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Abstract

Many separation logics support fractional permissions [1] to distin-
guish between read and write access to a heap location, for instance, to
allow concurrent reads while enforcing exclusive writes. The concept
has been generalized to fractional assertions [2, 5, 6, 3]. AP (where
A is a separation logic assertion and p a fraction between 0 and 1)
represents a fraction p of A. AP holds in a state o iff there exists a
state 04 in which A holds and o is obtained from o4 by multiplying
all permission amounts held by p.

While APT4 can always be split into AP * A9, recombining AP x A¢
into APT? is not always sound. We say that A is combinable iff the
entailment AP x A? = APT? holds for any two positive fractions p and
q such that p+ ¢ < 1. Combinable assertions are particularly useful to
reason about concurrent programs, for instance, to combine the post-
conditions of parallel branches when they terminate. Unfortunately,
the magic wand assertion A — B, commonly used to specify properties
of partial data structures, is typically not combinable.

In this entry, we formalize a novel, restricted definition of the magic
wand, described in a paper at CAV 22 [4], which we call the combin-
able wand. We prove some key properties of the combinable wand; in
particular, a combinable wand is combinable if its right-hand side is
combinable.
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1 State Model with Fractional Permissions

In this section, we define a concrete state model based on fractional per-
missions [1]. A state is a pair of a permission mask and a partial heap. A
permission mask is a total map from heap locations to a rational between 0
and 1 (included), while a partial heap is a partial map from heap locations
to values. We also define a partial addition on these states, and show that

this state model corresponds to a separation algebra.

1.1 Non-negative rationals (permission amounts)

theory PosRat

imports Main HOL.Rat
begin
1.1.1 Definitions
typedef prat = { r :: rat |r. r > 0} by fastforce
setup-lifting type-definition-prat
lift-definition pwrite :: prat is 1 by simp
lift-definition pnone :: prat is 0 by simp
lift-definition half :: prat is 1 / 2 by fastforce

lift-definition pgte :: prat = prat = bool is (>) done
lift-definition pgt :: prat = prat = bool is (>) done

lift-definition It :: prat = prat = bool is (<) done
lift-definition ppos :: prat = bool is Ap. p > 0 done

lift-definition pmult :: prat = prat = prat is (x) by simp
lift-definition padd :: prat = prat = prat is (+) by simp



lift-definition pdiv :: prat = prat = prat is (/) by simp

lift-definition pmin :: prat = prat = prat is (min) by simp
lift-definition pmazx :: prat = prat = prat is (mazx) by simp

1.1.2 Lemmas

lemma pmin-comm:
pmin a b = pmin b a
by (metis Rep-prat-inverse min.commute pmin.rep-eq)

lemma pmin-greater:
pgte a (pmin a b)
by (simp add: pgte.rep-eq pmin.rep-eq)

lemma pmin-is:
assumes pgte a b
shows pmin a b = b
by (metis Rep-prat-inject assms min-absorb2 pgte.rep-eq pmin.rep-eq)

lemma pmaz-comm:
pmax a b = pmax b a
by (metis Rep-prat-inverse maz.commute pmaz.rep-eq)

lemma pmaz-smaller:
pgte (pmaz a b) a
by (simp add: pgte.rep-eq pmaz.rep-eq)

lemma pmazx-is:
assumes pgte a b
shows pmaz a b = a
by (metis Rep-prat-inject assms mazx.absorb-iff1 pgte.rep-eq pmaz.rep-eq)

lemma pmazx-is-smaller:
assumes pgte T a
and pgte = b
shows pgte z (pmaz a b)
proof (cases pgte a b)
case True
then show ?thesis
by (simp add: assms(1) pmaz-is)
next
case Fulse
then show ?thesis
using assms(2) pgte.rep-eq pmax.rep-eq by auto
qged



lemma half-between-0-1:
ppos half N pgt pwrite half
by (simp add: half .rep-eq pgt.rep-eq ppos.rep-eq pwrite.rep-eq)

lemma pgt-implies-pgte:
assumes pgt a b
shows pgte a b
by (meson assms less-imp-le pgt.rep-eq pgte.rep-eq)

lemma half-plus-half:

padd half half = pwrite

by (metis Rep-prat-inject divide-less-eq-numerall (1) dual-order.irrefl half .rep-eq
less-divide-eq-numerall (1) linorder-neqE-linordered-idom mult.right-neutral one-add-one
padd.rep-eq pwrite.rep-eq ring-class.ring-distribs(1))

lemma padd-comm:
padd a b = padd b a
by (metis Rep-prat-inject add.commute padd.rep-eq)

lemma padd-asso:
padd (padd a b) ¢ = padd a (padd b ¢)
by (metis Rep-prat-inverse group-cancel.addl padd.rep-eq)

lemma p-greater-exists:
pgte a b +— (7. a = padd b )
proof (rule iff)
show pgte a b = Jr. a = padd b r
proof —
assume asm: pgte a b
obtain aa bb where aa = Rep-prat a bb = Rep-prat b
by simp
then have aa > bb using asm
using pgte.rep-eq by fastforce
then obtain r~ where rr = aa — bb
by simp
then have a = padd b (Abs-prat rr)
by (metis Abs-prat-inverse Rep-prat-inject <aa = Rep-prat a)> <bb = Rep-prat b
<bb < aaw> add.commute diff-add-cancel diff-ge-0-iff-ge mem-Collect-eq padd.rep-eq)
then show Jr. a = padd b r by blast
qed
show Jr. a = padd b r = pgte a b
using Rep-prat padd.rep-eq pgte.rep-eq by force
qed

lemma pgte-antisym:
assumes pgte a b



and pgte b a
shows a = b
by (metis Rep-prat-inverse assms(1) assms(2) leD le-less pgte.rep-eq)

lemma greater-sum-both:
assumes pgte a (padd b c)
shows Jal a2. a = padd al a2 A pgte al b A pgte a2 ¢
proof —
obtain aa bb cc where aa = Rep-prat a bb = Rep-prat b cc = Rep-prat c
by simp
then have aa > bb + cc
using assms padd.rep-eq pgte.rep-eq by auto
then obtain 2z where aa = bb + z 2 > cc
by (metis add.commute add-le-cancel-left diff-add-cancel)
then show ?thesis
by (metis assms order-refl p-greater-exists padd-asso pgte.rep-eq)
qed

lemma padd-cancellative:
assumes a = padd x b
and a = padd y b
shows z = y
by (metis Rep-prat-inject add-le-cancel-right assms(1) assms(2) leD less-eg-rat-def
padd.rep-eq)

lemma not-pgte-charact:
- pgte a b <— pgt b a
by (meson not-less pgt.rep-eq pgte.rep-eq)

lemma pgte-pgt:
assumes pgt a b
and pgte ¢ d
shows pgt (padd a ¢) (padd b d)
using assms(1) assms(2) padd.rep-eq pgt.rep-eq pgte.rep-eq by auto

lemma pmult-distr:
pmult a (padd b ¢) = padd (pmult a b) (pmult a c)
by (metis Rep-prat-inject distrib-left padd.rep-eq pmult.rep-eq)

lemma pmult-comm:
pmult a b = pmult b a
by (metis Rep-prat-inject mult.commute pmult.rep-eq)

lemma pmult-special:
pmult pwrite x = x
pmult pnone r = pnone
apply (metis Rep-prat-inverse comm-monoid-mult-class.mult-1 pmult.rep-eq pwrite.rep-eq)



by (metis Rep-prat-inverse mult-zero-left pmult.rep-eq pnone.rep-eq)

definition pinv where
pinv p = pdiv pwrite p

lemma pinv-double-half:
assumes ppos p
shows pmult half (pinv p) = pinv (padd p p)
proof —
have (Fract 1 2) x ((Fract 1 1) / (Rep-prat p)) = (Fract 1 1) / (Rep-prat p +
Rep-prat p)
by (metis (no-types, lifting) One-rat-def comm-monoid-mult-class.mult-1 di-
vide-rat mult-2 mult-rat rat-number-expand(3) times-divide-times-eq)
then show ?thesis
by (metis Rep-prat-inject half.rep-eq mult-2 mult-numeral-1-right numeral-One
padd.rep-eq pdiv.rep-eq pinv-def pmult.rep-eq pwrite.rep-eq times-divide-times-eq)
qed

lemma ppos-mult:
assumes ppos a
and ppos b
shows ppos (pmult a b)
using assms(1) assms(2) pmult.rep-eq ppos.rep-eq by auto

lemma padd-zero:

pnone = padd a b <— a = pnone N\ b = pnone

by (metis Rep-prat Rep-prat-inject add.right-neutral leD le-add-same-cancel2 less-eq-rat-def
mem-Collect-eq padd.rep-eq pnone.rep-eq)

lemma ppos-add:

assumes ppos a

shows ppos (padd a b)

by (metis Rep-prat Rep-prat-inject assms dual-order.strict-iff-order mem-Collect-eq
padd-zero pnone.rep-eq ppos.rep-eq)

lemma pinv-inverts:
assumes pgte a b
and ppos b
shows pgte (pinv b) (pinv a)
proof —
have Rep-prat a > Rep-prat b
using assms(1) pgte.rep-eq by auto
then have (Fract 1 1) / Rep-prat b > (Fract 1 1) / Rep-prat a
by (metis One-rat-def assms(2) frac-le le-numeral-extra(4) ppos.rep-eq zero-le-one)
then show ?thesis



by (simp add: One-rat-def pdiv.rep-eq pgte.rep-eq pinv-def pwrite.rep-eq)
qed

lemma pinv-pmult-ok:
assumes ppos p
shows pmult p (pinv p) = pwrite
proof —
obtain r where r = Rep-prat p by simp
then have r « ((Fract 1 1) / r) = Fract 1 1
using assms ppos.rep-eq by force
then show ?thesis
by (metis One-rat-def Rep-prat-inject <r = Rep-prat p> pdiv.rep-eq pinv-def
pmult.rep-eq pwrite.rep-eq)
qed

lemma pinv-pwrite:
pinv pwrite = pwrite
by (metis Rep-prat-inverse div-by-1 pdiv.rep-eq pinv-def pwrite.rep-eq)

lemma pmult-ppos:
assumes ppos a
and ppos b
shows ppos (pmult a b)
using assms(1) assms(2) pmult.rep-eq ppos.rep-eq by auto

lemma ppos-inv:

assumes ppos p

shows ppos (pinv p)
by (metis Rep-prat Rep-prat-inverse assms less-eq-rat-def mem-Collect-eq not-one-le-zero
pinv-pmult-ok pmult-comm pmult-special(2) pnone.rep-eq ppos.rep-eq pwrite.rep-eq)

lemma pmin-pmaz:

assumes pgte x (pmin a b)

shows z = pmin (pmaz = a) (pmax z b)
proof (cases pgte x a)

case True

then show ?thesis

by (metis pmax-is pmax-smaller pmin-comm pmin-is)

next

case Fulse

then show ?thesis

by (metis assms not-pgte-charact pgt-implies-pgte pmaz-is pmaz-smaller pmin-comm
pmin-is)
qed



definition comp-one where
comp-one p = (SOME r. padd p r = puwrite)

lemma padd-comp-one:
assumes pgte pwrite T
shows padd z (comp-one x) = pwrite
by (metis (mono-tags, lifting) assms comp-one-def p-greater-exists somel-ex)

lemma ppos-eq-pnone:

Ppos p <— p F* pnone

by (metis Rep-prat Rep-prat-inject dual-order.strict-iff-order mem-Collect-eq pnone.rep-eq
ppos.rep-eq)

lemma pmult-order:
assumes pgte a b
shows pgte (pmult p a) (pmult b p)
using assms p-greater-exists pmult-comm pmult-distr by force

lemma multiply-smaller-pwrite:
assumes pgte pwrite a
and pgte pwrite b
shows pgte pwrite (pmult a b)
by (metis assms(1) assms(2) p-greater-exists padd-asso pmult-order pmult-special(1))

lemma pmult-pdiv-cancel:

assumes ppos a

shows pmult a (pdiv z a) = x

by (metis Rep-prat-inject assms divide-cancel-right dual-order.strict-iff-order nonzero-mult-div-cancel-left
pdiv.rep-eq pmult.rep-eq ppos.rep-eq)

lemma pmult-padd:
pmult a (padd (pmult b z) (pmult ¢ y)) = padd (pmult (pmult a b) x) (pmult

(pmult a ¢) y)
by (metis Rep-prat-inject mult.assoc pmult.rep-eq pmult-distr)

lemma pdiv-smaller:

assumes pgte a b

and ppos a

shows pgte pwrite (pdiv b a)
proof —

let ?a = Rep-prat a

let b = Rep-prat b

have ?b / %a < 1

by (meson assms(1) assms(2) divide-le-eq-1-pos pgte.rep-eq ppos.rep-eq)



then show ?thesis
by (simp add: pdiv.rep-eq pgte.rep-eq pwrite.rep-eq)
qed

lemma sum-coeff:
assumes ppos a
and ppos b
shows padd (pdiv a (padd a b)) (pdiv b (padd a b)) = pwrite
proof —
let ?a = Rep-prat a
let b = Rep-prat b
have (%a / (%a + ?b)) + (%b / (%a + %b)) = 1
by (metis add-divide-distrib add-pos-pos assms(1) assms(2) less-irrefl ppos.rep-eq
right-inverse-eq)
then show ?thesis
by (metis Rep-prat-inject padd.rep-eq pdiv.rep-eq pwrite.rep-eq)
qed

lemma padd-one-ineq-sum:
assumes padd a b = pwrite
and pgte T aa
and pgte x bb
shows pgte z (padd (pmult a aa) (pmult b bb))
by (metis (mono-tags, lifting) Rep-prat assms(1) assms(2) assms(3) convezr-bound-le
mem-Collect-eq padd.rep-eq pgte.rep-eq pmult.rep-eq pwrite.rep-eq)

end

1.2 Permission masks: Maps from heap locations to permis-
sion amounts

theory Mask
imports PosRat
begin

1.2.1 Definitions

type-synonym field = string
type-synonym address = nat
type-synonym heap-loc = address x field

type-synonym mask = heap-loc = prat
type-synonym bmask = heap-loc = bool

definition null where null = 0

definition full-mask :: mask where
full-mask hl = (if fst hl = null then pnone else pwrite)



definition multiply-mask :: prat = mask = mask where
multiply-mask p © hl = pmult p (7 hl)

fun empty-mask where
empty-mask hl = pnone

fun empty-bmask where
empty-bmask hl = False

fun add-acc where add-acc © hl p = w(hl := padd (7w hl) p)

inductive rm-acc where
7w hl = padd p r = rm-acc © hl p (w(hl := 1))

fun add-masks where
add-masks =" © hl = padd (7’ hl) (7 hl)

definition greater-mask where
greater-mask ' w «— (3r. 7’ = add-masks 7 r)

fun uni-mask where
uni-mask hl p = empty-mask(hl := p)

fun valid-mask :: mask = bool where
valid-mask © <— (¥ hl. pgte pwrite (w hl)) A (Vf. 7 (null, f) = pnone)

definition valid-null :: mask = bool where
valid-null m +— (Vf. m (null, f) = pnone)

definition equal-on-mask where
equal-on-mask m h h' <— (Y hi. ppos (m hl) — h hl = h' hl)

definition equal-on-bmask where
equal-on-bmask © h h' +— (Vhi. ® hl — h hl = b’ ki)

definition big-add-masks where
big-add-masks IL II' h = add-masks (IL h) (11" h)

definition big-greater-mask where
big-greater-mask 11 I1' «— (¥ h. greater-mask (IT h) (IT" h))

definition greater-bmask where
greater-bmask H H' <— (Vh. H' h — H h)

definition update-dm where
update-dm dm m 7' hl <— (dm hi V pgt (7 hl) (7' hl))
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fun pre-get-m where pre-get-m p = fst
fun pre-get-h where pre-get-h ¢ = snd ¢
fun srm-acc where srm-acc ¢ hl p = (rm-acc (pre-get-m @) hl p, pre-get-h @)

datatype val = Bool (the-bool: bool) | Address (the-address: address) | Rat (the-rat:
prat)

definition upper-bounded :: mask = prat = bool where
upper-bounded 7 p <— (VY hi. pgte p (w hl))

1.2.2 Lemmas

lemma ssubsetl:
assumes Aw h. (7, h) € A= (7, h) € B
shows A C B
using assms by auto

lemma double-inclusion:
assumes A C B
and B C 4
shows A = B
using assms by blast

lemma add-masks-comm:
add-masks a b = add-masks b a
proof (rule ext)
fix x show add-masks a b x = add-masks b a x
by (metis Rep-prat-inverse add.commute add-masks.simps padd.rep-eq)
qed

lemma add-masks-asso:
add-masks (add-masks a b) ¢ = add-masks a (add-masks b c)
proof (rule ext)
fix z show add-masks (add-masks a b) ¢ x = add-masks a (add-masks b c) x
by (metis Rep-prat-inverse add.assoc add-masks.simps padd.rep-eq)
qed

lemma minus-empty:
m = add-masks ™ empty-mask
proof (rule ext)
fix z show 7 = = add-masks m empty-mask x
by (metis Rep-prat-inverse add.right-neutral add-masks.simps empty-mask.simps
padd.rep-eq pnone.rep-eq)
qed

lemma add-acc-uni-mask:

add-acc 7 hl p = add-masks © (uni-mask hl p)
proof (rule ext)
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fix z show add-acc w hl p z = add-masks © (uni-mask hi p) z

by (metis (no-types, opaque-lifting) add-acc.simps add-masks.simps fun-upd-apply
minus-empty uni-mask.simps)
qed

lemma add-masks-equiv-valid-null:
valid-null (add-masks a b) «— valid-null a A valid-null b
by (metis (mono-tags, lifting) add-masks.simps padd-zero valid-null-def)

lemma valid-maskl:
assumes Ahl. pgte pwrite (7 hl)
and Af. 7 (null, f) = pnone
shows valid-mask w
by (simp add: assms(1) assms(2))

lemma greater-mask-equiv-def:
greater-mask ©' m <— (Y hi. pgte (7’ hl) (7 hl))
(is YA «— ¢B)
proof (rule iffI)
show 74 — 7B
proof (clarify)
fix hl assume greater-mask ©' w
then obtain r where 7’ = add-masks ™ r
using greater-mask-def by blast
then show pgte (7’ hi) (7 hl)
using Rep-prat padd.rep-eq pgte.rep-eq by auto
qed
show ?B — 24
proof —
assume ?B
let ?r = Ahl. (SOME p. w' hl = padd (7 hl) p)
have 7’ = add-masks © r
proof (rule ext)
fix hl
have «’ hl = padd (7 hl) (?r hl)
by (meson <V hl. pgte (7' hl) (7w hl)) p-greater-exists somel-ex)
then show 7’ hl = add-masks © r hi
by auto
qed
then show ?4
using greater-mask-def by blast
qed
qed

lemma greater-maskl:
assumes Ahl. pgte (7’ hl) (7 hl)
shows greater-mask ©' 7
by (simp add: assms greater-mask-equiv-def)
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lemma greater-mask-properties:

greater-mask w™

greater-mask a b A\ greater-mask b ¢ = greater-mask a c

greater-mask ' ® N greater-mask 7 7' = 7™ = 7’

apply (simp add: greater-maskl pgte.rep-eq)

apply (metis add-masks-asso greater-mask-def)
proof (rule ext)

fix z assume greater-mask =’ © A greater-mask © w’

then show 7 z = 7’ x

by (meson greater-mask-equiv-def pgte-antisym)

qged

lemma greater-mask-decomp:
assumes greater-mask a (add-masks b ¢)
shows Jal a2. a = add-masks al a2 N greater-mask al b A greater-mask a2 c
by (metis add-masks-asso assms greater-mask-def greater-mask-properties(1))

lemma valid-empty:

valid-mask empty-mask

by (metis empty-mask.simps le-add-same-cancell p-greater-exists padd.rep-eq pgte.rep-eq
pnone.rep-eq valid-mask.simps)

lemma upper-valid-auz:
assumes valid-mask a
and a = add-masks b ¢
shows valid-mask b
proof (rule valid-maskI)
show ARl pgte pwrite (b hl)
using assms(1) assms(2) p-greater-exists padd-asso by fastforce
fix f show b (null, f) = pnone
by (metis add-masks-comm assms(1) assms(2) empty-mask.simps greater-mask-def
greater-mask-equiv-def minus-empty pgte-antisym valid-mask.simps)
qed

lemma upper-valid:
assumes valid-mask a
and a = add-masks b c
shows valid-mask b A valid-mask c
using add-masks-comm assms(1) assms(2) upper-valid-aux by blast

lemma equal-on-bmaskl:
assumes Ahl. m hl = h hl = h’ hi
shows equal-on-bmask ™ h h'
using assms equal-on-bmask-def by blast

lemma big-add-greater:

big-greater-mask (big-add-masks A B) B
by (metis add-masks-comm big-add-masks-def big-greater-mask-def greater-mask-def)
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lemma big-greater-iff:
big-greater-mask A B = (3 C. A = big-add-masks B C)
proof —
assume big-greater-mask A B
let 2C = Ah. SOME r. A h = add-masks (B h) r
have A = big-add-masks B 7C
proof (rule ext)
fix z
have A z = add-masks (B z) (?C z)
proof (rule ext)
fix za
have A z = add-masks (B z) (SOME r. A © = add-masks (B ) r)
by (metis (mono-tags, lifting) <big-greater-mask A B> big-greater-mask-def
greater-mask-def somel-ex)
then show A z za = add-masks (B z) (SOME r. A x = add-masks (B x) r)
xa
by auto
qed
then show A z = big-add-masks B (Ah. SOME r. A h = add-masks (B h) r)
by (metis (no-types, lifting) big-add-masks-def)
qged
then show 3 C. A = big-add-masks B C
by fast
qed

lemma big-add-masks-asso:
big-add-masks A (big-add-masks B C) = big-add-masks (big-add-masks A B) C
proof (rule ext)
fix z show big-add-masks A (big-add-masks B C) x = big-add-masks (big-add-masks
AB)Cz
by (simp add: add-masks-asso big-add-masks-def)
qed

lemma big-add-mask-neutral:
big-add-masks 11 (A-. empty-mask) = 11
proof (rule ext)
fix x show big-add-masks I (A-. empty-mask) z =11 z
by (metis big-add-masks-def minus-empty)
qed

lemma sym-equal-on-mask:
equal-on-mask ™ a b <— equal-on-mask m™ b a
proof —
have Aa b. equal-on-mask © a b = equal-on-mask 7 b a
by (simp add: equal-on-mask-def)
then show ?thesis by blast
qed

lemma greater-mask-uni-equiv:

14



greater-mask m (uni-mask hl r) <— pgte (7 hl) r
by (metis add-masks-comm fun-upd-apply greater-mask-def greater-mask-equiv-def
minus-empty uni-mask.simps)

lemma greater-mask-unil:
assumes pgte (m hl) r
shows greater-mask m (uni-mask hl r)
using greater-mask-uni-equiv assms by metis

lemma greater-bmask-refi:
greater-bmask H H
by (simp add: greater-bmask-def)

lemma greater-bmask-trans:
assumes greater-bmask A B
and greater-bmask B C
shows greater-bmask A C
by (metis assms(1) assms(2) greater-bmask-def)

lemma update-dm-same:
update-dm dm © m = dm
proof (rule ext)
fix x show update-dm dm w © © = dm x
by (simp add: pgt.rep-eq update-dm-def)
qed

lemma update-trans:
assumes greater-mask m '
and greater-mask ©' 7'’
shows update-dm (update-dm dm = 7’) ' #'" = update-dm dm © "
proof (rule ext)
fix hl show update-dm (update-dm dm m ") 7’ 7' hl = update-dm dm © 7" hi
proof —
have update-dm (update-dm dm m 7') ©’ "' hl +— (update-dm dm m 7') hl Vv
pgt (' hl) (7' hl)
using update-dm-def by metis
also have ... «+— dm hl V pgt (w hl) (7’ hl) V pgt (7' hl) (7' hl)
using update-dm-def by metis
moreover have update-dm dm 7 ©'" hl <— dm hl V pgt (7 hl) (z"" hl)
using update-dm-def by metis
moreover have pgt (w hl) (7' hl) V pgt (7’ hl) (7" hl) <— pgt (7 hl) ("' hl)
proof
show pgt (7 hl) (w' hl) V pgt (=" hl) (7" hl) = pgt (7 hl) (x"" hi)
by (metis assms(1) assms(2) greater-mask-equiv-def greater-mask-properties(2)
not-pgte-charact pgte-antisym)
show pgt (7 hl) (x"" hl) = pgt (7 hl) (7' hl) V pgt (7' hl) (x'" hl)
by (metis assms(1) greater-mask-equiv-def not-pgte-charact pgte-antisym)
qed
ultimately show ?thesis by blast
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qed
qed

lemma equal-on-bmask-greater:
assumes equal-on-bmask 7' h h'
and greater-bmask 7'
shows equal-on-bmask © h h'
by (metis (mono-tags, lifting) assms(1) assms(2) equal-on-bmask-def greater-bmask-def)

lemma update-dm-equal-bmask:
assumes 7 = add-masks ' m
shows equal-on-bmask (update-dm dm 7 ©') h' h <— equal-on-mask m h h' A
equal-on-bmask dm h h'
proof —
have equal-on-bmask (update-dm dm 7 ©') h' h +— (V hl. update-dm dm 7 7' hl
— b’ hl = h hi)
by (simp add: equal-on-bmask-def)
moreover have Ahl. update-dm dm 7 ©' hl «— dm hl V pgt (7w hl) (7' hi)
by (simp add: update-dm-def)
moreover have (V hi. update-dm dm 7 ' hl — h' hl = h hl) +— equal-on-mask
m h h' A equal-on-bmask dm h h'
proof
show V hi. update-dm dm 7 7w’ hl — h’ hl = h hl = equal-on-mask m h h' A
equal-on-bmask dm h h'
by (simp add: assms equal-on-bmask-def equal-on-mask-def padd.rep-eq pgt.rep-eq
ppos.rep-eq update-dm-def)
assume equal-on-mask m h h' A equal-on-bmask dm h h’
then have Ahl. update-dm dm m n’ hl = h' hi = h hi
by (metis (full-types) add.right-neutral add-masks.simps assms dual-order.strict-iff-order
equal-on-bmask-def equal-on-mask-def padd.rep-eq pgt.rep-eq pnone.rep-eq ppos-eq-pnone
update-dm-def)
then show V hi. update-dm dm ™ n’ hl — h' hl = h hl
by simp
qed
then show ?thesis
by (simp add: calculation)
qed

lemma const-sum-mask-greater:
assumes add-masks a b = add-masks c d
and greater-mask a c
shows greater-mask d b
proof (rule ccontr)
assume - greater-mask d b
then obtain hl where — pgte (d hl) (b hl)
using greater-mask-equiv-def by blast
then have pgt (b hl) (d hl)
using not-pgte-charact by auto
then have pgt (padd (a hl) (b hl)) (padd (c ki) (d hl))
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by (metis assms(2) greater-mask-equiv-def padd-comm pgte-pgt)
then show Fulse
by (metis add-masks.simps assms(1) not-pgte-charact order-refl pgte.rep-eq)
qed

lemma add-masks-cancellative:
assumes add-masks b ¢ = add-masks b d
shows ¢ = d
proof (rule ext)
fix x show cz =dz
by (metis assms(1) const-sum-mask-greater greater-mask-properties(1) greater-mask-properties(3))
qed

lemma equal-on-maskl:
assumes Ahl. ppos (m hl) = h hl = b’ hi
shows equal-on-mask m h h'
by (simp add: assms equal-on-mask-def)

lemma greater-equal-on-mask:

assumes equal-on-mask w' h h'

and greater-mask 7' m
shows equal-on-mask © h h'

proof (rule equal-on-maskI)

fix hl assume asm: ppos (7 hl)

then show h hl = h' hl

by (metis assms(1) assms(2) equal-on-mask-def greater-mask-equiv-def less-le-trans

pgte.rep-eq ppos.rep-eq)
qed

lemma equal-on-mask-sum:
equal-on-mask w1 h h' A equal-on-mask 72 h h' +— equal-on-mask (add-masks
w1 72) h b’
proof
show equal-on-mask (add-masks w1 w2) h h' = equal-on-mask w1 h h' A
equal-on-mask w2 h h’
using add-masks-comm greater-equal-on-mask greater-mask-def by blast
assume asm0: equal-on-mask w1 h h' N\ equal-on-mask w2 h h'
show equal-on-mask (add-masks w1 ©2) h h'
proof (rule equal-on-maskI)
fix hl assume ppos (add-masks w1 72 hl)
then show h hl = h' hl
proof (cases ppos (w1 hl))
case True
then show ?thesis
by (meson asm0 equal-on-mask-def)
next
case Fulse
then show ?thesis
by (metis asm0 <ppos (add-masks w1 w2 hl)) add-masks.simps equal-on-mask-def
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padd-zero ppos-eq-pnone)
qed
qed
qed

lemma valid-larger-mask:

valid-mask m <— greater-mask full-mask w

by (metis fst-eqD full-mask-def greater-maskl greater-mask-def not-one-le-zero
not-pgte-charact pgt-implies-pgte pgte.rep-eq pnone.rep-eq pwrite.rep-eq surjective-pairing
upper-valid-aux valid-mask.elims(1))

lemma valid-mask-full-mask:
valid-mask full-mask
using greater-mask-properties(1) valid-larger-mask by blast

lemma mult-greater:

assumes greater-mask a b

shows greater-mask (multiply-mask p a) (multiply-mask p b)

by (metis (full-types) assms greater-mask-equiv-def multiply-mask-def p-greater-exists
pmult-distr)

lemma mult-write-mask:
multiply-mask pwrite m =
proof (rule ext)
fix z show multiply-mask pwrite # © = 7 x
by (simp add: multiply-mask-def pmult-special(1))
qged

lemma mult-distr-masks:

multiply-mask a (add-masks b ¢) = add-masks (multiply-mask a b) (multiply-mask
ac)
proof (rule ext)

fix © show multiply-mask a (add-masks b ¢) © = add-masks (multiply-mask a b)
(multiply-mask a ¢) x

by (simp add: multiply-mask-def pmult-distr)

qed

lemma mult-add-states:

multiply-mask (padd a b) 7 = add-masks (multiply-mask a 7) (multiply-mask b
T

)
proof (rule ext)

fix © show multiply-mask (padd a b) © © = add-masks (multiply-mask a )
(multiply-mask b ) x

by (simp add: multiply-mask-def pmult-comm pmult-distr)

qed

lemma upper-boundedl:

assumes Ahl. pgte p (7 hl)
shows upper-bounded 7 p
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by (simp add: assms upper-bounded-def)

lemma upper-bounded-smaller:
assumes upper-bounded T a
shows upper-bounded (multiply-mask p 7) (pmult p a)
by (metis assms multiply-mask-def p-greater-exists pmult-distr upper-bounded-def)

lemma upper-bounded-bigger:
assumes upper-bounded T a
and pgte b a
shows upper-bounded m b
by (meson assms(1) assms(2) order-trans pgte.rep-eq upper-bounded-def)

lemma valid-mult:
assumes valid-mask ©
and pgte pwrite p
shows wvalid-mask (multiply-mask p )
proof (rule valid-maskI)
have upper-bounded m pwrite
using assms(1) upper-bounded-def by auto
then have upper-bounded (multiply-mask p m) (pmult p pwrite)
by (simp add: upper-bounded-smaller)
then show Ahl. pgte pwrite (multiply-mask p m hi)
by (metis assms(2) pmult-comm pmult-special(1) upper-bounded-bigger up-
per-bounded-def)
show Af. multiply-mask p m (null, f) = pnone
by (metis Rep-prat-inverse add-0-left assms(1) multiply-mask-def padd.rep-eq
padd-cancellative pmult-distr pnone.rep-eq valid-mask.elims(1))
qed

lemma valid-sum:
assumes valid-mask a
and valid-mask b
and upper-bounded a ma
and upper-bounded b mb
and pgte pwrite (padd ma mb)
shows valid-mask (add-masks a b)
and upper-bounded (add-masks a b) (padd ma mb)
proof (rule valid-maskI)
show Ahl. pgte pwrite (add-masks a b hl)
proof —
fix hi
have pgte (padd ma mb) (add-masks a b hl)
by (metis (mono-tags, lifting) add-masks.simps add-mono-thms-linordered-semiring(1)
assms(3) assms(4) padd.rep-eq pgte.rep-eq upper-bounded-def)
then show pgte pwrite (add-masks a b hl)
by (meson assms(5) dual-order.trans pgte.rep-eq)
qed
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show Af. add-masks a b (null, f) = pnone
by (metis Rep-prat-inverse add-0-left add-masks.simps assms(1) assms(2)
padd.rep-eq pnone.rep-eq valid-mask.simps)
show upper-bounded (add-masks a b) (padd ma mb)
using add-mono-thms-linordered-semiring(1) assms(3) assms(4) padd.rep-eq
pgte.rep-eq upper-bounded-def by fastforce
qed

lemma valid-multiply:
assumes valid-mask a
and upper-bounded a ma
and pgte pwrite (pmult ma p)
shows wvalid-mask (multiply-mask p a)
by (metis (no-types, opaque-lifting) assms(1) assms(2) assms(3) multiply-mask-def
pmault-comm pmult-special(2) upper-bounded-bigger upper-bounded-def upper-bounded-smaller
valid-mask.elims(1))

lemma greater-mult:

assumes greater-mask a b

shows greater-mask (multiply-mask p a) (multiply-mask p b)

by (metis Rep-prat assms greater-mask-equiv-def mem-Collect-eq mult-left-mono
multiply-mask-def pgte.rep-eq pmult.rep-eq)

end

1.3 Partial heaps: Partial maps from heap location to values

theory PartialHeapSA
imports Mask Package-logic. PackageLogic
begin

1.3.1 Definitions

type-synonym heap = heap-loc — val
type-synonym pre-state = mask X heap

definition valid-heap :: mask = heap = bool where
valid-heap m h «— (V hl. ppos (m hl) — h hl # None)

fun valid-state :: pre-state = bool where
valid-state (m, h) <— valid-mask © A valid-heap 7 h

lemma valid-statel:
assumes valid-mask ©
and Ahl. ppos (m hl) = h hl # None
shows valid-state (7, h)
using assms(1) assms(2) valid-heap-def valid-state.simps by blast

definition empty-heap where empty-heap hl = None
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lemma valid-pre-unit:
valid-state (empty-mask, empty-heap)
using pnone.rep-eq ppos.rep-eq valid-empty valid-statel by fastforce

typedef state = { ¢ |p. valid-state ¢ }
using valid-pre-unit by blast

fun get-m :: state = mask where get-m a = fst (Rep-state a)
fun get-h :: state = heap where get-h a = snd (Rep-state a)

fun compatible-options where
compatible-options (Some a) (Some b) «— a = b
| compatible-options - - <— True

definition compatible-heaps :: heap = heap = bool where
compatible-heaps h h' +— (¥ hi. compatible-options (h hl) (h' hl))

definition compatible :: pre-state = pre-state = bool where
compatible o @' +— compatible-heaps (snd ) (snd ¢’) A valid-mask (add-masks

(fst ©) (fst ©7))

fun add-states :: pre-state = pre-state = pre-state where
add-states (w, h) (x', h') = (add-masks m ©', h ++ h')

definition larger-heap where
larger-heap h' h «— (Vhl z. h hl = Some & — h’ hl = Some )

definition wunit :: state where
unit = Abs-state (empty-mask, empty-heap)

definition plus :: state = state — state (infixl «®» 63) where
a ® b= (if compatible (Rep-state a) (Rep-state b) then Some (Abs-state (add-states
(Rep-state a) (Rep-state b))) else None)

definition core :: state = state (< |-| ») where
core ¢ = Abs-state (empty-mask, get-h o)

definition stable :: state = bool where
stable @ «— (Y hi. ppos (get-m ¢ hl) <— get-h ¢ hl # None)

1.3.2 Lemmas

lemma valid-heapl:
assumes Ahl. ppos (m hl) = h hl # None
shows wvalid-heap ©™ h
using assms valid-heap-def by presburger

lemma valid-state-decompose:
assumes valid-state (add-masks a b, h)
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shows valid-state (a, h)
proof (rule valid-statel)
show wvalid-mask a
using assms upper-valid-auz valid-state.simps by blast
fix hl assume ppos (a hl) then show h hl # None
by (metis add-masks.simps assms ppos-add valid-heap-def valid-state.simps)
qed

lemma compatible-heapsl:
assumes Ahl a b. h hl = Some a = h’ hl = Some b = a = b
shows compatible-heaps h h'
by (metis assms compatible-heaps-def compatible-options.elims(3))

lemma compatiblel-old:
assumes Ahl z y. snd ¢ hl = Some z A snd ¢’ hl = Some y —= x =y
and wvalid-mask (add-masks (fst p) (fst ¢"))
shows compatible p ¢’
using assms(1) assms(2) compatible-def compatible-heapsl by presburger

lemma larger-heap-anti:
assumes larger-heap a b
and larger-heap b a
shows a = b
proof (rule ext)
fix x show a z = bz
proof (cases a x)
case None
then show ?thesis
by (metis assms(1) larger-heap-def not-None-eq)
next
case (Some a)
then show ?thesis
by (metis assms(2) larger-heap-def)
qed
qed

lemma larger-heapl:
assumes Ahl z. h hl = Some x => h’ hl = Some x
shows larger-heap h' h
by (simp add: assms larger-heap-def)

lemma larger-heap-refi:
larger-heap h h
using larger-heap-def by blast

lemma compatible-heaps-comm:
assumes compatible-heaps a b
shows a ++ b =0 ++ a
proof (rule ext)
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fix z show (a ++ b) 2 = (b ++ a) z
proof (cases a x)
case None
then show ?thesis
by (simp add: domIff map-add-dom-app-simps(2) map-add-dom-app-simps(3))
next
case (Some a)
then show ?thesis
by (metis (no-types, lifting) assms compatible-heaps-def compatible-options.elims(2)
map-add-None map-add-dom-app-simps(1) map-add-dom-app-simps(3))
qed
qed

lemma larger-heaps-sum-ineq:
assumes larger-heap a’ a
and larger-heap b’ b
and compatible-heaps a’ b’
shows larger-heap (a’ ++ b') (a ++ b)
proof (rule larger-heapl)
fix hl x assume (a ++ b) hl = Some z
show (a’ ++ b’) hl = Some z
proof (cases a hl)
case None
then show ?thesis
by (metis <(a ++ b) hl = Some x> assms(2) larger-heap-def map-add-SomeD
map-add-find-right)
next
case (Some aa)
then show ?thesis
by (metis (mono-tags, lifting) <«(a ++ b) hl = Some > assms(1) assms(2)
assms(8) compatible-heaps-comm larger-heap-def map-add-Some-iff)
qed
qed

lemma larger-heap-trans:
assumes larger-heap a b
and larger-heap b ¢
shows larger-heap a c
by (metis (no-types, opaque-lifting) assms(1) assms(2) larger-heap-def)

lemma larger-heap-comp:
assumes larger-heap a b
and compatible-heaps a c
shows compatible-heaps b ¢
proof (rule compatible-heapsI)
fix hl a ba
assume b hl = Some a ¢ hl = Some ba
then show a = ba
by (metis assms(1) assms(2) compatible-heaps-def compatible-options.simps(1)
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larger-heap-def)
qed

lemma larger-heap-plus:
assumes larger-heap a b
and larger-heap a c
shows larger-heap a (b ++ ¢)
proof (rule larger-heapl)
fix hl z assume (b ++ ¢) hl = Some z
then show a hl = Some z
proof (cases b hl)
case None
then show ?thesis
by (metis <«(b +4 ¢) hl = Some x> assms(2) larger-heap-def map-add-SomeD)
next
case (Some bb)
then show ?thesis
by (metis «(b ++ ¢) hl = Some x> assms(1) assms(2) larger-heap-def
map-add-SomeD)
qed
qed

lemma compatible-heaps-sum:
assumes compatible-heaps a b
and compatible-heaps a c
shows compatible-heaps a (b ++ c¢)
by (metis (no-types, opaque-lifting) assms(1) assms(2) compatible-heaps-def map-add-dom-app-simps(1)
map-add-dom-app-simps(3))

lemma larger-compatible-sum-heaps:
assumes larger-heap a
and larger-heap b y
and compatible-heaps a b
shows compatible-heaps = y
proof (rule compatible-heapsl)
fix hl a b assume z hl = Some a y hl = Some b
then show a = b
by (metis assms(1) assms(2) assms(3) compatible-heaps-def compatible-options.simps(1)
larger-heap-def)
qed

lemma get-h-m:
Rep-state © = (get-m x, get-h x) by simp

lemma get-pre:
get-h © = snd (Rep-state 1)
get-m x = fst (Rep-state x)
by simp-all
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lemma plus-ab-defined:
© @ @' # None «— compatible-heaps (get-h ) (get-h ') A valid-mask (add-masks
(get-m @) (get-m "))
(is ?A +— ?B)
proof
show ?A — ?B
by (metis compatible-def get-pre(1) get-pre(2) plus-def)
show ?B — 74
using compatible-def plus-def by auto
qed

lemma plus-charact:
assumes a & b = Some x
shows get-m © = add-masks (get-m a) (get-m b)
and get-h © = (get-h a) ++ (get-h b)
proof —
have z = (Abs-state (add-states (Rep-state a) (Rep-state b)))
by (metis assms option.discl option.inject plus-def)
moreover have compatible (Rep-state a) (Rep-state b)
using assms(1) plus-def by (metis option.discl)

moreover have valid-state (add-states (Rep-state a) (Rep-state b))
proof —
have wvalid-state (add-masks (get-m a) (get-m b), (get-h a) ++ (get-h b))
proof (rule valid-statel)
show valid-mask (add-masks (get-m a) (get-m b))
using calculation(2) compatible-def by fastforce
fix hl assume ppos (add-masks (get-m a) (get-m b) hl)
then show (get-h a ++ get-h b) hl # None
proof (cases ppos (get-m a hl))
case True
then show ?%thesis
by (metis Rep-state get-h-m map-add-None mem-Collect-eq valid-heap-def
valid-state.simps)
next
case Fulse
then have ppos (get-m b hl)
using <«ppos (add-masks (get-m a) (get-m b) hl)> padd.rep-eq ppos.rep-eq
by auto
then show ?thesis
by (metis Rep-state get-h-m map-add-None mem-Collect-eq valid-heap-def
valid-state.simps)
qed
qed
then show ?thesis
using add-states.simps get-h-m by presburger
qed
ultimately show get-m x = add-masks (get-m a) (get-m b)
by (metis Abs-state-inverse add-states.simps fst-conv get-h-m mem-Collect-eq)
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show get-h x = (get-h a) ++ (get-h b)

by (metis Abs-state-inject Collect] Rep-state Rep-state-inverse (valid-state (add-states
(Rep-state a) (Rep-state b))y <x = Abs-state (add-states (Rep-state a) (Rep-state
b))» add-states.simps eg-snd-iff get-h.simps)
qed

lemma commutative:
a®b=>bDa
proof (cases compatible-heaps (get-h a) (get-h b) A valid-mask (add-masks (get-m
a) (get-m b)))
case True
then have r0: compatible-heaps (get-h b) (get-h a) A add-masks (get-m a) (get-m
b) = add-masks (get-m b) (get-m a)
by (metis add-masks-comm compatible-heapsI compatible-heaps-def compati-
ble-options.simps(1))
then have (get-h a) ++ (get-h b) = (get-h b) ++ (get-h a)
by (simp add: compatible-heaps-comm)
then show ?thesis
by (metis True r0 add-states.simps get-h-m plus-ab-defined plus-def)
next
case Fulse
then show ?thesis
by (metis add-masks-comm compatible-heapsl compatible-heaps-def compati-
ble-options.simps(1) plus-ab-defined)
qged

lemma assol:
assumes ¢ & b = Some ab A b & ¢ = Some bc
shows ab ® ¢ = a ® bc
proof (cases ab @ ¢)
case None
then show ?thesis
proof (cases compatible-heaps (get-h ab) (get-h c))
case True
then have — wvalid-mask (add-masks (add-masks (get-m a) (get-m b)) (get-m

c))
by (metis None assms plus-ab-defined plus-charact(1))
then show ?thesis
by (metis add-masks-asso assms plus-ab-defined plus-charact(1))
next
case False
then have — compatible-heaps (get-h a ++ get-h b) (get-h ¢)
using assms plus-charact(2) by force
then obtain [ z y where (get-h a ++ get-h b) | = Some x get-h ¢ | = Some y
TFy
using compatible-heapsl by blast
then have — compatible-heaps (get-h a) (get-h b ++ get-h ¢)
proof (cases get-h a l)
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case None
then show ?thesis
by (metis <(get-h a ++ get-h b) | = Some x> <get-h ¢ | = Some y» <x # y»
assms compatible-heaps-comm map-add-dom-app-simps(1) map-add-dom-app-simps(3)
map-add-find-right option.inject option.simps(3) plus-ab-defined)
next
case (Some aa)
then show ?thesis
by (metis <(get-h a ++ get-h b) | = Some x> <get-h ¢ | = Some y» <z # y»
assms commutative compatible-heaps-def compatible-options.elims(2) map-add-find-right
option.inject option.simps(3) plus-charact(2))
qed
then show ?thesis
by (metis None assms plus-ab-defined plus-charact(2))
qed
next
case (Some )
then have compatible-heaps (get-h a ++ get-h b) (get-h c)
by (metis assms option.simps(3) plus-ab-defined plus-charact(2))
then have compatible-heaps (get-h a) (get-h b ++ get-h c)
by (metis (full-types) assms compatible-heaps-comm compatible-heaps-def com-
patible-heaps-sum compatible-options.simps(2) domlIff map-add-dom-app-simps(1)
option.distinct(1) plus-ab-defined)
moreover have valid-mask (add-masks (get-m a) (add-masks (get-m b) (get-m
c)))
by (metis Some add-masks-asso assms option.distinct(1) plus-ab-defined plus-charact(1))
ultimately obtain y where Some y = a ® be
by (metis assms plus-ab-defined plus-charact(1) plus-charact(2) plus-def)
then show ?thesis
by (metis (mono-tags, lifting) Some add-masks-asso add-states.simps assms
get-h-m map-add-assoc option.distinct(1) plus-charact(1) plus-charact(2) plus-def)
qed

lemma asso2:
assumes a @ b = Some ab AN b ® ¢ = None
shows ab ® ¢ = None
proof (cases valid-mask (add-masks (get-m b) (get-m c)))
case True
then have — compatible-heaps (get-h b) (get-h c)
using assms plus-ab-defined by blast
then obtain [ z y where get-h b | = Some x get-h ¢ | = Some yz # y
using compatible-heapsl by blast
then have get-h ab | = Some x
by (metis assms map-add-find-right plus-charact(2))
then show ?thesis
by (metis <get-h ¢ | = Some y» <x # y> compatible-heaps-def compatible-options.simps(1)
plus-ab-defined)
next
case Fulse
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then obtain [ where — (pgte pwrite (add-masks (get-m b) (get-m ¢) 1))
by (metis Abs-state-cases Rep-state-cases Rep-state-inverse add-masks-equiv-valid-null
get-h-m mem-Collect-eq valid-mask.simps valid-null-def valid-state.simps)
then have — (pgte pwrite (add-masks (get-m ab) (get-m c) 1))
proof —
have pgte (add-masks (get-m ab) (get-m ¢) 1) (add-masks (get-m b) (get-m c)
)

using assms p-greater-exists padd-asso padd-comm plus-charact(1) by auto
then show ?thesis
by (meson <— pgte pwrite (add-masks (get-m b) (get-m c) 1)» order-trans
pgte.rep-eq)
qed
then show ?thesis
using plus-ab-defined valid-mask.simps by blast
qed

lemma core-defined:

get-h [p| = get-h ¢

get-m || = empty-mask

using Abs-state-inverse core-def pnone.rep-eq ppos.rep-eq valid-empty valid-statel
apply force

by (metis Abs-state-inverse Collectl core-def empty-mask.simps fst-conv get-pre(2)
less-irrefl pnone.rep-eq ppos.rep-eq valid-empty valid-statel)

lemma state-ext:
assumes get-h a = get-h b
and get-m a = get-m b
shows a = b
by (metis Rep-state-inverse assms(1) assms(2) get-h-m)

lemma core-is-smaller:
Some © =z @ |z|
proof —
obtain y where Some y = z @ |z]
by (metis Rep-state compatible-heapsl core-defined(1) core-defined(2) get-h-m
mem-Collect-eq minus-empty option.collapse option.sel plus-ab-defined valid-state.simps)
moreover have y = ¢
proof (rule state-ext)
have get-h x = get-h x ++ get-h x
by (simp add: map-add-subsumed1)
then show get-h y = get-h x
using calculation core-defined (1) plus-charact(2) by presburger
show get-m y = get-m z
by (metis calculation core-defined(2) minus-empty plus-charact(1))
qed
ultimately show ¢thesis by blast
qed

lemma core-is-pure:
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Some |z| = |z| ® |z]
proof —
obtain y where Some y = |z| & |z|
by (metis core-def core-defined(1) core-is-smaller)
moreover have y = |z
by (metis calculation core-def core-defined(1) core-is-smaller option.sel)
ultimately show ?thesis by blast
qed

lemma core-sum:

assumes Some c =a @ b

shows Some |c| = |a|] @ |b]
proof —

obtain z where Some z = |a| & ||

by (metis assms core-defined(1) core-defined(2) minus-empty option.exhaust-sel
plus-ab-defined valid-empty)

moreover have z = |¢|

by (metis assms calculation core-defined(1) core-defined(2) minus-empty plus-charact(1)
plus-charact(2) state-ext)

ultimately show ¢thesis by blast
qed

lemma core-maz:
assumes Somez =z @ ¢
shows 3r. Some |z] = c @ r
proof —
obtain y where Some y = ¢ & |z
by (metis assms asso2 core-is-smaller plus-def)
moreover have |z| = y
by (metis (mono-tags, opaque-lifting) Rep-state-inverse add-masks-cancellative
assms calculation commutative core-defined(1) core-sum get-h-m minus-empty op-
tion.inject plus-charact(1))
ultimately show ?thesis by blast
qed

lemma positivity:
assumes a ¢ b = Some c
and Somec=c @ c
shows Some a = a @ a
proof —
obtain z where Some z = a @ a
by (metis assms(1) assms(2) asso2 commutative option.exhaust-sel)
moreover have z = ¢
by (metis Rep-state-inverse add-masks-cancellative add-masks-comm assms(1)
assms(2) calculation core-defined(1) core-defined(2) core-is-smaller get-h-m greater-mask-def
greater-mask-properties(3) option.sel plus-charact(1))
ultimately show “thesis by blast
qed
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lemma cancellative:
assumes Some a = b @ x
and Somea=b @ y
and [z] = [y|
shows z = y
by (metis add-masks-cancellative assms(1) assms(2) assms(8) core-defined(1)
plus-charact(1) state-ext)

lemma unit-charact:
get-h unit = empty-heap
get-m unit = empty-mask
proof —
have wvalid-state (empty-mask, empty-heap)
using valid-pre-unit by auto
then show get-h unit = empty-heap using unit-def
by (simp add: <unit = Abs-state (empty-mask, empty-heap)s Abs-state-inverse)
show get-m unit = empty-mask
using <wvalid-state (empty-mask, empty-heap)s unit-def Abs-state-inverse
by fastforce
qed

lemma empty-heap-neutral:
a ++ empty-heap = a
proof (rule ext)
fix  show (a ++ empty-heap) T = a x
by (simp add: domlIff empty-heap-def map-add-dom-app-simps(3))
qged

lemma unit-neutral:
Some a = a @ unit
proof —
obtain z where Some x = a © unit
by (metis Abs-state-cases Rep-state-cases Rep-state-inverse compatible-heapsl
empty-heap-def fst-conv get-h-m mem-Collect-eq minus-empty option.distinct(1)
option.ezhaust-sel plus-ab-defined snd-conv unit-def valid-pre-unit valid-state.simps)
moreover have z = a
proof (rule state-ext)
show get-h © = get-h a
using calculation empty-heap-neutral plus-charact(2) unit-charact(1) by auto
show get-m © = get-m a
by (metis calculation minus-empty plus-charact(1) unit-charact(2))
qed
ultimately show ?thesis by blast
qed

lemma stablel:
assumes Ahl. ppos (get-m ¢ hl) «— get-h ¢ hl # None
shows stable ¢
using assms stable-def by blast
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lemma stable-unit:

stable unit

by (metis empty-heap-def stable-def unit-charact(1) unit-charact(2) valid-heap-def
valid-pre-unit valid-state.simps)

lemma stable-sum:
assumes stable a
and stable b
and Some x = a @ b
shows stable
proof (rule stablel)
fix hl
show ppos (get-m z hl) = (get-h z hl # None) (is ?4 «+— ?B)
proof
show A = 7B
by (metis add-le-same-cancel2 add-masks.simps assms(1) assms(2) assms(3)
lel less-le-trans map-add-None padd.rep-eq plus-charact(1) plus-charact(2) ppos.rep-eq
stable-def)
show ?B — 74
by (metis add-masks.simps assms(1) assms(2) assms(8) map-add-None
padd-comm plus-charact(1) plus-charact(2) ppos-add stable-def)
qed
qed

lemma multiply-valid:

assumes pgte pwrite p

shows wvalid-state (multiply-mask p (get-m ¢), get-h @)
proof (rule valid-statel)

show valid-mask (multiply-mask p (get-m ¢))

by (metis Rep-state assms(1) get-h-m mem-Collect-eq valid-mult valid-state.simps)

fix hl show ppos (multiply-mask p (get-m @) hl) => get-h ¢ hl # None

by (metis Abs-state-cases Rep-state-cases Rep-state-inverse get-h-m mem-Collect-eq
multiply-mask-def pmult-comm pmult-special(2) ppos-eq-pnone valid-heap-def valid-state.simps)
qed

1.4 This state model corresponds to a separation algebra

global-interpretation PartialSA: package-logic plus core unit stable
defines greater (infixl <>> 50) = PartialSA.greater
and add-set (infix]l «®» 60) = PartialSA.add-set
and defined (infixl «|#|> 60) = PartialSA.defined
and greater-set (infixl <|>>|» 50) = PartialSA.greater-set
and minus (infixl <|8|» 60) = PartialSA.minus
apply standard
apply (simp add: commutative)
using assol apply blast
using asso2 apply blast
using core-is-smaller apply blast
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using core-is-pure apply blast
using core-maz apply blast
using core-sum apply blast
using positivity apply blast
using cancellative apply blast
using unit-neutral apply blast
using stable-sum apply blast
using stable-unit by blast

lemma greaterl:
assumes larger-heap (get-h a) (get-h b)
and greater-mask (get-m a) (get-m b)
shows a = b
proof —
let 9m = M. SOME p. get-m a |l = padd (get-m b 1) p
have r0: get-m a = add-masks (get-m b) ?m
proof (rule ext)
fix [
have pgte (get-m a 1) (get-m b 1)
by (meson assms(2) greater-mask-equiv-def)
then have get-m a | = padd (get-m b 1) (SOME p. get-m a | = padd (get-m b
1) p)
by (simp add: p-greater-exists verit-sko-ex’)
then show get-m a | = add-masks (get-m b) (M. SOME p. get-m a | = padd
(get-m b'1) p) 1
by simp
qed
moreover have valid-state (?m, get-h a)
proof (rule valid-statel)
show valid-mask (Al. SOME p. get-m a | = padd (get-m b 1) p)
by (metis (no-types, lifting) Rep-state calculation get-h-m mem-Collect-eq
upper-valid valid-state.simps)
fix hl
assume asm0: ppos (SOME p. get-m a hl = padd (get-m b hl) p)
then have ppos (get-m a hl)
by (metis (no-types, lifting) add-masks.elims add-masks-comm calculation
greater-mask-def ppos-add)
then show get-h a hl # None
by (metis Rep-state get-h.simps get-pre(2) mem-Collect-eq prod.collapse
valid-heap-def valid-state.simps)
qed
moreover have compatible-heaps (get-h b) (get-h a)
by (metis (mono-tags, lifting) assms(1) compatible-heapsl larger-heap-def op-
tion.inject)
ultimately have r2: (get-m a, get-h a) = add-states (get-m b, get-h b) (?m,
get-h a)
proof —
have get-h b ++ get-h a = get-h a
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proof (rule ext)
fix z show (get-h b ++ get-h a) x = get-h a =
by (metis assms(1) domlff larger-heap-def map-add-dom-app-simps(1)
map-add-dom-app-simps(8) not-Some-eq)
qed
then show ?thesis
by (metis r0 add-states.simps)
qed
moreover have r1: compatible-heaps (get-h b) (get-h a) A valid-mask (add-masks
(get-m b) ?m)
by (metis Rep-state <compatible-heaps (get-h b) (get-h a)y r0 get-h-m mem-Collect-eq
valid-state.simps)
ultimately have Some a = b ® Abs-state (¢m, get-h a)
proof —
have Rep-state (Abs-state (?m, get-h a)) = (?m, get-h a)
using Abs-state-inverse <valid-state (A\l. SOME p. get-m a | = padd (get-m b
) p, get-h a)» by blast
moreover have compatible (Rep-state b) (?m, get-h a)
using 71 compatible-def by auto
moreover have valid-state (add-states (Rep-state b) (?m, get-h a))
by (metis Rep-state r2 get-h-m mem-Collect-eq)
ultimately show Zthesis
by (metis (no-types, lifting) Rep-state-inverse r2 get-h-m plus-def)
qed
then show ?thesis
by (meson PartialSA.greater-def)
qged

lemma larger-implies-greater-mask-hl:
assumes a = b
shows pgte (get-m a hl) (get-m b hl)
using PartialSA.greater-def assms p-greater-exists plus-charact(1) by auto

lemma larger-implies-larger-heap:

assumes a = b

shows larger-heap (get-h a) (get-h b)

by (metis (full-types) PartialSA.greater-equiv assms larger-heapl map-add-find-right
plus-charact(2))

lemma compatiblel:
assumes compatible-heaps (get-h a) (get-h b)
and valid-mask (add-masks (get-m a) (get-m b))
shows a |#| b
using PartialSA.defined-def assms(1) assms(2) plus-ab-defined by presburger

end
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2 Combinable Magic Wands

Note that, in this theory, assertions are represented as semantic assertions,
i.e., as the set of states in which they hold.

theory Combinable Wands
imports PartialHeapSA
begin

2.1 Definitions
type-synonym sem-assertion = state set

fun multiply :: prat = state = state where
multiply p ¢ = Abs-state (multiply-mask p (get-m @), get-h @)

Because we work in an intuitionistic setting, a fraction of an assertion is
defined using the upper-closure operator.

fun multiply-sem-assertion :: prat = sem-assertion = sem-assertion where
multiply-sem-assertion p P = PartialSA.upper-closure (multiply p ‘ P)

definition combinable :: sem-assertion = bool where

combinable P +— (Vo B. ppos o A ppos B A pgte pwrite (padd o ) —
(multiply-sem-assertion a P) ® (multiply-sem-assertion 8 P) C multiply-sem-assertion
(padd o B) P)

definition scaled where
scaled ¢ = { multiply p ¢ |p. ppos p A pgte pwrite p }

definition comp-min-mask :: mask = (mask = mask) where
comp-min-mask b a hl = pmin (a hl) (comp-one (b hl))

definition scalable where
scalable w a +— (Vi € scaled w. = a |#] ¢)

definition R where
R a w = (if scalable w a then w else Abs-state (comp-min-mask (get-m a) (get-m

w), get-h w))

definition cwand where
cwand A B={ w|w.VYaz.a € ANSomez=Raw®da— z€ B}

definition wand :: sem-assertion = sem-assertion = sem-assertion where
wand A B={ w|w. Vaz.a € AN Somex=w®da— z € B}

definition intuitionistic where
intuitionistic A +— (Vab.a = bANbE A — a € A)

definition binary-mask :: mask = mask where
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binary-mask © | = (if © | = pwrite then pwrite else pnone)

definition binary :: sem-assertion = bool where
binary A «— (Vo € A. Abs-state (binary-mask (get-m @), get-h ) € A)

2.2 Lemmas

lemma wand-equiv-def:
wand AB={ ¢ |p. A® {p} C B}
proof
show wand A B C {¢ |p. A ® {¢} C B}
proof
fix w assume w € wand A B
have 4 ® {w} C B
proof
fix r assume z € A ® {w}
then show z € B
using PartialSA.add-set-elem <w € wand A B> commutative wand-def by
auto
qed
then show w € {p |p. A ® {¢} C B}
by simp
qed
show {¢ |p. A ® {¢} C B} C wand A B
proof
fix w assume w € {p |p. A ® {¢} C B}
have Aaz. a € AN Somez =w® a = z € B
proof —
fix a z assume a € A A Somez = w @ a
then have z € A ® {w}
using PartialSA.add-set-elem PartialSA.commutative by auto
then show z € B
using «w € {p |¢. A ® {¢} C B} by blast
qed
then show w € wand A B
using wand-def by force
qed
qed

lemma w-in-scaled:
w € scaled w
proof —
have multiply pwrite w = w
by (simp add: Rep-state-inverse mult-write-mask)
then show ?thesis
by (metis (mono-tags, lifting) half-between-0-1 half-plus-half mem-Collect-eq
not-pgte-charact pgt-implies-pgte ppos-add scaled-def)
qed
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lemma non-scalable-instantiate:
assumes — scalable w a
shows I p. ppos p A pgte pwrite p A a |#| multiply p w
using assms scalable-def scaled-def by auto

lemma compatible-same-mask:
assumes valid-mask (add-masks a w)
shows w = comp-min-mask a w
proof (rule ext)
fix z
have pgte pwrite (padd (a z) (w x))
by (metis add-masks.simps assms valid-mask.elims(1))
moreover have padd (a z) (comp-one (a x)) = pwrite
by (meson assms padd-comp-one upper-valid-auz valid-mask.elims(1))
then have pgte (comp-one (a z)) (w z)
by (metis add-le-cancel-left calculation padd.rep-eq pgte.rep-eq)
then show w z = comp-min-mask a w x
by (metis comp-min-mask-def pmin-comm pmin-is)
qed

lemma R-smaller:
w>Raw
proof (cases scalable w a)
case True
then show ?thesis
by (simp add: PartialSA.succ-refl R-def)
next
case Fulse
then have R a w = Abs-state (comp-min-mask (get-m a) (get-m w), get-h w)
by (meson R-def)
moreover have greater-mask (get-m w) (comp-min-mask (get-m a) (get-m w))
proof (rule greater-maskl)
fix hl show pgte (get-m w hl) (comp-min-mask (get-m a) (get-m w) hl)
by (simp add: comp-min-mask-def pmin-greater)
qed
ultimately show ?thesis
by (metis Abs-state-cases larger-heap-refl Rep-state-cases Rep-state-inverse

fst-conv get-h-m greaterl greater-mask-def mem-Collect-eq snd-conv valid-state-decompose)
qed

lemma R-compatible-same:
assumes a |#| w
shows R aw = w
proof —
have — scalable w a
using assms scalable-def w-in-scaled by blast
then have R a w = Abs-state (comp-min-mask (get-m a) (get-m w), get-h w)
using R-def by auto
then show ?thesis
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by (metis PartialSA.defined-def Rep-state-inverse assms compatible-same-mask
get-h.simps get-m.simps plus-ab-defined prod.collapse)
qed

lemma in-cwand:
assumes Aaz. a € AN Somex=Raw®a= 1€ DB
shows w € cwand A B
using assms cwand-def by force

lemma wandlI:
assumes Aaz. a € AN Somex =a® w=— 2z €B
shows w € wand A B
proof —
have A ® {w} C B
proof (rule subsetl)
fix z assume z € A @ {w}
then obtain ¢ where Somez =a @ wa € A
using PartialSA.add-set-elem by auto
then show z € B
using assms by blast
qged
then show ?thesis
using wand-equiv-def by force
qed

lemma non-scalable-R-charact:
assumes — scalable w a
shows get-m (R a w) = comp-min-mask (get-m a) (get-m w) A get-h (R a w) =
get-h w
proof —
have R a w = Abs-state (comp-min-mask (get-m a) (get-m w), get-h w)
using R-def assms by auto
moreover have valid-state (comp-min-mask (get-m a) (get-m w), get-h w)
proof (rule valid-statel)
show walid-mask (comp-min-mask (get-m a) (get-m w))
proof (rule valid-maskI)
show Af. comp-min-mask (get-m a) (get-m w) (null, f) = pnone
by (metis (no-types, opaque-lifting) PartialSA.unit-neutral add-masks.simps
comp-min-mask-def option.distinct(1) p-greater-exists padd-zero plus-ab-defined pmin-greater
valid-mask.simps)
fix hl show pgte puwrite (comp-min-mask (get-m a) (get-m w) hi)
by (metis PartialSA.unit-neutral comp-min-mask-def greater-mask-def greater-mask-equiv-def
option.distinct(1) plus-ab-defined pmin-greater upper-valid-auz valid-mask.simps)
qed
fix hl assume ppos (comp-min-mask (get-m a) (get-m w) hl)
show get-h w hl # None
by (metis Rep-state <ppos (comp-min-mask (get-m a) (get-m w) hl)> comp-min-mask-def
get-h.simps get-pre(2) mem-Collect-eq p-greater-exists pmin-greater ppos-add prod.collapse
valid-heap-def valid-state.simps)
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qed
ultimately show ?thesis
by (metis Rep-state-cases Rep-state-inverse fst-conv get-h.simps get-m.simps
mem-Collect-eq snd-conv)
qed

lemma valid-bin:

valid-state (binary-mask (get-m a), get-h a)
proof (rule valid-statel)

show valid-mask (binary-mask (get-m a))

by (metis PartialSA.unit-neutral binary-mask-def minus-empty option.discl

plus-ab-defined unit-charact(2) valid-mask.elims(2) valid-mask.elims(3))

show ARl. ppos (binary-mask (get-m a) hl) = get-h a hl # None

by (metis Rep-prat Rep-state binary-mask-def get-h.simps get-pre(2) leD mem-Collect-eq
pnone.rep-eq ppos.rep-eq prod.collapse valid-heap-def valid-state.simps)
qed

lemma in-multiply-sem:

assumes z € multiply-sem-assertion p A

shows Ja € A. z = multiply p a

using PartialSA.sep-algebra-axioms assms greater-def sep-algebra.upper-closure-def
by fastforce

lemma get-h-multiply:
assumes pgte pwrite p
shows get-h (multiply p z) = get-h
using Abs-state-inverse assms multiply-valid by auto

lemma in-multiply-refi:
assumes z € A
shows multiply p x € multiply-sem-assertion p A
using PartialSA.succ-refl PartialSA.upper-closure-def assms by fastforce

lemma get-m-smaller:
assumes pgle pwrite p
shows get-m (multiply p a) hl = pmult p (get-m a hl)
using Abs-state-inverse assms multiply-mask-def multiply-valid by auto

lemma get-m-smaller-mask:
assumes pgte pwrite p
shows get-m (multiply p a) = multiply-mask p (get-m a)
using Abs-state-inverse assms multiply-mask-def multiply-valid by auto

lemma multiply-order:
assumes pgte pwrite p
and a = b
shows multiply p a > multiply p b
proof (rule greaterl)
show larger-heap (get-h (multiply p a)) (get-h (multiply p b))
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using assms(1) assms(2) get-h-multiply larger-implies-larger-heap by presburger

show greater-mask (get-m (multiply p a)) (get-m (multiply p b))

by (metis assms(1) assms(2) get-m-smaller-mask greater-maskl larger-implies-greater-mask-hl
mult-greater)
qed

lemma multiply-twice:
assumes pgte pwrite a N\ pgte pwrite b
shows multiply a (multiply b ) = multiply (pmult a b)
proof —
have get-h (multiply (pmult a b) z) = get-h x
by (metis assms get-h-multiply p-greater-exists padd-asso pmult-order pmult-special(1))
moreover have get-h (multiply a (multiply b z)) = get-h «
using assms get-h-multiply by presburger
moreover have get-m (multiply a (multiply b z)) = get-m (multiply (pmult a b)
x)
proof (rule ext)
fix [
have pgte pwrite (pmult a b) using multiply-smaller-pwrite assms by simp
then have get-m (multiply (pmult a b) ) I = pmult (pmult a b) (get-m z 1)
using get-m-smaller by blast
then show get-m (multiply a (multiply b x)) I = get-m (multiply (pmult a b)
x) 1
by (metis Rep-prat-inverse assms get-m-smaller mult.assoc pmult.rep-eq)
qed
ultimately show “thesis
using state-ext by presburger
qed

lemma valid-mask-add-comp-min:
assumes valid-mask a
and valid-mask b
shows valid-mask (add-masks (comp-min-mask b a) b)
proof (rule valid-maskI)
show Af. add-masks (comp-min-mask b a) b (null, f) = pnone
proof —
fix f
have comp-min-mask b a (null, f) = pnone
by (metis assms(1) comp-min-mask-def p-greater-exists padd-zero pmin-greater
valid-mask.simps)
then show add-masks (comp-min-mask b a) b (null, f) = pnone
by (metis add-masks.simps assms(2) padd-zero valid-mask.simps)
qed
fix hl show pgte pwrite (add-masks (comp-min-mask b a) b hl)
proof (cases pgte (a hl) (comp-one (b hl)))
case True
then have add-masks (comp-min-mask b a) b hl = padd (comp-one (b hl)) (b
hl)

by (simp add: comp-min-mask-def pmin-is)
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then have add-masks (comp-min-mask b a) b hl = pwrite
by (metis assms(2) padd-comm padd-comp-one valid-mask.simps)
then show ?thesis
by (simp add: pgte.rep-eq)
next
case Fulse
then have comp-min-mask b a hl = a hil
by (metis comp-min-mask-def not-pgte-charact pgt-implies-pgte pmin-comm
pmin-is)
then have add-masks (comp-min-mask b a) b hl = padd (a hl) (b hl)
by auto
moreover have pgte (padd (comp-one (b hl)) (b hl)) (padd (a hl) (b hl))
using Fualse padd.rep-eq pgte.rep-eq by force
moreover have padd (comp-one (b hl)) (b hl) = pwrite
by (metis assms(2) padd-comm padd-comp-one valid-mask.simps)
ultimately show ?thesis by simp
qed
qed

2.3 The combinable wand is stronger than the original wand

lemma cwand-stronger:
cwand A B C wand A B
proof
fix w assume asm0: w € cwand A B
then have m Aaz.a € AN Somex=Raw®a= z€B
using cwand-def by blast
show w € wand A B
proof (rule wandl)
fix a r assume asmi:a € AN Somezxz =a d w
then have R a w = w
by (metis PartialSA.defined-def R-compatible-same option.distinct(1))
then show z € B
by (metis PartialSA.commutative asm1 r)
qged
qed

2.4 The combinable wand is the same as the original wand
when the left-hand side is binary

lemma binary-same:
assumes binary A
and intuitionistic B
shows wand A B C cwand A B
proof (rule subsetl)
fix w assume w € wand A B
then have asm0: A @ {w} C B
by (simp add: wand-equiv-def)
show w € cwand A B
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proof (rule in-cwand)
fix a x assume asmi:a € AN Somez=Raw® a
show z € B
proof (cases scalable w a)
case True
then show ?thesis
by (metis PartialSA.commutative PartialSA.defined-def R-def asml1 op-
tion.distinct(1) scalable-def w-in-scaled)
next
case False
then have r0: get-m (R a w) = comp-min-mask (get-m a) (get-m w) A get-h
(R a w) = get-h w
using non-scalable-R-charact by blast
moreover have Abs-state (binary-mask (get-m a), get-h a) € A
using asml assms(1) binary-def by blast
moreover have greater-mask (add-masks (comp-min-mask (get-m a) (get-m
w)) (get-m a))
(add-masks (binary-mask (get-m a)) (get-m w))
proof (rule greater-maskl)
fix hl show pgte (add-masks (comp-min-mask (get-m a) (get-m w)) (get-m
a) hl) (add-masks (binary-mask (get-m a)) (get-m w) hl)
proof (cases get-m a hl = pwrite)
case True
obtain ¢ where ¢ € scaled w a |#| ¢ using False scalable-def|of w a]
by blast
then obtain p where ppos p pgte pwrite p multiply p w |#| a
using PartialSA.commutative PartialSA.defined-def mem-Collect-eq
scaled-def by auto
have get-m w hl = pnone
proof (rule ccontr)
assume get-m w hl # pnone
then have ppos (get-m w hl)
by (metis less-add-same-cancell not-pgte-charact p-greater-exists
padd.rep-eq padd-zero pgt.rep-eq ppos.rep-eq)
moreover have get-m (multiply p ©) = multiply-mask p (get-m )
using multiply-valid[of p @] multiply.simps[of p ¢]
by (metis Rep-state-cases Rep-state-inverse <pgte pwrite ps fst-conv
get-pre(2) mem-Collect-eq)
then have ppos (get-m (multiply p w) hl) using pmult-ppos
by (metis Rep-state-cases Rep-state-inverse <pgte pwrite p> <ppos
p» caleulation fst-conv get-pre(2) mem-Collect-eq multiply.simps multiply-mask-def
multiply-valid)
then have pgt (padd (get-m (multiply p w) hl) (get-m a hl)) pwrite
by (metis True add-le-same-cancel2 leD not-pgte-charact padd.rep-eq
pgle.rep-eq ppos.rep-eq)
then have — valid-mask (add-masks (get-m (multiply p w)) (get-m a))
by (metis add-masks.elims not-pgte-charact valid-mask.elims(1))
then show Fulse
using PartialSA.defined-def <multiply p w |#| @ plus-ab-defined by
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blast
qed
then show ?thesis
by (metis Rep-prat-inverse add.right-neutral add-masks.simps bi-
nary-mask-def p-greater-exists padd.rep-eq padd-comm pnone.rep-eq)
next
case Fulse
then have add-masks (binary-mask (get-m a)) (get-m w) hl = get-m w hi
by (metis Rep-prat-inject add.right-neutral add-masks.simps binary-mask-def
padd.rep-eq padd-comm pnone.rep-eq)
then show ?thesis
proof (cases pgte (get-m w hl) (comp-one (get-m a hl)))
case True
then have comp-min-mask (get-m a) (get-m w) hl = comp-one (get-m
a hi)
using comp-min-mask-def pmin-is by presburger
then have add-masks (comp-min-mask (get-m a) (get-m w)) (get-m a)
hl = pwrite
by (metis PartialSA.unit-neutral add-masks.simps add-masks-comm mi-
nus-empty option.distinct(1) padd-comp-one plus-ab-defined unit-charact(2) valid-mask.simps)
then show ?thesis
by (metis PartialSA.unit-neutral <add-masks (binary-mask (get-m
a)) (get-m w) hl = get-m w hly minus-empty option.distinct(1) plus-ab-defined
unit-charact(2) valid-mask.simps)
next
case Fulse
then have comp-min-mask (get-m a) (get-m w) hl = get-m w hi
by (metis comp-min-mask-def not-pgte-charact pgt-implies-pgte
pmin-comm pmin-is)
then show ?thesis
using <add-masks (binary-mask (get-m a)) (get-m w) hl = get-m w his
p-greater-exists by auto
qed
qed
qed
then have valid-mask (add-masks (binary-mask (get-m a)) (get-m w))
by (metis asm1 calculation(1) greater-mask-def option.distinct(1) plus-ab-defined
upper-valid-aur)
moreover have compatible-heaps (get-h a) (get-h w)
by (metis PartialSA.commutative asml r0 option.simps(3) plus-ab-defined)
then obtain zz where Some zz = Abs-state (binary-mask (get-m a), get-h
a) ® w
using Abs-state-inverse calculation compatible-def fst-conv plus-def valid-bin
by auto
then have zx € B using asm0
by (meson PartialSA.add-set-elem <Abs-state (binary-mask (get-m a), get-h
a) € Ay singletonl subset-iff)
moreover have z > zx
proof (rule greaterl)
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show greater-mask (get-m z) (get-m xx)
using Abs-state-inverse «Some xx = Abs-state (binary-mask (get-m a),
get-h a) & wy asml <greater-mask (add-masks (comp-min-mask (get-m a) (get-m
w)) (get-m a)) (add-masks (binary-mask (get-m a)) (get-m w))> calculation(1)
plus-charact(1) valid-bin by auto
show larger-heap (get-h ) (get-h xx)
proof (rule larger-heapl)
fix hl xa assume get-h xx hl = Some za
then show get-h x hl = Some za
by (metis PartialSA.commutative Rep-state-cases Rep-state-inverse
«Some zx = Abs-state (binary-mask (get-m a), get-h a) & w> asml calculation(1)
get-h.simps mem-Collect-eq plus-charact(2) snd-conv valid-bin)
qged
qed
ultimately show Zthesis
using assms(2) intuitionistic-def by blast
qed
qed
qed

2.5 The combinable wand is combinable

lemma combinablel:
assumes Aa b. ppos a A ppos b A padd a b = pwrite = (multiply-sem-assertion
a (cwand A B)) ® (multiply-sem-assertion b (cwand A B)) C cwand A B
shows combinable (cwand A B)
proof —
have Aa b. ppos a A ppos b A pgte pwrite (padd a b) = (multiply-sem-assertion a
(cwand A B)) ® (multiply-sem-assertion b (cwand A B)) C multiply-sem-assertion
(padd a b) (cwand A B)
proof —
fix a b assume asm0: ppos a A ppos b A pgte pwrite (padd a b)
then have pgte pwrite a A pgte pwrite b
using padd.rep-eq pgte.rep-eq ppos.rep-eq by auto
show (multiply-sem-assertion a (cwand A B)) ® (multiply-sem-assertion b
(cwand A B)) C multiply-sem-assertion (padd a b) (cwand A B)
proof
fix z assume z € multiply-sem-assertion a (cwand A B) @ multiply-sem-assertion
b (cwand A B)
then obtain za zb where Some x = za ® zb xa € multiply-sem-assertion a
(cwand A B) zb € multiply-sem-assertion b (cwand A B)
by (meson PartialSA.add-set-elem)
then obtain wa wb where wa € cwand A B wb € cwand A B za > multiply
a wa b = multiply b wb
by (meson in-multiply-sem)
let %a = pdiv a (padd a b)
let 2b = pdiv b (padd a b)
have r0: pgte pwrite ?a N pgte pwrite ?b
using asm0 p-greater-exists padd-comm pdiv-smaller ppos-add by blast
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have multiply ?a wa |#| multiply ?b wb
proof (rule compatiblel)
show compatible-heaps (get-h (multiply (pdiv a (padd a b)) wa)) (get-h
(multiply (pdiv b (padd a b)) wb))
proof —
have compatible-heaps (get-h (multiply a wa)) (get-h (multiply b wb))
by (metis PartialSA.asso2 PartialSA.asso3 PartialSA.greater-equiv
PartialSA.minus-some <Some © = xa & zb> <xa = multiply a wa> <xb > multiply b
why option.simps(3) plus-ab-defined)
moreover have get-h (multiply (pdiv a (padd a b)) wa) = get-h (multiply
a wa) A get-h (multiply (pdiv b (padd a b)) wb) = get-h (multiply b wb)
proof —
have pgte pwrite a A pgte pwrite b
by (metis asm0 p-greater-exists padd-asso padd-comm)
moreover have pgte pwrite ?a A pgte pwrite ?b
using asm0 p-greater-exists padd-comm pdiv-smaller ppos-add by blast
ultimately show ¢thesis
using get-h-multiply by presburger
qed
then show ?thesis
using calculation by presburger
qged
show walid-mask (add-masks (get-m (multiply (pdiv a (padd a b)) wa))
(get-m (multiply (pdiv b (padd a b)) wb)))
proof (rule valid-maskl)
show Af. add-masks (get-m (multiply (pdiv a (padd a b)) wa)) (get-m
(multiply (pdiv b (padd a b)) wd)) (null, f) = pnone
by (metis PartialSA.unit-neutral add-masks-equiv-valid-null option.distinct(1)
plus-ab-defined valid-mask.simps valid-null-def)
fix hl have add-masks (get-m (multiply (pdiv a (padd a b)) wa)) (get-m
(multiply (pdiv b (padd a b)) wb)) hl
= padd (pmult ?a (get-m wa hl)) (pmult ?b (get-m wb hl))
proof —
have get-m (multiply ?a wa) hl = pmult ?a (get-m wa hl)
using Abs-state-inverse r0 multiply-mask-def multiply-valid by auto
moreover have get-m (multiply ?b wb) hl = pmult ?b (get-m wb hl)
using Abs-state-inverse r0 multiply-mask-def multiply-valid by auto
ultimately show ¢thesis by simp
qed
moreover have pgte pwrite (padd (pmult ?a (get-m wa hl)) (pmult 2b
(get-m wb hl)))
proof (rule padd-one-ineq-sum)
show pgte pwrite (get-m wa hi)
by (metis PartialSA.unit-neutral option.discl plus-ab-defined up-
per-valid-auz valid-mask.simps)
show pgte pwrite (get-m wb hi)
by (metis PartialSA.unit-neutral option.discl plus-ab-defined up-
per-valid-auz valid-mask.simps)
show padd (pdiv a (padd a b)) (pdiv b (padd a b)) = pwrite
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using asm0 sum-coeff by blast
qed
ultimately show pgte pwrite (add-masks (get-m (multiply (pdiv a (padd
a b)) wa)) (get-m (multiply (pdiv b (padd a b)) wb)) hi)
by presburger
qged

qed
then obtain zz where zz-def: Some zx = multiply ?a wa @& multiply ?b wb

using PartialSA.defined-def by auto
moreover have inclusion: (multiply-sem-assertion ?a (cwand A B)) ®
(multiply-sem-assertion ?b (cwand A B)) C cwand A B
proof (rule assms)
show ppos (pdiv a (padd a b)) A ppos (pdiv b (padd a b)) A padd (pdiv a
(padd a b)) (pdiv b (padd a b)) = pwrite
using asm0 padd.rep-eq pdiv.rep-eq ppos.rep-eq sum-coeff by auto
qed
ultimately have zx € cwand A B
proof —
have multiply ?a wa € multiply-sem-assertion ?a (cwand A B)
using <wa € cwand A By in-multiply-refl by presburger
moreover have multiply ?b wb € multiply-sem-assertion ?b (cwand A B)
by (meson «wb € cwand A B) in-multiply-refl)
ultimately show ?thesis
using PartialSA.add-set-def zz-def inclusion by fastforce
qed
moreover have z = multiply (padd a b) zz
proof (rule greaterl)
have wvalid-state (multiply-mask (padd a b) (get-m xz), get-h xx)
using asm0 multiply-valid by blast
show larger-heap (get-h z) (get-h (multiply (padd a b) zx))
proof —
have get-h (multiply (padd a b) zz) = get-h zx
using asm0 get-h-multiply by blast
moreover have get-h xx = get-h wa ++ get-h wb
by (metis xz-def asm0 get-h-multiply p-greater-exists padd-comm
plus-charact(2) sum-coeff)
moreover have get-h x = get-h xa ++ get-h xb
using «Some x = za @ zb> plus-charact(2) by presburger
moreover have get-h wa = get-h (multiply a wa) A get-h wb = get-h
(multiply b wb)
by (metis asm0 get-h-multiply order-trans p-greater-exists padd-comm
pgte.rep-eq)
moreover have larger-heap (get-h za) (get-h wa) A larger-heap (get-h xb)
(get-h wb)
using (za = multiply a way <zb = multiply b wb> calculation(4)
larger-implies-larger-heap by presburger
ultimately show ?thesis
by (metis <Some z = za @ zb> larger-heaps-sum-ineq option.simps(3)
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plus-ab-defined)
qged
show greater-mask (get-m ) (get-m (multiply (padd a b) zz))
proof (rule greater-maskl)
fix hi
have pgte (get-m z hl) (padd (get-m xa hl) (get-m xb hl))
using «Some x = za @ zb) pgte.rep-eq plus-charact(1) by auto
moreover have pgte (get-m za hl) (get-m (multiply a wa) hl) A pgte (get-m
xb hl) (get-m (multiply b wb) hi)
using <za = multiply a wa> <xb = multiply b wby larger-implies-greater-mask-hl
by blast
moreover have get-m (multiply (padd a b) zz) hl = pmult (padd a b)
(get-m zz hl)
by (metis Rep-state-cases Rep-state-inverse <valid-state (multiply-mask
(padd a b) (get-m xx), get-h xx)> fst-conv get-pre(2) mem-Collect-eq multiply.simps
multiply-mask-def)

moreover have ... = padd (pmult (pmult (padd a b) 2a) (get-m wa hl))
(pmult (pmault (padd a b) 2b) (get-m wb hl))
proof —

have get-m (multiply ?a wa) hl = pmult ?a (get-m wa hl)
by (metis Abs-state-inverse asm0 fst-conv get-pre(2) mem-Collect-eq
multiply.simps multiply-mask-def multiply-valid p-greater-exists sum-coeff)
moreover have get-m (multiply ?b wb) hl = pmult 2b (get-m wb hi)
by (metis Abs-state-inverse asm0 fst-conv get-pre(2) mem-Collect-eq mul-
tiply.simps multiply-mask-def multiply-valid p-greater-exists padd-comm pdiv-smaller
ppos-add)
ultimately have get-m zz hl = padd (pmult ?a (get-m wa hl)) (pmult
2b (get-m wb hl))
using za-def plus-charact(1) by fastforce
then show ?thesis
by (simp add: pmult-padd)
qed
moreover have ... = padd (pmult a (get-m wa hl)) (pmult b (get-m wb
D))
using asm0 pmult-pdiv-cancel ppos-add by presburger
moreover have get-m (multiply a wa) hl = pmult a (get-m wa hl) A get-m
(multiply b wb) hl = pmult b (get-m wb hi)
proof —
have wvalid-mask (multiply-mask a (get-m wa))
using asm0 mult-add-states multiply-valid upper-valid-auz valid-state.simps
by blast
moreover have valid-mask (multiply-mask b (get-m wb))
using asm0 mult-add-states multiply-valid upper-valid valid-state.simps
by blast
ultimately show ?thesis
by (metis (no-types, lifting) Abs-state-inverse asm0 fst-conv get-pre(2)
mem-Collect-eq multiply.simps multiply-mask-def multiply-valid order-trans p-greater-exists
padd-comm pgte.rep-eq)
qed
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ultimately show pgte (get-m z hl) (get-m (multiply (padd a b) zz) hl)
by (simp add: padd.rep-eq pgte.rep-eq)
qed
qed
ultimately show z € multiply-sem-assertion (padd a b) (cwand A B)
by (metis PartialSA.up-closed-def PartialSA.upper-closure-up-closed in-multiply-refl
multiply-sem-assertion.simps)
qed
qed
then show ?thesis
using combinable-def by presburger
qed

lemma combinable-cwand:
assumes combinable B
and intuitionistic B
shows combinable (cwand A B)
proof (rule combinablel)
fix o f assume asm0: ppos a A ppos B A padd o 5 = pwrite
then have pgte pwrite a A pgte pwrite 3
by (metis p-greater-exists padd-comm)
show multiply-sem-assertion a (cwand A B) & multiply-sem-assertion 8 (cwand
A B) C cwand A B
proof
fix w assume asm: w € multiply-sem-assertion o (cwand A B) ® multi-
ply-sem-assertion  (cwand A B)
then obtain za zb where Some w = za & zb za € multiply-sem-assertion o
(cwand A B) xzb € multiply-sem-assertion B (cwand A B)
by (meson PartialSA.add-set-elem)
then obtain wa wb where wa € cwand A B wb € cwand A B xa > multiply
a wa b = multiply 5 wb
by (meson in-multiply-sem)
then obtain r: Aaz. a € AN Somex =Rawa ® a= € B Aazx. ac
AN Somex=Rawb®da— x€B
using cwand-def by blast
show w € cwand A B
proof (rule in-cwand)
fix a x assume asmi: a € AN Somex =Raw® a
have — scalable w a
proof (rule ccontr)
assume — — scalable w a
then have Raw=wA - a|#| Raw
by (simp add: R-def scalable-def w-in-scaled)
then show Fulse
using PartialSA.commutative PartialSA.defined-def asm1 by auto
qed
then have r3: get-h (R a w) = get-h w A get-m (R a w) = comp-min-mask
(get-m a) (get-m w)
using non-scalable-R-charact by blast
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moreover obtain p where a |#| multiply p w ppos p N pgte pwrite p
using <— scalable w a> non-scalable-instantiate by blast
moreover have — scalable wa a
proof —
have a |#| multiply (pmult o p) wa
proof —
have w > za using «Some w = za @ zb> using PartialSA.greater-def by
blast
then have multiply p w > multiply p xa
using calculation(3) multiply-order by blast
then have multiply p w = multiply (pmult o p) wa
proof —
have multiply p w = multiply p (multiply o wa)
using PartialSA.succ-trans <w = zay (xa = multiply o way calculation(3)
multiply-order by blast
then show ?thesis
using (pgte pwrite a A pgte pwrite 85 calculation(3) multiply-twice
pmult-comm by auto
qed
then show ?thesis
using PartialSA.asso3 PartialSA.defined-def PartialSA.minus-some
calculation(2) by fastforce
qged
moreover have ppos (pmult o p) A pgte pwrite (pmult « p)
by (metis Rep-prat-inverse <ppos p A pgte pwrite py add.right-neutral asm0
dual-order.strict-iff-order padd.rep-eq pgte.rep-eq pmult-comm pmult-ppos pmult-special(2)
pnone.rep-eq ppos.rep-eq ppos-eg-pnone padd-one-ineq-sum)
ultimately show ?thesis
using scalable-def scaled-def by auto
qed
then have r1: get-h (R a wa) = get-h wa A get-m (R a wa) = comp-min-mask
(get-m a) (get-m wa)
using non-scalable-R-charact by blast
moreover have R a wa |#| a
proof (rule compatiblel)
have larger-heap (get-h w) (get-h za) A larger-heap (get-h xa) (get-h wa)
by (metis PartialSA.commutative PartialSA.greater-equiv <Some w =
za D zxby (pgte pwrite a A pgte pwrite B> <xa > multiply o wa> get-h-multiply
larger-implies-larger-heap)
then show compatible-heaps (get-h (R a wa)) (get-h a)
by (metis asm1 calculation(1) calculation(4) larger-heap-comp op-
tion.distinct(1) plus-ab-defined)
show wvalid-mask (add-masks (get-m (R a wa)) (get-m a))
by (metis PartialSA.unit-neutral calculation(4) minus-empty option.distinct(1)
plus-ab-defined unit-charact(2) valid-mask-add-comp-min)
qed
then obtain ba where Some ba = R a wa ® a
using PartialSA.defined-def by auto
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moreover have — scalable wb a
proof —
have a |#| multiply (pmult 8 p) wb
proof —
have w = zb using «Some w = za & xb
using PartialSA.greater-equiv by blast
then have multiply p w > multiply p xb
using calculation(8) multiply-order by blast
then have multiply p w > multiply (pmult 8 p) wb
proof —
have multiply p w = multiply p (multiply 5 wb)
using PartialSA.succ-trans <w = zby <xb = multiply S wby calculation(3)
multiply-order by blast
then show ?thesis
using <pgte pwrite o A pgte pwrite 5> calculation(3) multiply-twice
pmult-comm by auto
qed
then show ?thesis
using PartialSA.asso3 PartialSA.defined-def PartialSA.minus-some
calculation(2) by fastforce
qged
moreover have ppos (pmult 8 p) A pgte pwrite (pmult 8 p)
by (simp add: <pgte pwrite o A\ pgte pwrite $> <ppos p A pgte pwrite p»
asm0 multiply-smaller-pwrite pmult-ppos)
ultimately show ?thesis
using scalable-def scaled-def by auto
qed
then have 72: get-h (R a wb) = get-h wb A get-m (R a wb) = comp-min-mask
(get-m a) (get-m wbd)
using non-scalable-R-charact by blast
moreover have R a wb |#]| a
proof (rule compatiblel)
have larger-heap (get-h w) (get-h zb) A larger-heap (get-h zb) (get-h wb)
using <Some w = za @ zb> <pgte pwrite o A pgte pwrite B> xb > multiply
B wby get-h-multiply larger-heap-def larger-implies-larger-heap plus-charact(2) by
fastforce
then show compatible-heaps (get-h (R a wb)) (get-h a)
by (metis asml1 calculation(1) calculation(6) larger-heap-comp op-
tion.simps(3) plus-ab-defined)
show wvalid-mask (add-masks (get-m (R a wb)) (get-m a))
by (metis PartialSA.unit-neutral calculation(6) minus-empty option.distinct(1)
plus-ab-defined unit-charact(2) valid-mask-add-comp-min)
qed
then obtain bb where Some bb = R a wb & a
using PartialSA.defined-def by auto

moreover obtain ya where Some ya = R a wa ® a
using calculation(5) by auto
then have ya € B
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using asml r(1) by blast
then have multiply o ya € multiply-sem-assertion o B
using in-multiply-refl by blast
moreover obtain yb where Some yb = R a wb @ a
using calculation(7) by auto
then have yb € B
using asml r(2) by blast
then have multiply 5 yb € multiply-sem-assertion 8 B
using in-multiply-refl by blast
moreover have (multiply o ya) |#| (multiply B yb)
proof (rule compatiblel)
have get-h ya = get-h wa ++ get-h a
using «Some ya = R a wa ® a> 11 plus-charact(2) by presburger
then have get-h (multiply @ ya) = get-h wa ++ get-h a
using <pgte pwrite a N\ pgte pwrite B> get-h-multiply by presburger
moreover have get-h yb = get-h wb ++ get-h a
using «Some yb = R a wb & > r2 plus-charact(2) by presburger
then have get-h (multiply 8 yb) = get-h wb ++ get-h a
using <pgte pwrite o N\ pgte pwrite 3> get-h-multiply by presburger
moreover have compatible-heaps (get-h wa) (get-h wb)
proof (rule compatible-heapsl)
fix hl a b assume get-h wa hl = Some a get-h wb hl = Some b
then have get-h za hl = Some a get-h b hl = Some b
apply (metis (full-types) <pgte pwrite o A\ pgte pwrite > <xa = multiply
a way get-h-multiply larger-heap-def larger-implies-larger-heap)
by (metis <get-h wb hl = Some by <pgte pwrite o A pgte pwrite B> <xb =
multiply 8 wby get-h-multiply larger-heap-def larger-implies-larger-heap)
moreover have compatible-heaps (get-h za) (get-h zb)
by (metis <Some w = za @ zb> option.simps(3) plus-ab-defined)
ultimately show a = b
by (metis compatible-heaps-def compatible-options.simps(1))
ged
ultimately show compatible-heaps (get-h (multiply « ya)) (get-h (multiply
B yb))
by (metis PartialSA.commutative PartialSA.core-is-smaller <Some ya = R
a wa ® ay <Some yb = R a wb & a»
rl 2 compatible-heaps-sum core-defined(1) core-defined(2) op-
tion.distinct(1) plus-ab-defined)
show wvalid-mask (add-masks (get-m (multiply « ya)) (get-m (multiply B
)

proof (rule valid-maskl)

show Af. add-masks (get-m (multiply o ya)) (get-m (multiply 8 yb)) (null,
f) = pnone

by (metis (no-types, opaque-lifting) PartialSA.core-is-smaller add-masks.simps
core-defined(2) minus-empty not-None-eq plus-ab-defined valid-mask.simps)

fix hl

have add-masks (get-m (multiply « ya)) (get-m (multiply 8 yb)) hl = padd

(pmult o (get-m ya hl)) (pmult B (get-m yb hl))
using <pgte pwrite o N\ pgte pwrite 8> get-m-smaller by auto
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moreover have get-m ya hl = padd (get-m (R a wa) hl) (get-m a hl) A
get-m yb hl = padd (get-m (R a wb) hl) (get-m a hi)
using «(Some ya = R a wa @ a> <Some yb = R a wb & a> plus-charact(1)
by auto
ultimately show pgte pwrite (add-masks (get-m (multiply o ya)) (get-m
(multiply B yb)) hl)
by (metis PartialSA.unit-neutral asm0 option.distinct(1) padd-one-ineg-sum
plus-ab-defined plus-charact(1) valid-mask.simps)
qed
qed
then obtain y where Some y = multiply o ya & multiply 5 yb
using PartialSA.defined-def by auto
moreover have z = y
proof (rule greaterl)
have get-h y = get-h ya ++ get-h yb
using <pgte pwrite o A pgte pwrite 5> calculation(10) get-h-multiply
plus-charact(2) by presburger
moreover have get-h ya = get-h wa ++ get-h a
using «Some ya = R a wa ® a> 11 plus-charact(2) by presburger
moreover have get-h yb = get-h wb ++ get-h a
using «Some yb = R a wb & a> r2 plus-charact(2) by presburger
moreover have larger-heap (get-h ) (get-h wa)
proof —
have larger-heap (get-h z) (get-h za)
by (metis PartialSA.greater-def «Some w = xa & xby r8 asml larger-heap-trans
larger-implies-larger-heap)
moreover have larger-heap (get-h za) (get-h wa)
by (metis <pgte pwrite o A\ pgte pwrite 5> <xa = multiply o wa>
get-h-multiply larger-implies-larger-heap)
ultimately show #thesis
using larger-heap-trans by blast
ged
moreover have larger-heap (get-h x) (get-h wb)
proof —
have larger-heap (get-h z) (get-h zb)
by (metis PartialSA.greater-def PartialSA.greater-equiv <Some w = za @
xby 13 asml larger-heap-trans larger-implies-larger-heap)
moreover have larger-heap (get-h zb) (get-h wb)
by (metis <pgte pwrite a A\ pgte pwrite By <xb > multiply 5 wby
get-h-multiply larger-implies-larger-heap)
ultimately show #thesis
using larger-heap-trans by blast
qged
moreover have larger-heap (get-h z) (get-h a)
using PartialSA.greater-equiv asml larger-implies-larger-heap by blast
ultimately show larger-heap (get-h x) (get-h y)
by (simp add: larger-heap-plus)
show greater-mask (get-m z) (get-m y)
proof (rule greater-maskl)
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fix hi
have get-m x hl = padd (get-m (R a w) hl) (get-m a hi)
using asml plus-charact(1) by auto

moreover have get-m y hl = padd (pmult o (padd (get-m (R a wa) hl)
(get-m a hl))) (pmult B (padd (get-m (R a wb) hl) (get-m a hl)))

by (metis «Some y = multiply o ya & multiply B8 yb> «Some ya = R a wa
@ a>» <Some yb = R a wb & a> <pgte pwrite a N pgte pwrite B> add-masks.simps
get-m-smaller plus-charact(1))

moreover have equ: padd (pmult o (padd (get-m (R a wa) hl) (get-m a
hl))) (pmult B (padd (get-m (R a wb) hl) (get-m a hl)))
= padd (padd (pmult o (get-m a hl)) (pmult 8 (get-m a hl))) (padd (pmult o (get-m
(R a wa) hl)) (pmult 5 (get-m (R a wb) hi)))
using padd-asso padd-comm pmult-distr by force

have pgte (get-m (R a w) hl) (padd (pmult « (get-m (R a wa) hl)) (pmult
B (get-m (R a wb) hl)))
proof (cases pgte (get-m w hl) (comp-one (get-m a hl)))
case True
then have get-m (R a w) hl = (comp-one (get-m a hl))
using 78 comp-min-mask-def pmin-is by presburger
moreover have pgte (comp-one (get-m a hl)) (get-m (R a wa) hi)
by (metis 1 comp-min-mask-def pmin-comm pmin-greater)
then have pgte (pmult o (comp-one (get-m a hl))) (pmult o (get-m (R
a wa) hl))
by (metis pmult-comm pmult-order)
moreover have pgte (comp-one (get-m a hl)) (get-m (R a wb) hl)
by (metis T2 comp-min-mask-def pmin-comm pmin-greater)
then have pgte (pmult 8 (comp-one (get-m a hi))) (pmult B (get-m (R
a wb) hl))
by (metis pmult-comm pmult-order)
ultimately show ?thesis
using «pgte (comp-one (get-m a hl)) (get-m (R a wa) hl)» <pgte (comp-one
(get-m a hl)) (get-m (R a wb) hl)» asm0 padd-one-ineg-sum by presburger
next
case Fulse
then have get-m (R a w) hl = get-m w hi
by (metis 18 comp-min-mask-def not-pgte-charact pgt-implies-pgte
pmin-comm pmin-is)
moreover have pgte (get-m w hl) (padd (pmult o (get-m wa hl)) (pmult
B (get-m wb hl)))
proof —
have pgte (get-m w hl) (padd (get-m xa hl) (get-m xb hl))
using «Some w = za ® zb> not-pgte-charact pgt-implies-pgte
plus-charact(1) by auto
moreover have pgte (get-m za hl) (pmult o (get-m wa hl))
by (metis <pgte pwrite o A pgte pwrite By <xa = multiply o was
get-m-smaller larger-implies-greater-mask-hl)
moreover have pgte (get-m zb hl) (pmult 5 (get-m wb hi))
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by (metis <pgte pwrite a A pgte pwrite 5> <xb = multiply B wby
get-m-smaller larger-implies-greater-mask-hl)
ultimately show ?thesis
by (simp add: padd.rep-eq pgte.rep-eq)
qed
moreover have pgte (pmult « (get-m wa hl)) (pmult o (get-m (R a wa)
D))
by (metis R-smaller larger-implies-greater-mask-hl pmult-comm
pmult-order)
moreover have pgte (pmult B (get-m wb hl)) (pmult B (get-m (R a wb)
hl))
by (metis R-smaller larger-implies-greater-mask-hl pmult-comm
pmult-order)
ultimately show ?thesis
using padd.rep-eq pgte.rep-eq by force
qed
moreover have get-m z hl = padd (get-m (R a w) hl) (get-m a hi)
using calculation(1) by auto
moreover have get-m y hi = padd (pmult a (get-m ya hl)) (pmult S
(get-m yb hl))
using <Some y = multiply o ya & multiply B yby <pgte pwrite o N\ pgte
pwrite 8y get-m-smaller plus-charact(1) by auto
moreover have padd (pmult o (get-m ya hl)) (pmult B (get-m yb hl)) =
padd (pmult o (padd (get-m (R a wa) hi) (get-m a hl))) (pmult 5 (padd (get-m (R
a wb) hl) (get-m a hl)))
using calculation(2) calculation(5) by presburger
moreover have ... = padd (pmult (padd « ) (get-m a hl)) (padd (pmult
a (get-m (R a wa) hl)) (pmult B (get-m (R a wb) hl)))
by (metis equ pmult-comm pmult-distr)
ultimately show pgte (get-m z hl) (get-m y hi)
using asm0 p-greater-exists padd-asso padd-comm pmult-special(1) by
force
qed
qed
ultimately have y € multiply-sem-assertion o B ® multiply-sem-assertion
8 B
using PartialSA.add-set-elem by blast
then have y € multiply-sem-assertion pwrite B
by (metis asm0 assms(1) combinable-def not-pgte-charact pgt-implies-pgte
subsetD)
then obtain b where y = multiply pwrite b b € B
using in-multiply-sem by blast
then have multiply pwrite b = b
by (metis Rep-state-inverse get-h-m mult-write-mask multiply.simps)
then have y € B
by (metis <b € By <y = multiply pwrite by assms(2) intuitionistic-def)
show z € B
using <z = y» <y € B> assms(2) intuitionistic-def by blast
qed
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qed
qed

2.6 Theorems

The following theorem is crucial to use the package logic [4] to automatically
compute footprints of combinable wands.

theorem R-mono-transformer:
PartialSA.mono-transformer (R a)
proof —
have R a unit = unit
by (simp add: PartialSA.succ-antisym PartialSA.unit-smaller R-smaller)
moreover have N\p ¢’ ¢’ = p = Rap’' = Rayp
proof —
fix o ¢’
assume @' = ¢
show Rap' = Rayp
proof (cases scalable ¢’ a)
case True
then show ?thesis
by (metis PartialSA.succ-trans R-def R-smaller <p’ = )
next
case Fulse
then obtain p where ppos p pgte pwrite p multiply p ¢’ |#| a
by (metis PartialSA.commutative PartialSA.defined-def non-scalable-instantiate)
then have multiply p ¢ |#] a
using PartialSA.smaller-compatible <p’ = o> multiply-order by blast
then have — scalable ¢ a
using PartialSA.commutative PartialSA.defined-def <pgte pwrite p> <ppos p»
scalable-def scaled-def by auto

moreover have greater-mask (comp-min-mask (get-m a) (get-m ")) (comp-min-mask
(get-m a) (get-m @)
proof (rule greater-maskI)
fix hl show pgte (comp-min-mask (get-m a) (get-m ') hl) (comp-min-mask
(get-m a) (get-m @) hi)
proof (cases pgte (get-m @' hl) (comp-one (get-m a hl)))
case True
then show ?thesis
by (metis comp-min-mask-def pmin-comm pmin-greater pmin-is)
next
case Fulse
then show ?thesis
by (metis PartialSA.succ-trans R-smaller <o’ = ¢» calculation comp-min-mask-def
larger-implies-greater-mask-hl non-scalable- R-charact not-pgte-charact pgt-implies-pgte
pmin-comm pmin-is)
qged
qed
ultimately show ?Zthesis
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using False «p' = ) greaterl larger-implies-larger-heap non-scalable-R-charact
by presburger
qed
qed
ultimately show %thesis
by (simp add: PartialSA.mono-transformer-def)
qed

theorem properties-of-combinable-wands:
assumes intuitionistic B
shows combinable B => combinable (cwand A B)
and cwand A B C wand A B
and binary A = cwand A B = wand A B
by (simp-all add: assms combinable-cwand cwand-stronger binary-same dual-order.eq-iff)

end
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