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Abstract

This entry provides two related verified divide-and-conquer algo-
rithms solving the fundamental Closest Pair of Points problem in Com-
putational Geometry. Functional correctness and the optimal running
time of O(nlogn) are proved. Executable code is generated which is
empirically competitive with handwritten reference implementations.

Contents

1 Common 3
1.1 Auxiliary Functions and Lemmas . . . . . .. ... ... ... 3
1.1.1 Time Monad . . .. ... ... .. ... ........ 3

1.1.2 Landau Auxiliary . . . . . . ... ... ... ... ... 3

1.1.3 Miscellaneous Lemmas . . . . . . ... .. ... .... 4

1.1.4 length . . . . . . 5

1.1 rev . . . o o oo )

1.1.6  take . . . . . . . . 6
117 filter . . o o oo 6

1.1.8 split-at . . . . . . ... 7

1.2 Mergesort . . . . . ... 8
1.2.1 Functional Correctness Proof . . . . .. ... .. ... 8
1.2.2  Time Complexity Proof . . . ... .. ... ... ... 11

1.2.3 Code Export . . ... ... ... ... ......... 11

1.3 Minimal Distance . . . . . . .. ... ... .. ... ...... 12
1.4 Distance . . . . . . . ... 12
1.5 Brute Force Closest Pair Algorithm . . . . .. ... ... ... 13
1.5.1 Functional Correctness Proof . . . . .. ... .. ... 13

1.5.2  Time Complexity Proof . . .. ... ... ... .... 15
1.5.3 Code Export . . .. .. ... ... ... .. ..., 15

1.6 Geometry . . . . . . .. 16
1.6.1 Band Filter . . . . ... ... ... .. ......... 16
1.6.2 2D-Boxes and Points . . . . . . . ... ... ...... 16
1.6.3 Pigeonhole Argument . . . .. .. .. ... ... ... 17
1.6.4 Delta Sparse Points within a Square . . . .. .. ... 17



2 Closest Pair Algorithm 18

2.1  Functional Correctness Proof . . . . .. .. ... ... .... 18
2.1.1 Combine Step . . . . . . ... oL 18
2.1.2 Divide and Conquer Algorithm . . . . ... ... ... 21

2.2 Time Complexity Proof . . . . ... .. .. ... ... .... 23
2.2.1 Core Argument . . . . . .. ... o 23
2.22 Combine Step . . . . . ... 24
2.2.3 Divide and Conquer Algorithm . . . . ... ... ... 25

2.3 Code Export . . ... ... .. ... 26
2.3.1 Combine Step . . . . . . . ... oL 26
2.3.2 Divide and Conquer Algorithm . . . . ... ... ... 28

3 Closest Pair Algorithm 2 29

3.1 Functional Correctness Proof . . . . .. .. ... ... .... 30
3.1.1 Core Argument . . . . . .. ... ... 30
3.1.2 Combinestep . . . . . ... ... L 30
3.1.3 Divide and Conquer Algorithm . . . . ... ... ... 32

3.2 Time Complexity Proof . . . .. .. .. .. ... ... .... 35
3.2.1 Combine Step . . . . . .. ... Lo 35
3.2.2 Divide and Conquer Algorithm . . . . ... ... ... 35

3.3 Code Export . . ... ... ... 36
3.3.1 Combine Step . . . . . . . . ... o 36
3.3.2 Divide and Conquer Algorithm . . . . ... ... ... 37



1 Common

theory Common
imports
HOL— Library. Going-To-Filter
Akra-Bazzi. Akra- Bazzi-Method
Akra-Bazzi. Akra-Bazzi- Approximation
HOL- Library. Code-Target-Numeral
Root-Balanced-Tree. Time-Monad
begin

type-synonym point = int * int

1.1 Auxiliary Functions and Lemmas

1.1.1 Time Monad

lemma time-distrib-bind:
time (bind-tm tm f) = time tm + time (f (val tm))

(proof )
lemmas time-simps = time-distrib-bind tick-def
lemma bind-tm-cong[fundef-cong]:

assumes A\v. v =wvaln = fv=govm=n

shows bind-tm m f = bind-tm n g
(proof )

1.1.2 Landau Auxiliary

The following lemma expresses a procedure for deriving complexity proper-
ties of the form ¢ € O[m going-to at-top within A](f o m) where

o tis a (timing) function on same data domain (e.g. lists),
e m is a measure function on that data domain (e.g. length),
e t’is a function on nat,

e A is the set of valid inputs for the data domain. One needs to show
that

o tis bounded by ¢’ o m for valid inputs
o t' € O(f) to conclude the overall property ¢ € O[m going-to at-top
within A](f o m).

lemma bigo-measure-trans:
fixes ¢t :: '/a = real and t’ :: nat = real and m :: 'a = nat and [ :nat = real
assumes A\z. 1€ A =tz < (t'om)z



and ¢’ € O(f)
and A\z. 2 € A= 0<tx
shows t € O[m going-to at-top within A](f o m)
(proof)

lemma const-1-bigo-n-In-n:
(A(n:nat). 1) € O(An. n * In n)
(proof )

1.1.3 Miscellaneous Lemmas

lemma set-take-drop-i-le-j:
i < j = set xs = set (take j xs) U set (drop i xs)
(proof)

lemma set-take-drop:
set xs = set (take n zs) U set (drop n xs)

{proof)

lemma sorted-wrt-take-drop:
sorted-wrt f xs = V& € set (take n xs). Yy € set (drop n xs). fzy

{proof)

lemma sorted-wrt-hd-less:
assumes sorted-wrt f xs Nz. fx x
shows Vz € set s. f (hd zs)

{proof)

lemma sorted-wrt-hd-less-take:
assumes sorted-wrt f (x # xs) N\z. fz x
shows Vy € set (take n (z # xs)). fz y

{proof)

lemma sorted-wrt-take-less-hd-drop:
assumes sorted-wrt f xs n < length s
shows Vz € set (take n zs). f (hd (drop n xs))

(proof)

lemma sorted-wrt-hd-drop-less-drop:
assumes sorted-wrt f zs Nz. fx z
shows Vx € set (drop n xs). f (hd (drop n xs))

(proof)

lemma length-filter- P-impl-Q:
(Az. Pz = @Q z) = length (filter P zs) < length (filter Q xs)
{proof)

lemma filter-Un:
set xs = AU B = set (filter Paxs) ={z€ A. Pz} U{2x€ B Pz}



{proof)

1.1.4 length

fun length-tm :: 'a list = nat tm where
length-tm [| =1 return 0
| length-tm (z # xs) =1
do {
I <— length-tm zs;
return (1 + 1)
}

lemma length-eq-val-length-tm:
val (length-tm zs) = length xs

(proof)

lemma time-length-tm:
time (length-tm xs) = length xs + 1
{proof)

fun length-it’ :: nat = ’'a list = nat where
length-it" acc [] = acc
| length-it" acc (z#tzs) = length-it’ (acc+1) s

definition length-it :: 'a list = nat where
length-it s = length-it’ 0 xs

lemma length-conv-length-it":
length xs + acc = length-it’ acc s
(proof )

lemma length-conv-length-it[code-unfold):
length xs = length-it xs
(proof )

1.1.5 rev

fun rev-it’ :: ‘a list = 'a list = 'a list where
rev-it’ acc [| = acc
| rev-it" acc (x#txs) = rev-it’ (z#acc) s

definition rev-it :: ‘a list = 'a list where
rev-it xs = rev-it’ [| zs

lemma rev-conv-rev-it”:
rev s @ acc = rev-it’ acc xs

(proof)

lemma rev-conv-rev-it] code-unfold):
rev s = rev-it Ts



{proof)

1.1.6 take

fun take-tm :: nat = 'a list = 'a list tm where
take-tm n [| =1 return ||
| take-tm n (z # xzs) =1
(case n of
0 = return ||
| Suc m = do {
ys <— take-tm m zs;
return (x # ys)

}
)

lemma take-eq-val-take-tm:
val (take-tm n xs) = take n xs

{proof)

lemma time-take-tm:
time (take-tm n xs) = min n (length xs) + 1
(proof)

1.1.7 filter

fun filter-tm :: (‘a = bool) = 'a list = 'a list tm where
filter-tm P [| =1 return []
| filter-tm P (z # xs) =1
(if P x then
do {
ys <— filter-tm P xs;
return (x # ys)
}
else
filter-tm P zs

)

lemma filter-eq-val-filter-tm:
val (filter-tm P xs) = filter P xs

{proof)

lemma time-filter-tm:
time (filter-tm P xs) = length xs + 1

{proof)

fun filter-it’ :: 'a list = ('a = bool) = 'a list = 'a list where
filter-it’ acc P[] = rev acc
| filter-it" acc P (z#txs) = (
if P x then
filter-it’ (z#tacc) P zs



else
filter-it" acc P xs
)

definition filter-it :: (‘a = bool) = 'a list = 'a list where
filter-it P zs = filter-it’ || P s

lemma filter-conv-filter-it”:
rev acc @ filter P xs = filter-it’ acc P xs
(proof )

lemma filter-conv-filter-it|code-unfold):
filter P xs = filter-it P xs
(proof )

1.1.8 split-at

fun split-at-tm :: nat = ‘a list = (‘a list x 'a list) tm where

split-at-tm n [| =1 return ([], [])
| split-at-tm n (z # xs) =1 (
case n of
0 = return ([], = # xs)
| Suc m =
do {

(zs', ys') <— split-at-tm m zs;
return (z # xzs’, ys')
}
)

fun split-at :: nat = 'a list = 'a list x 'a list where
split-at n | = ([], [])
| split-at n (z # xs) = (
case n of
0= ([], z # zs)
| Suc m =
let (ws', ys') = split-at m xs in
(z # zs', ys’)
)

lemma split-at-eq-val-split-at-tm:
val (split-at-tm n xs) = split-at n xs
(proof)

lemma split-at-take-drop-conv:
split-at n xs = (take n s, drop n xs)

{proof)

lemma time-split-at-tm:
time (split-at-tm n xs) = min n (length xs) + 1



{proof)

fun split-at-it’ :: 'a list = nat = 'a list = ('a list x 'a list) where

split-at-it" acc n [| = (rev ace, [])
| split-at-it" acc n (z#xs) = (
case n of

0 = (rev acc, T#xs)
| Suc m = split-at-it’ (z#acc) m xs

)

definition split-at-it :: nat = 'a list = ('a list x 'a list) where
split-at-it n xs = split-at-it’ [| n s

lemma split-at-conv-split-at-it":
assumes (ts, ds) = split-at n xs (ts', ds’) = split-at-it’ acc n xs
shows rev acc Q ts = ts'
and ds = ds’

{proof)

lemma split-at-conv-split-at-it-prod:
assumes (ts, ds) = split-at n xs (ts', ds’) = split-at-it n xs
shows (ts, ds) = (ts’, ds’)
(proof )

lemma split-at-conv-split-at-it[ code-unfold):
split-at n xs = split-at-it n s
(proof )

declare split-at-tm.simps [simp del]
declare split-at.simps [simp del]

1.2 Mergesort

1.2.1 Functional Correctness Proof

definition sorted-fst :: point list = bool where
sorted-fst ps = sorted-wrt (Apo p1. fst po < fst p1) ps

definition sorted-snd :: point list = bool where
sorted-snd ps = sorted-wrt (Apg p1. snd po < snd p1) ps

fun merge-tm :: ('b = ‘a:linorder) = 'b list = 'b list = 'b list tm where
merge-tm f (¢ 4 75) (y # y5) =1 (
if fo < fythen
do {
tl <— merge-tm fxs (y # ys);
return (z # tl)

else

do {



tl <— merge-tm [ (x # xs) ys;
return (y # tl)
}
)
| merge-tm f [] ys =1 return ys
| merge-tm f zs [| =1 return zs

fun merge :: ('b = 'a::linorder) = 'b list = 'b list = 'b list where
merge f (& # a5) (y # 49) = (
if fo < fythen
z # merge f xs (y # ys)
else
y # merge [ (z # xs) ys

| merge f [ ys = ys
| merge fas [] = xs

lemma merge-eq-val-merge-tm:
val (merge-tm f xs ys) = merge f xs ys
(proof )

lemma length-merge:
length (merge f xs ys) = length xs + length ys
(proof )

lemma set-merge:
set (merge f xs ys) = set s U set ys
(proof )

lemma distinct-merge:
assumes set zs N set ys = {} distinct xs distinct ys
shows distinct (merge f xs ys)

{proof)

lemma sorted-merge:
assumes P = Az y. fz < fy)
shows sorted-wrt P (merge f xs ys) «— sorted-wrt P xs N sorted-wrt P ys
(proof)

declare split-at-take-drop-conv [simp)

function (sequential) mergesort-tm :: ('b = 'a::linorder) = 'b list = 'b list tm
where
mergesort-tm f [| =1 return ||
| mergesort-tm f [z] =1 return [z]
| mergesort-tm f s =1 (
do {
n <— length-tm zs;
(zs1, xs,) <— split-at-tm (n div 2) wxs;



l <— mergesort-tm f zs;;
r <— mergesort-tm f xs,;
merge-tm f 1 r
}
)
(proof)
termination mergesort-tm

{proof)

fun mergesort :: (b = 'a::linorder) = 'b list = 'b list where
mergesort f [| = []
| mergesort f [z] = [z]
| mergesort f xs = (
let n = length xs div 2 in
let (1, r) = split-at n zs in
merge [ (mergesort f 1) (mergesort f r)

)

declare split-at-take-drop-conv [simp del]

lemma mergesort-eq-val-mergesort-tm:
val (mergesort-tm f xs) = mergesort f xs
(proof)

lemma sorted-wrt-mergesort:
sorted-wrt (A\x y. fx < fy) (mergesort f xs)
(proof )

lemma set-mergesort:
set (mergesort f xs) = set xs

(proof)

lemma length-mergesort:
length (mergesort f xs) = length s

{proof)

lemma distinct-mergesort:
distinct s = distinct (mergesort f xs)
(proof)

lemmas mergesort = sorted-wrt-mergesort set-mergesort length-mergesort distinct-mergesort

lemma sorted-fst-take-less-hd-drop:
assumes sorted-fst ps n < length ps
shows Vp € set (take n ps). fst p < fst (hd (drop n ps))
(proof )

lemma sorted-fst-hd-drop-less-drop:
assumes sorted-fst ps
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shows Vp € set (drop n ps). fst (hd (drop n ps)) < fst p
{proof )

1.2.2 Time Complexity Proof

lemma time-merge-tm:
time (merge-tm f xs ys) < length zs + length ys + 1
(proof )

function mergesort-recurrence :: nat = real where
mergesort-recurrence () = 1
| mergesort-recurrence 1 = 1
| 2 < n = mergesort-recurrence n = 4 + 3 % n + mergesort-recurrence (nat
real n / 2]) +
mergesort-recurrence (nat [real n / 2])

{proof)
termination (proof)

lemma mergesort-recurrence-nonneg[simp}:
0 < mergesort-recurrence n

{proof)

lemma time-mergesort-conv-mergesort-recurrence:
time (mergesort-tm f xs) < mergesort-recurrence (length xs)

(proof)

theorem mergesort-recurrence:
mergesort-recurrence € O(An. n * In n)

{proof)

theorem time-mergesort-tm-bigo:
(Azs. time (mergesort-tm fzs)) € Ollength going-to at-top]((An. n x In n) o length)
(proof)

1.2.3 Code Export

lemma merge-zs-Nil[simp]:
merge f xs [| = xs
{proof)

fun merge-it’ :: ('b = ‘a::linorder) = 'b list = 'b list = 'b list = 'b list where
merge-it’ f acc [] [| = rev acc
| merge-it’ f acc (x#xs) [| = merge-it’ f (z#tacc) s ||
| merge-it’ f acc || (y#ys) = merge-it’ f (y#acc) ys []
| merge-it’ f acc (z#xs) (y#ys) = (
if fo < fythen
merge-it’ f (z#acc) xs (y#ys)
else
merge-it’ f (y#acc) (z#xs) ys

11



definition merge-it :: ('b = ‘a:linorder) = 'b list = 'b list = 'b list where
merge-it f xs ys = merge-it’ f [| zs ys

lemma merge-conv-merge-it”:
rev acc @ merge f zs ys = merge-it’ f acc zs ys
(proof)

lemma merge-conv-merge-it[code-unfold):
merge [ xs ys = merge-it f xs ys
(proof )

1.3 Minimal Distance

definition sparse :: real = point set = bool where
sparse 6 ps +— (Vpo € ps. Vp1 € ps. pg # p1 — 6 < dist py p1)

lemma sparse-identity:
assumes sparse 0 (set ps) Vp € set ps. § < dist pg p
shows sparse § (set (po # ps))

{proof)

lemma sparse-update:
assumes sparse 0 (set ps)
assumes dist po p1 < 6 Vp € set ps. dist pg p1 < dist pg p
shows sparse (dist pg p1) (set (po # ps))
(proof )

lemma sparse-mono:
sparse A P = § < A = sparse § P

{proof)

1.4 Distance

lemma dist-transform:

fixes p :: point and § :: real and [ :: int

shows dist p (I, sndp) <0 +—= 1l —0<fstpAfstp<l+4
(proof)

fun dist-code :: point = point = int where
dist-code po p1 = (fst po — fst p1)* + (snd po — snd p1)?

lemma dist-eq-sqrt-dist-code:
fixes pg :: point
shows dist py p1 = sqrt (dist-code py p1)
(proof )

lemma dist-eq-dist-code-lt:

fixes pg :: point
shows dist py p1 < dist pa p3s «— dist-code pg p1 < dist-code ps ps3

12



{proof)

lemma dist-eq-dist-code-le:
fixes pg :: point
shows dist pg p1 < dist po p3 «— dist-code pg p1 < dist-code ps p3
(proof )

lemma dist-eq-dist-code-abs-lIt:
fixes pg :: point
shows |c| < dist pg p1 +— ¢ < dist-code py p1
(proof )

lemma dist-eq-dist-code-abs-le:
fixes pg :: point
shows dist po p1 < |c| +— dist-code py p1 < c?
(proof )

lemma dist-fst-abs:

fixes p :: point and [ :: int

shows dist p (I, snd p) = |fst p — |
(proof)

declare dist-code.simps [simp del]

1.5 Brute Force Closest Pair Algorithm

1.5.1 Functional Correctness Proof

fun find-closest-bf-tm :: point = point list = point tm where
find-closest-bf-tm - [| =1 return undefined
| find-closest-bf-tm - [p] =1 return p
| find-closest-bf-tm p (po # ps) =1 (
do {
p1 <— find-closest-bf-tm p ps;
if dist p pg < dist p p1 then

return po
else
return py
}
)
fun find-closest-bf :: point = point list = point where
find-closest-bf - [| = undefined

| find-closest-bf - [p] = p

| find-closest-bf p (po # ps) = (
let p1 = find-closest-bf p ps in
if dist p po < dist p py then

Po
else

p1

13



)

lemma find-closest-bf-eq-val-find-closest-bf-tm:
val (find-closest-bf-tm p ps) = find-closest-bf p ps
(proof )

lemma find-closest-bf-set:
0 < length ps = find-closest-bf p ps € set ps
(proof )

lemma find-closest-bf-dist:
Vg € set ps. dist p (find-closest-bf p ps) < dist p q
(proof)

fun closest-pair-bf-tm :: point list = (point X point) tm where
closest-pair-bf-tm [| =1 return undefined
| closest-pair-bf-tm [-] =1 return undefined
| closest-pair-bf-tm [po, p1] =1 return (po, p1)
| closest-pair-bf-tm (po # ps) =1 (
do {
(co::point, ci::point) <— closest-pair-bf-tm ps;
p1 <— find-closest-bf-tm po ps;
if dist cog c1 < dist pg p1 then
return (co, ¢1)
else
return (po, p1)
}

)

fun closest-pair-bf :: point list = (point * point) where
closest-pair-bf [| = undefined
| closest-pair-bf [-] = undefined
| closest-pair-bf [po, p1] = (po, 1)
| closest-pair-bf (po # ps) = (
let (co, c1) = closest-pair-bf ps in
let p1 = find-closest-bf pg ps in
if dist co c1 < dist pg p1 then
(co, c1)
else

(po, 1)
)

lemma closest-pair-bf-eq-val-closest-pair-bf-tm:
val (closest-pair-bf-tm ps) = closest-pair-bf ps
(proof )

lemma closest-pair-bf-c0:

1 < length ps = (co, ¢1) = closest-pair-bf ps => ¢y € set ps
(proof )

14



lemma closest-pair-bf-c1:
1 < length ps = (co, c1) = closest-pair-bf ps = ¢1 € set ps

(proof)

lemma closest-pair-bf-cO-ne-c1:
1 < length ps = distinct ps = (co, ¢1) = closest-pair-bf ps = co # 1

(proof)
lemmas closest-pair-bf-c0-c1 = closest-pair-bf-c0 closest-pair-bf-c1 closest-pair-bf-c0-ne-c1

lemma closest-pair-bf-dist:
assumes I < length ps (co, ¢1) = closest-pair-bf ps
shows sparse (dist co c¢1) (set ps)

(proof)

1.5.2 Time Complexity Proof

lemma time-find-closest-bf-tm:
time (find-closest-bf-tm p ps) < length ps + 1
(proof )

lemma time-closest-pair-bf-tm:
time (closest-pair-bf-tm ps) < length ps * length ps + 1
(proof )

1.5.3 Code Export

fun find-closest-bf-code :: point = point list = (int * point) where
find-closest-bf-code p || = undefined
| find-closest-bf-code p [po] = (dist-code p po, po)
| find-closest-bf-code p (po # ps) = (
let (61, p1) = find-closest-bf-code p ps in
let §g = dist-code p pg in
Zf dg < 81 then
(60, po)
else

(613 Pl)
)

lemma find-closest-bf-code-dist-eq:
0 < length ps = (0, ¢) = find-closest-bf-code p ps = § = dist-code p c
(proof)
lemma find-closest-bf-code-eq:
0 < length ps = ¢ = find-closest-bf p ps => (§’, ¢’) = find-closest-bf-code p ps
= c=c’

(proof)

declare find-closest-bf-code.simps [simp del]

15



fun closest-pair-bf-code :: point list = (int * point * point) where
closest-pair-bf-code || = undefined
| closest-pair-bf-code [po] = undefined
| closest-pair-bf-code [po, p1] = (dist-code po p1, Po, P1)
| closest-pair-bf-code (po # ps) = (
let (6¢, co, c1) = closest-pair-bf-code ps in
let (8p, p1) = find-closest-bf-code py ps in
if 6c < 6p then
((50, Co, Cl)
else
) (§p7 Do, P1)

lemma closest-pair-bf-code-dist-eq:
1 < length ps = (0, cq, c1) = closest-pair-bf-code ps => § = dist-code cq ¢1

(proof)

lemma closest-pair-bf-code-eq:
assumes 1 < length ps
assumes (¢, ¢1) = closest-pair-bf ps (', co’, ¢1') = closest-pair-bf-code ps
shows ¢y = cg’ A ¢c1 = ¢
(proof)

1.6 Geometry
1.6.1 Band Filter

lemma set-band-filter-auz:
fixes ¢ :: real and ps :: point list
assumes pg € psy, P1 € PSg Po # p1 dist po p1 < § set ps = psp, U psgp
assumes Vp € psy. fst p < IVp € psp. | < fst p
assumes ps’' = filter (Ap. | — 0 < fst p A fst p < 1+ ) ps
shows py € set ps’ A p; € set ps’
(proof)

lemma set-band-filter:
fixes 9 :: real and ps :: point list
assumes pg € set ps p1 € set ps pg # p1 dist pg p1 < 0 set ps = psy, U psp
assumes sparse 0 psy, sparse 0 PSr
assumes Vp € psp. fst p < IVp € psp. I < fstp
assumes ps’ = filter (Ap. 1 — 6 < fstp A fst p < 1+ §) ps
shows pg € set ps’ A\ p1 € set ps’

(proof)

1.6.2 2D-Boxes and Points

lemma cboz-2D:
fixes zg :: real and yq :: real
shows cbor (7o, yo) (21, 1) ={ (z, ). o<z Az <1 ANy <yAy<uy }

16



{proof)

lemma mem-cboz-2D:
fixes z :: real and y :: real
shows zp <z Az <z Ay <yAy<y <« (x,y) € cbox (zo, yo) (z1, y1)
(proof)

lemma cboz-top-un:
fixes zg :: real and yq :: real
assumes yp < Y1 Y1 < Y2
shows cboz (o, yo) (%1, y1) U cbozx (zo, y1) (21, y2) = cbox (xq, yo) (21, y2)
(proof)

lemma cbox-right-un:
fixes zg :: real and yq :: real
assumes g < 71 1 < To
shows cboz (zo, yo) (21, y1) U cbox (21, yo) (22, y1) = cbox (xo, yo) (T2, y1)
(proof)

lemma cboz-max-dist:
assumes py = (z, y) p1 = (z + 9, y + 9)
assumes (o, yo) € cboz po p1 (1, y1) € cbox pg p1 0 < 6
shows dist (zo, yo) (21, y1) < sqrt 2 x §

(proof)

1.6.3 Pigeonhole Argument

lemma card-le-1-if-pairwise-eq:
assumes Vz € S.Vye S.z =y
shows card S < 1

(proof)

lemma card-Int-if-either-in:
assumes Ve € S.Vye S.a=yVae g TVye¢T
shows card (SN T) < 1

{(proof)

lemma card-Int-Un-le-Sum-card-Int:
assumes finite S
shows card (AN UYS) < (OB € S. card (AN B))
(proof )

lemma pigeonhole:
assumes finite TS C|JT card T < card S
shows dz € S.dye S.IXeT. z#£yNze X Nye X

(proof)

1.6.4 Delta Sparse Points within a Square

lemma maz-points-square:
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assumes Vp € ps. p € cboz (z, y) (x + d, y + §) sparse 6 ps 0 < §
shows card ps < 4

(proof)

end

2 Closest Pair Algorithm

theory Closest-Pair
imports Common
begin

Formalization of a slightly optimized divide-and-conquer algorithm solv-
ing the Closest Pair Problem based on the presentation of Cormen et al.

1.

2.1 Functional Correctness Proof
2.1.1 Combine Step

fun find-closest-tm :: point = real = point list = point tm where
find-closest-tm - - [| =1 return undefined
| find-closest-tm - - [p] =1 return p
| find-closest-tm p § (po # ps) =1 (
if 0 < snd pg — snd p then
return po
else
do {
p1 <— find-closest-tm p (min & (dist p py)) ps;
if dist p po < dist p p then

return po
else
return py
}
)
fun find-closest :: point = real = point list = point where
find-closest - - [| = undefined

| find-closest - - [p] = p
| find-closest p § (po # ps) = (
if 0 < snd pg — snd p then
Po
else
let py = find-closest p (min 0 (dist p po)) ps in
if dist p po < dist p p1 then
bo
else

D1
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lemma find-closest-eq-val-find-closest-tm:
val (find-closest-tm p § ps) = find-closest p § ps
(proof )

lemma find-closest-set:
0 < length ps = find-closest p § ps € set ps
(proof)

lemma find-closest-dist:
assumes sorted-snd (p # ps) 3q € set ps. dist p ¢ < §
shows V ¢ € set ps. dist p (find-closest p § ps) < dist p q

{proof)

declare find-closest.simps [simp del]

fun find-closest-pair-tm :: (point x point) = point list = (point X point) tm where

find-closest-pair-tm (co, c¢1) [| =1 return (co, c1)
| find-closest-pair-tm (co, ¢1) [-] =1 return (cq, ¢1)
| find-closest-pair-tm (co, ¢1) (po # ps) =1 (
do {

p1 <— find-closest-tm pg (dist co ¢1) ps;
if dist cog c1 < dist pg p1 then
find-closest-pair-tm (co, c1) ps
else
find-closest-pair-tm (pg, p1) ps
}

)

fun find-closest-pair :: (point * point) = point list = (point X point) where
find-closest-pair (cq, c1) [] = (co, ¢1)
| find-closest-pair (cq, c1) [-] = (co, ¢1)
| find-closest-pair (co, c1) (po # ps) = (
let py = find-closest po (dist co ¢1) ps in
if dist cg ¢1 < dist pg p1 then
find-closest-pair (co, c1) ps
else
find-closest-pair (po, p1) ps
)

lemma find-closest-pair-eq-val-find-closest-pair-tm:
val (find-closest-pair-tm (cq, c1) ps) = find-closest-pair (cg, c1) ps
(proof )

lemma find-closest-pair-set:
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows (Cqy € set ps A C1 € set ps) V (Co = cog A C1 = ¢1)
(proof )
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lemma find-closest-pair-c0-ne-c1:

co # ¢1 = distinct ps = (Cy, C1) = find-closest-pair (co, ¢1) ps = Co #
C1
(proof )

lemma find-closest-pair-dist-mono:
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows dist Cy Cy < dist ¢y cq
{proof)

lemma find-closest-pair-dist:
assumes sorted-snd ps (Co, C1) = find-closest-pair (cq, c1) ps
shows sparse (dist Cy Cy) (set ps)
(proof)

declare find-closest-pair.simps [simp del]

fun combine-tm :: (point x point) = (point X point) = int = point list = (point
X point) tm where
combine-tm (por, pir) (Por, P1r) I ps =1 (
let (co, c1) = if dist por. p1r < dist por p1r then (por, piL) else (por, P1r) in
do {
ps’ <— filter-tm (Ap. dist p (I, snd p) < dist ¢y c1) ps;
find-closest-pair-tm (co, c¢1) ps’
}
)

fun combine :: (point X point) = (point X point) = int = point list = (point x
point) where
combine (por, p1r) (Por, P1R) I ps = (
let (co, c1) = if dist por, p1z < dist por p1r then (por, p1r) else (por, P1R) in
let ps’ = filter (Ap. dist p (I, snd p) < dist ¢y ¢1) ps in
find-closest-pair (co, c1) ps’

)

lemma combine-eq-val-combine-tm:

val (combine-tm (por, p1r) (Por, P1r) | ps) = combine (por, p1r) (Por, P1R)
ps

(proof )

lemma combine-set:

assumes (cg, ¢1) = combine (por, p1r) (Por, P1r) I DS

shows (¢ € set ps A ¢1 € set ps) V (co = por A c1 = pir) V (co = por N €1
= PiR)
(proof)

lemma combine-cO-ne-c1:
assumes por, % pP1L Por 7# P1r distinct ps
assumes (co, c1) = combine (por, p1z) (Por, P1R) | ps
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shows ¢y # ¢
(proof )

lemma combine-dist:
assumes sorted-snd ps set ps = psy, U psgr
assumes Vp € psp. fst p < I Vp € psp. I < fstp
assumes sparse (dist por, p11) psr sparse (dist por P1R) PSR
assumes (cg, ¢1) = combine (por, p15) (Por, P1r) | DS
shows sparse (dist ¢y c¢1) (set ps)

(proof )

declare combine.simps [simp del]
declare combine-tm.simps[simp del]

2.1.2 Divide and Conquer Algorithm

declare split-at-take-drop-conv [simp add]

function closest-pair-rec-tm :: point list = (point list x point x point) tm where
closest-pair-rec-tm xs =1 (
do {
n <— length-tm zs;
if n < 3 then
do {

ys <— mergesort-tm snd zs;
p <— closest-pair-bf-tm zs;
return (ys, p)

else
do {
(xzsr,, xsg) <— split-at-tm (n div 2) xs;
(ysr, por, p1r) <— closest-pair-rec-tm xsr;
(ysR, POR, le) <— closest-pair-rec-tm sg;
ys <— merge-tm snd ys;, YSg;
(po, p1) <— combine-tm (por, p1r) (Por, P1r) (fst (hd zsg)) ys;
return (ys, po, p1)
}
}
)
(proof)
termination closest-pair-rec-tm

(proof)

function closest-pair-rec :: point list = (point list * point * point) where
closest-pair-rec xs = (
let n = length xs in
if n < 3 then
(mergesort snd xs, closest-pair-bf s)
else
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let (wsp, zsg) = split-at (n div 2) zs in
let (ysr, por, p1r) = closest-pair-rec xsy, in
let (ysr, Por, P1rR) = closest-pair-rec Tsp in
let ys = merge snd ysr, ysg in
: (ys, combine (por, p1r) (Por, P1r) (fst (hd zsg)) ys)
(proof )
termination closest-pair-rec
(proof)

declare split-at-take-drop-conv [simp del]

lemma closest-pair-rec-simps:

assumes n = length zs = (n < 8)

shows closest-pair-rec zs = (
let (zsp, xsgr) = split-at (n div 2) zs in
let (ysr, por, p11) = closest-pair-rec xsy, in
let (ysr, Por, P1R) = closest-pair-rec zsg in
let ys = merge snd ysp, ysg in

: (ys, combine (por, pir) (Por, P1r) (fst (hd zsg)) ys)

{proof)

declare closest-pair-rec.simps [simp del]

lemma closest-pair-rec-eq-val-closest-pair-rec-tm:
val (closest-pair-rec-tm xzs) = closest-pair-rec s

(proof)

lemma closest-pair-rec-set-length-sorted-snd:
assumes (ys, p) = closest-pair-rec s
shows set ys = set xs A length ys = length s A sorted-snd ys

{proof)

lemma closest-pair-rec-distinct:
assumes distinct zs (ys, p) = closest-pair-rec xs
shows distinct ys

{proof)

lemma closest-pair-rec-c0-c1:
assumes 1 < length zs distinct zs (ys, cg, ¢1) = closest-pair-rec s
shows ¢y € set xs N\ ¢1 € set s N\ ¢g # 1

{proof)

lemma closest-pair-rec-dist:
assumes I < length s sorted-fst zs (ys, co, c1) = closest-pair-rec s
shows sparse (dist ¢y ¢1) (set xs)

(proof)
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fun closest-pair-tm :: point list = (point x point) tm where

closest-pair-tm [| =1 return undefined
| closest-pair-tm [-] =1 return undefined
| closest-pair-tm ps =1 (
do {

s <— mergesort-tm fst ps;
(-, p) <— closest-pair-rec-tm xs;
return p
}
)

fun closest-pair :: point list = (point * point) where
closest-pair [| = undefined
| closest-pair [-] = undefined
| closest-pair ps = (let (-, p) = closest-pair-rec (mergesort fst ps) in p)

lemma closest-pair-eq-val-closest-pair-tm:
val (closest-pair-tm ps) = closest-pair ps
(proof)

lemma closest-pair-simps:

1 < length ps = closest-pair ps = (let (-, p) = closest-pair-rec (mergesort fst
ps) in p)

(proof)

declare closest-pair.simps [simp del]

theorem closest-pair-c0-c1:
assumes I < length ps distinct ps (co, ¢1) = closest-pair ps
shows ¢y € set ps ¢1 € set ps ¢ # 1

(proof)

theorem closest-pair-dist:
assumes 1 < length ps (co, ¢1) = closest-pair ps
shows sparse (dist co c1) (set ps)
(proof )

2.2 Time Complexity Proof
2.2.1 Core Argument

lemma core-argument:
fixes 9§ :: real and p :: point and ps :: point list
assumes distinct (p # ps) sorted-snd (p # ps) 0 < § set (p # ps) = psp U psr
assumes Vq € set (p# ps). l —0 < fstqgNfstq<l+6
assumes Vq € psp. fst ¢ < IV q € psg. I < fst q
assumes sparse 0 psy sparse 0 PSg
shows length (filter (Aq. snd ¢ — snd p < ) ps) < 7
{proof)
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2.2.2 Combine Step

fun t-find-closest :: point = real = point list = nat where
t-find-closest - - [| = 1
| t-find-closest - - [-] = 1
| t-find-closest p 6 (po # ps) = 1 + (
if & < snd pg — snd p then 0
else t-find-closest p (min 6 (dist p pg)) ps

)

lemma t-find-closest-eq-time-find-closest-tm:
t-find-closest p § ps = time (find-closest-tm p § ps)
(proof )

lemma t-find-closest-mono:
0" < 6§ = t-find-closest p 0’ ps < t-find-closest p § ps
(proof)

lemma t-find-closest-cnt:
t-find-closest p § ps < 1 + length (filter (\q. snd ¢ — snd p < §) ps)
(proof)

corollary t-find-closest-bound:
fixes ¢ :: real and p :: point and ps :: point list and [ :: int
assumes distinct (p # ps) sorted-snd (p # ps) 0 < § set (p # ps) = psp U psg
assumes Vp’' € set (p# ps). L —d < fstp' Afstp' <146
assumes Vp € psp. fst p < I Vp € psp. I < fstp
assumes sparse 0 psy, sparse 0 psr
shows t-find-closest p § ps < 8
(proof )

fun t-find-closest-pair :: (point * point) = point list = nat where
t-find-closest-pair - [| = 1
| t-find-closest-pair - [-] = 1
| t-find-closest-pair (co, c1) (po # ps) = 1 + (
let p1 = find-closest pgy (dist co ¢1) ps in
t-find-closest py (dist co c1) ps + (
if dist cg c1 < dist pg p1 then
t-find-closest-pair (co, c1) ps
else
t-find-closest-pair (po, p1) ps
)

lemma t-find-closest-pair-eq-time-find-closest-pair-tm:
t-find-closest-pair (co, c1) ps = time (find-closest-pair-tm (co, ¢1) ps)
(proof )

lemma t-find-closest-pair-bound:

assumes distinct ps sorted-snd ps § = dist ¢y c¢1 set ps = psy, U psp
assumes Vp € setps. | — A< fstp A fstp <1+ A
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assumes Vp € psp. fst p < I Vp € psp. | < fstp
assumes sparse A psy, sparse A psgp 6 < A

shows (-find-closest-pair (co, c1) ps < 9 * length ps + 1
(proof )

fun t-combine :: (point * point) = (point * point) = int = point list = nat where
t-combine (por, p1z) (Por, P1r) I ps =1 + (
let (co, c1) = if dist por p1r < dist por p1r then (por, pir) else (por, P1R) in
let ps’ = filter (Ap. dist p (I, snd p) < dist co ¢1) ps in
time (filter-tm (Ap. dist p (I, snd p) < dist ¢ ¢1) ps) + t-find-closest-pair (co,
c1) ps’

)

lemma t-combine-eq-time-combine-tm:

t-combine (por, p1z) (Por, P1Rr) | ps = time (combine-tm (por, p1z) (PoR, P1R)
L ps)

(proof )

lemma t-combine-bound:
fixes ps :: point list
assumes distinct ps sorted-snd ps set ps = psy, U psgr
assumes Vp € psp. fst p < I Vp € psp. I < fstp
assumes sparse (dist por, p11) psr sparse (dist por P1R) PSR
shows t-combine (por, p1r) (Por, P1r) | ps < 10 * length ps + 8

(proof)

declare t-combine.simps [simp del]

2.2.3 Divide and Conquer Algorithm

lemma time-closest-pair-rec-tm-simps-1:

assumes length rs < &

shows time (closest-pair-rec-tm xs) = 1 + time (length-tm xs) + time (mergesort-tm
snd zs) + time (closest-pair-bf-tm xs)

{proof)

lemma time-closest-pair-rec-tm-simps-2:
assumes — (length zs < 3)
shows time (closest-pair-rec-tm zs) = 1 + (
let (xsp, zsg) = val (split-at-tm (length zs div 2) xs) in
let (ysr, pr) = wal (closest-pair-rec-tm xsg,) in
let (ysgr, pr) = val (closest-pair-rec-tm zsg) in
let ys = val (merge-tm (Ap. snd p) ysp ysgr) in
time (length-tm xs) + time (split-at-tm (length xs div 2) xs) + time (closest-pair-rec-tm
xsg) +
time (closest-pair-rec-tm xsg) + time (merge-tm (Ap. snd p) ysp ysgr) +
t-combine pr, pr (fst (hd zsg)) ys
)

{proof)
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function closest-pair-recurrence :: nat = real where
n < 8 = closest-pair-recurrence n = 8 + n + mergesort-recurrence n + n * n
| 3 < n = closest-pair-recurrence n = 7 + 18 * n +
closest-pair-recurrence (nat |real n / 2]) + closest-pair-recurrence (nat [real n
/ 21)
(proof)
termination (proof)

lemma closest-pair-recurrence-nonneg[simp]:
0 < closest-pair-recurrence n

{proof)

lemma time-closest-pair-rec-conv-closest-pair-recurrence:
assumes distinct ps sorted-fst ps
shows time (closest-pair-rec-tm ps) < closest-pair-recurrence (length ps)

(proof)

theorem closest-pair-recurrence:
closest-pair-recurrence € O(An. n * In n)

(proof)

theorem time-closest-pair-rec-bigo:

(Azs. time (closest-pair-rec-tm xs)) € Ollength going-to at-top within { ps. distinct
ps A sorted-fst ps }((An. n = In n) o length)
(proof)

definition closest-pair-time :: nat = real where
closest-pair-time n = 1 + mergesort-recurrence n + closest-pair-recurrence n

lemma time-closest-pair-conv-closest-pair-recurrence:
assumes distinct ps
shows time (closest-pair-tm ps) < closest-pair-time (length ps)
(proof)

corollary closest-pair-time:
closest-pair-time € O(An. n * In n)
(proof)

corollary time-closest-pair-bigo:
(Aps. time (closest-pair-tm ps)) € Ollength going-to at-top within { ps. distinct
ps H((An. n % In n) o length)
(proof)
2.3 Code Export

2.3.1 Combine Step

fun find-closest-code :: point = int = point list = (int = point) where
find-closest-code - - [| = undefined
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| find-closest-code p - [po] = (dist-code p po, po)
| find-closest-code p § (po # ps) = (
let §g = dist-code p pg in
if 6 < (snd po — snd p)? then
(60, po)
else
let (61, p1) = find-closest-code p (min § &p) ps in
Zf (50 < (51 then
(0, Po)
else
(01, p1)
)

lemma find-closest-code-dist-eq:
0 < length ps = (d¢, ¢) = find-closest-code p 6 ps = 0. = dist-code p c
(proof)

declare find-closest.simps [simp add]

lemma find-closest-code-eq:
assumes 0 < length ps § = dist ¢y ¢y 6’ = dist-code co ¢1 sorted-snd (p # ps)
assumes ¢ = find-closest p 6 ps (§.', ¢') = find-closest-code p ¢’ ps
shows ¢ = ¢’
(proof)

fun find-closest-pair-code :: (int x point % point) = point list = (int * point *
point) where
find-closest-pair-code (3, cg, ¢1) [] = (4, co, c1)
| find-closest-pair-code (3, co, c1) [p] = (9, co, 1)
| find-closest-pair-code (8, co, ¢1) (po # ps) = (
let (67, p1) = find-closest-code py 6 ps in
if & <06’ then
find-closest-pair-code (0, cg, ¢1) ps
else
find-closest-pair-code (8, po, p1) ps
)

lemma find-closest-pair-code-dist-eq:
assumes § = dist-code ¢y ¢1 (A, Co, C1) = find-closest-pair-code (8, co, ¢1) ps
shows A = dist-code Cy C4
(proof)

declare find-closest-pair.simps [simp add)

lemma find-closest-pair-code-eq:
assumes § = dist ¢y ¢1 6’ = dist-code cy ¢ sorted-snd ps
assumes (Cy, C1) = find-closest-pair (co, c1) ps
assumes (A’, Cy/, C1") = find-closest-pair-code (8, co, c1) ps
shows CO = 00//\ 01 = 01/
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{proof)

fun combine-code :: (int * point x point) = (int * point * point) = int = point
list = (int % point = point) where
combine-code (01, por, p1z) (Or, Por, P1Rr) I ps = (
let (8, co, c1) = if 6 < Ogr then (0r, por, p11) else (Or, Por, P1R) N
let ps’ = filter (\p. (fst p — 1) < §) ps in
find-closest-pair-code (6, cg, c¢1) ps’

)

lemma combine-code-dist-eq:
assumes 07, = dist-code por, P11, Or = dist-code por P1R
assumes (9, cg, ¢1) = combine-code (01, por, P1.) (Or, Por, P1r) I Ps
shows § = dist-code co ¢

(proof)

lemma combine-code-eq:
assumes ;' = dist-code por, p11, Or’ = dist-code por p1r sorted-snd ps
assumes (cg, ¢1) = combine (por, 1) (Por, P1r) | DS
assumes (§', ¢o’, ¢1’) = combine-code (01", por, 1) (Or’s Por, P1R) | DS
shows cg = co/ AN c1 = ¢1’

(proof)

2.3.2 Divide and Conquer Algorithm

function closest-pair-rec-code :: point list = (point list x int x point x point)
where
closest-pair-rec-code zs = (
let n = length xs in
if n < 8 then
(mergesort snd xs, closest-pair-bf-code xs)
else
let (wsp, zsg) = split-at (n div 2) zs in
let | = fst (hd zsg) in

let (ysr, pr) = closest-pair-rec-code xsy, in
let (ysgr, pr) = closest-pair-rec-code zsg in

let ys = merge snd ysr, ysr in
(ys, combine-code pr, pr 1 ys)
)
(proof )
termination closest-pair-rec-code
(proof )

lemma closest-pair-rec-code-simps:

assumes n = length s = (n < 8)

shows closest-pair-rec-code 1s = (
let (xsp, zsg) = split-at (n div 2) zs in

28



let | = fst (hd zsg) in
let (ysr, pr) = closest-pair-rec-code xsy, in
let (ysgr, pr) = closest-pair-rec-code zsg in
let ys = merge snd ysp, ysg in
(ys, combine-code pr, pr 1 ys)

)

(proof )

declare combine.simps combine-code.simps closest-pair-rec-code.simps [simp del)

lemma closest-pair-rec-code-dist-eq:
assumes 1 < length zs (ys, 0, co, ¢1) = closest-pair-rec-code s
shows § = dist-code ¢y ¢

{proof)

lemma closest-pair-rec-ys-eq:
assumes ! < length xs
assumes (ys, co, ¢1) = closest-pair-rec xs
assumes (ys’, ', co’, ¢1’) = closest-pair-rec-code s
shows ys = ys’
(proof )

lemma closest-pair-rec-code-eq:
assumes I < length xs
assumes (ys, co, ¢1) = closest-pair-rec s
assumes (ys’, ', co’, ¢1’) = closest-pair-rec-code s
shows ¢y = cg’ A ¢c1 = ¢’
(proof)

declare closest-pair.simps [simp add)]

fun closest-pair-code :: point list = (point = point) where

closest-pair-code [| = undefined
| closest-pair-code [-] = undefined
| closest-pair-code ps = (let (-, -, co, ¢1) = closest-pair-rec-code (mergesort fst ps)
in (co, c1))

lemma closest-pair-code-eq:
closest-pair ps = closest-pair-code ps
(proof)

export-code closest-pair-code in OCaml
module-name Verified

end

3 Closest Pair Algorithm 2

theory Closest-Pair-Alternative
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imports Common
begin

Formalization of a divide-and-conquer algorithm solving the Closest Pair
Problem based on the presentation of Cormen et al. [1].

3.1 Functional Correctness Proof

3.1.1 Core Argument

lemma core-argument:

assumes distinct (po # ps) sorted-snd (po # ps) 0 < & set (po # ps) = psp U
PSR

assumes Vp € set (po # ps). | — < fstp A fstp <1+ 0

assumes Vp € psp. fst p < IVp € psp. | < fst p

assumes sparse 0 psy, sparse 0 PSg

assumes p; € set ps dist pg p1 < 0

shows p; € set (take 7 ps)
{proof)

3.1.2 Combine step

lemma find-closest-bf-dist-take-7:

assumes 3 p; € set ps. dist pg p1 < 0

assumes distinct (po # ps) sorted-snd (po # ps) 0 < length ps 0 < § set (pg #
ps) = psp U psr

assumes Vp € set (po # ps). | — 6 < fstp A fstp<Il+39§

assumes Vp € psy. fst p < I Vp € psp. | < fst p

assumes sparse 0 psy, sparse § psgr

shows V p; € set ps. dist po (find-closest-bf po (take 7 ps)) < dist po p1
(proof)

fun find-closest-pair-tm :: (point x point) = point list = (point X point) tm where

find-closest-pair-tm (co, c¢1) [] =1 return (co, ¢1)
| find-closest-pair-tm (co, ¢1) [-] =1 return (cq, c1)
| find-closest-pair-tm (co, c1) (po # ps) =1 (
do {

ps’ <— take-tm 7 ps;
p1 <— find-closest-bf-tm pg ps’;
if dist co c1 < dist pg p1 then
find-closest-pair-tm (co, ¢1) ps
else
find-closest-pair-tm (pg, p1) ps

}
)

fun find-closest-pair :: (point * point) = point list = (point x point) where
find-closest-pair (cg, c¢1) [] = (co, ¢1)

| find-closest-pair (cq, 1) [-] = (co, ¢1)

| find-closest-pair (co, c1) (po # ps) = (
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let py = find-closest-bf py (take 7 ps) in
if dist cg ¢1 < dist pg p1 then
find-closest-pair (co, c1) ps
else
find-closest-pair (po, p1) ps
)

lemma find-closest-pair-eq-val-find-closest-pair-tm:
val (find-closest-pair-tm (cq, c1) ps) = find-closest-pair (cg, ¢1) ps
(proof)

lemma find-closest-pair-set:
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows (Cy € set ps A Cq1 € set ps) V (Co =co A C1 = ¢1)
(proof)

lemma find-closest-pair-cO-ne-c1:

co # ¢1 = distinct ps = (Cy, C1) = find-closest-pair (co, ¢1) ps = Co #
Ch
(proof)

lemma find-closest-pair-dist-mono:
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows dist Cy C < dist ¢y cq
{proof)

lemma find-closest-pair-dist:
assumes sorted-snd ps distinct ps set ps = psp, U psg 0 < 9
assumes Vp € setps. | —d < fstp AN fstp <1+ 9
assumes Vp € psp. fst p < IVp € psp. I < fstp
assumes sparse 0 psy, sparse 6 psg dist cg ¢1 < 0
assumes (Cy, C1) = find-closest-pair (co, c1) ps
shows sparse (dist Cy Cy) (set ps)
(proof)

declare find-closest-pair.simps [simp del]

fun combine-tm :: (point x point) = (point X point) = int = point list = (point
X point) tm where
combine-tm (por, p1r) (Por, P1r) I Ps =1 (
let (co, c1) = if dist por, p1z < dist por p1r then (por, pir) else (por, P1R) in
do {
ps’ <— filter-tm (Ap. dist p (I, snd p) < dist ¢y ¢1) ps;
find-closest-pair-tm (co, c1) ps’
}
)

fun combine :: (point * point) = (point * point) = int = point list = (point *
point) where
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combine (por, pir) (Por, P1r) I ps = (
let (co, c1) = if dist por, p1r < dist por p1r then (porL, piL) else (por, P1r) in
let ps’ = filter (Ap. dist p (I, snd p) < dist co ¢1) ps in
find-closest-pair (co, c1) ps’

)

lemma combine-eq-val-combine-tm:

val (combine-tm (por, pir) (Por, P1r) | ps) = combine (por, p1L) (Por, P1R) !
ps

(proof )

lemma combine-set:

assumes (co, c1) = combine (por, p1L) (Por, P1r) I PS

shows (¢ € set ps A ¢1 € set ps) V (co = por A ¢1 = pi1) V (co = por N 1
= le)
(proof)

lemma combine-cO-ne-cl1:
assumes por # piL Por 7 P1r distinct ps

assumes (cg, ¢1) = combine (por, p1r) (Por, P1r) I DS
shows ¢y # ¢;

(proof)

lemma combine-dist:
assumes distinct ps sorted-snd ps set ps = psy, U psr
assumes Vp € psp. fst p < I Vp € psp. | < fstp
assumes sparse (dist por, p11) psr sparse (dist por P1R) PSR
assumes (cg, ¢1) = combine (por, 1) (Por, pP1r) I DS
shows sparse (dist ¢y c¢1) (set ps)

(proof)

declare combine.simps [simp del]
declare combine-tm.simps [simp del]

3.1.3 Divide and Conquer Algorithm

declare split-at-take-drop-conv [simp add]

function closest-pair-rec-tm :: point list = (point list X point x point) tm where
closest-pair-rec-tm zs =1 (
do {
n <— length-tm zs;
if n < 3 then
do {

ys <— mergesort-tm snd zs;
p <— closest-pair-bf-tm xs;
return (ys, p)

else
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do {
(zsr, xsp) <— split-at-tm (n div 2) xs;
(ysL, poL, p1L) <— closest-pair-rec-tm xsr;
(ysr, Por, P1r) <— closest-pair-rec-tm xsg;
ys <— merge-tm snd yS;, YSg;
(po, p1) <— combine-tm (por, p1r) (Por, P1r) (fst (hd zsr)) ys;
}
}
)
(proof)
termination closest-pair-rec-tm

{proof)

function closest-pair-rec :: point list = (point list * point x point) where
closest-pair-rec xs = (

let n = length xs in

if n < 3 then
(mergesort snd xs, closest-pair-bf s)

else
let (wsp, zsg) = split-at (n div 2) zs in
let (ysr, por, p1r) = closest-pair-rec xsy, in
let (ysr, Por, P1r) = closest-pair-rec Tsg in
let ys = merge snd ysp, ysr in
(ys, combine (por, p1L) (Por, P1r) (fst (hd zsR)) ys)

(proof)
termination closest-pair-rec

(proof)
declare split-at-take-drop-conv [simp del]

lemma closest-pair-rec-simps:

assumes n = length s = (n < 3)

shows closest-pair-rec xs = (
let (xsr, xsg) = split-at (n div 2) zs in
let (ysL, por, p1L) = closest-pair-rec zsy, in
let (ysr, Por, P1rR) = closest-pair-rec xsg in
let ys = merge snd ysy, ysr in

s combine (o, 1) o pie) (5 (i 352) w9

(proof )

declare closest-pair-rec.simps [simp del]

lemma closest-pair-rec-eq-val-closest-pair-rec-tm:
val (closest-pair-rec-tm xs) = closest-pair-rec xs

(proof)
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lemma closest-pair-rec-set-length-sorted-snd:
assumes (ys, p) = closest-pair-rec xs
shows set ys = set xs A length ys = length xs N\ sorted-snd ys

{proof)

lemma closest-pair-rec-distinct:
assumes distinct zs (ys, p) = closest-pair-rec xs
shows distinct ys

{proof)

lemma closest-pair-rec-c0-c1:
assumes 1 < length zs distinct zs (ys, co, ¢1) = closest-pair-rec xs
shows ¢y € set s N\ ¢1 € set xs A\ ¢g # 1

{proof)

lemma closest-pair-rec-dist:
assumes 1 < length zs distinct xs sorted-fst xs (ys, co, ¢1) = closest-pair-rec zs
shows sparse (dist co c1) (set xs)

{proof )
fun closest-pair-tm :: point list = (point * point) tm where
closest-pair-tm [| =1 return undefined
| closest-pair-tm [-] =1 return undefined
| closest-pair-tm ps =1 (
do {

xs <— mergesort-tm fst ps;
(-, p) <— closest-pair-rec-tm wxs;
return p
}
)

fun closest-pair :: point list = (point * point) where
closest-pair [| = undefined
| closest-pair [-] = undefined
| closest-pair ps = (let (-, co, c1) = closest-pair-rec (mergesort fst ps) in (co, c1))

lemma closest-pair-eq-val-closest-pair-tm:
val (closest-pair-tm ps) = closest-pair ps
(proof)

lemma closest-pair-simps:

1 < length ps = closest-pair ps = (let (-, co, ¢1) = closest-pair-rec (mergesort
fst ps) in (co, 1))

(proof)

declare closest-pair.simps [simp del]

theorem closest-pair-c0-c1:
assumes 1 < length ps distinct ps (co, ¢1) = closest-pair ps
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shows ¢y € set ps ¢1 € set ps ¢g # ¢1
(proof)

theorem closest-pair-dist:
assumes 1 < length ps distinct ps (co, ¢1) = closest-pair ps
shows sparse (dist co ¢1) (set ps)
(proof )

3.2 Time Complexity Proof
3.2.1 Combine Step

lemma time-find-closest-pair-tm:
time (find-closest-pair-tm (cq, c1) ps) < 17 x length ps + 1
(proof)

lemma time-combine-tm:

fixes ps :: point list

shows time (combine-tm (por, p1r) (Por, P1r) I ps) < & + 18 x length ps
(proof)

3.2.2 Divide and Conquer Algorithm

lemma time-closest-pair-rec-tm-simps-1:

assumes length rs < 3

shows time (closest-pair-rec-tm xs) = 1 + time (length-tm xs) + time (mergesort-tm
snd xs) + time (closest-pair-bf-tm xs)

{proof)

lemma time-closest-pair-rec-tm-simps-2:
assumes - (length xs < 3)
shows time (closest-pair-rec-tm xs) = 1 + (
let (zsp, xzsg) = wval (split-at-tm (length xzs div 2) xs) in
let (ysr, pr) = val (closest-pair-rec-tm xsr,) in
let (ysr, pr) = val (closest-pair-rec-tm xzsg) in
let ys = val (merge-tm (Ap. snd p) ysr ysg) in
time (length-tm xs) + time (split-at-tm (length xs div 2) xs) + time (closest-pair-rec-tm
rs1,) +
time (closest-pair-rec-tm xsg) + time (merge-tm (Ap. snd p) ys ysr) + time
(combine-tm pr, pr (fst (hd zsg)) ys)
)
{proof)

function closest-pair-recurrence :: nat = real where
n < 8 = closest-pair-recurrence n = 38 + n + mergesort-recurrence n + n * n
| 8 < n=> closest-pair-recurrence n = 7 + 21 % n + closest-pair-recurrence (nat
real n / 2]) +
closest-pair-recurrence (nat [real n / 2])

{proof)
termination (proof)
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lemma closest-pair-recurrence-nonneg|simp):
0 < closest-pair-recurrence n

{proof)

lemma time-closest-pair-rec-conv-closest-pair-recurrence:
time (closest-pair-rec-tm ps) < closest-pair-recurrence (length ps)
(proof)

theorem closest-pair-recurrence:
closest-pair-recurrence € O(An. n * In n)
(proof)

theorem time-closest-pair-rec-bigo:

(Azs. time (closest-pair-rec-tm xs)) € Ollength going-to at-top]((An. n * In n) o
length)
(proof )

definition closest-pair-time :: nat = real where
closest-pair-time n = 1 + mergesort-recurrence n + closest-pair-recurrence n

lemma time-closest-pair-conv-closest-pair-recurrence:
time (closest-pair-tm ps) < closest-pair-time (length ps)
(proof )

corollary closest-pair-time:
closest-pair-time € O(An. n x In n)
(proof)

corollary time-closest-pair-bigo:

(Aps. time (closest-pair-tm ps)) € Ollength going-to at-top]((An. n * In n) o
length)
(proof )

3.3 Code Export
3.3.1 Combine Step

fun find-closest-pair-code :: (int x point x point) = point list = (int x point x
point) where
find-closest-pair-code (3, cg, c1) [] = (d, co, c1)
| find-closest-pair-code (8, co, ¢1) [p] = (0, co, 1)
| find-closest-pair-code (8, co, c1) (po # ps) = (
let (§', p1) = find-closest-bf-code po (take 7 ps) in
if & <6’ then
find-closest-pair-code (9, cg, ¢1) ps
else
find-closest-pair-code (6, po, p1) ps
)
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lemma find-closest-pair-code-dist-eq:
assumes § = dist-code ¢y ¢1 (A, Co, C1) = find-closest-pair-code (8, co, ¢1) ps
shows A = dist-code Cy C1
(proof )

declare find-closest-pair.simps [simp add)

lemma find-closest-pair-code-eq:
assumes § = dist ¢y ¢; 0’ = dist-code ¢y c1
assumes (Cy, C1) = find-closest-pair (cq, ¢1) ps
assumes (A’, Cy’, C1') = find-closest-pair-code (', co, ¢1) ps
shows Cq = Cy' A C1 = Cy'
(proof)

fun combine-code :: (int x point x point) = (int x point x point) = int = point
list = (int * point * point) where
combine-code (61, por, p1r) (OR, Por, P1R) I ps = (
let (6, co, c1) = if 0r, < dr then (0L, por, p1r) else (SR, por, P1R) N
let ps’ = filter (A\p. (fst p — 1) < §) ps in
find-closest-pair-code (0, cg, ¢1) ps’

)

lemma combine-code-dist-eq:
assumes 07, = dist-code por, P11, Or = dist-code por P1R
assumes (4, cg, ¢1) = combine-code (61, por, p1r) (Or, Por, P1R) | DS
shows § = dist-code ¢y ¢

{proof)

lemma combine-code-eq:
assumes ;' = dist-code por, p11, Or’ = dist-code por P1Rr
assumes (cg, ¢1) = combine (por, p1r) (Por, P1r) I DS
assumes (8, ¢o’, ¢1’) = combine-code (617, por, p1r) (OrR’, Por, P1R) I DS
shows ¢y = ¢cg’ A ¢c1 = ¢/
(proo)

3.3.2 Divide and Conquer Algorithm

function closest-pair-rec-code :: point list = (point list x int x point x point)
where
closest-pair-rec-code s = (
let n = length xs in
if n < 3 then
(mergesort snd xs, closest-pair-bf-code xs)
else
let (wsp, zsg) = split-at (n div 2) zs in
let | = fst (hd xsR) in

let (ysp, pr) = closest-pair-rec-code xsy, in
let (ysgr, pr) = closest-pair-rec-code xzsg in
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let ys = merge snd ysr, ysr in
(ys, combine-code pr, pr 1 ys)
)
(proof )
termination closest-pair-rec-code
(proof )

lemma closest-pair-rec-code-simps:

assumes n = length s = (n < 8)

shows closest-pair-rec-code zs = (
let (xsp, zsg) = split-at (n div 2) zs in
let | = fst (hd zsg) in
let (ysr, pr) = closest-pair-rec-code xsy, in
let (ysg, pr) = closest-pair-rec-code xsg in
let ys = merge snd ysy, ysg in
(ys, combine-code pr, pr 1 ys)

)

(proof)

declare combine.simps combine-code.simps closest-pair-rec-code.simps [simp del)

lemma closest-pair-rec-code-dist-eq:
assumes I < length zs (ys, 0, co, ¢1) = closest-pair-rec-code s
shows § = dist-code co ¢

(proof)

lemma closest-pair-rec-ys-eq:
assumes 1 < length xs
assumes (ys, co, ¢1) = closest-pair-rec s
assumes (ys’, ', co’, ¢1’) = closest-pair-rec-code s
shows ys = ys’

{proof)

lemma closest-pair-rec-code-eq:
assumes 1 < length xs
assumes (ys, co, ¢1) = closest-pair-rec s
assumes (ys', 8, co’, ¢1’) = closest-pair-rec-code s
shows ¢y = ¢cg’ A ¢1 = ¢
(proof)

declare closest-pair.simps [simp add)]

fun closest-pair-code :: point list = (point x point) where

closest-pair-code [| = undefined
| closest-pair-code [-] = undefined
| closest-pair-code ps = (let (-, -, co, ¢1) = closest-pair-rec-code (mergesort fst ps)
in (co, 1))
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lemma closest-pair-code-eq:
closest-pair ps = closest-pair-code ps

(proof)

export-code closest-pair-code in OCaml
module-name Verified

end
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