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Abstract

We present a formalization of bounded operators on complex vec-
tor spaces. Our formalization contains material on complex vector
spaces (normed spaces, Banach spaces, Hilbert spaces) that comple-
ments and goes beyond the developments of real vectors spaces in
the Isabelle/HOL standard library. We define the type of bounded
operators between complex vector spaces (cblinfun) and develop the
theory of unitaries, projectors, extension of bounded linear functions
(BLT theorem), adjoints, Loewner order, closed subspaces and more.
For the finite-dimensional case, we provide code generation support by
identifying finite-dimensional operators with matrices as formalized in
the Jordan__Normal_Form AFP entry.
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Theories whose names end with 0 are complex analogues of the sim-
ilarly named theories concerning real vector spaces in the Isabelle/HOL
standard library. They are kept in sync with their real counterparts. The
theories without 0 contain material that goes beyond the material in the
Isabelle/HOL standard library. This separation allows to keep the material
in sync more easily when the Isabelle/HOL standard library is updated.

1 Extra-Pretty-Code-FExamples — Setup for nicer out-
put of value

theory FExtra-Pretty-Code-Examples
imports
HOL— Examples.Sqrt
Real-Impl. Real-Impl
HOL— Library. Code-Target-Numeral
Jordan-Normal-Form. Matriz-Impl
begin

Some setup that makes the output of the value command more readable if
matrices and complex numbers are involved.

It is not recommended to import this theory in theories that get included in
actual developments (because of the changes to the code generation setup).

It is meant for inclusion in example theories only.

lemma two-sqrt-irrat[simp]: 2 € sqrt-irrat
using sqrt-prime-irrational|OF two-is-prime-nat]
unfolding Rats-def sqrt-irrat-def image-def apply auto
proof —
fix p :: rat
assume p x p = 2
hence f1: (Ratreal p)? = real 2
by (metis Ratreal-def of-nat-numeral of-rat-numeral-eq power2-eq-square real-times-code)
have Vr. if 0 < r then sqrt (r?) = r else r + sqrt (r?) = 0
by simp
hence f2: Ratreal p + sqrt ((Ratreal p)?) = 0



using f1 by (metis Ratreal-def Rats-def <sqrt (real 2) ¢ Q> range-eql)
have f3: sqrt (real 2) + — 1 * sqrt ((Ratreal p)?) < 0
using fI by fastforce
have f/: 0 < sqrt (real 2) + — 1 * sqrt ((Ratreal p)?)
using fI1 by force
have f5: (— 1 x sqrt (real 2) = real-of-rat p) = (sqrt (real 2) + real-of-rat p =
0)
by linarith
have Vz0. — (z0::real) = — 1 * 20
by auto
hence sqrt (real 2) + real-of-rat p # 0
using f5 by (metis (no-types) Rats-def Rats-minus-iff <sqrt (real 2) ¢ Q»
range-eql )
thus Fulse
using f4 f3 f2 by simp
qed

lemma complex-number-code-post|code-post]:

shows Complex a 0 = complex-of-real a
and complez-of-real 0 = 0
and complez-of-real 1 = 1
and complezx-of-real (a/b) = complex-of-real a / complex-of-real b
and complez-of-real (numeral n) = numeral n
and complez-of-real (—r) = — complex-of-real r

using complex-eq-cancel-iff2 by auto

lemma real-number-code-post|code-post]:
shows real-of (Abs-mini-alg (p, 0, b)) = real-of-rat p

and real-of (Abs-mini-alg (p, q, 2)) = real-of-rat p + real-of-rat q x sqrt 2

and sqrt 0 = 0

and sqrt (real 0) = 0

and z * (0::real) = 0

and (0:real) x x = 0
x
x

and (0::real) + z =
and z + (0::real) =
and (I:real) x z =z
and z x (1:real) = z
by (auto simp add: eq-onp-same-args real-of .abs-eq)

translations x ~— CONST I[Array z

end



2 Extra-General — General missing things

theory Fxtra-General
imports
HOL— Library. Cardinality
HOL— Analysis. Elementary- Topology
HOL— Analysis. Uniform-Limit
HOL— Library.Set-Algebras
HOL— Types-To-Sets. Types-To-Sets
HOL- Library. Complex-Order
HOL— Analysis. Infinite-Sum
HOL—- Cardinals. Cardinals
HOL— Library. Complemented-Lattices
HOL— Analysis. Abstract-Topological-Spaces
begin

2.1 Misc

lemma reals-zero-comparable:
fixes x::complex
assumes z€R
showsz < 0V z>0
using assms unfolding complex-is-real-iff-compare0 by assumption

lemma unique-choice: Va. Iy, Qzy = If. V. Q z (fz)
apply (auto intro!: choice ext) by metis

lemma image-set-plus:
assumes <linear U»
shows «U ‘(A+ B)=U‘A+ U ‘B
unfolding image-def set-plus-def
using assms by (force simp: linear-add)

consts heterogenous-identity :: <'a = 'b

overloading heterogenous-identity-id = heterogenous-identity :: 'a = 'a begin
definition heterogenous-identity-def|[simpl: <heterogenous-identity-id = id»
end

lemma L2-set-mono2:
assumes al: finite L and a2: K < L
shows L2-set f K < L2-set f L
proof—
have (Y. iceK. (f4)?) < (Y. ieL. (fi)?)
apply (rule sum-mono?2)
using assms by auto
hence sqrt (3" i€K. (f i)?) < sqrt (Y. 4€L. (fi)?)
by (rule real-sqrt-le-mono)
thus ?thesis
unfolding L2-set-def.
qed



lemma Sup-real-close:
fixes e :: real
assumes 0 < e
and S: bdd-above S S # {}
shows Jz€S. Sup § —e< x
proof —
have «Sup (ereal © §) # oco»
by (metis assms(2) bdd-above-def ereal-less-eq(3) less-SUP-iff less-ereal.simps(4)
not-le)
moreover have «Sup (ereal * S) # —o0»
by (simp add: SUP-eq-iff assms(3))
ultimately have Sup-bdd: <|Sup (ereal * S)| # 00>
by auto
then have «3z'cereal *S. Sup (ereal < S) — ereal e < x»
apply (rule-tac Sup-ereal-close)
using assms by auto
then obtain = where <z € S) and Sup-z: «Sup (ereal ' S) — ereal e < ereal >
by auto
have «Sup (ereal ¢ S) = ereal (Sup S)»
using Sup-bdd by (rule ereal-Sup|[symmetric))
with Sup-z have <ereal (Sup S — e) < ereal x>
by auto
then have (Sup S — e < o
by auto
with «x € §) show ?thesis
by auto
qed

Improved version of internalize-sort: It is not necessary to specify the sort
of the type variable.

attribute-setup internalize-sort’ = «let
fun find-tvar thm v = let

val tvars = Term.add-tvars (Thm.prop-of thm) []

val tv = case find-first (fn (n,sort) => n=v) tvars of

SOME tv => tv | NONE => raise THM (Type variable

string-of-indexname v~ not found, 0, [thm)])
mn
TVar tv
end

fun internalize-sort-attr (tvar:indexname) =
Thm.rule-attribute [| (fn context => fn thm =>
(snd (Internalize-Sort.internalize-sort (Thm.ctyp-of (Context.proof-of context)
(find-tvar thm tvar)) thm)));
n
Scan.lift Args.var >> internalize-sort-attr
end>

internalize a sort



lemma card-prod-omega: <X *c natLeq =0 X» if <Cinfinite X»
by (simp add: Cinfinite-Cnotzero cprod-infinitel ' natLeq-Card-order natLeq-cinfinite
natLeq-ordLeg-cinfinite that)

lemma countable-leg-natLeq: <|X| <o natLeq» if <countable X»
using subset-range-from-nat-into[ OF that)]
by (meson card-of-nat ordIso-iff-ordLeq ordLeg-transitive surj-imp-ordLeq)

lemma set- Times-plus-distrib: <«(A x B) + (C x D) = (A + C) x (B + D)
by (auto simp: Sigma-def set-plus-def)

2.2 Not singleton

class not-singleton =
assumes not-singleton-card: Iz y. x # y

lemma not-singleton-existence[simp):
<3 z::("anot-singleton). x # ¢
using not-singleton-card[where ?’a = 'a] by (metis (full-types))

lemma not-not-singleton-zero:
x = 0y if = class.not-singleton TYPE('a)y for z :: <'a::zero
using that unfolding class.not-singleton-def by auto

lemma UNIV-not-singleton[simp]: (UNIV::-::not-singleton set) # {z}
using not-singleton-existence[of x| by blast

lemma UNIV-not-singleton-converse:
assumes/\z::'a. UNIV # {z}
shows Jz::'a. Jy. z £ y
using assms
by fastforce

subclass (in card2) not-singleton
apply standard using two-le-card
by (meson card-2-iff " obtain-subset-with-card-n)

subclass (in perfect-space) not-singleton

apply intro-classes

by (metis (mono-tags) Collect-cong Collect-mem-eq UNIV-I local. UNTV-not-singleton
local.not-open-singleton local.open-subopen)

lemma class-not-singletonl-monoid-add:

assumes (UNIV::'a set) # {0}

shows class.not-singleton TYPE('a::monoid-add)
proof intro-classes

let ?univ = UNIV :: 'a set

from assms obtain z::'a where z # 0



by auto
thus 3z y :: ‘a. x £ y
by auto
qed

lemma not-singleton-vs-CARD-1:

assumes (- class.not-singleton TYPE('a)»

shows (class. CARD-1 TYPE('a))

using assms unfolding class.not-singleton-def class. CARD-1-def

by (metis (full-types) One-nat-def UNIV-I card.empty card.insert empty-iff equal-
ityl finite.intros(1) insert-iff subsetl)

2.3 C(CARD-1
context CARD-1 begin

lemma everything-the-same[simpl: (z::'a)=y
by (metis (full-types) UNIV-I card-1-singletonE empty-iff insert-iff local. CARD-1)

lemma CARD-1-UNIV: UNIV = {z::'a}
by (metis (full-types) UNIV-I card-1-singletonE local. CARD-1 singletonD)

lemma CARD-1-ext: x (a::'a) = yb= 2z =1y
proof (rule ext)
show z t =yt
ifza=yb
fort:: 'a
using that apply (subst (asm) everything-the-same[where z=a))
apply (subst (asm) everything-the-same[where x="0])
by simp
qed

end

instance unit :: CARD-1
apply standard by auto

instance prod :: (CARD-1, CARD-1) CARD-1
apply intro-classes
by (simp add: CARD-1)

instance fun :: (CARD-1, CARD-1) CARD-1
apply intro-classes
by (auto simp add: card-fun CARD-1)

lemma enum-CARD-1: (Enum.enum :: 'a::{ CARD-1,enum} list) = |[a]
proof —
let ?enum = Enum.enum :: 'a::{ CARD-1,enum} list
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have length ?enum = 1
apply (subst card-UNIV-length-enum|[symmetric|)
by (rule CARD-1)
then obtain b where ?enum = [b]
apply atomize-elim
apply (cases Zenum, auto)
by (metis length-0-conv length-Cons nat.inject)
thus ?enum = [d]
by (subst everything-the-same|of - b], simp)
qed

lemma card-not-singleton: < CARD('a::not-singleton) # 1»
by (simp add: card-1-singleton-iff)

2.4 Topology

lemma cauchy-filter-metricl:

fixes F :: 'a::metric-space filter

assumes Ae. e>0 = I P. eventually PF N Vzy. Pt NPy — distz y <
e

)

shows cauchy-filter F
proof (unfold cauchy-filter-def le-filter-def, auto)

fix P :: 'a x 'a = bool

assume eventually P uniformity

then obtain e where e: ¢ > 0 and P: dist z y < e = P (z, y) for z y

unfolding cventually-uniformity-metric by auto

obtain P’ where evP’: eventually P’ F and P’-dist: P' x N P' y = dist x y
< eforzy
apply atomize-elim using assms e by auto

from evP’ P’-dist P

show eventually P (F xp F)

unfolding eventually-uniformity-metric eventually-prod-filter eventually-filtermap
by metis
qed

lemma cauchy-filter-metric-filtermapl:

fixes F' :: 'a filter and f :: 'a="b::metric-space

assumes Ae. e>0 = I P. eventually PF N NVzy. Pz AN Py — dist (fz) (f
y) <e)

shows cauchy-filter (filtermap f F)
proof (rule cauchy-filter-metricl)

fix e :: real assume e: e > 0

with assms obtain P where evP: eventually P F and dist: P x N Py = dist
(fz) (fy) <eforzy

by atomize-elim auto
define P’ where P’y = (3z. Pz Ay = fx) fory
have eventually P’ (filtermap f F)

11



unfolding eventually-filtermap P’-def
using evP
by (smt eventually-mono)
moreover have P’ x A Py — distzy < efor z y
unfolding P’-def using dist by metis
ultimately show 3 P. eventually P (filtermap f F) N (Vzy. Px N Py — dist
zy < e)
by auto
qed

lemma tendsto-add-const-iff:
— This is a generalization of Limits.tendsto-add-const-iff, the only difference is
that the sort here is more general.
((Az. ¢ + fx :: 'a:topological-group-add) —— ¢+ d) F «— (f —— d) F
using tendsto-add][OF tendsto-const|of c], of f d]
and tendsto-add[OF tendsto-const[of —c|, of Az. ¢ + fz ¢ + d] by auto

lemma finite-subsets-at-top-minus:
assumes ACB
shows finite-subsets-at-top (B — A) < filtermap (A\F. F — A) (finite-subsets-at-top
B)
proof (rule filter-lel)
fix P assume eventually P (filtermap (AF. F — A) (finite-subsets-at-top B))
then obtain X where finite X and X C B
and P: finite Y AXCYAYCB—P(Y—-A)forY
unfolding eventually-filtermap eventually-finite-subsets-at-top by auto

hence finite (X—A) and X—A C B — A
by auto
moreover have finite Y N X-ACYANYCB—-—A—PYforY
using P{where Y=YUX] «finite X> <X C B»
by (metis Diff-subset Int-Diff Un-Diff finite-Un inf.orderE le-sup-iff sup.orderE
sup-ge2)
ultimately show eventually P (finite-subsets-at-top (B — A))
unfolding eventually-finite-subsets-at-top by meson
qed

lemma finite-subsets-at-top-inter:
assumes ACB
shows filtermap (AF. F N A) (finite-subsets-at-top B) = finite-subsets-at-top A
proof (subst filter-eq-iff, intro alll iffT)
fix P :: 'a set = bool
assume eventually P (finite-subsets-at-top A)
then show eventually P (filtermap (AF. F N A) (finite-subsets-at-top B))
unfolding eventually-filtermap
unfolding eventually-finite-subsets-at-top
by (metis Int-subset-iff assms finite-Int inf-le2 subset-trans)
next

12



fix P :: 'a set = bool
assume eventually P (filtermap (AF. F N A) (finite-subsets-at-top B))
then obtain X where <finite X» <X C By and P: (finite Y — X C YV = Y
CB= P(YNnAyforY
unfolding eventually-filtermap eventually-finite-subsets-at-top by metis
have x: (finite Y = X NACY =Y CA= PY)for Y
using P[where Y=Y U (B—A))]
apply (subgoal-tac «(Y U (B — A) NA=1Y»)
apply (smt (verit, best) Int-Un-distrib2 Int-Un-eq(4) P Un-subset-iff <X C B>
finite X» assms finite-Unl inf.orderE sup-ge2)
by auto
show eventually P (finite-subsets-at-top A)
unfolding eventually-finite-subsets-at-top
apply (rule exI[of - <XNA)])
by (auto simp: <finite X» introl: *)
qed

lemma tendsto-principal-singleton:
shows (f —— fz) (principal {z})
unfolding tendsto-def eventually-principal by simp

lemma complete-singleton:
complete {s::'a::uniform-space}
proof—
have F < principal {s} =
F # bot = cauchy-filter F = F < nhds s for F
by (metis eventually-nhds eventually-principal le-filter-def singletonD)
thus ?thesis
unfolding complete-uniform
by simp
qed

lemma on-closure-eql:
fixes f g :: </a::topological-space = 'b::t2-space)
assumes eq: (\z.z€ S = fz =g
assumes z5: «x € closure S»
assumes cont: <continuous-on UNIV f)> <continuous-on UNIV ¢»
shows «fz = g
proof —
define X where <X = {z. fz = gz}
have <closed X»
using cont by (simp add: X-def closed-Collect-eq)
moreover have (§ C X)
by (simp add: X-def eq subsetl)
ultimately have <closure S C X»
using closure-minimal by blast
with zS have «z € X»
by auto
then show ?thesis

13



using X-def by blast
qed

lemma on-closure-lel:
fixes f g :: <'a::topological-space = 'b::linorder-topology»
assumes eq: (\z. 2 € S = faz<gwm
assumes z5: x € closure S»
assumes cont: <continuous-on UNIV f) <continuous-on UNIV g¢»
shows «fz < g o
proof —
define X where <X = {z. fz < gz}
have <closed X»
using cont by (simp add: X-def closed-Collect-le)
moreover have (S C X»
by (simp add: X-def eq subsetl)
ultimately have <closure S C X»
using closure-minimal by blast
with zS have «z € X»
by auto
then show ?thesis
using X-def by blast
qged

lemma tendsto-compose-at-within:
assumes f: (f —— y) F and ¢: (¢ —— 2) (at y within S)
and fg: eventually AMw. fw=y — gy =2) F
and fS: Vpwin F. fwe S
shows ((g o f) —— 2) F
proof (cases «gy = 2»)
case Fulse
then have 1: (Vp ain F. fa # y)
using fg by force
have 2: (9 —— 2) (filtermap fF)V =~ (Vp ain F. fa # y)
by (smt (verit, best) eventually-elim2 f fS filterlim-at filterlim-def g tend-
sto-mono)
show ?thesis
using 1 2 tendsto-compose-filtermap by blast
next
case True
have x: ?thesis if «(9 —— 2) (filtermap f F)»
using that by (simp add: tendsto-compose-filtermap)
from g
have «(9 —— g y) (inf (nhds y) (principal (S—{y})))
by (simp add: True at-within-def)
then have g «(¢9 —— ¢ y) (inf (nhds y) (principal S))»
using True g tendsto-at-iff-tendsto-nhds-within by blast
from f have «(filterlim f (nhds y) F»
by —
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then have f": «filterlim f (inf (nhds y) (principal S)) F»
using fS
by (simp add: filterlim-inf filterlim-principal)

from f’ g’ show ?thesis

by (simp add: x True filterlim-compose filterlim-filtermap)
qed

2.5 Sums

lemma sum-single:
assumes finite A
assumes \j. j#i = jeA = fj=0
shows sum f A = (if i€A then f i else 0)

apply (subst sum.mono-neutral-cong-right[where S=<A N {i}» and h=f])
using assms by auto

lemma has-sum-comm-additive-general:
— This is a strengthening of has-sum-comm-additive-general.
fixes f :: <'b:: {comm-monoid-add,topological-space} = 'c :: { comm-monoid-add,topological-space}»
assumes f-sum: <\F. finite F = F C S = sum (fog) F = f (sum g F)
— Not using additive because it would add sort constraint ab-group-add
assumes inS: <\F. finite F = sum g F € T»
assumes cont: ((f —— fz) (at © within T)»
— For t2-space and T = UNIV, this is equivalent to isCont f z by isCont-def.
assumes infsum: (g has-sum x) S»
shows ¢((f o g) has-sum (f x)) S»
proof —
have «(sum ¢ —— ) (finite-subsets-at-top S)»
using infsum has-sum-def by blast
then have «((f o sum g) —— f z) (finite-subsets-at-top S)»
apply (rule tendsto-compose-at-within|where S=T])
using assms by auto
then have ((sum (f o ) —— fz) (finite-subsets-at-top S)»
apply (rule tendsto-cong| THEN iffD1, rotated])
using f-sum by fastforce
then show «((f o g) has-sum (f x)) S»
using has-sum-def by blast
qed

lemma summable-on-comm-additive-general:
— This is a strengthening of summable-on-comm-additive-general.
fixes g :: <'a = 'b :: {comm-monoid-add,topological-space}> and f :: <'b = 'c ::
{comm-monoid-add,topological-space}»
assumes (A\F. finite F = F C S = sum (fo g) F = f (sum g F)»
— Not using additive because it would add sort constraint ab-group-add
assumes inS: (A\F. finite F = sum g F € T»

assumes cont: <A\z. (g has-sum z) S = (f —— fz) (at z within T)»

— For t2-space and T = UNIV, this is equivalent to isCont f x by isCont-def.
assumes (g summable-on S»
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shows «(f o g) summable-on S»
by (meson assms summable-on-def has-sum-comm-additive-general has-sum-def
infsum-tendsto)

lemma has-sum-metric:

fixes [ :: <a :: {metric-space, comm-monoid-add}>

shows «(f has-sum I) A «— (Ve. e > 0 — (3X. finite X N X C AN (VY.
finte Y AXCYANY CA— dist (sumfY)Il<e)h

unfolding has-sum-def

apply (subst tendsto-iff)

unfolding eventually-finite-subsets-at-top

by simp

lemma summable-on-product-finite-left:
fixes f :: </ax'b = 'c:{topological-comm-monoid-add}>
assumes sum: <A\z. z€X = (\y. f(z,y)) summable-on Y»
assumes <finite X)»
shows «f summable-on (XxY))
using «finite X» subset-refl[of X]
proof (induction rule: finite-subset-induct’)
case empty
then show ?case
by simp
next
case (insert z F)
have «: <bij-betw (Pair z) Y ({z} x Y)
apply (rule bij-betwl’)
by auto
from sum|of x]
have «f summable-on {z} x Y)
apply (rule summable-on-reindexr-bij-betw| THEN iffD1, rotated))
by (simp-all add: = insert.hyps(2))
then have <f summable-on {z} x Y U F x Y)»
apply (rule summable-on-Un-disjoint)
using insert by auto
then show ?case
by (metis Sigma-Un-distrib1 insert-is-Un)
qged

lemma summable-on-product-finite-right:
fixes f :: <ax'b = 'c:{topological-comm-monoid-add}>
assumes sum: <A\y. y€ Y = (Az. f(z,y)) summable-on X»
assumes <(finite Y
shows <f summable-on (XxY)»
proof —
have «(A(y,z). f(z,y)) summable-on (Y xX)»
apply (rule summable-on-product-finite-left)
using assms by auto
then show ?thesis
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apply (subst summable-on-reindex-bij-betw[where g=prod.swap and A=Y x X>,
symmetric])
apply (simp add: bij-betw-def product-swap)
by (metis (mono-tags, lifting) case-prod-unfold prod.swap-def summable-on-cong)
qed

2.6 Complex numbers

lemma cmod-Re:
assumes x > (
shows cmod ¢ = Re x
using assms unfolding less-eq-complez-def cmod-def
by auto

lemma abs-complex-real[simp]: abs x € R for z :: complex
by (simp add: abs-complez-def)

lemma I'm-abs[simp]: Im (abs x) = 0
using abs-complez-real complex-is-Real-iff by blast

lemma cnj-z-7: cnj v * © = (abs z)?
proof (cases x)
show cnj z x © = |z)?
if £ = Complex x1 z2
for z1 :: real
and z2 :: real
using that
by (auto simp: complez-cnj complex-mult abs-complez-def
complez-norm power2-eq-square complez-of-real-def)
qed

lemma cnj-z-z-geq0[simpl: <enj x * x > 0>
by (simp add: less-eq-complex-def)

lemma complez-of-real-leg-1-iff [iff]: <complez-of-real x < 1 +— z < 1)
by (simp add: less-eg-complex-def)

lemma z-cnj-z: <z * cnj z = (abs )%
by (metis cnj-z-x mult.commute)

2.7 List indices and enum

fun indez-of where
index-of z [] = (0::nat)
| index-of © (y#ys) = (if z=y then 0 else (index-of x ys + 1))

definition enum-idz (z::'a::enum) = index-of © (enum-class.enum :: 'a list)

lemma index-of-length: index-of z y < length y
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apply (induction y) by auto

lemma index-of-correct:
assumes r € set y
shows y ! indez-of x y = =
using assms apply (induction y arbitrary: )
by auto

lemma enum-idz-correct:
Enum.enum | enum-idz ¢ = 1
proof—
have i € set enum-class.enum
using UNIV-enum by blast
thus ¢thesis
unfolding enum-idz-def
using indez-of-correct by metis
qed

lemma index-of-bound:
assumes y # [| and z € set y
shows indez-of z y < length y
using assms proof (induction y arbitrary: x)
case Nil
thus ?case by auto
next
case (Cons a y)
show ?Zcase
proof(cases a = x)
case True
thus ?thesis by auto
next
case Fulse
moreover have a # © = indez-of z y < length y
using Cons.IH Cons.prems(2) by fastforce
ultimately show ?thesis by auto
qed
qed

lemma enum-idz-bound[simp]: enum-ide v < CARD('a) for z :: 'a::enum
proof—
have p1: False
if (Enum.enum :: 'a list) = []
proof—
have (UNIV::'a set) = set ([]::'a list)
using that UNIV-enum by metis
also have ... = {}
by blast
finally have (UNIV:'a set) = {}.
thus ?thesis by simp
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qed

have p2: z € set (Enum.enum :: 'a list)
using UNIV-enum by auto

moreover have (enum-class.enum::’a list) # ||
using p2 by auto

ultimately show %thesis
unfolding enum-idz-def card-UNIV-length-enum
using index-of-bound [where r = z and y = (Enum.enum :: 'a list))
by auto

qed

lemma indez-of-nth:

assumes distinct s

assumes i < length xs

shows index-of (zs! i) xs =i

using assms

by (metis gr-implies-not-zero indez-of-bound index-of-correct length-0-conv nth-eq-iff-indez-eq
nth-mem)

lemma enum-idz-enum:
assumes ¢ < CARD('a::enum)»
shows <enum-idz (enum-class.enum ! i :: 'a) = i
unfolding enum-idz-def apply (rule index-of-nth)
using assms by (simp-all add: card-UNIV-length-enum enum-distinct)

2.8 Filtering lists/sets

lemma map-filter-map: List.map-filter f (map g 1) = List.map-filter (f o g) |
proof (induction I)
show List.map-filter f (map g []) = List.map-filter (f o g) ||
by (simp add: map-filter-simps)
show List.map-filter f (map g (a # 1)) = List.map-filter (f o g) (a # 1)
if List.map-filter f (map g 1) = List.map-filter (f o g) 1
for a :: 'c
and [ :: 'c list
using that map-filter-simps(1)
by (metis comp-eq-dest-lhs list.simps(9))
qed

lemma map-filter-Some[simp): List.map-filter (Ax. Some (f z)) | = map f1
proof (induction l)

show List.map-filter (Az. Some (fz)) [| = map f |]
by (simp add: map-filter-simps)

show List.map-filter (Az. Some (fz)) (a # 1) = map f (a # 1)
if List.map-filter (Az. Some (fz)) | = map f1

for a :: 'b
and [ :: b list
using that by (simp add: map-filter-simps(1))
qed

19



lemma filter-Un: Set.filter f (x U y) = Set.filter f x U Set.filter fy
unfolding Set.filter-def by auto

lemma Set-filter-unchanged: Set.filter P X = X if Az. 26X — P z for P and
X 'z set
using that unfolding Set.filter-def by auto

2.9 Maps

definition inj-map 7 = Vzy. mx =7 y A 7™ x # None — x = y)

definition inv-map © = (Ay. if Some y € range w then Some (inv © (Some y))
else None)

lemma inj-map-total[simpl: inj-map (Some o ) = inj
unfolding inj-map-def inj-def by simp

lemma inj-map-Some[simp]: inj-map Some
by (simp add: inj-map-def)

lemma inv-map-total:
assumes surj m
shows inv-map (Some o ) = Some o inv w
proof—
have (if Some y € range (Ax. Some (7 1))
then Some (SOME z. Some (7 x) = Some y)
else None) =
Some (SOME b. 7 b = y)
if surj «
for y
using that by auto
hence surj m =
(Ay. if Some y € range (Ax. Some (7 x))
then Some (SOME x. Some (7 x) = Some y) else None) =
(Az. Some (SOME za. 7 za = x))
by (rule ext)
thus ?thesis
unfolding inv-map-def o-def inv-def
using assms by linarith
qged

lemma inj-map-map-comp[simpl:
assumes al: inj-map f and a2: inj-map g
shows inj-map (f om 9)
using al a2
unfolding inj-map-def
by (metis (mono-tags, lifting) map-comp-def option.case-eq-if option.expand)
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lemma inj-map-inv-map|simp|: inj-map (inv-map )
proof (unfold inj-map-def, rule alll, rule alll, rule impl, erule conjE)
fix xy
assume same: MU-map T T = NU-map T Y
and piz-not-None: inv-map ™ x # None
have z-pi: Some z € range 7
using piz-not-None unfolding inv-map-def apply auto
by (meson option.distinct(1))
have y-pi: Some y € range ™
using piz-not-None unfolding same unfolding inv-map-def apply auto
by (meson option.distinct(1))
have inv-map m = = Some (Hilbert-Choice.inv m (Some x))
unfolding inv-map-def using z-pi by simp
moreover have inv-map © y = Some (Hilbert-Choice.inv = (Some y))
unfolding inv-map-def using y-pi by simp
ultimately have Hilbert-Choice.inv m (Some x) = Hilbert-Choice.inv w (Some
y)
using same by simp
thus z =y
by (meson inv-into-injective option.inject x-pi y-pi)
qed

2.10 Lattices

unbundle lattice-syntax

The following lemma is identical to Complete-Lattices.uminus-Inf except for
the more general sort.

lemma uminus-Inf: — ([ A) = || (uminus ‘ A) for A :: <'a::complete-orthocomplemented-lattice
set)
proof (rule order.antisym)
show — [14 < | |(uminus ‘ A)
by (rule compl-le-swap2, rule Inf-greatest, rule compl-le-swap2, rule Sup-upper)
stmp
show | |(uminus * A) < — []A
by (rule Sup-least, rule compl-le-swapl, rule Inf-lower) auto
qed

The following lemma is identical to Complete-Lattices.uminus-INF except
for the more general sort.

lemma uminus-INF: — (INF z€A. B z) = (SUP z€A. — B z) for B :: </a =
'b::complete-orthocomplemented-lattices
by (simp add: uminus-Inf image-image)

The following lemma is identical to Complete-Lattices.uminus-Sup except
for the more general sort.

lemma uminus-Sup: — (|| A) =[] (uminus ¢ A) for A :: <'a::complete-orthocomplemented-lattice
set)
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by (metis (no-types, lifting) uminus-INF image-cong image-ident ortho-involution)

The following lemma is identical to Complete-Lattices.uminus-SUP except
for the more general sort.

lemma uminus-SUP: — (SUP z€A. B ) = (INF z€A. — B z) for B :: </a =
'b::complete-orthocomplemented-lattice
by (simp add: uminus-Sup image-image)

lemma has-suml-metric:

fixes [ :: ‘a :: {metric-space, comm-monoid-add}>

assumes (Ae. e > 0 = IX. finite X N\X CAANNY. finite Y AXC Y A
YCA— dist (sumfY)Il<e)

shows «(f has-sum 1) A»

unfolding has-sum-metric using assms by simp

lemma limitin-pullback-topology:

limitin (pullback-topology A ¢ T) fIF +— l€ANNVpzin F. fz € A) A limitin
T(g0f) (g0) P>

apply (simp add: topspace-pullback-topology limitin-def openin-pullback-topology
imp-ex flip: ex-simps(1))

apply rule

apply simp

apply safe

using eventually-mono apply fastforce

apply (simp add: eventually-conj-iff)

by (simp add: eventually-conj-iff)

lemma tendsto-coordinatewise: <(f —— 1) F «— (V. (. fiz) —— lz) F)
proof (intro iffI alll)
assume asm: (f —— 1) F»
then show «((A\i. fiz) —— lz) ) for z
apply (rule continuous-on-tendsto-composelwhere s=UNIV, rotated))
by auto
next
assume asm: «(Vz. (Ai. fiz) —— lz) F)
show «(f —— 1) B
proof (unfold tendsto-def, intro alll impl)
fix S assume <open S» and <« € S»
from product-topology-open-contains-basis| OF <open S»[unfolded open-fun-def]
d e 5]
obtain U where [U: <« € Pi UNIV U» and openU: <A\z. open (U z)> and
finiteD: <finite {x. Uz # UNIV}y and US: «<Pi UNIV U C S»
by (auto simp add: PiE-UNIV-domain)

define D where <D = {z. Uz # UNIV}»

with finiteD have finiteD: <finite D>
by simp

have PiUNIV: <t € Pi UNIV U +— (Vz€D. tx € Uz)» for ¢
using D-def by blast
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have f-Ui: Vpiin F. fiz € Ux for x
using asm|[rule-format, of x] openU|of x]
using [U topological-tendstoD by fastforce

have Vp zin F.VYieD. fxiec U
using finiteD
proof induction
case empty
then show Zcase
by simp
next
case (insert z F)
with f-Ui show Zcase
by (simp add: eventually-conj-iff)
qed

then show Vp zin F. fz € S
using US by (simp add: PiUNIV eventually-mono in-mono)
qed
qed

lemma limitin-closure-of:
assumes limit: <limitin T f ¢ F>»
assumes n-S: Vg zin F. fzx € S
assumes nontrivial: <— trivial-limit F»
shows «c € T closure-of S»
proof (intro in-closure-of [THEN iffD2] conjI impl alll)
from limit show <c € topspace T»
by (simp add: limitin-topspace)
fix U
assume <c € U A openin T U»
with limit have Vg 2z in F. fz € U>»
by (simp add: limitin-def)
with in-S have WVp axin F. fr € UAN fz e S
by (simp add: eventually-frequently-simps)
with nontrivial
show Jy.ye SAye U
using eventually-happens’ by blast
qed

end

3  Extra-Vector-Spaces — Additional facts about vec-
tor spaces

theory FExtra-Vector-Spaces
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imports
HOL— Analysis.Inner-Product
HOL— Analysis. Euclidean-Space
HOL- Library.Indicator-Function
HOL— Analysis. Topology- Euclidean-Space
HOL— Analysis. Line-Segment
HOL— Analysis. Bounded- Linear- Function
Extra-General
begin

3.1 Euclidean spaces

typedef ‘a euclidean-space = UNIV :: (‘a = real) set ..
setup-lifting type-definition-euclidean-space

instantiation euclidean-space :: (type) real-vector begin
lift-definition plus-euclidean-space ::
'a euclidean-space = 'a euclidean-space = 'a euclidean-space
isAfga. fe+gx.
lift-definition zero-euclidean-space :: 'a euclidean-space is A-. 0 .
lift-definition uminus-euclidean-space ::
'a euclidean-space = 'a euclidean-space
isAaxz. —fx.
lift-definition minus-euclidean-space ::
'a euclidean-space = 'a euclidean-space = 'a euclidean-space
isA\fguz. fx— gua.
lift-definition scaleR-euclidean-space ::
real = 'a euclidean-space = 'a euclidean-space
isAhcfxz. cxfo.
instance
apply intro-classes
by (transfer; auto intro: distrib-left distrib-right)+
end

instantiation euclidean-space :: (finite) real-inner begin
lift-definition inner-euclidean-space :: 'a euclidean-space = 'a euclidean-space =
real

is \fg. > 2€UNIV. fz % gz :: real .
definition norm-euclidean-space (z::'a euclidean-space) = sqrt (inner x x)
definition dist-euclidean-space (z::'a euclidean-space) y = norm (x—y)
definition sgn © = x /g norm z for z::'a euclidean-space
definition uniformity = (INF ec{0<..}. principal {(z::'a euclidean-space, y). dist
zy < e})
definition open U = (VzeU. YV (z":'a euclidean-space, y) in uniformity. ©' = x
— yeU)
instance
proof intro-classes

fix z :: ’a euclidean-space

and v :: ‘a euclidean-space
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and 2 :: 'a euclidean-space
show dist (z::'a euclidean-space) y = norm (z — y)
and sgn (z::'a euclidean-space) = x /g norm z
and uniformity = (INF ec{0<..}. principal {(z, y). dist (x::'a euclidean-space)
y <e})
and open U = (VzeU. Vg (2, y) in uniformity. (z":'a euclidean-space) = x
— y e U)
and norm z = sqrt (inner z x) for U
unfolding dist-euclidean-space-def norm-euclidean-space-def sgn-euclidean-space-def
uniformity-euclidean-space-def open-euclidean-space-def
by simp-all

show inner x y = inner y x
apply transfer
by (simp add: mult.commaute)
show inner (x + y) z = inner x z + inner y z
proof transfer
fix zy z::'a = real
have (> i€UNIV. (z i+ yi)x2z4) = O i€UNIV.zi* zi+ yi* z1i)
by (simp add: distrib-left mult.commute)
thus (D i€UNIV. (zi+ yi) x zi) = (D, j€eUNIV. zj* zj) + (O k€ UNIV.
ykxzk)
by (subst sum.distrib[symmetric])
qed

show inner (r *xg z) y = r * (inner z y) for r
proof transfer
fix r and z y::'a=real
have (D i€UNIV.rxxixyi)= (D i€UNIV. rx (zix*yi))
by (simp add: mult.assoc)
thus (> i€UNIV. rxxzi*xyi)=rx* (D, jEUNIV. zj* yj)
by (subst sum-distrib-left)
qed
show 0 < inner x x
apply transfer
by (simp add: sum-nonneg)
show (inner zz = 0) = (z = 0)
proof (transfer, rule)
fix f :: 'a = real
assume (Y i€UNIV. fix fi)=10
hence fz x fz = 0 for z
apply (rule-tac sum-nonneg-eq-0-iff[THEN iffD1, rule-format, where A=UNIV
and z=z])
by auto
thus f = (A-. 0)
by auto
qed auto
qed
end
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instantiation euclidean-space :: (finite) euclidean-space begin
lift-definition euclidean-space-basis-vector :: 'a = 'a euclidean-space is
Az. indicator {z} .
definition Basis-euclidean-space == (euclidean-space-basis-vector < UNIV')
instance
proof intro-classes
fix u :: 'a euclidean-space
and v :: ’a euclidean-space
show (Basis::'a euclidean-space set) # {}
unfolding Basis-euclidean-space-def by simp
show finite (Basis::'a euclidean-space set)
unfolding Basis-euclidean-space-def by simp
show inner u v = (if u = v then 1 else 0)
if u € Basis and v € Basis
using that unfolding Basis-euclidean-space-def
apply transfer apply auto
by (auto simp: indicator-def)
show (VveBasis. inner uv = 0) = (u = 0)
unfolding Basis-euclidean-space-def
apply transfer

by auto
qed
end
3.2 Misc

lemma closure-bounded-linear-image-subset-eq:

assumes f: bounded-linear f

shows closure (f ¢ closure S) = closure (f ¢ S)

by (meson closed-closure closure-bounded-linear-image-subset closure-minimal
closure-mono closure-subset f image-mono subset-antisym)

lemma not-singleton-real-normed-is-perfect-space[simp|: «class.perfect-space (open
i 'a{not-singleton,real-normed-vector} set = bool)»

apply standard

by (metis UNIV-not-singleton clopen closed-singleton empty-not-insert)

lemma infsum-bounded-linear:

assumes <bounded-linear h»

assumes <f summable-on A»

shows <infsum (Az. h (fz)) A = h (infsum f A)>

by (auto intro!: infsum-bounded-linear-strong assms summable-on-bounded-linear[where
h=nh])

lemma abs-summable-on-bounded-linear:
fixes h f A
assumes <bounded-linear h)
assumes <f abs-summable-on A)
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shows «(h o f) abs-summable-on A»
proof —
have bound: <norm (h (f z)) < onorm h * norm (f z)» for z
apply (rule onorm)
by (simp add: assms(1))

from assms(2) have «(Az. onorm h xg f ) abs-summable-on A»
by (auto introl: summable-on-cmult-right)

then have «(A\z. h (f z)) abs-summable-on A»
apply (rule abs-summable-on-comparison-test)
using bound by (auto simp: assms(1) onorm-pos-le)

then show ?thesis
by auto

qed

lemma norm-plus-leg-norm-prod: <norm (a + b) < sqrt 2 x norm (a, b)»
proof —
have «(norm (a + b))? < (norm a + norm b)%
using norm-triangle-ineq by auto
also have (... < 2 % ((norm a)? + (norm b)?)
by (smt (verit, best) power2-sum sum-squares-bound)
also have «... < (sqrt 2 x norm (a, b))%
by (auto simp: power-mult-distrib norm-prod-def simp del: power-mono-iff)
finally show ?thesis
by auto
qged

lemma ex-normi:
assumes ((UNIV::'a::real-normed-vector set) # {0}
shows Jz::'a. norm x = 1)
proof—
have (dx::'a. z # 0>
using assms by fastforce
then obtain z::'a where «z # 0>
by blast
hence <norm x # 0»
by simp
hence ¢(norm z) / (norm z) = 1»
by simp
moreover have «(norm z) / (norm z) = norm (z /g (norm z))»
by simp
ultimately have «norm (z /g (norm z)) = 1>
by simp
thus ?thesis
by blast
qed

lemma bdd-above-norm-f:
assumes bounded-linear f
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shows <bdd-above {norm (f ) |x. norm x = 1}
proof—
have «<3M. V. normz =1 — norm (fz) < M>»
using assms
by (metis bounded-linear.azioms(2) bounded-linear-axzioms-def)
thus ?thesis by auto
qed

lemma any-norm-exists:
assumes n > 0
shows (J:: a::{real-normed-vector,not-singleton}. norm v = n»
proof —
obtain v :: ‘a where ) # 0)
using not-singleton-card
by force
then have <norm (n xg sgn ) = n
using assms by (auto simp: sgn-div-norm abs-mult)
then show ?thesis
by blast
qed

lemma abs-summable-on-scaleR-left [intro]:
fixes c :: </a :: real-normed-vector)
assumes ¢ # (0 = f abs-summable-on A
shows (Az. fx xR ¢) abs-summable-on A
apply (cases <c = 0»)
apply simp
by (auto intro!: summable-on-cmult-left assms simp flip: real-norm-def)

lemma abs-summable-on-scaleR-right [intro]:
fixes f :: <a = 'b :: real-normed-vector»
assumes ¢ # 0 = f abs-summable-on A
shows (Az. ¢ *p fz) abs-summable-on A
apply (cases <c = 0»)
apply simp
by (auto intro!: summable-on-cmult-right assms)

end

4  Extra-Ordered-Fields — Additional facts about or-
dered fields

theory FExtra-Ordered-Fields
imports Complez-Main HOL— Library. Complez-Order
begin
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4.1 Ordered Fields

In this section we introduce some type classes for ordered rings/fields/etc.
that are weakenings of existing classes. Most theorems in this section are
copies of the eponymous theorems from Isabelle/HOL, except that they are
now proven requiring weaker type classes (usually the need for a total order
is removed).

Since the lemmas are identical to the originals except for weaker type con-
straints, we use the same names as for the original lemmas. (In fact, the
new lemmas could replace the original ones in Isabelle/HOL with at most
minor incompatibilities.

4.2 Missing from Orderings.thy

This class is analogous to unbounded-dense-linorder, except that it does not
require a total order

class unbounded-dense-order = dense-order + no-top + no-bot

instance unbounded-dense-linorder C unbounded-dense-order ..

4.3 Missing from Rings.thy

The existing class abs-if requires |a| = (if a < 0 then — a else a). However,
if (<) is not a total order, this condition is too strong when «a is incomparable
with 0. (Namely, it requires the absolute value to be the identity on such
elements. E.g., the absolute value for complex numbers does not satisfy
this.) The following class partial-abs-if is analogous to abs-if but does not
require anything if a is incomparable with 0.

class partial-abs-if = minus + uminus + ord + zero + abs +
assumes abs-neg: a < 0 = abs a = —a
assumes abs-pos: a > 0 = abs a = a

class ordered-semiring-1 = ordered-semiring + semiring-1
— missing class analogous to linordered-semiring-1 without requiring a total order
begin

lemma convez-bound-le:
assumes r < gand y < ecand 0 <uvand 0 <vand u + v =1
shows uxz + vy <a
proof—
fromassmshaveu*:v+v*ygu*a—i—v*a
by (simp add: add-mono mult-left-mono)
with assms show ?thesis
unfolding distrib-right[symmetric|] by simp
qed
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end
subclass (in linordered-semiring-1) ordered-semiring-1 ..

class ordered-semiring-strict = semiring + comm-monoid-add + ordered-cancel-ab-semigroup-add
_|_
— missing class analogous to linordered-semiring-strict without requiring a total
order
assumes mult-strict-left-mono: a < b —= 0 < c = c*xa < cx* b
assumes mult-strict-right-mono: ¢ < b= 0 < c= a*xc < b=xc
begin

subclass semiring-0-cancel ..

subclass ordered-semiring
proof
fixabc:'a
assume t1: a < band t2: 0 < ¢
thus cxa < cx*b
unfolding le-less
using mult-strict-left-mono by (cases ¢ = 0) auto
from t2 show a x ¢ < b * ¢
unfolding le-less
by (metis local.antisym-conv2 local.mult-not-zero local.mult-strict-right-mono
t1)
qged

lemma mult-pos-pos[simp]: 0 < a = 0 < b= 0 < ax*b
using mult-strict-left-mono [of 0 b a] by simp

lemma mult-pos-neg: 0 < a = b < 0 = a*xb< 0
using mult-strict-left-mono [of b 0 a] by simp

lemma mult-neg-pos: a < 0 = 0 < b= axb< 0
using mult-strict-right-mono [of a 0 b] by simp

Strict monotonicity in both arguments

lemma mult-strict-mono:
assumes t1: a < band t2: c < dand t3: 0 < band t4: 0 < ¢
shows a x ¢ < b * d
proof—
have a x ¢ < b * d
by (metis local.dual-order.order-iff-strict local.dual-order.strict-trans2
local.mult-strict-left-mono local.mult-strict-right-mono local.mult-zero-right
t1 t2 t3 t4)
thus ?thesis
using assms by blast
qed

This weaker variant has more natural premises
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lemma mult-strict-mono”:
assumes ¢ < band c< dand 0 < aand 0 < ¢
shows a x ¢ < b * d
by (rule mult-strict-mono) (insert assms, auto)

lemma mult-less-le-imp-less:
assumes t1: a < band t2: c < dand t3: 0 < aand t}: 0 < ¢
shows a x ¢ < b *x d
using local. mult-strict-mono’ local. mult-strict-right-mono local.order.order-iff-strict
t1 t2 t3 t4 by auto

lemma mult-le-less-imp-less:
assumes ¢ < band ¢c < dand 0 < aand 0 < ¢
shows a x ¢ < bx d
by (metis assms(1) assms(2) assms(8) assms(4) local.antisym-conv2 local.dual-order. strict-transl
local.mult-strict-left-mono local.mult-strict-mono)

end

subclass (in linordered-semiring-strict) ordered-semiring-strict
apply standard
by (auto simp: mult-strict-left-mono mult-strict-right-mono)

class ordered-semiring-1-strict = ordered-semiring-strict + semiring-1

— missing class analogous to linordered-semiring-1-strict without requiring a total
order
begin

subclass ordered-semiring-1 ..

lemma convex-bound-It:
assumes z < ¢and y < sand 0 < vand 0 <vand u 4+ v =1
shows ux z + vy <a
proof —
from assms have u x x + v*x y < u*xa + v *x a
by (cases u = 0) (auto intro!: add-less-le-mono mult-strict-left-mono mult-left-mono)
with assms show ?thesis
unfolding distrib-right[symmetric] by simp
qed

end
subclass (in linordered-semiring-1-strict) ordered-semiring-1-strict ..
class ordered-comm-semiring-strict = comm-semiring-0 + ordered-cancel-ab-semigroup-add
+
— missing class analogous to linordered-comm-semiring-strict without requiring

a total order
assumes comm-mult-strict-left-mono: a < b = 0 < c = c*xa < cx* b
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begin

subclass ordered-semiring-strict
proof
fixabc:'a
assume ¢ < band 0 < ¢
thuscxa<cx*b
by (rule comm-mult-strict-left-mono)
thus a x c < b x ¢
by (simp only: mult.commute)
qged

subclass ordered-cancel-comm-semiring
proof
fixabc:'a
assume ¢ < band 0 < ¢
thus cxa < cx*b
unfolding le-less
using mult-strict-left-mono by (cases ¢ = 0) auto
qed

end

subclass (in linordered-comm-semiring-strict) ordered-comm-semiring-strict
apply standard
by (simp add: local.mult-strict-left-mono)

class ordered-ring-strict = ring + ordered-semiring-strict

+ ordered-ab-group-add + partial-abs-if

— missing class analogous to linordered-ring-strict without requiring a total order
begin

subclass ordered-ring ..

lemma mult-strict-left-mono-neg: b < a = ¢ < 0 = c*a < cx b
using mult-strict-left-mono [of b a — ¢] by simp

lemma mult-strict-right-mono-neg: b < a = ¢ < 0 = axc < bxc
using mult-strict-right-mono [of b a — ] by simp

lemma mult-neg-neg: a < 0 = b < 0= 0 <axb
using mult-strict-right-mono-neg [of a 0 b] by simp

end
lemmas mult-sign-intros =
mult-nonneg-nonneg mult-nonneg-nonpos

mult-nonpos-nonneg mult-nonpos-nonpos
mult-pos-pos mult-pos-neg
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mult-neg-pos mult-neg-neg

4.4 Ordered fields

class ordered-field = field 4+ order + ordered-comm-semiring-strict + ordered-ab-group-add
+ partial-abs-if
— missing class analogous to linordered-field without requiring a total order

begin

lemma frac-less-eq:
Y#£0=z2#0=z/y<w/z+—(zxz—wxy)/(yxz)<0
by (subst less-iff-diff-less-0) (simp add: diff-frac-eq )

lemma frac-le-eq:
y#£0=z#0=z/y<w/z+— (zxz—-—wx*xy)/(y*x2) <0
by (subst le-iff-diff-le-0) (simp add: diff-frac-eq )

lemmas sign-simps = algebra-simps zero-less-mult-iff mult-less-0-iff
lemmas (in —) sign-simps = algebra-simps zero-less-mult-iff mult-less-0-iff

Simplify expressions equated with 1
lemma zero-eq-1-divide-iff [simp]: 0 = 1 [ a +— a =0
by (cases a = 0) (auto simp: field-simps)

lemma one-divide-eq-0-iff [simp]: 1 / a =0 +— a =0
using zero-eq-1-divide-iff [of a] by simp

Simplify expressions such as 0 < I/zto 0 < z
Simplify quotients that are compared with the value 1.

Conditional Simplification Rules: No Case Splits

lemma eg-divide-eq-1 [simp]:

(1= bja) = ((a £ 0 & a = b))
by (auto simp add: eq-divide-eq)

lemma divide-eg-eq-1 [simp]:

(bfa=1)=((a# 0 & a= b))
by (auto simp add: divide-eq-eq)

end

The following type class intends to capture some important properties that
are common both to the real and the complex numbers. The purpose is
to be able to state and prove lemmas that apply both to the real and the
complex numbers without needing to state the lemma twice.

class nice-ordered-field = ordered-field + zero-less-one + idom-abs-sgn +
assumes positive-imp-inverse-positive: 0 < a = 0 < inverse a
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and inverse-le-imp-le: inverse a < inverse b = 0 < a = b < a
and dense-le: (Nz. s <y=12<2) =y <z
and nn-comparable: 0 < a = 0<b=a<bVb<a
and abs-nn: |z| > 0
begin

subclass (in linordered-field) nice-ordered-field
proof
show |a] = — a
ifa<o0
for a :: 'a
using that
by simp
show |a| = a
if 0 <a
for a :: 'a
using that
by simp
show 0 < inverse a
ifo<a
for a :: 'a
using that
by simp
show b < a
if inverse a < inverse b
and 0 < a
for a :: 'a
and b
using that
using local.inverse-le-imp-le by blast
show y < z
if Aeitla.zc<y=2<z2
for y
and z
using that
using local.dense-le by blast
showa < bV b<a
if 0 <a
and 0 < b
for a :: 'a
and b
using that
by auto
show 0 < |z]
for z :: 'a
by simp
qed

lemma comparable:
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assumes hli: a < cVa>c
and h2: b<cVb>c
shows a < bV b<a

proof—
have a < b
iftl: - b<agand t2: a < cand t3: b < ¢
proof—

have 0 < c—a
by (simp add: t2)
moreover have 0 < ¢c—b
by (simp add: t3)
ultimately have c—a < ¢—b V ¢—a > c—b by (rule nn-comparable)
hence —a < —bV —a > —b
using local.add-le-imp-le-right local.uminus-add-conv-diff by presburger
thus ?thesis
by (simp add: t1)
qed
moreover have a < b
iftli: - b<agand t2: c<aand t3: b < ¢
proof—
have b < a
using local.dual-order.trans t2 t3 by blast
thus ?thesis
using tI by auto
qed
moreover have a < b
iftl: - b<agand t2: c<aand t3: ¢c < b
proof—
have 0 < a—c¢
by (simp add: t2)
moreover have 0 < b—c
by (simp add: t3)
ultimately have a—c < b—c V a—c > b—c by (rule nn-comparable)
hence a < bV a>b
by (simp add: local.le-diff-eq)
thus ?thesis
by (simp add: t1)
qed
ultimately show ?thesis using assms by auto
qed

lemma negative-imp-inverse-negative:
a < 0 = inverse a < 0
by (insert positive-imp-inverse-positive [of —al,
stmp add: nonzero-inverse-minus-eq less-imp-not-eq)

lemma inverse-positive-imp-positive:

assumes nv-gt-0: 0 < inverse ¢ and nz: a # 0
shows 0 < a
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proof —

have 0 < inverse (inverse a)

using inv-gt-0 by (rule positive-imp-inverse-positive)
thus 0 < a

using nz by (simp add: nonzero-inverse-inverse-eq)
qed

lemma inverse-negative-imp-negative:

assumes nv-less-0: inverse a < 0 and nz: a # 0
shows a < 0

proof—
have inverse (inverse a) < 0

using inv-less-0 by (rule negative-imp-inverse-negative)
thus a < 0 using nz by (simp add: nonzero-inverse-inverse-eq)
qed

lemma linordered-field-no-Ib:
Ve . dy. y <z
proof
fix z::'a
have m1: — (1::'a) < 0 by simp

from add-strict-right-mono[OF m1, where c=zx]
have (— 1) + z < z by simp

thus Jy. y < = by blast
qed

lemma linordered-field-no-ub:

V. dy. y >z
proof

fix z::'a
have m1: (1::'a) > 0 by simp

from add-strict-right-mono[OF m1, where c=z]
have 1 + =z > z by simp

thus Jy. y > z by blast
qed

lemma less-imp-inverse-less:

assumes less: a < b and apos: 0 < a
shows inverse b < inverse a
using assms by (metis local.dual-order.strict-iff-order

local.inverse-inverse-eq local.inverse-le-imp-le local.positive-imp-inverse-positive)
lemma inverse-less-imp-less:
inverse a < inverse b =— 0 < a = b < a
using local.inverse-le-imp-le local.order.strict-iff-order by blast
Both premises are essential. Consider -1 and 1.
lemma inverse-less-iff-less [simp):

0 <a—=— 0 < b= inverse a < tnverse b <— b < a
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by (blast intro: less-imp-inverse-less dest: inverse-less-imp-less)

lemma le-imp-inverse-le:
a < b= 0 < a = inverse b < inverse a
by (force simp add: le-less less-imp-inverse-less)

lemma inverse-le-iff-le [simp]:
0 <a=— 0 < b= inverse a < tnverse b <— b < a
by (blast intro: le-imp-inverse-le dest: inverse-le-imp-le)

These results refer to both operands being negative. The opposite-sign case
is trivial, since inverse preserves signs.

lemma inverse-le-imp-le-neg:
inverse a < inverse b —= b < 0 —= b < a
by (metis local.inverse-le-imp-le local.inverse-minus-eq local.neg-0-less-iff-less
local.neg-le-iff-le)

lemma inverse-less-imp-less-neg:
inverse a < tnverse b = b < 0 = b < a
using local.dual-order.strict-iff-order local.inverse-le-imp-le-neg by blast

lemma inverse-less-iff-less-neg [simp):
a< 0= b< 0= inverse a < inverse b <— b < a
by (metis local.antisym-conv2 local.inverse-less-imp-less-neg local.negative-imp-inverse-negative
local.nonzero-inverse-inverse-eq local.order.strict-implies-order)

lemma le-imp-inverse-le-neg:
a <b=—b< 0= inverse b < inverse a
by (force simp add: le-less less-imp-inverse-less-neg)

lemma inverse-le-iff-le-neg [simp]:
a< 0= b< 0 = inverse a < inverse b +— b < a
by (blast intro: le-imp-inverse-le-neg dest: inverse-le-imp-le-neg)

lemma one-less-inverse:
0 <a= a< 1= 1 < inversea
using less-imp-inverse-less [of a 1, unfolded inverse-1] .

lemma one-le-inverse:
0<a=— a< 1= 1< inversea
using le-imp-inverse-le [of a 1, unfolded inverse-1] .

lemma pos-le-divide-eq [field-simps]:
assumes 0 < ¢
shows a < b/ c+—axc<b
using assms by (metis local.divide-eq-imp local.divide-inverse-commute
local.dual-order. order-iff-strict local.dual-order.strict-iff-order
local.mult-right-mono local.mult-strict-left-mono local.nonzero-divide-eqg-eq
local.order. strict-implies-order local.positive-imp-inverse-positive)
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lemma pos-less-divide-eq [field-simps]:
assumes ( < ¢
showsa <b/c—a*xc<b
using assms local.dual-order.strict-iff-order local.nonzero-divide-eq-eq local. pos-le-divide-eq
by auto

lemma neg-less-divide-eq [field-simps]:
assumes c <
showsa<b/c—b<axc
by (metis assms local.minus-divide-divide local.mult-minus-right local.neg-0-less-iff-less
local.neg-less-iff-less local.pos-less-divide-eq)

lemma neg-le-divide-eq [field-simps]:
assumes ¢ < 0
shows a < b/ c+—b<axc
by (metis assms local.dual-order.order-iff-strict local.dual-order.strict-iff-order
local.neg-less-divide-eq local.nonzero-divide-eq-eq)

lemma pos-divide-le-eq [field-simps]:
assumes 0 < ¢
shows b/ c<a+—b<axc
by (metis assms local.dual-order.strict-iff-order local.nonzero-eq-divide-eq
local.pos-le-divide-eq)

lemma pos-divide-less-eq [field-simps]:
assumes 0 < ¢
shows b/ c<a+— b<axc
by (metis assms local.minus-divide-left local.mult-minus-left local.neg-less-iff-less
local.pos-less-divide-eq)

lemma neg-divide-le-eq [field-simps]:
assumes ¢ < 0
shows b / c<a<+—axc<b
by (metis assms local.minus-divide-left local.mult-minus-left local.neg-le-divide-eq
local.neg-le-iff-le)

lemma neg-divide-less-eq [field-simps]:
assumes ¢ <
shows b/ c<a<+—axc<b
using assms local.dual-order.strict-iff-order local.neg-divide-le-eq by auto

The following field-simps rules are necessary, as minus is always moved atop
of division but we want to get rid of division.

lemma pos-le-minus-divide-eq [field-simps]: 0 < ¢ = a < — (b / ¢) +— a *x ¢
<—b
unfolding minus-divide-left by (rule pos-le-divide-eq)

lemma neg-le-minus-divide-eq [field-simps]: ¢ < 0 = a < — (b / ¢) «— — b <
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a *x C
unfolding minus-divide-left by (rule neg-le-divide-eq)

lemma pos-less-minus-divide-eq [field-simps]: 0 < c = a < — (b / ¢)+— axc
<—=b
unfolding minus-divide-left by (rule pos-less-divide-eq)

lemma neg-less-minus-divide-eq [field-simps]: ¢ < 0 = a < — (b / ¢) «— — b
<ax*c
unfolding minus-divide-left by (rule neg-less-divide-eq)

lemma pos-minus-divide-less-eq [field-simps]: 0 < ¢ = — (b / ¢) < a +— — b
<ax*c
unfolding minus-divide-left by (rule pos-divide-less-eq)

lemma neg-minus-divide-less-eq [field-simps]: ¢ < 0 = — (b / ¢) < a+— a * ¢
< -0
unfolding minus-divide-left by (rule neg-divide-less-eq)

lemma pos-minus-divide-le-eq [field-simps]: 0 < ¢ = — (b / ¢) < a+— —b <
ax*c
unfolding minus-divide-left by (rule pos-divide-le-eq)

lemma neg-minus-divide-le-eq [field-simps]: ¢ < 0 = — (b / ¢) < a+— a* ¢
<
unfolding minus-divide-left by (rule neg-divide-le-eq)

lemma frac-less-eq:
Yy#0=2#0 =z /y<w/z+— (xxz—wxy)/(yx2z)<0
by (subst less-iff-diff-less-0) (simp add: diff-frac-eq )

lemma frac-le-eq:
y#£0=2#0=z/y<w/z+—(zxz—-—wxy)/(yx2z)<0
by (subst le-iff-diff-le-0) (simp add: diff-frac-eq )

Lemmas sign-simps is a first attempt to automate proofs of positivity /neg-
ativity needed for field-simps. Have not added sign-simps to field-simps
because the former can lead to case explosions.
lemma divide-pos-pos|simp]:

I<r=0<y=0<z/y

by (simp add:field-simps)

lemma divide-nonneg-pos:
0<z=0<y=0<z/y
by (simp add:field-simps)

lemma divide-neg-pos:

< 0=0<y=—z/y<?0
by (simp add:field-simps)
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lemma divide-nonpos-pos:
1<0=0<y=2a2/y<0
by (simp add:field-simps)

lemma divide-pos-neg:
l<z=y<0=12z/y<0
by (simp add:field-simps)

lemma divide-nonneg-neg:
0<z=y<0=12/y<0
by (simp add:field-simps)

lemma divide-neg-neg:
r<0=y<0=0<z/y
by (simp add:field-simps)

lemma divide-nonpos-neg:
r<0=y<0=0<z/y
by (simp add:field-simps)

lemma divide-strict-right-mono:
a<b=0<c=a/c<b/c
by (simp add: less-imp-not-eq2 divide-inverse mult-strict-right-mono
positive-imp-inverse-positive)

lemma divide-strict-right-mono-neg:
b<a=c<O0=a/c<b/c
by (simp add: local.neg-less-divide-eq)

The last premise ensures that a and b have the same sign

lemma divide-strict-left-mono:

b<a=0<c=0<axb=c/a<c/Db

by (metis local.divide-neg-pos local.dual-order.strict-iff-order local.frac-less-eq lo-
cal.less-iff-diff-less-0 local.mult-not-zero local.mult-strict-left-mono)

lemma divide-left-mono:

b<a=0<c=0<axb=c/a<c/Db

using local. divide-cancel-left local. divide-strict-left-mono local.dual-order. order-iff-strict
by auto

lemma divide-strict-left-mono-neg:
a<b=c<l0=0<axb=c/a<c/Db
by (metis local. divide-strict-left-mono local.minus-divide-left local.neg-0-less-iff-less
local.neg-less-iff-less mult-commute)

lemma mult-imp-div-pos-le: 0 < y =z < zxy=—z /[y <z
by (subst pos-divide-le-eq, assumption+)
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lemma mult-imp-le-div-pos: 0 < y = zxy<z=—=2<z /vy
by (simp add:field-simps)

lemma mult-imp-div-pos-less: 0 < y=—= r < zxy=x [/ y < 2
by (simp add:field-simps)

lemma mult-imp-less-div-pos: 0 < y = z+xy<z = z<2z/y
by (simp add:field-simps)

lemma frac-le: 0 <z —=1r<y=—=0<w=—w<z =z/2<y/w
using local.mult-imp-div-pos-le local. mult-imp-le-div-pos local.mult-mono by auto

lemma frac-less: 0 <z =z <y—=0<w=—w<z=1z/2<y/w
proof—
assume al: w < 2
assume a2: 0 < w
assume a3: 0 < z
assume a4: z < Y
have f5:a =0V (b=c/a)=(bxa=c)
for a b c::'a
by (meson local.nonzero-eq-divide-eq)
have f6: 0 < z
using a2 al less-le-trans by blast
have z # 0
using a2 al by (meson local.leD)
moreover have z / z £ y / w
using al a2 a8 a4 local.frac-eq-eq local. mult-less-le-imp-less by fastforce
ultimately have z / z £ y / w
using f5 by (metis (no-types))
thus ?thesis
using a4 a3 a2 al by (meson local.frac-le local.order.not-eq-order-implies-strict
local.order . strict-implies-order)
qed

lemma frac-less2: 0 < 2 = < y—=0<w—w<z —=z/z2<y/w
by (metis local.antisym-conv2 local. divide-cancel-left local. dual-order. strict-implies-order
local. frac-le local.frac-less)

lemma less-half-sum: a < b = a < (a+b) / (1+1)
by (metis local.add-pos-pos local.add-strict-left-mono local.mult-imp-less-div-pos
local.semiring-normalization-rules(4) local.zero-less-one mult-commute)

lemma gt-half-sum: a < b = (a+b)/(1+1) < b

by (metis local.add-pos-pos local.add-strict-left-mono local.mult-imp-div-pos-less
local.semiring-normalization-rules(24 ) local.semiring-normalization-rules(4) local.zero-less-one
mult-commute)
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subclass unbounded-dense-order
proof
fixzy:'a
have less-add-one: a < a + 1 for a::’a by auto
from less-add-one show Jy. z < y
by blast

from less-add-one have v + (— 1) < (z + 1) + (— 1)
by (rule add-strict-right-mono)
hence x — 1 <z 4+ 1 — 1 by simp
hence © — 1 < z by (simp add: algebra-simps)
thus Jy. y < z ..
show z < y = Jz>x. 2 < y by (blast intro!: less-half-sum gt-half-sum)
qed

lemma dense-le-bounded:
fixeszyz:'a
assumes z < y
and « Aw. [z<w;w<y]=w<z
shows y < z
proof (rule dense-le)
fix w assume w < y
from dense[OF <z < 3] obtain u where = < u u < y by safe
have u < w VvV w < u
using <u < y» <w < y» comparable local.order.strict-implies-order by blast
thus w < z
using * (u <y (w < Y x < w local.dual-order.trans local.order. strict-trans2
by blast
qed

subclass field-abs-sgn ..

lemma nonzero-abs-inverse:
a # 0 = |inverse a| = inverse |a|
by (rule abs-inverse)

lemma nonzero-abs-divide:
b#0—la/bl=lal /b
by (rule abs-divide)

lemma field-le-epsilon:
assumes e: Ne. 0 <e=z<y+e
shows z < y
proof (rule dense-le)
fix t assume t < z
hence 0 < z — ¢ by (simp add: less-diff-eq)
from e [OF this] have z + 0 < z + (y — t) by (simp add: algebra-simps)
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hence 0 < y — ¢ by (simp only: add-le-cancel-left)
thus t < y by (simp add: algebra-simps)
qed

lemma inverse-positive-iff-positive [simp):
(0 < inverse a) = (0 < a)
using local.positive-imp-inverse-positive by fastforce

lemma inverse-negative-iff-negative [simp):
(inverse a < 0) = (a < 0)
using local.negative-imp-inverse-negative by fastforce

lemma inverse-nonnegative-iff-nonnegative [simp):
0 < inverse a +— 0 < a
by (simp add: local.dual-order.order-iff-strict)

lemma inverse-nonpositive-iff-nonpositive [simp]:
inverse a < 0 +— a < 0
using local.inverse-nonnegative-iff-nonnegative local.neg-0-le-iff-le by fastforce

lemma one-less-inverse-iff: 1 < inverse xt +— 0 < x Nz < 1

using less-trans[of 1 z 0 for z]

by (metis local.dual-order.strict-trans local.inverse-1 local.inverse-less-imp-less
local.inverse-positive-iff-positive local.one-less-inverse local.zero-less-one)

lemma one-le-inverse-iff: 1 < inverse z +— 0 < z ANz < 1
by (metis local.dual-order.strict-trans1 local.inverse-1 local.inverse-le-imp-le lo-
cal.inverse-positive-iff-positive local.one-le-inverse local.zero-less-one)

lemma inverse-less-1-iff: inversex < 1 +— < 0V 1 <z
proof (rule)
assume invrl: inverse r < 1
have inverse x < 0 V inverse x > 0
using comparable invzl local.order.strict-implies-order local.zero-less-one by
blast
then consider (leq0) inverse z < 0 | (pos) inverse x > 0 | (zero) inverse z = 0
using local.antisym-convl by blast
thusz <0V 1<z
by (metis invzl local.eq-refl local.inverse-1 inverse-less-imp-less
inverse-nonpositive-iff-nonpositive inverse-positive-iff-positive)
next
assume z < 0V I <=z
then consider (neg) x < 0 | (¢g1) 1 < z by auto
thus inverse z < 1
by (metis local.dual-order.not-eq-order-implies-strict local.dual-order. strict-trans
local.inverse-1 local.inverse-negative-iff-negative local.inverse-zero
local.less-imp-inverse-less local.zero-less-one)
qed
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lemma inverse-le-1-iff: inverse x < 1 +—xz < 0V I <=z
by (metis local.dual-order.order-iff-strict local.inverse-1 local.inverse-le-iff-le
local.inverse-less-1-iff local.one-le-inverse-iff)

Simplify expressions such as 0 < 1/xzto 0 < z

lemma zero-le-divide-1-iff [simp]:
0<1/a+—0<a
using local.dual-order. order-iff-strict local.inverse-eq-divide
local.inverse-positive-iff-positive by auto

lemma zero-less-divide-1-iff [simp]:
0<1/a+—0<a
by (simp add: local.dual-order.strict-iff-order)

lemma divide-le-0-1-iff [simp]:
1/a<0+—a<?0
by (smt local.abs-0 local.abs-1 local.abs-divide local.abs-neg local.abs-nn
local. divide-cancel-left local.le-minus-iff local.minus-divide-right local.zero-neq-one)

lemma divide-less-0-1-iff [simpl:
1/a<0+—>a<0
using local.dual-order.strict-iff-order by auto

lemma divide-right-mono:

a<b= 0<c¢c= a/c<b/c

using local. divide-cancel-right local. divide-strict-right-mono local.dual-order.order-iff-strict
by blast

lemma divide-right-mono-neg: a < b
= c<0=1b/c<a/c
by (metis local. divide-cancel-right local. divide-strict-right-mono-neg local.dual-order. strict-implies-order
local.eq-refl local.le-imp-less-or-eq)

lemma divide-left-mono-neg: a < b

= c<0=0<axb=c/a<c/b
by (metis local. divide-left-mono local.minus-divide-left local.neg-0-le-iff-le local.neg-le-iff-le
mult-commute)

lemma divide-nonneg-nonneg [simp):

0<z2=0<y=0<z/y

using local.divide-eq-0-iff local.divide-nonneg-pos local.dual-order.order-iff-strict
by blast

lemma divide-nonpos-nonpos:
1<0=y<0=0<z/y

using local.divide-nonpos-neg local.dual-order.order-iff-strict by auto

lemma divide-nonneg-nonpos:
0<r=y<0=2/y<0
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by (metis local. divide-eq-0-iff local. divide-nonneg-neg local. dual-order. order-iff-strict)

lemma divide-nonpos-nonneg:
r<0=0<y=z/y<0
using local. divide-nonpos-pos local.dual-order.order-iff-strict by auto

Conditional Simplification Rules: No Case Splits

lemma le-divide-eq-1-pos [simp):
0<a= (1 <b/a)=(a<D)
by (simp add: local.pos-le-divide-eq)

lemma le-divide-eq-1-neg [simp]:

a< 0= (1 <b/a)=(b< a)

by (metis local.le-divide-eq-1-pos local.minus-divide-divide local.neg-0-less-iff-less
local.neg-le-iff-le)

lemma divide-le-eq-1-pos [simp):
0<a= (b/a<1)=(b<a)
using local.pos-divide-le-eq by auto

lemma divide-le-eq-1-neg [simp]:
a< 0= (b/a<1)=(a<b)
by (metis local.divide-le-eq-1-pos local.minus-divide-divide local.neg-0-less-iff-less
local.neg-le-iff-le)

lemma less-divide-eq-1-pos [simp]:
0 <a= (1 <b/a)=(a<b)
by (simp add: local.dual-order.strict-iff-order)

lemma less-divide-eq-1-neg [simp]:
a< 0= (1 <b/a)=(b<a)
using local.dual-order.strict-iff-order by auto

lemma divide-less-eq-1-pos [simp]:
0<a= (b/la<1)=(b<a)
using local.divide-le-eq-1-pos local.dual-order. strict-iff-order by auto

lemma divide-less-eq-1-neg [simp):
a<0=bla<l+—a<b
using local.dual-order.strict-iff-order by auto

lemma abs-div-pos: 0 < y =

|zl / y=lz/yl
by (simp add: local.abs-pos)

lemma zero-le-divide-abs-iff [simp]: (0 < a / |b]) = (0 < a| b= 0)
proof

assume assm: 0 < a / ||

have absb: abs b > 0 by (fact abs-nn)

45



thus 0 <aVb=20
using absb assm local.abs-eq-0-iff local.mult-nonneg-nonneg by fastforce

next

assume 0 < aV b=20

then consider (a) 0 < a | (b) b = 0 by atomize-elim auto

thus 0 < a / |b]

by (metis local.abs-eq-0-iff local.abs-nn local. divide-eq-0-iff local. divide-nonneg-nonneg)
qed

lemma divide-le-0-abs-iff [simp]: (a / |b] < 0)=(a< 0| b= 10)
by (metis local.minus-divide-left local.neg-0-le-iff-le local.zero-le-divide-abs-iff)

For creating values between u and v.

lemma scaling-mono:
assumes u < vand 0 < rand r < s
shows u + 7 (v —u) / s <w
proof —
have r/s < 1 using assms
by (metis local.divide-le-eq-1-pos local.division-ring-divide-zero
local.dual-order. order-iff-strict local.dual-order.trans local.zero-less-one)
hence (r/s) * (v — u) < 1 % (v — u)
using assms(1) local.diff-ge-0-iff-ge local.mult-right-mono by blast
thus ?thesis
by (simp add: field-simps)
qed

end

code-identifier
code-module Ordered-Fields — (SML) Arith and (OCaml) Arith and (Haskell)
Arith

4.5 Ordering on complex numbers

instantiation complex :: nice-ordered-field begin
instance
proof intro-classes
note defs = less-eq-complex-def less-complex-def abs-complex-def
fixzyzabc: complex
show ¢ < 0 = |a] = — a unfolding defs
by (simp add: cmod-eq-Re complezx-is-Real-iff)
show 0 < a = |a] = a
unfolding defs
by (metis abs-of-nonneg cmod-eq-Re comp-apply complex.exhaust-sel complex-of-real-def
zero-complex.simps(1) zero-complex.simps(2))
show ¢ < b = 0 < ¢ = ¢ * a < ¢ * b unfolding defs by auto
show 0 < (1::complex) unfolding defs by simp
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show 0 < a = 0 < inverse a unfolding defs by auto
define ra ia rb ib rc ic where ra = Re a ia = Im a rb = Re b ib = Im b rc =
Recic=1Imc
note ri = this[symmetric]
hence a = Compler ra ia b = Complex rb ib ¢ = Complex rc ic by auto
note ri = this ri
have b < ra
if 1 /ra < (ifrb= 0then 0 else 1 | rb)
and 70 = 0 and 0 < ra and ib = 0
proof(cases rb = 0)
case True
thus ?thesis
using that(3) by auto
next
case Fulse
thus ?thesis
by (smt nice-ordered-field-class.frac-less2 that(1) that(3))
qed
thus inverse a < inverse b = 0 < a = b < a unfolding defs ri
by (auto simp: power2-eq-square)
show (Aa. a < b = a < ¢) = b < ¢ unfolding defs ri
by (metis complex.sel(1) complex.sel(2) dense less-le-not-le
nice-ordered-field-class.linordered-field-no-lb not-le-imp-less)
show 0 < a= 0 < b= a < bV b< aunfolding defs by auto
show 0 < |z| unfolding defs by auto
qged
end

lemma less-eq-complex]: Re © < Re y = Im z = Im y —> z<y unfolding
less-eq-complez-def
by simp
lemma less-complexl: Re x < Re y = Im x = Im y = z<y unfolding less-complez-def
by simp

lemma complex-of-real-mono:
z < y = complex-of-real © < complex-of-real y
unfolding less-eq-complex-def by auto

lemma complez-of-real-mono-iff [simp]:
complex-of-real x < complex-of-real y +— z < y
unfolding less-eq-complex-def by auto

lemma complex-of-real-strict-mono-iff [simp]:
complex-of-real x < complex-of-real y +— = < y
unfolding less-complez-def by auto

lemma complex-of-real-nn-iff [simp]:

0 < complex-of-real y +— 0 < y
unfolding less-eq-complex-def by auto
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lemma complez-of-real-pos-iff[simp]:
0 < complez-of-real y +— 0 < y
unfolding less-complez-def by auto

lemma Re-mono: ¢ <y = Rex < Re y
unfolding less-eq-complex-def by simp

lemma comp-Im-same: x < y = Imz = Imy
unfolding less-eq-complex-def by simp

lemma Re-strict-mono: © < y = Rex < Re y
unfolding less-complex-def by simp

lemma complex-of-real-cmod: <complex-of-real (¢cmod z) = abs x»
by (simp add: abs-complex-def)

end

5  Extra-Operator-Norm — Additional facts bout the
operator norm

theory Extra-Operator-Norm
imports HOL— Analysis. Operator-Norm
Extra-General
HOL— Analysis. Bounded- Linear- Function
Exzxtra-Vector-Spaces
begin

This theorem complements HOL— Analysis. Operator-Norm additional useful
facts about operator norms.

lemma onorm-sphere:
fixes [ :: 'a::{real-normed-vector, not-singleton} = 'b::real-normed-vector
assumes al: bounded-linear f
shows <onorm f = Sup {norm (fz) | z. normz = 1}
proof(cases <f = (A -. 0))
case True
have «(UNIV::'a set) # {0}
by simp
hence Jz::'a. norm z = 1>
using ez-norml
by blast
have <norm (f z) = 0»
for z
by (simp add: True)
hence «({norm (fz) | . normx = 1} = {0}
using <3 z. norm ¢ = 1> by auto
hence v1: «Sup {norm (fz) | z. normz = 1} = 0»
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by simp
have <onorm f = 0>
by (simp add: True onorm-eq-0)
thus %thesis using vl by simp
next
case Fulse
have <y € {norm (fz) |z. normz =1} U {0}
if y € {norm (f z) / norm z |x. True}
for y
proof(cases <y = 0»)
case True
thus ?thesis
by simp
next
case Fulse
have <3 z. y = norm (f z) / norm
using «y € {norm (f z) / norm z |z. True}> by auto
then obtain z where <y = norm (f z) / norm x>

by blast

hence «y = |(1/norm z)| * norm ( fz )
by simp

hence <y = norm ( (1/norm z) *g fz )»
by simp

hence <y = norm ( f ((1/norm ) xg z) )»
apply (subst linear-cmul|of f])
by (simp-all add: assms bounded-linear.linear)
moreover have norm ((1/norm ) xg x) = 1»
using False <y = norm (f z) / norm x> by auto
ultimately have <y € {norm (f z) |z. norm z = 1}
by blast
thus ?thesis by blast
qed
moreover have y € {norm (f z) / norm z |z. True}
if <y € {norm (fz) |z. norm x = 1} U {0}
for y
proof(cases <y = 0»)
case True
thus ?thesis
by auto
next
case Fulse
hence «y ¢ {0}
by simp
hence «y € {norm (f z) |z. norm z = 1}»
using that by auto
hence <3 z. normz =1 A y = norm (f z)»
by auto
then obtain z where (norm z = 1» and <y = norm (f z)»
by auto
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have <y = norm (f z) / norm x> using <norm x = 1> <y = norm (f z)
by simp
thus ?thesis
by auto
qed
ultimately have «{norm (f z) / norm z |z. True} = {norm (f z) |z. norm z =
1yu{op
by blast
hence «Sup {norm (f ) / norm z |z. True} = Sup ({norm (f z) |z. norm x =
1y U {0}y
by simp
moreover have «Sup {norm (f z) |x. normz =1} > 0»
proof—
have 3 z::’a. norm x = 1>
by (metis (full-types) False assms linear-simps(8) norm-sgn)
then obtain z::’a where (norm z = 1»
by blast
have norm (f z) > 0»
by simp
hence 3 z::'a. norm z = 1 A norm (f z) > 0>
using (norm z = 1> by blast
hence 3 y € {norm (fz) |z. normz = 1}. y > O»
by blast
then obtain y::real where <y € {norm (fz) |z. normz = 1}
and «y > O»
by auto
have «({norm (f z) |z. norm z = 1} # {}
using «y € {norm (f z) |z. norm z = 1}» by blast
moreover have <bdd-above {norm (f z) |x. norm z = 1}
using bdd-above-norm-f
by (metis (mono-tags, lifting) al)
ultimately have «y < Sup {norm (f z) |z. norm z = 1}
using «y € {norm (f z) |z. norm z = 1}
by (simp add: cSup-upper)
thus ?thesis using <y > 0> by simp
qed
moreover have «Sup ({norm (f z) |z. norm z = 1} U {0}) = Sup {norm (f z)
|z. normz =1}
proof—
have ({norm (fz) |z. normz = 1} # {}p
by (simp add: assms(1) ex-norml)
moreover have <bdd-above {norm (f z) |z. norm z = 1}
using al bdd-above-norm-f by force
have ({0::real} # {}
by simp
moreover have «bdd-above {0::real}
by simp
ultimately have «Sup ({norm (f z) |z. norm x = 1} U {(0::real)})
= maz (Sup {norm (f z) |z. norm x = 1}) (Sup {0::real})>
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by (metis (lifting) <0 < Sup {norm (f z) |z. norm x = 1}» <bdd-above {0}»
<bdd-above {norm (f z) |z. norm x = 1}» {0} # {}» {norm (f z) |z. norm z =
1} #{} cSup-singleton cSup-union-distrib maz.absorb-iff1 sup.absorb-iff1)

moreover have «Sup {(0::real)} = (0::real)

by simp

moreover have «Sup {norm (fz) |x. normz = 1} > 0»

by (simp add: <0 < Sup {norm (fz) |z. norm z = 1}»)

ultimately show ?thesis

by simp

qged
moreover have «Sup ( {norm (f z) |z. norm x = 1} U {0})
= maz (Sup {norm (f z) |x. norm z = 1}) (Sup {0}) »
using calculation(2) calculation(3) by auto
ultimately have wi1: Sup {norm (f z) / norm z | z. True} = Sup {norm (f z)
| z. norm z = 1}
by simp

have «(SUP z. norm (f z) / (norm z)) = Sup {norm (fz) / norm x | x. True}
by (simp add: full-SetCompr-eq)
also have «... = Sup {norm (fz) | z. normx = 1}
using wl by auto
ultimately have «((SUP x. norm (fz) / (norm z)) = Sup {norm (f x) | z. norm
x =1}
by linarith
thus ?thesis unfolding onorm-def by blast
qed

lemma onorml:

assumes Az. norm (fz) < b x norm z

and z # 0 and norm (fz) = b * norm z

shows onorm f = b

apply (unfold onorm-def, rule cSup-eq-mazimum)

apply (smt (verit) UNIV-I assms(2) assms(3) image-iff nonzero-mult-div-cancel-right
noTrm-eq-z€ero)

by (smt (verit, del-insts) assms(1) assms(2) divide-nonneg-nonpos norm-ge-zero
norm-le-zero-iff pos-divide-le-eq rangeE zero-le-mult-iff)

end

6 Complex-Vector-Spaces0 — Vector Spaces and Al-
gebras over the Complex Numbers

theory Complex-Vector-SpacesO
imports HOL.Real-Vector-Spaces HOL. Topological-Spaces HOL. Vector-Spaces
Complex-Main
HOL- Library. Complex-Order
HOL— Analysis. Product- Vector
begin
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6.1 Complex vector spaces

class scaleC' = scaleR +

fixes scaleC :: compler = 'a = 'a (infixr ¢<xg> 75)

assumes scaleR-scaleC: scaleR r = scaleC' (complex-of-real 1)
begin

abbreviation divideC :: 'a = complez = 'a (infixl <'/c» 70)
where z /o ¢ = inverse ¢ ¢ T

end
class complez-vector = scaleC + ab-group-add +
assumes scaleC-add-right: a x¢ (z + y) = (a *¢ z) + (a *¢ y)
and scaleC-add-left: (a + b) x¢ © = (a *¢ z) + (b *¢ )

and scaleC-scaleC[simp]: a x¢ (b x¢c ) = (a * b) *¢c =
and scaleC-one[simp]: 1 *¢c © = =

subclass (in complez-vector) real-vector
by (standard, simp-all add: scaleR-scaleC scaleC-add-right scaleC-add-left)
class complex-algebra = complex-vector + ring +

assumes mult-scaleC-left [simp]: a x¢ x * y = a x¢ (z * y)
and mult-scaleC-right [simp]: © x a xc y = a *¢ (T * y)

subclass (in complez-algebra) real-algebra
by (standard, simp-all add: scaleR-scaleC)

class complex-algebra-1 = complex-algebra + ring-1

subclass (in complez-algebra-1) real-algebra-1 ..

class complex-div-algebra = complex-algebra-1 + division-ring

subclass (in complez-div-algebra) real-div-algebra ..

class complez-field = complez-div-algebra + field

subclass (in complez-field) real-field ..

instantiation complez :: complex-field
begin

definition complez-scaleC-def [simp]: scaleC a x = a *
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instance
proof intro-classes
fix r :: real and a b z y :: complex
show ((xg) r::complex = -) = (x¢) (complez-of-real r)
by (auto simp add: scaleR-conv-of-real)
show a %¢ (z+ y) =axc x4+ a*c y
by (simp add: ring-class.ring-distribs(1))
show (a + b) xc = a *c z + b *c x
by (simp add: algebra-simps)
show a ¢ b xc = (a * b) *¢c ©
by simp
show 1 x¢c z =z
by simp
show a x¢ (z::complex) x y = a x¢ (z * y)
by simp
show (z::complex) * a x¢ y = a *¢ (x * y)
by simp
qed

end

locale clinear = Vector-Spaces.linear scaleC'::-=-="a::complezx-vector scaleC::-=-="b::complex-vector
begin

sublocale real: linear
— Gives access to all lemmas from Real- Vector-Spaces.linear using prefix real.
apply standard
by (auto simp add: add scale scaleR-scaleC)

lemmas scaleC = scale
end

global-interpretation complez-vector: vector-space scaleC :: complex = 'a = a
i complex-vector
rewrites Vector-Spaces.linear (x¢) (x¢) = clinear
and Vector-Spaces.linear (x) (x¢) = clinear
defines cdependent-raw-def: cdependent = complex-vector.dependent
and crepresentation-raw-def: crepresentation = complex-vector.representation
and csubspace-raw-def: csubspace = complex-vector.subspace
and cspan-raw-def: cspan = complex-vector.span
and cextend-basis-raw-def: cextend-basis = complez-vector.extend-basis
and cdim-raw-def: cdim = complex-vector.dim
proof unfold-locales
show Vector-Spaces.linear (x¢) (xc) = clinear Vector-Spaces.linear (%) (x¢) =
clinear
by (force simp: clinear-def complex-scaleC-def[abs-def])+
qed (use scaleC-add-right scaleC-add-left in auto)
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abbreviation cindependent © = — cdependent x

global-interpretation complez-vector: vector-space-pair scaleC'::-=-="a::complez-vector
scaleC::-=-="b::complex-vector
rewrites Vector-Spaces.linear (x¢) (x¢) = clinear
and Vector-Spaces.linear (%) (x¢) = clinear
defines cconstruct-raw-def: cconstruct = complex-vector.construct
proof unfold-locales
show Vector-Spaces.linear (%) (x¢) = clinear
unfolding clinear-def complez-scaleC-def by auto
qed (auto simp: clinear-def)

lemma clinear-compose: clinear f = clinear ¢ = clinear (g o f)
unfolding clinear-def by (rule Vector-Spaces.linear-compose)

Recover original theorem names

lemmas scaleC-left-commute = complex-vector.scale-left-commute
lemmas scaleC-zero-left = complex-vector.scale-zero-left
lemmas scaleC-minus-left = complex-vector.scale-minus-left
lemmas scaleC-diff-left = complex-vector.scale-left-diff-distrib
lemmas scaleC-sum-left = complez-vector.scale-sum-left
lemmas scaleC-zero-right = complex-vector.scale-zero-right
lemmas scaleC-minus-right = complex-vector.scale-minus-right
lemmas scaleC-diff-right = complex-vector.scale-right-diff-distrib
lemmas scaleC-sum-right = complex-vector.scale-sum-right
lemmas scaleC-eq-0-iff = complez-vector.scale-eq-0-iff

lemmas scaleC-left-imp-eq = complex-vector.scale-left-imp-eq
lemmas scaleC-right-imp-eq = complex-vector.scale-right-imp-eq
lemmas scaleC-cancel-left = complez-vector.scale-cancel-left
lemmas scaleC-cancel-right = complex-vector.scale-cancel-right

lemma divideC-field-simps|field-simps]:
c£0=a=b/cc+—c*xca=0b
c£0=b/cc=a+—b=cx*xca
c#x0=a+b/cc=(cxca+b)/cc
c#0=a/cc+b=(a+cx*xb)/cc
c#0=a—-b/cc=(cxca—0)/cc
c#0 = a/cc—b=(a—cx*xch) /cc
c#0 = —(a/cc)+b=(—a+cxb) /cc
c#0= —(a/cc)—b=(—a—cxb) /cc
for a b :: 'a :: complex-vector

by (auto simp add: scaleC-add-right scaleC-add-left scale C-diff-right scaleC-diff-left)

Legacy names — omitted
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lemmas clinear-injective-0 = linear-inj-iff-eq-0
and clinear-injective-on-subspace-0 = linear-inj-on-iff-eq-0
and clinear-cmul = linear-scale
and clinear-scaleC' = linear-scale-self
and csubspace-mul = subspace-scale
and cspan-linear-image = linear-span-image
and cspan-0 = span-zero
and cspan-mul = span-scale
and injective-scaleC' = injective-scale

lemma scaleC-minusI-left [simp]: scaleC (—1) © = — z
for z :: 'a::complex-vector
using scaleC-minus-left [of 1 z] by simp

lemma scaleC-2:
fixes x :: 'a::complex-vector
shows scaleC 2z =z + x
unfolding one-add-one [symmetric] scaleC-add-left by simp

lemma scaleC-half-double [simp]:
fixes a :: 'a::complez-vector
shows (1 / 2) x¢ (a + a) = a
proof —
have Ar. r x¢ (a + a) = (r x 2) ¢ a
by (metis scaleC-2 scaleC-scaleC')
thus ?thesis
by simp
qed

lemma clinear-scale-complex:
fixes c::complex shows clinear f = f (¢ x b)) = ¢ * f b
using complex-vector.linear-scale by fastforce

interpretation scaleC-left: additive (Aa. scaleC a x :: 'a::complez-vector)
by standard (rule scaleC-add-left)

interpretation scaleC-right: additive (Az. scaleC a z :: 'a::complex-vector)
by standard (rule scaleC-add-right)

lemma nonzero-inverse-scale C-distrib:
a# 0 = z # 0 = inverse (scaleC a z) = scaleC (inverse a) (inverse x)
for z :: 'a::complex-div-algebra
by (rule inverse-unique) simp

lemma inverse-scaleC-distrib: inverse (scaleC a x) = scaleC (inverse a) (inverse

z)
for z :: 'a::{complex-div-algebra,division-ring}
by (metis inverse-zero nonzero-inverse-scale C-distrib complex-vector. scale-eq-0-iff)
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lemma complez-add-divide-simps[vector-add-divide-simps]:

v+ (b/ 2) x¢ w=(if z = 0 then v else (z xc v + b *c w) /¢ 2)

axc v+ (b/z)xcw=(if z= 0then a x¢c velse ((a *x z) xc v+ b *xc w) /¢
z)

(a/2)*c v+ w=(if 2= 0then welse (a *c v + 2z *c w) /¢ 2)

(a/ 2)*c v+ bxc w=(if 2= 0then b xc welse (a ¢ v + (b * 2) x¢ w) /¢
2)

v—(b/z)xc w=(if z = 0 then v else (z xc v — b *¢c w) /¢ 2)

a*xcv—(b/2z)*c w=(if 2= 0then a x¢c v else ((a * z) *c v — b x¢c w) /o
z)

(a/2)%cv—w=(if z= 0 then —w else (a xc v — z *¢c W) /¢ 2)

(a/ 2)%c v —"D0xc w= (if z= 0 then —b x¢c w else (a xc v — (b * 2) x¢ w)
/c 2)

for v :: 'a :: complex-vector

by (simp-all add: divide-inverse-commute scaleC-add-right scaleC-diff-right)

lemma ceg-vector-fraction-iff [vector-add-divide-simps]:
fixes = :: 'a :: complex-vector
shows (z = (u / v) *¢ a) «— (if v=0then z = 0 else v x¢c * = u *¢ a)

by auto (metis (no-types) divide-eq-1-iff divide-inverse-commute scaleC-one scaleC-scaleC)

lemma cvector-fraction-eg-iff [vector-add-divide-simps]:
fixes = :: 'a :: complex-vector
shows ((v / v) *¢ a = ) <— (if v=0then z = 0 else u x¢c a = v *¢ )

by (metis ceq-vector-fraction-iff)

lemma complex-vector-affinity-eq:
fixes = :: 'a :: complex-vector
assumes m0: m # 0
shows m x¢c ¢ + ¢ = y +— x = inverse m x¢c y — (inverse m ¢ c)
(is 2lhs <— ?rhs)
proof
assume ?lhs
hence m x¢ = = y — ¢ by (simp add: field-simps)
hence inverse m x¢ (m *x¢ z) = inverse m x¢ (y — c) by simp
thus z = inverse m x¢ y — (inverse m x¢ c)
using mo0
by (simp add: complex-vector.scale-right-diff-distrib)
next
assume ?rhs
with m0 show m x¢c x + ¢ =y
by (simp add: complez-vector.scale-right-diff-distrib)
qged
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lemma complez-vector-eq-affinity: m # 0 = y = m *¢ T + ¢ <— inverse m *¢c
y — (inverse m x¢ ¢) = x
for z :: 'a::complez-vector
using complez-vector-affinity-eqfwhere m=m and z=z and y=y and c=(]
by metis

lemma scaleC-eq-iff [simp]: b+ uxca=a+u*c b+—>a=bV u=1
for a :: 'a::complex-vector
proof (cases u = 1)
case True
thus ?thesis by auto
next
case Fulse
have a = bifb+u*ca=a+ ux*xc b
proof —
from that have (v — 1) xc a = (u — 1) x¢ b
by (simp add: algebra-simps)
with False show ?thesis

by auto
qed
thus ?thesis by auto
qged

lemma scaleC-collapse [simp]: (1 — u) *¢c a + u *¢c a = a
for a :: 'a::complex-vector
by (simp add: algebra-simps)

6.2 Embedding of the Complex Numbers into any complex-algebra-1:
of-complex

definition of-complex :: complexr = 'a::complez-algebra-1
where of-complex ¢ = scaleC ¢ 1

lemma scaleC-conv-of-complex: scaleC r x = of-complex r * x
by (simp add: of-complex-def)

lemma of-complez-0 [simp]: of-complex 0 = 0
by (simp add: of-complez-def)

lemma of-complex-1 [simp]: of-complex 1 = 1
by (simp add: of-complez-def)

lemma of-complez-add [simp]: of-complex (z + y) = of-complex  + of-complex y
by (simp add: of-complez-def scaleC-add-left)

lemma of-complex-minus [simp]: of-complex (— x) = — of-complex x
by (simp add: of-complez-def)
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lemma of-complex-diff [simp]: of-complex (z — y) = of-complex x — of-complex y
by (simp add: of-complex-def scaleC-diff-left)

lemma of-complex-mult [simp]: of-complex (x x y) = of-complex x * of-complex y
by (simp add: of-complex-def mult.commute)

lemma of-complez-sum|[simp|: of-complex (sum fs) = (> z€s. of-complex (f z))
by (induct s rule: infinite-finite-induct) auto

lemma of-complex-prod[simp]: of-complex (prod f s) = ([[ x€s. of-complezx (f x))
by (induct s rule: infinite-finite-induct) auto

lemma nonzero-of-complex-inverse:
x # 0 = of-complex (inverse x) = inverse (of-complex x :: 'a::complez-div-algebra)
by (simp add: of-complex-def nonzero-inverse-scale C-distrib)

lemma of-complez-inverse [simp]:
of-complez (inverse z) = inverse (of-complez x :: 'a::{ complex-div-algebra, division-ring})
by (simp add: of-complez-def inverse-scaleC-distrib)

lemma nonzero-of-complez-divide:
y # 0 = of-complex (z | y) = (of-complex x | of-complex y :: 'a::complex-field)
by (simp add: divide-inverse nonzero-of-complex-inverse)

lemma of-complex-divide [simp]:
of-complex (z / y) = (of-complex x | of-complex y :: 'a::complex-div-algebra)
by (simp add: divide-inverse)

lemma of-complez-power [simpl:
of-complex (z ~ n) = (of-complex x :: 'a::{complez-algebra-1}) " n
by (induct n) simp-all

lemma of-complez-power-int [simpl:

of-complex (power-int z n) = power-int (of-complez x :: 'a :: { complez-div-algebra,division-ring})
n

by (auto simp: power-int-def)

lemma of-complex-eq-iff [simp]: of-complex © = of-complex y «— x =y
by (simp add: of-complez-def)

lemma inj-of-complex: inj of-complex
by (auto intro: injI)

lemmas of-complex-eq-0-iff [simp] = of-complez-eq-iff [of - 0, simplified)
lemmas of-complex-eq-1-iff [simp| = of-complez-eq-iff [of - 1, simplified]

lemma minus-of-complex-eq-of-complex-iff [simp]: —of-complex x = of-complex y

s —z =y
using of-complez-eq-iff [of —x y] by (simp only: of-complex-minus)
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lemma of-complez-eq-minus-of-complex-iff [simp): of-complex x = —of-complex y
— =y
using of-complex-eq-iff [of x —y] by (simp only: of-complex-minus)

lemma of-complez-eq-id [simp]: of-complex = (id :: complex = complex)
by (rule ext) (simp add: of-complex-def)

Collapse nested embeddings.

lemma of-complez-of-nat-eq [simpl: of-complex (of-nat n) = of-nat n
by (induct n) auto

lemma of-complex-of-int-eq [simpl: of-complex (of-int z) = of-int z
by (cases z rule: int-diff-cases) simp

lemma of-complexz-numeral [simp]: of-complex (numeral w) = numeral w
using of-complex-of-int-eq [of numeral w] by simp

lemma of-complex-neg-numeral [simp|: of-complex (— numeral w) = — numeral w
using of-complez-of-int-eq [of — numeral w] by simp

lemma numeral-power-int-eq-of-complex-cancel-iff [simp]:
power-int (numeral x) n = (of-complex y == 'a :: {complex-div-algebra, divi-
sion-ring}) <—
power-int (numeral ) n =y
proof —
have power-int (numeral ) n = (of-complez (power-int (numeral ) n) :: 'a)
by simp
also have ... = of-complex y <— power-int (numeral z) n =y
by (subst of-complez-eq-iff) auto
finally show ?thesis .
qed

lemma of-complezx-eq-numeral-power-int-cancel-iff [simp]:
(of-complez y :: 'a :: {complex-div-algebra, division-ring}) = power-int (numeral
x) n—
y = power-int (numeral z) n
by (subst (1 2) eg-commute) simp

lemma of-complez-eq-of-complez-power-int-cancel-iff [simp]:
power-int (of-complex b :: 'a :: { complex-div-algebra, division-ring}) w = of-complex
T <
power-int b w = x
by (metis of-complez-power-int of-complex-eq-iff)

lemma of-complez-in-Ints-iff [simpl: of-complex v € Z. +— z € Z
proof safe

fix z assume (of-complex = :: 'a) € Z

then obtain n where (of-complex x :: 'a) = of-int n
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by (auto simp: Ints-def)

also have of-int n = of-complex (of-int n)
by simp

finally have z = of-int n
by (subst (asm) of-complex-eq-iff)

thus 2z € Z
by auto

qed (auto simp: Ints-def)

lemma Ints-of-complex [intro]: © € Z = of-complex © € Z
by simp

Every complex algebra has characteristic zero.

lemma fraction-scaleC-times [simp]:

fixes a :: 'a::complez-algebra-1

shows (numeral u / numeral v) *c (numeral w * a) = (numeral u * numeral w
/ numeral v) *xc a

by (metis (no-types, lifting) of-complex-numeral scale C-conv-of-complex scaleC-scaleC
times-divide-eq-left)

lemma inverse-scaleC-times [simp:

fixes a :: 'a::complez-algebra-1

shows (1 / numeral v) *¢ (numeral w * a) = (numeral w / numeral v) *c a

by (metis divide-inverse-commute inverse-eq-divide of-complex-numeral scale C-conv-of-complex
scaleC-scaleC')

lemma scaleC-times [simp):
fixes a :: 'a::complez-algebra-1
shows (numeral u) *c (numeral w x a) = (numeral u * numeral w) *c a
by (simp add: scaleC-conv-of-complez)

6.3 The Set of Real Numbers

definition Complezs :: 'a::complex-algebra-1 set («C»)
where C = range of-complex

lemma Complexs-of-complex [simp]: of-complex r € C
by (simp add: Complezxs-def)

lemma Complexs-of-int [simp]: of-int z € C
by (subst of-complezx-of-int-eq [symmetric|, rule Complexs-of-complex)

lemma Complezs-of-nat [simp]: of-nat n € C
by (subst of-complez-of-nat-eq [symmetric|, rule Complexs-of-complex)

lemma Complexs-numeral [simp]: numeral w € C
by (subst of-complez-numeral [symmetric], rule Complexs-of-complex)

lemma Complexs-0 [simp]: 0 € C and Complexs-1 [simp]: 1 € C
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by (simp-all add: Complezs-def)

lemma Complezs-add [simp]: e e C=beC = a+ beC
apply (auto simp add: Complezs-def)
by (metis of-complez-add range-eql)

lemma Complexs-minus [simp]: a € C = — a € C
by (auto simp: Complexs-def)

lemma Complezs-minus-iff [simp]: — a € C +— a € C
using Complexs-minus by fastforce

lemma Complezs-diff [simp]: a €eC = beC = a—beC
by (metis Complezs-add Complexs-minus-iff add-uminus-conv-diff)

lemma Complexs-mult [simp]: a € C=beC = axbeC
apply (auto simp add: Complexs-def)
by (metis of-complez-mult rangel)

lemma nonzero-Complexs-inverse: a € C = a # 0 = inverse a € C
for a :: 'a::complex-div-algebra
apply (auto simp add: Complexs-def)
by (metis of-complez-inverse range-eql )

lemma Complexs-inverse: a € C = inverse a € C
for a :: 'a::{complex-div-algebra,division-ring}
using nonzero-Complers-inverse by fastforce

lemma Complexs-inverse-iff [simp]: inverse x € C +— z € C
for z :: 'a::{ complex-div-algebra,division-ring}
by (metis Complexs-inverse inverse-inverse-eq)

lemma nonzero-Complexs-divide: a € C = beC=b# 0= a/beC
for a b :: ’a::complex-field
by (simp add: divide-inverse)

lemma Complexs-divide [simp]: a € C = beC = a/ beC
for a b :: 'a::{complex-field,field}
using nonzero-Complexs-divide by fastforce

lemma Complexs-power [simp]: a € C = a ~n € C
for a :: 'a::complex-algebra-1
apply (auto simp add: Complexs-def)
by (metis range-eql of-complez-power|symmetric|)

lemma Complexs-cases [cases set: Complexs:
assumes q € C
obtains (of-complex) ¢ where ¢ = of-complezx ¢
unfolding Complezs-def
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proof —
from «q € C» have ¢q € range of-complex unfolding Complexs-def .
then obtain ¢ where ¢ = of-complez c ..
then show thesis ..

qed

lemma sum-in-Complezs [intro,simp|: (N\i. i € s = fi € C) = sum fs € C
proof (induct s rule: infinite-finite-induct)

case infinite

then show ?Zcase by (metis Complexs-0 sum.infinite)
qed simp-all

lemma prod-in-Complezs [intro,simpl: (N\i. i € s = fi € C) = prod f s € C
proof (induct s rule: infinite-finite-induct)

case infinite

then show Zcase by (metis Complexs-1 prod.infinite)
qed simp-all

lemma Complexs-induct [case-names of-complex, induct set: Complexs]:
qg € C = (A\r. P (of-complex r)) = P ¢
by (rule Complexs-cases) auto

6.4 Ordered complex vector spaces

class ordered-complex-vector = complez-vector + ordered-ab-group-add +
assumes scaleC-left-mono: t < y=—= 0 < a= axc z < a*c y
and scaleC-right-mono: a < b= 0 <z = axc < bx*c
begin

subclass (in ordered-complex-vector) ordered-real-vector
apply standard
by (auto simp add: less-eq-complex-def scaleC-left-mono scale C-right-mono scaleR-scaleC')

lemma scaleC-mono:
a<b=2r<y=0<b=0<zr=a*xcx<bxcy
by (meson order-trans scaleC-left-mono scaleC-right-mono)

lemma scaleC-mono’:
0<b—=c<d=0<a=—=0<c=axcc<bxcd
by (rule scaleC-mono) (auto intro: order.trans)

lemma pos-le-divideC-eq [field-simps]:
a<b/occ+—cxca<b(is P+ ?2Q)if 0 < ¢
proof
assume ?P
with scaleC-left-mono that have ¢ %¢ a < ¢ *¢ (b /¢ ¢)
using preorder-class.less-imp-le by blast
with that show 20
by auto
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next
assume ?()
with scaleC-left-mono that have ¢ *¢c a /c ¢ < b /¢ ¢
using less-complex-def less-eq-complez-def by fastforce
with that show ?P
by auto
qed

lemma pos-less-divideC-eq [field-simps]:
a<b/cec+—cxca<bifc>0
using that pos-le-divideC-eq [of ¢ a b]
by (auto simp add: le-less)

lemma pos-divideC-le-eq [field-simps]:
b/cec<a+—b<cxcaifc>0
using that pos-le-divideC-eq [of inverse ¢ b a]
less-complez-def by auto

lemma pos-divideC-less-eq [field-simps]:
b/ce<a+—b<cxcaifc>0
using that pos-less-divideC-eq [of inverse ¢ b a]
by (simp add: local.less-le-not-le local.pos-divide C-le-eq local.pos-le-divide C-eq)

lemma pos-le-minus-divideC-eq [field-simps]:

a<—(b/cc)s—=cxca< —bifc>0

using that

by (metis local.ab-left-minus local.add.inverse-unique local.add.right-inverse lo-
cal.add-minus-cancel local.le-minus-iff local.pos-divide C-le-eq local.scale C-add-right
local.scaleC-one local.scale C-scaleC')

lemma pos-less-minus-divideC-eq [field-simps]:
a<—(b/cc)+—c*xca< —Dbifc> 0
using that
by (metis le-less less-le-not-le pos-divide C-le-eq pos-divide C-less-eq pos-le-minus-divide C-eq)

lemma pos-minus-divideC-le-eq [field-simps]:
—(b/ce)<a+— —b<cx*xcaifc>0
using that
by (metis local.add-minus-cancel local.left-minus local.pos-divide C-le-eq local. scale C-add-right)

lemma pos-minus-divideC-less-eq [field-simps]:
—(b/ece)<a+— —b<cxcaifc>0
using that by (simp add: less-le-not-le pos-le-minus-divideC-eq pos-minus-divide C-le-eq)

lemma scaleC-image-atLeastAtMost: ¢ > 0 = scaleC ¢ ‘{z..y} = {c *¢ T..c *¢

y}
apply (auto introl: scaleC-left-mono simp: image-iff Bex-def)
by (meson order.eq-iff local.order.refl pos-divideC-le-eq pos-le-divideC-eq)
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end

lemma neg-le-divideC-eq [field-simps]:
a<b/cc+—b<cxcalis PP+ ?2Q)ifc < 0
for a b :: 'a :: ordered-comples-vector
using that pos-le-divideC-eq [of — ¢ a — b]
by (simp add: less-complezx-def)

lemma neg-less-divideC-eq [field-simps]:
a<b/cec+—b<cxcaifc<0
for a b :: 'a :: ordered-comples-vector
using that neg-le-divideC-eq [of ¢ a b)
by (smt (verit, ccfo-SIG) neg-le-divide C-eq antisym-conv2 complez-vector.scale-minus-right
dual-order.strict-implies-order le-less-trans neg-le-iff-le scaleC-scaleC')

lemma neg-divideC-le-eq [field-simps]:
b/cc<a+—cxca<bifc< 0
for a b :: 'a :: ordered-complex-vector
using that pos-divideC-le-eq [of — ¢ — b a]
by (simp add: less-complex-def)

lemma neg-divide C-less-eq [field-simps]:
b/cec<a+—cxca<bifec< 0
for a b :: 'a :: ordered-complex-vector
using that neg-divideC-le-eq [of ¢ b a]
by (meson neg-le-divideC-eq less-le-not-le)

lemma neg-le-minus-divideC-eq [field-simps]:
a<—(b/cc)+— —b<cxcaifc< 0
for a b :: 'a :: ordered-complex-vector
using that pos-le-minus-divideC-eq [of — ¢ a — b]
by (metis neg-le-divideC-eq complex-vector.scale-minus-right)

lemma neg-less-minus-divideC-eq [field-simps]:
a<—(b/ce)+—= —b<cxcaifc<0
for a b :: 'a :: ordered-complex-vector
proof —
have x: — b= cx¢c a +— b= — (¢ *¢ a)
by (metis add.inverse-inverse)
from that neg-le-minus-divideC-eq [of ¢ a b]
show ?thesis by (auto simp add: le-less *)
qged

lemma neg-minus-divideC-le-eq [field-simps]:
—(b/ce)<a+—cxca< —Dbifc< 0

for a b :: 'a :: ordered-complex-vector
using that pos-minus-divideC-le-eq [of — ¢ — b d]
by (metis Complez- Vector-Spaces0.neg-divide C-le-eq complez-vector.scale-minus-right)
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lemma neg-minus-divideC-less-eq [field-simps]:
—(b/ce)<a+—cxca<—Dbifc< 0

for a b :: 'a :: ordered-complex-vector
using that by (simp add: less-le-not-le neg-le-minus-divide C-eq neg-minus-divide C-le-eq)

lemma divideC-field-splits-simps-1 [field-split-simps]:
a=10b/cc+— (if c=0then a = 0 else c xc a = b)
b/cc=a+— (ifc=0then a = 0else b= cx*c a)
a+b/cc=(if c= 0then aelse (¢c xc a + b) /¢ ¢)
a/cc+ b= (if c = 0then b else (a + ¢ x¢ b) /¢ ¢)
a—0b/cc=(if c=0then aelse (c xc a — b) /¢ ¢)
a/cc—b=(if c= 0then — belse (a — cxc b) /¢ ¢)
—(a/ce)+b=(ifc=0thenbelse (—a+ cxcb) /¢ ¢
—(a/ce)—b=(ifc=0then — belse (—a— cxcb) /c )
for a b :: 'a :: comples-vector
by (auto simp add: field-simps)

lemma divideC-field-splits-simps-2 [field-split-simps]:
0<c=a<b/cc+—(ifc>0then cxc a<belseifc<0thenbd<c
xc a else a < 0)
0<c=a<b/occ+— (ifc>0then cxc a<belseifc<0thenb< c
xc a else a < 0)
0<c=b/cc<a<+— (ifc>0thenb < cxc aelseif c < 0then ¢ x¢ a
< belsea>0)
0<c=b/cc<a+— (ifc>0thenb < c*c aelseif c < 0then c ¢ a
< belsea> 0)

0<c=a< —(b/cc)+— (ifc> 0then c xc a < — b else if ¢ < 0 then
—b<cx*cacelsea <)
0<c=a<—(b/cc)«— (ifc> 0then c x¢c a < — b else if ¢ < 0 then
—b<cxc acelsea<0)
0<c=—(b/cec)<a<+— (ifc>0then — b < cx*c aelseif c < 0then c
xc a < — belsea> 0)
0<c=—(b/cec)<a<+— (ifc>0then — b < c*c aelseif c < 0 then c
xc a < — belsea> 0)

for a b :: 'a :: ordered-complex-vector

by (clarsimp introl: field-simps)+

lemma scaleC-nonneg-nonneg: 0 < a = 0 <z = 0 < a *¢c =
for z :: 'a::ordered-complez-vector
using scaleC-left-mono [of 0 = a] by simp

lemma scaleC-nonneg-nonpos: 0 < a = 2 < 0 = a *¢c ©z < 0
for z :: 'a::ordered-complex-vector
using scaleC-left-mono [of = 0 a] by simp

lemma scaleC-nonpos-nonneg: a < 0 = 0 <z = a *¢c z < 0

for z :: 'a::ordered-complex-vector
using scaleC-right-mono [of a 0 z] by simp
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lemma split-scaleC-neg-le: (0 < aAhz<0)V(a<O0AN0<z)=ax*xcz<0
for z :: 'a::ordered-complex-vector
by (auto simp: scaleC-nonneg-nonpos scaleC-nonpos-nonneq)

lemma cle-add-iffl: a xc e + c < bxc e+ d<+— (a—b) xc e+ c<d
for c d e :: 'a::ordered-complex-vector
by (simp add: algebra-simps)

lemma cle-add-iff2: a xc e + c<b*c e+ d+—c<(b—a)*xc e+ d
for c d e :: 'a::ordered-complex-vector
by (simp add: algebra-simps)

lemma scaleC-left-mono-neg: b < a = ¢ < 0 = c*¢c a < c ¢ b
for a b :: 'a::ordered-complez-vector
by (drule scaleC-left-mono [of - - — ¢], simp-all add: less-eq-complez-def)

lemma scaleC-right-mono-neg: b < a = ¢ < 0 = a *x¢c ¢ < b*xc ¢
for c :: 'a::ordered-complex-vector
by (drule scaleC-right-mono [of - - — ¢|, simp-all)

lemma scaleC-nonpos-nonpos: a < 0 —= b< 0 — 0 < a *c b
for b :: 'a::ordered-complex-vector
using scaleC-right-mono-neg [of a 0 b] by simp

lemma split-scaleC-pos-le: (0 < a N0 <b)V (a<O0ANb<L0)=0<axcbh
for b :: 'a::ordered-complex-vector
by (auto simp: scaleC-nonneg-nonneg scaleC-nonpos-nonpos)

lemma zero-le-scale C-iff:
fixes b :: 'a::ordered-complex-vector
assumes a € R
shows 0 < a*xc b<+—0<aAN0<bVa<OANDLSOVa=20

(is ?lhs = ?rhs)

proof (cases a = 0)

case True

then show ?thesis by simp
next

case Fulse

show ?thesis

proof

assume ?lhs
from <a # 0) consider a > 0 | a < 0
by (metis assms complex-is-Real-iff less-complex-def less-eq-complez-def not-le
order.not-eq-order-implies-strict that(1) zero-complex.sel(2))
then show ?rhs
proof cases
case [
with <?lhsy have inverse a x¢ 0 < inverse a x¢ (a *¢ b)
by (metis complez-vector.scale-zero-right ordered-complex-vector-class.pos-le-divide C-eq)
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with 1 show ?thesis
by simp
next
case 2
with <?lhsy have — inverse a x¢ 0 < — inverse a *¢ (a *¢ b)
by (metis Complez- Vector-Spaces0.neg-le-minus-divide C-eq complex-vector.scale-zero-right
neg-le-0-iff-le scaleC-left.minus)
with 2 show ?thesis
by simp
qed
next
assume ?rhs
then show ?lhs
using less-imp-le split-scaleC-pos-le by auto
qed
qed

lemma scaleC-le-0-iff:
a*xc b<0+—0<aNb<0Va<ONO<bVa=20
ifa € R
for b::'a::ordered-complex-vector
apply (insert zero-le-scaleC-iff [of —a b])
using less-complex-def that by force

lemma scaleC-le-cancel-left: ¢ xc a < cxc b+— (0 < c— a<b) A(c<0
— b<a)

ifceR

for b :: 'a::ordered-complez-vector

by (smt (verit, ccfv-threshold) Complex-Vector-Spaces0.neg-divideC-le-eq com-
plex-vector.scale-cancel-left complez-vector.scale-zero-right dual-order.eq-iff dual-order.trans
ordered-complez-vector-class.pos-le-divide C-eq that zero-le-scale C-iff)

lemma scaleC-le-cancel-left-pos: 0 < ¢ = c*c a < c*xc b+—>a <)
for b :: 'a::ordered-complex-vector
by (simp add: complez-is-Real-iff less-complez-def scaleC-le-cancel-left)

lemma scaleC-le-cancel-left-neg: ¢ < 0 = c*xc a < c*xc b+— b < a
for b :: 'a::ordered-complex-vector
by (simp add: complez-is-Real-iff less-complez-def scaleC-le-cancel-left)

lemma scaleC-left-le-one-le: 0 <z = a <1 = a*xczx <z
for z :: 'a::ordered-complex-vector and a :: complex
using scaleC-right-mono[of a 1 x| by simp

6.5 Complex normed vector spaces

class complex-normed-vector = complex-vector + sgn-div-norm + dist-norm +
uniformity-dist + open-uniformity +
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real-normed-vector +

assumes norm-scaleC [simp]: norm (scaleC a x) = cmod a * norm x
begin
end
class complex-normed-algebra = complex-algebra + complex-normed-vector +

real-normed-algebra

class complez-normed-algebra-1 = complez-algebra-1 4+ complex-normed-algebra +
real-normed-algebra-1

lemma (in complex-normed-algebra-1) scaleC-power [simp]: (scaleC z y) ~ n =
scaleC (z7n) (y"n)
by (induct n) (simp-all add: mult-ac)
class complex-normed-div-algebra = complex-div-algebra + complex-normed-vector
+
real-normed-div-algebra
class complez-normed-field = complez-field + complex-normed-div-algebra
subclass (in complez-normed-field) real-normed-field ..
instance complez-normed-div-algebra < complez-normed-algebra-1 ..
context complex-normed-vector begin
end
lemma dist-scaleC [simp]: dist (z *¢ a) (y *¢ a) = |z — y| * norm a

for a :: 'a::complex-normed-vector
by (metis dist-scaleR scaleR-scaleC')

lemma norm-of-complez [simp]: norm (of-complex c :: 'a::complez-normed-algebra-1)
= cmod ¢
by (simp add: of-complez-def)

lemma norm-of-complez-addl [simp]: norm (of-complex z + 1 :: 'a :: complez-normed-div-algebra)
= cmod (z + 1)
by (metis norm-of-complex of-complex-1 of-complez-add)
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lemma norm-of-complez-addn [simp]:

norm (of-complex x + numeral b :: 'a :: complez-normed-div-algebra) = cmod (z
+ numeral b)

by (metis norm-of-complex of-complex-add of-complex-numeral)

lemma norm-of-complez-diff [simp]:

norm (of-complex b — of-complex a :: 'a::complex-normed-algebra-1) < cmod (b
— a)

by (metis norm-of-complex of-complex-diff order-refl)

6.6 Metric spaces

Every normed vector space is a metric space.

6.7 Class instances for complex numbers

instantiation complex :: complez-normed-field
begin

instance
apply intro-classes
by (simp add: norm-mult)

end
declare uniformity-Abort[where 'a=complez, code]

lemma dist-of-complex [simp]: dist (of-complex z :: 'a) (of-complex y) = dist x y
for a :: 'a::complex-normed-div-algebra
by (metis dist-norm norm-of-complex of-complex-diff)

declare [[code abort: open :: complex set = bool]]

lemma closed-complex-atMost: <closed {..a::complez}>
proof —
have «{..a} = Im —‘{Im a} N Re —“{..Re a}>
by (auto simp: less-eq-complex-def)
also have «closed ...»
by (auto intro!: closed-Int closed-vimage continuous-on-Im continuous-on-Re)
finally show ?thesis
by —
qed

lemma closed-complex-atLeast: <closed {a::complex..}»

proof —
have «{a..} = Im —“{Im a} N Re —“{Re a..}»
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by (auto simp: less-eq-complex-def)
also have «closed ...»
by (auto intro!: closed-Int closed-vimage continuous-on-Im continuous-on-Re)
finally show ?thesis
by —
qed

lemma closed-complex-atLeastAtMost: <closed {a::complex .. b}»
proof (cases <Im a = Im b)
case True
have ({a..b} = Im —‘{Im a} N Re —‘{Re a..Re b}
by (auto simp add: less-eq-complex-def introl: True)
also have «closed ...»
by (auto introl: closed-Int closed-vimage continuous-on-Im continuous-on-Re)
finally show ?thesis
by —
next
case Fulse
then have *: {a..b} = {}
using less-eq-complez-def by auto
show ?thesis
by (simp add: *)
qed

6.8 Sign function

lemma sgn-scaleC: sgn (scaleC r z) = scaleC (sgn r) (sgn x)
for z :: 'a::complex-normed-vector
by (simp add: scaleR-scaleC sgn-div-norm ac-simps)

lemma sgn-of-complez: sgn (of-complex r :: 'a::complex-normed-algebra-1) = of-complex

(sgn 7)
unfolding of-complez-def by (simp only: sgn-scaleC sgn-one)

lemma complez-sgn-eq: sgn x = x / |z
for z :: complex
by (simp add: abs-complex-def scaleR-scaleC sgn-div-norm divide-inverse)

lemma czero-le-sgn-iff [simp]: 0 < sgnz +— 0 < z
for z :: complex
using cmod-eq-Re divide-eq-0-iff less-eq-complez-def by auto

lemma csgn-le-0-iff [simp]: sgn x < 0 +— 2 < 0
for z :: complex

by (smt (verit, best) czero-le-sgn-iff Im-sgn Re-sgn divide-eq-0-iff dual-order.eq-iff
less-eq-complex-def sgn-zero-iff zero-complex.sel(1) zero-complex.sel(2))

6.9 Bounded Linear and Bilinear Operators

lemma clinearl: clinear f
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if Ab1b2.f (b1 + b2)=/fbl + fb2
Arb. f(rscb) =rx*cfb

using that

by unfold-locales (auto simp: algebra-simps)

lemma clinear-iff:
clinear f «— (Vzy. f (z+y)=fz+ fy) AN Vecz. [ (c*xc x) = ¢ *¢ fx)
(is clinear f «— ?rhs)
proof
assume clinear f
then interpret f: clinear f .
show ?rhs
by (simp add: f.add f.scale complex-vector.linear-scale f.clinear-azioms)
next
assume ?rhs
then show clinear f by (intro clinearl) auto
qed

lemmas clinear-scaleC-left = complex-vector.linear-scale-left
lemmas clinear-imp-scaleC = complez-vector.linear-imp-scale

corollary complex-clinearD:
fixes f :: compler = complex
assumes clinear f obtains ¢ where f = (x) ¢
by (rule clinear-imp-scaleC [OF assms]) (force simp: scaleC-conv-of-complex)

lemma clinear-times-of-complex: clinear (Az. a % of-complex x)
by (auto intro!: clinearl simp: distrib-left)
(metis mult-scaleC-right scaleC-conv-of-complex)

locale bounded-clinear = clinear f for f :: 'a::complez-normed-vector = 'b::complex-normed-vector
_|_

assumes bounded: K. Vz. norm (fz) < norm z % K
begin

sublocale real: bounded-linear
— Gives access to all lemmas from bounded-linear using prefix real.
apply standard
by (auto simp add: add scaleR-scaleC scale bounded)

lemmas pos-bounded = real.pos-bounded
lemmas nonneg-bounded = real.nonneg-bounded

lemma clinear: clinear f
by (fact local.clinear-azioms)
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end

lemma bounded-clinear-intro:
assumes Az y. f (e +y)=fz+ fy
and Arz. f (scaleC r x) = scaleC r (f )
and Az. norm (fz) < norm z x K
shows bounded-clinear f
by standard (blast intro: assms)+

locale bounded-cbilinear =
fixes prod :: 'a::comples-normed-vector = 'b::complex-normed-vector = 'c::complex-normed-vector
(infix] ¢xx> 70)
assumes add-left: prod (a + a’) b = prod a b + prod a’ b
and add-right: prod a (b + b’) = prod a b + prod a b’
and scaleC-left: prod (scaleC r a) b = scaleC r (prod a b)
and scaleC-right: prod a (scaleC r b) = scaleC r (prod a b)
and bounded: K. ¥ a b. norm (prod a b) < norm a * norm b * K
begin

sublocale real: bounded-bilinear
— Gives access to all lemmas from bounded-bilinear using prefix real.
apply standard
by (auto simp add: add-left add-right scaleR-scaleC scaleC-left scale C-right bounded)

lemmas pos-bounded = real.pos-bounded
lemmas nonneg-bounded = real.nonneg-bounded
lemmas additive-right = real.additive-right
lemmas additive-left = real.additive-left
lemmas zero-left = real.zero-left

lemmas zero-right = real.zero-right
lemmas minus-left = real.minus-left
lemmas minus-right = real.minus-right
lemmas diff-left = real.diff-left

lemmas diff-right = real. diff-right
lemmas sum-left = real.sum-left

lemmas sum-right = real.sum-right
lemmas prod-diff-prod = real.prod-diff-prod

lemma bounded-clinear-left: bounded-clinear (Aa. a *x b)
proof —
obtain K where A\a b. norm (a #x b) < norm a * norm b x K
using pos-bounded by blast
then show ?thesis
by (rule-tac K=norm b x K in bounded-clinear-intro) (auto simp: algebra-simps
scaleC-left add-left)
qed

lemma bounded-clinear-right: bounded-clinear (Ab. a *x b)
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proof —
obtain K where Aa b. norm (a *x b) < norm a * norm b x K
using pos-bounded by blast
then show ?thesis
by (rule-tac K=norm a % K in bounded-clinear-intro) (auto simp: algebra-simps
scaleC-right add-right)
qed

lemma flip: bounded-cbilinear (Ax y. y **x x)
proof
show 3K. Va b. norm (b xx a) < norm a * norm b x K
by (metis bounded mult.commute)

qed (simp-all add: add-right add-left scaleC-right scaleC-left)

lemma compl:
assumes bounded-clinear g
shows bounded-cbilinear (Az. (%) (g ))
proof
interpret ¢: bounded-clinear g by fact
show Aaa’b.g(a+a)*xxb=gaxxb+ga *xb
Nabbd.gasc(b+b)=gaxcb+ ga*xd
Arab. g (rxca)*xb=rxc (gax*kb)
Narb gaxx(rxcbd) =71 +*c (ga*xb)
by (auto simp: g.add add-left add-right g.scaleC scaleC-left scaleC-right)
have bounded-bilinear (Aa b. g a *x b)
using g.real.bounded-linear by (rule real.compl)
then show 3 K. Va b. norm (g a xx b) < norm a * norm b x K
by (rule bounded-bilinear.bounded)
qed

lemma comp: bounded-clinear f = bounded-clinear ¢ => bounded-cbilinear (A\z

y- faxxgy)
by (rule bounded-cbilinear. flip] OF bounded-cbilinear.comp1[OF bounded-cbilinear. flip] OF

comp1]]])

end

lemma bounded-clinear-ident|[simp]: bounded-clinear (Az. x)
by standard (auto introl: exl[of - 1])

lemma bounded-clinear-zero[simp|: bounded-clinear (Az. 0)
by standard (auto introl: exl[of - 1])

lemma bounded-clinear-add:
assumes bounded-clinear f
and bounded-clinear g
shows bounded-clinear (A\x. fz + g )
proof —
interpret f: bounded-clinear f by fact
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interpret g: bounded-clinear g by fact
show ?thesis
proof
from f.bounded obtain Kf where Kf: norm (f z) < norm z x Kf for z
by blast
from g.bounded obtain Kg where Kg: norm (g ) < norm z x Kg for z
by blast
show 3 K. Vz. norm (fz + gz) < norm z *x K
using add-mono[OF Kf Kg]
by (intro exI[of - Kf + Kg]) (auto simp: field-simps intro: norm-triangle-ineq
order-trans)
qed (simp-all add: f.add g.add f.scaleC g.scaleC scaleC-add-right)
qed

lemma bounded-clinear-minus:

assumes bounded-clinear f

shows bounded-clinear (A\x. — f x)
proof —

interpret f: bounded-clinear f by fact

show ?thesis

by unfold-locales (simp-all add: f.add f.scaleC f.bounded)

qged

lemma bounded-clinear-sub: bounded-clinear f = bounded-clinear g = bounded-clinear
M. fz—gux)

using bounded-clinear-add[of f Ax. — ¢ z] bounded-clinear-minus|of g]

by (auto simp: algebra-simps)

lemma bounded-clinear-sum:
fixes [ :: i = 'a::complex-normed-vector = 'b::complex-normed-vector
shows (Ai. i € I = bounded-clinear (f i)) = bounded-clinear (Az. > i€l. f
by (induct I rule: infinite-finite-induct) (auto intro!: bounded-clinear-add)

lemma bounded-clinear-compose:
assumes bounded-clinear f
and bounded-clinear g
shows bounded-clinear (\z. f (g x))
proof
interpret f: bounded-clinear f by fact
interpret ¢: bounded-clinear g by fact
show f (g (z +y)) =f(gz) + [ (gy) forzy
by (simp only: f.add g.add)
show f (g (scaleC r z)) = scaleC r (f (g z)) for r
by (simp only: f.scaleC' g.scaleC')
from f.pos-bounded obtain Kf where f: Az. norm (f z) < norm z * Kf and
Kf: 0 < Kf
by blast
from g.pos-bounded obtain Kg where g: Az. norm (g z) < norm x * Ky
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by blast
show 3 K. Vz. norm (f (¢ z)) < norm z x K
proof (intro exl alll)
fix x
have norm (f (g z)) < norm (g z) * Kf
using f .
also have ... < (norm z x Kyg) x Kf
using g Kf [THEN order-less-imp-le] by (rule mult-right-mono)
also have (norm z * Kg) * Kf = norm = x (Kg * Kf)
by (rule mult.assoc)
finally show norm (f (g z)) < norm z * (Kg * Kf) .
qed
qed

lemma bounded-cbilinear-mult: bounded-cbilinear ((x) :: 'a = 'a = 'a::complez-normed-algebra)
proof (rule bounded-cbilinear.intro)
show 3 K. Va b::'a. norm (a * b) < norm a * norm b x K
by (rule-tac =1 in exl) (simp add: norm-mult-ineq)
qed (auto simp: algebra-simps)

lemma bounded-clinear-mult-left: bounded-clinear (Axz::'a::complex-normed-algebra.
T % y)

using bounded-cbilinear-mult

by (rule bounded-cbilinear.bounded-clinear-left)

lemma bounded-clinear-mult-right: bounded-clinear (\y::'a::complex-normed-algebra.
T % y)

using bounded-cbilinear-mult

by (rule bounded-cbilinear.bounded-clinear-right)

lemmas bounded-clinear-mult-const =
bounded-clinear-mult-left [THEN bounded-clinear-compose]

lemmas bounded-clinear-const-mult =
bounded-clinear-mult-right [THEN bounded-clinear-compose]

lemma bounded-clinear-divide: bounded-clinear (Az. z / y)
for y :: 'a::complex-normed-field
unfolding divide-inverse by (rule bounded-clinear-mult-left)

lemma bounded-cbilinear-scaleC: bounded-cbilinear scaleC
proof (rule bounded-cbilinear.intro)
obtain K where K: <Va (b::’a). norm b < norm b x K>
using less-eq-real-def by auto
show 3 K. Va (b::'a). norm (a *c b) < norm a * norm b x K
apply (rule exI[where x=K|) using K
by (metis norm-scaleC')
qed (auto simp: algebra-simps)
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lemma bounded-clinear-scaleC-left: bounded-clinear (Ac. scaleC ¢ x)
using bounded-cbilinear-scaleC
by (rule bounded-cbilinear.bounded-clinear-left)

lemma bounded-clinear-scaleC-right: bounded-clinear (Az. scaleC ¢ x)
using bounded-cbilinear-scaleC
by (rule bounded-cbilinear.bounded-clinear-right)

lemmas bounded-clinear-scaleC-const =
bounded-clinear-scale C-left{ THEN bounded-clinear-compose]

lemmas bounded-clinear-const-scaleC =
bounded-clinear-scale C-right[ THEN bounded-clinear-compose]

lemma bounded-clinear-of-complex: bounded-clinear (Ar. of-complex r)
unfolding of-complez-def by (rule bounded-clinear-scaleC-left)

lemma complez-bounded-clinear: bounded-clinear f <+— (3 c::complex. f = (Az. x

* C))
for f :: compler = complex
proof —

{

fix z

assume bounded-clinear f

then interpret bounded-clinear f .
from scaleClof z 1] have fo =z * f 1

by simp
}

then show ?thesis
by (auto intro: exl[of - f 1] bounded-clinear-mult-left)
qed

6.9.1 Limits of Sequences

6.10 Cauchy sequences

lemma cCauchy-iff2: Cauchy X +— (Vj. 3M.Vm > M. ¥Vn > M. cmod (X m
— X n) < inverse (real (Suc j))))
by (simp only: metric-Cauchy-iff2 dist-complez-def)

6.11 The set of complex numbers is a complete metric space

Proof that Cauchy sequences converge based on the one from http://pirate.
shu.edu/~wachsmut /ira/numseq/proofs/cauconv.html

If sequence X is Cauchy, then its limit is the lub of {r. IN. Vn>N.r < X
n}
lemma complex-increasing-LIMSEQ:

fixes f :: nat = complex
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assumes inc: An. fn < f (Suc n)
and bdd: An. fn <1
and en: N\e. 0 <e=3In. I<fn+e
shows f —— [
proof —
have «(An. Re (fn)) —— Re Iy
apply (rule increasing-LIMSEQ)
using assms apply (auto simp: less-eq-complez-def less-complez-def)
by (metis Im-complez-of-real Re-complex-of-real)
moreover have <Im (fn) = Im > for n
using bdd by (auto simp: less-eq-complez-def)
then have <«(An. Im (fn)) —— Im
by auto
ultimately show <f —— D)
by (simp add: tendsto-complex-iff)
qed

lemma complez-Cauchy-convergent:
fixes X :: nat = complex
assumes X: Cauchy X
shows convergent X
using assms by (rule Cauchy-convergent)

instance complex :: complete-space
by intro-classes (rule complez-Cauchy-convergent)

class cbanach = complex-normed-vector + complete-space

subclass (in cbanach) banach ..

instance complez :: banach ..

end

7  Complex-Vector-Spaces — Complex Vector Spaces

theory Complex-Vector-Spaces
imports
HOL— Analysis. Elementary- Topology
HOL— Analysis. Operator-Norm
HOL— Analysis. Elementary-Normed-Spaces
HOL— Library.Set-Algebras
HOL— Analysis.Starlike
HOL— Types-To-Sets. Types-To-Sets
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HOL- Library. Complemented- Lattices
HOL- Library. Function-Algebras

Exzxtra-Vector-Spaces
Extra-Ordered-Fields
Ezxtra-Operator-Norm
Extra-General

Complez- Vector-Spaces0
begin

bundle norm-syntax begin
notation norm (¢||-||>)
end

unbundle lattice-syntax

7.1 Misc

lemma (in vector-space) span-image-scale’:
— Strengthening of vector-space.span-image-scale without the condition finite S
assumes nz: N\z. 2 € S = cx # 0
shows span ((Az. ¢ z xs z) ©S) = span S
proof
have «((Az. ¢ z xs z) *S) C span S»
by (metis (mono-tags, lifting) image-subsetl in-mono local.span-superset lo-
cal.subspace-scale local.subspace-span)
then show <span (Az. ¢ z *s x) *S) C span S»
by (simp add: local.span-minimal)
next
have «z € span ((Az. c z xs z) *S) if <x € S for x
proof —
have «x = inverse (¢ x) *s ¢ T *s T
by (simp add: nz that)
moreover have ¢z xs x € (Az. ¢ T xs z) ‘S
using that by blast
ultimately show #thesis
by (metis local.span-base local.span-scale)
qed
then show «span S C span (Az. ¢z xsx) *S)
by (simp add: local.span-minimal subsetl)
qed

lemma (in scaleC') scaleC-real: assumes r€R shows r xc © = Re r g
unfolding scaleR-scaleC' using assms by simp

lemma of-complez-of-real-eq [simp|: of-complex (of-real n) = of-real n
unfolding of-complex-def of-real-def unfolding scaleR-scaleC by simp
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lemma Complexs-of-real [simp): of-real r € C
unfolding Complezs-def of-real-def of-complex-def
apply (subst scaleR-scaleC) by simp

lemma Reals-in-Complexs: R C C
unfolding Reals-def by auto

lemma (in bounded-clinear) bounded-linear: bounded-linear f
by standard

lemma clinear-times: clinear (Az. ¢ * x)
for c¢ :: 'a::complex-algebra
by (auto simp: clinearl distrib-left)

lemma (in clinear) linear: <linear f»
by standard

lemma bounded-clinearl:
assumes (A\b1 b2. f (b1 + b2) = fbl + fb2>
assumes (A7 b. f (r x¢ b) = r *xc f b
assumes (A\z. norm (f z) < norm z * K>
shows bounded-clinear f
using assms by (auto intro!: exl bounded-clinear.intro clinearl simp: bounded-clinear-azioms-def)

lemma bounded-clinear-id[simp): <bounded-clinear id>
by (simp add: id-def)

lemma bounded-clinear-0[simp]: <bounded-clinear 0>
by (auto intro!: bounded-clinear! [where K=0])

definition cbilinear :: <(’a::complez-vector = 'b::complex-vector = 'c::complex-vector)
= bool»

where <cbilinear = (A f. (¥ y. clinear (A z. fz y)) A (VY z. clinear (A y. fz y))
)

lemma cbilinear-add-left:
assumes <cbilinear f»
shows <f (a +b)c=fac+ fbo
by (smt (verit, del-insts) assms cbilinear-def complez-vector.linear-add)

lemma cbilinear-add-right:
assumes <cbilinear f»
shows <fa (b+¢)=fab+ fao

by (smt (verit, del-insts) assms cbilinear-def complez-vector.linear-add)

lemma cbilinear-times:

fixes ¢’ :: <'a::complex-vector = compler)> and g :: <'b::complex-vector = com-
plex»

assumes (\ zy. hz y = (¢’ z)*(g y)» and «clinear ¢> and <clinear ¢g"
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shows «(cbilinear h»
proof —
have wi: h (b1 + b2) y=hbly+ hbd2y
for b1 :: 'a
and b2 :: 'a
and y
proof—
have <h (b1 + b2) y =g’ (b1 + b2) x g
using <A zy. hxy = (¢' 2)*(g y)»
by auto
also have «... = (¢’ b1 + ¢’ b2) *x g v
using «<clinear g"
unfolding clinear-def
by (simp add: assms(3) complez-vector.linear-add)

also have ... = ¢’ bl x gy + ¢g' b2 x gy
by (simp add: ring-class.ring-distribs(2))
also have <... = h bl y+ h b2y

using assms(1) by auto
finally show ?thesis by blast
qed
have w2: h (r x¢ b)) y=r*c hby
for r :: complex
and b :: 'a
and y
proof—
have «h (r xc b) y = g’ (r x¢ b) * g
by (simp add: assms(1))
(

also have ... = rxc (¢ b * g y)
by (simp add: assms(3) complex-vector.linear-scale)
also have «... = r ¢ (h b y)

by (simp add: assms(1))
finally show ?thesis by blast

qed
have clinear (Az. h x y)
for y :: b

unfolding clinear-def
by (meson clinearI clinear-def wl w2)
hence t2: Vy. clinear (Az. h = y)
by simp
have v1: hz (b1 + b2) = hz bl + hz b2
for b1 = 'b
and b2 :: b
and z
proof—
have <h z (b1 + b2) =g’z * g (b1 + b2)
using <A\ zy. hzy = (¢' 2)*(g y)»
by auto
also have «... = g’z x (g bl + ¢ b2)»
using «clinear g
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unfolding clinear-def
by (simp add: assms(2) complez-vector.linear-add)

alsohave ... = g’z x gbl + g’z % g b2>
by (simp add: ring-class.ring-distribs(1))
also have «... = hz bl + h x 02>

using assms(1) by auto
finally show ?thesis by blast
qed

have v2: hz (rxc b)=rx*c hzb
for r :: complex
and b:: b
and z
proof—
have <h z (r ¢ b) = g’z * g (r x¢ b)»
by (simp add: assms(1))

also have «... = rxc (¢' z x g b
by (simp add: assms(2) complex-vector.linear-scale)
also have «... = r x¢ (h z b))

by (simp add: assms(1))
finally show ?thesis by blast
qed
have Vector-Spaces.linear (x¢) (x¢) (h x)
for z :: 'a
using v v2
by (meson clinearl clinear-def)
hence t1: Vz. clinear (h x)
unfolding clinear-def
by simp
show ?thesis
unfolding cbilinear-def
by (simp add: t1 t2)
qed

lemma csubspace-is-subspace: csubspace A = subspace A
apply (rule subspacel)

by (auto simp: complez-vector.subspace-def scaleR-scaleC')

lemma span-subset-cspan: span A C cspan A
unfolding span-def complex-vector.span-def
by (simp add: csubspace-is-subspace hull-antimono)

lemma cindependent-implies-independent:
assumes cindependent (S::'a::complez-vector set)
shows independent S

using assms unfolding dependent-def complex-vector.dependent-def

using span-subset-cspan by blast
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lemma cspan-singleton: cspan {z} = {a *¢ x| a. True}
proof —
have <cspan {z} = {y. y€cspan {z}}>
by auto
also have «... = {a *¢ z| . True}»
apply (subst complez-vector.span-breakdown-eq)
by auto
finally show ?thesis
by —
qed

lemma cspan-as-span:
espan (B::'a::complex-vector set) = span (B U scaleC'i ‘ B)
proof (intro set-eql iffI)
let ?cspan = complex-vector.span
let ?rspan = real-vector.span
fix
assume cspan: Y € ?cspan B
have 3B’ r. finite B'AN B'C BA ¢y = (>, beEB’. rbx*c b)
using complez-vector.span-explicit|of B] cspan
by auto
then obtain B’ r where finite B’ and B’ C B and v-explicit: yp = (> beB’.
rbxc b)
by atomize-elim
define R where R = B U scaleC'i ‘B

have z2: (case z of (b, i) = if i
then Im (r b) *xp i x¢ b
else Re (r b) xg b) € span (B U (x¢) i ‘ B)
if x € B’ x (UNIV::bool set)
for z :: 'a x bool
using that <B’ C By by (auto simp add: real-vector.span-base real-vector.span-scale
subset-iff)
have z1: ¢ = (3 z€B’. > i€ UNIV. if i then Im (r x) *xg 1 *¢ z else Re (r x)
*R $)
if NAb. 7rbxc b= Re(rb)«g b+ Im (rb)«xgix*cb
using that by (simp add: UNIV-bool v-explicit)
moreover have r b xc b = Re (r b) xg b + Im (r b) xg i x¢ b for b
using complez-eq scaleC-add-left scaleC-scaleC' scaleR-scaleC
by (metis (no-types, lifting) complez-of-real-i i-complex-of-real)
ultimately have ¢ = (3 (b,4)€(B'X UNIV). if i then Im (r b) xg (i x¢ b) else
Re (1 b) g b)

by (simp add: sum.cartesian-product)

also have ... € ?rspan R
unfolding R-def
using z2

by (rule real-vector.span-sum)
finally show ¢ € ?rspan R by —

82



next
let ?cspan = complex-vector.span
let ?rspan = real-vector.span
define R where R = B U scaleC'i ‘B
fix
assume rspan: ¥ € ?rspan R
have subspace {a. a € cspan B}
by (rule real-vector.subspacel, auto simp add: complez-vector.span-zero
complex-vector.span-add-eq2 complez-vector.span-scale scaleR-scaleC')
moreover have z € cspan B
ifzeR
for z :: 'a
using that R-def complex-vector.span-base complex-vector.span-scale by fast-
force
ultimately show ¢ € ?cspan B
using real-vector.span-induct rspan by blast
qed

lemma isomorphic-equal-cdim:
assumes lin-f: <clinear f»
assumes inj-f: <inj-on f (cspan S)»
assumes im-S: <f ‘S = 1T)
shows <cdim S = cdim T»
proof —
obtain SB where SB-span: cspan SB = cspan S and indep-SB: (cindependent
SB)
by (metis complex-vector.basis-exists complex-vector.span-mono complex-vector.span-span
subset-antisym)
with lin-f inj-f have indep-fSB: <cindependent (f * SB)»
apply (rule-tac complex-vector.linear-independent-injective-image)
by auto
from lin-f have (cspan (f * SB) = f ¢ cspan SB>
by (meson complez-vector.linear-span-image)
also from SB-span lin-f have «... = cspan T»
by (metis complex-vector.linear-span-image im-S)
finally have «cdim T = card (f < SB)»
using indep-fSB complex-vector.dim-eq-card by blast
also have «... = card SB»
apply (rule card-image) using inj-f
by (metis SB-span complex-vector.linear-inj-on-span-iff-independent-image in-
dep-fSB lin-f)
also have «... = cdim S»
using indep-SB SB-span
by (metis complez-vector.dim-eq-card)
finally show ?thesis by simp
qed
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lemma cindependent-inter-scale C-cindependent:
assumes al: cindependent (B::'a::complex-vector set) and a8: ¢ # 1
shows BN (x¢) ¢ ‘B = {}
proof (rule classical, cases <c = 0»)
case True
then show ?thesis
using a! by (auto simp add: complex-vector.dependent-zero)
next
case Fulse
assume —(B N (x¢) ¢ ‘B = {})
hence BN (x¢) ¢ ‘B # {}
by blast
then obtain z where ul: x € BN (x¢) ¢ ‘B
by blast
then obtain b where u2: x = b and u3: beB
by blast
then obtain b’ where u2”: z = ¢ x¢ b’ and u3” b’'eB
using ul
by blast
have g1: b = ¢ x¢ b’
using u2 and u2’ by simp
hence b € complex-vector.span {b'}
using False
by (simp add: complez-vector.span-base complex-vector.span-scale)
hence b = b’
by (metis u3' al complez-vector.dependent-def complex-vector.span-base
complez-vector.span-scale insertE insert-Diff u2 u2’ u3)
hence b/ = ¢ *¢ b’
using g1 by blast
thus ?thesis
by (metis al a3 complex-vector.dependent-zero complex-vector.scale-right-imp-eq
mult-cancel-right2 scaleC-scaleC' u3”)
qed

lemma real-independent-from-complez-independent:
assumes cindependent (B::'a::complex-vector set)
defines B’ == ((x¢) 1 ‘ B)
shows independent (B U B’)
proof (rule notl)
assume <dependent (B U B')
then obtain T f0 x where [simp]: «finite T> and «<T C B U B’y and f0-sum:
(O veT. fov xg v) = 0
and z: <x € T» and f0-z: <f0 x # 0>
by (auto simp: real-vector.dependent-explicit)
define f T1 T2 T’ f' '’ where <f v = (if v € T then f0 v else 0))
and <71 = T N By and (T2 = scaleC (i) ‘(T N B
and «T'=T1 U T2y and <f'v=fo+ixf(i*c o)
and <z’ = (if v € T1 then z else —i *¢ z)» for v
have «<BnN B'={}p
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by (simp add: assms cindependent-inter-scale C-cindependent)
have <T' C B)
by (auto simp: T'-def T1-def T2-def B’-def)
have [simp]: <finite Ty <finite T1» «finite T2»
by (auto simp add: T'-def T1-def T2-def)
have f-sum: «(>_veT. fv xg v) = O
unfolding f-def using f0-sum by auto
have f-x: <«fz # 0»
using f0-z z by (auto simp: f-def)
have f’-sum: <O veT’. f' v xc v) = 0>
proof —
have «(>_veT’. f v *c v) = O ve T . complez-of-real (f v) *c v) + (> veT".
(i x complezx-of-real (f (i *¢ v))) *c v)»
by (auto simp: f’-def sum.distrib scaleC-add-left)
also have (> veT’. complez-of-real (f v) xc v) = O veTIL. fv *xp v)» (is «-
= ?lefty)
apply (auto simp: T'-def scaleR-scaleC' introl: sum.mono-neutral-cong-right)
using T'-def T1-def <T' C B> f-def by auto
also have (> veT'. (i * complex-of-real (f (i *¢ v))) *¢ v) = (O, veT2. (i *
complex-of-real (f (i x¢ v))) *c v)» (is - = Zright>)
apply (auto simp: T’'-def introl: sum.mono-neutral-cong-right)
by (smt (28) B'-def IntE Intl T1-def T2-def <f = Mv. if v € T then f0
v else 0> add.inverse-inverse complez-vector.vector-space-axioms i-squared imagel
mult-minus-left vector-space.vector-space-assms(3) vector-space.vector-space-assms(4))
also have «?right = (D veTNB'. fv g v)» (is <- = ?righty)
apply (rule sum.reindex-cong[symmetric, where I=<scaleC 1)])
apply (auto simp: T2-def image-image scaleR-scaleC)
using inj-on-def by fastforce
also have «?left + ?right = (D veT. fv xg v)
apply (subst sum.union-disjoint[symmetric))
using «B N B’ = {}» «<T C B U B’ apply (auto simp: T1-def)
by (metis Int-Un-distrib Un-Int-eq(4) sup.absorb-iff1)
also have <... = O»
by (rule f-sum)
finally show ?thesis
by —
qged

have z": <z’ € T
using «T C B U B’ z by (auto simp: x'-def T'-def T1-def T2-def)

have f'-z" «f' ' # 0»
using Complex-eq Complez-eq-0 f'-def f-x x'-def by auto

from «<finite T"» <T' C By f’-sum z' f'-x'
have <cdependent B»

using complex-vector.independent-explicit-module by blast
with assms show Fulse

by auto
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qed

lemma crepresentation-from-representation:
assumes al: cindependent B and a2: b € B and a3: finite B
shows crepresentation B 1 b = (representation (B U (x¢) 1 ‘ B) ¢ b)
+ 1 x¢ (representation (B U (x¢) 1 ‘B) ¥ (i *¢ b))
proof (cases ¥ € cspan B)
define B’ where B'’= B U (x¢) i ‘B
case True
define r where r v = real-vector.representation B’ 1) v for v
define r’ where r’ v = real-vector.representation B’ ¢ (i *¢ v) for v
define f where fv=rv +1ix*c r’ v for v
define ¢ where g v = crepresentation B 1 v for v
have 3 v | gv# 0. gvxcv) =9
unfolding g-def
using Collect-cong Collect-mono-iff DiffD1 DiffD2 True al
complez-vector. finite-representation
complex-vector.sum-nonzero-representation-eq sum.mono-neutral-cong-left
by fastforce
moreover have finite {v. g v # 0}
unfolding g-def
by (simp add: complez-vector.finite-representation)
moreover have v € B
if gv # 0 for v
using that unfolding g¢-def
by (simp add: complez-vector.representation-ne-zero)
ultimately have rep1: (D vEB. g v x¢ v) = ¢
unfolding g¢-def
using a3 True al complex-vector.sum-representation-eq by blast
have 10" inj ((x¢) i::'a ='a)
unfolding inj-def
by simp
have 10: inj ((x¢) (— 1)::'a ='a)
unfolding inj-def

by simp
have [1: (x¢) (—1) ‘BN B={}
using cindependent-inter-scaleC-cindependent[where B=B and ¢ = — i

by (metis Int-commute al add.inverse-inverse complex-i-not-one i-squared
mult-cancel-left1
neg-equal-0-iff-equal)
have [2: BN (x¢)i ‘B = {}
by (simp add: al cindependent-inter-scaleC-cindependent)
have rri: v (i *¢ v) = v’ v for v
unfolding r-def r'-def
by simp
have kI: independent B’
unfolding B’-def using al real-independent-from-complez-independent by simp
have ¢ € span B’
using B’-def True cspan-as-span by blast
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have v € B’
ifrv#0
for v
unfolding r-def
using r-def real-vector.representation-ne-zero that by auto
have finite B’
unfolding B’-def using a3
by simp
have (> veB’. rv g v) = ¢
unfolding r-def
using True Real-Vector-Spaces.real-vector.sum-representation-eq[where B =
B’ and basis = B’
and v = 9]
by (smt Real-Vector-Spaces.dependent-raw-def <« € Real-Vector-Spaces.span
B’y «finite B"
equalityD2 k1)
have d1: (D veB. r (i x¢ v) *g (1 *¢ v)) = O_vE(x¢) 1 *B. 1 v g v)
using [0’
by (metis (mono-tags, lifting) inj-eq inj-on-def sum.reindex-cong)
have (> veB. (rv+1x (r'v)) *c v) = O vEB. rv x¢c v+ (i * r' v) x¢ v)
by (meson scaleC-left.add)

also have ... = (D veB. rv *c v) + (D veB. (i * r’ v) *¢ v)
using sum.distrib by fastforce
also have ... = (D veB. rv *¢c v) + (D vEB. i *x¢c (r' v x¢ v))
by auto
also have ... = (D veB. rvxg v) + (D vEB. i *¢c (r (i *¢ v) *r v))

unfolding r'-def r-def

by (metis (mono-tags, lifting) scaleR-scaleC sum.cong)

also have ... = (3 veB. rv xg v) + O_veEB. r (i x¢ v) *r (1 *¢ v))

by (metis (no-types, lifting) complez-vector.scale-left-commute scaleR-scaleC')
also have ... = (D veB. rv g v) + (D vE(x¢) i *B. r v *g v)

using d1

by simp
also have ... =

using 12 <(D_veB’. r v xg v) =
unfolding B’-def
by (simp add: a3 sum.union-disjoint)
finally have (}_ veB. f v *¢ v) = ¢ unfolding r’-def r-def f-def by simp
hence 0 = (> veB. fv *c v) — (3, vEB. crepresentation B ¢ v ¢ v)
using repl
unfolding g-def

by simp

also have ... = (D veB. fv x¢c v — crepresentation B ¢ v *¢ v)
by (simp add: sum-subtractf)

also have ... = (D veB. (fv — crepresentation B ¢ v) ¢ v)

by (metis scaleC-left.diff)
finally have 0 = (> veB. (f v — crepresentation B ¢ v) x¢ v).
hence (> veB. (f v — crepresentation B ¢ v) x¢ v) = 0

by simp
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hence f b — crepresentation B ¢ b = 0
using al a2 a3 complez-vector.independentD[where s = B and t = B
and u = A\v. f v — crepresentation B v v and v = b)
order-refl by smit
hence crepresentation B ¢ b= fb

by simp
thus ?thesis unfolding f-def r-def r’-def B’-def by auto
next
define B’ where B'= B U (x¢) i ‘B
case Fulse

have 02: ¢ ¢ real-vector.span B’
unfolding B’-def
using False cspan-as-span by auto
have ¢ ¢ complex-vector.span B
using False by blast
have crepresentation B ¢ b = 0
unfolding complex-vector.representation-def
by (simp add: False)
moreover have real-vector.representation B' ¢ b = 0
unfolding real-vector.representation-def
by (simp add: b2)
moreover have real-vector.representation B' ¢ ((x¢) 1 b) = 0
unfolding real-vector.representation-def
by (simp add: b2)
ultimately show ?thesis unfolding B’-def by simp
qged

lemma CARD-1-vec-0[simp]: <«(3 :: - ::{complez-vector, CARD-1}) = 0»
by auto

lemma scaleC-cindependent:
assumes al: cindependent (B::'a::complex-vector set) and a8: ¢ # 0
shows cindependent ((x¢) ¢ ‘ B)
proof—
have vy = 0
if g1: yeS and ¢g2: (D> z€S. uz *x¢c ) = 0 and ¢3: finite S and g4: SC(x¢)
¢ ‘B
for uy S
proof—
define v where v z = u (¢ *¢ z) for z
obtain S’ where S'CB and S-S S = (x¢) ¢ S5’
by (meson g4 subset-imageE)
have inj ((x¢) c::’a=-)
unfolding inj-def
using a3 by auto
hence finite S’
using S-S’ finite-imageD g8 subset-inj-on by blast
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have t € (x¢) (inverse ¢) ‘S
ift e S'for ¢
proof—
have c xc t € S
using «S = (x¢) ¢ ‘S’ that by blast
hence (inverse ¢) *¢ (¢ x¢ t) € (x¢) (inverse ¢) © S
by blast
moreover have (inverse ¢) *¢ (¢ *xc t) = ¢
by (simp add: a3)
ultimately show ?thesis by simp
qed
moreover have t € S’
if t € (x¢) (inverse ¢) * S for t
proof—
obtain ¢’ where ¢ = (inverse ¢) ¢ t'and t' € S
using <t € (x¢) (inverse ¢) *S» by auto
have ¢ x¢ t = ¢ x¢ ((inverse ¢) x¢ t')
using «t = (inverse c¢) *¢ t"» by simp

also have ... = (¢ * (inverse ¢)) *¢ t’
by simp
also have ... = t’

by (simp add: a3)
finally have ¢ x¢c t = t'.
thus ?thesis using «t’' € S»
using S = (x¢) ¢ * S a3 complez-vector.scale-left-imp-eq by blast
qged
ultimately have S’ = (x¢) (inverse ¢) ‘S
by blast
hence inverse ¢ xc y € S’
using that(1) by blast
have &: inj (((x¢) ¢):'a = -)
using a3 complex-vector.injective-scale[where ¢ = (]
by blast
have 0 = (3 z€(x¢) ¢ * S’ uz *¢ )
using «S = (x¢) ¢ *S" that(2) by auto
also have ... = (> z€S8". vz x¢ (¢ *¢ x))
unfolding v-def
using ¢ Groups-Big.comm-monoid-add-class.sum.reindex[where h = ((x¢) ¢)
and 4 = 5’
and g = \z. u z *¢ x| subset-inj-on by auto
also have ... = ¢ x¢ (. z€S’. vz *¢ 1)
by (metis (mono-tags, lifting) complez-vector.scale-left-commute scaleC-right.sum
sum.cong)
finally have 0 = ¢ x¢ (> z€S". v & *x¢ x).
hence (> zeS". vz x¢c z) = 0
using a3 by auto
hence v (inverse ¢ x¢ y) = 0
using «inverse ¢ x¢c y € S’ (finite S’ <S' C B» al
complex-vector.independentD
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by blast
thus uy = 0
unfolding v-def
by (simp add: a3)
qed
thus ?thesis
using complex-vector.dependent-explicit
by (simp add: complez-vector.dependent-explicit )
qed

lemma cspan-eql:
assumes (\a. a€ A = a€cspan B>
assumes (\b. b€ B = becspan A»
shows <cspan A = cspan B>
apply (rule complez-vector.span-subspace[rotated))
apply (rule complex-vector.span-minimal)
using assms by auto

lemma (in bounded-cbilinear) bounded-bilinear|[simp): bounded-bilinear prod
by standard

lemma norm-scaleC-sgn[simpl: <complez-of-real (norm ) xc sgn ¢ = ¢ for ¢
:: 'a::complex-normed-vector

apply (cases < = 0»)

by (auto simp: sgn-div-norm scaleR-scaleC')

lemma scaleC-of-complex[simp]: <scaleC x (of-complex y) = of-complex (z * y)»
unfolding of-complex-def using scaleC-scaleC by blast

lemma bounded-clinear-inv:
assumes [simp]: <bounded-clinear f»
assumes b: <b > 0
assumes bound: <A\z. norm (f £) > b x norm z»
assumes <surj f»
shows <bounded-clinear (inv f)»
proof (rule bounded-clinear-intro)
fix zy:: 'band r :: complex
define z’ y’ where <z’ = inv f > and <y’ = inv f
have [simp]: «clinear f»
by (simp add: bounded-clinear.clinear)
have [simp]: <inj >
proof (rule injI)
fix z y assume «(fz = fy
then have <norm (f (z — y)) = O»
by (simp add: complex-vector.linear-diff)
with bound b have <norm (z — y) = O»
by (metis linorder-not-le mult-le-0-iff nle-le norm-ge-zero)
then show «z = y»
by simp
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qed

from <surj f»
have [simp]: <z = fz'y <y = fyh
by (simp-all add: surj-f-inv-f z’-def y’'-def)
show inv f (z + y) = inv fo + inv fy
by (simp flip: complez-vector.linear-add)
show inv f (r ¢ ) = 7 *¢ inv fx
by (simp flip: clinear.scaleC)
from bound have b * norm (inv f z) < norm x
by (simp flip: clinear.scaleC)
with b show norm (inv f z) < norm z * inverse b
by (smt (verit, ccfv-threshold) left-inverse mult.commute mult-cancel-right1
mult-le-cancel-left-pos vector-space-over-itself .scale-scale)
qed

lemma range-is-csubspace[simp):

assumes al: clinear f

shows csubspace (range f)

using assms complex-vector.linear-subspace-image complex-vector.subspace-UNIV
by blast

lemma csubspace-is-convex|simp):
assumes al: csubspace M
shows convex M
proof—
have VzeM.Vye M. Vu.Vv. uxc z + v*xcy € M
using af
by (simp add: complex-vector.subspace-def)
hence VxeM. VyeM. Yu:real. Yvireal. u xgp © + v xg y € M)
by (simp add: scaleR-scaleC')
hence WVzeM.VyeM.Vu>0.Vv>0. u+v=1— u*gpx + v gy €M
by blast
thus ?thesis using convez-def by blast
qed

lemma kernel-is-csubspace[simp]:
assumes al: clinear f
shows csubspace (f —‘{0})
by (simp add: assms complex-vector.linear-subspace-vimage)

lemma bounded-cbilinear-0[simpl: <bounded-cbilinear (A- -. 0))
by (auto intro!: bounded-cbilinear.intro exl[where z=0])
lemma bounded-cbilinear-0'[simp]: <bounded-cbilinear 0»
by (auto intro!: bounded-cbilinear.intro exl[where z=0])

lemma bounded-cbilinear-apply-bounded-clinear: <bounded-clinear (f x)» if <bounded-cbilinear

I

proof —
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interpret f: bounded-cbhilinear f
by (fact that)
from f.bounded obtain K where <norm (f a b) < norm a * norm b x K> for a
b
by auto
then show ?thesis
by (auto intro!: bounded-clinearl[where K=<norm z * K>|
stmp add: f.add-right f.scaleC-right mult.commute mult.left-commute)
qed

lemma clinear-scaleR[simp]: <clinear (scaleR x)»
by (simp add: complex-vector.linear-scale-self scaleR-scaleC)

lemma abs-summable-on-scaleC-left [intro]:
fixes c :: <'a :: complez-normed-vector>
assumes ¢ # 0 = f abs-summable-on A
shows (Az. fz *¢ ¢) abs-summable-on A
apply (cases <c = 0»)
apply simp
by (auto intro!: summable-on-cmult-left assms simp: norm-scaleC)

lemma abs-summable-on-scaleC-right [intro]:
fixes [ :: <a = 'b :: complex-normed-vector»
assumes ¢ # (0 = f abs-summable-on A
shows (Az. ¢ x¢ fx) abs-summable-on A
apply (cases <c = 0»)
apply simp
by (auto introl: summable-on-cmult-right assms simp: norm-scaleC)

7.2 Antilinear maps and friends

locale antilinear = additive f for f :: 'a::complex-vector = 'b::complez-vector +
assumes scaleC: f (scaleC rx) = enjr x¢ fx

sublocale antilinear C linear
proof (rule linearl)
show f (b1 4+ b2) = fb1l + fb2
for b1 :: 'a
and b2 :: 'a
by (simp add: add)
show f (r g b) = r*xg fb
for r :: real
and b :: ‘a
unfolding scaleR-scaleC by (subst scaleC, simp)
qed

lemma antilinear-imp-scaleC"
fixes D :: complex = 'a::complex-vector
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assumes antilinear D
obtains d where D = (\z. ¢nj z *x¢ d)
proof —
interpret clinear D o cnj
apply standard apply auto
apply (simp add: additive.add assms antilinear.azioms(1))
using assms antilinear.scaleC by fastforce
obtain d where D o cnj = (A\z. © *¢ d)
using clinear-axioms complex-vector.linear-imp-scale by blast
then have <D = (Az. cnj z *¢ d)»
by (metis comp-apply complex-cnj-cnj)
then show ?thesis
by (rule that)
qed

corollary complez-antilinearD:
fixes f :: compler = complex
assumes antilinear f obtains ¢ where f = (Az. ¢ * cnj z)
by (rule antilinear-imp-scaleC [OF assms]) (force simp: scaleC-conv-of-compler)

lemma antilinearl:
assumes Az y. f (c+y)=fz+ fy
and Acz. f (cxc ) = cnjcx*xc fx
shows antilinear f
by standard (rule assms)+

lemma antilinear-o-antilinear: antilinear f = antilinear ¢ = clinear (g o f)
apply (rule clinearl)
apply (simp add: additive.add antilinear-def)
by (simp add: antilinear.scaleC')

lemma clinear-o-antilinear: antilinear f = clinear ¢ = antilinear (g o f)
apply (rule antilinearI)
apply (simp add: additive.add complex-vector.linear-add antilinear-def)
by (simp add: complez-vector.linear-scale antilinear.scaleC')

lemma antilinear-o-clinear: clinear f = antilinear ¢ = antilinear (g o f)
apply (rule antilinearI)
apply (simp add: additive.add complex-vector.linear-add antilinear-def)
by (simp add: complez-vector.linear-scale antilinear.scaleC')

locale bounded-antilinear = antilinear f for [ :: ’a::complez-normed-vector =
'b::complex-normed-vector +
assumes bounded: IK. VYz. norm (fz) < norm z * K

lemma bounded-antilinearl:
assumes (A\b1 b2. f (b1 + b2) = fbl + fb2>
assumes (A7 b. f (r x¢ b) = cnj r x¢ [ b
assumes <V z. norm (f ) < norm x x K>
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shows bounded-antilinear f
using assms by (auto intro!: exl bounded-antilinear.intro antilinearl simp: bounded-antilinear-azioms-def)

sublocale bounded-antilinear C real: bounded-linear
— Gives access to all lemmas from Real- Vector-Spaces.linear using prefix real.
apply standard by (fact bounded)

lemma (in bounded-antilinear) bounded-linear: bounded-linear f
by (fact real.bounded-linear)

lemma (in bounded-antilinear) antilinear: antilinear f
by (fact antilinear-azioms)

lemma bounded-antilinear-intro:
assumes Az y. f (c+y)=fz+ fy
and Arz. f (scaleC r x) = scaleC (cnjr) (f )
and Az. norm (fz) < norm z x K
shows bounded-antilinear f
by standard (blast intro: assms)+

lemma bounded-antilinear-0[simp]: <bounded-antilinear (A-. 0)»
by (auto intro!: bounded-antilinearl[where K=01])

lemma bounded-antilinear-0'[simp]: <bounded-antilinear 0>
by (auto intro!: bounded-antilinearI[where K=0])

lemma cnj-bounded-antilinear[simp]: bounded-antilinear cnj
apply (rule bounded-antilinear-intro [where K = 1])
by auto

lemma bounded-antilinear-o-bounded-antilinear:
assumes bounded-antilinear f
and bounded-antilinear g
shows bounded-clinear (\z. f (g x))
proof
interpret f: bounded-antilinear f by fact
interpret g: bounded-antilinear g by fact
fix b1 020 r
show f (g (b1 + b2)) = f (g b1) + f (g b2)
by (simp add: f.add g.add)
show f (g (r xc b)) =1 *c f (9 b)
by (simp add: f.scaleC g.scaleC)
have bounded-linear (A\z. [ (g x))
using f.bounded-linear g.bounded-linear by (rule bounded-linear-compose)
then show 3 K. V. norm (f (9 2)) < norm z « K
by (rule bounded-linear.bounded)
qed

lemma bounded-antilinear-o-bounded-antilinear’:
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assumes bounded-antilinear f
and bounded-antilinear g
shows bounded-clinear (g o f)
using assms by (simp add: o-def bounded-antilinear-o-bounded-antilinear)

lemma bounded-antilinear-o-bounded-clinear:
assumes bounded-antilinear f
and bounded-clinear g
shows bounded-antilinear (Az. [ (g ))
proof
interpret f: bounded-antilinear f by fact
interpret g: bounded-clinear g by fact
show f (g (z +y)) =f(92) + [ (gy) for z y
by (simp only: f.add g.add)
show f (g (scaleC r x)) = scaleC (enj r) (f (g z)) for r z
by (simp add: f.scaleC g.scaleC)
have bounded-linear (Az. f (g z))
using f.bounded-linear g.bounded-linear by (rule bounded-linear-compose)
then show 3 K. Vz. norm (f (9 z)) < normz x K
by (rule bounded-linear.bounded)
qed

lemma bounded-antilinear-o-bounded-clinear’:
assumes bounded-clinear f
and bounded-antilinear g
shows bounded-antilinear (g o f)
using assms by (simp add: o-def bounded-antilinear-o-bounded-clinear)

lemma bounded-clinear-o-bounded-antilinear:
assumes bounded-clinear f
and bounded-antilinear g
shows bounded-antilinear (\z. [ (g x))
proof
interpret f: bounded-clinear f by fact
interpret ¢: bounded-antilinear g by fact
show f (g (z +y)) =f(gz) + [ (gy) forzy
by (simp only: f.add g.add)
show f (g (scaleC r x)) = scaleC (enjr) (f (g x)) for r z
using f.scaleC' g.scaleC by fastforce
have bounded-linear (Az. f (g x))
using f.bounded-linear g.bounded-linear by (rule bounded-linear-compose)
then show 3 K. Vz. norm (f (g z)) < norm z * K
by (rule bounded-linear.bounded)
qed

lemma bounded-clinear-o-bounded-antilinear:
assumes bounded-antilinear f
and bounded-clinear g
shows bounded-antilinear (g o f)
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using assms by (simp add: o-def bounded-clinear-o-bounded-antilinear)

lemma bij-clinear-imp-inv-clinear: clinear (inv f)
if al: clinear f and a2: bij f
proof
fix b1 02710
show inv f (b1 + b2) = inv f b1 + inv f b2
by (simp add: al a2 bij-is-inj bij-is-surj complex-vector.linear-add inv-f-eq
surj-f-inv-f)
show inv f (r x¢ b) = r *¢ inv f b
using that
by (smt bij-inv-eq-iff clinear-def complez-vector.linear-scale)
qed

locale bounded-sesquilinear =
fixes
prod :: 'a::complex-normed-vector = 'b::complex-normed-vector = 'c::complez-normed-vector
(infix] ¢xx> 70)

assumes add-left: prod (a + a’) b = prod a b + prod a’ b
and add-right: prod a (b + b’) = prod a b + prod a b’
and scaleC-left: prod (r *¢ a) b = (enj r) *¢ (prod a b)
and scaleC-right: prod a (r xc b) = r *¢ (prod a b)
and bounded: 3K. ¥ a b. norm (prod a b) < norm a * norm b * K

sublocale bounded-sesquilinear C real: bounded-bilinear
— Gives access to all lemmas from Real- Vector-Spaces.linear using prefix real.
apply standard
by (auto simp: add-left add-right scaleC-left scaleC-right bounded scaleR-scaleC)

lemma (in bounded-sesquilinear) bounded-bilinear|[simp|: bounded-bilinear prod
by intro-locales

lemma (in bounded-sesquilinear) bounded-antilinear-left: bounded-antilinear (Aa.
prod a b)
apply standard
apply (auto simp add: scaleC-left add-left)
by (metis ab-semigroup-mult-class.mult-ac(1) bounded)

lemma (in bounded-sesquilinear) bounded-clinear-right: bounded-clinear (Ab. prod
a b)
apply standard
apply (auto simp add: scaleC-right add-right)
by (metis ab-semigroup-mult-class.mult-ac(1) ordered-field-class.sign-simps(34)
real.pos-bounded)

lemma (in bounded-sesquilinear) compl:

assumes <bounded-clinear ¢»
shows <bounded-sesquilinear (Az. prod (g z))»
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proof
interpret bounded-clinear g by fact
fixaa bbb r
show prod (g (¢ + a’)) b = prod (g a) b + prod (g a’) b
by (simp add: add add-left)
show prod (g a) (b + b’) = prod (g a) b + prod (g a) b’
by (simp add: add add-right)
show prod (g (r x¢ a)) b = cnj r ¢ prod (g a) b
by (simp add: scaleC scaleC-left)
show prod (g a) (r xc b) = r %¢ prod (g a) b
by (simp add: scaleC-right)
interpret bi: bounded-bilinear «(Ax. prod (g z))»
by (simp add: bounded-linear real.compl)
show 3 K. Va b. norm (prod (g a) b) < norm a * norm b x K
using bi.bounded by blast
qed

lemma (in bounded-sesquilinear) comp?2:
assumes <bounded-clinear g»
shows <bounded-sesquilinear (Ax y. prod z (g y))»
proof
interpret bounded-clinear g by fact
fixaa bb'r
show prod (a + a’) (g b) = prod a (g b) + prod a’ (g b)
by (simp add: add add-left)
show prod a (g (b + b)) = prod a (g b) + prod a (g b’)
by (simp add: add add-right)
show prod (r x¢ a) (g b) = enj r ¢ prod a (g b)
by (simp add: scaleC scaleC-left)
show prod a (g (r *¢ b)) = r *¢ prod a (g b)
by (simp add: scaleC scaleC-right)
interpret bi: bounded-bilinear «(Ax y. prod = (g y))»
apply (rule bounded-bilinear.flip)
using - bounded-linear apply (rule bounded-bilinear.comp1)
using bounded-bilinear by (rule bounded-bilinear.flip)
show 3 K. Va b. norm (prod a (g b)) < norm a x norm b x K
using bi.bounded by blast
qged

lemma (in bounded-sesquilinear) comp: bounded-clinear f = bounded-clinear g
= bounded-sesquilinear (Ax y. prod (fz) (g y))
using compl! bounded-sesquilinear.comp2 by auto

lemma bounded-clinear-const-scaleR:
fixes c :: real
assumes <bounded-clinear f»
shows <bounded-clinear (X z. ¢ xg fx )»
proof—
have <bounded-clinear (\ x. (complex-of-real ¢) *¢ fz )»
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by (simp add: assms bounded-clinear-const-scaleC')
thus ?thesis
by (simp add: scaleR-scaleC')
qed

lemma bounded-linear-bounded-clinear:
<bounded-linear A =V cz. A (¢ x¢c ) = ¢ *x¢ A £ = bounded-clinear A»
apply standard
by (simp-all add: linear-simps bounded-linear.bounded)

lemma comp-bounded-clinear:
fixes A :: <'b::complex-normed-vector = 'c::complex-normed-vector»
and B : <'a::complez-normed-vector = b
assumes <bounded-clinear A» and <bounded-clinear B>
shows (bounded-clinear (A o B)»
by (metis clinear-compose assms(1) assms(2) bounded-clinear-axioms-def bounded-clinear-compose
bounded-clinear-def o-def)

lemma bounded-sesquilinear-add:
<bounded-sesquilinear (A z y. A x y + B x y)» if <bounded-sesquilinear A> and
<bounded-sesquilinear B)
proof
fixaa ::’aand b b’ ::'band r :: complex
show A(a+a)b+B(a+aYb=(Aab+ Bab)+ (Aa"b+ Ba'bd)
by (simp add: bounded-sesquilinear.add-left that(1) that(2))
show <Aa(b+bd)+ Ba(b+bd)=(Aab+Bab)+ (Aab + Bab)
by (simp add: bounded-sesquilinear.add-right that(1) that(2))
show (A (r x¢c a) b+ B (rxc a)b=cnjr x¢c (Aab+ Babdb)
by (simp add: bounded-sesquilinear.scale C-left scaleC-add-right that(1) that(2))
show <A a (r*xc b) + Ba(rxc b)) =r+*c (Aab+ Bab)
by (simp add: bounded-sesquilinear.scaleC-right scaleC-add-right that(1) that(2))
show «(3K.Vab. norm (A ab+ Bab) <mnormax* norm b K»
proof—
have <3 KA. Y a b. norm (A a b) < norm a x norm b * KA»
by (simp add: bounded-sesquilinear.bounded that(1))
then obtain KA where <V a b. norm (A a b) < norm a x norm b x KA»
by blast
have <3 KB. VY a b. norm (B a b) < norm a * norm b x KB)
by (simp add: bounded-sesquilinear.bounded that(2))
then obtain KB where <V a b. norm (B a b) < norm a * norm b * KB»
by blast
have norm (A a b + B a b) < norm a x norm b x (KA + KB)»
for a b
proof—
have «norm (A a b+ Bab) < norm (A ab) + norm (B a b)
using norm-triangle-ineq by blast
also have «... < norm a x norm b x KA + norm a * norm b * KB)
using <V a b. norm (A a b) < norm a * norm b ¥+ KA»

98



<~/ ab. norm (B ab) < norm a * norm b x KB»
using add-mono by blast
also have «...= norm a x norm b x (KA + KB)»
by (simp add: mult.commute ring-class.ring-distribs(2))
finally show ?thesis

by blast
qed
thus ?thesis by blast
qed
qed

lemma bounded-sesquilinear-uminus:
<bounded-sesquilinear (A z y. — A z y)» if <bounded-sesquilinear A)
proof
fixaa ::’aand b b’ :: 'band r :: compler
show — A(a+a)b=(—Aab)+ (— Aa'b)
by (simp add: bounded-sesquilinear.add-left that)
show «— Aa(b+b)=(—Aab)+ (—Aabd)
by (simp add: bounded-sesquilinear.add-right that)
show «— A (r x¢ a) b=cnjr ¢ (— A a b)
by (simp add: bounded-sesquilinear.scaleC-left that)
show (— A a (r x¢ b) =1 *¢ (— A a b)
by (simp add: bounded-sesquilinear.scaleC-right that)
show «(3K.Ya b. norm (— A a b) < norm a * norm b * K>
proof—
have <3 KA.V a b. norm (A a b) < norm a x norm b * KA»
by (simp add: bounded-sesquilinear.bounded that(1))
then obtain KA where <V a b. norm (A a b) < norm a x norm b x KA»
by blast
have (norm (— A a b) < norm a * norm b * KA»
for a b
by (simp add: <V a b. norm (A a b) < norm a * norm b x KA»)
thus ?thesis by blast
qed
qed

lemma bounded-sesquilinear-diff:
<bounded-sesquilinear (A z y. A x y — B z y) if <bounded-sesquilinear A> and
<bounded-sesquilinear B)
proof —
have <bounded-sesquilinear (A xy. — B x y)»
using that(2) by (rule bounded-sesquilinear-uminus)
then have <bounded-sesquilinear (A zy. Axy + (— Bz y))
using that(1) by (rule bounded-sesquilinear-add|rotated))
then show ?thesis
by auto
qed

lemmas isCont-scaleC' [simp] =
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bounded-bilinear.isCont [OF bounded-cbilinear-scaleC[ THEN bounded-cbilinear.bounded-bilinear)|

lemma bounded-sesquilinear-0[simp]: <bounded-sesquilinear (- -.0)»
by (auto intro!: bounded-sesquilinear.intro exI[where x=0])

lemma bounded-sesquilinear-0'[simp]: <bounded-sesquilinear 0»
by (auto intro!: bounded-sesquilinear.intro exI[where z=0])

lemma bounded-sesquilinear-apply-bounded-clinear: <bounded-clinear (fz)» if <bounded-sesquilinear
I
proof —
interpret f: bounded-sesquilinear f
by (fact that)
from f.bounded obtain K where <norm (f a b) < norm a * norm b x K> for a
b
by auto
then show ?thesis
by (auto intro!: bounded-clinearI[where K=<norm z * K>|
stmp add: f.add-right f.scaleC-right mult.commute mult.left-commute)
qed

7.3 Misc 2

lemma summable-on-scaleC-left [intro]:
fixes c :: <'a :: complez-normed-vector>
assumes ¢ # 0 = f summable-on A
shows (Az. fz x¢ ¢) summable-on A
apply (cases <¢c # 0»)
apply (subst asm-ri[of «(Ax. fz xc ¢) = (Ay. y x¢ ¢) o ], simp add: o-def)
apply (rule summable-on-comm-additive)
using assms by (auto simp add: scaleC-left.additive-axioms)

lemma summable-on-scaleC-right [introl:
fixes [ :: <a = 'b :: complex-normed-vector»
assumes ¢ # 0 = f summable-on A
shows (Az. ¢ x¢ f ) summable-on A
apply (cases <c # 0»)
apply (subst asm-rl[of «(Az. ¢ *¢ fz) = (Ay. ¢ *¢ y) o ], simp add: o-def)
apply (rule summable-on-comm-additive)
using assms by (auto simp add: scaleC-right.additive-azioms)

lemma infsum-scaleC-left:
fixes c :: <'a :: complex-normed-vector;
assumes ¢ # (0 = f summable-on A
shows infsum (Az. fz %c ¢) A = infsum f A x¢ ¢
apply (cases <c # 0»)
apply (subst asm-ri[of <(Az. fz *xc ¢) = (A\y. y *¢ ¢) o [+], simp add: o-def)
apply (rule infsum-comm-additive)
using assms by (auto simp add: scaleC-left.additive-axioms)
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lemma infsum-scale C-right:
fixes f :: <'a = 'b :: complex-normed-vector>
shows infsum (Az. ¢ x¢ fz) A = ¢ x¢ infsum f A
proof —
consider (summable) «f summable-on As | (c0) <¢c = 0> | (not-summable) - f
summable-on Ay <c # 0>
by auto
then show ?thesis
proof cases
case summable
then show ?thesis
apply (subst asm-ri[of «(Az. ¢ *¢ fz) = (Ay. ¢ *x¢ y) o [>], simp add: o-def)
apply (rule infsum-comm-additive)
using summable by (auto simp add: scaleC-right.additive-azioms)
next
case c(
then show ¢thesis by auto
next
case not-summable
have = (Az. ¢ *¢ fx) summable-on A»
proof (rule notl)
assume <(\z. ¢ x¢ fz) summable-on A
then have «(\z. inverse ¢ x¢ ¢ *¢ fz) summable-on A»
using summable-on-scaleC-right by blast
then have «f summable-on A»
using not-summable by auto
with not-summable show Fulse
by simp
qed
then show ?thesis
by (simp add: infsum-not-exists not-summable(1))
qed
qed

lemmas sums-of-complex = bounded-linear.sums [OF bounded-clinear-of-complex| THEN
bounded-clinear.bounded-linear])

lemmas summable-of-complex = bounded-linear.summable [OF bounded-clinear-of-complex| THEN
bounded-clinear.bounded-linear])

lemmas suminf-of-complex = bounded-linear.suminf [OF bounded-clinear-of-complex| THEN
bounded-clinear.bounded-linear])

lemmas sums-scaleC-left = bounded-linear.sums|OF bounded-clinear-scaleC-left[ THEN
bounded-clinear.bounded-linear])

lemmas summable-scaleC-left = bounded-linear.summable| OF bounded-clinear-scaleC-left THEN
bounded-clinear.bounded-linear]

lemmas suminf-scaleC-left = bounded-linear.suminf[OF bounded-clinear-scaleC-left| THEN
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bounded-clinear.bounded-linear])

lemmas sums-scaleC-right = bounded-linear.sums| OF bounded-clinear-scale C-right| THEN
bounded-clinear.bounded-linear])

lemmas summable-scale C-right = bounded-linear.summable[ OF bounded-clinear-scale C-right| THEN
bounded-clinear.bounded-linear])

lemmas suminf-scale C-right = bounded-linear.suminf|OF bounded-clinear-scaleC-right| THEN
bounded-clinear.bounded-linear]

lemma closed-scaleC"
fixes S::¢<’a::complex-normed-vector set> and a :: complex
assumes <closed S»
shows <closed ((x¢) a * S)
proof (cases <a = 0)
case True
then show ?thesis
apply (cases «S = {}»)
by (auto simp: image-constant)
next
case Fulse
then have «(x¢) a ‘S = (x¢) (inverse a) —* S
by (auto simp add: rev-image-eql)
moreover have <closed ((x¢) (inverse a) —S))
by (simp add: assms continuous-closed-vimage)
ultimately show ?thesis
by simp
qged

lemma closure-scaleC"
fixes S::¢<'a::complex-normed-vector set»
shows <closure ((x¢) a *S) = (x¢) a * closure S»
proof
have <closed (closure S)»
by simp
show closure ((x¢) a < 5) C (%¢) a ‘ closure S
by (simp add: closed-scaleC' closure-minimal closure-subset image-mono)

have z € closure ((x¢) a *S)
if z € (x¢) a ¢ closure S
for z :: 'a

proof—
obtain ¢ where <z = ((x¢) a) t» and <t € closure S»

using ¢ € (x¢) a ‘ closure S» by auto
have (3s. (Vn.sne€ S) As —— b
using <t € closure S» Elementary-Topology.closure-sequential
by blast
then obtain s where <Vn. sn € 5> and <s ——
by blast
have «(V n. scaleC a (s n) € ((x¢) a * S)»
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using <Vn. s n € S» by blast
moreover have (A n. scaleC a (s n)) ——
proof—
have «isCont (scaleC a) t»
by simp
thus ?thesis
using s —— b @ = ((x¢) a) ©
by (simp add: isCont-tendsto-compose)

qed
ultimately show ¢thesis using Elementary-Topology.closure-sequential
by metis
qed
thus (x¢) a ‘ closure S C closure ((x¢) a *S) by blast
qed

lemma onorm-scalarC:
fixes [ :: <'a::complex-normed-vector = 'b::complez-normed-vector»
assumes al: <bounded-clinear f»
shows <onorm (A z. v *x¢ (f z)) = (e¢mod r) *x onorm f»
proof—
have «(norm (f z)) / norm z < onorm f»
for z
using af
by (simp add: bounded-clinear.bounded-linear le-onorm)
hence t2: <bdd-above {(norm (f z)) / norm z | z. True}>
by fastforce
have <continuous-on UNIV ( (%) w)>
for w::real
by simp
hence <isCont ( ((x) (cmod 1)) ) x>
for z
by simp
hence t3: <continuous (at-left (Sup {(norm (f z)) / norm z | z. True})) ((x)
(cmod 1))»
using FElementary- Topology.continuous-at-imp-continuous-within
by blast
have «{(norm (f z)) / norm z | x. True} # {}
by blast
moreover have (mono ((x) (¢cmod r))»
by (simp add: monol ordered-comm-semiring-class.comm-mult-left-mono)
ultimately have «Sup {((x) (¢mod r)) ((norm (f z)) / norm z) | z. True}
= ((%) (emod r)) (Sup {(norm (f z)) / norm x | x. True})»
using t2 t3
by (simp add: continuous-at-Sup-mono full-SetCompr-eq image-image)
hence <«Sup {(c¢cmod r) x ((norm (f x)) / norm z) | z. True}
= (emod r) * (Sup {(norm (f z)) / norm z | z. True})»
by blast
moreover have «Sup {(¢cmod r) * ((norm (f z)) / norm z) | . True}
= (SUP z. cmod v * norm (f ) / norm z)»
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by (simp add: full-SetCompr-eq)
moreover have «(Sup {(norm (f z)) / norm x | . True})
= (SUP z. norm (f ) / norm x)»
by (simp add: full-SetCompr-eq)
ultimately have t1: (SUP z. cmod v * norm (f ) / norm x)
= c¢mod r x (SUP z. norm (f ) / norm x)
by simp
have <onorm (A z. r ¢ (fz)) = (SUP z. norm ( (A t. v x¢ (ft)) ) / norm x)»
by (simp add: onorm-def)
hence <onorm (A z. r x¢ (fz)) = (SUP z. (cmod r) * (norm (f z)) / norm z)»
by simp
also have «... = (¢mod r) * (SUP z. (norm (f z)) / norm z)»
using 1.
finally show ?thesis
by (simp add: onorm-def)
qed

lemma onorm-scaleC-left-lemma:

fixes f :: 'a::compler-normed-vector

assumes r: bounded-clinear r

shows onorm (Az. r x ¢ f) < onorm r % norm f
proof (rule onorm-bound)

fix z
have norm (r z ¢ f) = norm (r z) x norm f
by simp
also have ... < onorm r * norm x * norm f
by (simp add: bounded-clinear.bounded-linear mult.commute mult-left-mono
onorm r)

finally show norm (r z x¢ f) < onorm r * norm f % norm x
by (simp add: ac-simps)
show 0 < onorm r % norm f
by (simp add: bounded-clinear.bounded-linear onorm-pos-le r)
qed

lemma onorm-scaleC-left:
fixes f :: 'a::complex-normed-vector
assumes f: bounded-clinear r
shows onorm (Az. r z *¢ f) = onorm r x norm f
proof (cases f = 0)
assume f # (0
show ?thesis
proof (rule order-antisym)
show onorm (Az. r z ¢ f) < onorm r * norm f
using [ by (rule onorm-scaleC-left-lemma)
next
have bl1: bounded-clinear (Az. r x *¢ f)
by (metis bounded-clinear-scale C-const f)
have z1:bounded-clinear (Az. r x * norm f)
by (metis bounded-clinear-mult-const f)
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have onorm r < onorm (Az. r x * complex-of-real (norm f)) / norm f
if onorm r < onorm (Az. r x * complez-of-real (norm f)) * cmod (1 /
complex-of-real (norm f))
and f # 0
using that
by (smt (verit) divide-inverse mult-1 norm-divide norm-ge-zero norm-of-real
of-real-1 of-real-eq-iff of-real-mult)
hence onorm r < onorm (Az. r & x norm f) * inverse (norm f)
using «f # 0> onorm-scaleC-left-lemma|OF x1, of inverse (norm f)]
by (simp add: inverse-eq-divide)
also have onorm (Az. r z x norm f) < onorm (Az. r z *¢ f)
proof (rule onorm-bound)
have bounded-linear (Az. r z *¢ f)
using bl1 bounded-clinear.bounded-linear by auto
thus 0 < onorm (A\z. 7z *¢ f)
by (rule Operator-Norm.onorm-pos-le)
show cmod (r z * complex-of-real (norm f)) < onorm (Az. vz *¢ f) * norm

for z :: 'b
by (smt (verit) <bounded-linear (Az. r © x¢ f)» norm-ge-zero norm-mult
norm-of-real norm-scaleC' onorm)
qed
finally show onorm r x norm f < onorm (Az. r z x¢ f)
using «f # 0»
by (simp add: inverse-eq-divide pos-le-divide-eq mult.commute)
qed
qed (simp add: onorm-zero)

7.4 Finite dimension and canonical basis

lemma vector-finitely-spanned:
assumes <z € cspan T
shows 3 S. finite S A S C T A z € cspan S»
proof—
have <3 Sr. finite SASC T A z= (> a€S. rax*c a)
using complez-vector.span-explicit{where b = T
assms by auto
then obtain S r where «finite $» and «S C T) and <z = (3 a€S. r a *¢ a)
by blast
thus ?thesis
by (meson complez-vector.span-scale complex-vector.span-sum complex-vector.span-superset
subset-iff)
qed

setup «Sign.add-const-constraint (Complez-Vector-Spaces0.cindependent, SOME
typ 'a set = booly)»

setup «Sign.add-const-constraint (const-name <cdependent>, SOME typ 'a set
= boolr)»
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setup «Sign.add-const-constraint (const-name <cspany, SOME typ 'a set = 'a
sety)»

class cfinite-dim = complez-vector +
assumes cfinitely-spanned: 3S::'a set. finite S A cspan S = UNIV

class basis-enum = complex-vector +
fixes canonical-basis :: <'a list)
and canonical-basis-length :: <'a itself = nat»
assumes distinct-canonical-basis[simp):
distinct canonical-basis
and is-cindependent-set|simp]:
cindependent (set canonical-basis)
and is-generator-set[simp):
espan (set canonical-basis) = UNIV
and canonical-basis-length:
<canonical-basis-length TYPE('a) = length canonical-basis»

setup <«Sign.add-const-constraint (Complez-Vector-Spaces0.cindependent, SOME

typ <'a::complex-vector set = booly)»

setup «Sign.add-const-constraint (const-name <cdependenty, SOME typ «'a::complez-vector
set = booly)»

setup «Sign.add-const-constraint (const-name <cspans, SOME typ <'a::complez-vector

set = 'a setr)

instantiation complex :: basis-enum begin

definition canonical-basis = [1::complez]

definition (canonical-basis-length (-::complex itself) = 1)
instance

proof

show distinct (canonical-basis::complex list)
by (simp add: canonical-basis-complez-def)
show cindependent (set (canonical-basis::complex list))
unfolding canonical-basis-complex-def
by auto
show cspan (set (canonical-basis::complex list)) = UNIV
unfolding canonical-basis-complex-def
apply (auto simp add: cspan-raw-def vector-space-over-itself .span-Basis)
by (metis complez-scale C-def complex-vector.span-base complex-vector.span-scale
cspan-raw-def insertl1 mult.right-neutral)
show «canonical-basis-length TYPE(complexr) = length (canonical-basis :: complex
list)»
by (simp add: canonical-basis-length-complez-def canonical-basis-complez-def)
qed
end

lemma cdim-UNIV-basis-enum|[simp]: <cdim (UNIV::'a::basis-enum set) = length
(canonical-basis::'a list)>
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apply (subst is-generator-set[symmetric])

apply (subst complez-vector.dim-span-eg-card-independent)
apply (rule is-cindependent-set)

using distinct-canonical-basis distinct-card by blast

lemma finite-basis: 3 basis::'a::cfinite-dim set. finite basis N\ cindependent basis N
cspan basis = UNIV
proof —
from cfinitely-spanned
obtain S :: (‘a sety where <finite Sy and <cspan S = UNIV»
by auto
from complez-vector.maximal-independent-subset
obtain B :: (‘a set» where (B C S) and <cindependent By and <S C cspan B>
by metis
moreover have <finite B»
using «B C S (finite S»
by (meson finite-subset)
moreover have (cspan B = UNIV)»
using <cspan S = UNIV» «S C cspan B»
by (metis complex-vector.span-eq top-greatest)
ultimately show ?thesis
by auto
qed

instance basis-enum C cfinite-dim
apply intro-classes
apply (rule exI[of - <set canonical-basis])
using is-cindependent-set is-generator-set by auto

lemma cindependent-cfinite-dim-finite:
assumes <cindependent (S::'a::cfinite-dim set))
shows (finite S»
by (metis assms cfinitely-spanned complex-vector.independent-span-bound top-greatest)

lemma cfinite-dim-finite-subspace-basis:

assumes <csubspace X»

shows 3 basis::'a::cfinite-dim set. finite basis N\ cindependent basis N\ cspan basis
=X

by (meson assms cindependent-cfinite-dim-finite complex-vector.basis-exists com-
plezx-vector.span-subspace)

The following auxiliary lemma (finite-span-complete-auzx) shows more or less
the same as finite-span-representation-bounded, finite-span-complete below
(see there for an intuition about the mathematical content of the lemmas).
However, there is one difference: Here we additionally assume here that
there is a bijection rep/abs between a finite type ’basis and the set B. This
is needed to be able to use results about euclidean spaces that are formulated
w.r.t. the type class finite
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Since we anyway assume that B is finite, this added assumption does not
make the lemma weaker. However, we cannot derive the existence of basis
inside the proof (HOL does not support such reasoning). Therefore we have
the type 'basis as an explicit assumption and remove it using internalize-sort
after the proof.

lemma finite-span-complete-auz:
fixes b :: 'bu:real-normed-vector and B :: 'b set
and rep :: 'basis:finite = 'b and abs :: 'b = 'basis
assumes t: type-definition rep abs B
and t1: finite B and t2: b€ B and t3: independent B
shows 3 D>0. V. norm (representation B ¥ b) < norm ¢ x D
and complete (span B)
proof —
define repr where repr = real-vector.representation B
define repr’ where repr’ ¢ = Abs-euclidean-space (repr ¥ o rep) for ¢
define comb where comb | = (3 beB. 1 b g b) for |
define comb’ where comb’ | = comb (Rep-euclidean-space | o abs) for [

have comb-cong: comb z = comb y if N\z. 26B = zz=yzforz y
unfolding comb-def using that by auto
have comb-repr(simpl|: comb (repr ) = ¢ if ¢ € real-vector.span B for
using <comb = Al. > b€B. 1 b xg by local.repr-def real-vector.sum-representation-eq
t1 t3 that
by fastforce

have w5:(> b | (be B—2b# 0)ANb€ B.xbxp b) =
(3" beB. x b xg b) for z
using «(finite B»
by (smt Diff D1 Diff D2 mem-Collect-eq real-vector.scale-eq-0-iff subset-eq sum.mono-neutral-left)
have representation B (3. b€B. x b xg b) = (Ab. if b € B then z b else 0)
for z
proof (rule real-vector.representation-eql)
show independent B
by (simp add: t3)
show (> beB. z b *p b) € span B
by (meson real-vector.span-scale real-vector.span-sum real-vector.span-superset
subset-iff)
show b € B
if (if b € B then x b else 0) # 0
for b:: b
using that
by meson
show finite {b. (if b € B then z b else 0) # 0}
using tI by auto
show (> b | (if b € B then x b else 0) # 0. (if b € B then z b else 0) xg b) =
(Z beB. x b xp b)
using wH
by simp
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qed
hence repr-comb[simp|: repr (comb x) = (A\b. if b€B then x b else 0) for z
unfolding repr-def comb-def.
have repr-bad[simp]: repr ¥ = (A-. 0) if ) ¢ real-vector.span B for 1
unfolding repr-def using that
by (simp add: real-vector.representation-def)
have [simp]: repr’ ¢ = 0 if ¢ ¢ real-vector.span B for
unfolding repr’-def repr-bad|OF that]
apply transfer
by auto
have comb’-repr/[simp]: comb’ (repr’ ) = 1)
if ¢ € real-vector.span B for i
proof —
have z1: (repr ¥ o rep o abs) z = repr ¥ z
ifze B
for 2
unfolding o-def
using t that type-definition. Abs-inverse by fastforce
have comb’ (repr’ 1)) = comb ((repr i o rep) o abs)
unfolding comb’-def repr’-def
by (subst Abs-euclidean-space-inverse; simp)

also have ... = comb (repr 9)
using z1 comb-cong by blast
also have ... = ¢

using that by simp
finally show ?thesis by —
qed

have t1: Abs-euclidean-space (Rep-euclidean-space t) = t
if Az. repz € B
for t::'a euclidean-space
apply (subst Rep-euclidean-space-inverse)
by simp
have Abs-euclidean-space
(Ay. if repy € B
then Rep-euclidean-space x y
else 0) = x
for z
using type-definition. Rep[OF t] apply simp
using t1 by blast
hence Abs-euclidean-space
(Ay. ifrepy € B
then Rep-euclidean-space z (abs (rep y))

else 0) = x
for z
apply (subst type-definition. Rep-inverse[ OF t])
by simp

hence repr’-comb’[simp]: repr’ (comb’ z) = z for z
unfolding comb’-def repr’-def o-def
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by simp

have sphere: compact (sphere 0 d :: 'basis euclidean-space set) for d
using compact-sphere by blast

have complete (UNIV :: 'basis euclidean-space set)
by (simp add: complete-UNIV)

have (3 beB. (Rep-euclidean-space (z + y) o abs) b g b) = (> beB. (Rep-euclidean-space
z o abs) b *xg b) + (O beB. (Rep-euclidean-space y o abs) b g b)
for z :: 'basis euclidean-space
and y :: 'basis euclidean-space
apply (transfer fizing: abs)
by (simp add: scaleR-add-left sum.distrib)
moreover have (Y beB. (Rep-euclidean-space (¢ *xg x) o abs) b xg b) = ¢ *g
(3" beB. (Rep-euclidean-space x o abs) b xg b)
for c :: real
and z :: 'basis euclidean-space
apply (transfer fizing: abs)
by (simp add: real-vector.scale-sum-right)
ultimately have blin-comb’: bounded-linear comb’
unfolding comb-def comb’-def
by (rule bounded-linearI ")
hence continuous-on X comb’ for X
by (simp add: linear-continuous-on)
hence compact (comb’  sphere 0 d) for d
using sphere
by (rule compact-continuous-image)
hence compact-norm-comb’: compact (norm ‘ comb’ ‘ sphere 0 1)
using compact-continuous-image continuous-on-norm-id by blast
have not0: 0 ¢ norm ¢ comb’  sphere 0 1
proof (rule ccontr, simp)
assume 0 € norm ‘ comb’ ¢ sphere 0 1
then obtain z where nc0: norm (comb’ z) = 0 and z: z € sphere 0 1
by auto
hence comb’ z = 0
by simp
hence repr’ (comb’ x) = 0
unfolding repr’-def o-def repr-def apply simp
by (smt repr’-comb’ blin-comb’ dist-0-norm linear-simps(3) mem-sphere
noTrm-zero )
hence z = 0
by auto
with z show Fulse
by simp
qed

have closed (norm ¢ comb’ ¢ sphere 0 1)

using compact-imp-closed compact-norm-comb’ by blast
moreover have 0 ¢ norm ‘ comb’ ‘ sphere 0 1
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by (simp add: not0)
ultimately have 3d>0. Vzenorm ‘ comb’ ‘ sphere 0 1. d < dist 0 z
by (meson separate-point-closed)

then obtain d where d: z€norm ‘ comb’ ‘ sphere 0 1 = d < dist 0 x
and d > 0 for z
by metis
define D where D = 1/d
hence D > 0
using <d>0> unfolding D-def by auto
have z > d
if zenorm ¢ comb’ ¢ sphere 0 1
for z
using d that
apply auto
by fastforce
hence *: norm (comb’ z) > d if norm z = 1 for z
using that by auto
have norm-comb”: norm (comb’ ) > d * norm z for x
proof (cases ©=0)
show d *x norm z < norm (comb’ x)
ifz=20
using that
by simp
show d * norm z < norm (comb’ z)
ifz#£0
using that
using *[of (1/norm z) xg 1]
unfolding linear-simps(5)[OF blin-comb’|
apply auto
by (simp add: le-divide-eq)
qed

have *: norm (repr’ v¥)) < norm ¢ x D for ¢
proof (cases ¥ € real-vector.span B)
show norm (repr’ ¢) < norm ¢ % D
if ¢ € span B
using that unfolding D-def
using norm-comb’[of repr’ ] <d>0>
by (simp-all add: linordered-field-class.mult-imp-le-div-pos mult.commute)

show norm (repr’ ¢)) < norm ¢ % D
if ¢ ¢ span B
using that <0 < D) by auto
qed

hence norm (Rep-euclidean-space (repr’ ) (abs b)) < norm ¢ * D for 1

proof —
have (Rep-euclidean-space (repr’' 1)) (abs b)) = repr’ 1 - euclidean-space-basis-vector
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(abs b)
apply (transfer fizing: abs b)
by auto
also have |...| < norm (repr’ )
apply (rule Basis-le-norm)
unfolding Basis-euclidean-space-def by simp
also have ... < norm ¥ x D
using * by auto
finally show ?thesis by simp
qged
hence norm (repr ¢ b) < norm ¢ x D for 1
unfolding repr’-def
by (smt <comb’ = M. comb (Rep-euclidean-space | o abs)»
<repr’ = M. Abs-euclidean-space (repr 1 o rep)y comb’-repr’ comp-apply
norm-le-zero-iff
repr-bad repr-comb)
thus 3D>0. V. norm (repr ¥ b) < norm ¢ = D
using <D>0) by auto
from «d>0»
have complete-comb’: complete (comb’ < UNIV)
proof (rule complete-isometric-image)
show subspace (UNIV::'basis euclidean-space set)
by simp
show bounded-linear comb’
by (simp add: blin-comb")
show Vze UNIV. d x norm x < norm (comb’ x)
by (simp add: norm-comb’)
show complete (UNIV::'basis euclidean-space set)
by (simp add: <complete UNIV)
qed

have range-comb”: comb’ ¢ UNIV = real-vector.span B
proof (auto simp: image-def)
show comb’ x € real-vector.span B for z
by (metis comb’-def comb-cong comb-repr local.repr-def repr-bad repr-comb
real-vector.representation-zero real-vector.span-zero)
next
fix ¢ assume ¢ € real-vector.span B
then obtain f where f: comb f =
apply atomize-elim
unfolding span-finite[OF «finite B»] comb-def
by auto
define f’ where f' b = (if b€B then f b else 0) for b :: 'b
have f": comb f' = 9
unfolding f[symmetric]
apply (rule comb-cong)
unfolding f’-def by simp
define x :: 'basis euclidean-space where x = Abs-euclidean-space (f’ o rep)
have ) = comb’ x
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by (metis (no-types, lifting) < € span By <repr’ = M. Abs-euclidean-space
(repr 1 o rep)»
comb’-repr’ f' fun.map-cong repr-comb t type-definition. Rep-range z-def)
thus 3z. ¥ = comb’ z
by auto
qed

from range-comb’ complete-comb’
show complete (real-vector.span B)
by simp
qged

lemma finite-span-complete|simp]:
fixes A :: 'a::real-normed-vector set
assumes finite A
shows complete (span A)

The span of a finite set is complete.

proof (cases A #= {} N A # {0})

case True
obtain B where

BT: real-vector.span B = real-vector.span A

and independent B

and finite B

by (meson True assms finite-subset real-vector.mazimal-independent-subset
real-vector.span-eq
real-vector.span-superset subset-trans)

have B#{}
apply (rule ccontr, simp)
using BT True
by (metis real-vector.span-superset real-vector.span-empty subset-singletonD)

assume 3 (Rep :: ‘basisT=>"a) Abs. type-definition Rep Abs B
then obtain rep :: 'basisT = 'a and abs :: 'a = ’basisT where t: type-definition
rep abs B
by auto
have basisT-finite: class.finite TYPE('basisT)
apply intro-classes
using <finite B> t
by (metis (mono-tags, opaque-lifting) ex-new-if-finite finite-imagel image-eql
type-definition-def)
note finite-span-complete-auz(2)[internalize-sort 'basis:: finite]
note this|OF basisT-finite t]

}

note this[cancel-type-definition, OF «B#{}» «finite B> - <independent B»)
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hence complete (real-vector.span B)
using <B#{}» by auto
thus complete (real-vector.span A)
unfolding BT by simp
next
case Fulse
thus ?thesis
using complete-singleton by auto
qed

lemma finite-span-representation-bounded:
fixes B :: 'a::real-normed-vector set
assumes finite B and independent B
shows 3D>0. V¢ b. abs (representation B ¥ b) < norm v x D

Assume B is a finite linear independent set of vectors (in a real normed vector

space). Let a}f be the coefficients of 1) expressed as a linear combination

over B. Then « is is uniformly cblinfun (i.e., ]a;f < DIJ|¢||3p for some D

independent of 1, b).

(This also holds when b is not in the span of B because of the way real-vector.representation
is defined in this corner case.)

proof (cases B#{})
case True

define repr where repr = real-vector.representation B

{

assume 3 (Rep :: ‘basisT=>"a) Abs. type-definition Rep Abs B
then obtain rep :: 'basisT = 'a and abs :: 'a = 'basisT where t: type-definition
rep abs B
by auto

have basisT-finite: class.finite TYPE('basisT)
apply intro-classes
using <finite B> t
by (metis (mono-tags, opaque-lifting) ex-new-if-finite finite-imagel image-eql
type-definition-def)

note finite-span-complete-auz(1)[internalize-sort 'basis:: finite]

note this|OF basisT-finite t]

}

note this[cancel-type-definition, OF True <finite B> - <independent B)]

hence d2:3D. V. D>0 A norm (repr ¢ b) < norm ¢ x D if <beB» for b
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by (simp add: repr-def that True)

have d1: (A\b. b€ B =
ID.Vy. 0 < D A norm (repr ¢ b) < norm ¢ x D) =
ID.Vby. be B —
0 < Db A norm (repr ¢ b) < norm ¢ x D b

apply (rule choice) by auto

then obtain D where D: D b > 0 A norm (repr ¢ b) < norm ¢ = D b if beB
for b ¥
apply atomize-elim
using d2 by blast

hence Dpos: D b > 0 and Dbound: norm (repr ¥ b) < norm ¢ x D b
if beB for b Y
using that by auto
define Dall where Dall = Maxz (D‘B)
have Dall > 0
unfolding Dall-def using «finite B> <B#{}> Dpos
by (metis (mono-tags, lifting) Maz-in finite-imagel image-iff image-is-empty)
have Dall > D b if beB for b
unfolding Dall-def using «<finite By that by auto
with Dbound
have norm (repr ¥ b) < norm 1 x Dall if beB for b ¢
using that
by (smt mult-left-mono norm-not-less-zero)
moreover have norm (repr ¢ b) < norm ¢ * Dall if b¢ B for b v
unfolding repr-def using real-vector.representation-ne-zero True
by (metis calculation empty-subsetl less-le-trans local.repr-def norm-ge-zero
norm-zero not-less
subset] subset-antisym)
ultimately show 3D>0. V1 b. abs (repr ¢ b) < norm i x D
using <«Dall > 0) real-norm-def by metis
next
case Fulse
thus ?thesis
unfolding repr-def using real-vector.representation-ne-zero|of B]
using nice-ordered-field-class.linordered-field-no-ub by fastforce
qed

hide-fact finite-span-complete-aux

lemma finite-cspan-complete[simp):
fixes B :: 'a::complex-normed-vector set
assumes finite B
shows complete (cspan B)
by (simp add: assms cspan-as-span)

lemma finite-span-closed|simp]:
fixes B :: 'a::real-normed-vector set
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assumes finite B
shows closed (real-vector.span B)
by (simp add: assms complete-imp-closed)

lemma finite-cspan-closed|simp]:
fixes S::¢<'a::complex-normed-vector set
assumes al: <finite S»
shows «closed (cspan S)»
by (simp add: assms complete-imp-closed)

lemma closure-finite-cspan:
fixes T'::<'a::complex-normed-vector set>
assumes <(finite T
shows <closure (cspan T) = cspan T
by (simp add: assms)

lemma finite-cspan-crepresentation-bounded:
fixes B :: 'a::complex-normed-vector set
assumes al: finite B and a2: cindependent B
shows 3D>0. V¢ b. emod (crepresentation B ¢ b) < norm ¢ x D
proof —
define B’ where B’ = (B U scaleC' i ‘ B)
have independent-B': independent B’
using B’-def <cindependent B>
by (simp add: real-independent-from-complez-independent al)
have finite B’
unfolding B’-def using (finite B> by simp
obtain D’ where D' > 0 and D" norm (real-vector.representation B’ 1 b) <
norm v x D’
for ¢ b
apply atomize-elim
using independent-B’ «finite B"
by (simp add: finite-span-representation-bounded)

define D where D = 2xD’
from <D’ > 0» have <D > 0

unfolding D-def by simp
have norm (crepresentation B ¢ b) < norm ¢ x D for ¢ b
proof (cases beB)

case True

have d3: normi =1

by simp

have norm (i ¢ complez-of-real (real-vector.representation B’ ¢ (i ¢ b)))
= norm i x norm (complex-of-real (real-vector.representation B’ ¢ (i *¢
b))

using norm-scaleC by blast
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also have ... = norm (complez-of-real (real-vector.representation B’ ¢ (i *¢

b))
using d3 by simp
finally have d2:norm (i ¢ complex-of-real (real-vector.representation B’ v (i
*c b))
= norm (complex-of-real (real-vector.representation B’ ¢ (i x¢ b))).
have norm (crepresentation B 1 b)
= norm (complez-of-real (real-vector.representation B’ 1 b)
+ i *¢ complex-of-real (real-vector.representation B’ ¢ (i x¢ b)))
by (simp add: B'-def True al a2 crepresentation-from-representation)
also have ... < norm (complez-of-real (real-vector.representation B’ ¢ b))
+ norm (i x¢ complez-of-real (real-vector.representation B’ 1) (i x¢ b)))
using norm-triangle-ineq by blast
also have ... = norm (complez-of-real (real-vector.representation B’ 1) b))
+ norm (complez-of-real (real-vector.representation B’ 1 (i x¢ b)))
using d2 by simp
also have ... = norm (real-vector.representation B’ 1) b)
+ norm (real-vector.representation B’ 1) (i x¢ b))
by simp
also have ... < norm ¥ * D' + norm v * D’
by (rule add-mono; rule D)
also have ... < norm ¢ x D
unfolding D-def by linarith
finally show ?thesis
by auto
next
case Fulse
hence crepresentation B ¢ b = 0
using complex-vector.representation-ne-zero by blast
thus Zthesis
by (smt <0 < D» norm-ge-zero norm-zero split-mult-pos-le)
qed
with <D > 0»
show ?thesis
by auto
qed

lemma bounded-clinear-finite-dim[simp]:
fixes f :: <a:{cfinite-dim,complez-normed-vector} = 'b::complex-normed-vector)
assumes <(clinear f>
shows <bounded-clinear f»
proof —
include norm-syntaz
obtain basis :: <’a set) where bl: complex-vector.span basis = UNIV
and b2: cindependent basis
and b3:finite basis
using finite-basis by auto
have 3C>0. V¢ b. cmod (crepresentation basis 1 b) < ||| = C
using finite-cspan-crepresentation-bounded|where B = basis] b2 b3 by blast
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then obtain C where sI: ¢cmod (crepresentation basis ¥ b) < ||| = C
and s2: C > 0
for ¢ b by blast
define M where M = C * (Y a€basis. ||f a|)
have | ] < [la]| + M
for z
proof—
define r where r b = crepresentation basis b for b
have z-span: x € complex-vector.span basis
by (simp add: b1)
have f0: v € basis
if rv# 0 for v
using complez-vector.representation-ne-zero r-def that by auto
have w:{ala. 7 a # 0} C basis
using f0 by blast
hence f1: finite {ala. r a # 0}
using b3 rev-finite-subset by auto
have f2: D alra# 0. rax*c a) =z
unfolding r-def
using b2 complex-vector.sum-nonzero-representation-eq x-span
Collect-cong by fastforce
have g1: (3 a€basis. crepresentation basis © a *¢c a) = x
by (simp add: b2 b3 complex-vector.sum-representation-eq x-span)
have f3: (" a€basis. r a x¢ a) = x
unfolding r-def
by (simp add: g1)
hence fz = f (> a€basis. r a ¢ a)

by simp
also have ... = (> a€basis. 7 a *¢ f a)
by (smt (verit, ccfv-SIG) assms complex-vector.linear-scale complex-vector.linear-sum
sum.cong)
finally have fz = (3 acbasis. r a ¢ f a).
hence ||f z|| = || ac€basis. r a x¢ fa)||
by simp

also have ... < (3 a€basis. ||r a ¢ [ al|)
by (simp add: sum-norm-le)

also have ... < (> a€basis. || al = ||f a])
by simp

also have ... < (> a€basis. ||z * C = ||f al|)
using sum-mono sl unfolding r-def
by (simp add: sum-mono mult-right-mono)

also have ... < |jz]| * C x (3 ac€basis. ||f al|)
using sum-distrib-left
by (smt sum.cong)

also have ... = ||z|]| * M
unfolding M-def
by linarith

finally show ?thesis .

qed

118



thus ?thesis
using assms bounded-clinear-def bounded-clinear-axioms-def by blast
qed

lemma summable-on-scaleR-left-converse:
— This result has nothing to do with the bounded operator library but it uses
finite-span-closed so it is proven here.
fixes [ :: <'b = real
and c :: <‘a :: real-normed-vector»
assumes <c # 0
assumes ((Az. fz xg ¢) summable-on A>
shows (f summable-on A»
proof —
define fromR toR T where <fromR © = x *g ¢ and <toR = inv fromR)> and
«T = range fromR» for z :: real
have <additive fromR»
by (simp add: fromR-def additive.intro scaleR-left-distrib)
have «<inj fromR»
by (simp add: fromR-def <c # 0) inj-def)
have toR-fromR: «toR (fromR z) = x» for z
by (simp add: <inj fromR> toR-def)
have fromR-toR: <fromR (toR z) = =z if <z € T for x
by (metis T-def f-inv-into-f that toR-def)

have I: (sum (toR o (fromR o f)) F = toR (sum (fromR o f) F)» if «finite F
for F
by (simp add: o-def additive.sum|[OF <additive fromR», symmetric] toR-fromR)
have 2: <sum (fromR o f) F € T) if «finite F» for F
by (simp add: o-def additive.sum[OF <additive fromR», symmetric] T-def)
have 3: «((toR —— toR z) (at x within T)) for z
proof (cases <z € T»)
case True
have «dist (toR y) (toR z) < e if «yeT) <e>0> «dist y x < e * norm ¢ for
ey
proof —
obtain z’ y’ where z: <z = fromR z’» and y: <y = fromR y"
using T-def True <y € T» by blast
have «dist (toR y) (toR z) = dist (fromR (toR y)) (fromR (toR z)) / norm
I
by (auto simp: dist-real-def fromR-def <c¢ # 0»)
also have (... = dist y © / norm ¢
using <z€T» <yeT» by (simp add: fromR-toR)
also have ... < e
using «dist y < e * norm ¢
by (simp add: divide-less-eq that(2))
finally show ?thesis
by (simp add: x y toR-fromR)
qed
then show ?thesis
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apply (auto simp: tendsto-iff at-within-def eventually-inf-principal eventu-
ally-nhds-metric)
by (metis assms(1) div-0 divide-less-eq zero-less-norm-iff)
next
case False
have «T = span {c}»
by (simp add: T-def fromR-def span-singleton)
then have <closed T
by simp
with False have «x ¢ closure T»
by simp
then have <(at = within T) = bot»
by (rule not-in-closure-trivial-limitI)
then show ?thesis
by simp
qged
have /: «(fromR o f) summable-on A»
by (simp add: assms(2) fromR-def summable-on-cong)

have «(toR o (fromR o f)) summable-on A»
using 1 2 3 4
by (rule summable-on-comm-additive-general[where T=T])
with toR-fromR
show ?thesis
by (auto simp: o-def)
qged

lemma infsum-scaleR-left:
— This result has nothing to do with the bounded operator library but it uses
finite-span-closed so it is proven here.
It is a strengthening of infsum-scaleR-left.
fixes c :: <'a :: real-normed-vectors
shows infsum (Az. fz *g ¢) A = infsum f A xg ¢
proof (cases «f summable-on A»)
case True
then show ?thesis
apply (subst asm-ri[of < Ax. fz xg ¢) = (Ay. y *xg ¢) o fr], simp add: o-def)
apply (rule infsum-comm-additive)
using True by (auto simp add: scaleR-left.additive-azioms)
next
case Fulse
then have <= (A\x. fz *g ¢) summable-on A> if <c # 0>
using summable-on-scaleR-left-converselwhere A=A and f=f and c=c|
using that by auto
with False show ?Zthesis
apply (cases <c = 0»)
by (auto simp add: infsum-not-exists)
qed
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lemma infsum-of-real:

shows «(>_ wz€A. of-real (f x) :: 'b:{real-normed-vector, real-algebra-1}) =
of-real (3 cox€A. f )

— This result has nothing to do with the bounded operator library but it uses
finite-span-closed so it is proven here.

unfolding of-real-def

by (rule infsum-scaleR-left)

7.5 Closed subspaces

lemma csubspace-INF[simp]: (Az. € A = csubspace ) = csubspace ([ A)
by (simp add: complez-vector.subspace-Inter)

locale closed-csubspace =
fixes A::('a::{complex-vector,topological-space}) set
assumes subspace: csubspace A
assumes closed: closed A

declare closed-csubspace.subspace[simp)

lemma closure-is-csubspace|simp]:
fixes A::('a::complex-normed-vector) set
assumes <csubspace A»
shows <csubspace (closure A)»
proof—
have z € closure A = y € closure A = z+y € closure A for z y
proof—
assume <z€(closure A)»
then obtain zz where V n:nat. 22 n € A and <z —
using closure-sequential by blast
assume <y€(closure A)»
then obtain yy where <V n::nat. yy n € Ay and <yy ——
using closure-sequential by blast
have <V nunat. (zz n) + (yy n) € A
using Vn. xzz n € A «Vn. yy n € Ay assms complex-vector.subspace-def
by (simp add: complex-vector.subspace-def)
hence (A n. (zzn) + (yy n)) —— = + v using «az —— = Yy ——
Y
by (simp add: tendsto-add)
thus ?thesis using <V n:nat. (zz n) + (yy n) € A
by (meson closure-sequential)
qed
moreover have z€(closure A) = ¢ *x¢ x € (closure A) for z ¢
proof—
assume <z€(closure A)»
then obtain zxr where <V n:nat. zz n € A» and <xx —— o
using closure-sequential by blast
have Vv n:nat. ¢ x¢ (zz n) € A
using Vn. 2z n € Ay assms complex-vector.subspace-def

121



by (simp add: complez-vector.subspace-def)
have «sCont (A t. ¢ ¢ t) ©
using bounded-clinear.bounded-linear bounded-clinear-scale C-right linear-continuous-at
by auto
hence (A n. ¢ x¢ (zx n)) —— ¢ *¢ = using <(xx ——
by (simp add: isCont-tendsto-compose)
thus ?thesis using <V n:nat. ¢ ¢ (zz n) € A
by (meson closure-sequential)
qed
moreover have 0 € (closure A)
using assms closure-subset complex-vector.subspace-def
by (metis in-mono)
ultimately show ?thesis
by (simp add: complez-vector.subspacel)
qed

lemma csubspace-set-plus:
assumes (csubspace Ay and <csubspace B>
shows «<csubspace (A + B)»
proof —
define C where <C' = {¢+p| ¢ . V€A N pEB}
have z€e(C = ye(C = z+yeC for z y
using C-def assms(1) assms(2) complex-vector.subspace-add complez-vector.subspace-sums
by blast
moreover have ¢ x¢ 2z € C if «z€(C) for z ¢
proof —
have csubspace C'
by (simp add: C-def assms(1) assms(2) complez-vector.subspace-sums)
then show ?thesis
using that by (simp add: complex-vector.subspace-def)
qed
moreover have 0 € C
using «C ={Y 4+ ¢ |¢ p. » € AN ¢ € B}y add.inverse-neutral add-uminus-conv-diff
assms(1) assms(2) diff-0 mem-Collect-eq
add.right-inverse
by (metis (mono-tags, lifting) complez-vector.subspace-0)
ultimately show ?thesis
unfolding C-def complex-vector.subspace-def
by (smt mem-Collect-eq set-plus-elim set-plus-intro)
qed

lemma closed-csubspace-0][simpl:
closed-csubspace ({0} :: ('a::{complez-vector,t1-space}) set)
proof—
have <csubspace {0}
using add.right-neutral complez-vector.subspace-def scaleC-right.zero
by blast
moreover have closed ({0} :: 'a set)
by simp
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ultimately show ?thesis
by (simp add: closed-csubspace-def)
qed

lemma closed-csubspace-UNIV [simp): closed-csubspace (UNIV::('a::{ complez-vector,topological-space})
set)
proof—
have <csubspace UNIV»
by simp
moreover have <closed UNIV»
by simp
ultimately show ?thesis
unfolding closed-csubspace-def by auto
qed

lemma closed-csubspace-inter|simp]:
assumes closed-csubspace A and closed-csubspace B
shows closed-csubspace (ANB)
proof—
obtain C where «C = A N B by blast
have <csubspace C»
proof—
have 2€(C = ye(C = z+yeC for z y
by (metis IntD1 IntD2 Intl <C = AN By assms(1) assms(2) complez-vector.subspace-def
closed-csubspace-def)
moreover have r€C — ¢ x¢ z € C for z ¢
by (metis IntD1 IntD2 Intl <C' = AN By assms(1) assms(2) complez-vector.subspace-def
closed-csubspace-def)
moreover have 0 € C
using «C' = AN B) assms(1) assms(2) complez-vector.subspace-def closed-csubspace-def
by fastforce
ultimately show ?thesis
by (simp add: complex-vector.subspace-def)
qed
moreover have <closed C»
using <C = AN B
by (simp add: assms(1) assms(2) closed-Int closed-csubspace.closed)
ultimately show %thesis
using <«C = AN B
by (simp add: closed-csubspace-def)
qed

lemma closed-csubspace-INF[simpl:
assumes al: VY AcA. closed-csubspace A
shows closed-csubspace ([).A)

proof—

have <csubspace ((.A)>
by (simp add: assms closed-csubspace.subspace complez-vector.subspace-Inter)
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moreover have «closed ([ .A)
by (simp add: assms closed-Inter closed-csubspace.closed)
ultimately show ?thesis
by (simp add: closed-csubspace.intro)
qed

typedef (overloaded) (’a::{complez-vector,topological-space})
cesubspace = <{S::'a set. closed-csubspace S}y
morphisms space-as-set Abs-ccsubspace
using Complex- Vector-Spaces.closed-csubspace-UNIV by blast

setup-lifting type-definition-ccsubspace

lemma csubspace-space-as-set][simp): <csubspace (space-as-set S)»
by (metis closed-csubspace-def mem-Collect-eq space-as-set)

lemma closed-space-as-set[simp]: <closed (space-as-set S)»
apply transfer by (simp add: closed-csubspace.closed)

lemma zero-space-as-set[simpl: <0 € space-as-set A
by (simp add: complez-vector.subspace-0)

instantiation ccsubspace :: (complez-normed-vector) scaleC begin
lift-definition scaleC-ccsubspace :: compler = 'a ccsubspace = 'a ccsubspace is
Ac S. (x¢) ¢ ‘S
proof
show csubspace ((x¢) ¢ ©S) if closed-csubspace S for ¢ :: compler and S :: 'a
set
using that
by (simp add: complez-vector.linear-subspace-image)
show closed ((x¢) ¢ ¢ S) if closed-csubspace S for ¢ :: complex and S :: 'a set
using that
by (simp add: closed-scaleC closed-csubspace.closed)

qed

lift-definition scaleR-ccsubspace :: real = 'a ccsubspace = 'a ccsubspace is
Ac S. (xg) ¢ ‘S

proof

show csubspace ((xg) 7 “5)
if closed-csubspace S
for r :: real
and S :: 'a set
using that using bounded-clinear-def bounded-clinear-scale C-right scaleR-scaleC
by (simp add: scaleR-scaleC complez-vector.linear-subspace-image)
show closed ((xg) r ©9)
if closed-csubspace S
for r :: real
and S :: 'a set
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using that
by (simp add: closed-scaling closed-csubspace.closed)
qed

instance
proof
show ((xg) r::'a ccsubspace = -) = (x¢) (complex-of-real ) for r :: real
by (simp add: scaleR-scaleC scale C-ccsubspace-def scaleR-ccsubspace-def)
qed
end

instantiation ccsubspace :: ({complez-vector,t1-space}) bot begin
lift-definition bot-ccsubspace :: <'a ccsubspace) is {0}
by simp
instance..
end

lemma zero-cblinfun-image[simpl: 0 *c S = bot for S :: - ccsubspace
proof transfer
have (0::'b) € (Az. 0) ¢S
if closed-csubspace S
for S::'b set
using that unfolding closed-csubspace-def
by (simp add: complex-vector.linear-subspace-image complex-vector.module-hom-zero
complex-vector.subspace-0)
thus (x¢) 0 ° S = {0::'b}
if closed-csubspace (S::'b set)
for S :: 'b set
using that
by (auto intro !: ezl [of - 0])
qed

lemma csubspace-scale C-invariant:
fixes a S
assumes <a # 0> and <csubspace S»
shows ((x¢) a * S = S
proof—
have € (x¢) a ‘S = 2€ S
for z
using assms(2) complex-vector.subspace-scale by blast
moreover have (zx € S = z € (x¢) a ‘S
for z
proof —
assume z € §
hence Jc aa. (¢ / a) *c aa € S A ¢ %¢c aa =z
using assms(2) complex-vector.subspace-def scaleC-one by metis
hence Jaa. aa € S A a ¢ aa =
using assms(1) by auto
thus ?thesis
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by (meson image-iff)
qed
ultimately show ¢thesis by blast
qed

lemma ccsubspace-scaleC-invariant[simp]: a # 0 = a *¢ S = S for S :: - cc-
subspace

apply transfer

by (simp add: closed-csubspace.subspace csubspace-scaleC-invariant)

instantiation ccsubspace :: ({complez-vector,topological-space}) top
begin
lift-definition top-ccsubspace :: <'a ccsubspacer is «UNIV»

by simp

instance ..
end

lemma space-as-set-bot[simp|: <space-as-set bot = {0}»
by (rule bot-ccsubspace.rep-eq)

lemma ccsubspace-top-not-bot[simp]:
(top::'a::{ complex-vector,t1-space,not-singleton} ccsubspace) # bot

by (metis UNIV-not-singleton bot-ccsubspace.rep-eq top-ccsubspace.rep-eq)

lemma ccsubspace-bot-not-top|simp):
(bot::'a::{ complez-vector,t1-space,not-singleton} ccsubspace) # top
using ccsubspace-top-not-bot by metis

instantiation ccsubspace :: ({complez-vector,topological-space}) Inf
begin
lift-definition Inf-ccsubspace::<’a ccsubspace set = 'a ccsubspace
isAS. NS
proof
fix S :: ‘a set set
assume closed: closed-csubspace z if <x € S» for z
show csubspace ([ S::'a set)
by (simp add: closed closed-csubspace.subspace)
show closed ([ S::'a set)
by (simp add: closed closed-csubspace.closed)
qed

instance ..
end

lift-definition ccspan :: ’a::complex-normed-vector set = 'a ccsubspace
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is AG. closure (cspan Q)
proof (rule closed-csubspace.intro)
fix S :: 'a set
show csubspace (closure (cspan S))
by (simp add: closure-is-csubspace)
show closed (closure (cspan S))
by simp
qed

lemma ccspan-superset:
<A C space-as-set (cespan A))
for A :: <'a::compler-normed-vector set)
apply transfer
by (meson closure-subset complex-vector.span-superset subset-trans)

lemma ccspan-superset”: «<x € X => x € space-as-set (ccspan X)»
using ccspan-superset by auto

lemma ccspan-canonical-basis[simp): ccspan (set canonical-basis) = top
using ccspan.rep-eq space-as-set-inject top-ccsubspace.rep-eq
closure-UNIV is-generator-set
by metis

lemma ccspan-Inf-def: <ccspan A = Inf {S. A C space-as-set S}»
for A::<('a::cbanach) set
proof —
have «z € space-as-set (ccspan A)
= 1 € space-as-set (Inf {S. A C space-as-set S})»
for z::'a
proof—
assume <z € space-as-set (ccspan A)»
hence z € closure (cspan A)
by (simp add: ccspan.rep-eq)
hence <z € closure (complex-vector.span A)»
unfolding ccspan-def
by simp
hence 3 y:nat = ‘a. (V n. y n € (complez-vector.span A)) N y —— x
by (simp add: closure-sequential)
then obtain y where <V n. y n € (complex-vector.span A)) and <y —— >

by blast
have <y n € [ {S. (complex-vector.span A) C S A closed-csubspace S}
for n
using vV n. y n € (complez-vector.span A)»
by auto

have «(closed-csubspace S = closed S»
for S::<'a set)
by (simp add: closed-csubspace.closed)
hence «<closed ( () {S. (complez-vector.span A) C S A closed-csubspace S})»
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by simp
hence «z € () {S. (complez-vector.span A) C S A closed-csubspace S}» using
(y — @
using <An. y n € () {S. complex-vector.span A C S A closed-csubspace S}»
closed-sequentially
by blast
moreover have ({S. A C S A closed-csubspace S} C {S. (complez-vector.span
A) C 8 A closed-csubspace S}
using Collect-mono-iff
by (simp add: Collect-mono-iff closed-csubspace.subspace complex-vector.span-minimal)
ultimately have <z € (| {S. A C S A closed-csubspace S}»
by blast
moreover have (z::'a) € | {z. A C 2 A closed-csubspace x}
if (z::'a) € N {S. A C S A closed-csubspace S}
for z :: 'a
and A4 :: 'a set
using that
by simp
ultimately show «x € space-as-set (Inf {S. A C space-as-set S})»
apply transfer.
qged
moreover have «x € space-as-set (Inf {S. A C space-as-set S})
= 1z € space-as-set (ccspan A)»
for z::'a
proof—
assume <z € space-as-set (Inf {S. A C space-as-set S})»
hence «x € (] {S. A C S A closed-csubspace S}»
apply transfer
by blast
moreover have «({S. (complez-vector.span A) C S A closed-csubspace S} C
{S. A C S A closed-csubspace S}
using Collect-mono-iff complex-vector.span-superset by fastforce
ultimately have «z € (| {S. (complez-vector.span A) C S A closed-csubspace
S}t
by blast
thus <z € space-as-set (ccspan A)»
by (metis (no-types, lifting) Inter-iff space-as-set closure-subset mem-Collect-eq
cespan.rep-eq)
qed
ultimately have <space-as-set (ccspan A) = space-as-set (Inf {S. A C space-as-set
S
by blast
thus ?thesis
using space-as-set-inject by auto
qed

lemma cspan-singleton-scaleC[simp]: (a::complex)#0 = cspan { a x¢ ¥ } =

cspan {1}

for 1::'a::complez-vector
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by (smt complez-vector.dependent-single complex-vector.independent-insert
complex-vector.scale-eq-0-iff complex-vector.span-base compler-vector.span-redundant
complex-vector.span-scale doubleton-eq-iff insert-absorb insert-absorb2 in-
sert-commute
singletonl)

lemma closure-is-closed-csubspace[simp]:
fixes S::¢’a::complex-normed-vector set»
assumes <csubspace S»
shows <closed-csubspace (closure S)»
using assms closed-csubspace.intro closure-is-csubspace by blast

lemma ccspan-singleton-scaleCsimpl: (a::complex)#0 = ccspan {a *¢ P} =

cespan {1}
apply transfer by simp

lemma clinear-continuous-at:
assumes <bounded-clinear f»
shows <isCont f x>
by (simp add: assms bounded-clinear.bounded-linear linear-continuous-at)

lemma clinear-continuous-within:
assumes <bounded-clinear f»
shows <continuous (at x within s) f»
by (simp add: assms bounded-clinear.bounded-linear linear-continuous-within)

lemma antilinear-continuous-at:
assumes <bounded-antilinear f)
shows <isCont f x>
by (simp add: assms bounded-antilinear.bounded-linear linear-continuous-at)

lemma antilinear-continuous-within:
assumes <bounded-antilinear f»
shows <continuous (at x within s) f»
by (simp add: assms bounded-antilinear.bounded-linear linear-continuous-within)

lemma bounded-clinear-eq-on-closure:
fixes A B :: 'a::complez-normed-vector = 'b::complex-normed-vector
assumes <bounded-clinear A> and (bounded-clinear By and
eq: <N\z. z € G = Az = B and t: <t € closure (cspan G)»
shows (At = B t»

proof —
have eq”: <A t = B t) if <t € cspan G» for ¢
using - - that eq apply (rule complez-vector.linear-eq-on)

by (auto simp: assms bounded-clinear.clinear)
have <At - Bt=0»
using - - t apply (rule continuous-constant-on-closure)
by (auto simp add: eq’ assms(1) assms(2) clinear-continuous-at continu-
ous-at-imp-continuous-on)
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then show ?thesis
by auto
qed

instantiation ccsubspace :: ({complex-vector,topological-space}) order
begin
lift-definition less-eg-ccsubspace :: <’a ccsubspace = 'a ccsubspace = bools
is «(C).
declare less-eq-ccsubspace-def|code del]
lift-definition less-ccsubspace :: <'a ccsubspace = 'a ccsubspace = bool»
is «(C)».
declare less-cesubspace-def|code del]
instance
proof
fix z y 2 :: 'a ccsubspace
show (z < y)=(z<yA-y<uz)
by (simp add: less-eq-ccsubspace.rep-eq less-le-not-le less-ccsubspace.rep-eq)
show z < z
by (simp add: less-eq-ccsubspace.rep-eq)
show z < zifz < yand y < z
using that less-eq-ccsubspace.rep-eq by auto
show z =yifr <yand y <=z
using that by (simp add: space-as-set-inject less-eq-ccsubspace.rep-eq)
qed
end

lemma cecspan-legl:
assumes M C space-as-set S»
shows <(ccspan M < S
using assms apply transfer
by (simp add: closed-csubspace.closed closure-minimal complex-vector.span-minimal)

lemma ccspan-mono:
assumes <A C B
shows <ccspan A < ccspan B>
apply (transfer fiving: A B)
by (simp add: assms closure-mono complez-vector.span-mono)

lemma ccsubspace-lel:
assumes t1: space-as-set A C space-as-set B
shows A < B
using t1 apply transfer by —

lemma ccspan-of-empty[simpl: cespan {} = bot
proof transfer
show closure (cspan {}) = {0::'a}
by simp
qed
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instantiation ccsubspace :: ({complez-vector,topological-space}) inf begin

lift-definition inf-ccsubspace :: 'a ccsubspace = 'a ccsubspace = 'a ccsubspace
is (N) by simp

instance .. end

lemma space-as-set-inf[simp]: space-as-set (A M B) = space-as-set A N space-as-set
B
by (rule inf-ccsubspace.rep-eq)

instantiation ccsubspace :: ({complex-vector,topological-space}) order-top begin
instance
proof
show ¢ < T

for a :: 'a ccsubspace

apply transfer

by simp
qed
end

instantiation ccsubspace :: ({complex-vector,t1-space}) order-bot begin
instance
proof
show (L::'a ccsubspace) < a

for a :: 'a ccsubspace

apply transfer

apply auto

using closed-csubspace.subspace complex-vector.subspace-0 by blast
qed
end

instantiation ccsubspace :: ({ complex-vector,topological-space}) semilattice-inf be-
gin
instance
proof
fix z y z :: <'a ccsubspaces
show z My <z
apply transfer by simp
show z My <y
apply transfer by simp
show z < yMNzifz <yandz <z
using that apply transfer by simp
qed
end

instantiation ccsubspace :: ({complez-vector,t1-space}) zero begin
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definition zero-ccsubspace :: 'a ccsubspace where [simp]: zero-cesubspace = bot

lemma zero-ccsubspace-transfer(transfer-rule]: «per-ccsubspace (=) {0} 0>
unfolding zero-ccsubspace-def by transfer-prover

instance ..

end

lemma ccspan-0[simp]: <ccspan {0} = 0>
apply transfer
by simp

definition (rel-ccsubspace R © y = rel-set R (space-as-set ) (space-as-set y)»

lemma left-unique-rel-ccsubspace[transfer-rule]: «left-unique (rel-ccsubspace R)» if
eft-unique R»
proof (rule left-uniquel )
fix S T :: <'a ccsubspacer and U
assume assms: <rel-ccsubspace R S U» <rel-ccsubspace R T U>»
have (space-as-set S = space-as-set T
apply (rule left-uniqueD)
using that apply (rule left-unique-rel-set)
using assms unfolding rel-ccsubspace-def by auto
then show «S = T
by (simp add: space-as-set-inject)
qed

lemma right-unique-rel-ccsubspace[transfer-rule]: <right-unique (rel-ccsubspace R)»
if <right-unique R»

by (metis rel-ccsubspace-def right-unique-def right-unique-rel-set space-as-set-inject
that)

lemma bi-unique-rel-ccsubspace[transfer-rule]: <bi-unique (rel-ccsubspace R)y if <bi-unique
R»

by (metis (no-types, lifting) bi-unique-def bi-unique-rel-set rel-ccsubspace-def space-as-set-inject
that)

lemma converse-rel-ccsubspace: (conversep (rel-ccsubspace R) = rel-ccsubspace (conversep
R)»
by (auto simp: rel-ccsubspace-def|abs-def])

lemma space-as-set-top[simp): <space-as-set top = UNIV»
by (rule top-ccsubspace.rep-eq)

lemma ccsubspace-eql:
assumes (\z. © € space-as-set S <— x € space-as-set T»
shows «S = T

by (metis Abs-ccsubspace-cases Abs-ccsubspace-inverse antisym assms subsetl)

lemma ccspan-remove-0: <ccspan (A — {0}) = cespan A»
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apply transfer
by auto

lemma sgn-in-spaceD: <) € space-as-set Ay if <sgn i € space-as-set Ay and <)
# O

for ¢ :: <- 1 complez-normed-vector»

using that

apply (transfer fizing: 1)

by (metis closed-csubspace.subspace complex-vector.subspace-scale divideC-field-simps(1)
scaleR-eq-0-iff scaleR-scaleC' sgn-div-norm sgn-zero-iff)

lemma sgn-in-spacel: <sgn ¢ € space-as-set Ay if «ip € space-as-set A»
for v :: <- :: complex-normed-vector»
using that by (auto simp: sgn-div-norm scaleR-scaleC complex-vector.subspace-scale)

lemma ccsubspace-lel-unit:
fixes A B :: <- :: complex-normed-vector ccsubspaces
assumes Av. norm p = 1 = ¢ € space-as-set A = 1) € space-as-set B
shows A < B
proof (rule ccsubspace-lel, rule subsetl)
fix ¢ assume Y A: ) € space-as-set A»
show <) € space-as-set B>
apply (cases < = 0»)
apply simp
using assms[of <sgn ] YA sgn-in-spaceD sgn-in-spacel
by (auto simp: norm-sgn)
qged

lemma kernel-is-closed-csubspace[simp):
assumes al: bounded-clinear f
shows closed-csubspace (f —“{0})
proof—
have <csubspace (f —*{0})»
using assms bounded-clinear.clinear complex-vector.linear-subspace-vimage com-
plex-vector.subspace-single-0 by blast
have L € {z. fz = 0}
ifr—— LandV n.rne {z fo=20}
for rand L
proof—
have d1: <V n. f (rn) = 0»
using that(2) by auto
have «(A n. f (rn)) —— f Ly
using assms clinear-continuous-at continuous-within-tendsto-compose’ that(1)
by fastforce
hence (A n. 0) —— f L»
using dI by simp
hence «f L = 0>
using liml by fastforce
thus ?thesis by blast
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qed
then have s3: «closed (f —*{0})
using closed-sequential-limits by force
with <csubspace (f —<{0})
show ?thesis
using closed-csubspace.intro by blast
qed

lemma ccspan-closure[simpl: <ccspan (closure X) = cespan X»
by (simp add: basic-trans-rules(24) ccspan.rep-eq ccspan-leql ccspan-mono clo-
sure-mono closure-subset complex-vector.span-superset)

lemma ccspan-finite: <space-as-set (ccspan X) = cspan X if «finite X>
by (simp add: ccspan.rep-eq that)

lemma ccspan-UNIV [simp]: <ccspan UNIV = T)
by (simp add: ccspan.abs-eq top-ccsubspace-def)

lemma infsum-in-closed-csubspacel:
assumes (A\z. 26X = fr e A
assumes <closed-csubspace A»
shows <infsum f X € A»
proof (cases <f summable-on X»)
case True
then have lim: «(sum f —— infsum f X) (finite-subsets-at-top X)»
by (simp add: infsum-tendsto)
have sumA: «sum f F' € A» if «finite F» and <F C X for F
apply (rule complex-vector.subspace-sum)
using that assms by auto
from lim show <infsum f X € A»
apply (rule Lim-in-closed-set[rotated —1])
using assms sumA by (auto intro!: closed-csubspace.closed eventually-finite-subsets-at-top-weakl)
next
case Fulse
then show ?thesis
using assms by (auto introl: closed-csubspace.closed complex-vector.subspace-0
simp add: infsum-not-exists)
qged

lemma closed-csubspace-space-as-set][simp): «closed-csubspace (space-as-set X)»
using space-as-set by simp

7.6 Closed sums

definition closed-sum:: <'a::{semigroup-add,topological-space} set = 'a set = 'a
sety where
<closed-sum A B = closure (A + B)»

notation closed-sum (infixl <+ 65)
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lemma closed-sum-comm: <A +y; B = B 4+ A for A B :: -::ab-semigroup-add
by (simp add: add.commute closed-sum-def)

lemma closed-sum-left-subset: <0 € B=— A C A +); B> for A B :: -::monoid-add
by (metis add.right-neutral closed-sum-def closure-subset in-mono set-plus-intro
subsetl)

lemma closed-sum-right-subset: <0 € A= B C A +); B> for A B :: -::monoid-add
by (metis add.left-neutral closed-sum-def closure-subset set-plus-intro subset-iff)

lemma finite-cspan-closed-csubspace:
assumes finite (S::'a::complez-normed-vector set)
shows closed-csubspace (cspan S)
by (simp add: assms closed-csubspace.intro)

lemma closed-sum-is-sup:
fixes A B C:: «('a::{complex-vector,topological-space}) set»
assumes <closed-csubspace C»
assumes <A C C» and <B C ()
shows ¢(4 +5; B) C C»
proof —
have <A + B C C»
using assms unfolding set-plus-def
using closed-csubspace.subspace complex-vector.subspace-add by blast
then show «(4 +,; B) C C»
unfolding closed-sum-def
using <closed-csubspace C)
by (simp add: closed-csubspace.closed closure-minimal)
qed

lemma closed-subspace-closed-sum:
fixes A B::('a::complex-normed-vector) set
assumes al: <csubspace Ay and a2: <csubspace B)
shows <closed-csubspace (A +pr B)»
using al a2 closed-sum-def
by (metis closure-is-closed-csubspace csubspace-set-plus)

lemma closed-sum-assoc:

fixes A B C::'a::real-normed-vector set

shows <A +Mm (B +Mm C) = (A +M B) +Mm )
proof —

have (A + closure B C closure (A + B)» for A B :: 'a set

by (meson closure-subset closure-sum dual-order.trans order-refl set-plus-mono?2)

then have <A +,; (B +nm C) = closure (A + (B + C))»

unfolding closed-sum-def

by (meson antisym-conv closed-closure closure-minimal closure-mono closure-subset

equalityD1 set-plus-mono2)
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moreover
have <closure A + B C closure (A + B)» for A B :: 'a set
by (meson closure-subset closure-sum dual-order.trans order-refl set-plus-mono?2)
then have «(A +); B) +p C = closure ((A + B) + C)»
unfolding closed-sum-def
by (meson closed-closure closure-minimal closure-mono closure-subset eq-iff
set-plus-mono?2)
ultimately show ?thesis
by (simp add: ab-semigroup-add-class.add-ac(1))
qged

lemma closed-sum-zero-left]|simp]:
fixes A :: ((‘a::{monoid-add, topological-space}) set
shows {0} + A = closure A»
unfolding closed-sum-def
by (metis add.left-neutral set-zero)

lemma closed-sum-zero-right[simp):
fixes A :: «(‘a::{monoid-add, topological-space}) set
shows (A + {0} = closure A»
unfolding closed-sum-def
by (metis add.right-neutral set-zero)

lemma closed-sum-closure-right[simpl:
fixes A B :: <a::real-normed-vector set)
shows <A + s closure B= A +y By
by (metis closed-sum-assoc closed-sum-def closed-sum-zero-right closure-closure)

lemma closed-sum-closure-left[simp]:
fixes A B :: (‘a::real-normed-vector set»
shows <closure A +y B=A +ym By
by (simp add: closed-sum-comm)

lemma closed-sum-mono-left:
assumes (A C By
shows <A +y; C C B +p CO»
by (simp add: assms closed-sum-def closure-mono set-plus-mono2)

lemma closed-sum-mono-right:
assumes <A C By
shows «C +y; AC C +y B>
by (simp add: assms closed-sum-def closure-mono set-plus-mono2)

instantiation ccsubspace :: (complex-normed-vector) sup begin
lift-definition sup-ccsubspace :: ‘a ccsubspace = 'a ccsubspace = 'a ccsubspace
— Note that A + B would not be a closed subspace, we need the closure. See,
e.g., https://math.stackexchange.com/a/1786792/403528.
is MA B::'a set. A +y B
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by (simp add: closed-subspace-closed-sum)
instance ..
end

lemma closed-sum-cspan|[simpl:
shows <cspan X +p cspan Y = closure (cspan (X U Y))
by (smt (verit, best) Collect-cong closed-sum-def complez-vector.span-Un set-plus-def)

lemma closure-image-closed-sum:
assumes <bounded-linear U»
shows <closure (U ‘ (A +r B)) = closure (U © A) +r closure (U © B)»
proof —
have «closure (U ‘ (A +up B)) = closure (U * closure (closure A + closure B))»
unfolding closed-sum-def
by (smt (verit, best) closed-closure closure-minimal closure-mono closure-subset
closure-sum set-plus-mono2 subset-antisym)

also have «... = closure (U ‘ (closure A + closure B))»
using assms closure-bounded-linear-image-subset-eq by blast
also have «... = closure (U * closure A + U * closure B)»

apply (subst image-set-plus)
by (simp-all add: assms bounded-linear.linear)
also have «... = closure (closure (U ¢ A) + closure (U ‘ B))»
by (smt (verit, ccfo-SIG) assms closed-closure closure-bounded-linear-image-subset
closure-bounded-linear-image-subset-eq closure-minimal closure-mono closure-sum
dual-order.eq-iff set-plus-mono2)
also have «... = closure (U “ A) +ps closure (U ¢ B)»
using closed-sum-def by blast
finally show ?thesis
by —
qed

lemma ccspan-union: ccspan A U ccspan B = cespan (A U B)
apply transfer by simp

instantiation ccsubspace :: (complex-normed-vector) Sup
begin
lift-definition Sup-ccsubspace::<'a ccsubspace set = 'a ccsubspaces
is <(AS. closure (complex-vector.span (Union S))»
proof
show csubspace (closure (complez-vector.span (|J S::'a set)))
if Az::'a set. x € S = closed-csubspace
for S :: 'a set set
using that
by (simp add: closure-is-closed-csubspace)
show closed (closure (complex-vector.span (|J S::’a set)))
if Az. (z::'a set) € S = closed-csubspace
for S :: 'a set set
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using that
by simp
qed

instance..
end

instance ccsubspace :: ({ complez-normed-vector}) semilattice-sup
proof
fix z y 2 :: <'a ccsubspaces
show <x < sup z v
apply transfer
by (simp add: closed-csubspace-def closed-sum-left-subset complez-vector.subspace-0)

show y < sup z y
apply transfer
by (simp add: closed-csubspace-def closed-sum-right-subset complez-vector.subspace-0)

show suprzy < zifz < zand y < 2
using that apply transfer
apply (rule closed-sum-is-sup) by auto
qed

instance ccsubspace :: (complez-normed-vector) complete-lattice
proof
show InfA < zifz e A
for z :: 'a ccsubspace and A :: 'a ccsubspace set
using that
apply transfer
by auto

have b1: 2 C ) A
if Ball A closed-csubspace and
closed-csubspace z and
(Az. closed-csubspace v = z € A = 2z C 1)
for z::'a set and A
using that
by auto
show 2z < Inf A
if Az::'a ccsubspace. 1 € A = z <z
for A :: 'a ccsubspace set
and z :: 'a ccsubspace
using that
apply transfer
using b1 by blast

show z < Sup A
ifze A
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for z :: 'a ccsubspace
and A :: ‘a ccsubspace set
using that
apply transfer
by (meson Union-upper closure-subset complex-vector.span-superset dual-order.trans)

show Sup A < 2
if Az::’a ccsubspace. 1 € A = z < 2
for A :: 'a ccsubspace set
and z :: 'a ccsubspace
using that apply transfer
proof —
fix A :: ‘a set set and z :: 'a set
assume A-closed: Ball A closed-csubspace
assume closed-csubspace z
assume in-z: A\z. closed-csubspace vt = v € A = v C 2
from A-closed in-z
have <V C » if <V € A for V
by (simp add: that)
then have (] A C »
by (simp add: Sup-le-iff)
with <closed-csubspace z»
show closure (cspan (|J A)) C z
by (simp add: closed-csubspace-def closure-minimal complex-vector.span-def
subset-hull)
qged

show Inf {} = (top::'a ccsubspace)
using <Az A. (Az. 2 € A = 2z < z) = z < Inf A top.extremum-uniquel
by auto

show Sup {} = (bot::’a ccsubspace)
using <Az A. (N\z. 2 € A = 2 < z) = Sup A < 2> bot.extremum-uniquel
by auto
qed

instantiation ccsubspace :: (complex-normed-vector) comm-monoid-add begin
definition plus-ccsubspace :: 'a ccsubspace = - = -
where [simp|: plus-ccsubspace = sup
instance
proof
fix a b c :: <'a ccsubspace>
show a + b+ c=a+ (b+ ¢
using sup.assoc by auto
show a + b=5b+ a
by (simp add: sup.commute)
show 0 + a = a
by (simp add: zero-ccsubspace-def)
qed
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end

lemma SUP-ccspan: <(SUP z€X. ccspan (S z)) = cespan (JzeX. S x)»
proof (rule SUP-eql)
show <ccspan (S z) < cespan (JzeX. S z)» if <z € X for x
apply (rule ccspan-mono)
using that by auto
show <ccspan (|JzeX. Sz) < p if <Az. 2 € X = cespan (S z) < y for y
apply (intro ccspan-leqgl UN-least)
using that ccspan-superset by (auto simp: less-eq-ccsubspace.rep-eq)
qged

lemma ccsubspace-plus-sup: y < v —= 2 <z =y +z<=x
for z y 2z :: 'a::complez-normed-vector ccsubspace
unfolding plus-ccsubspace-def by auto

lemma ccsubspace-Sup-empty: Sup {} = (0::- ccsubspace)
unfolding zero-ccsubspace-def by auto

lemma ccsubspace-add-right-incr[simpl: a < a + ¢ for a::- ccsubspace
by (simp add: add-increasing2)

lemma ccsubspace-add-left-incr[simp]: a < ¢ + a for a::- cesubspace
by (simp add: add-increasing)

lemma sum-bot-ccsubspace[simpl: «(> xz€X. 1) = (L :: - ccsubspace)»
by (simp flip: zero-ccsubspace-def)

7.7 Conjugate space

typedef ‘a conjugate-space = UNIV :: 'a set
morphisms from-conjugate-space to-conjugate-space ..
setup-lifting type-definition-conjugate-space

instantiation conjugate-space :: (complez-vector) complex-vector begin
lift-definition scaleC-conjugate-space :: <complex = 'a conjugate-space = 'a con-
jugate-spacer is <\c x. cnj ¢ x¢ .
lift-definition scaleR-conjugate-space :: <real = 'a conjugate-space = 'a conju-
gate-spacey is <Ar x. T xR T).
lift-definition plus-conjugate-space :: 'a conjugate-space = 'a conjugate-space =
‘a conjugate-space is (+).
lift-definition uminus-conjugate-space :: 'a conjugate-space = 'a conjugate-space
is Az, —o.
lift-definition zero-conjugate-space :: 'a conjugate-space is 0.
lift-definition minus-conjugate-space :: 'a conjugate-space = 'a conjugate-space
= 'a conjugate-space is (—).
instance

apply (intro-classes; transfer)

by (simp-all add: scaleR-scaleC scaleC-add-right scaleC-left.add)
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end

instantiation conjugate-space :: (complez-normed-vector) complez-normed-vector
begin
lift-definition sgn-conjugate-space :: 'a conjugate-space = 'a conjugate-space is
sgn.
lift-definition norm-conjugate-space :: 'a conjugate-space = real is norm.
lift-definition dist-conjugate-space :: 'a conjugate-space = 'a conjugate-space =
real is dist.
lift-definition uniformity-conjugate-space :: ('a conjugate-space x 'a conjugate-space)
filter is uniformity.
lift-definition open-conjugate-space :: 'a conjugate-space set = bool is open.
instance

apply (intro-classes; transfer)

by (simp-all add: dist-norm sgn-div-norm open-uniformity uniformity-dist norm-triangle-ineq)
end

instantiation conjugate-space :: (cbanach) cbanach begin
instance
apply intro-classes
unfolding Cauchy-def convergent-def LIMSEQ-def apply transfer
using Cauchy-convergent unfolding Cauchy-def convergent-def LIMSEQ-def by
metis
end

lemma bounded-antilinear-to-conjugate-space[simp|: <bounded-antilinear to-conjugate-space>
by (rule bounded-antilinear-introlwhere K=1]; transfer; auto)

lemma bounded-antilinear-from-conjugate-space[simp): <bounded-antilinear from-conjugate-space)
by (rule bounded-antilinear-introlwhere K=1]; transfer; auto)

lemma antilinear-to-conjugate-space[simp]: <antilinear to-conjugate-spaces
by (rule antilinearl; transfer, auto)

lemma antilinear-from-conjugate-space[simpl: <antilinear from-conjugate-space
by (rule antilinearl; transfer, auto)

lemma cspan-to-conjugate-space[simp): cspan (to-conjugate-space  X) = to-conjugate-space
cspan X

unfolding complez-vector.span-def complex-vector.subspace-def hull-def

apply transfer

apply simp

by (metis (no-types, opaque-lifting) complez-cnj-cnyj)

lemma surj-to-conjugate-space[simpl: surj to-conjugate-space
by (meson surj-def to-conjugate-space-cases)

lemmas has-derivative-scaleC[simp, derivative-intros| =
bounded-bilinear. FDERIV|[OF bounded-cbilinear-scaleC| THEN bounded-cbilinear.bounded-bilinear]]
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lemma norm-to-conjugate-space[simp|: <norm (to-conjugate-space x) = norm x>
by (fact norm-conjugate-space.abs-eq)

lemma norm-from-conjugate-space[simpl: <norm (from-conjugate-space x) = norm
T

by (simp add: norm-conjugate-space.rep-eq)

lemma closure-to-conjugate-space: <closure (to-conjugate-space * X) = to-conjugate-space
‘ closure X»
proof —
have 1: (to-conjugate-space  closure X C closure (to-conjugate-space ‘ X)»
apply (rule closure-bounded-linear-image-subset)
by (simp add: bounded-antilinear.bounded-linear)
have (... = to-conjugate-space ‘ from-conjugate-space  closure (to-conjugate-space
“X)
by (simp add: from-conjugate-space-inverse image-image)
also have «... C to-conjugate-space ‘ closure (from-conjugate-space ‘ to-conjugate-space
CX)
apply (rule image-mono)
apply (rule closure-bounded-linear-image-subset)
by (simp add: bounded-antilinear.bounded-linear)
also have «... = to-conjugate-space  closure X»
by (simp add: to-conjugate-space-inverse image-image)
finally show ?thesis
using 1 by simp
qged

lemma closure-from-conjugate-space: <closure (from-conjugate-space * X) = from-conjugate-space
‘ closure X»
proof —
have 1: <from-conjugate-space * closure X C closure (from-conjugate-space * X)»
apply (rule closure-bounded-linear-image-subset)
by (simp add: bounded-antilinear.bounded-linear)

have «... = from-conjugate-space  to-conjugate-space * closure (from-conjugate-space
CX)

by (simp add: to-conjugate-space-inverse image-image)
also have «... C from-conjugate-space ‘ closure (to-conjugate-space ‘ from-conjugate-space
“X)

apply (rule image-mono)
apply (rule closure-bounded-linear-image-subset)
by (simp add: bounded-antilinear.bounded-linear)
also have «... = from-conjugate-space ‘ closure X»
by (simp add: from-conjugate-space-inverse image-image)
finally show ?thesis
using 1 by simp
qed

lemma bounded-antilinear-eq-on:
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fixes A B :: 'a::complex-normed-vector = 'b::complex-normed-vector
assumes <bounded-antilinear Ay and <bounded-antilinear B> and
eq: <N\z. z € G = Az = Bu and t: <t € closure (cspan G)»
shows (At = B t»
proof —
let ?A = <\z. A (from-conjugate-space z)> and ?B = <\z. B (from-conjugate-space
z)»
and ?G = (to-conjugate-space * Gy and %t = (to-conjugate-space t>
have (bounded-clinear ?A> and <bounded-clinear ?B>
by (auto intro!: bounded-antilinear-o-bounded-antilinear| OF <bounded-antilinear
Ay
bounded-antilinear-o-bounded-antilinear| OF <bounded-antilinear B)))
moreover from eq have <Az. z € /G = Az = ?B
by (metis image-iff iso-tuple-UNIV-I to-conjugate-space-inverse)
moreover from ¢ have <%t € closure (cspan ?G)»
by (metis bounded-antilinear.bounded-linear bounded-antilinear-to-conjugate-space
closure-bounded-linear-image-subset cspan-to-conjugate-space imagel subsetD)
ultimately have <?A ?t = ?B ?t)
by (rule bounded-clinear-eq-on-closure)
then show <At = B t»
by (simp add: to-conjugate-space-inverse)
qged

7.8 Product is a Complex Vector Space

instantiation prod :: (complez-vector, complez-vector) complex-vector
begin

definition scaleC-prod-def:
scaleC r A = (scaleC r (fst A), scaleC r (snd A))

lemma fst-scaleC [simp]: fst (scaleC r A) = scaleC r (fst A)
unfolding scaleC-prod-def by simp

lemma snd-scaleC [simp]: snd (scaleC r A) = scaleC r (snd A)
unfolding scaleC-prod-def by simp

proposition scaleC-Pair [simp]: scaleC r (a, b) = (scaleC r a, scaleC r b)
unfolding scaleC-prod-def by simp

instance
proof
fix a b:: complex and zy :: 'a X 'b
show scaleC a (z 4+ y) = scaleC a z + scaleC a y
by (simp add: scaleC-add-right scaleC-prod-def)
show scaleC (a + b) x = scaleC a © + scaleC b x
by (simp add: Complez-Vector-Spaces.scaleC-prod-def scaleC-left.add)
show scaleC a (scaleC b z) = scaleC (a * b)
by (simp add: prod-egq-iff)
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show scaleC' 1 x =z
by (simp add: prod-egq-iff)
show «(scaleR :: - = - = 'ax'b) r = (x¢) (complez-of-real r)» for r
by (auto introl: ext simp: scaleR-scaleC scaleC-prod-def scaleR-prod-def)
qed

end

lemma module-prod-scale-eq-scaleC: module-prod.scale (x¢) (x¢) = scaleC
apply (rule ext) apply (rule ext)
apply (subst module-prod.scale-def)
subgoal by unfold-locales
by (simp add: scaleC-prod-def)

interpretation complez-vector?: vector-space-prod scaleC'::-=-="a::complez-vector
scaleC::-=-="b::complex-vector
rewrites scale = ((x¢)::-=-=("a X b))
and module.dependent (x¢) = cdependent
and module.representation (xc) = crepresentation
and module.subspace (xc) = csubspace
and module.span (xc) = cspan
and vector-space.extend-basis (x¢) = cextend-basis
and wvector-space.dim (x¢) = cdim
and Vector-Spaces.linear (x¢) (x¢) = clinear
subgoal by unfold-locales
subgoal by (fact module-prod-scale-eg-scaleC)
unfolding cdependent-raw-def crepresentation-raw-def csubspace-raw-def cspan-raw-def
cextend-basis-raw-def cdim-raw-def clinear-def
by (rule refl)+

instance prod :: (complez-normed-vector, complex-normed-vector) complex-normed-vector

proof
fix ¢ :: complex and z y :: 'a X 'b
show norm (¢ *¢ x) = cmod ¢ * norm z
unfolding norm-prod-def
apply (simp add: power-mult-distrib)
apply (simp add: distrib-left [symmetric])
by (simp add: real-sqrt-mult)
qed

lemma cspan-Times: <cspan (S x T) = cspan S X cspan T» if <0 € S» and <0
e
proof
have «fst ‘ cspan (S x T) C cspan S»
apply (subst complez-vector.linear-span-image|symmetric])
using that complex-vector.module-hom-fst by auto
moreover have «snd ‘ cspan (S x T) C cspan T»

144



apply (subst complez-vector.linear-span-image|symmetric])
using that complex-vector.module-hom-snd by auto

ultimately show <cspan (S x T) C cspan S X cspan T
by auto

show <cspan S x cspan T C cspan (S x T)»
proof
fix z assume assm: <x € cspan S x cspan T
then have <fst z € cspan S»
by auto
then obtain ¢! r1 where fst-z: «fst z = (>_ a€tl. vl a *¢ a)> and [simp]:
<finite t1> and <t1 C S
by (auto simp add: complex-vector.span-explicit)
from assm
have <snd x € cspan T
by auto
then obtain t2 r2 where snd-z: <snd x = (3 act2. r2 a ¢ a)) and [simp]:
finite t2> and «t2 C T)
by (auto simp add: complex-vector.span-explicit)
define ¢ :: <("a+'b) setr and r :: <(‘a+'b) = complexy and f :: «('a+'d) =
("ax'b)»
where ¢t = t1 <4+> t2»
and «r a = (case a of Inl al = r1 al | Inr a2 = 12 a2)
and «f a = (case a of Inl al = (al1,0) | Inr a2 = (0,a2))
for a
have «finite t»
by (simp add: t-def)
moreover have «f ‘¢t C § x T»
using <t1 C Sy <t2 C T» that
by (auto simp: f-def t-def)
moreover have «(fst z, snd ) = (> a€t. r a *¢ fa)
apply (simp only: fst-x snd-x)
by (auto simp: t-def sum.Plus r-def f-def sum-prod)
ultimately show <z € cspan (S x T)»
apply auto
by (smt (verit, best) complez-vector.span-scale complez-vector.span-sum com-
plez-vector.span-superset image-subset-iff subset-iff)
qed
qed

lemma onorm-case-prod-plus: <onorm (case-prod plus :: - = 'a::{real-normed-vector,
not-singleton}) = sqrt 2>
proof —
obtain z :: ‘a where <z # 0»
apply atomize-elim by auto
show ?thesis
apply (rule onormI[where z=«(z,x)])
using norm-plus-leq-norm-prod apply force
using <z # O
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by (auto simp add: zero-prod-def norm-prod-def real-sqrt-mult
sitmp flip: scaleR-2)
qed

7.9 Copying existing theorems into sublocales

context bounded-clinear begin

interpretation bounded-linear f by (rule bounded-linear)
lemmas continuous = real.continuous

lemmas uniform-limit = real.uniform-limit

lemmas Cauchy = real. Cauchy

end

context bounded-antilinear begin

interpretation bounded-linear f by (rule bounded-linear)
lemmas continuous = real.continuous

lemmas uniform-limit = real.uniform-limit

end

context bounded-cbilinear begin
interpretation bounded-bilinear prod by simp
lemmas tendsto = real.tendsto

lemmas isCont = real.isCont

lemmas scaleR-right = real.scaleR-right
lemmas scaleR-left = real.scaleR-left

end

context bounded-sesquilinear begin
interpretation bounded-bilinear prod by simp
lemmas tendsto = real.tendsto

lemmas isCont = real.isCont

lemmas scaleR-right = real.scaleR-right
lemmas scaleR-left = real.scaleR-left

end

lemmas tendsto-scaleC' [tendsto-intros] =
bounded-cbilinear.tendsto [OF bounded-cbilinear-scaleC]

unbundle no lattice-syntax

end

8 Complez-Inner-Product) — Inner Product Spaces
and Gradient Derivative

theory Complex-Inner-Product0
imports
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Complex-Main Complex-Vector-Spaces

HOL— Analysis.Inner-Product

Complez-Bounded-Operators. Extra-Ordered-Fields
begin

8.1 Complex inner product spaces

Temporarily relax type constraints for open, uniformity, dist, and norm.

setup <«Sign.add-const-constraint
(const-name <openy, SOME typ <'a::open set = boolr)»

setup «Sign.add-const-constraint
(const-name «disty, SOME typ 'a::dist = 'a = real))»

setup «Sign.add-const-constraint
(const-name <uniformityy, SOME typ <('a::uniformity x 'a) filter)))

setup <Sign.add-const-constraint
(const-name <normy, SOME typ <'a::norm = real))»

class complex-inner = complez-vector + sgn-div-norm 4+ dist-norm + unifor-
mity-dist + open-uniformity +
fixes cinner :: 'a = 'a = complex
assumes cinner-commute: cinner © y = cnj (cinner y x)
and cinner-add-left: cinner (z + y) z = cinner x z + cinner y z
and cinner-scaleC-left [simp]: cinner (scaleC r x) y = (cnj r) * (cinner x y)
and cinner-ge-zero [simp]: 0 < cinner ¢
and cinner-eq-zero-iff [simp|: cinner zx = 0 +— z = 0
and norm-eg-sqrt-cinner: norm x = sqrt (¢cmod (cinner z x))
begin

lemma cinner-zero-left [simp|: cinner 0 x = 0
using cinner-add-left [of 0 0 x] by simp

lemma cinner-minus-left [simpl: cinner (— x) y = — cinner z y
using cinner-add-left [of x — z y]

by (simp add: group-add-class.add-eq-0-iff)

lemma cinner-diff-left: cinner (x — y) z = cinner x z — cinner y z
using cinner-add-left [of x — y 2] by simp

lemma cinner-sum-left: cinner (3 z€A. fz) y = (O z€A. cinner (fz) y)
by (cases finite A, induct set: finite, simp-all add: cinner-add-left)

lemma call-zero-iff [simp]: (Vu. cinner z u = 0) +— (x = 0)
by auto (use cinner-eq-zero-iff in blast)

Transfer distributivity rules to right argument.

lemma cinner-add-right: cinner x (y + z) = cinner x y + cinner = z
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using cinner-add-left [of y z x]
by (metis complez-cnj-add local.cinner-commute)

lemma cinner-scaleC-right [simpl: cinner z (scaleC ry) = r * (cinner z y)
using cinner-scaleC-left [of Ty ]
by (metis complez-cnj-cnj complex-cnj-mult local.cinner-commute)

lemma cinner-zero-right [simp: cinner © 0 = 0
using cinner-zero-left [of z]
by (metis (mono-tags, opaque-lifting) complex-cnj-zero local.cinner-commute)

lemma cinner-minus-right [simp]: cinner z (— y) = — cinner ¢ y
using cinner-minus-left [of y ]
by (metis complez-cnj-minus local.cinner-commute)

lemma cinner-diff-right: cinner x (y — 2) = cinner x y — cinner = z
using cinner-diff-left [of y z x]
by (metis complex-cnj-diff local.cinner-commute)

lemma cinner-sum-right: cinner © (3. yeA. fy) = (O yeA. cinner z (fy))
proof (subst cinner-commute)

have (> ycA. cinner (fy) z) = O_yeA. cinner (fy) x)
by blast

hence cnj (3 yeA. cinner (fy) z) = cnj (O yeA. (cinner (fy) z))
by simp
hence cnj (cinner (sum f A) x) = (3 y€A. enj (cinner (fy) x))
by (simp add: cinner-sum-left)
thus cnj (cinner (sum f A) z) = (3 yeA. (cinner z (f y)))
by (subst (2) cinner-commute)
qed

lemmas cinner-add [algebra-simps| = cinner-add-left cinner-add-right
lemmas cinner-diff [algebra-simps] = cinner-diff-left cinner-diff-right
lemmas cinner-scaleC = cinner-scaleC-left cinner-scale C-right

lemma cinner-gt-zero-iff [simp]: 0 < cinner ¢ x «— z # 0
by (smt (verit) less-irrefl local. cinner-eq-zero-iff local. cinner-ge-zero order.not-eq-order-implies-strict)

lemma power2-norm-eq-cinner:

shows (complez-of-real (norm z))* = (cinner z x)

by (smt (verit, del-insts) Im-complex-of-real Re-complex-of-real cinner-gt-zero-iff
cinner-zero-right cmod-def complex-eq-0 complex-eq-iff less-complez-def local.norm-eq-sqrt-cinner
of-real-power real-sqrt-abs real-sqrt-pow2-iff zero-complex.sel(1))

2

lemma power2-norm-eq-cinner’:
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shows (norm z)? = Re (cinner x )
by (metis Re-complex-of-real of-real-power power2-norm-eq-cinner)

Identities involving real multiplication and division.

lemma cinner-mult-left: cinner (of-complex m * a) b = cnj m * (cinner a b)
by (simp add: of-complez-def)

lemma cinner-mult-right: cinner a (of-complex m x b) = m % (cinner a b)
by (metis complez-inner-class.cinner-scale C-right scale C-conv-of-complex)

lemma cinner-mult-left”: cinner (a x of-complex m) b = c¢nj m * (cinner a b)
by (metis cinner-mult-left mult.right-neutral mult-scale C-right scaleC-conv-of-compler)

lemma cinner-mult-right’: cinner a (b x of-complex m) = (cinner a b) * m
by (simp add: complez-inner-class.cinner-scale C-right of-complezx-def)

lemma Cauchy-Schwarz-ineq:
(cinner z y) * (cinner y ) < cinner & x cinner y y
proof (cases)
assume y = (
thus %thesis by simp
next
assume y: y # 0
have [simp]: cnj (cinner y y) = cinner y y for y
by (metis cinner-commute)
define r where r = cnj (cinner x y) / cinner y y
have 0 < cinner (z — scaleC r y) (z — scaleC r y)
by (rule cinner-ge-zero)
also have ... = cinnerxx — r x cinner xy — cnj r * cinner y x + r * cnj r *
cinner y y
unfolding cinner-diff-left cinner-diff-right cinner-scaleC-left cinner-scale C-right
by (smt (23) cancel-comm-monoid-add-class.diff-cancel cancel-comm-monoid-add-class.diff-zero
complex-cnj-divide group-add-class. diff-add-cancel local. cinner-commute local. cinner-eq-zero-iff
local.cinner-scaleC-left mult.assoc mult.commute mult-eq-0-iff nonzero-eq-divide-eq

r-def y)
also have ... = cinner x x — cinner y x * cnj r
unfolding r-def by auto
also have ... = cinner x x — cinner z y x cnj (cinner z y) / cinner y y

unfolding r-def
by (metis complez-cnj-divide local. cinner-commaute mult.commute times-divide-eg-left)
finally have 0 < cinner x x — cinner z y * cnj (cinner x y) / cinner y y .
hence cinner x y * cnj (cinner z y) / cinner y y < cinner z «
by (simp add: le-diff-eq)
thus cinner ¢ y * cinner y x < cinner = * cinner y y
by (metis cinner-gt-zero-iff local. cinner-commute nice-ordered-field-class.pos-divide-le-eq

Y)
qed
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lemma Cauchy-Schwarz-ineq2:
shows norm (cinner z y) < norm x * norm y
proof (rule power2-le-imp-le)
have (norm (cinner z y)) "2 = Re (cinner x y * cinner y x)
by (metis (full-types) Re-complex-of-real complez-norm-square local.cinner-commute)

also have ... < Re (cinner z & * cinner y y)
using Cauchy-Schwarz-ineq by (rule Re-mono)
also have ... = Re (complez-of-real ((norm x)”2) * complex-of-real ((norm
y)2))
by (simp add: power2-norm-eq-cinner)
also have ... = (norm z * norm y)?

by (simp add: power-mult-distrib)
finally show (cmod (cinner z y)) "2 < (norm z * norm y)* .
show 0 < norm x % norm y
by (simp add: local.norm-eq-sqrt-cinner)
qed

subclass complex-normed-vector
proof
fix a :: compler and r :: real and z y :: 'a
show normz =0 «— =0
unfolding norm-eq-sqrt-cinner by simp
show norm (z + y) < norm x 4+ norm y
proof (rule power2-le-imp-le)
have Re (cinner z y) < cmod (cinner  y)
if Az. Re z < c¢cmod z and
Az y. x < y = complez-of-real © < complex-of-real y
using that by simp
hence al: 2 x Re (cinner z y) < 2 x cmod (cinner z y)
if Az. Re z < c¢mod z and
Az y. x < y = complez-of-real © < complex-of-real y
using that by simp
have cinner  y + cinner y © = complez-of-real (2 * Re (cinner  y))
by (metis complex-add-cnj local.cinner-commute)

also have ... < complez-of-real (2 * cmod (cinner z y))
using complez-Re-le-cmod complezx-of-real-mono al
by blast
also have ... = 2 x abs (cinner z y)
unfolding abs-complez-def by simp
also have ... < 2 x complezx-of-real (norm z) * complez-of-real (norm y)
using Cauchy-Schwarz-ineq?2 unfolding abs-complez-def less-eq-complex-def
by auto

finally have zyyz: cinner z y + cinner y © < complex-of-real (2 x norm x *
norm y)
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by auto
have complez-of-real ((norm (z + y))?) = cinner (z+y) (z+y)
by (simp add: power2-norm-eq-cinner)

also have ... = cinner x x + cinner x y + cinner y x + cinner y y
by (simp add: cinner-add)
also have ... = complez-of-real ((norm x)?) + complez-of-real ((norm y)?) +

cinner x Yy + cinner y
by (simp add: power2-norm-eg-cinner)
also have ... < complex-of-real ((norm x)%) + complez-of-real ((norm y)?) +
complez-of-real (2 x morm z % norm y)
using zyyxr by auto
also have ... = complez-of-real ((norm z + norm y)?)
unfolding power2-sum by auto
finally show (norm (z + y))? < (norm z + norm y)?
using complez-of-real-mono-iff by blast
show 0 < norm x + norm y
unfolding norm-eq-sqrt-cinner by simp
qed
show norm-scaleC: norm (a *xc =) = cmod a * norm z for a
proof (rule power2-eq-imp-eq)
show (norm (a *¢ 7))? = (cmod a * norm z)
by (simp-all add: norm-eq-sqrt-cinner norm-mult power2-eg-square)
show 0 < norm (a *¢ 1)
by (simp-all add: norm-eq-sqrt-cinner)
show 0 < cmod a * norm z
by (simp-all add: norm-eq-sqrt-cinner)

2

qed
show norm (r xg z) = |r| * norm x
unfolding scaleR-scaleC norm-scaleC by auto
qed
end

lemma csquare-continuous:

fixes e :: real

shows e > 0 = 3d. 0 < d AN (Vy. ecmod (y — ) < d — cmod (y x y — = *
z) < e)

using isCont-power|OF continuous-ident, of z, unfolded isCont-def LIM-eq, rule-format,
of e 2]

by (force simp add: power2-eq-square)

lemma cnorm-le: norm r < norm y <— cinner x x < cinner y y
by (smt (verit) complez-of-real-mono-iff norm-eq-sqrt-cinner norm-ge-zero of-real-power

power2-norm-eq-cinner real-sqrt-le-mono real-sqrt-pow?2)

lemma cnorm-lt: norm x < norm y <— cinner x T < cinner y y
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by (meson cnorm-le less-le-not-le)

lemma cnorm-eq: norm x = norm y <— cinner r x = cinner y y
by (metis norm-eq-sqrt-cinner power2-norm-eq-cinner)

lemma cnorm-eq-1: norm x = 1 <— cinner z z = 1
by (metis cinner-ge-zero cmod-Re norm-eq-sqrt-cinner norm-one of-real-1 of-real-power
power2-norm-eq-cinner power2-norm-eq-cinner’ real-sqrt-eq-iff real-sqrt-one)

lemma cinner-divide-left:
fixes a :: ‘a :: {complez-inner,complex-div-algebra}
shows cinner (a / of-complex m) b = (cinner a b) / cnjm
by (metis cinner-mult-left’ complez-cnj-inverse divide-inverse mult.commute of-complez-inverse)

lemma cinner-divide-right:
fixes a :: ‘a :: {complez-inner,complex-div-algebra}
shows cinner a (b / of-complex m) = (cinner a b) / m
by (metis cinner-mult-right’ divide-inverse of-complez-inverse)

Re-enable constraints for open, uniformity, dist, and norm.

setup «Sign.add-const-constraint
(const-name <openy, SOME typ <'a::topological-space set = bool))

setup «Sign.add-const-constraint
(const-name <uniformityy, SOME typ «('a::uniform-space x 'a) filter))»

setup <Sign.add-const-constraint
(const-name «disty, SOME typ <'a::metric-space = 'a = real))»

setup «Sign.add-const-constraint
(const-name <normy, SOME typ <'a::real-normed-vector = realy))

lemma bounded-sesquilinear-cinner:
bounded-sesquilinear (cinner::’'a::complex-inner = 'a = complex)
proof
fix zyz:: ‘aand r :: complex
show cinner (z + y) z = cinner ¢ z + cinner y z
by (rule cinner-add-left)
show cinner © (y + z) = cinner ¢ y + cinner z z
by (rule cinner-add-right)
show cinner (scaleC r x) y = scaleC (cnj r) (cinner x y)
unfolding complez-scaleC-def by (rule cinner-scaleC-left)
show cinner z (scaleC r y) = scaleC r (cinner z y)
unfolding complez-scaleC-def by (rule cinner-scale C-right)
have Vz y::’a. norm (cinner x y) < norm z * norm y * 1
by (simp add: complez-inner-class. Cauchy-Schwarz-ineq2)
thus 3 K. Vz y::’a. norm (cinner z y) < norm x x norm y x K
by metis
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qed

lemmas tendsto-cinner [tendsto-intros] =
bounded-bilinear.tendsto |OF bounded-sesquilinear-cinner| THEN bounded-sesquilinear.bounded-bilinear]]

lemmas isCont-cinner [simp] =
bounded-bilinear.isCont [OF bounded-sesquilinear-cinner| THEN bounded-sesquilinear.bounded-bilinear)

lemmas has-derivative-cinner [derivative-intros| =
bounded-bilinear. FDERIV [OF bounded-sesquilinear-cinner| THEN bounded-sesquilinear.bounded-bilinear]]

lemmas bounded-antilinear-cinner-left =
bounded-sesquilinear.bounded-antilinear-left [OF bounded-sesquilinear-cinner]

lemmas bounded-clinear-cinner-right =
bounded-sesquilinear.bounded-clinear-right [OF bounded-sesquilinear-cinner)

lemmas bounded-antilinear-cinner-left-comp = bounded-antilinear-cinner-leftf THEN
bounded-antilinear-o-bounded-clinear)

lemmas bounded-clinear-cinner-right-comp = bounded-clinear-cinner-right| THEN
bounded-clinear-compose)

lemmas has-derivative-cinner-right [derivative-intros| =
bounded-linear.has-derivative [OF bounded-clinear-cinner-right] THEN bounded-clinear.bounded-linear|]

lemmas has-derivative-cinner-left [derivative-intros] =
bounded-linear.has-derivative [ OF bounded-antilinear-cinner-leftf THEN bounded-antilinear.bounded-linear]]

lemma differentiable-cinner [simp:

f differentiable (at x within s) = g differentiable at x within s = (Az. cinner
(fz) (g z)) differentiable at z within s

unfolding differentiable-def by (blast intro: has-derivative-cinner)

8.2 Class instances

instantiation complex :: complex-inner
begin

definition cinner-complex-def [simp]: cinner z y = cnj x x y

instance
proof
fix zy zr: complex
show cinner © y = cnj (cinner y x)
unfolding cinner-complex-def by auto
show cinner (z + y) z = cinner z z + cinner y z
unfolding cinner-complex-def
by (simp add: ring-class.ring-distribs(2))
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show cinner (scaleC rx) y = cnj r * cinner z y
unfolding cinner-complez-def complex-scaleC-def by simp
show 0 < cinner z x
by simp
show cinnerzxz = 0 +— z =0
unfolding cinner-complex-def by simp
have c¢mod (Complex x1 x2) = sqrt (cmod (cinner (Complex x1 z2) (Complex
zl 22)))
for x1 x2
unfolding cinner-complex-def complex-cnj complex-mult complex-norm
by (simp add: power2-eq-square)
thus norm x = sqrt (cmod (cinner = x))
by (cases x, hypsubst-thin)
qed

end

lemma
shows complez-inner-1-left[simp]: cinner 1 x = z
and complez-inner-1-right[simp|: cinner z 1 = cnj x
by simp-all

lemma cdot-square-norm: cinner x x = complez-of-real ((norm z)?)
by (metis Im-complez-of-real Re-complex-of-real cinner-ge-zero complex-eq-iff less-eq-complex-def
power2-norm-eq-cinner’ zero-complex.simps(2))

lemma cnorm-eg-square: norm x = a +— 0 < a A cinner x x = complex-of-real
(a?)

by (metis cdot-square-norm norm-ge-zero of-real-eq-iff power2-eq-iff-nonneg)

lemma cnorm-le-square: norm x < a <+— 0 < a A cinner x x < complez-of-real
2
(a®)

by (smt (verit) cdot-square-norm complez-of-real-mono-iff norm-ge-zero power2-le-imp-le)

lemma cnorm-ge-square: norm x > a +— a < 0 V cinner x x > complez-of-real
(a®)

by (smt (verit, best) antisym-conv cnorm-eg-square cnorm-le-square complex-of-real-nn-iff
nn-comparable zero-le-power2)

lemma norm-lt-square: norm x < a +— 0 < a A cinner ¢ x < complez-of-real
2
(a®)

by (meson cnorm-ge-square cnorm-le-square less-le-not-le)

lemma norm-gt-square: norm x > a +— a < 0 V cinner x x > complex-of-real
(a®)

by (smt (verit, ccfo-SIG) cdot-square-norm complez-of-real-strict-mono-iff norm-ge-zero
power2-eg-imp-eq power-mono)
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Dot product in terms of the norm rather than conversely.

lemmas cinner-simps = cinner-add-left cinner-add-right cinner-diff-right cinner-diff-left
cinner-scale C-left cinner-scale C-right

lemma cdot-norm: cinner © y = ((norm (z
(x +ixc y)? +ix (norm (z —ixc y))?)
unfolding power2-norm-eq-cinner
by (simp add: power2-norm-eg-cinner cinner-add-left cinner-add-right
cinner-diff-left cinner-diff-right ring-distribs)

+9))? — (norm (z—y))? — i * (norm
/

lemma of-complez-inner-1 [simp):
cinner (of-complex z) (1 :: 'a :: {complez-inner, complex-normed-algebra-1}) =
cnj x
by (metis Complex-Inner-Product0.complex-inner-1-right cinner-complex-def cin-
ner-mult-left complex-cnj-one norm-one of-complex-def power2-norm-eg-cinner scale C-conv-of-complex)

lemma summable-of-complex-iff:
summable (Az. of-complex (fz) :: 'a :: {complez-normed-algebra-1,complex-inner})
+— summable f
proof
assume *: summable (Az. of-complex (f x) :: 'a)
have bounded-clinear (cinner (1::'a))
by (rule bounded-clinear-cinner-right)
then interpret bounded-linear \z::'a. cinner 1 x
by (rule bounded-clinear.bounded-linear)
from summable [OF x| show summable f
apply (subst (asm) cinner-commute) by simp
next
assume sum: summable f
thus summable (A\x. of-complex (f z) :: 'a)
by (rule summable-of-complex)
qed

8.3 Gradient derivative

definition
cgderiv :: ['a::complex-inner = complex, 'a, 'a] = bool
(«(¢cGDERIV (-)/ ()/ > (-)» [1000, 1000, 60] 60)
where

c¢GDERIV fx :> D <— FDERIV fx :> cinner D

lemma cgderiv-deriv [simp|: cGDERIV fx :> D <— DERIV fx :> ¢nj D
by (simp only: cgderiv-def has-field-derivative-def cinner-complez-def [ THEN ext))

lemma ¢cGDERIV-DERIV-compose:

assumes cGDERIV fx :> df and DERIV g (f z) :> cnj dg
shows ¢cGDERIV (Az. g (fz)) z :> scaleC dg df
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proof (insert assms)
show ¢cGDERIV (A\z. g (fz)) = :> dg *¢ df
if cGDERIV fx :> df
and (g has-field-derivative cnj dg) (at (f z))
unfolding cgderiv-def has-field-derivative-def cinner-scale C-left complex-cnj-cnj
using that
by (simp add: cgderiv-def has-derivative-compose has-field-derivative-imp-has-derivative)

qed

lemma ¢cGDERIV-subst: [cGDERIV fz :> df; df = d] = ¢GDERIV fz :> d
by simp

lemma ¢GDERIV-const: cGDERIV (Az. k) z :> 0
unfolding cgderiv-def cinner-zero-left{ THEN ext] by (rule has-derivative-const)

lemma ¢cGDERIV-add:
[¢GDERIV fz :> df; cGDERIV g x :> dg]
=> ¢GDERIV (Az. fz + gzx) z:> df + dg
unfolding cgderiv-def cinner-add-left| THEN ext] by (rule has-derivative-add)

lemma c¢cGDERIV-minus:
¢GDERIV fz :> df = ¢GDERIV (Az. — fz) x :> — df
unfolding cgderiv-def cinner-minus-left THEN ext] by (rule has-derivative-minus)

lemma c¢cGDERIV-diff:
[¢GDERIV fz :> df; cGDERIV g x :> dg]
= ¢cGDERIV (\z. fz — gx) x> df — dg
unfolding cgderiv-def cinner-diff-left by (rule has-derivative-diff)

lemma c¢cGDERIV-scaleC"
[DERIV fx :> df; ¢cGDERIV g z :> dg]
= ¢GDERIV (\z. scaleC (fz) (g z)) z
:> (scaleC (enj (f z)) dg + scaleC (cenj df) (enj (g z)))
unfolding cgderiv-def has-field-derivative-def cinner-add-left cinner-scaleC-left
apply (rule has-derivative-subst)
apply (erule (1) has-derivative-scaleC)
by (simp add: ac-simps)

lemma GDERIV-mult:
[¢GDERIV fz :> df; cGDERIV g x :> dg]
= ¢GDERIV (Az. fz x gz) x> cnj (fz) *¢ dg + cnj (g x) ¢ df
unfolding cgderiv-def
apply (rule has-derivative-subst)
apply (erule (1) has-derivative-mult)
apply (rule ext)
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by (simp add: cinner-add ac-simps)

lemma c¢cGDERIV-inverse:
[¢eGDERIV fz :> df; fz # 0]
= ¢GDERIV (\z. inverse (f z)) x :> — cnj ((inverse (f x))?) ¢ df
by (metis DERIV-inverse cGDERIV-DERIV-compose complex-cnj-cnj complex-cnj-minus
numerals(2))

lemma has-derivative-norm|derivative-intros|:
fixes z :: ‘a::complex-inner
assumes t # 0
shows (norm has-derivative (Ah. Re (cinner (sgn z) h))) (at x)
thm has-derivative-norm
proof —
have Re-pos: 0 < Re (cinner z x)
using assms
by (metis Re-strict-mono cinner-gt-zero-iff zero-complex.simps(1))
have Re-plus-Re: Re (cinner x y) + Re (cinner y x) = 2 % Re (cinner x y)
for zy :: 'a
by (metis cinner-commute cnj.simps(1) mult-2-right semiring-normalization-rules(7))
have norm: norm x = sqrt (Re (cinner z z)) for z :: 'a
apply (subst norm-eq-sqrt-cinner, subst cmod-Re)
using cinner-ge-zero by auto
have v2:((Az. sqrt (Re (cinner x x))) has-derivative
(Aza. (Re (cinner x za) + Re (cinner za z)) * (inverse (sqrt (Re (cinner
2 2)) / 2))) (ot 2)
by (rule derivative-eg-intros | simp add: Re-pos)+
have v1: ((Az. sqrt (Re (cinner x x))) has-derivative (Ay. Re (cinner x y) / sqrt
(Re (cinner z x)))) (at x)
if ((Az. sqrt (Re (cinner x x))) has-derivative (Azxa. Re (cinner x xza) * inverse
(sqrt (Re (cinner z x))))) (at x)
using that apply (subst divide-real-def)
by simp
have «(norm has-derivative (Ay. Re (cinner z y) / norm z)) (at x)»
using v2
apply (auto simp: Re-plus-Re norm [abs-def])
using v1 by blast
then show %thesis
by (auto simp: power2-eq-square sgn-div-norm scaleR-scaleC')
qed

bundle cinner-syntax
begin
notation cinner (infix > 70)
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end

end

9 Complez-Inner-Product — Complex Inner Product
Spaces

theory Complex-Inner-Product
imports
Complez-Inner-Product0
begin

9.1 Complex inner product spaces

unbundle cinner-syntax

lemma cinner-real: cinner x + € R
by (simp add: cdot-square-norm,)

lemmas cinner-commute’ [simp] = cinner-commute[symmetric]

lemma (in complez-inner) cinner-eq-flip: «(cinner x y = cinner z w) <— (cinner
y T = cinner w z)»
by (metis cinner-commute)

lemma Im-cinner-z-z[simp|: Im (z -c ) = 0
using comp-Im-same[OF cinner-ge-zero| by simp

lemma of-complez-inner-1' [simp]:

cinner (1 :: 'a :: {complex-inner, complez-normed-algebra-1}) (of-complex z) =
T

by (metis cinner-commute complez-cnj-cnj of-complez-inner-1)

class chilbert-space = complex-inner + complete-space
begin

subclass cbanach by standard

end

instantiation complex :: chilbert-space begin

instance ..
end

9.2 Misc facts

lemma cinner-scaleR-left [simp]: cinner (scaleR r x) y = of-real v * (cinner z y)
by (simp add: scaleR-scaleC')
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lemma cinner-scaleR-right [simp]: cinner x (scaleR ry) = of-real v * (cinner  y)

by (simp add: scaleR-scaleC')

This is a useful rule for establishing the equality of vectors

lemma cinner-extensionality:
assumes (A\y. v «c ¥ =7 -c @
shows ¢ = @»
by (metis assms cinner-eq-zero-iff cinner-simps(8) right-minus-eq)

lemma polar-identity:
includes norm-syntax
shows ||z + y||72 = [|lz[| "2 + [lyl 72 + 2 * Re (z -c y)
— Shown in the proof of Corollary 1.5 in [1]
proof —
have «(z :c y) + (y-c z) = (z :c y) + cnj (z ¢ y»
by simp
hence «(z :c y) + (y:c ) =2 x Re (x -c y) >
using complex-add-cnj by presburger
have ||z + y|| 72 = (z+vy) ¢ (z+y)
by (simp add: cdot-square-norm)
hence |z + 31| 2 = (z - ©) + (2 ¢ ¥) + (¥ 2) + (¥ - ¥)
by (simp add: cinner-add-left cinner-add-right)
thus ?thesis using «(z ¢ y) + (y ¢ ) = 2 * Re (x -¢ y)»
by (smt (verit, ccfo-SIG) Re-complex-of-real plus-complex.simps(1) power2-norm-eq-cinner’)
qed

lemma polar-identity-minus:
includes norm-syntax
shows |z — y||72 = [[z]| "2 + [ly[ "2 — 2 % Re (z -c y)
proof—
have ||z + (—y)|| 72 = ||z|| 2 + [|—y|| 2 + 2 * Re (z ¢ —y)»
using polar-identity by blast
hence |z — y[|72 = [[z]| "2 + [y "2 — 2xRe (z -c y)
by simp
thus ?thesis
by blast
qed

proposition parallelogram-law:
includes norm-syntax
fixes = y :: 'a::complex-inner
shows (a-+yl| "2 + la—yl "2 = 2+( a2 + 9l "2 )»
— Shown in the proof of Theorem 2.3 in [1]
by (simp add: polar-identity-minus polar-identity)

theorem pythagorean-theorem:
includes norm-syntax
shows «(z-cy) =0 = [lz+yl2=[z2+yl2
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— Shown in the proof of Theorem 2.2 in [1]
by (simp add: polar-identity)

lemma pythagorean-theorem-sum:
assumes ¢/: Naad. aet=d' €t=a#a = fa-cfa'=0
and ¢2: finite t
shows (norm ()" a€t. fa)) "2 = (O act.(norm (f a)) "2)
proof (insert q1, use ¢2 in induction)
case empty
show ?Zcase
by auto
next
case (insert z F)
have ri: fz ¢ fa= 0
ifaeF
for a
using that insert.hyps(2) insert.prems by auto
have sum f F = (Y, a€F. fa)

by simp
hence s{: fz :c sum fF = fz ¢ (3. a€F. fa)
by simp
also have s3: ... = > a€F. fz ¢ fa)
using cinner-sum-right by auto
also have s2: ... = (" a€F. 0)
using 1
by simp
also have s1: ... =0
by simp

finally have zF-ortho: fz ¢ sum fF = 0
using s2 s3 by auto

have (norm (sum f (insert x F)))? = (norm (f x + sum f F))?
by (simp add: insert.hyps(1) insert.hyps(2))

also have ... = (norm (f 1))? + (norm (sum f F))?
using zF-ortho by (rule pythagorean-theorem)

also have ... = (norm (fz))? + (3 a€F.(norm (f a)) "2)
apply (subst insert.IH) using insert.prems by auto

also have ... = (> acinsert z F.(norm (f a)) "2)
by (simp add: insert.hyps(1) insert.hyps(2))

finally show ?case
by simp

qed

lemma Cauchy-cinner-Cauchy:
fixes = y :: <nat = 'a::complex-inner;
assumes al: <Cauchy x> and a2: <Cauchy y»
shows ¢Cauchy (A n. zn -c y n)

proof—
have <bounded (range x)»
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using al
by (simp add: Elementary-Metric-Spaces.cauchy-imp-bounded)
hence b1: <3 M. Vn. norm (z n) < M>
by (meson bounded-pos-less rangel)
have <bounded (range y)»
using a2
by (simp add: Elementary-Metric-Spaces.cauchy-imp-bounded)
hence b2: <3 M.V n. norm (y n) < M>»
by (meson bounded-pos-less rangel)
have <3 M. Vn. norm (zn) < M A norm (y n) < M>
using b1 b2
by (metis dual-order.strict-trans linorder-negE-linordered-idom)
then obtain M where M1: <An. norm (z n) < M» and M2: <A\n. norm (y n)
< M)
by blast
have M3: <M > 0»
by (smt M2 norm-not-less-zero)
have AN.Vn>N.Vm > N.norm ((Ai.zi-cyi)n— Ai.zi-cyi)m
) < e
if e > 0 for e
proof—
have <e / (2xM) > 0>
using M3
by (simp add: that)
hence «<3N.Vn>N.Vm>N. norm (xn —zm) < e/ (2«M)
using al
by (simp add: Cauchy-iff)
then obtain NI where Ni-def: <A\n m. n>NI = m>N1 = norm (z n —
zm) < e/ (2xM)
by blast
have z1: <IN.V n>N.VY m>N. norm (yn —ym) < e/ (2«M)»
using a2 <e / (2«M) > 0»
by (simp add: Cauchy-iff)
obtain N2 where N2-def: <An m. n>N2 = m>N2 = norm (y n — y m)
< e/ (2+M)
using z1
by blast
define N where N-def: <N = NI + N2»
hence <N > N1»
by auto
have <N > N2,
using N-def
by auto
have <norm (zn.c yn —xzm-c ym) < e
if <n > Ny and <m > N»
for n m
proof —
have <zn-cyn—azm-cym=(xn-cyn—zm-cyn)+(xm-cyn
—zm-c ym)
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by simp
hence y1: <norm (zn-cyn—zm-cym) <norm (xn-cyn—axm- ¢
yn)
+ norm (xm-cyn —xm-c ym)
by (metis norm-triangle-ineq)

have<zn.cyn—zm-cyn=(xn—axm)- cyn
by (simp add: cinner-diff-left)
hence <norm (zn-c yn —zm-¢c yn) =norm ((xn —zm) ¢ yn)
by simp
moreover have (norm ((xn — zm) -¢ yn) < norm (x n — x m) * norm
(y n)
using complex-inner-class. Cauchy-Schwarz-ineq2 by blast
moreover have «norm (y n) < M>
by (simp add: M2)
moreover have (norm (zn — x m) < e/(2xM)»
using <N < m) <N < n» <NI < N» Nil-def by auto
ultimately have <norm ((z n c yn) — (zm ¢ yn)) < (e/(2xM)) =« M>
by (smt linordered-semiring-strict-class.mult-strict-mono norm-ge-zero)
moreover have « (e/(2xM)) « M = e/2»
using <M > 0» by simp
ultimately have <norm ((zn c yn) — (xm -c yn)) < e/2»
by simp
hence y2: <norm (zn «cyn —axm-c yn) < e/2»
by blast
have ccm -cyn—azm-cym=xm-c (yn —ym)
by (simp add: cinner-diff-right)
hence <norm ((x m ¢ yn) — (xm -c ym)) = norm (xm ¢ (yn — y m))
by simp
moreover have <norm (z m ¢ (y n — y m)) < norm (x m) x norm (y n —
Yy m)
by (meson complex-inner-class. Cauchy-Schwarz-ineq2)
moreover have (norm (z m) < M>
by (simp add: M1)
moreover have <norm (yn — y m) < e/(2xM))
using (N < my» <N < n» «<N2 < N» N2-def by auto
ultimately have (norm ((z m ¢ yn) — (x m -c ym)) < M x (e/(2xM))»
by (smt linordered-semiring-strict-class.mult-strict-mono norm-ge-zero)
moreover have <M x (e/(2«M)) = ¢/2>
using <M > 0> by simp
ultimately have <norm ((zm -c yn) — (xm -c ym)) < e/2»
by simp
hence y3: <norm ((xm -c yn) — (xm -c ym)) < e/2»
by blast
show norm ((zncyn) — (zm-cym)) < e
using y1 y2 y3 by simp
qed
thus ?thesis by blast
qed
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thus ?thesis
by (simp add: Cauchyl)
qed

lemma cinner-sup-norm: <norm ¢ = (SUP ¢. cmod (cinner ¢ ¥) |/ norm ¢)»
proof (rule sym, rule cSup-eq-maximum)
have (norm 1 = cmod (cinner 1 ¥) / norm ¢»
by (metis norm-eq-sqrt-cinner norm-ge-zero real-div-sqrt)
then show <«norm ¢ € range (Ap. cmod (cinner ¢ ¥) / norm @)
by blast
next
fix n assume n € range (Ap. cmod (cinner ¢ ) / norm @)
then obtain ¢ where np: «n = cmod (cinner ¢ ) / norm ¢»
by auto
show <n < norm »
unfolding ny
by (simp add: complez-inner-class. Cauchy-Schwarz-ineq2 divide-le-eq ordered-field-class.sign-simps(33))
qed

lemma cinner-sup-onorm:
fixes A :: (‘a::{real-normed-vector,not-singleton} = 'b::complex-inner)
assumes <bounded-linear A»
shows <onorm A = (SUP (¢,p). cmod (cinner ¢ (A ¢)) / (norm ¢ * norm ¢))»
proof (unfold onorm-def, rule cSup-eq-cSup)
show <bdd-above (range (Az. norm (A x) / norm x))»
by (meson assms bdd-abovel2 le-onorm)
next
fix a
assume <a € range (Ap. norm (A @) / norm ¢)»
then obtain ¢ where <« = norm (A ¢) / norm ¢
by auto
then have <a < cmod (cinner (A ¢) (A ¢)) / (norm (A @) x norm )
apply auto
by (smt (verit) divide-divide-eq-left norm-eg-sqrit-cinner norm-imp-pos-and-ge
real-div-sqrt)
then show <3 berange (A(¢, ). cmod (cinner ¥ (A ¢)) / (norm ¥ % norm ¢)).
a < b
by force
next
fix b
assume <b € range (A(¢, ). cmod (cinner 1 (A ¢)) / (norm ¢ * norm ¢))»
then obtain ¢ ¢ where b: <b = cmod (cinner ¥ (A ¢)) / (norm ¥ * norm ¢)»
by auto
then have <b < norm (4 ¢) / norm )
apply auto
by (smt (verit, ccfu-threshold) complez-inner-class. Cauchy-Schwarz-ineq2 divi-
ston-ring-divide-zero linordered-field-class. divide-right-mono mult-cancel-left1 nonzero-mult-divide-mult-cancel-
norm-imp-pos-and-ge ordered-field-class.sign-simps(33) zero-le-divide-iff)
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then show <Jacrange (Az. norm (A z) / norm z). b < w
by auto
qed

lemma sum-cinner:
fixes f :: ‘a = 'b::complex-inner
shows cinner (sum f A) (sum g B) = (3 i€A. > jeB. cinner (fi) (g7))
by (simp add: cinner-sum-right cinner-sum-left) (rule sum.swap)

lemma Cauchy-cinner-product-summable’:
fixes a b :: nat = 'a::complex-inner
shows «(A(z, y). cinner (a z) (b y)) summable-on UNIV <— (A(z, y). cinner
(ay) (b(z—y))) summable-on {(k, 7). i < k}
proof —
have img: «(A(k::nat, 7). (i, k — 7)) ‘{(k, i). i < k} = UNIV»
apply (auto simp: image-def)
by (metis add.commute add-diff-cancel-right’ diff-le-self)
have inj: «inj-on (A(k:nat, @). (i, k — ©)) {(k, 7). i < kb
by (smt (verit, del-insts) Pair-inject case-prodE case-prod-conv eq-diff-iff inj-onl
mem-Collect-eq)

have «(A(z, y). cinner (a z) (b y)) summable-on UNIV <— (A(k, 1). cinner (a
k) (b 1)) summable-on (A(k, ©). (i, k — 7)) “{(k, ©). ¢ <k}
by (simp only: img)
also have «... «— ((A(k, I). cinner (a k) (b 1)) o (MK, ©). (i, kK — 7))
summable-on {(k, 7). i < k}
using inj by (rule summable-on-reindex)
also have «... «— (A(z, y). cinner (a y) (b (z — y))) summable-on {(k, 7). i
<k}
by (simp add: o-def case-prod-unfold)
finally show ?thesis
by —
qed

instantiation prod :: (complez-inner, complez-inner) complex-inner
begin

definition cinner-prod-def:
cinner x y = cinner (fst x) (fst y) + cinner (snd z) (snd y)

instance
proof
fix r :: complex
fix z y 2 2 ‘a::complex-inner x 'b::complex-inner
show cinner z y = cnj (cinner y x)
unfolding cinner-prod-def
by simp
show cinner (z + y) z = cinner © z + cinner y z
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unfolding cinner-prod-def
by (simp add: cinner-add-left)
show cinner (scaleC rz) y = cnj r * cinner z y
unfolding cinner-prod-def
by (simp add: distrib-left)
show 0 < cinner z «
unfolding cinner-prod-def
by (intro add-nonneg-nonneg cinner-ge-zero)
show cinnerzz = 0 «— z =0
unfolding cinner-prod-def prod-eq-iff
by (metis antisym cinner-eq-zero-iff cinner-ge-zero fst-zero le-add-same-cancel?
snd-zero verit-sum-simplify)
show norm x = sqrt (cmod (cinner = x))
unfolding norm-prod-def cinner-prod-def
apply (simp add: norm-prod-def cinner-prod-def)
by (metis (no-types, lifting) Complex-Inner-Product.cinner-prod-def Re-complex-of-real
0 < x +¢  cmod-Re of-real-add of-real-power power2-norm-eq-cinner)
qed

end

lemma sgn-cinner[simpl: <sgn 1 ¢ ¥ = norm ¥
apply (cases < = 0»)
apply (auto simp: sgn-div-norm)
by (metis (no-types, lifting) cdot-square-norm cinner-ge-zero cmod-Re divide-inverse
mult.commute norm-eq-sqrt-cinner norm-ge-zero of-real-inverse of-real-mult power2-norm-eq-cinner
real-div-sqrt)

/

instance prod :: (chilbert-space, chilbert-space) chilbert-space..

9.3 Orthogonality

definition orthogonal-complement S = {z| . Vy€S. cinner z y = 0}

lemma orthogonal-complement-orthol:
<z € orthogonal-complement M — y e M = z ¢ y = O»
unfolding orthogonal-complement-def by auto

lemma orthogonal-complement-orthol ":
<t € M = y € orthogonal-complement M — = ¢ y = 0»
by (metis cinner-commute’ complezx-cnj-zero orthogonal-complement-orthol)

lemma orthogonal-complementl:
(Nz. 2 € M = y ¢ 2 = 0) = y € orthogonal-complement M»
unfolding orthogonal-complement-def
by simp

abbreviation is-orthogonal::<'a::complez-inner = ’'a = bool> where
<is-orthogonal x y = ¢ «c y = O»
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bundle orthogonal-syntax

begin

notation is-orthogonal (infixl <L) 69)
end

lemma is-orthogonal-sym: is-orthogonal ¥ ¢ = is-orthogonal ¢ ¥
by (metis cinner-commute’ complez-cnj-zero)

lemma is-orthogonal-sgn-right[simp]: <is-orthogonal e (sgn f) +— is-orthogonal e
I
proof (cases <f = 0)
case True
then show ?thesis
by simp
next
case Fulse
have <cinner e (sgn f) = cinner e f / norm f»
by (simp add: sgn-div-norm divide-inverse scaleR-scaleC')
moreover have (norm f # 0>
by (simp add: False)
ultimately show %thesis
by force
qed

lemma is-orthogonal-sgn-left[simp]: <is-orthogonal (sgn e) f <— is-orthogonal e
I
by (simp add: is-orthogonal-sym)

lemma orthogonal-complement-closed-subspace[simp):
closed-csubspace (orthogonal-complement A)
for A :: «('a::complex-inner) set
proof (intro closed-csubspace.intro complex-vector.subspacel)
fix z y and ¢
show <0 € orthogonal-complement A»
by (rule orthogonal-complementl, simp)
show <z + y € orthogonal-complement A»
if <z € orthogonal-complement A> and <y € orthogonal-complement A»
using that by (auto intro!: orthogonal-complementl dest!: orthogonal-complement-orthol
sitmp add: cinner-add-left)
show (¢ x¢ x € orthogonal-complement Ay if <x € orthogonal-complement A»
using that by (auto introl: orthogonal-complementl dest!: orthogonal-complement-orthol)

show closed (orthogonal-complement A)

proof (auto simp add: closed-sequential-limits, rename-tac an a)
fix an a
assume ortho: <Y n::nat. an n € orthogonal-complement A»
assume lim: <an — @)
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have <V y € A. V¥ n. is-orthogonal y (an n)»
using orthogonal-complement-orthol’
by (simp add: orthogonal-complement-orthol’ ortho)
moreover have «isCont (A z. y -¢ z) a» for y
using bounded-clinear-cinner-right clinear-continuous-at
by (simp add: clinear-continuous-at bounded-clinear-cinner-right)
ultimately have (A n. (A v. y ¢ v) (ann)) —— (A v. y ¢ v) @ for y
using isCont-tendsto-compose
by (simp add: isCont-tendsto-compose lim)
hence Vv ycA. (A n.y-c ann) —— y-c @
by simp
hence v ycA. (A n. 0) —— yc
using <V y € A. V n. is-orthogonal y (an n)»
by fastforce
hence <V y € A. is-orthogonal y a»
using liml by fastforce
then show <a € orthogonal-complement A»
by (simp add: orthogonal-complementl is-orthogonal-sym)
qed
qed

lemma orthogonal-complement-zero-intersection:
assumes 0eM
shows <M N (orthogonal-complement M) = {0}
proof —
have z=0 if ze M and z<orthogonal-complement M for z
proof —
from that have is-orthogonal x x
unfolding orthogonal-complement-def by auto
thus z=0
by auto
qed
with assms show ?thesis
unfolding orthogonal-complement-def by auto
qed

lemma is-orthogonal-closure-cspan:

assumes Az y. z € X = y € Y = is-orthogonal = y

assumes <z € closure (cspan X)» <y € closure (cspan Y)»

shows is-orthogonal x y
proof —

have x: «cinnerzy = 0» if <y € V) for y

using bounded-antilinear-cinner-left apply (rule bounded-antilinear-eq-on[where
G=x))

using assms that by auto

show <cinner x y = 0»

using bounded-clinear-cinner-right apply (rule bounded-clinear-eg-on-closure[where
G=Y))

using * assms by auto
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qed

instantiation ccsubspace :: (complex-inner) uminus

begin

lift-definition uminus-ccsubspace::<'a ccsubspace = 'a ccsubspaces
is <orthogonal-complement)
by simp

instance ..
end

lemma orthocomplement-top[simp|: <— top = (bot :: 'a::complez-inner ccsubspace)»

— For “a of sort chilbert-space, this is covered by orthocomplemented-lattice-class.compl-top-eq
already. But here we give it a wider sort.

apply transfer

by (metis Int-UNIV-left UNIV-I orthogonal-complement-zero-intersection)

instantiation ccsubspace :: (complez-inner) minus begin

lift-definition minus-ccsubspace :: 'a ccsubspace = 'a ccsubspace = 'a ccsubspace
is AA B. A N (orthogonal-complement B)
by simp

instance..

end

definition is-ortho-set :: ‘a::complex-inner set = bool where
— Orthogonal set
<is-ortho-set S «— (VzeS. VyeS. o2 £y — (z-cy) =0) N0 &S

definition is-onb :: ‘a::complex-inner set = bool where
— Orthonormal basis
<is-onb E <— is-ortho-set E A (VbEE. norm b = 1) A ccspan E = top

lemma is-ortho-set-empty[simp): is-ortho-set {}
unfolding is-ortho-set-def by auto

lemma is-ortho-set-antimono: <A C B = is-ortho-set B = is-ortho-set A»
unfolding is-ortho-set-def by auto

lemma orthogonal-complement-of-closure:
fixes A ::('a::complez-inner) set
shows orthogonal-complement A = orthogonal-complement (closure A)
proof—
have s1: (is-orthogonal y x>
if al: x € (orthogonal-complement A)
and a2: <y € closure A)
for z y
proof—
have <V y € A. is-orthogonal y x>
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by (simp add: al orthogonal-complement-orthol’)
then obtain yy where <V n. yy n € A> and «<yy —— o
using a2 closure-sequential by blast
have «isCont (A t. t -¢ z)
by simp
hence (A n. yyn «c 1) —— y ¢ »
using <yy — y» isCont-tendsto-compose
by fastforce
hence (A n. 0) —— y ¢ »
using <V y € A. is-orthogonal y x> <V n. yy n € A> by simp
thus ?thesis
using liml by force
qed
hence z € orthogonal-complement (closure A)
if al: z € (orthogonal-complement A)
for z
using that
by (meson orthogonal-complementl is-orthogonal-sym)
moreover have «x € (orthogonal-complement A)»
if x € (orthogonal-complement (closure A))
for z
using that
by (meson closure-subset orthogonal-complement-orthol orthogonal-complementl
subset-eq)
ultimately show ¢thesis by blast
qged

lemma is-orthogonal-closure:

assumes (\s. s € § = is-orthogonal a s

assumes <z € closure S»

shows <(is-orthogonal a x>

by (metis assms(1) assms(2) orthogonal-complementl orthogonal-complement-of-closure
orthogonal-complement-orthol )

lemma is-orthogonal-cspan:
assumes al: A\s. s € S = is-orthogonal a s and a3: ¢ € cspan S
shows is-orthogonal a x
proof—
have 3t r. finite t ANt C S A (D a€t. raxc a) ==z
using complex-vector.span-explicit
by (smt a3 mem-Collect-eq)
then obtain ¢t r where b1: finite t and b2: t C S and b3: (> a€t. 7 a *¢ a)
==z
by blast
have z1: is-orthogonal a ©
if it for ¢
using b2 al that by blast

169



have a :c z=a-¢c (D i€t. ri *¢ 0)
by (simp add: b3)

also have ... = () iet. ri x¢c (a -¢ 7))
by (simp add: cinner-sum-right)
also have ... =0

using z1 by simp
finally show ?thesis.
qed

lemma ccspan-leg-ortho-ccspan:

assumes As t. s€S = te€T = is-orthogonal s t

shows ccspan S < — (cespan T)

using assms apply transfer

by (smt (verit, ccfv-threshold) is-orthogonal-closure is-orthogonal-cspan is-orthogonal-sym
orthogonal-complementl subsetl)

lemma double-orthogonal-complement-increasing[simp):
shows M C orthogonal-complement (orthogonal-complement M)
proof (rule subsetl)
fix © assume s1: z € M
have <V y € (orthogonal-complement M). is-orthogonal  y»
using s orthogonal-complement-orthol’ by auto
hence <z € orthogonal-complement (orthogonal-complement M)»
by (simp add: orthogonal-complement-def)
then show z € orthogonal-complement (orthogonal-complement M)
by blast
qged

lemma orthonormal-basis-of-cspan:
fixes S::'a::complex-inner set
assumes finite S
shows 3 A. is-ortho-set A A (Vz€A. norm z = 1) A cspan A = cspan S A finite
A
proof (use assms in induction)
case empty
show ?Zcase
apply (rule exI[of - {}])
by auto
next
case (insert s S)
from insert.IH
obtain A where orthoA: is-ortho-set A and normA: Az. 1€ A = norm z = 1
and spanA: cspan A = cspan S and finiteA: finite A
by auto
show ?Zcase
proof (cases <s € cspan S»)
case True
then have <cspan (insert s S) = cspan S»
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by (simp add: complex-vector.span-redundant)
with orthoA normA spanA finiteA
show ?thesis
by auto
next
case Fulse
obtain a where a-ortho: <\z. xt€ A = is-orthogonal x a> and sa-span: <s —
a € cspan A»
proof (atomize-elim, use «finite A> <is-ortho-set Ay in induction)
case empty
then show ?case
by auto
next
case (insert  A)
then obtain a where orthoA: <A\z. © € A = is-orthogonal x a> and sa: <s
— a € cspan A»
by (meson is-ortho-set-antimono subset-insertl)
define o’ where <a’ = a — cinner x a *¢ inverse (cinner z ) *c o
have <is-orthogonal z a’s
unfolding a’-def cinner-diff-right cinner-scale C-right
apply (cases <cinner x x = 0»)
by auto
have orthoA: <is-orthogonal y o’y if <y € Ay for y
unfolding a’-def cinner-diff-right cinner-scaleC-right
apply auto by (metis insert.prems insertCI is-ortho-set-def mult-not-zero
orthoA that)
have (s — a’ € cspan (insert z A)»
unfolding a’-def apply auto
by (metis (no-types, lifting) complex-vector.span-breakdown-eq diff-add-cancel
diff-diff-add sa)
with <is-orthogonal z a’> orthoA
show ?case
apply (rule-tac exI[of - a'])
by auto
qed

from Fualse sa-span
have <a # 0»
unfolding spanA by auto
define o’ where <a’ = inverse (norm a) *c
with <a # 0) have <norm a’ = 1)
by (simp add: norm-inverse)
have a: <a = norm a *¢ a’
by (simp add: <a # 0> a’-def)

from sa-span spanA
have a’-span: <a’ € cspan (insert s S)»
unfolding a’-def

by (metis complex-vector.eg-span-insert-eq complex-vector.span-scale com-
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plex-vector.span-superset in-mono insertll)
from sa-span
have s-span: <s € cspan (insert a’ A)»
apply (subst (asm) a)
using complez-vector.span-breakdown-eq by blast

from <a # 0) a-ortho orthoA

have ortho: is-ortho-set (insert a’ A)
unfolding is-ortho-set-def a'-def
apply auto
by (meson is-orthogonal-sym)

have span: <cspan (insert a’ A) = cspan (insert s S)»
using a’-span s-span spanA apply auto
apply (metis (full-types) complez-vector.span-breakdown-eq complex-vector.span-redundant
insert-commute s-span)
by (metis (full-types) complex-vector.span-breakdown-eq complex-vector.span-redundant
insert-commute s-span)

show ?thesis
apply (rule exI[of - <insert a’ A»])
by (simp add: ortho <norm a’ = 1> normA finiteA span)
qed
qed

lemma is-ortho-set-cindependent:
assumes is-ortho-set A
shows cindependent A
proof —
have v v =0
if b1: finite t and b2: t C A and b3: (D v€t. uv x¢c v) = 0 and bj: v € ¢
for tuwv
proof —
have is-orthogonal v v’ if c1: v'et—{v} for v’
by (metis DiffE assms b2 b4 insertll is-ortho-set-antimono is-ortho-set-def

that)

hence sum0: (3" v'et—{v}. u v’ * (v -c V) =10

by simp
have v -¢ (Y v'et. u v’ ¢ v') = O v'et. uv' *x (v ¢ v'))

using b1

by (metis (mono-tags, lifting) cinner-scaleC-right cinner-sum-right sum.cong)
also have ... = uv* (v-.cv) + O v'et—{v}. uv' * (v -c V)

by (meson bl b4 sum.remove)
also have ... = w v * (v ¢ v)

using sum0 by simp

finally have v -¢ (D v'e€t. u v’ *¢c v') = wv* (v ¢ v)
by blast

hence u v * (v ¢ v) = 0 using b3 by simp

moreover have (v ¢ v) # 0
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using assms is-ortho-set-def b2 b4 by auto
ultimately show u v = 0 by simp
qed
thus ?thesis using complex-vector.independent-explicit-module
by (smt cdependent-raw-def)
qed

lemma onb-expansion-finite:
includes norm-syntax
fixes T::¢<'a:{complex-inner,cfinite-dim} set»
assumes al: <cspan T = UNIV» and a3: (is-ortho-set T»
and af: (\t. teT = ||t]| = D>
shows «z = (D teT. (t ¢ z) *¢ t)
proof —
have «finite T»
apply (rule cindependent-cfinite-dim-finite)
by (simp add: a3 is-ortho-set-cindependent)
have <closure (complez-vector.span T) = complez-vector.span T
by (simp add: al)
have ({} act. raxc altr. finitet Nt C T} ={> a€T. rax*c al|r. Truep
apply auto
apply (rule-tac z=«Xa. if a € t then r a else 0 in exl)
apply (simp add: <finite T) sum.mono-neutral-cong-right)
using <finite T) by blast

have f1: VA. {a. 34a f. (a:'a) = (D] a€Aa. fa x¢ a) A finite Aa N Aa C A}
= cspan A
by (simp add: complez-vector.span-explicit)
have f2:Va. (3f. a= (> aeT. faxc a))V VA. (Vf. a # (D acA. fax¢ a))
V infinite AV = A CT)
using ({> act. raxc altr. finitet Nt C T} ={> a€T. rax*c alr. True}
by auto
have f3: VA a. (34a f. (a::a) = (3 a€da. fa x¢ a) A finite Aa N Aa C A) V
a ¢ cspan A
using fI by blast
have cspan T = UNIV
by (metis (full-types, lifting) <complex-vector.span T = UNIV»)
hence <3 7.z = (3 a€T. ra xc a)
using f3 f2 by blast
then obtain r where <z = (> a€T. 7 a x¢ a)

by blast
have <ra = a ¢ x if <a € T» for a
proof—
have <norm a = 1»
using a4

by (simp add: <a € T»)
moreover have norm a = sqrt (norm (a -¢ a))
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using norm-eq-sqrt-cinner by auto
ultimately have <sgrt (norm (a -¢ a)) = 1»
by simp
hence (norm (a ¢ a) = D>
using real-sqrt-eq-1-iff by blast
moreover have ((a .¢c a) € R
by (simp add: cinner-real)
moreover have «(a ¢ a) > 0>
using cinner-ge-zero by blast
ultimately have wI: «(a ¢ a) = I»
using «||a|| = 1> cnorm-eg-1 by blast
have «rt * (a .¢ t) = 0y if <t € T—{a}> for ¢
by (metis DiffD1 Diff D2 <a € T a3 is-ortho-set-def mult-eq-0-iff singletonl
that)
hence s1: «(>. teT—{a}. rt x (a-c t)) = O
by (simp add: <\A\t. t € T — {a} = rt« (a-c t) = 0)
have «(a :c ) = a ¢ (O teT. rt *c t)
using «z = (3 a€T. ra *¢c a)

by simp
also have «... = (3> t€T. a ¢ (rt*xc t))
using cinner-sum-right by blast
also have «... = (3] teT. rt«* (a ¢ t))
by simp
also have «... =rax* (a-c a) + O, teT—{a}. rt* (a-c t)p

using <a € T)
by (meson <finite T» sum.remove)

also have «... = ra * (a -¢c a)
using s/
by simp

also have <... = r

by (simp add: wi)
finally show ?thesis by auto
qed
thus ?thesis
using <z = (3 a€T. ra x¢ a)
by fastforce
qed

lemma is-ortho-set-singleton[simp]: <is-ortho-set {z} +— © # 0»
by (simp add: is-ortho-set-def)

lemma orthogonal-complement-antimono|simpl:

fixes A B :: ¢('a::complez-inner) set

assumes A O B

shows <orthogonal-complement A C orthogonal-complement B»

by (meson assms orthogonal-complementl orthogonal-complement-orthol” subsetD
subsetl)

lemma orthogonal-complement-UNIV [simp]:
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orthogonal-complement UNIV = {0}
by (metis Int-UNIV-left complez-vector.subspace-UNIV complex-vector.subspace-def
orthogonal-complement-zero-intersection)

lemma orthogonal-complement-zero[simp):
orthogonal-complement {0} = UNIV
unfolding orthogonal-complement-def by auto

lemma mem-ortho-ccspanl:
assumes (\y. y € S = is-orthogonal x y»
shows <z € space-as-set (— ccspan S)»
proof —
have «x € space-as-set (cespan {z})
using ccspan-superset by blast
also have «... C space-as-set (— cespan S)»
apply (simp add: flip: less-eq-ccsubspace.rep-eq)
apply (rule ccspan-leg-ortho-cespan)
using assms by auto
finally show ?thesis
by —
qed

9.4 Projections

lemma smallest-norm-ezists:
— Theorem 2.5 in [1] (inside the proof)
includes norm-syntax
fixes M :: (’a::chilbert-space set»
assumes q1: (convexr M> and ¢2: <closed M» and ¢3: <M # {}
shows (k. is-arg-min (A z. ||z])) (N t. t € M) k»
proof —
define d where «d = Inf { ||z| 2 |z. 2 € M }»
have wi: { ||z 2 |z.z € M } # {}
by (simp add: assms(3))
have ¥ z. ||z| 72 > 0>
by simp
hence bdd-below?: <bdd-below { ||z|| 2 | z. z € M }»
by fastforce
have «d < ||z|| "2 if al: z € M for z
proof—
have Vv. (3w. Re (v-c v) = |w|? Awe M)V v¢ M
by (metis (no-types) power2-norm-eq-cinner’)
hence Re (z -¢ z) € {||v||* |[v. v € M}
using al by blast
thus ?thesis
unfolding d-def
by (metis (lifting) bdd-below! cInf-lower power2-norm-eg-cinner’)
qed
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have WV e > 0.3 te {|z]| 2 |z.ce M}. t<d+ e
unfolding d-def
using w4 bdd-belowl
by (meson cInf-lessD less-add-same-cancell)
hence <V e> 0.3 ze M. |z]|2<d+o
by auto
hence Ve > 0.3z e M. ||z]| 2 < d+ &
by (simp add: <\z. z € M = d < ||z||*))
hence wi: <V nunat. 3 z € M. ||z||2 < d + 1/(n+1)» by auto

then obtain r:<nat = ‘a> where w2: <V n.rne M A ||rn |72 <d+
1/(n+1)
by metis
have w3: <V n. rn € M)
by (simp add: w2)
have <V n. | rn |2 < d+ 1/(n+1)
by (simp add: w2)
have w5: «<|| (rn) — (rm) |72 < 2x(1/(n+1) + 1/(m+1))
for m n
proof—
have w6: <|| rn |72 < d+ 1/(n+1)
by (metis w2 of-nat-1 of-nat-add)
have < || rm || 2 < d+ 1/(m+1)
by (metis w2 of-nat-1 of-nat-add)
have «(r n) € M)
by (simp add: ~Vn. rn € M)
moreover have «((r m) € M)
by (simp add: <¢n. rn € M»)
ultimately have ¢(1/2) xg (rn) + (1/2) xg (r m) € M>»
using <convex M)>
by (simp add: convexD)
hence || (1/2) xg (rn) + (1/2) *xg (rm) |2 > &
by (simp add: «\z. z € M = d < ||z]|*)
have «|| (1/2) g (rn) — (1/2) *g (rm) || 2
= (/2 rn 72 4 rm 72 ) — | (1/2) %R (rm) + (1/2) 5
(rm) |72
by (smt (23) div-by-1 field-sum-of-halves nonzero-mult-div-cancel-left parallelo-
gram-law polar-identity power2-norm-eq-cinner’ scaleR-collapse times-divide-eq-left)
also have «...
< (1/2)s(d+ 1/(nr1) + | rm |72) = | (1/2) #r (rn) + (1/2)
xg (rm) || "2
using «||r n||? < d + 1 / real (n + 1)) by auto
also have «...
< (1/2)s( d + 1)(nt1) + d+ 1/(m+1) ) — | (1/2) 5 (r ) +
(1/2) *n (rm) |2
using «||r m||> < d + 1 / real (m + 1)) by auto
also have «...
< (1/2)x(d+ 1/(n+1) +d+ 1/(m+1)) — d
by (simp add: «d < ||(1 / 2) xg rn + (1 / 2) xg r m|*)
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also have «...
< (1/2)( 1/(n+1) + 1/(m+1) + 25d ) —
by simp
also have «...
< (1/2)x( 1/(n+1) + 1/(m+1)) + (1/2)%(2xd) — d»
by (simp add: distrib-left)
also have «...
<(1/2)x(1/(n+1)+ 1/(m+1) )+ d— d
by simp
also have «...
< (1/2)x( 1/(n+1)+ 1/(m+1) )
by simp
finally have < |[(1 / 2) g rn — (1 / 2)*rrm|?> <1/ 2% (1 / real (n +
1Y+ 1/ real (m+ 1))>
by blast
hence ¢ ||[(1 / 2)*r (rn—rm) |2 < (1 /2)* (1 /real (n+ 1)+ 1 / real
(m+1))>
by (simp add: real-vector.scale-right-diff-distrib)
hence « (1 / 2)|| (rn—rm) )2 < (1 /2)* (1 /real (n+ 1)+ 1 / real
(m+ 1)) >
by simp
hence « (1 / 2)72x(| (rm—rm) )2 < (1 /2)% (1 /real (n+ 1)+ 1/
real (m + 1))
by (metis power-mult-distrib)
hence « (1 / 4) «(| (rn—rm) )2 < (1 /2)* (1 /real (n+ 1)+ 1 / real
(m+ 1))
by (simp add: power-divide)
hence « || (rn —rm) |2 < 2% (1 /real (n+ 1) + 1 / real (m + 1)) >
by simp
thus ?thesis
by (metis of-nat-1 of-nat-add)
qed
hence I N.Vamn>NAm>N—|(rn)—(rm)|| 2<e2
ife>0
for ¢
proof—
obtain N::nat where <1 /(N + 1) < e72/4»
using LIMSEQ-ignore-initial-segment|OF lim-inverse-n’, where k=1]
by (metis Suc-eq-plusl <0 < ) nat-approx-posE zero-less-divide-iff zero-less-numeral
zero-less-power )
hence <4 /(N + 1) <72
by simp
have 2x(1/(n+1) + 1/(m+1)) < e72
if fl:n> Nand f2: m > N
for m n:nat
proof—
have <1 /(n+1) < 1/(N+1)»
by (simp add: f1 linordered-field-class.frac-le)
moreover have <1/(m+1) < 1/(N+1)»
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by (simp add: f2 linordered-field-class.frac-le)
ultimately have «2x(1/(n+1) + 1/(m+1)) < 4/(N+1)»
by simp
thus ?thesis using <4 /(N + 1) < &2
by linarith
qed
hence || (rn) — (rm) |2 <e72
ifyl:n> Nand y2: m > N
for m n::nat
using that
by (smt «<Anm.||rn —rm|?> < 2% (1 /(realn + 1)+ 1/ (real m + 1))
of-nat-1 of-nat-add)
thus ?thesis
by blast
qed
hence v ¢ > 0.3 Nunat.V nmunat. n > NAm>N — || (rn) — (rm)
72 <e™2»
by blast
hence v ¢ > 0.3 Nunat.V nmunat. n > N Am >N — | (rn) — (rm)
| < e
by (meson less-eq-real-def power-less-imp-less-base)
hence «Cauchy r»
using Cauchyl by fastforce
then obtain £ where «r —— k»
using convergent-eq-Cauchy by auto
have <k € M» using «closed M>
using <Vn. rn € My <«r —— k> closed-sequentially by auto
have «(An. ||rn|72) —— || k| ™2
by (simp add: <r ——— k> tendsto-norm tendsto-power)
moreover have «An. |[rn|72) —— &
proof—
have (||| rn |72 — d| < 1/(n+1)» for n :: nat
using \A\z. 2 € M = d < ||z]|>> &Vn.rne M A|rnl?<d+ 1/ (realn
+ 1)) of-nat-1 of-nat-add
by smt
moreover have «(An. I / real (n + 1)) —— 0>
using LIMSEQ-ignore-initial-segment[OF lim-inverse-n’, where k=1] by
blast
ultimately have <A n. ||| rn || 2 —d| ) —— O»
by (simp add: LIMSEQ-norm-0)
hence (A n. |[rn| 2 —d) —— O
by (simp add: tendsto-rabs-zero-iff)
moreover have «(An. d ) —— d
by simp
ultimately have <A n. (|| rn |72 — d)+d ) —— 0+d>
using tendsto-add by fastforce
thus ?thesis by simp
qged
ultimately have «d = || k || ™2»
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using LIMSEQ-unique by auto
hence«te M = || k|72 < |t |2 for ¢
using (A\z. z € M = d < [|z||*) by auto
hence q1: <3 k. is-arg-min (A z. ||z]|72) (A t. t € M) k»
using <k € M>
is-arg-min-def <d = ||k||*>
by smt
thus «3 k. is-arg-min (A z. ||z|]) (A t. t € M) k»
by (smt is-arg-min-def norm-ge-zero power2-eq-square power2-le-imp-le)
qged

lemma smallest-norm-unique:
— Theorem 2.5 in [1] (inside the proof)
includes norm-syntax
fixes M :: ('a::complex-inner set>
assumes q1: <convexr M»
assumes r: <is-arg-min (A z. ||z||) (A t. t € M) r
assumes s: <is-arg-min (A z. ||z]]) (A t. t € M) s
shows (r = s
proof —
have «r € M)
using <is-arg-min (Az. ||z||) (A t. t € M)
by (simp add: is-arg-min-def)
moreover have s € M»
using <is-arg-min (Az. ||z||) (A t. t € M) &
by (simp add: is-arg-min-def)
ultimately have «((1/2) xgr v + (1/2) *r s) € M)> using <convex M>
by (simp add: convexD)
hence «||r|| < || (1/2) g 4+ (1/2) *r s |
by (metis is-arg-min-linorder r)
hence u2: «||r|| "2 < || (1/2) xg v+ (1/2) *r s || 2>
using norm-ge-zero power-mono by blast

have «||r|| < ||s|]»

using r s is-arg-min-def

by (metis is-arg-min-linorder)
moreover have «||s|| < ||r|}»

using r s is-arg-min-def

by (metis is-arg-min-linorder)
ultimately have u3: «||r| = ||s||> by simp

have «|| (1/2) xg r — (1/2) *xr s || 2 < O»
using u2 u8 parallelogram-law
by (smt (verit, ccfv-SIG) polar-identity-minus power2-norm-eq-cinner’ scaleR-add-right
scaleR-half-double)
hence ¢|| (1/2) xg r — (1/2) xr s || 72 = O»
by simp
hence ¢|| (1/2) xr 7 — (1/2) g s || = O»
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by auto
hence «(1/2) xgp r — (1/2) xr s = O»
using norm-eqg-zero by blast
thus %thesis by simp
qed

theorem smallest-dist-exists:
— Theorem 2.5 in [1]
fixes M::<'a::chilbert-space sety and h
assumes al: <conver M> and a2: (closed M> and a8: <M # {}
shows <(3k. is-arg-min (A z. dist t h) (A z. x € M) k»
proof —
have x: is-arg-min (Az. dist x h) (Ax. z€M) (k+h) <— is-arg-min (Az. norm x)
(Az. ze(Az. z—h) < M) k for k
unfolding dist-norm is-arg-min-def apply auto using add-implies-diff by blast
have «3k. is-arg-min (A\z. dist x h) (Ax. z€M) (k+h)>
apply (subst x)
apply (rule smallest-norm-exists)
using assms by (auto simp: closed-translation-subtract)
then show <3 k. is-arg-min (A x. dist x h) (A z. x € M) k>
by metis
qged

theorem smallest-dist-unique:
— Theorem 2.5 in [1]
fixes M::<'a::complex-inner set> and h
assumes al: <conver M>
assumes <(is-arg-min (A z. dist t h) (A z. z € M) r
assumes <is-arg-min (A z. dist t h) (A z. z € M) &
shows «(r = s
proof—
have x: is-arg-min (Az. dist z h) (A\x. x€ M) k +— is-arg-min (Az. norm z) (Az.
z€(Az. z—h) ‘M) (k—h) for k
unfolding dist-norm is-arg-min-def by auto
have <r —h=s—-h
using - assms(2,3)[unfolded x| apply (rule smallest-norm-unique)
by (simp add: al)
thus «r = &
by auto
qed

— Theorem 2.6 in [1]
theorem smallest-dist-is-ortho:
fixes M::<'a::complex-inner set) and h k::'a
assumes b1: <closed-csubspace M)
shows «(is-arg-min (A z. dist z h) (A z. z € M) k) +—
h — k € orthogonal-complement M N k € M>»
proof —
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include norm-syntaz
have <csubspace M»
using <closed-csubspace M> unfolding closed-csubspace-def by blast
have r1: <2« Re (h — k) ¢ /) < f ™2
if f € M and <k € M> and <is-arg-min (Az. dist t h) A z. z € M) k>
for f
proof—
have <k + f € M)
using <csubspace M»
by (simp add:complez-vector.subspace-add that)
have Vf A a b. = is-argmin f (A z. 2 € A) (a::’a) V (fazreal) < foVbg A
by (metis (no-types) is-arg-min-linorder)
hence dist k h < dist (f + k) h
by (metis <is-arg-min (Az. dist z h) (A z. x € M) k> <k + f € M> add.commute)
hence «dist h k < dist h (k + )
by (simp add: add.commute dist-commute)
hence «| h — k|| < | h— (k+ f) |
by (simp add: dist-norm,)
hence | h — k|| 2< | h—(k+ )™
by (simp add: power-mono)
also have «... < || (h — k) — f |72
by (simp add: diff-diff-add)
alsohave «... <[ (h—k) |2+ | f|"2— 2% Re ((h — k) ¢ [)
by (simp add: polar-identity-minus)
finally have <|| (h — k) |2 <[ (h=k) |72+ || f|72— 2% Re((h — k)
«c f)
by simp
thus ?thesis by simp
qed

have ¢/: <V ¢> 0. 2x Re((h—k) ¢ f) <o
if «Ve>0.2 % Re((h—k)-cf) <cx|f|®
for f
proof (cases <|| f |72 > 0»)
case True
hence <V ¢ > 0. 2 Re ((h— k) -c ) < (/I f 72« f ™2
using that linordered-field-class. divide-pos-pos by blast
thus ?thesis
using True by auto
next
case Fulse
hence ¢|| f |72 = O»
by simp
thus ?thesis
by auto
qed
have ¢3: <V cureal. ¢ > 0 — 2 x Re (h — k) ¢ f)) < O
if a3: Vf. feM — (Vc>0. 2 % Re (h — k) ¢ f) < c* ||f|I*)
and a2: f e M
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and al: is-arg-min (A z. dist z h) (A z. z € M) k
for f
proof—
have <V ¢ > 0. 2 x Re (h — k) ¢ ) < cx|| f |72
by (simp add: that )
thus ?thesis
using ¢4 by smt
qed
have w2: h — k € orthogonal-complement M N k € M
if al: is-arg-min (A z. dist t h) (A z. z € M) k
proof—
have <k € M
using is-arg-min-def that by fastforce
hence <V f.f€ M — 2x Re ((h—k)-c ) <|fI™2
using r1
by (simp add: that)
have <V f. fe M —
(V cireal. 2 x Re (h — k) ¢ (¢c*r f)) < |l c*xr f || 72
using assms scaleR-scaleC complex-vector.subspace-def <csubspace M»
by (metis <Vf. f € M — 2 x Re (h — k) -¢ f) < |IfII*)
hence <V f. fe M —
(V cureal. ¢ x (2 x Re (h— k) ¢ ) < | c*xr f 720
by (metis Re-complez-of-real cinner-scaleC-right complex-add-cnj complex-cnj-complez-of-real
complez-cnj-mult of-real-mult scaleR-scaleC semiring-normalization-rules(34))
hence Vv f. fe M —
(V cureal. ¢ % (2 x Re (b — k) -c ) < |e|72%| f |72)
by (simp add: power-mult-distrib)
hence <V f.fe M —
(V cureal. ¢ % (2 x Re (b — k) ¢ f))) < c 2« f | 72)
by auto
hence <V f. fe M —
(V cireal. ¢ > 0 —> cx (2% Re (h — k) ¢ f)) <e2x|| f |20
by simp
hence <V f.fe M —
(V cureal. ¢ > 0 — cx(2 x Re ((h — k) -¢ [))) < ex(ex|| f1|72))
by (simp add: power2-eq-square)
hence ¢4: <V f.fe M —
(V cireal. ¢ > 0 — 2 x Re (h — k) ¢ f)) < cx|| f 11720
by simp
have <V f. fe M —
(V cureal. ¢ > 0 — 2 % Re ((h — k) -¢ f)) < 0)»
using ¢3
by (simp add: ¢4 that)
hence <V f.fe M —
(V cureal. ¢ > 0 — (2 x Re (h — k) «¢ (=1 x5 f))) < 0)
using assms scaleR-scaleC' complex-vector.subspace-def
by (metis <csubspace M»)
hence <V f. fe M —
(V cureal. ¢ > 0 — —(2 %« Re (b — k) -¢ [))) < 0)

182



by simp
hence Vv f. fe M —
(V cureal. ¢ > 0 — 2 x Re (h — k) ¢ f)) = 0
by simp
hence <V f. fe M —
(V cureal. ¢ > 0 — 2 % Re (h — k) ¢ f)) = 0
using v f.fe M —
(V cureal. ¢ > 0 — (2 x Re (h — k) ¢ [))) < 0)
by fastforce

have <V f. fe M —
((I:real) > 0 — 2 x Re ((h — k) ¢ f)) = 0)
using Vf. fe M — (Vc¢>0. 2 x Re (h — k) ¢ f) ) = 0)» by blast
hence <V f.f€ M — 2« Re (h — k) ¢ f)) =0
by simp
hence <V f.fe€ M — Re ((h—k) ¢ f)) =0
by simp
have v f. f€ M — Re ((h — k) ¢ ((Complex 0 (—1)) *c f)) = O»
using assms complex-vector.subspace-def <csubspace M)
by (metis ~Vf. f € M — Re (h — k) -¢ ) = 0»)
hence Vv f.f € M — Re ( (Complex 0 (—1))x(((h — k) ¢ f)) ) = O»
by simp
hence <V f.fe M — Im ((h — k) ¢ f)) = O
using Complex-eq-neg-1 Re-i-times cinner-scaleC-right complex-of-real-def by
auto

~

have <V f. fe M — (h—k) ¢ f)) =0
using complezx-eq-iff
by (simp add: <Vf. f € M — Im (h — k) ¢ f) = 0> ~NVf. f € M — Re
((h=F)-c f) = 00)
hence <h — k € orthogonal-complement M N k € M»
by (simp add: <k € M)> orthogonal-complementl)
have «V c. cxg f € M»
iffeM
for f
using that scaleR-scaleC <csubspace M complex-vector.subspace-def
by (simp add: complez-vector.subspace-def scaleR-scaleC)
have «(h — k) «¢ ) = O»
iffeM
for f
using <h — k € orthogonal-complement M N k € M» orthogonal-complement-orthol
that by auto
hence «h — k € orthogonal-complement M)»
by (simp add: orthogonal-complement-def)
thus ?thesis
using <k € M)» by auto
qed

have q1: «<dist h k < dist h f »
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if f € M and <h — k € orthogonal-complement M N k € M»
for f
proof—
have «(h — k) -¢ (kK — f) = O»
by (metis (no-types, lifting) that
cinner-diff-right diff-0-right orthogonal-complement-orthol that)
have <[ h = f {72 = | (h = k) + (k= /) |72
by simp
alsohave «... = ||h— k|| 2+ || k- f "2
using «((h — k) -¢ (k — f)) = 0> pythagorean-theorem by blast
also have «... > | h — k |72
by simp
finally have «||h — k|2 < ||h — f||* »
by blast
hence <||h — k|| < ||h — f|>
using norm-ge-zero power2-le-imp-le by blast
thus ?thesis
by (simp add: dist-norm,)
qed

have wi: is-arg-min (A z. distx h) (A z. x € M) k
if h — k € orthogonal-complement M N k€ M
proof—
have <h — k € orthogonal-complement M»
using that by blast
have <k € M» using <h — k € orthogonal-complement M N k € M
by blast
thus ?thesis
by (metis (no-types, lifting) dist-commute is-arg-min-linorder q1 that)
qed
show ?thesis
using w! w2 by blast
qed

corollary orthog-proj-exists:
fixes M :: (’a::chilbert-space set»
assumes <closed-csubspace M>
shows (3k. h — k € orthogonal-complement M A k € M>
proof —
from <closed-csubspace M)
have <M # {}»
using closed-csubspace.subspace complex-vector.subspace-0 by blast
have <closed M>»
using <closed-csubspace M)
by (simp add: closed-csubspace.closed)
have <convexr M)
using <closed-csubspace M)
by (simp)
have «3k. is-arg-min (A z. distx h) (A z. z € M) k>
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by (simp add: smallest-dist-exists <closed My <conver My <M # {}»)
thus ?thesis
by (simp add: assms smallest-dist-is-ortho)
qed

corollary orthog-proj-unique:
fixes M :: ('a::complez-inner set»
assumes <closed-csubspace M»
assumes <h — r € orthogonal-complement M N r € M>»
assumes <h — s € orthogonal-complement M N s € M>
shows «r =&
using - assms(2,3) unfolding smallest-dist-is-ortho]OF assms(1), symmetric]
apply (rule smallest-dist-unique)
using assms(1) by (simp)

definition is-projection-on::«('a = 'a) = (‘a::metric-space) set = bool> where
s-projection-on m M <— (V h. is-arg-min (A z. dist x h) (A . x € M) (7w h))»

lemma is-projection-on-iff-orthog:

<closed-csubspace M = is-projection-on @ M +— (Vh. h — m h € orthogo-
nal-complement M A w h € M)»

by (simp add: is-projection-on-def smallest-dist-is-ortho)

lemma is-projection-on-exists:
fixes M :: (’a::chilbert-space set»
assumes <conver M> and <closed M» and <M # {}»
shows 3 7. is-projection-on m M
unfolding is-projection-on-def apply (rule choice)
using smallest-dist-exists|OF assms] by auto

lemma is-projection-on-unique:
fixes M :: ('a::complex-inner set>
assumes <convex M)
assumes is-projection-on w3 M
assumes is-projection-on wo M
shows 11 = 79
using smallest-dist-unique] OF assms(1)] using assms(2,3)
unfolding is-projection-on-def by blast

definition projection :: <‘a::metric-space set = (‘a = ’a)» where
<projection M = (SOME =. is-projection-on m M)»

lemma projection-is-projection-on:
fixes M :: ('a::chilbert-space set»
assumes (conver M»> and «<closed M> and <M # {}
shows is-projection-on (projection M) M
by (metis assms(1) assms(2) assms(8) is-projection-on-exists projection-def somel)

lemma projection-is-projection-on'[simpl:
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— Common special case of [convex ?M; closed ?M; ?M # {}] = is-projection-on
(projection ¢M) ?M

fixes M :: (’a::chilbert-space set»

assumes <closed-csubspace M>

shows is-projection-on (projection M) M

apply (rule projection-is-projection-on)

apply (auto simp add: assms closed-csubspace.closed)
using assms closed-csubspace.subspace complex-vector.subspace-0 by blast

lemma projection-orthogonal:

fixes M :: ('a::chilbert-space set»

assumes closed-csubspace M and <m € M)

shows <is-orthogonal (h — projection M h) m»

by (metis assms(1) assms(2) closed-csubspace.closed closed-csubspace.subspace
csubspace-is-convex empty-iff is-projection-on-iff-orthog orthogonal-complement-orthol
projection-is-projection-on)

lemma is-projection-on-in-image:
assumes is-projection-on m M
shows m h € M
using assms
by (simp add: is-arg-min-def is-projection-on-def)

lemma is-projection-on-image:

assumes is-projection-on m M

shows range m = M

using assms

apply (auto simp: is-projection-on-in-image)

by (smt (verit, ccfo-threshold) dist-pos-It dist-self is-arg-min-def is-projection-on-def
rangel)

lemma projection-in-image[simp):

fixes M :: ('a::chilbert-space set»

assumes (conver M> and «<closed M> and <M # {}

shows <projection M h € M»

by (simp add: assms(1) assms(2) assms(3) is-projection-on-in-image projec-
tion-is-projection-on)

lemma projection-image[simpl:

fixes M :: (’a::chilbert-space set»

assumes <conver M» and <closed M> and <M # {}»

shows <range (projection M) = M>

by (simp add: assms(1) assms(2) assms(3) is-projection-on-image projection-is-projection-on)

lemma projection-eql "
fixes M :: ('a::complez-inner set>
assumes <convezr M)>
assumes <is-projection-on f M)
shows (projection M = f»

186



by (metis assms(1) assms(2) is-projection-on-unique projection-def somel-ex)

lemma is-projection-on-eql:

fixes M :: <'a::complex-inner set>

assumes al: <closed-csubspace M> and a2: <h — z € orthogonal-complement M>
and a3: <x € M>

and a4: <is-projection-on ™ M)

shows <7 h =

by (meson al a2 a8 a4 closed-csubspace.subspace csubspace-is-conver is-projection-on-def
smallest-dist-is-ortho smallest-dist-unique)

lemma projection-eql:

fixes M :: «(’a::chilbert-space) set)

assumes <closed-csubspace M» and <h — x € orthogonal-complement M> and
<z € M>

shows (projection M h = z»

by (metis assms(1) assms(2) assms(8) is-projection-on-iff-orthog orthog-proj-exists
projection-def is-projection-on-eql tfl-some)

lemma is-projection-on-fizes-image:
fixes M :: ('a::metric-space set»
assumes al: is-projection-on # M and a3: x € M
shows 7z =z
by (metis al a3 dist-pos-lt dist-self is-arg-min-def is-projection-on-def)

lemma projection-fizes-image:
fixes M :: «('a::chilbert-space) set»
assumes closed-csubspace M and © € M
shows projection M x = x
using is-projection-on-fizes-image
— Theorem 2.7 in [1]
by (simp add: assms complex-vector.subspace-0 projection-eql )

lemma is-projection-on-closed:
assumes cont-f: <A\z. = € closure M = isCont f x>
assumes <(is-projection-on f M)
shows «closed M)
proof —
have <z € M) if <s —— x> and <range s C M) for s z
proof —
from <is-projection-on f M» <range s C M>
have «s = (f o s)
by (simp add: comp-def is-projection-on-fizes-image range-subsetD)
also from cont-f <s —— o
have «((fo s) —— f o
apply (rule continuous-imp-tendsto)
using <s —— x> <range s C M)
by (meson closure-sequential range-subsetD)
finally have x = f
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using (s —
by (simp add: LIMSEQ-unique)
then have <z € range f»
by simp
with <is-projection-on f M» show <z € M>
by (simp add: is-projection-on-image)
qed
then show ?thesis
by (metis closed-sequential-limits image-subset-iff)
qed

proposition is-projection-on-reduces-norm:
includes norm-syntax
fixes M :: <('a::complex-inner) set»
assumes <is-projection-on w M»> and <closed-csubspace M)>
shows ¢|| # A | < | h|p
proof—
have <h — m h € orthogonal-complement M>
using assms is-projection-on-iff-orthog by blast
hence <V k € M. is-orthogonal (h — 7 h) k>
using orthogonal-complement-orthol by blast
also have «v h € M)
using <is-projection-on w M)»
by (simp add: is-projection-on-in-image)
ultimately have (is-orthogonal (h — w h) (7w h)»
by auto
hence |7 h|| 2+ ||h—7h| 2= h[ "2
using pythagorean-theorem by fastforce
hence «||7m h |72 < || b ||™2»
by (smt zero-le-power2)
thus ?thesis
using norm-ge-zero power2-le-imp-le by blast
qed

proposition projection-reduces-norm:

includes norm-syntax

fixes M :: ('a::chilbert-space set»

assumes al: closed-csubspace M

shows «<|| projection M h || < || h ||

using assms is-projection-on-iff-orthog orthog-proj-exists is-projection-on-reduces-norm
projection-eql by blast

— Theorem 2.7 (version) in [1]
theorem is-projection-on-bounded-clinear:
fixes M :: ('a::complez-inner set>
assumes al: is-projection-on m M and a2: closed-csubspace M
shows bounded-clinear
proof
have b1: <csubspace (orthogonal-complement M)»

188



by (simp add: a2)
have fi: Va. a — 7m a € orthogonal-complement M N ma € M
using al a2 is-projection-on-iff-orthog by blast
hence ¢ x¢ ©z — ¢ *¢ ™ = € orthogonal-complement M
for c z
by (metis (no-types) bl
add-diff-cancel-right’ complex-vector.subspace-def diff-add-cancel scaleC-add-right)
thus r1: 7 (¢ x¢ ) = ¢ *¢ (7 z)» for z ¢
using f1 by (meson a2 al closed-csubspace.subspace
complez-vector.subspace-def is-projection-on-eql)
show r2: «w (z + y) = (7 z) + (7 y)
for z y
proof—
have V A. — closed-csubspace (A::'a set) V csubspace A
by (metis closed-csubspace.subspace)
hence csubspace M
using a2 by auto
hence «m (z +y) — ((mr2) + (my) ) € M>»
by (simp add: complez-vector.subspace-add complex-vector.subspace-diff f1)
have «closed-csubspace (orthogonal-complement M)»
using a2
by simp
have f1:Va b. (b:'a) + (a — b) = a
by (metis add.commute diff-add-cancel)
have f2: Va b. (bi:'a) —b=a — a
by auto
hence f3: Va. a — a € orthogonal-complement M
by (simp add: complex-vector.subspace-0)
have Va b. (a € orthogonal-complement M V a + b ¢ orthogonal-complement
M)
V b ¢ orthogonal-complement M
using add-diff-cancel-right’ b1 complex-vector.subspace-diff
by metis
hence Va b c. (a € orthogonal-complement M V ¢ — (b + a) ¢ orthogo-
nal-complement M)
V ¢ — b ¢ orthogonal-complement M
using f1 by (metis diff-diff-add)
hence f/: Va b f. (f a — b € orthogonal-complement M V a — b ¢ orthogo-
nal-complement M)
V = is-projection-on f M
using f1
by (metis a2 is-projection-on-iff-orthog)
have f5: Vabcd. (di'a) — (¢ + (b—a))=d+ (a — (b + ¢))
by auto
have z — 7 = € orthogonal-complement M
using al a2 is-projection-on-iff-orthog by blast
hence ¢1: <7 (z + y) — ( (7 z) + (7 y) ) € orthogonal-complement M>
using f5 f} f3 by (metis <csubspace (orthogonal-complement M)»
<is-projection-on m M» add-diff-eq complex-vector.subspace-diff diff-diff-add
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diff-diff-eq2)
hence «m (z + y) — ( (7 z) + (7 y) ) € M N (orthogonal-complement M)>
by (simp add: «m (x + y) — (w2 + 7 y) € M)>)
moreover have (M N (orthogonal-complement M) = {0}
by (simp add: <closed-csubspace M complex-vector.subspace-0 orthogonal-complement-zero-intersection)
ultimately have <7 (z + y) — ((w 2) + (7 y) ) = O
by auto
thus ?thesis by simp
qed
from is-projection-on-reduces-norm
show t1: <3 K.V z. norm (7 z) < norm x x K>
by (metis al a2 mult.left-neutral ordered-field-class.sign-simps(5))
qed

theorem projection-bounded-clinear:
fixes M :: <('a::chilbert-space) set»
assumes al: closed-csubspace M
shows <bounded-clinear (projection M)»
— Theorem 2.7 in [1]
using assms is-projection-on-iff-orthog orthog-proj-exists is-projection-on-bounded-clinear
projection-eql by blast

proposition is-projection-on-idem:
fixes M :: <('a::complex-inner) set)
assumes is-projection-on m M
shows 7 (7 z) =7 x
using is-projection-on-fixes-image is-projection-on-in-image assms by blast

proposition projection-idem:

fixes M :: 'a::chilbert-space set

assumes al: closed-csubspace M

shows projection M (projection M z) = projection M x

by (metis assms closed-csubspace.closed closed-csubspace.subspace complez-vector.subspace-0
csubspace-is-conver equalsOD projection-fizes-image projection-in-image)

proposition is-projection-on-kernel-is-orthogonal-complement:
fixes M :: ('a::complez-inner set>
assumes al: is-projection-on m M and a2: closed-csubspace M
shows m —‘ {0} = orthogonal-complement M
proof—
have z € (m —“{0})
if x € orthogonal-complement M
for z
by (smt (verit, ccfv-SIG) al a2 closed-csubspace-def complex-vector.subspace-def
complex-vector.subspace-diff is-projection-on-eql orthogonal-complement-closed-subspace
that vimage-singleton-eq)
moreover have x € orthogonal-complement M
ifsi:xem —“{0} for z
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by (metis al a2 diff-zero is-projection-on-iff-orthog that vimage-singleton-eq)
ultimately show ?thesis
by blast
qed

— Theorem 2.7 in [1]
proposition projection-kernel-is-orthogonal-complement:

fixes M :: (’a::chilbert-space set»

assumes closed-csubspace M

shows (projection M) —‘ {0} = (orthogonal-complement M)

by (metis assms closed-csubspace-def complez-vector.subspace-def csubspace-is-convex
insert-absorb insert-not-empty is-projection-on-kernel-is-orthogonal-complement pro-
jection-is-projection-on)

lemma is-projection-on-id-minus:
fixes M :: ('a::complex-inner set>
assumes is-proj: is-projection-on w M
and cc: closed-csubspace M
shows is-projection-on (id — ) (orthogonal-complement M)
using is-proj apply (simp add: cc is-projection-on-iff-orthog)
using double-orthogonal-complement-increasing by blast

Exercise 2 (section 2, chapter I) in [1]

lemma projection-on-orthogonal-complement[simp):

fixes M :: 'a::chilbert-space set

assumes al: closed-csubspace M

shows projection (orthogonal-complement M) = id — projection M

apply (auto introl: ext)

by (smt (verit, ccfo-SIG) add-diff-cancel-left’ assms closed-csubspace.closed closed-csubspace.subspace
complex-vector.subspace-0 csubspace-is-convex diff-add-cancel double-orthogonal-complement-increasing
insert-absorb insert-not-empty is-projection-on-iff-orthog orthogonal-complement-closed-subspace
projection-eql projection-is-projection-on subset-eq)

lemma is-projection-on-zero:
is-projection-on (A-. 0) {0}
by (simp add: is-projection-on-def is-arg-min-def)

lemma projection-zero|simpl:
projection {0} = (A-. 0)
using is-projection-on-zero
by (metis (full-types) is-projection-on-in-image projection-def singletonD somel-ex)

lemma is-projection-on-rank1:
fixes t :: <'a::complex-inner;
shows <is-projection-on (Az. ((t -¢ ) / (t ¢ t)) *¢ t) (cspan {t})»
proof (cases <t = 0»)
case True
then show ?thesis
by (simp add: is-projection-on-zero)
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next
case Fulse
define P where <Pz = ((t -:c z) / (t ¢ t)) *¢ U for z
define ¢’ where «t' =t /¢ norm t»
with False have <norm t' = 1»
by (simp add: norm-inverse)
have P-def’: <P z = cinner t’ z x¢ t» for z
unfolding P-def t’-def apply auto
by (metis divide-divide-eg-left divide-inverse mult.commute power2-eq-square
power2-norm-eq-cinner)
have spant” <cspan {t} = cspan {t'}
by (simp add: False t’-def)
have cc: <closed-csubspace (cspan {t})»
by (auto intro!: finite-cspan-closed closed-csubspace.intro)
have ortho: <h — P h € orthogonal-complement (cspan {t})» for h
unfolding orthogonal-complement-def P-def’ spant’ apply auto
by (smt (verit, ccfo-threshold) <norm t’' = 15 add-cancel-right-left cinner-add-right
cinner-commute’ cinner-scale C-right cnorm-eq-1 complex-vector.span-breakdown-eq
complez-vector.span-empty diff-add-cancel mult-cancel-left1 singletonD)
have inspan: <P h € cspan {t}» for h
unfolding P-def’ spant’
by (simp add: complez-vector.span-base complex-vector.span-scale)
show <(is-projection-on P (cspan {t})
apply (subst is-projection-on-iff-orthog)
using cc ortho inspan by auto
qged

lemma projection-ranki:
fixes t z :: ('a::complez-inner;
shows <projection (cspan {t}) z = ((t ¢ z) / (t -¢ t)) *¢
apply (rule fun-cong, rule projection-eql’, simp)
by (rule is-projection-on-rank1)

9.5 More orthogonal complement

The following lemmas logically fit into the "orthogonality" section but de-
pend on projections for their proofs.

Corollary 2.8 in [1]

theorem double-orthogonal-complement-id[simp]:
fixes M :: (’a::chilbert-space set»
assumes al: closed-csubspace M
shows orthogonal-complement (orthogonal-complement M) = M
proof—
have b2: z € (id — projection M) —* {0}
if c1: z € M for
by (simp add: assms projection-fizes-image that)

have b3: <z € M)
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if c1: <z € (id — projection M) —* {0} for z
by (metis assms closed-csubspace.closed closed-csubspace.subspace complez-vector.subspace-0
csubspace-is-convex eq-id-iff equalsOD fun-diff-def projection-in-image right-minus-eq
that vimage-singleton-eq)
have <z € M <— z € (id — projection M) —*{0}» for z
using b2 b3 by blast
hence b4: «( id — (projection M) ) —“ {0} = M>»
by blast
have b1: orthogonal-complement (orthogonal-complement M)
= (projection (orthogonal-complement M)) —* {0}
by (simp add: al projection-kernel-is-orthogonal-complement del: projection-on-orthogonal-complement)
also have «... = (id — (projection M) ) —‘ {0}
by (simp add: al)
also have «... = M»
by (simp add: b4)
finally show ?thesis by blast
qed

lemma orthogonal-complement-antimono-iff [simp]:
fixes A B :: «('a:chilbert-space) set»
assumes <closed-csubspace Ay and <closed-csubspace B>
shows (orthogonal-complement A C orthogonal-complement B +— A D B>
proof (rule iff)
show <orthogonal-complement A C orthogonal-complement By if <A O B>
using that by auto

assume <orthogonal-complement A C orthogonal-complement B>
then have <orthogonal-complement (orthogonal-complement A) 2O orthogonal-complement
(orthogonal-complement B)»
by simp
then show (4 O B»
using assms by auto
qed

lemma de-morgan-orthogonal-complement-plus:
fixes A B::(’a::complex-inner) set
assumes 0 € A) and <0 € B»
shows (orthogonal-complement (A 4+5; B) = orthogonal-complement A N orthog-
onal-complement B»
proof —
have z € (orthogonal-complement A) N (orthogonal-complement B)
if x € orthogonal-complement (A 4+ B) for
proof —
have <orthogonal-complement (A 4+ B) = orthogonal-complement (A + B)»
unfolding closed-sum-def by (subst orthogonal-complement-of-closure[symmetric|,
stmp)
hence «x € orthogonal-complement (A + B)»
using that by blast
hence t1: <Vz € (A+ B). (zcz) =0
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by (simp add: orthogonal-complement-orthol”)
have <A C A + B
using subset-iff add.commute set-zero-plus2 <0 € B)
by fastforce
hence «Vz € A. (z-c x) = O
using ¢1 by auto
hence wi: <x € (orthogonal-complement A)»
by (smt mem-Collect-eq is-orthogonal-sym orthogonal-complement-def)
have «<B C A + B»
using <0 € A) subset-iff set-zero-plus2 by blast
hence <V z € B. (z ¢ z) = O»
using t1 by auto
hence <z € (orthogonal-complement B)»
by (smt mem-Collect-eq is-orthogonal-sym orthogonal-complement-def)
thus ?thesis
using w! by auto
qed
moreover have z € (orthogonal-complement (A 4y B))
if v1: z € (orthogonal-complement A) N (orthogonal-complement B)
for z
proof—
have <z € (orthogonal-complement A)»
using vl
by blast
hence Vye A. (y .c ) = O»
by (simp add: orthogonal-complement-orthol ")
have <z € (orthogonal-complement B)»
using vl
by blast
hence <V ye B. (y ¢ =) = O»
by (simp add: orthogonal-complement-orthol ")
have <V a€A. ¥V beB. (a+b) ¢ = = 0>
by (simp add: Vy€A. y ¢ x = 0> ~NyeB. (y ¢ z) = 0> cinner-add-left)
hence v y€ (A+ B). y:cz =0
using set-plus-elim by force
hence «x € (orthogonal-complement (A + B))»
by (smt mem-Collect-eq is-orthogonal-sym orthogonal-complement-def)
moreover have <(orthogonal-complement (A + B)) = (orthogonal-complement
(A 4+ B))
unfolding closed-sum-def by (subst orthogonal-complement-of-closure[ symmetric],
sitmp)
ultimately have <z € (orthogonal-complement (A +yr B))»
by blast
thus ?thesis
by blast
qed
ultimately show “thesis by blast
qed
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lemma de-morgan-orthogonal-complement-inter:
fixes A B::'a::chilbert-space set
assumes al: <closed-csubspace Ay and a2: <closed-csubspace B>
shows <orthogonal-complement (A N B) = orthogonal-complement A +p; or-
thogonal-complement B»
proof—
have <orthogonal-complement A +,; orthogonal-complement B
= orthogonal-complement (orthogonal-complement (orthogonal-complement A
+ orthogonal-complement B))»
by (simp add: closed-subspace-closed-sum)
also have «... = orthogonal-complement (orthogonal-complement (orthogonal-complement
A) N orthogonal-complement (orthogonal-complement B))»
by (simp add: de-morgan-orthogonal-complement-plus orthogonal-complementl )
also have «... = orthogonal-complement (A N B)»
by (simp add: al a2)
finally show ?thesis
by simp
qed

lemma orthogonal-complement-of-cspan: <orthogonal-complement A = orthogonal-complement
(espan A)»

by (metis (no-types, opaque-lifting) closed-csubspace.subspace complex-vector.span-minimal
complez-vector.span-superset double-orthogonal-complement-increasing orthogonal-complement-antimono
orthogonal-complement-closed-subspace subset-antisym)

lemma orthogonal-complement-orthogonal-complement-closure-cspan:
corthogonal-complement (orthogonal-complement S) = closure (cspan S)» for S
:: 'az:chilbert-space set)
proof —
have <orthogonal-complement (orthogonal-complement S) = orthogonal-complement
(orthogonal-complement (closure (cspan S)))»
by (simp flip: orthogonal-complement-of-closure orthogonal-complement-of-cspan)

also have «... = closure (cspan S)»
by simp
finally show <orthogonal-complement (orthogonal-complement S) = closure (cspan
Sy
by —
qged

instance ccsubspace :: (chilbert-space) complete-orthomodular-lattice
proof
fix XY :: ('a ccsubspaces

show inf X (— X) = bot
apply transfer

by (simp add: closed-csubspace-def complex-vector.subspace-0 orthogonal-complement-zero-intersection)

have <t € M +,; orthogonal-complement M>
if «(closed-csubspace M» for t::'a and M
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by (metis (no-types, lifting) UNIV-I closed-csubspace.subspace complezx-vector.subspace-def
de-morgan-orthogonal-complement-inter double-orthogonal-complement-id orthogo-
nal-complement-closed-subspace orthogonal-complement-zero orthogonal-complement-zero-intersection
that)
hence b1: <M +p; orthogonal-complement M = UNIV»
if «closed-csubspace M for M :: 'a set»
using that by blast
show sup X (— X) = top
apply transfer
using b1 by auto
show — (- X) =X
apply transfer by simp

show — YV < — X
ifX<Y
using that apply transfer by simp

have c1: M +); orthogonal-complement M N N C N
if closed-csubspace M and closed-csubspace N and M C N
for M N :: 'a set
using that
by (simp add: closed-sum-is-sup)

have c2: <u € M +)s (orthogonal-complement M N N)»
if al: closed-csubspace M and a2: closed-csubspace N and a3: M C N and
zl:«u € N»
for M :: 'a set and N :: ’a set and u
proof —
have d4: «(projection M) u € M>
by (metis al closed-csubspace-def csubspace-is-convex equals0D orthog-proj-ezists
projection-in-image)
hence d2: «(projection M) u € N»
using a3 by auto
have di: <csubspace N>
by (simp add: a2)
have «u — (projection M) u € orthogonal-complement M»
by (simp add: al orthogonal-complementl projection-orthogonal)
moreover have <u — (projection M) u € N»
by (simp add: d1 d2 complez-vector.subspace-diff x1)
ultimately have d3: <u — (projection M) u € ((orthogonal-complement M) N
N)»
by simp
hence 3 v € ((orthogonal-complement M) N N). u = (projection M) u + v
by (metis d3 diff-add-cancel ordered-field-class.sign-simps(2))
then obtain v where (v € ((orthogonal-complement M) N N)» and <u =
(projection M) u + v
by blast
hence «u € M + ((orthogonal-complement M) N N)»
by (metis dj set-plus-intro)
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thus ?thesis
unfolding closed-sum-def
using closure-subset by blast
qed

have ¢3: N C M + s ((orthogonal-complement M) N N)
if closed-csubspace M and closed-csubspace N and M C N
for M N :: 'a set
using c2 that by auto

show sup X (inf (— X) Y)=Y
ifX<Y
using that apply transfer
using ci ¢3
by (simp add: subset-antisym)

show X — Y =infX (- Y)
apply transfer by simp
qed

9.6 Orthogonal spaces

definition <orthogonal-spaces S T +— (V zEspace-as-set S. V yEspace-as-set T.
is-orthogonal x y)»

lemma orthogonal-spaces-leq-compl: <orthogonal-spaces S T +— § < =T
unfolding orthogonal-spaces-def apply transfer
by (auto simp: orthogonal-complement-def)

lemma orthogonal-bot[simp]: <orthogonal-spaces S bot»
by (simp add: orthogonal-spaces-def)

lemma orthogonal-spaces-sym: <orthogonal-spaces S T = orthogonal-spaces T S»
unfolding orthogonal-spaces-def
using is-orthogonal-sym by blast

lemma orthogonal-sup: <orthogonal-spaces S T1 = orthogonal-spaces S T2 —>
orthogonal-spaces S (sup T1 T2)»

apply (rule orthogonal-spaces-sym)

apply (simp add: orthogonal-spaces-leq-compl)

using orthogonal-spaces-leg-compl orthogonal-spaces-sym by blast

lemma orthogonal-sum:
assumes (finite F» and «\z. t€F = orthogonal-spaces S (T x)»
shows <orthogonal-spaces S (sum T F))
using assms
apply induction
by (auto intro!: orthogonal-sup)
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lemma orthogonal-spaces-ccspan: «(¥z€S. Y yeT. is-orthogonal © y) <— orthog-
onal-spaces (ccspan S) (cespan T)»

by (meson ccspan-leg-ortho-cespan ccspan-superset orthogonal-spaces-def orthog-
onal-spaces-leg-compl subset-iff)

9.7 Orthonormal bases

lemma ortho-basis-exists:
fixes S :: ('a::chilbert-space set»
assumes <is-ortho-set S»
shows (3B. B D § A is-ortho-set B A closure (cspan B) = UNIV)
proof —
define on where (on B «<—— B D S A is-ortho-set B> for B :: ('a set»
have 3 BeCollect on. ¥ B'eCollect on. B C B’ — B' = B»
proof (rule subset-Zorn-nonempty; simp)
show «35. on S»
apply (rule exI[of - S])
using assms on-def by fastforce
next
fix C :: ('a set set
assume <C # {}P
assume <subset.chain (Collect on) C»
then have C-on: «<B € C = on B> and C-order: «<B€ C = B'e C = B
C B'V B'C B for BB’
by (auto simp: subset.chain-def)
have <is-orthogonal = y» if <xelJ C» «yelJ C» <z # o for z y
by (smt (verit) UnionE C-order C-on on-def is-ortho-set-def subsetD that(1)
that(2) that(3))
moreover have 0 ¢ |J C»
by (meson UnionE C-on is-ortho-set-def on-def)
moreover have ((JC D S
using C-on «C # {}» on-def by blast
ultimately show <on (|J C)»
unfolding on-def is-ortho-set-def by simp
qged
then obtain B where <on By and B-maz: <B’ O B = on B’ = B=B’) for
B/
by auto
have <) = 0 if ortho: <V beB. is-orthogonal ¢ by for ¢ :: 'a
proof (rule ccontr)
assume <) # 0
define ¢ B’ where <p = ¢ /g norm ¢¥» and <B' = B U {p}
have [simp]: <norm ¢ = 1)
using <) # 0> by (auto simp: p-def)
have portho: <is-orthogonal ¢ by if <b € B) for b
using ortho that p-def by auto
have orthoB’: <is-orthogonal z 3y if <x€B’ <yeB’y <z # y» for z y
using that <on B> @ortho @ortho|[THEN is-orthogonal-sym[THEN iffD1]]
by (auto simp: B’-def on-def is-ortho-set-def)

198



have B’0: <0 ¢ B"
using B’-def <norm ¢ = 15 <on B> is-ortho-set-def on-def by fastforce
have S C B’
using B’-def <on By on-def by auto
from orthoB’ B'0 «S C B’> have (on B’
by (simp add: on-def is-ortho-set-def)
with B-maz have «B = B"
by (metis B'-def Un-upperl)
then have «p € B)
using B’-def by blast
then have <is-orthogonal ¢ >
using @ortho by blast
then show Fulse
using B0 «<B = B’ «p € B» by fastforce
qed
then have <orthogonal-complement B = {0}»
by (auto simp: orthogonal-complement-def)
then have «UNIV = orthogonal-complement (orthogonal-complement B)»
by simp
also have «... = orthogonal-complement (orthogonal-complement (closure (cspan
B))
by (metis (mono-tags, opaque-lifting) <orthogonal-complement B = {0} cin-
ner-zero-left complex-vector.span-superset empty-iff insert-iff orthogonal-complementl
orthogonal-complement-antimono orthogonal-complement-of-closure subsetl subset-antisym,)
also have «... = closure (cspan B)»
apply (rule double-orthogonal-complement-id)
by simp
finally have <closure (cspan B) = UNIV)»
by simp
with (on B)> show ?thesis
by (auto simp: on-def)
qed

lemma orthonormal-basis-exists:
fixes S :: ('a::chilbert-space set»
assumes (is-ortho-set S» and «A\z. €S = norm z = 1»
shows <3B. B O S A is-onb B)
proof —
from <is-ortho-set S»
obtain B where <is-ortho-set By and «B 2 S» and <closure (¢cspan B) = UNIV»
using ortho-basis-exists by blast
define B’ where <B' = (Az. /g norm z) ‘ B»
have S = (Az. z /g norm z) S
by (simp add: assms(2))
then have (B’ D S)
using B'-def «S C B> by blast
moreover
have <ccspan B’ = top»

apply (transfer fizing: B’)
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apply (simp add: B’-def scaleR-scaleC)
apply (subst complez-vector.span-image-scale’)
using <is-ortho-set B) <closure (cspan B) = UNIV) is-ortho-set-def
by auto
moreover have <is-ortho-set B”y
using <is-ortho-set By by (auto simp: B'-def is-ortho-set-def)
moreover have <V beB’. norm b = 1»
using (is-ortho-set B> apply (auto simp: B’-def is-ortho-set-def)
by (metis field-class.field-inverse norm-eg-zero)
ultimately show ?thesis
by (auto simp: is-onb-def)
qed

definition some-chilbert-basis :: <'a::chilbert-space sety where
<some-chilbert-basis = (SOME B::'a set. is-onb B)»

lemma is-onb-some-chilbert-basis|[simp|: <is-onb (some-chilbert-basis :: 'a::chilbert-space
set)»

using orthonormal-basis-exists| OF is-ortho-set-empty]

by (auto simp add: some-chilbert-basis-def intro: somel2)

lemma is-ortho-set-some-chilbert-basis[simp]: <is-ortho-set some-chilbert-basis»
using is-onb-def is-onb-some-chilbert-basis by blast

lemma is-normal-some-chilbert-basis: <\x. © € some-chilbert-basis = norm x =
1
using is-onb-def is-onb-some-chilbert-basis by blast

lemma ccspan-some-chilbert-basis[simpl: <ccspan some-chilbert-basis = top»
using is-onb-def is-onb-some-chilbert-basis by blast

lemma span-some-chilbert-basis[simp]: «closure (cspan some-chilbert-basis) = UNIV)
by (metis ccspan.rep-eq cespan-some-chilbert-basis top-ccsubspace.rep-eq)

lemma cindependent-some-chilbert-basis[simp]: <cindependent some-chilbert-basis
using is-ortho-set-cindependent is-ortho-set-some-chilbert-basis by blast

lemma finite-some-chilbert-basis[simp|: <finite (some-chilbert-basis :: 'a :: { chilbert-space,
cfinite-dim} set)»

apply (rule cindependent-cfinite-dim-finite)

by simp

lemma some-chilbert-basis-nonempty: <(some-chilbert-basis :: 'a::{chilbert-space,
not-singleton} set) # {}»
proof (rule ccontr, simp)

define B :: <‘a set» where (B = some-chilbert-basis

assume [simp]: «<B = {}

have «<UNIV = closure (cspan B)»
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using B-def span-some-chilbert-basis by blast
also have «... = {0}

by simp
also have «... # UNIV»

using Faxtra-General. UNIV-not-singleton by blast
finally show Fulse

by simp

qed

lemma basis-projections-reconstruct-has-sum:
assumes <is-ortho-set B> and normB: <\b. b6 B = norm b = 1» and ¢ B: )
€ space-as-set (ccspan B)»
shows ¢((Ab. (b -¢ ¥) *¢ b) has-sum ) B»
proof (rule has-sumlI-metric)
fix e :: real assume e > 0
define e2 where <2 = ¢/2»
have [simp]: <e2 > 0)
by (simp add: <0 < e) e2-def)
define bb where <bb ¢ b = (b -c ) x¢ b for p and b :: ‘a
have linear-bb: <clinear (Ap. bb ¢ b)> for b
by (simp add: bb-def cinner-add-right clinear-iff scaleC-left.add)
from ¢ B obtain ¢ where distpiy): «dist ¢ ¥ < e2> and pB: «p € cspan B>
apply atomize-elim apply (simp add: ccspan.rep-eq closure-approachable)
using <0 < e2» by blast
from ¢B obtain F where «finite F'> and <F C B> and ¢F: <«p € cspan F»
by (meson vector-finitely-spanned)
have «dist (sum (bb ¥) G) ¥ < e
if <finite G> and <F C G)> and <G C B» for G
proof —
have sumyp: <sum (bb ¢) G = ¢»
proof —
from ¢oF <F C G» have ¢pG: «p € cspan G»
using complex-vector.span-mono by blast
then obtain f where psum: «p = (D beG. fb x¢ b)
using complex-vector.span-finite| OF «finite G
by auto
have <sum (bb p) G = (3 ceG. > beG. bb (f b xc b) ¢
apply (simp add: psum)
apply (rule sum.cong, simp)
apply (rule complex-vector.linear-sum[where f=<\z. bb z -»])
by (rule linear-bb)

also have «... = (3" (¢,b)eGxG. bb (f b *c b) c)»
by (simp add: sum.cartesian-product)
also have «... = (D beG. fb x¢c b)»

apply (rule sym)
apply (rule sum.reindex-bij-witness-not-neutral
[where j=«\b. (b,b)) and i=fst and T'=«GxG — (Ab. (b,0)) ¢ G» and
S={p])

using «finite G> apply (auto simp: bb-def)
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apply (metis (no-types, lifting) assms(1) imagel is-ortho-set-antimono
is-ortho-set-def that(3))
using normB <G C B) cnorm-eq-1 by blast
also have ... =
by (simp flip: psum)
finally show ?thesis
by —
qed
have «dist (sum (bb ) G) (sum (bb ¢) G) < e2»
proof —
define v where <y = ¢ —
have «(dist (sum (bb @) G) (sum (bb ) G))? = (norm (sum (bb v) G))*
by (simp add: dist-norm ~y-def complex-vector.linear-diff [OF linear-bb)
sum-subtractf)

also have «... = (norm (sum (bbv) G))? + (norm (y — sum (bbv) G))? —
(norm (v — sum (bb v) G))*
by simp
also have «... = (norm (sum (bb v) G + (v — sum (bb 7) G)))? — (norm
(v — sum (bb ) G))*
proof —

have (> beG. bb v b ¢ bby ¢) = bby ¢ ¢ 7 if <c € G) for ¢
apply (subst sum-single[where i=c])
using that apply (auto intro!: <finite G) simp: bb-def)
apply (metis <G C B> <is-ortho-set By is-ortho-set-antimono is-ortho-set-def)
using <G C By normB cnorm-eq-1 by blast
then have «<is-orthogonal (sum (bb v) G) (y — sum (bb v) G)»
by (simp add: cinner-sum-left cinner-diff-right cinner-sum-right)
then show ?thesis
apply (rule-tac arg-conglwhere f=«\z. z — -)])
by (rule pythagorean-theorem|symmetric])

qed

also have (... = (norm v)? — (norm (y — sum (bb v) G))%
by simp

also have (... < (norm )%
by simp

also have «... = (dist ¢ )%

by (simp add: y-def dist-norm)
also have (... < e2%
using distoy apply (rule power-strict-mono)
by auto
finally show ?thesis
by (smt (verit) <0 < e2) power-mono)
qed
with sumyp distoy show <dist (sum (bb ) G) ¥ < e
apply (rule-tac dist-triangle-lt{jwhere z=y))
by (simp add: e2-def dist-commute)
qed
with (finite F» and <F C B>
show 3 F. finite F' A
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FCBAWMG. finite GANF C GANGC B — dist (sum (bb ¢) G) 9
< ep
by (auto intro!: exI[of - F])
qed

lemma basis-projections-reconstruct:

assumes <is-ortho-set By and «(A\b. bé B = norm b = 1) and ) € space-as-set
(cespan B)»

shows (Y b€B. (b -¢ ¥) *c b) =

using assms basis-projections-reconstruct-has-sum infsuml by blast

lemma basis-projections-reconstruct-summable:

assumes <is-ortho-set By and (A\b. bé B = norm b = 1> and <) € space-as-set
(cespan B)»

shows ((Ab. (b -¢ ) *¢ b) summable-on B>

by (simp add: assms basis-projections-reconstruct basis-projections-reconstruct-has-sum
summable-iff-has-sum-infsum)

lemma parseval-identity-has-sum:
assumes <is-ortho-set By and normB: «(\b. b6éB = norm b = 1> and ¢ €
space-as-set (ccspan B)»
shows <((Ab. (norm (b -c ¥))?) has-sum (norm )?) B>
proof —
have x: «(\v. (norm v)?) (32 bEF. (b ¢ ) *¢ b) = (3. bEF. (norm (b -c ¥))*)
if <finite F> and <F C B) for F
apply (subst pythagorean-theorem-sum)
using <(is-ortho-set B> normB that
apply (auto introl: sum.cong[OF refl] simp: is-ortho-set-def)
by blast

from assms have (((Ab. (b -¢ ¢) *¢ b) has-sum ) B»
by (simp add: basis-projections-reconstruct-has-sum,)
then have (((AF. >_beF. (b -c ¥) *c b) — ) (finite-subsets-at-top B)»
by (simp add: has-sum-def)
then have (((AF. (Av. (norm v)?) (3. beF. (b -¢c ¥) *¢ b)) — (norm 1)?)
(finite-subsets-at-top B)»
apply (rule isCont-tendsto-compose[rotated))
by simp
then have «((\F. (32 beF. (norm (b -c ©))?)) — (norm 1)?) (finite-subsets-at-top
B)»
apply (rule tendsto-cong| THEN iffD2, rotated])
apply (rule eventually-finite-subsets-at-top-weakl)
by (simp add: *)
then show «((A\b. (norm (b -c ¥))?) has-sum (norm )?) B
by (simp add: has-sum-def)
qed

lemma parseval-identity-summable:
assumes <is-ortho-set By and «(A\b. bé B = norm b = 1» and ) € space-as-set
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(cespan B)»
shows «(Ab. (norm (b -c ©))?) summable-on B>
using parseval-identity-has-sum|[OF assms] has-sum-imp-summable by blast

lemma parseval-identity:

assumes <is-ortho-set By and «(A\b. bé B = norm b = 1» and ) € space-as-set
(cespan B)»

shows (3 o b€B. (norm (b -¢ ¥))?) = (norm )%

using parseval-identity-has-sum|[OF assms]

using infsuml by blast

9.8 Riesz-representation theorem

lemma orthogonal-complement-kernel-functional:
fixes [ :: <'a::complex-inner = complex>
assumes <bounded-clinear f»
shows (3 z. orthogonal-complement (f —*{0}) = cspan {z}
proof (cases <orthogonal-complement (f —*{0}) = {0})
case True
then show ?thesis
apply (rule-tac =0 in exI) by auto
next
case Fulse
then obtain z where zortho: <x € orthogonal-complement (f —¢ {0})> and
xnon0: «x # 0>
using complex-vector.subspace-def by fastforce

from znon0 zortho
have r1: «fz # O
by (metis cinner-eg-zero-iff orthogonal-complement-orthol vimage-singleton-eq)

have 3 k. y = k x¢ o if <y € orthogonal-complement (f —*{0})» for y
proof (cases <y = 0»)
case True
then show ?thesis by auto
next
case Fulse
with that
have «fy # 0»
by (metis cinner-eg-zero-iff orthogonal-complement-orthol vimage-singleton-eq)
then obtain k£ where k-def: <fz =k x f
by (metis add.inverse-inverse minus-divide-eq-eq)
with assms have <fz = f (k x¢ y)»
by (simp add: bounded-clinear.azioms(1) clinear.scaleC)
hence (fz — f (kxc y) = O
by simp
with assms have s1: «f (x — k x¢ y) = O»
by (simp add: bounded-clinear.azioms(1) complex-vector.linear-diff’)
from that have <k x¢ y € orthogonal-complement (f —“{0})
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by (simp add: complez-vector.subspace-scale)
with zortho have s2: <x — (k *¢ y) € orthogonal-complement (f —*{0})»
by (simp add: complez-vector.subspace-diff)
have s3: «(z — (k*xc y)) € f =< {0}
using s by simp
moreover have ((f —‘{0}) N (orthogonal-complement (f —*{0})) = {0}
by (meson assms closed-csubspace-def complex-vector.subspace-def kernel-is-closed-csubspace
orthogonal-complement-zero-intersection)
ultimately have «z — (k x¢c y) = 0>
using s2 by blast
thus ?thesis
by (metis ceq-vector-fraction-iff eq-iff-diff-eq-0 k-def r1 scaleC-scaleC')
qed
then have <orthogonal-complement (f —“{0}) C espan {z}>
using complex-vector.span-superset complex-vector.subspace-scale by blast

moreover from zortho have <orthogonal-complement (f —<{0}) D cspan {z}
by (simp add: complex-vector.span-minimal)

ultimately show ?thesis
by auto
qged

lemma riesz-representation-existence:
— Theorem 3.4 in [1]
fixes f :: <'a::chilbert-space = complex>
assumes al: <bounded-clinear f»
shows (Jt. Vz. fz =1t .c o
proof(cases <V x. fz = 0»)
case True
thus ?thesis
by (metis cinner-zero-left)
next
case Fulse
obtain ¢ where spant: <orthogonal-complement (f —*{0}) = cspan {t}
using orthogonal-complement-kernel-functional
using assms by blast
have «projection (orthogonal-complement (f —{0})) z = ((t . 2)/(t ¢ t)) *¢
t» for x
apply (subst spant) by (rule projection-rankl)
hence «f (projection (orthogonal-complement (f —<{0})) z) = (((t -¢ z))/(t ¢
t)) x (ft) for
using a! unfolding bounded-clinear-def
by (simp add: complex-vector.linear-scale)
hence [2: «f (projection (orthogonal-complement (f —<{0})) =) = ((eng (ft)/(¢
o t)) x¢ t) ¢ a for z
using complez-cnj-divide by force
have «f (projection (f —{0}) z) = 0 for z
by (metis (no-types, lifting) assms bounded-clinear-def closed-csubspace.closed
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complex-vector.linear-subspace-vimage complex-vector.subspace-0 complex-vector.subspace-single-0
csubspace-is-convex insert-absorb insert-not-empty kernel-is-closed-csubspace
projection-in-image vimage-singleton-eq)
hence Aa b. f (projection (f —{0}) a +b) =0+ fb
using additive.add assms
by (simp add: bounded-clinear-def complex-vector.linear-add)
hence Aa. 0 + f (projection (orthogonal-complement (f —“{0})) a) = fa
apply (simp add: assms)
by (metis add.commute diff-add-cancel)
hence «fz = ((¢nj (ft)/(t -¢ t)) *¢ t) ¢ x» for z
by (simp add: 12)
thus ?thesis
by blast
qed

lemma riesz-representation-unique:

— Theorem 3.4 in [1]

fixes f::¢'a::complex-inner = complex>

assumes (A\z. fz = (t ¢ z)»

assumes A\z. fz = (u ¢ z)

shows ¢t = w»

by (metis add-diff-cancel-left’ assms(1) assms(2) cinner-diff-left cinner-gt-zero-iff
diff-add-cancel diff-zero)

9.9 Adjoints
definition (is-cadjoint F G «— (Vzy. (Fz ¢ y) = (z ¢ Gy))

lemma is-adjoint-sym:
<is-cadjoint F G = is-cadjoint G F»
unfolding is-cadjoint-def apply auto
by (metis cinner-commute’)

definition (cadjoint G = (SOME F. is-cadjoint F G)»
for G :: 'b::complex-inner = 'a::complex-inner

lemma cadjoint-exists:
fixes G :: 'b::chilbert-space = 'a::complex-inner
assumes [simp|: <bounded-clinear G»
shows (3 F. is-cadjoint F G>»
proof —
include norm-syntax
have [simp]: «clinear G»
using assms unfolding bounded-clinear-def by blast
define ¢ :: <a = ‘b = complen
where <gzy = (z -¢ G y) for z y
have <bounded-clinear (g x)» for x
proof —
have gz (a+b)=gza+ gz b forab
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unfolding g-def
using additive.add cinner-add-right clinear-def
by (simp add: cinner-add-right complez-vector.linear-add)
moreover have gz (k xc a) =k x¢ (g a)
for a k
unfolding g-def
by (simp add: complex-vector.linear-scale)
ultimately have «(clinear (g z)»
by (simp add: clinearT)
moreover
have (3 M.V 4. | Gy || < | y || * M>
using <bounded-clinear G>»
unfolding bounded-clinear-def bounded-clinear-axioms-def by blast
then have IAM.Vy. ||gzy || < |y | x M>
using g-def
by (simp add: bounded-clinear.bounded bounded-clinear-cinner-right-comp)
ultimately show ¢thesis unfolding bounded-linear-def
using bounded-clinear.intro
using bounded-clinear-axioms-def by blast
qed
hence Vz. 3t. Vy. gz y= (t-c y)»
using riesz-representation-existence by blast
then obtain F where Vz. Vy. gz y = (Fz ¢ y)
by metis
then have <is-cadjoint F' G»
unfolding is-cadjoint-def g-def by simp
thus ?thesis
by auto
qed

lemma cadjoint-is-cadjoint[simpl:
fixes G :: 'b::chilbert-space = 'a::complex-inner
assumes [simp]: <bounded-clinear G»
shows <(is-cadjoint (cadjoint G) G»
by (metis assms cadjoint-def cadjoint-exists somel-ex)

lemma is-cadjoint-unique:
assumes <is-cadjoint F1 G
assumes <is-cadjoint F2 G»
shows (F1 = F2)
by (metis (full-types) assms(1) assms(2) ext is-cadjoint-def riesz-representation-unique)

lemma cadjoint-univ-prop:
fixes G :: 'b::chilbert-space = 'a::complex-inner
assumes al: <bounded-clinear G»
shows (cadjoint Gz ¢ y =2 ¢ Gy
using assms cadjoint-is-cadjoint is-cadjoint-def by blast

lemma cadjoint-univ-prop”:
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fixes G :: 'b::chilbert-space = 'a::complex-inner
assumes al: <bounded-clinear G»

shows «x -¢ cadjoint Gy = Gz ¢

by (metis cadjoint-univ-prop assms cinner-commute’)

notation cadjoint (<-1» [99] 100)

lemma cadjoint-eql:
fixes G:: <'b::complex-inner = 'a::complex-inner»
and F:: <(a = b
assumes Az y. (Fz ¢ y) = (¢ ¢ Gy)
shows «GT = F)
by (metis assms cadjoint-def is-cadjoint-def is-cadjoint-unique somel-ex)

lemma cadjoint-bounded-clinear:
fixes A :: 'a::chilbert-space = 'b::complex-inner
assumes al: bounded-clinear A
shows (bounded-clinear (A'))
proof
include norm-syntax
have b1: «((A") z ¢ y) = (v ¢ A y) for z y
using cadjoint-univ-prop al by auto
have <is-orthogonal ((AY) (21 + 22) — ((AT) x1 + (A") 22)) v for 1 22 y
by (simp add: b1 cinner-diff-left cinner-add-left)
hence b2: «(A") (z1 + 22) — ((A") 21 + (A") 22) = 0) for x1 22
using cinner-eq-zero-iff by blast
thus 21: «(A") (21 + 22) = (AT) 1 + (AT) 22) for z1 22
by (simp add: b2 eq-iff-diff-eq-0)

have f1: <is-orthogonal ((A") (r *¢ z) — (r ¢ (A7) z)) y for ray
by (simp add: b1 cinner-diff-left)
thus 22: «(A") (r xc 7) = r %¢ (AT) » for r z
using cinner-eq-zero-iff eq-iff-diff-eq-0 by blast
have || (AT) z |72 = ((A") 2 -¢ (A") 2)) for z
by (metis cnorm-eq-square)
moreover have (|| (AT) z |72 > 0) for z
by simp
ultimately have «|| (A") z |72 = | ((AT) z -¢ (A7) z) | for z
by (metis abs-pos cinner-ge-zero)
hence «|| (AT) z |72 = | (z ¢ A ((AT) z)) | for z
by (simp add: b1)
moreover have «|(z-c A ((AT) z))| < ||z| * ||A ((AT) )| for z
by (simp add: abs-complex-def complex-inner-class. Cauchy-Schwarz-ineq?2 less-eq-complex-def)
ultimately have b5: || (AT) z || 72 < ||=| * [|[A ((AT) 2)| for =
by (metis complez-of-real-mono-iff)
have AM. M > 0 A (Y 2. |[A (AT) z)|| < M = ||(AT) z||)»
using al
by (metis (mono-tags, opaque-lifting) bounded-clinear.bounded linear mult-nonneg-nonpos
mult-zero-right norm-ge-zero order.trans semiring-normalization-rules(7))
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then obtain M where q1: <M > 0> and ¢2: <V z. ||A ((A") 2)|| < M * ||(AT)

x|
by blast
have «V z::'b. ||z|| > 0>
by simp
hence b6: «||z|| * [|[A ((AT) 2)|| < ||z|| * M * ||[(A") z|)) for =
using ¢2

by (smt ordered-comm-semiring-class.comm-mult-left-mono vector-space-over-itself .scale-scale)
have 23: «|| (A") z || < ||z|| * M> for z
proof(cases ¢||(AT) z|| = 0»)
case True
thus ?thesis
by (simp add: <0 < M»)
next
case False
have «| (A7) @ |72 < flal| + M« [[(A") |
by (smt b5 b6)
thus ?thesis
by (smt False mult-right-cancel mult-right-mono norm-ge-zero semiring-normalization-rules(29))
qed
thus K. V. [[(AT) 7| < ||z|| * K>
by auto
qed

proposition double-cadjoint:

fixes U :: <'a:chilbert-space = 'b::comples-inner>

assumes al: bounded-clinear U

shows Ut = U

by (metis assms cadjoint-def cadjoint-is-cadjoint is-adjoint-sym is-cadjoint-unique
somel-ex)

lemma cadjoint-id[simp]: <id" = id>
by (simp add: cadjoint-eql id-def)

lemma scaleC-cadjoint:
fixes A::'a::chilbert-space = 'b::complex-inner
assumes bounded-clinear A
shows ((\t. a ¢ A t)T = (\s. cnj a x¢ (AT) s)
proof —
have b3: (X 5. (cnj a) *¢ (AN) 8) 2z c y) = (z ¢ (A t. axc (A L)) y)
for z y
by (simp add: assms cadjoint-univ-prop)

have ((\t. a x¢ A )T) b = cnja xc (AN b
for b::'b
proof—
have bounded-clinear (A\t. a *¢ A t)
by (simp add: assms bounded-clinear-const-scaleC')
thus ?thesis
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by (metis (no-types) cadjoint-eql b3)
qed
thus ?thesis
by blast
qed

lemma is-projection-on-is-cadjoint:

fixes M :: ('a::complez-inner set>

assumes al: <is-projection-on m M> and a2: <closed-csubspace M)

shows <(is-cadjoint © 7

by (smt (verit, ccfo-threshold) al a2 cinner-diff-left cinner-eq-flip is-cadjoint-def
is-projection-on-iff-orthog orthogonal-complement-orthol right-minus-eq)

lemma is-projection-on-cadjoint:
fixes M :: ('a::complex-inner set>
assumes <is-projection-on w M> and «closed-csubspace M)
shows (rf = m
using assms is-projection-on-is-cadjoint cadjoint-eql is-cadjoint-def by blast

lemma projection-cadjoint:

fixes M :: ('a::chilbert-space set»

assumes <closed-csubspace M>

shows «(projection M)T = projection M)

using is-projection-on-cadjoint assms

by (metis closed-csubspace.closed closed-csubspace.subspace csubspace-is-convex
empty-iff orthog-proj-exists projection-is-projection-on)

9.10 More projections

These lemmas logically belong in the "projections" section above but depend
on lemmas developed later.

lemma is-projection-on-plus:
assumes Az y. 2 € A = y € B = is-orthogonal z y
assumes <(closed-csubspace A»
assumes <closed-csubspace B>
assumes (is-projection-on wA A»
assumes <is-projection-on wB B)»
shows (is-projection-on (Az. mA = + nB z) (A +m B)»
proof (rule is-projection-on-iff-orthog| THEN iffD2, rule-format])
show clAB: (closed-csubspace (A +p B)»
by (simp add: assms(2) assms(3) closed-subspace-closed-sum)
fix h
have 1: «<tAh+7Bhe A+ B
by (meson clAB assms(2) assms(3) assms(4) assms(5) closed-csubspace-def
closed-sum-left-subset closed-sum-right-subset complez-vector.subspace-def in-mono
is-projection-on-in-image)

have «tA (7B h) = 0»
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by (smt (verit, del-insts) assms(1) assms(2) assms(4) assms(5) cinner-eq-zero-iff
is-cadjoint-def is-projection-on-in-image is-projection-on-is-cadjoint)
then have <h — (tA h+ 7B h)=(h —wBh) —wA (h — 7B h))
by (smt (verit) add.right-neutral add-diff-cancel-left’ assms(2) assms(4) closed-csubspace.subspace
complex-vector.subspace-diff diff-add-eq-diff-diff-swap diff-diff-add is-projection-on-iff-orthog
orthog-proj-unique orthogonal-complement-closed-subspace)
also have «... € orthogonal-complement A»
using assms(2) assms(4) is-projection-on-iff-orthog by blast
finally have orthoA: <h — (A h + wB h) € orthogonal-complement A»
by —

have «wB (rA h) = O»
by (smt (verit, del-insts) assms(1) assms(3) assms(4) assms(5) cinner-eq-zero-iff
is-cadjoint-def is-projection-on-in-image is-projection-on-is-cadjoint)
then have <h — (tA h+7Bh)=(h—7Ah) — 7B (h — A h)
by (smt (verit) add.right-neutral add-diff-cancel assms(3) assms(5) closed-csubspace.subspace
complex-vector.subspace-diff diff-add-eq-diff-diff-swap diff-diff-add is-projection-on-iff-orthog
orthog-proj-unique orthogonal-complement-closed-subspace)
also have «... € orthogonal-complement B>
using assms(3) assms(5) is-projection-on-iff-orthog by blast
finally have orthoB: <h — (A h + 7B h) € orthogonal-complement B»
by —

from orthoA orthoB

have 2: <h — (mA h + 7B h) € orthogonal-complement (A 4y B)»

by (metis Intl assms(2) assms(3) closed-csubspace-def complex-vector.subspace-def
de-morgan-orthogonal-complement-plus)

from 1 2 show <h — (7A h + ©wB h) € orthogonal-complement (A +p B) A TA
h+7mBheA+y B
by simp
qed

lemma projection-plus:
fixes A B :: 'a::chilbert-space set
assumes Az y. ©:4A = y:B = is-orthogonal z y
assumes <closed-csubspace A»
assumes <closed-csubspace B>
shows <projection (A +y B) = (Az. projection A x + projection B x)»
proof —
have «is-projection-on (Az. projection A © + projection B z) (A 4+ B)»
apply (rule is-projection-on-plus)
using assms by auto
then show ?thesis
by (meson assms(2) assms(3) closed-csubspace.subspace closed-subspace-closed-sum
csubspace-is-convex projection-eql’)
qed

lemma is-projection-on-insert:
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assumes ortho: \s. s € S = is-orthogonal a s
assumes <is-projection-on w (closure (cspan S))»
assumes (is-projection-on wa (cspan {a})>
shows is-projection-on (A\x. ma z + 7 z) (closure (cspan (insert a S)))
proof —
from ortho
have «z € cspan {a} = y € closure (cspan S) = is-orthogonal z y» for x y
using is-orthogonal-cspan is-orthogonal-closure is-orthogonal-sym
by (smt (verit, ccfv-threshold) empty-iff insert-iff)
then have <is-projection-on (A\z. ma © + m z) (cspan {a} +nr closure (cspan
S))H
apply (rule is-projection-on-plus)
using assms by (auto simp add: closed-csubspace.intro)
also have «... = closure (cspan (insert a S))»
using closed-sum-cspan[where X=<{a}+] by simp
finally show ?thesis
by —
qed

lemma projection-insert:

fixes a :: (‘a::chilbert-space>

assumes al: A\s. s € S = is-orthogonal a s

shows projection (closure (cspan (insert a S))) u

= projection (cspan {a}) u + projection (closure (cspan S)) u

using is-projection-on-insert{where S=S, OF al]

by (metis (no-types, lifting) closed-closure closed-csubspace.intro closure-is-csubspace
complez-vector.subspace-span csubspace-is-convex finite.intros(1) finite.intros(2) fi-
nite-cspan-closed-csubspace projection-eql’ projection-is-projection-on’)

lemma projection-insert-finite:
fixes S :: ('a::chilbert-space set»
assumes al: A\s. s € S = is-orthogonal a s and a2: finite S
shows projection (cspan (insert a S)) u
= projection (cspan {a}) u + projection (cspan S) u
using projection-insert
by (metis al a2 closure-finite-cspan finite.insertl)

9.11 Canonical basis (onb-enum)

setup «Sign.add-const-constraint (const-name <is-ortho-sety, SOME typ<'a set
= bool»)»

class onb-enum = basis-enum + complex-inner +
assumes is-orthonormal: is-ortho-set (set canonical-basis)
and is-normal: Az. x € (set canonical-basis) = norm z = 1

setup «Sign.add-const-constraint (const-name <is-ortho-sety, SOME typ «'a::complex-inner
set = bool»)»
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lemma cinner-canonical-basis:

assumes (¢ < length (canonical-basis :: 'a::onb-enum list)

assumes (j < length (canonical-basis :: 'a::onb-enum list))

shows «cinner (canonical-basisli :: 'a) (canonical-basisly) = (if i=j then 1 else
0)»

by (metis assms(1) assms(2) distinct-canonical-basis is-normal is-ortho-set-def
is-orthonormal nth-eg-iff-index-eq nth-mem of-real-1 power2-norm-eq-cinner power-one)

lemma canonical-basis-is-onb[simp): <is-onb (set canonical-basis :: 'a::onb-enum
set)»
by (simp add: is-normal is-onb-def is-orthonormal)

instance onb-enum C chilbert-space
proof
have <complete (UNIV :: 'a set))
using finite-cspan-complete[where B=<set canonical-basis»)
by simp
then show convergent X if Cauchy X for X :: nat = 'a
by (simp add: complete-def convergent-def that)
qed

9.12 Conjugate space

instantiation conjugate-space :: (complez-inner) complex-inner begin
lift-definition cinner-conjugate-space :: 'a conjugate-space = 'a conjugate-space
= complex is

(AT Y. cinner y T>.
instance

apply (intro-classes; transfer)

apply (simp-all add: )
apply (simp add: cinner-add-right)

using cinner-ge-zero norm-eq-sqrt-cinner by auto

end

instance conjugate-space :: (chilbert-space) chilbert-space..

9.13 Misc (ctd.)

lemma separating-dense-span:
assumes (\F G :: 'a::chilbert-space = 'b::{ complez-normed-vector,not-singleton}.

bounded-clinear F = bounded-clinear G = (Vz€S. Fz = Gz) = F

=G
shows <closure (cspan S) = UNIV)

proof —
have ) = 0y if < € orthogonal-complement S» for
proof —

obtain ¢ :: 'b where «p # 0»
by fastforce
have «(Az. cinner ¢ z x¢c @) = (A-. 0)»
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apply (rule assms[rule-format))
using orthogonal-complement-orthol that
by (auto simp add: bounded-clinear-cinner-right bounded-clinear-scaleC-const)
then have <cinner ¢ ¢ = 0»
by (meson «p # 0) scaleC-eq-0-iff)
then show <y = 0»
by auto
qed
then have <orthogonal-complement (orthogonal-complement S) = UNIV)»
by (metis UNIV-eq-I cinner-zero-right orthogonal-complementl )
then show «<closure (c¢span S) = UNIV»
by (simp add: orthogonal-complement-orthogonal-complement-closure-cspan)
qed

end

10 One-Dimensional-Spaces — One dimensional com-
plex vector spaces

theory One-Dimensional-Spaces
imports
Complez-Inner-Product
Complez-Bounded-Operators. Extra-Operator-Norm
begin

The class one-dim applies to one-dimensional vector spaces. Those are ad-
ditionally interpreted as complezx-algebra-1s via the canonical isomorphism
between a one-dimensional vector space and complez.

class one-dim = onb-enum + one + times + inverse +
assumes one-dim-canonical-basis[simp]: canonical-basis = [1]
assumes one-dim-prod-scalel: (a x¢c 1) * (b x¢c 1) = (a * b) x¢ 1
assumes divide-inverse: T / y = x * inverse y
assumes one-dim-inverse: inverse (a *¢ 1) = inverse a *¢ 1

hide-fact (open) divide-inverse
— divide-inverse from class field, instantiated below, subsumes this fact.

instance complex :: one-dim
apply intro-classes
unfolding canonical-basis-complex-def is-ortho-set-def
by (auto simp: divide-complex-def)

lemma one-cinner-one[simpl: <(1:('a::one-dim)) ¢ 1 = 1»

proof—
include norm-syntaz
have «(canonical-basis::'a list) = [1::("a::one-dim)]»
by simp
hence (|| 1::'a::one-dim|| = 1»
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by (metis is-normal list.set-intros(1))
hence «||1::'a::one-dim|| "2 = 1»
by simp
moreover have <||(1:('a::one-dim))|| "2 = (1::('a::one-dim)) -¢ 1»
by (metis cnorm-eg-square)
ultimately show ?thesis by simp
qed

lemma one-cinner-a-scaleC-one[simp]: <((1::'a::one-dim) ¢ a) *¢ 1 = a»
proof—
have «(canonical-basis::'a list) = [1]
by simp
hence 72: <a € complez-vector.span ({1::'a})»
using iso-tuple-UNIV-I empty-set is-generator-set list.simps(15)
by metis
have (1::a) ¢ {}
by (metis equalsOD)
hence r1: (3 s. a = s x¢ I»
by (metis Diff-insert-absorb r2 complex-vector.span-breakdown
complex-vector.span-empty eq-iff-diff-eq-0 singleton-iff)
then obtain s where s-def: <a = s x¢ 1>
by blast
have «(1::'a) «¢c a = (1:"a) ¢ (s *c 1)
using <a = s x¢ 1»

by simp

also have ¢... = s % ((1::'a) ¢ 1)
by simp

also have ... = &

using one-cinner-one by auto
finally show ?thesis
by (simp add: s-def)
qed

lemma one-dim-apply-is-times-def:
Yx o= ((1-¢c)* (1 cep))*c 1 for:: a:one-dim»
by (metis one-cinner-a-scaleC-one one-dim-prod-scalel )

instance one-dim C complez-algebra-1
proof

fix zy z 2 <ai:one-dim> and c :: complex

show (z % y) * 2z =z * (y * 2)

by (simp add: one-dim-apply-is-times-def[where ?'a="a])

show (z + y)x 2=z % 2+ y x 2

by (metis (no-types, lifting) cinner-simps(2) complex-vector.vector-space-assms(2)
complez-vector.vector-space-assms(3) one-dim-apply-is-times-def)

show z x (y +2) =z xy+z*z

by (metis (mono-tags, lifting) cinner-simps(2) complex-vector.vector-space-assms(2)
distrib-left one-dim-apply-is-times-def)

show (¢ x¢c z) * y = ¢ *¢ (z * y)
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by (simp add: one-dim-apply-is-times-def[where ?'a='a])
show z x (¢ x¢ y) = ¢ ¢ (z * y)
by (simp add: one-dim-apply-is-times-def[where ?'a="a])
show 1 x z =z
by (metis mult.left-neutral one-cinner-a-scaleC-one one-cinner-one one-dim-apply-is-times-def)
show z x 1 =z
by (simp add: one-dim-apply-is-times-def [where ?'a = 'a])
show (0::'a) # 1
by (metis cinner-eq-zero-iff one-cinner-one zero-neq-one)
qged

instance one-dim C complez-normed-algebra
proof
fix z y :: <a::one-dim>
show norm (z % y) < norm z * norm y
proof—
have r1: cmod ((1::'a) ¢ ) < norm (1::'a) * norm x
by (simp add: complez-inner-class. Cauchy-Schwarz-ineq2)
have 72: emod ((1::'a) -¢ y) < norm (1::'a) * norm y
by (simp add: complez-inner-class. Cauchy-Schwarz-ineq2)

have ¢q1: (1::/a) ¢ 1 =1
by simp
hence (norm (1::'a)) "2 = 1
by (simp add: cnorm-eq-1 power2-eq-1-iff)
hence norm (1::'a) = 1
by (smt abs-norm-cancel power2-eq-1-iff)
hence cmod (((1::'a) ¢ z) * ((1::'a) -¢ y)) * norm (1::'a) = cmod (((1::'a)
o @) * (1) ¢ 1))

by simp

also have ... = cmod (((1::'a) -¢ z)) * emod (((1::'a) -¢ y))
by (simp add: norm-mult)

also have ... < norm (1::'a) x norm z x norm (1::'a) * norm y

by (smt <norm 1 = 1» mult.commute mult-cancel-right1 norm-scaleC one-cinner-a-scaleC-one)
also have ... = norm = *x norm y
by (simp add: <norm 1 = 1)
finally show ?thesis
by (simp add: one-dim-apply-is-times-def[where ?'a='a))
qed
qed

instance one-dim C complez-normed-algebra-1
proof intro-classes
show norm (1::'a) = 1
by (metis complez-inner-1-left norm-eq-sqrt-cinner norm-one one-cinner-one)
qed

This is the canonical isomorphism between any two one dimensional spaces.
Specifically, if 1 denotes the element of the canonical basis (which is specified
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by type class basis-enum), then one-dim-iso is the unique isomorphism that
maps 1 to 1.

definition one-dim-iso :: 'a::one-dim = 'b::one-dim
where one-dim-iso a = of-complex (1 ¢ a)

lemma one-dim-iso-idem|[simp|: one-dim-iso (one-dim-iso x) = one-dim-iso x
by (simp add: one-dim-iso-def)

lemma one-dim-iso-id[simp]|: one-dim-iso = id
unfolding one-dim-iso-def
by (auto simp add: of-complez-def)

lemma one-dim-iso-adjoint[simp]: <cadjoint one-dim-iso = one-dim-iso
apply (rule cadjoint-eql)
by (simp add: one-dim-iso-def of-complez-def)

lemma one-dim-iso-is-of-complex|[simp|: one-dim-iso = of-complex
unfolding one-dim-iso-def by auto

lemma of-complex-one-dim-iso[simp]: of-complex (one-dim-iso ) = one-dim-iso

(4

by (metis one-dim-iso-is-of-complex one-dim-iso-idem)

lemma one-dim-iso-of-complex[simp]: one-dim-iso (of-complex ¢) = of-complex c
by (metis one-dim-iso-is-of-complex one-dim-iso-idem,)

lemma one-dim-iso-add[simp]:
cone-dim-iso (a + b) = one-dim-iso a + one-dim-iso b
by (simp add: cinner-simps(2) one-dim-iso-def)

lemma one-dim-iso-minus|simp):
cone-dim-iso (a — b) = one-dim-iso a — one-dim-iso b
by (simp add: cinner-simps(3) one-dim-iso-def)

lemma one-dim-iso-scaleC[simp|: one-dim-iso (¢ *c ¥) = ¢ *¢ one-dim-iso ¢
by (metis cinner-scaleC-right of-complex-mult one-dim-iso-def scaleC-conv-of-complex)

lemma clinear-one-dim-iso[simp|: clinear one-dim-iso
by (rule clinearl, auto)

lemma bounded-clinear-one-dim-iso[simpl: bounded-clinear one-dim-iso
proof (rule bounded-clinear-intro [where K = 1] , auto)

fix x :: a::one-dim»

show norm (one-dim-iso z) < norm x

by (metis (full-types) norm-of-complex of-complex-def one-cinner-a-scaleC-one
one-dim-iso-def
order-refl)

qed
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lemma one-dim-iso-of-one[simpl: one-dim-iso 1 = 1
by (simp add: one-dim-iso-def)

lemma onorm-one-dim-iso[simp|: onorm one-dim-iso = 1
proof (rule onorml [where b = I and z = 1])
fix x :: azone-dim»
have norm (one-dim-iso x ::'b) < norm z
by (metis eq-iff norm-of-complex of-complex-def one-cinner-a-scaleC-one one-dim-iso-def)
thus norm (one-dim-iso (z::'a)::’b) < 1 % norm x
by auto
show (1::'a) # 0
by simp
show norm (one-dim-iso (1::’a)::’b) = 1 * norm (1::a)
by auto
qed

lemma one-dim-iso-times[simp]: one-dim-iso (¢ * p) = one-dim-iso 1 * one-dim-iso
®

by (metis mult.left-neutral mult-scale C-left of-complex-def one-cinner-a-scale C-one
one-dim-iso-def one-dim-iso-scaleC')

lemma one-dim-iso-of-zero[simp]: one-dim-iso 0 = 0
by (simp add: complez-vector.linear-0)

lemma one-dim-iso-of-zero’: one-dim-iso x = 0 = x = 0
by (metis of-complez-def of-complex-eq-0-iff one-cinner-a-scaleC-one one-dim-iso-def)

lemma one-dim-scaleC-1[simp|: one-dim-iso ¢ xc 1 =z
by (simp add: one-dim-iso-def)

lemma one-dim-clinear-eql:
assumes (z::'a::one-dim) # 0 and clinear f and clinear g and fz = g =
shows f = ¢
proof (rule ext)
fixy:'a
from «fz = g
have (one-dim-iso x xc f 1 = one-dim-iso © *¢ g 1>
by (metis assms(2) assms(8) complex-vector.linear-scale one-dim-scaleC-1)
hence f1 =g 1
using assms(1) one-dim-iso-of-zero’ by auto
then show fy =gy
by (metis assms(2) assms(3) complex-vector.linear-scale one-dim-scaleC-1)
qged

lemma one-dim-norm: norm = cmod (one-dim-iso x)
proof (subst one-dim-scaleC-1 [symmetric])
show norm (one-dim-iso © *¢ (1::'a)) = cmod (one-dim-iso x)
by (metis norm-of-complex of-complex-def)
qed
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lemma norm-one-dim-iso[simpl: <norm (one-dim-iso x) = norm x>
by (metis norm-of-complezx of-complex-one-dim-iso one-dim-norm)

lemma one-dim-onorm:
fixes [ :: 'a::one-dim = 'b::complex-normed-vector
assumes clinear f
shows onorm f = norm (f 1)
proof (rule onormI[where z=1])
fix z:: 'a
have norm x x* norm (f 1) < norm (f 1) * norm z
by simp
hence norm (f (one-dim-iso  xc 1)) < norm (f 1) * norm z
by (metis (mono-tags, lifting) assms complez-vector.linear-scale norm-scaleC
one-dim-norm)
thus norm (f z) < norm (f 1) * norm z
by (subst one-dim-scaleC-1 [symmetric))
qed auto

lemma one-dim-onorm”:
fixes [ :: 'a::one-dim = 'b::one-dim
assumes clinear f
shows onorm f = cmod (one-dim-iso (f 1))
using assms one-dim-norm one-dim-onorm by fastforce

instance one-dim C zero-neg-one ..

lemma one-dim-iso-inj: one-dim-iso x = one-dim-iso y — v =y
by (metis one-dim-iso-idem one-dim-scaleC-1)

instance one-dim C comm-ring
proof intro-classes
fixzyz:'a
show z x y = y *x x
by (metis one-dim-apply-is-times-def ordered-field-class.sign-simps(5))
show (z + y)*x 2=z % 2+ y x 2
by (simp add: ring-class.ring-distribs(2))
qged

instance one-dim C field
proof intro-classes
fix zy 2z :: az:one-dim>
show 1 xz =1
by simp

have (inverse ((1::'a) -¢ z) * ((1::'a) ¢ z)) *¢ (1::'a) = 1 if x #£ 0
by (metis left-inverse of-complex-def one-cinner-a-scale C-one one-dim-iso-of-zero

one-dim-iso-is-of-complex one-dim-iso-of-one that)
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hence inverse (((1::'a) -¢c z) *¢ 1) * ((1::'a) ¢ ©) *¢ 1 = (1:'a) if x # 0
by (metis one-dim-inverse one-dim-prod-scalel that)
hence inverse (((1::'a) ¢ z) *¢ 1) x x = 1 if 2 # 0
using one-cinner-a-scaleC-one[of z, symmetric] that by auto
thus inverse z x x = 1 if x # 0
by (simp add: that)
show z / y = z * inverse y
by (simp add: one-dim-class.divide-inverse)
show inverse (0::'a) = 0
by (subst complex-vector.scale-zero-left[symmetric], subst one-dim-inverse, simp)
qged

instance one-dim C complez-normed-field
proof intro-classes
fixzy:'a
show norm (z * y) = norm z * norm y
by (metis norm-mult one-dim-iso-times one-dim-norm)
qed

instance one-dim C chilbert-space..

lemma ccspan-one-dim|[simp)|: <ccspan {z} = tops if <x # 0» for z :: <- :: one-dim)
proof —

have «y € cspan {z}> for y

using that by (metis complez-vector.span-base complex-vector.span-zero cspan-singleton-scaleC
insertll one-dim-scaleC-1 scaleC-zero-left)

then show ?thesis

by (auto introl: order.antisym ccsubspace-lel
sitmp: top-ccsubspace.rep-eq ccspan.rep-eq)

qed

lemma one-dim-ccsubspace-all-or-nothing: <A = bot V A = top) for A :: <-::one-dim
ccsubspace)
proof (rule Meson.disj-comm, rule disjCI)
assume (A # bot)
then obtain ¢ where () € space-as-set Ay and <) # 0»
by (metis ccsubspace-eql singleton-iff space-as-set-bot zero-space-as-set)
then have <A > ccspan {¥}> (s <- > ..»)
by (metis bot.extremum ccspan-leql insert-absorb insert-mono)

also have «... = ccspan {one-dim-iso P x¢ 1}
by auto
also have «... = cespan {1}

apply (rule ccspan-singleton-scaleC)

using <) # 0 one-dim-iso-of-zero’ by auto
also have «... = top»

by auto
finally show <A = top>

by (simp add: top.extremum-uniquel )
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qed

lemma scaleC-1-right[simp]: <scaleC  (1::'a::one-dim) = of-complex x»
unfolding of-complex-def by simp

lemma canonical-basis-length-one-dim[simp): <canonical-basis-length TYPE('a::one-dim)
=1
by (simp add: canonical-basis-length)

end

11 Complez-Fuclidean-Space0 — Finite-Dimensional In-
ner Product Spaces

theory Complex-FEuclidean-Space0
imports
HOL— Analysis.L2-Norm
Complez-Inner-Product
HOL— Analysis. Product- Vector
HOL- Library. Rewrite
begin

11.1 Type class of Euclidean spaces

class ceuclidean-space = complezx-inner +
fixes CBasis :: 'a set
assumes nonempty-CBasis [simp]: CBasis # {}
assumes finite-CBasis [simp]: finite CBasis
assumes cinner-CBasis:
[u € CBasis; v € CBasis] = cinner u v = (if u = v then 1 else 0)
assumes ceuclidean-all-zero-iff:
(VueCBasis. cinner v = 0) <— (z = 0)

syntax -type-cdimension :: type = nat («(1CDIM/(1'(-"))»)
syntax-consts -type-cdimension = card
translations CDIM('a) — CONST card (CONST CBasis :: 'a set)
typed-print-translation «

[(const-syntax «card>,

fn ctat => fn - => fn [Const (const-syntax « CBasis>, Type (type-name (set),
7)) =>

Syntazx.const syntazx-const -type-cdimension> $ Syntaz-Phases.term-of-typ

ctzt T)]
)

lemma (in ceuclidean-space) norm-CBasis[simp]: v € CBasis = norm u = 1
unfolding norm-eg-sqrt-cinner by (simp add: cinner-CBasis)

lemma (in ceuclidean-space) cinner-same-CBasis[simp]: u € CBasis = cinner u
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u =1
by (simp add: cinner-CBasis)

lemma (in ceuclidean-space) cinner-not-same-CBasis: u € CBasis => v € CBasis
= u # v = cinner uv =0
by (simp add: cinner-CBasis)

lemma (in ceuclidean-space) sgn-CBasis: v € CBasis = sgn u = u
unfolding sgn-div-norm by (simp add: scaleR-one)

lemma (in ceuclidean-space) CBasis-zero [simp]: 0 ¢ CBasis
proof
assume (0 € CBasis thus Fualse
using cinner-CBasis [of 0 0] by simp
qed

lemma (in ceuclidean-space) nonzero-CBasis: u € CBasis = u # 0
by clarsimp

lemma (in ceuclidean-space) SOME-CBasis: (SOME i. i € CBasis) € CBasis
by (metis ex-in-conv nonempty-CBasis somel-ex)

lemma norm-some-CBasis [simp]: norm (SOME i. i € CBasis) = 1
by (simp add: SOME-CBasis)

lemma (in ceuclidean-space) cinner-sum-left-CBasis[simp):
b € CBasis = cinner (>_i€CBasis. fi xc i) b= cnj (f b)
by (simp add: cinner-sum-left cinner-CBasis if-distrib comm-monoid-add-class.sum.If-cases)

lemma (in ceuclidean-space) ceuclidean-eql:
assumes b: \b. b € CBasis = cinner x b = cinner y b shows z = y
proof —
from b have V be CBasis. cinner (z — y) b= 0
by (simp add: cinner-diff-left)
then show z = y
by (simp add: ceuclidean-all-zero-iff)
qed

lemma (in ceuclidean-space) ceuclidean-eq-iff:
x = y +— (VbeCBasis. cinner x b = cinner y b)
by (auto intro: ceuclidean-eql)

lemma (in ceuclidean-space) ceuclidean-representation-sum:
(>~ ieCBasis. fi *¢ i) = b «— (VieCBasis. fi = cnj (cinner b 7))
apply (subst ceuclidean-eq-iff)
apply simp by (metis complex-cnj-cnj cinner-commute)
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lemma (in ceuclidean-space) ceuclidean-representation-sum':
b = (> i€CBasis. fi x¢ i) +— (Vi€ CBasis. f i = cinner i b)
apply (auto simp add: ceuclidean-representation-sum|symmetric))
apply (metis ceuclidean-representation-sum cinner-commaute)
by (metis local.ceuclidean-representation-sum local.cinner-commute)

lemma (in ceuclidean-space) ceuclidean-representation: (> b€ CBasis. cinner b x
*o b) =

unfolding ceuclidean-representation-sum

using local.cinner-commute by blast

lemma (in ceuclidean-space) ceuclidean-cinner: cinner x y = (>, be CBasis. cinner
z b x cnj (cinner y b))

apply (subst (1 2) ceuclidean-representation [symmetric])

apply (simp add: cinner-sum-right cinner-CBasis ac-simps)

by (metis local.cinner-commute mult.commute)

lemma (in ceuclidean-space) choice-CBasis-iff:
fixes P :: ‘a = complex = bool
shows (Vi€ CBasis. 3z. P i z) «— (3. VieCBasis. P i (cinner z 1))
unfolding bchoice-iff
proof safe
fix f assume Vi€ CBasis. P i (f )
then show 3z. Vi€ CBasis. P i (cinner z 1)
by (auto introl: exI[of - > i€ CBasis. cnj (f ) *¢ 1])
qged auto

lemma (in ceuclidean-space) behoice-CBasis-iff:

fixes P :: 'a = complex = bool

shows (Vi€ CBasis. 3z€A. P i x) «— (Jz. Vi€ CBasis. cinner t i € A N P i
(cinner z 7))

by (simp add: choice-CBasis-iff Bex-def)

lemma (in ceuclidean-space) ceuclidean-representation-sum-fun:
(Ax. > beCBasis. cinner b (fz) xc b) = f
apply (rule ext)
apply (simp add: ceuclidean-representation-sum,)
by (meson local.cinner-commute)

lemma euclidean-isCont:
assumes Ab. b € CBasis = isCont (Az. (cinner b (f z)) *c b)
shows isCont f x
apply (subst ceuclidean-representation-sum-fun [symmetric])
apply (rule isCont-sum)
by (blast intro: assms)

lemma CDIM-positive [simp]: 0 < CDIM('a::ceuclidean-space)
by (simp add: card-gt-0-iff)
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lemma CDIM-ge-SucO [simp]: Suc 0 < card CBasis
by (meson CDIM-positive Suc-lel)

lemma sum-cinner-CBasis-scaleC' [simp]:
fixes [ :: 'a::ceuclidean-space = 'b::complex-vector
assumes b € CBasis shows (> i€ CBasis. (cinner i b) ¢ fi) = fb
by (simp add: comm-monoid-add-class.sum.remove [OF finite-CBasis assms]
assms cinner-not-same-CBasis comm-monoid-add-class.sum.neutral)

lemma sum-cinner-CBasis-eq [simp):
assumes b € CBasis shows () i€ CBasis. (cinner i b) = fi) = fb
by (simp add: comm-monoid-add-class.sum.remove [OF finite-CBasis assms]
assms cinner-not-same-CBasis comm-monoid-add-class.sum.neutral)

lemma sum-if-cinner [simp]:
assumes | € CBasis j € CBasis
shows cinner (Y. k€ CBasis. if k = i then f i ¢ i else g k xc k) j = (if j=i then
en (£ ) else cnj (g 1))
proof (cases i=j)
case True
with assms show ?thesis
by (auto simp: cinner-sum-left if-distrib [of Az. cinner x j] cinner-CBasis cong:
if-cong)
next
case Fulse
have (> k€ CBasis. cinner (if k = i then fi x¢ i else g k x¢ k) j) =
(>° ke CBasis. if k = j then cnj (g k) else 0)
apply (rule sum.cong)
using Fualse assms by (auto simp: cinner-CBasis)
also have ... = ¢nj (g j)
using assms by auto
finally show ?thesis
using False by (auto simp: cinner-sum-left)
qed

lemma norm-le-componentwise:

(A\b. b € CBasis = c¢mod(cinner z b) < cmod(cinner y b)) = norm z < norm
Y

apply (auto simp: cnorm-le ceuclidean-cinner [of x x] ceuclidean-cinner [of y y]
power2-eq-square introl: sum-mono)

by (smt (verit, best) mult.commute sum.cong)

lemma CBasis-le-norm: b € CBasis => c¢mod (cinner © b) < norm x
by (rule order-trans [OF Cauchy-Schwarz-ineg2]) simp

lemma norm-bound-CBasis-le: b € CBasis = norm © < e = cmod (inner x b)
<e
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by (metis inner-commute mult.left-neutral norm-CBasis norm-of-real order-trans
real-inner-class. Cauchy-Schwarz-ineq2)

lemma norm-bound-CBasis-lt: b € CBasis = norm x < e = cmod (inner x b)
<e

by (metis inner-commute le-less-trans mult.left-neutral norm-CBasis norm-of-real
real-inner-class. Cauchy-Schwarz-ineq2)

lemma cnorm-le-l1: norm z < () b€ CBasis. cmod (cinner z b))

apply (subst ceuclidean-representation|of x, symmetric])

apply (rule order-trans[OF norm-sum))

apply (auto intro!: sum-mono)

by (metis cinner-commute complex-inner-1-left complex-inner-class. Cauchy-Schwarz-ineq2
mult.commute mult.left-neutral norm-one)

11.2 Class instances

11.2.1 Type complex

instantiation complex :: ceuclidean-space
begin

definition
[simp]: CBasis = {1::complex}

instance
by standard auto

end

lemma CDIM-complex|simp|: CDIM (complex) = 1
by simp
11.2.2 Type a x b

lemma cinner-Pair [simp]: cinner (a, b) (¢, d) = cinner a ¢ + cinner b d
unfolding cinner-prod-def by simp

lemma cinner-Pair-0: cinner z (0, b) = cinner (snd x) b cinner z (a, 0) = cinner

(fst z) a
by (cases z, simp)+

instantiation prod :: (ceuclidean-space, ceuclidean-space) ceuclidean-space
begin

definition
CBasis = (Au. (u, 0)) “ CBasis U (Av. (0, v)) ¢ CBasis

lemma sum-CBasis-prod-eq:
fixes f::("ax'b)=("ax'b)
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shows sum f CBasis = sum (Xi. f (i, 0)) CBasis + sum (Ai. f (0, 7)) CBasis
proof —
have inj-on (Au. (u::’a, 0::'b)) CBasis inj-on (Au. (0::'a, u::'d)) CBasis
by (auto intro!: inj-onl Pair-inject)
thus ?thesis
unfolding CBasis-prod-def
by (subst sum.union-disjoint) (auto simp: CBasis-prod-def sum.reindez)
qed

instance proof
show (CBasis :: (‘a x 'b) set) # {}
unfolding CBasis-prod-def by simp
next
show finite (CBasis :: (‘a x 'b) set)
unfolding CBasis-prod-def by simp
next
fixuv:’ax'b
assume u € CBasis and v € CBasis
thus cinner v v = (if u = v then 1 else 0)
unfolding CBasis-prod-def cinner-prod-def
by (auto simp add: cinner-CBasis split: if-split-asm)
next
fixz:’ax'b
show (Vue CBasis. cinner x u = 0) «— © = 0
unfolding CBasis-prod-def ball-Un ball-simps
by (simp add: cinner-prod-def prod-eq-iff ceuclidean-all-zero-iff)
qged

lemma CDIM-prod[simp): CDIM('a x 'b) = CDIM('a) + CDIM('b)

unfolding CBasis-prod-def

by (subst card-Un-disjoint) (auto introl: card-image arg-cong2[where f=(+)]
inj-onl)

end

11.3 Locale instances

lemma finite-dimensional-vector-space-euclidean:
finite-dimensional-vector-space (x¢) CBasis
proof unfold-locales
show finite (CBasis::'a set) by (metis finite-CBasis)
show complez-vector.independent (CBasis::'a set)
unfolding complez-vector.dependent-def cdependent-raw-def[symmetric]
apply (subst complez-vector.span-finite)
apply simp
apply clarify
apply (drule-tac f=cinner a in arg-cong)
by (simp add: cinner-CBasis cinner-sum-right eq-commute)
show module.span (xc) CBasis = UNIV
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unfolding complez-vector.span-finite |OF finite-CBasis] cspan-raw-def[symmetric)
by (auto introl: ceuclidean-representation|[symmetric|)
qed

interpretation ceucl: finite-dimensional-vector-space scaleC :: compler => 'a =>
'a::ceuclidean-space CBasis
rewrites module.dependent (x¢) = cdependent
and module.representation (xc) = crepresentation
and module.subspace (xc) = csubspace
and module.span (x¢) = cspan
and vector-space.extend-basis (x¢) = cextend-basis
and wvector-space.dim (x¢) = cdim
and Vector-Spaces.linear (x¢) (x¢) = clinear
and Vector-Spaces.linear (%) (x¢) = clinear
and finite-dimensional-vector-space.dimension CBasis = CDIM ('a)

by (auto simp add: cdependent-raw-def crepresentation-raw-def
csubspace-raw-def cspan-raw-def cextend-basis-raw-def cdim-raw-def clinear-def
complezx-scaleC-def [abs-def]
finite-dimensional-vector-space. dimension-def
intro!: finite-dimensional-vector-space.dimension-def
finite-dimensional-vector-space-euclidean)

interpretation ceucl: finite-dimensional-vector-space-pair-1
scaleC'::complex=-"a:: ceuclidean-space="a CBasis
scaleC'::complex=>"b::complex-vector = 'b
by unfold-locales

interpretation ceucl?: finite-dimensional-vector-space-prod scaleC scaleC CBasis
CBasis
rewrites Basis-pair = CBasis
and module-prod.scale (x¢) (*¢) = (scaleC::-=-=("a x 'b))
proof —
show finite-dimensional-vector-space-prod (x¢) (x¢) CBasis CBasis
by unfold-locales
interpret finite-dimensional-vector-space-prod (x¢) (x¢) CBasis::’a set CBa-
sis::'b set
by fact
show Basis-pair = CBasis
unfolding Basis-pair-def CBasis-prod-def by auto
show module-prod.scale (x¢) (x¢) = scaleC
by (fact module-prod-scale-eq-scaleC')
qged

end
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12  Complex-Bounded-Linear-Function) — Bounded Lin-
ear Function

theory Complez-Bounded-Linear-Function(
imports
HOL— Analysis. Bounded-Linear-Function
Complez-Inner-Product
Complez-Euclidean-Spacel
begin

unbundle cinner-syntax

lemma conorm-componentwise:
assumes bounded-clinear f
shows onorm f < (3 i€ CBasis. norm (f 1))
proof —
{
fix i::'a
assume ¢ € CBasis
hence onorm (Az. (i -¢ z) *¢ fi) < onorm (Az. (i -¢ x)) * norm (f 7)
by (auto intro!: onorm-scaleC-left-lemma bounded-clinear-cinner-right)
also have ... < norm i x norm (f 7)
apply (rule mult-right-mono)
apply (simp add: complex-inner-class. Cauchy-Schwarz-ineq2 onorm-bound)
by simp
finally have onorm (Az. (i -¢ z) *¢ f i) < norm (f i) using i € CBasis
by simp
} hence onorm (Az. Y i€ CBasis. (i ¢ x) x¢ fi) < (3 i€ CBasis. norm (f ©))
by (auto intro!: order-trans|OF onorm-sum-le] bounded-clinear-scaleC-const
sum-mono bounded-clinear-cinner-right bounded-clinear.bounded-linear)
also have (A\z. > i€CBasis. (i -¢ z) *¢ fi) = (Az. f (3. i€ CBasis. (i -¢ ) *¢
7))
by (simp add: clinear.scaleC' linear-sum bounded-clinear.clinear clinear.linear
assms)
also have ... = f
by (simp add: ceuclidean-representation)
finally show ?thesis .
qed

lemmas conorm-componentwise-le = order-trans|OF conorm-componentwise]

12.1 Intro rules for bounded-linear

lemma onorm-cinner-left:

assumes bounded-linear r

shows onorm (\z. 7z -¢ f) < onorm r * norm f
proof (rule onorm-bound)

fix z

have norm (r z -¢ f) < norm (r z) * norm f

228



by (simp add: Cauchy-Schwarz-ineq2)
also have ... < onorm r * norm x * norm f
by (simp add: assms mult.commute mult-left-mono onorm)
finally show norm (r z -¢ f) < onorm r x norm f % norm x
by (simp add: ac-simps)
qed (intro mult-nonneg-nonneg norm-ge-zero onorm-pos-le assms)

lemma onorm-cinner-right:
assumes bounded-linear r
shows onorm (A\z. f ¢ r z) < norm f * onorm r
proof (rule onorm-bound)
fix z
have norm (f -¢ rz) < norm f x norm (r z)
by (simp add: Cauchy-Schwarz-ineq2)
also have ... < onorm r * norm x * norm f
by (simp add: assms mult.commaute mult-left-mono onorm)
finally show norm (f -¢ r z) < norm f x onorm r x norm x
by (simp add: ac-simps)
qed (intro mult-nonneg-nonneg norm-ge-zero onorm-pos-le assms)

lemmas [bounded-linear-intros] =
bounded-clinear-zero
bounded-clinear-add
bounded-clinear-const-mult
bounded-clinear-mult-const
bounded-clinear-scale C-const
bounded-clinear-const-scaleC
bounded-clinear-const-scaleR
bounded-clinear-ident
bounded-clinear-sum

bounded-clinear-sub

bounded-antilinear-cinner-left-comp
bounded-clinear-cinner-right-comp

12.2 declaration of derivative/continuous/tendsto introduc-
tion rules for bounded linear functions

attribute-setup bounded-clinear =
«let val bounded-linear = Attrib.attribute context (the-single Q{attributes [bounded-linear]})
n
Scan.succeed (Thm.declaration-attribute (fn thm =>
Thm.attribute-declaration bounded-linear (thm RS Q{thm bounded-clinear.bounded-linear})

fold (fn (r, s) => Named-Theorems.add-thm s (thm RS r))
[

(x Not present in Bounded-Linear-Function x)
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(@{thm bounded-clinear-compose}, named-theorems <bounded-linear-intros),
(@{thm bounded-clinear-o-bounded-antilinear[unfolded o-def]}, named-the-
orems <bounded-linear-intros»)

1)

end)

attribute-setup bounded-antilinear =
«let val bounded-linear = Attrib.attribute context (the-single Q{attributes [bounded-linear]})
mn
Scan.succeed ( Thm.declaration-attribute (fn thm =>
Thm.attribute-declaration bounded-linear (thm RS Q{thm bounded-antilinear.bounded-linear})
0
fold (fn (r, s) => Named-Theorems.add-thm s (thm RS r))
[
(x Not present in Bounded-Linear-Function )
(@{thm bounded-antilinear-o-bounded-clinear[unfolded o-def]}, named-the-
orems (bounded-linear-intros»),
(@Q{thm bounded-antilinear-o-bounded-antilinear|unfolded o-def]}, named-the-
orems <bounded-linear-intros»)

1)

end)

attribute-setup bounded-cbilinear =
«let val bounded-bilinear = Attrib.attribute context (the-single Q{ attributes [bounded-bilinear]})
mn
Scan.succeed (Thm.declaration-attribute (fn thm =>
Thm.attribute-declaration bounded-bilinear (thm RS Q{thm bounded-cbilinear.bounded-bilinear})

0
fold (fn (r, s) => Named-Theorems.add-thm s (thm RS r))

(Q{thm bounded-clinear-compose[ OF bounded-cbilinear.bounded-clinear-left]},
named-theorems (bounded-linear-intros»),

(Q{thm bounded-clinear-compose[ OF bounded-cbilinear.bounded-clinear-right]},
named-theorems (bounded-linear-intros»),

(@Q{thm bounded-clinear-o-bounded-antilinear[unfolded o-def, OF bounded-cbilinear.bounded-clinear-left|},
named-theorems (bounded-linear-intros»),

(Q{thm bounded-clinear-o-bounded-antilinear|unfolded o-def, OF bounded-cbilinear.bounded-clinear-right]|
named-theorems (bounded-linear-intros»)

1)

end»

attribute-setup bounded-sesquilinear =
<let val bounded-bilinear = Attrib.attribute context (the-single Q{attributes [bounded-bilinear]})
m
Scan.succeed (Thm.declaration-attribute (fn thm =>
Thm.attribute-declaration bounded-bilinear (thm RS Q{thm bounded-sesquilinear.bounded-bilinear})
0

230



fold (fn (r, s) => Named-Theorems.add-thm s (thm RS 1))

[

(@{thm bounded-antilinear-o-bounded-clinear[unfolded o-def, OF bounded-sesquilinear.bounded-antilinear-
named-theorems <bounded-linear-introsy),

(@Q{thm bounded-clinear-compose| OF bounded-sesquilinear.bounded-clinear-right] },
named-theorems <bounded-linear-introsy),

(@{ thm bounded-antilinear-o-bounded-antilinear[unfolded o-def, OF bounded-sesquilinear.bounded-antiline
named-theorems (bounded-linear-intros»),

(@Q{thm bounded-clinear-o-bounded-antilinear|unfolded o-def, OF bounded-sesquilinear.bounded-clinear-rig
named-theorems (bounded-linear-intros»)

1)

end»

12.3 Type of complex bounded linear functions

typedef (overloaded) (‘a, 'b) cblinfun («(- =cr /-)» [22, 21] 21) =
{f:'a::complex-normed-vector=-"b:: complex-normed-vector. bounded-clinear f}
morphisms cblinfun-apply CBlinfun
by (blast intro: bounded-linear-intros)

declare [[coercion
eblinfun-apply :: ('a::complez-normed-vector =c¢ 1, 'b::complez-normed-vector)
= a = 'b]|

lemma bounded-clinear-cblinfun-apply[bounded-linear-intros]:
bounded-clinear g = bounded-clinear (Az. cblinfun-apply f (g x))
by (metis cblinfun-apply mem-Collect-eq bounded-clinear-compose)

setup-lifting type-definition-cblinfun

lemma cblinfun-eql: (\i. cblinfun-apply x i = cblinfun-apply y i) = z =y
by transfer auto

lemma bounded-clinear-CBlinfun-apply: bounded-clinear f = cblinfun-apply (CBlinfun
N=r

by (auto simp: CBlinfun-inverse)
12.4 Type class instantiations

instantiation cblinfun :: (complez-normed-vector, complex-normed-vector) com-

plex-normed-vector

begin

lift-definition norm-cblinfun :: 'a =¢cr 'b = real is onorm .

lift-definition minus-cblinfun :: 'a =¢cp 'b = 'a =cr b = 'a =c1 b
isANgz. fz—gzx

by (rule bounded-clinear-sub)

definition dist-cblinfun :: 'a =cr 'b = 'a =¢c 'b = real
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where dist-cblinfun a b = norm (a — b)

definition [code del]:
(uniformity :: (('a =cr 'b) X ('a =cr b)) filter) = (INF ec{0 <..}. principal
{(z, y). distxy < e})

definition open-cblinfun :: (‘a =cr 'b) set = bool
where [code del]: open-cblinfun S = (Vz€S. Vi (z/, y) in uniformity. ' = =
— y )

lift-definition uminus-cblinfun :: 'a =cp 'b = 'a =¢cp bis M z. — fz
by (rule bounded-clinear-minus)

lift-definition zero-cblinfun :: 'a =c 'bis Az. 0
by (rule bounded-clinear-zero)

lift-definition plus-cblinfun :: 'a =cp b = 'a =cr 'b = 'a =cr 'b
isA\Ngz. fe+gzx
by (metis bounded-clinear-add)

lift-definition scaleC-cblinfun::compler = 'a =¢cr 'b = 'a =¢cp bis A\r fz. r
*o f x
by (metis bounded-clinear-compose bounded-clinear-scale C-right)
lift-definition scaleR-cblinfun::real = 'a =¢cp 'b = 'a =¢cp bisArfz. r*xg fz
by (rule bounded-clinear-const-scaleR)

definition sgn-cblinfun :: 'a =cp 'b = 'a =cp b
where sgn-cblinfun © = scaleC (inverse (norm z)) x

instance
proof
fixabc:'a=cr'band r q :: real and s t :: complex

show <«a + b+ c=a+ (b + ¢p
apply transfer by auto
show 0 + a =
apply transfer by auto
show <a + b=b+ @
apply transfer by auto
show <(— a + a = O
apply transfer by auto
show <a —b=a+ — b
apply transfer by auto
show scaleR-scaleC: «((xg) m:('a =c1 'b) = -) = (x¢) (complex-of-real ) for
r
apply (rule ext, transfer fixing: r) by (simp add: scaleR-scaleC')
show s x¢ (b+ ¢) = s*c b+ s*c ©
apply transfer by (simp add: scaleC-add-right)
show «(s + t) *c a = s *¢c a + t *c @
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apply transfer by (simp add: scaleC-left.add)
show (s x¢ t *¢ a = (s % 1) x¢ @
apply transfer by auto
show <1 *¢ a = @
apply transfer by auto
show «dist a b = norm (a — b)»
unfolding dist-cblinfun-def by simp
show «sgn a = (inverse (norm a)) *g a
unfolding sgn-cblinfun-def unfolding scaleR-scaleC by auto
show <uniformity = (INF ee{0<..}. principal {(z, y). dist (z::('"a =c1 b)) y
< e}l
by (simp add: uniformity-cblinfun-def)
show <open U = (VzeU. Vg (z/, y) in uniformity. (z":('a =cr b)) =2z — y
e Uy for U
by (simp add: open-cblinfun-def)
show ((norm a = 0) = (a = 0)»
apply transfer using bounded-clinear.bounded-linear onorm-eq-0 by blast
show «norm (a + b) < norm a + norm by
apply transfer by (simp add: bounded-clinear.bounded-linear onorm-triangle)
show <norm (s *¢ a) = c¢cmod s * norm a
apply transfer using onorm-scalarC by blast
show (norm (r xg a) = |r| * norm a»
apply transfer using bounded-clinear.bounded-linear onorm-scaleR by blast
show «r xp (a + b) =r*ga+ r=*p b
apply transfer by (simp add: scaleR-add-right)
show «(r + ¢) xg a =7 *xg a + ¢ *g @
apply transfer by (simp add: scaleR-add-left)
show «r xg ¢ *gr a = (1 % q) *r ®
apply transfer by auto
show <1 *p a = @
apply transfer by auto
qed

end

declare uniformity-Abort[where ‘a=("a :: complex-normed-vector) =cr, ('b :: com-
plez-normed-vector), code]

lemma norm-cblinfun-eql:
assumes n < norm (cblinfun-apply f x) / norm x
assumes Az. norm (cblinfun-apply f x) < n * norm x
assumes 0 < n
shows norm f = n
by (auto simp: norm-cblinfun-def
introl: antisym onorm-bound assms order-trans[OF - le-onorm] bounded-clinear.bounded-linear
bounded-linear-intros)

lemma norm-cblinfun: norm (cblinfun-apply f ) < norm f * norm z
apply transfer by (simp add: bounded-clinear.bounded-linear onorm)
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lemma norm-cblinfun-bound: 0 < b = (Az. norm (cblinfun-apply f z) < b x
norm ) = norm f < b
by transfer (rule onorm-bound)

lemma bounded-cbilinear-cblinfun-apply[bounded-cbilinear]: bounded-cbilinear cblin-
Jun-apply
proof
fix fg::'a =¢cr ‘b and a b::'a and r::complex
show (f+g)a=fa+ga(r*xcf)a=rxcfa
by (transfer, simp)-+
interpret bounded-clinear f for f::'a =cp b
by (auto intro!: bounded-linear-intros)
show f (a +b)=fa+ fbf (r+ca)=r1%cfa
by (simp-all add: add scaleC)
show 3 K. Va b. norm (cblinfun-apply a b) < norm a *x norm b * K
by (auto intro!: exl[where z=1]| norm-cblinfun)
qed

interpretation cblinfun: bounded-cbilinear cblinfun-apply
by (rule bounded-cbilinear-cblinfun-apply)

lemmas bounded-clinear-apply-cblinfun|intro, simp| = cblinfun.bounded-clinear-left

declare cblinfun.zero-left [simp] cblinfun.zero-right [simp]

context bounded-cbilinear
begin

named-theorems cbilinear-simps

lemmas [chilinear-simps| =
add-left
add-right
diff-left
diff-right
minus-left
minus-right
scaleC-left
scaleC-right
zero-left
zero-right
sum-left
sum-right

end
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instance cblinfun :: (complez-normed-vector, cbanach) cbanach

proof
fix X:nat = 'a =¢c1 b
assume Cauchy X
{
fix z::'a
{
fix z::'a
assume norm r < 1
have Cauchy (An. X n x)
proof (rule Cauchyl)
fix e::real
assume 0 < e
from CauchyD[OF <Cauchy X> <0 < e)] obtain M
where M: Amn.m>M = n>M = norm (X m — X n) < e
by auto
show IM.Vm>M.Vn>M. norm (X mz — Xnzx)<e
proof (safe intro!: exI[where x=M])
fix mn
assume le: M < m M <n
have norm (Xmz — X nz) = norm (X m — X n) z)
by (simp add: cblinfun.cbilinear-simps)

also have ... < norm (X m — X n) * norm z
by (rule norm-cblinfun)
also have ... < norm (X m — X n) x 1
using <norm z < 1) norm-ge-zero by (rule mult-left-mono)
also have ... = norm (X m — X n) by simp
also have ... < e using le by fact
finally show norm (X mz — Xnz) <e.
qed
qed

hence convergent (An. X n x)
by (metis Cauchy-convergent-iff)
} note convergent-norm1 = this
define y where y = z /g norm z
have y: norm y < 1 and zy: * = norm x *g y
by (simp-all add: y-def inverse-eq-divide)
have convergent (An. norm z xg X n y)
by (intro bounded-bilinear.convergent| OF bounded-bilinear-scaleR] conver-
gent-const
convergent-norm1 y)
also have (An. norm z xg X ny) = (An. X n x)
by (metis cblinfun.scaleC-right scaleR-scaleC xy)
finally have convergent (An. X n ) .
}
then obtain v where v: Az. (An. Xnz) —— vz
unfolding convergent-def
by metis
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have Cauchy (An. norm (X n))
proof (rule Cauchyl)
fix e::real
assume ¢ > (
from CauchyD[OF <Cauchy X» <0 < e)] obtain M
where M: Amn.m > M = n> M = norm (X m — X n) <e
by auto
show I M. Vm>M.Vn>M. norm (norm (X m) — norm (X n)) < e
proof (safe introl: exI[where x=M])
fix m n assume mn: m > Mn > M
have norm (norm (X m) — norm (X n)) < norm (X m — X n)
by (metis norm-triangle-ineq3 real-norm-def)

also have ... < e using mn by fact
finally show norm (norm (X m) — norm (X n)) < e.
qed
qed

then obtain K where K: (An. norm (X n)) —— K
unfolding Cauchy-convergent-iff convergent-def
by metis

have bounded-clinear v
proof
fix x y and r::complex
from tendsto-add[OF v|of z] v [of y]] v[of x + y, unfolded cblinfun.cbilinear-simps)
tendsto-scaleC[OF' tendsto-const[of r] v[of z]] v[of r *c =, unfolded cblin-
fun.cbilinear-simps]
showv (z+y)=ve+vyv(rxcz)=r*xc vz
by (metis (poly-guards-query) LIMSEQ-unique)+
show 3 K. Vz. norm (vz) < norm z x K
proof (safe introl: exI[where x=K])
fix x
have norm (vz) < K x norm x
apply (rule tendsto-le] OF - tendsto-mult| OF K tendsto-const] tendsto-norm[OF
ol))
by (auto simp: norm-cblinfun)
thus norm (v z) < norm x x K
by (simp add: ac-simps)
qed
qed
hence Bv: Az. (An. X n ) —— CBlinfun v z
by (auto simp: bounded-clinear-CBlinfun-apply v)

have X —— CBlinfun v
proof (rule LIMSEQ-I)
fix r::real assume 1 > 0
define r’ where r’' =r / 2
have 0 < r’' v’ < r using «r > 0) by (simp-all add: r’-def)
from CauchyD[OF <Cauchy X» <r’ > 0]
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obtain M where M: Amn. m > M = n> M = norm (X m — X n) < r’
by metis
show 3 no. Vn>no. norm (X n — CBlinfun v) < r
proof (safe introl: exI[where x=M])
fix n assume n: M < n
have norm (X n — CBlinfun v) < r’
proof (rule norm-cblinfun-bound)
fix z
have eventually (Am. m > M) sequentially
by (metis eventually-ge-at-top)
hence ev-le: eventually (Am. norm (X nz — X m z) < r’ x norm x)
sequentially
proof eventually-elim
case (elim m)
have norm (Xnz — X mz) = norm (X n — X m) z)
by (simp add: cblinfun.cbilinear-simps)

also have ... < norm (X n — X m)) * norm z
by (rule norm-cblinfun)
also have ... < v’ x norm z

using M[OF n elim] by (simp add: mult-right-mono)
finally show ?case .
qged
have tendsto-v: (Am. norm (X nz — X m z)) —— norm (X n x —
CBlinfun v )
by (auto introl: tendsto-intros Bv)
show norm ((X n — CBlinfun v) z) < r’* norm z
by (auto intro!: tendsto-upperbound tendsto-v ev-le simp: cblinfun.cbilinear-simps)
qged (simp add: <0 < v’y less-imp-le)
thus norm (X n — CBlinfun v) < r
by (metis «r’ < r» le-less-trans)
qed
qed
thus convergent X
by (rule convergentl)
qed

12.5 On Euclidean Space

lemma norm-cblinfun-ceuclidean-le:

fixes a::'a::ceuclidean-space = ¢, 'b::complex-normed-vector

shows norm a < sum (Az. norm (a x)) CBasis

apply (rule norm-cblinfun-bound)

apply (simp add: sum-nonneg)

apply (subst ceuclidean-representation]symmetric, where '‘a='a])

apply (simp only: cblinfun.cbilinear-simps sum-distrib-right)

apply (rule order.trans|OF norm-sum sum-mono))

apply (simp add: abs-mult mult-right-mono ac-simps CBasis-le-norm,)
by (metis complez-inner-class. Cauchy-Schwarz-ineq2 mult.commute mult.left-neutral
mult-right-mono norm-CBasis norm-ge-zero)
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lemma ctendsto-componentwisel :
fixes a::’a::ceuclidean-space =cr 'b::complex-normed-vector
and b::'c = ‘a =c1 b
assumes (A\j. j € CBasis = ((An. bnj) —— aj) F)
shows (b —— a) F
proof —
have Aj. j € CBasis = Zfun (Ax. norm (bzj — aj)) F
using assms unfolding tendsto-Zfun-iff Zfun-norm-iff .
hence Zfun (Az. Y je CBasis. norm (bzj — aj)) F
by (auto introl: Zfun-sum)
thus ?thesis
unfolding tendsto-Zfun-iff
by (rule Zfun-le)
(auto introl: order-trans| OF norm-cblinfun-ceuclidean-le] simp: cblinfun.cbilinear-simps)
qed

lift-definition

cblinfun-of-matriz::('b:: ceuclidean-space = 'a::ceuclidean-space = compler) = 'a
=CL ’b

is Aa z. Y i€ CBasis. >, j€CBasis. ((j ¢ ©) * a ij) *c i

by (intro bounded-linear-intros)

lemma cblinfun-of-matriz-works:
fixes f::'a::ceuclidean-space = ¢ 'b::ceuclidean-space
shows cblinfun-of-matrix (Aij. i -¢ (fj) = f
proof (transfer, rule, rule ceuclidean-eql)
fix f::’a = 'b and z::'a and b::'b assume bounded-clinear f and b: b € CBasis
then interpret bounded-clinear f by simp
have (3 jeCBasis. > i€ CBasis. (i *c x * (j ¢ [ 1)) *c j) *c b
= (3> jeCBasis. if j = b then (> i€CBasis. (x +¢ i * (fi -c j))) else 0)
using b
apply (simp add: cinner-sum-left cinner-CBasis if-distrib cong: if-cong)
by (simp add: sum.swap)

also have ... = (3 i€CBasis. ((z -¢ i) * (fi -c b)))
using b by (simp)

also have ... = fx ¢ b

proof —

have «(>_i€CBasis. (z «¢c i) * (fi-c b)) = (3. i€CBasis. (i ¢ z) *¢ [ 1) ¢
b»
by (auto simp: cinner-sum-left)
also have <... = fz :¢ b»
by (simp add: ceuclidean-representation sum[symmetric] scale[symmetric])
finally show ?thesis by —
qed
finally show (> jeCBasis. Y i€ CBasis. (i ¢ ¢ * (j ¢ 1)) *¢ j) 'c b=fz
ob.
qed
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lemma cblinfun-of-matriz-apply:
eblinfun-of-matriz a x = (> i€ CBasis. Y je CBasis. ((j ¢ x) * a i j) *¢ 1)
apply transfer by simp

lemma cblinfun-of-matriz-minus: cblinfun-of-matric  — cblinfun-of-matriz y =
cblinfun-of-matriz (z — y)
by transfer (auto simp: algebra-simps sum-subtractf)

lemma norm-cblinfun-of-matriz:

norm (cblinfun-of-matriz a) < (3 i€ CBasis. Y, j€ CBasis. cmod (a i j))

apply (rule norm-cblinfun-bound)

apply (simp add: sum-nonneg)

apply (simp only: cblinfun-of-matriz-apply sum-distrib-right)

apply (rule order-trans|OF norm-sum sum-mono))

apply (rule order-trans|OF norm-sum sum-mono))

apply (simp add: abs-mult mult-right-mono ac-simps Basis-le-norm)

by (metis complez-inner-class. Cauchy-Schwarz-ineq2 complez-scaleC-def mult.left-neutral
mult-right-mono norm-CBasis norm-ge-zero norm-scaleC')

lemma tendsto-cblinfun-of-matriz:
assumes Aij. ¢ € CBasis = j € CBasis = (An. bnij) —— aij) F
shows ((An. cblinfun-of-matriz (b n)) —— cblinfun-of-matriz a) F
proof —
have Aij. i € CBasis = j € CBasis => Zfun (Az. norm (bzij — aij)) F
using assms unfolding tendsto-Zfun-iff Zfun-norm-iff .
hence Zfun (Az. (3. i€ CBasis. Y je CBasis. cmod (bxzij — a ij))) F
by (auto introl: Zfun-sum)
thus ?thesis
unfolding tendsto-Zfun-iff cblinfun-of-matriz-minus
by (rule Zfun-le) (auto introl: order-trans| OF norm-cblinfun-of-matriz))
qed

lemma ctendsto-componentwise:

fixes a::’a::ceuclidean-space =¢ 'b::ceuclidean-space

and b::'c = ‘a =c1 b

shows (A7 j. i € CBasis = j € CBasis = (An. bnj.c i) — aj ¢ i)
F)=— (b——a) F

apply (subst cblinfun-of-matriz-works|of a, symmetric])

apply (subst cblinfun-of-matriz-works[of b x for x, symmetric, abs-def])

apply (rule tendsto-cblinfun-of-matriz)

apply (subst (1) cinner-commute, subst (2) cinner-commute)

by (metis lim-cnj)

lemma
continuous-cblinfun-componentwisel :
fixes f:: 'b::t2-space = 'a::ceuclidean-space = ¢, 'c::ceuclidean-space
assumes Ai j. i € CBasis = j € CBasis = continuous F (\z. (f z) j ¢ 1)
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shows continuous F f
using assms by (auto simp: continuous-def intro!: ctendsto-componentwise)

lemma
continuous-cblinfun-componentwisell :
fixes f:: 'b::t2-space = 'a::ceuclidean-space = ¢ 'c::complex-normed-vector
assumes Ai. i € CBasis = continuous F' (Az. f x i)
shows continuous F f
using assms by (auto simp: continuous-def introl: ctendsto-componentwisel )

lemma
continuous-on-cblinfun-componentwise:
fixes f:: 'd::t2-space = 'e:ceuclidean-space = ¢ 'f::complex-normed-vector
assumes Ai. i € CBasis = continuous-on s (Az. f x i)
shows continuous-on s f
using assms
by (auto intro!: continuous-at-imp-continuous-on intro!: ctendsto-componentwisel
stmp: continuous-on-eq-continuous-within continuous-def)

lemma bounded-antilinear-cblinfun-matriz: bounded-antilinear (Az. (z:-=cr -) j
“c 1)
by (auto intro!: bounded-linear-intros)

lemma continuous-cblinfun-matriz:
fixes f:: 'b::t2-space = 'a::compler-normed-vector = ¢, 'c::complex-inner
assumes continuous F f
shows continuous F (Az. (fz) j -¢ 1)
by (rule bounded-antilinear.continuous| OF bounded-antilinear-cblinfun-matriz assms|)

lemma continuous-on-cblinfun-matriz:
fixes f::’a::t2-space = 'b::complex-normed-vector =, 'c::complex-inner
assumes continuous-on S f
shows continuous-on S (Az. (fz) j -c 7)
using assms
by (auto simp: continuous-on-eq-continuous-within continuous-cblinfun-matriz)

lemma continuous-on-cblinfun-of-matriz|continuous-intros|:
assumes Ai j. i € CBasis = j € CBasis = continuous-on S (A\s. g s i j)
shows continuous-on S (As. cblinfun-of-matriz (g s))
using assms
by (auto simp: continuous-on introl: tendsto-cblinfun-of-matriz)
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lemma cblinfun-euclidean-eql: (\i. i € CBasis = cblinfun-apply = i = cblin-
fun-apply y i) = = =y

apply (auto intro!: cblinfun-eql)

apply (subst (2) ceuclidean-representation[symmetric, where 'a="a])

apply (subst (1) ceuclidean-representation[symmetric, where 'a="a])

by (simp add: cblinfun.cbilinear-simps)

lemma CBlinfun-eq-matrixz: bounded-clinear f = CBlinfun f = cblinfun-of-matriz
(Nij. i o f )
apply (intro cblinfun-euclidean-eql)
by (auto simp: cblinfun-of-matriz-apply bounded-clinear- CBlinfun-apply cinner-CBasis
if-distrib
if-distribR sum.delta’ ceuclidean-representation
cong: if-cong)

12.6 concrete bounded linear functions

lemma transfer-bounded-cbilinear-bounded-clinearl:
assumes g = (\i z. (cblinfun-apply (f i) z))
shows bounded-cbilinear g = bounded-clinear f
proof
assume bounded-cbhilinear g
then interpret bounded-cbilinear f by (simp add: assms)
show bounded-clinear f
proof (unfold-locales, safe intro!: cblinfun-eql)
fix ¢
show f (e +y)i=(fz+fy)if (rxcz)i=(r*c fz)iforrazy
by (auto intro!: cblinfun-eql simp: cblinfun.cbilinear-simps)
from - nonneg-bounded show I K.V z. norm (f z) < norm z x K
by (rule ex-reg) (auto introl: onorm-bound simp: norm-cblinfun.rep-eq ac-simps)
qed
qed (auto simp: assms introl: cblinfun.comp)

lemma transfer-bounded-cbilinear-bounded-clinear|[transfer-rule]:
(rel-fun (rel-fun (=) (per-cblinfun (=) (=))) (=)) bounded-cbilinear bounded-clinear
by (auto simp: per-cblinfun-def cr-cblinfun-def rel-fun-def OO-def
intro!: transfer-bounded-chilinear-bounded-clinearl)

lemma transfer-bounded-sesquilinear-bounded-antilinearl:
assumes ¢ = (\i z. (cblinfun-apply (f i) z))
shows bounded-sesquilinear g = bounded-antilinear f
proof
assume bounded-sesquilinear g
then interpret bounded-sesquilinear f by (simp add: assms)
show bounded-antilinear f
proof (unfold-locales, safe intro!: cblinfun-eql)
fix ¢
show f (e +y)i=(fz+ fy)if (rxcz)i=(cnjrx*c fz)iforrzy
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by (auto introl: cblinfun-eql simp: cblinfun.scaleC-left scaleC-left add-left
cblinfun.add-left)
from - real.nonneg-bounded show I K. Vz. norm (fz) < norm z x K
by (rule ex-reg) (auto introl: onorm-bound simp: norm-cblinfun.rep-eq ac-simps)
qged
next
assume bounded-antilinear f
then obtain K where K: (norm (f ) < norm z * K» for z
using bounded-antilinear.bounded by blast
have <norm (cblinfun-apply (f a) b) < norm (f a) * norm b for a b
by (simp add: norm-cblinfun)
also have «... a b < norm a * norm b * K> for a b
by (smt (verit, best) K mult.assoc mult.commute mult-mono’ norm-ge-zero)
finally have *: <norm (cblinfun-apply (f a) b) < norm a * norm b x K» for a b
by simp
show bounded-sesquilinear g
using <bounded-antilinear f»
apply (auto introl: bounded-sesquilinear.intro simp: assms cblinfun.add-left
cblinfun.add-right
linear-simps bounded-antilinear.bounded-linear antilinear.scaleC bounded-antilinear.antilinear
cblinfun.scaleC-left cblinfun.scaleC-right)
using * by blast
qed

lemma transfer-bounded-sesquilinear-bounded-antilinear|transfer-rule):
(rel-fun (rel-fun (=) (per-cblinfun (=) (=))) (=)) bounded-sesquilinear bounded-antilinear
by (auto simp: per-cblinfun-def cr-cblinfun-def rel-fun-def OO-def

intro!: transfer-bounded-sesquilinear-bounded-antilinearI)

context bounded-cbilinear
begin

lift-definition prod-left::'b = 'a =¢, 'c is (Ab a. prod a b)
by (rule bounded-clinear-left)
declare prod-left.rep-eq[simp]

lemma bounded-clinear-prod-left|bounded-clinear]: bounded-clinear prod-left
by transfer (rule flip)

lift-definition prod-right::'a = 'b =¢1 ‘c is (Aa b. prod a b)
by (rule bounded-clinear-right)
declare prod-right.rep-eq[simp]

lemma bounded-clinear-prod-right[bounded-clinear]: bounded-clinear prod-right
by transfer (rule bounded-cbilinear-azioms)

end

lift-definition id-cblinfun::’a::complez-normed-vector =cy, 'a is Az. x
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by (rule bounded-clinear-ident)

lemmas cblinfun-id-cblinfun-apply[simp] = id-cblinfun.rep-eq

lemma norm-cblinfun-id[simp]:
norm (id-cblinfun::’a::{ complex-normed-vector, not-singleton} =cyp 'a) = 1
apply transfer
apply (rule onorm-id|[internalize-sort’ 'a))
apply standard[1]
by simp

lemma norm-cblinfun-id-le:
norm (id-cblinfun::'a::complez-normed-vector =cy, 'a) < 1
by transfer (auto simp: onorm-id-le)

lift-definition cblinfun-compose::
'a::complez-normed-vector =¢ 1, 'b::compler-normed-vector =
'c::complex-normed-vector =¢cr 'a =
‘c = 'b (infixl <ocry 67) is (o)

parametric comp-transfer
unfolding o-def

by (rule bounded-clinear-compose)

lemma cblinfun-apply-cblinfun-compose[simp): (a ocy, b) ¢ = a (b ¢)
by (simp add: cblinfun-compose.rep-eq)

lemma norm-cblinfun-compose:
norm (f ocr g) < norm f x norm g
apply transfer
by (auto introl: onorm-compose simp: bounded-clinear.bounded-linear)

lemma bounded-cbilinear-cblinfun-compose[bounded-cbilinear]: bounded-cbilinear (oc 1)
by unfold-locales
(auto intro!: cblinfun-eql exI[where z=1] simp: cblinfun.cbilinear-simps norm-cblinfun-compose)

lemma cblinfun-compose-zero|simpl:

blinfun-compose 0 = (A-. 0)
blinfun-compose © 0 = 0
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by (auto simp: blinfun.bilinear-simps introl: blinfun-eqI)

lemma cblinfun-bij2:
fixes f::'a = ¢ 'a::ceuclidean-space
assumes f oo g = id-cblinfun
shows bij (cblinfun-apply g)
proof (rule bijI)
show inj g
using assms
by (metis cblinfun-id-cblinfun-apply cblinfun-compose.rep-eq injl inj-on-imagel?2)
then show surj g
using bounded-clinear-def cblinfun.bounded-clinear-right ceucl.linear-inj-imp-surj
by blast
qed

lemma cblinfun-bijl:
fixes f::'a = ¢ 'a::ceuclidean-space
assumes f ocy g = id-cblinfun
shows bij (cblinfun-apply f)
proof (rule bijl)
show surj (cblinfun-apply f)
by (metis assms cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply surjl)
then show inj (cblinfun-apply f)
using bounded-clinear-def cblinfun.bounded-clinear-right ceucl.linear-surjective-imp-injective
by blast
qged

lift-definition cblinfun-cinner-right::'a::complez-inner = 'a =¢ 1, complez is (+¢)
by (rule bounded-clinear-cinner-right)
declare cblinfun-cinner-right.rep-eq[simp)

lemma bounded-antilinear-cblinfun-cinner-right[bounded-antilinear]: bounded-antilinear
cblinfun-cinner-right
apply transfer by (simp add: bounded-sesquilinear-cinner)

lift-definition cblinfun-scale C-right::complex = 'a = ¢, 'a::complex-normed-vector
is (*C’)

by (rule bounded-clinear-scaleC-right)
declare cblinfun-scale C-right.rep-eq[simp)

lemma bounded-clinear-cblinfun-scale C-right[bounded-clinear]: bounded-clinear cblin-

fun-scaleC-right
by transfer (rule bounded-cbilinear-scaleC')
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lift-definition cblinfun-scaleC-left::'a::complez-normed-vector = complex =c1 'a
is xy. y+*cx

by (rule bounded-clinear-scaleC-left)
lemmas [simp] = cblinfun-scaleC-left.rep-eq

lemma bounded-clinear-cblinfun-scale C-left[bounded-clinear]: bounded-clinear cblin-
fun-scaleC-left
by transfer (rule bounded-cbilinear.flip|OF bounded-cbilinear-scaleC))

lift-definition cblinfun-mult-right::'a = 'a = ¢, 'a::complez-normed-algebra is (x)
by (rule bounded-clinear-mult-right)
declare cblinfun-mult-right.rep-eq[simp]

lemma bounded-clinear-cblinfun-mult-right[bounded-clinear]: bounded-clinear cblin-
fun-mult-right
by transfer (rule bounded-cbilinear-mult)

lift-definition cblinfun-mult-left::'a::complex-normed-algebra = 'a =cp 'a is Az

Yoy kT
by (rule bounded-clinear-mult-left)
lemmas [simp] = cblinfun-mult-left.rep-eq

lemma bounded-clinear-cblinfun-mult-left[bounded-clinear]: bounded-clinear cblin-
fun-mult-left
by transfer (rule bounded-cbilinear.flip|OF bounded-cbilinear-mult))

lemmas bounded-clinear-function-uniform-limit-intros[uniform-limit-intros| =
bounded-clinear.uniform-limit[ OF bounded-clinear-apply-cblinfun)
bounded-clinear.uniform-limit| OF bounded-clinear-cblinfun-apply)
bounded-antilinear.uniform-limit| OF bounded-antilinear-cblinfun-matriz)

12.7 The strong operator topology on continuous linear op-
erators

Let ‘a and 'b be two normed real vector spaces. Then the space of linear
continuous operators from ‘a to ‘b has a canonical norm, and therefore a
canonical corresponding topology (the type classes instantiation are given
in Complex_Bounded_Linear_FunctionO.thy).

However, there is another topology on this space, the strong operator topol-
ogy, where T, tends to T iff, for all z in 'a, then T,, = tends to T z. This
is precisely the product topology where the target space is endowed with
the norm topology. It is especially useful when ’b is the set of real numbers,
since then this topology is compact.

We can not implement it using type classes as there is already a topology,
but at least we can define it as a topology.

Note that there is yet another (common and useful) topology on operator

245



spaces, the weak operator topology, defined analogously using the product
topology, but where the target space is given the weak-* topology, i.e., the
pullback of the weak topology on the bidual of the space under the canonical
embedding of a space into its bidual. We do not define it there, although it
could also be defined analogously.

definition cstrong-operator-topology::(’'a::complez-normed-vector = ¢, 'b:: complez-normed-vector)
topology

where cstrong-operator-topology = pullback-topology UNIV cblinfun-apply eu-
clidean

lemma cstrong-operator-topology-topspace:

topspace cstrong-operator-topology = UNIV

unfolding cstrong-operator-topology-def topspace-pullback-topology topspace-euclidean
by auto

lemma cstrong-operator-topology-basis:
fixes f::('a::complez-normed-vector = ¢ 'b::complez-normed-vector) and U::'i =
‘b set and z::'i = a
assumes finite [ Ni. i € I = open (U i)
shows openin cstrong-operator-topology {f. Vi€l. cblinfun-apply f (x i) € U i}
proof —
have open {g::("a='b). Viel. g (z i) € Ui}
by (rule product-topology-basis’|OF assms])
moreover have {f. Viel. cblinfun-apply f (z i) € Ui}
= cblinfun-apply— {g::('a="'). Viel. g (z i) € Ui} N UNIV
by auto
ultimately show ?thesis
unfolding cstrong-operator-topology-def by (subst openin-pullback-topology)
auto
qed

lemma cstrong-operator-topology-continuous-evaluation:
continuous-map cstrong-operator-topology euclidean (Af. cblinfun-apply f )
proof —
have continuous-map cstrong-operator-topology euclidean ((Af. fx) o cblinfun-apply)
unfolding cstrong-operator-topology-def apply (rule continuous-map-pullback)
using continuous-on-product-coordinates by fastforce
then show ?thesis unfolding comp-def by simp
qed

lemma continuous-on-cstrong-operator-topo-iff-coordinatewise:
continuous-map T cstrong-operator-topology f
+— (V. continuous-map T euclidean (Ay. cblinfun-apply (f y) z))
proof (auto)
fix z::'b
assume continuous-map T cstrong-operator-topology f
with continuous-map-compose[ OF this cstrong-operator-topology-continuous-evaluation)
have continuous-map T euclidean ((Az. cblinfun-apply z x) o f)
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by simp
then show continuous-map T euclidean (Ay. cblinfun-apply (f y) x)
unfolding comp-def by auto
next
assume *: YV z. continuous-map T euclidean (\y. cblinfun-apply (f y) z)
have Ai. continuous-map T euclidean (Az. cblinfun-apply (f x) ©)
using *x unfolding comp-def by auto
then have continuous-map T euclidean (cblinfun-apply o f)
unfolding o-def
by (metis (no-types) continuous-map-componentwise-UNIV euclidean-product-topology)
show continuous-map T cstrong-operator-topology f
unfolding cstrong-operator-topology-def
apply (rule continuous-map-pullback’)
by (auto simp add: <continuous-map T euclidean (cblinfun-apply o f)»)
qed

lemma cstrong-operator-topology-weaker-than-euclidean:
continuous-map euclidean cstrong-operator-topology (Af. f)
apply (subst continuous-on-cstrong-operator-topo-iff-coordinatewise)
by (auto simp add: linear-continuous-on continuous-at-imp-continuous-on lin-
ear-continuous-at
bounded-clinear.bounded-linear)
end

13  Complex-Bounded-Linear-Function — Complex bounded
linear functions (bounded operators)

theory Complez-Bounded-Linear-Function
imports

HOL— Types-To-Sets. Types-To-Sets
Banach-Steinhaus. Banach-Steinhaus
Complez-Inner-Product
One-Dimensional-Spaces
Complez- Bounded-Linear-Function(
HOL— Library. Function-Algebras

begin

unbundle lattice-syntax

13.1 Misc basic facts and declarations

notation cblinfun-apply (infixr xy» 70)

lemma id-cblinfun-apply[simp]: id-cblinfun xy 1 =
by simp

lemma apply-id-cblinfun[simpl: «(xy) id-cblinfun = id>
by auto
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lemma isCont-cblinfun-apply[simp]: isCont ((xy) A) ¢
by transfer (simp add: clinear-continuous-at)

declare cblinfun.scaleC-left[simp)

lemma cblinfun-apply-clinear|[simpl: <clinear (cblinfun-apply A)»
using bounded-clinear.axioms(1) cblinfun-apply by blast

lemma cblinfun-cinner-eql:
fixes A B :: ('a::chilbert-space =¢cy, 'a»
assumes (\¢. norm ¢ = 1 = cinner » (A xy ) = cinner ¥ (B xy ¥)»
shows (A = B)
proof —
define C where <C = A — B>
have CO[simp]: <cinner ¢ (C ) = 0> for ¢
apply (cases < = 0»)
using assms[of <sgn V]
by (simp-all add: C-def norm-sgn sgn-div-norm cblinfun.scaleR-right assms
cblinfun. diff-left cinner-diff-right)
{fixfga
have «0 = cinner (f + a x¢ g) (C *xv (f + a *c g))
by (simp add: cinner-diff-right minus-cblinfun.rep-eq)
also have (... = a x¢ cinner f (C g) + cnj a x¢ cinner g (C f)»
by (smt (23) CO add.commute add.right-neutral cblinfun.add-right cblin-
fun.scaleC-right cblinfun-cinner-right.rep-eq cinner-add-left cinner-scale C-left com-
plex-scaleC-def)
finally have («a x¢ cinner f (C g) = — cnj « x¢ cinner g (C f)»
by (simp add: eq-neg-iff-add-eq-0)
}

then have <cinner f (C g) = 0> for f g
by (metis complex-cnj-i complez-cnj-one complex-vector.scale-cancel-right com-
plezx-vector.scale-left-imp-eq equation-minus-iff i-squared mult-eq-0-iff one-neg-neg-one)
then have <C g = 0) for g¢
using cinner-eq-zero-iff by blast
then have «C' = 0>
by (simp add: cblinfun-eql)
then show <4 = B
using C-def by auto
qed

lemma id-cblinfun-not-0[simpl: <(id-cblinfun :: 'a::{ complex-normed-vector, not-singleton}
=CL —) # 0>

by (metis (full-types) Extra-General. UNIV-not-singleton cblinfun.zero-left cblin-
fun-id-cblinfun-apply ex-norm1 norm-zero one-negq-zero)

lemma cblinfun-norm-geql:

assumes (norm (f *y ) / norm z > K>
shows <norm f > K»
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using assms by transfer (smt (23) bounded-clinear.bounded-linear le-onorm)

declare scaleC-conv-of-complex|simp)

lemma cblinfun-eq-0-on-span:

fixes S::¢<'a::complex-normed-vector set
assumes z € cspan S

and As. s€S = F xy s=0
shows (F xy © = 0

using bounded-clinear.azioms(1) cblinfun-apply assms complex-vector.linear-eq-0-on-span
by blast

lemma cblinfun-eq-on-span:

fixes S::¢’a::complex-normed-vector set»
assumes z € cspan S

and As. s€S = F xy s = G xy s
shows (F v © = G *y o

using bounded-clinear.azioms(1) cblinfun-apply assms complez-vector.linear-eq-on-span
by blast

lemma cblinfun-eq-0-on-UNIV-span:
fixes basis::¢<’a::complex-normed-vector set»
assumes cspan basis = UNIV

and As. s€basis = F xy s = 0
shows «F' = 0

by (metis cblinfun-eq-0-on-span UNIV-I assms cblinfun.zero-left cblinfun-eql)
lemma cblinfun-eq-on-UNIV-span:
fixes basis::’a::complex-normed-vector set and ::'a = 'b::complex-normed-vector

assumes cspan basis = UNIV

and As. s€basis = F xy s = G xy s
shows <F' = G

by (metis (no-types) assms cblinfun-eql cblinfun-eg-on-span iso-tuple-UNIV-I)
lemma cblinfun-eq-on-canonical-basis:

fixes f g::'a::{ basis-enum,complez-normed-vector} = ¢, 'b::complex-normed-vector

defines basis == set (canonical-basis::'a list)
assumes Au. u € basis = f xy u = g *y u
shows f =g

using assms cblinfun-eq-on- UNIV-span is-generator-set by blast

lemma cblinfun-eq-0-on-canonical-basis:

fixes f ::'a::{ basis-enum,complex-normed-vector} =c, 'b::complex-normed-vector

defines basis == set (canonical-basis::'a list)
assumes Au. u € basis = f xy u = 0
shows f =10

by (simp add: assms cblinfun-eg-on-canonical-basis)
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lemma cinner-canonical-basis-eq-0:
defines basisA == set (canonical-basis::'a::onb-enum list)
and basisB == set (canonical-basis::'b::onb-enum list)
assumes Au v. u€basisA = v€basisB = is-orthogonal v (F *y u)
shows F' = 0
proof—
have F xy u = 0
if ucbasisA for u
proof—
have Av. v€basisB = is-orthogonal v (F %y u)
by (simp add: assms(3) that)
moreover have (A\v. v€basisB = is-orthogonal v ) = = = 0
for z
proof—
assume r1: A\v. v€basisB = is-orthogonal v x
have is-orthogonal v x for v
proof—
have cspan basisB = UNIV
using basisB-def is-generator-set by auto
hence v € cspan basisB
by (smt iso-tuple-UNIV-I)
hence 3t s. v = (D a€t. s a x¢ a) A finite t A t C basisB
using complez-vector.span-explicit
by (smt mem-Collect-eq)
then obtain ¢ s where b1: v = (D> a€t. s a *¢ a) and b2: finite ¢ and
b3: t C basisB
by blast
have v :¢c z = (D a€t. sa xc a) ¢ T
by (simp add: b1)

also have ... = (3 a€t. (s a *¢ a) ¢ z)
using cinner-sum-left by blast

also have ... = (" a€t. cnj (s a) * (a ¢ 1))
by auto

also have ... =0

using b3 r1 subsetD by force
finally show ?thesis by simp
qed
thus ?thesis
by (simp add: <A\v. (v -¢ ) = 0> cinner-estensionality)
qed
ultimately show ?thesis by simp
qed
thus ?thesis
using basisA-def cblinfun-eq-0-on-canonical-basis by auto

qed
lemma cinner-canonical-basis-eq:
defines basisA == set (canonical-basis::'a::onb-enum list)
and basisB == set (canonical-basis::'b::onb-enum list)
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assumes Au v. u€basisA = v€basisB = v ¢ (F xy u) = v ¢ (G *y u)
shows F = G
proof—

define H where H = F — G

have Au v. u€basisA = v€basisB = is-orthogonal v (H *y u)
unfolding H-def
by (simp add: assms(3) cinner-diff-right minus-cblinfun.rep-eq)

hence H = 0
by (simp add: basisA-def basisB-def cinner-canonical-basis-eq-0)

thus ?thesis unfolding H-def by simp

qged
lemma cinner-canonical-basis-eq”:
defines basisA == set (canonical-basis::'a::onb-enum list)
and basisB == set (canonical-basis::'b::onb-enum list)

assumes Au v. u€basisA = vebasisB = (F xy u) ¢ v = (G xy u) ¢ v
shows F' = G

using cinner-canonical-basis-eq assms

by (metis cinner-commaute’)

lemma not-not-singleton-cblinfun-zero:

<z = 0y if <= class.not-singleton TYPE('a)) for z :: <’a::complex-normed-vector
=cr 'biicomplex-normed-vectors

apply (rule cblinfun-eql)

apply (subst not-not-singleton-zero| OF that])

by simp

lemma cblinfun-norm-approz-witness:
fixes A :: 'a::{not-singleton,complez-normed-vector} = ¢, 'b::complez-normed-vectors
assumes <« > ()
shows 3. norm (A xy ) > norm A — e A norm p = 1>
proof (transfer fizing: €)
fix A :: a = 'b» assume [simp]: <bounded-clinear A»
have «(3ye{norm (A z) |xz. normz = 1}. y > || {norm (A z) |z. norm z = 1}
— &
apply (rule Sup-real-close)
using assms by (auto simp: ex-norm1 bounded-clinear.bounded-linear bdd-above-norm-f)
also have ¢ | {norm (A z) |z. norm x = 1} = onorm A»
by (simp add: bounded-clinear.bounded-linear onorm-sphere)
finally
show 3. onorm A — € < norm (A ¥) A norm p = 1>
by force
qed

lemma cblinfun-norm-approz-witness-mult:

fixes A :: 'a::{not-singleton,complez-normed-vector} = ¢, 'b::complex-normed-vectors
assumes € < I»

shows <3v¢. norm (A xy ) > norm A x € A norm ¢ = 1)
proof (cases <norm A = 0»)
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case True
then show ?thesis
by auto (simp add: ex-norml)
next
case Fulse
then have (I — ) * norm A > 0»
using assms by fastforce
then obtain ¢ where geq: <norm (A xy ) > norm A — ((1 — €) x norm A)»
and <norm ¢ = 1»
using cblinfun-norm-approx-witness by blast
have <norm A x ¢ = norm A — (1 — €) x norm A»
by (simp add: mult.commute right-diff-distrib’)
also have «... < norm (A *y ¥)»
by (rule geq)
finally show ?thesis
using <norm ¢ = 1) by auto
qed

lemma cblinfun-norm-approz-witness':
fixes A :: ('a::complex-normed-vector =¢ 1, 'b::comples-normed-vector>
assumes <€ > 0
shows 3. norm (A xy ¥) / norm ¢ > norm A — &
proof (cases «class.not-singleton TYPE('a)))
case True
obtain 1 where (norm (A xy ) > norm A — & and <norm ¢ = 1»
apply atomize-elim
using complex-normed-vector-axioms True assms
by (rule cblinfun-norm-approz-witness|internalize-sort’ 'a))
then have <norm (A *y 1) / norm ¢ > norm A —
by simp
then show ?thesis
by auto
next
case Fulse
show ?thesis
apply (subst not-not-singleton-cblinfun-zero| OF False])
apply simp
apply (subst not-not-singleton-cblinfun-zero| OF False])
using <¢ > 0> by simp
qed

lemma cblinfun-to-CARD-1-0[simp]: <«(A :: - =¢p -CARD-1) = 0»
by (simp add: cblinfun-eqI)

lemma cblinfun-from-CARD-1-0[simp]: <«(A :: -:CARD-1 =¢p, -) = 0>
using cblinfun-eq-on-UNIV-span by force
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lemma cblinfun-cspan-UNIV:
fixes basis :: «('a:{complex-normed-vector,cfinite-dim} =¢ r, 'b::complez-normed-vector)
set)
and basisA :: <'a sety and basisB :: <'b set»
assumes <cspan basisA = UNIV) and <cspan basisB = UNIV»
assumes basis: <\a b. a€basisA = b€basisB = I Febasis. ¥V a'€basisA. F *y
a’ = (if a’=a then b else 0)»
shows <cspan basis = UNIV»
proof —
obtain basisA’ where (basisA’ C basisA> and (cindependent basisA’y and <cspan
basisA' = UNIV»
by (metis assms(1) complex-vector.mazimal-independent-subset complex-vector.span-eq
top-greatest)
then have [simp]: «finite basisA’s
by (simp add: cindependent-cfinite-dim-finite)
have basis”: <\a b. acbasisA’ = bebasisB = I F€basis. ¥ a'€basisA’. F xy
a’ = (if a’=a then b else 0))
using basis <basisA’ C basisA> by fastforce

obtain F where F: <F a b € basis A F a b xy o' = (if a’=a then b else 0))
if (acbasisA’y <bebasisB> <a’'c€basisA’y for a b a’
apply atomize-elim apply (intro choice alll)
using basis’ by metis
then have F-apply: <F a b *y a' = (if a’=a then b else 0)»
if (acbasisA’y «bebasisB> <a’'€basisA’y for a b a’
using that by auto
have F-basis: <F a b € basis»
if (acbasisA’y <b€basisB> for a b
using that F by auto
have b-span: <3 Gecspan {F a b|b. b€basisB}. V a’'€basisA’. G xy o' = (if a'=a
then b else 0)» if (a€basisA’y for a b
proof —
from <cspan basisB = UNIV»
obtain r t where «(finite t» and <t C basisB» and b-lincom: <b = (> a€t. ra
kc Q)
unfolding complex-vector.span-alt by atomize-elim blast
define G where <G = (3 ict. ri*c Fai)
have (G € cspan {F a b|b. b€basisB}»
using «finite t» «t C basisB> unfolding G-def
by (smt (verit) complex-vector.span-scale complez-vector.span-sum com-
plez-vector.span-superset mem-Collect-eq subsetD)
moreover have (G xy o’ = (if a’=a then b else 0)» if <a’EbasisA’y for a’
using <t C basisB) <a€basisA"y (a'€basisA’s
by (auto simp: b-lincom G-def cblinfun.sum-left F-apply introl: sum.neutral
sum.cong)
ultimately show #thesis
by blast
qged
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have a-span: (cspan (|J a€basisA’. cspan {F a b|b. bebasisB}) = UNIV)»
proof (intro equalityl subset-UNIV subsetl, rename-tac H)
fix H
obtain G where G: <G a b € cspan {F a b|b. b€basisB} N G a b xy o’ = (if
a'=a then b else 0)»
if <acbasisA’y and <a’cbasisA’y for a b o’
apply atomize-elim apply (intro choice alll)
using b-span by blast
then have G-cspan: (G a b € cspan {F a b|b. b€basisB}» if <acbasisA” for a
b
using that by auto
from G have G: <G a b xy o’ = (if a’=a then b else 0)» if (a€basisA’y and
<a’€basisA’y for a b a’
using that by auto
define H' where <H' = (> acbasisA’. G a (H *y a))
have «H' € cspan (| a€basisA’. cspan {F a b|b. bEbasisB})»
unfolding H’-def using G-cspan
by (smt (verit, del-insts) UN-iff complex-vector.span-clauses(1) complex-vector.span-sum)
moreover have «(H' = H»
using «cspan basisA’ = UNIV)
by (auto simp: H'-def cblinfun-eq-on-UNIV-span cblinfun.sum-left G)
ultimately show <H € cspan (|J a€basisA’. cspan {F a b |b. b € basisB})»
by simp
qed

moreover have <cspan basis 2 cspan (|J a€basisA’. cspan {F a blb. b€basisB})»
by (smt (verit) F-basis UN-subset-iff complex-vector.span-base complex-vector.span-minimal
complez-vector.subspace-span mem-Collect-eq subsetl)

ultimately show <cspan basis = UNIV»
by auto
qed

instance cblinfun :: (<{ cfinite-dim,complex-normed-vector}>, «{ cfinite-dim,complex-normed-vector}»)
cfinite-dim
proof intro-classes
obtain basisA :: 'a set» where [simp]: (cspan basisA = UNIV)» <cindependent
basisAy <finite basisA>
using finite-basis by blast
obtain basisB :: «'b sety where [simp]: <cspan basisB = UNIV) <cindependent
basisB) <finite basisB»
using finite-basis by blast
define f where (f a b = cconstruct basisA (\z. if t=a then b else 0)» for a :: 'a
and b :: b
have f-a: <fa b a = b if <a : basisAs for a b
by (simp add: complez-vector.construct-basis f-def that)
have f-not-a: <fa b ¢ = 0> if <a : basisA> and <c : basisA» and <a # c>for a b ¢
using that by (simp add: complex-vector.construct-basis f-def)

254



define F' where <F a b = CBlinfun (f a b)) for a b
have «clinear (f a b)» for a b
by (auto intro: complez-vector.linear-construct simp: f-def)
then have <bounded-clinear (f a b)» for a b
by auto
then have F-apply: «cblinfun-apply (F a b) = fa b for a b
by (simp add: F-def bounded-clinear-CBlinfun-apply)
define basis where <basis = {F a b| a b. a€basisA N bebasisB}»
have Aa b. [a € basisA; b € basisB] = 3 Febasis. V a’€basisA. F vy o' = (if
a’ = a then b else 0)
by (smt (verit, del-insts) F-apply basis-def f-a f-not-a mem-Collect-eq)
then have <cspan basis = UNIV)»
by (metis <cspan basisA = UNIV» <cspan basisB = UNIV» cblinfun-cspan-UNIV)

moreover have «<finite basis
unfolding basis-def by (auto intro: finite-image-set2)
ultimately show 35 :: ("a =¢ 'b) set. finite S A cspan S = UNIV)
by auto
qed

lemma norm-cblinfun-bound-dense:
assumes <0 < by
assumes S: (closure S = UNIV)
assumes bound: <A\z. €S = norm (cblinfun-apply f z) < b * norm x»
shows (norm f < b
proof —
have 1: (continuous-on UNIV (Aa. norm (f *y a))»
by (simp add: continuous-on-eq-continuous-within)
have 2: (continuous-on UNIV (Aa. b * norm a)»
using continuous-on-mult-left continuous-on-norm-id by blast
have «norm (cblinfun-apply f ) < b * norm z» for x
by (metis (mono-tags, lifting) UNIV-T1 S bound 1 2 on-closure-lel)
then show <norm f < b
using <0 < by norm-cblinfun-bound by blast
qed

lemma infsum-cblinfun-apply:

assumes <g summable-on S»

shows <infsum (A\z. A xy gz) S = A =y (infsum g S)»

using infsum-bounded-linear|unfolded o-def] assms cblinfun.real.bounded-linear-right
by blast

lemma has-sum-cblinfun-apply:

assumes (g has-sum ) S»

shows «((Az. A *y ¢ z) has-sum (A xy z)) S»

using assms has-sum-bounded-linear[unfolded o-def] using cblinfun.real.bounded-linear-right
by blast

lemma abs-summable-on-cblinfun-apply:
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assumes <g abs-summable-on S»

shows «(A\z. A xy g z) abs-summable-on S)

using bounded-clinear.bounded-linear|OF cblinfun.bounded-clinear-right] assms
by (rule abs-summable-on-bounded-linear[unfolded o-def])

lemma summable-on-cblinfun-apply:
assumes <g summable-on S»
shows «(A\z. A xy g z) summable-on S»
using bounded-clinear.bounded-linear|OF cblinfun.bounded-clinear-right] assms
by (rule summable-on-bounded-linear[unfolded o-def])

lemma summable-on-cblinfun-apply-left:
assumes (A summable-on S
shows ¢(Az. A x xy g) summable-on S»
using bounded-clinear.bounded-linear|OF cblinfun.bounded-clinear-left] assms
by (rule summable-on-bounded-linear[unfolded o-def])

lemma abs-summable-on-cblinfun-apply-left:
assumes (A abs-summable-on S»
shows ¢(Az. A x xy g) abs-summable-on S»
using bounded-clinear.bounded-linear[OF cblinfun.bounded-clinear-left] assms
by (rule abs-summable-on-bounded-linear[unfolded o-def])
lemma infsum-cblinfun-apply-left:
assumes (A summable-on S»
shows <infsum (Az. A z xy g) S = (infsum A S) xy ¢
apply (rule infsum-bounded-linear[unfolded o-def, of <\A. cblinfun-apply A ¢3])
using assms
by (auto simp add: bounded-clinear.bounded-linear bounded-cbilinear-cblinfun-apply)
lemma has-sum-cblinfun-apply-left:
assumes ((A has-sum z) S»
shows ¢((A\z. A z xy g) has-sum (z v g)) S»
apply (rule has-sum-bounded-linear[unfolded o-def, of <AA. cblinfun-apply A ¢3])
using assms by (auto simp add: bounded-clinear.bounded-linear cblinfun.bounded-clinear-left)

The next eight lemmas logically belong in Complex-Bounded-Operators. Complex-Inner-Product
but the proofs use facts from this theory.

lemma has-sum-cinner-left:
assumes <(f has-sum z) I»
shows (((Ai. cinner a (f 7)) has-sum cinner a x) I
by (metis assms cblinfun-cinner-right.rep-eq has-sum-cblinfun-apply)

lemma summable-on-cinner-left:
assumes <f summable-on I»
shows ¢(\i. cinner a (f 7)) summable-on I»
by (metis assms has-sum-cinner-left summable-on-def)

lemma infsum-cinner-left:

assumes < summable-on I»
shows <cinner ¥ (3 i€l. ¢ i) = (3 i€l. cinner ¢ (¢ ©))»
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by (metis assms has-sum-cinner-left has-sum-infsum infsuml)

lemma has-sum-cinner-right:
assumes «(f has-sum z) I»
shows «((\i. fi -¢ a) has-sum (z -¢ a)) D
using assms has-sum-bounded-linear|[unfolded o-def] bounded-antilinear.bounded-linear

bounded-antilinear-cinner-left by blast

lemma summable-on-cinner-right:
assumes <f summable-on I»
shows «(\i. fi ¢ a) summable-on I»
by (metis assms has-sum-cinner-right summable-on-def)

lemma infsum-cinner-right:
assumes <p summable-on I»
shows (> i€l. v i) «c ¥ = O t€l. p i ¢ YD
by (metis assms has-sum-cinner-right has-sum-infsum infsuml)

lemma Cauchy-cinner-product-summable:
assumes asum: <a summable-on UNIV»
assumes bsum: <b summable-on UNIV»
assumes <(finite X» <finite ¥
assumes pos: <Nz y. 2 ¢ X = y ¢ Y = cinner (az) (by) > O
shows absum: <(A(z, y). cinner (a z) (b y)) summable-on UNIV)
proof —
have (3" (z,y)€F. norm (cinner (a z) (b y))) < norm (cinner (infsum a (—X))
(infsum b (=Y))) + norm (infsum a (—X)) + norm (infsum b (=Y)) + 1»
if <finite F» and <F C (- X)x(=Y)» for F
proof —
from asum <finite X
have <a summable-on (—X)»
by (simp add: Compl-eq-Diff-UNIV summable-on-cofin-subset)
then obtain MA where «(finite MA)> and <MA C —X»
and MA: «G 2 MA = G C —X = finite G = norm (sum a G — infsum
a(—X)) <1 for G
apply (simp add: summable-iff-has-sum-infsum has-sum-metric dist-norm)
by (meson less-eq-real-def zero-less-one)

from bsum «<finite Y
have «b summable-on (—Y)»
by (simp add: Compl-eq-Diff-UNIV summable-on-cofin-subset)
then obtain MB where (finite MB» and <MB C —Y»
and MB: <G D MB —= G C - Y = finite G = norm (sum b G — infsum
b(-Y)) <1 for G
apply (simp add: summable-iff-has-sum-infsum has-sum-metric dist-norm)
by (meson less-eq-real-def zero-less-one)
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define F1 F2 where <F'1 = fst ‘ F U MA» and <F2 = snd ‘ FF U MB>»
define t1 t2 where <t1 = sum a F1 — infsum a (—X)) and <2 = sum b F2
— infsum b (=Y )

have [simp]: <finite F1 «finite F2)
using F'I-def F2-def «finite MA> <finite MB) that by auto
have [simp]: <F1 C —X» <F2 C —Y»
using «F C (= X)x(=Y) «<MA C —-X> <MB C —-Y>»
by (auto simp: F1-def F2-def)
from MA[OF - <F1 C —X) <finite F1)] have <norm t1 < 1)
by (auto simp: t1-def F1-def)
from MB[OF - <F2 C =Y «(finite F2)] have <norm t2 < 1»
by (auto simp: t2-def F2-def)
have [simp]: <F C F1 x F2)
by (force simp: F1-def F2-def image-def)
have «(> (z,y)€F. norm (cinner (a z) (b y))) < (O (z,y)eFIXF2. norm

(cinner (a x) (b y)))
by (intro sum-mono2) auto

also have ... = (D) z€F1 x F2. norm (a (fst z) -¢ b (snd z)))
by (auto simp: case-prod-beta)
also have ... = norm (> z€F1 x F2. a (fstz) -¢ b (snd z))
proof —
have (D z€F1 x F2. |a (fstx) ¢ b (snd z)|) = |D_x€F1 x F2. a (fst x) ¢
b (snd z)|

by (smt (verit, best) pos sum.cong sum-nonneg ComplD SigmaFE «F1 C —
X» «F2 C = Y)» abs-pos prod.sel subset-iff)
then show ?thesis
by (smt (verit) abs-complex-def norm-ge-zero norm-of-real o-def of-real-sum
sum.cong sum-norm-le)

qed
also from pos have ¢... = norm (>_ (z,y)€F1xF2. cinner (a z) (b y))»
by (auto simp: case-prod-beta)
also have (... = norm (cinner (sum a F1) (sum b F2))»
by (simp add: sum.cartesian-product sum-cinner)
also have «... = norm (cinner (infsum a (—X) + t1) (infsum b (=Y) + t2))

by (simp add: t1-def t2-def)
also have «... < norm (cinner (infsum a (=X)) (infsum b (=Y))) + norm
(infsum a (—X)) * norm t2 + norm t1 x norm (infsum b (—=Y)) + norm t1 =
norm t2»
apply (simp add: cinner-add-right cinner-add-left)
by (smt (verit, del-insts) complex-inner-class. Cauchy-Schwarz-ineg2 norm-triangle-ineq)
also from «norm t1 < 1 <norm t2 < 1»
have «... < norm (cinner (infsum a (—X)) (infsum b (=Y))) + norm (infsum
a (—=X)) + norm (infsum b (-=Y)) + >
by (auto introl: add-mono mult-left-le mult-left-le-one-le mult-le-one)
finally show ?thesis
by —
qged
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then have «(A\(z, y). cinner (a x) (b y)) abs-summable-on (—X)x(=Y)»
apply (rule-tac nonneg-bdd-above-summable-on)
by (auto introl: bdd-abovel2 simp: case-prod-unfold)

then have 1: «(A(z, y). cinner (a z) (b y)) summable-on (—X)x(=Y)
using abs-summable-summable by blast

from bsum
have «(Ay. b y) summable-on (—Y)»
by (simp add: Compl-eq-Diff-UNIV assms(4) summable-on-cofin-subset)
then have «(\y. cinner (a z) (b y)) summable-on (—Y) for x
using summable-on-cinner-left by blast
with «finite X> have 2: <(A\(z, y). cinner (a z) (b y)) summable-on X x (=Y )
by (force intro: summable-on-product-finite-left)

from asum
have «((Az. a z) summable-on (—X)»
by (simp add: Compl-eq-Diff-UNIV assms(3) summable-on-cofin-subset)
then have ((A\z. cinner (a x) (b y)) summable-on (—X)» for y
using summable-on-cinner-right by blast
with «finite Y» have 3: «(A(z, y). cinner (a z) (b y)) summable-on (—X)x Y
by (force intro: summable-on-product-finite-right)

have 4: «(\(z, y). cinner (a z) (b y)) summable-on XxY)
by (simp add: <finite X» <finite Y»)

have § UNIV = ((-X) x = Y)UX x =Y)U ((-X) x Y)U (X x Y)
by auto

show ?thesis
using 1 2 8 4 by (force simp: § intro!: summable-on-Un-disjoint)

qed

A variant of Series. Cauchy-product-sums with (x) replaced by (-¢). Differ-
ently from Series. Cauchy-product-sums, we do not require absolute summa-
bility of a and b individually but only unconditional summability of a, b, and
their product. While on, e.g., reals, unconditional summability is equivalent
to absolute summability, in general unconditional summability is a weaker
requirement.

Logically belong in Complez-Bounded-Operators. Complezx-Inner- Product but
the proof uses facts from this theory.

lemma

fixes a b :: nat = 'a::complex-inner

assumes asum: <a summable-on UNIV»

assumes bsum: <b summable-on UNIV»

assumes absum: <(A(z, y). cinner (a z) (b y)) summable-on UNIV»

shows Cauchy-cinner-product-infsum: <(3 " k. Y i<k. cinner (a i) (b (k — 1)))

= cinner (3 k. a k) O k. b k)
and Cauchy-cinner-product-infsum-ezists: <«(Ak. > i<k. cinner (a ) (b (k —
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i))) summable-on UNIV)
proof —
have img: «(A(k::nat, 7). (i, k — @) “{(k, i). i < k} = UNIV»
apply (auto simp: image-def)
by (metis add.commute add-diff-cancel-right’ diff-le-self)
have inj: «nj-on (A(k:nat, 7). (i, k — ©)) {(k, 7). © < kb
by (smt (verit, del-insts) Pair-inject case-prodE case-prod-conv eq-diff-iff inj-onl
mem-Collect-eq)
have sigma: «(SIGMA k:UNIV. {i. i < k}) = {(k, 9). i < kDb
by auto

from absum
have §: «(A(z, y). cinner (a y) (b (x — y))) summable-on {(k, ). i < k}
by (rule Cauchy-cinner-product-summable’| THEN iffD1])
then have «(Ak. Y oi|i<k. cinner (a i) (b (k—1))) summable-on UNIV)»
by (metis (mono-tags, lifting) sigma summable-on-Sigma-banach summable-on-cong)
then show «(\k. > i<k. cinner (a i) (b (k — 7))) summable-on UNIV»
by (metis (mono-tags, lifting) atMost-def finite-Collect-le-nat infsum-finite
summable-on-cong)

have <cinner (3 ook. a k) O ok b k) = O k- D ool cinner (a k) (b 1))
by (smt (verit, best) asum bsum infsum-cinner-left infsum-cinner-right inf-
sum-cong)
also have «... = (3 oo (k,0). cinner (a k) (b 1))
by (smt (verit) UNIV-Times-UNIV infsum-Sigma’-banach infsum-cong lo-
cal.absum)
also have «... = (3 o (k, DE(A(K, 7). (i, k — 7)) “{(k, ). ¢ < k}. cinner (a k)
(b D)

by (simp only: img)

also have «... = infsum ((\(k, [). a k -c b 1) o (A(k, 7). (i, k — 7)) {(k, 7). i <
kp
using inj by (rule infsum-reindex)
also have «... = 3. o (k,))[i<k. a i -¢c b (k—1))»
by (simp add: o-def case-prod-unfold)
also have «... = (O] k. D ot|i<k. a i -¢ b (k—1))
by (metis (no-types) § infsum-Sigma’-banach sigma)
also have «... = (3 ook. D i<k. a i -¢c b (k=9))

by (simp add: atMost-def)
finally show (> ook. > i<k.ai-c b(k— 1) = (O ok ak) -c Ok bk)
by simp
qed

lemma CBlinfun-plus:

assumes [simp]: (bounded-clinear f> <bounded-clinear g

shows «CBlinfun (f + g) = CBlinfun f + CBlinfun ¢

by (auto intro!: cblinfun-eql simp: plus-fun-def bounded-clinear-add CBlinfun-inverse
chlinfun.add-left)
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lemma CBlinfun-scaleC':
assumes <bounded-clinear f»
shows «CBlinfun (\y. ¢ *¢ fy) = ¢ x¢ CBlinfun f»
by (simp add: assms eq-onp-same-args scaleC-cblinfun.abs-eq)

lemma cinner-sup-norm-cblinfun:
fixes A :: (‘a::{complex-normed-vector,not-singleton} =cr, 'b::complez-inner)
shows (norm A = (SUP (¢,p). emod (cinner ¢ (A xy ¢)) / (norm ¢ * norm
©))
apply transfer
apply (rule cinner-sup-onorm)
by (simp add: bounded-clinear.bounded-linear)

lemma norm-cblinfun-Sup: <norm A = (SUP 4. norm (A =y ) / norm ¥)»
by (simp add: norm-cblinfun.rep-eq onorm-def)

lemma cblinfun-eg-on:
fixes A B :: 'a::cbanach = ¢, 'b::complex-normed-vector
assumes A\z. x € G = A xy z = B xy z and «t € closure (cspan G)»
shows A xy t = B xy t
using assms
apply transfer
using bounded-clinear-eq-on-closure by blast

lemma cblinfun-eq-gen-eql:
fixes A B :: 'a::cbanach = ¢ b::complex-normed-vector
assumes A\z. 2 € G = A *y z = B *y z and <ccspan G = T
shows A = B
by (metis assms cblinfun-eql cblinfun-eq-on ccspan.rep-eq iso-tuple- UNIV-I top-ccsubspace.rep-eq)

declare cnj-bounded-antilinear|bounded-antilinear)

lemma Cblinfun-comp-bounded-cbilinear: <bounded-clinear (CBlinfun o p)» if <bounded-cbilinear
I

by (metis bounded-cbilinear.bounded-clinear-prod-right bounded-cbilinear.prod-right-def
comp-id map-fun-def that)

lemma Cblinfun-comp-bounded-sesquilinear: <bounded-antilinear (CBlinfun o p)»
if <bounded-sesquilinear p»

by (metis (mono-tags, opaque-lifting) bounded-clinear-CBlinfun-apply bounded-sesquilinear.bounded-clinear-ri
comp-apply that transfer-bounded-sesquilinear-bounded-antilinearl )

13.2 Relationship to real bounded operators (- =, -)

instantiation blinfun :: (real-normed-vector, complex-normed-vector) complex-normed-vector
begin
lift-definition scaleC-blinfun :: <complex =
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('a::real-normed-vector, 'b::complez-normed-vector) blinfun =
('a, 'b) blinfun»

is <\ cicomplex. X f::'a="b. (A z. ¢ x¢ (fz) )
proof

fix c::complex and f :: </a='b> and b1::’a and b2::'a

assume <bounded-linear f»

show ¢ x¢ f (b1 + b2) = ¢ x¢ fbl + ¢ *¢ fb2)

by (simp add: <bounded-linear f> linear-simps scaleC-add-right)

fix c::complex and f :: <'a='b) and b::’a and r::real
assume <bounded-linear f»
show <c *C f (T’ *R b) =T *R (C *C fb))
by (simp add: <bounded-linear f> linear-simps(5) scaleR-scaleC)

fix c::complexr and f :: (a="b»
assume <bounded-linear f»

have <3 K.V z. norm (fz) < norm z x K»
using <bounded-linear f»
by (simp add: bounded-linear.bounded)
then obtain K where <V z. norm (f z) < norm z x K>
by blast
have «¢cmod ¢ > 0>
by simp
hence <V z. (¢cmod ¢) x norm (f ) < (emod ¢) * norm z * K>
using <V z. norm (f z) < norm x x K>
by (metis ordered-comme-semiring-class.comm-mult-left-mono vector-space-over-itself .scale-scale)
moreover have (norm (¢ x¢ fz) = (emod ¢) * norm (f z)»
for z
by simp
ultimately show (3 K. Vz. norm (¢ *¢ fz) < norm z * K>
by (metis ab-semigroup-mult-class.mult-ac(1) mult.commute)
qed

instance
proof
have r xp © = complex-of-real r ¢ x
for z :: ('a, 'b) blinfun and r
by transfer (simp add: scaleR-scaleC)
thus ((xg) ri:’a =1 'b = -) = (x¢) (complez-of-real r) for r
by auto
show a #¢ (t + y) = axc x4+ a*xc y
for a :: complez and z y :: 'a =1 'b
by transfer (simp add: scaleC-add-right)

show (¢ + b) xc T =a*xc z + b*xc x

for a b :: complex and z :: 'a =1 'b
by transfer (simp add: scaleC-add-left)
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show a x¢ b x¢c z = (a x b) ¢ z
for a b :: compler and z :: 'a = 'b
by transfer simp

have <1 x¢ fz = fo
for f :: <a='by and z
by auto
thus 1 xc z =z
forz::'a=1'b
by (simp add: scaleC-blinfun.rep-eq blinfun-eql)

have <onorm (Az. a x¢ fx) = cmod a * onorm f»
if <bounded-linear f>
for f :: <a = by and a :: complex
proof—
have «¢cmod a > 0>
by simp
have 3 K:real. ¥V z. (| ereal ((norm (f x)) / (norm z)) |) < K>
using <bounded-linear f) le-onorm by fastforce
then obtain K::real where <V z. (| ereal ((norm (f z)) / (norm x)) |) < K>»
by blast
hence <V z. (cmod a) x(| ereal ((norm (f z)) / (norm z)) |) < (emod a) * K>
using <cmod a > 0>
by (metis abs-ereal.simps(1) abs-ereal-pos  abs-pos ereal-mult-left-mono
times-ereal.simps(1))
hence «V z. (] ereal ((¢cmod a) x (norm (f z)) / (norm x)) |) < (emod a) *

K
by simp
hence <bdd-above {ereal (cmod a * (norm (f z)) / (norm z)) | z. True}»
by simp
moreover have {ereal (cmod a * (norm (f z)) / (norm x)) | z. True} # {}
by auto

ultimately have p1: <(SUP z. |ereal (cmod a * (norm (f z)) / (norm z))|) <
cmod a * K>
using <V z. | ereal (cmod a * (norm (f z)) / (norm z)) | < e¢mod a * K>
Sup-least mem-Collect-eq
by (simp add: SUP-le-iff)
have p2: <A\i. i € UNIV = 0 < ereal (¢cmod a * norm (f i) / norm i))
by simp
hence ¢|SUP z. ereal (cmod a x (norm (f z)) / (norm x))|
< (SUP z. |ereal (cmod a * (norm (f x)) / (norm z))|)
using <bdd-above {ereal (cmod a * (norm (f z)) / (norm z)) | . True}
ereal (cmod a * (norm (fz)) / (norm x)) | . True} # {p
by (metis (mono-tags, lifting) SUP-upper2 Sup.SUP-cong UNIV-I
p2 abs-ereal-gel ereal-le-real)
hence (|SUP z. ereal (¢cmod a * (n orm (fz)) / (norm z))| < emod a x K>
using «(SUP z. |ereal (¢cmod a * (norm (fz)) / (norm z))|) < e¢mod a * K>
by simp
hence «¢| ( SUP i€ UNIV::'a set. ereal (A z. (cmod a) * (norm (f x)) / norm
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7) i) | # oo
by auto
hence w2: «( SUP i€ UNIV::'a set. ereal (A z. emod a * (norm (f x)) / norm

) )

)
by (simp add: ereal-SUP)
have ((UNIV::('a set)) # {}»
by simp
moreover have <\ i. i € (UNIV::('a set)) = (A z. (norm (fz)) / norm z ::
ereal) i > 0»
by simp
moreover have (cmod a > 0>
by simp
ultimately have ((SUP i€(UNIV::('a set)). ((cmod a)::ereal) x (A z. (norm
(fz)) / norm x :: ereal) i)
= ((cmod a)::ereal) x ( SUP i€(UNIV::('a set)). (A z. (norm (f z)) / norm
x :: ereal) © )
by (simp add: Sup-ereal-mult-left’)
hence ((SUP z. ((c¢cmod a)::ereal) * ( (norm (f x)) / norm x :: ereal) )
= ((cmod a)::ereal) x ( SUP z. ( (norm (f x)) / norm x :: ereal) )
by simp
hence z1: <real-of-ereal ( (SUP z. ((¢cmod a)::ereal) * ( (norm (f x)) / norm x
i ereal) ) )
= real-of-ereal ( ((cmod a)::ereal) * ( SUP z. ( (norm (f x)) / norm z ::
ereal) ) )»
by simp
have 22: (real-of-ereal (SUP z. ((¢mod a)::ereal) x ( (norm (f z)) / norm z ::
ereal) )

= ereal ( Sup (A z. emod a * (norm (f z)) / norm x) ‘ (UNIV::'a set)

= (SUP z. emod a * (norm (f z) / norm z))»
using w2
by auto

have «real-of-ereal ( ((¢mod a)::ereal) x ( SUP z. ( (norm (f x)) / norm z ::
ereal) ) )

)

= (cemod a) * real-of-ereal ( SUP z. ( (norm (f z)) / norm x :: ereal)

by simp
moreover have <real-of-ereal ( SUP x. ( (norm (f x)) / norm x :: ereal) )
= ( SUP z. ((norm (f x)) / norm x) )»
proof—

have «| ( SUP i€ UNIV::'a set. ereal (A z. (norm (f z)) / norm z) )) | #
00)
proof—
have «3 K:real. ¥ z. (| ereal ((norm (f z)) / (norm z)) |) < K>
using <bounded-linear fr le-onorm by fastforce
then obtain K::real where <V z. (| ereal ((norm (f z)) / (norm z)) |) <
K>

by blast
hence <bdd-above {ereal ((norm (f z)) / (norm z)) | . True}>
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by simp
moreover have {ereal ((norm (f z)) / (norm z)) | x. True} # {}b
by auto
ultimately have ((SUP z. |ereal ((norm (f x)) / (norm z))|) < K>
using <V z. | ereal ((norm (fz)) / (norm x)) | < K>
Sup-least mem-Collect-eq
by (simp add: SUP-le-iff)
hence (|SUP z. ereal ((norm (f z)) / (norm x))|
< (SUP z. |ereal ((norm (f z)) / (norm z))|)
using <bdd-above {ereal ((norm (f x)) / (norm z)) | z. True}»
Hereal ((norm (f x)) / (norm z)) | z. True} # {}
by (metis (mono-tags, lifting) SUP-upper2 Sup.SUP-cong UNIV-I «\i. i
€ UNIV = 0 < ereal (norm (f i) / norm 7)) abs-ereal-ge0 ereal-le-real)
hence ¢|SUP z. ereal ((norm (f z)) / (norm z))| < K>
using «(SUP z. |ereal ((norm (f z)) / (norm z))|) < K>
by simp
thus ?thesis
by auto
qed
hence ¢ ( SUP i€ UNIV::'a set. ereal (A z. (norm (f z)) / norm x) 1))
= ereal ( Sup (A z. (norm (fz)) / norm x) ‘ (UNIV:'a set) )
by (simp add: ereal-SUP)
thus “thesis
by simp
qed
have z3: (real-of-ereal ( ((¢mod a)::ereal) * ( SUP x. ( (norm (f x)) / norm x
i ereal) ) )
= cmod a % (SUP z. norm (f z) / norm z)»
by (simp add: <real-of-ereal (SUP x. ereal (norm (f ) / norm z)) = (SUP x.
norm (f x) / norm x)»)
hence wi: «(SUP z. cmod a % (norm (f z) / norm z)) =
cmod a * (SUP z. norm (f x) / norm x)»
using zI z2 by linarith
have v1: <onorm (Az. a *¢ fx) = (SUP z. norm (a ¢ fx) / norm x)»
by (simp add: onorm-def)
have v2: «(SUP x. norm (a *¢ fz) / norm z) = (SUP x. ((¢cmod a) x norm (f
z)) / norm x)»
by simp
have v3: «(SUP z. ((cmod a) * norm (f z)) / norm z) = (SUP z. (cmod a) *
((norm (f z)) / norm x))»
by simp
have v4: «(SUP z. (¢mod a) x ((norm (f z)) / norm z)) = (c¢cmod a) x (SUP
z. ((norm (f z)) / norm z))»
using wl
by blast
show <(onorm (Az. a x¢ fx) = cmod a * onorm f»
using v1 v2 v3 v4
by (metis (mono-tags, lifting) onorm-def)
qed
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thus (norm (a *x¢ z) = cmod a * norm )
for a::complex and z::<(‘a, 'b) blinfun>
by transfer blast
qed
end

lemma clinear-blinfun-compose-left: <clinear (Az. blinfun-compose x y)»
by (auto intro!: clinearl simp: blinfun-eql scaleC-blinfun.rep-eq bounded-bilinear.add-left
bounded-bilinear-blinfun-compose)

instance blinfun :: (real-normed-vector, cbanach) cbanach..

lemma blinfun-compose-assoc: (A o, B) o, C = A o, (B or C)
by (simp add: blinfun-eql)

lift-definition blinfun-of-cblinfun::<'a::complex-normed-vector = ¢, 'b::complex-normed-vector
= 'a =1, b is id
by transfer (simp add: bounded-clinear.bounded-linear)

lift-definition blinfun-cblinfun-eq ::
a =1, 'b = 'a::complex-normed-vector = ¢, 'b::compler-normed-vector = bool»

is (=) .

lemma blinfun-cblinfun-eq-bi-unique[transfer-rule]: <bi-unique blinfun-cblinfun-eq
unfolding bi-unique-def by transfer auto

lemma blinfun-cblinfun-eq-right-total[transfer-rule]: <right-total blinfun-cblinfun-eq
unfolding right-total-def by transfer (simp add: bounded-clinear.bounded-linear)

named-theorems cblinfun-blinfun-transfer

lemma cblinfun-blinfun-transfer-0[cblinfun-blinfun-transfer]:
blinfun-cblinfun-eq (0::(-,-) blinfun) (0::(-,-) cblinfun)
by transfer simp

lemma cblinfun-blinfun-transfer-plus|cblinfun-blinfun-transfer]:

includes lifting-syntax

shows (blinfun-cblinfun-eq ===> blinfun-cblinfun-eq ===> blinfun-cblinfun-eq)
(+) (+)

unfolding rel-fun-def by transfer auto

lemma cblinfun-blinfun-transfer-minus|[cblinfun-blinfun-transfer]:

includes lifting-syntax

shows (blinfun-cblinfun-eq ===> blinfun-cblinfun-eq ===> blinfun-cblinfun-eq)
(=) (=)

unfolding rel-fun-def by transfer auto

lemma cblinfun-blinfun-transfer-uminus|cblinfun-blinfun-transfer]:
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includes lifting-syntax
shows (blinfun-cblinfun-eq ===> blinfun-cblinfun-eq) (uminus) (uminus)
unfolding rel-fun-def by transfer auto

definition real-complez-eq v ¢ <— complex-of-real v = ¢

lemma bi-unique-real-complex-eq[transfer-rule]: <bi-unique real-complex-eq>
unfolding real-complex-eq-def bi-unique-def by auto

lemma left-total-real-complex-eq[transfer-rule]: <left-total real-complex-eq
unfolding real-complex-eq-def left-total-def by auto

lemma cblinfun-blinfun-transfer-scaleC|cblinfun-blinfun-transfer]:

includes lifting-syntax

shows (real-complex-eq ===> blinfun-cblinfun-eq ===> blinfun-cblinfun-eq)
(scaleR) (scaleC')

unfolding rel-fun-def by transfer (simp add: real-complex-eq-def scaleR-scaleC)

lemma cblinfun-blinfun-transfer-CBlinfun[cblinfun-blinfun-transfer:
includes lifting-syntax
shows (eg-onp bounded-clinear ===> blinfun-cblinfun-eq) Blinfun CBlinfun
unfolding rel-fun-def blinfun-cblinfun-eq.rep-eq eq-onp-def
by (auto simp: CBlinfun-inverse Blinfun-inverse bounded-clinear.bounded-linear)

lemma cblinfun-blinfun-transfer-norm|cblinfun-blinfun-transfer]:
includes lifting-syntax
shows (blinfun-cblinfun-eq ===> (=)) norm norm
unfolding rel-fun-def by transfer auto

lemma cblinfun-blinfun-transfer-dist|cblinfun-blinfun-transfer]:
includes lifting-syntax
shows (blinfun-cblinfun-eq ===> blinfun-cblinfun-eq ===> (=)) dist dist
unfolding rel-fun-def dist-norm by transfer auto

lemma cblinfun-blinfun-transfer-sgn|cblinfun-blinfun-transfer):

includes lifting-syntax

shows (blinfun-cblinfun-eq ===> blinfun-cblinfun-eq) sgn sgn

unfolding rel-fun-def sgn-blinfun-def sgn-cblinfun-def by transfer (auto simp:
scaleR-scaleC')

lemma cblinfun-blinfun-transfer-Cauchy[cblinfun-blinfun-transfer]:
includes lifting-syntax
shows (((=) ===> blinfun-cblinfun-eq) ===> (=)) Cauchy Cauchy
proof —
note cblinfun-blinfun-transfer|[transfer-rule]
show ?thesis
unfolding Cauchy-def
by transfer-prover
qed
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lemma cblinfun-blinfun-transfer-tendsto| cblinfun-blinfun-transfer]:
includes lifting-syntax

shows (((=) ===> blinfun-cblinfun-eq) ===> blinfun-cblinfun-eq ===> (=)
===> (=)) tendsto tendsto
proof —

note cblinfun-blinfun-transfer|[transfer-rule]
show ?thesis
unfolding tendsto-iff
by transfer-prover
qged

lemma cblinfun-blinfun-transfer-compose[cblinfun-blinfun-transfer]:

includes lifting-syntax

shows (blinfun-cblinfun-eq ===> blinfun-cblinfun-eq ===> blinfun-cblinfun-eq)
(or) (ocr)

unfolding rel-fun-def by transfer auto

lemma cblinfun-blinfun-transfer-apply|cblinfun-blinfun-transfer]:
includes lifting-syntax
shows (blinfun-cblinfun-eq ===> (=) ===> (=)) blinfun-apply cblinfun-apply
unfolding rel-fun-def by transfer auto

lemma blinfun-of-cblinfun-ing:
<blinfun-of-cblinfun f = blinfun-of-cblinfun ¢ = f = ¢
by (metis cblinfun-apply-inject blinfun-of-cblinfun.rep-eq)

lemma blinfun-of-cblinfun-inv:
assumes Ac. Az. [ x, (¢ x¢ ) = ¢ ¢ ([ *p» 2)
shows 3 g. blinfun-of-cblinfun g = f
using assms
proof transfer
show 3 ge Collect bounded-clinear. id g = f
if bounded-linear f
and Acz. f (c*c z) = c *¢ [
for f::'a="b
using that bounded-linear-bounded-clinear by auto
qged

lemma blinfun-of-cblinfun-zero:
<blinfun-of-cblinfun 0 = 0>
by transfer simp

lemma blinfun-of-cblinfun-uminus:
<blinfun-of-cblinfun (— f) = — (blinfun-of-cblinfun f)»
by transfer auto

lemma blinfun-of-cblinfun-minus:

<blinfun-of-cblinfun (f — g) = blinfun-of-cblinfun f — blinfun-of-cblinfun g
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by transfer auto

lemma blinfun-of-cblinfun-scaleC":
<blinfun-of-cblinfun (¢ *¢ f) = ¢ *¢ (blinfun-of-cblinfun f)»
by transfer auto

lemma blinfun-of-cblinfun-scaleR:
<blinfun-of-cblinfun (¢ xr ) = ¢ *r (blinfun-of-cblinfun f)»
by transfer auto

lemma blinfun-of-cblinfun-norm:
fixes f::¢’a::complex-normed-vector = ¢ 'b::complex-normed-vector)
shows <norm f = norm (blinfun-of-cblinfun f)»
by transfer auto

lemma blinfun-of-cblinfun-cblinfun-compose:
fixes f::¢'b::complex-normed-vector = ¢, 'c::complex-normed-vectors
and g::<'a::complez-normed-vector =cp, 'b
shows <blinfun-of-cblinfun (f ocr, g) = (blinfun-of-cblinfun f) or, (blinfun-of-cblinfun
9)
by transfer auto

13.3 Composition

lemma cblinfun-compose-assoc:
shows (A OCL B) oCL C=4A oCL (B oCL C)
by (metis (no-types, lifting) cblinfun-apply-inject fun.map-comp cblinfun-compose.rep-eq)

lemma cblinfun-compose-zero-right[simp): U ocr, 0 = 0
using bounded-cbilinear.zero-right bounded-cbilinear-cblinfun-compose by blast

lemma cblinfun-compose-zero-left[simp]: 0 ocr, U = 0
using bounded-cbilinear.zero-left bounded-cbilinear-cblinfun-compose by blast

lemma cblinfun-compose-scaleC-left[simp]:
fixes A::'b::complex-normed-vector = ¢ 'c::complex-normed-vector
and B::'a::complex-normed-vector =¢cr 'b
shows «(a x¢ A) ocr, B = a x¢ (A ocr, B)
by (simp add: bounded-cbilinear.scaleC-left bounded-cbilinear-cblinfun-compose)

lemma cblinfun-compose-scaleR-left[simp]:
fixes A::'b::complex-normed-vector = ¢ 'c::complex-normed-vector
and B::’a::complex-normed-vector =¢cp 'b
shows ¢(a xg A) ocr B = a*xg (4 ocr B)
by (simp add: scaleR-scaleC')

lemma cblinfun-compose-scaleC-right[simp]:

fixes A::'b::complex-normed-vector = ¢ 'c::complez-normed-vector
and B::’a::complex-normed-vector =¢cy, 'b
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shows <A ocrL (a *xC B) = a *¢ (A ocCL B))
by transfer (auto introl: ext bounded-clinear.clinear complez-vector.linear-scale)

lemma cblinfun-compose-scaleR-right[simp]:
fixes A::'b::complex-normed-vector =, 'c::complex-normed-vector
and B::’a::complex-normed-vector =cp 'b
shows <4 ocy, (a xg B) = a *g (A ocr, B)»
by (simp add: scaleR-scaleC')

lemma cblinfun-compose-id-right|simp]:
shows U o¢p id-cblinfun = U
by transfer auto

lemma cblinfun-compose-id-left[simp):
shows id-cblinfun ocy, U = U
by transfer auto

lemma cblinfun-compose-add-left: <«(a + b) ocr, ¢ = (a ocyr, ¢) + (b ocr ¢)
by (simp add: bounded-cbilinear.add-left bounded-cbilinear-cblinfun-compose)

lemma cblinfun-compose-add-right: <a ocr, (b + ¢) = (a ocr b) + (a ocr ¢)
by (simp add: bounded-cbilinear.add-right bounded-cbilinear-cblinfun-compose)

lemma cbilinear-cblinfun-compose[simp|: cbilinear cblinfun-compose
by (auto intro!: clinearl simp add: cbilinear-def bounded-cbilinear.add-left bounded-cbilinear.add-right
bounded-cbilinear-cblinfun-compose)

lemma cblinfun-compose-sum-left: <(>°1€8S. g i) ocr z = (D 1€S. giocr z)»
by (induction S rule:infinite-finite-induct) (auto simp: cblinfun-compose-add-left)

lemma cblinfun-compose-sum-right: <x ocr, (> i€S. g i) = (D i€S. z ocp g i)
by (induction S rule:infinite-finite-induct) (auto simp: cblinfun-compose-add-right)

lemma cblinfun-compose-minus-right: <a ocr, (b — ¢) = (a ocr b) — (a ocr ¢)
by (simp add: bounded-cbilinear.diff-right bounded-cbilinear-cblinfun-compose)

lemma cblinfun-compose-minus-left: «(a — b) ocr ¢ = (a ocr ¢) — (b ocr ¢)
by (simp add: bounded-cbilinear.diff-left bounded-cbilinear-cblinfun-compose)

lemma simp-a-oCL-b: <a oo, b= ¢ = a ocr (bocr d) = cocy d

— A convenience lemma to transform simplification rules of the form a ooy b =
c. E.g., simp-a-0oCL-b|OF isometryD, simp] declares a simp-rule for simplifying adj
x ocr (z ocp y) = id-cblinfun ocr, y.

by (auto simp: cblinfun-compose-assoc)

lemma simp-a-0CL-b": <a ocr, b =c = a xy (b*xy d) = c*xy &

— A convenience lemma to transform simplification rules of the form a ocp b
= c. E.g., simp-a-0oCL-b'[OF isometryD, simp] declares a simp-rule for simplifying
adj x xy = *y y = id-cblinfun xy y.
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by auto

lemma cblinfun-compose-uminus-left: «(— a) ocr, b = — (a ocr b)»
by (simp add: bounded-cbilinear.minus-left bounded-cbilinear-cblinfun-compose)

lemma cblinfun-compose-uminus-right: <a ocr (— b) = — (a ocr b)»
by (simp add: bounded-cbilinear.minus-right bounded-cbilinear-cblinfun-compose)

lemma bounded-clinear-cblinfun-compose-left: <bounded-clinear (Ax. = ocp y)»

by (simp add: bounded-cbilinear.bounded-clinear-left bounded-cbilinear-cblinfun-compose)
lemma bounded-clinear-cblinfun-compose-right: <bounded-clinear (A\y. x ocr, y)»

by (simp add: bounded-cbilinear.bounded-clinear-right bounded-cbilinear-cblinfun-compose)
lemma clinear-cblinfun-compose-left: <clinear (Az. z ocr, y)»

by (simp add: bounded-cbilinear.bounded-clinear-left bounded-cbilinear-cblinfun-compose
bounded-clinear.clinear)
lemma clinear-cblinfun-compose-right: <clinear (\y. z ocr, y)»

by (simp add: bounded-clinear.clinear bounded-clinear-cblinfun-compose-right)

lemma additive-cblinfun-compose-left[simp]: « Modules.additive (Az. z ocr a)
by (simp add: Modules.additive-def cblinfun-compose-add-left)

lemma additive-cblinfun-compose-right[simp]: <Modules.additive (A\z. a ocp x)»
by (simp add: Modules.additive-def cblinfun-compose-add-right)

lemma isCont-cblinfun-compose-left: <isCont (Az. z ocr a) ¥
apply (rule clinear-continuous-at)
by (rule bounded-clinear-cblinfun-compose-left)

lemma isCont-cblinfun-compose-right: <isCont (A\z. a ocp ) ¥
apply (rule clinear-continuous-at)
by (rule bounded-clinear-cblinfun-compose-right)

lemma cspan-compose-closed:
assumes (N\ab.a € A= b€ A= aocp b€ A
assumes <a € cspan A> and b € cspan A>
shows (a oo b € cspan A»
proof —
from <a € cspan A»
obtain F f where «finite F> and <F C A» and a-def: <a = (3 z€F. fz *c z)»
by (smt (verit, del-insts) complex-vector.span-explicit mem-Collect-eq)
from «b € cspan A»
obtain G g where «<finite G> and «G C A and b-def: <b = (D 2€G. g z *¢
z)»
by (smt (verit, del-insts) complex-vector.span-explicit mem-Collect-eq)
have <a oo b = O] (2,9)eEFXG. (fz *c x) ocr (9 Yy *c ¥))
apply (simp add: a-def b-def cblinfun-compose-sum-left)
by (auto intro!: sum.cong simp add: cblinfun-compose-sum-right scaleC-sum-right
sum.cartesian-product case-prod-beta)

also have «... = > (z,y)eFXG. (fz * gy) *¢ (x ocr y))»

by (metis (no-types, opaque-lifting) cblinfun-compose-scaleC-left cblinfun-compose-scale C-right
scaleC-scaleC')

also have «... € cspan A»
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using assms <G C Ay «(F C A
apply (auto introl: complex-vector.span-sum complez-vector.span-scale
sitmp: complez-vector.span-clauses)
using complez-vector.span-clauses(1) by blast
finally show ?thesis
by —
qed

13.4 Adjoint

lift-definition
adj :: 'a::chilbert-space =cp, 'bi:complex-inner = 'b =, 'a (<-x> [99] 100)
is cadjoint by (fact cadjoint-bounded-clinear)

definition selfadjoint :: «('a::chilbert-space = ¢, 'a) = bool> where
<selfadjoint a +— ax = a»

lemma id-cblinfun-adjoint[simpl: id-cblinfunx = id-cblinfun
by (metis adj.rep-eq apply-id-cblinfun cadjoint-id cblinfun-apply-inject)

lemma double-adj[simp]: (Ax)x = A
apply transfer using double-cadjoint by blast

lemma adj-cblinfun-compose|simpl:
fixes B::¢’a::chilbert-space =, 'b::chilbert-space)
and A:<'b =¢ 'c::complez-inner>
shows (A4 ocp B)x = (Bx) ocr (Ax)
proof transfer
fix A:<b= "cvand B :: (a = 'b
assume <bounded-clinear Ay and <bounded-clinear B>
hence <bounded-clinear (A o B)»
by (simp add: comp-bounded-clinear)
have «(((A o B) u -¢ v) = (u -¢ (Bf o AT) o),
for u v
by (metis (no-types, lifting) cadjoint-univ-prop <bounded-clinear A <bounded-clinear
B» cinner-commute’ comp-def)
thus «(4 o B)f = Bt o 41
using <bounded-clinear (A o B)»
by (metis cadjoint-eql cinner-commaute’)
qged

lemma scaleC-adj[simp]: (a xc A)x = (cnj a) *¢ (Ax)
by transfer (simp add: bounded-clinear.bounded-linear bounded-clinear-def com-

plez-vector.linear-scale scaleC-cadjoint)

lemma scaleR-adj[simp]: (a g A)x = a *xp (Ax)
by (simp add: scaleR-scaleC')

lemma adj-plus: <(A + B)x = (Ax) + (Bx)»
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proof transfer
fix A B:¢'b = "o
assume al: (bounded-clinear Ay and a2: <bounded-clinear B>
define F where «F = (Az. (AT) z + (B') 2)»
define G where <G = (Az. A z + B x)
have <bounded-clinear G»
unfolding G-def
by (simp add: a1 a2 bounded-clinear-add)
moreover have «(F u -¢ v) = (u -¢ G v)) for u v
unfolding F-def G-def
using cadjoint-univ-prop al a2 cinner-add-left
by (simp add: cadjoint-univ-prop cinner-add-left cinner-add-right)
ultimately have (F = G' )
using cadjoint-eql by blast
thus «(A\z. A z + Bz)' = (\z. (AT) z + (BY) z)
unfolding F-def G-def
by auto
qed

lemma cinner-adj-left:
fixes G :: 'b::chilbert-space =c 1, 'a::complex-inner
shows «((Gx xy z) «c y =z ¢ (G *v y)
apply transfer using cadjoint-univ-prop by blast

lemma cinner-adj-right:
fixes G :: 'b::chilbert-space =c 1, 'a::complex-inner
shows (z -¢ (G* xy y) = (G *y 1) ¢
apply transfer using cadjoint-univ-prop’ by blast

lemma adj-0[simpl: <0x = 0>
by (metis add-cancel-right-left adj-plus)

lemma selfadjoint-0[simp]: <selfadjoint 0)
by (simp add: selfadjoint-def)

lemma norm-adj[simpl: <norm (Ax) = norm A»
for A :: <'b::chilbert-space =c 1 'c::complex-inner»
proof (cases «(Fzy bz £ y) A Bz y:'c. x £ y))
case True
then have cI: (class.not-singleton TYPE('b)»
by intro-classes simp
from True have c2: «class.not-singleton TYPE('c)»
by intro-classes simp
have normA: <norm A = (SUP (¢, ¢). cmod (3 -c (A xv ¢)) / (norm i x norm
©))
apply (rule cinner-sup-norm-cblinfun[internalize-sort <’a::{ complex-normed-vector,not-singleton}»])
apply (rule complex-normed-vector-azioms)
by (rule c1)
have normAadj: <norm (Ax) = (SUP (¢, ). cmod (¢ ¢ (Ax xy ¢)) / (norm
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Y * norm ))»
apply (rule cinner-sup-norm-cblinfunlinternalize-sort <'a::{ complex-normed-vector,not-singleton}»])
apply (rule complez-normed-vector-axioms)
by (rule ¢2)

have «norm (Ax) = (SUP (¢, ). cmod (¢ ¢ (A xy ¥)) / (norm ¢ * norm ¢))»
unfolding normAadj
apply (subst cinner-adj-right)
apply (subst cinner-commute)
apply (subst complez-mod-cny)

by rule
also have «... = Sup (A(¥, ¢). cmod (¢ ¢ (A v ¥)) / (norm ¥ x norm @))
“ prod.swap ¢ UNIV)»
by auto
also have ... = (SUP (¢, ). cmod (¢ ¢ (A *y ¥)) / (norm ¥ x norm ¢))
apply (subst image-image)
by auto
also have «... = norm A»

unfolding normA
by (simp add: mult.commaute)
finally show ?thesis
by —
next
case Fulse
then consider (b) <Az::’b. 2 = 0s | (¢) <Az:'c. z = 0>
by auto
then have <4 = 0
apply (cases; transfer)
apply (metis (full-types) bounded-clinear-def complez-vector.linear-0)
by auto
then show <norm (Ax) = norm A»
by simp
qed

lemma antilinear-adj[simp]: <antilinear adj
by (simp add: adj-plus antilinearl)

lemma bounded-antilinear-adj|bounded-antilinear, simp|: <bounded-antilinear adj>
by (auto intro!: antilinearl exI[of - 1] simp: bounded-antilinear-def bounded-antilinear-azioms-def
adj-plus)

lemma adjoint-eql:
fixes G:: «'b::chilbert-space =cr 'a::complex-inner)
and F:: <‘a =c1 'b
assumes Az y. ((cblinfun-apply F) z -¢ y) = (z -¢ (cblinfun-apply G) y)»
shows (F = Gx»
using assms apply transfer using cadjoint-eql by auto
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lemma adj-uminus: <(—A)x = — (Ax)»
by (metis scaleR-adj scaleR-minusl-left scaleR-minus1-left)

lemma cinner-real-selfadjointl:
— Prop. 11.2.12 in [1]
assumes (A\. ¥ ¢ (A *xy Y) € R
shows «(selfadjoint A»
proof —
{fixgh:'a
{
fix a :: complex
have <cinner h (A h) + cnj o x¢ cinner g (A h) + a *¢ cinner h (A g) +
(abs a)? * cinner g (A g)
= cinner (h + a x¢ g) (A *v (h + a *¢ g))» (is (Zsumj = -»)
apply (auto simp: cinner-add-right cinner-add-left cblinfun.add-right cblin-
fun.scaleC-right ring-class.ring-distribs)
by (metis cnj-z-x mult.commute)
also have ... € R»
using assms by auto
finally have «?sum4 = cnj ?sum4>
using Reals-cnj-iff by fastforce
then have <cnj a x¢ cinner g (A h) + a ¢ cinner h (A g)
= «a *¢ cinner (A h) g + cnj a ¢ cinner (A g) h
using Reals-cnj-iff abs-complex-real assms by force
also have (... = a x¢ cinner h (Ax vy g) + cnj a ¢ cinner g (Ax xy h)»
by (simp add: cinner-adj-right)
finally have (cnj a x¢ cinner g (A h) + « x¢ cinner h (A g) = a *¢ cinner
h (A% %y g) + cnj a x¢ cinner g (Ax xy h)»
by —
}

from thisiwhere a2=1] thisjwhere a2=i]
have 1: <cinner g (A h) + cinner h (A g) = cinner h (Ax xy g) + cinner g
(A* *y h))
and i: <— i * cinner g (A h) + 1 x¢ cinner h (A g) = i *¢ cinner h (Ax *y
g) — i ¢ cinner g (Ax xy h)»
by auto
from arg-cong2[OF 1 arg-cong[OF i, where f=«(x) (—i))], where f=plus]
have <cinner h (A g) = cinner h (Ax xy g)»
by (auto simp: ring-class.ring-distribs)
}

then have (Ax = A»
apply (rule-tac sym)
by (simp add: adjoint-eql cinner-adj-right)
then show selfadjoint A
by (simp add: selfadjoint-def)
qed

lemma norm-AAadj[simp]: <norm (A ocr, Ax) = (norm A)?» for A :: /a::chilbert-space
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=cr 'bu{complex-inner}>
proof (cases «class.not-singleton TYPE('b)»)

case True
then have [simp]: (class.not-singleton TYPE('b))
by —
have 1: «(norm A)? x ¢ < norm (A ocp Ax)y if ¢ < 1> and <« > 0) for ¢
proof —

obtain 1 where 1: <norm ((Ax) xy 1) > norm (Ax) * sqrt &> and [simp):
morm Y = 1»
apply atomize-elim
apply (rule cblinfun-norm-approx-witness-mult[internalize-sort’ 'a))
using <€ < 1) by (auto intro: complex-normed-vector-class.complex-normed-vector-azxioms)
have <complex-of-real ((norm A)? x ¢) = (norm (Ax) x sqrt €)%
by (simp add: ordered-field-class.sign-simps(23) that(2))
also have «... < (norm ((A* *y ¢¥)))»
by (meson v complex-of-real-mono mult-nonneg-nonneg norm-ge-zero power-mono
real-sqrt-ge-zero <€ > 0»)
also have «... < cinner (Ax xy ) (Ax xy ¥)»
by (auto simp flip: power2-norm-eq-cinner)
also have §: «... = cinner ¢ ((4 ocr Ax) xy )
by (auto simp: cinner-adj-left)
also have «... < norm (A ocy Ax)
using <norm ¢ = 1»
by (smt (verit) Re-complex-of-real § cdot-square-norm cinner-ge-zero cmod-Re
complex-inner-class. Cauchy-Schwarz-ineq2 complex-of-real-mono mult-cancel-left1
mult-cancel-right1 norm-cblinfun)
finally show ?thesis
by (auto simp: less-eq-complex-def)
qed
then have 1: «(norm A)? < norm (A ocp Ax)
by (metis field-le-mult-one-interval less-eq-real-def ordered-field-class.sign-simps(5))

have 2: <norm (A ocp Ax) < (norm A)?
proof (rule norm-cblinfun-bound)
show (0 < (norm A)% by simp
fix
have <norm ((A ocr A%) xy ) = norm (A *y Ax xy )
by auto
also have «... < norm A x norm (Ax xy )
by (simp add: norm-cblinfun)
also have (... < norm A x norm (Ax) x norm >
by (metis mult.assoc norm-cblinfun norm-imp-pos-and-ge ordered-comm-semiring-class.comm-mult-left-mo
also have «... = (norm A)? x norm >
by (simp add: power2-eg-square)
finally show <norm ((A ocr Ax) *v ) < (norm A)? x norm >
by —
qed

from 1 2 show ?thesis by simp
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next
case Fulse
then have [simp]: <class. CARD-1 TYPE('b)»
by (rule not-singleton-vs-CARD-1)
have <4 = 0»
apply (rule cblinfun-to-CARD-1-0[internalize-sort’ 'b))
by (auto intro: complez-normed-vector-class.complez-normed-vector-azioms)
then show ?thesis
by auto
qed

lemma sum-adj: <(sum a F)x = sum (Ai. (a ©)x) F»
by (induction rule:infinite-finite-induct) (auto simp add: adj-plus)

lemma has-sum-adj:
assumes «(f has-sum z) I»
shows ¢((Az. adj (f x)) has-sum adj z) I>

apply (rule has-sum-comm-additivelwhere f=adj, unfolded o-def])

apply (simp add: antilinear.azioms(1))

apply (metis (no-types, lifting) LIM-eq adj-plus adj-uminus norm-adj uminus-add-conv-diff)
by (simp add: assms)

lemma adj-minus: (A — B)x = (Ax) — (Bx)»
by (metis add-implies-diff adj-plus diff-add-cancel)

lemma cinner-selfadjoint-real: <x -¢ (A *y x) € Ry if <selfadjoint A»
by (metis Reals-cnj-iff cinner-adj-right cinner-commute’ that selfadjoint-def)

lemma adj-inject: <adj a = adj b <— a = b»
by (metis (no-types, opaque-lifting) adj-minus eq-iff-diff-eq-0 norm-adj norm-eq-zero)

lemma norm-AadjA[simpl: <norm (Ax oo, A) = (norm A)?) for A :: 'a::chilbert-space
= ¢ 'bi::chilbert-space
by (metis double-adj norm-AAadj norm-ady)

lemma cspan-adj-closed:
assumes (N\a. a € A = ax € A
assumes <a € cspan A»
shows <ax € cspan A»
proof —
from <a € cspan A)
obtain F f where (finite F» and <F C A and <a = () z€F. fz *c =)
by (smt (verit, del-insts) complex-vector.span-explicit mem-Collect-eq)
then have <ax = (D z€F. cnj (f z) *c x*)»
by (auto simp: sum-ady)
also have «... € cspan A»
using assms <F C A»
by (auto introl: complez-vector.span-sum complex-vector.span-scale simp: com-
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plezx-vector.span-clauses)
finally show ?thesis
by —
qed

13.5 Powers of operators

lift-definition cblinfun-power :: ’a::complex-normed-vector =¢c 'a = nat = 'a
=CL ‘ay is

Aa'a="a) n.a 7w

apply (rename-tac f n, induct-tac n, auto simp: Nat.funpow-code-def)

by (simp add: bounded-clinear-compose)

lemma cblinfun-power-0[simp]: <cblinfun-power A 0 = id-cblinfun>
by transfer auto

lemma cblinfun-power-Suc’: <cblinfun-power A (Suc n) = A ocr cblinfun-power
A n
by transfer auto

lemma cblinfun-power-Suc: <cblinfun-power A (Suc n) = cblinfun-power A n ocp,
A

apply (induction n)

by (auto simp: cblinfun-power-Suc’ simp flip:  cblinfun-compose-assoc)

lemma cblinfun-power-compose[simp)|: <cblinfun-power A n ocy, cblinfun-power A
m = cblinfun-power A (n+m)»

apply (induction n)

by (auto simp: cblinfun-power-Suc’ cblinfun-compose-assoc)

lemma cblinfun-power-scaleC': «cblinfun-power (¢ xc a) n = ¢ n x¢ cblinfun-power
a n

apply (induction n)

by (auto simp: cblinfun-power-Suc)

lemma cblinfun-power-scaleR: <cblinfun-power (¢ xg a) n = ¢ n xg cblinfun-power
a n

apply (induction n)

by (auto simp: cblinfun-power-Suc)

lemma cblinfun-power-uminus: <cblinfun-power (—a) n = (—1) "n *g cblinfun-power
a n

apply (subst asm-rljof «(—a = (—1) *g @])

by simp (rule cblinfun-power-scaleR)

lemma cblinfun-power-adj: <(cblinfun-power S n)x = cblinfun-power (Sx) n»
apply (induction n)
apply simp
apply (subst cblinfun-power-Suc)
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apply (subst cblinfun-power-Suc’)
by auto

13.6 Unitaries / isometries

definition isometry::<'a::chilbert-space = ¢ 'b::complex-inner = bool> where
<isometry U «— Ux ocp U = id-cblinfun>

definition unitary::<'a::chilbert-space = ¢, 'b::complex-inner = booly where
cungtary U <— (Ux oo U = id-cblinfun) A (U ocr, Ux = id-cblinfun))

lemma unitaryl: <unitary a> if <ax ocp a = id-cblinfuny and <a ocp ax =
id-cblinfun»
unfolding unitary-def using that by simp

lemma unitary-twosided-isometry: unitary U <— isometry U A isometry (Usx)
unfolding unitary-def isometry-def by simp

lemma isometryD[simp]: isometry U = Ux ocp U = id-cblinfun
unfolding isometry-def by simp

lemma unitaryD1: unitary U = Ux ocy U = id-cblinfun
unfolding unitary-def by simp

lemma unitaryD2[simp]: unitary U = U oc Ux = id-cblinfun
unfolding unitary-def by simp

lemma unitary-isometry[simpl: unitary U = isometry U
unfolding unitary-def isometry-def by simp

lemma unitary-adj[simp|: unitary (Ux) = unitary U
unfolding unitary-def by auto

lemma isometry-cblinfun-compose|simp:
assumes isometry A and isometry B
shows isometry (A ocr, B)
proof—
have Bx oo, Ax ocr (A ocr B) = id-cblinfun if Ax oo, A = id-cblinfun and
Bx ocp, B = id-cblinfun
using that
by (smt (verit, del-insts) adjoint-eql cblinfun-apply-cblinfun-compose cblin-
fun-id-cblinfun-apply)
thus ?thesis
using assms unfolding isometry-def by simp
qed

lemma unitary-cblinfun-compose|simp|: unitary (A ocr B)
if unitary A and unitary B
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using that
by (smt (23) adj-cblinfun-compose cblinfun-compose-assoc cblinfun-compose-id-right
double-adj isometryD isometry-cblinfun-compose unitary-def unitary-isometry)

lemma unitary-surj:
assumes unitary U
shows surj (cblinfun-apply U)
apply (rule surjl[where f=«<cblinfun-apply (Ux))])
using assms unfolding unitary-def apply transfer
using comp-eq-dest-lhs by force

lemma unitary-id[simp|: unitary id-cblinfun
by (simp add: unitary-def)

lemma orthogonal-on-basis-is-isometry:
assumes spanB: <ccspan B = T)
assumes orthoU: <\b c. b€ B = c€B = cinner (U %y b) (U *y ¢) = cinner
b o
shows <isometry U»
proof —
have [simp]: <b € closure (cspan B)» for b
using spanB by transfer simp
have *: «cinner (Ux xy U xy ) ¢ = cinner ¢ ¢ if «eBy and «peB» for 9
2
by (simp add: cinner-adj-left orthoU that(1) that(2))
have x: <cinner (Ux xy U xy ¥) @ = cinner ¥ @) if «peB) for ¢ ¢
apply (rule bounded-clinear-eq-on-closure[where t=¢ and G=DB])
using bounded-clinear-cinner-right *|OF that)
by auto
have <Ux xy U *xy ¢ = ¢ if «peB) for ¢
apply (rule cinner-extensionality)
apply (subst cinner-eq-flip)
by (simp add: x that)
then have «Ux oo U = id-cblinfun)
by (metis cblinfun-apply-cblinfun-compose cblinfun-eq-gen-eql cblinfun-id-cblinfun-apply
spanB)
then show <isometry U
using isometry-def by blast
qed

lemma isometry-preserves-norm: <isometry U => norm (U %y ¥) = norm >
by (metis (no-types, lifting) cblinfun-apply-cblinfun-compose cblinfun-id-cblinfun-apply
cinner-adj-right cnorm-eq isometryD)

lemma norm-isometry-compose:
assumes <isometry U»
shows <norm (U oc, A) = norm A»
proof —
have *: <norm (U xy A *v ¥) = norm (A *y v¥)» for ¢
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by (smt (verit, ccfo-threshold) assms cblinfun-apply-cblinfun-compose cinner-adj-right
cnorm-eq id-cblinfun-apply isometryD)

have <norm (U ocr, A) = (SUP v. norm (U sy A xy ) / norm ¢)»
unfolding norm-cblinfun-Sup by auto

also have «... = (SUP . norm (A *y ¥) / norm ¥)»
using * by auto
also have «... = norm A»

unfolding norm-cblinfun-Sup by auto
finally show ?thesis
by simp
qed

lemma norm-isometry:
fixes U :: 'a::{chilbert-space,not-singleton} =, 'b::complez-inner>
assumes <isometry U»
shows (norm U = 1>
apply (subst asm-rl[of <U = U ocr, id-cblinfuny], simp)
apply (subst norm-isometry-compose, simp add: assms)
by simp

lemma norm-preserving-isometry: <isometry Uy if <A\. norm (U xy ¢) = norm
P>

by (smt (verit, ccfo-SIG) cblinfun-cinner-eql cblinfun-id-cblinfun-apply cinner-adj-right
cnorm-eq isometry-def simp-a-oCL-b’ that)

lemma norm-isometry-compose’: <norm (A ocp U) = norm Ay if <isometry (Ux)»

by (smt (verit) cblinfun-compose-assoc cblinfun-compose-id-right double-adj isom-
etryD mult-cancel-left2 norm-AadjA norm-cblinfun-compose norm-isometry-compose
norm-zero power2-eq-square right-diff-distrib that zero-less-norm-iff)

lemma unitary-nonzero[simp: «— unitary (0 :: 'a::{chilbert-space, not-singleton}
=CL —))
by (simp add: unitary-def)

lemma isometry-ing:
assumes <isometry U»
shows <inj-on U X)»
apply (rule inj-on-inversel[where g=<Usx>])
using assms by (simp flip: cblinfun-apply-cblinfun-compose)

lemma unitary-ing:
assumes <unitary U)»
shows «nj-on U X»
apply (rule isometry-inj)
using assms by simp

lemma unitary-adj-inv: <unitary U = cblinfun-apply (Ux) = inv (cblinfun-apply
U)
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apply (rule inj-imp-inv-eq[symmetric])

apply (simp add: unitary-inj)

unfolding unitary-def

by (simp flip: cblinfun-apply-cblinfun-compose)

lemma isometry-cinner-both-sides:
assumes <isometry U
shows <cinner (U z) (U y) = cinner z y»
using assms by (simp add: flip: cinner-adj-right cblinfun-apply-cblinfun-compose)

lemma isometry-image-is-ortho-set:
assumes <(is-ortho-set A»
assumes <isometry U
shows <is-ortho-set (U ‘ A)»
using assms apply (auto simp add: is-ortho-set-def isometry-cinner-both-sides)
by (metis cinner-eq-zero-iff isometry-cinner-both-sides)

13.7 Product spaces

lift-definition cblinfun-left :: <'a::complez-normed-vector =c 1, ('ax’b::complex-normed-vector)»
is <«(A\z. (z,0))

by (auto intro!: bounded-clinearl [where K=1])
lift-definition cblinfun-right :: <'b::complex-normed-vector =¢r, ('a::complez-normed-vectorx'b))
is «(Az. (0,2))

by (auto intro!: bounded-clinearl [where K=1])

lemma isometry-cblinfun-left[simp|: <isometry cblinfun-left)
apply (rule orthogonal-on-basis-is-isometry[of some-chilbert-basis))
apply simp
by transfer simp

lemma isometry-cblinfun-right[simp]: <isometry cblinfun-right»
apply (rule orthogonal-on-basis-is-isometry[of some-chilbert-basis))
apply simp
by transfer simp

lemma cblinfun-left-right-ortho[simp|: <cblinfun-leftx ocy, cblinfun-right = 0>
proof —
have (z -¢ ((cblinfun-leftx oo, cblinfun-right) =y y) = 0» for z :: ‘band y :: a
apply (simp add: cinner-adj-right)
by transfer auto
then show ?thesis
by (metis cblinfun.zero-left cblinfun-eql cinner-eq-zero-iff)
qed

lemma cblinfun-right-left-ortholsimpl: «cblinfun-rightx ocr, cblinfun-left = 0»
proof —
have (z -¢ ((cblinfun-right+ ocr cblinfun-left) =y y) = 0> for z :: 'band y :: a
apply (simp add: cinner-adj-right)
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by transfer auto
then show ?thesis
by (metis cblinfun.zero-left cblinfun-eql cinner-eq-zero-iff)
qed

lemma cblinfun-left-apply[simp]: <cblinfun-left xy ¥ = (¥,0)»
by transfer simp

lemma cblinfun-left-adj-apply[simp]: «cblinfun-leftx xy 1 = fst 1>

apply (cases )
by (auto intro!: cinner-extensionality[of <- xy -] simp: cinner-adj-right)

lemma cblinfun-right-apply[simp]: <cblinfun-right xy b = (0,4)
by transfer simp

lemma cblinfun-right-adj-apply[simp]: <cblinfun-rightx %y ¢ = snd >

apply (cases )
by (auto introl: cinner-extensionalitylof «- *y -] simp: cinner-adj-right)

lift-definition ccsubspace-Times :: 'a::complez-normed-vector ccsubspace = 'b::complez-normed-vector
cesubspace = ('ax'b) ccsubspacey is
AST. S x Ty
proof —
fix S :: /a set» and T :: <'b set>
assume [simp]: <closed-csubspace S» <closed-csubspace T»
have <csubspace (S x T)
by (simp add: complez-vector.subspace-Times)
moreover have <closed (S x T)»
by (simp add: closed-Times closed-csubspace.closed)
ultimately show <closed-csubspace (S x T)»
by (rule closed-csubspace.intro)
qed

lemma cespan-Times: <ccspan (S x T) = ccsubspace-Times (ccspan S) (cespan
T) if <0 € S» and <0 € T»
proof (transfer fizing: S T)
from that have <closure (cspan (S x T)) = closure (¢span S X cspan T)»
by (simp add: cspan-Times)
also have «... = closure (cspan S) x closure (cspan T)»
using closure-Times by blast
finally show <closure (cspan (S x T)) = closure (cspan S) X closure (cspan
T)
by —
qed

lemma ccspan-Times-singl: <ccspan ({0::'a::complex-normed-vector} x B) = cc-

subspace-Times 0 (ccspan B)»
proof (transfer fixing: B)
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have «closure (cspan ({0::'a} x B)) = closure ({0} % cspan B)»
by (simp add: complez-vector.span-Times-singl)

also have «... = closure {0} x closure (cspan B)»
using closure-Times by blast
also have «... = {0} x closure (cspan B)»
by simp
finally show <closure (cspan ({0::'a} x B)) = {0} x closure (cspan B)»
by —
qed

lemma ccspan-Times-sing2: <ccspan (B x {0::'a::complez-normed-vector}) = cc-
subspace-Times (ccspan B) 0>
proof (transfer firing: B)
have «closure (cspan (B x {0::'a})) = closure (¢span B x {0})»
by (simp add: complez-vector.span-Times-sing2)

also have «... = closure (cspan B) x closure {0}
using closure-Times by blast

also have «... = closure (cspan B) x {0}
by simp

finally show <closure (cspan (B x {0::'a})) = closure (cspan B) x {0}
by —
qged

lemma ccsubspace-Times-sup: <sup (ccsubspace-Times A B) (ccsubspace-Times C
D) = ccsubspace-Times (sup A C) (sup B D)»
proof transfer
fix A C :: <'a sety and B D :: <'b set»
have (A x B +,; C x D = closure (A x B) + (C x D))
using closed-sum-def by blast
also have ¢... = closure (A 4+ C) x (B+ D))
by (simp add: set-Times-plus-distrib)
also have «... = closure (A + C) x closure (B + D)»
by (simp add: closure-Times)
also have «... = (4 +p C) x (B +nm D)
by (simp add: closed-sum-def)
finally show <A x B+ C x D= (A +p C) x (B 4+ D)
by —
qged

lemma ccsubspace-Times-top-top[simp]: <ccsubspace-Times top top = top»
by transfer simp

lemma is-ortho-set-prod:
assumes (is-ortho-set By <is-ortho-set B’y
shows <is-ortho-set ((B x {0}) U ({0} x B"))
using assms unfolding is-ortho-set-def
apply (auto simp: is-onb-def is-ortho-set-def zero-prod-def)
by (meson is-onb-def is-ortho-set-def )+
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lemma ccsubspace-Times-ccspan:

assumes (ccspan B = S» and <ccspan B’ = S

shows «ccspan (B x {0}) U ({0} x B')) = ccsubspace-Times S S"»

by (smt (28) Diff-eq-empty-iff Sigma-cong assms(1) assms(2) ccspan.rep-eq cc-
span-0 ccspan-Times-singl ccspan-Times-sing2 ccspan-of-empty ccspan-remove-0
cespan-superset ccspan-union ccsubspace- Times-sup complez-vector.span-insert-0 space-as-set-bot
sup-bot-left sup-bot-right)

lemma is-onb-prod:
assumes (is-onb B» <is-onb B")
shows <is-onb ((B x {0}) U ({0} x B"))»

using assms by (auto intro!: is-ortho-set-prod simp add: is-onb-def ccsubspace- Times-ccspan)

13.8 Images

The following definition defines the image of a closed subspace S under a
bounded operator A. We do not define that image as the image of A seen
as a function (A ¢ S) but as the topological closure of that image. This is
because A ‘S might in general not be closed.

For example, if e; (¢ € N) form an orthonormal basis, and A maps e; to e; /i,
then all e; are in A ¢ S, so the closure of A ¢S is the whole space. However,
> .;€i/iisnot in A ‘S because its preimage would have to be ). e; which
does not converge. So A ‘S does not contain the whole space, hence it is
not closed.

lift-definition cblinfun-image :: <'a::complex-normed-vector =, 'b::complex-normed-vector
= 'a ccsubspace = 'b ccsubspacey (infixr <xg» 70)
is AA S. closure (A < S)
using bounded-clinear-def closed-closure closed-csubspace.intro
by (simp add: bounded-clinear-def complex-vector.linear-subspace-image closure-is-closed-csubspace)

lemma cblinfun-image-mono:
assumes al: S < T
shows A xg S < A xg T
using al
by (simp add: cblinfun-image.rep-eq closure-mono image-mono less-eq-ccsubspace.rep-eq)

lemma cblinfun-image-0[simp]:
shows U *xg 0 = 0
thm zero-ccsubspace-def
by transfer (simp add: bounded-clinear-def complez-vector.linear-0)

lemma cblinfun-image-bot[simp]: U *g bot = bot
using cblinfun-image-0 by auto

lemma cblinfun-image-sup|simp):

fixes A B :: ('a::chilbert-space ccsubspacey and U :: 'a = ¢, 'b::chilbert-space
shows (U g (sup A B) = sup (U xg A) (U *g B)»
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apply transfer using bounded-clinear.bounded-linear closure-image-closed-sum
by blast

lemma scaleC-cblinfun-image|simpl:
fixes A :: ('a::chilbert-space =¢cy, 'b :: chilbert-space)
and S :: </a ccsubspacer and « :: complex
shows <(a x¢ A) s S = a *¢ (A xg S)
proof—
have «closure ( ( ((x¢) «) o (cblinfun-apply A) ) * space-as-set S) =
((x¢) ) ¢ (closure (cblinfun-apply A ¢ space-as-set S))»
by (metis closure-scaleC image-comp)
hence ((closure (cblinfun-apply (o xc A) ‘ space-as-set S)) =
((x¢) ) ‘ (closure (cblinfun-apply A ¢ space-as-set S))»
by (metis (mono-tags, lifting) comp-apply image-cong scaleC-cblinfun.rep-eq)
hence <Abs-ccsubspace (closure (cblinfun-apply (o ¢ A) ¢ space-as-set S)) =
a ¢ Abs-cesubspace (closure (cblinfun-apply A ¢ space-as-set S))»
by (metis space-as-set-inverse cblinfun-image.rep-eq scaleC-ccsubspace.rep-eq)
have z1: Abs-ccsubspace (closure ((xyv) (o ¢ A) ‘ space-as-set S)) =
a *¢ Abs-cesubspace (closure ((xy) A ¢ space-as-set S))
using «Abs-ccsubspace (closure (cblinfun-apply (o x¢ A) ¢ space-as-set S)) =
a x¢ Abs-cesubspace (closure (cblinfun-apply A ¢ space-as-set S))»
by blast
show ?thesis
unfolding cblinfun-image-def using z1 by force
qed

lemma cblinfun-image-id|simp]:
id-cblinfun xg 1 =
by transfer (simp add: closed-csubspace.closed)

lemma cblinfun-compose-image:
(A ocp B) xs S = A xg (B xg S)
apply transfer unfolding image-comp[symmetric]
apply (rule closure-bounded-linear-image-subset-eq|symmetric])
by (simp add: bounded-clinear.bounded-linear)

lemmas cblinfun-assoc-left = cblinfun-compose-assoc[symmetric] cblinfun-compose-image[symmetric)
add.assoc[where ?'a='a::chilbert-space =, 'b::chilbert-space, symmetric)

lemmas cblinfun-assoc-right = cblinfun-compose-assoc cblinfun-compose-image
add.assoc[where ?'a='a::chilbert-space = ¢, 'b::chilbert-space]

lemma cblinfun-image-INF-leq[simp):
fixes U :: 'b::complex-normed-vector = ¢, 'c::complex-normed-vector
and V :: ‘a = 'b ccsubspace
shows (U xg (INF i€X. Vi) < (INFieX. U xg (Vi)
apply transfer
by (simp add: INT-greatest Inter-lower closure-mono image-mono)

lemma isometry-cblinfun-image-inf-distrib”:
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fixes U::¢'a::complex-normed-vector =c 'b::cbanachy and B C'::’a ccsubspace
shows U xg (inf B C) < inf (U xg B) (U xs C)
proof —
define V where <V b = (if b then B else C)) for b
have «U xg (INF i. Vi) < (INFi. U s (Vi)
by auto
then show ?thesis
unfolding V-def
by (metis (mono-tags, lifting) INF-UNIV-bool-expand)
qed

lemma cblinfun-image-eq:
fixes S :: ‘a::cbanach ccsubspace
and A B :: 'a::cbanach = ¢, 'b::cbanach
assumes Az. x € G = A xy © = B xy z and ccspan G > S
shows A xg S = B x5 S
proof (use assms in transfer)
fix G:'asetand A ::'a = 'band B :: '"a = '‘band 5 :: 'a set
assume al: bounded-clinear A
assume a2: bounded-clinear B
assume a3: N\o. 1 € G = Az =Bz
assume aj: S C closure (cspan G)

have A ‘ closure S = B ‘ closure S
by (smt (verit, best) UnCI al a2 a3 a4 bounded-clinear-eq-on-closure closure-Un
closure-closure image-cong sup.absorb-iff1)
then show closure (A * S) = closure (B * 5)
by (metis bounded-clinear.bounded-linear al a2 closure-bounded-linear-image-subset-eq)
qed

lemma cblinfun-fizes-range:
assumes A ocr B = B and ¢ € space-as-set (B xg top)
shows A xy ¢ = 1
proof—
define rangeB rangeB’ where rangeB = space-as-set (B xg top)
and rangeB’ = range (cblinfun-apply B)
from assms have 1) € closure rangeB’
by (simp add: cblinfun-image.rep-eq rangeB’-def top-ccsubspace.rep-eq)

then obtain i where vi-lim: i —— v and i-B: i i € rangeB’ for i
using closure-sequential by blast
have A-invariant: A vy Yi i1 = i1
for i
proof—
from vi-B obtain ¢ where p: Yii = B xy ¢
using rangeB’-def by blast
hence A xy i i = (A ocr B) v ¢
by (simp add: cblinfun-compose.rep-eq)
also have ... = B xy ¢
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by (simp add: assms)
also have ... = Yi i
by (simp add: )
finally show ?thesis.
qed
from i-lim have (\i. A xy (Yi1i)) —— A *y 9
by (rule isCont-tendsto-compose[rotated], simp)
with A-invariant have (Ai. i i) —— A *y ¢
by auto
with ¢i-lim show A xy ¢ = 1
using LIMSEQ-unique by blast
qed

lemma zero-cblinfun-image[simpl: 0 xs S = (0::- ccsubspace)
by transfer (simp add: complez-vector.subspace-0 image-constant[where z=01])

lemma cblinfun-image-INF-eq-general:
fixes V :: ‘a = ’b::chilbert-space ccsubspace
and U :: 'b = c:chilbert-space
and Uinv - ‘c =c1'b
assumes UinvUUinv: Uinv ocr, U ooy, Uinv = Uinv and UUinvU: U ocy Uinv
oCcL U=U
— Meaning: Uinv is a Pseudoinverse of U
and V: Ai. Vi < Uinv xg top
and <X # {b
shows U xg (INF i€eX. Vi) = (INFieX. U xg Vi)
proof (rule antisym)
show U xg (INF i€X. Vi) < (INFicX. U xg Vi)
by (rule cblinfun-image-INF-leq)
next
define rangeU rangeUinv where rangeU = U xg top and rangeUinv = Uinv *g
top
define INFUV INFV where INFUV-def: INFUV = (INF i€X. U xg Vi) and
INFV-def: INFV = (INF i€X. Vi)
from assms have V i < rangeUinv
for i
unfolding rangeUinv-def by simp
moreover have (Uinv oo, U) xy ¢ = ¢ if ¢ € space-as-set range Uinv
for v
using UinvUUinv cblinfun-fizes-range rangeUinv-def that by fastforce
ultimately have (Uinv ocr, U) xy ¥ = ¢ if ¢ € space-as-set (V i)
for ¢ ¢
using less-eq-ccsubspace.rep-eq that by blast
hence d1: (Uinv ocp U) xg (Vi) = (Vi) for ¢
proof (transfer firing: ©)
fix Vi 'a="bset
and Uinv :: 'c = b
and U :: 'b = 'c
assume pred-fun T closed-csubspace V
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and bounded-clinear Uinv
and bounded-clinear U
and \v i. v € Vi= (Unvo U) ¢ =1
then show closure ((Uinv o U) Vi) = Vi
proof auto
fix z
from <pred-fun T closed-csubspace V)
show z € V¢
if z € closure (V 17)
using that apply simp
by (metis orthogonal-complement-of-closure closed-csubspace.subspace dou-
ble-orthogonal-complement-id closure-is-closed-csubspace)
with <pred-fun T closed-csubspace V>
show z € closure (V i)
ifzee Vi
using that
using setdist-eq-0-sing-1 setdist-sing-in-set
by blast
qed
qed
have U xg V i < rangeU for i
by (simp add: cblinfun-image-mono rangeU-def)
hence INFUV < rangeU
unfolding INFUV-def using <X # {}»
by (metis INF-eq-const INF-lower2)
moreover have (U oo Uinv) xy ¢ = ¢ if ¢ € space-as-set rangeU for
using UUinvU cblinfun-fizes-range rangeU-def that by fastforce
ultimately have z: (U ocy Uinv) xy ¥ = ¢ if ¢ € space-as-set INFUV for
by (simp add: in-mono less-eq-ccsubspace.rep-eq that)

have closure (U o Uinv) ‘ INFUV) = INFUV
if closed-csubspace INFUV
and bounded-clinear U
and bounded-clinear Uinv
and A\v. ¢ € INFUV = (U o Uinv) ¢ =
for INFUV :: 'c set
using that
proof auto
fix x
show z € INFUV if z € closure INFUV
using that <closed-csubspace INFUV»
by (metis orthogonal-complement-of-closure closed-csubspace.subspace dou-
ble-orthogonal-complement-id closure-is-closed-csubspace)
show z € closure INFUV
if x € INFUV
using that <closed-csubspace INFUV»
using setdist-eq-0-sing-1 setdist-sing-in-set
by (simp add: closed-csubspace.closed)
qed
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hence (U o¢y, Uinv) s INFUV = INFUV
by (metis (mono-tags, opaque-lifting) © cblinfun-image.rep-eq cblinfun-image-id
id-cblinfun-apply image-cong
space-as-set-inject)
hence INFUV = U xg Uinv xg INFUV
by (simp add: cblinfun-compose-image)
also have ... < U xg (INF i€X. Uinv xg U xg Vi)
unfolding INFUV-def
by (metis cblinfun-image-mono cblinfun-image-INF-leq)
also have ... = U *xg INFV
using df
by (metis (no-types, lifting) INFV-def cblinfun-assoc-left(2) image-cong)
finally show INFUV < U xg INFV.
qed

lemma unitary-range[simp]:

assumes unitary U

shows U xg top = top

using assms unfolding unitary-def by transfer (metis closure-UNIV comp-apply
surj-def)

lemma range-adjoint-isometry:
assumes isometry U
shows Ux xg top = top
proof—
from assms have top = Ux xg U xg top
by (simp add: cblinfun-assoc-left(2))
also have ... < Ux xg top
by (simp add: cblinfun-image-mono)
finally show ?thesis
using top.extremum-unique by blast
qed

lemma cblinfun-image-INF-eq[simp]:
fixes V :: ‘a = ’b::chilbert-space ccsubspace
and U :: 'b = 'c:chilbert-space
assumes <isometry U» <X # {}
shows U xg (INF i€X. Vi) = (INF i€X. U xg Vi)
proof —
from <isometry U> have Ux ocp U oo Ux = Ux
unfolding isometry-def by simp
moreover from <isometry U> have U ocp Ux oo, U = U
unfolding isometry-def
by (simp add: cblinfun-compose-assoc)
moreover have Vi < Ux xg top for ¢
by (simp add: range-adjoint-isometry assms)
ultimately show “thesis
using «X # {}» by (rule cblinfun-image-INF-eq-general)
qed
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lemma isometry-cblinfun-image-inf-distrib[simp]:

fixes U::¢'a::chilbert-space = ¢ 'b::chilbert-spaces

and X Y::’a ccsubspace

assumes isometry U

shows U xg (inf X V) = inf (U xg X) (U x5 Y)

using cblinfun-image-INF-eq[where V=M\b. if b then X else Y and U=U and
X=UNIV]

unfolding INF-UNIV-bool-expand

using assms by auto

lemma cblinfun-image-ccspan:

shows A xg ccspan G = cespan ((xv) A G)

by transfer (simp add: bounded-clinear.bounded-linear bounded-clinear-def clo-
sure-bounded-linear-image-subset-eq complex-vector.linear-span-image)

lemma cblinfun-apply-in-image[simpl: A xy ¢ € space-as-set (A xg T)
by (metis cblinfun-image.rep-eq closure-subset in-mono range-eql top-ccsubspace.rep-eq)

lemma cblinfun-plus-image-distr:

((A—FB)*SSSA*SSUB*SS)

by transfer (smt (verit, ccfo-threshold) closed-closure closed-sum-def closure-minimal
closure-subset image-subset-iff set-plus-intro subset-eq)

lemma cblinfun-sum-image-distr:
((ZiE]. A Z) xg § < (SUP i€l. A i *g S))
proof (cases <finite I»)
case True
then show ?thesis
proof induction
case empty
then show ?case
by auto
next
case (insert z F)
then show ?Zcase
by auto (smt (23) cblinfun-plus-image-distr inf-sup-aci(6) le-iff-sup)
qed
next
case Fulse
then show ?thesis
by auto
qed

lemma space-as-set-image-commute:
assumes UV: <U ocy V = id-cblinfun> and VU: <V ocp U = id-cblinfun>

shows ((xy) U ‘ space-as-set T = space-as-set (U xg T)»
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proof —
have «space-as-set (U xg T) = U ‘ V ‘ space-as-set (U xg T)»
by (simp add: image-image UV flip: cblinfun-apply-cblinfun-compose)
also have ¢... C U ‘ space-as-set (V xg U s T))
by (metis cblinfun-image.rep-eq closure-subset image-mono)
also have «... = U ‘ space-as-set T
by (simp add: VU cblinfun-assoc-left(2))
finally have I: «space-as-set (U xg T) C U * space-as-set T’
by —
have 2: «U ‘ space-as-set T C space-as-set (U xg T)»
by (simp add: cblinfun-image.rep-eq closure-subset)
from 1 2 show ?thesis
by simp
qed

lemma right-total-rel-ccsubspace:
fixes R :: ('a::complex-normed-vector = 'b::complex-normed-vector = bool>
assumes UV: <U ocp V = id-cblinfun>
assumes VU: <V ocp U = id-cblinfun»
assumes R-def: \N\zy. Rz y+— z=U xy p
shows «right-total (rel-ccsubspace R)»
proof (rule right-totall)
fix T :: <'b ccsubspaces
show «3 5. rel-ccsubspace R S T
apply (rule exI[of - <U xg T»])
using UV VU by (auto simp add: rel-ccsubspace-def R-def rel-set-def simp flip:
space-as-set-image-commute)
qed

lemma left-total-rel-ccsubspace:
fixes R :: ('a::complex-normed-vector = 'b::complez-normed-vector = bool»
assumes UV: <U ocy V = id-cblinfun>
assumes VU: <V ocr U = id-cblinfun»
assumes R-def: (Nzy. Rxy<+— y= U xy o
shows <left-total (rel-ccsubspace R)»
proof —
have «right-total (rel-ccsubspace (conversep R))»
apply (rule right-total-rel-ccsubspace)
using assms by auto
then show ?thesis
by (auto intro!: right-total-conversep| THEN iffD1] simp: converse-rel-ccsubspace)
qged

lemma cblinfun-image-bot-zero[simp|: <A xg top = bot «+— A = 0

by (metis Complez-Bounded-Linear-Function.zero-cblinfun-image bot-ccsubspace.rep-eq
cblinfun-apply-in-image cblinfun-eql empty-iff insert-iff zero-ccsubspace-def)
lemma surj-isometry-is-unitary:

— This lemma is a bit stronger than its name suggests: We actually only require
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that the image of U is dense.
The converse is unitary-surj

fixes U :: <a::chilbert-space = ¢ 'b::chilbert-space)

assumes <isometry U»

assumes (U xg T = T»

shows <unitary U»

by (metis UNIV-I assms(1) assms(2) cblinfun-assoc-left(1) cblinfun-compose-id-right
cblinfun-eql cblinfun-fizes-range id-cblinfun-apply isometry-def space-as-set-top uni-
tary-def)

lemma cblinfun-apply-in-image’: A xy 1 € space-as-set (A xg S) if <) € space-as-set
Sy
by (metis cblinfun-image.rep-eq closure-subset image-subset-iff that)

lemma cblinfun-image-ccspan-leql:
assumes (\v. v € M = A *y v € space-as-set T»
shows (A xg ccspan M < T)»
by (simp add: assms cblinfun-image-ccspan ccspan-leql image-subsetl)

lemma cblinfun-same-on-image: <A » = B 4y if eq: <A oo, C = B ocr, C» and
mem: () € space-as-set (C xg T)»
proof —
have <A ¢ = B y» if ¢ € range C) for v
by (metis (no-types, lifting) eq cblinfun-apply-cblinfun-compose image-iff that)
moreover have ) € closure (range C))
by (metis cblinfun-image.rep-eq mem top-ccsubspace.rep-eq)
ultimately show ?thesis
apply (rule on-closure-eql)
by (auto simp: continuous-on-eq-continuous-at)
qed

lemma [lift-cblinfun-comp:
— Utility lemma to lift a lemma of the form a oc, b = ¢ to become a more general
rewrite rule.
assumes <a ocr, b= ¢
shows <a oo, b = ©
and <a ocCL (b ocCL d) = C oC[L d»
and <a *xg (b *xs S) = ¢ x5
and <a xy (b *y z) = ¢ xy T
apply (fact assms)
apply (simp add: assms cblinfun-assoc-left(1))
using assms cblinfun-assoc-left(2) apply force
using assms by force

lemma cblinfun-image-def2: <A xg S = ccspan ((xy) A ¢ space-as-set S)»

apply (simp add: flip: cblinfun-image-ccspan)
by (metis ccspan-leql cecspan-superset less-eq-cesubspace.rep-eq order-class. order-eq-iff )
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lemma unitary-image-onb:

— Logically belongs in an earlier section but the proof uses results from this
section.

assumes <is-onb A»

assumes <unitary U»

shows <is-onb (U * A)»

using assms

by (auto simp add: is-onb-def isometry-image-is-ortho-set isometry-preserves-norm

simp flip: cblinfun-image-ccspan)

13.9 Sandwiches

lift-definition sandwich :: <(’a::chilbert-space = ¢, 'b::complex-inner) = (('a =c
’a) =CL (,b =CL /b))> is
()\(A::/aéc[,/b) B. A ocr B ooy Axy
proof
fix A: <a =¢cr 'b>» and B Bl B2 :: ('a =¢1 'a> and c :: complex
show (A ocp (B1 + B2) ocr, Ax = (A ocr Bl ocr, Ax) + (A ocr B2 ocy
Ax)»
by (simp add: cblinfun-compose-add-left cblinfun-compose-add-right)
show <A OCL (C *o B) OCL Ax = ¢ *C (A oCL B oCL A*))
by auto
show (3 K.V B. norm (A ocr B ooy Ax) < norm B * K>
proof (rule exI[of - <norm A x norm (Ax)»], rule alll)
fix B
have «norm (A ocr B ocr, Ax) < norm (A ooy B) * norm (Ax)»
using norm-cblinfun-compose by blast
also have «... < (norm A * norm B) * norm (Ax)»
by (simp add: mult-right-mono norm-cblinfun-compose)
finally show <norm (A ocp B ocr Ax) < norm B x (norm A x norm (Ax))»
by (simp add: mult.assoc vector-space-over-itself .scale-left-commute)
qed
qed

lemma sandwich-0[simp]: <sandwich 0 = 0»
by (simp add: cblinfun-eql sandwich.rep-eq)

lemma sandwich-apply: <sandwich A xyy B = A ocr B ocp A%
apply (transfer firing: A B) by auto

lemma sandwich-arg-compose:

assumes <isometry U»

shows (sandwich U z ocr sandwich Uy = sandwich U (z ocr y)»

apply (simp add: sandwich-apply)

by (metis (no-types, lifting) lift-cblinfun-comp(2) assms cblinfun-compose-id-right
isometryD)

lemma norm-sandwich: «norm (sandwich A) = (norm A)?) for A :: <'a::{ chilbert-space}
=cr 'b:{complex-inner}
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proof —
have main: <norm (sandwich A) = (norm A)?» for A :: 'c::{chilbert-space,not-singleton}
=cr 'di:{complez-inner}
proof (rule norm-cblinfun-eql)
show «(norm A)? < norm (sandwich A xy id-cblinfun) / norm (id-cblinfun ::
‘e =CL —))
apply (auto simp: sandwich-apply)
by —
fix B
have «norm (sandwich A xy B) < norm (A ocrp B) * norm (Ax)»
using norm-cblinfun-compose by (auto simp: sandwich-apply simp del: norm-adj)
also have «... < (norm A x norm B) % norm (Ax)»
by (simp add: mult-right-mono norm-cblinfun-compose)
also have (... < (norm A)? x norm B>
by (simp add: power2-eq-square mult.assoc vector-space-over-itself .scale-left-commute)
finally show (norm (sandwich A *y B) < (norm A)? x norm B>
by —
show (0 < (norm A)%
by auto
qed

show ?thesis
proof (cases <class.not-singleton TYPE('a)»)
case True
show ?thesis
apply (rule main[internalize-sort’ 'c2])
apply standard[1]
using True by simp
next
case Fulse
have <A = 0»
apply (rule cblinfun-from-CARD-1-0[internalize-sort’ 'a])
apply (rule not-singleton-vs-CARD-1)
apply (rule False)
by standard
then show ?thesis
by simp
qed
qed

lemma sandwich-apply-adj: <sandwich A (Bx) = (sandwich A B)%»
by (simp add: cblinfun-assoc-left(1) sandwich-apply)

lemma sandwich-id[simp|: sandwich id-cblinfun = id-cblinfun
apply (rule cblinfun-eql)
by (auto simp: sandwich-apply)
lemma sandwich-compose: <sandwich (A ocp B) = sandwich A ocr sandwich B»

by (auto intro!: cblinfun-eql simp: sandwich-apply)
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lemma inj-sandwich-isometry: <inj (sandwich U) if [simp]: <isometry Uy for U
: 'a::chilbert-space = ¢ 'b::chilbert-space)

apply (rule inj-on-inversel[where g=«(xv ) (sandwich (Ux)))])

by (auto simp flip: cblinfun-apply-cblinfun-compose sandwich-compose)

lemma sandwich-isometry-id: <isometry (Ux) = sandwich U id-cblinfun = id-cblinfun>
by (simp add: sandwich-apply isometry-def)

13.10 Projectors

lift-definition Proj :: (‘a::chilbert-space) ccsubspace = 'a =cp’a
is <projection>
by (rule projection-bounded-clinear)

lemma Proj-range[simp]: Proj S xg top = S
proof transfer
fix S :: ('a sety assume <closed-csubspace S»
then have closure (range (projection S)) C S
by (metis closed-csubspace.closed closed-csubspace.subspace closure-closed com-
plex-vector.subspace-0 csubspace-is-convezr dual-order.eq-iff insert-absorb insert-not-empty
projection-image)
moreover have S C closure (range (projection S))
using <closed-csubspace S»
by (metis closed-csubspace-def closure-subset csubspace-is-conver equalsOD pro-
jection-image subset-iff)
ultimately show «closure (range (projection S)) = S»
by auto
qged

lemma adj-Proj: <«(Proj M)x = Proj M)
by transfer (simp add: projection-cadjoint)

lemma Proj-idempotent[simp): <Proj M ocr, Proj M = Proj M)»
proof —
have ul: «(cblinfun-apply (Proj M)) = projection (space-as-set M)»
by transfer blast
have <closed-csubspace (space-as-set M)»
using space-as-set by auto
hence u2: «(projection (space-as-set M))o(projection (space-as-set M))
= (projection (space-as-set M))»
using projection-idem by fastforce
have «(cblinfun-apply (Proj M)) o (cblinfun-apply (Proj M)) = cblinfun-apply
(Proj M)»
using ul u2
by simp
hence <cblinfun-apply ((Proj M) ocr, (Proj M)) = cblinfun-apply (Proj M)»
by (simp add: cblinfun-compose.rep-eq)
thus ?thesis using cblinfun-apply-inject
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by auto
qed

lift-definition is-Proj :: <'a::complex-normed-vector =c 'a = bools is
<AP. 3 M. is-projection-on P M» .

lemma is-Proj-id[simp]: <is-Proj id-cblinfun)
apply transfer
by (auto intro!: exI[of - UNIV] simp: is-projection-on-def is-arg-min-def)

lemma Proj-top[simp): «Proj T = id-cblinfun)
by (metis Proj-idempotent Proj-range cblinfun-eql cblinfun-fizes-range id-cblinfun-apply
iso-tuple-UNIV-I space-as-set-top)

lemma Proj-on-own-range’”:
fixes P :: <'a::chilbert-space =c 1, 'a
assumes (P ocp P = P> and <P = Px»
shows <Proj (P xg top) = P>
proof —
define M where M = P xg top
have v3: z € (Az. © — P xy z) —“ {0}
if z € range (cblinfun-apply P)
for z :: 'a
proof—
have v3-1: «cblinfun-apply P o cblinfun-apply P = cblinfun-apply P>
by (metis <P ocr, P = P» cblinfun-compose.rep-eq)
have (dt. P xy t = o
using that by blast
then obtain ¢ where t-def: <P xy t = o

by blast
hence <zt — P xy 2 =x — P xy (P %y t)
by simp
also have «... =z — (P %y t)
using v3-1
by (metis comp-apply)
also have ... = O»

by (simp add: t-def)
finally have <x — P %y z = O
by blast
thus ?thesis
by simp
qed

have v1: range (cblinfun-apply P) C (Az. z — cblinfun-apply P z) —“ {0}
using v3

by blast

have z € range (cblinfun-apply P)
ifze (M\z.x — Pxy x) —“{0}
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for z :: 'a

proof—
have zi1:<x — P xy z = O
using that by blast
have <x = P xy o
by (simp add: z1 eq-iff-diff-eq-0)
thus ?thesis
by blast
qed
hence v2: (Az. x — cblinfun-apply P z) —‘ {0} C range (cblinfun-apply P)
by blast
have i1: (range (cblinfun-apply P) = (A z. x — cblinfun-apply P z) —“ {0}
using v1 v2
by (simp add: v1 dual-order.antisym)
have p1: «closed {(0::'a)p
by simp
have p2: (continuous (at ) (A . x — P *y z)»
for z
proof—
have «cblinfun-apply (id-cblinfun — P) = (A z. & — P xy z)»
by (simp add: id-cblinfun.rep-eq minus-cblinfun.rep-eq)
hence <bounded-clinear (cblinfun-apply (id-cblinfun — P))»
using cblinfun-apply
by blast
hence (continuous (at x) (cblinfun-apply (id-cblinfun — P))»
by (simp add: clinear-continuous-at)
thus ?thesis
using <cblinfun-apply (id-cblinfun — P) = (A z.  — P *y x)»
by simp
qed

have 2: «closed ((A z. x — P xy z) = {0} )»
using p1 p2
by (rule Abstract-Topology.continuous-closed-vimage)

have «closed (range (cblinfun-apply P))»
using 1 2
by simp
have u2: <cblinfun-apply P = € space-as-set M»
for z
by (simp add: M-def <closed (range ((xy) P))» cblinfun-image.rep-eq top-ccsubspace.rep-eq)

have zy: <is-orthogonal (z — P xy )
if y1: <y € space-as-set M>»
for z y
proof—
have (3t. y = P xy &
using y1
by (simp add: M-def <closed (range ((xv) P))» cblinfun-image.rep-eq image-iff
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top-ccsubspace.rep-eq)
then obtain ¢ where t-def: <y = P xy
by blast
have «(z — P xy z) :c y = (x — P *xy z) ¢ (P *y t)
by (simp add: t-def)

also have «... = (P xy (z — P %y z)) ¢ &
by (metis <P = Px» cinner-adj-left)
also have ... = (P xy z — P xy (P xy x)) ¢ b
by (simp add: cblinfun.diff-right)
also have «... = (P xy 2 — P xy z) ¢ b
by (metis assms(1) comp-apply cblinfun-compose.rep-eq)
also have «... = (0 ¢ t)»
by simp
also have «... = O»
by simp
finally show ?thesis by blast
qed

hence ul: <x — P %y x € orthogonal-complement (space-as-set M)»
for z
by (simp add: orthogonal-complementI)

have closed-csubspace (space-as-set M)
using space-as-set by auto

hence f1: (Proj M) xy a = P xy a for a
by (simp add: Proj.rep-eq projection-eql ul u2)

have (+) ((P — Proj M) #y a) = id for a
using fI
by (auto introl: ext simp add: minus-cblinfun.rep-eq)

hence b — b = cblinfun-apply (P — Proj M) a
for a b
by (metis (no-types) add-diff-cancel-right’ id-apply)

hence cblinfun-apply (id-cblinfun — (P — Proj M)) a = a
for a
by (simp add: minus-cblinfun.rep-eq)

thus ?thesis

using ul u2 cblinfun-apply-inject diff-diff-eq?2 diff-eq-diff-eq eq-id-iff id-cblinfun.rep-eq
by (metis (no-types, opaque-lifting) M-def)

qed

lemma Proj-range-closed:
assumes is-Proj P
shows closed (range (cblinfun-apply P))
apply (rule is-projection-on-closed[where f=<cblinfun-apply P>])
using assms is-Proj.rep-eq is-projection-on-image by auto

lemma Proj-is-Proj[simp]:
fixes M::<'a::chilbert-space ccsubspace’
shows <is-Proj (Proj M)»

proof—
have ul: closed-csubspace (space-as-set M)
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using space-as-set by blast

have vi: h — Proj M *xy h
€ orthogonal-complement (space-as-set M) for h

by (simp add: Proj.rep-eq orthogonal-complementl projection-orthogonal ul)
have v2: Proj M %y h € space-as-set M for h

by (metis Proj.rep-eq mem-Collect-eq orthog-proj-exists projection-eql space-as-set)
have u2: is-projection-on ((xy) (Proj M)) (space-as-set M)

unfolding is-projection-on-def

by (simp add: smallest-dist-is-ortho ul vl v2)
show ?thesis

using ul u2 is-Proj.rep-eq by blast

qed

lemma is-Proj-algebraic:
fixes P::¢’a:chilbert-space =cr 'a»
shows <(is-Proj P <— P ocy, P=P N P = P%
proof
have P ooy, P=P
if is-Proj P
using that apply transfer
using is-projection-on-idem
by fastforce
moreover have P = Px
if is-Proj P
using that Proj-range-closed[OF that] is-projection-on-cadjoint[where m=P
and M=«range P>]
by transfer (metis bounded-clinear.azioms(1) closed-csubspace-UNIV closed-csubspace-def
complez-vector.linear-subspace-image is-projection-on-image)
ultimately show P oy, P =P AN P = Px
if is-Proj P
using that
by blast
show is-Proj P
if Pocp, P=P N P = Px
using that Proj-on-own-range’ Proj-is-Proj by metis
qed

lemma Proj-on-own-range:
fixes P :: ('a::chilbert-space =cr'a>
assumes <is-Proj P»
shows ¢Proj (P xg top) = P»
using Proj-on-own-range’ assms is-Proj-algebraic by blast

lemma Proj-image-leq: (Proj S) xs A < S
by (metis Proj-range inf-top-left le-inf-iff isometry-cblinfun-image-inf-distrib’)

lemma Proj-sandwich:

fixes A::'a::chilbert-space = ¢, 'b::chilbert-space
assumes isometry A
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shows sandwich A xy Proj S = Proj (A *g S)
proof —
define P where <P = A ocy, Proj S ooy (Ax)»
have <P ocp, P = P>
using assms
unfolding P-def isometry-def
by (metis (no-types, lifting) Proj-idempotent cblinfun-assoc-left(1) cblinfun-compose-id-left)
moreover have (P = Px)
unfolding P-def
by (metis adj-Proj adj-cblinfun-compose cblinfun-assoc-left(1) double-ady)
ultimately have
«<IM. P = Proj M A space-as-set M = range (cblinfun-apply (A ocr (Proj S)
oot (4%)
using P-def Proj-on-own-range’
by (metis Proj-is-Proj Proj-range-closed cblinfun-image.rep-eq closure-closed
top-cecsubspace.rep-eq)
then obtain M where <P = Proj M>»
and «space-as-set M = range (cblinfun-apply (A ocr (Proj S) ocr (Ax)))»
by blast

have f1: A ocr Proj S = P ocp A
by (simp add: P-def assms cblinfun-compose-assoc)
hence P ocp A ocr, Ax = P
using P-def by presburger
hence (P ocp A) x5 (¢ U Ax x5 d) = P x5 (A *xg ¢ U d)
for c d

by (simp add: cblinfun-assoc-left(2))
hence P xg (A xs T Uc¢)=(Pocr A) s T
for ¢
by (metis sup-top-left)
hence <M = A xg S
using fI
by (metis <P = Proj M>» cblinfun-assoc-left(2) Proj-range sup-top-right)
thus ?thesis
using <P = Proj M»
unfolding P-def sandwich-apply by blast
qged

lemma Proj-orthog-ccspan-union:
assumes Az y. 2 € X = y € Y = is-orthogonal z y
shows ¢Proj (ccspan (X U Y)) = Proj (ccspan X) + Proj (ccspan Y)»
proof —
have «x € cspan X = y € cspan Y = is-orthogonal = y» for z y
apply (rule is-orthogonal-closure-cspan|where X=X and Y=Y])
using closure-subset assms by auto
then have <z € closure (cspan X) = y € closure (cspan V) = is-orthogonal
zy for xz y
by (metis orthogonal-complementI orthogonal-complement-of-closure orthogo-
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nal-complement-orthol ")
then show ?thesis
apply (transfer fizing: X Y)
apply (subst projection-plus[symmetric])
by auto
qed

abbreviation proj :: ‘a::chilbert-space = 'a = ¢, 'a where proj 1 = Proj (ccspan

{v})

lemma proj-0[simpl: <proj 0 = 0»
by transfer auto

lemma ccsubspace-supl-via-Proj:
fixes A B C::'a::chilbert-space ccsubspace
assumes al: <Proj (— C) xg A < B)
shows A< BUC
proof—
have z2: <z € space-as-set B>
if © € closure ( (projection (orthogonal-complement (space-as-set C)))
space-as-set A) for z
using that
by (metis Proj.rep-eq cblinfun-image.rep-eq assms less-eq-ccsubspace.rep-eq sub-
setD

¢

uminus-ccsubspace.rep-eq)
have qI: <z € closure {3 + ¢ | @. ¥ € space-as-set B A ¢ € space-as-set C}
if <z € space-as-set A»
for z
proof—
have p1: «(closed-csubspace (space-as-set C)»
using space-as-set by auto
hence <z = (projection (space-as-set C)) x
+ (projection (orthogonal-complement (space-as-set C))) >
by simp
hence <z = (projection (orthogonal-complement (space-as-set C))) x
+ (projection (space-as-set C)) x>
by (metis ordered-field-class.sign-simps(2))
moreover have «(projection (orthogonal-complement (space-as-set C))) = €
space-as-set By
using z2
by (meson closure-subset image-subset-iff that)
moreover have <(projection (space-as-set C)) z € space-as-set C»
by (metis mem-Collect-eq orthog-proj-exists projection-eql space-as-set)
ultimately show ¢thesis
using closure-subset by force
qed
have z1: <z € (space-as-set B +)ps space-as-set C)»
if z € space-as-set A for x
proof —
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have f1: z € closure {a + b |a b. a € space-as-set B A b € space-as-set C'}
by (simp add: q1 that)

have {a + b |a b. a € space-as-set B N b € space-as-set C} = {a. Ip. p €

space-as-set B

A (3 q. q € space-as-set C N a = p + q)}
by blast

hence z € closure {a. 3 bEspace-as-set B. 3 c€space-as-set C. a = b + c}
using f1 by (simp add: Bez-def-raw)

thus %thesis
using that
unfolding closed-sum-def set-plus-def
by blast

qed

hence («z € space-as-set (Abs-ccsubspace (space-as-set B + 1 space-as-set C))»
if z € space-as-set A for x
using that
by (metis space-as-set-inverse sup-ccsubspace.rep-eq)
thus ?thesis
by (simp add: x1 less-eq-ccsubspace.rep-eq subset-eq sup-ccsubspace.rep-eq)
qed

lemma is-Proj-idempotent:
assumes is-Proj P
shows P oo, P =P
using assms apply transfer
using is-projection-on-fixes-image is-projection-on-in-image by fastforce

lemma is-proj-selfady:
assumes is-Proj P
shows Px = P
using assms
unfolding is-Proj-def
by (metis is-Proj-algebraic is-Proj-def)

lemma is-Proj-I:
assumes P oo, P = P and Px = P
shows is-Proj P
using assms is-Proj-algebraic by metis

lemma is-Proj-0[simp]: is-Proj 0
apply transfer apply (rule exI[of - 0])
by (simp add: is-projection-on-zero)

lemma is-Proj-complement[simp|:
fixes P :: ('a::chilbert-space =¢c, 'ay
assumes al: is-Proj P
shows is-Proj (id-cblinfun — P)
by (smt (23) add-diff-cancel-left add-diff-cancel-left’ adj-cblinfun-compose adj-plus
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assms bounded-cbhilinear.add-left bounded-cbilinear-cblinfun-compose diff-add-cancel
id-cblinfun-adjoint is-Proj-algebraic cblinfun-compose-id-left)

lemma Proj-bot[simp]: Proj bot = 0
by (metis zero-cblinfun-image Proj-on-own-range’ is-Proj-0 is-Proj-algebraic
zero-ccsubspace-def)

lemma Proj-ortho-compl:
Proj (— X) = 4d-cblinfun — Proj X
by (transfer, auto)

lemma Proj-inj:
assumes Proj X = Proj Y
shows X = Y
by (metis assms Proj-range)

lemma norm-Proj-leql: <norm (Proj M) < 1» for M :: <'a :: chilbert-space ccsub-
space»

by transfer (metis (no-types, opaque-lifting) mult.left-neutral onorm-bound pro-
jection-reduces-norm zero-less-one-class.zero-le-one)

lemma Proj-orthog-ccspan-insert:
assumes A\y. y € Y = is-orthogonal z y
shows ¢Proj (ccspan (insert x Y)) = proj x + Proj (cespan Y)»
apply (subst asm-rlof <insert x Y = {z} U V)], simp)
apply (rule Proj-orthog-ccspan-union)
using assms by auto

lemma Proj-fizes-image: <Proj S xy ¢ = 1 if < € space-as-set S»
by (metis Proj-idempotent Proj-range that cblinfun-fizes-range)

lemma norm-is-Proj: <norm P < 1y if «is-Proj Py for P :: <'a :: chilbert-space
=CL ‘a
by (metis Proj-on-own-range norm-Proj-leql that)

lemma Proj-sup: <orthogonal-spaces S T = Proj (sup S T) = Proj S + Proj T»
unfolding orthogonal-spaces-def
by transfer (simp add: projection-plus)

lemma Proj-sum-spaces:
assumes (finite X»
assumes (\z y. 26X = yeX = z#y = orthogonal-spaces (J z) (J y)»
shows <Proj (>_z€X. Jz) = (3 z€X. Proj (J z))»
using assms
proof induction
case empty
show ?Zcase
by auto
next
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case (insert z F)
have «Proj (sum J (insert © F)) = Proj (J U sum J F)»
by (simp add: insert)
also have ¢... = Proj (J z) + Proj (sum J F)»
apply (rule Proj-sup)
apply (rule orthogonal-sum)
using insert by auto
also have «... = (> z€insert z F. Proj (J z))»
by (simp add: insert.IH insert.hyps(1) insert.hyps(2) insert.prems)
finally show ?case
by —
qed

lemma is-Proj-reduces-norm:

fixes P :: ('a::complex-inner =cr, ‘o

assumes <is-Proj P>

shows <norm (P *y ¢) < norm )

apply (rule is-projection-on-reduces-norm|[where M=<range P)])

using assms is-Proj.rep-eq is-projection-on-image by blast (simp add: Proj-range-closed
assms closed-csubspace.intro)

lemma norm-Proj-apply: <norm (Proj T =y ¥) = norm 1 <— ¢ € space-as-set
T
proof (rule iff)
show «norm (Proj T *v ) = norm » if «) € space-as-set T»
by (simp add: Proj-fizes-image that)
assume assm: <norm (Proj T sy ) = norm ¢,
have v-decomp: <¢p = Proj T ¥ + Proj (—=T) ¢»
by (simp add: Proj-ortho-compl cblinfun.real.diff-left)
have «(norm (Proj (= T) v))? = (norm (Proj T ))? + (norm (Proj (—T) 1))?
(norm (Proj T 1))*
by auto
also have «... = (norm (Proj T v + Proj (=T) ))?> — (norm (Proj T 1))?
apply (subst pythagorean-theorem)
apply (metis (no-types, lifting) Proj-idempotent 1-decomp add-cancel-right-left
adj-Proj cblinfun.real.add-right cblinfun-apply-cblinfun-compose cinner-adj-left cin-
ner-zero-left)
by simp
also with ¢-decomp have «... = (norm ¥)? — (norm (Proj T 1))*
by metis
also with assm have «... = 0»
by simp
finally have <norm (Proj (—=T) ¢) = 0»
by auto
with -decomp have «p = Proj T ¥»
by auto
then show <y € space-as-set T»
by (metis Proj-range cblinfun-apply-in-image)
qed
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lemma norm-Proj-apply-1: <norm ¢ = 1 = norm (Proj T xy ¥) = 1 +— ¢ €
space-as-set Ty
using norm-Proj-apply by metis

lemma norm-is-Proj-nonzero: <norm P = 1) if <is-Proj Py and <P # 0» for P :
'a::chilbert-space =cp 'a»
proof (rule antisym)
show <norm P < 1»
by (simp add: norm-is-Proj that(1))
from <P # 0»
have <range P # 0>
by (metis cblinfun-eq-0-on-UNIV-span complez-vector.span-UNIV rangel set-zero
singletonD)
then obtain ¢y where ) € range P> and <« # 0>
by force
then have <P ¢ =
using is-Proj.rep-eq is-projection-on-fizes-image is-projection-on-image that(1)
by blast
then show (norm P > 1)
apply (rule-tac cblinfun-norm-geqI|of - - ¥))
using ) # 0> by simp
qed

lemma Proj-compose-cancell:
assumes (A xg T < S
shows «Proj S oo, A = A»
apply (rule cblinfun-eql)

proof —
fix z
have «(Proj S ocr, A) xy © = Proj S =y (A v z)
by simp
also have <... = A xy o

apply (rule Proj-fizes-image)
using assms cblinfun-apply-in-image less-eq-ccsubspace.rep-eq by blast
finally show «(Proj S oo A) xy £ = A %y ©
by —
qed

lemma space-as-setl-via-Proj:
assumes (Proj M *xy © = x»
shows «x € space-as-set M»
using assms norm-Proj-apply by fastforce

lemma unitary-image-ortho-compl:
— Logically, this lemma belongs in an earlier section but its proof uses projectors.
fixes U :: <'a:chilbert-space =c 1, 'b::chilbert-space)
assumes [simp|: <unitary U»
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shows <U xg (— A) = — (U xg A)»
proof —
have «Proj (U xg (— A)) = sandwich U (Proj (— A))
by (simp add: Proj-sandwich)

also have «... = sandwich U (id-cblinfun — Proj A)»
by (simp add: Proj-ortho-compl)
also have «... = id-cblinfun — sandwich U (Proj A)»
by (metis assms cblinfun.diff-right sandwich-isometry-id unitary-twosided-isometry)
also have «... = id-cblinfun — Proj (U xg A)»
by (simp add: Proj-sandwich)
also have «... = Proj (— (U xg A))

by (simp add: Proj-ortho-compl)
finally show ?thesis
by (simp add: Proj-inj)
qed

lemma Proj-on-image [simp]: <Proj S xg S = S»
by (metis Proj-idempotent Proj-range cblinfun-compose-image)

13.11 Kernel / eigenspaces

lift-definition kernel :: 'a::complex-normed-vector = ¢, 'b::complez-normed-vector
= 'a ccsubspace
is \f. f—{0}

by (metis kernel-is-closed-csubspace)

definition eigenspace :: compler = 'a::complex-normed-vector =c'a = 'a ccsub-
space where
eigenspace a A = kernel (A — a *¢ id-cblinfun)

lemma kernel-scaleC[simp|: a#0 = kernel (a xc A) = kernel A
for a :: compler and A :: (-,-) cblinfun
apply transfer
using complex-vector.scale-eq-0-iff by blast

lemma kernel-0[simp]: kernel 0 = top
by transfer auto

lemma kernel-id[simp]: kernel id-cblinfun = 0
by transfer simp

lemma eigenspace-scaleC[simp]:
assumes al: a # 0
shows eigenspace b (a ¢ A) = eigenspace (b/a) A
proof —
have b x¢ (id-cblinfun::(‘a, -) cblinfun) = a *¢ (b / a) *¢ id-cblinfun
using af
by (metis ceg-vector-fraction-iff)
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hence kernel (a xc A — b x¢ id-cblinfun) = kernel (A — (b / a) *¢ id-cblinfun)
using al by (metis (no-types) complezx-vector.scale-right-diff-distrib kernel-scaleC)
thus ?thesis
unfolding eigenspace-def
by blast
qed

lemma eigenspace-memberD:
assumes z € space-as-set (eigenspace e A)
shows A xy = e x¢c =
using assms unfolding eigenspace-def by transfer auto

lemma kernel-memberD:
assumes z € space-as-set (kernel A)
shows A xy =0
using assms by transfer auto

lemma eigenspace-memberl:
assumes A xy T = e x¢c T
shows = € space-as-set (eigenspace e A)
using assms unfolding eigenspace-def by transfer auto

lemma kernel-memberl:
assumes A xy z = 0
shows = € space-as-set (kernel A)
using assms by transfer auto

lemma kernel-Proj[simp|: <kernel (Proj S) = — S»
apply transfer
apply auto
apply (metis diff-0-right is-projection-on-iff-orthog projection-is-projection-on’)
by (simp add: complez-vector.subspace-0 projection-eql)

lemma orthogonal-projectors-orthogonal-spaces:
— Logically belongs in section "Projectors".
fixes S T :: <'a::chilbert-space ccsubspaces
shows <orthogonal-spaces S T +— Proj S ocr Proj T = 0»
proof (intro balll iffT)
assume <Proj S ocr Proj T = 0»
then have <is-orthogonal x y» if <x € space-as-set S» <y € space-as-set T for x
)
by (metis (no-types, opaque-lifting) Proj-fives-image adj-Proj cblinfun.zero-left
cblinfun-apply-cblinfun-compose cinner-adj-right cinner-zero-right that(1) that(2))
then show <orthogonal-spaces S T
by (simp add: orthogonal-spaces-def)
next
assume <orthogonal-spaces S T
then have (S < — T
by (simp add: orthogonal-spaces-leq-compl)
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then show «Proj S ocr Proj T = 0>

by (metis (no-types, opaque-lifting) Proj-range adj-Proj adj-cblinfun-compose ba-
sic-trans-rules(31) cblinfun.zero-left cblinfun-apply-cblinfun-compose cblinfun-apply-in-image
cblinfun-eql kernel-Proj kernel-memberD less-eq-ccsubspace.rep-eq)
qed

lemma cblinfun-compose-Proj-kernel[simp]: <a ocy Proj (kernel a) = 0»
apply (rule cblinfun-eql)
by simp (metis Proj-range cblinfun-apply-in-image kernel-memberD)

lemma kernel-compl-adj-range:

shows <kernel a = — (ax xg top)
proof (rule ccsubspace-eql)
fix z

have («z € space-as-set (kernel a) +— a z = O»
by transfer simp
also have «a z = 0 <— (Y y. is-orthogonal y (a z))>
by (metis cinner-gt-zero-iff cinner-zero-right)
also have «... +— (Vy. is-orthogonal (ax *xy y) )
by (simp add: cinner-adj-left)
also have (... +— z € space-as-set (— (ax xg top))»
by transfer (metis (mono-tags, opaque-lifting) UNIV-I image-iff is-orthogonal-sym
orthogonal-complementl orthogonal-complement-of-closure orthogonal-complement-orthol’)
finally show <z € space-as-set (kernel a) <— € space-as-set (— (a* *g top))»
by —
qged

lemma kernel-apply-self: <A xg kernel A = 0>
proof transfer
fix A: (b= "o
assume <bounded-clinear A»
then have <4 0 = 0»
by (simp add: bounded-clinear-def complex-vector.linear-0)
then have <4 ‘4 —“{0} = {0}
by fastforce
then show «closure (A ‘A —“{0}) = {0}
by auto
qed

lemma leg-kernel-iff:
shows <A < kernel B +— B xg A = 0»
proof (rule iffI)
assume (A < kernel B)
then have <B xg A < B xg kernel B>
by (simp add: cblinfun-image-mono)
also have «... = 0
by (simp add: kernel-apply-self)
finally show B xg A = 0»
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by (simp add: bot.extremum-unique)
next
assume (B xg A = 0
then show <A < kernel B»
apply transfer
by (metis closure-subset image-subset-iff-subset-vimage)
qed

lemma cblinfun-image-kernel:
assumes <C *xg A xg kernel B < kernel B)
assumes (A ocp C = id-cblinfun>
shows <A xg kernel B = kernel (B ocp, C)»
proof (rule antisym)
show <A xg kernel B < kernel (B ocr, C)»
using assms(1) by (simp add: leg-kernel-iff cblinfun-compose-image)
show (kernel (B ocp C) < A xg kernel B»
proof (insert assms(2), transfer, intro subsetl)
fix A:: <a= 'b»and B: <a = ‘0o and C :: </b = ‘o> and x
assume ¢ € (Bo C) —“ {0}
then have BCz: <B (C'z) = O
by simp
assume <4 o C = (Az. z)»
then have <z = 4 (C z)»
apply (simp add: o-def)
by metis
then show <z € closure (A ‘B —“{0})»
using «B (C z) = 0) closure-subset by fastforce
qed
qed

lemma cblinfun-image-kernel-unitary:
assumes <unitary U»
shows U xg kernel B = kernel (B oo Ux)»
apply (rule cblinfun-image-kernel)
using assms by (auto simp flip: cblinfun-compose-image)

lemma kernel-cblinfun-compose:
assumes <kernel B = 0>

shows <kernel A = kernel (B ocr, A)»
using assms apply transfer by auto

lemma eigenspace-0|[simp]: <eigenspace 0 A = kernel A»
by (simp add: eigenspace-def)

lemma kernel-isometry: <kernel U = 0 if <isometry U>»
by (simp add: kernel-compl-adj-range range-adjoint-isometry that)

lemma cblinfun-image-eigenspace-isometry:
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assumes [simp]: <isometry A> and ¢ # 0>
shows <A xg eigenspace ¢ B = eigenspace ¢ (sandwich A B)»
proof (rule antisym)
show <A xg eigenspace ¢ B < eigenspace ¢ (sandwich A B)»
proof (unfold cblinfun-image-def2, rule ccspan-leql, rule subsetl)
fix © assume <z € (xy) A ¢ space-as-set (eigenspace ¢ B)»
then obtain y where z-def: <z = A y» and (y € space-as-set (eigenspace c
B)»
by auto
then have «B y = ¢ x¢
by (simp add: eigenspace-memberD)
then have <sandwich A Bz = ¢ *¢ o>
apply (simp add: sandwich-apply z-def cblinfun-compose-assoc
flip: eblinfun-apply-cblinfun-compose)
by (simp add: cblinfun.scaleC-right)
then show <z € space-as-set (eigenspace ¢ (sandwich A B))»
by (simp add: eigenspace-memberl)
qed
show <eigenspace ¢ (sandwich A xy B) < A *g eigenspace ¢ B»
proof (rule ccsubspace-lel-unit)
fix z
assume <z € space-as-set (eigenspace ¢ (sandwich A B))»
then have *: (sandwich A B x = ¢ x¢
by (simp add: eigenspace-memberD)
then have <c x¢c = € range A>
apply (simp add: sandwich-apply)
by (metis rangel)
then have «((inverse ¢ x ¢) *¢ x € range A)
apply (simp flip: scaleC-scaleC)
by (metis (no-types, lifting) cblinfun.scaleC-right rangeE rangel)
with «c # 0> have (x € range A>
by simp
then obtain y where z-def: <z = A
by auto
have (B xy y = Ax xy sandwich A B x>
apply (simp add: sandwich-apply z-def)
by (metis assms cblinfun-apply-cblinfun-compose id-cblinfun.rep-eq isometryD)
also have «... = ¢ x¢ ¥
apply (simp add: * cblinfun.scaleC-right)
apply (simp add: z-def)
by (metis assms(1) cblinfun-apply-cblinfun-compose id-cblinfun-apply isome-
try-def)
finally have <y € space-as-set (eigenspace ¢ B)»
by (simp add: eigenspace-memberl)
then show <z € space-as-set (A *g eigenspace ¢ B) »
by (simp add: z-def cblinfun-apply-in-image’)
qed
qed

311



lemma cblinfun-image-eigenspace-unitary:

assumes [simp]: (unitary A»

shows <A xg eigenspace ¢ B = eigenspace ¢ (sandwich A B)»

apply (cases <¢c = 0»)

apply (simp add: sandwich-apply cblinfun-image-kernel-unitary kernel-isometry
cblinfun-compose-assoc

flip: kernel-cblinfun-compose)
by (simp add: cblinfun-image-eigenspace-isometry)

lemma kernel-member-iff: <z € space-as-set (kernel A) «+— A xy z = 0>
using kernel-memberD kernel-memberl by blast

lemma kernel-square[simp]: <kernel (Ax ocr A) = kernel A»
proof (intro ccsubspace-eql iffI)
fix z
assume <z € space-as-set (kernel A)»
then show <z € space-as-set (kernel (Ax oo A))
by (simp add: kernel.rep-eq)
next
fix z
assume <z € space-as-set (kernel (Ax ocp A))»
then have <Ax xy A xy 2 = O
by (simp add: kernel.rep-eq)
then have (4 xy z) «¢ (4 xy ) = O»
by (metis cinner-adj-right cinner-zero-right)
then have <A xy x = 0>
by auto
then show <z € space-as-set (kernel A)»
by (simp add: kernel.rep-eq)
qed

13.12 Partial isometries

definition partial-isometry where
<partial-isometry A <— (VY h € space-as-set (— kernel A). norm (A h) = norm
h)»

lemma partial-isometryl:
assumes (\h. h € space-as-set (— kernel A) = norm (A h) = norm h
shows <partial-isometry A»
using assms partial-isometry-def by blast

lemma
fixes A :: (‘a :: chilbert-space =c 'b :: complex-normed-vectors
assumes iso: <\. ¢ € space-as-set V.= norm (A *y ¢) = norm ¢»
assumes zero: (\. ¢ € space-as-set (— V) = A xy p = O
shows partial-isometryl . <partial-isometry A»
and partial-isometry-initial: <kernel A = — V>
proof —
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from zero
have <— V < kernel A»
by (simp add: kernel-memberl less-eq-ccsubspace.rep-eq subsetl)
moreover have (kernel A < —V)
by (smt (verit, ccfv-threshold) Proj-ortho-compl Proj-range assms(1) cblin-
fun.diff-left cblinfun.diff-right cblinfun-apply-in-image cblinfun-id-cblinfun-apply cc-
subspace-lel kernel-Proj kernel-memberD kernel-memberl norm-eq-zero ortho-involution
subsetl zero)
ultimately show kerA: <kernel A = =V
by simp

show «(partial-isometry A>
apply (rule partial-isometryl)
by (simp add: kerA iso)
qed

lemma Proj-partial-isometry[simp): <partial-isometry (Proj S)»
apply (rule partial-isometryl)
by (simp add: Proj-fizes-image)

lemma is-Proj-partial-isometry: <is-Proj P = partial-isometry P> for P :: - :
chilbert-space =cp, -
by (metis Proj-on-own-range Proj-partial-isometry)

lemma isometry-partial-isometry: <isometry P = partial-isometry P>
by (simp add: isometry-preserves-norm partial-isometry-def)

lemma unitary-partial-isometry: <unitary P =—> partial-isometry P>
using isometry-partial-isometry unitary-isometry by blast

lemma norm-partial-isometry:
fixes A :: ('a :: chilbert-space = ¢, 'b::complex-normed-vector»
assumes <partial-isometry A> and <A # 0»
shows (norm A = 1)
proof —
from <A # 0
have «— (kernel A) # 0>
by (metis cblinfun-eql diff-zero id-cblinfun-apply kernel-id kernel-memberD or-
tho-involution orthog-proj-exists orthogonal-complement-closed-subspace uminus-ccsubspace.rep-eq
zero-cblinfun.rep-eq)
then obtain h where <h € space-as-set (— kernel A)» and <h # 0
by (metis cblinfun-id-cblinfun-apply ccsubspace-eql closed-csubspace.subspace
complex-vector.subspace-0 kernel-id kernel-memberD kernel-memberl orthogonal-complement-closed-subspace
uminus-ccsubspace.rep-eq)
with <partial-isometry A»
have <norm (A h) = norm h»
using partial-isometry-def by blast
then have <norm A > 1)
by (smt (verit) <h # 0> mult-cancel-right] mult-left-le-one-le norm-cblinfun
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norm-eq-zero TLOT"ITL—gG—ZET’O)

have (norm A < 1»
proof (rule norm-cblinfun-bound)
show <0 < (I::real)
by simp
fix ¢ :: ‘a
define g h where <g = Proj (kernel A) ¢» and <h = Proj (— kernel A) ¢»
have <A g = 0»
by (metis Proj-range cblinfun-apply-in-image g-def kernel-memberD)
moreover from <partial-isometry A»
have <norm (A h) = norm h»
by (metis Proj-range cblinfun-apply-in-image h-def partial-isometry-def)
ultimately have <norm (A ) = norm h
by (simp add: Proj-ortho-compl cblinfun.diff-left cblinfun.diff-right g-def h-def)
also have <norm h < norm »
by (smt (verit, del-insts) h-def mult-left-le-one-le norm-Proj-leql norm-cblinfun
norm-ge-zero)
finally show <norm (A xy ¥) < 1 % norm ¢»
by simp
qged

from <norm A < 1) and <norm A > 1)
show <norm A = 1»
by auto
qged

lemma partial-isometry-adj-a-o-a:
assumes <partial-isometry a)
shows <ax oo, a = Proj (— kernel a)»
proof (rule cblinfun-cinner-eql)
define P where <P = Proj (— kernel a)»
have aP: <a oc;, P = a
by (auto introl: simp: cblinfun-compose-minus-right P-def Proj-ortho-compl)
have is-Proj-P[simp): <is-Proj P»
by (simp add: P-def)

fix ¢ :: 'a
have «) -c ((a* ocr a) *v ¢) = a ¥ -c a
by (simp add: cinner-adj-right)

also have «... = a (P v¢) :¢ a (P Y)
by (metis aP cblinfun-apply-cblinfun-compose)
also have <... = P ¢ ¢ P ¥

by (metis P-def Proj-range assms cblinfun-apply-in-image cdot-square-norm
partial-isometry-def)
also have <... =¥ ¢ P {»
by (simp flip: cinner-adj-right add: is-proj-selfadj is-Proj-idempotent| THEN
simp-a-oCL-b"])
finally show () -¢ ((ax ocyp a) v V) = ¢ P
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by —
qed

lemma partial-isometry-square-proj: <is-Proj (ax ocr a)y if <partial-isometry a)
by (simp add: partial-isometry-adj-a-o-a that)

lemma partial-isometry-adj[simp|: <partial-isometry (ax)» if <partial-isometry a)
for a :: <'a::chilbert-space = 'b::chilbert-spaces
proof —
have ran-ker: <a xg top = — kernel (ax)»
by (simp add: kernel-compl-adj-range)

have (norm (ax xy h) = norm hy if <h € range a> for h
proof —
from that obtain x where h: <h = a >
by auto
have <norm (ax xy h) = norm (ax *y a *y z)»

by (simp add: h)

also have «... = norm (Proj (— kernel a) xy z)»
by (simp add: <partial-isometry a> partial-isometry-adj-a-o-a simp-a-oCL-b)
also have (... = norm (a *y Proj (— kernel a) *y z)»
by (metis Proj-range <partial-isometry a> cblinfun-apply-in-image partial-isometry-def)
also have «... = norm (a xy z))

by (smt (verit, best) Proj-idempotent <partial-isometry a) adj-Proj cblin-
fun-apply-cblinfun-compose cinner-adj-right cnorm-eq partial-isometry-adj-a-o-a)
also have <... = norm h»
using h by auto
finally show ?thesis
by —
qed

then have norm-pres: <norm (ax xy h) = norm hy if <h € closure (range a)»
for h

using that apply (rule on-closure-eqI)
by assumption (intro continuous-intros)+

show ?thesis
apply (rule partial-isometryl)
by (auto simp: cblinfun-image.rep-eq norm-pres simp flip: ran-ker)
qed

13.13 Isomorphisms and inverses

definition iso-cblinfun :: <(’'a::complez-normed-vector, 'b::complex-normed-vector)
cblinfun = bool> where
<iso-cblinfun A = (3 B. A oo B = id-cblinfun N B oo, A = id-cblinfun))

definition <invertible-cblinfun A <— (I B. B oo, A = id-cblinfun)»
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definition cblinfun-inv :: «('a::complex-normed-vector, 'b::complex-normed-vector)
cblinfun = ('b,’a) cblinfun) where

<eblinfun-inv A = (if invertible-cblinfun A then SOME B. B oc, A = id-cblinfun
else 0)»

lemma cblinfun-inv-left:
assumes (invertible-cblinfun A»
shows <cblinfun-inv A ocp, A = id-cblinfun)
apply (simp add: assms cblinfun-inv-def)
apply (rule somel-ex)
using assms by (simp add: invertible-cblinfun-def)

lemma inv-cblinfun-invertible: <iso-cblinfun A = invertible-cblinfun A»
by (auto simp: iso-cblinfun-def invertible-cblinfun-def)

lemma cblinfun-inv-right:
assumes <(iso-cblinfun A»
shows (A ocy cblinfun-inv A = id-cblinfun)
proof —
from assms
obtain B where AB: <A oo, B = id-cblinfuny and BA: <B oc A = id-cblinfun)
using iso-cblinfun-def by blast
from BA have <cblinfun-inv A oo A = id-cblinfun>
by (simp add: assms cblinfun-inv-left inv-cblinfun-invertible)
with AB BA have «(cblinfun-inv A = B
by (metis cblinfun-assoc-left(1) cblinfun-compose-id-right)
with AB show <A ocy cblinfun-inv A = id-cblinfun>
by auto
qed

lemma cblinfun-inv-uniq:

assumes A ocp B = id-cblinfun and B oo A = id-cblinfun

shows cblinfun-inv A = B

using assms by (metis inv-cblinfun-invertible cblinfun-compose-assoc cblinfun-compose-id-right
cblinfun-inv-left iso-cblinfun-def)

lemma iso-cblinfun-unitary: <unitary A — iso-cblinfun A»
using iso-cblinfun-def unitary-def by blast

lemma invertible-cblinfun-isometry: <isometry A = invertible-cblinfun A»
using invertible-cblinfun-def isometryD by blast

lemma summable-cblinfun-apply-invertible:
assumes (invertible-cblinfun A>
shows «(A\z. A xy g z) summable-on S +— ¢ summable-on S»
proof (rule iff)
assume <g summable-on S»
then show «(\z. A xy g z) summable-on S»
by (rule summable-on-cblinfun-apply)
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next
assume ((Az. A *y ¢ z) summable-on S»
then have ((A\z. cblinfun-inv A xy A xy g z) summable-on S»
by (rule summable-on-cblinfun-apply)
then show «g summable-on S»
by (simp add: cblinfun-inv-left assms flip: cblinfun-apply-cblinfun-compose)
qed

lemma infsum-cblinfun-apply-invertible:
assumes <invertible-cblinfun A»
shows (3 o2€S. A xy gz) = A xy (D 0TES. g z)
proof (cases <g summable-on S»)
case True
then show ?thesis
by (rule infsum-cblinfun-apply)
next
case Fulse
then have - (Az. A xy g ) summable-on S»
using assms by (simp add: summable-cblinfun-apply-invertible)
with Fualse show ?thesis
by (simp add: infsum-not-exists)
qged

13.14 One-dimensional spaces

instantiation cblinfun :: (one-dim, one-dim) complez-inner begin

Once we have a theory for the trace, we could instead define the Hilbert-
Schmidt inner product and relax the one-dim-sort constraint to (cfinite-dim,complex-normed-vector)
or similar

definition cinner-cblinfun (A::'a =cr 'b) (B:'a =cr 'D)
= cnj (one-dim-iso (A v 1)) * one-dim-iso (B xy 1)
instance
proof intro-classes
fix ABC:'a=¢cr'b
and c ¢’ :: complex
show (A -¢ B) = ¢nj (B -¢ A)
unfolding cinner-cblinfun-def by auto
ShOW(A—FB)‘C C:(A-C C)+(B°C C)
by (simp add: cinner-cblinfun-def algebra-simps plus-cblinfun.rep-eq)
show (¢ x¢c A ¢ B) = cnj ¢ x (A -¢ B)
by (simp add: cblinfun.scaleC-left cinner-cblinfun-def)
show 0 < (4 ¢ A)
unfolding cinner-cblinfun-def by auto
have bounded-clinear A = A 1 =0 = A= (\.0)
for A::'a = b
proof (rule one-dim-clinear-eql [where z = 1], auto)
show clinear A
if bounded-clinear A
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and A1 =0
for A:'a="b
using that
by (simp add: bounded-clinear.clinear)
show clinear ((A-. 0)::'a = 'b)
if bounded-clinear A
and A 1 =0
for A::'a="b
using that
by (simp add: complez-vector.module-hom-zero)
qed
hence A xy 1 =0 = A=10
by transfer
hence one-dim-iso (A xy 1) =0 = A =10
by (metis one-dim-iso-of-zero one-dim-iso-inj)
thus (A -¢c A)=0)=(A=0)
by (auto simp: cinner-cblinfun-def)

show norm A = sqrt (cmod (A ¢ A))
unfolding cinner-cblinfun-def
by transfer (simp add: norm-mult abs-complex-def one-dim-onorm’ cnj-z-x
power2-eg-square bounded-clinear. clinear)
qed
end

instantiation cblinfun :: (one-dim, one-dim) one-dim begin
lift-definition one-cblinfun :: ‘a =cp 'b is one-dim-iso
by (rule bounded-clinear-one-dim-iso)
lift-definition times-cblinfun :: 'a =cr 'b = 'a =cr 'b = 'a =¢c 'b
is A\f g. f o one-dim-iso o g
by (simp add: comp-bounded-clinear)
lift-definition inverse-cblinfun :: 'a =cp 'b = 'a =¢cr b is
M. ((%) (one-dim-iso (inverse (f 1)))) o one-dim-iso
by (auto intro!: comp-bounded-clinear bounded-clinear-mult-right)
definition divide-cblinfun :: 'a =¢cr 'b = 'a =¢cr 'b = 'a =¢c1 'b where
divide-cblinfun A B = A x inverse B
definition canonical-basis-cblinfun = [1 :: 'a =cp 'b]
definition (canonical-basis-length-cblinfun (- :: (‘a =¢ 'b) itself) = (1::nat))
instance
proof intro-classes
let ?basis = canonical-basis :: ('a =¢p 'b) list
fix ABC:'a=cr b
and c ¢’ :: complex
show distinct ?basis
unfolding canonical-basis-cblinfun-def by simp
have (1::'a =¢r b)) # (0::'a =¢c 'b)
by (metis cblinfun.zero-left one-cblinfun.rep-eq one-dim-iso-of-one zero-neg-one)
thus cindependent (set ?basis)
unfolding canonical-basis-cblinfun-def by simp
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have A € cspan (set ?basis) for A
proof —
define ¢ :: complex where ¢ = one-dim-iso (A *y 1)
have A z = one-dim-iso (A 1) x¢ one-dim-iso x for z
by (smt (28) cblinfun.scaleC-right complex-vector.scale-left-commute one-dim-iso-idem
one-dim-scaleC-1)
hence A = one-dim-iso (A *y 1) *¢ 1
by transfer metis
thus A € cspan (set ?basis)
unfolding canonical-basis-cblinfun-def
by (smt complex-vector.span-base complex-vector.span-scale list.set-intros(1))
qed
thus cspan (set ?basis) = UNIV by auto

have A = (1:/a =¢p b)) =
norm (1::'a =cp 'b) = (1::real)
by transfer simp

thus A € set ?basis = norm A = 1
unfolding canonical-basis-cblinfun-def
by simp

show %basis = [1]
unfolding canonical-basis-cblinfun-def by simp
show ¢ ¢ 1 x ¢/ x¢ 1 = (¢ x ¢) ¢ (1::'a=¢1'b)
by transfer auto
have (1::'a =¢1 'b) = (0::'a =¢ 'b) = Fualse
by (metis cblinfun.zero-left one-cblinfun.rep-eq one-dim-iso-of-zero’ zero-neq-neg-one)
thus is-ortho-set (set ?basis)
unfolding is-ortho-set-def canonical-basis-cblinfun-def by auto
show A div B = A % inverse B
by (simp add: divide-cblinfun-def)
show inverse (¢ x¢ 1) = (1::a=¢c1’b) /o ¢
by transfer (simp add: o-def one-dim-inverse)
show <canonical-basis-length TYPE('a =c1 'b) = length (canonical-basis :: (‘a
=cr /b) list))
by (simp add: canonical-basis-length-cblinfun-def canonical-basis-cblinfun-def)
qged
end

lemma id-cblinfun-eq-1[simp|: <id-cblinfun = 1>
by transfer auto

lemma one-dim-cblinfun-compose-is-times|simp):
fixes A :: 'a::one-dim =¢cp ‘aand B :: 'a =¢c1 'a
shows A oo, B= A% B

by transfer simp

lemma scaleC-one-dim-is-times: <r xc x = one-dim-iso r * x»
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by simp

lemma one-comp-one-cblinfun[simp]: 1 ocr, 1 = 1
apply transfer unfolding o-def by simp

lemma one-cblinfun-adj[simpl: 1x = 1
by transfer simp

lemma scaleC-1-apply[simp): «(z *c 1) xy y = T *c y»
by (metis cblinfun.scaleC-left cblinfun-id-cblinfun-apply id-cblinfun-eq-1)

lemma cblinfun-apply-1-left[simp]: <1 *y y = y»
by (metis cblinfun-id-cblinfun-apply id-cblinfun-eq-1)

lemma of-complex-cblinfun-apply[simpl: <of-complex x xy y = one-dim-iso (z x¢

y)
by (metis of-complex-def cblinfun.scale C-right one-cblinfun.rep-eq scaleC-cblinfun.rep-eq)

lemma cblinfun-compose-1-left[simp]: <1 oo z = o>
by transfer auto

lemma cblinfun-compose-1-right[simp|: <x ocr, 1 = o>
by transfer auto

lemma one-dim-iso-id-cblinfun: <one-dim-iso id-cblinfun = id-cblinfun>
by simp

lemma one-dim-iso-id-cblinfun-eq-1: <one-dim-iso id-cblinfun = 1>
by simp

lemma one-dim-iso-comp-distr[simp|: <one-dim-iso (a ocr, b) = one-dim-iso a oc,
one-dim-iso by

by (smt (23) cblinfun-compose-scaleC-left cblinfun-compose-scaleC-right one-cinner-a-scale C-one
one-comp-one-cblinfun one-dim-iso-of-one one-dim-iso-scaleC')

lemma one-dim-iso-comp-distr-times[simp]: <one-dim-iso (a ocr, b) = one-dim-iso
a * one-dim-iso b

by (smt (verit, del-insts) mult.left-neutral mult-scaleC-left one-cinner-a-scaleC-one
one-comp-one-cblinfun one-dim-iso-of-one one-dim-iso-scaleC' cblinfun-compose-scale C-right
cblinfun-compose-scaleC-left)

lemma one-dim-iso-adjoint[simp]: <one-dim-iso (Ax) = (one-dim-iso A)*>
by (smt (23) one-cblinfun-adj one-cinner-a-scaleC-one one-dim-iso-of-one one-dim-iso-scaleC
scaleC-ady)

lemma one-dim-iso-adjoint-complez|simp|: <one-dim-iso (Ax) = cnj (one-dim-iso
A)»

by (metis (mono-tags, lifting) one-cblinfun-adj one-dim-iso-idem one-dim-scaleC-1
scaleC-ady)
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lemma one-dim-cblinfun-compose-commute: <a ocr, b= b ocr @ for a b :: «('a::one-dim,’a)
chblinfuny
by (simp add: one-dim-iso-inj)

lemma one-cblinfun-apply-one[simp): <1 *y 1 = 1>
by (simp add: one-cblinfun.rep-eq)

lemma one-dim-cblinfun-apply-is-times:
fixes A :: 'ai:one-dim =c1, 'b::ione-dim and b :: ‘a
shows A xy b = one-dim-iso A x one-dim-iso b
apply (subst one-dim-scaleC-1[of A, symmetric])
apply (subst one-dim-scaleC-1[of b, symmetric])
apply (simp only: cblinfun.scaleC-left cblinfun.scaleC-right)
by simp

lemma is-onb-one-dim[simp|: <norm z = 1 = is-onb {z}» for z :: <- :: one-dim»
by (auto simp: is-onb-def introl: ccspan-one-dim)

lemma one-dim-iso-cblinfun-comp: <one-dim-iso (a ocr, b) = of-complex (cinner
(ax sy 1) (b xy 1))

for a :: <'a::chilbert-space =c 1, 'b:ione-dimy and b :: (‘c::one-dim =¢cy, '@

by (simp add: cinner-adj-left cinner-cblinfun-def one-dim-iso-def)

lemma one-dim-iso-cblinfun-apply[simpl: <one-dim-iso 1 xy p = one-dim-iso (one-dim-iso
Y *c o)

by (smt (verit) cblinfun.scaleC-left one-cblinfun.rep-eq one-dim-iso-of-one one-dim-iso-scaleC
one-dim-scaleC-1)

13.15 Loewner order

lift-definition heterogenous-cblinfun-id :: <'a::complex-normed-vector =>¢, 'b::complez-normed-vector
is «if bounded-clinear (heterogenous-identity :: 'a::complez-normed-vector = 'b::complex-normed-vector)
then heterogenous-identity else (A-. 0)»
by auto

lemma heterogenous-cblinfun-id-def '[simp]: heterogenous-cblinfun-id = id-cblinfun
by transfer auto

definition heterogenous-same-type-cblinfun (z::'a::chilbert-space itself) (y::'b:: chilbert-space
itself) «—
unitary (heterogenous-cblinfun-id :: 'a =c 1, 'b) A unitary (heterogenous-cblinfun-id
i b =cp 'a)
lemma heterogenous-same-type-cblinfun|simp): <heterogenous-same-type-cblinfun (z::'a:: chilbert-space
itself) (y::'a::chilbert-space itself )

unfolding heterogenous-same-type-cblinfun-def by auto

instantiation cblinfun :: (chilbert-space, chilbert-space) ord begin
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definition less-eq-cblinfun-def-heterogenous: <A < B +—
(if heterogenous-same-type-cblinfun TYPE(’a) TYPE('b) then
Vp::'b. ¢ .o ((B—A) xy heterogenous-cblinfun-id xy ) > 0 else (A=DB))»
definition (4 :: ‘a =¢p D) < B+— A< BA-B< A
instance..
end

lemma less-eq-cblinfun-def: <A < B +—
(V. ¥ -c (A*y ¥) < ¢ (B*v )
unfolding less-eq-cblinfun-def-heterogenous
by (auto simp del: less-eq-complex-def simp: cblinfun.diff-left cinner-diff-right)

instantiation cblinfun :: (chilbert-space, chilbert-space) ordered-complez-vector be-
gin
instance
proof intro-classes
fixzyz:da=cp '
fix a b :: complex

define pos where <pos X «— (V. cinner ¢ (X *y ) > 0)) for X :: <'b =¢p,
"by
consider (unitary) <heterogenous-same-type-cblinfun TYPE('a) TYPE('b))
(NA B ::'a=cp 'b. A < B = pos ((B—A) ocr (heterogenous-cblinfun-id ::
’b:>CL'a))>
| (trivial) <\NA B :: 'a =¢c 0. A< B+— A=5B
by atomize-elim (auto simp: pos-def less-eq-cblinfun-def-heterogenous)
note cases = this

have [simp]: (pos 0»
unfolding pos-def by auto

have pos-nondeg: <X = 0y if <pos X» and (pos (—X)» for X
apply (rule cblinfun-cinner-eql, simp)
using that by (metis (no-types, lifting) cblinfun.minus-left cinner-minus-right
dual-order.antisym equation-minus-iff neg-le-0-iff-le pos-def)

have pos-add: <pos (X+Y) if «(pos X» and «pos Y» for X Y
by (smt (23) pos-def cblinfun.diff-left cinner-minus-right cinner-simps(8) diff-ge-0-iff-ge
diff-minus-eq-add neg-le-0-iff-le order-trans that(1) that(2) uminus-cblinfun.rep-eq)

have pos-scaleC: <pos (a *¢ X)) if <a>0> and <pos X» for X a
using that unfolding pos-def by (auto simp: cblinfun.scaleC-left)

let %id = <heterogenous-cblinfun-id :: 'b =cp, 'ay
show «x < o»
apply (cases rule:cases) by auto

show (z < y) «+— (z <y A -y <z
unfolding less-cblinfun-def by simp

322



show (z < 2 if <z < y» and <y < 2
proof (cases rule:cases)
case unitary
define a b :: <'b = 'b» where <a = (y—z) ocr heterogenous-cblinfun-id»
and b = (z—y) ocr heterogenous-cblinfun-id>
with unitary that have (pos a> and <pos b
by auto
then have <pos (a + b)»
by (rule pos-add)
moreover have <a + b = (z — ) o heterogenous-cblinfun-id>
unfolding a-def b-def
by (metis (no-types, lifting) bounded-cbilinear.add-left bounded-cbilinear-cblinfun-compose
diff-add-cancel ordered-field-class.sign-simps(2) ordered-field-class.sign-simps(8))
ultimately show #thesis
using unitary by auto
next
case trivial
with that show ?thesis by auto
qed
show «z = o if <z < y» and <y < >
proof (cases rule:cases)
case unitary
then have <unitary ?id>
by (auto simp: heterogenous-same-type-cblinfun-def)
define a b :: <'b =¢ 'b» where (a = (y—z) oo %id>
and b = (z—vy) ocr %id>
with unitary that have (pos a> and <pos b
by auto
then have <a = 0
apply (rule-tac pos-nondeg)
apply (auto simp: a-def b-def)
by (smt (verit, best) add.commute bounded-cbilinear.add-left bounded-cbilinear-cblinfun-compose
cblinfun-compose-zero-left diff-0 diff-add-cancel group-cancel.rule0 group-cancel.subl)
then show ?thesis
unfolding a-def using <unitary ?id>
by (metis cblinfun-compose-assoc cblinfun-compose-id-right cblinfun-compose-zero-left
eq-iff-diff-eq-0 unitaryD2)
next
case trivial
with that show ?thesis by simp
qed
show <z + y <z 4+ 2 if <y < o
proof (cases rule:cases)
case unitary
with that show Zthesis
by auto
next
case trivial
with that show ?Zthesis
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by auto
qed

show (a x¢c ¢ < a x¢ 1 if <z <y and <0 < o
proof (cases rule:cases)
case unitary
with that pos-scaleC show ?Zthesis
by (metis cblinfun-compose-scaleC-left complex-vector.scale-right-diff-distrib)
next
case trivial
with that show ?Zthesis
by auto
qed

show <a ¢ © < b x¢ o if <« < by and <0 < »
proof (cases rule:cases)
case unitary
with that show ?thesis
by (auto introl: pos-scaleC simp flip: scaleC-diff-left)
next
case trivial
with that show ?Zthesis
by auto
qed
qed
end

lemma positive-id-cblinfun[simp]: id-cblinfun > 0
unfolding less-eq-cblinfun-def using cinner-ge-zero by auto

lemma positive-selfadjointl: <selfadjoint Ay if <A > 0>
apply (rule cinner-real-selfadjointl)
using that by (auto simp: complez-is-real-iff-compareQ less-eq-cblinfun-def)

lemma cblinfun-lel:
assumes (A\z. normz =1 = z -¢ (A *y 2) < z ¢ (B *y z)
shows <4 < B»
proof (unfold less-eq-cblinfun-def, intro alll, case-tac < = 0»)
fix ¢ :: 'a assume ) = 0»
then show ¢ -¢ (A xy ) < -¢ (B *y )
by simp
next
fix ¢ :: 'a assume ) # 0>
define ¢ where (¢ = ¢ /g norm ¥
have « -c (A +y ©) < ¢ -c (B *v )
apply (rule assms)
unfolding ¢-def
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by (simp add: < # 0»)
with <) # 0) show ) - (A xy V) < Y -¢ (B *y )
unfolding y-def
by (smt (verit) cinner-adj-left cinner-scaleR-left cinner-simps(6) complex-of-real-nn-iff
mult-cancel-right1 mult-left-mono norm-eq-zero norm-ge-zero of-real-1 right-inverse
scaleR-scaleC' scaleR-scaleR)
qed

lemma positive-cblinfunl: <A > 0s if «A\xz. norm x = 1 = cinner z (A xy z) >
0>

apply (rule cblinfun-lel)

using that by simp

lemma less-eq-scaled-id-norm:
assumes norm A < ¢» and <selfadjoint A»
shows (A < ¢ xg id-cblinfuny
proof —
have «x «¢ (A *v z) < complez-of-real ¢» if <norm z = 1» for z
proof —
have <norm (z -¢ (A *v z)) < norm (A *v z)»
by (metis complex-inner-class. Cauchy-Schwarz-ineq2 mult-cancel-right! that)
also have «... < norm A»
by (metis more-arith-simps(6) norm-cblinfun that)
also have ... < ¢
by (rule assms)
finally have norm (z -¢ (A *v 2)) < ©
by —
moreover have «z .¢ (4 xy z) € R
by (metis assms(2) cinner-selfadjoint-real)
ultimately show #thesis
by (smt (verit) Re-complex-of-real Reals-cases complex-of-real-nn-iff less-eq-complex-def
norm-of-real reals-zero-comparable)
qed
then show ?thesis
by (smt (verit) cblinfun.scaleC-left cblinfun-id-cblinfun-apply cblinfun-lel cin-
ner-scaleC-right cnorm-eq-1 mult-cancel-left2 scaleR-scaleC)
qed

lemma positive-cblinfun-squarel: <A = Bx oo, B=—= A > 0»
apply (rule positive-cblinfunl)
by (metis cblinfun-apply-cblinfun-compose cinner-adj-right cinner-ge-zero)

lemma one-dim-loewner-order: <A > B <— one-dim-iso A > (one-dim-iso B ::
complex)s for A B :: <'a =¢ 'a:{chilbert-space, one-dim}»
proof —
have A: <A = one-dim-iso A x¢ id-cblinfun)
by simp
have B: (B = one-dim-iso B x¢ id-cblinfun>
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by simp
have <A > B <— (V4. cinner ¢ (A ) > cinner ¢ (B ¥))
by (simp add: less-eq-cblinfun-def)
also have «... «— (V¢::'a. one-dim-iso B * (¢ -¢ ) < one-dim-iso A x (¢ -¢
)
apply (subst A, subst B)
by (metis (no-types, opaque-lifting) cinner-scaleC-right id-cblinfun-apply scaleC-cblinfun.rep-eq)
also have (... «— one-dim-iso A > (one-dim-iso B :: complex)»
by (auto intro!: mult-right-mono elim!: allE[where z=1])
finally show ?thesis
by —
qed

lemma one-dim-positive: <A > 0 +— one-dim-iso A > (0::complex)» for A :: (‘a
=c1 'a::{chilbert-space, one-dim})
using one-dim-loewner-order[where B=0] by auto

lemma op-square-nondegenerate: <a = 0 if <ax ocp a = 0»
proof (rule cblinfun-eq-0-on-UNIV-span[where basis=UNIV]; simp)
fix s
from that have s .¢ ((a*x ocr a) *y s) = 0»
by simp
then have <(a xy s) «¢ (a xy 8) = O»
by (simp add: cinner-adj-right)
then show <a xy s = 0>
by simp
qged

lemma comparable-selfadjoint:

assumes <a < by

assumes <selfadjoint a>

shows «¢selfadjoint b»

by (smt (verit, best) assms(1) assms(2) cinner-selfadjoint-real cinner-real-selfadjoint]
comparable complex-is-real-iff-compare0 less-eq-cblinfun-def selfadjoint-def)

lemma comparable-selfadjoint’:

assumes <a < b

assumes <selfadjoint b

shows <selfadjoint a»

by (smt (verit, best) assms(1) assms(2) cinner-selfadjoint-real cinner-real-selfadjoint]
comparable complex-is-real-iff-compare less-eq-cblinfun-def selfadjoint-def)

lemma Proj-mono: <Proj S < Proj T «— S < T
proof (rule iff)

assume S < T»

define D where <D = Proj T — Proj S»

from «S < T) have TS-S[simp|: <Proj T ocr Proj S = Proj S»

by (smt (verit, ccfo-threshold) Proj-idempotent Proj-range cblinfun-apply-cblinfun-compose
cblinfun-apply-in-image cblinfun-eql cblinfun-fives-range less-eq-ccsubspace.rep-eq sub-
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set-iff)
then have ST-S[simp|: «Proj S ocr, Proj T = Proj S»
by (metis adj-Proj adj-cblinfun-compose)
have «Dx ocp, D = D»
by (simp add: D-def cblinfun-compose-minus-left cblinfun-compose-minus-right
adj-minus adj-Proj)
then have <D > 0»
by (metis positive-cblinfun-squarel)
then show <Proj S < Proj T»
by (simp add: D-def)
next
assume PS-PT: <Proj S < Proj T»
show <5 < T
proof (rule ccsubspace-lel-unit)
fix ¢ assume <) € space-as-set S» and [simp]: <norm ¢ = 1»
then have <1 = norm (Proj S =y ¥)»
by (simp add: Proj-fizes-image)
also from PS-PT have <... < norm (Proj T sy ¢))
by (metis (no-types, lifting) Proj-idempotent adj-Proj cblinfun-apply-cblinfun-compose
cinner-adj-left cnorm-le less-eq-cblinfun-def)
also have «... < I»
by (metis Proj-is-Proj <norm 1 = 1 is-Proj-reduces-norm)
ultimately have <norm (Proj T =y ¢) = 1»
by auto
then show <« € space-as-set T
by (simp add: norm-Proj-apply-1)
qed
qed

13.16 Embedding vectors to operators

lift-definition vector-to-cblinfun :: <'a::complez-normed-vector = 'b::one-dim = ¢,
‘ay is

Y . one-dim-iso ¢ *c P>

by (simp add: bounded-clinear-scaleC-const)

lemma vector-to-cblinfun-apply[simpl: <vector-to-cblinfun ¢ *yv ¢ = one-dim-iso
Y xo

apply (transfer fizing: ¥ ¢)

by simp

lemma vector-to-cblinfun-cblinfun-compose[simpl:
A ocy, (vector-to-cblinfun ) = vector-to-cblinfun (A xy 1)
apply transfer
unfolding comp-def bounded-clinear-def clinear-def Vector-Spaces.linear-def
module-hom-def module-hom-azxioms-def
by simp

lemma vector-to-cblinfun-add: <vector-to-cblinfun (x + y) = wvector-to-cblinfun x
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+ wvector-to-cblinfun y»
by transfer (simp add: scaleC-add-right)

lemma norm-vector-to-cblinfun|simp|: norm (vector-to-cblinfun ©) = norm x
proof transfer
have bounded-clinear (one-dim-iso::'a = compler)
by simp
moreover have onorm (one-dim-iso::'a = complex) * norm x = norm x
for z :: b
by simp
ultimately show onorm (Ap. one-dim-iso (¢::'a) x¢ ) = norm x
for z :: 'b
by (subst onorm-scaleC-left)
qed

lemma bounded-clinear-vector-to-cblinfun|bounded-clinear]: bounded-clinear vector-to-cblinfun
apply (rule bounded-clinearl[where K=1])
apply (transfer, simp add: scaleC-add-right)
apply (transfer, simp add: mult.commute)
by simp

lemma vector-to-cblinfun-scaleCsimp]:
vector-to-cblinfun (a *c ¥) = a *¢ vector-to-cblinfun ¢ for a::complex
by (intro clinear.scaleC bounded-clinear.clinear bounded-clinear-vector-to-cblinfun)

lemma vector-to-cblinfun-apply-one-dim[simp):
shows wector-to-cblinfun ¢ xy v = one-dim-iso v *¢ ¢
by transfer (rule refl)

lemma vector-to-cblinfun-one-dim-iso[simp]: <vector-to-cblinfun = one-dim-iso)
by (auto intro!: ext cblinfun-eql)

lemma vector-to-cblinfun-adj-apply[simp]:
shows vector-to-cblinfun ¥x xy @ = of-complex (cinner v ¢)
by (simp add: cinner-adj-right one-dim-iso-def one-dim-iso-inj)

lemma vector-to-cblinfun-comp-onelsimp):
(vector-to-cblinfun s :: 'a::one-dim =¢y, -) ocr 1
= (vector-to-cblinfun s :: 'b::one-dim =cp -)
apply (transfer fizing: s)
by fastforce

lemma vector-to-cblinfun-0|[simp]: vector-to-cblinfun 0 = 0
by (metis cblinfun.zero-left cblinfun-compose-zero-left vector-to-cblinfun-cblinfun-compose)

lemma image-vector-to-cblinfun[simp]: vector-to-cblinfun z xg T = ccspan {z}
— Not that the general case vector-to-cblinfun x xg S can be handled by using

that S = T or S = L by one-dim-ccsubspace-all-or-nothing

proof transfer
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show closure (range (Ap::'b. one-dim-iso ¢ x¢ xz)) = closure (cspan {z})
for z :: 'a
proof (rule arg-cong [where f = closure])
have k x¢ z € range (Ap. one-dim-iso ¢ *¢ z) for k
by (smt (23) id-apply one-dim-iso-id one-dim-iso-idem range-eql)
thus range (Ap. one-dim-iso (::'b) x¢ ) = cspan {z}
unfolding complex-vector.span-singleton
by auto
qed
qged

lemma vector-to-cblinfun-adj-comp-vector-to-cblinfun[simpl:
shows vector-to-cblinfun 1 oc vector-to-cblinfun ¢ = cinner ¢ ¢ *¢ id-cblinfun
proof —
have one-dim-iso v *¢ one-dim-iso (of-complex (Y -¢ )) =
(¥ «¢ ) x¢ one-dim-iso
for v :: ‘ci:one-dim
by (metis complez-vector.scale-left-commute of-complex-def one-dim-iso-of-one
one-dim-iso-scaleC' one-dim-scaleC-1)
hence one-dim-iso ((vector-to-cblinfun ¥ ocp vector-to-cblinfun ) xy )
= one-dim-iso ((cinner ¢ ¢ *c id-cblinfun) xy )
for v :: ‘c::one-dim
by simp
hence ((vector-to-cblinfun v¥x ocy, vector-to-cblinfun ) xy ) = ((cinner i ¢
xco id-cblinfun) vy )
for v :: ‘c::one-dim
by (rule one-dim-iso-inj)
thus ?thesis
using cblinfun-eql[where z = vector-to-cblinfun ¥+ oc vector-to-cblinfun ¢
and y = (¢ -¢ @) *¢ id-cblinfun]
by auto
qed

lemma isometry-vector-to-cblinfun[simpl:
assumes norm z = 1
shows isometry (vector-to-cblinfun x)
using assms cnorm-eq-1 isometry-def by force

lemma image-vector-to-cblinfun-adj:
assumes < ¢ space-as-set (— S)»
shows ¢(vector-to-cblinfun )x xg S = T)»
proof —
from assms obtain ¢ where <@ € space-as-set Sy and <— is-orthogonal ¥ @»
by (metis orthogonal-complement] uminus-ccsubspace.rep-eq)
have ¢((vector-to-cblinfun ¥)* xg S :: 'b ccsubspace) > (vector-to-cblinfun v)x*
xg cespan {phr (Is - > ...»)
by (simp add: «p € space-as-set S) cblinfun-image-mono ccspan-leql)
also have «... = ccspan {(vector-to-cblinfun )* xy @}
by (auto simp: cblinfun-image-ccspan)
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also have «... = ccspan {of-complez (¢ ¢ )b
by auto
also have ... > 1»
by (simp add: < -¢ ¢ # 0> flip: bot.not-eq-extremum )
finally(dual-order.strict-trans1) show ?thesis
using one-dim-ccsubspace-all-or-nothing bot.not-eq-extremum by auto
qed

lemma image-vector-to-cblinfun-adj’:
assumes ) # 0>
shows ¢(vector-to-cblinfun ¥)x xg T = T»
apply (rule image-vector-to-cblinfun-adyj)
using assms by simp

13.17 Rank-1 operators / butterflies
definition rank! where <rankl A «— (3¢. A xg T = cespan {})

— This is not the usual definition of a rank-1 operator. The usual definition is
an operator with 1-dim image. Here we define it as an operator with 0- or 1-dim
image. This makes the definition simpler to use. The normal definition of rank-1
operators then corresponds to the non-zero rankl operators.

definition butterfly (s::'a::complex-normed-vector) (t::'b::chilbert-space)
= wvector-to-cblinfun s oo (vector-to-cblinfun t :: complex = -)*

abbreviation selfbutter s = butterfly s s

lemma butterfly-add-left: <butterfly (a + a’) b = butterfly a b + butterfly a’ b
by (simp add: butterfly-def vector-to-cblinfun-add cbilinear-add-left bounded-cbilinear.add-left
bounded-cbilinear-cblinfun-compose)

lemma butterfly-add-right: <butterfly a (b + b") = butterfly a b + butterfly a b”
by (simp add: butterfly-def adj-plus vector-to-cblinfun-add cblinfun-compose-add-right)

lemma butterfly-def-one-dim: butterfly s t = (vector-to-cblinfun s :: 'c::one-dim
=crL -)
ocr (vector-to-cblinfun t :: 'c =cp -)*

(is - = %rhs) for s :: ‘a::complex-normed-vector and ¢ :: 'b::chilbert-space
proof —

let 2isoAC = 1 :: '¢c =¢ complex

let ?isoCA = 1 :: complex =c¢cr 'c

let Pvector = vector-to-cblinfun :: - = ('c =¢r -)

have butterfly s t =
(Pvector s ocr ?isoCA) ocr (Pvector t oo, ?isoCA)x*
unfolding butterfly-def vector-to-cblinfun-comp-one by simp
also have ... = %vector s ocy, (?is0CA ocy, ?isoCAx) ooy (Pvector t)x
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by (metis (no-types, lifting) cblinfun-compose-assoc adj-cblinfun-compose)
also have ... = ?rhs
by simp
finally show ?thesis
by simp
qed

lemma butterfly-comp-cblinfun: butterfly ¥ ¢ ocr a = butterfly ¥ (ax xy @)
unfolding butterfly-def
by (simp add: cblinfun-compose-assoc flip: vector-to-cblinfun-cblinfun-compose)

lemma cblinfun-comp-butterfly: a ooy, butterfly ¥ ¢ = butterfly (a xv ) ¢
unfolding butterfly-def
by (simp add: cblinfun-compose-assoc flip: vector-to-cblinfun-cblinfun-compose)

lemma butterfly-apply[simp): butterfly ¢ ' xy ¢ = (Y’ ¢ ) *¢ ¥
by (simp add: butterfly-def scaleC-cblinfun.rep-eq)

lemma butterfly-scaleC-left[simp]: butterfly (¢ xc V) ¢ = ¢ x¢ butterfly ¥ ¢
unfolding butterfly-def vector-to-cblinfun-scaleC scaleC-adj
by (simp add: cnj-z-x)

lemma butterfly-scale C-right]simp]: butterfly ¥ (¢ xc ¢) = cnj ¢ x¢ butterfly ¥ ¢
unfolding butterfly-def vector-to-cblinfun-scaleC scaleC-adj
by (simp add: cnj-z-z)

lemma butterfly-scaleR-left[simp]: butterfly (r xg ¥) ¢ = r *¢ butterfly ¥ ¢
by (simp add: scaleR-scaleC')

lemma butterfly-scaleR-right[simpl: butterfly ¥ (r xr @) = 1 *x¢ butterfly ¥ ¢
by (simp add: butterfly-scaleC-right scaleR-scaleC)

lemma butterfly-adjoint|[simp]: (butterfly 1 p)x = butterfly ¢ ¢
unfolding butterfly-def by auto

lemma butterfly-comp-butterfly[simp]: butterfly 1 ¥ 2 ocp, butterfly 3 ¥4 = (2

¢ ¥3) xc butterfly Y1 4
by (simp add: butterfly-comp-cblinfun)

lemma butterfly-0-left[simp]: butterfly 0 a = 0
by (simp add: butterfly-def)

lemma butterfly-0-right[simp]: butterfly a 0 = 0
by (simp add: butterfly-def)

lemma butterfly-is-rankl:
assumes @ # 0>
shows (butterfly ¥ ¢ *s T = ccspan {¢}
using assms by (simp add: butterfly-def cblinfun-compose-image image-vector-to-cblinfun-adj’)
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lemma ranki-is-butterfly:
— The restriction 3 is necessary. Consider, e.g., the space of all finite sequences
(with sum-norm), and A’ f = (3" x. fx). Then A’ is not a butterfly.
assumes (A xg T = ccspan {1::-::chilbert-space}s
shows (Jp. A = butterfly ¢ ¢
proof (rule exl[of - «Ax xy (¢ /g (norm )?))], rule cblinfun-eql)
fixy:'b
from assms have <A xy v € space-as-set (cespan {1})
by (simp flip: assms)
then obtain ¢ where c: <A xy v = ¢ x¢
apply atomize-elim
apply (auto simp: ccspan.rep-eq)
by (metis complez-vector.span-breakdown-eq complex-vector.span-empty eq-iff-diff-eq-0
singletonD)
have <A *y v = butterfly ¥ (¢ /r (norm ¥)?) v (A *y v)
apply (auto simp: ¢ simp flip: scaleC-scaleC)
by (metis cinner-eq-zero-iff divideC-field-simps(1) power2-norm-eg-cinner scaleC-left-commute
scaleC-zero-right)

also have «... = (butterfly ¢ (1 /g (norm ¥)?) ocr A) *y 1
by simp
also have «... = butterfly ¢ (A% *v (¢ /r (norm ¥)?)) v v
by (simp add: cinner-adj-left)
finally show <A *xy v =...»
by —
qged

lemma ranki1-0[simp|: «rankl 0>
by (metis ccspan-0 kernel-0 kernel-apply-self rank1-def)

lemma rankl-iff-butterfly: <rankl A +— (3¢ p. A = butterfly ¥ @)
for A :: «-::complez-inner = ¢ -::chilbert-spaces
proof (rule iff)
assume <rankl A»
then obtain i) where <A xg T = cespan {¢Y}>
using rankl-def by auto
then have Jp. A = butterfly ¥ ¢»
by (rule rankl1-is-butterfly)
then show 3¢ p. A = butterfly ¥ p»
by auto
next
assume asm: <3 @. A = butterfly ¢ v
show (rank1 A»
proof (cases <A = 0»)
case True
then show ?thesis
by simp
next
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case Fulse

from asm obtain ¢ ¢ where A: <A = butterfly ¥ ¢
by auto

with Fualse have <) # 0> and <@ # 0>
by auto

then have <butterfly ¢ p xs T = cespan {}
by (rule-tac butterfly-is-rank1)

with A ¢ # 0> show <rankl A»
by (auto introl: exl[of - ¢] simp: rankl-def)

qged
qged

lemma norm-butterfly: norm (butterfly ¥ ¢) = norm ¥ * norm ¢
proof (cases p=0)
case True
then show ?thesis by simp
next
case Fulse
show ?thesis
unfolding norm-cblinfun.rep-eq
proof (rule onormI[OF - False])
fix z

have cmod (¢ -¢ x) * norm 1 < norm ¥ x norm @ * norm
by (metis ab-semigroup-mult-class.mult-ac(1) complez-inner-class. Cauchy-Schwarz-ineq2
mult.commute mult-left-mono norm-ge-zero)
thus norm (butterfly v ¢ *y x) < norm 1 x norm ¢ * norm x
by (simp add: power2-eg-square)

show norm (butterfly ¥ ¢ *y @) = norm ¥ * norm ¢ * norm @
by (smt (23) ab-semigroup-mult-class.mult-ac(1) butterfly-apply mult.commute
norm-eg-sqri-cinner norm-ge-zero norm-scale C power2-eq-square real-sqrt-abs real-sqrt-eq-iff )
qed
qed

lemma bounded-sesquilinear-butterfly[bounded-sesquilinear]: <bounded-sesquilinear
(A(b::'b:chilbert-space) (a::'a::chilbert-space). butterfly a b)»
proof standard
fixaa ::’aand b b’ :: 'band r :: complex
show <butterfly (a + a’) b = butterfly a b + butterfly a’ b
by (rule butterfly-add-left)
show <butterfly a (b + b’) = butterfly a b + butterfly a b"
by (rule butterfly-add-right)
show <butterfly (r xc a) b = r *¢ butterfly a b
by simp
show <butterfly a (r ¢ b) = cnj r x¢ butterfly a by
by simp
show 3 K. Vb a. norm (butterfly a b) < norm b x norm a x K >
apply (rule exI|of - 1])
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by (simp add: norm-butterfly)
qed

lemma inj-selfbutter-upto-phase:
assumes selfbutter x = selfbutter y
shows Jc. cmodc =1 ANz =cx*c vy
proof (cases © = 0)
case True
from assms have y = 0
using norm-butterfly
by (metis True butterfly-0-left divisors-zero norm-eg-zero)
with True show ?thesis
using norm-one by fastforce
next
case Fulse
define ¢ where ¢ = (y ¢ z) / (¢ -¢c )
have (z -¢ ) x¢ © = selfbutter x *y x
by (simp add: butterfly-apply)

also have ... = selfbutter y xy x
using assms by simp
also have ... = (y ¢ z) *¢ ¥

by (simp add: butterfly-apply)
finally have zcy: x = ¢ x¢ y
by (simp add: c-def ceq-vector-fraction-iff)
have cmod ¢ x norm x = cmod ¢ x norm y
using assms norm-butterfly
by (smt (verit, ccfo-SIG) «(z -c x) *c T = selfbutter  *y x> <selfbutter y
xy ¢ = (y ¢ x) x¢ Y cinner-scaleC-right complex-vector.scale-left-commute com-
plez-vector.scale-right-imp-eq mult-cancel-left norm-eq-sqrt-cinner norm-eq-zero scaleC-scaleC

zcy)
also have c¢mod ¢ * norm y = norm (¢ *c y)
by simp
also have ... = norm z

unfolding zcy[symmetric] by simp
finally have c¢: cmod ¢ = 1
by (simp add: False)
from c xzcy show ?thesis
by auto
qed

lemma butterfly-eq-proj:
assumes norm z = 1
shows selfbutter x = proj x
proof —
define B and ¢ :: complex =¢ a
where B = selfbutter x and ¢ = vector-to-cblinfun x
then have B: B = ¢ oc ¢*
unfolding butterfly-def by simp
have padjp: px ocp ¢ = id-cblinfun
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using @-def assms isometry-def isometry-vector-to-cblinfun by blast
have B ocy, B = ¢ ocr (w* ocr ¢) ocr @*
by (simp add: B cblinfun-assoc-left(1))
also have ... = B
unfolding ¢adje by (simp add: B)
finally have idem: B oc; B = B.
have herm: B = Bx
unfolding B by simp
from idem herm have BProj: B = Proj (B xg top)
by (rule Proj-on-own-range’[symmetric])
have B xg top = ccspan {z}
by (simp add: B @-def assms cblinfun-compose-image range-adjoint-isometry)
with BProj show B = proj «
by simp
qed

lemma butterfly-sgn-eq-proj:
shows selfbutter (sgn z) = proj
proof (cases <x = 0)
case True
then show ?thesis
by simp
next
case Fulse
then have <selfbutter (sgn x) = proj (sgn z)»
by (simp add: butterfly-eq-proj norm-sgn)
also have <ccspan {sgn z} = ccspan {x}»
by (metis ccspan-singleton-scaleC' scaleC-eq-0-iff scaleR-scaleC' sgn-div-norm
sgn-zero-iff)
finally show ?thesis
by —
qed

lemma butterfly-is-Proj:
<norm x = 1 = is-Proj (selfbutter z)»
by (subst butterfly-eq-proj, simp-all)

lemma cspan-butterfly-UNIV:
assumes <cspan basisA = UNIV»
assumes <cspan basisB = UNIV»
assumes <is-ortho-set basisB>
assumes (\b. b € basisB = norm b = 1»
shows <cspan {butterfly a b| (a::'a::{ complex-normed-vector}) (b::'b::{ chilbert-space,cfinite-dim}).
a € basisA A b € basisB} = UNIV»
proof —
have F: <3 Fe{butterfly a b |a b. a € basisA N b € basisB}. Vb'€basisB. F xy
b= (if b’ = b then a else 0)»
if <a € basisA> and <b € basisB> for a b
apply (rule bexI[where z=<butterfly a b))
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using assms that by (auto simp: is-ortho-set-def cnorm-eq-1)
show ?thesis
apply (rule cblinfun-cspan-UNIV |[where basisA=basisB and basisB=basisA])
using assms apply auto[2]
using F by (smt (verit, ccfo-SIG) image-iff)
qed

lemma cindependent-butterfly:
fixes basisA :: <'a::chilbert-space sety and basisB :: «'b::chilbert-space set»
assumes <is-ortho-set basisAy <is-ortho-set basisB»
assumes normA: (A\a. a€basisA = norm a = 1> and normB: (\b. b€basisB
= norm b = 1>
shows ¢cindependent {butterfly a b| a b. acbasisA N\ bebasisB}»
proof (unfold complez-vector.independent-explicit-module, intro alll impl, rename-tac
Tfg)
fix T :: «('b=¢r 'a) seb» and f :: <'b=c 'a = compler> and g :: <'b =¢cp '@
assume <finite T»
assume T-subset: «T C {butterfly a b |a b. a € basisA N b € basisB}>
define lin where in = (3. geT. f g *¢c g)»
assume <lin = 0»
assume g € T)

then obtain a b where g: «¢ = butterfly a b> and [simp]: <a € basisA> b €
basisB»

using T-subset by auto

have *: (vector-to-cblinfun a)x xy fg *xc g *y b= 0
if <g € T — {butterfly a b} for g
proof —
from that
obtain o’ b’ where g: <g = butterfly o’ b» and [simp]: <a’ € basisA> b’ €
basis B>
using T-subset by auto
from that have <g # butterfly a b> by auto
with ¢ consider (a) <a#a’s | (b) <b#£b"
by auto
then show <(vector-to-cblinfun a)x xy f g *c g %y b= O»
proof cases
case a
then show ?thesis
using <is-ortho-set basisA> unfolding g
by (auto simp: is-ortho-set-def butterfly-def scaleC-cblinfun.rep-eq)
next
case b
then show ?thesis
using <is-ortho-set basisB) unfolding g
by (auto simp: is-ortho-set-def butterfly-def scaleC-cblinfun.rep-eq)
qed
qed
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have <0 = (vector-to-cblinfun a)x xy lin *y b
using <lin = 0»> by auto

also have «... = (3> geT. (vector-to-cblinfun a)x xv (f g *xc g) *v b)»
unfolding lin-def

apply (rule complex-vector.linear-sum)
by (smt (23) cblinfun.scaleC-left cblinfun.scaleC-right cblinfun.add-right clinearl
plus-cblinfun.rep-eq)

also have «... = (3 ge{butterfly a b}. (vector-to-cblinfun a)* xv (f g *¢ g) *v
b))

apply (rule sum.mono-neutral-right)
using <finite T) % <g € T» g by auto

also have «... = (vector-to-cblinfun a)* xv (f g *c g) *v b
by (simp add: g)
also have «... = f ¢

unfolding g
using normA normB by (auto simp: butterfly-def scaleC-cblinfun.rep-eq cnorm-eq-1)
finally show «f g = 0»
by simp
qed

lemma clinear-eq-butterflyl:

fixes F G :: «('a::{ chilbert-space,cfinite-dim} = ¢, 'b::complex-inner) = 'c::complex-vector>
assumes clinear F' and clinear G

assumes <cspan basisA = UNIV <cspan basisB = UNIV)

assumes <is-ortho-set basisAy <is-ortho-set basisB»

assumes Aa b. a€basisA = bebasisB => F (butterfly a b) = G (butterfly a b)
assumes (\b. b€basisB = norm b = 1>

shows F' = G

apply (rule complez-vector.linear-eq-on-span[where f=F, THEN ext, rotated 3])

apply (subst cspan-butterfly-UNIV')
using assms by auto

lemma sum-butterfly-is-Proj:
assumes <is-ortho-set E>»
assumes (\e. e€F = norm e = 1>
shows <is-Proj (> e€E. butterfly e e)»
proof (cases «finite E»)
case True
show ?thesis
proof (rule is-Proj-I)
show «(>_ e€E. butterfly e e)x = (> e€E. butterfly e e)»
by (simp add: sum-adyj)
have ortho: «f # e = e € E = f € F = is-orthogonal f e) for f e
by (meson assms(1) is-ortho-set-def)
have unit: <¢ . e = 1) if <e € E) for ¢
using assms(2) cnorm-eq-1 that by blast

have x: «(3_f€E. (f -¢ €) x¢ butterfly f e) = butterfly e > if <e € E» for e
apply (subst sum-single[where i=e])
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by (auto introl: simp: that ortho unit True)

show «(>" ecE. butterfly e ) ocr (D ecE. butterfly e e) = (> ecE. butterfly

e e)
by (auto simp: x cblinfun-compose-sum-right cblinfun-compose-sum-left)

qed
next

case Fulse

then show ?thesis

by simp

qed

lemma ranki-compose-left: <rankl (a ocy, b) if <rankl b
proof —
from <ranki b
obtain 1) where <b xg T = ccspan {¢}
using rankI-def by blast
then have *: «(a oo, b) *s T = cespan {a ¥}»
by (metis cblinfun-assoc-left(2) cblinfun-image-ccspan image-empty image-insert)
then show <rank! (a ocyp, b)»
using rankl-def by blast
qed

lemma csubspace-of-1dim-space:
assumes S # {0}
assumes <(csubspace S»
assumes S C cspan {¢}P
shows «S = cspan {¢}
proof —
from «S # {0} <csubspace S»
obtain ¢ where «p € S) and «p # 0»
using complex-vector.subspace-0 by blast
then have «p € cspan {¢}P
using «S C espan {¢}> by blast
with «p # 0) obtain ¢ where <«p = ¢ *¢ » and ¢ # 0
by (metis complez-vector.span-breakdown-eq complez-vector.span-empty right-minus-eq
scaleC-eq-0-iff singletonD)
have <cspan {¢} = cspan {inverse ¢ x¢c ¢}
by (simp add: <«p = ¢ x¢ ¥y <c £ 0))
also have «... C cspan {p}
using «c # 0 by auto
also from «p = ¢ ¢ V> «p € S) <¢c # 0> assms
have (... C §»
by (metis complez-vector.span-subspace cspan-singleton-scaleC empty-subset]
insert-Diff insert-mono)
finally have «cspan {¢} C S»
by —
with «S C cspan {¢}> show ?thesis
by simp
qed
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lemma subspace-of-1dim-ccspan:
assumes S # O
assumes S < cespan {}P
shows «S = ccspan {¢}
using assms apply transfer
by (simp add: csubspace-of-1dim-space)

lemma ranki-compose-right: <rankl (a ooy, b)> if <rankl a>
proof —
have ((a ocp b) s T < a xg T
by (metis cblinfun-apply-cblinfun-compose cblinfun-apply-in-image cblinfun-image-cespan-leql
cespan-UNIV)
also from «rank! a»
obtain i) where <a xg T = ccspan {¢}
using rankI-def by blast
finally have *: <(a ocr b) xs T < cespan {¢}»
by —
show <rank! (a ocyp b)»
proof (cases «(a ocr b) xg T = 0»)
case True
then show ?thesis
by simp
next
case Fulse
with x have ((a ocr, b) xs T = cespan {¢}
using subspace-of-1dim-ccspan by blast
then show ?thesis
using rankl-def by blast
qed
qed

lemma ranki-scaleC: <rankl (¢ *¢ a) if <rank! o> and <c # 0»
using rankl-compose-left|OF <rankl a>, where a=<c *¢ id-cblinfuns)
using that by force

lemma rankl-uminus: <rankl (—a)> if <rank! a»
using that rankl-scaleC[where ¢c=¢—1) and a=a| by simp

lemma ranki-uminus-iff [simp]: <rankl (—a) «— rankl a
using rankl-uminus by force

lemma ranki-adj: <rankl (ax)> if <ranki a»
for a :: <'a::chilbert-space = 'b::chilbert-spaces

by (metis adj-0 butterfly-adjoint rank1-iff-butterfly that)

lemma ranki-adj-iff[simp]: <rankl (ax) «— rankl a
for a :: <'a::chilbert-space = ¢, 'b::chilbert-spaces
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by (metis double-adj rankI-adyj)

lemma butterflies-sum-id-finite: <id-cblinfun = (> z€B. selfbutter z)» if <is-onb
B for B :: <'a :: {cfinite-dim, chilbert-space} set)
proof (rule cblinfun-eq-gen-eql)
from <is-onb By show <ccspan B = T»
by (simp add: is-onb-def)
from <is-onb B> have <cindependent B>
by (simp add: is-onb-def is-ortho-set-cindependent)
then have [simp]: «finite B>
using cindependent-cfinite-dim-finite by blast
from <is-onb B>
have 1: j # b = j € B = is-orthogonal j b if <b € B) for j b
using that by (auto simp add: is-onb-def is-ortho-set-def)
from <is-onb B>
have 2: <b .c b= 1) if <b € B> for b
using that by (simp add: is-onb-def cnorm-eg-1)
fix b assume b € B)
then show <id-cblinfun xy b = (> z€B. selfbutter x) *y b
using 1 2 by (simp add: cblinfun.sum-left sum-single[where i=0b])
qed

lemma butterfly-sum-left: <butterfly (> ieM. ¢ i) p = (O i€M. butterfly (¢ 1)
@)

apply (induction M rule:infinite-finite-induct)

by (auto simp add: butterfly-add-left)

lemma butterfly-sum-right: <butterfly ¥ (> ieM. ¢ i) = (O i€M. butterfly ¥ (¢
7))

apply (induction M rule:infinite-finite-induct)

by (auto simp add: butterfly-add-right)

13.18 Banach-Steinhaus

theorem cbanach-steinhaus:
fixes F' :: <c = 'a::cbanach =cp 'b::complex-normed-vectors
assumes (A\z. IM. VY n. norm ((F n) xy z) < M>
shows I M.V n. norm (Fn) < M
using cblinfun-blinfun-transfer(transfer-rule]
apply fail?
proof (use assms in transfer)
fix F':: </c = 'a = 'b» assume (Az. AM. Vn. norm (F n %, ) < M)
hence (Az. bounded (range (An. blinfun-apply (F n) z))»
by (metis (no-types, lifting) boundedI rangeF)
hence <bounded (range F')»
by (simp add: banach-steinhaus)
thus 3 M. Vn. norm (Fn) < M
by (simp add: bounded-iff)
qed
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13.19 Riesz-representation theorem

theorem riesz-representation-cblinfun-existence:
— Theorem 3.4 in [1]
fixes f::¢'a::chilbert-space =c complex)
shows <3t. Vz. fxy z = (t ¢ z)
by transfer (rule riesz-representation-existence)

lemma riesz-representation-cblinfun-unique:
— Theorem 3.4 in [1]
fixes f::¢'a::complex-inner =c complex)
assumes (A\z. f xy = = (t ¢ z)»
assumes (A\z. f xy = = (u ¢ z)»
shows ¢t = w
using assms by (rule riesz-representation-unique)

theorem riesz-representation-cblinfun-norm:
includes norm-syntax
fixes f::¢’a::chilbert-space =c1 complex)
assumes (A\z. [ xy z = (t ¢ z)
shows ([f] = [¢]>
using assms
proof transfer
fix f::</a = complex> and t
assume <bounded-clinear f> and «A\z. fz = (t ¢ z)»
from <Az. fz=(t-c z)
have «(norm (f z)) / (norm z) < norm t
for z
proof(cases <norm z = 0)
case True
thus ?thesis by simp
next
case Fulse
have (norm (f ) = norm ((¢t -¢ z))
using «Az. fz = (¢ -¢ z)» by simp
also have «norm (t -¢ x) < norm t x norm >
by (simp add: complez-inner-class. Cauchy-Schwarz-ineq2)
finally have <norm (f x) < norm t * norm >
by blast
thus ?thesis
by (metis False linordered-field-class. divide-right-mono nonzero-mult-div-cancel-right
norm-ge-zero)
qed
moreover have ((norm (ft)) / (norm t) = norm t
proof(cases <norm t = 0»)
case True
thus ?thesis
by simp
next
case Fulse
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have «ft = (t -¢ t)»
using <Az. fz = (¢t -¢ z)» by blast

also have (... = (norm t)™2»
by (meson cnorm-eg-square)
also have (... = (norm t)x(norm t)»

by (simp add: power2-eg-square)
finally have <f t = (norm t)x(norm t)»
by blast
thus ?thesis
by (metis <f t = t -¢ t» norm-eg-sqrt-cinner norm-ge-zero real-div-sqrt)
qed
ultimately have «Sup {(norm (f z)) / (norm z)| z. True} = norm t
by (smt cSup-eq-mazimum mem-Collect-eq)
moreover have <Sup {(norm (f z)) / (norm z)| z. True} = (SUP z. (norm (f
z)) / (norm x))»
by (simp add: full-SetCompr-eq)
ultimately show <onorm f = norm ¢
by (simp add: onorm-def)
qed

definition the-riesz-rep :: <('a::chilbert-space =c 1, complex) = 'a) where
the-riesz-rep f = (SOME t. N x. f xy £ =t ¢ z)»

lemma the-riesz-rep[simpl: <the-riesz-rep f ¢ © = f *y o
unfolding the-riesz-rep-def
apply (rule somel2-ex)
by (simp-all add: riesz-representation-cblinfun-existence)

lemma the-riesz-rep-unique:
assumes (A\z. f xy =t ¢
shows <t = the-riesz-rep f>
using assms riesz-representation-cblinfun-unique the-riesz-rep by metis

lemma the-riesz-rep-scaleC': <the-riesz-rep (¢ xc f) = cnj ¢ x¢ the-riesz-rep f»
apply (rule the-riesz-rep-unique[symmetric])
by auto

lemma the-riesz-rep-add: <the-riesz-rep (f + g) = the-riesz-rep f + the-riesz-rep
g

apply (rule the-riesz-rep-unique[symmetric])

by (auto simp: cinner-add-left cblinfun.add-left)

lemma the-riesz-rep-norm[simpl: <norm (the-riesz-rep ) = norm f»
apply (rule riesz-representation-cblinfun-norm|symmetricl)
by simp

lemma bounded-antilinear-the-riesz-rep|bounded-antilinear]: <bounded-antilinear the-riesz-rep»

by (metis (no-types, opaque-lifting) bounded-antilinear-intro dual-order.refl mult.commaute
mult-1 the-riesz-rep-add the-riesz-rep-norm the-riesz-rep-scaleC)
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lift-definition the-riesz-rep-sesqui :: <(’a::complex-normed-vector = 'b::chilbert-space
= complex) = (‘a =cr b)) is

<Ap. if bounded-sesquilinear p then the-riesz-rep o CBlinfun o p else 0»

by (metis (mono-tags, lifting) Cblinfun-comp-bounded-sesquilinear bounded-antilinear-o-bounded-antilinear
bounded-antilinear-the-riesz-rep bounded-clinear-0 fun.map-comp)

/

lemma the-riesz-rep-sesqui-apply:

assumes <bounded-sesquilinear p»

shows «(the-riesz-rep-sesqui p *y ) «c y = p T 4

apply (transfer fixing: p = y)

by (auto simp add: CBlinfun-inverse bounded-sesquilinear-apply-bounded-clinear
assms)

13.20 Bidual

lift-definition bidual-embedding :: <'a::complez-normed-vector =¢, (('a =c1, com-
plex) =c 1 complex)

isx f. f*xy o

by (simp add: cblinfun.flip)

lemma bidual-embedding-apply[simp]: <(bidual-embedding *v z) *v f = [ *xy ©
by (transfer fizing: x f, simp)

lemma bidual-embedding-isometric[simp]: <norm (bidual-embedding *yv ) = norm
x> for z :: 'a::complex-inner)
proof —
define [ :: <‘a =¢ complexy where <f = CBlinfun (\y. cinner z y)»
then have [simp]: <f xy y = cinner z y» for y
by (simp add: bounded-clinear-CBlinfun-apply bounded-clinear-cinner-right)
then have [simp]: <norm f = norm x)
apply (auto introl: norm-cblinfun-eql [where z=zx| simp: power2-norm-eq-cinner|[symmetric|)
apply (smt (verit, best) norm-eq-sqrt-cinner norm-ge-zero power2-norm-eq-cinner
real-div-sqrt)
using Cauchy-Schwarz-ineq2 by blast
show ?thesis
apply (auto introl: norm-cblinfun-eql [where z=f])
apply (metis norm-eqg-sqrt-cinner norm-imp-pos-and-ge real-div-sqrt)
by (metis norm-cblinfun ordered-field-class.sign-simps(33))
qged

lemma norm-bidual-embedding|simp): <norm (bidual-embedding :: 'a::{ complez-inner,
not-singleton} =cr -) = 1>
proof —
obtain z :: ‘a where [simp]: <norm z = 1>
by (meson UNIV-not-singleton ex-norml)
show ?thesis
by (auto introl: norm-cblinfun-eql [where z=x])
qed
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lemma isometry-bidual-embedding[simp): <isometry bidual-embedding>
by (simp add: norm-preserving-isometry)

lemma bidual-embedding-surj[simp]: <surj (bidual-embedding :: 'a::chilbert-space
=CL —))
proof —
have 3 y”. V. (bidual-embedding *v y'") *v f = y *v [
for y :: <«("a =¢ complex) =cp complex)
proof —
define y’ where (y’' = CBlinfun (\z. cnj (y (cblinfun-cinner-right z)))»
have y-apply: <y’ z = enj (y (cblinfun-cinner-right 2))» for z
unfolding y’-def
apply (subst CBlinfun-inverse)
by (auto intro!: bounded-linear-intros)
obtain y’ where <y’ 2 = y” .¢ 2> for z
using riesz-representation-cblinfun-existence by blast
then have y': <z .¢ y" = ¢enj (y’ 2)» for z
by auto
have «(bidual-embedding xv y"') v f = y xy [ for f :: 'a =¢ complex
proof —
obtain f’ where f”: «(fz = f' .¢ 2 for z
using riesz-representation-cblinfun-existence by blast
then have f’2: <f = cblinfun-cinner-right "
using cblinfun-apply-inject by force
show ?thesis
by (auto simp add: f' f'2 y"" y’-apply)
qed
then show ?thesis
by blast
qed
then show ?thesis
by (metis cblinfun-eql surj-def)
qed

13.21 Extension of complex bounded operators

definition cblinfun-extension where
eblinfun-extension S ¢ = (SOME B.Vz€S. B xy © = ¢ 1)

definition cblinfun-extension-exists where
cblinfun-extension-exists S ¢ = (3B. Vz€S. B xy © = ¢ 1)

lemma cblinfun-extension-existsI:
assumes Az. 1€S = Bxy z =¢ ¢
shows cblinfun-extension-exists S ¢

using assms cblinfun-extension-exists-def by blast

lemma cblinfun-extension-exists-finite-dim:
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fixes @::'a::{ complex-normed-vector,cfinite-dim} = 'b::complex-normed-vector
assumes cindependent S
and cspan S = UNIV
shows cblinfun-extension-exists S ¢
proof—
define f::'a = b
where f = complez-vector.construct S ¢
have clinear f
by (simp add: complez-vector.linear-construct assms linear-construct f-def)
have bounded-clinear f
using <clinear > assms by auto
then obtain B::'a =¢, b
where B xy z = fx for x
using cblinfun-apply-cases by blast
have B xy x = ¢
if c1: z€S
for z
proof—
have B xy z = fz
by (simp add: <A\xz. B xy © = f 1)
also have ... = p x
using assms complex-vector.construct-basis f-def that
by (simp add: complex-vector.construct-basis)
finally show ?thesis by blast
qed
thus ?thesis
unfolding cblinfun-extension-exists-def
by blast
qed

lemma cblinfun-extension-apply:
assumes cblinfun-extension-exists S f
and v € §
shows (cblinfun-extension S f) xy v = fv
by (smt assms cblinfun-extension-def cblinfun-extension-exists-def tfl-some)

lemma
fixes [ :: /a::complex-normed-vector = 'b::cbanachy
assumes <csubspace S»
assumes <closure S = UNIV)
assumes f-add: Nz y.z2€S=yeS=f(x+y)=fz+fwp
assumes f-scale: <\Nczy.z € S = f (c*xc x) = c*xc fo
assumes bounded: <\z. z € S = norm (f x) < B x norm x»
shows cblinfun-extension-exists-bounded-dense: «cblinfun-extension-exists S f»
and cblinfun-extension-norm-bounded-dense: <B > 0 = norm (cblinfun-extension
SH<B
proof —
define B’ where (B’ = (if B<0 then 1 else B))
then have bounded”: «Az. z € S = norm (f z) < B’ * norm >
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using bounded by (metis mult-1 mult-le-0-iff norm-ge-zero order-trans)
have <B' > 0
by (simp add: B’-def)

have (3 zi. (vi —— 2) A (Vi. zi i € S) for z
using assms(2) closure-sequential by blast
then obtain seq :: <’a = nat = 'a> where seq-lim: <seq v — x> and segq-S:
<segz i € S for = i
apply (atomize-elim, subst all-conj-distrib[symmetric])
apply (rule choice)
by auto
define g where «g z = lim (\i. f (seq z 7)) for z
have «Cauchy (Ai. f (seq z ©))» for z
proof (rule Cauchyl)
fix e :: real assume <e > 0
have <Cauchy (seq x)»
using LIMSEQ-imp-Cauchy seq-lim by blast
then obtain M where less-eB: <norm (seq x m — seq z n) < e/B’ if «<n >
M> and <m > M) for n m
by atomize-elim (meson CauchyD <0 < B"» <0 < e> linordered-field-class. divide-pos-pos)
have norm (f (seq x m) — f (seq z n)) < e if <n > M)> and «<m > M» for n
m
proof —
have <norm (f (seq x m) — f (seq x n)) = norm (f (seq x m — seq x n))»
using f-add f-scale seq-S
by (metis add-diff-cancel assms(1) complez-vector.subspace-diff diff-add-cancel)
also have «... < B’ x norm (seq x m — seq x n)»
apply (rule bounded’)
by (simp add: assms(1) complex-vector.subspace-diff seq-S)
also from less-eB have ... < B’ x (e/B’)
by (meson <0 < B’y linordered-semiring-strict-class.mult-strict-left-mono
that)
also have ... < e
using <0 < B’ by auto
finally show ?thesis
by —
qged
then show (AM. Vm>M.Vn>M. norm (f (seq x m) — f (seq x n)) < e
by auto
qed
then have f-seq-lim: «(\i. f (seq z i)) —— g o for z
by (simp add: Cauchy-convergent-iff convergent-LIMSEQ-iff g-def)
have f-zi-lim: «(\i. f (zi i) —— g if <2 —— 2> and <\i. zii € S) for
Tl T
proof —
from seqg-lim that
have «(Ai. B’ x norm (zi i — seq z i)) —— 0»
by (metis (no-types) <0 < B'» cancel-comm-monoid-add-class.diff-cancel
norm-not-less-zero norm-zero tendsto-diff tendsto-norm-zero-iff tendsto-zero-mult-left-iff)
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then have «(\i. f (zi i + (—1) ¢ seq x i) —— O»
apply (rule Lim-null-comparison|rotated))
using bounded’ by (simp add: assms(1) complez-vector.subspace-diff seq-S
that(2))
then have <(\i. f (zi i) — f (seq x 7)) —— O»
apply (subst (asm) f-add)
apply (auto simp: that <csubspace S» complex-vector.subspace-neg seq-S)[2]
apply (subst (asm) f-scale)
by (auto simp: that <csubspace S» complex-vector.subspace-neg seq-S)
then show «(Ai. f (zi i) —— g o
using Lim-transform f-seq-lim by fastforce
qed
have g-add: <g (z + y) =gz + gy for z y
proof —
obtain i :: <nat = ‘a> where «xi —— 2> and <zi i € S» for i
using seq-S seq-lim by auto
obtain yi :: <nat = 'a> where <yi —— > and <yii € S for ¢
using seq-S seq-lim by auto
have «(\i. xi i + yii) —— z +
using <xi — x> yi — > tendsto-add by blast
then have lim1: <(\i. f (zii + yi i) —— g (¢ + y)
by (simp add: <\i. xii € Sy <\i. yii € S» assms(1) complez-vector.subspace-add
J-zi-lim)
have «(Ai. f (wi i + yi i) = (M. f (i 9) + f (yi i)
by (simp add: <\i. zii € S> <\i. yi i € S» f-add)
also have <... —— gz + g
by (simp add: <\i. zi i € S <N\i. yii € S «xi —— > yi ——— P
f-zi-lim tendsto-add)
finally show ?thesis
using lim1 LIMSEQ-unique by blast
qed
have g-scale: <g (¢ *¢ ) = ¢ *¢ g ©» for ¢ z
proof —
obtain zi :: <nat = 'a> where «zi —— 2> and <zi i € S» for i
using seq-S seq-lim by auto
have «(\i. ¢ *¢ zi i) —— ¢ *¢c o
using «xi —— o bounded-clinear-scaleC-right clinear-continuous-at is-
Cont-tendsto-compose by blast
then have lim1: «(\i. f (¢ x¢ zi 1)) —— ¢ (¢ *¢ z)»
by (simp add: <\i. zi i € > assms(1) complex-vector.subspace-scale f-zi-lim)
have «(\i. f (¢ x¢ xi 7)) = (M. ¢ x¢ [ (zi i)
by (simp add: <\i. xi i € S» f-scale)
also have «... —— c*¢c g
using «A\i. zi i € S «xi —— x> bounded-clinear-scaleC-right clinear-continuous-at
frxi-lim isCont-tendsto-compose by blast
finally show ?thesis
using lim1 LIMSEQ-unique by blast
qged
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have [simp]: «fz = g x> if <z € S) for z
proof —
have ((A-. z) —— o
by auto
then have «(\-. fz) —— g o
using that by (rule f-zi-lim)
then show (fz = g »»
by (simp add: LIMSEQ-const-iff)
qed

have g-bounded: <norm (g z) < B’ % norm x> for z
proof —
obtain zi :: <nat = ‘a> where «xi — 2> and zi i € S) for i
using seq-S seq-lim by auto
then have <(\i. f (zi i) —— g o
using f-zi-lim by presburger
then have <(Ai. norm (f (zi i))) —— norm (g z)»
by (metis tendsto-norm,)
moreover have «(\i. B’ x norm (zi i)) —— B’ * norm o
by (simp add: <xi —— x> tendsto-mult-left tendsto-norm)
ultimately show «norm (g z) < B’ x norm x>
apply (rule lim-mono[rotated])
using bounded’ using <xi - € S» by blast
qed

have <bounded-clinear g
using g-add g-scale apply (rule bounded-clinearI[where K=B"])
using g-bounded by (simp add: ordered-field-class.sign-simps(5))
then have [simp]: «CBlinfun g xy z = g x> for z
by (subst CBlinfun-inverse, auto)

show «cblinfun-extension-exists S f»
apply (rule cblinfun-extension-existsl[where B=«CBlinfun ¢])
by auto

then have «cblinfun-extension S f xy b = CBlinfun g *y ¢ if «p € S» for ¥
by (simp add: cblinfun-extension-apply that)

then have ext-is-g: <(xy) (cblinfun-extension S f) = ¢»
apply (rule-tac ext)
apply (rule on-closure-eql[where S=S])
using <closure S = UNIV <bounded-clinear g»
by (auto simp add: continuous-at-imp-continuous-on clinear-continuous-within)

show <norm (cblinfun-extension S f) < By if <B > 0
proof (cases (B > 0»)
case True
then have <B = B
unfolding B’-def
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by auto
moreover have x: <norm (cblinfun-extension S f) < B
by (metis ext-is-g <0 < B> g-bounded norm-cblinfun-bound order-le-less)
ultimately show ?thesis
by simp
next
case Fulse
with bounded have «fx = 0» if <z € S for z
by (smt (verit) mult-nonpos-nonneg norm-ge-zero norm-le-zero-iff that)
then have <g z = (A-. 0) o if <z € ) for x
using that by simp
then have <g z = 0 for z
apply (rule on-closure-eqI[where S=5])
using <closure S = UNIV> <bounded-clinear g
by (auto simp add: continuous-at-imp-continuous-on clinear-continuous-within)
with ezt-is-g have <cblinfun-extension S f = 0»
by (simp add: cblinfun-eql)
then show ?thesis
using that by simp
qed
qed

lemma cblinfun-extension-cong:

assumes <cspan A = cspan B»

assumes (B C A

assumes fg: <\z. 1€B = fr =g

assumes <cblinfun-extension-exists A f»

shows <cblinfun-extension A f = cblinfun-extension B ¢»
proof —

from <cblinfun-extension-exists A fr fg «<B C A»

have <cblinfun-extension-exists B g»

by (metis assms(2) cblinfun-extension-exists-def subset-eq)

have «(Vz€A. C xy z = fz) «— (Vaz€B. C xy z = fz) for C
by (smt (verit, ccfv-SIG) assms(1) assms(2) assms(4) cblinfun-eq-on-span
cblinfun-extension-exists-def complez-vector.span-eq subset-iff)
also from fg have ... C +— (Vz€B. C sy z = g z)» for C
by auto
finally show «<cblinfun-extension A f = cblinfun-extension B ¢
unfolding cblinfun-extension-def
by auto
qged

lemma
fixes [ :: /a::complex-inner = 'b::chilbert-spacer and S
assumes <is-ortho-set Sy and <closure (cspan S) = UNIV»
assumes ortho-f: <Az y. €S = yeS = x#y = is-orthogonal (f x) (f y)»
assumes bounded: <\z. © € S = norm (f x) < B * norm >
shows cblinfun-extension-exists-ortho: <cblinfun-extension-exists S f»
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and cblinfun-extension-exists-ortho-norm: <B > 0 = norm (cblinfun-extension
$P) < B
proof —
define g where <g = cconstruct S f>»
have <cindependent S»
using assms(1) is-ortho-set-cindependent by blast
have g-f: <g x = fx if <z€S) for z
unfolding g-def using <cindependent S» that by (rule complex-vector.construct-basis)
have [simp]: <clinear g»
unfolding g-def using «cindependent S» by (rule complez-vector.linear-construct)
then have g-add: <g (zr + y) = gz + g y if <z € cspan S» and <y € cspan S»
for z y
using clinear-iff by blast
from «(clinear g» have g-scale: <g (¢ *¢ z) = ¢ *¢ g o if «x € cspan S» for z ¢
by (simp add: complez-vector.linear-scale)
moreover have g-bounded: <norm (g ) < abs B % norm z» if <z € cspan S»
for z
proof —
from that obtain t r where z-sum: <z = (D> a€t. r a *¢ a)) and «finite )
and <t C S
unfolding complex-vector.span-explicit by auto
have <(norm (g z))? = (norm (3. a€t. v a xc g a))
by (simp add: z-sum complex-vector.linear-sum clinear.scaleC')

2y

also have «... = (norm (3 a€t. 7 a x¢ fa))®
by (smt (verit) <t C Sy g-f in-mono sum.cong)
also have «... = (3 act. (norm (r a ¢ f a))?)

using - <finite t» apply (rule pythagorean-theorem-sum)
using <t C Sy ortho-f in-mono by fastforce
also have «... = (3" a€t. (cmod (7 a) * norm (f a))?)»
by simp
also have «... < (3. a€t. (cmod (r a) * B x norm a)?))
apply (rule sum-mono)
by (metis <t C S» assms(4) in-mono mult-left-mono mult-nonneg-nonneyg
norm-ge-zero power-mono vector-space-over-itself . scale-scale)
also have «... = B? x (3 act. (norm (1 a ¢ a))?)
by (simp add: sum-distrib-left mult.commute vector-space-over-itself.scale-left-commute
flip: power-mult-distrib)
also have (... = B? x (norm (3. a€t. (r a *¢ a)))
apply (subst pythagorean-theorem-sum)
using «finite t» by auto (meson <t C S assms(1) is-ortho-set-def subsetD)
also have (... = (abs B * norm 1)%
by (simp add: power-mult-distrib z-sum)
finally show <norm (g z) < abs B * norm x)
by auto
qed

2y

from g-add g-scale g-bounded
have eztg-exists: «cblinfun-extension-exists (cspan S) g
apply (rule-tac cblinfun-exstension-ezists-bounded-denselwhere B=<abs B>])
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using <closure (cspan S) = UNIV) by auto

then show «cblinfun-extension-exists S f»
by (metis (mono-tags, opaque-lifting) g-f cblinfun-extension-apply cblinfun-extension-existsl
complex-vector.span-base)

have norm-eztg: <norm (cblinfun-extension (cspan S) g) < By if «<B > 0
apply (rule cblinfun-extension-norm-bounded-dense)
using g-add g-scale g-bounded <closure (cspan S) = UNIV» that by auto

have eztg-extf: «cblinfun-extension (cspan S) g = cblinfun-extension S f»
apply (rule cblinfun-extension-cong)
by (auto simp add: complex-vector.span-base g-f extg-exists)

from norm-extg extg-extf
show (norm (cblinfun-extension S f) < By if <B > 0
using that by simp
qed

lemma cblinfun-extension-exists-proj:
fixes [ :: /a::complex-normed-vector = 'b::cbanachy
assumes <csubspace S»
assumes ez-P: <3P :: 'a =¢ 'a. is-Proj P N\ range P = closure S»
assumes f-add: Nz y. 2 €S =yeS=f(z+y)=fz+fwp
assumes f-scale: <\Nczy.z € S = f (c*xc x) = c*xc fo
assumes bounded: <\z. z € S = norm (f x) < B * norm x»
shows (cblinfun-extension-exists S f»

— We cannot give a statement about the norm. While there is an extension
with norm B, there is no guarantee that cblinfun-extension S f returns that specific
extension since the extension is only determined on ccspan S.
proof (cases <B > 0>)

case True

note True[simp]

obtain P :: <a =¢r 'a> where P-proj: <is-Proj P> and P-im: <range P =
closure S»

using ez-P by blast

define f’ S’ where <f' ¢ = f (P ¢)» and «S' = S + space-as-set (kernel P)»
for

have PS": (P xy z € S if <z € S for z

proof —

obtain z1 z2 where z12: <z = zl + z2> and zI: <zl € Sy and z2: z2 €

space-as-set (kernel P)»
using that S’-def «x € S'» set-plus-elim by blast
have (P %y z = P %y x1»
using z2 by (simp add: ©12 cblinfun.add-right kernel-memberD)

also have ¢... = zI»

by (metis (no-types, opaque-lifting) P-im P-proj cblinfun-apply-cblinfun-compose
closure-insert image-iff insertll insert-absorb is-Proj-idempotent z1)
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also have ... € S»
by (fact x1)
finally show ?thesis
by —
qed
have SS": «§ C 8%
by (metis S'-def ordered-field-class.sign-simps(2) set-zero-plus?2 zero-space-as-set)

have <csubspace S’
by (simp add: S’-def assms(1) csubspace-set-plus)
moreover have <closure S’ = UNIV»
proof auto
fix v
have ¢ = P ¢ + (id — P) ¢»
by simp
also have «... € closure S + space-as-set (kernel P)»
by (smt (verit) P-im P-proj calculation cblinfun.real.add-right eq-add-iff
is-Proj-idempotent kernel-memberl rangel set-plus-intro simp-a-oCL-b")
also have «... C closure (closure S + space-as-set (kernel P))»
using closure-subset by blast

also have «... = closure (S + space-as-set (kernel P))»
using closed-sum-closure-left closed-sum-def by blast
also have «... = closure S’

using S’-def by fastforce
finally show <) € closure S’
by —
qed

moreover have «f' (z + y) =f'z+ f'yp if <z € S and <y € S for z y
using that by (auto simp: f’-def cblinfun.add-right f-add PS’)
moreover have «f' (¢ xc ) = ¢ x¢ f' a if «<x € §) for c x
using that by (auto simp: f’-def cblinfun.scaleC-right f-scale PS”)
moreover
have <norm (f' z) < (B * norm P) * norm z» if <z € S" for x
proof —
have «norm (f' z) < Bx norm (P x)»
by (auto simp: f'-def PS’ bounded that)
also have ... < B x norm P * norm z»
by (simp add: mult.assoc mult-left-mono norm-cblinfun)
finally show ?thesis
by auto
qed

ultimately have F-ex: «cblinfun-extension-exists S’ f
by (rule cblinfun-extension-exists-bounded-dense)
define F where «F' = cblinfun-extension S’ [’
have «F ¢ = f 4 if «p € Sy for ¥
proof —
from F-ex that SS' have <F ¢ = f'
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by (auto simp add: F-def cblinfun-extension-apply)

also have «... = f (P *xy )
by (simp add: f’-def)
also have «... = f i»

using P-proj P-im
apply (transfer fizing: ¥ S f)
by (metis closure-subset in-mono is-projection-on-fizes-image is-projection-on-image
that)
finally show ?thesis
by —
qed
then show «cblinfun-extension-exists S f>
using cblinfun-extension-exists-def by blast
next
case Fulse
then have S C {0}
using bounded by auto (meson norm-ge-zero norm-le-zero-iff order-trans zero-le-mult-iff)
then show «cblinfun-extension-exists S f»
apply (rule-tac cblinfun-extension-ezistsl[where B=0])
apply auto
using bounded by fastforce
qged

lemma cblinfun-extension-exists-hilbert:
fixes f :: <'a::chilbert-space = 'b::cbanach)
assumes <csubspace S»
assumes f-add: \N\zy.z2€ S =yeS=f(z+y) =fz+fp
assumes f-scale: <Ncxy. € S = [ (¢ *xc ) = ¢ *x¢ [z
assumes bounded: <\z. v € S = norm (f z) < B * norm >
shows <cblinfun-extension-exists S f»

— We cannot give a statement about the norm. While there is an extension
with norm B, there is no guarantee that cblinfun-extension S f returns that specific
extension since the extension is only determined on ccspan S.
proof —

have 3 P. is-Proj P A range ((xy) P) = closure S»
apply (rule exI[of - <Proj (ccspan S)])
apply (rule conjl)
by simp (metis Proj-is-Proj Proj-range Proj-range-closed assms(1) cblin-
fun-image.rep-eq ccspan.rep-eq closure-closed complex-vector. span-eq-iff space-as-set-top)

from assms(1) this assms(2—4)
show %thesis
by (rule cblinfun-extension-exists-proj)
qed

lemma cblinfun-extension-exists-restrict:
assumes (B C A
assumes (\z. 2€B = fz = g o
assumes <cblinfun-extension-exists A f»
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shows <cblinfun-extension-exists B g»
by (metis assms cblinfun-extension-exists-def subset-eq)

13.22 Bijections between different ONBs

Some of the theorems here logically belong into Complez-Bounded-Operators. Complex-Inner-Product
but the proof uses some concepts from the present theory.

lemma all-ortho-bases-same-card:
— Follows [1], Proposition 4.14
fixes F F :: <'a::chilbert-space set»
assumes <is-ortho-set E» <is-ortho-set F'» <ccspan E = T) <ccspan F = T)
shows <3 f. bij-betw f E F»
proof —
have «|F| <o |E] if <infinite E> and
<is-ortho-set By (is-ortho-set F'y <ccspan E = topy <ccspan F = topy for E F ::
a set»
proof —
define F’ where <F' e = {feF. = is-orthogonal f e}» for e
have <3 ecE. cinner fe # 0y if «f € F» for f
proof (rule ccontr, simp)
assume <V e€F. is-orthogonal f e
then have «f € orthogonal-complement E)
by (simp add: orthogonal-complementI)

also have «... = orthogonal-complement (closure (cspan E))»
using orthogonal-complement-of-closure orthogonal-complement-of-cspan by
blast
also have (... = space-as-set (— ccspan E)»
by transfer simp
also have «... = space-as-set (— top)»
by (simp add: <ccspan E = top»)
also have «... = {0}

by (auto simp add: top-ccsubspace.rep-eq uminus-ccsubspace.rep-eq)
finally have «f = 0»
by simp
with «f € F) <is-ortho-set F> show Fulse
by (simp add: is-onb-def is-ortho-set-def)
qed
then have F’-union: «F = (|Je€E. F' e)»
unfolding F’-def by auto
have <countable (F' ¢)) for e
proof —
have (3" feM. (cmod (cinner (sgn f) €))?) < (norm e)?» if «finite M»> and
<M C F) for M
proof —
have [simp]: <is-ortho-set M»
using <is-ortho-set Fy is-ortho-set-antimono that(2) by blast
have [simp]: <norm (sgn f) = 1> if <f € M) for f
by (metis <is-ortho-set M) is-ortho-set-def norm-sgn that)
have «(}. feM. (cmod (cinner (sgn f) €))?) = (3. feM. (norm ((cinner
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(sgn f) €) *c sqn F))2)
apply (rule sum.cong[OF refi])
by simp
also have (... = (norm (3. feM. ((cinner (sgn f) €) *c sgn f)))*
apply (rule pythagorean-theorem-sum[symmetric])
using that by auto (meson <is-ortho-set M» is-ortho-set-def)

also have (... = (norm (3. feM. proj f €))*
by (metis butterfly-apply butterfly-sgn-eq-proj)
also have (... = (norm (Proj (ccspan M) €))%

apply (rule arg-congl[where f=\z. (norm z)%])
using «finite M)» <is-ortho-set M» apply induction
by simp (smt (verit, ccfv-threshold) Proj-orthog-ccspan-insert insertCI
is-ortho-set-def plus-cblinfun.rep-eq sum.insert)
also have «... < (norm (Proj (ccspan M)) * norm e)
by (auto simp: norm-cblinfun intro!: power-mono)
also have «... < (norm e)?
apply (rule power-mono)
apply (metis norm-Proj-leql mult-left-le-one-le norm-ge-zero)
by simp
finally show ?thesis
by —
qed
then have «(\f. (cmod (cinner (sgn f) €))?) abs-summable-on F»
apply (intro nonneg-bdd-above-summable-on bdd-abovel)
by auto
then have <countable {f € F. (cmod (sgn f -c €))> # 0}
by (rule abs-summable-countable)
then have <countable {f € F. = is-orthogonal (sgn f) e}
by force
then have <countable {f € F. = is-orthogonal f e}
by force
then show ?thesis
unfolding F’-def by simp
qed
then have F'-leq: <|F’ e| <o natLeq> for e
using countable-leq-natLeq by auto

2y

from F’-union have (| F| <o |Sigma E F'|> (is <- <o ...»)
using card-of-UNION-Sigma by blast
also have (... <o |E x (UNIV:nat set)]» (is <- <o ...»)
apply (rule card-of-Sigma-monol)
using F''-leq
using card-of-nat ordlso-symmetric ordLeq-ordlso-trans by blast

also have (... =o |E| ¢ natLeq> (is <ordIso2 - ...»)
by (metis Field-card-of Field-natLeq card-of-ordIso-subst cprod-def)
also have «... =o |E]

apply (rule card-prod-omega)
using that by (simp add: cinfinite-def)
finally show (| F| <o |E])
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by —
qed
then have infinite: <|E| =o |F|» if <infinite E» and <infinite F»
by (simp add: assms ordlso-iff-ordLeq that(1) that(2))

have «|E| =o |F]» if <finite E» and <is-ortho-set E» <is-ortho-set F» <ccspan E
= top» <ccspan F' = top»
for E F :: ('a set»
proof —
have <card E = card F»
using that
by (metis bij-betw-same-card ccspan.rep-eq closure-finite-cspan complez-vector. bij-if-span-eq-span-bases

complex-vector.independent-span-bound is-ortho-set-cindependent top-ccsubspace.rep-eq
top-greatest)
with <finite E> have «finite F»
by (metis ccspan.rep-eq closure-finite-cspan complez-vector.independent-span-bound
is-ortho-set-cindependent that(3) that(4) top-ccsubspace.rep-eq top-greatest)
with <card E = card F) that show ?thesis
apply (rule-tac finite-card-of-iff-card|[ THEN 14ffD2])
by auto
qed

with infinite assms have <|E| =o |F|»
by (meson ordlso-symmetric)

then show ?thesis
by (simp add: card-of-ordIso)
qed

lemma all-onbs-same-card:
fixes F F :: ('a::chilbert-space set»
assumes <is-onb B> <is-onb F»
shows <3 f. bij-betw f E F»
apply (rule all-ortho-bases-same-card)
using assms by (auto simp: is-onb-def)

definition bij-between-bases where <bij-between-bases E F = (SOME f. bij-betw f
E F)) for E F :: (a::chilbert-space set»

lemma bij-between-bases-bij:
fixes F F :: /a::chilbert-space set»
assumes <is-onb E» <is-onb F»
shows <bij-betw (bij-between-bases E F) E F»
using all-onbs-same-card
by (metis assms(1) assms(2) bij-between-bases-def somel)

definition unitary-between where <unitary-between E F = cblinfun-extension FE
(bij-between-bases E F)»
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lemma unitary-between-apply:
fixes E F :: ('a:chilbert-space set»
assumes <(is-onb E» <is-onb F» <e € E)»
shows (unitary-between E F xy e = bij-between-bases E F e»
proof —
from <is-onb E) <is-onb F»
have EF: <bij-between-bases E F e € F) if <e € E» for e
by (meson bij-betwE bij-between-bases-bij that)
have ortho: <is-orthogonal (bij-between-bases E F x) (bij-between-bases E F y)»
if <x # 1y and <z € Ey and <y € E) for z y
by (smt (verit, del-insts) assms(1) assms(2) bij-betw-iff-bijections bij-between-bases-bij
is-onb-def is-ortho-set-def that(1) that(2) that(3))
have spanFE: <closure (cspan E) = UNIV)
by (metis assms(1) ccspan.rep-eq is-onb-def top-ccsubspace.rep-eq)
show ?thesis
unfolding unitary-between-def
apply (rule cblinfun-extension-apply)
apply (rule cblinfun-extension-exists-ortho[where B=1])
using assms EF ortho spank
by (auto simp: is-onb-def)
qged

lemma unitary-between-unitary:
fixes E F :: ('a:chilbert-space set»
assumes <is-onb E> <is-onb F»
shows <unitary (unitary-between E F)»
proof —
have «(unitary-between E F' xy b) -¢ (unitary-between E F xy ¢) = b .¢ ¢ if
<b € E» and <c € E) for b ¢
proof (cases <b = ¢»)
case True
from <is-onb E» that have 1: <b -c b= 1>
using cnorm-eq-1 is-onb-def by blast
from that have (unitary-between E F vy b € F»
by (metis assms(1) assms(2) bij-betw-apply bij-between-bases-bij unitary-between-apply)
with <is-onb F» have 2: «(unitary-between E F xy b) -¢ (unitary-between E F
Xy b) =1
by (simp add: cnorm-eq-1 is-onb-def)
from 1 2 True show ?thesis
by simp
next
case Fulse
from <is-onb E» that have 1: <b -c ¢ = O
by (simp add: False is-onb-def is-ortho-set-def)
from that have inF: <unitary-between E F %y, b € F» <unitary-between E F xy
ce M
by (metis assms(1) assms(2) bij-betw-apply bij-between-bases-bij unitary-between-apply)-+
have neq: <unitary-between E F xy b # unitary-between E F xy ¢
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by (metis (no-types, lifting) False assms(1) assms(2) bij-betw-iff-bijections
bij-between-bases-bij that(1) that(2) unitary-between-apply)
from inF neq <is-onb F» have 2: «(unitary-between E F xy b) ¢ (unitary-between
EF *y ¢) = 0>
by (simp add: is-onb-def is-ortho-set-def)
from 1 2 show ?thesis
by simp
qed
then have iso: <isometry (unitary-between E F))
apply (rule-tac orthogonal-on-basis-is-isometry[where B=E])
using assms(1) is-onb-def by auto
have <unitary-between E F xg top = unitary-between E F xg ccspan E»
by (metis assms(1) is-onb-def)
also have «... > ccspan (unitary-between E F  E)y (is <- > ...»)
by (simp add: cblinfun-image-ccspan)
also have (... = ccspan (bij-between-bases E F ‘ E)»
by (metis assms(1) assms(2) image-cong unitary-between-apply)
also have «... = ccspan F»
by (metis assms(1) assms(2) bij-betw-imp-surj-on bij-between-bases-bij)
also have «... = top
using assms(2) is-onb-def by blast
finally have surj: <unitary-between E F xg top = top>
by (simp add: top.extremum-unique)
from iso surj show ?thesis
by (rule surj-isometry-is-unitary)
qed

13.23 Notation

bundle cblinfun-syntar begin

notation cblinfun-compose (infixl <ocr» 67)
notation cblinfun-apply (infixr xy» 70)
notation cblinfun-image (infixr «xg) 70)
notation adj (<-x» [99] 100)

type-notation cblinfun («(- =cr /-)» [22, 21] 21)
end

unbundle no cblinfun-syntax and no lattice-syntax

end

14 Complez-L2 — Hilbert space of square-summable
functions
theory Complex-L2

imports
Complez-Bounded-Linear-Function
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HOL— Analysis.L2-Norm

HOL- Library. Rewrite

HOL— Analysis.Infinite-Sum

HOL— Library.Infinite- Typeclass
begin

unbundle lattice-syntax and cblinfun-syntax and no blinfun-apply-syntaz

14.1 12 norm of functions

definition <has-ell2-norm (z::-=complex) +— (\i. (z i)?) abs-summable-on UNIV»

lemma has-ell2-norm-bdd-above: <has-ell2-norm x +— bdd-above (sum (Aza. norm
((z za)?)) * Collect finite)»
by (simp add: has-ell2-norm-def abs-summable-iff-bdd-above)
lemma has-ell2-norm-L2-set: has-ell2-norm ¢ = bdd-above (L2-set (norm o z) *
Collect finite)
proof (rule iffI)
have <mono sqrt;
using monol real-sqrt-le-mono by blast
assume <has-ell2-norm x>
then have *: (bdd-above (sum (Aza. norm ((x za)?)) ¢ Collect finite)
by (subst (asm) has-ell2-norm-bdd-above)
have <bdd-above ((A\F. sqrt (sum (Aza. norm ((z za)?)) F)) ¢ Collect finite)»
using bdd-above-image-mono[OF <mono sqrty x|
by (auto simp: image-image)
then show <bdd-above (L2-set (norm o x) ¢ Collect finite)»
by (auto simp: L2-set-def norm-power)
next
define p2 where p2 z = (if x < 0 then 0 else z2)) for z :: real
have (mono p2»
by (simp add: monol p2-def)
have [simp]: «p2 (L2-set f F) = (D_i€F. (fi)?)) for f and F :: (‘a set>
by (smt (verit) L2-set-def L2-set-nonneg p2-def power2-less-0 real-sqrt-pow2
sum.cong sum-nonneg)
assume x*: <bdd-above (L2-set (norm o x) ¢ Collect finite)»
have <bdd-above (p2 ¢ L2-set (norm o x) ¢ Collect finite)»
using bdd-above-image-mono[OF <mono p2» %]
by auto
then show <has-ell2-norm x>
apply (simp add: image-image has-ell2-norm-def abs-summable-iff-bdd-above)
by (simp add: norm-power)
qed

definition ell2-norm :: «('a = complex) = realy where <ell2-norm [ = sqrt

>" oz morm (f ) 72)»

lemma ell2-norm-SUP:
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assumes <has-ell2-norm x»

shows ell2-norm © = sqrt (SUP Fe{F. finite F'}. sum (\i. norm (z )" 2) F)
using assms apply (auto simp add: ell2-norm-def has-ell2-norm-def)

apply (subst infsum-nonneg-is-SUPREMUM-real)

by (auto simp: norm-power)

lemma ell2-norm-L2-set:
assumes has-ell2-norm z
shows ell2-norm © = (SUP Fe{F. finite F}. L2-set (norm o x) F)
proof—
have sqrt (|| (sum (Xi. (cmod (z 7))?) © Collect finite)) =
(SUP Fe{F. finite F}. sqrt (>, 4i€F. (ecmod (z 7))?))
proof (subst continuous-at-Sup-mono)
show mono sqrt
by (simp add: mono-def)
show continuous (at-left (|| (sum (Xi. (¢cmod (z 4))?) * Collect finite))) sqrt
using continuous-at-split isCont-real-sqrt by blast
show sum (\i. (cmod (z 7))?) ¢ Collect finite # {}
by auto
show bdd-above (sum (\i. (emod (z i))?) * Collect finite)
using has-ell2-norm-bdd-above] THEN iffD1, OF assms] by (auto simp:
norm-power)
show | | (sgrt * sum (\i. (cmod (x 4))?) ¢ Collect finite) = (SUP Fé& Collect
finite. sqrt (3. i€F. (cmod (z i))?))
by (metis image-image)
qged
thus ?thesis
using assms by (auto simp: ell2-norm-SUP L2-set-def)
qed

lemma has-ell2-norm-finite[simp]: has-ell2-norm (f::'a: finite=-)
unfolding has-ell2-norm-def by simp

lemma ell2-norm-finite:
ell2-norm (f::'a:finite=complex) = sqrt (3, € UNIV. (norm (f z)) "2)
by (simp add: ell2-norm-def)

lemma eli2-norm-finite-L2-set: ell2-norm (z::'a::finite=complex) = L2-set (norm
ox) UNIV
by (simp add: ell2-norm-finite L2-set-def)

lemma ell2-norm-square: <(ell2-norm x)? = (3. ooi. (emod (z i))?)>
unfolding ell2-norm-def
apply (subst real-sqrt-pow?2)
by (simp-all add: infsum-nonneg)

lemma ell2-ket:

fixes a
defines <f = (\i. of-bool (a = ©))»
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shows has-ell2-norm-ket: <has-ell2-norm f»

and ell2-norm-ket: <ell2-norm f = 1»
proof —

have «(\z. (f z)?) abs-summable-on {a}>
apply (rule summable-on-finite) by simp

then show <has-ell2-norm f»
unfolding has-ell2-norm-def
apply (rule summable-on-cong-neutral[THEN iffD1, rotated —1])
unfolding f-def by auto

have «(>" oz€{a}. (f2)?) = D>
apply (subst infsum-finite)
by (auto simp: f-def)

then show <ell2-norm f = 1>
unfolding ell2-norm-def
apply (subst infsum-cong-neutral[where T=«{a}» and g=\z. (cmod (fz))*])
by (auto simp: f-def)

qed

lemma ell2-norm-geq0: <ell2-norm x > 0>
by (auto simp: ell2-norm-def intro': infsum-nonneg)

lemma ell2-norm-point-bound:
assumes <has-ell2-norm x»
shows <ell2-norm © > cmod (z i)
proof —
have «(cmod (z 7))? = norm ((z )?)>
by (simp add: norm-power)
also have (norm ((z 9)?) = sum (\i. (norm ((z 7)?))) {ip
by auto
also have «... = infsum (\i. (norm ((x i)?))) {i}p
by (rule infsum-finite[symmetric], simp)
also have «... < infsum (\i. (norm ((z i)?))) UNIV»
apply (rule infsum-mono-neutral)
using assms by (auto simp: has-ell2-norm-def)
also have «... = (ell2-norm )
by (metis (no-types, lifting) ell2-norm-def ell2-norm-geq0 infsum-cong norm-power
real-sqrt-eq-iff real-sqrt-unique)
finally show ?thesis
using ell2-norm-geq0 power2-le-imp-le by blast
qed

2

lemma ell2-norm-0:
assumes has-ell2-norm z
shows ell2-norm x = 0 +— z = (A-. 0)
proof
assume ul: z = (A-. 0)
have u2: (SUP x::'a sete Collect finite. (0::real)) = 0
if z = (\-. 0)

361



by (metis ¢SUP-const empty-Collect-eq finite.emptyl)
show ell2-norm z = 0
unfolding ell2-norm-def
using ul u2 by auto
next
assume norm0: ell2-norm x = 0
show z = (\-. 0)
proof
fix i
have <cmod (x i) < ell2-norm x»
using assms by (rule ell2-norm-point-bound)
also have «... = O»
by (fact norm0)
finally show z i = 0 by auto
qed
qed

lemma ell2-norm-smult:
assumes has-ell2-norm x
shows has-ell2-norm (M\i. ¢ * z i) and ell2-norm (Ai. ¢ * z i) = cmod ¢ *
ell2-norm x
proof —
have L2-set-mul: L2-set (cmod o (Ai. ¢ x 1)) F = cmod ¢ * L2-set (¢cmod o x)
F for F
proof—
have L2-set (cmod o (Ni. ¢ x i) F = L2-set (Ai. (cmod ¢ * (cmod o z) ©)) F
by (metis comp-def norm-mult)
also have ... = c¢mod ¢ x L2-set (¢cmod o z) F
by (metis norm-ge-zero L2-set-right-distrib)
finally show ?thesis .
qed

from assms obtain M where M: M > L2-set (¢cmod o z) F if finite F' for F
unfolding has-ell2-norm-L2-set bdd-above-def by auto
hence cmod ¢ * M > L2-set (¢cmod o (A\i. ¢ * x i) F if finite F for F
unfolding L2-set-mul
by (simp add: ordered-comm-semiring-class.comm-mult-left-mono that)
thus has: has-ell2-norm (Ai. ¢ * z 7)
unfolding has-ell2-norm-L2-set bdd-above-def using L2-set-mul[symmetric] by
auto
have ell2-norm (M\i. ¢ x i) = (SUP F € Collect finite. (L2-set (¢mod o (Ai. ¢
< 2 1)) F))
by (simp add: ell2-norm-L2-set has)

also have ... = (SUP F € Collect finite. (cmod ¢ * L2-set (cmod o z) F'))
using L2-set-mul by auto
also have ... = cmod c * ell2-norm z

proof (subst ell2-norm-L2-set)
show has-ell2-norm z
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by (simp add: assms)
show (SUP FeCollect finite. cmod ¢ x L2-set (cmod o x) F) = emod ¢ * | |
(L2-set (cmod o ) ¢ Collect finite)
proof (subst continuous-at-Sup-mono [where f = Ax. cmod ¢ * x])
show mono ((x) (¢cmod ¢))
by (simp add: mono-def ordered-comm-semiring-class.comm-mault-left-mono)
show continuous (at-left (|| (L2-set (¢cmod o z)  Collect finite))) ((x) (c¢mod

proof (rule continuous-mult)
show continuous (at-left (| | (L2-set (¢cmod o x) ¢ Collect finite))) (Axz. emod

by simp
show continuous (at-left (|| (L2-set (¢cmod o x) ¢ Collect finite))) (Az. x)
by simp
qed
show L2-set (cmod o z) ¢ Collect finite # {}
by auto
show bdd-above (L2-set (cmod o ) © Collect finite)
by (meson assms has-ell2-norm-L2-set)
show (SUP FeCollect finite. cmod ¢ * L2-set (¢cmod o ) F) = || ((x) (cmod
c¢) ¢ L2-set (cmod o x) ¢ Collect finite)
by (metis image-image)
qed
qed
finally show ell2-norm (A\i. ¢ * x i) = cmod ¢ x ell2-norm z.
qged

lemma ell2-norm-triangle:
assumes has-ell2-norm x and has-ell2-norm y
shows has-ell2-norm (Xi. z i + y ) and ell2-norm (\i. z i + y i) < ell2-norm
z + ell2-norm y
proof —
have triangle: L2-set (¢cmod o (\i. i + y i) F < L2-set (¢cmod o z) F + L2-set
(¢cmod o y) F
(is ?lhs<?rhs)
if finite F for F
proof —
have ?lhs < L2-set (Ai. (cmod o z) i + (cmod o y) i) F
proof (rule L2-set-mono)
show (cmod o (Ai. x4+ y i) i < (ecmod o z) i + (¢cmod o y) ©
ifieF
for i ::'a
using that norm-triangle-ineq by auto
show 0 < (e¢mod o (Ni. z i + y 1)) i
ificF
for i :: 'a
using that
by simp
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qed
also have ... < 2rhs
by (rule L2-set-triangle-ineq)
finally show ?thesis .
qed
obtain Mz My where Mxz: Mz > L2-set (cmod o x) F and My: My > L2-set
(cmod o y) F
if finite F for F
using assms unfolding has-ell2-norm-L2-set bdd-above-def by auto
hence MzMy: Mz + My > L2-set (¢cmod o z) F + L2-set (¢cmod o y) F if finite
F for F
using that by fastforce
hence bdd-plus: bdd-above ((Aza. L2-set (cmod o x) za + L2-set (cmod o y) za)
¢ Collect finite)
unfolding bdd-above-def by auto
from MzMy have MzMy": Mx + My > L2-set (cmod o (Ni. x i + y 7)) F if
finite F for F
using triangle that by fastforce
thus has: has-eli2-norm (Ai. x i + y 7)
unfolding has-ell2-norm-L2-set bdd-above-def by auto
have SUP-plus: (SUP z€A. fx + gz) < (SUP z€A. fz) + (SUP z€A. g x)
if notempty: A#{} and bddf: bdd-above (f‘A)and bddg: bdd-above (g‘A)
for f g :: 'a set = real and A
proof—
have zleq: © < (SUP z€A. fz) + (SUPz€A. gz)ifz:z € (Az. fz +gux) ¢
A for z
proof —
obtain ¢ where aA: a:A and az: 2 = fa + g a
using z by blast
have fa: fa < (SUP z€A. fz)
by (simp add: bddf aA c¢SUP-upper)
moreover have g a < (SUP z€A. g z)
by (simp add: bddg aA cSUP-upper)
ultimately have fa + g a < (SUP z€A. fz) + (SUP z€A. g z) by simp
with ax show ?thesis by simp
qed
have (A\z. fz + gz) ‘A # {}
using notempty by auto
moreover have z < || (f“A) +|] (g ‘ 4)
ifere (M. fr+gx) ‘A
for = :: real
using that
by (simp add: zleq)
ultimately show ¢thesis
by (meson bdd-above-def cSup-le-iff)
qed
have a2: bdd-above (L2-set (cmod o ) © Collect finite)
by (meson assms(1) has-ell2-norm-L2-set)
have a3: bdd-above (L2-set (cmod o y)  Collect finite)
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by (meson assms(2) has-ell2-norm-L2-set)
have al: Collect finite # {}
by auto
have a/: | | (L2-set (cmod o (Mi. z i 4+ y 7)) * Collect finite)
< (SUP za€e Collect finite.
L2-set (cmod o ) za + L2-set (cmod o y) za)
by (metis (mono-tags, lifting) al bdd-plus ¢SUP-mono mem-Collect-eq triangle)

have Vr. | | (L2-set (cmod o (Aa. z a + y a)) * Collect finite) < r V = (SUP
A€ Collect finite. L2-set (¢cmod o ) A + L2-set (cmod o y) A) < r
using a4 by linarith
hence | | (L2-set (cmod o (Ai. i + y i) ¢ Collect finite)
< | (L2-set (ecmod o ) © Collect finite) +
|| (L2-set (emod o y) ¢ Collect finite)
by (metis (no-types) SUP-plus al a2 a3)
hence | | (L2-set (cmod o (Ai. x © + y 7)) ‘ Collect finite) < ell2-norm x +
ell2-norm y
by (simp add: assms(1) assms(2) ell2-norm-L2-set)
thus ell2-norm (Ai. z ¢ + y i) < ell2-norm x + ell2-norm y
by (simp add: ell2-norm-L2-set has)
qed

lemma ell2-norm-uminus:
assumes has-ell2-norm x
shows <has-ell2-norm (\i. — z i)> and <ell2-norm (Ai. — z i) = ell2-norm o>
using assms by (auto simp: has-ell2-norm-def ell2-norm-def)

14.2 The type ¢ell2 of square-summable functions

typedef ‘a ell2 = {f::'a=complex. has-ell2-norm f}»
unfolding has-ell2-norm-def by (rule exI[of - A-.0], auto)
setup-lifting type-definition-ell2

instantiation ell2 :: (type)complex-vector begin
lift-definition zero-ell2 :: ‘a ell2 is A-. 0 by (auto simp: has-ell2-norm-def)
lift-definition uminus-eli2 :: 'a ell2 = 'a ell2 is uminus by (simp add: has-ell2-norm-def)
lift-definition plus-ell2 :: <'a ell2 = 'a ell2 = 'a ell2) is <\fgz. fz + g
by (rule ell2-norm-triangle)
lift-definition minus-ell2 :: 'a ell2 = 'a ell2 = 'a ell2 is \Mfgz. fz — gz
apply (subst add-uminus-conv-diff [symmetric])
apply (rule ell2-norm-triangle)
by (auto simp add: ell2-norm-uminus)
lift-definition scaleR-ell2 :: real = 'a ell2 = 'a ell2 is \r f z. complex-of-real v
x fo
by (rule ell2-norm-smult)
lift-definition scaleC-ell2 :: «compler = 'a ell2 = 'a ell2) is <\c fx. ¢ * f x>
by (rule ell2-norm-smult)

instance
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proof
fix a bc: 'aell?

show ((xg) ri:’a ell2 = -) = (x¢) (complex-of-real r) for r
apply (rule ext) apply transfer by auto
show a + b+ c=a+ (b+ ¢
by (transfer; rule ext; simp)
show a + b=0+ a
by (transfer; rule ext; simp)
show 0 + a=a
by (transfer; rule ext; simp)
show — a4+ a =0
by (transfer; rule ext; simp)
showa —b=a+ -0
by (transfer; rule ext; simp)
show r x¢ (a + b) =1 x¢c a + 1 ¢ b for r
apply (transfer; rule ext)
by (simp add: vector-space-over-itself .scale-right-distrib)
show (r + r') xc a = r *¢ a + v’ x¢ a for r v’
apply (transfer; rule ext)
by (simp add: ring-class.ring-distribs(2))
show r x¢ 1’ x¢c a = (r * 1) ¢ a for rr’
by (transfer; rule ext; simp)
show 1 x¢ a = a
by (transfer; rule ext; simp)
qged
end

instantiation eli2 :: (type) complez-normed-vector begin
lift-definition norm-ell2 :: ‘a ell2 = real is ell2-norm .
declare norm-ell2-def|[code del]
definition dist © y = norm (x — y) for = y::'a eli2
definition sgn © = x /g norm z for z::'a ell2
definition [code del]: uniformity = (INF ec{0<..}. principal {(z::'a ell2, y). norm
(2 — y) < e})
definition [code del]: open U = (Vz€U. YV (2, y) in INF ec{0<..}. principal
{(z, y). norm (z — y) < e}. ' =2 — y € U) for U :: 'a ell2 set
instance
proof
fix a b:: 'aell2
show dist a b = norm (a — b)
by (simp add: dist-ell2-def)
show sgn a = a /g norm a
by (simp add: sgn-ell2-def)
show uniformity = (INF ec{0<..}. principal {(z, y). dist (z::'a ell2) y < e})
unfolding dist-ell2-def uniformity-ell2-def by simp
show open U = VzeU. VYV (z/, y) in uniformity. (z":'a ell2) = 2 — y € U)
for U :: 'a ell2 set
unfolding uniformity-ell2-def open-ell2-def by simp-all
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show (norm a = 0) = (a = 0)
apply transfer by (fact ell2-norm-0)
show norm (a + b) < norm a + norm b
apply transfer by (fact ell2-norm-triangle)
show norm (r xg (a::'a ell2)) = |r| * norm a for r
and a :: 'a eli2
apply transfer
by (simp add: ell2-norm-smult(2))
show norm (r x¢ a) = ¢cmod r * norm a for r
apply transfer
by (simp add: ell2-norm-smult(2))
qed
end

lemma norm-point-bound-ell2: norm (Rep-ell2 z i) < norm x
apply transfer
by (simp add: ell2-norm-point-bound)

lemma ell2-norm-finite-support:
assumes «finite S» <\ i. i ¢ S = Rep-ell2 x i = 0»
shows (norm z = sqrt ((sum (\i. (cmod (Rep-ell2 x i))?)) S)
proof (insert assms(2), transfer fizing: S)
fix z :: <'a = complex>
assume zero: <N\i. i ¢ S =z i =0
have <ell2-norm z = sqrt (3 ooi. (cmod (z 7))?)>
by (auto simp: ell2-norm-def)
also have (... = sqrt (3 »4€S. (cmod (z 7))?)>
apply (subst infsum-cong-neutral[where g=«\i. (cmod (x i))* and S=UNIV
and T=95])
using zero by auto
also have «... = sqrt (3. i€S. (cmod (z ©))?)
using <finite S» by simp
finally show «<ell2-norm x = sqrt (>_i€S. (cmod (x 7))?)
by —
qed

instantiation ell2 :: (type) complez-inner begin

lift-definition cinner-ell2 :: ('a ell2 = 'a ell2 = complex) is
NG D om enj (fz) *x g .

declare cinner-ell2-def[code del]

instance
proof standard
fix zyz:: 'aell2 fix c:: complex
show cinner z y = cnj (cinner y x)
proof transfer
fix z y :: 'a= complex assume has-ell2-norm x and has-ell2-norm y
have (> i. enj (z @) x y i) = (O] ot. cng (enj (y ) * x 7))
by (metis complez-cnj-cnj complex-cnj-mult mult.commute)
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also have ... = ¢nj O] oi. cnj (y @) * z 9)
by (metis infsum-cnj)
finally show (3 ooi. cnj (z0) * y i) = enj (O ooi. cnj (y i) * z Q) .
qed

show cinner (z + y) z = cinner © z + cinner y z
proof transfer
fix zyz: 'a = complex
assume has-ell2-norm z
hence cnj-z: (A\i. enj (z i) * cenj (z @) abs-summable-on UNIV
by (simp del: complez-cnj-mult add: norm-mult[symmetric] complex-cnj-mult[symmetric|
has-ell2-norm-def power2-eg-square)
assume has-ell2-norm y
hence cnj-y: (Ai. enj (y ) * enj (y 7)) abs-summable-on UNIV
by (simp del: complez-cnj-mult add: norm-mult[symmetric] complex-cnj-mult[symmetric]
has-ell2-norm-def power2-eq-square)
assume has-ell2-norm z
hence z: (Ai. z @ % 2z ©) abs-summable-on UNIV
by (simp add: norm-mult[symmetric] has-ell2-norm-def power2-eq-square)
have cnj-z-2:(\i. cnj (z i) * 2 1) abs-summable-on UNIV
using cnj-z z by (rule abs-summable-product)
have cnj-y-z:(Ai. cnj (y i) * z 7) abs-summable-on UNIV
using cnj-y z by (rule abs-summable-product)
show (3 i enj (z i+ yi) x 24) = O oot cnj (1) * 27) + (O 0ot cnj (y
apply (subst infsum-add [symmetric))
using cnj-x-z cnj-y-z
by (auto simp add: summable-on-iff-abs-summable-on-complex distrib-left
mult.commute)
qed

show cinner (¢ *¢ x) y = cnj ¢ * cinner z y
proof transfer
fix zy :: 'a = complex and ¢ :: complex
assume has-ell2-norm z
hence cnj-z: (A\i. enj (z i) * enj (z @) abs-summable-on UNIV
by (simp del: complez-cnj-mult add: norm-mult[symmetric] complex-cnj-mult[symmetric]
has-ell2-norm-def power2-eq-square)
assume has-ell2-norm y
hence y: (\i. y i x y ©) abs-summable-on UNIV
by (simp add: norm-mult[symmetric] has-ell2-norm-def power2-eq-square)
have cnj-z-y:(Ai. cnj (z 7)) * y i) abs-summable-on UNIV
using cnj-z y by (rule abs-summable-product)
thus O i cnj (ecx z i) * yi) = cnj ¢ * (D 0ot. cnj (z 1) * y )
by (auto simp flip: infsum-cmult-right simp add: abs-summable-summable
mult.commute vector-space-over-itself .scale-left-commute)
qed

show 0 < cinner z z
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proof transfer
fix z :: 'a = complex
assume has-ell2-norm x
hence (\i. emod (enj (z 4) * x 7)) abs-summable-on UNIV
by (simp add: norm-mult has-ell2-norm-def power2-eq-square)
hence (\i. cnj (z ) * z i) abs-summable-on UNIV
by auto
hence sum: (\i. ¢cnj (z 1) * z ©) abs-summable-on UNIV
unfolding has-ell2-norm-def power2-eq-square.
have 0 = (3 «i::'a. 0) by auto
also have ... < (D oi. enj (z @) * z 0)
apply (rule infsum-mono-complex)
by (auto simp add: abs-summable-summable sum)
finally show 0 < (3° 4. cnj (z 7) * x i) by assumption
qed

show (cinner z z = 0) = (z = 0)
proof (transfer, auto)
fix z :: 'a = complex
assume has-ell2-norm z
hence (\i::’a. cmod (enj (z i) % x 1)) abs-summable-on UNIV
by (smt (verit, del-insts) complex-mod-mult-cnj has-ell2-norm-def mult.commute
norm-ge-zero norm-power real-norm-def summable-on-cong)
hence cmod-z2: (\i. enj (x @) * z i) abs-summable-on UNIV
unfolding has-ell2-norm-def power2-eq-square
by simp
assume eq0: (> oot. cnj (x i) x i) = 0
show z = (\-. 0)
proof (rule ccontr)
assume z # (A-. 0)
then obtain i where z i # 0 by auto
hence 0 < cnj (i) * x {
by (metis le-less cnj-z-z-geq0 complex-cnj-zero-iff vector-space-over-itself . scale-eq-0-iff )
also have ... = (3" i€{i}. enj (z ©) * = i) by auto
also have ... < (D oi. enj (z @) * z 0)
apply (rule infsum-mono-neutral-complex)
by (auto simp add: abs-summable-summable cmod-z2)

also from eq0) have ... = 0 by assumption
finally show Fulse by simp
qed
qed

show norm x = sqrt (cmod (cinner x x))
proof transfer
fix z :: 'a = complex
assume z: has-ell2-norm x
have (\i::'a. emod (z i) * cmod (x ©)) abs-summable-on UNIV —>
(Ai::'a. emod (enj (x @) * x 7)) abs-summable-on UNIV
by (simp add: norm-mult has-ell2-norm-def power2-eg-square)
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hence sum: (\i. ¢cnj (z 7) * = i) abs-summable-on UNIV
by (metis (no-types, lifting) complez-mod-mult-cnj has-ell2-norm-def mult. commute
norm-power summable-on-cong x)
from z have ell2-norm x = sqrt (3. 4. (cmod (z 7))?)
unfolding ell2-norm-def by simp

also have ... = sqrt (3 oi. cmod (cnj (z @) x x 7))
unfolding norm-complex-def power2-eq-square by auto
also have ... = sqrt (cmod (3 ooi. cnj (z i) * z 7))

by (auto simp: infsum-cmod abs-summable-summable sum)
finally show ell2-norm x = sqrt (cmod (3 sot. cnj (z @) * z 1)) by assumption
qed
qed
end

instance ell2 :: (type) chilbert-space
proof intro-classes
fix X :: <nat = 'a ell2>
define z where <z n a = Rep-ell2 (X n) o> for n a
have [simp]: <has-ell2-norm (z n)> for n
using Rep-ell2 z-def[abs-def] by simp

assume <Cauchy X»
moreover have dist (z n a) (z m a) < dist (X n) (X m) for n m a
by (metis Rep-ell2 z-def dist-norm ell2-norm-point-bound mem-Collect-eq mi-
nus-ell2.rep-eq norm-ell2.rep-eq)
ultimately have (Cauchy (An. z n a)) for a
by (meson Cauchy-def le-less-trans)
then obtain [ where 2-lim: <(An. x n a) —— [ a» for a
apply atomize-elim apply (rule choice)
by (simp add: convergent-eq-Cauchy)
define L where (L = Abs-ell2 I
define normF where (normF F © = L2-set (¢cmod o z) F» for F :: </a set» and
x
have normF-triangle: <normF F (Aa. z a + y a) < normF F x + normF F y if
finite F» for F z y
proof —
have <normF F (Aa. x a + y a) = L2-set (Aa. cmod (z a + y a)) F»
by (metis (mono-tags, lifting) L2-set-cong comp-apply normF-def)
also have (... < L2-set (Aa. cmod (z a) + cmod (y a)) F»
by (meson L2-set-mono norm-ge-zero norm-triangle-ineq)
also have (... < L2-set (Aa. cmod (z a)) F + L2-set (Aa. cmod (y a)) F)»
by (simp add: L2-set-triangle-ineq)
also have «... < normF F z + normF F y»
by (smt (verit, best) L2-set-cong normF-def comp-apply)
finally show ?thesis
by —
qed
have normF-negate: <normF F (Aa. — x a) = normF F x» if (finite F for F z
unfolding normF-def o-def by simp
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have normF-ell2norm: <normF F x < ell2-norm x» if (finite F'» and <has-ell2-norm
x> for F x
apply (auto introl: cSUP-upper2|where t=F] simp: that normF-def ell2-norm-L2-set)
by (meson has-ell2-norm-L2-set that(2))

note Lim-bounded2[rotated, rule-format, trans

from «Cauchy X>»
obtain [ where cauchyX: <norm (X n — X m) < & if >0y <n>I &> «m>1 &
for e nm
by (metis Cauchy-def dist-norm less-eq-real-def)
have normF-zz: <normF F (Aa. zn a — x m a) < & if «finite F» «e>0> «<n>1
ey m>Ie»forenmF
apply (subst asm-rllof <(Aa. xn a — z m a) = Rep-ell2 (X n — X m))])
apply (simp add: z-def minus-ell2.rep-eq)
using that cauchyX by (metis Rep-ell2 mem-Collect-eq normF-ell2norm norm-ell2.rep-eq
order-trans)
have normF-zl-lim: <(Am. normF F (Aa. x m a — l a)) —— 0 if «finite F»
for F
proof —
have «(Aza. cmod (z za m — I m)) —— 0» for m
using z-lim by (simp add: LIM-zero-iff tendsto-norm-zero)
then have «(Am. Y_i€F. ((cmod o (Aa. zm a — 1 a)) 9)?) —— 0>
by (auto intro: tendsto-null-sum)
then show ?thesis
unfolding normfF-def L2-set-def
using tendsto-real-sqrt by force
qed
have normF-zl: <normF F (Aa. zna — la) < &
if <n > I &» and <« > 0> and <finite F» for n ¢ F
proof —
have <normF F (Aa. zna —la) — e < normF F (Aa. zna — zma) +
normF F (Aa. tm a — 1 a) — & for m
using normF-triangle]OF «finite F», where z=«(Aa. £ n a — £ m a)> and
y=«Aa. zma — la)]

by auto

also have ... m < normF F (Aa. xm a — la)y if <m > I &) for m
using normF-zz[OF <finite F» <¢>0y <n > 1 & «m > I &]
by auto

also have «(Am. ... m) —— O

using «finite F» by (rule normF-zl-lim)
finally show ?thesis
by auto
qed
have (normF F 1 < 1 + normF F (z (I 1))» if [simp]: «finite F> for F'
using normF-zllwhere F=F and ¢=1 and n=« 1)]
using normF-triangle[where F=F and z=:z (I 1)) and y=\a. la — z (I 1)
]
using normF-negatelwhere F=F and z=«(Aa. z (I 1) a — 1 a))]
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by auto
also have «... F < 1 + ell2-norm (z (I 1)) if «finite F» for F
using normF-ell2norm that by simp
finally have [simp]: <has-ell2-norm [
unfolding has-ell2-norm-L2-set
by (auto intro!: bdd-abovel simp flip: normF-def)
then have <« = Rep-ell2 L»
by (simp add: Abs-ell2-inverse L-def)
have [simp]: <has-ell2-norm (Aa. x n a — 1 a)) for n
apply (subst diff-conv-add-uminus)
apply (rule ell2-norm-triangle)
by (auto intro!: ell2-norm-uminus)
from normF-zl have eli2norm-xzl: <ell2-norm (Aa. xna — la) < &
if «<n>1¢e and ¢ > 0> for n ¢
apply (subst ell2-norm-L2-set)
using that by (auto intro!: ¢SUP-least simp: normF-def)
have <norm (Xn — L) < e»if <n > T e» and <«¢ > 0» for n ¢
using ell2norm-zl[OF that]
by (simp add: z-def norm-ell2.rep-eq <l = Rep-ell2 L) minus-ell2.rep-eq)
then have <X —— L»
unfolding tendsto-iff
apply (auto simp: dist-norm eventually-sequentially)
by (meson field-lbound-gt-zero le-less-trans)
then show (convergent X»
by (rule convergentl)
qged

lemma sum-ell2-transfer|transfer-rule]:
includes lifting-syntax
shows ((((=) ===> pcr-ell2 (=)) ===> rel-set (=) ===> per-ell2 (=))
(M X z. sum (Ay. fyz) X) sum
proof (intro rel-funl, rename-tac f f' X X')
fix f and [ :: 'a = 'b ell2»
assume [transfer-rule]: «((=) ===> pcr-eli2 (=)) f
fix X X' :: /a set
assume <rel-set (=) X X
then have [simp]: <X’ = X
by (simp add: rel-set-eq)
show «pcr-eli2 (=) (A\z. > yeX. fyx) (sum f' X')
unfolding X' = X»
proof (induction X rule: infinite-finite-induct)
case (infinite X)
show ?Zcase
apply (simp add: infinite)
by transfer-prover
next
case empty
show Zcase
apply (simp add: empty)
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by transfer-prover
next
case (insert z F')
note [transfer-rule] = insert.[H
show ?Zcase
apply (simp add: insert)
by transfer-prover
qed
qed

lemma clinear-Rep-ell2[simp]: <clinear (M. Rep-ell2 i 7))
by (simp add: clinearl plus-ell2.rep-eq scaleC-ell2.rep-eq)

lemma Abs-ell2-inverse-finite[simp]: «Rep-ell2 (Abs-ell2 1)) = o> for ¢ :: <-::finite
= complex»
by (simp add: Abs-ell2-inverse)

14.3 Orthogonality

lemma ell2-pointwise-ortho:
assumes (/\ i. Rep-ell2xi= 0V Rep-ell2y i = 0>
shows <is-orthogonal x y»
using assms apply transfer
by (simp add: infsum-0)

14.4 Truncated vectors

lift-definition trunc-ell2:: 'a set = 'a ell2 = 'a ell2»
is <A Sz (Ni. (ifi € Sthen z i else 0))»
proof (rename-tac S x)
fix z :: <'a = complexy and S :: <'a set>
assume <has-ell2-norm x>
then have «(\i. (z 1)) abs-summable-on UNIV
unfolding has-ell2-norm-def by —
then have «(\i. (z i)?) abs-summable-on S»
using summable-on-subset-banach by blast
then have «(Aza. (if za € S then z za else 0)?) abs-summable-on UNIV»
apply (rule summable-on-cong-neutral| THEN iffD1, rotated —1])
by auto
then show <has-ell2-norm (Xi. if i € S then z { else 0)»
unfolding has-ell2-norm-def by —
qed

lemma trunc-ell2-empty[simp]: <trunc-ell2 {} = = 0>
apply transfer by simp

lemma trunc-ell2-UNIV [simp]: <trunc-ell2 UNIV 1) =
apply transfer by simp

lemma norm-id-minus-trunc-ell2:
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«(norm (x — trunc-ell2 S z)) "2 = (norm x) "2 — (norm (trunc-ell2 S z))"2»
proof—
have (Rep-ell2 (trunc-elli2 S ) i = 0 V Rep-ell2 (x — trunc-ell2 S z) i = 0>
for ¢
apply transfer
by auto
hence «((trunc-ell2 S z) -¢ (z — trunc-ell2 S z)) = 0>
using ell2-pointwise-ortho by blast
hence <(norm z)72 = (norm (trunc-ell2 S x))"2 + (norm (z — trunc-ell2 S
z)) 72>
using pythagorean-theorem by fastforce
thus ?thesis by simp
qed

lemma norm-trunc-ell2-finite:
(finite S = (norm (trunc-eli2 S z)) = sqrt ((sum (\i. (cmod (Rep-ell2 x i))?))
S)
proof—
assume <(finite S»
moreover have «\ i. i ¢ S = Rep-ell2 ((trunc-ell2 S z)) i = 0>
by (simp add: trunc-ell2.rep-eq)
ultimately have «(norm (trunc-ell2 S z)) = sqrt ((sum (Xi. (¢mod (Rep-ell2
((trunc-ell2 S z)) i))?)) S)
using ell2-norm-finite-support
by blast
moreover have (/\ i. i € S = Rep-ell2 ((trunc-ell2 S z)) i = Rep-ell2 x ©
by (simp add: trunc-ell2.rep-eq)
ultimately show ?thesis by simp
qed

lemma trunc-ell2-lim-at-UNIV:

(((AS. trunc-ell2 S ) —— ) (finite-subsets-at-top UNIV)»
proof —

define f where <f i = (cmod (Rep-ell2 v i))% for i

have has: <has-ell2-norm (Rep-ell2 1)»
using Rep-ell2 by blast
then have summable: f abs-summable-on UNIV
by (smt (verit, del-insts) f-def has-ell2-norm-def norm-ge-zero norm-power
real-norm-def summable-on-cong)

have «norm ¢ = (ell2-norm (Rep-ell2 1))
apply transfer by simp

also have «... = sqgrt (infsum f UNIV))
by (simp add: ell2-norm-def f-def[symmetric])

finally have norm: <norm ¢ = sqrt (infsum f UNIV)»
by —

have norm-trunc: <norm (trunc-ell2 S ) = sqrt (sum f S)» if «finite S» for S
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using f-def that norm-trunc-ell2-finite by fastforce

have «(sum f —— infsum f UNIV) (finite-subsets-at-top UNIV)»
using f-def[abs-def] infsum-tendsto local.summable by fastforce
then have «((AS. sqrt (sum fS)) —— sqrt (infsum f UNIV)) (finite-subsets-at-top
UNIV)»
using tendsto-real-sqrt by blast
then have «((AS. norm (trunc-ell2 S )) —— norm ) (finite-subsets-at-top
UNIV))
apply (subst tendsto-cong[where g=<\S. sqrt (sum f S)])
by (auto simp add: eventually-finite-subsets-at-top-weakl norm-trunc norma)
then have «((\S. (norm (trunc-ell2 S v))?) —— (norm )?) (finite-subsets-at-top
UNIV))
by (simp add: tendsto-power)
then have «((\S. (norm )2 — (norm (trunc-ell2 S 1))?) — 0) (finite-subsets-at-top
UNIV)»
apply (rule tendsto-diff [ where a=<«(norm ) 2> and b=«(norm 1)) "2, sim-
plified, rotated))
by auto
then have «((\S. (norm (¢ — trunc-ell2 S v))?) —— 0) (finite-subsets-at-top
UNIV)»
unfolding norm-id-minus-trunc-ell2 by simp
then have «((AS. norm (¢ — trunc-ell2 S ©)) —— 0) (finite-subsets-at-top
UNIV))
by auto
then have «((AS. ¢ — trunc-eli2 S ) —— 0) (finite-subsets-at-top UNIV')»
by (rule tendsto-norm-zero-cancel)
then show ?thesis
apply (rule Lim-transform2[where f=«\-. i, rotated])
by simp
qed

lemma trunc-eli2-lim-seq: <((An. trunc-ell2 {..<n} ) —— )
using trunc-ell2-lim-at-UNIV filterlim-less Than-at-top
by (rule filterlim-compose)

lemma trunc-eli2-norm-mono: <M C N = norm (trunc-ell2 M ) < norm
(trunc-ell2 N v¥)»
proof (rule power2-le-imp-le[rotated], force, transfer)
fix M N :: /a set» and ¢ :: <'a = complex)
assume <M C N)» and <has-ell2-norm >
have «(ell2-norm (\i. if i € M then ¢ i else 0))? = (3. ooi€M. (cmod (1 i))?)»
unfolding ell2-norm-square
apply (rule infsum-cong-neutral)
by auto
also have (... < (3" 4€N. (ecmod (¢ 7))
apply (rule infsum-mono2)
using <has-ell2-norm > <M C N»
by (auto simp add: ell2-norm-square has-ell2-norm-def simp flip: norm-power
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intro: summable-on-subset-banach)
also have «... = (ell2-norm (X\i. if i € N then v i else 0))%
unfolding ell2-norm-square
apply (rule infsum-cong-neutral)
by auto
finally show «(ell2-norm (X\i. if i € M then 1 i else 0))? < (eli2-norm (\i. if i
€ N then v i else 0))%
by —
qed

lemma trunc-ell2-reduces-norm: <norm (trunc-ell2 M ) < norm
by (metis subset-UNIV trunc-ell2-UNIV trunc-ell2-norm-mono)

lemma trunc-ell2-twice[simpl: <trunc-ell2 M (trunc-ell2 N ¢) = trunc-ell2 (MNN)
vy
apply transfer by auto

lemma trunc-ell2-union: <trunc-ell2 (M U N) ¢ = trunc-ell2 M ¢ + trunc-ell2
N ¢ — trunc-ell2 (MNN) ¢»
apply transfer by auto

lemma trunc-ell2-union-disjoint: <M N N = {} = trunc-ell2 (M U N) ¢ =
trunc-ell2 M ¢ + trunc-ell2 N >
by (simp add: trunc-ell2-union)

lemma trunc-ell2-union-Diff: <M C N = trunc-ell2 (N—M) ¢ = trunc-ell2 N
Y — trunc-ell2 M

using trunc-ell2-union-disjoint[where M=«N—M> and N=M and =1]

by (simp add: Un-commute inf.commute le-iff-sup)

lemma trunc-ell2-add: <trunc-ell2 M (¢ + @) = trunc-ell2 M ) + trunc-ell2 M

o
apply transfer by auto

lemma trunc-eli2-scaleC: <trunc-ell2 M (¢ *¢ ) = ¢ *¢ trunc-ell2 M »
apply transfer by auto

lemma bounded-clinear-trunc-ell2[bounded-clinear]: <bounded-clinear (trunc-ell2 M)»
by (auto intro!: bounded-clinearl [where K=1] trunc-ell2-reduces-norm
stmp: trunc-ell2-add trunc-ell2-scaleC')

lemma trunc-ell2-lim: <(AS. trunc-ell2 S ) —— trunc-ell2 M ) (finite-subsets-at-top
M)
proof —
have «((AS. trunc-eli2 S (trunc-ell2 M 1)) —— trunc-ell2 M 1) (finite-subsets-at-top
UNIV)»
using trunc-ell2-lim-at-UNIV by blast

then have «((AS. trunc-ell2 (SNM) ) —— trunc-ell2 M ) (finite-subsets-at-top
UNIV)»
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by simp
then show «((AS. trunc-eli2 S ) —— trunc-ell2 M ) (finite-subsets-at-top
M),
unfolding filterlim-def
apply (subst (asm) filtermap-filtermap[where g=«\S. SNM>, symmetric))
apply (subst (asm) finite-subsets-at-top-inter[where A=M and B=UNIV])
by auto
qed

lemma trunc-ell2-lim-general:
assumes big: <(A\G. finite G —= G C M = Vg Hin F. H D G)»
assumes small: Vp Hin F. H C M>»
shows (((AS. trunc-ell2 S 1) —— trunc-ell2 M ) F»
proof (rule tendstol)
fix e :: real assume e > 0
from trunc-eli2-lim[ THEN tendsto-iff [ THEN iffD1], rule-format, OF <e > 0>,
where M=M and ¢¥=1]
obtain G where «(finite G» and <G C M» and
close: «dist (trunc-ell2 G ) (trunc-ell2 M o) < e
apply atomize-elim
unfolding eventually-finite-subsets-at-top
by blast
from «finite G> <G C M>» and big
have Wpr Hin F. H D G
by —
with small have Vg Hin F. HC M N H D Gy
by (simp add: eventually-conj-iff)
then show Vp H in F. dist (trunc-ell2 H 1)) (trunc-ell2 M ) < e
proof (rule eventually-mono)
fix H assume GHM: <H C M N H D G»
have «dist (trunc-ell2 H ) (trunc-ell2 M 1) = norm (trunc-ell2 (M—H) ¥)»
by (simp add: GHM dist-ell2-def norm-minus-commute trunc-ell2-union-Diff)
also have «... < norm (trunc-ell2 (M—GQ) v¥)»
by (simp add: Diff-mono GHM trunc-ell2-norm-mono)
also have (... = dist (trunc-ell2 G 1) (trunc-ell2 M )
by (simp add: <G C M» dist-ell2-def norm-minus-commute trunc-ell2-union-Diff)
also have «... < e
using close by simp
finally show «dist (trunc-ell2 H ) (trunc-ell2 M ) < e
by —
qed
qged

lemma norm-ell2-bound-trunc:
assumes (A\M. finite M = norm (trunc-ell2 M ) < B»
shows (norm ¢ < B»
proof —
note trunc-ell2-lim-at-UNIV|of 1]
then have «((AS. norm (trunc-ell2 S 1)) —— norm ) (finite-subsets-at-top
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UNIV)»
using tendsto-norm by auto
then show (norm ¢ < B)
apply (rule tendsto-upperbound)
using assms apply (rule eventually-finite-subsets-at-top-weakl )
by auto
qed

lemma trunc-ell2-uminus: <trunc-ell2 (—M) ¥ = ¢ — trunc-ell2 M ¢»
by (metis Int-UNIV-left boolean-algebra-class. diff-eq subset-UNIV trunc-ell2-UNIV
trunc-ell2-union-Diff)

14.5 Kets and bras

lift-definition ket :: <'a = ‘a ell2y is <Az y. of-bool (z=y)>
by (rule has-ell2-norm-ket)

abbreviation bra :: '/

(ket i)* for i

a = (-,complex) cblinfun where bra i = vector-to-cblinfun

instance ell2 :: (type) not-singleton
proof standard
have ket undefined # (0::'a ell2)
proof transfer
show <(A\y. of-bool ((undefined::'a) = y)) # (A-. 0)»
by (metis (mono-tags) of-bool-eq(2) zero-neq-one)
qed
thus (dz y::'a ell2. z #
by blast
qed

lemma cinner-ket-left: <ket i -c ¢ = Rep-ell2 v ©»
apply (transfer fizing: ©)
apply (subst infsum-cong-neutral[where T=«{i}])
by auto

lemma cinner-ket-right: <(v -¢ ket i) = cnj (Rep-ell2 ¢ i)y
apply (transfer fizing: ©)
apply (subst infsum-cong-neutral[where T=«{i}])
by auto

lemma bounded-clinear-Rep-ell2[simp, bounded-clinear]: <bounded-clinear (A. Rep-ell2
Y )

apply (subst asm-ri[of <«(\p. Rep-ell2 ¢ x) = (M. ket x -¢ ¥)y])

apply (auto simp: cinner-ket-left)

by (simp add: bounded-clinear-cinner-right)

lemma cinner-ket-eql:
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assumes (\i. ket i -c Y = ket i -c @
shows ) = ¢»
by (metis Rep-ell2-inject assms cinner-ket-left ext)

lemma norm-ket[simp|: norm (ket i) = 1
apply transfer by (rule ell2-norm-ket)

lemma cinner-ket-same[simp]:
«(ket i -c ket i) = 1>
proof—
have <norm (ket i) = I»
by simp
hence <sqrt (cmod (ket i -¢ ket i) = 1»
by (metis norm-egq-sqrt-cinner)
hence <cmod (ket i -¢ ket i) = 1»
using real-sqrt-eq-1-iff by blast
moreover have ¢(ket i -¢ ket i) = cmod (ket i -¢ ket i)»
proof—
have «(ket i -¢ ket i) € R»
by (simp add: cinner-real)
thus ?thesis
by (metis <norm (ket i) = 1> cnorm-eq norm-one of-real-1 one-cinner-one)
qed
ultimately show ?thesis by simp
qed

lemma orthogonal-ket[simp]:
is-orthogonal (ket ) (ket j) <— @ # >
by (simp add: cinner-ket-left ket.rep-eq of-bool-def)

lemma cinner-ket: «(ket i -¢ ket j) = of-bool (i=j5)»
by (simp add: cinner-ket-left ket.rep-eq)

lemma ket-injective[simpl: <ket i = ket j «— i = j»
by (metis cinner-ket one-neg-zero of-bool-def)

lemma inj-ket[simp]: <inj-on ket M>
by (simp add: inj-on-def)

lemma trunc-ell2-ket-cspan:

<trunc-ell2 S x € cspan (range ket)y if «finite S»
proof (use that in induction)

case empty

then show ?case

by (auto intro: complez-vector.span-zero)

next

case (insert a F)

from insert.hyps have <trunc-ell2 (insert a F) x = trunc-ell2 F © + Rep-ell2 x
a *¢ ket a)
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apply (transfer fizing: F a)
by auto
with insert.[H
show ?case
by (simp add: complez-vector.span-add-eq complez-vector.span-base complex-vector.span-scale)
qed

lemma closed-cspan-range-ket[simpl:
<closure (cspan (range ket)) = UNIV)»
proof (intro set-eql iffl UNIV-I closure-approachable]l THEN iffD2] alll impl)
fix ¢ :: 'a ell2»
fix e :: real assume <e > 0
have «((AS. trunc-ell2 S ) —— ) (finite-subsets-at-top UNIV')»
by (rule trunc-ell2-lim-at-UNIV)
then obtain F where «(finite F» and <dist (trunc-ell2 F ¢) ¢ < e
apply (drule-tac tendstoD[OF - <e > 0)])
by (auto dest: simp: eventually-finite-subsets-at-top)
moreover have <trunc-ell2 F i € cspan (range ket)»
using «(finite F» trunc-ell2-ket-cspan by blast
ultimately show «3pE€cspan (range ket). dist ¢ 1p < e
by auto
qged

lemma ccspan-range-ket[simp|: ccspan (range ket) = (top::(‘a ell2 ccsubspace))
proof—
have «closure (complez-vector.span (range ket)) = (UNIV::'a ell2 set)»
using Complex-L2.closed-cspan-range-ket by blast
thus ?thesis
by (simp add: ccspan.abs-eq top-ccsubspace.abs-eq)
qed

lemma cspan-range-ket-finite[simpl: cspan (range ket :: 'a:finite ell2 set) = UNIV
by (metis closed-cspan-range-ket closure-finite-cspan finite-class.finite-UNIV fi-
nite-imagel )

instance ell2 :: (finite) cfinite-dim
proof
define basis :: <'a ell2 sety where <basis = range ket
have «finite basis»
unfolding basis-def by simp
moreover have <«cspan basis = UNIV)
by (simp add: basis-def)
ultimately show <3 basis::’a ell2 set. finite basis A cspan basis = UNIV»
by auto
qed

instantiation ell2 :: (enum) onb-enum begin

definition canonical-basis-ell2 = map ket Enum.enum
definition <canonical-basis-length-ell2 (- :: 'a ell2 itself) = length (Enum.enum :
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‘a list)»
instance
proof
show distinct (canonical-basis::’a ell2 list)
proof—
have «finite (UNIV::'a set))
by simp
have «distinct (enum-class.enum::’a list)»
using enum-distinct by blast
moreover have <«inj-on ket (set enum-class.enum)>
by (meson inj-onl ket-injective)
ultimately show ¢thesis
unfolding canonical-basis-ell2-def
using distinct-map
by blast
qged

show is-ortho-set (set (canonical-basis::'a ell2 list))
apply (auto simp: canonical-basis-ell2-def enum-UNIV')
by (smt (23) norm-ket f-inv-into-f is-ortho-set-def orthogonal-ket norm-zero)

show cindependent (set (canonical-basis::'a ell2 list))
apply (auto simp: canonical-basis-ell2-def enum-UNIV')
by (smt (verit, best) norm-ket f-inv-into-f is-ortho-set-def is-ortho-set-cindependent
orthogonal-ket norm-zero)

show cspan (set (canonical-basis::'a ell2 list)) = UNIV
by (auto simp: canonical-basis-ell2-def enum-UNIV)

show norm (z::'a ell2) = 1
if (z::'a ell2) € set canonical-basis
for z :: 'a ell2
using that unfolding canonical-basis-ell2-def
by auto

show <canonical-basis-length TYPE('a ell2) = length (canonical-basis :: 'a ell2
list)»
by (simp add: canonical-basis-length-ell2-def canonical-basis-ell2-def)
qed
end

lemma canonical-basis-length-ell2|code-unfold, simpl:
length (canonical-basis ::'a::enum ell2 list) = CARD(a)
unfolding canonical-basis-ell2-def apply simp
using card-UNIV-length-enum by metis

lemma ket-canonical-basis: ket x = canonical-basis | enum-idz x

proof—
have z = (enum-class.enum::'a list) | enum-idz
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using enum-idz-correct[where i = z] by simp

hence p1: ket z = ket ((enum-class.enum::’a list) | enum-idz z)
by simp

have enum-ide © < length (enum-class.enum::'a list)
using enum-idz-bound[where © = x| card-UNIV-length-enum
by metis

hence (map ket (enum-class.enum::’a list)) ! enum-idz

= ket ((enum-class.enum::'a list) | enum-idz x)

by auto

thus ?thesis
unfolding canonical-basis-ell2-def using p1 by auto

qed

lemma clinear-equal-ket:

fixes f g :: <a::finite ell2 = -

assumes <clinear f»

assumes <clinear g

assumes (\i. f (ket i) = g (ket i)

shows f = ¢

apply (rule ext)

apply (rule complex-vector.linear-eg-on-span[where f=f and g=g and B=«range
ket»])

using assms by auto

lemma equal-ket:
fixes A B :: «('a ell2, 'b::complex-normed-vector) cblinfun)
assumes <\ z. A xy ket x = B xy ket x»
shows (A = B
apply (rule cblinfun-eq-gen-eql [where G=«<range ket»])
using assms by auto

lemma antilinear-equal-ket:
fixes f g :: a::finite ell2 = -
assumes <antilinear f)
assumes <antilinear g»
assumes (\i. f (ket i) = g (ket i)
shows «f = ¢»
proof —
have [simp]: <clinear (f o from-conjugate-space)>
apply (rule antilinear-o-antilinear)
using assms by (simp-all add: antilinear-from-conjugate-space)
have [simp]: <clinear (g o from-conjugate-space)>
apply (rule antilinear-o-antilinear)
using assms by (simp-all add: antilinear-from-conjugate-space)
have [simp]: <cspan (to-conjugate-space ‘ (range ket :: 'a ell2 set)) = UNIV»
by simp
have f o from-conjugate-space = g o from-conjugate-space
apply (rule ext)
apply (rule complex-vector.linear-eq-on-span|where f=f o from-conjugate-space
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and g=g o from-conjugate-space and B=<to-conjugate-space ‘ range ket)))
apply (simp, simp)
using assms(3) by (auto simp: to-conjugate-space-inverse)
then show f = g
by (smt (verit) UNIV-I from-conjugate-space-inverse surj-def surj-fun-eq to-conjugate-space-inject)

qed

lemma cinner-ket-adjointl:
fixes F::'a ell2 =c1 - and G::'b ell2 =c-
assumes A ij. (F *y ket i) -¢ ket j = ket i ¢ (G =y ket j)
shows F = Gx*
proof —
from assms
have «(F vy z) ¢ y = 2 ¢ (G *v y) if <z € range ket> and <y € range ket
for z y
using that by auto
then have «((F vy z) «c y = ¢ -¢ (G *y y)» if «x € range ket for z y
apply (rule bounded-clinear-eq-on-closure[where G=«<range ket> and t=y, ro-
tated 2])
using that by (auto intro!: bounded-linear-intros)
then have «((F *y z) «c y =z ¢ (G *xy y)» for z y
apply (rule bounded-antilinear-eq-on[where G=<range ket> and t=z, rotated
2])
by (auto intro!: bounded-linear-intros)
then show ?thesis
by (rule adjoint-eql)
qed

lemma ket-nonzero[simp): ket i # 0
using norm-ket|of i] by force

lemma cindependent-ket[simpl:
cindependent (range (ket::'a=-))
proof—
define S where S = range (ket::'a=-)
have is-ortho-set S
unfolding S-def is-ortho-set-def by auto
moreover have 0 ¢ S
unfolding S-def
using ket-nonzero
by (simp add: image-iff)
ultimately show %thesis
using is-ortho-set-cindependent[where A = S| unfolding S-def
by blast
qed

lemma cdim-UNIV-ell2[simp]: <cdim (UNIV::'a:finite ell2 set) = CARD('a))
apply (subst cspan-range-ket-finite[symmetric])
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by (metis card-image cindependent-ket complex-vector.dim-span-eq-card-independent
inj-ket)

lemma is-ortho-set-ket[simpl: <is-ortho-set (range ket)»
using is-ortho-set-def by fastforce

lemma bounded-clinear-equal-ket:
fixes fg:: <a ell2 = -
assumes <bounded-clinear f»
assumes <bounded-clinear g»
assumes (\i. f (ket i) = g (ket i)
shows <f = ¢
apply (rule ext)
apply (rule bounded-clinear-eq-on-closure[of f g <range ket)])
using assms by auto

lemma bounded-antilinear-equal-ket:
fixes fg :: <a ell2 = -
assumes <bounded-antilinear f>
assumes <bounded-antilinear g»
assumes (\i. f (ket i) = g (ket i)
shows «f = ¢
apply (rule ext)
apply (rule bounded-antilinear-eq-on[of f g <range ket)])
using assms by auto

lemma is-onb-ket[simpl: <is-onb (range ket)»
by (auto simp: is-onb-def)

lemma ell2-sum-ket: «p = (> i€ UNIV. Rep-ell2 o) i x¢ ket i)» for ¢ :: <-:finite
ell2»

apply transfer apply (rule ext)

apply (subst sum-single)

by auto

lemma trunc-ell2-singleton: <trunc-ell2 {z} 1» = Rep-ell2 ¢ x x¢ ket x>
apply transfer by auto

lemma trunc-ell2-insert: <trunc-ell2 (insert x M) ¢ = Rep-ell2 ¢ x *¢ ket © +
trunc-ell2 M o>

if «<x ¢ M

using trunc-ell2-union-disjoint[where M=«{z}» and N=M]

using that by (auto simp: trunc-ell2-singleton)

lemma trunc-ell2-finite-sum: <trunc-ell2 M ¢ = (> i€ M. Rep-ell2 ¢ i x¢ ket i)
if <finite M>

using that apply induction by (auto simp: trunc-ell2-insert)

lemma is-orthogonal-trunc-ell2: <is-orthogonal (trunc-ell2 M ) (trunc-ell2 N ¢)»
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if «<MNN={}p
proof —
have *: <cnj (if i € M then a else 0) % (if i € N then b else 0) = 0) for a b i
using that by auto
show ?thesis
apply (transfer fizing: M N)
by (simp add: * )
qed

14.6 Butterflies

lemma cspan-butterfly-ket: <cspan {butterfly (ket ©) (ket 7)| (i::'b::finite) (j::'a::finite).
True} = UNIV)
proof —
have : {butterfly (ket ©) (ket 7)| (i::'b::findte) (j::'a::finite). True} = {butterfly
ablab. ac€ range ket A b € range ket}»
by auto
show ?thesis
apply (subst x)
apply (rule cspan-butterfly-UNIV)
by auto
qed

lemma cindependent-butterfly-ket: <cindependent {butterfly (ket ©) (ket )| (i::'b)
(j::'a). True}»
proof —
have x: «{butterfly (ket ©) (ket j)| (i::'b) (j::'a). True} = {butterfly a b |a b. a €
range ket A b € range ket}»
by auto
show ?thesis
apply (subst x)
apply (rule cindependent-butterfly)
by auto
qed

lemma clinear-eq-butterfly-ketl:

fixes F G :: «(‘a::finite ell2 =cp 'b:finite ell2) = 'c::complez-vectors

assumes clinear F and clinear G

assumes Ai j. F (butterfly (ket ©) (ket j)) = G (butterfly (ket i) (ket j))

shows F' = G

apply (rule complez-vector.linear-eg-on-span[where f=F, THEN ext, rotated 3])
apply (subst cspan-butterfly-ket)

using assms by auto

lemma sum-butterfly-ket[simpl: <«(>_ (i::’a::finite)€ UNIV. butterfly (ket ©) (ket 7))
= id-cblinfun>
apply (rule equal-ket)
apply (subst complez-vector.linear-sum[where f=«\y. y xy ket -])
apply (auto simp add: scaleC-cblinfun.rep-eq cblinfun.add-left clinearl butter-
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fly-def cblinfun-compose-image cinner-ket)
apply (subst sum.mono-neutral-cong-right[where S=«{-}])
by auto

lemma ell2-decompose-has-sum: «((Ax. Rep-ell2 ¢ x x¢ ket x) has-sum @) UNIV)»
proof (unfold has-sum-def)
have *: «trunc-ell2 M ¢ = (> z€M. Rep-ell2 ¢ © x¢ ket x)» if «finite M>» for
M
using that apply induction
by (auto simp: trunc-ell2-insert)
show <(sum (Az. Rep-ell2 ¢ x ¢ ket x) —— ) (finite-subsets-at-top UNIV)»
apply (rule Lim-transform-eventually)
apply (rule trunc-ell2-lim-at-UNIV)
using * by (rule eventually-finite-subsets-at-top-weakl)
qed

lemma ell2-decompose-infsum: «p = (3 cox. Rep-ell2 ¢ x x¢ ket z)»
by (metis ell2-decompose-has-sum infsuml)

lemma ell2-decompose-summable: <(Az. Rep-ell2 ¢ x x¢ ket x) summable-on UNIV)»
using ell2-decompose-has-sum summable-on-def by blast

lemma Rep-ell2-cblinfun-apply-sum: (Rep-ell2 (A xyv ) y = (O coz. Rep-ell2 ¢
x * Rep-ell2 (A =y ket x) y)»
proof —
have 1: (bounded-linear (Az. Rep-ell2 (A xv z) y)»
by (auto intro!: bounded-clinear-compose[unfolded o-def, OF bounded-clinear-Rep-ell2]
cblinfun.bounded-clinear-right bounded-clinear.bounded-linear)
have 2: «(\z. Rep-ell2 ¢ z ¢ ket x) summable-on UNIV)»
by (simp add: ell2-decompose-summable)
have <Rep-ell2 (A v ) y = Rep-ell2 (A xy (3. ocz. Rep-ell2 ¢ z x¢ ket 1))
>
by (simp flip: ell2-decompose-infsum)
also have «... = (3" ooz. Rep-ell2 (A xy (Rep-ell2 ¢ z *¢ ket z)) y)»
apply (subst infsum-bounded-linear[symmetric, where h=«\z. Rep-ell2 (A xy
2 »))
using 1 2 by (auto simp: o-def)
also have «... = (3 oz. Rep-ell2 ¢ x * Rep-ell2 (A vy ket x) y)»
by (simp add: cblinfun.scaleC-right scaleC-ell2.rep-eq)
finally show ?thesis
by —
qged

14.7 One-dimensional spaces

instantiation ell2 :: (CARD-1) one begin
lift-definition one-ell2 :: 'a ell2 is A-. 1 by simp
instance..

end
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lemma ket-CARD-1-is-1: <ket z = 1) for z :: <'a:: CARD-1>»
apply transfer by simp

instantiation ell2 :: (CARD-1) times begin

lift-definition times-ell2 :: ‘a ell2 = 'a ell2 = 'a cll2isXabz. ax * bz
by simp

instance..

end

instantiation ell2 :: (CARD-1) divide begin

lift-definition divide-ell2 :: 'a ell2 = 'a ell2 = 'a ell2is Aabx. az [ bz
by simp

instance..

end

instantiation ell2 :: (CARD-1) inverse begin

lift-definition inverse-ell2 :: ‘a ell2 = 'a ell2 is Aa x. inverse (a x)
by simp

instance..

end

instance ell2 :: ({enum,CARD-1}) one-dim

Note: enum is not needed logically, but without it this instantiation clashes
with instantiation ell2 :: (enum) onb-enum

proof intro-classes
show canonical-basis = [1::'a ell2]
unfolding canonical-basis-ell2-def
apply transfer
by (simp add: enum-CARD-1]of undefined])
show a %¢ 1 x bxc 1 = (a x b) x¢ (1::'a ell2) for a b
apply (transfer fizing: a b) by simp
show z / y = z * inverse y for z y :: 'a ell2
apply transfer
by (simp add: divide-inverse)
show inverse (¢ x¢ 1) = inverse ¢ x¢ (1::'a ell2) for c¢ :: complex
apply transfer by auto
qged

14.8 Explicit bounded operators

definition ezplicit-cblinfun :: «('a = 'b = complex) = ('b ell2, 'a ell2) cblinfun)
where

cexplicit-cblinfun M = cblinfun-extension (range ket) (Aa. Abs-ell2 (Nj. M j (inv
ket a)))»

definition explicit-cblinfun-ezists :: <«('a = 'b = complex) = bool> where
<explicit-cblinfun-exists M +—
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(Y a. has-ell2-norm (Aj. M j a)) A
cblinfun-extension-exists (range ket) (Aa. Abs-ell2 (Nj. M j (inv ket a)))»

lemma explicit-cblinfun-exists-bounded:
assumes (\S T . finite S = finite T = (N\a. a¢ T = ) a = 0) =
(3" 0beS. (emod (3" a€T. Y a xc M b a))?) < Bx* (>, acT. (cmod (¢
a))*)

shows <explicit-cblinfun-exists M»
proof —
define F f where (F = complex-vector.construct (range ket) f»
and «f = (\a. Abs-ell2 (A\j. M j (inv ket a)))>
from assms[where S=«{}» and T=«{undefined}> and y=«Az. of-bool (z=undefined)>]
have (B > 0»
by auto
have has-norm: <has-ell2-norm (Ab. M b a)) for a
proof (unfold has-ell2-norm-def, intro nonneg-bdd-above-summable-on bdd-abovel )
show <0 < cmod (M z a)?) for z
by simp
fix B’
assume (B’ € sum (Az. emod ((M z a)?)) ‘{F. F C UNIV A finite F'}»
then obtain S where [simp]: <finite S» and B'-def: «B’' = (> z€S. emod (M
z a)?))
by blast
from assms[where S=S and T=«{a}> and =<\z. of-bool (z=a)>]
show (B’ < B»
by (simp add: norm-power B’-def)
qed
have «clinear F»
by (auto introl: complex-vector.linear-construct simp: F-def)
have F-B: <norm (F ) < (sgrt B) * norm > if i-range-ket: <) € cspan (range
ket)» for 1)
proof —
from that
obtain T’ where «(finite T"» and «T’ C range ket> and ¥ T": «p € cspan T
by (meson vector-finitely-spanned)

then obtain T where T'-def: <T' = ket * T
by (meson subset-image-iff)
have «finite T»
by (metis T'-def «finite T"» finite-image-iff inj-ket inj-on-subset subset-UNIV)
have ¥ T: <) € cspan (ket < T)»
using T'-def ¢ T' by blast
have Rep-v: <Rep-ell2 ¢ z = 0> if «<x ¢ T» for z
using - - ¥ T apply (rule complez-vector.linear-eq-0-on-span)
apply auto
by (metis ket.rep-eq that of-bool-def)
have «norm (trunc-ell2 S (F 1)) < sqrt B * norm ¢ if <finite S) for S
proof —
have x: <cconstruct (range ket) f 1 = (D xz€T. Rep-ell2 ¢ x x¢ f (ket x))»
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proof (rule complez-vector.linear-eq-on|where z=1¢ and B=<ket ‘ T»])
show «clinear (cconstruct (range ket) f)»
using F-def «clinear F» by blast
show «clinear (Aa. Y z€T. Rep-ell2 a x x¢ [ (ket z))»
by (auto introl: clinear-compose[unfolded o-def, OF clinear-Rep-ell2]
complez-vector.linear-compose-sum)
show <) € cspan (ket * T)»
by (simp add: ¢ T)
have «f b = (> z€T. Rep-ell2 b z ¢ | (ket x))»
if <b € ket * T» for b
proof —
define b’ where b’ = inv ket b
have bb": <b = ket b
using b’-def that by force
show ?thesis
apply (subst sum-single[where i=b"))
using that by (auto simp add: <finite T» bb’ ket.rep-eq)
qed
then show <cconstruct (range ket) fb = (O z€T. Rep-ell2 b x ¢ [ (ket
z))
if <b € ket * T» for b
apply (subst complez-vector.construct-basis)
using that by auto
qed
have «(norm (trunc-ell2 S (F v)))? = (norm (trunc-ell2 S (3" z€T. Rep-ell2
b 3 xo [ (ket 2))
apply (rule arg-cong[where f=\z. (norm (trunc-ell2 - z))])
by (simp add: F-def )

also have «... = (norm (trunc-elli2 S (> z€T. Rep-ell2 1 x xc Abs-ell2 (\b.
M b 2)))>
by (simp add: f-def)
also have ... = (> i€S. (cmod (Rep-ell2 (> z€T. Rep-ell2 ¢ x xc Abs-ell2

(X\b. M b 2)) 7))
by (simp add: that norm-trunc-ell2-finite real-sqrt-pow2 sum-nonneg)
also have ... = (>_i€S. (¢mod (3. z€T. Rep-ell2 ¢ x xc Rep-ell2 (Abs-ell2
(Ab. M b z)) 7))
by (simp add: complez-vector.linear-sum|[OF clinear-Rep-ell2]
clinear.scaleC[OF clinear-Rep-ell2])
also have «... = (3. i€S. (cmod (3. z€T. Rep-ell2 ¢ x ¢ M i z))?)
using has-norm by (simp add: Abs-ell2-inverse)
also have «... < B x (3, 2€T. (cmod (Rep-ell2 v 1))?)
using «finite S» <finite T» Rep-ip by (rule assms)
also have (... = B x ((norm (trunc-ell2 T 1))?)
by (simp add: <finite T> norm-trunc-ell2-finite sum-nonneg)
also have (... < B * (norm )%
by (simp add: mult-left-mono <B > 0) trunc-ell2-reduces-norm)
finally show ?thesis
apply (rule-tac power2-le-imp-le)
by (simp-all add: <0 < By power-mult-distrib)
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qed
then show ?thesis
by (rule norm-ell2-bound-trunc)

qed
then have <cblinfun-extension-exists (cspan (range ket)) F)»

apply (rule cblinfun-extension-exists-hilbert[rotated —1])

by (auto intro: <clinear Fy complex-vector.linear-add complez-vector.linear-scale)
then have ex: <cblinfun-extension-exists (range ket) f»

apply (rule cblinfun-extension-exists-restrict[rotated —1))

by (simp-all add: F-def complex-vector.span-superset complex-vector.construct-basis)
from ex has-norm
show ?thesis

using explicit-cblinfun-exists-def f-def by blast

qed

lemma ezplicit-cblinfun-exists-finite-dim[simp]: <explicit-cblinfun-exists m> for m
o -nfinite = -nfinite = -
by (auto simp: explicit-cblinfun-exists-def cblinfun-extension-exists-finite-dim)

lemma explicit-cblinfun-ket: <explicit-cblinfun M *y ket a = Abs-ell2 (Ab. M b a)»
if <explicit-cblinfun-exists M>

using that by (auto simp: explicit-cblinfun-exists-def explicit-cblinfun-def cblin-
fun-extension-apply)

lemma Rep-ell2-explicit-cblinfun-ket[simp]: <Rep-ell2 (explicit-cblinfun M =y ket
a) b= Mb a if <explicit-cblinfun-exists M>»

using that apply (simp add: explicit-cblinfun-ket)

by (simp add: Abs-ell2-inverse explicit-cblinfun-exists-def)

lemma bounded-extension-counterexample-1: <3 f. V. f (ket x) = ket 0>

— First part of counterexample showing that not every linear function can be
extended to a bounded operator.

by auto

lemma bounded-extension-counterexample-2:
— Second part of counterexample showing that not every linear function can be
extended to a bounded operator.
assumes <V z::'a:infinite. f (ket ) = ket 0»
shows <= cblinfun-extension-exists (range ket) f»
proof (rule ccontr, unfold not-not)
assume <cblinfun-extension-exists (range ket) f»
moreover define F' where <F = cblinfun-extension (range ket) f»
ultimately have F: «F (ket x) = ket 0» for z
by (simp add: assms cblinfun-extension-apply)
have F-geq: <norm F > sqrt By for B :: nat
proof —
obtain S :: ¢a sety where card-S: <card S = B> and fin-S: «finite S»
using arb-finite-subset[of «{}» B]
by (meson finite.emptyl obtain-subset-with-card-n)
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define ¢y where ¢ = (> i€S. ket i)»
have «(norm )% = B)
by (simp add: ¥-def pythagorean-theorem-sum card-S fin-S)
then have norm-v: (norm ¢ = sqrt B>
by (smt (verit, best) norm-ge-zero real-sqrt-abs)
have <F ¢ = B *xp ket 0»
by (simp add: ¥-def cblinfun.sum-right real-vector.sum-constant-scale F card-S)
then have <norm (F ) = B>
by simp
with norm-y have <norm F > B / sqrt B>
using norm-cblinfun[of F ]
by (simp add: divide-le-eq)
then show ?thesis
by (simp add: real-div-sqrt)
qed
then show Fulse
proof —
obtain B :: nat where B: (B > (norm F)?
apply atomize-elim
apply (rule exl[of - <nat (ceiling ((norm F)? + 1))])
by linarith
with F-geq show Fulse
by (smt (verit, ccfo-threshold) B sqrt-le-D)
qed
qed

14.9 Classical operators

We call an operator mapping ket x to ket (m x) or 0 'classical'. (The
meaning is inspired by the fact that in quantum mechanics, such operators
usually correspond to operations with classical interpretation (such as Pauli-
X, CNOT, measurement in the computational basis, etc.))

definition classical-operator :: (‘a='b option) = 'a ell2 =c1'b ell2 where
classical-operator m =
(let f = (At. (case 7 (inv (ket::'a=-) t)
of None = (0::'b ell2)
| Some i = ket 7))
m
cblinfun-extension (range (ket::'a=-)) f)

definition classical-operator-exists m <—
cblinfun-extension-exists (range ket)
(At. case w (inv ket t) of None = 0 | Some i = ket 7)

lemma classical-operator-existsl:
assumes Az. B xy (ket z) = (case m © of Some i = ket i | None = 0)
shows classical-operator-exists m
unfolding classical-operator-exists-def
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apply (rule cblinfun-extension-existsI|of - B])
using assms
by (auto simp: inv-f-f[OF inj-ket])

lemma
assumes inj-map m
shows classical-operator-exists-inj: classical-operator-exists m
and classical-operator-norm-ing: <norm (classical-operator m) < 1)
proof —
have «is-orthogonal (case m x of None = 0 | Some ' = ket z”)
(case m y of None = 0 | Some y’' = ket y')»
if <z #£ 1y for z y
apply (cases <m x); cases <w y»)
using that assms
by (auto simp add: inj-map-def)
then have 1: <is-orthogonal (case w (inv ket x) of None = 0 | Some ' = ket
z’)
(case w (inv ket y) of None = 0 | Some y' = ket y')
if <z € range ket> and <y € range ket» and <z # 1y for z y
using that by auto

have (norm (case m x of None = 0 | Some x = ket ) < 1 % norm (ket z)» for
T
apply (cases «m x) by auto
then have 2: (norm (case m (inv ket z) of None = 0 | Some z = ket z) < 1
norm x
if <z € range ket> for x
using that by auto

show <classical-operator-exists m»
unfolding classical-operator-exists-def
using - - 1 2 apply (rule cblinfun-extension-exists-ortho)
by simp-all

show <norm (classical-operator w) < 1)
unfolding classical-operator-def Let-def
using - - 1 2 apply (rule cblinfun-extension-exists-ortho-norm)
by simp-all
qed

lemma classical-operator-exists-finite[simp): classical-operator-exists (m :: -i:finite
=)

unfolding classical-operator-ezists-def

using cindependent-ket cspan-range-ket-finite

by (rule cblinfun-extension-exists-finite-dim)

lemma classical-operator-ket:

assumes classical-operator-exists m
shows (classical-operator ) %y (ket ) = (case © © of Some i = ket i | None
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= 0)
unfolding classical-operator-def
using f-inv-into-f ket-injective rangel
by (metis assms cblinfun-extension-apply classical-operator-exists-def)

lemma classical-operator-ket-finite:

(classical-operator ) xy (ket (x::'a:finite)) = (case m x of Some i = ket i | None
= 0)

by (rule classical-operator-ket, simp)

lemma classical-operator-adjoint]simp):
fixes w :: ‘a = 'b option
assumes al: inj-map 7
shows (classical-operator w)x = classical-operator (inv-map )
proof—
define F' where F = classical-operator (inv-map )
define G where G = classical-operator
have (F sy ket i) -¢c ket j = ket i -c (G vy ket j) for i j
proof—
have wI: (classical-operator (inv-map 7)) *y (ket )
= (case inv-map 7 i of Some k = ket k | None = 0)
by (simp add: classical-operator-ket classical-operator-exists-inyj)
have w2: (classical-operator ) vy (ket 7)
= (case 7 j of Some k = ket k | None = 0)
by (simp add: assms classical-operator-ket classical-operator-exists-inyj)
have (F vy ket ©) -¢ ket j = (classical-operator (inv-map ) xy ket i) -c ket j
unfolding F-def by blast

also have ... = ((case inv-map 7 i of Some k = ket k | None = 0) -¢ ket j)
using w1 by simp

also have ... = (ket i -¢ (case 7 j of Some k = ket k | None = 0))

proof (induction inv-map w )
case None

hence pil: None = inv-map w i.
show ?case
proof (induction m j)
case None
thus Zcase
using pil by auto
next
case (Some ¢)
have ¢ # i
proof (rule classical)
assume —(c # i)
hence ¢ =1
by blast
hence inv-map m ¢ = inv-map T i
by simp
hence inv-map m ¢ = None
by (simp add: pil)
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moreover have inv-map m ¢ = Some j
using Some.hyps unfolding inv-map-def
apply auto
by (metis al f-inv-into-f inj-map-def option.distinct(1) rangel)
ultimately show ?thesis by simp
qged
thus ?thesis
by (metis None.hyps Some.hyps cinner-zero-left orthogonal-ket option.simps(4)

option.simps(5))
qed
next
case (Some d)
hence s1: Some d = inv-map m i.
show (case inv-map 7 i of None = 0| Some a = ket a) -¢ ket j
= ket i -¢ (case w j of None = 0 | Some a = ket a)
proof (induction 7 j)
case None
have d # j
proof (rule classical)
assume —(d # j)
hence d = j
by blast
hence n d =n j
by simp
hence m d = None
by (simp add: None.hyps)
moreover have 7w d = Some i
using Some.hyps unfolding inv-map-def
apply auto
by (metis f-inv-into-f option.distinct(1) option.inject)
ultimately show ?thesis

by simp
qed
thus Zcase

by (metis None.hyps Some.hyps cinner-zero-right orthogonal-ket op-
tion.case-eq-if
option.simps(5))
next
case (Some ¢)
hence s2: w j = Some ¢ by simp
have (ket d -¢ ket j) = (ket i -¢ ket c)
proof(cases m j = Some i)
case True
hence ij: Some j = inv-map 7 i
unfolding inv-map-def apply auto
apply (metis al f-inv-into-f inj-map-def option.discl range-eql)
by (metis range-eql)
have i = ¢
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using True s2 by auto
moreover have j = d
by (metis option.inject s1 ij)
ultimately show #thesis
by (simp add: cinner-ket-same)
next
case Fulse
moreover have m d = Some i
using s/ unfolding inv-map-def
by (metis f-inv-into-f option.distinct(1) option.inject)
ultimately have j # d
by auto
moreover have i # ¢
using Fualse s2 by auto
ultimately show “thesis
by (metis orthogonal-ket)
qged
hence (case Some d of None = 0 | Some a = ket a) -¢ ket j
= ket i ¢ (case Some ¢ of None = 0 | Some a = ket a)
by simp
thus (case inv-map m i of None = 0 | Some a = ket a) ¢ ket j
= ket i -¢ (case w j of None = 0 | Some a = ket a)
by (simp add: Some.hyps s1)

qed

qed

also have ... = ket i -¢ (classical-operator 7 *y ket j)
by (simp add: w2)

also have ... = ket i ¢ (G vy ket j)

unfolding G-def by blast
finally show ?thesis .

qed
hence Gx = F
using cinner-ket-adjoint]
by auto
thus ?thesis unfolding G-def F-def .
qed
lemma

fixes 7::'b = ‘¢ option and p::'a = b option
assumes classical-operator-exists ™
assumes classical-operator-exists o
shows classical-operator-exists-comp|simp): classical-operator-ezists (1 o, 0)
and classical-operator-mult[simp): classical-operator 7 ocr, classical-operator o
= classical-operator (7 oy, 0)
proof —
define Cm Cp Cmp where Cm = classical-operator m and Cp = classical-operator
0
and Cmo = classical-operator (w o, 0)
have Crz: Crm *y (ket x) = (case m x of Some i = ket i | None = 0) for z
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unfolding Crw-def using <classical-operator-ezists m» by (rule classical-operator-ket)
have Coz: Co xy (ket ) = (case o x of Some i = ket i | None = 0) for z
unfolding Co-def using «classical-operator-ezists o> by (rule classical-operator-ket)
have Croz": (Cm ocr Cpo) *v (ket ) = (case (7 oy, 0) x of Some i = ket i |
None = 0) for z
apply (simp add: scaleC-cblinfun.rep-eq Cox)
apply (cases o z)
by (auto simp: Cmx)
thus «classical-operator-exists (7 o, 0)
by (rule classical-operator-existsl)
hence Crp xy (ket ) = (case (7 oy, 0) z of Some @ = ket i | None = 0) for z
unfolding Cro-def
by (rule classical-operator-ket)
with Croz’ have (Cm ocp Co) xv (ket z) = Cmo xy (ket 1) for z
by simp
thus Cm oo, Co = Cro
by (simp add: equal-ket)
qed

lemma classical-operator-Some[simp]: classical-operator (Some::'a=>-) = id-cblinfun
proof—
have (classical-operator Some) *y (ket i) = id-cblinfun xy (ket 7)
for i::'a
apply (subst classical-operator-ket)
apply (rule classical-operator-exists-inyj)
by auto
thus ?thesis
using equal-ket|where A = classical-operator (Some::'a = - option)
and B = id-cblinfun::'a ell2 =cp -]
by blast
qed

lemma isometry-classical-operator|simpl:
fixes m::'a = b
assumes al: inj 7
shows isometry (classical-operator (Some o 7))
proof —
have b0: inj-map (Some o )
by (simp add: al)
have b0": inj-map (inv-map (Some o m))
by simp
have b1: inv-map (Some o 7) o, (Some o ) = Some
apply (rule ext) unfolding inv-map-def o-def
using assms unfolding inj-def inv-def by auto
have b3: classical-operator (inv-map (Some o 7)) ocL
classical-operator (Some o w) = classical-operator (inv-map (Some o )
om (Some o 7))
by (metis b0 b0’ b1 classical-operator-Some classical-operator-exists-ing
classical-operator-mult)
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show ?thesis
unfolding isometry-def
apply (subst classical-operator-adjoint)
using b0 by (auto simp add: b1 b3)
qed

lemma unitary-classical-operator|[simp]:
fixes m::'a = b
assumes al: bij 7
shows unitary (classical-operator (Some o ))
proof (unfold unitary-def, rule conjI)
have inj
using al bij-betw-imp-inj-on by auto
hence isometry (classical-operator (Some o ))
by simp
hence classical-operator (Some o m)x ocyp classical-operator (Some o w) =
id-cblinfun
unfolding isometry-def by simp
thus «classical-operator (Some o w)* oc, classical-operator (Some o w) = id-cblinfun)
by simp
next
have inj =
by (simp add: assms bij-is-inj)
have comp: Some o 7w o, inv-map (Some o ) = Some
apply (rule ext)
unfolding inv-map-def o-def map-comp-def
unfolding inv-def apply auto
apply (metis <inj ™ inv-def inv-f-f)
using bij-def image-iff range-eql
by (metis al)
have classical-operator (Some o ) ocy, classical-operator (Some o )%
= classical-operator (Some o ) oc classical-operator (inv-map (Some o 7))
by (simp add: <inj m)

also have ... = classical-operator ((Some o ) oy, (inv-map (Some o m)))
by (simp add: <inj 7 classical-operator-ezists-inj)
also have ... = classical-operator (Some::'b=-)
using comp
by simp
also have ... = (id-cblinfun:: 'b ell2 =¢cp -)
by simp

finally show classical-operator (Some o 7) ocp classical-operator (Some o m)x*
= id-cblinfun.
qed

unbundle no lattice-syntax and no cblinfun-syntax

end
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15 Extra-Jordan-Normal-Form — Additional results for
Jordan Normal Form

theory FExtra-Jordan-Normal-Form
imports
Jordan-Normal-Form.Matriz Jordan-Normal-Form.Schur-Decomposition
begin

We define bundles to activate/deactivate the notation from Jordan_Normal_Form.

Reactivate the notation locally via "includes jnf-syntaz" in a lemma state-
ment. (Or sandwich a declaration using that notation between "unbundle
jnf-syntaz ... unbundle no jnf-syntaz.)

open-bundle jnf-syntax

begin

notation transpose-mat («(-1)» [1000])
notation cscalar-prod (infix <-¢» 70)
notation vec-index (infixl <$» 100)
notation smult-vec (infixl <-,» 70)
notation scalar-prod (infix «» 70)
notation indez-mat (infixl <% 100)
notation smult-mat (infixl <> 70)
notation mult-mat-vec (infixl <x,» 70)
notation pow-mat (infixr <7,» 75)
notation append-vec (infixr «Q,» 65)
notation append-rows (infixr <Q,) 65)
end

lemma mat-entry-explicit:
fixes M :: 'a:field mat
assumes M € carrier-mat mn and i < mand j < n
shows vec-index (M *, unit-vec n j) i = M $$ (i,5)
using assms by auto

lemma mat-adjoint-def”: mat-adjoint M = transpose-mat (map-mat conjugate M)
apply (rule mat-eq-iff[THEN 1iffD2])
apply (auto simp: mat-adjoint-def transpose-mat-def)
apply (subst mat-of-rows-index)
by auto

lemma mat-adjoint-swap:
fixes M ::complex mat
assumes M € carrier-mat nB nA and iA < dim-row M and iB < dim-col M
shows (mat-adjoint M)$$(iB,iA) = cnj (M$$(iA,iB))
unfolding transpose-mat-def map-mat-def
by (simp add: assms(2) assms(3) mat-adjoint-def’)

lemma cscalar-prod-adjoint:
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fixes M:: complexr mat
assumes M € carrier-mat nB nA
and dim-vec v = nA
and dim-vec u = nB
shows v -¢ ((mat-adjoint M) *, u) = (M #, v) -c u
unfolding mat-adjoint-def using assms(1) assms(2,3)[symmetric]
apply (simp add: scalar-prod-def sum-distrib-left field-simps)
by (intro sum.swap)

lemma scaleC-minusi-left-vec: —1 -, v = — v for v :: -::ring-1 vec
unfolding smult-vec-def uminus-vec-def by auto

lemma square-nneg-complex:
fixes z :: complex
assumes z € R shows 272 > 0
apply (cases z) using assms unfolding Reals-def less-eq-complex-def by auto

definition vec-is-zero n v = (Vi<n. v $ i = 0)

lemma vec-is-zero: dim-vec v = n = wvec-is-zero n v < v = 0, n
unfolding vec-is-zero-def apply auto
by (metis index-zero-vec(1))

fun gram-schmidt-sub0
where gram-schmidt-sub0 n us [| = us
| gram-schmidt-sub0 n us (w # ws) =
(let w' = adjuster n w us + w in
if vec-is-zero n w' then gram-schmidt-sub0 n us ws
else gram-schmidt-sub0 n (w’ # us) ws)

lemma (in cof-vec-space) adjuster-already-in-span:
assumes w € carrier-vec n
assumes us-carrier: set us C carrier-vec n
assumes corthogonal us
assumes w € span (set us)
shows adjuster n w us + w = 0, n
proof —
define v U where v = adjuster n w us + w and U = set us
have span: v € span U
unfolding v-def U-def
apply (rule adjust-preserves-span| THEN iffD1])
using assms corthogonal-distinct by simp-all
have v-carrier: v € carrier-vec n
by (simp add: v-def assms corthogonal-distinct)
have v -c us!i = 0 if i < length us for i
unfolding v-def
apply (rule adjust-zero)
using that assms by simp-all
hence v -cu = 0 if u € U for u
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by (metis assms(8) U-def corthogonal-distinct distinct-Ex1 that)
hence ortho: v -cv=0if uw € U for u

apply (subst conjugate-zero-iff [symmetric])

apply (subst conjugate-vec-sprod-comm,)

using that us-carrier v-carrier apply (auto simp: U-def)[2]

apply (subst conjugate-conjugate-sprod)

using that us-carrier v-carrier by (auto simp: U-def)
from span obtain a where v: lincomb a U = v

apply atomize-elim apply (rule finite-in-span[simplified])

unfolding U-def using us-carrier by auto
have v -:cv = (3 ueU. (a u - u) <cv)

apply (subst v[symmetric])

unfolding lincomb-def

apply (subst finsum-scalar-prod-sum)

using U-def span us-carrier by auto

also have ... = > ueU. au * (u -c v))
using U-def assms(1) in-mono us-carrier v-def by fastforce
also have ... = (D ueU. a u * conjugate 0)

apply (rule sum.cong, simp)
using span span-closed U-def us-carrier ortho by auto

also have ... =0
by auto

finally have v -c v = 0
by —

thus v=0, n
using U-def conjugate-square-eq-0-vec span span-closed us-carrier by blast
qged

lemma (in cof-vec-space) gram-schmidt-sub0-result:
assumes gram-schmidt-sub0 n us ws = us’
and set ws C carrier-vec n
and set us C carrier-vec n
and distinct us
and ~ lin-dep (set us)
and corthogonal us
shows set us’ C carrier-vec n A
distinct us’ A
corthogonal us’ A
span (set (us @ ws)) = span (set us’)
using assms
proof (induct ws arbitrary: us us’)
case (Cons w ws)
show ?Zcase
proof (cases w € span (set us))
case Fulse
let ?v = adjuster n w us
have wW/[simp]: set (w#ws) C carrier-vec n using Cons by simp
hence W/(simp|: set ws C carrier-vec n
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and w[simp|: w : carrier-vec n by auto
have Ulsimp]: set us C carrier-vec n using Cons by simp
have UW: set (usQuws) C carrier-vec n by simp
have wU: set (w#us) C carrier-vec n by simp
have dist-U: distinct us using Cons by simp
have w-U: w ¢ set us using False using span-mem by auto
have ind-U: ~ lin-dep (set us)
using Cons by simp
have ind-wU: ~ lin-dep (insert w (set us))
apply (subst lin-dep-iff-in-span[simplified, symmetric])
using w-U ind-U Fualse by auto
thm lin-dep-iff-in-span[simplified, symmetric)
have corth: corthogonal us using Cons by simp
have ?v + w # 0, n
by (simp add: False adjust-nonzero dist-U)
hence — vec-is-zero n (%v + w)
by (simp add: vec-is-zero)
hence U'def: gram-schmidi-sub0 n ((?v + w)#us) ws = us’
using Cons by simp
have v: ?v : carrier-vec n using dist-U by auto
hence vw: %v + w : carrier-vec n by auto
hence vwU: set ((?v + w) # us) C carrier-vec n by auto
have vsU: %v : span (set us)
apply (rule adjuster-in-span[OF w])
using Cons by simp-all
hence vsUW: v : span (set (us @ ws))
using span-is-monotone[of set us set (usQuws)] by auto
have wsU: w ¢ span (set us)
using lin-dep-iff-in-span[OF U ind-U w w-U] ind-wU by auto
hence vwU: v + w ¢ span (set us) using adjust-not-in-span[OF w U dist-U]
by auto

have span: v + w ¢ span (set us)
apply (subst span-add[symmetric])
by (simp-all add: False vsU)
hence vwUS: %v + w ¢ set us using span-mem by auto

have vwU: set ((?v + w) # us) C carrier-vec n
using U w vw by simp

have dist2: distinct (((v + w) # us))
using vwUS
by (simp add: dist-U)

have orth2: corthogonal ((adjuster n w us + w) # us)
using adjust-orthogonal|OF U corth w wsU].

have ind-vwU: ~ lin-dep (set ((adjuster n w us + w) # us))

apply simp
apply (subst lin-dep-iff-in-span[simplified, symmetric])
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by (simp-all add: ind-U vw vwUS span)

have span-UwW-U": span (set (us @ w # ws)) = span (set us’)
using Cons(1)[OF U'def W vwU dist2 ind-vwU orth2)]
using span-Un[OF vwU wU gram-schmidt-sub-span[OF w U dist-U] W W
refl]
by simp

show ?thesis
apply (intro conjI)
using Cons(1)[OF U'def W vwU dist2 ind-vwU orth2] span-UwW-U’ by
simp-all
next
case True

let v = adjuster n w us
have v + w = 0, n
apply (rule adjuster-already-in-span)
using True Cons by auto
hence vec-is-zero n (v + w)
by (simp add: vec-is-zero)
hence U’-def: us’ = gram-schmidt-sub0 n us ws
using Cons by simp
have span: span (set (us @ w # ws)) = span (set us’)
proof —
have wU-U: span (set (w # us)) = span (set us)
apply (subst already-in-span[OF - True, simplified))
using Cons by auto
have span (set (us @ w # ws)) = span (set (w # us) U set ws)

by simp
also have ... = span (set us U set ws)

apply (rule span-Un) using wU-U Cons by auto
also have ... = local.span (set us’)

using Cons U’-def by auto
finally show ?thesis
by —
qged
moreover have set us’ C carrier-vec n A distinct us’ A corthogonal us’
unfolding U’-def using Cons by simp
ultimately show ?thesis
by auto
qed
qed simp

This is a variant of gram-schmidt that does not require the input vectors ws
to be distinct or linearly independent. (In comparison to gram-schmidt, our
version also returns the result in reversed order.)

definition gram-schmidt0 n ws = gram-schmidt-sub0 n [ ws
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lemma (in cof-vec-space) gram-schmidtO-result:
fixes ws
defines us’ = gram-schmidt0 n ws
assumes ws: set ws C carrier-vec n

shows set us’ C carrier-vec n (is %thesisl)
and distinct us’ (is ?thesis?2)
and corthogonal us’ (is Zthesis3)
and span (set ws) = span (set us’) (is ?thesisj)
proof —

have carrier-empty: set [| C carrier-vec n by auto
have distinct-empty: distinct [| by simp
have indep-empty: lin-indpt (set [])
using basis-def subset-li-is-li unit-vecs-basis by auto
have ortho-empty: corthogonal [| by auto
note gram-schmidt-subO-result’ = gram-schmidt-sub0-result
[OF us’-def[symmetric, THEN meta-eq-to-obj-eq, unfolded gram-schmidtO-def]
ws
carrier-empty distinct-empty indep-empty ortho-empty|
thus ?thesis! ?thesis2 ?thesis3 ?thesis),
by auto
qed

locale complez-vec-space = cof-vec-space n TYPE(complex) for n :: nat

lemma gram-schmidt0-corthogonal:
assumes al: corthogonal R
and a2: \z. z € set R = dim-vec x = d
shows gram-schmidt0 d R = rev R
proof —
have gram-schmidt-sub0 d U R = rev R Q U
if corthogonal ((rev U) @Q R)
and Az. z € set U U set R = dim-vec z = d for U
proof (insert that, induction R arbitrary: U)
case Nil
show ?case
by auto
next
case (Cons a R)
have a € set (rev U Q a # R)
by simp
moreover have uar: corthogonal (rev U @Q a # R)
by (simp add: Cons.prems(1))
ultimately have <a # 0, d»
unfolding corthogonal-def
by (metis conjugate-zero-vec in-set-conv-nth scalar-prod-right-zero zero-carrier-vec)
then have nonzero-a: — vec-is-zero d a
by (simp add: Cons.prems(2) vec-is-zero)
define T where T =rev U Q a # R
have T ! length (rev U) = a
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unfolding T-def
by (meson nth-append-length)
moreover have (T'!i-c T!j=0)= (i #j) if i<length T and j<length T
for 7 j
using war that
unfolding corthogonal-def T-def
by auto
moreover have length (rev U) < length T
by (simp add: T-def)
ultimately have (T ! (length (rev U)) -¢ T ! j = 0) = (length (rev U) # j)
if j<length T for j
using that by blast
hence T'! (length (rev U)) «¢c T1j=10
if j<length T and j # length (rev U) for j
using that by blast
hence a -¢ T ! j = 0 if j < length (rev U) for j
using «T' ! length (rev U) = a> that(1)
<length (rev U) < length T) dual-order.strict-trans by blast
moreover have T ! j = (rev U) ! j if j < length (rev U) for j
by (smt T-def <length (rev U) < length T dual-order.strict-trans list-update-append1
list-update-id nth-list-update-eq that)
ultimately have a -c v = 0 if u € set (rev U) for u
by (metis in-set-conv-nth that)
hence a :c u = 0 if u € set U for u
by (simp add: that)
moreover have \z. z € set U = dim-vec z = d
by (simp add: Cons.prems(2))
ultimately have adjuster da U = 0, d
proof (induction U)
case Nil
then show ?Zcase by simp
next
case (Cons u U)
moreover have 0 -, u + 0, d = 0, d
proof—
have dim-vec v = d
by (simp add: calculation(3))
thus ?thesis
by auto
qed
ultimately show ?case by auto
qed
hence adjuster-a: adjuster d a U + a = a
by (simp add: Cons.prems(2) carrier-vecl)
have gram-schmidt-sub0 d U (a # R) = gram-schmidt-sub0 d (¢ # U) R
by (simp add: adjuster-a nonzero-a)
alsohave ... =rev (a # R) Q U
apply (subst Cons.IH)
using Cons.prems by simp-all
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finally show ?case

by —
qed
from this[where U=[]] show ?thesis
unfolding gram-schmidtO-def using assms by auto

qed

lemma adjuster-carrier’:
assumes w: (w :: 'a::conjugatable-field vec) : carrier-vec n
and us: set (us :: 'a vec list) C carrier-vec n
shows adjuster n w us € carrier-vec n
by (insert us, induction us, auto)

lemma eg-mat-on-vecl:
fixes M N :: <a::field mat>
assumes eq: <\v. vE€carrier-vec nA = M %, v = N %, »
assumes [simp|: <M € carrier-mat nB nA> <N € carrier-mat nB nA»
shows (M = N»
proof (rule eq-matl)
show [simp]: <dim-row M = dim-row N» <dim-col M = dim-col N»
using assms(2) assms(3) by blast+
fix ij
assume [simp]: i < dim-row N> <j < dim-col N»
show «M $$ (i, j) = N $$ (i, j)»
thm mat-entry-explicitfwhere M=M]|
apply (subst mat-entry-explicit[symmetric])
using assms apply auto[3]
apply (subst mat-entry-explicit[symmetric])
using assms apply auto]3]
apply (subst eq)
apply auto using assms(3) unit-vec-carrier by blast
qed

lemma list-of-vec-plus:
fixes vl v2 :: <complex vec»
assumes (dim-vec vl = dim-vec v2)
shows <list-of-vec (vl + v2) = map2 (+) (list-of-vec v1) (list-of-vec v2)»
proof—
have i < dim-vec vl = (list-of-vec (vl + v2)) ! i
vl) (list-of-vec v2)) ! O
for ¢
by (simp add: assms)
thus ?thesis
by (metis assms indez-add-vec(2) length-list-of-vec length-map map-fst-zip
nth-equalityl )
qed

(map2 (4) (list-of-vec

lemma list-of-vec-mult:
fixes v :: <complex vec)
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shows «<list-of-vec (¢ -, v) = map ((%) ¢) (list-of-vec v)»
by (metis (mono-tags, lifting) index-smult-vec(1) index-smult-vec(2) length-list-of-vec
length-map nth-equalityl nth-list-of-vec nth-map)

lemma map-map-vec-cols: <map (map-vec f) (cols m) = cols (map-mat f m)»
by (simp add: cols-def)

lemma map-vec-conjugate: «map-vec conjugate v = conjugate v»
by fastforce

unbundle no jnf-syntax

end

16  Cblinfun-Matriz — Matrix representation of bounded
operators

theory Cblinfun-Matrixz
imports
Complez-L2

Jordan-Normal-Form. Gram-Schmidt

HOL— Analysis.Starlike

Complex-Bounded-Operators. Extra-Jordan-Normal-Form
begin

hide-const (open) Order.bottom Order.top

hide-type (open) Finite-Cartesian-Product.vec

hide-const (open) Finite-Cartesian-Product.mat

hide-fact (open) Finite-Cartesian-Product.mat-def
hide-const (open) Finite-Cartesian-Product.vec

hide-fact (open) Finite-Cartesian-Product.vec-def
hide-const (open) Finite-Cartesian-Product.row

hide-fact (open) Finite-Cartesian-Product.row-def
no-notation Finite-Cartesian-Product.vec-nth (infixl <$» 90)

unbundle jnf-syntax
unbundle cblinfun-syntax

16.1 Isomorphism between vectors

We define the canonical isomorphism between vectors in some complex vec-
tor space ‘a and the complex n-dimensional vectors (where n is the di-
mension of ‘a). This is possible if ‘a, 'b are of class basis-enum since that
class fixes a finite canonical basis. Vector are represented using the com-
plex vec type from Jordan_Normal_Form. (The isomorphism will be called
vec-of-onb-basis below.)
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definition vec-of-basis-enum :: <'a::basis-enum = complex vec> where

— Maps v to a 'a vec represented in basis canonical-basis

<vec-of-basis-enum v = vec-of-list (map (crepresentation (set canonical-basis) v)
canonical-basis))

lemma dim-vec-of-basis-enum’[simp]:
<dim-vec (vec-of-basis-enum (v::’a)) = length (canonical-basis::'a::basis-enum list)»
unfolding vec-of-basis-enum-def
by simp

definition basis-enum-of-vec :: <complex vec = 'a::basis-enum) where
<basis-enum-of-vec v =
(if dim-vec v = length (canonical-basis :: 'a list)
then sum-list (map2 (x¢) (list-of-vec v) (canonical-basis :: 'a list))
else 0)»

lemma vec-of-basis-enum-inverse[simp):
fixes v :: 'a::basis-enum
shows basis-enum-of-vec (vec-of-basis-enum ) = b
unfolding vec-of-basis-enum-def basis-enum-of-vec-def
unfolding list-vec zip-map1 zip-same-conv-map map-map
apply (simp add: o-def)
apply (subst sum.distinct-set-conv-list[symmetric], simp)
apply (rule complez-vector.sum-representation-eq)
using is-generator-set by auto

lemma basis-enum-of-vec-inverse[simp|:
fixes v :: complex vec
defines n = length (canonical-basis :: 'a::basis-enum list)
assumes f1: dim-vec v = n
shows vec-of-basis-enum ((basis-enum-of-vec v)::'a) = v
proof (rule eq-vecl)
show «dim-vec (vec-of-basis-enum (basis-enum-of-vec v :: 'a)) = dim-vec v»
by (auto simp: vec-of-basis-enum-def f1 n-def)
next
fix j assume j-v: <j < dim-vec v»
define w where w = list-of-vec v
define basis where basis = (canonical-basis::’a list)
have [simp]: length w = n length basis = n <dim-vec v = n» <length (canonical-basis::’a
list) = n»
g < mn
using j-v by (auto simp: f1 basis-def w-def n-def)
have [simp]: <cindependent (set basis)) <cspan (set basis) = UNIV)
by (auto simp: basis-def is-cindependent-set is-generator-set)

have <vec-of-basis-enum ((basis-enum-of-vec v)::'a) § j
= map (crepresentation (set basis) (sum-list (map2 (x¢) w basis))) basis ! j»
by (auto simp: vec-of-list-index vec-of-basis-enum-def basis-enum-of-vec-def simp
flip: w-def basis-def)
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also have «... = crepresentation (set basis) (sum-list (map2 (x¢) w basis))

(basis!j)»
by simp
also have «... = crepresentation (set basis) (> i<n. (w!i) x¢ (basis'i)) (basis!j)>
by (auto simp: sum-list-sum-nth atLeastOLessThan)
also have «... = (> i<n. (w!i) x¢ crepresentation (set basis) (basis!i) (basis!j))»

by (auto simp: complexz-vector.representation-sum complex-vector.representation-scale)
also have «... = w!j»
apply (subst sum-single[where i=j])
apply (auto simp: complex-vector.representation-basis)
using <j < n» <length basis = n> basis-def distinct-canonical-basis nth-eq-iff-index-eq
by blast
also have (... = v $ )
by (simp add: w-def)
finally show <vec-of-basis-enum (basis-enum-of-vec v :: 'a) $ j = v $ )
by —
qed

lemma basis-enum-eq-vec-of-basis-enuml:
fixes a b :: -::basis-enum
assumes vec-of-basis-enum a = vec-of-basis-enum b
shows a = b
by (metis assms vec-of-basis-enum-inverse)

lemma vec-of-basis-enum-carrier-vec[simp|: <vec-of-basis-enum v € carrier-vec (canonical-basis-length
TYPE('a))» for v :: <a::basis-enum)

apply (simp only: dim-vec-of-basis-enum’ carrier-vec-def vec-of-basis-enum-def)

by (simp add: canonical-basis-length)

lemma vec-of-basis-enum-inj: inj vec-of-basis-enum
by (simp add: basis-enum-eg-vec-of-basis-enuml injl)

lemma basis-enum-of-vec-inj: inj-on (basis-enum-of-vec :: complex vec = 'a)
(carrier-vec (length (canonical-basis :: 'a::{ basis-enum,complex-normed-vector}

list)))

by (metis basis-enum-of-vec-inverse carrier-dim-vec inj-on-inversel )

16.2 Operations on vectors

lemma basis-enum-of-vec-add:
assumes [simp|: «dim-vec vl = length (canonical-basis :: 'a::basis-enum list))
<dim-vec v2 = length (canonical-basis :: 'a list)
shows <((basis-enum-of-vec (v1 + v2)) = 'a) = basis-enum-of-vec vl + ba-
sis-enum-of-vec v2>
proof —
have «ength (list-of-vec v1) = length (list-of-vec v2)) and <length (list-of-vec v2)
= length (canonical-basis :: 'a list)»
by simp-all
then have <sum-list (map2 (x¢) (map2 (+) (list-of-vec v1) (list-of-vec v2))
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(canonical-basis::'a list))
= sum-list (map2 (x¢) (list-of-vec v1) canonical-basis) + sum-list (map2 (x¢)
(list-of-vec v2) canonical-basis)»
apply (induction rule: list-induct3)
by (auto simp: scaleC-add-left)
then show ?thesis
using assms by (auto simp: basis-enum-of-vec-def list-of-vec-plus)
qed

lemma basis-enum-of-vec-mult:
assumes [simp]: <dim-vec v = length (canonical-basis :: 'a::basis-enum list)
shows ¢((basis-enum-of-vec (¢ -, v)) :: 'a) = ¢ *¢ basis-enum-of-vec v
proof —
have *: ¢monoid-add-hom ((x¢) ¢ = 'a = -)»
by (simp add: monoid-add-hom-def plus-hom.intro scale C-add-right semigroup-add-hom.intro
zero-hom.intro)
show ?thesis
apply (auto simp: basis-enum-of-vec-def list-of-vec-mult map-zip-map
monoid-add-hom.hom-sum-list| OF ])
by (metis case-prod-unfold comp-apply scaleC-scaleC')
qed

lemma vec-of-basis-enum-add:
<vec-of-basis-enum (a + b) = vec-of-basis-enum a + vec-of-basis-enum by
by (auto simp: vec-of-basis-enum-def complez-vector.representation-add)

lemma vec-of-basis-enum-scaleC"
vec-of-basis-enum (¢ *¢ b) = ¢ -, (vec-of-basis-enum b)
by (auto simp: vec-of-basis-enum-def complez-vector.representation-scale)

lemma vec-of-basis-enum-scaleR:
vec-of-basis-enum (r xg b) = complex-of-real v -, (vec-of-basis-enum b)
by (simp add: scaleR-scaleC vec-of-basis-enum-scaleC')

lemma vec-of-basis-enum-uminus:
vec-of-basis-enum (— b2) = — vec-of-basis-enum b2
unfolding scaleC-minusi-left]symmetric, of b2]
unfolding scaleC-minusi-left-vec[symmetric]
by (rule vec-of-basis-enum-scaleC)

lemma vec-of-basis-enum-minus:
vec-of-basis-enum (b1 — b2) = vec-of-basis-enum bl — vec-of-basis-enum b2
by (metis (mono-tags, opaque-lifting) carrier-vec-dim-vec diff-conv-add-uminus
diff-zero indez-add-vec(2) minus-add-uminus-vec vec-of-basis-enum-add vec-of-basis-enum-uminus)

lemma cinner-basis-enum-of-vec:
defines n = length (canonical-basis :: 'a::onb-enum list)
assumes [simp|: dim-vec x = n dim-vec y = n
shows (basis-enum-of-vec z :: 'a) ¢ basis-enum-of-vec y = y -c x
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proof —
have ((basis-enum-of-vec x :: 'a) -¢ basis-enum-of-vec y
= (> i<n. 287 x¢ canonical-basis | i :: 'a) ¢ (O] i<n. y$i x¢ canonical-basis
Li)
by (auto simp: basis-enum-of-vec-def sum-list-sum-nth atLeastOLessThan simp
flip: n-def)
also have «... = (D i<n. > j<n. enj (28i) *¢ y$j *¢ ((canonical-basis ! 7 ::
‘a) -¢ (canonical-basis ! j)))
apply (subst cinner-sum-left)
apply (subst cinner-sum-right)
by (auto simp: mult-ac)
also have «... = (D i<n. > j<n. enj (237) *c y3$j *¢ (if i=j then 1 else 0))>
apply (rule sum.cong[OF refl])
apply (rule sum.cong[OF refl])
by (auto simp: cinner-canonical-basis n-def)
also have «... = (3] i<n. cnj (28i) *¢ y$i)»
apply (rule sum.cong[OF refl])
apply (subst sum-single)
by auto
also have <... =y ¢
by (smt (23) assms(2) complex-scaleC-def conjugate-complez-def dim-vec-conjugate
lessThan-atLeast0 less Than-iff mult.commute scalar-prod-def sum.cong vec-index-conjugate)
finally show ?thesis
by —
qed

lemma cscalar-prod-vec-of-basis-enum: cscalar-prod (vec-of-basis-enum ) (vec-of-basis-enum
Y) = cinner ¥ ¢

for ¢ :: ‘a::onb-enum

apply (subst cinner-basis-enum-of-vec[symmetric, where 'a='a])

by simp-all

definition <norm-vec ¢ = sqrt (3 i € {0 ..< dim-vec ¥}. let z = vec-index ¢ i
in (Re 2)* + (Im 2)%)

lemma norm-vec-of-basis-enum: <norm ¢ = norm-vec (vec-of-basis-enum 1))> for
¥ 'az:onb-enum
proof —
have norm ¢ = sqrt (cmod (> i = 0..<dim-vec (vec-of-basis-enum ).
vec-of-basis-enum 1 $ i * conjugate (vec-of-basis-enum ) $ ))
unfolding norm-eg-sqrt-cinner[where ‘a='a] cscalar-prod-vec-of-basis-enum|symmetric)
scalar-prod-def dim-vec-conjugate
by rule
also have ... = sqrt (cmod (3" x = 0..<dim-vec (vec-of-basis-enum ).
let z = vec-of-basis-enum ¥ $ = in (Re 2)? + (Im 2)?))
apply (subst sum.cong, rule refl)
apply (subst vec-index-conjugate)
by (auto simp: Let-def complez-mult-cnj)
also have ... = norm-vec (vec-of-basis-enum 1)
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unfolding Let-def norm-of-real norm-vec-def
apply (subst abs-of-nonneg)
apply (rule sum-nonneg)
by auto
finally show ?thesis
by —
qed

lemma basis-enum-of-vec-unit-vec:
defines basis = (canonical-basis::'a::basis-enum list)
and n = length (canonical-basis :: 'a list)
assumes a3: 1 < n
shows basis-enum-of-vec (unit-vec n i) = basisli
proof—
define L::complex list where L = list-of-vec (unit-vec n 7)
define [I::nat list where I = [0..<n]
have length L = n
by (simp add: L-def)
moreover have length basis = n
by (simp add: basis-def n-def)
ultimately have map2 (x¢) L basis = map (N\j. L'j *¢ basis'j) T
by (simp add: I-def list-eq-iff-nth-eq)
hence sum-list (map2 (x¢) L basis) = sum-list (map (A\j. L'j *¢ basislj) I)
by simp
also have ... = sum (N\j. Llj ¢ basislj) {0..n—1}
proof—
have set I = {0..n—1}
using I-def a3 by auto
thus ?thesis
using Groups-List.sum-code[where zs = I and g = (\j. Llj *¢ basis!j)]
by (simp add: I-def)
qed
also have ... = sum (\j. (list-of-vec (unit-vec n i))\j *¢ basislj) {0..n—1}
unfolding L-def by blast
finally have sum-list (map2 (x¢) (list-of-vec (unit-vec n 7)) basis)
= sum (Aj. (list-of-vec (unit-vec n ©))!j *c basislj) {0.n—1}
using L-def by blast
also have ... = basis | ¢
proof—
have (3} j = 0..n — 1. list-of-vec (unit-vec n i) | j *¢ basis | j) =
(>>j€{0..n — 1}. list-of-vec (unit-vec n i) ! j xc basis ! j)
by simp
also have ... = list-of-vec (unit-vec n i) ! i *¢ basis ! i
+ 027 e {0..n — 1}—{i}. list-of-vec (unit-vec n i) ! j *c basis ! j)
proof—
define ¢ where a j = list-of-vec (unit-vec n %) ! j ¢ basis | j for j
define S where S = {0..n — 1}
have finite S
by (simp add: S-def)
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hence (> j € insert i S. aj) = ai+ (O jeS—{i}. aj)
using Groups-Big.comm-monoid-add-class.sum.insert-remove
by auto
moreover have S—{i} = {0..n—1}—{i}
unfolding S-def
by blast
moreover have insert ¢ S = {0..n—1}
using S-def Suc-diff-1 a3 atLeastAtMost-iff diff-is-0-eq’ le-SucE le-numeral-extra(4)
less-imp-le not-gr-zero
by fastforce
ultimately show ?Zthesis
using <a = \j. list-of-vec (unit-vec n i) ! j x¢ basis ! j»
by simp
qed
also have ... = list-of-vec (unit-vec n ) ! i *¢ basis | i
proof—
have j € {0..n — 1}—{i} = list-of-vec (unit-vec n i) ! j = 0
for j
using a3 atMost-atLeast0 atMost-iff diff-Suc-less index-unit-vec(1) le-less-trans
list-of-vec-index member-remove zero-le by fastforce
hence j € {0..n — 1}—{i} = list-of-vec (unit-vec n i) ! j xc basis ! j = 0
for j
by auto
hence (>_j € {0..n — 1}—{i}. list-of-vec (unit-vec n i) | j *¢ basis ! j) = 0
by (simp add: <A\j. j € {0.n — 1} — {i} = list-of-vec (unit-vec n i) ! j
xc basis | j = 0»)
thus ?thesis by simp
qed
also have ... = basis ! ¢
by (simp add: a3)
finally show ?thesis
using «(>_j = 0..n — 1. list-of-vec (unit-vec n ) | j *¢ basis ! j)
= list-of-vec (unit-vec n i) ! i x¢ basis ! i + (> je{0.n — 1} — {i}.
list-of-vec (unit-vec n i) ! j *c basis | j)»
dlist-of-vec (unit-vec n i) ! i ¢ basis ! i + (3 je{0..n — 1} — {i}. list-of-vec
(unit-vec n ) ! j *¢ basis | j)
= list-of-vec (unit-vec n i) ! i x¢ basis | i
clist-of-vec (unit-vec n ) ! i x¢ basis | i = basis ! ©
by auto
qed
finally have sum-list (map2 (x¢) (list-of-vec (unit-vec n 7)) basis)
= basis | 4
by (simp add: assms)
hence sum-list (map2 scaleC (list-of-vec (unit-vec n 7)) (canonical-basis::’a list))
= (canonical-basis::'a list) | i
by (simp add: assms)
thus ?thesis
unfolding basis-enum-of-vec-def
by (simp add: assms)

412



qed

lemma vec-of-basis-enum-ket:
vec-of-basis-enum (ket i) = unit-vec (CARD('a)) (enum-idz i)
for i::'a::enum
proof—
have dim-vec (vec-of-basis-enum (ket 7))
= dim-vec (unit-vec (CARD('a)) (enum-idz i))
proof—
have dim-vec (unit-vec (CARD('a)) (enum-idz 1))
= CARD('a)
by simp
moreover have dim-vec (vec-of-basis-enum (ket i)) = CARD('a)
unfolding vec-of-basis-enum-def vec-of-basis-enum-def by auto
ultimately show ¢thesis by simp
qged
moreover have vec-of-basis-enum (ket i) $ j =
(unit-vec (CARD('a)) (enum-idz 7)) $ j
if j < dim-vec (vec-of-basis-enum (ket 7))
for j
proof—
have j-bound: j < length (canonical-basis::’a ell2 list)
by (metis dim-vec-of-basis-enum’ that)
have yI: cindependent (set (canonical-basis::'a ell2 list))
using is-cindependent-set by blast
have y2: canonical-basis | j € set (canonical-basis::'a ell2 list)
using j-bound by auto
have p1: enum-class.enum | enum-idz ¢ = i
using enum-idz-correct by blast
moreover have p2: (canonical-basis::'a ell2 list) | t = ket ((enum-class.enum::’a
list) | t)
if ¢ < length (enum-class.enum::’a list)
for ¢
unfolding canonical-basis-ell2-def
using that by auto
moreover have p3: enum-idz i < length (enum-class.enum::'a list)
proof—
have set (enum-class.enum::'a list) = UNIV
using UNIV-enum by blast
hence i € set (enum-class.enum::’a list)
by blast
thus 2thesis
unfolding enum-idz-def
by (metis index-of-bound length-greater-0-conv length-pos-if-in-set)
qed
ultimately have p{: (canonical-basis::'a ell2 list) | (enum-idz i) = ket i
by auto
have enum-idz i < length (enum-class.enum::’a list)
using p3
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by auto
moreover have length (enum-class.enum::'a list) = dim-vec (vec-of-basis-enum
(ket 7))
unfolding vec-of-basis-enum-def canonical-basis-ell2-def
using dim-vec-of-basis-enum'[where v = ket i
unfolding canonical-basis-ell2-def by simp
ultimately have enum-i-dim-vec: enum-idz i < dim-vec (unit-vec (CARD('a))
(enum-idz 7))
using «dim-vec (vec-of-basis-enum (ket i)) = dim-vec (unit-vec (CARD('a))
(enum-idz ©))» by auto
hence r1: (unit-vec (CARD('a)) (enum-idx 7)) $ j
= (if enum-idx i = j then 1 else 0)
using <dim-vec (vec-of-basis-enum (ket 7)) = dim-vec (unit-vec (CARD('a))
(enum-idz 7))» that by auto
moreover have vec-of-basis-enum (ket i) $ j = (if enum-idz i = j then 1 else
0)
proof(cases enum-idx i = j)
case True
have crepresentation (set (canonical-basis::'a ell2 list))
((canonical-basis::'a ell2 list) | §) ((canonical-basis::'a ell2 list) | j) = 1
using y1 y2 complex-vector.representation-basis|where
basis = set (canonical-basis::'a ell2 list)
and b = (canonical-basis::'a ell2 list) | j]
by smt

hence vec-of-basis-enum ((canonical-basis::'a ell2 list) | j) $ j = 1
unfolding vec-of-basis-enum-def
by (metis j-bound nth-map vec-of-list-index)
hence vec-of-basis-enum ((canonical-basis::'a ell2 list) | (enum-idz 7))
$ enum-idr i = 1
using True by simp
hence vec-of-basis-enum (ket i) $ enum-idx i = 1
using p4
by simp
thus ?thesis using True unfolding vec-of-basis-enum-def by auto
next
case Fulse
have crepresentation (set (canonical-basis::'a ell2 list))
((canonical-basis::'a ell2 list) | (enum-idz 7)) ((canonical-basis::'a ell2 list)
1'9)=20
using y1 y2 complex-vector.representation-basis|where
basis = set (canonical-basis::'a ell2 list)
and b = (canonical-basis::’a ell2 list) ! j]
by (metis (mono-tags, opaque-lifting) False enum-i-dim-vec basis-enum-of-vec-inverse
basis-enum-of-vec-unit-vec canonical-basis-length-ell2 index-unit-vec(3)
j-bound
list-of-vec-index list-vec nth-map r1 vec-of-basis-enum-def)
hence vec-of-basis-enum ((canonical-basis::'a ell2 list) | (enum-idx 7)) $ j = 0
unfolding vec-of-basis-enum-def by (smt j-bound nth-map vec-of-list-indexr)
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hence vec-of-basis-enum ((canonical-basis::'a ell2 list) | (enum-idx 7)) $ j = 0
by auto
hence vec-of-basis-enum (ket i) $ j = 0
using p4
by simp
thus ?thesis using False unfolding vec-of-basis-enum-def by simp
qed
ultimately show Zthesis by auto
qed
ultimately show ?thesis
using Matrixz.eq-vecl
by auto
qed

lemma vec-of-basis-enum-zero:

defines nA = length (canonical-basis :: 'a::basis-enum list)

shows vec-of-basis-enum (0::'a) = 0, nA

by (metis assms carrier-vecl dim-vec-of-basis-enum’ minus-cancel-vec right-minus-eq
vec-of-basis-enum-minus)

lemma (in complex-vec-space) vec-of-basis-enum-cspan:
fixes X :: ‘a::basis-enum set
assumes length (canonical-basis :: 'a list) = n
shows vec-of-basis-enum ¢ cspan X = span (vec-of-basis-enum ¢ X)
proof —
have carrier: vec-of-basis-enum ‘ X C carrier-vec n
by (metis assms carrier-vecl dim-vec-of-basis-enum’ image-subsetl)
have lincomb-sum: lincomb ¢ A = vec-of-basis-enum (> b€B. ¢’ b x¢ b)
if B-def: B = basis-enum-of-vec * A and <finite A>
and AX: A C vec-of-basis-enum ‘ X and c’-def: A\b. ¢’ b = ¢ (vec-of-basis-enum
b)
for ¢ ¢’ A and B::'a set
unfolding B-def using «<finite A» AX
proof induction
case empty
then show ?case
by (simp add: assms vec-of-basis-enum-zero)
next
case (insert z F')
then have IH: lincomb ¢ F = vec-of-basis-enum (D b€ basis-enum-of-vec * F.
¢ b xc b)
(is - = ?Zsum)
by simp
have zz: vec-of-basis-enum (basis-enum-of-vec x :: 'a) = x
apply (rule basis-enum-of-vec-inverse)
using assms carrier carrier-vecD insert.prems by auto
have lincomb ¢ (insert t F) = ¢ © -, © + lincomb ¢ F
apply (rule lincomb-insert2)
using insert.hyps insert.prems carrier by auto
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also have c z -, © = vec-of-basis-enum (¢’ (basis-enum-of-vec x) x¢ (basis-enum-of-vec
z : 'a))
by (simp add: zz vec-of-basis-enum-scaleC c’-def)
also note IH
also have
vec-of-basis-enum (¢’ (basis-enum-of-vec z) x¢ (basis-enum-of-vec x :: 'a)) +
Zsum
= vec-of-basis-enum (3 b€basis-enum-of-vec ‘ insert x F. ¢’ b ¢ b)
apply simp apply (rule sym)
apply (subst sum.insert)
using «finite F» «x ¢ F» dim-vec-of-basis-enum’ insert.prems
vec-of-basis-enum-add c’-def by auto
finally show ?case
by —
qed

show ?thesis
proof auto
fix x assume z € local.span (vec-of-basis-enum ‘ X)
then obtain ¢ A where zA: z = lincomb ¢ A and finite A and AX: A C
vec-of-basis-enum © X
unfolding span-def by auto
define B::'a set and ¢’ where B = basis-enum-of-vec ‘ A
and ¢’ b = ¢ (vec-of-basis-enum b) for b::'a
note zA
also have lincomb ¢ A = vec-of-basis-enum (> bEB. ¢’ b *c b)
using B-def <finite Ay AX c¢’-def by (rule lincomb-sum)
also have ... € vec-of-basis-enum ‘ cspan X
unfolding complex-vector.span-explicit
apply (rule imagel) apply (rule Collectl)
apply (rule exI) apply (rule exI)
using «finite A>» AX by (auto simp: B-def)
finally show z € vec-of-basis-enum * cspan X
by —
next
fix © assume z € cspan X
then obtain ¢’ B where z: © = (> b€B. ¢’ b x¢ b) and finite B and BX: B
cXx
unfolding complex-vector.span-explicit by auto
define A and ¢ where A = vec-of-basis-enum ¢ B
and ¢ b = ¢’ (basis-enum-of-vec b) for b
have vec-of-basis-enum & = vec-of-basis-enum (> b€B. ¢’ b ¢ b)
using z by simp
also have ... = lincomb ¢ A
apply (rule lincomb-sum|[symmetric))
unfolding A-def c-def using BX «finite B»
by (auto simp: image-image)
also have ... € span (vec-of-basis-enum * X)
unfolding span-def apply (rule CollectI)
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apply (rule exl, rule exI)
unfolding A-def using «finite By BX by auto
finally show vec-of-basis-enum x € local.span (vec-of-basis-enum ¢ X)
by —
qged
qed

lemma (in complex-vec-space) basis-enum-of-vec-span:
assumes length (canonical-basis :: 'a list) = n
assumes Y C carrier-vec n
shows basis-enum-of-vec ‘local.span Y = cspan (basis-enum-of-vec ‘Y :: 'a::basis-enum
set)
proof —
define X::'a set where X = basis-enum-of-vec 'Y
then have cspan (basis-enum-of-vec ‘Y :: 'a set) = basis-enum-of-vec ‘ vec-of-basis-enum
“cspan X
by (simp add: image-image)
also have ... = basis-enum-of-vec ¢ local.span (vec-of-basis-enum * X)
apply (subst vec-of-basis-enum-cspan)
using assms by simp-all
also have vec-of-basis-enum ‘ X = Y
unfolding X-def image-image
apply (rule image-conglwhere g=id and M=Y and N=Y simplified])
using assms(1) assms(2) by auto
finally show ?thesis
by simp
qged

lemma vec-of-basis-enum-canonical-basis:
assumes i < length (canonical-basis :: 'a list)
shows vec-of-basis-enum (canonical-basisli :: 'a)
= unit-vec (length (canonical-basis :: 'a::basis-enum list)) i
by (metis assms basis-enum-of-vec-inverse basis-enum-of-vec-unit-vec indez-unit-vec(3))

lemma vec-of-basis-enum-times:
fixes ¥ ¢ :: 'a::one-dim
shows vec-of-basis-enum (Y x )
= vec-of-list [vec-index (vec-of-basis-enum ) 0 * vec-index (vec-of-basis-enum
¢) 0]
proof —
have [simp]: <crepresentation {1} z 1 = one-dim-iso x> for z :: 'a
apply (subst one-dim-scaleC-1[where z=z, symmetric|)
apply (subst complez-vector.representation-scale)
by (auto simp add: complex-vector.span-base complex-vector.representation-basis)
show ?thesis
apply (rule eg-vecl)
by (auto simp: vec-of-basis-enum-def)
qed
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lemma vec-of-basis-enum-to-inverse:
fixes v :: 'a::one-dim
shows vec-of-basis-enum (inverse 1)) = vec-of-list [inverse (vec-index (vec-of-basis-enum
¥) 0)]
proof —
have [simp]: <crepresentation {1} z 1 = one-dim-iso z» for z :: a
apply (subst one-dim-scaleC-1[where z=z, symmetric])
apply (subst complez-vector.representation-scale)
by (auto simp add: complez-vector.span-base complex-vector.representation-basis)
show ?thesis
apply (rule eg-vecl)
apply (auto simp: vec-of-basis-enum-def)
by (metis complez-vector.scale-cancel-right one-dim-inverse one-dim-scaleC-1
zero-neg-one)
qed

lemma vec-of-basis-enum-divide:

fixes 1) ¢ :: ‘a::one-dim

shows vec-of-basis-enum (v / ¢)

= vec-of-list [vec-index (vec-of-basis-enum ) 0 / vec-index (vec-of-basis-enum
@) 0]

by (simp add: divide-inverse vec-of-basis-enum-to-inverse vec-of-basis-enum-times)

lemma vec-of-basis-enum-1: vec-of-basis-enum (1 :: 'a::one-dim) = vec-of-list [1]
proof —
have [simp]: <crepresentation {1} © 1 = one-dim-iso x> for = :: 'a
apply (subst one-dim-scaleC-1[where z=z, symmetric])
apply (subst complez-vector.representation-scale)
by (auto simp add: complex-vector.span-base complex-vector.representation-basis)
show ?thesis
apply (rule eq-vecl)
by (auto simp: vec-of-basis-enum-def)
qed

lemma vec-of-basis-enum-ell2-component:
fixes ¢ :: a:enum ell2»
assumes [simp]: <i < CARD('a))
shows (vec-of-basis-enum ¢ $ i = Rep-ell2 ¢ (Enum.enum ! i)
proof —
let 20 = <Enum.enum | O
have (Rep-ell2 ¢ (Enum.enum ! i) = ket 70 -c »
by (simp add: cinner-ket-left)
also have «... = vec-of-basis-enum 1 -c vec-of-basis-enum (ket 2i :: 'a ell2)»
by (rule cscalar-prod-vec-of-basis-enum|[symmetric])
also have «... = vec-of-basis-enum v -c unit-vec (CARD('a)) 0>
by (simp add: vec-of-basis-enum-ket enum-idz-enum)
also have «... = vec-of-basis-enum 1 - unit-vec (CARD('a)) >
by (smt (verit, best) assms carrier-vecl conjugate-conjugate-sprod conjugate-id
conjugate-vec-sprod-comm dim-vec-conjugate eq-vecl index-unit-vec(3) scalar-prod-left-unit
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vec-indez-conjugate)

also have «... = vec-of-basis-enum ¢ $
by simp
finally show ?thesis
by simp
qed

lemma corthogonal-vec-of-basis-enum:

fixes S :: ‘a::onb-enum list

shows corthogonal (map vec-of-basis-enum S) +— is-ortho-set (set S) A distinct
S
proof auto

assume assm: <corthogonal (map vec-of-basis-enum S)»

then show «(is-ortho-set (set S)»

by (smt (verit, ccfv-SIG) cinner-eq-zero-iff corthogonal-def cscalar-prod-vec-of-basis-enum
in-set-conv-nth is-ortho-set-def length-map nth-map)

show «distinct S»

using assm corthogonal-distinct distinct-map by blast

next

assume <is-ortho-set (set S)y and «distinct S»

then show <corthogonal (map vec-of-basis-enum S)»

by (smt (verit, ccfo-threshold) cinner-eq-zero-iff corthogonall cscalar-prod-vec-of-basis-enum
is-ortho-set-def length-map length-map nth-eq-iff-index-eq nth-map nth-map nth-mem
nth-mem)
qged

16.3 Isomorphism between bounded linear functions and ma-
trices

We define the canonical isomorphism between ‘a =¢ b and the complex
n * m-matrices (where n,m are the dimensions of ‘a, 'b, respectively). This
is possible if ‘a, ‘b are of class basis-enum since that class fixes a finite
canonical basis. Matrices are represented using the complexr mat type from
Jordan_Normal_Form. (The isomorphism will be called mat-of-cblinfun be-
low.)
definition mat-of-cblinfun :: <'a::{ basis-enum,complez-normed-vector} =, 'b::{ basis-enum,complez-normed-t
= complex mat> where
<mat-of-cblinfun f =
mat (length (canonical-basis :: 'b list)) (length (canonical-basis :: 'a list)) (
A (4, j). crepresentation (set (canonical-basis::'b list)) (f *v ((canonical-basis::'a
list)'j)) ((canonical-basis::'b list)!7))»
for f

lift-definition cblinfun-of-mat :: <complex mat = 'a::{ basis-enum,complez-normed-vector}
=1 'b::{ basis-enum,complex-normed-vector}) is

AM. if Mecarrier-mat (length (canonical-basis :: 'b list)) (length (canonical-basis
i 'a list))
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then Av. basis-enum-of-vec (M *,, vec-of-basis-enum v)
else (Av. 0)»
proof (intro bounded-clinear-finite-dim clinearl)
fix M :: complex mat
define m where m = length (canonical-basis :: 'b list)
define n where n = length (canonical-basis :: 'a list)
define f::complex mat = 'a = 'b
where [ M = (if MEcarrier-mat m n
then Av. basis-enum-of-vec (M #, vec-of-basis-enum (v::'a))
else (\v. 0))
for M::.complex mat

show add: <f M (b1 4+ b2) = f M b1 + f M b2) for b1 b2
apply (auto simp: f-def)
by (metis (mono-tags, lifting) carrier-matD(1) carrier-vec-dim-vec dim-mult-mat-vec
dim-vec-of-basis-enum’ m-def mult-add-distrib-mat-vec n-def basis-enum-of-vec-add
vec-of-basis-enum-add)

show scale: <f M (c x¢ b) = ¢ x¢ f M b for ¢ b
apply (auto simp: f-def)
by (metis carrier-matD(1) carrier-vec-dim-vec dim-mult-mat-vec dim-vec-of-basis-enum.’
m-def mult-mat-vec n-def basis-enum-of-vec-mult vec-of-basis-enum-scaleC')
qed

lemma cblinfun-of-mat-invalid:

assumes (M ¢ carrier-mat (canonical-basis-length TYPE('b::{ basis-enum,complex-normed-vector}))
(canonical-basis-length TYPE('a::{ basis-enum,complex-normed-vector}))»

shows «(cblinfun-of-mat M :: 'a =cr 'b) = 0>

apply (transfer fizing: M)

using assms by (simp add: canonical-basis-length)

lemma dim-row-mat-of-cblinfun[simpl: <dim-row (mat-of-cblinfun (a::'a::{basis-enum,complex-normed-vector}
=1 'b:{basis-enum,complez-normed-vector})) = canonical-basis-length TYPE('b)»
by (simp add: mat-of-cblinfun-def canonical-basis-length)

lemma dim-col-mat-of-cblinfun[simp]: <dim-col (mat-of-cblinfun (a::’a::{basis-enum,complex-normed-vector}
=1 'b:{basis-enum,complez-normed-vector})) = canonical-basis-length TYPE('a)»
by (simp add: mat-of-cblinfun-def canonical-basis-length)

lemma mat-of-cblinfun-ell2-carrier[simp]: <mat-of-cblinfun (a::'a::{basis-enum,complez-normed-vector}
= 'b::{basis-enum,complex-normed-vector}) € carrier-mat (canonical-basis-length
TYPE('d)) (canonical-basis-length TYPE('a))»

by (auto intro!: carrier-matl)

lemma basis-enum-of-vec-cblinfun-apply:
fixes M :: complex mat
defines nA = length (canonical-basis :: 'a::{basis-enum,complex-normed-vector}
list)
and nB = length (canonical-basis :: 'b::{basis-enum,complex-normed-vector}
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list)

assumes M € carrier-mat nB nA and dim-vec x = nA

shows basis-enum-of-vec (M *, z) = (cblinfun-of-mat M :: 'a =cp 'b) *v ba-
sis-enum-of-vec

by (metis assms basis-enum-of-vec-inverse cblinfun-of-mat.rep-eq)

lemma mat-of-cblinfun-cblinfun-apply:
<vec-of-basis-enum (F' *y u) = mat-of-cblinfun F x, vec-of-basis-enum u»
for F::'a::{basis-enum,complex-normed-vector’} = ¢, 'b::{basis-enum,complex-normed-vector}
and u::'a
proof (rule eq-vecl)
show <(dim-vec (vec-of-basis-enum (F *xy u)) = dim-vec (mat-of-cblinfun F x,
vec-of-basis-enum u)»
by (simp add: dim-vec-of-basis-enum’ mat-of-cblinfun-def)
next
fix 7
define BasisA where BasisA = (canonical-basis::'a list)
define BasisB where BasisB = (canonical-basis::'b list)
define nA where nA = length (canonical-basis :: 'a list)
define nB where nB = length (canonical-basis :: 'b list)
assume (i < dim-vec (mat-of-cblinfun F *, vec-of-basis-enum u)»
then have [simp]: «{ < nB>
by (simp add: mat-of-cblinfun-def nB-def)
define v where (v = BasisB !

have dim-row-F[simp]: «dim-row (mat-of-cblinfun F) = nB»
by (simp add: mat-of-cblinfun-def nB-def)
have [simp]: «length BasisB = nB»
by (simp add: nB-def BasisB-def)
have [simp]: ¢length BasisA = nA»
using BasisA-def nA-def by auto
have [simp]: <cindependent (set BasisA)»
using BasisA-def is-cindependent-set by auto
have [simp]: <cindependent (set BasisB))
using BasisB-def is-cindependent-set by blast
have [simp]: <cspan (set BasisB) = UNIV»
by (simp add: BasisB-def is-generator-set)
have [simp]: <cspan (set BasisA) = UNIV)»
by (simp add: BasisA-def is-generator-set)

have ((mat-of-cblinfun F x, vec-of-basis-enum u) $ i =
(>4 = 0..<nA. row (mat-of-cblinfun F) i § j x crepresentation (set BasisA)

u (vec-of-list BasisA $ j))»

using dim-row-F by (auto simp: mult-mat-vec-def vec-of-basis-enum-def scalar-prod-def
stmp flip: BasisA-def)

also have «... = (3}_j = 0..<nA. crepresentation (set BasisB) (F xy BasisA |
K

* crepresentation (set BasisA) u (BasisA ! j))»
apply (rule sum.cong[OF refl])
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by (auto simp: vec-of-list-index mat-of-cblinfun-def scalar-prod-def v-def simp
flip: BasisA-def BasisB-def)
also have «... = crepresentation (set BasisB) (F xy u) v (is «(>_ j=-..<-. ?lhs
vj) =)
proof (rule complex-vector.representation-eql [symmetric, THEN fun-cong))
show <(cindependent (set BasisB)) <F xy u € cspan (set BasisB)»
by simp-all
show only-basis: «(>_j = 0..<nA. ?lhs b j) # 0 = b € set BasisB» for b
by (metis (mono-tags, lifting) complez-vector.representation-ne-zero mult-not-zero
sum.not-neutral-contains-not-neutral)
then show «finite {b. (3 j = 0..<nA. ?lhs b j) # 0}
by (smt (23) List.finite-set finite-subset mem-Collect-eq subsetl)
have (>0 | (O_j = 0..<nA. ?lhs bj) # 0. (D7 = 0.<nA. ?lhs b j) x¢c b) =
(3" beset BasisB. (> j = 0..<nA. ?lhs b j) *¢ b)»
apply (rule sum.mono-neutral-left)
using only-basis by auto
also have «... = (> beset BasisB. (> a€set BasisA. crepresentation (set
BasisB) (F xy a) b % crepresentation (set BasisA) u a) x¢ b)»
apply (subst sum.reindez-bij-betw[where h=«nth BasisA> and T=«set Ba-
sisAs))
apply (metis BasisA-def <length BasisA = nA» atLeastOLessThan bij-betw-nth
distinct-canonical-basis)
by simp
also have «... = (> a€set BasisA. crepresentation (set BasisA) u a *¢
(5" beset BasisB. crepresentation (set BasisB) (F *y a) b *¢ b))
apply (simp add: scaleC-sum-left scaleC-sum-right)
apply (subst sum.swap)
by (metis (no-types, lifting) mult.commute sum.cong)
also have «... = (3_ a€set BasisA. crepresentation (set BasisA) u a x¢ (F %y
a))
apply (subst complez-vector.sum-representation-eq)
by auto
also have «... = F xy (3 a€set BasisA. crepresentation (set BasisA) u a *¢
a)
by (simp flip: cblinfun.scaleC-right cblinfun.sum-right)

also have «... = F %y w»
apply (subst complez-vector.sum-representation-eq)
by auto

finally show <«(> b | (D07 = 0..<nA. ?lhs bj) # 0. (3_j = 0..<nA. ?lhs b j)
xc b) = F %y w
by auto
qed
also have (crepresentation (set BasisB) (F xy u) v = vec-of-basis-enum (F *y
u) § D
by (auto simp: vec-of-list-index vec-of-basis-enum-def v-def simp flip: BasisB-def)
finally show <vec-of-basis-enum (F xy u) $ i = (mat-of-cblinfun F ,, vec-of-basis-enum
u) $ 0
by simp
qed
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lemma mat-of-cblinfun-inverse:
cblinfun-of-mat (mat-of-cblinfun B) = B
for B::'a::{basis-enum,complex-normed-vector} =, 'b::{basis-enum,complez-normed-vector}
proof (rule cblinfun-eql)
fix z :: ‘a define y where (y = vec-of-basis-enum x»
then have <cblinfun-of-mat (mat-of-cblinfun B) xy x = ((cblinfun-of-mat (mat-of-cblinfun
B) :: 'a=c¢1'b) *y basis-enum-of-vec y)»
by simp
also have (... = basis-enum-of-vec (mat-of-cblinfun B x*, wvec-of-basis-enum
(basis-enum-of-vec y :: 'a))»
apply (transfer fizing: B)
by (simp add: mat-of-cblinfun-def)

also have «... = basis-enum-of-vec (vec-of-basis-enum (B *y z))»
by (simp add: mat-of-cblinfun-cblinfun-apply y-def)
also have ... = B xy o
by simp
finally show «cblinfun-of-mat (mat-of-cblinfun B) xy x = B xy x
by —
qed

lemma mat-of-cblinfun-inj: inj mat-of-cblinfun
by (metis inj-on-def mat-of-cblinfun-inverse)

lemma cblinfun-of-mat-inverse:

fixes M::complex mat

defines nA = length (canonical-basis :: 'a::{basis-enum,complex-normed-vector}
list)

and nB = length (canonical-basis :: 'b::{basis-enum,complez-normed-vector}

list)

assumes M € carrier-mat nB nA

shows mat-of-cblinfun (cblinfun-of-mat M :: 'a =¢cp 'b) = M

by (smt (verit) assms(3) basis-enum-of-vec-inverse carrier-matD(1) carrier-vecD
cblinfun-of-mat.rep-eq dim-mult-mat-vec eq-mat-on-vecl mat-carrier mat-of-cblinfun-def
mat-of-cblinfun-cblinfun-apply nA-def nB-def)

lemma cblinfun-of-mat-inj: inj-on (cblinfun-of-mat::complex mat = 'a =cr 'b)
(carrier-mat (length (canonical-basis :: 'b::{ basis-enum,complex-normed-vector}
list))

list)))
using cblinfun-of-mat-inverse
by (metis inj-onl)

(length (canonical-basis :: 'a::{basis-enum,complez-normed-vector}

lemma cblinfun-eq-mat-of-cblinfunl:
assumes mat-of-cblinfun a = mat-of-cblinfun b
shows a = b
by (metis assms mat-of-cblinfun-inverse)
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16.4 Operations on matrices

lemma cblinfun-of-mat-plus:
defines nA = length (canonical-basis :: 'a::{basis-enum,complex-normed-vector}

list)
and nB = length (canonical-basis :: 'b::{basis-enum,complex-normed-vector}
list)
assumes [simp,introl: M € carrier-mat nB nA and [simp,intro]: N € carrier-mat
nB nA

shows (cblinfun-of-mat (M + N) :: 'a =cr 'b) = ((cblinfun-of-mat M + cblin-
fun-of-mat N))
proof —
have [simp]: <vec-of-basis-enum (v :: 'a) € carrier-vec nAs for v
by (auto simp add: carrier-dim-vec dim-vec-of-basis-enum’ nA-def)
have [simp]: <dim-row M = nB) «dim-row N = nB)
using carrier-matD(1) by auto
show ?thesis
apply (transfer fizing: M N)
by (auto introl: ext simp add: add-mult-distrib-mat-vec nA-def[symmetric]
nB-def [symmetric]
add-mult-distrib-mat-vec[where nr=nB and nc=nA] basis-enum-of-vec-add)
qed

lemma mat-of-cblinfun-zero:
mat-of-cblinfun (0 :: (‘a::{basis-enum,complex-normed-vector} = ¢, 'b::{basis-enum,complez-normed-vector}
= 0 (length (canonical-basis :: 'b list)) (length (canonical-basis :: 'a list))
unfolding mat-of-cblinfun-def
by (auto simp: complez-vector.representation-zero)

lemma mat-of-cblinfun-plus:
mat-of-cblinfun (F + G) = mat-of-cblinfun F + mat-of-cblinfun G
for F G::'a::{basis-enum,complez-normed-vector} = ¢, 'b::{ basis-enum,complex-normed-vector}
by (auto simp add: mat-of-cblinfun-def cblinfun.add-left complex-vector.representation-add)

lemma mat-of-cblinfun-id:

mat-of-cblinfun (id-cblinfun :: ('a::{basis-enum,complez-normed-vector} =cr,'a))
= 1. (length (canonical-basis :: 'a list))

apply (rule eq-matl)

by (auto simp: mat-of-cblinfun-def complex-vector.representation-basis is-cindependent-set
nth-eg-iff-indezx-eq)

lemma mat-of-cblinfun-1:
mat-of-cblinfun (1 :: (‘a::one-dim = ¢ 'b::one-dim)) = 1,, 1
apply (rule eq-matl)
by (auto simp: mat-of-cblinfun-def complex-vector.representation-basis nth-eq-iff-indez-eq)

lemma mat-of-cblinfun-uminus:

mat-of-cblinfun (— M) = — mat-of-cblinfun M

for M::'a::{basis-enum,complez-normed-vector} = ¢, 'b::{ basis-enum,complex-normed-vector}
proof—
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define nA where nA = length (canonical-basis :: 'a list)
define nB where nB = length (canonical-basis :: 'b list)
have M1: mat-of-cblinfun M € carrier-mat nB nA
unfolding nB-def nA-def
by (metis add.right-neutral add-carrier-mat mat-of-cblinfun-plus mat-of-cblinfun-zero
nA-def
nB-def zero-carrier-mat)
have M2: mat-of-cblinfun (—M) € carrier-mat nB nA
by (metis add-carrier-mat mat-of-cblinfun-plus mat-of-cblinfun-zero diff-0 nA-def
nB-def
uminus-add-conv-diff zero-carrier-mat)
have mat-of-cblinfun (M — M) = 0,, nB nA
unfolding nA-def nB-def
by (simp add: mat-of-cblinfun-zero)
moreover have mat-of-cblinfun (M — M) = mat-of-cblinfun M + mat-of-cblinfun
(= M)
by (metis mat-of-cblinfun-plus pth-2)
ultimately have mat-of-cblinfun M + mat-of-cblinfun (— M) = 0,, nB nA
by simp
thus ?thesis
using M1 M2
by (smt add-uminus-minus-mat assoc-add-mat comm-add-mat left-add-zero-mat
minus-r-imv-mat
uminus-carrier-mat)
qed

lemma mat-of-cblinfun-minus:

mat-of-cblinfun (M — N) = mat-of-cblinfun M — mat-of-cblinfun N

for M::'a::{basis-enum,complez-normed-vector} = ¢, 'b:{ basis-enum,complex-normed-vector}
and N::'a =c1'b

by (smt (23) add-uminus-minus-mat mat-of-cblinfun-uminus mat-carrier mat-of-cblinfun-def
mat-of-cblinfun-plus pth-2)

lemma cblinfun-of-mat-uminus:
defines nA = length (canonical-basis :: 'a::{basis-enum,complex-normed-vector}

list)
and nB = length (canonical-basis :: 'b::{basis-enum,complex-normed-vector}
list)
assumes M € carrier-mat nB nA
shows (cblinfun-of-mat (—M) :: 'a =cr 'b) = — cblinfun-of-mat M

by (smt assms add.group-azioms add.right-neutral add-minus-cancel add-uminus-minus-mat
cblinfun-of-mat-plus group.inverse-inverse mat-of-cblinfun-inverse mat-of-cblinfun-zero
minus-r-inv-mat uminus-carrier-mat)

lemma cblinfun-of-mat-minus:
fixes M::complex mat
defines nA = length (canonical-basis :: 'a::{basis-enum,complex-normed-vector}
list)
and nB = length (canonical-basis :: 'b::{basis-enum,complex-normed-vector}

425



list)

assumes M € carrier-mat nB nA and N € carrier-mat nB nA

shows (cblinfun-of-mat (M — N) :: 'a =¢cr 'b) = cblinfun-of-mat M — cblin-
fun-of-mat N

by (metis assms add-uminus-minus-mat cblinfun-of-mat-plus cblinfun-of-mat-uminus
pth-2 uminus-carrier-mat)

lemma cblinfun-of-mat-times:
fixes M N ::complex mat
defines nA = length (canonical-basis :: 'a::{basis-enum,complex-normed-vector}
list)
and nB = length (canonical-basis :: 'b::{basis-enum,complex-normed-vector}
list)
and nC = length (canonical-basis :: 'c::{basis-enum,complez-normed-vector}
list)
assumes al: M € carrier-mat nC nB and a2: N € carrier-mat nB nA
shows cblinfun-of-mat (M x N) = ((cblinfun-of-mat M)::'b =c1,'c) oo, ((cblinfun-of-mat
N)::/a :>CL/b)
proof —
have b1: ((cblinfun-of-mat M)::'b = ¢ 'c) v = basis-enum-of-vec (M *,, vec-of-basis-enum
v)
for v
by (metis assms(4) cblinfun-of-mat.rep-eq nB-def nC-def)
have b2: ((cblinfun-of-mat N)::'a =c1'b) v = basis-enum-of-vec (N x, vec-of-basis-enum
v)
for v
by (metis assms(5) cblinfun-of-mat.rep-eq nA-def nB-def)
have b3: ((cblinfun-of-mat (M * N))::'a =¢cr'c) v
= basis-enum-of-vec ((M x N) %, vec-of-basis-enum v)
for v
by (metis assms(4) assms(5) cblinfun-of-mat.rep-eq mult-carrier-mat nA-def
nC-def)
have (basis-enum-of-vec ((M * N) *, vec-of-basis-enum v)::'c)
= (basis-enum-of-vec (M #, ( vec-of-basis-enum ( (basis-enum-of-vec (N *,
vec-of-basis-enum v))::'b ))))
for v::'a
proof—
have c1: vec-of-basis-enum (basis-enum-of-vec z :: 'b) = x
if dim-vec x = nB
for z::complex vec
using that unfolding nB-def
by simp
have c2: vec-of-basis-enum v € carrier-vec nA
by (metis (mono-tags, opaque-lifting) add.commute carrier-vec-dim-vec in-
dex-add-vec(2)
index-zero-vec(2) nA-def vec-of-basis-enum-add basis-enum-of-vec-inverse)
have (M x N) x, vec-of-basis-enum v = M %, (N %, vec-of-basis-enum v)
using Matriz.assoc-mult-mat-vec al a2 c2 by blast
hence (basis-enum-of-vec ((M * N) %, vec-of-basis-enum v)::'c)
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= (basis-enum-of-vec (M *, (N x, vec-of-basis-enum v))::’c)
by simp
also have ... =
(basis-enum-of-vec (M *, ( vec-of-basis-enum ( (basis-enum-of-vec (N s,
vec-of-basis-enum v))::'b ))))
using c1 a2 by auto
finally show ?thesis by simp
qed
thus ?thesis using b1 b2 b3
by (simp add: cblinfun-eql scaleC-cblinfun.rep-eq)
qged

lemma cblinfun-of-mat-adjoint:
defines nA = length (canonical-basis :: 'a::onb-enum list)
and nB = length (canonical-basis :: 'b::onb-enum list)
fixes M:: complexr mat
assumes M € carrier-mat nB nA
shows ((cblinfun-of-mat (mat-adjoint M)) :: 'b =¢r, 'a) = (cblinfun-of-mat M )x*
proof (rule adjoint-eql)
show (cblinfun-of-mat (mat-adjoint M) vy z) ¢ y = z -¢ (cblinfun-of-mat M
*v Y)
for z::'b and y::'a
proof—
define v where u = vec-of-basis-enum x
define v where v = vec-of-basis-enum y
have cI: vec-of-basis-enum ((cblinfun-of-mat (mat-adjoint M) *y z):'a) =
(mat-adjoint M) *, u
unfolding u-def
by (metis (mono-tags, lifting) assms(8) cblinfun-of-mat-inverse map-carrier-mat
mat-adjoint-def " mat-of-cblinfun-cblinfun-apply nA-def nB-def transpose-carrier-mat)
have c2: (vec-of-basis-enum ((cblinfun-of-mat M *y y)::'b))
=M %, v
by (metis assms(3) cblinfun-of-mat-inverse mat-of-cblinfun-cblinfun-apply
nA-def nB-def v-def)
have c¢3: dim-vec v = nA
unfolding v-def nA-def vec-of-basis-enum-def
by (simp add:)
have c4: dim-vec v = nB
unfolding u-def nB-def vec-of-basis-enum-def
by (simp add:)
have v -¢ ((mat-adjoint M) %, u) = (M %, v) -c u
using ¢3 ¢4 cscalar-prod-adjoint assms(8) by blast
hence v -c¢ (vec-of-basis-enum ((cblinfun-of-mat (mat-adjoint M) *y )::'a))
= (vec-of-basis-enum ((cblinfun-of-mat M *y y)::'b)) <c u
using c1 c¢2 by simp
thus (cblinfun-of-mat (mat-adjoint M) *y z) ¢ y = = -¢ (cblinfun-of-mat M
v Y)
unfolding u-def v-def

by (simp add: cscalar-prod-vec-of-basis-enum)
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qed
qed

lemma mat-of-cblinfun-compose:
mat-of-cblinfun (F oo G) = mat-of-cblinfun F * mat-of-cblinfun G
for F::'b::{basis-enum,complex-normed-vector} = ¢, 'c::{ basis-enum,complex-normed-vector}
and G::'a::{basis-enum,complex-normed-vector} =-cp 'b
by (smt (verit, del-insts) cblinfun-of-mat-inverse mat-carrier mat-of-cblinfun-def
mat-of-cblinfun-inverse cblinfun-of-mat-times mult-carrier-mat)

lemma mat-of-cblinfun-scaleC'
mat-of-cblinfun ((a::complez) *c F) = a -, (mat-of-cblinfun F)
for F :: 'a::{ basis-enum,complez-normed-vector } = ¢, 'b::{ basis-enum,complez-normed-vector}
by (auto simp add: complez-vector.representation-scale mat-of-cblinfun-def)

lemma mat-of-cblinfun-scaleR:
mat-of-cblinfun ((a::real) xg F) = (complex-of-real a) -, (mat-of-cblinfun F)
unfolding scaleR-scaleC by (rule mat-of-cblinfun-scaleC)

lemma mat-of-cblinfun-adj:

mat-of-cblinfun (Fx) = mat-adjoint (mat-of-cblinfun F)

for F :: 'a::onb-enum =c1 'b:ionb-enum

by (metis (no-types, lifting) cblinfun-of-mat-inverse map-carrier-mat mat-adjoint-def’
mat-carrier cblinfun-of-mat-adjoint mat-of-cblinfun-def mat-of-cblinfun-inverse trans-
pose-carrier-mat)

lemma mat-of-cblinfun-vector-to-cblinfun:
mat-of-cblinfun (vector-to-cblinfun 1)
= mat-of-cols (length (canonical-basis :: 'a list)) [vec-of-basis-enum 1]
for ::'a::{ basis-enum,complex-normed-vector}
by (auto simp: mat-of-cols-Cons-index-0 mat-of-cblinfun-def vec-of-basis-enum-def
vec-of-list-index)

lemma mat-of-cblinfun-proj:
fixes a::'a::onb-enum
defines d = length (canonical-basis :: 'a list)
and norm2 = (vec-of-basis-enum a) -c (vec-of-basis-enum a)
shows mat-of-cblinfun (proj a) =
1/ norm2 -, (mat-of-cols d [vec-of-basis-enum a)
* mat-of-rows d [conjugate (vec-of-basis-enum a)]) (is - = ?rhs)
proof (cases a = 0)
case False
have norm2: <norm2 = (norm a)*
by (simp add: cscalar-prod-vec-of-basis-enum norm2-def cdot-square-norm[symmetric,
simplified))
have [simp]: (vec-of-basis-enum a € carrier-vec d»
by (simp add: carrier-vecl d-def)

2

have (mat-of-cblinfun (proj a) = mat-of-cblinfun (proj (a /r norm a))»
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by (metis (mono-tags, opaque-lifting) ccspan-singleton-scaleC complex-vector.scale-eq-0-iff
nonzero-imp-inverse-nonzero norm-eq-zero scaleR-scaleC scale-left-imp-eq)
also have «... = mat-of-cblinfun (selfbutter (a /g norm a))»
apply (subst butterfly-eq-proj)
by (auto simp add: False)
also have «... = 1/norm?2 -,, mat-of-cblinfun (selfbutter a)
apply (simp add: mat-of-cblinfun-scaleC norm?2)
by (simp add: inverse-eq-divide power2-eq-square)
also have «... = 1 / norm2 -, (mat-of-cblinfun (vector-to-cblinfun a :: com-
plex = ¢, 'a) x mat-adjoint (mat-of-cblinfun (vector-to-cblinfun a :: compler =cp,
'a)))>
by (simp add: butterfly-def mat-of-cblinfun-compose mat-of-cblinfun-adj)
also have «... = ?rhs
by (simp add: mat-of-cblinfun-vector-to-cblinfun mat-adjoint-def flip: d-def)
finally show ?thesis
by —
next
case True
show ?thesis
apply (rule eg-matl)
by (auto simp: True mat-of-cblinfun-zero vec-of-basis-enum-zero scalar-prod-def
mat-of-rows-index
stmp flip: d-def)
qed

lemma mat-of-cblinfun-ell2-component:
fixes a :: (a::enum ell2 =c 'bi:enum ell2»
assumes [simp]: <i < CARD('b)» <j < CARD('a)»
shows <mat-of-cblinfun a $$ (i,j) = Rep-ell2 (a *y ket (Enum.enum ! j))
(Enum.enum ! i)
proof —
let i = (Enum.enum ! ©» and ?j = <Enum.enum ! j» and 2aj = <a *y ket
(Enum.enum ! j)»
have (Rep-ell2 ?aj (Enum.enum ! i) = vec-of-basis-enum %aj $ @
by (rule vec-of-basis-enum-ell2-component|[symmetric], simp)
also have «... = (mat-of-cblinfun a *, vec-of-basis-enum (ket (enum-class.enum
1) = ‘aell2)) $ o
by (simp add: mat-of-cblinfun-cblinfun-apply)

also have «... = (mat-of-cblinfun a *, unit-vec CARD('a) j) $ ©
by (simp add: vec-of-basis-enum-ket enum-idz-enum)
also have «... = mat-of-cblinfun a $$ (i, j)»

apply (subst mat-entry-explicitfwhere m=<CARD('b))])
by (auto introl: simp: canonical-basis-length)
finally show ?thesis
by auto
qed

lemma cblinfun-of-mat-mat:
shows «cblinfun-of-mat (mat (CARD('b)) (CARD('a)) f) = explicit-cblinfun
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(A(r:"bzenum) (c:'azzenum). f (enum-idz r, enum-idz c))»
apply (intro equal-ket basis-enum-eq-vec-of-basis-enuml)
by (auto intro!: eq-vecl simp: enum-idz-correct enum-idz-enum vec-of-basis-enum-ket
mat-of-cblinfun-ell2-component canonical-basis-length cblinfun-of-mat-inverse
index-row
mat-of-cblinfun-cblinfun-apply)

lemma mat-of-cblinfun-explicit-cblinfun:
fixes [ :: a::enum = 'bi:enum = complex»
shows <mat-of-cblinfun (explicit-cblinfun f) = mat (CARD('a)) (CARD('D))
(M(r,¢). f (Enum.enum!r) (Enum.enum!c))»
by (auto intro!: cblinfun-of-mat-inj[where ‘a=¢'b ell2) and 'b=<"a eli2), THEN
inj-onD)|
stmp: cblinfun-of-mat-mat canonical-basis-length enum-idz-correct mat-of-cblinfun-inverse)

lemma mat-of-cblinfun-classical-operator:
fixes f::’a::enum = 'b::enum option
shows mat-of-cblinfun (classical-operator ) = mat (CARD(’b)) (CARD('a))
(A(r,e). if f (Enum.enum!c) = Some (Enum.enuml!r) then 1 else 0)
proof —
define nA where nA = CARD(’a)
define nB where nB = CARD('b)
define BasisA where BasisA = (canonical-basis::'a ell2 list)
define BasisB where BasisB = (canonical-basis::'b ell2 list)
have mat-of-cblinfun (classical-operator f) € carrier-mat nB nA
by (auto simp: canonical-basis-length nA-def nB-def)
moreover have nA = CARD ('a)
unfolding nA-def
by (simp add:)
moreover have nB = CARD ('b)
unfolding nB-def
by (simp add:)
ultimately have mat-of-cblinfun (classical-operator f) € carrier-mat (CARD(’D))
(CARD('a))
unfolding nA-def nB-def
by simp
moreover have (mat-of-cblinfun (classical-operator f))$$(r,c)
= (mat (CARD('b)) (CARD('a))
(A(r,e). if f (Enum.enum!lc) = Some (Enum.enuml!r) then 1 else 0))$$(r,c)
if al: r < CARD('b) and a2: ¢ < CARD('a)
for r ¢
proof—
have CARD('a) = length (enum-class.enum::'a list)
using card-UNIV-length-enum[where 'a = ’a] .
hence z1: BasisAlc = ket ((Enum.enum::'a list)!c)
unfolding BasisA-def using a2 canonical-basis-ell2-def
nth-map[where n = ¢ and xs = Enum.enum::'a list and [ = ket] by metis
have cardb: CARD('b) = length (enum-class.enum::'b list)
using card-UNIV-length-enum[where 'a = 'b] .
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hence z2: BasisBlr = ket ((Enum.enum::'b list)!r)
unfolding BasisB-def using al canonical-basis-ell2-def
nth-map[where n = r and zs = Enum.enum::'b list and f = ket] by metis
have inj (map (ket::'b =-))
by (meson injl ket-injective list.inj-map)
hence length (Enum.enum::'b list) = length (map (ket::'b =-) (Enum.enum::’'b
list))
by simp
hence lengthBasisB: CARD(’b) = length BasisB
unfolding BasisB-def canonical-basis-ell2-def using cardb
by smt
have v1: (mat-of-cblinfun (classical-operator f))$$(r,c) = 0
if c1: f (Enum.enum!c) = None
proof—
have (classical-operator f) *y ket (Enum.enum!c)
= (case f (Enum.enum!c) of None = 0 | Some i = ket 1)
using classical-operator-ket-finite .
also have ... =0
using c! by simp
finally have (classical-operator f) xy ket (Enum.enuml!c) = 0 .
hence *: (classical-operator f) %y BasisAlc = 0
using z1 by simp
hence is-orthogonal (BasisB!r) (classical-operator f xy BasisAlc)
by simp
thus ?thesis
unfolding mat-of-cblinfun-def BasisA-def BasisB-def
by (smt (verit, del-insts) BasisA-def * al a2 canonical-basis-length-ell2
complez-vector.representation-zero index-mat(1) old.prod.case)
qed
have v2: (mat-of-cblinfun (classical-operator f))$$(r,c) = 0
if c1: f (Enum.enum!c) = Some (Enum.enum!r’) and c2: r#r’
and ¢3: r’ < CARD('D)
for r’
proof—
have z8: BasisB!r' = ket ((Enum.enum::'b list)!r’)
unfolding BasisB-def using cardb c¢3 canonical-basis-ell2-def
nth-map[where n = r’ and zs = Enum.enum::'b list and f = ket]
by smt
have distinct BasisB
unfolding BasisB-def
by simp
moreover have r < length BasisB
using al lengthBasisB by simp
moreover have r’ < length BasisB
using c3 lengthBasisB by simp
ultimately have hi1: BasisB!r # BasisB!r’
using nth-eq-iff-indez-eq[where zs = BasisB and ¢ = r and j = r/] ¢2
by blast
have (classical-operator f) xy ket (Enum.enum!c)
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= (case f (Enum.enum!c) of None = 0 | Some i = ket 7)
using classical-operator-ket-finite .
also have ... = ket (Enum.enum!r’)
using c! by simp
finally have (classical-operator f) v ket (Enum.enum!c) = ket (Enum.enum!r’)

hence *: (classical-operator f) xy BasisAlc = BasisB!r’
using z1 28 by simp
moreover have is-orthogonal (BasisB!r) (BasisB!r')
using hl
using BasisB-def «r < length BasisB) <r’ < length BasisB> is-ortho-set-def
is-orthonormal nth-mem
by metis
ultimately have is-orthogonal (BasisB!r) (classical-operator f *y BasisAlc)
by simp
thus “thesis
unfolding mat-of-cblinfun-def BasisA-def BasisB-def
by (smt (23) BasisA-def BasisB-def x <r < length BasisBy <r' < length Ba-
sisBy a2 canonical-basis-length-ell2 case-prod-conv complez-vector.representation-basis
h1 index-mat(1) is-cindependent-set nth-mem)
qed
have (mat-of-cblinfun (classical-operator f))$$(r,c) = 0
if b1: f (Enum.enum!c) # Some (Enum.enum!r)
proof (cases f (Enum.enum!c) = None)
case True thus ?thesis using vl by blast
next
case Fulse
hence I R. f (Enum.enum!lc) = Some R
apply (induction f (Enum.enum!c))
apply simp
by simp
then obtain R where R0: f (Enum.enum!c) = Some R
by blast
have R € set (Enum.enum:'b list)
using UNIV-enum by blast
hence 3r'. R = (Enum.enum::'b list)lr’ A v’ < length (Enum.enum::’b list)
by (metis in-set-conv-nth)
then obtain r’ where ul: R = (Enum.enum::'b list)!r’
and u2: r’ < length (Enum.enum::'b list)
by blast
have R1: f (Enum.enuml!c) = Some (Enum.enum!r’)
using R0 ul by blast
have Some ((Enum.enum::'b list)!r’) # Some ((Enum.enum::'b list)!r)
proof (rule classical)
assume —(Some ((Enum.enum::'b list)!r’) # Some ((Enum.enum::'b list)!r))
hence Some ((Enum.enum::’b list)!r’) = Some ((Enum.enum::'b list)!r)
by blast
hence [ (Enum.enum!c) = Some ((Enum.enum::'b list)!r)
using R1 by auto
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thus ?thesis
using b1 by blast
qed
hence ((Enum.enum::’'b list)lr’) # ((Enum.enum::'b list)!r)
by simp
hence r’' # r
by blast
moreover have r’ < CARD('D)
using u2 cardb by simp
ultimately show ?thesis using RI v2[where ' = r'] by blast
qed
moreover have (mat-of-cblinfun (classical-operator f))$$(r,c) = 1
if b1: f (Enum.enum!c) = Some (Enum.enum!r)
proof—
have CARD(’b) = length (enum-class.enum::'b list)
using card-UNIV-length-enum|where 'a = 'b].
hence length (map (ket::'b=-) enum-class.enum) = CARD('D)
by simp
hence w0: map (ket::'b=-) enum-class.enum | r = ket (enum-class.enum !

by (simp add: al)
have CARD('a) = length (enum-class.enum::’a list)
using card-UNIV-length-enum[where 'a = ’a].
hence length (map (ket::'a=-) enum-class.enum) = CARD(’a)
by simp
hence map (ket::’a=-) enum-class.enum ! ¢ = ket (enum-class.enum ! ¢)
by (simp add: a2)
hence (classical-operator f) v (BasisAlc) = (classical-operator f) vy (ket

(Enum.enum!c))

z)

unfolding BasisA-def canonical-basis-ell2-def by simp
also have ... = (case f (enum-class.enum ! ¢) of None = 0 | Some x = ket

by (rule classical-operator-ket-finite)
also have ... = BasisB!r
using w0 b1 by (simp add: BasisB-def canonical-basis-ell2-def)
finally have w!: (classical-operator f) xy (BasisAlc) = BasisB!r
by simp
have (mat-of-cblinfun (classical-operator f))$$(r,c)
= (BasisB!r) -¢ (classical-operator f vy (BasisAlc))
unfolding BasisB-def BasisA-def mat-of-cblinfun-def
using «nA = CARD('a)) <nB = CARD('b)> al a2 nA-def nB-def apply

auto

by (metis BasisA-def BasisB-def canonical-basis-length-ell2 cinner-canonical-basis

complez-vector.representation-basis is-cindependent-set nth-mem wl)

also have ... = (BasisB!r) ¢ (BasisB!r)
using w1 by simp
also have ... =1

unfolding BasisB-def
using «nB = CARD('b)) al nB-def
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by (simp add: cinner-canonical-basis)
finally show ?thesis by blast
qed
ultimately show ?thesis
by (simp add: al a2)
qed
ultimately show ?thesis
apply (rule-tac eg-matl) by auto
qed

lemma mat-of-cblinfun-sandwich:

fixes a :: (-::onb-enum, -::onb-enum) cblinfun

shows (mat-of-cblinfun (sandwich a =y b) = (let o’ = mat-of-cblinfun a in a’ *
mat-of-cblinfun b * mat-adjoint a’)

by (simp add: mat-of-cblinfun-compose sandwich-apply Let-def mat-of-cblinfun-ady)

lemma mat-of-cblinfun-one-dim-iso:
«mat-of-cblinfun (one-dim-iso f :: 'a::one-dim=>c 1, 'b::one-dim) = mat-of-rows-list
1 [[one-dim-iso f]]»
proof —
define c :: complex where <c = one-dim-iso f»
have <mat-of-cblinfun (one-dim-iso f :: ‘a=c'b) = mat-of-cblinfun (¢ *¢ 1 ::
‘a=cr1'b)
by (simp add: c-def)
also have «... = smult-mat ¢ (mat-of-cblinfun (1 :: 'a=cr'b))
using mat-of-cblinfun-scaleC' by blast
also have «... = smult-mat ¢ (1, 1)»
by (simp add: mat-of-cblinfun-1)
also have «... = mat-of-rows-list 1 [[c]]»
by (auto simp: mat-of-rows-list-def)
finally show ?thesis
by (simp add: c-def)
qed

lemma mat-of-cblinfun-times:

fixes F' G :: ('a::one-dim =¢, 'b::one-dim»

shows <mat-of-cblinfun (F * G) = mat-of-rows-list 1 [[(one-dim-iso F) x (one-dim-iso
&)
proof —

have <mat-of-cblinfun (F x G) = mat-of-cblinfun (one-dim-iso (one-dim-iso F x
one-dim-iso G :: complex) :: 'a=c1'b))

by (metis id-apply mat-of-cblinfun-one-dim-iso one-dim-iso-id one-dim-iso-times)

also have «... = mat-of-rows-list 1 [[one-dim-iso (one-dim-iso F x one-dim-iso
G :: complex)]]»

using mat-of-cblinfun-one-dim-iso by blast
also have «<... = mat-of-rows-list 1 [[one-dim-iso F' * one-dim-iso G :: complez]]»
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by simp
finally show ?thesis
by —
qed

16.5 Operations on subspaces

lemma ccspan-gram-schmidtO-invariant:
defines basis-enum = (basis-enum-of-vec :: - = 'a::{basis-enum,complex-normed-vector})
defines n = length (canonical-basis :: 'a list)
assumes set ws C carrier-vec n
shows ccspan (set (map basis-enum (gram-schmidt0 n ws))) = cespan (set (map
basis-enum ws))
proof (transfer fizing: n ws basis-enum)
interpret complez-vec-space.
define gs where gs = gram-schmidt0 n ws
have closure (cspan (set (map basis-enum gs)))
= cspan (set (map basis-enum gs))
apply (rule closure-finite-cspan)

by simp

also have ... = cspan (basis-enum ° set gs)
by simp

also have ... = basis-enum ‘ span (set gs)

unfolding basis-enum-def

apply (rule basis-enum-of-vec-span[symmetric])

using n-def apply simp

by (simp add: assms(3) cof-vec-space.gram-schmidtO-result(1) gs-def)
also have ... = basis-enum ‘ span (set ws)

unfolding gs-def

apply (subst gram-schmidtO-result(4 )[where ws=ws, symmetric])

using assms by auto
also have ... = cspan (basis-enum ‘ set ws)

unfolding basis-enum-def

apply (rule basis-enum-of-vec-span)

using n-def apply simp

by (simp add: assms(3))

also have ... = cspan (set (map basis-enum ws))
by simp

also have ... = closure (cspan (set (map basis-enum ws)))
apply (rule closure-finite-cspan[symmetric])
by simp

finally show closure (cspan (set (map basis-enum gs)))
= closure (cspan (set (map basis-enum ws))).
qed

definition is-subspace-of-vec-list n vs ws =

(let ws' = gram-schmidt0 n ws in
YV veset vs. adjuster n v ws' = — v)
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lemma ccspan-leg-using-vec:
fixes A B :: ('a::{basis-enum,complez-normed-vector} list)
shows «(ccspan (set A) < ccspan (set B)) <—
is-subspace-of-vec-list (length (canonical-basis :: 'a list))
(map vec-of-basis-enum A) (map vec-of-basis-enum B)»
proof —
define d Av Bv Bo
where d = length (canonical-basis :: 'a list)
and Av = map vec-of-basis-enum A
and Bv = map vec-of-basis-enum B
and Bo = gram-schmidt0 d Bv
interpret complezx-vec-space d.

have Av-carrier: set Av C carrier-vec d

unfolding Av-def apply auto

by (simp add: carrier-vecl d-def dim-vec-of-basis-enum)
have Bv-carrier: set Bv C carrier-vec d

unfolding Bv-def apply auto

by (simp add: carrier-vecl d-def dim-vec-of-basis-enum”)
have Bo-carrier: set Bo C carrier-vec d

apply (simp add: Bo-def)

using Buv-carrier by (rule gram-schmidt0-result(1))
have orth-Bo: corthogonal Bo

apply (simp add: Bo-def)

using Buv-carrier by (rule gram-schmidt0-result(3))
have distinct-Bo: distinct Bo

apply (simp add: Bo-def)

using Buv-carrier by (rule gram-schmidtO-result(2))

have ccspan (set A) < cespan (set B) +— cspan (set A) C cspan (set B)
apply (transfer fiving: A B)
apply (subst closure-finite-cspan, simp)
by (subst closure-finite-cspan, simp-all)
also have ... «— span (set Av) C span (set Bv)
apply (simp add: Av-def Bv-def)
apply (subst vec-of-basis-enum-cspan|[symmetric], simp add: d-def)
apply (subst vec-of-basis-enum-cspan|[symmetric], simp add: d-def)
by (metis inj-image-subset-iff inj-on-def vec-of-basis-enum-inverse)
also have ... «— span (set Av) C span (set Bo)
unfolding Bo-def Av-def Bv-def
apply (subst gram-schmidt0-result(4)[symmetric])
by (simp-all add: carrier-dim-vec d-def dim-vec-of-basis-enum’ image-subset-iff)
also have ... «+— (Vveset Av. adjuster d v Bo = — v)
proof (intro iffI balll)
fix v assume v € set Av and span (set Av) C span (set Bo)
then have v € span (set Bo)
using Av-carrier span-mem by auto
have adjuster d v Bo + v = 0, d
apply (rule adjuster-already-in-span)
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using Av-carrier v € set Avy Bo-carrier orth-Bo
<v € span (set Bo)) by simp-all
then show adjuster d v Bo = — v
using Av-carrier Bo-carrier <v € set Av»
by (metis (no-types, lifting) add.inv-equality adjuster-carrier’ local.vec-neg
subsetD)
next
fix v
assume adj-minusv: ¥ v€set Av. adjuster d v Bo = — v
have *: adjuster d v Bo € span (set Bo) if v € set Av for v
apply (rule adjuster-in-span)
using Bo-carrier that Av-carrier distinct-Bo by auto
have v € span (set Bo) if v € set Av for v
using *[OF that] adj-minusv[rule-format, OF that]
apply auto
by (metis (no-types, lifting) Av-carrier Bo-carrier adjust-nonzero distinct-Bo
subsetD that uminus-l-inv-vec)
then show span (set Av) C span (set Bo)

apply auto

by (meson Bo-carrier in-mono span-subsetl subsetl)
qged
also have ... = is-subspace-of-vec-list d Av Bv

by (simp add: is-subspace-of-vec-list-def d-def Bo-def)
finally show ccspan (set A) < ccspan (set B) «— is-subspace-of-vec-list d Av
Bv
by simp
qged

lemma cblinfun-image-ccspan-using-vec:

A xg ccspan (set S) = cespan (basis-enum-of-vec ¢ set (map ((*,) (mat-of-cblinfun
A)) (map vec-of-basis-enum S)))

apply (auto simp: cblinfun-image-ccspan image-image)

by (metis mat-of-cblinfun-cblinfun-apply vec-of-basis-enum-inverse)

mk-projector-orthog d L takes a list L of d-dimensional vectors and returns
the projector onto the span of L. (Assuming that all vectors in L are orthog-
onal and nonzero.)

fun mk-projector-orthog :: nat = complex vec list = complex mat where
mk-projector-orthog d [| = zero-mat d d

| mk-projector-orthog d [v] = (let norm2 = cscalar-prod v v in

smult-mat (1 /norm2) (mat-of-cols d [v] * mat-of-rows d
[conjugate v]))
| mk-projector-orthog d (v#wvs) = (let norm2 = cscalar-prod v v in

smult-mat (1 /norm2) (mat-of-cols d [v] * mat-of-rows
d [conjugate v])
+ mk-projector-orthog d vs)

lemma mk-projector-orthog-correct:
fixes S :: ‘a::onb-enum list
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defines d = length (canonical-basis :: 'a list)
assumes ortho: is-ortho-set (set S) and distinct: distinct S
shows mk-projector-orthog d (map vec-of-basis-enum S)
= mat-of-cblinfun (Proj (ccspan (set S)))
proof —
define Snorm where Snorm = map (As. s /r norm s) S

have distinct Snorm
proof (insert ortho distinct, unfold Snorm-def, induction S)
case Nil
show ?case by simp
next
case (Cons s S)
then have is-ortho-set (set S) and distinct S
unfolding is-ortho-set-def by auto
note IH = Cons.IH|OF this]
have s /g norm s ¢ (As. s /g norm s) ‘ set S
proof auto
fix s’ assume s’ € set S and same: s /g norm s = s’ /g norm s’
with Cons.prems have s # s’ by auto
have s # 0
by (metis Cons.prems(1) is-ortho-set-def list.set-intros(1))
then have 0 # (s /g norm s) «¢ (s /r norm s)
by simp
also have (s /g norm s) -¢ (s /r norm s) = (s /r norm s) -¢ (s’ /r norm

by (simp add: same)
also have «(s /g norm s) «¢ (s’ /r norm s') = (s .¢ s') / (norm s * norm

by (sitmp add: scaleR-scaleC divide-inverse-commute)
also from (s’ € set S) <s # s’» have ... = 0
using Cons.prems unfolding is-ortho-set-def by simp
finally show Fulse
by simp
qed
then show ?case
using IH by simp
qed

have norm-Snorm: norm s = 1 if s € set Snorm for s
using that ortho unfolding Snorm-def is-ortho-set-def apply auto
by (metis left-inverse norm-eq-zero)

have ortho-Snorm: is-ortho-set (set Snorm)
unfolding is-ortho-set-def
proof (intro congl balll impl)
fix z y
show 0 ¢ set Snorm
using norm-Snorm|[of 0] by auto
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assume z € set Snorm and y € set Snorm and = # y

from «x € set Snorm)

obtain 2’ where z: © = 2’ /g norm z" and z": 2’ € set S
unfolding Snorm-def by auto

from <y € set Snorm)

obtain y’ where y: y = y’ /g norm y’ and y": y’' € set S
unfolding Snorm-def by auto

from <z # y z y have <z’ # 3y’ by auto

with z’ y' ortho have cinner z’ y' = 0
unfolding is-ortho-set-def by auto

then show cinner z y = 0
unfolding z y scaleR-scaleC by auto

qed

have inj-butter: inj-on selfbutter (set Snorm)
proof (rule inj-onlI)
fix zy
assume z € set Snorm and y € set Snorm
assume selfbutter x = selfbutter y
then obtain ¢ where zcy: © = ¢ x¢ y and cmod ¢ = 1
using inj-selfbutter-upto-phase by auto
have 0 # cmod (cinner = x)
using <z € set Snorm) norm-Snorm
by force
also have cmod (cinner z x) = emod (¢ * (z -¢ y))
apply (subst (2) zcy) by simp
also have ... = c¢cmod (z ¢ y)
using <cmod ¢ = 1) by (simp add: norm-mult)
finally have (z ¢ y) # 0
by simp
then show z = y
using ortho-Snorm <z € set Snorm» <y € set Snorm»
unfolding is-ortho-set-def by auto
qed

from <distinct Snorm»y inj-butter
have distinct”: distinct (map selfbutter Snorm,)
unfolding distinct-map by simp

have Span-Snorm: ccspan (set Snorm) = ccspan (set S)
apply (transfer fizing: Snorm S)
apply (simp add: scaleR-scaleC Snorm-def)
apply (subst complez-vector.span-image-scale)
using is-ortho-set-def ortho by fastforce+

have mk-projector-orthog d (map vec-of-basis-enum S)
= mat-of-cblinfun (sum-list (map selfbutter Snorm))
unfolding Snorm-def
proof (induction S)
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case Nil
show ?case
by (simp add: d-def mat-of-cblinfun-zero)
next
case (Cons a S)
define sumS where sumS = sum-list (map selfbutter (map (As. s /r norm s)
S))
with Cons have IH: mk-projector-orthog d (map vec-of-basis-enum S)
= mat-of-cblinfun sumS
by simp

define factor where factor = inverse ((complez-of-real (norm a))?)
have factor’: factor = 1 / (vec-of-basis-enum a -c vec-of-basis-enum a)
unfolding factor-def cscalar-prod-vec-of-basis-enum
by (simp add: inverse-eq-divide power2-norm-eg-cinner)

have mk-projector-orthog d (map vec-of-basis-enum (a # S5))
= factor -, (mat-of-cols d [vec-of-basis-enum a]
* mat-of-rows d [conjugate (vec-of-basis-enum a)])
+ mat-of-cblinfun sumS
apply (cases S)
apply (auto simp add: factor’ sumS-def d-def mat-of-cblinfun-zero)[1]
by (auto simp add: IH[symmetric] factor’ d-def)

also have ... = factor -, (mat-of-cols d [vec-of-basis-enum a] *
mat-adjoint (mat-of-cols d [vec-of-basis-enum al])) + mat-of-cblinfun sumsS
apply (rule arg-cong[where f=Az. - -, (- * ) + -])
apply (rule mat-eq-iff[THEN 1iffD2])
apply (auto simp add: mat-adjoint-def)
apply (subst mat-of-rows-index) apply auto
apply (subst mat-of-rows-index) apply auto
apply (subst mat-of-cols-index) apply auto
by (simp add: assms(1) dim-vec-of-basis-enum”)
also have ... = mat-of-cblinfun (selfbutter (a /g norm a)) + mat-of-cblinfun
sumsS
apply (simp add: butterfly-scaleR-left butterfly-scaleR-right power-inverse
mat-of-cblinfun-scaleR factor-def)
apply (simp add: butterfly-def mat-of-cblinfun-compose
mat-of-cblinfun-adj mat-of-cblinfun-vector-to-cblinfun d-def)
by (simp add: mat-of-cblinfun-compose mat-of-cblinfun-adj mat-of-cblinfun-vector-to-cblinfun
mat-of-cblinfun-scaleC power2-eq-square)
finally show ?case
by (simp add: mat-of-cblinfun-plus sumS-def)

qed

also have ... = mat-of-cblinfun (> s€set Snorm. selfbutter s)
by (metis distinct’ distinct-map sum.distinct-set-conv-list)

also have ... = mat-of-cblinfun (> s€set Snorm. proj s)

apply (rule arg-cong[where f=mat-of-cblinfun])
apply (rule sum.cong[OF refl])
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apply (rule butterfly-eq-proj)
using norm-Snorm by simp

also have ... = mat-of-cblinfun (Proj (ccspan (set Snorm)))
apply (rule arg-cong[where f=mat-of-cblinfun])
using ortho-Snorm <distinct Snorm» apply (induction Snorm)
apply auto
apply (subst Proj-orthog-ccspan-insert[where Y=«<set -)])
by (auto simp: is-ortho-set-def)

also have ... = mat-of-cblinfun (Proj (ccspan (set S)))
unfolding Span-Snorm by simp

finally show ?thesis
by —

qed

definition «mk-projector d vs = mk-projector-orthog d (gram-schmidt0 d vs)»

lemma mat-of-cblinfun-Proj-ccspan:
fixes S :: (‘a::onb-enum list)
shows <mat-of-cblinfun (Proj (ccspan (set S))) = mk-projector (length (canonical-basis
i 'a list)) (map vec-of-basis-enum S)»
proof—
define d gs
where d = length (canonical-basis :: 'a list)
and gs = gram-schmidt0 d (map vec-of-basis-enum S)
interpret complex-vec-space d.
have gs-dim: =z € set gs = dim-vec x = d for z
by (smt carrier-vecD carrier-vec-dim-vec d-def dim-vec-of-basis-enum’ ex-map-conv
gram-schmidt0-result(1) gs-def subset-code(1))
have ortho-gs: is-ortho-set (set (map basis-enum-of-vec gs :: 'a list))
apply (subst corthogonal-vec-of-basis-enum|[THEN iffD1], auto)
by (smt carrier-dim-vec cof-vec-space.gram-schmidtO-result(1) d-def dim-vec-of-basis-enum’
gram-schmidt0-result(3) gs-def imageE map-idl map-map o-apply set-map subset-code(1)
basis-enum-of-vec-inverse)
have distinct-gs: distinct (map basis-enum-of-vec gs :: 'a list)
by (metis (mono-tags, opaque-lifting) carrier-vec-dim-vec cof-vec-space.gram-schmidtO-result(2)
d-def dim-vec-of-basis-enum’ distinct-map gs-def gs-dim image-iff inj-on-inversel
set-map subsetl basis-enum-of-vec-inverse)

have mk-projector-orthog d gs
= mk-projector-orthog d (map vec-of-basis-enum (map basis-enum-of-vec gs ::
‘a list))
apply simp
apply (subst map-cong[where ys=gs and g=id], simp)
using gs-dim by (auto intro!: vec-of-basis-enum-inverse simp: d-def)
also have ... = mat-of-cblinfun (Proj (ccspan (set (map basis-enum-of-vec gs ::
‘a list))))
unfolding d-def
apply (subst mk-projector-orthog-correct)
using ortho-gs distinct-gs by auto
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also have ... = mat-of-cblinfun (Proj (ccspan (set S)))
apply (rule arg-cong[where f=Az. mat-of-cblinfun (Proj z)])
unfolding gs-def d-def
apply (subst ccspan-gram-schmidtO-invariant)
by (auto simp add: carrier-vecl dim-vec-of-basis-enum’)

finally show ?thesis
by (simp add: d-def gs-def mk-projector-def)

qed

unbundle no jnf-syntaxr and no cblinfun-syntaz

end

17  Cblinfun-Code — Support for code generation

This theory provides support for code generation involving on complex vec-

tor spaces and bounded operators (e.g., types cblinfun and ell2). To fully
support code generation, in addition to importing this theory, one need to ac-

tivate support for code generation (import theory Jordan-Normal-Form.Matriz-Impl)
and for real and complex numbers (import theory Real-Impl.Real-Impl for
support of reals of the form a + b * sqrt c or Algebraic- Numbers. Real-Factorization
(much slower) for support of algebraic reals; support of complex numbers

comes "for free").

The builtin support for real and complex numbers (in Complez-Main) is not
sufficient because it does not support the computation of square-roots which
are used in the setup below.

It is also recommended to import HOL— Library.Code-Target-Numeral for
faster support of nats and integers.

theory Cblinfun-Code
imports
Cblinfun-Matriz Containers.Set-Impl Jordan-Normal-Form.Matriz-Kernel
begin

no-notation Lattice.meet (infixl <M 70)
no-notation Lattice.join (infixl Ly 65)
hide-const (open) Coset.kernel
hide-const (open) Matriz-Kernel.kernel
hide-const (open) Order.bottom Order.top

unbundle lattice-syntax

unbundle jnf-syntax
unbundle cblinfun-syntax
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17.1 Code equations for cblinfun operators

In this subsection, we define the code for all operations involving only oper-
ators (no combinations of operators/vectors/subspaces)

The following lemma registers cblinfun as an abstract datatype with con-
structor cblinfun-of-mat. That means that in generated code, all cblinfun
operators will be represented as cblinfun-of-mat X where X is a matrix. In
code equations for operations involving operators (e.g., +), we can then write
the equation directly in terms of matrices by writing, e.g., mat-of-cblinfun
(A 4+ B) in the lhs, and in the rhs we define the matrix that corresponds
to the sum of A,B. In the rhs, we can access the matrices corresponding to
A B by writing mat-of-cblinfun B. (See, e.g., lemma mat-of-cblinfun-plus.)
See [2] for more information on [code abstype].

declare mat-of-cblinfun-inverse [code abstype]

declare mat-of-cblinfun-plus|code]
— Code equation for addition of cblinfuns

declare mat-of-cblinfun-id|code]
— Code equation for computing the identity operator

declare mat-of-cblinfun-1[code]
— Code equation for computing the one-dimensional identity

declare mat-of-cblinfun-zero|code]

— Code equation for computing the zero operator

declare mat-of-cblinfun-uminus|code]
— Code equation for computing the unary minus on cblinfun’s

declare mat-of-cblinfun-minus|code]
— Code equation for computing the difference of cblinfun’s

declare mat-of-cblinfun-classical-operator|code]
— Code equation for computing the "classical operator"

declare mat-of-cblinfun-explicit-cblinfun|code]
— Code equation for computing the explicit-cblinfun

declare mat-of-cblinfun-compose[code]
— Code equation for computing the composition/product of cblinfun’s

declare mat-of-cblinfun-scale C[code]
— Code equation for multiplication with complex scalar
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declare mat-of-cblinfun-scaleR[code]
— Code equation for multiplication with real scalar

declare mat-of-cblinfun-adj[code]
— Code equation for computing the adj

This instantiation defines a code equation for equality tests for cblinfun.

instantiation cblinfun :: (onb-enum,onb-enum) equal begin
definition [code]: equal-cblinfun M N <— mat-of-cblinfun M = mat-of-cblinfun N

for M N :: 'a =c1 b
instance

apply intro-classes

unfolding equal-cblinfun-def

using mat-of-cblinfun-inj injD by fastforce
end

17.2 Vectors

In this section, we define code for operations on vectors. As with op-
erators above, we do this by using an isomorphism between finite vec-
tors (i.e., types T of sort complex-vector) and the type complex vec from
Jordan_Normal_Form. We have developed such an isomorphism in theory
Cblinfun-Matriz for any type T of sort onb-enum (i.e., any type with a
finite canonical orthonormal basis) as was done above for bounded opera-
tors. Unfortunately, we cannot declare code equations for a type class, code
equations must be related to a specific type constructor. So we give code
definition only for vectors of type ‘a ell2 (where 'a must be of sort enum to
make make sure that ‘a ell2 is finite dimensional).

The isomorphism between ‘a ell2 is given by the constants ell2-of-vec and
vec-of-ell2 which are copies of the more general basis-enum-of-vec and vec-of-basis-enum
but with a more restricted type to be usable in our code equations.

definition eli2-of-vec :: complex vec = ’'a::enum ell2 where ell2-of-vec = ba-
sis-enum-of-vec

definition vec-of-ell2 :: 'a::enum ell2 = complex vec where vec-of-ell2 = vec-of-basis-enum

The following theorem registers the isomorphism ell2-of-vec/vec-of-ell2 for
code generation. From now on, code for operations on - ell2 can be expressed

by declarations such as vec-of-ell2 (f a b) = g (vec-of-ell2 a) (vec-of-ell2 b)
if the operation f on - ell2 corresponds to the operation g on complezr vec.

lemma vec-of-ell2-inverse [code abstype]:
ell2-of-vec (vec-of-ell2 B) = B
unfolding ell2-of-vec-def vec-of-ell2-def
by (rule vec-of-basis-enum-inverse)

This instantiation defines a code equation for equality tests for ell2.

444



instantiation ell2 :: (enum) equal begin
definition [code]: equal-ell2 M N <— vec-of-ell2 M = vec-of-ell2 N
for M N :: 'a::enum ell2
instance
apply intro-classes
unfolding equal-ell2-def
by (metis vec-of-ell2-inverse)
end

lemma vec-of-ell2-carrier-vec[simp)]: «vec-of-ell2 v € carrier-vec CARD(’a)> for v
= Cazenum ell2)

using vec-of-basis-enum-carrier-vec[of v

apply (simp only: canonical-basis-length canonical-basis-length-ell2)

by (simp add: vec-of-ell2-def)

lemma vec-of-ell2-zero[code]:
— Code equation for computing the zero vector
vec-of-ell2 (0::'a::enum ell2) = zero-vec (CARD('a))
by (simp add: vec-of-ell2-def vec-of-basis-enum-zero)

lemma vec-of-ell2-ket[code]:
— Code equation for computing a standard basis vector
vec-of-ell2 (ket i) = unit-vec (CARD('a)) (enum-idz )
for i::’a::enum
using vec-of-ell2-def vec-of-basis-enum-ket by metis

lemma vec-of-ell2-scaleC[code]:
— Code equation for multiplying a vector with a complex scalar
vec-of-ell2 (scaleC a 1) = smult-vec a (vec-of-ell2 1)
for v :: 'az:enum ell2
by (simp add: vec-of-ell2-def vec-of-basis-enum-scaleC)

lemma vec-of-eli2-scaleR[code]:
— Code equation for multiplying a vector with a real scalar
vec-of-ell2 (scaleR a 1) = smult-vec (complex-of-real a) (vec-of-ell2 1)
for v :: 'az:enum ell2
by (simp add: vec-of-ell2-def vec-of-basis-enum-scaleR)

lemma ell2-of-vec-plus|code]:
— Code equation for adding vectors
vec-of-ell2 (z + y) = (vec-of-ell2 x) + (vec-of-ell2 y) for x y :: 'a::enum ell2
by (simp add: vec-of-ell2-def vec-of-basis-enum-add)
lemma ell2-of-vec-minus|code]:
— Code equation for subtracting vectors
vec-of-ell2 (z — y) = (vec-of-ell2 z) — (vec-of-ell2 y) for z y :: ‘a::enum ell2

by (simp add: vec-of-ell2-def vec-of-basis-enum-minus)

lemma ell2-of-vec-uminus|code]:
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— Code equation for negating a vector
vec-of-ell2 (— y) = — (vec-of-ell2 y) for y :: ‘a::enum ell2
by (simp add: vec-of-ell2-def vec-of-basis-enum-uminus)

lemma cinner-ell2-code [code]: cinner v ¢ = cscalar-prod (vec-of-ell2 ) (vec-of-ell2
V)

— Code equation for the inner product of vectors

by (simp add: cscalar-prod-vec-of-basis-enum vec-of-ell2-def)

lemma norm-ell2-code [code]:
— Code equation for the norm of a vector
norm ¥ = norm-vec (vec-of-ell2 1)
by (simp add: norm-vec-of-basis-enum vec-of-ell2-def)

lemma times-ell2-code[code]:
— Code equation for the product in the algebra of one-dimensional vectors
fixes ¢ ¢ :: ‘a:{CARD-1,enum} ell2
shows vec-of-ell2 (1 * @)
= vec-of-list [vec-index (vec-of-ell2 1) 0 % vec-index (vec-of-ell2 @) 0]
by (simp add: vec-of-ell2-def vec-of-basis-enum-times)

lemma divide-ell2-code]code]:
— Code equation for the product in the algebra of one-dimensional vectors
fixes ¢ ¢ :: ‘a::{ CARD-1,enum} ell2
shows vec-of-ell2 (b / @)
= vec-of-list [vec-index (vec-of-ell2 ) 0 | vec-index (vec-of-ell2 ¢) 0]
by (simp add: vec-of-ell2-def vec-of-basis-enum-divide)

lemma inverse-ell2-code[code]:
— Code equation for the product in the algebra of one-dimensional vectors
fixes ¢ :: ‘a::{ CARD-1,enum} eli2
shows vec-of-ell2 (inverse 1)
= vec-of-list [inverse (vec-index (vec-of-ell2 ) 0)]
by (simp add: vec-of-ell2-def vec-of-basis-enum-to-inverse)

lemma one-ell2-code[code]:
— Code equation for the unit in the algebra of one-dimensional vectors
vec-of-ell2 (1 :: 'a:{CARD-1,enum} ell2) = vec-of-list [1]
by (simp add: vec-of-ell2-def vec-of-basis-enum-1)

17.3 Vector/Matrix

We proceed to give code equations for operations involving both operators
(cblinfun) and vectors. As explained above, we have to restrict the equations
to vectors of type 'a ell2 even though the theory is available for any type
of class onb-enum. As a consequence, we run into an additional technicality
now. For example, to define a code equation for applying an operator to a
vector, we might try to give the following lemmas:
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lemma cblinfun-apply-ell2]code]: vec-of-ell2 (M xy z) = (mult-mat-vec
(mat-of-cblinfun M) (vec-of-ell2 x)) by (simp add: mat-of-cblinfun-cblinfun-apply
vec-of-ell2-def)

Unfortunately, this does not work, Isabelle produces the warning "Projection

as head in equation', most likely due to the fact that the type of (xy)

in the equation is less general than the type of (xy) (it is restricted to
ell2). We overcome this problem by defining a constant cblinfun-apply-ell2
which is equal to (*y) but has a more restricted type. We then instruct the
code generation to replace occurrences of (xy) by cblinfun-apply-ell2 (where
possible), and we add code generation for cblinfun-apply-ell2 instead of (xy).

definition cblinfun-apply-ell2 :: 'a ell2 =cr b ell2 = 'a ell2 = 'b ell2
where [code del, code-abbrev]: cblinfun-apply-ell2 = (xy)
— code-abbrev instructs the code generation to replace the rhs (xy) by the lhs
cblinfun-apply-ell2 before starting the actual code generation.

lemma cblinfun-apply-ell2[code]:

— Code equation for cblinfun-apply-ell2, i.e., for applying an operator to an ell2
vector

vec-of-ell2 (cblinfun-apply-ell2 M x) = (mult-mat-vec (mat-of-cblinfun M) (vec-of-ell2
)

by (simp add: cblinfun-apply-ell2-def mat-of-cblinfun-cblinfun-apply vec-of-ell2-def)

For the constant vector-to-cblinfun (canonical isomorphism from vectors to
operators), we have the same problem and define a constant vector-to-cblinfun-code
with more restricted type

definition vector-to-cblinfun-code :: 'a ell2 = 'b::one-dim =¢c, 'a ell2 where
[code del,code-abbrev]: vector-to-cblinfun-code = vector-to-cblinfun
— code-abbrev instructs the code generation to replace the rhs vector-to-cblinfun
by the lhs vector-to-cblinfun-code before starting the actual code generation.

lemma vector-to-cblinfun-code[code]:
— Code equation for translating a vector into an operation (single-column matrix)
mat-of-cblinfun (vector-to-cblinfun-code 1) = mat-of-cols (CARD('a)) [vec-of-ell2
V]
for ¢::'a::enum ell2
by (simp add: mat-of-cblinfun-vector-to-cblinfun vec-of-ell2-def vector-to-cblinfun-code-def)

definition butterfly-code :: 'a ell2 = 'b ell2 = 'b ell2 = 'a ell2»
where [code del, code-abbrev]: (butterfly-code = butterfly
lemma butterfly-code[code]: «mat-of-cblinfun (butterfly-code s t)
= mat-of-cols (CARD('a)) [vec-of-ell2 s] x mat-of-rows (CARD(’b)) [map-vec
cnj (vec-of-ell2 t)]»
for s :: <'a::enum ell2) and t :: <'b::enum ell2>
by (simp add: butterfly-code-def butterfly-def vector-to-cblinfun-code mat-of-cblinfun-compose
mat-of-cblinfun-adj mat-adjoint-def map-map-vec-cols
flip: vector-to-cblinfun-code-def map-vec-conjugate[abs-def])
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17.4 Subspaces

In this section, we define code equations for handling subspaces, i.e., values
of type a ccsubspace. We choose to computationally represent a subspace
by a list of vectors that span the subspace. That is, if vecs are vectors
(type complex vec), SPAN wvecs is defined to be their span. Then the code
generation can simply represent all subspaces in this form, and we need to
define the operations on subspaces in terms of list of vectors (e.g., the closed
union of two subspaces would be computed as the concatenation of the two
lists, to give one of the simplest examples).

To support this, SPAN is declared as a "code-datatype". (Not as an abstract
datatype like cblinfun-of-mat/mat-of-cblinfun because that would require
SPAN to be injective.)

Then all code equations for different operations need to be formulated as
functions of values of the form SPAN z. (E.g., SPAN x + SPAN y = SPAN
definition [code del]: SPAN z = (let n = length (canonical-basis :: 'a::onb-enum
list) in

cespan (basis-enum-of-vec ¢ Set.filter (Av. dim-vec v =n) (set z)) :: 'a ccsubspace)

— The SPAN of vectors x, as a ccsubspace. We filter out vectors of the wrong
dimension because SPAN needs to have well-defined behavior even in cases that
would not actually occur in an execution.

code-datatype SPAN

We first declare code equations for Proj, i.e., for turning a subspace into
a projector. This means, we would need a code equation of the form
mat-of-cblinfun (Proj (SPAN S)) = .... However, this equation is not
accepted by the code generation for reasons we do not understand. But
if we define an auxiliary constant mat-of-cblinfun-Proj-code that stands for
mat-of-cblinfun (Proj -), define a code equation for mat-of-cblinfun- Proj-code,
and then define a code equation for mat-of-cblinfun (Proj S) in terms of
mat-of-cblinfun-Proj-code, Isabelle accepts the code equations.

definition mat-of-cblinfun-Proj-code S = mat-of-cblinfun (Proj S)

declare mat-of-cblinfun-Proj-code-def[symmetric, code]

lemma mat-of-cblinfun-Proj-code-code[code]:

— Code equation for computing a projector onto a set S of vectors. We first
make the vectors S into an orthonormal basis using the Gram-Schmidt procedure
and then compute the projector as the sum of the "butterflies" z * xx of the vectors
z€S (done by mk-projector).

mat-of-cblinfun-Proj-code (SPAN S :: 'a::onb-enum ccsubspace) =

(let d = length (canonical-basis :: 'a list) in mk-projector d (filter (A\v. dim-vec
v=d)S))
proof —

have x: map-option vec-of-basis-enum (if dim-vec x = length (canonical-basis ::

‘a list) then Some (basis-enum-of-vec x :: 'a) else None)
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= (if dim-vec © = length (canonical-basis :: 'a list) then Some x else None)
for z
by auto
show ?thesis
unfolding SPAN-def mat-of-cblinfun-Proj-code-def
using mat-of-cblinfun-Proj-ccspan[where S =
map basis-enum-of-vec (filter (Av. dim-vec v = (length (canonical-basis :: 'a
list))) S) :: a list]
apply (simp only: Let-def map-filter-map-filter filter-set image-set map-map-filter
o-def)
unfolding *
by (simp add: map-filter-map-filter[symmetric])
qed

lemma top-ccsubspace-code[code]:
— Code equation for T, the subspace containing everything. Top is represented
as the span of the standard basis vectors.
(top::'a ccsubspace) =
(let n = length (canonical-basis :: 'a::onb-enum list) in SPAN (unit-vecs n))
unfolding SPAN-def
apply (simp only: index-unit-vec Let-def map-filter-map-filter filter-set image-set
map-map-filter
map-filter-map o-def unit-vecs-def)
apply (simp add: basis-enum-of-vec-unit-vec)
apply (subst nth-image)
by auto

lemma bot-as-span[code]:

— Code equation for 1|, the subspace containing everything. Top is represented
as the span of the standard basis vectors.

(bot::'a::onb-enum ccsubspace) = SPAN ]

unfolding SPAN-def by (auto simp: Set.filter-def)

lemma sup-spans|code]:

— Code equation for the join (lub) of two subspaces (union of the generating
lists)

SPAN A U SPAN B = SPAN (A @ B)

unfolding SPAN-def

by (auto simp: ccspan-union image-Un filter-Un Let-def)

We do not need an equation for (4) because (+) is defined in terms of (L)
(for ccsubspace), thus the code generation automatically computes (+) in
terms of the code for (L)

definition [code del,code-abbrev]: Span-code (S::'a::enum ell2 set) = (cespan S)
— A copy of ccspan with restricted type. For analogous reasons as cblin-
fun-apply-ell2, see there for explanations

lemma span-Set-Monad|[code]: Span-code (Set-Monad 1) = (SPAN (map vec-of-ell2
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)

— Code equation for the span of a finite set. (Set-Monad is a datatype constructor
that represents sets as lists in the computation.)
apply (simp add: Span-code-def SPAN-def Let-def)
apply (subst Set-filter-unchanged)
apply (auto simp add: vec-of-ell2-def)[1]
by (metis (no-types, lifting) ell2-of-vec-def image-image map-idI set-map vec-of-ell2-inverse)

This instantiation defines a code equation for equality tests for ccsubspace.
The actual code for equality tests is given below (lemma equal-ccsubspace-code).

instantiation ccsubspace :: (onb-enum) equal begin

definition [code del]: equal-ccsubspace (A::'a ccsubspace) B = (A=DB)
instance apply intro-classes unfolding equal-ccsubspace-def by simp
end

lemma leg-cesubspace-code]code]:

— Code equation for deciding inclusion of one space in another. Uses the constant
is-subspace-of-vec-list which implements the actual computation by checking for
each generator of A whether it is in the span of B (by orthogonal projection onto
an orthonormal basis of B which is computed using Gram-Schmidt).

SPAN A < (SPAN B :: 'a::onb-enum ccsubspace)

+— (let d = length (canonical-basis :: 'a list) in
is-subspace-of-vec-list d
(filter (Av. dim-vec v = d) A)
(filter (Av. dim-vec v = d) B))
proof —
define d A’ B’ where d = length (canonical-basis :: 'a list)
and A’ = filter (Av. dim-vec v = d) A
and B’ = filter (Av. dim-vec v = d) B

show ?thesis

unfolding SPAN-def d-def[symmetric] filter-set Let-def
A'-def[symmetric] B'-def[symmetric] image-set

apply (subst ccspan-leg-using-vec)

unfolding d-def[symmetric] map-map o-def

apply (subst map-conglwhere xs=A', OF refi])
apply (rule basis-enum-of-vec-inverse)

apply (simp add: A’-def d-def)

apply (subst map-cong[where xs=B’', OF refl])
apply (rule basis-enum-of-vec-inverse)

by (simp-all add: B’-def d-def)

qed

lemma equal-ccsubspace-code[code]:

— Code equation for equality test. By checking mutual inclusion (for which we
have code by the preceding code equation).

HOL.equal (A::- ccsubspace) B = (A<B N B<A)

unfolding equal-ccsubspace-def by auto
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lemma cblinfun-image-code[code]:
— Code equation for applying an operator A to a subspace. Simply by multiplying
each generator with A
A xg SPAN S = (let d = length (canonical-basis :: 'a list) in
SPAN (map (mult-mat-vec (mat-of-cblinfun A))
(filter (Av. dim-vec v = d) S)))
for A::’a::onb-enum =cr'b::onb-enum
proof —
define dA dB S’
where dA = length (canonical-basis :: 'a list)
and dB = length (canonical-basis :: 'b list)
and S’ = filter (Av. dim-vec v = dA) S

have cblinfun-image A (SPAN S) = A xg ccspan (set (map basis-enum-of-vec
S))
unfolding SPAN-def dA-def[symmetric] Let-def S’-def filter-set
by simp
also have ... = ccspan ((Az. basis-enum-of-vec
(mat-of-cblinfun A *, vec-of-basis-enum (basis-enum-of-vec  :: 'a))) * set
S
apply (subst cblinfun-image-ccspan-using-vec)
by (simp add: image-image)
also have ... = ccspan ((Az. basis-enum-of-vec (mat-of-cblinfun A *, x))
S
apply (subst image-cong[OF refl])
apply (subst basis-enum-of-vec-inverse)
by (auto simp add: S'-def dA-def)
also have ... = SPAN (map (mult-mat-vec (mat-of-cblinfun A)) S’)
unfolding SPAN-def dB-def[symmetric] Let-def filter-set
apply (subst filter-True)
by (simp-all add: dB-def mat-of-cblinfun-def image-image)

¢ set

finally show ?thesis
unfolding dA-def[symmetric] S'-def [symmetric] Let-def
by simp
qed

definition [code del, code-abbrev]: range-cblinfun-code A = A xg top

— A new constant for the special case of applying an operator to the subspace T
(i.e., for computing the range of the operator). We do this to be able to give more
specialized code for this specific situation. (The generic code for (xg) would work
but is less efficient because it involves repeated matrix multiplications. code-abbrev
makes sure occurrences of A xg T are replaced before starting the actual code
generation.

lemma range-cblinfun-code[code]:

— Code equation for computing the range of an operator A. Returns the columns
of the matrix representation of A.

fixes A :: 'a::onb-enum =¢, 'b:ionb-enum
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shows range-cblinfun-code A = SPAN (cols (mat-of-cblinfun A))
proof —
define dA dB
where dA = length (canonical-basis :: 'a list)
and dB = length (canonical-basis :: 'b list)
have carrier-A: mat-of-cblinfun A € carrier-mat dB dA
unfolding mat-of-cblinfun-def dA-def dB-def by simp

have range-cblinfun-code A = A xg SPAN (unit-vecs dA)
unfolding range-cblinfun-code-def
by (metis dA-def top-ccsubspace-code)
also have ... = SPAN (map (Ai. mat-of-cblinfun A x, unit-vec dA i) [0..<dA])
unfolding cblinfun-image-code dA-def[symmetric] Let-def
apply (subst filter-True)
apply (meson carrier-vecD subset-code(1) unit-vecs-carrier)
by (simp add: unit-vecs-def o-def)

also have ... = SPAN (map (Az. mat-of-cblinfun A x, col (1,, dA) z) [0..<dA])
apply (subst map-cong[OF refl])
by auto

also have ... = SPAN (map (col (mat-of-cblinfun A x 1,, dA)) [0..<dA])

apply (subst map-cong[OF refl])
apply (subst col-mult2[symmetric])
apply (rule carrier-A)

by auto

also have ... = SPAN (cols (mat-of-cblinfun A))
unfolding cols-def dA-def[symmetric]
apply (subst right-mult-one-mat[OF carrier-A])
using carrier-A by blast

finally show ?thesis
by —

qed

lemma uminus-Span-code[code]: — X = range-cblinfun-code (id-cblinfun — Proj
X)

— Code equation for the orthogonal complement of a subspace X. Computed as
the range of one minus the projector on X

unfolding range-cblinfun-code-def

by (metis Proj-ortho-compl Proj-range)

lemma kernel-code[code]:

— Computes the kernel of an operator A. This is implemented using the existing
functions for transforming a matrix into row echelon form (gauss-jordan-single) and
for computing a basis of the kernel of such a matrix (find-base-vectors)

kernel A = SPAN (find-base-vectors (gauss-jordan-single (mat-of-cblinfun A)))

for A::('a::onb-enum,’b::onb-enum) cblinfun
proof —

define dA dB Am Ag base

where dA = length (canonical-basis :: 'a list)
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and dB = length (canonical-basis :: 'b list)
and Am = mat-of-cblinfun A

and Ag = gauss-jordan-single Am

and base = find-base-vectors Ag

interpret complez-vec-space dA.

have Am-carrier: Am € carrier-mat dB dA
unfolding Am-def mat-of-cblinfun-def dA-def dB-def by simp

have row-echelon: row-echelon-form Ag
unfolding Ag-def
using Am-carrier refl by (rule gauss-jordan-single)

have Ag-carrier: Ag € carrier-mat dB dA
unfolding Ag-def
using Am-carrier refl by (rule gauss-jordan-single(2))

have base-carrier: set base C carrier-vec dA
unfolding base-def
using find-base-vectors(1)[OF row-echelon Ag-carrier]
using Ag-carrier mat-kernel-def by blast

interpret k: kernel dB dA Ag
apply standard using Ag-carrier by simp

have basis-base: kernel.basis dA Ag (set base)
using row-echelon Ag-carrier unfolding base-def
by (rule find-base-vectors(3))

have space-as-set (SPAN base)
= space-as-set (ccspan (basis-enum-of-vec * set base :: 'a set))
unfolding SPAN-def dA-def[symmetric] Let-def filter-set
apply (subst filter-True)
using base-carrier by auto

also have ... = cspan (basis-enum-of-vec * set base)
apply transfer apply (subst closure-finite-cspan)
by simp-all

also have ... = basis-enum-of-vec ‘ span (set base)

apply (subst basis-enum-of-vec-span)
using base-carrier dA-def by auto

also have ... = basis-enum-of-vec ‘ mat-kernel Ag
using basis-base k.Ker.basis-def k.span-same by auto

also have ... = basis-enum-of-vec ‘ {v € carrier-vec dA. Ag x, v = 0, dB}
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apply (rule arg-cong[where f=Az. basis-enum-of-vec ‘ z])
unfolding mat-kernel-def using Ag-carrier

by simp

also have ... = basis-enum-of-vec ‘ {v € carrier-vec dA. Am %, v = 0, dB}
using gauss-jordan-single(1)[OF Am-carrier Ag-def[symmetric]]
by auto

also have ... = {w. A xy w= 0}

proof —

have basis-enum-of-vec ‘ {v € carrier-vec dA. Am %, v = 0, dB}
= basis-enum-of-vec ‘ {v € carrier-vec dA. A xy basis-enum-of-vec v = 0}
apply (rule arg-cong[where f=M\t. basis-enum-of-vec  t])
apply (rule Collect-cong)
apply (simp add: Am-def)
by (metis Am-carrier Am-def carrier-matD(2) carrier-vecD dB-def mat-carrier

mat-of-cblinfun-def mat-of-cblinfun-cblinfun-apply vec-of-basis-enum-inverse

basis-enum-of-vec-inverse vec-of-basis-enum-zero)

also have ... = {w € basis-enum-of-vec ‘ carrier-vec dA. A xy w = 0}
apply (subst Compr-image-eq[symmetric])
by simp

also have ... = {w. A xy w= 0}
apply auto

by (metis (no-types, lifting) Am-carrier Am-def carrier-matD(2) carrier-vec-dim-vec
dim-vec-of-basis-enum’ image-iff mat-carrier mat-of-cblinfun-def vec-of-basis-enum-inverse)
finally show ?thesis
by —
qed

also have ... = space-as-set (kernel A)
apply transfer by auto

finally have SPAN base = kernel A
by (simp add: space-as-set-inject)
then show ?thesis
by (simp add: base-def Ag-def Am-def)
qed

lemma inf-ccsubspace-code|code:
— Code equation for intersection of subspaces. Reduced to orthogonal comple-
ment and sum of subspaces for which we already have code equations.
(A::'az:onb-enum ccsubspace) M B = — (— AU — B)
by (subst ortho-involution[symmetric|, subst compl-inf, simp)

lemma Sup-ccsubspace-code|code]:

— Supremum (sum) of a set of subspaces. Implemented by repeated pairwise
sum.
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Sup (Set-Monad [ :: 'a::onb-enum ccsubspace set) = fold sup 1 bot
unfolding Set-Monad-def
by (simp add: Sup-set-fold)

lemma Inf-ccsubspace-code]code]:

— Infimum (intersection) of a set of subspaces. Implemented by the orthogonal
complement of the supremum.

Inf (Set-Monad 1 :: 'a::onb-enum ccsubspace set)

= — Sup (Set-Monad (map uminus [))

unfolding Set-Monad-def

apply (induction 1)

by auto

17.5 Miscellanea

This is a hack to circumvent a bug in the code generation. The automatically
generated code for the class uniformity has a type that is different from what
the generated code later assumes, leading to compilation errors (in ML at
least) in any expression involving - ell2 (even if the constant uniformity is
not actually used).

The fragment below circumvents this by forcing Isabelle to use the right type.
(The logically useless fragment "let z = ((=)::'a=-=>-)" achieves this.)

lemma uniformity-ell2-code|code]: (uniformity :: (‘a ell2 x -) filter) = Filter.abstract-filter
(%-.
Code.abort STR ''no uniformity’ (%-.
let x = ((=):'a=-=-) in uniformity))
by simp

Code equation for UNIV. It is now implemented via type class enum (which
provides a list of all values).

declare [[code drop: UNIV]]
declare enum-class. UNIV-enum|code]

Setup for code generation involving sets of ell2/ccsubspace. This configures
to use lists for representing sets in code.

derive (eq) ceq ccsubspace

derive (no) ccompare ccsubspace
derive (monad) set-impl ccsubspace
derive (eq) ceq ell2

derive (no) ccompare ell2

derive (monad) set-impl ell2

unbundle no lattice-syntax and no jnf-syntar and no cblinfun-syntax

end
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18 Chblinfun-Code- Examples — Examples and test cases
for code generation

theory Cblinfun-Code-Ezamples
imports

Complez- Bounded-Operators. Extra- Pretty- Code- Examples
Jordan-Normal-Form. Matriz-Impl
HOL— Library.Code-Target-Numeral
Cblinfun-Code

begin

hide-const (open) Order.bottom Order.top

no-notation Lattice.join (infixl Ly 65)

no-notation Lattice.meet (infixl <M 70)

unbundle lattice-syntax
unbundle cblinfun-syntazx

19 Examples

19.1 Operators

value id-cblinfun :: bool ell2 =¢, bool ell2

value 1 :: unit ell2 =¢c unit ell2

value id-cblinfun + id-cblinfun :: bool ell2 = bool ell2
value 0 :: (bool ell2 = ¢ Enum.finite-3 ell2)

value — id-cblinfun :: bool ell2 =¢c1 bool ell2

value id-cblinfun — id-cblinfun :: bool ell2 = ¢, bool ell2
value classical-operator (Ab. Some (= b))

value <explicit-cblinfun (Az y :: bool. of-bool (z A y))»
value id-cblinfun = (0 :: bool ell2 =¢ 1, bool ell2)

value 2 xp id-cblinfun :: bool ell2 =1, bool ell2

value imaginary-unit *c id-cblinfun :: bool ell2 =1, bool ell2
value id-cblinfun ocp 0 :: bool ell2 = ¢, bool ell2

value id-cblinfunx :: bool ell2 =c1 bool ell2
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19.2 Vectors

value 0 :: bool ell2

value 1 :: unit ell2

value ket Fulse

value 2 x¢ ket False

value 2 xgp ket False

value ket True + ket False

value ket True — ket True

value ket True = ket True

value — ket True

value cinner (ket True) (ket True)
value norm (ket True)

value ket () * ket ()

value 1 :: unit ell2

value (1:unit ell2) = (1::unit eli2)

19.3 Vector/Matrix

value id-cblinfun xy ket True

value (vector-to-cblinfun (ket True) :

19.4 Subspaces

value ccspan {ket False}

value Proj (cespan {ket False})
value top :: bool ell2 ccsubspace
value bot :: bool ell2 ccsubspace

value 0 :: bool ell2 ccsubspace

unit ell2 =cp -

value ccspan {ket False} U ccspan {ket True}

457



value ccspan {ket False} + ccspan {ket True}
value ccspan {ket False} M ccspan {ket True}
value id-cblinfun xg ccspan {ket False}

value id-cblinfun xg (top :: bool ell2 ccsubspace)
value — ccspan {ket False}

value ccspan {ket False, ket True} = top

value cespan {ket False} < ccspan {ket True}
value cblinfun-image id-cblinfun (ccspan {ket True})
value kernel id-cblinfun :: bool ell2 ccsubspace
value eigenspace 1 id-cblinfun :: bool ell2 ccsubspace
value Inf {cespan {ket False}, top}

value Sup {ccspan {ket False}, top}

end
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