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Abstract

Category theory presents a formulation of mathematical structures
in terms of common properties of those structures. A particular for-
mulation of interest is the Elementary Theory of the Category of Sets
(ETCS), which is an axiomatization of set theory in category theory
terms. This axiomatization provides an unusual view of sets, where
the functions between sets are regarded as more important than the
elements of the sets. We formalise an axiomatization of ETCS on top
of HOL, following the presentation given by Halvorson [1]. We also
build some other set theoretic results on top of the axiomatization, in-
cluding Cantor’s diagonalization theorem and mathematical induction.
We additionally define a system of quantified predicate logic within the
ETCS axiomatization.
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1 Basic Types and Operators for the Category of
Sets

theory Cfunc
imports Main HOL— Eisbach.Fisbach
begin

typedecl cset
typedecl cfunc

We declare cset and cfunc as types to represent the sets and functions
within ETCS, as distinct from HOL sets and functions. The "c" prefix here
is intended to stand for "category", and emphasises that these are category-
theoretic objects.

The axiomatization below corresponds to Axiom 1 (Sets Is a Category)
in Halvorson.

axiomatization

domain :: cfunc = cset and

codomain :: cfunc = cset and

comp :: cfunc = cfunc = cfunc (infixr o, 55) and

id :: cset = cfunc (id.)
where

domain-comp: domain g = codomain f = domain (g o. f) = domain f and

codomain-comp: domain g = codomain f = codomain (g o. f) = codomain g
and

comp-associative: domain h = codomain g = domain g = codomain f = h o,
(g oc f) = (hocg)oc fand

id-domain: domain (id X) = X and

id-codomain: codomain (id X) = X and

id-right-unit: f o. id (domain f) = f and

id-left-unit: id (codomain f) oo f = f

We define a neater way of stating types and lift the type axioms into
lemmas using it.



definition cfunc-type :: cfunc = cset = cset = bool (- : - — - [50, 50, 50]50)
where
(f: X = Y) «— (domain f = X A codomain f = Y)

lemma comp-type:
[+ X>Y=g¢g:Y>Z=go.f: X—>7Z
by (simp add: cfunc-type-def codomain-comp domain-comp)

lemma comp-associative2:
[ X=2Y=g9g:Y>Z=h:Z—> W= ho.(g9g0cf)=(ho.g)o.f
by (simp add: cfunc-type-def comp-associative)

lemma id-type: id X : X — X
unfolding cfunc-type-def using id-domain id-codomain by auto

lemma id-right-unit2: f : X - Y = fo.,id X = f
unfolding cfunc-type-def using id-right-unit by auto

lemma id-left-unit2: f : X - Y = id Y o. f=f
unfolding cfunc-type-def using id-left-unit by auto

1.1 Tactics for Applying Typing Rules

ETCS lemmas often have assumptions on its ETCS type, which can often be
cumbersome to prove. To simplify proofs involving ETCS types, we provide
proof methods that apply type rules in a structured way to prove facts about
ETCS function types. The type rules state the types of the basic constants
and operators of ETCS and are declared as a named set of theorems called
type_ rule.

named-theorems type-rule

declare id-type[type-rule
declare comp-type[type-rule]

ML-file <typecheck.ml»

1.1.1 typecheck_ cfuncs: Tactic to Construct Type Facts

method-setup typecheck-cfuncs =
«Scan.option ((Scan.lift (Args.333$ type-rule —— Args.colon)) |—— Attrib.thms)
>> typecheck-cfuncs-method»
Check types of cfuncs in current goal and add as assumptions of the current goal

method-setup typecheck-cfuncs-all =
«Scan.option ((Scan.lift (Args.333$ type-rule —— Args.colon)) |—— Attrib.thms)
>> typecheck-cfuncs-all-method)
Check types of cfuncs in all subgoals and add as assumptions of the current goal



method-setup typecheck-cfuncs-prems =
«Scan.option ((Scan.lift (Args.333$ type-rule —— Args.colon)) |—— Attrib.thms)
>> typecheck-cfuncs-prems-method»
Check types of cfuncs in assumptions of the current goal and add as assumptions
of the current goal

1.1.2 etcs__rule: Tactic to Apply Rules with ETCS Typechecking

method-setup etcs-rule =
«Scan.repeats (Scan.unless (Scan.lift (Args.$$$ type-rule —— Args.colon)) At-
trib.multi-thm)
—— Scan.option ((Scan.lift (Args.$$$ type-rule —— Args.colon)) |—— Attrib.thms)
>> ETCS-resolve-method»
apply rule with ETCS type checking

1.1.3 etcs__subst: Tactic to Apply Substitutions with ETCS Type-
checking

method-setup etcs-subst =
<Scan.repeats (Scan.unless (Scan.lift (Args.$$$ type-rule —— Args.colon)) At-
trib.multi-thm)
—— Scan.option ((Scan.lift (Args.$$$ type-rule —— Args.colon)) |—— Attrib.thms)
>> ETCS-subst-method»
apply substitution with ETCS type checking

method etcs-assocl declares type-rule = (etcs-subst comp-associative?)~+
method etcs-assocr declares type-rule = (etcs-subst sym|[OF comp-associative2])+

method-setup etcs-subst-asm =
«Runtime.exn-trace (fn - => Scan.repeats (Scan.unless (Scan.lift (Args.$$$ type-rule
—— Args.colon)) Attrib.multi-thm)
—— Scan.option ((Scan.lift (Args.$$$ type-rule —— Args.colon)) |—— Attrib.thms)
>> ETCS-subst-asm-method))
apply substitution to assumptions of the goal, with ETCS type checking

method etcs-assocl-asm declares type-rule = (etcs-subst-asm comp-associative2)—+
method etcs-assocr-asm declares type-rule = (etcs-subst-asm sym[OF comp-associative2])+

1.1.4 etcs__erule: Tactic to Apply Elimination Rules with ETCS
Typechecking

method-setup etcs-erule =
«Scan.repeats (Scan.unless (Scan.lift (Args.$$$ type-rule —— Args.colon)) At-
trib.multi-thm)
—— Scan.option ((Scan.lift (Args.$$$ type-rule —— Args.colon)) |—— Attrib.thms)
>> ETCS-eresolve-method»
apply erule with ETCS type checking



1.2 Monomorphisms, Epimorphisms and Isomorphisms

1.2.1 Monomorphisms

definition monomorphism :: cfunc = bool where
monomorphism f «— (V ¢ h.
(codomain g = domain f A codomain h = domain f) — (f 0. g = f oo h —
g =h)

lemma monomorphism-def2:

monomorphism f «— (Vv gh AXY. g: A XANh: A—=-XANf:X—>Y
—>(focg:foch—>g:h))

unfolding monomorphism-def by (smt cfunc-type-def domain-comp)

lemma monomorphism-defS3:

assumes f : X —» Y

shows monomorphism f «<— (Vv ghA. g: A—> XANh: A= X — (fo.g=
f och — g= h))

unfolding monomorphism-def2 using assms cfunc-type-def by auto

The lemma below corresponds to Exercise 2.1.7a in Halvorson.

lemma comp-monic-imp-monic:
assumes domain g = codomain f
shows monomorphism (g o. f) = monomorphism f
unfolding monomorphism-def

proof clarify
fix st
assume gf-monic: V's. Vt.

codomain s = domain (g o. f) A codomain t = domain (g o. f) —
(gocf)ocs=(gocf)oct—s=1

assume codomain-s: codomain s = domain f
assume codomain-t: codomain t = domain f
assume f o, s = f o, t

then have (g o. f) o. s = (g o f) o ¢
by (metis assms codomain-s codomain-t comp-associative)
then show s = ¢
using gf-monic codomain-s codomain-t domain-comp by (simp add: assms)
qed

lemma comp-monic-imp-monic':
assumes f: X > Yg:Y > Z
shows monomorphism (g o, f) = monomorphism f
by (metis assms cfunc-type-def comp-monic-imp-monic)

The lemma below corresponds to Exercise 2.1.7¢ in Halvorson.

lemma composition-of-monic-pair-is-monic:
assumes codomain f = domain g
shows monomorphism f = monomorphism g = monomorphism (g o. f)
unfolding monomorphism-def



proof clarify
fix h k
assume f-mono: Vs t.
codomain s = domain f N\ codomain t = domain f — fo.s=fo.t — s=
t
assume g-mono: Vs. Vt.
codomain s = domain g A\ codomain t = domain ¢ — g o, S = g o, t — §
=1
assume codomain-k: codomain k = domain (g o. f)
assume codomain-h: codomain h = domain (g o. f)

assume gfh-eq-gfk: (g oc f) oc k= (g oc f) oc h

have g o, (f oc h) = (g oc f) oc h
by (simp add: assms codomain-h comp-associative domain-comp)

also have ... = (g o, f) o k
by (simp add: gfh-eq-gfk)
also have ... = g o. (f o. k)

by (simp add: assms codomain-k comp-associative domain-comp)
ultimately have f o. h = f o. k
using assms cfunc-type-def codomain-h codomain-k comp-type domain-comp
g-mono by auto
then show k£ = h
by (simp add: codomain-h codomain-k domain-comp f-mono assms)
qed

1.2.2 Epimorphisms

definition epimorphism :: cfunc = bool where
epimorphism f <— (¥ g h.
(domain g = codomain f A domain h = codomain f) — (g o. f = h o, f —
g=h)

lemma epimorphism-def2:

epimorphism f «— (VY ghAXY. f: X > Y ANg: Y —>AANh:Y 54—
(gocf:hocfﬁg:h))

unfolding epimorphism-def by (smt cfunc-type-def codomain-comp)

lemma epimorphism-def3:

assumes f : X —» Y

shows epimorphism f «— (VY ghA. g: Y > AANh:Y > A— (go.f=h
ocf — g = h))

unfolding epimorphism-def2 using assms cfunc-type-def by auto

The lemma below corresponds to Exercise 2.1.7b in Halvorson.

lemma comp-epi-imp-epi:
assumes domain g = codomain f
shows epimorphism (g o, ) = epimorphism g
unfolding epimorphism-def
proof clarify
fix st



assume gf-epi: Vs. V.
domain s = codomain (g o. f) A domain t = codomain (g o. f) —
so.go.f=to.go.f—s=1
assume domain-s: domain s = codomain g
assume domain-t: domain t = codomain g
assume sf-eq-tf: so. g =1to. g

from sf-eq-tf have s o. (g o. f) = t o. (g o, f)
by (simp add: assms comp-associative domain-s domain-t)
then show s = ¢
using gf-epi codomain-comp domain-s domain-t by (simp add: assms)
qed

The lemma below corresponds to Exercise 2.1.7d in Halvorson.

lemma composition-of-epi-pair-is-epi:
assumes codomain f = domain g
shows epimorphism f = epimorphism g = epimorphism (g o. f)
unfolding epimorphism-def
proof clarify
fix h k
assume f-epi :V s h.
(domain s = codomain f N domain h = codomain f) — (so. f = h o, f —
s=h)
assume g-epi ¥V s h.
(domain s = codomain g A domain h = codomain g) — (s 0. g = h o, g —>
s=h)
assume domain-k: domain k = codomain (g o, f)
assume domain-h: domain h = codomain (g o. f)
assume hgf-eq-kgf: h o. (g oc f) = k oc (g oc f)

have (h o, g) o. f = h o, (g o f)

by (simp add: assms codomain-comp comp-associative domain-h)
also have ... = k o. (g o. f)

by (simp add: hgf-eq-kgf)
also have ... =(k o, g) o, f

by (simp add: assms codomain-comp comp-associative domain-k)
ultimately have ho. g =k o, g

by (simp add: assms codomain-comp domain-comp domain-h domain-k f-epi)
then show h = k

by (simp add: codomain-comp domain-h domain-k g-epi assms)

qged

1.2.3 Isomorphisms

definition isomorphism :: cfunc = bool where
isomorphism [ «— (3 g¢. domain g = codomain f A codomain g = domain f A
g oc [ = id(domain f) A f o. g = id(domain g))

lemma isomorphism-def2:



isomorphism f +— A g X Y. f: X > Y ANg: Y > X Ago.f=idX A f o,
g=1idY)
unfolding isomorphism-def cfunc-type-def by auto

lemma isomorphism-def3:
assumes f : X — YV
shows isomorphism f «+— (3 g. g: Y > X Ago. f=id X Nfo.g=1idY)
using assms unfolding isomorphism-def2 cfunc-type-def by auto

definition inverse :: cfunc = cfunc (-1 [1000] 999) where
inverse f = (THE g. g : codomain f — domain f A g o, f = id(domain f) N f
o. g = id(codomain f))

lemma inverse-def2:
assumes isomorphism f
shows f~1 : codomain f — domain f A f~1 o. f = id(domain f) A f o. f~1 =
id(codomain f)
unfolding inverse-def
proof (rule thel’, safe)
show Jg. g : codomain f — domain f A g o. f = id. (domain f) A f o. g = id,
(codomain f)
using assms unfolding isomorphism-def cfunc-type-def by auto
next
fix g1 g2
assume gI-f: g1 o, f = id. (domain f) and f-g1: f o. g1 = id. (codomain f)
assume g2-f: g2 o, f = id. (domain f) and f-g2: f o. g2 = id. (codomain f)
assume g1 : codomain f — domain f g2 : codomain f — domain f
then have codomain g1 = domain f domain g2 = codomain f
unfolding cfunc-type-def by auto
then show g1 = g2
by (metis comp-associative f-g1 g2-f id-left-unit id-right-unit)
qed

lemma inverse-type[type-rule]:
assumes isomorphism ff : X = Y
shows f1:Y = X
using assms inverse-def2 unfolding cfunc-type-def by auto

lemma inv-left:

assumes isomorphism ff : X = Y

shows f1 o, f=1id X

using assms inverse-def2 unfolding cfunc-type-def by auto
lemma inv-right:

assumes isomorphism ff : X = Y

shows fo, fl=idY

using assms inverse-def2 unfolding cfunc-type-def by auto

lemma inv-iso:

10



assumes isomorphism f

shows isomorphism(f~1)

using assms inverse-def2 unfolding isomorphism-def cfunc-type-def by (intro
exl[where z=f], auto)

lemma inv-idempotent:
assumes isomorphism f
shows (f~1)=1 =¥
by (smt assms cfunc-type-def comp-associative id-left-unit inv-iso inverse-def2)

definition is-isomorphic :: cset = cset = bool (infix = 50) where
X2Y<+— 3f. f: X = Y Aisomorphism f)

lemma id-isomorphism: isomorphism (id X)

unfolding isomorphism-def

by (intro exl[where z= id X|, auto simp add: id-codomain id-domain, metis
id-domain id-right-unit)

lemma isomorphic-is-reflevive: X = X

unfolding is-isomorphic-def

by (intro exl[where = id X|, auto simp add: id-domain id-codomain id-isomorphism
id-type)

lemma isomorphic-is-symmetric: X 2 Y — Y =2 X
unfolding is-isomorphic-def isomorphism-def
by (auto, metis cfunc-type-def)

lemma isomorphism-comp:

domain f = codomain ¢ => isomorphism f => isomorphism ¢ = isomorphism
(f oc 9)

unfolding isomorphism-def by (auto, smt codomain-comp comp-associative do-
main-comyp id-right-unit)

lemma isomorphism-comp”:
assumes f: Y - Zg: X > Y
shows isomorphism f = isomorphism g = isomorphism (f o. g)
using assms cfunc-type-def isomorphism-comp by auto

lemma isomorphic-is-transitive: (X X Y ANY 2 7) — X =7
unfolding is-isomorphic-def by (auto, metis cfunc-type-def comp-type isomor-
phism-comp)

lemma is-isomorphic-equiv:
equiv UNIV {(X, V). X 2 Y}
unfolding equiv-def
proof safe
show refl {(z, y). x = y}
unfolding refl-on-def using isomorphic-is-reflexive by auto
next

11



show sym {(z, y). z & y}
unfolding sym-def using isomorphic-is-symmetric by blast
next
show trans {(z, y). z = y}
unfolding trans-def using isomorphic-is-transitive by blast
qed

The lemma below corresponds to Exercise 2.1.7e in Halvorson.

lemma iso-imp-epi-and-monic:
isomorphism f = epimorphism f A\ monomorphism f
unfolding isomorphism-def epimorphism-def monomorphism-def
proof safe
fix gst
assume domain-g: domain g = codomain f
assume codomain-g: codomain g = domain f
assume gf-id: g o. f = id (domain f)
assume fg-id: f o. g = id (domain g)
assume domain-s: domain s = codomain f
assume domain-t: domain t = codomain f
assume sf-eq-tf: so. f =to. f

have s = s o, id(codomain(f))

by (metis domain-s id-right-unit)
also have ... = s o, (f o. g)

by (simp add: domain-g fg-id)
also have ... = (so. f) o, ¢

by (simp add: codomain-g comp-associative domain-s)
also have ... = (t o, f) o. ¢

by (simp add: sf-eg-tf)
also have ... = t o. (f o, g)

by (simp add: codomain-g comp-associative domain-t)
also have ... = ¢ o, id(codomain f)

by (simp add: domain-g fg-id)
also have ... = ¢

by (metis domain-t id-right-unit)
finally show s = t.

next

fix ghk
assume domain-g: domain g = codomain f
assume codomain-g: codomain g = domain f
assume gf-id: g o, f = id (domain f)
assume fg-id: f o, g = id (domain g)
assume codomain-h: codomain h = domain f
assume codomain-k: codomain k = domain f
assume fk-eq-fh: f oo k= f o. h

have h = id(domain f) o, h

by (metis codomain-h id-left-unit)
also have ... = (g o. f) o. h

12



using gf-id by auto

also have ... = g o. (f o h)

by (simp add: codomain-h comp-associative domain-g)
also have ... = g o, (f o. k)

by (simp add: fk-eq-fh)
also have ... = (g o, f) o. k

by (simp add: codomain-k comp-associative domain-g)
also have ... = id(domain f) o. k

by (simp add: gf-id)
also have ... = k

by (metis codomain-k id-left-unit)
ultimately show k& = h
by simp
qed

lemma isomorphism-sandwich:
assumes f-type: f : A — B and g-type: g : B — C and h-type: h: C — D
assumes f-iso: isomorphism f
assumes h-iso: isomorphism h
assumes hgf-iso: isomorphism(h o. g o. f)
shows isomorphism g
proof —
have isomorphism(h=1 o, (h o. g o. f) o f71)
using assms by (typecheck-cfuncs, simp add: f-iso h-iso hgf-iso inv-iso isomor-
phism-comp”)
then show isomorphism g
using assms by (typecheck-cfuncs-prems, smt comp-associative? id-left-unit2
id-right-unit2 inv-left inv-right)
qed

end

2 Cartesian Products of Sets

theory Product
imports Cfunc
begin

The axiomatization below corresponds to Axiom 2 (Cartesian Products)
in Halvorson.

axiomatization
cart-prod :: cset = cset = cset (infixr x. 65) and
left-cart-proj :: cset = cset = cfunc and
right-cart-proj :: cset = cset = cfunc and
cfunc-prod :: cfunc = cfunc = cfunc ((-,-))
where
left-cart-proj-type[type-rule]: left-cart-proj X YV : X x. ¥ — X and
right-cart-proj-type[type-rule]: right-cart-proj X Y : X x. ¥ — Y and

13



cfunc-prod-type[type-rulel: f : Z - X = g: Z - Y = (f,9) : Z - X x. Y
and
left-cart-proj-cfunc-prod: f : 7 - X = g : Z — Y = left-cart-proj X Y o,

(f.9) = f and
right-cart-proj-cfunc-prod: f : 7 — X = g : Z — Y = right-cart-proj X Y o,
(f,9) = g and

cfunc-prod-unique: f : Z - X = g: Z - Y = h:7Z - X x. Y =
left-cart-proj X Y o. h = f = right-cart-proj X Y o. h = g = h = (f,g)

definition is-cart-prod :: cset = cfunc = cfunc = cset = cset = bool where
is-cart-prod W mg m1 X Y +—
(mg: W—=XAm:W—=YA
~NfgZ (f:Z—>XNg:Z—>Y)—
Fhh:Z—>WAmgo.h=fAm0.h=gA
(V h2. (h2 :Z - W Amgo. h2 =f Am o, h2 = g) — h2 = h))))

lemma is-cart-prod-def2:
assumes g : W - X m : W = Y
shows is-cart-prod W mg m1 X Y +—
~NfgZ (f:Z—>XNg:Z—>Y)—
Bhh:Z—>WAmgoch=fAm0.h=gA
(V h2. (h2 : Z — W Amgo. h2 = f Am o. h2 = g) — h2 = h)))
unfolding is-cart-prod-def using assms by auto

abbreviation is-cart-prod-triple :: cset X cfunc X cfunc = cset = cset = bool
where

is-cart-prod-triple Wrn X Y = is-cart-prod (fst Wr) (fst (snd W)) (snd (snd
Wn) XY

lemma canonical-cart-prod-is-cart-prod:
is-cart-prod (X x. Y) (left-cart-proj X Y) (right-cart-proj X Y) X Y
unfolding is-cart-prod-def
proof (typecheck-cfuncs)
fix fgZ
assume f-type: f: 7 — X
assume g-type: g: Z — Y
show dh. h: Z — X X, Y A
left-cart-proj X Y oo, h = f A
right-cart-proj X Y oo h = g A
(Vh2.h2:7Z - X x. Y A
left-cart-proj X Y o, h2 = f A right-cart-proj X Y o. h2 = g —
h2 = h)
using f-type g-type left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod cfunc-prod-unique
by (intro exI[where z={f,g)], simp add: cfunc-prod-type)
qed

The lemma below corresponds to Proposition 2.1.8 in Halvorson.

lemma cart-prods-isomorphic:
assumes W-cart-prod: is-cart-prod-triple (W, mg, m1) X YV
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assumes W'-cart-prod: is-cart-prod-triple (W', 'y, 7'1) X Y

shows 3 f. f: W — W' A isomorphism f AN w'g o, f = mg A w1 oo [ = m1
proof —

obtain f where f-def: f: W — W/ Awyo. f=mg A7y oo f =71

using W'-cart-prod W-cart-prod unfolding is-cart-prod-def by (metis fstI sndl)

obtain g where g-def: g: W/ = W Amgo. g=7ng Am 0. g=7"1
using W'-cart-prod W-cart-prod unfolding is-cart-prod-def by (metis fst]
sndl)

have fg0: 7'y o, (f 0. g) = 7'y

using W'-cart-prod comp-associative2 f-def g-def is-cart-prod-def by auto
have fg1: 7'y o, (f oc g9) = 'y

using W'-cart-prod comp-associative2 f-def g-def is-cart-prod-def by auto

obtain idW' where iddW': W' — W' A (VY h2. (h2: W — W' A 7lyo. h2 =
wlo A’y o h2 = 7'y) — h2 = idW)
using W'-cart-prod unfolding is-cart-prod-def by (metis fst-conv snd-conv)
then have fg: f o, g = id W'
proof clarify
assume id W' -unique: Vh2. h2 : W' — W/ A 7w’y oo h2 = 7'y A @' o, h2 =
7T'/1 — h2 = idW’
have 1: f o, g = idW'
using comp-type f-def fg0 fg1 g-def id W' -unique by blast
have 2: id W' = idW’
using W'-cart-prod idW'-unique id-right-unit2 id-type is-cart-prod-def by
auto
from 1 2 show f o, g =id W'
by auto
qed

have gf0: mg o (g Oc f) = To

using W-cart-prod comp-associative?2 f-def g-def is-cart-prod-def by auto
have gfl: w1 o. (g oc f) = m

using W-cart-prod comp-associative2 f-def g-def is-cart-prod-def by auto

obtain idW where idW : W — W A (Y h2. (b2 : W — W A 79 o h2 = mg
A m oo h2 = m1) — h2 = idW)
using W-cart-prod unfolding is-cart-prod-def by (metis fst-conv snd-conv)
then have gf: go. f=id W
proof clarify
assume idW-unique: Vh2. h2 : W — W A g o, h2 = mg A w1 o, h2 = my
— h2 = idW
have 1: g o, f = idW
using id W-unique cfunc-type-def codomain-comp domain-comp f-def gf0 gf1
g-def by auto
have 2: id W = idW
using idW-unique W-cart-prod id-right-unit2 id-type is-cart-prod-def by auto
from 7 2 show go. f=1id W
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by auto
qed

have f-iso: isomorphism f
using f-def fg g-def gf isomorphism-def3 by blast
from f-iso f-def show If. f: W — W' A isomorphism f N 'y oo f = w9 A 7'1
oc f=m
by auto
qed

lemma product-commutes:

Ax, B2 Bx,A
proof —

have id-AB: (right-cart-proj B A, left-cart-proj B A) o. (right-cart-proj A B,
left-cart-proj A B) = id(A x. B)

by (typecheck-cfuncs, smt (28) cfunc-prod-unique comp-associative2 id-right-unit2
left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)

have id-BA: (right-cart-proj A B, left-cart-proj A B) o. (right-cart-proj B A,
left-cart-proj B A) = id(B x. A)

by (typecheck-cfuncs, smt (23) cfunc-prod-unique comp-associative2 id-right-unit2
left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)

show A x. B~ B x., A

by (smt (verit, ccfu-threshold) canonical-cart-prod-is-cart-prod cfunc-prod-unique
cfunc-type-def id-AB id-BA is-cart-prod-def is-isomorphic-def isomorphism-def)
qed

lemma cart-prod-eq:
assumes a : Z - X X, Yb:7Z —- X x. Y
shows a = b +—
(left-cart-proj X Y o. a = left-cart-proj X Y o. b
A right-cart-proj X Y o. a = right-cart-proj X Y o, b)
by (metis (full-types) assms cfunc-prod-unique comp-type left-cart-proj-type right-cart-proj-type)

lemma cart-prod-eql:
assumes a: 4 — X X, Yb:Z — X x.Y
assumes (left-cart-proj X Y o, a = left-cart-proj X Y o, b
A right-cart-proj X Y o, a = right-cart-proj X Y o, b)
shows a = b
using assms cart-prod-eq by blast

lemma cart-prod-eq2:
assumes ¢ : Z > Xb:Z > Yc: Z — Xd:Z— Y
shows (a, b) = (¢,d) +— (a =c AN b= d)
by (metis assms left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)

lemma cart-prod-decomp:
assumes a : A - X x. Y
showsJ zy. a={(z, Yy Ne: A=>XANy: A=Y
proof (rule exI[where z=left-cart-proj X Y o. a], intro exl [where x=right-cart-proj
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X Y o, a], safe)
show a = (left-cart-proj X Y o. a,right-cart-proj X Y o, a)
using assms by (typecheck-cfuncs, simp add: cfunc-prod-unique)
show left-cart-proj X Y o, a: A — X
using assms by typecheck-cfuncs
show right-cart-proj X Y oca: A —- Y
using assms by typecheck-cfuncs
qed

2.1 Diagonal Functions

The definition below corresponds to Definition 2.1.9 in Halvorson.

definition diagonal :: cset = cfunc where
diagonal X = (id X ,id X)

lemma diagonal-type[type-rule]:
diagonal X : X — X x, X
unfolding diagonal-def by (simp add: cfunc-prod-type id-type)

lemma diag-mono:
monomorphism(diagonal X)
proof —
have left-cart-proj X X o, diagonal X = id X
by (metis diagonal-def id-type left-cart-proj-cfunc-prod)
then show monomorphism(diagonal X)
by (metis cfunc-type-def comp-monic-imp-monic diagonal-type id-isomorphism
iso-imp-epi-and-monic left-cart-proj-type)
qged

2.2 Products of Functions

The definition below corresponds to Definition 2.1.10 in Halvorson.

definition cfunc-cross-prod :: cfunc = cfunc = cfunc (infixr x; 55) where
[ x5 g={f oc left-cart-proj (domain f) (domain g), g o. right-cart-proj (domain
1) (domain g))

lemma cfunc-cross-prod-def2:
assumes f : X - Yg: V> W
shows f x; g = (f o left-cart-proj X V, g o, right-cart-proj X V)
using assms cfunc-cross-prod-def cfunc-type-def by auto

lemma cfunc-cross-prod-type[type-rule]:

f W=Y=9g:X=Z=fx;g:Wx.X—=>Yx.Z

unfolding cfunc-cross-prod-def

using cfunc-prod-type cfunc-type-def comp-type left-cart-proj-type right-cart-proj-type
by auto

lemma left-cart-proj-cfunc-cross-prod:
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fW =Y = g: X — Z=>left-cart-proj Y Z o, f x5 g = f o left-cart-proj

WX

unfolding cfunc-cross-prod-def

using cfunc-type-def comp-type left-cart-proj-cfunc-prod left-cart-proj-type right-cart-proj-type
by (smt (verit))

lemma right-cart-proj-cfunc-cross-prod:

f+W—=Y = g: X = Z = right-cart-proj Y Z o. f Xy g = g o. right-cart-proj

WX

unfolding cfunc-cross-prod-def

using cfunc-type-def comp-type right-cart-proj-cfunc-prod left-cart-proj-type right-cart-proj-type
by (smt (verit))

lemma cfunc-cross-prod-unique: f: W - Y = ¢g: X - Z = h: W x. X —
Y X, 7 =
left-cart-proj Y Z o, h = f o, left-cart-proj W X —>
right-cart-proj Y Z o, h = g o, right-cart-proj W X = h =f Xz g
unfolding cfunc-cross-prod-def
using cfunc-prod-unique cfunc-type-def comp-type left-cart-proj-type right-cart-proj-type
by auto

The lemma below corresponds to Proposition 2.1.11 in Halvorson.

lemma identity-distributes-across-composition:
assumes f-type: f : A — B and g-type: g : B — C
shows id X Xy (g oc f) = (id X Xy g) oc (id X xy f)
proof —
from cfunc-cross-prod-unique
have uniqueness: Vh. h: X x. A — X x. C A
left-cart-proj X C o. h = id. X o, left-cart-proj X A A
right-cart-proj X C o, h = (g o. f) o. right-cart-proj X A —»
h=1id. X x5 (g ocf)
by (meson comp-type f-type g-type id-type)

have left-eq: left-cart-proj X C o, (id. X x5 g) oo (ide X x5 f) = id. X o
left-cart-proj X A

using assms by (typecheck-cfuncs, smt comp-associative2 id-left-unit2 left-cart-proj-cfunc-cross-prod
left-cart-proj-type)

have right-eq: right-cart-proj X C o, (ide X xy g) o (tde X x5 f) = (g oc f)
o, right-cart-proj X A

using assms by (typecheck-cfuncs, smt comp-associative2 right-cart-proj-cfunc-cross-prod
right-cart-proj-type)

show id. X x; go. f = (ide X X5 g) o ide X Xy f

using assms left-eq right-eq uniqueness by (typecheck-cfuncs, auto)

qed

lemma cfunc-cross-prod-comp-cfunc-prod:
assumes a-type: a : A — W and b-type: b: A — X
assumes f-type: f : W — Y and g-type: g : X — Z
shows (f x; g) o {a, b) = (f o, a. g o b)
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proof —
from cfunc-prod-unique have uniqueness:
Vh.h:A— Y xX.Z A left-cart-proj Y Z o. h = f o, a N\ right-cart-proj Y Z
och=go.b—
h = (foca,gocb)
using assms comp-type by blast

have left-cart-proj Y Z o, (f Xf g) oc (a, b) = f o. left-cart-proj W X o. (a, b)

using assms by (typecheck-cfuncs, simp add: comp-associative2 left-cart-proj-cfunc-cross-prod)
then have left-eq: left-cart-proj Y Z o, (f Xy g) o {(a, b) = f o. a

using a-type b-type left-cart-proj-cfunc-prod by auto

have right-cart-proj Y Z o. (f X5 g) oc (a, b) = g o right-cart-proj W X o. (a,
b)
using assms by (typecheck-cfuncs, simp add: comp-associative2 right-cart-proj-cfunc-cross-prod)
then have right-eq: right-cart-proj Y Z o. (f xj g) oc {a, b) = go. b
using a-type b-type right-cart-proj-cfunc-prod by auto

show (f Xf g) Oc <a7b> = <f O¢ @,9 O¢ b>

using uniqueness left-eq right-eq assms by (meson cfunc-cross-prod-type cfunc-prod-type
comp-type uniqueness)
qged

lemma cfunc-prod-comp:
assumes f-type: [ : X — Y
assumes a-type: a : Y — A and b-type: b: Y — B
shows (a, b) o, f = (a o, f, b o, f)
proof —
have same-left-proj: left-cart-proj A B o. {a, b) o. f = a o, f
using assms by (typecheck-cfuncs, simp add: comp-associative2 left-cart-proj-cfunc-prod)
have same-right-proj: right-cart-proj A B o, {(a, b) o. f = b o, f
using assms comp-associative2 right-cart-proj-cfunc-prod by (typecheck-cfuncs,
auto)
show (a,b) o. f = (a o. f, b o. f)
by (typecheck-cfuncs, metis a-type b-type cfunc-prod-unique f-type same-left-proj
same-right-proj)
qed

The lemma below corresponds to Exercise 2.1.12 in Halvorson.

lemma id-cross-prod: id(X) x¢ id(Y) = id(X x. Y)
by (typecheck-cfuncs, smt (23) cfunc-cross-prod-unique id-left-unit2 id-right-unit2
left-cart-proj-type right-cart-proj-type)

The lemma below corresponds to Exercise 2.1.14 in Halvorson.

lemma cfunc-cross-prod-comp-diagonal:
assumes f: X —» Y
shows (f xs f) o. diagonal(X) = diagonal(Y) o, f
unfolding diagonal-def

proof —
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have (f % f) o. (id. X, ide X) = (f o id. X, f oc id. X)
using assms cfunc-cross-prod-comp-cfunc-prod id-type by blast
also have ... = (f, f)
using assms cfunc-type-def id-right-unit by auto
also have ... = (id. Y o. f, id. Y o. f)
using assms cfunc-type-def id-left-unit by auto
also have ... = (id. Y, id. Y) o. f
using assms cfunc-prod-comp id-type by fastforce
finally show (f X f) o, (id. X,id. X) = (id. Y,id. Y) o. f.
qged

lemma cfunc-cross-prod-comp-cfunc-cross-prod:
assumes ¢ : A > Xb:B—- Yz : X —>Zy: Y > W
shows (z X y) o (a x¢ b) = (z 0o, a) x5 (y oc b)
proof —
have (z Xy y) o, (a o, left-cart-proj A B , b o, right-cart-proj A B)
= (z o. a o, left-cart-proj A B, y o, b o. right-cart-proj A B)
by (meson assms cfunc-cross-prod-comp-cfunc-prod comp-type left-cart-proj-type
right-cart-proj-type)
then show (z Xf y) oc a Xy b= (z 0. a) Xf yocb
by (typecheck-cfuncs,smt (23) assms cfunc-cross-prod-def2 comp-associative2
left-cart-proj-type right-cart-proj-type)
qed

lemma cfunc-cross-prod-mono:
assumes type-assms: f : X - Yg: 2 - W
assumes f-mono: monomorphism f and g-mono: monomorphism g
shows monomorphism (f X g)
using type-assms
proof (typecheck-cfuncs, unfold monomorphism-def3, clarify)
fixzy A
assume z-type: ¢z : A = X X, 7
assume y-type: y: A — X X, Z

obtain z! 22 where z-ezpand: v = (z1, 22) and z1-z2-type: 1 : A — X 22 :
A—Z
using cfunc-prod-unique comp-type left-cart-proj-type right-cart-proj-type x-type
by blast
obtain y! y2 where y-expand: y = (y1, y2) and yIl-y2-type: y1 : A — X y2 :
A—Z
using cfunc-prod-unique comp-type left-cart-proj-type right-cart-proj-type y-type
by blast

assume (f x; g) o0 7 = (f %1 g) o ¥
then have (f x; g) o. (21, 22) = (f Xy g) oc (y1, y2)
using z-expand y-expand by blast
then have (f o. z1, g o, 22) = (f o. yl, g o. y2)
using cfunc-cross-prod-comp-cfunc-prod type-assms x1-r2-type yl-y2-type by
auto
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then have f o, 21 = f o, yl A go. 22 = g o. y2
by (meson cart-prod-eq2 comp-type type-assms xl1-z2-type y1-y2-type)
then have z1 = yI A 22 = y2
using cfunc-type-def f-mono g-mono monomorphism-def type-assms x1-z2-type
y1-y2-type by auto
then have (z1, z2) = (y1, y2)
by blast
then show z = y
by (simp add: z-expand y-expand)
qed

2.3 Useful Cartesian Product Permuting Functions

2.3.1 Swapping a Cartesian Product

definition swap :: cset = cset = cfunc where
swap X 'Y = (right-cart-proj X Y, left-cart-proj X Y)

lemma swap-type[type-rule]: swap X YV : X X, ¥V = V x. X
unfolding swap-def by (simp add: cfunc-prod-type left-cart-proj-type right-cart-proj-type)

lemma swap-ap:
assumes z: A - Xy: A—> Y
shows swap X Y o, (z, y) = (y, z)
proof —
have swap X Y o, (z, y) = (right-cart-proj X Y left-cart-proj X Y) o. (z,y)
unfolding swap-def by auto

also have ... = (right-cart-proj X Y o, (x,y), left-cart-proj X Y o. {z,y))
by (meson assms cfunc-prod-comp cfunc-prod-type left-cart-proj-type right-cart-proj-type)
also have ... = (y, z)

using assms left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod by auto
finally show ?thesis.
qed

lemma swap-cross-prod:
assumes z : A - Xy: B—>Y
shows swap X Y o, (z x5 y) = (y Xy z) o swap A B
proof —
have swap X Y o, (z Xy y) = swap X Y o, (z o left-cart-proj A B, y o,
right-cart-proj A B)
using assms unfolding cfunc-cross-prod-def cfunc-type-def by auto
also have ... = (y o, right-cart-proj A B, x o. left-cart-proj A B)
by (meson assms comp-type left-cart-proj-type right-cart-proj-type swap-ap)
also have ... = (y x; z) o, (right-cart-proj A B, left-cart-proj A B)
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (y x; z) o, swap A B
unfolding swap-def by auto
finally show ?thesis.
qed
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lemma swap-idempotent:
swap Y X o, swap X Y = id (X x. Y)
by (metis swap-def cfunc-prod-unique id-right-unit?2 id-type left-cart-proj-type
right-cart-proj-type swap-ap)

lemma swap-mono:

monomorphism(swap X Y)

by (metis cfunc-type-def iso-imp-epi-and-monic isomorphism-def swap-idempotent
swap-type)

2.3.2 Permuting a Cartesian Product to Associate to the Right

definition associate-right :: cset = cset = cset = cfunc where
associate-right X Y 7 =
(
left-cart-proj X Y o, left-cart-proj (X x. Y) Z,
(
right-cart-proj X Y o. left-cart-proj (X x. Y) Z,
right-cart-proj (X x. Y) Z

)

lemma associate-right-type[type-rule]: associate-right X Y 7 : (X X, Y) X, Z —

X x. (Y x. 2)

unfolding associate-right-def by (meson cfunc-prod-type comp-type left-cart-proj-type
right-cart-proj-type)

lemma associate-right-ap:
assumes 2 : A > Xy: A= Yz2:A—~ Z
shows associate-right X Y Z o, {{z, y), 2} = (z, (y, 2))
proof —
have associate-right X Y Z o, {{x, y), z) = ((left-cart-proj X Y o left-cart-proj
(X o Y) 2) o ((,0),2),
((right-cart-proj X Y o. left-cart-proj (X x. Y) Z) o. {{x,y),2), right-cart-proj
(X xc Y) Z o ((z,),2)))
by (typecheck-cfuncs, smt (verit, best) assms associate-right-def cfunc-prod-comp
cfunc-prod-type)
also have ... = (left-cart-proj X Y o, {z,y), (right-cart-proj X Y o {z,y), 2))
using assms by (typecheck-cfuncs, smt comp-associative2 left-cart-proj-cfunc-prod
right-cart-proj-cfunc-prod)
also have ... =(z, (y, 2))
using assms left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod by auto
finally show ?thesis.
qed

lemma associate-right-crossprod-ap:

assumes t: A > Xy: B—>Yz:(C— 7

shows associate-right X Y Z o. ((x X5 y) X5 2) = (¢ X5 (yXs 2)) o asso-
ciate-right A B C
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proof—
have associate-right X Y Z o, ((z x5 y) X5 2) =
associate-right X Y Z o, ({z o. left-cart-proj A B, y o, right-cart-proj A B)
o left-cart-proj (Ax.B) C, z o. right-cart-proj (A x. B) O)
using assms unfolding cfunc-cross-prod-def2 by (typecheck-cfuncs, unfold cfunc-cross-prod-def2,

auto)
also have ... = associate-right X Y Z o, {{x o. left-cart-proj A B o left-cart-proj
(Ax.B) C,y o. right-cart-proj A B o left-cart-proj (Ax.B) C), z o. right-cart-proj
(A x. B) C)
using assms cfunc-prod-comp comp-associative2 by (typecheck-cfuncs, auto)
also have ... = (z o, left-cart-proj A B o. left-cart-proj (Ax.B) C, (y o

right-cart-proj A B o, left-cart-proj (Ax.B) C, z o. right-cart-proj (A x. B) C))
using assms by (typecheck-cfuncs, simp add: associate-right-ap)
also have ... = (z o, left-cart-proj A B o, left-cart-proj (Ax.B) C, (y xf z)o.
(right-cart-proj A B o. left-cart-proj (Ax.B) C,right-cart-proj (A x. B) C))
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (z x; (yXjs 2)) o (left-cart-proj A B o, left-cart-proj (Ax.B)
C,(right-cart-proj A B o left-cart-proj (Ax.B) C,right-cart-proj (A x. B) C))
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (z Xy (yxys 2)) o, associate-right A B C
unfolding associate-right-def by auto
finally show ?thesis.
qed

2.3.3 Permuting a Cartesian Product to Associate to the Left

definition associate-left :: cset = cset = cset = cfunc where
associate-left X Y 7 =

(
(
left-cart-proj X (Y x. Z),
left-cart-proj Y Z o. right-cart-proj X (Y X. Z)
)
right-cart-proj Y Z o. right-cart-proj X (Y Xx. Z)

)

lemma associate-left-type[type-rule]: associate-left X Y Z : X X, (Y x. Z) = (X
Xe Y) X Z

unfolding associate-left-def

by (meson cfunc-prod-type comp-type left-cart-proj-type right-cart-proj-type)

lemma associate-left-ap:
assumes z: A > Xy: A—>Yz2: A— 7
shows associate-left X Y Z o, (z, (y, 2)) = {{z, y), 2)
proof —
have associate-left X Y Z o, (z, (y, 2)) = {({left-cart-proj X (Y x. Z),
left-cart-proj Y Z o, right-cart-proj X (Y X. Z)) o. {z, {y, 2)),
right-cart-proj Y Z o, right-cart-proj X (Y x. Z) o, {(z, {y, 2)))
using assms associate-left-def cfunc-prod-comp cfunc-type-def comp-associative
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comp-type by (typecheck-cfuncs, auto)
also have ... = ( (left-cart-proj X (Y x. Z) o. (z, (y, 2)),
left-cart-proj Y Z o, right-cart-proj X (Y X. Z) o. {z, (y, 2))),
right-cart-proj Y Z o, right-cart-proj X (Y X. Z) o, {(z, (y, 2)))
using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative?2)

also have ... = ((z, left-cart-proj Y Z o, (y, z)), right-cart-proj Y Z o. (y, z))

using assms left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod by (typecheck-cfuncs,
auto)

also have ... = ((z, y), 2)

using assms left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod by auto
finally show %thesis.
qed

lemma right-left:

associate-right A B C o. associate-left A B C = id (A x. (B x. C))

by (typecheck-cfuncs, smt (verit, ccfo-threshold) associate-left-def associate-right-ap
cfunc-prod-unique comp-type id-right-unit2 left-cart-proj-type right-cart-proj-type)

lemma left-right:
associate-left A B C o, associate-right A B C = id ((A x. B) x. C)
by (smt associate-left-ap associate-right-def cfunc-cross-prod-def cfunc-prod-unique
comp-type id-cross-prod id-domain id-left-unit2 left-cart-proj-type right-cart-proj-type)

lemma product-associates:

A X, (B x.0) 2(Ax.B)x.C

by (metis associate-left-type associate-right-type cfunc-type-def is-isomorphic-def
isomorphism-def left-right right-left)

lemma associate-left-crossprod-ap:
assumes t: A > Xy: B—>Yz:C — 7
shows associate-left X Y Z o. (z x5 (yxy 2)) = ((x X¢ y)Xs 2) o associate-left
ABC
proof—
have associate-left X Y Z o. (z x5 (yxs 2)) =
associate-left X Y 7 o, (x o, left-cart-proj A (Bx.C), (y o. left-cart-proj B
C, z o right-cart-proj B C) o. right-cart-proj A (Bx.C))
using assms unfolding cfunc-cross-prod-def2 by (typecheck-cfuncs, unfold cfunc-cross-prod-def2,
auto)
also have ... = associate-left X Y Z o. {(x o. left-cart-proj A (Bx.C), (y
o, left-cart-proj B C o. right-cart-proj A (Bx.C), z o. right-cart-proj B C o,
right-cart-proj A (Bx.C)))
using assms cfunc-prod-comp comp-associative2 by (typecheck-cfuncs, auto)
also have ... = {(z o. left-cart-proj A (Bx.C), y o. left-cart-proj B C o,
right-cart-proj A (Bx.C)),z o, right-cart-proj B C o, right-cart-proj A (Bx.C))
using assms by (typecheck-cfuncs, simp add: associate-left-ap)
also have ... = ((z xy y)o. ( left-cart-proj A (Bx.C), left-cart-proj B C o,
right-cart-proj A (Bx.C)),z o right-cart-proj B C o, right-cart-proj A (Bx.C))
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = ((z x; y)xs 2) o ((left-cart-proj A (Bx.C), left-cart-proj B C
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o, right-cart-proj A (Bx.C)),right-cart-proj B C o, right-cart-proj A (Bx.C))
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = ((z x5 y)xs 2) o, associate-left A B C
unfolding associate-left-def by auto
finally show ?thesis.
qed

2.3.4 Distributing over a Cartesian Product from the Right

definition distribute-right-left :: cset = cset = cset = cfunc where
distribute-right-left X Y Z =
(left-cart-proj X Y o left-cart-proj (X x. Y) Z, right-cart-proj (X x. Y) Z)

lemma distribute-right-left-type|type-rule]:
distribute-right-left X Y Z : (X X, Y) X Z — X X. Z
unfolding distribute-right-left-def
using cfunc-prod-type comp-type left-cart-proj-type right-cart-proj-type by blast

lemma distribute-right-left-ap:

assumes z: A > Xy: A—>Yz:A— 7

shows distribute-right-left X Y Z o. ({z, y), 2z) = (z, 2)

unfolding distribute-right-left-def

by (typecheck-cfuncs, smt (verit, best) assms cfunc-prod-comp comp-associative?
left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)

definition distribute-right-right :: cset = cset = cset = cfunc where
distribute-right-right X Y Z =
(right-cart-proj X Y o left-cart-proj (X x. Y) Z, right-cart-proj (X x. Y) Z)

lemma distribute-right-right-type[type-rule]:
distribute-right-right X Y Z : (X x. V) X Z = Y x. Z
unfolding distribute-right-right-def
using cfunc-prod-type comp-type left-cart-proj-type right-cart-proj-type by blast

lemma distribute-right-right-ap:

assumes t: A > Xy: A—>Yz:A— 7

shows distribute-right-right X Y Z o, {(z, y), 2) = (y, 2)

unfolding distribute-right-right-def

by (typecheck-cfuncs, smt (28) assms cfunc-prod-comp comp-associative2 left-cart-proj-cfunc-prod
right-cart-proj-cfunc-prod)

definition distribute-right :: cset = cset = cset = cfunc where
distribute-right X Y Z = (distribute-right-left X Y Z, distribute-right-right X Y
Z)

lemma distribute-right-type[type-rule]:
distribute-right X Y Z : (X X Y) X Z = (X X Z) %X (Y X Z)
unfolding distribute-right-def
by (simp add: cfunc-prod-type distribute-right-left-type distribute-right-right-type)
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lemma distribute-right-ap:

assumes 2 : A > Xy: A= Yz: A~ Z

shows distribute-right X Y Z o. {{z, y), z) = {(z, 2), (y, 2))

using assms unfolding distribute-right-def

by (typecheck-cfuncs, simp add: cfunc-prod-comp distribute-right-left-ap distribute-right-right-ap)

lemma distribute-right-mono:
monomorphism (distribute-right X Y Z)

proof (typecheck-cfuncs, unfold monomorphism-def3, clarify)
fix gh A

assume g : A = (X x. Y) x. Z
then obtain g1 g2 g3 where g-expand: g = {(g91, ¢2), g3)
and g1-g2-g3-types: g1 : A — X g2 : A= Yg3:A— 7
using cart-prod-decomp by blast
assume h: A = (X x. Y) x. Z
then obtain h1 h2 h3 where h-expand: h = ((h1, h2), h3)
and hi-h2-h3-types: h1 : A - X h2 : A — Yh3: A —> Z
using cart-prod-decomp by blast

assume distribute-right X Y Z o, g = distribute-right X Y Z o, h
then have distribute-right X Y Z o, {{g1, ¢2), 93) = distribute-right X Y Z o,
((h1, h2), h3)
using g-expand h-expand by auto
then have ((g1, ¢3), (g2, 93)) = ((h1, h3), (h2, h3))
using distribute-right-ap g1-g2-g3-types h1-h2-h3-types by auto
then have (g1, ¢3) = (h1, h3) A (92, 93) = (h2, hS3)
using g1-¢g2-g3-types h1-h2-h3-types cart-prod-eq2 by (typecheck-cfuncs, auto)
then have g1 = h1 A g2 = h2 A g3 = h3
using g1-92-g3-types h1-h2-h3-types cart-prod-eq?2 by auto
then have ((g1, g2), g3) = ((h1, h2), h3)
by simp
then show g = h
by (simp add: g-expand h-expand)
qed

2.3.5 Distributing over a Cartesian Product from the Left
definition distribute-left-left :: cset = cset = cset = cfunc where
distribute-left-left X Y Z =
(left-cart-proj X (Y x. Z), left-cart-proj Y Z o, right-cart-proj X (Y X. Z))

lemma distribute-left-left-type[type-rule]:
distribute-left-left X Y Z : X x. (Y x. Z) > X x. Y
unfolding distribute-left-left-def
using cfunc-prod-type comp-type left-cart-proj-type right-cart-proj-type by blast

lemma distribute-left-left-ap:
assumes £ : A > Xy: A—>Yz:A— Z
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shows distribute-left-left X Y Z o. (z, (y, 2)) = (z, y)

using assms distribute-left-left-def

by (typecheck-cfuncs, smt (28) associate-left-ap associate-left-def cart-prod-decomp
cart-prod-eq2 cfunc-prod-comp comp-associative2 distribute-left-left-def right-cart-proj-cfunc-prod
right-cart-proj-type)

definition distribute-left-right :: cset = cset = cset = cfunc where
distribute-left-right X Y Z =
(left-cart-proj X (Y x. Z), right-cart-proj Y Z o, right-cart-proj X (Y X. Z))

lemma distribute-left-right-type[type-rule]:
distribute-left-right X Y Z : X X (Y X, Z) = X X, Z
unfolding distribute-left-right-def
using cfunc-prod-type comp-type left-cart-proj-type right-cart-proj-type by blast

lemma distribute-left-right-ap:

assumes z: A > Xy: A—>Yz: A— 7

shows distribute-left-right X Y Z o. (z, (y, 2)) = (z, 2)

using assms unfolding distribute-left-right-def

by (typecheck-cfuncs, smt (z3) cfunc-prod-comp comp-associative2 left-cart-proj-cfunc-prod
right-cart-proj-cfunc-prod)

definition distribute-left :: cset = cset = cset = cfunc where
distribute-left X Y Z = (distribute-left-left X Y Z, distribute-left-right X Y Z)

lemma distribute-left-type[type-rule]:
distribute-left X Y Z : X X (Y X Z) = (X x. V) x. (X %X, 2)
unfolding distribute-left-def
by (simp add: cfunc-prod-type distribute-left-left-type distribute-left-right-type)

lemma distribute-left-ap:
assumes t: A > Xy: A—> Yz2:A— 7
shows distribute-left X Y Z o, {z, (y, 2)) = {(z, y), (z, 2))
using assms unfolding distribute-left-def
by (typecheck-cfuncs, simp add: cfunc-prod-comp distribute-left-left-ap distribute-left-right-ap)

lemma distribute-left-mono:
monomorphism (distribute-left X Y 7Z)
proof (typecheck-cfuncs, unfold monomorphism-def3, clarify)
fix gh A
assume g-type: g: A — X x. (Y x. Z)
then obtain ¢! g2 g3 where g-ezpand: g = (g1, (g2, 93))
and gI-g2-g3-types: g1 : A —- X g2: A— Yg8:A—Z
using cart-prod-decomp by blast
assume h-type: h : A — X x. (Y x. Z)
then obtain h! h2 h3 where h-expand: h = (h1, (h2, h8))
and hI-h2-h3-types: h1 : A — X h2 : A— YhS: A— Z
using cart-prod-decomp by blast
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assume distribute-left X Y Z o. g = distribute-left X Y Z o, h
then have distribute-left X Y Z o. (g1, (92, g3)) = distribute-left X Y Z o. (h1,
(h2, h3))
using g-expand h-expand by auto
then have ((g1, ¢2), (g1, g3)) = ((h1, h2), (h1, h3))
using distribute-left-ap g1-g2-g3-types h1-h2-h3-types by auto
then have (g1, ¢g2) = (hi, h2) A (g1, ¢3) = (hi, h3)
using g1-g2-g3-types h1-h2-h3-types cart-prod-eq2 by (typecheck-cfuncs, auto)
then have g1 = hl1 A g2 = h2 A g3 = hS3
using g1-g2-g3-types h1-h2-h3-types cart-prod-eq2 by auto
then have (g1, (92, ¢3)) = (h1, (h2, h3))
by simp
then show g = h
by (simp add: g-expand h-expand)
qed

2.3.6 Selecting Pairs from a Pair of Pairs

definition outers :: cset = cset = cset = cset = cfunc where
outers A B C D = {
left-cart-proj A B o, left-cart-proj (A x. B) (C x. D),
right-cart-proj C' D o, right-cart-proj (A x. B) (C x. D)

)

lemma outers-type[type-rule]: outers A B C D : (A X, B) X, (C X, D) = (A X,
D)
unfolding outers-def by typecheck-cfuncs

lemma outers-apply:
assumes ¢ : Z > Ab:Z >Bc:Z—>Cd:Z—D
shows outers A B C' D o, {{a,b), {c,d)) = (a,d)
proof —
have outers A B C D o, {{a,b), {c,d)) = (
left-cart-proj A B o, left-cart-proj (A x. B) (C x. D) o. {{a,b), (¢, d)),
right-cart-proj C D o, right-cart-proj (A x. B) (C x. D) o. {{a,b), (¢, d))

unfolding outers-def using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp
comp-associative?)

also have ... = (left-cart-proj A B o, (a,b), right-cart-proj C D o, {c,d))
using assms by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)
also have ... = (a, d)

using assms by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)
finally show ?thesis.
qed

definition inners :: cset = cset = cset = cset = cfunc where
inners A B C D = {
right-cart-proj A B o, left-cart-proj (A x. B) (C x. D),
left-cart-proj C' D o, right-cart-proj (A x. B) (C x. D)
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)

lemma inners-type[type-rule]: inners A B C' D : (A x. B) X, (C X, D) = (B X,
)
unfolding inners-def by typecheck-cfuncs

lemma inners-apply:
assumes a: Z - Ab:Z —>Bc¢:Z—>Cd:Z—D
shows inners A B C D o, {{a,b), (¢, d)) = (b,c)
proof —
have inners A B C D o, {{a,b), (c, d)) = (
right-cart-proj A B o, left-cart-proj (A x. B) (C x. D) o, {{(a,b), (¢, d)),
left-cart-proj C' D o, right-cart-proj (A x. B) (C x. D) o. {{a,b), {c, d)))
unfolding inners-def using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp
comp-associative?)

also have ... = (right-cart-proj A B o. (a,b), left-cart-proj C' D o, {(c,d))
using assms by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)
also have ... = (b, ¢)

using assms by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)
finally show ?thesis.
qed

definition lefts :: cset = cset = cset = cset = cfunc where
lefts AB CD = {
left-cart-proj A B o left-cart-proj (A x. B) (C x. D),
left-cart-proj C' D o, right-cart-proj (A x. B) (C X, D)
)

lemma lefts-type[type-rule]: lefts A B C D : (A X, B) x. (C x. D) = (A x. C)
unfolding lefts-def by typecheck-cfuncs

lemma lefts-apply:

assumes ¢ : Z > Ab:Z —->Bc:Z—-Cd:Z— D

shows lefts A B C D o. ({(a,b), (¢, d)) = (a,c)
proof —

have lefts A B C D o, {{a,b), (c, d)) = (left-cart-proj A B o, left-cart-proj (A
Xe B) (C % D) o {{a,b), (¢, d)), left-cart-proj C' D o, right-cart-proj (A x. B)
(C xc D) oc ((a,b), (¢, d)))

unfolding lefts-def using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp
comp-associative?)

also have ... = (left-cart-proj A B o. (a,b), left-cart-proj C' D o. {c,d))
using assms by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)
also have ... = (q, ¢)

using assms by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod)
finally show ?thesis.
qed

definition rights :: cset = cset = cset = cset = cfunc where
rights A B C D = {
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right-cart-proj A B o, left-cart-proj (A x. B) (C x. D),
right-cart-proj C' D o, right-cart-proj (A x. B) (C x. D)

)

lemma rights-type[type-rule]: rights A B C D : (A X, B) x. (C x. D) = (B X,
D)
unfolding rights-def by typecheck-cfuncs

lemma rights-apply:

assumes ¢ : Z > Ab:Z >Bc:Z—>Cd:Z—D

shows rights A B C D o, {{a,b), {c, d)) = (b,d)
proof —

have rights A B C' D o, {({a,b), (¢, d)) = (right-cart-proj A B o, left-cart-proj
(A x. B) (C X D) o. {{a,b), {c, d)), right-cart-proj C' D o, right-cart-proj (A X.
B) (C x¢ D) oc ((a,b), (c, d)))

unfolding rights-def using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp
comp-associative?)

also have ... = (right-cart-proj A B o, {a,b), right-cart-proj C' D o, {c,d))

using assms by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)

also have ... = (b, d)

using assms by (typecheck-cfuncs, simp add: right-cart-proj-cfunc-prod)

finally show ?thesis.

qed

end

3 Terminal Objects and Elements

theory Terminal
imports Cfunc Product
begin

The axiomatization below corresponds to Axiom 3 (Terminal Object) in
Halvorson.

axiomatization
terminal-func :: cset = cfunc (8- 100) and
one-set :: cset (1)
where
terminal-func-type[type-rule]: Bx : X — 1 and
terminal-func-unique: h: X - 1 = h = fx and
one-separator: f : X Y =g¢g: X > Y= (Az.2:1 > X = fo,z=g
ocx)=f=yg
lemma one-separator-contrapos:
assumes f : X - Yg: X - YV
shows f#¢g=—=3J z.2:1 > X Afo.z#go.x

using assms one-separator by (typecheck-cfuncs, blast)

lemma terminal-func-comp:
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z: X =Y = fByo.z=0x
by (simp add: comp-type terminal-func-type terminal-func-unique)

lemma terminal-func-comp-elem:
z:1 = X= fxo.z=1id1
by (metis id-type terminal-func-comp terminal-func-unique)

3.1 Set Membership and Emptiness

The abbreviation below captures Definition 2.1.16 in Halvorson.

abbreviation member :: cfunc = cset = bool (infix €. 50) where
€. X=(r:1— X)

definition nonempty :: cset = bool where
nonempty X = (Fz. ¢ €. X)

definition is-empty :: cset = bool where
is-empty X = —~(Jz. ¢ €. X)

The lemma below corresponds to Exercise 2.1.18 in Halvorson.

lemma element-monomorphism:
x €, X = monomorphism z
unfolding monomorphism-def
by (metis cfunc-type-def domain-comp terminal-func-unique)

lemma one-unique-element:
dlz. ze. 1
using terminal-func-type terminal-func-unique by blast

lemma prod-with-empty-is-empty1
assumes is-empty (A4)
shows is-empty(A x. B)
by (meson assms comp-type left-cart-proj-type is-empty-def)

lemma prod-with-empty-is-empty2:
assumes is-empty (B)
shows is-empty (A x. B)
using assms cart-prod-decomp is-empty-def by blast

3.2 Terminal Objects (sets with one element)
definition terminal-object :: cset = bool where

terminal-object X +— (Vv Y. A1 f. f: YV = X)

lemma one-terminal-object: terminal-object(1)
unfolding terminal-object-def using terminal-func-type terminal-func-unique by
blast

The lemma below is a generalisation of 2z €. ?X = monomorphism
%z

31



lemma terminal-el-monomorphism:
assumes z : T — X
assumes terminal-object T
shows monomorphism x
unfolding monomorphism-def
by (metis assms cfunc-type-def domain-comp terminal-object-def)

The lemma below corresponds to Exercise 2.1.15 in Halvorson.

lemma terminal-objects-isomorphic:
assumes terminal-object X terminal-object Y

shows X =2 Y
unfolding is-isomorphic-def
proof —

obtain f where f-type: f : X — Y and f-unique:Vg. g: X - Y — f=yg
using assms(2) terminal-object-def by force

obtain g where g-type: g : Y — X and g-unique: Vf. f: Y - X — g=f
using assms(1) terminal-object-def by force

have g¢-f-is-id: go. f = id X
using assms(1) comp-type f-type g-type id-type terminal-object-def by blast

have f-g-is-id: f oo, g =id Y
using assms(2) comp-type f-type g-type id-type terminal-object-def by blast

have f-isomorphism: isomorphism f
unfolding isomorphism-def
using cfunc-type-def f-type g-type g-f-is-id f-g-is-id
by (intro exl[where z=g|, auto)

show 3f. f: X — Y A isomorphism f
using f-isomorphism f-type by auto
qed

The two lemmas below show the converse to Exercise 2.1.15 in Halvorson.

lemma iso-tol-is-term:
assumes X = 1
shows terminal-object X
unfolding terminal-object-def
proof
fix Y
obtain z where a-type[type-rule]: z : 1 — X and z-unique: V y. y: 1 = X —
T=1y
by (smt assms is-isomorphic-def iso-imp-epi-and-monic isomorphic-is-symmetric
monomorphism-def2 terminal-func-comp terminal-func-unique)
show 3!f. f: Y - X
proof (rule exll[where a=z o. By], typecheck-cfuncs)
fix za
assume za-type: za @ Y — X
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show za = z o, By
proof (rule ccontr)
assume za # z o, By
then obtain y where elems-neq: za o, y # (z o. By) o. y and y-type: y :
1—-Y
using one-separator-contrapos comp-type terminal-func-type x-type xa-type
by blast
then show Fulse
by (smt (28) comp-type elems-neq terminal-func-type z-unique xa-type y-type)

qed
qed
qed

lemma iso-to-term-is-term:

assumes X = YV

assumes terminal-object Y

shows terminal-object X

by (meson assms iso-tol-is-term isomorphic-is-transitive one-terminal-object ter-
minal-objects-isomorphic)

The lemma below corresponds to Proposition 2.1.19 in Halvorson.

lemma single-elem-iso-one:
Blz.ze. X)+— X1
proof
assume X-iso-one: X =1
then have 1 = X
by (simp add: isomorphic-is-symmetric)
then obtain f where f-type: f : 1 — X and f-iso: isomorphism f
using is-isomorphic-def by blast
show Jlz. z €. X
proof (safe)
show Jdz. 2z €. X
by (meson f-type)
next
fix z y
assume z-type[type-rule]: z €. X
assume y-type[type-rulel: y €. X
have Ba-eq-By: Bx o © = By 0. y
using one-unique-element by (typecheck-cfuncs, blast)
have isomorphism (8 x)
using X-iso-one is-isomorphic-def terminal-func-unique by blast
then have monomorphism (6 x)
by (simp add: iso-imp-epi-and-monic)
then show z= y
using Bz-eq-fy monomorphism-def2 terminal-func-type by (typecheck-cfuncs,
blast)
qed
next
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assume Jlz. z €. X
then obtain =z where z-type: z : 1 — X and z-unique: V y. y: 1 - X — =z
=Y
by blast
have terminal-object X
unfolding terminal-object-def
proof
fix Y
show 3!If. f: Y - X
proof (rule exlI [where a=z o. 8y])
show z o, fy: Y — X
using comp-type terminal-func-type x-type by blast
next
fix za
assume za-type: za : Y — X
show za = z o, By
proof (rule ccontr)
assume za # ¢ o, By
then obtain y where elems-neq: za o, y # (z o. By) oc y and y-type: y :
1-Y
using one-separator-contrapos|where f=za, where g=z o, 8y, where
X=Y, where Y=X]
using comp-type terminal-func-type x-type xa-type by blast
have elem1: za o, y €. X
using comp-type ra-type y-type by auto
have elem2: (z o, By) oc y €c X
using comp-type terminal-func-type z-type y-type by blast
show Fulse
using elem1 elem?2 elems-neq z-unique by blast
qed
qed
qed
then show X = 1
by (simp add: one-terminal-object terminal-objects-isomorphic)
qed

3.3 Injectivity

The definition below corresponds to Definition 2.1.24 in Halvorson.

definition injective :: cfunc = bool where
injective f «— (¥ zy. (z €. domain f AN y €. domain f A f o. = f o, y) —
T =y)

lemma injective-def2:
assumes f : X —» Y
shows injective f «— (V zy. (€. X Ny X Nforx=fo.y) — z=1y)
using assms cfunc-type-def injective-def by force

The lemma below corresponds to Exercise 2.1.26 in Halvorson.
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lemma monomorphism-imp-injective:
monomorphism f = injective f
by (simp add: cfunc-type-def injective-def monomorphism-def)

The lemma below corresponds to Proposition 2.1.27 in Halvorson.

lemma injective-imp-monomorphism:

injective f = monomorphism f

unfolding monomorphism-def injective-def
proof clarify

fix g h

assume f-inj: Vz y. ¢ €. domain f Ny €. domain f N fo,x=fo.y — x =
)

assume cd-g-eq-d-f: codomain g = domain f

assume cd-h-eq-d-f: codomain h = domain f

assume fg-eq-fh: f oo g = f o. h

obtain X Y where f-type: f : X = Y
using cfunc-type-def by auto
obtain A where g-type: g : A — X and h-type: h : A - X
by (metis cd-g-eq-d-f cd-h-eq-d-f cfunc-type-def domain-comp f-type fg-eq-fh)

haveVz. 2 €, A — go. 2 =h o, x
proof clarify

fix x

assume z-in-A: z €. A

have f o, go. z = f o, h o, x
using g-type h-type x-in-A f-type comp-associative? fg-eq-fh by (typecheck-cfuncs,
auto)
then show g o, z = h o, z
using cd-h-eq-d-f cfunc-type-def comp-type f-inj g-type h-type z-in-A by pres-
burger
qed
then show g = h
using g-type h-type one-separator by auto
qged

lemma cfunc-cross-prod-ing:

assumes type-assms: f : X — Yg:2Z — W

assumes injective f A injective g

shows injective (f x; g)

by (typecheck-cfuncs, metis assms cfunc-cross-prod-mono injective-imp-monomorphism
monomorphism-imp-injective)

lemma cfunc-cross-prod-mono-converse:
assumes type-assms: f : X - Yg: 2 - W
assumes fg-inject: injective (f x; g)
assumes nonempty: nonempty X nonempty Z
shows injective f A injective g
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unfolding injective-def
proof safe

fix xy
assume z-type: ¢ €. domain f
assume y-type: y €. domain f
assume equals: f o, x = f o, y
have fg-type: f Xy g: X X Z = Y x. W

using assms by typecheck-cfuncs
have z-type2: x €. X

using cfunc-type-def type-assms(1) a-type by auto
have y-type2: y €. X

using cfunc-type-def type-assms(1) y-type by auto
show z =y
proof —

obtain b where b-def: b €. Z

using nonempty(2) nonempty-def by blast

have zb-type: (x,b) €. X x. Z
by (simp add: b-def cfunc-prod-type z-type2)
have yb-type: (y,b) €. X X. Z
by (simp add: b-def cfunc-prod-type y-type2)
have (f x; g) oc (z,b) = (f oc .9 o b)
using b-def cfunc-cross-prod-comp-cfunc-prod type-assms z-type2 by blast

also have ... = (f o, y,g o, b)
by (simp add: equals)
also have ... = (f xs g) o. (y,b)

using b-def cfunc-cross-prod-comp-cfunc-prod type-assms y-type2 by auto
finally have (z,b) = (y,b)
by (metis cfunc-type-def fg-inject fg-type injective-def xb-type yb-type)
then show z = y
using b-def cart-prod-eq2 z-type2 y-type2 by auto
qed
next
fix x y
assume z-type: ¢ €. domain g
assume y-type: y €. domain g
assume equals: g o, T = g o, Y
have fg-type: f xf g: X X Z = Y x. W
using assms by typecheck-cfuncs
have z-type2: z €. Z
using cfunc-type-def type-assms(2) a-type by auto
have y-type2: y €. Z
using cfunc-type-def type-assms(2) y-type by auto
show z =y
proof —
obtain b where b-def: b €. X
using nonempty(1) nonempty-def by blast
have zb-type: (b,z) €. X X, Z
by (simp add: b-def cfunc-prod-type z-type2)
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have yb-type: (b,y) €. X X, Z
by (simp add: b-def cfunc-prod-type y-type2)
have (f Xy g) oc (bz) = (f oc b,g oc z)
using b-def cfunc-cross-prod-comp-cfunc-prod type-assms(1) type-assms(2)
z-type2 by blast
also have ... = (f X g) o, (b,y)
using b-def cfunc-cross-prod-comp-cfunc-prod equals type-assms(1) type-assms(2)
y-type2 by auto
finally have (b,z) = (b,y)
using fg-inject fg-type injective-def2 zb-type yb-type by blast
then show z = y
using b-def cart-prod-eq2 z-type2 y-type2 by blast
qed
qed

The next lemma shows that unless both domains are nonempty we gain
no new information. That is, it will be the case that f x g is injective, and
we cannot infer from this that f or g are injective since f x g will be injective
no matter what.

lemma the-nonempty-assumption-above-is-always-required:
assumes f : X - Yg:Z > W
assumes —(nonempty X) V =(nonempty Z)
shows injective (f x¢ g)
unfolding injective-def
proof(cases nonempty(X), safe)
fix z y
assume nonempty: nonempty X
assume z-type: © €. domain (f x5 g)
assume y €. domain (f Xs g)
then have —(nonempty Z2)
using nonempty assms(3) by blast
have fg-type: f X5 g: X X Z = Y x. W
by (typecheck-cfuncs, simp add: assms(1,2))
then have z €. X x. Z
using z-type cfunc-type-def by auto
then have 3z. ze, Z
using cart-prod-decomp by blast
then have Fulse
using assms(3) nonempty nonempty-def by blast
then show z=y
by auto
next
fix x y
assume X-is-empty: = nonempty X
assume z-type: © €. domain (f s g)
assume y €. domain(f Xy g)
have fg-type: f Xy g: X X Z = Y x. W
by (typecheck-cfuncs, simp add: assms(1,2))
then have 2 €, X x. Z
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using z-type cfunc-type-def by auto
then have 3z. ze, X
using cart-prod-decomp by blast
then have Fulse
using assms(3) X-is-empty nonempty-def by blast
then show z=y
by auto
qed

3.4 Surjectivity

The definition below corresponds to Definition 2.1.28 in Halvorson.

definition surjective :: cfunc = bool where
surjective f <— (Vy. y €. codomain f — (Jz. © €. domain f A f o, x = y))

lemma surjective-def2:
assumes f: X — YV
shows surjective f «— (Vy.y €. Y — (Fz. z €. X N f o, 2 = y))
using assms unfolding surjective-def cfunc-type-def by auto

The lemma below corresponds to Exercise 2.1.30 in Halvorson.

lemma surjective-is-epimorphism:
surjective f => epimorphism f
unfolding surjective-def epimorphism-def
proof (cases nonempty (codomain f), safe)
fix g h
assume f-surj: Vy. y €. codomain f — (Fz. © €. domain f A f o, z = y)
assume d-g-eq-cd-f: domain g = codomain f
assume d-h-eq-cd-f: domain h = codomain f
assume gf-eq-hf: go. f = h o, f
assume nonempty: nonempty (codomain f)

obtain X Y where f-type: f : X — Y
using nonempty cfunc-type-def f-surj nonempty-def by auto
obtain A where g-type: g : Y — A and h-type: h: ¥ — A
by (metis cfunc-type-def codomain-comp d-g-eq-cd-f d-h-eq-cd-f f-type gf-eq-hf)
show g = h
proof (rule ccontr)
assume g # h
then obtain y where y-in-X: y €. Y and gy-neq-hy: g o, y # h o. y
using g-type h-type one-separator by blast
then obtain z where z €, X and fo, z =y
using cfunc-type-def f-surj f-type by auto
then have go. f # h o, f
using comp-associative2 f-type g-type gy-neq-hy h-type by auto
then show Fulse
using gf-eq-hf by auto
qed
next
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fix g h
assume empty: — nonempty (codomain f)
assume domain g = codomain f domain h = codomain f
then show go, f =ho, f= g=nh
by (metis empty cfunc-type-def codomain-comp nonempty-def one-separator)
qed

The lemma below corresponds to Proposition 2.2.10 in Halvorson.

lemma cfunc-cross-prod-surj:
assumes type-assms: f : A — Cg: B — D
assumes f-surj: surjective f and g-surj: surjective g
shows surjective (f x¢ g)
unfolding surjective-def
proof (clarify)
fix y
assume y-type: y €. codomain (f Xy g)
have fg-type: f x5 g: A x. B — C x. D
using assms by typecheck-cfuncs
then have y €. C x. D
using cfunc-type-def y-type by auto
then have 3 c¢d. ce. CAd €. DAy = (cd)
using cart-prod-decomp by blast
then obtain ¢ d where y-def: c€. C AN d €. DNy = (c,d)
by blast
then have 3 a b. a €., ANbDE. BANfo,a=cANgo.b=14d
by (metis cfunc-type-def f-surj g-surj surjective-def type-assms)
then obtain a b where ab-def: a €. ANbE. BANfo.,a=cAgo.b=4d
by blast
then obtain = where z-def: z = (a,b)
by auto
have z-type: z €. domain (f X g)
using ab-def cfunc-prod-type cfunc-type-def fg-type z-def by auto
have (f x; g) oc 7 =
using ab-def cfunc-cross-prod-comp-cfunc-prod type-assms(1) type-assms(2)
z-def y-def by blast
then show Jz. z €, domain (f x5y g) AN (f Xy g) ocz =1y
using z-type by blast
qed

lemma cfunc-cross-prod-surj-converse:
assumes type-assms: f : A — Cg: B— D
assumes nonempty: nonempty C A nonempty D
assumes surjective (f X5 g)
shows surjective f A surjective g
unfolding surjective-def
proof (safe)
fix ¢
assume c-type[type-rule]: ¢ €. codomain f
then have c-type2: c €. C
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using cfunc-type-def type-assms(1) by auto
obtain d where d-type[type-rule]: d €. D
using nonempty nonempty-def by blast
then obtain ab where ab-type[type-rule]: ab €. A x. B and ab-def: (f X g)
o. ab = (e, d)
using assms by (typecheck-cfuncs, metis assms(4) cfunc-type-def surjective-def2)
then obtain a b where a-type[type-rule]: a €. A and b-type[type-rule]: b €. B
and ab-def2: ab = (a,b)
using cart-prod-decomp by blast
have a €. domain f N\ f oc a = ¢
using ab-def ab-def2 b-type cfunc-cross-prod-comp-cfunc-prod cfunc-type-def
comp-type d-type cart-prod-eq2 type-assms by (typecheck-cfuncs, auto)
then show Jz. z €. domain f A f o, x = ¢
by blast
next
fix d
assume d-type[type-rulel: d €. codomain g
then have y-type2: d €. D
using cfunc-type-def type-assms(2) by auto
obtain ¢ where d-type[type-rule]: ¢ €. C
using nonempty nonempty-def by blast
then obtain ab where ab-type[type-rule]: ab €. A x. B and ab-def: (f Xy g)
o, ab = {c, d)
using assms by (typecheck-cfuncs, metis assms(4) cfunc-type-def surjective-def2)
then obtain a b where a-type[type-rule]: a €. A and b-type[type-rule]: b €. B
and ab-def2: ab = (a,b)
using cart-prod-decomp by blast
then obtain a b where a-type[type-rule]: a €. A and b-type[type-rule]: b €. B
and ab-def2: ab = (a,b)
using cart-prod-decomp by blast
have b €, domain g \ go. b=d
using a-type ab-def ab-def2 cfunc-cross-prod-comp-cfunc-prod cfunc-type-def
comp-type d-type cart-prod-eq2 type-assms by (typecheck-cfuncs, force)
then show Jdz. z €, domain g A\ go. x = d
by blast
qed

3.5 Interactions of Cartesian Products with Terminal Ob-
jects

lemma diag-on-elements:

assumes r €. X

shows diagonal X o, x = (z,x)

using assms cfunc-prod-comp cfunc-type-def diagonal-def id-left-unit id-type by
auto

lemma one-cross-one-unique-element:

Jlz. x e 1 x. 1
proof (rule exlI[where a=diagonal 1])
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show diagonal 1 €, 1 x. 1
by (simp add: cfunc-prod-type diagonal-def id-type)
next
fix z
assume z-type: * €. 1 X. 1

have left-eq: left-cart-proj 1 1 o, z = id 1

using z-type one-unique-element by (typecheck-cfuncs, blast)
have right-eq: right-cart-proj 1 1 o, x = id 1

using z-type one-unique-element by (typecheck-cfuncs, blast)

then show x = diagonal 1
unfolding diagonal-def using cfunc-prod-unique id-type left-eq z-type by blast
qed

The lemma below corresponds to Proposition 2.1.20 in Halvorson.

lemma X-is-cart-prod1:
is-cart-prod X (id X) (Bx) X 1
unfolding is-cart-prod-def
proof safe
show id. X : X — X
by typecheck-cfuncs
next
show By : X — 1
by typecheck-cfuncs
next
fix fgY
assume f-type: f: Y — X and g-type: g : ¥ — 1
then show dh. h: YV — X A
ide Xoch=fANBxoch=gANNMh2.h2:Y - X ANid. X o, h2 =f
A Bxoch2=g— h2 =h)
proof (intro exl[where z=f], safe)
show id X o, f = f
using cfunc-type-def f-type id-left-unit by auto
show ﬁX O¢ f =g
by (metis comp-type f-type g-type terminal-func-type terminal-func-unique)
show Ah2. h2 : Y - X = h2 = id. X o, h2
using cfunc-type-def id-left-unit by auto
qed
qged

lemma X-is-cart-prod2:
is-cart-prod X (Bx) (id X) 1 X
unfolding is-cart-prod-def
proof safe
show id. X : X —» X
by typecheck-cfuncs
next
show fxy: X =1
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by typecheck-cfuncs
next
fix fgZ
assume f-type: f: Z — 1 and g-type: g : Z — X
then show 3h. h: Z — X A
Bxoch=fANide Xoch=gANNh2. h2:Z - X N Bxoc. h2 =fA
ide X o, h2 = g — h2 = h)
proof (intro exI[where x=g|, safe)
show id. X o. g =g
using cfunc-type-def g-type id-left-unit by auto
show BX Oc g = f
by (metis comp-type f-type g-type terminal-func-type terminal-func-unique)
show Ah2. h2 : Z - X = h2 = id. X o. h2
using cfunc-type-def id-left-unit by auto
qed
qed

lemma A-z-one-iso-A:

X x.,1=2X

by (metis X-is-cart-prodl canonical-cart-prod-is-cart-prod cart-prods-isomorphic
fst-conv is-isomorphic-def snd-conv)

lemma one-z-A-iso-A:
1 x, X=X
by (meson A-z-one-iso-A isomorphic-is-transitive product-commutes)

The following four lemmas provide some concrete examples of the above
isomorphisms

lemma left-cart-proj-one-left-inverse:

(id X,Bx) o¢ left-cart-proj X 1 = id (X x. 1)

by (typecheck-cfuncs, smt (z3) cfunc-prod-comp cfunc-prod-unique id-left-unit2
id-right-unit2 right-cart-proj-type terminal-func-comp terminal-func-unique)

lemma left-cart-proj-one-right-inverse:
left-cart-proj X 1 o, (id X,Bx) = id X
using left-cart-proj-cfunc-prod by (typecheck-cfuncs, blast)

lemma right-cart-proj-one-left-inverse:

(Bx,id X) o, right-cart-proj 1 X = id (1 x. X)

by (typecheck-cfuncs, smt (28) cart-prod-decomp cfunc-prod-comp id-left-unit2
id-right-unit2 right-cart-proj-cfunc-prod terminal-func-comp terminal-func-unique)

lemma right-cart-proj-one-right-inverse:
right-cart-proj 1 X o. (Bx,id X) = id X
using right-cart-proj-cfunc-prod by (typecheck-cfuncs, blast)

lemma cfunc-cross-prod-right-terminal-decomp:

assumes f: X - Yz:1— Z
shows f x; z = (f,  o. Bx) oc left-cart-proj X 1
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using assms by (typecheck-cfuncs, smt (23) cfunc-cross-prod-def cfunc-prod-comp
cfunc-type-def
comp-associative2 right-cart-proj-type terminal-func-comp terminal-func-unique)

The lemma below corresponds to Proposition 2.1.21 in Halvorson.

lemma cart-prod-elem-eq:
assumes a €. X X, Ybe, X x. Y
shows a = b +—
(left-cart-proj X Y o. a = left-cart-proj X Y o, b
A right-cart-proj X Y o, a = right-cart-proj X Y o. b)
by (metis (full-types) assms cfunc-prod-unique comp-type left-cart-proj-type right-cart-proj-type)

The lemma below corresponds to Note 2.1.22 in Halvorson.

lemma element-pair-eq:
assumesr €, Xz' €. Xye. Yy e, Y
shows (z, y) = (¢, y) +— ="' Ny=y'
by (metis assms left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)

The lemma below corresponds to Proposition 2.1.23 in Halvorson.

lemma nonempty-right-imp-left-proj-epimorphism:
nonempty Y = epimorphism (left-cart-proj X Y)
proof —
assume nonempty Y
then obtain y where y-in-Y: y:1 —> Y
using nonempty-def by blast
then have id-eq: (left-cart-proj X Y) o, (id X, y o, fx) = id X
using comp-type id-type left-cart-proj-cfunc-prod terminal-func-type by blast
then show epimorphism (left-cart-proj X Y)
unfolding epimorphism-def
proof clarify
fix g h
assume domain-g: domain g = codomain (left-cart-proj X Y)
assume domain-h: domain h = codomain (left-cart-proj X Y)
assume g o, left-cart-proj X Y = h o, left-cart-proj X Y
then have g o, left-cart-proj X Y o, (id X, y o Bx) = h o left-cart-proj X Y
Oc <Zd X7 Y ©c ﬂX>
using y-in-Y by (typecheck-cfuncs, simp add: cfunc-type-def comp-associative
domain-g domain-h)
then show g = h
by (metis cfunc-type-def domain-g domain-h id-eq id-right-unit left-cart-proj-type)
qed
qed

The lemma below is the dual of Proposition 2.1.23 in Halvorson.

lemma nonempty-left-imp-right-proj-epimorphism:
nonempty X = epimorphism (right-cart-proj X Y)
proof —
assume nonempty X
then obtain y where y-in-Y: y: 1 — X
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using nonempty-def by blast
then have id-eq: (right-cart-proj X Y) o, (y oc By, id V) =id Y
using comp-type id-type right-cart-proj-cfunc-prod terminal-func-type by blast
then show epimorphism (right-cart-proj X Y)
unfolding epimorphism-def
proof clarify
fix g h
assume domain-g: domain g = codomain (right-cart-proj X Y)
assume domain-h: domain h = codomain (right-cart-proj X Y)
assume g o, right-cart-proj X Y = h o, right-cart-proj X Y
then have g o, right-cart-proj X Y o, (y o. By, id Yy = h o right-cart-proj
X Yo.{yo.PBy,idY)
using y-in-Y by (typecheck-cfuncs, simp add: cfunc-type-def comp-associative
domain-g domain-h)
then show g = h
by (metis cfunc-type-def domain-g domain-h id-eq id-right-unit right-cart-proj-type)
qed
qed

lemma cart-prod-extract-left:
assumes f:1 - Xg:1—> Y
shows (f, g) = (id X, g o. Bx) oc f
proof —
have <f7 g> = <idXonv g Oc 5XOCf>
using assms by (typecheck-cfuncs, metis id-left-unit2 id-right-unit2 id-type
one-unique-element)
also have ... = (id X, g o. Bx) oc f
using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative2)
finally show ?thesis.
qed

lemma cart-prod-extract-right:
assumes f: 1 - Xg:1—-> Y
shows (f, g) = (f o, By, id ¥) o, g
proof —
have (f, g) = (f oc By oc g, id Y o. g)
using assms by (typecheck-cfuncs, metis id-left-unit2 id-right-unit2 id-type
one-unique-element)
also have ... = (f o, By, id Y) o. g
using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative2)
finally show ?thesis.
qged

3.5.1 Cartesian Products as Pullbacks

The definition below corresponds to a definition stated between Definition
2.1.42 and Definition 2.1.43 in Halvorson.

definition is-pullback :: cset = cset = cset = cset = cfunc = cfunc = cfunc
= cfunc = bool where
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is-pullback A B C D ab bd ac cd +—
(ab: A= BANb:B—>DANac: A— CANcd: C— DAbdo.ab= cd o,
ac N\
~ Zkh. (k: Z—>BANh:Z— CANbdo. k=cdo.h) —
(3'j.j:7Z—=ANabo.j=kA aco.j=h)))

lemma pullback-unique:
assumes ab: A — Bbd: B—Dac: A— Cecd: C— D
assumes k: Z - Bh:Z — C
assumes is-pullback A B C D ab bd ac cd
shows bd o, k=cdo. h = (5. j:Z - ANabo.j=kAaco,j=h)
using assms unfolding is-pullback-def by simp

lemma pullback-iff-product:
assumes terminal-object(T)
assumes f-type[type-rule]: f: Y — T
assumes g-type[type-rule]: g : X — T
shows (is-pullback P Y X T (pY) f (pX) g) = (is-cart-prod P pX pY X Y)
proof (safe)
assume pullback: is-pullback P Y X T pY fpX ¢
have f-type[type-rule]: f : Y = T
using is-pullback-def pullback by force
have g-type[type-rule]: g : X — T
using is-pullback-def pullback by force
show is-cart-prod P pX pY X Y
unfolding is-cart-prod-def
proof (safe)
show pX-type[type-rule]: pX : P — X
using pullback is-pullback-def by force
show pY-type[type-rule]: pY : P = Y
using pullback is-pullback-def by force
show Az y Z.
x:Z = X =
y: 2 — Y=
Fh.h:Z — PA
pXo.h=xzApYo.h=yANNh2.h2:Z - P ApXo. h2 =z ApY
oc h2 =y — h2 = h)
proof —
fixzyZ
assume z-type[type-rule]: z : 7 — X
assume y-type[type-rule]: y: Z — Y
have AZkh k:Z Y —=h:Z>X= fo,k=go.h=3j.j:Z
—PApYo.j=kApXo.j=h
using is-pullback-def pullback by blast
then have 3h. h: Z — P A
pXo.h=xApYo.h=y
by (smt (verit, ccfu-threshold) assms cfunc-type-def codomain-comp do-
main-comp f-type g-type terminal-object-def x-type y-type)
then show 3h. h: Z — P A
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pXo.h=xApYo.h=yANNh2.h2:Z — P ApXo. h2 =z A pY
oc h2 =y — h2 = h)
by (typecheck-cfuncs, smt (verit, ccfo-threshold) comp-associative? is-pullback-def
pullback)
qed
qed
next
assume prod: is-cart-prod P pX pY X Y
then show is-pullback P Y X T pY fpX g
unfolding is-cart-prod-def is-pullback-def
proof (typecheck-cfuncs, safe)
assume pX-type[type-rule]: pX : P — X
assume p Y-type[type-rule]: pY : P — Y
show f o, pY = g o, pX
using assms(1) terminal-object-def by (typecheck-cfuncs, auto)
show AZkh. k:Z Y =h:Z > X = fo,k=go.h=3j.j:2
— PApYo.j=kApXo.j=h
using is-cart-prod-def prod by blast
show AZjy.
pY o, j:Z =Y =
pXocj:7Z = X =
focpYorj=goepXoj=—=j:Z—>P=vy:Z—P = pYo.y=
pY ocj= pXocy=pXo.j=j=y
using is-cart-prod-def prod by blast
qed
qged

end

4 Equalizers and Subobjects

theory FEqualizer
imports Terminal
begin

4.1 Equalizers

definition equalizer :: cset = cfunc = cfunc = cfunc = bool where
equalizezr Em fg+— 3 X Y. (f: X = Y)A(g: X > Y)A (m: E— X)
A (focm=gocm)
ANV RFE. (h:F—=X)AN(fo.h=go.h) — 3k (k: F— E)Amo,
k= h)))

lemma equalizer-def2:
assumes f: X - Yg: X > Ym:E— X
shows equalizer Em f g +— ((f o0 m = ¢g o, m)
ANV RFE. (h:F—=X)AN(fo.h=go.h)— 3k (k:F— E)Amo,
k= h)))

using assms unfolding equalizer-def by (auto simp add: cfunc-type-def)
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lemma equalizer-eq:
assumes f: X > Yg: X > Ym:E—> X
assumes equalizer Em f g
shows f o, m = go. m
using assms equalizer-def2 by auto

lemma similar-equalizers:
assumes f: X > Yg: X > Ym:E—> X
assumes equalizer Em f g
assumes h: F' =+ X fo. h=go.h
shows 3! k. k: F - EANmo.k=nh
using assms equalizer-def2 by auto

The definition above and the axiomatization below correspond to Axiom
4 (Equalizers) in Halvorson.

axiomatization where
equalizer-exists: f : X - YV = g: X - Y = 3 E m. equalizer Em f g

lemma equalizer-ezxists2:
assumes f : X > Yg: X > Y
shows3 Em.m:E—XAfo.m=go.mANWF.((h:F — X)A(fo.
h=go.h) — @'k (k: F— E)ANmo,k=nh))
proof —
obtain F m where equalizer Em f g
using assms equalizer-exists by blast
then show ?thesis
unfolding equalizer-def
proof (intro exI[where z=FE], intro exI[where z=m], safe)
fix X' Y’
assume f-type2: f: X' — Y’
assume g-type2: g : X' — Y/’
assume m-type: m : E — X'
assume fm-eq-gm: f o, m = g o, m
assume equalizer-unique: Vh F. h : F — X' N fo. h=go. h — (k. k :
F—EANmock=nh)

show m-type2: m : £ — X
using assms(2) cfunc-type-def g-type2 m-type by auto

show AhF.h:F—-X=— fo.h=go,h=—3Jk. k: F—>EAmo.k=h
by (metis m-type2 cfunc-type-def equalizer-unique m-type)

show AN Fky. mo.k: F - X = fo.mo.k=go. mo. k= k:F —
FE=y:F—- E
= mo.y=mo.k=k=y
using comp-type equalizer-unique m-type by blast
qed
qed
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The lemma below corresponds to Exercise 2.1.31 in Halvorson.

lemma equalizers-isomorphic:
assumes equalizer E m f g equalizer E' m’ f g
shows 3 k. k: E — E’ A isomorphism k A m = m' o, k
proof —
have fm-eq-gm: f oo m = g o, m
using assms(1) equalizer-def by blast
have fm’-eq-gm”. f o, m’ = g o, m’
using assms(2) equalizer-def by blast

obtain X Y where f-type: f : X — Y and g-type: g : X — Y and m-type: m :
E— X
using assms(1) unfolding equalizer-def by auto

obtain k where k-type: k : E' — E and mk-eq¢-m”: m o, k = m/’
by (metis assms cfunc-type-def equalizer-def)

obtain k'’ where k’-type: k' : E — E’ and m’k-eqg-m: m’ o, k' = m
by (metis assms cfunc-type-def equalizer-def)

have f o, m o, ko. k' = go. mo. ko, k'
using comp-associative2 m-type fm-eq-gm k’-type k-type m’k-eq-m mk-eq-m’ by
auto

have ko, k': E =+ EANmo. ko. k'=m
using comp-associative2 comp-type k’-type k-type m-type m’k-eq-m mk-eq-m' by
auto
then have kk’-eq-id: k o. k' = id E
using assms(1) equalizer-def id-right-unit2 id-type by blast

have k' o. k: E' = E'ANm'o. k' oo k = m’

by (smt comp-associative2 comp-type k'-type k-type m'k-eq-m m-type mk-eq-m”)
then have k'k-eg-id: k' o, k = id E’

using assms(2) equalizer-def id-right-unit2 id-type by blast

show Jk. k: E — E’ A isomorphism k AN m = m’ o, k
using cfunc-type-def isomorphism-def k’-type k'k-eq-id k-type kk'-eq-id m'k-eq-m
by (intro exl[where z=Fk'], auto)
qed

lemma isomorphic-to-equalizer-is-equalizer:
assumes ©: F' — E
assumes isomorphism ¢
assumes equalizer Em f g
assumes f : X —» Y
assumes g: X — Y
assumes m : F — X
shows equalizer E' (m o, ¢) fg
proof —
obtain ¢-inv where p-inv-type[type-rule]: p-inv : E — E’ and p-inv-p: @-inv
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o, v = id(E’) and pp-inv: ¢ o, p-inv = id(F)
using assms(1,2) cfunc-type-def isomorphism-def by auto

have equalizes: f o, m o, ¢ = g o, m o,
using assms comp-associative2 equalizer-def by force
have VA F. h: F - X ANfo.h=go.h— (k. k: F — E'"N (m o, p) o
k=h)
proof (safe)
fix h F
assume h-type[type-rule]: h : F — X
assume h-equalizes: f o. h = go. h
have k-ezists-uniquely: ' k. k: F — EANmo. k=h
using assms equalizer-def2 h-equalizes by (typecheck-cfuncs, auto)
then obtain k where k-type[type-rule]: k: F — E and k-def: m o, k = h
by blast
then show k. k: F — E' A (mo. @) o. k=h
using assms by (typecheck-cfuncs, smt (23) pp-inv p-inv-type comp-associative?
comp-type id-right-unit2 k-exists-uniquely)
next
fix Fky
assume (m o, p) o  k: F — X
assume f o, (m o, p) o, k= go. (m o, ) o. k
assume k-type[type-rule]: k : I — E’
assume y-type[type-rule]: y : F — E’
assume (m o, @) o, y = (m o, ) o. k
then show k£ =y
by (typecheck-cfuncs, smt (verit, ccfu-threshold) assms(1,2,8) cfunc-type-def
comp-associative comp-type equalizer-def id-left-unit2 isomorphism-def)
qed
then show ?thesis
by (smt (verit, best) assms(1,4,5,6) comp-type equalizer-def equalizes)
qed

The lemma below corresponds to Exercise 2.1.34 in Halvorson.

lemma equalizer-is-monomorphism:

equalizer E m f g = monomorphism(m)

unfolding equalizer-def monomorphism-def
proof clarify

fix h1 h2X Y

assume f-type: f: X — YV

assume g-type: g : X — YV

assume m-type: m : E — X

assume fm-gm: f o, m = g o, m

assume uniqueness: Vh F. h: F - X N fo.h=go.h— 3k . k: F - F
A mo. k=h)

assume relation-ga: codomain h1 = domain m

assume relation-h: codomain h2 = domain m

assume m-ga-mh: m o, h1 = m o, h2

have fo. mo, hl = go. m o, h2
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using cfunc-type-def comp-associative f-type fm-gm g-type m-ga-mh m-type
relation-h by auto
then obtain z where z: domain(hl) — E A mo. z=m o, hl A
(V j. j:domain(hl) = E A m o, j=mo. hl — j = 2)
using uniqueness by (smt cfunc-type-def codomain-comp domain-comp m-ga-mh
m-type relation-ga)
then show hi = h2
by (metis cfunc-type-def domain-comp m-ga-mh m-type relation-ga relation-h)
qed

The definition below corresponds to Definition 2.1.35 in Halvorson.

definition regular-monomorphism :: cfunc = bool
where reqular-monomorphism f +—
(3 g h. domain g = codomain f A domain h = codomain f A equalizer

(domain f) f g h)
The lemma below corresponds to Exercise 2.1.36 in Halvorson.

lemma epi-regmon-is-iso:
assumes epimorphism f reqular-monomorphism f
shows isomorphism f
proof —
obtain g h where g-type: domain g = codomain f and
h-type: domain h = codomain f and
f-equalizer: equalizer (domain f) f g h
using assms(2) regular-monomorphism-def by auto
then have go. f = h o, f
using equalizer-def by blast
then have g = h
using assms(1) cfunc-type-def epimorphism-def equalizer-def f-equalizer by auto
then have g o, id(codomain f) = h o. id(codomain f)
by simp
then obtain k& where k-type: f o, k = id(codomain(f)) A codomain k = domain

f
by (metis cfunc-type-def equalizer-def f-equalizer id-type)
then have f o. id(domain(f)) = f o. (k o. f)
by (metis comp-associative domain-comp id-domain id-left-unit id-right-unit)
then have monomorphism f = k o. f = id(domain f)
by (metis (mono-tags) codomain-comp domain-comp id-codomain id-domain
k-type monomorphism-def)
then have k o. f = id(domain f)
using equalizer-is-monomorphism f-equalizer by blast
then show isomorphism f
by (metis domain-comp id-domain isomorphism-def k-type)
qed

4.2 Subobjects

The definition below corresponds to Definition 2.1.32 in Halvorson.

definition factors-through :: cfunc = cfunc = bool (infix factorsthru 90)
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where g factorsthru f «— (3 h. (h: domain(g)— domain(f)) A f oc h = g)

lemma factors-through-def2:
assumes g : X - Zf: Y = 7
shows g factorsthru f <— (3 h. h: X = Y A fo. h=yg)
unfolding factors-through-def using assms by (simp add: cfunc-type-def)

The lemma below corresponds to Exercise 2.1.33 in Halvorson.

lemma zfactorthru-equalizer-iff-fr-eq-gx:
assumes f: X— Y ¢:X — Y equalizer Em f g xe. X
shows z factorsthru m <— f o, x =g o, z
proof safe
assume LHS: x factorsthru m
then show fo. 2 =g o,z
using assms(3) cfunc-type-def comp-associative equalizer-def factors-through-def
by auto
next
assume RHS: f o,z =g o, x
then show z factorsthru m
unfolding cfunc-type-def factors-through-def
by (metis RHS assms(1,3,4) cfunc-type-def equalizer-def)
qed

The definition below corresponds to Definition 2.1.37 in Halvorson.

definition subobject-of :: cset X cfunc = cset = bool (infix C. 50)
where B C. X <— (snd B : fst B — X A monomorphism (snd B))

lemma subobject-of-def2:
(Bym) C. X = (m : B — X A monomorphism m)
by (simp add: subobject-of-def)

definition relative-subset :: cset x cfunc = cset = cset x cfunc = bool (-C._-
[51,50,51]50)
where B Cy A +—
(snd B : fst B — X A monomorphism (snd B) A snd A : fst A — X A
monomorphism (snd A)
A3k k: fst B— fst AN snd Ao, k= snd B))

lemma relative-subset-def2:
(B,m) Cx (A,n) = (m : B— X A monomorphism m A n: A — X A monomor-
phism n
ANFk kB—AANno.k=m))
unfolding relative-subset-def by auto

lemma subobject-is-relative-subset: (B,m) C, A <— (B,m) Cy4 (4, id(4))
unfolding relative-subset-def2 subobject-of-def2
using cfunc-type-def id-isomorphism id-left-unit id-type iso-imp-epi-and-monic
by auto

The definition below corresponds to Definition 2.1.39 in Halvorson.
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definition relative-member :: cfunc = cset = cset x cfunc = bool (- €. - [51,50,51]50)
where

z €x B +— (v €. X A monomorphism (snd B) N\ snd B : fst B - X A x
factorsthru (snd B))

lemma relative-member-def2:
z €x (B, m) = (¢ € X A monomorphism m A m : B — X A z factorsthru m)
unfolding relative-member-def by auto

The lemma below corresponds to Proposition 2.1.40 in Halvorson.

lemma relative-subobject-member:
assumes (A,n) Cx (Bym) z €. X
shows z €y (A,n) = z €x (B,m)
using assms unfolding relative-member-def2 relative-subset-def2
proof clarify
fix k
assume m-type: m : B - X
assume k-type: k: A — B
assume m-monomorphism: monomorphism m
assume mk-monomorphism: monomorphism (m o, k)
assume n-eqg-mk: n = m o, k
assume factorsthru-mk: z factorsthru (m o. k)

obtain a where a-assms: a €. A A (m o, k) o, a =z
using assms(2) cfunc-type-def domain-comp factors-through-def factorsthru-mk
k-type m~type by auto
then show z factorsthru m
unfolding factors-through-def
using cfunc-type-def comp-type k-type m-type comp-associative
by (intro exl[where z=Fk o. a], auto)
qed

4.3 Inverse Image

The definition below corresponds to a definition given by a diagram between
Definition 2.1.37 and Proposition 2.1.38 in Halvorson.

definition inverse-image :: cfunc = cset = cfunc = cset (-~ 1(-). [101,0,0]100)
where
inverse-image f Bm = (SOME A. 3 X Yk f: X > Y Am:B—> YA
monomorphism m A
equalizer A k (f o left-cart-proj X B) (m o, right-cart-proj X B))

lemma inverse-image-is-equalizer:

assumes m : B — Y f: X = Y monomorphism m

shows 3 k. equalizer (f~Y1(B)m) k (f oc left-cart-proj X B) (m o, right-cart-proj
X B)
proof —

obtain A k where equalizer A k (f o, left-cart-proj X B) (m o, right-cart-proj
X B)
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by (meson assms(1,2) comp-type equalizer-exists left-cart-proj-type right-cart-proj-type)
then show 3 k. equalizer (inverse-image f B m) k (f o. left-cart-proj X B) (m

o, right-cart-proj X B)

unfolding inverse-image-def using assms cfunc-type-def by (subst somel2-ez,

auto)

qed

definition inverse-image-mapping :: cfunc = cset = cfunc = cfunc where
inverse-image-mapping f Bm = (SOME k.3 X Y. f: X > Y Am:B—> Y A
monomorphism m A

equalizer (inverse-image f B m) k (f o, left-cart-proj X B) (m o, right-cart-proj
X B))

lemma inverse-image-is-equalizer?:
assumes m : B — Y f: X — Y monomorphism m

shows equalizer (inverse-image f B m) (inverse-image-mapping f B m) (f o
left-cart-proj X B) (m o. right-cart-proj X B)
proof —
obtain k where equalizer (inverse-image f B m) k (f o. left-cart-proj X B) (m
o, right-cart-proj X B)

using assms inverse-image-is-equalizer by blast
then have 3 X Y. f: X - Y Am: B — Y A monomorphism m A

equalizer (inverse-image f B m) (inverse-image-mapping f Bm) (f o. left-cart-proj
X B) (m o, right-cart-proj X B)

unfolding inverse-image-mapping-def using assms by (subst somel-ex, auto)
then show equalizer (inverse-image f B m) (inverse-image-mapping f B m) (f
o left-cart-proj X B) (m o, right-cart-proj X B)
using assms(2) cfunc-type-def by auto
qed

lemma inverse-image-mapping-type[type-rule]:

assumes m : B — Y f: X — Y monomorphism m

shows inverse-image-mapping f B m : (inverse-image f B m) — X x. B

using assms cfunc-type-def domain-comp equalizer-def inverse-image-is-equalizer2
left-cart-proj-type by auto

lemma inverse-image-mapping-eq:
assumes m : B — Y f: X — Y monomorphism m
shows f o, left-cart-proj X B o. inverse-image-mapping f B m
= m o, right-cart-proj X B o, inverse-image-mapping f B m
using assms cfunc-type-def comp-associative equalizer-def inverse-image-is-equalizer2
by (typecheck-cfuncs, smt (verit))

lemma inverse-image-mapping-monomorphism:

assumes m : B — Y f: X = Y monomorphism m

shows monomorphism (inverse-image-mapping f B m)

using assms equalizer-is-monomorphism inverse-image-is-equalizer2 by blast

The lemma below is the dual of Proposition 2.1.38 in Halvorson.
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lemma inverse-image-monomorphism:
assumes m : B — Y f: X — Y monomorphism m
shows monomorphism (left-cart-proj X B o. inverse-image-mapping f B m)
using assms
proof (typecheck-cfuncs, unfold monomorphism-def3, clarify)
fixghA
assume g-type: g : A — (f~1(B)m)
assume h-type: h: A — (f~1(B)m)
assume left-eq: (left-cart-proj X B o. inverse-image-mapping f B m) o. g
= (left-cart-proj X B o. inverse-image-mapping f B m) o, h
then have f o, (left-cart-proj X B o, inverse-image-mapping f B m) o. g
= f o. (left-cart-proj X B o inverse-image-mapping f B m) o. h
by auto
then have m o, (right-cart-proj X B o. inverse-image-mapping f B m) o. g
= m o, (right-cart-proj X B o. inverse-image-mapping f B m) o. h
using assms g-type h-type
by (typecheck-cfuncs, smt cfunc-type-def codomain-comp comp-associative do-
main-comp inverse-image-mapping-eq left-cart-proj-type)
then have right-eq: (right-cart-proj X B o. inverse-image-mapping f B m) o. g
= (right-cart-proj X B o. inverse-image-mapping f B m) o. h
using assms g-type h-type monomorphism-def3 by (typecheck-cfuncs, auto)
then have inverse-image-mapping f B m o, g = inverse-image-mapping f B m
o. h
using assms g-type h-type cfunc-type-def comp-associative left-eq left-cart-proj-type
right-cart-proj-type
by (typecheck-cfuncs, subst cart-prod-eq, auto)
then show g = h
using assms g-type h-type inverse-image-mapping-monomorphism inverse-image-mapping-type
monomorphism-def3
by blast
qed

definition inverse-image-subobject-mapping :: cfunc = cset = cfunc = cfunc
([-=*(-)-]map [101,0,0]100) where
[f~Y(B)m]map = left-cart-proj (domain f) B o, inverse-image-mapping f B m

lemma inverse-image-subobject-mapping-def2:
assumes f : X — YV
shows [f~1(B))m]map = left-cart-proj X B o, inverse-image-mapping f B m
using assms unfolding inverse-image-subobject-mapping-def cfunc-type-def by
auto

lemma inverse-image-subobject-mapping-type|type-rule]:

assumes f : X = Y m : B — Y monomorphism m

shows [f~1(B)m|map : f~1(B)m — X

by (smt (verit, best) assms comp-type inverse-image-mapping-type inverse-image-subobject-mapping-def2
left-cart-proj-type)

lemma inverse-image-subobject-mapping-mono:
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assumes f : X — Y m : B — Y monomorphism m

shows monomorphism ([f~*(B|)m]map)

using assms cfunc-type-def inverse-image-monomorphism inverse-image-subobject-mapping-def
by fastforce

lemma inverse-image-subobject:
assumes m : B — Y f: X — Y monomorphism m
shows (f~L(B)m, [f~(B)m)map) C. X
unfolding subobject-of-def2
using assms inverse-image-subobject-mapping-mono inverse-image-subobject-mapping-type
by force

lemma inverse-image-pullback:
assumes m: B — Y f: X = Y monomorphism m
shows is-pullback (f~1(B)m) B X Y
(right-cart-proj X B o, inverse-image-mapping f B m) m
(left-cart-proj X B o, inverse-image-mapping f B m) f
unfolding is-pullback-def using assms
proof safe
show right-type: right-cart-proj X B o. inverse-image-mapping f B m : f~1(B)m
— B
using assms cfunc-type-def codomain-comp domain-comp inverse-image-mapping-type
right-cart-proj-type by auto
show left-type: left-cart-proj X B o, inverse-image-mapping f B m : f~1(B)m —
X
using assms fst-conv inverse-image-subobject subobject-of-def by (typecheck-cfuncs)

show m o, right-cart-proj X B o. inverse-image-mapping f B m =
f o¢ left-cart-proj X B o, inverse-image-mapping f B m
using assms inverse-image-mapping-eq by auto
next
fix Zkh
assume k-type: k: Z — B and h-type: h : Z — X
assume mk-eq-fh: m o, k= f o. h

have equalizer (f~1(B)m) (inverse-image-mapping f B m) (f o. left-cart-proj X
B) (m o. right-cart-proj X B )
using assms inverse-image-is-equalizer2 by blast
then have Vh F. h: F — (X x. B)
A (f o. left-cart-proj X B) o, h = (m o, right-cart-proj X B) o, h —»
Flu. u: F — (f~Y(B)m) A inverse-image-mapping f B m o, u = h)
unfolding equalizer-def using assms(2) cfunc-type-def domain-comp left-cart-proj-type
by auto
then have (h,k): Z - X x. B =
(f oc left-cart-proj X B) o, (h,k) = (m o, right-cart-proj X B) o, (h,k) =
(Fu. u: Z — (f~Y(B)m) A inverse-image-mapping f B m o, u = (h,k)
by auto
then have 3!u. u : Z — (f~1(B)m) A inverse-image-mapping f B m o. u =
(h.k)
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using k-type h-type assms
by (typecheck-cfuncs, smt comp-associative? left-cart-proj-cfunc-prod left-cart-proj-type
mk-eq-fh right-cart-proj-cfunc-prod right-cart-proj-type)
then show 3j. j: Z — (f~1(B)m) A
(right-cart-proj X B o, inverse-image-mapping f B m) o, j = k A
(left-cart-proj X B o, inverse-image-mapping f B m) o. j = h
proof (clarify)
fix u
assume u-type[type-rulel: u : Z — (f~1(B)m)
assume u-eq: inverse-image-mapping f B m o, u = (h,k)

show 3j.j: Z — f~Y(B)m A
(right-cart-proj X B o, inverse-image-mapping f B m) o. j = k A
(left-cart-proj X B o, inverse-image-mapping f B m) o. j = h
proof (rule exI[where z=u], typecheck-cfuncs, safe)

show (right-cart-proj X B o, inverse-image-mapping f B m) o. v = k
using assms u-type h-type k-type u-eq
by (typecheck-cfuncs, metis (full-types) comp-associative2 right-cart-proj-cfunc-prod)

show (left-cart-proj X B o, inverse-image-mapping f B m) o, u = h
using assms u-type h-type k-type u-eq
by (typecheck-cfuncs, metis (full-types) comp-associative2 left-cart-proj-cfunc-prod)
qed
qed
next
fix Zjuy
assume j-type: j: Z — (f~1(B)m)
assume y-type: y : Z — (f~1(B)m)
assume (left-cart-proj X B o. inverse-image-mapping f B m) o, y =
(left-cart-proj X B o, inverse-image-mapping f B m) o. j
then show j =y
using assms j-type y-type inverse-image-mapping-type comp-type
by (smt (verit, ccfo-threshold) inverse-image-monomorphism left-cart-proj-type
monomorphism-def3)
qed

The lemma below corresponds to Proposition 2.1.41 in Halvorson.
lemma in-inverse-image:
assumes f: X — YV (Bm) C. Yz €. X

shows (z € x (f~Y(B)m, left-cart-proj X B o. inverse-image-mapping f B m)) =
(f oo w €y (Bm)
proof
have m-type: m : B — Y monomorphism m
using assms(2) unfolding subobject-of-def2 by auto

assume z € x (f~1(B)m, left-cart-proj X B o, inverse-image-mapping f B m)

then obtain h where h-type: h €. (f~1(B)m)
and h-def: (left-cart-proj X B o, inverse-image-mapping f B m) o. h = x
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unfolding relative-member-def2 factors-through-def by (auto simp add: cfunc-type-def)
then have f o, z = f o, left-cart-proj X B o, inverse-image-mapping f B m o, h
using assms m-type by (typecheck-cfuncs, simp add: comp-associative2 h-def)
then have f o. z = (f o. left-cart-proj X B o, inverse-image-mapping f B m) o,
h
using assms m-type h-type h-def comp-associative2 by (typecheck-cfuncs, blast)
then have f o. x = (m o. right-cart-proj X B o, inverse-image-mapping f B m)
o, h
using assms h-type m-type by (typecheck-cfuncs, simp add: inverse-image-mapping-eq
m-type)
then have f o, x = m o, right-cart-proj X B o, inverse-image-mapping f B m
o. h
using assms m-type h-type by (typecheck-cfuncs, smt cfunc-type-def comp-associative
domain-comp)
then have (f o, x) factorsthru m
unfolding factors-through-def using assms h-type m-type
by (intro exI[where z=right-cart-proj X B o. inverse-image-mapping f B m o,
B,
typecheck-cfuncs, auto simp add: cfunc-type-def)
then show f o, z €y (B, m)
unfolding relative-member-def2 using assms m-type by (typecheck-cfuncs,
auto)
next
have m-type: m : B — Y monomorphism m
using assms(2) unfolding subobject-of-def2 by auto

assume f o, z €y (B, m)
then have 3h. h : domain (f o. ) — domain m A mo. h = f o,
unfolding relative-member-def2 factors-through-def by auto
then obtain h where h-type: h €. B and h-def: m o, h = f o, x
unfolding relative-member-def2 factors-through-def
using assms cfunc-type-def domain-comp m-type by auto
then have 3j. j €. (f"Y(B)m) A
(right-cart-proj X B o. inverse-image-mapping f B m) o, j = h A
(left-cart-proj X B o, inverse-image-mapping f B m) o, j = «
using inverse-image-pullback assms m-type unfolding is-pullback-def by blast
then have z factorsthru (left-cart-proj X B o. inverse-image-mapping f B m)
using m-type assms cfunc-type-def by (typecheck-cfuncs, unfold factors-through-def,
auto)
then show z € y (f~1(B|)m, left-cart-proj X B o. inverse-image-mapping f B m)
unfolding relative-member-def2 using m-type assms
by (typecheck-cfuncs, simp add: inverse-image-monomorphism)
qed

4.4 Fibered Products

The definition below corresponds to Definition 2.1.42 in Halvorson.

definition fibered-product :: cset = cfunc = cfunc = cset = cset (- -X.- -
[66,50,50,65]65) where

o7



X fXeg Y =(SOMEE. 3 Zm. f: X > ZNg:Y = ZA
equalizer Em (f o, left-cart-proj X Y') (g o right-cart-proj X Y))

lemma fibered-product-equalizer:
assumes f: X - Zg: Y — 7
shows 3 m. equalizer (X pxcq Y) m (f oc left-cart-proj X' Y) (g o. right-cart-proj
XY)
proof —
obtain E m where equalizer E m (f o, left-cart-proj X Y) (g o. right-cart-proj
XY)
using assms equalizer-exists by (typecheck-cfuncs, blast)
then havedz Zm. f: X - ZNg: Y = Z A
equalizer x m (f o. left-cart-proj X Y) (g o, right-cart-proj X Y)
using assms by blast
thenhave 3 Zm. f: X > ZANg: Y = ZA
equalizer (X fXeg Y) m (f o. left-cart-proj X Y) (g o. right-cart-proj X Y)
unfolding fibered-product-def by (rule somel-ex)
then show 3 m. equalizer (X fXeg Y) m (f o¢ left-cart-proj X Y') (g o. right-cart-proj
XY)
by auto
qed

definition fibered-product-morphism :: cset = cfunc = cfunc = cset = cfunc
where
fibered-product-morphism X fg Y = (SOMEm. 3 Z. f: X - ZNg: Y - Z A
equalizer (X pxcg Y) m (f oc left-cart-proj X Y) (g oc right-cart-proj X Y))

lemma fibered-product-morphism-equalizer:
assumes f : X > Zg: Y = 7
shows equalizer (X pxcq Y) (fibered-product-morphism X f g Y) (f oc left-cart-proj
XY) (g o. right-cart-proj X Y)
proof —
havedz Z. f: X — Z A
g: Y — Z A equalizer (X fXeg Y) z (f oc left-cart-proj X Y) (g o
right-cart-proj X Y)
using assms fibered-product-equalizer by blast
thenhave 3Z. f: X - Z Ng: Y = Z A
equalizer (X pXq Y) (fibered-product-morphism X f g Y) (f oc left-cart-proj X
Y) (g o, right-cart-proj X Y)
unfolding fibered-product-morphism-def by (rule somel-ex)
then show equalizer (X fXeg Y) (fibered-product-morphism X f g Y) (f o,
left-cart-proj X Y) (g o, right-cart-proj X Y)
by auto
qged

lemma fibered-product-morphism-type[type-rule]:
assumes [ : X > Zqg: Y = 7
shows fibered-product-morphism X fg Y : X fXeg Y 5> X x. Y
using assms cfunc-type-def domain-comp equalizer-def fibered-product-morphism-equalizer
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left-cart-proj-type by auto

lemma fibered-product-morphism-monomorphism:

assumes f: X - Zg:Y = 7

shows monomorphism (fibered-product-morphism X f g Y')

using assms equalizer-is-monomorphism fibered-product-morphism-equalizer by
blast

definition fibered-product-left-proj :: cset = cfunc = cfunc = cset = cfunc where
fibered-product-left-proj X f g Y = (left-cart-proj X Y) o, (fibered-product-morphism
XfgY)

lemma fibered-product-left-proj-type[type-rule]:

assumes f : X > Zg: Y = 7

shows fibered-product-left-proj X fg YV : X Xeg ¥V = X

by (metis assms comp-type fibered-product-left-proj-def fibered-product-morphism-type
left-cart-proj-type)

definition fibered-product-right-proj :: cset = cfunc = cfunc = cset = cfunc
where

fibered-product-right-proj X f g Y = (right-cart-proj X Y) o, (fibered-product-morphism
XfgY)

lemma fibered-product-right-proj-type[type-rule]:

assumes [ : X > Zg: Y = 7

shows fibered-product-right-proj X fg Y : X fXeg Y—>Y

by (metis assms comp-type fibered-product-right-proj-def fibered-product-morphism-type
right-cart-proj-type)

lemma pair-factorsthru-fibered-product-morphism:

assumes f: X > Zg: Y > Zz: A—>Xy:A—Y

shows f o, © = g o, y = (z,y) factorsthru fibered-product-morphism X fg Y

unfolding factors-through-def
proof —

have equalizer: equalizer (X xcq Y) (fibered-product-morphism X f g Y) (f oc
left-cart-proj X Y) (g o, right-cart-proj X Y)

using fibered-product-morphism-equalizer assms by (typecheck-cfuncs, auto)

assume f o, x = g o, y

then have (f o, left-cart-proj X Y) o. (z,y) = (g o. right-cart-proj X Y) o,
(z,9)

using assms by (typecheck-cfuncs, smt comp-associative2 left-cart-proj-cfunc-prod
right-cart-proj-cfunc-prod)

then have 3! h. h: A - X fXeg Y A fibered-product-morphism X f g Y o, h =
(z,y)

using assms similar-equalizers by (typecheck-cfuncs, smt (verit, del-insts)

cfunc-type-def equalizer equalizer-def)

then show 3 h. h : domain (z,y) — domain (fibered-product-morphism X f g Y)
N
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fibered-product-morphism X f g Y o. h = {x,y)
by (metis assms(1,2) cfunc-type-def domain-comp fibered-product-morphism-type)
qed

lemma fibered-product-is-pullback:
assumes f-type[type-rule]: f : X — Z and g-type[type-rule]: g : Y — Z
shows is-pullback (X fXeg Y)Y X Z (fibered-product-right-proj X f g Y) g
(fibered-product-left-proj X f g Y) f
unfolding is-pullback-def
using assms fibered-product-left-proj-type fibered-product-right-proj-type
proof safe
show g o, fibered-product-right-proj X f g Y = f o, fibered-product-left-proj X f
g Y
unfolding fibered-product-right-proj-def fibered-product-left-proj-def
using cfunc-type-def comp-associative2 equalizer-def fibered-product-morphism-equalizer
by (typecheck-cfuncs, auto)
next
fix Akh
assume k-type: k: A — Y and h-type: h : A — X
assume k-h-commutes: g oo k = f o. h

have (h,k) factorsthru fibered-product-morphism X fg Y
using assms h-type k-h-commutes k-type pair-factorsthru-fibered-product-morphism
by auto
then have f1: 3j.j: A — X FXeg Y A fibered-product-morphism X fg Y o, j
by (meson assms cfunc-prod-type factors-through-def2 fibered-product-morphism-type
h-type k-type)
then show Jj. j: A — X pXeg Y A
fibered-product-right-proj X f g Y o. j = k A fibered-product-left-proj X f
gYocj=nh
unfolding fibered-product-right-proj-def fibered-product-left-proj-def
proof (clarify, safe)
fix j
assume j-type: j : A — X Xeg Y

showﬂj.j:A—>Xf><cg Y A
(right-cart-proj X Y o, fibered-product-morphism X f g Y) o j =k A
(left-cart-proj X Y o, fibered-product-morphism X fg Y) o. j = h
by (typecheck-cfuncs, smt (verit, best) fl comp-associative2 h-type k-type
left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod)
qed
next
fix Ajuy
assume j-type: j: A — X fXeg ¥ and y-type: y : A - X Xeg ¥
assume fibered-product-right-proj X f g Y o, y = fibered-product-right-proj X f g
Y o j
then have right-eq: right-cart-proj X Y o. (fibered-product-morphism X fg Y o,
y) =
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right-cart-proj X Y o, (fibered-product-morphism X f g Y o. j)
unfolding fibered-product-right-proj-def using assms j-type y-type
by (typecheck-cfuncs, simp add: comp-associative?)
assume fibered-product-left-proj X f g Y o. y = fibered-product-left-proj X f g Y
¢ J
then have left-eq: left-cart-proj X Y o. (fibered-product-morphism X fg Y o. y)
left-cart-proj X Y o, (fibered-product-morphism X f g Y o, j)
unfolding fibered-product-left-proj-def using assms j-type y-type
by (typecheck-cfuncs, simp add: comp-associative?)

have mono: monomorphism (fibered-product-morphism X f g Y)
using assms fibered-product-morphism-monomorphism by auto

have fibered-product-morphism X f g Y o, y = fibered-product-morphism X fg Y
Oc J
using right-eq left-eq cart-prod-eq fibered-product-morphism-type y-type j-type
assms comp-type
by (subst cart-prod-eq[where Z=A, where X=X, where Y=Y, auto)
then show j = y
using mono assms cfunc-type-def fibered-product-morphism-type j-type y-type
unfolding monomorphism-def
by auto
qed

lemma fibered-product-proj-eq:
assumes f: X — Zg:Y — 7
shows f o, fibered-product-left-proj X f g Y = g o. fibered-product-right-proj X f
g Y
using fibered-product-is-pullback assms
unfolding is-pullback-def by auto

lemma fibered-product-pair-member:
assumes [ : X > Zqg: Y > Zze. Xye. Y
shows ((z, y) €x . v (Xfxcg Y, fibered-product-morphism X f g Y)) = (f o,
T =909 Yy)
proof
assume (z,y) €x x, y (X pXcg Y, fibered-product-morphism X f g Y)
then obtain h where
h-type: h €. XyxcqY and h-eq: fibered-product-morphism X f g Y oc h = (z,y)
unfolding relative-member-def2 factors-through-def
using assms(3,4) cfunc-prod-type cfunc-type-def by auto
have left-eq: fibered-product-left-proj X fg Y o. h =z
unfolding fibered-product-left-proj-def
using assms h-type

by (typecheck-cfuncs, smt comp-associative2 h-eq left-cart-proj-cfunc-prod)

have right-eq: fibered-product-right-proj X fg Y o, h =y
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unfolding fibered-product-right-proj-def
using assms h-type
by (typecheck-cfuncs, smt comp-associative? h-eq right-cart-proj-cfunc-prod)

have f o, fibered-product-left-proj X fg Y o. h = g o. fibered-product-right-proj
XfgYoch
using assms h-type by (typecheck-cfuncs, simp add: comp-associative? fibered-product-proj-eq)
then show f o,z =go.y
using left-eq right-eq by auto
next
assume f-g-eq: f o, x = g o, y
show (7,y) €x . vy (X fXeg Y, fibered-product-morphism X f g Y)
unfolding relative-member-def factors-through-def
proof (safe)
show (z,y) €. X %, Y
using assms by typecheck-cfuncs
show monomorphism (snd (X fxcq Y, fibered-product-morphism X f g Y))
using assms(1,2) fibered-product-morphism-monomorphism by auto
show snd (X fXeg Y, fibered-product-morphism X f g Y) : fst (X fXeg Y,
fibered-product-morphism X fg Y) - X x. Y
using assms(1,2) fibered-product-morphism-type by force
have j-evistss N Zkh. k:7Z —>Y =h:7 > X = go.k=fo.h=
(EI!j.j:Z—>Xf><Cg Y A
fibered-product-right-proj X fg Y o. j =k A
fibered-product-left-proj X f g Y o. j = h)
using fibered-product-is-pullback assms unfolding is-pullback-def by auto

obtain j where j-type: j €. X Xeg Y and
j-projs: fibered-product-right-proj X f g Y o, j = y fibered-product-left-proj X f
gYorj==z
using j-existsjwhere Z=1, where k=y, where h=z] assms f-g-eq by auto
show Jh. h: domain (z,y) — domain (snd (X yxcg Y, fibered-product-morphism
XfgY)) A
snd (X pxcg Y, fibered-product-morphism X f g Y) oc h = (z,y)
proof (intro exI[where z=j], safe)
show j : domain (z,y) — domain (snd (X px.q Y, fibered-product-morphism
XfgY))
using assms j-type cfunc-type-def by (typecheck-cfuncs, auto)

have left-eq: left-cart-proj X Y o, fibered-product-morphism X fg Y o, j ==
using j-projs assms j-type comp-associative?

unfolding fibered-product-left-proj-def by (typecheck-cfuncs, auto)

have right-eq: right-cart-proj X Y o, fibered-product-morphism X f g Y o, j

I
@

using j-projs assms j-type comp-associative2
unfolding fibered-product-right-proj-def by (typecheck-cfuncs, auto)

show snd (X fXeg Y, fibered-product-morphism X f g Y) o. j = {(x,9)
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using left-eq right-eq assms j-type by (typecheck-cfuncs, simp add: cfunc-prod-unique)
qed
qed
qed

lemma fibered-product-pair-member2:
assumes [ : X > Yg: X > Ezec. Xye, X
assumes g o, fibered-product-left-proj X f f X = g o, fibered-product-right-proj X
frx
showsVzy. z€. X —yec. X — (z,y) €x «, x (X fXep X, fibered-product-morphism
XffX)Hgocx:gocy
proof (clarify)
fix zy
assume z-type[type-rule]: © €. X
assume y-type[type-rule]: y €. X
assume a3: (z,y) €x x, x (X pxcp X, fibered-product-morphism X f f X)
then obtain h where
h-type: h €. X pxc X and h-eq: fibered-product-morphism X f f X oc h = (z,y)
by (meson factors-through-def2 relative-member-def2)

have left-eq: fibered-product-left-proj X ff X o, h =z
unfolding fibered-product-left-proj-def
by (typecheck-cfuncs, smt (28) assms(1) comp-associative2 h-eq h-type left-cart-proj-cfunc-prod
y-type)

have right-eq: fibered-product-right-proj X f f X o, h =y
unfolding fibered-product-right-proj-def
by (typecheck-cfuncs, metis (full-types) a3 comp-associative? h-eq h-type rela-
tive-member-def2 right-cart-proj-cfunc-prod z-type)

then show go. z = go. y

using assms(1,2,5) cfunc-type-def comp-associative fibered-product-left-proj-type
fibered-product-right-proj-type h-type left-eq right-eq by fastforce
qged

lemma kernel-pair-subset:

assumes f: X —» Y

shows (X FXef X, fibered-product-morphism X ff X) C. X x. X

using assms fibered-product-morphism-monomorphism fibered-product-morphism-type
subobject-of-def2 by auto

The three lemmas below correspond to Exercise 2.1.44 in Halvorson.

lemma kern-pair-proj-iso-TFAFE1:
assumes f: X — Y monomorphism f
shows (fibered-product-left-proj X f f X) = (fibered-product-right-proj X f f X)
proof (cases Jz. z€, XfxcfX, clarify)
fix z
assume z-type: rE, Xfxc X
then have (f o, (fibered-product-left-proj X f f X))o, x = (fo. (fibered-product-right-proj
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XffX))oex
using assms cfunc-type-def comp-associative equalizer-def fibered-product-morphism-equalizer
unfolding fibered-product-right-proj-def fibered-product-left-proj-def
by (typecheck-cfuncs, smt (verit))
then have f o, (fibered-product-left-proj X f f X) = fo. (fibered-product-right-proj
XffX)
using assms fibered-product-is-pullback is-pullback-def by auto
then show (fibered-product-left-proj X f f X) = (fibered-product-right-proj X f f
X)
using assms cfunc-type-def fibered-product-left-proj-type fibered-product-right-proj-type
monomorphism-def by auto
next
assume 3z. 2 €. X pXor X
then show fibered-product-left-proj X f f X = fibered-product-right-proj X f f X
using assms fibered-product-left-proj-type fibered-product-right-proj-type one-separator
by blast
qed

lemma kern-pair-proj-iso-TFAFE2:
assumes f: X — Y fibered-product-left-proj X f f X = fibered-product-right-proj
XffX
shows monomorphism f A isomorphism (fibered-product-left-proj X f f X) A
isomorphism (fibered-product-right-proj X f f X)
using assms
proof safe
have injective f
unfolding injective-def
proof clarify
fix x y
assume z-type: © €. domain f and y-type: y €. domain f
then have z-type2: x €. X and y-type2: y €. X
using assms(1) cfunc-type-def by auto

have z-y-type: (z,y) : 1 — X x. X
using z-type2 y-type2 by (typecheck-cfuncs)
have fibered-product-type: fibered-product-morphism X ff X : X PXef X=X
Xe X
using assms by typecheck-cfuncs

assume f o, x = f o, y
then have factorsthru: (z,y) factorsthru fibered-product-morphism X f f X
using assms(1) pair-factorsthru-fibered-product-morphism z-type2 y-type2 by
auto
then obtain zy where zy-assms: zy : 1 — X PXef X fibered-product-morphism
XffX o, my= (x,y>
using factors-through-def2 fibered-product-type x-y-type by blast

have left-proj: fibered-product-left-proj X ff X o, xy = x
unfolding fibered-product-left-proj-def using assms xy-assms
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by (typecheck-cfuncs, metis cfunc-type-def comp-associative left-cart-proj-cfunc-prod
a-typel xy-assms(2) y-type?2)
have right-proj: fibered-product-right-proj X f f X o, zy = y
unfolding fibered-product-right-proj-def using assms ry-assms
by (typecheck-cfuncs, metis cfunc-type-def comp-associative right-cart-proj-cfunc-prod
x-typel xy-assms(2) y-type?2)

show z = y
using assms(2) left-proj right-proj by auto
qged
then show monomorphism f
using injective-imp-monomorphism by blast
next
have diagonal X factorsthru fibered-product-morphism X f f X
using assms(1) diagonal-def id-type pair-factorsthru-fibered-product-morphism
by fastforce
then obtain zz where zz-assms: zz : X — X PefX diagonal X = fibered-product-morphism
XffX o, zx
using assms(1) cfunc-type-def diagonal-type factors-through-def fibered-product-morphism-type
by fastforce
have eql: fibered-product-right-proj X f f X o, xzx = id X
by (smt assms(1) comp-associative2 diagonal-def fibered-product-morphism-type
fibered-product-right-proj-def id-type right-cart-proj-cfunc-prod right-cart-proj-type
TT-aSSMS)

have eq2: zz o. fibered-product-right-proj X f f X = id (X Xef X)
proof (rule one-separator[where X=X fXep X, where Y=X rx ¢ X))
show zz o, fibered-product-right-proj X f f X : X ef X = X pxep X
using assms(1) comp-type fibered-product-right-proj-type zx-assms by blast
show id. (X fref X): X fxcfX — XfXCfX
by (simp add: id-type)
next
fix z
assume z-type: x €. X fXef X
then obtain a where a-assms: (a,a) = fibered-product-morphism X f f X o, z
a €. X
by (smt assms cfunc-prod-comp cfunc-prod-unique comp-type fibered-product-left-proj-def
fibered-product-morphism-type fibered-product-right-proj-def fibered-product-right-proj-type)

have (zz o, fibered-product-right-proj X f f X) o. x = xx o right-cart-proj X X
oc (a,a)
using zz-assms x-type a-assms assms comp-associative?
unfolding fibered-product-right-proj-def
by (typecheck-cfuncs, auto)

also have ... = 2z o, a

using a-assms(2) right-cart-proj-cfunc-prod by auto
also have ... =z
proof —

have f2: Vc¢. ¢ : 1 - X — fibered-product-morphism X f f X o, xx o, ¢ =
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diagonal X o, c
proof safe
fix c
assume c €, X
then show fibered-product-morphism X f f X o, zx o. ¢ = diagonal X o, ¢
using assms xz-assms by (typecheck-cfuncs, simp add: comp-associative2
xz-assms(2))
qed
have f/: zz : X — codomain zx
using cfunc-type-def xx-assms by presburger
have f5: diagonal X o. a = (a,a)
using a-assms diag-on-elements by blast
have f6: codomain (zx o, a) = codomain xx
using f4 by (meson a-assms cfunc-type-def comp-type)
then have f9: z : domain x — codomain zx
using cfunc-type-def z-type zz-assms by auto
have f10: V ¢ ca. domain (ca oo a) =1V - ca: X = ¢
by (meson a-assms cfunc-type-def comp-type)
then have domain (a,a) = 1
using diagonal-type f5 by force
then have f11: domain z =1
using cfunc-type-def z-type by blast
have zzx o. a €. codomain xx
using a-assms comp-type f4 by auto
then show ?thesis
using f11 f9 f5 f2 a-assms assms(1) cfunc-type-def fibered-product-morphism-monomorphism

fibered-product-morphism-type monomorphism-def z-type
by auto
qed
also have ... = id. (X FXef X) oc x
by (metis cfunc-type-def id-left-unit z-type)
finally show (zz o. fibered-product-right-proj X f f X) oc z = id. (X pxcp X)
O¢ .

qed

show isomorphism (fibered-product-left-proj X f f X)
unfolding isomorphism-def
by (metis assms cfunc-type-def eql eq?2 fibered-product-right-proj-type xz-assms(1))

then show isomorphism (fibered-product-right-proj X f f X)
unfolding isomorphism-def
using assms(2) isomorphism-def by auto
qged

lemma kern-pair-proj-iso-TFAES:

assumes f: X —» Y

assumes isomorphism (fibered-product-left-proj X f f X) isomorphism (fibered-product-right-proj
XffX)
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shows fibered-product-left-proj X f f X = fibered-product-right-proj X f f X
proof —
obtain ¢0 where
qO0-assms: q0 : X — X chfX
fibered-product-left-proj X f f X o, q0 = id X
q0 o, fibered-product-left-proj X f f X = id (X Xef X)
using assms(1,2) cfunc-type-def isomorphism-def by (typecheck-cfuncs, force)

obtain ¢/ where
ql-assms: q1 : X — X fxcfX
fibered-product-right-proj X ff X o, q1 = id X
ql o fibered-product-right-proj X f f X = id (X Xef X)
using assms(1,3) cfunc-type-def isomorphism-def by (typecheck-cfuncs, force)

have Az. z €. domain f = q0 o. . = q1 o, z
proof —
fix z
have fxfr: fo. x = fo. x
by simp
assume z-type: ¢ €. domain f
have factorsthru: (z,z) factorsthru fibered-product-morphism X f f X
using assms(1) cfunc-type-def frfr pair-factorsthru-fibered-product-morphism
z-type by auto
then obtain zz where zz-assms: 2z : 1 — X pxcp X (z,z) = fibered-product-morphism
XffX o, zx
by (smt assms(1) cfunc-type-def diag-on-elements diagonal-type domain-comp
factors-through-def factorsthru fibered-product-morphism-type x-type)

have projection-prop: q0 o. ((fibered-product-left-proj X f f X)o. zx) =
ql o, ((fibered-product-right-proj X f f X)o. zz)
using q0-assms ql-assms zz-assms assms by (typecheck-cfuncs, simp add:
comp-associative?)
then have fun-fact: x = ((fibered-product-left-proj X f f X) o. q1)o. (((fibered-product-left-proj
X ff X)o, z))
by (smt assms(1) cfunc-type-def comp-associative? fibered-product-left-proj-def
fibered-product-left-proj-type fibered-product-morphism-type fibered-product-right-proj-def
fibered-product-right-proj-type id-left-unit2 left-cart-proj-cfunc-prod left-cart-proj-type
q1-assms right-cart-proj-cfunc-prod right-cart-proj-type x-type xz-assms)
then have ¢1 o, ((fibered-product-left-proj X f f X)o. zx) =
q0 o. ((fibered-product-left-proj X f f X)o. zx)
using q0-assms ql-assms TT-assms assms
by (typecheck-cfuncs, smt cfunc-type-def comp-associative2 fibered-product-left-proj-def
fibered-product-morphism-type fibered-product-right-proj-def left-cart-proj-cfunc-prod
left-cart-proj-type projection-prop right-cart-proj-cfunc-prod right-cart-proj-type
x-type zr-assms(2))
then show ¢0 o, x = qI o, =
by (smt assms(1) cfunc-type-def codomain-comp comp-associative fibered-product-left-proj-type
fun-fact id-left-unit2 q0-assms q1-assms xz-assms)
qed
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then have ¢0 = q1
by (metis assms(1) cfunc-type-def one-separator-contrapos q0-assms(1) ql-assms(1))
then show fibered-product-left-proj X f f X = fibered-product-right-proj X f f X
by (smt assms(1) comp-associative? fibered-product-left-proj-type fibered-product-right-proj-type
id-left-unit2 id-right-unit2 q0-assms ql-assms)
qed

lemma terminal-fib-prod-iso:
assumes terminal-object(T)
assumes f-type: f : Y — T
assumes g-type: g : X — T
shows (X gx.f V) = X x. VY
proof —
have (is-pullback (X gXef Y) Y X T (fibered-product-right-proj X g f Y) f
(fibered-product-left-proj X g f Y) g)
using assms pullback-iff-product fibered-product-is-pullback by (typecheck-cfuncs,
blast)
then have (is-cart-prod (X gXef Y) (fibered-product-left-proj X g f Y) (fibered-product-right-proj
XgfY) XY)
using assms by (meson one-terminal-object pullback-iff-product terminal-func-type)
then show ?thesis
using assms by (metis canonical-cart-prod-is-cart-prod cart-prods-isomorphic
fst-conv is-isomorphic-def snd-conv)
qed

end

5 Truth Values and Characteristic Functions

theory Truth
imports Equalizer
begin

The axiomatization below corresponds to Axiom 5 (Truth-Value Object)
in Halvorson.

axiomatization
true-func :: cfunc (t) and
false-func :: cfunc (f) and
truth-value-set :: cset ()
where
true-func-type[type-rule]: t €. Q and
false-func-type[type-rule]: f €. Q and
true-false-distinct: t # f and
true-false-only-truth-values: © €. @ = z =f VvV z = t and
characteristic-function-exists:
m : B — X = monomorphism m => 3! x. is-pullback B1 X Q (8g) t m x

definition characteristic-func :: cfunc = cfunc where
characteristic-func m =

68



(THE x. monomorphism m — is-pullback (domain m) 1 (codomain m) §2
(Bdomain m) t m X)

lemma characteristic-func-is-pullback:
assumes m : B — X monomorphism m
shows is-pullback B 1 X Q (Bp) t m (characteristic-func m)
proof —
obtain x where chi-is-pullback: is-pullback B1 X Q (Bg) t m x
using assms characteristic-function-exists by blast

have monomorphism m — is-pullback (domain m) 1 (codomain m) Q (B gomain m)
t m (characteristic-func m)
unfolding characteristic-func-def
proof (rule thel’, rule exlI[where a= x|, clarify)
show is-pullback (domain m) 1 (codomain m) Q (B gomain m) t ™ X
using assms(1) cfunc-type-def chi-is-pullback by auto
show Az. monomorphism m — is-pullback (domain m) 1 (codomain m) Q
(Bdomain m) t m & = = =X
using assms cfunc-type-def characteristic-function-exists chi-is-pullback by
fastforce
qged
then show is-pullback B1 X Q (8p) t m (characteristic-func m)
using assms cfunc-type-def by auto
qed

lemma characteristic-func-type[type-rule]:
assumes m : B — X monomorphism m
shows characteristic-func m : X — Q
proof —
have is-pullback B1 X Q (Bg) t m (characteristic-func m)
using assms by (rule characteristic-func-is-pullback)
then show characteristic-func m : X — Q
unfolding is-pullback-def by auto
qed

lemma characteristic-func-eq:
assumes m : B — X monomorphism m
shows characteristic-func m o. m =t o, Bp
using assms characteristic-func-is-pullback unfolding is-pullback-def by auto

lemma monomorphism-equalizes-char-func:

assumes m-type[type-rule]: m : B — X and m-monoltype-rule]: monomorphism
m

shows equalizer B m (characteristic-func m) (t o. fx)

unfolding equalizer-def
proof (rule exI[where x=X]|, rule exl[where z=1)], safe)

show characteristic-func m : X — Q

by typecheck-cfuncs
show t o, By : X — Q
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by typecheck-cfuncs
show m : B — X
by typecheck-cfuncs
have comm: t o, Bg = characteristic-func m o, m
using characteristic-func-eq m-mono m-type by auto
then have g = By o m
using m-type terminal-func-comp by auto
then show characteristic-func m o, m = (t o, fx) oc m
using comm comp-associative2 by (typecheck-cfuncs, auto)
next
show Ah F. h: F — X = characteristic-func m o. h = (t o, Bx) oc h =
dk.k:F — BANmo.k=~nh
by (typecheck-cfuncs, smt (verit, ccfv-threshold) cfunc-type-def characteris-
tic-func-is-pullback comp-associative comp-type is-pullback-def m-mono)
next
show AF ky. characteristic-func m o m o, k = (t o, Bx) oc m oc k =k :
F-B=y:F—>B=mo.,y=mo.k=%k=y
by (typecheck-cfuncs, smt m-mono monomorphism-def2)
qed

lemma characteristic-func-true-relative-member:
assumes m : B — X monomorphism m z €. X
assumes characteristic-func-true: characteristic-func m o, r =t
shows = € x (B,m)
unfolding relative-member-def2 factors-through-def
proof (insert assms, clarify)
have is-pullback B 1 X Q (8pg) t m (characteristic-func m)
by (simp add: assms characteristic-func-is-pullback)
then have 3j. j: 1 - BAfSgo.j=id1ANmo.j==z
unfolding is-pullback-def using assms by (metis id-right-unit2 id-type true-func-type)
then show 3j. j : domain x — domain m A m o, j ==
using assms(1,3) cfunc-type-def by auto
qed

lemma characteristic-func-false-not-relative-member:
assumes m : B — X monomorphism m ¢ €. X
assumes characteristic-func-true: characteristic-func m o, x = f
shows — (z € x (B,m))
unfolding relative-member-def2 factors-through-def
proof (insert assms, clarify)
fix h
assume z-def: £ = m o. h
assume h : domain (m o. h) — domain m
then have h-type: h €. B
using assms(1,8) cfunc-type-def z-def by auto

have is-pullback B 1 X Q (8g) t m (characteristic-func m)

by (simp add: assms characteristic-func-is-pullback)
then have char-m-true: characteristic-func m o. m =t o, fp

70



unfolding is-pullback-def by auto

then have characteristic-func m o, m o, h = f
using z-def characteristic-func-true by auto
then have (characteristic-func m o, m) o, h = f
using assms h-type by (typecheck-cfuncs, simp add: comp-associative2)
then have (t o, 8g) o h = f
using char-m-true by auto
then have t = f
by (metis cfunc-type-def comp-associative h-type id-right-unit2 id-type one-unique-element
terminal-func-comp terminal-func-type true-func-type)
then show Fulse
using true-false-distinct by auto
qed

lemma rel-mem-char-func-true:

assumes m : B — X monomorphism m z €. X

assumes z €y (B,m)

shows characteristic-func m o, © =t

by (meson assms(4) characteristic-func-false-not-relative-member characteris-
tic-func-type comp-type relative-member-def2 true-false-only-truth-values)

lemma not-rel-mem-char-func-false:

assumes m : B — X monomorphism m x €, X

assumes — (z €x (B,m))

shows characteristic-func m o, z = f

by (meson assms characteristic-func-true-relative-member characteristic-func-type
comp-type true-false-only-truth-values)

The lemma below corresponds to Proposition 2.2.2 in Halvorson.

lemma card {z. z €, Q X, Q} = 4
proof —
have {z. z €. Q x. Q} = {(t,1), (t,), (£,t), (£,1)}
by (auto simp add: cfunc-prod-type true-func-type false-func-type,
smt cfunc-prod-unique comp-type left-cart-proj-type right-cart-proj-type
true-false-only-truth-values)
then show card {z. z €. Q x. Q} = 4
using element-pair-eq false-func-type true-false-distinct true-func-type by auto
qed

5.1 Equality Predicate

definition eg-pred :: cset = cfunc where
eq-pred X = (THE x. is-pullback X 1 (X x. X) Q (Bx) t (diagonal X) x)

lemma eg-pred-pullback: is-pullback X 1 (X x. X) Q (Bx) t (diagonal X) (eg-pred
X)

unfolding eq-pred-def

by (rule thell2, simp-all add: characteristic-function-exists diag-mono diago-
nal-type)
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lemma eg-pred-type[type-rule]:
eqg-pred X : X X, X = Q
using eq-pred-pullback unfolding is-pullback-def by auto

lemma eg-pred-square: eg-pred X o, diagonal X =t o, Bx
using eq-pred-pullback unfolding is-pullback-def by auto

lemma eg-pred-iff-eq:
assumes z:1 - Xy:1 = X
shows (z = y) = (eg-pred X o, (z, y) = t)
proof safe
assume z-eq-y: T = y

have (eg-pred X o, (id. X,id. X)) o, y = (t o Bx) oc ¥y
using eq-pred-square unfolding diagonal-def by auto
then have eg-pred X o, {(y, y) = (t o Bx) oc ¥y
using assms diagonal-type id-type
by (typecheck-cfuncs, smt cfunc-prod-comp comp-associative? diagonal-def id-left-unit2)
then show eg-pred X o, {(y, y) =t
using assms id-type
by (typecheck-cfuncs, smt comp-associative2 terminal-func-comp terminal-func-type
terminal-func-unique id-right-unit2)
next
assume eg-pred X o, (z,y) =t
then have eg-pred X o, (z,y) =t o, id 1
using id-right-unit2 true-func-type by auto
then obtain j where j-type: j : 1 — X and diagonal X o. j = (z,y)
using eg-pred-pullback assms unfolding is-pullback-def by (metis cfunc-prod-type
id-type)
then have (j,j) = (z,y)
using diag-on-elements by auto
then show z = y
using assms element-pair-eq j-type by auto
qed

lemma eg-pred-iff-eq-conv:

assumes z: 1 -+ Xy:1 = X

shows (z # y) = (eg-pred X o. (z, y) = {)
proof (safe)

assume z # y

then show eg-pred X o, (z,y) = f

using assms eq-pred-iff-eq true-false-only-truth-values by (typecheck-cfuncs,

blast)
next

show eg-pred X o. (y,y) = { = x = y = False

by (metis assms(1) eq-pred-iff-eq true-false-distinct)

qed
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lemma eg-pred-iff-eq-conv2:
assumes z : 1 - Xy:1—> X
shows (z # y) = (eg-pred X o. (z, y) # t)
using assms eq-pred-iff-eq by presburger

lemma eg-pred-of-monomorphism:
assumes m-type[type-rule]: m : X — Y and m-mono: monomorphism m
shows eg-pred Y o, (m x; m) = eg-pred X
proof (rule one-separator[where X=X x. X, where Y=0])
show eg-pred Y oc m xy m: X X, X — Q
by typecheck-cfuncs
show eg-pred X : X x, X — Q
by typecheck-cfuncs
next
fix z
assume r €. X X, X
then obtain z! 22 where z-def: © = (21, 2) and zI-type[type-rule]: 1 €. X
and z2-type[type-rule]: 2 €. X
using cart-prod-decomp by blast
show (eg-pred Y o. m x¢ m) o, & = eq-pred X o,
unfolding z-def
proof (cases (eg-pred Y o, m xy m) o, (z1,x2) = t)
assume LHS: (eg-pred Y o. m Xy m) o, (z1,22) =t
then have eg-pred Y o. (m Xy m) o, (x1,22) =t
by (typecheck-cfuncs, simp add: comp-associative?)
then have eg-pred Y o. (m o, x1, m o, z2) =t
by (typecheck-cfuncs, auto simp add: cfunc-cross-prod-comp-cfunc-prod)
then have m o, 21 = m o, 22
by (typecheck-cfuncs-prems, simp add: eg-pred-iff-eq)
then have 21 = 22
using m-mono m-type monomorphism-def3 x1-type x2-type by blast
then have RHS: egq-pred X o. {(x1,22) =t
by (typecheck-cfuncs, insert eq-pred-iff-eq, blast)
show (eg-pred Y o, m xy m) o, (x1,22) = eg-pred X o. (z1,12)
using LHS RHS by auto
next
assume (eg-pred Y o. m Xy m) o, (z1,22) # t
then have LHS: (eg-pred Y o, m xj; m) o, (xl,22) = f
by (typecheck-cfuncs, meson true-false-only-truth-values)
then have eg-pred Y o. (m x5 m) o, (x1,22) = f
by (typecheck-cfuncs, simp add: comp-associative?)
then have eg-pred Y o. (m o, x1, m o. 22) = f
by (typecheck-cfuncs, auto simp add: cfunc-cross-prod-comp-cfunc-prod)
then have m o. x1 # m o, z2
using eq-pred-iff-eq-conv by (typecheck-cfuncs-prems, blast)
then have z1 # z2
by auto
then have RHS: eq-pred X o, {(x1,22) = {
using eg-pred-iff-eq-conv by (typecheck-cfuncs, blast)
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show (eg-pred Y o, m x§ m) o, (x1,2) = eg-pred X o. (x1,12)
using LHS RHS by auto
qed
qed

lemma eg-pred-true-eztract-right:
assumes z €, X
shows eg-pred X o, (z o, By, id X) oo x =t
using assms cart-prod-extract-right eq-pred-iff-eq by fastforce

lemma eg-pred-false-extract-right:

assumes z €. X y €. Xz #£y

shows eg-pred X o, (z o, Bx, id X) o, y = {

using assms cart-prod-extract-right eq-pred-iff-eq true-false-only-truth-values by
(typecheck-cfuncs, fastforce)

5.2 Properties of Monomorphisms and Epimorphisms

The lemma below corresponds to Exercise 2.2.3 in Halvorson.

lemma regmono-is-mono: regular-monomorphism m = monomorphism m
using equalizer-is-monomorphism reqular-monomorphism-def by blast

The lemma below corresponds to Proposition 2.2.4 in Halvorson.

lemma mono-is-regmono:
shows monomorphism m = reqular-monomorphism m
unfolding regular-monomorphism-def
by (rule exl[where z=characteristic-func m],
rule exI[where z=t o, ﬂcodomain(mﬂ?
typecheck-cfuncs, auto simp add: cfunc-type-def monomorphism-equalizes-char-func)

The lemma below corresponds to Proposition 2.2.5 in Halvorson.

lemma epi-mon-is-iso:
assumes epimorphism f monomorphism f
shows isomorphism f
using assms epi-regmon-is-iso mono-is-regmono by auto

The lemma below corresponds to Proposition 2.2.8 in Halvorson.

lemma epi-is-surj:
assumes p: X — Y epimorphism p
shows surjective p
unfolding surjective-def
proof (rule ccontr)
assume al: = (Vy. y €. codomain p — (Jz. © €. domain p A p o, x = y))
have 3y. y €. YA -(Fz.z €. X Apo.z=1y)
using al assms(1) cfunc-type-def by auto
then obtain y0 where y-def: y0 €. Y A (Vx. x €. X — p o, x # y0)
by auto
have mono: monomorphism y0
using element-monomorphism y-def by blast
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obtain g where g-def: g = eg-pred Y o, (y0 o. By, id V)

by simp
have g-right-arg-type: (y0 o. By, id Y):Y =Y x. Y

by (meson cfunc-prod-type comp-type id-type terminal-func-type y-def)
then have g-type[type-rule]: g: Y — Q

using comp-type eq-pred-type g-def by blast

have gpz-Eqs-f:Vz. 2 €. X — go.po.xz =1
proof (rule ccontr)
assume - (V2.2 €, X —> go. po. x = 1)
then obtain z where z-type: z €. X and bwoc: g o, p o, z #
by blast

show Fulse
by (smt (verit) assms(1) bwoc cfunc-type-def comp-associative comp-type
eq-pred-false-extract-right eq-pred-type g-def g-right-arg-type z-type y-def)
qed
obtain h where h-def: h = { o. Sy and h-type[type-rule]:h: ¥ — Q
by (typecheck-cfuncs, simp)
have hpx-eqs-f: Vz. x €. X — ho.po.z =f
by (smt assms(1) cfunc-type-def codomain-comp comp-associative false-func-type
h-def id-right-unit2 id-type terminal-func-comp terminal-func-type terminal-func-unique)
have gp-eqs-hp: g oo p = h o. p
proof(rule one-separator[where X=X where Y=0))
show go. p: X — Q
using assms by typecheck-cfuncs
show ho.p: X — Q
using assms by typecheck-cfuncs
show Az. z €. X = (g o. p) oc z = (h o¢ p) o x
using assms(1) comp-associative2 g-type gpz-Eqs-f h-type hpx-eqs-f by auto
qed
have g-not-h: g # h
proof —
have f1:V¢. B codomain ¢ ©c ¢ = Bdomain c
by (simp add: cfunc-type-def terminal-func-comp)
have f2: domain (y0 o. By,id. Y) =Y
using cfunc-type-def g-right-arg-type by blast
have f3: codomain (y0 o, fy,id. V) =Y x. Y
using cfunc-type-def g-right-arg-type by blast
have f/: codomain y0 = Y
using cfunc-type-def y-def by presburger
have V c. domain (eg-pred c¢) = ¢ X, ¢
using cfunc-type-def eq-pred-type by auto
then have g o, y0 #
using f4 f3 f2 by (metis (no-types) eq-pred-true-extract-right comp-associative
g-def true-false-distinct y-def)
then show ?thesis
using fI by (metis (no-types) cfunc-type-def comp-associative false-func-type
h-def id-right-unit2 id-type one-unique-element terminal-func-type y-def)
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qed
then show Fulse
using gp-eqs-hp assms cfunc-type-def epimorphism-def g-type h-type by auto
qed

The lemma below corresponds to Proposition 2.2.9 in Halvorson.

lemma pullback-of-epi-is-epil:
assumes f: Y — Z epimorphism f is-pullback A Y X Z q1 fq0 g
shows epimorphism q0
proof —
have surj-f: surjective f
using assms(1,2) epi-is-surj by auto
have surjective (q0)
unfolding surjective-def
proof (clarify)
fix y
assume y-type: y €. codomain q0
then have codomain-gy: g o, y €. Z
using assms(3) cfunc-type-def is-pullback-def by (typecheck-cfuncs, auto)
then have z-exists: 3 z. 2 €. Y AN fo.z=go.y
using assms(1) cfunc-type-def surj-f surjective-def by auto
then obtain z where z-def: z €. Y A fo. z=go.y
by blast
then have 3! k. k: 1 — A A q0 oo k =y A ql o, k =2
by (smt (verit, ccfv-threshold) assms(3) cfunc-type-def is-pullback-def y-type)
then show Jdz. x €, domain q0 A q0 o, z =y
using assms(3) cfunc-type-def is-pullback-def by auto
qed
then show ?thesis
using surjective-is-epimorphism by blast
qed

The lemma below corresponds to Proposition 2.2.9b in Halvorson.

lemma pullback-of-epi-is-epi2:
assumes g: X — Z epimorphism g is-pullback A 'Y X Z q1 f q0 g
shows epimorphism q1
proof —
have surj-g: surjective g
using assms(1) assms(2) epi-is-surj by auto
have surjective ql1
unfolding surjective-def
proof (clarify)
fix y
assume y-type: y €. codomain ql
then have codomain-gy: f o. y €. Z
using assms(3) cfunc-type-def comp-type is-pullback-def by auto
then have z-exists: 3 z. 2z €. X AN goe. 2= f o, y
using assms(1) cfunc-type-def surj-g surjective-def by auto
then obtain z where z-def: z €. X AN go. 2= fo. y
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by blast
then have 3! k. k: 1 - A A q0 oo k=2 A ql o, k =y
by (smt (verit, ccfo-threshold) assms(8) cfunc-type-def is-pullback-def y-type)

then show dz. x €, domain q A ql o, z =y
using assms(3) cfunc-type-def is-pullback-def by auto
qed
then show ?thesis
using surjective-is-epimorphism by blast
qed

The lemma below corresponds to Proposition 2.2.9¢ in Halvorson.

lemma pullback-of-mono-is-monol:
assumes g: X — Z monomorphism f is-pullback A Y X Z q1 f q0 g
shows monomorphism q0
unfolding monomorphism-def2
proof (clarify)
fixuvQaxzx
assume u-type: u: Q@ — a
assume v-type: v : Q — a
assume q0-type: q0 : a — x
assume equals: g0 o, u = g0 o, v

have a-is-A: a = A

using assms(3) cfunc-type-def is-pullback-def q0-type by force
have z-is-X: 2 = X

using assms(3) cfunc-type-def is-pullback-def q0-type by fastforce
have u-type2[type-rule]: u: @ — A

using a-is-A u-type by blast
have v-type2[type-rule]: v: Q@ — A

using a-is-A v-type by blast
have q1-type2|[type-rule]: ¢0 : A — X

using a-is-A q0-type z-is-X by blast

have egni: g o. (¢q0 o. u) = f o, (g1 o, v)
proof —
have g o. (¢0 o, u) = g o, q0 o. v
by (simp add: equals)

also have ... = f o, (¢l o. v)
using assms(3) cfunc-type-def comp-associative is-pullback-def by (typecheck-cfuncs,
force)
finally show ?thesis.
qed
have eqn2: q1 o, u= ql o. v
proof —

have f1: f o, q1 o, u = g o. q0 o, u
using assms(3) comp-associative? is-pullback-def by (typecheck-cfuncs, auto)
also have ... = g o, q0 o, v
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by (simp add: equals)
also have ... = f o, g1 o, v
using eqnl equals by fastforce
then show ?thesis
by (typecheck-cfuncs, smt (verit, ccfu-threshold) f1 assms(2,3) eqnl is-pullback-def
monomorphism-def3)
qed

have uniqueness: 31j. (j: Q@ = AN ql o, j = ql o. v A g0 o, j = q0 o, u)
by (typecheck-cfuncs, smt (verit, ccfu-threshold) assms(3) eqnl is-pullback-def)
then show u = v
using eqn?2 equals uniqueness by (typecheck-cfuncs, auto)
qed

The lemma below corresponds to Proposition 2.2.9d in Halvorson.

lemma pullback-of-mono-is-mono2:
assumes ¢: X — Z monomorphism g is-pullback A Y X Z q1 fq0 g
shows monomorphism ql
unfolding monomorphism-def2
proof (clarify)
fixuvQay
assume u-type: u: Q — a
assume v-type: v: Q — a
assume ql-type: q1 : a =y
assume equals: g1 o, u = gl o, v

have a-is-A: a = A

using assms(3) cfunc-type-def is-pullback-def q1-type by force
have y-is-Y: y =Y

using assms(3) cfunc-type-def is-pullback-def ql-type by fastforce
have u-type2[type-rule]: u: Q@ — A

using a-is-A u-type by blast
have v-type2[type-rule]: v: Q@ — A

using a-is-A v-type by blast
have qI-type2[type-rule]: q1 : A —» Y

using a-is-A ql-type y-is-Y by blast

have egni: f o. (g1 o. u) = g o, (g0 o, v)
proof —
have f o, (ql Oc u) = foc ql oc v
by (simp add: equals)
also have ... = g o. (g0 o. v)
using assms(3) cfunc-type-def comp-associative is-pullback-def by (typecheck-cfuncs,
force)
finally show #“thesis.
qed

have eqn2: q0 o, u = q0 o. v
proof —
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have f1: g o, q0 o, v = f o. ql o, u
using assms(3) comp-associative? is-pullback-def by (typecheck-cfuncs, auto)
also have ... = f o, g1 o, v
by (simp add: equals)
also have ... = g o, q0 o, v
using eqnl equals by fastforce
then show ?thesis
by (typecheck-cfuncs, smt (verit, ccfu-threshold) f1 assms(2,3) eqnl is-pullback-def
monomorphism-def3)
qged
have uniqueness: 3. (j: @ — AN q0 o, j = q0 o. v A ql o, j = ql o. u)
by (typecheck-cfuncs, smt (verit, ccfo-threshold) assms(3) eqnl is-pullback-def)
then show u = v
using eqn?2 equals uniqueness by (typecheck-cfuncs, auto)
qed

5.3 Fiber Over an Element and its Connection to the Fibered
Product

The definition below corresponds to Definition 2.2.6 in Halvorson.

definition fiber :: cfunc = cfunc = cset (-—1{-} [100,100]100) where
F~Hyk = (F71(1)y)

definition fiber-morphism :: cfunc = cfunc = cfunc where
fiber-morphism fy = left-cart-proj (domain f) 1 o, inverse-image-mapping f 1 y

lemma fiber-morphism-type[type-rule]:

assumes f : X — Yye. YV

shows fiber-morphism fy : f~{y} — X

unfolding fiber-def fiber-morphism-def

using assms cfunc-type-def element-monomorphism inverse-image-subobject sub-
object-of-def2

by (typecheck-cfuncs, auto)

lemma fiber-subset:

assumes [ : X - Yye. Y

shows (f~'{y}, fiber-morphism fy) C. X

unfolding fiber-def fiber-morphism-def

using assms cfunc-type-def element-monomorphism inverse-image-subobject in-
verse-image-subobject-mapping-def

by (typecheck-cfuncs, auto)

lemma fiber-morphism-monomorphism:

assumes f : X — Yye,. YV

shows monomorphism (fiber-morphism f y)

using assms cfunc-type-def element-monomorphism fiber-morphism-def inverse-image-monomorphism
by auto

lemma fiber-morphism-eq:
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assumes f: X - Yye, Y
shows f o, fiber-morphism fy = y o, Bffl{y}
proof —
have f o, fiber-morphism fy = f o. left-cart-proj (domain f) 1 o. inverse-image-mapping
fly
unfolding fiber-morphism-def by auto
also have ... = y o, right-cart-proj X 1 o. inverse-image-mapping f 1 y
using assms cfunc-type-def element-monomorphism inverse-image-mapping-eq
by auto
also have ... = y o, Bf_lqlDy

using assms by (typecheck-cfuncs, metis element-monomorphism terminal-func-unique)
also have ... = y o, Bf,l

unfolding fiber-def by auto
finally show ?thesis.
qed

The lemma below corresponds to Proposition 2.2.7 in Halvorson.

lemma not-surjective-has-some-empty-preimage:
assumes p-type[type-rule]: p: X — Y and p-not-surj: - surjective p
shows 3 y. y €. Y A ds-empty(p~{y})
proof —
have nonempty: nonempty(Y)
using assms cfunc-type-def nonempty-def surjective-def by auto
obtain y0 where y0-type[type-rule]: y0 €. YV x. z €. X — po. x # y0
using assms cfunc-type-def surjective-def by auto

have —nonempty(p~{y0})
proof (rule ccontr, clarify)
assume al: nonempty(p~{y0})
obtain z where z-type[type-rule]: z €. p~*{y0}
using al nonempty-def by blast
have fiber-z-type: fiber-morphism p y0 o, z €. X
using assms(1) comp-type fiber-morphism-type y0-type z-type by auto
have contradiction: p o. fiber-morphism p y0 o, z = y0
by (typecheck-cfuncs, smt (28) comp-associative? fiber-morphism-eq id-right-unit2
id-type one-unique-element terminal-func-comp terminal-func-type)
have p o, (fiber-morphism p y0 o. z) # y0
by (simp add: fiber-z-type y0-type)
then show Fulse
using contradiction by blast
qed
then show ?thesis
using is-empty-def nonempty-def y0-type by blast
qed

lemma fiber-iso-fibered-prod:
assumes f-type[type-rule]: f : X — Y
assumes y-type[type-rule]: y : 1 — Y
shows f~H{y} = X eyl
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using element-monomorphism equalizers-isomorphic f-type fiber-def fibered-product-equalizer
inverse-image-is-equalizer is-isomorphic-def y-type by moura

lemma fib-prod-left-id-iso:
assumes g : Y - X
shows (X id(X)Xcg V)=V
proof —
have is-pullback: is-pullback (X id(X)Xcg Y) Y X X (fibered-product-right-proj
X (id(X)) g Y) g (fibered-product-left-proj X (id(X)) g Y) (id(X))
using assms fibered-product-is-pullback by (typecheck-cfuncs, blast)
then have mono: monomorphism(fibered-product-right-proj X (id(X)) g Y)
using assms by (typecheck-cfuncs, meson id-isomorphism iso-imp-epi-and-monic
pullback-of-mono-is-mono?2)
have epimorphism(fibered-product-right-proj X (id(X)) g Y)
by (meson id-isomorphism id-type is-pullback iso-imp-epi-and-monic pullback-of-epi-is-epi2)
then have isomorphism(fibered-product-right-proj X (id(X)) g Y)
by (simp add: epi-mon-is-iso mono)
then show ?thesis
using assms fibered-product-right-proj-type id-type is-isomorphic-def by blast
qed

lemma fib-prod-right-id-iso:
assumes f : X —» Y
shows (X FXeid(Y) V)= X
proof —
have is-pullback: is-pullback (X FReid(Y) Y) Y X Y (fibered-product-right-proj
X f(d(Y)) Y) (id(Y)) (fibered-product-left-proj X f (id(Y)) Y) f
using assms fibered-product-is-pullback by (typecheck-cfuncs, blast)

then have mono: monomorphism(fibered-product-left-proj X f (id(Y)) Y)
using assms by (typecheck-cfuncs, meson id-isomorphism is-pullback iso-imp-epi-and-monic
pullback-of-mono-is-monol)
have epimorphism(fibered-product-left-proj X f (id(Y)) Y)
by (meson id-isomorphism id-type is-pullback iso-imp-epi-and-monic pullback-of-epi-is-epil )
then have isomorphism(fibered-product-left-proj X f (id(Y)) Y)
by (simp add: epi-mon-is-iso mono)
then show ?thesis
using assms fibered-product-left-proj-type id-type is-isomorphic-def by blast
qed

The lemma below corresponds to the discussion at the top of page 42 in
Halvorson.

lemma kernel-pair-connection:
assumes f-type[type-rule]: f : X — Y and g-type[type-rule]: g : X — E
assumes g-epi: epimorphism g
assumes h-g-eq-f: h o, g = f
assumes g-eq: g o, fibered-product-left-proj X f f X = g o, fibered-product-right-proj
XffX
assumes h-type[type-rule]: h: E — Y
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shows 3! b. b : XchfX — B pxep BN
fibered-product-left-proj E h h E o, b = g o, fibered-product-left-proj X f f X A
fibered-product-right-proj E h h E o, b = g o, fibered-product-right-proj X f f X
A
epimorphism b
proof —
have gzg-fpmorph-eq: (h o, left-cart-proj E E) o, (g X5 g) oc fibered-product-morphism
XffrX
= (h o, right-cart-proj E E) o. (g X¢ g) o fibered-product-morphism X f f X
proof —
have (h o, left-cart-proj E E) o. (g X g) o fibered-product-morphism X f f X
= h o (left-cart-proj E E o, (g x5 g)) oc fibered-product-morphism X f f X
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = h o, (g o, left-cart-proj X X) o, fibered-product-morphism X f
X

by (typecheck-cfuncs, simp add: comp-associative2 left-cart-proj-cfunc-cross-prod)

also have ... = (h o g) o, left-cart-proj X X o, fibered-product-morphism X f
X

by (typecheck-cfuncs, smt comp-associative2)
also have ... = f o, left-cart-proj X X o, fibered-product-morphism X f f X
by (simp add: h-g-eg-f)
also have ... = f o, right-cart-proj X X o, fibered-product-morphism X f f X
using f-type fibered-product-left-proj-def fibered-product-proj-eq fibered-product-right-proj-def
by auto

also have ... = (h o, g) o, right-cart-proj X X o. fibered-product-morphism X
frx
by (simp add: h-g-eq-f)
also have ... = h o, (g o. right-cart-proj X X) o, fibered-product-morphism X
frx
by (typecheck-cfuncs, smt comp-associative2)
also have ... = h o, right-cart-proj E E o, (g X ¢ g) o fibered-product-morphism
XffX

by (typecheck-cfuncs, simp add: comp-associative2 right-cart-proj-cfunc-cross-prod)
also have ... = (h o, right-cart-proj E E) o. (g X5 g) o fibered-product-morphism
XffrX
by (typecheck-cfuncs, smt comp-associative2)
finally show ?thesis.
qed
have h-equalizer: equalizer (E px.p, E) (fibered-product-morphism E h h E) (h
o, left-cart-proj E E) (h o, right-cart-proj E E)
using fibered-product-morphism-equalizer h-type by auto
then have Vj F. j : F — E X, E A (h o left-cart-proj E E) o, j = (h o,
right-cart-proj E E) o, j —»
(3. k: F — FE pXxcp E A fibered-product-morphism E h h E o, k = j)
unfolding equalizer-def using cfunc-type-def fibered-product-morphism-type
h-type by (smt (verit))
then have (g x; g) oc fibered-product-morphism X ff X : X pxcp X — E x.
E N (h o left-cart-proj E E) o. (g X g) o fibered-product-morphism X f f X =
(h o¢ right-cart-proj E E) o. (g X g) o fibered-product-morphism X f f X —
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3k k: X et X = E pxcp E A fibered-product-morphism E h h E

oc k= (g Xy g) oc fibered-product-morphism X f f X)
by auto
then obtain b where b-type[type-rule]: b : X Ref X = B pxep B

and b-eq: fibered-product-morphism E h h E o, b = (g Xy g) o

fibered-product-morphism X f f X
by (meson cfunc-cross-prod-type comp-type f-type fibered-product-morphism-type
g-type gxg-fpmorph-eq)

have is-pullback (X pxcp X) (X xc X) (E pXcp E) (E X E)

h E)

ered-product-morphism g Xfg ered-product-morphism
fibered-prod hism X ff X t g) b (fibered-prod hism E h

unfolding is-pullback-def
proof (typecheck-cfuncs, safe, metis b-eq)
fix Zkj

assume k-type[type-rulel: k : Z — X x. X and h-type[type-rule]: j : Z — E

hXch E
assume k-h-eq: (g X7 g) o k = fibered-product-morphism E h h E o, j

have left-k-right-k-eq: f o. left-cart-proj X X o. k = f o, right-cart-proj X X
o, k

proof —

have f o, left-cart-proj X X o, k = h o, g o, left-cart-proj X X o, k
by (smt (23) assms(6) comp-associative? comp-type g-type h-g-eq-f k-type

left-cart-proj-type)

oc J

E)o

E)o

oc J

also have ... = h o, left-cart-proj E E o. (g Xf g) oc k
by (typecheck-cfuncs, simp add: comp-associative2 left-cart-proj-cfunc-cross-prod)
also have ... = h o, left-cart-proj E E o, fibered-product-morphism E h h E

by (simp add: k-h-eq)
also have ... = ((h o. left-cart-proj E E) o, fibered-product-morphism E h h
cJ

by (typecheck-cfuncs, smt comp-associative?)
also have ... = ((h o, right-cart-proj E E) o. fibered-product-morphism E h h
cJ

using equalizer-def h-equalizer by auto
also have ... = h o, right-cart-proj E E o fibered-product-morphism E h h E

by (typecheck-cfuncs, smt comp-associative?)
also have ... = h o, right-cart-proj E E o, (g x5 g) oc k
by (simp add: k-h-eq)
also have ... = h o, g o. right-cart-proj X X o, k
by (typecheck-cfuncs, simp add: comp-associative2 right-cart-proj-cfunc-cross-prod)
also have ... = f o, right-cart-proj X X o. k
using assms(6) comp-associative2 comp-type g-type h-g-eq-f k-type right-cart-proj-type

by blast

finally show ?thesis.

qed
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have is-pullback (X px.pf X) X X YV
(fibered-product-right-proj X f f X) f (fibered-product-left-proj X f f X) f
by (simp add: f-type fibered-product-is-pullback)
then have right-cart-proj X X o. k : Z — X = left-cart-proj X X o. k : Z
— X = [ o, right-cart-proj X X o, k = f o. left-cart-proj X X o, k =
3Y.j: 72— XfXCfX/\
fibered-product-right-proj X f f X o, j = right-cart-proj X X o, k
A fibered-product-left-proj X f f X o, j = left-cart-proj X X o. k)
unfolding is-pullback-def by auto
then obtain z where z-type[type-rule]: z : 7 — X rep X
and k-right-eq: fibered-product-right-proj X f f X o, z = right-cart-proj X X
o. k
and k-left-eq: fibered-product-left-proj X f f X o. z = left-cart-proj X X o. k
and z-unique: N\j. j: Z — X Xef X
A fibered-product-right-proj X f f X o. j = right-cart-proj X X o, k
A fibered-product-left-proj X f f X o. j = left-cart-proj X X o, k = z =]
using left-k-right-k-eq by (typecheck-cfuncs, auto)

have k-eq: fibered-product-morphism X ff X o, z = k
using k-right-eq k-left-eq
unfolding fibered-product-right-proj-def fibered-product-left-proj-def
by (typecheck-cfuncs-prems, smt cfunc-prod-comp cfunc-prod-unique)

then show 3. [ : 7 — X Xef X A fibered-product-morphism X ff X o, | =
EANbo.l=3j
proof (intro exI[where z=z], clarify)
assume k-def: k = fibered-product-morphism X ff X o, z
have fibered-product-morphism E h h E o. j = (g X5 g) oc k
by (simp add: k-h-eq)

also have ... = (g x5 g) o, fibered-product-morphism X ff X o, z
by (simp add: k-eq)
also have ... = fibered-product-morphism E h h E o, b o, z

by (typecheck-cfuncs, simp add: b-eq comp-associative2)
then show 2z : 7 — X PXef X N fibered-product-morphism X ff X o, z =
fibered-product-morphism X ff X o, 2z ANbo. z=]
by (typecheck-cfuncs, metis assms(6) fibered-product-morphism-monomorphism
fibered-product-morphism-type k-def k-h-eq monomorphism-def3)
qed

show/\jy.j:Z%XfxcfX:>y:Z%XfxcfX:>
fibered-product-morphism X f f X o, y = fibered-product-morphism X f f X

Oc j =
J=y
using fibered-product-morphism-monomorphism monomorphism-def2 by (typecheck-cfuncs-prems,
metis)
qed

then have b-epi: epimorphism b
using g-epi g-type cfunc-cross-prod-type cfunc-cross-prod-surj pullback-of-epi-is-epil
h-type
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by (meson epi-is-surj surjective-is-epimorphism)

have ezistence: 3b. b : X xor X = E pxep E N
fibered-product-left-proj E'h h E o, b = g o, fibered-product-left-proj X f f X
N
fibered-product-right-proj E h h E o, b = g o, fibered-product-right-proj X f f
X A
epimorphism b
proof (intro exI[where z=b|, safe)
show b : X pXcp X — E pXcp E
by typecheck-cfuncs
show fibered-product-left-proj E h h E o. b = g o, fibered-product-left-proj X f
fX
proof —
have fibered-product-left-proj E h h E o. b
= left-cart-proj E E o. fibered-product-morphism E h h E o, b
unfolding fibered-product-left-proj-def by (typecheck-cfuncs, simp add:
comp-associative?)
also have ... = left-cart-proj E E o, (g X5 g) o. fibered-product-morphism X
frx
by (simp add: b-eq)
also have ... = g o, left-cart-proj X X o, fibered-product-morphism X f f X
by (typecheck-cfuncs, simp add: comp-associative2 left-cart-proj-cfunc-cross-prod)
also have ... = g o, fibered-product-left-proj X f f X
unfolding fibered-product-left-proj-def by (typecheck-cfuncs)
finally show ?thesis.
qed
show fibered-product-right-proj E h h E o. b = g o, fibered-product-right-proj X
frx
proof —
have fibered-product-right-proj E h h E o. b
= right-cart-proj E E o, fibered-product-morphism E h h E o, b
unfolding fibered-product-right-proj-def by (typecheck-cfuncs, simp add:
comp-associative?)

also have ... = right-cart-proj E E o, (g X g) o. fibered-product-morphism
XffrX
by (simp add: b-eq)
also have ... = g o, right-cart-proj X X o, fibered-product-morphism X f f X
by (typecheck-cfuncs, simp add: comp-associative2 right-cart-proj-cfunc-cross-prod)
also have ... = g o, fibered-product-right-proj X f f X

unfolding fibered-product-right-proj-def by (typecheck-cfuncs)
finally show ?thesis.
qed
show epimorphism b
by (simp add: b-epi)
qed
show 31b. b: X pxcp X — E pxcp E A
fibered-product-left-proj E h h E o, b = g o, fibered-product-left-proj X f f X
A
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fibered-product-right-proj E h h E o, b = g o, fibered-product-right-proj X f
fXA
epimorphism b
by (typecheck-cfuncs, metis epimorphism-def2 existence g-eq iso-imp-epi-and-monic
kern-pair-proj-iso- TFAE2 monomorphism-def3)
qed

6 Set Subtraction

definition set-subtraction :: cset = cset x cfunc = cset (infix \ 60) where
Y\ X = (SOME E. 3 m'. equalizer E m' (characteristic-func (snd X)) (f o,

By))

lemma set-subtraction-equalizer:
assumes m : X — Y monomorphism m
shows 3 m'. equalizer (Y \ (X,m)) m' (characteristic-func m) (f o, By)
proof —
have 3 E m'. equalizer E m’ (characteristic-func m) (f o. By)
using assms equalizer-ezists by (typecheck-cfuncs, auto)
then have 3 m’. equalizer (Y \ (X,m)) m’ (characteristic-func (snd (X,m)))
(focBy)
unfolding set-subtraction-def by (subst somel-ex, auto)
then show 3 m’. equalizer (Y \ (X,m)) m’ (characteristic-func m) (f o. By)
by auto
qed

definition complement-morphism :: cfunc = cfunc (-° [1000]) where
m® = (SOME m'. equalizer (codomain m \ (domain m, m)) m’ (characteristic-func

m) (£ oc Beodomain m))

lemma complement-morphism-equalizer:
assumes m : X — Y monomorphism m
shows equalizer (Y \ (X,m)) m® (characteristic-func m) (f o. By)
proof —
have 3 m'. equalizer (codomain m \ (domain m, m)) m' (characteristic-func m)
(f oc Beodomain m)
by (simp add: assms cfunc-type-def set-subtraction-equalizer)
then have equalizer (codomain m \ (domain m, m)) m® (characteristic-func m)
(f oc Beodomain m)
unfolding complement-morphism-def by (subst somel-ex, auto)
then show equalizer (Y \ (X, m)) m® (characteristic-func m) (f o. By)
using assms unfolding cfunc-type-def by auto
qged

lemma complement-morphism-type[type-rule]:

assumes m : X — Y monomorphism m

shows m¢: YV \ (X,m) = Y

using assms cfunc-type-def characteristic-func-type complement-morphism-equalizer
equalizer-def by auto

86



lemma complement-morphism-mono:
assumes m : X — Y monomorphism m
shows monomorphism m¢
using assms complement-morphism-equalizer equalizer-is-monomorphism by blast

lemma complement-morphism-eq:
assumes m : X — Y monomorphism m
shows characteristic-func m o, m¢ = (f o, By) o, m°
using assms complement-morphism-equalizer unfolding equalizer-def by auto

lemma characteristic-func-true-not-complement-member:
assumes m : B — X monomorphism m x €, X
assumes characteristic-func-true: characteristic-func m o, x = t
shows - z €x (X \ (B, m),m°)
proof
assume in-complement: z € x (X \ (B, m), m°)
then obtain z’ where z’-type: ' €. X \ (B,m) and z'-def: m® o, ' = x
using assms cfunc-type-def complement-morphism-type factors-through-def rel-
ative-member-def2
by auto
then have characteristic-func m o, m® = (f o, fx) o. m°
using assms complement-morphism-equalizer equalizer-def by blast
then have characteristic-func m o, ¢ = f o, By o x
using assms z’-type complement-morphism-type
by (typecheck-cfuncs, smt z'-def assms cfunc-type-def comp-associative do-
main-comp)
then have characteristic-func m o, z = f
using assms by (typecheck-cfuncs, metis id-right-unit2 id-type one-unique-element
terminal-func-comp terminal-func-type)
then show Fulse
using characteristic-func-true true-false-distinct by auto
qed

lemma characteristic-func-false-complement-member:
assumes m : B — X monomorphism m ¢ €. X
assumes characteristic-func-false: characteristic-func m o, x = f
shows z € x (X \ (B, m),m°)
proof —
have z-equalizes: characteristic-func m o, x =1f o, Bx o. z
by (metis assms(3) characteristic-func-false false-func-type id-right-unit2 id-type
one-unique-element terminal-func-comp terminal-func-type)
have Ah F. h: F — X A characteristic-func m o, h = (f o, Bx) oc h —>
3%k k:F— X\ (B,m)AmCo.k=nh)
using assms complement-morphism-equalizer unfolding equalizer-def
by (smt cfunc-type-def characteristic-func-type)
then obtain z’ where z'-type: ' €. X \ (B, m) and z'-def: m® o, 2’/ = z
by (metis assms(3) cfunc-type-def comp-associative false-func-type terminal-func-type
z-equalizes)
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then show z €x (X \ (B, m),m°)
unfolding relative-member-def factors-through-def
using assms complement-morphism-mono complement-morphism-type cfunc-type-def
by auto
qed

lemma in-complement-not-in-subset:
assumes m : X — Y monomorphism mz €, Y
assumes z €y (Y \ (X,m), m°)
shows - z €y (X, m)
using assms characteristic-func-false-not-relative-member
characteristic-func-true-not-complement-member characteristic-func-type comp-type
true-false-only-truth-values by blast

lemma not-in-subset-in-complement:
assumes m : X — Y monomorphism mz €. Y
assumes - z €y (X, m)
shows z €y (Y \ (X,m), m)
using assms characteristic-func-false-complement-member characteristic-func-true-relative-member
characteristic-func-type comp-type true-false-only-truth-values by blast

lemma complement-disjoint:
assumes m : X — Y monomorphism m
assumes z €. X z' €. Y \ (X,m)
shows m o, z # m¢ o, z’
proof
assume m o, £ = m¢ o, z’
then have characteristic-func m o. m o. x = characteristic-func m o, m¢ o, x
by auto
then have (characteristic-func m o, m) o. x = (characteristic-func m o, m¢) o,

$/

/

using assms comp-associative2 by (typecheck-cfuncs, auto)
then have (t o, Sx) o z = ((f o By) o m®) o, z’
using assms characteristic-func-eq complement-morphism-eq by auto
then have t o, Sy o, z = f o, By o, m® o, x’
using assms comp-associative2 by (typecheck-cfuncs, smt terminal-func-comp
terminal-func-type)
then have t o, id 1 =f o, id 1
using assms by (smt cfunc-type-def comp-associative complement-morphism-type
id-type one-unique-element terminal-func-comp terminal-func-type)
then have t = f
using false-func-type id-right-unit2 true-func-type by auto
then show Fulse
using true-false-distinct by auto
qed

lemma set-subtraction-right-iso:

assumes m-type[type-rule]: m : A — C and m-mono|type-rule]: monomorphism
m
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assumes i-type[type-rule]: i : B — A and i-iso: isomorphism i
shows C \ (A,m) = C \ (B, m o, i)
proof —
have mi-mono[type-rule]: monomorphism (m o, i)
using cfunc-type-def composition-of-monic-pair-is-monic i-iso i-type iso-imp-epi-and-monic
m-mono m-type by presburger
obtain ym where xym-type[type-rule]: xm : C — Q and ym-def: xm = char-
acteristic-func m
using characteristic-func-type m-mono m-type by blast
obtain ymi where xmi-type[type-rule]: xmi : C — Q and xmi-def: xmi =
characteristic-func (m o, 1)
by (typecheck-cfuncs, simp)
have A c. c €. C = (xm o, ¢ =t) = (xmi o, ¢ = t)
proof —
fix ¢
assume c-type[type-rule]: ¢ €. C
have (xym o, ¢ =t) = (c €¢ (4,m))
by (typecheck-cfuncs, metis xm-def m-mono not-rel-mem-char-func-false
rel-mem-char-func-true true-false-distinct)
also have ... = (3 a. a €. A AN ¢ = m o, a)
using cfunc-type-def factors-through-def m-mono relative-member-def2 by
(typecheck-cfuncs, auto)
also have ... = (3 b.be. BAc=mo. io.b)
by (typecheck-cfuncs, smt (z3) cfunc-type-def comp-type epi-is-surj i-iso
iso-imp-epi-and-monic surjective-def)
also have ... = (c € (B,m o, 1))
using cfunc-type-def comp-associative2 composition-of-monic-pair-is-monic
factors-through-def2 i-iso iso-imp-epi-and-monic m-mono relative-member-def2
by (typecheck-cfuncs, auto)
also have ... = (ymi o, ¢ = t)
by (typecheck-cfuncs, metis xmi-def mi-mono not-rel-mem-char-func-false
rel-mem-char-func-true true-false-distinct)
finally show (ym o. ¢ = t) = (xymi o. ¢ = t).
qed
then have ym = ymi
by (typecheck-cfuncs, smt (verit, best) comp-type one-separator true-false-only-truth-values)

then show C \ (A,m) = C \ (B, m o, i)
using ym-def ymi-def isomorphic-is-reflexive set-subtraction-def by auto
qed

lemma set-subtraction-left-iso:
assumes m-type[type-rule]: m : C — A and m-mono|type-rule]: monomorphism
m
assumes i-type[type-rule]: i : A — B and i-iso: isomorphism i
shows A \ (C,m) = B\ (C, i o, m)
proof —
have im-mono[type-rule]: monomorphism (i o m)
using cfunc-type-def composition-of-monic-pair-is-monic i-iso i-type iso-imp-epi-and-monic

89



m-mono m-type by presburger
obtain xm where ym-type[type-rule]: xym : A — Q and ym-def: xm = charac-
teristic-func m
using characteristic-func-type m-mono m-type by blast
obtain yim where yim-type[type-rule]: xim : B — Q and yim-def: xim =
characteristic-func (i o, m)
by (typecheck-cfuncs, simp)
have yim-pullback: is-pullback C 1 B Q (B¢) t (i oc m) xim
using yim-def characteristic-func-is-pullback comp-type i-type im-mono m-type
by blast
have is-pullback C'1 A Q (Bp) t m (xim o %)
unfolding is-pullback-def
proof (typecheck-cfuncs, safe)
show t o. B = (xim o, i) 0. m
by (typecheck-cfuncs, etcs-assocr, metis xim-def characteristic-func-eq comp-type
im-mono)
next
fix Zkh
assume k-type[type-rule]: k : Z — 1 and h-type[type-rule]: h : Z — A
assume eq: t o, k = (xim o, ©) o, h
then obtain j where j-type[type-rule]: j : Z — C and j-def: i o, h = (i o,
m) oc j
using xim-pullback unfolding is-pullback-def by (typecheck-cfuncs, smt
(verit, ccfu-threshold) comp-associative? k-type)
then show 3j. j: Z = C A Bgocj=kAmoc.j=h
by (intro exI[where z=j], typecheck-cfuncs, smt comp-associative2 i-iso
iso-imp-epi-and-monic monomorphism-def2 terminal-func-unique)
next
fix Zjy
assume j-type[type-rulel: j : Z — C and y-type[type-rule]: y : Z — C
assumetocﬁcocj:(ximoc Z) Ocmocjﬁcocyzﬁc’ocjmocy:m
o j
then show j = y
using m-mono monomorphism-def2 by (typecheck-cfuncs-prems, blast)
qed
then have yim-i-eq-xym: xim o. © = xm
using ym-def characteristic-func-is-pullback characteristic-function-exists m-mono
m-type by blast
then have yim o, (i o, m®) =1f o, Bp o, (i o, m°)
by (etcs-assocl, typecheck-cfuncs, smt (verit, best) xm-def comp-associative?
complement-morphism-eq m-mono terminal-func-comp)
then obtain i’ where i’-type[type-rule]: i’: A\ (C, m) = B\ (C, i o, m) and
i’-def: i o, m® = (i o, m)€ o, i’
using complement-morphism-equalizer unfolding equalizer-def
by (—, typecheck-cfuncs, smt xim-def cfunc-type-def comp-associative2 im-mono)

1 1

have xym o. (i~
proof —
have ym o. (i~

O¢ (Z O¢ m>c> =1fo. By oc (i_ o¢ (i o¢ m)c)

! Oc (Z Cc m)c) = xim o (Z Oc i_l) Oc (Z Oc m)c
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by (typecheck-cfuncs, simp add: xim-i-eqg-xm cfunc-type-def comp-associative

i-i50)
also have ... = xim o. (i o, m)°
using i-iso id-left-unit2 inv-right by (typecheck-cfuncs, auto)
also have ... = f o, Bpg o, (i o, m)°
by (typecheck-cfuncs, simp add: xim-def comp-associative2 complement-morphism-eq
im-mono)
also have ... = f o, 84 o. (i7! o, (i o, m)€)

by (typecheck-cfuncs, metis i-iso terminal-func-unique)
finally show ?“thesis.
qed
then obtain 7’-inv where i’-inv-type[type-rule]: i’-inv : B\ (C, i o, m) — A\
(€, m)
and i’-inv-def: (i o, m)® = (i o, m) o, i’-inv
using complement-morphism-equalizer[where m=m, where X=C, where
Y=A] unfolding equalizer-def
by (—, typecheck-cfuncs, smt (23) xm-def cfunc-type-def comp-associative2 i-iso
id-left-unit2 inv-right m-mono)

have isomorphism i’
proof (etcs-subst isomorphism-def3, intro exI[where x = i’-inv], safe)
show i’-inv : B\ (C, io. m) = A\ (C, m)
by typecheck-cfuncs
have i o, m® = (i o, m®) o, i’-inv o, i’
using i’-inv-def by (etcs-subst i’-def, etcs-assocl, auto)
then show i’-inv o, i’ = id. (A \ (C, m))
by (typecheck-cfuncs-prems, smt (verit, best) cfunc-type-def complement-morphism-mono
composition-of-monic-pair-is-monic i-iso id-right-unit2 id-type iso-imp-epi-and-monic
m-mono monomorphism-def3)
next
have (i o, m)¢ = (i o. m)© o, i’ o, i'-inv
using i’-def by (etcs-subst i’-inv-def, etcs-assocl, auto)
then show i’ o, i’-inv = id. (B \ (C, i o, m))
by (typecheck-cfuncs-prems, metis complement-morphism-mono id-right-unit2
id-type im-mono monomorphism-def3)
qed
then show A \ (C, m) 2 B\ (C, i o, m)
using i'-type is-isomorphic-def by blast
qed

7 Graphs

definition functional-on :: cset = cset = cset X cfunc = bool where
functional-on X YR = (R C. X X, Y A
Vez.ze. X — 3ly. ye. Y A
(z,y) €xx,v R)))

The definition below corresponds to Definition 2.3.12 in Halvorson.

definition graph :: cfunc = cset where
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graph f = (SOME E. 3 m. equalizer E m (f o, left-cart-proj (domain f) (codomain
1)) (right-cart-proj (domain f) (codomain f)))

lemma graph-equalizer:

3 m. equalizer (graph f) m (f o. left-cart-proj (domain f) (codomain f)) (right-cart-proj
(domain f) (codomain f))

unfolding graph-def

by (typecheck-cfuncs, rule somel-ex, simp add: cfunc-type-def equalizer-exists)

lemma graph-equalizer2:
assumes f : X — YV
shows 3 m. equalizer (graph f) m (f o, left-cart-proj X Y) (right-cart-proj X Y')
using assms by (typecheck-cfuncs, metis cfunc-type-def graph-equalizer)

definition graph-morph :: cfunc = cfunc where
graph-morph f = (SOME m. equalizer (graph f) m (f o. left-cart-proj (domain f)
(codomain f)) (right-cart-proj (domain f) (codomain f)))

lemma graph-equalizers3:

equalizer (graph f) (graph-morph f) (f o. left-cart-proj (domain f) (codomain f))
(right-cart-proj (domain f) (codomain f))

unfolding graph-morph-def by (rule somel-ex, simp add: graph-equalizer)

lemma graph-equalizers:

assumes f: X = Y

shows equalizer (graph f) (graph-morph f) (f o. left-cart-proj X Y') (right-cart-proj
XY)

using assms cfunc-type-def graph-equalizer3 by auto

lemma graph-subobject:

assumes f : X — YV

shows (graph f, graph-morph f) C. (X X, Y)

by (metis assms cfunc-type-def equalizer-def equalizer-is-monomorphism graph-equalizer3
right-cart-proj-type subobject-of-def2)

lemma graph-morph-type[type-rule]:
assumes f : X — YV
shows graph-morph(f) : graph f — X x. Y
using graph-subobject subobject-of-def2 assms by auto

The lemma below corresponds to Exercise 2.3.13 in Halvorson.

lemma graphs-are-functional:
assumes f : X —» Y
shows functional-on X Y (graph f, graph-morph f)
unfolding functional-on-def
proof (safe)
show graph-subobj: (graph f, graph-morph f) C. (X%, Y)
by (simp add: assms graph-subobject)
show Az.z €. X = 3y. y €. Y A (z,y) €x «_ vy (graph f, graph-morph f)
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proof —
fix z
assume z-type[type-rule]: z €. X
obtain y where y-def: y = f o, z
by simp
then have y-type[type-rule]: y €. Y
using assms comp-type z-type y-def by blast

have (z,y) €x «_ vy (graph f, graph-morph f)
unfolding relative-member-def
proof (typecheck-cfuncs, safe)
show monomorphism (snd (graph f, graph-morph f))
using graph-subobj subobject-of-def by auto
show snd (graph f, graph-morph f) : fst (graph f, graph-morph f) — X X,
Y
by (simp add: assms graph-morph-type)
have (z,y) factorsthru graph-morph f
proof (subst zfactorthru-equalizer-iff-fr-eq-gx|where E = graph f, where m
= graph-morph f,
where f = (f o. left-cart-proj X Y),
where g = right-cart-proj X Y, where X = X x. Y, where ¥ =Y,
where z =(z,y)])
show f o, left-cart-proj X Y : X x, Y = Y
using assms by typecheck-cfuncs
show right-cart-proj X Y : X x. Y = Y
by typecheck-cfuncs
show equalizer (graph f) (graph-morph f) (f o left-cart-proj X Y') (right-cart-proj
XY)
by (simp add: assms graph-equalizers)
show (z,y) €. X x. Y
by typecheck-cfuncs
show (f o, left-cart-proj X Y) o, (z,y) = right-cart-proj X Y o, {(z,y)
using assms
by (typecheck-cfuncs, smt (23) comp-associative2 left-cart-proj-cfunc-prod
right-cart-proj-cfunc-prod y-def)
qed
then show (z,y) factorsthru snd (graph f, graph-morph f)
by simp
qed
then show Jy. y €. Y A (z,y) €x «_ vy (graph f, graph-morph f)
using y-type by blast
qed
show Az y ya.
T € X =
Yy €Y =
(z,y) €x x, v (graph f, graph-morph f) =
ya €. Y =
(z,ya) €x «. v (graph f, graph-morph f)
= Y = ya
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using assms
by (smt (23) comp-associative2 equalizer-def factors-through-def2 graph-equalizer,
left-cart-proj-cfunc-prod left-cart-proj-type relative-member-def2 right-cart-proj-cfunc-prod)
qed

lemma functional-on-isomorphism:
assumes functional-on X Y (R,m)
shows isomorphism(left-cart-proj X Y o, m)
proof—
have m-mono: monomorphism(m)
using assms functional-on-def subobject-of-def2 by blast
have pi0-m-type[type-rule]: left-cart-proj X Y o. m : R — X
using assms functional-on-def subobject-of-def2 by (typecheck-cfuncs, blast)
have surj: surjective(left-cart-proj X Y o, m)
unfolding surjective-def
proof (clarify)
fix x
assume z €. codomain (left-cart-proj X Y o. m)
then have [type-rule]: x €. X
using cfunc-type-def pi0-m-type by force
then have 3! y. (y €. Y A (z,y) €xx«_ vy (R,m))
using assms functional-on-def by force
then show 3z. z €. domain (left-cart-proj X Y o. m) A (left-cart-proj X Y o,
m) o, z2=21
by (typecheck-cfuncs, smt (verit, best) cfunc-type-def comp-associative fac-
tors-through-def2 left-cart-proj-cfunc-prod relative-member-def2)
qed
have inj: injective(left-cart-proj X Y o. m)
proof (unfold injective-def, clarify)
fix r1 r2
assume 11 €. domain (left-cart-proj X Y o, m) then have ri-type[type-rule]:
rl €. R
by (metis cfunc-type-def pi0-m-type)
assume 12 €. domain (left-cart-proj X Y o, m) then have r2-type[type-rule]:
r2 €. R
by (metis cfunc-type-def pi0-m-type)
assume (left-cart-proj X Y o. m) o, r1 = (left-cart-proj X Y o. m) o, r2
then have eq: left-cart-proj X Y o, m o, r1 = left-cart-proj X Y o, m o, 12
using assms cfunc-type-def comp-associative functional-on-def subobject-of-def2
by (typecheck-cfuncs, auto)
have ma-type[type-rule]: m o, rl1 €. XX .Y
using assms functional-on-def subobject-of-def2 by (typecheck-cfuncs, blast)
then obtain z7 and y! where miri-egs: m o. r1 = (zl1, y1) ANzl €. X A
yl €. Y
using cart-prod-decomp by presburger
have my-type[type-rule]: m o, 12 €. Xx .Y
using assms functional-on-def subobject-of-def2 by (typecheck-cfuncs, blast)
then obtain z2 and y2 where m2r2-eqs:m o. 12 = (22, y2) N 22 €. X A y2
€. Y
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using cart-prod-decomp by presburger
have z-equal: 1 = 22
using eq left-cart-proj-cfunc-prod mi1ri-eqs m2r2-eqs by force
have functional: 3! y. (y €. Y A (z1,y) €xx_y (R,m))
using assms functional-on-def miri-eqs by force
then have y-equal: y1 = y2
by (metis prod.sel factors-through-def2 miri-eqs m2r2-eqs ma-type my-type
r1-type r2-type relative-member-def x-equal)
then show r1 = r2
by (metis functional cfunc-type-def miri-eqs m2r2-eqs monomorphism-def
ri-type r2-type relative-member-def2 x-equal)
qed
show isomorphism(left-cart-proj X Y o. m)
by (metis epi-mon-is-iso inj injective-imp-monomorphism surj surjective-is-epimorphism)
qed

The lemma below corresponds to Proposition 2.3.14 in Halvorson.

lemma functional-relations-are-graphs:
assumes functional-on X Y (R,m)
shows 3! f. f: X - Y A
(3 4.7 : R — graph(f) A isomorphism(i) A m = graph-morph(f) o )
proof safe
have m-type[type-rule]: m : R — X X, Y
using assms unfolding functional-on-def subobject-of-def2 by auto
have m-mono[type-rule]: monomorphism(m)
using assms functional-on-def subobject-of-def2 by blast
have isomorphism[type-rule]: isomorphism(left-cart-proj X Y o, m)
using assms functional-on-isomorphism by force

obtain h where h-type[type-rule]: h: X — R and h-def: h = (left-cart-proj X Y
O¢ m)_l
by (typecheck-cfuncs, simp)
obtain f where f-def: f = (right-cart-proj X Y) o. m o. h
by auto
then have f-type[type-rule]: f : X — Y
by (metis assms comp-type f-def functional-on-def h-type right-cart-proj-type
subobject-of-def2)

have eq: f o, left-cart-proj X Y o, m = right-cart-proj X Y o, m
unfolding f-def h-def by (typecheck-cfuncs, smt comp-associative2 id-right-unit2
inv-left isomorphism)

show 3f. f: X - Y A(3i.i: R— graph f A isomorphism i A m = graph-morph
foc 1)
proof (intro exI[where x=f], safe, typecheck-cfuncs)
have graph-equalizer: equalizer (graph f) (graph-morph f) (f o. left-cart-proj X
Y) (right-cart-proj X Y)
by (simp add: f-type graph-equalizers)
then have Vh F. h : F — X x. Y A (f o left-cart-proj X Y) o. h =
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right-cart-proj X Y o. h —
(3'k. k : F — graph f A graph-morph f o. k = h)
unfolding equalizer-def using cfunc-type-def by (typecheck-cfuncs, auto)
then obtain i where i-type[type-rule]: i : R — graph f and i-eq: graph-morph
f ot =m
by (typecheck-cfuncs, smt comp-associative2 eq left-cart-proj-type)
have surjective i
proof (etcs-subst surjective-def2, clarify)
fix y’
assume y’-type[type-rulel: y' €. graph f

define z where z = left-cart-proj X Y o. graph-morph(f) o. y’
then have z-type[type-rule]: © €. X
unfolding z-def by typecheck-cfuncs

obtain y where y-type[type-rule]: y €. Y and z-y-in-R: (z,y) €x «_ y (R,
m)
and y-unique: V z. (2 € Y N (z,2) €x «, vy (B, m)) — 2=y
by (metis assms functional-on-def x-type)

obtain z’ where z'-type[type-rule]: ' €. R and z'-eq: m o, x’' = (x, y)
using z-y-in-R unfolding relative-member-def2 by (—, etcs-subst-asm
factors-through-def2, auto)

have graph-morph(f) o. i o. ' = graph-morph(f) o. y’
proof (typecheck-cfuncs, rule cart-prod-eql, safe)
show left: left-cart-proj X Y o. graph-morph f o. i o, z' = left-cart-proj X
Y o. graph-morph [ o, y’
proof —
have left-cart-proj X Y o, graph-morph(f) o i o, ' = left-cart-proj X Y
0. M op '
by (typecheck-cfuncs, smt comp-associative?2 i-eq)
also have ... =z
unfolding x’-eq using left-cart-proj-cfunc-prod by (typecheck-cfuncs,
blast)
also have ... = left-cart-proj X Y o, graph-morph f o. y’
unfolding z-def by auto
finally show %thesis.
qed

show right-cart-proj X Y o, graph-morph f o. ¢ o, x' = right-cart-proj X Y
oc graph-morph f oc y’
proof —
have right-cart-proj X Y o, graph-morph f o, i o, ' = [ o. left-cart-proj
X Y o, graph-morph f o, i o, z'
by (etcs-assocl, typecheck-cfuncs, metis graph-equalizer equalizer-eq)

also have ... = f o, left-cart-proj X Y o, graph-morph [ o. y’
by (subst left, simp)
also have ... = right-cart-proj X Y o, graph-morph f o. y’
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by (etes-assocl, typecheck-cfuncs, metis graph-equalizer equalizer-eq)
finally show ?thesis.
qed
qed
then have 7 o, z' = y’
using equalizer-is-monomorphism graph-equalizer monomorphism-def2 by
(typecheck-cfuncs-prems, blast)
then show 3z’ 2’ €. R A io, z' =y’
by (intro exl[where z=z'], simp add: z’-type)
qed
then have isomorphism i
by (metis comp-monic-imp-monic’ epi-mon-is-iso f-type graph-morph-type i-eq
i-type m-mono surjective-is-epimorphism,)
then show 4. i : R — graph f A isomorphism i A m = graph-morph f o. i
by (intro exl[where z=i], simp add: i-type i-eq)

qged

next
fix f1 f2 il i2
assume f1-type[type-rule]: f1 : X — Y
assume f2-type[type-rule]: 2 : X —» Y
assume il-type[type-rule]: il : R — graph f1
assume 2-type[type-rule]: i2 : R — graph f2

assume i1-iso: isomorphism il
assume i2-iso: isomorphism i2
assume eql: m = graph-morph f1 o. il

assume eq2: graph-morph f1 o. i1 = graph-morph f2 o, i2

have m-type[type-rule]: m : R — X x. Y
using assms unfolding functional-on-def subobject-of-def2 by auto
have isomorphism[type-rule]: isomorphism(left-cart-proj X Y o, m)
using assms functional-on-isomorphism by force
obtain h where h-type[type-rule]: h: X — R and h-def: h = (left-cart-proj X Y
O¢ m)_l
by (typecheck-cfuncs, simp)
have f1 o, left-cart-proj X Y o, m = f2 o, left-cart-proj X Y o. m
proof —
have f1 o, left-cart-proj X Y o. m = (f1 o, left-cart-proj X Y') o. graph-morph
f1 o il
using comp-associative2 eql eq2 by (typecheck-cfuncs, force)

also have ... = (right-cart-proj X Y) o. graph-morph f1 o. il

by (typecheck-cfuncs, smt comp-associative? equalizer-def graph-equalizers)
also have ... = (right-cart-proj X Y) o. graph-morph f2 o, i2

by (simp add: eq2)
also have ... = (f2 o, left-cart-proj X Y) o. graph-morph f2 o. i2

by (typecheck-cfuncs, smt comp-associative2 equalizer-eq graph-equalizers )
also have ... = f2 o, left-cart-proj X Y o. m

by (typecheck-cfuncs, metis comp-associative2 eql eq2)
finally show ?thesis.
qed
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then show f1 = f2

by (typecheck-cfuncs, metis cfunc-type-def comp-associative h-def h-type id-right-unit2
inverse-def2 isomorphism)
qed

end

8 Equivalence Classes and Coequalizers

theory FEquivalence
imports Truth
begin

definition reflexive-on :: cset = cset X cfunc = bool where
reflexive-on X R = (R C. XXX A
(Vz. v €. X — ((v,2) €xx.x R)))

definition symmetric-on :: cset = cset X cfunc = bool where
symmetric-on X R = (R C, XXX A
NVzy z€. XN ye. X —
((z,y) €xx.x B — (y,2) €xx.x R)))

definition transitive-on :: cset = cset X cfunc = bool where
transitive-on X R = (R C. Xx.X A
NVezyzaoze. XN ye. X Nze X —
(zy) €Exx.x BA(y,2) €Exx.x B — (2,2) €xx . x R)))

definition equiv-rel-on :: cset = cset X cfunc = bool where
equiv-rel-on X R <— (reflexzive-on X R N symmetric-on X R N\ transitive-on X
R)

definition const-on-rel :: cset = cset X cfunc = cfunc = bool where
const-on-rel X Rf = (Voy v€ X — ye€. X — (v,y) €Exx x B — f o
T = f Oc y)

lemma reflexive-def2:
assumes reflexive-Y: reflexive-on X (Y, m)
assumes z-type: © €, X
shows Jy. y €. Y A mo. y = (z,z)
using assms unfolding reflexive-on-def relative-member-def factors-through-def2
proof —
assume al: (Y, m) C. X x. X A Va. z €. X — (z,2) €. X X X A
monomorphism (snd (Y, m)) A snd (Y, m) : fst (Y, m) - X x. X A (z,2)
factorsthru snd (Y, m))
have zz-type: (z,z) €. X x. X
by (typecheck-cfuncs, simp add: x-type)
have (x,z) factorsthru m
using al z-type by auto
then show ?thesis
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using al zz-type cfunc-type-def factors-through-def subobject-of-def2 by force
qed

lemma symmetric-def2:
assumes symmetric-Y: symmetric-on X (Y, m)
assumes z-type: * €. X
assumes y-type: y €. X
assumes relation: 3v. v €. Y A m o, v = (z,y)

shows Jw. w €. Y A m o, w = (y,x)
using assms unfolding symmetric-on-def relative-member-def factors-through-def2
by (metis cfunc-prod-type factors-through-def2 fst-conv snd-conv subobject-of-def2)

lemma transitive-def2:
assumes transitive-Y: transitive-on X (Y, m)
assumes z-type: © €. X
assumes y-type: y €. X
assumes z-type: z €. X
assumes relationl: Jv. v €. Y A m o, v = (z,y)
assumes relation2: 3w. w €. Y A m o, w = (y,2)
shows Ju. u €. Y A m o, u = (z,2)
using assms unfolding transitive-on-def relative-member-def factors-through-def2
by (metis cfunc-prod-type factors-through-def2 fst-conv snd-conv subobject-of-def2)

The lemma below corresponds to Exercise 2.3.3 in Halvorson.

lemma kernel-pair-equiv-rel:
assumes f : X —» Y
shows equiv-rel-on X (X FXef X, fibered-product-morphism X f f X)
proof (unfold equiv-rel-on-def, safe)
show reflexive-on X (X Xef X, fibered-product-morphism X f f X)
proof (unfold reflexive-on-def, safe)
show (X yx.r X, fibered-product-morphism X ff X) Cc X x. X
using assms kernel-pair-subset by auto
next
fix z
assume z-type: ¢ €, X
then show (z,7) €x »_x (X fXef X, fibered-product-morphism X f f X)
by (smt assms comp-type diag-on-elements diagonal-type fibered-product-morphism-monomorphism
fibered-product-morphism-type pair-factorsthru-fibered-product-morphism
relative-member-def2)
qed

show symmetric-on X (X FXef X, fibered-product-morphism X f f X)
proof (unfold symmetric-on-def, safe)
show (X yx.r X, fibered-product-morphism X ff X) Cc X x. X
using assms kernel-pair-subset by auto
next
fix x y
assume z-type: ¢ €, X and y-type: y €. X
assume zy-in: (2,y) €x x, x (X pxep X, fibered-product-morphism X f f X)
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then have f o, z = f o, y
using assms fibered-product-pair-member z-type y-type by blast

then show (y,7) €x »_ x (X pXef X, fibered-product-morphism X f f X)
using assms fibered-product-pair-member z-type y-type by auto
qed

show transitive-on X (X Xef X, fibered-product-morphism X f f X)
proof (unfold transitive-on-def, safe)
show (X Xef X, fibered-product-morphism X ff X) C. X x. X
using assms kernel-pair-subset by auto
next
fixxyz
assume z-type: ¢ €, X and y-type: y €. X and z-type: z €. X
assume zy-in: (2,y) €x »_ x (X ef X, fibered-product-morphism X f f X)
assume yz-in: (y,2) €x x. x (X pXef X, fibered-product-morphism X f f X)

have eqni: f o,z = f o, y
using assms fibered-product-pair-member z-type xy-in y-type by blast

have eqn2: f o, y = f o 2
using assms fibered-product-pair-member y-type yz-in z-type by blast

show (z,2) €x «, x (X pxcf X, fibered-product-morphism X f f X)
using assms eqnl eqn?2 fibered-product-pair-member z-type z-type by auto
qed
qed

The axiomatization below corresponds to Axiom 6 (Equivalence Classes)
in Halvorson.

axiomatization
quotient-set :: cset = (cset X cfunc) = cset (infix // 50) and
equiv-class :: cset X cfunc = cfunc and
quotient-func :: cfunc = cset X cfunc = cfunc
where
equiv-class-type[type-rule]: equiv-rel-on X R = equiv-class R : X — quotient-set
X R and
equiv-class-eq: equiv-rel-on X R = (z, y) €. Xx X =
(z, y) €xx.x R +— equiv-class R o, x = equiv-class R o. y and
quotient-func-type[type-rule]:
equiv-rel-on X R = f : X — Y = (const-on-rel X R ) =
quotient-func f R : quotient-set X R — Y and
quotient-func-eq: equiv-rel-on X R = f : X — Y = (const-on-rel X R ) =
quotient-func f R o. equiv-class R = f and
quotient-func-unique: equiv-rel-on X R = f : X — Y = (const-on-rel X R f)
_—
h : quotient-set X R — Y = h o. equiv-class R = f = h = quotient-func f
R

Note that (/) corresponds to X/R, equiv-class corresponds to the canon-
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ical quotient mapping ¢, and quotient-func corresponds to f in Halvorson’s
formulation of this axiom.

abbreviation equiv-class’ :: cfunc = cset x cfunc = cfunc ([-]-) where
(2] p = equiv-class R o, x

8.1 Coequalizers

The definition below corresponds to a comment after Axiom 6 (Equivalence
Classes) in Halvorson.

definition coequalizer :: cset = cfunc = cfunc = cfunc = bool where
coequalizer Emfg«— 3 XY . (f: Y =>X)AN(g: Y > X)AN(m: X = E)
/\(mocf:mocg)
ANV RBRFE (h: X > F)Nho.f=ho.g) — 3k (k:E— F)Ako,
m = h)))

lemma coequalizer-def2:
assumes f: Y > Xg: VY > Xm: X - F
shows coequalizer E m f g <—
(moe f=mo.g)
AV AhOF. (h:X—=>F)N(hoof=ho.g)— 3k (k:E— F)ANEko,
m = h))
using assms unfolding coequalizer-def cfunc-type-def by auto

The lemma below corresponds to Exercise 2.3.1 in Halvorson.

lemma coequalizer-unique:
assumes coequalizer E m f g coequalizer F'n f g
shows £ 2 F
proof —
obtain k where k-def: k: E — F ANko. m= n
by (typecheck-cfuncs, metis assms cfunc-type-def coequalizer-def)
obtain k'’ where k'-def: k" F - EANk'o.n= m
by (typecheck-cfuncs, metis assms cfunc-type-def coequalizer-def)
obtain k£’ where k'-def: k' F — F AN k" o, n = n
by (typecheck-cfuncs, smt (verit) assms(2) cfunc-type-def coequalizer-def)

have k''-def2: k' = id F
using assms(2) coequalizer-def id-left-unit2 k''-def by (typecheck-cfuncs, blast)
have kk’-idF: k o, k' = id F
by (typecheck-cfuncs, smt (verit) assms(2) cfunc-type-def coequalizer-def comp-associative
k"-def k''-def2 k’-def k-def)
have k'k-idE: k' o, k = id E
by (typecheck-cfuncs, smt (verit) assms(1) coequalizer-def comp-associative2
id-left-unit2 k'-def k-def)

show £ = F
using cfunc-type-def is-isomorphic-def isomorphism-def k'-def k'k-idE k-def
kk'-idF by fastforce
qed
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The lemma below corresponds to Exercise 2.3.2 in Halvorson.

lemma coequalizer-is-epimorphism:
coequalizer Em f g = epimorphism(m)
unfolding coequalizer-def epimorphism-def
proof clarify
fixkh XY
assume f-type: f: Y = X
assume g-type: g : Y — X
assume m-type: m: X — E
assume fm-gm: m o, f = mo. g
assume uniqueness: Vh F. h: X - FANho.f=ho.g— Ak k:E - F
Ak o.m=h)
assume relation-k: domain k =codomain m
assume relation-h: domain h = codomain m
assume m-k-mh: k o, m = h o, m

have k o. m o. f = h o, m o, ¢
using cfunc-type-def comp-associative fm-gm g-type m-k-mh m-type relation-k
relation-h by auto

then obtain z where z: £ — codomain(k) A z oo m =k o, m A
(Y j. j:E — codomain(k) A jo. m=ko.m — j=2)
using uniqueness by (smt cfunc-type-def codomain-comp comp-associative do-
main-comp f-type g-type m-k-mh m-type relation-k relation-h)

then show k = h
by (metis cfunc-type-def codomain-comp m-k-mh m-type relation-k relation-h)
qed

lemma canonical-quotient-map-is-coequalizer:
assumes equiv-rel-on X (R,m)
shows coequalizer (X /| (R,m)) (equiv-class (R,m))
(left-cart-proj X X o, m) (right-cart-proj X X o. m)
unfolding coequalizer-def
proof(rule exl[where z=X|, intro exI[where z= R, safe)
have m-type: m: R —- X x. X
using assms equiv-rel-on-def subobject-of-def2 transitive-on-def by blast
show left-cart-proj X X oo m : R — X
using m-type by typecheck-cfuncs
show right-cart-proj X X oo m : R =+ X
using m-type by typecheck-cfuncs
show equiv-class (R, m) : X — X /| (R, m)
by (simp add: assms equiv-class-type)
show [left-cart-proj X X o, m](R7 m) = [right-cart-proj X X o, m](R7 m)
proof (rule one-separator[where X=R, where Y = X // (R,m)], typecheck-cfuncs)
show [left-cart-proj X X o, m](R’ m) P =X J (R, m)
using m-type assms by typecheck-cfuncs
show [right-cart-proj X X o, m}(R’ m): B—= X / (R, m)
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using m-type assms by typecheck-cfuncs
next
fix z
assume z-type: x €. R
then have m-z-type: m o, x €. X X, X
using m-type by typecheck-cfuncs
then obtain a b where a-type: a €. X and b-type: b €. X and m-z-eq: m o,
z = {a,b)
using cart-prod-decomp by blast
then have ab-inR-relXX: (a,b) €x »_ x(R,m)
using assms cfunc-type-def equiv-rel-on-def factors-through-def m-z-type re-
flexive-on-def relative-member-def2 z-type by auto
then have equiv-class (R, m) o. a = equiv-class (R, m) o, b
using equiv-class-eq assms relative-member-def by blast
then have equiv-class (R, m) o. left-cart-proj X X o. (a,b) = equiv-class (R,
m) o, right-cart-proj X X o, {(a,b)
using a-type b-type left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod by auto
then have equiv-class (R, m) o, left-cart-proj X X o, m o. x = equiv-class (R,
m) o, right-cart-proj X X o, m o. x
by (simp add: m-z-eq)
then show [left-cart-proj X X o, m](R7 m) % T = [right-cart-proj X X o,

m]( R, m) % &
using z-type m-type assms by (typecheck-cfuncs, metis cfunc-type-def comp-associative

m-z-eq)

qed
next

fix h F

assume h-type: h: X — F

assume h-projl-eqs-h-proj2: h o. left-cart-proj X X o, m = h o, right-cart-proj
XXo.m

have m-type: m : R — X x. X
using assms equiv-rel-on-def reflexive-on-def subobject-of-def2 by blast
have const-on-rel X (R, m) h
proof (unfold const-on-rel-def, clarify)
fix zy
assume z-type: ¢ €. X and y-type: y €. X
assume (z,y) €x »_ x (R, m)
then obtain zy where zy-type: zy €. R and m-h-eq: m o. zy = (x,y)
unfolding relative-member-def2 factors-through-def using cfunc-type-def by
auto

have h o, left-cart-proj X X o, m o, zy = h o, right-cart-proj X X o, m o, xy
using h-type m-type xy-type by (typecheck-cfuncs, smt comp-associative?
comp-type h-proj1-eqs-h-proj2)
then have h o, left-cart-proj X X o, (x,y) = h o, right-cart-proj X X o. (z,y)
using m-h-eq by auto
then show h o, x = h o, y
using left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod z-type y-type by auto
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qed
then show 3k. k: X J/ (R, m) — F A k o, equiv-class (R, m) = h
using assms h-type quotient-func-type quotient-func-eq
by (intro exl[where z=quotient-func h (R, m)], safe)
next
fix Fky
assume k-type[type-rule]: k : X /| (R, m) — F
assume y-type[type-rule]: y : X J/ (R, m) —» F
assume k-equiv-class-type[type-rule]: k o. equiv-class (R, m) : X — F
assume k-equiv-class-eq: (k o, equiv-class (R, m)) o. left-cart-proj X X o, m =
(k o. equiv-class (R, m)) o, right-cart-proj X X o. m
assume y-k-eq: y o. equiv-class (R, m) = k o. equiv-class (R, m)

have m-type[type-rule]: m : R — X X, X
using assms equiv-rel-on-def reflexive-on-def subobject-of-def2 by blast

have y-eq: y = quotient-func (y o. equiv-class (R, m)) (R, m)

using assms y-k-eq

proof (etcs-rule quotient-func-unique[where X=X, where Y=F], unfold const-on-rel-def,

safe)
fix a b
assume a-type[type-rule]: a €. X and b-type[type-rule]: b €. X
assume ab-in-R: (a,b) €x »_  x (R, m)
then obtain h where h-type[type-rule]: h €. R and m-h-eq: m o. h = (a, b)

unfolding relative-member-def factors-through-def using cfunc-type-def by
auto

have (k o, equiv-class (R, m)) o. left-cart-proj X X o, m o, h =
(k oo equiv-class (R, m)) o. right-cart-proj X X o. m o, h
using assms
by (typecheck-cfuncs, smt comp-associative2 comp-type k-equiv-class-eq)
then have (k o, equiv-class (R, m)) o. left-cart-proj X X o. {(a, b) =
(k o. equiv-class (R, m)) o, right-cart-proj X X o. {a, b)
by (simp add: m-h-eq)
then show (y o, equiv-class (R, m)) o, a = (y o. equiv-class (R, m)) o. b
using a-type b-type left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod y-k-eq
by auto
qed

have k-eq: k = quotient-func (y o, equiv-class (R, m)) (R, m)
using assms sym|OF y-k-eq]
proof (etcs-rule quotient-func-unique[where X=X, where Y=F], unfold const-on-rel-def,
safe)
fix a b
assume a-type: a €. X and b-type: b €, X
assume ab-in-R: (a,b) €x »_ x (R, m)
then obtain h where h-type: h €. R and m-h-eq: m o, h = (a, b)
unfolding relative-member-def factors-through-def using cfunc-type-def by
auto
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have (k o. equiv-class (R, m)) o. left-cart-proj X X o, m o, h =
(k o¢ equiv-class (R, m)) o, right-cart-proj X X o, m o h
using k-type m-type h-type assms
by (typecheck-cfuncs, smt comp-associative2 comp-type k-equiv-class-eq)
then have (k o. equiv-class (R, m)) o. left-cart-proj X X o. (a, b) =
(k 0. equiv-class (R, m)) o, right-cart-proj X X o. {a, b)
by (simp add: m-h-eq)
then show (y o, equiv-class (R, m)) o. a = (y o. equiv-class (R, m)) o. b
using a-type b-type left-cart-proj-cfunc-prod right-cart-proj-cfunc-prod y-k-eq
by auto

qed
show k =y
using y-eq k-eq by auto
qed

lemma canonical-quot-map-is-epi:
assumes equiv-rel-on X (R,m)
shows epimorphism((equiv-class (R,m)))
by (meson assms canonical-quotient-map-is-coequalizer coequalizer-is-epimorphism)

8.2 Regular Epimorphisms

The definition below corresponds to Definition 2.3.4 in Halvorson.

definition regular-epimorphism :: cfunc = bool where
reqular-epimorphism f = (3 g h. coequalizer (codomain f) f g h)

The lemma below corresponds to Exercise 2.3.5 in Halvorson.

lemma reg-epi-and-mono-is-iso:
assumes f : X — Y reqular-epimorphism f monomorphism f
shows isomorphism f
proof —
obtain g h where gh-def: coequalizer (codomain f) f g h
using assms(2) regular-epimorphism-def by auto
obtain W where W-def: (g: W — X) A (h: W — X) A (coequalizer Y f g h)
using assms(1) cfunc-type-def coequalizer-def gh-def by fastforce
have fg-eqs-fh: f oo g = f o. h
using coequalizer-def gh-def by blast
then have id(X)o. g = id(X) o. h
using W-def assms(1,3) monomorphism-def2 by blast
then obtain j where j-def: j: ¥ — X A jo. f = id(X)
using assms(1) W-def coequalizer-def2 by (typecheck-cfuncs, blast)
have id(Y) o, f = f o, id(X)
using assms(1) id-left-unit2 id-right-unit2 by auto
also have ... = (f o, j) o. f
using assms(1) comp-associative2 j-def by fastforce
ultimately have id(Y) = f o. j
by (typecheck-cfuncs, metis W-def assms(1) coequalizer-is-epimorphism epimor-

phism-def3 j-def)
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then show isomorphism f
using assms(1) cfunc-type-def isomorphism-def j-def by fastforce
qed

The two lemmas below correspond to Proposition 2.3.6 in Halvorson.

lemma epimorphism-coequalizer-kernel-pair:
assumes f : X — Y epimorphism f
shows coequalizer Y f (fibered-product-left-proj X f f X) (fibered-product-right-proj
XffX)
unfolding coequalizer-def
proof (rule exl[where z = X], rule exl[where z=X sx s X], safe)
show fibered-product-left-proj X f f X : X FXef X=X
using assms by typecheck-cfuncs
show fibered-product-right-proj X ff X : X e X = X
using assms by typecheck-cfuncs
show f: X =Y
using assms by typecheck-cfuncs
show f o, fibered-product-left-proj X f f X = f o, fibered-product-right-proj X f f
X
using fibered-product-is-pullback assms unfolding is-pullback-def by auto
next
fix g &
assume g-type: g : X — E
assume g-eq: g o, fibered-product-left-proj X f f X = g o, fibered-product-right-proj
XffX

define F where F-def: F = quotient-set X (X FXef X, fibered-product-morphism
X ffX)
obtain ¢ where ¢-def: ¢ = equiv-class (X PXef X, fibered-product-morphism X
ffX)and
g-type[type-rule]: ¢ : X — F
using F-def assms(1) equiv-class-type kernel-pair-equiv-rel by auto
obtain f-bar where f-bar-def: f-bar = quotient-func f (X Pef X, fibered-product-morphism
X ffX)and
f-bar-type[type-rule]: f-bar : F — Y
using F-def assms(1) const-on-rel-def fibered-product-pair-member kernel-pair-equiv-rel
quotient-func-type by auto
have fibr-proj-left-type[type-rule]: fibered-product-left-proj F (f-bar) (f-bar) F : F
(f-bar) Xe(f-bar) £ = F
by typecheck-cfuncs
have fibr-proj-right-type[type-rule]: fibered-product-right-proj F (f-bar) (f-bar) F
D F (f-bar) ¥ e(f-bar) F—=F
by typecheck-cfuncs
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have f-eqs: f-bar o, q = f
proof —
have fact1: equiv-rel-on X (X fXep X, fibered-product-morphism X f f X)
by (meson assms(1) kernel-pair-equiv-rel)
have fact2: const-on-rel X (X FXef X, fibered-product-morphism X f f X) f
using assms(1) const-on-rel-def fibered-product-pair-member by presburger
show ?thesis
using assms(1) f-bar-def factl fact2 q-def quotient-func-eq by blast
qed

have 3! 0. b : X fXCfX — F (f-bar)xc(f-bar) F A
fibered-product-left-proj F (f-bar) (f-bar) F o. b = q o, fibered-product-left-proj
XffX A
fibered-product-right-proj F' (f-bar) (f-bar) F o. b = q o, fibered-product-right-proj
XfrXA
epimorphism b
proof (rule kernel-pair-connection|where Y = Y1)
show f: X — Y
using assms by typecheck-cfuncs
show ¢ : X — F
by typecheck-cfuncs
show epimorphism q
using assms(1) canonical-quot-map-is-epi kernel-pair-equiv-rel g-def by blast
show f-bar o, ¢ = f
by (simp add: f-eqs)
show ¢ o, fibered-product-left-proj X f f X = q o, fibered-product-right-proj X f
X
by (metis assms(1) canonical-quotient-map-is-coequalizer coequalizer-def fibered-product-left-proj-def
fibered-product-right-proj-def kernel-pair-equiv-rel q-def)
show f-bar : F — Y
by typecheck-cfuncs
qed

then obtain b where b-type[type-rule]: b : X Ref X = F (f-bar) X< (f-bar) F
and

left-b-eqgs: fibered-product-left-proj F' (f-bar) (f-bar) F o. b = q o. fibered-product-left-proj
XffX and

right-b-eqs: fibered-product-right-proj F (f-bar) (f-bar) F o, b = q o. fibered-product-right-proj
X ffX and

epi-b: epimorphism b

by auto
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have fibered-product-left-proj F (f-bar) (f-bar) F = fibered-product-right-proj F
(f-bar) (f-bar) F
proof —
have (fibered-product-left-proj F (f-bar) (f-bar) F) o, b = q o, fibered-product-left-proj
XffX
by (simp add: left-b-eqs)
also have ... = q o. fibered-product-right-proj X f f X
using assms(1) canonical-quotient-map-is-coequalizer coequalizer-def fibered-product-left-proj-def
fibered-product-right-proj-def kernel-pair-equiv-rel q-def by fastforce
also have ... = fibered-product-right-proj F (f-bar) (f-bar) F o. b
by (simp add: right-b-eqs)
finally have fibered-product-left-proj F (f-bar) (f-bar) F o. b = fibered-product-right-proj
F (f-bar) (f-bar) F o, b.
then show ?thesis
using b-type epi-b epimorphism-def2 fibr-proj-left-type fibr-proj-right-type by
blast
qed

then obtain b where b-type[type-rule]: b : X rep X = F (F-bar) X e (f-bar) a
and

left-b-eqs: fibered-product-left-proj F' (f-bar) (f-bar) F o. b = q o. fibered-product-left-proj
X ffX and

right-b-eqs: fibered-product-right-proj F' (f-bar) (f-bar) F o. b = q o. fibered-product-right-proj
XffX and

epi-b: epimorphism b

using b-type epi-b left-b-eqs right-b-eqs by blast

have fibered-product-left-proj F (f-bar) (f-bar) F = fibered-product-right-proj F
(f-bar) (f-bar) F
proof —
have (fibered-product-left-proj F (f-bar) (f-bar) F) o, b = q o, fibered-product-left-proj
XffX
by (simp add: left-b-eqs)
also have ... = ¢ o, fibered-product-right-proj X f f X
using assms(1) canonical-quotient-map-is-coequalizer coequalizer-def fibered-product-left-proj-def
fibered-product-right-proj-def kernel-pair-equiv-rel q-def by fastforce
also have ... = fibered-product-right-proj F (f-bar) (f-bar) F o. b
by (simp add: right-b-eqs)
finally have fibered-product-left-proj F' (f-bar) (f-bar) F o. b = fibered-product-right-proj
F (f-bar) (f-bar) F o, b.
then show ?thesis
using b-type epi-b epimorphism-def2 fibr-proj-left-type fibr-proj-right-type by
blast
qed

then have mono-fbar: monomorphism(f-bar)
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by (typecheck-cfuncs, simp add: kern-pair-proj-iso-TFAE2)

have epimorphism(f-bar)
by (typecheck-cfuncs, metis assms(2) cfunc-type-def comp-epi-imp-epi f-eqs
g-type)

then have isomorphism(f-bar)
by (simp add: epi-mon-is-iso mono-fbar)

obtain f-bar-inv where f-bar-inv-type[type-rule]: f-bar-inv: ¥ — F and
f-bar-inv-eq1: f-bar-inv o, f-bar = id(F') and
f-bar-inv-eq2: f-bar o. f-bar-inv = id(Y)
using <isomorphism f-bary cfunc-type-def isomorphism-def by (typecheck-cfuncs,
force)

obtain g-bar where g-bar-def: g-bar = quotient-func g (X PXef X, fibered-product-morphism
XFFX)
by auto
have const-on-rel X (X pxcp X, fibered-product-morphism X f f X) g
unfolding const-on-rel-def
by (meson assms(1) fibered-product-pair-member2 g-eq g-type)
then have g-bar-type[type-rule]: g-bar : F — E
using F-def assms(1) g-bar-def g-type kernel-pair-equiv-rel quotient-func-type
by blast
obtain k£ where k-def: k = g-bar o. f-bar-inv and k-type[type-rule]: k : Y — E
by (typecheck-cfuncs, simp)
then show Jk. k: Y - EANko. f=g
by (smt (28) <const-on-rel X (X fXef X, fibered-product-morphism X f f X)
¢ assms(1) comp-associative? f-bar-inv-eql f-bar-inv-type f-bar-type f-eqs g-bar-def
g-bar-type g-type id-left-unit2 kernel-pair-equiv-rel q-def g-type quotient-func-eq)
next
show AF ky.
ko.f: X > F =
(k oc f) o. fibered-product-left-proj X f f X = (k o, f) o. fibered-product-right-proj
XffX =
k:Y >F—=y:Y>F—=—yo.f=ko.f=k=y
using assms epimorphism-def2 by blast
qed

lemma epimorphisms-are-regular:

assumes f : X — Y epimorphism f

shows regular-epimorphism f

by (meson assms(2) cfunc-type-def epimorphism-coequalizer-kernel-pair regu-
lar-epimorphism-def)
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8.3 Epi-monic Factorization

lemma epi-monic-factorization:
assumes f-type[type-rule]: f : X — YV
shows3 gmE.g: X - EAm:E—Y
A coequalizer E g (fibered-product-left-proj X f f X) (fibered-product-right-proj X
frX)
A monomorphism m A f = m o, g
ANVz.z: E—-Y —f=z0.9g— z=m)
proof —
obtain ¢ where g¢-def: ¢ = equiv-class (X Xef X, fibered-product-morphism X
F1X)
by auto
obtain £ where E-def: E = quotient-set X (X PXef X, fibered-product-morphism
XfrX)
by auto
obtain m where m-def: m = quotient-func f (X pxc¢ X, fibered-product-morphism
XffX)
by auto
show3d gmFE . g: X —>FEAm:E—->Y
A coequalizer E g (fibered-product-left-proj X f f X) (fibered-product-right-proj X
ffX)
A monomorphism m A f = m o, g
ANVz.z:E—Y —f=x0.9— z=m)
proof (rule exl[where z=g¢|, rule ex] [where x=m)], rule ezl [where z=FE], safe)
show g-type[type-rule]: ¢ : X — E
unfolding ¢-def E-def using kernel-pair-equiv-rel by (typecheck-cfuncs, blast)

have f-const: const-on-rel X (X Xef X, fibered-product-morphism X f f X) f
unfolding const-on-rel-def using assms fibered-product-pair-member by auto

then show m-type[type-rule]: m : E — Y

unfolding m-def E-def using kernel-pair-equiv-rel by (typecheck-cfuncs, blast)

show ¢-coequalizer: coequalizer E q (fibered-product-left-proj X f f X) (fibered-product-right-proj
X[fX)
unfolding g¢-def fibered-product-left-proj-def fibered-product-right-proj-def E-def
using canonical-quotient-map-is-coequalizer f-type kernel-pair-equiv-rel by
auto
then have g¢-epi: epimorphism q
using coequalizer-is-epimorphism by auto

show m-mono: monomorphism m
proof —
have ¢-eq: q o, fibered-product-left-proj X f f X = q o, fibered-product-right-proj
XffX
using canonical-quotient-map-is-coequalizer coequalizer-def f-type fibered-product-left-proj-def
fibered-product-right-proj-def kernel-pair-equiv-rel gq-def by fastforce
then have 3. b : X fxcfX — FE mXem E N
fibered-product-left-proj E m m E o, b = q o, fibered-product-left-proj X f f
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X A
fibered-product-right-proj E m m E o, b = q o, fibered-product-right-proj X f
fXA
epimorphism b
by (typecheck-cfuncs, intro kernel-pair-connection,
simp-all add: g-epi, metis f-const kernel-pair-equiv-rel m-def g-def quo-
tient-func-eq)
then obtain b where b-type[type-rule]: b : X Xef X = E mXem E and
b-left-eq: fibered-product-left-proj E m m E o, b = q o, fibered-product-left-proj
XffX and
b-right-eq: fibered-product-right-proj Em m E o, b = q o, fibered-product-right-proj
X ffX and
b-epi: epimorphism b
by auto

have fibered-product-left-proj Em m E o. b = fibered-product-right-proj E m
m FE o. b
using b-left-eq b-right-eq q-eq by force
then have fibered-product-left-proj E m m E = fibered-product-right-proj E m
m E
using b-epi cfunc-type-def epimorphism-def by (typecheck-cfuncs-prems,
auto)
then show monomorphism m
using kern-pair-proj-iso- TFAE2 m-type by auto
qed

show f-eq¢-m-q: f = m o, ¢
using f-const f-type kernel-pair-equiv-rel m-def q-def quotient-func-eq by fast-
force

show N\e. 2: F > Y = f=2z0,¢g=2z=m
proof —
fix z
assume z-type[type-rule]: z : E — Y
assume f-eq-z-q: f = © o, ¢
have z o. ¢ = m o, ¢
using f-eq-m-q f-eq-z-q by auto
then show z = m
using epimorphism-def2 m-type g-epi q-type z-type by blast
qed
qed
qged

lemma epi-monic-factorization?:
assumes f-type[type-rule]: f : X — Y
showsd gmFE g: X - FEFAm:E—Y
A epimorphism g A monomorphism m A f = m o, g
ANVz.z:E—Y — f=x0.9— z=m)
using epi-monic-factorization coequalizer-is-epimorphism by (meson f-type)
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8.3.1 Image of a Function

The definition below corresponds to Definition 2.3.7 in Halvorson.

definition image-of :: cfunc = cset = cfunc = cset (-(-))- [101,0,0]100) where

image-of f A n = (SOME fA. 3g m.

g:A— fAN

m : fA — codomain f A

coequalizer fA g (fibered-product-left-proj A (f o n) (f o n) A) (fibered-product-right-proj
A (focn) (f ocn) A) A

monomorphism m A f oo n = m o, g A Vz. z : fA — codomain f — f o. n
=zo.g— T=m))

lemma image-of-def2:
assumes f: X - Yn: A —- X
shows 3¢ m.
g: A f(Ahn A
m: f(A)p = Y A
coequalizer (f(A)n) g (fibered-product-left-proj A (f o. n) (f oc n) A) (fibered-product-right-proj
A (f oc n) (f oc n) A) A
monomorphism m A f oon=mo. g AN Vz. z: f(A)p > Y — fo.n=1z
O g —> T =m)
proof —
have dg m.
g: A= f(A)n A
m : f(A)n — codomain f A
coequalizer (f(A)n) g (fibered-product-left-proj A (f o. n) (f o n) A) (fibered-product-right-proj
A (f oc n) (f oc m) A) A
monomorphism m A f oo n=m o, g AN Vz. z : f(A)n — codomain f — f
Oc M =10, g —T=m)
using assms cfunc-type-def comp-type epi-monic-factorization[where f=f o, n,
where X=A, where Y=codomain f|
by (unfold image-of-def, subst somel-ex, auto)
then show ?thesis
using assms(1) cfunc-type-def by auto
qed

definition image-restriction-mapping :: cfunc = cset X cfunc = cfunc (-] [101,0]100)
where
image-restriction-mapping f An = (SOME ¢g. 3 m. g : fst An — f(fst An)gnd An

A m o f(fst An)gng An — codomain f A

coequalizer (f(fst An)sng an) 9 (fibered-product-left-proj (fst An) (f oo snd An)
(f oc snd An) (fst An)) (fibered-product-right-proj (fst An) (f o. snd An) (f o. snd
An) (fst An)) A

monomorphism m A f o, snd An = m o, g A (Vz. z : f(fst An)gnd An —
codomain f — f o. snd An =z o, g — & = m))

lemma image-restriction-mapping-def2:

assumes f : X > Yn: A —> X
shows 3 m.fﬁ(A n) A= flA)p Am: f(A)n — Y A
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coequalizer (f(Al)n) (f[(A’ n)) (fibered-product-left-proj A (f o. n) (f o. n) A)
(fibered-product-right-proj A (f o. n) (f oc n) A) A
monomorphism m A f o, n = m o, (f[(A’ n)) ANNVz z: f(A)pn =Y — fo.
n =1z o, (fr(A,n)) — = m)
proof —
have codom-f: codomain f = Y
using assms(1) cfunc-type-def by auto
have 3 m. f[(A’ n) fst (A, n) — flfst (A, n))gna (A, n) N flfst (A,
7)) snd (A, n) — codomain f A
coequalizer (f(fst (A, n)) ¢pq (A, n)) (fF(Aj n)) (fibered-product-left-proj (fst (A,
n)) (f o snd (A, n)) (f o snd (A, n)) (fst (A, n))) (fibered-product-right-proj (fst
(A, n)) (f oc snd (A, n)) (f oc snd (4, n)) (fst (4, n))) A
monomorphism m A f o. snd (A, n) = m o, (fF(A, n)) AN (V. x: f(fst (A,
1)) snd (A, n) — codomain f — f o. snd (A, n) = z o, (f[(A’ n)) — = m)
unfolding image-restriction-mapping-def by (rule somel-ex, insert assms im-
age-of-def2 codom-f, auto)
then show ?thesis
using codom-f by simp
qed

definition image-subobject-mapping :: cfunc = cset = cfunc = cfunc ([-(-)-]map
[101,0,0]100) where

[f(A)n]map = (THE m. fF(A7 K A= f(A)n A m : fQA)n — codomain f A

coequalizer (f(A)n) (f[(A7 n)) (fibered-product-left-proj A (f oc n) (f o. n) A)
(fibered-product-right-proj A (f o. n) (f o. n) A) A

monomorphism m A f o. n = m o, (f[(A7 n)) ANz z: (f(A)n) = codomain
f—"Tfocn=u1zoc(flq n) —z=m)

lemma image-subobject-mapping-def2:
assumes f : X - Yn: A—> X
shows 14 p) - A= flA)n A [fQA)n]map : f(A)n — Y A
coequalizer (f(A)n) (f[(A7 n)) (fibered-product-left-proj A (f oc n) (f o. n) A)
(fibered-product-right-proj A (f o. n) (f o. n) A) A
monomorphism ([fQAbnlmap) A £ o0 1 = [fQAbalmap o0 (Fl 4, gy) A (Vo 2
f(A)p = Y — fo.n =2z o, (fr(A, n)) — z = [f(A)n]map)
proof —
have codom-f: codomain f = Y
using assms(1) cfunc-type-def by auto
have fl4 ) A — F1A)n A ([f(A)n]map) : f(A)n — codomain f A
coequalizer (f(Al)n) (f[(A’ n)) (fibered-product-left-proj A (f o. n) (f o n) A)
(fibered-product-right-proj A (f o n) (f oc n) A) A
monomorphism ([f(A)n]map) A f oc n = ([f(A])n]map) o (f[(A’ n)) A
(Vz.z: (f(A)n) = codomainf — f oo n =z o, (f[(A’ n)) — 2 = ([f(A)n]map))
unfolding image-subobject-mapping-def
by (rule thel’, insert assms codom-f image-restriction-mapping-def2, blast)
then show ?thesis
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using codom-f by fastforce
qed

lemma image-rest-map-type[type-rule]:
assumes f: X - Yn: A4 > X
shows f[(A’ n) A= flA)n
using assms image-restriction-mapping-def2 by blast

lemma image-rest-map-coequalizer:

assumes f : X > Yn: A—> X

shows coequalizer (f(A|n) (f[(A7 n)) (fibered-product-left-proj A (f o n) (f o.
n) A) (fibered-product-right-proj A (f oc n) (f o. n) A)

using assms image-restriction-mapping-def2 by blast

lemma image-rest-map-epi:
assumes f: X - Yn: A—- X
shows epimorphism (f[(A7 n))
using assms image-rest-map-coequalizer coequalizer-is-epimorphism by blast

lemma image-subobj-map-type[type-rule]:
assumes f : X > Yn: A—> X
shows [f(A)n)map : f(A)n = Y
using assms image-subobject-mapping-def2 by blast

lemma image-subobj-map-mono:
assumes f : X > Yn: A—> X
shows monomorphism ([f(A)n]map)
using assms image-subobject-mapping-def2 by blast

lemma image-subobj-comp-image-rest:
assumes f : X > Yn: A —> X
shows [f(A)n]map o (f[(A, n)) =fo.n
using assms image-subobject-mapping-def2 by auto

lemma image-subobj-map-unique:
assumes f : X - Yn: A > X
shows z : f(A)p > Y = fo. n= 1o, (f[(A’ n)) = z = [f(A)n]map
using assms image-subobject-mapping-def2 by blast

lemma image-self:
assumes f : X — Y and monomorphism f
assumes o : A — X and monomorphism a
shows f(A)q = A
proof —
have monomorphism (f o. a)
using assms cfunc-type-def composition-of-monic-pair-is-monic by auto
then have monomorphism ([f(A|qa|map o. (f[(A7 a)))
using assms image-subobj-comp-image-rest by auto
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then have monomorphism (f[(A’ a)>
by (meson assms comp-monic-imp-monic’ image-rest-map-type image-subobj-map-type)
then have isomorphism (ﬁ(z‘h a))
using assms epi-mon-is-iso image-rest-map-epi by blast
then have A = f(A)q
using assms unfolding is-isomorphic-def by (intro exl[where l':fF(A, a)]’
typecheck-cfuncs)
then show ?thesis
by (simp add: isomorphic-is-symmetric)
qed

The lemma below corresponds to Proposition 2.3.8 in Halvorson.

lemma image-smallest-subobject:
assumes f-type[type-rule]: f : X — Y and a-type[type-rule]: a : A — X
shows (B, n) C. Y = f factorsthru n = (f(A)q, [f(A])a]map) Cy (
proof —
assume (B, n) C. YV
then have n-type[type-rule]: n : B — Y and n-mono: monomorphism n
unfolding subobject-of-def2 by auto
assume f factorsthru n
then obtain g where g-type[type-rule]: ¢ : X — B and f-eqg-ng: n o, g = f
using factors-through-def2 by (typecheck-cfuncs, auto)

B, n)

have fa-type[type-rule]: f o a: A = Y
by (typecheck-cfuncs)

obtain p0 where p0-def[simp]: p0 = fibered-product-left-proj A (foca) (fo.a) A
by auto
obtain p! where pi-def[simp]: p1 = fibered-product-right-proj A (fo.a) (fo.a)
A
by auto
obtain F where E-def[simp]: E = A f o ¢Xcfo, o 4
by auto

have fa-coequalizes: (f o. a) o, p0 = (f o. a) o. p1
using fa-type fibered-product-proj-eq by auto
have ga-coequalizes: (g o. a) o, p0 = (g o. a) o, pl
proof —
from fa-coequalizes have n o, ((g o, a) o, p0) = n o, ((g oc a) o, pl)
by (auto, typecheck-cfuncs, auto simp add: f-eq-ng comp-associative?)
then show (g o. a) o. p0 = (g o, a) o, pl
using n-mono unfolding monomorphism-def2 by (auto, typecheck-cfuncs-prems,
meson)
qed

have VR F. h: A — F AN ho.p0 =ho.pl — (k. k: flA)g = F Nk o,
4, a) =1

using image-rest-map-coequalizer[where n=a] unfolding coequalizer-def
by (simp, typecheck-cfuncs, auto simp add: cfunc-type-def)
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then obtain k where k-type[type-rule]: k: f(A])q — B and k-e-eq-g: k o, f[(A a)
=go.a
using ga-coequalizes by (typecheck-cfuncs, blast)

then have n o. k = [f(A)a]map
by (typecheck-cfuncs, smt (28) comp-associative2 f-eq-ng g-type image-rest-map-type
image-subobj-map-unique k-e-eq-g)
then show (f(A)q, [f(4)dmap) Cy (B, )
unfolding relative-subset-def2
using image-subobj-map-mono k-type n-mono by (typecheck-cfuncs, blast)
qged

lemma images-iso:
assumes f-type[type-rule]: f : X = Y
assumes m-type[type-rule]: m : Z — X and n-type[type-rule]: n: A — Z
shows (f oc m)(A)n = f(A)m o. n
proof —
have f-m-image-coequalizer:
coegualizer ((f oc m)|ADn) ((f o0 m)l(4. )
(fibered-product-left-proj A (f o m o. n) (f o m o, n) A)
(fibered-product-right-proj A (f o m o. n) (f o m o, n) A)
by (typecheck-cfuncs, smt comp-associative2 image-restriction-mapping-def2)

have f-image-coequalizer:
coequalizer (f(A)m o n) (/1A m on m)
(fibered-product-left-proj A (f o m o. n) (f oc m o. n) A)
(fibered-product-right-proj A (f o, m o, n) (f o m o, n) A)
by (typecheck-cfuncs, smt comp-associative2 image-restriction-mapping-def2)

from f-m-image-coequalizer f-image-coequalizer
show (f oc m)(A)n = f(A)m o. n
by (meson coequalizer-unique)
qged

lemma image-subset-conv:
assumes f-type[type-rule]: f : X — YV
assumes m-type[type-rule]: m : Z — X and n-type[type-rule]: n : A — Z
shows 3. ((f o. m)(A)n, 7)) Cc B = 3j. (f(4)m o. n» J) S B
proof —
assume 3i. ((f o m)(A)n, ¢) . B
then obtain 7 where
i-type[type-rule]: © : (f o, m)(A)n — B and
i-mono: monomorphism i
unfolding subobject-of-def by force

have (f o. m)(A)n = f(A)m o. n
using f-type images-iso m-type n-type by blast
then obtain k where
k-type[type-rule]: k : f(A)m o, n — (f oc m)(A)n and
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k-mono: monomorphism k
by (meson is-isomorphic-def iso-imp-epi-and-monic isomorphic-is-symmetric)
then show 3j. (f(A)m o, n, j) Cc B
unfolding subobject-of-def using composition-of-monic-pair-is-monic i-mono
by (intro exl[where z=i o, k|, typecheck-cfuncs, simp add: cfunc-type-def)
qed

lemma image-rel-subset-conv:
assumes f-type[type-rule]: f : X — YV
assumes m-type[type-rule]: m : Z — X and n-type[type-rule]: n: A — Z
assumes rel-subl: ((f o m)(A)n, [(f oc m)(A)n]map) Cy (B,b)
shows (f(A)m o n, [f(A)m o nJmap) Cy (B,b)
using rel-subl image-subobj-map-mono
unfolding relative-subset-def2
proof (typecheck-cfuncs, safe)
fix k
assume k-type[type-rule]: k : (f o m)(A)n — B
assume b-type[type-rule]: b : B — Y
assume b-mono: monomorphism b
assume b-k-eq-map: b o, k = [(f o m)(A)n]map

have f-m-image-coequalizer:
coequalizer ((f o m)(A)n) ((f oc m)[(A’ n))
(fibered-product-left-proj A (f o m o. n) (f oc m o, n) A)
(fibered-product-right-proj A (f o, m o, n) (f o. m o, n) A)
by (typecheck-cfuncs, smt comp-associative2 image-restriction-mapping-def2)
then have f-m-image-coequalises:
(f o m)[(A7 n) Oc fibered-product-left-proj A (f o. m o, n) (f o m o, n) A
= (f o m)[(A n) Oc fibered-product-right-proj A (f o m o n) (f o m o,
n) A
by (typecheck-cfuncs-prems, unfold coequalizer-def2, auto)

have f-image-coequalizer:
coequalizer (f(A)m o, 1) (/1A m or m)
(fibered-product-left-proj A (f o. m o, n) (f o m o. n) A)
(fibered-product-right-proj A (f o. m o, n) (f o m o, n) A)
by (typecheck-cfuncs, smt comp-associative? image-restriction-mapping-def2)
then have A hF. h: A - F =
h o, fibered-product-left-proj A (f oo m o. n) (f o m o, n) A =
h o, fibered-product-right-proj A (f o m o. n) (f o. m o, n) A =
(E"k k‘:f(lADmoc n — F A kon[(A, m o. n) = h)
by (typecheck-cfuncs-prems, unfold coequalizer-def2, auto)
then have 3k. &k : f(A)m o, n = (f 0c m)(A)n A k of f[(A7 moen) = (f oc
m)l(4, n)
using f-m-image-coequalises by (typecheck-cfuncs, presburger)
then obtain k' where
k'-type[type-rule]: k" : f(A)m o, n — (f oc m)(A)n and
k-eq: k" oc fl( 4, m oo n) = (f o m)[(4, n)
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by auto

have kmaps-eg: [f(A)m o, nlmap = [(f o m)(A)nlmap o, k"
by (typecheck-cfuncs, smt (23) comp-associative? image-subobject-mapping-def2
k'-eq)
have k-mono: monomorphism k
by (metis b-k-eq-map cfunc-type-def comp-monic-imp-monic k-type rel-subl rel-
ative-subset-def2)
have k’-mono: monomorphism k'
by (smt (verit, ccfv-SIG) cfunc-type-def comp-monic-imp-monic comp-type
J-type image-subobject-mapping-def2 k'-maps-eq k'-type m-type n-type)

show 3k. &k : f(A)m oo n = B A boc k= [flA)m o, njmap

by (intro exl[where z=Fk o. k'], typecheck-cfuncs, simp add: b-k-eq-map comp-associative2
k'-maps-eq)
qed

The lemma below corresponds to Proposition 2.3.9 in Halvorson.

lemma subset-inv-image-iff-image-subset:
assumes (4,a) C. X (B,m) C. YV
assumes|type-rule]: f: X = Y
shows (4, a) Cy (/' (Bhmolf (Bhmdmap)) = ((F(ADa, [F(A)aJmap) Cy
(Bm)
proof safe
have b-mono: monomorphism(m)
using assms(2) subobject-of-def2 by blast
have b-type[type-rule]: m : B — Y
using assms(2) subobject-of-def2 by blast
obtain m’ where m’-def: m' = [f~1(B|)m)map
by blast
then have m’-type[type-rule]: m': f~1(B)m — X
using assms(3) b-mono inverse-image-subobject-mapping-type m’-def by (typecheck-cfuncs,
force)

assume (4, a) Cyx (' (B)m. [f " (B)m]map)
then have a-type[type-rule]: a : A — X and
a-mono: monomorphism a and
k-exists: k. k: A — f7H(B)m A [f~H(B)m)map o k = a
unfolding relative-subset-def2 by auto
then obtain k where k-type[type-rule]: k : A — f~(B)m and k-a-eq: [f~*( B|)m)map
ock=a
by auto

obtain d where d-def: d = m’ o k
by simp

obtain j where j-def: j = [f(A) g map

by simp
then have j-type[type-rule]: j : f(A)y; — Y
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using assms(3) comp-type d-def m’-type image-subobj-map-type k-type by pres-
burger

obtain e where e-def: e = f[(A7 d)
by simp
then have e-type[type-rule]: e : A — f(A])4
using assms(3) comp-type d-def image-rest-map-type k-type m’-type by blast

have je-equals: j o, e = f o, m' o, k
by (typecheck-cfuncs, simp add: d-def e-def image-subobj-comp-image-rest j-def)

have (f o, m’ o. k) factorsthru m
proof (typecheck-cfuncs, unfold factors-through-def2)

obtain middle-arrow where middle-arrow-def:
middle-arrow = (right-cart-proj X B) o, (inverse-image-mapping f B m)
by simp

then have middle-arrow-type[type-rule]: middle-arrow : f~*(B)m — B
unfolding middle-arrow-def using b-mono by (typecheck-cfuncs)

show dh. h: A— BAmo.h=fo.m'o.k
by (intro exl[where z=middle-arrow o. k], typecheck-cfuncs,
simp add: b-mono cfunc-type-def comp-associative? inverse-image-mapping-eq
inverse-image-subobject-mapping-def m'-def middle-arrow-def)
qed

then have ((f o, m’ 0. K)(Abig, 4. [(f o m’ o0 K)(Abig, 4lmap) Cy (B, m)
by (typecheck-cfuncs, meson assms(2) image-smallest-subobject)
then have ((f o. 0)(ADig, 4. [(/ o @)(ADiq, Almap) Cy (B, m)
by (simp add: k-a-eq m’-def)
then show (f(A)q, [f(A)dmap)C y(B, m)
by (typecheck-cfuncs, metis id-right-unit2 id-type image-rel-subset-conv)
next
have m-mono: monomorphism(m)
using assms(2) subobject-of-def2 by blast
have m-type[type-rule]: m : B — Y
using assms(2) subobject-of-def2 by blast

assume (f(A)a, [f(A)almap) Cy (B, m)
then obtain s where
s-type[type-rule]: s : f(A)q — B and
m-s-eq-subobj-map: m o. s = [f(A])a]map
unfolding relative-subset-def2 by auto

have a-mono: monomorphism a
using assms(1) unfolding subobject-of-def2 by auto

have pullback-map1-type[type-rule]: s o, f[(A’ a) A— B
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using assms(1) unfolding subobject-of-def2 by (auto, typecheck-cfuncs)
have pullback-map2-type[type-rule]: a : A — X
using assms(1) unfolding subobject-of-def2 by auto
have pullback-maps-commute: m o, s o, f[(A’ Q) = foca
by (typecheck-cfuncs, simp add: comp-associative2 image-subobj-comp-image-rest
m-s-eq-subobj-map)

have AZkh. k:Z —>B=h:7Z—>X = mo.k=fo, h—=
(3. 5:Z — fHB)m A
(right-cart-proj X B o, inverse-image-mapping f B m) o. j = k A
(left-cart-proj X B o, inverse-image-mapping f B m) o. j = h)
using inverse-image-pullback assms(8) m-mono m-type unfolding is-pullback-def
by simp
then obtain k where k-type[type-rule]: k : A — f~1(B)m and
k-right-eq: (right-cart-proj X B o. inverse-image-mapping f B m) o. k = s o,
f[(A, a) and
k-left-eq: (left-cart-proj X B o, inverse-image-mapping f B m) o. k = a
using pullback-map1-type pullback-map2-type pullback-maps-commute by blast

have monomorphism ((left-cart-proj X B o. inverse-image-mapping f B m) o. k)
=— monomorphism k
using comp-monic-imp-monic’ m-mono by (typecheck-cfuncs, blast)
then have monomorphism k
by (simp add: a-mono k-left-eq)
then show (4, a)C x(f~(B)m, [f~*(B)m]map)
unfolding relative-subset-def2
using assms a-mono m-mono inverse-image-subobject-mapping-mono
proof (typecheck-cfuncs, safe)
assume monomorphism k
then show 3k. k: A = f~Y(B)m A [f"1(B)m]map o k = a
using assms(3) inverse-image-subobject-mapping-def2 k-left-eq k-type
by (intro exl[where z=Fk], force)
qed
qed

The lemma below corresponds to Exercise 2.3.10 in Halvorson.

lemma in-inv-image-of-image:
assumes (A,m) C. X
assumes|type-rule]: f : X —» Y
shows (A,m) Cx (f~ F(ADmDipqa)mimap: U CADmD [0 4D ] mapl map)
proof —
have m-type[type-rule]: m : A — X
using assms(1) unfolding subobject-of-def2 by auto
have m-mono: monomorphism m
using assms(1) unfolding subobject-of-def2 by auto

have ((f(A)m, [f(ADmlmap) Sy (fF(A)m, [f(A)m|map))

unfolding relative-subset-def2
using m-mono image-subobj-map-mono id-right-unit2 id-type by (typecheck-cfuncs,
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blast)

then show (A:m) Sx (/A 0ADm) 5 Apmlmap 1~ (FAD D Apom] map) map)

by (meson assms relative-subset-def2 subobject-of-def2 subset-inv-image-iff-image-subset)
qged

8.4 distribute-left and distribute-right as Equivalence Relations

lemma left-pair-subset:
assumes m : Y — X xX. X monomorphism m
shows (Y x. Z, distribute-right X X Z o, (m xy id. Z)) Co (X Xc Z) % (X
Xe Z)
unfolding subobject-of-def2 using assms
proof (typecheck-cfuncs, unfold monomorphism-def3, clarify)
fix gh A
assume g-type: g: A > Y X, Z
assume h-type: h: A - Y X, Z
assume (distribute-right X X Z o, (m Xy id. Z)) o, g = (distribute-right X X
Zo.m Xy ide Z) oc h
then have distribute-right X X Z o, (m Xy id. Z) o. g = distribute-right X X
Z oc (m Xy ide Z) oc h
using assms g-type h-type by (typecheck-cfuncs, simp add: comp-associative2)
then have (m x; id. Z) o g = (m Xy id. Z) oc h
using assms g-type h-type distribute-right-mono distribute-right-type monomor-
phism-def2
by (typecheck-cfuncs, blast)
then show g = h
proof —
have monomorphism (m X id. Z)
using assms cfunc-cross-prod-mono id-isomorphism iso-imp-epi-and-monic
by (typecheck-cfuncs, blast)
then show (m x¢ id. Z) o, g = (m Xy ide Z) oo h = g=h
using assms g-type h-type unfolding monomorphism-def2 by (typecheck-cfuncs,
blast)
qed
qed

lemma right-pair-subset:

assumes m : Y — X X. X monomorphism m

shows (Z x. Y, distribute-left Z X X o, (id. Z x5 m)) C. (Z % X) Xc (Z X,
X)

unfolding subobject-of-def2 using assms
proof (typecheck-cfuncs, unfold monomorphism-def3, clarify)

fix gh A

assume g-type: g: A — Z X, Y

assume h-type: h : A — 7 X, Y

assume (distribute-left Z X X o, (id. Z xy m)) o, g = (distribute-left Z X X o,
(ide Z x5 m)) oc h

then have distribute-left Z X X o, (id. Z x; m) o, g = distribute-left Z X X
O¢ (ch A X m) O¢ h
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using assms g-type h-type by (typecheck-cfuncs, simp add: comp-associative2)
then have (id. Z x5 m) o. g = (ide Z Xy m) o, h
using assms g-type h-type distribute-left-mono distribute-left-type monomor-
phism-def2
by (typecheck-cfuncs, blast)
then show g = h
proof —
have monomorphism (id. Z Xy m)
using assms cfunc-cross-prod-mono id-isomorphism id-type iso-imp-epi-and-monic
by blast
then show (id. Z xy m) o, g = (id. Z x5 m) oo h = g=h
using assms g-type h-type unfolding monomorphism-def2 by (typecheck-cfuncs,
blast)
qed
qed

lemma left-pair-reflexive:
assumes reflexzive-on X (Y, m)
shows reflexive-on (X x. Z) (Y x. Z, distribute-right X X Z o, (m Xy id. Z))
proof (unfold reflexive-on-def, safe)
have m : Y — X x. X A monomorphism m
using assms unfolding reflexive-on-def subobject-of-def2 by auto
then show (Y x. Z, distribute-right X X Z o m x5 id. Z) C. (X X, Z) X,
X x. 7
by (simp add: left-pair-subset)
next
fix zz
have m-type: m : ¥ — X x. X
using assms unfolding reflezive-on-def subobject-of-def2 by auto
assume xz-type: 1z €. X X, Z
then obtain z z where 2-type: © €. X and z-type: z €. Z and zz-def: 1z = (x,

z)
using cart-prod-decomp by blast
then show (zz,z2) €(X %o Z) Xe X xo Z (Y x. Z, distribute-right X X Z o. m
Xf idc Z)
using m-type
proof (clarify, typecheck-cfuncs, unfold relative-member-def2, safe)
have monomorphism m
using assms unfolding reflezive-on-def subobject-of-def2 by auto
then show monomorphism (distribute-right X X Z o, m X id. Z)
using cfunc-cross-prod-mono cfunc-type-def composition-of-monic-pair-is-monic
distribute-right-mono id-isomorphism iso-imp-epi-and-monic m-type by (typecheck-cfuncs,
auto)
next
have zzzz-type: ((x,2),(2,2)) €c (X X Z) Xe X Xo Z
using zz-type cfunc-prod-type zz-def by blast
obtain y where y-def: y €. Y m o, y = (z, z)
using assms reflezive-def2 x-type by blast
have mid-type: m x¢ ide Z : Y xo Z = (X X X) x. Z
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by (simp add: cfunc-cross-prod-type id-type m-type)
have dist-mid-type:distribute-right X X Z oo m x5 id. Z : Y x. Z — (X X,
Z) Xe X X Z
using comp-type distribute-right-type mid-type by force
have yz-type: (y,2) €. Y X, Z
by (typecheck-cfuncs, simp add: <z €. Z» y-def)
have (distribute-right X X Z o m Xy id. Z) o. (y,2) = distribute-right X X
Z oc (m Xy id(Z)) oc (y,2)
using comp-associative2 mid-type yz-type by (typecheck-cfuncs, auto)
also have ... = distribute-right X X Z o. (m o, y,id(Z) o. 2)
using z-type cfunc-cross-prod-comp-cfunc-prod m-type y-def by (typecheck-cfuncs,
auto)
also have distzzz: ... = distribute-right X X Z o, ( (z, z), 2)
using z-type id-left-unit2 y-def by auto
also have ... = ({(z,2),(z,2))
by (meson z-type distribute-right-ap z-type)
ultimately show ((z,2),(z,2)) factorsthru (distribute-right X X Z o, m Xy id.
2)
using dist-mid-type distzxz factors-through-def2 xzzz-type yz-type by (typecheck-cfuncs,
auto)
qged
qged

lemma right-pair-reflezive:
assumes reflezive-on X (Y, m)
shows reflexive-on (Z x. X) (Z x. Y, distribute-left Z X X o (id. Z x; m))
proof (unfold reflexive-on-def, safe)
have m : Y — X x. X A monomorphism m
using assms unfolding reflezive-on-def subobject-of-def2 by auto
then show (Z x. Y, distribute-left Z X X o. (id. Z x5y m)) Cc (Z X. X) X,
Z X X
by (simp add: right-pair-subset)
next
fix zz
have m-type: m : ¥ — X x. X
using assms unfolding reflexive-on-def subobject-of-def2 by auto
assume zzr-type: zx €. Z X X
then obtain z x where z-type: z €. X and z-type: z €. Z and zz-def: 2z = (2,

x
)
using cart-prod-decomp by blast
then show (zz,zz) €(Z xe X) Xe 7 xe X (Z x. Y, distribute-left Z X X o (id.
Z x m))
using m-type
proof (clarify, typecheck-cfuncs, unfold relative-member-def2, safe)
have monomorphism m
using assms unfolding reflezive-on-def subobject-of-def2 by auto
then show monomorphism (distribute-left Z X X o, (id. Z x5 m))
using cfunc-cross-prod-mono cfunc-type-def composition-of-monic-pair-is-monic
distribute-left-mono id-isomorphism iso-imp-epi-and-monic m-type by (typecheck-cfuncs,
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auto)
next
have zzzz-type: ((z,2),(2,2)) €c (Z X X) X¢ Z X X
using zz-type cfunc-prod-type zz-def by blast
obtain y where y-def: y €. Y m o, y = (x, )
using assms reflezive-def2 z-type by blast
have mid-type: (id. Z xy m): Z x. Y = Z x. (X x. X)
by (simp add: cfunc-cross-prod-type id-type m-type)
have dist-mid-type:distribute-left Z X X o, (ide Z x¢y m) : Z x. Y — (Z X,
X) Xe Z xe X
using comp-type distribute-left-type mid-type by force
have yz-type: (z,y) €. Z X, Y
by (typecheck-cfuncs, simp add: <z €. Z» y-def)
have (distribute-left Z X X o, (id. Z x5 m)) o. (z,y) = distribute-left Z X X
oc (ide Z x5 m) o (2,y)
using comp-associative2 mid-type yz-type by (typecheck-cfuncs, auto)

also have ... = distribute-left Z X X o, (id. Z o. z, mo. y )
using z-type cfunc-cross-prod-comp-cfunc-prod m-type y-def by (typecheck-cfuncs,
auto)
also have distzaz: ... = distribute-left Z X X o. (z, (z, z))
using z-type id-left-unit2 y-def by auto
also have ... = ((z,2),(z,2))

by (meson z-type distribute-left-ap z-type)
ultimately show ((z,2),(z,2)) factorsthru (distribute-left Z X X o. (id. Z x;
m)
using z-type distribute-left-ap z-type dist-mid-type factors-through-def2 yz-type
zrzz-type by auto
qed
qed

lemma left-pair-symmetric:
assumes symmetric-on X (Y, m)
shows symmetric-on (X x. Z) (Y x. Z, distribute-right X X Z o, (m X id.
7))
proof (unfold symmetric-on-def, safe)
have m : Y — X x. X monomorphism m
using assms subobject-of-def2 symmetric-on-def by auto
then show (Y x. Z, distribute-right X X Z o. m Xy id. Z) C. (X X, Z) X,
X %X, 7
by (simp add: left-pair-subset)
next
have m-def|type-rule]: m : ¥ — X x. X monomorphism m
using assms subobject-of-def2 symmetric-on-def by auto
fix st
assume s-type[type-rule]: s €. X x. Z
assume t-type[type-rule]: t €. X X, Z
assume st-relation: (s,t) €(X xe Z) Xe X X0 2 (Y x. Z, distribute-right X X Z
Oc m Xyg ide Z)
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obtain sz sz where s-def[type-rule]: sz €. X sz €. Z s = (sz,s2)
using cart-prod-decomp s-type by blast

obtain {z tz where t-def[type-rule]: tx €. X tz €. Zt = (tz,tz)
using cart-prod-decomp t-type by blast

show (t,s) €(X % Z) Xe (X e 2) (Y x. Z, distribute-right X X Z o, (m X
ide Z))
using s-def t-def m-def
proof (typecheck-cfuncs, clarify, unfold relative-member-def2, safe)
show monomorphism (distribute-right X X Z o, m x5 id. Z)
using relative-member-def2 st-relation by blast

have ((sz,sz), (tz,tz)) factorsthru (distribute-right X X Z o, m X id. Z)
using st-relation s-def t-def unfolding relative-member-def2 by auto
then obtain yz where yz-type[type-rule]: yz €. Y x. Z
and yz-def: (distribute-right X X Z o, (m Xy id. Z)) o. yz = ((sz,s2), (tz,tz))
using s-def t-def m-def by (typecheck-cfuncs, unfold factors-through-def2,
auto)
then obtain y z where
y-type[type-rule]: y €. Y and z-type[type-rule]: z €. Z and yz-pair: yz = (y,
2

using cart-prod-decomp by blast
then obtain my! my2 where my-types|type-rule]: myl €. X my2 €. X and
my-def: m o. y = (myl,my2)
by (metis cart-prod-decomp cfunc-type-def codomain-comp domain-comp m-def (1))
then obtain y’ where y’-type[type-rule]: y' €. Y and y’-def: m o, y' =
(my2,myl)
using assms symmetric-def2 y-type by blast

have (distribute-right X X Z o, (m Xy id. Z)) o. yz = ({(myl,z), (my2,z))
proof —
have (distribute-right X X Z o. (m Xy id. Z)) o. yz = distribute-right X X
Z oc (m Xy ide Z) o (y, 2)
unfolding yz-pair by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = distribute-right X X Z o. {m o. y, id. Z o. z)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = distribute-right X X Z o. ({(myl,my2), z)
unfolding my-def by (typecheck-cfuncs, simp add: id-left-unit2)
also have ... = ((myl,z), (my2,z))
using distribute-right-ap by (typecheck-cfuncs, auto)
finally show ?thesis.
qed
then have ((sz,sz),(tz,tz)) = ((myl,z),(my2,z))
using yz-def by auto
then have (sz,sz) = (myl,z) A (tx,tz) = (my2,z)
using element-pair-eq by (typecheck-cfuncs, auto)
then have egs: szt = myl A sz =2z ANte =my2 Ntz ==z
using element-pair-eq by (typecheck-cfuncs, auto)
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have (distribute-right X X Z o, (m Xy id. Z)) o. (y',z) = ({tz,tz), (sz,sz))
proof —
have (distribute-right X X Z o, (m x5 id. Z)) o. (y',z) = distribute-right X
X Z oc (m xyide Z) o (y',2)
by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = distribute-right X X Z o. {m o. y',id. Z o. z)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = distribute-right X X Z o. ({(my2,myl), z)
unfolding y’-def by (typecheck-cfuncs, simp add: id-left-unit2)
also have ... = ((my2,z), (myl,z))
using distribute-right-ap by (typecheck-cfuncs, auto)
also have ... = ((tz,tz), (sz,s2))

using eqs by auto
finally show ?thesis.
qed
then show ((tz,t2),(sz,sz)) factorsthru (distribute-right X X Z o. m X id. Z)
by (typecheck-cfuncs, metis cfunc-prod-type eqs factors-through-def2 y’-type)
qed
qed

lemma right-pair-symmetric:
assumes symmetric-on X (Y, m)
shows symmetric-on (Z x. X) (Z x. Y, distribute-left Z X X o, (id. Z Xy
m))
proof (unfold symmetric-on-def, safe)
have m : Y — X x. X monomorphism m
using assms subobject-of-def2 symmetric-on-def by auto
then show (Z x. Y, distribute-left Z X X o, (ide Z x5 m)) C. (Z x. X) X
Z Xe X
by (simp add: right-pair-subset)
next
have m-def(type-rule]: m : ¥ — X X, X monomorphism m
using assms subobject-of-def2 symmetric-on-def by auto

fix st

assume s-type[type-rule]: s €. 7 X, X

assume t-type[type-rule]: t €. Z X, X

assume st-relation: (s,t) €(Z xe X) Xe Z %o X (Z x. Y, distribute-left Z X X
o, (id. Z X m))

obtain zs zs where s-def[type-rule]: xs €. Z zs €. X s = (xs,25)
using cart-prod-decomp s-type by blast

obtain zt 2zt where t-def[type-rule]: ©t €. Z 2t €. X t = (at,zt)
using cart-prod-decomp t-type by blast

show (t,s) €(Z xe X) xe (Z xe X) (Z x. Y, distribute-left Z X X o, (id. Z Xy

m))
using s-def t-def m-def
proof (typecheck-cfuncs, clarify, unfold relative-member-def2, safe)
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show monomorphism (distribute-left Z X X o, (ide Z Xy m))
using relative-member-def2 st-relation by blast

have ((zs,zs), (at,zt)) factorsthru (distribute-left Z X X o (id. Z x5 m))
using st-relation s-def t-def unfolding relative-member-def2 by auto

then obtain zy where zy-type[type-rule]: zy €. Z x. Y
and zy-def: (distribute-left Z X X o, (ide Z x§ m)) oo zy = ((xs,25), (at,zt))

using s-def t-def m-def by (typecheck-cfuncs, unfold factors-through-def2,
auto)

then obtain y z where

y-type[type-rule]: y €. Y and z-type[type-rule]: z €. Z and yz-pair: zy = (z,

using cart-prod-decomp by blast
then obtain myl my2 where my-types[type-rule]: myl €. X my2 €. X and
my-def: m o. y = (my2,myl)
by (metis cart-prod-decomp cfunc-type-def codomain-comp domain-comp m-def (1))
then obtain y’ where y’-type[type-rule]: vy’ €. Y and y’-def: m o. y' =
(myl,my2)
using assms symmetric-def2 y-type by blast

have (distribute-left Z X X o (id. Z x5 m)) oc zy = {(z,my2), (z,myl))
proof —
have (distribute-left Z X X o, (id. Z Xy m)) o, zy = distribute-left Z X X
oc (ide Z x5 m) o. 2y
unfolding yz-pair by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = distribute-left Z X X o, (id. Z o z , m o, y)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod yz-pair)
also have ... = distribute-left Z X X o, (z , (my2,myl))
unfolding my-def by (typecheck-cfuncs, simp add: id-left-unit2)
also have ... = ((z,my2), (z,myl))
using distribute-left-ap by (typecheck-cfuncs, auto)
finally show ?thesis.
qed
then have ((zs,zs),(2t,2t)) = ((z,my2),(z,myl))
using zy-def by auto
then have (zs,zs) = (z,my2) A (at,zt) = (z, myl)
using element-pair-eq by (typecheck-cfuncs, auto)
then have egs: zs = 2 N zs = my2 Azt = z A 2zt = myl
using element-pair-eq by (typecheck-cfuncs, auto)

have (distribute-left Z X X o, (id. Z Xy m)) oc (z,y) = ((at,zt), (zs,zs))
proof —
have (distribute-left Z X X o, (id. Z Xy m)) o, (z,y") = distribute-left Z X
X o, (ide Z x5 m) o (2,y")
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = distribute-left Z X X o, (id. Z o. z, m o. y’)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = distribute-left Z X X o. (z, (myl,my2))

unfolding y’-def by (typecheck-cfuncs, simp add: id-left-unit2)
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also have ... = ((z,myl), (z,my2))
using distribute-left-ap by (typecheck-cfuncs, auto)
also have ... = {{(at,zt), (zs,zs))
using egs by auto
finally show ?Zthesis.
qed
then show ((xt,zt),(xs,zs)) factorsthru (distribute-left Z X X o (id. Z x; m))
by (typecheck-cfuncs, metis cfunc-prod-type eqs factors-through-def2 y'-type)
qed
qged

lemma left-pair-transitive:
assumes transitive-on X (Y,
shows transitive-on (X x. Z
7))
proof (unfold transitive-on-def, safe)
have m : Y — X x. X monomorphism m
using assms subobject-of-def2 transitive-on-def by auto
then show (Y x. Z, distribute-right X X Z o m x5 id. Z) C. (X X, Z) X,
X x. 7
by (simp add: left-pair-subset)
next
have m-def|[type-rule]: m : ¥ — X x. X monomorphism m
using assms subobject-of-def2 transitive-on-def by auto

m)
Y x. Z, distribute-right X X Z o, (m Xy id,
f

fix stu

assume s-type[type-rule]: s €. X X, Z
assume t-type[type-rule]: t €. X X. Z
assume u-type[type-rule]: u €. X X, Z

assume st-relation: (s,t) €(X xe Z) Xe X X0 2 (Y x. Z, distribute-right X X Z
Oc m Xyg ide Z)
then obtain h where h-type[type-rule]: h €. Y X. Z and h-def: (distribute-right
XX Zo.m xgide Z) oc h = (s,)
by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
then obtain hy hz where h-part-types|[type-rule]: hy €. Y hz €. Z and h-decomp:
h = (hy, hz)
using cart-prod-decomp by blast
then obtain mhyl mhy2 where mhy-types[type-rule]: mhyl €. X mhy2 €. X
and mhy-decomp: m o. hy = (mhyl, mhy2)
using cart-prod-decomp by (typecheck-cfuncs, blast)

have (s,t) = ((mhyl, hz), (mhy2, hz))
proof —
have (s,t) = (distribute-right X X Z o, m X id. Z) o. (hy, hz)
using h-decomp h-def by auto

also have ... = distribute-right X X Z o, (m Xy id. Z) o, (hy, hz)
by (typecheck-cfuncs, auto simp add: comp-associative?)
also have ... = distribute-right X X Z o. (m o. hy, hz)
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by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod id-left-unit2)
also have ... = ({(mhyl, hz), (mhy2, hz))
unfolding mhy-decomp by (typecheck-cfuncs, simp add: distribute-right-ap)
finally show ?thesis.
qged
then have s-def: s = (mhyl, hz) and t-def: t = (mhy2, hz)
using cart-prod-eq2 by (typecheck-cfuncs, auto, presburger)

assume tu-relation: (t,u) €(X xe Z) Xe X Xo Z (Y x. Z, distribute-right X X Z
Oc M Xy idc Z)
then obtain g where g-type[type-rule]: g €. Y x. Z and g-def: (distribute-right
XXZo.m xyid. Z) oc g = (t,u)
by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
then obtain gy gz where g-part-types|type-rule]: gy €. Y gz €. Z and g-decomp:
9 = {9y, 92)
using cart-prod-decomp by blast
then obtain mgyl mgy2 where mgy-types|[type-rule]: mgyl €. X mgy2 €. X
and mgy-decomp: m o, gy = (mgyl, mgy2)
using cart-prod-decomp by (typecheck-cfuncs, blast)

have (t,u) = ((mgy1, gz), (mgy2, gz))
proof —
have (t,u) = (distribute-right X X Z o, m Xy id. Z) o. (gy, 9z)
using g-decomp g-def by auto
also have ... = distribute-right X X Z o, (m Xy id. Z) o. {(gy, gz)
by (typecheck-cfuncs, auto simp add: comp-associative?)
also have ... = distribute-right X X Z o. {(m o. gy, gz)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod id-left-unit2)
also have ... = ({(mgyl, gz), (mgy2, ¢z))
unfolding mgy-decomp by (typecheck-cfuncs, simp add: distribute-right-ap)
finally show ?thesis.
qed
then have t-def2: t = (mgyl, gz) and u-def: u = (mgy2, gz)
using cart-prod-eq2 by (typecheck-cfuncs, auto, presburger)

have mhy2-eq-mgyl: mhy2 = mgyl

using t-def2 t-def cart-prod-eq2 by (typecheck-cfuncs-prems, auto)
have gy-eq-gz: hz = gz

using t-def2 t-def cart-prod-eq2 by (typecheck-cfuncs-prems, auto)

have mhy-in-Y: (mhyl, mhy2) €x _x (Y, m)

using m-def h-part-types mhy-decomp

by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
have mgy-in-Y: (mhy2, mgy2) €x «_ x (Y, m)

using m-def g-part-types mgy-decomp mhy2-eq-mgyl

by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)

have (mhy1, mgy2) €x «  x (Y, m)
using assms mhy-in-Y mgy-in-Y mgy-types mhy2-eq-mgyl unfolding transi-
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tive-on-def
by (typecheck-cfuncs, blast)
then obtain y where y-type[type-rule]: y €. Y and y-def: m o. y = (mhyl,
mgy2)
by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)

show (s,u) €(X %o Z) Xe X Xc Z (Y x. Z, distribute-right X X Z o. (m xy
id 7))
proof (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, safe)
show monomorphism (distribute-right X X Z o, m x5 id. Z)
using relative-member-def2 st-relation by blast

show 3h. h €. Y x. Z A (distribute-right X X Z o. m X ide Z) oc h = (s,u)
unfolding s-def u-def gy-eq-gz
proof (intro exl[where z=(y,g2)], safe, typecheck-cfuncs)
have (distribute-right X X Z o, m xy id. Z) o. (y,92) = distribute-right X
X Z oc (m Xy ide Z) oc (y,92)
by (typecheck-cfuncs, auto simp add: comp-associative2)

also have ... = distribute-right X X Z o. {(m o y, gz)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod id-left-unit2)
also have ... = ((mhyl,gz),(mgy2,9z))

unfolding y-def by (typecheck-cfuncs, simp add: distribute-right-ap)
finally show (distribute-right X X Z o, m X ¢ id. Z) o. (y,9z) = ((mhyl ,gz),(mgy2,9z)).
qed
qed
qed

lemma right-pair-transitive:
assumes transitive-on X (Y, m)
shows transitive-on (Z x. X) (Z x. Y, distribute-left Z X X o, (id. Z Xy m))
proof (unfold transitive-on-def, safe)
have m : Y — X x. X monomorphism m
using assms subobject-of-def2 transitive-on-def by auto
then show (Z x. Y, distribute-left Z X X oc id. Z x5 m) Cc (Z % X) %o Z
Xe X
by (simp add: right-pair-subset)
next
have m-def|[type-rule]: m : Y — X x. X monomorphism m
using assms subobject-of-def2 transitive-on-def by auto

fix stu

assume s-type[type-rulel: s €. Z x. X

assume t-type(type-rulel: t €. Z X, X

assume u-type[type-rulel: u €. 7 x. X

assume st-relation: (s,t) €(Z xe X) %o Z %o X (Z x. Y, distribute-left 7 X X
Oc tde Z X5 m)

then obtain & where h-type[type-rule]: h €. Z x. Y and h-def: (distribute-left
ZXX ocide Z x5 m)o.h= (s

by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
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then obtain hy hz where h-part-types[type-rule]: hy €. Y hz €. Z and h-decomp:
h = (hz, hy)
using cart-prod-decomp by blast
then obtain mhyl mhy2 where mhy-types[type-rule]: mhyl €. X mhy2 €. X
and mhy-decomp: m o. hy = (mhyl, mhy2)
using cart-prod-decomp by (typecheck-cfuncs, blast)

have (s,t) = ((hz, mhyl), (hz, mhy2))
proof —
have (s,t) = (distribute-left Z X X o, id. Z x; m) o, (hz, hy)
using h-decomp h-def by auto
also have ... = distribute-left Z X X o, (id. Z x5 m) o. (hz, hy)
by (typecheck-cfuncs, auto simp add: comp-associative?)
also have ... = distribute-left Z X X o, { hz, m o, hy)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod id-left-unit2)
also have ... = ((hz, mhyl), (hz, mhy2))
unfolding mhy-decomp by (typecheck-cfuncs, simp add: distribute-left-ap)
finally show ?thesis.
qed
then have s-def: s = (hz, mhyl) and t-def: t = (hz, mhy2)
using cart-prod-eq2 by (typecheck-cfuncs, auto, presburger)

assume tu-relation: (t,u) €(Z xe X) %o 7 x, x (Z x. Y, distribute-left
ZX X ogide Z x5 m)
then obtain g where g-type[type-rule]: g €. Z X. Y and g-def: (distribute-left
ZXX ocide Z x5y m)o. g = (tu)
by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
then obtain gy gz where g-part-types|type-rulel: gy €. Y gz €. Z and g-decomp:
9 = (92, 9y)
using cart-prod-decomp by blast
then obtain mgyl mgy2 where mgy-types[type-rule]: mgyl €. X mgy2 €. X
and mgy-decomp: m o, gy = (mgy2, mgyl)
using cart-prod-decomp by (typecheck-cfuncs, blast)

have (t,u) = ((g9z, mgy2), (g2, mgyl))
proof —
have (t,u) = (distribute-left Z X X o, id. Z Xy m) o. {9z, gy)
using g-decomp g-def by auto
also have ... = distribute-left Z X X o. (id. Z x5 m) o. (92, gy)
by (typecheck-cfuncs, auto simp add: comp-associative2)
also have ... = distribute-left Z X X o, (gz, m o. gy)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod id-left-unit?2)
also have ... = ((gz, mgy2), (g2, mgyl))
unfolding mgy-decomp by (typecheck-cfuncs, simp add: distribute-left-ap)
finally show ?“thesis.
qged
then have t-def2: t = (gz, mgy2) and u-def: u = (gz, mgyl)
using cart-prod-eq2 by (typecheck-cfuncs, auto, presburger)
have mhy2-eq-mgy2: mhy2 = mgy2
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using t-def2 t-def cart-prod-eq2 by (typecheck-cfuncs-prems, auto)
have gy-eq-gz: hz = gz
using t-def2 t-def cart-prod-eq2 by (typecheck-cfuncs-prems, auto)
have mhy-in-Y: (mhyl, mhy2) €x _x (Y, m)
using m-def h-part-types mhy-decomp
by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
have mgy-in-Y: (mhy2, mgyl) €x «_  x (Y, m)
using m-def g-part-types mgy-decomp mhy2-eq-mgy2
by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
have (mhyl, mgyl) €x «_ x (Y, m)
using assms mhy-in-Y mgy-in-Y mgy-types mhy2-eq-mgy2 unfolding transi-
tive-on-def
by (typecheck-cfuncs, blast)
then obtain y where y-type[type-rule]: y €. Y and y-def: m o. y = (mhyl,
mgyl)
by (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, auto)
show (s,u) €(Z xe X) Xe Z Xe X (Z x. Y, distribute-left Z X X o, id. Z Xj
m)
proof (typecheck-cfuncs, unfold relative-member-def2 factors-through-def2, safe)
show monomorphism (distribute-left Z X X o, id. Z xy m)
using relative-member-def2 st-relation by blast
show Jh. h €. Z x. Y A (distribute-left Z X X o, id. Z xy m) oo h = (s,u)
unfolding s-def u-def gy-eq-gz
proof (intro exI[where z=(gz,y)], safe, typecheck-cfuncs)
have (distribute-left Z X X o. (id. Z X m)) o (gz,y) = distribute-left Z X
X o. (ide Z x5 m) oc (92,y)
by (typecheck-cfuncs, auto simp add: comp-associative?)

also have ... = distribute-left Z X X o, (gz, m o, y)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod id-left-unit2)
also have ... = ((gz,mhy1),(gz,mgyl))

by (typecheck-cfuncs, simp add: distribute-left-ap y-def)
finally show (distribute-left Z X X o, id. Z xy m) o, (gz,y) = ({gz,mhyl),(g9z,mgyl)).
qed
qed
qged

lemma left-pair-equiv-rel:
assumes equiv-rel-on X (Y, m)
shows equiv-rel-on (X x. Z) (Y x. Z, distribute-right X X Z o, (m x5 id 7))
using assms left-pair-reflexive left-pair-symmetric left-pair-transitive
by (unfold equiv-rel-on-def, auto)

lemma right-pair-equiv-rel:
assumes equiv-rel-on X (Y, m)
shows equiv-rel-on (Z x. X) (Z x. Y, distribute-left Z X X o, (id Z x; m))
using assms right-pair-reflexive right-pair-symmetric right-pair-transitive
by (unfold equiv-rel-on-def, auto)

end
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9 Coproducts

theory Coproduct
imports Fquivalence
begin

hide-const case-bool

The axiomatization below corresponds to Axiom 7 (Coproducts) in Halvor-
son.

axiomatization

coprod :: cset = cset = cset (infixr [[ 65) and

left-coproj :: cset = cset = cfunc and

right-coproj :: cset = cset = cfunc and

cfunc-coprod :: cfunc = cfunc = cfunc (infixr II 65)
where

left-proj-type[type-rule]: left-coproj X Y : X — X]]Y and

right-proj-type[type-rule]: right-coproj X Y : ¥ — X[ Y and

cfunc-coprod-typeltype-rule]: f + X - Z = ¢g: Y - 7 = fllg: X[]Y — Z
and

left-coproj-cfunc-coprod: f : X — Z = g : Y — Z = fllg o, (left-coproj X
Y) =f and

right-coproj-cfunc-coprod: f : X - 7 = g: Y — Z = fllg o. (right-coproj X
Y) = gand

cfunc-coprod-unique: f : X -2 = g: Y > Z=h: X][] Y > 7=

h o left-coproj X Y = f => h o, right-coproj X Y =g= h=f1l g

definition is-coprod :: cset = cfunc = cfunc = cset = cset = bool where
is-coprod Wig i1 X Y +—
(Z'():X*) WANip: Y —> WA
~NVfgZ (f: X—=>2ZNg:Y = 2)—
(3 h. h: W—)Z/\hoci():f/\hocilzg/\
(V h2. (h2 : W = Z ANh2o.ig=f ANh2o. i =g) — h2 =h))))

lemma is-coprod-def2:
assumes ig : X > Wi : Y - W
shows is-coprod Wig i1 X Y +—
~NfgZ (f: X—=>ZNg:Y—>2)—
Fhh: W—=ZANhosig=fANho.ii=gA
(V h2. (h2 : W = Z ANh2o.i9=f A h2o. i =g) — h2 = h)))
unfolding is-coprod-def using assms by auto

abbreviation is-coprod-triple :: cset X cfunc X cfunc = cset = cset = bool
where

is-coprod-triple Wi X Y = is-coprod (fst Wi) (fst (snd Wi)) (snd (snd Wi)) X Y
lemma canonical-coprod-is-coprod:

is-coprod (X [ Y) (left-coproj X Y) (right-coproj X Y) X Y
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unfolding is-coprod-def
proof (typecheck-cfuncs)
fix fgZ
assume f-type: f: X — Z
assume g-type: g : Y — Z
show 3h. h: X[ Y = Z A
h o¢ left-coproj X Y = f A
h o right-coproj X Y = g AN (Vh2. h2 : X [ Y — Z A h2 o, left-coproj
XY =f A h2 o, right-coproj X ¥ = g — h2 = h)
using cfunc-coprod-type cfunc-coprod-unique f-type g-type left-coproj-cfunc-coprod
right-coproj-cfunc-coprod
by (intro exI[where x=fIlg|, auto)
qed

The lemma below is dual to Proposition 2.1.8 in Halvorson.

lemma coprods-isomorphic:
assumes W-coprod: is-coprod-triple (W, iy, i1) X YV
assumes W'-coprod: is-coprod-triple (W', i'y, i"1) X Y
shows 3 ¢g. g : W — W' A isomorphism g A g o. 19 = i'g A g o, 11 = i1
proof —
obtain f where f-def: f: W/ — W A fo. iy =ig A fo. iy =iy
using W-coprod W'-coprod unfolding is-coprod-def
by (metis split-pairs)

obtain g where g-def: g: W — W/ A go.ig =i'g A goeip =i
using W-coprod W'-coprod unfolding is-coprod-def
by (metis split-pairs)

have fg0: (f o. g) o %0 = i

by (metis W-coprod comp-associative2 f-def g-def is-coprod-def split-pairs)
have fg1: (f o g) o 41 =11

by (metis W-coprod comp-associative? f-def g-def is-coprod-def split-pairs)

obtain idW where idW : W — W A (V h2. (b2 : W — W A h2 o, iy = io
A h2 o, iy =i1) — h2 = idW)
by (smt (verit, best) W-coprod is-coprod-def prod.sel)
then have fg: f o, g = id W
proof clarify
assume idW-unique: Vh2. h2 : W — W A h2 o, ig = ig AN h2 o. i1 = i1 —>
h2 = idW
have 1: fo. g = idW
using comp-type f-def fg0 fg1 g-def idW-unique by blast
have 2: id W = idW
using W-coprod id W-unique id-left-unit2 id-type is-coprod-def by auto
from 1 2 show fo, g=1id W
by auto
qed

have ng: (g Oc f) Oc i/(): Z‘I(J
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using W'-coprod comp-associative? f-def g-def is-coprod-def by auto
have gf1: (g Oc f) Oc ill =i
using W'-coprod comp-associative2 f-def g-def is-coprod-def by auto

obtain idW' where idW" W'— W'A (V h2. (h2 : W= W'A h2 o, i'hy= iy
A h2 O¢ illz Z'/1) — h2 = ZdW’)
by (smt (verit, best) W'-coprod is-coprod-def prod.sel)
then have gf: g o. f = id W'
proof clarify
assume id W' -unique: Vh2. h2 : W' — W' A h2 o. i’y = i'g A h2 o, i1 = i’
— h2 = idW'
have 1: g o, f = idW'
using comp-type f-def g-def gf0 gf1 id W' -unique by blast
have 2: id W' = idW’
using W'-coprod idW'-unique id-left-unit2 id-type is-coprod-def by auto
from 1 2 show g o, f = id W'
by auto
qed

have g-iso: isomorphism g
using f-def fg g-def gf isomorphism-def3 by blast
from g-iso g-def show 3 g. g: W — W' A isomorphism g A g o. i9g = i'g A g
Oc Z'l = ill
by blast
qed

9.1 Coproduct Function Properities

lemma cfunc-coprod-comp:
assumes ¢ : Y - Zb: X - Ye¢: W > Y
shows (a o. b) II (a o. ¢) = a o. (b1l ¢)
proof —
have ((a o. b) II (a o¢ ¢)) o, (left-coproj X W) = a o, (b 1I ¢) o, (left-coproj X
W)
using assms by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
then have left-coproj-eq: ((a oo b) II (a o, ¢)) o. (left-coproj X W) = (a o. (b
IT ¢)) o, (left-coproj X W)
using assms by (typecheck-cfuncs, simp add: comp-associative2)
have ((a o, b) IT (a o. ¢)) o. (right-coproj X W) = a o. (b1l ¢) o. (right-coproj
X W)
using assms by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
then have right-coproj-eq: ((a o. b) II (a o, ¢)) o, (right-coproj X W) = (a o,
(b II ¢)) o, (right-coproj X W)
using assms by (typecheck-cfuncs, simp add: comp-associative2)

show (a o, b) IT (a o, ¢) = a o, (b 1I ¢)
using assms left-coproj-eq right-coproj-eq
by (typecheck-cfuncs, smt cfunc-coprod-unique left-coproj-cfunc-coprod right-coproj-cfunc-coprod)
qed
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lemma id-coprod:
id(A I B) = (left-coproj A B) 11 (right-coproj A B)
by (typecheck-cfuncs, simp add: cfunc-coprod-unique id-left-unit2)

The lemma below corresponds to Proposition 2.4.1 in Halvorson.

lemma coproducts-disjoint:
€. X = y €. Y = (left-coproj X Y) o. © # (right-coproj X Y) o, y
proof (rule ccontr, clarify)
assume z-type[type-rule]: €. X
assume y-type[type-rule]: y €. Y
assume BWOC: ((left-coproj X Y) o, x = (right-coproj X Y) o, y)
obtain g where g-def: g factorsthru t and g-type[type-rule]: g: X — Q
by (typecheck-cfuncs, meson comp-type factors-through-def2 terminal-func-type)
then have factl:t =go. z
by (metis cfunc-type-def comp-associative factors-through-def id-right-unit2
id-type
terminal-func-comp terminal-func-unique true-func-type z-type)

obtain h where h-def: h factorsthru f and h-type[type-rule]: h: ¥ — §
by (typecheck-cfuncs, meson comp-type factors-through-def2 one-terminal-object
terminal-object-def)
then have gUh-type[type-rule]: g 11 h: X [[ ¥V — Q and
gUh-def: (g IT h) o, (left-coproj X Y) =g A (g IT h) o,
(right-coproj X Y) = h
using left-coproj-cfunc-coprod right-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
then have fact2: f = ((¢ I h) o, (right-coproj X Y)) o. y
by (typecheck-cfuncs, smt (verit, ccfv-SIG) comp-associative? factors-through-def2
gUh-def h-def id-right-unit2 terminal-func-comp-elem terminal-func-unique)

also have ... = ((g IT h) o, (left-coproj X Y)) o, x
by (smt BWOC comp-associative2 gUh-type left-proj-type right-proj-type z-type
y-type)
also have ... =t

by (simp add: factl gUh-def)
ultimately show Fulse
using true-false-distinct by auto
qed

The lemma below corresponds to Proposition 2.4.2 in Halvorson.

lemma left-coproj-are-monomorphisms:
monomorphism(left-coproj X Y)
proof (cases 3z. z €. X)
assume X-nonempty: dz. x €, X
then obtain z where z-type[type-rule]: © €. X
by auto
then have (id X II (z o, By)) o left-coproj X Y = id X
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
then show monomorphism (left-coproj X Y)
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by (typecheck-cfuncs, metis (mono-tags) cfunc-coprod-type comp-monic-imp-monic’
comp-type id-isomorphism id-type iso-imp-epi-and-monic terminal-func-type
-type)
next
show 2. z €. X = monomorphism (left-coproj X Y)
by (typecheck-cfuncs, metis cfunc-type-def injective-def injective-imp-monomorphism)
qed

lemma right-coproj-are-monomorphisms:
monomorphism(right-coproj X Y)
proof (cases y. y €. Y)
assume Y-nonempty: Jy. y €. Y
then obtain y where y-type[type-rule]: y €. Y
by auto
have ((y o, Bx) LI id Y) o, right-coproj X ¥ = id Y
by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
then show monomorphism (right-coproj X Y)
by (typecheck-cfuncs, metis (mono-tags) cfunc-coprod-type comp-monic-imp-monic’
comp-type id-isomorphism id-type iso-imp-epi-and-monic terminal-func-type
y-type)
next
show fly. y €. Y = monomorphism (right-coproj X Y)
by (typecheck-cfuncs, metis cfunc-type-def injective-def injective-imp-monomorphism)
qed

The lemma below corresponds to Exercise 2.4.3 in Halvorson.

lemma coprojs-jointly-surj:
assumes z-type[type-rule]: z €. X [ Y
shows (3 z. (x €. X A z = (left-coproj X Y) o, x))
V (3 y. (y € Y Az = (right-coproj X Y) o, y))
proof (clarify, rule ccontr)
assume not-in-right-image: y. y €. Y A 2 = right-coproj X Y o, y
assume not-in-left-image: z. © €, X A z = left-coproj X Y o,

obtain i where h-def: h = f o. Sy 11 y and h-type[type-rule]: h : X [T ¥ —
Q
by (typecheck-cfuncs, simp)

have fact1: (eq-pred (X [] Y) o (2 0. Bx 1 v i (X II Y))) o. left-coproj
XY = h o, left-coproj X Y
proof(etcs-rule one-separator[where X=X, where Y = Q))
show A\z. z €. X = ((eg-pred (X [] Y) o. (z oc Bx 11 yvide (X I Y)))
o left-coproj X Y) o, x =
(h o, left-coproj X Y) o, x
proof —
fix x
assume z-type: x €. X
have ((eg-pred (X [] Y) oc (2 oc By I voide (X I Y))) oc left-coproj X
Y) oz =

137



eg-pred (X [ Y) oc (z 0. Bx I yside (X [ Y)) oc (left-coproj X Y
oc )
using z-type by (typecheck-cfuncs, metis assms cfunc-type-def comp-associative)
also have ... = f
using assms eg-pred-false-extract-right not-in-left-image z-type by (typecheck-cfuncs,
presburger)
also have ... = h o, (left-coproj X Y o, z)
using z-type by (typecheck-cfuncs, smt comp-associative2 h-def id-right-unit2
id-type terminal-func-comp terminal-func-type terminal-func-unique)
also have ... = (h o, left-coproj X Y) o, «
using z-type cfunc-type-def comp-associative comp-type false-func-type
h-def terminal-func-type by (typecheck-cfuncs, force)
finally show ((eg-pred (X [[ Y) oc (2 oc By I v-ide (XII V))) oc
left-coproj X Y) o, & = (h o, left-coproj X Y) o, x.
qed
qged

have fact2: (eg-pred (X [[ Y) oc (z 0. By 1Y id (X ][ Y))) oc right-coproj
X Y = h o, right-coproj X Y
proof (etcs-rule one-separator[where X = Y, where Y = Q)
show A\z. z €. ¥ =
((eg-pred (X [T Y) oc (z oc Bx 11 yside (X T Y))) oc right-coproj X
Y)o.z=
(h o right-coproj X Y) o, x
proof —
fix z
assume z-type[type-rule]: z €. Y
have ((eg-pred (X [] Y) o, (2 0. Bx I vide (X ]I Y))) o right-coproj X
Y)o.z =1
by (typecheck-cfuncs, smt (verit) assms cfunc-type-def eq-pred-false-extract-right
comp-associative comp-type not-in-right-image)
also have ... = (h o, right-coproj X Y) o, x
by (etcs-assocr,typecheck-cfuncs, metis cfunc-type-def comp-associative h-def
id-right-unit2 terminal-func-comp-elem terminal-func-type)
finally show ((eg-pred (X [] Y) oc (2 oc Bx I yiide (X I] Y))) oc
right-coproj X Y) o, x = (h o, right-coproj X Y) o, x.
qed
qed
have indicator-is-false:eq-pred (X [] Y) o. (2 oc By 1 v i XIIT Y))=n
proof(etcs-rule one-separator[where X = X [[ Y, where Y = Q))
show Az. z €. X [ Y = (eg-pred (X [] Y) oc (2 0c By I] v-ide (X 11
Y)) ocx=ho.x
by (typecheck-cfuncs, smt (28) cfunc-coprod-comp fact! fact2 id-coprod id-right-unit?2
left-proj-type right-proj-type)
qed
have hz-gives-false: h o, z = f
using assms by (typecheck-cfuncs, smt comp-associative2 h-def id-right-unit2
id-type terminal-func-comp terminal-func-type terminal-func-unique)
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then have indicator-z-gives-false: (eq-pred (X [[ Y) oc (2 o By I v id (X
[T Y) ocz =t
using assms indicator-is-false by (typecheck-cfuncs, blast)
then have indicator-z-gives-true: (eg-pred (X [ Y) oc (z 0. Bx 1Y id (X 1]
Y))) o0z =t
using assms by (typecheck-cfuncs, smt (verit, del-insts) comp-associative2
eq-pred-true-extract-right)
then show Fulse
using indicator-z-gives-false true-false-distinct by auto
qed

lemma maps-into-1ul:
assumes z-type: z€. (1 ][] 1)
shows (z = left-coproj 1 1) V (z = right-coproj 1 1)
using assms by (typecheck-cfuncs, metis coprojs-jointly-surj terminal-func-unique)

lemma coprod-preserves-left-epi:

assumes f: X - Z g Y —» 7

assumes surjective(f)

shows surjective(f 11 g)

unfolding surjective-def
proof (clarify)

fix z

assume y-type[type-rule]: z €. codomain (f 11 g)

then obtain z where z-def: t €. X A fo.z =2

using assms cfunc-coprod-type cfunc-type-def cfunc-type-def surjective-def by

auto

have (f 1T g) o. (left-coproj X Y o, z) = 2

by (typecheck-cfuncs, smt assms comp-associative2 left-coproj-cfunc-coprod z-def)

then show Jz. z €. domain(f U g) AN fl go.z =2z

by (typecheck-cfuncs, metis assms(1,2) cfunc-type-def codomain-comp domain-comp
left-proj-type x-def)
qged

lemma coprod-preserves-right-epi:
assumes f: X - Z¢g Y — Z
assumes surjective(g)
shows surjective(f 1T g)
unfolding surjective-def
proof (clarify)
fix 2z
assume y-type: z €. codomain (f 1 g)
have fug-type: (f 1 g): (X[ Y)—> Z
by (typecheck-cfuncs, simp add: assms)
then have y-type2: z €. Z
using cfunc-type-def y-type by auto
then have 3 y. ye. Y Ago,y =2
using assms(2,3) cfunc-type-def surjective-def by auto
then obtain y where y-def: y €. Y A go.y =z
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by blast
have coproj-z-type: right-coproj X Y o,y €. X [[ Y
using comp-type right-proj-type y-def by blast
have (f 1T g) o. (right-coproj X Y o, y) = z
using assms(1) assms(2) cfunc-type-def comp-associative fug-type right-coproj-cfunc-coprod
right-proj-type y-def by auto
then show Jy. y €. domain(f U g) AN fIll go.y= 2z
using cfunc-type-def coproj-z-type fug-type by auto
qed

lemma coprod-eq:
assumes ¢ : X [[ Y > Zb: X[ Y = Z
shows a = b +—
(a o left-coproj X Y = b o, left-coproj X Y
A a o, right-coproj X Y = b o, right-coproj X Y)
by (smt assms cfunc-coprod-unique cfunc-type-def codomain-comp domain-comp
left-proj-type right-proj-type)

lemma coprod-eql:
assumes a : X [[ Y - Zb:X][[ YV - Z
assumes (a o, left-coproj X Y = b o, left-coproj X Y
A a o right-coproj X Y = b o, right-coproj X Y)
shows a = b
using assms coprod-eq by blast

lemma coprod-eq2:
assumes ¢ : X - Zb: Y > Zc: X —> Zd:Y —> Z
shows (a1 b) = (clI d)«— (a=cAb=4d)
by (metis assms left-coproj-cfunc-coprod right-coproj-cfunc-coprod)

lemma coprod-decomp:
assumes ¢ : X [[ YV - 4
showsJ zy. a=(Uyy ANz: X —>ANy: Y = A
proof (rule exI[where x=a o left-coproj X Y], intro exI[where z=a o, right-coproj
X Y], safe)
show a = (a o, left-coproj X Y) 11 (a o, right-coproj X Y)
using assms cfunc-coprod-unique cfunc-type-def codomain-comp domain-comp
left-proj-type right-proj-type by auto
show a o, left-coproj X YV : X — A
by (meson assms comp-type left-proj-type)
show a o, right-coproj X Y : Y — A
by (meson assms comp-type right-proj-type)
qed

The lemma below corresponds to Proposition 2.4.4 in Halvorson.

lemma truth-value-set-iso-1ul:
isomorphism(tIIf)
by (typecheck-cfuncs, smt (verit, best) Collectl epi-mon-is-iso injective-def2
injective-imp-monomorphism left-coproj-cfunc-coprod left-proj-type maps-into-1ul
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right-coproj-cfunc-coprod right-proj-type surjective-def2 surjective-is-epimorphism

true-false-distinct true-false-only-truth-values)

9.1.1 Equality Predicate with Coproduct Properities

lemma eg-pred-left-coproj:
assumes u-type[type-rule]: u €. X [ Y and a-type[type-rule]: © €. X
shows eg-pred (X [[ Y) o¢ (u, left-coproj X Y o, x) = ((eq-pred X o, (id X, =
o0 B)) 1L (£ o By)) o
proof (cases eg-pred (X [ Y) o, (u, left-coproj X Y o, z)=t)
assume casel: eg-pred (X [ Y) o. (u, left-coproj X Y o, z) =t
then have u-is-left-coproj: u = left-coproj X Y o, x
using eg-pred-iff-eq by (typecheck-cfuncs-prems, presburger)
show eg-pred (X [ Y) o, (u,left-coproj X Y o. z) = (eg-pred X o. (id. X,z o,
Bx) I (f 0. By) oc u
proof —
have ((eg-pred X o, (id X, z o. Bx)) LI (f o By)) oc u
= ((eg-pred X o, {(id X, z o. Bx)) IL (f o By)) o left-coproj X Y o, x
using u-is-left-coproj by auto

also have ... = (eg-pred X o. (id X, z o. Bx)) oc =
by (typecheck-cfuncs, simp add: comp-associative2 left-coproj-cfunc-coprod)
also have ... = eg-pred X o. (z, z)

by (typecheck-cfuncs, metis cart-prod-extract-left cfunc-type-def comp-associative)
also have ... = t
using eg-pred-iff-eq by (typecheck-cfuncs, blast)
ultimately show Zthesis
by (simp add: casel)
qed
next
assume eq-pred (X [ Y) o (u,left-coproj X Y o, z) # t
then have case2: eg-pred (X [[ Y) o. (u,left-coproj X Y o, z) = {
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then have u-not-left-coproj-x: v # left-coproj X Y o, x
using eg-pred-iff-eq-conv by (typecheck-cfuncs-prems, blast)
show eg-pred (X [ Y) o, (u,left-coproj X Y o. z) = (eg-pred X o. (id. X,z o,
Bx)) IL (£ o By) o u
proof (cases 3 ¢g. g : 1 = X A u = left-coproj X Y o, g)
assume 3g. g €. X A u = left-coproj X Y o, g
then obtain g where g-type[type-rule]: g €. X and g-def: u = left-coproj X
Yo.g
by auto
then have z-not-g: © # g
using u-not-left-coproj-x by auto
show eg-pred (X [[ Y) o. (u,left-coproj X Y o. z) = (eg-pred X o {id. X,z
oc Bx)) I (f oc By) oc u
proof —
have (eg-pred X o, (id. X,z o Bx)) IL (f o By) oc left-coproj X Y o, g
= (eg-pred X o, (id. X,x o. Bx)) oc ¢
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using comp-associative? left-coproj-cfunc-coprod by (typecheck-cfuncs, force)

also have ... = eg-pred X o, (g,z)
by (typecheck-cfuncs, simp add: cart-prod-extract-left comp-associative?)
also have ... = f

using eg-pred-iff-eq-conv x-not-g by (typecheck-cfuncs, blast)
ultimately show ?Zthesis
using case2 g-def by argo
qed
next
assume f1g. g €. X A u = left-coproj X Y o, g
then obtain g where g-type[type-rule]: g €. Y and g-def: u = right-coproj X
Yocyg
by (meson coprojs-jointly-surj u-type)

show eg-pred (X [ Y) o. (u,left-coproj X Y o. z) = (eg-pred X o. (id. X,z
oc Bx)) I (f oc By) oc u
proof —
have (eg-pred X o (id. X,x o, Bx)) II (f oc By) oc u
= (eg-pred X o (id. X,x o. Bx)) II (f oc By) oc Tight-coproj X Y o, g
using g-def by auto

also have ... = (f o. 8y) oc ¢
by (typecheck-cfuncs, simp add: comp-associative2 right-coproj-cfunc-coprod)
also have ... = f

by (typecheck-cfuncs, smt (23) comp-associative2 id-right-unit2 id-type
terminal-func-comp terminal-func-unique)
ultimately show ?thesis
using case2 by argo
qed
qed
qed

lemma eg-pred-right-coproj:
assumes u-type[type-rule]: u €, X [[ Y and y-type[type-rule]: y €. Y
shows eg-pred (X [[ Y) o (u, right-coproj X Y o, y) = ((f o, Bx) II (eg-pred
Yoc (idY, yocfy))) oc u
proof (cases eq-pred (X [ Y) o. (u, right-coproj X Y o, y) = t)
assume casel: eg-pred (X [[ Y) oo (u,right-coproj X Y o. y) =t
then have u-is-right-coproj: u = right-coproj X Y o, y
using eg-pred-iff-eq by (typecheck-cfuncs-prems, presburger)
show eg-pred (X [ Y) o. (u,right-coproj X Y o, y) = (f o, Bx) I (eg-pred Y
Oc <ch Yay Oc BY>) Oc U
proof —
have (f o, Bx) I (eg-pred Y o, {id. Y,y oc By)) oc u
= (f o, Bx) II (eg-pred Y o, (id. Y,y o. By)) oc right-coproj X Y o, y
using u-is-right-coproj by auto
also have ... = (eg-pred Y o, (id. Y,y o. By)) oc y
by (typecheck-cfuncs, simp add: comp-associative? right-coproj-cfunc-coprod)
also have ... = eg-pred Y o. (y,y)
by (typecheck-cfuncs, smt cart-prod-extract-left comp-associative2)
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also have ... =t
using eq-pred-iff-eq y-type by auto

ultimately show #thesis
using casel by argo
qed
next
assume eq-pred (X [[ Y) o (u,right-coproj X Y o. y) # t
then have eq-pred-false: eq-pred (X [] Y) o {(u,right-coproj X Y o. y) = {
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then have u-not-right-coproj-y: w # right-coproj X Y o. y
using eg-pred-iff-eq-conv by (typecheck-cfuncs-prems, blast)

show eg-pred (X [[ Y) o¢ (u,right-coproj X Y o. y) = (f o Bx) II (eg-pred Y
O¢ <ch Yay Oc¢ BY>) Oc U
proof (cases 3 g. g : 1 = Y A u = right-coproj X Y o, g)

assume 3g. g €. Y A u = right-coproj X Y o, ¢
then obtain g where g-type[type-rule]: g €. Y and g¢-def: v = right-coproj X

Yocg
by auto
then have y-not-g: y # ¢
using u-not-right-coproj-y by auto

show eg-pred (X [[ Y) o {u,right-coproj X Y o, y) = (f o. Bx) II (eg-pred YV

O¢ <ch Yay Oc 5Y>) Oc U
proof —
have (f o, Bx) II (eg-pred Y o, (id. Y,y o, By)) o. right-coproj X Y o. g

= (eq_pr@d Y o, <Z'dc Y,y o, ﬁY>) ¢ g
by (typecheck-cfuncs, simp add: comp-associative2 right-coproj-cfunc-coprod)

also have ... = eg-pred Y o, (g,y)
using cart-prod-extract-left comp-associative2 by (typecheck-cfuncs, auto)

also have ... = f
using eq-pred-iff-eq-conv y-not-g y-type g-type by blast
ultimately show ?thesis
using eq-pred-false g-def by argo
qed

next
assume f1g. g €. Y A u = right-coproj X Y o. g
then obtain g where g-type[type-rule]: g €. X and g-def: u = left-coproj X

Yo.g
by (meson coprojs-jointly-surj u-type)
show eg-pred (X [] Y) o, (u,right-coproj X Y o, y) = (f o Bx) LI (eg-pred YV

Oc¢ <ch Y;y Oc¢ 6Y>) Oc U
proof —
have (f o, Bx) II (eg-pred Y o, (id. Y,y o. By)) oc u
= (f o Bx) I (eg-pred Y o, (id. Y,y o. By)) o¢ left-coproj X Y o, g

using g-def by auto

also have ... = (f o, 8x) oc ¢
by (typecheck-cfuncs, simp add: comp-associative2 left-coproj-cfunc-coprod)

also have ... = f
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by (typecheck-cfuncs, smt (23) comp-associative2 id-right-unit2 id-type
terminal-func-comp terminal-func-unique)
ultimately show ?thesis
using eg-pred-false by auto
qed
qed
qed

9.2 Bowtie Product

definition cfunc-bowtie-prod :: cfunc = cfunc = cfunc (infixr <y 55) where
f<y g = ((left-coproj (codomain f) (codomain g)) o f) IL ((right-coproj (codomain
1) (codomain g)) o, g)

lemma cfunc-bowtie-prod-def2:
assumes f : X = Yg: V> W
shows f >y g = (left-coproj ¥ W o, f) I (right-coproj ¥ W o, g)
using assms cfunc-bowtie-prod-def cfunc-type-def by auto

lemma cfunc-bowtie-prod-type[type-rule]:

[ X2 Y=g9g: VoaW=fypg:X][[V>Y][] W

unfolding cfunc-bowtie-prod-def

using cfunc-coprod-type cfunc-type-def comp-type left-proj-type right-proj-type by
auto

lemma [eft-coproj-cfunc-bowtie-prod:

[ XY= g: V> W= (f <y g) o left-coproj X V = left-coproj ¥ W
o f

unfolding cfunc-bowtie-prod-def2

by (meson comp-type left-coproj-cfunc-coprod left-proj-type right-proj-type)

lemma right-coproj-cfunc-bowtie-prod:

[ X—=>Y=g: V> W= (f <y g) o right-coproj X V = right-coproj Y
Wo.g

unfolding cfunc-bowtie-prod-def2

by (meson comp-type right-coproj-cfunc-coprod right-proj-type left-proj-type)

lemma cfunc-bowtie-prod-unique: f : X - Y = g: VoW =~hr: X[ V—
Y W=
h o, left-coproj X V. = left-coproj Y W o, f =
h o right-coproj X V = right-coproj ¥ W o, g = h = f i<y g
unfolding cfunc-bowtie-prod-def
using cfunc-coprod-unique cfunc-type-def codomain-comp domain-comp left-proj-type
right-proj-type by auto

The lemma below is dual to Proposition 2.1.11 in Halvorson.

lemma identity-distributes-across-composition-dual:
assumes f-type: f : A — B and g¢-type: g: B — C
shows (g o. f) >y id X = (g >y id X) oc (f >y id X)
proof —
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from cfunc-bowtie-prod-unique
have uniqueness: Vh. h: A X —- CJ] X A
h o, left-coproj A X = left-coproj C X o, (g o. f) A
h o, right-coproj A X = right-coproj C X o, id(X) —
h= (gocf)ray id. X
using assms by (typecheck-cfuncs, simp add: cfunc-bowtie-prod-unique)

have left-eq: ((g >y ide X) oc (f >y ide X)) o left-coproj A X = left-coproj C
X oc (g ocf)

by (typecheck-cfuncs, smt comp-associative2 left-coproj-cfunc-bowtie-prod left-proj-type
assms)

have right-eq: ((g >y id. X) oc (f >y id. X)) o, right-coproj A X = right-coproj
CXo.idX

by (typecheck-cfuncs, smt comp-associative2 id-right-unit2 right-coproj-cfunc-bowtie-prod
right-proj-type assms)

show ?thesis
using assms left-eq right-eq uniqueness by (typecheck-cfuncs, auto)
qed

lemma coproduct-of-beta:

BxUBy=PBx11y

by (metis (full-types) cfunc-coprod-unique left-proj-type right-proj-type termi-
nal-func-comp terminal-func-type)

lemma cfunc-bowtieprod-comp-cfunc-coprod:
assumes a-type: a : Y — Z and b-type: b : W — Z
assumes f-type: f : X — Y and g-type: g : V — W
shows (a 11 b) o, (f b1y g) = (a o f) II (b o, g)
proof —
from cfunc-bowtie-prod-unique have uniqueness:
Vh.h: X[ V= Z A ho.left-coproj X V. = a o. f A h o, right-coproj X
V=bo.g—
h = (aocf) I (bocg)
using assms comp-type by (metis (full-types) cfunc-coprod-unique)

have left-eq: (a I b o, f >ay g) o left-coproj X V = (a o. f)
proof —
have (a II b o, f >y g) oc left-coproj X V = (a I b) o, (f > g) o left-coproj
XV
using assms by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = (a I b) o, left-coproj Y W o, f
using f-type g-type left-coproj-cfunc-bowtie-prod by auto
also have ... = ((a IT b) o, left-coproj Y W) o, f

using a-type assms(2) cfunc-type-def comp-associative f-type by (typecheck-cfuncs,
auto)
also have ... = (a o, f)
using a-type b-type left-coproj-cfunc-coprod by presburger
finally show (a II b o, f x5 g) o. left-coproj X V = (a o. f).
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qed

have right-eq: (a I1 b o, f ¢ g) o right-coproj X V = (b o, g)
proof —
have (a I b o, f iy g) o right-coproj X V = (a I b) o, (f >y g) o, right-coproj
XV
using assms by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = (a II b) o, right-coproj ¥ W o, g
using f-type g-type right-coproj-cfunc-bowtie-prod by auto
also have ... = ((a IT b) o, right-coproj Y W) o, g
using a-type assms(2) cfunc-type-def comp-associative g-type by (typecheck-cfuncs,
auto)
also have ... = (b o, g)

using a-type b-type right-coproj-cfunc-coprod by auto
finally show (a II b o. f >y g) o. right-coproj X V = (b o, g).
qged

show (a II b) o, (f 5 g) = (@ oc f) LT (b 0. g)
using uniqueness left-eq right-eq assms
by (typecheck-cfuncs, auto)
qed

lemma id-bowtie-prod: id(X) >y id(Y) = id(X [[ V)
by (metis cfunc-bowtie-prod-def id-codomain id-coprod id-right-unit2 left-proj-type
right-proj-type)

lemma cfunc-bowtie-prod-comp-cfunc-bowtie-prod:
assumes f : X - Yg: V> Wazx:Y > Sy: W—>T
shows (z >y y) oc (f >y g) = (z oc f) 5 (y oc g)
proof—
have (z 5 y) o. ((left-coproj Y W o, f) II (right-coproj ¥ W o, g))
— (w57 9) oo left-coproj Y W o, f) 1 ((z >y y) o right-coproj ¥ W o, g)
using assms by (typecheck-cfuncs, simp add: cfunc-coprod-comp)

also have ... = (((z >y y) o. left-coproj Y W) o, f) I (((z ><5 y) o right-coproj
Y W) oc g)
using assms by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = ((left-coproj S T o x) o. f) I ((right-coproj S T o, y) o g)

using assms(3,4) left-coproj-cfunc-bowtie-prod right-coproj-cfunc-bowtie-prod
by auto

also have ... = (left-coproj S T o. z o. f) LI (right-coproj S T o, y o g)
using assms by (typecheck-cfuncs, simp add: comp-associative2)
also have ... = (z o, f) ™ (y o g)

using assms cfunc-bowtie-prod-def cfunc-type-def codomain-comp by auto
ultimately show (z >y y) o. (f <5 g) = (z o f) >y (y oc 9)
using assms(1,2) cfunc-bowtie-prod-def2 by auto
qed

lemma cfunc-bowtieprod-epi:
assumes f-type[type-rule]: f : X — Y and g-type[type-rule]l: g : V — W
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assumes f-epi: epimorphism f and g-epi: epimorphism g
shows epimorphism (f >y g)

proof (typecheck-cfuncs, unfold epimorphism-def3, clarify)
fixzy A
assume z-type: : Y [[ W — A
assume y-type: y: Y [[ W — A
assume egs: T o, f Xy g =y o, f X g

obtain z1 z2 where z-expand: © = z1 II z2 and z1-z2-type: z1 : ¥ — A 22 :
W — A
using coprod-decomp z-type by blast
obtain y! y2 where y-expand: y = y1 11 y2 and y1-y2-type: y1 : ¥ — A y2 :
W — A
using coprod-decomp y-type by blast

have (z1 = yI) A (22 = y2)
proof
have z1 o. f = ((z1 U z2) o. left-coproj Y W) o. f
using z1-z2-type left-coproj-cfunc-coprod by auto
also have ... = (21 I 22) o. left-coproj Y W o, f
using assms comp-associative2 z-expand z-type by (typecheck-cfuncs, auto)
also have ... = (21 II 22) o, (f by g) o left-coproj X V
using left-coproj-cfunc-bowtie-prod by (typecheck-cfuncs, force)
also have ... = (yI II y2) o, (f >y g) o left-coproj X V
using assms cfunc-type-def comp-associative eqs z-erpand z-type y-expand
y-type by (typecheck-cfuncs, auto)

also have ... = (y1 II y2) o, left-coproj Y W o, f
using assms by (typecheck-cfuncs, simp add: left-coproj-cfunc-bowtie-prod)
also have ... = ((yI I y2) o, left-coproj Y W) o, f

using assms comp-associative2 y-expand y-type by (typecheck-cfuncs, blast)
also have ... = yI o, f

using yI-y2-type left-coproj-cfunc-coprod by auto
ultimately show z1 = yI

using epimorphism-def3 f-epi f-type x1-z2-type(1) y1-y2-type(1) by fastforce

next

have 22 o. g = ((z1 I 22) o, right-coproj ¥ W) o, g

using z1-z2-type right-coproj-cfunc-coprod by auto
also have ... = (21 I 22) o. right-coproj Y W o. g

using assms comp-associative2 z-expand z-type by (typecheck-cfuncs, auto)
also have ... = (¢1 II 22) o, (f by g) o. right-coproj X V

using right-coproj-cfunc-bowtie-prod by (typecheck-cfuncs, force)
also have ... = (yI II y2) o, (f >y g) o right-coproj X V

using assms cfunc-type-def comp-associative eqs z-erpand z-type y-expand
y-type by (typecheck-cfuncs, auto)

also have ... = (y1 I y2) o, right-coproj ¥ W o, ¢
using assms by (typecheck-cfuncs, simp add: right-coproj-cfunc-bowtie-prod)
also have ... = ((yI II y2) o. right-coproj ¥ W) o. g

using assms comp-associative2 y-expand y-type by (typecheck-cfuncs, blast)
also have ... = y2 o, ¢
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using right-coproj-cfunc-coprod y1-y2-type(1) y1-y2-type(2) by auto
ultimately show z2 = y2
using epimorphism-def3 g-epi g-type x1-z2-type(2) y1-y2-type(2) by fastforce
qed
then show z =y
by (simp add: z-expand y-expand)
qed

lemma cfunc-bowtieprod-ing:
assumes type-assms: f : X - Yg: V> W
assumes f-epi: injective f and g-epi: injective g
shows injective (f >y g)
unfolding injective-def

proof (clarify)
fix 21 22
assume z-type: z1 €. domain (f >y g)
assume y-type: 22 €. domain (f >y g)
assume egs: (f >y g) o z1 = (f >y g) o, 22

have f-bowtie-g-type: (f <y g) : X [[ V= Y [[ W
by (simp add: cfunc-bowtie-prod-type type-assms(1) type-assms(2))

have z-type2: 21 €. X [[ V

using cfunc-type-def f-bowtie-g-type z-type by auto
have y-type2: 22 . X [[ V

using cfunc-type-def f-bowtie-g-type y-type by auto

have z1-decomp: (3 z1. (21 €. X A z1 = left-coproj X V o, z1))
V (3 yl. (yl € V A 21 = right-coproj X V o, y1))
by (simp add: coprojs-jointly-surj x-type2)

have 22-decomp: (3 z2. (22 €. X A 22 = left-coproj X V o, 22))
V (3 y2. (y2 €. V A 22 = right-coproj X V o, y2))
by (simp add: coprojs-jointly-surj y-type2)

show 21 = 22
proof(cases 3 x1. 1 €. X A z1 = left-coproj X V o, 1)
assume casel: zl. 21 €. X N z1 = left-coproj X V o, z1
obtain z1 where zI-def: 1 €. X N z1 = left-coproj X V o, x1
using casel by blast
show 21 = 22
proof(cases 3 12. 22 €. X A 22 = left-coproj X V o. 12)
assume caseA: 3z2. 22 €, X N 22 = left-coproj X V o, z2
show z1 = 22
proof —
obtain z2 where z2-def: 22 €. X N 22 = left-coproj X V o, x2
using caseA by blast
have z1 = 22
proof —
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have left-coproj Y W o, f o, x1 = (left-coproj Y W o, f) o, xl
using cfunc-type-def comp-associative left-proj-type type-assms(1) z1-def
by auto
also have ... =
(((left-coproj Y W o, f) 11 (right-coproj Y W o, g)) o. left-coproj X
V) oc xl
using cfunc-bowtie-prod-def2 left-coproj-cfunc-bowtie-prod type-assms by
auto
also have ... = ((left-coproj Y W o, f) II (right-coproj ¥ W o. g)) o
left-coproj X V o, xl
using comp-associative? type-assms x1-def by (typecheck-cfuncs, fastforce)
also have ... = (f 15 g) o, 21
using cfunc-bowtie-prod-def2 type-assms x1-def by auto
also have ... = (f >5 g) o, 22
by (meson eqgs)
also have ... = ((left-coproj Y W o, f) II (right-coproj ¥ W o. g)) o
left-coproj X V o, z2
using cfunc-bowtie-prod-def2 type-assms(1) type-assms(2) z2-def by auto
also have ... = ((((left-coproj Y W) o f) LI (right-coproj ¥ W o, g)) o
left-coproj X V) o, x2
by (typecheck-cfuncs, meson comp-associative2 type-assms(1) type-assms(2)

x2-def)
also have ... = (left-coproj Y W o, f) o, 22
using cfunc-bowtie-prod-def2 left-coproj-cfunc-bowtie-prod type-assms by
auto
also have ... = left-coproj Y W o, f o, z2

by (metis comp-associative?2 left-proj-type type-assms(1) x2-def)
ultimately have f o, z1 = f o, 22
using cfunc-type-def left-coproj-are-monomorphisms
left-proj-type monomorphism-def type-assms(1) x1-def z2-def by (typecheck-cfuncs,auto)
then show z1 = z2
by (metis cfunc-type-def f-epi injective-def type-assms(1) z1-def z2-def)
qed
then show z1 = 22
by (simp add: z1-def z2-def)
qed
next
assume caseB: #12. 22 €, X A 22 = left-coproj X V o, z2
then obtain y2 where y2-def: (y2 €. V A 22 = right-coproj X V o, y2)
using z2-decomp by blast
have left-coproj Y W o, f o. x1 = (left-coproj Y W o, f) o. z1
using cfunc-type-def comp-associative left-proj-type type-assms(1) z1-def
by auto
also have ... =
(((left-coproj Y W o, f) L1 (right-coproj ¥ W o, g)) o. left-coproj X V')
o, rl
using cfunc-bowtie-prod-def2 left-coproj-cfunc-bowtie-prod type-assms(1)
type-assms(2) by auto
also have ... = ((left-coproj Y W o f) II (right-coproj Y W o, g)) o. left-coproj
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X Vo, zl
using comp-associative2 type-assms(1,2) x1-def by (typecheck-cfuncs, fast-
force)

also have ... = (f >y g) o, 21
using cfunc-bowtie-prod-def2 type-assms x1-def by auto
also have ... = (f > g) o, 22
by (meson egs)
also have ... = ((left-coproj Y W o, f) I (right-coproj ¥ W o. g)) o,

right-coproj X V o, y2

using cfunc-bowtie-prod-def2 type-assms y2-def by auto

also have ... = (((left-coproj Y W o. f) 11 (right-coproj ¥ W o, g)) o,
right-coproj X V) o, y2

by (typecheck-cfuncs, meson comp-associative? type-assms y2-def)

also have ... = (right-coproj Y W o. g) o, y2
using right-coproj-cfunc-coprod type-assms by (typecheck-cfuncs, fastforce)
also have ... = right-coproj Y W o, g o. y2

using comp-associative2 type-assms(2) y2-def by (typecheck-cfuncs, auto)
ultimately have Fulse
using comp-type coproducts-disjoint type-assms x1-def y2-def by auto
then show z1 = 22
by simp
qed
next
assume case2: fxl. 21 €. X A z1 = left-coproj X V o, z1
then obtain y! where yI-def: yI €. V A z1 = right-coproj X V o, yl
using zI-decomp by blast
show z1 = 22
proof(cases 3 z2. 22 €. X A 22 = left-coproj X V o. z2)
assume caseA: 3z2. 22 €. X N 22 = left-coproj X V o, z2
show 21 = 22
proof —
obtain z2 where x2-def: 2 €. X N 22 = left-coproj X V o, z2
using caseA by blast
have left-coproj Y W o, f o, 22 = (left-coproj Y W o, f) o, 22
using comp-associative2 type-assms(1) z2-def by (typecheck-cfuncs, auto)
also have ... =
(((left-coproj Y W o, f) I (right-coproj ¥ W o, g)) o. left-coproj X V)
o. T2
using cfunc-bowtie-prod-def2 left-coproj-cfunc-bowtie-prod type-assms by
auto
also have ... = ((left-coproj Y W o, f) Il (right-coproj ¥ W o, g)) o.
left-coproj X V o, z2
using comp-associative? type-assms z2-def by (typecheck-cfuncs, fastforce)
also have ... = (f i g) o, 22
using cfunc-bowtie-prod-def2 type-assms x2-def by auto
also have ... = (f a5 g) o, 21
by (simp add: eqs)
also have ... = ((left-coproj Y W o. f) II (right-coproj ¥ W o, g)) o.
right-coproj X V o, yl
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using cfunc-bowtie-prod-def2 type-assms y1-def by auto

also have ... = (((left-coproj Y W o, f) I (right-coproj ¥ W o. g)) o,
right-coproj X V) o, yl

by (typecheck-cfuncs, meson comp-associative? type-assms y1-def)

also have ... = (right-coproj Y W o, g) o, yl
using right-coproj-cfunc-coprod type-assms by (typecheck-cfuncs, fastforce)
also have ... = right-coproj Y W o. g o. yl

using comp-associative2 type-assms(2) y1-def by (typecheck-cfuncs, auto)
ultimately have Fulse
using comp-type coproducts-disjoint type-assms z2-def y1-def by auto
then show 21 = 22
by simp
qed
next
assume caseB: Bz2. 22 €, X A 22 = left-coproj X V o, z2
then obtain y2 where y2-def: (y2 €. V A 22 = right-coproj X V o, y2)
using z2-decomp by blast
have yI = y2
proof —
have right-coproj Y W o, g o. yl = (right-coproj Y W o, g) o yl
using comp-associative2 type-assms(2) y1-def by (typecheck-cfuncs, auto)
also have ... =
(((left-coproj Y W o f) 11 (right-coproj Y W o, g)) o. right-coproj X
V) oc yl
using right-coproj-cfunc-coprod type-assms by (typecheck-cfuncs, fastforce)
also have ... = ((left-coproj Y W o, f) II (right-coproj ¥ W o. g)) o
right-coproj X V o, yl1
using comp-associative2 type-assms yl-def by (typecheck-cfuncs, fastforce)
also have ... = (f 5 g) o, 21
using cfunc-bowtie-prod-def2 type-assms y1-def by auto
also have ... = (f >y g) o, 22
by (meson eqs)
also have ... = ((left-coproj Y W o, f) I1 (right-coproj Y W o. g)) o,
right-coproj X V o, y2
using cfunc-bowtie-prod-def2 type-assms y2-def by auto
also have ... = (((left-coproj Y W o, f) I (right-coproj Y W o. g)) o,
right-coproj X V) o, y2
by (typecheck-cfuncs, meson comp-associative? type-assms y2-def)

also have ... = (right-coproj Y W o, g) o, y2
using right-coproj-cfunc-coprod type-assms by (typecheck-cfuncs, fastforce)
also have ... = right-coproj Y W o, g o, y2

using comp-associative2 type-assms(2) y2-def by (typecheck-cfuncs, auto)
ultimately have g o, yI =g o, y2

using cfunc-type-def right-coproj-are-monomorphisms

right-proj-type monomorphism-def type-assms(2) yl-def y2-def by
(typecheck-cfuncs,auto)

then show y1 = y2

by (metis cfunc-type-def g-epi injective-def type-assms(2) y1-def y2-def)

qged
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then show z1 = 22
by (simp add: y1-def y2-def)
qed
qed
ged

lemma cfunc-bowtieprod-inj-converse:
assumes type-assms: f : X - Yg: 72 - W
assumes inj-f-bowtie-g: injective (f >y g)
shows injective f N injective g
unfolding injective-def

proof (safe)
fix x y
assume z-type: ¢ €. domain f
assume y-type: y €. domain f
assume eqs: fo.xz=fo.y

have z-type2: x €. X
using cfunc-type-def type-assms(1) z-type by auto
have y-type2: y €. X
using cfunc-type-def type-assms(1) y-type by auto
have fg-bowtie-tyepe: (f <y ¢) : X [ Z > Y [[ W
using assms by typecheck-cfuncs
have [lift: (f >y g) oc left-coproj X Z o, x = (f by g) o. left-coproj X Z o, y
proof —
have (f >y g) o, left-coproj X Z o, x = ((f >y g) o left-coproj X Z) o,
using z-type2 comp-associative2 fg-bowtie-tyepe by (typecheck-cfuncs, auto)
also have ... = (left-coproj Y W o, f) o. x
using left-coproj-cfunc-bowtie-prod type-assms by auto
also have ... = left-coproj Y W o, f o, x
using z-type2 comp-associative? type-assms(1) by (typecheck-cfuncs, auto)
also have ... = left-coproj Y W o, f o. y
by (simp add: eqs)
also have ... = (left-coproj Y W o, f) o, y
using y-type2 comp-associative? type-assms(1) by (typecheck-cfuncs, auto)
also have ... = ((f >y g) o. left-coproj X Z) o. y
using left-coproj-cfunc-bowtie-prod type-assms(1) type-assms(2) by auto
also have ... = (f 1y g) o, left-coproj X Z o, y
using y-type2 comp-associative? fg-bowtie-tyepe by (typecheck-cfuncs, auto)
finally show ?thesis.
qed
then have monomorphism (f >y g)
using inj-f-bowtie-g injective-imp-monomorphism by auto
then have left-coproj X Z o, x = left-coproj X Z o. y
by (typecheck-cfuncs, metis cfunc-type-def fg-bowtie-tyepe inj-f-bowtie-g injec-
tive-def lift z-type2 y-type2)
then show z =y
using z-type2 y-type2 cfunc-type-def left-coproj-are-monomorphisms left-proj-type
monomorphism-def by auto
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next
fix z y
assume z-type: © €. domain g
assume y-type: y €. domain g
assume eqs: G Oo. T = g o, Y

have z-type2: x €. Z
using cfunc-type-def type-assms(2) z-type by auto
have y-type2: y €. Z
using cfunc-type-def type-assms(2) y-type by auto
have fg-bowtie-tyepe: f <y g : X [ Z =Y [ W
using assms by typecheck-cfuncs
have lift: (f >y g) o, right-coproj X Z o. x = (f >y g) o. right-coproj X Z o y
proof —
have (f >y g) o. right-coproj X Z o. x = ((f >y g) o. right-coproj X Z) o,
using z-type2 comp-associative2 fg-bowtie-tyepe by (typecheck-cfuncs, auto)
also have ... = (right-coproj Y W o, g) o. z
using right-coproj-cfunc-bowtie-prod type-assms by auto
also have ... = right-coproj Y W o, g o. «
using z-type2 comp-associative? type-assms(2) by (typecheck-cfuncs, auto)
also have ... = right-coproj Y W o, g o. y
by (simp add: eqs)
also have ... = (right-coproj Y W o. g) o. y
using y-type2 comp-associative? type-assms(2) by (typecheck-cfuncs, auto)
also have ... = ((f >y g) o right-coproj X Z) o, y
using right-coproj-cfunc-bowtie-prod type-assms(1) type-assms(2) by auto
also have ... = (f >y g) o, right-coproj X Z o. y
using y-type2 comp-associative? fg-bowtie-tyepe by (typecheck-cfuncs, auto)
finally show ?thesis.
qed
then have monomorphism (f >y g)
using inj-f-bowtie-g injective-imp-monomorphism by auto
then have right-coproj X Z o. x = right-coproj X Z o, y
by (typecheck-cfuncs, metis cfunc-type-def fg-bowtie-tyepe inj-f-bowtie-g injec-
tive-def lift z-type2 y-type2)
then show z = y
using z-type2 y-type2 cfunc-type-def right-coproj-are-monomorphisms right-proj-type
monomorphism-def by auto
qed

lemma cfunc-bowtieprod-iso:

assumes type-assms: f : X - Yg: V> W

assumes f-iso: isomorphism f and g-iso: isomorphism g

shows isomorphism (f >y g)

by (typecheck-cfuncs, meson cfunc-bowtieprod-epi cfunc-bowtieprod-inj epi-mon-is-iso
f-iso g-iso injective-imp-monomorphism iso-imp-epi-and-monic monomorphism-imp-injective
singletonl assms)

lemma cfunc-bowtieprod-surj-converse:
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assumes type-assms: f : X = Yg: 2 - W
assumes inj-f-bowtie-g: surjective (f >y g)
shows surjective f A surjective g
unfolding surjective-def
proof (safe)
fix y
assume y-type: y €. codomain f
then have y-type2: y €. Y
using cfunc-type-def type-assms(1) by auto
then have coproj-y-type: left-coproj Y W o,y €. Y[ W
by typecheck-cfuncs
have fg-type: (f<y ¢) : X[ Z Y ][ W
using assms by typecheck-cfuncs
obtain zz where zz-def: zz €. X [[ Z A (f >y g) oc 2z = left-coproj Y W o,
Y
using fg-type y-type2 cfunc-type-def inj-f-bowtie-g surjective-def by (typecheck-cfuncs,
auto)
then have zz-form: (3 z. x €. X A left-coproj X Z o, x = az) V
(3 z. 2z €. Z A right-coproj X Z o, z = zz)
using coprojs-jointly-surj zz-def by (typecheck-cfuncs, blast)
show 3 z. z €. domain f N fo. z =1y
proof(cases 3 z. z €. X A left-coproj X Z o, x = x2)
assume 3 z. z €. X A left-coproj X Z o, © = zz
then obtain z where z-def: © €. X A left-coproj X Z o, © = xz
by blast
have fo,z =y
proof —
have left-coproj Y W o. y = (f by g) 0. z2
by (simp add: zz-def)

also have ... = (f >y g) o, left-coproj X Z o, «
by (simp add: x-def)
also have ... = ((f > g) o. left-coproj X Z) o. x
using comp-associative? fg-type x-def by (typecheck-cfuncs, auto)
also have ... = (left-coproj Y W o, f) o, x
using left-coproj-cfunc-bowtie-prod type-assms by auto
also have ... = left-coproj Y W o, f o, x

using comp-associative2 type-assms(1) z-def by (typecheck-cfuncs, auto)
ultimately show f o, z = y
using type-assms(1) x-def y-type2
by (typecheck-cfuncs, metis cfunc-type-def left-coproj-are-monomorphisms
left-proj-type monomorphism-def z-def)
qed
then show ?thesis
using cfunc-type-def type-assms(1) z-def by auto
next
assume Az. © €. X A left-coproj X Z o, x = a2
then obtain z where 2-def: z €. Z A right-coproj X Z o, z = zz
using zz-form by blast
have Fulse
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proof —
have left-coproj Y W o. y = (f by g) oc 22
by (simp add: zz-def)

also have ... = (f >y g) o, right-coproj X Z o, z
by (simp add: z-def)
also have ... = ((f > g) o, right-coproj X Z) o, z
using comp-associative? fg-type z-def by (typecheck-cfuncs, auto)
also have ... = (right-coproj Y W o. g) o. z
using right-coproj-cfunc-bowtie-prod type-assms by auto
also have ... = right-coproj Y W o, g o, z

using comp-associative2 type-assms(2) z-def by (typecheck-cfuncs, auto)
ultimately show Fulse
using comp-type coproducts-disjoint type-assms(2) y-type2 z-def by auto
qed
then show “thesis
by simp
qed
next
fix y
assume y-type: y €. codomain g
then have y-type2: y €. W
using cfunc-type-def type-assms(2) by auto
then have coproj-y-type: (right-coproj ¥ W) o, y €. (Y [[ W)
using cfunc-type-def comp-type right-proj-type type-assms(2) by auto
have fg-type: (f <y 9) : X [[ Z = Y ][ W
by (simp add: cfunc-bowtie-prod-type type-assms)
obtain zz where zz-def: zz €. X [ Z A (f >y g) o. xz = right-coproj Y W o,
Y
using fg-type y-type2 cfunc-type-def inj-f-bowtie-g surjective-def by (typecheck-cfuncs,
auto)
then have zz-form: (3 z. © €. X A left-coproj X Z o, x = xzz) V
(3 2. 2z €. Z A right-coproj X Z o, z = x2)
using coprojs-jointly-surj xz-def by (typecheck-cfuncs, blast)
show Jz. z €. domain g AN go. z =y
proof(cases 3 z. z €. X A left-coproj X Z o, x = z2)
assume 3 z. © €. X A left-coproj X Z o, © = 2z
then obtain z where z-def: © €. X A left-coproj X Z o, © = w2
by blast
have Fulse
proof —
have right-coproj Y W o, y = (f >y g) oc 2z
by (simp add: xz-def)

also have ... = (f > g) o, left-coproj X Z o, «
by (simp add: z-def)
also have ... = ((f >y g) o¢ left-coproj X Z) o,
using comp-associative? fg-type x-def by (typecheck-cfuncs, auto)
also have ... = (left-coproj Y W o, f) o, x
using left-coproj-cfunc-bowtie-prod type-assms by auto
also have ... = left-coproj Y W o. f o. x
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using comp-associative2 type-assms(1) z-def by (typecheck-cfuncs, auto)
ultimately show Fulse
by (metis comp-type coproducts-disjoint type-assms(1) z-def y-type2)
qed
then show ?thesis
by simp
next
assume Az. z €. X A left-coproj X Z o, x = a2
then obtain z where 2-def: z €. Z A right-coproj X Z o, z = xz
using zz-form by blast
have g o, z = y
proof —
have right-coproj ¥ W o, y = (f >y g) o. 22
by (simp add: zz-def)

also have ... = (f 1y g) o, right-coproj X Z o, z
by (simp add: z-def)
also have ... = ((f > g) o, right-coproj X Z) o, z
using comp-associative? fg-type z-def by (typecheck-cfuncs, auto)
also have ... = (right-coproj Y W o. g) o. z
using right-coproj-cfunc-bowtie-prod type-assms by auto
also have ... = right-coproj ¥ W o, g o, z

using comp-associative2 type-assms(2) z-def by (typecheck-cfuncs, auto)
ultimately show ?thesis
by (metis cfunc-type-def codomain-comp monomorphism-def
right-coproj-are-monomorphisms right-proj-type type-assms(2) y-typel
z-def)
qed
then show ?thesis
using cfunc-type-def type-assms(2) z-def by auto
qed
qed

9.3 Boolean Cases

definition case-bool :: cfunc where
case-bool = (THE f. f : Q@ — (1 ]] 1) A
tIf)o. f=id QA fo. (tTf)=1dd (1L]] 1))

lemma case-bool-def2:
case-bool : @ — (L] 1) A
(t IT f) o, case-bool = id Q2 A case-bool o, (t 11 f) =id (1 ][] 1)
unfolding case-bool-def
proof (rule thel’, safe)
show 3z. 2 : Q =5 1J[ 1At Tfo,z=4d. QAN z o, t TIf=14id. (L]] 1)
unfolding isomorphism-def
using isomorphism-def3 truth-value-set-iso-1ul by (typecheck-cfuncs, blast)
next
fix x y
assume z-type[type-rule]: z : @ — 1 [] 1 and y-type[type-rule]: y: @ = 1 ][] 1
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assume z-left-inv: t 11 f o, x = id. Q)
assume z o, t I f =did. (1] 1) yo. t I f=1dd. (L]] 1)
then have r o, t I f = y o, t IT {

by auto
then have r o, t I fo, z =y o, t I f o, z

by (typecheck-cfuncs, auto simp add: comp-associative?)
then show z = y

using id-right-unit2 z-left-inv by (typecheck-cfuncs-prems, auto)

qed

lemma case-bool-type[type-rule]:
case-bool : 1 — 1 ]] 1
using case-bool-def2 by auto

lemma case-bool-true-coprod-false:
case-bool o, (t 11 f) =4d (1 J] 1)
using case-bool-def2 by auto

lemma true-coprod-false-case-bool:
(t I f) o, case-bool = id
using case-bool-def2 by auto

lemma case-bool-iso:
isomorphism case-bool
using case-bool-def2 unfolding isomorphism-def
by (intro exl[where z=t II {], typecheck-cfuncs, auto simp add: cfunc-type-def)

lemma case-bool-true-and-false:
(case-bool o, t = left-coproj 1 1) A (case-bool o, f = right-coproj 1 1)
proof —
have (left-coproj 1 1) IT (right-coproj 1 1) = id(1 [] 1)
by (simp add: id-coprod)

also have ... = case-bool o, (t 1T f)
by (simp add: case-bool-def2)
also have ... = (case-bool o, t) II (case-bool o, f)

using case-bool-def2 cfunc-coprod-comp false-func-type true-func-type by auto
ultimately show %thesis
using coprod-eq2 by (typecheck-cfuncs, auto)
qed

lemma case-bool-true:

case-bool o, t = left-coproj 1 1

by (simp add: case-bool-true-and-false)
lemma case-bool-false:

case-bool o. f = right-coproj 1 1

by (simp add: case-bool-true-and-false)

lemma coprod-case-bool-true:
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assumes zl €. X
assumes z2 €, X
shows (z1 II 22 o, case-bool) o, t = x1
proof —
have (z1 1T 22 o, case-bool) o. t = (z1 11 x2) o. case-bool o. t
using assms by (typecheck-cfuncs , simp add: comp-associative2)

also have ... = (21 II z2) o. left-coproj 1 1
using assms case-bool-true by presburger
also have ... = z1

using assms left-coproj-cfunc-coprod by force
finally show %thesis.
qed

lemma coprod-case-bool-false:
assumes 1 €. X
assumes 72 €. X
shows (z1 II 22 o, case-bool) o, f = x2
proof —
have (21 II 22 o, case-bool) o, f = (x1 I z2) o, case-bool o, f
using assms by (typecheck-cfuncs , simp add: comp-associative2)

also have ... = (z1 1T 22) o. right-coproj 1 1
using assms case-bool-false by presburger
also have ... = 22

using assms right-coproj-cfunc-coprod by force
finally show ?thesis.
qed

9.4 Distribution of Products over Coproducts

9.4.1 Factor Product over Coproduct on Left

definition factor-prod-coprod-left :: cset = cset = cset = cfunc where
factor-prod-coprod-left A B C = (id A X left-coproj B C) I (id A Xy right-coproj
B ()

lemma factor-prod-coprod-left-type[type-rule]:
factor-prod-coprod-left A B C : (A x. B) [] (A x. C) = A x. (B]] C)
unfolding factor-prod-coprod-left-def by typecheck-cfuncs

lemma factor-prod-coprod-left-ap-left:

assumes a €. A b €. B

shows factor-prod-coprod-left A B C o, left-coproj (A x. B) (A x. C) o, (a, b)
= (a, left-coproj B C o, b)

unfolding factor-prod-coprod-left-def using assms

by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod comp-associative?
id-left-unit2 left-coproj-cfunc-coprod)

lemma factor-prod-coprod-left-ap-right:

assumes a €. A c €. C
shows factor-prod-coprod-left A B C o, right-coproj (A x. B) (A x. C) o, {(a,
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¢) = (a, right-coproj B C o. c)

unfolding factor-prod-coprod-left-def using assms

by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod comp-associative?
id-left-unit2 right-coproj-cfunc-coprod)

lemma factor-prod-coprod-left-mono:
monomorphism (factor-prod-coprod-left A B C')
proof —
obtain ¢ where p-def: ¢ = (id A xy left-coproj B C') I (id A x ¢ right-coproj
B C) and
p-type[type-rule]: ¢ : (A x. B) [] (A x. C) = A x. (B[] ©)
by (typecheck-cfuncs, simp)

have injective: injective(ip)
unfolding injective-def

proof (clarify)
fix zy
assume z-type: €, domain ¢
assume y-type: y €. domain
assume equal: ¢ o. T = @ o. Y

have z-type[type-rule]: z €. (A x. B) [] (4 x. O)
using cfunc-type-def p-type z-type by auto
then have z-form: (3 z’. ' €. A X, B A x = (left-coproj (A x. B) (A X,
C)) oc z’)
V (32’2 €. A x. C Az = (right-coproj (A x. B) (A x. C)) o, z')
by (simp add: coprojs-jointly-surj)
have y-type[type-rule]: y €. (A x. B) [] (4 x. O)
using cfunc-type-def @-type y-type by auto
then have y-form: (3 y’. y' €. A x. B A y = (left-coproj (A x. B) (A X,
C)) oc y')
V 3y y € A x. CAy= (right-coproj (A x. B) (A x. C)) o y’)
by (simp add: coprojs-jointly-surj)

show z = y
proof(cases (3 z'. 2’ €. A x. B A & = (left-coproj (A x. B) (A x. C)) o,
z’))
assume 3 z’. 2’ €, A x. B Az = (left-coproj (A x. B) (A x. C)) o, x’
then obtain z’ where z'-def[type-rule]: ' €. A X, B z = left-coproj (A X,
B) (A x. C) o, z’
by blast
then have ab-exists: 3 a b. a €. AN b €. B Az’ =(a,b)
using cart-prod-decomp by blast
then obtain a b where ab-def|[type-rule]: a €. A b €. B z' =(a,b)
by blast
show z = y
proof(cases 3 y'. y' €. A x. B Ay = (left-coproj (A x. B) (A x. C)) o,
y')
assume 3 y'. y' €. A x. B A y = (left-coproj (A x. B) (A x. C)) oc y'
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then obtain y’ where y’-def: y’' €. A x. By = left-coproj (A x. B) (A
xe C) oc y'
by blast
then have ab-exists: 3 o’ b’. o’ €. ANV €. B Ay’ =(a’b’)
using cart-prod-decomp by blast
then obtain a’ b’ where a’b’-def[type-rule]: o’ €. A b’ €. By’ =(a’,b")
by blast
have equal-pair: {a, left-coproj B C o, b) = (a’, left-coproj B C o b’)
proof —
have (a, left-coproj B C o, b) = (id A o, a, left-coproj B C o. b)
using ab-def id-left-unit2 by force

also have ... = (id A x; left-coproj B C) o. (a, b)
by (smt ab-def cfunc-cross-prod-comp-cfunc-prod id-type left-proj-type)
also have ... = (¢ o. left-coproj (A x. B) (A x. C)) o, {a, b)
unfolding ¢-def using left-coproj-cfunc-coprod by (typecheck-cfuncs,
auto)
also have ... = p o, z
using ab-def comp-associative2 x'-def by (typecheck-cfuncs, fastforce)
also have ... = p o, y
by (simp add: local.equal)
also have ... = (¢ o. left-coproj (A x. B) (A x. C)) o. (a’, b")
using a’b’-def comp-associative2 p-type y’-def by (typecheck-cfuncs,
blast)
also have ... = (id A xy left-coproj B C') o. ( a’, b’
unfolding ¢-def using left-coproj-cfunc-coprod by (typecheck-cfuncs,
auto)
also have ... = (id A o. a’, left-coproj B C o, b")
using a’b’-def cfunc-cross-prod-comp-cfunc-prod by (typecheck-cfuncs,
auto)

also have ... = (a’, left-coproj B C o, b’
using a’b’-def id-left-unit2 by force
finally show (a, left-coproj B C o, b) = (a’, left-coproj B C o, b’).
qed
then have a-equal: a = a’ A left-coproj B C o. b = left-coproj B C o, b’
using a’b’-def ab-def cart-prod-eq2 equal-pair by (typecheck-cfuncs, blast)
then have b-equal: b = b’
using a’b’-def a-equal ab-def left-coproj-are-monomorphisms left-proj-type
monomorphism-def3 by blast
then show z = y
by (simp add: a’b’-def a-equal ab-def z'-def y’-def)
next
assume Py’ y’' €. A x. B A y = left-coproj (A x. B) (A x. C) o. y’
then obtain y’ where y’-def: y’' €. A x. C'y = right-coproj (A x. B) (A
xe C) oc y'
using y-form by blast
then obtain o’ ¢/ where a’c’-def: o’ €. A ¢/ €. Cy’' =(a’,c’)
by (meson cart-prod-decomp)
have equal-pair: (a, (left-coproj B C) o, b) = (a’, right-coproj B C o, c’)
proof —
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have (a, left-coproj B C o, by = {(id A o. a, left-coproj B C o, b)
using ab-def id-left-unit2 by force

also have ... = (id A xy left-coproj B C) o, (a, b)

by (smt ab-def cfunc-cross-prod-comp-cfunc-prod id-type left-proj-type)
also have ... = (¢ o, left-coproj (A x. B) (A x. C)) o, {a, b)
unfolding y-def using left-coproj-cfunc-coprod by (typecheck-cfuncs, auto)
also have ... = p o, z
using ab-def comp-associative2 @-type z'-def by (typecheck-cfuncs, fastforce)
also have ... = p o, y

by (simp add: local.equal)
also have ... = (¢ o, right-coproj (A x. B) (A x. C)) o, {(a’, ¢/)

using a’c’-def comp-associative2 y'-def by (typecheck-cfuncs, blast)

also have ... = (id A xy right-coproj B C) o, (a’, ¢’)

unfolding p-def using right-coproj-cfunc-coprod by (typecheck-cfuncs,
auto)

also have ... = (id A o. o', right-coproj B C o. c')
using a’c’-def cfunc-cross-prod-comp-cfunc-prod by (typecheck-cfuncs,auto)
also have ... = (a’, right-coproj B C o, ¢’)

using a’c’-def id-left-unit2 by force
finally show (a, left-coproj B C o, b) = (a’, right-coproj B C o, c¢’).
qed
then have impossible: left-coproj B C o. b = right-coproj B C o, ¢’
using a’c’-def ab-def element-pair-eq equal-pair by (typecheck-cfuncs, blast)
then show z = y
using a’c’-def ab-def coproducts-disjoint by blast
qged
next
assume Bz’ 2’ €. A x, B A x = left-coproj (A x. B) (A x. C) o, z'
then obtain z’ where z'-def: 2’ €. A X, C z = right-coproj (A x. B) (A X,
C) o, z'
using z-form by blast
then have ac-exists: 3 ac. a €c AN c €. C Az’ =(a,c)
using cart-prod-decomp by blast
then obtain a ¢ where ac-def: a €. A ¢ €. C 2’ =(a,c)
by blast
show z =y
proof(cases 3 y'. y' €. A X, B A y = left-coproj (A x. B) (A x. C) o, y')
assume 3 y’. y' €. A x. B A y = left-coproj (A x. B) (A x. C) o. y'
then obtain y’ where y'-def: y' €. A x. B A y = left-coproj (A x. B) (A
xe C) oc y'
by blast
then obtain o’ b’ where a’b’-def: o’ €. A AN b’ €. B A y' =(a’,b’)
using cart-prod-decomp y'-def by blast
have equal-pair: (a, right-coproj B C o. ¢) = {(a’, left-coproj B C o, b")
proof —
have (a, right-coproj B C o, ¢) = (id(A) o. a, right-coproj B C o, c)
using ac-def id-left-unit2 by force
also have ... = (id A X right-coproj B C') o, (a, c)
by (smt ac-def cfunc-cross-prod-comp-cfunc-prod id-type right-proj-type)
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also have ... = (¢ o, right-coproj (A x. B) (A x. C)) o. {a, ¢)
unfolding -def using right-coproj-cfunc-coprod by (typecheck-cfuncs,

auto)
also have ... = p o, z
using ac-def comp-associative2 p-type x'-def by (typecheck-cfuncs, fastforce)
also have ... = p o, y

by (simp add: local.equal)
also have ... = (¢ o, left-coproj (A x. B) (A x. C)) o, (a’, b")
using a’b’-def comp-associative2 p-type y’-def by (typecheck-cfuncs, blast)
also have ... = (id A x; left-coproj B C) o, {(a’, b’)
unfolding y-def using left-coproj-cfunc-coprod by (typecheck-cfuncs, auto)
also have ... = (id A o. a’, left-coproj B C o, b’
using a’b’-def cfunc-cross-prod-comp-cfunc-prod by (typecheck-cfuncs,auto)
also have ... = (a’, left-coproj B C o, b’)
using a’b’-def id-left-unit2 by force
finally show (a, right-coproj B C o. ¢) = {a’, left-coproj B C o, b’).
qed
then have impossible: right-coproj B C o, ¢ = left-coproj B C o. b’
using a’b’-def ac-def cart-prod-eq2 equal-pair by (typecheck-cfuncs, blast)
then show z =y
using a’b’-def ac-def coproducts-disjoint by force
next
assume Py’ y’' €. A x. B A y = left-coproj (A x. B) (A x, C) o. y’
then obtain y’ where y'-def: y' €. (A x. C) A y = right-coproj (A X,
B) (A x. C) o. ¢’
using y-form by blast
then obtain a’ ¢’ where a’c’-def: o’ €. A ¢’ €. Cy' =(a’,c’)
using cart-prod-decomp by blast
have equal-pair: {a, right-coproj B C o, ¢) = (a’, right-coproj B C o, ¢’)
proof —
have (a, right-coproj B C o. ¢) = (id A o. a, right-coproj B C o, c)
using ac-def id-left-unit2 by force

also have ... = (id A x; right-coproj B C) o, (a, c)
by (smt ac-def cfunc-cross-prod-comp-cfunc-prod id-type right-proj-type)
also have ... = (¢ o. right-coproj (A x. B) (A x. C)) o, (a, ¢)
unfolding ¢-def using right-coproj-cfunc-coprod by (typecheck-cfuncs,
auto)
also have ... = p o, z
using ac-def comp-associative2 o-type z'-def by (typecheck-cfuncs,
fastforce)
also have ... = p o, y
by (simp add: local.equal)
also have ... = (¢ o. right-coproj (A x. B) (A x. C)) o, {(a’, ¢/)
using a’c’-def comp-associative2 p-type y'-def by (typecheck-cfuncs,
blast)
also have ... = (id A xy right-coproj B C) o. (a’, ¢’)
unfolding ¢-def using right-coproj-cfunc-coprod by (typecheck-cfuncs,
auto)

also have ... = (id A o. a’, right-coproj B C o, ¢
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using a’c’-def cfunc-cross-prod-comp-cfunc-prod by (typecheck-cfuncs,auto)
also have ... = (a’, right-coproj B C o, ¢’)

using a’c’-def id-left-unit2 by force

finally show (a, right-coproj B C o. ¢) = (a’, right-coproj B C o. c¢’).

qged
then have a-equal: a = a’ N\ right-coproj B C o, ¢ = right-coproj B C o, ¢
using a’c’-def ac-def element-pair-eq equal-pair by (typecheck-cfuncs, blast)
then have c-equal: ¢ = ¢’
using a’c’-def a-equal ac-def right-coproj-are-monomorphisms right-proj-type
monomorphism-def3 by blast
then show z = y
by (simp add: a’c’-def a-equal ac-def z’-def y’-def)
qed
qed
qged
then show monomorphism (factor-prod-coprod-left A B C)
using @-def factor-prod-coprod-left-def injective-imp-monomorphism by fast-
force
qed

/

lemma factor-prod-coprod-left-epi:
epimorphism (factor-prod-coprod-left A B C)
proof —
obtain ¢ where @-def: ¢ = (id A Xy left-coproj B C') 11 (id A x s right-coproj
B () and
p-type[type-rule]: ¢ : (A x. B) [] (A x. C) = A x. (B[] ©)
by (typecheck-cfuncs, simp)
have surjective: surjective((id A X left-coproj B C) 11 (id A xy right-coproj B
@)
unfolding surjective-def
proof (clarify)
fix y
assume y-type: y €. codomain ((id. A xj left-coproj B C) 1I (id. A Xy
right-coproj B C'))
then have y-type2: y €. A x. (B[] C)
using @-def p-type cfunc-type-def by auto
then obtain ¢ where a-def: 3 be. a €. AN bec €. B][ C Ay = (a,bc)
by (meson cart-prod-decomp)
then obtain bc where be-def: be €. (B[] C) A y = {a,bc)
by blast
have be-form: (3 b. b €. B A be = left-coproj B C o, b) V (3 ¢. ¢ €. C A be
= right-coproj B C o, ¢)
by (simp add: be-def coprojs-jointly-sury)
have domain-is: (A x. B) [[ (A x. C) = domain ((id. A xy left-coproj B C)
I (id. A xy right-coproj B C))
by (typecheck-cfuncs, simp add: cfunc-type-def)
show 3z. z €, domain ((id. A x; left-coproj B C') II (id. A X right-coproj
B (C)) A
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(ide A x¢ left-coproj B C) Il (id. A X right-coproj B C) o, x =y
proof(cases 3 b. b €. B A be = left-coproj B C o, b)
assume casel: 3b. b €. B A bc = left-coproj B C o, b
then obtain b where b-def: b €. B A\ bc = left-coproj B C o, b
by blast
then have ab-type: (a, b) €. (A x. B)
using a-def b-def by (typecheck-cfuncs, blast)
obtain z where z-def: x = left-coproj (A x. B) (A x. C) o. {(a, b)
by simp
have z-type: x €. domain ((id. A Xy left-coproj B C) 11 (id. A X right-coproj
B C))
using ab-type cfunc-type-def codomain-comp domain-comp domain-is left-proj-type
z-def by auto
have y-def2: y = (a,left-coproj B C o, b)
by (simp add: b-def be-def)
have y = (id(A) x; left-coproj B C) o {a,b)
using a-def b-def cfunc-cross-prod-comp-cfunc-prod id-left-unit2 y-def2 by
(typecheck-cfuncs, auto)

also have ... = (¢ o, left-coproj (A x. B) (A x. C)) o, {(a, b)
unfolding ¢-def by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
also have ... = p o,

using -type z-def ab-type comp-associative2 by (typecheck-cfuncs, auto)
ultimately show 3z. z €, domain ((id. A xs left-coproj B C) 11 (id. A x
right-coproj B C)) A
(ide A x¢ left-coproj B C) 11 (id. A x ¢ right-coproj B C') o, x =y
using ¢-def z-type by auto
next
assume #b. b €. B A be = left-coproj B C o, b
then have case2: 3 ¢. ¢ €. C A be = (right-coproj B C o c)
using bc-form by blast
then obtain ¢ where c-def: ¢ €. C A be = right-coproj B C o, ¢
by blast
then have ac-type: (a, c) €. (A x. C)
using a-def c-def by (typecheck-cfuncs, blast)
obtain z where z-def: x = right-coproj (A x. B) (A x. C) o, (a, c)
by simp
have z-type: © €. domain ((id. A Xy left-coproj B C) 11 (id. A X right-coproj
B C)
using ac-type cfunc-type-def codomain-comp domain-comp domain-is right-proj-type
z-def by auto
have y-def2: y = (a,right-coproj B C o, ¢)
by (simp add: c-def be-def)
have y = (id(A) x; right-coproj B C') o {(a,c)
using a-def c-def cfunc-cross-prod-comp-cfunc-prod id-left-unit2 y-def2 by
(typecheck-cfuncs, auto)

also have ... = (¢ o, right-coproj (A x. B) (A x. C)) o, {(a, c)
unfolding ¢-def using right-coproj-cfunc-coprod by (typecheck-cfuncs, auto)
also have ... = p o, =

using -type z-def ac-type comp-associative2 by (typecheck-cfuncs, auto)
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ultimately show 3z. z €, domain ((id. A x¢ left-coproj B C) 11 (id. A %
right-coproj B C)) A
(ide A x5 left-coproj B C) I (id. A x ¢ right-coproj B C) o. x =y
using ¢-def z-type by auto
qed
qed
then show epimorphism (factor-prod-coprod-left A B C)
by (simp add: factor-prod-coprod-left-def surjective-is-epimorphism)
qed

lemma dist-prod-coprod-iso:
isomorphism(factor-prod-coprod-left A B C)
by (simp add: factor-prod-coprod-left-epi factor-prod-coprod-left-mono epi-mon-is-iso)

The lemma below corresponds to Proposition 2.5.10 in Halvorson.

lemma prod-distribute-coprod:

Ax. (X[TY)=2(Ax. X)]] (A x.7Y)

using dist-prod-coprod-iso factor-prod-coprod-left-type is-isomorphic-def isomor-
phic-is-symmetric by blast

9.4.2 Distribute Product over Coproduct on Left

definition dist-prod-coprod-left :: cset = cset = cset = cfunc where
dist-prod-coprod-left A B C = (THEf. f: Ax.(B]] C) = (A x.B) ][] (4
X C)
A f o factor-prod-coprod-left A B C = id ((A X,
A factor-prod-coprod-left A B C o, f = id (A X, (

B 11 (4 %, C)
BII C)))
lemma dist-prod-coprod-left-def2:
shows dist-prod-coprod-left A B C : A x. (B]] C) = (A x. B) ][ (A x. C)
A dist-prod-coprod-left A B C o factor-prod-coprod-left A B C = id ((A X, B)
I (A% 0))
A factor-prod-coprod-left A B C o, dist-prod-coprod-left A B C' = id (A x. (B
I ¢))
unfolding dist-prod-coprod-left-def
proof (rule thel’, safe)
show 3z.2: A X, B]] C = (A x.B) ] A x. CA
z o, factor-prod-coprod-left A B C = id. (A x. B) [[ 4 x. C) A
factor-prod-coprod-left A B C o, x = id. (A x. B]] C)
using dist-prod-coprod-isolwhere A=A, where B=B, where C=C|] unfolding
isomorphism-def
by (typecheck-cfuncs, auto simp add: cfunc-type-def)
then obtain inv where inv-type: inv : A x. B[] C —- (A x. B) [ A x. C
and
inv-left: inv o, factor-prod-coprod-left A B C = id. ((A x. B) [[ A x. C)
and
inv-right: factor-prod-coprod-left A B C o, inv = id. (A x. B[] C)
by auto

fix zy
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assume z-type: ©: A X, B][ C = (A x. B)[] A x. C
assume y-type: y: A x. B[] C = (A x. B) ][] A x. C

assume z o, factor-prod-coprod-left A B C = id. ((A x. B) [[ A x. C)
and y o, factor-prod-coprod-left A B C' = id. ((A x. B) [[ A x. C)
then have z o, factor-prod-coprod-left A B C = y o, factor-prod-coprod-left A
BC
by auto
then have (z o, factor-prod-coprod-left A B C') o, inv = (y o, factor-prod-coprod-left
A B C) o, inv
by auto
then have zx o, factor-prod-coprod-left A B C o, inv = y o, factor-prod-coprod-left
A B C o, inv
using inv-type z-type y-type by (typecheck-cfuncs, auto simp add: comp-associative?2)
then have z o, id, (A x. B[ C) =yo.id. (A x. B[] C)
by (simp add: inv-right)
then show z = y
using id-right-unit2 z-type y-type by auto
qed

lemma dist-prod-coprod-left-type[type-rule]:
dist-prod-coprod-left A B C : A x. (B[] C) = (4 x. B) ] (4 x. C)
by (simp add: dist-prod-coprod-left-def2)

lemma dist-factor-prod-coprod-left:

dist-prod-coprod-left A B C o, factor-prod-coprod-left A B C = id ((A x. B) []
(4 x. C))

by (simp add: dist-prod-coprod-left-def2)

lemma factor-dist-prod-coprod-left:

factor-prod-coprod-left A B C o, dist-prod-coprod-left A B C' = id (A x. (B[]
)

by (simp add: dist-prod-coprod-left-def2)

lemma dist-prod-coprod-left-iso:

isomorphism(dist-prod-coprod-left A B C')

by (metis factor-dist-prod-coprod-left dist-prod-coprod-left-type dist-prod-coprod-iso
factor-prod-coprod-left-type id-isomorphism id-right-unit2 id-type isomorphism-sandwich)

lemma dist-prod-coprod-left-ap-left:

assumes a €. A b €. B

shows dist-prod-coprod-left A B C o. {a,left-coproj B C o. b) = left-coproj (A
Xc B) (A x. C) o {(a,b)

using assms by (typecheck-cfuncs, smt comp-associative2 dist-prod-coprod-left-def2
factor-prod-coprod-left-ap-left factor-prod-coprod-left-type id-left-unit2)

lemma dist-prod-coprod-left-ap-right:

assumes a €. A c €. C
shows dist-prod-coprod-left A B C o, {a,right-coproj B C o. ¢) = right-coproj (A
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X B) (A x. C) o, {a,c)
using assms by (typecheck-cfuncs, smt comp-associative2 dist-prod-coprod-left-def2
factor-prod-coprod-left-ap-right factor-prod-coprod-left-type id-left-unit2)

9.4.3 Factor Product over Coproduct on Right

definition factor-prod-coprod-right :: cset = cset = cset = cfunc where
factor-prod-coprod-right A B C' = swap C (A ][] B) o. factor-prod-coprod-left C
A B o, (swap A C vy swap B C)

lemma factor-prod-coprod-right-type[type-rule]:
factor-prod-coprod-right A B C : (A x. C) ][ (B x. C) = (A]] B) x. C
unfolding factor-prod-coprod-right-def by typecheck-cfuncs

lemma factor-prod-coprod-right-ap-left:
assumes a €, A c €. C
shows factor-prod-coprod-right A B C o (left-coproj (A x. C) (B x. C) o, {(a,
¢)) = (left-coproj A B o. a, c)
proof —
have factor-prod-coprod-right A B C o, (left-coproj (A x. C) (B x. C) o. {(a,
c))
= (swap C (A ][ B) oc factor-prod-coprod-left C' A B o. (swap A C <y swap
B C)) o (left-coproj (A x. C) (B x, C) o, {a, c))
unfolding factor-prod-coprod-right-def by auto
also have ... = swap C (A [[ B) o. factor-prod-coprod-left C A B o. ((swap A
c Xy swap B C) Oc left-coproj (A Xe O) (B Xe C)) Oc <a'7 C>
using assms by (typecheck-cfuncs, smt comp-associative?)
also have ... = swap C (A ][ B) o, factor-prod-coprod-left C' A B o, (left-coproj
(C %o A) (C % B) o, swap A C) o, (a, ¢)
using assms by (typecheck-cfuncs, auto simp add: left-coproj-cfunc-bowtie-prod)
also have ... = swap C (A ][] B) o. factor-prod-coprod-left C' A B o, left-coproj
(C x. A) (C X B) o. swap A C o, {(a, c)
using assms by (typecheck-cfuncs, auto simp add: comp-associative?)
also have ... = swap C (A [] B) o factor-prod-coprod-left C' A B o, left-coproj
(C x. A) (C x. B) o, {c, a)
using assms swap-ap by (typecheck-cfuncs, auto)

also have ... = swap C (A ][ B) o. (¢, left-coproj A B o, a)
using assms by (typecheck-cfuncs, simp add: factor-prod-coprod-left-ap-left)
also have ... = (left-coproj A B o. a, c)

using assms swap-ap by (typecheck-cfuncs, auto)
finally show ?thesis.
qed

lemma factor-prod-coprod-right-ap-right:

assumes b €. Bc e, C

shows factor-prod-coprod-right A B C o, right-coproj (A x. C) (B x. C) o, (b,
¢) = (right-coproj A B o. b, c)
proof —

have factor-prod-coprod-right A B C o, right-coproj (A x. C) (B x. C) o, (b,
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c
)
= (swap C (A ][ B) oc factor-prod-coprod-left C' A B o. (swap A C <y swap
B () o. (right-coproj (A x. C) (B X, C) o. (b, c))
unfolding factor-prod-coprod-right-def by auto
also have ... = swap C (A [[ B) o. factor-prod-coprod-left C A B o. ((swap A
C >y swap B C) o right-coproj (A x. C) (B X, C)) oc (b, c)
using assms by (typecheck-cfuncs, smt comp-associative?)
also have ... = swap C (A [ B) o, factor-prod-coprod-left C A B o, (right-coproj
(C %o A) (C %o B) o0 swap B C) o, (b, ¢)
using assms by (typecheck-cfuncs, auto simp add: right-coproj-cfunc-bowtie-prod)
also have ... = swap C (A ][] B) o. factor-prod-coprod-left C A B o. right-coproj
(C x. A) (C x. B) o. swap B C o, (b, c)
using assms by (typecheck-cfuncs, auto simp add: comp-associative?)
also have ... = swap C (A ][] B) o, factor-prod-coprod-left C A B o, right-coproj
(C x. A) (C %, B) o {c, b)
using assms swap-ap by (typecheck-cfuncs, auto)

also have ... = swap C (A [] B) o. {c, right-coproj A B o. b)
using assms by (typecheck-cfuncs, simp add: factor-prod-coprod-left-ap-right)
also have ... = (right-coproj A B o. b, c)

using assms swap-ap by (typecheck-cfuncs, auto)
finally show ?thesis.
qged

9.4.4 Distribute Product over Coproduct on Right

definition dist-prod-coprod-right :: cset = cset = cset = cfunc where
dist-prod-coprod-right A B C = (swap C' A vy swap C B) o, dist-prod-coprod-left
C A Bo. swap (A]] B) C

lemma dist-prod-coprod-right-type[type-rule|:
dist-prod-coprod-right A B C : (A]] B) x. C = (A x. C) ] (B x. C)
unfolding dist-prod-coprod-right-def by typecheck-cfuncs

lemma dist-prod-coprod-right-ap-left:
assumes a €. A c €. C
shows dist-prod-coprod-right A B C o (left-coproj A B o. a, ¢) = left-coproj (A
X C) (B x. C) o, (a, c)
proof —
have dist-prod-coprod-right A B C o, (left-coproj A B o, a, ¢)
= ((swap C A <y swap C B) o, dist-prod-coprod-left C'A B o. swap (A ] B)
C) o. {left-coproj A B o, a, c)
unfolding dist-prod-coprod-right-def by auto
also have ... = (swap C A x5 swap C B) o, dist-prod-coprod-left C' A B o, swap
(A]] B) C o, (left-coproj A B o a, c)
using assms by (typecheck-cfuncs, smt comp-associative?)
also have ... = (swap C A x5 swap C B) o. dist-prod-coprod-left C' A B o, (c,
left-coproj A B o, a)
using assms swap-ap by (typecheck-cfuncs, auto)
also have ... = (swap C A vy swap C B) o, left-coproj (C x. A) (C x. B) o,
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(¢, a)

using assms by (typecheck-cfuncs, simp add: dist-prod-coprod-left-ap-left)

also have ... = ((swap C A >y swap C B) o, left-coproj (C %, A) (C x. B))
°c (¢, a)
using assms by (typecheck-cfuncs, smt comp-associative?)
also have ... = (left-coproj (A x. C) (B x. C) o, swap C A) o, (¢, a)

using assms left-coproj-cfunc-bowtie-prod by (typecheck-cfuncs, auto)
also have ... = left-coproj (A x. C) (B %, C) o, swap C A o, (¢, a)
using assms by (typecheck-cfuncs, smt comp-associative?)
also have ... = left-coproj (A x. C) (B x. C) o. {(a, ¢)
using assms swap-ap by (typecheck-cfuncs, auto)
finally show ?thesis.
qed

lemma dist-prod-coprod-right-ap-right:
assumes b €. Bc e, C
shows dist-prod-coprod-right A B C o. (right-coproj A B o. b, ¢) = right-coproj
(A x. C) (B x. C) o. (b, ¢)
proof —
have dist-prod-coprod-right A B C o. {right-coproj A B o. b, c)
= ((swap C' A 1y swap C B) o, dist-prod-coprod-left C A B o, swap (A [] B)
C) o, (right-coproj A B o. b, c)
unfolding dist-prod-coprod-right-def by auto
also have ... = (swap C A 5 swap C B) o, dist-prod-coprod-left C A B o, swap
(A]] B) C o. (right-coproj A B o. b, c)
using assms by (typecheck-cfuncs, smt comp-associative?)
also have ... = (swap C' A <y swap C B) o, dist-prod-coprod-left C A B o. (c,
right-coproj A B o, b)
using assms swap-ap by (typecheck-cfuncs, auto)

also have ... = (swap C A >y swap C B) o, right-coproj (C x. A) (C x. B)
oc (¢, b)
using assms by (typecheck-cfuncs, simp add: dist-prod-coprod-left-ap-right)
also have ... = ((swap C A >y swap C B) o. right-coproj (C x. A) (C X, B))
o. {c, b)
using assms by (typecheck-cfuncs, auto simp add: comp-associative?)
also have ... = (right-coproj (A x. C) (B x. C) o, swap C B) o, (¢, b)
using assms by (typecheck-cfuncs, auto simp add: right-coproj-cfunc-bowtie-prod)
also have ... = right-coproj (A x. C) (B x. C) o, swap C B o, (¢, b)
using assms by (typecheck-cfuncs, auto simp add: comp-associative2)
also have ... = right-coproj (A x. C) (B x. C) o, (b, ¢)

using assms swap-ap by (typecheck-cfuncs, auto)
finally show ?thesis.
qged

lemma dist-prod-coprod-right-left-coproj:

dist-prod-coprod-right X Y H o, (left-coproj X Y X id H) = left-coproj (X X,
H) (Y x. H)

by (typecheck-cfuncs, smt (28) one-separator cart-prod-decomp cfunc-cross-prod-comp-cfunc-prod
comp-associative? dist-prod-coprod-right-ap-left id-left-unit2)
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lemma dist-prod-coprod-right-right-coproj:

dist-prod-coprod-right X Y H o, (right-coproj X Y xjz id H) = right-coproj (X
Xe H) (Y x. H)

by (typecheck-cfuncs, smt (z3) one-separator cart-prod-decomp cfunc-cross-prod-comp-cfunc-prod
comp-associative? dist-prod-coprod-right-ap-right id-left-unit2)

lemma factor-dist-prod-coprod-right:
factor-prod-coprod-right A B C o. dist-prod-coprod-right A B C = id ((A ][ B)
X C)
unfolding factor-prod-coprod-right-def dist-prod-coprod-right-def
by (typecheck-cfuncs, smt (verit, best) cfunc-bowtie-prod-comp-cfunc-bowtie-prod
comp-associative? factor-dist-prod-coprod-left id-bowtie-prod id-left-unit2 swap-idempotent)

lemma dist-factor-prod-coprod-right:
dist-prod-coprod-right A B C o, factor-prod-coprod-right A B C = id ((A x. C)
IT (B x. C)
unfolding factor-prod-coprod-right-def dist-prod-coprod-right-def
by (typecheck-cfuncs, smt (verit, best) cfunc-bowtie-prod-comp-cfunc-bowtie-prod
comp-associative2 dist-factor-prod-coprod-left id-bowtie-prod id-left-unit2 swap-idempotent)

lemma factor-prod-coprod-right-iso:

isomorphism(factor-prod-coprod-right A B C)

by (metis cfunc-type-def dist-factor-prod-coprod-right factor-prod-coprod-right-type
factor-dist-prod-coprod-right dist-prod-coprod-right-type isomorphism-def)

9.5 Casting between Sets
9.5.1 Going from a Set or its Complement to the Superset

This subsection corresponds to Proposition 2.4.5 in Halvorson.

definition into-super :: cfunc = cfunc where
into-super m = m II m®

lemma into-super-type[type-rule]:
monomorphism m = m : X — Y = into-super m : X [[ (Y \ (X,m)) - Y
unfolding into-super-def by typecheck-cfuncs

lemma into-super-mono:
assumes monomorphism mm : X — Y
shows monomorphism (into-super m)
proof (rule injective-imp-monomorphism, unfold injective-def, clarify)
fix zy
assume z €. domain (into-super m) then have z-type: z €. X [] (Y \ (X,m))
using assms cfunc-type-def into-super-type by auto

assume y €. domain (into-super m) then have y-type: y €. X [ (Y \ (X,m))
using assms cfunc-type-def into-super-type by auto
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assume into-super-eq: into-super m o, T = inlo-super m o. Y

have z-cases: (3 z'. 2’/ €. X N z = left-coproj X (Y \ (X,m)) o. z”)
vV 3 2.z €. Y\ (X,m) Az = right-coproj X (Y \ (X,m)) o, z')
by (simp add: coprojs-jointly-surj z-type)

have y-cases: (3 y'. y' €. X Ay = left-coproj X (Y \ (X,m)) o. y")
vV 3y y e Y\ (X,m)Ay = right-coproj X (Y \ (X,m)) o, y")
by (simp add: coprojs-jointly-surj y-type)

show z = y
using z-cases y-cases
proof safe
fix 2’ ¢’
assume z'-type: ' €. X and z-def: © = left-coproj X (Y \ (X, m)) o. z’
assume y'-type: y' €. X and y-def: y = left-coproj X (Y \ (X, m)) o

9

/

have into-super m o, left-coproj X (Y \ (X, m)) o. z' =
left-coproj X (Y \ (X, m)) o. y’
using into-super-eq unfolding z-def y-def by auto
then have (into-super m o. left-coproj X (Y \ (X, m))) o. z’ = (into-super m
oc left-coproj X (Y \ (X, m))) oy’
using assms x'-type y'-type comp-associative2 by (typecheck-cfuncs, auto)
then have m o, ' = m o, y’
using assms unfolding into-super-def
by (simp add: complement-morphism-type left-coproj-cfunc-coprod)
then have z' = y’
using assms cfunc-type-def monomorphism-def x’'-type y’-type by auto
then show left-coproj X (Y \ (X, m)) o. z’ = left-coproj X (Y \ (X, m)) o,
y/

into-super m o,

by simp
next
fix z’ y’
assume z'-type: ' €. X and z-def: z = left-coproj X (Y \ (X, m)) o, z’
assume y'’-type: y' €. Y \ (X, m) and y-def: y = right-coproj X (Y \ (X,
m)) oc y'
have into-super m o, left-coproj X (Y \ (X, m)) o. ' = into-super m o,
right-coproj X (Y \ (X, m)) o, y’
using into-super-eq unfolding z-def y-def by auto
then have (into-super m o. left-coproj X (Y \ (X, m))) o. 2’ = (into-super m
o. right-coproj X (Y \ (X, m))) o. y’
using assms x'-type y'-type comp-associative2 by (typecheck-cfuncs, auto)
then have m o, 2’ = m® o, y’
using assms unfolding into-super-def
by (simp add: complement-morphism-type left-coproj-cfunc-coprod right-coproj-cfunc-coprod)
then have Fulse
using assms complement-disjoint x'-type y’'-type by blast
then show left-coproj X (Y \ (X, m)) o, z’ = right-coproj X (Y \ (X, m))

171



/

Oc Y
by auto
next
fix 2’ y’
assume z'’-type: ¢’ €. Y \ (X, m) and a-def: © = right-coproj X (Y \ (X,
m)) o '
assume y'-type: y' €. X and y-def: y = left-coproj X (Y \ (X, m)) o, y’

have into-super m o, right-coproj X (Y \ (X, m)) o. z’ = into-super m o,
left-coproj X (Y \ (X, m)) o. y’
using into-super-eq unfolding z-def y-def by auto
then have (into-super m o, right-coproj X (Y \ (X, m))) o. ' = (into-super
m o, left-coproj X (Y \ (X, m))) o. ¢’
using assms z'-type y’-type comp-associative2 by (typecheck-cfuncs, auto)
then have m© o, ' = m o, y’
using assms unfolding into-super-def
by (simp add: complement-morphism-type left-coproj-cfunc-coprod right-coproj-cfunc-coprod)
then have Fulse
using assms complement-disjoint x'-type y'-type by fastforce
then show right-coproj X (Y \ (X, m)) o. &’ = left-coproj X (Y \ (X, m))
oy’
by auto
next
fix 2’ ¢’
assume z'’-type: ' €. Y \ (X, m) and z-def: x = right-coproj X (Y \ (X,
m)) oc '
assume y'’-type: y' €. Y \ (X, m) and y-def: y = right-coproj X (Y \ (X,
m) oy’

have into-super m o, right-coproj X (Y \ (X, m)) o. 2’ = into-super m o,
right-coproj X (Y \ (X, m)) o, y’
using into-super-eq unfolding z-def y-def by auto
then have (into-super m o, right-coproj X (Y \ (X, m))) o. ' = (into-super
m o, right-coproj X (Y \ (X, m))) o. y’
using assms z'-type y’-type comp-associative2 by (typecheck-cfuncs, auto)
then have m¢ o, ' = m¢ o, g’
using assms unfolding into-super-def
by (simp add: complement-morphism-type right-coproj-cfunc-coprod)
then have 2/ = ¢’
using assms complement-morphism-mono complement-morphism-type monomor-
phism-def2 z'-type y'-type by blast
then show right-coproj X (Y \ (X, m)) o, &’ = right-coproj X (Y \ (X, m))
ocy’
by simp
qed
qed

lemma into-super-epi:
assumes monomorphism m m : X — Y
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shows epimorphism (into-super m)
proof (rule surjective-is-epimorphism, unfold surjective-def, clarify)
fix y
assume y €. codomain (into-super m)
then have y-type: y €. Y
using assms cfunc-type-def into-super-type by auto

have y-cases: (characteristic-func m o. y = t) V (characteristic-func m o. y =
f)
using y-type assms true-false-only-truth-values by (typecheck-cfuncs, blast)
then show Jz. z €. domain (into-super m) A into-super m o. £ = y
proof safe
assume characteristic-func m o, y = t
then have y €y (X, m)
by (simp add: assms characteristic-func-true-relative-member y-type)
then obtain z where z-type: v €. X and z-def: y = m o, x
unfolding relative-member-def2 by (auto, unfold factors-through-def2, auto)
then show Jz. x €. domain (into-super m) A into-super m o, =y
unfolding into-super-def using assms cfunc-type-def comp-associative left-coproj-cfunc-coprod
by (intro exI[where z=left-coproj X (Y \ (X, m)) o. z], typecheck-cfuncs,
metis)
next
assume characteristic-func m o, y = f
then have - y €y (X, m)
by (simp add: assms characteristic-func-false-not-relative-member y-type)
then have y €y (Y \ (X, m), m°)
by (simp add: assms not-in-subset-in-complement y-type)
then obtain z’ where z'-type: 2’ €. Y \ (X, m) and z'-def: y = m® o, x
unfolding relative-member-def2 by (auto, unfold factors-through-def2, auto)
then show Jz. z €. domain (into-super m) A into-super m o, T =y
unfolding into-super-def using assms cfunc-type-def comp-associative right-coproj-cfunc-coprod
by (intro exI[where z=right-coproj X (Y \ (X, m)) o, z], typecheck-cfuncs,
metis)
qed
qed

!

lemma into-super-iso:
assumes monomorphism mm : X — Y
shows isomorphism (into-super m)
using assms epi-mon-is-iso into-super-epi into-super-mono by auto

9.5.2 Going from a Set to a Subset or its Complement

definition try-cast :: cfunc = cfunc where
try-cast m = (THE m'. m’ : codomain m — domain m [ ((codomain m) \
((domain m),m))
A m’ o, into-super m = id (domain m [] (codomain m \ ((domain m),m)))
A into-super m o. m’' = id (codomain m))
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lemma try-cast-def2:
assumes monomorphism mm : X — Y
shows try-cast m : codomain m — (domain m) [ ((codomain m) \ ((domain
m),m))
A try-cast m o, into-super m = id ((domain m) [ ((codomain m) \ ((domain
m),m)))
A into-super m o. try-cast m = id (codomain m)
unfolding try-cast-def
proof (rule thel’, safe)
show Jz. z : codomain m — domain m [] (codomain m \ (domain m, m)) A
z o, into-super m = id. (domain m [] (codomain m \ (domain m, m))) A
into-super m o, x = id. (codomain m)
using assms into-super-iso cfunc-type-def into-super-type unfolding isomor-
phism-def by fastforce
next
fix zy
assume z-type: z : codomain m — domain m [ (codomain m \ (domain m, m))
assume y-type: y : codomain m — domain m || (codomain m \ (domain m, m))
assume into-super m o, ¢ = id. (codomain m) and into-super m o. y = id,
(codomain m)
then have into-super m o. x = into-super m o, y
by auto
then show z = y
using into-super-mono unfolding monomorphism-def
by (metis assms(1) cfunc-type-def into-super-type monomorphism-def z-type
y-type)
qged

lemma try-cast-type[type-rule]:
assumes monomorphism mm : X — Y
shows try-cast m : ¥ — X [] (Y \ (X,m))
using assms cfunc-type-def try-cast-def2 by auto

lemma try-cast-into-super:
assumes monomorphism mm : X — Y
shows try-cast m o, into-super m = id (X [] (Y \ (X,m)))
using assms cfunc-type-def try-cast-def2 by auto

lemma into-super-try-cast:
assumes monomorphism mm : X — Y
shows into-super m o. try-cast m = id Y
using assms cfunc-type-def try-cast-def2 by auto

lemma try-cast-in-X:

assumes m-type: monomorphism m m : X — Y

assumes y-in-X: y €y (X, m)

shows 3 z. z €. X A try-cast m o, y = left-coproj X (Y \ (X,m)) o, z
proof —

have y-type: y €. Y

174



using y-in-X unfolding relative-member-def2 by auto
obtain z where z-type: x €. X and a-def: y = m o, x
using y-in-X unfolding relative-member-def2 factors-through-def by (auto
simp add: cfunc-type-def)
then have y = (into-super m o. left-coproj X (Y \ (X,m))) o, z
unfolding into-super-def using complement-morphism-type left-coproj-cfunc-coprod
m-type by auto
then have y = into-super m o. left-coproj X (Y \ (X,m)) o. z
using z-type m-type by (typecheck-cfuncs, simp add: comp-associative?)
then have try-cast m o, y = (try-cast m o. into-super m) o. left-coproj X (Y \
(X,m) o @
using z-type m-type by (typecheck-cfuncs, smt comp-associative2)
then have try-cast m o. y = left-coproj X (Y \ (X,m)) o. z
using m-type z-type by (typecheck-cfuncs, simp add: id-left-unit2 try-cast-into-super)
then show ?thesis
using z-type by blast
qed

lemma try-cast-not-in-X:
assumes m-type: monomorphism m m : X — Y
assumes y-in-X: -y €y (X, m) and y-type: y €. YV
shows 3 z. z €. Y \ (X,m) A try-cast m o. y = right-coproj X (Y \ (X,m)) o,
x
proof —
have y-in-complement: y €y (Y \ (X,m), m°)
by (simp add: assms not-in-subset-in-complement)
then obtain z where z-type: z €. Y \ (X,m) and z-def: y = m® o,
unfolding relative-member-def2 factors-through-def by (auto simp add: cfunc-type-def)
then have y = (into-super m o. right-coproj X (Y \ (X,m))) o. z
unfolding into-super-def using complement-morphism-type m-type right-coproj-cfunc-coprod
by auto
then have y = into-super m o. right-coproj X (Y \ (X,m)) o. z
using z-type m-type by (typecheck-cfuncs, simp add: comp-associative2)
then have try-cast m o, y = (try-cast m o, into-super m) o. right-coproj X (Y
\ (X,m)) o, @
using z-type m-type by (typecheck-cfuncs, smt comp-associative2)
then have try-cast m o. y = right-coproj X (Y \ (X,m)) o. z
using m-type z-type by (typecheck-cfuncs, simp add: id-left-unit2 try-cast-into-super)
then show ?thesis
using z-type by blast
qed

lemma try-cast-m-m:

assumes m-type: monomorphism m m : X — Y

shows (try-cast m) o. m = left-coproj X (Y \ (X,m))

by (smt comp-associative2 complement-morphism-type id-left-unit2 into-super-def
into-super-type left-coproj-cfunc-coprod left-proj-type m-type try-cast-into-super try-cast-type)

lemma try-cast-m-m":
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assumes m-type: monomorphism m m : X — Y

shows (try-cast m) o. m¢ = right-coproj X (Y \ (X,m))

by (smt comp-associative2 complement-morphism-type id-left-unit2 into-super-def
into-super-type m-type(1) m-type(2) right-coproj-cfunc-coprod right-proj-type try-cast-into-super
try-cast-type)

lemma try-cast-mono:

assumes m-type: monomorphism m m : X — Y

shows monomorphism(try-cast m)

by (smt cfunc-type-def comp-monic-imp-monic’ id-isomorphism into-super-type
iso-imp-epi-and-monic try-cast-def2 assms)

9.6 Cases

definition cases :: cfunc = cfunc where
cases(f) = ((right-cart-proj 1 (domain f)) vy (right-cart-proj 1 (domain f))) o.
(dist-prod-coprod-right 1 1 (domain f)) o. {case-bool o. f, id(domain(f)))

lemma cases-def2:

assumes f : X — )

shows cases(f) = ((right-cart-proj 1 X) vay (right-cart-proj 1 X)) o, (dist-prod-coprod-right
11 X) o, (case-bool o. f, id X)

unfolding cases-def

using assms cfunc-type-def by auto

lemma cases-type[type-rule]:
assumes f : X — Q)
shows cases(f) : X - X[ X
using assms by(etcs-subst cases-def2,
meson case-bool-def2 cfunc-bowtie-prod-type cfunc-prod-type comp-type
dist-prod-coprod-right-type id-type right-cart-proj-type)

lemma true-case:
assumes z-type[type-rule]: © €. X
assumes f-type[type-rule]: f: X — Q
assumes true-case: f o, x =t
shows cases f o. x = left-coproj X X o. z
proof (etcs-subst cases-def2)
have ((right-cart-proj 1 X vy right-cart-proj 1 X) o,
dist-prod-coprod-right 1 1 X o. (case-bool o, f,id. X)) o,
= (right-cart-proj 1 X >y right-cart-proj 1 X) o, dist-prod-coprod-right 1 1 X
o, {case-bool o, f o, x, x)
using cfunc-prod-comp comp-associative2 id-left-unit2 by (etcs-assocr, type-
check-cfuncs, force)
also have ... = (right-cart-proj 1 X >y right-cart-proj 1 X) o, dist-prod-coprod-right
11 X o, (left-coproj 1 1, z)
using true-case case-bool-true by argo
also have ... = (right-cart-proj 1 X vy right-cart-proj 1 X) o, left-coproj (1 X,
X) (1 %o X) o, (id 1, z)
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by (typecheck-cfuncs, metis dist-prod-coprod-right-ap-left id-right-unit2)
also have ... = left-coproj X X o, right-cart-proj 1 X o, {id 1, z)
by (typecheck-cfuncs, simp add: comp-associative2 left-coproj-cfunc-bowtie-prod)
also have ... = left-coproj X X o, z
using right-cart-proj-cfunc-prod by (typecheck-cfuncs, presburger)
finally show ((right-cart-proj 1 X <y right-cart-proj 1 X) o, dist-prod-coprod-right
11 X o, (case-bool o, f,id. X)) o. x = left-coproj X X o x.
qed

lemma false-case:
assumes z-type[type-rule]: © €, X
assumes f-type[type-rule]: f : X — Q
assumes false-case: f o, x = f
shows cases f o. x = right-coproj X X o. x
proof (etcs-subst cases-def2)
have ((right-cart-proj 1 X <y right-cart-proj 1 X) o,
dist-prod-coprod-right 1 1 X o, {case-bool o, f,id. X)) o. x
= (right-cart-proj 1 X >y right-cart-proj 1 X) o, dist-prod-coprod-right 1 1 X
o, {case-bool o, f o, x, x)
using cfunc-prod-comp comp-associative? id-left-unit?2 by (etcs-assocr, type-
check-cfuncs, force)
also have ... = (right-cart-proj 1 X >y right-cart-proj 1 X) o, dist-prod-coprod-right
11 X o, (right-coproj 1 1, x)
using false-case case-bool-false by argo
also have ... = (right-cart-proj 1 X >y right-cart-proj 1 X) o, right-coproj (1
Xe X) (1 x¢ X) o, (id 1, z)
by (typecheck-cfuncs, metis dist-prod-coprod-right-ap-right id-right-unit2)

also have ... = right-coproj X X o. right-cart-proj 1 X o, {id 1, x)
using comp-associative2 right-coproj-cfunc-bowtie-prod by (typecheck-cfuncs,
force)
also have ... = right-coproj X X o. x

using right-cart-proj-cfunc-prod by (typecheck-cfuncs, presburger)
finally show ((right-cart-proj 1 X <y right-cart-proj 1 X) o, dist-prod-coprod-right
11 X o, {(case-bool o, f,id. X)) o. x = right-coproj X X o, z.
qed

9.7 Coproduct Set Properities

lemma coproduct-commutes:

Al B=B]] A
proof —

have id-AB: ((right-coproj A B) 1I (left-coproj A B)) o. ((right-coproj B A) 11
(left-coproj B A)) = id(A [] B)

by (typecheck-cfuncs, smt (23) cfunc-coprod-comp id-coprod left-coproj-cfunc-coprod
right-coproj-cfunc-coprod)

have id-BA: ((right-coproj B A) 11 (left-coproj B A)) o. ((right-coproj A B) 11
(left-coproj A B)) = id(B ][ A)

by (typecheck-cfuncs, smt (28) cfunc-coprod-comp id-coprod right-coproj-cfunc-coprod
left-coproj-cfunc-coprod)
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show A B2 B]] 4
by (smt (verit, ccfv-threshold) cfunc-coprod-type cfunc-type-def id-AB id-BA
is-isomorphic-def isomorphism-def left-proj-type right-proj-type)
qed

lemma coproduct-associates:
AT (BII C) = (A1 BYII ©
proof —
obtain ¢ where g¢-def: g = (left-coproj (A [] B) C ) o. (right-coproj A B) and
g-type[type-rule]: ¢: B — (A ] B) [] C
by (typecheck-cfuncs, simp)
obtain f where f-def: f = q II (right-coproj (A ][] B) C) and f-type[type-rule]:
(F: (B C) > (A1 B) I C)
by (typecheck-cfuncs, simp)
have f-prop: (f o. left-coproj B C' = q) A (f o right-coproj B C = right-coproj
(411 B) C)
by (typecheck-cfuncs, simp add: f-def left-coproj-cfunc-coprod right-coproj-cfunc-coprod)
then have f-unique: (3!f. (f: (B]I C) = ((A]] B) II C)) A (f oc left-coproj
B C = q) A (f o right-coproj B C' = right-coproj (A [] B) C))
by (typecheck-cfuncs, metis cfunc-coprod-unique f-prop f-type)

obtain m where m-def: m = (left-coproj (A ] B) C) o. (left-coproj A B) and
m-type[type-rule]: m : A — (A[] B) ]I C
by (typecheck-cfuncs, simp)
obtain g where g-def: ¢ = m 11 f and g-type[type-rule]: g: A]] (B]] C) —
(A1 B I C
by (typecheck-cfuncs, simp)
have g-prop: (g o, (left-coproj A (B[] C)) = m) A (g o (right-coproj A (B[]
) =1)
by (typecheck-cfuncs, simp add: g-def left-coproj-cfunc-coprod right-coproj-cfunc-coprod)

have g-unique: 3! g. ((¢: AI] (BII C) = (A]I B) I C) A (g o. (left-coproj
A (B]] C)) =m) A (g oc (right-coproj A (B ][] C)) = [))
by (typecheck-cfuncs, metis cfunc-coprod-unique g-prop g-type)

obtain p where p-def: p = (right-coproj A (B[] C)) o. (left-coproj B C') and
p-typeltype-rule]: p: B — A ] (B]] O)
by (typecheck-cfuncs, simp)
obtain h where h-def: h = (left-coproj A (B[] C)) I p and h-type[type-rule]:
h: (A]] B) = A]Jl (B]] ©)
by (typecheck-cfuncs, simp)
have h-prop1: h o. (left-coproj A B) = (left-coproj A (B[ C))
by (typecheck-cfuncs, simp add: h-def left-coproj-cfunc-coprod p-type)
have h-prop2: h o. (right-coproj A B) = p
using h-def left-proj-type right-coproj-cfunc-coprod by (typecheck-cfuncs, blast)
have h-unique: 3! h. ((h: (A]] B) = A[] (Bl ©)) A (h o (left-coproj A B)
= (left-coproj A (B[] C))) A (h o, (right-coproj A B) =p))
by (typecheck-cfuncs, metis cfunc-coprod-unique h-propl h-prop2 h-type)
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obtain j where j-def: j = (right-coproj A (B[] C)) o. (right-coproj B C') and
j-type[type-rule]: j: C — A[] (B[ C)
by (typecheck-cfuncs, simp)
obtain k where k-def: k = h 11 j and k-type[type-rule]: k: (A]] B)[] C — A
11 (B1I ©)

by (typecheck-cfuncs, simp)

have factl: (k o, g) o, (left-coproj A (B[] C)) = (left-coproj A (B ] C))
by (typecheck-cfuncs, smt (23) comp-associative2 g-prop h-propl h-type j-type
k-def left-coproj-cfunc-coprod left-proj-type m-def)
have fact2: (g o. k) o. (left-coproj (A [] B) C) = (left-coproj (A ] B) C)
by (typecheck-cfuncs, smt (verit) cfunc-coprod-comp cfunc-coprod-unique comp-associative?
comp-type f-prop g-prop g-type h-def h-type j-def k-def k-type left-coproj-cfunc-coprod
left-proj-type m-def p-def p-type q-def right-proj-type)
have fact3: (g o. k) o. (right-coproj (A [] B) C) = (right-coproj (A ]] B) C)
by (smt comp-associative2 comp-type f-def g-prop g-type h-type j-def k-def k-type
g-type right-coproj-cfunc-coprod right-proj-type)
have fact{: (k o. g) o. (right-coproj A (B [[ C)) = (right-coproj A (B[] C))
by (typecheck-cfuncs, smt (verit, ccfu-threshold) cfunc-coprod-unique cfunc-type-def
comp-associative comp-type f-prop g-prop h-prop2 h-type j-def k-def left-coproj-cfunc-coprod
left-proj-type p-def g-def right-coproj-cfunc-coprod right-proj-type)
have fact5: (ko. g) =id( A]] (B]] ©))
by (typecheck-cfuncs, metis cfunc-coprod-unique fact! fact] id-coprod left-proj-type
right-proj-type)
have fact6: (g o. k) = id((A]] B) [I C)
by (typecheck-cfuncs, metis cfunc-coprod-unique fact2 fact3 id-coprod left-proj-type
right-proj-type)
show ?thesis
by (metis cfunc-type-def facth fact6 g-type is-isomorphic-def isomorphism-def
k-type)
qed

The lemma below corresponds to Proposition 2.5.10.

lemma product-distribute-over-coproduct-left:

Ax. (XTI Y)2Ax.X)]] (A x.Y)

using factor-prod-coprod-left-type dist-prod-coprod-iso is-isomorphic-def isomor-
phic-is-symmetric by blast

lemma prod-pres-iso:
assumes A= C B=D
shows A x. B~ C x. D
proof —
obtain f where f-def: f: A — C A isomorphism(f)
using assms(1) is-isomorphic-def by blast
obtain g where g-def: g: B — D A isomorphism(g)
using assms(2) is-isomorphic-def by blast
have isomorphism(fx ;g)
by (meson cfunc-cross-prod-mono cfunc-cross-prod-surj epi-is-surj epi-mon-is-iso
J-def g-def iso-imp-epi-and-monic surjective-is-epimorphism)
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then show A x. B~ C x. D
by (meson cfunc-cross-prod-type f-def g-def is-isomorphic-def)
qed

lemma coprod-pres-iso:
assumes A2 C B D
shows A B= C][ D
proof—
obtain f where f-def: f: A — C isomorphism(f)
using assms(1) is-isomorphic-def by blast
obtain g where g-def: g: B — D isomorphism(g)
using assms(2) is-isomorphic-def by blast

have surj-f: surjective(f)

using epi-is-surj f-def iso-imp-epi-and-monic by blast
have surj-g: surjective(g)

using epi-is-surj g-def iso-imp-epi-and-monic by blast

have coproj-f-inject: injective(((left-coproj C D) o, f))
using cfunc-type-def composition-of-monic-pair-is-monic f-def iso-imp-epi-and-monic
left-coproj-are-monomorphisms left-proj-type monomorphism-imp-injective by auto

have coproj-g-inject: injective(((right-coproj C' D) o, g))
using cfunc-type-def composition-of-monic-pair-is-monic g-def iso-imp-epi-and-monic
right-coproj-are-monomorphisms right-proj-type monomorphism-imp-injective by auto

obtain ¢ where ¢-def: ¢ = (left-coproj C' D o, f) II (right-coproj C D o. g)
by simp
then have ¢-type: ¢: A B— C]J] D
using cfunc-coprod-type cfunc-type-def codomain-comp domain-comp f-def g-def
left-proj-type right-proj-type by auto

have surjective(y)
unfolding surjective-def
proof (clarify)
fix y
assume y-type: y €. codomain @
then have y-type2: y €. C [[ D
using @-type cfunc-type-def by auto
then have y-form: (3 ¢. ¢ €. C A y = left-coproj C D o, c)
V (3 d. d €. DAy = right-coproj C D o, d)
using coprojs-jointly-surj by auto
show Jz. z €. domain ¢ N p o, z =y
proof(cases 3 ¢c. ¢ €. C A y = left-coproj C D o, ¢)
assume 3 ¢. ¢ €. C A y = left-coproj C D o, ¢
then obtain ¢ where c-def: ¢ €. C A y = left-coproj C' D o, ¢
by blast
then have 3 a. a €. AN fo.a=¢c
using cfunc-type-def f-def surj-f surjective-def by auto
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then obtain a where a-def: a €. AN f o, a=c
by blast
obtain z where z-def: © = left-coproj A B o. a
by blast
have z-type: v €. A[] B
using a-def comp-type left-proj-type x-def by blast
have p o, x = y
using p-def p-type a-def c-def cfunc-type-def comp-associative comp-type f-def
g-def left-coproj-cfunc-coprod left-proj-type right-proj-type z-def by (smt (verit))
then show Jz. x €. domain ¢ AN p o, x =y
using @-type cfunc-type-def z-type by auto
next
assume fic. ¢c €. C A y = left-coproj C' D o, ¢
then have y-def2: 3 d. d €. D N y = right-coproj C' D o, d
using y-form by blast
then obtain d where d-def: d €. D y = right-coproj C' D o, d
by blast
then have 4 b. b €. BA go. b=d
using cfunc-type-def g-def surj-g surjective-def by auto
then obtain b where b-def: b €. Bgo. b=4d
by blast
obtain x where z-def: © = right-coproj A B o. b
by blast
have z-type: z €. A[] B
using b-def comp-type right-proj-type z-def by blast
have p o, z =y
using @-def p-type b-def cfunc-type-def comp-associative comp-type d-def f-def
g-def left-proj-type right-coproj-cfunc-coprod right-proj-type z-def by (smt (verit))
then show Jz. 2 €. domain p AN po. x =y
using @-type cfunc-type-def z-type by auto
qed
qed

have injective(p)
unfolding injective-def
proof (clarify)
fix z y
assume z-type: T €, domain ¢
assume y-type: y €. domain @
assume equals: p o, T = @ o, Y
have z-type2: z €. A]] B
using @-type cfunc-type-def z-type by auto
have y-type2: y €. A[] B
using @-type cfunc-type-def y-type by auto

have phiz-type: ¢ o, z €. C [[ D

using p-type comp-type x-type2 by blast
have phiy-type: ¢ o, y €. C [ D

using equals phiz-type by auto
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have z-form: (3 a. a €. A A x = left-coproj A B o, a)
V (3 b.be. BA z = right-coproj A B o, b)
using cfunc-type-def coprojs-jointly-surj z-type x-type2 y-type by auto

have y-form: (3 a. a €. A A y = left-coproj A B o, a)
V (3 b.be. BAy = right-coproj A B o, b)
using cfunc-type-def coprojs-jointly-surj z-type x-type2 y-type by auto

show z=y
proof(cases 3 a. a €. A A z = left-coproj A B o, a)
assume 3 a. a €. A N z = left-coproj A B o a
then obtain a where a-def: a €. A © = left-coproj A B o. a
by blast
show z =y
proof(cases 3 a. a €. A A y = left-coproj A B o, a)
assume 3 a. a €. A A y = left-coproj A B o. a
then obtain «’ where a’-def: o’ €. A y = left-coproj A B o, a’
by blast
then have a = o’
proof —
have (left-coproj C D o, f) o, a = ¢ o, x
using ¢-def a-def cfunc-type-def comp-associative comp-type f-def g-def
left-coproj-cfunc-coprod left-proj-type right-proj-type z-type by (smt (verit))
also have ... = p o, y
by (meson equals)
also have ... = (¢ o, left-coproj A B) o, a’
using ¢-type a’-def comp-associative2 by (typecheck-cfuncs, blast)
also have ... = (left-coproj C' D o, f) o. a’
unfolding ¢-def using f-def g-def a’-def left-coproj-cfunc-coprod by
(typecheck-cfuncs, auto)
ultimately show a = a’
by (smt a’-def a-def cfunc-type-def coproj-f-inject domain-comp f-def
injective-def left-proj-type)
qed
then show z=y
by (simp add: a’-def(2) a-def(2))
next
assume fa. a €. A A y = left-coproj A B o, a
then have 3 b. b €. B A y = right-coproj A B o, b
using y-form by blast
then obtain b’ where b’-def: b’ €. B y = right-coproj A B o, b’
by blast
show z =y
proof —
have left-coproj C D o, (f o. a) = (left-coproj C D o, f) o. a
using a-def cfunc-type-def comp-associative f-def left-proj-type by auto
also have ... = p o, x
using @-def a-def cfunc-type-def comp-associative comp-type f-def g-def
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left-coproj-cfunc-coprod left-proj-type right-proj-type z-type by (smt (verit))
also have ... = p o, y
by (meson equals)
also have ... = (¢ o. right-coproj A B) o. b’
using o-type b’-def comp-associative2 by (typecheck-cfuncs, blast)
also have ... = (right-coproj C D o. g) o. b’
unfolding p-def using f-def g-def b’-def right-coproj-cfunc-coprod by
(typecheck-cfuncs, auto)
also have ... = right-coproj C' D o. (g o. b’)
using g-def b’-def by (typecheck-cfuncs, simp add: comp-associative2)
ultimately show z = y
using a-def(1) b’-def(1) comp-type coproducts-disjoint f-def(1) g-def(1)
by auto
qed
qed
next
assume fa. a €. A A x = left-coproj A B o, a
then have 3 b. b €. B A x = right-coproj A B o. b
using z-form by blast
then obtain b where b-def: b €. B A x = right-coproj A B o, b
by blast
show z =y
proof(cases 3 a. a €. A A y = left-coproj A B o, a)
assume 3 a. a €. A Ay = left-coproj A B o. a
then obtain a’ where a’-def: a’ €. A y = left-coproj A B o, a’
by blast
show z = y
proof —
have right-coproj C D o. (g o, b) = (right-coproj C D o g) o. b
using b-def cfunc-type-def comp-associative g-def right-proj-type by auto
also have ... = po. x
by (smt p-def @-type b-def comp-associative2 comp-type f-def (1) g-def(1)
left-proj-type right-coproj-cfunc-coprod right-proj-type)
also have ... = p o, y
by (meson equals)
also have ... = (¢ o. left-coproj A B) o. a’
using o-type a’-def comp-associative2 by (typecheck-cfuncs, blast)
also have ... = (left-coproj C D o, f) o, a’
unfolding ¢-def using f-def g-def a’-def left-coproj-cfunc-coprod by
(typecheck-cfuncs, auto)
also have ... = left-coproj C D o, (f o. a’)
using f-def a’-def by (typecheck-cfuncs, simp add: comp-associative2)
ultimately show z = y
by (metis a’-def (1) b-def comp-type coproducts-disjoint f-def(1) g-def(1))
qed
next
assume fla. a €. A A y = left-coproj A B o, a
then have 3 b. b €. B A y = right-coproj A B o. b
using y-form by blast
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then obtain b’ where b’-def: b’ €. B y = right-coproj A B o. b’
by blast
then have b = b’
proof —
have (right-coproj C D o, g) o. b = ¢ o,
by (smt p-def @-type b-def comp-associative2 comp-type f-def(1) g-def(1)
left-proj-type right-coproj-cfunc-coprod right-proj-type)
also have ... = p o, y
by (meson equals)
also have ... = (¢ o, right-coproj A B) o. b’
using @-type b’-def comp-associative2 by (typecheck-cfuncs, blast)
also have ... = (right-coproj C D o. g) o. b’
unfolding o-def using f-def g-def b’-def right-coproj-cfunc-coprod by
(typecheck-cfuncs, auto)
ultimately show b = b’
by (smt b’-def b-def cfunc-type-def coproj-g-inject domain-comp g-def
injective-def right-proj-type)
qed
then show z = y
by (simp add: b’-def(2) b-def)
qged
qed
qed

have monomorphism ¢
using <injective > injective-imp-monomorphism by blast
have epimorphism ¢
by (simp add: <surjective oy surjective-is-epimorphism,)
have isomorphism ¢
using <epimorphism > (monomorphism ) epi-mon-is-iso by blast
then show ?thesis
using @-type is-isomorphic-def by blast
qed

lemma product-distribute-over-coproduct-right:
(A]] B) xc C =2 (A x. C)]] (B x. ()
by (meson coprod-pres-iso isomorphic-is-transitive product-commutes product-distribute-over-coproduct-left)

lemma coproduct-with-self-iso:
X[ X=X x.Q
proof —
obtain p where go-def: p = (id X, t o. S x) LI (id X, f o. Bx) and o-type[type-rule]:
0: X[ X = X x.Q
by (typecheck-cfuncs, simp)
have p-inj: injective o
unfolding injective-def
proof (clarify)
fix z y
assume z €, domain o then have z-type[type-rule]: z €. X [ X
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using o-type cfunc-type-def by auto
assume y €. domain o then have y-type[type-rule]: y €. X [[ X
using o-type cfunc-type-def by auto
assume equals: 0 o, T = p o, ¥y
show z =y
proof(cases 3 lx. x = left-coproj X X o, lz N Iz €. X)
assume Jlx. x = left-coproj X X o. lx Nlx €. X
then obtain lr where lz-def: x = left-coproj X X o, lx N lx €. X
by blast
have pz: 9 o, z = (la, t)
proof —
have g o. © = (¢ o, left-coproj X X) o, lz
using comp-associative? lr-def by (typecheck-cfuncs, blast)
also have ... = (id X, t o, Bx) o. Iz
unfolding o-def wusing left-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
also have ... = (lz, t)
by (typecheck-cfuncs, metis cart-prod-extract-left lz-def)
finally show ?thesis.
qed
show z = y
proof(cases 3 ly. y = left-coproj X X o, ly A ly €. X)
assume Ily. y = left-coproj X X o, ly Nly €. X
then obtain ly where ly-def: y = left-coproj X X o, Iy N ly €. X
by blast
have g o, y = (ly, t)
proof —
have g o. y = (¢ o, left-coproj X X) o, ly
using comp-associative2 ly-def by (typecheck-cfuncs, blast)
also have ... = (id X, t o, Bx) o. ly
unfolding o-def using left-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
also have ... = (ly, t)
by (typecheck-cfuncs, metis cart-prod-extract-left ly-def)
finally show ?thesis.
qed
then show =z = y
using oz cart-prod-eq2 equals lz-def ly-def true-func-type by auto
next
assume Aly. y = left-coproj X X o, ly A ly €. X
then obtain ry where ry-def: y = right-coproj X X o. ry and ry-type[type-rule]:
ry €. X
by (meson y-type coprojs-jointly-surj)
have gy: 0 o, y = (ry, f)
proof —
have g o. y = (¢ o, right-coproj X X) o. ry
using comp-associative2 ry-def by (typecheck-cfuncs, blast)
also have ... = (id X, f o, Bx) o. 1y
unfolding ¢-def using right-coproj-cfunc-coprod by (typecheck-cfuncs,
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presburger)
also have ... = (ry, f)
by (typecheck-cfuncs, metis cart-prod-extract-left)
finally show ?thesis.
qged
then show ?thesis
using ox oy cart-prod-eq2 equals false-func-type lx-def ry-type true-false-distinct
true-func-type by force
qed
next
assume flz. z = left-coproj X X o, Iz N lz €. X
then obtain rz where rz-def: © = right-coproj X X o, rox N rz €. X
by (typecheck-cfuncs, meson coprojs-jointly-surj)
have gz: ¢ o, z = (rz, f)
proof —
have ¢ o. © = (¢ o, right-coproj X X) o. rz
using comp-associative? ra-def by (typecheck-cfuncs, blast)
also have ... = (id X, f o, Bx) o. 12
unfolding ¢-def wusing right-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
also have ... = (rz, f)
by (typecheck-cfuncs, metis cart-prod-extract-left rz-def)
finally show ?thesis.
qed
show z =y
proof(cases 3 ly. y = left-coproj X X o, ly A ly €. X)
assume 3 ly. y = left-coproj X X o, ly N ly €. X
then obtain ly where ly-def: y = left-coproj X X o, ly N ly €. X
by blast
have ¢ o. y = (ly, t)
proof —
have g o. y = (¢ o, left-coproj X X) o, ly
using comp-associative2 ly-def by (typecheck-cfuncs, blast)
also have ... = (id X, t o, Bx) oc ly
unfolding p-def using left-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
also have ... = (ly, t)
by (typecheck-cfuncs, metis cart-prod-extract-left ly-def)
finally show ?thesis.
qed
then show z = y
using ox cart-prod-eq2 equals false-func-type ly-def rx-def true-false-distinct
true-func-type by force
next
assume Aly. y = left-coproj X X o, ly A ly €. X
then obtain ry where ry-def: y = right-coproj X X o. ry A ry €. X
using coprojs-jointly-surj by (typecheck-cfuncs, blast)
have gy: p oc y = (ry, f)
proof —
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have g o. y = (¢ o, right-coproj X X) o. ry
using comp-associative? ry-def by (typecheck-cfuncs, blast)
also have ... = (id X, f o, Bx) o. 1y
unfolding o-def using right-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
also have ... = (ry, f)
by (typecheck-cfuncs, metis cart-prod-extract-left ry-def)
finally show ?thesis.
qed
show z =y
using oz gy cart-prod-eq2 equals false-func-type rz-def ry-def by auto
qed
qed
qed
have surjective o
unfolding surjective-def
proof (clarify)
fix y
assume y €. codomain ¢ then have y-type[type-rule]: y €. X X, Q
using o-type cfunc-type-def by fastforce
then obtain z w where y-def: y = (z,w) Nz €. X N w €.
using cart-prod-decomp by fastforce
show Jz. z €. domain p N p o, x = y
proof(cases w = t)
assume w =t
obtain z where z-def: z = left-coproj X X o, z
by simp
have po. z = y
proof —
have g o. z = (o o. left-coproj X X) o, x
using comp-associative? y-def z-def by (typecheck-cfuncs, blast)

also have ... = (id X, t o, fx) oz
unfolding ¢-def using left-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
also have ... = y

using <w = t» cart-prod-extract-left y-def by auto
finally show ?thesis.
qed
then show ?thesis
by (metis o-type cfunc-type-def codomain-comp domain-comp left-proj-type
y-def z-def)
next
assume w # t then have w = f
by (typecheck-cfuncs, meson true-false-only-truth-values y-def)
obtain z where z-def: z = right-coproj X X o, x
by simp
have po. 2z =y
proof —
have g o. z = (9 o right-coproj X X) o, x
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using comp-associative? y-def z-def by (typecheck-cfuncs, blast)
also have ... = (id X, f o, Bx) oc
unfolding ¢-def wusing right-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
also have ... = y
using <w = ) cart-prod-extract-left y-def by auto
finally show ?thesis.
qed
then show ?thesis
by (metis o-type cfunc-type-def codomain-comp domain-comp right-proj-type
y-def z-def)
qed
qed
then show ?thesis
by (metis o-inj o-type epi-mon-is-iso injective-imp-monomorphism is-isomorphic-def
surjective-is-epimorphism)
qed

lemma oneUone-iso-2:
O21]J]1
using case-bool-def2 case-bool-iso is-isomorphic-def by auto

The lemma below is dual to Proposition 2.2.2 in Halvorson.

lemma card {z. z €. Q[ Q} = 4
proof —

have f1: (left-coproj Q Q) o, t # (right-coproj 2 Q) o t
by (typecheck-cfuncs, simp add: coproducts-disjoint)
have f2: (left-coproj Q Q) o. t # (left-coproj Q) o, f
by (typecheck-cfuncs, metis cfunc-type-def left-coproj-are-monomorphisms monomor-
phism-def true-false-distinct)
have f3: (left-coproj Q Q) o. t # (right-coproj Q Q) o, {
by (typecheck-cfuncs, simp add: coproducts-disjoint)
have f/: (right-coproj Q Q) o. t # (left-coproj Q Q) o, {
by (typecheck-cfuncs, metis (no-types) coproducts-disjoint)
have f5: (right-coproj Q Q) o, t # (right-coproj 2 Q) o, f
by (typecheck-cfuncs, metis cfunc-type-def monomorphism-def right-coproj-are-monomorphisms
true-false-distinct)
have f6: (left-coproj Q0 Q) o. f # (right-coproj Q Q) o, f
by (typecheck-cfuncs, simp add: coproducts-disjoint)

have {z. z €. Q [ Q} = {(left-coproj Q Q) o, t , (right-coproj Q Q) o, t,
(left-coproj Q Q) o, f, (right-coproj Q Q) o f}
using coprojs-jointly-surj true-false-only-truth-values
by (typecheck-cfuncs, auto)
then show card {z. z €. Q [[ Q} = 4
by (simp add: f1 f2 f3 f4 f5 f6)
qed
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end

10 Axiom of Choice

theory Azxiom-Of-Choice
imports Coproduct
begin

The two definitions below correspond to Definition 2.7.1 in Halvorson.

definition section-of :: cfunc = cfunc = bool (infix sectionof 90)
where s sectionof f «— s : codomain f — domain f A f o. s = id (codomain f)

definition split-epimorphism :: cfunc = bool
where split-epimorphism f +— (3 s. s: codomain f — domain f A f o, s = id
(codomain f))

lemma split-epimorphism-def2:
assumes f-type: f : X - Y
assumes f-split-epic: split-epimorphism f
shows 3 5. (fo,s=id Y) A (s: Y = X)
using cfunc-type-def f-split-epic f-type split-epimorphism-def by auto

lemma sections-define-splits:
assumes s sectionof f
assumes s : Y — X
shows [ : X — Y A split-epimorphism(f)
using assms cfunc-type-def section-of-def split-epimorphism-def by auto

The axiomatization below corresponds to Axiom 11 (Axiom of Choice)
in Halvorson.

axiomatization
where
aziom-of-choice: epimorphism f — (3 g . g sectionof f)

lemma epis-give-monos:

assumes f-type: f : X - Y

assumes f-epi: epimorphism f

shows 3g. ¢: Y — X A monomorphism g A f oo g =1id Y

using assms

by (typecheck-cfuncs-prems, metis axiom-of-choice cfunc-type-def comp-monic-imp-monic
f-epi id-isomorphism iso-imp-epi-and-monic section-of-def)

corollary epis-are-split:
assumes f-type: f : X = Y
assumes f-epi: epimorphism f
shows split-epimorphism f
using epis-give-monos cfunc-type-def f-epi split-epimorphism-def by blast

The lemma below corresponds to Proposition 2.6.8 in Halvorson.
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lemma monos-give-epis:

assumes f-type[type-rule]: f : X — Y

assumes f-mono: monomorphism f

assumes X-nonempty: nonempty X

shows Jg. ¢: Y — X A epimorphism g A g o. f = id X
proof —

obtain ¢ m E where g-type[type-rule]: g : X — E and m-type[type-rule]: m : E
— Y and

g-epi: epimorphism g and m-mono[type-rule]: monomorphism m and f-eq: f
= Mm O, g
using epi-monic-factorization? f-type by blast

have g-mono: monomorphism g
proof (typecheck-cfuncs, unfold monomorphism-def3, clarify)
fixzy A
assume z-type[type-rule]: x : A — X and y-type[type-rule]: y : A — X
assume g o, T = g o, ¥
then have (m o, g) o. z = (m o. g) o, y
by (typecheck-cfuncs, smt comp-associative2)
then have f o, x = f o, y
unfolding f-eq by auto
then show z = y
using f-mono f-type monomorphism-def2 xz-type y-type by blast
qed

have g-iso: isomorphism g
by (simp add: epi-mon-is-iso g-epi g-mono)
then obtain g-inv where g-inv-type[type-rule]: g-inv : E — X and
g-g-inv: g o. g-inv = id F and g-inv-g: g-inv o, ¢ = id X
using cfunc-type-def g-type isomorphism-def by auto

obtain z where z-type[type-rule]: z €. X
using X-nonempty nonempty-def by blast

show dg. g: Y — X A epimorphism g A g o, f = id. X
proof (intro exl[where z=(g-inv II (z o, By \ (E, m))) o. try-cast m], safe,
typecheck-cfuncs)
have func-f-elem-eq: \ y. y €. X = (g-inv 11 (z o, By \ (B, m)) 0. try-cast
m) oc focy=y
proof —
fix y
assume y-type[type-rule]: y €. X

have (g-inv 11 (z o. By \ (B, m)) o, try-cast m) o, f oo y
= g-inv I (z 0. By \ (E, m)) o, (try-cast m o. m) o, g o. y
unfolding f-eq by (typecheck-cfuncs, smt comp-associative2)
also have ... = (g-inv II (z o, By \ (E, m)) o left-coproj E (Y \ (E,m))) o.

gocy
by (typecheck-cfuncs, smt comp-associative2 m-mono try-cast-m-m)
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also have ... = (g-inv o. g) o, y
by (typecheck-cfuncs, simp add: comp-associative? left-coproj-cfunc-coprod)
also have ... = y
by (typecheck-cfuncs, simp add: g-inv-g id-left-unit2)
finally show (g-inv I (z o. By \ (B, m)) o, try-cast m) o. f o, y = y.
qed
show epimorphism (g-inv 11 (z o. By \ (E, m)) o try-cast m)
proof (rule surjective-is-epimorphism, etcs-subst surjective-def2, clarify)
fix y
assume y-type[type-rule]: y €. X
show Jza. za €. Y A (g-inv 11 (z o, By \ (E, m)) o, try-cast m) o, xa =y
by (rule exl[where z=f o. y|, typecheck-cfuncs, smt func-f-elem-eq)
qed
show (g-inv I (z o, By \ (E, m)) o¢ try-cast m) o, f = id. X
by (insert comp-associative? func-f-elem-eq id-left-unit2, typecheck-cfuncs,
rule one-separator, auto)
qed
qged

The lemma below corresponds to Exercise 2.7.2(i) in Halvorson.

lemma split-epis-are-reqular:
assumes f-type[type-rule]: f : X = Y
assumes split-epimorphism f
shows regular-epimorphism f
proof —
obtain s where s-type[type-rule]: s : Y — X and s-splits: fo. s =1id Y
by (meson assms(2) f-type split-epimorphism-def2)
then have coequalizer Y f (s o, f) (id X)
unfolding coequalizer-def
by (typecheck-cfuncs, smt (verit, del-insts) comp-associative2 comp-type id-left-unit?2
id-right-unit2 s-splits)
then show ?thesis
using assms coequalizer-is-epimorphism epimorphisms-are-regular by blast
qged

The lemma below corresponds to Exercise 2.7.2(ii) in Halvorson.

lemma sections-are-reqular-monos:
assumes s-type: s: Y — X
assumes s sectionof f
shows regular-monomorphism s
proof —
have coequalizer Y f (s o. f) (id X)
unfolding coequalizer-def
by (rule exl[where z=X|, intro exI[where x=X], typecheck-cfuncs,
smt (23) assms cfunc-type-def comp-associative2 comp-type id-left-unit
id-right-unit2 section-of-def)
then show ?thesis
by (metis assms(2) cfunc-type-def comp-monic-imp-monic’ id-isomorphism
iso-imp-epi-and-monic mono-is-regmono section-of-def)
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qed

end

11 Empty Set and Initial Objects

theory Initial
imports Coproduct
begin

The axiomatization below corresponds to Axiom 8 (Empty Set) in Halvor-
son.

axiomatization
indtial-func :: cset = cfunc (a- 100) and
emptyset :: cset (D)

where
indtial-func-type[type-rule]: initial-func X : ) — X and
initial-func-unique: h : ) — X = h = initial-func X and
emptyset-is-empty: —(x €. 0)

definition initial-object :: cset = bool where
indtial-object(X) +— (V Y. 31 f. f: X = Y)

lemma emptyset-is-initial:
initial-object(()
using initial-func-type initial-func-unique initial-object-def by blast

lemma initial-iso-empty:

assumes initial-object(X)

shows X = )

by (metis assms cfunc-type-def comp-type emptyset-is-empty epi-mon-is-iso ini-
tial-object-def injective-def injective-imp-monomorphism is-isomorphic-def surjec-
tive-def surjective-is-epimorphism)

The lemma below corresponds to Exercise 2.4.6 in Halvorson.

lemma coproduct-with-empty:

shows X [ 0 =2 X
proof —

have comp1: (left-coproj X 0 o, (id X I acy)) o, left-coproj X O = left-coproj X
0

proof —

have (left-coproj X 0 o, (id X I axy)) o, left-coproj X O =
left-coproj X 0 o, (id X IT axy o, left-coproj X 0)
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = left-coproj X 0 o, id(X)
by (typecheck-cfuncs, metis left-coproj-cfunc-coprod)
also have ... = left-coproj X ()

by (typecheck-cfuncs, metis id-right-unit2)
finally show ?thesis.
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qed
have comp2: (left-coproj X § o, (id(X) Il acx)) o, right-coproj X O = right-coproj
X0
proof —
have ((left-coproj X 0) o. (id(X) II ax)) o, (right-coproj X 0) =
(left-coproj X 0) o. ((id(X) Il ax) o. (right-coproj X 0))
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = (left-coproj X () o, ax
by (typecheck-cfuncs, metis right-coproj-cfunc-coprod)
also have ... = right-coproj X 0

by (typecheck-cfuncs, metis initial-func-unique)
finally show ?thesis.
qed
then have factl: (left-coproj X 0)I(right-coproj X 0) o left-coproj X 0 =
left-coproj X 0
using left-coproj-cfunc-coprod by (typecheck-cfuncs, blast)
then have fact2: ((left-coproj X 0)I(right-coproj X 0)) o. (right-coproj X 0) =
right-coproj X ()
using right-coproj-cfunc-coprod by (typecheck-cfuncs, blast)
then have concl: (left-coproj X 0) o, (id(X) Il a ) = ((left-coproj X 0)I(right-coproj
X 0))
using cfunc-coprod-unique compl comp2 by (typecheck-cfuncs, blast)
also have ... = id(X]]0)
using cfunc-coprod-unique id-left-unit2 by (typecheck-cfuncs, auto)
then have isomorphism(id(X) I a )
unfolding isomorphism-def
by (intro exl[where z=left-coproj X 0], typecheck-cfuncs, simp add: cfunc-type-def
concl left-coproj-cfunc-coprod)
then show X[[0 = X
using cfunc-coprod-type id-type initial-func-type is-isomorphic-def by blast
qed

The lemma below corresponds to Proposition 2.4.7 in Halvorson.

lemma function-to-empty-is-iso:

assumes f: X — 0

shows isomorphism(f)

by (metis assms cfunc-type-def comp-type emptyset-is-empty epi-mon-is-iso in-
jective-def injective-imp-monomorphism surjective-def surjective-is-epimorphism)

lemma empty-prod-X:

0 x. X220

using cfunc-type-def function-to-empty-is-iso is-isomorphic-def left-cart-proj-type
by blast

lemma X-prod-empty:

X x.0=0

using cfunc-type-def function-to-empty-is-iso is-isomorphic-def right-cart-proj-type
by blast

The lemma below corresponds to Proposition 2.4.8 in Halvorson.
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lemma no-el-iff-iso-empty:
is-empty X +— X = ()
proof safe
show X = () = is-empty X
by (meson is-empty-def comp-type emptyset-is-empty is-isomorphic-def)
next
assume is-empty X
obtain f where f-type: f: § — X
using initial-func-type by blast

have f-inj: injective(f)

using cfunc-type-def emptyset-is-empty f-type injective-def by auto
then have f-mono: monomorphism(f)

using cfunc-type-def f-type injective-imp-monomorphism by blast
have f-surj: surjective(f)

using is-empty-def <is-empty X> f-type surjective-def2 by presburger
then have epi-f: epimorphism(f)

using surjective-is-epimorphism by blast
then have iso-f: isomorphism(f)

using cfunc-type-def epi-mon-is-iso f-mono f-type by blast
then show X = ()

using f-type is-isomorphic-def isomorphic-is-symmetric by blast

qed

lemma initial-maps-mono:

assumes initial-object(X)

assumes f: X — YV

shows monomorphism(f)

by (metis assms cfunc-type-def initial-iso-empty injective-def injective-imp-monomorphism
no-el-iff-iso-empty is-empty-def)

lemma iso-empty-initial:

assumes X = ()

shows initial-object X

unfolding initial-object-def

by (meson assms comp-type is-isomorphic-def isomorphic-is-symmetric isomor-
phic-is-transitive no-el-iff-iso-empty is-empty-def one-separator terminal-func-type)

lemma function-to-empty-set-is-iso:

assumes f: X —» Y

assumes is-empty Y

shows isomorphism f

by (metis assms cfunc-type-def comp-type epi-mon-is-iso injective-def injective-imp-monomorphism
is-empty-def surjective-def surjective-is-epimorphism)

lemma prod-iso-to-empty-right:
assumes nonempty X
assumes X X, Y = ()
shows is-empty Y
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by (metis emptyset-is-empty is-empty-def cfunc-prod-type epi-is-surj is-isomorphic-def
iso-imp-epi-and-monic isomorphic-is-symmetric nonempty-def surjective-def2 assms)

lemma prod-iso-to-empty-left:
assumes nonempty Y
assumes X X, Y = ()
shows is-empty X
by (meson is-empty-def nonempty-def prod-iso-to-empty-right assms)

lemma empty-subset: (0, ax) C. X
by (metis cfunc-type-def emptyset-is-empty initial-func-type injective-def injec-
tive-imp-monomorphism subobject-of-def2)

The lemma below corresponds to Proposition 2.2.1 in Halvorson.

lemma one-has-two-subsets:
card ({(X,m). (X,m) C. 1}//{((X1,m1),(X2,m2)). X1 = X2}) =2
proof —
have one-subobject: (1, id 1) C. 1
using element-monomorphism id-type subobject-of-def2 by blast
have empty-subobject: (0, aq) C. 1
by (simp add: empty-subset)

have subobject-one-or-empty: AX m. (X;m) C. 1= X X1V X 20
proof —

fix X m

assume X-m-subobject: (X, m) C. 1

obtain x where y-pullback: is-pullback X 11 Q (Bx) t m x

using X-m-subobject characteristic-function-exists subobject-of-def2 by blast
then have y-true-or-false: x =tV x = f

unfolding is-pullback-def using true-false-only-truth-values by auto

have true-iso-one: y =t = X =1
proof —
assume y-true: x =t
then have 3!j. j €. X A By ocj=1id. 1 ANmo.j=rid.1
using y-pullback x-true is-pullback-def by (typecheck-cfuncs, auto)
then show X =1
using single-elem-iso-one
by (metis X-m-subobject subobject-of-def2 terminal-func-comp-elem termi-
nal-func-unique)
qed

have false-iso-one: x =f = X =0
proof —
assume x-false: x = f
have # z. z €, X
proof clarify
fix z
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assume z-in-X: rz €, X
have t o, By =fo. m
using x-false x-pullback is-pullback-def by auto
then have t o, (Bx o. ) =f o, (m o, z)
by (smt X-m-subobject comp-associative2 false-func-type subobject-of-def2
terminal-func-type true-func-type z-in-X)
then have t = f
by (smt X-m-subobject cfunc-type-def comp-type false-func-type id-right-unit
id-type
subobject-of-def2 terminal-func-unique true-func-type z-in-X)
then show Fulse
using true-false-distinct by auto
qed
then show X = )
using is-empty-def Pz. x €. X> no-el-iff-iso-empty by blast
qed

show X 1V X 0
using y-true-or-false false-iso-one true-iso-one by blast
qed

have classes-distinct: {(X, m). X = 0} # {(X, m). X 2 1}
by (metis case-prod-eta curry-case-prod emptyset-is-empty id-isomorphism id-type
is-isomorphic-def mem-Collect-eq)

have {(X, m). (X, m) C. 1} // {((X1, m1), (X2, m2)). X1 = X2} = {{(X,
m). X = 0}, {(X, m). X = 1}}
proof
show {(X, m). (X, m) C. 1} // {(X1, m1), (X2, m2)). X1 = X2} C {{(X,
m). X =20}, {(X, m). X 2 1}}
unfolding quotient-def by (auto, insert isomorphic-is-symmetric isomor-
phic-is-transitive subobject-one-or-empty, blast+)
next
show {{(X, m). X = 0}, {(X, m). X = 1}} € {(X, m). (X, m) . 1} //
{((X1, m1), X2, m2). X1 = X2}
unfolding quotient-def by (insert empty-subobject one-subobject, auto simp
add: isomorphic-is-symmetric)
qed
then show card ({(X, m). (X, m) C. 1} // {((X, m1), (Y, m2)). X 2 Y}) =
2
by (simp add: classes-distinct)
qged

lemma coprod-with-init-obj1:

assumes initial-object Y

shows X [T Y 2 X

by (meson assms coprod-pres-iso coproduct-with-empty initial-iso-empty isomor-
phic-is-reflexive isomorphic-is-transitive)
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lemma coprod-with-init-obj2:

assumes initial-object X

shows X [[ Y2 VY

using assms coprod-with-init-objl coproduct-commutes isomorphic-is-transitive
by blast

lemma prod-with-term-obj1:

assumes terminal-object(X)

shows X x,. Y =2Y

by (meson assms isomorphic-is-reflexive isomorphic-is-transitive one-terminal-object
one-r-A-iso-A prod-pres-iso terminal-objects-isomorphic)

lemma prod-with-term-obj2:
assumes terminal-object(Y)
shows X x, Y & X
by (meson assms isomorphic-is-transitive prod-with-term-objl product-commutes)

end

12 Exponential Objects, Transposes and Evalua-
tion

theory Fzxponential-Objects
imports Initial
begin

The axiomatization below corresponds to Axiom 9 (Exponential Objects)
in Halvorson.

axiomatization

exp-set :: cset = cset = cset (-~ [100,100]1100) and

eval-func :: cset = cset = cfunc and

transpose-func :: cfunc = cfunc (¥ [100]100)
where

erp-set-ing: xA=yP—X=YAA=DBand

eval-func-type[type-rule]: eval-func X A : AX, x4 & X and

transpose-func-type[type-rule]: f : A x. Z — X = 4. 7 — X4 and

transpose-func-def: f : A x. Z — X = (eval-func X A) o, (id A x; f*) = f
and

transpose-func-unique:

fiAXZ = X = g: Z — XA = (eval-func X A) o. (id A x5 g) = f =

9=

lemma eval-func-surj:
assumes nonempty(A)
shows surjective((eval-func X A))
unfolding surjective-def
proof (clarify)
fix z
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assume z-type: © €, codomain (eval-func X A)
then have z-type2[type-rule]: x €. X
using cfunc-type-def eval-func-type by auto
obtain a where a-def[type-rule]: a €. A
using assms nonempty-def by auto
have needed-type: (a, (z o. right-cart-proj A 1)¥) €. domain (eval-func X A)
using cfunc-type-def by (typecheck-cfuncs, auto)
have (eval-func X A) o. (a, (z o, right-cart-proj A 1)%) =
(eval-func X A) o, ((id(A) xs (z o, right-cart-proj A 1)*) o, {(a, id(1)))
by (typecheck-cfuncs, smt a-def cfunc-cross-prod-comp-cfunc-prod id-left-unit2
id-right-unit2 z-type2)
also have ... = ((eval-func X A) o, (id(A) x; (x o right-cart-proj A 1)%)) o,
(a, id(1))
by (typecheck-cfuncs, meson a-def comp-associative2 z-type2)

also have ... = (z o, right-cart-proj A 1) o, (a, id(1))
by (metis comp-type right-cart-proj-type transpose-func-def z-type2)
also have ... = z o, (right-cart-proj A 1 o, {a, id(1)))

using a-def cfunc-type-def comp-associative z-type2 by (typecheck-cfuncs, auto)
also have ... =z
using a-def id-right-unit2 right-cart-proj-cfunc-prod z-type2 by (typecheck-cfuncs,
auto)
ultimately show 3y. y €, domain (eval-func X A) A eval-func X Ao, y =z
using needed-type by (typecheck-cfuncs, auto)
qed

The lemma. below corresponds to a note above Definition 2.5.1 in Halvor-
son.

lemma exponential-object-identity:

(eval-func X A)* = idc(XA)

by (metis cfunc-type-def eval-func-type id-cross-prod id-right-unit id-type trans-
pose-func-unique)

lemma eval-func-X-empty-injective:
assumes is-empty Y
shows injective (eval-func X Y)
unfolding injective-def
by (typecheck-cfuncs,metis assms cfunc-type-def comp-type left-cart-proj-type is-empty-def)

12.1 Lifting Functions

The definition below corresponds to Definition 2.5.1 in Halvorson.

definition exp-func :: cfunc = cset = cfunc ((-)"y [100,100]100) where
exp-func g A = (g o, eval-func (domain g) A)*

lemma exp-func-def2:
assumes g: X — YV
shows exp-func g A = (g o eval-func X A)?
using assms cfunc-type-def exp-func-def by auto
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lemma exp-func-type[type-rule]:
assumes g: X — Y
shows gAf x4 5 yA
using assms by (unfold exp-func-def2, typecheck-cfuncs)

lemma exp-of-id-is-id-of-exp:

id(X4) = (id(X))4;

by (metis (no-types) eval-func-type exp-func-def exponential-object-identity id-domain
id-left-unit2)

The lemma below corresponds to a note below Definition 2.5.1 in Halvor-
son.

lemma exponential-square-diagram:
assumes g: Y — 7
shows (eval-func Z A) o, (id.(A)x ¢ gAf) = g o. (eval-func Y A)
using assms by (typecheck-cfuncs, simp add: exp-func-def2 transpose-func-def)

The lemma below corresponds to Proposition 2.5.2 in Halvorson.

lemma transpose-of-comp:
assumes f-type: f: A X, X — Y and g-type: ¢: ¥ — Z
shows ff AX. X > YANg VY —>7 = (gocf)ﬁ:gAfocfﬁ
proof clarify
have left-eq: (eval-func Z A) o (id(A) x¢ (g oc f)*) = g oc f
using comp-type f-type g-type transpose-func-def by blast
have right-eq: (eval-func Z A) o. (id. A Xy (gAf oc f1)) =gocf
proof —
have (eval-func Z A) o, (id. A xy (gAf oc f¥)) =
(eval-func Z A) o, ((id. A Xy (gAf)) o. (ide A x¢ f*))
by (typecheck-cfuncs, smt identity-distributes-across-composition assms)

also have ... = (g o. eval-func Y A) o, (id. A x; f*)
by (typecheck-cfuncs, smt comp-associative? exp-func-def2 transpose-func-def
assms)
also have ... = g o, f
by (typecheck-cfuncs, smt (verit, best) comp-associative2 transpose-func-def
assms)
finally show ?thesis.
qed

show (g Oc f)ﬁ = gAf Oc fﬁ
using assms by (typecheck-cfuncs, metis right-eq transpose-func-unique)
qed

lemma exponential-object-identity2:
id(X)4, = id.(X4)
by (metis eval-func-type exp-func-def exponential-object-identity id-domain id-left-unit2)
The lemma below corresponds to comments below Proposition 2.5.2 and
above Definition 2.5.3 in Halvorson.

lemma eval-of-id-cross-id-sharp1:
(eval-func (A x. X) A) o, (id(A) x5 (id(A x. X))*) = id(A x. X)
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using id-type transpose-func-def by blast
lemma eval-of-id-cross-id-sharp2:

assumes a : Z - Az : 7 - X

shows ((eval-func (A x. X) A) o, (id(A) x; (id(A x. X))*) o {(a,z) = (a,z)

by (smt assms cfunc-cross-prod-comp-cfunc-prod eval-of-id-cross-id-sharp1 id-cross-prod
id-left-unit2 id-type)

lemma transpose-factors:

assumes f: X —» Y

assumes ¢g: ¥ — 7

shows (g o. /)4, = (g¢) oc (£47)

using assms by (typecheck-cfuncs, smt comp-associative2 comp-type eval-func-type
exp-func-def2 transpose-of-comp)

12.2 Inverse Transpose Function (flat)

The definition below corresponds to Definition 2.5.3 in Halvorson.

definition inv-transpose-func :: cfunc = cfunc (2> [100]100) where
f>=(THE g.3 Z X A. domain f = Z A codomain f = XA A g = (eval-func X
4) o (id A %y [))

lemma inv-transpose-func-def2:
assumes [ : 7 — x4
shows 3 Z X A. domain f = Z N codomain f = XA A f* = (eval-func X A) o,
(id A <y [)
unfolding inv-transpose-func-def
proof (rule thel)
show 37 Y B. domain f = Z A codomain f = YB A eval-func X A o, id. A Xy
f = eval-func Y B o, id. B x¢ f
using assms cfunc-type-def by blast
next
fix g
assume 17 X A. domain f = Z N codomain f = XA A g = eval-func X A o,
idc A Xf f
then show g = eval-func X A o, ide A xy f
by (metis assms cfunc-type-def exp-set-inj)
qed

lemma inv-transpose-func-def3:
assumes f-type: [ : Z — x4
shows f> = (eval-func X A) o, (id A x; f)
by (metis cfunc-type-def exp-set-inj f-type inv-transpose-func-def2)

lemma flat-type[type-rule]:
assumes f-type[type-rule]: f : 7 — x4
shows f* : A x, Z = X
by (etcs-subst inv-transpose-func-def3, typecheck-cfuncs)

The lemma below corresponds to Proposition 2.5.4 in Halvorson.
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lemma inv-transpose-of-composition:
assumes f: X - Y ¢ YV — 74
shows (g0, )’ = ¢ o, (id(A) x; f)
using assms comp-associative2 identity-distributes-across-composition
by ((etes-subst inv-transpose-func-def3)+, typecheck-cfuncs, auto)

The lemma below corresponds to Proposition 2.5.5 in Halvorson.

lemma flat-cancels-sharp:
fiAx.Z—X = (ff))=Ff

using inv-transpose-func-defs transpose-func-def transpose-func-type by fastforce
The lemma below corresponds to Proposition 2.5.6 in Halvorson.

lemma sharp-cancels-flat:
fZ XA = (P)y=r
proof —
assume f-type: f : 7 — x4
then have uniqueness: V g. g : 7 — x4 — eval-func X A o, (id A xy g) =
P—g=)
by (typecheck-cfuncs, simp add: transpose-func-unique)
have eval-func X A o. (id A x¢ f) = i
by (metis f-type inv-transpose-func-def3)
then show f’f = f
using f-type uniqueness by auto
qed

lemma same-evals-equal:
assumes f : 7 — x4 9 Z — x4
shows eval-func X A o. (id A xy f) = eval-func X Ao, (id A Xy g) = f=yg
by (metis assms inv-transpose-func-def3 sharp-cancels-flat)

lemma sharp-comp:
assumes f-type[type-rule]: f : A X, Z — X and g-type[type-rule]: g : W — Z
shows f* o, g = (f o. (id A x; g))*

proof (etcs-rule same-evals-equal[where X=X, where A=A4])

have eval-func X A o, (id A x; (f* o, g)) = eval-func X A o. (id A x; f*) o,
(id A %z g)
using assms by (typecheck-cfuncs, simp add: identity-distributes-across-composition)
also have ... = f o, (id A x; g)
using assms by (typecheck-cfuncs, simp add: comp-associative2 transpose-func-def)
also have ... = eval-func X A o, (id. A x; (f o. (ide A x; g))%)
using assms by (typecheck-cfuncs, simp add: transpose-func-def)
finally show eval-func X A o, (id A x¢ (f* o. g)) = eval-func X A o, (id. A
Xy (foc (ide A xy g))ﬁ)'
qed

lemma flat-pres-epi:

assumes nonempty(A)
assumes f : Z — X
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assumes epimorphism f
shows epimorphism(f®)
proof —
have equals: f> = (eval-func X A) o, (id(A) x; f)
using assms(2) inv-transpose-func-def3 by auto
have idA-f-epi: epimorphism((id(A4) xy f))
using assms(2) assms(3) cfunc-cross-prod-surj epi-is-surj id-isomorphism id-type
iso-imp-epi-and-monic surjective-is-epimorphism by blast
have eval-epi: epimorphism((eval-func X A))
by (simp add: assms(1) eval-func-surj surjective-is-epimorphism)
have codomain ((id(A) x f)) = domain ((eval-func X A))
using assms(2) cfunc-type-def by (typecheck-cfuncs, auto)
then show ?thesis
by (simp add: composition-of-epi-pair-is-epi equals eval-epi idA-f-epi)
qed

lemma transpose-inj-is-inj:
assumes g: X — Y
assumes injective g
shows injectz've(gAf)
unfolding injective-def
proof (clarify)
fix z y
assume z-type[type-rule]: x €. domain (gAf)
assume y-type[type-rule]:y €. domain (gAf)
assume €qs: gAf O, T = gAf Oc Y
have mono-g: monomorphism g
by (meson Collect] assms(2) injective-imp-monomorphism)
have z-type'[type-rule]: z €. X A
using assms(1) cfunc-type-def exp-func-type by (typecheck-cfuncs, force)
have y-type'[type-rule]: y €. x4
using cfunc-type-def z-type x-type’ y-type by presburger
have (g o, eval-func X A) o, x = (g o eval-func X A)* o, y
unfolding exp-func-def using assms eqs exp-func-def2 by force
then have g o, (eval-func X A o (id(A) x¢ z)) = g o. (eval-func X A o, (id(A)
)
by (smt (23) assms(1) comp-type eqs flat-cancels-sharp flat-type inv-transpose-func-def3
sharp-cancels-flat transpose-of-comp z-type’ y-type’)
then have eval-func X A o.(id(A) x; z) = eval-func X A o, (id(A) x; y)
by (metis assms(1) mono-g flat-type inv-transpose-func-def3 monomorphism-def2
a-type’ y-type’)
then show z =y
by (meson same-evals-equal z-type’ y-type’)
qed

lemma eval-func-X-one-injective:
injective (eval-func X 1)

proof (cases 3 z. z €. X)
assume Jz. z €, X
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then obtain = where z-type: z €. X
by auto

then have eval-func X 1 o, id. 1 Xy (z oc 81 x, 1)* = % 0c B1 x, 1
using comp-type terminal-func-type transpose-func-def by blast

show injective (eval-func X 1)
unfolding injective-def
proof clarify
fix a b
assume a-type: a €. domain (eval-func X 1)
assume b-type: b €. domain (eval-func X 1)
assume cvals-equal: eval-func X 1 o, a = eval-func X 1 o, b

have eval-dom: domain(eval-func X 1) = 1 x. (X1)
using cfunc-type-def eval-func-type by auto

obtain A where a-def: A €, X1 A a = (id 1, A)
by (typecheck-cfuncs, metis a-type cart-prod-decomp eval-dom terminal-func-unique)

obtain B where b-def: B €. X1 A b= (id 1, B)
by (typecheck-cfuncs, metis b-type cart-prod-decomp eval-dom terminal-func-unique)

have A° o, (id 1, id 1) = B® o, {(id 1, id 1)
proof —
have A° o, (id 1, id 1) = (eval-func X 1) o, (id 1 x (A")¥) o. (id 1, id 1)
by (typecheck-cfuncs, smt (verit, best) a-def comp-associative2 inv-transpose-func-def3
sharp-cancels-flat)
also have ... = eval-func X 1 o, a
using a-def cfunc-cross-prod-comp-cfunc-prod id-right-unit2 sharp-cancels-flat
by (typecheck-cfuncs, force)

also have ... = eval-func X 1 o, b
by (simp add: evals-equal)
also have ... = (eval-func X 1) o, (id 1 x; (B*)¥) o, (id 1, id 1)

using b-def cfunc-cross-prod-comp-cfunc-prod id-right-unit?2 sharp-cancels-flat
by (typecheck-cfuncs, auto)
also have ... = B” o, (id 1, id 1)
by (typecheck-cfuncs, smt (verit) b-def comp-associative2 inv-transpose-func-def3
sharp-cancels-flat)
finally show A” o, (id 1, id 1) = B® o, (id 1, id 1).
qed
then have A’ = B
by (typecheck-cfuncs, smt swap-def a-def b-def cfunc-prod-comp comp-associative2
diagonal-def diagonal-type id-right-unit2 id-type left-cart-proj-type right-cart-proj-type
swap-idempotent swap-type terminal-func-comp terminal-func-unique)
then have A = B
by (metis a-def b-def sharp-cancels-flat)
then show a = b
by (simp add: a-def b-def)
qed
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next
assume 7. z €. X
then show injective (eval-func X 1)
by (typecheck-cfuncs, metis cfunc-type-def comp-type injective-def)
qed

In the lemma below, the nonempty assumption is required. Consider,
for example, X = Q and A = ()

lemma sharp-pres-mono:
assumes [ : A X, Z - X
assumes monomorphism(f)
assumes nonempty A
shows monomorphism(f*)
unfolding monomorphism-def2
proof (clarify)
fixghUYzx
assume g-type[type-rule]: g : U — Y
assume h-type[type-rule]: h : U — Y
assume f-sharp-type[type-rule]: f*: Y — z
assume equals: f¥ o, g = f% o, h

have f-sharp-type2: f* : 7 — x4

by (simp add: assms(1) transpose-func-type)
have Y-is-Z: ' Y = Z

using cfunc-type-def f-sharp-type f-sharp-type2 by auto
have z-is-XA: z = X4

using cfunc-type-def f-sharp-type f-sharp-type2 by auto
have g-type2: g : U — Z

using Y-is-Z g-type by blast
have h-type2: h : U — Z

using Y-is-Z h-type by blast
have idg-type: (id(A) x5 g) : A x. U —= A X, Z

by (simp add: cfunc-cross-prod-type g-type2 id-type)
have idh-type: (id(A) x5 h) : A x, U — A X, Z

by (simp add: cfunc-cross-prod-type h-type2 id-type)

then have epic: epimorphism(right-cart-proj A U)
using assms(3) nonempty-left-imp-right-proj-epimorphism by blast

have fldg-is-fIdh: f o, (id(A) xs g) = f oc (id(A) xs h)
proof —
have f o. (id(A) x; g) = (eval-func X A o, (id(A) x; f*)) o (id(A) x; g)
using assms(1) transpose-func-def by auto
also have ... = (eval-func X A o, (id(A) x; f*)) o, (id(A) x; h)
by (metis Y-is-Z equals f-sharp-type2 g-type h-type inv-transpose-func-def3
inv-transpose-of-composition)
also have ... = f o. (id(4) x¢ h)
using assms(1) transpose-func-def by auto
finally show ?thesis.
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qed

then have idg-is-idh: (id(A) x; g) = (id(A) x5 h)

using assms fldg-is-fldh idg-type idh-type monomorphism-def3 by blast

then have g o, (right-cart-proj A U) = h o, (right-cart-proj A U)

by (smt g-type2 h-type2 id-type right-cart-proj-cfunc-cross-prod)

then show g = h

using epic epimorphism-def2 g-type2 h-type2 right-cart-proj-type by blast
qed

12.3 Metafunctions and their Inverses (Cnufatems)

12.3.1 Metafunctions

definition metafunc :: cfunc = cfunc where
metafunc f = (f o. (left-cart-proj (domain f) 1))*

lemma metafunc-def2:
assumes f : X — YV
shows metafunc f = (f o (left-cart-proj X 1))F
using assms unfolding metafunc-def cfunc-type-def by auto

lemma metafunc-type[type-rule]:
assumes f : X — YV
shows metafunc f €, yX
using assms by (unfold metafunc-def2, typecheck-cfuncs)

lemma eval-lemma:

assumes f-type[type-rule]: f: X = Y

assumes z-type[type-rule]: x €. X

shows eval-func Y X o, (x, metafunc f) = f o,
proof —

have eval-func Y X o, (z, metafunc f) = eval-func Y X o, (id X xz (f oc
(left-cart-proj X 1))¥) o, (z, id 1)

by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod id-left-unit2

id-right-unit2 metafunc-def2)

also have ... = (eval-func Y X o, (id X x; (f o. (left-cart-proj X 1))*)) o, (z,
id 1)
using comp-associative? by (typecheck-cfuncs, blast)
also have ... = (f o, (left-cart-proj X 1)) o. (z, id 1)
by (typecheck-cfuncs, metis transpose-func-def)
also have ... = f o, ¢

by (typecheck-cfuncs, metis assms cfunc-type-def comp-associative left-cart-proj-cfunc-prod)
finally show eval-func Y X o. (z, metafunc f) = f o, x.
qed

12.3.2 Inverse Metafunctions (Cnufatems)

definition cnufatem :: cfunc = cfunc where
cnufatem f = (THE g.V Y X. f:1 — vX g = eval-func Y X o, (id X, f
°c Bx))
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lemma cnufatem-def2:
assumes f €. Y
shows cnufatem f = eval-func Y X o. (id X, f o, Bx)
using assms unfolding cnufatem-def cfunc-type-def
by (smt (verit, ccfo-threshold) exp-set-inj thel”)

lemma cnufatem-type[type-rule]:
assumes f €. YV
shows cnufatem f : X — Y
using assms cnufatem-def2
by (auto, typecheck-cfuncs)

lemma cnufatem-metafunc:
assumes f-type[type-rule]: f : X — Y
shows cnufatem (metafunc f) = f
proof (etcs-rule one-separator)
fix z
assume z-type[type-rule]: x €. X

have cnufatem (metafunc f) o, ¢ = eval-func Y X o. (id X, (metafunc f) o,
ﬁX> Oc T
using cnufatem-def2 comp-associative2 by (typecheck-cfuncs, fastforce)
also have ... = eval-func Y X o. (z, (metafunc f))
by (typecheck-cfuncs, metis cart-prod-extract-left)
also have ... = f o, z
using eval-lemma by (typecheck-cfuncs, presburger)
finally show cnufatem (metafunc f) o. © = f o. z.
qged

lemma metafunc-cnufatem:

assumes f-type[type-rule]: [ €. YX

shows metafunc (cnufatem f) = f
proof (etcs-rule same-evals-equal[where X = Y, where A = X], etcs-rule one-separator)

fix x1

assume zI-type[type-rule]: 1 €. X X. 1

then obtain z where z-type[type-rule]: © €. X and z-def: z1 = (z, id 1)

by (typecheck-cfuncs, metis cart-prod-decomp one-unique-element)
have (eval-func Y X o. id. X Xy metafunc (cnufatem f)) o. (z, id 1) =
eval-func Y X o. (z , metafunc (cnufatem f))

by (typecheck-cfuncs, smt (28) cfunc-cross-prod-comp-cfunc-prod comp-associative?

id-left-unit?2 id-right-unit2)

also have ... = (cnufatem f) o, z
using eval-lemma by (typecheck-cfuncs, presburger)

also have ... = (eval-func Y X o, (id X, f o. Bx)) oc =
using assms cnufatem-def2 by presburger

also have ... = eval-func Y X o, (id X, f o. Bx) oc
by (typecheck-cfuncs, metis comp-associative2)

also have ... = eval-func Y X o, (id X o, z , f o, (Bx o x))
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by (typecheck-cfuncs, metis cart-prod-extract-left id-left-unit2 id-right-unit2 ter-
minal-func-comp-elem)
also have ... = eval-func Y X o, (id X o. = , f o. id 1)
by (simp add: terminal-func-comp-elem z-type)
also have ... = eval-func Y X o, (id. X Xy f) o. (z, id 1)
using cfunc-cross-prod-comp-cfunc-prod by (typecheck-cfuncs, force)
also have ... = (eval-func Y X o, id. X x5 f) o. z1
by (typecheck-cfuncs, metis comp-associative2 z-def)
ultimately show (eval-func Y X o, id. X xj metafunc (cnufatem f)) o, z1 =
(eval-func Y X o, id. X Xy f) o, x1
using z-def by simp
qed

12.3.3 Metafunction Composition

definition meta-comp :: cset = cset = cset = cfunc where

meta-comp X Y Z = (eval-func Z Y o swap (ZY) Y o, (id(ZY) x5 (eval-func
Y X o. swap (YX) X)) o, (associate-right (Z¥) (YX) X) 0. swap X (ZY) x.
(v X))

lemma meta-comp-type[type-rulel:
meta-comp X Y 7 : zY Xe vX 5 zX
unfolding meta-comp-def by typecheck-cfuncs

definition meta-comp?2 :: cfunc = cfunc = cfunc (infixr O 55)
where meta-comp2 fg=(THEh.3 WX Y. g: W — YX AR = (f* o (¢,
right-cart-proj X W))#)

lemma meta-comp2-def2:
assumes f: W — zY
assumes g: W — yX
shows f O g = (f* o (¢°, right-cart-proj X W))*
using assms unfolding meta-comp2-def
by (smt (23) cfunc-type-def exp-set-inj the-equality)

lemma meta-comp2-type[type-rulel:
assumes f: W — zY
assumes g: W — yX
shows f O g : W — zX
proof —
have (f° o. (¢°, right-cart-proj X W))t : W — zX
using assms by typecheck-cfuncs
then show ?thesis
using assms by (simp add: meta-comp2-def2)
qed

lemma meta-comp2-elements-aux:

assumes [ €, zY
assumes g €. Y

207



assumes 1 €, X
shows (f° o, (¢°,right-cart-proj X 1)) o, (z, id, 1) = eval-func Z Y o, (eval-func
Y X o (2.9))
proof—
have (f° o, (g°,right-cart-proj X 1)) o, (z, id. 1)= f* o. (¢°,right-cart-proj X
1) o, (z, id. 1)
using assms by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = f* o, (¢” o, (z, id. 1),right-cart-proj X 1 o, (z, id. 1))
using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp)
also have ... = f* o. (¢’ o, (z, id. 1),id. 1)

using assms by (typecheck-cfuncs, metis one-unique-element)
also have ... = f* o. ((eval-func Y X) o, (id X x; g) o. {(z, id. 1),id. 1)
using assms by (typecheck-cfuncs, simp add: comp-associative2 inv-transpose-func-def3)
also have ... = f* o. ((eval-func Y X) o. (z, g),id. 1)
using assms cfunc-cross-prod-comp-cfunc-prod id-left-unit2 id-right-unit2 by
(typecheck-cfuncs,force)

also have ... = (eval-func Z Y) o, (id Y xy f) o. ((eval-func Y X) o. (z,

g),id. 1)
using assms by (typecheck-cfuncs, simp add: comp-associative2 inv-transpose-func-def3)
also have ... = (eval-func Z Y) o. {((eval-func Y X) o. (x, g),f)

using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2)

finally show (f° o, (¢°,right-cart-proj X 1)) o, (z,id, 1) = eval-func Z Y o,
(eval-func Y X o, {(z,9),f).
qed

lemma meta-comp2-def3:
assumes [ €, 7Y
assumes g €. Y
shows f O g = metafunc ((cnufatem f) o, (cnufatem g))
using assms
proof (unfold meta-comp2-def2 cnufatem-def2 metafunc-def meta-comp-def)
have f* o. (g",right-cart-proj X 1) = ((eval-func Z Y o. {id. Y.f o. By)) o
eval-func Y X o, (id. X,g o. Bx)) oc left-cart-proj X 1
proof (rule one-separator[where X = X x. 1, where Y = Z])
show f° o. (¢°,right-cart-proj X 1) : X x.1 — Z
using assms by typecheck-cfuncs
show ((eval-func Z'Y o (id. Y.f o. By)) o eval-func Y X o (id. X,g o,
Bx)) oc left-cart-proj X 1 : X x. 1 — Z
using assms by typecheck-cfuncs
next
fix z1
assume zl-type[type-rule]: z1 €. (X X, 1)
then obtain z where z-type[type-rule]: © €. X and z-def: z1 = (z, id. 1)
by (metis cart-prod-decomp id-type terminal-func-unique)
then have (f° o, (¢°,right-cart-proj X 1)) o. z1 = eval-func Z Y o, {eval-func
Y X o. (z,9),f)
using assms meta-comp2-elements-auz z-def by blast
also have ... = eval-func Z Y o, (id. Y,f o. By) o eval-func Y X o, (id. X,g
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oc Bx) oc
using assms by (typecheck-cfuncs, metis cart-prod-extract-left)
also have ... = (eval-func Z Y o, (id. Y.f o. By)) o eval-func Y X o, (id,
X7g O¢ BX) Oc T
using assms by (typecheck-cfuncs, meson comp-associative?)
also have ... = ((eval-func Z 'Y o, (id. Y.f o By)) o eval-func ¥ X o, (id,
X,9 oc 5X>) Oc X
using assms by (typecheck-cfuncs, simp add: comp-associative2)
also have ... = ((eval-func Z 'Y o, (id. Y.f o. By)) o eval-func Y X o, (id,
X.g 0c Bx)) o¢ left-cart-proj X 1 o, z1
using assms id-type left-cart-proj-cfunc-prod x-def by (typecheck-cfuncs, auto)
also have ... = (((eval-func Z 'Y o, (id. Y.f o. By)) oc eval-func Y X o, (id.
X,9 0c Bx)) oc left-cart-proj X 1) o, x1
using assms by (typecheck-cfuncs, meson comp-associative?)
finally show (f° o. (¢°,right-cart-proj X 1)) o. z1 = (((eval-func Z Y o, (id,
Y.f oc By)) oc eval-func Y X o, (id. X,g o. Bx)) oc left-cart-proj X 1) o, z1.

qed
then show (f° o, (¢°,right-cart-proj X 1))¢ = (((eval-func Z Y o, (id. Y,f o,
By)) oc eval-func Y X o, (id. X,g o Bx)) oc left-cart-proj (domain ((eval-func Z
Y o, {id. Y.f o By)) oc eval-func Y X o, (id. X,g o. Bx))) 1)*
using assms cfunc-type-def cnufatem-def2 cnufatem-type domain-comp by force
qed

lemma meta-comp2-def}:
assumes f-type[type-rule]: f €. ZY and g-type[type-rule]: g €. yX
shows f O g = meta-comp X Y Z o, {f,g)
using assms
proof (unfold meta-comp2-def2 cnufatem-def2 metafunc-def meta-comp-def)
have (((eval-func Z'Y o, (id. Y.f o. By)) oc eval-func Y X o, (id. X,g9 o. Bx))
oc left-cart-proj X 1) =
(eval-func Z Y o, swap (ZY) Y o, (id. (ZY) x5 (eval-func Y X o, swap
(YX) X)) o, associate-right (Z¥) (YX) X o, swap X (ZY x, Y¥X)) o, (id (X)
x¢ (f.9)
proof (etcs-rule one-separator)
fix z1
assume zl-type[type-rule]: 1 €. X X. 1
then obtain z where z-type[type-rule]: © €. X and z-def: z1 = (z, id. 1)
by (metis cart-prod-decomp id-type terminal-func-unique)
have (((eval-func Z Y o, (id. Y,f o. By)) oc eval-func Y X o, (id. X,g o
Bx)) oc left-cart-proj X 1) o, z1 =
((eval-func Z 'Y o, (id. Y,f o By)) oc eval-func Y X o, (id. X,g o. Bx))
o, left-cart-proj X 1 o, x1
by (typecheck-cfuncs, metis cfunc-type-def comp-associative)
also have ... = ((eval-func Z Y o, (id. Y.f o. By)) o eval-func Y X o, (id,
ng Oc BX>) Oc T
using id-type left-cart-proj-cfunc-prod z-def by (typecheck-cfuncs, presburger)
also have ... = (eval-func Z Y o, (id. Y.f o By)) oc eval-func Y X o, (id.
X,g oc 5X> Oc T
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by (typecheck-cfuncs, metis cfunc-type-def comp-associative)
also have ... = eval-func Z Y o, (id. Y,f oc By) oc eval-func Y X o, (id. X,g

Oc 5X> Oc T
by (typecheck-cfuncs, metis cfunc-type-def comp-associative)
also have ... = eval-func Z Y o, (id. Y,f o. By) oc eval-func Y X o, (z ,g)
by (typecheck-cfuncs, metis cart-prod-extract-left)
also have ... = eval-func Z Y o, (eval-func Y X o. (z ,g9) .f)
by (typecheck-cfuncs, metis cart-prod-extract-left)
also have ... = (eval-func Z Y o, swap (ZY) Y) o, {f , eval-func Y X o, (z,

g
) by (typecheck-cfuncs, metis comp-associative2 swap-ap)
also have ... = (eval-func Z Y o, swap (ZY) Y) o, (id. (ZY) o. [, (eval-func
Y X o swap (YX) X) o, (g, x))
by (typecheck-cfuncs, smt (28) comp-associative?2 id-left-unit2 swap-ap)
also have ... = (eval-func Z Y o, swap (ZY) Y) o, (id, (ZY) X ¢ (eval-func Y
X o swap (YX) X)) 0. (f{g, ))
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (eval-func Z Y o, swap (ZY) Y o, (id. (ZY) X5 eval-func Y
X o swap (YX) X)) oc (f,{g, ))
using assms comp-associative2 by (typecheck-cfuncs, force)
also have ... = (eval-func Z Y o, swap (ZY) Y o, (id. (ZY) X5 eval-func Y
X o, swap (YX) X)) o associate-right (ZY) (YX) X oo ({f.9), =)
using assms by (typecheck-cfuncs, simp add: associate-right-ap)
also have ... = (eval-func Z Y o, swap (ZY) Y o, (id. (ZY) X ¢ eval-func Y
X o, swap (YX) X) o, associate-right (ZY) (YX) X) oo ({f.9), z)
using assms comp-associative2 by (typecheck-cfuncs, force)

also have ... = (eval-func Z Y o swap (2Y) Y o, (id. (2Y) x; eval-func Y
X o, swap (YX) X) o, associate-right (ZY) (YX) X) o, swap X (ZY x, YX) o,
(z, {f.9))
using assms by (typecheck-cfuncs, simp add: swap-ap)
also have ... = (eval-func Z Y o, swap (ZY) Y o, (id. (ZY) X s eval-func Y
X o, swap (YX) X) o, associate-right (ZY) (YX) X op swap X (ZY x. YX)) o,
(z, (f.9))
using assms comp-associative2 by (typecheck-cfuncs, force)
also have ... = (eval-func Z Y o, swap (ZY) Y o, (id. (ZY) X5 eval-func Y

X o, swap (YX) X) o associate-right (ZY) (YX) X o, swap X (ZY x, YX)) o,
((ide X x5 (f.g)) oc 1)

using assms by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2 id-type z-def)

also have ... = ((eval-func Z Y o, swap (ZY) Y o, (id, (ZY) x ¢ eval-func Y
X o, swap (YX) X) o, associate-right (ZY) (YX) X 0. swap X (ZY x. Y¥X)) o,
ide X xr (f.9)) oc x1

by (typecheck-cfuncs, meson comp-associative2)

finally show (((eval-func Z Y o, (id. Y.f oc By)) oc eval-func Y X o, (id,
X,9 oc Bx)) oc left-cart-proj X 1) o, z1 =

((eval-func Z Y o, swap (ZY) Y o, (id, (ZY) x s eval-func Y X o. swap

(YX) X) o, associate-right (ZY) (YX) X o, swap X (ZY x. Y¥X)) o, id, X X f
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<fag>) oc xl.
qed

then have (((eval-func Z Y o, (id. Y,f oc By)) oc eval-func Y X o, (id. X,g
Oc BX>) Oc
left-cart-proj X 1)} = (eval-func Z Y o, swap (ZY) Y o, (id, (ZY) X f
(eval-func Y X o, swap (YX) X))
oe associate-right (ZY) (YX) X o, swap X (ZY x. YX))t o, (f,9)
using assms by (typecheck-cfuncs, simp add: sharp-comp)
then show (f* o, (g°,right-cart-proj X 1)) =
(eval-func Z Y o, swap (ZY) Y o, (id, (ZY) x5 eval-func Y X o. swap (v¥)
X) o, associate-right (Z¥) (YX) X o, swap X (ZY¥ x. YX) o, (f.9)
using assms cfunc-type-def cnufatem-def2 cnufatem-type domain-comp meta-comp2-def2
meta-comp2-def3 metafunc-def by force
qed

lemma meta-comp-on-els:
assumes f : W — zY
assumes g : W — yX
assumes w €. W
shows (f O g) oc w = (f o w) O (g oc w)
proof —
have (f O g) o, w = (f* o. (¢, right-cart-proj X W)t o, w
using assms by (typecheck-cfuncs, simp add: meta-comp2-def2)
also have ... = (eval-func Z Y o, (id Y xs f) o, (eval-func Y X o, (id X x;
g), right-cart-proj X W))¥ o, w
using assms comp-associative? inv-transpose-func-def3 by (typecheck-cfuncs,
force)
also have ... = (eval-func Z Y o. (eval-func Y X o, (id X Xy g), f oc right-cart-proj
X W))f o, w
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)

also have ... = (eval-func Z 'Y o, (eval-func Y X o, (id X xy (go. w)), (f oc
w) o, right-cart-proj X 1))F
proof —

have (eval-func Z'Y o, (eval-func Y X o, (id X Xy g), f o, right-cart-proj X
W))ﬂb oc (id X x5 w) =
eval-func Z'Y o, (eval-func Y X o, (id X X (go. w)), f o, right-cart-proj
X W o (id X x5 w))
proof —
have eval-func Z'Y o, (eval-func Y X o, (id X x¢ g), f oc right-cart-proj X
W) o, (id X X f w)
= eval-func Z'Y o, ((eval-func Y X o, (id X x5 g)) oc (id X x5 w), (f
o right-cart-proj X W) o. (id X x; w))
using assms cfunc-prod-comp by (typecheck-cfuncs, force)
also have ... = eval-func Z Y o, (eval-func Y X o, (id X x5 g) o (id X Xy
w), [ oc right-cart-proj X W o, (id X x; w))
using assms comp-associative2 by (typecheck-cfuncs, auto)
also have ... = eval-func Z Y o, (eval-func Y X o, (id X Xj (go. w)), f oc
right-cart-proj X W o, (id X x5 w))
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using assms by (typecheck-cfuncs, metis identity-distributes-across-composition)
ultimately show ?thesis
using assms comp-associative2 flat-cancels-sharp by (typecheck-cfuncs,
auto)
qed
then show ?thesis
using assms by (typecheck-cfuncs, smt (23) comp-associative2 inv-transpose-func-def3

inv-transpose-of-composition right-cart-proj-cfunc-cross-prod transpose-func-unique)
qged
also have ... = (eval-func Z 'Y o, (id. Y x; ((f oc w) o. right-cart-proj X 1))
o, (eval-func Y X o, (id X x; (go. w)), id (Xx. 1)))*
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2)
also have ... = (eval-func ZY o, (id. Y x5 (f oc w)) o (id (Y) x ¢ right-cart-proj
X 1) o (eval-func Y X o, (id X x; (go. w)), id (X x, 1)))*
using assms comp-associative2 identity-distributes-across-composition by (typecheck-cfuncs,
force)
also have ... = ((fo.w)’ o, (id (Y) xj right-cart-proj X 1) o. {(eval-func Y X
o. (id X x5 (goe w)), id (Xx. 1)))*
using assms by (typecheck-cfuncs, smt (23) comp-associative2 inv-transpose-func-def3)
also have ... = ((fo.w)® o, (id (Y) x s right-cart-proj X 1) o, {(go. w)®, id (X x..
1))’
using assms inv-transpose-func-def3 by (typecheck-cfuncs, force)
also have ... = ((fo, w)” o, {(go. w)’, right-cart-proj X 1))
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2)
also have ... = (fo, w) O (g o, w)
using assms by (typecheck-cfuncs, simp add: meta-comp2-def2)
finally show ?thesis.
qed

lemma meta-comp2-def5:
assumes f : W — zY
assumes g : W — vX
shows f O g = meta-comp X Y Z o. {f,g)
proof(rule one-separator|where X = W, where ¥ = 7
show f O g : W — zX
using assms by typecheck-cfuncs
show meta-comp X Y Z o, (f,g) : W — 7X
using assms by typecheck-cfuncs
next
fix w
assume w-type[type-rule]: w €. W
have (meta-comp X Y Z o. {f,g)) o. w = meta-comp X Y Z o. (f,g) o w
using assms by (typecheck-cfuncs, simp add: comp-associative2)

)

also have ... = meta-comp X Y Z o, (f o, w, g o, w)
using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp)
also have ... = (fo, w) O (g o, w)
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using assms by (typecheck-cfuncs, simp add: meta-comp2-def})
also have ... = (f O g) o, w
using assms by (typecheck-cfuncs, simp add: meta-comp-on-els)
ultimately show (f O g) o, w = (meta-comp X Y Z o, (f,g)) o w
by simp
qed

lemma meta-left-identity:

assumes g €. X

shows g O metafunc (id X) = ¢

using assms by (typecheck-cfuncs, metis cfunc-type-def cnufatem-metafunc cnu-
fatem-type id-right-unit meta-comp2-def3 metafunc-cnufatem)

lemma meta-right-identity:

assumes g €. X

shows metafunc(id X) 0 g = g

using assms by (typecheck-cfuncs, smt (23) cnufatem-metafunc cnufatem-type
id-left-unit2 meta-comp2-def3 metafunc-cnufatem)

lemma comp-as-metacomp:

assumes g: X — YV

assumes f: Y — 7

shows [ o, g = cnufatem(metafunc f O metafunc g)

using assms by (typecheck-cfuncs, simp add: cnufatem-metafunc meta-comp2-def3)

lemma metacomp-as-comp:

assumes g €, Y

assumes f €, 7

shows cnufatem f o, cnufatem g = cnufatem(f O g)

using assms by (typecheck-cfuncs, simp add: comp-as-metacomp metafunc-cnufatem)

lemma meta-comp-assoc:
assumes e : W — A%
assumes f : W — zY
assumes g : W — vX
shows (e f) O g =eO(fOyg)
proof —
have (e d f) O g = (¢ o, (f*, right-cart-proj Y W))¢ O ¢
using assms by (simp add: meta-comp2-def2)
also have ... = ((¢® o, (f°, right-cart-proj Y W)t o, (¢, right-cart-proj X W))*
using assms by (typecheck-cfuncs, simp add: meta-comp2-def2)

also have ... = ((¢ o. (f°, right-cart-proj Y W)) o. (¢°, right-cart-proj X W))*
using assms by (typecheck-cfuncs, simp add: flat-cancels-sharp)
also have ... = (" o, (f* o, (¢°, right-cart-proj X W) ,right-cart-proj X W))*

using assms by (typecheck-cfuncs, smt (28) cfunc-prod-comp comp-associative?
right-cart-proj-cfunc-prod)

also have ... = (¢” o, ((f* o. (¢°, right-cart-proj X W))¥* right-cart-proj X W))*
using assms by (typecheck-cfuncs, simp add: flat-cancels-sharp)
also have ... = ¢ O (f* o, (¢°, right-cart-proj X W))*
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using assms by (typecheck-cfuncs, simp add: meta-comp2-def2)
also have ... = e O (f O g)
using assms by (simp add: meta-comp2-def2)
finally show ?thesis.
qed

12.4 Partially Parameterized Functions on Pairs

definition left-param :: cfunc = cfunc = cfunc (—[_77} [100,0]100) where
left-param kp= (THEf. 3 PQR. k: P x. Q= RANf=ko. (pocﬁQ, id
Q)

lemma left-param-def2:
assumes k: P X, Q = R
shows kp, | = ko (poc B, id Q)
proof —
have 3 PQR. k: P x. Q@ — R A left-param kp = k o. (p o B id Q)
unfolding left-param-def by (smt (z3) cfunc-type-def thell2 transpose-func-type
assms)
then show &, | =Fk o (poc B, id Q)
by (smt (23) assms cfunc-type-def transpose-func-type)
qed

lemma left-param-type[type-rule]:
assumes k: P X, Q - R
assumes p €. P
shows k[p,_] :Q > R

using assms by (unfold left-param-def2, typecheck-cfuncs)

lemma left-param-on-el:
assumes k : P x. Q — R
assumes p €. P
assumes ¢ €. @
shows k[p7_} o ¢ =k o (p, q
proof —
have k[p7_] 0. ¢ =k o, {(po. ﬂQ, id Q) o. ¢
using assms cfunc-type-def comp-associative left-param-def2 by (typecheck-cfuncs,
force)
also have ... = k o. (p, q)
using assms(2,3) cart-prod-extract-right by force
finally show ?thesis.
qed

definition right-param :: cfunc = cfunc = cfunc (—[_ ] [100,0]100) where
right-param k q = (THE f. 3 PQR. k: P x. Q > RN f=ko. (id P, q o,
Bp))

lemma right-param-def2:
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assumes k: P X, @ - R

shows k[_,q] = ko, (id P, qo. Bp)
proof —

have 3 PQR. k: P x. Q@ — R A right-param k q = k o (id P, q o, Sp)

unfolding right-param-def by (rule thel’, insert assms, auto, metis cfunc-type-def
exp-set-inj transpose-func-type)

then show k[f’q] =k o, (id. P,q o. Bp)

by (smt (23) assms cfunc-type-def exp-set-inj transpose-func-type)

qed

lemma right-param-type[type-rule]:
assumes k: P X, Q - R
assumes ¢ €. @
shows k[_’q] :P—> R

using assms by (unfold right-param-def2, typecheck-cfuncs)

lemma right-param-on-el:
assumes k: P x. Q — R
assumes p €. P
assumes ¢ €. @
shows k_ o oc p=koc (p, q)
proof —
have k[—7q] ocp==Fko. (id P, qo.Bp) ocp
using assms cfunc-type-def comp-associative right-param-def2 by (typecheck-cfuncs,
force)
also have ... = k o. (p, q)
using assms(2,8) cart-prod-extract-left by force
finally show ?thesis.
qed

12.5 Exponential Set Facts

The lemma below corresponds to Proposition 2.5.7 in Halvorson.

lemma exp-one:
xl~x
proof —
obtain e where e-defn: e = eval-func X 1 and e-type: e : 1 X, x5 x
using eval-func-type by auto
obtain ¢ where i-type: i: 1 x. 1 — 1
using terminal-func-type by blast
obtain i-inv where i-iso: i-inv: 1—+ 1 X, 1 A
i o¢ i-inv = id(1) A
iinv og i = id(1 x, 1)
by (smt cfunc-cross-prod-comp-cfunc-prod cfunc-cross-prod-comp-diagonal cfunc-cross-prod-def
cfunc-prod-type cfunc-type-def diagonal-def i-type id-cross-prod id-left-unit id-type
left-cart-proj-type right-cart-proj-cfunc-prod right-cart-proj-type terminal-func-unique)
then have i-inv-type: i-inv: 1— 1 X, 1
by auto
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have inj: injective(e)
by (simp add: e-defn eval-func-X-one-injective)

have surj: surjective(e)
unfolding surjective-def
proof clarify
fix y
assume y €. codomain e
then have y-type: y €. X
using cfunc-type-def e-type by auto

have witness-type: (id. 1 x; (y o. i)*) o, i-inv €, 1 X, x1
using y-type i-type i-inv-type by typecheck-cfuncs

have square: e o, (id(1) x; (y o. i)¥) = y o. i
using comp-type e-defn i-type transpose-func-def y-type by blast
then show Jz. x €. domain e N eo. z =y
unfolding cfunc-type-def using y-type i-type i-inv-type e-type
by (intro exI[where z=(id(1) X (y o. i)*) o i-inv], typecheck-cfuncs, metis
cfunc-type-def comp-associative i-iso id-right-unit2)
qed

have isomorphism e
using epi-mon-is-iso inj injective-imp-monomorphism surj surjective-is-epimorphism
by fastforce
then show X1 ~ X
using e-type is-isomorphic-def isomorphic-is-symmetric isomorphic-is-transitive
one-z-A-iso-A by blast
qed

The lemma below corresponds to Proposition 2.5.8 in Halvorson.

lemma exp-empty:
X0~
proof —
obtain f where f-type: f = axo, (left-cart-proj O 1) and fsharp-type[type-rule]:
fﬁ €. X@
using transpose-func-type by (typecheck-cfuncs, force)
have uniqueness: Vz. z €, x0 2=f1
proof clarify
fix z
assume z-type[type-rulel: z €. x¥
obtain j where j-iso:j:) — 0 x. 1 A isomorphism(j)
using is-isomorphic-def isomorphic-is-symmetric empty-prod-X by presburger
obtain ¢ where psi-type: ¢ : ) x. 1 — 0 A
Joc = Zd((b Xe 1) ANtocj= Zd(@)
using cfunc-type-def isomorphism-def j-iso by fastforce
then have f-sharp : id(0)x; z = id(0)x s f*
by (typecheck-cfuncs, meson comp-type emptyset-is-empty one-separator)
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then show z = f*
using fsharp-type same-evals-equal z-type by force

qed
then have 3! z. z €, x?

by (intro exll[where a=f*], simp-all add: fsharp-type)
then show X? = 1

using single-elem-iso-one by auto

qed

lemma one-exp:
1X>~1
proof —
have nonempty: nonempty(1%X)
using nonempty-def right-cart-proj-type transpose-func-type by blast
obtain e where e-defn: e = eval-func 1 X and e-type: e : X X, 1% — 1
by (simp add: eval-func-type)
have uniqueness: Vy. (y. 15 — e o, (id(X) Xpy): X x.1 —1)
by (meson cfunc-cross-prod-type comp-type e-type id-type)
have uniquess-form: ¥V y. (y€. 1% — e o, (id(X) Xry)=Bx x.1)
using terminal-func-unique uniqueness by blast
then have ezl: (3! z. z €, 1%)
by (metis e-defn nonempty nonempty-def transpose-func-unique uniqueness)
show 1X =~ 1
using ezl single-elem-iso-one by auto
qged

The lemma below corresponds to Proposition 2.5.9 in Halvorson.

lemma power-rule:
(X x. V)A = x4 x, vA
proof —
have is-cart-prod ((X x. Y)A) ((left-cart-proj X Y)Af) (right-cart-proj X YAf)
(x4) (v4)
proof (etcs-subst is-cart-prod-def2, clarify)
fix fgZ
assume f-type[type-rulel: f 1 Z — x4
assume g-typeltype-rule]: g : 7 — yA

show 3h. h: Z — (X x, V)4 A
left-cart-proj X YAf o h=fA
right-cart-proj X YAf och=gA
(Vh2. h2 : Z — (X x, Y)A A left-cart-proj X YA; o, h2 = f A
right-cart-proj X YAf o, h2 =g —
h2 = h)
proof (intro exl[where z=(f" ,¢°)%], safe, typecheck-cfuncs)
have ((left-cart-proj X Y)Af) o, (f* ,¢")t = ((left-cart-proj X Y) o. (f* ,g°))*
by (typecheck-cfuncs, metis transpose-of-comp)
also have ... = f"*
by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod)
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also have ... = f
by (typecheck-cfuncs, simp add: sharp-cancels-flat)
finally show projection-property!: ((left-cart-proj X Y)Af) o, (f* .g")t = f.
show projection-property2: ((right-cart-proj X Y)Af) o, (f* ") =g
by (typecheck-cfuncs, metis right-cart-proj-cfunc-prod sharp-cancels-flat
transpose-of-comp)
show \h2. h2 : Z — (X x, V)4 =
f = left-cart-proj X YAf o, h2 =
g = right-cart-proj X YAf o, h2 =
h2 = ((left-cart-proj X YAf o, h2),(right-cart-proj X YAf o, h2)")t
proof —
fix h
assume h-type[type-rule]: h: Z — (X x. V)4
assume h-propertyl: [ = ((left-cart-proj X Y)Af) o. h
assume h-property2: g = ((right-cart-proj X Y)Af) o. h

have f = (left-cart-proj X Y)Af o, '
by (metis h-propertyl h-type sharp-cancels-flat)
also have ... = ((left-cart-proj X Y) o, h*)!
by (typecheck-cfuncs, simp add: transpose-of-comp)
ultimately have computationl: f = ((left-cart-proj X Y) o. h*)*
by simp
then have ungiueness!: (left-cart-proj X Y) o, R = g
by (typecheck-cfuncs, simp add: flat-cancels-sharp)
have g = ((right-cart-proj X Y)Af) o, (h")E
by (metis h-property2 h-type sharp-cancels-flat)
have ... = ((right-cart-proj X Y) o, h?)*
by (typecheck-cfuncs, metis transpose-of-comp)
have computation?: g = ((right-cart-proj X Y) o. h°)?
by (simp add: <g = right-cart-proj X YAf oe W%y <right-cart-proj X YAf
o, h*¥ = (right-cart-proj X Y o. h*)%)
then have unqiueness2: (right-cart-proj X Y) o, =g
using h-type g-type by (typecheck-cfuncs, simp add: computation2 flat-cancels-sharp)
then have h-flat: B> = (f°, ¢°)
by (typecheck-cfuncs, simp add: cfunc-prod-unique ungiuenessl ungiueness2)
then have h-is-sharp-prod-fflat-gflat: h = (f°, ¢°)¢
by (metis h-type sharp-cancels-flat)
then show h = ((left-cart-proj X YAf o, h)’,(right-cart-proj X YAf o

b

h)")*
using h-propertyl h-property2 by force
qed
qed

qed

then show (X x. Y)4 = x4 x_ v4

using canonical-cart-prod-is-cart-prod cart-prods-isomorphic fst-conv is-isomorphic-def
by fastforce
qed
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lemma exponential-coprod-distribution:
ZX I Y) = (2% x, (zY)
proof —
have is-cart-prod (Z(X I Y)) ((eval-func Z (X 1] Y) o. (left-coproj X Y) xj
(z’d(Z(X I Y))) %) ((eval-func Z (X [] Y) o (right-coproj X Y) x (z'd(Z(X I Y)))
¥) (2%) (27)
proof (etcs-subst is-cart-prod-def2, clarify)
fix fg H
assume [-type[type-rule]: f: H — zX
assume g-type[type-rule]: g : H — zY
show 3h. h: H — Z(X 11 Y) A
(eval-func Z (X 1] Y) o. left-coproj X Y x5 id, (Z(X I Y)))ﬂ och=f

A
(eval-func Z (X [ Y) o right-coproj X Y x id. (Z(X I Y)))u o, h =
g AN
(Vhe. h2 : H — z(X 11T Y) o
(eval-func Z (X |1 Y) o. left-coproj X Y X id, (Z(X I Y)))u O
h2 =f A
(eval-func Z (X [] Y) o, right-coproj X Y xy id. (Z(X il Y)))‘j e
h2 =g —

h2 = h)
proof (intro exI[where z=(f* I ¢* o, dist-prod-coprod-right X Y H)!, safe,
typecheck-cfuncs)
have (eval-func Z (X [[ Y) oe left-coproj X Y x5 id. (Z(X 11 YD)yt o, (2
I ¢° o dist-prod-coprod-right X Y H)t =
((eval-func Z (X I Y) o, left-coproj X Y x; id. (Z(X I Y))) o. (id
X x; (f° 11 ¢ o, dist-prod-coprod-right X Y H)*))*
using sharp-comp by (typecheck-cfuncs, blast)
also have ... = (eval-func Z (X [] Y) o. (left-coproj X Y x; (f 11 ¢ o,
dist-prod-coprod-right X Y H)%))*
by (typecheck-cfuncs, smt (28) cfunc-cross-prod-comp-cfunc-cross-prod
comp-associative? id-left-unit2 id-right-unit2)
also have ... = (eval-func Z (X [[ Y) o. (id (X[ Y) x; (f> 1 ¢° o
dist-prod-coprod-right X Y H)*) o, (left-coproj X Y x; id H))*
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-cross-prod
id-left-unit2 id-right-unit2)

also have ... = (f* II ¢* o, (dist-prod-coprod-right X Y H o, left-coproj X Y
Xf id H))ﬁ
using comp-associative2 transpose-func-def by (typecheck-cfuncs, force)
also have ... = (f* IT ¢° o, left-coproj (X x. H) (Y x. H))*
by (simp add: dist-prod-coprod-right-left-coproj)
also have ... = f

by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod sharp-cancels-flat)
finally show (eval-func Z (X [[ Y) o, left-coproj X Y x ¢ id. (Z(X il Y)))ti
o, (f* II ¢° o, dist-prod-coprod-right X Y H)t = f.
next
have (eval-func Z (X [] Y) o right-coproj X Y Xy id. (Z(X I Y)))ﬁ e
(f* I ¢° o, dist-prod-coprod-right X Y H)* =
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((eval-func Z (X [ Y) o, right-coproj X Y Xy id, (Z(X I Y))) o, (id
Y x; (f* I ¢° o, dist-prod-coprod-right X Y H)))
using sharp-comp by (typecheck-cfuncs, blast)
also have ... = (eval-func Z (X [] Y) o, (right-coproj X Y xy (f* 11 ¢° o,
dist-prod-coprod-right X Y H)#))*
by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-cross-prod
comp-associative? id-left-unit2 id-right-unit2)
also have ... = (eval-func Z (X [[ Y) o. (id (X[ Y) xs (f> 11 ¢* o,
dist-prod-coprod-right X Y H)*) o, (right-coproj X Y x; id H))*
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-cross-prod
id-left-unit2 id-right-unit2)

also have ... = (f* I1 ¢’ o, (dist-prod-coprod-right X Y H o, right-coproj X
Y x;id H))*
using comp-associative2 transpose-func-def by (typecheck-cfuncs, force)
also have ... = (f* 11 ¢* o, right-coproj (X x. H) (Y x. H))*
by (simp add: dist-prod-coprod-right-right-coproy)
also have ... = ¢

by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod sharp-cancels-flat)
finally show (eval-func Z (X [[ Y) o right-coproj X Y x5 id. (Z(X I Y)))ﬁ
o, (f* 11 ¢* o. dist-prod-coprod-right X Y H)* = g.
next
fix h
assume h-type[type-rule]: h : H — ZzX1 Y)
assume f-eqs: f = (eval-func Z (X [] Y) o, left-coproj X Y Xy id.
(zX I YOyt o, n
assume g-egs: g = (eval-func Z (X [] Y) oo right-coproj X Y xj id.
(zX I V)i o,
have (f* 11 ¢° o, dist-prod-coprod-right X Y H) = h’
proof (etcs-rule one-separator[where X = (X [[ Y) x. H, where Y = 7))
show Azyh. ayh €. (X [[ V) xe H=> (f* 11 ¢ o, dist-prod-coprod-right
X Y H) o, zyh = h® o, ayh
proof—
fix zyh
assume [-type[type-rule]: zyh €. (X [[ Y) x. H
then obtain zy and z where xy-type[type-rule]: zy €. X [ Y and
z-typeltype-rule]: z €. H
and zyh-def: zyh = (zy,z)
using cart-prod-decomp by blast
show (f* I1 ¢° o, dist-prod-coprod-right X Y H) o, zyh = h® o, zyh
proof(cases Jz. x €. X N zy = left-coproj X Y o, x)
assume Jz. z €. X A zy = left-coproj X Y o, z
then obtain z where z-type[type-rule]: z €. X and zy-def: zy =
left-coproj X Y o, z
by blast
have (f° 1I ¢° o, dist-prod-coprod-right X Y H) o, zyh = (f* 11 ¢*) o,
(dist-prod-coprod-right X Y H o. (left-coproj X Y o, x,z))
by (typecheck-cfuncs, simp add: comp-associative2 zy-def ryh-def)
also have ... = (f* IT ¢°) o, ((dist-prod-coprod-right X Y H o, (left-coproj
XY xgid H)) o, (2,2))
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using dist-prod-coprod-right-ap-left dist-prod-coprod-right-left-coproj by
(typecheck-cfuncs, presburger)
also have ... = (f* IT ¢°) o, (left-coproj (X x. H) (Y x. H) o (z,2))
using dist-prod-coprod-right-left-coproj by presburger
also have ... = f* o, (z,2)
by (typecheck-cfuncs, simp add: comp-associative2 left-coproj-cfunc-coprod)
also have ... = ((eval-func Z (X [] Y) o, left-coproj X Y xy id.
(Z(X I Y)))ti o, h)’ o (,z)
using f-eqs by fastforce
also have ... = (((eval-func Z (X [] Y) o left-coproj X Y Xy id.
(zX L Y))e) o, (id X x5 b)) oc (2,2)
using inv-transpose-of-composition by (typecheck-cfuncs, presburger)
also have ... = ((eval-func Z (X [] Y) o. left-coproj X Y xy id.
(zX I Y)yyo, (idX Xt h)) oc (z,z)
by (typecheck-cfuncs, simp add: flat-cancels-sharp)
also have ... = (eval-func Z (X [] Y) o, left-coproj X Y X h) o, (z,2)
by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-cross-prod
comp-associative? id-left-unit2 id-right-unit?2)
also have ... = eval-func Z (X [ Y) o. (left-coproj X Y o. z, h o, z)
by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-prod
comp-associative2)
also have ... = eval-func Z (X [[ Y) o (((d(X [ Y) % h) oc (zy,2))
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 zy-def)
also have ... = b’ o, zyh
by (typecheck-cfuncs, simp add: comp-associative2 inv-transpose-func-def3
xyh-def)
finally show ?thesis.
next
assume Az. 2 €. X A xy = left-coproj X Y o, z
then obtain y where y-type[type-rule]: y €. Y and zy-def: zy =
right-coproj X Y o. y
using coprojs-jointly-surj by (typecheck-cfuncs, blast)
have (f° II ¢° o, dist-prod-coprod-right X Y H) o, zyh = (f* 11 ¢°) o,
(dist-prod-coprod-right X Y H o. (right-coproj X Y o, y,z))
by (typecheck-cfuncs, simp add: comp-associative? xy-def xyh-def)
also have ... = (f* 1T ¢°) o.. ((dist-prod-coprod-right X Y H o, (right-coproj
XY x5 id H)) o (y,2))
using dist-prod-coprod-right-ap-right dist-prod-coprod-right-right-coproj
by (typecheck-cfuncs, presburger)
also have ... = (f* 11 ¢°) o.. (right-coproj (X x. H) (Y x. H) o. (y,2))
using dist-prod-coprod-right-right-coproj by presburger
also have ... = ¢’ o, (y,2)
by (typecheck-cfuncs, simp add: comp-associative2 right-coproj-cfunc-coprod)
also have ... = ((eval-func Z (X [[ Y) o right-coproj X Y xy id,
(ZX L)) o0 ) o (y.2)
using g-eqs by fastforce
also have ... = (((eval-func Z (X [ Y) o right-coproj X Y xj id.
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(ZzX D YINe) o, (id ¥ xs h)) oo (4,2)
using inv-transpose-of-composition by (typecheck-cfuncs, presburger)
also have ... = ((eval-func Z (X [[ Y) o right-coproj X Y xy id,
(ZE L )0 (id ¥ x5 1)) o0 (y:2)
by (typecheck-cfuncs, simp add: flat-cancels-sharp)
also have ... = (eval-func Z (X [ Y) o right-coproj X Y X h) o,
(y,2)
by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-cross-prod
comp-associative? id-left-unit2 id-right-unit?2)
also have ... = eval-func Z (X [[ Y) o. (right-coproj X Y o. y, h o, z)
by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-prod
comp-associative2)
also have ... = eval-func Z (X [] Y) o, ((id(X ] Y) X5 h) o (zy,2))
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 xy-def)
also have ... = b’ o, zyh
by (typecheck-cfuncs, simp add: comp-associative2 inv-transpose-func-def3
xyh-def)
finally show f¢thesis.
qed
qed
qed
then show h = (((eval-func Z (X [[ Y) o. left-coproj X Y x; id.
(2K YD) o, 10
((eval-func Z (X 1] Y) o. right-coproj X Y X id. (Z(X I Y)))ﬁ
o, h)b o
dist-prod-coprod-right X Y H)*
using f-eqs g-eqs h-type sharp-cancels-flat by force
qed
qed
then show ?thesis
by (metis canonical-cart-prod-is-cart-prod cart-prods-isomorphic is-isomorphic-def
prod.sel(1,2))
qed

lemma empty-exp-nonempty:
assumes nonempty X
shows 0X = ()
proof—
obtain j where j-type[type-rule]: j: 0X — 1x, 0% and j-def: isomorphism(j)
using is-isomorphic-def isomorphic-is-symmetric one-z-A-iso-A by blast
obtain y where y-type[type-rule]: y €. X
using assms nonempty-def by blast
obtain e where e-type[type-rule]: e: X x.. X — 0
using eval-func-type by blast
have iso-type[type-rule]: (e oc y X id(0%)) op j: 0
by typecheck-cfuncs
show 0X = ¢
using function-to-empty-is-iso is-isomorphic-def iso-type by blast
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qed

lemma exp-pres-iso-left:
assumes A = X
shows AY =~ xV
proof —
obtain ¢ where ¢-def: p: X — A A isomorphism(y)
using assms is-isomorphic-def isomorphic-is-symmetric by blast
obtain ¢ where ¢-def: ¥: A — X A isomorphism(¢) A (¢ o, ¢ = id(X))
using @-def cfunc-type-def isomorphism-def by fastforce
have idA: ¢ o, ¢ = id(A)
by (metis @-def -def cfunc-type-def comp-associative id-left-unit2 isomor-
phism-def)
have phi-eval-type: (¢ o, eval-func X Y)*: xY o 4Y
using ¢-def by (typecheck-cfuncs, blast)
have psi-eval-type: (1 o, eval-func A Y)*: AY 5 xY
using 1-def by (typecheck-cfuncs, blast)

have idXY: (¢ o, eval-func A Y)! o, (p o, eval-func X Y)* = id(XY)
proof —
have (¢ o. eval-func A Y)? o. (p o, eval-func X Y)* = ¢Yf O (pr
using @-def ¥-def exp-func-def2 by auto
also have ... = (¢ o ) f
by (metis @-def -def transpose-factors)
also have ... = (id X) Yf
by (simp add: ¥-def)
also have ... = id(X?)
by (simp add: exponential-object-identity2)
finally show (¢ o, eval-func A Y)* o, (¢ o eval-func X V) = id(XY).
qged
have idAY: (¢ o, eval-func X V)t o, (1 o eval-func A Y)! = id(AY)
proof —
have (¢ o. eval-func X Y)* o, (¢ o, eval-func A Y)* = @Yf Oc wyf
using @-def ¥-def exp-func-def2 by auto
also have ... = (p o, ¥) ' s
by (metis @-def -def transpose-factors)
also have ... = (id A) Yf
by (simp add: idA)
also have ... = id(AY)
by (simp add: exponential-object-identity2)
finally show (¢ o, eval-func X Y)? o, (1 o eval-func A Y)? = id(AY).
qed
show AY = xV
by (metis cfunc-type-def comp-epi-imp-epi comp-monic-imp-monic epi-mon-is-iso
1dAY idXY id-isomorphism is-isomorphic-def iso-imp-epi-and-monic phi-eval-type
psi-eval-type)
qed
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lemma expset-power-tower:
(AB)C o~ A(BXC )

roof —
’ obtain ¢ where ¢-def: ¢ = ((eval-func A (Bx. C)) o. (associate-left B C
(A(Bxe C)))) and
p-type[type-rule]: ¢: B X, (Cx, (A(B><C C’))) — A and
dbsharp-type|[type-rule]: (©*)*F (A(B><C C)) — ((AB)C)
using transpose-func-type by (typecheck-cfuncs, fastforce)

obtain ¢ where ¢-def: ¢ = (eval-func A B) o, (id(B)x s eval-func (AB) ©) o,
(associate-right B C ((AB)C)) and
P-type[type-rule]: 1 : (B x. C) %, (AB)C) - A and
Y sharp-type[type-rule]: Yt (AB)C — (A(B><C C))
using transpose-func-type by (typecheck-cfuncs, blast)

have ¢ o, ¥f = id((A5)C)
proof (etcs-rule same-evals-equallwhere X = (AP), where A = ()
show eval-func (AB) C o, id. C Xy ot o, Pt =
eval-func (AB) C o, id, C x; id, (ABC)
proof (etcs-rule same-evals-equal[where X = A, where A = B))
show eval-func A B o. id. B X (eval-func (ABY C o, (id. C x5 it o, )

eval-func A B o, id. B x5 eval-func (AB) Cocid. C xy id. (ABC)
proof —
have eval-func A B o, id. B x; (eval-func (AB) C o, (id. C x; ' o,

¥F)) =
eval-func A B o, id. B xy (eval-func (AB) ¢ o, (id, C X o*) o,
(idc C Xf ¢u))
by (typecheck-cfuncs, metis identity-distributes-across-composition)
also have ... = eval-func A B o, id. B xy ((eval-func (AB) ¢ o, (id, C
Xf @ﬁﬁ)) Oc (ch c Xf '(/Jﬁ))
by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = eval-func A B o, id. B x; (¢F o, (id. C x; ¥*))
by (typecheck-cfuncs, simp add: transpose-func-def)
also have ... = eval-func A B o, ((id. B x; ¢*) o, (id. B x¢ (id. C x¢
¥F)))
using identity-distributes-across-composition by (typecheck-cfuncs, auto)
also have ... = (eval-func A B o. ((id. B x; ¢*))) o. (id. B x; (id. C
)
using comp-associative? by (typecheck-cfuncs,blast)
also have ... = ¢ o, (id. B xs (id. C x; ¢*))

by (typecheck-cfuncs, simp add: transpose-func-def)
also have ... = ((eval-func A (Bx. C)) o. (associate-left B C (A(B><C C’))))
O, (idc B Xr (idc C Xf wﬁ))
by (simp add: @-def)
also have ... = (eval-func A (Bx. C)) o, (associate-left B C (A(B><C C)))
O¢ (ch B Xf (ch C Xf ”Ll)ﬁ))
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using comp-associative? by (typecheck-cfuncs, auto)

also have ... = (eval-func A (Bx. C)) o. ((id. B x; id. C) x; ¥*) o,
associate-left B C' ((AP) C)

by (typecheck-cfuncs, simp add: associate-left-crossprod-ap)

also have ... = (eval-func A (Bx. C)) o. ((id. (B x. C)) x; ¥*) o.
associate-left B C ((AB) C)

by (simp add: id-cross-prod)

also have ... = ¢ o, associate-left B C' ((AD) &)
by (typecheck-cfuncs, simp add: comp-associative2 transpose-func-def)
also have ... = ((eval-func A B) o, (id(B)xy eval-func (AB) ) o,

((associate-right B C ((AB)C))o, associate-left B C ((AP)C))
by (typecheck-cfuncs, simp add: ¥-def cfunc-type-def comp-associative)
also have ... = ((eval-func A B) o, (id(B)x; eval-func (AP) C)) o. id(B
xe (C x. ((AB))))
by (simp add: right-left)
also have ... = (eval-func A B) o, (id(B)x; eval-func (AP) C)
by (typecheck-cfuncs, meson id-right-unit2)
also have ... = eval-func A B o. id. B Xy eval-func (AB) Cocid. C xy
id, (ABC)
by (typecheck-cfuncs, simp add: id-cross-prod id-right-unit2)
finally show ?thesis.
qed
qed
qed
have ¢! o, o = id(AB % C))
proof (etcs-rule same-evals-equal[where X = A, where A = (B x. C)])
show eval-func A (B x. C) o, (id. (B x. C) x; (¥ o. ¢#)) =
eval-func A (B X, C) o, id. (B x. C) Xy id. (A(B xc O))
proof —
have eval-func A (B x. O) o, (id. (B x. C) x; (¢* o. ¢#)) =
eval-func A (B x. C) o, ((id. (B x. C) xj (¥*)) o, (id. (B x. C) x;
¥*))

by (typecheck-cfuncs, simp add: identity-distributes-across-composition)
also have ... = ( eval-func A (B x. C) o, (id. (B x. C) x; (¥*))) o. (id.
(B % C) xg )
using comp-associative? by (typecheck-cfuncs, blast)
also have ... = ¢ o, (id. (B x. C) x; ¢*)
by (typecheck-cfuncs, simp add: transpose-func-def)
also have ... =(eval-func A B) o (id(B)x s eval-func (AB) ©) o, (associate-right
B C (AP)9)) o, (id. (B x. C) xs ¢*)
by (typecheck-cfuncs, smt -def cfunc-type-def comp-associative domain-comp)
also have ... =(eval-func A B) o. (id(B)x s eval-func (AB) ©) o, (associate-right
B C (AP)9)) o ((ide (B) x id( C)) x; o*)
by (typecheck-cfuncs, simp add: id-cross-prod)
also have ... =(eval-func A B) o, ((id(B)x; eval-func (AB) ©) o, ((id. (B)
x ¢ (id(C) x; ¢**)) o, (associate-right B C (A(B Xe C)))))
using associate-right-crossprod-ap by (typecheck-cfuncs, auto)
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=(eval-func A B) o, ((id(B)x s eval-func (AB) ©) o, (id. (B)

also have ...
x ¢ (id(C) x; p**))) o, (associate-right B C (A(B Xe C)))
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... =(eval-func A B) o, (id(B)xs ((eval-func (AB) C©)o. (id(C)

X ¢ ")) o. (associate-right B C (A(B Xe C)))
using identity-distributes-across-composition by (typecheck-cfuncs, auto)
=(eval-func A B) o, (id(B)x; ¢*) o. (associate-right B C

also have ...
(A(B Xe C)))
by (typecheck-cfuncs, simp add: transpose-func-def)
=((eval-func A B) o, (id(B)x; ¢*)) o. (associate-right B C

also have ...
(4B > O))
using comp-associative2 by (typecheck-cfuncs, blast)
also have ... = p o, (associate-right B C (A(B Xe C)))
by (typecheck-cfuncs, simp add: transpose-func-def)
= (eval-func A (Bx. ()) o. ((associate-left B C (A(B><C O)))

also have ...
o. (associate-right B C (A(B Xe C))))
by (typecheck-cfuncs, simp add: p-def comp-associative2)
also have ... = eval-func A (Bx, C) o, id (B x. C) x, (A(BXc O)y)
by (typecheck-cfuncs, simp add: left-right)
also have ... = eval-func A (B %, C) o, id. (B X, C) Xy id. (A(B Xe 0))
by (typecheck-cfuncs, simp add: id-cross-prod)
finally show ?thesis.

qed
qed
by (metis «p* o, ! = id, (ABC)y wpt o, o = id, (A(B Xe C))> pdbsharp-type

show ?thesis
Wsharp-type cfunc-type-def is-isomorphic-def isomorphism-def)

qed

lemma exp-pres-iso-right:
assumes A =2 X
~ YX

shows Y4

proof —

obtain ¢ where ¢-def: p: X — A A isomorphism(y)
using assms is-isomorphic-def isomorphic-is-symmetric by blast

obtain ¢ where ¥-def: ¢¥: A — X A isomorphism(y) A (¢ 0. ¢ = id(X))

using @-def cfunc-type-def isomorphism-def by fastforce

by (metis @-def -def cfunc-type-def comp-associative id-left-unit2 isomor-

have idA: ¢ o. 1 = id(A)

phism-def)
obtain f where f-def: f = (eval-func Y X) o, (¢ x5 id( YX)) and f-type[type-rule]:
f: Ax, (YX) — Y and fsharp-type|[type-rule]: f* : vyX 5 v4
using v-def transpose-func-type by (typecheck-cfuncs, presburger)
obtain g where g-def: g = (eval-func Y A) o (¢ x5 id( YA)) and g-type[type-rule]:

g: XX, (YA) — Y and gsharp-type[type-rule]: g* : v4 o vX
using ¢-def transpose-func-type by (typecheck-cfuncs, presburger)
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have fsharp-gsharp-id: f* o, gt = z'd(YA)
proof (etcs-rule same-evals-equal[where X = Y, where A = A])
have eval-func Y A o, id. A x5 f¥ o, g* = eval-func Y A o, (id. A X § 1) o
(idc A X gﬁ)
using fsharp-type gsharp-type identity-distributes-across-composition by auto
also have ... = eval-func Y X o, (¢ Xy id(YX)) o, (id, A xr g%
using -def cfunc-type-def comp-associative f-def f-type gsharp-type trans-
pose-func-def by (typecheck-cfuncs, smt)
also have ... = eval-func Y X o. (¢ xy )
by (smt -def cfunc-cross-prod-comp-cfunc-cross-prod gsharp-type id-left-unit2
id-right-unit2 id-type)
also have ... = eval-func Y X o, (id X x; ¢*) o, () X id(Y4))
by (smt y-def cfunc-cross-prod-comp-cfunc-cross-prod gsharp-type id-left-unit2
id-right-unit2 id-type)
also have ... = eval-func Y A o, (p Xy id(YA)) o, (v X f id(Y4))
by (typecheck-cfuncs, smt p-def -def comp-associative2 flat-cancels-sharp
g-def g-type inv-transpose-func-def3)
also have ... = eval-func Y A o, ((¢ 0. ) xy (id(YA) o, id(YA)))
using @-def ¥-def cfunc-cross-prod-comp-cfunc-cross-prod by (typecheck-cfuncs,
auto)
also have ... = eval-func Y A o, id(A) xy id( YA)
using idA id-right-unit2 by (typecheck-cfuncs, auto)
finally show eval-func Y A o, id. A xy ft o, ¢ = eval-func Y A o, id, A X f
id. (YA).
qed

have gsharp-fsharp-id: g* o. f# = id(YX)
proof (etes-rule same-evals-equal[where X = Y, where A = X])
have eval-func Y X o, id. X Xy gﬁ oc fti = eval-func Y X o, (id. X Xy gﬁ) Oc
(ide X xy f%)
using fsharp-type gsharp-type identity-distributes-across-composition by auto
also have ... = eval-func Y A o. (¢ X id. (YA4)) o, (id. X x7 f%)
using @-def cfunc-type-def comp-associative fsharp-type g-def g-type trans-
pose-func-def by (typecheck-cfuncs, smt)
also have ... = eval-func Y A o, (¢ x; f¥)
by (smt @-def cfunc-cross-prod-comp-cfunc-cross-prod fsharp-type id-left-unit2
id-right-unit2 id-type)
also have ... = eval-func Y A o, (id(A) x; f*) o, (¢ X id, (vX))
by (smt @-def cfunc-cross-prod-comp-cfunc-cross-prod fsharp-type id-left-unit2
id-right-unit2 id-type)
also have ... = eval-func Y X o. (¢ xy id. (VX)) o, (¢ X5 ide (vX))
by (typecheck-cfuncs, smt @-def 1p-def comp-associative2 f-def f-type flat-cancels-sharp
inv-transpose-func-def3)
also have ... = eval-func Y X o. ((¢ o @) x5 (id( Y o, id(YX)))
using o-def ¥-def cfunc-cross-prod-comp-cfunc-cross-prod by (typecheck-cfuncs,
auto)
also have ... = eval-func Y X o, id(X) x id( YX)
using -def id-left-unit2 by (typecheck-cfuncs, auto)
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finally show eval-func Y X o, id. X Xy gtl oc fti = eval-func Y X o, id. X

x;ide (YX).

qed

show ?thesis

by (metis cfunc-type-def comp-epi-imp-epi comp-monic-imp-monic epi-mon-is-iso
fsharp-gsharp-id fsharp-type gsharp-fsharp-id gsharp-type id-isomorphism is-isomorphic-def
iso-imp-epi-and-monic)
qed

lemma exp-pres-iso:
assumes A =2 X B2 Y
shows AP =~ xV
by (meson assms exp-pres-iso-left exp-pres-iso-right isomorphic-is-transitive)

lemma empty-to-nonempty:
assumes nonempty X is-empty Y
shows YX =)
by (meson assms exp-pres-iso-left isomorphic-is-transitive no-el-iff-iso-empty empty-exp-nonempty)

lemma exp-is-empty:

assumes is-empty X

shows YX ~ 1

using assms exp-pres-iso-right isomorphic-is-transitive no-el-iff-iso-empty exp-empty
by blast

lemma nonempty-to-nonempty:
assumes nonempty X nonempty Y
shows nonempty(Y¥)
by (meson assms(2) comp-type nonempty-def terminal-func-type transpose-func-type)

lemma empty-to-nonempty-converse:

assumes YX = ()

shows is-empty Y A nonempty X

by (metis is-empty-def exp-is-empty assms no-el-iff-iso-empty nonempty-def nonempty-to-nonempty
single-elem-iso-one)

The definition below corresponds to Definition 2.5.11 in Halvorson.

definition powerset :: cset = cset (P- [101]100) where
PX=0X

lemma sets-squared:
A= A x, A
proof —
obtain ¢ where p-def: ¢ = (eval-func A Q o, (t o, BAQ, id(AS)),

eval-func A Q o, (f o, ’BAQ’ Zd(AQ») and

p-type[type-rule]: ¢ : A 5 A x, A
by (typecheck-cfuncs, simp)
have injective ¢
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unfolding injective-def
proof (clarify)
fix fg
assume [ €. domain ¢ then have f-type[type-rule]: f €. A9
using o-type cfunc-type-def by (typecheck-cfuncs, auto)
assume g €. domain ¢ then have g-type[type-rule]: g €. AS?
using -type cfunc-type-def by (typecheck-cfuncs, auto)
assume egs: p o, f = @ o, ¢
show f =g
proof (etcs-rule one-separator)
show Aid-1. id-1 €. 1 = f o, id-1 = g o, id-1
proof (etcs-rule same-evals-equal[where X = A, where A = Q))
fix id-1
assume idI-is: id-1 €. 1
then have idI-eq: id-1 = id(1)
using id-type one-unique-element by auto

obtain al a2 where phi-f-def: p o, f = (al,a2) AN al €. AN a2 €. A
using @-type cart-prod-decomp comp-type f-type by blast
have equationi: {(al,a2) = (eval-func A Q o, (t, f),
eval-func A Q o, {f, f))
proof —
have (al,a2) = (eval-func A Q o, (t o ﬁAQ, id(ASY)),
cval-func A Q o (foc § 0. id(A))) o, f
using @-def phi-f-def by auto
also have ... = (eval-func A Q o, (t o, ﬂAQ, id(A)) o f,
eval-func A Q o, (f o, ,BAQ, id(A)) o, f)
by (typecheck-cfuncs,smt cfunc-prod-comp comp-associative?)
also have ... = (eval-func A Q o, (t o, ﬂAQ o. f, id(AQ) oc f),
eval-func A o, (f o, ﬁAQ oc f, id(A)o, f))
by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative2)
also have ... = (eval-func A Q o, (t, f),
eval-func A Q o, (f, f))
by (typecheck-cfuncs, metis id1-eq id1-is id-left-unit2 id-right-unit2
terminal-func-unique)
finally show ?thesis.
qed
have equation2: (al,a2) = (eval-func A Q o, (t, g),
eval-func A Q o, (f, g))
proof —
have (al,a2) = (eval-func A Q o (t o, 6AQ, id(AQ)>,
eval-func A Q o, (f o, ﬁAQ, zd(AQ)>> o. g
using @-def eqs phi-f-def by auto
also have ... = (eval-func A Q o, (t o, BAQ, id(A)) o, g ,
eval-func A Q o, (f o, ﬁAQ, id(AQ)> o §)

by (typecheck-cfuncs,smt cfunc-prod-comp comp-associative?)
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also have ... = (eval-func A Q o, (t o ﬁAQ oc g, id(AS?) o, g),
eval-func A Q o, (f o, ﬂAQ o¢ g, z'cl(AQ)oC g))
by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative2)
also have ... = (eval-func A Q o, (t, g),
eval-func A Q o, (f, g))
by (typecheck-cfuncs, metis id1-eq id1-is id-left-unit2 id-right-unit2
terminal-func-unique)
finally show ?thesis.
qged
have (eval-func A Q o, (t, f), eval-func A Q o, (f, f)) =
(eval-func A Q o, (t, g), eval-func A Q o. {f, g))
using equationl equation? by auto
then have equation3: (eval-func A Q o. (t, ) = eval-func A Q o, (t, g)) A
(eval-func A Q o (f, f) = eval-func A Q o. {f, g))
using cart-prod-eq2 by (typecheck-cfuncs, auto)
have eval-func A Q o, id. Q xy f = eval-func A Q o id. X g
proof (etcs-rule one-separator)
fix z
assume z-type[type-rule]: ¥ €. Q x. 1
then obtain w ¢ where z-def: (w €. Q) A (i €. 1) A (z = (w,i))
using cart-prod-decomp by blast
then have i-def: ¢ = id(1)
using id1-eq id1-is one-unique-element by auto
have w-def: (w = f) V (w = t)
by (simp add: true-false-only-truth-values z-def)
then have z-def2: (z = (f,i)) V (z = (t,7))
using z-def by auto
show (eval-func A Q o, id. Q Xt f) oc ¢ = (eval-func A Q o, id. Q x;
g9) oc
proof(cases (x = (f,i)), clarify)
assume casel: ¢ = (f,7)
have (eval-func A Q o, (id. Q X f)) o (f,¢) = eval-func A Q o. ((id.
Q s f) o (1))
using casel comp-associative2 z-type by (typecheck-cfuncs, auto)
also have ... = eval-func A Q o, (id. Q o, f,f o. i)
using cfunc-cross-prod-comp-cfunc-prod i-def id1-eq id1-is by (typecheck-cfuncs,
auto)
also have ... = eval-func A Q o, (f, )
using f-type false-func-type i-def id-left-unit2 id-right-unit2 by auto
also have ... = eval-func A Q o, (f, g)
using equation3 by blast
also have ... = eval-func A Q o, (id. Q o. f,g o, )
by (typecheck-cfuncs, simp add: i-def id-left-unit2 id-right-unit2)
also have ... = eval-func A Q o, ((id. Q x5 g) o. (£,7))
using cfunc-cross-prod-comp-cfunc-prod i-def id1-eq id1-is by (typecheck-cfuncs,
auto)
also have ... = (eval-func A Q o, (id. 2 Xy g)) o (£,)
using casel comp-associative? z-type by (typecheck-cfuncs, auto)
finally show (eval-func A Q o, id. Q x¢ f) o. (f,7) = (eval-func A Q
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oc ide Q x5 g) o (£,7).
next
assume case2: x # (f,i)
then have z-eq: © = (t,7)
using z-def2 by blast
have (eval-func A Q o, (id. Q X f)) oc (t,8) = eval-func A Q o. ((id.
Q Xf f) Oc <t’i>)
using case2 x-eq comp-associative? z-type by (typecheck-cfuncs, auto)
also have ... = eval-func A Q o, (id. Q o, t,f o, i)
using cfunc-cross-prod-comp-cfunc-prod i-def id1-eq id1-is by
(typecheck-cfuncs, auto)

also have ... = eval-func A Q o, (t, f)
using f-type i-def id-left-unit2 id-right-unit2 true-func-type by auto
also have ... = eval-func A Q o, (t, g)
using equation3 by blast
also have ... = eval-func A Q o, (id. Q o. t,9 o, i)
by (typecheck-cfuncs, simp add: i-def id-left-unit2 id-right-unit2)
also have ... = eval-func A Q o, ((id. Q x5 g) oc (t,7))

using cfunc-cross-prod-comp-cfunc-prod i-def id1-eq id1-is by
(typecheck-cfuncs, auto)
also have ... = (eval-func A Q o, (id. Q2 X g)) o (t,7)
using comp-associative2 z-eq z-type by (typecheck-cfuncs, blast)
ultimately show (eval-func A Q o, id. Q Xy f) o © = (eval-func A Q
oc ide 0 X5 g) 0c
by (simp add: x-eq)
ged
ged
then show eval-func A 2 o, id. X5 f oc id-1 = eval-func A Q2 o. id. §2
Xf g O¢ id-1
using f-type g-type same-evals-equal by blast
qed
qed
qed
then have monomorphism(p)
using injective-imp-monomorphism by auto
have surjective(p)
unfolding surjective-def
proof (clarify)
fix y
assume y €. codomain ¢ then have y-type[type-rule]: y €. A x. A
using @-type cfunc-type-def by auto
then obtain al a2 where y-def[type-rule]: y = (al,a2) A al €. A N a2 €,
A
using cart-prod-decomp by blast
then have aua: (ol 1 a2):1][1— A
by (typecheck-cfuncs, simp add: y-def)

obtain f where f-def: f = ((al I a2) o. case-bool o left-cart-proj 2 1)
and
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J-type[type-rule]: f €. A%
by (meson aua case-bool-type comp-type left-cart-proj-type transpose-func-type)
have al-is: (eval-func A Q o. {t o. 8 zd(AQ)>) o. f=al
proof—
have (eval-func A Q o, (t o, BAQ, zd(AQ)>) o. f = eval-func A Q o, (t o,

A

B 0 id(A™)) o f

by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = eval-func A Q o (t o § 0 oc /, id(A) o, f)
by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative2)
also have ... = eval-func A Q o, (t, f)

by (metis cfunc-type-def f-type id-left-unit id-right-unit id-type one-unique-element

terminal-func-comp terminal-func-type true-func-type)

also have ... = eval-func A Q o, (id(Q) o, t, f o. id(1))
by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2)
also have ... = eval-func A Q o, (id(Q2) xs f) o (t, id(1))

by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (eval-func A Q o, (id(Q) x; f)) o. (t, id(1))
using comp-associative? by (typecheck-cfuncs, blast)

also have ... = ((al II a2) o, case-bool o, left-cart-proj @ 1) o, (t, id(1))
by (typecheck-cfuncs, metis aua f-def flat-cancels-sharp inv-transpose-func-def3)
also have ... = (al II a2) o, case-bool o, t
by (typecheck-cfuncs, smt case-bool-type aua comp-associative? left-cart-proj-cfunc-prod)
also have ... = (al 1T a2) o, left-coproj 1 1
by (simp add: case-bool-true)
also have ... = af

using left-coproj-cfunc-coprod y-def by blast
finally show ?thesis.
qed
have a2-is: (eval-func A Q o, (f o, BAQ, id(A))) op f = a2
proof —
have (eval-func A Q o. {f o, BAQ, id(A2))) o, f = eval-func A Q o, (f o,

B 0 id(A™)) o f

by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = eval-func A Q o, (f o, ,BAQ o¢ f, id(AQ) oc f)
by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative2)
also have ... = eval-func A Q o, (f, f)

by (metis cfunc-type-def f-type id-left-unit id-right-unit id-type one-unique-element

terminal-func-comp terminal-func-type false-func-type)

also have ... = eval-func A Q o, (id(Q) o, f, f o. id(1))

by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2)
also have ... = eval-func A Q o, (1d(Q) % f) o (£, id(1))

by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (eval-func A Q o, (id(2) x5 f)) oc (£, id(1))

using comp-associative2 by (typecheck-cfuncs, blast)
also have ... = ((al II a2) o. case-bool o, left-cart-proj 2 1) o, (f, id(1))
by (typecheck-cfuncs, metis aua f-def flat-cancels-sharp inv-transpose-func-def3)
also have ... = (aI II a2) o, case-bool o, f
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by (typecheck-cfuncs, smt aua comp-associative? left-cart-proj-cfunc-prod)

also have ... = (a1 II a2) o. right-coproj 1 1
by (simp add: case-bool-false)
also have ... = a2

using right-coproj-cfunc-coprod y-def by blast
finally show ?thesis.
qed
have ¢ o, f = (al,a2)
unfolding ¢-def by (typecheck-cfuncs, simp add: al-is a2-is cfunc-prod-comp)
then show dz. x €, domain ¢ AN p o, =y
using @-type cfunc-type-def f-type y-def by auto
qed
then have epimorphism(y)
by (simp add: surjective-is-epimorphism)
then have isomorphism(yp)
by (simp add: <monomorphism @) epi-mon-is-iso)
then show ?thesis
using @-type is-isomorphic-def by blast
qed

end

13 Natural Number Object

theory Nats
imports Ezponential-Objects
begin

The axiomatization below corresponds to Axiom 10 (Natural Number
Object) in Halvorson.

axiomatization
natural-numbers :: cset (N.) and
zero :: cfunc and
successor :: cfunc
where
zero-type[type-rule]: zero €. N. and
successor-type[type-rule]: successor: N. — N. and
natural-number-object-property:
g1l X=fX—>X=
(Flu. w: N, = X A
q = u o, zero N\
f oc u = u o, successor)

lemma beta-N-succ-nFqs-1d1:
assumes n-type[type-rule]: n €. N,
shows B]Nc o, successor o, n = id 1

by (typecheck-cfuncs, simp add: terminal-func-comp-elem)

lemma natural-number-object-property2:
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assumes ¢: 1 —- X f: X - X

shows F!lu. u: N, - X A u o, zero = g A f o, u = u o, successor

using assms natural-number-object-propertylwhere q=q, where f=f, where
X=X]

by metis

lemma natural-number-object-func-unique:

assumes u-type: v : N, — X and v-type: v : N, — X and f-type: f: X — X

assumes 2zeros-eq: U O, Zero = v O, 2ero

assumes u-successor-eq: u o, successor = f o. u

assumes v-successor-eq: v o, successor = f o, v

shows u = v

by (smt (verit, best) comp-type f-type natural-number-object-property2 u-successor-eq
u-type v-successor-eq v-type zero-type zeros-eq)

definition is-NNO :: cset = cfunc = cfunc = bool where
isNNOYzs+—(z21—-YANssY>Y ANV Xfqg((¢g:1—=X)AN(+ X
- X))—
Flu.w Y - XA
q = UuUOo. 2z N
focu=uocs)))

lemma N-is-a-NNO:
1s-NNO N, zero successor
by (simp add: is-NNO-def natural-number-object-property successor-type zero-type)

The lemma below corresponds to Exercise 2.6.5 in Halvorson.

lemma NNOs-are-iso-N:
assumes is-NNO N z s
shows N = N,
proof—
have z-type[type-rule]: (z: 1 — N)
using assms is-NNO-def by blast
have s-type[type-rule]: (s : N — N)
using assms is-NNO-def by blast
then obtain u where u-type[type-rule]: u: N, — N
and u-triangle: u o, zero = z
and wu-square: $ o, U = U Op SUCCESSOT
using natural-number-object-property z-type by blast
obtain v where v-type[type-rule]: v: N — N,
and wv-triangle: v o. z = zero
and wv-square: successor o, v = v O, §
by (metis assms is-NNO-def successor-type zero-type)
then have vuzeroEqzero: v o. (u o, zero) = zero
by (simp add: u-triangle v-triangle)
have id-facts1: id(N.): N, — N.A id(N.) o, zero = zero A
(successor o, id(N.) = id(IN.) o, successor)
by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2)
then have vu-facts: v o, u: N. — N.A (v o, u) o, zero = zero A
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successor o, (v o, u) = (v o, u) o, successor
by (typecheck-cfuncs, smt (verit, best) comp-associative? s-type u-square v-square
vuzeroEqzero)
then have half-isomorphism: (v o, u) = id(N,)
by (metis id-facts1 natural-number-object-property successor-type vu-facts zero-type)
have wvzEqz: u o. (v o, z) = 2z
by (simp add: u-triangle v-triangle)
have id-facts2: id(N): N - N A id(N) o z =2z A s o, id(N) = id(N) o. s
by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2)
then have uv-facts: w o, v: N — N A
(wo,v)o. z=2AN s0,(uo.v)= (uo,v)o.s
by (typecheck-cfuncs, smt (verit, best) comp-associative2 successor-type u-square
wvzEqz v-square)
then have half-isomorphism2: (u o, v) = id(N)
by (smt (verit, ccfv-threshold) assms id-facts2 is-NNO-def)
then show N = N,
using cfunc-type-def half-isomorphism is-isomorphic-def isomorphism-def u-type
v-type by fastforce
qed

The lemma below is the converse to Exercise 2.6.5 in Halvorson.

lemma Iso-to-N-is-NNO:
assumes N = N,
shows 3 z 5. is-NNO N z s
proof —
obtain ¢ where i-type[type-rule]: i: N, — N and i-iso: isomorphism(7)
using assms isomorphic-is-symmetric is-isomorphic-def by blast
obtain z where z-type[type-rule]: z €. N and z-def: z = i o. zero
by (typecheck-cfuncs, simp)
obtain s where s-type[type-rule]: s: N — N and s-def: s = (i o, successor) o,
i—l
using i-iso by (typecheck-cfuncs, simp)
have is-NNO N z s
unfolding is-NNO-def
proof (typecheck-cfuncs)
fix Xqf
assume ¢-type[type-rule]: ¢: 1 — X
assume f-type[type-rule]: f: X — X

obtain u where u-type[type-rule]: u: N. — X and u-def: w o, zero = q A f
O¢ U = U O SUCCESSOT
using natural-number-object-property2 by (typecheck-cfuncs, blast)
obtain v where v-type[type-rule]: v: N — X and v-def: v = u o, i~
using i-iso by (typecheck-cfuncs, simp)
then have bottom-triangle: v o, z = ¢
unfolding v-def u-def z-def using i-iso
by (typecheck-cfuncs, metis cfunc-type-def comp-associative id-right-unit2
inv-left u-def)
have bottom-square: v o, s = f o, v

1
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unfolding v-def u-def s-def using i-iso
by (typecheck-cfuncs, smt (verit, ccfo-SIG) comp-associative?2 id-right-unit2
inv-left u-def)
show Flu. u: N - X ANg=uo. 2N fo.,u=uo.s
proof safe
show Ju. u: N - X Ag=uo. zA fo.u=wuo.,s
by (intro exI[where z=v|, auto simp add: bottom-triangle bottom-square
v-type)
next
fix wy
assume w-type[type-rule]: w: N — X
assume y-type[type-rulel: y : N — X
assume f-w: f o, w = w o, §
assume f-y: f o, y = y o, s
assume w-y-z: W O 2 = Y O 2
assume g¢-def: ¢ = w o, z

have wo. i = u
proof (etcs-rule natural-number-object-func-unique[where f=f])
show (w o, @) o. zero = u o, zero
using ¢-def u-def w-y-z z-def by (etcs-assocr, argo)
show (w o, ©) o, successor = f o, w o, i
using i-iso by (typecheck-cfuncs, smt (verit, best) comp-associative?
comp-type f-w id-right-unit2 inv-left inverse-type s-def)
show u o, successor = f o, u
by (simp add: u-def)
qed
then have w-eq-v: w = v
unfolding v-def using i-iso
by (typecheck-cfuncs, smt (verit, best) comp-associative? id-right-unit2
inv-right)

have y o, i = u
proof (etcs-rule natural-number-object-func-unique[where f=f])
show (y o, i) o. zero = u o, zero
using ¢-def u-def w-y-z 2-def by (etcs-assocr, argo)
show (y o, i) o, successor = f o, y o, @
using i-iso by (typecheck-cfuncs, smt (verit, best) comp-associative?
comp-type f-y id-right-unit2 inv-left inverse-type s-def)
show u o, successor = f o, u
by (simp add: u-def)
qed
then have y-eq-v: y = v
unfolding v-def using i-iso
by (typecheck-cfuncs, smt (verit, best) comp-associative2 id-right-unit2
inv-right)
show w =y
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using w-eq-v y-eq-v by auto
qed
qed
then show ?thesis
by auto
qed

13.1 Zero and Successor

lemma zero-is-not-successor:
assumes n €. N,
shows zero # successor o, n
proof (rule ccontr, clarify)
assume for-contradiction: zero = Successor o, n
have Jlu. u: No = Q A w o, zero =t A (f o, ) oc U = u o, successor
by (typecheck-cfuncs, rule natural-number-object-property2)
then obtain v where wu-type: u: N, — ) and
u-triangle: u o. zero = t and
u-square: (f o. Bq) oc u = u o, successor
by auto
have t = f
proof —
have t = u o, zero
by (simp add: u-triangle)

also have ... = u o, successor o, n
by (simp add: for-contradiction)
also have ... = (f o, ﬁQ) 0. U Op T
using assms u-type by (typecheck-cfuncs, simp add: comp-associative2
u-square)
also have ... = f

using assms u-type by (etcs-assocr,typecheck-cfuncs, simp add: id-right-unit2
terminal-func-comp-elem)
finally show ?thesis.
qed
then show Fulse
using true-false-distinct by blast
qed

The lemma below corresponds to Proposition 2.6.6 in Halvorson.

lemma oneUN-iso-N-isomorphism:
isomorphism(zero 11 successor)
proof —
obtain i0 where i0-type[type-rule]: i0: 1 — (1 [ N.) and i0-def: i0 =
left-coproj 1 N,
by (typecheck-cfuncs, simp)
obtain i/ where il-type[type-rule]: i1: N. — (1 [ N.) and il-def: il =
right-coproj 1 N,
by (typecheck-cfuncs, simp)
obtain g where g-type[type-rule]: g: N. — (1 ][] N.) and
g-triangle: g o. zero = i0 and
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g-square: g o successor = ((il o, zero) II (il o, successor)) o. g
by (typecheck-cfuncs, metis natural-number-object-property)
then have second-diagram3: g o, (successor o, zero) = (il o, zero)
by (typecheck-cfuncs, smt (verit, best) cfunc-coprod-type comp-associative?
comp-type i0-def left-coproj-cfunc-coprod)
then have g¢-s-s-Eqs-i1zUils-g-s:
(g o. successor) o, successor = ((il o, zero) 11 (il o, successor)) o. (g o,
successor)
by (typecheck-cfuncs, smt (verit, del-insts) comp-associative? g-square)
then have g-s-s-zEqs-i1zUils-i1z: ((g o. successor) o, successor)o. zero =
((i1 o, zero) I (il o, successor)) o. (il o. zero)
by (typecheck-cfuncs, smt (verit, ccfo-SIG) comp-associative2 g-square sec-
ond-diagram3)
then have i1-sEqs-i1zUils-il: il o, successor = ((il o, zero) I (il o, successor))
o, il
by (typecheck-cfuncs, simp add: i1-def right-coproj-cfunc-coprod)
then obtain u where u-type[type-rule]: (u: N. — (1 [ N.)) and
u-triangle: u o, zero = il o, zero and
u-square: u o, successor = ((i1 o, zero) II (il o. successor)) o, u
using i1-sEqs-i1zUils-il by (typecheck-cfuncs, blast)
then have u-Fgs-il: u=il
by (typecheck-cfuncs, meson cfunc-coprod-type comp-type il-sEqs-ilzUils-il
natural-number-object-func-unique successor-type zero-type)
have g-s-type[type-rule]: g o, successor: N, — (1 [] N,)
by typecheck-cfuncs
have g-s-triangle: (go. successor) o, zero = il o, zero
using comp-associative? second-diagram3 by (typecheck-cfuncs, force)
then have u-FEgs-g-s: u= go. successor
by (typecheck-cfuncs, smt (verit, ccfv-SIG) cfunc-coprod-type comp-type g-s-s-Eqs-i1zUils-g-s
g-s-triangle i1-sEqs-i1zUi1s-i1 natural-number-object-func-unique u-Eqs-il zero-type)
then have g-sFEqs-il: go. successor = il
using u-Fgs-il by blast
have eql: (zero 11 successor) o. g = id(N,)
by (typecheck-cfuncs, smt (verit, best) cfunc-coprod-comp comp-associative?
g-square g-triangle i0-def i1-def i1-type id-left-unit2 id-right-unit2 left-coproj-cfunc-coprod
natural-number-object-func-unique right-coproj-cfunc-coprod)
then have eq2: g o, (zero II successor) = id(1 [] N.)
by (typecheck-cfuncs, metis cfunc-coprod-comp g-sEqs-il g-triangle i0-def i1-def
id-coprod)
show isomorphism(zero 11 successor)
using cfunc-coprod-type eql eq2 g-type isomorphism-def3 successor-type zero-type
by blast
qged

lemma zUs-epic:
epimorphism(zero 11 successor)

by (simp add: iso-imp-epi-and-monic one UN-iso-N-isomorphism)

lemma zUs-surj:
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surjective(zero 11 successor)
by (simp add: cfunc-type-def epi-is-surj zUs-epic)

lemma nonzero-is-succ-auz:
assumes z €. (1 [[ N,)
shows (z = (left-coproj 1 N.) o, id 1) V
(3n. (n €. N.) A (z = (right-coproj 1 N.) o, n))
by (clarify, metis assms coprojs-jointly-surj id-type one-unique-element)

lemma nonzero-is-succ:
assumes k €. N,
assumes k # zero
shows I n.(n€. N. A k = successor o. n)
proof —
have z-exists: Jx. ((z €. 1 ] N.) A (zero IT successor o. x = k))
using assms cfunc-type-def surjective-def zUs-surj by (typecheck-cfuncs, auto)
obtain z where z-def: ((z €. 1 [] N.) A (zero IT successor o, © = k))
using z-exists by blast
have cases: (x = (left-coproj 1 N.) o, id 1) V
(3n. (n €. No A z = (right-coproj 1 N,) o, n))
by (simp add: nonzero-is-succ-aux z-def)
have not-case-1: = # (left-coproj 1 N.) o, id 1
proof(rule ccontr,clarify)
assume bwoc: © = left-coproj 1 N, o, id. 1
have contradiction: k = zero
by (metis bwoc id-right-unit2 left-coproj-cfunc-coprod left-proj-type succes-
sor-type z-def zero-type)
show Fulse
using contradiction assms(2) by force
qed
then obtain n where n-def: n €. N. A © = (right-coproj 1 N;) o. n
using cases by blast
then have k = zero LI successor o, x
using z-def by blast

also have ... = zero Il successor o. right-coproj 1 N. o. n
by (simp add: n-def)
also have ... = (zero I successor o, right-coproj 1 N.) o. n

using cfunc-coprod-type cfunc-type-def comp-associative n-def right-proj-type
successor-type zero-type by auto
also have ... = successor o, n
using right-coproj-cfunc-coprod successor-type zero-type by auto
finally show ?thesis
using n-def by auto
qed

13.2 Predecessor

definition predecessor’ :: cfunc where
predecessor’ = (THE f. f : N. = 1 ][] N,
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A f o (zero IT successor) = id (1 [] N¢) A (zero 1T successor) o. f = id N.)

lemma predecessor’-def2:
predecessor’ : No — 1 [[ N. A predecessor’ o. (zero 11 successor) = id (1 []
N.)
A (zero 11 successor) o, predecessor’ = id N,
unfolding predecessor’-def
proof (rule thel’, safe)
show J3z. z: N. = 1 [ N, A
z o. zero 11 successor = id. (1 [] N.) A zero IT successor o. & = id. N,
using oneUN-iso-N-isomorphism by (typecheck-cfuncs, unfold isomorphism-def
cfunc-type-def, auto)
next
fix zy
assume z-type[type-rule]: z : N, — 1 [[ N. and y-type[type-rule]: y : N. — 1
11 N.
assume z-left-inv: zero Il successor o, x = id. N,
assume z o, zero I successor = id. (1 [[ N¢) y o, zero II successor = id,. (1
I N)
then have z o, zero I successor = y o. zero Il successor
by auto
then have z o, zero Il successor o, x = y o, zero Il successor o, x
by (typecheck-cfuncs, auto simp add: comp-associative?)
then show z = y
using id-right-unit2 z-left-inv x-type y-type by auto
qged

lemma predecessor’-type[type-rule]:
predecessor’ : N, — 1 [[ N,
by (simp add: predecessor’-def2)

lemma predecessor’-left-inv:
(zero 11 successor) o, predecessor’ = id N,
by (simp add: predecessor’-def2)

lemma predecessor’-right-inv:
predecessor’ o (zero 11 successor) = id (1 [ N,)
by (simp add: predecessor’-def2)

lemma predecessor’-successor:
predecessor’ o, successor = right-coproj 1 N,
proof —
have predecessor’ o, successor = predecessor’ o, (zero 11 successor) o, right-coproj
1 N,
using right-coproj-cfunc-coprod by (typecheck-cfuncs, auto)

also have ... = (predecessor’ o, (zero 11 successor)) o. right-coproj 1 N,
by (typecheck-cfuncs, auto simp add: comp-associative2)
also have ... = right-coproj 1 N,

by (typecheck-cfuncs, simp add: id-left-unit2 predecessor’-def2)
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finally show ?thesis.
qed

lemma predecessor’-zero:
predecessor’ o, zero = left-coproj 1 N,
proof —
have predecessor’ o. zero = predecessor’ o, (zero 11 successor) o, left-coproj 1
N,
using left-coproj-cfunc-coprod by (typecheck-cfuncs, auto)
also have ... = (predecessor’ o, (zero I1 successor)) o, left-coproj 1 N,
by (typecheck-cfuncs, auto simp add: comp-associative?)
also have ... = left-coproj 1 N,
by (typecheck-cfuncs, simp add: id-left-unit2 predecessor’-def2)
finally show ?thesis.
qed

definition predecessor :: cfunc
where predecessor = (zero 11 id N,) o, predecessor’

lemma predecessor-type[type-rule]:
predecessor : N, — N,
unfolding predecessor-def by typecheck-cfuncs

lemma predecessor-zero:

predecessor o, zero = zero

unfolding predecessor-def

using left-coproj-cfunc-coprod predecessor’-zero by (etcs-assocr, typecheck-cfuncs,
presburger)

lemma predecessor-successor:
predecessor o, successor = id N,
unfolding predecessor-def
by (etcs-assocr, typecheck-cfuncs, metis (full-types) predecessor’-successor right-coproj-cfunc-coprod)

13.3 Peano’s Axioms and Induction

The lemma below corresponds to Proposition 2.6.7 in Halvorson.

lemma Peano’s-Azioms:
injective successor N — surjective successor
proof —
have i1-mono: monomorphism(right-coproj 1 N..)
by (simp add: right-coproj-are-monomorphisms)
have zUs-iso: isomorphism(zero 11 successor)
using oneUN-iso-N-isomorphism by blast
have 2Usil1FqsS: (zero 11 successor) o, (right-coproj 1 IN.) = successor
using right-coproj-cfunc-coprod successor-type zero-type by auto
then have succ-mono: monomorphism(successor)
by (metis cfunc-coprod-type cfunc-type-def composition-of-monic-pair-is-monic
i1-mono iso-imp-epi-and-monic oneUN-iso-N-isomorphism right-proj-type succes-

241



sor-type zero-type)
obtain u where u-type: u: N. — Q and u-def: u o, zero =t A (fo.8q) o u
= u o, Successor
by (typecheck-cfuncs, metis natural-number-object-property)
have s-not-surj: = surjective successor
proof (rule ccontr, clarify)
assume BWOC : surjective successor
obtain n where n-type: n : 1 — N, and snFEqz: successor o. n = zero
using BWOC cfunc-type-def successor-type surjective-def zero-type by auto
then show Fulse
by (metis zero-is-not-successor)
qed
then show injective successor N\ — surjective successor
using monomorphism-imp-injective succ-mono by blast
qed

lemma succ-inject:
assumes n €. N. m €, N,
shows successor o, n = successor o, m = n = m
by (metis Peano’s-Axioms assms cfunc-type-def injective-def successor-type)

theorem nat-induction:
assumes p-type[type-rule]: p : N. — Q and n-type[type-rule]: n €. N,
assumes base-case: p o, zero =t
assumes induction-case: An. n €. N, = p o, n = t = p o, successor o. n
=1t
shows po. n =1t
proof —
obtain p’ P where
p’-type[type-rule]: p’ : P — N, and
p’-equalizer: p o. p' = (t oc fN,) oc p' and
p"-uni-prop: ¥ h F. (h: F — N. A po. h=(to. BN,) 0c h) — (3! k. k: F
— P Apo.k=h)
using equalizer-exists2 by (typecheck-cfuncs, blast)

from base-case have p o. zero = (t o. BN_) o zero

by (etcs-assocr, etes-subst terminal-func-comp-elem id-right-unit2, —)
then obtain z’ where

2'-type[type-rule]: 2z’ €. P and

2'-def: zero = p’ o 2’

using p’-uni-prop by (typecheck-cfuncs, metis)

have p o. successor o. p’ = (t o. fN,) oc Successor o. p’
proof (etcs-rule one-separator)

fix m

assume m-type[type-rule]: m €. P

have p ocp’ocmztocﬁ]Nc o, p'oem
by (etcs-assocl, simp add: p’-equalizer)
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then have p o. p’ o, m =t
by (—, etes-subst-asm terminal-func-comp-elem id-right-unit2, simp)
then have p o, successor o, p’ o, m =t
using induction-case by (typecheck-cfuncs, simp)
then show (p o. successor o. p’) o m = ((t o BN,) o successor o. p’) o m
by (etcs-assocr, etes-subst terminal-func-comp-elem id-right-unit2, —)
qed
then obtain s’ where
s'-type[type-rule]: s’ : P — P and
s'-def: p' o, 8’ = successor o, p’
using p’-uni-prop by (typecheck-cfuncs, metis)

obtain v where
u-type[type-rule]: u : N, — P and
u-zero: u o, zero = z' and
U-SUCC: U O, successor = s’ o, u
using natural-number-object-property2 by (typecheck-cfuncs, metis s'-type)

have p’-u-is-id: p’ o, u = id N,
proof (etcs-rule natural-number-object-func-unique[where f=successor])
show (p’ o. u) o, zero = id. N, o, zero
by (etcs-subst id-left-unit2, etcs-assocr, simp add: u-zero sym[OF z'-def])
show (p’ o. u) o, successor = successor o. p' o, u
by (etes-assocr, subst u-succ, etes-assocl, simp add: s’-def)
show id. N, o, successor = successor o, id. N,
by (etcs-subst id-right-unit2 id-left-unit2, simp)
qed

have p o, p' o, u o, n = (t o, fN,) O P’ ©c U 0c N
by (typecheck-cfuncs, smt comp-associative? p’-equalizer)
then show po. n =1t
by (typecheck-cfuncs, smt (28) comp-associative? id-left-unit2 id-right-unit2
p’-type p’-u-is-id terminal-func-comp-elem terminal-func-type u-type)
qed

13.4 Function Iteration

definition ITER-curried :: cset = cfunc where
U

ITER-curried U = (THE u . uw : N, — (UY)U" A w o, zero = (metafunc (id

U) o (right-cart-proj (UY) 1))f A
((meta-comp U U U) o, (id (UY) X 5 eval-func (UY) (UY)) o, (associate-right
U U

(WY (uY (UHU™Y) o, (diagonal(UY)x; id (UNHU))E op u = u o,
successor)

lemma ITER-curried-def2:

. vl . .
ITER-curried U : N, — (UY) A ITER-curried U o, zero = (metafunc (id U)
o (right-cart-proj (UY) 1))t A

((meta-comp U U U) o, (id (UY) X s eval-func (UY) (UY)) o, (associate-right
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(oY (oY (uY UU)) ¢ (diaganal(UU)xf id (UY) UU)))ti o. ITER-curried
U = ITER-curried U o, successor

unfolding ITER-curried-def

by (rule thel’, etcs-rule natural-number-object-property2)

lemma ITER-curried-type[type-rule]:

U
ITER-curried U : N, — (U)V
by (simp add: ITER-curried-def2)

lemma ITER-curried-zero:
ITER-curried U o, zero = (metafunc (id U) o (right-cart-proj (UY) 1))
by (simp add: ITER-curried-def2)

lemma ITER-curried-successor:
ITER-curried U o, successor = (meta-comp U U U o, (id (UY) X5 eval-func

(U (UY)) o, (associate-right (UV) (UY) ((UU)UU)) e (diagonal(UU)xf id

U
((UU)U )))ﬁ o. ITER-curried U
using ITER-curried-def2 by simp

definition ITER :: cset = cfunc where
ITER U = (ITER-curried U)°

lemma ITER-type[type-rule]:
ITER U : (UY) x. N.) — (UV)
unfolding ITER-def by typecheck-cfuncs

lemma ITER-zero:
assumes f-type[type-rule]: f : Z — (UU)
shows ITER U o, {f, zero o. Bz) = metafunc (id U) o. By
proof (etcs-rule one-separator)
fix z
assume z-type[type-rulel: z €. Z
have (ITER U o, (f,zero oc B7)) oc 2 = ITER U o, (f,zero o, fz) oc z
using assms by (typecheck-cfuncs, simp add: comp-associative2)
also have ... = ITER U o, (f o. z,zero)
using assms by (typecheck-cfuncs, smt (28) cfunc-prod-comp comp-associative2
id-right-unit2 terminal-func-comp-elem)
also have ... = (eval-func (UY) (UY)) o, (id, (UY) x y ITER-curried U) o, (f
O¢ 2,2€T0)
using assms ITER-def comp-associative? inv-transpose-func-def3 by (typecheck-cfuncs,
auto)
also have ... = (eval-func (UY) (UY)) o, (f o, 2, ITER-curried U o, zero)
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)
also have ... = (eval-func (UV) (UY)) o, (f o, z,(metafunc (id U) o, (right-cart-proj
(UY) 1))
using assms by (simp add: ITER-curried-def2)
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also have ... = (eval-func (UY) (UY)) o, (f oo z,((left-cart-proj (U) 1)! o,
(right-cart-proj (UY) 1))%)
using assms by (typecheck-cfuncs, simp add: id-left-unit2 metafunc-def2)
also have ... = (eval-func (UY) (UY)) o, (id. (UY) x ¢ ((left-cart-proj (U) 1)
oc (right-cart-proj (UY) 1)) o, (f o, z,id, 1)
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2)
also have ... = (left-cart-proj (U) 1)f o, (right-cart-proj (UY) 1) o, (f o, z,id.
1)
using assms by (typecheck-cfuncs,simp add: cfunc-type-def comp-associative
transpose-func-def)
also have ... = (left-cart-proj (U) 1)
using assms by (typecheck-cfuncs, simp add: id-right-unit2 right-cart-proj-cfunc-prod)
also have ... = (metafunc (id. U))
using assms by (typecheck-cfuncs, simp add: id-left-unit2 metafunc-def2)
also have ... = (metafunc (id. U) o, Bz) oc 2
using assms by (typecheck-cfuncs, metis cfunc-type-def comp-associative id-right-unit2
terminal-func-comp-elem)
finally show (ITER U o. (f,zero o, Bz)) o, z = (metafunc (id. U) o, By) o¢ z.
qed

lemma ITER-zero”:

assumes f €. (UV)

shows ITER U o. (f, zero) = metafunc (id U)

by (typecheck-cfuncs, metis ITER-zero assms id-right-unit2 id-type one-unique-element
terminal-func-type)

lemma ITER-succ:
assumes f-type[type-rule): f : 7 — (UY) and n-type[type-rule]: n 1 Z — N,
shows ITER U o, (f, successor o, ny = f O (ITER U o, (f, n))
proof (etes-rule one-separator)

fix z

assume z-type[type-rule]: z €. Z

have (ITER U o, (f,successor o. n)) o, z = ITER U o, {(f,successor o. n) o, z

using assms by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = ITER U o, (f o. z, successor o. (n o, z))

using assms by (typecheck-cfuncs, simp add: cfunc-prod-comp comp-associative2)

also have ... = (eval-func (UY) (UY)) o, (id. (UY) x; ITER-curried U) o, (f
o¢ 2, successor o, (n o, 2))

using assms by (typecheck-cfuncs, simp add: ITER-def comp-associative2

inv-transpose-func-def3)

also have ... = (eval-func (UY) (UY)) o, (f oc z, ITER-curried U o, (successor
oc (n oc z)))

using assms cfunc-cross-prod-comp-cfunc-prod id-left-unit2 by (typecheck-cfuncs,
force)

also have ... = (eval-func (UY) (UV)) o, (f o¢ 2, ITER-curried U o, successor)
oc (n o 2))

using assms by(typecheck-cfuncs, metis comp-associative?)
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also have ... = (eval-func (UU) (UU)) o {f o¢ 2, ((meta-comp U U U o, (id
(UYY x; eval-func (UY) (UY)) o, (associate-right (UY) (U'Y) ((UU)UU)) Oc

U
(dz’agonal(UU)xf id (UYYU7) o, ITER-curried U) o, (n o, z))
using assms ITER-curried-successor by presburger
also have ... = (eval-func (UY) (UY)) o, (id (UY) X ¢ ((meta-comp U U U o,

(id (UY) x; eval-func (UY) (UY)) o, (associate-right (UY) (UY) ((UU)UU)) oc

U
(diagonal(UYYx s id (UY)V ")) o, ITER-curried U) o, (n o z))o. (f o 2, id
1)
using assms by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2)
also have ... = (eval-func (UY) (UV)) o, (id (UY) x ¢ ((meta-comp U U U o,

(id (UU) X ¢ eval-func (UU) (UU)) o. (associate-right (UU) (UU) ((UU)UU)) o,

(dz'agonal(UU)xf id ((UU)UU)))jj )oe (f o¢ 2, ITER-curried U o, (n o. z))
using assms by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-prod
comp-associative? id-right-unit?2)
also have ... = (meta-comp U U U o, (id (UY) X s eval-func (v (uY)) o,

(associate-right (UV) (UY) ((UU)UU)) o (diagonal(UY)x s id ((UU)UU)))OC (f
oc %, ITER-curried U o. (n o, z))
using assms by (typecheck-cfuncs, metis cfunc-type-def comp-associative trans-
pose-func-def)
also have ... = (meta-comp U U U o, (id (UVY) X ¢ eval-func (v (uY) o,

(associate-right (UY) (UY) ((UU)UU)))OC ({f oc 2,f o¢ 2), ITER-curried U o. (n
oc 2))
using assms by (etcs-assocr, typecheck-cfuncs, smt (283) cfunc-cross-prod-comp-cfunc-prod
diag-on-elements id-left-unit2)
also have ... = meta-comp U U U o, (id (UY) x ¢ eval-func (U (YY) o, (f
oc 2, {f oc z, ITER-curried U o, (n o z)))
using assms by (typecheck-cfuncs, smt (23) associate-right-ap comp-associative2)
also have ... = meta-comp U U U o, (f o, z, eval-func (UY) (UY) o, (f o, 2,
ITER-curried U o. (n o 2)))
using assms by (typecheck-cfuncs, smt (z3) cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)
also have ... = meta-comp U U U o, (f o, 2, eval-func (UY) (UY) o, (id(UY)
X ¢ ITER-curried U)o (f oc z, n o. z))
using assms by (typecheck-cfuncs, smt (23) cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)
also have ... = meta-comp U U U o, (f o. z, ITER U o. (f o z, n o, 2))
using assms by (typecheck-cfuncs, smt (23) ITER-def comp-associative? inv-transpose-func-def3)
also have ... = meta-comp U U U o, (f, ITER U o. (f , n)) o, z
using assms by (typecheck-cfuncs, smt (28) cfunc-prod-comp comp-associative2)
also have ... = (meta-comp U U U o. (f, ITER U o, (f , n))) o. z
using assms by (typecheck-cfuncs, meson comp-associative2)
also have ... = (f O (ITER U o, (f,n))) o, z
using assms by (typecheck-cfuncs, simp add: meta-comp2-def5)
finally show (ITER U o, (f,successor o, n)) o. z = (f O ITER U o, {f,n)) o
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Z.
qed

lemma ITER-one:

assumes f €, (UV)

shows ITER U o, (f, successor o. zero) = f O (metafunc (id U))
using ITER-succ ITER-zero’ assms zero-type by presburger

definition iter-comp :: cfunc = cfunc = cfunc (-°7[55,0]55) where
iter-comp g n = cnufatem (ITER (domain g) o. (metafunc g,n))

lemma iter-comp-def2:
¢°" = cnufatem(ITER (domain g) o. {(metafunc g,n))
by (simp add: iter-comp-def)

lemma iter-comp-type[type-rulel:

assumes g : X — X

assumes n €. N,

shows ¢°™: X — X

unfolding iter-comp-def2

by (smt (verit, ccfv-SIG) ITER-type assms cfunc-type-def cnufatem-type comp-type
metafunc-type right-param-on-el right-param-type)

lemma iter-comp-def3:
assumes g : X — X
assumes n €. N,
shows ¢°™ = cnufatem (ITER X o. (metafunc g,n))
using assms cfunc-type-def iter-comp-def2 by auto

lemma zero-iters:
assumes g-type[type-rulel: g : X — X
shows ¢°%¢"% = id, X
proof (etes-rule one-separator)
fix z
assume z-type[type-rule]: x €. X
have (g°%¢™) o. z = (cnufatem (ITER X o. (metafunc g,zero))) o. «
using assms iter-comp-def3 by (typecheck-cfuncs, auto)
also have ... = cnufatem (metafunc (id X)) o. x
by (simp add: ITER-zero’ assms metafunc-type)
also have ... = id. X o, z
by (metis cnufatem-metafunc id-type)
also have ... =z
by (typecheck-cfuncs, simp add: id-left-unit2)
ultimately show (¢°%¢"°) o, z = id. X o, =
by simp
qed

lemma succ-iters:
assumes g : X — X

247



assumes n €. N,
shows go(successor o n)
proof —
have g = cnufatem(ITER X o. (metafunc g,successor o, n ))
using assms by (typecheck-cfuncs, simp add: iter-comp-def3)
also have ... = cnufatem(metafunc g O ITER X o. {(metafunc g, n )
using assms by (typecheck-cfuncs, simp add: ITER-succ)
also have ... = cnufatem(metafunc g O metafunc (¢°™))
using assms by (typecheck-cfuncs, metis iter-comp-def3 metafunc-cnufatem)
also have ... = g o, (¢°")
using assms by (typecheck-cfuncs, simp add: comp-as-metacomp)
finally show ?thesis.
qed

=g °c (9°")

OSUCCESSOT O M

corollary one-iter:

assumes g : X — X
SUCCESSOT O¢ ZETO)

shows go( =g
using assms id-right-unit2 succ-iters zero-iters zero-type by force

lemma eval-lemma-for-ITER:

assumes f : X = X

assumes r €. X

assumes m €. N,

shows (f°™) o, z = eval-func X X o. {z ,ITER X o, (metafunc f ,m))

using assms by (typecheck-cfuncs, metis eval-lemma iter-comp-def3 metafunc-cnufatem)

lemma n-accessible-by-succ-iter-aux:
eval-func N. N, o. (zero o, fN,, ITER N, o. ((metafunc successor) o. BN, ,id
N.)) = id N,
proof(rule natural-number-object-func-unique[where X=IN., where f = succes-
sor])
show eval-func N, N, o. (zero o, ﬁ]NC,ITER N. o, (metafunc successor o,
BN, ide Ne)) : Ne — N,
by typecheck-cfuncs
show id. N, : N. — N,
by typecheck-cfuncs
show successor : N, — N,
by typecheck-cfuncs
next
have (eval-func N, N, o, (zero o. BN, ,ITER N. o. (metafunc successor o,
BN, ide Ne))) oc zero =
eval-func N. N, o, (zero o, ﬁ]Nc o. zero,ITER N, o. (metafunc successor
oc BN, ©c zero,id. N, o zero))
by (typecheck-cfuncs, smt (23) cfunc-prod-comp comp-associative?)
also have ... = eval-func N. N, o, (zero,ITER N, o, (metafunc successor,zero))
by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2 terminal-func-comp-elem)
also have ... = eval-func N, N, o, (zero,metafunc (id N.) )
by (typecheck-cfuncs, simp add: ITER-zero’)
also have ... = id. N, o, zero
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using eval-lemma by (typecheck-cfuncs, blast)
finally show (eval-func N. N, o (zero o, BN, ,ITER N, o. (metafunc successor
oc AN, »idec N¢))) oc zero = id. N, o zero.
show (eval-func N. N, o, (zero o, B]NC,ITER N, o. (metafunc successor o,
BN,side Ne))) o successor =
successor o, eval-func N, N, o, (zero o, BN, ITER N, o, (metafunc successor
Oc 6]Ncaidc Nc>>
proof (etcs-rule one-separator)
fix m
assume m-type[type-rule]: m €. N,
have (successor o. eval-func N. N, o. (zero o. BN_,ITER N. o. (metafunc
successor o. BN,,ide Ne))) oo m =
successor o, eval-func N, N, o, (zero o, BN, °c m,ITER N, o, (metafunc
SUCCESSOT O /BJNC o m,id. N, o, m))
by (typecheck-cfuncs, smt (23) cfunc-prod-comp comp-associative?)
also have ... = successor o, eval-func N. N, o, (zero ,JTER N. o, (metafunc
successor ,m))
by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2 terminal-func-comp-elem)
also have ... = successor o, (successor®™) o, zero
by (typecheck-cfuncs, simp add: eval-lemma-for-ITER)
also have ... = (successor®SUcCessor e My o serg
by (typecheck-cfuncs, simp add: comp-associative?2 succ-iters)
also have ... = eval-func N. N, o, (zero ,ITER N, o. {metafunc successor
,SUCCESSOT O M)
by (typecheck-cfuncs, simp add: eval-lemma-for-ITER)
also have ... = eval-func N, N, o, (zero o, BN, ©c (successor o, m),ITER N,
o, (metafunc successor o. BN_oc (successor o. m),id. N, o. (successor o. m)))
by (typecheck-cfuncs,simp add: id-left-unit2 id-right-unit2 terminal-func-comp-elem)
also have ... = ((eval-func N. N, o, (zero o. BN, ,ITER N. o. (metafunc
successor o, N, ,ide N¢))) oc successor) o, m
by (typecheck-cfuncs, smt (23) cfunc-prod-comp comp-associative?)
ultimately show ((eval-func N. N, o (zero o. BN, ,ITER N, o. (metafunc
successor o. fN,,ide Ne))) oo successor) o, m =
(successor o, eval-func N. N, o. (zero o. BN, ,I/TER N. o. (metafunc
successor o. BN, ,ide Ne))) oc m
by simp
qged
show id. N, o, successor = successor o, id, N,
by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2)
qed

lemma n-accessible-by-succ-iter:

assumes n €. N,

shows (successor®™) o, zero = n
proof —

have n = eval-func N. N, o, (zero o, BN,> ITER N o, (metafunc successor o,
BN, id N¢)) oc n

using assms by (typecheck-cfuncs, simp add: comp-associative2 id-left-unit2

n-accessible-by-succ-iter-auz)
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also have ... = eval-func N. N, o, (zero o, BN, © n , ITER N, o (metafunc
successor o. BN, ¢ N, id N. o. n))
using assms by (typecheck-cfuncs, smt (23) cfunc-prod-comp comp-associative?)
also have ... = eval-func N. N, o. (zero, ITER N, o, (metafunc successor, n))
using assms by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2 termi-
nal-func-comp-elem)
also have ... = (successor®™) o, zero
using assms by (typecheck-cfuncs, metis eval-lemma iter-comp-def3 meta-
func-cnufatem)
ultimately show ?thesis
by simp
qed

13.5 Relation of Nat to Other Sets

lemma oneUN-iso-N:

1]] N. N,

using cfunc-coprod-type is-isomorphic-def one UN-iso- N-isomorphism successor-type
zero-type by blast

lemma NUone-iso-N:
N.J] 1 2N,
using coproduct-commutes isomorphic-is-transitive oneUN-iso-N by blast

end

14 Predicate Logic Functions

theory Pred-Logic
imports Coproduct
begin

14.1 NOT

definition NOT :: c¢func where
NOT = (THE x. is-pullback 11 Q Q (81) t f x)

lemma NOT-is-pullback:
is-pullback 11 Q Q (1) t £ NOT
unfolding NOT-def
using characteristic-function-exists false-func-type element-monomorphism
by (subst the1l2, auto)

lemma NOT-type[type-rule]:
NOT : Q2 — Q
using NOT-is-pullback unfolding is-pullback-def by auto

lemma NOT-false-is-true:
NOT o. f =t
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using NOT-is-pullback unfolding is-pullback-def
by (metis cfunc-type-def id-right-unit id-type one-unique-element)

lemma NOT-true-is-false:
NOT o, t =1
proof (rule ccontr)
assume NOT o, t # f
then have NOT o. t =t
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then have t o, id. 1 = NOT o, t
using id-right-unit2 true-func-type by auto
then obtain j where j-type: j €. 1 and j-id: 81 o. j = id. 1 and f-j-eq-t: f o,
j=t
using NOT-is-pullback unfolding is-pullback-def by (typecheck-cfuncs, blast)
then have j = id. 1
using id-type one-unique-element by blast
then have f =t
using f-j-eq-t false-func-type id-right-unit2 by auto
then show Fulse
using true-false-distinct by auto
qed

lemma NOT-is-true-implies-false:
assumes p €. )
shows NOT o, p=t = p="f
using NOT-true-is-false assms true-false-only-truth-values by fastforce

lemma NOT-is-false-implies-true:
assumes p €. )
shows NOT o, p=f = p =1t
using NOT-false-is-true assms true-false-only-truth-values by fastforce

lemma double-negation:

NOT o, NOT = id Q

by (typecheck-cfuncs, smt (verit, del-insts)

NOT-false-is-true NOT-true-is-false cfunc-type-def comp-associative id-left-unit2
one-separator

true-false-only-truth-values)

14.2 AND

definition AND :: cfunc where
AND = (THE x. is-pullback 1 1 (Q x. Q) Q (1) t (t,t) x)

lemma AND-is-pullback:
is-pullback 1 1 (2 x. Q) Q (B1) t (t,t) AND
unfolding AND-def
using element-monomorphism characteristic-function-exists
by (typecheck-cfuncs, subst thell2, auto)
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lemma AND-type[type-rule]:
AND : Q x. Q — Q
using AND-is-pullback unfolding is-pullback-def by auto

lemma AND-true-true-is-true:
AND o, (t,t) =t
using AND-is-pullback unfolding is-pullback-def
by (metis cfunc-type-def id-right-unit id-type one-unique-element)

lemma AND-false-left-is-false:
assumes p €, )
shows AND o, (f,p) ={
proof (rule ccontr)
assume AND o, (f,p) #
then have AND o, (f,p) =t
using assms true-false-only-truth-values by (typecheck-cfuncs, blast)
then have t o, id 1 = AND o, (f,p)
using assms by (typecheck-cfuncs, simp add: id-right-unit2)
then obtain j where j-type: j €. 1 and j-id: 81 o. j = id. 1 and tt-j-eq-fp:
(t.4) oc § = (£,0)
using AND-is-pullback assms unfolding is-pullback-def by (typecheck-cfuncs,
blast)
then have j = id. 1
using id-type one-unique-element by auto
then have (t,t) = (f,p)
by (typecheck-cfuncs, metis tt-j-eq-fp id-right-unit2)
then have t = f
using assms cart-prod-eq2 by (typecheck-cfuncs, auto)
then show Fulse
using true-false-distinct by auto
qed

lemma AND-false-right-is-false:
assumes p €. )
shows AND o, (pf) =f
proof (rule ccontr)
assume AND o, (p,f) #
then have AND o, (p,f) =t
using assms true-false-only-truth-values by (typecheck-cfuncs, blast)
then have t o, id 1 = AND o. (p,f)
using assms by (typecheck-cfuncs, simp add: id-right-unit2)
then obtain j where j-type: j €. 1 and j-id: 81 o. j = id. 1 and tt-j-eq-fp:
(t.4) oc § = (p.f)
using AND-is-pullback assms unfolding is-pullback-def by (typecheck-cfuncs,
blast)
then have j = id. 1
using id-type one-unique-element by auto
then have (t,t) = (p,f)
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by (typecheck-cfuncs, metis tt-j-eq-fp id-right-unit2)
then have t = f
using assms cart-prod-eq2 by (typecheck-cfuncs, auto)
then show Fulse
using true-false-distinct by auto
qed

lemma AND-commutative:
assumes p €. )
assumes ¢ €. )
shows AND o, (p,q) = AND o, {q,p)
by (metis AND-false-left-is-false AND-false-right-is-false assms true-false-only-truth-values)

lemma AND-idempotent:

assumes p €, ()

shows AND o, (p,p) = p

using AND-false-right-is-false AND-true-true-is-true assms true-false-only-truth-values
by blast

lemma AND-associative:

assumes p €, ()

assumes ¢ €. )

assumes 7 €, ()

shows AND o, (AND o, {(p,q), ry = AND o, (p, AND o. (q,r))

by (metis AND-commutative AND-false-left-is-false AND-true-true-is-true assms
true-false-only-truth-values)

lemma AND-complementary:

assumes p €. )

shows AND o, (p, NOT o, p) = f

by (metis AND-false-left-is-false AND-false-right-is-false NOT-false-is-true NOT-true-is-false
assms true-false-only-truth-values true-func-type)

14.3 NOR

definition NOR :: cfunc where
NOR = (THE . is-pullback 11 (2 x. Q) Q (1) t {, £) x)

lemma NOR-is-pullback:
is-pullback 11 (Q x. Q) Q (B1) t (f, ) NOR
unfolding NOR-def
using characteristic-function-exists element-monomorphism
by (typecheck-cfuncs, simp add: thell2)

lemma NOR-type[type-rule]:
NOR : Q x. 2 — Q
using NOR-is-pullback unfolding is-pullback-def by auto

lemma NOR-false-false-is-true:

253



NOR o, {ff) =t
using NOR-is-pullback unfolding is-pullback-def
by (auto, metis cfunc-type-def id-right-unit id-type one-unique-element)

lemma NOR-left-true-is-false:
assumes p €, ()
shows NOR o, (t,p) = f
proof (rule ccontr)
assume NOR o, {(t,p) #
then have NOR o, (t,p) =t
using assms true-false-only-truth-values by (typecheck-cfuncs, blast)
then have NOR o, (t,p) =t o, id 1
using id-right-unit2 true-func-type by auto
then obtain j where j-type: j €. 1 and j-id: 81 o. j = id 1 and ff-j-eq-tp: (f,f)
oc j = (t,p)
using NOR-is-pullback assms unfolding is-pullback-def by (typecheck-cfuncs,
metis)
then have j = id 1
using id-type one-unique-element by blast
then have (f.f) = (t,p)
using cfunc-prod-comp false-func-type ff-j-eq-tp id-right-unit2 j-type by auto
then have f =t
using assms cart-prod-eq? false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
qed

lemma NOR-right-true-is-false:
assumes p €. )
shows NOR o, (p,t) = f
proof (rule ccontr)
assume NOR o, (p,;t) #
then have NOR o, (p,t) =t
using assms true-false-only-truth-values by (typecheck-cfuncs, blast)
then have NOR o, (p,t) =t o, id 1
using id-right-unit2 true-func-type by auto
then obtain j where j-type: j €. 1 and j-id: 81 o. j = id 1 and ff-j-eq-tp: (f,f)
oc j = <pat>
using NOR-is-pullback assms unfolding is-pullback-def by (typecheck-cfuncs,
metis)
then have j = id 1
using id-type one-unique-element by blast
then have (f,f) = (p,t)
using cfunc-prod-comp false-func-type ff-j-eq-tp id-right-unit2 j-type by auto
then have f =t
using assms cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
qed
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lemma NOR-true-implies-both-false:
assumes X-nonempty: nonempty X and Y-nonempty: nonempty Y
assumes P-Q-types[type-rule]: P : X - Q Q: Y = Q
assumes NOR-true: NOR o, (P Xy Q) =t o. Bx x_ vy
shows P =fo. fx AN Q@=1fo. By
proof —
obtain z where z-type[type-rule]: z: X x. Y — 1 and P x; Q = (f,f) o, z
using NOR-is-pullback NOR-true unfolding is-pullback-def
by (metis P-Q-types cfunc-cross-prod-type terminal-func-type)
then have P x; Q = (ff) o. Bx «_ vy
using terminal-func-unique by auto
then have P x; Q@ = (f o. Bx x, y» f % Bx . V)
by (typecheck-cfuncs, simp add: cfunc-prod-comp)
then have P x; Q = (f o, Bx o, left-cart-proj X Y, f o, By o right-cart-proj
XY)
by (typecheck-cfuncs-prems, metis left-cart-proj-type right-cart-proj-type termi-
nal-func-comp)
then have (P o, left-cart-proj X Y, Q o. right-cart-proj X Y)
= (f o, Bx o left-cart-proj X Y, f o. By o right-cart-proj X Y)
by (typecheck-cfuncs, unfold cfunc-cross-prod-def2, auto)
then have P o, left-cart-proj X Y = (f o, Bx) oc left-cart-proj X Y
A Q o right-cart-proj X Y = (f o, By) o right-cart-proj X Y
using cart-prod-eq2 by (typecheck-cfuncs, auto simp add: comp-associative?)
then have egs: P =fo. fx AN Q=fo. By
using assms epimorphism-def3 nonempty-left-imp-right-proj-epimorphism nonempty-right-imp-left-proj-epin
by (typecheck-cfuncs-prems, blast)
then have P £ to. Bx A Q # to. By
proof safe
show f o, By =t o, Bx = Fulse
by (typecheck-cfuncs-prems, smt X-nonempty comp-associative2 nonempty-def
one-separator-contrapos terminal-func-comp terminal-func-unique true-false-distinct)
show f o, By =t o, By = Fulse
by (typecheck-cfuncs-prems, smt Y-nonempty comp-associative2 nonempty-def
one-separator-contrapos terminal-func-comp terminal-func-unique true-false-distinct)
qed
then show ?thesis
using eqs by linarith
qed

lemma NOR-true-implies-neither-true:

assumes X-nonempty: nonempty X and Y-nonempty: nonempty Y

assumes P-Q-types[type-rule]: P : X - Q Q: Y — Q

assumes NOR-true: NOR o, (P Xy Q) =t o. Bx x_ vy

shows = (P =to. BxV Q =to. fy)

by (smt (verit, ccfo-SIG) NOR-true NOT-false-is-true NOT-true-is-false NOT-type
X-nonempty Y-nonempty assms(3,4) comp-associative2 comp-type nonempty-def
terminal-func-type true-false-distinct true-false-only-truth-values NOR-true-implies-both-false)
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14.4 OR

definition OR :: cfunc where
OR = (THE x. is-pullback (1]_[ (1]_[ 1)) 1 (QXCQ) Q (ﬁ(lu a1 1))) t ((t, t>H
((t, £) (£, £))) x)

lemma pre-OR-type[type-rule]:
(t, T ({t, £) T ©) 1] (11]1) = © %, ©
by typecheck-cfuncs

lemma set-three:

{o. v . AT} = {

(left-coproj 1 (1] 1)) ,

(right-coproj 1 (1] 1) o. left-coproj 1 1),

right-coproj 1 (1]] 1) o.(right-coproj 1 1)}

by (typecheck-cfuncs, safe, typecheck-cfuncs, smt (28) comp-associative2 coprojs-jointly-surj
one-unique-element)

lemma set-three-card:
card {z. z €, (1] (A1)} = 3
proof —
have f1: left-coproj 1 (1 [ 1) # right-coproj 1 (1 [] 1) o. left-coproj 1 1
by (typecheck-cfuncs, metis cfunc-type-def coproducts-disjoint id-right-unit id-type)
have f2: left-coproj 1 (1 [ 1) # right-coproj 1 (1 [[ 1) o, right-coproj 1 1
by (typecheck-cfuncs, metis cfunc-type-def coproducts-disjoint id-right-unit id-type)
have f3: right-coproj 1 (1 [] 1) o left-coproj 1 1 # right-coproj 1 (1 [] 1) o,
right-coproj 1 1
by (typecheck-cfuncs, metis cfunc-type-def coproducts-disjoint monomorphism-def
one-unique-element right-coproj-are-monomorphisms)
show ?thesis
by (simp add: f1 f2 f3 set-three)
qed

lemma pre-OR-injective:
injective((t, t)IT ((t, f) TI{f, t}))
unfolding injective-def
proof (clarify)
fix zy
assume z €, domain ((t,t) IT (t,f) II (f.t))
then have z-type: z €. (1]](1]]1))
using cfunc-type-def pre-OR-type by force
then have z-form: (3 w. (w €. 1 A z = (left-coproj 1 (1][1)) o, w))
V (3 w. (we. (1[[1) A z = (right-coproj 1 (1] 1)) o, w))
using coprojs-jointly-surj by auto

assume y €. domain ((t,t) IT (t,f) II (f.t))
then have y-type: y €. (1] (1]]1))
using cfunc-type-def pre-OR-type by force
then have y-form: (3 w. (w €. 1 A y = (left-coproj 1 (1]]1)) o, w))
V (3 w. (w €. (1]]1) A y = (right-coproj 1 (1]]1)) o, w))
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using coprojs-jointly-surj by auto
assume maz-egs-my: (t,t) 1T (t,0) 1T (f,;t) o, & = (t,t) II {t,f) IT (f;t) o. y

have f1: (t,t) IT (t,f) II (f,t) o. left-coproj 1 (1 [] 1) = (t,t)
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
have f2: (t,t) II (t,f) II {f;t) o, (right-coproj 1 (1]]1)o. left-coproj 1 1) = (t.f)
proof—
have (t,t) IT (t,f) IT (f,t) o. (right-coproj 1 (1]]1)o. left-coproj 1 1) =
({t,t) IT (t,f) IT (f,t) o, right-coproj 1 (1]]1) )o. left-coproj 1 1
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = (t,f) IT ({f;t) o. left-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, smt)
also have ... = (t,f)

by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
finally show ?thesis.
qed
have f3: (t,t) IT (t,f) II {f,t) o, (right-coproj 1 (1]] 1)o. right-coproj 1 1) = (ft)
proof—
have (t,t) IT (t,f) IT (f;t) o. (right-coproj 1 (1]]1)o. right-coproj 1 1) =
({t,t) IT (t,f) IT (f,t) o, right-coproj 1 (1][1) )o. right-coproj 1 1
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = (t,f) I {f;t) o. right-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, smt)
also have ... = (f t)

by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
finally show #thesis.
qed
show z = y
proof(cases x = left-coproj 1 (1 ][] 1))
assume casel: ¢ = left-coproj 1 (1 ][] 1)
then show z = y
by (typecheck-cfuncs, smt (28) mz-eqs-my element-pair-eq f1 f2 f3 false-func-type
maps-into-1ul terminal-func-unique true-false-distinct true-func-type x-form y-form)
next
assume not-casel: x # left-coproj 1 (1 [ 1)
then have case2-or-3: © = (right-coproj 1 (1] 1)o. left-coproj 1 1)V
x = right-coproj 1 (1]] 1) o.(right-coproj 1 1)
by (metis id-right-unit2 id-type left-proj-type maps-into-1ul terminal-func-unique
x-form)
show z =y
proof(cases x = (right-coproj 1 (1]]1)o. left-coproj 1 1))
assume case2: ¥ = right-coproj 1 (1 ][] 1) o, left-coproj 1 1
then show z = y
by (typecheck-cfuncs, smt (23) cart-prod-eq2 case2 f1 f2 3 false-func-type
id-right-unit2 left-proj-type maps-into-1ul mz-eqs-my terminal-func-comp termi-
nal-func-comp-elem terminal-func-unique true-false-distinct true-func-type y-form)

next
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assume not-case2: x # right-coproj 1 (1 [] 1) o. left-coproj 1 1
then have case3: © = right-coproj 1 (1]] 1) o.(right-coproj 1 1)
using case2-or-3 by blast
then show z = y
by (smt (verit, best) f1 f2 f3 NOR-false-false-is-true NOR-is-pullback case3
cfunc-prod-comp comp-associative2 element-pair-eq false-func-type is-pullback-def
left-proj-type maps-into-1ul mx-eqs-my pre-OR-type terminal-func-unique true-false-distinct
true-func-type y-form)
qed
qged
qged

lemma OR-is-pullback:
is-pullback (1[T(1[11)) 1 (2xcQ2) Q (Byyapyy)) t (& O (¢, £) T(E, t)))
OR
unfolding OR-def
using element-monomorphism characteristic-function-exists
by (typecheck-cfuncs, simp add: thell2 injective-imp-monomorphism pre-OR-injective)

lemma OR-type[type-rule]:
OR:Q x. Q2 —= Q
unfolding OR-def
by (metis OR-def OR-is-pullback is-pullback-def)

lemma OR-true-left-is-true:

assumes p €, ()

shows OR o. (t,p) =t
proof —

have 3 j. j €. 1IT(1IT1) A ({t. 1L ((t, £) TI(E, ©))) 00§ = (t.p)

by (typecheck-cfuncs, smt (23) assms comp-associative2 comp-type left-coproj-cfunc-coprod

left-proj-type right-coproj-cfunc-coprod right-proj-type true-false-only-truth-values)
then show ?thesis
by (typecheck-cfuncs, smt (verit, ccfu-SIG) NOT-false-is-true NOT-is-pullback
OR-is-pullback
comp-associative? is-pullback-def terminal-func-comp)

qed

lemma OR-true-right-is-true:

assumes p €, )

shows OR o, (p;t) =t
proof —

have 3 j. j €. 11 (1[[1) A ({t, 1L ({t, ) 11(E, 6)) o, § = (p.t)

by (typecheck-cfuncs, smt (28) assms comp-associative2 comp-type left-coproj-cfunc-coprod

left-proj-type right-coproj-cfunc-coprod right-proj-type true-false-only-truth-values)
then show ?thesis
by (typecheck-cfuncs, smt (verit, ccfo-SIG) NOT-false-is-true NOT-is-pullback
OR-is-pullback
comp-associative? is-pullback-def terminal-func-comp)

qed
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lemma OR-false-false-is-false:
OR o, (ff) = f
proof (rule ccontr)
assume OR o, (f,f) #f
then have OR o, (f,f) =t
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then obtain j where j-type[type-rule]: j €. 1][ (1]]1) and j-def: ({t, t)IT ((t,
f> H<f7 t>)) ocj = <faf>
using OR-is-pullback unfolding is-pullback-def
by (typecheck-cfuncs, metis id-right-unit2 id-type)
have trichotomy: ((t, t) = (£,£)) vV (({t, f) = {{,1)) v ({f, t) = ({£,)))
proof(cases j = left-coproj 1 (1 ][] 1))
assume casel: j = left-coproj 1 (1 [ 1)
then show ?thesis
using casel cfunc-coprod-type j-def left-coproj-cfunc-coprod by (typecheck-cfuncs,
force)
next
assume not-casel: j # left-coproj 1 (1 ][] 1)
then have case2-or-3: j = right-coproj 1 (1][1) o. left-coproj 1 1V
j = right-coproj 1 (1][ 1) o. right-coproj 1 1
using not-casel set-three by (typecheck-cfuncs, auto)
show ?thesis
proof(cases j = (right-coproj 1 (1]] 1)o, left-coproj 1 1))
assume case2: j = right-coproj 1 (1 [] 1) o, left-coproj 1 1
have (t, f) = (f,f)
proof —
have ({t, t)II ({t, {) II{f, t))) o. j = (({t, t)IT ({t, £) II{f, t))) o right-coproj
1(1]] 1)) o. left-coproj 1 1
by (typecheck-cfuncs, simp add: case2 comp-associative2)

also have ... = ((t, f) II{f, t)) o, left-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
also have ... = (t, f)

by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
finally show ?thesis
using j-def by simp
qed
then show ?thesis
by blast
next
assume not-case2: j # right-coproj 1 (1 [] 1) o. left-coproj 1 1
then have case3: j = right-coproj 1 (1] 1) o, right-coproj 1 1
using case2-or-3 by blast
have (f, t) = (f,f)
proof —
have ((t, t)IT ((t, f) II{f, t))) o. § = (((t, t)II ({t, f) II{f, t))) o. right-coproj
1 (1] 1)) oo right-coproj 1 1
by (typecheck-cfuncs, simp add: case3 comp-associative2)
also have ... = ((t, f) II{f, t)) o, right-coproj 1 1
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using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
also have ... = (f, t)
by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
finally show ?thesis
using j-def by simp
qed
then show ?thesis
by blast
qed
qged
then have t = f
using trichotomy cart-prod-eq2 by (typecheck-cfuncs, force)
then show Fulse
using true-false-distinct by smt
qed

lemma OR-true-implies-one-is-true:
assumes p €, )
assumes ¢ €. )
assumes OR o (p,q) =t
shows (p=1t) V (¢ = t)
by (metis OR-false-false-is-false assms true-false-only-truth-values)

lemma NOT-NOR-is-OR:
OR = NOT o. NOR
proof (etcs-rule one-separator)
fix z
assume z-type[type-rule]: © €. Q x.
then obtain p ¢ where p-type[type-rule]: p €. Q and g-type[type-rule]: ¢ €. Q
and 2-def: x = (p,q)
by (meson cart-prod-decomp)
show OR o, © = (NOT o, NOR) o, x
proof(cases p = t)
show p =t = OR o, z = (NOT o, NOR) o. z
by (typecheck-cfuncs, metis NOR-left-true-is-false NOT-false-is-true OR-true-left-is-true
comp-associative2 q-type x-def)
next
assume p # t
then have p = f
using p-type true-false-only-truth-values by blast
show OR o. z = (NOT o, NOR) o, z
proof(cases ¢ = t)
show ¢ =t = OR o, x = (NOT o. NOR) o, x
by (typecheck-cfuncs, metis NOR-right-true-is-false NO T-false-is-true OR-true-right-is-true

cfunc-type-def comp-associative p-type z-def)
next
assume ¢q # t
then show ?thesis
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by (typecheck-cfuncs,metis NOR-false-false-is-true NOT-is-true-implies-false
OR-false-false-is-false
<p =1 comp-associative2 g-type true-false-only-truth-values z-def)
qed
qed
qed

lemma OR-commutative:
assumes p €. )
assumes ¢ €. )
shows OR o, (p,q) = OR o, {(q,p)

by (metis OR-true-left-is-true OR-true-right-is-true assms true-false-only-truth-values)

lemma OR-idempotent:

assumes p €, ()

shows OR o, (p,p) = p

using OR-false-false-is-false OR-true-left-is-true assms true-false-only-truth-values
by blast

lemma OR-associative:

assumes p €, ()

assumes ¢ €. )

assumes 7 €, ()

shows OR o, (OR o (p,q), r) = OR o, (p, OR o, (q,r))

by (metis OR-commutative OR-false-false-is-false OR-true-right-is-true assms
true-false-only-truth-values)

lemma OR-complementary:

assumes p €. )

shows OR o, (p, NOT o, p) = t

by (metis NOT-false-is-true NOT-true-is-false OR-true-left-is-true OR-true-right-is-true
assms false-func-type true-false-only-truth-values)

14.5 XOR

definition XOR :: cfunc where
XOR = (THE x. is-pullback (1]]1) 1 (2x.2) Q (ﬂ(lu 1)) t ((t, £) I{f, t)) x)

lemma pre-XOR-type[type-rule]:
(6, ) I (f, t) : 1]J]1 — Q x. Q
by typecheck-cfuncs

lemma pre-XOR-injective:
injective((t, f) II{f, t))
unfolding injective-def
proof (clarify)
fix zy
assume z €, domain ((t,f) II (f,t))
then have z-type: = €. 1]] 1
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using cfunc-type-def pre-XOR-type by force
then have z-form: (3 w. w €. 1 A z = left-coproj 1 1 o, w)
V (3w w €. 1Az = right-coproj 1 1 o, w)
using coprojs-jointly-surj by auto

assume y €. domain ((t.f) IT (f,t))
then have y-type: y €. 1]] 1
using cfunc-type-def pre-XOR-type by force
then have y-form: (3 w. w €. 1 A y = left-coproj 1 1 o, w)
V (3 w. w €. 1Ay = right-coproj 1 1 o, w)
using coprojs-jointly-surj by auto

assume egs: (t,f) 1T (f,t) o, z = (t,f) II (f;t) o, y

show z =y
proof(cases 3 w. w €, 1 A x = left-coproj 1 1 o, w)
assume al: 3 w. w €. 1 A z = left-coproj 1 1 o, w
then obtain w where z-def: w €. 1 A & = left-coproj 1 1 o, w
by blast
then have w-is: w = id(1)
by (typecheck-cfuncs, metis terminal-func-unique z-def)
have 3 v. v €. 1 A y = left-coproj 1 1 o, v
proof (rule ccontr)
assume a2: Av. v €, 1 A y = left-coproj 1 1 o, v
then obtain v where y-def: v €. 1 A y = right-coproj 1 1 o, v
using y-form by (typecheck-cfuncs, blast)
then have v-is: v = id(1)
by (typecheck-cfuncs, metis terminal-func-unique y-def)
then have (t,f) IT (f;t) o. left-coproj 1 1 = (t,f) II (f,t) o. right-coproj 1 1
using w-is egs id-right-unit2 z-def y-def by (typecheck-cfuncs, force)
then have (t,f) = (f;t)
by (typecheck-cfuncs, smt (23) cfunc-coprod-unique coprod-eq2 pre-XOR-type
right-coproj-cfunc-coprod)
then havet =f A f =1t
using cart-prod-eq2 false-func-type true-func-type by blast
then show Fulse
using true-false-distinct by blast
qed
then obtain v where y-def: v €. 1 A y = left-coproj 1 1 o, v
by blast
then have v = id(1)
by (typecheck-cfuncs, metis terminal-func-unique)
then show ?thesis
by (simp add: w-is z-def y-def)
next
assume fw. w €, 1 A z = left-coproj 1 1 o, w
then obtain w where z-def: w €. 1 A x = right-coproj 1 1 o, w
using z-form by force
then have w-is: w = id 1
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by (typecheck-cfuncs, metis terminal-func-unique z-def)
have 3 v. v €. 1 A y = right-coproj 1 1 o, v
proof (rule ccontr)
assume a2: fv. v €, 1 A y = right-coproj 1 1 o, v
then obtain v where y-def: v €. 1 A y = left-coproj 1 1 o, v
using y-form by (typecheck-cfuncs, blast)
then have v = id 1
by (typecheck-cfuncs, metis terminal-func-unique y-def)
then have (t,f) IT (f;t) o. left-coproj 1 1 = (t,f) 1T {f,t) o, right-coproj 1 1
using w-is egqs id-right-unit2 z-def y-def by (typecheck-cfuncs, force)
then have (t,f) = (f,t)
by (typecheck-cfuncs, smt (28) cfunc-coprod-unique coprod-eq2 pre-XOR-type
right-coproj-cfunc-coprod)
then havet = f A f =t
using cart-prod-eq2 false-func-type true-func-type by blast
then show Fulse
using true-false-distinct by blast
qed
then obtain v where y-def: v €. 1 A y = right-coproj 1 1 o, v
by blast
then have v = id 1
by (typecheck-cfuncs, metis terminal-func-unique)
then show ?thesis
by (simp add: w-is z-def y-def)
qed
qged

lemma XOR-is-pullback:
is-pullback (1]]1) 1 (Q x. Q) Q (ﬁ(lu 1)) t ((t, £) IT (f, t)) XOR
unfolding XOR-def
using element-monomorphism characteristic-function-exists
by (typecheck-cfuncs, simp add: thell2 injective-imp-monomorphism pre-X OR-injective)

lemma XOR-type[type-rule]:
XOR : Q2 x. Q — Q
unfolding XOR-def
by (metis XOR-def XOR-is-pullback is-pullback-def)

lemma XOR-only-true-left-is-true:

XOR o, (t,f) =t
proof —

have 3 j. j €. 11 A ((t, f) II{f, t)) oc § = (t,1)

by (typecheck-cfuncs, meson left-coproj-cfunc-coprod left-proj-type)

then show ?thesis

by (smt (verit, best) XOR-is-pullback comp-associative2 id-right-unit2 is-pullback-def
terminal-func-comp-elem)
qed

lemma XOR-only-true-right-is-true:
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XOR o, (fit) =t
proof —

have 3 j. j €. 1]]1 A ((t, £) II{f, t)) o, § = (f,t)

by (typecheck-cfuncs, meson right-coproj-cfunc-coprod right-proj-type)

then show ?thesis

by (smt (verit, best) XOR-is-pullback comp-associative2 id-right-unit2 is-pullback-def
terminal-func-comp-elem)
qed

lemma XOR-false-false-is-false:
XOR o, (f)f) =1
proof (rule ccontr)
assume XOR o, (ff) #
then have XOR o, (f,f) =t
by (metis NOR-is-pullback XOR-type comp-type is-pullback-def true-false-only-truth-values)
then obtain j where j-def: j €. 1[[1 A ((t, f) II{f, t)) o, j = (£,f)
by (typecheck-cfuncs, auto, smt (verit, ccfu-threshold) XOR-is-pullback id-right-unit2
id-type is-pullback-def)
show Fulse
proof(cases j = left-coproj 1 1)
assume j = left-coproj 1 1
then have ((t, f) II{f, t)) o, j = (¢, f)
using left-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (t, f) = (f,f)
using j-def by auto
then have t = f
using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
next
assume j # left-coproj 1 1
then have j = right-coproj 1 1
by (meson j-def maps-into-1ul)
then have ((t, f) II{f, t)) o. j = ({, t)
using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (f, t) = (f,f)
using j-def by auto
then have t = f
using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
qed
qed

lemma XOR-true-true-is-false:
XOR o, (t,t) =f

proof (rule ccontr)
assume XOR o, (t,t) # f
then have XOR o, (t,t) =t
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by (metis XOR-type comp-type diag-on-elements diagonal-type true-false-only-truth-values
true-func-type)
then obtain j where j-def: j €. 1]]1 A ((t, £) II{f, t)) o, j = (t,t)
by (typecheck-cfuncs, auto, smt (verit, ccfo-threshold) XOR-is-pullback id-right-unit2
id-type is-pullback-def)
show Fulse
proof(cases j = left-coproj 1 1)
assume j = left-coproj 1 1
then have ((t, {) II{f, t)) o, j = (¢, f)
using left-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (t, f) = (t,t)
using j-def by auto
then have t = f
using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
next
assume j # left-coproj 1 1
then have j = right-coproj 1 1
by (meson j-def maps-into-1ul)
then have ((t, f) II{f, t)) o. 7 = {{f, t)
using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (f, t) = (t,t)
using j-def by auto
then have t = f
using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
qed
qed

14.6 NAND

definition NAND :: cfunc where
NAND = (THE X- is—pullback (1]_[ (1H 1)) 1 (Q Xe Q) Q (ﬁ(lu (1H 1))) t (<f,
HIT((t, £) TI(E, 1)) x)

lemma pre-NAND-type|[type-rule]:
(6, £) 10 ({6, ) 11 (F, ) : 1T (A1T1) = © x, O
by typecheck-cfuncs

lemma pre-NAND-injective:
injective((f, £) IT ((t, f) II {f, t)))
unfolding injective-def
proof (clarify)
fix x y
assume z-type: © €. domain ((f, f) II (t,f) II ({ft))
then have z-type” z €. 1 [] (1]]1)
using cfunc-type-def pre-NAND-type by force
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then have z-form: (3 w. w €. 1 A = = left-coproj 1 (1]] 1) o, w)
V (3w w €. 1[[1 A = = right-coproj 1 (1] 1) o, w)
using coprojs-jointly-surj by auto

assume y-type: y €. domain ((f, f) II (t,f) II (ft))
then have y-type” y €. 1[] (1]]1)
using cfunc-type-def pre-NAND-type by force
then have y-form: (3 w. w €. 1 A y = left-coproj 1 (1]] 1) o, w)
V (3 w. w €. 1[[1 A y = right-coproj 1 (1]] 1) o, w)
using coprojs-jointly-surj by auto

assume mz-eqs-my: (f, £y I (t,f) II {f;t) o. = = (f, £) IT (t,f) 1T (f;t) o, y

have f1: (f, f) 1T (t,f) II {f;t) o. left-coproj 1 (1 [] 1) = (I, f)
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
have f2: (f, f) IT (t,f) IT {f,t) o. (right-coproj 1 (1]]1) o. left-coproj 1 1) = (t,f)
proof—
have (f, f) II (t,f) IT {f;t) o. right-coproj 1 (1]]1) o. left-coproj 1 1 =
({f, £) 1T (t,f) II {f,t) o, right-coproj 1 (1] 1)) o. left-coproj 1 1
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = (t,f) IT (f;t) o. left-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, smt)
also have ... = (t,f)
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
finally show ?thesis.
qged
have f3: (f, ) IT (t,f) IT (f,;t) o, (right-coproj 1 (1] 1)o. right-coproj 1 1) =
()
proof—
have (f, f) 1T (t,f) II {f;t) o. (right-coproj 1 (1]] 1)o. right-coproj 1 1) =
({f, £y 1T (t,f) II {f,t) o, right-coproj 1 (1]]1) )o. right-coproj 1 1
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = (t,f) I {f;t) o. right-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, smt)
also have ... = (f,t)
by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
finally show ?thesis.
qed
show z =y
proof(cases x = left-coproj 1 (1 ][] 1))
assume casel: z = left-coproj 1 (1 [ 1)
then show z =y
by (typecheck-cfuncs, smt (28) mz-eqs-my element-pair-eq f1 f2 f3 false-func-type
maps-into-1ul terminal-func-unique true-false-distinct true-func-type x-form y-form)
next
assume not-casel: x # left-coproj 1 (1 [ 1)
then have case2-or-3: © = right-coproj 1 (1][1)o. left-coproj 1 1 V
x = right-coproj 1 (1]]1) o, right-coproj 1 1
by (metis id-right-unit2 id-type left-proj-type maps-into-1ul terminal-func-unique
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a-form)
show z = y
proof(cases x = right-coproj 1 (1][1)o. left-coproj 1 1)
assume case2: x = right-coproj 1 (1 ][] 1) o. left-coproj 1 1
then show =z =y
by (smt (28) NOT-false-is-true NOT-is-pullback NOT-true-is-false NOT-type
x-type z-type’ cart-prod-eq2 case2 cfunc-type-def characteristic-func-eq characteris-
tic-func-is-pullback characteristic-function-exists comp-associative diag-on-elements
diagonal-type element-monomorphism f1 f2 f3 false-func-type left-proj-type maps-into-1ul
ma-eqs-my terminal-func-unique true-false-distinct true-func-type z-type y-form)
next
assume not-case2: x # right-coproj 1 (1 ][] 1) o. left-coproj 1 1
then have case3: © = right-coproj 1 (1]]1) o, right-coproj 1 1
using case2-or-3 by blast
then show z = y
by (smt (28) NOT-false-is-true NOT-is-pullback NOT-true-is-false NOT-type
x-type z-type’ cart-prod-eq2 cased cfunc-type-def characteristic-func-eq characteris-
tic-func-is-pullback characteristic-function-exists comp-associative diag-on-elements
diagonal-type element-monomorphism f1 f2 f3 false-func-type left-proj-type maps-into-1ul
mz-eqs-my terminal-func-unique true-false-distinct true-func-type z-type y-form)
qed
qed
qed

lemma NAND-is-pullback:

is-pullback (1]_[ (].H 1)) 1 (2x.0) Q (ﬂ(lH 1] 1))) t (<f, f)H (<t, f> H<f, t)))
NAND

unfolding NAND-def

using element-monomorphism characteristic-function-exists

by (typecheck-cfuncs, simp add: thell2 injective-imp-monomorphism pre-NAND-injective)

lemma NAND-type[type-rule]:
NAND : Q x. Q — Q
unfolding NAND-def
by (metis NAND-def NAND-is-pullback is-pullback-def)

lemma NAND-left-false-is-true:
assumes p €, ()
shows NAND o, (f,p) =t
proof —
have 3 j. j €. 1[T(1[11) A ({f, f) IL ((t, £) II{f, t))) oc j = (f.p)
by (typecheck-cfuncs, smt (23) assms comp-associative2 comp-type left-coproj-cfunc-coprod
left-proj-type right-coproj-cfunc-coprod right-proj-type true-false-only-truth-values)
then show ?thesis
by (typecheck-cfuncs, smt (verit, ccfu-threshold) NAND-is-pullback comp-associative2
id-right-unit?2 is-pullback-def terminal-func-comp-elem)
qed

lemma NAND-right-false-is-true:
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assumes p €, ()

shows NAND o, (pf) =t
proof —

have 3 j. j €. 1[T(1[[1) A ({f, H)IT ((t, £) II{f, £))) oc j = (p.f)

by (typecheck-cfuncs, smt (23) assms comp-associative2 comp-type left-coproj-cfunc-coprod
left-proj-type right-coproj-cfunc-coprod right-proj-type true-false-only-truth-values)

then show ?thesis

by (typecheck-cfuncs, smt (verit, ccfv-SIG) NAND-is-pullback NOT-false-is-true
NOT-is-pullback comp-associative? is-pullback-def terminal-func-comp)
qed

lemma NAND-true-true-is-false:
NAND o, (t,t) = f
proof (rule ccontr)
assume NAND o, (t,t) # f
then have NAND o, (t,t) =t
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then obtain j where j-type[type-rule]: j €. 1[[(1[[1) and j-def: ((f, £)IT ({t,
) 10(F, ) o § = (t.)
using NAND-is-pullback unfolding is-pullback-def
by (typecheck-cfuncs, smt (23) NAND-is-pullback id-right-unit2 id-type)
then have trichotomy: ({{.f) = (t,t)) vV ((t, f) = (t,t)) vV ({f, t) = (t,t))
proof(cases j = left-coproj 1 (1 ][] 1))
assume casel: j = left-coproj 1 (1 [] 1)
then show ?thesis
by (metis cfunc-coprod-type cfunc-prod-type false-func-type j-def left-coproj-cfunc-coprod
true-func-type)
next
assume not-casel: j # left-coproj 1 (1 ][] 1)
then have case2-or-3: j = right-coproj 1 (1][1)o. left-coproj 1 1 V
j = right-coproj 1 (1][] 1) o, right-coproj 1 1
using not-casel set-three by (typecheck-cfuncs, auto)
show ?thesis
proof(cases j = right-coproj 1 (1[[1) o. left-coproj 1 1)
assume case2: j = right-coproj 1 (1 [] 1) o, left-coproj 1 1
have (t, f) = (t,t)
proof —
have ({f, D)IT ({t, {) II{f, t))) o. j = (({f, O)IT ({t, £) II{f, t))) o right-coproj
1(1]] 1)) o. left-coproj 1 1
by (typecheck-cfuncs, simp add: case2 comp-associative2)

also have ... = ((t, f) II{f, t)) o. left-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
also have ... = (t, f)

by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
finally show ?thesis
using j-def by simp
qed
then show ?thesis
by blast
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next
assume not-case?2: j # right-coproj 1 (1 [] 1) o, left-coproj 1 1
then have case3: j = right-coproj 1 (1] 1) o, right-coproj 1 1
using case2-or-3 by blast
have (f, t) = (t,t)
proof —
have ({f, £)IT ({t, {) II{f, t))) o. j = (({f, D)II ({t, ) II{f, t))) o right-coproj
1 (1 ]] 1)) o right-coproj 1 1
by (typecheck-cfuncs, simp add: case3 comp-associative2)

also have ... = ((t, f) II{f, t)) o. right-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
also have ... = (f, t)

by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
finally show ?thesis
using j-def by simp
qed
then show ?thesis
by blast
qed
qed
then have t = f
using trichotomy cart-prod-eq2 by (typecheck-cfuncs, force)
then show Fulse
using true-false-distinct by auto
qed

lemma NAND-true-implies-one-is-false:
assumes p €, )
assumes ¢ €. )
assumes NAND o, (p,q) =t
shows p=f Vv qg="1
by (metis (no-types) NAND-true-true-is-false assms true-false-only-truth-values)

lemma NOT-AND-is-NAND:
NAND = NOT o. AND
proof (etcs-rule one-separator)

fix z

assume z-type: x €. 0 X, Q

then obtain p ¢ where z-def: p €. Q A g €. Q ANz = (p,q)

by (meson cart-prod-decomp)

show NAND o, z = (NOT o. AND) o, z

by (typecheck-cfuncs, metis AND-false-left-is-false AND-false-right-is-false AND-true-true-is-true
NAND-left-false-is-true NAND-right-false-is-true NAND-true-implies-one-is-false NOT-false-is-true
NOT-true-is-false comp-associative? true-false-only-truth-values z-def z-type)
qed

lemma NAND-not-idempotent:

assumes p €, ()
shows NAND o, (p,p) = NOT o, p
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using NAND-right-false-is-true NAND-true-true-is-false NOT-false-is-true NOT-true-is-false
assms true-false-only-truth-values by fastforce

14.7 1FF

definition IFF :: cfunc where
IFF = (THE x. is-pullback (1]J1) 1 (Q x. Q) Q (6(1]_1 1)) t ((t, t) TI{f, £)) x)

lemma pre-IFF-type[type-rule]:
(t, t) IT (L, £) - 1]J1 — Q x. Q
by typecheck-cfuncs

lemma pre-IFF-injective:
injective((t, t) TI{f, f))
unfolding injective-def
proof (clarify)
fix zy
assume = €. domain ((t, t) II(f, f))
then have z-type: z €. (1]]1)
using cfunc-type-def pre-IFF-type by force
then have z-form: (3 w. (w €. 1 A z = (left-coproj 1 1) o, w))
V (3 w. (w €. 1Az = (right-coproj 1 1) o, w))
using coprojs-jointly-surj by auto

assume y €. domain ((t, t) II(f, )
then have y-type: y €. (1]]1)
using cfunc-type-def pre-IFF-type by force
then have y-form: (3 w. (w €. 1 A y = (left-coproj 1 1) o. w))
V (3 w. (w €. 1Ay = (right-coproj 1 1) o, w))
using coprojs-jointly-surj by auto

assume egs: (t, t) II{f, ) o, z = (t, t) LI{f, f) o, y

show z =y
proof(cases 3 w. w €, 1 A x = left-coproj 1 1 o, w)
assume al: 3 w. w €. 1 Az = left-coproj 1 1 o, w
then obtain w where z-def: w €. 1 A & = left-coproj 1 1 o, w
by blast
then have w = id 1
by (typecheck-cfuncs, metis terminal-func-unique z-def)
have 3 v. v €. 1 A y = left-coproj 1 1 o, v
proof (rule ccontr)
assume a2: Av. v €, 1 A y = left-coproj 1 1 o, v
then obtain v where y-def: v €. 1 A y = right-coproj 1 1 o, v
using y-form by (typecheck-cfuncs, blast)
then have v = id 1
by (typecheck-cfuncs, metis terminal-func-unique y-def)
then have (t, t) II{f, {) o, left-coproj 1 1 = (t, t) I{f, ) o. right-coproj 1 1
using v = id. 1> «<w = id. 1> egs id-right-unit2 z-def y-def by (typecheck-cfuncs,
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force)
then have (t, t) = (f,f)
by (typecheck-cfuncs, smt (23) cfunc-coprod-unique coprod-eq2 pre-1FF-type
right-coproj-cfunc-coprod)
then have t = f
using cart-prod-eq2 false-func-type true-func-type by blast
then show Fulse
using true-false-distinct by blast
qed
then obtain v where y-def: v €. 1 A y = left-coproj 1 1 o, v
by blast
then have v = id 1
by (typecheck-cfuncs, metis terminal-func-unique)
then show ?thesis
by (simp add: «w = id. 1> z-def y-def)
next
assume fw. w €, 1 A z = left-coproj 1 1 o, w
then obtain w where z-def: w €. 1 A x = right-coproj 1 1 o, w
using z-form by force
then have w = id 1
by (typecheck-cfuncs, metis terminal-func-unique z-def)
have 3 v. v €. 1 A y = right-coproj 1 1 o, v
proof (rule ccontr)
assume a2: Av. v €, 1 A y = right-coproj 1 1 o, v
then obtain v where y-def: v €. 1 A y = left-coproj 1 1 o, v
using y-form by (typecheck-cfuncs, blast)
then have v = id 1
by (typecheck-cfuncs, metis terminal-func-unique y-def)
then have (t, t) II{f, {) o, left-coproj 1 1 = (t, t) II{f, ) o. right-coproj 1 1
using v = id. 1> «<w = id. 1> egs id-right-unit2 z-def y-def by (typecheck-cfuncs,
force)
then have (t, t) = (f, f)
by (typecheck-cfuncs, smt (23) cfunc-coprod-unique coprod-eq2 pre-IFF-type
right-coproj-cfunc-coprod)
then have t = f
using cart-prod-eq2 false-func-type true-func-type by blast
then show Fulse
using true-false-distinct by blast
qed
then obtain v where y-def: v €. 1 A y = (right-coproj 1 1) o, v
by blast
then have v = id 1
by (typecheck-cfuncs, metis terminal-func-unique)
then show ?thesis
by (simp add: «<w = id. 1) z-def y-def)
qed
qed

lemma IFF-is-pullback:
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is-pullback (1]J1) 1 (2x.Q) Q (ﬂ(lu 1)) t ((t, t) I{f, ) IFF

unfolding IFF-def

using element-monomorphism characteristic-function-exists

by (typecheck-cfuncs, simp add: thell2 injective-imp-monomorphism pre-IFF-injective)

lemma IFF-type[type-rule]:
IFF : Q x. Q — Q
unfolding IFF-def
by (metis IFF-def IFF-is-pullback is-pullback-def)

lemma IFF-true-true-is-true:
IFF o, (t,t) =t
proof —
have 3 j. j €. (1]]1) A ({t, t) LI{f, £)) o. 7 = (t,t)
by (typecheck-cfuncs, smt (28) comp-associative2 comp-type left-coproj-cfunc-coprod
left-proj-type right-coproj-cfunc-coprod right-proj-type true-false-only-truth-values)
then show ?thesis
by (smt (verit, ccfv-threshold) AND-is-pullback AND-true-true-is-true IFF-is-pullback
comp-associative? is-pullback-def terminal-func-comp)
qed

lemma [FF-false-false-is-true:
IFF o, (f,f) =t
proof —
have 3 j. j €. (1]]1) A ((t, t) LI{f, £)) o. 5 = (f,f)
by (typecheck-cfuncs, smt (28) comp-associative2 comp-type left-coproj-cfunc-coprod
left-proj-type right-coproj-cfunc-coprod right-proj-type true-false-only-truth-values)
then show ?thesis
by (smt (verit, ccfo-threshold) AND-is-pullback AND-true-true-is-true IFF-is-pullback
comp-associative? is-pullback-def terminal-func-comp)
qed

lemma IFF-true-false-is-false:
IFF o, (t,f) = f
proof (rule ccontr)
assume [FF o, (t,f) £ {
then have IFF o, (t,f) =1t
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then obtain j where j-type[type-rule]: j €. 1][1 A ((t, t) II{f, f)) o. 7 = (t,f)
by (typecheck-cfuncs, smt (verit, ccfu-threshold) IFF-is-pullback characteris-
tic-function-exists element-monomorphism is-pullback-def)
show Fulse
proof(cases j = left-coproj 1 1)
assume j = left-coproj 1 1
then have ((t, t) II{f, f)) o, j = (¢, t)
using left-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (t, f) = (t,t)
using j-type by argo
then have t = f
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using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
next
assume j # left-coproj 1 1
then have j = right-coproj 1 1
using j-type maps-into-1ul by auto
then have ((t, t) II{f, f)) o. j = (f, f)
using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (f, t) = (f, f)
using XOR-false-false-is-false XOR-only-true-left-is-true j-type by argo
then have t = f
using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
qged
qed

lemma [FF-false-true-is-false:
IFF o, (ft) = f
proof (rule ccontr)
assume [FF o, (ft) #
then have IFF o, {(fit) =t
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then obtain j where j-type[type-rule]: j €. 1[[ 1 and j-def: ((t, t) II{f, f)) o
j o= (£
by (typecheck-cfuncs, smt (verit, ccfv-threshold) IFF-is-pullback id-right-unit2
is-pullback-def one-unique-element terminal-func-comp terminal-func-comp-elem ter-
minal-func-unique)
show Fulse
proof(cases j = left-coproj 1 1)
assume j = left-coproj 1 1
then have ((t, t) II{f, {)) o. j = (¢, t)
using left-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (f,t) = (t,t)
using j-def by auto
then have t = f
using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
next
assume j # left-coproj 1 1
then have j = right-coproj 1 1
using j-type maps-into-1ul by blast
then have ((t, t) II{f, f)) o. j = (f, f)
using right-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
then have (f;t) = (f, f)
using XOR-false-false-is-false XOR-only-true-left-is-true j-def by fastforce
then have t = f
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using cart-prod-eq2 false-func-type true-func-type by auto
then show Fulse
using true-false-distinct by auto
qed
qed

lemma NOT-IFF-is-XOR:
NOT o, IFF = XOR
proof (etcs-rule one-separator)
fix z
assume z-type: x €. X, Q
then obtain v w where z-def: u €. Q A w €. Q A = = (u,w)
using cart-prod-decomp by blast
show (NOT o, IFF) o, x = XOR o, x
proof(cases u = t)
show (NOT o, IFF) o, x = XOR o, x
proof(cases w = t)
show (NOT o, IFF) o, x = XOR o, x
by (metis IFF-false-false-is-true IFF-false-true-is-false IFF-true-false-is-false
IFF-true-true-is-true IFF-type NOT-false-is-true NOT-true-is-false NOT-type XOR-false-false-is-false
XOR-only-true-left-is-true XOR-only-true-right-is-true X OR-true-true-is-false cfunc-type-def
comp-associative true-false-only-truth-values z-def z-type)
next
assume w # t
then have w = f
by (metis true-false-only-truth-values z-def)
then show (NOT o, IFF) o. z = XOR o, z
by (metis IFF-false-false-is-true IFF-true-false-is-false IFF-type NOT-false-is-true
NOT-true-is-false NOT-type XOR-false-false-is-false XOR-only-true-left-is-true comp-associative2
true-false-only-truth-values x-def x-type)
qed
next
assume u # t
then have u = f
by (metis true-false-only-truth-values z-def)
show (NOT o, IFF) o. = XOR o, ©
proof(cases w = t)
show (NOT o, IFF) o, x = XOR o, x
by (metis IFF-false-false-is-true IFF-false-true-is-false IFF-type NOT-false-is-true
NOT-true-is-false NOT-type XOR-false-false-is-false XOR-only-true-right-is-true <u
= ) comp-associative? true-false-only-truth-values z-def z-type)
next
assume w # t
then have w = f
by (metis true-false-only-truth-values x-def)
then show (NOT o, IFF') o, t = XOR o, z
by (metis IFF-false-false-is-true IFF-type NOT-true-is-false NOT-type
XOR-false-false-is-false <u = cfunc-type-def comp-associative z-def z-type)
qed
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qed
qed

14.8 IMPLIES

definition IMPLIES :: cfunc where
IMPLIES = (THE x. is-pullback (1]J(1]J1)) 1 (%) (/B(]-H (1]] 1))) t ((t,

HIL ((, £) TI(E, £))) x)

lemma pre-IMPLIES-type[type-rule]:
(6, &) I ((F, £) I(E, 6)) : LT (A ]T 1) = Q2 x. Q
by typecheck-cfuncs

lemma pre-IMPLIES-injective:
injective((t, t) IT ((f, f) II{f, t)))
unfolding injective-def
proof (clarify)
fix z y
assume al: z €. domain ((t,t) II (f, f) II (f,t))
then have z-type[type-rule]: z €. (1][ (1] 1))
using cfunc-type-def pre-IMPLIES-type by force
then have z-form: (3 w. (w €. 1 A z = (left-coproj 1 (1]]1)) o, w))
V (3 w. (w €. (1]]1) A z = (right-coproj 1 (1]]1)) o, w))
using coprojs-jointly-surj by auto

assume y €. domain ((t,t) I (f, £) II (ft))
then have y-type: y €. (1] (1]]1))
using cfunc-type-def pre-IMPLIES-type by force
then have y-form: (3 w. (w €. 1 A y = (left-coproj 1 (1][1)) o, w))
V (3 w. (we. (A[11) A y = (right-coproj 1 (1] 1)) o, w))
using coprojs-jointly-surj by auto

assume mz-eqs-my: (t,t) II (f, ) II (f,;t) o. z = (t,t) IT {f, {) IT (f;t) o, y

have f1: (t,t) II (f, f) II (f,t) o. left-coproj 1 (1 [] 1) = (t,t)

by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
have f2: (t,t) II (f, f) II {f,;t) o. (right-coproj 1 (1]]1)o. left-coproj 1 1) = (f,

f)

proof—

have (t,t) IT {f, f) IT {f,t) o. (right-coproj 1 (1]]1)o. left-coproj 1 1) =

({t,t) IT (f, f) 1T {f,t) o, right-coproj 1 (1]]1) )o. left-coproj 1 1
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = (f, f) II {f;t) o, left-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, smt)
also have ... = ({, f)

by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
finally show ?thesis.
ged
have f3: (t,t) 1T {f, f) IT (f,;t) o, (right-coproj 1 (1] 1)o. right-coproj 1 1) =
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(f;t)
proof—
have (t,t) IT (f, f) II {f;t) o, right-coproj 1 (1]]1)o. right-coproj 1 1 =
({t,t) IT (f, f) 1T {f,t) o, right-coproj 1 (1]]1))o. right-coproj 1 1
by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = (f, f) II {ft) o, right-coproj 1 1
using right-coproj-cfunc-coprod by (typecheck-cfuncs, smt)
also have ... = (f,t)

by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
finally show ?“thesis.
qed
show z =y
proof(cases x = left-coproj 1 (1 ][] 1))
assume casel: z = left-coproj 1 (1 [ 1)
then show z = y
by (typecheck-cfuncs, smt (28) mz-eqs-my element-pair-eq f1 f2 f3 false-func-type
maps-into-1ul terminal-func-unique true-false-distinct true-func-type x-form y-form)
next
assume not-casel: x # left-coproj 1 (1 [ 1)
then have case2-or-3: © = (right-coproj 1 (1] 1)o. left-coproj 1 1)V
x = right-coproj 1 (1][1) o.(right-coproj 1 1)
by (metis id-right-unit2 id-type left-proj-type maps-into-1ul terminal-func-unique
a-form)
show z =y
proof(cases x = right-coproj 1 (1][1)o. left-coproj 1 1)
assume case2: x = right-coproj 1 (1 ][] 1) o. left-coproj 1 1
then show z = y
by (typecheck-cfuncs, smt (28) al NOT-false-is-true NOT-is-pullback
cart-prod-eq2 cfunc-prod-comp cfunc-type-def characteristic-func-eq characteristic-func-is-pullback
characteristic-function-exists comp-associative element-monomorphism f1 f2 f3 false-func-type
left-proj-type maps-into-1ul mz-eqs-my terminal-func-unique true-false-distinct true-func-type
y-form)
next
assume not-case2: x # right-coproj 1 (1 [ 1) o. left-coproj 1 1
then have case3: x = right-coproj 1 (1][ 1) o.(right-coproj 1 1)
using case2-or-3 by blast
then show z = y
by (smt (28) NOT-false-is-true NOT-is-pullback al cart-prod-eq2 cfunc-type-def
characteristic-func-eq characteristic-func-is-pullback characteristic-function-exists comp-associative
diag-on-elements diagonal-type element-monomorphism f1 f2 f3 false-func-type left-proj-type
maps-into-1ul mx-eqs-my terminal-func-unique true-false-distinct true-func-type x-type
y-form)
qed
qed
qed

lemma IMPLIES-is-pullback:

is—pullback (1]_[ (].H 1)) 1 (QXCQ) Q (ﬁ(lu (1]_[ 1))) t (<t, t>H (<f, f> H<f, t>))
IMPLIES
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unfolding IMPLIES-def
using element-monomorphism characteristic-function-exists
by (typecheck-cfuncs, simp add: thell2 injective-imp-monomorphism pre-IMPLIES-injective)

lemma IMPLIES-type[type-rule]:
IMPLIES : Q x. Q — Q
unfolding IMPLIES-def
by (metis IMPLIES-def IMPLIES-is-pullback is-pullback-def)

lemma IMPLIES-true-true-is-true:

IMPLIES o, {(t,;t) =t
proof —

have 3 7. j €. 1 [ (L[T1) A ({t, 011 (£, £) 11, 6))) o, j = (&)

by (typecheck-cfuncs, meson left-coproj-cfunc-coprod left-proj-type)

then show ?thesis

by (smt (verit, ccfo-threshold) IMPLIES-is-pullback NOT-false-is-true NOT-is-pullback
comp-associative? is-pullback-def terminal-func-comp)
qed

lemma IMPLIES-false-true-is-true:

IMPLIES o, {ft) =t
proof —

have 3 . j €, 1[[ (1[[1) A ({t, OIL (£, £) TL(E, ©)) 0. § = (£8)

by (typecheck-cfuncs, smt (28) comp-associative2 comp-type right-coproj-cfunc-coprod
right-proj-type)

then show ?thesis

by (smt (verit, ccfo-threshold) IMPLIES-is-pullback NOT-false-is-true NOT-is-pullback
comp-associative? is-pullback-def terminal-func-comp)
qed

lemma IMPLIES-false-false-is-true:

IMPLIES o, (ff) =t
proof —

have 3 j. j €. ]-H (]-H 1) A (<t7 t>H (<fa f> H<f7 t>)) ocj = <f7f>

by (typecheck-cfuncs, smt (verit, ccfv-SIG) cfunc-type-def comp-associative

comp-type left-coproj-cfunc-coprod left-proj-type right-coproj-cfunc-coprod right-proj-type)

then show ?thesis

by (smt (verit, ccfo-threshold) IMPLIES-is-pullback NOT-false-is-true NOT-is-pullback
comp-associative? is-pullback-def terminal-func-comp)
qed

lemma IMPLIES-true-false-is-false:

IMPLIES o. (t,f) =f
proof (rule ccontr)

assume IMPLIES o, (t,f) # f

then have IMPLIES o, (t,f) =t

using true-false-only-truth-values by (typecheck-cfuncs, blast)

then obtain j where j-def: j €. 1[J (1] 1) A ({t, t)IT ({f, f) TI{f, t))) 0. § =

(t)
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by (typecheck-cfuncs, smt (verit, ccfu-threshold) IMPLIES-is-pullback id-right-unit2
is-pullback-def one-unique-element terminal-func-comp terminal-func-comp-elem ter-
minal-func-unique)
show Fulse
proof(cases j = left-coproj 1 (1]]1))
assume casel: j = left-coproj 1 (1]]1)
show Fulse
proof —
have ((t, t)II ({f, f) II{f, t))) o 7 = (t, t)
by (typecheck-cfuncs, simp add: casel left-coproj-cfunc-coprod)
then have (t, t) = (t,f)
using j-def by presburger
then have t = f
using [FF-true-false-is-false IFF-true-true-is-true by auto
then show Fulse
using true-false-distinct by blast
qed
next
assume j # left-coproj 1 (1 ][] 1)
then have case2-or-3: j = right-coproj 1 (1][1)o. left-coproj 1 1 V
j = right-coproj 1 (1]] 1) o, right-coproj 1 1
by (metis coprojs-jointly-surj id-right-unit2 id-type j-def left-proj-type maps-into-1ul
one-unique-element)
show Fulse
proof(cases j = right-coproj 1 (1] 1)o. left-coproj 1 1)
assume case2: j = right-coproj 1 (1]]1)o. left-coproj 1 1
show Fulse
proof —
have ((t, T (£, £) TI{f, £))) o, j = (f, f)
by (typecheck-cfuncs, smt (28) case2 comp-associative2 left-coproj-cfunc-coprod
left-proj-type right-coproj-cfunc-coprod right-proj-type)
then have (t, t) = (ff)
using XOR-false-false-is-false XOR-only-true-left-is-true j-def by auto
then have t = f
by (metis XOR-only-true-left-is-true XOR-true-true-is-false «(t,t) II (f.f)
IT (f,t) op j = (£,f) j-def)
then show Fulse
using true-false-distinct by blast
qed
next
assume j # right-coproj 1 (1 [] 1) o. left-coproj 1 1
then have case3: j = right-coproj 1 (1] 1) o, right-coproj 1 1
using case2-or-3 by blast
show Fulse
proof —
have ((t, t)IT ((f, f) II{f, t))) o, j = (f, t)
by (typecheck-cfuncs, smt (23) case8 comp-associative? left-coproj-cfunc-coprod
left-proj-type right-coproj-cfunc-coprod right-proj-type)
then have (t, t) = (f, t)

278



by (metis cart-prod-eq2 false-func-type j-def true-func-type)

then have t = f
using XOR-only-true-right-is-true XOR-true-true-is-false by auto

then show Fulse
using true-false-distinct by blast

qed
qed
qed
qed

lemma IMPLIES-false-is-true-false:

assumes p €, )

assumes ¢ €, )

assumes IMPLIES o. (p,q) = f

shows p=t A qg="f

by (metis IMPLIES-false-false-is-true IMPLIES-false-true-is-true IMPLIES-true-true-is-true
assms true-false-only-truth-values)

ETCS analog to (A <= B)=(A = B)A(B = A)

lemma iff-is-and-implies-implies-swap:
IFF = AND o, (IMPLIES, IMPLIES o. swap € Q)
proof (etcs-rule one-separator)
fix z
assume z-type: x €. ) X,
then obtain p ¢ where z-def: p €. Q A g €. Q A z = (p,q)
by (meson cart-prod-decomp)
show [FF o, x = (AND o, (IMPLIES ,IMPLIES o, swap 2 )) o,
proof(cases p = t)
assume p =t
show ?thesis
proof(cases ¢ = t)
assume ¢ =t
show ?thesis
proof —
have (AND o, (IMPLIES,IMPLIES o, swap Q2 Q)) o. © =
AND o, (IMPLIES,IMPLIES o. swap Q) o, x
using comp-associative? z-type by (typecheck-cfuncs, force)
also have ... = AND o, (IMPLIES o. z,IMPLIES o. swap Q Q o, z)
using cfunc-prod-comp comp-associative2 x-type by (typecheck-cfuncs,
force)
also have ... = AND o, (IMPLIES o. (t,t), IMPLIES o, (t,t))
using p = t» <q¢ = t» swap-ap z-def by (typecheck-cfuncs, presburger)
also have ... = AND o, (t, t)
using IMPLIES-true-true-is-true by presburger

also have ... =t
by (simp add: AND-true-true-is-true)
also have ... = [FF o, x

by (simp add: IFF-true-true-is-true <p = t» <¢ = t» z-def)
finally show ?thesis
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by simp
qed
next
assume g # t
then have ¢ = f
by (meson true-false-only-truth-values z-def)
show ?thesis
proof —
have (AND o, (IMPLIES,IMPLIES o, swap Q2 Q)) o. © =
AND o, (IMPLIES,IMPLIES o, swap Q Q) o, x
using comp-associative? z-type by (typecheck-cfuncs, force)
also have ... = AND o, (IMPLIES o. z,IMPLIES o. swap Q € o. z)
using cfunc-prod-comp comp-associative?2 x-type by (typecheck-cfuncs,

force)
also have ... = AND o, (IMPLIES o, (t,f), IMPLIES o. (f,t))
using p = t» <q¢ = ) swap-ap z-def by (typecheck-cfuncs, presburger)
also have ... = AND o, {f, t)
using IMPLIES-false-true-is-true IMPLIES-true-false-is-false by presburger
also have ... = f
by (simp add: AND-false-left-is-false true-func-type)
also have ... = I[FF o. z
by (simp add: IFF-true-false-is-false <p = t» <q¢ = {» z-def)
finally show ?thesis
by simp
qed
qged
next

assume p # t
then have p = f
using true-false-only-truth-values z-def by blast
show ?thesis
proof(cases ¢ = t)
assume ¢ =t
show ?thesis
proof —
have (AND o, (IMPLIES,IMPLIES o, swap Q2 Q)) o. © =
AND o, (IMPLIES,IMPLIES o. swap Q Q) o, z
using comp-associative? z-type by (typecheck-cfuncs, force)
also have ... = AND o. (IMPLIES o. z,IMPLIES o. swap Q2 Q o. z)
using cfunc-prod-comp comp-associative2 x-type by (typecheck-cfuncs,
force)
also have ... = AND o, (IMPLIES o, (f,t), IMPLIES o. (t,f))
using «p = ) <q¢ = t» swap-ap z-def by (typecheck-cfuncs, presburger)
also have ... = AND o, (t, f)
by (simp add: IMPLIES-false-true-is-true IMPLIES-true-false-is-false)

also have ... = f
by (simp add: AND-false-right-is-false true-func-type)
also have ... = [FF o, x

by (simp add: IFF-false-true-is-false <p = {» <q¢ = t» z-def)
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finally show ?thesis
by simp
qed
next
assume ¢q # t
then have ¢ = f
by (meson true-false-only-truth-values z-def)
show ?thesis
proof —
have (AND o, (IMPLIES,IMPLIES o, swap Q2 Q)) o. © =
AND o, (IMPLIES,IMPLIES o. swap Q) o, x
using comp-associative? z-type by (typecheck-cfuncs, force)
also have ... = AND o, (IMPLIES o. z,IMPLIES o. swap Q2 Q o, z)
using cfunc-prod-comp comp-associative2 x-type by (typecheck-cfuncs,
force)
also have ... = AND o, (IMPLIES o, (f,f), IMPLIES o. (f.f))
using «p = ) <q¢ = ) swap-ap z-def by (typecheck-cfuncs, presburger)
also have ... = AND o, (t, t)
by (simp add: IMPLIES-false-false-is-true)

also have ... =t
by (simp add: AND-true-true-is-true)
also have ... = [FF o, x

by (simp add: IFF-false-false-is-true <p = {» <q¢ = > z-def)
finally show ?thesis
by simp
qed
qed
qed
qed

lemma IMPLIES-is-OR-NOT-id:
IMPLIES = OR o. (NOT x; id())
proof (etes-rule one-separator)
fix z
assume z-type: © €. Q X, Q
then obtain u v where z-form: u €. Q A v €. Q A z = (u, v)
using cart-prod-decomp by blast
show IMPLIES o, © = (OR o, NOT Xy id. ) o, «
proof(cases u = t)
assume u =t
show ?thesis
proof(cases v = t)
assume v =t
have (OR o, NOT xy id. Q) o x = OR o, (NOT Xy id. Q) o,
using comp-associative2 z-type by (typecheck-cfuncs, force)

also have ... = OR o. (NOT o. t, id. Q o, t)

by (typecheck-cfuncs, simp add: <u = t» <v =t» cfunc-cross-prod-comp-cfunc-prod
x-form)

also have ... = OR o, (f, t)
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by (typecheck-cfuncs, simp add: NOT-true-is-false id-left-unit2)

also have ... =t
by (simp add: OR-true-right-is-true false-func-type)
also have ... = IMPLIES o. x

by (simp add: IMPLIES-true-true-is-true <u = t» <v = t» z-form)
finally show ?thesis
by simp
next
assume v # t
then have v = f
by (metis true-false-only-truth-values x-form)
have (OR o, NOT xy id. Q) o x = OR o, (NOT Xy id. Q) o,
using comp-associative2 z-type by (typecheck-cfuncs, force)

also have ... = OR o. (NOT o, t, id. o, f)
by (typecheck-cfuncs, simp add: <u = t» <v = cfunc-cross-prod-comp-cfunc-prod
x-form)
also have ... = OR o, (f, f)
by (typecheck-cfuncs, simp add: NOT-true-is-false id-left-unit2)
also have ... = f
by (simp add: OR-false-false-is-false false-func-type)
also have ... = IMPLIES o. x

by (simp add: IMPLIES-true-false-is-false <u = t» <v = {» z-form)
finally show ?thesis
by simp
qed
next
assume u # t
then have u = f
by (metis true-false-only-truth-values x-form)
show ?thesis
proof(cases v = t)
assume v =t
have (OR o, NOT x;y id. Q) o, © = OR o. (NOT X id. Q) o,
using comp-associative2 z-type by (typecheck-cfuncs, force)
also have ... = OR o. (NOT o. f, id.  o. t)
by (typecheck-cfuncs, simp add: <u = <v =t> cfunc-cross-prod-comp-cfunc-prod

x-form)
also have ... = OR o, (t, t)
using NOT-false-is-true id-left-unit2 true-func-type by smt
also have ... =t
by (simp add: OR-true-right-is-true true-func-type)
also have ... = IMPLIES o. x

by (simp add: IMPLIES-false-true-is-true <u = > v = t» x-form)
finally show ?thesis
by simp
next
assume v # t
then have v = f
by (metis true-false-only-truth-values x-form)
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have (OR o, NOT x; id. Q) o, © = OR o. (NOT X id. Q) o,
using comp-associative2 z-type by (typecheck-cfuncs, force)
also have ... = OR o. (NOT o. f, id. o, f)
by (typecheck-cfuncs, simp add: <u =y <v =1 cfunc-cross-prod-comp-cfunc-prod

x-form)
also have ... = OR o, (t, f)
using NOT-false-is-true false-func-type id-left-unit2 by presburger
also have ... =t
by (simp add: OR-true-left-is-true false-func-type)
also have ... = IMPLIES o. x

by (simp add: IMPLIES-false-false-is-true <u = > v = s z-form)
finally show ?thesis
by simp
qed
qed
qed

lemma IMPLIES-implies-implies:
assumes P-type[type-rule]: P : X — Q and Q-type[type-rule]: Q : ¥ — Q
assumes X-nonempty: Jx. x €. X
assumes IMPLIES-true: IMPLIES o. (P x; Q) =to. Bx x, v
shows P =to. By = Q =to. By
proof —
obtain z where z-type[type-rule]: z: X x. Y - 1] 1]] 1
and z-eq: P x5 Q = ((t,t) II (f,f) II (f,t)) o, 2
using IMPLIES-is-pullback unfolding is-pullback-def
by (auto, typecheck-cfuncs, metis IMPLIES-true terminal-func-type)
assume P-true: P =t o, Bx

have left-cart-proj Q Q o. (P x¢ Q) = left-cart-proj Q Q o, ((t,t) IT (f.f) II (f,t))
1
using z-eq by simp
then have P o, left-cart-proj X Y = (left-cart-proj @ Q o, ((t,t) II (f,f) II (f,t)))
o, Z
using Q-type comp-associative? left-cart-proj-cfunc-cross-prod by (typecheck-cfuncs,
force)
then have P o, left-cart-proj X Y
= ((left-cart-proj Q Q o, {(t,t)) IT (left-cart-proj Q Q o, (£,£)) 1T (left-cart-proj
Q Do, (fit))) o 2
by (typecheck-cfuncs-prems, simp add: cfunc-coprod-comp)
then have P o, left-cart-proj X YV = (¢t II{ 1T f) o, 2
by (typecheck-cfuncs-prems, smt left-cart-proj-cfunc-prod)

show @ =t o. By
proof (etcs-rule one-separator)
fix y
assume y-in-Y[type-rule]: y €. YV
obtain z where z-in-X[type-rule]: z €. X
using X-nonempty by blast
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have z o, (z,y) = left-coproj 1 (1 [ 1)
V z 0. {x,y) = right-coproj 1 (1 [] 1) o. left-coproj 1 1
V z 0. {x,y) = right-coproj 1 (1 [] 1) o, right-coproj 1 1
by (typecheck-cfuncs, smt comp-associative2 coprojs-jointly-surj one-unique-element)
then show Q o, y = (t o. By) oc y
proof safe
assume z o, (z,y) = left-coproj 1 (1 [] 1)
then have (P x; Q) o, (z,y) = ((t,t) II (f,f) IT (f,t)) o. left-coproj 1 (1 ]
1)
by (typecheck-cfuncs, smt comp-associative? z-eq z-type)
then have (P x; Q) o, (z,y) = (t,t)
by (typecheck-cfuncs-prems, smt left-coproj-cfunc-coprod)
then have Q o, y =t
by (typecheck-cfuncs-prems, smt (verit, best) cfunc-cross-prod-comp-cfunc-prod
comp-associativel2 comp-type id-right-unit2 right-cart-proj-cfunc-prod)
then show Q o, y = (t o. By) oc ¥
by (smt (verit, best) comp-associative2 id-right-unit2 terminal-func-comp-elem
terminal-func-type true-func-type y-in-Y')
next
assume z o, (z,y) = right-coproj 1 (1 [ 1) o. left-coproj 1 1
then have (P x; Q) o, (z,y) = ((t,t) IT ({.f) II (ft)) o, right-coproj 1 (1
11 1) o. left-coproj 1 1
by (typecheck-cfuncs, smt comp-associative? z-eq z-type)
then have (P x; Q) o, (z,y) = ((f,f) IT (f,t)) o, left-coproj 1 1
by (typecheck-cfuncs-prems, smt right-coproj-cfunc-coprod comp-associative2)
then have (P x; Q) o (z,y) = (f.f)
by (typecheck-cfuncs-prems, smt left-coproj-cfunc-coprod)
then have Po, z = f
by (typecheck-cfuncs-prems, smt (verit, best) cfunc-cross-prod-comp-cfunc-prod
comp-associative2 comp-type id-right-unit2 left-cart-proj-cfunc-prod)
also have Po, z =t
using P-true by (typecheck-cfuncs-prems, smt (23) comp-associative2
id-right-unit2 id-type one-unique-element terminal-func-comp terminal-func-type x-in-X)
ultimately have Fulse
using true-false-distinct by simp
then show Q o, y = (t o. By) oc ¥
by simp
next
assume z o, (z,y) = right-coproj 1 (1 [ 1) o, right-coproj 1 1
then have (P x; Q) o. (z,y) = ((t,t) II (f,f) II (f;t)) o right-coproj 1 (1
11 1) oc right-coproj 1 1
by (typecheck-cfuncs, smt comp-associativel z-eq z-type)
then have (P x; Q) o, (z,y) = ((t,f) II (f,t)) o, right-coproj 1 1
by (typecheck-cfuncs-prems, smt right-coproj-cfunc-coprod comp-associative?)
then have (P x; Q) o, (z,y) = (f,t)
by (typecheck-cfuncs-prems, smt right-coproj-cfunc-coprod)
then have Q o, y =t
by (typecheck-cfuncs-prems, smt (verit, best) cfunc-cross-prod-comp-cfunc-prod
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comp-associativel comp-type id-right-unit2 right-cart-proj-cfunc-prod)
then show Q o, y = (t o fy) oc ¥
by (typecheck-cfuncs, smt (23) comp-associative2 id-right-unit2 id-type
one-unique-element terminal-func-comp terminal-func-type)
qed
qed
qed

lemma IMPLIES-elim:
assumes [MPLIES-true: IMPLIES o. (P x5 Q) =to. Bx x, v
assumes P-type[type-rule]: P : X — Q and Q-type[type-rule]: Q : Y — Q
assumes X-nonempty: dx. x €. X
shows (P =t o, fxy) = ((@ =to. By) = R) = R
using IMPLIES-implies-implies assms by blast

lemma IMPLIES-elim"":
assumes IMPLIES-true: IMPLIES o. (P x5 Q) =t
assumes P-type[type-rule]: P : 1 — Q and @Q-type[type-rule]: @ : 1 — Q
shows (P =t) = (@ =t) = R) = R
proof —
have one-nonempty: 3z. z €. 1
using one-unique-element by blast
have (IMPLIES o. (P x; Q) =t o f1 x. 1)
by (typecheck-cfuncs, metis IMPLIES-true id-right-unit2 id-type one-unique-element
terminal-func-comp terminal-func-type)
then have (P =to. 1) = (@ =to. 1) = R) = R
using one-nonempty by (—, etes-erule IMPLIES-elim, auto)
then show (P =t) = ((@ =t) = R) = R
by (typecheck-cfuncs, metis id-right-unit2 id-type one-unique-element termi-
nal-func-type)
qed

lemma IMPLIES-elim':

assumes IMPLIES-true: IMPLIES o, (P, Q) =t

assumes P-type[type-rule]: P : 1 — Q and Q-type[type-rule]: Q : 1 — Q

shows (P =t) = (@ =t) = R) = R

using IMPLIES-true IMPLIES-true-false-is-false Q-type true-false-only-truth-values
by force

lemma implies-implies-IMPLIES:
assumes P-type[type-rule]: P : 1 — Q and Q-type[type-rule]: Q : 1 — Q
shows (P =t= @ =1t) = IMPLIES o, (P, Q) =t
by (typecheck-cfuncs, metis IMPLIES-false-is-true-false true-false-only-truth-values)

14.9 Other Boolean Identities

lemma AND-OR-distributive:
assumes p €. )
assumes ¢ €. )
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assumes 1 €. ()

shows AND o, (p, OR o, (q,r)) = OR o, (AND o. (p,q), AND o, (p,r))

by (metis AND-commutative AND-false-right-is-false AND-true-true-is-true OR-false-false-is-false
OR-true-left-is-true OR-true-right-is-true assms true-false-only-truth-values)

lemma OR-AND-distributive:

assumes p €, )

assumes ¢ €. )

assumes r €, €)

shows OR o, (p, AND o. (q,r)) = AND o, (OR o. {p,q), OR o {p,r))

by (smt (23) AND-commutative AND-false-right-is-false AND-true-true-is-true
OR-commutative OR-false-false-is-false OR-true-right-is-true assms true-false-only-truth-values)

lemma OR-AND-absorption:

assumes p €, ()

assumes ¢ €. )

shows OR o. (p, AND o, (p,q)) = p

by (metis AND-commutative AND-complementary AND-idempotent NOT-true-is-false
OR-false-false-is-false OR-true-left-is-true assms true-false-only-truth-values)

lemma AND-OR-absorption:

assumes p €, ()

assumes ¢q €. )

shows AND o, (p, OR o, (p,q)) = p

by (metis AND-commutative AND-complementary AND-idempotent NOT-true-is-false
OR-AND-absorption OR-commutative assms true-false-only-truth-values)

lemma deMorgan-Lawl:

assumes p €. )

assumes ¢ €. €

shows NOT o. OR o. (p,q) = AND o. (NOT o, p, NOT o, q)

by (metis AND-OR-absorption AND-complementary AND-true-true-is-true NOT-false-is-true
NOT-true-is-false OR-AND-absorption OR-commutative OR-idempotent assms false-func-type
true-false-only-truth-values)

lemma deMorgan-Law?2:

assumes p €, ()

assumes ¢ €. )

shows NOT o. AND o. (p,q) = OR o. (NOT o. p, NOT o. q)

by (metis AND-complementary AND-idempotent NOT-false-is-true NOT-true-is-false
OR-complementary OR-false-false-is-false OR-idempotent assms true-false-only-truth-values
true-func-type)

end

15 Quantifiers

theory Quant-Logic
imports Pred-Logic Exponential-Objects
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begin

15.1 Universal Quantification

definition FORALL :: cset = cfunc where
FORALL X = (THE Y. is-pullback 1 1 (9%) Q (81) t ((t o, Bx x.1)%) X)

lemma FORALL-is-pullback:
is-pullback 1 1 (Q%) Q@ (B1) t ((t oc Bx x, 1)!) (FORALL X)
unfolding FORALL-def
using characteristic-function-exists element-monomorphism
by (typecheck-cfuncs, simp add: thell2)

lemma FORALL-type[type-rule]:
FORALL X : X — Q
using FORALL-is-pullback unfolding is-pullback-def by auto

lemma all-true-implies-FORALL-true:
assumes p-type[type-rule]: p : X — Q and all-p-true: \ z. 2 €. X = p o, z
=t
shows FORALL X o. (p o. left-cart-proj X 1)* =t
proof —
have p o. left-cart-proj X 1 =t o. Bx «_ 1
proof (etcs-rule one-separator)
fix z
assume z-type: x €, X X. 1

have (p o. left-cart-proj X 1) o, x = p o, (left-cart-proj X 1 o, x)
using z-type p-type comp-associative? by (typecheck-cfuncs, auto)
also have ... =t
using z-type all-p-true by (typecheck-cfuncs, auto)

also have ... =t o, By x_1 9 T
using z-type by (typecheck-cfuncs, metis id-right-unit2 id-type one-unique-element)
also have ... = (t o, Bx x, 1) % T

using z-type comp-associative2 by (typecheck-cfuncs, auto)
finally show (p o. left-cart-proj X 1) oc x = (t oc Bx «_ 1) oc -
qed
then have (p o, left-cart-proj X 1) = (t oc Bx «_ 1)*
by simp
then have FORALL X o. (p o, left-cart-proj X 1)* =t o, 1
using FORALL-is-pullback unfolding is-pullback-def by auto
then show FORALL X o, (p o. left-cart-proj X 1) =t
using NOT-false-is-true NOT-is-pullback is-pullback-def by auto
qed

lemma all-true-implies-FORALL-true2:

assumes p-type[type-rule]: p : X x. Y — Q and all-p-true: \ zy. 2y €. X X,
Y = po.ay=1t

shows FORALL X o. p* =t o. By
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proof —
have p =t o. Bx »_ v
proof (etcs-rule one-separator)
fix xy
assume zy-type[type-rule]: zy €. X x. Y
then have p o, zy =t
using all-p-true by blast
then have p o, 7y =t o. (Bx %, y % 7¥)
by (typecheck-cfuncs, metis id-right-unit2 id-type one-unique-element)
then show p o. zy = (t o, By x_ y) % 7y
by (typecheck-cfuncs, smt comp-associative2)
qed
then have p* = (t o. Bx «, y)*
by blast
then have p! = (t o, By x. 1 o (id X x5 By))*
by (typecheck-cfuncs, metis terminal-func-unique)
then have p* = ((t oc fx x,_ 1) oc (id X x; By))*
by (typecheck-cfuncs, smt comp-associative?)
then have p* = (t o, By «, 1)* oc By
by (typecheck-cfuncs, simp add: sharp-comp)
then have FORALL X o, p* = (FORALL X o, (t oc Bx X, l)u) o. By
by (typecheck-cfuncs, smt comp-associative2)
then have FORALL X o. p* = (t o, 1) oc By
using FORALL-is-pullback unfolding is-pullback-def by auto
then show FORALL X o, p! =t o, By
by (metis id-right-unit2 id-type terminal-func-unique true-func-type)
qged

lemma all-true-implies-FORALL-true3:
assumes p-type[type-rule]: p : X x. 1 — Q and all-p-true: \ z. z €. X = p
o (z,4d 1) =t
shows FORALL X o, p' =t
proof —
have FORALL X o, p* =t o. 1
by (etcs-rule all-true-implies-FORALL-true2, metis all-p-true cart-prod-decomp
id-type one-unique-element)
then show ?thesis
by (metis id-right-unit2 id-type terminal-func-unique true-func-type)
qed

lemma FORALL-true-implies-all-true:

assumes p-type: p: X — Q and FORALL-p-true: FORALL X o, (p o, left-cart-proj
X 1)t =

shows A z. 2 €. X = po. z =1t
proof (rule ccontr)

fix z

assume z-type: © €. X

assume p o, T # t

then have p o, z = f
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using comp-type p-type true-false-only-truth-values z-type by blast
then have p o. left-cart-proj X 1 o, (z, id 1) = {
using id-type left-cart-proj-cfunc-prod z-type by auto
then have p-left-proj-false: p o. left-cart-proj X 1 o. (z, id 1) = f o, Bx »_1
oc (z, id 1)
using z-type by (typecheck-cfuncs, metis id-right-unit2 one-unique-element)

have t o, id 1 = FORALL X o, (p o, left-cart-proj X 1)
using FORALL-p-true id-right-unit2 true-func-type by auto
then obtain j where
J-type: j €, 1 and
j-id: f1 o. j = id 1 and
t-j-eq-p-left-proj: (t oc Bx «. 1) 0c 7 = (p o, left-cart-proj X 1)
using FORALL-is-pullback p-type unfolding is-pullback-def by (typecheck-cfuncs,
blast)
then have j = id 1
using id-type one-unique-element by blast
then have (t o, Bx «_ 1)8 = (p o. left-cart-proj X 1)
using id-right-unit2 t-j-eq-p-left-proj p-type by (typecheck-cfuncs, auto)
then have t o, Bx 1 = p oc left-cart-proj X 1
using p-type by (typecheck-cfuncs, metis flat-cancels-sharp)
then have p-left-proj-true: t o. Bx 1 oc (x, id 1) = p o left-cart-proj X 1
o, (z, id 1)
using p-type z-type comp-associative? by (typecheck-cfuncs, auto)

have t o. Bx «_ 1 0 (7, id 1) =fo. Bx x_1 oc (z, id 1)
using p-left-proj-false p-left-proj-true by auto
then have t o, id 1 =f o, id 1
by (metis id-type right-cart-proj-cfunc-prod right-cart-proj-type terminal-func-unique
z-type)
then have t = f
using true-func-type false-func-type id-right-unit2 by auto
then show Fulse
using true-false-distinct by auto
qed

lemma FORALL-true-implies-all-true2:
assumes p-type[type-rule]: p : X x. Y — Q and FORALL-p-true: FORALL X
Oc Pﬁ =1 o BY
shows Azy. ze€. X = yec. Y = po. (z,y) =t
proof —
have pf = (t o. fx «, 1)* oc By
using FORALL-is-pullback FORALL-p-true unfolding is-pullback-def
by (typecheck-cfuncs, metis terminal-func-unique)
then have p* = ((t oc fx x, 1) oc (id X x; By))*
by (typecheck-cfuncs, simp add: sharp-comp)
then have p! = (t o, By «, y)*
by (typecheck-cfuncs-prems, smt (23) comp-associative2 terminal-func-comp)
then have p =t o. Bx »_ vy

289



by (typecheck-cfuncs, metis flat-cancels-sharp)
then have A zy. 2 €. X = y €. Y = po. (z,y) = (t oc Bx «,. v) °c (7,
Y)
by auto
then show Azy. 2 €. X = yec. Y = po. (z, y) =t
proof —
fix x y
assume zy-types[type-rule]: x €. X y €. Y
assume \zy. 2 €. X = y €. Y = po. (1,y) = (t oc By x, y) % (,9)
then have p o, (z,y) = (t oc Bx «_ V) % (7,9)
using zy-types by auto
then have p o. (z,y) =t o. (Bx «,. vy o (7,9))
by (typecheck-cfuncs, smt comp-associative2)
then show p o, (z, y) =t
by (typecheck-cfuncs-prems, metis id-right-unit2 id-type one-unique-element)
qged
qed

lemma FORALL-true-implies-all-true3:
assumes p-type[type-rule]: p : X x. 1 — Q and FORALL-p-true: FORALL X
|
oc pt =1t
shows A z. 2 €. X = po. (z,id 1) =t
using FORALL-p-true FORALL-true-implies-all-true2 id-right-unit2 terminal-func-unique
by (typecheck-cfuncs, auto)

lemma FORALL-elim:

assumes FORALL-p-true: FORALL X o. p* = t and p-type[type-rule]: p : X
X, 1 — Q

assumes z-type[type-rule]: z €, X

shows (p o, (z,id 1) =t = P) = P

using FORALL-p-true FORALL-true-implies-all-true3 p-type z-type by blast

lemma FORALL-elim”:

assumes FORALL-p-true: FORALL X o. p* = t and p-type[type-rule]: p : X
Xe 1 — Q

shows (Az. 2 €. X = po. (z,id 1) =t) = P) = P

using FORALL-p-true FORALL-true-implies-all-true8 p-type by auto

15.2 Existential Quantification

definition EXISTS :: cset = cfunc where
EXISTS X = NOT o, FORALL X o, NOTXf

lemma EXISTS-type[type-rule]:
EXISTS X : X = Q
unfolding EXISTS-def by typecheck-cfuncs

lemma EXISTS-true-implies-exists-true:
assumes p-type: p: X — Q and EXISTS-p-true: EXISTS X o, (p o. left-cart-proj
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X 1)t =
shows 3 2.z €. X Apo.z =1
proof —
have NOT o. FORALL X o, NOTXf o, (p oc left-cart-proj X 1)F =
using p-type EXISTS-p-true cfunc-type-def comp-associative comp-type
unfolding EXISTS-def
by (typecheck-cfuncs, auto)
then have NOT o, FORALL X o, (NOT o, p o, left-cart-proj X 1)* =t
using p-type transpose-of-comp by (typecheck-cfuncs, auto)
then have FORALL X o, (NOT o, p o. left-cart-proj X 1)% # t
using NOT-true-is-false true-false-distinct by auto
then have FORALL X o. ((NOT o, p) o. left-cart-proj X 1)* # t
using p-type comp-associative2 by (typecheck-cfuncs, auto)
then have - (V z. 2 €. X — (NOT o, p) o z = t)
using NOT-type all-true-implies-FORALL-true comp-type p-type by blast
then have = (V z. z €. X — NOT o. (p o, ) = t)
using p-type comp-associative2 by (typecheck-cfuncs, auto)
then have - (V z. 2 €. X — po. z #t)
using NOT-false-is-true comp-type p-type true-false-only-truth-values by fast-
force
then show dz. z €. X Apo.z =1t
by blast
qed

lemma EXISTS-elim:

assumes EXISTS-p-true: EXISTS X o.. (p o.. left-cart-proj X 1)* =t and p-type:
p: X —=Q

shows (Az.z2€. X = po,z=t = Q) = Q@

using EXISTS-p-true EXISTS-true-implies-exists-true p-type by auto

lemma exists-true-implies-EXISTS-true:

assumes p-type: p : X — Q and ezists-p-true: 3 z. x €. X Apo.xz =1t

shows EXISTS X o, (p o. left-cart-proj X 1)¥ =t
proof —
have = (V z. 2 €, X — p o, z # 1)

using exists-p-true by blast
then have - (V z. z €. X — NOT o, (p o, z) = t)

using NOT-true-is-false true-false-distinct by auto
then have = (V z. 2 €. X — (NOT o, p) o, z = t)

using p-type by (typecheck-cfuncs, metis NOT-true-is-false cfunc-type-def comp-associative
exists-p-true true-false-distinct)
then have FORALL X o, ((NOT o, p) o. left-cart-proj X 1)* # t

using FORALL-true-implies-all-true NOT-type comp-type p-type by blast
then have FORALL X o, (NOT o, p o, left-cart-proj X 1) # t

using NOT-type cfunc-type-def comp-associative left-cart-proj-type p-type by

auto
then have NOT o, FORALL X o. (NOT o. p o, left-cart-proj X 1)t =

using assms NOT-is-false-implies-true true-false-only-truth-values by (typecheck-cfuncs,
blast)
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then have NOT o, FORALL X o, NOT*; o, (p o, left-cart-proj X 1)* =t
using assms transpose-of-comp by (typecheck-cfuncs, auto)
then have (NOT o, FORALL X o, NOTX;) o, (p o, left-cart-proj X 1) = t
using assms cfunc-type-def comp-associative by (typecheck-cfuncs,auto)
then show EXISTS X o, (p o. left-cart-proj X 1) =t
by (simp add: EXISTS-def)
qed

end

16 Natural Number Parity and Halving

theory Nat-Parity
imports Nats Quant-Logic
begin

16.1 Nth Even Number

definition nth-even :: cfunc where
nth-even = (THE u. u: No = N A
U Op 2ero = zero N
(successor o, SUCCESSOT) O U = U O, SUCCESSOT)

lemma nth-even-def2:

nth-even: N. — N. A nth-even o, zero = zero A (successor o. successor) o.
nth-even = nth-even o, successor

unfolding nth-even-def by (rule thel’, etcs-rule natural-number-object-property2)

lemma nth-even-type[type-rule]:
nth-even: N, — N,
by (simp add: nth-even-def2)

lemma nth-even-zero:
nth-even o, zero = zero
by (simp add: nth-even-def2)

lemma nth-even-successor:

nth-even o, successor = (successor o, successor) o. nth-even
by (simp add: nth-even-def2)

lemma nth-even-successor2:
nth-even o, SUCCESSOT = SUCCESSOT O, Successor o. nth-even
using comp-associative2 nth-even-def2 by (typecheck-cfuncs, auto)

16.2 Nth Odd Number

definition nth-odd :: cfunc where
nth-odd = (THE w. u: N, — N, A
U O, Z€T0 = SUCCESSOT O, 2ero N
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(successor o, SUCCESSOT) O U = U O, SUCCESSOT)

lemma nth-odd-def2:

nth-odd: N, — N. A nth-odd o. zero = successor o, zero N (successor o, succes-
sor) o, nth-odd = nth-odd o. successor

unfolding nth-odd-def by (rule thel’, etcs-rule natural-number-object-property2)

lemma nth-odd-type[type-rule]:
nth-odd: N, — N,
by (simp add: nth-odd-def2)

lemma nth-odd-zero:

nth-odd o, zero = successor o, zero
by (simp add: nth-odd-def2)

lemma nth-odd-successor:
nth-odd o, successor = (successor o. successor) o, nth-odd

by (simp add: nth-odd-def2)

lemma nth-odd-successor2:
nth-odd o, successor = successor o, successor o, nth-odd
using comp-associative? nth-odd-def2 by (typecheck-cfuncs, auto)

lemma nth-odd-is-succ-nth-even:
nth-odd = successor o, nth-even
proof (etcs-rule natural-number-object-func-uniquelwhere X=N., where f=successor
o, successor])
show nth-odd o, zero = (successor o, nth-even) o, zero
proof —
have nth-odd o, zero = successor o, zero
by (simp add: nth-odd-zero)
also have ... = (successor o. nth-even) o. zero
using comp-associative2 nth-even-def2 successor-type zero-type by fastforce
finally show ?thesis.
qed

show nth-odd o. successor = (successor o. successor) o, nth-odd
by (simp add: nth-odd-successor)

show (successor o, nth-even) o, successor = (Successor o, SUCCESSOT) O, SUCCESSOT
o, nth-even
proof —
have (successor o, nth-even) o, successor = successor o, nth-even o, successor
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = successor o, successor o. successor o, nth-even
by (simp add: nth-even-successor2)
also have ... = (successor o, successor) o, successor o, nth-even

by (typecheck-cfuncs, simp add: comp-associative2)
finally show #thesis.
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qed
qed

lemma succ-nth-odd-is-nth-even-succ:
successor o, nth-odd = nth-even o, successor
proof (etcs-rule natural-number-object-func-unique[where f=successor o, succes-
sor])
show (successor o, nth-odd) o, zero = (nth-even o, successor) o. zero
by (simp add: nth-even-successor2 nth-odd-is-succ-nth-even)
show (successor o, nth-odd) o, successor = (Successor o, SUCcessor) o. SuCcessor
o. nth-odd
by (metis cfunc-type-def codomain-comp comp-associative nth-odd-def2 succes-
sor-type)
then show (nth-even o. successor) o, successor = (SUCCESSOT 0. SUCCESSOT) O,
nth-even o. successor
using nth-even-successor2 nth-odd-is-succ-nth-even by auto
qed

16.3 Checking if a Number is Even

definition is-even :: cfunc where
is-even = (THE u. u: No = Q A w o, zero =t A NOT o, u = u o, successor)

lemma is-even-def2:
is-even : N, — Q A is-even o, zero =t A NOT o, is-even = is-even o, Successor
unfolding is-even-def by (rule thel’, etcs-rule natural-number-object-property2)

lemma is-even-type[type-rulel:
is-even : N, —
by (simp add: is-even-def2)

lemma is-even-zero:
is-even o, zero = t
by (simp add: is-even-def2)

lemma is-even-successor:
is-even o, successor = NOT o. is-even
by (simp add: is-even-def2)

16.4 Checking if a Number is Odd

definition is-odd :: cfunc where
is-odd = (THE u. u: N, = Q A u o, zero =f A NOT o, u = u o, successor)

lemma is-odd-def2:
is-odd : N, — Q A is-odd o. zero = f AN NOT o, is-odd = is-odd o. successor
unfolding is-odd-def by (rule thel’, etcs-rule natural-number-object-property2)

lemma is-odd-type[type-rule]:
is-odd : N, — €
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by (simp add: is-odd-def2)

lemma is-odd-zero:
is-odd o, zero = f
by (simp add: is-odd-def2)

lemma is-odd-successor:
is-odd o, successor = NOT o, is-odd
by (simp add: is-odd-def2)

lemma is-even-not-is-odd:
is-even = NOT o, is-odd
proof (typecheck-cfuncs, rule natural-number-object-func-unique[where f=NOT,
where X=0)], clarify)
show is-even o, zero = (NOT o, is-odd) o. zero
by (typecheck-cfuncs, metis NOT-false-is-true cfunc-type-def comp-associative
is-even-def2 is-odd-def2)

show is-even o, successor = NOT o, is-even
by (simp add: is-even-successor)

show (NOT o, is-odd) o successor = NOT o, NOT o, is-odd
by (typecheck-cfuncs, simp add: cfunc-type-def comp-associative is-odd-def2)
qed

lemma is-odd-not-is-even:
is-odd = NOT o, is-even
proof (typecheck-cfuncs, rule natural-number-object-func-unique[where f=NOT,
where X=()|, clarify)
show is-odd o, zero = (NOT o, is-even) o. zero
by (typecheck-cfuncs, metis NOT-true-is-false cfunc-type-def comp-associative
is-even-def2 is-odd-def2)

show is-odd o, successor = NOT o, is-odd
by (simp add: is-odd-successor)

show (NOT o, is-even) o, successor = NOT o. NOT o, is-even
by (typecheck-cfuncs, simp add: cfunc-type-def comp-associative is-even-def2)
qed

lemma not-even-and-odd:

assumes m €. N,

shows —(is-even o, m =t A is-odd o, m = t)

using assms NOT-true-is-false NOT-type comp-associative?2 is-even-not-is-odd
true-false-distinct by (typecheck-cfuncs, fastforce)

lemma even-or-odd:

assumes n €. N,
shows is-even o, n =t V is-odd o, n =t
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by (typecheck-cfuncs, metis NOT-false-is-true NOT-type comp-associative? is-even-not-is-odd
true-false-only-truth-values assms)

lemma is-even-nth-even-true:
is-even o, nth-even =t o. BN,
proof (etes-rule natural-number-object-func-unique[where f=id Q, where X=QJ)
show (is-even o, nth-even) o. zero = (t o, fN,) oc zer0
proof —
have (is-even o, nth-even) o, zero = is-even o. nth-even o, zero
by (typecheck-cfuncs, simp add: comp-associative2)

also have ... =t
by (simp add: is-even-zero nth-even-zero)
also have ... = (t o. AN,) o zero

by (typecheck-cfuncs, metis comp-associative2 id-right-unit2 terminal-func-comp-elem)
finally show #“thesis.
qged

show (is-even o. nth-even) o. successor = id. ) o. is-even o. nth-even
proof —
have (is-even o, nth-even) o. successor = is-even o. nth-even o, successor
by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = is-even o, successor o, successor o, nth-even
by (simp add: nth-even-successor2)
also have ... = ((is-even o, successor) o, successor) o. nth-even
by (typecheck-cfuncs, smt comp-associative2)
also have ... = is-even o, nth-even
using is-even-def2 is-even-not-is-odd is-odd-def2 is-odd-not-is-even by (typecheck-cfuncs,
auto)
also have ... = id Q) o, is-even o, nth-even

by (typecheck-cfuncs, simp add: id-left-unit2)
finally show ?thesis.
qed

show (t o, AN,) oc successor = id. o, t o. BN,
by (typecheck-cfuncs, smt comp-associative2 id-left-unit2 terminal-func-comp)
qed

lemma is-odd-nth-odd-true:
is-odd o, nth-odd = t o, ﬁ]Nc
proof (etcs-rule natural-number-object-func-unique[where f=id Q, where X=0))
show (is-odd o. nth-odd) o. zero = (t o. PN_) oc zero
proof —
have (is-odd o, nth-odd) o. zero = is-odd o, nth-odd o, zero
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... =t
using comp-associative? is-even-not-is-odd is-even-zero is-odd-def2 nth-odd-def2
successor-type zero-type by auto
also have ... = (t o. AN,) oc zero
by (typecheck-cfuncs, metis comp-associative2 is-even-nth-even-true is-even-type
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is-even-zero nth-even-def2)
finally show ?thesis.
qed

show (is-odd o. nth-odd) o. successor = id. ) o, is-odd o. nth-odd
proof —
have (is-odd o, nth-odd) o. successor = is-odd o, nth-odd o. successor
by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = is-odd o. successor o. successor o, nth-odd
by (simp add: nth-odd-successor2)
also have ... = ((is-odd o, successor) o, successor) o. nth-odd
by (typecheck-cfuncs, smt comp-associative?)
also have ... = 4s-odd o. nth-odd
using is-even-def2 is-even-not-is-odd is-odd-def2 is-odd-not-is-even by (typecheck-cfuncs,
auto)
also have ... = id Q o, is-odd o, nth-odd

by (typecheck-cfuncs, simp add: id-left-unit2)
finally show ?thesis.
qed
show (t o. BN, ) oc successor = id. ) o. t o. BN,
by (typecheck-cfuncs, smt comp-associative2 id-left-unit2 terminal-func-comp)
qged

lemma is-odd-nth-even-false:
is-odd o. nth-even = f o. BN,
by (smt NOT-true-is-false NOT-type comp-associative2 is-even-def2 is-even-nth-even-true
is-odd-not-is-even nth-even-def2 terminal-func-type true-func-type)

lemma is-even-nth-odd-false:
is-even o, nth-odd = f o. BN,
by (smt NOT-true-is-false NOT-type comp-associative2 is-odd-def2 is-odd-nth-odd-true
is-even-not-is-odd nth-odd-def2 terminal-func-type true-func-type)

lemma EXISTS-zero-nth-cven:
(EXISTS N, o (eg-pred N, o, nth-even Xy id. N.)*) o. zero =t
proof —
have (EXISTS N, o. (eg-pred N, o. nth-even X id. N.)¥) o, zero
= EXISTS N, o, (eg-pred N. o, nth-even Xy id,. N.)* o, zero
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = EXISTS N, o, (eg-pred N, o. (nth-even x; id, N.) o, (id. N
X ¢ zero))F
by (typecheck-cfuncs, simp add: comp-associative2 sharp-comp)
also have ... = EXISTS N, o, (eg-pred N, o, (nth-even x; zero))*

by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-cross-prod id-left-unit2
id-right-unit2)

also have ... = EXISTS N, o. (eg-pred N, o. (nth-even o. left-cart-proj N, 1,
2e10 oc AN, x, 1) )

by (typecheck-cfuncs, metis cfunc-cross-prod-def cfunc-type-def right-cart-proj-type
terminal-func-unique)
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also have ... = EXISTS N, o. (eg-pred N. o. (nth-even o. left-cart-proj N, 1,
(zero o. BN,) oc left-cart-proj N, 1) )*
by (typecheck-cfuncs, smt comp-associative2 terminal-func-comp)
also have ... = EXISTS N. o. ((eg-pred N. o. (nth-even, zero o. AN_)) ©c
left-cart-proj N, 1)*
by (typecheck-cfuncs, smt cfunc-prod-comp comp-associative?)
also have ... = t
proof (rule exists-true-implies-EXISTS-true)
show eg-pred N, o. (nth-even,zero o, BN,) : Ne — Q
by typecheck-cfuncs
show Jz. z €. N. A (eg-pred N o (nth-even,zero o, fN,)) ©c © =t
proof (typecheck-cfuncs, intro exI[where x=zerol, clarify)
have (eg-pred N, o. (nth-even,zero o. BN,)) oc zero
= eg-pred N, o. (nth-even,zero o, ﬂ]Nc> 0, Zero
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = eg-pred N, o, (nth-even o. zero, zero)
by (typecheck-cfuncs, smt (23) cfunc-prod-comp comp-associative2 id-right-unit2
terminal-func-comp-elem)
also have ... = t
using eq-pred-iff-eq nth-even-zero by (typecheck-cfuncs, blast)
finally show (eg-pred N, o. (nth-even,zero o. BN_)) oc zero = t.
qed
qed
finally show ?thesis.
qed

lemma not-EXISTS-zero-nth-odd:
(EXISTS N, o (eg-pred N. o, nth-odd Xy id,. ]Nc)ﬁ) o, zero = f
proof —
have (EXISTS N. o, (eg-pred N, o, nth-odd x ¢ id. N.)*) o, zero = EXISTS
N, o. (eg-pred N, o. nth-odd X ¢ id, INC)ii o, Z€ero
by (typecheck-cfuncs, simp add: comp-associative2)

also have ... = EXISTS N, o. (eg-pred N, o, (nth-odd xj id. N.) o (id. N,
X zero))F
by (typecheck-cfuncs, simp add: comp-associative2 sharp-comp)
also have ... = EXISTS N, o (eg-pred N, o. (nth-odd x; zero))*

by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-cross-prod id-left-unit2
id-right-unit2)
also have ... = EXISTS N, o, (eg-pred N. o. {nth-odd o left-cart-proj N, 1,
zer0 00 B, x. 1) )°
by (typecheck-cfuncs, metis cfunc-cross-prod-def cfunc-type-def right-cart-proj-type
terminal-func-unique)
also have ... = EXISTS N, o, (eg-pred N. o, {nth-odd o, left-cart-proj N, 1,
(zero o. BN,) oc left-cart-proj N, 1) )*
by (typecheck-cfuncs, smt comp-associative2 terminal-func-comp)
also have ... = EXISTS N, o. ((eg-pred N. o. (nth-odd, zero o. pN,_)) ©c
left-cart-proj N, 1)*
by (typecheck-cfuncs, smt cfunc-prod-comp comp-associative?2)
also have ... = f
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proof —
have # z. © €. N, A (eg-pred N, o, (nth-odd, zero o, BN,)) 0c T =t
proof clarify
fix z
assume z-type[type-rule]: x €. N,
assume (eg-pred N, o, (nth-odd,zero o. BN_)) oc T =t
then have eg-pred N, o. (nth-odd, zero o. fN,) oc © =t
by (typecheck-cfuncs, simp add: comp-associative2)
then have eg-pred N, o. (nth-odd o. z, zero o, B]NE o T) =t
by (typecheck-cfuncs-prems, auto simp add: cfunc-prod-comp comp-associative2)
then have eg-pred N, o. (nth-odd o, x, zero) =t
by (typecheck-cfuncs-prems, metis cfunc-type-def id-right-unit id-type one-unique-element)
then have nth-odd o. © = zero
using eg-pred-iff-eq by (typecheck-cfuncs-prems, blast)
then show Fulse
by (typecheck-cfuncs-prems, smt comp-associative2 comp-type nth-even-def2
nth-odd-is-succ-nth-even successor-type zero-is-not-successor)
qed
then have EXISTS N, o. ((eg-pred N, o, (nth-odd,zero o. BN )) oc left-cart-proj
N, 1)% # ¢t
using EXISTS-true-implies-exists-true by (typecheck-cfuncs, blast)
then show EXISTS N. o. ((eg-pred N. o. (nth-odd,zero o. BN_)) oc left-cart-proj
N, 1)f =
using true-false-only-truth-values by (typecheck-cfuncs, blast)
qed
finally show ?thesis.
qged

16.5 Natural Number Halving

definition halve-with-parity :: cfunc where
halve-with-parity = (THE u. u: N, — N, [] N, A
u o, zero = left-coproj N, N, o, zero A
(right-coproj N. N, 1T (left-coproj N. N¢ o. successor)) o. 4 = 4 o, Successor)

lemma halve-with-parity-def2:
halve-with-parity : N, — N, [] N A
halve-with-parity o. zero = left-coproj N. N, o, zero A
(right-coproj N. N II (left-coproj N. N, o. successor)) o. halve-with-parity =
halve-with-parity o, successor
unfolding halve-with-parity-def by (rule thel’, etcs-rule natural-number-object-property2)

lemma halve-with-parity-type[type-rule]:
halve-with-parity : N. — N. [ N,
by (simp add: halve-with-parity-def2)

lemma halve-with-parity-zero:

halve-with-parity o. zero = left-coproj N. N, o, zero
by (simp add: halve-with-parity-def2)
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lemma halve-with-parity-successor:

(right-coproj N. N, II (left-coproj N. N, o. successor)) o. halve-with-parity =
halve-with-parity o. successor

by (simp add: halve-with-parity-def2)

lemma halve-with-parity-nth-even:

halve-with-parity o. nth-even = left-coproj N, N,
proof (etcs-rule natural-number-object-func-uniquelwhere X=N. [| N., where
f=(left-coproj N. N. o, successor) 11 (right-coproj N, N, o. successor)])

show (halve-with-parity o. nth-even) o, zero = left-coproj N, N, o, zero

proof —

have (halve-with-parity o, nth-even) o, zero = halve-with-parity o. nth-even o,
zero
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = halve-with-parity o, zero
by (simp add: nth-even-zero)
also have ... = left-coproj N. N, o, zero

by (simp add: halve-with-parity-zero)
finally show ?thesis.
qged

show (halve-with-parity o. nth-even) o, successor =
((left-coproj N, N, o, successor) I (right-coproj N, N. o. successor)) o,
halve-with-parity o. nth-even
proof —
have (halve-with-parity o. nth-even) o, successor = halve-with-parity o, nth-even
0, SUCCESSOT
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = halve-with-parity o. (successor o, successor) o, nth-even
by (simp add: nth-even-successor)
also have ... = ((halve-with-parity o. successor) o. successor) o, nth-even
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = (((right-coproj N, N, II (left-coproj N. N. o. successor)) o,
halve-with-parity) o. successor) o, nth-even
by (simp add: halve-with-parity-def2)
also have ... = (right-coproj N, N, II (left-coproj N, N, o, successor))
o. (halve-with-parity o. successor) o. nth-even
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = (right-coproj N, N, II (left-coproj N, N, o, successor))
o, ((right-coproj N. N, II (left-coproj N. N, o, successor)) o. halve-with-parity)
o, nth-even
by (simp add: halve-with-parity-def2)
also have ... = ((right-coproj N. N, II (left-coproj N. N, o, successor))
o, (right-coproj N. N. II (left-coproj N. N, o. successor)))
o. halve-with-parity o. nth-even
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = ((left-coproj N, N, o. successor) 11 (right-coproj N, N, o,
successor))
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o halve-with-parity o, nth-even
by (typecheck-cfuncs, smt cfunc-coprod-comp comp-associative? left-coproj-cfunc-coprod
right-coproj-cfunc-coprod)
finally show ?thesis.
qged

show left-coproj N, N, o, successor =
(left-coproj N, N, o, successor) I (right-coproj N. N.. o. successor) o. left-coproj
N, N,
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
qged

lemma halve-with-parity-nth-odd:
halve-with-parity o. nth-odd = right-coproj N, N,
proof (etcs-rule natural-number-object-func-uniqguelwhere X=N. [| N., where
f=(left-coproj N. N, o, successor) 11 (right-coproj N, N, o. successor)])
show (halve-with-parity o. nth-odd) o, zero = right-coproj N. N, o, zero
proof —
have (halve-with-parity o. nth-odd) o. zero = halve-with-parity o. nth-odd
zero
by (typecheck-cfuncs, simp add: comp-associative2)
also have ... = halve-with-parity o, successor o. zero
by (simp add: nth-odd-def2)
also have ... = (halve-with-parity o. successor) o. zero
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = (right-coproj N. N. II (left-coproj N. N, o, successor) o,
halve-with-parity) o. zero
by (simp add: halve-with-parity-def2)
also have ... = right-coproj N, N. II (left-coproj N. N, o. successor) o,
halve-with-parity o. zero
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = right-coproj N, N. II (left-coproj N. N, o. successor) o,
left-coproj N, N, o, zero
by (simp add: halve-with-parity-def2)
also have ... = (right-coproj N. N, I (left-coproj N. N. o. successor) o,
left-coproj N, N..) o, zero
by (typecheck-cfuncs, simp add: comp-associative2)
also have ... = right-coproj N, N, o, zero
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
finally show ?thesis.
qed

@]

show (halve-with-parity o. nth-odd) o, successor =
(left-coproj N. N, o. successor) I (right-coproj N. N, o. successor) o,
halve-with-parity o. nth-odd
proof —
have (halve-with-parity o. nth-odd) o, successor = halve-with-parity o. nth-odd
0 successor
by (typecheck-cfuncs, simp add: comp-associative?)
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also have ... = halve-with-parity o. (successor o. successor) o, nth-odd
by (simp add: nth-odd-successor)

also have ... = ((halve-with-parity o. successor) o. successor) o, nth-odd
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = ((right-coproj N. N, IT (left-coproj N. N, o. successor) o,

halve-with-parity)
o, successor) o. nth-odd
by (simp add: halve-with-parity-successor)
also have ... = (right-coproj N, N, II (left-coproj N. N, o. successor)
o. (halve-with-parity o. successor)) o, nth-odd
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = (right-coproj N. N. II (left-coproj N. N, o. successor)
o, (right-coproj N. N, II (left-coproj N, N, o, successor) o, halve-with-parity))
o, nth-odd
by (simp add: halve-with-parity-successor)
also have ... = (right-coproj N. N, 1T (left-coproj N. N, o. successor)
o, right-coproj N, N. IT (left-coproj N. N, o. successor)) o, halve-with-parity
o, nth-odd
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = ((left-coproj N. N. o, successor) 11 (right-coproj N. N, o,
successor)) o. halve-with-parity o. nth-odd
by (typecheck-cfuncs, smt cfunc-coprod-comp comp-associative2 left-coproj-cfunc-coprod
right-coproj-cfunc-coprod)
finally show ?thesis.
qed

show right-coproj N. N, o, successor =
(left-coproj N. N, o. successor) I (right-coproj N. N, o. successor) o,
right-coproj N, N,
by (typecheck-cfuncs, simp add: right-coproj-cfunc-coprod)
qed

lemma nth-even-nth-odd-halve-with-parity:

(nth-even 11 nth-odd) o. halve-with-parity = id N,
proof (etcs-rule natural-number-object-func-unique[where X=N., where f=successor])

show (nth-even II nth-odd o. halve-with-parity) o. zero = id. N, o. zero

proof —

have (nth-even 11 nth-odd o, halve-with-parity) o, zero = nth-even 11 nth-odd
o halve-with-parity o, zero
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = nth-even II nth-odd o. left-coproj N, N, o. zero
by (simp add: halve-with-parity-zero)

also have ... = (nth-even 11 nth-odd o, left-coproj N. N.) o. zero
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = nth-even o, zero
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)

also have ... = id. N, o. zero

using id-left-unit2 nth-even-def2 zero-type by auto
finally show #thesis.
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qed

show (nth-even II nth-odd o. halve-with-parity) o. successor =
successor o, nth-even 11 nth-odd o. halve-with-parity
proof —
have (nth-even 11 nth-odd o. halve-with-parity) o. successor = nth-even 11
nth-odd o, halve-with-parity o. successor
by (typecheck-cfuncs, simp add: comp-associative2)
also have ... = nth-even 11 nth-odd o, right-coproj N. N. II (left-coproj N. N,
o. successor) o, halve-with-parity
by (simp add: halve-with-parity-successor)
also have ... = (nth-even II nth-odd o. right-coproj N. N, II (left-coproj N,
N, o, successor)) o, halve-with-parity
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = nth-odd 11 (nth-even o. successor) o. halve-with-parity
by (typecheck-cfuncs, smt cfunc-coprod-comp comp-associative2 left-coproj-cfunc-coprod
right-coproj-cfunc-coprod)
also have ... = (successor o, nth-even) I ((successor o, successor) o. nth-even)
o. halve-with-parity
by (simp add: nth-even-successor nth-odd-is-succ-nth-even)
also have ... = (successor o, nth-even) II (successor o. successor o, nth-even)
o halve-with-parity
by (typecheck-cfuncs, simp add: comp-associative?)

also have ... = (successor o, nth-even) 11 (successor o, nth-odd) o. halve-with-parity
by (simp add: nth-odd-is-succ-nth-even)
also have ... = successor o, nth-even 11 nth-odd o, halve-with-parity

by (typecheck-cfuncs, simp add: cfunc-coprod-comp comp-associative2)
finally show ?thesis.
qed
show id. N, o. successor = successor o, id, N,
using id-left-unit2 id-right-unit2 successor-type by auto
qed

lemma halve-with-parity-nth-even-nth-odd:

halve-with-parity o. (nth-even 11 nth-odd) = id (N. [ N¢)

by (typecheck-cfuncs, smt cfunc-coprod-comp halve-with-parity-nth-even halve-with-parity-nth-odd
id-coprod)

lemma even-odd-iso:
isomorphism (nth-even 11 nth-odd)
unfolding isomorphism-def
proof (intro exI[where x=halve-with-parity|, safe)
show domain halve-with-parity = codomain (nth-even 11 nth-odd)
by (typecheck-cfuncs, unfold cfunc-type-def, auto)
show codomain halve-with-parity = domain (nth-even 11 nth-odd)
by (typecheck-cfuncs, unfold cfunc-type-def, auto)
show halve-with-parity o. nth-even I1 nth-odd = id. (domain (nth-even II nth-odd))
by (typecheck-cfuncs, unfold cfunc-type-def, auto simp add: halve-with-parity-nth-even-nth-odd)
show nth-even 11 nth-odd o. halve-with-parity = id. (domain halve-with-parity)
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by (typecheck-cfuncs, unfold cfunc-type-def, auto simp add: nth-even-nth-odd-halve-with-parity)
qed

lemma halve-with-parity-iso:
isomorphism halve-with-parity
unfolding isomorphism-def
proof (intro exl[where z=nth-even 11 nth-odd], safe)
show domain (nth-even 11 nth-odd) = codomain halve-with-parity
by (typecheck-cfuncs, unfold cfunc-type-def, auto)
show codomain (nth-even 11 nth-odd) = domain halve-with-parity
by (typecheck-cfuncs, unfold cfunc-type-def, auto)
show nth-even I nth-odd o. halve-with-parity = id. (domain halve-with-parity)
by (typecheck-cfuncs, unfold cfunc-type-def, auto simp add: nth-even-nth-odd-halve-with-parity)
show halve-with-parity o, nth-even I1 nth-odd = id. (domain (nth-even II nth-odd))
by (typecheck-cfuncs, unfold cfunc-type-def, auto simp add: halve-with-parity-nth-even-nth-odd)
qed

definition halve :: cfunc where
halve = (id N, 1T id N.) o, halve-with-parity

lemma halve-type[type-rule]:
halve : N, — N,
unfolding halve-def by typecheck-cfuncs

lemma halve-nth-even:

halve o, nth-even = id N,

unfolding halve-def by (typecheck-cfuncs, smt comp-associative2 halve-with-parity-nth-even
left-coproj-cfunc-coprod)

lemma halve-nth-odd:

halve o, nth-odd = id N,

unfolding halve-def by (typecheck-cfuncs, smt comp-associative2 halve-with-parity-nth-odd
right-coproj-cfunc-coprod)

lemma is-even-def3:
is-even = ((t o, AN, ) II (f oc BN,)) ©c halve-with-parity
proof (etcs-rule natural-number-object-func-uniquelwhere X=, where f=NOT])
show is-even o, zero = ((t o. AN, ) II (f oc BN, ) oc halve-with-parity) o. zero
proof —
have ((t o. AN,) IT (f o BN,) ©c halve-with-parity) o. zero
= (t o. BN,) 11 (f oc BN,) ©c left-coproj N. N, o, zero
by (typecheck-cfuncs, metis cfunc-type-def comp-associative halve-with-parity-zero)
also have ... = (t o. AN,) oc zero
by (typecheck-cfuncs, simp add: comp-associative2 left-coproj-cfunc-coprod)
also have ... =t
using comp-associative? is-even-def2 is-even-nth-even-true nth-even-def2 by
(typecheck-cfuncs, force)
also have ... = is-even o, zero
by (simp add: is-even-zero)
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finally show ?thesis
by simp
qed

show is-even o, successor = NOT o, is-even
by (simp add: is-even-successor)

show ((t o BN,) I (f oc BN,) ©c halve-with-parity) o. successor =
NOT o, (t o, BN,) I (f oc fN,) ©c halve-with-parity
proof —
have ((t o AN,) I (f o BN,) ©c halve-with-parity) o. successor
= (t oc BN,) I (f oc BN,) oc (right-coproj N. N I (left-coproj N, N, o,
successor)) o, halve-with-parity
by (typecheck-cfuncs, simp add: comp-associative2 halve-with-parity-successor)
also have ... =
(((t oc BN,) IO (f oc BN,) ©c Tight-coproj N. N.)
IT
((t oc AN,) 1T (f oc BN,) ©c left-coproj N. N, o successor))
o, halve-with-parity
by (typecheck-cfuncs, smt cfunc-coprod-comp comp-associative2)
also have ... = ((f o, BN,_) I (t oc BN, ©c successor)) o, halve-with-parity
by (typecheck-cfuncs, simp add: comp-associative2 left-coproj-cfunc-coprod
right-coproj-cfunc-coprod)
also have ... = ((NOT o, t o. BN,) II (NOT o, f o, BN, o successor)) o,
halve-with-parity
by (typecheck-cfuncs, simp add: NOT-false-is-true NOT-true-is-false comp-associative?)
also have ... = NOT o, (t o. AN_) I (f oc AN,) oc halve-with-parity
by (typecheck-cfuncs, smt cfunc-coprod-comp comp-associative? terminal-func-unique)
finally show ?thesis.
qed
qed

lemma is-odd-def3:
is-odd = ((f o. fN,) I (t oc AN,)) oc halve-with-parity
proof (etcs-rule natural-number-object-func-uniquelwhere X=0, where f=NOT])
show is-odd o, zero = ((f o. fN,) II (t oc AN,) oc halve-with-parity) o. zero
proof —
have ((f o. AN,) II (t o BN,) ©c halve-with-parity) o. zero
= (foc BN,) II (t oc BN,) ©c left-coproj N. N, o, zero
by (typecheck-cfuncs, metis cfunc-type-def comp-associative halve-with-parity-zero)
also have ... = (f o, BN, ) oc zero
by (typecheck-cfuncs, simp add: comp-associative? left-coproj-cfunc-coprod)
also have ... = f
using comp-associative? is-odd-nth-even-false is-odd-type is-odd-zero nth-even-def2
by (typecheck-cfuncs, force)
also have ... = is-odd o. zero
by (simp add: is-odd-def2)
finally show ?thesis
by simp
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qed

show is-odd o, successor = NOT o, is-odd
by (simp add: is-odd-successor)

show ((f o. BN,) I (t o BN,) ©c halve-with-parity) o. successor =
NOT o, (f o, fN,) I (t oc BN,) ©c halve-with-parity
proof —
have ((f o. AN,) II (t o BN,) ©c halve-with-parity) o. successor
= (f oc BN,) I (t oc BN,) oc (right-coproj N. N, I (left-coproj N, N, o,
successor)) o. halve-with-parity
by (typecheck-cfuncs, simp add: comp-associative2 halve-with-parity-successor)
also have ... =
(((F oc Bw,) 11 (t oc BN,) o right-coproj Ne N,)
I
((f oc AN,) 1T (t oc BN,) ©c left-coproj N. N, o successor))
o halve-with-parity
by (typecheck-cfuncs, smt cfunc-coprod-comp comp-associative?)
also have ... = ((t o AN,) I (f oc BN, ©c successor)) o. halve-with-parity
by (typecheck-cfuncs, simp add: comp-associative2 left-coproj-cfunc-coprod
right-coproj-cfunc-coprod)
also have ... = ((NOT o. f o. fN,) I (NOT o, t o, BN, ©oc successor)) oc
halve-with-parity
by (typecheck-cfuncs, simp add: NOT-false-is-true NOT-true-is-false comp-associative?)
also have ... = NOT o, (f o, f_) I (t o. AN,) oc halve-with-parity
by (typecheck-cfuncs, smt cfunc-coprod-comp comp-associative2 terminal-func-unique)
finally show #thesis.
qed
qed

lemma nth-even-or-nth-odd:
assumes n €. N,
shows (3 m. m €. N, A nth-even o. m = n) V (3 m. m €. N. A nth-odd o, m
= n)
proof —
have (3m. m €. N. A halve-with-parity o. n = left-coproj N, N, o. m)
V (I3m. m €. N. A halve-with-parity o. n = right-coproj N. N. o, m)
by (rule coprojs-jointly-surj, insert assms, typecheck-cfuncs)
then show ?thesis
proof
assume dm. m €. N, A halve-with-parity o. n = left-coproj N. N, o, m
then obtain m where m-type: m €. N. and m-def: halve-with-parity o. n =
left-coproj N, N, o, m
by auto
then have ((nth-even II nth-odd) o, halve-with-parity) o, n = ((nth-even 10
nth-odd) o, left-coproj N. N.) o. m
by (typecheck-cfuncs, smt assms comp-associative?2)
then have n = nth-even o, m
using assms by (typecheck-cfuncs-prems, smt comp-associative2 halve-with-parity-nth-even
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id-left-unit2 nth-even-nth-odd-halve-with-parity)
then have 3m. m €. N. A nth-even o, m = n
using m-type by auto
then show ?thesis
by simp
next
assume dm. m €. N. A halve-with-parity o. n = right-coproj N. N, o, m
then obtain m where m-type: m €. N. and m-def: halve-with-parity o. n =
right-coproj N, N, o. m
by auto
then have ((nth-even II nth-odd) o, halve-with-parity) o, n = ((nth-even 11
nth-odd) o, right-coproj N. N.) o, m
by (typecheck-cfuncs, smt assms comp-associative?)
then have n = nth-odd o, m
using assms by (typecheck-cfuncs-prems, smt comp-associative2 halve-with-parity-nth-odd
id-left-unit2 nth-even-nth-odd-halve-with-parity)
then show ?thesis
using m-type by auto
qed
qed

lemma is-even-ezists-nth-even:
assumes is-even o, n = t and n-type[type-rule]: n €. N,
shows 3m. m €. N. A n = nth-even o. m
proof (rule ccontr)
assume 3m. m €. N, A n = nth-even o, m
then obtain m where m-type[type-rule]: m €. N, and n-def: n = nth-odd o,
m
using n-type nth-even-or-nth-odd by blast
then have is-even o, nth-odd o, m =t
using assms(1) by blast
then have is-odd o. nth-odd o. m = f
using NOT-true-is-false NOT-type comp-associative2 is-even-def2 is-odd-not-is-even
n-def n-type by fastforce
then have t o. BN, oc m = f
by (typecheck-cfuncs-prems, smt comp-associative? is-odd-nth-odd-true termi-
nal-func-type true-func-type)
then have t = f
by (typecheck-cfuncs-prems, metis id-right-unit2 id-type one-unique-element)
then show Fulse
using true-false-distinct by auto
qged

lemma is-odd-ezists-nth-odd:
assumes is-odd o, n = t and n-type[type-rule]: n €. N,
shows dm. m €. N. A n = nth-odd o. m
proof (rule ccontr)
assume 3m. m €. N, A n = nth-odd o. m
then obtain m where m-type[type-rule]: m €. N. and n-def: n = nth-even o,
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m
using n-type nth-even-or-nth-odd by blast
then have is-odd o. nth-even o, m =t
using assms(1) by blast
then have is-cven o. nth-even o, m = f
using NOT-true-is-false NOT-type comp-associative2 is-even-not-is-odd is-odd-def2
n-def n-type by fastforce
then have t o, AN, oc m = f
by (typecheck-cfuncs-prems, smt comp-associative? is-even-nth-even-true termi-
nal-func-type true-func-type)
then have t = f
by (typecheck-cfuncs-prems, metis id-right-unit2 id-type one-unique-element)
then show Fulse
using true-false-distinct by auto
qed

end

17 Cardinality and Finiteness

theory Cardinality
imports Ezrponential-Objects
begin

The definitions below correspond to Definition 2.6.1 in Halvorson.

definition is-finite :: cset = bool where
is-finite X +— (Vm. (m : X = X A monomorphism m) — isomorphism m)

definition is-infinite :: cset = bool where
is-infinite X +— (3 m. m : X — X A monomorphism m N —surjective m)

lemma either-finite-or-infinite:
is-finite X V is-infinite X
using epi-mon-is-iso is-finite-def is-infinite-def surjective-is-epimorphism by blast
The definition below corresponds to Definition 2.6.2 in Halvorson.

definition is-smaller-than :: cset = cset = bool (infix <. 50) where
X<, Y+— (3 m m:X — Y A monomorphism m)

The purpose of the following lemma is simply to unify the two notations
used in the book.

lemma subobject-iff-smaller-than:
(X<, YV)=@3m. (X;m) C. Y)
using is-smaller-than-def subobject-of-def2 by auto

lemma set-card-transitive:
assumes A <. B
assumes B <. C
shows A <, C
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by (typecheck-cfuncs, metis (full-types) assms cfunc-type-def comp-type composi-
tion-of-monic-pair-is-monic is-smaller-than-def)

lemma all-emptysets-are-finite:
assumes is-empty X
shows is-finite X
by (metis assms epi-mon-is-iso epimorphism-def3 is-finite-def is-empty-def one-separator)

lemma emptyset-is-smallest-set:
b<.X
using empty-subset is-smaller-than-def subobject-of-def2 by auto

lemma truth-set-is-finite:
is-finite
unfolding is-finite-def
proof (clarify)
fix m
assume m-type[type-rule]: m : Q — Q
assume m-mono: monomorphism m
have surjective m
unfolding surjective-def
proof (clarify)
fix y
assume y €. codomain m
then have y €. Q
using cfunc-type-def m-type by force
then show dz. x €, domain m AN mo, z =y
by (smt (verit, del-insts) cfunc-type-def codomain-comp domain-comp injec-
tive-def m-mono m-type monomorphism-imp-injective true-false-only-truth-values)
qed
then show isomorphism m
by (simp add: epi-mon-is-iso m-mono surjective-is-epimorphism)
qed

lemma smaller-than-finite-is-finite:
assumes X <. Y is-finite Y
shows is-finite X
unfolding is-finite-def

proof (clarify)
fix z
assume z-type: x : X — X
assume z-mono: monomorphism x

obtain m where m-def: m: X — Y A monomorphism m
using assms(1) is-smaller-than-def by blast
obtain ¢ where ¢-def: ¢ = into-super m o. (z >y id(Y \ (X,m))) o, try-cast
m
by auto
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have ¢o-type: ¢ : Y — Y
unfolding y-def
using z-type m-def by (typecheck-cfuncs, blast)

have injective(z >y id(Y \ (X,m)))
using cfunc-bowtieprod-inj id-isomorphism id-type iso-imp-epi-and-monic monomor-
phism-imp-injective x-mono z-type by blast
then have monol: monomorphism(z >y id(Y \ (X,m)))
using injective-imp-monomorphism by auto
have mono2: monomorphism(try-cast m)
using m-def try-cast-mono by blast
have mono3: monomorphism((z >y 1d(Y \ (X,m))) o, try-cast m)
using cfunc-type-def composition-of-monic-pair-is-monic m-def monol mono2
z-type by (typecheck-cfuncs, auto)
then have p-mono: monomorphism ¢
unfolding ¢-def
using cfunc-type-def composition-of-monic-pair-is-monic
into-super-mono m-def mono3 z-type by (typecheck-cfuncs,auto)
then have isomorphism ¢
using o-def p-type assms(2) is-finite-def by blast
have iso-z-bowtie-id: isomorphism(z <y id(Y \ (X,m)))
by (typecheck-cfuncs, smt <isomorphism @> p-def comp-associative?2 id-left-unit2
into-super-iso into-super-try-cast into-super-type isomorphism-sandwich m-def try-cast-type
-type)
have left-coproj X (Y \ (X,m)) o, z = (z 7 id(Y \ (X,m))) o. left-coproj X
(V' (X,m)
using z-type
by (typecheck-cfuncs, simp add: left-coproj-cfunc-bowtie-prod)
have epimorphism(z > id(Y \ (X,m)))
using iso-imp-epi-and-monic iso-z-bowtie-id by blast
then have surjective(z >y id(Y \ (X,m)))
using epi-is-surj z-type by (typecheck-cfuncs, blast)
then have epimorphism x
using z-type cfunc-bowtieprod-surj-converse id-type surjective-is-epimorphism
by blast
then show isomorphism x
by (simp add: epi-mon-is-iso x-mono)
qged

lemma larger-than-infinite-is-infinite:
assumes X <. Y is-infinite X
shows is-infinite Y
using assms either-finite-or-infinite epi-is-surj is-finite-def is-infinite-def
iso-imp-epi-and-monic smaller-than-finite-is-finite by blast

lemma iso-pres-finite:
assumes X = Y
assumes is-finite X
shows is-finite Y
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using assms is-isomorphic-def is-smaller-than-def iso-imp-epi-and-monic isomor-
phic-is-symmetric smaller-than-finite-is-finite by blast

lemma not-finite-and-infinite:
—(is-finite X A is-infinite X)
using epi-is-surj is-finite-def is-infinite-def iso-imp-epi-and-monic by blast

lemma iso-pres-infinite:

assumes X = Y

assumes is-infinite X

shows is-infinite Y

using assms either-finite-or-infinite not-finite-and-infinite iso-pres-finite isomor-
phic-is-symmetric by blast

lemma size-2-sets:
(X2 =G zt.F3 2. 21 €. X N2 XNl #22NNVe.z €. X — =
xl V z = 22))
proof
assume X = ()
then obtain ¢ where p-type[type-rule]: ¢ : X — Q and p-iso: isomorphism ¢
using is-isomorphic-def by blast
obtain z1 z2 where z1-type[type-rule]: 1 €. X and xI-def: ¢ o, 1 =t and
x2-typeltype-rule]: 2 €. X and z2-def: ¢ o, 22 = and
distinct: x1 # z2
by (typecheck-cfuncs, smt (23) p-iso cfunc-type-def comp-associative comp-type
id-left-unit2 isomorphism-def true-false-distinct)
then show Jz122. 21 €. X N2 €. X Nzl 22 N Va.z €. X — 2z = 2l
V= 12)
by (smt (verit, best) @-iso p-type cfunc-type-def comp-associative? comp-type
id-left-unit2 isomorphism-def true-false-only-truth-values)
next
assume ezactly-two: Izl x2. 21 €. X N22 €. X ANzl 22 N Vz.z €. X —
z=uzlVaz=u12)
then obtain z1 z2 where zI-type[type-rule]: ©1 €. X and z2-type[type-rule]:
z2 €. X and distinct: 1 # x2
by force
have iso-type: ((z1 1 22) o. case-bool) : & — X
by typecheck-cfuncs
have surj: surjective ((z1 1I 22) o. case-bool)
by (typecheck-cfuncs, smt (verit, best) exactly-two cfunc-type-def coprod-case-bool-false
coprod-case-bool-true distinct false-func-type surjective-def true-func-type)
have inj: injective ((x1 11 22) o. case-bool)
by (typecheck-cfuncs, smt (verit, ccfv-SIG) distinct case-bool-true-and-false
comp-associative?
coprod-case-bool-false injective-def2 left-coproj-cfunc-coprod true-false-only-truth-values)
then have isomorphism ((z1 I 22) o, case-bool)
by (meson epi-mon-is-iso injective-imp-monomorphism singletonl surj surjec-
tive-is-epimorphism)
then show X = O
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using is-isomorphic-def iso-type isomorphic-is-symmetric by blast
qed

lemma size-2plus-sets:
Q<. X)=F z1.3 22. 21 €. X N22 €. X N 2l # 22)
proof standard
show Q <, X = Jzl 22. 21 €. X Nz2 €, X N xl # 22
by (meson comp-type false-func-type is-smaller-than-def monomorphism-def3
true-false-distinct true-func-type)
next
assume Jzl 22. 21 €. X N z2 €. X ANzl # 22
then obtain z1 22 where z1-type[type-rule]: 1 €. X and
x2-typeltype-rule]: 2 €. X and
distinct: x1 # x2
by blast
have mono-type: ((z1 1T 22) o, case-bool) : Q@ — X
by typecheck-cfuncs
have inj: injective ((z1 II 22) o. case-bool)
by (typecheck-cfuncs, smt (verit, ccfv-SIG) distinct case-bool-true-and-false
comp-associative2
coprod-case-bool-false injective-def2 left-coproj-cfunc-coprod true-false-only-truth-values)

then show Q <, X
using injective-imp-monomorphism is-smaller-than-def mono-type by blast
qed

lemma not-init-not-term:

(= (initial-object X) A —(terminal-object X)) = (3 z1.3 22. 21 €. X Nz2 €. X
Azl # 22)

by (metis is-empty-def initial-iso-empty iso-empty-initial iso-to1-is-term no-el-iff-iso-empty
single-elem-iso-one terminal-object-def)

lemma sets-size-3-plus:

(= (initial-object X) A —(terminal-object X) A =(X = Q)) = (3 =1. 3 22. 3 z3.
zl €. X Nzl €. X Na8 €. X Nal # 22 AN 22 # x3 N\ xl # z3)

by (metis not-init-not-term size-2-sets)

The next two lemmas below correspond to Proposition 2.6.3 in Halvor-
son.

lemma smaller-than-coproduct?:
X<.X]]IY
using is-smaller-than-def left-coproj-are-monomorphisms left-proj-type by blast

lemma smaller-than-coproduct2:
X<, Y]] X
using is-smaller-than-def right-coproj-are-monomorphisms right-proj-type by blast

The next two lemmas below correspond to Proposition 2.6.4 in Halvor-
son.
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lemma smaller-than-product1 :
assumes nonempty Y
shows X <, X x,. Y
unfolding is-smaller-than-def
proof —
obtain y where y-type: y €. Y
using assms nonempty-def by blast
have map-type: (id(X),yo. fx): X = X x. Y
using y-type cfunc-prod-type cfunc-type-def codomain-comp domain-comp id-type
terminal-func-type by auto
have mono: monomorphism({id X, y o. Bx))
using map-type
proof (unfold monomorphism-def3, clarify)
fix gh A
assume g-h-types: g: A - X h: A —- X

assume (id. X,y o, fx) oc g = (ide X,y oc Bx) oc h
then have (id. X o, g, y o. Bx oc g) = (ide X oc h, y oc Bx oc h)
using y-type g-h-types by (typecheck-cfuncs, smt cfunc-prod-comp comp-associative2
comp-type)
then have <g7 Y ©c BA> = <h7 Y ©c BA>
using y-type g-h-types id-left-unit2 terminal-func-comp by (typecheck-cfuncs,
auto)
then show g = h
using g-h-types y-type
by (metis (full-types) comp-type left-cart-proj-cfunc-prod terminal-func-type)
qed
show I3m. m : X — X x. Y A monomorphism m
using mono map-type by auto
qed

lemma smaller-than-product2:
assumes nonempty Y
shows X <. Y x. X
unfolding is-smaller-than-def
proof —
have X <. X x. Y
by (simp add: assms smaller-than-product1)
then obtain m where m-def: m : X — X x. Y A monomorphism m
using is-smaller-than-def by blast
obtain ¢ where i : (X X, Y) = (Y x. X) A isomorphism i
using is-isomorphic-def product-commutes by blast
then have i o, m : X — (Y x. X) A monomorphism(i o, m)
using cfunc-type-def comp-type composition-of-monic-pair-is-monic iso-imp-epi-and-monic
m-def by auto
then show dm. m : X — Y x. X A monomorphism m
by blast
qed
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lemma coprod-leq-product:
assumes X-not-init: —(initial-object( X))
assumes Y-not-init: —(initial-object(Y))
assumes X-not-term: —(terminal-object(X))
assumes Y-not-term: —(terminal-object(Y))
shows X [T V <. X x. Y
proof —
obtain z1 22 where zlz2-def[type-rule]: (z1 €. X) (22 €. X) (21 # z2)
using is-empty-def X-not-init X-not-term iso-empty-initial iso-to1-is-term no-el-iff-iso-empty
single-elem-iso-one by blast
obtain y! y2 where yly2-def[type-rule]: (y1 €. Y) (y2 €. Y) (yl # y2)
using is-empty-def Y-not-init Y-not-term iso-empty-initial iso-to1-is-term no-el-iff-iso-empty
single-elem-iso-one by blast
then have yI-mono[type-rule]: monomorphism(yl)
using element-monomorphism by blast
obtain m where m-def: m = (id(X), y1 o. B x) I (((z2, y2) 11 (21 o. By \ (1,y1);
y1°)) oo try-cast yI)
by simp
have typel: (id(X), yl o, fx) : X = (X x. Y)
by (meson cfunc-prod-type comp-type id-type terminal-func-type y1ly2-def)
have trycast-yI-type: try-cast y1 : Y — 1 [] (Y \ (1,y1))
by (meson element-monomorphism try-cast-type y1y2-def)
have yI'-type[type-rule]: y1¢: Y \ (1,y1) = Y
using complement-morphism-type one-terminal-object terminal-el-monomorphism
yly2-def by blast
have typej: (z1 o, ﬁy\ (1y1) y1¢) : Y\ (Lyl) —» (X x. Y)
using cfunc-prod-type comp-type terminal-func-type x1z2-def y1’'-type by blast
have type5: (22, y2) €. (X x. Y)
by (simp add: cfunc-prod-type x1x2-def y1y2-def)
then have type6: (22, y2) 11 (z1 o. By \ (L,y1) yl°) (1[I (Y \ (L,y1))) —
(X %, V)
using cfunc-coprod-type types by blast
then have type7: (((z2, y2) 11 (1 o. By \ (L,y1) y1°€)) o try-castyl): Y —
(X %, V)
using comp-type trycast-yI-type by blast
then have m-type: m : X [[ ¥ = (X x. Y)
by (simp add: cfunc-coprod-type m-def typel )

have relative: A\y. y €. ¥ = (y €y (1, y1)) = (y = yI)
proof (safe)
fix y
assume y-type: y €. Y
show y ey (1, yl) = y = yl
by (metis cfunc-type-def factors-through-def id-right-unit2 id-type one-unique-element
relative-member-def2)
next
show yI €. Y = yl €y (1, y1)
by (metis cfunc-type-def factors-through-def id-right-unit2 id-type relative-member-def2
y1-mono)
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qed

have injective(m)

unfolding injective-def
proof (clarify)

fix a b

assume a €. domain m b €. domain m

then have a-type[type-rule]: a €. X [ Y and b-type[type-rule]: b €. X [ YV

using m-type unfolding cfunc-type-def by auto
assume egs: m o, @ = m o, b

have m-leftproj-l-equals: N\ 1. 1 €. X = m o, left-coproj X Y o. | = (I, y1)
proof—

fix [
assume I-type: | €. X
have m o, left-coproj X Y o. I = ((id(X), yI o, Bx) II (({(x2, y2) I (a1
o By \ (Ly1) y1)) o, try-cast y1)) o. left-coproj X Y o, |
by (simp add: m-def)
also have ... = ((id(X), yI o. Bx) I (((x2, y2) 1L (x1 o, By \ (1,y1)’
Y1) o. try-cast y1) o left-coproj X Y) o. 1
using comp-associative2 l-type by (typecheck-cfuncs, blast)

also have ... = (id(X), yI o. Bx) oc |
by (typecheck-cfuncs, simp add: left-coproj-cfunc-coprod)
also have ... = (id(X)o. I, (yI o. Bx) oc 1)
using I-type cfunc-prod-comp by (typecheck-cfuncs, auto)
also have ... = (I, yI o. Bx oc 1)
using [-type comp-associative? id-left-unit2 by (typecheck-cfuncs, auto)
also have ... = (I, yI)

using I-type by (typecheck-cfuncs,metis id-right-unit2 id-type one-unique-element)
finally show m o. left-coproj X Y o. | = (l,y1).
qed

have m-rightproj-y1-equals: m o. right-coproj X Y o, y1 = (x2, y2)
proof —
have m o, right-coproj X Y o. yI = (m o. right-coproj X Y) o, yl1
using comp-associative2 m-type by (typecheck-cfuncs, auto)
; also have ... = (((22, y2) I (z1 o. By \ (1,y1)° y1¢)) o, try-cast yl) o,
)
using m-def right-coproj-cfunc-coprod typel by (typecheck-cfuncs, auto)
also have ... = ((z2, y2) I (z1 o, By \ (L,y1) y1€)) oo try-cast yl o. yl
using comp-associative2 by (typecheck-cfuncs, auto)
also have ... = ({22, y2) II (21 o. By \ (Ly1)’ y1°)) o left-coproj 1 (Y \
(L,y1))
using try-cast-m-m yI1-mono yly2-def(1) by auto
also have ... = (22, y2)
using left-coproj-cfunc-coprod typed types by blast
finally show ?thesis.
qed
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have m-rightproj-not-yl-equals: \ r.r €. Y AN r # yl =
Jk. ke Y\ (Lyl) A try-cast y1 o, r = right-coproj 1 (Y \ (1,y1)) o,
kA
m o, right-coproj X Y o, r = {(xl, y1¢ o. k)
proof clarify
fix r
assume r-type: v €, Y
assume r-not-yl: r # yl
then obtain k where k-def: k€. Y \ (1,y1) A try-cast y1 o. r = right-coproj
1(Y\ (Ly1)) o k
using r-type relative try-cast-not-in-X y1-mono yly2-def(1) by blast
have m-rightproj-l-equals: m o, right-coproj X Y o. r = (x1, y1€ o. k)

proof —
have m o, right-coproj X Y o. r = (m o, right-coproj X Y) o. r
using r-type comp-associative2 m-type by (typecheck-cfuncs, auto)

also have ... = (((22, y2) II (x1 o. By \ (L,y1) y1°)) o. try-cast y1) o,

r
using m-def right-coproj-cfunc-coprod typel by (typecheck-cfuncs, auto)
also have ... = ((22, y2) II (21 o. By \ (1,y1)’ y1°)) o (try-cast y1 o

r)

using r-type comp-associative2 by (typecheck-cfuncs, auto)
also have ... = ((z2, y2) Il (21 o, By \ (1,91)° y1°)) o. (right-coproj 1
(Y'\ (Ly1)) oc k)
using k-def by auto
also have ... = (((z2, y2) I (21 o. By \ (1,y1) y1°)) o right-coproj 1
(Y\ (Ly1))) oc k
using comp-associative2 k-def by (typecheck-cfuncs, blast)

also have ... = (z1 o, By \ (Ly1) yl€) o. k
using right-coproj-cfunc-coprod type4 typed by auto
also have ... = (z! % By \ (1,y1) O k: y1° oc k)

using cfunc-prod-comp comp-associative? k-def by (typecheck-cfuncs,
auto)
also have ... = (z1, y1°¢ o. k)
by (metis id-right-unit2 id-type k-def one-unique-element terminal-func-comp
terminal-func-type x1x2-def (1))
finally show ?thesis.
qed
then show 3k. ke, Y\ (1, yI) A
try-cast y1 o. r = right-coproj 1 (Y \ (1, y1)) o k A
m o, right-coproj X Y o. r = (x1,y1¢ o, k)
using k-def by blast
qed

show a = b

proof(cases x. a = left-coproj X Y o, x Nz €. X)
assume Jz. a = left-coproj X Y ooz Nz €. X
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then obtain x where z-def: a = left-coproj X Y o,z Nz e, X
by auto
then have m-proj-a: m o, left-coproj X Y o, x = (z, yI)
using m-leftproj-l-equals by (simp add: z-def)
show a = b
proof(cases I¢. b = left-coproj X Y o, ¢ A ¢ €. X)
assume Jc. b = left-coproj X Y o, c N c €. X
then obtain ¢ where c-def: b = left-coproj X Y o. ¢ Nc €. X
by auto
then have m o, left-coproj X Y o, ¢ = (¢, y1)
by (simp add: m-leftproj-I-equals)
then show ?thesis
using c-def element-pair-eq eqs m-proj-a z-def yly2-def(1) by auto
next
assume fc. b = left-coproj X Y o, ¢ AN c €. X
then obtain ¢ where c-def: b = right-coproj X Y o, ¢ Nc €. Y
using b-type coprojs-jointly-surj by blast
show a = b
proof(cases ¢ = y1)
assume c = y1
have m-rightproj-l-equals: m o, right-coproj X Y o, ¢ = (22, y2)
by (simp add: <c = y1» m-rightproj-y1-equals)
then show ?thesis
using <¢ = yl» c-def cart-prod-eq2 eqs m-proj-a zlz2-def(2) z-def
yly2-def(2) yly2-def(3) by auto
next
assume c # yl
then obtain £ where k-def: m o, right-coproj X Y o, ¢ = (a1, y1€ o. k)
using c-def m-rightproj-not-y1-equals by blast
then have (z, y1) = (x1, y1° o, k)
using c-def eqs m-proj-a z-def by auto
then have (z = z1) A (yI = yI° o, k)
by (smt «c # yly c-def cfunc-type-def comp-associative comp-type
element-pair-eq k-def m-rightproj-not-y1-equals monomorphism-def3 try-cast-m-m’'
try-cast-mono trycast-yl-type xiz2-def (1) x-def y1’-type y1-mono yly2-def(1))
then have Fulse
by (smt <c # yl» c-def comp-type complement-disjoint element-pair-eq
id-right-unit2 id-type k-def m-rightproj-not-y1-equals z-def y1'-type y1-mono y1y2-def(1))
then show ?thesis by auto
qed
qed
next
assume Az. a = left-coproj X Y o,z Az €. X
then obtain y where y-def: a = right-coproj X Y o, y A y €. Y
using a-type coprojs-jointly-surj by blast
show a = b
proof(cases y = yI)
assume y = yl
then have m-rightproj-y-equals: m o, right-coproj X Y o, y = (22, y2)
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using m-rightproj-yI-equals by blast
then have m o, a = (22, y2)
using y-def by blast
show a = b
proof(cases Ic. b = left-coproj X Y o. ¢ A ¢ €. X)
assume Jc. b = left-coproj X Y oo ¢ A ce. X
then obtain ¢ where c-def: b = left-coproj X Y o, ¢ AN c €. X
by blast
then show a = b
using cart-prod-eq2 eqs m-leftproj-l-equals m-rightproj-y-equals x1x2-def (2)
yly2-def y-def by auto
next
assume fc. b = left-coproj X Y o, ¢ A c €, X
then obtain ¢ where c-def: b = right-coproj X Y o, ¢ N c €. Y
using b-type coprojs-jointly-surj by blast
show a = b
proof(cases ¢ = y)
assume ¢ = y
show a = b
by (simp add: <¢c = y» c-def y-def)
next
assume ¢ #£ y
then have ¢ # y1
by (simp add: <y = y1»)
then obtain k where k-def: k €. Y \ (L,yl) A try-cast yl o. ¢ =
right-coproj 1 (Y \ (L,y1)) o k A
m o, Tight-coproj X Y o, ¢ = (xl, y1¢ o. k)
using c-def m-rightproj-not-y1-equals by blast
then have (22, y2) = (z1, y1° o. k)
using <m o. a = (22,y2)> c-def eqs by auto
then have Fulse
using comp-type element-pair-eq k-def x1x2-def y1'-type yly2-def(2)
by auto
then show ?thesis
by simp
qed
qged
next
assume y # yl
then obtain k where k-def: k €. Y \ (1,y1) A try-cast y1 o. y = right-coproj
1(Y\ (Ly1)) oc kA
m o, right-coproj X Y o, y = (x1, y1¢ o. k)
using m-rightproj-not-y1-equals y-def by blast
then have m o, a = (z1, y1°€ o. k)
using y-def by blast
show a = b
proof(cases I c. b = right-coproj X Y o, ¢ AN c €. Y)
assume Jc. b = right-coproj X Y o, ¢ Nc €. Y
then obtain ¢ where c-def: b = right-coproj X Y oo ¢ AN c €. Y
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by blast
show a = b
proof(cases ¢ = yl)
assume c = y1
show a = b
proof —
obtain cc :: cfunc where
fl:cc €. Y\ (1, yI) A try-cast y1 o. y = right-coproj 1 (Y \ (1,
yl1)) o cc A m o, right-coproj X Y o, y = (x1,y1¢ o, cc)
using <Athesis. (Ak. k €. Y \ (1, y1) A try-cast yl o, y =
right-coproj 1 (Y \ (1, y1)) o. k A m o, right-coproj X Y o. y = (x1,y1¢ o, k)
= thesis) = thesis) by blast
have (22,y2) = m o, a
using <c = y1» c-def eqs m-rightproj-y1-equals by presburger
then show ?thesis
using f1 cart-prod-eq2 comp-type x1x2-def y1'-type y1y2-def(2) y-def
by force
qed
next
assume c # yl
then obtain k' where k’-def: k' €. Y \ (1,y1) A try-cast yl o. ¢ =
right-coproj 1 (Y \ (1,y1)) o. k' A
m o, right-coproj X Y o. ¢ = (x1, y1°€ o. k)
using c-def m-rightproj-not-y1-equals by blast
then have (z1, y1¢ o, k'Y = (x1, y1° o. k)
using c-def egqs k-def y-def by auto
then have (z1 = z1) A (y1° 0. k' = y1°© o, k)
using element-pair-eq k’-def k-def by (typecheck-cfuncs, blast)
then have k' = k
by (metis cfunc-type-def complement-morphism-mono k'-def k-def
monomorphism-def y1'-type y1-mono)
then have ¢ = y
by (metis c-def cfunc-type-def k’-def k-def monomorphism-def
try-cast-mono trycast-yl-type y1-mono y-def)
then show a = b
by (simp add: c-def y-def)
qged
next
assume fc¢. b = right-coproj X Y o, ¢ A ¢ €, Y
then obtain ¢ where c-def: b = left-coproj X Y o. ¢ A c €. X
using b-type coprojs-jointly-surj by blast
then have m o, left-coproj X Y o. ¢ = (e, yl)
by (simp add: m-leftproj-lI-equals)
then have (¢, y1) = (21, y1° o. k)
using <m o, a = (x1,y1¢ o. k)» <m o, left-coproj X Y o, ¢ = (c,yl)»
c-def eqs by auto
then have (¢ = x1) A (y1 = y1°€ o, k)
using c-def cart-prod-eq2 comp-type k-def xix2-def(1) yl'-type
yly2-def(1) by auto
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then have Fulse
by (metis cfunc-type-def complement-disjoint id-right-unit id-type k-def
yI-mono yly2-def(1))
then show ?thesis
by simp
qged
qed
qed
qed
then have monomorphism m
using injective-imp-monomorphism by auto
then show ?thesis
using is-smaller-than-def m-type by blast
qed

lemma prod-leq-exp:
assumes — terminal-object Y
shows X x, Y <. Y
proof (cases initial-object V)
show initial-object Y — X x,. Y <, yX
by (metis X-prod-empty initial-iso-empty initial-maps-mono initial-object-def
is-smaller-than-def iso-empty-initial isomorphic-is-reflexive isomorphic-is-transitive
prod-pres-iso)
next
assume - initial-object Y
then obtain yI y2 where yI-type[type-rule]: yI €. Y and y2-type[type-rule]:
y2 €. Y and yl-not-y2: y1 # y2
using assms not-init-not-term by blast
show X x. YV <. YX
proof(cases X = Q)
assume X = ()
have 0 <, Y
using <— initial-object V> assms not-init-not-term size-2plus-sets by blast
then obtain m where m-type[type-rule]: m : Q@ — Y and m-mono:
monomorphism m
using is-smaller-than-def by blast
then have m-id-type[type-rule]: m x; id(Y): Q x. YV = ¥V x, Y
by typecheck-cfuncs
have m-id-mono: monomorphism (m xy id(Y))
by (typecheck-cfuncs, simp add: cfunc-cross-prod-mono id-isomorphism
iso-imp-epi-and-monic m-mono)
obtain n where n-type[type-rule]: n : Y x. Y — Y and n-mono:
monomorphism n
using is-isomorphic-def iso-imp-epi-and-monic isomorphic-is-symmetric
sets-squared by blast
obtain r where r-type[type-rule]: r : v - vX and r-mono: monomorphism
r
by (meson «X = Q» exp-pres-iso-right is-isomorphic-def iso-imp-epi-and-monic
isomorphic-is-symmetric)
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obtain ¢ where g¢-type[type-rule]: ¢ : X x. Y — Q x. Y and g¢-mono:
monomorphism q
by (meson «X = Oy id-isomorphism id-type is-isomorphic-def iso-imp-epi-and-monic
prod-pres-iso)
have rnmg-type[type-rule]: r o, n o, (m Xy id(Y)) oo ¢: X x. ¥V — yX
by typecheck-cfuncs
have monomorphism(r o. n o, (m x5 id(Y)) o. q)
by (typecheck-cfuncs, simp add: cfunc-type-def composition-of-monic-pair-is-monic
m-id-mono n-mono ¢-mono r-mono)
then show ?thesis
by (meson is-smaller-than-def rnmg-type)
next
assume - X =
show X x, V <, YX
proof (cases initial-object X)
show initial-object X = X x, Y <, YX
by (metis is-empty-def initial-iso-empty initial-maps-mono initial-object-def

is-smaller-than-def isomorphic-is-transitive no-el-iff-iso-empty
not-init-not-term prod-with-empty-is-empty2 product-commutes termi-
nal-object-def)
next
assume — initial-object X
show X x, ¥V <. YX
proof (cases terminal-object X)
assume terminal-object X
then have X © 1
by (simp add: one-terminal-object terminal-objects-isomorphic)
have X x, Y =2 Y
by (simp add: <terminal-object X» prod-with-term-obj1)
then have X x, YV & yX
by (meson <X = 1y exp-pres-iso-right exp-set-inj isomorphic-is-symmeltric
isomorphic-is-transitive exp-one)
then show ?thesis
using is-isomorphic-def is-smaller-than-def iso-imp-epi-and-monic by blast
next
assume — terminal-object X

obtain into where into-def: into = (left-cart-proj Y 1 II ((y2 II y1) o,
case-bool o, eg-pred Y o, (id Y xy y1)))
oc dist-prod-coprod-left Y 1 1 o, (id Y X case-bool) o,
(id Y x5 eg-pred X)
by simp
then have into-type[type-rule]: into : ¥ x. (X x. X) = Y
by (simp, typecheck-cfuncs)

obtain © where O-def: © = (into o, associate-right Y X X o, swap X (Y
Xe X))¥ o. swap X Y
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by auto

have O-type[type-rule]: © : X X, Y — vX
unfolding O-def by typecheck-cfuncs

have f0: Aoz. Ny Nz 2€ X ANyec. Y AzeE. X = (O o, (z, y))° o,
(id X, Bx) oc z = into o, (y, (z, 2))
proof (clarify)
fixzyz
assume z-type[type-rule]: x €. X
assume y-typeltype-rule]: y €. Y
assume z-type[type-rule]: z €. X
show (O o, (z,9))” o, (id. X,Bx) oc z = into o. (y,(z,2))
proof —
have (O o, (z,9))° o, (id. X,Bx) oc z = (0 o {z,9))°* o, (id. X o, 2,8x

o¢ 2)
by (typecheck-cfuncs, simp add: cfunc-prod-comp)
also have ... = (O o, (z,9))" o (z,id 1)
by (typecheck-cfuncs, metis id-left-unit2 one-unique-element)
also have ... = (0" o, (id(X) x; (z,9))) o (2,id 1)
using inv-transpose-of-composition by (typecheck-cfuncs, presburger)
also have ... = ©° o, (id(X) x; (z,y)) o. (z,id 1)
using comp-associative2 by (typecheck-cfuncs, auto)
also have ... = ©" o, (id(X) o, z, (z,y) o, id 1)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)

also have ... = 0" o, (z,(z,y))
by (typecheck-cfuncs, simp add: id-left-unit2 id-right-unit2)
also have ... = ((into o, associate-right Y X X o, swap X (Y x. X))*

oc swap X Y)b oc (z,(z,y))
by (simp add: ©-def)
also have ... = ((into o. associate-right Y X X o, swap X (Y x. X))*
oc (id X Xy swap X Y)) oc (2,(z.y))
using inv-transpose-of-composition by (typecheck-cfuncs, presburger)
also have ... = (into o, associate-right ¥ X X o, swap X (Y x. X)) o,
(id X x5 swap X Y) o, (z,(x,y))
by (typecheck-cfuncs, simp add: comp-associative2 inv-transpose-func-def3
transpose-func-def)
also have ... = (into o, associate-right ¥ X X o, swap X (Y x. X)) o,
(id X oc z, swap X Y o (z,y))
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (into o, associate-right Y X X o, swap X (Y x. X)) o
(2, (5,2))
using id-left-unit2 swap-ap by (typecheck-cfuncs, presburger)
also have ... = into o. associate-right ¥ X X o, swap X (Y x. X) o,
(2, (4,2))

by (typecheck-cfuncs, metis cfunc-type-def comp-associative)

also have ... = into o, associate-right Y X X o, {({y,x), z)
using swap-ap by (typecheck-cfuncs, presburger)
also have ... = into o, (y, (z, 2))
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using associate-right-ap by (typecheck-cfuncs, presburger)
finally show ?¢thesis.
qed
qed

have fI: Az y. 2 €. X = y €. Y = (0 o, (, 9))* o, {id X, Bx) o =

I
<

proof —
fix zy
assume z-type[type-rule]: x €. X
assume y-typeltype-rule]: y €. Y
have (0 o, (z, y))°* o. (id X, Bx) o & = into o. ({y, (x, z))
by (simp add: f0 z-type y-type)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o. case-bool o, eq-pred Y
oc (idY x5 yl)))
o dist-prod-coprod-left Y 1 1 o. (id Y x; case-bool) o,
(id Y x5 eg-pred X) o. (y, (z, z))
using cfunc-type-def comp-associative comp-type into-def by (typecheck-cfuncs,
fastforce)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o, case-bool o, eq-pred Y
oc (id Y xs yl1)))
oc dist-prod-coprod-left Y 1 1 o. (id Y X case-bool) o,
(id Y o, y, eg-pred X o. (z, x))
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (left-cart-proj Y 1 11 ((y2 11 y1) o. case-bool o. eg-pred Y
oc (id Y xs yl1)))
oc dist-prod-coprod-left Y 1 1 o. (id Y X case-bool) o,
(y, t)
by (typecheck-cfuncs, metis eq-pred-iff-eq id-left-unit2)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o, case-bool o, eq-pred Y
oc (id Y x5 yl)))
o, dist-prod-coprod-left Y 11 o, (y, left-coproj 1 1)
by (typecheck-cfuncs, simp add: case-bool-true cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)
also have ... = (left-cart-proj ¥ 1 II ((y2 U y1) o case-bool o. eg-pred Y
oc (idY x5 yl)))
o. dist-prod-coprod-left Y 1 1 o, (y, left-coproj 1 1 o,
id 1)
by (typecheck-cfuncs, metis id-right-unit2)
also have ... = (left-cart-proj Y 1 II ((y2 W y1) o case-bool o, eg-pred Y
o. (id Y X f yl)))
oc left-coproj (Y x. 1) (Y x. 1) o, (y,id 1)
using dist-prod-coprod-left-ap-left by (typecheck-cfuncs, auto)
also have ... = ((left-cart-proj Y 1 11 ((y2 II y1) o. case-bool o. eg-pred
Yo, (idY x5 yl)))
o, left-coproj (Y x. 1) (Y x. 1)) o, (y,id 1)
by (typecheck-cfuncs, meson comp-associative2)
also have ... = left-cart-proj Y 1 o, (y,id 1)
using left-coproj-cfunc-coprod by (typecheck-cfuncs, presburger)
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also have ... = y
by (typecheck-cfuncs, simp add: left-cart-proj-cfunc-prod)
finally show (© o, (z, y))" o. (id X, Bx) 0. © = ¥.
qed

have f2: N\eyz. 2z €. X = yec. VY = ze€. X = 24 1= y # yl
= (0 o, (z, y))° 0. (id X, Bx) 0c 2 = yl
proof —
fixzyz
assume z-type[type-rule]: x €. X
assume y-typeltype-rule]: y €. Y
assume z-type[type-rule]: z €. X
assume z #
assume y #* yl
have (0 o, (z, y))° o. (id X, Bx) o. z = into o, (y, {z, z))
by (simp add: f0 z-type y-type z-type)
also have ... = (left-cart-proj Y 1 11 ((y2 II y1) o, case-bool o, eq-pred Y
oc (id Y x5 yl)))
o dist-prod-coprod-left Y 1 1 o, (id Y Xy case-bool) o,
(id Y xy eg-pred X) o. (y, (z, z))
using cfunc-type-def comp-associative comp-type into-def by (typecheck-cfuncs,
fastforce)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o. case-bool o, eg-pred Y
oc (id ¥ x7 y1))
o dist-prod-coprod-left Y 1 1 o, (id Y X case-bool) o,
(id Y o, y, eq-pred X o, (z, z))
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o. case-bool o, eg-pred Y
oc (id ¥ x7 y1))

(y, £)

o dist-prod-coprod-left Y 1 1 o, (id Y Xy case-bool) o,

by (typecheck-cfuncs, metis <z # x> eq-pred-iff-eq-conv id-left-unit2)
also have ... = (left-cart-proj Y 1 11 ((y2 I y1) o, case-bool o, eq-pred Y
oc (id Y x5 yl)))
o. dist-prod-coprod-left Y 1 1 o, (y, right-coproj 1 1)
by (typecheck-cfuncs, simp add: case-bool-false cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)
also have ... = (left-cart-proj Y 1 11 ((y2 II y1) o, case-bool o, eq-pred Y
oc (id Y x5 yl)))
o. dist-prod-coprod-left Y 1 1 o. (y, right-coproj 1 1
o, id 1)
by (typecheck-cfuncs, simp add: id-right-unit2)
also have ... = (left-cart-proj Y 1 11 ((y2 11 y1) o, case-bool o, eg-pred Y
oc (id Y x5 yl)))
o, right-coproj (Y x. 1) (Y x. 1) o, (y,id 1)
using dist-prod-coprod-left-ap-right by (typecheck-cfuncs, auto)
also have ... = ((left-cart-proj Y 1 II ((y2 II y1) o. case-bool o. eq-pred
Yo (idY %y yl)))
o, right-coproj (Y x. 1) (Y %, 1)) o. (y,id 1)
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by (typecheck-cfuncs, meson comp-associative2)
also have ... = ((y2 LI y1) o. case-bool o, eg-pred Y o, (id Y xy yl)) o,
(y,id 1)
using right-coproj-cfunc-coprod by (typecheck-cfuncs, auto)
also have ... = (y2 II y1) o, case-bool o, eg-pred Y o, (id Y Xj yl1) o,
(y,id 1)
using comp-associative? by (typecheck-cfuncs, force)
also have ... = (y2 II yI) o, case-bool o. eg-pred Y o. (y,yl)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2)

also have ... = (y2 II y1) o, case-bool o, f
by (typecheck-cfuncs, metis <y # y1» eq-pred-iff-eq-conv)
also have ... = y1
using case-bool-false right-coproj-cfunc-coprod by (typecheck-cfuncs,
presburger)
finally show (O o, (z, y))" o. (id X, Bx) o. z = yI.
qged

have f3: Nz 2.1 €. X = z26€. X = 2z # 1= (0 o. (z, y1))’ o, (id
X, Bx) ocz=1y2
proof —
fixzyz
assume z-type[type-rule]: © €, X
assume z-type[type-rule]: z €. X
assume z # ¢
have (0 o, (z, y1))* o. (id X, Bx) o. z = into o. (y1, (z, 2))
by (simp add: f0 xz-type y1-type z-type)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o. case-bool o, eg-pred Y
oc (id Y x5 yl)))
o dist-prod-coprod-left Y 1 1 o, (id Y Xy case-bool) o,
(id Y xy eg-pred X) o. (yl, (z, 2))
using cfunc-type-def comp-associative comp-type into-def by (typecheck-cfuncs,
fastforce)
also have ... = (left-cart-proj Y 1 II ((y2 1 y1) o case-bool o. eg-pred Y
oc (id Y x5 yl)))
o, dist-prod-coprod-left Y 1 1 o, (id Y xj case-bool) o,
(id Y o, yl, eqg-pred X o, (z, 2))
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o. case-bool o, eg-pred Y
oc (id Y x5 yl)))
o, dist-prod-coprod-left Y 1 1 o, (id Y X case-bool) o
(y1, )
by (typecheck-cfuncs, metis <z # x> eq-pred-iff-eq-conv id-left-unit2)
also have ... = (left-cart-proj Y 1 11 ((y2 1 y1) o. case-bool o, eg-pred Y
oc (id Y x5 yl)))
o, dist-prod-coprod-left Y 11 o. (yl, right-coproj 1 1)
by (typecheck-cfuncs, simp add: case-bool-false cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)
also have ... = (left-cart-proj Y 1 11 ((y2 I y1) o, case-bool o, eq-pred Y
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oc (id Y x; y1)))
o, dist-prod-coprod-left Y 1 1 o, (yl, right-coproj 1 1
o, id 1)
by (typecheck-cfuncs, simp add: id-right-unit2)
also have ... = (left-cart-proj Y 1 11 ((y2 I y1) o, case-bool o, eq-pred Y
oc (id Y x; y1)))
o, right-coproj (Y x. 1) (Y X. 1) o, (yl,id 1)
using dist-prod-coprod-left-ap-right by (typecheck-cfuncs, auto)
also have ... = ((left-cart-proj Y 1 II ((y2 II y1) o. case-bool o. eq-pred
Yo (idY %y yl)))
o, right-coproj (Y x. 1) (Y x. 1)) o, (yl,id 1)
by (typecheck-cfuncs, meson comp-associative2)
also have ... = ((y2 LI y1) o. case-bool o, eq-pred Y o, (id Y xy yl)) o,
(yl1,id 1)
using right-coproj-cfunc-coprod by (typecheck-cfuncs, auto)
also have ... = (y2 II y1) o, case-bool o, eg-pred Y o, (id Y X; yl) o,
(y1,id 1)
using comp-associative? by (typecheck-cfuncs, force)
also have ... = (y2 I y1) o. case-bool o. eq-pred Y o. (y1,yl)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2 id-right-unit2)
also have ... = (y2 II y1) o, case-bool o. t
by (typecheck-cfuncs, metis eq-pred-iff-eq)
also have ... = y2
using case-bool-true left-coproj-cfunc-coprod by (typecheck-cfuncs, pres-
burger)
finally show (O o, (z, y1))® o. (id X, Bx) 0. z = y2.
qed

have O-injective: injective(O)
unfolding injective-def
proof (clarify)
fix zy st
assume zy-type[type-rule]: zy €. domain ©
assume st-type[type-rule]: st €. domain ©
assume equals: © o, Ty = © o, st
obtain z y where z-type[type-rule]: €. X and y-type[type-rule]: y €. Y
and zy-def: zy = (z,y)
by (metis ©-type cart-prod-decomp cfunc-type-def zy-type)
obtain s ¢t where s-type[type-rule]: s €. X and t-type[type-rule]: t €. Y and
st-def: st = (s,t)
by (metis ©-type cart-prod-decomp cfunc-type-def st-type)
have equals2: © o. {z,y) = O o, (s,t)
using equals st-def zy-def by auto
have (z,) = {s,1)
proof(cases y = y1)
assume y = yl
show (z,y) = (s,t)
proof(cases t = y1)
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show t = yI = (z,y) = (s,t)
by (typecheck-cfuncs, metis <y = y1» equals f1 f3 st-def zy-def y1-not-y2)
next
assume ¢ # y1
show (z,y) = (s,t)
proof(cases s = x)
show s = © = (z,y) = (s,t)
by (typecheck-cfuncs, metis equals2 f1)
next
assume s # ¢
obtain z where z-type[type-rule]: z €. X and z-not-z: z # = and
z-not-s: z # 8§
by (metis <= X =2 O <= initial-object X» <— terminal-object X»
sets-size-3-plus)
have t-sz: (O o, (s, )" o, (id X, Bx) 0. z = yI
by (simp add: <t # y1» f2 s-type t-type z-not-s z-type)
have y-zz: (© o, (z, y))’ o, (id X, By) 0c 2 = y2
by (simp add: <y = y1» f3 a-type z-not-z z-type)
then have y1 = y2
using equals?2 t-sz by auto
then have Fulse
using yI-not-y2 by auto
then show (z,y) = (s,t)
by simp
qed
qged
next
assume y # yl
show (z,5) = (5,1)
proof(cases y = y2)
assume y = y2
show (z,y) = (s,t)
proof(cases t = y2, clarify)
show t = y2 = (z,y) = (s,y2)
by (typecheck-cfuncs, metis <y = y2» <y # yl»> equals f1 f2 st-def
xy-def)
next
assume t # y2
show (z,) = (5.1)
proof(cases x = s, clarify)
show z = s = (s,y) = (s,t)
by (metis equals2 f1 s-type t-type y-type)
next
assume z # s
show (z,5) = (5,1)
proof(cases t = yl1,clarify)
show t = yI = (z,y) = (s,y1)
by (metis <— X = Q) <= initial-object X» <= terminal-object X» <y
= y2) «y £ yl» equals f2 f3 s-type sets-size-3-plus st-def z-type xy-def y2-type)
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next
assume t # y1
show (z,y) = (s,t)
by (typecheck-cfuncs, metis <t # y1» <y # yl» equals f1 f2 st-def
xy-def)
qged
qed
qed
next
assume y # y2
show (z,y) = (s,t)
proof(cases s = x, clarify)
show s = © = (z,y) = (,1)
by (metis equals?2 f1 t-type z-type y-type)
show s # © = (x,y) = (s,1)
by (metis <y # yl» <y # y2» equals f1 f2 3 s-type st-def t-type z-type
zy-def y-type)
qed
qed
qed
then show zy = st
by (typecheck-cfuncs, simp add: st-def zy-def)
qed
then show ?thesis
using O-type injective-imp-monomorphism is-smaller-than-def by blast
qged
qed
qed
qed

lemma Y-nonempty-then-X-le-XtoY:
assumes nonempty Y
shows X <, X Y
proof —
obtain f where f-def: f = (right-cart-proj Y X)*
by blast
then have f-type: f : X — xY
by (simp add: right-cart-proj-type transpose-func-type)
have mono-f: injective(f)
unfolding injective-def
proof (clarify)
fix z y
assume z-type: T €. domain f
assume y-type: y €. domain f
assume equals: f o, . = f o, y
have z-type2 : x €, X
using cfunc-type-def f-type z-type by auto
have y-type2 : y €. X
using cfunc-type-def f-type y-type by auto
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have z o, (right-cart-proj Y 1) = (right-cart-proj Y X) o, (id(Y) x; z)
using right-cart-proj-cfunc-cross-prod z-type2 by (typecheck-cfuncs, auto)

also have ... = ((eval-func X Y) o, (id(Y) x¢ f)) oc (¢d(Y) x¢ x)
by (typecheck-cfuncs, simp add: f-def transpose-func-def)
also have ... = (eval-func X Y) o, ((id(Y) % f) oc (1d(Y) Xy x))
using comp-associative2 f-type z-type2 by (typecheck-cfuncs, fastforce)
also have ... = (eval-func X Y) o, (d(Y) x5 (f oc z))
using f-type identity-distributes-across-composition z-type2 by auto
also have ... = (eval-func X Y) o, (id(Y) x5 (f oc y))
by (simp add: equals)
also have ... = (eval-func X Y) o, ((id(Y) x5 f) o (id(Y) x5 y))
using f-type identity-distributes-across-composition y-type2 by auto
also have ... = ((eval-func X Y) o, (id(Y) % f)) oc (¢d(Y) x¢ y)
using comp-associative2 f-type y-type2 by (typecheck-cfuncs, fastforce)
also have ... = (right-cart-proj Y X) o. (id(Y) x5 y)
by (typecheck-cfuncs, simp add: f-def transpose-func-def)
also have ... = y o, (right-cart-proj Y 1)

using right-cart-proj-cfunc-cross-prod y-type2 by (typecheck-cfuncs, auto)
ultimately show z = y
using assms epimorphism-def3 nonempty-left-imp-right-proj-epimorphism
right-cart-proj-type z-type2 y-type2 by fastforce
qed
then show X <. xY
using f-type injective-imp-monomorphism is-smaller-than-def by blast
qed

lemma non-init-non-ter-sets:
assumes —(terminal-object X)
assumes —(initial-object X)
shows Q) <. X
proof —
obtain z1 and z2 where zI-type[type-rule]: z1 €. X and
x2-type[type-rule]: 2 €. X and
distinct: 1 # z2
using is-empty-def assms iso-empty-initial iso-tol-is-term no-el-iff-iso-empty
single-elem-iso-one by blast
then have map-type: (z1 1 22) o, case-bool :Q — X
by typecheck-cfuncs
have injective: injective((xz1 11 z2) o, case-bool)
unfolding injective-def
proof (clarify)
fix w! w2
assume wl! €, domain (z1 1 x2 o, case-bool)
then have wI-type[type-rule]: w1 €. Q
using cfunc-type-def map-type by auto
assume w2 €. domain (x1 I 22 o, case-bool)
then have w2-type[type-rule]: w2 €. Q
using cfunc-type-def map-type by auto
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assume equals: (z1 11 22 o. case-bool) o, w1l = (z1 11 z2 o, case-bool) o, w2
show w! = w2
proof(cases w1 = t, clarify)
assume wl =t
show t = w2
proof (rule ccontr)
assume t # w?2
then have f = w2
using <t # w2) true-false-only-truth-values by (typecheck-cfuncs, blast)
then have RHS: (z1 11 22 o, case-bool) o, w2 = x2
by (meson coprod-case-bool-false x1-type x2-type)
have (z1 II 22 o. case-bool) o, w1l = x1
using (wl = t» coprod-case-bool-true x1-type x2-type by blast
then show Fulse
using RHS distinct equals by force
qed
next
assume wl # t
then have wi = f
using true-false-only-truth-values by (typecheck-cfuncs, blast)
have w2 = f
proof (rule ccontr)
assume w2 # f
then have w2 =t
using true-false-only-truth-values by (typecheck-cfuncs, blast)
then have RHS: (z1 1T 22 o, case-bool) o, w2 = x2
using «wl! = f» coprod-case-bool-false equals x1-type x2-type by auto
have (z1 II 22 o. case-bool) o, w1l = x1
using (w2 = t» coprod-case-bool-true equals x1-type z2-type by presburger
then show Fulse
using RHS distinct equals by auto
qed
show w! = w2
by (simp add: «wl =) w2 = 1)
qed
qed
then have monomorphism((x1 11 22) o, case-bool)
using injective-imp-monomorphism by auto
then show Q <, X
using is-smaller-than-def map-type by blast
qed

lemma exp-preserves-cardl:
assumes A <. B
assumes nonempty X
shows X4 <. X B
unfolding is-smaller-than-def
proof —
obtain z where z-type[type-rule]: z €. X
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using assms(2) unfolding nonempty-def by auto

obtain m where m-def|type-rule]: m : A — B monomorphism m
using assms(1) unfolding is-smaller-than-def by auto

show 3m. m : X4 — XB A monomorphism m

proof (intro exl[where z=(((eval-func X A o, swap (X4) A) I (z o, 5)(14 xe (B\ (A m))))

o dist-prod-coprod-left (XA) A (B\ (A, m))
oc swap (A ] (B\ (4, m))) (X4) o, (try-cast m X ¢ id (XA, safe)

show ((eval-func X A o, swap (XA) A) I (z o, BXA . (B\ (A m))) %c

dist-prod-coprod-left (XA) A (B \ (4, m)) o. swap (A [ (B\ (4, m))) (X4) o,
try-cast m Xy id. (x4t x4 - xB
by typecheck-cfuncs
then show monomorphism

(((eval-func X A o, swap (XA) A) IT (z oc ﬁXA x. (B \ (A m))) o

dist-prod-coprod-left (XA) A (B\ (A, m)) o,
swap (A I] (B \ (4, m))) (X4) o, try-cast m x s id. (X4))?)
proof (unfold monomorphism-def3, clarify)
fixghZ
assume g-type[type-rule]: g : Z — x4
assume h-type[type-rule]: h : 7 — X4
. 2 A
assume eq: ((eval-func X A o, swap (X)) A) II (z o, 5XA o (B\ (4, m)))
dist-prod-coprod-left (XA) A (B\ (4, m)) o
swap (A T] (B\ (4, m))) (X4) o, try-cast m x; ide (X4))t 0. g
- : A
((eval-func X A o, swap (X**) A) II (z o, BXA e (B\ (A, m))) ¢
dist-prod-coprod-left (X3) A (B \ (4, m)) o,
swap (A [] (B\ (4, m))) (X4) o, try-cast m X g id, (XA o, b

show g = h
proof (typecheck-cfuncs, rule same-evals-equal[where Z=Z7, where A=A,
where X=X], clarify)
show eval-func X A o. id. A x5 g = eval-func X A o. id. A x5 h
proof (typecheck-cfuncs, rule one-separator[where X=A x. Z, where
Y=X], clarify)
fix az
assume az-type[type-rule]: az €. A X. Z

obtain a z where az-types[type-rule]: a €. A z €. Z and az-def: az =

(a,2)

using cart-prod-decomp az-type by blast

have (eval-func X B) o, (id B x; (((eval-func X A o, swap (XA) A) I

@oe Bya o, B\ (4, my))
dist-prod-coprod-left (XA) A (B\ (4, m)) o,
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swap (A 1] (B\ (4, m))) (XA) ¢ try-cast m Xy id, (XA))ti °c g)) =
5 (eval-func X B) o. (id B xy (((eval-func X A o. swap (X4 A) 1T (2 o,
A

XA s (B (4, m)
dist-prod-coprod-left (XA) A (B\ (4, m)) o,
swap (A 1] (B \ (A, m))) (X4) o try-cast m x; id. (X4))F o. h))
using eq by simp

then have (eval-func X B)o. (id B x; (((eval-func X A o, swap (x4) 4)

Mo By s 3y (4, my)
dist-prod-coprod-left (XA) A (B\ (A, m)) o
| swap (A ] (B\ (4, m))) (XA) o try-cast m x; id, (X4))?)) o, (id B
Xf g) =
(eval-func X B)o. (id B xy (((eval-func X A o, swap (XA A) 1T (z o,

OxA . B (4, m)) >

dist-prod-coprod-left (XA) A (B\ (4, m)) o
swap (A 1] (B \ (4, m))) (XA) oc try-cast m Xy id, (X)) o, (id B
Xf h)
using identity-distributes-across-composition by (typecheck-cfuncs, auto)
then have ((eval-func X B)o. (id B x; (((eval-func X A o, swap (XA)
ATee B 5y (4, my) %

dist-prod-coprod-left (XA) A (B\ (A, m)) o
swap (A I[ (B\ (4, m))) (XA) o, try-cast m x; id, (X4))%))) o, (id
B xj g)=
5 ((eval-func X B)o. (id B xy (((eval-func X A o. swap (XA) A) I (z o,
A

XA s (B (4 m)) %
dist-prod-coprod-left (XA) A (B\ (4, m)) o
swap (A T] (B\ (4, m))) (XA) o try-cast m x; id. (XA))%))) o, (id
B Xf h)
by (typecheck-cfuncs, smt eq inv-transpose-func-def3 inv-transpose-of-composition)
2 A
then have ((eval-func X A o, swap (X**) A) 11 (z o, BXA ‘o (B\ (A, m)))
dist-prod-coprod-left (X2) A (B \ (4, m)) o,
swap (A ] (B\ (4, m))) (XA) o¢ try-cast m Xy id. (XA)) o. (id B

)
= ((eval-func X A o, swap (x4) A) 1T (z o, ﬁXA o (B\ (4 m))) %c
dist-prod-coprod-left (XA) A (B\ (4, m)) o
swap (A [T (B\ (4, m))) (XA) o try-cast m X s id, (XA)) o. (id B
X h)

using transpose-func-def by (typecheck-cfuncs,auto)

then have (((eval-func X A o, swap (x4 A) 1T (z o, ﬁXA )

Xe (B\ (A, m))

dist-prod-coprod-left (X4) A (B \ (4, m)) o,
swap (A [T (B\ (4, m))) (XA) o. try-cast m X s ide (X4)) o, (id B
Xf 9)) o (m oc a, 2)
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= (((eval-func X A o, swap (XA) A) 1T (x o, 'BXA ) o

dist-prod-coprod-left (XA) A (B\ (A, m)) o
swap (A ] (B\ (4, m))) (XA) Oc try-cast m Xy id. (XA)) o. (id B
xs h)) o (m o, 0, 2)
by auto
then have ((eval-func X A o, swap (XA) A)II (z o BXA

Xe (B\ (4, m))

Xe (B\ (4, m))>
dist-prod-coprod-left (X4) A (B \ ( m)) o
swap (A ] (B\ (4, m))) (X ) try-cast m Xy id. (XA)) o. (id B
X5 g) o (m o a, 2)

((eval-func X A o, swap (XA )II (z 0. B xA

) A
dist-prod-coprod-left (XA) (B \ ( m)) o
swap (A [T (B\ (4, m))) (XA) o try-cast m X s id, (XA)) o. (id B
xs h)oc(mo. a, z)
by (typecheck-cfuncs, auto simp add: comp-associative?)
_ A
then have ((eval-func X A o, swap (X)) A) 11 (z o, ﬁXA %o (B\ (A, m)

<o (B (A, m) °

)

dist-prod-coprod-left (XA) A (B\ (4, m)) o,
swap (A ] (B\ (4, m))) (XA) oc try-cast m Xy id. (XA)) o. (m o, a,

g oc 2)
= ((eval-func X A o, swap (XA) A) I (z o, BXA

dist-prod-coprod-left (X?) A (B \ (4, m)) o.
swap (A ] (B\ (4, m))) (XA) oc try-cast m Xy id. (XA)) o. (m o, a,
h o, z)
by (typecheck-cfuncs, smt cfunc-cross-prod-comp-cfunc-prod id-left-unit2
id-type)
then have (eval-func X A o, swap (X4) A)1I (z o, BXA

<o (B\ (4, m))

xe (B\ (4, m)))
dist-prod-coprod-left (XA) A (B\ (A, m)) o
swap (A ] (B\ (4, m))) (XA) oc (try-cast m X id,. (XA)) o (m o,
a, g oc 2)
= (eval-func X A o, swap (XA) A) 1T (z o, ’BXA

dist-prod-coprod-left (XA) A (B\ (A, m)) o
swap (A T (B \ (4, m))) (XA) o (try-cast m x; id. (X4)) o (m o
a, h o, z)
by (typecheck-cfuncs-prems, smt comp-associative?)
then have (eval-func X A o, swap (XA) A) 1 (z o, BXA

<o (B (A, m)) *

Xe (B\ (4, m)))

dist-prod-coprod-left (XA) A (B \ (4, m)) o,

swap (A ] (B\ (4, m))) ( ) ¢ {try-cast m o, m o. a, g o. 2)
= (eval-func X A o, swap (X ) A) I (z o, ﬁXA ‘o (B\ (A, m))) Oc

dist-prod-coprod-left (XA) A (B \ (A, m)) o

swap (A ] (B\ (4, m))) (X ) ¢ {try-cast m o, m o, a, h o, z)
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smit)

Oc

using cfunc-cross-prod-comp-cfunc-prod id-left-unit2 by (typecheck-cfuncs-prems,

then have (eval-func X A o, swap (X4) A) 11 (z o, ﬂXA )

Xe (B\ (A, m))
dist-prod-coprod-left (X4) A (B \ (A, m)) o
swap (A ] (B\ (4, m))) (XA) o ((try-cast m o. m) o a, g o, 2)

= (eval-func X A o, swap (X3) A) 1 (z o, Bxd . (B (4 m))) oc

dist-prod-coprod-left (X2) A (B \ (4, m)) o.
swap (A ] (B\ (A, m))) (XA) o¢ {(try-cast m o, m) o, a, h o, z)
by (typecheck-cfuncs, auto simp add: comp-associative?)
: A
then have (eval-func X A o, swap (X**) A) II (z o, 5)(‘4 e (B\ (A m)))
dist-prod-coprod-left (XA) A (B\ (4, m)) o
swap (A ] (B\ (4, m))) (X4 o, (left coproj A (B \ (A,m)) o. a, g o¢

= (eval-func X A o, swap (XA A)II (z o, B

)
dist-prod-coprod-left (XA) A (B\ (4, m)) o
swap (A ] (B\ (4, m))) (X4) o, (left coproj A (B \ (4,m)) o. a, h o

<o (B\ (4, m) °

using m-def(2) try-cast-m-m by (typecheck-cfuncs, auto)
hen h -func X A x4y A) 1
then have (eval-func oc swap (X*) A) I (z o, BXA %o (B (4, m))

dist-prod-coprod-left (XA) A (B \ (A, m)) o. (g o. z, left-coproj A (B \

)

(4,m)) o a)

<o (B (4, m) °

= (eval-func X A o, swap (XA) A) I (z o, ﬁXA
A (B\ (A, m)) o. (h o. z, left-coproj A (B \

dist-prod-coprod-left (X4) A (B

(4,m)) oc a)

using swap-ap by (typecheck-cfuncs, auto)

then have (eval-func X A o, swap (X4) A) 11 (z o, ﬂXA )

Xe (B\ (4, m))
left-coproj (XAx . A) (XAx.(B \ (4,m))) oc (g oc 2, a)
— _ A
= (eval-func X A o, swap (X) A) I (z o, BXA %o (B (4, m))
left-coproj (XAx A) (XAxc(B\ (4,m))) oc (h o, 2,a)
using dist-prod-coprod-left-ap-left by (typecheck-cfuncs, auto)
_ A
then have ((eval-func X A o, swap (X)) A) II (z o, ﬁXA ‘o (B\ (A, m)

)Oc

)

left-coproj (XAXCA) (XAXC(B \ (A
= ((eval-func X A o, swap (XA) A) I (z o, XA o (B\ (A, m))) ¢

left-coproj (XAx.A) (XAx (B \ (4,m)))) oc (h o, z,a)

by (typecheck-cfuncs-prems, auto simp add: comp- assoczatz’ve?)
then have (eval-func X A o, swap (X4) A) o, (g o, z, a)

= (eval-func X A o, swap (XA) A) o, (h o, z,a)

by (typecheck-cfuncs-prems, auto simp add: left-coproj-cfunc-coprod)

;m)))) oc (g oc 2, a)

334



then have eval-func X A o, swap (XA) Ao, {go. 2 a)
= eval-func X A o, swap (XA) A o, (h o z,a)
by (typecheck-cfuncs-prems, auto simp add: comp-associative2)
then have eval-func X A o, (a, g o, z) = eval-func X A o. {a, h o, 2)
by (typecheck-cfuncs-prems, auto simp add: swap-ap)
then have eval-func X A o, (id A x5 g) o. (a, z) = eval-func X A o. (id
A X h) O¢ <(],7 Z>
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod
id-left-unit2)
then show (eval-func X A o, id. A X5 g) o, az = (eval-func X A o. id.
A Xy h) o, az
unfolding az-def by (typecheck-cfuncs-prems, auto simp add: comp-associative?2)
qged
qed
qed
qed
qed

lemma exp-preserves-card2:
assumes A <. B
shows AX <. BX
unfolding is-smaller-than-def
proof —
obtain m where m-def[type-rule]: m : A — B monomorphism m
using assms unfolding is-smaller-than-def by auto
show 3m. m : AX - BX A monomorphism m
proof (intro exl[where z=(m o. eval-func A X)¥], safe)
show (m o, eval-func A X)* : AX — BX
by typecheck-cfuncs
then show monomorphism((m o. eval-func A X)*)
proof (unfold monomorphism-def3, clarify)
fixghZ
assume g-type[type-rule]: g : 7 — AX
assume h-type[type-rulel: h : Z — AX

assume eq: (m o, eval-func A X)* o, g = (m o, eval-func A X)* o, h
show g = h
proof (typecheck-cfuncs, rule same-evals-equal[where Z=Z7, where A=X,
where X=A|, clarify)
have ((eval-func B X) o, (id X x; (m o, eval-func A X)*)) o, (id X x
9) =
((eval-func B X) o, (id X x; (m o. eval-func A X)*)) o, (id X x; h)
by (typecheck-cfuncs, smt comp-associative? eq inv-transpose-func-def3
inv-transpose-of-composition)
then have (m o, eval-func A X) o, (id X x5 g) = (m o eval-func A X)
oc (id X Xy h)
by (smt comp-type eval-func-type m-def(1) transpose-func-def)
then have m o, (eval-func A X o, (id X X5 g)) = m o, (eval-func A X
o, (id X X f h))
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by (typecheck-cfuncs, smt comp-associative?)

then have eval-func A X o. (id X x5 g) = eval-func A X o, (id X xy

h)
using m-def monomorphism-def3 by (typecheck-cfuncs, blast)
then show (eval-func A X o, (id X x; g)) = (eval-func A X o, (id X
Xy h))
by (typecheck-cfuncs, smt comp-associative?)
qed
qed
qged
qged

lemma exp-preserves-cards3:
assumes A <. B
assumes X <. Y
assumes nonempty(X)
shows X4 <. yB
proof —
have leq!: x4 < xB
by (simp add: assms(1,3) exp-preserves-cardl)
have leq2: xB < vB
by (simp add: assms(2) exp-preserves-card2)
show x4 <. yB
using leq! leq2 set-card-transitive by blast
qed

end

18 Countable Sets

theory Countable
imports Nats Aziom-Of-Choice Nat-Parity Cardinality
begin

The definition below corresponds to Definition 2.6.9 in Halvorson.
definition epi-countable :: cset = bool where

epi-countable X «+— (3 f. f : N. = X A epimorphism f)

lemma emptyset-is-not-epi-countable:
— epi-countable ()
using comp-type emptyset-is-empty epi-countable-def zero-type by blast
The fact that the empty set is not countable according to the definition
from Halvorson (epi-countable ?X = (3f. f : N. — ?X A epimorphism f))
motivated the following definition.

definition countable :: cset = bool where
countable X «+— (3 f. f : X = N, A monomorphism f)
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lemma epi-countable-is-countable:
assumes epi-countable X
shows countable X
using assms countable-def epi-countable-def epis-give-monos by blast

lemma emptyset-is-countable:
countable 0
using countable-def empty-subset subobject-of-def2 by blast

lemma natural-numbers-are-countably-infinite:

countable N, A is-infinite N,

by (meson Collect] Peano's-Azioms countable-def injective-imp-monomorphism
is-infinite-def successor-type)

lemma iso-to-N-is-countably-infinite:

assumes X = N,

shows countable X A is-infinite X

by (meson assms countable-def is-isomorphic-def is-smaller-than-def iso-imp-epi-and-monic
isomorphic-is-symmetric larger-than-infinite-is-infinite natural-numbers-are-countably-infinite)

lemma smaller-than-countable-is-countable:

assumes X <. Y countable Y

shows countable X

by (smt assms cfunc-type-def comp-type composition-of-monic-pair-is-monic count-
able-def is-smaller-than-def)

lemma iso-pres-countable:

assumes X = Y countable Y

shows countable X

using assms is-isomorphic-def is-smaller-than-def iso-imp-epi-and-monic smaller-than-countable-is-countable
by blast

lemma NuN-is-countable:

countable(N, [] N,)

using countable-def epis-give-monos halve-with-parity-iso halve-with-parity-type
iso-imp-epi-and-monic by smt

The lemma below corresponds to Exercise 2.6.11 in Halvorson.

lemma coproduct-of-countables-is-countable:
assumes countable X countable Y
shows countable(X [ Y)
unfolding countable-def
proof—
obtain z where z-def: = : X — IN. A monomorphism x
using assms(1) countable-def by blast
obtain y where y-def: y: Y — N, A monomorphism y
using assms(2) countable-def by blast
obtain n where n-def: n: N, ][] N. - N. A monomorphism n
using NuN-is-countable countable-def by blast
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have zy-type: x>y y: X [ ¥ — N, [[ N,
using z-def y-def by (typecheck-cfuncs, auto)
then have nzy-type: n o, (z >y y) : X [[ ¥ = N,
using comp-type n-def by blast
have injective(z >y y)
using cfunc-bowtieprod-inj monomorphism-imp-injective z-def y-def by blast
then have monomorphism(z >y y)
using injective-imp-monomorphism by auto
then have monomorphism(n o. (z >y y))
using cfunc-type-def composition-of-monic-pair-is-monic n-def ry-type by auto
then show 3f. f : X [[ Y — N, A monomorphism f
using nzy-type by blast
qed

end

19 Fixed Points and Cantor’s Theorems

theory Fized-Points
imports Axziom-Of-Choice Pred-Logic Cardinality
begin

The definitions below correspond to Definition 2.6.12 in Halvorson.

definition fized-point :: cfunc = cfunc = bool where
fized-point a g +— (3 A.g: A > ANa€. ANgo.a=a)

definition has-fized-point :: cfunc = bool where
has-fized-point g «— (3 a. fized-point a g)

definition fized-point-property :: cset = bool where
fizxed-point-property A +— (¥ ¢. g : A - A — has-fixed-point g)

lemma fized-point-def2:
assumes g : A > Aa€. A
shows fized-point a g = (g o. a = a)
unfolding fized-point-def using assms by blast

The lemma below corresponds to Theorem 2.6.13 in Halvorson.

lemma Lawveres-fized-point-theorem:
assumes p-type[type-rule]: p : X — AX
assumes p-surj: surjective p
shows fixed-point-property A
unfolding fixed-point-property-def has-fixed-point-def
proof (clarify)
fix g
assume g-type[type-rule]: g : A — A
obtain ¢ where p-def: ¢ = p’
by auto
then have @-type[type-rule]: ¢ : X x. X — A
by (simp add: flat-type p-type)
obtain f where f-def: f = g o. ¢ o. diagonal(X)
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by auto
then have f-type[type-rule]:f : X — A

using p-type comp-type diagonal-type f-def g-type by blast
obtain z-f where z-f: metafunc f = p o, a-f and z-f-type[type-rule]: z-f €. X

using assms by (typecheck-cfuncs, metis p-surj surjective-def2)
have SO[*,I—f] = f
proof (etcs-rule one-separator)

fix z

assume z-type[type-rule]: © €. X

have Pl z-f] Oc T = O (z, 2-f)

by (typecheck-cfuncs, meson right-param-on-el x-f)

also have ... = ((eval-func A X) o, (id X X p)) o, (z, z-f)
using assms @-def inv-transpose-func-def3 by auto
also have ... = (eval-func A X) o, (id X x5 p) o. (z, -f)
by (typecheck-cfuncs, metis comp-associative2)
also have ... = (eval-func A X) o, (id X o. z, p o. z-f)
using cfunc-cross-prod-comp-cfunc-prod x-f by (typecheck-cfuncs, force)
also have ... = (eval-func A X) o. (z, metafunc f)
using id-left-unit2 a-f by (typecheck-cfuncs, auto)
also have ... = f o, z

by (simp add: eval-lemma f-type z-type)
finally show Pl z-f] Oc T = f oc z.
qed
then have Pl z-f] Oc 2-f = g o. p o, diagonal(X) o, z-f
by (typecheck-cfuncs, smt (28) cfunc-type-def comp-associative domain-comp
fodef -f)
then have ¢ o, (z-f, z-f) = g o. ¢ o, (z-f, z-f)
using diag-on-elements right-param-on-el z-f by (typecheck-cfuncs, auto)
then have fized-point (¢ o. (z-f, z-f)) ¢
using fized-point-def2 by (typecheck-cfuncs, auto)
then show Ja. fixed-point a g
using fized-point-def by auto
qed

The theorem below corresponds to Theorem 2.6.14 in Halvorson.

theorem Cantors-Negative- Theorem:
s s: X =P X A surjective s
proof(rule ccontr, clarify)
fix s
assume s-type: s : X - P X
assume s-surj: surjective s
then have Omega-has-ffp: fixed-point-property )
using Lawveres-fixed-point-theorem powerset-def s-type by auto
have Omega-doesnt-have-ffp: —(fized-point-property Q)
unfolding fixed-point-property-def has-fixed-point-def fized-point-def
proof
assume BWOC:Vg. g: Q—>Q — (JaAd. g: A—>ANa€. ANgo.a=
)

have NOT :Q - QA (Va.VA. a €, A — NOT : A —- A — NOT o, a
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#aV-oac. Q)
by (typecheck-cfuncs, metis AND-complementary AND-idempotent OR-complementary
OR-idempotent true-false-distinct)
then have 39. g: Q > QA (Va. VA . a €, A — g: A—> A — go. a#a)
by (metis cfunc-type-def)
then show Fulse
using BWOC by presburger
qed
show Fulse
using Omega-doesnt-have-ffp Omega-has-ffp by auto
qged

The theorem below corresponds to Exercise 2.6.15 in Halvorson.

theorem Cantors-Positive- Theorem:
Im.m: X = QXA injective m
proof —
have eg-pred-sharp-type[type-rule]: eq-pred X* : X — X
by typecheck-cfuncs
have injective(eq-pred X*)
unfolding injective-def
proof (clarify)
fix x y
assume z €. domain (eg-pred X*) then have z-type[type-rule]: © €. X
using cfunc-type-def eq-pred-sharp-type by auto
assume y €. domain (eq-pred X*) then have y-type[type-rule]:y €. X
using cfunc-type-def eq-pred-sharp-type by auto
assume eq: eq-pred Xt o, z = eg-pred X% o, y
have eg-pred X o. (z, ) = eg-pred X o. (z, y)
proof —
have eg-pred X o. (z, z) = ((eval-func Q X) o, (id X x; (eg-pred X*)) ) o,
(z, z)
using transpose-func-def by (typecheck-cfuncs, presburger)
also have ... = (eval-func Q X) o, (id X x; (eg-pred X*)) o, (z, x)
by (typecheck-cfuncs, simp add: comp-associative?)
also have ... = (eval-func Q X) o, (id X o, z, (eg-pred X*) o, z)
using cfunc-cross-prod-comp-cfunc-prod by (typecheck-cfuncs, force)
also have ... = (eval-func Q X) o, (id X o. z, (eq-pred X*) o, )
by (simp add: eq)
also have ... = (eval-func Q X) o, (id X x; (eg-pred X*)) o, (z, y)
by (typecheck-cfuncs, simp add: cfunc-cross-prod-comp-cfunc-prod)
also have ... = ((eval-func Q X) o, (id X x; (eg-pred X*)) ) o. (z, y)
using comp-associative2 by (typecheck-cfuncs, blast)
also have ... = eg-pred X o, (z, y)
using transpose-func-def by (typecheck-cfuncs, presburger)
finally show ?thesis.
qed
then show z = y
by (metis eq-pred-iff-eq a-type y-type)
qed
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then show Im. m: X — QX A injective m
using eq-pred-sharp-type injective-imp-monomorphism by blast
qed

The corollary below corresponds to Corollary 2.6.16 in Halvorson.

corollary
X<PXA-(X2PX)
using Cantors-Negative- Theorem Cantors-Positive-Theorem
unfolding is-smaller-than-def is-isomorphic-def powerset-def
by (metis epi-is-surj injective-imp-monomorphism iso-imp-epi-and-monic)

corollary Generalized-Cantors-Positive- Theorem:
assumes — terminal-object Y
assumes - nitial-object Y
shows X <, yX
proof —
have Q <, YV
by (simp add: assms non-init-non-ter-sets)
then have fact: 0X <. yX
by (simp add: exp-preserves-card2)
have X <, 0X
by (meson Cantors-Positive-Theorem Collect] injective-imp-monomorphism
is-smaller-than-def)
then show ?thesis
using fact set-card-transitive by blast
qed

corollary Generalized-Cantors-Negative- Theorem:
assumes — initial-object X
assumes — terminal-object Y
shows 3 5. s: X — YX A surjective s
proof(rule ccontr, clarify)
fix s
assume s-type: s : X — vX
assume s-surj: surjective s
obtain m where m-type: m : YX — X and m-mono: monomorphism(m)
by (meson epis-give-monos s-surj s-type surjective-is-epimorphism,)
have nonempty X
using is-empty-def assms(1) iso-empty-initial no-el-iff-iso-empty nonempty-def
by blast

then have nonempty: nonempty ()
using nonempty-def nonempty-to-nonempty true-func-type by blast
show Fulse
proof (cases initial-object Y)
assume initial-object Y
then have YX = ()
by (simp add: <nonempty X» empty-to-nonempty initial-iso-empty no-el-iff-iso-empty)
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then show Fulse
by (meson is-empty-def assms(1) comp-type iso-empty-initial no-el-iff-iso-empty
s-type)
next
assume - initial-object Y
then have ) <, Y
by (simp add: assms(2) non-init-non-ter-sets)
then obtain n where n-type: n : QX — YX and n-mono: monomorphism(n)
by (meson exp-preserves-card2 is-smaller-than-def)
then have mn-type: m o, n : oX 5 x
by (meson comp-type m-type)
have mn-mono: monomorphism(m o. n)
using cfunc-type-def composition-of-monic-pair-is-monic m-mono m-type
n-mono n-type by presburger
then have 3g. g: X — QX A epimorphism(g) A g o, (m 0. n) = id (%)
by (simp add: mn-type monos-give-epis nonempty)
then show Fulse
by (metis Cantors-Negative-Theorem epi-is-surj powerset-def)
qed
qed

end
theory ETCS
imports Axziom-Of-Choice Nats Quant-Logic Countable Fixed-Points
begin
end
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