes Rhs_Nts P N Lhss P’ = {}

shows [ PU P'F u =I(n) v; nts_syms u N Lhss P' = {} | =
PF u=l(n) v A nts_syms vN Lhss P' = {}

(proof)

lemma deriven_ disj Un__if:

assumes Rhs Nts P N Lhss P' = {}

shows [ PU P’ u =(n) v; nts_syms u N Lhss P' = {} | =
PF u=(n)vA nts_symsv N Lhss P' = {}

(proof)

lemma derivel _disj Un__iff:
assumes Rhs Nts P N Lhss P’ = {}
and nts_syms w N Lhss P' = {}
shows PUP'Fu=lv+— PFu=lv

(proof)

lemma derive_disj_Un__iff:
assumes Rhs Nts P N Lhss P’ = {}
and nts_syms w N Lhss P' = {}
shows PUP'Fu= v+ PFu=v

(proof)

lemma deriveln_disj Un__iff:
assumes Rhs Nts P N Lhss P’ = {}
and nts_syms u N Lhss P' = {}
shows PU P'F u =l(n) v+— PFu=l(n)v

(proof)

lemma deriven_ disj Un__iff:
assumes Rhs Nts P N Lhss P’ = {}
and nts_syms u N Lhss P’ = {}
shows PUP'Fu=(n)v+— PFu=(n)v

(proof)
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lemma derives disj Un__iff:
assumes Rhs Nts P N Lhss P’ = {}
and nts_syms u N Lhss P' = {}
shows PUP'Fu=xv+— PFu=xv

(proof)

lemma Lang disj Unl:
assumes Rhs Nits P N Lhss P’ = {}
and S ¢ Lhss P’

shows Lang P S = Lang (P U P') S

(proof)

4.1 Disjoint Concatenation

lemma Lang concat _disj:

assumes Nts P1 N Nts P2 = {} S ¢ Nts P1 U Nts P2 U {S1,52} S1 ¢ Nts P2
S2 ¢ Nts P1

shows Lang ({(S, [Nt S1,Nt S2])} U (P1 U P2)) S = Lang P1 S1 QQ Lang P2
S2

(proof)

4.2 Disjoint Union including start fork

lemma derive_from__isolated_ fork:
[ A¢ Lhss P; {(A,al),(A,a2)} UPF[NtAl =B8] = B=al VB=a?2
(proof)

lemma derives fork if derivesl:
assumes P b [Nt B1] =% map Tm w
shows {(4,[Nt B1]), (A,[Nt B2])} U P - [Nt A] =% map Tm w (is 2P F __ ==«

(proof)

lemma derives disj if derives fork:
assumes A ¢ Nts P U {BI,B2}
and {(A,[Nt B1]), (A, [Nt B2))} U P+ [Nt Al =+ map Tmw (is PP+ __ =% )
shows P F [Nt B1] =% map Tm w V P & [Nt B2] =% map Tm w

(proof)

lemma Lang distrib_eq Un__ Lang2:
assumes A ¢ Nts P U {B1,B2}
shows Lang ({(4,[Nt B1]),(4,[Nt B2])} U P) A = (Lang P B1 U Lang P B2)
(is Lang ?P _ = __is ?L1 = ?L2)
(proof)

lemma Lang disj Un2:

assumes Nits PI N Nts P2 = {} S ¢ Nts(P1 U P2) U {S1,52} S1 ¢ Nits P2 S2
¢ Nts P1

shows Lang ({(S,[Nt S1]), (S,[Nt S2])} U (P1 U P2)) S = Lang P1 S1 U Lang
P2 52
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(proof)

end

5 Context-Free Languages

theory Context Free Language

imports
Regular—Sets. Regular__Set
Renaming_CFG
Disjoint_Union_ CFG

begin

5.1 Auxiliary: Ifp as Kleene Fixpoint

definition omega_chain :: (nat = ('a::complete_lattice)) = bool where
omega__chain C = (Vi. Ci < C(Suc 7))

definition omega_ cont :: (("a::complete_lattice) = ('b::complete_lattice)) = bool
where
omega,__cont f = (V C. omega_ chain C — f(SUP n. C'n) = (SUP n. f(C n)))

lemma omega_ chain_mono: omega_chain C —= i < j= Ci < (Cj

(proof)

lemma mono_if omega__cont: fixes f :: (‘a::complete_lattice) = ('b::complete_lattice)
assumes omega__cont f shows mono f
(proof)

lemma omega__chain__iterates: fixes [ :: (‘a::complete_lattice) = 'a

assumes mono f shows omega_chain(An. (f~"n) bot)

(proof)
theorem Kleene_lfp:

assumes omega__cont f shows Ifp f = (SUP n. (f""n) bot) (is _ = ?U)
(proof)

5.2 Basic Definitions

This definition depends on the type of nonterminals of the grammar.

definition CFL :: 'n itself = 't list set = bool where
CFL (TYPE('n)) L = (3P S::'n. L = Lang P S A finite P)

Ideally one would existentially quantify over 'n on the right-hand side,
but we cannot quantify over types in HOL. But we can prove that the type
is irrelevant because we can always use another type via renaming.

lemma arb_inj _on_ finite_infinite: finite(A :: 'a set) = If 1 'a = 'binfinite.
inj_on fA
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(proof)

lemma CFL_ change_ Nt_type: assumes CFL TYPE('t1::infinite) L shows CFL
TYPE('t2::infinite) L
(proof)

For hiding the infinite type of nonterminals:

abbreviation cfl :: 'a lang = bool where
¢fl L = CFL (TYPE(nat)) L

5.3 Closure Properties

lemma CFL_Un_closed:
assumes CFL TYPE('n1) L1 CFL TYPE('n2) L2
shows CFL TYPE(('n1+'n2)option) (L1 U L2)

(proof)

lemma CFL_concat_closed:
assumes CFL TYPE('n1) L1 and CFL TYPE('n2) L2
shows CFL TYPE(('nl + 'n2) option) (L1 QQ L2)

(proof)

5.4 CFG as an Equation System

A CFG can be viewed as a system of equations. The least solution is denoted
by Lang_Ifp.

definition inst_sym :: ('n = 't lang) = ('n, 't) sym = 't lang where

inst_sym L s = (case s of Tm a = {[a]} | Nt A = L A)

definition concats :: 'a lang list = 'a lang where
concats Ls = foldr (@Q) Ls {[]}

definition inst_syms :: ('n = 't lang) = ('n, 't) syms = 't lang where
inst_syms L w = concats (map (inst_sym L) w)

definition subst_lang :: ('n,’t)Prods = ('n = 't lang) = ('n = 't lang) where
subst_lang P L = (AA. |Jw € Rhss P A. inst_syms L w)

definition Lang_Ifp :: ('n, 't) Prods = 'n = 't lang where
Lang_lfp P = lfp (subst_lang P)
Now we show that this Ifp is a Kleene fixpoint.

lemma inst_sym_ Sup_range: inst_sym (Sup(range F)) = (As. UN i. inst_sym
(F i) s)
(proof )

lemma foldr_map_mono: F < G = foldr (QQ) (map F zs) Ls C foldr (QQ)
(map G zs) Ls
(proof)
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lemma inst_sym_mono: FF < G = inst_sym F s C inst_sym G s
(proof)

lemma foldr_conc_map_inst_sym:

assumes omega__chain L

shows foldr (QQ) (map (As. 4. inst_sym (L i) s) zs) Ls = (. foldr (QQ)
(map (inst_sym (L 7)) xs) Ls)
{proof)

lemma omega__cont_Lang_lfp: omega__cont (subst_lang P)

(proof)

theorem Lang_lfp SUP: Lang lfp P = (SUP n. ((subst_lang P)""n) (AA. {}))
(proof)

5.5 Lang Ifp = Lang

We prove that the fixpoint characterization of the language defined by a
CFG is equivalent to the standard language definition via derivations. Both
directions are proved separately

lemma inst_syms _mono: (NA. R A C R’ A) = w € inst_syms Ra = w €
inst_syms R’ a

(proof)

lemma omega__cont_Lang lfp_iterates: omega__chain (An. ((subst_lang P)™ n)

(A4 {})
{proof )

lemma in_subst_langD _inst_syms: w € subst_lang P L A = Ja. (A, a)eP A
w € inst_syms L «

(proof)

lemma foldr_conc_conc: foldr (QQ) zs {[]} @QQ A = foldr (QQ) zs A
(proof)

lemma derives if inst_syms:
w € inst_syms (AA. {w. P F [Nt A] =% map Tm w}) a = P F a = map Tm
w

(proof)

lemma derives if in_subst_lang: w € ((subst_lang P)" "n) (M. {}) A= P
[Nt A] = map Tm w
(proof)

lemma derives_if Lang_lfp: w € Lang_lfp P A = P F [Nt A] =% map Tm w
{proof )

lemma Lang Ifp subset Lang: Lang lfp P A C Lang P A
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(proof )
The other direction:

lemma inst_syms__decomp:
[ Vi < length ws. ws ! i € inst_sym L (a ! 7); length o = length ws ]
= concat ws € inst_syms L «

(proof)

lemma Lang_Ifp_if derives_auz: P+ [Nt A] =(n) map Tm w = w € ((subst_lang
P)™n) M. {}) A
(proof)

lemma Lang_lfp_if derives: P+ [Nt A] = map Tm w = w € Lang_lfp P A
(proof )

theorem Lang Ifp _eq Lang: Lang Ifp P A = Lang P A
(proof)

end

6 Elimination of Unit Productions

theory Unit_Elimination
imports Context_Free_ Grammar
begin

definition unit_prods :: ('n,'t) prods = ('n,’t) Prods where
unit_prods ps = {(I,r) € set ps. 3A. r = [Nt A]}

definition unit_rtc :: ('n, 't) Prods = ('n x 'n) set where
unit_rtc Ps = {(A,B). Ps - [Nt A] = [Nt B] A {A,B} C Nts Ps}

definition unit_rm :: ('n, 't) prods = ('n, 't) Prods where
unit_rm ps = (set ps — unit_prods ps)

definition new_prods :: ('n, 't) prods = ('n, 't) Prods where
new_prods ps = {(A,r). 3B. (B,r) € (unit_rm ps) A (A, B) € unit_rtc (unit_prods

ps)}

definition unit_elim_rel :: ('n, 't) prods = ('n, 't) prods = bool where
unit__elim__rel ps ps’ = set ps’ = (unit_rm ps U new_prods ps)

definition Unit_free :: ('n, 't) Prods = bool where
Unit_free P = (A B. (A,[Nt B]) € P)
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lemma Unit_free_if unit_elim_ rel: unit_elim_rel ps ps' => Unit_free (set ps’)

(proof)

lemma unit_elim_rel FEps_free:
assumes FEps_free (set ps) and unit_elim__rel ps ps’
shows Eps_free (set ps’)
(proof )

fun uprods :: ('n,’t) prods = ('n,’t) prods where
uprods [ = ] |
uprods (p#ps) = (if JA. (snd p) = [Nt A] then p#uprods ps else uprods ps)

lemma unit_prods _uprods: set (uprods ps) = unit_prods ps
(proof)

lemma finiteunit_prods: finite (unit_prods ps)

(proof)

definition NtsCross :: ('n, 't) Prods = ('n x 'n) set where
NtsCross Ps = {(A, B). A € Nts Ps N B € Nts Ps }

lemma finite_unit_rtc:
assumes finite ps
shows finite (unit_rtc ps)
(proof)

definition nPSlambda :: ('n, 't) Prods = ('n x 'n) = ('n, 't) Prods where
nPSlambda Ps d = {fst d} x {r. (snd d, r) € Ps}

lemma npsImage: |J ((nPSlambda (unit_rm ps)) ¢ (unit_rtc (unit_prods ps))) =
new__prods ps
(proof )

lemma finite _nPSlambda:
assumes finite Ps
shows finite (nPSlambda Ps d)

(proof)

lemma finite_new_prods: finite (new_prods ps)
(proof)

lemma finiteunit_elim__relRules: finite (unit_rm ps U new__prods ps)

(proof)
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lemma unit_elim_ rel_exists: ¥ ps. A ps’. unit_elim__rel ps ps’
(proof)

definition unit _elim where
unit_elim ps = (SOME ps’. unit__elim__rel ps ps’)

lemma unit_elim_rel_unit_elim: unit_elim__rel ps (unit_elim ps)
(proof)

lemma inNonUnitProds:
p € unit_rm ps = p € set ps

(proof)

lemma psubDeriv:
assumes ps - u = v
and Vp € ps. p € ps’
shows ps' - u = v
(proof )

lemma psubRtcDeriv:
assumes ps - u =% v
and Vp € ps. p € ps’

shows ps’' F u =% v

{proof)

lemma unit_prods deriv:
assumes unit_prods ps - u = v
shows set ps - u =% v

(proof)

lemma unit_elim_rel r3:
assumes unit__elim_rel ps ps’ and set ps’' - u = v
shows set ps F u =% v

(proof)

lemma unit_elim_rel_r4:
assumes set ps’ = u =% v
and unit__elim_ rel ps ps’
shows set ps F u =% v
(proof)

lemma deriv_unit_rtc:
assumes set ps - [Nt A] = [Nt B|
shows (4, B) € unit_rtc (unit_prods ps)
(proof)
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lemma unit _elim_rel ri2:
assumes unit_elim_rel ps ps’ (A, a) € set ps’
shows (A4, a) ¢ unit_prods ps
(proof )

lemma unit_elim_rel_r1j:
assumes unit_elim__rel ps ps’
and set ps b [Nt A] = [Nt B] set ps'F [Nt B] = v
shows set ps’ - [Nt A] = v
(proof )

lemma unit_elim_rel r20 auz:

assumes set ps 1 Q [Nt A] Q@ r =% map Tm v

shows Ja. set psHF 1 Q [Nt A]Qr=1Qa@Qr Asetpsk1QaQr=xmap
Tm v A (4, «) € set ps
(proof )

lemma unit_elim_rel r20:
assumes set ps = u =x map Tm v unit__elim__rel ps ps’
shows set ps’' b u = map Tm v

(proof)

theorem unit_elim_ rel_lang eq: unit_elim_rel ps ps’ = lang ps’ S = lang ps
S
(proof )

corollary lang_unit_elim: lang (unit_elim ps) A = lang ps A

(proof)

end

7 Elimination of Epsilon Productions

theory Epsilon_ Elimination
imports Context Free Grammar
begin

inductive nullable :: ('n,’t) prods = ('n,’t) sym = bool
for ps where

NullableSym:

[ (A, w) € set ps; Vs € set w. nullable ps ]

= nullable ps (Nt A)

abbreviation nullables ps w = (Vs € set w. nullable ps s)
lemma nullables if:
assumes set ps - u =% v

and u=[a] nullables ps v
shows nullables ps u
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{proof)

lemma nullable_if: set ps - [a] =x* [| = nullable ps a
{proof)

lemma nullable _auz: ¥V s€set gamma. nullable ps s A set ps b [s] =x [| = set ps
F gamma =x ||

(proof)

lemma if nullable: nullable ps a = set ps - [a] = |]

(proof)

corollary nullable_iff: nullable ps a <— set ps b [a] =x ||
(proof )

fun eps_closure :: ('n, 't) prods = ('n, 't) syms = ('n, 't) syms list where
eps__closure ps [| = [[]] |
eps__closure ps (s#sl) = (
if nullable ps s then (map ((#) s) (eps_closure ps sl)) Q eps__closure ps sl
else map ((#) s) (eps_closure ps sl))

definition eps_elim :: ('n, 't) prods = ('n, 't) Prods where
eps_elim ps = {(I,r’). 3r. (I,r) € set ps A 1’ € set (eps_closure psr) A (r' # [])}

definition eps_elim_rel :: ('n,’t) prods = ('n,’t) prods = bool where
eps__elim_rel ps ps'= set ps'= eps_elim ps

lemma Eps_free if eps elim_rel: eps_elim_rel ps ps’ = Eps_ free (set ps’)
(proof)

definition eps_elim_ fun :: ('n, 't) prods = ('n, 't) prod = ('n, 't) Prods where
eps_elim_fun psp = {(I';r"). I' = fst p A ' € set (eps_closure ps (snd p)) A (1’

# D}

lemma eps_elim_ fun_eq: eps_elim ps = | ((eps_elim__fun ps) © set ps)
{proof)

lemma finite_eps elim: finite (eps__elim ps)

(proof)
lemma eps elim_rel exists: ¥V ps. Aps’. eps _elim_rel ps ps’
{proof)
lemma eps_closure_nullable: [| € set (eps_closure ps w) = nullables ps w
(proof)

lemma eps_elim_rel_1: v’ € set (eps_closure ps r) = set ps b r =x r’

(proof)
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lemma eps_elim__rel_r2:
assumes set ps’' F u = v and eps_elim__rel ps ps’
shows set ps - u =x* v

(proof)

lemma eps_elim__rel_r3:
assumes set ps’ = u =% v and eps__elim__rel ps ps’
shows set ps - u =% v

(proof)

lemma eps_elim_rel _r5: r € set (eps_closure ps r)
(proof)

lemma eps_elim_rel _r4:
assumes (I,r) € set ps
and eps_elim_rel ps ps’
and (r' )
and r’ € set (eps_closure ps )
shows (I,r') € set ps’
(proof )

lemma eps_elim_rel_r7:
assumes eps__elim__rel ps ps’
and set ps + [Nt A] = v
and v’ € set (eps_closure ps v) A (v' # [])
shows set ps’ F [Nt A] = v’
(proof)

lemma eps_elim__rel_ri2a:
assumes z’ € set (eps_closure ps x)
and y’ € set (eps_closure ps y)
shows (z'Qy’) € set (eps_closure ps (zQy))
(proof)

lemma eps_elim__rel_r12b:
assumes z’ € set (eps_closure ps x)
and y’ € set (eps_closure ps y)
and 2z’ € set (eps_closure ps z)
shows (z'Qy’Qz’) € set (eps_closure ps (zQyQz))
(proof)

lemma eps_elim_rel_r14:

assumes 1’ € set (eps_closure ps (zQy))

shows 3z’ y'. (r'=2'Qy") A z’ € set (eps_closure ps z) A y’ € set (eps_closure
ps y)

(proof )

lemma eps_elim_rel_r15:
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assumes set ps = [Nt S] =x u

and eps_elim__rel ps ps’

and v € set (eps_closure ps u) A (v # ])
shows set ps’ - [Nt S] =% v

(proof)

theorem eps_elim_rel _eq if noe:
assumes eps__elim__rel ps ps’
and || ¢ lang ps S
shows lang ps S = lang ps’ S

(proof)

lemma noe_lang eps elim_rel aux:
assumes ps F [Nt S] =% ww = ||
shows 3 A. ps - [Nt S] = [Nt A] A (4, w) € ps
(proof)

lemma noe_lang _eps_elim_rel: eps_elim_rel ps ps'’ = [| ¢ lang ps’ S
(proof)

theorem eps_elim_rel_lang eq: eps_elim_rel ps ps'=—> lang ps’ S = lang ps S

-}
(proof )

end

8 Conversion to Chomsky Normal Form

theory Chomsky_Normal Form
imports Unit_Elimination Epsilon_ Elimination
begin

definition CNF :: ('n, 't) Prods = bool where
ONF P = (Y(Ada) € P. 3B C.a= [Nt B, Nt C]) V (3t. a = [Tm t]))

lemma Nts_correct: A ¢ Nts P = (S . (S, a) € P A (Nt A € {Nt S} U set

a))
(proof)

definition uniformize :: 'n:infinite = 't = 'n = ('n,’t)prods = ('n,’t) prods =
bool where
uniformize A t S ps ps' = (
Jlrps. (I,r) € set ps A (r = pQ[Tm t]Qs)
AN #Vs#[) A A= fresh(nts ps U {S})
A ps’ = ((removeAll (I,r) ps) Q [(A,[Tm t]), (I, pQ[Nt A]Qs)]))
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lemma uniformize_FEps_free:
assumes FEps_free (set ps)
and wuniformize A t S ps ps
shows Eps_free (set ps’)
(proof )

!

lemma uniformize_Unit_ free:
assumes Unit_free (set ps)
and uniformize A t S ps ps’
shows Unit_free (set ps’)

(proof)

definition prodTms :: ('n,’t) prod = nat where
prodTms p = (if length (snd p) < 1 then 0 else length (filter (isTm) (snd p)))

definition prodNts :: ('n,’t) prod = nat where
prodNts p = (if length (snd p) < 2 then 0 else length (filter (isNt) (snd p)))

fun badTmsCount :: ('n,'t) prods = nat where
badTmsCount ps = sum__list(map prodTms ps)

lemma badTmsCountSet: (Vp € set ps. prodTms p = 0) <— badTmsCount ps =
0

(proof)

fun badNitsCount :: ('n,’t) prods = nat where
badNtsCount ps = sum__list(map prodNts ps)

lemma badNtsCountSet: (Vp € set ps. prodNts p = 0) <— badNtsCount ps = 0
(proof )

definition uniform :: ('n, 't) Prods = bool where
uniform P =V (A, ) € P. (Jt. Tm t € set @) V (3t. a = [Tm t])

lemma uniform__badTmsCount:
uniform (set ps) +— badTmsCount ps = 0

(proof)

definition binary :: ('n, 't) Prods = bool where
binary P =V (A, a) € P. length o < 2

lemma binary badNtsCount:
assumes uniform (set ps) badNtsCount ps = 0
shows binary (set ps)

(proof)

lemma count_bin_un: (binary (set ps) A uniform (set ps)) «— (badTmsCount
ps = 0 A badNtsCount ps = 0)
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(proof)

definition binarizeNt :: 'n:infinite = 'n = 'n = 'n = ('n,'t)prods = ('n,’t)prods
= bool where
binarizeNt A By By S ps ps’ = (

Ilrps. (I,r) € set ps A (r = pQ[Nt By,Nt B]Qs)

AN #Vs#[)A (A= fresh(nts ps U {S}))

A ps’ = ((removeAll (1,r) ps) Q [(A, [Nt B1,Nt Bs]), (I, pQ[Nt A]Qs)]))

lemma binarizeNt_Eps_ free:
assumes FEps_free (set ps)
and binarizeNt A By By S ps ps’
shows Eps_free (set ps’)
(proof )

lemma binarizeNt_Unit__free:
assumes Unit_free (set ps)
and binarizeNt A By By S ps ps’
shows Unit_free (set ps’)
(proof )

lemma fresh _nts_single: fresh(nts ps U {S}) ¢ nts ps U {S}
(proof )

lemma binarizeNt _auxl:
assumes binarizeNt A By By S ps ps’
shows A # B; A A # By

(proof)

lemma derives _sub:
assumes PFH [Nt Al = vand P+ zs = p Q [Nt A] @ s
shows PFzs =% p@Q u Q s

(proof)

lemma cnf ri1Tm:
assumes uniformize A t S ps ps’
and set ps - lhs = rhs
shows set ps’ b lhs =% rhs

(proof)

lemma cnf riNt:
assumes binarizeNt A By By S ps ps’
and set ps - lhs = rhs
shows set ps’ = Ihs =% rhs

(proof)

lemma slemmal 1:
assumes uniformize A t S ps ps’
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and (A4, a) € set ps’
shows a = [Tm ]
(proof)

lemma slemmal 1Nt:
assumes binarizeNt A By By S ps ps’
and (4, a) € set ps’
shows a = [Nt By,Nt Bs)
(proof)

lemma slemma/_1:
assumes Nt A ¢ set rhs
shows V. rhs = substsNt A « rhs

{proof)

lemma slemma/_3 1:
assumes lhs = A
shows a = substsNt A a [Nt lhs]

{proof)

lemma slemma/_4:
assumes uniformize A t S ps ps’
and (I,r) € set ps
shows Nt A ¢ set r
(proof)

lemma slemma/__ 4Nt:
assumes binarizeNt A By By S ps ps
and (I,r) € set ps
shows (Nt A) ¢ set r
(proof)

/

lemma lemmal:
assumes uniformize A t S ps ps’
and set ps’ & lhs = Ths
shows substsNt A [Tm t] Ths = substsNt A [Tm t] rhs
V set ps b substsNt A [Tm t] lhs = substsNt A [Tm t] rhs

(proof)

lemma lemmalNt:
assumes binarizeNt A By By S ps ps’
and set ps’ F lhs = Ths
shows (substsNt A [Nt By,Nt Bs] lhs = substsNt A [Nt B1,Nt Bs] rhs)
V ((set ps) F (substsNt A [Nt By,Nt Bs] lhs) = substsNt A [Nt By,Nt Bs]
rhs)

{(proof)

lemma lemma3:
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assumes set ps’ - lhs = rhs

and uniformize A t S ps ps’
shows set ps - substsNt A [Tm t] lhs =x* substsNt A [Tm t] rhs
(proof)

lemma lemma3Nt:
assumes set ps’ - lhs = rhs
and binarizeNt A By By S ps ps’
shows set ps b substsNt A [Nt By, Nt Bs| lhs =x substsNt A [Nt By, Nt Bs] rhs
(proof )

lemma lemma4:
assumes uniformize A t S ps ps’
shows lang ps’ S C lang ps S

(proof)

lemma lemma4Nt:
assumes binarizeNt A By By S ps ps’
shows lang ps’ S C lang ps S

(proof)

lemma slemmab_1:
assumes set ps F u =% v
and uniformize A t S ps ps’
shows set ps’' b u =% v

(proof)

lemma slemmad_ 1Nt:
assumes set ps E u =% v
and binarizeNt A By By S ps ps’
shows set ps’' b u =% v
(proof )

lemma lemmas:
assumes uniformize A t S ps ps’
shows lang ps S C lang ps’ S

(proof)

lemma lemmabNt:
assumes binarizeNt A By By S ps ps’
shows lang ps S C lang ps’ S

(proof)

lemma cnf lemmal: uniformize A t S ps ps’ = lang ps S = lang ps’ S
(proof)

lemma cnf lemmalNt: binarizeNt A By By S ps ps' = lang ps S = lang ps’ S
(proof)
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lemma uniformizeRtc__Eps_ free:
assumes (Az y. A L. uniformize A t S z y) xx ps ps’
and FEps_ free (set ps)
shows Eps_free (set ps’)
(proof )

lemma binarizeNtRtc_ Eps_free:
assumes (Az y. A t By Bs. binarizeNt A By By S z y) * ps ps’
and Eps_free (set ps)
shows Eps_free (set ps’)
(proof)

lemma uniformizeRtc_Unit_free:
assumes (Az y. A t. uniformize A t S x y) x*x ps ps’
and Unit_free (set ps)
shows Unit_free (set ps’)
(proof)

lemma binarizeNtRtc_Unit_ free:
assumes (Az y. A t By Ba. binarizeNt A By By S z y) * ps ps’
and Unit_free (set ps)
shows Unit_free (set ps’)
(proof )

lemma uniformize_ Nts:
assumes uniformize A t S ps ps’ S € Nts (set ps)
shows S € Nis (set ps’)

(proof)

lemma uniformizeRtc_Nts:
assumes (Az y. 3 A t. uniformize A t S x y) *x ps ps’ S € Nts (set ps)
shows S € Nis (set ps’)

{proof)

theorem cnf lemma2:
assumes (Az y. A t. uniformize A t S x y) x* ps ps’
shows lang ps S = lang ps’ S

(proof )
theorem cnf lemma2Nt:
assumes (Az y. A t By Bs. binarizeNt A By By S z y) * ps ps’

shows lang ps S = lang ps’ S
(proof )

theorem cnf lemma:
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assumes (Az y. A t. uniformize A t S z y) xx ps ps’

and (Az y. 3A By Bs. binarizeNt A By Bs S x y) x* ps’ ps”
shows lang ps S = lang ps” S
(proof)

lemma bad TmsCount__append: bad TmsCount (psQps’) = bad TmsCount ps + badTm-
sCount ps’

(proof)

lemma badNtsCount__append: badNtsCount (psQps’) = badNtsCount ps + bad-
NitsCount ps’

(proof)

lemma badTmsCount_removeAll:
assumes prodTms p > 0 p € set ps
shows badTmsCount (removeAll p ps) < badTmsCount ps

{proof)

lemma badNtsCount _removeAll:
assumes prodNts p > 0 p € set ps
shows badNtsCount (removeAll p ps) < badNtsCount ps
(proof)

lemma badTmsCount _removeAll2:
assumes prodTms p > 0 p € set ps prodTms p’ < prodTms p
shows badTmsCount (removeAll p ps) + prodTms p’ < badTmsCount ps
(proof)

lemma badNtsCount _removeAll2:
assumes prodNts p > 0 p € set ps prodNts p’ < prodNts p
shows badNtsCount (removeAll p ps) + prodNts p’ < badNtsCount ps

{proof)

lemma lemmab _a:
assumes uniformize A t S ps ps’ shows badTmsCount (ps’) < badTmsCount ps

(proof)

lemma lemma6_ b:
assumes binarizeNt A By Bs S ps ps’ shows badNtsCount ps’ < badNtsCount

ps
(proof)

lemma bad TmsCount0_removeAll: badTmsCount ps = 0 => badTmsCount (removeAll
(Lr) ps) = 0
(proof)

lemma slemmals _a:
assumes binarizeNt A By By S ps ps’
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and badTmsCount ps = 0
shows badTmsCount ps’ = 0

(proof)

lemma lemmal)_a:
assumes (Az y. 34 By Bs. binarizeNt A By Bs S x y) * ps ps’
and badTmsCount ps = 0
shows badTmsCount ps’ = 0

{proof)

lemma noTms_prodTms0:
assumes prodTms (I,r) = 0
shows length r < 1 V (Va € set r. isNt a)

(proof)

lemma badTmsCountNot0:

assumes badTmsCount ps > 0

shows 31 rt. (I,r) € set ps A lengthr > 2 AN Tm t € set r
(proof)

lemma badNtsCountNot0:
assumes badNtsCount ps > 0
shows 31 r. (I, r) € set ps A length r > 3

(proof)

lemma list_longer2: length 1 > 2 Nz € set | = (Fhd ¢l . | = hdQ[z]Qtl A (hd

)
(proof )

lemma list_longer3: length | > 8 = (3hd tl z y. | = hdQ[z]Q[y]Qt A (hd # ]

Vil £ 1))
(proof )

lemma lemma8 _a: badTmsCount ps > 0 = Aps’ A t. uniformize A t S ps ps’
(proof)

lemma lemma8 b:
assumes badTmsCount ps = 0 and badNtsCount ps > 0
shows dps’ A By Bs. binarizeNt A By By S ps ps’
(proof)

lemma uniformize_2: Ips’. (A\x y. FA t. uniformize A t S x y) *x ps ps’ A
(badTmsCount ps’ = 0)
(proof)

lemma binarizeNt 2:
assumes badTmsCount ps = 0
shows Jps’. (Az y. 3A By By. binarizeNt A By By S x y) ** ps ps’ A
(badNtsCount ps’ = 0)
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(proof)

theorem cnf noe nou: fixes ps :: ('n:infinite,’t)prods

assumes FEps_free (set ps) and Unit_free (set ps)

shows 3 ps’::('n,’t) prods. uniform (set ps’) A binary (set ps’) A lang ps S = lang
ps’ S A Eps_free (set ps’) A Unit_free (set ps’)
(proof)

Alternative form more similar to the one Jana Hofmann used:

lemma CNF _eq: CNF P <— (uniform P A binary P N Eps_free P N\ Unit_ free
P)
(proof)
Main Theorem: existence of CNF with the same language except for the
empty word []:
theorem cnf exists:
fixes ps :: ('n::infinite,’t) prods
shows 3 ps”:('n,'t)prods. CNF(set ps’) A lang ps’ S = lang ps S — {[]}
(proof)
Some helpful properties:

lemma cnf length_derive:
assumes CNF P P I [Nt S| =x* «
shows length o > 1

(proof)

lemma cnf length__derive2:
assumes CNF P P+ [Nt A, Nt B] =x* «
shows length o > 2

(proof)

lemma cnf single_ derive:
assumes CNF P P + [Nt S| = [Tm t]
shows (S, [Tm t]) € P

(proof)

lemma cnf word:
assumes CNF P P F [Nt S| =% map Tm w
and length w > 2
shows 34 Buwv. (S, [Nt A, Nt B]) € P A Pt [Nt Al = map Tm u A P+ [Nt
Bl =% map Tm v A u@Qu=wAu#[ Av#]

(proof)

end

9 Pumping Lemma for Context Free Grammars

theory Pumping Lemma_CFG
imports
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List Power.List Power
Chomsky__Normal _Form
begin

Paths in the (implicit) parse tree of the derivation of some terminal word;
specialized for productions in CNF.

inductive path :: ('n, 't) Prods = 'n = 'n list = 't list = bool
(2_+/(/=()/_))[50, 0,0, 50] 50) where

terminal: (A, [Tm a]) € P = P+ A =([A]) [q] |

left: [(A, [Nt B, Nt C]) € PN (PFB=(p)w)AN(PFC=(q)v)] = PFA

=(A#p) (wQv) |

right: [(A, [Nt B, Nt C]) e PA(PFB=({p) w)yAN(PFC=(¢)v)] = PFA

=(A#q) (wQv)

inductive cnf _derives :: ('n, 't) Prods = 'n = 't list = bool
((2_F/ (/) =enf/ ) [50, 0, 50] 50) where
step: (A, [Tm a]) € P = P+ A =cnf [d]|
trans: [(A, [Nt B, Nt C]) ¢ PANPF B=cnfw AP+ C=cnfv] = PF A
=cnf (wQu)

lemma path_if cnf derives: P+ S =enfw = Ip. P+ S =(p) w
(proof)

lemma cnf derives_if path: P+ S =(p) w=— PF S =enfw
(proof )

corollary cnf path: P+ S =enfw «— (3p. PH S =(p) w)
(proof )

lemma cnf der:
assumes P F [Nt S] =x* map Tm w CNF P
shows P+ S =cnf w

(proof)

lemma der_cnf:
assumes P F S =cnf w CNF P
shows P + [Nt S| = map Tm w

(proof)

corollary cnf der eq: CNF P = (P F [Nt S| =% map Tm w <— P+ S =cnf
w)
{proof)

lemma path if derives:
assumes P + [Nt S| =% map Tm w CNF P
shows dp. P+ S =(p) w

{proof)
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lemma derives_if path:
assumes P - S =(p) w CNF P
shows P F [Nt S] =% map Tm w

{proof)

Ipath = longest path, similar to path; Ipath always chooses the longest
path in a syntax tree

inductive Ilpath :: ('n, 't) Prods = 'n = 'n list = 't list = bool
((2_+/ (/) =()/ ) [50, 0, 0, 50] 50) where
terminal: (A, [Tm a]) € P = P+ A =([A]) [d] |
nonTerminals: [(A, [Nt B, Nt C]) € P A (P F B =(p) w) A (P+ C ={(q) v)]
_—
P+ A =(A#(if length p > length q then p else q)) (wQu)

lemma path_lpath: P+ S =(p) w = 3p’. (P + S =(p’) w) A length p’ > length
p
(proof )

lemma lpath_path: (P = S =(p) w) = P+ S =(p) w
{proof)

lemma lpath_length: (P = S ={p) w) = length w < 27length p
(proof)

lemma step decomp:
assumes P - A =([A]Qp) w length p > 1
shows 3B Cp’ab. (4, [Nt B, Nt C]) € P A w =a@b A
(PEB=(p)aANPFC=(p)b)V(PFB=(p)aANPE C=(pbh)
{proof )

lemma steplp_decomp:
assumes P F A =([A]Qp) w length p > 1
shows 3B Cp’ab. (4, [Nt B, Nt C]) € P A w =a@Qb A
((PF B=(p) an Pt C=(p') bA length p > length p") V
(PEB=(p) an Pk C=(p)bA length p > length p’))

{proof)

lemma path_first_step: P+ A =(p) w = Jq. p = [A]Qq
(proof )

lemma no_empty: P+ A =(p) w = length w > 0
(proof )

lemma substitution:
assumes P - A =(p1Q[X]|Qp2) 2z
shows 3v wz. PF X =([X]|@p2) w A z = vQuwQz A
Vw'p’. PF X ={(X]Qp"y w' — PF A =(pl1Q[X]Qp") vQuw'Qz) A
(length p1 > 0 — length (vQzx) > 0)
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(proof)

lemma substitution_ lp:
assumes P - A =(p1Q[X]@p2) 2
shows Jv wz. PF X =([X]Qp2) w A z = vQuwQz A
Vw'p’. PF X =([X]Qp") w' — P+ A =(pl1Q[X]Qp") vQw'Qx)
(proof )

lemma path_nts: P+ S =(p) w = set p C Nts P
(proof )

lemma inner auz:
assumes Vw' p’. P+ A =([A]@p3) w A (P + A =([4]@Qp") w' —
PF A =(Al@p2Q[A]Qp’) vQw'Qz)
shows P F A =((([A]@Qp2) " (Suc 7)) @ [A]@p3) v~ (Suc i) @ w @ 2~ (Suc )
(proof )

lemma inner_pumping:
assumes CNF P finite P
and m = card (Nts P)
and z € Lang P S
and length z > 27 (m+1)
shows Ju v wz y . z = vQVQWQAzrQyY A length (vQwQzx) < 27 (m+1) A length
(vQz) > 1 A (Vi. uQ(v™ %) QuwQ(z™%)Qy € Lang P S)
{proof)

abbreviation pumping property L n =V 2z € L. length z > n —
FBuovwzy z=uQvQwQ@azQyA length (vQwQz) < n A length (vQz) >
1
ANNVi.u@uv i Quw@z i@y e L))

theorem Pumping Lemma_CNF:
assumes CNF P finite P
shows 3 n. pumping property (Lang P S) n
(proof)
theorem Pumping_ Lemma:
assumes finite (P :: ('n::infinite,’t) Prods)
shows 3 n. pumping property (Lang P S) n
(proof)

end

10 a"b"c" is Not Context-Free
theory AnBnCn_not_CFL

imports Pumping Lemma_CFG
begin
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This theory proves that the language |J, {[a]™ @ [b]" @ [¢]"} is not
context-free using the Pumping lemma.

The formal proof follows the textbook proof (e.g. [1]) closely. The Is-
abelle proof is about 10% of the length of the Coq proof by Ramos et al.
[3, 2]. The latter proof suffers from excessive case analyses.

declare count_list_pow__list[simp]

context

fixes a b ¢

assumes neq: a#b b#c c#a
begin

lemma c¢_greater count0:
assumes zQy = [a] " n Q [b] "n Q [¢] n length y>n
shows count list x ¢ = 0
(proof )

lemma a_greater count0:
assumes zQy = [a] " n Q [b] "n Q [¢] n length z>n
shows count_list y a = 0

this prof is easier than [z @ 2y = [a]™ @ [b]™ @ []™™; ?n < length
?y] = count_list ?z ¢ = 0 since a is at the start of the word rather than
at the end

(proof)

lemma a or b zero:
assumes vQuwQy = [a] " n Q [b] Tn @ [¢] n length w < n
shows count _list wa = 0 V count_list w c = 0

This lemma uses count_list w a = 0 V count_list w ¢ = 0 similar to all
following proofs, focusing on the number of ¢ and ¢ found in w rather than
the concrete structure. It is also the merge of the two previous lemmas to
make the final proof shorter

(proof)

lemma count vr _not_zero:

assumes vQuQuwQzQy = [a] " n Q [b] n Q@ [¢]n vQzx # ||

shows count_list (vQzx) a # 0 V count_list (vQzx) b # 0 V count_list (vQz) ¢
#0
(proof)

lemma not_ex_y_count:

assumes £k V k#j V i#£j count_list w a = i count_list w b = k count_list w
c=]

shows ~(EX y. w = [a] "y @Q [b] Ty @ [c] y)

(proof)
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lemma not_in_count:
assumes count_list w a # count_list w bV count_list w b # count_list w ¢ V

count_list w ¢ # count_list w a
shows w ¢ {word. 3 n. word = [a] "n @ [b] "n Q [¢] " n}

This definition of a word not in the language is useful as it allows us
to prove a word is not in the language just by knowing the number of each
letter in a word

(proof)
This is the central and only case analysis, which follows the textbook

proofs. The Coq proof by Ramos is considerably more involved and ends up
with a total of 24 cases
lemma pumping application:

assumes vQuQuwQzQy = [a] " n Q [b] "n Q [¢] Tn

and count_list (vVQuwQz) a = 0 V count_list (vVQuwQzx) ¢ = 0 and vQz#|]

shows vQuw@Qy ¢ (Un. {[¢] " n Q [b] "n Q [c] " n})

In this lemma it is proven that a word v @ v/ @ w @ z¥ @ y is not in

the language |Jn {[a]™ @ [b]™ @ [¢]"} as this is the easiest counterexample
useful for the Pumping lemma

(proof)

theorem anbncn_not_ cfi:

assumes finite (P :: ('n::infinite,’a) Prods)

shows Lang P S # (Un. {[a] " @Q [b)] "n Q [¢] "n}) (is - ?E)
(proof)

end

end

11 CFLs Are Not Closed Under Intersection

theory CFL _Not Intersection__ Closed
imports

List  Power.List Power

Context_Free Language

Pumping Lemma_ CFG

AnBnCn_not_CFL
begin

The probably first formal proof was given by Ramos et al. [3, 2]. The

proof below is much shorter.

Some lemmas:

lemma Lang concat:

L1 @Q L2 = {word. 3wl € L1. Jw2 € L2. word = wl Q w2}
{proof)
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lemma deriven__same__repl:

assumes (A4, u’ Q [Nt A] @ v') € P

shows PF v @ [Nt A] @ v =(n) v @ (v'"n) Q [Nt A] Q@ (v/""n) Qv
(proof)

Now the main proof.

lemma an_CFL: CFL TYPE('n) (Un. {[a] "n}) (is CFL _ ?L)
(proof)

lemma anbn_ CFL: CFL TYPE('n) (Un. {[a] "n @ [b)]""n}) (is CFL _ ?L)
(proof)

lemma intersection__anbnen:

assumes a#b b#c c#a

and Jzy z. w = [a]  2Q[D] TYQ[c] Tz Az =y

and 2z y z. w = [a]  2Q[b] TYQ[c] Tz Ay = 2

shows Jz y z. w = [a] " 2Q[b] " yQ[c]  2Az=yAy=2
(proof)

lemma CFL _intersection_not_closed:

fixesabc:'a

assumes a#b b#c c#a
shows L1 L2 :: 'a list set.
CFL TYPE(('n1 4+ 'n1) option) L1 A CFL TYPE(('n2 + 'n2) option) L2
A (B (P::('z:infinite,’a) Prods) S. Lang P S = L1 N L2 A finite P)
(proof)

end

12 Inlining a Single Production

theory Inlining1Prod
imports Context_Free_ Grammar
begin

A single production of (A4,a) can be removed from ps by inlining (=
replacing Nt A by « everywhere in ps) without changing the language if Nt
A ¢ set o and A ¢ lhss ps.

substP ps s u replaces every occurrence of the symbol s with the list of
symbols u on the right-hand sides of the production list ps

definition substP :: ('n, 't) sym = ('n, 't) syms = ('n, 't) prods = ('n, 't) prods
where
substP s u ps = map (M A,v). (A4, substs s u v)) ps

lemma substP_split: substP s u (ps @ ps’) = substP s u ps Q substP s u ps’
(proof )

47



lemma substP_skipl: s ¢ set v => substP s u ((A,v) # ps) = (A,v) # substP s
u ps
{proof)

lemma substP_skip2: s ¢ syms ps = substP s u ps = ps
(proof)

lemma substP_rev: Nt B ¢ syms ps = substP (Nt B) [s] (substP s [Nt B] ps) =
ps
(proof)

lemma substP_der:
(A,u) € set (substP (Nt B) v ps) = set ((B,v) # ps) - [Nt A] =x* u
(proof)

A list of symbols u can be derived before inlining if u can be derived
after inlining.

lemma if part:
set (substP (Nt B) v ps) F [Nt A] = v = set ((B,v) # ps) - [Nt A] =x* u
(proof )

For the other implication we need to take care that B can be derived
in the original ps. Thus, after inlining, B must also be substituted in the
derived sentence w:

lemma only if lemma:
assumes A # B
and B ¢ lhss ps
and Nt B ¢ set v
shows set ((B,v)#ps) b [Nt A] = u = set (substP (Nt B) v ps) b [Nt A] =x
substsNt B v u
(proof)

With the assumption that the non-terminal B is not in the list of symbols
u, substs u (Nt B) v reduces to u

corollary only if part:
assumes A # B
and B ¢ lhss ps
and Nt B ¢ set v
and Nt B ¢ set u
shows set ((B,v)#ps) b [Nt A] = u => set (substP (Nt B) v ps) b [Nt A] =x* u
(proof)

Combining the two implications gives us the desired property of language
preservation

lemma derives inlining:

assumes B ¢ lhss ps and
Nt B ¢ set v and
Nt B ¢ set u and
A#B
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shows set (substP (Nt B) v ps) - [Nt A] = u <— set ((B,v) # ps) = [Nt A] =x
u

(proof)

end

13 Transforming Long Productions Into a Binary
Cascade

theory Binarize
imports Inliningl Prod
begin

lemma funpow _fiz: fixes f :: '‘a = ’a and m :: 'a = nat
assumes Az. m(fz) <mazV fz =2z

shows f((f " maz)z)=(" "muz)z

(proof)

In a binary grammar, every right-hand side consists of at most two sym-
bols. The binarize function should convert an arbitrary production list into
a binary production list, without changing the language of the grammar. For
this we make use of fixpoint iteration and define the function binarizel for
splitting a production, whose right-hand side exceeds the maximum number
of symbols 2, into two productions. The step function is then defined as the
auxiliary function binarize’. We also define the count function count that
counts the right-hand sides whose length is more than or equal to 2
fun binarizel :: ('n :: infinite, 't) prods = ('n, 't) prods = ('n, 't) prods where

binarizel ps’ [ = ||
| binarizel ps’ ((A, []) # ps) = (A, []) # binarizel ps’ ps
| binarizel ps’ ((A, sO # u) # ps) =
(if length u < 1 then (A, sO # u) # binarizel ps’ ps
else let B = fresh (nts ps’) in (A,[s0, Nt B]) # (B, u) # ps)

definition binarize’ :: ('n::infinite, 't) prods = ('n, 't) prods where
binarize' ps = binarizel ps ps

fun count :: ('n::infinite, 't) prods = nat where
count [] = 0
| count ((A,u) # ps) = (if length v < 2 then count ps else length u + count ps)

definition binarize :: ('n:infinite, 't) prods = ('n, 't) prods where
binarize ps = (binarize’ " (count ps)) ps

Firstly we show that the binarize function transforms a production list
into a binary production list

lemma count decl:
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assumes binarizel ps’ ps # ps
shows count ps > count (binarizel ps’ ps)

(proof)

lemma count_dec”
assumes binarize’ ps # ps
shows count ps > count (binarize’ ps)

{proof)

lemma binarize_ ffpi:
binarize'((binarize’ = count x) x) = (binarize’ " count ) x

(proof)

lemma binarize__binaryl:
assumes ps = binarizel ps’ ps
shows (A4,w) € set(binarizel ps’ ps) = length w < 2
(proof)

lemma binarize__binary”:
assumes ps = binarize’ ps
shows (A4,w) € set(binarize’ ps) = length w < 2
(proof)

lemma binarize_binary: (A,w) € set(binarize ps) = length w < 2
{proof)

Now we prove the property of language preservation

lemma binarizel cases:

binarizel ps' ps = ps V (A ps” B u s. set ps = {(A, s#u)} U set ps” N\ set
(binarizel ps’ ps) = {(A,[s,Nt B]),(B,u)} U set ps”’ A Nt B ¢ syms ps’)
(proof)

We show that a list of terminals map Tm z can be derived from the
original production set ps if and only if map Tm z can be derived after the
transformation of the step function binarize’, under the assumption that the
starting symbol A occurs in a left-hand side of at least one production in
ps. We can then extend this property to the binarize function

lemma binarize der’

assumes A € lhss ps

shows set ps = [Nt A] = map Tm = <— set (binarize’ ps) - [Nt A] =% map
Tm z

{proof)

lemma lhss binarizel:
lhss ps C lhss (binarizel ps' ps)
(proof)

lemma lhss binarizen:
lhss ps C lhss ((binarize’™"n) ps)
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(proof)

lemma binarize _der'n:

assumes A € lhss ps

shows set ps = [Nt A] =% map Tm x <— set ((binarize’™ "n) ps) = [Nt A] =x
map Tm x
(proof)

lemma binarize der:

assumes A € [hss ps

shows set ps - [Nt A] = map Tm x <— set (binarize ps) b [Nt A] = map
Tm x

{proof)

lemma lang binarize_lhss:
assumes A € [hss ps
shows lang ps A = lang (binarize ps) A

{proof)

As a last step, we generalize the language preservation property to also
include non-terminals which only occur at right-hand sides of the production
set

lemma binarize__symsi:
assumes Nt A € syms ps
shows Nt A € syms (binarizel ps’ ps)

(proof)

lemma binarize lhss ntsl:
assumes A ¢ lhss ps
and A € nts ps’
shows A ¢ lhss (binarizel ps’ ps)
(proof )

lemma binarize lhss nts'n:
assumes A ¢ lhss ps
and A € nts ps
shows A ¢ lhss ((binarize’”"n) ps) A A € nts ((binarize’”"n) ps)
(proof)

lemma binarize lhss nts:
assumes A ¢ lhss ps
and A € nts ps
shows A ¢ lhss (binarize ps) A A € nts (binarize ps)

{proof)

lemma binarize nts'n:
assumes A € nts ps
shows A € nts ((binarize’ " n) ps)

(proof)
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lemma binarize nts:
assumes A € nts ps
shows A € nts (binarize ps)

(proof)

lemma lang binarize:
assumes A € nts ps
shows lang (binarize ps) A = lang ps A

{(proof)

end

14 Right-Linear Grammars

theory Right Linear
imports Unit_ Elimination Binarize
begin

This theory defines (strongly) right-linear grammars and proves that
every right-linear grammar can be transformed into a strongly right-linear
grammar.

In a right linear grammar every production has the form A — wB or A
— w where w is a sequence of terminals:

definition rlin :: ('n, 't) Prods = bool where
rlin ps = (V(A,w) € ps. Ju. w = map Tm v V (IB. w = map Tm u Q [Nt B]))

definition rlin_noterm :: ('n, 't) Prods = bool where
rlin_noterm ps = (V(A,w) € ps. w =1V (Ju B. w = map Tm v Q [Nt B]))

definition rlin_bin :: ('n, 't) Prods = bool where
rlin_bin ps = V(Aw) € ps. w=1[ vV (3B. w= [Nt BV (3a. w=[Tm a, Nt
B))))

In a strongly right linear grammar every production has the form A —
aB or A — ¢ where ¢ is a terminal:

definition rlin2 :: ('a, 't) Prods = bool where
rlin2 ps = (V(A,w) € ps. w= [V (3a B. w= [Tm a, Nt B)))

A straightforward property:

lemma rlin_if rlin2:
assumes rlin2 ps
shows rlin ps

(proof)

lemma rlin_cases:
assumes rlin_ ps: rlin ps
and elem: (A,w) € ps
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shows (3B. w =[Nt B]) V (3u. w=map Tm u V (3B. w = map Tm u Q [Nt
B] A length u > 0))
(proof)

14.1 From rlin to rlin2

The finalize function is responsible of the transformation of a production
list from rlin to rlin_noterm, while preserving the language. We make use
of fixpoint iteration and define the function finalizel that adds a fresh non-
terminal B at the end of every production that consists only of terminals and
has at least length one. The function also introduces the new production
(B,]]) in the production list. The step function of the fixpoint iteration is
then the auxiliary function finalize’. We also define the count function as
countfin which counts the the productions that consists only of terminal and
has at least length one

fun finalizel :: ('n :: infinite, 't) prods = ('n, 't) prods = ('n, 't) prods where
finalizel ps' [] =[]
| finalizel ps’ ((A,[)#ps) = (A,)]]) # finalizel ps’ ps
| finalizel ps’ ((A,w)#ps) =
(if Ju. w = map Tm u then let B = fresh(nts ps’) in (A,w @ [Nt B])#(B,[])#ps
else (A,w) # finalizel ps’ ps)

definition finalize’ :: ('n::infinite, 't) prods = ('n, 't) prods where
finalize’ ps = finalizel ps ps

fun countfin :: ('n::infinite, 't) prods = nat where
countfin [| = 0
| countfin ((A,[])#ps) = countfin ps
| countfin ((A,w) # ps) = (if Ju. w = map Tm u then 1 + countfin ps else countfin
ps)

definition finalize :: ('n::infinite, 't) prods = ('n, 't) prods where
finalize ps = (finalize’ ™ (countfin ps)) ps

Firstly we show that finalize indeed does the intended transformation

lemma countfin_ decl:
assumes finalizel ps’ ps # ps
shows countfin ps > countfin (finalizel ps’ ps)

(proof)

lemma countfin__dec”:
assumes finalize' ps # ps
shows countfin ps > countfin (finalize' ps)

(proof)
lemma finalize_ ffpi:

finalize'((finalize’ ™ countfin x) x) = (finalize’ ™ countfin x) x

(proof)
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lemma finalize_rlinnoterml:
assumes rlin (set ps)
and ps = finalizel ps’ ps
shows rlin__noterm (set ps)
(proof )

lemma finalize_rlini:
rlin (set ps) = rlin (set (finalizel ps’ ps))
{(proof)

lemma finalize rlin’:
rlin (set ps) = rlin (set (finalize' ps))
{proof)

lemma finalize_rlin'n:
rlin (set ps) = rlin (set ((finalize’™"n) ps))
{proof )

lemma finalize_rlinnoterm’:
assumes rlin (set ps)
and ps = finalize' ps
shows rlin_noterm (set ps)
(proof)

lemma finalize_rlinnoterm:
rlin (set ps) = rlin__noterm (set (finalize ps))

(proof)

Now proving the language preservation property of finalize, similarly to
binarize

lemma finalizel _cases:

finalizel ps’ ps = psV (A wps" B. set ps = {(A, w)} U set ps"’ A set (finalizel
ps’ ps) = {(A,w @ [Nt B]),(B,[])} U set ps"”’ A Nt B ¢ syms ps’)

(proof)

lemma finalize_der":

assumes A € [hss ps

shows set ps - [Nt A] =x map Tm z <— set (finalize’ ps) - [Nt A] == map
Tm z

{proof)

lemma lhss_finalizel:
lhss ps C lhss (finalizel ps’ ps)
(proof)

lemma lhss _binarizen:
lhss ps C lhss ((finalize’™"n) ps)
(proof)
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lemma finalize_der'n:

assumes A € lhss ps

shows set ps b [Nt A] =% map Tm z +— set ((finalize’ " "n) ps) b [Nt A] ==
map Tm x

(proof)

lemma finalize_der:

assumes A € lhss ps

shows set ps - [Nt A] = map Tm © <— set (finalize ps) & [Nt A] =% map Tm
T

{proof)

lemma lang finalize lhss:
assumes A € [hss ps
shows lang ps A = lang (finalize ps) A

(proof)

lemma finalize _syms1:
assumes Nt A € syms ps
shows Nt A € syms (finalizel ps’ ps)

(proof)

lemma finalize_nts'n:
assumes A € nts ps
shows A € nts ((finalize’ ™" n) ps)

{proof)

lemma finalize nits:
assumes A € nts ps
shows A € nts (finalize ps)

(proof)

lemma finalize_lhss ntsl:
assumes A ¢ lhss ps
and A € nts ps’
shows A ¢ lhss (finalizel ps’ ps)

(proof)

lemma finalize_lhss _nts'n:
assumes A ¢ lhss ps
and A € nts ps
shows A ¢ lhss ((finalize’™"n) ps) A A € nts ((finalize’™"n) ps)
(proof)

lemma finalize lhss_nts:
assumes A ¢ lhss ps
and A € nts ps
shows A ¢ lhss (finalize ps) N A € nts (finalize ps)
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{proof)

lemma lang finalize:
assumes A € nts ps
shows lang (finalize ps) A = lang ps A

(proof)

Next step is to define the transformation from riin_noterm to rlin__bin.
For this we use the function binarize. The language preservation property
of binarize is already proven

lemma binarize rlinbini:
assumes rlin_noterm (set ps)
and ps = binarizel ps’ ps
shows rlin__bin (set ps)
(proof )

lemma binarize _noterml:
rlin_noterm (set ps) = rlin_noterm (set (binarizel ps’ ps))
(proof)

lemma binarize__noterm'
rlin_noterm (set ps) = rlin_noterm (set (binarize’ ps))
{proof)

lemma binarize_noterm’n:
rlin_noterm (set ps) = rlin_noterm (set ((binarize’” "n) ps))
(proof)

lemma binarize_rlinbin”:
assumes rlin_noterm (set ps)
and ps = binarize’ ps
shows rlin__bin (set ps)
(proof)

lemma binarize rlinbin:
rlin_noterm (set ps) = rlin__bin (set (binarize ps))

(proof)

The last transformation takes a production set from rlin_ bin and con-
verts it to rlin2. That is, we need to remove unit productions of the from
(A, [Nt B)). In uProds.thy is the predicate U ps’ ps defined that is satisfied
if ps is the same production set as ps’ without the unit productions. The
language preservation property is already given

lemma uppr_rlin2:
assumes rlinbin: rlin_bin (set ps’)
and uppr_ps’s unit__elim__rel ps’ ps
shows rlin2 (set ps)

{(proof)
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The transformation rlin2_of rlin applies the presented functions in the
right order. At the end, we show that rlin2 of rlin converts a production
set from rlin to a production set from rlin2, without changing the language
definition rlin2_of rlin :: ('n:infinite,’t) prods = ('n,’t)prods where

rlin2_of rlin ps = unit__elim (binarize (finalize ps))

theorem rlin_to_ rlin2:

assumes rlin (set ps)

shows rlin2 (set (rlin2_of rlin ps))
(proof)

lemma lang rlin2_of rlin:
A € Nts (set ps) = lang (rlin2_of _rlin ps) A = lang ps A
(proof)

14.2 Properties of rlin2 derivations

In the following we present some properties for list of symbols that are
derived from a production set satisfying rlin2

lemma map_ Tm_ single_ nt:
assumes map Tm w @Q [Tm a, Nt A] = ul Q [Nt B] @ u2
shows ul = map Tm (w Q [a]) A u2 = |

(proof)

A non-terminal can only occur as the rightmost symbol

lemma rlin2 derive:
assumes P+ vl =% v2
and vl = [Nt A]
and v2 = ul Q [Nt B] @ u2
and rlin2 P
shows Jw. ul = map Tm w A u2 = ||

(proof)

A new terminal is introduced by a production of the form (C, [Tm z, Nt
B))

lemma rlin2_introduce__tm:
assumes rlin2 P
and P F [Nt A] =% map Tm w @ [Tm z, Nt B]
shows 3C. P+ [Nt A] =% map Tm w @Q [Nt C] A (C,[Tm z, Nt B]) € P
(proof)

lemma rlin2_nts derive_eq:
assumes rlin2 P
and P + [Nt A] =x* [Nt B]
shows A = B

(proof)

If the list of symbols consists only of terminals, the last production used
is of the form B,]|
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lemma rlin2_tms_eps:
assumes rlin2 P
and P [Nt A] = map Tm w
shows 3B. P | [Nt A] =« map Tm w Q [Nt B] A (B,]]) € P

(proof)

end

15 Strongly Right-Linear Grammars as a Nonde-
terministic Automaton

theory NDA_ rlin2
imports Right Linear
begin

We define what is essentially the extended transition function of a non-
deterministic automaton but is driven by a set of strongly right-linear pro-
ductions P, which are of course just another representation of the transitions
of a nondeterministic automaton. Function nats rlin2 set P M w traverses
the terminals list w starting from the set of non-terminals M according to
the productions of P. At the end it returns the reachable non-terminals.

definition nzt_rlin2 :: ('n,’t)Prods = 'n = 't = 'n set where
nat_rlin2 P A a = {B. (A, [Tm a, Nt B]) € P}

definition nzt_rlin2_set :: ('n,’t)Prods = 'n set = 't = 'n set where
nxt_rlin2_set P M a = ((JAEM. nat_rlin2 P A a)

definition nats_rlin2_set :: ('n,’t)Prods = 'n set = 't list = 'n set where
nxts_rlin2_set P = foldl (nxt_rlin2_set P)

lemma nzt rlin2_nts:
assumes Benxt rlin2 P A a
shows BeNts P

(proof)

lemma nxts rlin2_set app:
nats_rlin2_set P M (x Q y) = nats_rlin2_set P (nxts_rlin2_set P M ) y

(proof)

lemma nzt_rlin2_set pick:
assumes B € nxt_rlin2 _set P M a
shows 3CeM. B € nzt_rlin2_set P {C} a

{proof)

lemma nxts rlin2_set pick:
assumes B € nxts rlin2 set P M w
shows 3 CeM. B € nats_rlin2_set P {C} w

(proof)
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lemma nats rlin2 set first_step:
assumes B € nats_rlin2_set P {A} (a # w)
shows 3C € nzt_rlin2 P A a. B € nats_rlin2_set P {C} w

(proof)

lemma nzxts trans0:
assumes B € nats_rlin2_set P (nats_rlin2_set P {A} z) z
shows B € nats_rlin2_set P {A} (2Qz)

(proof)

lemma nzt _mono:
assumes A C B
shows nat_rlin2 set P A a C nxzt_rlin2 _set P B a

(proof)

lemma nzts _mono:
assumes A C B
shows nats rlin2 set P A w C nats _rlin2 set P B w

{proof)

lemma nxts transi:
assumes M C nats _rlin2_set P {A} x
and B € nxts rlin2 set P M z
shows B € nats_rlin2_set P {A} (2Qz)

(proof)

lemma nxts trans2:
assumes C € nats_rlin2_set P {A} «
and B € nats_rlin2_set P {C} z
shows B € nats_rlin2_set P {A} (zQz)

(proof)

lemma nzts to mult derive:
B € nats_rlin2_set P M w = (3AeM. P+ [Nt A] =x map Tm w @ [Nt B])

(proof)

lemma mult _derive__to naxts:

assumes 7rlin2 P

shows AeM = P F [Nt A] =% map Tm w Q [Nt B] = B € nats_rlin2_set
PMw

(proof)

Acceptance of a word w w.r.t. P (starting from A), accepted P A w,
means that we can reach an “accepting” nonterminal Z, i.e. one with a
production (Z,[]). On the automaton level Z reachable final state. We show
that accepted P A w iff w is in the language of A w.r.t. P.

definition accepted P A w = (3Z € nats_rlin2_set P {A} w. (Z,]]) € P)
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theorem accepted if Lang:
assumes rlin2 P
and w € Lang P A
shows accepted P A w

(proof)

theorem Lang if accepted:
assumes accepted P A w
shows w € Lang P A

{(proof)

theorem Lang iff accepted if rlin2:
assumes rlin2 P
shows w € Lang P A <— accepted P A w

(proof)

end

16 Relating Strongly Right-Linear Grammars and
Automata

theory Right Linear Automata

imports
NDA rlin2
Finite _Automata_HF.Finite Automata HF
HereditarilyFinite. Finitary

begin

16.1 From Strongly Right-Linear Grammar to NFA

definition nfa_rlin2 :: ('n,’t) Prods = ('n::finitary) = 't nfa where
nfa_rlin2 P S =
( states = hf _of ‘({S} U Nts P),
init = {hf_of S},
final = hf_of *{A € Nts P. (A)]]) € P},
nxt = Aq a. hf _of ‘ nzt_rlin2 P (inv hf _of q) a,
eps = Id )

context
fixes P :: ('n::finitary,’t) Prods
assumes finite P

begin

interpretation NFA_ rlin2: nfa nfa_rlin2 P S
(proof)

print__theorems

lemma nfa_init_nfa_rlin2: nfa.init (nfa_rlin2 P S) = hf _of *{S}
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(proof)

lemma nfa_final_nfa_rlin2: nfa.final (nfa_rlin2 P S) = hf _of * {A € Nis P.
(A[]) € P}
(proof)

lemma nfa_nzt_nfa_rlin2: nfa.nzt (nfa_rlin2 P S) (bf _of A) a = hf _of ‘ nzt_rlin2
PAa
(proof)

lemma nfa_epsclo_nfa_rlin2: M C {hf_of S} U hf_of * Nts P = nfa.epsclo
(nfa_rlin2 P S) M = M
(proof)

lemma nfa_nextl _nfa_rlin2: M C {S} U Nts P
= nfa.nextl (nfa_rlin2 P S) (hf _of * M) xs = hf of ‘ nats_rlin2_set P M xs
(proof)

lemma lang pres nfa_rlin2: assumes riin2 P
shows nfa.language (nfa_rlin2 P S) = Lang P S
(proof)

lemma regular_if rlin2: assumes rlin2 P
shows regular (Lang P S)

(proof)

end

16.2 From DFA to Strongly Right-Linear Grammar

context dfa
begin

We define Prods__dfa that collects the production set from the determin-
istic finite automata M

definition Prods dfa :: (hf, 'a) Prods where
Prods__dfa =

(U q € dfa.states M. |Jz. {(¢q,|Tm z, Nt(dfa.nzt M q z)])}) U (U ¢ € dfa.final M.
{(eD})

lemma rlin2_prods_dfa: rlin2 (Prods_dfa)
(proof)

We show that a word can be derived from the production set Prods dfa
if and only if traversing the word in the deterministic finite automata M
ends in a final state. The proofs are very similar to those in DFA_ rlin2.thy

lemma mult _derive_to _nxtl:
Prods_dfa b [Nt A] = map Tm w Q [Nt B] = nextl A w = B

(proof)
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lemma nztl to mult derive:
assumes A € dfa.states M
shows Prods _dfa b [Nt A] =% map Tm w Q [Nt (nextl A w)]

(proof)

theorem Prods_dfa_iff dfa:
q € dfa.states M = Prods__dfa t- [Nt q| =% map Tm w +— nextl q w € dfa.final
M

{(proof)

corollary dfa_language eq Lang: dfa.language M = Lang Prods__dfa (dfa.init M)
(proof)

end

corollary rlin2 if regular:
reqular L = AP S:hf. rlin2 P N L = Lang P S

(proof)

end

17 Pumping Lemma for Strongly Right-Linear Gram-
mars

theory Pumping Lemma_ Regular
imports NDA_ rlin2 List _Power.List _Power
begin

The proof is on the level of strongly right-linear grammars. Currently

there is no proof on the automaton level but now it would be easy to obtain
one.

lemma not_ distinct:
assumes m = card P
and m > [
and Vi < length w. w! i € P
and length w > Suc m
shows Jxs ys zs y. w = 2s Q [y] Q@ ys Q [y] Q zs A length (zs Q [y] @ ys Q
[y]) < Suc m

(proof)

We define the function nzts nts P a w that collects all paths travers-
ing the word w starting from the non-terminal A in the production set P.
nxts_nts0 appends the non-terminal A in front of every list produced by
nxts_ nts

fun nats_nts :: ('n,’t)Prods = 'n = 't list = 'n list set where
nats_nts P A [] = {[|}
| nzts_nts P A (a#w) = (|JBenzt_rlin2 P A a. (Cons B) ‘nats_nts P B w)
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definition nzts nts0 where
nats_ntsO P A w = ((#) 4) ‘nats_nts P A w

17.1 Properties of nxzts nts and nzts nts0

lemma nzts ntsO _i0:
Vecnrts ntsOPAw. el0=A

{proof)

lemma nxts ntsO _shift:
assumes i < length w
shows Ve € nats_ntsO P A w. Je’ € nats nts P A w. el (Suci) =¢€'l4

{proof)

lemma nxts nts pick nt:
assumes e € nxts_nts P A (a#w)
shows 3 Cenat_rlin2 P A a. e’ € nats _nts P C w. e = CHe’

(proof)

lemma nzts ntsO_len:
Ve € nzts_ntsO0 P A w. length e = Suc (length w)

{proof)

lemma nzts ntsO_nat:
assumes i < length w
shows Ve € nats_ntsO0 P A w. el(Suc i) € nat_rlin2 P (eli) (w!i)

{proof)

lemma nxts ntsO _path:
assumes il < length w
and 2 < length w
and 1 < i2
shows Ve € nats _nts0 P A w. eli2 € nats_rlin2_set P {elil} (drop il (take
(proof)

lemma nxts ntsO_path__start:
assumes 7 < length w
shows Ve € nats_ntsO P A w. e! i € nats_rlin2_set P {A} (take i w)

{proof)

lemma nzts nts elem:
assumes i < length w
shows Ve € nxts nts PA w. e! ¢ € Nts P

(proof)

lemma nzts ntsO _elem:
assumes A € Nts P

63



and 7 < length w
shows Ve € nats ntsO P A w. e! i € Nts P

(proof)

lemma nzts ntsO_pick:
assumes B € nats_rlin2_set P {A} w
shows Je € nats ntsO P A w. last e = B

(proof)

17.2 Pumping Lemma

The following lemma states that in the automata level there exists a cycle
occurring in the first m symbols where m is the cardinality of the non-
terminals set, under the following assumptions

lemma nxts split _cycle:
assumes finite P

and A € Nts P

and m = card (Nts P)

and B € nats_rlin2_set P {A} w

and length w > m

shows Jz y z C. w = 2QyQz A length y > 1 A length (zQy) < m A
C € nats_rlin2_set P {A} z A C € nats_rlin2_set P {C} y AN B €

nats_rlin2_set P {C} z
(proof)

We also show that a cycle can be pumped in the automata level

lemma pump_cycle:
assumes B € nats_rlin2_set P {A} x
and B € nats_rlin2_set P {B} y
shows B € nats_rlin2_set P {A} (zQ(y~7%))

(proof)

Combining the previous lemmas we can prove the pumping lemma where
the starting non-terminal is in the production set. We simply extend the
lemma for non-terminals that are not part of the production set, as these
non-terminals will produce the empty language

lemma pumping re_auz:
assumes finite P
and A € Nts P
and m = card (Nts P)
and accepted P A w
and length w > m
shows 3z y z. w = 2QyQ@z A length y > 1 A length (zQy) < m A (Vi. accepted
P A (z@Q(y~%)Qz))
(proof)

theorem pumping lemma_re_nts:
assumes rlin2 P
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and finite P
and A € Nts P
shows dn. Vw € Lang P A. length w > n —
(Fzyz w=2QyQz A length y > 1 A length (zQy) < n A (Vi. 2Q(y"%)Qz
€ Lang P A))
(proof )

theorem pumping lemma_ reqular:
assumes rlin2 P and finite P
shows dn. Vw € Lang P A. length w > n —
(Fzyz w=2QyQz A lengthy > 1 A length (zQy) < n A (Vi. zQ(y~ %)Qz
€ Lang P A))
(proof)

Most of the time pumping lemma is used in the contrapositive form to
prove that no right-linear set of productions exists.

corollary pumping lemma_ regular_contr:
assumes finite P
and Vn. 3w € Lang P A. length w > n A (Vx y z. w = 2QyQz A length y >
1 A length (zQy) < n — (J4. 2Q(y~ ¢)Qz ¢ Lang P A))
shows —rlin2 P

{(proof)

end

18 a"b" is Not Regular

theory AnBn_ Not_ Regular
imports Pumping__Lemma__ Regular
begin

lemma pow_list_set_if: set (w ~ k) = (if k=0 then {} else set w)
(proof)
lemma in_pow_list_set[simp]: x € set (ys ~ m) «— x € set ys A m # 0
(proof)
lemma pow list _eq appends_iff:
n>m=1z nQy=z mQz+—z=z (n—m)Qy
(proof)
lemma append_eq append_conv_if disj:
(set zs U set xs’) N (set ys U set ys') = {}
= 125 Q ys = 25’ Q ys' +— zs = zs' A ys = ys’
(proof)
lemma pow_list_eq single _appends_iff [simp]:
[z gsetys;z ¢ setzs] = [z] mQyus=[2z] nQzs+—>m=mnAys=zs
(proof)

The following theorem proves that the language a“nb~n cannot be pro-
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duced by a right linear production set, using the contrapositive form of the
pumping lemma
theorem not_rlin2_ab:
assumes a # b
and Lang P A = (Un. {[a] "n @ [b] "n}) (is _ = ?AnDBn)
and finite P
shows —rlin2 P

(proof)

end
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