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Abstract

A formalization of geometry of complex numbers is presented. Fundamental objects that are investigated
are the complex plane extended by a single infinite point, its objects (points, lines and circles), and groups
of transformations that act on them (e.g., inversions and M&bius transformations). Most objects are defined
algebraically, but correspondence with classical geometric definitions is shown.
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1 Introduction

The complex plane or some of its parts (e.g., the unit disc or the upper half plane) are often taken as the domain
in which models of various geometries (both Euclidean and non-Euclidean ones) are formalized. The complex
plane gives simpler and more compact formulas than the Cartesian plane. Within complex plane is easier
to describe geometric objects and perform the calculations (usually shedding some new light on the subject).
We give a formalization of the extended complex plane (given both as a complex projective space and as the
Riemann sphere), its objects (points, circles and lines), and its transformations (Mdbius transformations).



2 Related work

During the last decade, there have been many results in formalizing geometry in proof-assistants. Parts of
Hilbert’s seminal book ,Foundations of Geometry” [6] have been formalized both in Coq and Isabelle/Isar.
Formalization of first two groups of axioms in Coq, in an intuitionistic setting was done by Dehlinger et al. [1].
First formalization in Isabelle/HOL was done by Fleuriot and Meikele [8], and some further developments were
made in master thesis of Scott [14]. Large fragments of Tarski’s geometry [12] have been formalized in Coq by
Narboux et al. [9]. Within Coq, there are also formalizations of von Plato’s constructive geometry by Kahn
[15, 7], French high school geometry by Guilhot [3] and ruler and compass geometry by Duprat [2], etc.

In our previous work [11], we have already formally investigated a Cartesian model of Euclidean geometry.

3 Background theories

In this section we introduce some basic mathematical notions and prove some lemmas needed in the rest of our
formalization. We describe:

e trigonometric functions,
e complex numbers,
« systems of two and three linear equations with two unknowns (over arbitrary fields),

 quadratic equations (over real and complex numbers), systems of quadratic and real equations, and systems
of two quadratic equations,

e two-dimensional vectors and matrices over complex numbers.

3.1 Library Additions for Trigonometric Functions

theory More-Transcendental
imports Complex-Main HOL— Library. Periodic-Fun
begin

Additional properties of sin and cos functions that are later used in proving conjectures for argument of complex
number.

Sign of trigonometric functions on some characteristic intervals.

lemma cos-lt-zero-on-pi2-pi [simp]:
assumes z > pi/2 and z < pi
shows cos xz < 0
using cos-gt-zero-pilof pi — x| assms
by simp

Value of trigonometric functions in points k7 and 5 + k.

lemma sin-kpi [simp]:
fixes k::int
shows sin (k * pi) = 0
by (simp add: sin-zero-iff-int2)

lemma cos-odd-kpi [simp]:
fixes k::int
assumes odd k
shows cos (k * pi) = —1
by (simp add: assms mult.commute)

lemma cos-even-kpi [simp]:
fixes k::int
assumes even k
shows cos (k * pi) = 1
by (simp add: assms mult.commute)

lemma sin-pi2-plus-odd-kpi [simp):



fixes k::int

assumes odd k

shows sin (pi / 2 + k = pi) = —1
using assms

by (simp add: sin-add)

lemma sin-pi2-plus-even-kpi [simp):
fixes k::int
assumes even k
shows sin (pi / 2 + k x pi) = 1
using assms
by (simp add: sin-add)

Solving trigonometric equations and systems with special values (0, 1, or -1) of sine and cosine functions

lemma cos-0-iff-canon:
assumes cos ¢ = 0 and —pi < ¢ and ¢ < pi
shows ¢ = pi/2 V ¢ = —pi/2
by (smt (verit, best) arccos-0 arccos-cos assms cos-minus divide-minus-left)

lemma sin-0-iff-canon:
assumes sin ¢ = 0 and —pi < ¢ and ¢ < pi
shows ¢ = 0 V ¢ = pi
using assms sin-eq-0-pi by force

lemma cos0-sinl:
assumes sin ¢ = 1
shows 3 k:int. ¢ = pi/2 + 2xkxpi
by (smt (verit, ccfu-threshold) assms cos-diff cos-one-2pi-int cos-pi-half mult-cancel-right! sin-pi-half sin-plus-pi)

Sine is injective on [~F, 7]

lemma sin-inj:
assumes —pi/2 < a A a < pi/2 and —pi/2 < o' Ao’ < pi/2
assumes o # o’
shows sin a # sin o’
by (metis assms divide-minus-left sin-inj-pi)

Periodicity of trigonometric functions

The following are available in HOL-Decision_ Procs.Approximation_ Bounds, but we want to avoid that depen-
dency

lemma sin-periodic-nat [simp]:

fixes n :: nat

shows sin (x + n x (2 % pi)) = sin z

by (metis (no-types, opaque-lifting) add.commute add.left-neutral cos-2npi cos-one-2pi-int mult.assoc mult.commaute
mult.left-neutral mult-zero-left sin-add sin-int-2pin)

lemma sin-periodic-int [simp]:
fixes 7 :: int
shows sin (z + i * (2 = pi)) = sinz
by (metis add.right-neutral cos-int-2pin mult.commute mult.right-neutral mult-zero-right sin-add sin-int-2pin)

lemma cos-periodic-nat [simp):

fixes n :: nat

shows cos (z + n x (2 * pi)) = cos z

by (metis add.left-neutral cos-2npi cos-add cos-periodic mult.assoc mult-2 mult-2-right of-nat-numeral sin-periodic
sin-periodic-nat)

lemma cos-periodic-int [simp):
fixes i :: int
shows cos (z + 7 % (2 % pi)) = cos x
by (metis cos-add cos-int-2pin diff-zero mult.commute mult.right-neutral mult-zero-right sin-int-2pin)

Values of both sine and cosine are repeated only after multiples of 2 - 7

lemma sin-cos-eq:
fixes a b :: real



assumes cos a = cos b and sin a = sin b
shows 3 k:iint. a — b = 2xkxpi
by (metis assms cos-diff cos-one-2pi-int mult.commute sin-cos-squared-add3)

The following two lemmas are consequences of surjectivity of cosine for the range [—1, 1].

lemma ex-cos-eq:
assumes —pi/2 < a A a < pi/2
assumes a > (0 and a < 1
shows 3 a’. —pi/2 < a’'ANa’' < pi/2 Na'# a A cos (a —a') =a
proof—
have arccos a > 0 arccos a < pi/2
using <a > 0> <a < 1>
using arccos-lt-bounded arccos-le-pi2
by auto

show %thesis
proof (cases a — arccos a > — pi/2)
case True
thus ?Zthesis
using assms <arccos a > 0» <arccos a < pi/2>
by (rule-tac x = o — arccos a in exl) auto
next
case Fulse
thus %thesis
using assms <arccos a > 0) <arccos a < pi/2)
by (rule-tac x = o + arccos a in exl) auto
qed
qed

lemma ez-cos-gt:
assumes —pi/2 < a A a < pi/2
assumes a < I
shows 3 a’. —pi/2 < a’'ANa’'<pi/2 ANa’'# a A cos(a—a')>a
proof—
obtain ¢’ where ¢’ > 0a’' > aa’ < 1
by (metis assms(2) dense-le-bounded linear not-one-le-zero)
thus ?thesis
using ez-cos-eqof o a’| assms
by auto
qed

The function atan2 is a generalization of arctan that takes a pair of coordinates of non-zero points returns its
angle in the range [—m, 7).

definition atan?2 where
atan2 y r =
(if x > 0 then arctan (y/z)
else if x < 0 then
if y > 0 then arctan (y/z) + pi else arctan (y/z) — pi
else
if y > 0 then pi/2 else if y < 0 then —pi/2 else 0)

lemma atan2-bounded:

shows —pi < atan2 y x A atan2 y x < pi

using arctan-bounded|of y/x] zero-le-arctan-iff [of y/z] arctan-le-zero-iff [of y/z] zero-less-arctan-iff [of y/z] arctan-less-zero-iff [of
y/z]

using divide-neg-neg[of y x| divide-neg-pos[of y x| divide-pos-pos|of y z] divide-pos-neglof y x]

unfolding atan2-def

by (simp (no-asm-simp)) auto

end

3.2 Canonical angle

Canonize any angle to (—m, 7| (taking account of 27 periodicity of sin and cos). With this function, for example,
multiplicative properties of arg for complex numbers can easily be expressed and proved.



theory Canonical-Angle
imports More-Transcendental
begin

abbreviation canon-ang-P where
canon-ang-P o o’ = (—pi < o' A o’ < pi) A (3 kuint. o — o' = 2xk*pi)

definition canon-ang :: real = real (<|-|») where
la] = (THE a'. canon-ang-P a o)

There is a canonical angle for every angle.

lemma canon-ang-ez:
shows 3 o’. canon-ang-P o o’
proof—
have #xx: V azreal. 3 @’ 0 < o' Ao’ < 1 A (3 kuint. o' = a — k)
proof
fix a::real
show Ja'>0. o' < 1 A (Fkuint. o' = a — k)
proof (cases a = floor «)
case True
thus ?thesis
by (rule-tac x=a — floor o + 1 in ez, auto) (rule-tac z=floor o — 1 in ezl, auto)
next
case False
thus ?thesis
using real-of-int-floor-ge-diff-one[of a]
using of-int-floor-le[of o]
by (rule-tac x=a — floor o in exl) (smt (verit))
qed
qed

have #x: V aureal. 3 o’ 0 < o’ Ao’ < 2 A (3 kuint. a — o’ = 2%k — 1)
proof
fix a::real
from sxx[rule-format, of (o + 1) /2]
obtain o’ and k:int where 0 < o' o' < 1 a'=(a+ 1)/2 — k
by force
hence 0 < a'a’'<1a'=a/2 —k+1/2
by auto
thus 3a>0. o’ < 2 A (Jkuint. « — o’ = real-of-int (2 x k — 1))
by (rule-tac z=2*a’ in exl) auto
qed
have x: V aureal. 3 a'. —1 <a’'Aa’' <1 A (3 kuint. a — o' = 2xk)
proof
fix a::real
from *x obtain o’ and k :: int where
0<a'Na'<2ANa—a =2« — 1
by force
thus 3a>—1.a’' < 1 A (k. a — a’ = real-of-int (2 * (k::int)))
by (rule-tac z=a’ — 1 in ezl) (auto simp add: field-simps)
qed
obtain o’ k where 1: o’ >— 1 Ao’ < 1 and 2: a / pi — o' = real-of-int (2 * k)
using *[rule-format, of o / pi]
by auto
have a'+pi > —pi A o'*pi < pi
using I
by (smt (verit) mult.commute mult-le-cancel-left] mult-minus-right pi-gt-zero)
moreover
have a — a'+pi = 2 * real-of-int k * pi
using 2
by (auto simp add: field-simps)
ultimately
show ?thesis
by auto
qed



Canonical angle of any angle is unique.

lemma canon-ang-unique:
assumes canon-ang-P o a1 and canon-ang-P a az
shows a1 = a»
proof—
obtain k1:int where a — a1 = 2xk1x*pi
using assms(1)
by auto
obtain k2::int where a — as = 2xk2xpi
using assms(2)
by auto
hence *: —a1 + ag = 2x(k1 — k2)*pi
using «a — a1 = 2xk1*xpi
by (simp add:field-simps)
moreover
have —a; + as < 2 % pi —a1 + a2 > —2x%pi
using assms
by auto
ultimately
have —a1 + as = 0
using mult-less-cancel-right[of —2 pi real-of-int(2 * (k1 — k2))]
by auto
thus ?thesis
by auto
qed

Canonical angle is always in (—m, 7] and differs from the starting angle by 2km.

lemma canon-ang:
shows —pi < |a| and |a| < pi and 3 k:int. o — |a| = 2xkxpi
proof—
obtain o’ where canon-ang-P o o’
using canon-ang-ez|of ]
by auto
have canon-ang-P o |«
unfolding canon-ang-def
proof (rule thel[where a=a'])
show canon-ang-P o o’

by fact
next
fix o’
assume canon-ang-P o o'’
thus o’ = o’

using <canon-ang-P o o’
using canon-ang-uniquelof o’ o a'’]
by simp
qed
thus —pi < |a| |a] < pi 3 krint. a — |a] = 2xkxpi
by auto
qed

Angles in (—m, 7] are already canonical.

lemma canon-ang-id:
assumes —pi < a A a < pt
shows |a| = «
using assms
using canon-ang-uniquelof canon-ang o a ) canon-anglof o]
by auto

Angles that differ by 2k have equal canonical angles.

lemma canon-ang-eq:
assumes 3 k:int. an — as = 2xk*pi
shows |a1] = |a2|
proof—
obtain k’:int where *: — pi < a1 la1| < piox — loa] = 2 x k' x pi
using canon-anglof o]



by auto

obtain k'"::int where *x: — pi < |aa| |a2| < pi as — laa] = 2 x k" x pi
using canon-anglof az]
by auto

obtain k::int where *xx: a1 — ag = 2xk*pi
using assms
by auto

have dm:int. a1 — |az| = 2 * m *x pi
using (&) sxx
by (rule-tac z=k+k'" in exl) (auto simp add: field-simps)

thus %thesis
using canon-ang-uniquelof |ai| a1 |aa|] * *x
by auto
qed

Introduction and elimination rules

lemma canon-ang-eql:
assumes Jk:int. o' —a =2 x kxpiand — pi < o’ Aa’ < pi
shows |a| = o’
using assms
using canon-ang-eq|of a’ o]
using canon-ang-id[of o]
by auto

lemma canon-ang-eqE:
assumes |a1] = |as]
shows 3 (k::int). a1 — a2 = 2 *k * pi
proof—
obtain k1 k2 :: int where
ar — |la1] = 2 x k1 x pi
as — |az] = 2 % k2 x pi
using canon-anglof ai] canon-angof as]
by auto
thus %thesis
using assms
by (rule-tac z=k1 — k2 in exI) (auto simp add: field-simps)
qed

Canonical angle of opposite angle

lemma canon-ang-uminus:
assumes |a] # pi

shows |—a| = —|a]
proof (rule canon-ang-eql)
show Jdziint. — o] — —a = 2 x 2 x pi

using canon-ang(3)[of o]
by (metis minus-diff-eq minus-diff-minus)
next
show — pi < — |a] A — |a| < pi
using canon-ang(1)[of ] canon-ang(2)[of a] assms
by auto
qed

lemma canon-ang-uminus-pi:
assumes |a| = pi
shows |—a| = |a]
proof (rule canon-ang-eql)
obtain k::int where o — |a| = 2 *x k * pi
using canon-ang(3)[of o]
by auto
thus Jz:int. |a| — — a = 2 %z * pi
using assms
by (rule-tac z=k+(1::int) in exl) (auto simp add: field-simps)



next
show — pi < |a| A o] < pi
using assms
by auto
qed

Canonical angle of difference of two angles

lemma canon-ang-diff:
shows |a — 3] = [|la] — |8]
proof (rule canon-ang-eq)
show Jzuint. « — 8 — (la] — |Bl) = 2 x z % pi
proof—
obtain k1::int where a — |a| = 2xk1x*pi
using canon-ang(3)
by auto
moreover
obtain k2::int where 0 — |3| = 2xk2xpi
using canon-ang(3)
by auto
ultimately
show ?thesis
by (rule-tac z=k1 — k2 in exl) (auto simp add: field-simps)
qed
qed

Canonical angle of sum of two angles

lemma canon-ang-sum:
shows |a + 8] = |la] + |B]]
proof (rule canon-ang-eq)
show Jzuint. o + B8 — (la] + |B]l) = 2 x z x pi
proof—
obtain k1::int where a — |a] = 2xk1xpi
using canon-ang(3)
by auto
moreover
obtain k2::int where 0 — |3| = 2xk2xpi
using canon-ang(8)
by auto
ultimately
show #%thesis
by (rule-tac z=Fk1 + k2 in exl) (auto simp add: field-simps)
qged
qed

Canonical angle of angle from (0, 27 shifted by 7

lemma canon-ang-plus-pil:
assumes (0 < o and a < 2x%pi
shows |a + pi] = a — pi
proof (rule canon-ang-eql)
show 3 zuint. o — pi — (a4 pi) = 2 * z * pi
by (rule-tac z=—1 in exl) auto
next
show — pi < a — pi AN a — pi < pi
using assms
by auto
qed

lemma canon-ang-minus-pil:
assumes (0 < o and a < 2x%pi
shows |a — pi] = a — pi
proof (rule canon-ang-id)
show — pi < a — pi AN a — pi < pi
using assms
by auto
qed
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Canonical angle of angles from (—2, 0] shifted by =

lemma canon-ang-plus-pi2:
assumes —2xpi < o and a < 0
shows |a + pi] = a + pi
proof (rule canon-ang-id)
show — pi < a4+ pi AN a+ pi < pi
using assms
by auto
qed

lemma canon-ang-minus-pi2:
assumes —2xpi < o and a < 0
shows |a — pi] = a + pi
proof (rule canon-ang-eql)
show 3 zuint. o + pi — (v — pi) = 2 x z * pi
by (rule-tac z=1 in exl) auto
next
show — pi < a + pi A a + pi < pi
using assms
by auto
qed

Canonical angle of angle in (7, 37].

lemma canon-ang-pi-3pi:
assumes pi < o and o < 3 * pi
shows |a] = a — 2xpi
proof—
have Jz. — pi = pi * real-of-int x
by (rule-tac z=—1 in exl, simp)
thus %thesis
using assms canon-ang-eql[of o — 2xpi a]
by auto
qed

Canonical angle of angle in (—37, —].

lemma canon-ang-minus-3pi-minus-pi:
assumes —3x*pi < a« and a < —pi
shows |a] = a + 2xpi
proof—
have Jz. pi = pi * real-of-int x
by (rule-tac z=1 in exl, simp)
thus %thesis
using assms canon-ang-eql[of o + 2xpi q]
by auto
qed

Canonical angles for some special angles

lemma zero-canonical [simp]:

shows 0] = 0
using canon-ang-eql[of 0 0]
by simp

lemma pi-canonical [simp]:
shows |pi| = pi
by (simp add: canon-ang-id)

lemma two-pi-canonical [simp]:
shows |2 * pi] = 0
using canon-ang-plus-pil [of pi]
by simp

Canonization preserves sine and cosine

lemma canon-ang-sin [simp]:
shows sin |a] = sin «
proof—
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obtain z::int where a = |a] + pi * (z * 2)
using canon-ang(3)[of «]
by (auto simp add: field-simps)
thus %thesis
using sin-periodic-int[of |a| z]
by (simp add: field-simps)
qed

lemma canon-ang-cos [simpl:
shows cos |a| = cos
proof—
obtain z::int where a = |a] + pi * (z * 2)
using canon-ang(3)[of o]
by (auto simp add: field-simps)
thus %thesis
using cos-periodic-int[of |a| z]
by (simp add: field-simps)
qed

end

3.3 Library Additions for Complex Numbers

Some additional lemmas about complex numbers.

theory More-Complex
imports Complex-Main More-Transcendental Canonical-Angle
begin

Conjugation and cis

declare cis-cnj[simp]

lemmas complex-cnj = complex-cnj-diff complex-cnj-mult complex-cnj-add complex-cnj-divide complex-cnj-minus

Some properties for complex-of-real. Also, since it is often used in our formalization we abbreviate it to cor.

abbreviation cor :: real = complex where
cor = complex-of-real

lemma cmod-cis [simp]:
assumes a # 0
shows of-real (cmod a) x cis (Arg a) = a
using assms
by (metis rcis-cmod-Arg rcis-def)

lemma cis-cmod [simp]:
assumes a # 0
shows cis (Arg a) * of-real (cmod a) = a
by (metis assms cmod-cis mult.commute)

lemma cor-squared:
shows (cor 2)? = cor (z?)
by (simp add: power2-eq-square)

lemma cor-sqrt-mult-cor-sqrt [simpl:
shows cor (sqrt A) * cor (sqrt A) = cor |A|
by (metis of-real-mult real-sqrt-mult-self)

lemma cor-eq-0: corz +i*xcory=0+«—x=0ANy=20
by (metis Complex-eq Im-complez-of-real Im-i-times Re-complex-of-real add-cancel-left-left of-real-eq-0-iff plus-complex.sel(2)
zero-complex.code)

lemma one-plus-square-neq-zero [simp]:

shows 1 + (cor z)> # 0

by (metis (opaque-lifting, no-types) of-real-1 of-real-add of-real-eq-0-iff of-real-power power-one sum-power2-eq-zero-iff
zero-neg-one)

Additional lemmas about Complex constructor. Following newer versions of Isabelle, these should be deprecated.
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lemma complex-real-two [simp]:
shows Complex 2 0 = 2
by (simp add: Complex-eq)

lemma complez-double [simp]:
shows (Complez a b) * 2 = Complezx (2xa) (2xb)
by (simp add: Complex-eq)

lemma complez-half [simp]:
shows (Complez a b) / 2 = Complez (a/2) (b/2)
by (subst complez-eq-iff) auto

lemma Complez-scalel:
shows Complez (a * b) (a * ¢) = cor a * Complez b ¢
unfolding complez-of-real-def
unfolding Complez-eq
by (auto simp add: field-simps)

lemma Complez-scale2:
shows Complez (a * c¢) (b *x ¢) = Complex a b x cor c
unfolding complez-of-real-def
unfolding Complex-eq
by (auto simp add: field-simps)

lemma Complez-scale3:
shows Complez (a / b) (a / ¢) = cor a x Complex (1 / b) (1 / ¢)
unfolding complez-of-real-def
unfolding Complez-eq
by (auto simp add: field-simps)

lemma Complez-scales:
shows ¢ # 0 = Complez (a / ¢) (b / ¢) = Complez a b / cor ¢
unfolding complez-of-real-def
unfolding Complex-eq
by (auto simp add: field-simps power2-eq-square)

lemma Complez-Re-express-cnj:
shows Complex (Re z) 0 = (z + ¢cnjz) / 2
by (cases z) (simp add: Complez-eq)

lemma Complez-Im-express-cnj:
shows Complez 0 (Im z) = (z — cnj 2)/2
by (cases z) (simp add: Complex-eq)

Additional properties of cmod.

lemma complex-mult-cnj-cmod:
shows 2 x cnj z = cor ((cmod 2)?)
using complex-norm-square
by auto

lemma cmod-square:
shows (cmod 2)*> = Re (z * cnj 2)
using complez-mult-cnj-cmod|of 2]
by (simp add: power2-eq-square)

lemma cor-cmod-power-4 [simp]:
shows cor (cmod 2) "4 = (z * cnj 2)*
by (simp add: complex-mult-cnj-cmod)

lemma cnjk:
assumes z # 0
shows cnj x = cor ((ecmod z)?) / x
using complex-mult-cnj-cmod|of x| assms
by (auto simp add: field-simps)

lemma cmod-cor-divide [simp):
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shows c¢cmod (z / cor k) = c¢cmod z / |k|
by (simp add: norm-divide)

lemma cmod-mult-minus-left-distrib [simp]:
shows cmod (zxz1 — 2%22) = cmod z * cmod(z1 — 22)
by (metis norm-mult right-diff-distrib)

lemma cmod-eql:
assumes z1 x cnj zI = 22 % cnj 22
shows cmod z1 = cmod 22
using assms
by (subst complex-mod-sqrt-Re-mult-cnj)+ auto

lemma cmod-eqE:
assumes cmod zI = cmod 22
shows z1 x cnj z1 = 22 % cnj 22
by (simp add: assms complex-mult-cnj-cmod)

lemma cmod-eg-one [simp]:
shows c¢cmod a = 1 «—— axcnja = 1
by (metis cmod-eqE cmod-eql complez-cnj-one monoid-mult-class.mult.left-neutral norm-one)

We introduce is-real (the imaginary part of complex number is zero) and is-imag (real part of complex number
is zero) operators and prove some of their properties.

abbreviation is-real where
is-real z = Im z = 0

abbreviation is-imag where
is-imag z = Re z = 0

lemma real-imag-0:
assumes is-real a is-imag a
shows a = 0
using assms
by (simp add: complex.expand)

lemma complex-eq-if-Re-eq:
assumes is-real z1 and is-real 22
shows 21 = 22 «—— Re z1 = Re 22
using assms
by (cases z1, cases z2) auto

lemma mult-reals [simp]:
assumes is-real a and is-real b
shows is-real (a * b)
using assms
by auto

lemma div-reals [simp]:
assumes is-real a and is-real b
shows is-real (a / b)
using assms
by (simp add: complex-is- Real-iff)

lemma complez-of-real-Re [simp]:
assumes is-real k
shows cor (Re k) = k
using assms
by (cases k) (auto simp add: complex-of-real-def)

lemma cor-cmod-real:
assumes is-real a
shows cor (cmod a) = a V cor (cmod a) = —a
using assms
unfolding cmod-def
by (cases Re a > 0) auto
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lemma eq-cnj-iff-real:
shows cnj z = z «— is-real z
by (cases z) (simp add: Complez-eq)

lemma eq-minus-cnj-iff-imag:
shows cnj z = —z «—— is-imag z
by (cases z) (simp add: Complez-eq)

lemma Re-divide-real:
assumes is-real b and b # 0
shows Re (a / b) = (Re a) / (Re b)
using assms
by (simp add: complez-is-Real-iff)

lemma Re-mult-real:
assumes is-real a
shows Re (a * b) = (Re a) * (Re b)
using assms
by simp

lemma Im-mult-real:
assumes is-real a
shows Im (a * b) = (Re a) * (Im b)
using assms
by simp

lemma Im-divide-real:
assumes is-real b and b # 0
shows Im (a / b) = (Im a) / (Re b)
using assms
by (simp add: complex-is-Real-iff)

lemma Re-sgn:
assumes is-real R
shows Re (sgn R) = sgn (Re R)
using assms
by (metis Re-sgn complez-of-real-Re norm-of-real real-sgn-eq)

lemma is-real-div:
assumes b # 0
shows is-real (a / b) < axcnj b = bxcnj a
using assms
by (metis complex-cnj-divide complex-cnj-zero-iff eq-cnj-iff-real frac-eq-eq mult.commute)

lemma is-real-mult-real:
assumes is-real a and a # 0
shows is-real b «—— is-real (a * b)
using assms
by (cases a, auto simp add: Complez-eq)

lemma Im-express-cnj:
shows Im z = (z — ¢cnj 2) / (2 = 1)
by (simp add: complex-diff-cnj field-simps)

lemma Re-express-cnj:
shows Re z = (z + ¢cnj z) / 2
by (simp add: complex-add-cnj)

Rotation of complex number for 90 degrees in the positive direction.
abbreviation r0t90 where

rot90 z = Complex (—Im z) (Re z)

lemma rot90-ii:
shows 10t90 z = z * i
by (metis Complex-mult-i complex-surj)
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With cnj-miz we introduce scalar product between complex vectors.

succinctly express some conditions.

abbreviation cnj-miz where
cnj-mix z1 22 = enj z1 * 22 + z1 * cnj 22

abbreviation scalprod where
scalprod z1 z2 = cnj-miz 21 22 | 2

lemma cnj-miz-minus:
shows c¢nj z1%22 — zlxcnj 22 = 1 % cnj-miz (rot90 z1) 22
by (cases z1, cases z2) (simp add: Complex-eq field-simps)

lemma cnj-miz-minus’:
shows cnj z1%22 — z1xcnj 22 = rot90 (cnjg-miz (1ot90 z1) 22)
by (cases z1, cases z2) (simp add: Complex-eq field-simps)

lemma cnj-miz-real [simpl:
shows is-real (cnj-miz z1 22)
by (cases z1, cases z2) simp

lemma scalprod-real [simp):
shows is-real (scalprod z1 z2)
using cnj-miz-real
by simp

Additional properties of cis function.

lemma cis-minus-pi2 [simp]:
shows cis (—pi/2) = —i
by (simp add: cis-inverse[symmetric])

lemma cis-pi2-minus-z [simp]:
shows cis (pi/2 — z) =1 * cis(—x)
using cis-divide[of pi/2 z, symmetric]
using cis-divide[of 0 =, symmetric]
by simp

lemma cis-pm-pi [simp]:
shows cis (z — pi) = — cisz and cis (z + pi) = — cis x
by (simp add: cis.ctr complez-minus)+

lemma cis-times-cis-opposite [simp):
shows cis ¢ * cis (— @) = 1
by (simp add: cis-mult)

cis repeats only after 2km

lemma cis-eq:
assumes cis a = cis b
shows 3 k:int. a — b= 2 x k x pi
using assms sin-cos-eq[of a b]
using cis.sel[of a] cis.sel[of b]
by (cases cis a, cases cis b) auto

cis is injective on (—m, .

lemma cis-inj:
assumes —pi < o and o < pi and —pi < o’ and o’ < pi
assumes cis o = cis o’
shows a = o’
using assms
by (metis cis-Arg-unique sgn-cis)

cis of an angle combined with cis of the opposite angle

lemma cis-diff-cis-opposite [simp]:
shows cis ¢ — cis (— p) = 2 * 1% sin ¢
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using Im-express-cnj[of cis ¢]
by simp

lemma cis-opposite-diff-cis [simp]:

shows cis (—p) — cis (p) = — 2 %1 x sin @
using cis-diff-cis-opposite[of —¢]
by simp

lemma cis-add-cis-opposite [simp]:
shows cis ¢ + cis (—¢) = 2 * cos ¢
by (metis cis.sel(1) cis-cnj complex-add-cnyj)

cis equal to 1 or -1

lemma cis-one [simp]:
assumes sin ¢ = 0 and cos p = 1
shows cis ¢ = 1
using assms
by (auto simp add: cis.ctr one-complez.code)

lemma cis-minus-one [simp]:
assumes sin ¢ = 0 and cos p = —1
shows cis ¢ = —1
using assms
by (auto simp add: cis.ctr Complez-eq-neg-1)

3.3.1 Additional properties of complex number argument

Arg of real numbers

lemma is-real-argi:
assumes Arg z = 0 V Arg z = pi
shows is-real z
using assms
using rcis-cmod-Arg|of z] Im-rcis[of cmod z Arg Z]
by auto

lemma is-real-arg2:
assumes is-real z
shows Arg z = 0 V Arg z = pi
proof (cases z = 0)
case Fulse
thus %thesis
using Arg-bounded|of 2|
by (smt (verit, best) Im-sgn assms cis.simps(2) cis-Arg div-0 sin-zero-pi-iff)
qed (auto simp add: Arg-zero)

lemma arg-complez-of-real-positive [simp]:
assumes k > 0
shows Arg (cor k) = 0
proof—
have cos (Arg (Complez k 0)) > 0
using assms
using rcis-cmod-Arg[of Complex k 0] Re-rcis[of cmod (Complex k 0) Arg (Complex k 0)]
using cmod-eq-Re by force
thus “thesis
using assms is-real-arg2|of cor k]
unfolding complex-of-real-def
by auto
qed

lemma arg-complez-of-real-negative [simp]:
assumes k < 0
shows Arg (cor k) = pi
proof—
have cos (Arg (Complez k 0)) < 0
using <k < 0 rcis-cmod-Arglof Complex k 0] Re-rcis[of cmod (Complex k 0) Arg (Complex k 0)]
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by (metis complex.sel(1) mult-less-0-iff norm-not-less-zero)
thus ?thesis
using assms is-real-arg2|of cor k]
unfolding complex-of-real-def
by auto
qed

lemma arg-0-iff:

shows z # 0 N Arg z = 0 «—— is-real z N\ Re z > 0

by (smt (verit, best) arg-complez-of-real-negative arg-complex-of-real-positive Arg-zero complez-of-real-Re is-real-argl
pi-gt-zero zero-complex.simps)

lemma arg-pi-iff:

shows Arg z = pi «—— is-real z A\ Re z < 0

by (smt (verit, best) arg-complez-of-real-negative arg-complex-of-real-positive Arg-zero complez-of-real-Re is-real-argl
pi-gt-zero zero-complex.simps)

Arg of imaginary numbers

lemma is-imag-arg?:
assumes Arg z = pi/2 V Arg z = —pi/2
shows is-imag z
using assms
using rcis-cmod-Arg|of 2] Re-rcis[of cmod z Arg 2]
by (metis cos-minus cos-pi-half minus-divide-left mult-eq-0-iff)

lemma is-imag-arg2:
assumes is-imag z and z # 0
shows Arg z = pi/2 V Arg z = —pi/2
using Arg-bounded assms cos-0-iff-canon cos-Arg-i-mult-zero by presburger

lemma arg-complez-of-real-times-i-positive [simp):
assumes k > 0
shows Arg (cor k x1i) = pi / 2
proof—
have sin (Arg (Complex 0 k)) > 0
using <k > 0» rcis-cmod-Arg[of Complex 0 k] Im-rcis[of cmod (Complex 0 k) Arg (Complez 0 k)]
by (smt (verit, best) complex.sel(2) mult-nonneg-nonpos norm-ge-zero)
thus %thesis
using assms is-imag-arg2[of cor k * i]
using Arg-zero complex-of-real-i
by force
qed

lemma arg-complez-of-real-times-i-negative [simpl:
assumes k < 0
shows Arg (cor k x1) = — pi / 2
proof—
have sin (Arg (Complex 0 k)) < 0
using <k < 0» rcis-cmod-Arg[of Complex 0 k] Im-rcis[of cmod (Complex 0 k) Arg (Complex 0 k)]
by (metis complex.sel(2) mult-less-0-iff norm-not-less-zero)
thus %thesis
using assms is-imag-arg2[of cor k x i
using Arg-zero complez-of-real-i[of k]
by (smt (verit, best) complex.sel(1) sin-pi-half sin-zero)
qed

lemma arg-pi2-iff:

shows z # 0 N Arg z = pi | 2 «—— is-imagz A Im z > 0

by (smt (verit, best) Im-rcis Re-i-times Re-rcis arcsin-minus-1 cos-pi-half divide-minus-left mult. commute mult-cancel-right1
rcis-cmod-Arg is-imag-arg2 sin-arcsin sin-pi-half zero-less-mult-pos zero-less-norm-iff)

lemma arg-minus-pi2-iff:

shows z £ 0 N Argz=— pi /| 2 «— is-imag z A Im z < 0

by (smt (verit, best) arg-pi2-iff complez.expand divide-cancel-right pi-neq-zero is-imag-argl is-imag-arg2 zero-complez.simps(1)
zero-complez.simps(2))

18



Argument is a canonical angle

lemma canon-ang-arg:
shows |Arg z| = Arg z
using canon-ang-id[of Arg z] Arg-bounded
by simp

lemma arg-cis:
shows Arg (cis ) = |¢]
using cis-Arg-unique canon-ang canon-ang-cos canon-ang-sin cis.ctr sgn-cis by presburger

Cosine and sine of Arg

lemma cos-arg:
assumes z # 0
shows cos (Arg z) = Re z / cmod z
by (metis Complex.Re-sgn cis.simps(1) assms cis-Arg)

lemma sin-arg:
assumes 2z # (
shows sin (Arg z) = Im z / ¢cmod z
by (metis Complex.Im-sgn cis.simps(2) assms cis-Arg)

Argument of product

lemma cis-arg-mult:
assumes 21 * 22 # 0
shows cis (Arg (z1 * 22)) = cis (Arg z1 + Arg 22)
by (metis assms cis-Arg cis-mult mult-eq-0-iff sgn-mult)

lemma arg-mult-2kpi:
assumes 21 * 22 # 0
shows 3 kuint. Arg (21 * 22) = Arg z1 + Arg 22 + 2xkxpi
proof—
have cis (Arg (21%22)) = cis (Arg z1 + Arg 22)
by (rule cis-arg-mult|OF assms])
thus %thesis
using cis-eq[of Arg (z1%22) Arg z1 + Arg z2]
by (auto simp add: field-simps)
qed

lemma arg-mult:
assumes zI * 22 # 0
shows Arg(z1 % 22) = |Arg z1 + Arg 22|
proof—
obtain k::int where Arg(z1 x 22) = Arg z1 + Arg 22 + 2xk*pi
using arg-mult-2kpiof z1 22]
using assms
by auto
hence |Arg(z1 * 22)| = |Arg 21 + Arg 22]
using canon-ang-eq
by (simp add:field-simps)
thus ?thesis
using canon-ang-arg|of z1x22]
by auto
qed

lemma arg-mult-real-positive [simp]:

assumes k > 0

shows Arg (cor k x z) = Arg z
proof (cases z = 0)

case False

thus ?thesis

using arg-mult assms canon-ang-arg by force

qed (auto simp: Arg-zero)

lemma arg-mult-real-negative [simp]:
assumes k < 0
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shows Arg (cor k x z) = Arg (—z)
proof (cases z = 0)
case False
thus ?thesis
using assms
by (metis arg-mult-real-positive minus-mult-commute neg-0-less-iff-less of-real-minus minus-minus)
qed (auto simp: Arg-zero)

lemma arg-div-real-positive [simp]:
assumes k > 0
shows Arg (z / cor k) = Arg z
proof(cases z = 0)
case True
thus “thesis
by auto
next
case False
thus %thesis
using assms
using arg-mult-real-positive[of 1/k z]
by auto
qed

lemma arg-div-real-negative [simp]:
assumes k < 0
shows Arg (z / cor k) = Arg (—=z)
proof(cases z = 0)
case True
thus ?thesis
by auto
next
case False
thus %thesis
using assms
using arg-mult-real-negative[of 1 /k 2]
by auto
qed

lemma arg-mult-eq:
assumes z * z1 # 0 and z * 22 # 0
assumes Arg (z x z1) = Arg (z x 22)
shows Arg z1 = Arg 22
by (metis (no-types, lifting) arg-cis assms canon-ang-arg cis-Arg mult-eq-0-iff nonzero-mult-div-cancel-left sgn-divide)

Argument of conjugate

lemma arg-cnj-pi:
assumes Arg z = pi
shows Arg (cnj z) = pi
using arg-pi-iff assms by auto

lemma arg-cnj-not-pi:
assumes Arg z # pi
shows Arg (cnj z) = —Arg z
proof(cases Arg z = 0)
case True
thus %thesis
using eg-cnj-iff-real[of 2] is-real-argl[of z] by force
next
case False
have Arg (cnj z) = Arg z V Arg(enj z) = —Arg z
using Arg-bounded|of z] Arg-bounded|of cnj z]
by (smt (verit, best) arccos-cos arccos-cos2 cnj.sel(1) complex-cnj-zero-iff complez-mod-cnj cos-arg)
moreover
have Arg (cnj z) # Arg z
using sin-0-iff-canon|[of Arg (cnj z)] Arg-bounded False assms
by (metis complex-mod-cnj eq-cnj-iff-real is-real-arg2 rcis-cmod-Arg)
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ultimately
show ?thesis
by auto
qed

Argument of reciprocal

lemma arg-inv-not-pi:
assumes 2z # 0 and Arg z # pi
shows Arg (1 / z) = — Arg 2
proof—
have 1/z = cnj z / cor ((cmod 2)*)
using <z # 0> complez-mult-cnj-cmod|of 2]
by (auto simp add:field-simps)
thus ?thesis
using arg-div-real-positive[of (cmod 2)? cnj 2] <z # 0>
using arg-cnj-not-pilof z| <Arg z # pi>
by auto
qed

lemma arg-inv-pi:
assumes z # 0 and Arg z = pi
shows Arg (1 / z) = pi
proof—
have 1/z = cnj z / cor ((¢cmod 2)?)
using «z # 0> complez-mult-cnj-cmod|of z]
by (auto simp add:field-simps)
thus %thesis
using arg-div-real-positive[of (cmod 2)* cnj 2] <z # 0>
using arg-cnj-piof z] <Arg z = pi>
by auto
qed

lemma arg-inv-2kpi:
assumes z # 0
shows 3 kuint. Arg (1 / z) = — Arg z + 2xkxpi
using arg-inv-pi[OF assms]
using arg-inv-not-pi[OF assms]
by (cases Arg z = pi) (rule-tac =1 in ezl, simp, rule-tac =0 in ez, simp)

lemma arg-inv:
assumes 2z # (
shows Arg (1 / z) = |— Arg 2|
by (metis arg-inv-not-pi arg-inv-pi assms canon-ang-arg canon-ang-uminus-pi)

Argument of quotient

lemma arg-div-2kpi:
assumes zI! # 0 and 22 # 0
shows 3 kiint. Arg (21 | 22) = Arg z1 — Arg 22 + 2xkxpi
proof—
obtain z! where Arg (21 % (1 / 22)) = Arg z1 + Arg (1 / 22) + 2 x real-of-int x1 * pi
using assms arg-mult-2kpilof z1 1/22]
by auto
moreover
obtain z2 where Arg (1 / 22) = — Arg 22 + 2 * real-of-int 2 * pi
using assms arg-inv-2kpi[of 22]
by auto
ultimately
show ?thesis
by (rule-tac z=z1 + x2 in exl, simp add: field-simps)
qed

lemma arg-div:
assumes zI # 0 and 22 # 0
shows Arg(z1 /| 22) = |Arg 21 — Arg 22|
proof—
obtain k::int where Arg(z1 / 22) = Arg z1 — Arg 22 + 2xkxpi
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using arg-div-2kpi[of z1 z2]
using assms
by auto

hence canon-ang(Arg(z1 / 22)) = canon-ang(Arg z1 — Arg 22)
using canon-ang-eq
by (simp add:field-simps)

thus %thesis
using canon-ang-arg|of z1/22]
by auto

qed

Argument of opposite

lemma arg-uminus:
assumes 2z # 0
shows Arg (—z) = |Arg z + pi]
using assms
using arg-mult[of —1 2]
using arg-complez-of-real-negative[of —1]
by (auto simp add: field-simps)

lemma arg-uminus-opposite-sign:
assumes z # 0
shows Arg z > 0 «—— = Arg (—z) > 0
proof (cases Arg z = 0)
case True
thus ?thesis
using assms
by (simp add: arg-uminus)
next
case False
show ?thesis
proof (cases Arg z > 0)
case True
thus %thesis
using assms
using Arg-bounded|of z]
using canon-ang-plus-pil [of Arg z]
by (simp add: arg-uminus)
next
case Fulse
thus %thesis
using <Arg z # 0»
using assms
using Arg-bounded|of 2]
using canon-ang-plus-pi2[of Arg z|
by (simp add: arg-uminus)
qed
qed

Sign of argument is the same as the sign of the Imaginary part

lemma arg-Im-sgn:
assumes — is-real z
shows sgn (Arg z) = sgn (Im 2)
proof—
have z # 0
using assms
by auto
then obtain r ¢ where polar: z = corr * cis p ¢p = Arg zr > 0
by (smt (verit, best) cmod-cis mult-eq-0-iff norm-ge-zero of-real-0)
hence Im z = r x sin ¢
by (metis Im-mult-real Re-complez-of-real cis.simps(2) Im-complez-of-real)
hence Imz > 0 «— sin > 0Imz < 0 «— sin ¢ < 0
using «r > 0»
using mult-pos-pos mult-nonneg-nonneg zero-less-mult-pos mult-less-cancel-left
by (smt (verit, best))+
moreover
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have ¢ # pi ¢ # 0
using <— is-real 2> polar cis-pi
by force+
hence sin ¢ > 0 «—— ¢ > 0 ¢ < 0 +— sin p < 0
using «p = Arg 2> «p # 0) «p # pi»
using Arg-bounded|of z]
by (smt (verit, best) sin-gt-zero sin-le-zero sin-pi-minus sin-0-iff-canon sin-ge-zero)+
ultimately
show %thesis
using «p = Arg )
by auto
qed

3.3.2 Complex square root

definition
cesqrt z = rcis (sqrt (cmod 2)) (Arg z | 2)

lemma square-ccsqrt [simp):
shows (ccsqrt z)* = ¢
unfolding ccsqrt-def
by (subst DeMoivre2) (simp add: rcis-cmod-Arg)

lemma ez-complez-sqrt:
shows 3 s:complex. sxs = z
unfolding power2-eg-square[symmetric]
by (rule-tac x=csqrt z in exl) simp

lemma ccsqrt:
assumes s * § = z

shows s = ccsqrt z V s = —cesqrt z
proof (cases s = 0)
case True

thus %thesis
using assms
unfolding ccsqrt-def
by simp

next

case False

then obtain k::int where cmod s x cmod s = cmod z 2 * Arg s — Arg z = 2xkxpi
using assms
using rcis-cmod-Arg|of z] rcis-cmod-Arglof s]
using arg-mult]of s s]
using canon-ang(3)[of 2xArg s
by (auto simp add: norm-mult arg-mult)

have x: sqrt (¢cmod z) = cmod s
using <cmod s x cmod s = cmod z)
by (smt (verit, best) norm-not-less-zero real-sqrt-abs2)

have xx: Arg z /| 2 = Arg s — kxpi
using <2 x Arg s — Arg z = 2xkxpi
by simp

have cis (Arg s — kxpi) = cis (Arg s) V cis (Arg s — kxpi) = —cis (Arg s)
proof (cases even k)
case True
hence cis (Arg s — kxpi) = cis (Arg s)
by (simp add: cis-def complex.corec cos-diff sin-diff)
thus ?thesis
by simp
next
case Fulse
hence cis (Arg s — kxpi) = —cis (Arg s)
by (simp add: cis-def complex.corec Complex-eq cos-diff sin-diff)
thus ?thesis
by simp
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qed
thus %thesis
proof
assume xxx: cis (Arg s — k * pi) = cis (Arg s)
hence s = ccsqrt z
using rcis-cmod-Arg|of §
unfolding ccsqrt-def rcis-def
by (subst *, subst *x, subst *xx, simp)
thus Zthesis

by simp
next
assume xxx: cis (Arg s — k x pi) = —cis (Arg s)
hence s = — cesqrt z

using rcis-cmod-Arg|of s
unfolding ccsqrt-def rcis-def
by (subst *, subst *x*, subst ***, simp)
thus ?thesis
by simp
qed
qed

lemma null-ccsqrt [simp]:
shows cesqrt z = 0 «—— x = 0
unfolding ccsqrt-def
by auto

lemma ccsqrt-mult:
shows ccsqrt (a * b) = cesqrt a * cesqre b V
cesqrt (a x b) = — cesqrt a = cesqrt b
proof (cases a = 0V b= 0)
case True
thus ?thesis
by auto
next
case False
obtain k::int where Arg a + Arg b — |Arg a + Arg b] = 2 * real-of-int k * pi
using canon-ang(3)[of Arg a + Arg b]
by auto
hence x: |Arg a + Arg b] = Arg a + Arg b — 2 x (real-of-int k) * pi
by (auto simp add: field-simps)

have cis (|[Arga + Arg b] / 2) = cis (Arga / 2 + Argb / 2) V cis (JArga + Arg b| / 2) = — cis (Arga / 2 + Arg
b/ 2)
using cos-even-kpi[of k| cos-odd-kpi[of k|
by ((subst )+, (subst diff-divide-distrib)+, (subst add-divide-distrib)+)
(cases even k, auto simp add: cis-def complex.corec Complex-eq cos-diff sin-diff)
thus ?thesis
using False
unfolding ccsqrt-def
by (smt (verit, best) arg-mult mult-minus-left mult-minus-right no-zero-divisors norm-mult rcis-def rcis-mult real-sqrt-mult)
qed

lemma csqrt-real:
assumes is-real
shows (Re x > 0 A ccsqrt © = cor (sqrt (Re x))) V
(Rex < 0 A cesqrt z =i * cor (sqrt (— (Re z))))
proof (cases z = 0)
case True
thus %thesis
by auto
next
case Fulse
show ?%thesis
proof (cases Re z > 0)
case True
hence Argz = 0
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using <is-real x»
by (metis arg-complez-of-real-positive complex-of-real-Re)
thus Zthesis
using <Re x > 0» <is-real z»
unfolding ccsqrt-def
by (simp add: cmod-eq-Re)
next
case Fulse
hence Re z < 0
using <z # 0> <is-real
using complez-eq-if-Re-eq by auto
hence Arg z = pi
using <is-real x»
by (metis arg-complez-of-real-negative complex-of-real-Re)
thus Zthesis
using «Re z < 0» <is-real x>
unfolding ccsqrt-def rcis-def
by (simp add: cis-def complez.corec Complex-eq cmod-eq-Re)
qed
qed

Rotation of complex vector to x-axis.

lemma is-real-rot-to-z-azis:
assumes z # 0
shows is-real (cis (—Arg z) * z)
proof (cases Arg z = pi)
case True
thus ?thesis
using is-real-arg! [of z]
by auto
next
case False
hence |— Arg z| = — Arg z
using canon-ang-eql[of — Arg z —Arg 2]
using Arg-bounded|of |
by (auto simp add: field-simps)
hence Arg (cis (— (Arg z)) * z) = 0
using arg-mult[of cis (— (Arg 2)) 2] <z # 0>
using arg-cis[of — Arg 2]
by simp
thus ?thesis
using is-real-argl [of cis (— Arg z) * 2]
by auto
qed

lemma positive-rot-to-z-axis:
assumes 2z # (
shows Re (cis (—Arg z) % z) > 0
using assms
by (smt (verit) ab-group-add-class.ab-left-minus add-eq-0-iff arg-cis arg-inv arg-inv-not-pi arg-mult arg-pi-iff cis-neg-zero
cis-pm-pi(2)
divisors-zero is-real-rot-to-z-axis pi-canonical pi-neg-zero real-imag-0 zero-canonical)

Inequalities involving cmod.

lemma cmod-1-plus-mult-le:
shows cmod (1 + zxw) < sqrt((1 + (cmod 2)?) * (1 4+ (cmod w)?))
proof—
have Re ((1+zxw)x(1+cnj zxcnj w)) < Re (1+4zxcnj z)* Re (1+wxcnj w)
proof—
have Re ((w — cnj z)*xcnj(w — cnj z)) > 0
by (subst complez-mult-cnj-cmod) (simp add: power2-eq-square)
hence Re (zxw + cnj z * cnj w) < Re (wkcenj w) + Re(zxcenj z)
by (simp add: field-simps)
thus %thesis
by (simp add: field-simps)
qed
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hence (cmod (1 + z * w))*> < (1 + (cmod 2)?) * (1 + (cmod w)?)
by (subst cmod-square)+ simp
thus %thesis
by (metis abs-norm-cancel real-sqrt-abs real-sqrt-le-iff)
qed

lemma cmod-diff-ge:
shows cmod (b — ¢) > sqrt (1 + (cmod b)?) — sqrt (1 + (cmod c)?)

proof—
have (cmod (b — ¢))? + (1/2%Im(bxcnj ¢ — cxcnj b))* > 0
by simp
hence (cmod (b — ¢))® > — (1/2xIm(bxcnj ¢ — cxcnj b))?
by simp

hence (cmod (b — ¢))? > (1/2%Re(bxcnj ¢ + cxenj b))? — Re(bxcnj bxcexcenj c)
by (auto simp add: power2-eq-square field-simps)
hence Re ((b — ¢)x(cnj b — cnj ¢)) > (1/2xRe(bxcng ¢ + cxeng b))? — Re(bxcnj bxcxenj ¢
by (subst (asm) cmod-square) simp
moreover
have (1 + (cmod b)?) * (1 + (emod ¢)?) = 1 + Re(bxcnj b) + Re(cxcnj ¢) + Re(bxcnj bxcxenj c)
by (subst cmod-square)+ (simp add: field-simps power2-eg-square)
moreover
have (1 + Re (scalprod b ¢))? = 1 4+ 2xRe(scalprod b ¢) + ((Re (scalprod b c))?)
by (subst power2-sum) simp
hence (1 + Re (scalprod b ¢))> = 1 + Re(bxcnj ¢ + cxcenj b) 4+ (1/2 % Re (bxenj ¢ + cxenj b))?
by simp
ultimately
have (1 + (cmod b)?) * (1 + (cmod ¢)?) > (1 + Re (scalprod b ¢))?
by (simp add: field-simps)
moreover
have sgrt((1 + (cmod b)?) % (1 + (cmod ¢)?)) > 0
by (metis one-power2 real-sqrt-sum-squares-mult-ge-zero)
ultimately
have sqrt((1 + (cmod b)?) x (1 + (cmod ¢)?)) > 1 + Re (scalprod b ¢)
by (metis power2-le-imp-le real-sqrt-ge-0-iff real-sqrt-pow2-iff)
hence Re ((b — ¢) * (ecnj b — cnj ¢)) > 1 + Re (cxcnj ¢) + 1 + Re (bxenj b) — 2xsqrt((1 + (cmod b)?) * (1 +
(emod ¢)?))
by (simp add: field-simps)
hence *: (cmod (b — ¢))? > (sqrt (1 + (cmod b)?) — sqrt (1 + (cmod c)?))?
apply (subst cmod-square)+
apply (subst (asm) cmod-square)+
apply (subst power2-diff)
apply (subst real-sqrt-pow2, simp)
apply (subst real-sqrt-pow2, simp)
apply (simp add: real-sqrt-mult)
done
thus ?thesis
proof (cases sqrt (1 + (cmod b)?) — sqrt (1 + (cmod ¢)?) > 0)
case True
thus Zthesis
using power2-le-imp-le[OF ]
by simp
next
case Fulse
hence 0 > sqrt (1 + (cmod b)?) — sqrt (1 + (cmod c)?)
by (metis less-eq-real-def linorder-neqE-linordered-idom)
moreover
have cmod (b — ¢) > 0
by simp
ultimately
show ?thesis
by (metis add-increasing monoid-add-class.add.right-neutral)
qed
qed

e e e e e e

lemma cmod-diff-le:
shows cmod (b — ¢) < sqrt (1 + (cmod b)?) + sqrt (1 + (cmod c)?)
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proof—
have (cmod (b + ¢))? + (1/2xIm(bxcnj ¢ — cxcnj b))> > 0
by simp
hence (cmod (b + ¢))? > — (1/2xIm(bxcnj ¢ — cxenj b))?
by simp
hence (cmod (b + ¢))? > (1/2xRe(bxcnj ¢ + cxcnj b))? — Re(bxcnj brcxeng c)
by (auto simp add: power2-eq-square field-simps)
hence Re ((b + ¢)x(cnj b 4 cnj ¢)) > (1/2%Re(bkcng ¢ 4+ cxeng b))? — Re(bxcnj bxcxenj ¢
by (subst (asm) cmod-square) simp
moreover
have (1 + (cmod b)?) x (1 + (cmod ¢)?) = 1 + Re(bxcnj b) + Re(cxcnj ¢) 4+ Re(bxenj bxcxenj c)
by (subst cmod-square)+ (simp add: field-simps power2-eq-square)
moreover
have ++: 2xRe(scalprod b ¢) = Re(bxcnj ¢ + cxcnj b)
by simp
have (1 — Re (scalprod b ¢))?> = 1 — 2xRe(scalprod b ¢) + ((Re (scalprod b c))?)
by (subst power2-diff) simp
hence (1 — Re (scalprod b ¢))® = 1 — Re(bxcnj ¢ 4+ cxcnj b) + (1/2 * Re (bxcnj ¢ + cxcnj b))?
by (subst ++[symmetric]) simp
ultimately
have (1 + (cmod b)?) * (1 + (e¢mod ¢)?) > (1 — Re (scalprod b ¢))?
by (simp add: field-simps)
moreover
have sgrt((1 + (cmod b)?) % (1 + (cmod ¢)?)) > 0
by (metis one-power2 real-sqrt-sum-squares-mult-ge-zero)
ultimately
have sqrt((1 + (cmod b)?) * (1 + (cmod ¢)?)) > 1 — Re (scalprod b ¢)
by (metis power2-le-imp-le real-sqrt-ge-0-iff real-sqrt-pow2-iff)
hence Re ((b — ¢) * (enj b — cnj ¢)) < 1 + Re (cxenj ¢) + 1 + Re (bxcnj b) 4+ 2xsqrt((1 + (cmod b)?) * (1 +
(emod ¢)?))
by (simp add: field-simps)
hence *: (cmod (b — ¢))? < (sqrt (1 + (cmod b)?) + sqrt (1 + (cmod ¢)?))?
apply (subst cmod-square)+
apply (subst (asm) cmod-square)+
apply (subst power2-sum)
apply (subst real-sqrit-pow2, simp)
apply (subst real-sqrt-pow2, simp)
apply (simp add: real-sqrt-mult)
done
thus %thesis
using power2-le-imp-le[OF x|
by simp
qed

Definition of Euclidean distance between two complex numbers.

definition cdist where
[simp]: cdist z1 22 = cmod (22 — z1)

Misc. properties of complex numbers.

lemma ez-complex-to-complex [simp]:
fixes z1 22 :: complex
assumes 21 # 0 and 22 # 0
shows k. k # 0 N 22 =k * 21
using assms
by (rule-tac t=22/z1 in exl) simp

lemma ez-complex-to-one [simp]:
fixes z::complex
assumes z # 0
shows 3k. k#O0Nkxz=1
using assms
by (rule-tac x=1/z in exl) simp

lemma ez-complez-to-complex?2 [simp]:

fixes z::complex
shows dk. k£ 0 Nk x2z= 2
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by (rule-tac x=1 in exl) simp

lemma complez-sqrt-1:
fixes z::complex
assumes 2z # 0
shows 2 =1 /z«—2=1Vz=—1
using assms
using nonzero-eq-divide-eq square-eq-iff
by fastforce

end

3.4 Angle between two vectors

In this section we introduce different measures of angle between two vectors (represented by complex numbers).

theory Angles
imports More-Transcendental Canonical-Angle More-Complex
begin

3.4.1 Oriented angle

Oriented angle between two vectors (it is always in the interval (—m, 7).

definition ang-vec (<£>) where
[simp]: £ 21 22 = |Arg 22 — Arg 21|

lemma ang-vec-bounded:
shows —pi < £ 21 22 N £ 21 22 < pi
by (simp add: canon-ang(1) canon-ang(2))

lemma ang-vec-sym:
assumes / zl z2 # pi
shows £ z1 22 = — £ 22 z1
using assms
unfolding ang-vec-def
using canon-ang-uminus|of Arg z2 — Arg z1]
by simp

lemma ang-vec-sym-pi:
assumes Z z1 z2 = pi
shows £ z1 22 = £ 22 z1
using assms
unfolding ang-vec-def
using canon-ang-uminus-pilof Arg z2 — Arg z1]
by simp

lemma ang-vec-plus-pil:
assumes 2 z1 22 > 0
shows | £ z1 22 + pi| = £ z1 22 — pi
proof (rule canon-ang-eql)
show 3 zuint. £ 21 22 — pi — (£ 21 22 + pi) = 2 * real-of-int x x pi
by (rule-tac z=—1 in exl) auto
next
show — pi < £ 21 22 — pi N L 21 22 — pi < pi
using assms
unfolding ang-vec-def
using canon-ang(1)[of Arg z2 — Arg z1] canon-ang(2)|of Arg 22 — Arg z1]
by auto
qed

lemma ang-vec-plus-pi2:
assumes 2 z1 22 < 0
shows |£ 21 22 + pi| = £ 21 22 + pi
proof (rule canon-ang-id)
show — pi < £ 21 22 + pi N £ 21 22 + pi < pi
using assms
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unfolding ang-vec-def
using canon-ang(1)[of Arg 22 — Arg z1] canon-ang(2)[of Arg 22 — Arg z1]
by auto

qed

lemma ang-vec-oppositel :
assumes zI # 0
shows / (—z1) 22 = |£ 21 22 — pi|
proof—
have £ (—z1) 22 = |Arg 22 — (Arg z1 + pi)]
unfolding ang-vec-def
using arg-uminus[OF assms]
using canon-ang-arg[of 22, symmetric]
using canon-ang-diff[of Arg z2 Arg z1 + pi, symmelric]
by simp
moreover
have |Z z1 22 — pi| = |Arg 22 — Arg z1 — pi|
using canon-ang-id[of pi, symmetric]
using canon-ang-diff [of Arg 22 — Arg z1 pi, symmetric|
by simp-all
ultimately
show ?thesis
by (simp add: field-simps)
qed

lemma ang-vec-opposite2:
assumes 22 # 0
shows £ z1 (—22) = |£ 21 22 + pi]
unfolding ang-vec-def
using arg-mult[of —1 22] assms
using arg-complez-of-real-negative[of —1]
using canon-ang-diff[of Arg (—1) + Arg 22 Arg z1, symmetric]
using canon-ang-sumlof Arg z2 — Arg z1 pi, symmetric]
using canon-ang-id[of pi] canon-ang-arg|of z1]
by (auto simp: algebra-simps)

lemma ang-vec-opposite-opposite:
assumes zI # 0 and 22 # 0
shows £ (—z1) (—22) = £ 21 22
proof—
have £ (—z1) (—22) = ||£ 21 22 + pi| — |pil|
using ang-vec-oppositel [OF assms(1)]
using ang-vec-opposite2[OF assms(2)]
using canon-ang-id[of pi, symmetric]

by simp-all
also have ... = |Z 21 22|

by (subst canon-ang-diff [symmetric], simp)
finally

show ?thesis
by (metis ang-vec-def canon-ang(1) canon-ang(2) canon-ang-id)
qed

lemma ang-vec-opposite-opposite’:

assumes 21 # z and 22 # z

shows £ (z — 21) (z — 22) = £ (21 — 2) (22 — 2)
using ang-vec-opposite-opposite[of z — z1 z — z2] assms
by (simp add: field-simps del: ang-vec-def)

Cosine, scalar product and the law of cosines

lemma cos-cmod-scalprod:
shows cmod z1 % cmod 22 * (cos (£ z1 22)) = Re (scalprod z1 22)
proof (cases z1 = 0 V 22 = 0)
case True
thus ?thesis
by auto
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next
case False
thus %thesis
by (simp add: cos-diff cos-arg sin-arg field-simps)
qed

lemma cos0-scalprod0:
assumes 21 # 0 and 22 # 0
shows cos (£ z1 22) = 0 «—— scalprod z1 z2 = 0
using assms
using cnj-miz-real[of z1 22]
using cos-cmod-scalprod|of z1 z2]
by (auto simp add: complex-eq-if-Re-eq)

lemma ortho-scalprod0:
assumes zI # 0 and 22 # 0
shows £ z1 22 = pi/2 V £ z1 22 = —pi/2 «— scalprod z1 22 = 0
using cos0-scalprod0[OF assms]
using ang-vec-bounded|of z1 22]
using cos-0-iff-canonfof £ z1 22]
by (metis cos-minus cos-pi-half divide-minus-left)

lemma law-of-cosines:

shows (cdist B C)? = (cdist A C)? + (cdist A B)? — 2x(cdist A C)*(cdist A B)x(cos (£ (C—A) (B—A)))
proof—

let a = C—B and % = C—A and ?c = B—A

have %a = 2b — %c

by simp
hence (cmod ?a)® = (cmod (2b — %c))?
by metis
also have ... = Re (scalprod (?b—?c) (2b—?%c))
by (simp add: cmod-square)
also have ... = (cmod 2b)*> + (cmod ?c)* — 2xRe (scalprod 2b ?c)
by (simp add: cmod-square field-simps)
finally

show %thesis
using cos-cmod-scalprod[of 7b ?c]
by simp
qed

3.4.2 Unoriented angle

Convex unoriented angle between two vectors (it is always in the interval [0, pi]).

definition ang-vec-c (<Zc¢)) where
[simp]:Zc z1 22 = abs (£ z1 22)

lemma ang-vec-c-sym:
shows Zc z1 22 = Zc 22 21
unfolding ang-vec-c-def
using ang-vec-sym-pilof z1 22| ang-vec-sym|of z1 2]
by (cases £ z1 z2 = pi) auto

lemma ang-vec-c-bounded: 0 < Zc z1 22 N Zc z1 22 < pi
using canon-ang(1)[of Arg 22 — Arg z1] canon-ang(2)[of Arg 22 — Arg z1]
by auto

Cosine and scalar product

lemma cos-c-: cos (Lc z1 22) = cos (£ z1 22)
unfolding ang-vec-c-def
by (smt (verit) cos-minus)

lemma ortho-c-scalprod0:

assumes 21 # 0 and 22 # 0

shows Zc¢ z1 22 = pi/2 «—— scalprod z1 22 = 0
proof—
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have £ 21 22 =pi /| 2V L 21 22 = — pi | 2 «—— ZLc z1 22 = pi/2
unfolding ang-vec-c-def
using arctan
by force

thus %thesis
using ortho-scalprod0[OF assms]
by simp

qed

3.4.3 Acute angle

Acute or right angle (non-obtuse) between two vectors (it is always in the interval [0, 5]). We will use this to
measure angle between two circles, since it can always be acute (or right).

definition acute-ang where
[simp]: acute-ang o = (if a > pi / 2 then pi — « else a)

definition ang-vec-a (<Zay) where
[simp]: La z1 22 = acute-ang (Lc z1 22)

lemma ang-vec-a-sym:
Za z1 22 = La 22 z1
unfolding ang-vec-a-def
using ang-vec-c-sym
by auto

lemma ang-vec-a-opposite2:
La z1 22 = La z1 (—22)
proof(cases z2 = 0)
case True
thus %thesis
by (metis minus-zero)
next
case False
thus ?thesis
proof(cases £ z1 22 < —pi | 2)
case True
hence £ z1 22 < 0
using pi-not-less-zero
by linarith
have Za 21 22 = pi + £ z1 22
using True <£ z1 22 < 0>
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto
moreover
have Za z1 (—22) = pi + £ z1 22
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
using canon-ang(1)[of Arg 22 — Arg z1] canon-ang(2)[of Arg 22 — Arg z1]
using ang-vec-plus-pi2|of z1 z2] True £ z1 z2 < 0y 22 # O»
using ang-vec-opposite2[of z2 z1]
by auto
ultimately
show ?thesis
by auto
next
case Fulse
show ?thesis
proof (cases £ z1 z2 < 0)
case True
have Za 21 22 = — £ 21 22
using - £ 21 22 < — pi |/ 2> True
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto
moreover
have Za z1 (—22) = — £ 21 22
using (= £ z1 22 < — pi / 2> True
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
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using ang-vec-plus-pi2|of z1 22]
using canon-ang(1)[of Arg 22 — Arg z1] canon-ang(2)[of Arg 22 — Arg z1]
using <22 # 0» ang-vec-opposite2[of 22 z1]
by auto
ultimately
show %thesis
by simp
next
case False
show ?%thesis
proof (cases Z z1 22 < pi | 2)
case True
have Za 21 22 = £ 21 22
using «— £ z1 22 < 0> True
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto
moreover
have Za z1 (—22) = £ z1 22
using - £ z1 22 < 0> True
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
using ang-vec-plus-pil [of z1 2]
using canon-ang(1)[of Arg 22 — Arg z1] canon-ang(2)[of Arg 22 — Arg z1]
using «z2 # 0) ang-vec-opposite2[of 22 z1]
by auto
ultimately
show ?thesis
by simp
next
case False
have /£ z1 22 > 0
using False
by (metis less-linear less-trans pi-half-gt-zero)
have Za 21 22 = pi — £ 21 22
using False <£ z1 22 > 0>
unfolding ang-vec-a-def ang-vec-c-def ang-vec-a-def abs-real-def
by auto
moreover
have Za z1 (—22) = pi — £ z1 22
unfolding ang-vec-a-def ang-vec-c-def abs-real-def
using False <£ z1 22 > 0>
using ang-vec-plus-pil [of z1 z2]
using canon-ang(1)[of Arg z2 — Arg z1] canon-ang(2)|of Arg 22 — Arg z1]
using 22 # 0) ang-vec-opposite2[of z2 z1]
by auto
ultimately
show ?thesis
by auto
qed
qed
qed
qed

lemma ang-vec-a-oppositel:
shows Za z1 22 = Za (—21) 22
using ang-vec-a-sym[of —z1 22] ang-vec-a-opposite2|of z2 z1] ang-vec-a-sym|of 22 21|
by auto

lemma ang-vec-a-scalel:
assumes k # 0
shows Za (cor k x z1) 22 = Za 21 22
proof (cases k > 0)
case True
thus %thesis
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
using arg-mult-real-positive[of k z1]
by auto
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next
case False
hence k£ < 0
using assms
by auto
thus %thesis
using arg-mult-real-negative[of k z1]
using ang-vec-a-oppositel [of z1 22]
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
by simp
qed

lemma ang-vec-a-scale2:
assumes k # 0
shows Za z1 (cor k x 22) = Za z1 22
using ang-vec-a-sym|of z1 complez-of-real k * z2]
using ang-vec-a-scalel [OF assms, of 22 z1]
using ang-vec-a-sym|of z1 z2]
by auto

lemma ang-vec-a-scale:
assumes kI # 0 and k2 # 0
shows Za (cor k1 * z1) (cor k2 * 22) = Za z1 22
using ang-vec-a-scalel [OF assms(1)] ang-vec-a-scale2[OF assms(2)]
by auto

lemma ang-a-cnj-cnj:
shows Za 21 22 = Za (cnj z1) (cnj 22)
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
proof(cases Arg z1 # pi N\ Arg 22 # pi)
case True
thus acute-ang ||Arg 22 — Arg z1|| = acute-ang || Arg (cnj 22) — Arg (cnj z1)]|
using arg-cnj-not-pilof z1] arg-cnj-not-pilof z2]
apply (auto simp del:acute-ang-def)
proof(cases |Arg 22 — Arg 21| = pi)
case True
thus acute-ang ||Arg 22 — Arg z1|| = acute-ang ||Arg z1 — Arg 22|
using canon-ang-uminus-pi[of Arg 22 — Arg z1]
by (auto simp add:field-simps)
next
case Fulse
thus acute-ang ||Arg 22 — Arg z1|| = acute-ang ||Arg z1 — Arg z2]|
using canon-ang-uminus|of Arg 22 — Arg z1]
by (auto simp add:field-simps)
qed
next
case Fulse
thus acute-ang ||Arg 22 — Arg z1]| = acute-ang ||Arg (cnj 22) — Arg (cnj 21)]|
proof(cases Arg z1 = pi)
case Fulse
hence Arg 22 = pi
using < = (Arg z1 # pi A Arg 22 # pi)»
by auto
thus %thesis
using False
using arg-cnj-not-pifof z1] arg-cnj-piof 22]
apply (auto simp del:acute-ang-def)
proof (cases Arg z1 > 0)
case True
hence —Arg z1 < 0
by auto
thus acute-ang ||pi — Arg z1|| = acute-ang ||pi + Arg z1]]
using True canon-ang-plus-pil [of Arg z1]
using Arg-bounded|of z1] canon-ang-plus-pi2[of —Arg z1]
by (auto simp add:field-simps)
next
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case False
hence —Arg z1 > 0
by simp
thus acute-ang ||pi — Arg z1|| = acute-ang ||pi + Arg z1]]
proof(cases Arg z1 = 0)
case True
thus ?thesis
by (auto simp del:acute-ang-def)
next
case False
hence —Arg z1 > 0
using <—Arg z1 > 0»
by auto
thus ?thesis
using Fualse canon-ang-plus-pil [of —Arg z1]
using Arg-bounded[of z1] canon-ang-plus-pi2|of Arg z1]
by (auto simp add:field-simps)
qed
qed
next
case True
thus %thesis
using arg-cnj-piof z1]
apply (auto simp del:acute-ang-def)
proof(cases Arg z2 = pi)
case True
thus acute-ang || Arg 22 — pi|| = acute-ang ||Arg (cnj 22) — pil]
using arg-cnj-pilof z2]
by auto
next
case False
thus acute-ang || Arg 22 — pi|| = acute-ang || Arg (cnj 22) — pil]
using arg-cnj-not-pilof z2]
apply (auto simp del:acute-ang-def)
proof(cases Arg 22 > 0)
case True
hence —Arg 22 < 0
by auto
thus acute-ang || Arg 22 — pi|| = acute-ang ||— Arg 22 — pil|
using True canon-ang-minus-pil [of Arg 22|
using Arg-bounded|of z2] canon-ang-minus-pi2[of —Arg z2]
by (auto simp add: field-simps)
next
case Fulse
hence —Arg 22 > 0
by simp
thus acute-ang || Arg 22 — pi|| = acute-ang ||— Arg 22 — pi]|
proof(cases Arg z2 = 0)
case True
thus ?Zthesis
by (auto simp del:acute-ang-def)
next
case Fulse
hence —Arg 22 > 0
using «—Arg 22 > 0»
by auto
thus ?thesis
using False canon-ang-minus-pil [of —Arg 22]
using Arg-bounded|of z2] canon-ang-minus-pi2[of Arg 22]
by (auto simp add:field-simps)
qed
qged
qed
qed
qed
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Cosine and scalar product

lemma ortho-a-scalprod0:
assumes 21 # 0 and 22 # 0
shows Za z1 22 = pi/2 «—— scalprod z1 z2 = 0
unfolding ang-vec-a-def
using assms ortho-c-scalprod0]of z1 z2]
by auto

declare ang-vec-c-def[simp del]

lemma cos-a-c: cos (La z1 22) = abs (cos (Lc z1 22))
proof—
have 0 < Zc z1 22 Zc z1 22 < pi
using ang-vec-c-bounded|of z1 z2]
by auto
show %thesis
proof (cases Zc z1 22 = pi/2)
case True
thus Zthesis
unfolding ang-vec-a-def acute-ang-def
by (smt (verit) cos-pi-half pi-def pi-half)
next
case Fulse
show ?thesis
proof (cases Zc z1 22 < pi | 2)
case True
thus %thesis
using 0 < Zc z1 22>
using cos-gt-zero-pilof Zc z1 22)
unfolding ang-vec-a-def
by simp
next
case Fulse
hence Zc z1 22 > pi/2
using «Zc z1 22 # pi/2>
by simp
hence cos (Zc 21 22) < 0
using «Zc z1 22 < pi»
using cos-lt-zero-on-pi2-pilof Zc z1 z2]
by simp
thus %thesis
using <Zc z1 22 > pi/2»
unfolding ang-vec-a-def
by simp
qed
qed
qed

end

3.5 Library Aditions for Set Cardinality

In this section some additional simple lemmas about set cardinality are proved.

theory More-Set

imports Main

begin

Every infinite set has at least two different elements

lemma infinite-contains-2-elems:
assumes infinite A
shows3 zy z#ynze ANye A
by (metis assms finite.simps is-singletonl’ is-singleton-def)

Every infinite set has at least three different elements

lemma infinite-contains-3-elems:
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assumes infinite A
showsdzyz.z#yANaexFzNy#zANzeANye ANzEA
by (metis Diff-iff assms infinite-contains-2-elems infinite-remove insertl1)

Every set with cardinality greater than 1 has at least two different elements

lemma card-geq-2-iff-contains-2-elems:
shows card A > 2 «— finite AN B zy.z£yANz € ANy€EA
proof (intro iffI conjl)
assume *: finite AN (S zy.z#yAz € ANyE A
thus card A > 2
by (metis card-0-eq card-Suc-eq empty-iff lel less-2-cases singletonD)
next
assume *: 2 < card A
then show finite A
using card.infinite by force
show 3 zy. 2 #AyAz e ANye A
by (meson * card-2-iff' in-mono obtain-subset-with-card-n)
qed

Set cardinality is at least 3 if and only if it contains three different elements

lemma card-geq-3-iff-contains-3-elems:
shows card A > 8 «— finite AN Qzyz. s yANc#zANy#zANz€EANyEANzE A
proof (intro iffI conjl)
assume *: card A > 3
then show finite A
using card.infinite by force
showd zyz.z#yANaesFzNy#zANceANyeE ANzEA
by (smt (verit, best) * card-2-iff ' card-geq-2-iff-contains-2-elems le-cases3 not-less-eq-eq numeral-2-eq-2 numeral-3-eq-3)
next
assume *: finite AN S zyz.zFyANcFzANy#zANze ANye ANze A
thus card A > 3
by (metis One-nat-def Suc-le-eq card-2-iff' card-le-SucO-iff-eq leI numeral-3-eq-3 one-add-one order-class.order.eq-iff
plus-1-eq-Suc)
qed

Set cardinality of A is equal to 2 if and only if A=x, y for two different elements x and y

lemma card-eq-2-iff-doubleton: card A = 2 — 3 zy. z # y N A= {z, y})
using card-geg-2-iff-contains-2-elems|of A]
using card-geq-3-iff-contains-3-elems[of A]
by auto (rule-tac z=z in ezl, rule-tac z=y in exl, auto)

lemma card-eq-2-doubleton:
assumes card A = 2and z #yandz € Aand y € A
shows A = {z, y}
using assms card-eq-2-iff-doubleton[of A]
by auto

Bijections map singleton to singleton sets

lemma bij-image-singleton:
shows [f ‘A = {b}; fa = b; bij f] = A = {a}
by (metis bij-betw-def image-empty image-insert inj-image-eq-iff)

end

3.6 Systems of linear equations

In this section some simple properties of systems of linear equations with two or three unknowns are derived.
Existence and uniqueness of solutions of regular and singular homogenous and non-homogenous systems is
characterized.

theory Linear-Systems
imports Main
begin

Determinant of 2x2 matrix
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definition det2 :: (‘a::field) = 'a = 'a = 'a = 'a where
[simp]: det2 all al2 a2l a22 = all*a22 — al2xa2l

Regular homogenous system has only trivial solution

lemma regular-homogenous-system:
fixes all al2 a2l a22 z1 x2 :: 'a:field
assumes det2 all al2 a2l a22 # 0
assumes allxzl + al2+z2 = 0 and
a2lxzxl + a22xzx2 = 0
shows z1 = 0 AN 22 =0
proof (cases all = 0)
case True
with assms(1) have a12 # 0 a21 # 0
by auto
thus ?thesis
using <all = 0> assms(2) assms(3)
by auto
next
case False
hence z1 = — al2+%z2 / all
using assms(2)
by (metis eg-neg-iff-add-eq-0 mult-minus-left nonzero-mult-div-cancel-left)
hence a21 x (— al2 x 22 [ all) + a22 * 22 = 0
using assms(3)
by simp
hence a21 x (— al2 x 22) + a22 x 22 % all = 0
using <all # 0»
by auto
hence (al1%a22 — al2xa2l)*z2 = 0
by (simp add: field-simps)
thus ?thesis
using assms(1) assms(2) <all # 0>
by auto
qed

Regular system has a unique solution

lemma regular-system:
fixes all al2 a21 a22 b1 b2 :: 'a::field
assumes det2 all al2 a2l a22 # 0
shows 3! z. allx(fst ) + al2x(snd x) = bl A
a21x(fst ) + a22x(snd z) = b2
proof
let 2d = al1%a22 — al2+a21 and ?d1 = bi1*a22 — b2xal2 and ?d2 = b2xall — bl*a2l
let %z = (2d1 / %d, 2d2 ] ?d)
have all % 2d1 + al2 x 2d2 = blx2d a21 * ?2d1 + a22 % 2d2 = b2« ?2d
by (auto simp add: field-simps)
thus al1l * fst 2z + al2 % snd ?z = bl A a2l * fst %z + a22 % snd %x = b2
using assms
by (metis (opaque-lifting, no-types) det2-def add-divide-distrib eq-divide-imp fst-eqD snd-eqD times-divide-eq-right)

fix z’

assume all * fst ' + al12 * snd ' = bl A a2l * fst ' + a22 * snd z' = b2

with <all * fst 2z + al2 % snd ?z = bl A a2l * fst %z + a22 % snd % = b2

have all * (fst 2’ — fst ?z) + al2 * (snd x' — snd ?z) = 0 A a2l * (fst ' — fst ?z) + a22 x (snd 2’ — snd ?z) = 0
by (auto simp add: field-simps)

thus z' = %
using reqular-homogenous-system|OF assms, of fst x' — fst ?z snd ' — snd ?x)
by (cases z') auto

qed

Singular system does not have a unique solution

lemma singular-system:
fixes all al2 a2l a22 ::'a:field
assumes det2 all al2 a21 a22 = 0 and all # 0V al2 # 0
assumes z0: allxfst 0 + al2xsnd 20 = bl
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a21xfst x0 + a22xsnd x0 = b2
assumes z: allxfst ¢ + al2+snd x = bl
shows a21xfst © + a22+«snd z = b2
proof (cases all = 0)
case True
with assms have a21 = 0 a12 # 0
by auto
let 2k = a22 / al2
have 02 = %k * b1
using 20 <all = 0> <a21 = 0> <al2 # 0»
by auto
thus %thesis
using <all = 0> <a21 = 0> «al2 # 0> z
by auto
next
case False
let 2k = a21 / all
from z
have %k x all = fst x + %k * al2 * snd x = %k * bl
using <all # 0»
by (auto simp add: field-simps)
moreover
have a21 = %k % all a22 = %k x a12 b2 = %k x bl
using assms(1) z0 <all # 0>
by (auto simp add: field-simps)
ultimately
show %thesis
by auto
qed

All solutions of a homogenous system of 2 equations with 3 unknows are proportional

lemma linear-system-homogenous-3-2:
fixes all al2 al3 a2l a22 a23 vl y1 z1 22 y2 22 :: 'a::field
assumes f1 = Az yz. all xz+ al2 xy + al3 * 2)
assumes f2 = (A zy 2. a2l * z + a22 * y + a23 % z)
assumes fI z1 y1 z1 = 0 and f2 x1 y1 z1 = 0
assumes f1 22 y2 22 = 0 and f2 22 y2 22 = 0
assumes 2 # 0V y2 # 0V 22 # 0
assumes det2 all al2 a2l a22 # 0 V det2 all al3 a21 a28 # 0 V det2 al2 al8 a22 a23 # 0
shows d k. 2l =kx 22 Nyl =k*xy2 Nzl =Fkx* 22
proof—
let 2Dz = det2 all al12 a21 a22
let YDy = det2 all al3 a21 a23
let YDz = det2 al2 al3 a22 a23

have a21 * (fl z1 y1 z1) — all * (f2z1 yl z1) = 0
using assms
by simp
hence yz1: ?Dzxyl + ?Dy*xzl1 = 0
using assms
by (simp add: field-simps)

have a21 * (fI 22 y2 22) — all * (f222y222) = 0
using assms
by simp
hence yz2: ?Dzxy2 + ?Dy*xz2 = 0
using assms
by (simp add: field-simps)

have a22 x (fl z1 y1 21) — al2 x (f2z1 yl 21) = 0
using assms
by simp
hence zz1: —?Dzxxl + ?Dxxzl = 0
using assms
by (simp add: field-simps)
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have a22 x (f1 22 y2 22) — al2 x (f2 22 y2 22) = 0
using assms
by simp
hence z22: —?Dzxx2 + ?Dzx22 = 0
using assms
by (simp add: field-simps)

have a23 * (fl z1 yl z1) — al3 * (f2z1 y1 z1) = 0
using assms
by simp
hence zyl: ?Dyxxl + ?Dzxyl = 0
using assms
by (simp add: field-simps)

have a23 x (f1 22 y2 22) — al3 * (f2 22 y2 22) = 0
using assms
by simp
hence zy2: ?Dyxx2 + ?Dzxy2 = 0
using assms
by (simp add: field-simps)

show ?thesis

using <Dz # 0V ?Dy # 0 V ¢Dzx # 0>
proof safe

assume ?Dz # 0

hence x*:
z2 = (?Dz | ?Dz) x 22 y2 = — (?Dy /| ?Dz) % 22
zl = (?Dz | ?Dz) x z1 yl = — (?Dy / ?Dz) x z1

using zy?2 z22 vyl xz1 yz1 yz2
by (simp-all add: field-simps)

hence 22 # 0
using <22 £ 0V y2 # 0V 22 # 0»
by auto

thus %thesis
using * <?Dz # 0»
by (rule-tac z=21/22 in exl) auto

next
assume 7Dy # 0
hence x*:
z2 = — (?Dx | ?Dy) x y2 22 = — (?Dz / ?Dy) * y2
zl = — (?Dz / ?Dy) x yl 21 = — (?Dz / ?Dy) * yl

using zy?2 x22 vyl xz1 yz1 yz2
by (simp-all add: field-simps)

hence y2 # 0
using <z2 £ 0V y2 # 0V 22 # 0»
by auto

thus %thesis
using * <?Dy # 0»
by (rule-tac z=y1/y2 in exl) auto

next
assume ?Dz # 0
hence x:
y2 = — (?Dy / ?Dz) * 22 22 = (?Dz | ?Dz) x 2
yl = — (?Dy / ?Dx) x z1 21 = (¢Dz / ?Dzx) * =l

using xy2 x22 xyl xz1 yzl yz2
by (simp-all add: field-simps)

hence z2 # 0
using «z2 # 0V y2 # 0V 22 # 0>
by auto
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thus ?thesis
using * <?Dx # 0>
by (rule-tac z=z1/z2 in exl) auto
qed
qed

end

3.7 Quadratic equations

In this section some simple properties of quadratic equations and their roots are derived. Quadratic equations
over reals and over complex numbers, but also systems of quadratic equations and systems of quadratic and
linear equations are analysed.

theory Quadratic
imports More-Compler HOL— Library. Quadratic- Discriminant
begin

3.7.1 Real quadratic equations, Viette rules

lemma viette2-monic:
fixes b c €1 £2 :: real
assumes b2 — fxc > 0 and €12 + bx€1 + ¢ = 0 and €22 + €2 4+ ¢ = 0 and £1 # £2
shows £1x£2 = ¢
using assms
by algebra

lemma viette2:
fixes a b c &1 £2 :: real
assumes a # 0 and b® — J*axc > 0 and ax£1% + bxé1 + ¢ = 0 and ax€2% + bx£2 + ¢ = 0 and £1 # £2
shows £1%£2 = ¢/a
proof (rule viette2-moniclof b/a c¢/a £1 £2])
have (b / a)® — 4 = (¢ / a) = (b — 4xaxc) / a®
using «a # 0»
by (auto simp add: power2-eq-square field-simps)
thus 0 < (b / a)® — 4 * (¢ / a)
using «b? — 4xaxc > 0>
by simp
next
show €12 +b/axél +c/a=06€224+b/ax€2+c/a=0
using assms
by (auto simp add: power2-eq-square field-simps)
next
show &1 # £2
by fact
qed

lemma viette2'-monic:
fixes b ¢ & :: real
assumes b2 — Jxc =0 and €2 + b€ + ¢ = 0
shows &x€ = ¢
using assms
by algebra

lemma viette2":
fixes a b ¢ £ :: real
assumes a # 0 and b®> — Jxaxc = 0 and ax£2 4+ bxé + ¢ = 0
shows {x€ = ¢/a
proof (rule viette2’-monic)
have (b / a)® — 4 * (¢ / a) = (b* — 4xaxc) / a®
using <«a # 0»
by (auto simp add: power2-eq-square field-simps)
thus (b / a)?> — 4 x(c/a)=0
using b? — Jxaxc = 0>
by simp
next
show €2 +b/ax&+c/a=0
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using assms
by (auto simp add: power2-eq-square field-simps)
qed

3.7.2 Complex quadratic equations

lemma complex-quadratic-equation-monic-only-two-roots:
fixes £ :: complex
assumes £2 + bxE+c= 0
shows ¢ = (—b 4 cesqrt(b®> — 4xc)) / 2V € = (=b — cesqrt(b® — 4xc)) / 2
using assms
proof—
from assms have (2 x (€ + b/2))? = b? — 4xc
by (simp add: power2-eq-square field-simps)
(metis (no-types, lifting) distrib-right-numeral mult.assoc mult-zero-left)
hence 2 * (& + b/2) = cesqrt (B> — 4xc) V 2 % (€ + b/2) = — cesqrt (b — 4*c)
using cesqrt[of (2 % (€ + b/ 2)) b — 4 * (]
by (simp add: power2-eq-square)
thus %thesis
using mult-cancel-right[of b + &€ * 2 2 cesqrt (b* — 4xc)]
using mult-cancel-right[of b + € * 2 2 —ccsqrt (b — fx*c))
by (auto simp add: field-simps) (metis add-diff-cancel diff-minus-eq-add minus-diff-eq)
qed

lemma complex-quadratic-equation-monic-roots:
fixes £ :: complex
assumes & = (—b + cesqrt(b® — 4xc)) / 2V
&= (=b— cesqrt(b® — 4xc)) / 2
shows €2 +bx&+c=0
using assms
proof
assume *: £ = (— b + cesqrt (b — 4 x ¢)) / 2
show ?thesis
by ((subst *)+) (subst power-divide, subst power2-sum, simp add: field-simps, simp add: power2-eq-square)
next
assume *: £ = (— b — cesqrt (b® — 4 % ¢)) / 2
show ?thesis
by ((subst )+, subst power-divide, subst power2-diff, simp add: field-simps, simp add: power2-eg-square)
qed

lemma complex-quadratic-equation-monic-distinct-roots:
fixes b ¢ :: complex
assumes b? — Jxc £ 0
shows 3 k; kz.k17£]€2/\k12+b*k1+C:0/\k22+b*/€2+620
proof—
let 261 = (—b + ccsqrt(b® — 4xc)) / 2
let 72 = (—b — cesqrt(b® — 4x*c)) / 2
show %thesis
apply (rule-tac z=%1 in exl)
apply (rule-tac z=%2 in exl)
using assms
using complex-quadratic-equation-monic-roots[of 261 b c]
using complez-quadratic-equation-monic-roots[of 2€2 b (]
by simp
qed

lemma complex-quadratic-equation-two-roots:

fixes £ :: complex

assumes a # 0 and ax%> + bx &+ c= 0

shows ¢ = (—b + ccsqrt(b® — 4xaxc)) / (2%a) V

€ = (=b — cesqrt(b® — 4xaxc)) / (2%a)

proof—

from assms have ¢ + (b/a) * £ + (c/a) = 0

by (simp add: field-simps)
hence & = (—(b/a) + cesqrt((b/a)* — 4x(c/a))) / 2V € = (=(b/a) — cesqrt((b/a)* — 4x(c/a))) / 2

using complex-quadratic-equation-monic-only-two-roots[of € b/a c/a]
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by simp
hence 3 k. & = (—(b/a) + (—=1)7k * cesqrt((b/a)® — 4x(c/a))) / 2
by safe (rule-tac =2 in exl, simp, rule-tac x=1 in exl, simp
then obtain k! where ¢ = (—(b/a) + (—1) kI * cesqrt((b/a)® — 4x(c/a))) | 2
by auto
moreover
have (b / a)® — 4 *(c/a) = (b — 4 xaxc)* (1] a?
using <a # 0»
by (simp add: field-simps power2-eq-square)
hence cesqrt (b / a)> — 4 = (¢ / a)) = cesqrt (b* — 4 x a * ¢) * cesqrt (1/a> ) \%

cesqrt (b / a)® — 4 = (¢ / a)) = — cesqrt (b> — 4 % a * c) * ccsqrt (1/a?)
using ccsqrt-mult[of b* — 4 % a x ¢ 1/d?]
by auto

hence 3 k. cesqrt (b / a)> — 4 * (¢ / a)) = (=1)7k * cesqrt (b — 4 * a * ¢) * ccsqrt (1 / a
by safe (rule-tac =2 in exl, simp, rule-tac x=1 in exl, simp)

then obtain k2 where ccsqrt (b / a)®> — 4 * (¢ / a)) = (—1) k2 * ccsqrt (b — 4 * a * ¢) * cesqrt (1 / a®)
by auto

moreover

have cesqrt (1 / a®) = 1/a V cesqrt (1 / o®) = —1/a
using cesqrt[of 1/a 1 / @]
by (auto simp add: power2-eq-square)

hence 3 k. cesqrt (1 / a®) = (=1)k * 1/a
by safe (rule-tac =2 in ezl, simp, rule-tac =1 in exl, simp)

then obtain k3 where ccsqrt (1 / a®) = (=1)7k3 * 1/a
by auto

ultimately

have & = (— (b / a) + ((—1) "ki % (—=1) "k2 % (—=1) " k3) * ccsqrt (b> — 4 xaxc)* 1/a) /] 2
by simp

moreover

have (—(1::complex)) " ki1 % (—1) "k2 x (—1) " k3 =1V (—(1::complex)) " ki1 % (—1) “k2 % (—1) " k3 = —1
using neg-one-even-power|of kI + k2 + k3]
using neg-one-odd-power|of k1 + k2 + k3]
by (smt (verit) power-add)

ultimately

have ¢ = (— (b / a) + ccsqrt (b> — 4 xaxc)x1/a)/2VE=(—(b/a)— cesqrt (b> — 4 xaxc)x1/a)/2
by auto

thus %thesis
using <a # 0»
by (simp add: field-simps)

qed

lemma complex-quadratic-equation-only-two-roots:

fixes x :: complex

assumes a # 0

assumes ¢f = (A z. axz® + bxz + c)
gf t1 = 0 and qf 22 = 0 and z1 # z2
gf =0

shows z = z1 V z = z2

using assms

using complex-quadratic-equation-two-roots

by blast

3.7.3 Intersections of linear and quadratic forms

lemma quadratic-linear-at-most-2-intersections-help:
fixes z y :: complex
assumes (all, al2, a22) # (0, 0, 0) and k2 # 0
of = (N zy. allxx® + 2xal2xxxy + a22%y® + blxz + b2xy + ¢) and If = (A z y. klxz + k2%y + n)
gfzy=0and lfxy =20
pf = (A z. (a1l — 2%al2xk1/k2 + a22xk1?/k2%)x2® + (—2%al2+n/k2 + bl + a22x2xnxkl [k2% — b2xkl [k2)*x
+ a22%n?/k2% — b2+n/k2 + c)
yf = (N z. (—n — kixz) / k2)
shows pfx = 0 and y = yf x
proof —
show y = yf z
using assms
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by (simp add:field-simps eq-neg-iff-add-eq-0)
next

have 2xal2+xx(—n — kixz)/k2 = (—2%al12%n/k2)xx — (2%al2%kl/k2)*z?
by algebra

have a22%((—n — k1xz)/k2)? = a22xn?/k2% 4 (a22x2xnxkl [k2?)xx + (a22xk1%/k2%)*2?
by (simp add: power-divide) algebra

have 2xal2xz*(—n — ki*z)/k2 = (—2xal2+n/k2)xx — (2%al2xk1 /k2)*x>
by algebra

have b2x(—n — kIxz)/k2 = —b2xn/k2 — (b2xkl/k2)*z
by algebra

have x: y = (—n — kixz)/k2
using assms(2, 4, 6)
by (simp add:field-simps eq-neg-iff-add-eq-0)

have 0 = allxz? 4+ 2xal2%zxy + a22%y> + blxz + b2xy + ¢
using assms
by simp
hence 0 = all*z® + 2xal2%zx(—n — klxz)/k2 + a22x((—n — k1%z)/k2)? + blxx + b2%(—n — ki1xx)/k2 + c
by (subst (asm) *, subst (asm) x, subst (asm) *) auto
also have ... = (a1l — 2xa12%k1/k2 + a22+k1%/k2%)x2® + (—2xal2+n/k2 + bl + a22+2xnxkl /k2% — b2xk1 /k2)*x
+ a22+n?/k2% —b2xn/k2 + ¢
using 2xal2xxx(—n — kixz)/k2 = (—2%xal12xn/k2)xz — (2xal2xkl /k2)xz®
using (a22+((—n — ki1xz)/k2)* = a22+n?/k2% + (a22+2%nxkl /k2%)xz + (a22%k1%/k2%)xz%
using «b2x(—n — klxz)/k2 = —b2xn/k2 — (b2xkl/k2)*x)
by (simp add:field-simps)
finally show pfx = 0
using assms(7)
by auto
qed

lemma quadratic-linear-at-most-2-intersections-help”:
fixes z y :: complex
assumes ¢f = (A z y. all*z® + 2%al2xzxy + a22%y> + blxx + b2%y + ¢)
z=—-n/kl and k1 # 0 and ¢f zy = 0
uf = (A y. k1%%a22%y® 4+ (—2%al2%nxkl + b2xk1?)xy + all*n® — blxnxkl + cxkl?)
shows yf y = 0
proof—
have 0 = all%n®/k1® — 2xal2+nxy/kl + a22xy®> — blxn/kl + b2xy + c
using assms(1, 2, 4)
by (simp add: power-divide)
hence 0 = allxn® — 2xal2xnxklxy + a22xy’xk1? — blsnxkl + b2xyxkl® + cxki?
using assms(3)
apply (simp add:field-simps power2-eq-square)
by algebra
thus ?thesis
using assms(1, 4, 5)
by (simp add:field-simps)
qed

lemma quadratic-linear-at-most-2-intersections:
fixes z y x1 y1 2 y2 :: complex
assumes (all, al2, a22) # (0, 0, 0) and (k1, k2) # (0, 0)
assumes allxk2> — 2xal2xk1+k2 + a22xk1> # 0
assumes ¢f = (A z y. allxz® + 2xal2xzxy + a22%y> + blxx + b2xy + ¢) and If = (A 2 y. klxzx + k2xy + n)
gf t1 y! = 0 and If 1 y1 = 0
gf 22 y2 = 0 and If z2 y2 = 0
(a1, y1) # (a2, y2)
gfxy=0and Ilfzy =10
shows (z, y) = (z1, y1) V (z, y) = (22, y2)
proof(cases k2 = 0)
case True
hence k1 # 0
using assms(2)
by simp
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have a22xk1? # 0
using assms(3) True
by auto

have z1 = —n/k1

using <kl # 05 assms(5, 7) True

by (metis add.right-neutral add-eq-0-iff2 mult-zero-left nonzero-mult-div-cancel-left)
have 22 = —n/k1

using k1 # 0s assms(5, 9) True

by (metis add.right-neutral add-eq-0-iff2 mult-zero-left nonzero-mult-div-cancel-left)
have z = —n/kl

using k1 # 0> assms(5, 12) True

by (metis add.right-neutral add-eq-0-iff2 mult-zero-left nonzero-mult-div-cancel-left)

let 2yf = (X y. k1%%a22+y® 4+ (—2xal2%nxkl + b2xk1%)xy 4+ allxn® — blxnxkl + cxkl?)

have ?yfy = 0
using quadratic-linear-at-most-2-intersections-help’[of qf a1l a12 a22 b1 b2 ¢ x n ki y ?yf]
using assms(4, 11) <kl # 0> <x = —n/kD>
by auto

have ?yf y1 = 0
using quadratic-linear-at-most-2-intersections-help’[of qf all a12 a22 b1 b2 ¢ =1 n ki y1 ?yf]
using assms(4, 6) <kl # 0> <x1 = —n/kl>
by auto

have ?yf y2 = 0
using quadratic-linear-at-most-2-intersections-help’[of qf all a12 a22 b1 b2 c 2 n k1 y2 ?yf]
using assms(4, 8) <kl # 0> «x2 = —n/kl>
by auto

have yI1 # y2
using assms(10) <zl = —n/kl> <2 = —n/kl>»
by blast

have y = y1 V y = y2
using complex-quadratic-equation-only-two-roots[of a22xk1? 2yf —2xal2xnxkl + b2xk1? allxn® — blxnxkl +
cxk1?
yl y2 9
using (a22xk1% # 0> «Pyfyl = 0> <yl # y2> «Pyfy2 = 0> «Pyfy = O»
by fastforce

thus ?thesis
using «z! = —n/kl> <22 = —n/kly <z = —n/kl>
by auto
next
case Fulse

let ?py = (A z. (—n — kixz)/k2)
let ?pf = (\ 7. (all — 2%al2xk1/k2 + a22xk1?/k2%)xx® + (—2%al2xn/k2 + bl + a22%2xnxkl k2% — b2xk1 [k2)*x
+ a22+n? k2% —b2xn/k2 + ¢)

have ?pfz1 = 0yl = ?py x1
using quadratic-linear-at-most-2-intersections-help[of all a12 a22 k2 qf b1 b2 ¢ If k1 n z1 yI]
using assms(1, 4, 5, 6, 7) False
by auto

have %pf 22 = 0 y2 = ?py 22
using quadratic-linear-at-most-2-intersections-help[of a1l a12 a22 k2 qf b1 b2 c If kI n z2 y2]
using assms(1, 4, 5, 8, 9) False
by auto

have ?pfz =0y = %py x
using quadratic-linear-at-most-2-intersections-help[of a1l al2 a22 k2 qf b1 b2 c If kI n z y]
using assms(1, 4, 5, 11, 12) False
by auto

have z1 # 22

using assms(10) <yl = py z1> <y2 = py z2»
by auto
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have all — 2xal2%kl/k2 + a22xk1?/k2% = (all % k2% — 2 % a12 % k1 * k2 + a22 * k1?)/k2?
by (simp add: False power2-eg-square add-divide-distrib diff-divide-distrib)

also have ... # 0
using False assms(3)
by simp

finally have a1l — 2xal2+xkl/k2 + a22xk1%/k2% # 0

have r = z1 V z = 22

using complez-quadratic-equation-only-two-roots[of a1l — 2xal2xk1/k2 + a22xk1?/k2? ?pf
(—2%al2+n/ k24 bl +a22%2xnxkl [ k2% — b2 xkl /Ek2)
a22 + n® / k2% — b2 x n / k2 + ¢ z1 22 1]

using «%pf x2 = 0> <?pfxl = 0> <%pfx = O»

using <all — 2 % al12 x kI / k2 + a22 x k1% | k2% # 0>

using <zl # z2»

by fastforce

thus %thesis
using <y = %py x> <yl = py x> y2 = ?py 12>
by (cases z = z1, auto)
qed

lemma quadratic-quadratic-at-most-2-intersections’:
fixes x y 1 yl1 z2 y2 :: complex
assumes b2 # B2 V bl # Bl
(b2 — B2)® + (b1 — B1)> # 0
assumes ¢ff = (A zy. 22 + y?> + blxz + b2xy + ¢)
of2 = Az y. 2® + y* + Bixz + B2xy + O)
qft 1 y1 = 0 qf2 21 y1 = 0
qfl 22 y2 = 0 qf2 22 y2 = 0
(z1, y1) # (22, y2)
gflzy=0q2zy =0
shows (z, y) = (z1, y1) V (z, y) = (22, y2)
proof—
have z° + y? + blxz + b2xy + ¢ = 0
using assms by auto
have 22 + y? + Blxz + B2xy + C =0
using assms by auto
hence 0 = 2? + y* + blxz + b2xy + ¢ — (2> + y*> + Blxz + B2xy + C)
using 2?2 + y? + blxz + b2xy + ¢ = O»
by auto
hence 0 = (b1 — Bl)xz + (b2 — B2)xy + ¢ — C
by (simp add:field-simps)

have z12 + y12 + blsxl + b2+yl + c= 0
using assms by auto
have z12 + y1% + Blxzl + B2xyl + C = 0
using assms by auto
hence 0 = z1? + y1? + bixxl + b2xyl + ¢ — (1 + y1® + Bixal + B2xyl + C)
using «z1? + y1% 4+ bixzl + b2+yl + c = O»
by auto
hence 0 = (b1 — B1)xzl 4+ (b2 — B2)xyl + ¢ — C
by (simp add:field-simps)

have 222 + y22 + bI*z2 + b2%y2 + ¢ = 0
using assms by auto
have 222 + y22 + Bixz2 + B2xy2 + C = 0
using assms by auto
hence 0 = 22 + y2% + bi*22 + b2xy2 + ¢ — (22 + y2° + Bixa2 + B2xy2 + C)
using «z22 + y22 + bix22 + b2%y2 + c = O»
by auto
hence 0 = (b1 — B1)xz2 + (b2 — B2)*y2 + ¢ — C
by (simp add:field-simps)

have (b1 — B1, b2 — B2) # (0, 0)
using assms(1) by auto
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let 2If = (A zy. (b1 — Bl)sw + (b2 — B2)xy + ¢ — C)

have ?lf zy = 0 ?lf x1 y1 = 0 ?lf 22 y2 = 0
using <0 = (b1 — Bl)*z2 + (b2 — B2)xy2 + ¢ — C»
<0 = (b1 — Bl)xzl + (b2 — B2)xyl + ¢ — O
<0 = (b1 — Bl)xz + (b2 — B2)xy + ¢ — C»
by auto

thus %thesis
using quadratic-linear-at-most-2-intersections[of 1 0 1 bl — B1 b2 — B2 qf1 b1 b2 ¢ ?lf ¢ — C z1 yl z2 y2 z y|
using «(b1 — B1, b2 — B2) # (0, 0)»
using assms «(b1 — B1, b2 — B2) # (0, 0)»
using «(b1 — Bl)xz 4+ (b2 — B2)xy+c— C=0><«(bl —Bl)*xzl + (b2 —B2)xyl +c— C=0
by (simp add: add-diff-eq)
qed

lemma quadratic-change-coefficients:
fixes z y :: complex
assumes Al # 0
assumes qf = (A z y. Alxz? + Alxy® + blxz + b2xy + ¢)
gfzy=20
gf-1 =Nzy 2?2 + y* 4+ (b1/A1)xz + (b2/A1)xy + ¢/Al)
shows ¢f-1 zy =0
proof—
have 0 = Alxz? + Alxy? + blxz + b2xy + c
using assms by auto
hence 0/A1 = (Alxz® + Alxy® + bixz + b2xy + c)/Al
using assms(1) by auto

also have ... = Alxz?/A1 + Alxy®>/Al + blxx/Al + b2xy/Al + c/Al
by (simp add: add-divide-distrib)
also have ... = 2® + y® + (b1 /A1)xx + (b2/A1)xy + ¢/Al

using assms(1)
by (simp add:field-simps)

finally have 0 = 2® + ¢* + (b1 /A1)xx + (b2/A1)xy + c/Al
by simp

thus ?thesis
using assms
by simp

qed

lemma quadratic-quadratic-at-most-2-intersections:
fixes z y x1 y1 2 y2 :: complex
assumes Al # 0 and A2 # 0
assumes ¢ff = (\ zy. Alxz® + Alxy®> + bixz 4 b2xy + c) and
af2 = (N zy. A2%2® + A2xy® + Blxz 4+ B2+y + C) and
qft 1 y1 = 0 and qf2 =1 y1 = 0 and
qf1 z2 y2 = 0 and ¢f2 22 y2 = 0 and
(z1, y1) # (22, y2) and
gfl zy=0and ¢f2xy =0
assumes (b2+A2 — B2xA1)*> + (b1xA2 — BixA1)*> # 0 and
b2xA2 # B2xAl1 V b1xA2 # BlxAl
shows (z, y) = (z1, y1) V (z, y) = (22, y2)
proof—
have *: b2 / A1 # B2 /| A2 v b1 /| Al # Bl | A2
using assms(1, 2) assms(13)
by (simp add:field-simps)
have #*: (b2 / Al — B2 | A2)® + (b1 /| Al — B1 | A2)*> # 0
using assms(1, 2) assms(12)
by (simp add:field-simps)

let 2gf-1 = (A zy. 2° + y® + (b1/A1)xx + (b2/A1)xy + c¢/Al)
let 2gf-2 = (A zy. 2° + y* + (B1/A2)xx + (B2/A2)xy + C/A2)

have %qf-1 1 y1 = 0 ?qf-1 22 y2 = 0 %¢f-1xy = 0
2qf-2x1 yl = 0 2qf-222y2 =0 ?qf-2xy =0
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using assms quadratic-change-coefficients[of A1 qf1 b1 b2 ¢ z2 y2 ?qf-1]
quadratic-change-coefficients[of A1 qf1 b1 b2 ¢ z1 y1 ?qf-1]
quadratic-change-coefficients[of A2 qf2 B1 B2 C z1 y1 ?qf-2]
quadratic-change-coefficients[of A2 qf2 B1 B2 C z2 y2 ?qf-2]
quadratic-change-coefficients[of A1 qfl b1 b2 ¢ z y ?qf-1]
quadratic-change-coefficients[of A2 qf2 B1 B2 C z y ?qf-2]

by auto

thus %thesis
using quadratic-quadratic-at-most-2-intersections’
[of b2 /| A1 B2 | A2b1 | A1 Bl | A2 2qf-1 ¢ | Al 2qf-2 C | A2 z1 yl 22 y2 z v
using * *xx «(x1, y1) # (22, y2)
by fastforce
qed

end

3.8 Vectors and Matrices in C?

Representing vectors and matrices of arbitrary dimensions pose a challenge in formal theorem proving [4], but
we only need to consider finite dimension spaces C2 and R3.

theory Matrices
imports More-Complex Linear-Systems Quadratic
begin

3.8.1 Vectors in C2

Type of complex vector

type-synonym complez-vec = complex X complex

definition vec-zero :: complex-vec where
[simp]: vec-zero = (0, 0)

Vector scalar multiplication

fun mult-sv :: complex = complez-vec = complez-vec (infixl <xz,» 100) where
k xsv (2, y) = (kxz, kxy)

lemma fst-mult-sv [simp]:
shows fst (k x5y v) = k * fst v
by (cases v) simp

lemma snd-mult-sv [simp]:
shows snd (k *su v) = k * snd v
by (cases v) simp

lemma mult-sv-mult-sv [simp]:
shows k1 *s, (k2 x5y v) = (kI1%k2) %5y v
by (cases v) simp

lemma one-mult-sv [simp]:
shows 1 x4, v = v
by (cases v) simp

lemma mult-sv-ez-id1 [simp]:
shows 3 k:icomplex. k # 0 N k %50 v =10
by (rule-tac x=1 in exl, simp)

lemma mult-sv-ez-id2 [simp]:
shows 3 k::complex. k # 0 N v =k %5, v
by (rule-tac x=1 in exl, simp)

Scalar product of two vectors

fun mult-vv :: complex X compler = complex X complex = complex (infixl (x,,> 100) where
(z, ¥) *vv (a, b) = zxa + yxb
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lemma mult-vv-commute:
shows v1 *,, V2 = V2 %4y v1
by (cases v1, cases v2) auto

lemma mult-vv-scale-svl:
shows (k 50 v1) %y ¥V2 = k * (01 *yp v2)
by (cases v1, cases v2) (auto simp add: field-simps)

lemma mult-vv-scale-sv2:
shows vl *yy (k *s0 v2) = k % (01 *yp v2)
by (cases v1, cases v2) (auto simp add: field-simps)

Conjugate vector

fun vec-map where
vec-map | (z, y) = (fz, fy)

definition vec-cnj where
vec-cnj = vec-map cnj

lemma vec-cnj-vec-cnj [simp]:
shows vec-cnj (vec-cnj v) = v
by (cases v) (simp add: vec-cnj-def)

lemma cnj-mult-vv:
shows cnj (v1 *yu v2) = (vec-cng v1) *yo (vec-cnj v2)
by (cases v1, cases v2) (simp add: vec-cnj-def)

lemma vec-cnj-sv [simp]:
shows vec-cnj (k x50 A) = cnj k *s, vec-cnj A
by (cases A) (auto simp add: vec-cnj-def)

lemma scalsquare-vv-zero:
shows (vec—cnj v) *po U = 0 «—— v = wvec-zero
apply (cases v)
apply (auto simp add: vec-cnj-def field-simps complex-mult-cnj-cmod power2-eq-square)
apply (metis (no-types) norm-eq-zero of-real-0 of-real-add of-real-eq-iff of-real-mult sum-squares-eq-zero-iff )+
done

3.8.2 Matrices in C?

Type of complex matrices

type-synonym complez-mat = complex X complex X complex X complex

Matrix scalar multiplication

fun mult-sm :: compler = complez-mat = complezr-mat (infixl (x> 100) where
k xsm (a, b, ¢, d) = (kxa, kxb, kxc, kxd)

lemma mult-sm-distribution [simp]:
shows k1 *sm (k2 *sm A) = (kI1%k2) xom A
by (cases A) auto

lemma mult-sm-neutral [simp]:
shows 1 x4, A = A
by (cases A) auto

lemma mult-sm-inv-I:
assumes k # 0 and k x5, A = B
shows A = (1/k) *sm B
using assms
by auto

lemma mult-sm-ez-id1 [simp]:

shows 3 k::complex. k # 0 N k *gmy M = M
by (rule-tac x=1 in exl, simp)
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lemma mult-sm-ez-id2 [simp]:
shows 3 k::complex. k # 0 N M = k x5y, M
by (rule-tac x=1 in exl, simp)

Matrix addition and subtraction

definition mat-zero :: complez-mat where [simp|: mat-zero = (0, 0, 0, 0)

fun mat-plus :: complez-mat = complex-mat = complex-mat (infixl <+, 100) where
mat-plus (al, b1, c1, d1) (a2, b2, c2, d2) = (al+a2, b1+b2, c1+c2, d1+d2)

fun mat-minus :: complez-mat = complez-mat = complez-mat (infixl <—,,m> 100) where
mat-minus (al, b1, c1, d1) (a2, b2, c2, d2) = (al—a2, b1—02, c1—c2, d1—d2)

fun mat-uminus :: complex-mat = complex-mat where
mat-uminus (a, b, ¢, d) = (—a, —b, —c, —d)

lemma nonzero-mult-real:
assumes A # mat-zero and k # 0
shows k xsm A # mat-zero
using assms
by (cases A) simp

Matrix multiplication.

fun mult-mm :: complez-mat = complez-mat = complez-mat (infixl <xmm> 100) where
(a1, b1, c1, d1) *mm (a2, b2, c2, d2) =
(a1%a2 + blxc2, al*b2 + blxd2, cl1xa2+dlxc2, c1xb2+d1+d2)

lemma mult-mm-assoc:
shows A smm (B *mm C) = (A *mm B) *mm C
by (cases A, cases B, cases C) (auto simp add: field-simps)

lemma mult-assoc-5:
by (simp only: mult-mm-assoc)

lemma mat-zero-r [simp]:
shows A *,,., mat-zero = mat-zero
by (cases A) simp

lemma mat-zero-1 [simp]:
shows mat-zero *mm A = mat-zero
by (cases A) simp

definition eye :: complez-mat where
[simp]: eye = (1, 0, 0, 1)

lemma mat-eye-I:
shows eye *pym A = A
by (cases A) auto

lemma mat-eye-r:
shows A #,,m eye = A
by (cases A) auto

lemma mult-mm-sm [simp]:
shows A #pmm (k *sm B) = k *sm (A *mm B)
by (cases A, cases B) (simp add: field-simps)

lemma mult-sm-mm [simp]:
shows (k *sm A) *mm B =k *sm (A *mm B)
by (cases A, cases B) (simp add: field-simps)

lemma mult-sm-eye-mm [simp]:

shows k *sm eye *mm A =k xsm A
by (cases A) simp
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Matrix determinant

fun mat-det where mat-det (a, b, ¢, d) = axd — bxc

lemma mat-det-mult [simp]:
shows mat-det (A *mm B) = mat-det A x mat-det B
by (cases A, cases B) (auto simp add: field-simps)

lemma mat-det-mult-sm [simp]:
shows mat-det (k *sm A) = (kxk) * mat-det A
by (cases A) (auto simp add: field-simps)

Matrix inverse

fun mat-inv :: complez-mat = complez-mat where
mat-inv (a, b, ¢, d) = (1/(axd — bxc)) *sm (d, —b, —c, a)

lemma mat-inv-r:
assumes mat-det A # 0
shows A xpm (mat-inv A) = eye
using assms
proof (cases A, auto simp add: field-simps)
fix a b cd:: complex
assume a * (a * (d % d)) + bx (bx (c*xc))=ax (bx(cx(dx2))
hence (axd — bxc)*(axd — bxc) = 0
by (auto simp add: field-simps)
hence *: axd — bxc = 0
by auto
assume axd # bxc
with * show Fualse
by auto
qed

lemma mat-inv-1:
assumes mat-det A # 0
shows (mat-inv A) *pmm A = eye
using assms
proof (cases A, auto simp add: field-simps)
fix a b c d :: complex
assume a * (a * (d * d)) + bx (b (c*xc))=ax (bx (c*(dx2))
hence (axd — bxc)x(axd — bxc) = 0
by (auto simp add: field-simps)
hence *: axd — bxc = 0
by auto
assume axd # bxc
with x show False
by auto
qed

lemma mat-det-inv:
assumes mat-det A # 0
shows mat-det (mat-inv A) = 1 / mat-det A
proof—
have mat-det eye = mat-det A * mat-det (mat-inv A)
using mat-inv-l[OF assms, symmetric]
by simp
thus “thesis
using assms
by (simp add: field-simps)
qed

lemma mult-mm-inv-l:
assumes mat-det A # 0 and A *,,,m, B = C
shows B = mat-inv A *mm C
using assms mat-eye-l[of B|
by (auto simp add: mult-mm-assoc mat-inv-1)

lemma mult-mm-inv-r:
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assumes mat-det B # 0 and A *pmm B = C

shows A = C *,,m mat-inv B

using assms mat-eye-r[of A]

by (auto simp add: mult-mm-assoc[symmetric] mat-inv-r)

lemma mult-mm-non-zero-1:
assumes mat-det A # 0 and B # mat-zero
shows A #,,,m B # mat-zero
using assms mat-zero-r
using mult-mm-inv-l{OF assms(1), of B mat-zero)
by auto

lemma mat-inv-mult-mm:
assumes mat-det A # 0 and mat-det B # 0
shows mat-inv (A *mm B) = mat-inv B #mm mat-inv A
using assms
proof—
have (A #*mm B) *mm (mat-inv B *mm mat-inv A) = eye
using assms
by (metis mat-inv-r mult-mm-assoc mult-mm-inv-r)
thus ?thesis
using mult-mm-inv-l[of A *mm B mat-inv B *mm mat-inv A eye| assms mat-eye-r
by simp
qed

lemma mult-mm-cancel-I:
assumes mat-det M # 0 M *pm A = M *pym B
shows A = B
using assms
by (metis mult-mm-inv-1)

lemma mult-mm-cancel-r:
assumes mat-det M # 0 A spmm M = B #mm M
shows A = B
using assms
by (metis mult-mm-inv-r)

lemma mult-mm-non-zero-r:
assumes A # mat-zero and mat-det B # 0
shows A #,,m,m B # mat-zero
using assms mat-zero-1
using mult-mm-inv-r[OF assms(2), of A mat-zero]
by auto

lemma mat-inv-mult-sm:
assumes k # 0
shows mat-inv (k *sm A) = (1 / k) *sm mat-inv A
proof—
obtain a b ¢ d where A = (a, b, ¢, d)
by (cases A) auto
thus %thesis
using assms
by auto (subst mult.assoclof k a kxd], subst mult.assoclof k b kxc], subst right-diff-distriblof k ax(kxd) bx(kxc),
symmetric|, simp, simp add: field-simps)+
qed

lemma mat-inv-inv [simp]:
assumes mat-det M # 0
shows mat-inv (mat-inv M) = M
proof—
have mat-inv M *,,m M = eye
using mat-inv-l[OF assms]
by simp
thus %thesis
using assms mat-det-inv[of M|
using mult-mm-inv-l[of mat-inv M M eye] mat-eye-r
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by (auto simp del: eye-def)
qed

Matrix transpose

fun mat-transpose where
mat-transpose (a, b, ¢, d) = (a, ¢, b, d)

lemma mat-t-mat-t [simp]:
shows mat-transpose (mat-transpose A) = A
by (cases A) auto

lemma mat-t-mult-sm [simp):
shows mat-transpose (k *sm A) = k *sm (mat-transpose A)
by (cases A) simp

lemma mat-t-mult-mm [simp]:
shows mat-transpose (A *mm B) = mat-transpose B #mm mat-transpose A
by (cases A, cases B) auto

lemma mat-inv-transpose:
shows mat-transpose (mat-inv M) = mat-inv (mat-transpose M)
by (cases M) auto

lemma mat-det-transpose [simp]:
fixes M :: complex-mat
shows mat-det (mat-transpose M) = mat-det M
by (cases M) auto

Diagonal matrices definition

fun mat-diagonal where
mat-diagonal (A, B, C, D) = (B=0A C = 0)

Matrix conjugate

fun mat-map where
mat_mapf (0‘7 b7 C, d) = (f a, fba fca fd)

definition mat-cnj where
mat-cnj = mat-map cnj

lemma mat-cnj-cnj [simp):
shows mat-cnj (mat-cnj A) = A
unfolding mat-cnj-def
by (cases A) auto

lemma mat-cnj-sm [simp):
shows mat-cnj (k *sm A) = cnj k *sm (mat-cnj A)
by (cases A) (simp add: mat-cnj-def)

lemma mat-det-cnj [simp]:
shows mat-det (mat-cnj A) = cnj (mat-det A)
by (cases A) (simp add: mat-cnj-def)

lemma nonzero-mat-cnj:
shows mat-cnj A = mat-zero «—— A = mat-zero
by (cases A) (auto simp add: mat-cnj-def)

lemma mat-inv-cnj:
shows mat-cnj (mat-inv M) = mat-inv (mat-cnj M)
unfolding mat-cnj-def
by (cases M) auto

Matrix adjoint - the conjugate traspose matrix (A* = Af)

definition mat-adj where
mat-adj A = mat-cnj (mat-transpose A)
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lemma mat-adj-mult-mm [simp]:
shows mat-adj (A *mm B) = mat-adj B #mm mat-adj A
by (cases A, cases B) (auto simp add: mat-adj-def mat-cnj-def)

lemma mat-adj-mult-sm [simp]:
shows mat-adj (k *sm A) = cnj k *sm mat-adj A
by (cases A) (auto simp add: mat-adj-def mat-cnj-def)

lemma mat-det-adj:
shows mat-det (mat-adj A) = cnj (mat-det A)
by (cases A) (auto simp add: mat-adj-def mat-cnj-def)

lemma mat-adj-inv:
assumes mat-det M # 0
shows mat-adj (mat-inv M) = mat-inv (mat-adj M)
by (cases M) (auto simp add: mat-adj-def mat-cnj-def)

lemma mat-transpose-mat-cnj:
shows mat-transpose (mat-cnj A) = mat-adj A
by (cases A) (auto simp add: mat-adj-def mat-cnj-def)

lemma mat-adj-adj [simp]:
shows mat-adj (mat-adj A) = A
unfolding mat-adj-def
by (subst mat-transpose-mat-cnj) (simp add: mat-adj-def)

lemma mat-adj-eye [simp):
shows mat-adj eye = eye
by (auto simp add: mat-adj-def mat-cnj-def)

Matrix trace

fun mat-trace where
mat-trace (a, b, ¢, d) = a + d

Multiplication of matrix and a vector

fun mult-mv :: complex-mat = complez-vec = complex-vec (infixl <km.» 100) where
(a, b, ¢, d) *mo (z, y) = (zxa + y*b, zxc + y*d)

fun mult-vm :: complez-vec = complex-mat = complex-vec (infixl <kym> 100) where
(z, y) *om (a, b, ¢, d) = (zxa + yxc, zxb + yxd)

lemma eye-mv-1 [simp]:
shows eye #ms v = v
by (cases v) simp

lemma mult-mv-mv [simp]:
shows B #mv (4 *mo ) = (B *mm A) *mo v
by (cases v, cases A, cases B) (auto simp add: field-simps)

lemma mult-vm-vm [simp]:
shows (v *ym A) *um B = ¥ *ym (4 *mm B)
by (cases v, cases A, cases B) (auto simp add: field-simps)

lemma mult-mv-inv:
assumes £ = A *p,, y and mat-det A # 0
shows y = (mat-inv A) *my T
using assms
by (cases y) (simp add: mat-inv-1)

lemma mult-vm-inv:
assumes £ = Y *um,m A and mat-det A # 0
shows y =  *ym (mat-inv A)
using assms
by (cases y) (simp add: mat-inv-r)

lemma mult-muv-cancel-I:
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assumes mat-det A # 0 and A *my v = A %y v’
shows v = v’

using assms

using mult-mv-inv

by blast

lemma mult-vm-cancel-r:
assumes mat-det A # 0 and v *y,;m A = v *pm A
shows v = v’
using assms
using mult-vm-inv
by blast

lemma vec-zero-l [simp]:
shows A ;. vec-zero = vec-zero
by (cases A) simp

lemma vec-zero-r [simp]:
shows vec-zero *,m A = vec-zero
by (cases A) simp

lemma mult-mv-nonzero:
assumes v # vec-zero and mat-det A # 0
shows A #,,, v # vec-zero
apply (rule ccontr)
using assms mult-mv-inv]of vec-zero A v| mat-inv-l vec-zero-1
by auto

lemma mult-vm-nonzero:
assumes v # vec-zero and mat-det A # 0
shows v %y, A # vec-zero
apply (rule ccontr)
using assms mult-vm-inv|of vec-zero v A] mat-inv-r vec-zero-r
by auto

lemma mult-sv-mo:
shows k sy (A #my 0) = (A *mo (K %50 0))
by (cases A, cases v) (simp add: field-simps)

lemma mult-mv-mult-vm:
shows A x4 T = T *ym (mat-transpose A)
by (cases A, cases ) auto

lemma mult-mv-vv:
Shows A xpyy 01 %4y V2 = 01 %4y (Mmat-transpose A sm, v2)
by (cases v1, cases v2, cases A) (auto simp add: field-simps)

lemma mult-vo-mo:
shows = %y (4 *mo ¥) = (T *um A) *uo Y
by (cases z, cases y, cases A) (auto simp add: field-simps)

lemma vec-cnj-mult-mu:
shows vec-cnj (A #mo ) = (mat-cnj A) #mo (vec-cnj z)
by (cases A, cases ) (auto simp add: vec-cnj-def mat-cnj-def)

lemma vec-cnj-mult-vm:
shows vec-cnj (v *xym A) = vec-cnj v *ym mat-cnj A
unfolding vec-cnj-def mat-cnj-def
by (cases A, cases v, auto)
3.8.3 Eigenvalues and eigenvectors
definition eigenpair where

[simp]: eigenpair k v H «—— v # vec-zero N H #my 0 = k %5y v

definition eigenval where
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[simp]: eigenval k H «—— (3 v. v # vec-zero A H *my v = k %50 V)

lemma eigen-equation:
shows eigenval k H «— k* — mat-trace H % k + mat-det H = 0 (is ?lhs +— 2rhs)
proof—
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
show ?thesis
proof
assume ?lhs
then obtain v where v # vec-zero H %y U = k %54 ¥
unfolding eigenval-def
by blast
obtain vl v2 where vv: v = (vl, v2)
by (cases v) auto
from (H #my v = k %5y v» have (H —pm (k *sm €ye)) kmy v = vec-zero
using HH vv
by (auto simp add: field-simps)
hence mat-det (H —mm (k *sm eye)) = 0
using v # vec-zero» vv HH
using regular-homogenous-system[of A — k B C D — k vl v2]
unfolding det2-def
by (auto simp add: field-simps)
thus %rhs
using HH
by (auto simp add: power2-eq-square field-simps)
next
assume ?rhs
hence *: mat-det (H —mm (k *sm eye)) = 0
using HH
by (auto simp add: field-simps power2-eq-square)
show ?lhs
proof (cases H —mm (k *sm eye) = mat-zero)
case True
thus ?thesis
using HH
by (auto) (rule-tac =1 in exl, simp)
next
case False
hence (A—k#0V B#0)V(D—-k#0V C#0)
using HH
by auto
thus %thesis
proof
assume A — k# 0V B# 0
hence C « B+ (D — k)« (k— A) =0
using x singular-system[of A—k D—k B C (0, 0) 0 0 (B, k—A)] HH
by (auto simp add: field-simps)
hence (B, k—A) # vec-zero (H —mm (k *sm eye)) *mo (B, k—A) = vec-zero
using HH <A — k # 0 V B # 0»
by (auto simp add: field-simps)
then obtain v where v # vec-zero A (H —pmm (k *sm €ye)) *mo v = vec-zero
by blast
thus ?Zthesis
using HH
unfolding eigenval-def
by (rule-tac x=v in exl) (case-tac v, simp add: field-simps)
next
assume D — k# 0V C # 0
hence C « B+ (D — k)« (k— A) =0
using * singular-system[of D—k A—k C B (0, 0) 0 0 (C, k—D)] HH
by (auto simp add: field-simps)
hence (k—D, C) # vec-zero (H —mm (k *sm eye)) *mo (k—D, C) = vec-zero
using HH <D — k# 0V C # 0»
by (auto simp add: field-simps)
then obtain v where v # vec-zero A (H —mm (k *sm €ye)) *mo v = vec-zero
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by blast

thus ?thesis
using HH
unfolding eigenval-def
by (rule-tac z=v in exl) (case-tac v, simp add: field-simps)

qged
qed
qged
qed

3.8.4 Bilinear and Quadratic forms, Congruence, and Similarity

Bilinear forms

definition bilinear-form where
[simp]: bilinear-form vl v2 H = (vec-cnj vl) *ym H 4y 02

lemma bilinear-form-scale-m:
shows bilinear-form vl v2 (k *sm H) = k x bilinear-form vl v2 H
by (cases v1, cases v2, cases H) (simp add: vec-cnj-def field-simps)

lemma bilinear-form-scale-v1:
shows bilinear-form (k s, v1) v2 H = cnj k * bilinear-form vl v2 H
by (cases v1, cases v2, cases H) (simp add: vec-cnj-def field-simps)

lemma bilinear-form-scale-v2:
shows bilinear-form vl (k x5, v2) H = k * bilinear-form vl v2 H
by (cases v1, cases v2, cases H) (simp add: vec-cnj-def field-simps)

Quadratic forms

definition quad-form where
[simp]: quad-form v H = (vec-cnj v) *pm H %4y v

lemma quad-form-bilinear-form:
shows quad-form v H = bilinear-form v v H
by simp

lemma quad-form-scale-v:
shows quad-form (k %5, v) H = cor ((¢cmod k)?) * quad-form v H
using bilinear-form-scale-v1 bilinear-form-scale-v2
by (simp add: complex-mult-cnj-cmod field-simps)

lemma quad-form-scale-m:
shows quad-form v (k *sm H) = k % quad-form v H
using bilinear-form-scale-m
by simp

lemma cnj-quad-form [simp]:
shows cnj (quad-form z H) = quad-form z (mat-adj H)
by (cases H, cases z) (auto simp add: mat-adj-def mat-cnj-def vec-cnj-def field-simps)

Matrix congruence

Two matrices are congruent iff they represent the same quadratic form with respect to different bases (for
example if one circline can be transformed to another by a Mo6bius trasformation).

definition congruence where
[simp]: congruence M H = mat-adj M *pmm H *mm M

lemma congruence-nonzero:
assumes H # mat-zero and mat-det M # 0
shows congruence M H # mat-zero
using assms
unfolding congruence-def
by (subst mult-mm-non-zero-r, subst mult-mm-non-zero-l) (auto simp add: mat-det-adj)

lemma congruence-congruence:
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shows congruence M1 (congruence M2 H) = congruence (M2 %mm M1) H
unfolding congruence-def

apply (subst mult-mm-assoc)

apply (subst mult-mm-assoc)

apply (subst mat-adj-mult-mm)

apply (subst mult-mm-assoc)

by simp

lemma congruence-eye [simp):
shows congruence eye H = H
by (cases H) (simp add: mat-adj-def mat-cnj-def)

lemma congruence-congruence-inv [simp]:
assumes mat-det M # 0
shows congruence M (congruence (mat-inv M) H) = H
using assms congruence-congruence[of M mat-inv M H]
using mat-inv-l[of M| mat-eye-l mat-eye-r
unfolding congruence-def
by (simp del: eye-def)

lemma congruence-inv:
assumes mat-det M # 0 and congruence M H = H'
shows congruence (mat-inv M) H' = H
using assms
using <mat-det M # 0> mult-mm-inv-l[of mat-adj M H *mm M H'|
using mult-mm-inv-r[of M H mat-inv (mat-adj M) *mm H'|
by (simp add: mat-det-adj mult-mm-assoc mat-adj-inv)

lemma congruence-scale-m [simp]:
shows congruence M (k *sm H) = k *sm (congruence M H)
by (cases M, cases H) (auto simp add: mat-adj-def mat-cnj-def field-simps)

lemma inj-congruence:
assumes mat-det M # 0 and congruence M H = congruence M H'
shows H = H’
proof—
have H *pym M = H' %pym M
using assms
using mult-mm-cancel-l[of mat-adj M H % M H' %y M|
by (simp add: mat-det-adj mult-mm-assoc)
thus %thesis
using assms
using mult-mm-cancel-r[of M H H'|
by simp
qed

lemma mat-det-congruence [simp):
mat-det (congruence M H) = (cor ((cmod (mat-det M))?)) * mat-det H
using complez-mult-cnj-cmod|of mat-det M]
by (auto simp add: mat-det-adj field-simps)

lemma det-sgn-congruence [simpl:
assumes mat-det M # 0
shows sgn (mat-det (congruence M H)) = sgn (mat-det H)
using assms
by (subst mat-det-congruence, auto simp add: sgn-mult power2-eq-square) (simp add: sgn-of-real)

lemma Re-det-sgn-congruence [simpl:
assumes mat-det M # 0
shows sgn (Re (mat-det (congruence M H))) = sgn (Re (mat-det H))
proof—
have *: Re (mat-det (congruence M H)) = (cmod (mat-det M))* * Re (mat-det H)
by (subst mat-det-congruence, subst Re-mult-real, rule Im-complezx-of-real) (subst Re-complez-of-real, simp)
show ?thesis
using assms
by (subst %) (auto simp add: sgn-mult)
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qed

Transforming a matrix H by a regular matrix M preserves its bilinear and quadratic forms.

lemma bilinear-form-congruence [simp):
assumes mat-det M # 0
shows bilinear-form (M . v1) (M *my v2) (congruence (mat-inv M) H) =
bilinear-form v1 v2 H
proof—
have mat-det (mat-adj M) # 0
using assms
by (simp add: mat-det-adj)
show ?thesis
unfolding bilinear-form-def congruence-def
apply (subst mult-mv-mult-um)
apply (subst vec-cnj-mult-vm)
apply (subst mat-adj-def[symmetric])
apply (subst mult-vm-vm)
apply (subst mult-vv-mv)
apply (subst mult-vm-vm)
apply (subst mat-adj-inv[OF <mat-det M # 05])
apply (subst mult-assoc-5)
apply (subst mat-inv-r[OF <mat-det (mat-adj M) # 0>])
apply (subst mat-inv-l|OF <mat-det M # 0>])
apply (subst mat-eye-l, subst mat-eye-r)
by simp
qed

NN N N N N N N S

lemma quad-form-congruence [simpl:
assumes mat-det M # 0
shows quad-form (M s, 2) (congruence (mat-inv M) H) = quad-form z H
using bilinear-form-congruence| OF assms]
by simp

Similar matrices

Two matrices are similar iff they represent the same linear operator with respect to (possibly) different bases
(e.g., if they represent the same Mébius transformation after changing the coordinate system)

definition similarity where
similarity A M = mat-inv A *mm M *mm A

lemma mat-det-similarity [simp]:
assumes mat-det A # 0
shows mat-det (similarity A M) = mat-det M
using assms
unfolding similarity-def
by (simp add: mat-det-inv)

lemma mat-trace-similarity [simp):
assumes mat-det A # 0
shows mat-trace (similarity A M) = mat-trace M
proof—
obtain a b ¢ d where AA: A = (a, b, ¢, d)
by (cases A) auto
obtain mA mB mC mD where MM: M = (mA, mB, mC, mD)
by (cases M) auto
have mA x (axd) / (axd—bxc)+ mDx(axd)/(axd—bxc)=
mA+ mD 4+ mAx(bxc)/(axd—bxc)+mDx*(bxc)/ (axd—>bxc)
using assms AA
by (simp add: field-simps)
thus ?thesis
using AA MM
by (simp add: field-simps similarity-def)
qed

lemma similarity-eye [simp]:
shows similarity eye M = M
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unfolding similarity-def
using mat-eye-l mat-eye-r
by auto

lemma similarity-eye’ [simp]:
shows similarity (1, 0, 0, 1) M = M
unfolding eye-def[symmetric]
by (simp del: eye-def)

lemma similarity-comp [simp):
assumes mat-det A1 # 0 and mat-det A2 # 0
shows similarity A1 (similarity A2 M) = similarity (A2%mmAl) M
using assms
unfolding similarity-def
by (simp add: mult-mm-assoc mat-inv-mult-mm)

lemma similarity-inv:
assumes similarity A M1 = M2 and mat-det A # 0
shows similarity (mat-inv A) M2 = M1
using assms
unfolding similarity-def
by (metis mat-det-mult mult-mm-assoc mult-mm-inv-l mult-mm-inv-r mult-zero-left)

end

3.9 Generalized Unitary Matrices

theory Unitary-Matrices
imports Matrices More-Complex
begin

In this section (generalized) 2 x 2 unitary matrices are introduced.

Unitary matrices

definition unitary where
unitary M «—— mat-adj M *pmm M = eye

Generalized unitary matrices

definition unitary-gen where
unitary-gen M «——
(3 k::complex. k # 0 A mat-adj M #mm M = k *sm eye)

Scalar can be always be a positive real

lemma unitary-gen-real:
assumes unitary-gen M
shows (3 kireal. k > 0 A mat-adj M #mm M = cor k *sm eye)
proof—
obtain k£ where x: mat-adj M *pym M =k *sm eye k #£ 0
using assms
by (auto simp add: unitary-gen-def)
obtain a b ¢ d where M = (a, b, ¢, d)
by (cases M) auto
hence k = cor ((cmod a)?) + cor ((cmod c)?)
using *
by (subst complez-mult-cnj-cmod[symmetric])+ (auto simp add: mat-adj-def mat-cnj-def)
hence is-real k A Re k > 0
using <k # 0»
by (smt (verit) add-cancel-left-left arg-0-iff arg-complez-of-real-positive not-sum-power2-it-zero of-real-0 plus-complez.simps(1)
plus-complex.simps(2))
thus %thesis
using *
by (rule-tac z=Re k in ezl) simp
qed

Generalized unitary matrices can be factored into a product of a unitary matrix and a real positive scalar
multiple of the identity matrix
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lemma unitary-gen-unitary:
shows unitary-gen M +——
FEM'. k>0 A unitary M' AN M = (cor k *sm eye) *mm M') (is ?lhs = ?rhs)
proof
assume ?lhs
then obtain k£ where x: k>0 mat-adj M *pm M = cor k *sm eye
using unitary-gen-real[of M|
by auto

let 2k’ = cor (sqrt k)
have 2k’ * cnj %k’ = cor k
using <k > 0»
by simp
moreover
have Re 2k’ > 0 is-real 2k’ 2%k’ # 0
using <k > 0»
by auto
ultimately
show ?rhs
using * mat-eye-l
unfolding unitary-gen-def unitary-def
by (rule-tac z=Re 2k’ in exl) (rule-tac t=(1/%")*sm M in exl, simp add: mult-sm-mm[symmetric])
next
assume ?rhs
then obtain k M’ where k > 0 unitary M’ M = (cor k *sm eye) *mm M’
by blast
hence M = cor k sgm M’
using mult-sm-mm|[of cor k eye M'] mat-eye-1
by simp
thus ?lhs
using <unitary M" <k > 0>
by (simp add: unitary-gen-def unitary-def)
qed

When they represent Mobius transformations, eneralized unitary matrices fix the imaginary unit circle. There-
fore, they fix a Hermitean form with (2, 0) signature (two positive and no negative diagonal elements).

lemma unitary-gen-iff
shows unitary-gen M «——
(3 k::complex. k # 0 A congruence M (1, 0, 0, 1) = k *sm (1, 0, 0, 1))
unfolding unitary-gen-def
using mat-eye-r
by (auto simp add: mult.assoc)

Unitary matrices are special cases of general unitary matrices

lemma unitary-unitary-gen [simpl:
assumes unitary M
shows unitary-gen M
using assms
unfolding unitary-gen-def unitary-def
by auto

Generalized unitary matrices are regular

lemma unitary-gen-reqular:
assumes unitary-gen M
shows mat-det M # 0
proof—
from assms obtain k where
k # 0 mat-adj M *mm M = k *sm eye
unfolding unitary-gen-def
by auto
hence mat-det (mat-adj M *pm M) # 0
by simp
thus %thesis
by (simp add: mat-det-ady)
qed
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lemmas unitary-reqular = unitary-gen-reqular| OF unitary-unitary-gen]

3.9.1 Group properties

Generalized 2 X 2 unitary matrices form a group under multiplication (usually denoted by GU(2,C)). The group
is closed under non-zero complex scalar multiplication. Since these matrices are always regular, they form a
subgroup of general linear group (usually denoted by GL(2,C)) of all regular matrices.

lemma unitary-gen-scale [simp]:
assumes unitary-gen M and k # 0
shows unitary-gen (k *sm M)
using assms
unfolding unitary-gen-def
by auto

lemma unitary-comp:
assumes unitary M1 and unitary M2
shows unitary (M1 *mm M2)
using assms
unfolding unitary-def
by (metis mat-adj-mult-mm mat-eye-l mult-mm-assoc)

lemma unitary-gen-comp:
assumes unitary-gen M1 and unitary-gen M2
shows unitary-gen (M1 %pymm M2)
proof—
obtain kI k2 where x: kI x k2 # 0 mat-adj M1 *pmm M1 = ki1 xsm eye mat-adj M2 spmm M2 = k2 %5 eye
using assms
unfolding unitary-gen-def
by auto
have mat-adj M2 %mm mat-adj M1 #pmm (M1 %mm M2) = mat-adj M2 *mm (mat-adj M1 %pmm M1) #pmm M2
by (auto simp add: mult-mm-assoc)

also have ... = mat-adj M2 *mm (k1 *sm eye) *mm M2)
using *
by (auto simp add: mult-mm-assoc)

also have ... = mat-adj M2 *mm (k1 *sm M2)

using mult-sm-eye-mm|of k1 M2]
by (simp del: eye-def)
also have ... = kI #sm (k2 *sm eye)
using *
by auto
finally
show ?thesis
using *
unfolding unitary-gen-def
by (rule-tac z=Fk1xk2 in exl, simp del: eye-def)
qed

lemma unitary-adj-eq-inv:
shows unitary M «—— mat-det M # 0 N mat-adj M = mat-inv M
using wunitary-regular[of M| mult-mm-inv-r[of M mat-adj M eye] mat-eye-l[of mat-inv M| mat-inv-l[of M]
unfolding unitary-def
by — (rule, simp-all)

lemma unitary-inv:
assumes unitary M
shows unitary (mat-inv M)
using assms
unfolding unitary-adj-eq-inv
using mat-adj-inv[of M| mat-det-inv]of M]
by simp

lemma unitary-gen-inv:
assumes unitary-gen M
shows unitary-gen (mat-inv M)
proof—
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obtain k¥ M’ where 0 < k unitary M' M = cor k *sm eye *mm M’
using unitary-gen-unitary[of M| assms
by blast
hence mat-inv M = cor (1/k) *sm mat-inv M’
by (metis mat-inv-mult-sm mult-sm-eye-mm norm-not-less-zero of-real-1 of-real-divide of-real-eq-0-iff sgn-1-neg
sgn-greater sgn-if sgn-pos sgn-sgn)
thus Zthesis
using <k > 0» <unitary M"
by (subst unitary-gen-unitary[of mat-inv M]) (rule-tac z=1/k in ezl, rule-tac z=mat-inv M’ in exl, metis
divide-pos-pos mult-sm-eye-mm unitary-inv zero-less-one)
qged

3.9.2 The characterization in terms of matrix elements

Special matrices are those having the determinant equal to 1. We first give their characterization.

lemma unitary-special:
assumes unitary M and mat-det M = 1
shows 3 a b. M = (a, b, —cnj b, cnj a)
proof—
have mat-adj M = mat-inv M
using assms mult-mm-inv-r[of M mat-adj M eye] mat-eye-r mat-eye-l
by (simp add: unitary-def)
thus %thesis
using (mat-det M = 1)
by (cases M) (auto simp add: mat-adj-def mat-cnj-def)
qed

lemma unitary-gen-special:
assumes unitary-gen M and mat-det M = 1
shows 3 a b. M = (a, b, —cnj b, cnj a)
proof—
from assms
obtain k where x: k # 0 mat-adj M *mm M = k *sm eye
unfolding unitary-gen-def
by auto
hence mat-det (mat-adj M #mm M) = kxk
by simp
hence kxk = 1
using assms(2)
by (simp add: mat-det-adj)
hence k =1V k=—-1
using square-eq-1-iff[of k|
by simp
moreover
have mat-adj M = k *sm mat-inv M
using *
using assms mult-mm-inv-r[of M mat-adj M k *sm eye] mat-eye-r mat-eye-l
by simp (metis mult-sm-eye-mm *(2))
moreover
obtain a b ¢ d where M = (a, b, ¢, d)
by (cases M) auto
ultimately
have M = (a, b, —cnj b, cnja) V M = (a, b, cnj b, —cnj a)
using assms(2)
by (auto simp add: mat-adj-def mat-cnj-def)
moreover
have Re (— (cor (cmod a))* — (cor (cmod b))?) < 1
by (smt (verit) cmod-square complez-norm-square minus-complez.simps(1) of-real-power realpow-square-minus-le
uminus-complez.simps(1))
hence — (cor (cmod a))?® — (cor (cmod b))? # 1
by force
hence M # (a, b, cnj b, —cnj a)
using (mat-det M = 1> complez-mult-cnj-cmod|of a] complex-mult-cnj-cmod|of b]
by auto
ultimately
show ?thesis
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by auto
qed

A characterization of all generalized unitary matrices

lemma unitary-gen-iff:
shows unitary-gen M +—
(T abk. k+#0 N mat-det (a, b, —cnj b, cnja) # 0 A
M =k xsm (a, b, —cnj b, cnj a)) (is 2lhs = frhs)
proof
assume ?lhs
obtain d where *: dxd = mat-det M
using ex-complez-sqrt
by auto
hence d # 0
using unitary-gen-regular[OF <unitary-gen M)]
by auto
from <unitary-gen M»
obtain k£ where k # 0 mat-adj M *pmm M = k xsm eye
unfolding unitary-gen-def
by auto
hence mat-adj ((1/d)*smM) *mm ((1/d)xsmM) = (k / (dxcnj d)) *sm eye
by simp
obtain a b where (a, b, — ¢nj b, ecnja) = (1 / d) xem M
using unitary-gen-special[of (1 | d) *sm M] <unitary-gen M> x unitary-gen-regular[of M| <«d # 0>
by force
moreover
hence mat-det (a, b, — cnj b, cnj a) # 0
using unitary-gen-regular|OF <unitary-gen M>] <d # 0>
by auto
ultimately
show %rhs
apply (rule-tac x=a in exl, rule-tac z=0b in exl, rule-tac z=d in exl)
using mult-sm-inv-l[of 1/d M]
by (auto simp add: field-simps)
next
assume ?rhs
then obtain a b k where k # 0 A mat-det (a, b, — cnj b, cnja) # 0 AN M = k *sm (a, b, — cnj b, cnj a)
by auto
thus ?lhs
unfolding unitary-gen-def
apply (auto simp add: mat-adj-def mat-cnj-def)
using mult-eq-0-iff [of cnj k x k cnj a *x a + cnj b x b]
by (auto simp add: field-simps)
qed

A characterization of unitary matrices

lemma unitary-iff:
shows unitary M «——
(3 a bk (cmod a)® + (cmod b)* # 0 A
(emod k)? = 1 / ((ecmod a)? + (cmod b)?) A
M =k *sm (a, b, —cnj b, cnj a)) (is ?lhs = ?rhs)
proof
assume ?lhs
obtain k£ a b where x: M = k %sm (a, b, —cnj b, cnj a) k # 0 mat-det (a, b, —cnj b, cnj a) # 0
using unitary-gen-iff unitary-unitary-gen|OF <unitary M>]
by auto

have md: mat-det (a, b, —cnj b, cnj a) = cor ((cmod a)* + (cmod b)?)
by (auto simp add: complex-mult-cnj-cmod)

have k * cnj k * mat-det (a, b, —cnj b, cnj a) = 1
using <unitary M)» *
unfolding unitary-def
by (auto simp add: mat-adj-def mat-cnj-def field-simps)
hence (cmod k)? * ((cmod a)?® + (cmod b)?) = 1
by (metis (mono-tags, lifting) complexz-norm-square md of-real-1 of-real-eq-iff of-real-mult)
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thus %rhs
using * mat-eye-l
apply (rule-tac x=a in exl, rule-tac z=0b in exl, rule-tac x=Fk in exl)
apply (auto simp add: complex-mult-cnj-cmod)
by (metis «(cmod k)* x ((cmod a)? + (cmod b)?) = 1) mult-eq-0-iff nonzero-eq-divide-eq zero-neg-one)
next
assume ?rhs
then obtain a b k where *: (cmod a)? + (cmod b)*> # 0 (cmod k)? = 1 / ((¢cmod a)® + (cmod b)?) M = k *5m (a,
b, —cnj b, cnj a)
by auto
have (k * cnj k) * (a x cnj a) + (k * cnj k) = (b * cnj b) = 1
apply (subst complex-mult-cnj-cmod)+
using *(1—2)
by (metis (no-types, lifting) distrib-left nonzero-eq-divide-eq of-real-1 of-real-add of-real-divide of-real-eq-0-iff)
thus ?lhs
using *
unfolding unitary-def
by (simp add: mat-adj-def mat-cnj-def field-simps)
qed

end

3.10 Generalized unitary matrices with signature (1,1)

theory Unitaryll-Matrices
imports Matrices More-Complex
begin

When acting as Mobius transformations in the extended complex plane, generalized complex 2 x 2 unitary
matrices fix the imaginary unit circle (a Hermitean form with (2, 0) signature). We now describe matrices
that fix the ordinary unit circle (a Hermitean form with (1, 1) signature, i.e., one positive and one negative
element on the diagonal). These are extremely important for further formalization, since they will represent disc
automorphisims and isometries of the Poincaré disc. The development of this theory follows the development
of the theory of generalized unitary matrices.

Unitaryll matrices

definition unitaryl! where
unitaryll M «—— congruence M (1, 0, 0, —1) = (1, 0, 0, —1)

Generalized unitaryll matrices

definition unitaryl1-gen where
unitaryll-gen M «—— (3 k. k # 0 A congruence M (1, 0, 0, —1) = k *sm (1, 0, 0, —1))

Scalar can always be a non-zero real number

lemma unitaryl1-gen-real:
shows unitaryl1-gen M «—— (3 k. k # 0 A congruence M (1, 0, 0, —1) = cor k *sm (I, 0, 0, —1))
unfolding unitaryl1-gen-def
proof (auto simp del: congruence-def)
fix k
assume k # 0 congruence M (1, 0, 0, —1) = (k, 0, 0, — k)
hence mat-det (congruence M (1, 0, 0, —1)) = —kx*k
by simp
moreover
have is-real (mat-det (congruence M (1, 0, 0, —1))) Re (mat-det (congruence M (1, 0, 0, —1))) < 0
by (auto simp add: mat-det-adj)

ultimately

have is-real (kxk) Re (—kxk) < 0
by auto

hence is-real (kxk) A Re (k x k) > 0
using <k # 0»

by (smt (verit) complez-eq-if-Re-eq mult-eq-0-iff mult-minus-left uminus-complex.simps(1) zero-complex.simps(1)
zero-complex.simps(2))
hence is-real k
by auto
thus Jdka. ka # 0 N k = cor ka
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using <k # 0>
by (rule-tac z=Re k in ezl) (cases k, auto simp add: Complez-eq)
qed

Unitaryll matrices are special cases of generalized unitary 11 matrices

lemma unitaryll-unitaryl1-gen [simp]:
assumes unitaryll M
shows unitaryl1-gen M
using assms
unfolding unitary11-gen-def unitary11-def
by (rule-tac x=1 in exl, auto)

All generalized unitaryll matrices are regular

lemma unitary!1-gen-reqular:
assumes unitaryl1-gen M
shows mat-det M # 0
proof—
from assms obtain k where
k # 0 mat-adj M *pmm (1, 0, 0, —1) *mm M = cor k *sm (1, 0, 0, —1)
unfolding unitaryl1-gen-real
by auto
hence mat-det (mat-adj M *mm (1, 0, 0, —1) *pmm M) # 0
by simp
thus ?thesis
by (simp add: mat-det-adj)
qed

lemmas unitaryl1-reqular = unitaryl1-gen-regular|OF unitaryl1-unitaryll-gen)

3.10.1 The characterization in terms of matrix elements

Special matrices are those having the determinant equal to 1. We first give their characterization.

lemma unitaryl1-special:
assumes unitaryl!l M and mat-det M = 1
shows 3 a b. M = (a, b, cnj b, cnj a)
proof—
have mat-adj M *pm (1, 0, 0, —1) = (1, 0, 0, —1) *mm mat-inv M
using assms mult-mm-inv-r
by (simp add: unitaryl1-def)
thus ?thesis
using assms(2)
by (cases M) (simp add: mat-adj-def mat-cnj-def)
qed

lemma unitaryl1-gen-special:
assumes unitaryli-gen M and mat-det M = 1
shows 3 a b. M = (a, b, cnj b, cnja) V M = (a, b, —cnj b, —cnj a)
proof—
from assms
obtain k£ where x: k # 0 mat-adj M smm (1, 0, 0, —1) *mm M = cor k *sm (1, 0, 0, —1)
unfolding unitary11-gen-real

by auto

hence mat-det (mat-adj M *mm (1, 0, 0, —1) *mm M) = — cor kx cor k
by simp

hence mat-det (mat-adj M *pmm M) = cor kx cor k
by simp

hence cor kx cor k = 1
using assms(2)
by (simp add: mat-det-adj)

hence cor k =1V cork = —1
using square-eq-1-iff[of cor k]
by simp

moreover

have mat-adj M *pmm (1, 0, 0, —1) = (cor k *sm (1, 0, 0, —1)) *mm mat-inv M
using *
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using assms mult-mm-inv-r mat-eye-r mat-eye-l
by auto

moreover

obtain a b ¢ d where M = (a, b, ¢, d)
by (cases M) auto

ultimately

have M = (a, b, cnj b, enj a) V M = (a, b, —cnj b, —cnj a)
using assms(2)
by (auto simp add: mat-adj-def mat-cnj-def)

thus %thesis
by auto

qed

A characterization of all generalized unitaryll matrices

lemma unitaryll-gen-iff "
shows unitaryl1-gen M «——
(T abk k+#0 N mat-det (a, b, cnj b, cnj a) # 0 A
(M =k *sm (a, b, cnj b, cnj a) V
M =k xsm (—1, 0,0, 1) *mm (a, b, cnj b, cnj a))) (is ?lhs = 2rhs)
proof
assume ?lhs
obtain d where *: dxd = mat-det M
using ex-complex-sqrt
by auto
hence d # 0
using unitaryl1-gen-reqular|OF <unitaryl1-gen M)]
by auto
from <unitaryl1-gen M>
obtain k£ where k # 0 mat-adj M *mm (1, 0, 0, —1) %mm M = cor k xsm (1, 0, 0, —1)
unfolding unitary11-gen-real
by auto
hence mat-adj ((1/d)xemM)tmm (1, 0, 0, =1) *mm ((1/d)kemM) = (cor k / (dvenj d)) +om (1, 0, 0, —1)
by simp
moreover
have is-real (cor k / (d * cnj d))
by (metis complex-In-mult-cnj-zero div-reals Im-complez-of-real)
hence cor (Re (cor k / (d x c¢nj d))) = cor k / (d x cnj d)
by simp
ultimately
have unitaryl1-gen ((1/d)*smM)
unfolding unitary11-gen-real
using «d # 0> <k # 0>
using «cor (Re (cor k / (d % cnj d))) = cor k / (d * cnj d)»
by (rule-tac z=Re (cor k / (d * cnj d)) in exl, auto, simp add: x)
moreover
have mat-det ((1 / d) *sm M) =1
using x unitaryl1-gen-regular[of M| <unitaryl1-gen M>
by auto
ultimately
obtain a b where (a, b, cnj b, cnj a) =
using unitaryl1-gen-special[of (1 / d)
by force
thus %rhs
proof
assume (a, b, cnj b, enj a) = (1 / d) *sm M
moreover
hence mat-det (a, b, ¢cnj b, cnj a) # 0
using unitaryl1-gen-regular[OF <unitaryl1-gen M>] <d # 0>
by auto
ultimately
show ?rhs
using «d # 0»
by (rule-tac x=a in exl, rule-tac z=b in exl, rule-tac z=d in exl, simp)
next
assume *: (a, b, —cnj b, —cnja) = (1 / d) *sm M
hence (1 / d) *sm M = (a, b, —cnj b, —cnj a)

(1 / ) *sm M V (a, b, —cnj b, —cnj a) = (1 / d) *sm M
*g

M]
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by simp
hence M = (a * d, b* d, — (d x cnj b), — (d % cnj a))
using «d # 0»
using mult-sm-inv-l[of 1/d M (a, b, —cnj b, —cnj a), symmetric]
by (simp add: field-simps)
moreover
have mat-det (a, b, —cnj b, —cnj a) # 0
using * unitaryl 1-gen-reqular[OF <unitaryl1-gen M>] <«d # 0>
by auto
ultimately
show ?thesis
using «d # 0»
by (rule-tac x=a in exl, rule-tac z=b in ezl, rule-tac z=—d in exI) (simp add: field-simps)
qged
next
assume ?rhs
then obtain a b k where k # 0 mat-det (a, b, cnj b, cnj a) # 0
M =k *sm (a, b, enj b, cnja) V M =k xsm (—1, 0, 0, 1) *mm (a, b, cnj b, cnj a)
by auto
moreover
let v = cnjkxcenjax (k*a)+ — (enjk x b* (kx cnj b))
have ?z = (kxcnj k)*(axcnj a — bxcnj b)
by (auto simp add: field-simps)
hence is-real %x
by simp
hence cor (Re %z) = %z
by (rule complez-of-real-Re)
moreover
have 7z # 0
using mult-eq-0-iff [of cnj k x k (¢cnj a * a + — cnj b * b)]
using «mat-det (a, b, cnj b, cnj a) # 0> <k # 0>
by (auto simp add: field-simps)
hence Re %z # 0
using <is-real ?x»
by (metis calculation(4) of-real-0)
ultimately
show ?lhs
unfolding unitary11-gen-real
by (rule-tac z=Re ?z in ezl) (auto simp add: mat-adj-def mat-cnj-def)
qed

Another characterization of all generalized unitaryll matrices. They are products of rotation and Blaschke
factor matrices.

lemma unitaryl1-gen-cis-blaschke:
assumes k # 0 and M = k *s,,, (a, b, cnj b, cnj a) and
a # 0 and mat-det (a, b, cnj b, cnj a) # 0
shows 3 k'pa’ k"#A0Na xcnja' £ 1A
M = k" %sm (cis @, 0, 0, 1) *mm (1, —a’, —cnj a’, 1)
proof—
have a = cnj a = cis (2 * Arg a)
using rcis-cmod-Arg|of a] rcis-cnjlof a]
using cis-rcis-eq rcis-mult
by simp
thus %thesis
using assms
by (rule-tac z=kxcnj a in exl, rule-tac x=2xArg a in exl, rule-tac x=— b / a in exI) (auto simp add: field-simps)
qed

lemma unitaryl1-gen-cis-blaschke':

assumes k # 0 and M = k *sm (—1, 0, 0, 1) *mm (a, b, cnj b, cnj a) and

a # 0 and mat-det (a, b, cnj b, cnj a) # 0
shows 3 k' pa’ k"£0Na" xcnja' # 1A
M = k" %sm (cis @, 0, 0, 1) *mm (1, —a’, —cnj a’, 1)

proof—

obtain k' ¢ o’ where x: k' # 0 k xsm (a, b, cnj b, cnj a) = k' *sm (cis @, 0, 0, 1) *mm (1, —a’, —cnj a’, 1) a’ *
cnja’ # 1
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using unitaryl1-gen-cis-blaschke[OF <k # 0y - <a # O>] <mat-det (a, b, cnj b, cnj a) # 0>
by blast

have (cis ¢, 0, 0, 1) *mm (—1, 0, 0, 1) = (cis (p + pi), 0, 0, 1)

by (simp add: cis-def complez.corec Complex-eq)

thus %thesis
using * <M = k *sm (—1, 0, 0, 1) *mm (a, b, cnj b, cnj a)»
by (rule-tac z=k' in exl, rule-tac x=p + pi in exl, rule-tac z=a' in exl, simp)

qed

lemma unitaryl1-gen-cis-blaschke-rev:
assumes k' # 0 and M = k' *em (cis @, 0, 0, 1) *mm (I, —a’, —cnj a’, 1) and
a' * cnja’ # 1
shows 3 ka b. k # 0 A mat-det (a, b, cnj b, cnj a) # 0 A
M =k *sm (a, b, cnj b, cnj a)
using assms
apply (rule-tac z=Fk"xcis(¢/2) in exl, rule-tac z=cis(p/2) in ezl, rule-tac z=—a"xcis(¢/2) in exl)
apply (simp add: cis-mult mult.commute mult.left-commute)
done

lemma unitaryl1-gen-cis-inversion:
assumes k # 0 and M = k *sm (0, b, cnj b, 0) and b # 0
shows 3 k' . k' # 0 A
M =k’ xsm (cis @, 0, 0, 1) *mm (0, 1, 1, 0)
using assms
using rcis-cmod-Arg[of b, symmetric] rcis-cnj[of b] cis-rcis-eq
by simp (rule-tac t=2%Arg b in exl, simp add: rcis-mult)

lemma unitaryl1-gen-cis-inversion”:
assumes k # 0 and M = k *sm (=1, 0, 0, 1) *mm (0, b, cnj b, 0) and b # 0
shows 3 k' . k' # 0 A
M = k' *sm (cis @, 0, 0, 1) *mm (0, 1, 1, 0)
proof—
obtain k' ¢ where *: k' # 0k xsm (0, b, cnj b, 0) = k' %5 (cis ¢, 0, 0, 1) *mm (0, 1, 1, 0)
using unitaryl1-gen-cis-inversion[OF <k # 05 - <b # )]
by metis
have (cis ¢, 0, 0, 1) *mm (=1, 0, 0, 1) = (cis (¢ + pi), 0, 0, 1)
by (simp add: cis-def complex.corec Complex-eq)
thus %thesis
using *« <M =k *sm (—1, 0, 0, 1) *mm (0, b, cnj b, 0)»
by (rule-tac z=k' in ezl, rule-tac z=p + pi in exl, simp)
qed

lemma unitaryl1-gen-cis-inversion-rev:
assumes k' # 0 and M = k' %5, (cis @, 0, 0, 1) %mm (0, 1, 1, 0)
shows 3 ka b. k# 0 A mat-det (a, b, cnj b, cnj a) # 0 A
M =k *sm (a, b, cnj b, cnj a)
using assms
by (rule-tac z=Fk"xcis(p/2) in ezl, rule-tac z=0 in ezl, rule-tac z=cis(¢/2) in exl) (simp add: cis-mult)

Another characterization of generalized unitaryll matrices

lemma unitaryl1-gen-iff:
shows unitaryl1-gen M «——
(3 kab k#0 A mat-det (a, b, cnj b, cnj a) # 0 A
M =k %sm (a, b, cnj b, cnj a)) (is ?lhs = ?rhs)
proof
assume ?lhs
then obtain a b k where *: k # 0 mat-det (a, b, cnj b, cnj a) # 0 M = k *sm (a, b, cnj b, cnj a) V M = k *sm
(=1, 0,0, 1) *mm (a, b, cnj b, cnj a)
using unitaryl1-gen-iff’
by auto
show ?rhs
proof (cases M = k *sm, (a, b, cnj b, cnj a))
case True
thus Zthesis
using *
by auto
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next
case Fulse
hence xx: M = k *sm (—1, 0, 0, 1) *mm (a, b, cnj b, cnj a)
using *
by simp
show ?thesis
proof (cases a = 0)
case True
hence b # 0
using *
by auto
show %thesis
using unitaryl 1-gen-cis-inversion-rev[of - M]
using **x (¢ = 0)
using unitaryl1-gen-cis-inversion'[OF <k # 0> - <b # 0>, of M|
by auto
next
case False
show ?%thesis
using unitaryl1-gen-cis-blaschke-rev[of - M|
using *x
using unitaryl1-gen-cis-blaschke’|OF <k # 0> - <a # 0>, of M b] <mat-det (a, b, cnj b, cnj a) # 0>
by blast
qed
qed
next
assume ?rhs
thus ?lhs
using unitaryl1-gen-iff’
by auto
qed

lemma unitary!1-iff:
shows unitaryl1 M «——
(3 a bk (cmod a)® > (cmod b)* A
(emod k)* = 1 / ((ecmod a)? — (emod b)?) A
M =k *sm (a, b, cnj b, cnj a)) (is ?lhs = ?rhs)
proof
assume ?lhs
obtain £ a b where x:
M =k *sm (a, b, cnj b, cnj a)mat-det (a, b, cnj b, cnj a) # 0k # 0
using unitaryl1-gen-iff unitaryl1-unitaryl1-gen|OF <unitaryll M>]
by auto

have md: mat-det (a, b, cnj b, cnj a) = cor ((cmod a)? — (cmod b)?)
by (auto simp add: complex-mult-cnj-cmod)

hence **: (cmod a)? # (cmod b)?
using <mat-det (a, b, cnj b, cnj a) # 0>
by auto

have k % cnj k * mat-det (a, b, cnj b, cnj a) = 1
using <M = k *sm (a, b, cnj b, cnj a)»
using «unitaryl1 M»
unfolding unitary!1-def
by (auto simp add: mat-adj-def mat-cnj-def) (simp add: field-simps)
hence *x*: (cmod k)? * ((cmod a)? — (cmod b)?) = 1
by (metis complez-mult-cnj-cmod md of-real-1 of-real-eq-iff of-real-mult)
hence ((cmod a)? — (cmod b)?) = 1 / (cmod k)?
by (cases k=0) (auto simp add: field-simps)
hence cmod a =2 = cmod b "2 + 1 / cmod k ~ 2
by simp
thus ?rhs
using <M = k *sm (a, b, cnj b, cnj a)> **x mat-eye-l
by (rule-tac z=a in exl, rule-tac z=b in ezl, rule-tac z=Fk in exl)
(auto simp add: complez-mult-cnj-cmod introl: )
next
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assume ?rhs
then obtain a b k where (cmod b)? < (emod a)® A (emod k)2 = 1 / ((cmod a)*> — (cmod b)?) A M = k *sm (a, b,
cnj b, cnj a)
by auto
moreover
have cnj k * cnja * (k * a) + — (cnj k * b * (k * cnj b)) = (cor ((cmod k)* * ((cmod a)® — (cmod b)?)))
proof—
have cnj k * cnj a * (k * a) = cor ((ecmod k)? x (cmod a)?)
using complex-mult-cnj-cmod|of a] complez-mult-cnj-cmod|of k]
by (auto simp add: field-simps)
moreover
have cnj k * b * (k * cnj b) = cor ((cmod k)? * (cmod b)?)
using complex-mult-cnj-cmod[of b, symmetric] complez-mult-cnj-cmod|of k]
by (auto simp add: field-simps)
ultimately
show ?thesis
by (auto simp add: field-simps)
qed
ultimately
show ?lhs
unfolding unitary11-def
by (auto simp add: mat-adj-def mat-cnj-def field-simps)
qed

3.10.2 Group properties

Generalized unitaryll matrices form a group under multiplication (it is sometimes denoted by GU; 1(2,C)).
The group is also closed under non-zero complex scalar multiplication. Since these matrices are always regular,
they form a subgroup of general linear group (usually denoted by GL(2,C)) of all regular matrices.

lemma unitaryl!1-gen-mult-sm:
assumes k # 0 and unitaryl1-gen M
shows unitaryl1-gen (k *sm M)
proof—
have k * cnj k = cor (Re (k * cnj k))
by (subst complex-of-real-Re) auto
thus %thesis
using assms
unfolding unitary11-gen-real
by auto (rule-tac x=Re (kxcnj k) * ka in ezl, auto)
qed

lemma unitaryl1-gen-div-sm:
assumes k # 0 and unitaryll-gen (k *sm M)
shows unitaryl1-gen M
using assms unitaryl1-gen-mult-sm[of 1/k k *sm M]
by simp

lemma unitaryl1-inv:
assumes k # 0 and M = k *sm (a, b, cnj b, cnj a) and mat-det (a, b, cnj b, cnj a) # 0
shows 3 k' a’ b". k' # 0 A mat-inv M = k' x5, (a’, b', cnj b’, cnj a’) A mat-det (a’, b’, enj b, cnj a’) # 0
using assms
by (subst assms, subst mat-inv-mult-sm[OF assms(1)])
(rule-tac z=1/(k * mat-det (a, b, cnj b, cnj a)) in exl, rule-tac z=cnj a in exl, rule-tac t=—"0 in exl, simp add:
field-simps)

lemma unitaryl1-comp:
assumes kI # 0 and M1 = kI #¢m (al, bl, cnj b1, cnj al) and mat-det (al, b1, cnj bl, cnjal) # 0
k2 # 0 M2 = k2 *sm (a2, b2, cnj b2, cnj a2) mat-det (a2, b2, cnj b2, cnj a2) # 0
shows 3 kab. k# 0N MI *mm M2 =k xsm (a, b, cnj b, cnj a) A mat-det (a, b, cnj b, cnj a) # 0
using assms
apply (rule-tac z=k1%k2 in exl)
apply (rule-tac z=al*a2 + blxcnj b2 in exl)
apply (rule-tac z=alxb2 + blxcnj a2 in exl)
proof (auto simp add: algebra-simps)
assume *: al * (a2 * (cnj al * cnj a2)) + bl * (b2 * (cnj bl * cnj b2)) =
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al * (b2 * (cnj al * cnj b2)) + a2 * (b1 * (cnj a2 = cnj b1)) and
sk alxenj al # bl % cnj bl a2xcnj a2 # b2xcnj b2

hence (al*cnj al)x(a2*cnj a2 — b2xcnj b2) = (blxcnj bl)*(a2xcnj a2 — b2xcnj b2)
by (simp add: field-simps)

hence al*cnj al = blxcnj bl
using *x(2)
by simp

thus False
using *x(1)
by simp

qed

lemma unitaryl 1-gen-mat-inv:
assumes unitaryll-gen M and mat-det M # 0
shows unitaryl1-gen (mat-inv M)
proof—
obtain k a b where k # 0 A mat-det (a, b, cnj b, cnj a) # 0 A M = k xsm (a, b, cnj b, cnj a)
using assms unitaryl1-gen-iff [of M]
by auto
then obtain k' a’ b’ where k' # 0 A mat-inv M = k' xsm (a’, b, cnj b’, enj a’) A mat-det (a’, b’, enj b’, enj a’) # 0
using unitaryl1-inv [of k M a b]
by auto
thus “thesis
using unitaryl1-gen-iff[of mat-inv M|
by auto
qed

lemma unitaryl1-gen-comp:
assumes unitaryll-gen M1 and mat-det M1 # 0 and unitaryl1-gen M2 and mat-det M2 # 0
shows unitaryl1-gen (M1 *mm M2)
proof—
from assms obtain kI k2 al a2 b1 b2 where
k1 # 0 N mat-det (al, b1, cnj b1, cnjal) # 0 N M1 = kI *sm (al, b1, cnj b1, cnj al)
k2 # 0 N mat-det (a2, b2, cnj b2, cnj a2) # 0 N M2 = k2 *sm (a2, b2, cnj b2, cnj a2)
using unitaryl1-gen-iff [of M1] wunitaryl1-gen-iff [of M2]
by blast
then obtain k a b where k # 0 A M1 *pm M2 = k %sm (a, b, cnj b, cnj a) A mat-det (a, b, cnj b, cnj a) # 0
using unitaryl1-comp[of kI M1 al b1 k2 M2 a2 b2]
by blast
thus ?thesis
using unitaryl1-gen-iff [of M1 #pm M2]
by blast
qed

Classification into orientation-preserving and orientation-reversing matrices

lemma unitaryl1-sgn-det-orientation:
assumes k # 0 and mat-det (a, b, cnj b, cnj a) # 0 and M = k *sm (a, b, cnj b, cnj a)
shows 3 k. sgn k' = sgn (Re (mat-det (a, b, cnj b, cnj a))) A congruence M (1, 0, 0, —1) = cor k' *sm (1, 0, 0,
—1)
proof—
let e = cnjkx cnja*x (k*a) — (enjk b x (k* cnj b))
have x: %z =k x cnj k x (a x ¢cnj a — b * cnj b)
by (auto simp add: field-simps)
hence is-real %x
by auto
hence cor (Re %z) = %z
by (rule complez-of-real-Re)
moreover
have sgn (Re ?z) = sgn (Re (a * c¢nj a — b * cnj b))
proof—
have *: Re ?z = (cmod k)*> * Re (a * ¢cnj a — b * cnj b)
by (subst x, subst complez-mult-cnj-cmod, subst Re-mult-real) (metis Im-complez-of-real, metis Re-complez-of-real)
show ?thesis
using <k # 0»
by (subst *) (simp add: sgn-mult)
qed
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ultimately
show ?thesis
using assms(3)
by (rule-tac z=Re %z in ezl) (auto simp add: mat-adj-def mat-cnj-def)
qed

lemma unitaryl1-sgn-det:
assumes k # 0 and mat-det (a, b, cnj b, cnj a) # 0 and M = k *sm (a, b, cnj b, cnj a) and M = (A, B, C, D)
shows sgn (Re (mat-det (a, b, cnj b, cnj a))) = (if b = 0 then 1 else sgn (Re ((AxD)/(BxC)) — 1))
proof (cases b = 0)
case True
thus %thesis
using assms
by (simp only: mat-det.simps, subst complez-mult-cnj-cmod, subst minus-complex.sel, subst Re-complez-of-real, simp)
next
case False
from assms have x: A= kxaB= k+xbC= kxcnjbD= kxcnja
by auto
hence x: (AxD)/(B*C) = (axcnj a)/(bxcnj b)
using <k # 0>
by simp
show ?thesis
using <b # 0»
apply (subst *, subst Re-divide-real, simp, simp)
apply (simp only: mat-det.simps)
apply (subst compler-mult-cnj-cmod)+
apply ((subst Re-complex-of-real)+, subst minus-complex.sel, (subst Re-complex-of-real)+, simp add: field-simps
sgn-if)
done
qed

lemma unitaryl1-orientation:
assumes unitaryll-gen M and M = (A, B, C, D)
shows 3 k' sgn k' = sgn (if B = 0 then 1 else sgn (Re ((A*D)/(BxC)) — 1)) A congruence M (1, 0, 0, —1) = cor
k' *sm (1,0,0,—1)
proof—
from <unitaryl1-gen M>
obtain k a b where *: k # 0 mat-det (a, b, cnj b, cnj a) # 0 M = k*sm (a, b, cnj b, cnj a)
using unitaryl1-gen-iff[of M|
by auto
moreover
have b=0 «— B =0
using <M = (4, B, C, D)
by auto
ultimately
show ?thesis
using unitaryl1-sgn-det-orientation|OF x| unitaryl1-sgn-det[OF = <M = (A, B, C, D))]
by auto
qed

lemma unitaryl1-sgn-det-orientation’:
assumes congruence M (1, 0, 0, —1) = cor k' xsm (1, 0, 0, —1) and k' # 0
shows 3 abk. k# 0 AN M=k *sm (a, b, cnj b, cnj a) A sgn k' = sgn (Re (mat-det (a, b, cnj b, cnj a)))
proof—
obtain a b k where
k # 0 mat-det (a, b, cnj b, cnj a) # 0 M = k *sm (a, b, cnj b, cnj a)
using assms
using unitaryl1-gen-iff [of M]
unfolding unitary11-gen-def
by auto
moreover
have sgn k' = sgn (Re (mat-det (a, b, cnj b, cnj a)))
proof—
let 2z =cnjk x cnja* (k*a) — (cnjk = b* (k* cnj b))
have x: 2z = k x cnj k x (a x ¢cnja — b * cnj b)
by (auto simp add: field-simps)
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hence is-real %z
by auto
hence cor (Re %z) = %z
by (rule complez-of-real-Re)

have #x: sgn (Re ?z) = sgn (Re (a * cnj a — b * cnj b))
proof—
have *: Re ?x = (cmod k)* * Re (a % cnj a — b % cnj b)
by (subst *, subst complex-mult-cnj-cmod, subst Re-mult-real) (metis Im-complex-of-real, metis Re-complez-of-real)
show ?%thesis
using <k # 0>
by (subst *) (simp add: sgn-mult)
qed
moreover
have %z = cor k'
using <M = k *spm (a, b, cnj b, cnj a)> assms
by (simp add: mat-adj-def mat-cnj-def)
hence sgn (Re ?z) = sgn k'
using <«cor (Re %z) = %>
unfolding complez-of-real-def
by simp
ultimately
show %thesis
by simp
qed
ultimately
show %thesis
by (rule-tac z=a in exl, rule-tac z=b in exl, rule-tac z=Fk in exl) simp
qed

end

3.11 Hermitean matrices

Hermitean matrices over C generalize symmetric matrices over R. Quadratic forms with Hermitean matrices
represent circles and lines in the extended complex plane (when applied to homogenous coordinates).

theory Hermitean-Matrices
imports Unitary-Matrices
begin

definition hermitean :: complex-mat = bool where
hermitean A «—— mat-adj A = A

lemma hermitean-transpose:
shows hermitean A «—— mat-transpose A = mat-cnj A
unfolding hermitean-def
by (cases A) (auto simp add: mat-adj-def mat-cnj-def)

Characterization of 2x2 Hermitean matrices elements. All 2x2 Hermitean matrices are of the form

(31)

for real A and D and complex B.

lemma hermitean-mk-circline [simp):
shows hermitean (cor A, B, cnj B, cor D)
unfolding hermitean-def mat-adj-def mat-cnj-def
by simp

lemma hermitean-mk-circline’ [simp]:
assumes is-real A and is-real D
shows hermitean (A, B, c¢nj B, D)
using assms eq-cnj-iff-real
unfolding hermitean-def mat-adj-def mat-cnj-def
by force
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lemma hermitean-elems:
assumes hermitean (A, B, C, D)
shows is-real A and is-real D and B = ¢nj C and cnj B = C
using assms eg-cnj-iff-real[of A] eq-cnj-iff-real[of D]
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

Operations that preserve the Hermitean property

lemma hermitean-mat-cnj:
shows hermitean H «— hermitean (mat-cnj H)
by (cases H) (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

lemma hermitean-mult-real:
assumes hermitean H
shows hermitean ((cor k) *sm H)
using assms
unfolding hermitean-def
by simp

lemma hermitean-congruence:
assumes hermitean H
shows hermitean (congruence M H)
using assms
unfolding hermitean-def
by (auto simp add: mult-mm-assoc)

Identity matrix is Hermitean

lemma hermitean-eye [simp]:
shows hermitean eye
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

lemma hermitean-eye’ [simp]:
shows hermitean (1, 0, 0, 1)
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

Unit circle matrix is Hermitean

lemma hermitean-unit-circle [simp]:
shows hermitean (1, 0, 0, —1)
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

Hermitean matrices have real determinant

lemma mat-det-hermitean-real:
assumes hermitean A
shows is-real (mat-det A)
using assms
unfolding hermitean-def
by (metis eq-cnj-iff-real mat-det-ady)

Zero matrix is the only Hermitean matrix with both determinant and trace equal to zero

lemma hermitean-det-zero-trace-zero:
assumes mat-det A = 0 and mat-trace A = (0::complez) and hermitean A
shows A = mat-zero
using assms
proof—
{
fixadc
assume a x d =cnjcxca+ d=0cnja=a
from <a + d = 0> have d = —a
by (metis add-eq-0-iff)
hence — (cor (Re a))> = (cor (cmod c))?
using «cnj a = a> eq-cnj-iff-real]of a]
using <axd = cnj ¢ * ¢»
using complex-mult-cnj-cmod|of cnj ¢
by (simp add: power2-eq-square)
hence — (Re a)> > 0
using zero-le-power2[of cmod c]
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by (metis Re-complez-of-real of-real-minus of-real-power)
hence a = 0
using zero-le-power2[of Re a]
using «cnj a = a>  eg-cnj-iff-real[of a]
by (simp add: complez-eq-if-Re-eq)
} note x = this
obtain a b ¢ d where A = (a, b, ¢, d)
by (cases A) auto
thus %thesis
using *[of a d ¢] *[of d a (]
using assms <A = (a, b, ¢, d)»
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)
qed

3.11.1 Bilinear and quadratic forms with Hermitean matrices

A Hermitean matrix (A4, B, B, D), for real A and D, gives rise to bilinear form A - o171 - vo; + B - ¥13 - vo1 + B -
11 - Va2 + D - U1g - v92 (acting on vectors (v11,v12) and (va1, v22)) and to the quadratic form A -7 -v; + B - 73 -
v1+ B 71 -va+ D - U3 - v2 (acting on the vector (v1,v2)).

lemma bilinear-form-hermitean-commute:
assumes hermitean H
shows bilinear-form vl v2 H = cnj (bilinear-form v2 vl H)
proof—
have v2 xym mat-cnj H %y, vec-cnj vl = vec-cng vl #yy (mat-adj H *m, v2)
by (subst mult-vv-commute, subst mult-mv-mult-vm, simp add: mat-adj-def mat-transpose-mat-cnj)
also
have ... = bilinear-form vl v2 H
using assms
by (simp add: mult-vv-mv hermitean-def)
finally
show %thesis
by (simp add: cnj-mult-vv vec-cng-mult-vm)
qed

lemma quad-form-hermitean-real:
assumes hermitean H
shows is-real (quad-form z H)
using assms
by (subst eg-cnj-iff-real[symmetric]) (simp del: quad-form-def add: hermitean-def)

lemma quad-form-vec-cnj-mat-cnj:
assumes hermitean H
shows quad-form (vec-cnj z) (mat-cnj H) = quad-form z H
using assms
using cnj-mult-vv cnj-quad-form hermitean-def vec-cnj-mult-vm by auto

3.11.2 Eigenvalues, eigenvectors and diagonalization of Hermitean matrices

Hermitean matrices have real eigenvalues

lemma hermitean-eigenval-real:
assumes hermitean H and eigenval k H
shows is-real k
proof—
from assms obtain v where v # vec-zero H smy v = k %5y v
unfolding eigenval-def
by blast
have k % (v %y vec-cnj v) = (k *sy v) %40 (vec-cnj v)
by (simp add: mult-vv-scale-svl)

also have ... = (H #my ¥) *yo (vec-cnj v)
using (H #my U = k %5,
by simp
also have ... = v %y, (mat-transpose H #m, (vec-cnj v))
by (simp add: mult-mv-vv)
also have ... = v xy, (vec-cnj (mat-cnj (mat-transpose H) *my v))

by (simp add: vec-cnj-mult-mv)
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also have ... = v *y, (vec-cnj (H *mo v))
using <hermitean H»
by (simp add: hermitean-def mat-adj-def)

also have ... = v *y, (vec-cnj (k *sy v))
using «(H *p4 U = k %5, 0
by simp

finally have k * (v %y vec-cnj v) = cnj k % (v %o vec-cng v)
by (simp add: mult-vv-scale-sv2)

hence k = cnj k
using v # vec-zero»
using scalsquare-vv-zero[of v
by (simp add: mult-vv-commute)

thus %thesis
by (metis eq-cnj-iff-real)

qged

Non-diagonal Hermitean matrices have distinct eigenvalues

lemma hermitean-distinct-eigenvals:
assumes hermitean H
shows (3 k1 k2. k1 # k2 A eigenval k1 H A eigenval ko H) V mat-diagonal H
proof—
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
show ?%thesis
proof (cases B = 0)
case True
thus Zthesis
using <hermitean H»> hermitean-elems[of A B C D] HH
by auto
next
case Fulse
have (mat-trace H)? # 4 * mat-det H
proof (rule ccontr)
have C = cnj B is-real A is-real D
using hermitean-elems HH <hermitean H)»
by auto
assume — %thesis
hence (A + D)? = 4*(AxD — Bx()
using HH
by auto
hence (A — D)?> = — /*Bxcnj B
using «C = cnj By
by (auto simp add: power2-eg-square field-simps)
hence (A — D)? / cor ((cmod B)?) = —4
using <B # 0> complex-mult-cnj-cmod[of B]
by (auto simp add: field-simps)
hence (Re A — Re D)? / (cmod B)? = —4
using <is-real Ay <is-real Dy <B # 0
using Re-divide-real[of cor ((cmod B)?) (A — D)?]
by (auto simp add: power2-eg-square)
thus False
by (metis abs-neg-numeral abs-power2 neg-numeral-neg-numeral power-divide)
qed
show ?thesis
apply (rule disjI1)
apply (subst eigen-equation)+
using complez-quadratic-equation-monic-distinct-roots|of —mat-trace H mat-det H| «(mat-trace H)2 % 4 * mal-det
H
by auto
qed
qed

Eigenvectors corresponding to different eigenvalues of Hermitean matrices are orthogonal

lemma hermitean-ortho-eigenvecs:
assumes hermitean H
assumes eigenpair k1 vl H and eigenpair k2 v2 H and kI # k2
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shows vec-cnj v2 *,, v1 = 0 and vec-cnj vl %y, v2 = 0
proof—
from assms
have vl # vec-zero H #pm, vl = k1 %5, vl
v2 # vec-zero H *mqy 02 = k2 *gy 02

unfolding eigenpair-def
by auto

have real-k: is-real k1 is-real k2
using assms
using hermitean-eigenval-real[of H k1]
using hermitean-eigenval-real[of H k2]
unfolding eigenpair-def eigenval-def
by blast+

have vec-cnj (H #mo v2) = vec-cnj (k2 #sy v2)
using (H #my V2 = k2 %5, 02
by auto
hence vec-cnj v2 *ypm H = k2 %5, vec-cnj v2
using <hermitean H» real-k eq-cnj-iff-reallof k1] eq-cnj-iff-real|of k2]
unfolding hermitean-def
by (cases H, cases v2) (auto simp add: mat-adj-def mat-cnj-def vec-cnj-def)
have k2 x (vec-cnj v2 #yy v1) = kI * (vec-cnj v2 %y, v1)
using «H %y, vl = k1 *g, vi>
using <vec-cnj v2 *ym H = k2 x5, vec-cnj v2»
by (cases v1, cases v2, cases H)
(metis mult-vv-mv mult-vv-scale-svl mult-vv-scale-sv2)
thus vec-cnj v2 *y, v1 = 0
using <kl # k2»
by simp
hence cnj (vec-cnj v2 #yy v1) = 0
by simp
thus vec-cnj vl 4, v2 = 0
by (simp add: cnj-mult-vv mult-vv-commaute)
qed

Hermitean matrices are diagonizable by unitary matrices. Diagonal entries are real and the sign of the deter-
minant is preserved.

lemma hermitean-diagonizable:
assumes hermitean H
shows 3 k1 k2 M. mat-det M # 0 N unitary M A congruence M H = (k1, 0, 0, k2) A
is-real k1 A is-real k2 A sgn (Re k1 * Re k2) = sgn (Re (mat-det H))
proof—
from assms
have (3 k1 k2. k1 # k2 A eigenval ki H N eigenval ke H) V mat-diagonal H
using hermitean-distinct-eigenvals|of H|
by simp
thus %thesis
proof
assume Iky k2. k1 # ko A eigenval kv H A eigenval ko H
then obtain k! k2 where ki1 # k2 eigenval k1 H eigenval k2 H
using hermitean-distinct-eigenvals
by blast
then obtain v! v2 where eigenpair k1 vi H eigenpair k2 v2 H
vl # vec-zero v2 # vec-zero
unfolding eigenval-def eigenpair-def
by blast
hence *: vec-cnj v2 %y, vl = 0 vec-cnj vl %y, V2 = 0
using <kl # k2> hermitean-ortho-eigenvecs <hermitean H)»
by auto
obtain v11 v12 v21 v22 where vv: vl = (vil, vi2) v2 = (v21, v22)
by (cases v1, cases v2) auto
let ?nvl’ = vec-cnj vl 4, vl and ?nv2’ = vec-cnj V2 x4y V2
let ?nvl = cor (sqrt (Re #nv1’))
let ?nv2 = cor (sqrt (Re ?nv2’))
have ?nvl’ # 0 nv2' # 0
using (vl # vec-zeroy (v2 # vec-zeroy Vv
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by (simp add: scalsquare-vv-zero)-+
moreover
have is-real ?nv1’ is-real ?nv2’
using vv
by (auto simp add: vec-cnj-def)
ultimately
have %nvl # 0 %nv2 # 0
using complez-eq-if-Re-eq
by auto
have Re (?nvl’) > 0 Re (#nv2’) > 0
using vv
by (auto simp add: vec-cnj-def)
obtain nv! nv2 where nvl = %nvl nvl # 0 nv2 = nv2 nv2 # 0
using «%nvl # 0> <%nv2 # 0>
by auto
let M = (1/nvl * vil, 1/nv2 % v21, 1/nvl x v12, 1/nv2 * v22)

have is-real k1 is-real k2
using <eigenval k1 H» <eigenval k2 H» <hermitean H>
by (auto simp add: hermitean-eigenval-real)
moreover
have mat-det ?M # 0
proof (rule cconir)
assume — %thesis
hence v11 * v22 = vi12 x v21
using «nvl # 0> <nw2 # 0>
by (auto simp add: field-simps)
hence 3 k. k # 0 N v2 = k 5, vl
using vv vl # vec-zeroy <v2 # vec-zeroy
apply auto
apply (rule-tac x=v21/v11 in ezl, force simp add: field-simps
apply (rule-tac x=v21/v11 in ezl, force simp add: field-simps
apply (rule-tac x=v22/v12 in ezl, force simp add: field-simps
apply (rule-tac x=v22/v12 in ezl, force simp add: field-simps
done
thus False
using x <vec-cnj vl *y, V2 = 0> (vec-cnj v2 *yp V2 # 0> vv <Pnvl’ # 0>
by (metis mult-vv-scale-sv2 mult-zero-right)
qed
moreover
have unitary ¢M
proof—
have **: cnj nvl * nvl = ?nvl’ cnj nv2 * nv2 = ?nv2’
using «nvl = ?nvl> «nul # 0> w2 = vy (w2 # 0> <is-real ?nvl’y (is-real Pnv2”
using <Re (?nv1’) > 0» <Re (?nv2’) > 0>
by auto
have *xx: cnj nvl * nv2 # 0 cnj nv2 x nvl # 0
using v «nvl = ?nvly nul # 0> w2 = vy (w2 # 0> <is-real fnvl’s (is-real Pnv2"
by auto

NN AN

show ?%thesis
unfolding unitary-def
using vv % <fnvl’ # 0> (Pnw2’ # 0> % ***
unfolding mat-adj-def mat-cnj-def vec-cnj-def
by simp (metis (no-types, lifting) add-divide-distrib divide-eq-0-iff divide-eq-1-iff)
qed
moreover
have congruence /M H = (k1, 0, 0, k2)
proof—
have mat-inv ?M *mm H *mm M = (k1, 0, 0, k2)
proof—
have *: H *mm ?M = 2M xpmm (k1, 0, 0, k2)
using <eigenpair k1 vl H»y <eigenpair k2 v2 Hy vv <?nvl # 0> «?nv2 # 0>
unfolding eigenpair-def vec-cnj-def
apply (cases H)
apply simp
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apply (metis add-divide-distrib mult.commute)
done
show ?thesis
using mult-mm-inv-l[of ?M (k1, 0, 0, k2) H *mm ?M, OF ¢mat-det ?M # 0> *x[symmetric], symmetric|
by (simp add: mult-mm-assoc)
qged
moreover
have mat-inv M = mat-adj M
using <mat-det ?M # 0> <unitary ?M> mult-mm-inv-r[of ?M mat-adj ?M eye]
by (simp add: unitary-def)
ultimately
show %thesis
by simp
qed
moreover
have sgn (Re kI % Re k2) = sgn (Re (mat-det H))
using <congruence M H = (k1, 0, 0, k2)> <is-real k1) <is-real k2>
using Re-det-sgn-congruence[of M H] <mat-det ?M # 0> <hermitean H)»
by simp
ultimately
show ?thesis
by (rule-tac x=k! in exl, rule-tac z=k2 in exl, rule-tac z=2M in exI) simp
next
assume mat-diagonal H
then obtain A D where H = (4, 0, 0, D)
by (cases H) auto
moreover
hence is-real A is-real D
using <hermitean H> hermitean-elems[of A 0 0 D]
by auto
ultimately
show ?thesis
by (rule-tac x=A in exl, rule-tac =D in exzl, rule-tac x=eye in ezl) (simp add: unitary-def mat-adj-def mat-cnj-def)
qed
qed

end

4 Elementary complex geometry

In this section equations and basic properties of the most fundamental objects and relations in geometry —
collinearity, lines, circles and circlines. These are defined by equations in C (not extended by an infinite
point). Later these equations will be generalized to equations in the extended complex plane, over homogenous
coordinates.

theory FElementary-Complex-Geometry
imports More-Complex Linear-Systems Angles
begin

4.1 Collinear points

definition collinear :: compler = complex = complex = bool where
collinear z1 22 28 «—— 21 = 22 V Im ((23 — 21) / (22 — z1)) = 0

lemma collinear-ez-real:
shows collinear z1 22 23 «——
(3 kureal. 21 = 22 V 28 — z1 = complex-of-real k x (22 — z21))
unfolding collinear-def
by (metis Im-complex-of-real add-diff-cancel-right’ complex-eq diff-zero legacy-Complex-simps(15) nonzero-mult-div-cancel-right
right-minus-eq times-divide-eg-left zero-complez.code)

Collinearity characterization using determinants

lemma collinear-det:
assumes — collinear z1 22 28
shows det2 (28 — z1) (cnj (28 — 21)) (21 — 22) (cnj (21 — 22)) # 0
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proof—
from assms have ((28 — z1) / (22 — 21)) — enj (28 — 21) [ (22 — 2z1)) # 0 22 # 21
unfolding collinear-def
using Complez-Im-express-cnjlof (28 — z1) [ (22 — z1)]
by (auto simp add: Complez-eq)
thus ?thesis
by (auto simp add: field-simps)
qed

Properties of three collinear points

lemma collinear-sym1:
shows collinear z1 22 28 «— collinear z1 23 22
unfolding collinear-def
using div-reals[of 1 (28 — z1)/(22 — 21)] div-reals[of 1 (22 — 21)/(28 — z1)]
by auto

lemma collinear-sym2’:
assumes collinear z1 22 23
shows collinear 22 z1 23
proof—
obtain k where 21 = 22 V 28 — z1 = complez-of-real k * (22 — z1)
using assms
unfolding collinear-ex-real
by auto
thus %thesis
proof
assume 28 — zI = complex-of-real k x (22 — z1)
thus ?Zthesis
unfolding collinear-ez-real
by (rule-tac x=1—Fk in exl) (auto simp add: field-simps)
qed (simp add: collinear-def)
qed

lemma collinear-sym?2:
shows collinear z1 22 23 «— collinear 22 z1 z3
using collinear-sym2’[of 21 22 23] collinear-sym2’[of 22 z1 23]
by auto

Properties of four collinear points

lemma collinear-transi:
assumes collinear 20 z2 z1 and collinear 20 23 z1 and 20 # z1
shows collinear 20 22 23
using assms
unfolding collinear-ez-real
by (cases z0 = 22, auto) (rule-tac z=k/ka in exl, case-tac ka = 0, auto simp add: field-simps)

4.2 FEuclidean line

Line is defined by using collinearity

definition line :: compler = complex = complex set where
line z1 22 = {z. collinear z1 22 z}

lemma line-points-collinear:
assumes zI € line z 2’ and 22 € line z 2’ and 23 € line z 2z’ and z # 2’
shows collinear z1 22 23
using assms
unfolding line-def
by (smt (verit) collinear-sym1 collinear-sym2’ collinear-trans1 mem-Collect-eq)

Parametric equation of a line

lemma line-param:
shows z1 + cor k * (22 — z1) € line z1 22
unfolding line-def
by (auto simp add: collinear-def)
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Equation of the line containing two different given points

lemma line-equation:
assumes zI # 22 and p = rot90 (22 — z1)
shows line z1 22 = {z. cnj pxz + pxenj z — (enj px z1 + p* enj z1) = 0}
proof—
{
fix z
have z € line z1 22 «—— Im ((z — 21)/(22 — 21)) = 0
using assms
by (simp add: line-def collinear-def)
also have ... «—— (2 — 21)/(22 — z1) = cenj ((z — 21)/(22 — 21))
using complez-diff-cnjlof (z — z1)/(22 — z1)]
by auto
also have ... «—— (z — z1)x(cnj 22 — cnj z1) = (cnj 2 — cnj 21)%(22 — z1)
using assms(1)
using «(z € line z1 22) = is-real ((z — z1) / (22 — z1))» calculation is-real-div
by auto
also have ... «— cnj(22 — z1)xz — (22 — z1)*cnj z — (enj(22 — z1)xz1 — (22 — z1)xcnj z1) = 0
by (simp add: field-simps)
alsohave ... — cnjuxz+puxcnjz — (enj w21 + p*cnjzl) =0
apply (subst assms)+
apply (subst cnj-miz-minus)+
by simp
finally have z € line 21 22 «—— cnju*x z+ pxcnjz — (enj pu* 21 + p*x cnjzl) = 0

}

thus ?thesis
by auto
qed

4.3 Euclidean circle

Definition of the circle with given center and radius. It consists of all points on the distance r from the center
L.

definition circle :: complex = real = complex set where
circle p r = {z. emod (z — p) = r}

Equation of the circle centered at u with the radius r.

lemma circle-equation:
assumes r > 0
shows circle p r = {z. zxcenj z — zxenj u — cnj zxu + pxenj p — cor (rxr) = 0}
proof (safe)
fix z
assume z € circle p 1
hence (z — p)*xcnj (z — p) = complex-of-real (r*r)
unfolding circle-def
using complez-mult-cnj-cmod|of z — p]
by (auto simp add: power2-eq-square)
thus zx cnjz — zxcnjpu —cenjz*pu+ p*xcnjpu— cor (rxr)=20
by (auto simp add: field-simps)
next
fix z
assume z x cnjz — z*x cnj p — cnjz ok p+ pok enj u — cor (rxr) =0
hence (z — p)*cnj (z — p) = cor (r*r)
by (auto simp add: field-simps)
thus z € circle p r
using assms
using complez-mult-cnj-cmod|of z — 1]
using power2-eg-imp-eq[of cmod (z — p) 7]
unfolding circle-def power2-eg-square[symmetric] complez-of-real-def
by auto
qed
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4.4 Circline

A very important property of the extended complex plane is that it is possible to treat circles and lines in a
uniform way. The basic object is generalized circle, or circline for short. We introduce circline equation given in
C, and it will later be generalized to an equation in the extended complex plane C given in matrix form using
a Hermitean matrix and a quadratic form over homogenous coordinates.

definition circline where
circline A BC D = {z. cor Axzxcnj z + c¢nj BCxz + BCxcnj z + cor D = 0}

Connection between circline and Euclidean circle

Every circline with positive determinant and A # 0 represents an Euclidean circle

lemma circline-circle:
assumes A # 0 and A * D < (cmod BC)?
cl = circline A BC' D and
u = —BC/cor A and
r2 = ((cmod BC)*> — AxD) / A* and r = sqrt r2
shows cl = circle p r
proof—
have *: ¢l = {z. z * enj z + cnj (BC / cor A) x z + (BC / cor A) * ¢cnj z + cor (D / A) = 0}
using «cl = circline A BC Dy <A # 0»
by (auto simp add: circline-def field-simps)

have r2 > 0
proof—
have (¢cmod BC)? — A% D > 0
using <A * D < (cmod BC)%
by auto
thus %thesis
using <A # 0> <r2 = ((cmod BC)* — AxD) | A%
by (metis zero-le-divide-iff zero-le-power2)
qed
hence xx: rxr =721 > 0
using «r = sqrt r2»
by (auto simp add: real-sqrt-mult[symmetric])

have xxx: — p * — c¢nj u — cor r2 = cor (D / A)
using «u = — BC / complex-of-real A> «r2 = ((emod BC)? — A x D) | A%
by (auto simp add: power2-eq-square complez-mult-cnj-cmod field-simps)
(simp add: add-divide-eq-iff assms(1))
thus %thesis
using «r2 = ((cmod BC)?> — AxD) | A% «(u = — BC / cor A
by (subst *, subst circle-equation][of  p, OF <r > 0)], subst xx) (auto simp add: field-simps power2-eq-square)
qed

lemma circline-ez-circle:
assumes A # 0 and A * D < (cmod BC)? and cl = circline A BC' D
shows 3 u r. ¢l = circle u r
using circline-circle[OF assms]
by auto

Every Euclidean circle can be represented by a circline

lemma circle-circline:
assumes cl = circle p r and r > 0
shows cl = circline 1 (—p) ((cmod p)? — r2)
proof—
have complex-of-real ((cmod p)? — r?) = u * cnj u — complez-of-real (r*)
by (auto simp add: complex-mult-cnj-cmod)
thus cl = circline 1 (— p) ((cmod p)? — r2)
using assms
using circle-equation]of r p]
unfolding circline-def power2-eq-square
by (simp add: field-simps)
qed
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lemma circle-ex-circline:

assumes cl = circle y r and 7 > 0

shows 3 A BOD. A # 0 A AxD < (emod BC)? A cl = circline A BC D

using circle-circline[OF assms]

using «r > 0»

by (rule-tac x=1 in ezl, rule-tac x=—p in exl, rule-tac z=Re (u * cnj p) — (r = r) in exl) (simp add: com-
plexz-mult-cnj-cmod power2-eq-square)

Connection between circline and Euclidean line

Every circline with a positive determinant and A = 0 represents an FEuclidean line

lemma circline-line:
assumes
A = 0 and BC # 0 and
cl = circline A BC D and

z1 = — cor D x BC / (2 * BC * ¢nj BC) and
22 = z1 + 1 * sgn (if Arg BC > 0 then —BC else BC)
shows
cl = line z1 22
proof—

have cl = {z. cnj BCxz + BCxcnj z + complex-of-real D = 0}
using assms
by (simp add: circline-def)
have {z. ¢cnj BCxz + BCxcnj z + complez-of-real D = 0} =
{z. enj BCxz + BCxcnj z — (cnj BCxz1 + BCxcnj z1) = 0}
using <«BC # 0) assms
by simp
moreover
have zI1 # 22
using <BC # 0) assms
by (auto simp add: sgn-eq)
moreover
have 3 k. k # 0 AN BC = cor kxrot90 (22 — z1)
proof (cases Arg BC > 0)
case True
thus %thesis
using assms
by (rule-tac x=(cmod BC) in exl, auto simp add: Complex-scale})
next
case False
thus %thesis
using assms
by (rule-tac x=—(cmod BC) in exl, simp)
(smt (verit) Complex.Re-sgn Im-sgn cis-Arg complex-minus complez-surj mult-minus-right rcis-cmod-Arg rcis-def)
qed
then obtain k£ where cor k # 0 BC = cor kxrot90 (22 — z1)
by auto
moreover
have x: A z. enj-mix (BC / cor k) z — cnj-miz (BC / cor k) z1 = (1/cor k) * (cnj-miz BC z — cnj-miz BC z1)
using <cor k # 0»
by (simp add: field-simps)
hence {z. cnj-miz BC z — cnj-miz BC z1 = 0} = {z. enj-miz (BC / cor k) z — cnj-miz (BC / cor k) z1 = 0}
using <cor k # 0»
by auto
ultimately
have cl = line z1 22
using line-equation|of z1 z2 BC/cor k] <cl = {z. enj BCxz + BCxcnj z + complez-of-real D = 0}»
by auto
thus Zthesis
using «zI # z2»
by blast
qed

lemma circline-ex-line:

assumes A = 0 and BC # 0 and cl = circline A BC D
shows 3 21 22. z1 # 22 A cl = line z1 22
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proof—
let 921 = — cor D x BC' / (2 x BC % cnj BC)
let 222 = 221 + i x sgn (if 0 < Arg BC then — BC else BC)
have %21 # 222
using «<BC # 0»
by (simp add: sgn-eq)
thus %thesis
using circline-line[OF assms, of ?z1 222] «<BC # 0»
by (rule-tac z="2z1 in exl, rule-tac t=72z2 in exl, simp)
qed

Every Euclidean line can be represented by a circline

lemma line-ex-circline:
assumes cl = line z1 22 and z1 # 22
shows 3 BC D. BC # 0 A cl = circline 0 BC D
proof—
let ?BC = rot90 (22 — z1)
let ?D = Re (— 2 * scalprod z1 ?BC)
show ?thesis
proof (rule-tac z=?BC in ezl, rule-tac z=7D in ezl, rule conjI)

show ?BC # 0
using <z1 # 22» rot90-ii[of 22 — z1]
by auto
next
have *: complez-of-real (Re (— 2 * scalprod z1 (r0ot90 (22 — 21)))) = — (cnj-miz z1 (rot90 (22 — z1)))

using rot90-ii[of 22 — z1]
by (cases z1, cases 22, simp add: Complex-eq field-simps)
show cl = circline 0 ?BC ?D
apply (subst assms, subst line-equation|[of z1 22 ?BC))
unfolding circline-def
by (fact, simp, subst *, simp add: field-simps)
qged
qed

lemma circline-line':
assumes zI # 22
shows circline 0 (i % (22 — z1)) (Re (— cnj-miz (i * (22 — 21)) z1)) = line z1 22
proof—
let B =1ix% (22 — 21)
let D = Re (— cnj-miz ?B z1)
have circline 0 B ?D = {z. c¢nj ?Bxz + ?Bxcnj z + complez-of-real ?D = 0}
using assms
by (simp add: circline-def)
moreover
have is-real (— cnj-miz (1 * (22 — z1)) z1)
using cnj-miz-real[of ?B z1]
by auto
hence {z. ¢nj ?Bxz + ?Bxcnj z + complex-of-real ?D = 0} =
{z. enj ?Bxz + ?Bxcnj z — (cnj ¢Bxz1 + ?Bxcnj z1) = 0}
apply (subst complez-of-real-Re, simp)
unfolding diff-conv-add-uminus
by simp
moreover
have line z1 22 = {z. cnj-miz (i x (22 — 21)) z — cnj-miz (i x (22 — 21)) 21 = 0}
using line-equation|of z1 22 ?B] assms
unfolding r0t90-ii
by simp
ultimately
show ?thesis
by simp
qed

4.5 Angle between two circles

Given a center p of an Euclidean circle and a point E on it, we define the tangent vector in E as the radius
—
vector pFE, rotated by 7/2, clockwise or counterclockwise, depending on the circle orientation. The Boolean p
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encodes the orientation of the circle, and the function sgn-bool p returns 1 when p is true, and —1 when p is
false.

abbreviation sgn-bool where
sgn-bool p = if p then 1 else —1

definition circ-tang-vec :: compler = complexr = bool = compler where
cire-tang-vec p E p = sgn-bool p x i x (E — p)

Tangent vector is orthogonal to the radius.

lemma circ-tang-vec-ortho:
shows scalprod (E — p) (circ-tang-vec p E p) = 0
unfolding circ-tang-vec-def Let-def
by auto

Changing the circle orientation gives the opposite tangent vector.

lemma circ-tang-vec-opposite-orient:
shows circ-tang-vec u E p = — circ-tang-vec u E (— p)
unfolding circ-tang-vec-def
by auto

Angle between two oriented circles at their common point E is defined as the angle between tangent vectors at
E. Again we define three different angle measures.

The oriented angle between two circles at the point E. The first circle is centered at p; and its orientation is
given by the Boolean p;, while the second circle is centered at uo and its orientation is given by the Boolea ps.

definition ang-circ where
ang-circ E p1 p2 pl p2 = £ (cire-tang-vec pul E pl) (circ-tang-vec u2 E p2)

The unoriented angle between the two circles

definition ang-circ-c where
ang-circ-c E pl p2 pl p2 = Zc (circ-tang-vec ul E pl1) (circ-tang-vec p2 E p2)

The acute angle between the two circles

definition ang-circ-a where
ang-circ-a E p1 p2 pl p2 = Za (circ-tang-vec ul E pl1) (circ-tang-vec u2 E p2)

Explicit expression for oriented angle between two circles

lemma ang-circ-simp:
assumes F # ul and E # p2
shows ang-circ £ p1 p2 pl p2 =
|[Arg (E — p2) — Arg (E — pl) + sgn-bool p1 = pi / 2 — sgn-bool p2 x pi | 2]
unfolding ang-circ-def ang-vec-def circ-tang-vec-def
apply (rule canon-ang-eq)
using assms
using arg-mult-2kpi[of sgn-bool p2xi E — p2]
using arg-mult-2kpi[of sgn-bool p1xi E — p1]
apply auto
apply (rule-tac x=z—za in exl, auto simp add: field-simps)
apply (rule-tac x=—1+4x—za in exl, auto simp add: field-simps)
apply (rule-tac z=14+z—za in ezxl, auto simp add: field-simps)
apply (rule-tac z=z—za in exl, auto simp add: field-simps)
done

Explicit expression for the cosine of angle between two circles

lemma cos-ang-circ-simp:
assumes F # pul and E # p2
shows cos (ang-circ E p1 p2 pl p2) =
sgn-bool (p1 = p2) * cos (Arg (E — p2) — Arg (E — pul))
using assms
using cos-periodic-pi2[of Arg (E — p2) — Arg (E — pl)]
using cos-minus-pi[of Arg (E — p2) — Arg (E — p1)]
using ang-circ-simp[OF assms, of p1 p2]
by auto
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Explicit expression for the unoriented angle between two circles

lemma ang-circ-c-simp:
assumes F # pl and F # u2
shows ang-circ-c E pl1 p2 pl p2 =
[lArg (E — p2) — Arg (E — ul) + sgn-bool p1 * pi / 2 — sgn-bool p2 * pi | 2]|
unfolding ang-circ-c-def ang-vec-c-def
using ang-circ-simp[OF assms]
unfolding ang-circ-def
by auto

Explicit expression for the acute angle between two circles

lemma ang-circ-a-simp:
assumes F # ul and E # p2
shows ang-circ-a E ul p2 pl p2 =
acute-ang (abs (canon-ang (Arg(E — p2) — Arg(E — p1) + (sgn-bool p1) * pi/2 — (sgn-bool p2) * pi/2)))
unfolding ang-circ-a-def ang-vec-a-def
using ang-circ-c-simp[OF assms]
unfolding ang-circ-c-def
by auto

Acute angle between two circles does not depend on the circle orientation.

lemma ang-circ-a-p True:
assumes F # ul and E # p2
shows ang-circ-a E 1 p2 pl p2 = ang-circ-a E pl p2 True True
proof (cases p1)
case True
show ?thesis
proof (cases p2)
case True
show ?thesis
using «pl» <p2»
by simp
next
case Fulse
show ?thesis
using «p1» — p2>»
unfolding ang-circ-a-def
using circ-tang-vec-opposite-orient[of u2 E p2]
using ang-vec-a-opposite2
by simp
qed
next
case False
show %thesis
proof (cases p2)
case True
show %thesis
using «— pl) «p2>»
unfolding ang-circ-a-def
using circ-tang-vec-opposite-orient[of ul E pl]
using ang-vec-a-oppositel
by simp
next
case Fulse
show ?thesis
using «— pl) <= p2»
unfolding ang-circ-a-def
using circ-tang-vec-opposite-orient[of ul E pl] circ-tang-vec-opposite-orient[of u2 E p2]
using ang-vec-a-oppositel ang-vec-a-opposite2
by simp
qged
qed

Definition of the acute angle between the two unoriented circles

abbreviation ang-circ-a’ where
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ang-circ-a’ E p1 p2 = ang-circ-a E p1 p2 True True
A very simple expression for the acute angle between the two circles

lemma ang-circ-a-simp1:
assumes F # pul and E # p2
shows ang-circ-a E p1 p2 pl p2 = Za (E — pl) (E — p2)
unfolding ang-vec-a-def ang-vec-c-def ang-vec-def
by (subst ang-circ-a-p True[OF assms, of p1 p2], subst ang-circ-a-simp[OF assms, of True True]) (metis add-diff-cancel)

lemma ang-circ-a’-simp:
assumes F # pul and E # p2
shows ang-circ-a’ E p1 p2 = Za (E — ul) (E — p2)
by (rule ang-circ-a-simp1[OF assms])

end

5 Homogeneous coordinates in extended complex plane

Extended complex plane C is complex plane with an additional element (treated as the infinite point). The
extended complex plane C is identified with a complex projective line (the one-dimensional projective space
over the complex field, sometimes denoted by CP'). Each point of C is represented by a pair of complex
homogeneous coordinates (not both equal to zero), and two pairs of homogeneous coordinates represent the
same point in C iff they are proportional by a non-zero complex factor.

theory Homogeneous-Coordinates
imports More-Complex Matrices
begin

5.1 Definition of homogeneous coordinates

Two complex vectors are equivalent iff they are proportional.

definition complez-cvec-eq :: complex-vec = complex-vec = bool (infix <=2, 50) where
[simp]: z1 =~y 22 «— (3 k. k # (0::complex) N 22 = k *sy 21)

lemma complex-cvec-eq-mix:
assumes (z1, 22) # vec-zero and (w1, w2) # vec-zero
shows (21, 22) ~, (wl, w2) «—— zI*w2 = z2xwl
proof safe
assume (21, 22) ~, (w1, w2)
thus 21 * w2 = 22 % wl
by auto
next
assume *: zI *x w2 = 22 * wl
show (z1, 22) =, (wl, w2)
proof (cases z2 = 0)
case True
thus Zthesis
using * assms
by auto
next
case Fulse
hence w1 = (w2/22)*xz1 N w2 = (w2/22)%2z2 w2/22 # 0
using * assms
by (auto simp add: field-simps)
thus (21, 22) =, (wl, w2)
by (metis complex-cvec-eq-def mult-sv.simps)
qed
qed

lemma complez-eq-cvec-reflp [simp]:
shows reflp (=)
unfolding reflp-def complex-cvec-eq-def
by safe (rule-tac z=1 in exl, simp)
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lemma complex-eg-cvec-symp [simpl:
shows symp (=)
unfolding symp-def complez-cvec-eq-def
by safe (rule-tac t=1/k in exl, simp)

lemma complex-eq-cvec-transp [simp]:
shows transp (=)
unfolding transp-def complex-cvec-eq-def
by safe (rule-tac z=Fkxka in exl, simp)

lemma complez-eq-cvec-equivp [simpl:
shows equivp (=)
by (auto intro: equivpl)

Non-zero pairs of complex numbers (also treated as non-zero complex vectors)

typedef complez-homo-coords = {v::complex-vec. v # vec-zero}
by (rule-tac x=(1, 0) in exl, simp)

setup-lifting type-definition-complex-homo-coords

lift-definition complez-homo-coords-eq :: complex-homo-coords = complex-homo-coords = bool (infix =) 50) is com-
plex-cvec-eq
done

lemma complex-homo-coords-eq-reflp [simp]:
shows reflp (=)
using complex-eq-cvec-refip
unfolding reflp-def
by transfer blast

lemma complex-homo-coords-eq-symp [simp]:
shows symp (=)
using complex-eq-cvec-symp
unfolding symp-def
by transfer blast

lemma complex-homo-coords-eq-transp [simp]:
shows transp (=)
using complex-eq-cvec-transp
unfolding transp-def
by transfer blast

lemma complex-homo-coords-eq-equivp:
shows equivp (=)
by (auto intro: equivpl)

lemma complez-homo-coords-eq-refl [simp]:
shows z =~ z
using complex-homo-coords-eq-refip
unfolding refip-def refi-on-def
by blast

lemma complex-homo-coords-eq-sym:
assumes z1 ~ 22
shows 22 ~ z1
using assms complex-homo-coords-eq-symp
unfolding symp-def
by blast

lemma complex-homo-coords-eq-trans:
assumes 2! ~ 22 and 22 = z3
shows z1 =~ 23
using assms complex-homo-coords-eq-transp
unfolding transp-def
by blast
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Quotient type of homogeneous coordinates

quotient-type
complex-homo = complex-homo-coords | complez-homo-coords-eq
by (rule complez-homo-coords-eq-equivp)

5.2 Some characteristic points in CP!

Infinite point

definition inf-cvec :: complex-vec (<c0,») where
[simp]: inf-cvec = (1, 0)

lift-definition inf-hcoords :: complex-homo-coords (<oone?) is inf-cvec
by simp

lift-definition inf :: complez-homo (<ocopy) is inf-hcoords

done

lemma inf-cvec-z2-zero-iff:
assumes (z1, z2) # vec-zero
shows (21, 22) &2, 00, «— 22 = 0
using assms
by auto

Zero

definition zero-cvec :: complex-vec (<0.>) where
[simp]: zero-cvec = (0, 1)

lift-definition zero-hcoords :: complex-homo-coords (<0pc») is zero-cvec
by simp

lift-definition zero :: complez-homo (<0p>) is zero-hcoords
done

lemma zero-cvec-z1-zero-iff:
assumes (z1, 22) # vec-zero
shows (21, 22) = 0y «— 21 = 0
using assms
by auto

One

definition one-cvec :: complez-vec (<1,)where
[simp]: one-cvec = (1, 1)

lift-definition one-hcoords :: complez-homo-coords (<1pc>) is one-cvec
by simp

lift-definition one :: complez-homo (<11>) is one-hcoords
done

lemma zero-one-infty-not-equal [simp]:
shows 1, # oop and 0}, # oop and 0y, # 15, and 14, # 0 and ocop, # 0 and ocop, # 1,
by (transfer, transfer, simp)+

Imaginary unit

definition di-cvec :: complez-vec (iiy») where
[simp]: di-cvec = (i, 1)

lift-definition i-hcoords :: complex-homo-coords (<iipcr) is di-cvec
by simp

lift-definition i :: complez-homo (<iin>) is ii-hcoords
done

lemma ez-3-different-points:

fixes z::complex-homo

shows 3 21 22. 2 # 21 Nzl # 22 N\ z # 22
proof (cases z # O0n N z # 14)

case True

thus ?thesis

by (rule-tac z=0y, in exl, rule-tac =1y, in exl, auto)

next

case Fulse
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hence z = 0, V 2z = 1j
by simp
thus ?2thesis
proof
assume z = 0
thus ?thesis
by (rule-tac x=o0p, in exl, rule-tac =1 in exl, auto)
next
assume z = I
thus ?thesis
by (rule-tac z=oc0p in exl, rule-tac =0} in ezl, auto)
qed
qed

5.3 Connection to ordinary complex plane C

Conversion from complex

definition of-complex-cvec :: complex = complez-vec where
[simp]: of-complez-cvec z = (2, 1)

lift-definition of-complex-hcoords :: complexr = complex-homo-coords is of-complez-cvec
by simp

lift-definition of-complex :: complex = complex-homo is of-complex-hcoords
done

lemma of-complex-inj:
assumes of-complex x = of-complex y
shows z = y
using assms
by (transfer, transfer, simp)

lemma of-complex-image-ing:
assumes of-complex ¢ A = of-complex ‘ B
shows A = B
using assms
using of-complez-inj
by auto

lemma of-complez-not-inf [simp]:
shows of-complex = # oop,
by (transfer, transfer, simp)

lemma inf-not-of-complex [simp]:
shows ooy, # of-complex x
by (transfer, transfer, simp)

lemma inf-or-of-complex:
shows z = ooy V (3 2. z = of-complez x)
proof (transfer, transfer)
fix z :: complex-vec
obtain 21 22 where x: z = (21, 22)
by (cases z) auto
assume z # vec-zero
thus z =, o0, V (. 2z =, of-complez-cvec x)
using *
by (cases z2 = 0, auto)
qed

lemma of-complez-zero [simp]:
shows of-complez 0 = 0p,
by (transfer, transfer, simp)

lemma of-complex-one [simp]:
shows of-complex 1 = 14

by (transfer, transfer, simp)

lemma of-complex-ii [simp]:
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shows of-complex i = iip,
by (transfer, transfer, simp)

lemma of-complex-zero-iff [simp):
shows of-complex © = 0p, —— z =0
by (subst of-complex-zero[symmetric]) (auto simp add: of-complez-inj)

lemma of-complez-one-iff [simp]:
shows of-complex x = 1), «—— z = 1
by (subst of-complez-one[symmetric]) (auto simp add: of-complez-ing)

lemma of-complex-ii-iff [simp]:
shows of-complex x = iy, —— z =1
by (subst of-complez-ii[symmetric]) (auto simp add: of-complez-ing)

Conversion to complex

definition to-complex-cvec :: complez-vec = compler where
[simp]: to-complex-cvec z = (let (21, 22) = z in z1/22)
lift-definition to-complex-homo-coords :: complex-homo-coords = complex is to-complex-cvec
done
lift-definition to-complex :: complex-homo = complez is to-complex-homo-coords
proof—
fix z w
assume z & w
thus to-complex-homo-coords z = to-complex-homo-coords w
by transfer auto
qed

lemma to-complez-of-complex [simp]:
shows to-complezr (of-complex z) = z
by (transfer, transfer, simp)

lemma of-complez-to-complex [simpl:
assumes z # oop,
shows (of-complex (to-complex z)) = z
using assms
proof (transfer, transfer)
fix z :: complex-vec
obtain z1 22 where *: z = (21, 22)
by (cases z, auto)
assume 2z # vec-2ero — z Ry 00y
hence 22 # 0
using *
by (simp, erule-tac x=1/z1 in allE, auto)
thus (of-complez-cvec (to-complez-cvec z)) =, 2z
using *
by simp
qed

lemma to-complez-zero-zero [simp):
shows to-complex 0, = 0
by (metis of-complex-zero to-complex-of-complex)

lemma to-complez-one-one [simp]:
shows to-complex 1, = 1
by (metis of-complex-one to-complez-of-complex)

lemma to-complez-img-one [simp]:

shows to-complex iip, = i
by (metis of-complex-ii to-complex-of-complez)

5.4 Arithmetic operations

Due to the requirement of HOL that all functions are total, we could not define the function only for the well-
defined cases, and in the lifting proofs we must also handle the ill-defined cases. For example, ooy +p ooy, is
ill-defined, but we must define it, so we define it arbitrarily to be ocoy,.
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5.4.1 Addition

oo +n 0o is ill-defined. Since functions must be total, for formal reasons we define it arbitrarily to be ooy,.

definition add-cvec :: complez-vec = complex-vec = complez-vec (infixl <+, 60) where
[simp]: add-cvec z w = (let (21, 22) = z; (w1, w2) = w
inif 22 # 0V w2 # 0 then
(z1*w2 + wi*22, 22%xw2)
else
(1, 0))
lift-definition add-hcoords :: complez-homo-coords = complex-homo-coords = complex-homo-coords (infixl <+pc> 60)
is add-cvec
by (auto split: if-split-asm)

lift-definition add :: complez-homo = complez-homo = complex-homo (infixl «+» 60) is add-hcoords
proof transfer
fix zw 2z’ w’ :: complez-vec
obtain 21 22 wl w2 2’1 2’2 w'1 w’2 where
w2z = (21, 22) w = (wl, w2) 2’ = (2’1, 2'2) w' = (w'1l, w'2)
by (cases z, auto, cases w, auto, cases 2', auto, cases w’, auto)
assume skx:
2 # vec-zero w # vec-zero z Ky, z’
2! # vec-zero w' # vec-zero w ~, w’
show 2z +, w ~y 2’ +, w'
proof (cases 22 # 0 V w2 # 0)
case True
hence 2’2 # 0 V w2 # 0
using * sx
by auto
show ?thesis
using 22 Z 0V w2 # 0> 2’2 40V w2 # 0>
using * *x
by simp ((erule exE)+, rule-tac x=kxka in exl, simp add: field-simps)
next
case Fulse
hence 2’2 = 0 V w2 = 0
using * sx
by auto
show ?thesis
using <= (22 Z 0V w2 #0) 2'2=0V w2 =0
using * *x
by auto
qged
qed

lemma add-commute:
shows z +, w = w +5 2
apply (transfer, transfer)
unfolding complez-cvec-eq-def
by (rule-tac x=1 in exl, auto split: if-split-asm)

lemma add-zero-right [simp]:
shows z +, 0, = 2
by (transfer, transfer, force)

lemma add-zero-left [simp):
shows 0y, +1, z = 2z
by (subst add-commute) simp

lemma of-complez-add-of-complex [simp]:
shows (of-complex z) +1, (of-complex y) = of-complex (z + y)
by (transfer, transfer, simp)

lemma of-complez-add-inf [simp]:

shows (of-complex z) +p cop = oop
by (transfer, transfer, simp)
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lemma inf-add-of-complex [simp]:
shows con +n (of-compler z) = oon
by (subst add-commute) simp

lemma inf-add-right:
assumes 2z # oop,
shows z +5 ocop = oop,
using assms
using inf-or-of-complex|of 2|
by auto

lemma inf-add-left:
assumes z # oop,
shows ocop, +r 2 = ocop,
using assms
by (subst add-commute) (rule inf-add-right, simp)

This is ill-defined, but holds by our definition

lemma inf-add-inf:
shows ocop, +, con = ooy,
by (transfer, transfer, simp)

5.4.2 Unary minus

definition uminus-cvec :: complez-vec = complez-vec ((~,») where
[simp]: ~v 2z = (let (21, 22) = zin (—z1, 22))

lift-definition wminus-hcoords :: complex-homo-coords = complez-homo-coords (<™ nc») is uminus-cvec
by auto

lift-definition uminus :: complez-homo = complex-homo (™) is uminus-hcoords
by transfer auto

lemma uminus-of-complez [simp]:
shows ~j (of-complex z) = of-complex (—z)
by (transfer, transfer, simp)

lemma uminus-zero [simp]:
shows ™}, 0, = 0y,
by (transfer, transfer, simp)

lemma uminus-inf [simp]:
shows ™), oo = oop
apply (transfer, transfer)
unfolding complez-cvec-eq-def
by (rule-tac x=—1 in exl, simp)

lemma uminus-inf-iff:
shows ~}, 2 = oop, «—— 2z = oo,
apply (transfer, transfer)
by auto (rule-tac z=—1/a in ezl, auto)

lemma uminus-id-iff:
shows ¥y z2 =2 «— 2 =0, V 2 = ooy,
apply (transfer, transfer)
apply auto
apply (erule-tac x=1/a in allE, simp)
apply (rule-tac z=—1 in exl, simp)
done

5.4.3 Subtraction

Operation oo, —p oo is ill-defined, but we define it arbitrarily to 0. It breaks the connection between
subtraction with addition and unary minus, but seems more intuitive.

definition sub :: complez-homo = complex-homo = complez-homo (infixl <—p» 60) where
z—n w=(if z = cop A w= ooy then 0y, else z +, (Th w))

lemma of-complex-sub-of-complex [simp]:
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shows (of-complex z) —p (of-complex y) = of-complex (z — y)
unfolding sub-def
by simp

lemma zero-sub-right[simp]:
shows z —, 0, = 2
unfolding sub-def
by simp

lemma zero-sub-left[simp]:
shows 0}, —n of-complex © = of-complex (—x)
by (subst of-complez-zero[symmetric], simp del: of-complez-zero)

lemma zero-sub-one[simp]:
shows 0y, —p, 1 = of-complex (—1)
by (metis of-complex-one zero-sub-left)

lemma of-complex-sub-one [simp]:
shows of-complex © —p 1, = of-complex (z — 1)
by (metis of-complex-one of-complez-sub-of-complex)

lemma sub-eg-zero [simp]:
assumes 2z # oop,
shows z —, z = 0y,
using assms
using inf-or-of-complez|of 2]
by auto

lemma sub-eq-zero-iff:
assumes z # oop V w # oop,
shows 2 —, w =0, «— z=w
proof
assume z —, w = Op
thus z = w
using assms
unfolding sub-def
proof (transfer, transfer)
fix z w :: complex-vec
obtain 21 22 wl w2 where x: z = (21, 22) w = (wl, w2)
by (cases z, auto, cases w, auto)
assume z # Vec-zero w 7 VEC-zero — z R, 00y V T w R, 00, and
wx: (if 2 Ry 00y N W Ry 00y then 0y else z +4 ~y w) Ry Oy
have 22 # 0 V w2 # 0
using * (7 2z &y 00y V 7 W Ry 00y (Z F Vec-zero) (w # vec-zeroy
apply auto
apply (erule-tac x=1/z1 in allE, simp)
apply (erule-tac z=1/wl in allE, simp)
done

thus z ~, w
using * s
by simp (rule-tac x=w2/z2 in ezl, auto simp add: field-simps)
qed
next
assume z = w
thus z —, w = 0y,
using sub-eg-zero|of z] assms
by auto
qed

lemma inf-sub-left [simp]:
assumes z # ooy,
shows oo, —n 2 = oop
using assms
using uminus-inf-iff
using inf-or-of-complex
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unfolding sub-def
by force

lemma inf-sub-right [simp]:
assumes 2z # oop,
shows z —; oo = oop
using assms
using inf-or-of-complex
unfolding sub-def
by force

This is ill-defined, but holds by our definition

lemma inf-sub-inf:
shows ocop, —p, ocop, = 0p
unfolding sub-def
by simp

lemma sub-noteg-inf:
assumes z # oop, and w # ooy,
shows z —; w # oop
using assms
using inf-or-of-complex|of |
using inf-or-of-complez|of w]
using inf-or-of-complez|of z —p w)
using of-complez-sub-of-complex
by auto

lemma sub-eg-inf:
assumes z —p W = OOp,
shows z = oo V w = oop,
using assms sub-noteq-inf
by blast

5.4.4 Multiplication

Operations 0y, -, 0o, and ooy, - 0y are ill defined. Since all functions must be total, for formal reasons we define
it arbitrarily to be 1.

definition mult-cvec :: complez-vec = complex-vec = complez-vec (infixl x> 70) where
[simp]: z %, w = (let (21, 22) = z; (w1, w2) = w
mnif (21 =0ANw2=20)V (wl =0AN22=20) then
(1, 1)
else

(z1xwl, z2xw2))
lift-definition mult-hcoords :: complex-homo-coords = complex-homo-coords = complex-homo-coords (infixl <kpc> 70)
is mult-cvec
by (auto split: if-split-asm)

lift-definition mult :: complez-homo = complez-homo = complez-homo (infixl <xp> 70) is mult-hcoords
proof transfer
fix zw 2" w' :: complex-vec
obtain 21 22 wl w2 2’1 2’2 w'l w’2 where
x 2= (21, 22) w= (wl, w2) 2’ = (21, 2'2) w' = (w'1l, w'2)
by (cases z, auto, cases w, auto, cases 2!, auto, cases w’, auto)
assume *x:
2 # vec-zero w # vec-zero z X, z’
2" # wec-zero w' # vec-zero w ~, w
show z x, w =~y 2’ %, w’
proof (cases (z1 = 0 A w2 =0)V (wl =0 A 22 = 0))
case True
hence (2’1 = 0 A w2 =0)V (W'l =0 A 2’2 =0)
using * xx
by auto
show ?thesis
using (21 = 0Aw2=0)V (wl =0A2=0p«(21=0Aw2=0)V (w'1=0A22=0)
using * s

’
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by simp
next
case Fulse
hence —((z'1 = 0 Aw'2 =0)V (w'l =0 A 2'2 = 0))
using * sx
by auto
hence *xx: z %, w = (zl*wl, 22xw2) 2’ %, w' = (2'I*xw'l, 2'2%w'2)
using <=((z1 = 0AwW2=0)V(wl =0A22=0)) —((z'1T=0Aw2=0)V(wIl=0A22=0))
using *
by auto
show ?thesis
apply (subst s*x)+
using * s
by simp ((erule exE)+, rule-tac z=Fkxka in exl, simp)
qed
qed

lemma of-complex-mult-of-complez [simp]:
shows (of-complex z1) *p (of-complex 22) = of-complex (21 * z2)
by (transfer, transfer, simp)

lemma mult-commute:
shows 21 *p 22 = 22 %5, z1
apply (transfer, transfer)
unfolding complez-cvec-eq-def
by (rule-tac =1 in exl, auto split: if-split-asm)

lemma mult-zero-left [simp):
assumes 2z # oop,
shows 0y *n, 2 = 0,
using assms
proof (transfer, transfer)
fix z :: complex-vec
obtain zI 22 where *: z = (21, 22)
by (cases z, auto)
assume z # vec-zero = (z Ry 00y)
hence 22 # 0
using *
by force
thus 0, *, 2 ~, 0,
using *
by simp
qed

lemma mult-zero-right [simp):
assumes z # ocop,
shows z *x, 0, = 04,
using mult-zero-left[ OF assms]
by (simp add: mult-commute)

lemma mult-inf-right [simp]:
assumes z # 0,
shows z *;, oo, = oop,
using assms
proof (transfer, transfer)
fix z :: complex-vec
obtain zI z2 where x: z = (21, 22)
by (cases z, auto)
assume z # vec-zero = (z &y 0y)
hence z1 # 0
using *
by force
thus z *, 00, Xy 0y
using *
by simp
qed
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lemma mult-inf-left [simp]:
assumes 2z # 0,
shows oo, *j, 2 = ooy,
using mult-inf-right|OF assms]
by (simp add: mult-commute)

lemma mult-one-left [simp]:
shows 1 *, 2 = 2z
by (transfer, transfer, force)

lemma mult-one-right [simp]:
shows z %5, 1, = 2z
using mult-one-left[of 2]
by (simp add: mult-commute)

This is ill-defined, but holds by our definition

lemma inf-mult-zero:

shows ooy, *, 0 = 1p

by (transfer, transfer, simp)
lemma zero-mult-inf:

shows 0y *p, cop = 1p

by (transfer, transfer, simp)

lemma mult-eg-inf:
assumes z *p, W = ooy,
shows z = oo V w = oop
using assms
using inf-or-of-complez|of 2]
using inf-or-of-complez|of w]
using inf-or-of-complex|of z *p w]
using of-complez-mult-of-complex
by auto

lemma mult-noteg-inf:
assumes z # oo, and w # ooy,
shows z *x;, w # oop,
using assms mult-eq-inf
by blast

5.4.5 Reciprocal

definition reciprocal-cvec :: complex-vec = complez-vec where
[simp]: reciprocal-cvec z = (let (21, 22) = z in (22, z1))

lift-definition reciprocal-hcoords :: complex-homo-coords = complex-homo-coords is reciprocal-cvec
by auto

lift-definition reciprocal :: complex-homo = complex-homo is reciprocal-hcoords
by transfer auto

lemma reciprocal-involution [simp]: reciprocal (reciprocal z) = z
by (transfer, transfer, auto)

lemma reciprocal-zero [simp): reciprocal 0, = oop
by (transfer, transfer, simp)

lemma reciprocal-inf [simp]: reciprocal oop = Op,
by (transfer, transfer, simp)

lemma reciprocal-one [simp): reciprocal 1, = 1},
by (transfer, transfer, simp)

lemma reciprocal-inf-iff [iff]: reciprocal z = ocop «—— z = 0
by (transfer, transfer, auto)

lemma reciprocal-zero-iff [iff]: reciprocal z = 0}, «—— z = oo
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by (transfer, transfer, auto)

lemma reciprocal-of-complez [simp]:
assumes z # 0
shows reciprocal (of-complex z) = of-complex (1 / z)
using assms
by (transfer, transfer, simp)

lemma reciprocal-real:
assumes is-real (to-complex z) and z # 0p, and z # ocop,
shows Re (to-complex (reciprocal z)) = 1 | Re (to-complex z)
proof—
obtain ¢ where z = of-complex ¢ ¢ # 0 is-real c
using assms inf-or-of-complez|of 2]
by auto
thus %thesis
by (simp add: Re-divide-real)
qed

lemma reciprocal-id-iff:
shows reciprocal z = z «—— z = of-complex 1 V z = of-complex (—1)
proof (cases z = 0r)
case True
thus %thesis
by (metis inf-not-of-complex of-complex-zero-iff reciprocal-inf-iff zero-neg-neg-one zero-neg-one)
next
case False
thus %thesis
using inf-or-of-complez|of 2]
by (smt (verit) complex-sqrt-1 of-complex-zero-iff reciprocal-inf-iff reciprocal-of-complex to-complez-of-complex)
qed

5.4.6 Division

Operations 0y, :p, 0y, and ooy, :p, 00, are ill-defined. For formal reasons they are defined to be 1, (by the definition
of multiplication).

definition divide :: complez-homo = complex-homo = complez-homo (infixl ;x> 70) where
T :h Yy = x *p (reciprocal y)

lemma divide-zero-right [simp]:
assumes 2z # 0,
shows z :;, 0}, = ocop
using assms
unfolding divide-def
by simp

lemma divide-zero-left [simp]:
assumes z # 0,
shows Oh h = Oh
using assms
unfolding divide-def
by simp

lemma divide-inf-right [simp]:
assumes 2z # oop,
shows z :j, oo = 0
using assms
unfolding divide-def
by simp

lemma divide-inf-left [simp]:
assumes z # ooy,
shows ooy, 1, 2 = o0y,
using assms reciprocal-zero-iff [of z] mult-inf-left
unfolding divide-def
by simp
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lemma divide-eq-inf:
assumes z :, w = oop,
shows z = oo, V w = 0y
using assms
using reciprocal-inf-iff [of w] mult-eq-inf
unfolding divide-def
by auto

lemma inf-divide-zero [simp):
shows ooy, :n 0 = oo
unfolding divide-def
by (transfer, simp)

lemma zero-divide-inf [simp]:
shows 0, :p con = 0p
unfolding divide-def
by (transfer, simp)

lemma divide-one-right [simp]:
shows z i, 1), = 2
unfolding divide-def
by simp

lemma of-complex-divide-of-complex [simp]:

assumes 22 # 0

shows (of-complex z1) :, (of-complex 22) = of-complex (21 | 22)
using assms

unfolding divide-def

apply transfer

apply transfer

by (simp, rule-tac z=1/22 in exl, simp)

lemma one-div-of-complex [simp]:
assumes ¢ # 0
shows 1, :, of-complex x = of-complex (1 / z)
using assms
unfolding divide-def
by simp

This is ill-defined, but holds by our definition

lemma inf-divide-inf:
shows ooy, 1, cop = 1
unfolding divide-def
by (simp add: inf-mult-zero)

This is ill-defined, but holds by our definition

lemma zero-divide-zero:
shows Oh ‘h Oh = Ih
unfolding divide-def
by (simp add: zero-mult-inf)

5.4.7 Conjugate

definition conjugate-cvec :: compler-vec = complex-vec where
[simp]: conjugate-cvec z = vec-cnj z

lift-definition conjugate-hcoords :: complex-homo-coords = complex-homo-coords is conjugate-cvec
by (auto simp add: vec-cnj-def)

lift-definition conjugate :: complex-homo = complex-homo is conjugate-hcoords
by transfer (auto simp add: vec-cnj-def)

lemma conjugate-involution [simp]:
shows conjugate (conjugate z) = z

by (transfer, transfer, auto)

lemma conjugate-conjugate-comp [simpl:
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shows conjugate o conjugate = id
by (rule ext, simp)

lemma inv-conjugate [simp):
shows inv conjugate = conjugate
using inv-unique-comp|of conjugate conjugate]
by simp

lemma conjugate-of-complez [simpl:
shows conjugate (of-complex z) = of-complex (cnj z)
by (transfer, transfer, simp add: vec-cnj-def)

lemma conjugate-inf [simp]:
shows conjugate ooy, = ooy,
by (transfer, transfer, simp add: vec-cnj-def)

lemma conjugate-zero [simp]:
shows conjugate 0, = 0p,
by (transfer, transfer, simp add: vec-cnj-def)

lemma conjugate-one [simp):
shows conjugate 1, = 1,
by (transfer, transfer, simp add: vec-cnj-def)

lemma conjugate-ing:
assumes conjugate T = conjugate y
shows z = y
using assms
using conjugate-involution|of x] conjugate-involution|of y|
by metis

lemma bij-conjugate [simp]:

shows bij conjugate

unfolding bij-def inj-on-def
proof auto

fixzy

assume conjugate xr = conjugate y

thus z =y

by (simp add: conjugate-inj)
next

fix

show z € range conjugate

by (metis conjugate-involution range-eql)

qed

lemma conjugate-id-iff:
shows conjugate a = a «—— is-real (to-complex a) V a = oop,
using inf-or-of-complex|of a)
by (metis conjugate-inf conjugate-of-complex eq-cnj-iff-real to-complex-of-complex)

5.4.8 Inversion

Geometric inversion wrt. the unit circle

definition inversion where
inversion = conjugate o reciprocal

lemma inversion-sym:
shows inversion = reciprocal o conjugate
unfolding inversion-def
apply (rule ext, simp)
apply transfer
apply transfer
apply (auto simp add: vec-cnj-def)
using one-neq-zero
by blast+
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lemma inversion-involution [simp):
shows inversion (inversion z) = z
proof—
have x: conjugate o reciprocal = reciprocal o conjugate
using inversion-sym
by (simp add: inversion-def)
show ?thesis
unfolding inversion-def
by (subst *) simp
qed

lemma inversion-inversion-id [simp]:
shows inversion o inversion = id
by (rule ext, simp)

lemma inversion-zero [simp):
shows inversion 0, = oop
by (simp add: inversion-def)

lemma inversion-infty [simp]:
shows inversion oo, = 0p
by (simp add: inversion-def)

lemma inversion-of-complex [simp):
assumes z # 0
shows inversion (of-complex z) = of-complex (1 / cnj z)
using assms
by (simp add: inversion-def)

lemma is-real-inversion:
assumes is-real z and z # 0
shows is-real (to-complex (inversion (of-complex x)))
using assms eg-cnj-iff-real|of z
by simp

lemma inversion-id-iff:
shows a = inversion a «—— a # ocon A (to-complezr a) * cnj (to-compler a) = 1 (is ?lhs = ?rhs)
proof
assume a = nVersion a
thus ?rhs
unfolding inversion-def
using inf-or-of-complex|of a]
by (metis (full-types) comp-apply complex-cnj-cancel-iff complez-cnj-zero inversion-def inversion-infty inversion-of-complex
inversion-sym nonzero-eq-divide-eq of-complex-zero reciprocal-zero to-complexs-of-complex zero-one-infty-not-equal(5))
next
assume ?rhs
thus ?lhs
using inf-or-of-complex|of a]
by (metis inversion-of-complex mult-not-zero nonzero-mult-div-cancel-right one-neg-zero to-complez-of-complex)
qed

5.5 Ratio and cross-ratio
5.5.1 Ratio

Z—U

Ratio of points 2, v and w is usually defined as Z=~. Our definition introduces it in homogeneous coordinates.
It is well-defined if z1 # 25 V 21 # 23 and 21 # ooy, and z # ooy, V 23 # ooy,

definition ratio :: complex-homo = complex-homo = complex-homo = complex-homo where
ratio za zb zc = (za —p 2b) :p (za —p 20)

This is ill-defined, but holds by our definition

lemma
assumes zb # oo and zc # oop,
shows ratio ooy, zb zc = 14,
using assms
using inf-sub-left[OF assms(1)]
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using inf-sub-left[OF assms(2)]
unfolding ratio-def
by (simp add: inf-divide-inf)

lemma
assumes za # oo and zc # oop,
shows ratio za cop zc = ooy,
using assms
unfolding ratio-def
using inf-sub-right[OF assms(1)]
using sub-noteg-inf[OF assms]
using divide-inf-left
by simp

lemma
assumes za # oo and zb # ooy,
shows ratio za zb cop, = 04,
unfolding ratio-def
using sub-noteg-inf[OF assms]
using inf-sub-right[OF assms(1)]
using divide-inf-right
by simp

lemma
assumes zI # 22 and zIl # oop,
shows ratio z1 22 z1 = ooy,
using assms
unfolding ratio-def
using divide-zero-right[of z1 —p 22]
using sub-eg-zero-iff[of z1 22]
by simp

5.5.2 Cross-ratio

The cross-ratio is defined over 4 points (z,u,v,w), usually as % We define it using homogeneous

coordinates. Cross ratio is ill-defined when z = Vv = w and z = w and v = u i.e. when 3 points are equal.
Since function must be total, in that case we define it arbitrarily to 1.

definition cross-ratio-cvec :: complez-vec = complex-vec = complex-vec = complex-vec = compler-vec where
[simp]: cross-ratio-cvec z u v w =

/,

nl = z'xu" — u'x2"

n2 = v*w' — wv’

dl = 2'xw" — w'sxz"

d2 = v'xu'" — u'xv”
mn

ifnl xn2 # 0V dl x d2 # 0 then
(n1 *x n2, d1 * d2)
else

(1, 1))

lift-definition cross-ratio-hcoords :: complex-homo-coords = complez-homo-coords = complex-homo-coords = com-
plex-homo-coords = complex-homo-coords is cross-ratio-cvec
by (auto split: if-split-asm)

lift-definition cross-ratio :: complex-homo = complez-homo = complex-homo = complex-homo = complez-homo is
cross-ratio-hcoords
proof transfer
fix zuvwz u v w :: complez-vec
obtain z1 22 ul u2 vl v2 wi w2 2’1 2’2 v'1 uw'2v'1v'2w'l w'2
where *: z = (21, 22) u = (ul, u2) v = (vl, v2) w = (w1, w2)
2'=(2"1,2"2) v = (w1, u'2) v' = (v'1,v'2) w' = (w'l, w'2)
by (cases z, auto, cases u, auto, cases v, auto, cases w, auto,

102



cases z', auto, cases u', auto, cases v', auto, cases w', auto)
let ?n1 = z1*u2 — ul*22
let ?n2 = vi*xw?2 — wilxv2
let 2d1 = z1*xw2 — wl*22
let 2d2 = vi*u2 — ul*v2
let 2n1’ = 2'1xu’2 — w'1%2'2
let 2n2’ = v'1xw'2 — w'1xv’'2
let 2d1’' = 2'1%w'2 — w'1%2'2
let 2d2’ = v'1xu’2 — uw'1xv'2

assume *x*:
2z # vec-zero u # vec-zero v # vec-zero w F# vec-zero
2 # wec-zero u' # vec-zero v’ # vec-zero w’ # vec-zero
2Ry 2 v Ry v u R, v w R, w!
show cross-ratio-cvec z u v w =, cross-ratio-cvec z' v’ v’ w’
proof (cases ni1+%n2 # 0 V ?d1x2d2 # 0)
case True
hence ?n1'x?n2’' # 0 v 2d1'x2d2’ # 0
using * s
by simp ((erule exE)+, simp)
show ?thesis
using «%nixn2 # 0 V 2d1x%9d2 # 0»
using «?n1'x?n2’ # 0 V 2d1'+2d2’ # 0>
using * *x
by simp ((erule exE)+, rule-tac x=kxkaxkbxkc in exl, simp add: field-simps)
next
case Fulse
hence — (?n1'x%n2' #£ 0 v 2d1'x2d2’ # 0)
using * sxx
by simp ((erule exE)+, simp)
show ?thesis
using (= (?nlx%n2 # 0 V 2d1x2d2 # 0)»
using = (?n1’*%n2’ £ 0 Vv 2d1'x2d2" # 0)»
using * sx
by simp blast
qed
qed

lemma cross-ratio-01inf-id [simp]:
shows cross-ratio z 0y 11, ocon = 2
proof (transfer, transfer)
fix z :: complex-vec
obtain z1 22 where *: z = (21, 22)
by (cases z, auto)
assume z # vec-zero
thus cross-ratio-cvec z 0, 1, 00, Xy 2
using *
by simp (rule-tac z=—1 in exl, simp)
qed

lemma cross-ratio-0:
assumes u # v and u # w
shows cross-ratio u v v w = 0y,
using assms
proof (transfer, transfer)
fix uvw :: complex-vec
obtain u! u2 v v2 wl w2
where x: v = (ul, u2) v = (vl, v2) w = (wl, w2)
by (cases u, auto, cases v, auto, cases w, auto)
assume u # Vec-zero v # Vec-zero w # Vec-zero 1 U Ry U T U Ry W
thus cross-ratio-cvec ©w uw v w Xy 0y
using x complez-cvec-eqg-miz|of ul u2 vl v2] complex-cvec-eg-miz[of ul u2 wl w2]
by (force simp add: mult.commute)
qed

lemma cross-ratio-1:
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assumes u # v and v # w
shows cross-ratio vu v w = 1,
using assms
proof (transfer, transfer)
fix uvw :: complex-vec
obtain u! u2 v v2 wl w2
where *: v = (ul, u2) v = (vl, vV2) w = (wl, w2)
by (cases u, auto, cases v, auto, cases w, auto)
let ?n1 = vi*u2 — ul*v2
let 2n2 = vi*xw2 — wilx*v2
assume u 7# Vec-zero v # Vec-zero W F£ VEC-2ero T U Ry U T U Ry W
hence n1 # 0 A %n2 # 0
using * complez-cvec-eq-miz[of ul u2 vl v2] complex-cvec-eq-miz[of vl v2 wl w2]
by (auto simp add: field-simps)
thus cross-ratio-cvec v u v w ~y 1,
using *
by simp (rule-tac z=1 / (?nl % ?n2) in exl, simp)
qed

lemma cross-ratio-inf:
assumes u # w and v # w
shows cross-ratio w u v w = ooy,
using assms
proof (transfer, transfer)
fix uvw :: complex-vec
obtain u! u2 v v2 wl w2
where *: u = (ul, u2) v = (vl, vV2) w = (wl, w2)
by (cases u, auto, cases v, auto, cases w, auto)
let ?n1 = wl*u2 — ul*w2
let 2n2 = vi*xw2 — wilxv2
assume u # vec-zero v # Vec-zero W F VeC-zero T U Ry W TV Ry W
hence ?n1 # 0 N ?n2 # 0
using * complex-cvec-eq-miz[of ul u2 wl w2] complez-cvec-eq-miz[of v1 v2 wl w2]
by (auto simp add: field-simps)
thus cross-ratio-cvec w u v w ~y 00y
using *
by simp
qed

lemma cross-ratio-0inf:
assumes y # 0
shows cross-ratio (of-complezx x) 0 (of-complex y) con = (of-complez (z / y))
using assms
by (transfer, transfer) (simp, rule-tac z=—1/y in ezl, simp)

lemma cross-ratio-commute-13:
shows cross-ratio z uw v w = reciprocal (cross-ratio v u z w)
by (transfer, transfer, case-tac z, case-tac u, case-tac v, case-tac w, simp)

lemma cross-ratio-commute-2/:
shows cross-ratio z uw v w = reciprocal (cross-ratio z w v u)
by (transfer, transfer, case-tac z, case-tac u, case-tac v, case-tac w, simp)

lemma cross-ratio-not-inf:
assumes 2z # w and u # v
shows cross-ratio z u v w # oon
using assms
proof (transfer, transfer)
fix zuovw
assume nz: z # Vec-zero u F# vec-zero v # vec-zero w # vec-zero
obtain 21 22 ul u2 vl v2 wl w2 where x: z = (21, 22) v = (ul, u2) v = (vl, v2) w = (wl, w2)
by (cases z, cases u, cases v, cases w, auto)
obtain z1 22 where *x: cross-ratio-cvec z u v w = (21, z2)
by (cases cross-ratio-cvec z u v w, auto)
assume - z Xy W U Ny U
hence z1xw2 # z2xwl ul*v2 # ul2xvl
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using * nz complex-cvec-eq-miz
by blast+
hence z2 # 0
using * *x
by (auto split: if-split-asm) (simp add: field-simps)
thus — cross-ratio-cvec z u v W Xy 00y
using inf-cvec-z2-zero-iff * *x
by simp
qed

lemma cross-ratio-not-zero:
assumes z # v and v # w
shows cross-ratio z uw v w # 0p,
using assms
proof (transfer, transfer)
fix zuvw
assume nz: z # vec-zero u # VEC-Z€ro U F£ Vec-zero w # vec-zero
obtain zI 22 ul u2 vl v2 wl w2 where x: z = (21, 22) v = (ul, u2) v = (vl, vV2) w = (wl, w2)
by (cases z, cases u, cases v, cases w, auto)
obtain z! z2 where *x: cross-ratio-cvec z u v w = (zl, z2)
by (cases cross-ratio-cvec z u v w, auto)
assume — 2 R, U TV Ry W
hence z1*u2 # 22xul vl*w2 # v2xwl
using * nz complex-cvec-eq-mix
by blast+
hence z1 # 0
using * *x
by (auto split: if-split-asm)
thus — cross-ratio-cvec z u v w =, 0,
using zero-cvec-z1-zero-iff * xx
by simp
qed

lemma cross-ratio-real:
assumes is-real z and is-real v and is-real v and is-real w
assumes z ZuANvF#FwV z2F# WA UFV
shows is-real (to-complex (cross-ratio (of-complez z) (of-complex u) (of-complex v) (of-complex w)))
using assms
by (transfer, transfer, auto)

lemma cross-ratio:
assumes (z # u A v # w) V (z # w A u # v) and
z # oop and u # oop and v # oo, and w # ocop,
shows cross-ratio z uvw = ((z —p u) *n (v —p w)) :n ((z —p W) *p (v —p u))
unfolding sub-def divide-def
using assms
apply transfer
apply simp
apply transfer
proof—
fix z u v w :: complex-vec
obtain zI 22 ul u2 vl v2 wl w2
where x: z = (21, 22) u = (ul, u2) v = (vl, vV2) w = (wl, w2)
by (cases z, auto, cases u, auto, cases v, auto, cases w, auto)

let ?n1 = z1*u2 — ulx*z2

let 7n2 = vixw2 — wilxv2

let 2d1 = z1xw2 — wl*22

let 2d2 = vi*u2 — ul*v2

assume kx: z £ Vec-zero u 7 Vec-zero v # vec-zero w # vec-zero
TZRL,UN T VR, WY 2Ry WA U R,V
T2 Ry OOy U Ry OOy TV Ry 00y 7T W Ry Oy

hence xxx: 2nl x n2 # 0 V 2d1 * 2d2 # 0

using *
using complex-cvec-eq-miz|of z1 z2 ul u2] complex-cvec-eq-miz[of vl v2 wl w2]
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using complex-cvec-eq-miz|of z1 z2 w1l w2] complez-cvec-eg-miz|of ul u2 vl v2]
by (metis eq-iff-diff-eq-0 mult.commute mult-eq-0-iff)

have sxsx: 22 # 0 w2 # 0 u2 # 0v2 # 0
using x «x(1—4) *x(6—9)
using inf-cvec-z2-zero-iff [of z1 22]
using inf-cvec-z2-zero-iff [of ul u2]
using inf-cvec-z2-zero-iff [of v1 v2]
using inf-cvec-z2-zero-iff [of w1 w2]
by blast+

have cross-ratio-cvec z u v w = (?nlx?n2, 2d1x2d2)
using * sokx
by simp
moreover
let %k = 22xu2*xv2+w?2
have (z +, ~y u) *y (v 40 ~o W) %y reciprocal-cvec ((z +v ~o W) *y (V4o “o w)) = (%k x Inl x 02, %k x 2d1 *
2d2)
using * sk sk
by auto
ultimately
show cross-ratio-cvec z u v w =,
(z 4o Yo u) k0 (V4o Yo w) %y reciprocal-cvec ((z v To W) % (Vv +o Vo u))
using sk
unfolding complex-cvec-eq-def
by (rule-tac =72k in exl) simp
qed

end

6 Mobius transformations

Mébius transformations (also called homographic, linear fractional, or bilinear transformations) are the funda-
mental transformations of the extended complex plane. Here they are introduced algebraically. Each transfor-
mation is represented by a regular (non-singular, non-degenerate) 2 x 2 matrix that acts linearly on homogeneous
coordinates. As proportional homogeneous coordinates represent same points of C, proportional matrices will
represent the same M&bius transformation.

theory Moebius
imports Homogeneous-Coordinates
begin

6.1 Definition of Mo6bius transformations
typedef moebius-mat = {M::complez-mat. mat-det M # 0}
by (rule-tac z=eye in exl, simp)

setup-lifting type-definition-moebius-mat

definition moebius-cmat-eq :: complex-mat = complex-mat = bool where
[simp]: moebius-cmat-eq A B «—— (3 k::complex. k # 0 AN B =k *sm A)

lift-definition moebius-mat-eq :: moebius-mat = moebius-mat = bool is moebius-cmat-eq
done

lemma moebius-mat-eg-refl [simp):
shows moebius-mat-eq © x
by transfer simp

quotient-type moebius = moebius-mat /| moebius-mat-eq
proof (rule equivpl)
show reflp moebius-mat-eq
unfolding refip-def
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by transfer auto
next
show symp moebius-mat-eq
unfolding symp-def
by transfer (auto simp add: symp-def, rule-tac x=1/k in exl, simp)
next
show transp moebius-mat-eq
unfolding transp-def
by transfer (auto simp add: transp-def, rule-tac x=kaxk in exl, simp)
qed

definition mk-moebius-cmat :: complexr = compler = complex = complex = complex-mat where
[simp]: mk-moebius-cmat a b ¢ d =
(let M = (a, b, ¢, d)
in if mat-det M # 0 then
M
else

eye)

lift-definition mk-moebius-mat :: compler = compler = compler = complex = moebius-mat is mk-moebius-cmat
by simp

lift-definition mk-moebius :: complex = complex = complex = compler = moebius is mk-moebius-mat
done

lemma ez-mk-moebius:
shows 3 a b ¢ d. M = mk-moebius a b ¢ d N\ mat-det (a, b, ¢, d) # 0
proof (transfer, transfer)
fix M :: complex-mat
assume mat-det M # 0
obtain a b ¢ d where M = (a, b, ¢, d)
by (cases M, auto)
hence moebius-cmat-eq M (mk-moebius-cmat a b ¢ d) A mat-det (a, b, ¢, d) # 0
using «mat-det M # 0»
by auto (rule-tac z=1 in exl, simp)
thus Ja b ¢ d. moebius-cmat-eq M (mk-moebius-cmat a b ¢ d) A mat-det (a, b, ¢, d) # 0
by blast
qed

6.2 Action on points

Mobius transformations are given as the action of Mobius group on the points of the extended complex plane
(in homogeneous coordinates).

definition moebius-pt-cmat-cvec :: complex-mat = complex-vec = complex-vec where
[simp]: moebius-pt-cmat-cvec M 2 = M *pp 2

lift-definition moebius-pt-mmat-hcoords :: moebius-mat = complex-homo-coords = complex-homo-coords is moebius-pt-cmat-cvec
by auto algebra+

lift-definition moebius-pt :: moebius = complex-homo = complex-homo is moebius-pt-mmat-hcoords
proof transfer
fix M M'zz’
assume moebius-cmat-eq M M’ z ~, z’
thus moebius-pt-cmat-cvec M z =, moebius-pt-cmat-cvec M’ z’
by (cases M, cases z, auto simp add: field-simps) (rule-tac t=kxka in exl, simp)
qed

lemma bij-moebius-pt [simp]:
shows bij (moebius-pt M)
unfolding bij-def inj-on-def surj-def

proof safe
fixzy
assume moebius-pt M x = moebius-pt M y
thus z =y

proof (transfer, transfer)
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fix Mzy
assume mat-det M # 0 moebius-pt-cmat-cvec M x ==, moebius-pt-cmat-cvec M y
thus z ~, y
using mult-sv-moulof - M z] mult-mv-inv[of - M]
unfolding moebius-pt-cmat-cvec-def
by (metis complex-cvec-eq-def)
qed
next
fix y
show dz. y = moebius-pt M =
proof (transfer, transfer)
fix y :: complez-vec and M :: complex-mat
assume *: y # vec-zero mat-det M # 0
let %iM = mat-inv M
let 22 = 2iM %y y
have %z # wvec-zero
using *
by (metis mat-det-mult mat-eye-r mat-inv-r mult-cancel-right! mult-muv-nonzero)
moreover
have y ~, moebius-pt-cmat-cvec M ?x
by (simp del: eye-def add: mat-inv-r[OF <mat-det M # 0>])
ultimately
show Jze{v. v # vec-zero}. y =, moebius-pt-cmat-cvec M x
by (rule-tac x="%z in bezl, simp-all)
qed
qed

lemma moebius-pt-eq-1:
assumes moebius-pt M z1 = moebius-pt M z2
shows z1 = 22
using assms
using bij-moebius-ptlof M|
unfolding bij-def inj-on-def
by blast

lemma moebius-pt-neq-1 [simp]:
assumes z1 # 22
shows moebius-pt M z1 # moebius-pt M 22
using assms
by (auto simp add: moebius-pt-eq-I)

definition is-moebius :: (complex-homo = complexz-homo) = bool where
is-moebius f «— (3 M. f = moebius-pt M)
In the classic literature Mdébius transformations are often expressed in the form ‘Zzzis The following lemma

shows that when restricted to finite points, the action of Moébius transformations is bilinear.

lemma moebius-pt-bilinear:
assumes mat-det (a, b, ¢, d) # 0
shows moebius-pt (mk-moebius a b ¢ d) z =
(if z # oon then
((of-complex a) *p, z +n (of-complex b)) :p,
((of-complex ¢) *n z +n (of-complex d))
else

(of-complex a) :p,
(of-complex c))

unfolding divide-def

using assms

proof (transfer, transfer)
fix a b ¢ d :: complexr and z :: complex-vec
obtain 21 22 where zz: z = (21, 22)
by (cases z, auto)

assume *: mat-det (a, b, ¢, d) # 0 z # vec-zero

let 20c = of-complex-cvec

show moebius-pt-cmat-cvec (mk-moebius-cmat a b ¢ d) z ==,

(if = z =y 00y
then (20c a %y z 4o 20c b) *,
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reciprocal-cvec (?0c ¢ *y 2z +4 Zoc d)
else 2oc a *,
reciprocal-cvec (Zoc c))
proof (cases z &, 00y)
case True
thus ?Zthesis
using zz *
by auto
next
case Fulse
hence 22 # 0
using zz inf-cvec-z2-zero-iff <z # vec-zero»
by auto
thus ?thesis
using zz * Fualse
using regular-homogenous-system[of a b ¢ d z1 22]
by auto
qed
qed

6.3 Mobius group

Mobius elements form a group under composition. This group is called the projective general linear group
and denoted by PGL(2,C) (the group SGL(2,C) containing elements with the determinant 1 can also be
considered).

Identity Mébius transformation is represented by the identity matrix.

definition id-moebius-cmat :: complex-mat where
[simp]: id-moebius-cmat = eye

lift-definition id-moebius-mmat :: moebius-mat is id-moebius-cmat
by simp

lift-definition id-moebius :: moebius is id-moebius-mmat
done

lemma moebius-pt-moebius-id [simp]:
shows moebius-pt id-moebius = id
unfolding id-def
apply (rule ext, transfer, transfer)
using eye-mv-|
by simp

lemma mk-moeibus-id [simp]:
shows mk-moebius a 0 0 a = id-moebius
by (transfer, transfer, simp)

The inverse Mobius transformation is obtained by taking the inverse representative matrix.

definition moebius-inv-cmat :: complex-mat = complex-mat where
[simp]: moebius-inv-cmat M = mat-inv M

lift-definition moebius-inv-mmat :: moebius-mat = moebius-mat is moebius-inv-cmat
by (simp add: mat-det-inv)

lift-definition moebius-inv :: moebius = moebius is moebius-inv-mmat
proof (transfer)
fix zy
assume moebius-cmat-eq T y
thus moebius-cmat-eq (moebius-inv-cmat x) (moebius-inv-cmat y)
by (auto simp add: mat-inv-mult-sm) (rule-tac z=1/k in exl, simp)
qed

lemma moebius-inv:

shows moebius-pt (moebius-inv M) = inv (moebius-pt M)
proof (rule inv-equality[symmetric])
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fix z
show moebius-pt (moebius-inv M) (moebius-pt M z) = z
proof (transfer, transfer)
fix M::complez-mat and z::complex-vec
assume mat-det M # 0 © # vec-zero
show moebius-pt-cmat-cvec (moebius-inv-cmat M) (moebius-pt-cmat-cvec M x) ~,
using eye-muw-l
by (simp add: mat-inv-l[OF <mat-det M # 0>])
qed
next
fix y
show moebius-pt M (moebius-pt (moebius-inv M) y) = y
proof (transfer, transfer)
fix M::complex-mat and y::complex-vec
assume mat-det M # 0y # vec-zero
show moebius-pt-cmat-cvec M (moebius-pt-cmat-cvec (moebius-inv-cmat M) y) =y y
using eye-mv-|
by (simp add: mat-inv-r[OF <mat-det M # 0))])
qed
qed

lemma is-moebius-inv [simp]:
assumes is-moebius m
shows is-moebius (inv m)
using assms
using moebius-inv
unfolding is-moebius-def
by metis

lemma moebius-inv-mk-moebus [simp]:
assumes mat-det (a, b, ¢, d) # 0
shows moebius-inv (mk-moebius a b ¢ d) =
mk-moebius (d/(axd—bxc)) (—b/(axd—bxc)) (—c/(axd—bxc)) (a/(axd—bxc))
using assms
by (transfer, transfer) (auto, rule-tac z=1 in exl, simp-all add: field-simps)

Composition of Mébius elements is obtained by multiplying their representing matrices.

definition moebius-comp-cmat :: complez-mat = complez-mat = complex-mat where
[simp]: moebius-comp-cmat M1 M2 = M1 spm M2

lift-definition moebius-comp-mmat :: moebius-mat = moebius-mat = moebius-mat is moebius-comp-cmat
by simp

lift-definition moebius-comp :: moebius = moebius = moebius is moebius-comp-mmat
by transfer (simp, (erule exE)+, rule-tac x=kxka in exl, simp add: field-simps)

lemma moebius-comp:
shows moebius-pt (moebius-comp M1 M2) = moebius-pt M1 o moebius-pt M2
unfolding comp-def
by (rule ext, transfer, transfer, simp)

lemma moebius-pt-comp [simp]:
shows moebius-pt (moebius-comp M1 M2) z = moebius-pt M1 (moebius-pt M2 z)
by (auto simp add: moebius-comp)

lemma is-moebius-comp [simp]:
assumes is-moebius m1 and is-moebius m2
shows is-moebius (m1 o m2)
using assms
unfolding is-moebius-def
using moebius-comp
by metis

lemma moebius-comp-mk-moebius [simp]:

assumes mat-det (a, b, ¢, d) # 0 and mat-det (a’, b’, ¢’, d') £ 0
shows moebius-comp (mk-moebius a b ¢ d) (mk-moebius a’ b’ ¢’ d’) =
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mk-moebius (a x a’ + bxc) (ax b '+ bxd") (cxa" +dxc)(cxb +dxd)
using mat-det-mult[of (a, b, ¢, d) (a’, b’, ¢, d')]
using assms
by (transfer, transfer) (auto, rule-tac x=1 in exI, simp)

instantiation moebius :: group-add

begin

definition plus-moebius :: moebius = moebius = moebius where
[simp]: plus-moebius = moebius-comp

definition uminus-moebius :: moebius = moebius where
[simp]: uminus-moebius = moebius-inv

definition zero-moebius :: moebius where
[simp]: zero-moebius = id-moebius

definition minus-moebius :: moebius = moebius = moebius where
[simp]: minus-moebius A B = A + (—B)

instance proof
fix a b ¢ :: moebius
showa+b+c=a+ (b+ ¢
unfolding plus-moebius-def
proof (transfer, transfer)
fix a b ¢ :: complex-mat
assume mat-det a # 0 mat-det b # 0 mat-det ¢ # 0
show moebius-cmat-eq (moebius-comp-cmat (moebius-comp-cmat a b) ¢) (moebius-comp-cmat a (moebius-comp-cmat
b o))
by simp (rule-tac z=1 in exl, simp add: mult-mm-assoc)
qed
next
fix a :: moebius
show a + 0 = a
unfolding plus-moebius-def zero-moebius-def
proof (transfer, transfer)
fix A :: complex-mat
assume mat-det A # 0
thus moebius-cmat-eq (moebius-comp-cmat A id-moebius-cmat) A
using mat-eye-r
by simp
qed
next
fix a :: moebius
show 0 + a =a
unfolding plus-moebius-def zero-moebius-def
proof (transfer, transfer)
fix A :: complex-mat
assume mat-det A # 0
thus moebius-cmat-eq (moebius-comp-cmat id-moebius-cmat A) A
using mat-eye-I
by simp
qed
next
fix a :: moebius
show —a +a =0
unfolding plus-moebius-def uminus-moebius-def zero-moebius-def
proof (transfer, transfer)
fix a :: complex-mat
assume mat-det a # 0
thus moebius-cmat-eq (moebius-comp-cmat (moebius-inv-cmat a) a) id-moebius-cmat
by (simp add: mat-inv-1)
qed
next
fix a b :: moebius
show a + —b=0a— b
unfolding minus-moebius-def
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by simp
qed
end

Composition with inverse

lemma moebius-comp-inv-left [simp]:
shows moebius-comp (moebius-inv M) M = id-moebius
by (metis left-minus plus-moebius-def uminus-moebius-def zero-moebius-def)

lemma moebius-comp-inv-right [simpl:
shows moebius-comp M (moebius-inv M) = id-moebius
by (metis right-minus plus-moebius-def uminus-moebius-def zero-moebius-def)

lemma moebius-pt-comp-inv-left [simp]:
shows moebius-pt (moebius-inv M) (moebius-pt M z) = z
by (subst moebius-pt-comp[symmetric], simp)

lemma moebius-pt-comp-inv-right [simp):
shows moebius-pt M (moebius-pt (moebius-inv M) z) = z
by (subst moebius-pt-comp[symmetric], simp)

lemma moebius-pt-comp-inv-image-left [simp):
shows moebius-pt (moebius-inv M) ¢ moebius-pt M ‘ A = A
by force

lemma moebius-pt-comp-inv-image-right [simp]:
shows moebius-pt M ‘ moebius-pt (moebius-inv M) ‘A = A
by force

lemma moebius-pt-invert:
assumes moebius-pt M z1 = 22
shows moebius-pt (moebius-inv M) 22 = z1
using assms[symmetric]
by simp

lemma moebius-pt-moebius-inv-in-set [simp):
assumes moebius-pt M z € A
shows z € moebius-pt (moebius-inv M) ‘ A
using assms
using image-iff
by fastforce

6.4 Special kinds of Mo6bius transformations

6.4.1 Reciprocal (1/z) as a M&bius transformation

definition moebius-reciprocal :: moebius where
moebius-reciprocal = mk-moebius 0 1 1 0

lemma moebius-reciprocal [simp]:
shows moebius-pt moebius-reciprocal = reciprocal
unfolding moebius-reciprocal-def
by (rule ext, transfer, transfer) (force simp add: split-def)

lemma moebius-reciprocal-inv [simpl:
shows moebius-inv moebius-reciprocal = moebius-reciprocal
unfolding moebius-reciprocal-def
by (transfer, transfer) simp

6.4.2 Euclidean similarities as a Mobius transform

Euclidean similarities include Euclidean isometries (translations and rotations) and dilatations.

definition moebius-similarity :: compler = complex = moebius where
moebius-similarity a b = mk-moebius a b 0 1

lemma moebius-pt-moebius-similarity [simp]:
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assumes a # 0

shows moebius-pt (moebius-similarity a b) z = (of-complex a) * z +n (of-complez b)
unfolding moebius-similarity-def

using assms

using mult-inf-right[of of-complez a)

by (subst moebius-pt-bilinear, auto)

Their action is a linear transformation of C.

lemma moebius-pt-moebius-similarity:
assumes a # 0
shows moebius-pt (moebius-similarity a b) = (X z. (of-complez a) *p, z +1 (of-complezx b))
using moebius-pt-moebius-similarity| OF assms, symmetric]
by simp

lemma is-moebius-similarity”:
assumes a # 0 and a # ocop and b # ocop,
shows (X z. a *, z +, b) = moebius-pt (moebius-similarity (to-complex a) (to-complex b))
proof—
obtain ka kb where *x: a = of-complex ka ka # 0 b = of-complex kb
using assms
using inf-or-of-complex|of a] inf-or-of-complez|of b]
by auto
thus ?thesis
unfolding is-moebius-def
using moebius-pt-moebius-similarity|of ka kb
by simp
qed

lemma is-moebius-similarity:
assumes a # 05 and a # oo and b # ooy,
shows is-moebius (A z. a *p z +5 b)
using is-moebius-similarity [OF assms]
unfolding is-moebius-def
by auto

Euclidean similarities form a group.

lemma moebius-similarity-id [simp]:
shows moebius-similarity 1 0 = id-moebius
unfolding moebius-similarity-def
by simp

lemma moebius-similarity-inv [simp]:
assumes a # 0
shows moebius-inv (moebius-similarity a b) = moebius-similarity (1/a) (—b/a)
using assms
unfolding moebius-similarity-def
by simp

lemma moebius-similarity-uminus [simp):
assumes a # 0
shows — moebius-similarity a b = moebius-similarity (1/a) (—b/a)
using assms
by simp

lemma moebius-similarity-comp [simp):
assumes a # 0 and ¢ # 0
shows moebius-comp (moebius-similarity a b) (moebius-similarity ¢ d) = moebius-similarity (axc) (axd+b)
using assms
unfolding moebius-similarity-def
by simp

lemma moebius-similarity-plus [simp]:
assumes a # 0 and ¢ # 0
shows moebius-similarity a b + moebius-similarity ¢ d = moebius-similarity (axc) (axd—+b)
using assms
by simp
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Euclidean similarities are the only Mobius group elements such that their action leaves the ooy, fixed.

lemma moebius-similarity-inf [simp]:
assumes a # 0
shows moebius-pt (moebius-similarity a b) cop, = ooy,
using assms
unfolding moebius-similarity-def
by (transfer, transfer, simp)

lemma moebius-similarity-only-inf-to-inf:
assumes a # 0 moebius-pt (moebius-similarity a b) z = ooy,
shows z = ooy,
using assms
using inf-or-of-complex|of 2|
by auto

lemma moebius-similarity-inf-iff [simp]:
assumes a # 0
shows moebius-pt (moebius-similarity a b) z = oop «—— z = ooy,
using assms
using moebius-similarity-only-inf-to-infof a b z]
by auto

lemma inf-fized-only-moebius-similarity:
assumes moebius-pt M ocoj, = ooy,
shows 3 a b. a # 0 AN M = moebius-similarity a b
using assms
unfolding moebius-similarity-def
proof (transfer, transfer)
fix M :: complex-mat
obtain a b ¢ d where MM: M = (a, b, ¢, d)
by (cases M, auto)
assume mat-det M # 0 moebius-pt-cmat-cvec M 00, /2, 00,
hence x: c=0a#0ANd#0
using MM
by auto
show Ja b. a # 0 N moebius-cmat-eq M (mk-moebius-cmat a b 0 1)
proof (rule-tac z=a/d in exzl, rule-tac x=b/d in exl)
show a/d # 0 N moebius-cmat-eq M (mk-moebius-cmat (a / d) (b / d) 0 1)
using MM x
by simp (rule-tac z=1/d in exl, simp)
qed
qed

Euclidean similarities include translations, rotations, and dilatations.

6.4.3 Translation

definition moebius-translation where
moebius-translation v = moebius-similarity 1 v

lemma moebius-translation-comp [simp):
shows moebius-comp (moebius-translation vl) (moebius-translation v2) = moebius-translation (v1 + v2)
unfolding moebius-translation-def
by (simp add: field-simps)

lemma moebius-translation-plus [simp]:
shows (moebius-translation v1) + (moebius-translation v2) = moebius-translation (vl + v2)
by simp

lemma moebius-translation-zero [simp):
shows moebius-translation 0 = id-moebius
unfolding moebius-translation-def moebius-similarity-id
by simp

lemma moebius-translation-inv [simp):
shows moebius-inv (moebius-translation v1) = moebius-translation (—vl)
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using moebius-translation-comp|of vl —vl1] moebius-translation-zero
using minus-unique|of moebius-translation vl moebius-translation (—vl)]
by simp

lemma moebius-translation-uminus [simp]:
shows — (moebius-translation v1) = moebius-translation (—vl)
by simp

lemma moebius-translation-inv-translation [simp):
shows moebius-pt (moebius-translation v) (moebius-pt (moebius-translation (—v)) z) = z
using moebius-translation-inv[symmetric, of v]
by (simp del: moebius-translation-inv)

lemma moebius-inv-translation-translation [simp]:
shows moebius-pt (moebius-translation (—v)) (moebius-pt (moebius-translation v) z) = z
using moebius-translation-inv[symmetric, of v
by (simp del: moebius-translation-inv)

lemma moebius-pt-moebius-translation [simp]:
shows moebius-pt (moebius-translation v) (of-complex z) = of-complex (z + v)
unfolding moebius-translation-def
by (simp add: field-simps)

lemma moebius-pt-moebius-translation-inf [simp]:
shows moebius-pt (moebius-translation v) cop = oop
unfolding moebius-translation-def
by simp

6.4.4 Rotation

definition moebius-rotation where
moebius-rotation ¢ = moebius-similarity (cis ¢) 0

lemma moebius-rotation-comp [simp]:
shows moebius-comp (moebius-rotation ¢1) (moebius-rotation p2) = moebius-rotation (1 + @2)
unfolding moebius-rotation-def
using moebius-similarity-comp|of cis 1 cis @2 0 0]
by (simp add: cis-mult)

lemma moebius-rotation-plus [simp):
shows (moebius-rotation 1) + (moebius-rotation ©2) = moebius-rotation (p1 + p2)
by simp

lemma moebius-rotation-zero [simpl:
shows moebius-rotation 0 = id-moebius
unfolding moebius-rotation-def
using moebius-similarity-id
by simp

lemma moebius-rotation-inv [simp]:
shows moebius-inv (moebius-rotation ¢) = moebius-rotation (— @)
using moebius-rotation-complof ¢ —¢| moebius-rotation-zero
using minus-unique|of moebius-rotation ¢ moebius-rotation (—¢)]
by simp

lemma moebius-rotation-uminus [simp]:
shows — (moebius-rotation ) = moebius-rotation (— @)
by simp

lemma moebius-rotation-inv-rotation [simp):
shows moebius-pt (moebius-rotation ) (moebius-pt (moebius-rotation (—p)) z) = z
using moebius-rotation-inv[symmetric, of ¢]
by (simp del: moebius-rotation-inv)

lemma moebius-inv-rotation-rotation [simp]:
shows moebius-pt (moebius-rotation (—¢)) (moebius-pt (moebius-rotation ) z) = z
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using moebius-rotation-inv[symmetric, of ¢]
by (simp del: moebius-rotation-inv)

lemma moebius-pt-moebius-rotation [simp]:
shows moebius-pt (moebius-rotation ) (of-complex z) = of-complezx (cis ¢ * z)
unfolding moebius-rotation-def
by simp

lemma moebius-pt-moebius-rotation-inf [simp):
shows moebius-pt (moebius-rotation v) cop = ocop,
unfolding moebius-rotation-def
by simp

lemma moebius-pt-rotation-inf-iff [simp]:
shows moebius-pt (moebius-rotation v) T = cop «—— T = 0O}
unfolding moebius-rotation-def
using cis-neg-zero moebius-similarity-only-inf-to-inf
by (simp del: moebius-pt-moebius-similarity)

lemma moebius-pt-moebius-rotation-zero [simp):
shows moebius-pt (moebius-rotation @) 0y = O0p
unfolding moebius-rotation-def
by simp

lemma moebius-pt-moebius-rotation-zero-iff [simp]:
shows moebius-pt (moebius-rotation p) z = 0 —— z = 0},
using moebius-pt-invert[of moebius-rotation ¢ x 04]
by auto

lemma moebius-rotation-preserve-cmod [simp):
assumes u # oop,
shows cmod (to-complex (moebius-pt (moebius-rotation ) u)) = cmod (to-complex u)
using assms
using inf-or-of-complex|of u]
by (auto simp: norm-mult)

6.4.5 Dilatation

definition moebius-dilatation where
moebius-dilatation a = moebius-similarity (cor a) 0

lemma moebius-dilatation-comp [simp]:
assumes al > 0 and a2 > 0
shows moebius-comp (moebius-dilatation al) (moebius-dilatation a2) = moebius-dilatation (al * a2)
using assms
unfolding moebius-dilatation-def
by simp

lemma moebius-dilatation-plus [simp]:
assumes al > 0 and a2 > 0
shows (moebius-dilatation al) + (moebius-dilatation a2) = moebius-dilatation (al * a2)
using assms
by simp

lemma moebius-dilatation-zero [simp]:
shows moebius-dilatation 1 = id-moebius
unfolding moebius-dilatation-def
using moebius-similarity-id
by simp

lemma moebius-dilatation-inverse [simp]:
assumes a > (0
shows moebius-inv (moebius-dilatation a) = moebius-dilatation (1/a)
using assms
unfolding moebius-dilatation-def
by simp
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lemma moebius-dilatation-uminus [simp]:
assumes a > 0
shows — (moebius-dilatation a) = moebius-dilatation (1/a)
using assms
by simp

lemma moebius-pt-dilatation [simp]:
assumes a # 0
shows moebius-pt (moebius-dilatation a) (of-complex z) = of-complex (cor a * z)
using assms
unfolding moebius-dilatation-def
by simp

6.4.6 Rotation-dilatation

definition moebius-rotation-dilatation where
moebius-rotation-dilatation a = moebius-similarity a 0

lemma moebius-rotation-dilatation:
assumes a # 0
shows moebius-rotation-dilatation a = moebius-rotation (Arg a) + moebius-dilatation (cmod a)
using assms
unfolding moebius-rotation-dilatation-def moebius-rotation-def moebius-dilatation-def
by simp

6.4.7 Conjugate Mdobius

Conjugation is not a Mobius transformation, and conjugate Mobius transformations (obtained by conjugating
each matrix element) do not represent conjugation function (although they are somewhat related).

lift-definition conjugate-moebius-mmat :: moebius-mat = moebius-mat is mat-cnj
by auto

lift-definition conjugate-moebius :: moebius = moebius is conjugate-moebius-mmat
by transfer (auto simp add: mat-cnj-def)

lemma conjugate-moebius:
shows conjugate o moebius-pt M = moebius-pt (conjugate-moebius M) o conjugate
apply (rule ext, simp)
apply (transfer, transfer)
using vec-cnj-mult-mv by auto

6.5 Decomposition of Mobius transformations

Every Euclidean similarity can be decomposed using translations, rotations, and dilatations.

lemma similarity-decomposition:
assumes a # 0
shows moebius-similarity a b = (moebius-translation b) + (moebius-rotation (Arg a)) + (moebius-dilatation (cmod a))
proof—
have moebius-similarity a b = (moebius-translation b) + (moebius-rotation-dilatation a)
using assms
unfolding moebius-rotation-dilatation-def moebius-translation-def moebius-similarity-def
by auto
thus ?thesis
using moebius-rotation-dilatation [OF assms]
by (auto simp add: add.assoc simp del: plus-moebius-def)
qed

A very important fact is that every Mdébius transformation can be composed of Euclidean similarities and a
reciprocation.

lemma moebius-decomposition:
assumes ¢ # 0 and axd — bxc # 0
shows mk-moebius a b ¢ d =
moebius-translation (a/c) +
moebius-rotation-dilatation ((bxc — axd)/(cxc)) +
moebius-reciprocal +
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moebius-translation (d/c)
using assms
unfolding moebius-rotation-dilatation-def moebius-translation-def moebius-similarity-def plus-moebius-def moebius-reciprocal-def
by (simp add: field-simps) (transfer, transfer, auto simp add: field-simps, rule-tac x=1/c in exl, simp)

lemma moebius-decomposition-similarity:
assumes a # 0
shows mk-moebius a b 0 d = moebius-similarity (a/d) (b/d)
using assms
unfolding moebius-similarity-def
by (transfer, transfer, auto, rule-tac z=1/d in exl, simp)

Decomposition is used in many proofs. Namely, to show that every Mobius transformation has some property,
it suffices to show that reciprocation and all Euclidean similarities have that property, and that the property is
preserved under compositions.

lemma wlog-moebius-decomposition:
assumes
trans: /\ v. P (moebius-translation v) and
rot: \ a. P (moebius-rotation a) and
dil: \ k. P (moebius-dilatation k) and
recip: P (moebius-reciprocal) and
comp: \ M1 M2. [P M1; P M2] = P (M1 + M2)
shows P M
proof—
obtain a b ¢ d where M = mk-moebius a b ¢ d mat-det (a, b, ¢, d) # 0
using ez-mk-moebius[of M|
by auto
show ?thesis
proof (cases ¢ = 0)
case False
show ?thesis
using moebius-decomposition[of ¢ a d b] <mat-det (a, b, ¢, d) # 0> <¢c # 0> <M = mk-moebius a b ¢ d»
using moebius-rotation-dilatation[of (bxc — axd) / (cxc)]
using trans[of a/c] rot[of Arg ((bxc — axd) / (cxc))] dillof emod ((bxc — axd) / (cxc))] recip
using comp
by (simp add: trans)
next
case True
hence M = moebius-similarity (a/d) (b/d)
using <M = mk-moebius a b ¢ d» <mat-det (a, b, ¢, d) # 0>
using moebius-decomposition-similarity
by auto
thus ?thesis
using <¢ = 0» <mat-det (a, b, ¢, d) # O»
using similarity-decomposition[of a/d b/d]
using trans|of b/d] rot[of Arg (a/d)] dil[of cmod (a/d)] comp
by simp
qed
qed

*
d

6.6 Cross ratio and Mobius existence

For any fixed three points z1, 22 and 23, cross-ratio z z1 z2 z8 can be seen as a function of a single variable z.

lemma is-moebius-cross-ratio:
assumes 21 # 22 and 22 # 23 and z1 # 28
shows is-moebius (A z. cross-ratio z z1 22 23)
proof—
have 3 M.V z. cross-ratio z z1 22 28 = moebius-pt M z
using assms
proof (transfer, transfer)
fix 21 22 23
assume vz: z1 # vec-zero z2 # vec-zero z8 F# vec-zero
obtain 21’ 21" where 221: z1 = (217, 21"")
by (cases z1, auto)
obtain 22’ 22’ where 222: 22 = (22/, 22"")
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by (cases 22, auto)
obtain 23’ 28" where 223: 23 = (23, 23"
by (cases z3, auto)

let ?m28 = 22'%28""—28"%22"
let ?m21 = 22'%21""—21"%22"
let ?mi13 = z1'%28""—28"x21"
let ?M = (21''%?m23, —z1'%x?m23, 28"« ?m21, —23'x?m21)
assume — z1 X, 22 22 Xy 28 2] xy 28
hence *: ?m23 # 0 ?m21 # 0 ?m13 # 0
using vz zz1 222 223
using complex-cvec-eq-miz|of 21" 21" 22" 22"
using complez-cvec-eq-miz|of 21’ 21" 28" 28"
using complez-cvec-eq-miz[of 22" 22" 28" 28"
by (auto simp del: complex-cvec-eq-def simp add: field-simps)

have mat-det ?M = ?m21%?m23*?mi13
by (simp add: field-simps)
hence mat-det ?M # 0
using *
by simp
moreover
have V ze{v. v # vec-zero}. cross-ratio-cvec z z1 22 28 =2, moebius-pt-cmat-cvec ?M z
proof
fix z
assume z € {v. v # vec-zero}
hence z # vec-zero
by simp
obtain 2z’ 2" where 2z: z = (27, 2”)
by (cases z, auto)

let 2m01 = z'sz1""—2z1"%2""
let 2m03 = 2'%28""—28"x2""

have ?m01 # 0V ?m03 # 0
proof (cases 2" =0V 21" =0V 23" = 0)
case True
thus ?thesis
using * <z # vec-zero» 2z
by auto
next
case False
hence 1: 2" £ 0 AN z1"# 0N 23" # 0
by simp
show ?thesis
proof (rule ccontr)
assume — ?thesis
hence 2" * 21" — 21" 2" = 02" % 28" — 28" x 2" =0
by auto
hence 21'/z1" = 28'/28"
using 1 2z <z # vec-zero»
by (metis frac-eq-eq right-minus-eq)
thus False
using * 1
using frac-eqg-eq
by auto
qed
qed
note x = x this
show cross-ratio-cvec z z1 22 28 =, moebius-pt-cmat-cvec ?M z
using x 2z 2zl 222 223 mult-mv-nonzero|of z M| «<mat-det ?M # 0>
by simp (rule-tac x=1 in exl, simp add: field-simps)
qed
ultimately
show AMe{M. mat-det M # 0}.
V ze{v. v # vec-zero}. cross-ratio-cvec z z1 z2 28 ~., moebius-pt-cmat-cvec M z
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by blast
ged
thus %thesis
by (auto simp add: is-moebius-def)
qed

Using properties of the cross-ratio, it is shown that there is a Moébius transformation mapping any three different
points to Ope, 1xe and ooy, respectively.

lemma ez-moebius-01inf:

assumes zI1 # 22 and zI1 # 23 and 22 # 28

shows 3 M. ((moebius-pt M z1 = 0p) N (moebius-pt M z2 = 11,) A (moebius-pt M 28 = oop))

using assms

using is-moebius-cross-ratio]OF <zl # 22) 22 # 28 <zl # z3)]

using cross-ratio-0[OF <zl # 22> <z1 # z8)] cross-ratio-1[OF <zl # 22> 22 # z3)] cross-ratio-inf[OF <zl # 23)
(22 # 28))

by (metis is-moebius-def)

There is a Mobius transformation mapping any three different points to any three different points.

lemma ez-moebius:
assumes zI # z2 and z1 # 23 and 22 # 23
wl # w2 and w! # w3 and w2 # ws
shows 3 M. ((moebius-pt M z1 = wl) A (moebius-pt M z2 = w2) A (moebius-pt M z3 = w3))
proof—
obtain M1 where *: moebius-pt M1 z1 = 0n N moebius-pt M1 z2 = 1n A moebius-pt M1 283 = oop,
using ez-moebius-01inf[OF assms(1—3)]
by auto
obtain M2 where *x: moebius-pt M2 wl = 0pn N\ moebius-pt M2 w2 = 11, A moebius-pt M2 w3 = ooy,
using ez-moebius-01inf[OF assms(4—6)]
by auto
let ?M = moebius-comp (moebius-inv M2) M1
show ?thesis
using * *x
by (rule-tac z=2M in exl, auto simp add: moebius-pt-invert)
qed

lemma ez-moebius-1:
shows 3 M. moebius-pt M z1 = wl
proof—
obtain z2 z3 where z1 # 22 z1 # 23 22 # 23
using ez-3-different-points|of z1]
by auto
moreover
obtain w2 w8 where wl # w2 wl # w3 w2 # wd
using ez-3-different-points|of wi|
by auto
ultimately
show ?thesis
using ez-moebius|of z1 22 23 wl w2 w3)
by auto
qed

The next lemma turns out to have very important applications in further proof development, as it enables
so called ,without-loss-of-generality (wlog)” reasoning [5]. Namely, if the property is preserved under Mdbius
transformations, then instead of three arbitrary different points one can consider only the case of points O,
lhm and Xhe-

lemma wlog-moebius-01inf:
fixes M::moebius
assumes P 0}, 1, oop and z1 # 22 and 22 # 23 and 21 # 23
AMabc Pabc= P (moebius-pt M a) (moebius-pt M b) (moebius-pt M c)
shows P z1 z2 23
proof—
from assms obtain M where x:
moebius-pt M z1 = 0n moebius-pt M z2 = 1, moebius-pt M 28 = ocop,
using ez-moebius-01inf|of z1 22 23]
by auto
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have *x: moebius-pt (moebius-inv M) 0 = z1 moebius-pt (moebius-inv M) 1, = z2 moebius-pt (moebius-inv M) oo,
= 28
by (subst *[symmetric], simp)+
thus ?thesis
using assms
by auto
qed

6.7 Fixed points and Mobius transformation uniqueness

lemma three-fixed-points-01inf:
assumes moebius-pt M 03, = 03 and moebius-pt M 1, = 15 and moebius-pt M ocop, = oop,
shows M = id-moebius
using assms
by (transfer, transfer, auto)

lemma three-fized-points:
assumes 21 # 22 and z1 # 23 and 22 # 28
assumes moebius-pt M z1 = z1 and moebius-pt M 22 = z2 and moebius-pt M z8 = 28
shows M = id-moebius
proof—
from assms obtain M’ where x: moebius-pt M’ z1 = 0, moebius-pt M' z2 = 1, moebius-pt M' 28 = ooy,
using ez-moebius-01inf|of z1 22 23]
by auto
have xx: moebius-pt (moebius-inv M') 05, = 21 moebius-pt (moebius-inv M') 1, = 22 moebius-pt (moebius-inv M)
ocop = 28
by (subst *[symmetric], simp)+

have M'+ M + (-M') =0
unfolding zero-moebius-def
apply (rule three-fized-points-01inf)
using * *x* assms
by (simp add: moebius-comp|symmetric])+
thus %thesis
by (metis eg-neg-iff-add-eq-0 minus-add-cancel zero-moebius-def)
qed

lemma unique-moebius-three-points:
assumes 21 # 22 and z1 # 23 and 22 # 28
assumes moebius-pt M1 z1 = wil and moebius-pt M1 z2 = w2 and moebius-pt M1 z8 = w3
moebius-pt M2 z1 = w1l and moebius-pt M2 z2 = w2 and moebius-pt M2 28 = w3
shows M1 = M2
proof—
let ?M = moebius-comp (moebius-inv M2) M1
have moebius-pt ?M z1 = z1
using «<moebius-pt M1 z1 = wi> <moebius-pt M2 z1 = wl>»
by (auto simp add: moebius-pt-invert)
moreover
have moebius-pt ?M 22 = 22
using «<moebius-pt M1 22 = w2) (moebius-pt M2 22 = w2
by (auto simp add: moebius-pt-invert)
moreover
have moebius-pt ?M 23 = 23
using «moebius-pt M1 28 = w8 <moebius-pt M2 28 = w8
by (auto simp add: moebius-pt-invert)
ultimately
have M = id-moebius
using assms three-fixed-points
by auto
thus “thesis
by (metis add-minus-cancel left-minus plus-moebius-def uminus-moebius-def zero-moebius-def)
qed

There is a unique Mobius transformation mapping three different points to other three different points.

lemma ex-unique-moebius-three-points:
assumes 21 # 22 and z1 # 23 and 22 # 28
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wl # w2 and wl # w3 and w2 # w3
shows 3! M. ((moebius-pt M z1 = w1) A (moebius-pt M 22 = w2) N (moebius-pt M z3 = w3))
proof—
obtain M where *: moebius-pt M z1 = w1 N moebius-pt M z2 = w2 N moebius-pt M z3 = w3
using ez-moebius|OF assms]
by auto
show ?thesis
unfolding FEzi1-def
proof (rule-tac z=M in ez, rule)
show Vy. moebius-pt y z1 = wl N moebius-pt y 22 = w2 A moebius-pt y 23 = w3 — y =M
using *
using unique-moebius-three-points|OF assms(1—3)]
by simp
qed (simp add: *)
qged

lemma ez-unique-moebius-three-points-fun:
assumes zI1 # z2 and z1 # 23 and 22 # 23
wl # w2 and w! # w3 and w2 # w3
shows 3! f. is-moebius f A (fz1 = wl) A (f 22 = w2) A (f 23 = w3)
proof—
obtain M where moebius-pt M z1 = wl moebius-pt M z2 = w2 moebius-pt M 23 = w3
using ez-unique-moebius-three-points|OF assms]
by auto
thus %thesis
using ez-unique-moebius-three-points|OF assms]
unfolding FEx1-def
by (rule-tac z=moebius-pt M in exl) (auto simp add: is-moebius-def)
qed

Different Mobius transformations produce different actions.

lemma unique-moebius-pt:
assumes moebius-pt M1 = moebius-pt M2
shows M1 = M2
using assms unique-moebius-three-points[of 0y 11 ocop]
by auto

lemma is-cross-ratio-01inf:

assumes zI # 22 and zI # 23 and 22 # 23 and is-moebius f

assumes f z1 = 0y and f22 = 1, and f 23 = oop,

shows f = (X z. cross-ratio z z1 22 z3)

using assms

using cross-ratio-0[OF <zl # 22> <z1 # z3)] cross-ratio-1[OF <zl # 22> 22 # z3)] cross-ratio-inf[OF <z1 # z3»
(22 # 28))

using is-moebius-cross-ratio]OF <zl # z2) 22 # 28 <zl # z3)]

using ez-unique-moebius-three-points-fun[OF <z1 # 22> <zl # 285 22 # 23», of 0 11 oon]

by auto

Mobius transformations preserve cross-ratio.

lemma moebius-preserve-cross-ratio [simp):
assumes zI # z2 and zI # 23 and 22 # 23
shows cross-ratio (moebius-pt M z) (moebius-pt M z1) (moebius-pt M z2) (moebius-pt M 28) =
cross-ratio z z1 z2 23
proof—
let 7f = X\ z. cross-ratio z z1 22 28
let ?M = moebius-pt M
let %M = inv ?M
have (2f o 2iM) (2M z1) = 05,
using bij-moebius-ptlof M| cross-ratio-0[OF <zl # 22> <zl # 28)]
by (simp add: bij-def)
moreover
have (?f o 2iM) (?M 22) = 1}
using bij-moebius-ptlof M| cross-ratio-1[OF <zl # 22> <22 # z8)]
by (simp add: bij-def)
moreover
have (?f o %iM) (?M 23) = oop,
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using bij-moebius-ptlof M| cross-ratio-inf[OF <zl # 23> 22 # 28)]
by (simp add: bij-def)

moreover

have is-moebius (?f o 2iM)
by (rule is-moebius-comp, rule is-moebius-cross-ratio|OF <zl # 22> <z2 # 28» <zl # 28], rule is-moebius-inv, auto

sitmp add: is-moebius-def)

moreover

have M z1 # ¢M 22 ?M z1 # ?M 28 ?M 22 # ?M 23
using assms
by simp-all

ultimately

have ?f o 2iM = (X z. cross-ratio z (?M z1) (?M 22) (?M 28))
using assms
using is-cross-ratio-0linfof ?M z1 ?M 22 ?M 23 ?f o 2iM]
by simp

moreover

have (?f o %iM) (?M z) = cross-ratio z z1 22 28
using bij-moebius-pt[of M]
by (simp add: bij-def)

moreover

have (A z. cross-ratio z (?M z1) (?M 22) (?M 23)) (?M z) = cross-ratio (?M z) (?M z1) (?M 22) (?M 23)
by simp

ultimately

show %thesis
by simp

qed

lemma conjugate-cross-ratio [simpl:
assumes 21 # 22 and z1 # z3 and 22 # 28
shows cross-ratio (conjugate z) (conjugate z1) (conjugate z2) (conjugate z3) =
conjugate (cross-ratio z z1 22 z3)
proof—
let 2f = X z. cross-ratio z z1 22 23
let ?M = conjugate
let 2iM = conjugate
have (conjugate o 2f o 2iM) (?M z1) = 0p,
using cross-ratio-0[OF «z1 # 22) <zl # 25)]
by simp
moreover
have (conjugate o 2f o 2iM) (?M 22) = 1,
using cross-ratio-1[OF «z1 # 22> <22 # 23)]
by simp
moreover
have (conjugate o 2f o 2iM) (?M 28) = oop,
using cross-ratio-inf[OF <zl # 28) 22 # 23]
by simp
moreover
have is-moebius (conjugate o ?f o 2iM)
proof—
obtain M where ?f = moebius-pt M
using is-moebius-cross-ratio| OF <zl # 2z2) <22 # 28 <zl # z3)]
by (auto simp add: is-moebius-def)
thus %thesis
using conjugate-moebius[of M|
by (auto simp add: comp-assoc is-moebius-def)
qed
moreover
have M z1 # ?M 22 ?M z1 # ?M 23 ?M 22 # ?M 23
using assms
by (auto simp add: conjugate-inj)
ultimately
have conjugate o 2f o 2iM = (X z. cross-ratio z (M z1) (?M 22) (?M z3))
using assms
using is-cross-ratio-01infof ?M z1 ?M 22 ?M z3 conjugate o ?f o ?iM]
by simp
moreover
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have (conjugate o 2f o 2iM) (?M z) = conjugate (cross-ratio z z1 z2 z3)
by simp

moreover

have (A z. cross-ratio z (?M z1) (?M 22) (?M 23)) (?M z) = cross-ratio (?M z) (?M z1) (?M 22) (?M 23)
by simp

ultimately

show ?thesis
by simp

qed

lemma cross-ratio-reciprocal [simp]:
assumes u # v and v # w and u # w
shows cross-ratio (reciprocal z) (reciprocal u) (reciprocal v) (reciprocal w) =
cross-ratio z u v w
using assms
by (subst moebius-reciprocal[symmetric])+ (simp del: moebius-reciprocal)

lemma cross-ratio-inversion [simp):
assumes u # v and v # w and u # w
shows cross-ratio (inversion z) (inversion u) (inversion v) (inversion w) =
conjugate (cross-ratio z u v w)
proof—
have reciprocal u # reciprocal v reciprocal u # reciprocal w reciprocal v # reciprocal w
using assms
by ((subst moebius-reciprocal[symmetric])+, simp del: moebius-reciprocal)+
thus ?thesis
using assms
unfolding inversion-def
by simp
qed

lemma fized-points-0inf:
assumes moebius-pt M 03, = 03 and moebius-pt M ocop = ocop
shows 3 k::complez-homo. (k # 0n N\ k # oon) A (Y z. moebius-pt M z = k *p, 2)
using assms
proof (transfer, transfer)
fix M :: complex-mat
assume mat-det M # 0
obtain a b ¢ d where MM: M = (a, b, ¢, d)
by (cases M) auto
assume moebius-pt-cmat-cvec M 0, =, 0, moebius-pt-cmat-cvec M 00, =y 00y,
hence x: b=0c=0a# 0Nd#0
using MM
by auto
let 22 = (a, d)
have ¢z # vec-zero
using *
by simp
moreover
have = 22 =, 0, A = %2 =, 00,
using *
by simp
moreover
have Vze{v. v F# vec-zero}. moebius-pt-cmat-cvec M z =5, 72 %, 2
using MM <mat-det M # 0)
by force
ultimately
show Jke{v. v # vec-zero}.
(mk &y 0w Ak Ry 00y) A
(Vz€{v. v # vec-zero}. moebius-pt-cmat-cvec M z =, k %, z)
by blast
qed

lemma fized-points-0inf:
assumes moebius-pt M 05, = 03 and moebius-pt M ocop = oop
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shows 3 k::complez-homo. (k # 0n A k # oon) A moebius-pt M = (X z. k %5 z)
using fized-points-0inf'|OF assms|
by auto

lemma ez-cross-ratio:
assumes u # v and v # w and v # w
shows 3 z. cross-ratio z u v w = ¢
proof—
obtain M where (X z. cross-ratio z uw v w) = moebius-pt M
using assms is-moebius-cross-ratio[of u v w]
unfolding is-moebius-def
by auto
hence *: V z. cross-ratio z u v w = moebius-pt M z
by metis
let 22 = moebius-pt (—M) ¢
have cross-ratio ?z v v w = ¢
using *
by auto
thus %thesis
by auto
qed

lemma unique-cross-ratio:
assumes u # v and v # w and u # w
assumes cross-ratio z u v w = cross-ratio z' u v w
shows z = 2’
proof—
obtain M where (A z. cross-ratio z u v w) = moebius-pt M
using is-moebius-cross-ratio]OF assms(1—3)]
unfolding is-moebius-def
by auto
hence moebius-pt M z = moebius-pt M z’
using assms(4)
by metis
thus ?thesis
using moebius-pt-eq-1
by metis
qed

lemma ezi-cross-ratio:
assumes u # v and v # w and v # w
shows 3! z. cross-ratio z u v w = ¢
using assms ex-cross-ratio|OF assms, of c| unique-cross-ratiolof u v w]
by blast

6.8 Pole

definition is-pole :: moebius = complex-homo = bool where
is-pole M z +— moebius-pt M z = ooy,

lemma exI-pole:
shows 3! z. is-pole M z
using bij-moebius-pt[of M]
unfolding is-pole-def bij-def inj-on-def surj-def
unfolding Ezi1-def
by (metis UNIV-I)

definition pole :: moebius = complex-homo where
pole M = (THE z. is-pole M z)

lemma pole-mk-moebius:
assumes is-pole (mk-moebius a b ¢ d) z and ¢ # 0 and axd — bxc # 0
shows z = of-complex (—d/c)
proof—
let ?t1 = moebius-translation (a / c)
let ?rd = moebius-rotation-dilatation ((b * ¢ — a * d) / (¢ * ¢))
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let ?r = moebius-reciprocal
let ?t2 = moebius-translation (d / c)
have moebius-pt (?rd + ?r + ?t2) z = ocon
using assms
unfolding is-pole-def
apply (subst (asm) moebius-decomposition)
apply (auto simp add: moebius-comp[symmetric] moebius-translation-def)
apply (subst moebius-similarity-only-inf-to-inf[of 1 a/c], auto)
done
hence moebius-pt (?r + ?t2) z = oo
using <axd — bxc # 0> <¢c # O»
unfolding moebius-rotation-dilatation-def
by (simp del: moebius-pt-moebius-similarity)
hence moebius-pt 7t2 z = 0y
by simp
thus %thesis
using moebius-pt-invert[of 712 z 0]
by simp ((subst (asm) of-complez-zero|symmetric])+, simp del: of-complez-zero)
qed

lemma pole-similarity:
assumes is-pole (moebius-similarity a b) z and a # 0
shows z = ooy,
using assms
unfolding is-pole-def
using moebius-similarity-only-inf-to-inf[of a b 2]
by simp

6.9 Homographies and antihomographies

Inversion is not a Mobius transformation (it is a canonical example of so called anti-Mébius transformations, or
antihomographies). All antihomographies are compositions of homographies and conjugation. The fundamental
theorem of projective geometry (that we shall not prove) states that all automorphisms (bijective functions that
preserve the cross-ratio) of CP! are either homographies or antihomographies.

definition is-homography :: (complez-homo = complez-homo) = bool where
is-homography f «— is-moebius f

definition is-antihomography :: (complez-homo = complex-homo) = bool where
is-antihomography f «— (3 f'. is-moebius f' A f = f' o conjugate)

Conjugation is not a Mobius transformation, but is antihomograhpy.

lemma not-moebius-conjugate:
shows — is-moebius conjugate
proof
assume is-moebius conjugate
then obtain M where *: moebius-pt M = conjugate
unfolding is-moebius-def
by metis
hence moebius-pt M 0p, = 0 moebius-pt M 1, = 1, moebius-pt M ocop, = oop,
by auto
hence M = id-moebius
using three-fized-points-01inf
by auto
hence conjugate = id
using *
by simp
moreover
have conjugate iip, # iip
using of-complez-inj[of 1 —i]
by (subst of-complex-ii[symmetric])+ (auto simp del: of-complex-ii)
ultimately
show False
by simp
qed
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lemma conjugation-is-antihomography[simp]:
shows is-antihomography conjugate
unfolding is-antihomography-def
by (rule-tac x=id in exl, metis fun.map-id0 id-apply is-moebius-def moebius-pt-moebius-id)

lemma inversion-is-antihomography [simpl:
shows is-antihomography inversion
using moebius-reciprocal
unfolding inversion-sym is-antihomography-def is-moebius-def
by metis

Functions cannot simultaneously be homographies and antihomographies - the disjunction is exclusive.

lemma homography-antihomography-exclusive:
assumes is-antthomography f
shows — is-homography f
proof
assume is-homography f
then obtain M where f = moebius-pt M
unfolding is-homography-def is-moebius-def
by auto
then obtain M’ where moebius-pt M = moebius-pt M’ o conjugate
using assms
unfolding is-antihomography-def is-moebius-def
by auto
hence conjugate = moebius-pt (—M') o moebius-pt M
by auto
hence conjugate = moebius-pt (—M’' + M)
by (simp add: moebius-comp)
thus False
using not-moebius-conjugate
unfolding is-moebius-def
by metis
qed

6.10 Classification of Mobius transformations

Mobius transformations can be classified to parabolic, elliptic and loxodromic. We do not develop this part of
the theory in depth.

lemma similarity-scale-1:
assumes k # 0
shows similarity (k *sm I) M = similarity I M
using assms
unfolding similarity-def
using mat-inv-mult-sm[of k I]
by simp

lemma similarity-scale-2:
shows similarity I (k *xsm M) = k *sm (similarity I M)
unfolding similarity-def
by auto

lemma mat-trace-mult-sm [simp]:
shows mat-trace (k *sm M) = k * mat-trace M
by (cases M) (simp add: field-simps)

definition moebius-mb-cmat :: compler-mat = complexr-mat = complex-mat where
[simp]: moebius-mb-cmat I M = similarity I M

lift-definition moebius-mb-mmat :: moebius-mat = moebius-mat = moebius-mat is moebius-mb-cmat
by (simp add: similarity-def mat-det-inv)

lift-definition moebius-mb :: moebius = moebius = moebius is moebius-mb-mmat
proof transfer

fix M M' 11’

assume moebius-cmat-eq M M’ moebius-cmat-eq I I’
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thus moebius-cmat-eq (moebius-mb-cmat I M) (moebius-mb-cmat I' M)
by (auto simp add: similarity-scale-1 similarity-scale-2)
qed

definition similarity-invar-cmat :: complex-mat = complex where
[simp]: similarity-invar-cmat M = (mat-trace M)? |/ mat-det M — 4

lift-definition similarity-invar-mmat :: moebius-mat = complex is similarity-invar-cmat
done

lift-definition similarity-invar :: moebius = complex is similarity-invar-mmat
by transfer (auto simp add: power2-eq-square field-simps)

lemma similarity-invar-moeibus-mb:
shows similarity-invar (moebius-mb I M) = similarity-invar M
by (transfer, transfer, simp)

definition similar :: moebius = moebius = bool where
similar M1 M2 «—— (3 1. moebius-mb I M1 = M2)

lemma similar-refl [simp]:
shows similar M M
unfolding similar-def
by (rule-tac x=id-moebius in exl) (transfer, transfer, simp)

lemma similar-sym:
assumes similar M1 M2
shows similar M2 M1
proof—
from assms obtain I where M2 = moebius-mb I M1
unfolding similar-def
by auto
hence M1 = moebius-mb (moebius-inv I) M2
proof (transfer, transfer)
fix M2 1 M1
assume moebius-cmat-eq M2 (moebius-mb-cmat I M1) mat-det I # 0
then obtain k& where k # 0 similarity [ M1 = k xgm M2
by auto
thus moebius-cmat-eq M1 (moebius-mb-cmat (moebius-inv-cmat I) M2)
using similarity-inv[of I M1 k *snm, M2, OF - ¢<mat-det I # 0]
by (auto simp add: similarity-scale-2) (rule-tac z=1/k in exl, simp)
qed
thus ?thesis
unfolding similar-def
by auto
qed

lemma similar-trans:
assumes similar M1 M2 and similar M2 M3
shows similar M1 M3
proof—
obtain /1 I2 where moebius-mb I1 M1 = M2 moebius-mb I2 M2 = M3
using assms
by (auto simp add: similar-def)
thus ?thesis
unfolding similar-def
proof (rule-tac xz=moebius-comp 11 I2 in ezl, transfer, transfer)
fix I1 I2 M1 M2 M3
assume moebius-cmat-eq (moebius-mb-cmat 11 M1) M2
moebius-cmat-eq (moebius-mb-cmat 12 M2) M3
mat-det I1 # 0 mat-det 12 # 0
thus moebius-cmat-eq (moebius-mb-cmat (moebius-comp-cmat 11 12) M1) M3
by (auto simp add: similarity-scale-2) (rule-tac r=Fkaxk in exl, simp)
qed
qed

128



end

7 Circlines

theory Circlines
imports More-Set Moebius Hermitean-Matrices Elementary-Complex-Geometry
begin

7.1 Definition of circlines

In our formalization we follow the approach described by Schwerdtfeger [13] and represent circlines by Hermitean,

A B .
C D ) corresponds to the equation A - z -
Z+B-Z+C -2+ D=0, where C = B and A and D are real (as the matrix is Hermitean).

non-zero 2 X 2 matrices. In the original formulation, a matrix (

abbreviation hermitean-nonzero where
hermitean-nonzero = {H. hermitean H N H # mat-zero}

typedef circline-mat = hermitean-nonzero
by (rule-tac z=eye in exl) (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

setup-lifting type-definition-circline-mat

definition circline-eq-cmat :: complex-mat = complex-mat = bool where
[simp]: circline-eg-cmat A B «—— (3 kureal. k # 0 N B = cor k *sm A)

lemma symp-circline-eq-cmat: symp circline-eq-cmat
unfolding symp-def
proof ((rule alll)+, rule impl)
fix x y
assume circline-eq-cmat x y
then obtain k where k£ # 0 A y = cor k *sm ©
by auto
hence 1 /k# 0Nz =cor (1 /k)*smy
by auto
thus circline-eq-cmat y x
unfolding circline-eq-cmat-def
by blast
qed

Hermitean non-zero matrices are equivalent only to such matrices

lemma circline-eq-cmat-hermitean-nonzero:
assumes hermitean H A H # mat-zero circline-eq-cmat H H'
shows hermitean H' A H' # mat-zero
using assms
by (metis circline-eq-cmat-def hermitean-mult-real nonzero-mult-real of-real-eq-0-iff)

lift-definition circline-eq-clmat :: circline-mat = circline-mat = bool is circline-eq-cmat
done

lemma circline-eq-clmat-refl [simp): circline-eq-clmat H H
by transfer (simp, rule-tac z=1 in exl, simp)

quotient-type circline = circline-mat / circline-eq-clmat
proof (rule equivpl)
show reflp circline-eq-clmat
unfolding refip-def
by transfer (auto, rule-tac x=1 in exl, simp)
next
show symp circline-eq-clmat
unfolding symp-def
by transfer (auto, (rule-tac x=1/k in ezxl, simp)+)
next
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show transp circline-eq-clmat
unfolding transp-def
by transfer (simp, safe, (rule-tac z=kaxk in exl, simp)+)
qed

Circline with specified matrix

An auxiliary constructor mk-circline returns a circline (an equivalence class) for given four complex numbers
A, B, C and D (provided that they form a Hermitean, non-zero matrix).

definition mk-circline-cmat :: complex = complex = complex = compler = complez-mat where
[simp]: mk-circline-cmat A B C D =
(let M = (A, B, C, D)
in if M € hermitean-nonzero then
M
else

eye)

lift-definition mk-circline-clmat :: complex = compler = complex = complex = circline-mat is mk-circline-cmat
by (auto simp add: Let-def hermitean-def mat-adj-def mat-cnj-def)

lift-definition mk-circline :: complex = compler = complex = complex = circline is mk-circline-clmat
done

lemma ex-mk-circline:
shows 3 A B C D. H = mk-circline A B C D A hermitean (4, B, C, D) A (4, B, C, D) # mat-zero
proof (transfer, transfer)
fix H
assume x: hermitean H N H # mat-zero
obtain A B C' D where H = (A, B, C, D)
by (cases H, auto)
hence circline-eq-cmat H (mk-circline-cmat A B C D) A hermitean (A, B, C, D) A (A, B, C, D) # mat-zero
using *
by auto
thus 3 A B C D. circline-eq-cmat H (mk-circline-cmat A B C D) A hermitean (A, B, C, D) A (A, B, C, D) #
mat-zero
by blast
qed

7.2 Circline type

definition circline-type-cmat :: compler-mat = real where
[simp]: circline-type-cmat H = sgn (Re (mat-det H))

lift-definition circline-type-clmat :: circline-mat = real is circline-type-cmat
done

lift-definition circline-type :: circline = real is circline-type-clmat
by transfer (simp, erule ezE, simp add: sgn-mult)

lemma circline-type: circline-type H = —1 V circline-type H = 0 V circline-type H = 1
by (transfer, transfer, simp add: sgn-if)

lemma circline-type-mk-circline [simp):
assumes (A, B, C, D) € hermitean-nonzero
shows circline-type (mk-circline A B C D) = sgn (Re (AxD — Bx())
using assms
by (transfer, transfer, simp)

7.3 Points on the circline

Each circline determines a corresponding set of points. Again, a description given in homogeneous coordinates
is a bit better than the original description defined only for ordinary complex numbers. The point with homoge-
neous coordinates (z1, z2) will belong to the set of circline points iff Az -Z1+B-Z1-20+C-21-Z3+D-29-Z3 = 0.
Note that this is a quadratic form determined by a vector of homogeneous coordinates and the Hermitean matrix.

definition on-circline-cmat-cvec :: complex-mat = complez-vec = bool where
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[simp]: on-circline-cmat-cvec H z «—— quad-form z H = 0

lift-definition on-circline-clmat-hcoords :: circline-mat = complex-homo-coords = bool is on-circline-cmat-cvec
done

lift-definition on-circline :: circline = complex-homo = bool is on-circline-clmat-hcoords
by transfer (simp del: quad-form-def, (erule exE)+, simp del: quad-form-def add: quad-form-scale-m quad-form-scale-v)

definition circline-set :: circline = complez-homo set where
circline-set H = {z. on-circline H z}

lemma circline-set-1 [simp]:
assumes on-circline H z
shows z € circline-set H
using assms
unfolding circline-set-def
by auto

abbreviation circline-equation where
circline-equation A B C' D z1 22 = Axzlxcnj z1 + Bxz2xcnj z1 + Cxcnj 22%z1 + Dxz2xcnj 22 = 0

lemma on-circline-cmat-cvec-circline-equation:
on-circline-cmat-cvec (A, B, C, D) (z1, 22) <« circline-equation A B C D z1 22
by (simp add: vec-cnj-def field-simps)

lemma circline-equation:
assumes H = mk-circline A B C D and (A, B, C, D) € hermitean-nonzero
shows of-complex z € circline-set H «—— circline-equation A B C D z 1
using assms
unfolding circline-set-def
by simp (transfer, transfer, simp add: vec-cnj-def field-simps)

Circlines trough 0 and inf.

The circline represents a line when A = 0 or a circle, otherwise.

definition circline-A0-cmat :: complex-mat = bool where
[simp]: circline-AO-cmat H «—— (let (A, B, C, D) = Hin A = 0)
lift-definition circline-A0-clmat :: circline-mat = bool is circline-A0-cmat
done
lift-definition circline-A0 :: circline = bool is circline-A0-clmat
by transfer auto

abbreviation is-line where
is-line H = circline-A0 H

abbreviation is-circle where
is-circle H = — circline-A0 H

definition circline-D0-cmat :: complex-mat = bool where
[simp]: circline-DO-cmat H «—— (let (A, B, C, D) = Hin D = 0)
lift-definition circline-D0-clmat :: circline-mat = bool is circline-D0-cmat
done
lift-definition circline-DO0 :: circline = bool is circline-DO0-clmat
by transfer auto

lemma inf-on-circline: on-circline H ocop, «—— circline-A0 H
by (transfer, transfer, auto simp add: vec-cnj-def)

lemma
inf-in-circline-set: ooy, € circline-set H «—— is-line H
using inf-on-circline
unfolding circline-set-def
by simp

lemma zero-on-circline: on-circline H 0y, «—— circline-D0 H
by (transfer, transfer, auto simp add: vec-cnj-def)
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lemma
zero-in-circline-set: 05, € circline-set H «—— circline-D0 H
using zero-on-circline
unfolding circline-set-def
by simp

7.4 Connection with circles and lines in the classic complex plane

Every Euclidean circle and Euclidean line can be represented by a circline.

lemma classic-circline:
assumes H = mk-circline A B C D and hermitean (A, B, C, D) A (A, B, C, D) # mat-zero
shows circline-set H — {oon} = of-complex * circline (Re A) B (Re D)
using assms
unfolding circline-set-def
proof (safe)
fix z
assume hermitean (A, B, C, D) (A, B, C, D) # mat-zero z € circline (Re A) B (Re D)
thus on-circline (mk-circline A B C D) (of-complez z)
using hermitean-elems[of A B C D]
by (transfer, transfer) (auto simp add: circline-def vec-cnj-def field-simps)
next
fix z
assume of-complex z = oop
thus False
by simp
next
fix z
assume hermitean (A, B, C, D) (A, B, C, D) # mat-zero on-circline (mk-circline A B C D) z z ¢ of-complex
circline (Re A) B (Re D)
moreover
have z # oo, — z € of-complex ¢ circline (Re A) B (Re D)
proof
assume z # oop,
show z € of-complez * circline (Re A) B (Re D)
proof
show z = of-complex (to-complez z)
using <z # oop)
by simp
next
show to-complex z € circline (Re A) B (Re D)
using <on-circline (mk-circline A B C D) 2> <z # oop»
using <hermitean (A, B, C, D)) «(A, B, C, D) # mat-zero
proof (transfer, transfer)
fix A B C D and z :: complex-vec
obtain zI z2 where zz: z = (21, 22)
by (cases z, auto)
assume *: z 7 VeC-2er0 1 z Ry 00y
on-circline-cmat-cvec (mk-circline-cmat A B C D) z
hermitean (A, B, C, D) (A, B, C, D) # mat-zero
have 22 # 0
using <z # vec-zeroy (— z Ry 00y)
using inf-cvec-z2-zero-iff zz
by blast
thus to-complex-cvec z € circline (Re A) B (Re D)
using * 2z
using hermitean-elems[of A B C D]
by (simp add: vec-cnj-def circline-def field-simps)
qed
qed
qed
ultimately
show z = oop
by simp
qed
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The matrix of the circline representing circle determined with center and radius.

definition mk-circle-cmat :: complex = real = complez-mat where
[simp]: mk-circle-cmat a v = (1, —a, —cnj a, axcnj a — cor T*cor 1)

lift-definition mk-circle-clmat :: complex = real = circline-mat is mk-circle-cmat
by (simp add: hermitean-def mat-adj-def mat-cnj-def)

lift-definition mk-circle :: compler = real = circline is mk-circle-clmat
done

lemma is-circle-mk-circle: is-circle (mk-circle a r)
by (transfer, transfer, simp)

lemma circline-set-mk-circle [simp]:
assumes r > (
shows circline-set (mk-circle a r) = of-complez * circle a r
proof—
let A =1 and B = —a and ?C = —cnj a and ?D = axcnj a — cor r+cor r
have *: (?A, ?B, ?C, ?D) € {H. hermitean H N H # mat-zero}
by (simp add: hermitean-def mat-adj-def mat-cnj-def)
have mk-circle a r = mk-circline ?A ?B ?C ?D
using *
by (transfer, transfer, simp)
hence circline-set (mk-circle a r) — {con} = of-complex * circline ?A ?B (Re ?D)
using classic-circline[of mk-circle a v ?A 2B 2C ?D] x
by simp
moreover
have circline ?A ?B (Re ?D) = circle a r
by (rule circline-circle[of ?A Re ?D ?B circline A ?B (Re ?D) a r*r r], simp-all add: cmod-square <r > 0)
moreover
have oo, ¢ circline-set (mk-circle a r)
using inf-in-circline-set[of mk-circle a r| is-circle-mk-circle[of a ]
by auto
ultimately
show ?thesis
unfolding circle-def
by simp
qed

The matrix of the circline representing line determined with two (not equal) complex points.

definition mk-line-cmat :: complex = compler = complex-mat where
[simp]: mk-line-cmat z1 22 =
(if 21 # 22 then
let B=1x* (22 — z1) in (0, B, cnj B, —cnj-miz B z1)
else
eye)

lift-definition mk-line-clmat :: complex = complex = circline-mat is mk-line-cmat
by (auto simp add: Let-def hermitean-def mat-adj-def mat-cnj-def split: if-split-asm)

lift-definition mk-line :: complex = complexr = circline is mk-line-clmat
done

lemma circline-set-mk-line [simp]:
assumes z1 # 22
shows circline-set (mk-line z1 22) — {oon} = of-complex * line z1 22
proof—
let A = 0 and ?B = ix(22 — 21)
let 2C = cnj B and ?D = —cnj-miz ?B z1
have *: (?A, ?B, ?C, ?D) € {H. hermitean H N H # mat-zero}
using assms
by (simp add: hermitean-def mat-adj-def mat-cnj-def)
have mk-line z1 22 = mk-circline ?A ?B ?2C ?D
using * assms
by (transfer, transfer, auto simp add: Let-def)
hence circline-set (mk-line z1 z2) — {oon} = of-complez * circline ?A ?B (Re ?D)
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using classic-circline[of mk-line z1 22 ?A ?B ?C ?D] x
by simp

moreover

have circline A ?B (Re ?D) = line z1 22
using <zl # 22»
using circline-line’
by simp

ultimately

show ?thesis
by simp

qed

The set of points determined by a circline is always either an Euclidean circle or an Euclidean line.

Euclidean circle is determined by its center and radius.

type-synonym euclidean-circle = complex X real

definition euclidean-circle-cmat :: complex-mat = euclidean-circle where
[simp]: euclidean-circle-cmat H = (let (A, B, C, D) = H in (—B/A, sqrt(Re ((BxC — AxD)/(AxA)))))

lift-definition cuclidean-circle-clmat :: circline-mat = euclidean-circle is euclidean-circle-cmat
done

lift-definition euclidean-circle :: circline = euclidean-circle is euclidean-circle-clmat
proof transfer
fix H1 H2
assume hh: hermitean H1 N H1 # mat-zero hermitean H2 N H2 # mat-zero
obtain A1 B! C1 DI where HH1: Hl = (A1, B1, C1, D1)
by (cases H1) auto
obtain A2 B2 C2 D2 where HH2: H2 = (A2, B2, C2, D2)
by (cases H2) auto
assume circline-eq-cmat H1 H2
then obtain & where k # 0 and x: A2 = cor k x A1 B2 = cor k « Bl C2 = cor k x C1 D2 = cor k * D1
using HH1 HH?
by auto
have (cor k * B1 x (cork * C1) — cor k x Al x (cor k * D1)) = (cor k)*> x (B1xC1 — A1xD1)
(cor k + Al * (cor k x A1)) = (cor k)? x (A1xA1)
by (auto simp add: field-simps power2-eq-square)
hence (cor k x B1 * (cor k x C1) — cor k x Al * (cor k x D1)) /
(cor k * A1 % (cor k x A1)) = (B1xC1 — A1xD1) | (A1xAl)
using <k # 0>
by (simp add: power2-eq-square)
thus euclidean-circle-cmat H1 = euclidean-circle-cmat H2
using HH1 HH2 * hh
by auto
qed

lemma classic-circle:
assumes is-circle H and (a, r) = euclidean-circle H and circline-type H < 0
shows circline-set H = of-complex * circle a r
proof—
obtain A B C' D where x: H = mk-circline A B C D hermitean (A, B, C, D) (A, B, C, D) # mat-zero
using ez-mk-circline[of H|
by auto
have is-real A is-real D C' = ¢nj B
using * hermitean-elems
by auto
have Re (AxD — Bx(C) < 0
using «circline-type H < 0> *
by simp

hence **: Re A x Re D < (cmod B)?
using «<is-real A> <is-real Dy «C = cnj B>

by (simp add: cmod-square)

have A # 0
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using <is-circle H) x <is-real A»
by simp (transfer, transfer, simp)

hence Re A # 0
using <is-real A»
by (metis complex-surj zero-complex.code)

have xxx: ooy, ¢ circline-set H
using * inf-in-circline-set[of H] <is-circle H»
by simp

let 2a = —B/A
let ?r2 = ((cmod B)?> — Re A % Re D) / (Re A)?
let 2r = sqrt 9r2

have a = a A or=1r
using «(a, r) = euclidean-circle H»
using * <is-real Ay <is-real Dy <C = cnj By <A # 0»
apply simp
apply transfer
apply transfer
apply simp
apply (subst Re-divide-real)
apply (simp-all add: cmod-square, simp add: power2-eq-square)
done

show ?thesis
using * s xxx (Re A # 0) <is-real A> <C = cnj By <%a=a N 9r = 1)
using classic-circline[of H A B C D] assms circline-circle[of Re A Re D B circline (Re A) B (Re D) %a ?r2 ?r]
by (simp add: circle-def)
qed

Euclidean line is represented by two points.

type-synonym cuclidean-line = complex x complex

definition euclidean-line-cmat :: complex-mat = euclidean-line where
[simp]: euclidean-line-cmat H =
(let (A, B, C, D) = H;
21 = —(DxB)/(2xBx(C);
22 = z1 + 1% sgn (if Arg B > 0 then —B else B)
in (21, 22))

lift-definition euclidean-line-clmat :: circline-mat = euclidean-line is euclidean-line-cmat
done

lift-definition euclidean-line :: circline = complexr X complex is euclidean-line-clmat
proof transfer
fix H1 H2
assume hh: hermitean H1 N H1 # mat-zero hermitean H2 N H2 # mat-zero
obtain A1 B1 C1 DI where HHI1: Hl = (A1, B1, C1, D1)
by (cases H1) auto
obtain A2 B2 C2 D2 where HH2: H2 = (A2, B2, C2, D2)
by (cases H2) auto
assume circline-eq-cmat H1 H2
then obtain k where k # 0 and x: A2 = cor k « A1 B2 = cork x Bl C2 = cor k x C1 D2 = cor k x D1
using HH1 HH2
by auto
have 1: Bl # 0 AN 0 < Arg Bl — = 0 < Arg (— B1)
using canon-ang-plus-pil [of Arg B1] Arg-bounded|of B1]
by (auto simp add: arg-uminus)
have 2: Bl # 0 AN = 0 < Arg Bl — 0 < Arg (— B1)
using canon-ang-plus-pi2[of Arg B1] Arg-bounded|of B1]
by (auto simp add: arg-uminus)

show cuclidean-line-cmat H1 = euclidean-line-cmat H2
using HHI1 HH2 « <k # 0»
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by (cases k > 0) (auto simp add: Let-def, simp-all add: norm-mult sgn-eq 1 2)
qed

lemma classic-line:
assumes is-line H and circline-type H < 0 and (21, 22) = euclidean-line H
shows circline-set H — {oon} = of-complex * line z1 22
proof—
obtain A B C' D where x: H = mk-circline A B C D hermitean (A, B, C, D) (A, B, C, D) # mat-zero
using ez-mk-circline[of H|
by auto
have is-real A is-real D C' = cnj B
using * hermitean-elems
by auto
have Re A = 0
using <is-line Hy x <is-real Ay <is-real Dy «C = cnj B»
by simp (transfer, transfer, simp)
have B # 0
using «(Re A = 0> <is-real Ay <is-real Dy <C = cnj By = «circline-type H < 0>
using circline-type-mk-circline[of A B C D]
by auto

let 221 = — cor (Re D) * B/ (2 * B * cnj B)
let 922 = 221 4+ i = sgn (if 0 < Arg B then — B else B)
have z1 = 221 N 22 = %22
using «(z1, 22) = euclidean-line Hy x <is-real A <is-real D> «C = cnj B»
by simp (transfer, transfer, simp add: Let-def)
thus %thesis
using *
using classic-circlinelof H A B C D] circline-line[of Re A B circline (Re A) B (Re D) Re D 221 922] <Re A = 0> <B
# 0»
by simp
qed

7.5 Some special circlines
7.5.1 Unit circle

definition unit-circle-cmat :: complex-mat where
[simp]: unit-circle-cmat = (1, 0, 0, —1)
lift-definition unit-circle-clmat :: circline-mat is unit-circle-cmat
by (simp add: hermitean-def mat-adj-def mat-cnj-def)
lift-definition unit-circle :: circline is unit-circle-clmat
done

lemma on-circline-cmat-cvec-unit:
shows on-circline-cmat-cvec unit-circle-cmat (21, 22) «—
zl % cnj z1 = 22 x cnj 22
by (simp add: vec-cnj-def field-simps)

lemma
one-on-unit-circle [simp]: on-circline unit-circle 1), and
ii-on-unit-circle [simp]: on-circline unit-circle 4, and
not-zero-on-unit-circle [simp]: = on-circline unit-circle 0y,
by (transfer, transfer, simp add: vec-cnj-def)+

lemma
one-in-unit-circle-set [simp): 1}, € circline-set unit-circle and
ti-in-unit-circle-set [simp|: 4, € circline-set unit-circle and
zero-in-unit-circle-set [simpl: 0y, ¢ circline-set unit-circle
unfolding circline-set-def
by simp-all

lemma is-circle-unit-circle [simp):
shows is-circle unit-circle

by (transfer, transfer, simp)

lemma not-inf-on-unit-circle’ [simp]:
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shows — on-circline unit-circle ooy,
using is-circle-unit-circle inf-on-circline
by blast

lemma not-inf-on-unit-circle’’ [simp]:
shows ooy, ¢ circline-set unit-circle
by (simp add: inf-in-circline-set)

lemma euclidean-circle-unit-circle [simp):
shows euclidean-circle unit-circle = (0, 1)
by (transfer, transfer, simp)

lemma circline-type-unit-circle [simp]:
shows circline-type unit-circle = —1
by (transfer, transfer, simp)

lemma on-circline-unit-circle [simp]:
shows on-circline unit-circle (of-complex z) «—— cmod z = 1
by (transfer, transfer, simp add: vec-cnj-def mult.commute)

lemma circline-set-unit-circle [simp):
shows circline-set unit-circle = of-complex “ {z. emod z = 1}
proof—
show %thesis
proof safe
fix x
assume z € circline-set unit-circle
then obtain z’ where = = of-complex z’
using inf-or-of-complez|of
by auto
thus z € of-complex ‘ {z. cmod z = 1}
using <z € circline-set unit-circle
unfolding circline-set-def
by auto
next
fix x
assume cmod ¢z = 1
thus of-complex © € circline-set unit-circle
unfolding circline-set-def
by auto
qed
qed

lemma circline-set-unit-circle-I [simp):
assumes cmod z = 1
shows of-complex z € circline-set unit-circle
using assms
unfolding circline-set-unit-circle
by simp

lemma inversion-unit-circle [simpl:
assumes on-circline unit-circle
shows inversion x = x
proof—
obtain z’ where = = of-complez z' =’ # 0
using inf-or-of-complez|of z]
using assms
by force
moreover
hence 2’ % cnjz’ = 1
using assms
using circline-set-unit-circle
unfolding circline-set-def
by auto
hence 1 / cnjz' =’
using <z’ # 0>
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by (simp add: field-simps)
ultimately
show %thesis
using assms
unfolding inversion-def
by simp
qed

lemma inversion-id-iff-on-unit-circle:
shows inversion a = a «—— on-circline unit-circle a
using inversion-id-iff [of a] inf-or-of-complez|of a]
by auto

lemma on-unit-circle-conjugate [simp]:
shows on-circline unit-circle (conjugate z) «—— on-circline unit-circle z
by (transfer, transfer, auto simp add: vec-cnj-def field-simps)

lemma conjugate-unit-circle-set [simpl:
shows conjugate ‘ (circline-set unit-circle) = circline-set unit-circle
unfolding circline-set-def
by (auto simp add: image-iff, rule-tac x=conjugate x in exl, simp)

7.5.2 x-axis

definition z-azxis-cmat :: complex-mat where
[simp]: z-azis-cmat = (0,1, —i, 0)
lift-definition z-axis-clmat :: circline-mat is z-axis-cmat
by (simp add: hermitean-def mat-adj-def mat-cnj-def)
lift-definition z-axis :: circline is z-axis-clmat
done

lemma special-points-on-z-azxis’ [simp]:
shows on-circline z-axis 0, and on-circline z-axis 1, and on-circline x-axis oo,
by (transfer, transfer, simp add: vec-cnj-def)+

lemma special-points-on-z-azis'’ [simpl:
shows 0 € circline-set z-axis and 1, € circline-set z-axis and oop, € circline-set x-axis
unfolding circline-set-def
by auto

lemma is-line-z-azis [simp]:
shows is-line z-axis
by (transfer, transfer, simp)

lemma circline-type-z-axis [simp):
shows circline-type z-axis = —1
by (transfer, transfer, simp)

lemma on-circline-z-axis:
shows on-circline z-azis z «—— (3 c. is-real ¢ N\ z = of-complex c) V z = oop
proof safe
fix z c
assume is-real ¢
thus on-circline z-azis (of-complez c)
proof (transfer, transfer)
fix ¢
assume is-real ¢
thus on-circline-cmat-cvec x-axis-cmat (of-complez-cvec c)
using eq-cnj-iff-real[of ]
by (simp add: vec-cnj-def)
qed
next
fix z
assume on-circline z-axis z z # ooy,
thus Jc. is-real ¢ N\ z = of-complex ¢
proof (transfer, transfer, safe)
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fixabd
assume (a, b) # vec-zero
on-circline-cmat-cvec z-axis-cmat (a, b)
= (a, b) =y 00y
hence b # 0 cnj a * b = ¢cnj b x a using inf-cvec-z2-zero-iff
by (auto simp add: vec-cnj-def)
thus Jc. is-real ¢ A (a, b) =, of-complez-cvec ¢
apply (rule-tac z=a/b in exl)
apply (auto simp add: is-real-div field-simps)
apply (rule-tac z=1/b in exl, simp)
done
qed
next
show on-circline z-azis ooy,
by auto
qed

lemma on-circline-z-azis-1 [simp):
assumes is-real z
shows on-circline z-azis (of-complex z)
using assms
unfolding on-circline-z-axis
by auto

lemma circline-set-z-azis:
shows circline-set x-azis = of-complex ‘ {z. is-real z} U {ocon}
using on-circline-z-azxis
unfolding circline-set-def
by auto

lemma circline-set-z-axis-1:
assumes is-real z
shows of-complex z € circline-set x-azis
using assms
unfolding circline-set-z-axis
by auto

lemma circline-equation-z-axis:
shows of-complex z € circline-set x-azis «—— 2z = cnj z
unfolding circline-set-x-aris
proof auto
fix x
assume of-complex z = of-complex z is-real x
hence z =z
using of-complex-inj[of z ]
by simp
thus z = cnj 2
using eg-cnj-iff-real[of z] <is-real x>
by auto
next
assume z = cnj z
thus of-complex z € of-complex * {z. is-real z}
using eg-cnj-iff-real[of z]
by auto
qed

Positive and negative part of x-axis
definition positive-z-axis where

positive-z-azis = {z. z € circline-set z-azis N\ z # oo A Re (to-complezx z) > 0}

definition negative-z-azis where
negative-z-azis = {z. z € circline-set z-axis \ z # oop A Re (to-complex z) < 0}

lemma circline-set-positive-z-azis-1 [simp):

assumes is-real z and Re z > 0
shows of-complex z € positive-z-azxis
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using assms
unfolding positive-z-axis-def
by simp

lemma circline-set-negative-z-azis-1 [simp]:
assumes is-real z and Re z < 0
shows of-complex z € negative-z-axis
using assms
unfolding negative-z-axis-def
by simp

7.5.3 y-axis

definition y-azis-cmat :: complex-mat where
[simp]: y-azis-cmat = (0, 1, 1, 0)
lift-definition y-axis-clmat :: circline-mat is y-azis-cmat
by (simp add: hermitean-def mat-adj-def mat-cnj-def)
lift-definition y-axis :: circline is y-azis-clmat
done

lemma special-points-on-y-azis’ [simp):
shows on-circline y-axis 01, and on-circline y-axis i, and on-circline y-azis oop
by (transfer, transfer, simp add: vec-cnj-def)+

lemma special-points-on-y-axis'’ [simp]:
shows 0}, € circline-set y-azis and i), € circline-set y-azis and ocop € circline-set y-axis
unfolding circline-set-def
by auto

lemma on-circline-y-axis:
shows on-circline y-azis z <—— (3 c. is-imag ¢ A z = of-complex ¢) V z = ooy,
proof safe
fix z ¢
assume is-imag ¢
thus on-circline y-azis (of-complex c)
proof (transfer, transfer)
fix ¢
assume is-imag c
thus on-circline-cmat-cvec y-axis-cmat (of-complex-cvec c)
using eg-minus-cnj-iff-imag|of c|
by (simp add: vec-cnj-def)
qed
next
fix z
assume on-circline y-axis z z # oop,
thus Jc. is-imag ¢ A z = of-complez ¢
proof (transfer, transfer, safe)
fix a b
assume (a, b) # vec-zero
on-circline-cmat-cvec y-azis-cmat (a, b)
= (a, b) =y 00y
hence b # O cnja*x b+ cnjb*xa=10
using inf-cvec-z2-zero-iff
apply blast
apply (smt (verit, ccfu-threshold) <on-circline-cmat-cvec y-azis-cmat (a, b)» add-0 add-cancel-left-right mult.commute
mult-cancel-left2 on-circline-cmat-cvec-circline-equation y-azis-cmat-def)
done
thus Jc. is-imag ¢ A (a, b) =, of-complex-cvec c
using eg-minus-cnj-iff-imaglof a / b]
apply (rule-tac z=a/b in exl)
apply (auto simp add: field-simps)
apply (rule-tac z=1/b in exl, simp)
using add-eq-0-iff apply blast
apply (rule-tac z=1/b in exl, simp)
done
qed
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next
show on-circline y-axis ocop,
by simp
qed

lemma on-circline-y-azis-1 [simp):
assumes is-imag z
shows on-circline y-azis (of-complex z)
using assms
unfolding on-circline-y-axis
by auto

lemma circline-set-y-axis:
shows circline-set y-azis = of-complex ‘ {z. is-imag z} U {oon }
using on-circline-y-azis
unfolding circline-set-def
by auto

lemma circline-set-y-axis-1:
assumes 1s-1mag z
shows of-complex z € circline-set y-azis
using assms
unfolding circline-set-y-axis
by auto

Positive and negative part of y-axis

definition positive-y-axis where
positive-y-azis = {z. z € circline-set y-azis N z # oon A Im (to-complex z) > 0}

definition negative-y-azis where
negative-y-azis = {z. z € circline-set y-azis N\ z # oonp A Im (to-complex z) < 0}

lemma circline-set-positive-y-azis-1 [simp):
assumes is-imag z and Im z > 0
shows of-complex z € positive-y-azis
using assms
unfolding positive-y-azis-def
by simp

lemma circline-set-negative-y-azis-I [simp]:
assumes is-imag z and Im z < 0
shows of-complex z € negative-y-azis
using assms
unfolding negative-y-axis-def
by simp

7.5.4 Point zero as a circline

definition circline-point-0-cmat :: complex-mat where
[simp]: circline-point-0-cmat = (1, 0, 0, 0)

lift-definition circline-point-0-clmat :: circline-mat is circline-point-0-cmat
by (simp add: hermitean-def mat-adj-def mat-cnj-def)

lift-definition circline-point-0 :: circline is circline-point-0-clmat
done

lemma circline-type-circline-point-0 [simp]:
shows circline-type circline-point-0 = 0
by (transfer, transfer, simp)

lemma zero-in-circline-point-0 [simpl:
shows 0}, € circline-set circline-point-0

unfolding circline-set-def
by auto (transfer, transfer, simp add: vec-cnj-def)+

7.5.5 Imaginary unit circle

definition imag-unit-circle-cmat :: complex-mat where
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[simp]: imag-unit-circle-cmat = (1, 0, 0, 1)

lift-definition imag-unit-circle-clmat :: circline-mat is imag-unit-circle-cmat
by (simp add: hermitean-def mat-adj-def mat-cnj-def)

lift-definition imag-unit-circle :: circline is imag-unit-circle-clmat
done

lemma circline-type-imag-unit-circle [simpl:
shows circline-type imag-unit-circle = 1
by (transfer, transfer, simp)

7.6 Intersection of circlines

definition circline-intersection :: circline = circline = complex-homo set where
circline-intersection H1 H2 = {z. on-circline H1 z N\ on-circline H2 z}

lemma circline-equation-cancel-z2:
assumes circline-equation A B C' D z1 z2 and 22 # 0
shows circline-equation A B C D (z1/22) 1
using assms
by (simp add: field-simps)

lemma circline-equation-quadratic-equation:
assumes circline-equation A B (enj B) D z 1 and
Re z=xand Im z = y and Re B = bz and Im B = by
shows Axz® 4+ Axy® + 2xbrsz + 2xbyxy + D = 0
using assms
proof—
have z = z + ixy B = bx + ixby
using assms complex-eq
by auto
thus %thesis
using assms
by (simp add: field-simps power2-eq-square)
qed

lemma circline-intersection-symetry:
shows circline-intersection H1 H2 = circline-intersection H2 H1
unfolding circline-intersection-def
by auto

7.7 Mobius action on circlines

definition moebius-circline-cmat-cmat :: complex-mat = complex-mat = complez-mat where
[simp]: moebius-circline-cmat-cmat M H = congruence (mat-inv M) H

lift-definition moebius-circline-mmat-clmat :: moebius-mat = circline-mat = circline-mat is moebius-circline-cmat-cmat
using mat-det-inv congruence-nonzero hermitean-congruence
by simp

lift-definition moebius-circline :: moebius = circline = circline is moebius-circline-mmat-clmat
proof transfer

fix M M'"HH'

assume moebius-cmat-eq M M’ circline-eq-cmat H H'

thus circline-eq-cmat (moebius-circline-cmat-cmat M H) (moebius-circline-cmat-cmat M' H')

by (auto simp add: mat-inv-mult-sm) (rule-tac x=ka / Re (k % cnj k) in ez, auto simp add: complex-mult-cnj-cmod

power2-eq-square)
qed

lemma moebius-preserve-circline-type [simp]:
shows circline-type (moebius-circline M H) = circline-type H
proof (transfer, transfer)
fix M H :: complex-mat
assume mat-det M # 0 hermitean H N H # mat-zero
thus circline-type-cmat (moebius-circline-cmat-cmat M H) = circline-type-cmat H
using Re-det-sgn-congruence[of mat-inv M H] mat-det-inv[of M|
by (simp del: congruence-def)
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qed

The central lemma in this section connects the action of Mobius transformations on points and on circlines.

lemma moebius-circline:
shows {z. on-circline (moebius-circline M H) z} =
moebius-pt M  {z. on-circline H z}
proof safe
fix z
assume on-circline H z
thus on-circline (moebius-circline M H) (moebius-pt M z)
proof (transfer, transfer)
fix z :: complex-vec and M H :: complex-mat
assume hh: hermitean H N H # mat-zero z # vec-zero mat-det M # 0
let 22 = M *,,, 2
let ?H = mat-adj (mat-inv M) *mm H *mm (mat-inv M)
assume x: on-circline-cmat-cvec H z
hence quad-form z H = 0
by simp
hence quad-form %z ?H = 0
using quad-form-congruence[of M z H| hh
by simp
thus on-circline-cmat-cvec (moebius-circline-cmat-cmat M H) (moebius-pt-cmat-cvec M z)
by simp
qed
next
fix z
assume on-circline (moebius-circline M H) z
hence 3 2'. z = moebius-pt M 2z’ A on-circline H 2’
proof (transfer, transfer)
fix z :: complex-vec and M H :: complex-mat
assume hh: hermitean H N H # mat-zero z # vec-zero mat-det M # 0
let %M = mat-inv M
let 22/ = 2iM %oy 2
assume *: on-circline-cmat-cvec (moebius-circline-cmat-cmat M H) z
have %z’ # wvec-zero
using hh
using mat-det-inv mult-mv-nonzero
by auto
moreover
have z ~, moebius-pt-cmat-cvec M 22’
using hh eye-mv-l mat-inv-r
by simp
moreover
have M xp,y (%iM %pmy 2) = 2
using hh eye-muv-l mat-inv-r

by auto
hence on-circline-cmat-cvec H 22’
using hh *

using quad-form-congruence[of M 2iM *m. z H, symmetric]
unfolding moebius-circline-cmat-cmat-def
unfolding on-circline-cmat-cvec-def
by simp
ultimately
show 3 zle{v. v # vec-zero}. z /2, moebius-pt-cmat-cvec M 2" A on-circline-cmat-cvec H 2’
by blast
qged
thus z € moebius-pt M ‘ {z. on-circline H z}
by auto
qed

lemma on-circline-moebius-circline-1 [simp]:
assumes on-circline H z
shows on-circline (moebius-circline M H) (moebius-pt M z)
using assms moebius-circline
by fastforce
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lemma circline-set-moebius-circline [simp]:
shows circline-set (moebius-circline M H) = moebius-pt M * circline-set H
using moebius-circline[of M H)|
unfolding circline-set-def
by auto

lemma circline-set-moebius-circline-1 [simp):
assumes z € circline-set H
shows moebius-pt M z € circline-set (moebius-circline M H)
using assms
by simp

lemma circline-set-moebius-circline-E:
assumes moebius-pt M z € circline-set (moebius-circline M H)
shows z € circline-set H
using assms
using moebius-pt-eq-I[of M 2]
by auto

lemma circline-set-moebius-circline-iff [simp]:
shows moebius-pt M z € circline-set (moebius-circline M H) «—
z € circline-set H
using moebius-pt-eq-I[of M 2]
by auto

lemma inj-moebius-circline:
shows inj (moebius-circline M)

unfolding inj-on-def

proof (safe)

fix HH'
assume moebius-circline M H = moebius-circline M H'
thus H = H’

proof (transfer, transfer)
fix M H H' :: complex-mat
assume hh: mat-det M # 0
let 2iM = mat-inv M
assume circline-eq-cmat (moebius-circline-cmat-cmat M H) (moebius-circline-cmat-cmat M H')
then obtain k where congruence ?iM H' = congruence ?iM (cor k *sm H) k # 0
by auto
thus circline-eq-cmat H H'
using hh inj-congruence[of ?iM H' cor k xsm H| mat-det-inv[of M)
by auto
qed
qed

lemma moebius-circline-eq-1:
assumes moebius-circline M H1 = moebius-circline M H2
shows H1 = H?2
using assms inj-moebius-circline[of M]
unfolding inj-on-def
by blast

lemma moebius-circline-neq-I [simpl:
assumes HI! # H2
shows moebius-circline M H1 # moebius-circline M H2
using assms inj-moebius-circline[of M]
unfolding inj-on-def
by blast

7.7.1 Group properties of Md&bius action on ciclines

Mobius actions on circlines have similar properties as Mobius actions on points.

lemma moebius-circline-id [simp]:
shows moebius-circline id-moebius H = H
by (transfer, transfer) (simp add: mat-adj-def mat-cnj-def, rule-tac =1 in ezl, auto)
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lemma moebius-circline-comp [simpl:
shows moebius-circline (moebius-comp M1 M2) H = moebius-circline M1 (moebius-circline M2 H)
by (transfer, transfer) (simp add: mat-inv-mult-mm, rule-tac z=1 in exl, simp add: mult-mm-assoc)

lemma moebius-circline-comp-inv-left [simp]:
shows moebius-circline (moebius-inv M) (moebius-circline M H) = H
by (subst moebius-circline-comp[symmetric], simp)

lemma moebius-circline-comp-inv-right [simp):
shows moebius-circline M (moebius-circline (moebius-inv M) H)
by (subst moebius-circline-comp[symmetric], simp)

H

7.8 Action of Euclidean similarities on circlines

lemma moebius-similarity-lines-to-lines [simpl:
assumes a # 0
shows oo, € circline-set (moebius-circline (moebius-similarity a b) H) «—
oo € circline-set H
using assms
by (metis circline-set-moebius-circline-iff moebius-similarity-inf)

lemma moebius-similarity-lines-to-lines”:
assumes a # 0
shows on-circline (moebius-circline (moebius-similarity a b) H) oop «——
oon, € circline-set H
using moebius-similarity-lines-to-lines assms
unfolding circline-set-def
by simp

7.9 Conjugation, recpiprocation and inversion of circlines

Conjugation of circlines

definition conjugate-circline-cmat :: complex-mat = complez-mat where
[simp]: conjugate-circline-cmat = mat-cnj
lift-definition conjugate-circline-clmat :: circline-mat = circline-mat is conjugate-circline-cmat
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)
lift-definition conjugate-circline :: circline = circline is conjugate-circline-clmat
by transfer (metis circline-eq-cmat-def conjugate-circline-cmat-def hermitean-transpose mat-t-mult-sm)

lemma conjugate-circline-set’:
shows conjugate ‘ circline-set H C circline-set (conjugate-circline H)
proof (safe)
fix z
assume z € circline-set H
thus conjugate z € circline-set (conjugate-circline H)
unfolding circline-set-def
apply simp
apply (transfer, transfer)
unfolding on-circline-cmat-cvec-def conjugate-cvec-def conjugate-circline-cmat-def
apply (subst quad-form-vec-cnj-mat-cnj, simp-all)
done
qed

lemma conjugate-conjugate-circline [simp]:
shows conjugate-circline (conjugate-circline H) = H
by (transfer, transfer, force)

lemma circline-set-conjugate-circline [simpl:

shows circline-set (conjugate-circline H) = conjugate © circline-set H (is ?lhs = ?rhs)
proof (safe)

fix z

assume z € ?lhs

show z € ?rhs

proof

show z = conjugate (conjugate z)
by simp
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next
show conjugate z € circline-set H
using <z € circline-set (conjugate-circline H)»
using conjugate-circline-set’[of conjugate-circline H|
by auto
qed
next
fix z
assume z € circline-set H
thus conjugate z € circline-set (conjugate-circline H)
using conjugate-circline-set’[of H]
by auto
qed

lemma on-circline-conjugate-circline [simpl:
shows on-circline (conjugate-circline H) z «—— on-circline H (conjugate z)
using circline-set-conjugate-circline[of H|
unfolding circline-set-def
by force

Inversion of circlines

definition circline-inversion-cmat :: complex-mat = complex-mat where
[simp]: circline-inversion-cmat H = (let (A, B, C, D) = H in (D, B, C, A))

lift-definition circline-inversion-clmat :: circline-mat = circline-mat is circline-inversion-cmat
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

lift-definition circline-inversion :: circline = circline is circline-inversion-clmat
by transfer auto

lemma on-circline-circline-inversion [simp]:
shows on-circline (circline-inversion H) z «— on-circline H (reciprocal (conjugate z))
by (transfer, transfer, auto simp add: vec-cnj-def field-simps)

lemma circline-set-circline-inversion [simp):
shows circline-set (circline-inversion H) = inversion ‘ circline-set H
unfolding circline-set-def inversion-def
by (force simp add: comp-def image-iff)

Reciprocal of circlines

definition circline-reciprocal :: circline = circline where
circline-reciprocal = conjugate-circline o circline-inversion

lemma circline-set-circline-reciprocal:
shows circline-set (circline-reciprocal H) = reciprocal ‘ circline-set H
unfolding circline-reciprocal-def comp-def
by (auto simp add: inversion-def image-iff)

Rotation of circlines

lemma rotation-pi-2-y-azxis [simp):
shows moebius-circline (moebius-rotation (pi/2)) y-axis = z-awis
unfolding moebius-rotation-def moebius-similarity-def
by (transfer, transfer, simp add: mat-adj-def mat-cnj-def)

lemma rotation-minus-pi-2-y-azxis [simp]:
shows moebius-circline (moebius-rotation (—pi/2)) y-azxis = z-axis
unfolding moebius-rotation-def moebius-similarity-def
by (transfer, transfer, simp add: mat-adj-def mat-cnj-def, rule-tac x=—1 in exl, simp)

lemma rotation-minus-pi-2-z-azis [simp):
shows moebius-circline (moebius-rotation (—pi/2)) z-azis = y-axis
unfolding moebius-rotation-def moebius-similarity-def
by (transfer, transfer, simp add: mat-adj-def mat-cnj-def)

lemma rotation-pi-2-z-azxis [simp):

shows moebius-circline (moebius-rotation (pi/2)) z-axis = y-axis
unfolding moebius-rotation-def moebius-similarity-def
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by (transfer, transfer, simp add: mat-adj-def mat-cnj-def, rule-tac x=—1 in exl, simp)

lemma rotation-minus-pi-2-positive-y-azxis [simp]:
shows (moebius-pt (moebius-rotation (—pi/2))) * positive-y-azxis = positive-z-axis
proof safe
fix y
assume y: y € positive-y-axis
have x: Re (a %1/ b) <0 +«— Im(a/b)>0forabd
by (subst times-divide-eg-left [symmetric], subst mult.commute, subst Re-i-times) auto
from y * show moebius-pt (moebius-rotation (—pi/2)) y € positive-z-azis
unfolding positive-y-axis-def positive-z-axis-def circline-set-def
unfolding moebius-rotation-def moebius-similarity-def
apply simp
apply transfer
apply transfer
apply (auto simp add: vec-cnj-def field-simps add-eq-0-iff)
done
next
fix z
assume z: T € positive-T-azis
let %y = moebius-pt (moebius-rotation (pi/2)) =
have *: Im (a x1/ b) > 0 «— Re (a / b) > 0 for ab
by (subst times-divide-eg-left [symmetric], subst mult.commute, subst Im-i-times) auto
hence ?y € positive-y-azxis
using <z € positive-z-azis)
unfolding positive-z-axis-def positive-y-axis-def
unfolding moebius-rotation-def moebius-similarity-def
unfolding circline-set-def
apply simp
apply transfer
apply transfer
apply (auto simp add: vec-cnj-def field-simps add-eq-0-iff)
done
thus z € moebius-pt (moebius-rotation (—pi/2))  positive-y-azis
by (auto simp add: image-iff) (rule-tac z="2y in bexl, simp-all)
qed

7.10 Circline uniqueness
7.10.1 Zero type circline uniqueness

lemma unique-circline-type-zero-0":
shows (circline-type circline-point-0 = 0 N 0y € circline-set circline-point-0) N\
(V H. circline-type H = 0 N 0y, € circline-set H — H = circline-point-0)
unfolding circline-set-def
proof (safe)
show circline-type circline-point-0 = 0
by (transfer, transfer, simp)
next
show on-circline circline-point-0 0,
using circline-set-def zero-in-circline-point-0
by auto
next
fix H
assume circline-type H = 0 on-circline H Oy
thus H = circline-point-0
proof (transfer, transfer)
fix H :: complex-mat
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence x: C = c¢nj B is-real A
using hh hermitean-elems[of A B C D]
by auto
assume circline-type-cmat H = 0 on-circline-cmat-cvec H 0,
thus circline-eq-cmat H circline-point-0-cmat
using HH hh *
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by (simp add: Let-def vec-cnj-def sgn-minus sgn-mult sgn-zero-iff)
(rule-tac z=1/Re A in ezl, cases A, cases B, simp add: Complez-eq sgn-zero-iff)
qed
qed

lemma unique-circline-type-zero-0:
shows 3! H. circline-type H = 0 N 0y € circline-set H
using unique-circline-type-zero-0’
by blast

lemma unique-circline-type-zero:
shows 3! H. circline-type H = 0 N\ z € circline-set H
proof—
obtain M where ++: moebius-pt M z = 0y,
using ez-moebius-1[of 2|
by auto
have +++: z = moebius-pt (moebius-inv M) 0y,
by (subst ++[symmetric]) simp
then obtain HO where x: circline-type H) = 0 N 03, € circline-set H) and
xx:V H'. circline-type H' = 0 A 0}, € circline-set H' — H' = H0
using unique-circline-type-zero-0
by auto
let ?H' = moebius-circline (moebius-inv M) HO
show %thesis
unfolding Ezx1-def
using * +++
proof (rule-tac z=%?H" in exl, simp, safe)
fix H'
assume circline-type H' = 0 moebius-pt (moebius-inv M) 0y, € circline-set H'
hence 05 € circline-set (moebius-circline M H')
using ++ +++
by force
hence moebius-circline M H' = HO
using *x[rule-format, of moebius-circline M H'|
using (circline-type H' = 0>
by simp
thus H' = moebius-circline (moebius-inv M) HO
by auto
qed
qed

7.10.2 Negative type circline uniqueness

lemma unique-circline-01inf":
shows 0 € circline-set z-axis N\ 1} € circline-set z-axis N\ ooy € circline-set z-axis N
(Y H. 0y € circline-set H \ 1 € circline-set H N\ oo € circline-set H — H = z-azis)
proof safe
fix H
assume 0y € circline-set H 15 € circline-set H ooy, € circline-set H
thus H = z-axis
unfolding circline-set-def
apply simp
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
have : C =cecnjBA=0AND=0— B# 0
using hermitean-elems[of A B C' D] hh HH
by auto
obtain Bz By where B = Complex Br By
by (cases B) auto
assume on-circline-cmat-cvec H 0, on-circline-cmat-cvec H 1, on-circline-cmat-cvec H 0o,
thus circline-eq-cmat H z-azis-cmat
using * HH «C = cnj B> «B = Complex Bz By»
by (simp add: Let-def vec-cnj-def Complez-eq) (rule-tac z=1/By in ezl, auto)
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qed
qed simp-all

lemma unique-circline-set:
assumes A # Band A # C and B # C
shows 3! H. A € circline-set H A B € circline-set H N C' € circline-set H
proof—
let P=XNABC.A#BANA# CANB#C — (3! H. A € circline-set H A\ B € circline-set H A C € circline-set
H)
have P A B C
proof (rule wlog-moebius-01inf[of ?P])
fix Mabec
let M = moebius-pt M
assume P abc
show 2P (?M a) (?M b) (?M c¢)
proof
assume M a # MbAN ?Ma#?McAN?Mb# ?Mc
hence a #bb# ca #c
by auto
hence 3!H. a € circline-set H A b € circline-set H N\ ¢ € circline-set H
using <P a b ¢
by simp
then obtain H where
x: a € circline-set H N\ b € circline-set H A ¢ € circline-set H and
xx: VH' a € circline-set H' A\ b € circline-set H' A ¢ € circline-set H' — H' = H
unfolding Ezi-def
by auto
let ?H’ = moebius-circline M H
show 3! H. ?M a € circline-set H N\ moebius-pt M b € circline-set H N\ moebius-pt M ¢ € circline-set H
unfolding FEx1-def
proof (rule-tac z=?H' in exl, rule)
show ?M a € circline-set ?H' A ?2M b € circline-set ?H’ A ?M ¢ € circline-set ?H’
using *
by auto
next
show YV H'. ?M a € circline-set H' A ?2M b € circline-set H' N ?M ¢ € circline-set H' — H' = ?H’
proof (safe)
fix H'
let ?iH' = moebius-circline (moebius-inv M) H'
assume ?M a € circline-set H' 2M b € circline-set H' ?M ¢ € circline-set H'
hence a € circline-set %iH’ A b € circline-set ?iH’ A ¢ € circline-set ?iH’
by simp
hence H = %iH’
using
by blast
thus H' = moebius-circline M H
by simp
qed
qed
qed
next
show ?P 0}, 15 oop
using unique-circline-01inf’
unfolding Ezi1-def
by (safe, rule-tac x=z-azis in exl) auto
qed fact+
thus ?thesis
using assms
by simp
qed

lemma zero-one-inf-z-azis [simp]:
assumes 0, € circline-set H and 1, € circline-set H and ooy € circline-set H
shows H = z-axis
using assms unique-circline-set[of 0y, 1 oop]
by auto
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7.11 Circline set cardinality

7.11.1 Diagonal circlines

definition is-diag-circline-cmat :: complex-mat = bool where
[simp]: is-diag-circline-cmat H = (let (A, B, C, D) =Hin B=0A C = 0)
lift-definition is-diag-circline-clmat :: circline-mat = bool is is-diag-circline-cmat
done
lift-definition circline-diag :: circline = bool is is-diag-circline-clmat
by transfer auto

lemma circline-diagonalize:
shows 3 M H'. moebius-circline M H = H' A circline-diag H'
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence HH-elems: is-real A is-real D C = cnj B
using hermitean-elems[of A B C D] hh
by auto
obtain M kI k2 where x: mat-det M # 0 unitary M congruence M H = (k1, 0, 0, k2) is-real k1 is-real k2
using hermitean-diagonizable[of H| hh
by auto
have k1 # 0V k2 # 0
using <congruence M H = (k1, 0, 0, k2)» hh congruence-nonzero[of H M| <mat-det M # 0>
by auto
let ?M' = mat-inv M
let ?H' = (k1, 0, 0, k2)
have circline-eq-cmat (moebius-circline-cmat-cmat M’ H) ?H’ A is-diag-circline-cmat ?H’
using *
by force
moreover
have ?H’ € hermitean-nonzero
using x <kl # 0 V k2 # 0> eg-cnj-iff-real[of k1] eg-cnj-iff-real[of k2]
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)
moreover
have mat-det ?M’ # 0
using * mat-det-inv[of M]
by auto
ultimately
show I Me{M. mat-det M # 0}.
3 H'ehermitean-nonzero.
circline-eq-cmat (moebius-circline-cmat-cmat M H) H' A is-diag-circline-cmat H'
by blast
qed

lemma wlog-circline-diag:
assumes A\ H. circline-diag H = P H
A\ M H. PH = P (moebius-circline M H)
shows P H
proof—
obtain M H’ where moebius-circline M H = H' circline-diag H'
using circline-diagonalize[of H)
by auto
hence P (moebius-circline M H)
using assms(1)
by simp
thus ?thesis
using assms(2)[of moebius-circline M H moebius-inv M]
by simp
qed

7.11.2 Zero type circline set cardinality

lemma circline-type-zero-card-eq1-0:
assumes circline-type H = 0 and 0y € circline-set H
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shows circline-set H = {01}
using assms
unfolding circline-set-def
proof (safe)
fix z
assume on-circline H z circline-type H = 0 on-circline H 0y,
hence H = circline-point-0
using unique-circline-type-zero-0'
unfolding circline-set-def
by simp
thus z = 0y,
using <on-circline H z»
by (transfer, transfer) (case-tac z, case-tac H, force simp add: vec-cnj-def)
qed

lemma circline-type-zero-card-eq1:
assumes circline-type H = 0
shows 3 z. circline-set H = {z}
proof—
have 3 z. on-circline H z
using assms
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence C = cnj B is-real A is-real D
using hh hermitean-elems[of A B C D]
by auto
assume circline-type-cmat H = 0
hence mat-det H = 0
by (simp add: complex-eq-if-Re-eq hh mat-det-hermitean-real sgn-eq-0-iff)
hence AxD = Bx(C
using HH
by simp
show Bez {v. v # vec-zero} (on-circline-cmat-cvec H)
proof (cases A # 0V B # 0)
case True
thus %thesis
using HH <AxD = BxC)»
by (rule-tac x=(—B, A) in bezl) (auto simp add: Let-def vec-cnj-def field-simps)
next
case Fulse
thus %thesis
using HH <C = cnj B»
by (rule-tac z=(1, 0) in bezl) (simp-all add: Let-def vec-cnj-def)
qed
qed
then obtain z where on-circline H z
by auto
obtain M where moebius-pt M z = 0y,
using ez-moebius-1[of 2]
by auto
hence 0, € circline-set (moebius-circline M H)
using on-circline-moebius-circline-I[OF <on-circline H z», of M]
unfolding circline-set-def
by simp
hence circline-set (moebius-circline M H) = {0}
using circline-type-zero-card-eq1-0[of moebius-circline M H| <circline-type H = 0>
by auto
hence circline-set H = {z}
using (moebius-pt M z = 0p»
using bij-moebius-pt[of M| bij-image-singleton[of moebius-pt M circline-set H - z]
by simp
thus %thesis
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by auto
qed

7.11.3 Negative type circline set cardinality

lemma quad-form-diagonal-iff:
assumes kI # 0 and is-real k1 and is-real k2 and Re k1 = Re k2 < 0
shows quad-form (21, 1) (k1, 0, 0, k2) = 0 «—— (3 ¢. 21 = rcis (sqrt (Re (—k2 /k1))) ¢)
proof—
have Re (—k2/k1) > 0
using (Re k1 x Re k2 < 0» <is-real k1 <is-real k2» <kl # 0>
using Re-divide-real[of kI —k2)]
by (smt (verit) divide-less-0-iff mult-nonneg-nonneg mult-nonpos-nonpos uminus-complez.simps(1))

have quad-form (21, 1) (k1, 0, 0, k2) = 0 < (cor (cmod 21))* = —k2 / ki
using assms add-eq-0-iff[of k2 k1x(cor (cmod 21))?]
using eg-divide-imp[of k1 (cor (cmod 21))? —k2]
by (auto simp add: vec-cnj-def field-simps complex-mult-cnj-cmod)
also have ... «— (cmod z1)*> = Re (k2 /k1)
using assms
apply (subst complez-eq-if-Re-eq)
using Re-complez-of-real[of (cmod 21)?] div-reals
by auto
also have ... «—— cmod z1 = sqrt (Re (—k2 /k1))
by (metis norm-ge-zero real-sqri-ge-0-iff real-sqrt-pow?2 real-sqri-power)
also have ... «— (3 ¢. 21 = rcis (sqrt (Re (—k2 /k1))) ¢)
using rcis-cmod-Arg|of z1, symmetric] assms abs-of-nonneglof sqrt (Re (—k2/k1))]
using (Re (—k2/k1) > 0>
by auto
finally show ?thesis

qed

lemma circline-type-neg-card-gt3-diag:
assumes circline-type H < 0 and circline-diag H
shows 3 ABC. A#BANA#CAB# CA{A, B, C} C circline-set H
using assms
unfolding circline-set-def
apply (simp del: HOL.ez-simps)
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence HH-elems: is-real A is-real D C = cnj B
using hermitean-elems[of A B C' D] hh
by auto
assume circline-type-cmat H < 0 is-diag-circline-cmat H
hence B=0C=0ReAx ReD<0A#0
using HH <is-real A> <is-real D»
by auto

let %z = sqrt (Re (— D / A))

let A = (rcis %z 0, 1)

let ?B = (rcis %z (pi/2), 1)

let 2C = (rcis ?z pi, 1)

from quad-form-diagonal-iff[OF <A # 05 <is-real Ay <is-real Dy «(Re A x Re D < 0]

have quad-form ?A (4, 0, 0, D) = 0 quad-form ?B (4, 0, 0, D) = 0 quad-form ?C (A, 0, 0, D) = 0
by (auto simp del: rcis-zero-arg)

hence on-circline-cmat-cvec H ?A N on-circline-cmat-cvec H B A on-circline-cmat-cvec H 2C
using HH <B = 0y <C = 0»
by simp

moreover

have Re (D / A) < 0
using <Re A * Re D < 0» <A # 0> <is-real A> <is-real D»
using Re-divide-real[of A D]
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by (metis Re-complex-div-lt-0 Re-mult-real div-reals eg-cnj-iff-real is-real-div)
hence - ?A ~, BN - ?A =, ?2C N\ = ?B =~, ?C
unfolding rcis-def
by (auto simp add: cis-def complex.corec)
moreover
have ?A # vec-zero ?B # vec-zero ?C # vec-zero
by auto
ultimately
show JAc{v. v # vec-zero}. IBe{v. v # vec-zero}. 3 Ce{v. v # vec-zero}.
- A~y BA=- A=, CN=B=r, CA
on-circline-cmat-cvec H A N\ on-circline-cmat-cvec H B A on-circline-cmat-cvec H C
by blast
qed

lemma circline-type-neg-card-gt3:
assumes circline-type H < 0
shows 3 ABC.A#BANA# CAB# CA{A, B, C} C circline-set H
proof—
obtain M H' where moebius-circline M H = H' circline-diag H'
using circline-diagonalize[of H| assms
by auto
moreover
hence circline-type H' < 0
using assms moebius-preserve-circline-type
by auto
ultimately
obtain A B C where A # BA# C B # C {A, B, C} C circline-set H'
using circline-type-neg-card-gt3-diag|of H'|
by auto
let 2iM = moebius-inv M
have moebius-circline M H' = H
using «moebius-circline M H = H')[symmetric]
by simp
let ?A = moebius-pt ?iM A and ?B= moebius-pt ?iM B and ?C = moebius-pt ?iM C
have ?A € circline-set H ?B € circline-set H ?C € circline-set H
using <moebius-circline ?iM H' = H)[symmetric] <{A, B, C} C circline-set H"»
by simp-all
moreover
have YA # ?B A # ?2C ?B # ?C
using <A # By <A # C» «<B # C)
by auto
ultimately
show ?thesis
by auto
qed

7.11.4 Positive type circline set cardinality

lemma circline-type-pos-card-eq0-diag:
assumes circline-diag H and circline-type H > 0
shows circline-set H = {}
using assms
unfolding circline-set-def
apply simp
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence HH-elems: is-real A is-real D C = cnj B
using hermitean-elems[of A B C' D] hh
by auto
assume is-diag-circline-cmat H 0 < circline-type-cmat H
hence B=0C=0ReAx ReD>0A#20
using HH <is-real A> <is-real D»
by auto
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show Vze{v. v # vec-zero}. = on-circline-cmat-cvec H ©
proof
fix z
assume z € {v. v # vec-zero}
obtain z! 22 where zz: z = (21, z2)
by (cases z, auto)
have (Re A > 0 ANReD > 0)V (Re A< 0N ReD < 0)
using <Re A * Re D > 0»
by (metis linorder-neqE-linordered-idom mult-eq-0-iff zero-less-mult-pos zero-less-mult-pos2)
moreover
have (Re (z1 * ecnjzl) > 0 A Re (22 % cnj 22) > 0) V (Re (21 * cnjzl) > 0 A Re (22 * cnj z2) > 0)
using «z € {v. v # vec-zero}» xz
apply auto
apply (simp add: complez-neq-0 power2-eq-square)+
done
ultimately
have Re A * Re (z1 * cnjzl) + Re D * Re (22 x cnj z2) # 0
by (smt (verit) mult-neg-pos mult-nonneg-nonneg mult-nonpos-nonneg mult-pos-pos)
hence A x (21 * cnjzl) + D x (22 * cnj 22) # 0
using <is-real Ay <is-real D>
by (metis Re-mult-real plus-complex.simps(1) zero-complezx.simps(1))
thus — on-circline-cmat-cvec H x
using HH <B = 0» <C = 0» zz
by (simp add: vec-cnj-def field-simps)
qed
qed

lemma circline-type-pos-card-eq0:
assumes circline-type H > 0
shows circline-set H = {}
proof—
obtain M H’ where moebius-circline M H = H' circline-diag H'
using circline-diagonalize[of H| assms
by auto
moreover
hence circline-type H' > 0
using assms moebius-preserve-circline-type
by auto
ultimately
have circline-set H' = {}
using circline-type-pos-card-eq0-diagof H')
by auto
let %iM = moebius-inv M
have moebius-circline %iM H' = H
using «<moebius-circline M H = H')[symmetric]
by simp
thus ?thesis
using <circline-set H' = {}
by auto
qed

7.11.5 Cardinality determines type

lemma card-eql-circline-type-zero:
assumes 3 z. circline-set H = {z}
shows circline-type H = 0
proof (cases circline-type H < 0)
case True
thus “thesis
using circline-type-neg-card-gt3[of H| assms
by auto
next
case Fulse
show ?thesis
proof (cases circline-type H > 0)
case True

154



thus Zthesis
using circline-type-pos-card-eq0[of H] assms
by auto
next
case Fulse
thus ?Zthesis
using «— (circline-type H) < 0»
by simp
qed
qed

7.11.6 Circline set is injective

lemma inj-circline-set:
assumes circline-set H = circline-set H' and circline-set H # {}

shows H = H'
proof (cases circline-type H < 0)
case True

then obtain A B C where A # B A # C B # C {A, B, C} C circline-set H
using circline-type-neg-card-gt3[of H|
by auto
hence 3!H. A € circline-set H N B € circline-set H N C € circline-set H
using unique-circline-set[of A B C]
by simp
thus %thesis
using «circline-set H = circline-set H» «{A, B, C} C circline-set H»
by auto
next
case False
show %thesis
proof (cases circline-type H = 0)
case True
moreover
then obtain A where {A} = circline-set H
using circline-type-zero-card-eql [of H]
by auto
moreover
hence circline-type H' = 0
using «circline-set H = circline-set H» card-eql-circline-type-zero[of H'|
by auto
ultimately
show %thesis
using unique-circline-type-zero|of A] «circline-set H = circline-set H'>
by auto
next
case Fulse
hence circline-type H > 0
using «— (circline-type H < 0)»
by auto
thus %thesis
using «<circline-set H # {}» circline-type-pos-card-eq0]of H|
by auto
ged
qed

7.12 Circline points - cross ratio real

lemma four-points-on-circline-iff-cross-ratio-real:

assumes distinct [z, u, v, W]

shows is-real (to-complex (cross-ratio z u v w)) «——

(3 H. {z, u, v, w} C circline-set H)

proof—

have V z. distinct [z, u, v, w] — is-real (to-complex (cross-ratio z u v w)) «—— (3 H. {z, u, v, w} C circline-set H)

(is 7P u v w)
proof (rule wlog-moebius-01inf[of 7P u v w])
fix Mabc
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assume aa: ?Pabc
let ?Ma = moebius-pt M a and ?Mb = moebius-pt M b and ?Mc = moebius-pt M c
show 2P ?Ma ?Mb ?Mc
proof (rule alll, rule impl)
fix z
obtain d where *: z = moebius-pt M d
using bij-moebius-pt[of M]
unfolding bij-def
by auto
let ?Md = moebius-pt M d
assume distinct [z, moebius-pt M a, moebius-pt M b, moebius-pt M c]
hence distinct [a, b, ¢, d]
using *
by auto
moreover
have (3 H. {d, a, b, ¢} C circline-set H) «—— (3 H. {2z, ?Ma, ?Mb, ?Mc} C circline-set H)
using *
apply auto
apply (rule-tac x=moebius-circline M H in exl, simp)
apply (rule-tac z=moebius-circline (moebius-inv M) H in exl, simp)
done
ultimately
show is-real (to-complex (cross-ratio z ?Ma ?Mb ?Mc)) = (3 H. {z, ?Ma, ?Mb, ?Mc} C circline-set H)
using aalrule-format, of d] *
by auto
qed
next
show 2P 0y 1 oon
proof safe
fix z
assume distinct [z, On, 1n, oon]
hence z # oop,
by auto
assume is-real (to-complex (cross-ratio z On 1p oon))
hence is-real (to-complez z)
by simp
hence z € circline-set x-axis
using of-complez-to-complex[symmetric, OF <z # oop»]
using circline-set-z-axis
by auto
thus 3H. {z, On, 11, con} C circline-set H
by (rule-tac x=z-azis in exl, auto)
next
fix = H
assume *: distinct [z, Op, 1n, con] {2, On, 11, con} C circline-set H
hence H = z-axis
by auto
hence z € circline-set x-axis
using *
by auto
hence is-real (to-complez z)
using * circline-set-xz-axis
by auto
thus is-real (to-complex (cross-ratio z 0y, 1 oop))
by simp
qed
next
show v Z v v # wu# w
using assms
by auto
qed
thus %thesis
using assms
by auto
qed
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7.13 Symmetric points wrt. circline

In the extended complex plane there are no substantial differences between circles and lines, so we will consider
only one kind of relation and call two points circline symmetric if they are mapped to one another using
either reflection or inversion over arbitrary line or circle. Points are symmetric iff the bilinear form of their
representation vectors and matrix is zero.

definition circline-symmetric-cvec-cmat :: complex-vec = complex-vec = complex-mat = bool where
[simp]: circline-symmetric-cvec-cmat z1 22 H «— bilinear-form z1 22 H = 0
lift-definition circline-symmetric-hcoords-clmat :: complex-homo-coords = complex-homo-coords = circline-mat = bool
is circline-symmetric-cvec-cmat
done
lift-definition circline-symmetric :: complex-homo = complex-homo = circline = bool is circline-symmetric-hcoords-clmat
apply transfer
apply (simp del: bilinear-form-def)
apply (erule ezE)+
apply (simp add: bilinear-form-scale-m bilinear-form-scale-v1 bilinear-form-scale-v2 del: vec-cnj-sv quad-form-def bi-
linear-form-def)
done

lemma symmetry-principle [simp):
assumes circline-symmetric z1 z2 H
shows circline-symmetric (moebius-pt M z1) (moebius-pt M z2) (moebius-circline M H)
using assms
by (transfer, transfer, simp del: bilinear-form-def congruence-def)

Symmetry wrt. unit-circle

lemma circline-symmetric-0inf-disc [simp]:
shows circline-symmetric 0 oon unit-circle
by (transfer, transfer, simp add: vec-cnj-def)

lemma circline-symmetric-inv-homo-disc [simp]:
shows circline-symmetric a (inversion a) unit-circle
unfolding inversion-def
by (transfer, transfer) (case-tac a, auto simp add: vec-cnj-def)

lemma circline-symmetric-inv-homo-disc':
assumes circline-symmetric a a’ unit-circle
shows a’ = inversion a
unfolding inversion-def
using assms
proof (transfer, transfer)
fix a o’
assume vz: a # vec-zero a’ # vec-zero
obtain al a2 where aa: a = (al, a2)
by (cases a, auto)
obtain al’ a2’ where aa”: o' = (al’, a2’)
by (cases a’, auto)
assume *: circline-symmetric-cvec-cmat a a’ unit-circle-cmat
show a’ =, (conjugate-cvec o reciprocal-cvec) a
proof (cases al’ = 0)
case True
thus ?thesis
using aa aa’ vz *
by (auto simp add: vec-cnj-def field-simps)
next
case Fulse
show ?thesis
proof (cases a2 = 0)
case True
thus %thesis
using «al’ # 0>
using aa aa’ * vz
by (simp add: wvec-cnj-def field-simps)
next
case False
thus %thesis
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using <al’ # 0> aa aa’ *
by (simp add: vec-cnj-def field-simps) (rule-tac z=cnj a2 / al’in ezl, simp add: field-simps)
qed
qed
qed

lemma ex-moebius-circline-z-axis:
assumes circline-type H < 0
shows 3 M. moebius-circline M H = z-axis
proof—
obtain A B C where x: A # B A # C B # C on-circline H A on-circline H B on-circline H C
using circline-type-neg-card-gt3[OF assms]
unfolding circline-set-def
by auto
then obtain M where moebius-pt M A = 0y, moebius-pt M B = 1}, moebius-pt M C' = oop,
using ex-moebius-01inf by blast
hence moebius-circline M H = z-azis
using *
by (metis circline-set-I circline-set-moebius-circline rev-image-eql unique-circline-01inf")
thus “thesis
by blast
qed

lemma wlog-circline-x-axis:
assumes circline-type H < 0
assumes \ M H. P H = P (moebius-circline M H)
assumes P z-azis
shows P H
proof—
obtain M where moebius-circline M H = z-axis
using ez-moebius-circline-z-azis[OF assms(1)]
by blast
then obtain M’ where moebius-circline M' z-axis = H
by (metis moebius-circline-comp-inv-left)
thus ?thesis
using assms(2)[of z-axis M| assms(3)
by simp
qed

lemma circline-intersection-at-most-2-points:
assumes HI! # H2
shows finite (circline-intersection H1 H2) A card (circline-intersection H1 H2) < 2
proof (rule ccontr)
assume — ?thesis
hence infinite (circline-intersection H1 H2) V card (circline-intersection H1 H2) > 2
by auto
hence 3 ABC.A#BAB# CANA#CA{A, B, C} C circline-intersection H1 H2
proof
assume card (circline-intersection H1 H2) > 2
thus %thesis
using card-gegq-3-iff-contains-3-elems|of circline-intersection H1 H2]
by auto
next
assume infinite (circline-intersection H1 H2)
thus %thesis
using infinite-contains-3-elems
by blast
qed
then obtain A B C where A # B B # C A # C {A, B, C} C circline-intersection H1 H2
by blast
hence H2 = HI
using circline-intersection-def mem-Collect-eq unique-circline-set by fastforce
thus False
using assms
by simp
qed

158



end

8 Oriented circlines

theory Oriented-Circlines
imports Circlines
begin

8.1 Oriented circlines definition

In this section we describe how the orientation is introduced for the circlines. Similarly as the set of circline
points, the set of disc points is introduced using the quadratic form induced by the circline matrix — the set
of points of the circline disc is the set of points such that satisfy that A-z2-Z+ B-Z+4+C -z 4+ D < 0, where
(A, B,C, D) is a circline matrix representative Hermitean matrix. As the set of disc points must be invariant to
the choice of representative, it is clear that oriented circlines matrices are equivalent only if they are proportional
by a positive real factor (recall that unoriented circline allowed arbitrary non-zero real factors).

definition ocircline-eq-cmat :: complex-mat = complex-mat = bool where
[simp]: ocircline-eg-cmat A B «——(3 kureal. k > 0 N B = cor k *sm A)

lift-definition ocircline-eq-clmat :: circline-mat = circline-mat = bool is ocircline-eq-cmat
done

lemma ocircline-eq-cmat-id [simp]:
shows ocircline-eq-cmat H H
by (simp, rule-tac z=1 in exl, simp)

quotient-type ocircline = circline-mat |/ ocircline-eg-clmat
proof (rule equivpl)
show reflp ocircline-eq-clmat
unfolding refip-def
by transfer (auto, rule-tac x=1 in exl, simp)
next
show symp ocircline-eq-clmat
unfolding symp-def
by transfer (simp only: ocircline-eq-cmat-def, safe, rule-tac x=1/k in exl, simp)
next
show transp ocircline-eq-clmat
unfolding transp-def
by transfer (simp only: ocircline-eq-cmat-def, safe, rule-tac z=Fkxka in exl, simp)
qed

8.2 Points on oriented circlines

Boundary of the circline.

lift-definition on-ocircline :: ocircline = complex-homo = bool is on-circline-clmat-hcoords
by transfer (simp del: quad-form-def, (erule exE)+, simp add: quad-form-scale-m quad-form-scale-v del: quad-form-def)

definition ocircline-set :: ocircline = complex-homo set where
ocircline-set H = {z. on-ocircline H z}

lemma ocircline-set-1 [simp]:
assumes on-ocircline H z
shows z € ocircline-set H
using assms
unfolding ocircline-set-def
by simp

8.3 Disc and disc complement - in and out points

Interior and the exterior of an oriented circline.

definition in-ocircline-cmat-cvec :: complex-mat = complex-vec = bool where
[simp]: in-ocircline-cmat-cvec H z «—— Re (quad-form z H) < 0
lift-definition in-ocircline-clmat-hcoords :: circline-mat = complex-homo-coords = bool is in-ocircline-cmat-cvec
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done
lift-definition in-ocircline :: ocircline = complex-homo = bool is in-ocircline-clmat-hcoords
proof transfer
fix HH' z 2’
assume hh: hermitean H N H # mat-zero and hermitean H' N H' # mat-zero and
z # vec-zero and z’ # vec-zero
assume ocircline-eq-cmat H H' and z ~, z
then obtain k k' where
¥ 0 < kH =cork*sm HE' # 02 =k %5y 2
by auto
hence quad-form z' H' = cor k * cor ((cmod k')?) * quad-form z H
by (simp add: quad-form-scale-v quad-form-scale-m del: vec-cnj-sv quad-form-def)
hence Re (quad-form z' H') = k x (cmod k')*> * Re (quad-form z H)
using hh quad-form-hermitean-real[of H|
by (simp add: power2-eq-square)
thus in-ocircline-cmat-cvec H z = in-ocircline-cmat-cvec H' 2’
using <k > 0> <k’ # 0»
using mult-less-0-iff
by fastforce
qed

!

definition disc :: ocircline = complez-homo set where
disc H = {z. in-ocircline H z}

lemma disc-I [simp]:
assumes in-ocircline H z
shows z € disc H
using assms
unfolding disc-def
by simp

definition out-ocircline-cmat-cvec :: complex-mat = complex-vec = bool where
[simp]: out-ocircline-cmat-cvec H z «—— Re (quad-form z H) > 0
lift-definition out-ocircline-clmat-hcoords :: circline-mat = complex-homo-coords = bool is out-ocircline-cmat-cvec
done
lift-definition out-ocircline :: ocircline = complex-homo = bool is out-ocircline-clmat-hcoords
proof transfer
fix HH' z 2’
assume hh: hermitean H A H # mat-zero hermitean H' A H' # mat-zero
z # wvec-zero z' # vec-zero
assume ocircline-eq-cmat H H' z ~, 2’
then obtain k £’ where
20 < kH' =corkssm HE'# 02" = k" x50 2
by auto
hence quad-form z' H' = cor k % cor ((¢cmod k')?) * quad-form z H
by (simp add: quad-form-scale-v quad-form-scale-m del: vec-cnj-sv quad-form-def)
hence Re (quad-form z' H') = k * (cmod k")? * Re (quad-form z H)
using hh quad-form-hermitean-real[of H|
by (simp add: power2-eq-square)
thus out-ocircline-cmat-cvec H z = out-ocircline-cmat-cvec H' 2’
using <k > 0> <k’ # O»
using zero-less-mult-pos
by fastforce
qed

definition disc-compl :: ocircline = complex-homo set where
disc-compl H = {z. out-ocircline H z}

These three sets are mutually disjoint and they fill up the entire plane.

lemma disc-compl-1 [simp]:
assumes out-ocircline H z
shows z € disc-compl H
using assms
unfolding disc-compl-def
by simp
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lemma in-on-out:
shows in-ocircline H z V on-ocircline H z V out-ocircline H z
apply (transfer, transfer)
using quad-form-hermitean-real
using complez-eq-if-Re-eq
by auto

lemma in-on-out-univ:
shows disc H U disc-compl H U ocircline-set H = UNIV
unfolding disc-def disc-compl-def ocircline-set-def
using in-on-out[of H]
by auto

lemma disc-inter-disc-compl [simp]:
shows disc H N disc-compl H = {}
unfolding disc-def disc-compl-def
by auto (transfer, transfer, simp)

lemma disc-inter-ocircline-set [simp]:
shows disc H N ocircline-set H = {}
unfolding disc-def ocircline-set-def
by auto (transfer, transfer, simp)

lemma disc-compl-inter-ocircline-set [simp]:
shows disc-compl H N ocircline-set H = {}
unfolding disc-compl-def ocircline-set-def
by auto (transfer, transfer, simp)

8.4 Opposite orientation

Finding opposite circline is idempotent, and opposite circlines share the same set of points, but exchange disc
and its complement.

definition opposite-ocircline-cmat :: complex-mat = complex-mat where
[simp]: opposite-ocircline-cmat H = (—1) *sm H

lift-definition opposite-ocircline-clmat :: circline-mat = circline-mat is opposite-ocircline-cmat
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

lift-definition opposite-ocircline :: ocircline = ocircline is opposite-ocircline-clmat
by transfer auto

lemma opposite-ocircline-involution [simp]:
shows opposite-ocircline (opposite-ocircline H) = H
by (transfer, transfer) (auto, rule-tac x=1 in exI, simp)

lemma on-circline-opposite-ocircline-cmat [simp):
assumes hermitean H N H # mat-zero and z # vec-zero
shows on-circline-cmat-cvec (opposite-ocircline-cmat H) z = on-circline-cmat-cvec H z
using assms
by (simp add: quad-form-scale-m del: quad-form-def)

lemma on-circline-opposite-ocircline [simp]:
shows on-ocircline (opposite-ocircline H) z «— on-ocircline H z
using on-circline-opposite-ocircline-cmat
by (transfer, transfer, simp)

lemma ocircline-set-opposite-ocircline [simp):
shows ocircline-set (opposite-ocircline H) = ocircline-set H
unfolding ocircline-set-def
by auto

lemma disc-compl-opposite-ocircline [simpl:
shows disc-compl (opposite-ocircline H) = disc H
unfolding disc-def disc-compl-def
apply auto
apply (transfer, transfer)
apply (auto simp add: quad-form-scale-m simp del: quad-form-def)
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apply (transfer ,transfer)
apply (auto simp add: quad-form-scale-m simp del: quad-form-def)
done

lemma disc-opposite-ocircline [simp]:
shows disc (opposite-ocircline H) = disc-compl H
using disc-compl-opposite-ocircline[of opposite-ocircline H)|
by simp

8.5 Positive orientation. Conversion between unoriented and oriented circlines

Given an oriented circline, one can trivially obtain its unoriented counterpart, and these two share the same set
of points.

lift-definition of-ocircline :: ocircline = circline is id::circline-mat = circline-mat
by transfer (simp, erule exE, force)

lemma of-ocircline-opposite-ocircline [simp]:
shows of-ocircline (opposite-ocircline H) = of-ocircline H
by (transfer, transfer) (simp, erule exE, rule-tac x=—1 in exl, simp)

lemma on-ocircline-of-circline [simp):
shows on-circline (of-ocircline H) z «— on-ocircline H z
by (transfer, transfer, simp)

lemma circline-set-of-ocircline [simp]:
shows circline-set (of-ocircline H) = ocircline-set H
unfolding ocircline-set-def circline-set-def
by (safe) (transfer, simp)+

lemma inj-of-ocircline:

assumes of-ocircline H = of-ocircline H'

shows H = H'V H = opposite-ocircline H'

using assms

by (transfer, transfer) (simp, metis linorder-neqE-linordered-idom minus-of-real-eq-of-real-iff mult-minus1 mult-sm-distribution
neg-0-equal-iff-equal neg-less-0-iff-less)

lemma inj-ocircline-set:
assumes ocircline-set H = ocircline-set H' and ocircline-set H # {}
shows H = H' VvV H = opposite-ocircline H'
proof—
from assms
have circline-set (of-ocircline H) = circline-set (of-ocircline H')
circline-set (of-ocircline H') # {}
by auto
hence of-ocircline H = of-ocircline H'
by (simp add: inj-circline-set)
thus %thesis
by (rule inj-of-ocircline)
qed

Positive orientation.

Given a representative Hermitean matrix of a circline, it represents exactly one of the two possible oriented
circlines. The choice of what should be called a positive orientation is arbitrary. We follow Schwerdtfeger [13],
use the leading coefficient A as the first criterion, and say that circline matrices with A > 0 are called positively
oriented, and with A < 0 negatively oriented. However, Schwerdtfeger did not discuss the possible case of A =0
(the case of lines), so we had to extend his definition to achieve a total characterization.

definition pos-oriented-cmat :: complex-mat = bool where
[simp]: pos-oriented-cmat H «——
(let (A, B, C, D) =H
in(ReA>0V (ReA=0AN({(B#0NArgB>0)V (B=0 A ReD > 0)))))
lift-definition pos-oriented-clmat :: circline-mat = bool is pos-oriented-cmat
done

lift-definition pos-oriented :: ocircline = bool is pos-oriented-clmat
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by transfer
(case-tac circline-matl, case-tac circline-mat2, simp, erule exE, simp,
metis mult-pos-pos zero-less-mult-pos)

lemma pos-oriented:
shows pos-oriented H V pos-oriented (opposite-ocircline H)
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
moreover
hence Re A=0ANReD=0— B#0
using hh hermitean-elems[of A B C D]
by (cases A, cases D) (auto simp add: Complex-eq)
moreover
have B# 0 AN—-0 < Arg B— 0 < Arg (— B)
using canon-ang-plus-pi2|[of Arg B] Arg-bounded|of B|
by (auto simp add: arg-uminus)
ultimately
show pos-oriented-cmat H \ pos-oriented-cmat (opposite-ocircline-cmat H)
by auto
qed

lemma pos-oriented-opposite-ocircline-cmat [simp]:
assumes hermitean H N H # mat-zero
shows pos-oriented-cmat (opposite-ocircline-cmat H) «—— — pos-oriented-cmat H
proof—
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
moreover
hence Re A=0ANReD=0— B#0
using assms hermitean-elems[of A B C D]
by (cases A, cases D) (auto simp add: Complex-eq)
moreover
have B# 0 AN—-0 < Arg B— 0 < Arg (— B)
using canon-ang-plus-pi2[of Arg B] Arg-bounded|of B]
by (auto simp add: arg-uminus)
moreover
have B# 0 A 0 < Arg B— = 0 < Arg (— B)
using canon-ang-plus-pil [of Arg B] Arg-bounded|of B]
by (auto simp add: arg-uminus)
ultimately
show pos-oriented-cmat (opposite-ocircline-cmat H) = (- pos-oriented-cmat H)
by simp (metis not-less-iff-gr-or-eq)
qed

lemma pos-oriented-opposite-ocircline [simp]:
shows pos-oriented (opposite-ocircline H) «—— — pos-oriented H
using pos-oriented-opposite-ocircline-cmat
by (transfer, transfer, simp)

lemma pos-oriented-circle-inf:
assumes ooy, ¢ ocircline-set H
shows pos-oriented H «—— oop, ¢ disc H
using assms
unfolding ocircline-set-def disc-def
apply simp
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence is-real A
using hh hermitean-elems
by auto

163



assume — on-circline-cmat-cvec H 00,

thus pos-oriented-cmat H = (= in-ocircline-cmat-cvec H c0y)
using HH <is-real A»
by (cases A) (auto simp add: vec-cnj-def Complezx-eq)

qed

lemma pos-oriented-euclidean-circle:
assumes is-circle (of-ocircline H)
(a, r) = euclidean-circle (of-ocircline H)
circline-type (of-ocircline H) < 0
shows pos-oriented H «—— of-complex a € disc H
using assms
unfolding disc-def
apply simp
proof (transfer, transfer)
fix Har
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence is-real A is-real D C = cnj B
using hh hermitean-elems
by auto

assume *: - circline-A0-cmat (id H) (a, r) = euclidean-circle-cmat (id H) circline-type-cmat (id H) < 0
hence A # 0 Re A # 0

using HH <is-real A»

by (case-tac[l] A) (auto simp add: Complex-eq)

have Re (AxD — Bx(C) < 0
using <circline-type-cmat (id H) < 0> HH
by simp

have #x: (A % (D % cnj A) — B x (C x cnj A)) / (A * ecnj A) = (AxD — BxC) |/ A
using <A # 0»
by (simp add: field-simps)

hence ##x: 0 < Re A «— Re ((A x (D x cnj A) — B x (C *x cnj A)) / (A x cnj A)) < 0
using <is-real A> <A # 0> <Re (AxD — BxC) < 0»
by (simp add: Re-divide-real divide-less-0-iff)

have Re D — Re (¢cnjB* B [ cnj A) < Re ((C — cnjB*x A/ cnjA)« B/ A)if Re A> 0
using HH x <is-real A that
by simp
(metis *x sxx <C' = cnj B> cancel-comm-monoid-add-class.diff-cancel diff-divide-distrib eq-cnj-iff-real
minus-complex.simps(1) mult.commute mult-eq-0-iff nonzero-mult-div-cancel-right)
moreover have Re A > 0 if Re D — Re (¢cnj B * B/ cnj A) < Re ((C — cnjB*x A/ cnj A) x B/ A)
using HH * <is-real A> that
by simp
(metis x *xx <C' = cnj By cancel-comm-monoid-add-class.diff-cancel diff-divide-distrib eq-cnj-iff-real
minus-complezx.simps(1) mult.commute mult-eq-0-iff nonzero-mult-div-cancel-right)
ultimately show pos-oriented-cmat H = in-ocircline-cmat-cvec H (of-complez-cvec a)
using HH (Re A # 0y x <is-real Ay by (auto simp add: vec-cnj-def)
qed

Introduce positive orientation

definition of-circline-cmat :: complex-mat = complez-mat where
[simp]: of-circline-cmat H = (if pos-oriented-cmat H then H else opposite-ocircline-cmat H)

lift-definition of-circline-clmat :: circline-mat = circline-mat is of-circline-cmat
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

lemma of-circline-clmat-def":
shows of-circline-clmat H = (if pos-oriented-clmat H then H else opposite-ocircline-clmat H)

by transfer simp

lemma pos-oriented-cmat-mult-positive’:
assumes
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hermitean H1 N H1 # mat-zero and
hermitean H2 N H2 # mat-zero and
k. k> 0 N H2 = cor k *xs;m HI and
pos-oriented-cmat H1
shows pos-oriented-cmat H2
proof—
obtain A1 B! C1 D1 A2 B2 C2 D2
where HH: H1 = (A1, B1, C1, D1) H2 = (A2, B2, C2, D2)
by (cases H1, cases H2)
thus %thesis
using assms
by fastforce
qed

lemma pos-oriented-cmat-mult-positive:
assumes
hermitean H1 N H1 # mat-zero and
hermitean H2 N H2 # mat-zero and
dk. k> 0 N H2 = cor k xsm HI

shows
pos-oriented-cmat H1 «—— pos-oriented-cmat H2
proof—
from assms(3) obtain k where k > 0 A H2 = cor k *sm HI
by auto

hence k. k > 0 N Hl = cor k *sm H2
by (rule-tac z=1/k in ezl, auto)
thus %thesis
using assms pos-oriented-cmat-mult-positive’
by blast
qed

lemma pos-oriented-cmat-mult-negative:
assumes
hermitean H1 N H1 # mat-zero and
hermitean H2 N H2 # mat-zero and
dk. k< 0N H2 = cor k xsm HI
shows
pos-oriented-cmat Hl «—— — pos-oriented-cmat H2
using assms
proof—
obtain A B C D A1 B1 C1 D1
where x: Hl = (A, B, C, D) H2 = (A1, B1, C1, D1)
by (cases H1, cases H2) auto
hence *x: is-real A is-real D is-real A1 is-real DI B=0 «—— C=0B1 =0+«— C1 =0
using assms hermitean-elems[of A B C D] hermitean-elems[of A1 B1 C1 D1]
by auto
show %thesis
proof (rule iffI)
assume H1: pos-oriented-cmat H1
show — pos-oriented-cmat H2
proof (cases Re A > 0)
case True
thus %thesis
using assms * ** mult-neg-pos
by fastforce
next
case False
show %thesis
proof (cases B = 0)
case True
thus ?thesis
using assms * xx Hl1 <— Re A > 0» mult-neg-pos
by fastforce
next
case False

165



thus ?thesis
using arg-uminus-opposite-sign|[of B] arg-mult-real-negative
using assms x xx H1 <— Re A > 0» mult-neg-pos
by fastforce
ged
qed
next
assume H2: - pos-oriented-cmat H2
show pos-oriented-cmat H1
proof (cases Re A > 0)
case True
thus %thesis
using * *xx mult-neg-pos
by fastforce
next
case False
show %thesis
proof (cases B = 0)
case True
thus ?thesis
using assms * xx H2 <(— Re A > 0»
by simp
(smt (verit, del-insts) Im-complez-of-real Re-complex-of-real Re-mult-real arg-0-iff arg-pi-iff is-real-arg2
mult-less-0-iff mult-minus-right)
next
case False
thus ?thesis
using assms (= Re A > 0y H2 * *x
using arg-uminus-opposite-sign[of B]
by (cases Re A = 0, auto simp add: mult-neg-neg)
qed
qed
qed
qed

lift-definition of-circline :: circline = ocircline is of-circline-clmat
proof transfer
fix H1 H2
assume hh:
hermitean H1 N H1 # mat-zero
hermitean H2 N H2 # mat-zero
assume circline-eq-cmat H1 H2
then obtain k£ where x: k # 0 A H2 = cor k *¢m HI1
by auto
show ocircline-eq-cmat (of-circline-cmat H1) (of-circline-cmat H2)
proof (cases k > 0)
case True
hence pos-oriented-cmat H1 = pos-oriented-cmat H2
using * pos-oriented-cmat-mult-positive] OF hh]
by blast
thus Zthesis
using hh x <k > 0>
apply (simp del: pos-oriented-cmat-def)
apply (rule conjl)
apply (rule implI)
apply (simp, rule-tac z=Fk in ezl, simp)
apply (rule impI)
apply (simp, rule-tac z=Fk in ezl, simp)
done
next
case Fulse
hence k£ < 0
using *
by simp
hence pos-oriented-cmat Hl «—— — (pos-oriented-cmat H2)
using * pos-oriented-cmat-mult-negative[ OF hh|
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by blast
thus ?thesis
using hh x <k < 0>
apply (simp del: pos-oriented-cmat-def)
apply (rule conjI)
apply (rule impl)
apply (simp, rule-tac z=—Fk in exl, simp)
apply (rule implI)
apply (simp, rule-tac z=—Fk in ezl, simp)
done
qged
qed

lemma pos-oriented-of-circline [simp]:
shows pos-oriented (of-circline H)
using pos-oriented-opposite-ocircline-cmat
by (transfer, transfer, simp)

lemma of-ocircline-of-circline [simp]:
shows of-ocircline (of-circline H) = H
apply (transfer, auto simp add: of-circline-clmat-def’)
apply (transfer, simp, rule-tac z=—1 in ezl, simp)
done

lemma of-circline-of-ocircline-pos-oriented [simp):
assumes pos-oriented H
shows of-circline (of-ocircline H) = H
using assms
by (transfer, transfer, simp, rule-tac z=1 in exl, simp)

lemma inj-of-circline:
assumes of-circline H = of-circline H'
shows H = H’
using assms

proof (transfer, transfer)

fix HH'

assume ocircline-eq-cmat (of-circline-cmat H) (of-circline-cmat H')

then obtain k where k > 0 of-circline-cmat H' = cor k *sm of-circline-cmat H
by auto

thus circline-eq-cmat H H'
using mult-sm-inv-l[of —1 H' cor k *sm H]
using mult-sm-inv-l[of —1 H' (— (cor k)) *sm H|
apply (simp split: if-split-asm)

apply (rule-tac x=Fk in exl, simp)
apply (rule-tac x=—Fk in exl, simp)
apply (rule-tac z=—Fk in exl, simp)
apply (rule-tac x=Fk in exl, simp)
done

qed

lemma of-circline-of-ocircline:
shows of-circline (of-ocircline H') = H' v
of-circline (of-ocircline H') = opposite-ocircline H'
proof (cases pos-oriented H')
case True
thus %thesis
by auto
next
case Fulse
hence pos-oriented (opposite-ocircline H')
using pos-oriented
by auto
thus %thesis
using of-ocircline-opposite-ocircline[of H']
using of-circline-of-ocircline-pos-oriented [of opposite-ocircline H')
by auto
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qed

8.5.1 Set of points on oriented and unoriented circlines

lemma ocircline-set-of-circline [simp]:
shows ocircline-set (of-circline H) = circline-set H
unfolding ocircline-set-def circline-set-def
proof (safe)
fix z
assume on-ocircline (of-circline H) z
thus on-circline H z
by (transfer, transfer, simp del: on-circline-cmat-cvec-def opposite-ocircline-cmat-def split: if-split-asm)
next
fix z
assume on-circline H z
thus on-ocircline (of-circline H) z
by (transfer, transfer, simp del: on-circline-cmat-cvec-def opposite-ocircline-cmat-def split: if-split-asm)
qed

8.6 Some special oriented circlines and discs

lift-definition mk-ocircline :: complex = complex = compler = complexr = ocircline is mk-circline-clmat
done

oriented unit circle and unit disc

lift-definition ounit-circle :: ocircline is unit-circle-clmat
done

lemma pos-oriented-ounit-circle [simpl:
shows pos-oriented ounit-circle
by (transfer, transfer, simp)

lemma of-ocircline-ounit-circle [simp):
shows of-ocircline ounit-circle = unit-circle
by (transfer, transfer, simp)

lemma of-circline-unit-circle [simpl:
shows of-circline (unit-circle) = ounit-circle
by (transfer, transfer, simp)

lemma ocircline-set-ounit-circle [simp]:
shows ocircline-set ounit-circle = circline-set unit-circle
apply (subst of-circline-unit-circle[symmetric])
apply (subst ocircline-set-of-circline)
apply simp
done

definition unit-disc :: complex-homo set where
unit-disc = disc ounit-circle

definition unit-disc-compl :: complex-homo set where
unit-disc-compl = disc-compl ounit-circle

definition wunit-circle-set :: complex-homo set where
unit-circle-set = circline-set unit-circle

lemma zero-in-unit-disc [simp]:
shows 0 € unit-disc
unfolding unit-disc-def disc-def
by (simp, transfer, transfer) (simp add: Let-def vec-cnj-def)

lemma one-notin-unit-dic [simp]:
shows 1, ¢ unit-disc
unfolding unit-disc-def disc-def
by (simp, transfer, transfer) (simp add: Let-def vec-cnj-def)
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lemma inf-notin-unit-disc [simp):
shows oo, ¢ unit-disc
unfolding unit-disc-def disc-def
by (simp, transfer, transfer) (simp add: Let-def vec-cnj-def)

lemma unit-disc-iff-cmod-lt-1 [simp]:
shows of-complex ¢ € unit-disc «—— cmod ¢ < 1
unfolding unit-disc-def disc-def
by (simp, transfer, transfer, simp add: vec-cnj-def cmod-def power2-eq-square)

lemma unit-disc-cmod-square-lt-1 [simp]:
assumes z € unit-disc
shows (cmod (to-complex 2))* < 1
using assms inf-or-of-complez|of z]
by (auto simp add: abs-square-less-1)

lemma unit-disc-to-complex-ing:
assumes u € unit-disc and v € unit-disc
assumes to-complex u = to-complex v
shows v = v
using assms
using inf-or-of-complex|of u] inf-or-of-complez|of v]
by auto

lemma inversion-unit-disc [simp):
shows inversion ‘ unit-disc = unit-disc-compl
unfolding unit-disc-def unit-disc-compl-def disc-def disc-compl-def
proof safe
fix z
assume in-ocircline ounit-circle x
thus out-ocircline ounit-circle (inversion )
unfolding inversion-def
by (transfer, transfer, auto simp add: vec-cnj-def)
next
fix z
assume *: out-ocircline ounit-circle
show z € inversion ¢ Collect (in-ocircline ounit-circle)
proof (rule image-eql)
show z = inversion (inversion )
by auto
next
show inversion x € Collect (in-ocircline ounit-circle)
using *
unfolding inversion-def
by (simp, transfer, transfer, auto simp add: vec-cnj-def)
qed
qed

lemma inversion-unit-disc-compl [simp]:
shows inversion ‘ unit-disc-compl = unit-disc
proof—
have inversion ¢ (inversion ‘ unit-disc) = unit-disc
by (auto simp del: inversion-unit-disc simp add: image-iff)
thus %thesis
by simp
qed

¢

lemma inversion-noteq-unit-disc:
assumes u € unit-disc and v € unit-disc
shows inversion u # v
proof—
from assms
have inversion u € unit-disc-compl
by (metis image-eql inversion-unit-disc)
thus %thesis
using assms

169



unfolding unit-disc-def unit-disc-compl-def
using disc-inter-disc-compl
by fastforce

qed

lemma in-ocircline-ounit-circle-conjugate [simp]:
assumes in-ocircline ounit-circle z
shows in-ocircline ounit-circle (conjugate z)
using assms
by (transfer, transfer, auto simp add: vec-cnj-def)

lemma conjugate-unit-disc [simp]:
shows conjugate ‘ unit-disc = unit-disc
unfolding unit-disc-def disc-def
apply (auto simp add: image-iff)
apply (rule-tac z=conjugate x in exl, simp)
done

lemma conjugate-in-unit-disc [simp]:
assumes z € unit-disc
shows conjugate z € unit-disc
using conjugate-unit-disc
using assms
by blast

lemma out-ocircline-ounit-circle-conjugate [simp]:
assumes out-ocircline ounit-circle z
shows out-ocircline ounit-circle (conjugate z)
using assms
by (transfer, transfer, auto simp add: vec-cnj-def)

lemma conjugate-unit-disc-compl [simp]:
shows conjugate ¢ unit-disc-compl = unit-disc-compl
unfolding unit-disc-compl-def disc-compl-def
apply (auto simp add: image-iff)
apply (rule-tac z=conjugate x in exl, simp)
done

lemma conjugate-in-unit-disc-compl [simp):
assumes 2z € unit-disc-compl
shows conjugate z € unit-disc-compl
using conjugate-unit-disc-compl
using assms
by blast

8.6.1 Oriented x axis and lower half plane

lift-definition o-z-axis :: ocircline is z-axis-clmat
done

lemma o-z-azis-pos-oriented [simp):
shows pos-oriented o-z-axis
by (transfer, transfer, simp)

lemma of-ocircline-o-z-axis [simp):
shows of-ocircline o-z-axis = x-axis
by (transfer, transfer, simp)

lemma of-circline-z-azis [simpl:
shows of-circline z-axis = o-x-azis
using of-circline-of-ocircline-pos-oriented|of o-z-axis]
using o-z-axis-pos-oriented
by simp

lemma ocircline-set-circline-set-z-axis [simp]:
shows ocircline-set o-z-axis = circline-set z-axis
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by (subst of-circline-z-axis[symmetric], subst ocircline-set-of-circline, simp)

lemma ii-in-disc-o-z-azis [simp]:
shows iy ¢ disc o-x-axis
unfolding disc-def
by simp (transfer, transfer, simp add: Let-def vec-cnj-def)

lemma ii-notin-disc-o-z-azis [simp]:
shows iy, € disc-compl o-x-axis
unfolding disc-compl-def
by simp (transfer, transfer, simp add: Let-def vec-cnj-def)

lemma of-complex-in-o-z-axis-disc [simp]:
shows of-complex z € disc o-z-axis —— Im z < 0
unfolding disc-def
by auto (transfer, transfer, simp add: vec-cnj-def)+

lemma inf-notin-disc-o-z-axis [simp]:
shows oo, ¢ disc o-z-axis
unfolding disc-def
by simp (transfer, transfer, simp add: vec-cnj-def)

lemma disc-o-z-azxis:
shows disc o-z-axis = of-complex ‘ {z. Im z < 0}
proof—
{
fix z
assume z € disc 0-z-aTis
hence 3 z. Imz < 0 N\ z = of-complex x
using inf-or-of-complex|of 2|
by auto
}
thus %thesis
by (auto simp add: image-iff)
qed

8.6.2 Oriented single point circline

lift-definition o-circline-point-0 :: ocircline is circline-point-0-clmat
done

lemma of-ocircline-o-circline-point-0 [simpl:
shows of-ocircline o-circline-point-0 = circline-point-0
by (transfer, transfer, simp)

8.7 Mobius action on oriented circlines and discs

Mobius action on an oriented circline is the same as on to an unoriented circline.

lift-definition moebius-ocircline :: moebius = ocircline = ocircline is moebius-circline-mmat-clmat
apply (transfer, transfer)
apply simp
apply ((erule exE)+, (erule conjE)+)
apply (simp add: mat-inv-mult-sm)
apply (rule-tac z=ka / Re (k * cnj k) in exl, auto simp add: complez-mult-cnj-cmod power2-eq-square)
done

Mbobius action on (unoriented) circlines could have been defined using the action on oriented circlines, but not
the other way around.

lemma moebius-circline-ocircline:
shows moebius-circline M H = of-ocircline (moebius-ocircline M (of-circline H))
apply (transfer, simp add: of-circline-clmat-def’, safe)
apply (transfer, simp, rule-tac z=—1 in exl, simp)
done

lemma moebius-ocircline-circline:
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shows moebius-ocircline M H = of-circline (moebius-circline M (of-ocircline H)) V
moebius-ocircline M H = opposite-ocircline (of-circline (moebius-circline M (of-ocircline H)))

apply (transfer, simp add: of-circline-clmat-def’, safe)

apply (transfer, simp, rule-tac z=1 in ezl, simp)

apply (transfer, simp, erule-tac z=1 in allE, simp)

done

Mébius action on oriented circlines have many nice properties as it was the case with Mobius action on (unori-
ented) circlines. These transformations are injective and form group under composition.

lemma inj-moebius-ocircline [simpl:
shows inj (moebius-ocircline M)
unfolding inj-on-def

proof (safe)

fix HH'
assume moebius-ocircline M H = moebius-ocircline M H'
thus H = H'

proof (transfer, transfer)
fix M H H' :: complex-mat
assume mat-det M # 0
let %iM = mat-inv M
assume ocircline-eq-cmat (moebius-circline-cmat-cmat M H) (moebius-circline-cmat-cmat M H')
then obtain k£ where congruence %iM H' = congruence ?iM (cor k *sm H) k> 0
by (auto simp del: congruence-def)
thus ocircline-eq-cmat H H'
using <mat-det M # 0> inj-congruencelof ?iM H' cor k *sm H| mat-det-inv[of M|
by auto
qed
qed

lemma moebius-ocircline-id-moebius [simp]:
shows moebius-ocircline id-moebius H = H
by (transfer, transfer) (force simp add: mat-adj-def mat-cnj-def)

lemma moebius-ocircline-comp [simp]:
shows moebius-ocircline (moebius-comp M1 M2) H = moebius-ocircline M1 (moebius-ocircline M2 H)
by (transfer, transfer, simp, rule-tac z=1 in ezl, simp add: mat-inv-mult-mm mult-mm-assoc)

lemma moebius-ocircline-comp-inv-left [simp]:
shows moebius-ocircline (moebius-inv M) (moebius-ocircline M H) = H
by (subst moebius-ocircline-comp[symmetric]) simp

lemma moebius-ocircline-comp-inv-right [simpl:
shows moebius-ocircline M (moebius-ocircline (moebius-inv M) H) = H
by (subst moebius-ocircline-comp[symmetric]) simp

lemma moebius-ocircline-opposite-ocircline [simp]:
shows moebius-ocircline M (opposite-ocircline H) = opposite-ocircline (moebius-ocircline M H)
by (transfer, transfer, simp, rule-tac z=1 in exl, simp)

Mobius action on oriented circlines preserve the set of points of the circline.

lemma ocircline-set-moebius-ocircline [simp]:
shows ocircline-set (moebius-ocircline M H) = moebius-pt M * ocircline-set H (is ?lhs = ?rhs)
proof—
have ?rhs = circline-set (moebius-circline M (of-ocircline H))
by simp
thus ?thesis
using moebius-ocircline-circline[of M H)|
by auto
qed

lemma ocircline-set-fix-iff-ocircline-fix:
assumes ocircline-set H' # {}
shows ocircline-set (moebius-ocircline M H) = ocircline-set H' +—
moebius-ocircline M H = H' V moebius-ocircline M H = opposite-ocircline H'
using assms
using inj-ocircline-set[of moebius-ocircline M H H'|
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by (auto simp del: ocircline-set-moebius-ocircline)

lemma disc-moebius-ocircline [simp]:
shows disc (moebius-ocircline M H) = moebius-pt M ¢ (disc H)
proof (safe)
fix z
assume z € disc H
thus moebius-pt M z € disc (moebius-ocircline M H)
unfolding disc-def
proof (safe)
assume in-ocircline H z
thus in-ocircline (moebius-ocircline M H) (moebius-pt M z)
proof (transfer, transfer)
fix H M :: complez-mat and z :: complez-vec
assume mat-det M # 0
assume in-ocircline-cmat-cvec H z
thus in-ocircline-cmat-cvec (moebius-circline-cmat-cmat M H) (moebius-pt-cmat-cvec M z)
using <mat-det M # 0> quad-form-congruencelof M 2]
by simp
qed
qed
next
fix z
assume z € disc (moebius-ocircline M H)
thus z € moebius-pt M * disc H
unfolding disc-def
proof (safe)
assume in-ocircline (moebius-ocircline M H) z
show z € moebius-pt M ¢ Collect (in-ocircline H)
proof
show z = moebius-pt M (moebius-pt (moebius-inv M) z)
by simp
next
show moebius-pt (moebius-inv M) z € Collect (in-ocircline H)
using <in-ocircline (moebius-ocircline M H) z»
proof (safe, transfer, transfer)
fix M H :: complex-mat and z :: complez-vec
assume mat-det M # 0
hence congruence (mat-inv (mat-inv M)) (congruence (mat-inv M) H) = H
by (simp del: congruence-def)
hence quad-form z (congruence (mat-inv M) H) = quad-form (mat-inv M *p,, 2) H
using quad-form-congruence[of mat-inv M z congruence (mat-inv M) H]|
using «mat-det M # 0> mat-det-inv[of M|
by simp
moreover
assume in-ocircline-cmat-cvec (moebius-circline-cmat-cmat M H) z
ultimately
show in-ocircline-cmat-cvec H (moebius-pt-cmat-cvec (moebius-inv-cmat M) z)
by simp
qed
qed
qed
qged

lemma disc-compl-moebius-ocircline [simp):
shows disc-compl (moebius-ocircline M H) = moebius-pt M * (disc-compl H)
proof (safe)
fix z
assume z € disc-compl H
thus moebius-pt M z € disc-compl (moebius-ocircline M H)
unfolding disc-compl-def
proof (safe)
assume out-ocircline H z
thus out-ocircline (moebius-ocircline M H) (moebius-pt M z)
proof (transfer, transfer)
fix H M :: complex-mat and z :: complex-vec
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assume mat-det M # 0
assume out-ocircline-cmat-cvec H z
thus out-ocircline-cmat-cvec (moebius-circline-cmat-cmat M H) (moebius-pt-cmat-cvec M z)
using (mat-det M # 0> quad-form-congruence[of M z]
by simp
qed
qed
next
fix z
assume z € disc-compl (moebius-ocircline M H)
thus z € moebius-pt M ‘ disc-compl H
unfolding disc-compl-def
proof (safe)
assume out-ocircline (moebius-ocircline M H) z
show z € moebius-pt M ¢ Collect (out-ocircline H)
proof
show z = moebius-pt M (moebius-pt (moebius-inv M) z)
by simp
next
show moebius-pt (moebius-inv M) z € Collect (out-ocircline H)
using <out-ocircline (moebius-ocircline M H) z)
proof (safe, transfer, transfer)
fix M H :: complez-mat and z :: complex-vec
assume mat-det M # 0
hence congruence (mat-inv (mat-inv M)) (congruence (mat-inv M) H) = H
by (simp del: congruence-def)
hence quad-form z (congruence (mat-inv M) H) = quad-form (mat-inv M *pm, z) H
using quad-form-congruence[of mat-inv M z congruence (mat-inv M) H|
using «mat-det M # 0> mat-det-inv[of M|
by simp
moreover
assume out-ocircline-cmat-cvec (moebius-circline-cmat-cmat M H) z
ultimately
show out-ocircline-cmat-cvec H (moebius-pt-cmat-cvec (moebius-inv-cmat M) z)
by simp
qged
qed
qged
qed

8.8 Orientation after Mo6bius transformations

All Euclidean similarities preserve circline orientation.

lemma moebius-similarity-oriented-lines-to-oriented-lines:
assumes a # 0
shows oop € ocircline-set H «—— ooy, € ocircline-set (moebius-ocircline (moebius-similarity a b) H)
using moebius-similarity-lines-to-lines|OF <a # 05, of b of-ocircline H|
by simp

lemma moebius-similarity-preserve-orientation’:
assumes a # 0 and ocop, ¢ ocircline-set H and pos-oriented H
shows pos-oriented (moebius-ocircline (moebius-similarity a b) H)
proof—
let ?M = moebius-similarity a b
let ?H = moebius-ocircline ?M H
have oo, ¢ ocircline-set ?H
using (oop ¢ ocircline-set Hy moebius-similarity-oriented-lines-to-oriented-lines|OF <a # 0]
by simp

have ooy, € disc-compl H
using (oo, ¢ ocircline-set Hy <pos-oriented H» pos-oriented-circle-infof H] in-on-out
unfolding disc-def disc-compl-def ocircline-set-def
by auto
hence ooy, € disc-compl ?H
using moebius-similarity-inf[OF <a # 0>, of b]
by force
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thus pos-oriented ?H
using pos-oriented-circle-inf[of ?H] disc-inter-disc-compl[of ?H] ooy ¢ ocircline-set ?H»
by auto
qed

lemma moebius-similarity-preserve-orientation:
assumes a # 0 and oo, ¢ ocircline-set H
shows pos-oriented H «—— pos-oriented(moebius-ocircline (moebius-similarity a b) H)
proof—
let ?M = moebius-similarity a b
let ?H = moebius-ocircline ?M H
have ooy, ¢ ocircline-set ?H
using (oop ¢ ocircline-set Hy moebius-similarity-oriented-lines-to-oriented-lines|OF <a # 0]
by simp

have x: H = moebius-ocircline (— moebius-similarity a b) ?H
by simp

show ?thesis
using «a # 0»
using moebius-similarity-preserve-orientation’ [OF <a # 0> <oop, & ocircline-set H>)
using moebius-similarity-preserve-orientation’|OF - <ocop ¢ ocircline-set ?H», of 1/a —b/al
using moebius-similarity-inv[of a b, OF <a # 0] *
by auto

qed

lemma reciprocal-preserve-orientation:
assumes 0}, € disc-compl H
shows pos-oriented (moebius-ocircline moebius-reciprocal H)
proof—
have oo, € disc-compl (moebius-ocircline moebius-reciprocal H)
using assms
by force
thus pos-oriented (moebius-ocircline moebius-reciprocal H)
using pos-oriented-circle-inf[of moebius-ocircline moebius-reciprocal H]
using disc-inter-disc-compl|of moebius-ocircline moebius-reciprocal H]
using disc-compl-inter-ocircline-set|of moebius-ocircline moebius-reciprocal H|
by auto
qed

lemma reciprocal-not-preserve-orientation:
assumes 0 € disc H
shows — pos-oriented (moebius-ocircline moebius-reciprocal H)
proof—
let ?H = moebius-ocircline moebius-reciprocal H
have ooy, € disc ?H
using assms
by force
thus — pos-oriented ?H
using pos-oriented-circle-inf[of ?H] disc-inter-ocircline-set[of ?H]
by auto
qed

Orientation of the image of a given oriented circline H under a given Mo6bius transformation M depends on
whether the pole of M (the point that M maps to oop.) lies in the disc or in the disc complement of H (if it is
on the set of H, then it maps onto a line and we do not discuss the orientation).

lemma pole-in-disc:
assumes M = mk-moebius a b ¢ d and ¢ # 0 and axd — bxc # 0
assumes is-pole M z z € disc H
shows — pos-oriented (moebius-ocircline M H)
proof—
let ?t1 = moebius-translation (a / c)
let ?rd = moebius-rotation-dilatation ((b* ¢ — a * d) / (¢ * ¢))
let ?r = moebius-reciprocal
let ?t2 = moebius-translation (d / c)

175



have 05 = moebius-pt (moebius-translation (d/c)) z
using pole-mk-moebius[of a b ¢ d z] assms
by simp

have z ¢ ocircline-set H
using «z € disc H> disc-inter-ocircline-set[of H|
by blast

hence 0}, ¢ ocircline-set (moebius-ocircline ?t2 H)
using <0y = moebius-pt ?t2 z»
using moebius-pt-neg-1[of z - 7t2]
by force

hence *: co;, ¢ ocircline-set (moebius-ocircline (?r + 2t2) H)
using <0, = moebius-pt (moebius-translation (d / ¢)) =
by (metis circline-set-moebius-circline circline-set-moebius-circline-iff circline-set-of-ocircline moebius-pt-comp moe-
bius-reciprocal ocircline-set-moebius-ocircline plus-moebius-def reciprocal-zero)

hence *x: ooy, ¢ ocircline-set (moebius-ocircline (?rd + ?r + 2t2) H)
using <axd — bxc # 0> <¢c # O»
unfolding moebius-rotation-dilatation-def
using moebius-similarity-oriented-lines-to-oriented-lines|[of - moebius-ocircline (?r + ?t2) H]
by (metis divide-eq-0-iff divisors-zero moebius-ocircline-comp plus-moebius-def right-minus-eq)

have — pos-oriented (moebius-ocircline (?r + 2t2) H)
using pole-mk-moebius[of a b ¢ d z] assms
using reciprocal-not-preserve-orientation
by force
hence — pos-oriented (moebius-ocircline (9rd + ?r + 2t2) H)
using *
using <axd — bxc # 0> <c # 0>
using moebius-similarity-preserve-orientation|of - moebius-ocircline (?r + 2t2) H|
unfolding moebius-rotation-dilatation-def
by simp
hence — pos-oriented (moebius-ocircline (?t1 + ?rd + ?r + 2¢t2) H)
using *x*
using moebius-similarity-preserve-orientation[of - moebius-ocircline (?rd + ?r + ?t2) H|
unfolding moebius-translation-def
by simp

thus %thesis
using assms
by simp (subst moebius-decomposition, simp-all)
qed

lemma pole-in-disc-compl:
assumes M = mk-moebius a b ¢ d and ¢ # 0 and axd — bxc # 0
assumes is-pole M z and z € disc-compl H
shows pos-oriented (moebius-ocircline M H)
proof—
let ?t1 = moebius-translation (a / c)
let ?rd = moebius-rotation-dilatation ((b* ¢ — a * d) / (¢ * ¢))
let ?r = moebius-reciprocal
let ?t2 = moebius-translation (d / c)

have 05 = moebius-pt (moebius-translation (d/c)) z
using pole-mk-moebius[of a b ¢ d z] assms
by simp

have z ¢ ocircline-set H
using «z € disc-compl H» disc-compl-inter-ocircline-set[of H]
by blast
hence 0, ¢ ocircline-set (moebius-ocircline ?t2 H)
using «0p, = moebius-pt ?t2 z»
using moebius-pt-neg-1[of z - 7t2]
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by force
hence *: ooy, ¢ ocircline-set (moebius-ocircline (?r + 2t2) H)
using <0, = moebius-pt (moebius-translation (d / ¢)) z»
by (metis circline-set-moebius-circline circline-set-moebius-circline-iff circline-set-of-ocircline moebius-pt-comp moe-
bius-reciprocal ocircline-set-moebius-ocircline plus-moebius-def reciprocal-zero)

hence xx: cop ¢ ocircline-set (moebius-ocircline (?rd + ?r + 2t2) H)
using <axd — bxc # 0> <c # O»
unfolding moebius-rotation-dilatation-def
using moebius-similarity-oriented-lines-to-oriented-lines|of - moebius-ocircline (?r + 7t2) H]
by (metis divide-eg-0-iff divisors-zero moebius-ocircline-comp plus-moebius-def right-minus-eq)

have pos-oriented (moebius-ocircline (?r + 9t2) H)
using pole-mk-moebius[of a b ¢ d z] assms
using reciprocal-preserve-orientation
by force
hence pos-oriented (moebius-ocircline (?rd + ?r + ?t2) H)
using *
using <axd — bxc # 0> <c # 0»
using moebius-similarity-preserve-orientation|of - moebius-ocircline (?r + 2t2) H|
unfolding moebius-rotation-dilatation-def
by simp
hence pos-oriented (moebius-ocircline (2t1 + ?rd + ?r + 2t2) H)
using #x
using moebius-similarity-preserve-orientation|of - moebius-ocircline (?rd + ?r + ?t2) H]
unfolding moebius-translation-def
by simp

thus ?thesis
using assms
by simp (subst moebius-decomposition, simp-all)
qed

8.9 Oriented circlines uniqueness

lemma ocircline-01inf:
assumes 0 € ocircline-set H N\ 1, € ocircline-set H N\ ooy, € ocircline-set H
shows H = o-z-azis V H = opposite-ocircline o-z-axis
proof—
have 0, € circline-set (of-ocircline H) N\ 11, € circline-set (of-ocircline H) A oop € circline-set (of-ocircline H)
using assms
by simp
hence of-ocircline H = z-azis
using unique-circline-01inf’
by auto
thus H = o-z-axis V H = opposite-ocircline o-z-axis
by (metis inj-of-ocircline of-ocircline-o-x-axis)
qed

lemma unique-ocircline-01inf:
shows 3! H. 0, € ocircline-set H A 11, € ocircline-set H A\ ooy € ocircline-set H A iy, ¢ disc H
proof
show 0} € ocircline-set o-z-axis \ 1 € ocircline-set o-z-axis N\ ocop, € ocircline-set o-z-axis A iip ¢ disc o-x-axis
by simp
next
fix H
assume 0, € ocircline-set H A\ 1, € ocircline-set H A ooy, € ocircline-set H A i, ¢ disc H
hence 0, € ocircline-set H N\ 1}, € ocircline-set H N\ ooy, € ocircline-set H iy, ¢ disc H
by auto
hence H = o-z-axis V H = opposite-ocircline o-z-axis
using ocircline-01inf
by simp
thus H = o-z-axis
using <iip ¢ disc H»
by auto
qed

177



lemma unique-ocircline-set:
assumes A # Band A # C and B # C
shows 3! H. pos-oriented H N\ (A € ocircline-set H A B € ocircline-set H A C' € ocircline-set H)
proof—
obtain M where x: moebius-pt M A = 0 moebius-pt M B = 15, moebius-pt M C = ooy,
using ez-moebius-01inf[OF assms|
by auto
let ?iM = moebius-pt (moebius-inv M)
have xx: %M 0, = A 2iM 1, = B 2iM ooy = C
using *
by (auto simp add: moebius-pt-invert)
let ?H = moebius-ocircline (moebius-inv M) o-z-axis
have 1: A € ocircline-set ?H B € ocircline-set ?H C € ocircline-set H
using #x
by auto
have 2: \ H'. A € ocircline-set H' A B € ocircline-set H' A\ C € ocircline-set H' = H' = ?H \V H' = opposite-ocircline
?H
proof—
fix H'
let ?H' = ocircline-set H' and ?H’' = ocircline-set (moebius-ocircline M H')
assume A € ocircline-set H' A B € ocircline-set H' A C € ocircline-set H'
hence moebius-pt M A € ?H'' moebius-pt M B € ?H"' moebius-pt M C € ?H"’

by auto
hence 0, € ?H" 1, € ?H" oo, € ?H"
using *
by auto
hence moebius-ocircline M H' = o-z-axis V moebius-ocircline M H' = opposite-ocircline o-z-azis
using ocircline-01inf
by auto
hence o-z-azis = moebius-ocircline M H' V o-z-azis = opposite-ocircline (moebius-ocircline M H')
by auto
thus H' = ?H vV H' = opposite-ocircline ?H
proof
assume *: 0-7-awis = moebius-ocircline M H'
show H' = moebius-ocircline (moebius-inv M) o-z-azxis V H' = opposite-ocircline (moebius-ocircline (moebius-inv
M) o-z-azis)
by (rule disjI1) (subst *, simp)
next
assume *: o0-z-azis = opposite-ocircline (moebius-ocircline M H')
show H' = moebius-ocircline (moebius-inv M) o-z-azis V H' = opposite-ocircline (moebius-ocircline (moebius-inv
M) o-z-azis)
by (rule disjI2) (subst *, simp)
qed
qed

show ?Zthesis (is 3! z. ?P x)
proof (cases pos-oriented ?H)
case True
show ?thesis
proof
show 7P ?H
using 1 True
by auto
next
fix H
assume ?P H
thus H = ?H
using 1 2[of H] True
by auto
qed
next
case Fulse
let YOH = opposite-ocircline 7H
show ?thesis
proof
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show ¢P ?OH
using 1 False
by auto
next
fix H
assume 7P H
thus H = YOH
using False 2[of H]
by auto
qed
qged
qed

lemma ocircline-set-Oh:
assumes ocircline-set H = {0}
shows H = o-circline-point-0 ¥V H = opposite-ocircline (o-circline-point-0)
proof—
have of-ocircline H = circline-point-0
using assms
using unique-circline-type-zero-0' card-eql1-circline-type-zero[of of-ocircline H]
by auto
thus %thesis
by (metis inj-of-ocircline of-ocircline-o-circline-point-0)
qed

end
theory Circlines-Angle

imports Oriented-Circlines Elementary-Complez-Geometry
begin

8.10 Angle between circlines

Angle between circlines can be defined in purely algebraic terms (following Schwerdtfeger [13]) and using this
definitions many properties can be easily proved.

fun mat-det-12 :: complez-mat = complex-mat = compler where
mat-det-12 (A1, B1, C1, D1) (A2, B2, C2, D2) = A1xD2 + A2«D1 — B1xC2 — B2xCl1

lemma mat-det-12-mm-1 [simp]:
shows mat-det-12 (M *pmm A) (M *mm B) = mat-det M x mat-det-12 A B
by (cases M, cases A, cases B) (simp add: field-simps)

lemma mat-det-12-mm-r [simp]:
shows mat-det-12 (A *mm M) (B *mm M) = mat-det M x mat-det-12 A B
by (cases M, cases A, cases B) (simp add: field-simps)

lemma mat-det-12-sm-1 [simp]:
shows mat-det-12 (k *sm A) B = k * mat-det-12 A B
by (cases A, cases B) (simp add: field-simps)

lemma mat-det-12-sm-r [simp]:
shows mat-det-12 A (k *sm B) = k x mat-det-12 A B
by (cases A, cases B) (simp add: field-simps)

lemma mat-det-12-congruence [simp):
shows mat-det-12 (congruence M A) (congruence M B) = (cor ((¢cmod (mat-det M))?)) * mat-det-12 A B
unfolding congruence-def
by ((subst mult-mm-assoc[symmetric])+, subst mat-det-12-mm-1, subst mat-det-12-mm-r, subst mat-det-adj) (auto simp
add: field-simps complez-mult-cnj-cmod)

definition cos-angle-cmat :: complex-mat = complex-mat = real where
[simp]: cos-angle-cmat H1 H2 = — Re (mat-det-12 HI H2) / (2 * (sqrt (Re (mat-det H1 * mat-det H2))))

lift-definition cos-angle-clmat :: circline-mat = circline-mat = real is cos-angle-cmat
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done

lemma cos-angle-den-scale [simp]:
assumes kI > (0 and k2 > 0
shows sqrt (Re (k1% * mat-det H1) x (k2% x mat-det H2))) =
k1 % k2 * sqrt (Re (mat-det H1 x mat-det H2))
proof—
let ?lhs = (k12 % mat-det H1) * (k2% x mat-det H2)
let ?rhs = mat-det H1 * mat-det H2
have 1: ?lhs = (k1%%k2%) % ?rhs
by simp
hence Re ?lhs = (k1?%k2?%) * Re ?rhs
by (simp add: field-simps)
thus ?thesis
using assms
by (simp add: real-sqrt-mult)
qed

lift-definition cos-angle :: ocircline = ocircline = real is cos-angle-clmat
proof transfer
fix H1 H2 H1' H2'
assume ocircline-eq-cmat H1 H1' ocircline-eq-cmat H2 H2'
then obtain k1 k2 :: real where
x: k1 > 0 H1' = cor k1 *sm HI1
k2 > 0 H2' = cor k2 %sm H2
by auto
thus cos-angle-cmat H1 H2 = cos-angle-cmat H1' H2'
unfolding cos-angle-cmat-def
apply (subst )+
apply (subst mat-det-12-sm-l, subst mat-det-12-sm-r)
apply (subst mat-det-mult-sm)+
apply (subst power2-eq-square[symmetric])+
apply (subst cos-angle-den-scale, simp, simp)
apply simp
done
qed

Mobius transformations are conformal, meaning that they preserve oriented angle between oriented circlines.

lemma cos-angle-oppositel [simp]:
shows cos-angle (opposite-ocircline H) H' = — cos-angle H H'
by (transfer, transfer, simp)

lemma cos-angle-opposite2 [simpl:
shows cos-angle H (opposite-ocircline H') = — cos-angle H H'
by (transfer, transfer, simp)

8.10.1 Connection with the elementary angle definition between circles

We want to connect algebraic definition of an angle with a traditional one and to prove equivalency between
these two definitions. For the traditional definition of an angle we follow the approach suggested by Needham
[10].

lemma Re-sgn:

assumes is-real A and A # 0

shows Re (sgn A) = sgn-bool (Re A > 0)
using assms
using More-Complex. Re-sgn complex-eq-if-Re-eq
by auto

lemma Re-mult-real3:
assumes is-real z1 and is-real 22 and is-real 23
shows Re (21 * 22 % 28) = Re z1 * Re 22 * Re 23
using assms
by (metis Re-mult-real mult-reals)

lemma sgn-sqrt [simp]:
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shows sgn (sqrt x) = sgn
by (simp add: sgn-root sqrt-def)

lemma real-circle-sgn-r:
assumes is-circle H and (a, r) = euclidean-circle H
shows sgn r = — circline-type H
using assms
proof (transfer, transfer)
fix H :: complex-mat and a r
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
hence is-real A is-real D
using hermitean-elems hh

by auto
assume - circline-A0-cmat H (a, v) = euclidean-circle-cmat H
hence A # 0

using <— circline-A0-cmat Hy HH

by simp

hence Re A «x Re A > 0
using <is-real A»
using complex-eq-if- Re-eq not-real-square-gt-zero
by fastforce

thus sgn r = — circline-type-cmat H
using HH «(a, r) = euclidean-circle-cmat H» <is-real Ay <is-real Dy <A # 0»
by (simp add: Re-divide-real sgn-minus[symmetric])

qed

The definition of an angle using algebraic terms is not intuitive, and we want to connect it to the more common
definition given earlier that defines an angle between circlines as the angle between tangent vectors in the point
of the intersection of the circlines.

lemma cos-angle-eq-cos-ang-circ:
assumes
is-circle (of-ocircline H1) and is-circle (of-ocircline H2) and
circline-type (of-ocircline H1) < 0 and circline-type (of-ocircline H2) < 0
(a1, r1) = euclidean-circle (of-ocircline H1) and (a2, r2) = euclidean-circle (of-ocircline H2) and
of-complex E € ocircline-set H1 N ocircline-set H2
shows cos-angle H1 H2 = cos (ang-circ E al a2 (pos-oriented H1) (pos-oriented H2))
proof—
let ?p1 = pos-oriented H1 and ?p2 = pos-oriented H2
have F € circle al r1 E € circle a2 r2
using classic-circle[of of-ocircline H1 al r1] classic-circle[of of-ocircline H2 a2 r2)
using assms of-complez-inj
by auto
hence *: cdist E al = r1 cdist E a2 = 12
unfolding circle-def
by (simp-all add: norm-minus-commaute)
have r1 > 0r2 > 0
using assms(1—6) real-circle-sgn-r[of of-ocircline H1 al r1] real-circle-sgn-r|of of-ocircline H2 a2 r2)
using sgn-greater
by fastforce+
hence FE # al E # a2
using <cdist £ al = rl) <cdist E a2 = r2»
by auto

let 2k = sgn-bool (?p1 = ?p2)
let 2zz = %k * (r1% + r2% — (cdist a2 a1)?) / (2 x r1 * r2)

have cos (ang-circ E al a2 ?p1 ?p2) = %zz

using law-of-cosines[of a2 al E] x <r1 > 0y <r2 > 0) cos-ang-circ-simp[OF <E # al) <E # a2)]

by (subst (asm) ang-vec-opposite-opposite’|OF «E # al)[symmetric] <E # a2)[symmetric], symmetric]) simp
moreover
have cos-angle H1 H2 = %xx

using <r1 > 0> <r2 > 0»

using «(al, r1) = euclidean-circle (of-ocircline H1)» «(a2, r2) = euclidean-circle (of-ocircline H2)»

using «is-circle (of-ocircline H1)»> <is-circle (of-ocircline H2)»
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using <circline-type (of-ocircline H1) < 0» <circline-type (of-ocircline H2) < 0»
proof (transfer, transfer)
fix al 1 H1 H2 a2 12
assume hh: hermitean H1 N H1 # mat-zero hermitean H2 N H2 # mat-zero
obtain A1 B! C1 D1 where HHI1: Hl = (A1, B1, C1, D1)
by (cases H1) auto
obtain A2 B2 C2 D2 where HH2: H2 = (A2, B2, C2, D2)
by (cases H2) auto
have x: is-real A1 is-real A2 is-real D1 is-real D2 cnj B1 = C1 c¢nj B2 = C2
using hh hermitean-elems[of A1 B1 C1 D1] hermitean-elems[of A2 B2 C2 D2| HH1 HH2
by auto
have cnj A1 = Al cnj A2 = A2
using <is-real A1y <is-real A2
by (case-tac[!] A1, case-tac[!] A2, auto simp add: Complez-eq)

assume - circline-A0-cmat (id H1) — circline-A0-cmat (id H2)
hence A1 # 0 A2 # 0

using HH1 HH2

by auto
hence Re A1 # 0 Re A2 # 0

using <is-real A1y <is-real A2)»

using complex.expand

by auto

assume circline-type-cmat (id H1) < 0 circline-type-cmat (id H2) < 0
assume (al, r1) = euclidean-circle-cmat (id H1) (a2, 72) = euclidean-circle-cmat (id H2)
assume 71 > 0712 > 0

let ?D12 = mat-det-12 H1 H2 and ?D1 = mat-det Hl and ?D2 = mat-det H2
let 221 = (cdist a2 a1)? — r1? — 722 and 222 = 21112
let %z = %21 / %22
have x: Re (?D12) / (2 = (sqrt (Re (?D1 % ?D2)))) = Re (sgn A1) * Re (sgn A2) x ¢z
proof—
let ?M1 = (A1, B1, C1, D1) and ?M2 = (A2, B2, C2, D2)
let 2d1 = B1 = C1 — Al *« DI and 2d2 = B2 x C2 — A2 x D2
have Re ?d1 > 0 Re ?d2 > 0
using HH1 HH2 «<circline-type-cmat (id H1) < 0> <circline-type-cmat (id H2) < 0>
by auto
hence *x: Re (?d1 / (A1 « A1)) > 0 Re (2d2 | (A2 % A2)) > 0
using <is-real A1y <is-real A2> <A1 # 0> <A2 # 0>
by (subst Re-divide-real, simp-all add: complex-neq-0 power2-eq-square)+
have sxx: is-real (2d1 |/ (A1 = A1)) A is-real (2d2 | (A2 x A2))
using <is-real A1y <is-real A2> (Al # 0y (A2 # 0> <cnj B1 = C1[symmetric] <cnj B2 = C2»[symmetric]
<is-real D1y <is-real D2»
by (subst div-reals, simp, simp, simp)+

have cor ?z = mat-det-12 ?M1 ?2M2 | (2 % sgn Al x sgn A2 * cor (sqrt (Re ?d1) * sqrt (Re ?d2)))
proof—
have A1xA2xcor ?z1 = mat-det-12 7M1 ?M2
proof—

have 1: A1xA2x(cor ((cdist a2 a1)?)) = ((B2xA1 — A2xB1)x(C2xA1 — C1xA2)) | (A1xA2)
using «(al, r1) = euclidean-circle-cmat (id H1)» «(a2, r2) = euclidean-circle-cmat (id H2)»
unfolding cdist-def cmod-square
using HHI HH2 = <A1 # 0> (A2 # 0> <ecnj A1 = Al <enj A2 = A2)
unfolding Let-def
apply (subst complez-of-real-Re)
apply (simp add: field-simps)
apply (simp add: complex-mult-cnj-cmod power2-eq-square)
apply (simp add: field-simps)
done

have 2: A1xA2xcor (—r1?) = A2+D1 — B1xC1xA2/Al
using ¢(al, r1) = euclidean-circle-cmat (id H1)»
using HHI s#* * sxx (Al # 0)
by (simp add: power2-eq-square field-simps)

have 3: A1xA2xcor (—r2%) = A1xD2 — B2xC2xA1/A2
using (a2, r2) = euclidean-circle-cmat (id H2)»
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using HH2 xx x xxx (A2 # 0»
by (simp add: power2-eq-square field-simps)

have A1xA2xcor((cdist a2 al)?) + AlxA2xcor(—r1?) + A1xA2xcor(—r2?) = mat-det-12 M1 2M2
using <A1 # 0> (A2 # 0»
by (subst 1, subst 2, subst 3) (simp add: field-simps)

thus %thesis
by (simp add: field-simps)

qed

moreover

have A1 x A2 x cor (2z2) = 2 % sgn Al * sgn A2 * cor (sqrt (Re ?d1) x sqrt (Re 2d2))
proof—
have 1: sqrt (Re (?d1/ (A1 x A1))) = sqrt (Re 2d1) / |Re Al|
using <A1 # 0y <is-real A1»
by (subst Re-divide-real, simp, simp, subst real-sqrt-divide, simp)

have 2: sqrt (Re (9d2/ (A2 = A2))) = sqrt (Re ?d2) / |Re A2)|
using (A2 # 0» <is-real A2»
by (subst Re-divide-real, simp, simp, subst real-sqrt-divide, simp)
have sgn A1 = A1 / cor |Re Al]
using <is-real A1>
unfolding sgn-eq
by (simp add: cmod-eq-Re)
moreover
have sgn A2 = A2 / cor |Re A2]
using <is-real A2»
unfolding sgn-eq
by (simp add: cmod-eq-Re)
ultimately
show ?%thesis
using <(al, r1) = euclidean-circle-cmat (id H1)> «(a2, r2) = euclidean-circle-cmat (id H2)» HHI1 HH2
using x*x <is-real A1> <is-real A2
by simp (subst 1, subst 2, simp)
qed

ultimately

have (A1 * A2 x cor ?z1) / (Al % A2 * (cor ?z2)) =
mat-det-12 7M1 ?M2 | (2 * sgn Al % sgn A2 * cor (sqrt (Re ?d1) * sqrt (Re ?d2)))
by simp
thus %thesis
using <A1 # 0y <A2 # 0»
by simp
qed
hence cor %z x sgn A1 % sgn A2 = mat-det-12 ?M1 ?M2 | (2 x cor (sqrt (Re ?d1)  sqrt (Re ?d2)))
using <A1 # 0> <A2 # 0>
by (simp add: sgn-zero-iff)
moreover
have Re (cor %z * sgn Al % sgn A2) = Re (sgn A1) * Re (sgn A2) x %z
proof—
have is-real (cor ?z) is-real (sgn A1) is-real (sgn A2)
using <is-real A1y <is-real A2> Im-complez-of-real[of ?z]
by auto
thus %thesis
using Re-complez-of-real[of ?z]
by (subst Re-mult-real3, auto simp add: field-simps)
qed
moreover
have *: sqrt (Re ?D1) * sqrt (Re ?D2) = sqrt (Re ?d1) % sqrt (Re 2d2)
using HH1 HH2
by (subst real-sqrt-mult[symmetric])+ (simp add: field-simps)
have 2 * (sqrt (Re (?D1 % ?D2))) # 0
using <Re ?d1 > 0 <«Re ?d2 > 0> HHI1 HH2 «<is-real A1» <is-real A2» <is-real D15 <is-real D2»
using hh mat-det-hermitean-real[of H1]
by (subst Re-mult-real, auto)
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hence *x: Re (?D12 / (2 * cor (sqrt (Re (?D1 % 2D2))))) = Re (?D12) / (2 * (sqrt (Re (¢D1 = ?D2))))
using <Re ?d1 > 0 <Re ?d2 > 0> HHI1 HH2 «<is-real A1» <is-real A2» <is-real D15 <is-real D2»
by (subst Re-divide-real) auto
have Re (mat-det-12 M1 ?M2 | (2 * cor (sqrt (Re ?d1) * sqrt (Re ?d2)))) = Re (?D12) / (2 * (sqrt (Re (?D1
« 7D2)))
using HH1 HH2 hh mat-det-hermitean-real[of H1]
by (subst xx[symmetric], subst Re-mult-real, simp, subst real-sqrt-mult, subst *, simp)
ultimately
show %thesis
by simp
qed
have sx: pos-oriented-cmat Hl «—— Re A1 > 0 pos-oriented-cmat H2 «—— Re A2 > 0
using <Re A1 # 0> HH1 <Re A2 # 0> HH2
by auto
show cos-angle-cmat H1 H2 = sgn-bool (pos-oriented-cmat H1 = pos-oriented-cmat H2) * (r1* + 122 — (cdist a2
al)?) /) (2 %11 % r2)
unfolding Let-def
using «r1 > 0» «r2 > O»
unfolding cos-angle-cmat-def
apply (subst divide-minus-left)
apply (subst *)
apply (subst Re-sgn[OF <is-real A1) <A1 # 0»], subst Re-sgn[OF <is-real A2) <A2 # 0)])
apply (subst xx, subst *x)
apply (simp add: field-simps)
done
qged
ultimately
show ?thesis
by simp
qed

8.11 Perpendicularity

Two circlines are perpendicular if the intersect at right angle i.e., the angle with the cosine 0.

definition perpendicular where
perpendicular H1 H2 «—— cos-angle (of-circline H1) (of-circline H2) = 0

lemma perpendicular-sym:
shows perpendicular H1 H2 «—— perpendicular H2 H1
unfolding perpendicular-def
by (transfer, transfer, auto simp add: field-simps)

8.12 Mobius transforms preserve angles and perpendicularity

Moébius transformations are conformal i.e., they preserve angles between circlines.

lemma moebius-preserve-circline-angle [simp]:
shows cos-angle (moebius-ocircline M H1) (moebius-ocircline M H2) =
cos-angle H1 H2
proof (transfer, transfer)
fix H1 H2 M :: complex-mat
assume hh: mat-det M # 0
show cos-angle-cmat (moebius-circline-cmat-cmat M H1) (moebius-circline-cmat-cmat M H2) = cos-angle-cmat H1
H2
unfolding cos-angle-cmat-def moebius-circline-cmat-cmat-def
unfolding Let-def mat-det-12-congruence mat-det-congruence
using hh mat-det-inv[of M|
apply (subst cor-squared|symmetric])+
apply (subst cos-angle-den-scale, simp)
apply (auto simp add: power2-eq-square real-sqrit-mult field-simps)
done
qed

lemma perpendicular-moebius [simp]:

assumes perpendicular H1 H2
shows perpendicular (moebius-circline M H1) (moebius-circline M H2)
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using assms

unfolding perpendicular-def

using moebius-preserve-circline-angle[of M of-circline H1 of-circline H2)
using moebius-ocircline-circline|of M of-circline H1]

using moebius-ocircline-circline[of M of-circline H2]

by (auto simp del: moebius-preserve-circline-angle)

end

9 Unit circle preserving Mobius transformations

In this section we shall examine Mébius transformations that map the unit circle onto itself. We shall say that
they fix or preserve the unit circle (although, they do not need to fix each of its points).

theory Unit-Clircle- Preserving-Moebius
imports Unitaryl1-Matrices Moebius Oriented-Clirclines
begin

9.1 Mobius transformations that fix the unit circle

We define Mébius transformations that preserve unit circle as transformations represented by generalized unitary
matrices with the 1 —1 signature (elements of the gruop GU; 1(2, C), defined earlier in the theory UnitaryllMa-
trices).

lift-definition unit-circle-fiz-mmat :: moebius-mat = bool is unitaryl1-gen
done

lift-definition unit-circle-fiz :: moebius = bool is unit-circle-fix--mmat
apply transfer
apply (auto simp del: mult-sm.simps)
apply (simp del: mult-sm.simps add: unitaryl1-gen-mult-sm)
apply (simp del: mult-sm.simps add: unitaryl1-gen-div-sm)
done

Our algebraic characterisation (by matrices) is geometrically correct.

lemma unit-circle-fiz-iff:
shows unit-circle-fit M «——
moebius-circline M unit-circle = unit-circle (is ?rhs = ?lhs)
proof
assume ?lhs
thus ?rhs
proof (transfer, transfer)
fix M :: complex-mat
assume mat-det M # 0
assume circline-eq-cmat (moebius-circline-cmat-cmat M unit-circle-cmat) unit-circle-cmat
then obtain k where k # 0 (1, 0, 0, —1) = cor k *sm congruence (mat-inv M) (1, 0, 0, —1)
by auto
hence (1/cor k, 0, 0, —1/cor k) = congruence (mat-inv M) (1, 0, 0, —1)
using mult-sm-inv-l[of cor k congruence (mat-inv M) (1, 0, 0, —1) ]
by simp
hence congruence M (1/cor k, 0, 0, —1/cor k) = (1, 0, 0, —1)
using «mat-det M # 0> mat-det-inv[of M]
using congruence-inv|of mat-inv M (1, 0, 0, —1) (1/cor k, 0, 0, —1/cor k)]
by simp
hence congruence M (1, 0, 0, —1) = cor k *sm (1, 0, 0, —1)
using congruence-scale-m[of M 1/cor k (1, 0, 0, —1)]
using mult-sm-inv-l[of 1/ cor k congruence M (1, 0, 0, —1) (1, 0, 0, —1)] <k # 0»
by simp
thus unitaryl1-gen M
using <k # 0»
unfolding unitaryl1-gen-def
by simp
qed
next
assume ?rhs
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thus ?lhs
proof (transfer, transfer)
fix M :: complex-mat
assume mat-det M # 0
assume unitaryl1-gen M
hence unitaryl1-gen (mat-inv M)
using <mat-det M # 0»
using unitaryl1-gen-mat-inv
by simp
thus circline-eq-cmat (moebius-circline-cmat-cmat M unit-circle-cmat) unit-circle-cmat
unfolding unitary11-gen-real
by auto (rule-tac z=1/k in exl, simp)
qed
qed

lemma circline-set-fix-iff-circline-fiz:
assumes circline-set H' # {}
shows circline-set (moebius-circline M H) = circline-set H' «——
moebius-circline M H = H'
using assms
by auto (rule inj-circline-set, auto)

lemma unit-circle-fix-iff-unit-circle-set:
shows unit-circle-fix M «—— moebius-pt M  unit-circle-set = unit-circle-set
proof—
have circline-set unit-circle # {}
using one-in-unit-circle-set
by auto
thus ?thesis
using unit-circle-fix-iff [of M| circline-set-fiz-iff-circline-fix|of unit-circle M unit-circle]
by (simp add: unit-circle-set-def)
qed

Unit circle preserving Mébius transformations form a group.

lemma unit-circle-fiz-id-moebius [simp]:
shows unit-circle-fiz id-moebius
by (transfer, transfer, simp add: unitaryl1-gen-def mat-adj-def mat-cnj-def)

lemma unit-circle-fiz-moebius-add [simp]:
assumes unit-circle-fix M1 and unit-circle-fix M2
shows unit-circle-fix (M1 + M2)
using assms
unfolding unit-circle-fiz-iff
by auto

lemma unit-circle-fiz-moebius-comp [simp]:
assumes unit-circle-fix M1 and unit-circle-fix M2
shows unit-circle-fix (moebius-comp M1 M2)
using unit-circle-fiz-moebius-add[OF assms|
by simp

lemma unit-circle-fiz-moebius-uminus [simp]:
assumes unit-circle-fix M
shows unit-circle-fiz (—M)
using assms
unfolding unit-circle-fiz-iff
by (metis moebius-circline-comp-inv-left uminus-moebius-def)

lemma unit-circle-fiz-moebius-inv [simp]:
assumes unit-circle-fix M
shows unit-circle-fiz (moebius-inv M)
using unit-circle-fiz-moebius-uminus[OF assms]
by simp

Unit circle fixing transforms preserve inverse points.

lemma unit-circle-fiz-moebius-pt-inversion [simp]:
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assumes unit-circle-fix M

shows moebius-pt M (inversion z) = inversion (moebius-pt M z)

using assms

using symmetry-principle[of z inversion z unit-circle M|

using unit-circle-fiz-iff [of M, symmetric]

using circline-symmetric-inv-homo-disc|of z]

using circline-symmetric-inv-homo-disc’|of moebius-pt M z moebius-pt M (inversion z)]
by metis

9.2 Mobius transformations that fix the imaginary unit circle

Only for completeness we show that Mobius transformations that preserve the imaginary unit circle are exactly
those characterised by generalized unitary matrices (with the (2, 0) signature).

lemma imag-unit-circle-fixed-iff-unitary-gen:
assumes mat-det (A, B, C, D) # 0
shows moebius-circline (mk-moebius A B C D) imag-unit-circle = imag-unit-circle «——
unitary-gen (A, B, C, D) (is ?lhs = ?rhs)
proof
assume ?lhs
thus %rhs
using assms
proof (transfer, transfer)
fix A B C D :: complex
let M = (A, B, C, D) and ?E = (1, 0, 0, 1)
assume circline-eq-cmat (moebius-circline-cmat-cmat (mk-moebius-cmat A B C D) imag-unit-circle-cmat) imag-unit-circle-cmat
mat-det M # 0
then obtain k where k # 0 ?E = cor k *sm congruence (mat-inv ?M) ?E
by auto
hence unitary-gen (mat-inv ?M)
using mult-sm-inv-l[of cor k congruence (mat-inv ?M) ?E ?E]
unfolding unitary-gen-def
by (metis congruence-def divide-eq-0-iff eye-def mat-eye-r of-real-eq-0-iff one-neg-zero)
thus unitary-gen ?M
using unitary-gen-inv[of mat-inv ?M] <mat-det M # 0>
by (simp del: mat-inv.simps)
qed
next
assume ?rhs
thus ?lhs
using assms
proof (transfer, transfer)
fix A B C D :: complex
let ?M = (A, B, C, D) and ?E = (1, 0, 0, 1)
assume unitary-gen ?M mat-det M # 0
hence unitary-gen (mat-inv 2M)
using unitary-gen-inv|of ?M]
by simp
then obtain k£ where k # 0 mat-adj (mat-inv ?M) *mm (mat-inv 2M) = cor k *sm eye
using unitary-gen-real[of mat-inv ?M] mat-det-inv[of ?M]
by auto
hence *: ?E = (1 / cor k) *sm (mat-adj (mat-inv ?M) *pymm (mat-inv 2M))
using mult-sm-inv-l[of cor k eye mat-adj (mat-inv 2M) *mm (mat-inv 2M)]
by simp
have 3k. k # 0 A
(1, 0, 0, 1) = cor k *sm (mat-adj (mat-inv (A, B, C, D)) *mm (1, 0, 0, 1) *mm mat-inv (A, B, C, D))
using <mat-det ?M # 0> <k # 0>
by (metis x Im-complez-of-real Re-complex-of-real <mat-adj (mat-inv ?M) *mm mat-inv M = cor k *sm eye)
complex-of-real-Re eye-def mat-eye-l mult-mm-assoc mult-mm-sm mult-sm-eye-mm of-real-1 of-real-divide of-real-eq-1-iff
zero-eq-1-divide-iff)
thus circline-eq-cmat (moebius-circline-cmat-cmat (mk-moebius-cmat A B C D) imag-unit-circle-cmat) imag-unit-circle-cmat
using <mat-det ?M # 0> <k # 0>
by (simp del: mat-inv.simps)
qed
qed
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9.3 Mobius transformations that fix the oriented unit circle and the unit disc

Mobius transformations that fix the unit circle either map the unit disc onto itself or exchange it with its
exterior. The transformations that fix the unit disc can be recognized from their matrices — they have the form
as before, but additionally it must hold that |a|? > |b]?.

definition unit-disc-fix-cmat :: complez-mat = bool where
[simp]: unit-disc-fix-cmat M +——
(let (A, B, C, D) =M
in unitaryl1-gen (A, B, C, D) A (B = 0V Re ((AxD)/(BxC)) > 1))

lift-definition unit-disc-fix--mmat :: moebius-mat = bool is unit-disc-fixz-cmat
done

lift-definition unit-disc-fix :: moebius = bool is unit-disc-fix-mmat
proof transfer
fix M M’ :: complex-mat
assume det: mat-det M # 0 mat-det M’ # 0
assume moebius-cmat-eq M M’
then obtain k where x: k # 0 M' = k x5, M
by auto
hence *x: unitaryli-gen M +— unitaryll-gen M’
using unitaryl1-gen-mult-smlof k M| unitaryl1-gen-div-sm[of k M]
by auto
obtain A B C D where MM: (A, B, C, D) = M
by (cases M) auto
obtain A’ B’ C' D’ where MM": (A’, B’, C', D'y = M’
by (cases M') auto

show unit-disc-fiz-cmat M = unit-disc-fiz-cmat M’
using * xx MM MM’
by auto
qed

Transformations that fix the unit disc also fix the unit circle.

lemma unit-disc-fiz-unit-circle-fiz [simp]:
assumes unit-disc-fix M
shows unit-circle-fix M
using assms
by (transfer, transfer, auto)

Transformations that preserve the unit disc preserve the orientation of the unit circle.

lemma unit-disc-fix-iff-ounit-circle:
shows unit-disc-fix M «——
moebius-ocircline M ounit-circle = ounit-circle (is ?rhs «—— ?lhs)
proof
assume *: ?lhs
have moebius-circline M unit-circle = unit-circle
apply (subst moebius-circline-ocircline[of M unit-circle])
apply (subst of-circline-unit-circle)
apply (subst x)
by simp

hence unit-circle-fix M
by (simp add: unit-circle-fiz-iff)
thus ?rhs
using *
proof (transfer, transfer)
fix M :: complez-mat
assume mat-det M # 0
let ?H = (1,0, 0, —1)
obtain A B C D where MM: (A, B, C, D) =M
by (cases M) auto
assume unitaryl1-gen M ocircline-eq-cmat (moebius-circline-cmat-cmat M unit-circle-cmat) unit-circle-cmat
then obtain k where 0 < k ?H = cor k *sm congruence (mat-inv M) ?H
by auto
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hence congruence M ?H = cor k *sm ?H
using congruence-inv|of mat-inv M ?H (1/cor k) xsm ?H] <mat-det M # 0>
using mult-sm-inv-l[of cor k congruence (mat-inv M) ?H ?H)|
using mult-sm-inv-l[of 1/cor k congruence M ?H]
using congruence-scale-m[of M 1/cor k ?H]
using «(AB. [1 / cor k # 0; (1 / cor k) *sm congruence M (1, 0, 0, — 1) = B] = congruence M (1, 0, 0, —
1)=1(1/(1/] cork)) *sm B>
by (auto simp add: mat-det-inv)
then obtain a b k' where k' # 0 M = k' %5, (a, b, cnj b, cnj a) sgn (Re (mat-det (a, b, cnj b, cnj a))) = 1
using unitaryl1-sgn-det-orientation’[of M k] <k > 0>
by auto
moreover
have mat-det (a, b, cnj b, cnj a) # 0
using <sgn (Re (mat-det (a, b, cnj b, cnj a))) = 1»
by (smt (verit) sgn-0 zero-complez.simps(1))
ultimately
show unit-disc-fix-cmat M
using unitaryl1-sgn-detfof k' a b M A B C D]
using MM [symmetric] <k > 0> <unitaryl1-gen M>
by (simp add: sgn-1-pos split: if-split-asm)
qed
next
assume ?rhs
thus ?lhs
proof (transfer, transfer)
fix M :: complex-mat
assume mat-det M # 0

obtain A B C' D where MM: (A, B, C, D) = M
by (cases M) auto

assume unit-disc-fiz-cmat M

hence unitaryll-gen M B=0V 1 < Re (A D / (B x C))
using MM [symmetric]
by auto

have sgn (if B = 0 then 1 else sgn (Re (A« D / (Bx C)) — 1)) =1
using «B=0V 1 < Re(Ax D/ (B« C))
by auto

then obtain &’ where k' > 0 congruence M (1, 0, 0, —1) = cor k' xsm (1, 0, 0, —1)
using unitaryll-orientation[OF <unitaryl1-gen My MM [symmetric]]
by (auto simp add: sgn-1-pos)

thus ocircline-eq-cmat (moebius-circline-cmat-cmat M unit-circle-cmat) unit-circle-cmat
using congruence-invjof M (1, 0, 0, —1) cor k' xsm (1, 0, 0, —1)] <mat-det M # 0>
using congruence-scale-m[of mat-inv M cor k' (1, 0, 0, —1)]
by auto

qed
qed

Our algebraic characterisation (by matrices) is geometrically correct.

lemma unit-disc-fiz-iff [simp]:
assumes unit-disc-fix M
shows moebius-pt M ¢ unit-disc = unit-disc
using assms
using unit-disc-fiz-iff-ounit-circle[of M]
unfolding unit-disc-def
by (subst disc-moebius-ocircline[symmetric], simp)

lemma unit-disc-fiz-discl [simp]:
assumes unit-disc-fixr M and u € unit-disc
shows moebius-pt M v € unit-disc
using unit-disc-fiz-iff assms
by blast

Unit disc preserving transformations form a group.

lemma unit-disc-fiz-id-moebius [simp]:
shows unit-disc-fix id-moebius
by (transfer, transfer, simp add: unitaryl1-gen-def mat-adj-def mat-cnj-def)
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lemma unit-disc-fiz-moebius-add [simp]:
assumes unit-disc-fix M1 and unit-disc-fic M2
shows unit-disc-fix (M1 + M2)
using assms
unfolding unit-disc-fiz-iff-ounit-circle
by auto

lemma unit-disc-fiz-moebius-comp [simp]:
assumes unit-disc-fix M1 and unit-disc-fix M2
shows unit-disc-fix (moebius-comp M1 M2)
using unit-disc-fiz-moebius-add[OF assms]
by simp

lemma unit-disc-fiz-moebius-uminus [simpl:
assumes unit-disc-fix M
shows unit-disc-fix (—M)
using assms
unfolding unit-disc-fiz-iff-ounit-circle
by (metis moebius-ocircline-comp-inv-left uminus-moebius-def)

lemma unit-disc-fiz-moebius-inv [simp]:
assumes unit-disc-fix M
shows unit-disc-fix (moebius-inv M)
using unit-disc-fiz-moebius-uminus[ OF assms]
by simp

9.4 Rotations are unit disc preserving transformations

lemma unit-disc-fiz-rotation [simp]:
shows unit-disc-fix (moebius-rotation @)
unfolding moebius-rotation-def moebius-similarity-def
by (transfer, transfer, simp add: unitaryl1-gen-def mat-adj-def mat-cnj-def cis-mult)

lemma moebius-rotation-unit-circle-fix [simp]:
shows moebius-pt (moebius-rotation @) u € unit-circle-set «—— u € unit-circle-set
using moebius-pt-moebius-inv-in-set unit-circle-fix-iff-unit-circle-set
by fastforce

lemma ezx-rotation-mapping-u-to-positive-x-axis:
assumes u # 0p and u # ooy,
shows 3 ¢. moebius-pt (moebius-rotation ) u € positive-r-azis
proof—
from assms obtain ¢ where *: u = of-complex c
using inf-or-of-complex
by blast
have is-real (cis (— Arg ¢) * ¢) Re (cis (—Arg ¢) x ¢) > 0
using * assms is-real-rot-to-z-axis positive-rot-to-x-axis of-complex-zero-iff
by blast+
thus %thesis
using *
by (rule-tac z=—Arg ¢ in exl) (simp add: positive-z-axis-def circline-set-z-azis)
qed

lemma ezx-rotation-mapping-u-to-positive-y-axis:
assumes u # 0p and u # ooy,
shows 3 ¢. moebius-pt (moebius-rotation p) u € positive-y-azis
proof—
from assms obtain ¢ where *: u = of-complex c
using inf-or-of-complex
by blast
have is-imag (cis (pi/2 — Arg ¢) x ¢) Im (cis (pi/2 — Argc) x c) > 0
using * assms is-real-rot-to-z-axis positive-rot-to-x-axis of-complex-zero-iff
by — (simp, simp, simp add: field-simps)
thus %thesis
using *
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by (rule-tac z=pi/2—Arg ¢ in exl) (simp add: positive-y-azis-def circline-set-y-azis)
qed

lemma wlog-rotation-to-positive-z-axis:
assumes in-disc: u € unit-disc and not-zero: u # 0y
assumes preserving: \¢ u. [u € unit-disc; u # Op; P (moebius-pt (moebius-rotation ¢) u)] = P u
assumes z-azis: A\z. [is-real ; 0 < Re z; Re x < 1] = P (of-complex x)
shows P u
proof—
from in-disc obtain ¢ where x:
moebius-pt (moebius-rotation ) u € positive-z-axis
using ez-rotation-mapping-u-to-positive-z-axis|of u]
using inf-notin-unit-disc not-zero
by blast
let ?Mu = moebius-pt (moebius-rotation ¢) u
have P ?Mu
proof—
let %z = to-complex ?Mu
have ?Mu € unit-disc ?Mu # 0, ?Mu # oop,
using <u € unit-discy <u # Op»
by auto
hence is-real (to-complex ?Mu) 0 < Re ?x Re %z < 1
using *
unfolding positive-z-axis-def circline-set-z-axis
by (auto simp add: cmod-eq-Re)
thus %thesis
using z-azis[of ?z] «?Mu # oop»
by simp
qged
thus %thesis
using preserving| OF in-disc] not-zero
by simp
qed

lemma wlog-rotation-to-positive-z-azis’”:
assumes not-zero: u # 05 and not-inf: u # ocop,
assumes preserving: \¢ u. [u # On; u # oop; P (moebius-pt (moebius-rotation ¢) u)] = P u
assumes z-azis: A\z. [is-real z; 0 < Re 2] = P (of-complex x)
shows P u
proof—
from not-zero and not-inf obtain ¢ where x:
moebius-pt (moebius-rotation ) u € positive-z-axis
using ez-rotation-mapping-u-to-positive-z-azis[of u)
using inf-notin-unit-disc
by blast
let ?Mu = moebius-pt (moebius-rotation ¢) u
have P ?Mu
proof—
let %x = to-complex ?Mu
have ?Mu # 0 ?Mu # oop,
using <u # oop> u # Op»
by auto
hence is-real (to-complex ?Mu) 0 < Re %z
using *
unfolding positive-z-axis-def circline-set-z-axis
by (auto simp add: cmod-eq-Re)
thus Zthesis
using z-azis[of ?z] «?Mu # oop>
by simp
qed
thus %thesis
using preserving|OF not-zero not-inf|
by simp
qed

lemma wlog-rotation-to-positive-y-axis:
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assumes in-disc: u € unit-disc and not-zero: u # 0y,
assumes preserving: \¢ u. [u € unit-disc; u # Op; P (moebius-pt (moebius-rotation ¢) u)] = P u
assumes y-azis: N\z. [is-imag z; 0 < Im z; Im © < 1] = P (of-complex z)
shows P u
proof—
from in-disc and not-zero obtain ¢ where *:
moebius-pt (moebius-rotation ) u € positive-y-axis
using ez-rotation-mapping-u-to-positive-y-azis[of u]
using inf-notin-unit-disc
by blast
let ?Mu = moebius-pt (moebius-rotation @) u
have P ?Mu
proof—
let %y = to-complex ?Mu
have ?Mu € unit-disc ?Mu # 05, ?Mu # oop
using <u € unit-discy <u # Op»
by auto
hence is-imag (to-complex ?Mu) 0 < Im 2y Im %y < 1
using *
unfolding positive-y-axis-def circline-set-y-axis
by (auto simp add: cmod-eq-Im)
thus Zthesis
using y-azis[of ?y] «?Mu # oop»
by simp
qed
thus ?thesis
using preserving[OF in-disc not-zero]
by simp
qed

9.5 Blaschke factors are unit disc preserving transformations

1 -—a

For a given point a, Blaschke factor transformations are of the form & - ( _ . It is a disc preserving

—-a 1
Mébius transformation that maps the point a to zero (by the symmetry principle, it must map the inverse point
of a to infinity).

definition blaschke-cmat :: complex = complez-mat where
[simp]: blaschke-cmat a = (if cmod a # 1 then (1, —a, —cnj a, 1) else eye)
lift-definition blaschke-mmat :: complex = moebius-mat is blaschke-cmat
by simp
lift-definition blaschke :: complex = moebius is blaschke-mmat
done

lemma blaschke-0-id [simp]: blaschke 0 = id-moebius
by (transfer, transfer, simp)

lemma blaschke-a-to-zero [simp]:
assumes cmod a # 1
shows moebius-pt (blaschke a) (of-complex a) = 0,
using assms
by (transfer, transfer, simp)

lemma blaschke-inv-a-inf [simp]:
assumes cmod a # 1
shows moebius-pt (blaschke a) (inversion (of-complex a)) = ocop,
using assms
unfolding inversion-def
by (transfer, transfer) (simp add: vec-cnj-def, rule-tac t=1/(1 — axcnj a) in exl, simp)

lemma blaschke-inf [simp]:
assumes cmod a < 1 and a # 0
shows moebius-pt (blaschke a) oo, = of-complex (— 1 / c¢nj a)
using assms
by (transfer, transfer, simp add: complex-mod-sqrt-Re-mult-cnj)
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lemma blaschke-0-minus-a [simp):
assumes cmod a # 1
shows moebius-pt (blaschke a) 0 = ~n (of-complex a)
using assms
by (transfer, transfer, simp)

lemma blaschke-unit-circle-fiz [simp]:
assumes cmod a # 1
shows unit-circle-fix (blaschke a)
using assms
by (transfer, transfer) (simp add: unitaryl1-gen-def mat-adj-def mat-cnj-def)

lemma blaschke-unit-disc-fiz [simp]:
assumes cmod a < 1
shows unit-disc-fiz (blaschke a)
using assms
proof (transfer, transfer)
fix a
assume *x: cmod a < 1
show unit-disc-fiz-cmat (blaschke-cmat a)
proof (cases a = 0)
case True
thus ?thesis
by (simp add: unitaryl1-gen-def mat-adj-def mat-cnj-def)
next
case Fulse
hence Re (a * cnj a) < 1
using *
by (metis complez-mod-sqrt-Re-mult-cnj real-sqrt-lt-1-iff)
hence 1 / Re (a * cnj a) > 1
using Fualse
by (smt (verit) complez-div-gt-0 less-divide-eq-1-pos one-complex.simps(1) right-inverse-eq)
hence Re (1 / (a x cnj a)) > 1
by (simp add: complex-is- Real-iff)
thus %thesis
by (simp add: unitaryl1-gen-def mat-adj-def mat-cnj-def)
qed
qed

lemma blaschke-unit-circle-fiz’:
assumes cmod a # 1
shows moebius-circline (blaschke a) unit-circle = unit-circle
using assms
using blaschke-unit-circle-fix unit-circle-fiz-iff
by simp

lemma blaschke-ounit-circle-fix':
assumes cmod a < I
shows moebius-ocircline (blaschke a) ounit-circle = ounit-circle
proof—
have Re (a * cnj a) < 1
using assms
by (metis complex-mod-sqrt-Re-mult-cnj real-sqri-lt-1-iff )
thus %thesis
using assms
using blaschke-unit-disc-fix unit-disc-fiz-iff-ounit-circle
by simp
qed

lemma moebius-pt-blaschke [simp]:
assumes cmod a # 1 and z # 1 / cnj a
shows moebius-pt (blaschke a) (of-complex z) = of-complex ((z — a) / (1 — cnj a * z))
using assms
proof (cases a = 0)
case True
thus ?thesis
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by auto
next
case Fulse
thus %thesis
using assms
apply (transfer, transfer)
apply (simp add: complex-mod-sqrt-Re-mult-cnj)
apply (rule-tac =1 / (1 — cnj a * z) in exl)
apply (simp add: field-simps)
done
qed

9.5.1 Blaschke factors for a real point a

If the point «a is real, the Blaschke factor preserve x-axis and the upper and the lower halfplane.

lemma blaschke-real-preserve-z-axis [simp]:
assumes is-real a and cmod a < 1
shows moebius-pt (blaschke a) z € circline-set z-axis «— z € circline-set z-axis
proof (cases a = 0)
case True
thus %thesis
by simp
next
case False
have cmod a # 1
using assms
by linarith
let ?a = of-complex a
let 2i = inversion %a
let ?M = moebius-pt (blaschke a)
have x: ?M %a = 0, ?M % = con, ?M 0r = of-complex (—a)
using (cmod a # 1) blaschke-a-to-zero[of a] blaschke-inv-a-inf[of a] blaschke-0-minus-a[of a]
by auto
let ?Mz = moebius-circline (blaschke a) z-axis
have ?a € circline-set z-axis ?i € circline-set xz-axis 0 € circline-set z-axis
using <is-real a> <a # 0) eg-cnj-iff-real[of a]
by auto
hence 0;, € circline-set ?Mzx oo, € circline-set ?Mzx of-complex (—a) € circline-set ?Mz
using *
apply —
apply (force simp add: image-iff )+
apply (simp add: image-iff, rule-tac x=0p in bezl, simp-all)
done
moreover
have 0} € circline-set z-axis cop, € circline-set z-azis of-complex (—a) € circline-set z-axis
using <is-real a»
by auto
moreover
have of-complez (—a) # 04,
using <a # 0»
by simp
hence 0;, # of-complez (—a)
by metis
hence 3!H. 0, € circline-set H A\ oop, € circline-set H A of-complex (— a) € circline-set H
using unique-circline-set[of 0y, con of-complex (—a)] <a # 0>
by simp
ultimately
have moebius-circline (blaschke a) z-azis = z-azxis
by auto
thus %thesis
by (metis circline-set-moebius-circline-iff)
qed

lemma blaschke-real-preserve-sgn-Im [simp]:

assumes is-real a and cmod a < 1 and z # ocop, and z # inversion (of-complez a)
shows sgn (Im (to-complex (moebius-pt (blaschke a) z))) = sgn (Im (to-complex z))
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proof (cases a = 0)
case True
thus %thesis
by simp
next
case False
obtain 2z’ where 2" z = of-complex 2’
using inf-or-of-complez|of z] <z # oop>
by auto
have 2’ # 1 / enj a
using assms 2’ <a # 0>
by (auto simp add: of-complex-inj)
moreover
have a * ¢cnj a # 1
using <cmod a < 1»
by auto (simp add: complex-mod-sqrt-Re-mult-cnj)
moreover
have sgn (Im ((2' — a) / (I — a x 2'))) = sgn (Im 2')
proof—
have a * 2’ # 1
using <is-real a) <2’ # 1 [/ enj a> <a # 0> eq-cnj-iff-real[of a]
by (simp add: field-simps)
moreover
have Re (1 — a®) > 0
using <is-real a» <cmod a < 1)
by (smt (verit) Re-power2 minus-complez.simps(1) norm-complez-def one-complex.simps(1) power2-less-0 real-sqrt-lt-1-iff)
moreover
have Im ((z2/ — a) / (1 — a* 2")) = Re (1 — a®) * Im 2') / (¢cmod (1 — axz"))?)
proof—
have 1 — a * cnjz' # 0
using 2’ # 1 / enj @
by (metis Im-complez-div-eq-0 complex-cnj-zero-iff diff-eq-diff-eq diff-numeral-special(9) eq-divide-imp is-real-div
mult-not-zero one-complex.simps(2) zero-neg-one)
hence Im ((z' —a) /(1 —a*x2))=Im (((z' —a)* (I —axcnjz") /(I —ax*2)*cnj (Il — ax*2))
using (is-real a) eg-cnj-iff-realof a]
by simp
also have ... = Im ((z' —a —a* 2z’ x ecnj 2z’ + a®> x cnj 2') / (emod (1 — axz'))?)
unfolding complex-mult-cnj-cmod
by (simp add: power2-eg-square field-simps)
finally show ?thesis
using <is-real a
by (simp add: field-simps)
qed
moreover
have 0 < (I — (Re a)®) * Im 2’ / (ecmod (1 — a % 2")> = Im z' > 0
using <is-real a» <0 < Re (1 — a*)»
by (smt (verit) Re-power-real divide-le-0-iff minus-complex.simps(1) not-sum-power2-lt-zero one-complex.simps(1)
zero-less-mult-pos)
ultimately
show ?thesis
unfolding sgn-real-def
using «cmod a < 1) <a * 2z’ # 1> <is-real a»
by (auto simp add: cmod-eq-Re)
qed
ultimately
show ?thesis
using assms z’ moebius-pt-blaschke[of a z'| <is-real a> eq-cnj-iff-real|of a
by simp
qed

lemma blaschke-real-preserve-sgn-arg [simp):
assumes is-real a and cmod a < 1 and z ¢ circline-set z-axis
shows sgn (Arg (to-complex (moebius-pt (blaschke a) z))) = sgn (Arg (to-complez z))
proof—
have z # oop,
using assms
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using special-points-on-z-axis'’(3) by blast
moreover
have z # inversion (of-complezx a)
using assms
by (metis calculation circline-equation-z-axis circline-set-z-azis-I conjugate-of-complex inversion-of-complex inver-
sion-sym is-real-inversion o-apply of-complex-zero reciprocal-zero to-complez-of-complex)
ultimately
show ?thesis
using blaschke-real-preserve-sgn-Im[OF assms(1) assms(2), of z]
by (smt (verit) arg-Im-sgn assms(8) circline-set-z-axis-I norm-sgn of-complez-to-complezx)
qed

9.5.2 Inverse Blaschke transform

definition inv-blaschke-cmat :: complex = complex-mat where
[simp]: inv-blaschke-cmat a = (if emod a # 1 then (1, a, cnj a, 1) else eye)
lift-definition inv-blaschke-mmat :: compler = moebius-mat is inv-blaschke-cmat
by simp
lift-definition inv-blaschke :: complex = moebius is inv-blaschke-mmat
done

lemma inv-blaschke-neg [simp]: inv-blaschke a = blaschke (—a)
by (transfer, transfer) simp

lemma inv-blaschke:
assumes cmod a # 1
shows blaschke a + inv-blaschke a = 0
apply simp
apply (transfer, transfer)
by auto (rule-tac z=1/(1 — axcnj a) in exl, simp)

lemma ex-unit-disc-fix-mapping-u-to-zero:
assumes u € unit-disc
shows 3 M. unit-disc-fixr M N\ moebius-pt M v = 0p,
proof—
from assms obtain ¢ where x: u = of-complex c
by (metis inf-notin-unit-disc inf-or-of-complex)
hence cmod ¢ < 1
using assms unit-disc-iff-cmod-lt-1
by simp
thus %thesis
using *
by (rule-tac z=blaschke c in exI)
(smt (verit) blaschke-a-to-zero blaschke-ounit-circle-fix' unit-disc-fiz-iff-ounit-circle)
qed

lemma wlog-zero:
assumes in-disc: u € unit-disc
assumes preserving: \ a u. [u € unit-disc; cmod a < 1; P (moebius-pt (blaschke a) u)] = P u
assumes zero: P 0p,
shows P u
proof—
have *: moebius-pt (blaschke (to-complex u)) u = 04
by (smt (verit) blaschke-a-to-zero in-disc inf-notin-unit-disc of-complex-to-complex unit-disc-iff-cmod-lt-1)
thus ?thesis
using preserving|of u to-complezx u] in-disc zero
using inf-or-of-complex|of u)
by auto
qed

lemma wlog-real-zero:
assumes in-disc: u € unit-disc and real: is-real (to-complez u)
assumes preserving: \ a u. [u € unit-disc; is-real a; cmod a < 1; P (moebius-pt (blaschke a) u)] = P u
assumes zero: P 0y
shows P u
proof—
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have x: moebius-pt (blaschke (to-complex u)) u = 0p
by (smt (verit) blaschke-a-to-zero in-disc inf-notin-unit-disc of-complez-to-complex unit-disc-iff-cmod-lt-1)
thus %thesis
using preserving|of u to-complex u] in-disc zero real
using inf-or-of-complez|of u]
by auto
qed

lemma unit-disc-fix-transitive:
assumes in-disc: u € unit-disc and v’ € unit-disc
shows 3 M. unit-disc-fix M A moebius-pt M u = u’
proof—
have V u € unit-disc. 3 M. unit-disc-fit M N moebius-pt M v = u' (is ?P u’)
proof (rule wlog-zero)
show u’ € unit-disc by fact
next
show ?P 0,
by (simp add: ez-unit-disc-fiz-mapping-u-to-zero)
next
fix a u
assume cmod a < 1 and *: 2P (moebius-pt (blaschke a) u)
show ?P u
proof
fix u’
assume u’ € unit-disc
then obtain M’ where unit-disc-fit M’ moebius-pt M' v’ = moebius-pt (blaschke a) u
using *
by auto
thus 3 M. unit-disc-fix M A moebius-pt M u' = u
using «cmod a < 1) blaschke-unit-disc-fiz[of a]
using unit-disc-fiz-moebius-comp|of — blaschke a M|
using unit-disc-fiz-moebius-inv[of blaschke a)
by (rule-tac z=(— (blaschke a)) + M’ in exl, simp)
qed
qged
thus %thesis
using assms
by auto
qed

9.6 Decomposition of unit disc preserving Mobius transforms

Each transformation preserving unit disc can be decomposed to a rotation around the origin and a Blaschke
factors that maps a point within the unit disc to zero.

lemma unit-disc-fiz-decompose-blaschke-rotation:

assumes unit-disc-fix M

shows 3 k ¢. cmod k < 1 N M = moebius-rotation ¢ + blaschke k

using assms

unfolding moebius-rotation-def moebius-similarity-def

proof (simp, transfer, transfer)

fix M

assume *: mat-det M # 0 unit-disc-fiz-cmat M

then obtain k a b :: complex where
xx: k # 0 mat-det (a, b, cnj b, cnj a) # 0 M = k *spm, (a, b, cnj b, cnj a)
using unitaryl1-gen-iff [of M]
by auto

have a # 0
using * sx
by auto

then obtain o’ k' ¢
where #xx: k' £ 0 ANa'xcnja’ # 1 AN M =k x5, (cis @, 0, 0, 1) *mm (1, — a’, — cnja’, 1)
using *x unitaryl1-gen-cis-blaschke[of k M a b]
by auto blast

have o’ = 0V 1 < 1 / (cmod a’)?
using * *x*x compler-mult-cnj-cmod|of a']
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by simp
hence cmod o’ < 1
by (smt (verit) less-divide-eq-1-pos norm-zero one-less-power one-power2 pos2)
thus 3k cmod k < 1 A
(. moebius-cmat-eq M (moebius-comp-cmat (mk-moebius-cmat (cis p) 0 0 1) (blaschke-cmat k)))
using #xx
apply (rule-tac z=a' in exl)
apply simp
apply (rule-tac x=¢ in exl)
apply simp
apply (rule-tac z=1/k" in exl)
by auto
qed

lemma wlog-unit-disc-fix:
assumes unit-disc-fix M
assumes b: A\ k. cmod k < 1 = P (blaschke k)
assumes 7: A\ p. P (moebius-rotation o)
assumes comp: AM1 M2. [unit-disc-fix M1; P M1; unit-disc-fix M2; P M2] = P (M1 + M2)
shows P M
using assms
using unit-disc-fiz-decompose-blaschke-rotation| OF assms(1)]
using blaschke-unit-disc-fix
by auto

lemma ex-unit-disc-fiz-to-zero-positive-x-axis:
assumes u € unit-disc and v € unit-disc and u # v
shows 3 M. unit-disc-fix M A
moebius-pt M v = 0}, N moebius-pt M v € positive-z-axis
proof—
from assms obtain B where
x: unit-disc-fix B moebius-pt B u = 0y,
using ex-unit-disc-fiz-mapping-u-to-zero
by blast

let ?v = moebius-pt B v
have %v € unit-disc
using (v € unit-disc> *
by auto
hence %v # ocop,
using inf-notin-unit-disc by auto
have %v # 0y
using <u # v *
by (metis moebius-pt-invert)

obtain R where
unit-disc-fir R
moebius-pt R 0p, = 0}, moebius-pt R ?v € positive-z-axis
using ez-rotation-mapping-u-to-positive-z-azis[of 2v] <?v # 0> <%v # oop»
using moebius-pt-rotation-inf-iff moebius-pt-moebius-rotation-zero unit-disc-fix-rotation
by blast

thus ?thesis
using x moebius-complof R B, symmetric]
using unit-disc-fiz-moebius-comp
by (rule-tac z==R + B in exl) (simp add: comp-def)

qed

lemma wlog-z-axis:

assumes in-disc: u € unit-disc v € unit-disc

assumes preserved: \ M u v. [unit-disc-fix M; u € unit-disc; v € unit-disc; P (moebius-pt M u) (moebius-pt M v)]
— Puv

assumes azis: /\ z. [is-real z; 0 < Re z; Re z < 1] = P 0, (of-complez x)

shows P u v
proof (cases u = v)

case True

have P v u (is ?Q u)
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proof (rule wlog-zero[where P=7?Q)])
show u € unit-disc
by fact
next
show ?2Q 0},
using azis[of 0]
by simp
next
fix a u
assume u € unit-disc cmod a < 1 ?Q (moebius-pt (blaschke a) u)
thus 20Q u
using preserved|of blaschke a u u]
using blaschke-unit-disc-fiz[of a
by simp
qed
thus %thesis
using True
by simp
next
case False
from in-disc obtain M where
x: unit-disc-fic M moebius-pt M v = 0p moebius-pt M v € positive-z-azis
using ex-unit-disc-fiz-to-zero-positive-z-axis False
by auto
then obtain z where x*x: moebius-pt M v = of-complex x is-real
unfolding positive-z-axis-def circline-set-z-axis
by auto
moreover
have of-complex = € unit-disc
using <unit-disc-fir M» <v € unit-disc> *x
using unit-disc-fizx-discl
by fastforce
hence 0 < Rez Rez < 1
using «(moebius-pt M v € positive-z-axis) **
by (auto simp add: positive-z-axis-def cmod-eq-Re)
ultimately
have P 0, (of-complez x)
using <is-real x> axis
by auto
thus ?thesis
using preserved[OF *(1) assms(1—2)] x(2) (1)
by simp
qed

lemma wlog-positive-z-azis:
assumes in-disc: u € unit-disc v € unit-disc u # v
assumes preserved: \ M u v. [unit-disc-fix M; u € unit-disc; v € unit-disc; u # v; P (moebius-pt M ) (moebius-pt
Mv)] = Puv
assumes azis: \ z. [is-real ©; 0 < Re z; Rex < 1] = P 0y, (of-complez x)
shows P u v
proof—
have u # v — P u v (is ?Q u v)
proof (rule wlog-z-azis)
show u € unit-disc v € unit-disc
by fact+
next
fix Muw
assume unit-disc-fix M u € unit-disc v € unit-disc
2Q (moebius-pt M u) (moebius-pt M v)
thus ?2Q u v
using preserved[of M u v)
using moebius-pt-invert
by blast
next
fix x
assume is-real © 0 < Re z Re xz < 1
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thus ?Q 05, (of-complez x)
using azis|of z] of-complex-zero-iff [of x] complex.expand|of = 0]
by fastforce
qed
thus %thesis
using «u # v
by simp
qed

9.7 All functions that fix the unit disc

It can be proved that continuous functions that fix the unit disc are either actions of Mdbius transformations
that fix the unit disc (homographies), or are compositions of actions of Mobius transformations that fix the
unit disc and the conjugation (antihomographies). We postulate this as a definition, but it this characterisation
could also be formally shown (we do not need this for our further applications).

definition unit-disc-fiz-f where
unit-disc-fiz-f f ——
(3 M. unit-disc-fir M A (f = moebius-pt M V f = moebius-pt M o conjugate))

Unit disc fixing functions really fix unit disc.

lemma unit-disc-fiz-f-unit-disc:
assumes unit-disc-fiz-f M
shows M ‘ unit-disc = unit-disc
using assms
unfolding unit-disc-fiz-f-def
using image-comp
by force

Actions of unit disc fixing Mébius transformations (unit disc fixing homographies) are unit disc fixing functions.

lemma unit-disc-fiz-f-moebius-pt [simp]:
assumes unit-disc-fix M
shows unit-disc-fiz-f (moebius-pt M)
using assms
unfolding unit-disc-fix-f-def
by auto

Compositions of unit disc fixing Mébius transformations and conjugation (unit disc fixing antihomographies)
are unit disc fixing functions.

lemma unit-disc-fiz-conjugate-moebius [simp]:
assumes unit-disc-fic M
shows unit-disc-fix (conjugate-moebius M)
proof—
have Aa aa ab b. [1 < Re (a * b/ (aa * ab)); = 1 < Re (¢nja * cnj b / (cnj aa % cnj adb))] = aa = 0
by (metis cnj.simps(1) complex-cnj-divide complez-cnj-mult)
thus ?thesis
using assms
by (transfer, transfer)
(auto simp add: mat-cnj-def unitaryl1-gen-def mat-adj-def field-simps)
qed

lemma unit-disc-fiz-conjugate-comp-moebius [simpl:
assumes unit-disc-fix M
shows unit-disc-fiz-f (conjugate o moebius-pt M)
using assms
apply (subst conjugate-moebius)
apply (simp add: unit-disc-fiz-f-def)
apply (rule-tac z=conjugate-moebius M in exI, simp)
done

Uniti disc fixing functions form a group under function composition.

lemma unit-disc-fiz-f-comp [simp]:
assumes unit-disc-fir-f f1 and unit-disc-fiz-f f2
shows unit-disc-fiz-f (f1 o f2)
using assms
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apply (subst (asm) unit-disc-fiz-f-def)
apply (subst (asm) unit-disc-fiz-f-def)
proof safe
fix M M’
assume unit-disc-fir M unit-disc-fix M’
thus unit-disc-fiz-f (moebius-pt M o moebius-pt M)
unfolding unit-disc-fiz-f-def
by (rule-tac z=M + M'in ezxl) auto
next
fix M M’
assume unit-disc-fivr M unit-disc-fix M’
thus unit-disc-fiz-f (moebius-pt M o (moebius-pt M’ o conjugate))
unfolding unit-disc-fiz-f-def
by (subst comp-assoc[symmetric])+
(rule-tac z=M + M'in exl, auto)
next
fix M M’
assume unit-disc-fir M unit-disc-fiz M’
thus unit-disc-fiz-f ((moebius-pt M o conjugate) o moebius-pt M)
unfolding unit-disc-fiz-f-def
by (subst comp-assoc, subst conjugate-moebius, subst comp-assoc[symmetric])+
(rule-tac z=M + conjugate-moebius M’ in ez, auto)
next
fix M M’
assume unit-disc-fiv M unit-disc-fix M’
thus unit-disc-fiz-f ((moebius-pt M o conjugate) o (moebius-pt M’ o conjugate))
apply (subst comp-assoc[symmetric], subst comp-assoc)
apply (subst conjugate-moebius, subst comp-assoc, subst comp-assoc)
apply (simp add: unit-disc-fiz-f-def)
apply (rule-tac z=M + conjugate-moebius M’ in exl, auto)
done
qed

lemma unit-disc-fix-f-inv:
assumes unit-disc-fiz-f M
shows unit-disc-fiz-f (inv M)
using assms
apply (subst (asm) unit-disc-fiz-f-def)
proof safe
fix M
assume unit-disc-fix M
have inv (moebius-pt M) = moebius-pt (—M)
by (rule ext) (simp add: moebius-inv)
thus unit-disc-fiz-f (inv (moebius-pt M))
using <unit-disc-fic M»
unfolding unit-disc-fiz-f-def
by (rule-tac x=—M in exl, simp)
next
fix M
assume unit-disc-fix M
have inv (moebius-pt M o conjugate) = conjugate o inv (moebius-pt M)
by (subst o-inv-distrib, simp-all)

also have ... = conjugate o (moebius-pt (—M))
using moebius-inv
by auto

also have ... = moebius-pt (conjugate-moebius (—M)) o conjugate
by (simp add: conjugate-moebius)

finally

show unit-disc-fiz-f (inv (moebius-pt M o conjugate))
using <unit-disc-fix M)
unfolding unit-disc-fiz-f-def
by (rule-tac z=conjugate-moebius (—M) in ezl, simp)
qed
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9.7.1 Action of unit disc fixing functions on circlines

definition unit-disc-fiz-f-circline where
unit-disc-fiz-f-circline f H =

(if 3 M. unit-disc-fix M A f = moebius-pt M then
moebius-circline (THE M. unit-disc-fix M A f = moebius-pt M) H

else if 3 M. unit-disc-fit M N f = moebius-pt M o conjugate then
(moebius-circline (THE M. unit-disc-fit M A f = moebius-pt M o conjugate) o conjugate-circline) H

else
H)

lemma unique-moebius-pt-conjugate:
assumes moebius-pt M1 o conjugate = moebius-pt M2 o conjugate
shows M1 = M2
proof—
from assms have moebius-pt M1 = moebius-pt M2
using conjugate-conjugate-comp rewriteL-comp-comp2 by fastforce
thus %thesis
using unique-moebius-pt
by auto
qed

lemma unit-disc-fix-f-circline-direct:
assumes unit-disc-fixr M and f = moebius-pt M
shows unit-disc-fix-f-circline f H = moebius-circline M H
proof—
have M = (THE M. unit-disc-fit M A f = moebius-pt M)
using assms
using thel-unique[of A M. unit-disc-fit M N f = moebius-pt M M|
using unique-moebius-pt[of M|
by auto
thus %thesis
using assms
unfolding unit-disc-fiz-f-circline-def
by auto
qed

lemma unit-disc-fix-f-circline-indirect:
assumes unit-disc-fixr M and f = moebius-pt M o conjugate
shows unit-disc-fiz-f-circline f H = ((moebius-circline M) o conjugate-circline) H
proof—
have - (3 M. unit-disc-fixt M A f = moebius-pt M)
using assms homography-antihomography-exclusive|of f]
unfolding is-homography-def is-antihomography-def is-moebius-def
by auto
moreover
have M = (THE M. unit-disc-fit M A f = moebius-pt M o conjugate)
using assms
using thel-unique[of A M. unit-disc-fit M A f = moebius-pt M o conjugate M|
using unique-moebius-pt-conjugate[of M|
by auto
ultimately
show ?thesis
using assms
unfolding unit-disc-fiz-f-circline-def
by metis
qed

Disc automorphisms - it would be nice to show that there are no disc automorphisms other than unit disc fixing
homographies and antihomographies, but this part of the theory is not yet developed.

definition is-disc-aut where is-disc-aut f «—— bij-betw f unit-disc unit-disc

end

202



10 Riemann sphere

The extended complex plane CP! can be identified with a Riemann (unit) sphere ¥ by means of stereographic
projection. The sphere is projected from its north pole N to the xOy plane (identified with C). This projection
establishes a bijective map sp between ¥\ {N} and the finite complex plane C. The infinite point is defined as
the image of N.

theory Riemann-Sphere
imports Homogeneous-Coordinates Circlines HOL— Analysis. Product- Vector
begin

Coordinates in R?

type-synonym R3 = real X real X real

Type of points of

abbreviation unit-sphere where
unit-sphere = {(z::real, y::real, z::real). zxx + yxy + 2%z = 1}

typedef riemann-sphere = unit-sphere
by (rule-tac z=(1, 0, 0) in exl) simp

setup-lifting type-definition-riemann-sphere

lemma sphere-bounds’:
assumes T + y*xy + 2%z = (1::real)
shows —1 <z ANz < 1
proof—
from assms have zxz < 1
by (smt (verit) real-minus-mult-self-le)
hence z® < 12 (— z)? < 12
by (auto simp add: power2-eq-square)
show —1 <z Az < 1
proof (cases z > 0)
case True
thus ?Zthesis
using (2% < 1%
by (smt (verit) power2-le-imp-le)
next
case Fulse
thus Zthesis
using «(—z)? < 1%
by (smt (verit) power2-le-imp-le)
qed
qed

lemma sphere-bounds:
assumes zxz + y*xy + 2%z = (1::real)
shows —1 <z ANz <1 -1 <yANy<1 —-1<zAz<1
using assms
using sphere-bounds’[of T y 2] sphere-bounds’[of y = 2] sphere-bounds'[of z z y]
by (auto simp add: field-simps)

10.1 Parametrization of the unit sphere in polar coordinates

lemma sphere-params-on-sphere:
fixes a 3 :: real
assumes z = cos « * cos f and y = cos « x sin 3 z = sin «
shows zxz + y*xy + 2%z = 1
proof—
have zxz + yxy = (cos a * cos a) x (cos B * cos B) + (cos a * cos ) = (sin B * sin [3)
using assms
by simp
hence z*r + y*xy = cos a * cos o
using sin-cos-squared-add3[of []
by (subst (asm) distrib-left[symmetric]) (simp add: field-simps)
thus %thesis
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using assms
using sin-cos-squared-add3[of «]
by simp

qed

lemma sphere-params:
fixes z y z :: real
assumes T*T + yxy + zxz = 1
shows z = cos (arcsin z) * cos (atan2 y ) N y = cos (arcsin z) * sin (atan2 y z) A z = sin (arcsin z)
proof (cases z=1 V z = —1)
case True
hencez =0 Ay=20
using assms
by auto
thus %thesis
using <z =1V z=—1»
by (auto simp add: cos-arcsin)
next
case False
hence z # 0V y # 0
using assms
by (auto simp add: square-eq-1-iff)
thus “thesis
using real-sqri-unique[of y 1 — z+2]
using real-sqrt-unique[of —y 1 — zxz|
using sphere-bounds[OF assms] assms
by (auto simp add: cos-arcsin cos-arctan sin-arctan power2-eg-square field-simps real-sqri-divide atan2-def)
qed

lemma ex-sphere-params:

assumes *xT + yxy + zxz = 1

shows 3 afB. s =cosaxcosBANy=cosaxsinBAz=sinaN-pi/2<alhNa<pi/2AN-pi<BAL<pi
using assms arcsin-bounded|of z] sphere-bounds|of z y 2]
by (rule-tac z=arcsin z in exl, rule-tac x=atan2 y = in exl) (simp add: sphere-params arcsin-bounded atan2-bounded)

10.2 Stereographic and inverse stereographic projection
Stereographic projection

definition stereographic-r3-cvec :: R3 = complex-vec where
[simp]: stereographic-r3-cvec M = (let (z, y, z) = M in
Gif (z, 9y, 2) # (0, 0, 1) then
(z 4+ 1%y, cor (1 — 2))
else

(1, 0)
)

lift-definition stereographic-r3-hcoords :: R3 = complex-homo-coords is stereographic-r3-cvec
by (auto split: if-split-asm simp add: cor-eq-0)

lift-definition stereographic :: riemann-sphere = complex-homo is stereographic-r3-hcoords
done

Inverse stereographic projection

definition inv-stereographic-cvec-r8 :: complez-vec = R3 where [simp]:
inv-stereographic-cvec-r3 z = (
let (21, 22) = z
in if 22 = 0 then

(0,0, 1)
else
let z = z1/22;
X = Re (2xz / (1 + zxcnj 2));
Y =Im (2xz / (1 + zxcnj 2));

Z = ((emod 2)® — 1) / (1 + (cmod 2)?)
in (X, Y, Z))
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lemma Re-stereographic:
shows Re (2 % 2/ (1 + 2% cnj2)) = 2 % Rez/ (1 + (cmod 2)?)
using one-plus-square-neg-zero
by (subst complez-mult-cnj-cmod, subst Re-divide-real) (auto simp add: power2-eq-square)

lemma Im-stereographic:
shows Im (2 x 2/ (1 +z*cnj2)) =2 % Imz/ (1 + (cmod 2)?)
using one-plus-square-neq-zero
by (subst complex-mult-cnj-cmod, subst Im-divide-real) (auto simp add: power2-eg-square)

lemma inv-stereographic-on-sphere:
assumes X = Re (2%z / (1 + zxcnjz)) and Y = Im (2xz / (1 + zxcnj 2)) and Z = ((cmod 2)*> — 1) / (1 4 (cmod
2)%)
shows XxX + YxY + ZxZ = 1
proof—
have 1 + (cmod 2)* # 0
by (smt (verit) power2-less-0)
thus %thesis
using assms
by (simp add: Re-stereographic Im-stereographic)
(cases z, simp add: power2-eq-square real-sqrt-mult[symmetric] add-divide-distrib[symmetric], simp add: com-
plez-norm power2-eq-square field-simps)
qed

lift-definition inv-stereographic-hcoords-r3 :: complex-homo-coords = R3 is inv-stereographic-cvec-r8
done

lift-definition inv-stereographic :: complexr-homo = riemann-sphere is inv-stereographic-hcoords-r3
proof transfer
fix v v’
assume 1: v # vec-zero v’ # vec-zero v =, v’
obtain v v2 v'1 v'2 where x: v = (v1, v2) v' = (v'1, v'2)
by (cases v, cases v', auto)
obtain z y z where
xx: inv-stereographic-cvec-r3 v = (x, y, 2)
by (cases inv-stereographic-cvec-r3 v, blast)
have inv-stereographic-cvec-r3 v € unit-sphere
proof (cases v2 = 0)
case True
thus ?thesis
using *
by simp
next
case Fulse
thus Zthesis
using * *x inv-stereographic-on-sphere[of x vl | v2 y 2|
by (simp add: norm-divide)
qed
moreover
have inv-stereographic-cvec-r3 v = inv-stereographic-cvec-r3 v’
using 1 * *x
by (auto split: if-split if-split-asm)
ultimately
show inv-stereographic-cvec-r3 v € unit-sphere N\
inv-stereographic-cvec-r3 v = inv-stereographic-cvec-r3 v’
by simp
qed

North pole

definition North-R3 :: R3 where
[simp]: North-R3 = (0, 0, 1)

lift-definition North :: riemann-sphere is North-R3
by simp

lemma stereographic-North:
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shows stereographic x = oo «—— = = North
by (transfer, transfer, auto split: if-split-asm)

Stereographic and inverse stereographic projection are mutually inverse.

lemma stereographic-inv-stereographic’:
assumes
z: z = z1/22 and 22 # 0 and
X: X =Re (252 /) (1 + z¢cnjz)) and Y: Y = Im (2%2 / (1 + zxcnj 2)) and Z: Z = ((emod 2)* — 1) / (1 + (cmod
)
shows 3 k. k # 0 N (X + ixY, complex-of-real (1 — Z)) = k %50 (21, 22)
proof—
have 1 + (cmod 2)* # 0
by (metis one-power2 sum-power2-eq-zero-iff zero-neg-one)
hence (1 — Z) = 2 / (1 + (cmod 2)?)
using 7
by (auto simp add: field-simps)
hence cor (1 — Z) = 2 / cor (1 + (cmod 2)?)
by auto
moreover
have X = 2 x Re(z) / (1 + (cmod 2)?)
using X
by (simp add: Re-stereographic)
have Y = 2 x Im(z) / (1 + (cmod 2)?)
using Y
by (simp add: Im-stereographic)
have X + ixY = 2 % 2 / cor (1 + (cmod 2)?)
using <1 + (cmod 2)* # 0>
unfolding Complez-eq[of X Y, symmetric]
by (subst <X = 2xRe(z) / (1 + (cmod 2)?)s, subst <Y = 2xIm(z) / (1 + (cmod 2)?)», simp add: Complex-scale/
Complez-scalel)
moreover
have 1 + (cor (cmod (21 / 22)))* # 0
by (rule one-plus-square-neq-zero)
ultimately
show ?thesis
using z2 # 0» <1 + (cmod 2)* # 0>
by (simp, subst z)+
(rule-tac z=(2 / (1 + (cor (cmod (21 | 22)))?)) / 22 in exl, auto)
qed

lemma stereographic-inv-stereographic [simp]:
shows stereographic (inv-stereographic w) = w
proof—
have w = stereographic (inv-stereographic w)
proof (transfer, transfer)
fix w
assume w # vec-zero
obtain w! w2 where *: w = (w1, w2)
by (cases w, auto)
obtain z y z where *x: inv-stereographic-cvec-r3 w = (z, y, z)
by (cases inv-stereographic-cvec-r3 w, blast)
show w =, stereographic-r3-cvec (inv-stereographic-cvec-r3 w)
using (w # vec-zero» stereographic-inv-stereographic’of wl /w2 wl w2 z y 2] * *x
by (auto simp add: split-def Let-def split: if-split-asm)
qged
thus %thesis
by simp
qed

Stereographic projection is bijective function

lemma bij-stereographic:

shows bij stereographic

unfolding bij-def inj-on-def surj-def
proof (safe)

fix a b

assume stereographic a = stereographic b
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thus a = b
proof (transfer, transfer)
fix ab:: RS
obtain za ya za xb yb zb where
x: a = (za, ya, za) b = (zb, yb, 2b)
by (cases a, cases b, auto)
assume xx: a € unit-sphere b € unit-sphere stereographic-r3-cvec a =, stereographic-r3-cvec b
show a = b
proof (cases a = (0, 0, 1)V b= (0, 0, 1))
case True
thus %thesis
using * *x
by (simp split: if-split-asm) force+
next
case False
then obtain k& where ++: k # 0 cor zb + i % cor yb = k % (cor za + i * cor ya) 1 — cor zb = k x (1 — cor za)
using * *x
by (auto split: if-split-asm)

{

assume xb + zaxzb = za + xb*za
yb + yaxzb = ya + ybxza
zaxza + yaxya + zaxza = 1 xbxxb + ybxyb + zbxzb = 1
za # 1 2b # 1
hence za = zb A\ ya = yb A za = 2zb
by algebra
} note sxx = this

have za # 1 2b # 1
using False * *x
by auto
have k = (1 — cor 2b) / (1 — cor za)
using <1 — cor zb =k * (1 — cor za)) <za # 1»
by simp
hence (1 — cor za) * (cor zb + i * cor yb) = (1 — cor zb) * (cor Ta + i * cor ya)
using «za # 1) ++(2)
by simp
hence zb + zaxzb = za + zbxza
yb + yaxzb = ya + yb*za
raxza + yaxya + zaxza = 1 xbxab + ybxyb + 2bxzb = 1
using * ** <za # 1)
apply (simp-all add: field-simps)
unfolding complex-of-real-def imaginary-unit.ctr
by (simp-all add: legacy-Complex-simps)
thus %thesis
using * sk skk <za # 1) <zb # 1)
by simp
qed
qed
next
fix y
show 3 z. y = stereographic x
by (rule-tac x=inv-stereographic y in exl, simp)
qed

lemma inv-stereographic-stereographic [simp]:
shows inv-stereographic (stereographic ) = x
using stereographic-inv-stereographic|of stereographic z]
using bij-stereographic
unfolding bij-def inj-on-def
by simp

lemma inv-stereographic-is-inv:

shows inv-stereographic = inv stereographic
by (rule inv-equality[symmetric], simp-all)
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10.3 Circles on the sphere

Circlines in the plane correspond to circles on the Riemann sphere, and we formally establish this connection.
Every circle in three-dimensional space can be obtained as the intersection of a sphere and a plane. We establish
a one-to-one correspondence between circles on the Riemann sphere and planes in space. Note that the plane
need not intersect the sphere, but we will still say that it defines a single imaginary circle. However, for one
special circline (the one with the identity representative matrix), there does not exist a plane in R? that would
correspond to it — in order to have this, instead of considering planes in R3, we must consider three dimensional
projective space and consider the infinite (hyper)plane.

Planes in R? are given by equations az + by + cz = d. Two four-tuples of coefficients (a, b, ¢, d) give the same
plane iff they are proportional.

type-synonym R/ = real X real X real X real

fun mult-sv :: real = R4 = R4 (infix] <*s,4> 100) where
k xsva (a, b, ¢, d) = (kxa, kxb, kxc, kxd)

abbreviation plane-vectors where
plane-vectors = {(a::real, b::real, c:real, direal). a # 0V b# 0V c# 0V d # 0}

typedef plane-vec = plane-vectors
by (rule-tac x=(1, 1, 1, 1) in exl) simp

setup-lifting type-definition-plane-vec

definition plane-vec-eq-r4 :: R4 = R4 = bool where
[simp]: plane-vec-eq-r4 vl v2 «—— (I k. k # 0 A v2 = k 594 v1)

lift-definition plane-vec-eq :: plane-vec = plane-vec = bool is plane-vec-eq-r4
done

lemma mult-sv-one [simp]:
shows 1 %404 2 =z
by (cases z) simp

lemma mult-sv-disth [simp]:
Shows T #sp4 (Y *sva V) = (TxY) *sva v
by (cases v) simp

quotient-type plane = plane-vec / plane-vec-eq
proof (rule equivpl)
show reflp plane-vec-eq
unfolding refip-def
by (auto simp add: plane-vec-eq-def) (rule-tac z=1 in exl, simp)
next
show symp plane-vec-eq
unfolding symp-def
by (auto simp add: plane-vec-eq-def) (rule-tac z=1/k in exl, simp)
next
show transp plane-vec-eq
unfolding transp-def
by (auto simp add: plane-vec-eq-def) (rule-tac x=kaxk in exl, simp)
qed

Plane coefficients give a linear equation and the point on the Riemann sphere lies on the circle determined by
the plane iff its representation satisfies that linear equation.

definition on-sphere-circle-r4-r8 :: R4 = R3 = bool where
[simp]: on-sphere-circle-rf-r8 o A ——
(let (X, Y, Z) =4
(a, b, ¢, d) = «
in axX + bxY 4+ cxZ + d = 0)

lift-definition on-sphere-circle-vec :: plane-vec = R8 = bool is on-sphere-circle-r4-r3
done
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lift-definition on-sphere-circle :: plane = riemann-sphere = bool is on-sphere-circle-vec
proof (transfer)
fix pvl pv2 :: R4 and w :: RS
obtain al b1 cI dI a2 b2 c2 d2 x y z where
x: pvl = (al, b1, c1, d1) pv2 = (a2, b2, c2, d2) w = (z, y, 2)
by (cases pvl, cases pv2, cases w, auto)
assume pvl € plane-vectors pv2 € plane-vectors w € unit-sphere plane-vec-eq-r4 pvl pv2
then obtain k£ where *xx: a2 = kxal b2 = kxbl c2 = kxcl d2 = kxdl k # 0
using *
by auto
have k x al x z + kx bl xy+ k*xcl x2z+ k= dl =kx(al*xz + blxy + clxz + dI)
by (simp add: field-simps)
thus on-sphere-circle-r4-r3 pvl w = on-sphere-circle-r4-r3 pv2 w
using * *x
by simp
qed

definition sphere-circle-set where
sphere-circle-set a = {A. on-sphere-circle a A}

10.4 Connections of circlines in the plane and circles on the Riemann sphere

We introduce stereographic and inverse stereographic projection between circles on the Riemann sphere and
circlines in the extended complex plane.

definition inv-stereographic-circline-cmat-r4 :: complex-mat = Rj where
[simp]: inv-stereographic-circline-cmat-rf H =
(let (A, B, C, D)=H
in (Re (B4+C), Re(ix(C—B)), Re(A—D), Re(D+A4)))

lift-definition inv-stereographic-circline-clmat-pv :: circline-mat = plane-vec is inv-stereographic-circline-cmat-r4
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def real-imag-0 eq-cnj-iff-real)

lift-definition inv-stereographic-circline :: circline = plane is inv-stereographic-circline-clmat-pv
apply transfer
apply simp
apply (erule exE)
apply (rule-tac z=Fk in exl)
apply (case-tac circline-mat1, case-tac circline-mat2)
apply (simp add: field-simps)
done

definition stereographic-circline-r4-cmat :: R4 = complex-mat where
[simp]: stereographic-circline-r4-cmat o =
(let (a, b, ¢, d) = «
in (cor ((c+d)/2) , ((cor a + i % corb)/2), ((cor a — i % cor b)/2), cor ((d—c)/2)))

lift-definition stereographic-circline-pv-clmat :: plane-vec = circline-mat is stereographic-circline-r4-cmat
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def)

lift-definition stereographic-circline :: plane = circline is stereographic-circline-pv-clmat
apply transfer
apply transfer
apply (case-tac plane-vecl, case-tac plane-vec2, simp, erule exE, rule-tac z=Fk in exl, simp add: field-simps)
done

Stereographic and inverse stereographic projection of circlines are mutually inverse.

lemma stereographic-circline-inv-stereographic-circline:
shows stereographic-circline o inv-stereographic-circline = id
proof (rule ext, simp)
fix H
show stereographic-circline (inv-stereographic-circline H) = H
proof (transfer, transfer)
fix H
assume hh: hermitean H N H # mat-zero
obtain A B C D where HH: H = (A, B, C, D)
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by (cases H) auto
have is-real A is-real D C = cnj B
using HH hh hermitean-elems[of A B C D]
by auto
thus circline-eq-cmat (stereographic-circline-r4-cmat (inv-stereographic-circline-cmat-r4 H)) H
using HH
apply simp
apply (rule-tac z=1 in ezl, cases B)
by (smt (verit) add-uminus-conv-diff complez-cnj-add complex-cnj-complex-of-real complez-cnj-i complez-cnj-mult
complez-cnj-one complex-eq distrib-left-numeral mult.commute mult.left-commute mult.left-neutral mult-cancel-right2 mult-minus-left
of-real-1 one-add-one)
qed
qed

Stereographic and inverse stereographic projection of circlines are mutually inverse.

lemma inv-stereographic-circline-stereographic-circline:
inv-stereographic-circline o stereographic-circline = id
proof (rule ext, simp)
fix o
show inv-stereographic-circline (stereographic-circline o) = «
proof (transfer, transfer)
fix o
assume aa: o € plane-vectors
obtain a b ¢ d where AA: o = (a, b, ¢, d)
by (cases &) auto
thus plane-vec-eq-r4 (inv-stereographic-circline-cmat-r4 (stereographic-circline-r4-cmat a)) «
using AA
by simp (rule-tac z=1 in exl, auto simp add: field-simps complex-of-real-def)
qed
qed

lemma stereographic-sphere-circle-set’”:
shows on-sphere-circle (inv-stereographic-circline H) z «——
on-circline H (stereographic z)
proof (transfer, transfer)
fix M :: R3 and H :: complex-mat
assume hh: hermitean H N H # mat-zero M € unit-sphere
obtain A B C D where HH: H = (A, B, C, D)
by (cases H) auto
have *: is-real A is-real D C = cnj B
using hh HH hermitean-elems[of A B C D]
by auto
obtain z y z where MM: M = (z, y, 2)
by (cases M) auto
show on-sphere-circle-r4-r8 (inv-stereographic-circline-cmat-r4 H) M «——
on-circline-cmat-cvec H (stereographic-r3-cvec M) (is ?lhs = 2rhs)
proof
assume ?lhs
show ?rhs
proof (cases z=1)
case True
hence z =0y =0
using MM hh
by auto
thus ?thesis
using * <?lhsy HH MM <z=1>»
by (cases A, simp add: vec-cnj-def Complex-eq Let-def)
next
case Fulse
hence Re Ax(1+z) + 2xRe Bz + 2+Im Bxy + Re Dx(1—2z) = 0
using * <?lhsy HH MM
by (simp add: Let-def field-simps)
hence (Re Ax(1+z) + 2xRe Bxz + 2+Im Bxy + Re Dx(1—2))x(1—2z) = 0
by simp
hence Re Ax(1+z)x(1—z) + 2xRe Bxxx(1—2z) + 2xIm Bxyx(1—z) + Re Dx(1—2)*%(1—2) = 0
by (simp add: field-simps)
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moreover
have zxz+yxy = (1+2)*(1—2)
using MM hh
by (simp add: field-simps)
ultimately
have Re Ax(zxz+y*xy) + 2%Re Bxa*x(1—z) + 2xIm Bxyx(1—z) + Re Dx(1—2z)x(1—2) = 0
by simp
hence (z* Re A+ (1 —2)«* ReB)*xz— (— (y*xReA)+ — (1 —2)«ImB))xy+ (z*x Re B+ yxImB+
(1 —2)«ReD)x (1 —2)=0
by (simp add: field-simps)
thus %thesis
using «z # 1» HH MM * <Re Ax(1+4z) + 2%Re Bxz + 2xIm Bxy + Re Dx(1—z) = 0»
apply (simp add: Let-def vec-cnj-def)
apply (subst complex-eq-iff)
apply (simp add: field-simps)
done
qed
next
assume ?rhs
show ?lhs
proof (cases z=1)
case True
hence z =0y =0
using MM hh
by auto
thus ?thesis
using HH MM <?%rhsy <z = 1>
by (simp add: Let-def vec-cnj-def)
next
case False
hence (zx Re A+ (1 —2z)« ReB)xz — (—(y*ReA)+ — (1 —2)«ImB))*xy+ (z*x ReB+ yx*ImB+
(1 —2)«xReD)x (1 —2)=20
using HH MM = < ?rhs»
by (simp add: Let-def vec-cnj-def complex-eq-iff)
hence Re Ax(zxz+y*y) + 2%Re Bxxx(1—z) + 2xIm Bxyx(1—z) + Re Dx(1—2)x(1—2z) = 0
by (simp add: field-simps)
moreover
have zxz + yxy = (1+2)x(1—2)
using MM hh
by (simp add: field-simps)
ultimately
have Re Ax(1+42)*(1—z) + 2«Re Bxxx(1—2z) + 2%Im Bxyx(1—2z) + Re Dx(1—2)x(1—2) = 0
by simp
hence (Re Ax(1+z2) + 2«Re Bz + 2xIm Bxy + Re Dx(1—2))x(1—2) = 0
by (simp add: field-simps)
hence Re Ax(1+z) + 2+«Re Bxx + 2xIm Bxy + Re Dx(1—2z) = 0
using <z # I»
by simp
thus %thesis
using MM HH x
by (simp add: field-simps)
qed
qed
qed

lemma stereographic-sphere-circle-set’ [simp):
shows stereographic ¢ sphere-circle-set (inv-stereographic-circline H) =
circline-set H
unfolding sphere-circle-set-def circline-set-def
apply safe
proof—
fix x
assume on-sphere-circle (inv-stereographic-circline H) x
thus on-circline H (stereographic )
using stereographic-sphere-circle-set’’
by simp
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next
fix x
assume on-circline H x
show z € stereographic ‘ {z. on-sphere-circle (inv-stereographic-circline H) z}
proof
show z = stereographic (inv-stereographic x)
by simp
next
show inv-stereographic © € {z. on-sphere-circle (inv-stereographic-circline H) z}
using stereographic-sphere-circle-set''[of H inv-stereographic x| <on-circline H x>
by simp
qed
qed

The projection of the set of points on a circle on the Riemann sphere is exactly the set of points on the circline
obtained by the just introduced circle stereographic projection.

lemma stereographic-sphere-circle-set:
shows stereographic ¢ sphere-circle-set H = circline-set (stereographic-circline H)
using stereographic-sphere-circle-set’|of stereographic-circline H|
using inv-stereographic-circline-stereographic-circline
unfolding comp-def
by (metis id-apply)

Stereographic projection of circlines is bijective.

lemma bij-stereographic-circline:
shows bij stereographic-circline
using stereographic-circline-inv-stereographic-circline inv-stereographic-circline-stereographic-circline
using o-bij by blast

Inverse stereographic projection is bijective.

lemma bij-inv-stereographic-circline:
shows bij inv-stereographic-circline
using stereographic-circline-inv-stereographic-circline inv-stereographic-circline-stereographic-circline
using o-bij by blast

end

10.5 Chordal Metric

Riemann sphere can be made a metric space. We are going to introduce distance on Riemann sphere and to
prove that it is a metric space. The distance between two points on the sphere is defined as the length of the
chord that connects them. This metric can be used in formalization of elliptic geometry.

theory Chordal-Metric
imports Homogeneous-Coordinates Riemann-Sphere Oriented-Circlines HOL— Analysis. Inner- Product HOL— Analysis. Euclidean-Spac
begin

10.5.1 Inner product and norm

definition inprod-cvec :: complez-vec = complex-vec = complex where
[simp]: inprod-cvec z w =
(let (21, 22) = z;
(wl, w2) =w
in vec-cng (21, 22) *yo (w1, w2))

syntax

-inprod-cvec :: complex-vec = complex-vec = complex (<(-,-)»)
syntax-consts

-inprod-cvec == inprod-cvec
translations

(z,w) == CONST inprod-cvec z w

lemma real-inprod-cvec [simp]:
shows is-real (z,z)

by (cases z, simp add: vec-cnj-def)

lemma inprod-cvec-ge-zero [simp]:
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shows Re (z,z) > 0
by (cases z, simp add: vec-cnj-def)

lemma inprod-cvec-bilinear! [simp]:
assumes 2z’ = k x5, 2
shows (z',w) = cnj k * (z,w)
using assms
by (cases z, cases z', cases w) (simp add: vec-cnj-def field-simps)

lemma inprod-cvec-bilinear?2 [simp]:
assumes 2z’ = k x4y 2
shows (w, 2y = k x (w, 2)
using assms
by (cases z, cases z', cases w) (simp add: vec-cnj-def field-simps)

lemma inprod-cvec-g-zero [simp]:
assumes 2z # vVec-zero
shows Re (z, z) > 0
proof—
haveV ab.a#0Vb#0— 0< (Reax Rea+ Imax*xIma)+ (Rebx*x Reb+ Imbx* Imb)
by (smt (verit) complez-eq-0 not-sum-squares-lt-zero power2-eg-square)
thus %thesis
using assms
by (cases z, simp add: vec-cnj-def)
qed

definition norm-cvec :: complex-vec = real where
[simp]: norm-cvec z = sqrt (Re (z,z))
syntax
-norm-cvec :: complez-vec = complex (((-)»)
syntax-consts
-NOTM-Ccvec == NOoTMm-Ccvec
translations
(#z) == CONST norm-cvec z

lemma norm-cvec-square:
shows (2)2 = Re ((2,2))
by (simp del: inprod-cvec-def)

lemma norm-cvec-gt-0:
assumes z # vec-zero
shows (z) > 0
using assms
by (simp del: inprod-cvec-def)

lemma norm-cvec-scale:
assumes 2z’ = k %5, 2
shows (2)2 = Re (cnj k * k) * (2)?
unfolding norm-cvec-square
using inprod-cvec-bilinear1 [OF assms, of 2]
using inprod-cvec-bilinear2[OF assms, of z]
by (simp del: inprod-cvec-def add: field-simps)

lift-definition inprod-hcoords :: complex-homo-coords = complex-homo-coords = complex is inprod-cvec
done

lift-definition norm-hcoords :: complex-homo-coords = real is norm-cvec
done

10.5.2 Distance in CP! - defined by Fubini-Study metric.
Formula for the chordal distance between the two points can be given directly based on the homogenous
coordinates of their stereographic projections in the plane. This is called the Fubini-Study metric.

definition dist-fs-cvec :: complez-vec = complez-vec = real where [simp]:
dist-fs-cvec z1 22 =
(let (z1z, 21y) = 21,
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(222, 22y) = 22;

num = (zlzx22y — 22zxz1y) * (cnj zlzxenj 22y — cnj 22zxcnj 21y);

den = (zlzxcenj z1x + zlyxenj z1y) = (22zxcnj 22x + 22yxcnj 22y)
in 2xsqrt(Re num / Re den))

lemma dist-fs-cvec-iff:
assumes z # vec-zero and w # vec-zero
shows dist-fs-cvec z w = 2xsqrt(1 — (cmod (z,w))? / ({(2)* * (w)?))
proof—
obtain 21 22 wl w2 where x: z = (21, 22) w = (w1, w2)
by (cases z, cases w) auto
have 1: 2xsqrt(1 — (cmod (z,w))* / ((2)? * (w)?)) = 2xsqrt(((5)? * (w)?® — (emod (w))%) / () % (w)?)
using norm-cvec-gt-0[of z] norm-cvec-gt-0[of w| assms
by (simp add: field-simps)

have 2: (z)? x (w)? = Re ((z1*cnj 21 + 22xcnj 22) * (wlxcnj wl + w2xcnj w2))
using assms *
by (simp add: vec-cnj-def)

have 3: (2)? x (w)? — (ecmod (z,w))? = Re ((z1*xw2 — wi*22) * (cnj z1*xcnj w2 — cnj wixcnj 22))
apply (subst cmod-square, (subst norm-cvec-square)+)
using *
by (simp add: vec-cnj-def field-simps)

thus %thesis
using 1 2 8
using *
unfolding dist-fs-cvec-def Let-def
by simp
qed

lift-definition dist-fs-hcoords :: complex-homo-coords = complex-homo-coords = real is dist-fs-cvec
done

lift-definition dist-fs :: complex-homo = complex-homo = real is dist-fs-hcoords
proof transfer
fix 21 22 21’ 22" :: complex-vec
obtain 21z 21y 227 22y 21’z 21"y 22'x 22y where
2z z1 = (zlz, 21y) 22 = (22z, 22y) 21’ = (21'z, 21'y) 22" = (22'z, 22'y)
by (cases z1, cases 22, cases z1', cases z2") blast

assume 1: z1 # vec-zero z2 # wvec-zero z1' # vec-zero 22" # wvec-zero z1 =, z1' 22 2, 22’
then obtain k! k2 where
x: k1 # 021" = k1 5, 21 and
wx: k2 #£ 022 = k2 x5y 22
by auto
have (cmod (21,22))? | ({z1)? * (22)?) = (cmod (21',22")* | ((z1")? * (22")?)
using <kl # 0> <k2 # 0»
using cmod-square[symmetric, of k1] cmod-square[symmetric, of k2]
apply (subst norm-cvec-scale]OF x(2)])
apply (subst norm-cvec-scale]OF *x(2)])
apply (subst inprod-cvec-bilinear! [OF x(2)])
apply (subst inprod-cvec-bilinear2[OF xx(2)])
by (simp add: power2-eq-square norm-mult)
thus dist-fs-cvec z1 z2 = dist-fs-cvec z1' 22’
using 1 dist-fs-cvec-iff
by simp
qed

lemma dist-fs-finite:
shows dist-fs (of-complex z1) (of-complex 22) = 2 * cmod(z1 — 22) / (sqrt (1+(cmod z1)?) * sqrt (1+(cmod 22)?))
apply transfer
apply transfer
apply (subst cmod-square)+
apply (simp add: real-sqri-divide cmod-def power2-eq-square)
apply (subst real-sqrt-mult[symmetric])
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apply (simp add: field-simps)
done

lemma dist-fs-infinitel:
shows dist-fs (of-complex 21) cop, = 2 / sqrt (1+(cmod z1)?)
by (transfer, transfer) (subst cmod-square, simp add: real-sqrt-divide)

lemma dist-fs-infinite2:
shows dist-fs ooy, (of-complex z1) = 2 / sqrt (1+(cmod z1)?)
by (transfer, transfer) (subst cmod-square, simp add: real-sqrt-divide)

lemma dist-fs-cvec-zero:
assumes z # vec-zero and w # vec-zero
shows dist-fs-cvec z w = 0 «— (cmod (z,w))* = ((2)® * (w)?)
using assms norm-cvec-gt-0[of z] norm-cvec-gt-0[of w)
by (subst dist-fs-cvec-iff) auto

lemma dist-fs-zerol [simp]:
shows dist-fs z z = 0
by (transfer, transfer)
(subst dist-fs-cvec-zero, simp, (subst norm-cvec-square)+, subst cmod-square, simp del: inprod-cvec-def)

lemma dist-fs-zero2 [simp]:
assumes dist-fs z1 z2 = 0
shows z1 = 22
using assms
proof (transfer, transfer)
fix z w :: complex-vec
obtain 21 22 wl w2 where *: z = (21, 22) w = (w1, w2)
by (cases z, cases w, auto)
let %22 = (21%xw2 — wi*22) * (cnj z1xenj w2 — cnj wlxcenj 22)
assume z # vec-zero w # vec-zero dist-fs-cvec z w = 0
hence (cmod (z,w))? = (2)? * (w)?
by (subst (asm) dist-fs-cvec-zero, simp-all)
hence Re %z = 0
using *
by (subst (asm) cmod-square) ((subst (asm) norm-cvec-square)+, simp add: vec-cnj-def field-simps)
hence 7z = 0
using complez-mult-cnj-cmod|of z1xw2 — wl*z2] zero-complex.simps
by (subst complez-eq-if-Re-eq[of ?z 0]) (simp add: power2-eg-square, simp, linarith)
moreover
have z1 * w2 — wl % 22 = 0 «— cnj z1 * cnj w2 — cnj wl * cnj 22 = 0
by (metis complex-cnj-diff complex-cnj-mult complez-cnj-zero-iff)
ultimately
show z ~, w
using * <z # vec-zero) (w # vec-zero)
using complez-cvec-eq-miz[of z1 z2 w1l w2]
by auto
qed

lemma dist-fs-sym:
shows dist-fs z1 22 = dist-fs 22 z1
by (transfer, transfer) (simp add: split-def field-simps)

10.5.3 Triangle inequality for Fubini-Study metric

lemma dist-fs-triangle-finite:
shows cmod(a — b) / (sqrt (1+(cmod a)?) * sqrt (14+(cmod b)?)) < emod (a — ¢) / (sqrt (14(cmod a)?) * sqrt
(14+(emod ¢)?)) + emod (¢ — b) / (sqrt (1-+(cmod b)?) * sqrt (14+(cmod c)?))
proof—
let ?cc = 14+(cmod ¢)? and 2bb = 1+(cmod b)? and 2aa = 1+(cmod a)?
have sqrt ?cc > 0 sqrt ?aa > 0 sqrt ?bb > 0
by (smt (verit) real-sqrt-gt-zero zero-compare-simps(12))+
have (a — b)x(1+cnj cxc) = (a—c)*(1+cnj cxb) + (c—b)*(1 + cnj cxa)
by (simp add: field-simps)
moreover
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have 1 4 cnjc* ¢ = 1 + (cmod ¢)?
using complex-norm-square
by auto
hence cmod ((a — b)*(1+4cnj cxc)) = cmod(a — b) * (1+(cmod ¢)?)
by (smt (verit) norm-mult norm-of-real zero-compare-simps(12))
ultimately
have cmod(a — b) * (1+(cmod ¢)?) < cmod (a—c) * cmod (1-+cnj cxb) + cmod (c—b) * cmod(1 + cnj cxa)
using complez-mod-triangle-ineq2[of (a—c)*(1+cnj cxb) (c—b)x(1 + cnj cxa)]
by (simp add: norm-mult)
moreover
have x: A abcdbd d'. [b<b;d<da>(0:real); c > 0] = axb + cxd < axb’ + cxd’
by (simp add: add-mono-thms-linordered-semiring(1) mult-left-mono)
have cmod (a—c) * cmod (14cnj cxb) + cmod (c—b) * emod(1 + cnj cxa) < cmod (a — ¢) * (sqrt (1+(cmod ¢)?)
sqrt (1+(cmod b)?)) + cmod (¢ — b) * (sgrt (14(cmod ¢)?) * sqrt (14(cmod a)?))
using x[OF cmod-1-plus-mult-le[of cnj ¢ b] cmod-1-plus-mult-le[of enj ¢ al, of cmod (a—c) ecmod (c—b)]
by (simp add: field-simps real-sqrt-mult[symmetric])
ultimately
have cmod(a — b) * %2cc < ecmod (a — ¢) * sqrt 2cc x sqrt 2bb + cmod (¢ — b) * sqrt ?cc = sqrt Zaa
by simp
moreover
hence 0 < ?2cc * sqrt ?aa * sqrt ?bb
using mult-right-mono[of 0 sqrt ?aa sqrt 7bb
using mult-right-monolof 0 Zcc sqrt ?aa x sqrt 7bb]
by simp
moreover
have sqrt ?cc /| %cc = 1 ]/ sqrt ?cc
using <sqrt ?cc > 0»
by (simp add: field-simps)
hence sqrt ?cc / (%cc x sqrt 2aa) = 1 / (sqrt 2aa * sqrt ?cc)
using times-divide-eq-right[of 1/sqrt ?aa sqrt ?cc ?cc]
using <sqrt ?aa > 0>
by simp
hence cmod (a — ¢) x sqrt ?cc | (?cc * sqrt 2aa) = cmod (a — ¢) / (sqrt %aa * sqrt ?cc)
using times-divide-eq-right[of cmod (a — ¢) sqrt ?cc (Zcc * sqrt ?aa))
by simp
moreover
have sqrt %cc /| %cc = 1 ] sqrt %cc
using <sqrt ?cc > 0»
by (simp add: field-simps)
hence sqrt ?cc | (Zcc * sqrt 2bb) = 1 / (sqrt ?bb * sqrt ?cc)
using times-divide-eg-right[of 1/sqrt 2bb sqrt ?cc ?cc]
using <sqrt 2bb > 0>
by simp
hence cmod (¢ — b) * sqrt 2cc | (%cc * sqrt 2bb) = cmod (¢ — b) / (sqrt 2bb * sqrt ?cc)
using times-divide-eq-right[of cmod (¢ — b) sqrt Zcc Zcc * sqrt 7bb)
by simp
ultimately
show ?thesis
using divide-right-mono[of cmod (a — b) * 2cc cmod (a — ¢) * sqrt ?cc * sqrt ?bb + cmod (¢ — b) * sqrt Pcc * sqrt
%aa Pcc * sqrt Zaa * sqrt ?bb] <sqrt 2aa > 0y <sqrt ?bb > 0y «sqrt ?cc > 0>
by (simp add: add-divide-distrib)
qed

*

lemma dist-fs-triangle-infinitel :
shows 1 / sqrt(1 + (cmod b)?) < 1 / sqrt(1 + (cmod ¢)?) + cmod (b — ¢) / (sqrt(1 + (cmod b)?) * sqrt(1 + (cmod
¢)*))
proof—
let 2bb = sqrt (1 + (cmod b)?) and ?cc = sqrt (1 + (cmod c)?)
have ?bb > 0 %cc > 0
by (metis add-strict-increasing real-sqrt-gt-0-iff zero-le-power?2 zero-less-one)+
hence *: ?bb * 2cc > 0
by simp
have xx: (?cc — 2bb) / (2bb x Z2cc) =1 /] 2bb — 1 ] Zcc
using <sqrt (1 + (cmod b)?) > 0> <sqrt (1 + (cmod ¢)?) > 0>
by (simp add: field-simps)
show 1 / 2bb < 1 / %?cc + e¢mod (b — ¢) / (2bb * %cc)
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using divide-right-mono[OF cmod-diff-ge|of ¢ b] %]
by (subst (asm) *x) (simp add: field-simps norm-minus-commaute)
qed

lemma dist-fs-triangle-infinite2:

shows 1 / sqrt(1 4+ (cmod a)?) < emod (a — c) / (sqrt (1+(cmod a)?) * sqrt (1+(cmod ¢)?)) + 1 / sqrt(1 + (cmod
0?)

using dist-fs-triangle-infinitel[of a c]

by simp

lemma dist-fs-triangle-infinite3:
shows cmod(a — b) / (sqrt (1+(cmod a)?) * sqrt (14(cmod b)?)) < 1 / sqrt(1 + (cmod a)?) + 1 / sqrt(1 + (cmod
b?)
proof—
let %aa = sqrt (1 4+ (cmod a)?) and ?bb = sqrt (1 + (cmod b)?)
have %aa > 0 2bb > 0
by (metis add-strict-increasing real-sqrt-gt-0-iff zero-le-power2 zero-less-one)—+
hence *: Zaa * ?bb > 0
by simp
have *x: (?aa + ?bb) / (?aa * 2bb) = 1 / %aa + 1 | 2bb
using «%aa > 0> <?bb > 0>
by (simp add: field-simps)
show cmod (a — b) / (%aa x 2bb) < 1 / %aa + 1 / ?bb
using divide-right-mono[OF cmod-diff-le[of a b] *]
by (subst (asm) *x) (simp add: field-simps norm-minus-commaute)
qed

lemma dist-fs-triangle:
shows dist-fs A B < dist-fs A C + dist-fs C B
proof (cases A = oop)
case True
show ?thesis
proof (cases B = ocop,)
case True
show ?thesis
proof (cases C = oop)
case True
show ?thesis
using <A = oop) (B = oopy «C = oop)
by simp
next
case False
then obtain ¢ where C = of-complex ¢
using inf-or-of-complez|of C]
by auto
show ?thesis
using (A = oop) (B = oop» «C = of-complex c»
by (simp add: dist-fs-infinite2 dist-fs-sym)
qed
next
case Fulse
then obtain b where B = of-complex b
using inf-or-of-complez[of B|
by auto
show ?thesis
proof (cases C = oop)
case True
show ?Zthesis
using (A = ocop «C = oop> «(B = of-complex by
by simp
next
case Fulse
then obtain ¢ where C = of-complex ¢
using inf-or-of-complez|of C]
by auto
show ?%thesis
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using (A = oop’ (B = of-complex by <C = of-complex ¢
using mult-left-mono|[OF dist-fs-triangle-infinitel[of b c], of 2]
by (simp add: dist-fs-finite dist-fs-infinitel dist-fs-infinite2 dist-fs-sym)
qed
qged
next
case False
then obtain a« where A = of-complex a
using inf-or-of-complex|of A]
by auto
show ?thesis
proof (cases B = cop,)
case True
show ?thesis
proof (cases C = ocop)
case True
show %thesis
using «B = oop) «C = oopy <A = of-complex ay
by (simp add: dist-fs-infinite2)
next
case False
then obtain ¢ where C = of-complex ¢
using inf-or-of-complez|of C]
by auto
show ?%thesis
using «B = oop)» «C = of-complex ¢ <A = of-complex a>
using mult-left-mono[OF dist-fs-triangle-infinite2[of a c|, of 2]
by (simp add: dist-fs-finite dist-fs-infinitel dist-fs-infinite2)
qed
next
case Fulse
then obtain b where B = of-complex b
using inf-or-of-complex|of B|
by auto
show ?thesis
proof (cases C = oop)
case True
thus %thesis
using «C = ocop) «(B = of-complex by <A = of-complez a»
using mult-left-mono|OF dist-fs-triangle-infinite3[of a b], of 2]
by (simp add: dist-fs-finite dist-fs-infinitel dist-fs-infinite2)
next
case False
then obtain ¢ where C = of-complez ¢
using inf-or-of-complex|of C]
by auto
show ?thesis
using <A = of-complex ay <B = of-complex by «C = of-complex c»
using mult-left-mono|OF dist-fs-triangle-finite[of a b c], of 2]
by (simp add: dist-fs-finite norm-minus-commute dist-fs-sym)
qed
qed
qged

10.5.4 CP' with Fubini-Study metric is a metric space

Using the (already available) fact that R? is a metric space (under the distance function A z y. norm(z —y)), it
was not difficult to show that the type complez-homo equipped with dist-fs is a metric space, i.e., an instantiation
of the metric-space locale.

instantiation complex-homo :: metric-space

begin

definition dist-complex-homo = dist-fs

definition (uniformity-complez-homo :: (complex-homo x complez-homo) filter) = (INF ec{0<..}. principal {(z, y).
dist-class.dist ¢ y < e})

definition open-complez-homo (U :: complez-homo set) = (V x € U. eventually (M\(z', y). 2’ = z — y € U) uniformity)
instance
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proof
fix z y :: complez-homo
show (dist-class.dist zy = 0) = (z = y)
unfolding dist-complex-homo-def
using dist-fs-zerol [of z] dist-fs-zero2|of z y]
by auto
next
fix z y z :: complex-homo
show dist-class.dist x y < dist-class.dist © z + dist-class.dist y z
unfolding dist-complex-homo-def
using dist-fs-triangle[of z y 2]
by (simp add: dist-fs-sym)
qed (simp-all add: open-complez-homo-def uniformity-complez-homo-def)
end

10.5.5 Chordal distance on the Riemann sphere

Distance of the two points is given by the length of the chord. We show that it corresponds to the Fubini-Study
metric in the plane.

definition dist-riemann-sphere-r3 :: R8 = R3 = real where [simp]:
dist-riemann-sphere-r8 M1 M2 =
(let (z1, y1, z1) = M1,
(22, y2, 22) = M2
in norm (x1 — z2, yl — y2, z1 — 22))

lemma dist-riemann-sphere-r3-inner:
assumes M1 € unit-sphere and M2 € unit-sphere
shows (dist-riemann-sphere-r M1 M2)* = 2 — 2 % inner M1 M2
using assms
apply (cases M1, cases M2)
apply (auto simp add: norm-prod-def)
apply (simp add: power2-eq-square field-simps)
done

lift-definition dist-riemann-sphere’ :: riemann-sphere = riemann-sphere = real is dist-riemann-sphere-r3
done

lemma dist-riemann-sphere-ge-0 [simp]:
shows dist-riemann-sphere’ M1 M2 > 0
apply transfer
using norm-ge-zero
by (simp add: split-def Let-def)

Using stereographic projection we prove the connection between chordal metric on the spehere and Fubini-Study
metric in the plane.

lemma dist-stereographic-finite:
assumes stereographic M1 = of-complexr m1 and stereographic M2 = of-complex m2
shows dist-riemann-sphere’ M1 M2 = 2 % ecmod (m1 — m2) / (sqrt (1 + (ecmod m1)?) % sqrt (1 + (cmod m2)?))
using assms
proof—
have *: M1 = inv-stereographic (of-complex m1) M2 = inv-stereographic (of-complex m2)
using inv-stereographic-is-inv assms
by (metis inv-stereographic-stereographic)+
have (1 + (cmod m1)?) # 0 (1 + (cmod m2)?) # 0
by (smt (verit) power2-less-0)+
have (1 + (cmod m1)?) > 0 (1 + (cmod m2)?) > 0
by (smt (verit) realpow-square-minus-le)+
hence (1 + (ecmod m1)?) * (1 + (cmod m2)?) > 0
by (metis norm-mult-less norm-zero power2-eq-square zero-power2)
hence ++: sqrt ((1 + ¢mod m1 x cmod m1) * (I + cmod m2 x cmod m2)) > 0
using real-sqrt-gt-0-iff
by (simp add: power2-eq-square)
hence #x: (2 *x cmod (m1 — m2) / sqrt (1 + cmod m1 * cmod m1) * (1 + cmod m2 % cmod m2))) > 0 «—— cmod
(m1 —m2)>0
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by (metis diff-self divide-nonneg-pos mult-2 norm-ge-zero norm-triangle-ineq4 norm-zero)

have (dist-riemann-sphere’ M1 M2)* x (1 + (cmod m1)?) x (1 + (cmod m2)?) = 4 * (cmod (m1 — m2))?
using *
proof (transfer, transfer)
fix m1 m2 M1 M2
assume us: M1 € unit-sphere M2 € unit-sphere and
x: M1 = inv-stereographic-cvec-r3 (of-complez-cvec m1) M2 = inv-stereographic-cvec-r8 (of-complez-cvec m2)
have (1 + (cmod m1)?) # 0 (1 + (ecmod m2)?) # 0
by (smt (verit) power2-less-0)+
thus (dist-riemann-sphere-r8 M1 M2)* x (1 + (cmod m1)?) * (1 + (cmod m2)?) =
4 * (cmod (m1 — m2))?
apply (subst dzst riemann-sphere-r3-inner| OF us])
apply (subst x)
apply (simp add dist-riemann-sphere-r3-inner[OF us| complex-mult-cnj-cmod)
apply (subst left-diff-distrib[of 2])
apply (subst left-diff-distrib[of 2%(14(cmod m1)?)])
apply (subst distrib-right[of - - (1 + (cmod m1)?)])
apply (subst distrib-right[of - - (1 + (cmod m1)?)])
apply simp
apply (subst distrib-right[of - - (1 + (cmod m2)?)])
apply (subst distrib-right[of - - (1 + (cmod m2)?)])
apply (subst distrib-right[of - - (1 4+ (cmod m2)?)])
apply simp
apply (subst (asm) cmod-square)+
apply (subst cmod-square)+
apply (simp add: field-simps)
done
qged
hence (dist-riemann- sphere M1 M2)* =
using «(1 + (cmod m1)?) # 0> «(1 +
using eg-divide-imp[of (1 + (cmod m1
m2))?
by simp
thus dist-riemann-sphere’ M1 M2 = 2 % cmod (m1 — m2) / (sqrt (1 + (emod m1)?) * sqrt (1 + (cmod m2)?))
using power2-eq-iff [of dist-riemann-sphere’ M1 M2 2 % (cmod (m1 — m2)) / sqrt (1 + (cmod m1)?) * (1 + (cmod
m2)?))]
using (1 + (cmod m1)?) x (1 + (cmod m2)?) > 0> «(1 + (cmod m1)?) > 0> «(1 + (cmod m2)?) > 0>
apply (auto simp add: power2-eq-square real-sqrt-mult[symmetric])
using dist-riemann-sphere-ge-0[of M1 M2] *x
using ++ divide-le-0-iff by force
qed

4 * (cmod (ml —m2))% / (1 + (cmod m1)?) * (1 + (cmod m2)?))
(cmod m?) ) # O
)2) * (1 + (cmod m2)?) (dist-riemann-sphere’ M1 M2)* 4 % (cmod (m1 —

lemma dist-stereographic-infinite:
assumes stereographic M1 = oop and stereographic M2 = of-complex m2
shows dist-riemann-sphere’ M1 M2 = 2 / sqrt (1 + (cmod m2)?)
proof—
have x: M1 = inv-stereographic oo, M2 = inv-stereographic (of-complex m2)
using inv-stereographic-is-inv assms
by (metis inv-stereographic-stereographic)+
have (1 + (cmod m2)?) # 0
by (smt (verit) power2-less-0)
have (1 + (cmod m2)?) > 0
by (smt (verit) realpow-square-minus-le)+
hence sqrt (1 + cmod m2 x cmod m2) > 0
using real-sqrt-gt-0-iff
by (simp add: power2-eq-square)
hence xx: 2 / sqrt (1 + cmod m2 x cmod m2) > 0
by simp

have (dist-riemann-sphere’ M1 M2)* % (1 4+ (cmod m2)?) = 4
using *
apply transfer
apply transfer

proof—
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fix M1 M2 m2
assume us: M1 € unit-sphere M2 € unit-sphere and
x: M1 = inv-stereographic-cvec-r3 0o, M2 = inv-stereographic-cvec-r8 (of-complez-cvec m2)
have (1 + (cmod m2)?) # 0
by (smt (verit) power2-less-0)
thus (dist-riemann-sphere-r8 M1 M2)? (1 + (cmod m2)?) = 4
apply (subst dist riemann-sphere-r3-inner| OF us])
apply (subst x)
apply (simp add complez-mult-cnj-cmod)
apply (subst left-diff-distrib[of 2], simp)
done
qed
hence (dist-riemann-sphere’ M1 M2)* = 4 / (1 + (cmod m2)?)
using «(1 + (cmod m2)?) # 0>
by (simp add: field-simps)
thus dist-riemann-sphere’ M1 M2 = 2 ] sqrt (1 + (cmod m2)?)
using power2-eq-iff [of dist-riemann-sphere’ M1 M2 2 / sqrt (1 + (cmod m2)?)]
using «(1 + (cmod m2)?) > 0>
apply (auto simp add: power2-eq-square real-sqrt-mult[symmetric])
using dist-riemann-sphere-ge-0[of M1 M2] x
by simp
qed

lemma dist-rieman-sphere-zero [simp):
shows dist-riemann-sphere’ M M = 0
by transfer auto

lemma dist-riemann-sphere-sym:
shows dist-riemann-sphere’ M1 M2 = dist-riemann-sphere’ M2 M1
proof transfer
fix M1 M2 :: R3
obtain z1 yI 21 2 y2 22 where MM: (z1, y1, z1) = M1 (22, y2, 22) = M2
by (cases M1, cases M2, auto)
show dist-riemann-sphere-r8 M1 M2 = dist-riemann-sphere-r3 M2 M1
using norm-minus-cancel[of (z1 — z2, y1 — y2, z1 — 22)] MM [symmetric]
by simp
qed

Central theorem that connects the two metrics.

lemma dist-stereographic:
shows dist-riemann-sphere’ M1 M2 = dist-fs (stereographic M1) (stereographic M2)
proof (cases M1 = North)
case True
hence stereographic M1 = oop,
by (simp add: stereographic-North)
show ?thesis
proof (cases M2 = North)
case True
show ?thesis
using <M1 = North) «<M2 = North>
by auto
next
case Fulse
hence stereographic M2 # ooy,
using stereographic-North|[of M2)]
by simp
then obtain m2 where stereographic M2 = of-complex m2
using inf-or-of-complex|of stereographic M2]
by auto
show ?thesis
using «<stereographic M2 = of-complex m2> <stereographic M1 = ocop»
using dist-fs-infinitel dist-stereographic-infinite
by (simp add: dist-fs-sym)
qed
next
case False
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hence stereographic M1 # oop,
by (simp add: stereographic-North)
then obtain m1 where stereographic M1 = of-complex m1
using inf-or-of-complex|of stereographic M1]
by auto
show %thesis
proof (cases M2 = North)
case True
hence stereographic M2 = ocop,
by (simp add: stereographic-North)
show ?thesis
using «<stereographic M1 = of-complex m1» <stereographic M2 = oop»
using dist-fs-infinite2 dist-stereographic-infinite
by (subst dist-riemann-sphere-sym, simp add: dist-fs-sym)
next
case Fulse
hence stereographic M2 # ooy,
by (simp add: stereographic-North)
then obtain m2 where stereographic M2 = of-complex m2
using inf-or-of-complez|of stereographic M2]
by auto
show ?thesis
using <stereographic M1 = of-complex m1» <stereographic M2 = of-complex m2>»
using dist-fs-finite dist-stereographic-finite
by simp
qged
qed

Other direction

lemma dist-stereographic’:
shows dist-fs A B = dist-riemann-sphere’ (inv-stereographic A) (inv-stereographic B)
by (subst dist-stereographic) (metis stereographic-inv-stereographic)

The riemann-sphere equipped with dist-riemann-sphere’ is a metric space, i.e., an instantiation of the met-
ric-space locale.

instantiation riemann-sphere :: metric-space
begin
definition dist-riemann-sphere = dist-riemann-sphere’
definition (uniformity-riemann-sphere :: (riemann-sphere X riemann-sphere) filter) = (INF ec{0<..}. principal {(z,
y). dist-class.dist © y < e})
definition open-riemann-sphere (U :: riemann-sphere set) = (V z € U. eventually (\(z', y). 2’ = 2 — y € U)
uniformity)
instance
proof
fix z y :: riemann-sphere
show (dist-class.dist z y = 0) = (z = y)
unfolding dist-riemann-sphere-def
proof transfer
fixzy:: R3
obtain z! yI z1 2 y2 22 where *: (z1, yl, z1) = z (22, y2, 22) =y
by (cases z, cases y, auto)
assume z € unit-sphere y € unit-sphere
thus (dist-riemann-sphere-r3 z y = 0) = (z = y)
using norm-eg-zero[of (z1 — y2, yl — y2, z1 — 22)] using *[symmetric|
by (simp add: zero-prod-def)
qed
next
fix z y z :: riemann-sphere
show dist-class.dist x y < dist-class.dist © z + dist-class.dist y z
unfolding dist-riemann-sphere-def
proof transfer
fixzyz: RS
obtain z! yI z1 22 y2 22 z3 y3 23 where MM: (z1, y1, z1) = z (22, y2, 22) = y (23, y3, 28) = 2
by (cases z, cases y, cases z, auto)

assume z € unit-sphere y € unit-sphere z € unit-sphere
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thus dist-riemann-sphere-r3 x y < dist-riemann-sphere-r3 x z + dist-riemann-sphere-r3 y z
using MM [symmetric] norm-minus-cancel[of (z8 — z2, y3 — y2, 23 — 22)] norm-triangle-ineg|of (z1 — z3, y1
— y3, z1 — 28) (28 — 22, y3 — y2, 28 — 22)]
by simp
qged
qed (simp-all add: uniformity-riemann-sphere-def open-riemann-sphere-def)
end

The riemann-sphere metric space is perfect, i.e., it does not have isolated points.

instantiation riemann-sphere :: perfect-space
begin
instance proof
fix M :: riemann-sphere
show — open {M}
unfolding open-dist dist-riemann-sphere-def
apply (subst dist-riemann-sphere-sym)
proof transfer
fix M
assume M € unit-sphere
obtain z y z where MM: M = (z, y, 2)
by (cases M) auto
then obtain a 8 where x: . = cosa x cos fy=cosaxsin B z=sina —pi/2<aha<pi/2
using <M € unit-sphere>
using ez-sphere-params|of © y 2]
by auto
have A\ e. e > 0 = (3y. y € unit-sphere A dist-riemann-sphere-r3 My < e A y # M)
proof—
fix e :: real
assume e > 0
then obtain o’ where 1 — (exe/2) < cos (@ — a') a # o' —pi/2 < a’ o’ < pi/2
using ez-cos-gtlof o 1 — (exe/2)] «—pi /2 <aANa<pi/ 2
by auto
hence sin o # sin o’
using <—pi / 2 < a A a < pi/ 2 sin-injlof a o]
by auto

have 2 — 2 % cos (o — ') < exe
using mult-strict-right-mono[OF <1 — (exe/2) < cos (o — a')y, of 2]
by (simp add: field-simps)
have 2 — 2 % cos (o — a') > 0
using cos-le-onelof a — o]
by (simp add: algebra-split-simps)
let ?M’' = (cos o’ x cos B, cos a' * sin 3, sin o)
have dist-riemann-sphere-r3 M M’ = sqrt ((cos a — cos a')* + (sin o — sin a')?)
using MM = sphere-params-on-sphere[of - o’ 3]
using sin-cos-squared-add|of f]
apply (simp add: dist-riemann-sphere’-def Abs-riemann-sphere-inverse norm-prod-def)
apply (subst left-diff-distrib[symmetric])+
apply (subst power-mult-distrib)+
apply (subst distrib-left[symmetric])

apply simp

done
also have ... = sgrt (2 — 2xcos (o — a))

by (simp add: power2-eq-square field-simps cos-diff)
finally

have (dist-riemann-sphere-r8 M 2M")? = 2 — 2xcos (o — o)
using <2 — 2 * cos (a — ') > 0>
by simp

hence (dist-riemann-sphere-r8 M ?M")? < e
using <2 — 2 * cos (a — @) < exe>
by (simp add: power2-eg-square)

hence dist-riemann-sphere-r3 M ?M' < e
apply (rule power2-less-imp-less)
using <e > 0»
by simp

moreover

2
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have M # ?M’
using MM «sin « # sin oy *
by simp
moreover
have ?M’ € unit-sphere
using sphere-params-on-sphere by auto
ultimately
show Jy. y € unit-sphere A dist-riemann-sphere-r8 My < e Ny # M
unfolding dist-riemann-sphere-def
by (rule-tac z=2M" in exl, simp)
qed
thus = (Vze{M}. e>0. Vye{z. z € unit-sphere}. dist-riemann-sphere-r8zy < e — y € {M})
by auto
qged
qged
end

The complex-homo metric space is perfect, i.e., it does not have isolated points.

instantiation complex-homo :: perfect-space
begin
instance proof
fix z::complex-homo
show — open {z}
unfolding open-dist
proof (auto)
fix e::real
assume e > (
thus 3 y. dist-class.dist yz < e Ny # z
using not-open-singleton|of inv-stereographic x]
unfolding open-dist
unfolding dist-complex-homo-def dist-riemann-sphere-def
apply (subst dist-stereographic’, auto)
apply (erule-tac z=e in allE, auto)
apply (rule-tac z=stereographic y in ezl, auto)
done
qed
qed

end

lemma Lim-within:
shows (f —— ) (at a within S) «—
(Ve >0.3d>0.Vz € S. 0 < dist-class.dist © a A dist-class.dist x a < d — dist-class.dist (fz) | < e)
by (auto simp: tendsto-iff eventually-at)

lemma continuous-on-iff:
shows continuous-on s f «——
(Vz€s. Ve>0. 3d>0. Vx'es. dist-class.dist 1’ © < d — dist-class.dist (f ') (fz) < e)
unfolding continuous-on-def Lim-within
by (metis dist-pos-It dist-self)

Using the chordal metric in the extended plane, and the Euclidean metric on the sphere in R?, the stereographic
and inverse stereographic projections are proved to be continuous.

lemma continuous-on UNIV stereographic

unfolding continuous-on-iff

unfolding dist-complex-homo-def dist-riemann-sphere-def
by (subst dist-stereographic’, auto)

lemma continuous-on UNIV inv-stereographic
unfolding continuous-on-iff

unfolding dist-complex-homo-def dist-riemann-sphere-def
by (subst dist-stereographic, auto)

224



10.5.6 Chordal circles

Real circlines are sets of points that are equidistant from some given point in the chordal metric. There are
exactly two such points (two chordal centers). On the Riemann sphere, these two points are obtained as
intersections of the sphere and a line that goes trough center of the circle, and its orthogonal to its plane.

The circline for the given chordal center and radius.

definition chordal-circle-cvec-cmat :: complex-vec = real = compler-mat where
[simp]: chordal-circle-cvec-cmat a r =
(let (a1, a2) = a
in ((4%a2xcnj a2 — (cor v)*x(alxcnj al + a2xcnj a2)), (—4*alxcnj a2), (—4xcnj alxa2), (4*al*cnj al
— (cor r)?x(al*cnj al + a2xcnj a2))))

lemma chordal-circle-cmat-hermitean-nonzero [simp]:
assumes a 7 vec-zero
shows chordal-circle-cvec-cmat a r € hermitean-nonzero
using assms
by (cases a) (auto simp add: hermitean-def mat-adj-def mat-cnj-def Let-def)

lift-definition chordal-circle-hcoords-clmat :: complex-homo-coords = real = circline-mat is chordal-circle-cvec-cmat
using chordal-circle-cmat-hermitean-nonzero
by (simp del: chordal-circle-cvec-cmat-def)

lift-definition chordal-circle :: complex-homo = real = circline is chordal-circle-hcoords-clmat
proof transfer
fix a b :: complex-vec and r :: real
assume *: a # vec-zero b # vec-zero
obtain al a2 where aa: a = (al, a2)
by (cases a, auto)
obtain b1 b2 where bb: b = (b1, b2)
by (cases b, auto)
assume a =, b
then obtain k where b = (k * al, k * a2) k # 0
using aa bb
by auto
moreover
have cor (Re (k* enj k)) =k x cnj k
by (metis complex-In-mult-cnj-zero complex-of-real-Re)
ultimately
show circline-eq-cmat (chordal-circle-cvec-cmat a r) (chordal-circle-cvec-cmat b 1)
using * aa bb
by simp (rule-tac z=Re (kxcnj k) in exl, auto simp add: Let-def field-simps)
qed

lemma sqrt-1-plus-square:
shows sqrt (1 + a®) # 0
by (smt (verit) real-sqrt-less-mono real-sqrt-zero realpow-square-minus-le)

lemma
assumes dist-fs z a = r
shows z € circline-set (chordal-circle a r)
proof (cases a # oop)
case True
then obtain o’ where a = of-complez a’
using inf-or-of-complex
by auto
let ?2A = 4 — (cor )% x (1 + (a*cnj a’)) and ?B = —4*a’ and ?C=—4xcnj o’ and 2D = fxa'xcnj a’ — (cor r)?
x (1 + (a'xcnj a’))
have hh: (24, ¢B, ?C, ?D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def power2-eq-square)
hence *: chordal-circle (of-complex a') v = mk-circline ?A ¢B ?C ¢D
by (transfer, transfer, simp, rule-tac z=1 in exl, simp)

show ?thesis

proof (cases z # oop,)
case True
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then obtain 2z’ where z = of-complex 2’
using inf-or-of-complez|of z] inf-or-of-complez|of a)
by auto
have 2 * cmod (2’ — a’) / (sqrt (1 + (cmod 2')?) * sqrt (1 + (ecmod a’)?)) = r
using dist-fs-finite[of 2" a'] assms <z = of-complex z"y <a = of-complex a”»
by auto
hence 4 * (cmod (z' — a))* / ((1 + (cmod 2')?) * (1 + (cmod a')?)) = r?
by (auto simp add: field-simps)
moreover
have sqrt (1 + (ecmod 2')?) # 0 sqrt (1 + (cmod a')?) # 0
using sqrt-1-plus-square
by simp+
hence (1 + (cmod 2')?) x (1 + (cmod a')?) # 0
by simp
ultimately
have 4 * (cmod (2’ — a'))> = 1% % (I + (cmod 2)?) * (1 + (cmod a')?))
by (simp add: field-simps)
hence 4 * Re ((2' — a’)xcnj (2/ — a’)) = v% * (1 + Re (2'*cnj 2)) * (1 + Re (a’*cnj a’))
by ((subst cmod-square[symmetric])+, simp)
hence 4 * (Re(z"*cnj z') — Re(a’scnj z') — Re(cnj a’x2") 4+ Re(a’scnj a’)) = r* x (1 + Re (2'scnj 2')) * (I + Re
(a’*cnj a’))
by (simp add: field-simps)
hence Re (?A x z' * cnjz' + ?Bx cnjz' + 2C * 2/ + 2D) = 0
by (simp add: power2-eq-square field-simps)
hence ?A * 2" x cnjz' + ?B*x cnjz' + 20 x 2’ + 2D = 0
by (subst complez-eq-if-Re-eq) (auto simp add: power2-eg-square)
hence (cnj 2z’ x A + 2C) x 2" + (enj 2z’ x B + ¢2D) = 0
by algebra
hence z € circline-set (mk-circline ?A ¢B ?C 2D)
using <z = of-complez z'» hh
unfolding circline-set-def
by simp (transfer, transfer, simp add: vec-cnj-def)
thus Zthesis
using *
by (subst <a = of-complex a’>) simp
next
case Fulse
hence 2 / sqrt (1 + (cmod a')?) = r
using assms <a = of-complez a’)
using dist-fs-infinite2[of a]
by simp
moreover
have sgrt (1 + (cmod a’)?) # 0
using sqrt-1-plus-square
by simp
ultimately
have 2 = r * sqrt (1 + (cmod a')?)
by (simp add: field-simps)
hence 4 = (v * sqrt (1 + (cmod a)?))?
by simp
hence 4 = r% % (1 + (cmod a')?)
by (simp add: power-mult-distrib)
hence Re (4 — (cor r)? % (1 + (a’ * cnja’))) = 0
by (subst (asm) cmod-square) (simp add: field-simps power2-eq-square)
hence 4 — (cor r)? x (1 + (a'*cnj a’)) = 0
by (subst complex-eq-if-Re-eq) (auto simp add: power2-eg-square)
hence circline-A0 (mk-circline ?A ?B ?C ?D)
using hh
by (simp, transfer, transfer, simp)
hence z € circline-set (mk-circline ?A ?B 2C ?D)
using inf-in-circline-set[of mk-circline ?A ?B ?C ?D]
using <— z # oop»
by simp
thus Zthesis
using *
by (subst <a = of-complex a’») simp
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qed
next
case Fulse
let ?A = —(cor r)?> and ?B = 0 and ?C = 0 and ?D = J —(cor r)?
have hh: (24, ¢B, ?C, ?D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def power2-eq-square)
hence *: chordal-circle a r = mk-circline A ?B ?C ?D
using - a # oo
by simp (transfer, transfer, simp, rule-tac =1 in exl, simp)

show ?thesis
proof (cases z = oop)
case True
show ?thesis
using assms (z = cop) <— a # oop)
using * hh
by (simp, subst inf-in-circline-set, transfer, transfer, simp)
next
case Fulse
then obtain 2z’ where z = of-complex 2’
using inf-or-of-complex|of 2|
by auto
have 2 / sqrt (1 + (cmod 2')?) = r
using assms <z = of-complex 2y« a # cop>
using dist-fs-infinite2|of 2|
by (simp add: dist-fs-sym)
moreover
have sqrt (1 + (cmod 2")?) # 0
using sqrt-1-plus-square
by simp
ultimately
have 2 = r  sqrt (1 + (cmod 2')?)
by (simp add: field-simps)
hence 4 = (r * sqrt (1 + (cmod 2')?))?
by simp
hence 4 = r% % (1 + (cmod 2')?)
by (simp add: power-mult-distrib)
hence Re (4 — (corm)? x (1 + (2" * enj 2'))) = 0
by (subst (asm) cmod-square) (simp add: field-simps power2-eq-square)
hence — (cor r)? * z'xcnj 2’ + 4 — (corr)?> = 0
by (subst complez-eq-if-Re-eq) (auto simp add: power2-eg-square field-simps)
hence z € circline-set (mk-circline ?A ?B 2C ¢D)
using hh
unfolding circline-set-def
by (subst <z = of-complex 2"y, simp) (transfer, transfer, auto simp add: vec-cnj-def field-simps)
thus Zthesis
using *
by simp
qed
qed

lemma
assumes z € circline-set (chordal-circle a r) and r > 0
shows dist-fs za =r
proof (cases a = oop)
case False
then obtain a’ where a = of-complez a’
using inf-or-of-complex
by auto

let A = 4 — (corr)? x (1 + (a*cnj a')) and ?B = —4*a’ and ?C=—4xcnj o’ and ?D = f*a'xcnj a’ — (cor r)?
* (1 + (a'sxcnj a’))
have hh: (?4, ?B, ?C, ?D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def power2-eg-square)
hence *: chordal-circle (of-complex a') T = mk-circline ?A 2B 2C 2D
by (transfer, transfer, simp, rule-tac z=1 in ezl, simp)
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show ?thesis
proof (cases z = oop,)
case Fulse
then obtain 2z’ where z = of-complex 2’
using inf-or-of-complex|of z| inf-or-of-complex|of a]
by auto
hence z € circline-set (mk-circline ?A ?B ?C ?D)
using assms <a = of-complez a’y *
by simp
hence (cnj 2z’ x 24 + 2C) x 2" + (cnj 2z’ x 2B + ¢D) = 0
using hh
unfolding circline-set-def
by (subst (asm) <z = of-complex 2", simp) (transfer, transfer, simp add: vec-cnj-def)
hence ?A * 2" x ecnjz' + ?Bxcnjz' + 2C x 2/ + 2D = 0
by algebra
hence Re (?A x z' x cnjz' + ?B % cnj 2z’ +2C x z' +2D) = 0
by (simp add: power2-eq-square field-simps)
hence 4 * Re ((z' — a)xcnj (2/ — a')) = r? % (1 + Re (2"*cnj 2')) * (1 + Re (a’sxcnj a’))
by (simp add: field-simps power2-eg-square)
hence 4 * (cmod (z' — a))* = 1% % (1 + (cmod 2")?) * (1 + (cmod a)?))
by (subst cmod-square)+ simp
moreover
have sqrt (1 4+ (emod 2')?) # 0 sqrt (1 + (cmod a')?) # 0
using sqrt-1-plus-square
by simp+
hence (1 + (emod 2')?) x (1 + (cmod a')?) # 0
by simp
ultimately
have 4 * (cmod (z' — a'))? / ((1 + (cmod 2')?) * (1 + (cmod a')?)) = r?
by (simp add: field-simps)
hence 2 * cmod (2’ — a’) / (sqrt (1 + (cmod 2')?) * sqrt (1 + (cmod a’)?)) = r
using «r > 0»
by (subst (asm) real-sqrt-eq-iff [symmetric]) (simp add: real-sqrt-mult real-sqrt-divide)
thus ?thesis
using <z = of-complez z'» <a = of-complex a’>
using dist-fs-finite[of 2’ a]
by simp
next
case True
have z € circline-set (mk-circline ?A ¢B 2C ?D)
using assms <a = of-complez a’y *
by simp
hence circline-A0 (mk-circline ?A ?B 2C ?D)
using inf-in-circline-set[of mk-circline A ?B ?C ?D]
using <z = oop)
by simp
hence 4 — (cor r)? = (1 + (a'*cnj a’)) = 0
using hh
by (transfer, transfer, simp)
hence Re (4 — (cor r)? * (1 4+ (a’ * cnj a’))) = 0
by simp
hence 4 = 72 % (1 + (cmod a')?)
by (subst cmod-square) (simp add: power2-eq-square)
hence 2 = r * sqrt (1 + (cmod a')?)
using «r > 0»
by (subst (asm) real-sqrt-eq-iff [symmetric]) (simp add: real-sqrt-mult)
moreover
have sqrt (1 + (cmod a”)?) # 0
using sqrt-1-plus-square
by simp
ultimately
have 2 / sqrt (1 + (cmod a')?) = r
by (simp add: field-simps)
thus %thesis
using <a = of-complex a’y <z = oop>
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using dist-fs-infinite2[of a]
by simp
qed
next
case True
let A = —(cor r)®> and ?B = 0 and ?C = 0 and ?D = 4 —(cor r)?
have hh: (?4, ?B, ?C, ?D) € {H. hermitean H N H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def power2-eg-square)
hence *: chordal-circle a r = mk-circline ?A ?B ?2C 2D
using <a = oop»
by simp (transfer, transfer, simp, rule-tac x=1 in exl, simp)

show ?thesis
proof (cases z = oop,)
case True
thus Zthesis
using <a = oo’ assms * hh
by simp (subst (asm) inf-in-circline-set, transfer, transfer, simp)
next
case Fulse
then obtain 2’ where z = of-complex z’
using inf-or-of-complex
by auto
hence z € circline-set (mk-circline ?A ?B 2C ¢D)
using assms *
by simp
hence — (cor r)? * z'xcnj z' + 4 — (corr)?> =0
using hh
unfolding circline-set-def
apply (subst (asm) <z = of-complex z"))
by (simp, transfer, transfer, simp add: vec-cnj-def, algebra)
hence 4 — (cor )% * (1 + (z"*cnj 2’)) = 0
by (simp add: field-simps)
hence Re (4 — (cor r)? * (1 + (2" x cnj 2'))) = 0
by simp
hence 4 = r% % (1 + (cmod 2')?)
by (subst cmod-square) (simp add: power2-eq-square)
hence 2 = r * sqrt (1 + (cmod 2)?)
using «r > 0»
by (subst (asm) real-sqrt-eq-iff [symmetric]) (simp add: real-sqrt-mult)
moreover
have sqrt (1 + (cmod 2')?) # 0
using sqrt-1-plus-square
by simp
ultimately
have 2 / sqrt (1 + (cmod 2')?) = r
by (simp add: field-simps)
thus Zthesis
using <z = of-complex 2z’ <a = ocop»
using dist-fs-infinite2|[of 2]
by (simp add: dist-fs-sym)
qed
qged

Two chordal centers and radii for the given circline

definition chordal-circles-cmat :: complez-mat = (complex x real) X (complez X real) where
[simp]: chordal-circles-cmat H =
(let (A, B, C, D) = H;
dsc = sqrt(Re ((D—A)? + 4 * (Bxcnj B)));
al = (A — D + cordsc) /] (2 * C);
r1 = sart((4 — Re((—4 * a1/B) + A)) / (1 + Re (alxcnj a1)));
a2 = (A — D — cor dsc) /] (2 * C);
r2 = sqrt((4 — Re((—4 * a2/B) x A)) / (1 + Re (a2xcnj a2)))
in ((al, r1), (a2, r2)))

lift-definition chordal-circles-clmat :: circline-mat = (complex X real) x (complex X real) is chordal-circles-cmat
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done

lift-definition chordal-circles :: ocircline = (complex x real) x (complex x real) is chordal-circles-clmat
proof transfer
fix H1 H2 :: complex-mat
obtain A1 B! C1 D1 where hhi: (A1, B1, C1, D1) = HI
by (cases H1) auto
obtain A2 B2 C2 D2 where hh2: (A2, B2, C2, D2) = H2
by (cases H2) auto

assume ocircline-eq-cmat H1 H2
then obtain k where x: £k > 0 A2 = cor k x Al B2 = cork « B1 C2 = cor k * C1 D2 = cor k x D1
using hhl[symmetric] hh2[symmelric|
by auto
let ?dscl = sqrt (Re (D1 — A1)® + 4 * (BI * cnj B1))) and ?dsc2 = sqrt (Re (D2 — A2)® + 4 % (B2 * cnj
B2)))

let a1l = (A1 — D1 + cor ?dscl) / (2 % C1) and ?a12 = (A2 — D2 + cor 2dsc2) / (2 x C2)
let ?a21 = (A1 — D1 — cor ?dscl) / (2 % C1) and %a22 = (A2 — D2 — cor %2dsc2) / (2 *x C2)
let ?r11 = sqrt((4 — Re((—4 * 2a11/B1) % A1)) / (1 + Re (%allxcnj 2all)))
let 7712 = sqrt((4 — Re((—4 * 2a12/B2) % A2)) / (1 + Re (%a12xcnj ?a12)))
let 2r21 = sqri((4 — Re((—4 * 2a21/B1) = A1)) / (1 + Re (?a21*cnj ?a21)))
let 722 = sqrt((4 — Re((—4 * 2a22/B2) x A2)) / (1 + Re (2a22xcnj 2a22)))

have Re ((D2 — A2)* + 4 = (B2 x cnj B2)) = k* * Re (D1 — A1)*> + 4 * (BI * cnj B1))
using *
by (simp add: power2-eq-square field-simps)
hence ?dsc2 = k x ?dscl
using <k > 0»
by (simp add: real-sqrt-mult)
hence A2 — D2 + cor 2dsc2 = cor k x (A1 — D1 + cor ?dsc1) A2 — D2 — cor ?dsc2 = cor k x (Al — D1 — cor
2dscl) 2xC2 = cor k x (2xC1)
using *
by (auto simp add: field-simps)
hence %a12 = %a11l %a22 = %021
using <k > 0>
by simp-all
moreover
have Re((—4 * 2a12/B2) x+ A2) = Re((—4 * %all/B1) x Al)
using *
by (subst <?a12 = ?ally) (simp, simp add: field-simps)
have 9r12 = ?rit
by (subst <Re((—4 * 2a12/B2) x* A2) = Re((—4 * %al1/B1) x A1), (subst <?a12 = 2all»)+) simp
moreover
have Re((—4 * 2a22/B2) x+ A2) = Re((—4 * 2a21/B1) x Al)
using *
by (subst <?a22 = ?%a21») (simp, simp add: field-simps)
have 7r22 = 2r21
by (subst <Re((—4 * 2a22/B2) x A2) = Re((—4 * 2a21/B1) x A1), (subst <?a22 = 2a21>)+) simp
moreover
have chordal-circles-cmat H1 = ((%all, ?ril), (%a21, 9r21))
using hhl[symmetric]
unfolding chordal-circles-cmat-def Let-def
by (simp del: times-complex.sel)
moreover
have chordal-circles-cmat H2 = ((?a12, ?r12), (%a22, 7r22))
using hh2[symmetric]
unfolding chordal-circles-cmat-def Let-def
by (simp del: times-complex.sel)
ultimately
show chordal-circles-cmat H1 = chordal-circles-cmat H2
by metis
qed

lemma chordal-circle-radius-positive:

assumes hermitean (A, B, C, D) and Re (mat-det (A, B, C, D)) < 0 and B # 0 and
dsc = sqrt(Re ((D—A)? + 4 * (Bxcnj B))) and
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al = (A — D + cordsc) / (2 = C) and a2
shows Re (Axal/B) > —1 A Re (Axa2/B)
proof—
from assms have is-real A is-real D C = c¢nj B
using hermitean-elems
by auto
have x: Axal/B = ((A — D + cor dsc) / (2 * (B * cnj B))) x A
using (B # 0> <C = ¢nj B> <al = (A — D + cordsc) / (2 = C)»
by (simp add: field-simps) algebra
have sx: Axa2/B = ((A — D — cor dsc) / (2 = (B * cnj B))) = A
using (B # 0> <C = ¢nj B> <a2 = (A — D — cor dsc) / (2 = C)»
by (simp add: field-simps) algebra
have dsc > 0
proof—
have 0 < Re (D — A)?) + 4 * Re ((cor (cmod B))?)
using <is-real Ay <is-real D> by simp
thus ?thesis
using <dsc = sqrt(Re ((D—A)? + 4x(Bxcnj B)))
by (subst (asm) complex-mult-cnj-cmod) simp
qged
hence Re (A — D — cor ds¢) < Re (A — D + cor dsc)
by simp
moreover
have Re (2 *x (B * cnj B)) > 0
using «B # 0»
by (subst complez-mult-cnj-cmod, simp add: power2-eq-square)
ultimately
have zzz: Re (A — D + cor dsc) / Re (2 % (B % ¢nj B)) > Re (A — D — cor dsc) / Re (2 % (B * cnj B)) (is ?lhs >
2rhs)
by (metis divide-right-mono less-eq-real-def)

(A— D — cordsc) / (2% C)
—1

vV Il

have Re A * Re D < Re (Bxcnj B)
using (Re (mat-det (A, B, C, D)) < 0> <C = cnj B» is-real A> <is-real D>
by simp

have (Re (2« (B* cnjB)) / ReA) / Re (2« BxcnjB) =1/ Re A
using <Re (2 * (B * cnj B)) > 0»
apply (subst divide-divide-eq-left)
apply (subst mult.assoc)
apply (subst nonzero-divide-mult-cancel-right)
by simp-all

show ?thesis
proof (cases Re A > 0)
case True
hence Re (Axal/B) > Re (Axa2/B)
using * s <Re (2 = (B % cnj B)) > 0> <B # 0> <is-real Ay <is-real Dy zzx
using mult-right-mono[of ?rhs ?lhs Re A]
apply simp
apply (subst Re-divide-real, simp, simp)
apply (subst Re-divide-real, simp, simp)
apply (subst Re-mult-real, simp)+
apply simp
done
moreover
have Re (Axa2/B) > —1
proof—
from <Re A * Re D < Re (Bxcnj B)»
have Re (A%) < Re (Bxcnj B) + Re ((A — D)xA)
using «Re A > 0» <is-real A> <is-real D>
by (simp add: power2-eg-square field-simps)
have 1 < Re (Bxcnj B) / Re (A?) + Re (A — D) / Re A
using (Re A > 0» <is-real A> <is-real D>
using divide-right-mono[OF «Re (A?) < Re (Bxcnj B) 4+ Re (A — D)xA)», of Re (A?))
by (simp add: power2-eq-square add-divide-distrib)
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have 4 * Re(Bxcnj B) < 4 * (Re (Bxcnj B))? / Re (A®) + 2%Re (A — D) / Re A % 2 % Re(Bxcnj B)
using mult-right-mono[OF <1 < Re (Bxcnj B) / Re (A*) + Re (A — D) / Re A», of 4 * Re (Bxcnj B)]
by (simp add: distrib-right) (simp add: power2-eq-square field-simps)

moreover

have A # 0
using <Re A > 0»
by auto

hence 4 * (Re (Bxcnj B))? / Re (A?) = Re (4 * (Bxcnj B)* | A?)
using Re-divide-real[of A® 4 % (Bxcnj B)?] (Re A > 0 <is-real A»
by (auto simp add: power2-eg-square)

moreover

have 2xRe (A — D) / Re A x 2 x Re(Bxcnj B) = Re (2 * (A — D) / Ax 2 x B x cnj B)
using <is-real Ay <is-real Dy <A # 0»
using Re-divide-real[of A (4 x A — 4 x D) * B * cnj B|
by (simp add: field-simps)

ultimately

have Re (D — A)* 4+ 4 % Bxcnj B) < Re((A — D) + 4 * (Bxcnj B)? | A + 2%(A — D) / A % 2 x Bxcnj B)
by (simp add: field-simps power2-eq-square)

hence Re ((D — A)? + 4 % Bxcnj B) < Re(((A — D) + 2 % Bxcnj B | A)?)
using <A # 0»
by (subst power2-sum) (simp add: power2-eq-square field-simps)

hence dsc < sqrt (Re(((A — D) + 2 % Bxenj B/ A)?))
using <dsc = sqrt(Re (D—A)? + 4*(Bxcnj B)))»
by simp

moreover

have Re(((A — D) + 2 % Bxcnj B/ A)?) = (Re((A — D) + 2 % Bxenj B/ A))?
using <is-real Ay <is-real D) div-reals
by (simp add: power2-eg-square)

ultimately

have dsc < |Re (A — D+ 2 « B x cnj B/ A)|
by simp

moreover

have Re (A— D+ 2+« Bx*xcnjB/ A) >0

proof—
have *: Re (A? 4+ Bxcnj B) > 0

using <is-real A»
by (simp add: power2-eq-square)
also have Re (A? + 2xBxcnj B — AxD) > Re (A%? 4+ Bxcnj B)
using (Re A « Re D < Re (Bxcnj B)»
using <is-real Ay <is-real D>
by simp
finally
have Re (A% + 2%Bxcnj B — AxD) > 0
by simp
show ?thesis
using divide-right-mono[OF <Re (A% + 2%Bxcnj B — AxD) > 0>, of Re A] (Re A > 0> <is-real A> (A # 0»
by (simp add: add-divide-distrib diff-divide-distrib) (subst Re-divide-real, auto simp add: power2-eq-square
field-simps)

qed

ultimately

have dsc < Re (A — D+ 2« Bxcnj B/ A)
by simp

hence — Re (2 * (B * cnj B) / A) < Re ((A — D — cor dsc))
by (simp add: field-simps)

hence x: — (Re (2 * (B * cnj B)) / Re A) < Re (A — D — cor dsc)
using <is-real Ay <A # 0»
by (subst (asm) Re-divide-real, auto)

from divide-right-mono[OF this, of Re (2 * B * cnj B)]

have — 1 / Re A < Re (A — D — cor dsc) /| Re (2 * B % cnj B)
using «(Re A > 0» «<B # 0> <A # 0» <0 < Re (2 % (B % cnj B))»
using «(Re (2 x (B * cnj B)) / Re A) / Re (2 * Bx cnj B) =1 / Re A
by simp

from mult-right-mono[OF this, of Re A]

show %thesis
using <is-real Ay <is-real Dy «<B # 0> <Re A > 0> <A # 0»
apply (subst *x)
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apply (subst Re-mult-real, simp)
apply (subst Re-divide-real, simp, simp)
apply (simp add: field-simps)
done
qed
ultimately
show ?thesis
by simp
next
case Fulse
show ?thesis
proof (cases Re A < 0)
case True
hence Re (Axal/B) < Re (Axa2/B)
using x xx (Re (2 * (B x cnj B)) > 0y <B # 0> «is-real Ay <is-real Dy zzx
using mult-right-mono-neg[of ?rhs ?lhs Re A
apply simp
apply (subst Re-divide-real, simp, simp)
apply (subst Re-divide-real, simp, simp)
apply (subst Re-mult-real, simp)+
apply simp
done
moreover
have Re (Axal/B) > —1
proof—
from <Re A x Re D < Re (Bxcnj B)»
have Re (A%) < Re (Bxcnj B) — Re (D — A)xA)
using <Re A < 05 <is-real A» <is-real D>
by (simp add: power2-eq-square field-simps)
hence 7 < Re (Bxcnj B) / Re (A?) — Re (D — A) / Re A
using <Re A < 05 <is-real A» <is-real D>
using divide-right-mono[OF <Re (A®) < Re (Bxcnj B) — Re (D — A)xA)», of Re (A?))]
by (simp add: power2-eq-square diff-divide-distrib)
have 4 * Re(Bxcnj B) < 4 % (Re (Bxcnj B))?> / Re (A%?) — 2%Re (D — A) / Re A x 2 * Re(Bxcnj B)
using mult-right-mono[OF <1 < Re (Bxcnj B) / Re (A?) — Re (D — A) / Re A», of 4 % Re (Bxcnj B))
by (simp add: left-diff-distrib) (simp add: power2-eq-square field-simps)
moreover
have A # 0
using <Re A < 0»
by auto
hence 4 * (Re (Bxcnj B))? / Re (A?) = Re (4 * (Bxcnj B)? | A?)
using Re-divide-real[of A® 4 * (Bxcnj B)?] (Re A < 0> <is-real A
by (auto simp add: power2-eg-square)
moreover
have 2xRe (D — A) / Re A * 2 % Re(Bxcnj B) = Re (2 x (D — A) /] A% 2 x B x cnj B)
using «is-real Ay <is-real Dy <A # 0>
using Re-divide-real[of A (4 * D — 4 % A) x B x cnj B]
by (simp add: field-simps)
ultimately
have Re ((D — A)> + 4 % Bxcnj B) < Re((D — A)? 4+ 4 % (Bxcnj B)? | A2 — 2x(D — A) / A x 2 x Bxcnj B)
by (simp add: field-simps power2-eq-square)
hence Re ((D — A)? 4+ 4 % Bxcnj B) < Re(((D — A) — 2 % Bxcnj B | A)?)
using <A # 0
by (subst power2-diff) (simp add: power2-eg-square field-simps)
hence dsc < sqrt (Re(((D — A) — 2  Bxcnj B/ A)?))
using <dsc = sqrt(Re ((D—A)? + 4x(Bxcnj B)))
by simp
moreover
have Re(((D — A) — 2 % Bxcnj B / A)?) = (Re((D — A) — 2 % Bxcenj B/ A))?
using <is-real Ay <is-real D) div-reals
by (simp add: power2-eq-square)
ultimately
have dsc < |Re (D — A — 2 %« Bx* cnj B/ A)|
by simp
moreover
have Re (D — A — 2+« B*cnjB / A) >0
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proof—
have Re (A% + Bxcnj B) > 0
using <is-real A»
by (simp add: power2-eg-square)
also have Re (A% + 2xBxcnj B — AxD) > Re (A% + Bxcnj B)
using (Re A x Re D < Re (Bxcnj B)»
using <is-real Ay <is-real D>
by simp
finally have Re (A® + 2xBxcnj B — AxD) > 0
by simp
show %thesis
using divide-right-mono-neg[OF <Re (A®> + 2xBxcnj B — AxD) > 0», of Re A] (Re A < 0> <is-real Ay (A #
0»
by (simp add: add-divide-distrib diff-divide-distrib) (subst Re-divide-real, auto simp add: power2-eq-square
field-simps)
qed
ultimately
have dsc < Re (D — A — 2+« Bxcnj B/ A)
by simp
hence — Re (2 *x (B * ¢nj B) / A) > Re ((A — D + cor dsc))
by (simp add: field-simps)
hence — (Re (2 = (B % ¢nj B)) / Re A) > Re (A — D + cor dsc)
using «<is-real Ay <A # 0»
by (subst (asm) Re-divide-real, auto)
from divide-right-mono[OF this, of Re (2 x B x cnj B)]
have — 1 / Re A > Re (A — D + cor dsc) / Re (2 * B * cnj B)
using (Re A < 0> <B # 0> <A # 0> <0 < Re (2 * (B x cnj B))»
using «(Re (2 x (B cnj B)) / Re A) / Re (2 * B* cnj B) =1 / Re A»
by simp
from mult-right-mono-neg[OF this, of Re A]
show ?thesis
using <is-real Ay <is-real Dy «<B # 0 <Re A < 0y <A # 0>
apply (subst *)
apply (subst Re-mult-real, simp)
apply (subst Re-divide-real, simp, simp)
apply (simp add: field-simps)
done
qged
ultimately
show ?thesis
by simp
next
case False
hence A = 0
using <— Re A > 0> <is-real A»
using complez-eq-if-Re-eq by auto
thus ?thesis
by simp
qed
qed
qed

PRy

lemma chordal-circle-det-positive:
fixes z y :: real
assumes z x y < 0
shows z / (z — y) > 0
proof (cases z > 0)
case True
hence y < 0
using z * y < 0»
by (smt (verit) mult-nonneg-nonneg)
have x — y > 0
using <z > 0) <y < O»
by auto
thus %thesis
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using «z > 0»
by (metis zero-less-divide-iff)
next
case False
hence x: y > 0 ANz < 0
using «z * y < O»
using mult-nonpos-nonpos|of = y]
by (cases z=0) force+

have x — y < 0
using *
by auto
thus ?thesis
using *
by (metis zero-less-divide-iff)
qed

lemma cor-sqrt-squared: © > 0 = (cor (sqrt x))> = cor
by (simp add: power2-eq-square)

lemma chordal-circlel:
assumes is-real A and is-real D and Re (A * D) < 0 and r = sqrt(Re ((4%xA)/(A—D)))
shows mk-circline A 0 0 D = chordal-circle ooy, T
using assms
proof (transfer, transfer)
fix ADr
assume *: is-real A is-real D Re (A x D) < 0 r = sqrt (Re ((4xA)/(A—D)))
hence A # 0V D # 0
by auto
hence (A, 0, 0, D) € hermitean-nonzero
using eg-cnj-iff-real[of A] eq-cnj-iff-real[of D] *
unfolding hermitean-def
by (simp add: mat-adj-def mat-cnj-def)
moreover
have (— (cor )%, 0, 0, 4 — (cor r)?) € hermitean-nonzero
by (simp add: hermitean-def mat-adj-def mat-cnj-def power2-eq-square)
moreover

have A # D
using (Re (A % D) < 0> <is-real A> <is-real D>
by auto

have Re ((4xA)/(A=D)) > 0

proof—

have Re A/ Re (A — D) > 0
using «Re (A * D) < 0» <is-real Ay <is-real D>
using chordal-circle-det-positive[of Re A Re D]
by simp
thus ?thesis
using «<is-real Ay <is-real Dy <A # D»
by (subst Re-divide-real, auto)
qed
moreover
have — (cor (sqrt (Re (4 * A/ (A — D)))))®> =cor (Re (4 / (D — A))) * A
using <is-real A> <is-real Dy <A # Dy <Re ((4%A)/(A=D)) > 0>
by (simp add: cor-sqri-squared field-simps)
moreover
have , — 4« A/ (A—D)=4xD /(D - A)
using<A # D
by (simp add: divide-simps split: if-split-asm) (simp add: minus-mult-right)
hence *: 4 — (cor (sqrt (Re (4 * A/ (A — D)))))® = cor (Re (4 / (D — A))) * D
using «Re ((4xA)/(A—=D)) > 0> <is-real A» <is-real Dy <A # D»
by (simp add: cor-sqrt-squared field-simps)
ultimately
show circline-eq-cmat (mk-circline-cmat A 0 0 D) (chordal-circle-cvec-cmat oo, 1)
using x <is-real A <is-real Dy <A # D> «r = sqrt(Re ((4*xA)/(A—D)))»
by (simp, rule-tac z=Re(4/(D—A)) in ezl, auto, simp-all add: *x)
qed
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lemma chordal-circle2:
assumes is-real A and is-real D and Re (A * D) < 0 and r = sqrt(Re ((4xD)/(D—A)))
shows mk-circline A 0 0 D = chordal-circle 0y, T
using assms
proof (transfer, transfer)
fix ADr
assume *: is-real A is-real D Re (A * D) < 0 r = sqrt (Re ((4*D)/(D—A)))
hence A # 0V D # 0
by auto
hence (A, 0, 0, D) € {H. hermitean H N H # mat-zero}
using eg-cnj-iff-real[of A] eq-cnj-iff-real[of D] *
unfolding hermitean-def
by (simp add: mat-adj-def mat-cnj-def)
moreover
have (4 — (cor r)%, 0, 0, — (cor r)?) € {H. hermitean H A H # mat-zero}
by (auto simp add: hermitean-def mat-adj-def mat-cnj-def power2-eq-square)
moreover
have A # D
using (Re (A % D) < 0> <is-real A> <is-real D>
by auto
have Re((4*D)/(D—A)) > 0
proof—
have Re D / Re (D — A) > 0
using «Re (A x D) < 0y <is-real Ar <is-real D>
using chordal-circle-det-positive[of Re D Re A
by (simp add: field-simps)
thus Zthesis
using <is-real Ay <is-real Dy <A # D) Re-divide-real by force
qed
have 4/ — 4 *D/(D—-A)=4%A/(A—- D)
by (simp add: divide-simps split: if-split-asm) (simp add: <A # D> minus-mult-right)
hence *x: 4 — (cor (sqrt (Re ((4*D)/(D—A)))))? = cor (Re (4 / (A — D))) * A
using <is-real A> <is-real Dy <A # D) <Re (4 * D / (D — A)) > 0»
by (simp add: cor-sqri-squared field-simps)
moreover
have — (cor (sqrt (Re ((4xD)/(D—A)))))? = cor (Re (4 / (A — D))) * D
using <is-real A> <is-real Dy <A # Dy <Re (4 * D / (D — A)) > 0»
by (simp add: cor-sqri-squared field-simps)
ultimately
show circline-eq-cmat (mk-circline-cmat A 0 0 D) (chordal-circle-cvec-cmat 0, T)
using <is-real A> <is-real Dy <A # 0 V D # 0) <r = sqrt (Re ((4%D)/(D—A)))»
using *
by (simp, rule-tac z=Re (4 /(A—D)) in exl, auto, simp-all add: *x)
qed

lemma chordal-circle:
assumes B # 0 and (A4, B, C, D) € hermitean-nonzero and Re (mat-det (A, B, C, D)) < 0 and
Cra® +(D—A)xa— B=0andr=sgt((4 — Re((—4 * a/B) + A)) | (1 + Re (ascnj a))
shows mk-circline A B C D = chordal-circle (of-complex a) r

using assms

proof (transfer, transfer)
fix A BC D a :: complexr and r :: real

let % = (—4)*a/ B

assume *: (A, B, C, D) € {H. hermitean H A H # mat-zero} and *+: B# 0 C % a> + (D — A) * a — B = 0 and
rr: r = sqrt ((4 — Re (?k x A)) / (1 + Re (a % cnj a))) and det: Re (mat-det (A, B, C, D)) < 0

have is-real A is-real D C = cnj B
using x hermitean-elems
by auto

from ** have al12: let dsc = sqrt(Re ((D—A)? + 4 * (Bxcnj B)))

ina=(A— D+ cordsc) /] (2+xC)Va=(A—D— cordsc)/ (2« C)
proof—
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have Re ((D—A)? + 4 % (Bxcnj B)) > 0
using <is-real Ay <is-real D>
by (subst complex-mult-cnj-cmod) (simp add: power2-eq-square)

hence ccsqrt (D — A)? — 4 % C x — B) = cor (sqrt (Re (D — A)? + 4 * (B * cnj B))))
using csqrt-real[of (D — A)? + 4 * (B * cnj B))] «is-real A <is-real Dy «C = cnj B>
by (auto simp add: power2-eq-square field-simps)

thus Zthesis
using complez-quadratic-equation-two-roots[of C a D — A —B]
using <C*a®> +(D—A)xa—B=0 «B#0)«C=cnjB
by (simp add: Let-def)

qged

have is-real %k
using al12 «C = cnj B> <is-real Ay <is-real D>
by (auto simp add: Let-def)
have a # 0
using s
by auto
hence Re %k # 0
using <is-real (—4*a / B)y «<B # 0>
by (metis complex.expand divide-eq-0-iff divisors-zero zero-complex.simps(1) zero-complex.simps(2) zero-neg-neg-numeral)
moreover
have (—4) x a = cor (Re %k) * B
using complez-of-real-Re[OF <is-real (—4*a/B))] <B # 0»
by simp
moreover
have is-real (a/B)
using <is-real 2k is-real-mult-real[of —4 a / B|
by simp
hence is-real (B * cnj a)
using * <C = cnj B>
by (metis (no-types, lifting) Im-complex-div-eq-0 complez-cnj-divide eq-cnj-iff-real hermitean-elems(3) mem-Collect-eq
mult.commute)
hence B x ¢cnja = cnj B * a
using eg-cnj-iff-real[of B * cnj a]
by simp
hence —4 % cnj a = cor (Re %) * C
using «C = cnj B»
using complez-of-real-Re[OF <is-real %k»] <B # 0>
by (simp, simp add: field-simps)
moreover
have 1 + a * cnja # 0
by (simp add: complez-mult-cnj-cmod)
have > = (4 — Re (% * A)) / (1 + Re (a * cnj a))
proof—
have Re (a /| Bx A) > —1
using al2 chordal-circle-radius-positivelof A B C D] x <B # 0> det
by (auto simp add: Let-def field-simps)
from mult-right-mono-neg[ OF this, of —4]
have / — Re (?k x A) > 0
using Re-mult-real[of —4 a /| B * A]
by (simp add: field-simps)
moreover
have 1 + Re (a x cnja) > 0
using <a # 0> complex-mult-cnj complez-negq-0
by auto
ultimately
have (/ — Re (?k x A)) / (1 + Re (a * cnja)) > 0
by (metis divide-nonneg-pos)
thus ?Zthesis
using rr
by simp
qed
hence 7 = Re (4 — %k x A) / (I + a * cnj a))
using <is-real ?ky <is-real Ay <1 + a * cnj a # 0>
by (subst Re-divide-real, auto)
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hence (corr)? = (4 — % * A) / (1 + a * cnj a)
using <is-real ?k» <is-real A> mult-reals[of 7k A]
by (simp add: cor-squared)

hence 4 — (cor r)*> * (a * cnja + 1) = cor (Re %) x A
using complex-of-real-Re|OF <is-real (—4*a/B))]
using <1 + a * cnj a # 0>
by (simp add: field-simps)

moreover

have %k = cnj %k
using <is-real ?k»
using eg-cnj-iff-real[of —4+*a/B]
by simp

have %% = cor ((cmod %k)?)
using cor-cmod-real|OF <is-real ?k>)
unfolding power2-eq-square by force
hence %k* = % x cnj %k
using complez-mult-cnj-cmod|of k]
by simp
hence ##*: a * cnj a = (cor ((Re %k)%) * B x C) / 16
using complex-of-real-Re[OF <is-real (—4*a/B)>] <C = cnj By (is-real (—4*a/B)» «B # 0»
by simp
from ** have cor ((Re 2k)?) * B * C — 4 % cor (Re %) % (D—A) — 16 = 0
using complex-of-real-Re[OF <is-real 7k»]
by (simp add: power2-eq-square, simp add: field-simps, algebra)
hence % % (D—A) = 4 * (cor (Re %)*) «x Bx C / 16 — 1)
by (subst (asm) complez-of-real-Re|OF <is-real ?k»]) algebra
hence %k * (D—A) = 4 % (axcnja — 1)
by (subst (asm) =xx[symmetric]) simp

hence 4 * a * cnja — (cor r)? % (a * cnja + 1) = cor (Re %) * D
using <4 — (cor r)? x (a * cnj a + 1) = cor (Re %k) * A»
using complex-of-real-Re[OF <is-real (—4*a/B))]
by simp algebra

ultimately

show circline-eq-cmat (mk-circline-cmat A B C' D) (chordal-circle-cvec-cmat (of-complez-cvec a) r)
using * <a # 0»
by (simp, rule-tac z=Re (—4+*a / B) in exl, simp)

qed

end
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