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Abstract

This article presents a development of Category Theory in Isabelle.
A Category is defined using records and locales in Isabelle/HOL. Func-
tors and Natural Transformations are also defined. The main result
that has been formalized is that the Yoneda functor is a full and faith-
ful embedding. We also formalize the completeness of many sorted
monadic equational logic. Extensive use is made of the HOLZF theory
in both cases. For an informal description see [1].
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1 Category

theory Category
imports HOL— Library. FuncSet
begin

record ('0,’m) Category =

Obj :: "o set (cobjvy 70)

Mor :: 'm set («<mor1y 70)

Dom :: 'm = "o (<doma - [80] 70)
Cod :: 'm = "o (<cod1 -» [80] 70)
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Id :: o = 'm (id1 - [80] 75)
Comp :: 'm = 'm = 'm (infixl ¢;» 70)

definition

MapsTo :: ('o,'m,’a) Category-scheme = 'm = ‘o = "o = bool (<- maps1 - to -»
(60, 60, 60] 65) where

MapsTo CCfXY =f e Mor CCNDom CCf=XACodCCf=Y

definition

CompDefined :: (‘0,’m,’a) Category-scheme = 'm = 'm = bool (infixl (=>1)
65) where

CompDefined CC fg=f € Mor CC N g € Mor CC N Cod CC' f = Dom CCg

locale EzxtCategory =
fixes C :: (‘o,’m,’a) Category-scheme (structure)
assumes CdomFEzxt: (Dom C) € extensional (Mor C)
and  CeodExt: (Cod C) € extensional (Mor C)
and  CidExt: (Id C) € extensional (Obj C)
and  CeompExt: (case-prod (Comp C)) € extensional ({(f,9) | fg.f~> g})

locale Category = ExtCategory +
assumes Cdom : f € mor = dom f € obj
and Ccod : f € mor = cod f € obj
and  Cidm [dest]: X € obj = (id X) maps X to X
and Cidl : f € mor = id (dom f) 5 f = f
and Cidr : f € mor = f;; id (cod f) = f
and Cassoc: [f =>g;9~=>h]l = (f9)sh=Ff3 (g3 h)
and Ceompt : [f maps X to Y ; g maps Y to Z] = (f ;; g) maps X to Z

definition
MakeCat :: ('o,'m,’a) Category-scheme = (‘o,'m,’a) Category-scheme where
MakeCat C = |
Obj = Obj C',
Mor = Mor C'
Dom = restrict (Dom C) (Mor C) ,
Cod = restrict (Cod C) (Mor C) ,
Id = restrict (Id C) (0bj C) ,
Comp = X f g . (restrict (case-prod (Comp C)) ({(f.9) | fg . f~=>cg}))
(f.9),
... = Category.more C

J

lemma MakeCatMapsTo: f mapsc X to Y = f mapsp urecar ¢ X to Y
(proof)

lemma MakeCatComp: f =>¢c 9 = f sspakecat c 9 =1 509
(proof)

lemma MakeCatld: X € objo = ido X = idpjakeCat ¢ X



(proof)

lemma MakeCatObj: objyrakecat ¢ = 0bjic
(proof)

lemma MakeCatMor: mor pfukeCat ¢ = MOT ¢
(proof)

lemma MakeCatDom: f € mor o = domo [ = dompsukecat C f
(proof)

lemma MakeCatCod: f € morc = codc f = cod prakeCat C f
(proof)

lemma MakeCatCompDef: f => pjakecat ¢ 9 = =>0 ¢
(proof)

lemma MakeCatComp2: [ ~> pakeCat ¢ 9 = [ iMakeCat ¢ 9 =1 309
(proof)

lemma FEzxtCategoryMakeCat: ExtCategory (MakeCat C)
(proof)

lemma MakeCat: Category-azioms C — Category (MakeCat C)
(proof)

lemma MapsToE[elim]: [f mapsc X to Y ; [f € morg ; domg f =X ; codp [ =
Y] = Rl =R
(proof )

lemma MapsTol[intro|: [f € morg; domeo f=X; codof=Y] = fmapsg X
to Y
{proof )

lemma CompDefinedE[elim]: [f =~>c g ; [f € morg; g € morg; cod f = dom ¢
gl = R] = R
(proof )

lemma CompDefinedl[intro): [f € morg; g € morg; code f = dome g] = f
%>C q
(proof )

lemma (in Category) MapsToCompl: assumes f ~> g shows (f ;; g) maps (dom
1) to (cod g)
{proof )

lemma MapsToCompDef:



assumes f mapso X to Y and g mapsqo Y to Z
shows f ~>- ¢
(proof )

lemma (in Category) MapsToMorDomCod:
assumes f ~> ¢
shows [ ;; g € mor and dom (f ;; g) = dom f and cod (f ;; g) = cod g

(proof)

lemma (in Category) MapsToObj:
assumes f maps X to Y
shows X € obj and Y € obj

(proof)

lemma (in Category) IdIng:
assumes X € objand YV € objand id X =id Y
shows X =Y

(proof)

lemma (in Category) CompDefComp:
assumes f ~> gand g => h
shows f ~> (g ;; h) and (f ;; g) => h
(proof)

lemma (in Category) CatldInMor: X € obj = id X € mor
(proof)

lemma (in Category) MapsTold: assumes X € obj shows id X ~> id X
(proof)

lemmas (in Category) Simps = Cdom Ccod Cidm Cidl Cidr MapsToCompl IdInj
MapsTold

lemma (in Category) LeftRightInvUnigq:
assumes 0: h ~> fand z: f => g
assumes I: f ;; g = id (dom f)
and  2: hy; f =id (cod f)
shows h =g

(proof)

lemma (in Category) CatldDomCod:
assumes X € obj
shows dom (id X) = X and cod (id X) = X
(proof)

lemma (in Category) CatldCompld:
assumes X € obj
shows id X ;;id X =id X
(proof)



lemma (in Category) CatldUniqR:
assumes iota: t maps X to X
and rid: Vf.fr>t— f0=f
shows id X =

(proof)

definition

inverse-rel :: ('o,'m,’a) Category-scheme = 'm = 'm = bool (<cinvn1 - -» 60)
where

inverse-rel Cfg=(f =>c g) N (f 550 9) = (ido (domg f)) A (g 550 f) = (idg
(codc [))

definition
isomorphism :: ('o,’m,’a) Category-scheme = 'm = bool (<cisor -» [70]) where
isomorphism C f =3 ¢ . inverse-rel C f g

lemma (in Category) Inverse-rell: [f => g; f;; g = id (dom f) ; g ;; f = id (cod
NI = (cinv f g)
(proof)

lemma (in Category) Inverse-relE[elim]: [cinv f g ; [f =~> g; [ ;; g = id (dom f)
;95 f=id (cod f)] = P] = P
(proof)

lemma (in Category) Inverse-relSym:
assumes cinv f g
shows cinv g f

{(proof)

lemma (in Category) InverseUnique:
assumes I: cinv f g
and 2: cinv fh
shows g¢g=~h

(proof)

lemma (in Category) Invld: assumes X € obj shows (cinv (id X) (id X))
(proof)

definition
inverse :: ('0,'m,’a) Category-scheme = 'm = 'm (<Cinu - [70]) where
inverse C' f = THE g . inverse-rel C f g

lemma (in Category) inv2Inv:
assumes cinv f g
shows ciso f and Cinv f = ¢

(proof)



lemma (in Category) iso2Inv:
assumes ciso f
shows cinv f (Cinv f)

(proof)

lemma (in Category) Invinv:

assumes ciso f

shows ciso (Cinv f) and (Cinv (Cinv f)) = f
{(proof)

lemma (in Category) InvisMor: (cinv f g) = (f € mor A g € mor)
{proof)

lemma (in Category) IsolsMor: ciso f = f € mor
(proof )

lemma (in Category) InvDomCod:
assumes ciso f
shows dom (Cinv f) = cod f and cod (Cinv f) = dom f and Cinv f € mor

(proof)

lemma (in Category) IsoComplInv: ciso f = [ ~> Cinv f
(proof )

lemma (in Category) InvComplso: ciso f = Cinv f ~=> f
(proof )

lemma (in Category) Isolnvldl : ciso f = (Cinv f) 5; f = (id (cod f))
(proof)

lemma (in Category) IsolnvId2 : ciso f = f ;; (Cinv f) = (id (dom f))
(proof)

lemma (in Category) IsoCompDef:
assumes I: f ~> g and 2: ciso f and 3: ciso g
shows (Cinv g) => (Cinv f)

(proof)

lemma (in Category) IsoCompose:

assumes I: f ~> g and 2: ciso f and 3: ciso g

shows ciso (f ;; g) and Cinv (f ;; g) = (Cinv g) ;; (Cinv f)
(proof)

definition Objlso C A B=3 k. (k mapsg A to B) A cisog k

definition
UnitCategory :: (unit, unit) Category where
UnitCategory = MakeCat (|



Mor ={()},
Dom = (Af.()) ,
Cod = (Af.()) ,
Id = (M),
Comp = (Afg. ()
)
lemma [simp]: Category(UnitCategory)
{(proof)
definition

OppositeCategory :: ('o,'m,’a) Category-scheme = ('o0,'m,’a) Category-scheme
(«Op -» [65] 65) where
OppositeCategory C =

0Obj = 0bj C,
Mor = Mor C
Dom = Cod C
Cod = Dom C
Id =1d C,

Comp = (Afg. 930/),
... = Category.more C

)

lemma OpCatOpCat: Op (Op C) = C
(proof )

lemma OpCatCatAz: Category-azioms C = Category-azioms (Op C)
(proof )

lemma OpCatCatExt: ExtCategory C => EatCategory (Op C)
(proof )

lemma OpCatCat: Category C = Category (Op C)
(proof )

lemma MapsToOp: f mapsg X to ¥ = fmapsop cYtoX
(proof)

lemma MapsToOpOp: f mapso, ¢ X to Y = [mapsc Y to X
(proof)

lemma CompDefOp: f =>c g = ¢ ~>0p cf
(proof)

end



2 Universe

theory Universe
imports HOL—ZF.MainZF
begin

locale Universe =
fixes U :: ZF (structure)
assumes Uempty : Elem Empty U
and Usubset : Elem uw U = subset u U
and Usingle : Elem uw U = Elem (Singleton u) U
and Upow : Elem uw U = FElem (Power u) U
and Uim :[Elem I U ; Elem u (Fun I U) | = Elem (Sum (Range u)) U
and Unat : Elem Nat U

lemma FElemLambdaFun : (\ z .Elem © w = Elem (f z) U) = Elem (Lambda
u f) (Fun u U)

(proof)

lemma RangeRepl: Range (Lambda A f) = Repl A f
{proof )

lemma (in Universe) Utrans: [Elem a U ; Elem b o] = Elem b U
(proof)

lemma Replld: Repl A id = A
(proof)

lemma (in Universe) UniverseSum : Elem u U = Elem (Sum u) U
(proof)

lemma (in Universe) UniverseUnion:
assumes Elem v U and Elem v U
shows Elem (union u v) U

(proof)

lemma UPairSingleton: Upair u v = union (Singleton u) (Singleton v)

(proof)

lemma (in Universe) UniverseUPair: [Elem w U ; Elem v U] = Elem (Upair u
v) U

(proof)

lemma (in Universe) UniversePair: [Elem u U ; Elem v U] = Elem (Opair u
v) U

(proof)

lemma (in Universe) [Elem uw U ; Elem v U] = FElem (Sum (Repl u (%z .



Singleton (Opair z v)))) U
(proof)

lemma SumRepl: Sum (Repl A (Singleton o f)) = Repl A f
(proof)

lemma (in Universe) UniverseProd:
assumes Elem v U and Elem v U
shows FElem (CartProd u v) U

(proof)

lemma (in Universe) UniverseSubset: [subset v v ; Elem v U] = Elem u U
{proof)

definition
Product :: ZF = ZF where
Product U = Sep (Fun U (Sum U)) (%f . (VY w . Elem v U — Elem (app f u)

u))

lemma SepSubset: subset (Sep A p) A
(proof)

lemma SubsetSmall:
assumes subset A’ A and subset A B shows subset A’ B

(proof)

lemma SubsetTrans:
assumes (subset a b) and (subset b c)
shows (subset a ¢)

{(proof)

lemma SubsetSepTrans: subset A B = subset (Sep A p) B
(proof)

lemma ProductSubset: subset (Product u) (Power (CartProd u (Sum u)))
(proof)

lemma (in Universe) UniverseProduct: Elem v U = Elem (Product u) U
(proof)

lemma ZFImageRangeFExplode: x € range explode = f ‘ x € range explode

(proof)

definition subsetFn X Y = Az . (ifz € Y then z else SOME y . y € Y)

lemma subsetFn: [Y #{}; Y C X ]| = (subsetFn X Y) ‘X =Y
(proof)



lemma ZFSubsetRangeEzxplode: [X € range explode ; Y C X] = Y € range
explode

(proof)

lemma ZFUnionRangeFxplode:
assumes A\ z .z € A = [z € range explode and A € range explode
shows (| z € A . fz) € range explode

(proof)

lemma ZFUnionNatInRangeEzplode: (\ (n :: nat) . fn € range explode) = (|J
n . fn) € range explode
(proof)

lemma ZFProdFnInRangeEzplode: [A € range explode ; B € range explode] = f
“(A x B) € range explode

(proof)

lemma ZFUnionInRangeEzxplode: [A € range explode ; B € range explode] — A
U B € range explode

(proof)

lemma SingletonInRangeExplode: {z} € range explode
(proof)

definition ZFTriple :: [ZF,ZF,ZF) = ZF where
ZFTriple a b ¢ = Opair (Opair a b) ¢

definition ZFTFst = Fst o Fst

definition ZFTSnd = Snd o F'st

definition ZFTThd = Snd

lemma ZFTFst: ZFTFst (ZFTriple a b ¢) = a

{proof)

lemma ZFTSnd: ZFTSnd (ZFTriple a b ¢) = b
{proof)

lemma ZFTThd: ZFTThd (ZFTriple a b ¢) = ¢
(proof)

lemma ZFTriple: ZFTriple a b ¢ = ZFTriple o’ b’ ¢/’ = (a = a’' Nb=b"ANc =
c’)
(proof)

lemma ZFSucZero: Nat2nat (SucNat Empty) = 1
(proof)

lemma ZFZero: Nat2nat Empty = 0
{proof )

lemma ZFSucNeq0: Elem x Nat = Nat2nat (SucNat x) # 0
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(proof)

end

3 Monadic Equational Theory

theory MonadicEquationalTheory
imports Category Universe
begin

record ('t,’f) Signature =
BaseTypes :: 't set (< Tyv)
BaseFunctions :: 'f set (<Fnu)
SigDom :: 'f = 't («<sDomu)
SigCod :: 'f = 't (¢sCodv)

locale Signature =
fixes S :: ('t,’f) Signature (structure)
assumes Domt: f € F'n = sDom f € Ty
and Codt: f € Fn = sCod f € Ty

definition funsignature-abbrev («- € Sig - : - — -» ) where
feSigS:A— B=f € (BaseFunctions S) N A € (BaseTypes S) N B €
(BaseTypes S) A
(SigDom S f) = A A (SigCod S f) = B A Signature S

lemma funsignature-abbrevE[elim):
[f € SigS: A— B;|[f € (BaseFunctions S) ; A € (BaseTypes S) ; B € (BaseTypes
S) s

(SigDom S f) = A ; (SigCod S f) = B ; Signature S] = R]
— R

(proof)

datatype ('t,’f) Ezpression = FxprVar («Vzy) | ExprApp 'f ('t,’f) Ezpression («-
Ea )
datatype ('t,’f) Language = Type 't (<= - Typer) | Term 't ('t,’f) Expression 't
(Vr:-F-:9)|

Equation 't ('t,'f) Expression ('t,’f) Expression 't («Vz : -
F=-:2)

inductive

WellDefined :: ('t,’f) Signature = ('t,’f) Language = bool (+Sig - > -») where

WellDefinedTy: A € BaseTypes S —> Sig S >+ A Type

| WellDefinedVar: Sig S >+ A Type = Sig S (Ve : A F Ve : A)

| WellDefinedFn: [Sig S> (Vz: A Fe:B) ;f€SigS:B— C] = SigSv
(Vz: A F(fEQe): C)

| WellDefinedEq: [Sig S> (Vz: A Fel :B); SigS> (Vz: A Fe2: B)] =
Sig S (Ve: AbF el = e2: B)
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lemmas WellDefined.intros [intro]

inductive-cases WellDefinedTyE [elim!]: Sig S >+ A Type
inductive-cases WellDefinedVarE [eliml]: Sig S (Vz : A + Va : A)
inductive-cases WellDefinedFnE [eliml]: Sig S> (Vz : A F (fEQ e) : C)
inductive-cases WellDefinedEqE [eliml]: Sig S > (Vz : A el = e2 : B)

lemma Sigld: Sig S> (Ve : A - Vez:B)=— A=1B
(proof)

lemma SigTyld: Sig Sv> (Ve : A + Vo : A) = A € BaseTypes S
(proof )

lemma (in Signature) SigTy: \ B . Sig S> (Vz: A F e: B) = (A € BaseTypes
S A B € BaseTypes S)
(proof)

datatype (‘0,’m) IType = I0bj "o | IMor 'm | IBool bool

record ('t,’f,’0,'m) Interpretation =
ISignature :: ('t,'f) Signature (<iSv)
ICategory :: ('o,’m) Category (<iCv)
ITypes = 't = o («Ty[-]v)
IFunctions = 'f = 'm (<Fn[-]v)

locale Interpretation =
fixes I :: ('t,’f,’0,'m) Interpretation (structure)
assumes [Cat: Category iC
and 1Sig: Signature S
and [t : A € BaseTypes iS = Ty[A] € Obj iC
and If : (f € SigiS: A — B) = Fu[f] maps;c Ty[A] to Ty[B]

inductive Interp (<L[-J1 — -») where
InterpTy: Sig iSy> F A Type =
L[- A Type]; — (10bj Ty[A] )
| InterpVar: L[+ A Type]; — (I0bj ¢) =
LV : A+ Vz: Al; — (IMor (Id iC c))
| InterpFn: [Sig iSy> Ve : A Fe: B ;
feSigiS;: B— C;
L[Vz: A +e: B]j— (IMor g)] =
L[Vz: A & (fEQe): Clf — (IMor (g i1Category 1 FnIf11)
| InterpEq: [L[Vz : A F el : B]; — (IMor g1) ;
L[Vz: A + e2: B]; — (IMor ¢2)] =
L[Vz : A el = e2: B];— (IBool (91 = g2))

lemmas Interp.intros [intro)

inductive-cases InterpTyE [elim!]: L[- A Type]; — @
inductive-cases InterpVarE [elim!]: L[Vz : A + Vz : A]l; — i
inductive-cases InterpFnE [elim!]: L[Vz : A F (fEQe): Cl;— i
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inductive-cases InterpEqE [elim!]: L[Vz : A Fel =e2: Bl — 1

lemma (in Interpretation) InterpEqEq|intro]:

[L[Vz: A +el : B] - (IMorg); L[V : A + e2: B] — (IMor g)] = L[Vz
:A kel =e2: B] — (IBool True)
(proof)

lemma (in Interpretation) InterpEzprWellDefined:
L[V : Ak e:B] - i= SigiS> Vz: A Fe:B
{(proof)

lemma (in Interpretation) WellDefined: L{¢] — i = Sig iS > ¢
(proof)

lemma (in Interpretation) Bool: L] — (IBooli) = 3 A Bed.qp=(Vx: A
Fe=d:B)
(proof)

lemma (in Interpretation) FunctionalEzpr:
NijAB[L[Vz: At e: Bl = ;L[Vz: At e: Bl = j]l=i=j
(proof)

lemma (in Interpretation) Functional: [L]¢] — il ; L]¢] — i2] = il = i2
(proof)

lemma (in Interpretation) MorphismsPreserved:

ANBi.LlVt:A Fe:B] »i= 3 g.i= (IMor g) A (g maps;c Ty[A] to
Ty[B])

(proof)

lemma (in Interpretation) Ezpr2Mor: L[Vz : A + e : B] — (IMor g) = (g
maps;c Ty[A] to Ty[B])
(proof)

lemma (in Interpretation) WellDefinedExprinterp: \ B . (SigiS> Vz: A F e:
B)y=— (3 i.L[Vz:A Fe:B]— i
(proof)

lemma (in Interpretation) Sig2Mor: assumes (Sig iS > Vr : A + e : B) shows
Jg.L[Ve:A Fe:B] — (IMorg)
(proof)

record ('t,’f) Azioms =
aAzioms :: ('t,’f) Language set
aSignature :: ('t,’f) Signature (<aSv)

locale Axioms =

fixes Az :: ('t,’f) Azioms (structure)
assumes AzT: (aAzioms Azx) C {(Vz : At el =e2:B)| ABele2. Sig
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(aSignature Az) > (Vo : A+ el =e2: B)}
assumes AzSig: Signature (aSignature Ax)

primrec Subst :: ('t,’f) Expression = ('t,’f) Expression = ('t,’f) Expression ((sub
- in -y [81,81] 81) where
(sub ein Vi) = e | subein (f EQ d) = (f FQ (sub e in d))

lemma SubstXinE: (sub Vzine) = e
(proof)

lemma SubstAssoc: sub a in (sub b in ¢) = sub (sub a in b) in c

(proof)

lemma SubstWellDefined: \ C . [Sig S (Ve : A+ e: B); SigSv> (Ve: BFd
: 0]

= SigS> (Ve : Ak (subeind): C)
(proof )

inductive-set (in Azioms) Theory where
Az: A € (aAzioms Az) = A € Theory

| Refl: Sig (aSignature Ax)> (Ve : Ak e: B)=— (Vz: AF e=e: B) € Theory
| Symm: (Vz : At el =e2: B) € Theory=— (Vz: At e2 = el : B) € Theory
| Trans: [(V : AF el = e2: B) € Theory ; (Vo : Al e2 = e8 : B) € Theory]
_—

(Vz: AF el = e3: B) € Theory
| Congr: [(Vz : At el = e2: B) € Theory ; f € Sig (aSignature Az) : B — (]
—

(Vz: AF (fEQel) = (fEQ e2) : C) € Theory
| Subst: [Sig (aSignature Az) > (Vo : Ab el : B); (Vo :BF e2 =e3:C)¢€
Theory] =

(Vo : AF (sub el in e2) = (sub el in e8) : C) € Theory

lemma (in Azioms) Equiv2WellDefined: ¢ € Theory = Sig aS > ¢
(proof )

lemma (in Azioms) Subst”:
NC.[SigaSv>Vz:BkFd:C; (Ve:AlF el =e2: B) € Theory] =
(Ve : AF (subel in d) = (sub e2in d) : C) € Theory

(proof )

locale Model = Interpretation I + Azioms Ax
for I :: ('t,'f,’0,'m) Interpretation (structure)
and Az :: ('t,’f) Azioms +
assumes AzSound: ¢ € (aAzioms Ax) = L[] — (IBool True)
and Seq[simp]: (aSignature Az) = @S

lemma (in Interpretation) Equiv:
assumes L[Vz : A+ el = e2: B] — (IBool True)
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shows 3 g . (L[Vz: Ak el : B] — (IMor g)) A (L[Vz : A+ e2: B] — (IMor
9)
(proof)

lemma (in Interpretation) SubstComp: A h C . [(L[Vz : A+ e: B] — (IMor g))
s (L[Ve : BE d: C] — (IMor h))] =

(L[Vz : At (subeind): C] = (IMor (g ;;;0 1))
(proof)

lemma (in Model) Sound: ¢ € Theory = L[] — (IBool True)
(proof)

record ('t,’f) TermEquivCIT =
TDomain :: 't
TEzprSet :: ('t,'f) Expression set
TCodomain :: 't

locale ZFAzioms = Az : Azioms Az for Ax :: (ZF,ZF) Azioms (structure) +
assumes  fnzf: BaseFunctions (aSignature Az) € range explode

lemma [simp]: ZFAzioms T = Axioms T (proof)

primrec Expr2ZF :: (ZF,ZF) Ezxpression = ZF where
Expr2ZFVz: Expr2ZF Vi = ZFTriple (nat2Nat 0) (nat2Nat 0) Empty
| Bxpr2ZFfe: Expr2ZF (f EQ e) = ZFTriple (SucNat (ZFTFst (Expr2ZF e)))
(nat2Nat 1)
(Opair f (Exzpr2ZF e))

definition ZF2Fzpr :: ZF = (ZF,ZF) Expression where
ZF2FExpr = inv Expr2ZF

definition ZFDepth = Nat2nat o ZFTFst
definition ZFType = Nat2nat o ZFTSnd
definition ZFData = ZFTThd

lemma FErpr2ZF Type0: ZF Type (Expr2ZF e¢) = 0 — e = V&
(proof)

lemma ZFDepthInNat: Elem (ZFTFst (Exzpr2ZF e)) Nat
(proof)

lemma Expr2ZF Typel: ZFType (Expr2ZF ¢) = 1 =

3 fe' . e=(fEQe) A (Suc (ZFDepth (Expr2ZF e'))) = (ZFDepth (Expr2ZF
e))
(proof)

lemma FExpr2ZFDepth0: ZFDepth (Expr2ZF e) = 0 = ZFType (Expr2ZF e) =
0

15



(proof)

lemma Ezpr2ZFDepthSuc: ZFDepth (Expr2ZF e) = Suc n = ZFType (Expr2ZF
e) =1
(proof)

lemma FEzpr2Data: ZFData (Expr2ZF (f EQ e)) = Opair f (Expr2ZF e)
(proof)

lemma Expr2ZFinj: inj Expr2ZF
(proof)

definition TermEquivClGen T A e B={e' . (Vo : A+ e = e: B) € Az-
ioms. Theory T}

definition TermEquivCl’ T A e B = ( TDomain = A, TEzprSet = TermEquiv-
ClGen T A e B, TCodomain = B)

definition m2ZF :: (ZF,ZF) TermEquivCIT = ZF where
m2ZF t = ZFTriple (TDomain t) (implode (Expr2ZF ‘ (TEzprSet t))) (TCodomain

t)

definition ZF2m :: (ZF,ZF) Azioms = ZF = (ZF,ZF) TermEquivCIT where
ZF2m T = inv-into { TermEquivCl’ T A e B| A ¢ B . True} m2ZF

lemma TDomain: TDomain (TermEquivCl’ T A e B) = A {proof)
lemma TCodomain: TCodomain (TermEquivCl’ T A e B) = B {proof)

primrec WellFormedToSet :: (ZF,ZF) Signature = nat = (ZF,ZF) Expression
set where
WESQ: WellFormedToSet S 0 = {Vz}
| WFSS: WellFormedToSet S (Suc n) = (WellFormedToSet S n) U
{fEQe| fe.f € BaseFunctions S N\ e € (WellFormedToSet S n)}

lemma WellFormedToSetInRangeEzplode: ZFAzioms T —> (Expr2ZF ¢ ( WellFormedToSet
aSt n)) € range explode

(proof)

lemma WellDefinedToWellFormedSet: A B . (Sig S (Vz : AF e: B)) = dn.
e € WellFormedToSet S n

(proof)

lemma TermSetInSet: ZFAxioms T —> Expr2ZF ‘ (TermEquivClGen T A e B)
€ range explode

(proof)

lemma m2ZFinj-on: ZFAzioms T = inj-on m2ZF {TermEquivCl’ T A e B | A
e B . True}

(proof)
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lemma ZF2m: ZFAzioms T = ZF2m T (m2ZF (TermEquivCl’ T A e B)) =
(TermEquivCl’ T A e B)

(proof)

definition TermEquivCl (¢[-,-,-]1) where [A,e,B]p = m2ZF (TermEquivCl’ T A
e B)

definition CLDomain T = TDomain o ZF2m T
definition CLCodomain T = TCodomain o ZF2m T

definition CanonicalComp T f g =
THE h .3 ee’. h =[CLDomain T f,sub e in e',CLCodomain T g]p A
f =[CLDomain T f,e,CLCodomain T f]7 A g = [CLDomain T g,e’,CLCodomain

T gl

lemma CLDomain: ZFAzioms T => CLDomain T [A,e,B]p = A (proof)
lemma CLCodomain: ZFAzioms T = CLCodomain T [A,e,B]p = B (proof)

lemma Equiv2Cl: assumes Azioms T and (Vz: At e=d: B) € Azioms. Theory
T shows [4,e,B]p = [4,d,B]p
(proof)

lemma Ci2FEquiv:

assumes azxt: ZFAzioms T and sa: Sig aSp> (Ve : AF e: B) and cl: [A,e,B]p
= [4,d,B]p

shows (Vz : A+ e=d: B) € Azioms.Theory T
(proof )

lemma CanonicalComp WellDefined:

assumes zazst: ZFAzioms T and Sig aSpv> (Ve : A+ d: B) and Sig aSp >
(Ve :BFd': ()

shows CanonicalComp T [A,d,B]p [B,d’,Clp = [A,sub d in d',C]p
(proof)

definition CanonicalCat’ T = ||
Obj = BaseTypes (aS ),
Mor = {[A,e,Blp| AeB . SigaSp> (Vz: Ak e: B)},
Dom = CLDomain T,
Cod = CLCodomain T,
Id = (N A.[AVe,Algp),
Comp = CanonicalComp T

J

definition CanonicalCat T = MakeCat (CanonicalCat’ T')

lemma CanonicalCat’MapsTo:

assumes [ maps cunonicalCat’ T X t0 Y and zz: ZFAzioms T

shows 3 ef . f = [X,ef,Y]p A Sig (aSignature T) > (Vz : X Fef : Y)
(proof)
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lemma CanonicalCatCat’: ZFAzioms T —> Category-azioms (CanonicalCat’ T')

(proof)

lemma CanonicalCatCat: ZFAzioms T = Category (CanonicalCat T)
(proof)

definition Canonicallnterpretation where
Canonicallnterpretation T = (|
ISignature = aSignature T,
ICategory = CanonicalCat T,
ITypes = XA . A,
IFunctions = X f . [SigDom (aSignature T) f, f EQ Vz, SigCod (aSignature T')
flr
)

abbreviation CI T = Canonicallnterpretation T

lemma CIObj: Obj (CanonicalCat T) = BaseTypes (aSignature T')
(proof)

lemma CIMor: ZFAzioms T = [A,e,B]p € Mor (CanonicalCat T)) = Sig (aSignature
T)> (Vz: Al e: B)
(proof)

lemma CIDom: [ZFAzioms T ; [A,e,B]p € Mor(CanonicalCat T)] = Dom
(CanonicalCat T) [A,e,Blp = A
(proof )

lemma CICod: [ZFAzioms T ; [A,e,B] 7 € Mor(CanonicalCat T)] = Cod (CanonicalCat
T) [A,e,Blp =B
(proof)

lemma CIId: [A € BaseTypes (aSignature T)] = Id (CanonicalCat T) A =
[A7V£E7A}T
(proof)

lemma CIComp:

assumes ZFAzioms T and Sig (aSignature T) > (Vz : A+ e : B) and Sig
(aSignature T) > (Vz : BF d : C)

shows [A,e,B| 1 3; CanonicalCat T [B:d,Clr = [A;sub e in d,C]
(proof)

lemma [simp]: ZFAzioms T = Category iC g1 7 (proof)
lemma [simp]: ZFAzioms T = Signature iS gy 7 (proof)

lemma CIInterpretation: ZFAzioms T = Interpretation (CI T)
(proof )
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lemma Clinterp2Mor: ZFAzioms T = (A B . Sig iScr 7> (Vz : A+ e: B)
= L[Vz: Ak e: Blgr 7 — (IMor [A, e, B]p))
(proof)

lemma CIModel: ZFAzioms T —> Model (CI T) T
(proof)

lemma CIComplete: assumes ZFAzioms T and L[y] o7 7 — (IBool True) shows
@ € Azioms.Theory T

{(proof)

lemma Complete:

assumes ZFAzioms T

and A (I = (ZF,ZF,ZF,ZF) Interpretation) . Model I T = (L[¢]; — (IBool
True))

shows ¢ € Azioms.Theory T

(proof)

end

4 Functor

theory Functors
imports Category
begin

record ('ol, 02, 'm1, 'm2, 'a, 'b) Functor =
CatDom :: ('o1,'m1,'a) Category-scheme
CatCod :: ('02,'m2,'b) Category-scheme
MapM :: 'm1 = 'm2

abbreviation

FunctorMorApp :: (‘ol, 02, 'm1, 'm2, 'al, ‘a2, 'a) Functor-scheme = 'm1 =
'm2 (infixr «#+#> 70) where

FunctorMorApp F m = (MapM F) m

definition
MapO :: (o1, 02, 'm1, 'm2, 'al, 'a2, 'a) Functor-scheme = '01 = '02 where
MapO F X = THE Y . Y € 0Obj(CatCod F) N F ## (Id (CatDom F) X) =
Id (CatCod F) Y

abbreviation

FunctorObjApp :: (‘ol, '02, 'm1, 'm2, 'al, ‘a2, 'a) Functor-scheme = ‘o1 =
‘02 (infixr Q@) 70) where

FunctorObjApp F X = (MapO F X)

locale PreFunctor =

fixes F :: (Yol, 02, 'm1, 'm2, 'al, ‘a2, 'a) Functor-scheme (structure)
assumes FunctorComp: f =>cutDom F 9 = F ## (f ;;catDom F 9) = (F ##
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F) 5icatcod F (F ## g)

and Functorld: X € objoytDom F = 3 Y € objoutcod F - F ##
(id catpom F X) = idcacod F Y

and  CatDom[simp]: Category(CatDom F)

and  CatCod[simp]: Category(CatCod F)

locale FunctorM = PreFunctor +
assumes  FunctorCompM: fmapscgtpDom F X to Y = (F ## f) maps 0yt Cod F
(F Q@ X) to (FQQ Y)

locale FunctorExzt =
fixes F :: (Yo1, 02, 'm1, 'm2, 'al, ‘a2, 'a) Functor-scheme (structure)
assumes FunctorMapEzt: (MapM F) € extensional (Mor (CatDom F'))

locale Functor = FunctorM + FunctorExt

definition
MakeFtor :: (o1, 02, 'm1, 'm2, 'a, 'b,'r) Functor-scheme = (‘o1, ‘02, 'ml1,
'm2, 'a, 'b,'r) Functor-scheme where
MakeFtor F = (|
CatDom = CatDom F
CatCod = CatCod F
MapM = restrict (MapM F) (Mor (CatDom F)) ,
... = Functor.more F

J

lemma PreFunctorFunctor|simp|: Functor F = PreFunctor F

(proof)
lemmas functor-simps = PreFunctor.FunctorComp PreFunctor.Functorld

definition
functor-abbrev (<Ftor - : - — - [81]) where
Ftor F : A — B = (Functor F) A (CatDom F = A) N\ (CatCod F = B)

lemma functor-abbrevE[elim]: [Ftor F : A — B ; [(Functor F) ; (CatDom F =
A) ; (CatCod F = B)] = R] = R
(proof)

definition

functor-comp-def («- =>;;; -» [81]) where

functor-comp-def F G = (Functor F) A (Functor G) A (CatDom G = CatCod
F)

lemma functor-comp-def|elim]: [F ~>;;; G ; [Functor F ; Functor G ; CatDom

G = CatCod F] = R] = R
(proof)

lemma (in Functor) FunctorMapsTo:
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assumes f € mor yutDom F
shows F #3 fmaps cqicoq F (F QQ (dom cgipom Ff)) to (F QQ (cod gytpom F

£)
(proof)

lemma (in Functor) FunctorCodDom:

assumes f € mor yutDom F

shows domcui00q F(F ## [) = F QQ (dom gytpom F f) and cod gicoq p(F
## [) = F QQ (cod cytpom 7 )
(proof)

lemma (in Functor) FunctorCompPreserved: f € morcgipom F = F ## [ €

mor CatCod F
(proof)

lemma (in Functor) FunctorCompDef:

assumes f =>cutDom F 9 Shows (F ## f) => cutCod F (F ## 9)
(proof)

lemma FunctorComp: [Ftor F: A — B f =>4 g] = F ## (f 554 9) = (F
## f) g (F ## 9)
(proof)

lemma FunctorCompDef: [Ftor F: A — B ; f =>4 g] = (F ## f) =>p (F

## 9)
(proof)

lemma FunctorMapsTo:
assumes Ftor F': A — B and fmapsy Xto Y
shows (F ## f) mapsp (F QQ X) to (F QQ Y)

{(proof)

lemma (in PreFunctor) FunctorId2:
assumes X € 0bjcutpom F

ShOV;fS F Q@ X € objogtcod F N F ## (idcatpom F X) = idcatcod F (F
Q@@ X

(proof)

lemma Functorld:
assumes Ftor F': C — D and X € Obj C
shows F #+# (Id C X) = Id D (F QQ X)

(proof)

lemma (in Functor) DomFunctor: f € mor cuiDom F = 40mcutcod F (F ##

f)=F @@ (domC’atDom Fl)
(proof )

lemma (in Functor) CodFunctor: f € mor cutpom F = c0dcutCod F (F #F# f)
= F QQ (cod cutpom F f)
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(proof)

lemma (in Functor) FunctorId3Dom:
assumes f € mMor oytDom F

shows F #+# (id cqipom F (domcatpom F f)) = idcatcod F (domcgicod F (F
## 1))
(proof)

lemma (in Functor) Functorld3Cod:
assumes f € Mor oytDom F

shows F ## (idcqipom F (codutDom F I)) = i catCod F (c0dCatcod F (F
## )
(proof)

lemma (in PreFunctor) FmToFo: [X € 0bjoutDom F i Y € 0bjcutcod F 3 F ##
(id catpom F X) = idatcod F Y] = F Q@ X = Y
{proof)

lemma MakeFtorPreFtor:
assumes PreFunctor F shows PreFunctor (MakeFtor F)

(proof)

lemma MakeFtorMor: f € mor cgiDom F = MakeFtor F ## f = F ## f
(proof)

lemma MakeFtorObj:
assumes PreFunctor F and X € obj ouiDom F
shows MakeFtor FF QQ X = F QQ X

(proof)

lemma MakeFtor: assumes FunctorM F shows Functor (MakeFtor F')

(proof)

definition

IdentityFunctor’:: ('o,'m,’a) Category-scheme = ('0,’0,'m,'m,’a,’a) Functor («FId"
-» [70]) where

IdentityFunctor’ C = (CatDom = C , CatCod = C , MapM = (X f . f) )

definition
IdentityFunctor (<FId -» [70]) where
IdentityFunctor C = MakeFtor(IdentityFunctor’ C)

lemma IdFtor'PreFunctor: Category C => PreFunctor (FId' C)
(proof)

lemma IdFtor’Obj:
assumes Category C and X € 0bj ouiDom (FId' C)

shows (FId' C) @@ X = X
{(proof)
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lemma IdFtor'FtorM:
assumes Category C shows FunctorM (FId' C')

(proof)

lemma IdFtorFtor: Category C = Functor (FId C)
(proof)

definition
ConstFunctor’ :: ('o1,'m1,’a) Category-scheme =
("02,'m2,’b) Category-scheme = '02 = ('o1,’02,'m1,'m2,’a,’)
Functor where
ConstFunctor’ A B b =
CatDom = A
CatCod = B,
MapM = (X f . (Id B) b)
)

definition ConstFunctor A B b = MakeFtor(ConstFunctor’ A B b)

lemma ConstFtor’ :
assumes Category A Category B b € (Obj B)
shows  PreFunctor (ConstFunctor’ A B b)
and  FunctorM (ConstFunctor’ A B b)

(proof)

lemma ConstFtor:
assumes Category A Category B b € (Obj B)
shows Functor (ConstFunctor A B b)

(proof)

definition

UnitFunctor :: ('o,'m,’a) Category-scheme = ('o,unit,'m,unit,’a,unit) Functor
where

UnitFunctor C = ConstFunctor C UnitCategory ()

lemma UnitFtor:
assumes Category C
shows Functor(UnitFunctor C)

(proof)

definition
FunctorComp’ :: (Yo1,/02,'m1,'m2,’al,'a2) Functor = ('02,’03,'m2,'m3,'b1,'b2)
Functor
= ('01,’03,'m1,'m8,'a1,’b2) Functor (infixl ¢;»» 71) where
FunctorComp' F G = (|
CatDom = CatDom F
CatCod = CatCod G ,
MapM = X f . (MapM G)((MapM F) f)
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)

definition FunctorComp (infixl <;;;» 71) where FunctorComp F G = MakeFtor
(FunctorComp’ F G)

lemma FtorCompComp':

assumes f ~>cuiDom F 9

and F ~>;;; G

shows G ## (F ## ([ 5icatDom 7 9)) = (G ## (F ## [)) 5icatCod ¢ (G
## (F ## g))
(proof)

lemma FtorCompld:

assumes a: X € (0bj (CatDom F))

and F ~>;;; G

shows G #4# (F ## (idcatpom F X)) = idcatcod (G QQ (F @@ X)) A G
Q@ (F @@ X) € (Obj (CatCod G))
(proof)

lemma FtorCompldDef:
assumes a: X € (Obj (CatDom F)) and b: PreFunctor (F ;;: G)
and F ~>;;; G
shows (F 3 G) @@ X = (G @Q (F @@ X))

(proof)

lemma FunctorCompMapsTo:

assumes f € mor cuiDom (F @) and F =>;;; G

shows (G #4 (F ## f)) maps catcod ¢ (G QQ (F QQ (dom cytpom F f))) to
(G @@ (F QQ (cod cytpom F 1))
(proof)

lemma FunctorCompMapsTo2:

assumes f € mor cu,iDom (F 3 Q)

and F ~>;;; G

and PreFunctor (F ;;: G)

shows ((F ;;: G) ## f) maps cuicod (F 3 G) ((F3: G) @@ (dom cytpom (F 3 G)
) to

((F 53 G) @@ (cod gygpom (F 3 G) )

(proof)

lemma FunctorCompMapsTo3:
assumes f mapsc,tDom (F:: G) XtoY
and F ~>;;; G
and PreFunctor (F ;;: G)
shows F' 550 G #4# [ maps cui00d (F 3 G) Fi;: GQQ X to F;: GQQ Y

(proof)

lemma FtorCompPreFtor:
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assumes F' ~>;;; G
shows PreFunctor (F ;;: G)

(proof)

lemma FtorCompM :
assumes F ~>;;; G
shows FunctorM (F ;;: G)

(proof)

lemma FtorComp:
assumes F' ~>;;; G
shows Functor (F ;;; G)

(proof)

lemma (in Functor) FunctorPreserveslso:
assumes iSOy tDom F F
shows 180 0utCod F (F ## k)
(proof)

declare PreFunctor.CatDom][simp] PreFunctor.CatCod [simp]

lemma FunctorMPFunctor[simp]: Functor F = FunctorM F
(proof)

locale Fquivalence = Functor +
assumes Full: [A € Obj (CatDom F) ; B € Obj (CatDom F) ;
h maps cgicod F (F QQ A) to (F Q@ B)] =
3 f . (f mapscatpom £ A to B) N (F 44 [ = h)
and Faithful: [f mapscuipom F A to B 5 g mapscgipom A to B3 F #4# f =
F## gl = f=g
and IsoDense: C € Obj (CatCod F) = 3 A € 0bj (CatDom F) . Objlso
(CatCod F) (F @@ A) C

end

5 Natural Transformation

theory NatTrans
imports Functors
begin

record ('o1, 02, 'm1, 'm2, 'a, 'b) NatTrans =
NTDom :: ('ol, 02, 'm1, 'm2, 'a, 'b) Functor
NTCod :: (o1, 02, 'm1, 'm2, 'a, 'b) Functor
NatTransMap :: o1 = 'm2

abbreviation

NatTransApp :: (‘ol, 02, 'm1, 'm2, 'a, 'b) NatTrans = ‘o1 = 'm2 (infixr 3%
70) where
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NatTransApp n X = (NatTransMap 1) X

definition NTCatDom n = CatDom (NTDom n)
definition NTCatCod n = CatCod (NTCod n)

locale NatTransExt =
fixes n :: (‘o1, 02, 'm1, 'm2, 'a, 'b) NatTrans (structure)
assumes NTEzt : NatTransMap n € extensional (Obj (NTCatDom 1))

locale NatTransP =

fixes n :: (Yo1, 02, 'm1, 'm2, 'a, 'b) NatTrans (structure)

assumes NatTransFtor: Functor (NTDom n)

and  NatTransFtor2: Functor (NTCod n)

and  NatTransFtorDom: NTCatDom n = CatDom (NTCod n)

and  NatTransFtorCod: NTCatCod n = CatCod (NTDom n)

and  NatTransMapsTo: X € objNTCatDom n =

(n 88 X) mapsNTCatCod n (NTDom n) Q@ X) to (NTCod

n) Q@ X)

and  NatTrans: fmaps NTCwtDom n XtoY =

((NTDom n) ## [) ;NTCatCod n (198 Y) = (0 8% X) 5sNTCatCod 5
((NTCod n) ## f)

locale NatTrans = NatTransP + NatTransExt

lemma [simp]: NatTrans n = NatTransP 7

(proof)

definition MakeNT :: (‘ol, '02, 'm1, 'm2, 'a, 'b) NatTrans = ('o1, '02, 'ml1,
'm2, 'a, 'b) NatTrans where
MakeNT n = (

NTDom = NTDom n ,

NTCod = NTCod n ,

NatTransMap = restrict (NatTransMap n) (Obj (NTCatDom 1))

J

definition
nt-abbrev (<NT - : - = -» [81]) where
NT f: F = G = (NatTrans f) A (NTDom f = F) A (NTCod f = G)

lemma nt-abbrevE[elim]: [NT f : F = G ; [(NatTrans f) ; (NTDom f = F) ;
(NTCod f = G)] = R] = R
(proof)

lemma MakeNT: NatTransP n => NatTrans (MakeNT n)
{proof)

lemma MakeNT-comp: X € Obj (NTCatDom f) = (MakeNT f) $$ X = f $$ X
(proof)
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lemma MakeNT-dom: NTCatDom f = NTCatDom (MakeNT f)
(proof)

lemma MakeNT-cod: NTCatCod f = NTCatCod (MakeNT f)
(proof)

lemma MakeNTApp: X € Obj (NTCatDom (MakeNT f)) = f $$ X = (MakeNT
f) 88 X
(proof)

lemma NatTransMapsTo:
assumes NT 79 : F = G and X € Obj (CatDom F)
shows n $8 X mapsui00q ¢ (F Q@ X) to (G QQ X)

(proof)

definition
NTCompDefined :: (o1, '02, 'm1, 'm2, 'a, 'b) NatTrans
= (‘o1, 02, 'm1, 'm2, 'a, 'b) NatTrans = bool (infix] (x=>-)
65) where
NTCompDefined n1 n2 = NatTrans n1 A NatTrans n2 N NTCatDom n2 =
NTCatDom n1 A
NTCatCod n2 = NTCatCod n1 N NTCod n1 = NTDom n2

lemma NTCompDefinedE[elim]: [nl ~>- n2 ; [NatTrans n1 ; NatTrans n2 ;
NTCatDom n2 = NTCatDom nl ;

NTCatCod n2 = NTCatCod n1 ; NTCod n1 = NTDom n2]
= R] = R

(proof)

lemma NTCompDefinedl: [NatTrans n1 ; NatTrans n2 ; NTCatDom n2 = NT-
CatDom n1 ;

NTCatCod n2 = NTCatCod n1 ; NTCod n1 = NTDom n2]
= nl ~=>-n2
(proof)

lemma NatTransEzt0:
assumes NTDom n1 = NTDom n2 and NTCod n1 = NTCod n2
and AX.X € 0bj (NTCatDom n1) = n1 $$ X =n2 $$ X
and  NatTransMap n1 € extensional (Obj (NTCatDom n1))
and  NatTransMap n2 € extensional (Obj (NTCatDom n?2))
shows ni1 =n2

(proof)

lemma NatTransExt’:
assumes NTDom n1’ = NTDom n2’ and NTCod n1’' = NTCod n2’
and AX.X € 0bj (NTCatDom n1') = nl1’$$ X =n2’$$ X
shows MakeNT n1' = MakeNT n2'

{proof )

27



lemma NatTransEzt:

assumes NatTrans n1 and NatTrans n2 and NTDom n1 = NTDom n2 and
NTCod n1 = NTCod n2

and AX.X € 0bj (NTCatDom n1) =>n1 $$ X =n2 $$ X

shows ni1 =n2
(proof )

definition
IdNatTrans’ :: (o1, '02, 'm1, 'm2, 'al, 'a2) Functor = (o1, '02, 'm1, 'm2,
‘al, 'a2) NatTrans where
IdNatTrans’ F = ||
NTDom = F
NTCod = F |
NatTransMap = X X . id 1004 p (F QQ X)

)

J

definition IdNatTrans F = MakeNT (IdNatTrans’ F)

lemma IdNatTrans-map: X € 0bj cutDom F = (IdNatTrans F) $$ X = id 01004 F
(F @@ X)

(proof)

lemmas IdNatTrans-defs = IdNatTrans-def IdNatTrans’-def MakeNT-def IdNat-
Trans-map NTCatCod-def NTCatDom-def

lemma IdNatTransNatTrans”. Functor F = NatTransP(IdNatTrans' F)
(proof)

lemma IdNatTransNatTrans: Functor F = NatTrans (IdNatTrans F')
(proof)

definition
NatTransComp’ :: (o1, 02, 'm1, 'm2, 'a, 'b) NatTrans =
(o1, '02, 'm1, 'm2, 'a, 'b) NatTrans =
("o1, 02, 'm1, 'm2, 'a, 'b) NatTrans (infixl <-1» 75) where
NatTransComp’' n1 n2 =
NTDom = NTDom n1 ,
NTCod = NTCod n2 ,
NatTransMap = X X . (n1 88 X) 5sNTCatCod n1 (M2 88 X)

)
definition NatTransComp (infixl <-» 75) where n1 - n2 = MakeNT(n1 -1 n2)
lemma NatTransComp-Compl: [z € Obj (NTCatDom f) ; f =>- g] = (f - g)

83 x = (f 33 2) \NTCatCod g (9 88 2)
(proof)

lemma NatTransComp-Comp2: [z € Obj (NTCatDom f) ; f ~>- 9] = (f - g)
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88 2 = (f 88 z) sNTCatCod £ (9 59 2)
(proof)

lemmas NatTransComp-defs = NatTransComp-def NatTransComp’-def MakeNT-def
NatTransComp-Compl NTCatCod-def NTCatDom-def

lemma [simp]: n1
lemma [simp]: n1

> n2 = NatTrans n1 {proof)
> n2 = NatTrans n2 (proof)

Q&

lemma NTCatDom: nl ~>- n2 = NTCatDom nl1 = NTCatDom n2
(proof )
lemma NTCatCod: nl =>-n2 = NTCatCod n1 = NTCatCod n2 {proof)
lemma [simp]: n1 ~>-n2 = NTCatDom (n1 -1 n2) = NTCatDom n1 (proof)
lemma [simp]: n1 ~>- n2 = NTCatCod (n1 1 n2) = NTCatCod n1 (proof)
lemma [simp]: n1 ~>- n2 = NTCatDom (n1 - n2) = NTCatDom nl (proof)
lemma [simp]: n1 ~>- n2 = NTCatCod (n1 - n2) = NTCatCod n1 {proof)
lemma [simp]: NatTrans n = Category(NTCatDom n) {(proof)

|:

lemma [simp]: NatTrans n = Category(NTCatCod n) (proof)
lemma DDDC': assumes NatTrans f shows CatDom (NTDom f) = CatDom
(NTCod f)

(proof)
lemma CCCD: assumes NatTrans f shows CatCod (NTCod f) = CatCod (NTDom

)
(proof)

lemma IdNatTransCompDefDom: NatTrans f = (IdNatTrans (NTDom f)) ~z>-
f
{proof)

lemma IdNatTransCompDefCod: NatTrans f = [ ~>- (IdNatTrans (NTCod f))
(proof)

lemma NatTransCompDefCod:
assumes NatTrans n and f maps NTCatDom n X to Y
shows (n $8 X) ~>NTcutCod n (NTCod n ## f)
(proof )

lemma NatTransCompDefDom:
assumes NatTrans n and fmapsN7CatDom n X to Y
shows (NTDom n ## f) ~>NTCatCod 5 (1 88 Y)
(proof)

lemma NatTransCompCompDef:
assumes 71 ~>- 12 and X € objNTCatDom 11
shows (n1 $8 X) ~>nNT1catcod n1 (N2 38 X)
(proof)

lemma NatTransCompNatTrans':
assumes 1l ~>-nl
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shows NatTransP (n1 1 n2)
(proof )

lemma NatTransCompNatTrans: n1 ~=>- n2 = NatTrans (n1 - n2)
(proof)

definition
CatExp' :: ('ol,'m1,’a) Category-scheme = ('02,'m2,’b) Category-scheme =
(("o1, 02, 'm1, 'm2, 'a, 'b) Functor,
(o1, '02, 'm1, 'm2, 'a, 'b) NatTrans) Category where
CatExp’ A B =
Category.Obj = {F . Ftor F : A — B},
Category.Mor = {n . NatTrans n A NTCatDom n = A AN NTCatCod n = B}

Category.Dom = NTDom ,
Category.Cod = NTCod ,
Category.ld = IdNatTrans ,
Category.Comp = Af g. (f - g)

J

definition CatEzp A B = MakeCat(CatEzp’ A B)

lemma IdNatTransMapL:
assumes NT: NatTrans f
shows IdNatTrans (NTDom f) - f = f

(proof)

lemma IdNatTransMapR:
assumes NT: NatTrans f
shows f - IdNatTrans (NTCod f) = f

{(proof)

lemma NatTransCompDefined:

assumes f ~>- g and g =>- h

shows (f - g) =>- hand f =>- (¢ - h)
(proof)

lemma NatTransCompAssoc:
assumes f ~>- g and g =>- h
shows (f - g) - h=f-(g-h)
(proof)

lemma CatExpCatAx:
assumes Category A and Category B
shows Category-azioms (CatExzp’ A B)

(proof)

lemma CatExpCat: [Category A ; Category B] = Category (CatEzp A B)
(proof)

30



lemmas CatEzp-defs = CatExp-def CatExp’-def MakeCat-def

lemma CatEzpDom: f € Mor (CatEzp A B) = domcaipyy A B f = NTDom f
(proof)

lemma CatExpCod: f € Mor (CatExp A B) = cod cqipsp A B f = NTCod f
(proof)

lemma CatEzpld: X € Obj (CatExp A B) = Id (CatExp A B) X = IdNatTrans
X

(proof)

lemma CatExpNatTransCompDef: assumes f ~>cyipp, A4 g g shows f ~>- g
(proof)

lemma CatExpDist:
assumes X € Obj A and f ~> gt A B 9

shows (f 5;catEp 4 B 9) 38 X = (f 88 X) ;5 (9 8% X)
(proof )

lemma CatExpMorNT: f € Mor (CatExp A B) = NatTrans f
(proof)

end

6 The Category of Sets

theory SetCat
imports Functors Universe
begin

notation Elem (infixl <|€]> 70)
notation HOLZF .subset (infixl «|C|> 71)
notation CartProd (infixl «|x|» 75)

definition
ZFfun :: ZF = ZF = (ZF = ZF) = ZF where
ZFfun d r f = Opair (Opair d v) (Lambda d f)

definition
ZFfunDom :: ZF = ZF (<|dom|-» [72] 72) where
ZFfunDom f = Fst (Fst f)

definition

ZFfunCod :: ZF = ZF (|cod|-» [72] 72) where
ZFfunCod f = Snd (Fst f)
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definition
ZFfunApp : ZF = ZF = ZF (infix] ¢|@Q|) 73) where
ZFfunApp fx = app (Snd f) z

definition
ZFfunComp :: ZF = ZF = ZF (infixl <|o|> 72) where
ZFfunComp f g = ZFfun ( |dom] f) ( |cod] g) (As. g 18] (£ 0] 2))

definition
isZFfun :: ZF = bool where
isZFfun drf = let f = Snd drf in
isOpair drf A isOpair (Fst drf) A isFun f A (f || (Domain f) |X|
(Range f))
A (Domain f = |dom| drf) A (Range f |C| |cod| drf)

lemma isZFfunE|elim]: [isZFfun f ;
[isOpair f ; isOpair (Fst f) ; isFun (Snd f) ;
((Snd f) |C| (Domain (Snd f)) |x| (Range (Snd f))) ;
(Domain (Snd f) = |dom| f) A (Range (Snd f) |C| |cod| f)] = R] = R
(proof )

definition
SET' :: (ZF, ZF) Category where
SET' =

Category.Obj = {z . True} ,
Category.Mor = {f . isZFfun f} ,
Category.Dom = ZFfunDom ,
Category.Cod = ZFfunCod ,
Category.Id = Az. ZFfun z z (A\z . z) ,
Category.Comp = ZFfunComp

J

definition SET = MakeCat SET’

lemma ZFfunDom: |dom| (ZFfun A B f) = A
(proof)

lemma ZFfunCod: |cod| (ZFfun A B f) = B
(proof)

lemma SETfun:
assumesV z .z |€| A — (fz) |€| B
shows isZFfun (ZFfun A B f)

(proof)

lemma ZFCartProd:

assumes z |€| A |x| B

shows Fstz |€| A A Snd z |€] B A isOpair
(proof)
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lemma ZFfunDomainOpair:
assumes isFun f
and  z |€| Domain f
shows  Opair x (app fz) |€| f
(proof)

lemma ZFFunToLambda:
assumes 1: isFun f
and  2: f |C| (Domain f) |x| (Range f)
shows f = Lambda (Domain f) (Az. app [ x)
(proof)

lemma ZFfunApp:

assumes z |€| A

shows (ZFfun A Bf) |Q|z = fz
(proof)

lemma ZFfun:

assumes isZFfun f

shows f = ZFfun ( |dom| f) ('|cod| f) (Az. f Q] z)
(proof)

lemma ZFfun-ext:
assumesV z .z |€| A — fz=gux
shows (ZFfun A B f) = (ZFfun A B g)

(proof)

lemma ZFfunEuxt:

assumes |dom| f = |dom| g and |cod| f = |cod| g and funf: isZFfun f and fung:
isZFfun g

and Az .z |€] (|dom| f) = f|Q|z =g Q| z

shows f = ¢
(proo)

lemma ZFfunDomAppCod:
assumes isZFfun f
and  z |€]| |[dom|f
shows f |Q| z |€] |cod|f
(proof)

lemma ZFfunComp:

assumesV z .z |[€| A — fx |€] B

shows (ZFfun A B f) |o| (ZFfun B C g) = ZFfun A C (g o f)
(proof )

lemma ZFfunCompApp:

assumes a:isZFfun f and b:isZFfun g and c:|dom|g = |cod|f
shows f [o| g = ZFfun ( |dom| f) ([cod| g) (A 2 . ¢ [Q] (f |Q] 2))
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(proof)

lemma ZFfunCompAppZFfun:
assumes isZFfun f and isZFfun g and |dom|g = |cod|f
shows isZFfun (f |o| g)

(proof)

lemma ZFfunCompAssoc:
assumes a: isZFfun f and b:isZFfun h and c:|cod|g = |dom|h
and d:isZFfun g and e:|cod|f = |domlg
shows f [o| g [o| h = [ |o] (g |o] h)

(proof )

lemma ZFfunCompAppDomCod:
assumes isZFfun f and isZFfun g and |dom|g = |cod|f
shows |dom| (f |o| g) = |dom| f A |cod]| (f |o] g) = |cod| g

(proof)

lemma ZFfunldLeft:
assumes a: isZFfun f shows (ZFfun ( |dom|f) ( |dom|f) (Az. x)) |o| f = f

(proof)

lemma ZFfunldRight:
assumes a: isZFfun f shows f |o| (ZEfun ( |cod|f) ( |cod|f) (Az. z)) = f

(proof)

lemma SETCategory: Category(SET)
(proof)

lemma SETobj: X € Obj (SET)
(proof)

lemma SETcod: isZFfun (ZFfun A B f) = codgpm ZFfun A Bf = B
(proof)

lemma SETmor: (isZFfun f) = (f € morggr)
(proof )

lemma SETdom: isZFfun (ZFfun A B f) = domggm ZFfun ABf = A
(proof)

lemma SETId: assumes z |€| X shows (Id SET X) |Q| z = =
(proof)

lemma SETCompE|elim]: [f ~>gpr g ; [isZFfun f ; isZFfun g ; |cod| f = |dom)|
g] = R] = R
{proof )

lemma SETmapsTo: f mapsgpr X to Y = isZFfun f A |dom| f = X A |cod| f
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=Y
(proof)

lemma SETComp: assumes f ~>gpr g shows f ;97 9= [ |o| g
(proof)

lemma SETCompAt:

assumes f ~>gp7 g and z |€| |dom| f shows (f ;957 9) |1Q| z = ¢ |Q| (f |Q|
z)
{(proof)

lemma SETZFfun:
assumes f mapsgpr X to Y shows f = ZFfun X Y (Az . f |Q| z)

(proof)

lemma SETfunDomAppCod:
assumes [ mapsgpr X to Y and z |€| X
shows f |@| z |€] ¥

(proof)

record ('0,’m) LSCategory = ('0,’m) Category +
mor2ZF :: 'm = ZF («<m2z1- [70] 70)

definition
ZF2mor (<z2m1-» [70] 70) where
ZF2mor Cf = THEm . m € morg A m2zgm = f

definition
HOMCollection C XY = {m2z¢c f | f. fmapsg X to Y}

definition
HomSet («Hom1 - -» [65, 65] 65) where
HomSet C X Y = implode (HOMCollection C X Y)

locale LSCategory = Category +

assumes mor2ZFIng: [z € mor ; y € mor ; m2zx = mlzy] =z =y

and HOMSetlsSet: [X € obj ; Y € obj] = HOMCollection C X Y € range
explode

and m2zExt: mor2ZF C € extensional (Mor C)

lemma [elim]: [LSCategory C ;
Category C ; [x € morg; y € morg; m2zox = m2z0 Yy = = = y;
C C C C
X eobjo; Y € objo] = HOMCollection C X Y € range explode] — R] —
C C
R

(proof)

definition
HomFtorMap :: ('o,'m,’a) LSCategory-scheme = ‘o = 'm = ZF (<Homi[-,-]»
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[65,65) 65) where
HomFtorMap C X g = ZFfun (Homg X (dom¢ g)) (Homg X (cod¢ g)) (A f -
m2zc ((22mo f) 550 9))

definition
HomFtor' :: ('o,'m,’a) LSCategory-scheme = "o =
("0,ZF,'m,ZF (mor2ZF :: 'm = ZF, ... :: 'a)),unit) Functor (<HomP1[-,—]»

[65] 65) where
HomFtor’ C X =

CatDom = C,
CatCod = SET
MapM = X g. Homg[X,g]
)
definition HomFtor (<Homi[-,—|> [65] 65) where HomFtor C' X = MakeFtor

(HomFtor' C X)

lemma [simp|: LSCategory C = Category C
(proof )

lemma (in LSCategory) m2zz2m:
assumes f maps X to Y shows (m2z f) |€| (Hom X Y)

(proof)

lemma (in LSCategory) m2zz2mlInv:
assumes f € mor
shows 22m (m2z f) = f

(proof)

lemma (in LSCategory) z2mm2z:
assumes X € obj and Y € obj and f |€| (Hom X Y)
shows 22m fmaps X to Y A m2z (22m f) = f

(proof)

lemma HomFtorMapLemmal:

assumes a: LSCategory C and b: X € objo and ¢: f € morg and d: z |€|
(Homg X (dom¢ f))

shows (m2z¢ ((22m¢ z) 50 f)) |€] (Homg X (cod ¢ f))
(proof)

lemma HomFtorInMor':
assumes LSCategory C and X € obj and f € mor o
shows Hom [ X,f] € morgpp

(proof)

lemma HomFtorMor’:
assumes LSCategory C and X € obj and f € mor o
shows Hom[X,f] mapsgpp: Homo X (dome f) to Homg X (cod ¢ f)

(proof)
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lemma HomFtorMapsTo:

[LSCategory C ; X € objc; [ € morg] = Homg[X.f] mapsggpr Homo X
(dom¢ f) to Homg X (cod ¢ f)
{proof)

lemma HomFtorMor:

assumes LSCategory C and X € objo and f € morg

shows Hom [ X,f] € Mor SET and domggp (Hom[X,f]) = Homg X (dom¢
f)

and codgpm (Hom[X,f]) = Homg X (cod f)
(proof)

lemma HomFtorCompDef’:
assumes LSCategory C and X € objoand f ~>¢ g
shows (Homc[X,f]) ~>gpp: (Homo[X,g])

(proof)

lemma HomFtorDist":
assumes a: LSCategory C and b: X € objoand c: f => g
shows (Hom[X.f]) ;;gpp: (Homg[X,g]) = Hom[X,f 3¢ 9]
(proof)

lemma HomFtorDist:

assumes LSCategory C and X € objoand f ~>¢ g

shows  (Homc[X.f]) 5;9p7 (Homc[X,g]) = Homo[X.f 55¢ 9]
{proof)

lemma HomFtorld"
assumes a: LSCategory C and b: X € objgand c¢: Y € objo
shows Hom[X,idg Y] = idgpp (Homg X Y)

(proof )

lemma HomFtorld:
assumes LSCategory C and X € objoand Y € objo
shows Homg(X,idg Y] = idggr (Homg X Y)
(proof)

lemma HomFtorObj':
assumes a: LSCategory C
and  b: PreFunctor (HomP ;[ X,—]) and ¢: X € objoand d: Y € objo
shows (HomP[X,—]) @QQ Y = Homgp X Y

(proof)

lemma HomFtorFtor':
assumes a: LSCategory C
and b: X € objo
shows FunctorM (HomP ;[X,—])

(proof)
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lemma HomFtorFtor:
assumes a: LSCategory C
and b: X € objo
shows Functor (Hom[X,—])

(proof)

lemma HomFtorObj:
assumes LSCategory C
and X € objoand Y € objo
shows (Homg[X,—]) Q@ Y = Homp XY

(proof)

definition

HomFtorMapContra :: ('o,'m,’a) LSCategory-scheme = 'm = ‘o = ZF («HomC\[-,-]»
[65,65] 65) where

HomFtorMapContra C g X = ZFfun (Hom¢ (cod g) X) (Homg (dome g) X)
(A f.m2z¢ (g9 3550 (22me 1))

definition
HomFtorContra’ :: ('o,'m,’a) LSCategory-scheme = "o =
("0,ZF,'m,ZF (mor2ZF :: 'm = ZF, ... :: 'a)),unit) Functor (<HomP1[—,-]>

[65] 65) where
HomFtorContra’ C X = |
CatDom = (Op C),
CatCod = SET ,
MapM = X g . HomC ¢[g,X]
)

definition HomFtorContra (<Homi[—,-]» [65] 65) where HomFtorContra C X =
MakeFtor(HomFtorContra’ C X)

lemma HomContraAt: z |€| (Homg (cod f) X) = (HomC o[f,X]) |Q| z =
m2z¢c (f 10 (#2mo )
{proof)

lemma mor2ZF-Op: mor2ZF (Op C) = mor2ZF C
(proof)

lemma mor-Op: mor g, ¢ = mor ¢ (proof)
lemma 0bj-Op: objp, ¢ = objc (proof)

lemma ZF2mor-Op: ZF2mor (Op C) f = ZF2mor C f
{proof)

lemma mapsTo-Op: fmapsop cYtoX =fmapsg XtoY
(proof)

lemma HOMCollection-Op: HOMCollection (Op C) X Y = HOMCollection C'Y
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X
(proof)

lemma Hom-Op: Homg, ¢ X Y = Homg Y X
(proof)

lemma HomF'torContra’s HomP ¢[—,X] = HomP g, ¢[X,—]
(proof)

lemma HomF'torContra: Homg|—,X] = Hom g, c[X,~]
(proof)

lemma HomFtorContraDom: CatDom (Hom[—,X]) = Op C
(proof)

lemma HomFtorContraCod: CatCod (Homo|—,X]) = SET
(proof)

lemma LSCategory-Op: assumes LSCategory C shows LSCategory (Op C)
(proof)

lemma HomFtorContraFtor:

assumes LSCategory C

and X € objo

shows Ftor (Homo[—,X]) : (Op C) — SET
(proof)

lemma HomFtorOpObj:

assumes LSCategory C

and X € objgand Y € obj

shows (Homg|—,X]) @@ Y = Homgo YV X
(proof)

lemma HomCHomOp: HomC ¢[g,X] = Hom,, c[X.g]
(proof)

lemma HomFtorContraMapsTo:

assumes LSCategory C and X € objo and f € morg

shows HomC ¢[f,X| mapsggp Home (cod f) X to Homg (dome f) X
(proof)

lemma HomFtorContraMor:

assumes LSCategory C and X € objo and f € morg

shows HomC ¢[f,X] € Mor SET and domggr (HomC ¢|f,X]) = Hom ¢ (cod ¢
f) X

and codgp (HomC o[f,X]) = Hom¢g (domg f) X
(proof)
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lemma HomContraMor:
assumes LSCategory C and f € Mor C
shows (Hom [—,X|) ## f = HomC ¢|f,X]
(proof )

lemma HomCHom:
assumes LSCategory C and f € Mor C and g € Mor C

shows (HomC ¢lg,dom ¢ f]) ;;5pT (Homgldom ¢ g.f]) = (Homlcod ¢ g.f]) 5isET
(HomC ¢lg,cod ¢ f])
(proof)

end

7 Yoneda

theory Yoneda
imports NatTrans SetCat
begin

definition YFtorNT' C f = (NTDom = Homg|—,dom ¢ f| , NTCod = Hom ¢[—,cod ¢

1l
NatTransMap = X\ B . Hom ¢[B,f])

definition YFtorNT C f = MakeNT (YFtorNT' C f)
lemmas YFtorNT-defs = YFtorNT'-def YFtorNT-def MakeNT-def

lemma YFtorNTCatDom: NTCatDom (YFtorNT C f) = Op C
(proof)

lemma YFtorNTCatCod: NTCatCod (YFtorNT C f) = SET
(proof)

lemma YFtorNTAppl: assumes X € Obj (NTCatDom (YFtorNT C f)) shows
(YFtorNT C f) $8 X = Hom[X.f]

(proof)
definition
YFtor' C = |
CatDom = C

CatCod = CatEzp (Op C) SET
MapM = X f . YFtorNT C f

J

definition YFtor C = MakeFtor(YFtor' C)
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lemmas YFtor-defs = YFtor'-def YFtor-def MakeFtor-def

lemma YFtorNTNatTrans"
assumes LSCategory C and f € Mor C
shows NatTransP (YFtorNT' C f)

(proof)

lemma YFtorNTNatTrans:
assumes LSCategory C and f € Mor C
shows NatTrans (YFtorNT C f)

(proof)

lemma YFtorNTMor:
assumes LSCategory C and f € Mor C
shows YFtorNT C f € Mor (CatEzp (Op C) SET)

(proof)

lemma YFtorNtMapsTo:
assumes LSCategory C and f € Mor C
shows YFtorNT C fmaps oty (Op ©) SET (Hom g[—,dom ¢ f]) to (Hom c|—,cod

)
(proof)

lemma YFtorNTCompDef:
assumes LSCategory C and f ~> g
shows YFtorNT C f ~> CatBap (Op C) SET YFtorNT C g

(proof)

lemma PreSheafCat: LSCategory C = Category (CatExp (Op C) SET)
(proof)

lemma YFtor'Objl:

assumes X € Obj (CatDom (YFtor’' C)) and LSCategory C

shows (YFtor’ C) #+# (Id (CatDom (YFtor' C)) X) = Id (CatCod (YF'tor’
¢)) (Hom¢ [=,X])
(proof )

lemma YFtorPreFtor:
assumes LSCategory C
shows PreFunctor (YFtor' C)

(proof)

lemma YFtor'Obj:
assumes X € Obj (CatDom (YFtor' C))
and LSCategory C
shows (YFtor’' C') @@ X = Hom¢ [—,X]
(proof)

lemma YFtorFtor”
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assumes LSCategory C
shows FunctorM (YFtor' C)

(proof)

lemma YFtorFtor: assumes LSCategory C shows Ftor (YFtor C) : C —
(CatEzp (Op C) SET)
(proof)

lemma YFtorObj:
assumes LSCategory C and X € Obj C
shows (YFtor ') @@ X = Homg [—,X]

(proof)

lemma YFtorObj2:
assumes LSCategory C and X € Obj C and Y € Obj C
shows ((YFtor C) @Q Y) Q@ X = Hompo X Y

(proof)

lemma YFtorMor: [LSCategory C ; f € Mor C] = (YFtor C) ## f = YFtorNT
cf
(proof)

definition YMap C X n = (n $$ X) |Q| (m2z¢ (ido X))
definition YMapInv' C X F z =
NTDom = ((YFtor C) QQ X),
NTCod = F,
NatTransMap = A B . ZFfun (Homg B X) (F QQ B) (A f . (F ## (22m¢

h) laf z)
definition YMapinv C X F x = MakeNT (YMapInv' C X F x)

lemma YMapInvApp:

assumes X € Obj C and B € 0Obj C and LSCategory C

shows (YMapInv C X F z) $8 B = ZFfun (Homg B X) (F Q@ B) (A f . (F
## (22mc [)) |Q| z)
(proof)

lemma YMapImage:
assumes LSCategory C and Ftor F : (Op C) — SET and X € 0Obj C
and NT n: (YFtor C QQ X) = F
shows (YMap C X n) |€| (F @Q X)

(proof)

lemma YMapInvNatTransP:

assumes LSCategory C and Ftor F : (Op C) — SET and zobj: X € Obj C
and zinF: z |€| (F QQ X)

shows NatTransP (YMapInv' C X F z)
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(proof)

lemma YMapInvNatTrans:

assumes LSCategory C and Ftor F : (Op C) — SET and X € Obj C and z
€| (F @@ X)

shows NatTrans (YMapInv C X F x)
(proof)

lemma YMapInvimage:
assumes LSCategory C and Ftor F : (Op C) — SET and X € 0bj C
and z |€| (F Q@ X)
shows NT (YMapInv C X F z) : (YFtor C QQ X) = F

(proof)

lemma YMapi:

assumes LSCat: LSCategory C and Fftor: Ftor F : (Op C) — SET and XObj:
X e obhC

and NT: NT n: (YFtor C QQ X) = F

shows YMapInv C X F (YMap C X n) =n

(proof)

lemma YMap2:
assumes LSCategory C and Ftor F : (Op C) — SET and X € Obj C
and z |€| (F @@ X)
shows YMap C X (YMapInv C X Fz) =z

(proof)

lemma YFtorNT-YMaplInv:
assumes LSCategory C and fmapsc X to YV
shows YFtorNT C f = YMapInv C X (Homo[—,Y]) (m2z¢ f)

{(proof)

lemma YMap Yoneda:
assumes LSCategory C and fmapsc X to Y
shows YFtor C ## f = YMaplnv C X (YFtor C QQ Y) (m2z f)

(proof)

lemma YonedaFull:
assumes LSCategory C and X € Obj C and Y € Obj C
and NT n : (YFtor C QQ X) = (YFtor C @QQ Y)
shows YFtor C ## (22mg (YMap C X n)) =1
and 22m¢ (YMap C X ) mapsg X to YV

(proof)

lemma YonedaFaithful:
assumes LSCategory C and fmapsc X to Y and g mapsc X to Y
and YFtor C ## f = YFtor C ## g
shows f = ¢

(proof)
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lemma YonedaEmbedding:
assumes LSCategory C and A € Obj C and B € Obj C and (YFtor C) @a A
= (YFtor C) @QQ B

shows A = B
(proof )
end
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