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Abstract

Concurrent revisions is a concurrency control model developed by Mi-
crosoft Research [1]. It has many interesting properties that distin-
guish it from other well-known models such as transactional memory.
One of these properties is determinacy: programs written within the
model always produce the same outcome, independent of scheduling ac-
tivity. The concurrent revisions model has an operational semantics,
with an informal proof of determinacy [2]. This document contains an
Isabelle/HOL formalization of this semantics and the proof of deter-
minacy. It is part of my master’s thesis [3], which describes it in more

detail .t
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1 Data

This theory defines the data types and notations, and some preliminary
results about them.

theory Data
imports Main
begin

1.1 Function notations

abbreviation ¢ :: ‘a — b where
e = Az. None

fun combine :: ('a = 'b) = (‘a — 'b) = (Ya — 'b) (¢-;-» 20) where
(f 55 9) x = (if g = None then f z else g x)

lemma dom-combination-dom-union: dom (73;7') = dom 7 U dom 7’
by auto

1.2 Values, expressions and execution contexts

datatype const = Unit | F | T

datatype (RIDy: 'r, LIDy: 'l,'v) val =
CV const

| Var v

| Loc 'l

| Rid 'r

| Lambda v ('r,'l,'v) expr

and (RIDg: 'r, LIDg: 'l,'v) expr =
VE ('r,'1,'v) val

| Apply ('r,'l,"v) expr ('r,’l,'v) expr

| Ite ('r,’1,’v) expr ('r,’l,'v) expr ('r,’l,'v) expr

| Ref ('r,’l,’v) expr

| Read ('r,'l,"v) expr

| Assign ('r,'l,"v) expr ('r,’l,'v) expr

| Rfork ('r,'l,'v) expr

| Rjoin ('r,’'l,'v) expr

datatype (RID¢: 'r, LIDc: 'l,'v) cntxt =
Hole (<)
| ApplyLe ('r,'l,"v) entat ('r,’l,'v) expr
| ApplyRe ('r,’l,'v) val ('r,’l,'v) cntat
| Iteg ('r,'l,"v) entat ('r,’1,'v) expr ('r,’l,'v) expr
| Refe ('r,'l,'v) cntxt
| Readg ('r,’l,"v) entxt
| AssignLe ('r,’l,"v) entxt ('r,'l,"v) expr
| AssignRe 'l ('r,'l,"v) cntwxt
| Rjoing ('r,’l,'v) entxt



1.3 Plugging and decomposing

fun plug == ('r,’1,'v) entat = ('r,'l,'v) expr = ('r,'l,'v) expr (infix <<» 60) where
Oge=ce

| ApplyLe € el < e = Apply (€ < e) el

| ApplyRe val € < e = Apply (VE val) (€ <€)

| Iteg € el €2 < e = Ite (€ < e) el e2

| Refe £ < e = Ref (€ < e)

| Reads € < e = Read (€ < e)

| AssignLe € el <1 e = Assign (€ < e) el

| AssignRe 1 € <1 e = Assign (VE (Loc 1)) (€ < e)

| Rjoing £ < e = Rjoin (€ < e)

translations
[l =€ <Qx

lemma injective-cntxt [simpl: (Elel] = E[e2]) = (el = e2) by (induction &) auto

lemma VE-empty-cntzt [simpl: (VE v = Ele]) = (£ =0 A VE v = e) by (cases
&, auto)

inductive redex :: ('r,’l,’v) expr = bool where
app: redex (Apply (VE (Lambda z €)) (VE v))

| iteTrue: redex (Ite (VE (CV T)) el e2)

| iteFalse: redex (Ite (VE (CV F)) el e2)

| ref: redex (Ref (VE v))

| read: redex (Read (VE (Loc l)))

| assign: redex (Assign (VE (Loc 1)) (VE v))

| rfork: redex (Rfork e)

| rjoin: redex (Rjoin (VE (Rid r)))

inductive-simps redez-simps [simp]: redez e
inductive-cases redexE [elim]: redex e

lemma plugged-redez-not-val [simp|: redex r => (£ < r) # (VE t) by (cases &)
auto

inductive decompose :: ('r,'l,'v) expr = ('r,’l,'v) cntzt = ('r,'l,'v) expr = bool
where

top-redex: redex e => decompose e 1] e
| lapply: [ —redex (Apply e1 e); decompose ey £ r | = decompose (Apply e e2)
(ApplyLe € es) r
| rapply: [ —redex (Apply (VE v) e); decompose e £ v | = decompose (Apply (VE
v) e) (ApplyRe v &) r
| ite: [ —redex (Ite ey es e3); decompose e; € ]| = decompose (Ite ey ex e3) (Iteg
Eeyes)r
| ref: [ —redex (Ref e); decompose e & 1| = decompose (Ref e) (Refeg €) r
| read: [ —redex (Read e); decompose e € r | = decompose (Read e) (Readg E) r
| lassign: | —redex (Assign ey ez); decompose eq € r | = decompose (Assign ey
ea2) (AssignLg € ea) T



| rassign: [ —redex (Assign (VE (Loc 1)) ez); decompose ex € r | = decompose
(Assign (VE (Loc 1)) ea) (AssignRg 1 E) r

| rjoin: [ —redex (Rjoin e); decompose e € r | = decompose (Rjoin e) (Rjoing
Er

inductive-cases decomposeE [elim]: decompose e € 1

lemma plug-decomposition-equivalence: redex 1 = decompose e € r = (E[r] = e)
proof (rule iffI)
assume z: decompose € E r
show E[r] = e
proof (use z in <induct rule: decompose.inducty)
case (top-redez e)
thus O[e] = e by simp
next
case (lapply e1 ex € 1)
have (ApplyLe € e2) [r] = Apply (E[r]) e2 by simp

also have ... = Apply e; es using «E[r] = e1» by simp
then show ?case by simp
qed simp+
next

assume red: reder r and eq: E[r] = e
have decompose (E[r]) € r by (induct E) (use red in <auto intro: decompose.intros»)
thus decompose e £ r by (simp add: eq)

qed

lemma unique-decomposition: decompose e £1 11 = decompose ¢ Eo 1o =—> &1
= 52 A Ty = T9
by (induct arbitrary: £ rule: decompose.induct) auto

lemma completion-eq [simp]:
assumes
red-e: redex r and
red-e’: redex r'
shows (E[r] =Er) =(E=E" Nr =71
proof (rule iffI)
show E[r| =Er | = E=E"Ar=1'
proof (rule conjI)
assume eq: E[r] = E'[r]
have decompose (E[r]) € r using plug-decomposition-equivalence red-e by blast
hence fst-decomp:decompose (E'[r']) € r by (simp add: eq)
have snd-decomp: decompose (E'[r']) £’ r' using plug-decomposition-equivalence
red-¢’ by blast
show cntzts-eq: £ = £’ using fst-decomp snd-decomp unique-decomposition by
blast
show r = r’ using cntzts-eq eq by simp
qed
qed simp



1.4 Stores and states

type-synonym ('r,’l,’v) store = 'l — ('r,’l,’v) val

type-synonym ('r,’l,'v) local-state = ('r,'l,’v) store x ('r,'l,'v) store x ('r,’l,'v)
expr

type-synonym ('r,’l,’v) global-state = 'r — ('r,’l,'v) local-state

fun doms :: ('r,'l,'v) local-state = 'l set where
doms (o,7,e) = dom o U dom T

fun LID-snapshot :: ('r,'l,’v) local-state = ('r,'l,’v) store (<-o» 200) where
LID-snapshot (o,1,e) = o

fun LID-local-store :: ('r,'l,'v) local-state = ('r,'l,'v) store (<-r» 200) where
LID-local-store (o,1,e) = T

fun LID-expression :: ('r,'l,'v) local-state = ('r,'l,'v) expr (<-.» 200) where
LID-expression (o,7,e) = e

end

2 Occurrences

This theory contains all of the definitions and laws required for reasoning
about identifiers that occur in the data structures of the concurrent revisions
model.

theory Occurrences
imports Data
begin

2.1 Definitions

2.1.1 Revision identifiers
definition RIDg :: ('r,’l,'v) store = 'r set where
RIDs o0 = J (RIDy ‘ran o)

definition RIDy, :: ('r,’l,'v) local-state = 'r set where
RIDy, s = case s of (0, T, €¢) = RIDg 0 U RIDg 7 U RIDE e

definition RID¢g :: ('r,'l,'v) global-state = 'r set where
RIDg s = dom s UJ (RIDy, ‘ran s)

2.1.2 Location identifiers

definition LIDg :: ('r,’l,'v) store = 'l set where
LIDs 0 = dom o U |J (LIDy ‘ran o)

definition LIDy, :: ('r,'l,'v) local-state = 'l set where



LIDy, s = case s of (0, 7, €) = LIDg 0 U LIDg 7 U LIDg e

definition LIDg :: ('r,’l,’v) global-state = 'l set where
LIDg s = (LIDL ‘ran s)

2.2 Inference rules
2.2.1 Introduction and elimination rules

lemma RIDgI [intro]: o | = Some v = r € RIDy v=—1r € RIDg o
by (auto simp add: RIDg-def ran-def)

lemma RIDgE [elim]: € RIDg 0 = (Al v. 0 | = Some v = r € RIDy v =
P)=— P
by (auto simp add: RIDg-def ran-def)

lemma RIDyI [intro, consumes 1]:
assumes s = (o0, T, €)
shows
r € RIDg 0o — r € RIDy, s
r € RIDg T = r € RIDy, s
r € RIDgp e = r € RIDy, s
by (auto simp add: RIDy-def assms)

lemma RIDLFE [elim]:

[reRIDys; (NoTes=(o,7,¢) = (r € RIDs 0o = P) = (r € RIDg
7= P)= (re RIDpe= P)=— P)=— P] =P

by (cases s) (auto simp add: RIDp-def)

lemma RIDgI [intro]:
sr=Somev—=—r € RIDg s
sr'= Somels = r € RID; ls = r € RIDg s
apply (simp add: RIDg-def doml)
by (metis (no-types, lifting) RIDg-def UN-I UnlI2 ranl)

lemma RIDGE [elim]:
assumes
r € RID¢g s
r € dom s = P
Nr'ls. s v’ = Some ls = r € RIDy Is = P
shows P
using assms by (auto simp add: RIDq-def ran-def)

lemma LIDgI [intro]:
ol=8omev=—1¢€ LIDg o
ol'=8Somev=— 1€ LIDy v=1¢ LIDg o
by (auto simp add: LIDg-def ran-def)

lemma LIDgE [elim]:
assumes



I € LIDs o

le domo=— P

N v.ol' = Somev= 1€ LIDy v=— P
shows P
using assms by (auto simp add: LIDg-def ran-def)

lemma LID I [intro):
assumes s = (o0, 7, €)
shows
r € LIDg 0 = r € LIDy, s
re LIDg T = r € LIDy s
r € LIDg e = r € LID;, s
by (auto simp add: LIDy-def assms)

lemma LID.E [elim]:

[le LDy s;(NoTes=(o,7,¢)= (l€ LIDgo = P) = (l€ LIDg 7
= P)=—= (le LIDp e= P)=— P)=— P] =P

by (cases s) (auto simp add: LIDy -def)

lemma LIDgI [intro]: s r = Some ls =1 € LIDy, ls = 1l € LID¢g s
by (auto simp add: LIDg-def LIDy-def ran-def)

lemma LIDGE [elim]: | € LIDg s = (Arls. s = Some ls = | € LIDy, s =
P)=— P
by (auto simp add: LIDq-def ran-def)

2.2.2 Distributive laws

lemma ID-distr-completion [simp]:
RIDy (£[¢]) = RIDc € U RIDy ¢
LIDg (£]e]) = LIDc € U LIDg e
by (induct rule: plug.induct) auto

lemma ID-restricted-store-subset-store:
RIDg (o(l := None)) C RIDg o
LIDg (o(l :== None)) C LIDg o
proof —
show RIDg (o(l := None)) C RIDg o
proof (rule subsetl)
fix r
assume r € RIDg (o(l := None))
then obtain !’ v where (o(l := None)) I’ = Some v and r-v: r € RIDy v by
blast
have [’ # [ using ¢(o(l := None)) I’ = Some v» by auto
hence o I’ = Some v using «(o(l := None)) I’ = Some v» by auto
thus r € RIDg o using r-v by blast
qged
next
show LIDg (o(l :== None)) C LIDs o



proof (rule subsetl)
fix I
assume !’ € LIDg (o(l := None))
hence I’ € dom (o(l :== None)) V (31" v. (o(I := None)) I" = Some v AN 1' €
LIDy v) by blast
thus I’ € LIDg o
proof (rule disjE)
assume !’ € dom (o(l := None))
thus I’ € LIDs o by auto
next
assume 31" v. (o(l := None)) I" = Some v N1’ € LIDy v
then obtain "’ v where (o(l := None)) ' = Some v and l’-in-v: I’ € LIDy
v by blast
hence o " = Some v by (cases | = ", auto)
thus I’ € LIDgs o using l’-in-v by blast
qed
qed
qed

lemma in-restricted-store-in-unrestricted-store [introl:
r € RIDg (o(l := None)) = r € RIDg ¢
"€ LIDg (o(l := None)) = I’ € LIDg o
by (meson contra-subsetD ID-restricted-store-subset-store)+

lemma in-restricted-store-in-updated-store [introl:
r € RIDg (o(l := None)) = r € RIDg (o(l — v))
I"€ LIDg (o(l := None)) = I’ € LIDg (o(l — v))
proof —
assume 1 € RIDg (o(l := None))
hence r € RIDg (o |‘ (= {l})) by (simp add: restrict-complement-singleton-eq)
hence r € RIDg (o(l — v) |* (= {I})) by simp
hence r € RIDg (o(l := Some v, | := None)) by (simp add: restrict-complement-singleton-eq)
thus r € RIDg (o(l — v)) by blast
next
assume !’ € LIDg (o(l := None))
hence I’ € LIDg (o |* (— {I})) by (simp add: restrict-complement-singleton-eq)
hence I’ € LIDg (o(l — v) | (= {I})) by simp
hence !’ € LIDg (o(l := Some v, | := None)) by (simp add: restrict-complement-singleton-eq)
thus I’ € LIDg (o(l — v)) by blast
qed

lemma ID-distr-store [simp]:
RIDg (7(l — v)) = RIDg (7(l := None)) U RIDy v
LIDg (7(l — v)) = insert | (LIDg (7(l := None)) U LIDy v)
proof —
show RIDg (7(I — v)) = RIDg (7(I := None)) U RIDy v
proof (rule set-eql, rule iffI)
fix r
assume r € RIDg (7(l — v))
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then obtain !’ v/ where (7(l — v)) I’ = Some v’ r € RIDy v’ by blast
thus r € RIDg (7(l :== None)) U RIDy v by (cases I’ = 1) auto
qged auto
next
show LIDg (7(I — v)) = insert | (LIDg (7(I := None)) U LIDy v)
proof (rule set-eql, rule iffI)
fix I
assume !’ € LIDg (7(l — v))
hence I’ € dom (7(l — v)) vV (31" v". (1(l — v)) I = Some v' A I' € LIDy
v’) by blast
thus [’ € insert | (LIDg (7(l := None)) U LIDy v)
proof (rule disjE)
assume !’ € dom (7(l — v))
thus !’ € insert | (LIDg (7(l := None)) U LIDy v) by (cases I’ = 1) auto
next
assume 31" v". (7(l — v)) 1" = Some v/ AN l' € LIDy v’
then obtain [" v’ where (7(l — v)) " = Some v’ I’ € LIDy v’ by blast
thus !’ € insert | (LIDg (7(l := None)) U LIDy v) by (cases | = ") auto
qed
qed auto
qed

lemma ID-distr-local [simp]:
LID; (o,7.¢) = LIDg o U LIDg 7 U LIDg; ¢
RID;, (0,7,¢) = RIDg 0 U RIDg 7 U RIDg e
by (simp add: LIDy-def RIDy -def)+

lemma ID-restricted-global-subset-unrestricted:
LID¢ (s(r := None)) C LIDg s
RID¢ (s(r := None)) C RID¢g s
proof —
show LID¢g (s(r := None)) C LID¢g s
proof (rule subsetl)
fix |
assume [ € LID¢g (s(r := None))
then obtain r”’ ls where (s(r := None)) r’' = Some Is and l-in-lIs: | € LIDy,
ls by blast

have r'' # r using «(s(r := None)) r' = Some ls» by auto
hence s "/ = Some Is using <(s(r := None)) r'’ = Some ls» by auto
thus [ € LID¢g s using l-in-Is by blast
qed
next

show RID¢ (s(r := None)) C RIDg s
proof (rule subsetl)
fix r’
assume r’ € RIDg (s(r := None))
hence r’ € dom (s(r := None)) V (31" Is. (s(r :== None)) r’' = Some Is A 1’
€ RIDy, Is) by blast
thus r’ € RIDg s

11



proof (rule disjE)
assume 31’ Is. (s(r := None)) r" = Some Is A v’ € RIDy, Is
then obtain '/ Is where (s(r := None)) v’ = Some Is and r’-in-ls: v’ €
RIDy, Is by blast
have neq: "' # r using «(s(r := None)) r' = Some ls» by auto
hence s v/ = Some Is using «(s(r := None)) r' = Some s> by auto
thus r’ € RID¢g s using r'-in-ls by blast
qed auto
qed
qed

lemma in-restricted-global-in-unrestricted-global [intro]:
r’ € RIDg (s(r := None)) = r' € RIDg s
l € LID¢ (s(r := None)) =l € LIDg s
by (simp add: ID-restricted-global-subset-unrestricted rev-subsetD)+

lemma in-restricted-global-in-updated-global [intro]:
r’ € RIDg (s(r := None)) = r' € RIDg (s(r — Is))
l € LID¢ (s(r := None)) =l € LIDg (s(r — Is))
proof —
assume 1’ € RID¢ (s(r := None))
hence r’ € RID¢ (s | (= {r})) by (simp add: restrict-complement-singleton-eq)
hence 7’ € RIDg (s(r — Is) |* (— {r})) by simp
hence r € RID¢ (s(r := Somels,  :== None)) by (simp add: restrict-complement-singleton-eq)
thus r’ € RIDg (s(r — Is)) by blast
next
assume [ € LIDg (s(r := None))
hence | € LID¢ (s | (— {r})) by (simp add: restrict-complement-singleton-eq)
hence | € LID¢g (s(r — Is) |* (— {r})) by simp
hence | € LID¢ (s(r := Some Is, r := None)) by (simp add: restrict-complement-singleton-eq)
thus | € LIDg (s(r — Is)) by blast
qed

lemma ID-distr-global [simp]:
RID¢ (s(r w— Is)) = insert r (RIDg (s(r := None)) U RID, Is)
LID¢ (s(r — 1ls)) = LIDg (s(r := None)) U LIDy, Is
proof —
show LID¢g (s(r +— Is)) = LIDg (s(r := None)) U LIDy, Is
proof (rule set-eql)
fix |
show (I € LID¢g (s(r — 1s))) = (I € LIDg (s(r := None)) U LIDy, s)
proof (rule iffT)
assume [ € LIDg (s(r — ls))
from this obtain r’ Is’ where (s(r — Is)) r’ = Some Is’ | € LIDy, Is’ by
auto
thus [ € LID¢g (s(r := None)) U LIDy, Is by (cases r = r') auto
qed auto
qged
show RID¢ (s(r +— Is)) = insert r (RIDg (s(r := None)) U RIDy, Is)

12



proof (rule set-eql)
fix r’
show (r’ € RIDg (s(r > 1s))) = (r' € insert r (RIDg (s(r := None)) U RIDy,
ls))
proof (rule iffI, clarsimp)
assume 1'-g: v’ € RIDg (s(r + Is)) and neq: v’ # r and r'-I: v’ ¢ RIDp s
show r’ € RIDg (s(r := None))
proof (rule RIDgE[OF r'-g])
assume 7’ € dom (s(r — Is))
thus ?thesis by (simp add: RIDg-def neq)
next
fix Is’ r”’
assume 7’-in-range:(s(r +— Is)) r’ = Some Is' v’ € RIDy, s’
thus ?thesis by (cases '’ = r) (use neq r'-l in auto)
qed
qed auto
qed
qed

lemma restrictions-inwards [simp]:
z # 2’ = f(z := Some y, ' := None) = (f(z":= None, z := Some y))
by (rule fun-upd-twist)

2.2.3 Miscellaneous laws

lemma ID-combination-subset-union [introl:
RIDg (03;7) € RIDs 0 U RIDs 7
LIDg (03;7) € LIDg 0 U LIDg T
proof —
show RIDg (o3;7) C RIDs o U RIDg 7
proof (rule subsetl)
fix r
assume r € RIDg (o;;7)
from this obtain [ v where (0;;7) | = Some v and r € RIDy v by blast
thus r € RIDg 0 U RIDg T by (cases | € dom T) auto
qed
show LIDg (0;;7) C LIDg o U LIDg 7
proof (rule subsetl)
fix |
assume [ € LIDg (o;;7)
hence | € dom (o3;7) V (31 v. (o3;7) I/ = Some v Al € LIDy v) by blast
thus | € LIDg o U LIDg T
proof (rule disjE)
assume [ € dom (o3;7)
thus | € LIDg 0 U LIDg 7 by (cases | € dom T) auto
next
assume 31" v. (o;;7) I/ = Some v Al € LIDy v
from this obtain !’ v where (o;;7) I’ = Some vl € LIDy v by blast
thus | € LIDg 0 U LIDg 7 by (cases I € dom T) auto
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qed
qed
qed

lemma in-combination-in-component [introl:
r € RIDg (0;;7) = r ¢ RIDg 0 = r € RIDg 7
r € RIDg (0y;7) = r ¢ RIDgs 7 = r € RIDg o
le LIDg (oy;7) = 1 ¢ LIDg 0 =l € LIDg 7
l € LIDg (o351) = 1 ¢ LIDs T =l € LIDg o
by (meson Un-iff ID-combination-subset-union subsetCE)+

lemma in-mapped-in-component-of-combination [intro]:
assumes
maps-to-v: (o3;7) | = Some v and
U'-in-v: I’ € LIDy v
shows
I'¢ LIDs 7 = I' € LIDg o
I"¢ LIDg 0 = ' € LIDg 7
by (metis LIDgI(2) combine.simps l'-in-v maps-to-v)+

lemma elim-trivial-restriction [simp]: | ¢ LIDs 7 = (7(l := None)) = 1
by (simp add: LIDg-def domlIff fun-upd-idem)

lemma ID-distr-global-conditional:

s r = Some ls = RIDg s = insert r (RIDg (s(r := None)) U RID[, Is)

sr = Somels = LIDg s = LID¢ (s(r := None)) U LIDy, Is
proof —

assume s r = Some Is

hence s-as-upd: s = (s(r — Is)) by (simp add: fun-upd-idem)

show RID¢ s = insert r (RIDg (s(r := None)) U RIDy, Is) by (subst s-as-upd,
simp)

show LIDg s = LID¢g (s(r := None)) U LIDy, Is by (subst s-as-upd, simp)
qed

end

3 Renaming

Similar to the bound variables of lambda calculus, location and revision
identifiers are meaningless names. This theory contains all of the definitions
and results required for renaming data structures and proving renaming-
equivalence.

theory Renaming
imports Occurrences
begin

14



3.1 Definitions

abbreviation rename-val :: ('r = 'r) = ('l = 1) = ('r,'l,'v) val = ('r,l,'v) val
(«Ry») where
Ry a B v = map-val o B id v

abbreviation rename-ezpr :: ('r = 'r) = ('l = 'l) = ('r,/l,'v) expr = ('r,’'l,'v)
expr ((Rg») where
Re a B e = map-expr o B id e

abbreviation rename-cntzt :: ('r = 'r) = (1 = 1) = ('r,'l,'v) cntzt = ('r,’l,'v)
entzt ((Re») where
Re a f € = map-entxt o B id E

definition is-store-renaming :: ('r = 'r) = ('l = 'l) = ('r,'l,'v) store = ('r,’l,'v)
store = bool where
is-store-renaming o 8 0 o' = V1. case o | of None = o’ (8 1) = None | Some v

=o' (B 1) = Some (Ry a B v)
notation Option.bind (infixl <>=> 80)

fun Rg =: ('r = r) = (1= "1) = ('r,'l,'v) store = ('r,’l,’v) store where
Rsapfol=oc(invBl)>= (I Some (Ry a 8 v))

lemma Rg-implements-renaming: bij 8 = is-store-renaming o 8 o (Rg a 8 o)
proof —

assume bij 3

hence inj [ using bij-def by auto

thus ?thesis by (auto simp add: is-store-renaming-def option.case-eq-if)
qed

fun Ry = ('r = ) = ('l = 1) = ('r,'l,'v) local-state = ('r,'l,'v) local-state
where
RLQB(UaTae):(RSQ507RSQ67—7REaﬂe)

definition is-global-renaming :: ('r = 'r) = ('l = 1) = ('r,'l,'v) global-state =
('r,'l,’v) global-state = bool where

is-global-renaming o 8 s 8" =V r. case s r of None = s’ (a r) = None | Some ls
= s' (ar) = Some (R, a B ls)

fun Rg = ('r = 'r) = (1 = 1) = ('r,'I,'v) global-state = ('r,'l,'v) global-state
where
Reapfsr=s(invar) > (Ns. Some (Rp a B 1s))

lemma Rg-implements-renaming: bij a« = is-global-renaming o B s (Rg a B 3)
proof —

assume bij o

hence inj o using bij-def by auto

thus ?thesis by (auto simp add: is-global-renaming-def option.case-eq-if )
qed
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3.2 Introduction rules

lemma Rl [intro]:
assumes
bij-p: bij B and
none-case: \l. o | = None = ¢’ (8 |) = None and
some-case: Nl v. o | = Some v =0’ (B 1) = Some (Ry a 8 v)
shows

RsafBo=coc'
proof (rule ext, subst Rg.simps)
fix |

show o (inv B 1) >= (Av. Some (Ry a B v)) =o'l (is ?lhs = ¢’ 1)
proof (cases o (inv 1) = None)
case True
have lhs-none: ?lhs = None by (simp add: True)
have o’ (8 (inv B 1)) = None by (simp add: none-case True)
hence rhs-none: o'l = None by (simp add: bij-5 bijection.intro bijection.inv-right)
show ?thesis by (simp add: lhs-none rhs-none)
next
case Fulse
from this obtain v where is-some: o (inv 8 1) = Some v by blast
hence lhs-some: ?lhs = Some (Ry « 8 v) by auto
have ¢’ (8 (inv 5 1)) = Some (Ry « B v) by (simp add: is-some some-case)
hence rhs-some: o’ | = Some (Ry a 8 v) by (simp add: bij-f bijection.intro
bijection.inv-right)
then show ?thesis by (simp add: lhs-some)
qed
qed

lemma R [intro):
assumes
bij-c: bij o and
none-case: \r. s r = None = s’ (o r) = None and
some-case: \r o T e. s = Some (o,7,e) = s’ (a ) = Some (Rp a B (o,7,¢))
shows

Roafs=s'
proof (rule ext, subst R¢.simps)
fix r

show s (inv a ) >= (Ms. Some (Rp o B 1s)) = s' r (is %2lhs = s’ 1)
proof (cases s (inv « r) = None)
case True
have lhs-none: ?lhs = None by (simp add: True)
have s’ (« (inv « r)) = None by (simp add: none-case True)
hence rhs-none: s’ r = None by (simp add: bij-a bijection.intro bijection.inv-right)
show %thesis by (simp add: lhs-none rhs-none)
next
case Fulse
from this obtain ls where s (inv « r) = Some Is by blast
from this obtain o 7 e where is-some: s (inv a r) = Some (o, T, ¢) by (cases
ls) blast
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hence lhs-some: ?lhs = Some (R o B (o, 7, €)) by auto

have s’ (o (inv a r)) = Some (Rp a 8 (o, 7, €)) by (simp add: is-some
some-case)

hence rhs-some: s’ r = Some (Rp a B (o, 7, €)) by (simp add: bij-a bijec-
tion.intro bijection.inv-right)

then show ?thesis by (simp add: lhs-some)

qed

qed

3.3 Renaming-equivalence

3.3.1 Identity

declare val.map-id [simp)

declare expr.map-id [simp]

declare cntzt.map-id [simp]

lemma Rg-id [simp]: Rg id id 0 = o by auto

lemma Rp-id [simp]: Ry id id Is = Is by (cases ls) simp
lemma Rg-id [simp]: Rg id id s = s by auto

3.3.2 Composition

declare val.map-comp [simp)
declare expr.map-comp [simp]
declare cntzt.map-comp [simp)
lemma Rg-comp [simpl: [ bij 5; bij B'] = Rs a’ B’ (Rs a f s) = Rs (a’ o «)
(80 8) s

by (auto simp add: o-inv-distrib)
lemma Ry -comp [simp]: [ bij B; bij '] = Rp o’ B’ (R a Bls) =Ry (o' o
0) (8o B) I

by (cases ls) simp
lemma Rg-comp [simp]: [ bij o; bij o bij §; bij '] = Rag o’ B (Rg a 8 s)
=Ra (a’oa) (B0 f)s

by (rule ext) (auto simp add: o-inv-distrib)

3.3.3 Inverse

lemma Ry -inv [simp]: [ bij «; bij f] = (Ry (inv «) (inv B) v/ = v) = (Ry «
8 v =1

by (auto simp add: bijection.intro bijection.inv-comp-right bijection.inv-comp-left)
lemma Rg-inv [simp]: [ bij o; bij 8] = (Re (inv @) (inv B) e’ =¢) = (Rp «
Be=¢)

by (auto simp add: bijection.intro bijection.inv-comp-right bijection.inv-comp-left)
lemma Re-inv [simp]: [ bij a; bij B ] = (Re (inv a) (inv B) E'=E) = (Re «
BE=¢

by (auto simp add: bijection.intro bijection.inv-comp-right bijection.inv-comp-left)
lemma Rg-inv [simp]: [ b¥j «; bij B8] = (Rs (inv «) (inv B) 0’ =0) = (Rs «
Bo=d)

by (auto simp add: bij-imp-bij-inv bijection.intro bijection.inv-comp-right bijec-
tion.inv-comp-left)
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lemma Ry -inv [simp]: [ bij o; bij B ] = (R (inv a) (inv B) Is'=1s) = (R «
B s =ls')

by (auto simp add: bij-imp-bij-inv bijection.intro bijection.inv-comp-right bijec-
tion.inv-comp-left)
lemma Rg-inv [simp]: [ bij «; bij 8] = (Ra (inv a) (inv B) ' = 3) = (Rg «
Bs=s)

by (auto simp add: bij-imp-bij-inv bijection.intro bijection.inv-comp-right bijec-
tion.inv-comp-left)

3.3.4 Equivalence

definition eg-states :: ('r,’l,’v) global-state = ('r,'l,"v) global-state = bool (:- == -»
[100, 100]) where
s~s'=3Jaf . bijanNbijBARgafs=s'

lemma eg-statesl [intro]:
ReoafBs=s=bija=— bij = s~ s’
using eq-states-def by auto

lemma eg-statesE [elim]:
sms'= (ANaB.RcafBs=s = bija= bij§ = P)=— P
using eq-states-def by blast

lemma af-refl: s = s by (rule eq-statesI|of id id s]) auto

1 1/

lemma «af-trans: s ~ ' = s’ ~ s
proof —
assume s ~ s’
from this obtain « § where s-s": bij « bij 8 Rg a 8 s = s’ by blast
assume s’ ~ s’/
from this obtain o’ 8’ where s’-s": bij o’ bij 8’ Rg o’ 8’ s' = 5" by blast
show s = s by (rule eg-statesI[of o' o o B’ o []) (use s-s’ s’-s" in <auto simp
add: bij-compy)
qed

—— S~ S

lemma af-sym: s = ' = s’ ~ s
proof —
assume s = s’
from this obtain « 8 where s-s": bij « bij 8 Rg o 8 s = s’ by blast
show s’ & s by (rule eg-statesI[of inv a inv f]) (use s-s’ in <auto simp add:
bij-imp-bij-inv)
qed

3.4 Distributive laws

3.4.1 Expression

lemma renaming-distr-completion [simp]:
Re afB (Ele]) = ((Re a B E)RE a B ¢)
by (induct &) simp+
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3.4.2 Store
lemma renaming-distr-combination [simp):
Rs a B (o37) = (Rs o fosRs o B 7)
by (rule ext) auto
lemma renaming-distr-store [simp):
bij 8 = Rgapf(c(l—v)=(Rsapfo)fl— Ry apBwv)
by (auto simp add: bijection.intro bijection.inv-left-eq-iff)

3.4.3 Global

lemma renaming-distr-global [simp]:
bija = Rg a B (s(r—1s) = (Rgapfs)ar— Ry afls)
bij « = R a B (s(r := None)) = (Rg a 8 s)(a r := None)
by (auto simp add: bijection.intro bijection.inv-left-eq-iff)

3.5 Miscellaneous laws

lemma rename-empty [simp):

RsafBe=c¢
Raafe=c¢
by auto

3.6 Swaps

lemma swap-bij:
bij (id(z = z’, 2’ := x)) (is bij ?f)
proof (rule bijI)
show inj ?f by (simp add: inj-on-def)
show surj ?f

proof
show UNIV C range (id(z := z’, /= z))

proof (rule subsetl)

fix y
assume y € (UNIV :: ‘a set)
show y € range (id(z := z’, ' := z)) by (cases y = x; cases y = z’) auto
qed
qed simp
qed
lemma id-trivial-update [simp]: id(x := x) = id by auto
lemma eliminate-renaming-val-expr [simp]:
fixes
v ('r)’1,"v) val and
e ('r,)’I,'v) expr
shows
Mv=Ry af v

l¢ LIDy v = Ry a (B(l:=1
l¢ LIDp e = Rp a (B(l:=1"))e=Rgpape
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r¢ RIDy v= Ry (a(r:=71") fv=Ry afv

r¢ RIDp e = Rg (a(r:=71")) fe=Rpafe
proof —

have Va 8 rr’.r¢ RIDy v — Ry (a(r:=7r")) Bv =Ry a S v) A
Maprr'.r¢ RIDpe— Rg (a(r:=1') fe=Rgafe)
by (induct rule: val-expr.induct) simp+
thus
r¢ RIDy v= Ry (a(r:=7r")) fv=Ry afv
r¢ RIDg e = Rg (a(r:=r")) fe=Rgpafe
by simp+

have Va 8111 ¢ LIDy v — Ry a (Bl :=1") v=Ry a fv) A
NMapll.l¢ LIDg e — R a (B(l:=1") e=Rg a B e)

by (induct rule: val-expr.induct) simp+
thus

l¢ LIDy v= Ry a (B(l:=1") v=Ry a  vand
l¢ LIDpe= Rrpa (B(l:=1")e=Rgpafe
by simp+

qed

lemma eliminate-renaming-cntzt [simp:
r¢ RIDc € = R¢ (a(r:=7r")) BE=Rca €
l¢ LIDc € = Rea (B(l:=1"))E=Rcapf
by (induct £ rule: cntzt.induct) auto

lemma eliminate-swap-val [simp, introl:
r ¢ RIDy v= r'¢ RIDy v—= Ry (id(r:=1r',r":

=r))idv=wv
l¢ LIDy v=1"¢ LIDy v = Ry id (id(l:=1",1'":=1) v=0
by simp+
lemma eliminate-swap-expr [simp, intro:
r¢ RIDg e = r' ¢ RIDp e = R (id(r:=7r',r':=7r))ide=¢e
l¢ LIDp e = 1'"¢ LIDp e = Rp id (id(l:=1U,1":=1) e=¢
by simp+
lemma eliminate-swap-cntat [simp, intro|:
r¢ RIDc € = r'¢ RIDc € = R¢ (id(r =71, r":=r))id E=E
1 ¢ LIDc €= 1'"¢ LIDc € = Re id (id(l:=1,1":=1)E=E
by simp+

lemma eliminate-swap-store-rid [simp, intro:
r¢ RIDs 0 = r'¢ RIDg 0 = Rg (id(r =71, r':=r))ido =0
by (rule RsI) (auto simp add: swap-bij RIDg-def domlIff ranl)

lemma eliminate-swap-store-lid [simp, introl:
l¢ LIDg 0 = 1" ¢ LIDs 0 = Rg id (id(l:=1,1":=1)) o =
by (rule RsI) (auto simp add: swap-bij LIDg-def domIff ranl)

lemma eliminate-swap-global-rid [simp, intro]:
r¢ RIDG s = r'¢ RIDg s = Rg (id(r:==7r',r":=71)) id s
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by (rule RgI[OF swap-bij], ((rule sym, auto)[1])+)

lemma eliminate-swap-global-lid [simp, introl:
¢ LIDG s = I' ¢ LIDg s — R id (id(l =1, I := 1)) s = s
by (rule RgI) (auto simp add: ID-distr-global-conditional)

end

4 Substitution

This theory introduces the substitution operation using a locale, and pro-
vides two models.

theory Substitution
imports Renaming
begin

4.1 Definition

locale substitution =
fixes subst :: ('r,’'l,'v) expr = v = ('r,'l,'v) expr = ('r,'l,’v) expr
assumes
renaming-distr-subst: Rg o 8 (subst e z €') = subst (Rg a B e) z (R a e
and
subst-introduces-no-rids: RIDg (subst e x ¢’) C RIDg ¢ U RIDg ¢’ and
subst-introduces-no-lids: LIDg (subst e z ¢’) C LIDg e U LIDg ¢’
begin

lemma rid-substE [dest]: r € RIDg (subst (VEv) xe) = r ¢ RIDgp e = r €
RIDy v
using subst-introduces-no-rids by fastforce

lemma lid-substE [dest]: | € LIDg (subst (VE v) x e) = | ¢ LIDg e = | €
LIDy v
using subst-introduces-no-lids by fastforce

end

4.2 Trivial model

fun constant-function :: ('r,'l,'v) expr = v = ('r,/l,'v) expr = ('r,'l,'v) expr
where
constant-function e © e/ = VE (CV Unit)

lemma constant-function-models-substitution:
substitution constant-function by (auto simp add: substitution-def)
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4.3 Example model

4.3.1 Preliminaries

notation set3-val (<Vy»)
notation set3-ezpr (Vg»)

abbreviation rename-vars-val :: ('v = 'v) = ('r,’l,'v) val = ('r,’l,'v) val ((RVy»)
where
RVv ¢ = map-val id id

abbreviation rename-vars-ezpr :: ('v = v) = ('r,/l,'v) expr = ('r,’l,'v) expr
(«RVE») where
RVE ¢ = map-expr id id ¢

lemma var-renaming-preserves-size:
fixes
v ('r,'l,'v) val and
e ('r,'l,'v) expr and
a:'r='r"and
Bl ="'l"and
Culv=
shows
size (map-val o B ¢ v) = size v
size (map-expr « B €) = size e
proof —
have (V(a = 'r = r) (B8 = 1= "I') (€ =: 'v = ). size (map-val o B ¢ v) =
size v) A
VMa:z'r="r)(B:1=")(C:"v="v). size (map-expr a f ( €) =
size €)
by (induct rule: val-expr.induct) auto
thus
size (map-val o B ¢ v) = size v
size (map-expr o B e) = size e
by auto
qged

4.3.2 Definition

function
nat-substy = ('r,'l,nat) expr = nat = ('r,'l,nat) val = ('r,’l,nat) expr and
nat-substgy :: ('r,'l,nat) expr = nat = ('r,'l,nat) expr = ('r,'l,nat) expr
where
nat-substy e x (CV const) = VE (CV const)

/ /

| nat-substy e x (Var z’) = (if x = x’ then e else VE (Var z'))
| nat-substy e x (Loc l) = VE (Loc 1)
| nat-substy e x (Rid r) = VE (Rid r)
| nat-substy e x (Lambda y e") = VE (
if © = y then
Lambda y e’
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else
let z = Suc (Mazx (Vg e’ U Vg ¢€)) in
Lambda z (nat-substg e z (RVg (id(y = z)) €')))
| nat-substg e © (VE v') = nat-substy e z v’
| nat-substy e x (Apply 1 r) = Apply (nat-substg e z 1) (nat-substg e x 1)
| nat-substg e x© (Ite el e2 e8) = Ite (nat-substg e x el) (nat-substg e z e2)
(nat-substg e © €3)
| nat-substg e © (Ref ') = Ref (nat-substg e x €’)
| nat-substg e © (Read e') = Read (nat-substg e x e’)
| nat-substy e x (Assign I r) = Assign (nat-substg e z 1) (nat-substy e © 1)
| nat-substg e x (Rfork e’) = Rfork (nat-substg e x e’
| nat-substg e © (Rjoin e') = Rjoin (nat-substg e z €’)
by pat-completeness auto
termination
by (relation measure (Ax. case x of Inl (e,x,v) = size v | Inr (e,x,e’) = size e’))
(auto simp add: var-renaming-preserves-size(2))

4.3.3 Proof obligations

lemma nat-substg-distr:
fixes e :: ('r,'l,nat) expr
shows Ry a f (nat-substg e x e') = nat-substg (Rp a B e) ¢ (Rg a f ¢’)
proof —
fix v':: ('r,'l,nat) val
have
Va B zel. Rg apf (nat-substy ez (RVy ¢ v')) = nat-substy (Rg «a B e)
(Rv a B (RVv (v)) A
Va pzel. Rrg ap (nat-substg e x (RVE C €')) = nat-substg (Rg o 8 €)
z (Rg a B (RVE ¢ ¢€)))
by (induct rule: val-expr.induct) (auto simp add: expr.set-map(3) fun.map-ident)
hence Ry a f (nat-substg e x (RVg id €’)) = nat-substg (Rg a S e) z (Rg «
B (RVE id e')) by blast
thus ?thesis by simp
qed

lemma nat-substg-introduces-no-rids:
fixes e’ :: ('r,'l,nat) expr
shows RIDg (nat-substg e x ¢’) C RIDg e U RIDE ¢’
proof —
fix v':: ('r,'l,nat) val
have
(Vz e. V(. RIDg (nat-substy e x (RVy ¢ v')) C RIDg e U RIDy (RVy ¢ v'))
A
(Vz e. V(. RIDg (nat-substg e z (RVE € ¢')) € RIDg e U RIDg (RVE € ¢)
by (induct rule: val-expr.induct) (auto 0 4 simp add: expr.set-map(1))
hence RIDg (nat-substg e x (RVg id e’)) C RIDg e U RIDg (RVg id €e') by
blast
thus ?thesis by simp
qed
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lemma nat-subst g-introduces-no-lids:
fixes e’ :: ('r,'l,nat) expr
shows LIDg (nat-substg e x ') C LIDg e U LIDg e’
proof —
fix v":: ('r,lnat) val
have
(Vz e. V(. LIDg (nat-substy e x (RVy ¢ v')) C LIDg e U LIDy (RVy ¢ v"))
VAN
(Vz e. V(. LIDg (nat-substg e z (RVEg ¢ e’)) C LIDg e U LIDE (RVE ¢ €'))
by (induct rule: val-expr.induct) (auto 0 4 simp add: expr.set-map(2))
hence LIDg (nat-substg e x (RVg id e¢')) C LIDg e U LIDg (RVE id ¢') by
blast
thus ?thesis by simp
qed

lemma nat-subst g-models-substitution: substitution nat-substp
by (simp add: nat-subst g-distr nat-subst g-introduces-no-lids nat-subst g-introduces-no-rids
substitution-def)

end

5 Operational Semantics

This theory defines the operational semantics of the concurrent revisions
model. It also introduces a relaxed formulation of the operational semantics,
and proves the main result required for establishing their equivalence.

theory OperationalSemantics
imports Substitution
begin

context substitution
begin

5.1 Definition

inductive revision-step :: 'r = ('r,’l,’v) global-state = ('r,’l,’v) global-state = bool
where

app: s r = Some (o, 7, E[Apply (VE (Lambda z €)) (VE v)]) = revision-step r
s (s(r v (o, 7, E[subst (VE v) z €])))
| if True: s 1 = Some (o, 7, E[Ite (VE (CV T)) el e2]) = revision-step r s (s(r
= (0, 7, Elel])))
| ifFalse: s v = Some (o, 7, E[Ite (VE (CV F)) el e2]) = revision-step r s (s(r
> (0, 7, E[e2))))

| new: s r = Some (o, 7, E[Ref (VE v)]) = | ¢ LIDg s = revision-step s (s(r
— (o, 7(l = v), E[VE (Loc 1)])))
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| get: s r = Some (o, T, E[Read (VE (Loc l))]) = | € dom (0;;7) = revision-step
rs (s(r = (o, 7, E[VE (the ((05;7) 1)])))

| set: s r = Some (o, T, E[Assign (VE (Loc 1)) (VE v)]) = | € dom (o3;7) =
revision-step v s (s(r — (o, 7(I = v), E[VE (CV Unit)])))

| fork: s r = Some (o, 7, E[Rfork e]) = r’ ¢ RIDg s = revision-step r s (s(r
— (o, 7, E[VE (Rid r")]), ' — (037, €, €)))

| join: s r = Some (o, 7, E[Rjoin (VE (Rid r'))]) = s r’' = Some (¢/, 7/, VE v)
= revision-step v s (s(r := Some (o, (t3;7"), E[VE (CV Unit)]), r’' := None))

| joine: s v = Some (o, 7, E[Rjoin (VE (Rid r'))]) = s r’' = None = revision-step
rse

inductive-cases revision-stepE [elim, consumes 1, case-names app if True ifFalse
new get set fork join join,.|:
revision-step v s s’

5.2 Introduction lemmas for identifiers

lemma only-new-introduces-lids [intro, dest]:
assumes
step: revision-step r s s’ and
not-new: Ao 7 € v. s r # Some (o,7,E[Ref (VE v)])
shows LIDg s’ C LIDg s
proof (use step in <cases rule: revision-stepE»)
case fork
thus ?thesis by (auto simp add: fun-upd-twist ID-distr-global-conditional)
next
case (join - - - r’ - - -)
hence r # r’ by auto
thus ?thesis using join by (auto simp add: fun-upd-twist dest!: in-combination-in-component)
qed (auto simp add: not-new fun-upd-twist ID-distr-global-conditional dest: LIDgI(2))

lemma only-fork-introduces-rids [intro, dest]:
assumes
step: revision-step r s s’ and
not-fork: No 7 € e. s r # Some (o,7,E[Rfork e])
shows RIDg s’ C RIDg s
proof (use step in <cases rule: revision-stepE»)
next
case get
then show %thesis by (auto simp add: ID-distr-global-conditional)
next
case fork
then show %thesis by (simp add: not-fork)
next
case (join - - -1’ - - -)
hence r # r’ by auto
then show ?thesis using join by (auto simp add: fun-upd-twist dest!: in-combination-in-component)
qed (auto simp add: ID-distr-global-conditional)
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lemma only-fork-introduces-rids’ [dest]:
assumes
step: revision-step r s s’ and
not-fork: No 7 € e. s r # Some (o,7,E[Rfork e])
shows r' ¢ RIDg s = r' ¢ RIDq s’
using assms by blast

lemma only-new-introduces-lids’ [dest):
assumes
step: revision-step r s s’ and
not-new: No 7 € v. s r # Some (o,7,E[Ref (VE v)])
shows | ¢ LIDg s = | ¢ LIDg s’
using assms by blast

5.3 Domain subsumption

5.3.1 Definitions

definition domains-subsume :: ('r,'l,'v) local-state = bool («S>) where
S ls = (LIDy, s C doms ls)

definition domains-subsume-globally :: ('r,’l,’v) global-state = bool («S¢g>) where
Sgs=rls.sr = Somels — S ls)

lemma domains-subsume-globallyl [introl:
(Ar o 7 e sr= Some (0,7,¢) = S (0,7,6)) = domains-subsume-globally s
using domains-subsume-globally-def by auto

definition subsumes-accessible :: 'r = 'r = ('r,'l,'v) global-state = bool (:.A»)
where

A ryry s = (ro € RIDL (the (s 1)) — (LIDg ((the (s r2))s) C doms (the (s
r1))))

lemma subsumes-accessiblel [introl:

(ro € RIDy, (the (s 1)) = LIDg ((the (s 12))s) C doms (the (s r1))) = A
L T2 S

using subsumes-accessible-def by auto

definition subsumes-accessible-globally :: ('r,’l,'v) global-state = bool (< Ag») where
Ag s=(Vryre. 71 € doms — rg € dom s — A 11 12 8)

lemma subsumes-accessible-globallyl [intro]:
(Ar1 01 71 €1 12 02 T3 3. s r1 = Some (01,71,61) => s ro = Some (02,72,€2)

= Arirys) = Ag s
using subsumes-accessible-globally-def by auto

5.3.2 The theorem

lemma Sg-imp-A-refi:
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assumes
Sg-s: S¢ s and
r-in-dom: r € dom s
shows A rrs
using assms by (auto simp add: domains-subsume-def domains-subsume-globally-def
subsumes-accessiblel)

lemma step-preserves-Sg-and-Ag:
assumes
step: revision-step r s s’ and
Sa-s: Sg s and

Ag-s: Ag s
shows Sg s’ Ag s’
proof —

show Sg s’
proof (rule domains-subsume-globallyl)
fixr'oTe
assume s’-r: s’ r’' = Some (o,7,€)
show S (o,7,¢)
proof (cases s’ r’' = s r’)
case True
then show ?thesis using Sg-s domains-subsume-globally-def s’-r by auto
next
case r’-was-updated: False
show ?thesis
proof (use step in <cases rule: revision-stepE»)
case (app o' 7' &' - €' v')
have r = r’ by (metis fun-upd-apply app(1) r’-was-updated)
have LIDy, (the (s’ r)) C LIDs ¢’ U LIDg 7' U LID¢c £’ U LIDg e’ U
LIDy v’ using app(1) by auto
also have ... = LIDy, (the (s r)) using app(2) by auto
also have ... C doms (the (s 1))
by (metis Sg-s domains-subsume-def domains-subsume-globally-def lo-
cal.app(2) option.sel)
also have ... = doms (the (s’ r)) using app by simp
finally have S (the (s’ 1)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r = r’» s'-r)
next
case ifTrue
have r = r’ by (metis fun-upd-apply if True(1) r'-was-updated)
have LIDy, (the (s’ r)) C LIDy, (the (s r)) using ifTrue by auto
also have ... C doms (the (s 1))
by (metis Sg-s domains-subsume-def domains-subsume-globally-def if True(2)
option.sel)
also have ... = doms (the (s’ 1)) by (simp add: ifTrue)
finally have S (the (s’ r)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r = r’» s'-r)
next
case ifFalse

27



have r = r’ by (metis fun-upd-apply ifFalse(1) r’-was-updated)
have LIDy, (the (s’ r)) C LIDy, (the (s r)) using ifFalse by auto
also have ... C doms (the (s T))
by (metis Sg-s domains-subsume-def domains-subsume-globally-def if-
False(2) option.sel)
also have ... = doms (the (s’ r)) by (simp add: ifFalse)
finally have S (the (s’ 7)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r = ry s'-r)
next
case (new o' 7' &' v' )
have r = r’ by (metis fun-upd-apply new(1) r’-was-updated)
have LIDy, (the (s’ r)) = insert I’ (LIDg ¢’ U LIDg 7" U LIDy v" U LID¢c

proof —
have I’ ¢ LIDg 7' using new(2—3) by auto
thus ?thesis using new(1) by auto
qged
also have ... = insert I’ (LIDy, (the (s r))) using new by auto
also have ... C insert I’ (doms (the (s r)))
by (metis Sg-s domains-subsume-def domains-subsume-globally-def in-
sert-mono new(2) option.sel)
also have ... = doms (the (s’ r)) using new by auto
finally have S (the (s’ 7)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r = r» s'-r)
next
case get
have r = r’ by (metis fun-upd-apply get(1) r'-was-updated)
have LIDy, (the (s’ r)) = LIDy, (the (s 1)) using get by auto
also have ... C doms (the (s 1))
by (metis Sg-s domains-subsume-def domains-subsume-globally-def get(2)
option.sel)
also have ... = doms (the (s’ ) by (simp add: get(1—2))
finally have S (the (s’ 7)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r = r’» s'-r)
next
case set
have r = r’ by (metis fun-upd-apply set(1) r’-was-updated)
have LIDy, (the (s’ r)) C LIDy, (the (s r)) using set(1—2) by auto
also have ... C doms (the (s 1))
by (metis Sg-s domains-subsume-def domains-subsume-globally-def set(2)
option.sel)
also have ... C doms (the (s’ r)) using set(1—2) by auto
finally have S (the (s’ r)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r = r'y s'-r)
next
case (fork o' ' - - ")
have r = r' V r' = r’ using fork r’-was-updated by auto
then show ?%thesis
proof (rule disjE)
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assume r = 1’
have LIDy, (the (s’ r)) C LIDy, (the (s r)) using fork(1—2) by auto
also have ... C doms (the (s 1))
by (metis Sg-s domains-subsume-def domains-subsume-globally-def fork(2)
option.sel)
also have ... = doms (the (s’ r)) using fork by auto
finally have S (the (s’ 7)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r = 1’y s'-r)
next
assume 7'’ = 1’
have LIDy, (the (s’ r'")) C LIDy, (the (s r)) using fork(1—2) by auto
also have ... C doms (the (s 1))

by (metis Sg-s domains-subsume-def domains-subsume-globally-def fork(2)
option.sel)

also have ... = dom o’ U dom 7' using fork by simp
also have ... = dom (c¢';;7’) by (simp add: dom-combination-dom-union)
also have ... = doms (the (s’ r'’)) using fork by simp

"r
finally have S (the (s’ r'’)) by (simp add: domains-subsume-def)
thus ?thesis by (simp add: <r’' = r'y s'-r)
qed
next
case (joino' 7' -r" " 7" )
have r’ = r by (metis fun-upd-def join(1) option.simps(3) r’-was-updated

have LIDy, (the (s’ r)) C LIDy, (the (s r)) U LIDg 7' using join by auto

also have ... C doms (the (s r)) U LIDg 7"

by (metis Un-mono Sg-s domains-subsume-def domains-subsume-globally-def
join(2) option.sel subset-refl)

also have ... C doms (the (s r)) U LIDy, (the (s r'’)) using join(3) by auto

also have ... C doms (the (s r)) U doms (the (s r"))

by (metis (no-types, lifting) Un-absorb Sg-s domains-subsume-def do-

mains-subsume-globally-def join(3) option.sel sup.orderl sup-mono)

also have ... = dom ¢’ U dom 7' U dom ¢" U dom 7'’ using join by auto
also have ... C dom ¢’ U dom 7' U LIDg o' U dom 7' by auto

also have ... C dom o’ U dom 7' U dom o’ U dom 7' U dom 7"’

proof —

have r-r'": A rr' s using Ag-s join(2—3) subsumes-accessible-globally-def
by auto
have r-accesses-r'": v’ € RIDy, (the (s r)) using join by auto
have LIDg ¢" C dom o’ U dom 7' using join subsumes-accessible-def
r-r'" r-accesses-r'' by auto
thus ?thesis by auto

qged
also have ... = dom ¢’ U dom 7' U dom 7" by auto

also have ... = dom o' U dom (7';;7"") by (auto simp add: dom-combination-dom-union)
also have ... = doms (the (s’ r)) using join by auto

finally have S (the (s’ 1)) by (simp add: domains-subsume-def)
thus ?thesis using «r’ = r»y s’-r by auto
next
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case join,
then show ?thesis using s’-r by blast
qed
qed
qed

show Ag s’
proof (rule subsumes-accessible-globallyl)

ﬁX’f‘l 01 T1 €1 T'g 02 T2 €2

assume
s'-ry: 8" 1y = Some (01, 71, €1) and

s'-ro: 8" ro = Some (02, To, €2)
show A r; ry s’
proof (cases r1 = ra)

case True
then show ?thesis using Sg-imp-A-refl «<Sg s> s’-r1 by blast

next
case ri-neq-ro: False
have ri-nor-ro-updated-implies-thesis: s’ r1 = s 1y => s’ 19 = 5 19 =
?thesis
proof —
assume r1-unchanged: s’ r1 = s r; and ro-unchanged: s’ ro = s 79

have A r; ry s
by (metis Ag-s domlff option.discl r1-unchanged ro-unchanged s’-r1 s'-ro

subsumes-accessible-globally-def)
show ?thesis using <A ry ro 8 r1-unchanged ro-unchanged subsumes-accessible-def

by auto
qed
have ri-or-ro-updated-implies-thesis: s' r1 # s 11 V 8" ro # s ro = ?thesis

proof —
assume 71-or-ro-updated: s' r1 # s1r1V 8 19 # 5719

show “thesis
proof (use step in <cases rule: revision-stepE»)

case app
have r1 = r V ro = r by (metis fun-upd-other app(1) ri-or-ro-updated)

then show ?thesis
proof (rule disjE)
assume ri-e¢-r: vy = 1
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ri: r9 € RIDy, (the (s’ r1))
have LIDg ((the (s' r2))s) C LIDg ((the (s r2)),) using app by auto

also have ... C doms (the (s r1))

proof —
have ro-in-s-r1: ro € RIDy, (the (s r1)) using app ro-in-s’-r1 r1-eg-r

by auto

have A ry ro s
by (metis Ag-s domlI fun-upd-other app ri-eq-r s’-ro sub-

sumes-accessible-globally-def)
show %thesis using <A r1 ro $ ro-in-s-r1 subsumes-accessible-def
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by blast
qged
also have ... C doms (the (s’ r1)) using app by auto
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
next
assume r9-€q-T: 9 = T
show A r; 9 s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ry: ro € RIDy, (the (s’ r1))
have LIDg (the (s’ r3),) = LIDg (the (s r3),) using app by auto
also have ... C doms (the (s 1))
proof —
have ry-in-s-r1: ro € RIDp (the (s 1)) using app(1) r1-neg-ro
r9-eq-r ro-in-s'-r1 by auto
have A ry o s
by (metis (no-types, lifting) Ag-s domlIff fun-upd-other app option.discl
ro-eq-r s'-r1 subsumes-accessible-globally-def)
show ?Zthesis using <A ry ro v ro-in-s-ry subsumes-accessible-def

by blast
qged
also have ... C doms (the (s’ r1)) by (simp add: app)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
qed
next

case ifTrue
have r1 = r V ro = r by (metis fun-upd-other if True(1) ry-or-ro-updated)
then show ?thesis
proof (rule disjE)
assume ri-eq-r: vy =T
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ri: ro € RIDy, (the (s’ r1))
have LIDg ((the (s’ 12))s) € LIDg ((the (s r3)),) using ifTrue by
auto
also have ... C doms (the (s r1))
proof —
have ro-in-s-r1: ro € RIDy, (the (s r1)) using ifTrue ro-in-s’-rq
ri-eq-r by auto
have A ry ro s
by (metis Ag-s doml fun-upd-other ifTrue r1-eq-r $’-ro sub-
sumes-accessible-globally-def)
show ?Zthesis using <A r1 ro 8 ro-in-s-r1 subsumes-accessible-def

by blast
qed
also have ... C doms (the (s’ r1)) using if True by auto
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
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next
assume r9-€q-T: 9 = T
show A r; 9 s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ry: ro € RIDy, (the (s’ r1))
have LIDg (the (s’ r2)y) = LIDg (the (s r2),) using ifTrue by auto
also have ... C doms (the (s 1))
proof —
have rg-in-s-r1: r9 € RIDp, (the (s r1)) using ifTrue(1) r1-neq-ro
r9-eq-r ro-in-s'-r1 by auto
have A ry ry s
by (metis (no-types, lifting) Ag-s domlff fun-upd-other ifTrue
option.discl ro-eq-r s'-r1 subsumes-accessible-globally-def)
show ?Zthesis using <A ry ro v ro-in-s-r1 subsumes-accessible-def
by blast
qged
also have ... C doms (the (s’ r1)) by (simp add: ifTrue)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
qed
next
case ifFualse
have ry = r V ro = r by (metis fun-upd-other ifFalse(1) r1-or-ro-updated)
then show ?thesis
proof (rule disjE)
assume ri-e¢-r: 11 = T
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ri: r9 € RIDy, (the (s’ r1))
have LIDg ((the (s’ r2))s) € LIDg ((the (s 72)),) using ifFalse by
auto
also have ... C doms (the (s 1))
proof —
have ry-in-s-ri: 7o € RIDy, (the (s 1)) using ifFalse ro-in-s'-rq
ri-eq-r by auto
have A 7 79 s
by (metis Ag-s doml fun-upd-other ifFalse r1-eq-r s'-ro sub-
sumes-accessible-globally-def)
show ?Zthesis using <A r1 ro v ro-in-s-r1 subsumes-accessible-def

by blast
qed
also have ... C doms (the (s’ r1)) using ifFalse by auto
finally show LIDg (the (s’ 12)s) C doms (the (s’ r1)) by simp
qed
next

assume rg-eg-1: 9 = T
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume 79-in-s’-r1: r9 € RIDy (the (s’ r1))
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have LIDg (the (s’ r3)s) = LIDg (the (s r2),) using ifFalse by auto
also have ... C doms (the (s 1))
proof —
have r9-in-s-r1: 1o € RIDy, (the (s r1)) using ifFalse(1) r1-neq-ro
T9-eq-r ro-in-s'-r1 by auto
have A 1y ry s
by (metis (no-types, lifting) Ag-s domlff fun-upd-other ifFalse
option.discl ro-eq-r s'-r1 subsumes-accessible-globally-def)
show ?Zthesis using <A ry ro v ro-in-s-r1 subsumes-accessible-def
by blast
qged
also have ... C doms (the (s’ r1)) by (simp add: ifFalse)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
qed
next
case new
have ry = r V ro = r by (metis fun-upd-other new(1) ri-or-re-updated)
then show ?thesis
proof (rule disjE)
assume ri-e¢-r: 11 = T
show A r{ roy s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ri: ro € RIDy, (the (s’ r1))
have LIDg ((the (s’ r2))s) C LIDs ((the (s 12))s) using new by auto
also have ... C doms (the (s r1))
proof —
have ro-in-s-r1: ro € RIDy, (the (s r1)) using new ro-in-s’-rq r1-eg-r
by auto
have A ry ro s
by (metis Ag-s doml fun-upd-other new(1—2) ri-eq-r s'-rq
subsumes-accessible-globally-def)
show %thesis using <A r1 ro $ ro-in-s-r1 subsumes-accessible-def

by blast
qed
also have ... C doms (the (s’ r1)) using new by auto
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
next

assume rg-eg-1: 9 = T
show A r; 9 s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ry: ro € RIDy (the (s’ r1))
have LIDg (the (s’ r2)s) = LIDg (the (s r3),) using new by auto
also have ... C doms (the (s 1))
proof —
have ry-in-s-ri: ro € RIDy, (the (s r1)) using new(1) r1-neg-ro
r9-eq-r ro-in-s'-r1 by auto
have A r{ ro s
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by (metis (no-types, lifting) Ag-s domlff fun-upd-other new(1—2)
option.discl ro-eq-r s'-r1 subsumes-accessible-globally-def)
show ?Zthesis using <A ry ro v ro-in-s-r1 subsumes-accessible-def
by blast
qged
also have ... C doms (the (s’ r1)) by (auto simp add: new)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
qed
next
case get
have r1 = r V ro = r by (metis fun-upd-other get(1) ry-or-ro-updated)
then show ?thesis
proof (rule disjE)
assume ri-€¢-r: 11 = T
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ri: ro € RIDy, (the (s’ r1))
have LIDg ((the (s’ r2))s) C LIDs ((the (s r2)),) using get by auto
also have ... C doms (the (s r1))
proof —
have ro-in-s-r1: 7o € RIDy, (the (s r1)) using get ro-in-s’-r1 ri-eq-r
apply auto
by (meson RIDgI)
have A ry r5 s
by (metis Ag-s doml fun-upd-other get(1—2) ri-eq-r s'-ro

subsumes-accessible-globally-def)
show ?Zthesis using <A r1 ro v ro-in-s-r1 subsumes-accessible-def

by blast
qed
also have ... C doms (the (s’ r1)) using get by auto
finally show LIDg (the (s’ 12)s) C doms (the (s’ r1)) by simp
qed
next

assume r9-€q-1: 9 = T
show A r; ry s’
proof (rule subsumes-accessiblel)
assume 719-in-s’-r1: r9 € RIDy (the (s’ r1))
have LIDg (the (s’ r2),) = LIDg (the (s r2),) using get by auto
also have ... C doms (the (s 1))
proof —
have ra-in-s-r1: ro € RIDy, (the (s r1)) using get(1) r1-neq-ro ra-eq-r
ro-in-s’-r1 by auto
have A r{ ro s
by (metis (no-types, lifting) Ag-s domIff fun-upd-other get(1—2)
option.discl ro-eq-r s'-r1 subsumes-accessible-globally-def)
show ?thesis using <A r1 ro $ ro-in-s-r1 subsumes-accessible-def
by blast
qged
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also have ... C doms (the (s’ r1)) by (simp add: get)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
qed
next
case set
have ry = r V ro = r by (metis fun-upd-other set(1) ri-or-ro-updated)
then show ?thesis
proof (rule disjE)
assume ri-eq-r: 11 = T
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ri: ro € RIDy, (the (s’ r1))
have LIDg ((the (s’ r2))s) C LIDgs ((the (s r2)),) using set by auto
also have ... C doms (the (s r1))
proof —
have ry-in-s-r1: ro € RIDy, (the (s r1)) using set ro-in-s’-ry r1-eg-r
by auto
have A ry r5 s
by (metis Ag-s doml fun-upd-other set(1—2) ri-eqg-r s'-ro
subsumes-accessible-globally-def)
show ?%thesis using <A r1 ro $ ro-in-s-r1 subsumes-accessible-def

by blast
qed
also have ... C doms (the (s’ r1)) using set by auto
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
next

assume ro-eq-r: o = T
show A r; 9 s’
proof (rule subsumes-accessiblel)
assume r9-in-s’-ry: ro € RIDy (the (s’ r1))
have LIDg (the (s’ rq),) = LIDg (the (s r3),) using set by auto
also have ... C doms (the (s 1))
proof —
have ry-in-s-ri: ro € RIDy, (the (s 1)) using set(1) ri-neg-ro r2-eg-r
ro-in-s’-r1 by auto
have A ry ry s
by (metis (no-types, lifting) Ag-s domlff fun-upd-other set(1—2)
option.discl ro-eq-r s'-r1 subsumes-accessible-globally-def)
show ?Zthesis using <A r1 ro v ro-in-s-r1 subsumes-accessible-def
by blast
qged
also have ... C doms (the (s’ r1)) by (auto simp add: set)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
qed
next
case (fork o 7 € e r’)
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have s’-r: s’ r = Some (o, 7, £ [VE (Rid r')]) using fork by auto
have s’-r": s’ r’ = Some (o7, €, €)
by (simp add: local.fork(1))
have casel: 71 = 1 = 19 # 1 = 19 # 1/ = ?thesis
proof (rule subsumes-accessiblel)
assume 11 = r 7o £ rrog £ 1’
assume 719-in-s’-r1: r9 € RIDy, (the (s’ r1))
have LIDg ((the (s’ r2)),) C LIDg ((the (s r2)),) using fork(1—2) by
(simp add: <ro # 1)
also have ... C doms (the (s r1))
proof —
have ry-in-s-r1: ro € RIDy, (the (s r1)) using fork <ry = r <rog #
ro-in-s’-r1 s’-r by auto
have A ri 7y s
by (metis (no-types, lifting) Ag-s <r1 = r <rog # r's domlff
fun-upd-other fork(1—2) option.discl s'-ro subsumes-accessible-globally-def)
show ?thesis using «A r1 19 $ ro-in-s-r1 subsumes-accessible-def by
blast
qed
also have ... C doms (the (s’ r1)) by (simp add: <ry = > fork(2) s’-r)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
have case2: 11 # r = 11 # r' = ro = r => ?thesis
proof (rule subsumes-accessiblel)
assume 11 Zrry #E v’ rg=r
assume r9-in-s’-ri: ro € RIDy, (the (s’ r1))
have LIDg ((the (s’ r2))s) C LIDg ((the (s 13))s)
using «r1 # v’y <ry # v fork ro-in-s’-r1 s’-r1 by auto
also have ... C doms (the (s 1))
proof —
have ry-in-s-ri: 7o € RIDp (the (s r1)) using <ry # r’» <rq #
fork(1) ro-in-s’-r1 by auto
have A r{ r9 s
by (metis (no-types, lifting) Ag-s <r1 # r'» <ro = m domlff
fun-upd-other fork(1—2) option.discl s’-ry subsumes-accessible-globally-def)
show ?thesis using <A ri ro 8 ro-in-s-r1 subsumes-accessible-def by

auto
qed
also have ... C doms (the (s’ r1)) by (simp add: <r1y # r'y <rq # 1
fork(1))
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
ged
have case3: 11 = r' => 19 # r => 19 # 1’ = ?thesis
proof (rule subsumes-accessiblel)
fix !
assume 71 = 1’ ro £ 119 £ 1/
assume 1o € RIDy, (the (s’ r1))
hence ry € RIDy, (the (s r)) using RID.I(3) «<ry = r'» fork(2) s'-r’
by auto
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have s ro = s’ ro by (simp add: <ro # 1’y <rog # 1 fork(1))
hence A r ry s using Ag-s fork(2) s’-ro subsumes-accessible-globally-def
by auto
hence LIDg (the (s’ r2),) C doms (the (s r))
by (simp add: <ro € RIDy (the (s 1)) <8 r2 = s’ ra sub-
sumes-accessible-def)

also have ... = dom o U dom 7 by (simp add: fork(2))
also have ... = dom (o;;7) by (simp add: dom-combination-dom-union)
also have ... = doms (the (s’ r')) by (simp add: s’-r’)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) using <r; = r
by blast
qed
have casef: 11 # 1 = 11 # 1’ = 19 = ' = ?thesis
proof —

assume 71 Zrry £ r'rg =71’
have ro ¢ RIDy, (the (s 1)) using <rq # v’ <ry # r <ro = 1) fork(1,3)
s’-r1 by auto
hence ro ¢ RIDy, (the (s' r1)) by (simp add: <r1 # r's <r1 # 1 fork(1))
thus ?thesis by blast
qed
have case5: 11 = r = r9 = r’ = ?thesis
proof (rule subsumes-accessiblel)
assume 7|1 = rro = 1’
have LIDg ((the (s’ 3))s) = LIDg (03;7) by (simp add: <rq = 1y s'-1)
also have ... C LIDg o U LIDg T by auto
also have ... C LIDy, (the (s’ 1)) by (simp add: <ry = > s'-r)
also have ... C doms (the (s’ r1))
by (metis <Sg s’ <r1 = r» domains-subsume-def domains-subsume-globally-def
option.sel s'-r)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
have case6: 1y = r' = r9 = r = ?thesis
proof (rule subsumes-accessiblel)
assume 71 = r' r9 = r ro € RIDy, (the (s’ 1))
have LIDg (the (s’ r23),) C LIDy (the (s’ r2)) by (simp add: s'-r9

subsetl)
also have ... C doms (the (s’ r3))
using (S¢g s"» domains-subsume-def domains-subsume-globally-def s'-r
by auto
also have ... = dom o U dom 7 by (simp add: <ro = 1 s'-1)
also have ... = dom (o;;7) by (simp add: dom-combination-dom-union)

finally show LIDg (the (s’ r3),) C doms (the (s’ 1))
using «r; = ' s’-r’ by auto
qed
show %thesis using casel case2 cased casel cased caseb fork(1) ri-neq-ro
r1-nor-ro-updated-implies-thesis by fastforce
next
case (joino 7 Er' o’ 7' v)
have r1 = r V ro = r by (metis fun-upd-def join(1) option.simps(3)
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ry-or-ro-updated s'-r1 s'-r3)
then show ?thesis
proof (rule disjE)
assume 1] = T
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume 719-in-s’-r1: ro € RIDy, (the (s’ r1))
show LIDg (the (s’ r2)s) C doms (the (s’ r1))
proof (cases ro € RIDg 1)
case ro-in-t"t True
have LIDg (the (s’ r3)s) = LIDg (the (s 12)s)
by (metis <r1 = v fun-upd-def join(1) option.distinct(1) ri-neq-ro

s"-rg)
also have ... C doms (the (s r'))
proof —
have ro-in-s-r’s ro € RIDy, (the (s r')) by (simp add: join(3)
ro-in-7)

have A r’' 1y s
by (metis Ag-s <r1 = > doml fun-upd-def join(1) join(3) r1-neq-ro
s'-rg subsumes-accessible-globally-def)
show ?thesis using (A 1’ r9 8 ro-in-s-r’ subsumes-accessible-def

by blast
qed
also have ... = dom ¢’ U dom 7' by (simp add: join(3))
also have ... C LIDg o’ U dom 7’ by auto
also have ... C dom o U dom 7 U dom 7'
proof —
have r’ € RIDy, (the (s r)) by (simp add: join(2))
have A r r' s using Ag-s join(2—38) subsumes-accessible-globally-def
by auto
show ?thesis using <A r r’ $) join(2—238) subsumes-accessible-def
by auto
qed
also have ... = dom o U dom (13;7') by (auto simp add:
dom-combination-dom-union)
also have ... = doms (the (s’ r1)) using join by (auto simp add: <rq
=)
finally show ?thesis by simp
next
case ro9-nin-t": False
have LIDg (the (s’ r3),) = LIDg (the (s 12)s)
by (metis <ry = r» fun-upd-def join(1) option.distinct(1) ri-neq-ro
s'-rg)
also have ... C doms (the (s 1))
proof —
have ry-in-s-r1: ro € RIDy, (the (s 1))
proof —

have RIDy, (the (s’ r1)) = RIDs o U RIDg (13;7') U RID¢ €
by (metis (no-types, lifting) ID-distr-completion(1) ID-distr-local(2)
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«ry = 1 expr.simps(153) fun-upd-apply local.join(1) option.discI option.sel s'-rq
sup-bot.right-neutral val.simps(66))
hence r, € RIDs 0 U RIDg 7 U RID¢ £ using ro-in-s'-rq
ro-nin-T’ by auto
thus ?thesis by (simp add: join(2))
qed
have A ri 79 s by (metis (no-types, lifting) Ag-s <r1 = join(1—2)
domlff fun-upd-def option.discl s'-ro subsumes-accessible-globally-def)
show ?thesis using <A r{ ro 8 ro-in-s-r1 subsumes-accessible-def
«ry = m by blast

qed
also have ... = dom o U dom 7 by (simp add: <r1 = r join(2))
also have ... C dom o U dom (r;;7') by (auto simp add:
dom-combination-dom-union)
also have ... = doms (the (s’ r1)) using join <r4 = r» by auto
finally show ?thesis by simp
qed
qed
next

assume 19 = 1
show A r{ ry s’
proof (rule subsumes-accessiblel)
assume 79-in-s’-r1: ro € RIDy, (the (s’ r1))
have LIDg (the (s’ r3),) = LIDg (the (s 2)s)
by (metis (no-types, lifting) LID-snapshot.simps fun-upd-apply
join(1—2) option.discl option.sel s'-rs)
also have ... C doms (the (s 1))
proof —
have rq-in-s-ri: ro € RIDy, (the (s r1))
by (metis <ro = ™ fun-upd-apply local.join(1) option.discl r1-neq-ro
ro-in-s’-ry s’-rq)
have A ry o9 s
by (metis (no-types, lifting) Ag-s <ro = r domlff fun-upd-apply
join(1—2) option.discl s'-ry subsumes-accessible-globally-def)
show ?Zthesis using <A ry ro v ro-in-s-ry subsumes-accessible-def
by blast
qged
also have ... C doms (the (s’ 1))
by (metis <ro = 1y eg-refl fun-upd-def local.join(1) option.distinct(1)
ri-neg-ro s'-ri)
finally show LIDg (the (s’ r2)s) C doms (the (s’ r1)) by simp
qed
qed
next
case joing
thus ?thesis using s’-r1 by blast
qed
qed
show A 71 9 s’ using ri-nor-ro-updated-implies-thesis r1-or-ro-updated-implies-thesis
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by blast
qed
qed
qed

5.4 Relaxed definition of the operational semantics

inductive revision-step-relazed :: 'r = ('r,’l,’v) global-state = ('r,’'l,'v) global-state
= bool where
app: s v = Some (o, T, E[Apply (VE (Lambda z e)) (VE v)]) = revision-step-relazed
rs (s(r— (o, 1, E[subst (VE v) z €])))
| ifTrue: s 1 = Some (o, 7, E[Ite (VE (CV T)) el e2]) = revision-step-relazed r
s (s(r— (o, 7, E[el])))
| ifFalse: s r = Some (o, 7, E[Ite (VE (CV F)) el e2]) = revision-step-relazed r
s (s(r— (o, 7, E[e2])))

| new: s r = Some (o, 7, E[Ref (VEv)|) = 1 ¢ |J { doms s | ls. ls € ran s }
= revision-step-relazed r s (s(r — (o, (I = v), E[VE (Loc 1)])))

| get: s r = Some (o, 7, E[Read (VE (Loc 1))]) = revision-step-relaxed r s (s(r
= (o, 7, EVE (the ((03:7) 1)])))

| set: s v = Some (o, T, E[Assign (VE (Loc 1)) (VE v)]) = revision-step-relaxed
rs (s(rw (o, 7(l = v), E[VE (CV Unit)])))

| fork: s r = Some (o, T, E[Rfork e¢]) = r' ¢ RIDg s = revision-step-relazed r
s (s(r— (o, 7, E]VE (Rid 1')]), v’ +— (037, €, €)))

| join: s r = Some (o, 7, E[Rjoin (VE (Rid r'))]) = s r' = Some (¢, 7/, VE
v) = revision-step-relazed v s (s(r := Some (o, (75;7), E[VE (CV Unit))), r' :=
None))

| joine: s 1 = Some (o, 7, E[Rjoin (VE (Rid 1'))]) = s r' = None = revi-
siton-step-relaxed r s

inductive-cases revision-step-relaxedE [elim, consumes 1, case-names app ifTrue
ifFalse new get set fork join joing]:
revision-step-relazed r s s’

end

end

6 Executions

This section contains all definitions required for reasoning about executions
in the concurrent revisions model. It also contains a number of proofs for
inductive variants. Omne of these proves the equivalence of the two defi-
nitions of the operational semantics. The others are required for proving
determinacy.

theory FEzxecutions
imports OperationalSemantics
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begin

context substitution
begin

6.1 Generalizing the original transition

6.1.1 Definition

definition steps :: ('r,’l,’v) global-state rel (<[~]>) where
steps = { (s,8") | s 8’. Ir. revision-step r s s’ }

abbreviation wvalid-step :: ('r,’l,’v) global-state = ('r,'l,’v) global-state = bool
(infix <~ 60) where
s~ s’ = (s,8") € [w]

lemma valid-stepI [intro]:
revision-step v s ' = s ~> s’
using steps-def by auto

lemma valid-stepE [dest]:
s ~» s’ = Jr. revision-step v s s’
by (simp add: steps-def)

6.1.2 Closures

abbreviation refl-trans-step-rel :: ('r,’l,'v) global-state = ('r,'l,’v) global-state =
bool(infix <~~*» 60) where
5 ~* 5" = (5,8") € [»]*

abbreviation refl-step-rel :: ('r,'l,'v) global-state = ('r,'l,'v) global-state = bool
(infix <~=» 60) where
s 7 5" = (s,8) € [»]7

lemma refl-rewritesl [intro]: s ~ s' = s ~~ s’ by blast

6.2 Properties

abbreviation program-ezpr :: ('r,’l,’v) expr = bool where
program-expr e = LIDg e = {} A RIDg e = {}

abbreviation initializes :: ('r,’l,’v) global-state = ('r,'l,'v) expr = bool where
initializes s e = 3r. s = (e(r —(g,e,€))) A program-expr e

abbreviation initial-state :: ('r,’l,’v) global-state = bool where
initial-state s = Je. initializes s e

definition execution :: ('r,'l,"v) expr = ('r,'l,'v) global-state = ('r,'l,’v) global-state

= bool where
execution e s ' = initializes s e N s ~* s’
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definition mazimal-ezecution :: ('r,'l,'v) expr = ('r,'l,'v) global-state = ('r,'l,'v)
global-state = bool where

mazimal-execution e s s' = execution e s ' A (s

. s/ ~ 8”)
definition reachable :: ('r,’l,'v) global-state = bool where
reachable s = Je s'. execution e s’ s

definition terminates-in :: ('r,’l,'v) expr = ('r,’l,'v) global-state = bool (infix <>
60) where
e | s’ = ds. marimal-ezecution e s s’

6.3 Invariants

6.3.1 Inductive invariance

definition inductive-invariant :: (('r,’l,'v) global-state = bool) = bool where
inductive-invariant P = (V' s. initial-state s — P s) A (Vs s’ s ~» s’ — P s
— Ps’)

lemma inductive-invariantI [intro]:

(A\s. initial-state s = P s) = (As s’. s ~» s’ = P s = P s’) = induc-
tive-invariant P

by (auto simp add: inductive-invariant-def)

lemma inductive-invariant-is-execution-invariant: reachable s = inductive-invariant
P—=— Ps
proof —
assume reach: reachable s and ind-inv: inductive-invariant P
then obtain e initial n where initializes: initializes initial e and trace: (initial,s)
€ [~]"n
by (metis execution-def reachable-def rtrancl-power)
thus P s
proof (induct n arbitrary: s)
case (
have initial = s using 0.prems(2) by auto
hence initial-state s using initializes by blast
then show ?case using ind-inv inductive-invariant-def by auto
next
case (Suc n)
obtain s’ where nfold: (initial, s") € [~»] " "n and step: s’ ~ s using Suc.prems(2)
by auto
have P s’ using Suc(1) nfold initializes by blast
then show ?case using ind-inv step inductive-invariant-def by auto
qed
qed

6.3.2 Subsumption is invariant

lemma nice-ind-inv-is-inductive-invariant: inductive-invariant (As. Sg s A Ag )
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proof (rule inductive-invariantl)
fix s
assume initial-state s
then obtain e r where s: s = e(r — (e, €, €)) and prog-expr-e: program-ezpr
e by blast
show Sg s A Ag s
proof (rule conjI)
show S¢ s
proof (rule domains-subsume-globallyl)
fix r'o’' 7’ ¢
assume s-r’: s v’ = Some (o',7',¢’)
have r’ = r using s s-r’ prog-expr-e by (meson doml domlff fun-upd-other)
hence LID;, (o',7';e') = LIDy, (¢, €, €) using s s-r’ by auto
also have ... = {} using prog-ezpr-e by auto
also have ... = dom ¢’ U dom 7' using «r’' = r s s-r’ by auto
finally show S (¢/, 7/, ¢’) by (simp add: domains-subsume-def)
qed
show Ag s
proof (rule subsumes-accessible-globallyl)
fix M1 01 T1 €1 T 02 T2 €9
assume s-r1: s r1 = Some (01, 71, e1) and s-r2: s ro = Some (02, T2, €2)
have ro = r using s s-72 prog-expr-e by (meson domlI domlIff fun-upd-other)
hence o, = ¢ using s s-r2 by auto
hence LIDg o2 = {} by auto
thus A r; 9 s using s-r2 by auto
qged
qed
qed (use step-preserves-Sg-and-Ag in auto)

corollary reachable-imp-Sqg: reachable s = S¢ s
proof —
assume reach: reachable s
have Sg s A Ag s by (rule inductive-invariant-is-execution-invariant[ OF reach
nice-ind-inv-is-inductive-invariant))
thus ?thesis by auto
qed

lemma transition-relations-equivalent: reachable s = revision-step r s s’ = revi-
sion-step-relazed r s s’
proof —
assume reach: reachable s
have doms-sub-local: S¢ s by (rule reachable-imp-Sa|OF reach))
show revision-step r s s’ = revision-step-relazed v s s’
proof (rule iffT)
assume step: revision-step v s s’
show revision-step-relazed v s s’
proof (use step in <induct rule: revision-stepE»)
case (new o 7 E vl)
have revision-step-relaxed v s (s(r — (o, 7(l = v), & [VE (Loc 1)])))
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proof (rule revision-step-relazed.new)
show [ ¢ |J { doms Is | Is. Is € ran s}
proof
assume [ € |J { doms s | Is. Is € ran s}
then obtain Is where in-ran: ls € ran s and in-doms: | € doms ls by

blast

from in-doms have | € LIDy, Is by (cases ls) auto

have [ € LIDg s

proof —
have Is € {ls. 3r. s r = Some Is} by (metis (full-types) in-ran ran-def)
then show ?thesis using (I € LIDy, sy by blast

qed

thus Fulse using new by auto

qed

qged (simp add: new.hyps(2))
thus ?thesis using new.hyps(1) by blast
qed (use revision-step-relaxed.intros in simp)+
next
assume step: revision-step-relaxed v s s’
show revision-step r s s’
proof (use step in <induct rule: revision-step-relazedE>)
case (newo 7 € vl)
have revision-step r s (s(r — (o, 7(l — v), & [VE (Loc 1)])))
proof (rule revision-step.new)
show s r = Some (o, 7, £ [Ref (VE v)]) by (simp add: new.hyps(2))
show [ ¢ LID¢g s
proof
assume | € LIDg s
then obtain r' o' 7/ ¢/ where s-r: s r' = Some (o',7’,¢’) and I-in-local:
l € LIDy, (o';7'e) by auto
hence | € dom ¢’ U dom 7’
by (metis (no-types, lifting) domains-subsume-def domains-subsume-globally-def
doms.simps doms-sub-local rev-subsetD)
thus False by (meson s-r' new.hyps(3) ranl)
qed
qed
then show ?Zcase using new.hyps(1) by blast
next
case (get o 7 £ 1)
have revision-step v s (s(r — (o, 7, & [VE (the ((o3;7) 1))])))
proof
show s r = Some (o, 7, £ [Read (VE (Loc 1))]) by (simp add: get.hyps(2))
show [ € dom (o3;7)
proof —
have | € LIDy, (o, 7, £ [Read (VE (Loc 1))]) by simp
hence | € dom o U dom 7
using domains-subsume-def domains-subsume-globally-def doms-sub-local
get.hyps(2) by fastforce
thus | € dom (o;;7) by (simp add: dom-combination-dom-union)
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qed
qed
then show ?case using get.hyps(1) by auto
next
case (set o 7 € L v)
have revision-step r s (s(r — (o, 7(l = v), & [VE (CV Unit)])))
proof
show s r = Some (o, 7, € [Assign (VE (Loc 1)) (VE v)]) by (simp add:
set.hyps(2))
show [ € dom (o3;7)
proof —
have | € LIDy, (o, 7, € [Assign (VE (Loc 1)) (VE v)]) by simp
hence | € dom o U dom 7
using domains-subsume-def domains-subsume-globally-def doms-sub-local
set.hyps(2) by fastforce
thus | € dom (o;;7) by (simp add: dom-combination-dom-union)
qed
qed
then show ?case using set.hyps(1) by blast
qed (simp add: revision-step.intros)+
qged
qged

6.3.3 Finitude is invariant

lemma finite-occurrences-val-expr [simp:
fixes
v ('r,1,'v) val and
e ('r)'I,'v) expr
shows
finite (RIDy v)
finite (RIDE e)
finite (LIDy v)
finite (LIDg e)
proof —
have (finite (RIDy v) A finite (LIDy v)) A finite (RIDg e) A finite (LIDg e)
by (induct rule: val-expr.induct) auto
thus
finite (RIDy v)
finite (RIDg e)
finite (LIDy v)
finite (LIDg e)
by auto
qed

lemma store-finite-upd [intro):
finite (RIDg 7) = finite (RIDg (7(l := None)))
finite (LIDg 7) = finite (LIDg (7(l := None)))
apply (meson ID-restricted-store-subset-store(1) finite-subset)
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by (simp add: ID-restricted-store-subset-store(2) rev-finite-subset)

lemma finite-state-imp-restriction-finite [intro:

finite (RIDg s) = finite (RID¢ (s(r := None)))

finite (LIDg s) = finite (LIDg (s(r := None)))
proof —

assume finite (RIDg s)

thus finite (RID¢g (s(r := None))) by (meson infinite-super ID-restricted-global-subset-unrestricted)
next

assume fin: finite (LIDg s)

have LIDq (s(r := None)) C LIDg s by auto

thus finite (LIDg (s(r := None))) using fin finite-subset by auto
qed

lemma local-state-of-finite-restricted-global-state-is-finite [intro]:

s r' = Some ls = finite (RIDg (s(r := None))) = r # r’ = finite (RID[,
ls)

s r'= Some ls = finite (LIDg (s(r := None))) = r # r' = finite (LIDy, Is)

apply (metis (no-types, lifting) ID-distr-global(1) finite-Un finite-insert fun-upd-triv
fun-upd-twist)

by (metis ID-distr-global(2) finite-Un fun-upd-triv fun-upd-twist)

lemma empty-map-finite [simp]:
finite (RIDg ¢)
finite (LIDg €)
finite (RID¢ €)
finite (LIDg ¢)
by (simp add: RIDg-def LIDg-def RIDg-def LID¢-def)+

lemma finite-combination [introl:
finite (RIDg 0) = finite (RIDg 7) = finite (RIDg (03;7))
finite (LIDg ¢) = finite (LIDg 7) = finite (LIDg (c3;7))
by (meson finite-Unl rev-finite-subset ID-combination-subset-union)+

lemma RIDg-finite-invariant:
assumes
step: revision-step r s s’ and
fin: finite (RID¢g s)
shows
finite (RIDg s")
proof (use step in <cases rule: revision-stepE»)
case (joino 7 E r' o’ 7' v)
hence r # r’ by auto
then show ?thesis
by (metis (mono-tags, lifting) ID-distr-global(1) ID-distr-local(2) fin finite-Un
finite-combination(1) finite-insert finite-occurrences-val-expr(2) finite-state-imp-restriction-finite(1)
join local-state-of-finite-restricted-global-state-is-finite(1))
qged (use fin in <auto simp add: ID-distr-global-conditionaly)
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lemma RIDy -finite-invariant:
assumes
step: revision-step r s s’ and
fin: finite (LID¢ s)
shows
finite (LID¢g s")
proof (use step in <cases rule: revision-stepE»)
case (joino 7 Er' o’ 7' v)
hence r # r’ by auto
then show ?thesis
using join assms
by (metis (mono-tags, lifting) ID-distr-global(2) ID-distr-local(1) fin finite-Un
finite-combination(2) finite-occurrences-val-expr(4) finite-state-imp-restriction-finite(2)
join local-state-of-finite-restricted-global-state-is-finite(2))
qed (use fin in <auto simp add: ID-distr-global-conditional))

lemma reachable-imp-identifiers-finite:
assumes reach: reachable s
shows
finite (RIDg s)
finite (LIDg s)
proof —
from reach obtain e r where exec: execution e ((r — (g,6,e))) s using reach-
able-def execution-def by auto
hence prog-exp: program-expr e by (meson execution-def)
obtain n where n-reachable: (e(r — (¢,e,¢)), s) € [~] " n using ezec by (meson
execution-def rtrancl-imp-relpow)
hence finite (RIDg s) A finite (LID¢g s)
proof (induct n arbitrary: s)
case (
hence s: s = e(r — (e, &, €)) by auto
hence rid-dom: dom s = {r} by auto
hence rid-ran: |J (RIDy ‘ ran s) = {} using s by (auto simp add: prog-ezp)
have rids: RIDg s = {r} by (unfold RIDg-def, use rid-dom rid-ran in auto)
have lid-ran: |J (LIDy, ‘ran s) = {} using s by (auto simp add: prog-exp)
hence lids: LIDg s = {} by (unfold LIDg-def, simp)
thus ?case using rids lids by simp
next
case (Suc n)
then obtain s’ where
n-steps: (e(r — (g, €, €)), s') € [~»] " n and
step: 8’ ~~ s
by (meson relpow-Suc-F)
have fin-rid: finite (RID¢g s’) using Suc.hyps n-steps by blast
have fin-lid: finite (LID¢ s’) using Suc.hyps n-steps by blast
thus ?case by (meson RIDg-finite-invariant RID -finite-invariant fin-rid lo-
cal.step valid-stepE)
qged
thus finite (RID¢ s) finite (LIDg s) by auto
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qed

lemma reachable-imp-identifiers-available:
assumes
reachable (s :: ('r,'l,'v) global-state)
shows
infinite (UNIV :: 'r set) = 3r. r ¢ RIDg s
infinite (UNIV :: 'l set) = 31. 1 ¢ LIDg s
by (simp add: assms ex-new-if-finite reachable-imp-identifiers-finite)+

6.3.4 Reachability is invariant

lemma initial-state-reachable:
assumes program-expr e
shows reachable (e(r — (e,e,e)))
proof —
have initializes (e(r — (e,e,e))) e using assms by auto
hence ezecution e (e(r — (g,¢,¢))) (e(r — (g,¢,€))) by (simp add: execution-def)
thus ?thesis using reachable-def by blast
qged

lemma reachability-closed-under-execution-step:
assumes
reach: reachable s and
step: revision-step v s s’
shows reachable s’
proof —
obtain init ¢ where exec: execution e init s using reach reachable-def by blast
hence init-s:init ~* s by (simp add: execution-def)
have s-5": s ~ s’ using step by blast
have init ~* s’ using init-s s-s’ by auto
hence ezecution e init s’ using exec by (simp add: execution-def)
thus ?thesis using reachable-def by auto
qed

lemma reachability-closed-under-execution: reachable s = s ~* s’ = reachable
S/
proof —
assume reach: reachable s and s ~* s’
then obtain n where (s, s') € [~] " n using rtrancl-imp-relpow by blast
thus reachable s’
proof (induct n arbitrary: s’)
case (
thus ?case using reach by auto
next
case (Suc n)
obtain s” where (s,5") € [~]"n s" ~ s’ using Suc.prems by auto
have reachable s" by (simp add: Suc.hyps (s, s") € [~] ")
then show ?case using <s”’ ~ s’ reachability-closed-under-execution-step by
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blast
qed
qed

end

end

7 Determinacy

This section proves that the concurrent revisions model is determinate mod-
ulo renaming-equivalence.

theory Determinacy
imports FExecutions
begin

context substitution
begin

7.1 Rule determinism

lemma app-deterministic [simp]:

assumes

s-r: s v = Some (o, 7, € [Apply (VE (Lambda z €)) (VE v)])

shows (revision-step r s s') = (s’ = (s(r — (o, 7, € [subst (VE v) z €])))) (is 2
= 9r)
proof (rule iffI)

assume 7]

thus ?r by (cases rule: revision-stepE) (use s-r in auto)
qed (simp add: s-r revision-step.app)

lemma if True-deterministic [simp]:
assumes
s-r: s v = Some (o, 7, E [Ite (VE (CV T)) el e2])
shows (revision-step r s s') = (s' = (s(r — (o, 7, € [el])))) (is 7l = ?r)
proof (rule iff)
assume 7]
thus ?r by (cases rule: revision-stepE) (use s-r in auto)

qed (simp add: s-r revision-step.ifTrue)

lemma ifFalse-deterministic [simp]:

assumes

s-r: s r = Some (o, 7, & [Ite (VE (CV F)) el e2])

shows (revision-step r s s') = (s’ = (s(r — (o, 7, € [e2])))) (is 7l = ?r)
proof (rule iffI)

assume ?]

thus ?r by (cases rule: revision-stepE) (use s-r in auto)
qed (simp add: s-r revision-step.ifFalse)

49



lemma new-pseudodeterministic [simp):

assumes

s-r: s v = Some (o, 7, £ [Ref (VE v)])

shows (revision-step r s s') = (3. 1 ¢ LIDg s A 8’ = (s(r — (o, 7(l — v), €
[VE (Loc 1)])))) (is 2l = ?r)
proof (rule iff)

assume 7]

thus ?r by (cases rule: revision-stepE) (use s-r in auto)
qed (auto simp add: s-r revision-step.new)

lemma get-deterministic [simp]:

assumes

s-r: s v = Some (o, 7, £ [Read (VE (Loc 1))])

shows (revision-step r s s') = (I € dom (o;;7) A s’ = (s(r — (o, 7, E [VE (the
(o57) D)) (s 7 = 7r)
proof (rule iff)

assume 7]

thus ?r by (cases rule: revision-stepE) (use s-r in auto)
qed (use revision-step.get in <auto simp add: s-1)

lemma set-deterministic [simp):
assumes
s-r: s v = Some (o, 7, & [Assign (VE (Loc 1)) (VE v)])
shows (revision-step v s s') = (I € dom (o3;7) A 8" = (s(r — (o, T7(l = v), &
[VE (CV Unit)))))) (is 21 = ?r)
proof (rule iffI)
assume 7]
thus ?r by (cases rule: revision-stepE) (use s-r in auto)
qed (auto simp add: s-r revision-step.set)

lemma fork-pseudodeterministic [simp):
assumes
s-r: s v = Some (o, T, E [Rfork e])
shows (revision-step r s sy = (3r’. v’ ¢ RIDg (s(r — (o, 7, € [Rfork €]))) A s’
= (s(r = (o, 7, E[VE (Rid 1)), ' — (037, €, €)))) (is 7l = ?r)
proof (rule iffI)
assume step: ?l
show 7r
proof (use step in <cases rule: revision-stepE»)
case (fork o 7 € e r’)
show ?thesis by (rule exI[where z=r"]) (use fork s-r in auto)
qed (auto simp add: s-r)
qed (auto simp add: s-r revision-step.fork map-upd-triv)

lemma rjoin-deterministic [simp):
assumes
s-r: s v = Some (o, 7, £ [Rjoin (VE (Rid r'))]) and
s-r’s s’ = Some (o', 7', VE v)
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shows (revision-step r s s') = (s’ = (s(r := Some (o, 7537/, € [VE (CV Unit))),
r’:= None))) (is 2l = ?r)
proof (rule iff)

assume step: 71

show ?r by (cases rule: revision-stepE[OF step]) (use s-r s-r’ in auto)
qed (meson s-r s-r' revision-step.join)

lemma rjoin,-deterministic [simp):
assumes
s-r: s v = Some (o, 7, £ [Rjoin (VE (Rid r'))]) and
s-r’s s’ = None
shows (revision-step r s s') = (s' =€) (is 2l = 7r)
proof (rule iff)
assume step: 7]
show ?r by (cases rule: revision-stepE[OF step]) (use s-r s-r' in auto)
qed (simp add: revision-step.joine s-r s-r')

7.2 Strong local confluence

7.2.1 Local determinism

lemma local-determinism:
assumes
left: revision-step r s1 so and
right: revision-step r s, so'
shows sy ~ 59/
proof (use left in <induct rule:revision-stepE))
case (new o 7 € v l)
from new(2) right obtain I’ where
side: I’ ¢ LIDg s1 and
s2”t s2' = s1(r — (o, 7(I' = v), E[VE (Loc I')]))
by auto
let 268 = id(l:=1,1":=1)
have bij-5: bij 208 by (rule swap-bij)
have renaming: Rg id 78 so = s3’
by (use new side sy’ bij-5 in <auto simp add: ID-distr-global-conditionaly)
show ?case by (rule eg-statesI[OF renaming bij-id bij-53])
next
case (fork o7 & er’)
from fork(2) right obtain r’’ where
side: r"" ¢ RIDg s; and
$9"t 89" = s1(r— (o, 7, E [VE (Rid r')]), r" — (o371, €, €))
by (auto simp add: ID-distr-global-conditional)
let %o = id(r':=7r", r"":=1")
have bij-a: bij a0 by (rule swap-bij)
have renaming: Rg %« id so = s3’
by (use fork side sy’ bij-a in <auto simp add: ID-distr-global-conditionaly)
show ?case by (rule eg-statesI[OF renaming bij-a bij-id])
qed ((rule eg-statesI|[of id id], use assms in auto)[1])+
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7.2.2 General principles

lemma SLC-sym:

I3’ s3. 83" & s3 A (revision-step v’ s3 s3' V s2 = s3') A (revision-step r sy’ s3 V
52/ = 53) —t

Js3 s3’. s3 = s3’ A (revision-step v s3’ s3 V s’ = s3) A (revision-step r' sy s3’
V 82 = 83 /)

by (metis af-sym)

lemma SLC-commute:

[ s3 = s3'; revision-step v’ so s3; revision-step r s3’ s3’ | =

s3 &2 s3' N (revision-step 1’ sy s3 V sa = s3) A (revision-step r s3’ s3’ V s9’ =
S3 /)

using af-refl by auto

7.2.3 Case join-epsilon

lemma SLC-join.:
assumes
s1-1: 81 = Some (o, T, E[Rjoin (VE (Rid r'"))]) and
$9: S = € and
side: s r'’ = None and
right: revision-step v’ s1 sy’ and
neq: v # r'
shows
I3 s3”. s3 &~ s3’ A (revision-step v’ so s3 V $2 = s3) A (revision-step r s2’ s3’
vV 82/ = 83 /)
proof —
have right-collapsed-case: s3' = ¢ = ?thesis
by (rule exl[where z=¢|, rule exI[where z=¢|, use sy in auto)
have left-step-still-available-case: s3’ # &€ = so' 7 = 81 1 = s3’ ' = None
= ?thesis
by (rule exl[where z=¢|, rule exI[where z=¢]) (use assms in auto)
show ?thesis
proof (use right in <(cases rule: revision-stepE)»)
case (join - - - right-joinee)
have r-unchanged-left: s5’ v = s1 r using join assms by auto
have r’-unchanged-right: sy’ v’ = None using join assms by auto
have right-joinee # r' using join(2—3) by auto
hence sy’-nonempty: so’ # ¢ using assms join by (auto simp add: fun-upd-twist)
show ?thesis by (rule left-step-still-available-case] OF sy'-nonempty r-unchanged-left
r’-unchanged-right))
next
case join,
show ?thesis by (rule right-collapsed-case, use join:(2—38) right in auto)
qed ((rule left-step-still-available-case, use side neq si-r right in auto)[1])+
qged
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7.2.4 Case join

lemma join-and-local-commute:
assumes
sg = s1(r := Some (o, 337/, E[VE (CV Unit)]), r'" := None)
so' = s1(r' > ls)
r#r
7.,/ # T.,//
revision-step 1’ sa (s1(r := Some (o, 7377, E[VE (CV Unit)]), r'' := None, r’
:= Some Is))
so' = Some (o, T, £ [Rjoin (VE (Rid r"))])
so ' = Some (o', 7', VE v)
shows
I3 s3”. 83 = s37 A (revision-step v’ so s3 V $3 = 83) A (revision-step r so’ s3’
V sy = s3 /)
apply (rule exl[where z=s1(r := Some (o, T;;7/, E[VE (CV Unit)]), v’ =
None, r' := Some Is)])
apply (rule exlI[where z=si(r' := Some s, r := Some (o, T;;7/, E[VE (CV
Unit)]), " := None)])
by (rule SLC-commute, use assms in auto)

lemma SLC-join:

assumes
s1-r: 81 v = Some (o, 7, E[Rjoin (VE (Rid r'"))]) and
$9: 83 = (81(r := Some (o, (r3;7"), E[VE (CV Unit)]), " := None)) and
side: s1 r' = Some (¢/, 7/, VE v) and
right: revision-step v’ 51 s3’ and
neq: r # r'

shows

I3 s3”. 83 = s37 A (revision-step v’ so s3 V s3 = s3) A (revision-step r so’ s3’
V sy = s3 /)
proof —
have left-step: revision-step r s1 s using s1-r so side by auto
have r’-not-joined: v’ # r'' using right side by auto
show ?thesis
proof (use right in <cases rule: revision-stepE))
case (new - - - - 1)
have [-fresh-left: | ¢ LIDg so by (rule only-new-introduces-lids'[OF left-step))
(use new right s1-r in auto)
show ?thesis by (rule join-and-local-commute, use assms r’'-not-joined new
I-fresh-left in auto)
next
case (fork - - - - r'")
have r’-unchanged-left: s5 v’ = s1 v’ using fork assms by auto
have r'"'-fresh-left: r''' ¢ RIDq sy using left-step fork(8) only-fork-introduces-rids’
s1-r by auto
have r-unchanged-right: sy’ v = s1 r using fork assms by auto
have r’-unchanged-right: s3’ '’ = s; r' using fork assms by auto
let %s3 = so(r’ = 8o/ 1/, v := 537 1)
let ?s3’ = so/(r := sy r, v/ := None)
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show ?thesis
proof (rule exl[where z=%s3],rule exI[where z="2s3'], rule SLC-commute)
show %s3 = %s3’ using fork(1) fork(8) neq r’-not-joined si-r so by (auto
simp add: ID-distr-global-conditional)
show revision-step v’ so ?s3 using fork(1—2) r’-unchanged-left r'"'-fresh-left
by (auto simp add: ID-distr-global-conditional)
show revision-step r sy’ ?s3’ using r’’-unchanged-right r-unchanged-right si-r
so side by auto
qed
next
case (join - - - r'")
have r’-unchanged-left: so v’ = s1 v’ using join(2) neq r’-not-joined so by
auto
have r-unchanged-right: sy’ r = s1 r using join(1,3) neq s1-r by auto
show ?thesis
proof (cases "' = r'")
case True
have r'""-none-left: so ' = None by (simp add: True s3)
have r'’-none-right: s3’ '’ = None by (simp add: True join(1))
show ?thesis
proof (rule exl[where z=¢], rule exl[where z=¢|, rule SLC-commute)
show ¢ = ¢ by (rule refl)
show revision-step r' sy € using r’-unchanged-left r'"’-none-left join(2) by

auto
show revision-step r s’ € using r-unchanged-right r'’-none-right s1-r by
auto
qed
next
case Fulse
have r'""-unchanged-left: so r''' = s; r'" using False join(1,3) so r-unchanged-right
by auto

have r'"-unchanged-right’: so’ r'" = s; r'’ using Fualse join(1) r'-not-joined
side by auto
let ?s3 = so(r':= sy’ 1/, r""" := None)
let %53’ = so'(r := so 7, "/ := None)
show ?thesis
proof (rule exI[where z=?s3], rule exI[where z="?s3’], rule SLC-commute)
show ?s3 = %s3’ using join(1) neq r’-not-joined r-unchanged-right si-r so
s1-r by fastforce
show revision-step ' sy ?s3 by (simp add: join r'"’-unchanged-left r’-unchanged-left)
show revision-step T sy’ ?s3’ using r'’-unchanged-right’ r-unchanged-right
s1-1 side s3 by auto
qed
qed
next
case join,
show ?thesis by (rule SLC-sym, rule SLC-join., use left-step neq right join. in
auto)
qed ((rule join-and-local-commute, use assms r'-not-joined in auto)[1])+
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qed

7.2.5 Case local

lemma local-steps-commute:
assumes
so = s1(r — x)
s9' = s1(r' = y)
revision-step v’ (s1(r = z)) (s1(r — z, ' — y))
revision-step v (s1(r’ = y)) (s1(r’' — y, r — z))
shows
Js3 s3’. s3 & s3’ A (revision-step v’ so s3 V so = s3) A (revision-step 1 s2” s3’
\Y 82/ = 83 I)
by (metis (no-types, lifting) assms fun-upd-twist fun-upd-upd local-determinism)

lemma local-and-fork-commute:
assumes
so = s1(r — x)
52’ = s1(r' v (o, 7, & [VE (Rid r")]), " v (037, ¢, ¢€))
sy v’ = Some (o, T, E[Rfork €])
" ¢ RIDG s
revision-step v s’ (s1(r' — (o, 7, E [VE (Rid r'")]), r"" — (037, €, €), r — x))
r#£r
rot !
shows
I3 83 (s3 = s3”) A (revision-step 1’ so s3 V s2 = s3) A (revision-step r sy’ s3’
vV 82/ = 83 /)
proof(rule exl[where z=s;(r — z, v’ +— (o, 7, £ [VE (Rid r'")]), " — (o7,
g, ),

rule exI[where z=s,(r' — (o, 7, E [VE (Rid r')]), " — (037, €, €), 1 —
)],
rule SLC-commute)

show si(r — z, v’ (o, 7, E [VE (Rid r"")]), "+ (037, €, €)) =
s1(r' v (o, 7, E [VE (Rid r')]), r'' — (o371, €, €), r — x)
using assms revision-step.fork by auto
show revision-step r' sy (s1(r — z, v’ — (o, 7, £ [VE (Rid r")]), r"" — (o371,
£ €)))
using assms(1) assms(8) assms(4) revision-step.fork by blast
show revision-step r s3’ (s1(r’' — (o, 7, € [VE (Rid v')]), r"" — (o371, €, €), 1
- )
using assms(5) by blast
qed

lemma SLC-app:
assumes
s1-r: 81 7 = Some (o, T, E[Apply (VE (Lambda z €)) (VE v)]) and
S9: 82 = s1(r — (o, 7, E[subst (VE v) z €])) and
right: revision-step v’ s1 so’ and
neq: r # r'
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shows
I3 s3”. s3 &= s3” A (revision-step v’ sa s3 V 83 = s3) A (revision-step r so’ s3’
V sy = s3 I)
proof —
have left-step: revision-step r s1 s using s1-17 so by auto
show ?thesis
proof (use right in <(cases rule: revision-stepE)»)
case new: (new - - - - [)
have I-fresh-left: | ¢ LID¢g so
by (rule only-new-introduces-lids'|OF left-step]) (simp add: s1-r new(3))+
show ?thesis by (rule local-steps-commute) (use new I-fresh-left assms in auto)
next
case (fork - - - - r')
have r''-fresh-left: r'" ¢ RIDq so
by (rule only-fork-introduces-rids'|OF left-step]) (simp add: s1-r fork(3))+
show ?thesis by (rule local-and-fork-commute[OF so fork(1)]) (use fork neq so
r'"-fresh-left s1-r in auto)
next
case join
show ?thesis by (rule SLC-sym, rule SLC-join, use join left-step right neq in
auto)
next
case join,
show ?Zthesis by (rule SLC-sym, rule SLC-join., use joine left-step right neq
in auto)
qged ((rule local-steps-commute| OF s3], use assms in auto)[1])+
qged

lemma SLC-ifTrue:
assumes
s1-1: 81 = Some (o, T, E[Ite (VE (CV T)) el e2]) and
S9: 82 = s1(r — (o, 7, E[el])) and
right: revision-step v’ s1 s3’ and
neq: v # r'
shows
I3 s3”. 83 = s37 A (revision-step v’ so s3 V $3 = s3) A (revision-step r so’ s3’
vV 82/ = 83 /)
proof —
have left-step: revision-step r s1 s using s1-r sy by auto
show ?thesis
proof (use right in <cases rule: revision-stepE))
case (new - - - - 1)
have [-fresh-left: | ¢ LIDg sy
by (rule only-new-introduces-lids'|OF left-step]) (simp add: s1-r new(3))+
show ?thesis by (rule local-steps-commute) (use new l-fresh-left assms in auto)
next
case (fork - - - -r')
have r''-fresh-left: r'' ¢ RIDg so
by (rule only-fork-introduces-rids'|OF left-step)]) (simp add: si-r fork(3))+
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show ?thesis by (rule local-and-fork-commute[OF so fork(1)]) (use fork neq so
r'-fresh-left s1-r in auto)
next
case join
show ?thesis by (rule SLC-sym, rule SLC-join, use join left-step right neq in
auto)
next
case joing
show ?thesis by (rule SLC-sym, rule SLC-join., use join. left-step right neq
in auto)
qed ((rule local-steps-commute| OF so], use assms in auto)[1])+
qed

lemma SLC-ifFalse:
assumes
s1-1: 81 v = Some (o, T, E[Ite (VE (CV F)) el e2]) and
s3: 2 = s1(r — (o, 7, E[e2])) and
right: revision-step v’ s1 so’ and
neq: v # r'
shows
I3 s3”. 83 &~ s3” A (revision-step v’ so s3 V $2 = s3) A (revision-step r s2’ s3’
vV 82/ = 83 /)
proof —
have left-step: revision-step r s1 s using s1-1r so by auto
show ?thesis
proof (use right in <cases rule: revision-stepE))
next
case (new - - - - [)
have [-fresh-left: | ¢ LIDg so
by (rule only-new-introduces-lids'|OF left-step]) (simp add: s1-r new(3))+
show ?thesis by (rule local-steps-commute) (use new I-fresh-left assms in auto)
next
case (fork - - - - r")
have r''-fresh-left: '’ ¢ RIDg so
by (rule only-fork-introduces-rids'{OF left-step]) (simp add: s1-r fork(3))+
show ?thesis by (rule local-and-fork-commute[OF so fork(1)]) (use fork neq so
r''-fresh-left s1-r in auto)
next
case join
show ?thesis by (rule SLC-sym, rule SLC-join, use join left-step right neq in
auto)
next
case join,
show ?Zthesis by (rule SLC-sym, rule SLC-joine, use joine left-step right neq
in auto)
qed ((rule local-steps-commute[OF s3], use assms in auto)[1])+
qed

lemma SLC-set:
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assumes
s1-1: 51 7 = Some (o, T, E[Assign (VE (Loc 1)) (VE v)]) and
s2: 82 = s1(r — (o, 7(l — v), E[VE (CV Unit)])) and
side: 1 € dom (o3;7) and
right: revision-step v’ 51 53’ and
neq: v # r'
shows
I3 s3”. s3 &= s37 A (revision-step v’ so s3 V s9 = s3) A (revision-step r so’ s3’
V sy = s3 /)
proof —
have left-step: revision-step r s1 s using s1-r so side by auto
show ?thesis
proof (use right in <(cases rule: revision-stepE)»)
case (new - - - - 1)
have [-fresh-left: | ¢ LIDg so
by (rule only-new-introduces-lids'|OF left-step]) (simp add: s1-r new(3))+
show ?thesis by (rule local-steps-commute) (use new I-fresh-left assms in auto)
next
case (fork - - - - r')
have r''-fresh-left: r'" ¢ RIDq so
by (rule only-fork-introduces-rids'|OF left-step]) (simp add: s1-r fork(3))+
show ?thesis by (rule local-and-fork-commute[OF s fork(1)]) (use fork neq so
r''-fresh-left s1-r side in auto)
next
case join
show ?thesis by (rule SLC-sym, rule SLC-join, use join left-step neq in auto)
next
case join,
show ?thesis by (rule SLC-sym, rule SLC-join., use join. left-step neq in auto)
qed ((rule local-steps-commute| OF s3], use assms in auto)[1])+
qed

lemma SLC-get:
assumes
s1-r: 81 7 = Some (o, 7, € [Read (VE (Loc 1))]) and
$9: 83 = s1(r — (o, 7, E[VE (the ((o;;7) 1))])) and
side: | € dom (o;;7) and
right: revision-step v’ 51 s3’ and
neq: r # r'
shows
I3 s3”. 83 &= 837 A (revision-step v’ sg s3 V $3 = s3) A (revision-step r so’ s3’
V sy = s3 /)
proof —
have left-step: revision-step r s1 so using s;-r so side by auto
show ?thesis
proof (use right in <(cases rule: revision-stepE)»)
case (new - - - - 1)
have [-fresh-left: | ¢ LIDg sy
by (rule only-new-introduces-lids'|OF left-step]) (simp add: si-r new(3))+
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show ?thesis by (rule local-steps-commute) (use new l-fresh-left assms in auto)
next
case (fork - - - - r')
have r''-fresh-left: r'" ¢ RIDq so
by (rule only-fork-introduces-rids'|OF left-step]) (simp add: s1-r fork(3))+
show ?thesis by (rule local-and-fork-commute[OF sq fork(1)]) (use fork neq so
r''-fresh-left s1-r side in auto)
next
case join
show ?thesis by (rule SLC-sym, rule SLC-join, use join left-step neq in auto)
next
case join,
show ?thesis by (rule SLC-sym, rule SLC-join., use join. left-step neq in auto)
qed ((rule local-steps-commute| OF s3], use assms in auto)[1])+
qed

7.2.6 Case new

lemma SLC-new:
assumes
s1-1: 81 7 = Some (o, 7, E[Ref (VE v)]) and
s3: 82 = s1(r = (o, (I = v), & [VE (Loc 1)])) and
side: | ¢ LID¢g s; and
right: revision-step v’ 51 so’ and
neq: v # v’ and
reach: reachable (s1 :: ('r,’l,'v) global-state) and
lid-inf: infinite (UNIV :: 'l set)
shows
I3 s3”. s3 &= s37 A (revision-step v’ so s3 V s3 = s3) A (revision-step r so’ s3’
V sy = s3 /)
proof —
have left-step: revision-step r s1 so using s1-r so side by auto
show ?thesis
proof (use right in <(cases rule: revision-stepE)»)
case app
show ?thesis by (rule SLC-sym, rule SLC-app) (use app assms(1—25) in auto)
next
case ifTrue
show ?thesis by (rule SLC-sym, rule SLC-if True) (use if True assms(1—5) in
auto)
next
case ifFulse
show %thesis by (rule SLC-sym, rule SLC-ifFalse) (use ifFalse assms(1—5) in
auto)
next
case (new o’ 7/ &' v’ 1)
have r’-unchanged-left: so r' = s; r’ using new(2) neq s by auto
have r-unchanged-right: so’ r = s1 r by (simp add: new(1) neq s1-r)
show ?thesis
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proof (cases | = 1)
case True
obtain [” where ["-fresh-left: 1" ¢ LIDg so
by (meson ex-new-if-finite left-step lid-inf reach RIDp -finite-invariant reach-
able-imp-identifiers-finite(2))
hence I-": | # 1" by (auto simp add: s3)
have ["-fresh-s1: 1" ¢ LID¢ s using assms True new l''-fresh-left by (auto
stmp add: ID-distr-global-conditional)
hence ["-fresh-right”: 1" ¢ LIDq s’ using True I-l" new(1—2) by auto
let 75 = id(l:=1", 1" :=1)
have bij-3: bij 28 by (simp add: swap-bij)
let %s3 = so(r' — (o', 7/(I" — v’), E' [VE (Loc I")]))
have left-convergence: revision-step v’ sa ?s3
using 1"'-fresh-left new(2) r’-unchanged-left by auto
let 253’ = so'(r — (o, 7(I"” = v), & [VE (Loc 1")]))
have right-convergence: revision-step v sy’ 7s3’
using !”’-fresh-right’ new(1) neq s1-r by auto
have equiv: ?s3 ~ ?s3'
proof (rule eq-statesl|of id ?3])
show Rqg id 78 %s3 = 2s3’
proof —
have s1: R¢g id 28 s1 = s using l”'-fresh-s1 side by auto
have o: Rs id 28 0 = o using ["-fresh-s1 s1-r side by auto
have &: R¢ id 78 E = &
proof
show | ¢ LIDc £ using s;-r side by auto
show " ¢ LIDs &€ using "-fresh-left sy by auto
qed
have 7lv: Rg id (id(l := 1", 1" := 1)) (r(l = v)) = (7(I" = v))
proof —
have 7: Rg id ?8 7 = 7 using l'-fresh-s, s1-r side by auto
have v: Ry id Bv =
proof
show [ ¢ LIDy v using s;-r side by auto
show " ¢ LIDy v using l"-fresh-s; s1-r by auto
qed
show ?thesis by (simp add: T v bij-5)
qed
have 0"t Rg id 28 o' = o' using l""-fresh-s; new(2—3) by (auto simp
add: True ID-distr-global-conditional)
have £ R¢ id 78 €' = £’ using ["-fresh-s1 new(2—3) by (auto simp
add: True ID-distr-global-conditional)
have 71"v: Rg id (id(l := 1", 1" :=1)) (r'(I" = v)) = (/I — v’))
proof —
have 7" Rg id ?8 7/ = 7' using new(2—23) l"’-fresh-s; by (auto simp
add: True ID-distr-global-conditional)
have v: Ry id 28 v' = v’ using new(2—3) 1"-fresh-s; by (auto simp
add: True ID-distr-global-conditional)
show ?thesis by (simp add: 7' v’ bij-f)
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qed
show ?thesis using True neq sy o € Tlv o’ £’ 71"'v s5 I-1” new(1) by auto
qed
qed (simp add: bij-5)+
show ?thesis using left-convergence right-convergence equiv by blast
next
case Fulse
have I-fresh-left: | ¢ LIDg so’
by (rule revision-stepE[OF left-step]) (use False side new(1—2) in <auto
simp add: sy-1v)
have [’-fresh-right: ' ¢ LIDg s
by (rule revision-stepE[OF right]) (use False new(3) assms(1—3) in <auto
simp add: new(2)»)
show ?thesis by (rule local-steps-commute| OF so new(1)]) (use new assms
I-fresh-left U'-fresh-right so in auto)
qed
next
case get
show ?thesis by (rule SLC-sym, rule SLC-get) (use get assms(1—5) in auto)
next
case set
show %thesis by (rule SLC-sym, rule SLC-set) (use set assms(1—5) in auto)
next
case (fork - - - - r')
have r''-fresh-left: r'" ¢ RIDq so
by (rule only-fork-introduces-rids'|OF left-step]) (simp add: s1-r fork(3))+
have [-fresh-right: | ¢ LIDg sy’
by (rule only-new-introduces-lids'|OF right]) (simp add: side fork(2))+
show ?thesis by (rule local-and-fork-commute| OF sy fork(1)]) (use fork(1—2)
neq so l-fresh-right r''’-fresh-left s1-r in auto)
next
case join
show ?thesis by (rule SLC-sym, rule SLC-join, use join left-step neq in auto)
next
case join,
show ?thesis by (rule SLC-sym, rule SLC-join., use join. left-step neq in auto)
qged
qged

7.2.7 Case fork

lemma SLC-fork:
assumes
s1-1: 51 = Some (o, T, € [Rfork e]) and
s2: 82 = (s1(r — (o, 7, E[VE (Rid left-forkee)]), left-forkee — (o3;7, €, €))) and
side: left-forkee ¢ RIDg s; and
right: revision-step v’ 51 s3’ and
neq: v # r’ and
reach: reachable (s1 :: ('r,’l,'v) global-state) and
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rid-inf: infinite (UNIV :: 'r set)
shows
I3 s3”. 83 &= s37 A (revision-step v’ so s3 V $3 = s3) A (revision-step r so’ s3’
V sy = s3 /)
proof —
have left-step: revision-step r s1 so using s1-r so side by (auto simp add:
ID-distr-global-conditional)
show ?thesis
proof (use right in <cases rule: revision-stepE))
case app
show %thesis by (rule SLC-sym, rule SLC-app) (use assms(1—5) app in <auto
stmp add: ID-distr-global-conditionaly)
next
case if True
show ?thesis by (rule SLC-sym, rule SLC-ifTrue) (use assms(1—35) ifTrue in
cauto simp add: ID-distr-global-conditionaly)
next
case ifFulse
show ?thesis by (rule SLC-sym, rule SLC-ifFalse) (use assms(1—15) ifFalse in
cauto simp add: ID-distr-global-conditionaly)
next
case (new - - - - [)
have [-fresh-left: | ¢ LIDg so
by (rule only-new-introduces-lids'|OF left-step]) (simp add: s1-r new(3))+
have r''-fresh-right: left-forkee ¢ RID¢ so'
by (rule only-fork-introduces-rids'{OF right]) (simp add: side new(2))+
show ?thesis by (rule SLC-sym, rule local-and-fork-commute[OF new(1) sq])
(use new(1—2) neq s1-r r''-fresh-right I-fresh-left s in auto)
next
case get
show ?thesis by (rule SLC-sym, rule SLC-get) (use assms(1—25) get in <auto
simp add: ID-distr-global-conditionaly)
next
case set
show ?thesis by (rule SLC-sym, rule SLC-set) (use assms(1—5) set in <auto
simp add: ID-distr-global-conditionaly)
next
case (fork o' 7' £’ ¢’ right-forkee)
have r’-unchanged-left: so r' = s r’ using side fork(2) neq s by auto
have r-unchanged-right: sy’ r = s1 r using fork(1,3) neq s1-r by auto
have r # left-forkee using s;-r side by auto
have r # right-forkee using fork(3) si1-r by auto
have r’ # left-forkee using fork(2) side by auto
have r’ # right-forkee using fork(2) fork(3) by auto
show ?thesis
proof (cases left-forkee = right-forkee)
case True
obtain '/ where r''-fresh-left: r'’ ¢ RIDq so
using RIDg-finite-invariant ex-new-if-finite left-step reach reachable-imp-identifiers-finite(1)
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rid-inf by blast

hence '/ # left-forkee using assms(2) by auto

have r’/ # r using r'’-fresh-left s, by auto

have r'' # r’ using fork(2) r'’-fresh-left r’-unchanged-left by auto
have r"" ¢ RID¢ (s1(r — (o, 7, E[VE (Rid left-forkee)])))

by (metis (mono-tags, lifting) RIDg-def True Unll «r # right-forkee)

domlIff fun-upd-other fun-upd-triv in-restricted-global-in-updated-global(1) fork(3)
r''-fresh-left sq)

hence r'" ¢ RIDq (s1(r := None)) by blast
have r'-fresh-s1: "' ¢ RID¢g s

using «r # left-forkeer sy 1''-fresh-left si-r <r’’ # ry <" ¢ RIDg (s1(r :=

None))»

by (auto simp add: ID-distr-global-conditional)

have r'-fresh-right: '’ ¢ RIDq so’

using True <r'’ # left-forkeey «r' # right-forkee> «r'" # vy r''-fresh-s;

fork(2) r''-fresh-s;

auto

auto

by (auto simp add: fork(1) ID-distr-global-conditional fun-upd-twist)

let ?a = id(left-forkee := r'", r'" := left-forkee)

have bij-a: bij % by (simp add: swap-bij)

let ?s3 = so(r' — (o', 7/, &' [VE (Rid r'")]), r"' — (c'57/, €, €'))
have left-convergence: revision-step v’ sy ?s3

using fork(2) r’’-fresh-left r'-unchanged-left revision-step.fork by auto

let %s3' = so/(r — (o, 7, E[VE (Rid r")]), "' — (o7, €, €))
have right-convergence: revision-step v sy’ ?s3’

using r'’-fresh-right r-unchanged-right revision-step.fork s1-r by auto

have equiv: ?s3 ~ ?s3’
proof (rule eq-statesI[of %« id])

show Rg 2a id 7s3 = %s3’
proof —
have s1: Rg % id sy = s1 using r''-fresh-s, side by auto
have 0: Rg %o id 0 = o using r''-fresh-s1 s1-r True fork(3) by auto
have 7: Rg % id 7 = 7 using r''-fresh-s1 s1-r True fork(3) by auto
have &: R¢ %aid € = &
proof
show left-forkee ¢ RID¢ &€ using sq-r side by auto
show "' ¢ RID¢ & using True <r # right-forkees r''-fresh-left so by

qed
have e: Rg ?avid e = e
proof
show left-forkee ¢ RIDg e using s;-r side by auto
show r”" ¢ RIDg e using True <r # right-forkeer r''-fresh-left s by

qed
have ¢”: Rg ?a id o’ = o’ using fork(2) r'-fresh-s; side by auto
have 7: Rs %« id 7' = 7/ using fork(2) r''-fresh-s; side by auto
have £ R¢ %00 id E' = &'
proof

show left-forkee ¢ RIDc E' using fork(2) side by auto

63



show r'" ¢ RIDo £’ using fork(2) r'’-fresh-s1 by auto
qed
have ¢: Rg %o id e/ = ¢’
proof
show left-forkee ¢ RIDg e’ using fork(2) side by auto
show r'" ¢ RIDg ¢’ using fork(2) r'-fresh-s; by auto
qed
show ?thesis using True fork(1) neqo 7 € e o' 7' E" e’ 51 59
bij-c «r'" £ left-forkeey «r' # left-forkees «r # left-forkees «r'' # v <r'!
#rh
by auto
qed
qged (simp add: bij-o)+
show ?thesis using equiv left-convergence right-convergence by blast
next
case Fulse
have right-forkee-fresh-left: right-forkee ¢ RIDq so
using False <r # left-forkeey <r # right-forkee) fork(3) si-r
by (auto simp add: s ID-distr-global-conditional, auto)
have left-forkee-fresh-right: left-forkee ¢ RIDq so’
using False <r' # right-forkeey <r’ = left-forkees side fork(2)
by (auto simp add: fork(1) ID-distr-global-conditional fun-upd-twist)
show ?thesis
proof(rule exl[where z=so(r' := s3’ 1/, right-forkee := sy’ right-forkee)],
rule exl[where z=s,'(r := s3 7, left-forkee := sy left-forkee)],
rule SLC-commute)
show so(r' := sy’ 1/, right-forkee := so' right-forkee) = so'(r := so 1,
left-forkee := so left-forkee)
using False «r # right-forkees «r’ # left-forkees <r' # right-forkees fork(1)
neq so by auto
show revision-step ' sy (s2(r' := s’ ', right-forkee := so' right-forkee))
using fork(1—2) r’-unchanged-left revision-step.fork right-forkee-fresh-left
by auto
show revision-step r so’ (s2'(r := sy 7, left-forkee := so left-forkee))
using left-forkee-fresh-right r-unchanged-right revision-step.fork s1-r sy by
auto
qed
qed
next
case join
show ?thesis by (rule SLC-sym, rule SLC-join, use join left-step assms(3—5)
in auto)
next
case join,
show ?thesis by (rule SLC-sym, rule SLC-join., use join. left-step assms(8—5)
in auto)
qed
qed
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7.2.8 The theorem

theorem strong-local-confluence:
assumes
l: revision-step r s1 s and
r: revision-step v’ s1 s’ and
reach: reachable (s1 :: ('r,’l,’v) global-state) and
lid-inf: infinite (UNIV :: 'l set) and
rid-inf: infinite (UNIV :: 'r set)
shows
Js3 s3. s3 = s3’ A (revision-step v’ so s3 V so = s3) A (revision-step  s3” s3’
V 52/ = 83 /)
proof (cases r = r’)
case True
thus ?thesis by (metis I local-determinism r)
next
case neq: False
thus ?thesis by (cases rule: revision-stepE[OF 1)) (auto simp add: assms SLC-app
SLC-ifTrue
SLC-ifFalse SLC-new SLC-get SLC-set SLC-fork SLC-join SLC-join.)
qed

7.3 Diagram Tiling
7.3.1 Strong local confluence diagrams

lemma SLC:
assumes
$182: 81 ~ So and
5182”81 ~ 59’ and
reach: reachable (s1 :: ('r,'l,'v) global-state) and
lid-inf: infinite (UNIV :: 'l set) and
rid-inf: infinite (UNIV :: 'r set)
shows
383 83/. S3 ~ 83//\ o~ 83 A SQ’W: 53/
proof —
from s1s, obtain r where [: revision-step T s1 s by auto
from s;s,’ obtain 7’/ where r: revision-step v’ s1 s3’ by auto
obtain s3 s3’ where
s3-eq-s3” s3 ~ s3’ and
l-join: revision-step ' s3 83 V s = s3 and
r-join: revision-step r so’ 53’V s9’ = s3’
using [ r reach lid-inf rid-inf strong-local-confluence by metis
have s953: s9 ~»= s3 using [-join steps-def by auto
have sy's3: 53/ ~»= 53’ using r-join steps-def by auto
show ?thesis using ss’s3 s283 s3-eq-s3’ by blast
qed

lemma SLC-top-relazed:
assumes
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$182: 81 ~— 89 and
5182”81 ~ 59’ and
reach: reachable (s1 :: ('r,'l,'v) global-state) and
lid-inf: infinite (UNIV :: 'l set) and
rid-inf: infinite (UNIV :: 'r set)
shows
353 53/. S3 ~ 83//\ o ~7 83 A SQ/W: 53/
proof —
have 1: 51 ~ 59 = 1 ~» sy’ = ?thesis using SLC lid-inf reach rid-inf by
blast
have 2: 51 = 59 = 51 ~~ 89/ == ?thesis
by (rule exl[where z=s5"], rule exl[where z=s5"]) (auto simp add: af-refl)
show ?thesis using assms 1 2 by auto
qed

7.3.2 Mimicking diagrams

declare bind-eq-None-conv [simp)
declare bind-eq-Some-conv [simp)

lemma in-renamed-in-unlabelled-val:
bij « = (ar € RIDy (Ry «a B v)) = (r € RIDy v)
bij f = (Bl € LIDy (Ry a pv)) = (I € LIDy v)
by (auto simp add: bij-is-inj inj-image-mem-iff val.set-map(1—2))

lemma in-renamed-in-unlabelled-expr:
bij « = (. r € RIDg (Rg a B v)) = (r € RIDg v)
bij f = (Bl € LIDg (Rg a B v)) = (I € LIDEg v)
by (auto simp add: bij-is-inj inj-image-mem-iff expr.set-map(1—2))

lemma in-renamed-in-unlabelled-store:
assumes
bij-a: bij o and
bij-B: bij B
shows
(a7 € RIDs (Rs o B8 o)) = (r € RIDg o)
(ﬁ l € LIDg (RS ap O’)) = (l € LIDg 0’)
proof —
show (a7 € RIDg (Rs o B o)) = (r € RIDg o)
proof (rule iff)
assume a r € RIDg (Rs o f o)
thus r € RIDg o
proof (rule RIDgE)
fix v
assume map: Rg o f o | = Some v and ar: a« r € RIDy v
hence o (inv B 1) = Some (Ry (inv «) (inv B) v)
using bij-« bij-8 by (auto simp add: bij-is-inj)
have r € RIDy (Ry (inv «) (inv B) v)
using bij-« bij-8 ar map by (auto simp add: bij-is-inj in-renamed-in-unlabelled-val(1))
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show r € RIDg o
using <o (inv B 1) = Some (Ry (inv «) (inv B) v)» <r € RIDy (Ry (inv
a) (inv B) v)» by blast

qed
next

assume r € RIDg o

thus o r € RIDg (Rs o B o)

by (metis (mono-tags, lifting) RIDsE RIDgI bij-a bij-§ fun-upd-same fun-upd-triv

in-renamed-in-unlabelled-val(1) renaming-distr-store)
qed
show (ﬁ l € LIDg (RS a f O')) = (l € LIDg CT)
proof (rule iffI)
assume | € LIDg (Rs a 8 0)
thus | € LIDg o
proof (rule LIDsE)
assume S | € dom (Rs o 8 o)
thus [ € LIDg o by (auto simp add: LIDgI(1) bij-8 bijection.intro bijec-
tion.inv-left)
next
fix v’
assume Rg o B o I’ = Somev 81 € LIDy v
thus | € LIDg o using bij-8 by (auto simp add: LIDgI(2) in-renamed-in-unlabelled-val(2))
qed
next
assume | € LIDg o
thus gl € LIDg (Rs a 8 o)
proof (rule LIDgFE)
assume | € dom o
hence 3¢’ v. 0 = (c'(l = v)) by fastforce
hence 1 € dom (Rs « 8 o) using bij-f by auto
thus 8 [ € LIDs (Rs « 8 o) by auto
next
fix v’
assume o [’ = Some v and l-in-v: | € LIDy v
hence 3¢’ 0 = (¢'(I' — v)) by force
thus 8l € LIDs (Rs o B o)
using l-in-v bij-5 by (auto simp add: LIDg1(2) in-renamed-in-unlabelled-val(2))
qed
qed
qed

lemma in-renamed-in-unlabelled-local:
assumes
bij-a: bij o and
bij-B: bij B
shows
(o € RID, (R, a B ls)) = (r € RIDL, 1s)
([3 l € LIDy, (RL « B ZS)) = (l € LIDy, ZS)
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by (cases ls, simp add: assms in-renamed-in-unlabelled-expr in-renamed-in-unlabelled-store)+

lemma in-renamed-in-unlabelled-global:
assumes
bij-a: bij o and
bij-B: bij B
shows
(o 7€ RIDg (Rg o B s)) = (r € RIDg s)
(Ble LIDg (Rg a B s)) =(l € LIDg s)
proof —
show (o r € RIDg (Rg a 8 8)) = (r € RIDg s)
proof (rule iffT)
assume a r € RIDg (Rg o 8 s)
thus r € RID¢g s
proof (rule RIDGE)
assume o r € dom (Rg «a 8 s)
hence r € dom s by (metis bij-a domlIff fun-upd-same fun-upd-triv renam-
ing-distr-global(2))
thus r € RIDg s by auto
next
fix v’ Is
assume Rsr: Rg a 8 s’ = Some ls and ar: a r € RIDy, Is
have s-inv-ar’: s (inv a r’) = Some (R (inv a) (inv B) Is)
proof —
have inv a r’ € dom s using Rsr’ by auto
then obtain ls’ where s-inv-ar: s (inv « r’) = Some Is’ by blast
hence Rg o 8 s v’ = Some (Rr a B Is') by simp
hence Is = (Ry a (8 Is') using Rsr’ by auto
thus %thesis by (metis Ry -inv s-inv-ar bij-a bij-3)
qed
have r-in: r € RIDy, (Ry, (inv &) (inv B) Is)
by (metis bij-a bij-B bij-imp-bij-inv bijection.intro bijection.inv-left in-renamed-in-unlabelled-local(1)
ar
)
show r € RID¢g s
using r-in s-inv-ar’ by blast
qed
next
assume r € RIDg s
thus a r € RIDg (Rg a B s)
proof (rule RIDGE)
assume r € dom s
hence o r € dom (Rg a 8 s)
by (metis (mono-tags, lifting) bij-a domD doml fun-upd-same fun-upd-triv
renaming-distr-global(1))
thus o r € RIDg (Rg a B s) by auto
next
fix v’ Is
assume s v’ = Some ls v € RIDy, s
thus o r € RIDg (Rg « 8 s)

68



by (metis ID-distr-global(1) Unl2 bij-« bij-f fun-upd-triv in-renamed-in-unlabelled-local(1)
insertI2 renaming-distr-global(1))
qed
qed
show (81 € LIDg (Rg a 8 8)) = (I € LIDg s)
proof (rule iffI)
assume | € LIDg (Rg o B s)
from this obtain r s where Rs-Is: Rg a 8 s r = Some ls and Bl-in-ls: B | €
LIDy, Is by blast
hence | € LID, (R, (inv «) (inv B) Is)
by (metis bij-« bij-5 bij-imp-bij-inv bijection.intro bijection.inv-left in-renamed-in-unlabelled-local(2))
hence | € LIDg (Rg (inv ) (inv 8) (Rg a B s))
by (metis (mono-tags, lifting) LIDcI Rs-ls bij-« bij-imp-bij-inv fun-upd-idem-iff
renaming-distr-global(1))
thus | € LID¢ s using bij-a bij-f by (metis Rg-inv)
next
assume | € LIDg s
then obtain r s’ s where s = (s'(r — Is)) | € LIDy, Is by (metis LIDgFE
Jun-upd-triv)
thus 8l € LIDg (Rg « B 8) by (simp add: bij-« bij-f3 in-renamed-in-unlabelled-local(2))
qged
qged

lemma mimicking:
assumes
step: revision-step r s s’ and
bij-a: bij o and
bij-B: bij B
shows revision-step (a 1) (Rg a 8 8) (Rg o 8 s')
proof (use step in <cases rule: revision-stepE»)
case app
then show ?thesis by (auto simp add: bij-a bij-B bijection.intro bijection.inv-left
renaming-distr-subst)
next
case (new - - - - [)
have Sl-fresh: § 1 ¢ LIDg (Rg a S s)
by (simp add: bij-a bij-8 in-renamed-in-unlabelled-global(2) new(3))
show ?thesis using Sl-fresh new by (auto simp add: bij- bij-f bijection.intro
bijection.inv-left)
next
case (fork o 7 £ e r’)
have ar’-fresh: a v’ ¢ RIDg (Rg o B s)
by (simp add: bij-« bij-B in-renamed-in-unlabelled-global(1) fork(3))
have s-r-as-upd: s = (s(r — (o, 7, € [Rfork €]))) using fork(2) by auto
have src: Rg a s (a r) = Some (Rs a 0, Rs a B 7, (Re a B E) [Rfork
(Ri a B €)))
by (subst s-r-as-upd, simp add: bij-c)
show ?thesis using ar’-fresh src revision-step.fork fork(1) bij-a by auto
qed (auto simp add: bij-a bij-f bijection.intro bijection.inv-left)
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lemma mimic-single-step:
assumes
5151 s1 ~ 51" and
§182: §1 ~ S2
shows 35" (52 & s27) A 51" ~ 8o’
proof —
from s;s,’ obtain o 8 where
bij-a: bij o and
bij-B: bij B and
R: Rg a B s1 = s’ by blast
from s;s, obtain r where step: revision-step r s; s by auto
have mirrored-step: revision-step (a 1) s1’" (Rg o B s2)
using R bij-a bij-8 step mimicking by auto
have eq: s5 = (Rg a B s2) using bij-« bij-3 by blast
have s1's2": 81"~ (Rg a 8 s2) using mirrored-step by auto
from eq s1’sy’ show ?thesis by blast
qed

lemma mimic-trans:
assumes
s1-eq-s1": 51 ~ s1’ and
S§182: 81 s S92
shows Jsy’. 859 & 59/ A 51" ~* 389/
proof —
from s;-eg-s;’ obtain o 8 where
bij-a: bij o and
bij-B: bij B and
R:RgafBs =s'
by blast
from s;s2 obtain n where (s1,52) € [~]" n using rtrancl-power by blast
thus Zthesis
proof (induct n arbitrary: ss)
case (
thus ?case using si-eq-s1’ by auto
next
case (Suc n)
obtain z where n-steps: (s1, ) € [~] " n and step: T ~ sy using Suc.prems
by auto
obtain z’ where z-eq-z”: z = 2’ and s;'z: 51’ ~* 2’ using Suc.hyps n-steps
by blast
obtain sy’ where sy-eq-s2: 55 ~ so’ and z's0": 1/ ~ s/
by (meson step mimic-single-step z-eq-z”)
show ?case using s1'z sy-eq-so’ trancl-into-rtrancl sy’ by auto
qed
qed
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7.3.3 Strip diagram

lemma strip-lemma:
assumes
$182: 851 ~* s and
$182": 81 ~~ s’ and
reach: reachable (s1 :: ('r,’l,’v) global-state) and
lid-inf: infinite (UNIV :: 'l set) and
rid-inf: infinite (UNIV :: 'r set)
shows 353 837 53 = 537 A 53 ~* 53 A 59/ ~* 53/
proof —
from 5152 obtain n where (s1, s2) € [~]" n using rtrancl-power by blast
from reach s1s2’ and this show ?thesis
proof (induct n arbitrary: s; sa $2')
case (
hence s; = sy by simp
hence s385" s2 ~* so’ using 0.prems(2) by blast
show ?case by (rule exl[where z=s5"], rule exI[where z=55")) (use s2s2’ in
<simp add: af-refly)
next
case (Suc n)
obtain a where sja: s; ~ a and as2: (a, s2) € [~]7 n by (meson Suc.prems(3)
relpow-Suc-D2)
obtain b ¢ where b =~ c a ~~ b sy’ ~~ ¢
by (metis (mono-tags, lifting) SLC-top-relazed Suc.prems(1) Suc.prems(2)
afB-sym lid-inf rid-inf s1a)
obtain d e where d ~ e s9 ~* d b ~* ¢
by (meson Suc.hyps Suc.prems(1) <a ~>= by asy reachability-closed-under-execution-step
s1a valid-stepE)
obtain f where ¢ ~* fex f
by (meson (b = ¢ <b ~~* e) mimic-trans)
have d =~ f using af-trans «d = e» <e = f) by auto
then show Zcase by (metis (no-types, lifting) (¢ ~* fr <sg ~* dy (53" ~~ o
r-into-rtrancl rtrancl-reflcl rtrancl-trans)
qed
qed

7.3.4 Confluence diagram

lemma confluence-modulo-equivalence:
assumes
$182: 851 ~* s and
s182": 81" ~* s/ and
equiv: 81 ~ s1’ and
reach: reachable (s1 :: ('r,'l,'v) global-state) and
lid-inf: infinite (UNIV :: 'l set) and
rid-inf: infinite (UNIV :: 'r set)
shows 33 537 53 = 537 A 59 ~* 53 A 59/ ~* 537
proof —
obtain n where (s1, s2) € [~»] " n using s1s2 rtrancl-power by blast
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from reach equiv s1s2’ and this show ?thesis
proof (induct n arbitrary: s; s1’ s s27)
case base: 0
hence s; = sy by simp
obtain sy’ where s; ~* 53" 59/ ~ 55/
using af-sym base.prems(2,3) mimic-trans by blast
have sy ~* 55/ using <s; = sg» <51 ~* 83’ by blast
show ?case by (rule exl[where x=sy"], rule exI[where z=s5"]) (auto simp
add: af-sym (sg ~* $3") <9’ & 53"")
next
case step: (Suc n)
obtain a where sja: (s1, a) € [~»]7 n and asz: a ~> s2 using step.prems(4)
by auto
have reachable a using reachability-closed-under-execution relpow-imp-rtrancl
s1a step.prems(1) by blast
obtain b ¢ where a ~* b sy’ ~* c b~ ¢
using sja step.hyps step.prems(1—3) by blast
have a ~* sy by (simp add: asy r-into-rtrancl)
obtain s3 d where s3 ~ d s5 ~~* s3 b ~~* d
by (meson af-sym <a ~* by <reachable a) asy lid-inf refl-rewritesl rid-inf
strip-lemma)
obtain s3’ where s3 ~ s3’ ¢ ~* s3’
by (meson af-trans <b = ¢ <b ~* dy <s3 &= d> mimic-trans)
show ?case by (meson <c ~* s3/y (89 ~* s3> <89/ ~* ¢ (s3 &~ s3”» transD
trans-rtrancl)
qged
qged

7.4 Determinacy

theorem determinacy:
assumes
prog-expr: program-ezpr e and
e-terminates-in-s: e | s and
e-terminates-in-s”: e | s’ and
lid-inf: infinite (UNIV :: 'l set) and
rid-inf: infinite (UNIV :: 'r set)
shows s =~ s’
proof —
obtain r where z: (¢(r — (g,6,€))) ~* s
by (metis e-terminates-in-s execution-def maximal-execution-def terminates-in-def)
obtain 7’ where y: (¢(r’' — (g,g,e))) ~* s’
by (metis e-terminates-in-s’ execution-def mazimal-ezecution-def terminates-in-def)
let a0 = id(r =1/, v’ :=71)
have bij-a: bij %« by (simp add: swap-bij)
have equiv: (e(r — (e,6,¢))) = (e(r’ — (g,e,¢)))
proof (rule eg-statesI[of ?c id))
show Rg %a id (e(r — (g, ¢, ¢)) = e(r' — (g, ¢, €))
using bij-a prog-expr by auto
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qed (simp add: bij-a)+
have reach: reachable (e(r — (€,6,€)))
by (simp add: initial-state-reachable prog-expr)
have Ja b. (a = b) A s~*a A s’ ~*b
by (rule confluence-modulo-equivalence|OF x y equiv reach lid-inf rid-inf])
from this obtain a b where s ~~* a s’ ~~* b a = b by blast
have s = a by (meson <s ~* a) e-terminates-in-s mazimal-ezecution-def rtranclD
terminates-in-def tranclD)
have s’ = b by (meson s’ ~* by converse-rtranclE e-terminates-in-s’ mai-
mal-ezecution-def terminates-in-def)
show ?thesis using <a = by <s = a) <8’ = b» by auto
qed

end

end
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