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Abstract

This article presents a development of Category Theory in Isabelle.
A Category is defined using records and locales in Isabelle/HOL. Func-
tors and Natural Transformations are also defined. The main result
that has been formalized is that the Yoneda functor is a full and faith-
ful embedding. We also formalize the completeness of many sorted
monadic equational logic. Extensive use is made of the HOLZF theory
in both cases. For an informal description see [1].
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1 Category

theory Category
imports HOL— Library. FuncSet
begin

record ('0,’m) Category =

Obj :: "o set (cobjvy 70)

Mor :: 'm set («<mor1y 70)

Dom :: 'm = "o (<doma - [80] 70)
Cod :: 'm = "o (<cod1 -» [80] 70)
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Id :: o = 'm (id1 - [80] 75)
Comp :: 'm = 'm = 'm (infixl ¢;» 70)

definition

MapsTo :: ('o,'m,’a) Category-scheme = 'm = ‘o = "o = bool (<- maps1 - to -»
(60, 60, 60] 65) where

MapsTo CCfXY =f e Mor CCNDom CCf=XACodCCf=Y

definition

CompDefined :: (‘0,’m,’a) Category-scheme = 'm = 'm = bool (infixl (=>1)
65) where

CompDefined CC fg=f € Mor CC N g € Mor CC N Cod CC' f = Dom CCg

locale EzxtCategory =
fixes C :: (‘o,’m,’a) Category-scheme (structure)
assumes CdomFEzxt: (Dom C) € extensional (Mor C)
and  CeodExt: (Cod C) € extensional (Mor C)
and  CidExt: (Id C) € extensional (Obj C)
and  CeompExt: (case-prod (Comp C)) € extensional ({(f,9) | fg.f~> g})

locale Category = ExtCategory +
assumes Cdom : f € mor = dom f € obj
and Ccod : f € mor = cod f € obj
and  Cidm [dest]: X € obj = (id X) maps X to X
and Cidl : f € mor = id (dom f) 5 f = f
and Cidr : f € mor = f;; id (cod f) = f
and Cassoc: [f =>g;9~=>h]l = (f9)sh=Ff3 (g3 h)
and Ceompt : [f maps X to Y ; g maps Y to Z] = (f ;; g) maps X to Z

definition
MakeCat :: ('o,'m,’a) Category-scheme = (‘o,'m,’a) Category-scheme where
MakeCat C = |
Obj = Obj C',
Mor = Mor C'
Dom = restrict (Dom C) (Mor C) ,
Cod = restrict (Cod C) (Mor C) ,
Id = restrict (Id C) (0bj C) ,
Comp = X f g . (restrict (case-prod (Comp C)) ({(f.9) | fg . f~=>cg}))
(f.9),
... = Category.more C

J

lemma MakeCatMapsTo: f mapsc X to Y = f mapsp urecar ¢ X to Y
by (auto simp add: MapsTo-def MakeCat-def)

lemma MakeCatComp: f =>¢c 9 = f sspakecat c 9 =1 509
by (auto simp add: MapsTo-def MakeCat-def)

lemma MakeCatld: X € objo = ido X = idpjakeCat ¢ X



by (auto simp add: MapsTo-def MakeCat-def)

lemma MakeCatObj: objyrakecat ¢ = 0bjic
by (simp add: MakeCat-def)

lemma MakeCatMor: mor pfukeCat ¢ = MOT ¢
by (simp add: MakeCat-def)

lemma MakeCatDom: f € mor o = domo [ = dompsukecat C f
by (simp add: MakeCat-def)

lemma MakeCatCod: f € morc = codc f = cod prakeCat C f
by (simp add: MakeCat-def)

lemma MakeCatCompDef: f => pjakecat ¢ 9 = =>0 ¢
by (auto simp add: CompDefined-def MakeCat-def)

lemma MakeCatComp2: [ ~> pakeCat ¢ 9 = [ iMakeCat ¢ 9 =1 309
by (simp add: MakeCatCompDef MakeCatComp)

lemma FEzxtCategoryMakeCat: ExtCategory (MakeCat C)
by (unfold-locales, simp-all add: MakeCat-def extensional-def CompDefined-def)

lemma MakeCat: Category-azioms C — Category (MakeCat C)
apply (intro-locales, simp add: ExtCategoryMakeCat)

apply (simp add: Category-azxioms-def)

apply (auto simp add: MakeCat-def CompDefined-def MapsTo-def)
done

lemma MapsToE[elim]: [f mapsc X to Y ; [f € morg; domg f=X; codey f =
Y] = R]= R
by (auto simp add: MapsTo-def)

lemma MapsTol[intro]: [f € morg; domp f =X ; code f=Y] = fmapsg X
to Y
by (auto simp add: MapsTo-def)

lemma CompDefinedE[elim]: [f ~>¢ g ; [f € morg; g € morg; cod f = dom ¢
gl = R] = R
by (auto simp add: CompDefined-def)

lemma CompDefinedI[intro|: [f € morg ; g € morg ; code f = dome g] = f
by (auto simp add: CompDefined-def)

lemma (in Category) MapsToCompl: assumes f ~> g shows (f ;; g) maps (dom
1) to (cod g)



proof—

have f maps (dom f) to (dom g)

and ¢ maps (dom g) to (cod g) using assms by auto

thus ?thesis by (simp add: Ccompt|of f dom f dom ¢ g cod g])
qed

lemma MapsToCompDef:
assumes f mapsc X to Y and g mapsg Y to Z
shows f ~> g

proof (rule CompDefinedI)
show f € mor and g € mor o using assms by auto
have cod f = Y and dom g = Y using assms by auto
thus cod f = dom ¢ g by simp

qed

lemma (in Category) MapsToMorDomCod:

assumes f ~> g

shows [ ;; g € mor and dom (f ;; g) = dom f and cod (f ;; g) = cod g
proof—

have (f ;; g) maps (dom f) to (cod g) using assms by (simp add: MapsToCompl)

thus f ;; g € mor and dom (f ;; g) = dom f and cod (f ;; g) = cod g by auto
qed

lemma (in Category) MapsToObj:
assumes f maps X to Y
shows X € obj and Y € obj
proof—
have dom f = X and cod f = Y and f € mor using assms by auto
thus X € obj and Y € obj by (auto simp add: Cdom Ccod)
qed

lemma (in Category) IdInj:
assumes X € objand YV € objand id X =id Y
shows X =Y
proof—
have dom (id X) = dom (id Y') using assms by simp
moreover have dom (id X) = X and dom (id Y) = Y using assms by (auto
simp add: MapsTo-def)
ultimately show ?thesis by simp
qed

lemma (in Category) CompDefComp:

assumes f ~> gand g => h

shows f ~> (g ;; h) and (f ;; g) => h
proof(auto simp add: CompDefined-def)

show f € mor and h € mor using assms by auto

have 1: g ;; h maps (dom g) to (cod h)

and 2: f ;; g maps (dom f) to (cod g) using assms by (simp add: MapsTo-

CompI )+



thus g ;; h € mor and f ;; g € mor by auto
have cod f = dom ¢ using assms by auto
also have ... = dom (g ;; h) using 1 by auto
finally show cod f = dom (g ;; h) .

have dom h = cod g using assms by auto

also have ... = cod (f ;; g) using 2 by auto
finally show cod (f ;; g) = dom h by simp
qed

lemma (in Category) CatldInMor: X € obj = id X € mor
by (auto simp add: Cidm)

lemma (in Category) MapsTold: assumes X € obj shows id X ~> id X
proof(rule CompDefinedI)

have id X maps X to X using assms by (simp add: Cidm)

thus id X € mor and id X € mor and cod (id X) = dom (id X) by auto
qed

lemmas (in Category) Simps = Cdom Ccod Cidm Cidl Cidr MapsToCompl IdInj
MapsTold

lemma (in Category) LeftRightInvUnig:
assumes 0: h => fand z: f => ¢
assumes I: f ;; g = id (dom f)
and 2: hy; f =id (cod f)
shows h =g
proof—
have mor: h € mor A g € mor
and dc: dom f = cod h A\ cod f = dom g using 0 z by auto
then have h = h ;; id (dom f) by (auto simp add: Simps)

also have ... = h ;; (f ;; g) using 1 by simp+
also have ... = (h ;; f) ;; ¢ using 0 z by (simp add: Cassoc)
also have ... = (id (cod f)) ;; g using 2 by simp+
also have ... = g using mor dc by (auto simp add: Simps)
finally show ?thesis .

qed

lemma (in Category) CatldDomCod:

assumes X € obj

shows dom (id X) = X and cod (id X) = X
proof—

have id X maps X to X using assms

by (simp add: Simps)

thus dom (id X) = X and cod (id X) = X by auto

qed

lemma (in Category) CatldCompld:
assumes X € obj
shows id X ;;id X = id X



proof—
have 0: id X € mor using assms by (auto simp add: Simps)
moreover have cod (id X) = X using assms by auto
moreover have id X ;; id (cod (id X)) = id X using 0 by (simp add: Simps)
ultimately show %thesis by simp
qed

lemma (in Category) CatldUnigR:

assumes iota: L maps X to X

and rid: Vf.fr>—f0=f

shows id X =
proof (rule LeftRightInvUniq [of id X id X ¢ ])

have 0: X € obj using iota by (auto simp add: Simps)

hence id X maps X to X by (simp add: Cidm)

thus 7: id X ~> . using iota by (auto simp add: Simps)

show id X ~> id X using 0 by (auto simp add: Simps)

show (id X) ;; v = (id (dom (id X))) using 0 I rid by (auto simp add: Simps
CompDefined-def MapsTo-def)

show (id X) 5; (id X) = (id (cod (id X))) using 0 by (auto simp add:
CatldCompld CompDefined-def MapsTo-def)
qed

definition

inverse-rel :: ('o,’m,’a) Category-scheme = 'm = 'm = bool (<cinvn - -» 60)
where

inverse-rel Cfg=(f =>c g) N (f 550 9) = (ideo (domg ) A (g 550 f) = (idg
(codc: )

definition
isomorphism :: ('o,’m,’a) Category-scheme = 'm = bool (<cisor -» [70]) where
isomorphism C f =3 g . inverse-rel C f g

lemma (in Category) Inverse-rell: [f => g; f;; g = id (dom f) ; g ;; f = id (cod

Nl = (cinv f g)
by (auto simp add: inverse-rel-def)

lemma (in Category) Inverse-relE[elim]: [cinv fg; [f => ¢ ; [ ;; g = id (dom f)
;95 f=1id (codf)] = P] =P
by (auto simp add: inverse-rel-def)

lemma (in Category) Inverse-relSym:
assumes cinv f g
shows cinv g f

proof(rule Inverse-rell)
have 1: f ~> g using assms by auto
show 2: g => f
proof(rule CompDefinedI)



show g € mor and 0: f € mor using assms by auto
have f ;; g maps dom f to cod g using 1 by (simp add: MapsToCompl)
hence cod g = cod (f ;; g) by auto

also have ... = cod (id (dom f)) using assms by (auto simp add: inverse-rel-def)
also have ... = dom f
proof—

have dom f € obj using 0 by (simp add: Simps)
hence id (dom f) maps (dom f) to (dom f) by (simp add: Simps)
thus ?thesis by auto
qed
finally show 2: cod ¢ = dom f by simp
qed
show ¢ ;; f = id (dom g¢) using assms by (auto simp add: inverse-rel-def)
show f ;; g = id (cod g)using assms 1 2 by (auto simp add: inverse-rel-def)
qed

lemma (in Category) InverseUnique:
assumes 1: cinv f g
and 2: cinv fh
shows g¢g=nh
proof(rule LeftRightInvUniq [of g f h])
have cinv g f using 1 2 by (simp only: Inverse-relSym[of f g])
thus ¢ ~> f and
g5 f =1id (cod f) using 1 by auto
show f ~> h using 2 by auto
show f ;; h = id (dom f) using 2 by auto
qed

lemma (in Category) Invld: assumes X € obj shows (cinv (id X) (id X))
proof(rule Inverse-rell)

show id X ~> id X using assms by (simp add: Simps)

have dom (id X) = X and dom (id X) = X using assms by (simp add:
CatIdDomCod)+

thus id X ;; id X = id (dom (id X)) and id X ;; id X = id (cod (id X))

using assms by (simp add: CatldCompld CatldDomCod)+

qed

definition
inverse :: ('o,'m,’a) Category-scheme = 'm = 'm («Cinu - [70]) where
inverse C f = THE g . inverse-rel C f g

lemma (in Category) inv2Inv:
assumes cinv f g
shows ciso f and Cinv f = ¢

proof—
show ciso f using assms by (auto simp add: isomorphism-def)
hence 3! g . cinv f g using assms by (auto simp add: InverseUnique)
thus Cinv f = ¢ using assms by (auto simp add: inverse-def)

qed



lemma (in Category) iso2Inv:
assumes ciso f
shows cinv f (Cinv f)
proof—
have 3! ¢g . cinv f g using assms by (auto simp add: InverseUnique isomor-
phism-def)
thus ?thesis by (auto simp add: inverse-def intro:thel”)
qed

lemma (in Category) Invinv:

assumes ciso f

shows ciso (Cinv f) and (Cinv (Cinv f)) = f
proof—

have cinv f (Cinv f) using assms by (simp add: iso2Inv)

hence cinv (Cinv f) f by (simp add: Inverse-relSym[of f])

thus ciso (Cinv f) and Cinv (Cinv ) = f by (auto simp add: inv2Inv)
qed

lemma (in Category) InvlsMor: (cinv f g) = (f € mor A g € mor)
by (auto simp add: inverse-rel-def)

lemma (in Category) IsolsMor: ciso f = f € mor
by (auto simp add: InvisMor dest: iso2Inv)

lemma (in Category) InvDomCod:
assumes ciso f
shows dom (Cinv f) = cod f and cod (Cinv f) = dom f and Cinv f € mor
proof—
have I: cinv f (Cinv f) using assms by (auto simp add: iso2Inv)
thus dom (Cinv f) = cod f by (auto simp add: inverse-rel-def)
from 1 have cinv (Cinv f) f by (auto simp add: Inverse-relSym|of f])
thus cod (Cinv f) = dom f by (auto simp add: inverse-rel-def)
show Cinv f € mor using 1 by (auto simp add: inverse-rel-def)
qed

lemma (in Category) IsoCompInv: ciso f = f => Cinv f
by (auto simp add: IsolsMor InvDomCod)

lemma (in Category) InvComplso: ciso f = Cinv f ~> f
by (auto simp add: IsolsMor InvDomCod)

lemma (in Category) Isolnvldl : ciso f = (Cinv f) ;; f = (id (cod f))
by (auto dest: iso2Inv)

lemma (in Category) Isolnvld2 : ciso f = f ;; (Cinv f) = (id (dom f))
by (auto dest: iso2Inv)

lemma (in Category) IsoCompDef:



assumes I: f > g and 2: ciso f and 3: ciso g

shows (Cinv g) => (Cinv f)
proof(rule CompDefinedI)

show Cinv g € mor and Cinv f € mor using assms by (auto simp add: In-
vDomCod)

have cod (Cinv g) = dom g using 3 by (simp add: InvDomCod)

also have ... = cod f using I by auto
also have ... = dom (Cinv f) using 2 by (simp add: InvDomCod)
finally show cod (Cinv g) = dom (Cinv f) .

qed

lemma (in Category) IsoCompose:
assumes I: f ~> g and 2: ciso f and 3: ciso g
shows ciso (f ;; g) and Cinv (f ;; g) = (Cinv g) ;; (Cinv f)
proof—
have a: (Cinv g) => (Cinv f) using assms by (simp add: IsoCompDef)
hence b: (Cinv g) ;; (Cinv f) maps (dom (Cinv g)) to (cod (Cinv f)) by (simp
add: MapsToCompl)
hence c: (Cinv g) ;; (Cinv f) maps (cod g) to (dom f) using 2 3 by (simp add:
InvDomCod)
have d: f ;; g maps (dom f) to (cod g) using 1 by (simp add: Simps)
have cinv (f ;; g) ((Cinv g) 5; (Cinv f))
proof(auto simp add: inverse-rel-def)
show f ;; g &> (Cinv g) ;; (Cinv f)
proof(rule CompDefinedI)
show f ;; g € mor using d by auto
show (Cinv g) ;; (Cinv f) € mor using ¢ by auto
have cod (f ;; g) = cod g using d by auto

also have ... = dom (Cinv g) using assms by (simp add: InvDomCod)
also have ... = dom ((Cinv g) ;; (Cinv f)) using b by auto
finally show cod (f ;; g) = dom ((Cinv g) ;; (Cinv f)) .

qed

show [ 53 g 53 (Cinv g) 55 (Cinv f)) = id (dom (f 3; g))

proof—

have e: g => (Cinv g) using assms by (simp add: IsoCompInv)

have f: f € mor using I by auto

have (f ;; g) 5; ((Cinv g) 5 (Cinv f)) = (f 5 (9 3 (Cinv g))) 53 (Cinv f)
using I e a by (auto simp add: Cassoc CompDefComp)

also have ... = [ ;; (id (dom ¢)) ;; (Cinv f) using 3 by (simp add: IsoInvId?2)

also have ... = f ;; id (cod f) ;; (Cinv f) using 1 by (auto simp add: Simps)

also have ... = f ;; (Cinv f) using f by (auto simp add: Cidr)

also have ... = id (dom f) using 2 by (simp add: IsoInvld2)
also have ... = id (dom (f ;; g)) using d by auto
finally show ?thesis by simp
qed
show ((Cinv g) 3 (Cinv f)) 35 (f 33 9) = id (cod (f 3 g))
proof—

have e: (Cinv f) => f using assms by (simp add: InvComplso)
have f: ¢ € mor using I by auto



have ((Cinv g) 5; (Cinv f)) 53 (f 55 9) = (Cinv g) 5 ((Cinv f) 55 f) 55 9)
using I e a by (auto simp add: Cassoc CompDefComp)
also have ... = (Cinv g) ;; ((¢d (cod f)) ;; g) using 2 by (simp add: Isolnvldl)

also have ... = (Cinv g) ;; ((id (dom g)) ;; g) using 1 by (auto simp add:
Simps)
also have ... = (Cinv g) ;; g using f by (auto simp add: Cidl)
also have ... = id (cod g) using 3 by (simp add: IsolnvIdl)
also have ... = id (cod (f ;; g)) using d by auto
finally show ?thesis by simp
qed
qed
thus ciso (f ;; g) and Cinv (f ;; g) = (Cinv g) ;; (Cinv f) by (auto simp add:
inv2Inv)

qed
definition Objlso C A B =3 k. (k mapsc A to B) A cisog k
definition

UnitCategory :: (unit, unit) Category where
UnitCategory = MakeCat

0bj = {0},

Mor ={()} ,
Dom = (M.()) ,
Cod = (Af.()) ,
Id = (Af-0) ,
Comp = (Af g. ())

)

lemma [simp]: Category(UnitCategory)
apply (simp add: UnitCategory-def, rule MakeCat)
by (unfold-locales, auto simp add: UnitCategory-def)

definition

OppositeCategory :: ('o,'m,’a) Category-scheme = ('0,'m,’a) Category-scheme
(«Op -» [65] 65) where

OppositeCategory C =

Obj = 0bj C
Mor = Mor C
Dom = Cod C
Cod = Dom C
Id =1d C,

Comp = (Af g- 9 50 ),
... = Category.more C

)

lemma OpCatOpCat: Op (Op C) = C
by (simp add: OppositeCategory-def)
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lemma OpCatCatAz: Category-azioms C = Category-azioms (Op C)
by (simp add: OppositeCategory-def Category-azxioms-def MapsTo-def CompDe-
fined-def)

lemma OpCatCatExt: ExtCategory C = EatCategory (Op C)
by (auto simp add: OppositeCategory-def ExtCategory-def MapsTo-def CompDe-
fined-def extensional-def)

lemma OpCatCat: Category C = Category (Op C')
by (intro-locales, simp-all add: Category-def OpCatCatAx OpCatCatExt)

lemma MapsToOp: f mapsc X to ¥ = fmapsOp cYtoX
by (simp add: MapsTo-def OppositeCategory-def)

lemma MapsToOpOp: f mapsop ¢ XtoY = fmapsg Y to X
by (simp add: MapsTo-def OppositeCategory-def)

lemma CompDefOp: f =>0 g =g ~>0p cf
by (simp add: CompDefined-def OppositeCategory-def)

end

2 Universe

theory Universe
imports HOL—ZF.MainZF
begin

locale Universe =
fixes U :: ZF (structure)
assumes Uempty : Elem Empty U
and Usubset : Elem v U = subset u U
and Usingle : Elem w U = FElem (Singleton u) U
and Upow : Elem w U = Elem (Power u) U
and Uim  :[Elem I U ; Elem u (Fun I U) ]| = Elem (Sum (Range u)) U
and Unat : Elem Nat U

lemma FElemLambdaFun : (\ z .Elem © w = Elem (f z) U) = Elem (Lambda
u f) (Fun u U)

apply (subst Elem-Lambda-Fun)

apply simp

done

lemma RangeRepl: Range (Lambda A f) = Repl A f

apply (subst Ext)
apply (subst Range)

11



apply (simp add: Repl Opair Lambda-def)
done

lemma (in Universe) Utrans: [Elem a U ; Elem b o] = Elem b U
apply (drule Usubset)

apply (insert HOLZF .subset-def [of a U))

apply (auto simp add: Usubset)

done

lemma Replld: Repl A id = A
by (subst Ext, simp add: Repl)

lemma (in Universe) UniverseSum : Elem u U = Elem (Sum u) U
apply (frule-tac v = Lambda u id in Uim)

apply (subst Elem-Lambda-Fun)

apply (frule Usubset)

apply (simp add: subset-def)

apply (simp only: RangeRepl Replld)

done

lemma (in Universe) UniverseUnion:
assumes Elem u U and Elem v U
shows FElem (union u v) U
proof—
let ?f = (% z. if © = Empty then u else v)
and 25 = (Power (Power Empty))
have 1: (Upair u v) = Range (Lambda ¢S ?f)
by (subst RangeRepl, simp add: Upair-def)
have 2: [Elem u U; Elem v U] = Elem (Lambda 2S ?f) (Fun 25 U)
by (rule ElemLambdaFun, simp)
show ?thesis using assms
apply (subst HOLZF .union-def)
apply (subst 1)
apply (rule-tac I=2S in Uim)
apply (rule Upow)+
apply (rule Uempty)
apply (rule 2)
apply simp+
done
qed

lemma UPairSingleton: Upair u v = union (Singleton u) (Singleton v)
apply (subst Ext)

apply (subst Upair)

apply (subst union)

apply (subst Singleton)+

apply (simp)

done
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lemma (in Universe) UniverseUPair: [Elem w U ; Elem v U] = Elem (Upair u
v) U

apply (subst UPairSingleton)

apply (rule UniverseUnion)

apply (rule Usingle, simp)+

done

lemma (in Universe) UniversePair: [Elem u U ; Elem v U] = Elem (Opair u
v) U

apply (subst Opair-def)

apply ((rule UniverseUPair)+, simp+)+

done

lemma (in Universe) [Elem uw U ; Elem v U] = FElem (Sum (Repl u (%z .
Singleton (Opair z v)))) U

apply (rule RangeRepl [THEN subst))

apply (rule Uim [of u], simp)

apply (rule ElemLambdaFun)

apply (rule Usingle)

apply (rule UniversePair)

apply (rule Utrans)

apply simp+

done

lemma SumRepl: Sum (Repl A (Singleton o f)) = Repl A f
proof—
show ?thesis
apply (subst Ext)
apply (subst Sum)
apply (subst Repl)+
apply (auto simp add: Singleton)
proof—
fix a
show Elem a A = Jy. Elem (f a) y A (3a. Elem a A N y = Singleton (f
a))
apply (rule exI [of - Singleton (f a)])
apply (subst Singleton, simp+)
apply (rule exl |of - al, simp+)
done
qed
qed

lemma (in Universe) UniverseProd:
assumes Elem v U and Elem v U
shows Elem (CartProd u v) U
proof—
show ?thesis using assms
apply (subst CartProd-def)
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apply (rule RangeRepl [of u % x . (Repl v (Opair z)), THEN subst])
apply (rule Uim [of u], simp)
apply (rule ElemLambdaFun)
proof—
fix z
show [Elem u U; Elem v U; Elem x u] = Elem (Repl v (Opair z)) U
apply (drule Utrans [of u z], simp)
apply (rule SumRepl [THEN subst])
apply (rule RangeRepl [THEN subst])
apply (rule Uim [of v], simp)
apply (rule ElemLambdaFun,simp)
apply (rule Usingle)
apply (rule UniversePair)
apply (drule Usubset, simp)
proof—
fix za
show [Elem v U; Elem z u; Elem z U; Elem za v] = Elem za U
by (rule Utrans, simp+)
qed
qed
qed

lemma (in Universe) UniverseSubset: [subset v v ; Elem v U] = Elem u U
apply (drule-tac HOLZF .Power [of u v, THEN ssubst])
apply (drule Upow)
apply (rule Utrans, simp+)
done

definition
Product :: ZF = ZF where
Product U = Sep (Fun U (Sum U)) (%f . (¥ w . Elem v U — Elem (app f u)

w))

lemma SepSubset: subset (Sep A p) A
apply (subst subset-def)

apply (subst Sep, simp)

done

lemma SubsetSmall:
assumes subset A’ A and subset A B shows subset A’ B
proof—
have (subset A’ A A subset A B) — subset A’ B
by ((subst subset-def)+, simp+)
thus ?thesis using assms by simp
qed

lemma SubsetTrans:

assumes (subset a b) and (subset b ¢)
shows (subset a ¢)

14



proof—
have (subset a b) A (subset b ¢) — (subset a c)
by ((subst subset-def)+, simp)
thus “thesis using assms by simp
qed

lemma SubsetSepTrans: subset A B = subset (Sep A p) B
apply (rule SubsetSmall [of Sep A p A B))

apply (rule SepSubset)

by simp

lemma ProductSubset: subset (Product u) (Power (CartProd u (Sum u)))
apply (subst Product-def)

apply (subst Fun-def)

apply (subst PFun-def)

apply (rule SubsetSepTrans)+

apply (subst subset-def)

by simp

lemma (in Universe) UniverseProduct: Elem v U = Elem (Product u) U
apply (rule-tac u=(Product u) and v=Power (CartProd u (Sum u)) in Univers-
eSubset)

apply (rule ProductSubset)

apply (rule Upow)

apply (rule UniverseProd, simp)

apply (rule UniverseSum,simp)

done

lemma ZFImageRangeFExplode: © € range explode = f ‘ x € range explode
proof—
assume z € range ezplode
from this obtain y where z = ezplode y using range-exl-eq by auto
hence f ‘ x = explode (Repl y f) using explode-Repl-eq by simp
thus f ‘ x € range ezxplode by auto
qed

definition subsetFn X Y =Xz . (if v € Y then z else SOME y . y € Y)

lemma subsetFn: [Y #{}; Y C X ]| = (subsetFn X Y) ‘X =Y
proof(auto simp add: subsetFn-def)

fix z assume z € Y

thus (SOME y. y € Y) € Y using somel-ex[of A z . z € Y] by auto
qed

lemma ZFSubsetRangeEzplode: [X € range explode ; ¥ C X] = Y € range
explode
proof(cases Y = {}, simp)

have explode Empty = {} using exzplode-Empty by simp

thus {} € range explode by (auto simp add: explode-def)
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assume Y # {} and Y C X and X € range explode thus Y € range explode
using ZFImageRangeExplode|of X subsetFn X Y] subsetFnlof Y X] by simp
qed

lemma ZFUnionRangeFxplode:
assumes A\ z .z € A = [z € range explode and A € range explode
shows (| z € A . fz) € range explode
proof—
let 25 = Sep (Sum (Repl (implode A) (implode o f))) (A y . 3 x . (Elem z
(implode A)) A (Elem y (implode (f x))))
have explode 25 = (U z € A . fx)
proof (auto simp add: UNION-eq explode-def Sep Sum Repl assms Elem-implode
cong del: image-cong-simp)
fix z y assume a: y € Aand b: z € fy
show Jz. Elemz z A (3a. a € A A z = implode (f a))
apply (rule exI [where %z = implode (f y)])
apply (auto simp add: explode-def Sep Sum Repl assms Elem-implode a b cong
del: image-cong-simp)
apply (rule exI [where %z = y))
apply (simp add: a)
done
qed
thus ?thesis by auto
qed

lemma ZFUnionNatInRangeEzplode: (\ (n :: nat) . fn € range explode) = (|J
n . fn) € range explode
proof—
assume a: (A (n = nat) . fn € range explode)
have explode Nat € range explode by simp
moreover have A n . n € (explode Nat) = (f o Nat2nat) n € range explode
using a
by (auto simp add: explode-def)
moreover have (| n. fn) = (J n € (explode Nat) . (f o Nat2nat) n)
proof(auto simp add: Nat2nat-def)
fix z n assume aa: z € fn show 3 n € (explode Nat) . z € f (inv nat2Nat n)
apply(rule bezl[where ?z = nat2Nat n])
by (auto simp add: aa inj-nat2Nat explode-Elem)
qed
ultimately show (|J n . fn) € range explode using ZFUnionRangeFEzplode by
simp
qed

lemma ZFProdFnInRangeFEzplode: [A € range explode ; B € range explode] = f
‘(A x B) € range explode
proof—

assume a: A € range explode and b: B € range explode

let ?X = (explode (CartProd (implode A) (implode B)))
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have f ‘(A x B) = (f o (A z. (Fst z, Snd z))) ‘ ?2X
proof(auto simp add: explode-def CartProd image-def Fst Snd)
{
fix z y assume z: z € A and y: y € B show Jx. (3a. Elem a (implode A) A

(3b. Elem b (implode B) A © = Opair a b)) A f (2, y) = f (Fst z, Snd x)
apply(insert z y a b)
apply(rule exl[where %z = Opair z y))
apply(auto simp add: Opair explode-Elem Fst Snd)
done

-

fix a b assume aa: Elem a (implode A) and bb: Elem b (implode B)
show 3z A.3 yeB.f(ab)=f(z9)
by(rule bexI[where ?z = a|, rule bexl[where %z = b|, simp, insert a b aa
bb, auto simp add: explode-Elem)
}
qed
moreover have ?X € range explode by simp
ultimately show f ‘ (A x B) € range explode using ZFImageRangeExplode by
stmp
qed

lemma ZFUnionInRangeEzxplode: [A € range explode ; B € range explode] — A
U B € range explode
proof—

assume A € range explode and B € range explode

from this obtain A’ B’ where A A = explode A’ and B": B = explode B’ by
auto

have A U B = ezplode (union (implode A) (implode B))

by (auto simp add: explode-union wunion explode-Elem A’ B')

thus A U B € range explode by auto

qed

lemma SingletonInRangeExplode: {z} € range explode

proof—
have explode (Singleton x) = {z} by(auto simp add: explode-def Singleton)
thus ?thesis by auto

qged

definition ZFTriple :: [ZF,ZF,ZF] = ZF where
ZFTriple a b ¢ = Opair (Opair a b) ¢

definition ZFTFst = Fst o Fst

definition ZFTSnd = Snd o Fst

definition ZFTThd = Snd

lemma ZFTFst: ZFTFst (ZFTriple a b ¢) = a

by (auto simp add: ZFTriple-def ZFTFst-def Fst)
lemma ZFTSnd: ZFTSnd (ZFTriple a b ¢) = b

by (auto simp add: ZFTriple-def ZFTSnd-def Snd Fst)
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lemma ZFTThd: ZFTThd (ZFTriple a b ¢) = ¢
by (auto simp add: ZFTriple-def ZFTThd-def Snd Fst)

lemma ZFTriple: ZFTriple a b ¢ = ZFTriple ' b’ ¢/’ = (a=a' ANb=b"ANc =
¢’
by (auto simp add: ZF Triple-def Opair)

lemma ZFSucZero: Nat2nat (SucNat Empty) = 1
proof—
have nat2Nat 0 = Empty by auto
hence (SucNat Empty) = nat2Nat (Suc 0) by auto
hence Nat2nat (SucNat Empty) = Nat2nat (nat2Nat (Suc 0)) by simp

also have ... = Suc 0 using Nat2nat-nat2Nat[of Suc 0] by simp
finally show ?thesis by simp
qed

lemma ZFZero: Nat2nat Empty = 0
proof—
have nat2Nat 0 = Empty by auto
hence Nat2nat Empty = Nat2nat (nat2Nat 0) by simp
thus ?thesis using Nat2nat-nat2Nat[of 0] by simp
qed

lemma ZFSucNeq0: Elem x Nat => Nat2nat (SucNat x) # 0
by (auto simp add: Nat2nat-SucNat)

end

3 Monadic Equational Theory

theory MonadicEquationalTheory
imports Category Universe
begin

record ('t,’f) Signature =
BaseTypes :: 't set («Tyn)
BaseFunctions :: 'f set (<Fnu)
SigDom :: 'f = "t («sDomy))
SigCod :: 'f = "t (xsCodn)

locale Signature =
fixes S :: ('t,’f) Signature (structure)
assumes Domt: f € Fn = sDom f € Ty
and Codt: f € Fn = sCod f € Ty

definition funsignature-abbrev (<- € Sig - : - — - ) where
feSigS:A— B=f e (BaseFunctions S) N A € (BaseTypes S) AN B €
(BaseTypes S) A
(SigDom S f) = A A (SigCod S f) = B A Signature S
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lemma funsignature-abbrevE|elim):
If € SigS: A— B;|[f € (BaseFunctions S) ; A € (BaseTypes S) ; B € (BaseTypes
S) ;

(SigDom S f) = A ; (SigCod S f) = B ; Signature S] = R]
— R
by (simp add: funsignature-abbrev-def)

datatype ('t,’f) Expression = FxprVar («Vxy) | ExprApp 'f ('t,’f) Expression («-
EQ -)
datatype ('t,’f) Language = Type 't (<t - Typer) | Term 't ('t,’f) Expression 't
(Vr:-F-:9)|

FEquation 't ('t,’f) Fxpression ('t,'f) Expression 't («Vz : -
F=-:9)

inductive

WellDefined :: ('t,’f) Signature = ('t,’f) Language = bool (<Sig - > -») where

WellDefinedTy: A € BaseTypes S =—> Sig S >+ A Type

| WellDefinedVar: Sig S >+ A Type = Sig Sv> (Vo : A + Vz: A)

| WellDefinedFn: [Sig S> (Ve : A Fe:B) ;f€SigS:B— C] = SigSn»
(Ve: A F(fEQe): C)

| WellDefinedEq: [Sig S> (Ve : A kel :B); SigS> (Ve: A Fe2: B)] =
SigSv> (Vr:AlF el =e2: B)

lemmas WellDefined.intros [intro)

inductive-cases WellDefinedTyE [elim!]: Sig S > F A Type
inductive-cases WellDefinedVarE [eliml]: Sig S (Vz : A + Vz : A)
inductive-cases WellDefinedFnE [eliml]: Sig S> (Vz : A F (fEQ e) : O)
inductive-cases WellDefinedEqE [eliml]: Sig S > (Vz : Al el = e2 : B)

lemma Sigld: Sig S (Ve : A - Ve :B)= A=B
apply(rule WellDefined.cases)
by simp+

lemma SigTyld: Sig S (Ve : A F Vo : A) = A € BaseTypes S
apply(rule WellDefined.cases)
by auto

lemma (in Signature) SigTy: \ B . Sig S> (Vz: A F e: B) = (A € BaseTypes
S A B € BaseTypes S)
proof (induct e)

fix B assume a: Sig S> Vo : AF Vz: B

have A = B using a Sigld]of S] by simp

thus A € Ty A B € Ty using a by auto

}

{

fix B f e assume ih: AB’. Sig S> (Ve : AFe:B)=—= A€ TyAB €Ty
and a: Sig S (Ve : AF (fEQ e) : B)
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from a obtain B’ where f: f € SigS: B'— Band Sig S (Vz: Ak e:
B’) by auto

hence A € Ty using ih by auto

moreover have B € Ty using f by (auto simp add: funsignature-abbrev-def
Codt)

ultimately show A € Ty A B € Ty by simp

}
qed

datatype (‘0,’m) IType = I0bj "o | IMor 'm | IBool bool

record ('t,’f,’0,'m) Interpretation =
ISignature :: ('t,'f) Signature (¢<iSv)
ICategory :: ('o,'m) Category (<iC1»)
ITypes = 't = o («Ty[-]v)
IFunctions :: 'f = 'm (<Fn[-]v)

It,
/0,

locale Interpretation =
fixes I :: ('t,’f,’0,'m) Interpretation (structure)
assumes [Cat: Category iC
and 1Sig: Signature S
and It : A € BaseTypes iS = Ty[A] € Obj iC
and If : (f € SigiS: A — B) = Fu[f] maps;c Ty[A] to Ty[B]

inductive Interp (<L[-]1 — -») where
InterpTy: Sig iSy> F A Type =
L[ A Type]; — (10bj Ty[A] )
| InterpVar: L[+ A Type]; — (I10bj ¢) =
LV : A+ Vz: Al; — (IMor (Id iCj ¢))
| InterpFn: [Sig iSy> Ve : A Fe: B ;
fesSigiS;: B— C;
L[Vz: A Fe: B]lj— (IMor g)] =
L[Vz: A & (fEQe): Clf — (IMor (g 3i1Category 1 FIf11)
| InterpEq: [L[Vz : A kel : B]l; — (IMor g1) ;
L[Vz: A + e2: B]; — (IMor ¢2)] =
L[Vz: A el = e2: B];— (IBool (91 = g2))

lemmas Interp.intros [intro)

inductive-cases InterpTyE [elim!]: L[F A Type]; — @
inductive-cases InterpVarE [elim!]: L[Vz : A + Vz : A]l; — i
inductive-cases InterpFnE [elim!]: L[Vz : A F (fEQe): C);— i
inductive-cases InterpEqE [elim!]: L[Vz : A F el =e2: Bl — 1

lemma (in Interpretation) InterpEqEq[intro]:

[L[Vz : A + el : Bl - (IMorg); L[Vz : A + e2: B] — (IMor g)] = L[Vz
: A kel =e2: B] — (IBool True)
proof—

assume a: L[Vz : A el : Bl - (IMor g) and b: L[Vz : A F e2 : B] —
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(IMor g)
thus ?thesis using InterpEqlof I A el B g €2 g] by simp
qed

lemma (in Interpretation) InterpExzprWellDefined:
L[Ve: Akt e:B] - i= SigiS>Vr: A Fe:B
apply (rule Interp.cases)

by auto

lemma (in Interpretation) WellDefined: Ll¢] — i = Sig iS > ¢
apply(rule Interp.cases)
by (auto simp add: InterpExprWellDefined)

lemma (in Interpretation) Bool: L]¢] — (IBooli) =3 ABed.p=(Vz: A
Fe=d:B)

apply(rule Interp.cases)

by auto

lemma (in Interpretation) FunctionalEzpr:
NijAB[L[Vz: At e: Bl = ;L[Vz: At e: Bl = j]l=i=j
apply (induct €)

apply (rule Interp.cases)

apply auto

apply (auto simp add: funsignature-abbrev-def)

done

lemma (in Interpretation) Functional: [L]¢] — i1 ; Ll¢] — i2] = il = i2
proof (induct )
{
fix t show [L[ t Type] — il ; L[ t Type] — i2] = il = i2 by auto
}
{

fix t1t2e
show [L[Vz : t1 F e: t2] — il; L[Vz : t1 F e : 2] — i2] = il = i2 by
(simp add: FunctionalEzpr)
}
{

fix t1t2el e2 show [L[Vr:tl Fel =e2 :t2] — il; L[Vx : t1 F el = e2:
12] — i2] = i1 = 2
proof (auto)

fix fg h assume fI: L[Vz : t1 - el : t2] — (IMor f) and f2: L[Vz : t1

e2 : t2] — (IMor f)
and gI: L[Vz : t1 + el : t2] — (IMor g) and ¢2: L[Vz : t1 - €2 : t2]

— (IMor h)

have f = g using f1 g1 FunctionalExpr|of t1 el t2 IMor f IMor g] by simp

moreover have f = h using f2 g2 FunctionalExpr|of t1 e2 t2 IMor f IMor
h] by simp

ultimately show g = h by simp
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}

moreover

fix fg h assume fI: L[Vz : t1 + el : t2] — (IMor f) and f2: L[Vz : t1 +

e2 : t2] — (IMor g)
and gI: L[Vz : t1 + el : 2] — (IMor h) and ¢2: L[Vz : t1 + €2 : t2]

— (IMor h)

have f = h using fI g1 FunctionalExpr|of t1 el t2 IMor f IMor h] by simp

moreover have g = h using f2 g2 FunctionalEzpr|of t1 e2 t2 IMor g IMor
h] by simp

ultimately show f = g by simp

}
qed

}

qed

lemma (in Interpretation) MorphismsPreserved:
ANBi.L[Vx:A Fe:B] - i= 3 g.i= (IMorg) A (g maps;c Ty[A] to
Ty[B])
proof (induct e)
{
fix Biassume a: L[Vz : A+ Vz: B] — ¢ show 3 ¢. i = IMor g A g maps;c
Ty[A] to Ty[B]
proof (rule exI[where ?x=Id iC Ty[A]], rule conjl)
have sig: SigiS > Vz: A + Vz: B using a by (simp add: InterpEzprWellDe-
fined)
hence aFEgb: A = B by (simp add: Sigld)
have ty: A € BaseTypes iS using aFqb sig SigTyld by simp
hence L[Vz : A+ Vz : A] — (IMor (Id iC Ty[A])) by auto
thus ¢ = IMor (Category.1d iC Ty[A]) using a aEgb Functional by simp
show (Id iC Ty[A]) maps;c Ty[A] to Ty[B] using aFEqb ICat It[of A]
Category.Cidm]|of iC Ty[A]] ty by simp
qed
}
{
fix fe Biassume a: A Bi. L[V : At e: B] - i= 3g.i=1IMorg Ay
maps;c Ty[A] to Ty[B]
and b: L[Vz : AF fEQe: B] = {
show 3g. ¢ = IMor g A g maps;c Ty[A] to Ty[B] using a b
proof—
from b obtain g B’ where g: (SigiS> Vz: Abe: B) A (f € SigiS: B’
— B)AN(L[Vz: At e: B — (IMor g))
by auto
from a have gmaps: g maps;c Ty[A] to Ty[B'] using g by auto
have fmaps: Fn[f] maps;c Ty[B’] to Ty[B] using g If by simp
have (g ;;;c Fr[f]) maps;c Ty[A] to Ty[B] using ICat fmaps gmaps Cate-
gory.Ceompt|of iC g] by simp
moreover have L[Vz : A+ fEQ e : B] — (IMor (g ;;;c Fn[f])) using g
by auto
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ultimately show ?thesis using b Functional exI[where ?z = (g ;;;c Fn[f])]
by simp
qed

}

qed

lemma (in Interpretation) Ezpr2Mor: L[Vz : A + e : B] — (IMor g) = (g
maps;c Ty[A] to Ty[B])
proof—

assume a: L[Vz : A F e: B] — (IMor g)

from MorphismsPreserved[of A e B (IMor g)] obtain g’ where (IMor g) =
(IMor g') A (g" maps;c Ty[A] to Ty[B])

using a by auto

thus ?thesis by simp

qed

lemma (in Interpretation) WellDefinedExprinterp: \ B . (SigiS > Vr: A F e:
By=— 3 i.L[Vz:A Fe:B] >
proof (induct e)

fix B assume sig: (SigiS> Ve : A + Vz: B) show 3i. L[Vz : A+ Vz: B]
-1
proof—
have aFgb: A = B using sig by (simp add: Sigld)
hence ty: A € BaseTypes iS using sig SigTyld by simp
hence L[Vz : AF Vz : A] — (IMor (Id iC Ty[A])) by auto
thus ?thesis using aFqgb by auto
qed
}
{
fix fe Bassume a: A B. (SigiS> Ve: A Fe:B)= (3 i.L[Vz:A +
e: B] — i)
and b: (SigiS> Vz: A + fEQ e: B)
show 3 i . L[Vz: A - fFQe:B] =i
proof—
from b obtain B’ where B’ (SigiS > (Vz: A Fe: B') A (f € SigiS :
B’ — B) by auto
from B’ a obtain ¢ where i: L[Vz : A + e: B] — i by auto
from MorphismsPreserved[of A e B’ i] i obtain g where g: { = (IMor g)
by auto
thus ?thesis using B’ ¢ by auto
qed

}

qed

lemma (in Interpretation) Sig2Mor: assumes (Sig S > Vz : A + e : B) shows
Jg.L[Ve: A+ e: B] = (IMor g)
proof—

from WellDefinedExprinterp[of A e B] assms obtain { where i: L[Vz : A F e
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: B] — i by auto
thus ?thesis using MorphismsPreserved[of A e B i| i by auto
qed

record ('t,’f) Azioms =
aAzioms :: ('t,’f) Language set
aSignature :: ('t,’f) Signature (<aSv)

locale Azioms =

fixes Az :: ('t,’f) Axzioms (structure)

assumes AzT: (aAzioms Ax) C {(Vz : At el =e2:B)| ABele2. Sig
(aSignature Az) > (Vo : At el =e2: B)}

assumes AzSig: Signature (aSignature Azx)

primrec Subst :: ('t,’f) Expression = ('t,’f) Expression = ('t,’f) Expression ((sub
- in -y [81,81] 81) where
(sub e in Vi) = e | sub ein (f EQ d) = (f FQ (sub e in d))

lemma SubstXinE: (sub Vzine) = e
by (induct e, auto simp add: Subst-def)

lemma SubstAssoc: sub a in (sub b in ¢) = sub (sub a in b) in c
by (induct ¢, (simp add: Subst-def)+)

lemma SubstWellDefined: \ C . [SigS> (Vz: Ak e: B); SigSv> (Vz: Bk d
: 0]
= SigS> (Vr: Ak (subeind): C)
proof (induct d)
{
fix C' assume a: Sig S> Ve : AFe: Band b: SigS> Ve : BF Va: C
have BCeq: B = C using b Sigld[of S] by simp
thus Sig S> Vo : AF sub e in Vx : C using a by simp
}
{
fix fd C assume ih: AB". [Sig S> Vz: AFe: B; SigSv> Ve : BF d: B
= SigSp> Vrx: A+ subeind: B'and a: SigS1> Ve : Ak e: B
and b: Sig S> Ve : BFfEQd: C
from b obtain B’ where B": f € Sig S : B’ — C and d: Sig S©> Vz: B+ d
: B’ by auto
hence Sig S > Vz : A+ sub e in d : B’ using ih a by simp
hence Sig S©> Vz: A+ fEQ (sub e in d) : C using B’ by auto
thus Sig S Ve : AF (sub e in (f EQ d)) : C by auto
}

qed

inductive-set (in Azioms) Theory where

Az: A € (aAzioms Az) = A € Theory
| Refl: Sig (aSignature Ax)> (Ve : Ak e: B)=— (Vz: A e=e: B) € Theory
| Symm: (Ve : Ab el =e2: B) € Theory— (Vz: At e2 = el : B) € Theory
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| Trans: [(V : AF el = e2: B) € Theory ; (Vo : Al e2 = e8 : B) € Theory]
.

(Vz: AF el = e3: B) € Theory
| Congr: [(Vz : At el = e2: B) € Theory ; f € Sig (aSignature Az) : B — (]
_—

(Ve : AF (fEQ el) = (fEQ e2) : C) € Theory
| Subst: [Sig (aSignature Az) > (Vo : Ak el : B); (Vo : BFe2 =e3:C) €
Theory] =

(Vz : AF (sub el in e2) = (sub el in e8) : C) € Theory

lemma (in Azioms) Equiv2WellDefined: ¢ € Theory = Sig aS > ¢
proof(rule Theory.induct,auto simp add: SubstWellDefined)
{
fix ¢ assume az: ¢ € aAzioms Ax
from AxzT obtain A el e2 B where SigaS> Vx: At el =e2: Band g
= Vx: AF el = e2: B using ax by blast
thus Sig aS > ¢ by simp
}
qed

lemma (in Azioms) Subst”
NC.[SigaSv> Ve :BkFd:C;(Ve:AlF el =e2: B) € Theory] =
(Ve : AF (subel in d) = (sube2in d) : C) € Theory
proof (induct d)
{
fix C assume a: Sig aS > Vr: BF Vz: Cand b: (Vo : AF el=e2 : B) €
Theory
have BCeq: B = C using a Sigld[of aS B C] by simp
thus (Vz : AF (sub el in Vz) = (sub e2 in Vz) : C) € Theory using b by
(simp add: Subst-def)
}
{
fix C fd assume ith: A B’ . [SigaSv> Vz: BFd: B (Vz: AF el=e2 : B)
€ Theory]
= (Vo : AF (sub el in d) = (sub e2in d) : B') € Theory and wd: Sig aS
> Vz:BF fEQd: C and
eq: (Ve : Ak el = e2: B) € Theory
from wd obtain B’ where B": f € Sig aS : B’ — C and d: Sig aS > Vz : B
F d : B’ by auto
hence (Vz : AF (sub el in d) = (sub e2 in d) : B') € Theory using ih eq by
simp
hence (Vz: AF fEQ (subel ind) = f EQ (sub e2in d) : C) € Theory using
B’ by (simp add: Congr)
thus (Va: AF (subel in (f EQ d)) = (sub e2 in (f EQ d)) : C) € Theory by
(simp add: Subst-def)
}

qed
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locale Model = Interpretation I + Azioms Az
for I :: ('t,'f,’0,'m) Interpretation (structure)
and Az :: ('t,'f) Azioms +
assumes AzSound: ¢ € (aAzioms Ax) = L[] — (IBool True)
and Seq[simp]: (aSignature Ax) = iS

lemma (in Interpretation) Equiv:

assumes L[Vz : AF el = e2: B] — (IBool True)

shows 3 g . (L[Vz: A+ el : B] — (IMor g)) A (L[Vz : A+ e2: B] — (IMor
9)
proof—

from assms Sig2Mor|of A el B] obtain gI where g1: L[Vz : A+ el : B] —
(IMor g1) by auto

from assms Sig2Mor[of A e2 B] obtain g2 where ¢2: L[Vz : A+ e2 : B] —
(IMor ¢2) by auto

have L[Vz : A+ el1=e2 : B] — (IBool (g1 = ¢g2)) using gI g2 by auto

hence g1 = g2 using assms Functional[of Vz : A F el=e2 : B (IBool True)
1Bool (g1=g¢2)] by simp

thus ?thesis using g1 g2 by auto
qed

lemma (in Interpretation) SubstComp: A h C . [(L[Vz : A+ e: B] — (IMor g))
(L[Vz:BF d: C] - (IMor h))] =

(L[Vz : At (sub ein d) : C] — (IMor (g ;;;0 R)))
proof (induct d,auto)

fix h C' assume a: L[Vz : A+ e: Bl - IMor g and b: L[Vz : BF Vz : (]
— (IMor h)
show L[Vz : At e: C] — IMor (g ;;;c0 h)
proof—
have beqc: B = C using b Sigld[of iS B C| InterpExzprWellDefined by simp
have L[Vz : B+ Vi : B] — (IMor (Id iC Ty[B])) using beqc b by auto
hence h: h = Id iC Ty[B] using b beqc by (auto simp add: Functional)
have g maps;c Ty[A] to Ty[B] using a MorphismsPreserved by auto
hence g € Mor iC' and cod;y g = Ty[B] by auto
hence (g ;;;c h) = g using h ICat Category.Cidr|of iC g] by simp
thus “thesis using beqc a by simp
qed
}
{
fix fd C'h C assume
i ANhC' . L[Vz:BtFd:C|— IMorh= L[Vz: AF (subeind): C’]
— (IMor (g ;;¢ b)) and
a: L[Vx: At e: Bl - IMorgf e SigiS: C'— CL[Vx:BFd:C]—
IMor h
show L[Vz : A+ fEQ (sub e in d) : C] — (IMor (g ;;;c (h 5550 Frlf])))
proof—
have L[Vz : AF (sub ein d) : C'] — (IMor (g ;;;c h)) using ¢ a by auto
moreover hence Sig iS> Vz: A (sub e in d) : C' using InterpExprWellDe-
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fined by simp
ultimately have 1: L[Vz : A& f EQ (sub e in d) : C] — (IMor ((g 3;;0 h)
5i0 Fnlf])) using a(2) by auto
have g maps; Ty[A] to Ty[B] and h maps;c Ty[B] to Ty[C'] and Fn[f]
maps;c Ty[C'] to Ty[C]
using a If Ezpr2Mor by simp+
hence g ~>;,0 h and h =>; (Fn[f]) using MapsToCompDef[of iC] by
stmp+
hence (g 5350 1) 5550 Folf] = g 550 (b 540 Fn[f]) using ICat Cate-
gory.Cassoc|of iC] by simp
thus ?thesis using 1 by simp
qed

}
qed

lemma (in Model) Sound: ¢ € Theory = L[] — (IBool True)
proof(rule Theory.induct, (simp-all add: AzSound)+)

fix A e B assume sig: SigiS > Ve : Ak e: Bshow L[Vz: At e=e: B] —
(IBool True)
proof—
from sig Sig2Mor[of A e B] obtain g where g: L[Vz : A+ e : B] — (IMor
g) by auto
thus ?thesis using InterpEq[of I A e B g e g] by simp
qed
}
{

fix A el e2 B assume a: L[Vz : AF el=e2 : B] — (IBool True) show L[Vz
: AF e2=el : B] — (IBool True)
proof—
from a obtain g where g1: L[Vz : AF el : Bl — (IMor g) and ¢2: L[Vz
: AtF e2: B] — (IMor g)
using Fquiv by auto
thus ?thesis by auto
qed
}
{
fix A el e2 B e3 assume a: L[V : AF el=e2 : B] — (IBool True) and b:
L[Vz : At e2=e3 : B] — (IBool True)
show L[Vz : A+ el=e3 : B] — (IBool True)
proof—
from a obtain g where g1: L[Vz : AF el : Bl — (IMor g) and ¢2: L[Vz
: AtF e2: B] — (IMor g)
using Fquiv by auto
from b obtain ¢’ where g1”: L[Vz : A+ e2 : B] — (IMor ¢g') and g2"
L[Vz : At e8 : B] = (IMor g’)
using Fquiv by auto
have eq: g = ¢’ using ¢2 g1’ using Functional by auto
thus ?thesis using eq g1 g2’ by auto
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qed
}
{
fix A el e2BfC assume a: L[Vz : A+ el=e2 : B] — (IBool True) and b:
feSigiS:B— C
show L[Vz : A+ (fEQ el) = (f FQ e2) : C] — (IBool True)
proof—
from a obtain g where g1: L[Vz : A+ el : B] — (IMor g) and ¢2: L[Vz
: AF e2: B] = (IMor g)
using Fquiv by auto
have s1: SigiS> Vz: A el : Band s2: SigiS> Vr: A  e2: B using
g1 g2 InterpExprWellDefined by simp+
have L[Vz : A F (fEQ el) : C] — (IMor (g ;;;c Frlf]))
and L[Vz : A + (f EQ e2) : C] — (IMor (g 3;;0 Fn[f])) using b g1 s1 g2
s2 by auto
thus ?thesis using InterpEqEq[of A (f EQ el) C (g ;;;c Frlf])] by simp
qed
}

{
fix A el Be2e3 C assume a: SigiS> (Vz: AF el : B)and b: L[Vz : B+

e2=e3 : C] — (IBool True)
show L[Vz : AF (sub el in e2) = (sub el in e3) : C] — (IBool True)
proof—
from b obtain g where g1: L[Vz : B+ e2 : C] — (IMor g) and ¢2: L[ Vz
:BF e3: C] — (IMor g)
using Fquiv by auto
from a Sig2Mor[of A el B] obtain f where f: L[Vz : A+ el : B] — (IMor
f) by auto
have L[Vz : At (sub el in e2) : C] — (IMor (f ;;;c 9)) using SubstComp
gl f by simp
moreover have L[Vz : A F (sub el in e3) : C] — (IMor (f ;;;0 g)) using
SubstComp g2 f by simp
ultimately show ?thesis using InterpEqEq by simp
qed

}

qed

record ('t,’f) TermEquivCIT =
TDomain :: 't
TEzprSet :: ('t,”f) Expression set
TCodomain :: 't

locale ZFAzioms = Az : Azioms Ax for Ax :: (ZF,ZF) Azioms (structure) +
assumes fnzf: BaseFunctions (aSignature Az) € range explode

lemma [simp]: ZFAzioms T = Axioms T by (simp add: ZFAzioms-def)

primrec Fxpr2ZF :: (ZF,ZF) Expression = ZF where
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Expr2ZFVz: Expr2ZF Vi = ZFTriple (nat2Nat 0) (nat2Nat 0) Empty
| Expr2ZFfe: Expr2ZF (f EQ e) = ZFTriple (SucNat (ZFTFst (Expr2ZF e)))
(nat2Nat 1)
(Opair f (Exzpr2ZF e))

definition ZF2Expr :: ZF = (ZF,ZF) Expression where
ZF2Ezxpr = inv Expr2ZF

definition ZFDepth = Nat2nat o ZFTFst
definition ZFType = Nat2nat o ZFTSnd
definition ZFData = ZFTThd

lemma Expr2ZF Type0: ZFType (Expr2ZF e¢) = 0 — e = Vx
by(cases e,auto simp add: ZF Type-def ZFTSnd Elem-Empty-Nat Elem-SucNat-Nat
ZFSucNeq0)

lemma ZFDepthInNat: Elem (ZFTFst (Exzpr2ZF e)) Nat
by (induct e, auto simp add: ZFTFst HOLZF.Elem-Empty-Nat Elem-SucNat-Nat)

lemma Fxpr2ZF Typel: ZF Type (Exzpr2ZF e) = 1 =
3 fe' . e=(fFQe) A (Suc (ZFDepth (Expr2ZF e'))) = (ZFDepth (Expr2ZF
€))
by (cases e,auto simp add: ZF Type-def ZFTSnd ZFDepth-def ZFTFst ZFZero ZFDepthln-
Nat Nat2nat-SucNat)

lemma FExzpr2ZFDepth0: ZFDepth (Expr2ZF e) = 0 —> ZFType (Expr2ZF €) =
0

by (cases e, auto simp add: ZFDepth-def ZFTFst ZFType-def ZFTSnd ZFSucNeq0
ZFDepthInNat)

lemma Expr2ZFDepthSuc: ZFDepth (Expr2ZF e) = Suc n = ZFType (Expr2ZF
e) =1

by (cases e, auto simp add: ZFDepth-def ZFTFst ZF Type-def ZFTSnd ZFSucZero
ZFSucNeq0 ZFZero)

lemma Fzpr2Data: ZFData (Expr2ZF (f EQ e)) = Opair f (Expr2ZF e)
by (auto simp add: ZFData-def ZFTThd)

lemma FExpr2ZFing: inj FExpr2ZF
proof(auto simp add: inj-on-def)
have a: A\ n e d . [n = ZFDepth (Expr2ZF e) ; Expr2ZF e = Expr2ZF d] —
e=d
proof—
fix n show A e d . [n = ZFDepth (Expr2ZF e) ; Expr2ZF e = Expr2ZF d]
— e=d
proof (induct n)

fix e d assume a: 0 = ZFDepth (Expr2ZF e) and b: Expr2ZF e = Expr2ZF
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have 0 = ZFDepth (Expr2ZF d) using a b by simp
hence ¢ = Vz and d = Vz using a by (simp add: Expr2ZFDepth0

Expr2ZFType0)+
thus e = d by simp
}
{

fix n e d assume h: A\ e’ d’'. [n = ZFDepth (Exzpr2ZF ¢') ; Expr2ZF ¢’ =
Expr2ZF d]| = ¢’ = d’
and a: Suc n = ZFDepth (Expr2ZF e) and b: Expr2ZF e
have ZFType (Expr2ZF e€) = 1 and ZFType (Expr2ZF d)
Expr2ZFDepthSuclof e n] by simp+
from this Expr2ZF Typel [of €] Expr2ZFTypel|of d] obtain fe fd ¢’ d’
where e: e = (fe EQ e') A (Suc (ZFDepth (Expr2ZF e'))) = (ZFDepth
(Expr2ZF e)) and
d: d = (fd EQ d’) A (Suc (ZFDepth (Exzpr2ZF d"))) = (ZFDepth (Expr2ZF
d)) by auto
hence Suc (ZFDepth (Expr2ZF e')) = Suc n using a by simp
hence ne: (ZFDepth (Expr2ZF e')) = n by (rule Suc-inject)
have edat: ZFData (Expr2ZF €) = Opair fe (Expr2ZF e') using e Fxpr2Data
by simp
have ddat: ZFData (Expr2ZF d) = Opair fd (Expr2ZF d') using d Expr2Data
by simp
have fd-eq-fe: fe = fd and (Ezpr2ZF e') = (Expr2ZF d') using edat ddat
Opair b by auto
hence ¢’ = d’ using ne ih by auto
thus e = d using e d fd-eq-fe by auto
}
qed
qed
fix e d show Expr2ZF e = Fxpr2ZF d — e = d using a by auto
qed

Expr2ZF d
1 using a b

definition TermFEquivClGen T A e B ={e' . (Vz : AF ¢ = e: B) € Ax-
ioms. Theory T}

definition TermEquivCl’ T A e B = (| TDomain = A , TEzprSet = TermEquiv-
ClGen T A e B, TCodomain = B)

definition m2ZF :: (ZF,ZF) TermEquivCIT = ZF where
m2ZF t = ZF Triple (TDomain t) (implode (Expr2ZF ‘ (TEzprSet t))) (TCodomain

f

definition ZF2m :: (ZF,ZF) Azioms = ZF = (ZF,ZF) TermEquivCIT where
ZF2m T = inv-into { TermEquivCl' T A e B| A ¢ B . True} m2ZF

lemma TDomain: TDomain (TermEquivCl’ T A e B) = A by (simp add: Ter-
mEquivCl’-def)

lemma TCodomain: TCodomain (TermEquivCl’ T A e B) = B by (simp add:
TermEquivCl'-def)
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primrec WellFormedToSet :: (ZF,ZF) Signature = nat = (ZF,ZF) Expression
set where
WFS0: WellFormedToSet S 0 = {Vz}
| WFSS: WellFormedToSet S (Suc n) = (WellFormedToSet S n) U
{fEQe| fe.f € BaseFunctions S N\ e € (WellFormedToSet S n)}

lemma WellFormedToSetInRangeEzplode: ZFAzioms T —> (Expr2ZF ¢ ( WellFormedToSet
aSt n)) € range explode
proof((induct n),(simp add: WellFormedToSet-def SingletonInRangeEzplode))
fix n assume zfr: ZFAzioms T and ih: ZFAzioms T = Expr2ZF ¢ WellFormed-
ToSet aS n € range explode
hence a: Expr2ZF © WellFormedToSet aS n € range explode by simp
have Expr2ZF ‘{ fEQ e | fe . f € BaseFunctions aSp A e € (WellFormedToSet
aSpn)}
= (A (f, ze) . Expr2ZF (f EQ (ZF2Expr ze))) ¢ ((BaseFunctions aSp) X
Expr2ZF ¢ (WellFormedToSet aSp n))
proof (auto simp add: image-Collect image-def ZF2Expr-def Expr2ZFinj)
fix fe
assume f: f € BaseFunctions oS and e: e € WellFormedToSet aSp n
show 3 z € BaseFunctions aSp.3y. (3 = € WellFormedToSet aSp n. y =
Expr2ZF ) A
ZFTriple (SucNat (ZFTFst (Expr2ZF e))) (SucNat Empty) (Opair f (Expr2ZF
) =
ZFTriple (SucNat (ZFTFst (Expr2ZF (inv Expr2ZF y)))) (SucNat Empty)
(Opair x (Expr2ZF (inv Expr2ZF y)))
apply(rule bezl[where ?z = f], rule exl[where %z = Expr2ZF e])
apply (auto simp add: Expr2ZFinj f e)
done
show Jz. (3fe. x = fEQ e A f € (BaseFunctions aS ) A e € WellFormedToSet
aSpn) A
ZFTriple (SucNat (ZFTFst (Expr2ZF e))) (SucNat Empty) (Opair f
(Expr2ZF e)) = Expr2ZF x
apply(rule exl[where ?z = f FQ ¢])
apply (auto simp add: f e)
done
qed
moreover have (BaseFunctions aS ) € range explode using zfx ZFAzioms.fnzf
by simp
ultimately have Ezpr2ZF ‘{ f EQ e | f e . f € BaseFunctions aST N e €
(WellFormedToSet oS n)} € range explode
using a ZFProdFnInRangeEzrplode by simp
moreover have Expr2ZF ¢ WellFormedToSet aS p (Suc n) = (Expr2ZF ¢ (WellFormedToSet
aSn)) U
(Expr2ZF “{ fEQ e | fe . f € BaseFunctions aSp N e €
(WellFormedToSet oS n)}) by auto
ultimately show Ezpr2ZF ¢ WellFormedToSet oS (Suc n) € range explode
using ZFUnionInRangeEzrplode a by simp
qed
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lemma WellDefined ToWellFormedSet: \ B . (Sig S (Ve : A+ e: B)) = 3In.
e € WellFormedToSet S n
proof (induct e)

fix B assume Sig S> Vz: A+ Vz: B
show In. Vi € WellFormedToSet S n by (rule exI[of - 0], auto)
}
{
fix fe B assume ih: AB’. Sig S Vi : Ab e: B'= 3 n. e € WellFormedToSet
Sn
and Sig S Vo : A (fEQe): B
from this obtain B’ where Sig S > (Vx: A+ e: B')yand f: f € Sig S : B’
— B by auto
from this obtain n where a: e € WellFormedToSet S n using ih by auto
have ff: f € BaseFunctions S using f by auto
show 3n. (f FQ e) € WellFormedToSet S n by(rule exI[of - Suc n], auto simp
add: a ff)

}
qed

lemma TermSetInSet: ZFAxzioms T —> Expr2ZF ‘ (TermEquivClGen T A e B)
€ range explode
proof—
assume zfar: ZFAxzioms T
have (TermEquivClGen T A e B) C {e’. (Sig aSpv> (Vz : A+ ¢': B))}
proof(auto simp add: TermEquivClGen-def)
fix z assume Vz : A+ z=e: B € Axioms.Theory T
hence Sig aSpv> Vz: A+ z=e: B by (auto simp add: Azioms. Equiv2WellDefined
zfax)
thus Sig aS7> Vo : A+ z: B by auto

qed
also have ... C (| n . (WellFormedToSet aSp n)) by (auto simp add: WellDe-
finedTo WellFormedSet)

finally have Ezpr2ZF ‘ (TermEquivClGen T A e B) C Ezpr2ZF ‘ (U n .
(WellFormedToSet oS n)) by auto

also have ... = (U n . (Expr2ZF ‘ (WellFormedToSet aS n))) by auto

finally have Expr2ZF ¢ (TermEquivClGen T A e B) C (U n . (Exzpr2ZF ¢
(WellFormedToSet aS n))) by auto

moreover have (|J n . (Expr2ZF ¢ (WellFormedToSet aS T n))) € range explode

using zfax ZFUnionNatInRangeEzplode WellFormedToSetInRangeFxplode by
auto
ultimately show ?thesis using ZFSubsetRangeExplode|of
(U n . (Bxpr2ZF ¢ (WellFormedToSet aSt n))) Expr2ZF ¢ (TermEquivClGen
T A e B)] by simp
qed

lemma m2ZFinj-on: ZFAzioms T = inj-on m2ZF {TermEquivCl’ T A e B | A
e B . True}
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auto simp only: inj-on-def m2ZF-def)

drule ZFTriple)

auto simp add: TDomain TCodomain implode-def)

simp add: TermEquivCl'-def)

drule inv-into-injective)

auto simp add: TermSetInSet inj-image-eq-iff Expr2ZFinj)

apply
apply
apply
apply
apply
apply
done

e e e T N

lemma ZF2m: ZFAzioms T = ZF2m T (m2ZF (TermEquivCl’ T A e B)) =
(TermEquivCl’ T A e B)
proof—

assume zfar: ZFAxioms T

let A = {TermEquivCl’ T A e B| A e B. True} and %z = TermEquivCl’ T A
e B

have 7z € ?A by auto

thus ?thesis using m2ZFinj-on[of T) inv-into-f-f zfax by (simp add: ZF2m-def
)
qed

definition TermEquivCl (¢[-,-,-]) where [A,e,B]p = m2ZF (TermEquivCl’ T A
e B)

definition CLDomain T = TDomain o ZF2m T
definition CLCodomain T = TCodomain o ZF2m T

definition CanonicalComp T f g =
THE h .3 ee’. h=[CLDomain T f,sub e in e’,CLCodomain T g]p A
f=[CLDomain T f,e,CLCodomain T f]7 A g = [CLDomain T g,e’,CLCodomain

Tglr

lemma CLDomain: ZFAzioms T = CLDomain T [A,e,Blp = A by (simp add:
TermEquivCl-def CLDomain-def ZF2m TDomain)

lemma CLCodomain: ZFAzioms T = CLCodomain T [A,e,Bl7 = B by (simp
add: TermEquivCl-def CLCodomain-def ZF2m TCodomain)

lemma Fquiv2Cl: assumes Azioms T and (Vz: A+ e= d: B) € Azioms. Theory
T shows [A,e,B]p = [A,d,B]p
proof—

have {e¢’. (Vz : A+ e’=e: B) € Azioms.Theory T} = {e’. (Vx : AF e'=d : B)
€ Axzioms.Theory T}

using assms by(blast intro: Axzioms. Trans Azioms.Symm)

thus ?thesis by (auto simp add: TermEquivCl-def TermEquivCl'-def TermEquiv-
ClGen-def)
qed

lemma CI2Equiv:

assumes azxt: ZFAzioms T and sa: Sig aSp> (Ve : AF e: B) and cl: [A,e,B]p
= [A,d,B] T

shows (Vz : AF e=d: B) € Azioms.Theory T
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proof—
have ZF2m T (m2ZF (TermEquivCl' T A e B)) = ZF2m T (m2ZF (TermEquivCl’
T A d B)) using cl by (simp add: TermEquivCl-def)
hence a: TermEquivCl’ T A e B = TermEquivCl’ T A d B using assms by (simp
add: ZF2m)
have (Vz : At e = e: B) € Azioms.Theory T using axt sa Azioms.Refl[of T
by simp
hence e € TermFEquivClGen T A e B by (simp add: TermEquivClGen-def)
hence e € TermEquivClGen T A d B using a by (simp add: TermEquivCl’-def)
thus ?thesis by (simp add: TermEquivClGen-def)
qged

lemma CanonicalComp WellDefined:
assumes zazt: ZFAzioms T and Sig aSp > (Ve : AF d : B) and Sig aSp >
(Ve :BFd': ()
shows CanonicalComp T [A,d,B]p [B,d’,Clp = [A,sub d in d',C]p
proof((simp only: zaxt CanonicalComp-def CLDomain CLCodomain),(rule the-equality),
(rule exI[of - d], rule exI[of - d], auto))
fix e ¢’ assume de: [A,d,B]p = [A,e,B]p and de’: [B,d’,C]p = [B,e’,C|p
have azt: Azioms T using assms by simp
have a: (Vz: A+ d = e: B) € Azioms.Theory T using assms de Cl2Equiv by
stmp
hence sa: (Vz: A+ (sub din d’) = (sub e in d’) : C) € Axioms.Theory T
using assms Azioms.Subst’[of T| by simp
have b: (Ve : B+ d'= e’ : C) € Azioms.Theory T using assms de’ Cl2Equiv
by simp
have Sig aSp > (Ve : A+ d = e: B) using a azt Azioms. Equiv2WellDefined|of
T] by simp
hence Sig aSp > (Vz : A+ e: B) by auto
hence (Vz : AF (subein d’) = (sub e in e’) : C) € Azioms.Theory T using b
Azioms.Subst[of T| axt by simp
hence (Vz : AF (sub e in e’) = (sub d in d’) : C) € Azioms.Theory T using
sa axt
by (blast intro: Azioms.Symm[of T| Azioms. Trans[of T)
thus [4,sub e in e’,C]p = [A,sub d in d',C| using zazt Equiv2Cl by simp
qed

definition CanonicalCat’ T = (|
Obj = BaseTypes (aS ),
Mor = {[A,e,B]p | AeB . SigaSp> (Vz: AkF e: B)},
Dom = CLDomain T,
Cod = CLCodomain T,
Id = (N A.[AVz,Alp),
Comp = CanonicalComp T

)

definition CanonicalCat T = MakeCat (CanonicalCat’ T)

lemma CanonicalCat'MapsTo:
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assumes [ maps cunonicalCat’ T X t0 Y and zz: ZFAzioms T
shows 3 ef . f = [X,ef,Y]p A Sig (aSignature T) > (Ve : X Fef : Y)
proof—
have fm: f € Mor (CanonicalCat’ T) and fd: Dom (CanonicalCat’ T) f = X
and fc: Cod (CanonicalCat’ T) f =Y
using assms by auto
from fm obtain ef A B where ef: f = [A,ef,B] 7 and efsig: Sig (aSignature T)
>(Vz: Ak ef : B)
by (auto simp add: CanonicalCat’-def)
have A = X and B = Y using fd fc ef z& CLDomain|[of T] CLCodomain|of T
by (simp add: CanonicalCat’-def)+
thus ?thesis using ef efsig by auto
qed

lemma CanonicalCatCat’: ZFAzioms T —> Category-azioms (CanonicalCat’ T')
proof(auto simp only: Category-axioms-def)

have 0bj: 0bj cunonicaiCat’ T = BaseTypes (aSignature T') by (simp add: Canon-
icalCat'-def)

assume zz: ZFAzioms T

hence azt: Azxioms T by simp

{
fix f assume a: f € mor o o
from a obtain A e¢ B where f: f = [A,e,B] 7 and fwd: Sig (aSignature T) >
(Vz: AFe: B)
by (auto simp add: CanonicalCat’-def)
have domf: dom ¢, onicoicar’ T = CLDomain T f and codf: cod iy onicalCat’ T
f = CLCodomain T f
by (simp add: CanonicalCat’-def)+
have absig: A € TyaSignature T N B € TyqaSignature T using fwd Signa-
ture.SigTylof (aSignature T)] Azioms.AzSig axt
by auto
have Awd: Sig (aSignature T) > (Vz : A+ Vz : A) and Bwd: Sig (aSignature
T)> (Vz: BF Vz: B)
using absig by auto
show domCanonicalC’at' T /e ObjCanom'calCat' T using domf f obj CLDo-
main[of T A e B| absig zz
by simp
show cod o, onicaicat’ 1 € 900 CanonicalCat’ T OSING codf f obj CLCodomain|of
T A e B] absig zx
by simp
have idA: Id (CanonicalCat’ T) A = [A,Vz,Alp and idB: Id (CanonicalCat’
T) B = [B,Vz,B] 7
by (simp add: CanonicalCat’-def)+
have (Id (CanonicalCat" T) (dom cyponicaiCat’ T 1)) 5 CanonicaiCat’ 71 = 14
sub Vz in e, B]p
using [ domf CLDomain[of T A e B] idA axt CanonicalComp WellDefined|of
T Awd fwd zx
by (simp add: CanonicalCat'-def)

thus (Id (CanonicalCat” T) (dom cyponicaicat’ T 1)) 5 CanonicaiCat’ T = 1
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using f SubstXinE[of €] by simp
have f & cunonicalCat’ T (Id (CanonicalCat" T) (COdC’anonicalC’at' 7 1) = 4,
sub e in Vz, Blp
using f codf CLCodomain[of T A e B)] idB axt CanonicalCompWellDefined|of
T] Bwd fwd zx
by (simp add: CanonicalCat’-def)
thus /5 cunonicalCat’ T (Id (CanonicalCat” T) (COdCanom'calCat' 7)) =1f
using f Subst-def by simp
}
{

fix X assume a: X € 0bj oynonicalCat’ T
have X € BaseTypes (aSignature T) using a by (simp add: CanonicalCat’-def)
hence b: Sig (aSignature T) > (Vz : X F Vz : X) by auto
show Id (CanonicalCat’ T) X maps qynonicaiCat’ T X 10 X
apply(rule MapsTol)
apply(auto simp add: CanonicalCat’-def CLDomain CLCodomain zx)
apply(rule exl)+
apply(auto simp add: b)
done
}
{

fix fg h assume a: f ~> 0 onicaicar’ T 9 20 b1 9 2> 0unonicalCat’ T
from a b have fm: f € Mor (CanonicalCat’ T') and gm: g € Mor (CanonicalCat’

7)
and hm: h € Mor (CanonicalCat’ T) and fg: Cod (CanonicalCat’ T) f =
Dom (CanonicalCat’ T) g
and gh: Cod (CanonicalCat’ T) g = Dom (CanonicalCat’ T) h by auto
from fm obtain A ef B where f: f = [A,ef,B]p and fwd: Sig (aSignature T)
>(Vz: Ak ef : B)
by (auto simp add: CanonicalCat’-def)
from gm obtain B’ ey C' where g: ¢ = [B’,eq,C] 7 and gwd: Sig (aSignature
T)> (Vz:B'Feg: C)
by (auto simp add: CanonicalCat’-def)
from hm obtain C' eh D where h: h = [C’,eh,D] 7 and hwd: Sig (aSignature
T)> (Vz: C'F eh: D)
by (auto simp add: CanonicalCat’-def)
from fg have Beq: B = B’ using f g zz CLCodomain[of T A ef B] CLDomain|of
T B’ eg C] by (simp add: CanonicalCat’-def)
from gh have Ceq: C = C’ using g h zx CLCodomain[of T B’ eg C] CLDo-
main[of T C' eh D] by (simp add: CanonicalCat’-def)
have CanonicalComp T (CanonicalComp T f g) h = CanonicalComp T f
(CanonicalComp T g h)
proof—
have (CanonicalComp T f g) = [A,sub ef in eg,C]p
using azt fwd gwd Beq zx CanonicalCompWellDefined[of T A ef B eg C] f g
by simp
moreover have Sig aST > Vz : A sub ef in eg : C using fwd gwd
SubstWellDefined Beq by simp
ultimately have a: CanonicalComp T (CanonicalComp T f g) h = [A,(sub
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(sub ef in eg) in eh),D]p
using CanonicalCompWellDefined[of T A sub ef in eg C eh D] axt hwd h
Beq Ceq zx by simp
have (CanonicalComp T g h) = [B,sub eg in eh,D]p
using azxt gwd hwd Ceq Beq CanonicalCompWellDefined[of T B eg C eh D]
g h zx by simp
moreover have Sig aSp > Vz : B - sub eg in eh : D using gwd hwd
SubstWellDefined Beq Ceq by simp
ultimately have b: CanonicalComp T f (CanonicalComp T g h) = [A,(sub
ef in (sub eg in eh)),D]p
using CanonicalComp WellDefined[of T A ef B sub eg in eh D] axt fwd f zx
by simp
show %thesis using a b by (simp add: SubstAssoc)
qed

h)thus (f 5 CanonicalCat’ T 9) % CanonicalCat’ T h=f 3 CanonicalCat’ T (9 5 CanonicalCat’ T

}
{

fix fX Y g Z assume a: f maps o, onicaicat’ T X 0 Y and b: gmaps oy o0 0o
YitoZ
from a CanonicalCat’'MapsTolof T f X Y] obtain ef
where f: f = [X,ef,Y]p and fwd: Sig (aSignature T) > (Vz: X Fef : Y)
using zz by auto
from b CanonicalCat’MapsTolof T g Y Z] obtain eg
where ¢: g = [Y,eq,Z] 7 and gwd: Sig (aSignature T) > (Vz : Y - eg : Z)
using zz by auto
have fg: CanonicalComp T f g = [X,sub ef in eg,Z]p
using CanonicalComp WellDefined[of T X ef Y eg Z] f g fwd gwd zx by simp
have fgwd: Sig (aSignature T) > (Vz : X F sub ef in eg : Z)
using fwd gwd SubstWellDefined[of aS ] by simp
have (CanonicalComp T f g) maps cunonicalCat’ T X 10 Z
proof (rule MapsTol)
show Dom (CanonicalCat’ T) (CanonicalComp T fg) = X
using fg CLDomain[of T| zz by (simp add: CanonicalCat’-def)
show CanonicalComp T f g € Mor (CanonicalCat’ T) using fg fgwd by (auto
simp add: CanonicalCat’-def)
show Cod (CanonicalCat’ T) (CanonicalComp T f g) = Z
using fg CLCodomainlof T zz by (simp add: CanonicalCat’-def)
qed
thus f 55 0 onicalCat’ T 9 ™S CanonicalCat’ T X 10 Z DY (simp add: Canon-
icalCat’-def)

}

qed

by (simp add: CanonicalCat’-def)

lemma CanonicalCatCat: ZFAzioms T = Category (CanonicalCat T')
by (simp add: CanonicalCat-def CanonicalCatCat’ MakeCat)

definition Canonicallnterpretation where
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Canonicallnterpretation T = (|
1Signature = aSignature T,
ICategory = CanonicalCat T,

ITypes =X A. A,
IFunctions = X f . [SigDom (aSignature T) f, f EQ Vz, SigCod (aSignature T')
fr

)

abbreviation CI T = Canonicallnterpretation T

lemma CIObj: Obj (CanonicalCat T) = BaseTypes (aSignature T')
by (simp add: MakeCat-def CanonicalCat-def CanonicalCat’-def)

lemma CIMor: ZFAzioms T = [A,e,B]p € Mor (CanonicalCat T) = Sig (aSignature
T)> (Vz: Ak e: B)
proof(auto simp add: MakeCat-def CanonicalCat-def CanonicalCat’-def)

fix A’ ¢/ B’ assume zz: ZFAzioms T and b: [A,e,B]p = [A’,e/,B|7 and c: Sig
aSpr> Ve : A’k e’ B’

have CLDomain T [A,e,B]p = CLDomain T [A'e',B']p

and CLCodomain T [A,e,B]p = CLCodomain T [A',e’,B| 7 using b by simp+

hence A = A’ and B = B’ by (simp add: CLDomain CLCodomain zr)+

hence (Vz : At e’ = e: B) € Azioms.Theory T using zz b ¢ Cl2Equiv[of T A
e’ B e] by simp

hence Sig aSp> (Vz: A+ e’ = e: B) using Azioms. Equiv2WellDefined[of T
zz by simp

thus Sig aSp> Vz : A e: B by auto
qged

lemma CIDom: [ZFAzioms T ; [A,e,B]p € Mor(CanonicalCat T)] = Dom
(CanonicalCat T) [A,e,Blp = A
proof—

assume [A,e,B]p € Mor(CanonicalCat T) and ZFAzioms T

thus Dom (CanonicalCat T) [A,e,Blp = A

by (simp add: CLDomain MakeCatMor CanonicalCat-def MakeCat-def Canon-

icalCat'-def)
qed

lemma CICod: [ZFAzioms T ; [A,e,B] 7 € Mor(CanonicalCat T)] = Cod (CanonicalCat
T) [A,e,Blp = B
proof—

assume [4,e,B]p € Mor(CanonicalCat T) and ZFAzioms T

thus Cod (CanonicalCat T) [A,e,B]p = B

by (simp add: CLCodomain MakeCatMor CanonicalCat-def MakeCat-def Canon-
icalCat’-def)
qed

lemma CIId: [A € BaseTypes (aSignature T)] = Id (CanonicalCat T) A =

[A, VZ,A] T
by (simp add: MakeCat-def CanonicalCat-def CanonicalCat’-def)
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lemma CIComp:
assumes ZFAzioms T and Sig (aSignature T) > (Vz : A+ e : B) and Sig
(aSignature T) > (Ve : BE d : C)
shows [4,e,B| 1 5; CanonicalCat T [B,d,C]T = [A,5ub € in d,C]p
proof—
have [4,¢.B] 7 ~> cononicatcar’ T 1B:4:ClT
proof(rule CompDefinedI)
show [A,e,B]p € Mor (CanonicalCat’ T) and [B,d,C]p € Mor (CanonicalCat’
7)
using assms by (auto simp add: CanonicalCat’-def)
have cod ¢, omicalCat’ T [A:6:B]7 = B using assms by (simp add: Canonical-
Cat'-def CLCodomain)
moreover have dom g, . .. ¢ [B,d,C]l7 = B using assms by (simp
add: CanonicalCat’-def CLDomain)
ultimately show cod -, onicaicat’ T [4:6Bl T = dom oy onicaicat’ T [ B:d:Clp
by simp
qed
hence [AvevB] T s CanonicalCat T [B7d70] T— [AaeaB] T » CanonicalCat’ T [Bada C] T
by (auto simp add: MakeCatComp CanonicalCat-def)
thus [A,e,B] 1 5 canonicalCat T [B:d,Cl7 = [A, sub e in d, C]p
using CanonicalComp WellDefined|of T] assms by (simp add: CanonicalCat’-def)
qed

lemma [simp]: ZFAzioms T = Category iC of 7 by(simp add: Canonicallnter-
pretation-def CanonicalCatCat[of T])

lemma [simp]: ZFAzioms T = Signature iS oy 7 by(simp add: Canonicallnter-
pretation-def Azioms.AzSig)

lemma ClInterpretation: ZFAzioms T = Interpretation (CI T)
proof (auto simp only: Interpretation-def)
assume zt: ZFAxioms T
show Category iC oy 7 and Signature iS o7 7 using zt by simp+
{
fix A assume A € BaseTypes (iS¢ 1) thus Ty[A] o 7 € Obj (iC o 1)
by (simp add: Canonicallnterpretation-def CIObj[of T))

fix fA Bassume a: f € SigiSor7: A — B

hence [SDom]Signature (crm f.rEQ Vx’SOOdISignature (crm flr € mor canonicalCat T
using zt by(auto simp add: Canonicallnterpretation-def CIMor)

thus Fu[f] or 7 mapsicategory (CI T) TylAl or T to Ty[B] or T using a zt
by (auto simp add: Canonicallnterpretation-def MapsTo-def funsignature-abbrev-def
CIDom CICod)

}
qed
lemma Clinterp2Mor: ZFAzioms T = (\ B . Sig iScr 7> (Ve : A+ e: B)
= L[Vz: At e: Blgr 7 — (IMor [4, e, Blp))
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proof (induct e)
assume xt: ZFAxioms T
{
fix B assume a: SigiSoy 7> Vo : AF Vz : B
have aegb: A = B using a Sigld[of iS o 7 A B] Interpretation.InterpExprWellDefined|of
CI T] by simp
moreover have bt: A € BaseTypes iS oy T using a SigTyld aeqb by simp
ultimately have b: L[Vz : A+ Vz : B) o 7 — (IMor (1d iC or 7 Ty[Al o1 7))
by auto
have Ty[A]o; 7 = A by (simp add: Canonicallnterpretation-def)
hence (Id iCcorp Ty[Alcr 7) = [A,Vz,Alp using bt CIId by(simp add:
Canonicallnterpretation-def)

thus L[Vz : A+ Vz : Bl gr 7 — (IMor [A,Vz,B] 1) using aegb b by simp

fix f e B assume ih: \B'. [ZFAzioms T ; SigiScr 7> (Ve : Ak e: B)] =
(L[Vz : A+ e: Blgr 7 — (IMor [A,e,B'| 1))

and a: Sig iSgr 7> Vo : A-fEQe: B

from a obtain B’ where sig: Sig iScr p> (Ve : A e: B)and f: f € Sig
iScor 7 B’ — B by auto

hence L[Vz : A& e: Blor 7 — (IMor [A,e,B'| 1) using ih xt by auto

hence b: L[Vz : A+ fEQ e: B]lor 7 — (IMor ([A,e,B] S ICategory (CI T)

Fn[flor 7)) using sig f by auto
have [A,e,B] 1 1 ICategory (CI T) Fn[[ﬂ]CI 7= [AfEQ ¢,B]p
proof—
have aa: Fn[f]or 7= [B', f EQ Vz, B] 7 using f by (simp add: Canonical-
Interpretation-def funsignature-abbrev-def)
have Sig iSgy 7> Vo : AF e: B'and SigiSgr p> Vo : B'F fEQ Vzr: B
using sig f by auto
hence [A,e,B'|p 5 ICategory (CI T) [B', f EQ Vz, Blp = [A, sub e in (f EQ
Vl’), B} T
using CIComp|of T| zt by (simp add: Canonicallnterpretation-def)
moreover have sub e in (f EQ Vz) = f EQ e by (auto simp add: Subst-def)
ultimately show ?thesis using aa by simp
qed
thus L[Vz : AF fEQ e: B]gr 7 — (IMor [A,f EQ e,B] ) using b by simp
}
qed

lemma CIModel: ZFAzioms T = Model (CI T) T
proof(auto simp add: Model-def Model-axioms-def )
assume xt: ZFAxioms T
have azt: Azioms T using xt by simp
show i: Interpretation (CI T) using xzt by (simp add: ClInterpretation)
show aeq: aS = iS¢y 7 by (simp add: Canonicallnterpretation-def)
{
fix ¢ assume a: ¢ € aAzioms T
from a Azioms.AxT obtain A B e d where p: ¢ = Vz: A e=d: B and
sig: Sig aSp> Ve : A e=d: B
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using axt by blast

have Sig aS7v> Vz : AF e: B using sig by auto

hence e: L[Vz : A& e: Blgr 7 — (IMor [A, e, B] 1) using aeq CIInterp2Mor
xt by simp

have Sig aSp > Vx : A d: B using sig by auto

hence d: L[Vz : AF d: B]lgr 7 — (IMor [A, d, B] ) using aeq CIInterp2Mor
zt by simp

have ¢ € Axioms.Theory T using a axt by (simp add: Azioms. Theory.Ax)

hence [A, e, By = [A, d, B]p using ¢ Equiv2Cl axt by simp

thus L]y] o7 7 — (IBool True) using e d ¢ ii InterpEqlof CI T A e B [A, e,
Bl d [A, d, Bl 7] by simp

qed

lemma CIComplete: assumes ZFAzioms T and L[y] o7 7 — (IBool True) shows
@ € Axioms.Theory T
proof—
have ii: Interpretation (CI T) using assms by (simp add: ClInterpretation)
hence aeq: aS = iS¢y 7 by (simp add: Canonicallnterpretation-def)
from Interpretation.Bool[of CI T ¢ True] obtain A B e d where ¢: ¢ = (Vz :
Al e =d: B) using i assms by auto
from Interpretation. Equiviof CI T A e d B] obtain g
where g1: L[Vz : A+ e: Blgr 7 — (IMor g)
and ¢2: L[Vz: AF d: B]lgr 7 — (IMor g) using ii ¢ assms by auto
have ewd: Sig iSor 7> (Vo : AF e: B) and dwd: Sig iSc;p 7> (Ve : AF d -
B)
using g1 g2 Interpretation.InterpExprWellDefined[of CI T] ii by simp+
have ie: L[Vz : AF e: B]or 7 — (IMor [A, e, B] ) using ewd CIInterp2Mor
assms by simp
have id: L[Vx : A+ d: B]or 7 — (IMor [A, d, B] ) using dwd ClInterp2Mor
assms by simp
have [4, ¢, Blp =g
using g1 ie i Interpretation. Functionallof CI T Vz : A+ e : B IMor [A, e,
B] 7 IMor g] by simp
moreover have [4, d, Blp =g
using ¢2 id i Interpretation. Functionallof CI T Vz : A+ d : B IMor [A, d,
B IMor g] by simp
ultimately have [A, e, Blp = [A, d, B]r by simp
thus ?thesis using ¢ ewd Cl2Equiv aeq assms by simp
qed

lemma Complete:

assumes ZFAzioms T

and A (I = (ZF,ZF,ZF,ZF) Interpretation) . Model I T —> (L[¢]; — (IBool
True))

shows ¢ € Axioms.Theory T
proof—

have Model (CI T) T using assms CIModel by simp

thus ?thesis using CIComplete[of T ¢] assms by auto
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qed

end

4 Functor

theory Functors
imports Category
begin

record ('ol, 02, 'm1, 'm2, 'a, 'b) Functor =
CatDom :: ('o1,'m1,'a) Category-scheme
CatCod :: (02,'m2,'b) Category-scheme
MapM :: 'm1 = 'm2

abbreviation

FunctorMorApp :: (‘ol, 02, 'm1, 'm2, 'al, ‘a2, 'a) Functor-scheme = 'm1 =
'm2 (infixr «##> 70) where

FunctorMorApp F m = (MapM F) m

definition
MapO :: (o1, 02, 'm1, 'm2, 'al, 'a2, 'a) Functor-scheme = '01 = '02 where
MapO F X = THE Y . Y € 0Obj(CatCod F) N F ## (Id (CatDom F) X) =
Id (CatCod F) Y

abbreviation

FunctorObjApp :: (‘ol, '02, 'm1, 'm2, 'al, ‘a2, 'a) Functor-scheme = ‘ol =
02 (infixr Q@) 70) where

FunctorObjApp F X = (MapO F X)

locale PreFunctor =
fixes F :: (Yol, 02, 'm1, 'm2, 'al, ‘a2, 'a) Functor-scheme (structure)
assumes FunctorComp: f =>cutDom F 9 = F ## (f ;;catDom F 9) = (F ##
f) 50atCod F (F #4# 9)

and Functorld: X € objoytDom F = 3 Y € objoutcod F - F ##
(id catDom F X) = idcatCod 7 Y

and  CatDom[simp]: Category(CatDom F)

and  CatCod[simp]: Category(CatCod F)

locale FunctorM = PreFunctor +
assumes  FunctorCompM: fmaps cuiDom F X to Y = (F ## [) maps cutCod F
(F Q@@ X) to (F @Q Y)

locale FunctorExt =
fixes F :: (Yo1, 02, 'm1, 'm2, 'al, 'a2, 'a) Functor-scheme (structure)

assumes FunctorMapEzt: (MapM F) € extensional (Mor (CatDom F))

locale Functor = FunctorM + FunctorExt
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definition
MakeFtor :: (o1, 02, 'm1, 'm2, 'a, 'b,'r) Functor-scheme = (‘o1, ‘02, 'ml1,
'm2, 'a, 'b,'r) Functor-scheme where
MakeFtor F = (|
CatDom = CatDom F
CatCod = CatCod F
MapM = restrict (MapM F) (Mor (CatDom F)) ,
... = Functor.more F

J

lemma PreFunctorFunctor|simp|: Functor F = PreFunctor F
by (simp add: Functor-def FunctorM-def)

lemmas functor-simps = PreFunctor.FunctorComp PreFunctor.Functorld

definition
functor-abbrev (<Ftor - : - — - [81]) where
Ftor F : A — B = (Functor F) A (CatDom F = A) A\ (CatCod F = B)

lemma functor-abbrevE[elim]: [Ftor F : A — B ; [(Functor F) ; (CatDom F =
A) ; (CatCod F = B)] = R] = R
by (auto simp add: functor-abbrev-def)

definition

functor-comp-def («- =>;;; -» [81]) where

functor-comp-def F G = (Functor F) A (Functor G) A (CatDom G = CatCod
F)

lemma functor-comp-def|elim]: [F ~>;;; G ; [Functor F ; Functor G ; CatDom
G = CatCod F] = R] = R
by (auto simp add: functor-comp-def-def)

lemma (in Functor) FunctorMapsTo:
assumes f € mor utDom F

shows F #3 fmaps cqicod F (F QQ (domcgipom Ff)) to (F QQ (cod gytpom
)
proof—

have f mapscyipom F (domoutpom F ) to (cod cgipom F f) using assms by
auto

thus ?thesis by (simp add: FunctorCompM [of f domcuiDom F [ €04 CutDom F

i)
qged

lemma (in Functor) FunctorCodDom:
assumes f € mor outDom F

shows domcyicoq F(F #4 ) = F QQ (domgyipom F ) and cod ggicod p(F

## f) = F QQ (cod cytpom F f)
proof—

have F' ## f maps cqicod 7 (F @Q (dom coipom F f)) to (F QQ (cod cqipom
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1)) using assms by (simp add: FunctorMapsTo)

thus domcyicoq p(F ## f) = F QQ (domogipem r ) and cod ggicoq p(F

## f) = F QQ (COdCatDom Ff)
by auto

qed

lemma (in Functor) FunctorCompPreserved: f € morcgipom F = F ## [ €

moT CatCod F
by (auto dest: FunctorMapsTo)

lemma (in Functor) FunctorCompDef:

assumes [ ~> cuipom F 9 shows (F #4# [) ~>cqicod F (F ## 9)
proof(auto simp add: CompDefined-def)

show F ## f € morcuicod F and F ## g € mor ouicod F USIng assms by
(auto simp add: FunctorCompPreserved)

have f € mor cutpom F and g € mor cyiDom F USIng assms by auto

hence a: cod oyr00q F (F ## f) = F QQ (cod cyipom Ff) and b: domgyicoq p(F

## g) = I QQ (domcyipom F 9)
by (simp add: FunctorCodDom)+

have cod oy100a F (F ## f) = F QQ (domoytpom F 9) using assms a by auto
also have ... = domgyi00d F (F ## g) using b by simp

finally show cod cyic0a  (F ## f) = domegicod F (F ## 9) -
qed

lemma FunctorComp: [Ftor F : A — B fa>4 9] = F ## (f ;4 9) = (F

## f) g (F #+# 9)
by (auto simp add: PreFunctor.FunctorComp)

lemma FunctorCompDef: [Ftor F: A — B; f =>4 g] = (F ## [) =>p (F

## 9)
by (auto simp add: Functor.FunctorCompDef)

lemma FunctorMapsTo:

assumes Ftor F': A — B and fmapsy Xto Y

shows (F ## f) mapsg (F QQ X) to (F QQ Y)
proof—

have b: CatCod F = B and a: CatDom F = A and ff: Functor F using assms
by auto

have df: (domcyipom 7 f) = X and cf: (codouipom F f) = Y using a assms
by auto

have f € morutpom F using assms by auto

hence F #4 fmaps caicod 7 (F QQ (dom gatpom F f)) to (F QQ (cod catpom 7

f)) using ff
by (simp add: Functor.FunctorMapsTo)

thus ?thesis using df cf b by simp
qed

lemma (in PreFunctor) FunctorId2:
assumes X € objcutDom F
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shows F Q@ X € ObjC’atCod FANF #4 (idCatDom F X) = idC’atC’od F (F
@@ X)

proof—
let 7Q=AXEY .Y € objcutcod FNE = idcgtcod F Y
let 7P = ?Q (F ## (idCatDom F X))
from assms Functorld obtain Y where ?P Y by auto
moreover {
fixyezhave [?Qey; Qez] = y ==z
by (auto intro: Category.IdInj[of CatCod F y z])

ultimately have 3! Z . ?P Z by auto

hence P (THE Y . ?P Y) by (rule thel’)

thus ?thesis by (auto simp add: MapO-def)
qed

lemma Functorld:
assumes Ftor F: C — D and X € 0Obj C
shows F #+# (Id C X) = Id D (F QQ X)
proof—
have CatDom F = C and CatCod F = D and PreFunctor F using assms by
auto
thus ?thesis using assms PreFunctor. Functorld2[of F X| by simp
qed

lemma (in Functor) DomFunctor: f € mor cuiDom F = domogicod F (F ##

f) = F Q@ (domcgtpom F f)
by (simp add: FunctorCodDom)

lemma (in Functor) CodFunctor: f € mor cutDom F = ¢0dcutCod F (F ## f)

= F QQ (cod cutpom 7 )
by (simp add: FunctorCodDom)

lemma (in Functor) FunctorId3Dom:
assumes f € mor utDom F

Sho")v)s F #4# (id cgtpom F (domcuipom F f)) = idcatcod F (domcgicod £ (F
## f

proof—
have (dom cytpom F ) € 00 cutDom F using assms by (simp add: Category. Cdom)

hence F ## (id cotpom F (dom catpom F ) = id catcod 7 (F QQ (domgyipom F
1)) by (simp add: Functorld2)

also have ... = idy00d F (domogicod F (F ## f)) using assms by (simp
add: DomFunctor)

finally show ?thesis by simp
qed

lemma (in Functor) Functorld3Cod:
assumes f € Mo oytDom F

shm;;s F #4# (id catpom F (codCatDom F 1)) = dcatCod F (c0dCatcod F (F
##f
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proof—
have (cod cgtpom F ) € 001 cutDom F using assms by (simp add: Category. Ccod)
hence F ## (id catDom F (c0d CatDom £ 1)) = id Catcod F (F QQ (cod cgtpom F
1)) by (simp add: Functorld2)
also have ... = id 010040 F (¢0d cgrcod B (F ## f)) using assms by (simp add:
CodFunctor)
finally show ?thesis by simp
qed

lemma (in PreFunctor) FmToFo: [X € 0bjcutDom F i Y € 0bjcutcod F 5 F ##
(idcatpom F X) = tdgacod p Y] = F Q@ X =Y
by (auto simp add: FunctorId2 intro: Category.IdInj[of CatCod F F @Q X Y1)

lemma MakeFtorPreFtor:
assumes PreFunctor F shows PreFunctor (MakeFtor F)
proof—
{
fix X assume a: X € objouipom F have idcogipom F X € MOT CutDom F
proof—
have Category (CatDom F) using assms by (simp add: PreFunctor-def)
hence iduipom F X MapscutDom F X to X using a by (simp add: Cate-
gory. Cidm)
thus ?thesis using a by (auto)
qed
}
thus PreFunctor (MakeFtor F) using assms
by (auto simp add: PreFunctor-def MakeFtor-def Category. MapsToMorDomCod)
qed

lemma MakeFtorMor: f € morcgipom F = MakeFtor F #4# f = F ## f
by (simp add: MakeFtor-def)

lemma MakeFtorObj:
assumes Prefunctor F and X € obj ouiDom F
shows MakeFtor F @QQ X = F Q@@ X
proof—
have X € 0bj cyipom (MakeFtor ) USing assms(2) by (simp add: MakeFtor-def)
moreover have (F QQ X) € obj 1004 (MakeFtor F) using assms by (simp
add: PreFunctor.Functorld2 MakeFtor-def)
moreover have MakeFtor F #4 id ooy pom (MakeFtor F) X =id cui00d (MakeFtor F) (F
@Q X)
proof—
have Category (CatDom F) using assms(1) by (simp add: PreFunctor-def)
hence idyipom F X MapscetDom F X to X using assms(2) by (auto simp
add: Category.Cidm)
hence id oy ipom F X € MO 0utDom F PY auto
hence MakeFtor F #3# id cyipom (MakeFtor ) X = F ## idcatDom F X by
(simp add: MakeFtor-def)
also have ... = id 1000 p (F QQ X) using assms by (simp add: PreFunc-
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tor.Functorld2)
finally show %thesis by (simp add: MakeFtor-def)
qed
moreover have PreFunctor (MakeFtor F) using assms(1) by (simp add: MakeFtor-
PreF'tor)
ultimately show ?thesis by (simp add: PreFunctor.FmToFo)
qed

lemma MakeF'tor: assumes FunctorM F' shows Functor (MakeFtor F)
proof (intro-locales)

show PreFunctor (MakeFtor F) using assms by (simp add: MakeFtorPreFtor
FunctorM-def)

show FunctorM-azioms (MakeFtor F)

proof(auto simp add: FunctorM-azioms-def)

{

fix f X Y assume aa: f mapsc,ipom (MakeFtor F) XtoV
show ((MakeFtor F) ## f) maps cuicod (MakeFtor F) ((MakeF'tor F) QQ

X) to ((MakeF'tor F) @QQ Y)
proof—
have ((MakeFtor F) ## f) = F ## f using aa by (auto simp add:
MakeFtor-def)
moreover have ((MakeFtor F) Q@ X) = F QQ X and ((MakeFtor F)
Q@@ Y) = F Q@ Y
proof—
have Category (CatDom F) using assms by (simp add: FunctorM-def
PreFunctor-def)
hence X € objcuipom Fand Y € objcutDom F
using aa by (auto simp add: Category. MapsToObj MakeFtor-def)
moreover have PreFunctor F using assms(1) by (simp add: Func-
torM-def)
ultimately show ((MakeFtor F) Q@ X) = F @QQ X and ((MakeFtor F)
@@ Y) = F QQ Y
by (simp add: MakeFtorObj)+
qed
moreover have F ## f mapscyicod p (F Q@ X) to (F QQ Y) using
assms(1) aa
by (simp add: FunctorM.FunctorCompM MakeFtor-def)
ultimately show ?thesis by (simp add: MakeFtor-def)
qed
}
qed
show FunctorExt (MakeFtor F) by(simp add: FunctorExt-def MakeFtor-def)
qed

definition

IdentityFunctor’:: ('o,'m,’a) Category-scheme = ('0,’0,'m,'m,’a,’a) Functor («FId"
-» [70]) where

IdentityFunctor’ C = (CatDom = C , CatCod = C , MapM = (X f . f) )
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definition
IdentityFunctor (<FId -» [70]) where
IdentityFunctor C = MakeFtor(IdentityFunctor’ C)

lemma IdFtor'PreFunctor: Category C => PreFunctor (FId' C)
by (auto simp add: PreFunctor-def IdentityFunctor’-def)

lemma IdFtor’'Obj:

assumes Category C and X € 0bj ouipom (FId' C)

shows (FId' C) @@ X = X
proof—

have (FId' C) #4# id ;5 pom (FId’ C) X =1d 41004 (FId' C) X by(simp add:
IdentityFunctor’-def)

moreover have X € obj 1004 (FId' ©) using assms by (simp add: Identity-

Functor’-def)
ultimately show ?thesis using assms by (simp add: PreFunctor.FmToFo IdFtor'PreFunctor)
qed

lemma IdFtor'FtorM:
assumes Category C shows FunctorM (FId' C)
proof(auto simp add: FunctorM-def IdFtor' PreFunctor assms FunctorM-axioms-def)
{ﬁx [ X Y assume a: f maps c,ipom (FId' ©) XtoY
show ((FId" C) ## f) maps c,icod (FId' C) ((FId' C) @@ X) to ((FId" C)
@a@ Y)
proof—

have X € 0bj cyipom (rFra’ ¢) @24 Y € 00j cuipom (F1d’ ©)
using a assms by (simp add: Category.MapsToObj IdentityFunctor’-def )+
moreover have (FId’' C) ## f = f and CatDom (FId’' C) = CatCod (FId’
C) by (simp add: IdentityFunctor’-def)+
ultimately show ?thesis using assms a by(simp add: IdFtor'Obj)
qed

}
qed

lemma IdFtorFtor: Category C = Functor (FId C)
by (auto simp add: IdentityFunctor-def IdFtor'FtorM intro: MakeFtor)

definition
ConstFunctor’ :: ('ol,'m1,’a) Category-scheme =
("02,'m2,’b) Category-scheme = '02 = (‘o1,’02,'m1,'m2,’a,’)
Functor where
ConstFunctor’ A B b =
CatDom = A |
CatCod = B,
MapM = (X f . (Id B) b)
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definition ConstFunctor A B b = MakeFtor(ConstFunctor’ A B b)

lemma ConstFtor’ :
assumes Category A Category B b € (Obj B)
shows PreFunctor (ConstFunctor’ A B b)
and  FunctorM (ConstFunctor’ A B b)
proof—
show PreFunctor (ConstFunctor’ A B b) using assms
apply (subst PreFunctor-def)
apply (rule conjl)+
by (auto simp add: ConstFunctor'-def Category.Simps Category. CatIdCompld)
moreover
{
fix X assume X € objy b € objp PreFunctor (ConstFunctor’ A B b)
hence (ConstFunctor’ A Bb) @@ X = b
by (auto simp add: ConstFunctor’-def PreFunctor.FmToFo Category.Simps)
}
ultimately show FunctorM (ConstFunctor’ A B b) using assms
by (intro-locales, auto simp add: ConstFunctor’-def Category.Simps Func-
torM-azioms-def)
qed

lemma ConstFtor:
assumes Category A Category B b € (Obj B)
shows Functor (ConstFunctor A B b)
by (auto simp add: assms ConstFtor’ ConstFunctor-def MakeF'tor)

definition

UnitFunctor :: ('o,'m,’a) Category-scheme = (’o,unit,’m,unit,’a,unit) Functor
where

UnitFunctor C = ConstFunctor C UnitCategory ()

lemma UnitFtor:
assumes Category C
shows Functor( UnitFunctor C)
proof—
have () € obj ynitCategory PY (simp add: UnitCategory-def MakeCatOby)
hence Functor(ConstFunctor C UnitCategory ()) using assms
by (simp add: ConstFtor)
thus ?thesis by (simp add: UnitFunctor-def)
qed

definition
FunctorComp’:: (Yo1,’02,'m1,'m2,’al,'a2) Functor = ('02,’03,'m2,'m3,'b1,'b2)
Functor
= ('01,’03,'m1,'m8,'a1,’b2) Functor (infixl ¢;»» 71) where
FunctorComp' F G = (|
CatDom = CatDom F
CatCod = CatCod G ,
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D MapM = X\ f . (MapM G)((MapM F) f)

definition FunctorComp (infixl <;;;» 71) where FunctorComp F G = MakeFtor
(FunctorComp’ F G)

lemma FtorCompComp':

assumes [ =>cutDom F 9

and F =>;;; G

shows G ## (F ## ([ 5icatDom F 9)) = (G ## (F ## [)) 5icatCod ¢ (G
## (F #4 9))

proof—
have [simp|: PreFunctor G N\ PreFunctor F using assms by auto
have [simp|: (F ## f) =>catDom ¢ (F ## g) using assms by (auto simp
add: Functor.FunctorCompDef|of F f g])
have F #4 (f 5;catDom F 9) = (F #4# f) 5iCatCod F (F' ## g) using assms
by (auto simp add: PreFunctor.FunctorComp)
hence G #4 (F #4 (f 5 Catpom £ 9)) = G 44 (F 44 ) 5 Catcod 7 (F #4
9)) by simp
also have ... = G ## ((F ## f) 5icatDom ¢ (F ## g)) using assms by auto
also have ... = (G ## (F ## f)) 5;catcod ¢ (G ## (F #4 9))
by (simp add: PreFunctor.FunctorComplof G (F ## f) (F ## g)])
finally show ?thesis by simp
qed

lemma FtorCompld:

assumes a: X € (Obj (CatDom F))

and F ~>;;; G

shows G ## (F ## (idogtpom F X)) = dogcod (G QQ (F @QQ X)) A G
@@ (F @@ X) € (0bj (CatCod G))
proof—

have [simp]: PreFunctor G A PreFunctor F using assms by auto

have b: (F QQ X) € obj oytDom ¢ using assms

by (auto simp add: PreFunctor.FunctorId2)

have G ## F ## (idoytpom F X) = G ## (idcuicoq p(F QQ X)) using b
a

by (simp add: PreFunctor.Functorld2[of F X])
also have ... = G ## (id cgtpom ¢(F QQ X)) using assms by auto
also have ... = idu00d ¢(G QQ (F QQ X)) A G QQ (F Q@ X) € (Obj
(CatCod G)) using b
by (simp add: PreFunctor.Functorld2[of G (F QQ X)])
finally show ?thesis by simp
qed

lemma FtorCompldDef:
assumes a: X € (Obj (CatDom F')) and b: PreFunctor (F ;;: G)
and F ~>;;; G
shows (F ;;: G) @@ X = (G @Q (F Q@ X))

proof—
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have (F ;;: G) ## (idcypom (F 3 ¢)(X)) = G ## (F ## (id catpom #(X)))
using assms
by (simp add: FunctorComp'-def)
also have ... = id 1004 (G QQ (F QQ (X))) using assms a
by (auto simp add: FtorCompld|of - F G))
ﬁnally have (F e G) ## (idCatDom (F o G)(X)) = idCatC’od (F * G)(G Q@
(F @QQ X)) using assms
by (simp add: FunctorComp’-def)
moreover have G QQ (F QQ (X)) € (0Obj (CatCod (F ;;: G))) using assms a
by (auto simp add: FtorCompld[of - F G| FunctorComp’-def)
moreover have X € 0bjcui1pom (F 3 G) using a by (simp add: Functor-
Comp’-def)
ultimately show “thesis using b
by (simp add: PreFunctor.FmToFo[of F ;;: G X G QQ (F QQ X)])
qed

lemma FunctorCompMapsTo:

assumes f € mor c.iDom (F 3 G) and F ~>;;; G

shows (G ## (F 44 [)) maps carcod ¢ (G QQ (F QQ (domcgpom F f))) to
(G @@ (F @@ (cod ogtpom F f)))
proof—

have f € morcuipom F N Functor F using assms by (auto simp add: Functor-
Comp'-def)

hence (F ## f) maps cqtpom ¢ (F QQ (dom cotpom F [)) to (F QQ (cod cqipom F
f)) using assms

by (auto simp add: Functor.FunctorMapsTolof F f])

moreover have FunctorM G using assms by (auto simp add: FunctorComp-def
Functor-def)

ultimately show ?Zthesis by (simp add: FunctorM.FunctorCompM|of G F ##

fF @Q (domcgipom r ) F QQ (cod cuipom F )])
qed

lemma FunctorCompMapsTo2:
assumes f € moT c,tDom (F 3 G)
and F ~>;;; G
and PreFunctor (F ;;: G)
shows ((F ;;: G) ## f) maps cuiCod (F Q) ((F 52 G) @@ (dom ey pom, (F @)
) to
((F 50 G) Q@ (cod cgtpom, (F 3 Q) )
proof—
have Category (CatDom (F ;;: G)) using assms by (simp add: PreFunctor-def)
hence 1: (dom cyipom (F 3 G) f) € objcatpom F N (cod cuipom (F 3 Q) f) e
obj cutDom F using assms
by (auto simp add: Category.Simps FunctorComp’-def)
have (G ## (F #4# f)) maps catcod ¢ (G Q@ (F QQ (dom cgipom F [))) to
(G Q@ (F @@ (cod ggtpom F f)))
using assms by (auto simp add: FunctorCompMapsTolof f F G])

IR
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moreover have CatDom F = CatDom(F ;;: G) A CatCod G = CatCod(F ;;:
G) N (G #4 (F ## [)) = (F 52 G) ## [f) using assms
by (simp add: FunctorComp’-def)
moreover have (F ;;: G) QQ (domyipom (F
(domC'atDom(F it G) M)A
(F 332 G) @QQ (cod 4t Dom (F

o /) = (G @@ (F @@

9

Q) f)=(Gaa (Fao (COdCatDom(F i Q)

IR

)
by (auto simp add: FtorCompldDef[of - F G] 1 assms)

ultimately show %thesis by auto
qed

lemma FunctorCompMapsTo3:

assumes f mapsc,tDom (F:: G) XtoY

and F ~>;;; G

and PreFunctor (F ;;: G)

shows F' 550 G #4# [ maps cu100d (F 3 G) Fi;: GQQ X to F;: GQQ Y
proof—

have f € morcyipom (F ;;: @)
and dom g1 po, (F 5 G) f=X
and cod o, pom, (F 3 G) f = Y using assms by auto
thus ?thesis using assms by (auto intro: FunctorCompMapsTo?2)
qed

lemma FtorCompPreFtor:

assumes F' ~>:;; G

shows PreFunctor (F ;;: G)
proof—

have 1: PreFunctor G N PreFunctor F using assms by auto

show PreFunctor (F ;;: G) using assms

proof(auto simp add: PreFunctor-def FunctorComp’-def Category.Simps

FtorCompld|of - F G| intro: FtorCompComp’)
show Category (CatDom F) and Category (CatCod G) using assms 1 by

(auto simp add: PreFunctor-def)

qed
qed

lemma FtorCompM :
assumes F' ~>;;; G
shows FunctorM (F ;;: G)
proof(auto simp only: FunctorM-def)
show 1: PreFunctor (F ;;: G) using assms by (rule FtorCompPreFtor)
{
fix X Y f assume a: f maps c,ipom (F i G XtoVY
have F ;;: G ## [ maps uicod (F i G) Fi;:GQQ XtoF;;: GQQ Y
using a assms 1 by (rule FunctorCompMapsToS3)

}

thus FunctorM-azioms (F ;;: G)
by (auto simp add: 1 FunctorM-azioms-def)
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qed

lemma FtorComp:
assumes F' ~>:;; G
shows Functor (F ;;; G)
proof—
have FunctorM (F ;;: G) using assms by (rule FtorCompM)
thus ?thesis by (simp add: FunctorComp-def MakeFtor)
qed

lemma (in Functor) FunctorPreserveslso:
assumes iSOy tDom F F
shows 180 0utCod F (F ## k)
proof—
have [simp|: k € mor cutpom F Using assms by (simp add: Category.IsolsMor)
have cinvyicoqg p (F ## k) (F #4 (Cinv catpom F k)
proof (rule Category.Inverse-rell)
show Category (CatCod F) by simp
show (F ## k) N> CatCod F (F ## (CinvCatDom F k)
by (rule FunctorCompDef, simp add: Category.IsoCompInv assms)
show (F ## k) 5icatcod F (F ## (Cinvggipom F k) = dcutCod F
(dom catcod F (F ## k)
proof—
have _ (F ## k) »CatCod F (F #4# (Cinvcatpom F k) = F #4# (k
s CatDom F (Cinv catDom F k) using assms
by (auto simp add: FunctorComp Category.IsoComplnw)

also have ... = F ## (idcytpom F (domcgtpom F *)) using assms by
(simp add: Category.IsolnvId?2)

also have ... = idgu00d F (domogicod B (F #7# k) by (simp add:
FunctorId3Dom)
finally show ?thesis by simp
qed
show (F ## (Cinvcgipom F K)) 5i0atCod F (F ## k) = idcatcod F
(cod catcod F (F #4f F))
proof—
have (F ## (Cinvoaipom F k) 5icatcod (B #4 k) = F #4#

((CinvcatDom F %) 3CatDom F k) using assms
by (auto simp add: FunctorComp Category.InvComplso)

also have ... = F ## (idcutpom F (¢0dcutDom F k)) using assms by
(simp add: Category.Isolnvldl)
also have ... = id ou100d F (€04 cutCod F (F ## k)) using assms by (simp

add: Functorld3Cod)
finally show ?thesis by simp
qed
qed
thus ?thesis by(auto simp add: isomorphism-def)
qed

declare PreFunctor.CatDom][simp] PreFunctor.CatCod [simp]
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lemma FunctorMFunctor[simp|: Functor F = FunctorM F
by (simp add: Functor-def)

locale Equivalence = Functor +
assumes Full: [A € Obj (CatDom F) ; B € Obj (CatDom F) ;
h maps caicod F (F QQ A) to (F QQ B)] =
3 f . (f mapscatpom £ A to B) N (F 44 [ = h)
and Faithful: [f mapscuiDom F A to B 5 g mapscyipom A to B3 F #4# f =
Fa##gl—=1f=y
and IsoDense: C € Obj (CatCod F) = 3 A € Obj (CatDom F) . Objlso
(CatCod F) (F @@ A) C

end

5 Natural Transformation

theory NatTrans
imports Functors
begin

record ('o1, 02, 'm1, 'm2, 'a, 'b) NatTrans =
NTDom :: ('ol, '02, 'm1, 'm2, 'a, 'b) Functor
NTCod :: ('o1, '02, 'm1, 'm2, 'a, 'b) Functor
NatTransMap :: ol = 'm2

abbreviation

NatTransApp :: (‘ol, 02, 'm1, 'm2, 'a, 'b) NatTrans = ‘o1 = 'm2 (infixr «$%$»
70) where

NatTransApp n X = (NatTransMap n) X

definition NTCatDom n = CatDom (NTDom n)
definition NTCatCod nn = CatCod (NTCod n)

locale NatTransExt =
fixes n :: (o1, 02, 'm1, 'm2, 'a, 'b) NatTrans (structure)
assumes NTEzt : NatTransMap n € extensional (Obj (NTCatDom 7))

locale NatTransP =

fixes n = (o1, ‘02, 'm1, 'm2, 'a, 'b) NatTrans (structure)

assumes NatTransFtor: Functor (NTDom n)

and  NatTransFtor2: Functor (NTCod n)

and  NatTransFtorDom: NTCatDom n = CatDom (NTCod n)

and  NatTransFtorCod: NTCatCod n = CatCod (NTDom n)

and  NatTransMapsTo: X € objNTCatDom n =

(n 88 X) mapsNTCatCod n (NTDom 1) QQ X) to ((NTCod

n) @@ X)

and  NatTrans: fmaps NTCatDom n X to Y =
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((NTDom n) ## f) iNTCatCod 5 (138 Y) = (n 88 X) inTCatCod n
(NTCod n) ## f)

locale NatTrans = NatTransP + NatTransExt

lemma [simp]: NatTrans n = NatTransP 7
by (simp add: NatTrans-def)

definition MakeNT :: (‘ol, '02, 'm1, 'm2, 'a, 'b) NatTrans = ('o1, '02, 'ml1,
'm2, 'a, 'b) NatTrans where
MakeNT n = (

NTDom = NTDom n ,

NTCod = NTCod n ,

NatTransMap = restrict (NatTransMap n) (Obj (NTCatDom 1))

J

definition
nt-abbrev (<NT - : - = -» [81]) where
NT f: F = G = (NatTrans f) A (NTDom f = F) A (NTCod f = G)

lemma nt-abbrevE[elim]: [NT f : F = G ; [(NatTrans f) ; (NTDom f = F) ;
(NTCod f = G)] = R] = R
by (auto simp add: nt-abbrev-def)

lemma MakeNT: NatTransP n => NatTrans (MakeNT n)
by (auto simp add: NatTransP-def NatTrans-def MakeNT-def NTCatDom-def NT-
CatCod-def Category.MapsToObj
NatTransExt-def)

lemma MakeNT-comp: X € Obj (NTCatDom f) = (MakeNT f) $$ X = f $$ X
by (simp add: MakeNT-def)

lemma MakeNT-dom: NTCatDom f = NTCatDom (MakeNT f)
by (simp add: NTCatDom-def MakeNT-def)

lemma MakeNT-cod: NTCatCod f = NTCatCod (MakeNT f)
by (simp add: NTCatCod-def MakeNT-def)

lemma MakeNTApp: X € Obj (NTCatDom (MakeNT f)) = f $$ X = (MakeNT
f) 88 X
by(simp add: MakeNT-def NTCatDom-def)

lemma NatTransMapsTo:

assumes NT n: F = G and X € Obj (CatDom F)

shows n $8 X mapsui00q ¢ (F QQ X) to (G QQ X)
proof—

have NTP: NatTransP n using assms by auto

have NTC: NTCatCod n = CatCod G using assms by (auto simp add: NTCat-
Cod-def)
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have NTD: NTCatDom n = CatDom F using assms by (auto simp add: NT-
CatDom-def)

hence Obj: X € Obj (NTCatDom n) using assms by simp

have DF: NTDom n = F and CG: NTCod n = G using assms by auto

have NTmapsTo: 1 88 X mapsNTCatCod n (NTDom 1) QQ X) to ((NTCod )
@@ X)

using NTP Obj by (simp add: NatTransP.NatTransMapsTo)

thus ?thesis using NTC NTD DF CG by simp

qed

definition
NTCompDefined :: ('ol, '02, 'm1, 'm2, 'a, 'b) NatTrans
= (o1, '02, 'm1, 'm2, 'a, 'b) NatTrans = bool (infixl x>«
65) where
NTCompDefined n1 n2 = NatTrans n1 N NatTrans n2 N NTCatDom n2 =
NTCatDom n1 A
NTCatCod n2 = NTCatCod n1 N NTCod n1 = NTDom n2

lemma NTCompDefinedE[elim]: [n1 ~>- n2 ; [NatTrans n1 ; NatTrans n2 ;
NTCatDom n2 = NTCatDom nl1 ;

NTCatCod n2 = NTCatCod n1 ; NTCod n1 = NTDom n2]
— R] = R
by (simp add: NTCompDefined-def)

lemma NTCompDefinedl: [NatTrans n1 ; NatTrans n2 ; NTCatDom n2 = NT-
CatDom n1 ;

NTCatCod n2 = NTCatCod n1 ; NTCod n1 = NTDom n2]
= 1l ~=>-n2
by (simp add: NTCompDefined-def)

lemma NatTransEzt0:
assumes NTDom n1 = NTDom n2 and NTCod n1 = NTCod n2
and AX.X € 0Obj (NTCatDom n1) = n1 $$ X =n2 $$ X
and  NatTransMap n1 € extensional (Obj (NTCatDom n1))
and  NatTransMap n2 € extensional (Obj (NTCatDom n2))
shows nl =n2
proof—
have NatTransMap n1 = NatTransMap n2
proof(rule extensionalityl [of NatTransMap n1 Obj (NTCatDom n1)])
show NatTransMap n1 € extensional (Obj (NTCatDom n1)) using assms by
sitmp
have NTCatDom n1 = NTCatDom n2 using assms by (simp add: NTCat-
Dom-def)
moreover have NatTransMap n2 € extensional (Obj (NTCatDom n2)) using
assms by simp
ultimately show NatTransMap n2 € extensional (Obj (NTCatDom n1)) by
stmp
{fix X assume X € Obj (NTCatDom n1) thus n1 $$ X = n2 $$ X using
assms by simp}
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qed
thus ?thesis using assms by (simp)
qed

lemma NatTransExt’:
assumes NTDom n1’ = NTDom n2' and NTCod n1’' = NTCod n2’
and AX.X € 0bj (NTCatDom n1') = n1'$$ X =n2’'$$ X
shows MakeNT n1' = MakeNT n2’
proof(rule NatTransFExt0)
show NatTransMap (MakeNT n1') € extensional (Obj (NTCatDom (MakeNT
71%)) and
NatTransMap (MakeNT n2') € extensional (Obj (NTCatDom (MakeNT 1n2')))
using assms
by (simp add: MakeNT-def NTCatDom-def NTCatCod-def NatTransExt-def )+
show NTDom (MakeNT n1’) = NTDom (MakeNT n2’) and
NTCod (MakeNT n1') = NTCod (MakeNT n2’) using assms by (simp add:
MakeNT-def )+
{
fix X assume 1: X € Obj (NTCatDom (MakeNT n1'))
show (MakeNT n1') $$ X = (MakeNT n2') $$ X
proof—
have NTCatDom (MakeNT n1') = NTCatDom (MakeNT n2’) using assms
by(simp add: NTCatDom-def MakeNT-def)
hence 2: X € 0Obj (NTCatDom (MakeNT n2’)) using I by simp
have (NTCatDom n1') = (NTCatDom (MakeNT n1’)) by (rule Mak-
eNT-dom)
hence X € 0bj (NTCatDom n1’) using I assms by simp
hence 11’ $$ X = 2’ $$ X using assms by simp
moreover have 71’ $$ X = (MakeNT n1') $$ X using I assms by (simp
add: MakeNTApp)
moreover have 12’ $$ X = (MakeNT 7n2’) $% X using 2 assms by (simp
add: MakeNTApp)
ultimately have (MakeNT n1’) $8 X = (MakeNT 1n2') $$ X by simp
thus ?thesis using assms by simp
qed

}

qed

lemma NatTransEzt:
assumes NatTrans n1 and NatTrans n2 and NTDom n1 = NTDom n2 and
NTCod n1 = NTCod n2
and AX.X € 0bj (NTCatDom n1) =>n1 $$ X =n2 $$ X
shows n! =n2
proof—
have NatTransMap n1 € extensional (Obj (NTCatDom n1)) and
NatTransMap n2 € extensional (Obj (NTCatDom 1n2)) using assms
by (simp only: NatTransExt-def NatTrans-def)+
thus ?thesis using assms by (simp add: NatTransExt0)
qed
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definition
IdNatTrans’ :: (o1, '02, 'm1, 'm2, 'al, 'a2) Functor = (o1, '02, 'm1, 'm2,
‘al, 'a2) NatTrans where
IdNatTrans’ F =
NTDom = F |
NTCod = F ,
NatTransMap = X X . id o004 p (F QQ X)

J

definition IdNatTrans F = MakeNT(IdNatTrans' F)

lemma IdNatTrans-map: X € 0bj cgtDom F = (IdNatTrans F) $3 X = id 0utCod F
(F Q@Q X)

by(auto simp add: IdNatTrans-def IdNatTrans'-def MakeNT-comp MakeNT-def
NTCatDom-def)

lemmas IdNatTrans-defs = IdNatTrans-def IdNatTrans’-def MakeNT-def IdNat-
Trans-map NTCatCod-def NTCatDom-def

lemma IdNatTransNatTrans”: Functor F = NatTransP(IdNatTrans' F)
proof(auto simp add: Nat TransP-def IdNat Trans’-def NTCatDom-def NTCatCod-def
Category.Simps
PreFunctor. Functorld2 functor-simps Functor.FunctorMapsTo)
{

fix fXY
assume a: Functor F and b: f mapscuipom F X to Y
show (F #3 f) 5;catCod F (1 CatCod F (F @Q Y)) = (idcatcod F (F QQ X))

5 CatCod F (F #4# f)
proof—

have 1: Category (CatCod F') using a by simp
have F ## f mapscyuicod  (F QQ X) to (F QQ Y) using a b by (auto
stmp add: Functor.FunctorMapsTo)

hence 2: F ## f € mor ggicod F and 3: cod oyicod F (F ## f) = (F QQ
Y)
and 4: domguicod F (F ## f) = (F QQ X) by auto
have (F ## f) 3:0atCod F (1datCod F (F QQ Y)) = (F ## [) 5 CatCod F

(id catCod F (codcatcod 7 (F ## 1))
using 3 by simp

also have ... = F ## f using 1 2 by (auto simp add: Category.Cidr)
also have ... = (id gatCod F (domcarcod F (F ## 1)) 5 CatCod 7 (F #4 )
using 1 2 by (auto simp add: Category.Cidl)
also have ... = (idgui00d F (F QQ X)) 5;00tCod F (F #7# f) using 4 by
simp
finally show ?Zthesis .
qed
}
qed
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lemma IdNatTransNatTrans: Functor F = NatTrans (IdNatTrans F')
by (simp add: IdNatTransNatTrans’ IdNatTrans-def MakeNT)

definition
NatTransComp’ :: (o1, 02, 'm1, 'm2, 'a, 'b) NatTrans =
(o1, 02, 'm1, 'm2, 'a, 'b) NatTrans =
("o1, 02, 'm1, 'm2, 'a, 'b) NatTrans (infixl <-1» 75) where
NatTransComp’' n1 n2 =
NTDom = NTDom n1 ,
NTCod = NTCod n2 ,
NatTransMap = XA X . (n1 88 X) 5sNTCatCod n1 (M2 88 X)

)

definition NatTransComp (infixl <-» 75) where n1 - n2 = MakeNT(n1 -1 n2)

lemma NatTransComp-Compl: [z € Obj (NTCatDom f) ; f =>- g] = (f - g)

$8 = = (f % =) s NTCatCod ¢ (9 58 @)
by(auto simp add: NatTransComp-def NatTransComp'-def MakeNT-def NTCat-
Cod-def NTCatDom-def)

lemma NatTransComp-Comp2: [z € Obj (NTCatDom f) ; f ~=>- g] = (f - g)

88 2 = (f 88 z) sNTCatCod £ (9 58 2)

by (auto simp add: NatTransComp-def NatTransComp'-def MakeNT-def NTCat-

Cod-def NTCatDom-def)

lemmas NatTransComp-defs = NatTransComp-def NatTransComp’-def MakeNT-def
NatTransComp-Compl NTCatCod-def NTCatDom-def

lemma [simp]: n1 ~>+ n2 = NatTrans n1 by auto
lemma [simp]: n1 ~>- n2 = NatTrans n2 by auto

lemma NTCatDom: nl ~>-n2 = NTCatDom n1 = NTCatDom n2 by
auto
lemma NTCatCod: nl =>-n2 = NTCatCod n1 = NTCatCod n2 by auto

lemma [simp]: n1 ~>- n2 = NTCatDom (n1 -1 n2) = NTCatDom n1 by (auto
simp add: NatTransComp’-def NTCatDom-def)

lemma [simp]: n1 ~>- n2 = NTCatCod (n1 -1 n2) = NTCatCod n1 by (auto
simp add: NatTransComp’-def NTCatCod-def)

lemma [simp]: n1 ~>-n2 = NTCatDom (n1 - n2) = NTCatDom n1 by (auto
stmp add: NatTransComp-defs)

lemma [simp]: n1 ~>- n2 = NTCatCod (n1 - n2) = NTCatCod n1 by (auto
stmp add: NatTransComp-defs)

lemma [simp]: NatTrans n = Category(NTCatDom n) by (simp add: Nat-
TransP.NatTransFtor NTCatDom-def)

lemma [simp]: NatTrans n = Category(NTCatCod n) by (simp add: Nat-
TransP.NatTransFtor2 NTCatCod-def)

lemma DDDC': assumes NatTrans f shows CatDom (NTDom f) = CatDom
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(NTCod f)
proof—
have CatDom (NTDom f) = NTCatDom f by (simp add: NTCatDom-def)
thus ?thesis using assms by (simp add: NatTransP.NatTransFtorDom)
qed
lemma CCCD: assumes NatTrans f shows CatCod (NTCod f) = CatCod (NTDom
5

proof—
have CatCod (NTCod f) = NTCatCod f by (simp add: NTCatCod-def)
thus ?thesis using assms by (simp add: NatTransP.NatTransFtorCod)
qged

lemma IdNatTransCompDefDom: NatTrans f = (IdNatTrans (NTDom f)) ~=>-

f
apply(rule NTCompDefinedl)

apply(simp-all add: IdNatTransNatTrans NatTransP.NatTransFtor)
apply(simp-all add: IdNatTrans-defs CCCD)
done

lemma IdNatTransCompDefCod: NatTrans f = f ~>- (IdNatTrans (NTCod f))
apply(rule NTCompDefinedI)

apply(simp-all add: IdNatTransNatTrans NatTransP.NatTransFtor2)
apply(simp-all add: IdNatTrans-defs DDDC')

done

lemma NatTransCompDefCod:

assumes NatTrans n and f maps NTCutDom n XtoY

shows (1 88 X) ~>N10atCod y (NTCod 1 #4 f)
proof(rule CompDefinedI)

have b: X € 0bjNTCatDom 5 @nd ¢: Y € 0bjNTCatDom 7 using assms by (auto
stmp add: Category. MapsToOby)

have d: (1 $8 X) mapsnTCatcod n (NTDom n) @@ X) to (NTCod n) QQ X)
using assms b

by (simp add: NatTransP.NatTransMapsTo)

thus 1 $8 X € mor Nrcaicod n PY auto

have fmaps,iDom (NTCod 1) X to Y using assms by (simp add: NatTransP.NatTransFtorDom)

hence e: NTCod n ## f maps cui00d (NTCod n) (NTCod n @Q X) to (NTCod
7 @QQ Y) using assms

by (simp add: FunctorM.FunctorCompM NatTransP.NatTransFtor2)

thus NTCod n ## [ € mor NTCatCod n bY (auto simp add: NTCatCod-def)

have cod N7CatCod n (1 88 X) = (NTCod n @@ X) using d by auto

also have ... = dom ;004 (NTCod 1) (NTCod n #+# f) using e by auto

finally show cod NTCutC0d (188 X) = dom NTeatcod n (NTCod n #4 [) by
(auto simp add: NTCatCod-def)
qed

lemma NatTransCompDefDom:
assumes NatTrans n and f maps NTCutDom nXtoY
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shows (NTDom n #4¢ [) ~>NTCatCod n (1 33 Y)
proof(rule CompDefinedI)
have b: X € 0bjNTCatDom 5 @nd ¢: Y € 0bjNTCatDom 5 using assms by (auto
stmp add: Category. MapsToOby)
have d: (n 88 Y) maps y7catCod n ((NTDom n) QQ Y) to (NTCod 1) @Q Y)
using assms ¢
by (simp add: NatTransP.NatTransMapsTo)
thus 1) 88 Y € mor y7oatcod n PY auto
have f Maps CatDom (NTDom 1) X to Y using assms by (simp add: NTCat-
Dom-def)
hence e: NTDom 1 ## [ maps cu100d (NTDom n) (NTDom n @QQ X) to (NTDom
17 @QQ Y) using assms
by (simp add: FunctorM.FunctorCompM NatTransP.NatTransFtor)
thus NTDom n ## f € mor NTCatCod y using assms by (auto simp add:
NatTransP.NatTransFtorCod)
have domnTcqatCod n (188 Y) = (NTDom n Q@ Y) using d by auto

also have ... = cod 1004 (NTDom 1) (NTDom n #+# f) using e by auto
finally show cod N70atCod n (NTDom n ## [) = domNTCatCod n (n 85 Y)
using assms by (auto simp add: NatTransP.NatTransFtorCod)
qged

lemma NatTransCompCompDef:
assumes 71 ~>- 12 and X € objNTCatDom 11
shows (n1 $$ X) ~>N7catCod n1 (12 33 X)
proof(rule CompDefinedI)
have 1: (n1 88 X) mapsNTcaiCod 51 (NTDom n1) @@ X) to (NTCod n1)
@QQ X) using assms
by (simp add: NatTransP.NatTransMapsTo)
have NTCatCod n1 = NTCatCod n2 using assms by auto
hence 2: (2 8% X) maps NTcatCod n1 ((NTDom n2) @@ X) to ((NTCod n2)
@@ X) using assms
by (simp add: NatTransP.NatTransMapsTo NTCatDom)
show n1 $8 X € mor NrCatCod n1
and 72 $$ X € mor N7CutCod n1 Using 1 2 by auto
have cod N7CatCod n1 (N1 88 X) = ((NTCod n1) @@ X) using 1 by auto
also have ... = ((NTDom n2) QQ X) using assms by auto
finally show cod NTcatCod n1 (11 88 X) = domNTCatCod n1 (N2 $8 X) using
2 by auto
qed

lemma NatTransCompNatTrans'”:
assumes 1l ~>- n2
shows NatTransP (n1 -1 n2)
proof(auto simp add: NatTransP-def)
show Functor (NTDom (n1 -1 n2)) and Functor (NTCod (n1 -1 n2)) using
assms
by (auto simp add: NatTransComp’-def NatTransP.NatTransFtor NatTransP.NatTransFtor2)
show NTCatDom (n1 -1 n2) = CatDom (NTCod (n1 -1 n2)) and
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NTCatCod (n1 1 n2) = CatCod (NTDom (n1 -1 n2))
proof (auto simp add: NatTransComp’-def NTCatCod-def NTCatDom-def)
have CatDom (NTDom n1) = NTCatDom n1 by (simp add: NTCatDom-def)
thus CatDom (NTDom n1) = CatDom (NTCod n2) using assms by (auto
simp add: NatTransP.NatTransFtorDom)
have CatCod (NTCod 1n2) = NTCatCod n2 by (simp add: NTCatCod-def)
thus CatCod (NTCod n2) = CatCod (NTDom n1) using assms by (auto simp
add: NatTransP.NatTransFtorCod)
qed

{

fix X assume aa: X € obj yrouiDom (ni -1 n2)
show (n1 -1 12) $8 X maps Nyrouicod (n1 -1 12) NTDom (n1 -1 n2) @@ X
to NTCod (n1 -1 n2) @@ X
proof—
have X € 0bjNTCatDom 51 and NatTrans nl1 using assms aa by simp+
hence (n1 8% X) mapsNTcatCod 1 (NTDom n1) Q@ X) to (NTCod n1)
Q@aQ X)
by (simp add: NatTransP.NatTransMapsTo)
moreover have (n2 $$ X) mapsNTCutCod n1 (NTCod n1) @@ X) to
((NTCod n2) @@ X)
proof—
have X € 0bjNTCatDom n2 and NatTrans n2 using assms aa by auto
hence (12 $$ X) mapsNTCatCod no (NTDom n2) @Q X) to (NTCod 12)
@Q X)
by (simp add: NatTransP.NatTransMapsTo)
thus ?thesis using assms by auto
qed
ultimately have (11 $$ X) 5in7catCod n1 (M2 88 X) mapsNTCatCod n1
((NTDom n1) Q@ X) to (NTCod n2) @QQ X)
using assms by (simp add: Category.Ccompt)
thus ?thesis using assms by (auto simp add: NatTransComp’-def NTCat-
Cod-def)
qed
}
{
fix f X Y assume a: fmapS(NTOatDom (n1 -1 n2)) XtoY
show (NTDom (n1 -1 n2) ## f) 5 NTCatCod (n1 -1 n2) n1 -1n283Y) =
((n1 -1 n2) $3% X) SNTCatCod (n1 -1 n2) (NTCod (n1 -1 n2) ## f)
proof—
have b: X € obiNTOwtDom n1 and c¢: Y € objNTCutDom n1 using assms a
by (auto simp add: Category.MapsToObj)
have ((NTDom n1) #4 f) 5;NTCatCod n1 (11 38 Y) 5iNTCatCod n1 (12 33

(((NTDom n1) ## f) 5iNTCatCod nl (1 88 Y)) s NTCatCod nl (n2 $%
Y)
proof—
have ((NTDom n1) ## f) > NTCatCod n1 (1 $8 Y) using assms a by
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(auto simp add: NatTransCompDefDom)
moreover have (71 83 Y) ~>nN71cutcod n1 (12 88 Y) using assms by
(simp add: NatTransCompCompDef c)
ultimately show ?thesis using assms by (simp add: Category.Cassoc)
qed
also have ... = ((n1 $3 X) ;s N7CatCod iy ((NTDom n2) #4 f)) iNTCatCod n1
n2 83 Y)
using assms a by (auto simp add: NatTransP.NatTrans)
also have ... = (01 $3 X) ;s NTCutCod nl (((NTDom n2) #4# f) 5 NTCatCod nl1
(n2 3% Y))
proof—
have (n1 88 X) ~>N71catCod n1 (NTCod n1) #4# f) using assms a by
(simp add: NatTransCompDefCod)
moreover have ((NTDom 1n2) ## f) ~>NTCatCod 51 (M2 $8 Y) using
assms a
by (simp add: NatTransCompDefDom NTCatDom NTCatCod)
ultimately show ?thesis using assms by (auto simp add: Category.Cassoc)
qed
also have ... = (91 8% X) 5 NTCatCod nl ((n2 88 X) 5sNTCatCod nl (NTCod
n2) #4# f))
using assms a by (simp add: NatTransP.NatTrans NTCatDom NTCatCod)
also have ... = (n1 83 X) 5;NTCatCod n1 (12 88 X) 5iNTCatCod n1 (NTCod
n2) #+# f)
proof—
have (n1 $8 X) ~>N70atCod n1 (12 $8 X) using assms by (simp add:
NatTransCompCompDef b)
moreover have (n2 $8 X) ~>N1cutcod n1 ((NTCod 12) #4# [) using
assms a
by (simp add: NatTransCompDefCod NTCatCod NTCatDom)
ultimately show ?thesis using assms by (simp add: Category.Cassoc)
qed
finally show ?thesis using assms by (auto simp add: NatTransComp’-def
NTCatCod-def)
qed

}
qed

lemma NatTransCompNatTrans: nl ~>- n2 = NatTrans (n1 - n2)
by (simp add: NatTransCompNatTrans’ NatTransComp-def MakeNT)

definition
CatExp’ :: ('ol,'m1,’a) Category-scheme = ('02,'m2,’b) Category-scheme =
(("o1, 02, 'm1, 'm2, 'a, 'b) Functor,
(o1, 02, 'm1, 'm2, 'a, 'b) NatTrans) Category where
CatExzp’ A B =
Category.Obj = {F . Ftor ' : A — B},
Category.Mor = {n . NatTrans n A NTCatDom n = A A NTCatCod n = B}

Category.Dom = NTDom ,
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Category.Cod = NTCod ,
Category.ld = IdNatTrans ,
Category.Comp = Af g. (f - g)

J

definition CatFzp A B = MakeCat(CatEzp’ A B)

lemma IdNatTransMapL:

assumes NT: NatTrans f

shows IdNatTrans (NTDom f) - f = f
proof(rule NatTransExt)

show NatTrans f using assms .

show NatTrans (IdNatTrans (NTDom f) - f) using NT

by (simp add: NatTransP.NatTransFtor IdNatTransNatTrans IdNatTransCom-
pDefDom NatTransCompNatTrans)

show NTDom (IdNatTrans (NTDom f) - f) = NTDom f and

NTCod (IdNatTrans (NTDom f) - f) = NTCod f by (simp add: IdNatTrans-defs
NatTransComp-defs)+

fix x assume aa: z € Obj (NTCatDom (IdNatTrans (NTDom f) - f))
show (IdNatTrans (NTDom f) - f) $$ z = $$ =
proof—
have XObj: z € Obj(NTCatDom f) using aa by (simp add: IdNatTrans-defs
NatTransComp-defs)
have fMap: f $8 © maps NTCatCod f NTDom f QQ zto NTCod f @QQ z using
NT XObj
by (simp add: NatTransP.NatTransMapsTo)
have (IdNatTrans (NTDom f) « f) $8 © = (IdNatTrans (NTDom f) $3 z)
SNTCatCod f (f 3 )
proof (rule NatTransComp-Comp1)
show = € 0bj NTCatDom (IdNatTrans (NTDom f)) using XObj by (simp add:
IdNatTrans-defs)
show IdNatTrans (NTDom f) ~>- f using NT by (simp add: IdNat-
TransCompDefDom)
qed

also have ... = idNTcqiCod f (domNTCatCod £ (f 38 ) 5sNTCatCod £ ( 59

x)
using XObj NT fMap by (auto simp add: IdNatTrans-map NTCatDom-def
CCCD NTCatCod-def)
also have ... = f $$ =
proof—
have f $$ z € mor N7cqiCod f using fMap by (auto)
thus ?thesis using NT by (simp add: Category.Cidl)
qed
finally show ?thesis .
qed

}

qed
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lemma IdNatTransMapR:
assumes NT: NatTrans f
shows [ - IdNatTrans (NTCod f) = f
proof(rule NatTransExt)
show NatTrans f using assms .
show NatTrans (f - IdNatTrans (NTCod f)) using NT
by (simp add: NatTransP.NatTransFtor IdNatTransNatTrans IdNatTransCom-
pDefCod NatTransCompNatTrans)
show NTDom (f - IdNatTrans (NTCod f)) = NTDom f and
NTCod (f - IdNatTrans (NTCod f)) = NTCod f by (simp add: IdNatTrans-defs
NatTransComp-defs)+
{
fix x assume aa: x € Obj (NTCatDom (f + IdNatTrans (NTCod f)))
show (f - IdNatTrans (NTCod f)) $$ z = f $$ =
proof—
have XObj: x € Obj(NTCatDom f) using aa by (simp add: NatTransComp-defs)
have fMap: [ 88 © maps NTCutCod f NTDom f QQ z to NTCod f QQ z using
NT XObj
by (simp add: NatTransP.NatTransMapsTo)
have (f - IdNatTrans (NTCod f)) $8 = = (f 88 ) ;;NTCatCod f (IdNatTrans
(NTCod f) $% z)
using X0bj NT by (auto simp add: NatTransComp-Comp2 IdNatTransCom-
pDefCod)
also have ... = (f 88 =) ;;NTCatCod f (1dNTCatCod f (COdNTCatCod f (f 33

z)))

proof—
have = € 0objuiDom (NTCod f) using XObj NT by (simp add: IdNat-
Trans-defs DDDC)
moreover have (cod NTcqtCod f (f 3% ) = (NTCod f) QQ z using fMap
by auto
ultimately have (IdNatTrans (NTCod f) $$ z) = (id NTCatCod f(COANTCatCod f
(f 8% 2)))
by (simp add: IdNatTrans-map NTCatCod-def)
thus ?thesis by simp
qed
also have ... = f $$ =
proof—
have f $$ z € mor y7cuicod f using fMap by (auto)
thus ?thesis using NT by (simp add: Category.Cidr)
qed
finally show ?thesis .
qed

}

qed

lemma NatTransCompDefined:

assumes f ~=>- gand g =>- h

shows (f - g) =>- hand f ~>- (g - h)
proof—
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show (f - g) =>- h
proof(rule NTCompDefinedlI)
show NatTrans (f - g) and NatTrans h using assms by (auto simp add:
NatTransCompNatTrans)
have NTCatDom f = NTCatDom h using assms by (simp add: NTCatDom)
thus NTCatDom h = NTCatDom (f - g) by (simp add: NatTransComp-defs)
have NTCatCod h = NTCatCod g using assms by (simp add: NTCatCod)
thus NTCatCod h = NTCatCod (f - g) by ( simp add: NatTransComp-defs)
show NTCod (f - g) = NTDom h using assms by (auto simp add: Nat-
TransComp-defs)
qed
show f ~>. (g - h)
proof(rule NTCompDefinedlI)
show NatTrans f and NatTrans (g - h) using assms by (auto simp add:
NatTransCompNatTrans)
have NTCatDom f = NTCatDom g using assms by (simp add: NTCatDom,)
thus NTCatDom (g - h) = NTCatDom f by (simp add: NatTransComp-defs)
have NTCatCod h = NTCatCod f using assms by (simp add: NTCatCod)
thus NTCatCod (g - h) = NTCatCod f by ( simp add: NatTransComp-defs)
show NTCod f = NTDom (g - h) using assms by (auto simp add: Nat-
TransComp-defs)
qed
qed

lemma NatTransCompAssoc:
assumes f ~>- gand g =>- h
shows (f - g) - h=f - (g- h)
proof(rule NatTransExt)
show NatTrans ((f + g) - h) using assms by (simp add: NatTransCompNatTrans
NatTransCompDefined)
show NatTrans (f - (g - h)) using assms by (simp add: NatTransCompNatTrans
NatTransCompDefined)
show NTDom (f «+ g + h) = NTDom (f - (¢ - h)) and NTCod (f - g - h) =
NTCod (f - (g - 1))
by (simp add: NatTransComp-defs)+
{
fix z assume aa: = € 0bj NrcutDom (f-g-h show ((f - g)-h)$$Sz=(f-
(9 1)) 85
proof—
have ntd1: NTCatDom (f + g) = NTCatDom (f - g - h) and ntd2: NTCatDom
f = NTCatDom (f - g - h)
using assms by (simp add: NatTransCompDefined)+
have obj1: € Obj (NTCatDom f) using aa ntd2 by simp
have 1:(f-g) 3%z = (f$$ 2) ;iNTCatCod b (9 3 7) and
2: (g - h) 88 © = (9 88 2) ;iNTCatCod h (h 33 x) using obji
using assms by (auto simp add: NatTransComp-Compl)
have ((f - g) - h) 88 2 = ((f - 9) 85 @) 5sNTCatCod b (I $8 @)
proof (rule NatTransComp-Compl)
show z € obj yrouiDom () using aa ntdl by simp
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show f - g =>. h using assms by (simp add: NatTransCompDefined)

qed

also have ... = ((f 33 z) ;NTCatCod h (9 88 ©)) 5iNTCatCod b (b 88 z) using
1 by simp

also have ... = (f $$ z) ;;NTCatCod b ((9 33 2) 5iNTCatCod n (h 33 7))

proof—

have 1: NTCatCod h = NTCatCod f and 2: NTCatCod h = NTCatCod g
using assms by (simp add: NTCatCod)+

hence (f $$ z) =~>NTcutCod h (9 $% z) using objl assms by (simp add:
NatTransCompCompDef)

moreover have (g 38 z) =>y7cuicod h (B $8 z) using objl assms 2 by
(simp add: NatTransCompCompDef NTCatDom,)

moreover have Category (NTCatCod h) using assms by auto

ultimately show ?thesis by (simp add: Category.Cassoc)

qed

also have ... = (f $$ z) ;;N7CutCod n ((g + h) $$ z) using 2 by simp
also have ... = (f - (g - h)) $$ =

proof—

have NTCatCod f = NTCatCod h using assms by (simp add: NTCatCod)
moreover have (f - (g - 1)) 88 2 = (f $$ ) s nTCarCod £ ((9+ 1) 88 )
proof (rule NatTransComp-Comp?2)
show = € objNTCatDom f using objl assms by (simp add: NTCatDom)
show f ~>- g - h using assms by (simp add: NatTransCompDefined)
qged
ultimately show ?thesis by simp
qed
finally show ?thesis .
qed

}

qed

lemma CatExpCatAx:
assumes Category A and Category B
shows Category-azioms (CatExp’ A B)
proof(auto simp add: Category-azioms-def)

{

fix f assume [ € moT cutExp’ A B

thus domCatExp’ Aplfe ObjCatExp’ A pand
cod coimrp' A B € Vi catEr’ A B
by (auto simp add: CatExp’-def NatTransP.NatTransFtor
NatTransP.NatTransFtor2 NatTransP.NatTransFtorDom NatTransP.NatTransFtorCod
DDDC CCCD functor-abbrev-def)

}
{

fix F assume a: F € ObjCatExp’ AB

show idCatExp/ ApF MaPs Cuipep’ A B FtoF
proof (rule MapsTol)
have Ftor F : A — B using a by (simp add: CatExp’-def)
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thus idCatExp' aBl € moT CutExp’ A B
apply(simp add: CatExp’-def NTCatDom-def NTCatCod-def IdNatTransNat-

Trans functor-abbrev-def)
apply(simp add: IdNatTrans-defs)
done
show domCatExp’ A B (idCatExp' A B F) = F by (simp add: CatEzp’-def
IdNatTrans-defs)
show COdCatEa:p’A B (idCatExp’ A B F) = F by (simp add: CatEzp’-def
IdNatTrans-defs)
qed
}
{
fix f assume a: f € MOT CotErp’ A B
show (idCatExp’ A B (domCatExp' AB ) »CatExp' A B f=fand
f »CatEzp' A B (idCatExp' AB (COdCatExp' AB N =17
proof (simp-all add: CatExp’-def)
have NT: NatTrans f using a by (simp add: CatExp’-def)
show IdNatTrans (NTDom f) - f = f using NT by (simp add:IdNatTransMapL)
show f - IdNatTrans (NTCod f) = f using NT by (simp add:IdNatTransMapR)
qed
}
{
fix f g h assume aa: f N> CutBrp’ A B Y and bb: g N> CatEsp’ A B h
{
fix f g assume f N> CatEmp' A B Y hence f ~>- g
apply(simp only: NTCompDefined-def)
by (auto simp add: CatExp’-def)

}

hence f ~>- g and g =>- h using aa bb by auto
thus f »CatExp’ A B 9 v CatExp’ A B h=Ff »CatEzp’ A B (9 »CatEzp’ A B h)
by (simp add: CatExp’-def NatTransCompAssoc)
}
{
fix fg X Y Z assume a: fmapsC’atExp’ A pXtoYandb: g Maps cutfr’ A B
YitoZ

show f “CatExp’ A B 9 MPSCatEzp’ A B Xto Z
proof(rule MapsTol, auto simp add: CatEzp’-def)
have nt1: NatTrans f and cdl: NTCatDom f = A
and cc1: NTCatCod f = B and d1: NTDom f = X and cI: NTCod f = Y
using a by (auto simp add: CatExp’-def)
moreover have nt2: NatTrans g and c¢d2: NTCatDom g = A
and cc2: NTCatCod ¢ = B and d2: NTDom g = Y and ¢2: NTCod g = Z
using b by (auto simp add: CatEzp’-def)
ultimately have Comp: f =>- g by(auto intro: NTCompDefinedl)
thus NatTrans (f - g) by (simp add: NatTransCompNatTrans)
show NTCatDom (f - g) = A using Comp cdl by (simp add: NTCatDom,)
show NTCatCod (f - g) = B using Comp cc2 by (simp add: NTCatCod)
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show NTDom (f - g) = X using d1 by (simp add: NatTransComp-defs)
show NTCod (f - g) = Z using c2 by (simp add: NatTransComp-defs)
qed

}

qed

lemma CatExpCat: [Category A ; Category B] = Category (CatEzp A B)
by (simp add: CatEzpCatAz CatExp-def MakeCat)

lemmas CatEzp-defs = CatExp-def CatExp’-def MakeCat-def

lemma CatExpDom: f € Mor (CatExp A B) = domcoipep A B f = NTDom f
by (simp add: CatExp-defs)

lemma CatExpCod: f € Mor (CatEzp A B) = cod gty 4 B[ = NTCod f
by (simp add: CatExp-defs)

lemma CatEzpld: X € Obj (CatExp A B) = Id (CatExp A B) X = IdNatTrans
X
by (simp add: CatEzp-defs)

lemma CatExpNatTransCompDef: assumes f ~>cyipg, A4 B g shows f ~>- g
proof—
have 1: f N> CutErp’ A B 9 using assms by (simp add: CatExp-def MakeCat-
CompDef)
show f ~>: ¢
proof(rule NTCompDefinedl)
show NatTrans f using 1 by (auto simp add: CatEzp’-def)
show NatTrans g using 1 by (auto simp add: CatExp’-def)
show NTCatDom g = NTCatDom f using 1 by (auto simp add: CatEzp’-def)
show NTCatCod ¢ = NTCatCod f using 1 by (auto simp add: CatExp’-def)
show NTCod f = NTDom g using 1 by (auto simp add: CatEzp’-def)
qed
qged

lemma CatExpDist:
assumes X € Obj A and [ ~>caiEm A B 9

shows (f 5icutEmp A B 9) 88 X = (f 88 X) ;15 (9 88 X)

proof—

have f € Mor (CatEzp’ A B) using assms by (auto simp add: CatEzp-def
MakeCatMor)

hence 1: NTCatDom f = A and 2: NTCatCod f = B by (simp add: Cat-
Ezp’-def)+

hence 4: X € 0bj (NTCatDom f) using assms by simp

have 3: f ~>- g using assms(2) by (simp add: CatExpNatTransCompDef)

have (f 5:catmap A B 9) 88 X = (f 5icutmmp’ 4 B 9) 38 X using assms(2) by
(simp add: CatEzxp-def MakeCatComp2)

also have ... = (f - ¢) $$ X by (simp add: CatExp’-def)

also have ... = (f 8% X) ;;5 (¢ 8% X) using 4 2 3 by (simp add: Nat-
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TransComp-Comp2lof X f g])
finally show ?thesis .
qed

lemma CatExpMorNT: f € Mor (CatExp A B) = NatTrans f
by (simp add: CatExp-defs)

end

6 The Category of Sets

theory SetCat
imports Functors Universe
begin

notation Elem (infixl <|€|» 70)
notation HOLZF .subset (infixl ¢|C|> 71)
notation CartProd (infixl «|x|» 75)

definition
ZFfun :: ZF = ZF = (ZF = ZF) = ZF where
ZFfun d v f = Opair (Opair d r) (Lambda d f)

definition
ZFfunDom :: ZF = ZF (<|dom]|-» [72] 72) where
ZFfunDom f = Fst (Fst f)

definition
ZFfunCod :: ZF = ZF (<|cod|-» [72] 72) where
ZFfunCod f = Snd (Fst f)

definition
ZFfunApp : ZF = ZF = ZF (infix] ¢|@Q|) 73) where
ZFfunApp fx = app (Snd f) z

definition
ZFfunComp :: ZF = ZF = ZF (infixl <|o|> 72) where
ZEfunComp g = ZFfun (|dom| f) ('[cod| g) (Az. g |Q[ (f |Q] z))

definition
isZFfun :: ZF = bool where
isZFfun drf = let f = Snd drf in
isOpair drf A isOpair (Fst drf) A isFun f A (f |C] (Domain f) |X|
(Range f))
A (Domain f = |dom| drf) A (Range f |C| |cod| drf)

lemma isZFfunE|elim]: [isZFfun f ;

[isOpair f ; isOpair (Fst f) ; isFun (Snd f) ;
((Snd f) |C| (Domain (Snd f)) |x| (Range (Snd f))) ;
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(Domain (Snd f) = |dom| f) A (Range (Snd f) |C| |cod| f)] = R] = R
by (auto simp add: isZFfun-def Let-def)

definition
SET':: (ZF, ZF) Category where
SET' =

Category.Obj = {z . True} ,
Category.Mor = {f . isZFfun f} |
Category.Dom = ZFfunDom ,
Category.Cod = ZFfunCod ,
Category.Id = \z. ZFfun z z (M\z . z) ,
Category.Comp = ZFfunComp

)

definition SET = MakeCat SET’

lemma ZFfunDom: |dom| (ZFfun A B f) = A
by (auto simp add: ZFfun-def ZFfunDom-def Fst)

lemma ZFfunCod: |cod| (ZFfun A B f) = B
by (auto simp add: ZFfun-def ZFfunCod-def Snd Fst)

lemma SETfun:
assumes V z .z |€| A — (fz) |€| B
shows isZFfun (ZFfun A B f)
proof(auto simp add: isZFfun-def ZFfun-def isOpair Fst Snd
ZFfunCod-def ZFfunDom-def isFun-Lambda domain-Lambda Let-def)
{
fix x
have z |€| Range (Lambda A f) = z |€| B
apply (insert isFun-Lambda[of A f])
apply (drule fun-range-witness[of Lambda A f x], simp)
by (auto simp add: domain-Lambda Lambda-app assms)
}
thus subset (Range (Lambda A f)) B
by (auto simp add: subset-def)
{
fix x
have z |€| (Lambda A f) = z |€| A |x| Range (Lambda A f)
by (auto simp add: CartProd Lambda-def Repl Range)

thus (Lambda A f) |C| (A |x| Range (Lambda A f))
by (auto simp add: HOLZF .subset-def)
qed

lemma ZFCartProd:

assumes z |€| A |x| B

shows Fstz |€| A A Snd z |€] B A isOpair
proof—
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from CartProd obtain a b
where a |€| A
and b €| B
and z = Opair a b using assms by auto
thus ?thesis using assms by (auto simp add: Fst Snd isOpair-def)
qed

lemma ZFfunDomainOpair:
assumes isFun f
and  z |€| Domain f
shows  Opair x (app fz) |€| f
proof—
have 3! y . Opair x y |€| f using assms by (auto simp add: unique-fun-value)
thus Opair z (app f ) |€| f by (auto simp add: app-def intro: thel’)
qed

lemma ZFFunToLambda:
assumes I: isFun f
and  2: f |C| (Domain f) |x| (Range f)
shows f = Lambda (Domain f) (Az. app [ )
proof (subst Ext, rule alll, rule iffI)

fix z assume a: z |€| f show z |€| Lambda (Domain f) (Az. app f z)
proof(simp add: Lambda-def Repl, rule exl[of - (Fst z)], rule conjI)
have b:isOpair © A\ Fst z |€| Domain f using 2 a by (auto simp add: subset-def
ZFCartProd)
thus Fst z |€| Domain | ..
hence Opair (Fst z) (app f (Fst z)) |€| f using 1 by (simp add: ZFfunDo-
mainOpair)
moreover have Opair (Fst z) (Snd z) |€| f using a 2 by (auto simp add:
FstSnd subset-def b)
ultimately have Snd © = (app f (Fst z)) using 1 by (auto simp add:
isFun-def)
hence Opair (Fst ) (app f (Fst z)) = Opair (Fst z) (Snd z) by simp

also have ... = z using b by (simp add: FstSnd)
finally show z = Opair (Fst z) (app f (Fst z)) ..
qged
}
moreover

{

fix  assume a: z |€| Lambda (Domain f) (Az. app f z) show z |€| f
proof—
from Lambda-def obtain a where a |€| Domain f A z = Opair a (app f
2
using a by (auto simp add: Repl)
thus ?thesis using a 1 by (auto simp add: ZFfunDomainOpair)
qed

}

qed
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lemma ZFfunApp:

assumes z |€| A

shows (ZFfun A Bf)|Q|z = fz
proof—

have (ZFfun A B f) |Q| = = app (Lambda A f) z by (simp add: ZFfun-def
ZFfunApp-def Snd)

also have ... = f z using assms by (simp add: Lambda-app)
finally show ?thesis .
qed

lemma ZFfun:
assumes isZFfun f
shows f = ZFfun ( |dom| f) ( |cod| f) (Az. f |Q] z)
proof(auto simp add: ZFfun-def)
have isOpair f A isOpair (Fst f) using assms by (simp add: isZFfun-def|of f]
Let-def)
hence f = Opair (Opair (Fst (Fst f)) (Snd (Fst f))) (Snd f) by (simp add:
FstSnd)
hence f = Opair (Opair ( |dom| f) ( |cod| f)) (Snd f) using assms by (simp
add: ZFfunDom-def ZFfunCod-def)
moreover have Snd f = Lambda ( |dom| f) (A\z . f |Q| z)
proof—
have |dom| f = Domain (Snd f) using assms by (simp add: isZFfun-def|of f]
Let-def)
moreover have isFun (Snd f) using assms by (simp add: isZFfun-def|of f]
Let-def)
moreover have (Az . f |Q| z) = (Az . app (Snd f) z) by(simp add: ZFfu-
nApp-def)
moreover have (Snd f) |C| (Domain (Snd f)) |x| (Range (Snd f)) using
assms
by (auto simp add: isZFfun-def|of f] Let-def)
ultimately show ?thesis apply simp by(rule ZFFunToLambda[of Snd f])
qed
ultimately show f = Opair (Opair ( |dom| f) ( |cod| f)) (Lambda ( |dom| f)
Az . f]Q| z)) by simp
qed

lemma ZFfun-ext:
assumesV z .z €| A — fez =gz
shows (ZFfun A B f) = (ZFfun A B g)
proof—
have Lambda A f = Lambda A g using assms by (auto simp add: Lambda-ext)
thus ?thesis by (simp add: ZFfun-def)
qed

lemma ZFfunExt:

assumes |dom| f = |dom| g and |cod| f = |cod| g and funf: isZFfun f and fung:
isZFfun g

73



and A z .z |€| (|dom| f) = f|Q|z =g |Q| z
shows f = g
proof—
have 1: f = ZFfun ( |dom| f) (|cod| f) (Ax. f |Q| ) using funf by (rule ZFfun)
have g = ZFfun ( |dom| g) ( |cod| g) (Az. g |Q| z) using fung by (rule ZFfun)
hence 2: g = ZFfun ( |dom| f) ( |cod| ) (Az. ¢ |Q| z) using assms by simp
have ZFfun ( |dom| f) ( |cod| f) (Az. f |@Q| x) = ZFfun ( |dom| f) ( |cod| f) (Ax.
g 1] 2)
using assms by (simp add: ZFfun-ext)
thus %thesis using 1 2 by simp
qged

lemma ZFfunDomAppCod:
assumes isZFfun f
and  z |€]| |dom|f
shows f |Q| z |€] |cod|f
proof(simp add: ZFfunApp-def)
have app (Snd f) z |€| Range (Snd f) using assms by (auto simp add: fun-value-in-range
)
thus app (Snd f) z |€| |cod|f using assms by (auto simp add: HOLZF .subset-def)
qed

lemma ZFfunComp:

assumesV z .z |[€| A — fxz |€| B

shows (ZFfun A B f) |o| (ZFfun B C g) = ZFfun A C (g o f)
proof (simp add: ZFfunComp-def ZFfunDom ZFfunCod)

fix x assume a: z |€] A
have ZFfun B C g |Q| (ZFfun A Bf |Q| z) = (go f)
proof—
have (ZFfun A B f |Q| z) = f z using a by (simp add: ZFfunApp)
hence ZFfun B C g |Q| (ZFfun A B f |Q| z) = g (f z) using assms a by
(simp add: ZFfunApp)
thus ?thesis by simp
qed

thus ZFfun A C (Az. ZFfun B C g |Q| (ZFfun A B f |Q| z)) = ZFfun A C (g
o f)
by (simp add: ZFfun-ext)
qed

lemma ZFfunCompApp:
assumes a:isZFfun f and b:isZFfun g and c:|dom|g = |cod|f
shows f |o] g = ZFfun ( |dom] f) ( |cod] g) (A z . g |8] (F @] 2))
proof—
have 1: f = ZFfun ( |dom| f) ( |cod| f) (A z . f |@Q| z) using a by (rule ZFfun)
have 2: g = ZFfun ( |dom| g) (|cod| g) (A z . g |Q| z) using b by (rule ZFfun)
have 3:V z . z |€| |dom|f — (Az. f|Q| ) x |€| |cod|f using a by (simp add:
ZFfunDomAppCod)
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hence 4:V z . z |€| |[dom|f — (Az. g |Q| (f |Q| z)) = |€]| |cod|g
using a b ¢ by (simp add: ZFfunDomAppCod)

have f |o| g = ZFfun ( |dom| ) ( |eod| ) (A = - f (8] 2) |o]
ZFfun ( |cod| f) (|cod| g) (A z . ¢ |@| z) using I 2 ¢ by simp

hence f [o| g = ZFfun ( |dom]| f) ('|cod| g) (X z . g |@| (f |Q] z))
using 3 by (simp add: ZFfunComp comp-def)

thus ?thesis using 4 by (simp add: SETfun)

qed

lemma ZFfunCompAppZFfun:
assumes isZFfun f and isZFfun g and |dom|g = |cod|f
shows isZFfun (f |o| g)
proof—
have f |o| g = ZFfun ( |dom| f) (|cod| g) (A z . g |Q| (f |@Q| z)) using assms
by (simp add: ZFfunCompApp)
moreover have V z . z |€| |dom|f — (A z . g |Q] (f |Q| z)) z) |€] |cod|g
using assms
by (simp add: ZFfunDomAppCod)
ultimately show ?thesis by (simp add: SETfun)
qed

lemma ZFfunCompAssoc:
assumes a: isZFfun f and b:isZFfun h and c:|cod|g = |dom|h
and d:isZFfun g and e:|cod|f = |dom|g
shows f [o] g [o| h = f |o] (g |o] h)
proof—
have 1: f = ZFfun ( |dom| f) ('|cod| f) (X z . f |Q| z) using a by (rule ZFfun)
have 2: g = ZFfun ( |dom| g) ( |cod| g) (A z . ¢ |Q| z) using d by (rule ZFfun)
have 3: h = ZFfun ( |dom| h) ('|cod| h) (A z . h |Q| z) using b by (rule ZFfun)
have 4:V z . z |€] |dom|f — (Az. [ |Q] z) z |€]| |cod|f using a by (simp add:
ZFfunDomAppCod)
have (f [o] g) lo| h = ZFfun ( |dom| ) (|cod] k) (A = . k@] (g |@] (f 0] 2))
proof—
have 5:V z . z |€] |dom|f — (Az. g |Q| (f |Q| z)) = |€]| |cod|g
using 4 e d by (simp add: ZFfunDomAppCod)
have (f [o] g) [o| h = (ZFfun ( [dom| f) ( |cod| f) (A @ . [ Q] z) |o]
ZFfun ( |cod] f) ( [cod| g) (A7 . g |8] 2)) |o]
ZFfun ( |cod| g) ( |cod| h) (A z . h |Q| z)
using 1 2 8 ¢ e by (simp)
thus %thesis using 4 5 by (simp add: ZFfunComp comp-def)
qed
moreover have f |o| (g |o| h) = ZFfun ( |dom| f) ( |cod| h) (A z . h |Q| (g |Q]
(f 1] 2)))
proof—
have 5:V z . z |€| |dom|g — (Az. ¢ |Q| z) z |€| |cod|g using d by (simp
add: ZFfunDomAppCod)
have f |o| (¢ [o| h) = ZFfun ( [dom]| f) ([dom| g) (A z . f |Q[ z) |o|
(ZFfun ( |dom] g) ( |cod] 9) (A= . g |@] z) |o]
ZFfun ( |cod| g) (|cod| h) (A z . h |Q| z))
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using 1 2 8 ¢ e by (simp)
thus %thesis using 4 e 5 by (simp add: ZFfunComp comp-def)
qed
ultimately show ?thesis by simp
qed

lemma ZFfunCompAppDomCod:
assumes isZFfun f and isZFfun g and |dom|g = |cod|f
shows [dom| (f |o| g) = |dom| f A |cod]| (f |o| g) = |cod| g
proof—
have f |o| g = ZFfun ( |dom]| f) (|cod| g) (A z . ¢ |Q| (f |Q| z)) using assms
by (simp add: ZFfunCompApp)
thus %thesis by (simp add: ZFfunDom ZFfunCod)
qed

lemma ZFfunldLeft:

assumes a: isZFfun f shows (ZEfun ( |dom|f) ( |dom|f) (Az. z)) |o| f = f
proof—

let 29 = (ZFfun ( |dom|f) ( |dom|f) (Az. x))

have ZFfun ( |dom| f) (|cod| f) (A z . f |Q| ) = %g |o| f using a

by (simp add: ZFfun-ext ZFfunApp ZFfunCompApp SETfun ZFfunCod ZFfun-

Dom)

moreover have f = ZFfun ( |dom| f) (|cod| f) (A z . f |Q| z) using a by (rule
ZFfun)

ultimately show ?thesis by simp
qged

lemma ZFfunldRight:

assumes a: isZFfun f shows f |o| (ZEfun ( |cod|f) ( |cod|f) (Az. z)) = f
proof—

let 29 = (ZFfun ( |cod|f) ( |cod|f) (Az. x))

have 1:V z . z |€| |dom|f — (Az. f|Q| ) x |€| |cod|f using a by (simp add:
ZFfunDomAppCod)

have ZFfun ( |dom| f) (|cod| f) (A z . f|Q| ) = f |o| ?g using a 1

by (simp add: ZFfun-ext ZFfunApp ZEFfunCompApp SETfun ZFfunCod ZFfun-

Dom)

moreover have f = ZFfun ( |dom| f) ( |cod| f) (A z . f |Q]| z) using a by (rule
ZFfun)

ultimately show ?thesis by simp
qed

lemma SETCategory: Category(SET)
proof—
have Category-azioms SET’
by (auto simp add: Category-azioms-def SET’'-def ZFfunCompAppDomCod
ZFfunCompAppZFfun ZFfunCompAssoc ZFfunldLeft ZFfunldRight ZFfunDom
ZFfunCod SETfun MapsTo-def CompDefined-def)
thus ?thesis by (auto simp add: SET-def MakeCat)
qed
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lemma SETobj: X € Obj (SET)
by (simp add: SET-def SET’'-def MakeCat-def)

lemma SETcod: isZFfun (ZFfun A B f) = codgpr ZFfun A B f = B
by (simp add: SET-def MakeCat-def SET’-def ZFfunCod)

lemma SETmor: (isZFfun f) = (f € morggT)
by (simp add: SET-def MakeCat-def SET'-def)

lemma SETdom: isZFfun (ZFfun A B f) = domggpm ZFfun A Bf = A
by (simp add: SET-def MakeCat-def SET'-def ZFfunDom)

lemma SETId: assumes z |€| X shows (Id SET X) |Q| z = ¢
proof—

have X € Obj SET by (simp add: SET-def SET’'-def MakeCat-def)

hence isZFfun(ld SET X) by (simp add: SETCategory Category.CatldInMor
SETmor)

moreover have (Id SET X) = ZFfun X X (Az. z) using assms by (simp add:
SET-def SET’-def MakeCat-def)

ultimately show ?thesis using assms by (simp add: ZFfunApp)
qged

lemma SETCompEelim]: [f ~>gpr g ; [isZFfun f ; isZFfun g ; |cod| f = |dom)|
g = R] = R
by (auto simp add: SET-def SET'-def MakeCat-def)

lemma SETmapsTo: f mapsggpr X to Y = isZFfun f A |dom| f = X A |cod| f
=Y
by (auto simp add: MapsTo-def SET-def SET'-def MakeCat-def)

lemma SETComp: assumes f ~>g¢pp g shows f ;57 9= f 0 ¢
proof—
have a: f ~> ;. cut s’ 9 using assms by (simp add: SET-def)

have f 55957 9 = [ 5iakecat SET' 9 PY (simp add: SET-def)

also have ... = f ;;pp g using a by (simp add: MakeCatComp?2)
finally show ?thesis by (simp add: SET'-def)
qged

lemma SETCompAt:
assumes f ~>gpr g and z |€| |dom| f shows (f ;;5p7 9) |Q| 2 = ¢ |Q| (f |Q|

z)

proof—
have f ;97 9 = f |o| g using assms by (simp add: SETComp)
also have ... = ZFfun ( |dom| f) ( |cod| g) (A z . ¢ |Q] (f |Q| z)) using assms

by (auto simp add: ZFfunCompApp)
finally show ?thesis using assms by (simp add: ZFfunApp)
qed
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lemma SETZFfun:
assumes f mapsgpr X to Y shows f = ZFfun X Y (Az . f |Q| z)
proof—
have isZFfun f using assms by (auto simp add: SETmor)
hence f = ZFfun ( |dom| f) ( |cod| f) (Az. f |Q] z) by (simp add: ZFfun)
moreover have |dom| f = X and |cod| f = Y using assms by (auto simp add:
SET-def SET'-def MakeCat-def)
ultimately show ?thesis by (simp)
qed

lemma SETfunDomAppCod:
assumes f mapsgpy X to Y and z |€| X
shows f |@Q| z |€] ¥V
proof—
have 1: isZFfun f and |dom| f = X and 2: |cod| f = Y using assms by (auto
simp add: SETmapsTo)
hence z |€| |dom| f using assms by simp
hence f |Q| z |€| |cod| f using 1 by (simp add: ZFfunDomAppCod)
thus ?thesis using 2 by simp
qed

record ('0,’m) LSCategory = (‘0,’m) Category +
mor2ZF :: 'm = ZF («m2x- [70] 70)

definition
ZF2mor (<z2m1- [70] 70) where
ZF2mor Cf = THEm . m € morg A m2zgm = f

definition
HOMCollection C XY = {m2z¢c f | f . fmapsg X to Y}

definition
HomSet (<Hom - - [65, 65] 65) where
HomSet C X Y = implode (HOMCollection C X Y)

locale LSCategory = Category +

assumes mor2ZFInj: [z € mor ; y € mor ; m2zz = mlzy] =z =y

and HOMSetlsSet: [X € obj ; Y € obj] = HOMCollection C X Y € range
explode

and m2zExt: mor2ZF C € extensional (Mor C)

lemma [elim]: [LSCategory C ;

[Category C ; [z € morc; y € morg; m2zpx = m2z¢p y] = = = y;

[X € objo; Y € obj] = HOMCollection C X Y € range explode] = R] =
R
by (simp add: LSCategory-def LSCategory-axioms-def)

definition
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HomFtorMap :: ('o,'m,’a) LSCategory-scheme = ‘o = 'm = ZF (<Homi[-,-]»
[65,65] 65) where

HomFtorMap C X g = ZFfun (Homg X (dom¢ g)) (Homo X (codc g)) (A f .
m2z¢ ((22me f) 5 9)

definition
HomFtor' :: ('o,/'m,’a) LSCategory-scheme = "o =
("0,ZF,'m,ZF ,(mor2ZF :: 'm = ZF, ... :: 'a)),unit) Functor (<HomP1[-,—]»

[65] 65) where
HomFtor' C X =

CatDom = C,
CatCod = SET
MapM = X g. Homg[X,g]
)
definition HomF'tor (<Homil-,—|> [65] 65) where HomFtor C X = MakeFtor

(HomFtor' C X)

lemma [simp]: LSCategory C = Category C
by (simp add: LSCategory-def)

lemma (in LSCategory) m2zz2m:

assumes [ maps X to Y shows (m2z f) |€| (Hom X Y)
proof—

have X € Obj C' and Y € Obj C using assms by (simp add: MapsToObj)+

hence HOMCollection C X Y € range explode using assms by (simp add:
HOMSetIsSet)

moreover have (m2z f) € HOMCollection C' X Y using assms by (auto simp
add: HOMCollection-def)

ultimately have (m2z f) |€| implode (HOMCollection C' X Y) by (simp add:
Elem-implode)

thus ?thesis by (simp add: HomSet-def)
qed

lemma (in LSCategory) m2zz2mlInv:
assumes f € mor
shows 22m (m2z f) = f
proof—
have 1: f € mor AN m2z f = m2z f using assms by simp
moreover have 3! m . m € mor A m2z m = (m2z f)
proof (rule ex-ex1l)
show 3 m . m € mor A m2zm = (m2z f)
by (rule exI[of - f], insert 1, simp)
{

fix m y assume m € mor A m2z m = (m2z f) and y € mor A m2zy = (m2z

f)
thus m = y by(simp add: mor2ZFInj)

}

qed
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ultimately show ?thesis by (simp add: ZF2mor-def thel-equality)
qed

lemma (in LSCategory) z2mm2z:
assumes X € obj and Y € obj and f |€] (Hom X Y)
shows 22m fmaps X to Y A m2z (22m f) = f
proof—
have 7: 3 m . m maps X to Y A m2z2m = f
proof—
have HOMCollection C X Y € range explode using assms by (simp add:
HOMSetIsSet)
moreover have f |€| implode (HOMCollection C X Y) using assms(3) by
(simp add: HomSet-def)
ultimately have f € HOMCollection C X Y by (simp add: HOLZF'.Elem-implode)
thus ?thesis by (auto simp add: HOMCollection-def)
qged
have 2: 3! m . m € mor A m2zm = f
proof(rule ex-ex1l)
show 3 m . m € mor A m2zm = f
proof—
from 1 obtain m where m € mor A m2z m = f by auto
thus ?thesis by auto
qed
{
fix m y assume m € mor A m2zm = fand y € mor A m2zy = f
thus m = y by(simp add: mor2ZFInj)
}
qed
thus ?thesis
proof—
from 1 obtain ¢ where 3: a maps X to Y A m2z a = f by auto
have 4: a € mor using 3 by auto
have 22m f = a
apply (auto simp add: 8 ZF2mor-def|of - f])
apply (rule thel-equalitylof X m . m € mor A m2z m = f a])
apply (auto simp add: 2 3 4)
done
thus ?thesis by (simp add: &)
qed
qed

lemma HomFtorMapLemmal:

assumes a: LSCategory C and b: X € objo and c: f € morpo and d: z |€
(Homg X (domg f))

shows (m2z¢g ((#2m¢o z) 550 f)) |€] (Homg X (cod o f))
proof—

have I: domg f € objo and 2: codp f € objo using a ¢ by (simp add:
Category.Simps)+

have 22m ¢ x maps X to (dome f) using a b d 1 by (auto simp add: LSCat-
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egory.z2mm2z)
hence (22m¢ z) ;50 f mapsg X to (cod f) using a ¢ by (auto intro: Cate-
gory.Ccompt)
hence (m2z¢ ((22m¢ ) 550 f)) |€| (Homg X (cod f)) using a b d 2
by (auto simp add: LSCategory.m2zz2m,)
thus ?thesis using ¢ by (simp add: Category.Simps)
qed

lemma HomFtorInMor':
assumes LSCategory C and X € obj and f € mor o
shows Hom [ X,f] € morgpp
proof(simp add: HomFtorMap-def)
{
fix z assume z |€| (Homg X dom( f)
hence m2z¢ ((22m¢ z) 3¢ f) |€] (Homg X cod f) using assms by (blast
intro: HomFtorMapLemmal)
}
hence V z . z |€| (Homg X domg f) — (m2z¢ ((22mg ) 550 f)) |€| (Hom e
X cod o f) by (simp)
hence isZFfun (ZFfun (Hom g X dom ¢ f) (Homg X cod o f) (A z . m2z¢ ((22m ¢ )
5o /)
by (simp add: SETfun)
thus ZFfun (Homo X domg f) (Homg X cody f) (A z . m2z¢ ((22mo ) 550
f)) € morgpp
by (simp add: SET’-def)
qged

lemma HomFtorMor’:
assumes LSCategory C and X € objo and f € morg
shows Hom[X,f] mapsgpr Homg X (dom f) to Homg X (cod ¢ f)
proof—
have Hom[X,f] € morgpp/ using assms by (simp add: HomFtorIinMor')
moreover have domgpp/ (Hom[X,f]) = Homg X (domg f)
by (simp add: HomFtorMap-def SET’-def ZFfunDom)
moreover have cod g/ (Homo[X,f]) = Homg X (cod ¢ f)
by (simp add: HomFtorMap-def SET'-def ZFfunCod)
ultimately show ?thesis by (auto simp add: SET-def)
qged

lemma HomFtorMapsTo:

[LSCategory C ; X € objc; [ € morg] = Homg[X.f] mapsgpr Homo X
(dom¢ f) to Homg X (cod o f)
by (simp add: HomFtorMor' SET-def MakeCatMapsTo)

lemma HomFtorMor:
assumes LSCategory C and X € objo and f € morg
shows Hom [ X,f] € Mor SET and domggp (Hom[X,f]) = Homg X (dom¢

)
and codgp (Hom[X,f]) = Homg X (cod f)
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proof—
have Hom [ X,f] mapsgpr Homg X (dom¢ f) to Homg X (cod f) using
assms by (simp add: HomFtorMapsTo)
thus Hom [ X,f] € Mor SET and domgpp (Homo[X,f]) = Homg X (dom f)
and codgpp (Hom[X,f]) = Homg X (cod ¢ f)
by auto
qed

lemma HomFtorCompDef’:
assumes LSCategory C and X € objoand f ~>¢ g
shows (Homc[X,f]) ~>gpp: (Homo[X,g])
proof(rule CompDefinedI)
have a: f € mor and b: g € mor ¢ using assms(3) by auto
thus Hom [ X,f] € mor gpprand Hom [ X,g] € mor g/ using assms by (simp
add: HomFtorInMor')+
have (Hom [X.,f]) mapsgpp Homg X dom fto Home X cod ¢ f
and (Hom ¢[X,g]) mapsgpp Homg X dom ¢ g to Homg X cod ¢ g using assms
a b by (simp add: HomFtorMor')+
hence cod gpp/ (Hom[X,f]) = Homg X (cod ¢ f)
and domgpp: (Hom[X,g]) = Homg X (dom g) by auto
moreover have (cod f) = (dom g) using assms(3) by auto
ultimately show cod gpp: (Homo[X,f]) = domgppr (Hom[X,g]) by simp
qed

lemma HomFtorDist":

assumes a: LSCategory C and b: X € objoand c: f => g

shows (Hom[X.f]) ;;gpp: (Homg[X,g])) = Homo[X,f 3¢ 9]
proof—

let A = (Homg X dom¢ f)

let B = (Homg X dom¢ g)

let ?C = (Hom¢g X cod ¢ g)

let 2f = (Ah. m2z¢ ((22mg h) 550 f))

let 79 = (Af. m2z¢ ((z2m¢ [) 50 9))

have 1: cod f = dom g using c by auto

have 2: dom¢o (f 550 9) = domg f and 3: cod (f 330 g) = cod o g using assms

by (auto simp add: Category. MapsToMorDomCod)
have (Hom [ X.f]) ;;ppr (Homo[X,g]) = (ZFfun ?A (Homg X cod ¢ f) #f) |o|
(ZFfun ?B ?2C ?g)
by (simp add: HomFtorMap-def SET'-def)
also have ... = (ZFfun ?A ?B ?f) |o| (ZFfun ?B ?C ?g) using 1 by simp
also have ... = ZFfun ?A ?2C (%9 o ?f)
proof(rule ZFfunComp, rule alll, rule impl)
{
fix h assume aa: h |€| ?A show ?f h |€| ¢?B
proof—
have f € mor o using assms by auto
hence ?fh |€| (Hom g X cod ¢ f) using assms aa by (simp add: HomFtorMapLemmal)
thus ?thesis using 1 by simp
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qed

}
qed
also have ... = ZFfun ?A ?C (Ah. m2z¢ ((z2ma h) 550 (f 550 9)))
proof (rule ZFfun-ext, rule alll, rule impl, simp add: comp-def)

{

fix h assume aa: h |€| 74
show m2z¢ ((22mo (m2zo((22mea k) 50 f))) 550 9) = m2z¢ ((22ma h) 550
(f 50 9)

proof—
have bb: (22mg h) => f
proof(rule CompDefinedI)
show f € mor ¢ using ¢ by auto
hence dom f € obj using a by (simp add: Category.Cdom)
hence (22m¢ h) mapsg X to dom f using assms aa by (simp add:
LSCategory.z2mm2z)
thus (22m o h) € morg and cod i (22mg h) = dom ¢ f by auto
qed
hence (22m ¢ h) ;50 f € mor o using a by (simp add: Category. MapsToMorDomCod)
hence 22m g (m2z¢ ((22mg b) ;0 f)) = (22mo h) 5;¢ f using a by (simp
add: LSCategory.m2zz2minv)
hence m2z¢ ((22mg (m2z((22ma h) 0 1) 550 9) = m2z¢ (((22mea h)
sof) o g) by simp
also have ... = m2z¢ ((22m¢ h) 550 (f 53¢ 9)) using bb ¢ a by (simp add:
Category. Cassoc)
finally show ?thesis .
qed
}
qed
also have ... = ZFfun (Hom¢ X dom¢o (f 550 9)) (Homg X cod o (f 5500 9)) (Ah.

m2z¢ ((z2me h) 50 (f 50 9))
using 2 3 by simp

also have ... = Hom¢[X.f ;;¢ g] by (simp add: HomFtorMap-def)
finally show ?thesis by (auto simp add: SET-def)
qed

lemma HomFtorDist:

assumes LSCategory C and X € objoand f =>4 g

shows (Hom[X.f]) s;5pr (HomclX,g]) = Homo[X.f 50 4]
proof—

have (Homc[X,f]) 5;qppr (Homc[X,g]) = Homo[X.f 5;¢ g] using assms by
(simp add: HomFtorDist')

moreover have (Homc[X,f]) ~>gppr (Homg[X,g]) using assms by (simp
add: HomFtorCompDef")

ultimately show ?thesis by (simp add: MakeCatComp SET-def)
qed

lemma HomFtorld"
assumes a: LSCategory C and b: X € objoand c: YV € objo
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shows Hom[X,idg Y] = idgpp: (Homg X Y)
proof—
have (idg Y) mapsg Y to Y using a ¢ by (simp add: Category.Simps)
hence 1: (domg (idp Y)) = Y and 2: (cod¢ (id Y)) = Y by auto
have Hom o[ X,id Y] = ZFfun (Homg X (domg (idg Y))) (Homg X (cod
(idg Y)) (A f . m2z¢ ((22mg [) 53¢ (idg Y)))
by (simp add: HomFtorMap-def)

also have ... = ZFfun (Homgo X Y) (Homg X Y) (A f . m2z¢ ((22m¢ f) 550
(ido Y))) using 1 2 by simp
also have ... = ZFfun (Homg X Y) (Homg X Y) (A f . f)

proof(rule ZFfun-ext, rule alll, rule impl)

fix h assume aa: h |€| (Homg X Y) show m2z¢ ((22mg h) 550 (idgo Y))
=h
proof—
have (22m h) mapsg X to Y and bb: m2z¢ (22mo h) = h
using assms aa by (simp add: LSCategory.z2mm2z)+
hence (22m¢ h) ;0 (ido Y) = (22m¢ h) using a by (auto simp add:
Category.Simps)
hence m2z¢ ((22m¢g h) 550 (idg Y)) = m2z¢ (22m h) by simp
also have ... = h using bb .
finally show ?thesis .
qed
}
qed
finally show ?thesis by (simp add: SET'-def)
qged

lemma HomFtorld:
assumes LSCategory C and X € objoand Y € objo
shows Homg(X,idg Y] = idgpr (Homg X Y)
proof—
have Homo[X,idg Y] = idgpp (Homg X Y) using assms by (simp add:
HomF'torld")
moreover have (Homg X Y) € objgpp: by (simp add: SET'-def)
ultimately show ?thesis by (simp add: MakeCatld SET-def)
qed

lemma HomFtorObj':
assumes a: LSCategory C
and  b: PreFunctor (HomP ;[ X,—]) and ¢: X € objoand d: Y € objo
shows (HomP[X,—]) @QQ Y = Homgp X Y
proof—
let ?F = (HomFtor' C X)
have ?F ## (id cgipom 2F Y) = Hom o[ X,id o Y] by (simp add: HomF'tor'-def)
also have ... = id o004 2F (Homo X Y) using assms by (simp add: HomFtorld
HomFtor'-def)
finally have ?F #4# (id cotpom 27 Y) = idCatCod 2r (Homo X Y) by simp
moreover have Homg X Y € 0bjcui00q 2F Using assms
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by (simp add: HomFtorld HomFtor'-def SET-def SET’-def MakeCatObyj)
moreover have Y € objcy,ipom ¢F using d by (simp add: HomFtor'-def)
ultimately show ?thesis using b by(simp add: PreFunctor.FmToFo|of ?F Y
HOmC X Y])
qed

lemma HomFtorFtor':
assumes a: LSCategory C
and b: X € objo
shows  FunctorM (HomP o[ X,—])
proof (intro-locales)
show PF: PreFunctor (HomP o[ X,—])
proof (auto simp add: HomFtor'-def PreFunctor-def SETCategory a HomFtorDist

b)
{

fix Z assume aa: Z € obj
show 3 Y € objgpr . Homo|X,idg Z] = idggr Y
proof (rule-tac t=Hom X Z in Set.rev-bexl)
show Homg X Z € objgpr by (simp add: SET-def SET'-def MakeCatObj)

show Hom[X,ido Z) = idggp (Homg X Z) using assms aa by(simp
add:HomFtorld)
qed

}

qed

fix f Z Y assume aa: f mapsg Zto Y
have (HomP o[X,—]) ## fmapsggr (HomP o[ X,—]) QQ Z) to ((HomP 5[ X,—])
@a Y)
proof—
have bb: Z € obj and cc: Y € obj using aa a by (simp add: Cate-
gory.MapsToObj)+
have dd: domg f = Z and ee: cody f = Y and ff: f € mor using aa by
auto
have (HomP o[ X,—]) ## f = Hom[X.f] by (simp add: HomFtor'-def)
moreover have (HomP o[X,—]) Q@ Z = Homp X Z
and (HomP o[ X,—]) Q@ Y = Homg X Y using assms bb cc PF by (simp
add: HomFtorObj')+
moreover have Hom[X,f] mapsggr (Homg X (dom f)) to (Homp X
(codc: )
using assms ff by (simp add: HomFtorMapsTo)
ultimately show ?thesis using dd ee by simp
qed
}
thus FunctorM-azioms (HomP ;[ X,—]) using PF by (auto simp add: Func-
torM-azioms-def HomFtor'-def)
qed

lemma HomFEtorFtor:

85



assumes a: LSCategory C
and b: X € objo
shows Functor (Hom[X,—])
proof—
have FunctorM (HomP o[X,—]) using assms by (rule HomFtorFtor’)
thus ?thesis by (simp add: HomFtor-def MakeFtor)
qed

lemma HomFtorObj:
assumes LSCategory C
and X € objgand Y € objo
shows (HomglX,—]) Q@ Y = Homp XY
proof—
have FunctorM (HomP [ X,—]) using assms by (simp add: HomFtorFtor')
hence 1: PreFunctor (HomP o[ X,—]) by (simp add: FunctorM-def)
moreover have CatDom (HomP o[X,—]) = C by (simp add: HomFtor'-def)
ultimately have (Hom[X,—]) @@ Y = (HomP [X,—]) @QQ Y using assms
by (simp add: MakeFtorObj HomFtor-def)
thus ?thesis using assms 1 by (simp add: HomFtorObj')
qed

definition

HomFtorMapContra :: ('o,'m,’a) LSCategory-scheme = 'm = ‘o = ZF («HomC\[-,-]»
[65,65] 65) where

HomF'torMapContra C g X = ZFfun (Hom (cod ¢ g) X) (Home (dom g) X)
(A f . m2z¢ (9 50 (22me f)))

definition
HomFtorContra’ :: ('o,'m,’a) LSCategory-scheme = "o =
("0,ZF,'m,ZF ,(mor2ZF :: 'm = ZF, ... :: 'a)),unit) Functor (<HomP1i[—,-]»

[65] 65) where
HomFtorContra’ C' X = |
CatDom = (Op C),
CatCod = SET
MapM = X g . HomC ¢[g,X]
)

definition HomFtorContra (<Homi[—,-]» [65] 65) where HomFtorContra C X =
MakeFtor(HomFtorContra' C X)

lemma HomContraAt: = |€| (Homg (code f) X) = (HomC o[f,X]) |Q| z =

m2zc (f 50 (22me z))
by (simp add: HomFtorMapContra-def ZFfunApp)

lemma mor2ZF-Op: mor2ZF (Op C) = mor2ZF C
apply (cases C)

apply (simp add: OppositeCategory-def)

done

86



lemma mor-Op: mor gy ¢ = morg by (simp add: OppositeCategory-def)
lemma obj-Op: objo, ¢ = objc by (simp add: OppositeCategory-def)

lemma ZF2mor-Op: ZF2mor (Op C) f = ZF2mor C f
by (simp add: ZF2mor-def mor2ZF-Op mor-Op)

lemma mapsTo-Op: f maps oy ¢ YitoX = fmapsg X to YV
by (auto simp add: OppositeCategory-def mor-Op MapsTo-def)

lemma HOMC Collection-Op: HOMCollection (Op C) X Y = HOMCollection C'Y
X
by (simp add: HOMCollection-def mapsTo-Op mor2ZF-Op)

lemma Hom-Op: Homop c XY =Homg Y X
by (simp add: HomSet-def HOMCollection-Op)

lemma HomF'torContra’s HomP ¢[—,X] = HomP g, o[X,-]
apply (simp add: HomFtorContra'-def
HomFtor'-def HomFtorMapContra-def HomFtorMap-def mor2ZF-Op
ZF2mor-0Op Hom-Op)
by (simp add: OppositeCategory-def)

lemma HomF'torContra: Homg|—,X] = Homg, c[X,~]
by (auto simp add: HomFtorContra’ HomFtorContra-def HomFtor-def)

lemma HomFtorContraDom: CatDom (Hom[—,X]) = Op C
by (simp add: HomFtorContra-def HomFtorContra’-def MakeFtor-def)

lemma HomFtorContraCod: CatCod (Homo|—,X]) = SET
by (simp add: HomFtorContra-def HomFtorContra'-def MakeFtor-def)

lemma LSCategory-Op: assumes LSCategory C shows LSCategory (Op C)
proof(auto simp only: LSCategory-def)
show Category (Op C) using assms by (simp add: OpCatCat)
show LSCategory-azioms (Op C) using assms
by (simp add: LSCategory-azioms-def mor-Op obj-Op mor2ZF-Op HOMCollec-
tion-Op
LSCategory.mor2ZFInj LSCategory. HOMSetlsSet LSCate-
gory.m2zExt)
qed

lemma HomFtorContraFtor:
assumes LSCategory C
and X € objo
shows Ftor (Homo[—,X]) : (Op C) — SET
proof(auto simp only: functor-abbrev-def)
show Functor (Hom o[—,X])
proof—
have Hom |-, X| = Hom, c[X,—] by (simp add: HomFtorContra)
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moreover have LSCategory (Op C) using assms by (simp add: LSCate-
gory-Op)
moreover have X € objop ¢ using assms by (simp add: OppositeCate-
gory-def)
ultimately show ?thesis using assms by (simp add: HomFtorFtor)
qed
show CatDom (Hom |—,X]) = Op C by(simp add: HomFtorContra-def HomFtor-
Contra’-def MakeFtor-def)
show CatCod (Hom [—,X]) = SET by(simp add: HomFtorContra-def HomFtor-
Contra’-def MakeFtor-def)
qed

lemma HomFtorOpObj:

assumes LSCategory C

and X € objgand Y € objo

shows (Homg[—,X]|) @QQ Y = Homgp Y X
proof—

have 1: X € Obj (Op C) and 2: Y € Obj (Op C) using assms by (simp add:
OppositeCategory-def )+

have (Homg[—,X]) Q@ Y = (Homg, ¢[X,—]) @@ Y by (simp add: HomFtor-
Contra)

also have ... = (Homq, ¢ X Y) using assms(1) 1 2 by (simp add: LSCate-
gory-Op HomFtorObj)

also have ... = (Homg Y X) by (simp add: Hom-Op)

finally show ?thesis .
qed

lemma HomCHomOp: HomC ¢[g,X] = Hom,, c[X.g]
apply (simp add: HomFtorContra'-def
HomFtor'-def HomFtorMapContra-def HomFtorMap-def mor2ZF-Op
ZF2mor-Op Hom-Op)
by (simp add: OppositeCategory-def)

lemma HomFtorContraMapsTo:

assumes LSCategory C and X € obj and f € mor o

shows HomC [f,X] mapsgpr Home (cod f) X to Homg (dome f) X
proof—

have LSCategory (Op C) using assms by(simp add: LSCategory-Op)

moreover have X € 0bj (Op C) using assms by (simp add: OppositeCate-
gory-def)

moreover have f € Mor (Op C) using assms by (simp add: OppositeCate-
gory-def)

ultimately have Hom ), ¢[X.f| mapsgpr Homo, ¢ X (domoy, ¢ f) to Homgp,, ¢ X
(codp ¢ f) using assms

by (simp add: HomFtorMapsTo)

moreover have HomC ¢lf,X] = Hom g, ¢[X.f] by (simp add: HomCHomOp)

morefover have Hom g, ¢ X (domg, ¢ f) = Homg (cod¢ f) X

proof—
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have Homg, ¢ X (domgo, ¢ f) = Hom¢ (domgy, ¢ f) X by (simp add:
Hom-Op)
thus %thesis by (simp add: OppositeCategory-def)
qed
moreover have Homg, ¢ X (codg, ¢ f) = Hom¢ (domg f) X
proof—
have Hom,, ¢ X (codgy, ¢ f) = Hom¢ (cod oy, ¢ f) X by (simp add: Hom-Op)
thus %thesis by (simp add: OppositeCategory-def)
qed
ultimately show ?thesis by simp
qed

lemma HomFtorContraMor:

assumes LSCategory C and X € obj and f € morg

shows HomC o[f,X] € Mor SET and domgpr (HomC o|f,X]) = Hom ¢ (cod o
f) X

and codgpp (HomC o[f,X]) = Hom ¢ (dom¢ f) X
proof—

have HomC [f,X] mapsgpp Homg (cody f) X to Homg (dom¢ f) X using
assms by (simp add: HomFtorContraMapsTo)

thus HomC o[f,X] € Mor SET and domggr (HomC ¢|f,X]) = Hom¢ (cod ¢ f)
X

and codgpp (HomC o[f,X]) = Hom g (dom¢ f) X

by auto

qed

lemma HomContraMor:

assumes LSCategory C and f € Mor C

shows (Homg[—,X]) ## f = HomC ¢[f.X]
by (simp add: HomFtorContra-def HomFtorContra’-def MakeFtor-def assms Oppo-
siteCategory-def)

lemma HomCHom:
assumes LSCategory C' and f € Mor C and g € Mor C
shows (HomC ¢lg,dom ¢ f]) 5;5pT (Homldom ¢ g,f]) = (Hom[cod ¢ 9.f]) 5:8ET

(HomC ¢lg,cod ¢ f])
proof—

have ObjDf: dom¢ f € objand ObjDg: dom g € obj o using assms by (simp
add: Category.Cdom)+

have ObjCq: cod g € obj and ObjCf: cody f € obj using assms by (simp
add: Category.Ccod)+

have (HomC plg,dom ¢ f]) 5;9pT (Hom[dom o ¢.f]) = (HomC olg,dom ¢ f]) |o|

(Hom cldom ¢ g.f])
proof—

have (HomC ¢lg,dom ¢ f]) =>gpr (Homgldom ¢ g.f])
proof (rule CompDefinedI)
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show Homgldom o g,f] € Mor SET using assms ObjDg by (simp add:
HomFtorMor)
show HomC glg,dom¢ f] € Mor SET using assms ObjDf by (simp add:
HomPFtorContraMor)
show codgpp (HomC ¢lg,dom¢ f]) = domgpr (Homgldom o g,f]) using
assms ObjDg ObjiDf
by (simp add: HomFtorMor HomFtorContraMor)
qed
thus ?thesis by(simp add: SET-def SET’-def MakeCatComp2)
qged
also have ... = ZFfun (Hom ¢ (cod ¢ g) (dom¢ f)) (Hom e (dom¢ g) (cod ¢ f))
(A b m2zg ((22mg h) 50 1)) 0o (A h . m2z¢ (g 550 (22m¢ h))))
proof(simp add: HomFtorMapContra-def HomFtorMap-def, rule ZEfunComp,
rule alll, Tule impl)

{

fix z assume aa: = |€| (Homg (codo g) (domg f))
show (m2z¢ (g 550 (#2mo x))) |€] (Homg (dom ¢ g) (dom¢ f))
proof (rule LSCategory.m2zz2m, simp-all add: assms(1) ObjDg ObjDf)
have g maps (dom g) to (cod g) using assms by auto
moreover have (z2m ¢ ) mapsc (cod o g) to (dom¢ f) using aa ObjCy
ObjiDf assms(1)
by (simp add: LSCategory.z2mm2z)
ultimately show g ;¢ (22m o z) mapsc (domg g) to (dom f) using
assms(1)
by (simp add: Category.Ccompt)
qed
}
qed
also have ... = ZFfun (Hom ¢ (cod ¢ g) (dom f)) (Hom e (dom¢ g) (cod o f))

(A h.m2z¢ (9550 (22mg b)) o (A h . m2zg ((22mg h) 550 1))
proof (rule ZFfun-ext, rule alll, rule impl)

{
fix h assume aa: h |€| (Hom¢ (cod g) (dom f))
show ((A b . m2z¢ ((22mg h) 550 1)) 0o (A h . m2z¢ (g 50 (22mg h)))) h =
(Ah.m22z0 (9 ¢ (22mo ) o (A h . m2zo (22mg h) 550 f))) b
proof—
have MapsTol: (z2m ¢ h) mapsc (cod g) to (dom f) using assms(1)
0bjCq ObjDf aa by (simp add: LSCategory.z2mm2z)
have CompDef1: (22mg h) => f
proof(rule CompDefinedI)
show f € mor using assms by simp
show (22m ¢ h) € mor g and cod (22mo h) = dom f using MapsTol
by auto
qed
have CompDef2: g => (22m¢ h)
proof(rule CompDefinedI)
show g € mor o using assms by simp
thus (22m ¢ h) € mor and cod g = dom ¢ (22m ¢ h) using MapsTol
by auto
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qged

have cI: (22m¢g h) ;0 f € Mor C using assms CompDefl by (simp add:
Category. MapsToMorDomCod)

have c2: g ;;¢ (#2m h) € Mor C using assms CompDef2 by (simp add:
Category.MapsToMorDomCod)

have g ;;¢0 (22mo (m2z¢ ((22mg k) 550 1)) = g 50 ((22mg k) 550 f) using
assms(1) cl

by (simp add: LSCategory.m2zz2miInv)

also have ... = (g ;0 (22m¢ h)) ;¢ f using CompDefl CompDef2 assms
by (simp add: Category.Cassoc)
also have ... = (22m¢o (m2z¢ (9 ;0 (22ma h)))) 53¢ f using assms(1) c2

by (simp add: LSCategory.m2zz2miInv)
finally have g ;;¢ (22mo (m2zc ((22ma h) 550 1)) = (22mgo (m22¢0 (9 30
(22m¢e b)) 50 f -
thus ?thesis by simp
qed
}
qed
also have ... = (Hom[cod ¢ g.f]) |o| (HomC ¢(g,cod ¢ f])
proof (simp add: HomFtorMapContra-def HomFtorMap-def, rule ZFfunComp| THEN
sym)], rule alll, rule impl)
{
fix ¢ assume aa: = |€| (Homg cod g domg f)
show m2zq ((22mg ) 550 f) |€| (Homg cod g cod o f)
proof(rule LSCategory.m2zz2m, simp-all add: assms(1) ObjCq ObjCf)
have f mapsq (dom f) to (cod f) using assms by auto
moreover have (22m¢ ) mapsc (cod g) to (dom f) using aa ObjCy
ObjDf assms(1)
by (simp add: LSCategory.z2mm2z)
ultimately show (22m ¢ ) 5;0 f mapsg cod o g to cod o f using assms(1)
by (simp add: Category.Ccompt)
qed
}
qed
also have ... = (Hom(cod ¢ 9.f]) isgT (HomC ¢lg,cod ¢ f])
proof—
have (Hom[cod o g.f]) =>gpr (HomC ¢lg,cod ¢ f])
proof (rule CompDefinedI)
show Homc[cod g.f] € Mor SET using assms ObjCg by (simp add:
HomFtorMor)
show HomC o[g,cod f] € Mor SET using assms ObjCf by (simp add:
HomFtorContraMor)
show cod ggp (Hom [cod ¢ g.f]) = domggr (HomC o[g,cod ¢ f]) using assms
0bjCq ObjiCf
by (simp add: HomFtorMor HomFtorContraMor)
qed
thus ?thesis by(simp add: SET-def SET’-def MakeCatComp2)
qged
finally show ?thesis .
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qed

end

7 Yoneda

theory Yoneda
imports NatTrans SetCat
begin

definition YFtorNT' C f = (NTDom = Homg[—,dom ¢ f] , NTCod = Hom o|—,cod

fls
NatTransMap = A B . Hom (B, f]))

definition YFtorNT C f = MakeNT (YFtorNT' C f)
lemmas YFtorNT-defs = YFtorNT'-def YFtorNT-def MakeNT-def

lemma YFtorNTCatDom: NTCatDom (YFtorNT C f) = Op C
by (simp add: YFtorNT-defs NTCatDom-def HomFtorContraDom,)

lemma YFtorNTCatCod: NTCatCod (YFtorNT C f) = SET
by (simp add: YFtorNT-defs NTCatCod-def HomFtorContraCod)

lemma YFtorNTAppl: assumes X € Obj (NTCatDom (YFtorNT C f)) shows
(YFtorNT C f) $8 X = Hom[X,f]
proof—

have (YFtorNT C f) $$ X = (YFtorNT' C f) $$ X using assms by (simp add:
MakeNTApp YFtorNT-def)

thus ?thesis by (simp add: YFtorNT'-def)

qed
definition
YFtor' C =
CatDom = C'
CatCod = CatExp (Op C) SET
MapM = X\ f . YFtorNT C f
)

definition YFtor C = MakeFtor(YFtor' C)
lemmas YFtor-defs = YFtor'-def YFtor-def MakeFtor-def

lemma YFtorNTNatTrans’”
assumes LSCategory C and f € Mor C
shows NatTransP (YFtorNT' C f)
proof(auto simp only: NatTransP-def)
have Fd: Ftor (NTDom (YFtorNT' C f)) : (Op C) — SET using assms
by (simp add: HomFtorContraFtor Category.Cdom YFtorNT'-def)
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have Fc: Ftor (NTCod (YFtorNT' C f)) : (Op C) — SET using assms
by (simp add: HomFtorContraFtor Category.Ccod YFtorNT'-def)

show Functor (NTDom (YFtorNT' C f)) using Fd by auto

show Functor (NTCod (YFtorNT' C f)) using Fc by auto

show NTCatDom (YFtorNT' C f) = CatDom (NTCod (YFtorNT' C f))
by(simp add: YFtorNT'-def NTCatDom-def HomFtorContraDom)

show NTCatCod (YFtorNT' C f) = CatCod (NTDom (YFtorNT' C f))
by (simp add: YFtorNT'-def NTCatCod-def HomFtorContraCod)

fix X assume a: X € Obj (NTCatDom (YFtorNT' C f))
show (YFtorNT' C f) $8 X maps yrcutCod (YFtorNT' C f) (NTDom (YFtorNT'

Cf) @@ X) to (NTCod (YFtorNT' C f) QQ X)
proof—
have Obj: X € Obj C using a by (simp add: NTCatDom-def YFtorNT'-def
HomPFtorContraDom OppositeCategory-def)
have H1: (Homg|—,dom¢ f]) Q@ X = Hom ¢ X dom f using assms Obj
by (simp add: HomFtorOpObj Category.Cdom)
have H2: (Homg[—,cod f]) Q@ X = Home X cod f using assms Obj
by (simp add: HomFtorOpObj Category.Ccod)
have Hom [ X,f] mapsggr (Homo X domg f) to (Homo X cod f) using
assms Obj by (simp add: HomFtorMapsTo)
thus ?thesis using H1 H2 by(simp add: YFtorNT'-def NTCatCod-def NT-
CatDom-def HomFtorContraCod)
qed
}
{
fix ¢ X Y assume a: g maps NyroatDom (YFtorNT' C f) XtoY
show ((NTDom (YFtorNT' Cf)) ## 9) s NTCat Cod (YFtorNT' C f) (YFtorNT’
Cf$$Y)=
((YFtorNT' C f) $8 X) 5 NTCatCod (YFtorNT' C f) (NTCod (YFtorNT' C

f) ## 9)

proof—
have M1: g mapso, ¢ X to Y using a by (auto simp add: NTCatDom-def
YFtorNT'-def HomFtorContraDom,)
have D1: domy g = Y and CI: cod g = X using M1 by (auto simp add:
OppositeCategory-def)
have morf: f € Mor C and morg: g € Mor C using assms M1 by (auto
simp add: OppositeCategory-def)
have H1: (HomC glg,dom ¢ f]) = (Homg[—,dom ¢ f]) ## g
and H2: (HomC glg,cod ¢ f]) = (Homo|—,cod ¢ f]) ## ¢ using M1
by (auto simp add: HomFtorContra-def HomFtorContra'-def MakeFtor-def)
have (HomC clg,dom¢ f]) s;5pT (Homcldome g.f]) = (Homglcod i g.f])
55T (HomC olg,cod ¢ f]) using assms morf morg
by (simp add: HomCHom)
hence ((Hom g[—,dom¢ f]) #4# g) 5ispr (Homc[Y.f]) = (Homc|X.f]) 5ism7

((Homg[—=,cod ¢ 1) #4# 9)
using H1 H2 D1 C1 by simp

thus ?thesis by (simp add: YFtorNT'-def NTCatCod-def HomFtorContraCod)
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qed

}
qed

lemma YFtorNTNatTrans:
assumes LSCategory C and f € Mor C
shows NatTrans (YFtorNT C f)
by (simp add: assms YFtorNTNatTrans’ YFtorNT-def MakeNT)

lemma YFtorNTMor:
assumes LSCategory C and f € Mor C
shows YFtorNT C f € Mor (CatEzp (Op C) SET)
proof(auto simp add: CatEzp-def CatEzp’-def MakeCatMor)
have f € Mor C using assms by auto
thus NatTrans (YFtorNT C f) using assms by (simp add: YFtorNTNatTrans)
show NTCatDom (YFtorNT C f) = Op C by (simp add: YFtorNTCatDom,)
show NTCatCod (YFtorNT C f) = SET by (simp add: YFtorNTCatCod)
qed

lemma YFtorNtMapsTo:

assumes LSCategory C and f € Mor C

shows YFtorNT C fmaps cqipyy (Op C) SET (Hom o|—,dom ¢ f]) to (Hom o[—,cod ¢
)
proof(rule MapsTol)

have f € Mor C' using assms by auto

thus 1: YFtorNT C f € MOT CatBap (Op C) SET using assms by (simp add:
YFtorNTMor)

show domCatExp (Op C) SET YFtorNT C f = Homg|—,dom ¢ f] using 1 by(simp
add: CatExpDom YFtorNT-defs)

show cod ¢y, (Op C) SET YFtorNT C f = Hom [—,cod ¢ f] using 1 by(simp
add: CatEzpCod YFtorNT-defs)
qged

lemma YFtorNTCompDef:
assumes LSCategory C and f ~> ¢
shows YFtorNT C f ~> CatBap (Op C) SET YFtorNT C g
proof(rule CompDefinedI)
have f € Mor C and g € Mor C using assms by auto
hence 1: YFtorNT C fmaps ooty (Op C) SET (Hom g[—,dom ¢ f]) to (Hom g|—,cod

)
and 2: YFtorNT C g maps g gy (Op C) SET (Hom o[—,dom ¢ g]) to (Hom [—,cod ¢

gl)
using assms by (simp add: YFtorNtMapsTo)+
thus YFtorNT C f € MOT CatBxp (Op C) SET
and YFtorNT C g € MOT CatEBep (Op C) SET by auto
have cod iy, (0p C) sET YFtorNT C f = (Homg|—,cod¢ f]) using 1 by
auto
moreover have dom gy gy, (Op C) SET YFtorNT C g = (Homg[—,dom ¢ g])
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using 2 by auto

moreover have cod f = dom g using assms by auto

ultimately show COdC’atEmp (Op C) SET YFtorNT Cf = domCathp (Op C) SET
YFtorNT C g by simp
qed

lemma PreSheafCat: LSCategory C — Category (CatExzp (Op C) SET)
by (simp add: YFtor’-def OpCatCat SETCategory CatEzpCat)

lemma YFtor'Objl:
assumes X € Obj (CatDom (YFtor' C')) and LSCategory C
shows (YFtor’ C) ## (Id (CatDom (YFtor' C)) X) = Id (CatCod (YF'tor'
C)) (Home: [, X))
proof(simp add: YFtor’-def, rule NatTransExt)
have Obj: X € Obj C using assms by (simp add: YFtor'-def)
have HomObj: (Hom[—,X]) € Obj (CatExzp (Op C) SET) using assms Obj
by (simp add: CatEzp-defs HomFtorContraFtor)
hence Id: Id (CatEzp (Op C) SET) (Hom|—,X]|) € Mor (CatExp (Op C) SET)
using assms
by (simp add: PreSheafCat Category.CatidInMor)
have CAT: Category(CatExp (Op C) SET) using assms by (simp add: PreSheaf-
Cat)
have HomObj: (Hom[—,X]) € Obj (CatExp (Op C) SET) using assms Obj
by(simp add: CatExp-defs HomFtorContraFtor)
show NatTrans (YFtorNT C (Id C X))
proof(rule YFtorNTNatTrans)
show LSCategory C using assms(2) .
show Id C X € Mor C using assms Obj by (simp add: Category. CatldInMor)
qed
show NatTrans(Id (CatEzp (Op C) SET) (Hom[—,X])) using Id by (simp
add: CatExp-defs)
show NTDom (YFtorNT C (Id C X)) = NTDom (Id (CatEzp (Op C) SET)
(Hom ¢~ X]))
proof(simp add: YFtorNT-defs)
have Hom|—,dom ¢ (Id C X)] = Hom[—,X] using assms Obj by (simp add:
Category. CatldDomCod)
also have ... = dom gy (0p ) SET (Id (CatEzp (Op C) SET) (Hom o|—,X]))
using CAT HomObj
by (simp add: Category.CatldDomCod)
also have ... = NTDom (Id (CatEzp (Op C) SET) (Hom[—,X])) using Id
by (simp add: CatExpDom)
finally show Hom[—,dom ¢ (Id C X)] = NTDom (Id (CatExp (Op C) SET)

(ngo[ﬁx])) :
zhow NTCod (YFtorNT C (Id C X)) = NTCod (Id (CatEzp (Op C) SET)
(HomC[_’X]»

proof(simp add: YFtorNT-defs)
have Hom[—,cod o (Id C X)] = Homg|—,X] using assms Obj by (simp add:
Category. CatldDomCod)
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also have ... = cod ¢4y, (Op C) SET (Id (CatEzp (Op C) SET) (Hom [—,X]))
using CAT HomObj
by (simp add: Category.CatIdDomCod)
also have ... = NTCod (Id (CatExp (Op C) SET) (Homg[—,X])) using Id
by (simp add: CatExpCod)
finally show Hom[—,cod (Id C X)] = NTCod (Id (CatEzp (Op C) SET)
(Homl—,X))) -
qed
{
fix Y assume a: Y € 0bj (NTCatDom (YFtorNT C (Id C X)))
show (YFtorNT C (Id C X)) $$ Y = (Id (CatExzp (Op C) SET) (Hom [—,X]))
$8 vV
proof—
have CD: CatDom (Hom o[—,X]) = Op C by (simp add: HomFtorContraDom)
have CC: CatCod (Hom[—,X]) = SET by (simp add: HomFtorContraCod)
have ObjY: Y € Obj C and ObjYOp: Y € Obj (Op C) using a by(simp
add: YFtorNTCatDom OppositeCategory-def)+
have (YFtorNT C (Id C X)) $$ Y = (Hom[Y,(Id C X)]) using a by (simp
add: YFtorNTAppl)

also have ... = idggr (Homg Y X) using Obj ObjY assms by (simp add:
HomFtorld)
also have ... = idggp ((Homg|—,X]) @@ Y) using Obj ObjY assms by

(simp add: HomFtorOpObj )
also have ... = (IdNatTrans (Hom[—,X])) $$ Y using CD CC 0bjYOp by
(simp add: IdNatTrans-map)
also have ... = (Id (CatEzp (Op C) SET) (Hom[—,X])) $$ Y using HomObj
by (simp add: CatExpld)
finally show ?thesis .
qed

}
qed

lemma YFtorPreFtor:

assumes LSCategory C

shows PreFunctor (YFtor' C)
proof(auto simp only: PreFunctor-def)

have CAT: Category(CatExp (Op C) SET) using assms by (simp add: PreSheaf-
Cat)

{

fix f g assume a: f ~>.p (YFtor' C) 9
show (YFtor" C) ## (f 3 cutDom (YFtor' C) g) = ((YFtor’ C) ## f)
7 CatCod (YFtor' C) ((YFtor" C) ## g)
proof(simp add: YFtor'-def, rule NatTransExt)
have CD: f ~> g using a by (simp add: YFtor'-def)
have CD2: YFtorNT C f ~> CatExp (Op C) SET YFtorNT C g using CD
assms by (simp add: YFtorNTCompDef)
have Mori: YFtorNT C f 5 CatBxp (Op C) SET YFtorNT C g € Mor (CatExp
(Op C) SET) using CAT CD2
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by (simp add: Category.MapsToMorDomCod)
show NatTrans (YFtorNT C (f ;;¢ g)) using assms by (simp add: Cate-
gory.MapsToMorDomCod CD YFtorNTNatTrans)
show NatTrans (YFtorNT C f S CatExp (Op C) SET YFtorNT C g) using
Morl by (simp add: CatEzpMorNT)
show NTDom (YFtorNT C (f ;0 9)) = NTDom (YFtorNT C f % CatExp (Op C) SET
YFtorNT C g)
proof—
have 1: YFtorNT C' f € MoT CatEzp (Op C) SET using CD2 by auto
have NTDom (YFtorNT C (f ;;¢ 9)) = Homo[—,dom¢g (f 53¢ 9)] by (simp
add: YFtorNT-defs)

also have ... = Homg[—,dom¢ f] using CD assms by (simp add: Cate-
gory.MapsToMorDomCod)

also have ... = NTDom (YFtorNT C f) by (simp add: YFtorNT-defs)

also have ... = domC’atExp (Op C) SET (YFtorNT C f) using 1 by (simp

add: CatExpDom,)

also have ... = dom copy, (Op C) SET (YFtorNT C f 5 CatExp (Op C) SET
YFtorNT C g) using CD2 CAT
by (simp add: Category.MapsToMorDomCod)
finally show ?thesis using Morl by (simp add: CatExpDom,)
qed
show NTCod (YFtorNT C (f ;;09)) = NTCod (YFtorNT C' f % CatBap (Op C) SET
YFtorNT C g)
proof—
have 1: YFtorNT C g € MOT CutBap (Op C) SET using CD2 by auto
have NTCod (YFtorNT C (f ;;¢c 9)) = Homo|—,cod (f 350 9)] by (simp
add: YFtorNT-defs)

also have ... = Hom[—,cod g] using CD assms by (simp add: Cate-
gory.MapsToMorDomCod)
also have ... = NTCod (YFtorNT C g) by (simp add: YFtorNT-defs)
also have ... = cod ooy (Op C) SET (YFtorNT C g) using 1 by (simp
add: CatExpCod)
also have ... = COdCatE.’Ep (Op C) SET (YFtOTNT Cf ;;CatE:Ep (Op C) SET

YFtorNT C g) using CD2 CAT
by (simp add: Category.MapsToMorDomCod)
finally show ?thesis using Mor1 by (simp add: CatExpCod)
qed
{
fix X assume a: X € Obj (NTCatDom (YFtorNT C (f ;0 9)))
show YFtorNT C (f ;;0 9) $8 X = (YFtorNT C f 5 CatEap (Op C) SET
YFtorNT C g) $$ X
proof—
have Obj: X € Obj C and 0bjOp: X € Obj (Op C) using a by (simp
add: YFtorNTCatDom OppositeCategory-def )+
have App1: (Hom[X.f]) = (YFtorNT C f) $$ X
and App2: (Hom | X,g]) = (YFtorNT C g) $$ X using a by (simp add:
YFtorNTAppl YFtorNTCatDom)+
have (YFtorNT C (f ;¢ 9)) $8 X = (Hom[X,(f ;;¢ 9)]) using a by
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(simp add: YFtorNTApp1)

also have ... = (Hom[X.f]) ;;sp7 (Homg[X,g]) using CD assms Obj
by (simp add: HomFtorDist)
also have ... = ((YFtorNT C f) $% X) 5;5p1 ((YFtorNT C g) $$ X)

using Appl App2 by simp
finally show ?thesis using ObjOp CD2 by (simp add: CatEzpDist)
qed
}
qed
}
{
fix X assume a: X € Obj (CatDom (YFtor’ C))
show 3 Y € Obj (CatCod (YFtor' C)) . YFtor’ C ## (Id (CatDom (YFtor’
C)) X) = Id (CatCod (YFtor' C)) Y
proof (rule-tac x=Hom ¢ [—,X]| in Set.rev-bexl)
have X € 0Obj C using a by(simp add: YFtor'-def)
thus Hom o [—,X] € Obj (CatCod (YFtor' C)) using assms by(simp add:
YFtor'-def CatExp-defs HomFtorContraFtor)
show (YFtor' C) #4# (Id (CatDom (YFtor' C)) X) = Id (CatCod (YFtor'
C)) (Hom¢ [—,X]) using a assms
by (simp add: YFtor'Obj1)
qed
}
show Category (CatDom (YFtor' C)) using assms by (simp add: YFtor'-def)
show Category (CatCod (YFtor’ C)) using CAT by (simp add: YFtor'-def)
qged

lemma YFtor’'Obj:
assumes X € 0bj (CatDom (YFtor' C))
and LSCategory C
shows (YFtor’' C') @@ X = Hom ¢ [—,X]
proof(rule PreFunctor.FmToFo, simp-all add: assms YFtor’'Objl YFtorPreFtor)
have X € Obj C using assms by(simp add: YFtor'-def)
thus Homg [—,X] € Obj (CatCod (YFtor' C)) using assms by(simp add:
YFtor’-def CatEzp-defs HomFtorContraFtor)
qed

lemma YFtorFtor”
assumes LSCategory C
shows FunctorM (YFtor' C)
proof (auto simp only: FunctorM-def)
show PreFunctor (YFtor’ C') using assms by (rule YFtorPreFtor)
show FunctorM-azioms (YFtor' C)
proof(auto simp add: FunctorM-azioms-def)

{

fix f X YV assume aa: f maps ;i pom (YFtor' C) XtoY
show YFtor’ C #4 fmaps ic04 (YFtor' C) YFtor’ C QQ X to YFtor' C

Q@@ Y
proof—

98



have Morl: f maps X to Y using aa by (simp add: YFtor’-def)
have Category (CatDom (YFtor' C)) using assms by (simp add: YFtor'-def)
hence Objl: X € Obj (CatDom (YFtor’ C)) and
Obj2: Y € Obj (CatDom (YFtor' C)) using aa assms by (simp add:
Category. MapsToObj)+
have (YFtor’ C ## f) = YFtorNT C f by (simp add: YFtor'-def)
moreover have YFtor’ C QQ X = Hom ¢ [—,X]
and YFtor’ C @QQ Y = Hom¢ [—,Y] using Objl Obj2 assms by (simp
add: YFtor'Obj)+
moreover have CatCod (YFtor' C') = CatExp (Op C) SET by (simp add:
YFtor'-def)
moreover have YFiorNT C f maps gy, (Op C) SET (Hom g [—,X]) to
(Hom ¢ [=,Y])
using assms Morl by (auto simp add: YFtorNtMapsTo)
ultimately show ?thesis by simp
qed
}
qed
qed

lemma YFtorFtor: assumes LSCategory C shows Ftor (YFtor C) : C —
(CatEzp (Op C) SET)
proof(auto simp only: functor-abbrev-def)
show Functor (YFtor C) using assms by (simp add: MakeFtor YFtor-def YFtorFtor”)
show CatDom (YFtor C) = C and CatCod (YFtor C') = (CatExp (Op C) SET)

using assms by(simp add: MakeFtor-def YFtor-def YFtor'-def)+
qed

lemma YFtorObj:

assumes LSCategory C and X € Obj C

shows (YFtor C) @@ X = Hom [—,X]
proof—

have CatDom (YFtor’ C) = C by (simp add: YFtor’-def)

moreover hence (YFtor' C') @@ X = Hom ¢ [—,X] using assms by(simp add:
YFtor'Obj)

moreover have PreFunctor (YFtor’ C) using assms by (simp add: YFtor-
PreF'tor)

ultimately show ?thesis using assms by (simp add: MakeFtorObj YFtor-def)
qed

lemma YFtorObj2:
assumes LSCategory C'and X € Obj C and Y € 0bj C
shows ((YFtor C) @Q Y) Q@ X = Homgo X Y

proof—
have Homg X Y = ((Hom[—,Y]) QQ X) using assms by (simp add: HomFtorOpObj)
also have ... = ((YFtor C @QQ Y) QQ X) using assms by (simp add: YFtorObj)
finally show ?thesis by simp

qed
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lemma YFtorMor: [LSCategory C ; f € Mor C] = (YFtor C) ## f = YFtorNT
cf
by (simp add: YFtor-defs MakeFtorMor)

definition YMap C X n = (n $$ X) |Q| (m2z¢ (idg X))
definition YMapInv' C X F z =
NTDom = ((YFtor C') @Q X),

NTCod = F,
NatTransMap = A B . ZFfun (Homg B X) (F QQ B) (A f . (F ## (22m¢
f)D) @] z)

definition YMapInv C X F x = MakeNT (YMapInv' C X F 1)

lemma YMapInvApp:

assumes X € Obj C and B € 0Obj C and LSCategory C

shows (YMapInv C X F z) $$ B = ZFfun (Homg B X) (F Q@ B) (A f . (F
w4t (z2me 1)) 9] 2)
proof—

have NTCatDom (MakeNT (YMapInv' C X F z)) = CatDom (NTDom (YMapInv'
C X F 1)) by (simp add: MakeNT-def NTCatDom-def)

also have ... = CatDom (Hom[—,X]) using assms by (simp add: YFtorObj
YMapInv’-def)
also have ... = Op C using assms HomFtorContraFtor[of C X]| by auto

finally have NTCatDom (MakeNT (YMapInv' C X F z)) = Op C .

hence 1: B € 0bj (NTCatDom (MakeNT (YMapInv’ C X F z))) using assms
by (simp add: OppositeCategory-def)

have (YMaplnv C X F z) $8 B = (MakeNT (YMapInv’ C X F 1)) $$ B by
(simp add: YMapInv-def)

also have ... = (YMapInv’ C X F z) $$ B using 1 by(simp add: MakeNTApp)
finally show ?thesis by (simp add: YMapInv'-def)
qed

lemma YMapImage:

assumes LSCategory C and Ftor F : (Op C) — SET and X € 0Obj C

and NT n: (YFtor C QQ X) = F

shows (YMap C X n) |€| (F Q@Q X)
proof(simp only: YMap-def)

have (YFtor C QQ X) = (Homg[—,X]) using assms by (auto simp add:
YFtorObj)

moreover have Ftor (Hom[—,X]) : (Op C) — SET using assms by (simp
add: HomFtorContraFtor)

ultimately have CatDom (YFtor C @Q X) = Op C by auto

hence Obj: X € Obj (CatDom (YFtor C QQ X)) using assms by (simp add:
OppositeCategory-def)

moreover have CatCod F = SET using assms by auto

moreover have n $8 X mapsc,1000 p ((YFtor C @QQ X) QQ X) to (F @Q X)
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using assms Obj by (simp add: NatTransMapsTo)
ultimately have n $$ X mapsgpr ((YFtor C @QQ X) QQ X) to (F @QQ X) by
simp
moreover have (m2z¢ (Id C X)) |€| ((YFtor C @QQ X) QQ X)
proof—
have (Id C X) mapsg X to X using assms by (simp add: Category.Simps)
moreover have ((YFtor C @QQ X) QQ X) = Homp X X using assms by
(simp add: YFtorObj2)
ultimately show ?thesis using assms by (simp add: LSCategory.m2zz2m)
qged
ultimately show ((n $$ X) |Q| (m2z (Id C X))) |€| (F QQ X) by (simp add:
SETfunDomAppCod)
qed

lemma YMapInvNatTransP:
assumes LSCategory C and Ftor F : (Op C) — SET and zobj: X € Obj C
and zinF: z |€] (F @Q X)
shows NatTransP (YMapInv' C X F 1)
proof (auto simp only: NatTransP-def, simp-all add: YMapInv’-def NTCatCod-def
NTCatDom-def)
have yf: (YFtor C QQ X) = Hom |—,X]| using assms by (simp add: YFtorObj)
hence hf: Ftor (YFtor C Q@ X) : (Op C) — SET using assms by (simp add:
HomFtorContraFtor)
thus Functor (YFtor C QQ X) by auto
show fitf: Functor F using assms by auto
have df: CatDom F = Op C and cf: CatCod F = SET using assms by auto
have dy: CatDom ((YFtor C) @Q X) = Op C and cy: CatCod ((YFtor C) QQ
X) = SET using hf by auto
show CatDom ((YFtor C) @QQ X) = CatDom F using df dy by simp
show CatCod F = CatCod ((YFtor C') @QQ X) using cf cy by simp
{
fix Y assume yobja: Y € Obj (CatDom ((YFtor C') @QQ X))
show ZFfun (Homgp Y X) (F QQ Y) (Af. (F ## (22m¢ f)) |Q| ) maps cutCod F
((YFtor C @@ X) @Q Y) to (F QQ Y)
proof (simp add: cf, rule MapsTol)
have yobj: Y € Obj C using yobja dy by (simp add: OppositeCategory-def)
have zffun: isZFfun (ZFfun (Homg Y X) (F QQ Y) (M. (F ## 22mof)
Q] z))
proof (rule SETfun, rule alll, rule impl)
{
fix y assume yhom: y |€| (Homg Y X) show (F ## (22m¢ y)) |Q| z
le] (F @@ Y)
proof—
let 7 = (F ## (:2m¢ 1))
have (22m¢ y) mapsg Y to X using yhom yobj assms by (simp add:
LSCategory.z2mm2z)
hence (z2m ¢ y) mapsop ¢ X to Y by (simp add: MapsToOp)
hence ?f mapsgpr (F QQ X) to (F QQ Y) using assms by (simp add:
FunctorMapsTo)

101



hence isZFfun (?f) and |dom| f = F Q@ X and |cod| ?f = F @QQ Y
by (simp add: SETmapsTo)+
thus (7f |Q| z) |€| (F QQ Y) using assms ZFfunDomAppCod|of ?f x]
by simp
qed
}
qed
show ZFfun (Homo Y X) (F QQ Y) (M. (F ## 22m¢f) |Q| ) € morggy
using zffun
by (simp add: SETmor)
show codgpm ZFfun (Homo Y X) (F QQ Y) (M. (F ## 22mcf) |Q| z) =
F @QQ Y using zffun
by (simp add: SETcod)
have (Homg Y X) = (YFtor C QQ X) QQ Y using assms yobj by (simp
add: YFtorObj2)
thus domgpp ZFfun (Homgp Y X) (F QQ Y) (Af. (F ## 22mgf) |Q| z) =
(YFtor C @@ X) @QQ Y using zffun
by(simp add: SETdom)
qed
}
{
fix f Z Y assume fmaps: fmapSCatDom ((YFtor C') @Q X) ZtoY
have fmapsa: f mapso, ¢ Z to Y using fmaps dy by simp
hence fmapsb: f mapsc Y to Z by (rule MapsToOpOp)
hence fmor: f € Mor C and fdom: dom¢ f = Y and feod: cod f = Z by
(auto simp add: OppositeCategory-def)
hence he: (Homo[—,X]) ## [ = (HomC ¢[f,X]) using assms by (simp add:
HomContraMor)
have yobj: Y € 0bj C and z0bj: Z € Obj C using fmapsb assms by (simp
add: Category. MapsToObj)+
have Ffmaps: (F ## f) mapsgpr (F QQ Z) to (F QQ Y') using assms fmapsa
by (simp add: FunctorMapsTo)
have Fzmaps: \ h A B . [h |€| (Homc A B) ; A€ Obj C ; B € Obj C] =
(F ## (22m ¢ h)) mapsgpr (F QQ B) to (F @Q A)
proof—
fix h A B assume h: h |€| (Homy A B) and 0A: A € Obj C and oB: B €
Obj C
have (22m g h) mapsc A to B using assms h 0A 0B by (simp add: LSCate-
gory.z2mm2z)
hence (z2m¢ h) mapso, ¢ B to A by (rule MapsToOp)
thus (F ## (22m¢ h)) mapsgpr (F QQ B) to (F QQ A) using assms by
(simp add: FunctorMapsTo)
qed
have hRHomF: \h. h |€| (Homg Z X) = (F #+# (2m¢ h)) |Q| z |€| (F QQ
Z) using zobj zobj zinF
proof—
fix h assume h: h |€| (Homo Z X)
have (F ## (22m¢ h)) mapsgpr (F QQ X) to (F QQ Z) using zobj zobj
h by (simp add: Fzmaps)
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thus (F ## (22mg b)) |Q| z |€| (F QQ Z) using assms by (simp add:
SETfunDomAppCod)
qed
have Ff: F 44 f = ZFfun (F QQ Z) (F @Q Y) (Ah. (F #4# f) |@| h) using
Ffmaps by (simp add: SETZFfun)
have compdefa: ZFfun (Homo Z X) (Homg Y X) (Ah. m2z¢ (f 550 (22m o h)))
~>SET
ZFfun (Homgp Y X) (F QQ Y) (Ah. (F ## (22mg h)) |Q] z)
proof(rule CompDefinedI, simp-all add: SETmor|THEN sym])
show isZFfun (ZFfun (Homg Z X) (Homg Y X) (Ah. m2z¢ (f 350 (22m o h))))
proof (rule SETfun, rule alll, rule impl)
fix h assume h: h |€| (Homg Z X)
have (z22mqo h) mapsg Z to X using assms h zobj zobj by (simp add:
LSCategory.z2mm2z)
hence f ;0 (22m ¢ h) mapsc Y to X using fmapsb assms(1) by (simp add:
Category. Ccompt)
thus (m2z¢ (f 550 (22mg h))) |€] (Homo Y X) using assms by (simp add:
LSCategory.m2zz2m)
qed
moreover show isZFfun (ZFfun (Homg Y X) (F QQ Y) (Ah. (F ##
(z2m¢ h)) |Q| z))
proof (rule SETfun, rule alll, rule impl)
fix h assume h: h |€| (Homg Y X)
have (F ## (22mg h)) mapsgpr (F QQ X) to (F QQ Y') using zobj yobj
h by (simp add: Fzmaps)
thus (F ## (22m¢g h)) |Q| z |€| (F QQ Y) using assms by (simp add:
SETfunDomAppCod)
qed
ultimately show codgpr(ZFfun (Homg Z X) (Homg Y X) (Ah. m2z¢ (f
o (28me h)))) =
domgpr(ZFfun (Homp Y X) (F QQ Y) (Ah. (F ## (22m¢ h)) |Q| z)) by
(simp add: SETcod SETdom)
qed
have compdefb: ZFfun (Homg Z X) (F QQ Z) (Ah. (F ## (22mo h)) |Q| z)
~>SET
ZFfun (F Q@ Z) (F Q@ Y) (M. (F #4 f) || h)
proof (rule CompDefinedI, simp-all add: SETmor[THEN sym])
show isZFfun (ZFfun (Homg Z X) (F QQ Z) (Ah. (F ## (22m¢o h)) |Q|
z)) using hHomF by (simp add: SETfun)
moreover show isZFfun (ZFfun (F QQ Z) (F @QQ Y) (Ah. (F #+# f) |Q|
h))
proof (rule SETfun, rule olll, rule impl)
fix h assume h: h |€| (F QQ Z)
have F #+# fmapsggpr F' QQ Z to F QQ Y using Ffmaps .
thus (F ## f) |Q| h |€| (F QQ Y') using h by (simp add: SETfunDomAp-
pCod)
qed
ultimately show codgpr (ZFfun (Homg Z X) (F QQ Z) (Ah. (F ##
(z2m b)) 0] 2)) =
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domgpr (ZFfun (F QQ Z) (F QQ Y) (Ah. (F #+# f) |Q| h)) by (simp
add: SETcod SETdom,)
qed
have ZFfun (Homg Z X) (Homg Y X) (Ah. m2z¢ (f 550 (22mo h))) 5i9ET
ZFfun (Homg Y X) (F QQ Y) (Ah. (F ## (22m¢ h)) |Q| z) =
ZFfun (Homg Z X) (Homg Y X) (Ah. m2z¢ (f 550 (22mg R))) |o]
ZFfun (Homg Y X) (F @QQ Y) (Ah. (F #+# (22m¢ h)) |Q| z) using Ff
compdefa by (simp add: SETComp)
also have ... = ZFfun (Homg Z X) (F QQ Y) ((Ah. (F ## (22m¢ h)) |Q|
z) o (Ah. m2z¢ (f 550 (22me h))))
proof (rule ZFfunComp, rule alll, rule impl)
{
fix h assume h: h |€| (Homo Z X)
show (m2z¢ (f ;0 (22mg b)) |€] (Homeg Y X)
proof—
have Z € Obj C using fmapsb assms by (simp add: Category. MapsToObj)
hence (22m¢ h) mapsc Z to X using assms h by (simp add: LSCate-
gory.z2mm2z)
hence f ;;¢0 (22mg h) mapso Y to X using fmapsb assms(1) by (simp
add: Category.Ccompt)
thus ?thesis using assms by (simp add: LSCategory.m2zz2m)
qged
}
qed
also have ... = ZFfun (Homg Z X) (F QQ Y) ((Ah. (F ## f) |Q| h) o (Ah.
(F" #4# (22m¢ h)) |Q| z))
proof (rule ZFfun-ext, rule alll, rule impl, simp)
{
fix h assume h: h |€| (Homo Z X)
have 20bj: Z € Obj C using fmapsb assms by (simp add: Category.MapsToObj)
hence hmaps: (z2m¢ h) mapsc Z to X using assms h by (simp add:
LSCategory.z2mm2z)
hence (22m o h) € Mor C and dom ¢ (22mo h) = cod o f using fcod by
auto
hence CompDef-hf: f ~=> (22m h) using fmor by auto
hence CompDef-hfOp: (22m¢ h) => 0, ¢ f by (simp add: CompDefOp)
hence CompDef-FhfOp: (F ## (22m¢ h)) =>gpr (F ## f) using assms
by (simp add: FunctorCompDef)
hence (22m ¢ h) mapsop ¢ X to Z using hmaps by (simp add: MapsToOp)

hence (F' ## (22mg h)) mapsgpT (F QQ X) to (F Q@ Z) using assms
by (simp add: FunctorMapsTo)
hence zin: z |€| |dom|(F ## (22m¢ h)) using assms by (simp add:
SETmapsTo)
have (f ;;0 (22mg h)) € Mor C using CompDef-hf assms by(simp add:
Category. MapsToMorDomCod)
hence (F ## (22m¢ (m2z¢ (f 50 (22me h))))) @ . = (F ## (f ¢
(z2m ) 0] 2
using assms by (simp add: LSCategory.m2zz2minv)
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also have ... = (F ## ((22m¢ 1) 5;0p ¢ f)) Q| 2 by (simp add: Opposite-
Category-def)

also have ... = ((F ## (22m¢ h)) ;;5p7 (F ## f)) |Q| ¢ using assms
CompDef-hfOp by (simp add: FunctorComp)
also have ... = (F ## f) |Q| ((F ## (22m¢ h)) |Q| z) using Com-

pDef-FhfOp xin by (rule SETCompAt)
finally show (F ## (22m¢ (m2z¢ (f 550 (22mg 1)) |Q] & = (F #4# f)
Q[ ((F ## (22m¢ h)) Q| z) .

qed
also have ... = ZFfun (Homg Z X) (F QQ Z) (Ah. (F ## (22m¢ h)) |Q| z)
o]
ZFfun (F Q@ Z) (F Q@ Y) (Mh. (F 44 f) |@| h)
by (rule ZEfunComp| THEN sym|, rule alll, rule impl, simp add: hHomF)
also have ... = ZFfun (Homg Z X) (F QQ Z) (Ah. (F ## (22m¢ h)) |Q| z)
sser (F ## 1)
using Ff compdefb by (simp add: SETComp)
finally show (((YFtor C) QQ X) ## f) ;icutCod F ZFfun (Homg Y X) (F
0@ V) (Af. (F 44 (:2m f)) (0] 7) =
ZFfun (Homg Z X) (F Q@ Z) (M. (F ## (22m¢ ) |Q| @) 55 CatCod F
(F 44 1)
by (simp add: cf yf he fdom fcod HomFtorMapContra-def)

}
qed

lemma YMapInvNatTrans:

assumes LSCategory C and Ftor F : (Op C) — SET and X € Obj C and z
le| (F @@ X)

shows NatTrans (YMapInv C X F x)
by (simp add: assms YMapInv-def MakeNT YMapInvNatTransP)

lemma YMapInvimage:

assumes LSCategory C and Ftor F : (Op C) — SET and X € Obj C

and z |€| (F Q@ X)

shows NT (YMapInv C X F z) : (YFtor C QQ X) = F
proof(auto simp only: nt-abbrev-def)

show NatTrans (YMapInv C X F x) using assms by (simp add: YMapInvNat-
Trans)

show NTDom (YMapInv C X F z) = YFtor C QQ X by(simp add: YMapInv-def
MakeNT-def YMapInv'-def)

show NTCod (YMapInv C X F z) = F by(simp add: YMapInv-def MakeNT-def
YMapInv’-def)
qged

lemma YMapi:

assumes LSCat: LSCategory C and Fftor: Ftor F : (Op C) — SET and XObj:
X e 0Obj C

and NT: NT n: (YFtor C QQ X) = F

shows YMapInv C X F (YMap C X n) = n
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proof(rule NatTransExt)
have (YMap C X 1) |€| (F QQ X) using assms by (simp add: YMapImage)
hence 1: NT (YMapInv C X F (YMap C X n)) : (YFtor C @QQ X) = F using
assms by (simp add: YMapInvImage)
thus NatTrans (YMapInv C X F (YMap C X 1)) by auto
show NatTrans n using assms by auto
have NTDYI: NTDom (YMapInv C X F (YMap C X 7)) = (YFtor C QQ X)
using 1 by auto
moreover have NTDeta: NTDom n = (YFtor C QQ X) using assms by auto
ultimately show NTDom (YMapInv C X F (YMap C X 1)) = NTDom n by
simp
have NTCod (YMapInv C X F (YMap C X n)) = F using I by auto
moreover have NTCeta: NTCod n = F using assms by auto
ultimately show NTCod (YMaplnv C X F (YMap C X n)) = NTCod n by
stmp
{
fix Y assume Yobja: Y € 0Obj (NTCatDom (YMapInv C X F (YMap C X
1))
have CCF: CatCod F = SET using assms by auto
have Ftor (Homg[—,X]) : (Op C) — SET using LSCat XObj by (simp add:
HomFtorContraFtor)
hence CDH: CatDom (Homg|—,X]) = Op C by auto
hence CDYF: CatDom (YFtor C Q@ X) = Op C using XObj LSCat by (auto
stmp add: YFtorObj)
hence NTCatDom (YMapInv C X F (YMap C X 1)) = Op C using LSCat
XObj NTDYI CDH by (simp add: NTCatDom-def)
hence YObjOp: Y € Obj (Op C) using Yobja by simp
hence YObj: Y € 0bj C and XO0bjOp: X € Obj (Op C) using XObj by (simp
add: OppositeCategory-def)+
have yinv-mapsTo: ((YMapInv C X F (YMap C X n)) $8 Y) mapsggp
(Homg Y X) to (F QQ Y)
proof—
have ((YMapInv C X F (YMap C X 1)) $3 Y) mapsgp ((YFtor C QQ X)
@Q Y) to (F@QQ Y)
using 1 CCF CDYF YObjOp NatTransMapsTolof (YMapInv C X F (YMap
C X n)) (YFtor C @@ X) F Y] by simp
thus ?thesis using LSCat XObj YObj by (simp add: YFtorObj2)
qed
have eta-mapsTo: (n $8 Y) mapsgpp (Homp Y X) to (F QQ Y)
proof—
have (n $$ Y) mapsgpr ((YFtor C @QQ X) QQ Y) to (F QQ Y)
using NT CDYF CCF YObjOp NatTransMapsTo[of n (YFtor C QQ X) F
Y] by simp
thus ?thesis using LSCat XObj YObj by (simp add: YFtorObj2)
qed
show (YMapInv C X F (YMap C X n)) $8 YV =n$$ YV
proof (rule ZFfunEaxt)
show |dom|(YMapInv C X F (YMap C X 1) $8 Y) = |dom|(n $$ V)
using yinv-mapsTo eta-mapsTo by (simp add: SETmapsTo)
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show |cod|(YMapInv C X F (YMap C X 1) $8 Y) = |cod|(n $$ V)
using yinv-mapsTo eta-mapsTo by (simp add: SETmapsTo)
show isZFfun (YMapInv C X F (YMap C X n) $$ V)
using yinv-mapsTo by (simp add: SETmapsTo)
show isZFfun (n $$ Y)
using eta-mapsTo by (simp add: SETmapsTo)
{
fix f assume fdomYinv: f |€| |dom|(YMapInv C X F (YMap C X n) $$ Y)
have fHom: f |€| (Hom¢ Y X) using yinv-mapsTo fdomYinv by (simp
add: SETmapsTo)
hence fMapsTo: (22m ¢ f) mapsc Y to X using assms YObj by (simp add:
LSCategory.z2mm2z)
hence fCod: (cod (22m¢ f)) = X and fDom: (dom¢ (22m¢ f)) = Y and
fMor: (z2m¢ f) € Mor C by auto
have (YMapInv C X F (YMap C X 1) $8 Y) |Q| f =
(F ## (22m¢ [)) 1Q] ((n $8 X) |Q| (m2z¢ (1d C X))
using fHom assms YObj by (simp add: ZFfunApp YMapInvApp YMap-def)
also have ... = ((n $8 X) ;;9p7 (F ## (22m¢ f))) |Q| (m2zo (Id C X))
proof—
have aa: (n $$ X) mapsgp ((YFtor C @QQ X) QQ X) to (F QQ X)
using NT CDYF CCF YObjOp XObjOp NatTransMapsTo[of n (YFtor
C @@ X) F X] by simp
have bb: (F ## (22m¢ f)) mapsgpr (F QQ X) to (F @Q Y)
using fMapsTo Fftor by (simp add: MapsToOp FunctorMapsTo)
have (1 $$ X) ~>gpr (F ## (22m¢ f)) using aa bb by (simp add:
MapsToCompDef)
moreover have (m2z¢ (Id C X)) |€] |dom| (n $$ X) using assms aa
by (simp add: SETmapsTo YFtorObj2 Category.Cidm LSCategory.m2zz2m,)
ultimately show ?thesis by (simp add: SETCompAt)

qed
also have ... = ((HomC g[22m¢ f,X]) 957 (n $8 Y)) |Q| (m2z2¢ (Id C
X))
proof—
have NTDom n = (Hom|—,X]) using NTDeta assms by (simp add:
YFtorObj)

moreover hence NTCatDom n = Op C by (simp add: NTCatDom-def
HomFtorContraDom,)
moreover have NTCatCod n = SET using assms by (auto simp add:
NTCatCod-def)
moreover have NatTrans n and NTCod n = F using assms by auto
moreover have (22m¢ f) mapso, ¢ X to Y
using fMapsTo MapsToOp[where ?f = (22m f) and ?X = Y and ?Y
= X and ?C = C] by simp
ultimately have (7 $8 X) ;;5p7 (F ## (22m¢ f)) = (Homg[—,X]) #4#

(z2mc f)) sispr (0 $8 Y)
using NatTransP.NatTrans[of n (z2m¢ f) X Y] by simp

moreover have ((Homg[—,X]) ## (22m¢ f)) = (HomC o[(22m ¢ f),X])
using assms fMor by (simp add: HomContraMor)
ultimately show ?thesis by simp
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qged
also have ... = (7 $$ Y) |Q| ((HomC ¢[22m ¢ f,X]) |Q| (m2z¢ (Id C X)))
proof—
have (HomC g[22m ¢ f,X]) =>gpr (1 $$ V)
using fCod fDom XObj LSCat fMor HomFtorContraMapsTo[of C X
z2m ¢ f] eta-mapsTo by (simp add: MapsToCompDef)
moreover have |dom| (HomC ¢[22m ¢ f,X]) = (Homg (cod o (22m¢ f))
X)
by (simp add: ZFfunDom HomFtorMapContra-def)
moreover have (m2z¢ (Id C X)) |€| (Homg (cod (22m¢ f)) X)
using assms fCod by (simp add: Category.Cidm LSCategory.m2zz2m)
ultimately show ?thesis by (simp add: SETCompAt)
qged
also have ... = (n $$ V) |Q| (m2z¢ ((22m¢ f) 550 (22meo (m2z¢ (Id C
X))

proof—
have (Id C X) maps¢ (cod o (22m¢ f)) to X using assms fCod by (simp
add: Category.Cidm)
hence (m2z (Id C X)) |€| (Hom (cod ¢y (22m ¢ f)) X) using assms by
(simp add: LSCategory.m2zz2m)
thus ?thesis by (simp add: HomContraAt)
qged
also have ... = (n $8 Y) |Q| (m2z¢ ((22m¢ f) 330 (Id C X)))
using assms by (simp add: LSCategory.m2zz2mlInv Category.CatldInMor)

also have ... = (n $$ Y) |Q| (m2z (22m( f)) using assms(1) fCod fMor
Category.Cidrlof C (22m¢ f)] by (simp)
also have ... = (n $% Y) |Q| f using assms YObj fHom by (simp add:

LSCategory.z2mm2z)
finally show (YMapInv C X F (YMap CX n)$$ Y) |Q| f=(n 88 V) |Q|
I

}

qed

}
qed

lemma YMap2:

assumes LSCategory C and Ftor F : (Op C) — SET and X € 0Obj C

and z |€| (F Q@ X)

shows YMap C X (YMapInv C X Fz) =z
proof(simp only: YMap-def)

let ?n = (YMapInv C X F z)

have (7 $$ X) = ZFfun (Homg X X) (F QQ X) (A f . (F ## (22m¢ f)) |Q|
x) using assms by (simp add: YMapInvApp)

moreover have (m2zq (Id C X)) |€| (Homo X X) using assms by (simp add:
Category.Simps LSCategory.m2zz2m)

ultimately have (7 $$ X) |Q| (m2zo (Id C X)) = (F ## (22mg (m2z¢ (Id

¢ X)) |af
by (simp add: ZFfunApp)
also have ... = (F ## (Id C X)) |Q| z using assms by (simp add: Cate-
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gory. CatldInMor LSCategory.m2zz2miInv)
also have ... = (Id SET (F QQ X)) |Q| z
proof—
have X € 0bj (Op C) using assms by (auto simp add: OppositeCategory-def)
hence (F ## (Id (Op C) X)) = (Id SET (F QQ X))
using assms by (simp add: Functorld)
moreover have (Id (Op C) X) = (Id C X) using assms by (auto simp add:
OppositeCategory-def)
ultimately show ?thesis by simp

qged

also have ... = z using assms by (simp add: SETId)

finally show (% $$ X) |Q| (m2z¢ (Id C X)) = = .
qed

lemma YFtorNT-YMaplInv:
assumes LSCategory C and fmapsg X to Y
shows YFtorNT C f = YMapInv C X (Homo[—,Y]) (m2z¢ f)
proof(simp only: YFtorNT-def YMapInv-def, rule NatTransExt')
have Cf: cod¢ f = Y and Df: dom¢ f = X using assms by auto
thus NTCod (YFtorNT' C f) = NTCod (YMapInv' C X (Hom[—,Y]) (m2zcf))
by(simp add: YFtorNT'-def YMapInv'-def )
have Homo[—,domg f] = YFtor C Q@ X using Df assms by (simp add:
YFtorObj Category. MapsToOby)
thus NTDom (YFtorNT' C'f) = NTDom (YMapInv' C X (Homg[—,Y]) (m2zcf))
by (simp add: YFtorNT'-def YMapInv'-def )
{
fix Z assume ObjZ1: Z € Obj (NTCatDom (YFtorNT' C f))
have 0bjZ2: Z € Obj C using 0bjZ1 by (simp add: YFtorNT'-def NTCat-
Dom-def OppositeCategory-def HomFtorContraDom)
moreover have 0bjX: X € 0bj C and ObjY: Y € Obj C using assms by
(simp add: Category. MapsToObj)+
moreover

{

fix z assume z: z |€| (Homg Z X)
have m2z¢ ((22m¢ z) 550 f) = (Homg[—,Y]) ## (22m¢ ) |Q| (m2z¢f)
proof—
have morf: f € Mor C using assms by auto
have mapsz: (22m o ) mapsc Z to X using = assms(1) ObjZ2 ObjX by
(simp add: LSCategory.z2mm2z)
hence morz: (22m¢o ) € Mor C by auto
hence (Hom[—,Y]) ## (22m¢ z) = (HomC ¢[(22m ¢ ©),Y]) using assms
by (simp add: HomContraMor)
moreover have (HomC o[(22m ¢ z),Y]) |Q| (m2z¢ f) = m2z¢ ((22m¢ 1)
o (22me (m2z¢ f)))
proof (rule HomContraAt)
have cod o (22m g ¢) = X using mapsz by auto
thus (m2z¢ f) |€| (Homg (codc (22m @ z)) Y) using assms by (simp
add: LSCategory.m2zz2m)
qged
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moreover have (z2mg (m2z¢ f)) = f using assms morf by (simp add:
LSCategory.m2zz2mlInv)
ultimately show ?thesis by simp
qed
}
ultimately show (YFtorNT' C f) $$ Z = (YMapInv' C X (Homg[—,Y])
(m2zcf)) $8 Z using Cf Df assms
apply(simp add: YFtorNT'-def YMapInv’-def HomFtorMap-def HomFtorOpObj)
apply(rule ZFfun-ext, rule alll, rule impl, simp)
done

}

qed

lemma YMap Yoneda:

assumes LSCategory C and fmapsc X to Y

shows YFtor C ## f = YMapInv C X (YFtor C QQ Y) (m2z¢ f)
proof—

have f € Mor C using assms by auto

moreover have Y € 0bj C using assms by (simp add: Category. MapsToOby)

moreover have YFtorNT C f = YMapInv C X (Hom[—,Y]) (m2z¢ f) using
assms by (simp add: YFtorNT-YMapInv)

ultimately show ?thesis using assms by (simp add: YFtorMor YFtorObj)
qed

lemma YonedaFull:

assumes LSCategory C and X € Obj C and Y € Obj C

and NT n: (YFtor C QQ X) = (YFtor C QQ Y)

shows YFtor C #4# (22mg (YMap C X n)) =1

and z22m¢o (YMap C X n) mapsq X to Y
proof—

have ftor: Ftor (YFtor C QQ Y) : (Op C) — SET using assms by (simp
add: YFtorObj HomFtorContraFtor)
hence (YMap C X n) |€| ((YFtor C QQ Y) QQ X) using assms by (simp add:
YMapImage)
hence yh: (YMap C X n) |€| (Hom o X Y) using assms by (simp add: YFtorObj2)
thus (22mg (YMap C X 1)) mapso X to Y using assms by (simp add: LSCat-
egory.z2mm2z)
hence YFtor C ## (22m¢g (YMap C X 1)) = YMapInv C X (YFtor C QQ Y)
(m2z¢ (22me (YMap C X 1))
using assms yh by (simp add: YMapYoneda)
also have ... = YMapInv C X (YFtor C @QQ Y) (YMap C X n)
using assms yh by (simp add: LSCategory.z2mm2z)

finally show YFtor C' ## (22m¢g (YMap C X 1)) = n using assms ftor by
(simp add: YMapl)
qed

lemma YonedaFaithful:

assumes LSCategory C and f mapsgc X to Y and g mapsg X to YV
and YFtor C ## f = YFtor C ## g
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shows f = ¢
proof—
have ObjX: X € Obj C and ObjY: Y € Obj C using assms by (simp add:
Category.MapsToObj)+
have M2Zf: (m2z¢ f) |€| ((YFtor C @QQ Y) @QQ X) and M2Zg: (m2z¢ g) |€|
((YFtor C @@ Y) @@ X)
using assms ObjX ObjY by (simp add: LSCategory.m2zz2m YFtorObj2)+
have Ftor: Ftor (YFtor C QQ Y) : (Op C) — SET using assms ObjY by
(simp add: YFtorObj HomFtorContraF'tor)
have Morf: f € Mor C and Morg: ¢ € Mor C using assms by auto
have YMapInv C X (YFtor C QQ Y) (m2z¢ f) = YMapInv C X (YFtor C QQ
Y) (m2: ¢ 9)
using assms by (simp add: YMapYoneda)
hence YMap C X (YMaplnv C X (YFtor C @QQ Y) (m2z¢ f)) = YMap C X
(YMapInv C X (YFtor C QQ Y) (m2z¢ g))
by simp
hence (m2z¢ f) = (m2z¢ g) using assms ObjX ObjY M2Zf M2Zg Ftor by
(simp add: YMap2)
thus f = g using assms Morf Morg by (simp add: LSCategory.mor2ZFInj)
qed

lemma YonedaEmbedding:
assumes LSCategory C and A € Obj C and B € Obj C and (YFtor C) @Q A
= (YFtor C) @QQ B
shows A = B
proof—
have AObjOp: A € Obj (Op C) and BObjOp: B € Obj (Op C) using assms by
(simp add: OppositeCategory-def )+
hence FtorA: Ftor (Hom[—,A]) : (Op C) — SET and FtorB: Ftor (Hom g[—,B])
: (Op C) — SET
using assms by (simp add: HomFtorContraFtor)+
have Hom[—,A] = Hom[—,B] using assms by (simp add: YFtorObj)
hence (Hom{—,A]) #4 (Id (Op C) A) = (Homc{—,B)) 44 (Id (Op C) A) by
simp
hence Id SET ((Hom|—,A]) Q@ A) = Id SET ((Hom|—,B]) @QQ A)
using AObjOp BObjOp FtorA FtorB by (simp add: Functorld)
hence Id SET (Homgp A A) = Id SET (Hom ¢ A B) using assms by (simp add:
HomFtorOpObj)
hence Homy A A = Hompy A B using SETCategory by (simp add: Cate-
gory.IdInj SETobj[of Homg A A] SETobjlof Hom A B])
moreover have (m2zq (Id C' A)) |€| (Hom A A) using assms by (simp add:
Category.Cidm LSCategory.m2zz2m)
ultimately have (m2z¢ (Id C' A)) |€| (Homg A B) by simp
hence (22mg (m2zc (Id C A))) mapsc A to B using assms by (simp add:
LSCategory.z2mm2z)
hence (Id C A) mapsc A to B using assms by (simp add: Category. CatldInMor
LSCategory.m2zz2mlInv)
hence cod (Id C A) = B by auto
thus ?thesis using assms by (simp add: Category.CatIdDomCod)
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qed

end
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