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We formalize the Call Arity analysis [Brel5a], as implemented in GHC,
and prove both functional correctness and, more interestingly, safety (i.e. the
transformation does not increase allocation). A highlevel overview of the
work can be found in [Brel5b].

We use syntax and the denotational semantics from an earlier work [Brel3],
where we formalized Launchbury’s natural semantics for lazy evaluation
[Lau93]. The functional correctness of Call Arity is proved with regard to
that denotational semantics. The operational properties are shown with re-
gard to a small-step semantics akin to Sestoft’s mark 1 machine [Ses97],
which we prove to be equivalent to Launchbury’s semantics.

We use Christian Urban’s Nominal2 package [UK12] to define our terms
and make use of Brian Huffman’s HOLCF package for the domain-theoretical
aspects of the development [Huf12].

Artifact correspondence table

The following table connects the definitions and theorems from [Brel5b] with their cor-

responding Isabelle concept in this development.

Concept corresponds to in theory

Syntax nominal-datatype expr Terms in [Brel3|
Stack type-synonym stack Sestoft Conf
Configuration type-synonym conf SestoftConf
Semantics (=) inductive step Sestoft

Arity typedef Arity Arity
Eta-expansion lift-definition Aeta-expand ArityEtaExpansion
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1 Various Utilities

1.1 ConstOn

theory ConstOn
imports Main
begin

definition const-on :: ('a = 'b) = 'a set = 'b = bool



where const-on fSz =V ye S . fy=x)

lemma const-onl[intro]: (Ay. y € S = fy = z) = const-on f S«
by (simp add: const-on-def)

lemma const-onD[dest]: const-on fSt—= ye S = fy==x
by (simp add: const-on-def)

lemma const-on-insert[simpl: const-on f (insert x S) y +— const-on f Sy AN fz =y
by auto

lemma const-on-union[simp|: const-on f (S U S') y «<— const-on f Sy A const-on f Sy
by auto

lemma const-on-subset[elim]: const-on f Sy = S’ C § = const-on f S’y
by auto

end

1.2 Set-Cpo

theory Set—Cpo
imports HOLCF
begin

default-sort type

instantiation set :: (type) below
begin
definition below-set where (C) = (Q)
instance..
end

instance set :: (type) po
by standard (auto simp add: below-set-def)

lemma is-lub-set:

S << Uys
by (auto simp add: is-lub-def below-set-def is-ub-def)

lemma lub-set: lub S =] S
by (metis is-lub-set lub-eql)

instance set :: (type) cpo
by standard (rule exl, rule is-lub-set)



lemma minimal-set: {} C S
unfolding below-set-def by simp

instance set :: (type) pcpo
by standard (rule+, rule minimal-set)

lemma set-contl:
assumes A Y. chain Y = f (|| i. Yi)=U (f ‘range V)
shows cont f
proof (rule contl)
fix YV :: nat = 'a
assume chain Y
hence f (|| i. Yi) = (f ‘range Y) by (rule assms)
also have ... = |J (range (\i. f (Y 4))) by simp
finally
show range (\i. f (Y i) <<| f (I 4. Y i) using is-lub-set by metis
qed

lemma set-set-contl:
assumes A S.f (US)=U (f*9)
shows cont f
by (metis set-contl assms is-lub-set lub-eql)

lemma adm-subseteq[simp):
assumes cont f
shows adm (Aa. fa C S)
by (rule admlI)(auto simp add: cont2contlubE[OF assms| lub-set)

lemma adm-Ball[simp]: adm (AS.Vz€S. P x)
by (auto intro!: admlI simp add: lub-set)

lemma finite-subset-chain:
fixes Y :: nat = 'a set
assumes chain Y
assumes S C |J(Y ¢ UNIV)
assumes finite S
shows 37. S C Y1
proof—
from assms(2)
have Vz € S. 3 i. z € Y i by auto
then obtain f where f: V z€ S. z € Y (f z) by metis

define ¢ where i = Maz (f © 5)

from <finite S»

have finite (f < S) by simp

hence V z€S. fx < i unfolding i-def by auto

with chain-mono[OF <chain Y)]

have V z€S. Y (fz) C Y i by (auto simp add: below-set-def)
with f



have S C Y i by auto
thus ?thesis..
qed

lemma diff-cont[THEN cont-compose, simp, cont2cont]:
fixes S’ :: 'a set
shows cont (AS. S — §)

by (rule set-set-contl) simp

end

1.3 Env-Set-Cpo

theory Env—Set—Cpo
imports Launchbury.Env Set— Cpo
begin

lemma cont-edom[THEN cont-compose, simp, cont2cont]:

cont (A f. edom f)

apply (rule set-contl)
apply (auto simp add: edom-def)
apply (metis ch2ch-fun lub-eq-bottom-iff lub-fun)
apply (metis ch2ch-fun lub-eq-bottom-iff lub-fun)
done

end

1.4 AList-Utils-HOLCF

theory AList— Utils—HOLCF
imports Launchbury. HOLCF — Utils Launchbury. HOLCF — Join— Classes Launchbury. A List— Utils
begin

syntax
-BLubMap :: [pttrn, pttrn, 'a — 'b, 'b] = b («(3L1/-/—~/-/€/-/./ -)» [0,0,0, 10] 10)

syntax-consts
-BLubMap == lub

translations
L] k—vem. e == CONST lub (CONST mapCollect (A\k v . e) m)

lemma below-lubmapl[intro]:
m k = Some v => (e k v::’a::Join-cpo) C (|| k—vem. e k v)
unfolding mapCollect-def by auto

lemma lubmap-belowl [intro]:



(AN kv.mk= Somev= (ekwv:'a:Join-cpo) C u) = (|| k—~vEm. ek v) C u
unfolding mapCollect-def by auto

lemma lubmap-const-bottom[simp]:
(L] k—vem. L) = (L:'a:Join-cpo)
by (cases m = Map.empty) auto

lemma lubmap-map-upd[simp):
fixes e :: 'a = 'b = (‘c = Join-cpo)
shows (|| k—vem(k’ — v). e kv) = e k' v' U (| k—~vem(k:=None). e k v)
by simp

lemma lubmap-below-cong:
assumes A\ kv. mk = Somev = fl kv C (f2kwv: 'a: Join-cpo)
shows (|| k—vem. f1 kv) C (| k—vem. f2kv)
apply (rule lubmap-belowl)
apply (rule below-trans|OF assms|, assumption)
apply (rule below-lubmapl, assumption)
done

lemma cont2cont-lubmap[simp, cont2cont]:
assumes (Ak v . cont (f k v))
shows cont (Az. | | k—vem. (fk v z) = 'a 2 Join-cpo)
proof (rule contl2)
show monofun (Az. || k—vem. fk v z)
apply (rule monofunlI)
apply (rule lubmap-below-cong)
apply (erule cont2monofunE[OF assms])
done
next
fix YV :: nat = 'd
assume chain Y
assume chain (Ai. | |k—vem. fkv (Y 7))

show (| |k—vem. fkv (] 7 Y4))C (] ¢ | k—vem. fho (Y1)
apply (subst cont2contlubE[OF assms <chain Y)])
apply (rule lubmap-belowl)
apply (rule lub-mono[OF ch2ch-cont[OF assms <chain Y>] <chain (Mi. | |k—vem. fkv (Y
i)
apply (erule below-lubmapl)
done
qed

end



1.5 List-Interleavings

theory List—Interleavings
imports Main
begin

inductive interleave’ :: 'a list = 'a list = 'a list = bool
where [simp]: interleave’ || [] ]
| interleave’ xs ys zs =>interleave’ (z#xs) ys (z#2s)
| interleave’ xs ys zs = interleave’ xs (z#ys) (x#z2s)

definition interleave :: 'a list = ’'a list = 'a list set (infixr «®> 64)

where zs ® ys = Collect (interleave’ zs ys)
lemma elim-interleave’[pred-set-conv]: interleave’ xs ys zs +— zs € xs ® ys unfolding inter-
leave-def by simp

lemmas interleave-intros[intro?] = interleave’.intros[to-set]

lemmas interleave-intros(1)[simp)

lemmas interleave-induct[consumes 1, induct set: interleave, case-names Nil left right] = inter-
leave’.induct[to-set)

lemmas interleave-cases[consumes 1, cases set: interleave] = interleave’.cases[to-set]

lemmas interleave-simps = interleave’.simps[to-set]

inductive-cases interleave-ConsE[elim]: (z#1s) € ys ® zs
inductive-cases interleave-ConsConsE[elim]: xs € y#ys ® z#zs
inductive-cases interleave-ConsE2][elim]: zs € x#ys @ zs
inductive-cases interleave-ConsES3[elim]: xs € ys @ x#zs

lemma interleave-comm: zs € ys @ zs = xs € 25 ® ys
by (induction rule: interleave-induct) (auto intro: interleave-intros)

lemma interleave-Nill [simp]: [| ® zs = {zs}
by (induction zs) (auto intro: interleave-intros elim: interleave-cases)

lemma interleave-Nil2[simpl: s ® [| = {xs}
by (induction xs) (auto intro: interleave-intros elim: interleave-cases)

lemma interleave-nil-simp[simpl: [| € xs @ ys +— x5 =[] A ys = []
by (auto elim: interleave-cases)

lemma append-interleave: xs Q ys € zs ® ys
by (induction xzs) (auto intro: interleave-intros)

lemma interleave-assocl: a € 1s @ ys =—=>bec a®z2s=—=J c.c€ys® 2s N\ b€ s ® ¢
by (induction b arbitrary: a xs ys zs)

(simp, fastforce del: interleave-ConsE elim!: interleave-ConsE intro: interleave-intros)

lemma interleave-assoc2: a € ys @ zs =>be€rs@a=3IF c.c€rs @ yYs\ b€ c® zs
by (induction b arbitrary: a xs ys zs )
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(simp, fastforce del: interleave-ConsE elim!: interleave-ConsE intro: interleave-intros)

lemma interleave-set: zs € xs ® ys = set zs = set rs U set ys
by (induction rule:interleave-induct) auto

lemma interleave-tl: Ts € ys @ zs = tlaxs € tlys ® zs V tl xs € ys @ (tl 2s)
by (induction rule:interleave-induct) auto

lemma interleave-butlast: xs € ys ® zs = butlast xs € butlast ys ® zs V butlast xs € ys ®
(butlast zs)
by (induction rule:interleave-induct) (auto intro: interleave-intros)

lemma interleave-take: zs € xs @ ys = 3 ny na. n = ny + no A take n zs € take ny rs ®
take no ys

apply(induction arbitrary: n rule:interleave-induct)

apply auto

apply arith

apply (case-tac n, simp)

apply (drule-tac z = nat in meta-spec)

apply auto

apply (rule-tac © = Suc ny in exl)

apply (rule-tac x = ny in exl)

apply (auto intro: interleave-intros)[1]

apply (case-tac n, simp)

apply (drule-tac = nat in meta-spec)
apply auto

apply (rule-tac x = ny in exl)

apply (rule-tac x = Suc ny in exl)
apply (auto intro: interleave-intros)[1]
done

lemma filter-interleave: xs € ys ® zs = filter P xs € filter P ys ® filter P zs
by (induction rule: interleave-induct) (auto intro: interleave-intros)

lemma interleave-filtered: xs € interleave (filter P xs) (filter (Az’. = P z') xs)
by (induction zs) (auto intro: interleave-intros)

function foo where
foo || [| = undefined
| foo zs [| = undefined
| foo [] ys = undefined
| foo (a#tas) (yttys) = undefined (foo ws (y#tys)) (foo (sas) ys)
by pat-completeness auto
termination by lexicographic-order
lemmas list-induct2’’ = foo.induct|case-names NilNil ConsNil NilCons ConsCons]

lemma interleave-filter:

11



assumes s € filter P ys ® filter P zs
obtains zs’ where zs’ € ys ® zs and xs = filter P zs’
using assms
apply atomize-elim
proof (induction ys zs arbitrary: xs rule: list-induct2"’)
case NilNil
thus “case by simp
next
case (ConsNil ys xs)
thus ?case by auto
next
case (NilCons zs xs)
thus ?case by auto
next
case (ConsCons y ys z zs xs)
show ?Zcase
proof(cases P y)
case Fulse
with ConsCons.prems(1)
have zs € filter P ys ® filter P (z#tzs) by simp
from ConsCons.IH(1)[OF this)
obtain zs’ where xs’ € ys ® (z # zs) xs = filter P zs’ by auto
hence y#us’ € y#ys ® z#zs and xs = filter P (y#uxs’)
using False by (auto intro: interleave-intros)
thus ?thesis by blast
next
case True
show ?thesis
proof(cases P z)
case Fulse
with ConsCons.prems(1)
have zs € filter P (y#ys) ® filter P zs by simp
from ConsCons.IH(2)[OF this]
obtain zs’ where zs’ € y#ys ® zs xs = filter P zs’ by auto
hence z#uxs' € y#ys @ 2#2s and xs = filter P (24 xs”)
using False by (auto intro: interleave-intros)
thus ?thesis by blast
next
case True
from ConsCons.prems(1) <P y> <P 2
have xs € y # filter P ys ® z # filter P zs by simp
thus ?thesis
proof (rule interleave-ConsConsE)
fix zs’
assume zs = y # zs’ and zs’ € interleave (filter P ys) (z # filter P zs)
hence zs’ € filter P ys ® filter P (z#2s) using <P 2> by simp
from ConsCons.IH(1)[OF this]
obtain zs”’ where 25" € ys ® (z # 2s) and zs’ = filter P zs’’ by auto
hence y#us" € y#ys ® z#zs and y#xs' = filter P (y#uxs'’)

12



using <P y» by (auto intro: interleave-intros)
thus “thesis using «xs = -» by blast
next
fix xs’
assume zs = z # xs’ and zs’ € y # filter P ys ® filter P zs
hence zs’ € filter P (y#ys) ® filter P zs using <P y> by simp
from ConsCons.IH(2)[OF this]
obtain zs” where zs" € y#ys ® zs and zs’ = filter P zs" by auto
hence z#xs" € y#ys ® z#z2s and z#xs’ = filter P (z#xs’’)
using <P 2) by (auto intro: interleave-intros)
thus “thesis using «xzs = -» by blast
qed
qed
qed
qed

end

2 Small-step Semantics

2.1 SestoftConf

theory SestoftConf
imports Launchbury. Terms Launchbury.Substitution
begin

datatype stack-elem = Alts exp exp | Arg var | Upd var | Dummy var

instantiation stack-elem :: pt
begin
definition 7« z = (case z of (Alts el e2) = Alts (m - el) (7w« e2) | (Arg v) = Arg (7 - v) |
(Upd v) = Upd (w + v) | (Dummy v) = Dummy (7 + v))
instance
by standard (auto simp add: permute-stack-elem-def split:stack-elem.split)
end

lemma Alts-equt[equt]: w - (Alts el e2) = Alts (m - el) (7 - e2)
and Arg-equt[equt]: w - (Arg v) = Arg (7 - v)
and Upd-equt[equt]: m - (Upd v) = Upd (7 - v)
and Dummy-equt[equt]: 7 - (Dummy v) = Dummy (7 - v)
by (auto simp add: permute-stack-elem-def split:stack-elem.split)

lemma supp-Alts[simp]: supp (Alts el e2) = supp el U supp e2 unfolding supp-def by (auto
simp add: Collect-imp-eq Collect-neg-eq)

lemma supp-Arg[simp]: supp (Arg v) = supp v unfolding supp-def by auto

lemma supp-Upd[simp]: supp (Upd v) = supp v unfolding supp-def by auto

lemma supp-Dummy|simp|: supp (Dummy v) = supp v unfolding supp-def by auto

13



lemma fresh-Alts[simp]: a § Alts el e2 = (a § el A a § e2) unfolding fresh-def by auto
lemma fresh-star-Alts[simp]: a §x Alts el e2 = (a % el A a fx e2) unfolding fresh-star-def
by auto

lemma fresh-Arg[simp]: a § Arg v = a § v unfolding fresh-def by auto

lemma fresh-Upd[simp]: a § Upd v = a § v unfolding fresh-def by auto

lemma fresh-Dummy|simpl: a § Dummy v = a § v unfolding fresh-def by auto

lemma fu-Alts[simp]: fv (Alts el e2) = fv el U fv e2 unfolding fv-def by auto

lemma fv-Arg[simp|: fv (Arg v) = fv v unfolding fv-def by auto

lemma fv-Upd[simp]: fo (Upd v) = fv v unfolding fu-def by auto

lemma fv-Dummy[simp]: fo (Dummy v) = fv v unfolding fuv-def by auto

instance stack-elem :: fs
by standard (case-tac x, auto simp add: finite-supp)

type-synonym stack = stack-elem list

fun ap :: stack = var set where
ap [| = {}

| ap (Alts el e2 # S) = ap S

| ap (Arg x # S) = insert x (ap S)

| ap (Upd = # S) = ap S

| ap (Dummy x # S) = ap S

fun upds :: stack = var set where
upds [| = {}

| upds (Alts el e2 # S) = upds S

| upds (Upd x # S) = insert x (upds S)

| upds (Arg © # S) = upds S

| upds (Dummy x # S) = upds S

fun dummies :: stack = var set where
dummies [| = {}

| dummies (Alts el e2 # S) = dummies S

| dummies (Upd © # S) = dummies S

| dummies (Arg z # S) = dummies S

| dummies (Dummy © # S) = insert x (dummies S)

fun flattn :: stack = var list where
flattn || = |

| flattn (Alts el e2 # S) = fu-list el @ fv-list e2 Q flatin S

| flattn (Upd © # S) = z # flattn S

| flattn (Arg x # S) = z # flattn S

| flattn (Dummy x # S) = x # flattn S

fun wupds-list :: stack = wvar list where
upds-list [| =[]

| upds-list (Alts el e2 # S) = upds-list S

| upds-list (Upd x # S) = x # upds-list S

| upds-list (Arg x # S) = upds-list S

| upds-list (Dummy = # S) = upds-list S

lemma set-upds-list[simp]:
set (upds-list S) = upds S
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by (induction S rule: upds-list.induct) auto

lemma ups-fv-subset: upds S C fv S
by (induction S rule: upds.induct) auto
lemma fresh-distinct-ups: atom ‘ V g% S = V N upds S = {}
by (auto dest!: fresh-distinct-fv subsetD[OF ups-fo-subset])
lemma ap-fv-subset: ap S C fu S
by (induction S rule: upds.induct) auto
lemma dummies-fv-subset: dummies S C fv S
by (induction S rule: dummies.induct) auto

lemma fresh-flattn[simpl: atom (a::var) § flatin S «— atom a § S

by (induction S rule:flattn.induct) (auto simp add: fresh-Nil fresh-Cons fresh-append fresh-fo| OF
finite-fv))
lemma fresh-star-flattn[simpl: atom

by (auto simp add: fresh-star-def)
lemma fresh-upds-list[simp]: atom a § S = atom (a::var) § upds-list S

by (induction S rule:upds-list.induct) (auto simp add: fresh-Nil fresh-Cons fresh-append fresh-fv] OF
finite-fv))
lemma fresh-star-upds-list[simp]: atom ‘ (as:: var set) fx S = atom
S

by (auto simp add: fresh-star-def)

¢

(as:: var set) #* flattn S <— atom ‘ as #x S

“(as:: var set) i upds-list

lemma upds-append[simp]: upds (SQS’) = upds S U upds S’
by (induction S rule: upds.induct) auto

lemma upds-map-Dummy[simp|: upds (map Dummy ) = {}
by (induction ) auto

lemma upds-list-append|simp|: upds-list (SQS’) = upds-list S Q upds-list S’
by (induction S rule: upds.induct) auto

lemma upds-list-map-Dummy[simp): upds-list (map Dummy 1) = []
by (induction ) auto

lemma dummies-append[simp|: dummies (SQS’) = dummies S U dummies S’
by (induction S rule: dummies.induct) auto

lemma dummies-map-Dummy[simp|: dummies (map Dummy 1) = set
by (induction ) auto

lemma map-Dummy-inj[simp]: map Dummy | = map Dummy I’ +— 1 =1’
apply (induction | arbitrary: 1)
apply (case-tac ['] ')
apply auto
done

type-synonym conf = (heap X exp x stack)

inductive boring-step where
isVal e = boring-step (T, e, Upd © # S)
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fun restr-stack :: var set = stack = stack
where restr-stack V [| =[]
| restr-stack V (Alts el e2 # S) = Alts el e2 # restr-stack V' S
| restr-stack 'V (Arg x # S) = Arg x # restr-stack V' S
| restr-stack V (Upd x # S) = (if x € V then Upd © # restr-stack V S else restr-stack V
S)
| restr-stack V. (Dummy x # S) = Dummy x # restr-stack V S

lemma restr-stack-cong:
(Nz.z €upds S = z € V +— x € V') = restr-stack V § = restr-stack V' S
by (induction V S rule: restr-stack.induct) auto

lemma upds-restr-stack[simp]: upds (restr-stack V' S) = upds S NV
by (induction V' S rule: restr-stack.induct) auto

lemma fresh-star-restict-stack|[intro):
a fix S = a #x restr-stack VS
by (induction V' S rule: restr-stack.induct) (auto simp add: fresh-star-Cons)

lemma restr-stack-restr-stack[simpl:
restr-stack V (restr-stack V' S) = restr-stack (V. N V') S
by (induction V S rule: restr-stack.induct) auto

lemma Upd-eq-restr-stackD:
assumes Upd x # S = restr-stack V' S’
shows z € V
using arg-conglwhere f = upds, OF assms]
by auto

lemma Upd-eq-restr-stackD?2:
assumes restr-stack V.S’ = Upd x # S
shows z € V
using arg-cong[where f = upds, OF assms]
by auto

lemma restr-stack-noop|simp):
restr-stack V.S = S +— upds S C V
by (induction V S rule: restr-stack.induct)
(auto dest: Upd-eq-restr-stackD2)

2.1.1 Invariants of the semantics

inductive invariant :: ('a = 'a = bool) = ('a = bool) = bool
where (A zy. rel v y = Iz = I y) = invariant rel 1

lemmas invariant.intros|case-names step)

lemma invariantk:
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invariant rel | = rel v y = I © = I y by (auto elim: invariant.cases)

lemma invariant-starkE:
rtranclp rel © y = invariant rel I — Iz — [y
by (induction rule: rtranclp.induct) (auto elim: invariantE)

lemma invariant- True:
invariant rel (A -. True)
by (auto intro: invariant.intros)

lemma invariant-conj:
invariant rel I1 = invariant rel 12 = invariant rel (A z. 11 z N 12 x)
by (auto simp add: invariant.simps)

lemma rtranclp-invariant-induct|[consumes 3, case-names base step):
assumes r** a b
assumes invariant r 1
assumes [ a
assumes P a
assumes (Ayz. " ay—=ryz—Iy— 12— Py — P 2)
shows P b
proof—
from assms(1,3)
have Pband Ib
proof (induction)
case base
from (P a> show P a.
from </ a) show I a.
next
case (step y 2)
with <I a» have P y and I y by auto

from assms(2) <ry 2 «I
show I z by (rule invariantE)

from «<r** a y» <ry 2 <Ly <D 2 <Py
show P z by (rule assms(5))
qed
thus P b by—
qed

fun closed :: conf = bool
where closed (T, e, S) «— fv (T, e, S) C domA T U upds S

fun heap-upds-ok where heap-upds-ok (I',S) «+— domA T' N upds S = {} A distinct (upds-list
S)
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abbreviation heap-upds-ok-conf :: conf = bool
where heap-upds-ok-conf ¢ = heap-upds-ok (fst ¢, snd (snd ¢))

lemma heap-upds-okE: heap-upds-ok (I'; S) = z € domA T = z ¢ upds S
by auto

lemma heap-upds-ok-Nil[simp]: heap-upds-ok (T, []) by auto

lemma heap-upds-ok-appl: heap-upds-ok (T, S) = heap-upds-ok (I',Arg = # S) by auto
lemma heap-upds-ok-app2: heap-upds-ok (T, Arg z # S) = heap-upds-ok (T, S) by auto
lemma heap-upds-ok-alts1: heap-upds-ok (I'; S) = heap-upds-ok (I',Alts el e2 # S) by auto
lemma heap-upds-ok-alts2: heap-upds-ok (I, Alts el e2 # S) = heap-upds-ok (I, S) by auto

lemma heap-upds-ok-append:
assumes domA A N upds S = {}
assumes heap-upds-ok (I',5)
shows heap-upds-ok (AQT", S)
using assms
unfolding heap-upds-ok.simps
by auto

lemma heap-upds-ok-let:
assumes atom ‘ domA A tx S
assumes heap-upds-ok (T, S)
shows heap-upds-ok (A Q T, S)
using assms(2) fresh-distinct-fu] OF assms(1)]
by (auto intro: heap-upds-ok-append dest: subsetD|OF ups-fv-subset])

lemma heap-upds-ok-to-stack:
z € domA T = heap-upds-ok (T, S) = heap-upds-ok (delete z T, Upd x #5)
by (auto)

lemma heap-upds-ok-to-stack’:
map-of T' x = Some e = heap-upds-ok (I', S) = heap-upds-ok (delete © T, Upd = #5)
by (metis Domain.Domainl domA-def fst-eq-Domain heap-upds-ok-to-stack map-of-SomeD)

lemma heap-upds-ok-delete:
heap-upds-ok (', S) = heap-upds-ok (delete z T, S)
by auto

lemma heap-upds-ok-restrictA:
heap-upds-ok (', S) = heap-upds-ok (restrictA V T, S)
by auto

lemma heap-upds-ok-restr-stack:
heap-upds-ok (T, S) = heap-upds-ok (T, restr-stack V S)
apply auto

by (induction V' S rule: restr-stack.induct) auto

lemma heap-upds-ok-to-heap:
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heap-upds-ok (T, Upd x # S) = heap-upds-ok ((xz,e) # T, S)
by auto

lemma heap-upds-ok-reorder:
z € domA T' = heap-upds-ok (I'; S) = heap-upds-ok ((z,e) # delete z T', S)
by (intro heap-upds-ok-to-heap heap-upds-ok-to-stack)

lemma heap-upds-ok-upd:
heap-upds-ok (I', Upd © # S) = x ¢ domA T A x ¢ upds S
by auto

lemmas heap-upds-ok-intros[intro] =
heap-upds-ok-to-heap heap-upds-ok-to-stack heap-upds-ok-to-stack’ heap-upds-ok-reorder
heap-upds-ok-app1 heap-upds-ok-app2 heap-upds-ok-alts1 heap-upds-ok-alts2 heap-upds-ok-delete
heap-upds-ok-restrictA heap-upds-ok-restr-stack
heap-upds-ok-let

lemmas heap-upds-ok.simps[simp del]

end

2.2 Sestoft

theory Sestoft
imports SestoftConf
begin

inductive step :: conf = conf = bool (infix <= 50) where
appr: (T, Appex, S)= (I, e, Argz # S)
| appa: (T, Lam [y]. e, Argx # 5) = (T, e[y == 2] , 5)
| vary: map-of T' z = Some e = (', Var z, S) = (delete x T, e, Upd © # S)
| varg: © ¢ domAT = isVale = (I', e, Upd x # S) = ((z,e)# T, e, S)
| lety: atom © domA A gx T' = atom ‘ domA A fx S
= (T, Let A e, §) = (AQT, e, 5)
| if1: (T, scrut 2 el :e2,8) = (T, scrut, Alts el e2 # 5)
| ife: (I, Bool b, Alts el e2 # S) = (L', if b then el else e2, S)

abbreviation steps (infix «(=*» 50) where steps = step**

lemma SmartLet-stepl:

atom ¢ domA A #§x I' = atom ‘ domA A $x S = (I', SmartLet A e, S) =* (AQL, e,
S)
unfolding SmartLet-def by (auto intro: lety)

lemma lambda-var: map-of T' x = Some e = isVal ¢ = (T, Var z, S) =* ((z,e) # delete
zT, e, S
by (rule rtranclp-trans|OF r-into-rtranclp r-into-rtranclp))
(auto intro: vary vars)
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lemma let;-closed:

assumes closed (T, Let A e, S)

assumes domA A N domA T = {}

assumes domA A N upds S = {}

shows (I', Let A e, S) = (AQT, e, S)
proof

from <domA A N domAT = {}» and <domA A N upds S = {}p

have domA A N (domA T U upds S) = {} by auto

with <closed -»

have domA A N fv (T, S) = {} by auto

hence atom ‘ domA A x (T, S)

by (auto simp add: fresh-star-def fuv-def fresh-def)

thus atom‘ domA A x ' and atom ‘ domA A #x S by (auto simp add: fresh-star-Pair)

qed

An induction rule that skips the annoying case of a lambda taken off the heap

lemma step-invariant-induction[consumes 4, case-names app1 apps thunk lamvar vary lety if1
ifo refl trans]:

assumes ¢ =* ¢’

assumes — boring-step ¢’

assumes invariant (=) 1

assumes [ c

assumes app;: AT ez S. I (T, Appex, S)= P (T, App ez, S) (T, e, Argz # S)

assumes apps: AT yex S . I (T, Lam [y]. e, Argxz # S) = P (', Lam [y]. e, Argx # 5)
(T, ely ==1], S)

assumes thunk: AT ze S . map-of I' & = Some e = - isVale = I (T, Var z, §) =
P (T, Var z, S) (delete z T, e, Upd x # S)

assumes lamvar: AT ze S . map-of T x = Some e = isVal e = I (T, Var z, S) = P
(T, Var z, S) ((z,e) # delete z T', e, S)

assumes vary: AT zeS .2 ¢ domATl = isVale = I (I', e, Upd z # S) = P (T, e,
Updx # 5) (z,e)# T, e, S)

assumes let1: N AT e S . atom ‘ domA A #§x T' = atom ‘ domA A #x S = I (T, Let A
e, §) = P (T, Let A e, S) (AQT, e, 5)

assumes if;: AL scrut el e2 S. I (T, scrut ? el : e2, S) = P (T, scrut ? el : e2, S) (T,
scrut, Alts el e2 # S)

assumes ifs: AI'b el e2S. I (I, Bool b, Alts el e2 # S) = P (I', Bool b, Alts el e2 #
S) (T, if b then el else e2, S)

assumes refl: \ ¢. Pcc

assumes trans[trans): \ cc¢’ ¢”.c=* ¢/ = ¢'=* "= Pcc'= Pc' ¢ = Pcc"

shows P ¢ ¢’
proof—

from assms(1,3,4)

have P ¢ ¢’V (boring-step ¢/ A (V ¢". ¢/ = ¢ — P ¢ ¢"))

proof (induction rule: rtranclp-invariant-induct)

case base

have P ¢ ¢ by (rule refl)
thus ?case..
next

20



case (step y z2)
from step(5)
show Zcase
proof
assume P ¢ y

note ¢t = trans|OF <¢ =* y» r-into-rtranclp[where r = step, OF y = 2)]]

from <y = »»
show ?thesis
proof (cases)
case app; hence P y z using assms(5) «I y» by metis
with <P ¢ y> show ?thesis by (metis t)
next
case apps hence P y z using assms(6) <I y» by metis
with <P ¢ y»> show ?thesis by (metis t)
next
case (var; T z e 5)
show ?thesis
proof (cases isVal e)
case Fualse with var; have P y z using assms(7) «I y» by metis
with <P ¢ y» show ?thesis by (metis t)
next
case True
have x: y =* ((z,e) # delete z T, e , S) using var; True lambda-var by metis

have boring-step (delete x ', e, Upd « # S) using True ..
moreover
have P y ((z,e) # delete x T, e , S) using vary True assms(8) <I y» by metis
with <P ¢ y» have P ¢ ((z,e) # delete z T', e , S) by (rule trans[OF <c =* y» %)
ultimately
show ?thesis using vary(2,3) True by (auto elim!: step.cases)
qed
next
case vars hence P y z using assms(9) «I y» by metis
with <P ¢ y»> show ?thesis by (metis t)
next
case let; hence P y z using assms(10) <I y» by metis
with <P ¢ y> show ?thesis by (metis t)
next
case if; hence P y z using assms(11) «I y» by metis
with <P ¢ y»> show ?thesis by (metis t)
next
case ify hence P y z using assms(12) <I y» by metis
with <P ¢ y> show ?thesis by (metis t)
qed
next
assume boring-step y A (V¢ y = ¢ — P c ")
with <y = 2
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have P ¢ z by blast
thus ?thesis..
qed
qed
with assms(2)
show ?thesis by auto
qed

lemma step-induction|consumes 2, case-names app1 apps thunk lamvar vary lety if1 ifo refl
trans|:

assumes ¢ =* ¢’

assumes — boring-step c’

assumes app;: AT ez S.P (T, Appex, S) (T, e, Argz # 5)

assumes app2: AT yexz S. P (T, Lam [y]. e, Argz # S) (T, e[y == 2], 5)

assumes thunk: AT zeS . map-of I' z = Some e = = isVal e = P (I, Var z, S) (delete
zD, e, Updz # S)

assumes lamvar: AT ze S . map-of T x = Some e = isVal e = P (T, Var z, S) ((z,e)
# delete x T, e, S)

assumes vary: AT zeS .2 ¢ domATl = isVale = P (T, e, Updz # S) ((z,e)# T, e,
S)

assumes let;: A AT e S . atom * domA A fx T = atom ‘ domA A §x S = P (T, Let A
e, §) (AQT, e, S)

assumes if;: AT scrut el e2S. P (T, scrut ? el : €2, S) (T, scrut, Alts el e2 # 5)

assumes ify: A bel e2S. P (I, Bool b, Alts el e2 # S) (T, if b then el else e2, S)

assumes refl: A ¢. Pcc

assumes trans[trans]: A cc' ¢ c=* ¢’ = c¢'=* "= Pcc' = Pc' ¢ = Pcc”

shows P ¢ ¢’
by (rule step-invariant-induction[OF - - invariant-True, simplified, OF assms])

2.2.1 Equivariance

lemma step-equt|equt]: step x y = step (7 - x) (7 - y)
apply (induction rule: step.induct)
apply (perm-simp, rule step.intros)
apply (perm-simp, rule step.intros)
apply (perm-simp, rule step.intros)
apply (rule permute-boolE[where p = —m], simp add: pemute-minus-self)
apply (perm-simp, rule step.intros)
apply (rule permute-boolE[where p = —|, simp add: pemute-minus-self)
apply (rule permute-boolE[where p = —m|, simp add: pemute-minus-self)
apply (perm-simp, rule step.intros)
apply (rule permute-boolE[where p = —m], simp add: pemute-minus-self)
apply (rule permute-boolE[where p = —m], simp add: pemute-minus-self)
apply (perm-simp, rule step.intros)
apply (perm-simp, rule step.intros)
done
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2.2.2 Invariants

lemma closed-invariant:
invariant step closed
proof
fix ¢ ¢’
assume ¢ = ¢’ and closed ¢
thus closed ¢’
by (induction rule: step.induct) (auto simp add: fv-subst-eq dest!: subsetD[OF fv-delete-subset]
dest: subsetD]|OF map-of-Some-fv-subset))
qed

lemma heap-upds-ok-invariant:
invariant step heap-upds-ok-conf
proof
fix ¢ ¢’
assume ¢ = ¢’ and heap-upds-ok-conf c
thus heap-upds-ok-conf ¢’
by (induction rule: step.induct) auto
qed

end

2.3 SestoftGC

theory SestoftGC
imports Sestoft
begin

inductive gc-step :: conf = conf = bool (infix «(=¢> 50) where
normal: ¢ = ¢’ = c =g ¢’
| dropUpd: (T, e, Upd x # S) =¢ (T, e, S @ [Dummy z])

lemmas gc-step-intros[intro] =
normal[OF step.intros(1)] normal[OF step.intros(2)] normal|OF step.intros(3)]
normal[ OF step.intros(4)] normal[OF step.intros(5)] dropUpd

abbreviation gc-steps (infix <=g*» 50) where gc-steps = ge-step™™
lemmas converse-rtranclp-into-rtranclpof ge-step, OF - r-into-rtranclp, trans

lemma var-oncel:

assumes map-of I' x = Some e

shows (T, Var z, S) =¢* (delete © T, e , SQ[Dummy z])
proof—

from assms

have (I, Var z, S) =¢ (delete x T, e, Upd x # S)..

moreover

have ... =¢ (delete z T, e, SQ[Dummy z])..
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ultimately
show ?thesis by (rule converse-rtranclp-into-rtranclp|OF - r-into-rtranclp])
qed

lemma normal-trans: ¢ =* ¢/ = ¢ =¢* ¢’
by (induction rule:rtranclp-induct)
(simp, metis normal rtranclp.rtrancl-into-rtrancl)

fun to-gc-conf :: var list = conf = conf
where to-gc-conf r (T, e, S) = (restrictA (— set r) T, e, restr-stack (— set r) S Q (map
Dummy (rev r)))

lemma restr-stack-map-Dummy[simp]: restr-stack V (map Dummy 1) = map Dummy 1
by (induction ) auto

lemma restr-stack-append[simp]: restr-stack V (1Q1') = restr-stack V I Q restr-stack V1’
by (induction [ rule: restr-stack.induct) auto

lemma to-gc-conf-append[simpl:
to-ge-conf (rQr') ¢ = to-gc-conf r (to-gc-conf r' c)
by (cases ¢) auto

lemma to-gc-conf-eqE[elim!]:

assumes to-gc-confrc = (T, e, )

obtains I'' S’ where ¢ = (I'/; e, ) and I" = restrictA (— set r) I'' and S = restr-stack (—
set r) S’ @Q map Dummy (rev )

using assms by (cases ¢) auto

fun safe-hd :: 'a list = 'a option
where safe-hd (z#-) = Some x
| safe-hd [] = None

lemma safe-hd-None[simp]: safe-hd zs = None «— xs = |]
by (cases xs) auto

abbreviation r-ok :: var list = conf = bool
where -0k r ¢ = set r C domA (fst ¢) U upds (snd (snd c))

lemma subset-bound-invariant:
invariant step (r-ok )
proof
fix zy
assume z = y and r-ok r z thus ok r y
by (induction) auto
qed

lemma safe-hd-restr-stack|simpl:
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Some a = safe-hd (restr-stack V (a # S)) +— restr-stack V (a # S) = a # restr-stack V
S

apply (cases a)

apply (auto split: if-splits)

apply (thin-tac P a for P)

apply (induction S rule: restr-stack.induct)

apply (auto split: if-splits)

done

lemma sestoftUnG CStack:
assumes heap-upds-ok (T, S)
obtains I'' S’ where
(T, e, S)=* (T, e, 9
to-gc-conf r (T, e, §) = to-gc-conf r (I, e, S)
- isVal e V safe-hd S’ = safe-hd (restr-stack (— set r) S’)
proof—
show ?thesis
proof(cases isVal e)
case Fulse
thus ?thesis using assms by —(rule that, auto)
next
case True
from that assms
show ?thesis
apply (atomize-elim)
proof (induction S arbitrary: T')
case Nil thus ?case by (fastforce)
next
case (Cons s 5)
show ?Zcase
proof(cases Some s = safe-hd (restr-stack (— set r) (s#5)))
case True
thus ?thesis
using «isVal ) <heap-upds-ok (', s # S)»
apply auto
apply (intro exI conjI)
apply (rule rtranclp.intros(1))
apply auto
done
next
case Fulse
then obtain z where [simp|: s = Upd z and [simp]: © € set r
by (cases s) (auto split: if-splits)

from <heap-upds-ok (T, s # S)» <s = Upd >
have [simp]: © ¢ domA T and heap-upds-ok ((z,e) # T, S)
by (auto dest: heap-upds-okE)

have (T, e, s # S) =* (T, e, Upd x # S) unfolding s = - ..
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also have ... = ((z,e) # T, e, S) by (rule step.vars[OF «x ¢ domA Ty <isVal e])
also
from Cons.IH[OF <heap-upds-ok ((z,e) # T, S) |
obtain I'' S’/ where ((z,e) # ', e, §) =* (I', e, S
and res: to-gc-conf r ((z,e) # T, e, S) = to-gc-conf r (T, e, S')
(- isVal e V safe-hd S’ = safe-hd (restr-stack (— set r) S’))
by blast
note this(1)
finally
have (T, e, s # S) =* (T, ¢, §).
thus “thesis using res by auto
qed
qed
qed
qed

lemma perm-exI-trivial:
Proe=3In.P(r-z)z
by (rule exl[where z = 0::perm]) auto

lemma upds-list-restr-stack[simp]:
upds-list (restr-stack V' S) = filter (A z. x€V) (upds-list S)
by (induction S rule: restr-stack.induct) auto

lemma heap-upd-ok-to-gc-conf:
heap-upds-ok (T, S) = to-gc-conf r (T, e, S) = (T'", e", §"') = heap-upds-ok (T, S
by (auto simp add: heap-upds-ok.simps)

lemma delete-restrictA-conv:
delete © T' = restrictA (—{z}) T
by (induction T') auto

lemma sestoftUnG Cstep:
assumes to-gc-confr ¢ =g d
assumes heap-upds-ok-conf c
assumes closed ¢
and r-ok r c
shows 3 r' ¢’ c=* ¢’ A d = to-gc-confr’' ¢ N r-okr’c
proof—
obtain I' ¢ S where ¢ = (T, ¢, S) by (cases ¢) auto
with assms
have heap-upds-ok (T',S) and closed (I', e, S) and -0k r (T, e, S) by auto
from sestoftUnGCStack|OF this(1)]
obtain I'’ S’ where
(Ty e, §)=* (T, e, S
and x: to-gc-conf r (T, e, S) = to-gc-conf r (T, e, S’)
and disj: = isVal e V safe-hd S’ = safe-hd (restr-stack (— set r) S’)
by metis
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*

from invariant-starE[OF «- =* - heap-upds-ok-invariant] <heap-upds-ok (T',S)»
have heap-upds-ok (I'’, S’) by auto

from invariant-starE[OF «- =*
have closed (T, e, S’) by auto

-y closed-invariant <closed (T, e, S)» ]

from invariant-starE[OF «- =* - subset-bound-invariant <r-ok r (T, e, S)> ]
have r-ok r (T, e, S') by auto

from assms(1)[unfolded <c =-» %]
have 3 r' T e” S". (I, e, §') =* (T'", e", §"") A d = to-ge-conf r' (T, e", S"') N r-ok 1’
(F//7 e S//)
proof(cases rule: gc-step.cases)
case normal
hence 3 T e” S". (I, e, §') = (T, ", 8') A d = to-gc-conf r (T, e”, S
proof(cases rule: step.cases)
case app;
thus ?thesis
apply auto
apply (intro exl conjI)
apply (rule step.intros)
apply auto
done
next
case (app2 ' y ea z S)
thus ?thesis
using disj
apply (cases S’
apply auto
apply (intro exl conjl)
apply (rule step.intros)
apply auto
done
next
case vary
thus ?thesis
apply auto
apply (intro exI conjl)
apply (rule step.intros)
apply (auto simp add: restr-delete-twist)
done
next
case vars
thus ?thesis
using disj
apply (cases S’)
apply auto
apply (intro exl conjI)
apply (rule step.intros)
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apply (auto split: if-splits dest: Upd-eq-restr-stackD2)
done
next

case (lety A" T S" ¢€')

from «<closed (T, e, S')» lety
have closed (T, Let A" €', S') by simp

from fresh-distinct[OF let1(3)] fresh-distinct-fo] OF let1(4)]

have domA A" N domA T"" = {} and domA A" N upds S = {} and domd A" N

dummies S" = {}

by (auto dest: subsetD[OF ups-fu-subset] subsetD[OF dummies-fv-subset])
moreover
from let;(1)
have domA T'' U upds S’ C domA T U upds S"" U dummies S’

by auto
ultimately
have disj: domA A" N domAT' = {} domA A" N upds S" = {}

by auto

from <domA A" N dummies S" = {}» let1(1)

have domA A" N set r = {} by auto

hence [simp]: restrictA (— set r) A" = A"
by (auto intro: restrictA-noop)

from let1(1—3)

show ?thesis

apply auto

apply (intro exl[where z = r| exI[where x = A" @Q I'/] exI[where z = S| conjI)
apply (rule let;-closed[OF <closed (', Let A" e’, S') disj])
apply (auto simp add: restrictA-append)

done

next

case if

thus ?thesis

apply auto

apply (intro exl[where z = 0::perm] exI conjl)
unfolding permute-zero

apply (rule step.intros)

apply (auto)

done

next

case ifo

thus ?thesis
using disj

apply (cases S’)

apply auto

apply (intro exl exl conjl)

apply (rule step.ifs[where b = True, simplified] step.ifo[where b = False, simplified])
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apply (auto split: if-splits dest: Upd-eq-restr-stackD2)
apply (intro exI conjI)
apply (rule step.ifs[where b = True, simplified] step.ifo[where b = Fulse, simplified])
apply (auto split: if-splits dest: Upd-eq-restr-stackD2)
done
qed
with invariantE[OF subset-bound-invariant - <r-ok r (T'', e, S')]
show ?thesis by blast
next
case (dropUpd """ e" z S
from «<to-gc-confr (T', e, S') = (T, e, Upd x # S'")»
have z ¢ set r by (auto dest!: arg-cong[where f = upds))

from <heap-upds-ok (I'; S’)» and <to-gc-conf r (I, e, S') = (T”, ", Upd x # S')»
have heap-upds-ok (I'", Upd x # S') by (rule heap-upd-ok-to-gc-conf)
hence [simp]: © ¢ domA T z ¢ upds S" by (auto dest: heap-upds-ok-upd)

have to-gc-conf (z # r) (T, e, S') = to-gc-conf ([z]@Q r) (T, e, S’) by simp
€,

also have ... = to-gc-conf [z] (to-gc-conf r (T, e, S')) by (rule to-gc-conf-append)

also have ... = to-ge-conf [z] (T, e, Upd z # S’”') unfolding <to-gc-conf r (I'/; e, S') =
-

also have ... = (T'"; ¢”, S”’Q[Dummy z]) by (auto intro: restrictA-noop)

also have ... = d using <« d= - by simp

finally have to-gc-conf (x # r) (I, e, S') = d.

moreover

from <to-gc-confr (T', e, S") = (T, e, Upd x # S'")»
have z € upds S’ by (auto dest!: arg-conglwhere f = upds])
with «r-ok r (T, e, S')

have r-ok (z # r) (I, e, S') by auto

moreover

note <to-gc-conf r (I'; e, S) = (L', ¢", Upd x # S"')
ultimately

show ?thesis by fastforce

qged

then obtain r' T ¢/ S
where (T, e, S') =* (T, e”,

and d = to-gc-conf r’ (T, e,

and r-ok r' (T, e”, S")

by metis

S/I
SI/)

from «(I', e, S)=* (I, e, S')» and (I, e, S") =* (L', ¢, ")
have (T, e, S) =* (', ¢, §") by (rule rtranclp-trans)

with «d = - -0k 1’ -
show ?thesis unfolding (¢ = -» by auto
qed

lemma sestoftUnGC':
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assumes (to-gc-conf r ¢) =¢* d and heap-upds-ok-conf ¢ and closed ¢ and r-ok r ¢
shows 3 r' ¢’ ¢c=*c' A d= to-gc-confr’c' A r-okr'c
using assms
proof (induction rule: rtranclp-induct)
case base
thus ?case by blast
next
case (step d’ d'’)
then obtain r’ ¢’ where ¢ =* ¢’ and d’ = to-gc-conf r’ ¢’ and r-ok r' ¢’ by auto

from invariant-starE[OF «- =* -) heap-upds-ok-invariant] <heap-upds-ok -»
have heap-upds-ok-conf c'.
from invariant-starE[OF «- =*
have closed c'.

-y closed-invariant] <closed -»

from step «d' = to-gc-conf r' ¢’
have to-gc-conf r’ ¢/ =g d' by simp
from this <heap-upds-ok-conf c’s «closed c’s <r-ok v’ ¢’
have 3 " ¢”. ¢/ =* ¢ AN d" = to-gc-conf r'' ¢" N r-ok v ¢
by (rule sestoftUnGCstep)

then obtain r’/ ¢’ where ¢’ =* ¢’ and d”’ = to-gc-conf r’”’ ¢’ and r-ok "' ¢’ by auto
from <¢’ =* ¢y <¢c =* ch
have ¢ =* ¢" by auto
with «d” = - <r-ok r"" ¢’
show ?case by blast

qed

lemma dummies-unchanged-invariant:

invariant step (A (T', e, S) . dummies S = V) (is invariant - 2I)
proof

fix ¢ ¢’

assume ¢ = ¢’ and ¢] ¢

thus ¢I ¢’ by (induction) auto
qed

lemma sestoftUnGC'":
assumes ([], e, [|) =¢* (T, €/, map Dummy r)
assumes isVal e’
assumes fv e = ({}::var set)
shows I T (|, ¢ []) =* (T, e, []) AT = restrictA (— set r) I'" A set r C domA T
proof—
from sestoftUnGClwhere r = [| and ¢ = ([], e, []), simplified, OF assms(1,3)]
obtain r'T' 5’
where ([, e, []) =* (I, ¢/, 5)
and T' = restrictA (— set r') T/
and map Dummy r = restr-stack (— set ') S’ @ map Dummy (rev r’)
and r-ok r' (T, e/, S)
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by auto

from invariant-starE[OF «([], e, []) =* (', €/, ) dummies-unchanged-invariant)
have dummies S’ = {} by auto

with «map Dummy r = restr-stack (— set r') S’ @ map Dummy (rev r')

have restr-stack (— set r') S’ =[] and [simp]: r = rev r’

by (induction S’ rule: restr-stack.induct) (auto split: if-splits)

from invariant-starE[OF - =* - heap-upds-ok-invariant
have heap-upds-ok (T, S’) by auto

from <isVal e’y sestoftUnGCStack|where e = e, OF <heap-upds-ok (I'; S')» ]
obtain ' 5"/

where (I'/, ¢/, §') =* (', ¢/, §7)

and to-ge-conf r (T, e/, ') = to-gc-conf r (T, e/, S”)

and safe-hd S'' = safe-hd (restr-stack (— set r) S”)

by metis

from this (2,3) <restr-stack (— set r’) S' =[]
have S = [] by auto

from «([], e, []) =* (T, ¢/, §')» and (T, e/, §') =* (T'", ¢/, §")» and <S" = [»
have ([, ¢, []) =* (', ¢, []) by auto
moreover
have ' = restrictA (— set r) I'"" using <to-gc-conf r - = -» I’ = - by auto
moreover
from invariant-starE[OF «(I'', ', S') =* (I, ¢/, §")» subset-bound-invariant <r-ok v’ (I,
e/, S')]
have set r C domA T'" using «S” = []» by auto
ultimately
show ?thesis by blast
qed

end

2.4 BalancedTraces

theory BalancedTraces
imports Main
begin

locale traces =
fixes step :: 'c => ‘¢ => bool (infix = 50)
begin

abbreviation steps (infix <=*» 50) where steps = step™*

inductive trace :: 'c = ‘c list = 'c = bool where
trace-nil[iff]: trace final | final
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| trace-cons[intro]: trace conf’ T final = conf = conf’ = trace conf (conf'#T) final
inductive-cases trace-consE: trace conf (conf'#T) final

lemma trace-induct-final[consumes 1, case-names trace-nil trace-cons|:

trace x1 z2 final = P final || final = (A\conf’ T conf. trace conf’ T final = P conf’ T
final = conf = conf’ = P conf (conf’ # T) final) = P z1 z2 final

by (induction rule:trace.induct) auto

lemma build-trace:
c=*c' = 3 T. trace ¢ T ¢’
proof (induction rule: converse-rtranclp-induct)
have trace ¢’ [] ¢'..
thus 37T. trace ¢’ T c'..
next
fix y 2z
assume y = 2
assume 3 T. trace z T c’
then obtain T where trace z T c'..
with <y = 2
have trace y (24#7T) ¢’ by auto
thus 3 T. trace y T ¢’ by blast
qed

lemma destruct-trace: trace ¢ T ¢/ = ¢ =* ¢’
by (induction rule:trace.induct) auto

lemma trace While:
assumes trace ¢1 T ¢4
assumes P ¢
assumes — P ¢y
obtains T4 ¢y c3 To
where T = T, @ ¢c3 # T2 and trace ¢c; T co and Vz€set Ty. Pz and P ¢y and ¢ =
c3 and — P c¢3 and trace c3 T ¢4
proof—
from assms
have 3 Ty co c3 To . (T =T1 Q ¢35 # Ty A trace ¢ T1 co N (Vz€set T1. Px) A P ca A
ca = c3 N = P s Atrace cg To cq)
proof (induction)
case trace-nil thus ?case by auto
next
case (trace-cons conf’ T end conf)
thus “case
proof (cases P conf’)
case True
from trace-cons. IH[OF True <— P end)]
obtain T ¢o ¢c3 To where T = T; @ c3 # Ty A trace conf’ Ty ca N (Vz€set T1. P x)
ANPco N co= c3 AN Pecs A trace cg To end by auto
with True
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have conf’# T = (conf’ # T1) Q c3 # T2 A trace conf (conf’# T1) ca N (Vz€set (conf’
# T1). Px) NPcaAecg = c3 A Pecg Atrace cg To end by (auto intro: trace-cons)
thus ?thesis by blast
next
case Fulse with trace-cons
have conf’'# T =[] Q conf’ # T AN (Vzeset [|. P x) A P conf A conf = conf’ A =~ P
conf’ A trace conf’ T end by auto
thus ?thesis by blast
qed
qed
thus ?thesis by (auto intro: that)
qed

lemma traces-list-all:
tracec T¢'= Pc = (Ncc. ¢c=>c¢ = Pc' = Pc)= (V az€set T.Pz) APc
by (induction rule:trace.induct) auto

lemma trace-nil[simp]: trace ¢ [| ¢/ +— ¢ = ¢’
by (metis list.distinct(1) trace.cases traces.trace-nil)

end

definition extends :: ‘a list = 'a list = bool (infix «<) 50) where
$<S8' =388 =8"as)

lemma extends-refi[simp]: S < S unfolding extends-def by auto

lemma extends-cons[simpl: S < z # S unfolding extends-def by auto

lemma extends-append[simp]: S < L @ S unfolding extends-def by auto

lemma extends-not-cons[simp]: = (z # S) < S unfolding extends-def by auto

lemma extends-trans[trans]: S < §'=— §' < 8" = § < S" unfolding extends-def by auto

S
S

locale balance-trace = traces +

fixes stack :: 'a = 's list

assumes one-step-only: ¢ = ¢’ = (stack ¢) = (stack ¢’) V (3 z. stack ¢/ = x # stack ¢) V
(3 z. stack ¢ = x # stack ¢')
begin

inductive bal :: 'a = 'a list = 'a = bool where

ball[intro): trace ¢ T ¢/ = V c'€ set T. stack ¢ < stack ¢/ = stack ¢’ = stack ¢ = bal ¢ T

C/

inductive-cases balE: bal ¢ T ¢’

lemma bal-nil[simp]: bal ¢ [| ¢/ +— ¢ = ¢’

by (auto elim: balE trace.cases)

lemma bal-stackD: bal ¢ T ¢/ = stack ¢’ = stack ¢ by (auto dest: balE)
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lemma stack-passes-lower-bound:
assumes c3 = C4
assumes stack co < stack cs
assumes - stack co S stack cy
shows stack cs = stack co and stack cq = tl (stack cs)
proof—
from one-step-only[OF assms(1)]
have stack c3 = stack co A stack ¢y = tl (stack c2)
proof(elim disjE exE)
assume stack cg = stack c4 with assms(2,3)
have Fulse by auto
thus ?thesis..
next
fix z
note <stack co < stack cs»
also
assume stack ¢4 = x # stack cs
hence stack c3 < stack cq by simp
finally
have stack co < stack cy.
with assms(3) show ?thesis..
next
fix =
assume cj3: stack c3 = x© # stack cy
with assms(2)
obtain L where L: z # stack ¢4 = L Q stack co unfolding extends-def by auto
show ?thesis
proof(cases L)
case Nil with c3 L have stack c3 = stack co by simp
moreover
from Nil c¢3 L have stack ¢y = tl (stack c2) by (cases stack co) auto
ultimately
show ?thesis..
next
case (Cons y L")
with L have stack ¢4, = L’ Q stack co by simp
hence stack co < stack cs by simp

~

with assms(3) show ?thesis..
qed
qged
thus stack cs = stack co and stack ¢y = tl (stack ca) by auto
qed

lemma bal-conskE:
assumes bal ¢c1 (co # T) c5
and cy: stack co = s # stack ¢
obtains T c3 ¢4 T>
where T'= T1 Q ¢4 # To and bal co T1 c3 and c3 = ¢4 bal ¢4 To c5
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using assms(1)
proof (rule balE)

assume cs: stack c5 = stack cq

assume T:V ¢’ € set (ca # T). stack ¢ < stack ¢’

assume trace ¢ (ca # T) ¢5

hence ¢; = ¢o and trace co T c5 by (auto elim: trace-consE)

note <trace co T c5)
moreover
have stack co <
moreover
have — (stack co < stack cs) unfolding c5 co by simp
ultimately
obtain T c3 ¢4 To

where T = T Q ¢4 # T and trace co T c3 and V ¢’ € set T1. stack co < stack ¢’

~

and stack cy < stack c3 and c3 = c4 and — stack co < stack cq and trace c4 T3 cs

~ ~

by (rule trace While)

stack co by simp

show ?thesis
proof (rule that)
show T = T, Q ¢4 # T by fact

from <c3 = ¢y (stack co < stack c3y (— stack co < stack cy»

~ ~

have stack c3 = stack co and co”: stack cq = tl (stack c3) by (rule stack-passes-lower-bound)+

from <trace co T1 c3> <V a € set Ty. stack co < stack ay this(1)
show bal ¢co T1 c3..

show c¢3 = ¢4 by fact
have cy: stack cy = stack c; using co ¢’ by simp

note <trace c4 Ts cx)
moreover
have V a€set Ts. stack ¢y < stack a using ¢y T <T = - by auto
moreover
have stack c; = stack c4 unfolding c4 cs..
ultimately
show bal Cq T2 C5ee
qed
qed

end

end
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2.5 SestoftCorrect

theory SestoftCorrect
imports BalancedTraces Launchbury. Launchbury Sestoft
begin

lemma lemma-2:
assumes ' : e |; A: 2
and fo (T, e S) Cset LU domAT
shows (T, e, §) =* (A, 2, 9)

using assms

proof (induction arbitrary: S rule:reds.induct)
case (Lambda T z e L)
show Zcase..

next
case (Application y ' ez L A © z ¢€')
from <fv (T, App e z, S) C set L U domA T
have prem1: fv (I, e, Arg x # S) C set L U domA T by simp

from prem1 reds-pres-closed[OF <I' : e ;, A : Lam [y]. e"] reds-doesnt-forget|OF <I' : e |,
A Lam [y]. eh]
have prem?2: fv (A, e'ly:=x], §) C set L U domA A by (auto simp add: fv-subst-eq)

have (T, App ez, S) = (T, e, Arg z # 5)..
also have ... =* (A, Lam [y]. e/, Arg z# S) by (rule Application.IH(1)[OF prem1])
also have ... = (A, ely == z], 5)..
also have ... =* (0, z, S) by (rule Application.IH(2)[OF prem?2])
finally show ?Zcase.
next
case (Variable T z e L A z S)
from Variable(2)
have isVal z by (rule result-evaluated)

have z ¢ domA A by (rule reds-avoids-live]OF Variable(2), where z = z|) simp-all

from <fv (T, Var z, S) C set L U domA T
have prem: fv (delete x T, e, Upd x # S) C set (z#L) U domA (delete x T)
by (auto dest: subsetD[OF fv-delete-subset] subsetD[OF map-of-Some-fv-subset| OF <map-of
I' z = Some e]])

from (map-of T' x = Some e
have (', Var z, S) = (delete z T, e, Upd = # 5)..
also have ... =* (A, z, Upd x # S) by (rule Variable.IH[OF prem])
also have ... = ((z,2)#A, z, §) using «z ¢ domA A» «isVal 2> by (rule varz)
finally show ?Zcase.
next
case (Bool T' b L S)
show ?case..
next
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case (IfThenElse T scrut L A b e eo © 2z 5)
have (T', scrut ? ey : ea, S) = (T, scrut, Alts e; ex #9)..
also
from IfThenFElse.prems
have prem1: fv (', scrut, Alts e; ea #S5) C set L U domA T' by auto
hence (T', scrut, Alts e1 ea #S5) =* (A, Bool b, Alts e; e #5)
by (rule IfThenElse.IH)
also
have (A, Bool b, Alts e; ea #5) = (A, if b then e; else ea, 5)..
also
from prem1 reds-pres-closed|OF IfThenElse(1)] reds-doesnt-forget|OF IfThenElse(1)]
have prem?2: fv (A, if b then ey else e, S) C set L U domA A by auto
hence (A, if b then ey else ea, S) =* (0, z, S) by (rule IfThenElse.IH(2))
finally
show ?case.
next
case (Let as T' L body A z S)
from Let(4)
have prem: fv (as @ T, body, S) C set L U domA (as @ T') by auto

from Let(1)
have atom ‘ domA as g+ T by (auto simp add: fresh-star-Pair)
moreover
from Let(1)
have domA as N fv (T, L) = {}
by (rule fresh-distinct-fv)
hence domA as N (set L U domAT) = {}
by (auto dest: subsetD[OF domA-fu-subset])
with Let(4)
have domA as N fv S = {}
by auto
hence atom ¢ domA as #x S
by (auto simp add: fresh-star-def fu-def fresh-def)
ultimately
have (', Terms.Let as body, S) = (asQT', body, S)..
also have ... =* (A, z, 5)
by (rule Let. IH[OF prem))
finally show ?Zcase.
qed

type-synonym trace = conf list

fun stack :: conf = stack where stack (I', e, S) = S

interpretation traces step.

abbreviation trace-syn (<- =*_ - [50,50,50] 50) where trace-syn = trace

lemma conf-trace-induct-final[consumes 1, case-names trace-nil trace-cons|:
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(T, e, 8) =*pfinal= (AT eS. final=T, ¢ S) = PTLeS[|(TeS) = (A'eST
e 8. (I, ¢, 8)=*pfinal= PT'e" S Tfinal= (T,e, 5)= T ¢e,5)=PTeS
(T, e/, 8"Y# T) final) = PT e S T final

by (induction (T, e, S) T final arbitrary: T e S rule: trace-induct-final) auto

interpretation balance-trace step stack
apply standard
apply (erule step.cases)
apply auto
done

abbreviation bal-syn («- =%*_ - [50,50,50] 50) where bal-syn = bal

lemma isVal-stops:
assumes isVal e
assumes (T, e, S) =" 7 (A, 2, 9)
shows T=[]
using assms
apply —
apply (erule balE)
apply (erule trace.cases)
apply simp
apply auto
apply (auto elim!: step.cases)
done

lemma Ball-subst[simpl:
(Vpeset (Ty:h=x]). f p) +— (Vpe<set I'. case p of (z,e) = [ (z, e[y:=x]))
by (induction T') auto

lemma lemma-3:
assumes (T, e, S) =" 7 (A, 2, 9)
assumes isVal z
shows I : e llupds-list gA:z
using assms
proof (induction T arbitrary: T e S A z rule: measure-induct-rulelwhere f = length])
case (less TT e S A z2)
from «(T, e, ) =7 (A, z, S)
have (T, ¢, S) =*7 (A, z, §) and V c’eset T. S < stack ¢’ unfolding bal.simps by auto

from this(1)
show ?Zcase
proof(cases)
case trace-nil
from <isVal 2> trace-nil show ?thesis by (auto intro: reds-isVall)
next
case (trace-cons conf’ T”)
from «T = conf’ # T’ and Vv c’eset T. S < stack ¢'» have S < stack conf’ by auto
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from «(T', e, S) = conf"’
show ?thesis
proof(cases)
case (appy € x)

obtain T c3 ¢4 T>

where T' = T, Q ¢y # Ty and prem1: (T, e, Arg x # §) =b* 7, ¢3 and c3 = ¢4 and

prem2: cq =0* T, (A, 2, 8)
by (rule bal-consE[OF <bal - T -y[unfolded appy trace-cons]]) (simp, rule)

from «T = - «T' = - have length T, < length T and length Ty < length T by auto

from prem1 have stack c3 = Arg x # S by (auto dest: bal-stackD)

moreover

from prem?2 have stack ¢y = S by (auto dest: bal-stackD)

moreover

note «c3 = cy»

ultimately

obtain A’ y e/ where c3 = (A’, Lam [y]. ¢/, Arg z # S) and ¢4 = (A, e[y == 1], )
by (auto elim!: step.cases simp del: exp-assn.eq-iff)

from less(1)[OF <length T1 < length T»> preml[unfolded <c3 = -) <cqg = -]
have I' : e 4515t s A Lam [y]. e’ by simp

moreover

from less(1)[OF <length To < length T)> prem2[unfolded <c3 = - <cqy = -] <isVal 2]
have A" : e'ly:=1] {ypds-tist 5 A+ # by simp

ultimately

show ?thesis unfolding app,
by (rule reds-Applicationl)
next
case (apps y ez S’)
from (conf’ =-» «S = - # S «S < stack conf’
have Fualse by (auto simp add: extends-def)
thus ?thesis..
next
case (vary z e)
obtain T4 c3 ¢4 To
where T/ = T1 Q ¢y # T2 and prem!: (delete x T, e, Upd x # S) :b*Tl c3 and c3 =
cs and prem2: ¢y =", (A, 2, 9)
by (rule bal-consE[OF <bal - T -»[unfolded vary trace-cons|]) (simp, rule)

from «T = - <T' = - have length T < length T and length Ts < length T by auto

from prem1 have stack cs = Upd x # S by (auto dest: bal-stackD)
moreover

from prem?2 have stack ¢4 = S by (auto dest: bal-stackD)
moreover

note «c3 = cy»
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2]

ultimately
obtain A’ z’ where ¢z = (A, 2/, Upd x # S) and ¢4 = ((2,2")#A’, 2/, §) and isVal 2’
by (auto elim!: step.cases simp del: exp-assn.eq-iff)

from <isVal z’» and prem2[unfolded <cqy = -]

have Ty = [| by (rule isVal-stops)

with prem2 <cy = -

have 2z’ = z and A = (z,2)#A’ by auto

from less(1)[OF <length T1 < length T» prem1[unfolded <cg = - <ca = - <2z’ = =] «isVal

have delete v T : e Uy s ypas-list 5 A’ 2 by simp

with (map-of - - = -
show ?thesis unfolding vari(1) <A = - by rule
next

case (vary S
from <conf’ = -» «S = - # S «§ < stack conf”
have Fualse by (auto simp add: extends-def)
thus ?thesis..
next
case (if1 scrut ey ez)
obtain T c3 ¢4 T>
where T'= T; Q ¢y # T and preml: (T, scrut, Alts e; es # 5) :>b*T1 c3 and c3 =

cs and prem2: ¢y =b* T, (A, 2, 8)

by (rule bal-consE[OF <bal - T -»[unfolded if1 trace-cons]]) (simp, rule)
from «T = - «T' = - have length T, < length T and length Ty < length T by auto
from prem1 have stack c3 = Alts e; ea # S by (auto dest: bal-stackD)

moreover
from prem?2 have stack cy = S by (auto dest: bal-stackD)

moreover
note «c3 = cy»
ultimately
obtain A’ b where c¢3 = (A, Bool b, Alts e1 es # S) and ¢y = (A', (if b then ey else e3),
by (auto elim!: step.cases simp del: exp-assn.eq-iff)
from less(1)[OF «length T1 < length T> preml[unfolded <c3 = - <c4 = - ] isVal-Bool]
have I' : scrut Uypgs-tist 5 A+ Bool b by simp
moreover
from less(1)[OF <length To < length T» prem2[unfolded <cqy = -] <isVal 2]
have A’: (if b then e1 else e2) Yypgstist 5 A 2.
ultimately
show ?thesis unfolding if, by (rule reds.IfThenElse)
next

case (ifs b el e2 S7)

from <conf’ = -» «S = - # S «S < stack conf’s
have Fualse by (auto simp add: extends-def)
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thus ?thesis..

next

case (let; as e)
from «T = conf’ # T'> have length T' < length T by auto
moreover
have (as Q T, e, §) =7/ (A, 2, 9)

using trace-cons <conf’ = -y ¥V c'eset T. S < stack ¢’y by fastforce

moreover
note «sVal 2>
ultimately
have as Q T': e Jyq5.1ist § A © 2 by (rule less)
moreover
from <atom ‘ domA as x ') <atom ‘ domA as #x S»
have atom ‘ domA as tx (', upds-list S) by (auto simp add: fresh-star-Pair)
ultimately
show ?thesis unfolding let; by (rule reds.Let[rotated])

qed

qged
qed

lemma dummy-stack-extended:
set S C Dummy ‘ UNIV = ¢ ¢ Dummy ‘ UNIV = (S Sz # S)«— S8/
apply (auto simp add: extends-def)
apply (case-tac S")
apply auto
done

lemmal[simp|: Arg © ¢ range Dummy Upd x ¢ range Dummy Alts ey es ¢ range Dummy by
auto

lemma dummy-stack-balanced:
assumes set S C Dummy ‘ UNIV
assumes (I, ¢, §) =* (4, 2, 5)
obtains T where (T, ¢, §) =" 7 (A, z, S)
proof—
from build-trace| OF assms(2)]
obtain T where (T, ¢, S) =*7 (A, z, 5)..
moreover
hence V c’eset T. stack (T, e, S) < stack ¢’
by (rule conjunct1[OF traces-list-all])
(auto elim: step.cases simp add: dummy-stack-extended[OF <set S C Dummy ¢ UNIV)H))
ultimately
have (T, e, S) =" 7 (A, 2, 9)
by (rule ball) simp
thus ?thesis by (rule that)
qed

end
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3 Arity

3.1 Arity

theory Arity
imports Launchbury. HOLCF—Join— Classes
begin

typedef Arity = UNIV :: nat set
morphisms Rep-Arity to-Arity by auto

setup-lifting type-definition-Arity

instantiation Arity :: po
begin
lift-definition below-Arity :: Arity = Arity = bool is Az y . y < x.

instance

apply standard

apply ((transfer, auto)+)
done

end

instance Arity :: chfin
proof
fix S :: nat = Arity
assume chain S
have (ARG-MIN Rep-Arity x. x € range S) € range S
by (rule arg-min-natl) auto
then obtain n where n: S n = (ARG-MIN Rep-Arity z. © € range S) by auto
have max-in-chain n S
proof (rule max-in-chainl)
fix j
assume n < j hence S n C S j using (chain S» by (metis chain-mono)
also
have Rep-Arity (S n) < Rep-Arity (S j)
unfolding n image-def
by (metis (lifting, full-types) arg-min-nat-lemma UNIV-I mem-Collect-eq)
hence S j C S n by transfer

finally
show Sn = 5.
qed
thus I n. maz-in-chain n S..
qed

instance Arity :: cpo ..
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lift-definition inc-Arity :: Arity = Arity is Suc.
lift-definition pred-Arity :: Arity = Arityis Az . z — 1).

lemma inc-Arity-cont[simp|: cont inc-Arity
apply (rule chfindom-monofun2cont)
apply (rule monofunl)
apply (transfer, simp)
done

lemma pred-Arity-cont[simp]: cont pred-Arity
apply (rule chfindom-monofun2cont)
apply (rule monofunl)
apply (transfer, simp)
done

definition inc :: Arity — Arity where
inc = (A z. inc-Arity )

definition pred :: Arity — Arity where
pred = (A z. pred-Arity x)

lemma inc-inj[simp]: inc-n = inc-n' +— n =n’
by (simp add: inc-def pred-def, transfer, simp)

lemma pred-inc[simp|: pred-(inc-n) = n
by (simp add: inc-def pred-def, transfer, simp)

lemma inc-below-inc[simp): inc-a C inc-b +— a £ b
by (simp add: inc-def pred-def, transfer, simp)

lemma inc-below-below-pred[elim]:
inca C b= a C pred - b
by (simp add: inc-def pred-def, transfer, simp)

lemma Rep-Arity-inc[simp: Rep-Arity (inc-a’) = Suc (Rep-Arity a’)
by (simp add: inc-def pred-def, transfer, simp)

instantiation Arity :: zero

begin

lift-definition zero-Arity :: Arity is 0.
instance..

end

instantiation Arity :: one

begin

lift-definition one-Arity :: Arity is 1.
instance ..

end
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lemma one-is-inc-zero: 1 = inc-0
by (simp add: inc-def, transfer, simp)

lemma inc-not-0[simpl: inc-n = 0 <— False
by (simp add: inc-def pred-def, transfer, simp)

lemma pred-0[simp|: pred-0 = 0
by (simp add: inc-def pred-def, transfer, simp)

lemma Arity-ind: P 0 = (A n. Pn = P (incn)) = Pn
apply (simp add: inc-def)
apply transfer
by (rule nat.induct)

lemma Arity-total:
fixes z y :: Arity
shows z C yVyLCa
by transfer auto

instance Arity :: Finite-Join-cpo

proof

fix ¢y :: Arity

show compatible x y by (metis Arity-total compatiblel)
qed

lemma Arity-zero-top[simpl: (z :: Arity) C 0
by transfer simp

lemma Arity-above-top[simpl: 0 C (a :: Arity) «— a =0
by transfer simp

lemma Arity-zero-join[simpl: (z :: Arity) U 0 = 0
by transfer simp

lemma Arity-zero-join2[simp]: 0 U (z :: Arity) = 0
by transfer simp

lemma Arity-up-zero-join[simp]: (z :: Arity, ) U up-0 = up-0
by (cases z) auto
lemma Arity-up-zero-join2[simp): up-0 U (z == Arity, ) = up-0
by (cases z) auto
lemma up-zero-top[simp|: x T up-(0::Arity)
by (cases z) auto
lemma Arity-above-up-top[simpl: up-0 C (a :: Arity,) +— a = up-0
by (metis Arity-up-zero-join2 join-self-below(4))

lemma Arity-ezhaust: (y = 0 = P) = (A\z. y = inc -t = P) = P
by (metis Abs-cfun-inverse2 Arity.inc-def Rep-Arity-inverse inc-Arity.abs-eq inc-Arity-cont
list-decode.cases zero-Arity-def)
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end

3.2 AEnv

theory AFEnv
imports Arity Launchbury. Vars Launchbury. Env
begin

type-synonym AFEnv = var = Arity,

end

3.3 Arity-Nominal

theory Arity— Nominal
imports Arity Launchbury. Nominal—HOLCF
begin

lemma join-equtequt]: m + (z U (y == 'a :: {Finite-Join-cpo, cont-pt})) = (m - z) U (7 + y)
by (rule is-joinl[symmetric]) (auto simp add: perm-below-to-right)

instantiation Arity :: pure
begin
definition p - (a::Arity) = a
instance
apply standard
apply (auto simp add: permute-Arity-def)
done
end

instance Arity :: cont-pt by standard (simp add: pure-permute-id)
instance Arity :: pure-cont-pt ..

end

3.4 ArityStack

theory ArityStack
imports Arity SestoftConf
begin

fun Astack :: stack = Arity
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where Astack [| = 0
| Astack (Arg x # S) = inc-(Astack S)
| Astack (Alts el e2 # S) = 0
| Astack (Upd xz # S) = 0
| Astack (Dummy x # S) = 0

lemma Astack-restr-stack-below:
Astack (restr-stack V' §) T Astack S

by (induction V' S rule: restr-stack.induct) auto

lemma Astack-map-Dummy|simp]:
Astack (map Dummy 1) = 0
by (induction 1) auto

lemma Astack-append-map-Dummy|simp]:
Astack S’ = 0 = Astack (S @ S') = Astack S
by (induction S rule: Astack.induct) auto

end

4 Eta-Expansion

4.1 EtaExpansion

theory EtaFxpansion
imports Launchbury. Terms Launchbury.Substitution
begin

definition fresh-var :: exp = var where
fresh-var e = (SOME v. v ¢ fv e)

lemma fresh-var-not-free:
fresh-var e ¢ fv e
proof—
obtain v :: var where atom v § e by (rule obtain-fresh)
hence v ¢ fv e by (metis fo-not-fresh)
thus ?thesis unfolding fresh-var-def by (rule somel)
qed

lemma fresh-var-fresh[simp]:
atom (fresh-var e) t e
by (metis fresh-var-not-free fu-not-fresh)

lemma fresh-var-subst[simp]:

e[fresh-var e:=z] = e
by (metis fresh-var-fresh subst-fresh-noop)
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fun eta-expand :: nat = exp = exp where
eta-expand 0 e = e
| eta-expand (Suc n) e = (Lam [fresh-var e]. eta-expand n (App e (fresh-var e)))

lemma eta-expand-equt|equt]:
7 - (eta-ezpand n e) = eta-expand (w - n) (7 - e)
apply (induction n arbitrary: e )
apply (auto simp add: fresh-Pair permute-pure)
apply (metis fresh-at-base-perml fresh-at-base-permute-iff fresh-var-fresh subst-fresh-noop subst-swap-same)
done

lemma fresh-eta-expand[simp): a § eta-expand n e +— a § e
apply (induction n arbitrary: e)
apply (simp add: fresh-Pair)
apply (clarsimp simp add: fresh-Pair fresh-at-base)
by (metis fresh-var-fresh)

lemma subst-eta-expand: (eta-expand n €)[x = y| = eta-expand n (e[z == y])
proof (induction n arbitrary: e)
case ( thus ?case by simp
next
case (Suc n)
obtain z :: var where atom z f (e, fresh-var e, z, y) by (rule obtain-fresh)

have (eta-ezpand (Suc n) e)[z:=y] = (Lam [fresh-var e]. eta-expand n (App e (fresh-var
e)))[z::=y] by simp
also have ... = (Lam [z]. eta-expand n (App e 2))[z:=y]
apply (subst change-Lam-Variable[where y’ = z])
using <atom z § -»
by (auto simp add: fresh-Pair eta-expand-equt pure-fresh permute-pure flip-fresh-fresh introl:
equt-fresh-cong2|[where f = eta-ezpand, OF eta-expand-equt))

also have ... = Lam [z]. (eta-expand n (App e 2))[z:=y]
using <atom z { -» by simp
also have ... = Lam [2]. eta-expand n (App e z)[z::=y] unfolding Suc.IH..
also have ... = Lam [z]. eta-ezpand n (App e[z:=y] 2)
using <atom z § - by simp
also have ... = Lam [fresh-var (e[z::=y])]. eta-expand n (App e[z::=y] (fresh-var (e[z::=y])))

apply (subst change-Lam-Variable[where y' = fresh-var (e[z::=y])])

using <atom z § -»

by (auto simp add: fresh-Pair equt-fresh-cong2[where f = eta-expand, OF eta-expand-equt]
pure-fresh eta-expand-equt flip-fresh-fresh subst-pres-fresh simp del: exp-assn.eq-iff)

also have ... = eta-expand (Suc n) e[z::=y] by simp
finally show ?Zcase.
qed

lemma isLam-eta-expand:
isLam e = isLam (eta-ezpand n e) and n > 0 = isLam (eta-expand n e)
by (induction n) auto
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lemma isVal-eta-expand:
isVal e = isVal (eta-ezpand n e) and n > 0 = isVal (eta-expand n €)
by (induction n) auto

end

4.2 EtaExpansionSafe

theory FEtaFExpansionSafe
imports FEtaEzpansion Sestoft
begin

theorem eta-expansion-safe:
assumes set T C range Arg
shows (T, eta-expand (length T) e, TQS) =* (T, e, TQS)
using assms
proof (induction T arbitrary: e)
case Nil show ?case by simp
next
case (Cons se T)
from Cons(2) obtain z where se = Arg z by auto

from Cons have prem: set T C range Arg by simp

have (T, eta-expand (Suc (length T)) e, Arg x # T Q S) = (T, Lam [fresh-var e]. eta-expand
(length T) (App e (fresh-var e)), Arg z # T @Q S) by simp

also have ... = (T, (eta-expand (length T) (App e (fresh-var e)))[fresh-var e := ], T @Q S)
by (rule app2)

also have ... = (T, (eta-expand (length T) (App e z)), T Q S) unfolding subst-eta-expand
by simp

also have ... =* (T, App ez, T @Q S) by (rule Cons.IH[OF prem))

also have ... = (I, e, Argz # T @Q S) by (rule app;)

finally show ?case using (se = -» by simp
qed

fun arg-prefiz :: stack = nat where
arg-prefix [| = 0

| arg-prefiz (Arg x # S) = Suc (arg-prefiz S)

| arg-prefiz (Alts el e2 # S) = 0

| arg-prefic (Upd z # S) = 0

| arg-prefic (Dummy x # S) = 0

theorem eta-expansion-safe’:
assumes n < arg-prefix S
shows (T, eta-expand n e, S) =* (T, e, )
proof—
from assms
have set (take n S) C range Arg and length (take n S) = n
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apply (induction S arbitrary: n rule: arg-prefiz.induct)
apply auto
apply (case-tac n, auto)+
done
hence S = take n S @Q drop n S by (metis append-take-drop-id)
with eta-expansion-safe[OF «- C -] «length - = -
show ?thesis by metis
qed

end

4.3 TransformTools

theory TransformTools
imports Launchbury. Nominal— HOLCF Launchbury. Terms Launchbury.Substitution Launchbury.Env
begin

default-sort type

fun lift-transform :: (‘a::cont-pt = exp = exp) = (al = exp = exp)
where [lift-transform t Ibottom e = e
| lift-transform t (Tup a) e =t a e

lemma lift-transform-simps[simp):
lift-transform t 1. e = e
lift-transform t (up-a) e =t a e
apply (metis inst-up-pepo lift-transform.simps(1))
apply (simp add: up-def cont-ITup)
done

lemma lift-transform-equt[equt]: 7 - lift-transform t a e = lift-transform (w - t) (7w + a) (7 -

¢)

by (cases a) simp-all

lemma lift-transform-fun-cong|fundef-cong]:

(ANa. tlael =t2ael) = al = a2 = el = e2 = lift-transform t1 al el = lift-transform
t2 a2 e2

by (cases (t2,a2,e2) rule: lift-transform.cases) auto

lemma subst-lift-transform:
assumes A a. (ta e)[z == y] =t a (e[z == y])
shows (lift-transform t a €)[z ::=y| = lift-transform t a (e[z ::= y])
using assms by (cases a) auto

definition
map-transform :: (‘a::cont-pt = exp = exp) = (var = 'a)) = heap = heap

where map-transform t ae = map-ran (A z e . lift-transform t (ae ) e)

lemma map-transform-equt|equt]: ™ - map-transform t ae = map-transform (w - t) (7 - ae)
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unfolding map-transform-def by simp

lemma domA-map-transform[simp]: domA (map-transform t ae T') = domA T’
unfolding map-transform-def by simp

lemma length-map-transform[simp: length (map-transform t ae zs) = length s
unfolding map-transform-def map-ran-def by simp

lemma map-transform-delete:
map-transform t ae (delete x T') = delete x (map-transform ¢ ae T")
unfolding map-transform-def by (simp add: map-ran-delete)

lemma map-transform-restrA:
map-transform t ae (restrictA S T') = restrictA S (map-transform t ae T')
unfolding map-transform-def by (auto simp add: map-ran-restrictA)

lemma delete-map-transform-env-delete:
delete © (map-transform t (env-delete © ae) T') = delete x (map-transform t ae T)
unfolding map-transform-def by (induction T') auto

lemma map-transform-Nil|[simp:
map-transform t ae [| = []
unfolding map-transform-def by simp

lemma map-transform-Cons:
map-transform t ae ((z,e)# ') = (z, lift-transform t (ae z) €) # (map-transform t ae T')
unfolding map-transform-def by simp

lemma map-transform-append:
map-transform t ae (AQT) = map-transform t ae A Q map-transform t ae T
unfolding map-transform-def by (simp add: map-ran-append)

lemma map-transform-fundef-cong|fundef-cong:
(Azea. (z,e) € setml = tl ae=t2ae) = ael = ae2 = ml = m2 = map-transform
t1 ael m1 = map-transform t2 ae2 m2
by (induction m2 arbitrary: m1)
(fastforce simp add: map-transform-Nil map-transform-Cons introl: lift-transform-fun-cong)+

lemma map-transform-cong:

(Az. z € domA ml = ae ¢ = ae’ £) = ml = m2 = map-transform t ae ml =
map-transform t ae’ m2

unfolding map-transform-def by (auto intro!: map-ran-cong dest: domA-from-set)

lemma map-of-map-transform: map-of (map-transform t ae ') x = map-option (lift-transform
t (ae z)) (map-of T x)

unfolding map-transform-def by (simp add: map-ran-conv)

lemma supp-map-transform-step:
assumes A\ zea. (z,e) € set T = supp (t a e) C supp e
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shows supp (map-transform t ae T') C supp T
using assms
apply (induction T')
apply (auto simp add: supp-Nil supp-Cons map-transform-Nil map-transform-Cons supp-Pair
pure-supp)
apply (case-tac ae a)
apply (fastforce)+
done

lemma subst-map-transform:
assumes A z' e a. () : set I = (t a e)[z == y] =t a (e[z == y])
shows (map-transform t ae T')[z :h=y] = map-transform t ae (T[z :h= y])
using assms
apply (induction T')
apply (auto simp add: map-transform-Nil map-transform-Cons)
apply (subst subst-lift-transform)
apply auto
done

locale supp-bounded-transform =
fixes trans :: 'a::cont-pt = exp = exp
assumes supp-trans: supp (trans a e) C supp e
begin
lemma supp-lift-transform: supp (lift-transform trans a e¢) C supp e
by (cases (trans, a, €) rule:lift-transform.cases) (auto dest!: subsetD[OF supp-trans))

lemma supp-map-transform: supp (map-transform trans ae I') C supp T’
unfolding map-transform-def

by (induction T') (auto simp add: supp-Pair supp-Cons dest!: subsetD[OF supp-lift-transform])

lemma fresh-transform[intro|: a § e = a § trans n e
by (auto simp add: fresh-def) (auto dest!: subsetD[OF supp-trans|)

lemma fresh-star-transformlintro]: a §* e = a fx trans n e
by (auto simp add: fresh-star-def)

lemma fresh-map-transform[intro|: a § I' = a § map-transform trans ae T
unfolding fresh-def using supp-map-transform by auto

lemma fresh-star-map-transformlintrol: a %+ I' = a % map-transform trans ae T
by (auto simp add: fresh-star-def)
end

end

4.4 ArityEtaExpansion
theory ArityEtaFxpansion
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imports EtaFExpansion Arity— Nominal TransformTools
begin

lift-definition Aeta-expand :: Arity = exp = exp is eta-expand.

lemma Aeta-expand-equtequt]: 7 - Aeta-expand a e = Aeta-expand (mw - a) (7w - €)
apply (cases a)
apply simp
apply transfer
apply simp
done

lemma Aeta-expand-0[simp|: Aeta-expand 0 e = e
by transfer simp

lemma Aeta-expand-inc[simpl: Aeta-expand (inc-n) e = (Lam [fresh-var e]. Aeta-ezpand n (App
e (fresh-var e)))

apply (simp add: inc-def)

by transfer simp

lemma subst-Aeta-expand:
(Aeta-expand n e)[z::=y] = Aeta-expand n e[x::=y|
by transfer (rule subst-eta-expand)

lemma isLam-Aeta-expand: isLam e => isLam (Aeta-expand a e)
by transfer (rule isLam-eta-expand)

lemma isVal-Aeta-expand: isVal e = isVal (Aeta-expand a e)
by transfer (rule isVal-eta-expand)

lemma Aeta-expand-fresh[simp): a § Aeta-expand n e = a § e by transfer simp
lemma Aeta-expand-fresh-star[simp|: a §* Aeta-expand n e = a i* e by (auto simp add: fresh-star-def)

interpretation supp-bounded-transform Aeta-expand
apply standard
using Aeta-expand-fresh
apply (auto simp add: fresh-def)
done

end

4.5 ArityEtaExpansionSafe

theory ArityEtaFzpansionSafe
imports EtaFEzrpansionSafe ArityStack ArityEtaExrpansion
begin

lemma Aeta-expand-safe:
assumes Astack S C a
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shows (T, Aeta-expand a e, S) =* (T, e, S)
proof—
have arg-prefix S = Rep-Arity (Astack S)
by (induction S arbitrary: a rule: arg-prefiz.induct) (auto simp add: Arity.zero-Arity.rep-eq[symmetric])
also
from assms
have Rep-Arity a < Rep-Arity (Astack S) by (metis below-Arity.rep-eq)
finally
show ?thesis
by transfer (rule eta-expansion-safe’)
qed

end

5 Arity Analysis

5.1 ArityAnalysisSig

theory ArityAnalysisSig
imports Launchbury. Terms AEnv Arity— Nominal Launchbury. Nominal— HOLCF Launchbury.Substitution
begin

locale ArityAnalysis =
fixes Aexp :: exp = Arity — AEnv
begin
abbreviation Aezp-syn («A.»)where A, e = Aexp e-a
abbreviation Aexp-bot-syn ((A*_»)
where At e = fup-(Aexp €)-a

end

locale ArityAnalysisHeap =
fixes Aheap :: heap = exp = Arity — AEnv

locale EdomArityAnalysis = ArityAnalysis +
assumes Aezp-edom: edom (Ag e) C fu e
begin

lemma fup-Aexp-edom: edom (Atg e) C fue
by (cases a) (auto dest:subsetD[OF Aexp-edom])

lemma Aexp-fresh-bot[simp]: assumes atom v £ e shows Ag e v = 1
proof—

from assms have v ¢ fv e by (metis fv-not-fresh)

with Aexp-edom have v ¢ edom (Ag €) by auto

thus ?thesis unfolding edom-def by simp
qged
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end

locale ArityAnalysisHeapEqut = ArityAnalysisHeap +
assumes Aheap-equt[equt]: m «+ Aheap = Aheap

end

5.2 ArityAnalysisAbinds

theory ArityAnalysisAbinds
imports ArityAnalysisSig
begin

context ArityAnalysis
begin

5.2.1 Lifting arity analysis to recursive groups

definition ABind :: var = exp = (AEnv — AEnv)
where ABind v e = (A ae. fup-(Aexp e)-(ae v))

lemma ABind-eq[simp): ABind v e - ae = Atge y €
unfolding ABind-def by (simp add: cont-fun)

fun ABinds :: heap = (AEnv — AEnv)
where ABinds [| = L
| ABinds ((v,e)#binds) = ABind v e U ABinds (delete v binds)

lemma A Binds-strict[simp]: ABinds T'-1=1
by (induct T' rule: ABinds.induct) auto

lemma Abinds-reorderl: map-of T v = Some e = ABinds T' = ABind v e U ABinds (delete
v )
by (induction T' rule: ABinds.induct) (auto simp add: delete-twist)

lemma ABind-below-ABinds: map-of I' v = Some e = ABind v e C ABinds T’
by (metis HOLCF—Join— Classes.join-abovel ArityAnalysis. Abinds-reorder1)

lemma Abinds-reorder: map-of T' = map-of A = ABinds ' = ABinds A
proof (induction T' arbitrary: A rule: ABinds.induct)
case 1 thus ?case by simp
next
case (2vel A)
from «map-of ((v, €) # ') = map-of A»
have (map-of ((v, €) # I'))(v := None) = (map-of A)(v := None) by simp
hence map-of (delete v I') = map-of (delete v A) unfolding delete-set-none by simp
hence ABinds (delete v I') = ABinds (delete v A) by (rule 2)
moreover
from <map-of ((v, e) # T') = map-of A
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have map-of A v = Some e by (metis map-of-Cons-code(2))
hence ABinds A = ABind v e U ABinds (delete v A) by (rule Abinds-reorderl)
ultimately
show ?case by auto
qed

lemma Abinds-env-cong: (\ z. t€domA A = ae v = ae’ ©) = ABinds A-ae = ABinds
A-ae’
by (induct A rule: ABinds.induct) auto

lemma Abinds-env-restr-cong: ae f|* domA A = ae’ f|* domA A = ABinds A-ae = ABinds
A-ae’
by (rule Abinds-env-cong) (metis env-restr-eqD)

lemma ABinds-env-restr[simp]: ABinds A-(ae f|* domA A) = ABinds A-ae
by (rule Abinds-env-restr-cong) simp

lemma Abinds-join-fresh: ae’ * (domA A) C {1} = ABinds A-(ae U ae’) = (ABinds A-ae)
by (rule Abinds-env-cong) auto

lemma ABinds-delete-bot: ae © = | = ABinds (delete x T')-ae = ABinds T'-ae
by (induction T' rule: ABinds.induct) (auto simp add: delete-twist)

lemma A Binds-restr-fresh:

assumes atom ‘S fx T’

shows ABinds T-ae f| (— S) = ABinds T'-(ae f| (= 9)) f|* (= S)

using assms

apply (induction T rule:ABinds.induct)

apply simp

apply (auto simp del: fun-meet-simp simp add: env-restr-join fresh-star-Pair fresh-star-Cons
fresh-star-delete)

apply (subst lookup-env-restr)

apply (metis (no-types, opaque-lifting) Compll fresh-at-base(2) fresh-star-def imagel)

apply simp

done

lemma ABinds-restr:
assumes domAT' C S
shows ABinds I-ae f|* S = ABinds T'-(ae f|*S) f|*S
using assms
by (induction I' rule: A Binds.induct) (fastforce simp del: fun-meet-simp simp add: env-restr-join)+

lemma A Binds-restr-subst:
assumes A\ z’ e a. (z'e) € set T = Aexp elz:=y|-a f|* S = Aexp e-a f|* S
assumes z ¢ S
assumes y ¢ S
assumes domA T C §
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shows ABinds T'[z::h=yl-ae f|* S = ABinds I'-(ae f|*S) f|*S

using assms

apply (induction T rule:ABinds.induct)

apply (auto simp del: fun-meet-simp join-comm simp add: env-restr-join)
apply (rule arg-cong2[where f = join])

apply (case-tac ae v)

apply (auto dest: subsetD[OF set-delete-subset))

done

lemma Abinds-append-disjoint: domA A N domA T = {} = ABinds (A Q T')-ae = ABinds
A-ae U ABinds I'-ae
proof (induct A rule: ABinds.induct)
case 1 thus ?case by simp
next
case (2veA)
from 2(2)
have v ¢ domA T and domA (delete v A) N domA T = {} by auto
from 2(1)[OF this(2)]
have ABinds (delete v A Q T')-ae = ABinds (delete v A)-ae U ABinds T"-ae.
moreover
have delete v I' = T by (metis <v ¢ domA Iy delete-not-domA)
ultimately
show ABinds (((v, e) # A) QT')-ae = ABinds ((v, ) # A)-ae U ABinds I'-ae
by auto
qed

lemma ABinds-restr-subset: S C S’ = ABinds (restrictA S T')-ae T ABinds (restrictA S’
I)-ae
by (induct T' rule: ABinds.induct)
(auto simp add: join-below-iff restr-delete-twist intro: below-trans[OF - join-above2))

lemma ABinds-restrict-edom: ABinds (restrictA (edom ae) I')-ae = ABinds I'-ae
by (induct T' rule: ABinds.induct) (auto simp add: edom-def restr-delete-twist)

lemma ABinds-restrict-below: ABinds (restrictA S T')-ae C ABinds T'-ae
by (induct T' rule: ABinds.induct)
(auto simp add: join-below-iff restr-delete-twist intro: below-trans[OF - join-above2] simp
del: fun-meet-simp join-comm)

lemma A Binds-delete-below: ABinds (delete x T')-ae C ABinds T'-ae
by (induct T' rule: ABinds.induct)
(auto simp add: join-below-iff  delete-twistjwhere z = z] elim: below-trans simp del:
fun-meet-simp)
end

lemma ABind-equt[equt]: 7 - (ArityAnalysis. ABind Aexp v e) = ArityAnalysis. ABind (7 + Aexp)

(m-v)(7-e)
apply (rule cfun-equtl)
unfolding ArityAnalysis. A Bind-eq
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by perm-simp rule

lemma ABinds-equtequt]: m « (ArityAnalysis. ABinds Aexp T') = ArityAnalysis.ABinds (mw -
Aexp) (w - T)

apply (rule cfun-equtl)

apply (induction T' rule: ArityAnalysis.ABinds.induct)

apply (simp add: ArityAnalysis. ABinds.simps)

apply (simp add: ArityAnalysis. ABinds.simps)

apply perm-simp

apply simp

done

lemma Abinds-cong|fundef-cong]:

[ (A e e€ snd‘set heap2 = aexpl e = aexp2 e) ; heapl = heap?2 ]

= ArityAnalysis. ABinds aexpl heapl = ArityAnalysis.ABinds aexp2 heap2

proof (induction heapl arbitrary:heap2 rule: ArityAnalysis. A Binds.induct)

case I

thus ?case by (auto simp add: ArityAnalysis. ABinds.simps)
next

case prems: (2 v e as heap2)

have snd ‘ set (delete v as) C snd ‘ set as by (rule dom-delete-subset)

also have ... C snd ‘set ((v, e) # as) by auto

also note prems(3)

finally

have (Ae. e € snd * set (delete v as) => aexpl e = aexp2 e) by —(rule prems, auto)

from prems prems(1)[OF this refl] show Zcase

by (auto simp add: ArityAnalysis. ABinds.simps ArityAnalysis. ABind-def)

qed

context FdomArityAnalysis
begin
lemma fup-Aexp-lookup-fresh: atom v § e = (fup-(Aexp e)-a) v =L
by (cases a) auto

lemma edom-AnalBinds: edom (ABinds T-ae) C fu T
by (induction T' rule: ABinds.induct)
(auto simp del: fun-meet-simp dest: subsetD[OF fup-Aexp-edom| dest: subsetD[OF fu-delete-subset])
end

end

5.3 ArityAnalysisSpec

theory ArityAnalysisSpec
imports ArityAnalysisAbinds
begin

locale SubstArityAnalysis = EdomArityAnalysis +
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assumes Aexp-subst-restr: x ¢ S = y ¢ S = (Aexp e[z:=y] - a) f|* S = (Aexp e-a) f|
S

locale ArityAnalysisSafe = SubstArityAnalysis +

assumes Aezp-Var: up - n C (Aexp (Var z)-n) x

assumes Aexp-App: Aexp e -(inc-n) U esing x - (up-0) & Aexp (App e z) - n

assumes Aexp-Lam: env-delete y (Aexp e -(pred-n)) T Aexp (Lam [y]. €) - n

assumes Aexp-IfThenElse: Aexp scrut-0 U Aexp el-a U Aexp e2-a T Aexp (scrut ? el :
e2)-a

locale ArityAnalysisHeapSafe = ArityAnalysisSafe + ArityAnalysisHeapEqut +

assumes edom-Aheap: edom (Aheap I' e- a) C domA T

assumes Aheap-subst: © ¢ domAT = y ¢ domA T = Aheap T'[x::h=y] e[z ::=y] = Aheap
I'e

locale ArityAnalysisLetSafe = ArityAnalysisHeapSafe +
assumes Aexp-Let: ABinds T-(Aheap T' e-a) U Aexp e-a C Aheap T e-a U Aexp (Let T €)-a

locale ArityAnalysisLetSafeNoCard = ArityAnalysisLetSafe +
assumes Aheap-heap3: © € thunks T = (Aheap T e-a) z = up-0

context SubstArityAnalysis
begin
lemma Aexp-subst-upd: (Aexp e[y::=z]-n) C (Aexp en)(y := L, z := up-0)
proof—
have Aexp ely:=z]-n f| (—{z,y}) = Aexp e-n f|* (—{x,y}) by (rule Aexp-subst-restr) auto

show ?thesis
proof (rule fun-belowl)
fix z’
have ' =z VvV 2/ =y vV 2’ € (—{z,y}) by auto
thus (Aezp ely:=z]-n) 2’ C ((Aexp en)(y :== L, z:= up-0)) z’
proof (elim disjE)
assume z’ € (—{z,y})
moreover
have Aexp ely:=z]-n f|(—{z,y}) = Aexp en f|* (—{z,y}) by (rule Aexp-subst-restr)

auto

note fun-cong[OF this, where z = ]
ultimately
show ?thesis by auto

next
assume z’' = z
thus ?thesis by simp

next

assume z’' = y
thus ?thesis
using [[simp-trace]]
by simp

qed
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qed
qged

lemma Aexp-subst: Aexp (ely::=z])-a C env-delete y ((Aexp e)-a) U esing z-(up-0)
apply (rule below-trans|OF Aexp-subst-upd])
apply (rule fun-belowl)
apply auto
done
end

context ArityAnalysisSafe
begin

lemma Aexp-Var-singleton: esing x - (up-n) C Aexp (Var z) - n
by (simp add: Aexp-Var)

lemma fup-Aexp-Var: esing x - n C fup-(Aexp (Var z))-n
by (cases n) (simp-all add: Aexp-Var)
end

context ArityAnalysisLetSafe
begin
lemma Aheap-nonrec:
assumes nonrec A

shows Aexp e-a f|* domA A T Aheap A e-a

proof—
have ABinds A-(Aheap A e-a) U Aexp e-a T Aheap A e-a U Aexp (Let A e)-a by (rule
Aexp-Let)
note env-restr-mono[where S = domA A, OF this]
moreover

from assms

have ABinds A-(Aheap A e-a) f|*domA A = L
by (rule nonrecE) (auto simp add: fv-def fresh-def dest!: subsetD[OF fup-Aexp-edom)])

moreover

have Aheap A e-a f| domA A = Aheap A e-a
by (rule env-restr-useless|OF edom-Aheap))

moreover

have (Aexp (Let A e)-a) f|* domA A = L
by (auto dest!: subsetD[OF Aexp-edom])

ultimately

show Aexzp e-a f| domA A T Aheap A e-a
by (simp add: env-restr-join)

qed
end

end
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5.4 TrivialArityAnal

theory TrivialArityAnal
imports ArityAnalysisSpec Launchbury. Env— Nominal
begin

definition Trivial-Aexp :: exp = Arity — AEnv
where Trivial-Aezp e = (A n. (A z. up-0) f|‘ fve)

lemma Trivial-Aezp-simp: Trivial-Aexzp e - n = (A z. up-0) f|* fue
unfolding Trivial-Aexp-def by simp

lemma edom-Trivial-Aexp[simp]: edom (Trivial-Aexp e - n) = fv e
by (auto simp add: edom-def env-restr-def Trivial-Aexp-def)

lemma Trivial-Aexp-eqliff]: Trivial-Aexp e - n = Trivial-Aexp ¢’ - n' «— fo e = (fv e’ :: var
set)

apply (auto simp add: Trivial-Aexp-simp env-restr-def)

apply (metis up-defined)+

done

lemma below- Trivial-Aexp[simp]: (ae T Trivial-Aexp e - n) «— edom ae C fv e
by (auto dest:fun-belowD introl: fun-belowl simp add: Trivial-Aexp-def env-restr-def edom-def
split:if-splits)

interpretation ArityAnalysis Trivial-Aexp.
interpretation EdomArityAnalysis Trivial-Aexp
by standard simp

interpretation ArityAnalysisSafe Trivial-Aexp
proof

fix nz
show up-n C (Trivial-Aexp (Var z)-n) x
by (simp add: Trivial-Aexp-simp)
next
fixezn
show Trivial-Aexp e-(inc-n) U esing z-(up-0) T Trivial-Aexp (App e z)-n
by (auto intro: fun-belowl simp add: Trivial-Aezxp-def env-restr-def )
next
fixyen
show env-delete y (Trivial-Aexp e-(pred-n)) T Trivial-Aexp (Lam [y]. e)-n
by (auto simp add: Trivial-Aexp-simp env-delete-restr Diff-eq inf-commute)
next
fixzy:varand Sea
assume z ¢ Sand y ¢ S
thus Trivial-Aexp e[z::=y]-a f|* S = Trivial-Aexp e-a f|* S
by (auto simp add: Trivial-Aexp-simp fu-subst-eq introl: arg-cong|where f = X\ S. env-restr
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S e for e])
next
fix scrut el a e2
show Trivial-Aexp scrut-0 U Trivial-Aexp el-a U Trivial-Aexp e2-a T Trivial-Aexp (scrut ?
el : e2)-a
by (auto intro: env-restr-mono2 simp add: Trivial-Aexp-simp join-below-iff )
qed

definition Trivial-Aheap :: heap = exp = Arity — AEnv where
Trivial-Aheap T' e = (A a. (A z. up-0) f|* domA T)

lemma Trivial-Aheap-equt[equt]: w - (Trivial-Aheap T e) = Trivial-Aheap (7 - T') (7 - €)
unfolding Trivial-Aheap-def
apply perm-simp
apply (simp add: Abs-cfun-equt)
done

lemma Trivial-Aheap-simp: Trivial-Aheap T' e a = (A z. up-0) f|* domA T
unfolding Trivial-Aheap-def by simp

lemma Trivial-fup-Aexp-below-fu: fup-( Trivial-Aexp e)-a T (A z . up-0) f|‘fve
by (cases a)(auto simp add: Trivial-Aexp-simp)

lemma Trivial-Abinds-below-fv: ABinds T-ae T (X x . up-0) f|* fo T
by (induction T' rule: ABinds.induct)
(auto simp add: join-below-iff introl: below-trans| OF Trivial-fup-Aexp-below-fv] env-restr-mono2
elim: below-trans dest: subsetD[OF fu-delete-subset] simp del: fun-meet-simp)

interpretation ArityAnalysisLetSafe Trivial-Aexp Trivial-Aheap
proof
fix w
show 7 - Trivial-Aheap = Trivial-Aheap by perm-simp rule
next
fix ' e ae show edom (Trivial-Aheap T' e-ae) C domA T
by (simp add: Trivial-Aheap-simp)
next
fix I' :: heap and e and a
show ABinds I'-( Trivial-Aheap T’ e-a) U Trivial-Aexp e-a T Trivial-Aheap T' e-a U Trivial-Aexp
(Terms.Let T' e)-a
by (auto simp add: Trivial-Aheap-simp Trivial-Aexp-simp join-below-iff env-restr-join2 introl:
env-restr-mono2 below-trans| OF Trivial-Abinds-below-fv])
next
fix z y :: var and I :: heap and e
assume z ¢ domA T and y ¢ domA T
thus Trivial-Aheap T[z::h=y] e[z::=y] = Trivial-Aheap T e
by (auto intro: cfun-eql simp add: Trivial-Aheap-simp)
qed

end
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5.5 ArityAnalysisStack

theory ArityAnalysisStack
imports SestoftConf ArityAnalysisSig

begin
context ArityAnalysis
begin
fun AEstack :: Arity list = stack = AEnv
where
AEstack - [| = L

| AEstack (a#as) (Alts el e2 # S) = Aexp el-a U Aexp e2-a U AEstack as S
| AEstack as (Upd © # S) = esing z-(up-0) U AEstack as S
| AEstack as (Arg x # S) = esing z-(up-0) U AEstack as S
| AEstack as (- # S) = AFEstack as S
end

context EdomArityAnalysis
begin
lemma edom-AFEstack: edom (AEstack as S) C fo S
by (induction as S rule: AFEstack.induct) (auto simp del: fun-meet-simp dest!: subsetD[OF
Aexp-edom))
end

end

5.6 ArityAnalysisFix

theory ArityAnalysisFiz
imports ArityAnalysisSig ArityAnalysisAbinds
begin

context ArityAnalysis
begin

definition Afiz :: heap = (AEnv — AEnw)
where Afiz T' = (A ae. (u ae’. ABinds T - ae’ U ae))

lemma Afiz-eq: Afiz T-ae = (1 ae’. (ABinds T'-ae’) U ae)
unfolding Afixz-def by simp

lemma Afiz-strict[simp]: Afiz T-1L = L
unfolding Afiz-eq
by (rule fiz-eqI) auto

lemma Afiz-least-below: ABinds T - ae’ € ae’ = ae C ae’ = Afix T - ae C ae’

unfolding Afiz-eq
by (auto intro: fiz-least-below)
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lemma Afiz-unroll: Afiz T-ae = ABinds T - (Afiz T-ae) U ae
unfolding Afiz-eq
apply (subst fix-eq)
by simp

lemma Abinds-below-Afiz: ABinds A T Afix A
apply (rule cfun-belowl)
apply (simp add: Afiz-eq)
apply (subst fix-eq, simp)
apply (rule below-trans[OF - join-above2])
apply (rule monofun-cfun-arg)
apply (subst fiz-eq, simp)
done

lemma Afiz-above-arg: ae C Afiz T - ae
by (subst Afiz-unroll) simp

lemma Abinds-Afiz-below[simp]: ABinds T'-(Afix T-ae) C Afix T-ae
apply (subst Afiz-unroll) back
apply simp
done

lemma Afiz-reorder: map-of I' = map-of A = Afix I’ = Afiz A
by (intro cfun-eql)(simp add: Afiz-eq cong: Abinds-reorder)

lemma Afiz-repeat-singleton: (p za. Afix T-(esing z-(n U za z) U ae)) = Afix T-(esing z-n U
ae)

apply (rule below-antisym)

defer

apply (subst fiz-eq, simp)

apply (intro monofun-cfun-arg join-mono below-refl join-abovel)

apply (rule fiz-least-below, simp)

apply (rule Afiz-least-below, simp)

apply (intro join-below below-refl iff D2[OF esing-below-iff] below-trans|OF - fun-belowD[OF
Afiz-above-arg]] below-trans|OF - Afiz-above-arg] join-abovel )

apply simp

done

lemma Afiz-join-fresh: ae’ ‘ (domA A) C {1} = Afiz A-(ae U ae’) = (Afix A-ae) U ae’
apply (rule below-antisym)
apply (rule Afiz-least-below)
apply (subst Abinds-join-fresh, simp)
apply (rule below-trans[OF Abinds-Afiz-below join-abovell)
apply (rule join-below)
apply (rule below-trans|OF Afiz-above-arg join-abovel])
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apply (rule join-above2)

apply (rule join-below|OF monofun-cfun-arg [OF join-abovell]])
apply (rule below-trans[OF join-above2 Afiz-above-arg])

done

lemma Afix-restr-fresh:
assumes atom ‘S fx I’
shows Afix T-ae f|‘ (— S) = Afix T-(ae f|*(— 95)) fI' (= 5)
unfolding Afix-eq
proof (rule parallel-fiz-ind[where P =Xz y .z f|* (= S) =y f|* (= 9)], goal-cases)
case I
show ?Zcase by simp
next
case 2
show ?Zcase ..
next
case prems: (3 aeL aeR)
have (ABinds T-aeL U ae) f|* (— S) = ABinds T-ael f|‘(— S) U ae f|*(— S) by (simp

add: env-restr-join)

also have ... = ABinds I'-(aeL f|‘ (= S)) f|‘(— S) U ae f|‘(— S) by (rule arg-cong|OF
ABinds-restr-fresh|OF assms]])

also have ... = ABinds I'-(aeR f|(— 9)) f|*(— S) U ae f|‘(— S) unfolding prems ..

also have ... = ABindsT-aeR f|‘(— S) U ae f|*(— S) by (rule arg-cong|OF ABinds-restr-fresh|OF
assms, symmetricl])

also have ... = (ABinds I'-aeR U ae f|* (— S)) f|* (= S) by (simp add: env-restr-join)

finally show ?Zcase by simp
qed

lemma Afiz-restr:
assumes domAT' C S
shows Afiz I'-ae f|* S = Afiz T-(ae f|*S) f|*S
unfolding Afix-eq
apply (rule parallel-fiz-indjwhere P = Az y .z f|‘S =y f|*S])
apply simp
apply rule
apply (auto simp add: env-restr-join)
apply (metis ABinds-restr|OF assms, symmetric])
done

lemma Afiz-restr-subst’:
assumes A\ z’ e a. (z',e) € set I' = Aeap e[z:i=y|-a f|* S = Aezp e-a f|* S
assumes z ¢ S
assumes y ¢ S
assumes domA T C S
shows Afiz T[z::h=yl-ae f|* S = Afix T-(ae f|*S) f|*S
unfolding Afix-eq
apply (rule parallel-fiz-indjwhere P = Xz y . z f|‘S =y f|*S])
apply simp
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apply rule

apply (auto simp add: env-restr-join)

apply (subst ABinds-restr-subst|OF assms|) apply assumption
apply (subst ABinds-restr|OF assms(4)]) back

apply simp

done

lemma Afiz-subst-approzx:
assumes A\ v n. v € domA T = Aexp (the (map-of T v))[y::=z]-n C (Aexp (the (map-of T
v)n)(y == L, z := up-0)
assumes z ¢ domA T
assumes y ¢ domA T
shows Afiz T[y::h= z]|-(ae(y := L, z := up-0)) C (Afix T-ae)(y := L, z := up-0)
unfolding Afix-eq
proof (rule parallel-fiz-ind[where P = X aeL aeR . aeL T aeR(y := L, x := up-0)], goal-cases)
case 1
show ?case by simp
next
case 2
show ?Zcase..
next
case (3 aeL aeR)
hence ABinds I'[y::h=x]-aeL T ABinds I'[y::h=xz]-(aeR (y := L, z := up-0)) by (rule mono-
fun-cfun-arg)
also have ... C (ABinds I"aeR)(y := L, z := up-0)
using assms
proof (induction rule: ABinds.induct, goal-cases)
case 1
thus ?case by simp
next
case prems: (2vel)
have An. Aexp ely:=x]-n C (Aexp en)(y := L, z := up-0) using prems(2)[where v = v
by auto
hence IHI: A\ n. fup-(Aexp e[y::=z])-n C (fup-(Aexp e)-n)(y := L, z := up-0) by (case-tac
n) auto

have ABinds (delete v T')[y::h=xz]-(aeR(y := L, z := up-0)) C (ABinds (delete v T')-aeR)(y
=1, z:= up-0)
apply (rule prems) using prems(2,3,4) by fastforce+
hence IH2: ABinds (delete v T'[y::h=x])-(aeR(y := L, z := up-0)) T (ABinds (delete v
I)-aeR)(y := L, x := up-0)
unfolding subst-heap-delete.

have [simp]: (aeR(y := L, z := up-0)) v = aeR v using prems(3,4) by auto
show ?case by (simp del: fun-upd-apply join-comm) (rule join-mono[OF IH1 IH2])

qed
finally have ABinds I'[y::h=x]-aeL C (ABinds T'-aeR)(y := L, x := up-0)
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by this simp
thus “case
by (auto simp add: join-below-iff elim: below-trans)
qed

end

lemma Afiz-equtlequt]: m - (ArityAnalysis. Afix Aexp T') = ArityAnalysis. Afix (7 - Aexp) (7 -
r)

unfolding ArityAnalysis. Afix-def

by perm-simp (simp add: Abs-cfun-equt)

lemma Afiz-cong|fundef-cong]:
[ (A e e€ snd‘set heap?2 = aexpl e = aexp? e); heapl = heap2 |
= ArityAnalysis. Afix aexpl heapl = ArityAnalysis. Afix aexp2 heap?2
unfolding ArityAnalysis. Afiz-def by (metis Abinds-cong)

context FEdomArityAnalysis
begin

lemma Afiz-edom: edom (Afiz T - ae) C fo T' U edom ae
unfolding Afiz-eq
by (rule fiz-ind[where P = X ae’. edom ae’ C fo T' U edom ae] )
(auto dest: subsetD[OF edom-AnalBinds])

lemma A Binds-lookup-fresh:

atom v § T' = (ABinds T'-ae) v = L
by (induct T rule: ABinds.induct) (auto simp add: fresh-Cons fresh-Pair fup-Aexp-lookup-fresh
fresh-delete)

lemma Afiz-lookup-fresh:
assumes atom v § T
shows (Afiz T-ae) v = ae v
apply (rule below-antisym)
apply (subst Afiz-eq)
apply (rule fiz-ind[where P = X ae’. ae’ v C ae v])
apply (auto simp add: ABinds-lookup-fresh|OF assms] fun-belowD][OF Afix-above-arg])
done

lemma Afix-comp2join-fresh:

atom ‘ (domA A) §x I' = ABinds A-(Afiz I'-ae) = ABinds A-ae
proof (induct A rule: ABinds.induct)

case I show ?case by (simp add: Afiz-above-arg del: fun-meet-simp)
next

case (2veA)

from 2(2)

have atom v § T and atom ‘ domA (delete v A) + T’
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by (auto simp add: fresh-star-def)
from 2(1)[OF this(2)]
show ?Zcase by (simp del: fun-meet-simp add: Afiz-lookup-fresh|OF <atom v § T')])
qed

lemma Afiz-append-fresh:
assumes atom ‘ domA A fx T’
shows Afix (A QT)-ae = Afiz T-(Afiz A-ae)
proof (rule below-antisym)
show x: Afir (A Q TI')-ae C Afiz T-(Afizx A-ae)
apply (rule Afiz-least-below)
apply (simp add: Abinds-append-disjoint|OF fresh-distinct| OF assms|| Afiz-comp2join-fresh[OF
assms))
apply (rule below-trans[OF join-mono| OF Abinds-Afiz-below Abinds-Afiz-below]])
apply (simp-all add: Afiz-above-arg below-trans|OF Afiz-above-arg Afiz-above-arg])
done
next
show Afix T-(Afix A-ae) C Afix (A QT)-ae
proof (rule Afiz-least-below)
show ABinds T'-(Afix (A QT)-ae) C Afiz (A @Q T')-ae
apply (rule below-trans[OF - Abinds-Afiz-below))
apply (subst Abinds-append-disjoint|OF fresh-distinct|OF assms]])
apply simp
done
have ABinds A-(Afix (A QT)-ae) C Afiz (A QT')-ae
apply (rule below-trans|OF - Abinds-Afiz-below))
apply (subst Abinds-append-disjoint|OF fresh-distinct|OF assms]])
apply simp
done
thus Afix A-ae C Afix (A QT)-qe
apply (rule Afiz-least-below)
apply (rule Afiz-above-arg)
done
qged
qed

lemma Afiz-e-to-heap:
Afix (delete x T)-(fup-(Aexp e)-n U ae) T Afix ((z, e) # delete x T)-(esing z-n U ae)
apply (simp add: Afiz-eq)
apply (rule fiz-least-below, simp)
apply (intro join-below)
apply (subst fiz-eq, simp)
apply (subst fiz-eq, simp)

rule below-trans[OF - join-above2])
rule below-trans|OF - join-above2])
rule below-trans|OF - join-above2])
rule monofun-cfun-arg)

apply
apply
apply
apply

P
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apply (subst fiz-eq, simp)

apply (subst fiz-eq, simp) back apply (simp add: below-trans[OF - join-above2))
done

lemma Afiz-e-to-heap’:
Afix (delete x T)-(Aexp en) T Afix ((z, e) # delete x T)-(esing z-(up-n))
using Afiz-e-to-heap|where ae = L and n = up-n] by simp

end
end

5.7 ArityAnalysisFixProps

theory ArityAnalysisFizProps
imports ArityAnalysisFiz ArityAnalysisSpec
begin

context SubstArityAnalysis
begin

lemma Afiz-restr-subst:

assumes z ¢ S

assumes y ¢ S

assumes domA T C §

shows Afix T'[z::h=yl-ae f|*S = Afix T-(ae f|*S) f|*S

by (rule Afiz-restr-subst’|OF Aexp-subst-restr|OF assms(1,2)] assms])
end

end

6 Arity Transformation

6.1 AbstractTransform

theory AbstractTransform
imports Launchbury. Terms TransformTools
begin

locale AbstractAnalProp =
fixes PropApp :: 'a = 'a::cont-pt
fixes PropLam :: 'a = 'a
fixes AnalLet :: heap = exp = 'a = 'b::cont-pt
fixes PropLetBody :: 'b = 'a
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fixes PropLetHeap :: b= var = 'ay

fixes ProplfScrut :: 'a = 'a

assumes PropApp-equt: © « PropApp = PropApp

assumes PropLam-equt: w + PropLam = PropLam

assumes AnalLet-equt: w - AnalLet = AnalLet

assumes PropLetBody-equt: w -+ PropLetBody = PropLetBody
assumes PropLetHeap-equt: m - PropLetHeap = PropLetHeap
assumes ProplfScrut-equt: m + ProplfScrut = ProplfScrut

locale AbstractAnalPropSubst = AbstractAnalProp +
assumes AnalLet-subst: z ¢ domAT = y ¢ domA T = AnalLet (U[z::h=y]) (e[z::=y]) a
= AnalLet T e a

locale AbstractTransform = AbstractAnalProp +
constrains AnalLet :: heap = exp = 'a::pure-cont-pt = 'b::cont-pt
fixes TransVar :: 'a = var = exp
fixes TransApp :: 'a = exp = var = exp
fixes TransLam :: 'a = var = exp = exp
fixes TransLet :: 'b = heap = exp = exp
assumes TransVar-equt: m « TransVar = TransVar
assumes TransApp-equt: w - TransApp = TransApp
assumes TransLam-equt: m - TransLam = TransLam
assumes TransLet-equt: m - TransLet = TransLet
assumes Supp TransLam: supp (TransLam a v €) C supp e — supp v
assumes SuppTransLet: supp (TransLet b T e) C supp (T, e) — atom ‘ domA T
begin
nominal-function transform where
transform a (App e x) = TransApp a (transform (PropApp a) e) x
| transform a (Lam [z]. €) = TransLam a z (transform (PropLam a) e)
| transform a (Var ) = TransVar a x
| transform a (Let T' €) = TransLet (AnalLet T' e a)
(map-transform transform (PropLetHeap (AnalLet T' e a)) T')
(transform (PropLetBody (AnalLet T e a)) e)
| transform a (Bool b) = (Bool b)
| transform a (scrut ? el : e2) = (transform (ProplfScrut a) scrut ¢ transform a el : transform
a e2)
proof goal-cases
case I
note PropApp-equt|equt-raw] PropLam-equt|equt-raw] PropLetBody-equt|equt-raw)] PropLetHeap-equt|equt-raw)
AnalLet-equt]equt-raw] TransVar-equt[equt] TransApp-equt[equt] TransLam-equt]equt] TransLet-equt[equt)
show ?Zcase
unfolding equt-def transform-graph-auz-def
apply rule
apply perm-simp
apply (rule refl)
done
next
case prems: (3 P x)
show ?Zcase
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proof (cases x)
fix a b
assume z = (a, b)
thus ?case
using prems
apply (cases b rule: Terms.exp-strong-exhaust)
apply auto
done
qged
next
case prems: (10 a z e a’ z' e’
from prems(5)
have o’ = a and Lam [z]. e = Lam [z']. ¢’ by simp-all
from this(2)
show ?Zcase
unfolding <a’ = a
proof (rule equt-lam-case)
fix m :: perm

have supp (TransLam a © (transform-sumC (PropLam a, €))) C supp (Lam [z]. €)

apply (rule subset-trans|OF Supp TransLam))

apply (auto simp add: exp-assn.supp supp-Pair supp-at-base pure-supp exp-assn.fsupp
dest!: subsetD[OF supp-equt-at[OF prems(1)], rotated))

done
moreover
assume supp 7 fx (Lam [z]. €)
ultimately

have x: supp m #x TransLam a z (transform-sumC (PropLam a, €)) by (auto simp add:
fresh-star-def fresh-def)

note PropApp-equt|[equt-raw] PropLam-equt|equt-raw)] PropLetBody-equt|[equt-raw] PropLetHeap-equt|equt-raw]
Trans Var-equt|equt] TransApp-equtequt] TransLam-equt[equt] TransLet-equt|equt]

have TransLam a (7 - z) (transform-sumC (PropLam a, 7 - €))
= TransLam a (7 - z) (transform-sumC (7 - (PropLam a, e)))
by perm-simp rule

also have ... = TransLam a (7 + z) (7 - transform-sumC (PropLam a, €))
unfolding equt-at-apply’|OF prems(1)] .

also have ... = 7 - (TransLam a z (transform-sumC (PropLam a, e)))
by simp

also have ... = TransLam a z (transform-sumC (PropLam a, €))

by (rule perm-supp-eq[OF x|)
finally show TransLam a (7 - z) (transform-sumC (PropLam a, w « €)) = TransLam a z

(transform-sumC (PropLam a, €)) by simp

ged
next

case prems: (19 a as body a’ as’ body’)

note PropApp-equt|equt-raw] PropLam-equt|equt-raw] PropLetBody-equt|equt-raw] AnalLet-equt|equt-raw]
PropLetHeap-equt|equt-raw] Trans Var-equt[equt] TransApp-equt[equt] TransLam-equt|equt] TransLet-equt|equt]
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from supp-equt-at]|OF prems(1)]
have A z e a. (z, €) € set as = supp (transform-sumC' (a, €)) C supp e
by (auto simp add: exp-assn.fsupp supp-Pair pure-supp)
hence supp-map: Aae. supp (map-transform (Az0 z1. transform-sumC (z0, z1)) ae as) C
supp as
by (rule supp-map-transform-step)

from prems(9)
have a’ = a and Terms.Let as body = Terms.Let as’ body’ by simp-all
from this(2)
show ?Zcase
unfolding <a' = @
proof (rule equt-let-case)
have supp (TransLet (AnalLet as body a) (map-transform (Az0 z1. transform-sumC (z0,
x1)) (PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as body
a), body))) C supp (Let as body)
by (auto simp add: Let-supp supp-Pair pure-supp exp-assn.fsupp
dest!: subsetD[OF supp-equt-at]|OF prems(2)], rotated] subsetD[OF SuppTransLet]
subsetD[OF supp-map))
moreover
fix 7 :: perm
assume supp w §x Terms.Let as body
ultimately
have x: supp 7 fx TransLet (AnalLet as body a) (map-transform (Az0 z1. transform-sumC
(20, x1)) (PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as
body a), body))
by (auto simp add: fresh-star-def fresh-def)

have TransLet (AnalLet (7 - as) (7 - body) a) (map-transform (Az0 z1. (7 - transform-sumC')
(20, z1)) (PropLetHeap (AnalLet (m « as) (m - body) a)) (7w - as)) ((m « transform-sumC)
(PropLetBody (AnalLet (mw « as) (w « body) a), © - body)) =
7« TransLet (AnalLet as body a) (map-transform (Az0 z1. transform-sumC (z0, 1))
(PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as body a),
body))
by (simp del: Let-eq-iff Pair-equt add: equt-at-apply|OF prems(2)])
also have ... = TransLet (AnalLet as body a) (map-transform (Az0 z1. transform-sumC
(20, z1)) (PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as
body a), body))
by (rule perm-supp-eq[OF x])
also
have map-transform (Az0 z1. transform-sumC (z0, 1)) (PropLetHeap (AnalLet (7 - as) (w
- body) a)) (7 - as)
= map-transform (Ax za. (7 - transform-sumC) (z, za)) (PropLetHeap (AnalLet (7 - as)
(7 - body) a)) (7 - as)
apply (rule map-transform-fundef-cong[OF - refl refl])
apply (subst (asm) set-equt[symmetric])
apply (subst (asm) mem-permute-set)
apply (auto simp add: permute-self dest: equt-at-apply”’|OF prems(1)[where aa = (— 7
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- a) for a], where p = m, symmetric])
done
moreover
have (7 - transform-sumC) (PropLetBody (AnalLet (mw - as) (w « body) a), m + body) =
transform-sumC (PropLetBody (AnalLet (w + as) (7 « body) a), © « body)
using equt-at-apply’'|OF prems(2), where p = w| by perm-simp
ultimately
show TransLet (AnalLet (7 + as) (7 - body) a) (map-transform (Az0 z1. transform-sumC (z0,
x1)) (PropLetHeap (AnalLet (m - as) (w - body) a)) (7 - as)) (transform-sumC (PropLetBody
(AnalLet (7 « as) (7w « body) a), © + body)) =
TransLet (AnalLet as body a) (map-transform (Az0 z1. transform-sumC (z0, x1))
(PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as body a),
body)) by metis
qed
qged auto
nominal-termination by lexicographic-order

lemma supp-transform: supp (transform a e) C supp e
proof—
note PropApp-equt[equt-raw] PropLam-equt|equt-raw] PropLetBody-equt[equt-raw] AnalLet-equt[equt-raw]
PropLetHeap-equt[equt-raw] TransVar-equt[equt] TransApp-equtlequt] TransLam-equt[equt] TransLet-equt[equt]
note transform.equt[equt)
show ?thesis
apply (rule supp-fun-app-equt)
apply (rule equtl)
apply perm-simp
apply (rule reflexive)
done
qed

lemma fo-transform: fv (transform a e) C fv e
unfolding fv-def by (auto dest: subsetD[OF supp-transform])

end

locale AbstractTransformSubst = AbstractTransform + AbstractAnalPropSubst +

assumes TransVar-subst: (TransVar a v)[z = y] = (TransVar a v[z 0= y))
assumes TransApp-subst: (TransApp a e v)[z == y|] = (TransApp a e[z == y] vz :v=y])
assumes TransLam-subst: atom v § (x,y) = (TransLam a v €)[z ::= y] = (TransLam a vz

=y elz m=y))
assumes TransLet-subst: atom ¢ domA T §* (z,y) = (TransLet b T e)[z ::= y] = (TransLet
b Tz ::h=y] ez == y])
begin
lemma subst-transform: (transform a e)[z ::= y] = transform a e[z == y]
proof (nominal-induct e avoiding: x y arbitrary: a rule: exp-strong-induct-set)
case (Let A body z y)
hence x: z ¢ domA A y ¢ domA A by (auto simp add: fresh-star-def fresh-at-base)
hence AnalLet Alx::h=y] body|z::=y] a = AnalLet A body a by (rule AnalLet-subst)
with Let
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show ?case
apply (auto simp add: fresh-star-Pair TransLet-subst simp del: Let-eq-iff)
apply (rule fun-cong[OF arg-cong[where f = TransLet b for b]])
apply (rule subst-map-transform)
apply simp
done

qed (simp-all add: TransVar-subst TransApp-subst TransLam-subst)

end

locale AbstractTransformBound = AbstractAnalProp + supp-bounded-transform —+
constrains PropApp :: 'a = 'a::pure-cont-pt
constrains PropLetHeap :: 'b::cont-pt = var = ’a |
constrains trans :: ‘c::cont-pt = exp = exp
fixes PropLetHeapTrans :: 'b= var = 'c)
assumes PropLetHeapTrans-equt: w - PropLetHeapTrans = PropLetHeap Trans
assumes TransBound-equt: 7 « trans = trans
begin
sublocale AbstractTransform PropApp PropLam AnalLet PropLetBody PropLetHeap Proplf-
Scrut
(A a. Var)
(A a. App)
(XA a. Terms.Lam)
(A b T e. Let (map-transform trans (PropLetHeapTrans b) T) e)
proof goal-cases
case [
note PropApp-equt|equt-raw] PropLam-equt|equt-raw] PropLetBody-equt|equt-raw| PropLetHeap-equt|equt-raw)
ProplfScrut-equt|equt-raw]
AnalLet-equt|equt-raw] PropLetHeap Trans-equt[equt] TransBound-equt[equt)
show ?Zcase
apply standard
apply ((perm-simp, rule)+)[4]
apply (auto simp add: exp-assn.supp supp-at-base)[1]
apply (auto simp add: Let-supp supp-Pair supp-at-base dest: subsetD[OF supp-map-transform])[1]
done
qged

lemma isLam-transform[simp]:

isLam (transform a e) <— isLam e

by (induction e rule:isLam.induct) auto
lemma isVal-transform|[simp]:

isVal (transform a e) <— isVal e

by (induction e rule:isLam.induct) auto

end

locale AbstractTransformBoundSubst = AbstractAnalPropSubst + AbstractTransformBound +
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assumes TransBound-subst: (trans a e)[z:=y] = trans a e[z::=y]
begin
sublocale AbstractTransformSubst PropApp PropLam AnalLet PropLetBody PropLetHeap Proplf-
Scrut
(A a. Var)
(A a. App)
(XA a. Terms.Lam)
(A b T e. Let (map-transform trans (PropLetHeapTrans b) T) e)
proof goal-cases
case I
note PropApp-equt|equt-raw] PropLam-equt|equt-raw] PropLetBody-equt|equt-raw| PropLetHeap-equt|equt-raw)
ProplfScrut-equt|equt-raw]
TransBound-equt|equt]
show ?Zcase
apply standard
apply simp-all[3]
apply (simp del: Let-eq-iff)
apply (rule arg-cong[where f = X z. Let = y for y))
apply (rule subst-map-transform)
apply (simp add: TransBound-subst)
done
qed
end

end

6.2 ArityTransform

theory ArityTransform
imports ArityAnalysisSig AbstractTransform ArityEtaExrpansionSafe
begin

context ArityAnalysisHeapFEqut

begin
sublocale AbstractTransformBound
Aa . inca
Aa . pred-a
AA ea. (a, Aheap A e-a)
fst
snd
A- 0
Aeta-expand
snd

apply standard
apply (((rule eg-reflection) ?, perm-simp, rule)+)
done

abbreviation transform-syn (<7 -») where T, = transform a
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lemma transform-simps:

Ta (App e x) = App (Tipc.a €) ©

Ta (Lam [z]. €) = Lam [z]. T preg.q €

Ta (Varz) = Varz

Ta (Let T e) = Let (map-transform Aeta-expand (Aheap T' e-a) (map-transform (Aa. Tq)
(Aheap T e-a) T)) (Tq €)

T o (Bool b) = Bool b

Ta (scrut 2 el @ e2) = (T scrut ?Tg el : Tq e2)

by simp-all
end

end

7 Arity Analysis Safety (without Cardinality)

7.1 ArityConsistent

theory ArityConsistent
imports ArityAnalysisSpec ArityStack ArityAnalysisStack
begin

context ArityAnalysisLetSafe
begin

type-synonym astate = (AEnv x Arity x Arity list)

inductive stack-consistent :: Arity list = stack = bool

where

stack-consistent [] []

| Astack S T a = stack-consistent as S = stack-consistent (a#tas) (Alts el e2 # S)

| stack-consistent as S = stack-consistent as (Upd x # S)

| stack-consistent as S = stack-consistent as (Arg z # S)
inductive-simps stack-consistent-foo[simp]:

stack-consistent || [| stack-consistent (a#as) (Alts el e2 # S) stack-consistent as (Upd = #
S) stack-consistent as (Arg z # 5)
inductive-cases [elim!]: stack-consistent as (Alts el e2 # S)

inductive a-consistent :: astate = conf = bool where
a-consistentl:
edom ae C domA T U upds S
= Astack S C a
= (ABinds I"-ae U Aexp e-a U AEstack as S) f|‘ (domA T U upds S) C ae
= stack-consistent as S
= a-consistent (ae, a, as) (T, e, )
inductive-cases a-consistentE: a-consistent (ae, a, as) (T, e, S)
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lemma a-consistent-restrictA:
assumes a-consistent (ae, a, as) (T, e, S)
assumes edom ae C V
shows a-consistent (ae, a, as) (restrictA V' T, e, S)
proof—
have domAT NV U upds S C domA T" U upds S by auto
note x = below-trans|OF env-restr-mono2[OF this]]|

show a-consistent (ae, a, as) (restrictA V T, e, S)
using assms
by (auto simp add: a-consistent.simps env-restr-join join-below-iff ABinds-restrict-edom
intro: x below-trans|OF env-restr-mono| OF ABinds-restrict-below)])
qed

lemma a-consistent-edom-subsetD:
a-consistent (ae, a, as) (I', e, §) = edom ae C domA I' U upds S
by (rule a-consistentE)

lemma a-consistent-stackD:
a-consistent (ae, a, as) (I, e, §) = Astack S C a
by (rule a-consistentFE)

lemma a-consistent-appy:
a-consistent (ae, a, as) (T, App e z, S) = a-consistent (ae, inc-a, as) (I', e, Arg x # S)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps
dest!: below-trans|OF env-restr-mono[OF Aexp-Appl|
elim: below-trans)

lemma a-consistent-apps:

assumes a-consistent (ae, a, as) (I', (Lam [y]. e), Arg x # S)

shows a-consistent (ae, (pred-a), as) (T, e[y:=z], S)
proof—

have Aexp (ely::=z])-(pred-a) f|* (domA T U upds S) C (env-delete y ((Aexp e)-(pred-a)) U
esing z-(up-0)) f|* (domA T U upds S) by (rule env-restr-mono[OF Aexp-subst])

also have ... = env-delete y ((Aexp e)-(pred-a)) f|* (domA T' U upds S) U esing z-(up-0) f|*
(domA T' U upds S) by (simp add: env-restr-join)

also have env-delete y ((Aexp e)-(pred-a)) C Aexp (Lam [y]. e)-a by (rule Aexp-Lam)

also have ... f|‘ (domA T U upds S) C ae using assms by (auto simp add: join-below-iff
env-restr-join a-consistent.simps)

also have esing z-(up-0) f|* (domA T' U upds S) C ae using assms

by (cases x€edom ae) (auto simp add: env-restr-join join-below-iff a-consistent.simps)

also have ae LI ae = ae by simp

finally

have Aexp (e[y::=z])-(pred-a) f|* (domA T U upds S) C ae by this simp-all

thus ?thesis using assms

by (auto elim: below-trans edom-mono simp add: join-below-iff env-restr-join a-consistent.simps)
qed
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lemma a-consistent-thunk-0:
assumes a-consistent (ae, a, as) (I', Var z, S)
assumes map-of I' x = Some e
assumes ae £ = up-0
shows a-consistent (ae, 0, as) (delete z T', e, Upd x # S)
proof—
from assms(2)
have [simp]: © € domA T by (metis domI dom-map-of-conv-domA)

from assms(3)
have [simp|: © € edom ae by (auto simp add: edom-def)

have z € domA T by (metis assms(2) domI dom-map-of-conv-domA)
hence [simp]: insert © (domA T — {z} U upds S) = (domA T U upds S)
by auto

from Abinds-reorder1[OF <map-of Tz = Some e] <ae x = up-0»
have ABinds (delete © T')-ae U Aexp e-0 = ABinds I'-ae by (auto intro: join-comm)
moreover have (... U AFEstack as S) f|* (domA T U upds S) C ae
using assms(1) by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
ultimately have ((ABinds (delete © T"))-ae U Aexp e-0 U AEstack as S) f|* (domA T' U upds
S) C ae by simp
then
show ?thesis
using <ae z = up-0> assms(1)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
qed

lemma a-consistent-thunk-once:

assumes a-consistent (ae, a, as) (T, Var z, S)

assumes map-of I' x = Some e

assumes [simp]: ae T = up-u

assumes heap-upds-ok (T, S)

shows a-consistent (env-delete x ae, u, as) (delete z T, e, S)
proof—

from assms(2)

have [simp]: © € domA T by (metis doml dom-map-of-conv-domA)

from assms(1) have Aexp (Var z)-a f|* (domA T U upds S) T ae by (auto simp add:
join-below-iff env-restr-join a-consistent.simps)

from fun-belowD[where = = x, OF this]

have (Aexp (Var z)-a) x C up-u by simp

from below-trans|OF Aexp-Var this|

have a C u by simp

from <heap-upds-ok (T, S)»

have z ¢ upds S by (auto simp add: a-consistent.simps elim!: heap-upds-okE)
hence [simp]: (— {z} N (domA T U upds S)) = (domA T — {z} U upds S) by auto

77



have Astack S C u using assms(1) <a C w
by (auto elim: below-trans simp add: a-consistent.simps)

from Abinds-reorder![OF <map-of T' z = Some e)] <ae x = up-u»
have ABinds (delete x T')-ae U Aexp e-u = ABinds I'-ae by (auto intro: join-comm)
moreover
have (... U AEstack as S) f|* (domA T U upds S) C ae
using assms(1) by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
ultimately
have ((ABinds (delete x T'))-ae U Aexp e-u U AFEstack as S) f|* (domA T U upds S) C ae by
simp
hence ((ABinds (delete x T'))-(env-delete x ae) U Aexp e-u U AEstack as S) f|* (domA T U
upds S) C ae
by (auto simp add: join-below-iff env-restr-join elim: below-trans|OF env-restr-mono[OF
monofun-cfun-arg[OF env-delete-below-argl]])
hence env-delete © (((ABinds (delete x T'))-(env-delete x ae) U Aexp e-u U AEstack as S) f|°
(domA T U upds S)) C env-delete x ae
by (rule env-delete-mono)
hence (((ABinds (delete z T'))-(env-delete z ae) U Aexp e-u U AEstack as S) f|* (domA (delete
z T') U upds S)) C env-delete z ae
by (simp add: env-delete-restr)
then
show ?thesis
using <ae x = up-uy (Astack S C w assms(1)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps elim : below-trans)
qed

lemma a-consistent-lamvar:
assumes a-consistent (ae, a, as) (T, Var z, S)
assumes map-of I' x = Some e
assumes [simp]: ae T = up-u
shows a-consistent (ae, u, as) ((z,e)# delete z T, e, S)
proof—
have [simp]: © € domA T by (metis assms(2) domI dom-map-of-conv-domA)
have [simp]: insert x (domA T' U upds S) = (domA T U upds S)
by auto

from assms(1) have Aexp (Var z)-a f|* (domA T U upds S) T ae by (auto simp add:
join-below-iff env-restr-join a-consistent.simps)

from fun-belowD[where z = z, OF this

have (Aexp (Var z)-a) z C up-u by simp

from below-trans|OF Aexp-Var this)

have a C u by simp

have Astack S C u using assms(1) <a C w
by (auto elim: below-trans simp add: a-consistent.simps)

from Abinds-reorder1|OF <map-of T z = Some e)] <ae x = up-w
have ABinds ((x,e) # delete x T')-ae U Aexp e-u = ABinds I'-ae by (auto intro: join-comm,)
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moreover
have (... U AEstack as S) f|* (domA T U upds S) C ae
using assms(1) by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
ultimately
have ((ABinds ((z,e) # delete x T"))-ae U Aexp e-u U AEstack as S) f|¢ (domA T' U upds S)
C ae by simp
then
show ?thesis
using <ae x = up-w (Astack S C w» assms(1)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
qed

lemma
assumes a-consistent (ae, a, as) (T', e, Upd x # S)
shows a-consistent-vara: a-consistent (ae, a, as) ((z, e) # T, e, S)
and a-consistent-UpdD: ae © = up-0a = 0
using assms
by (auto simp add: join-below-iff env-restr-join a-consistent.simps
elim:below-trans| OF env-restr-mono[OF ABinds-delete-below]])

lemma a-consistent-let:

assumes a-consistent (ae, a, as) (T, Let A e, S)

assumes atom ‘ domA A fx T’

assumes atom ‘ domA A fx S

assumes edom ae N domA A = {}

shows a-consistent (Aheap A e-a U ae, a, as) (A QT e, S)
proof—

First some boring stuff about scope:

have [simp]: A S. S C domA A = ae f|* S = L using assms(4) by auto
have [simp]: ABinds A-(Aheap A e-a U ae) = ABinds A-(Aheap A e-a)

by (rule Abinds-env-restr-cong) (simp add: env-restr-join)

have [simp]: Aheap A e-a f|*domAT = L
using fresh-distinct|OF assms(2)]
by (auto intro: env-restr-empty dest!: subsetD|OF edom-Aheap))

have [simp|: ABinds I'-(Aheap A e-a U ae) = ABinds I"-ae
by (rule Abinds-env-restr-cong) (simp add: env-restr-join)

have [simp]: ABinds T'-ae f|‘ (domA A U domA T U upds S) = ABinds T-ae f|* (domA T U
upds S)
using fresh-distinct-fo| OF assms(2)]
by (auto intro: env-restr-cong dest!: subsetD|OF edom-AnalBinds])

have [simp]: AEstack as S f|* (domA A U domA T U upds S) = AFEstack as S f|* (domA T U
upds S)
using fresh-distinct-fo| OF assms(3)]
by (auto intro: env-restr-cong dest!: subsetD[OF edom-AEstack))
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have [simp]: Aexp (Let A e)-a f|* (domA A U domA T U upds S) = Aexp (Terms.Let A e)-a
f1¢ (domA T U upds S)
by (rule env-restr-cong) (auto dest!: subsetD[OF Aexp-edom))

have [simp]: Aheap A e-a f|* (domA A U domA T U upds S) = Aheap A e-a
by (rule env-restr-useless) (auto dest!: subsetD[OF edom-Aheap])

have ((ABinds I")-ae U AEstack as S) f|* (domA T U upds S) C ae using assms(1) by (auto
stmp add: a-consistent.simps join-below-iff env-restr-join)

moreover

have Aexp (Let A e)-a f|* (domA T' U upds S) C ae using assms(1) by (auto simp add:
a-consistent.simps join-below-iff env-restr-join)

moreover

have ABinds A-(Aheap A e-a) U Aexp eca © Aheap A e-a U Aexp (Let A e)-a by (rule
Aexp-Let)

ultimately

have (ABinds (A QT)-(Aheap A e-a U ae) U Aexp e-a U AEstack as S) f|‘ (domA (AQT") U
upds S) C Aheap A e-a U ae

by (auto 4 4 simp add: env-restr-join Abinds-append-disjoint[OF fresh-distinct| OF assms(2)]]
join-below-iff

simp del: join-comm
elim: below-trans below-trans|OF env-restr-mono))

moreover

note fresh-distinct[OF assms(2)]

moreover

from fresh-distinct-fo| OF assms(3)]

have domA A N upds S = {} by (auto dest!: subsetD|OF ups-fv-subset])

ultimately

show ?thesis using assms(1)

by (auto simp add: a-consistent.simps dest!: subsetD|OF edom-Aheap)| intro: heap-upds-ok-append)
qed

lemma a-consistent-ify:
assumes a-consistent (ae, a, as) (T, scrut 2 el : €2, S)
shows a-consistent (ae, 0, a#as) (T, scrut, Alts el e2 # S)
proof—
from assms
have Aexp (scrut ? el : e2)-a f|* (domAT U upds S) C ae by (auto simp add: a-consistent.simps
env-restr-join join-below-iff)
hence (Aexp scrut-0 U Aexp el-a L Aexp e2-a) f|* (domA T U upds S) C ae
by (rule below-trans|OF env-restr-mono|OF Aexp-IfThenkFElsel))
thus ?thesis
using assms
by (auto simp add: a-consistent.simps join-below-iff env-restr-join)
qed

lemma a-consistent-ifs:
assumes a-consistent (ae, a, a'#as’) (T, Bool b, Alts el e2 # 9)
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shows a-consistent (ae, a’, as’) (T, if b then el else e2, S)
using assms by (auto simp add: a-consistent.simps join-below-iff env-restr-join)

lemma a-consistent-alts-on-stack:
assumes a-consistent (ae, a, as) (I', Bool b, Alts el e2 # S)
obtains o’ as’ where as = o’ # as’ a = 0

using assms by (auto simp add: a-consistent.simps)

lemma closed-a-consistent:
fv e = ({}var set) = a-consistent (L, 0, ]]) ([], e [])
by (auto simp add: edom-empty-iff-bot a-consistent.simps dest!: subsetD|OF Aexp-edom))

end

end

7.2 ArityTransformSafe

theory ArityTransformSafe
imports ArityTransform ArityConsistent ArityAnalysisSpec ArityEtaFzpansionSafe Abstract-
Transform ConstOn

begin
locale CardinalityArity Transformation = ArityAnalysisLetSafeNoCard
begin
sublocale AbstractTransformBoundSubst
Aa . inca
Aa . pred-a
AA ea. (a, Aheap A e-a)
fst
snd
A- 0
Aeta-expand
snd

apply standard

apply (simp add: Aheap-subst)
apply (rule subst-Aeta-ezpand)
done

abbreviation ccTransform where ccTransform = transform

lemma supp-transform: supp (transform a e) C supp e
by (induction rule: transform.induct)
(auto simp add: exp-assn.supp Let-supp dest!: subsetD[OF supp-map-transform] subsetD[OF
supp-map-transform-step| )
interpretation supp-bounded-transform transform
by standard (auto simp add: fresh-def supp-transform)

fun transform-alts :: Arity list = stack = stack
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where
transform-alts - [| = ||
| transform-alts (a#tas) (Alts el e2 # S) = (Alts (ccTransform a el) (ccTransform a e2))
# transform-alts as S
| transform-alts as (z # S) = x # transform-alts as S

lemma transform-alts-Nil[simp]: transform-alts [| S = S
by (induction S) auto

lemma Astack-transform-alts[simp):
Astack (transform-alts as S) = Astack S
by (induction rule: transform-alts.induct) auto

lemma fresh-star-transform-alts[intro]: a $x S = a #x transform-alts as S
by (induction as S rule: transform-alts.induct) (auto simp add: fresh-star-Cons)

fun a-transform :: astate = conf = conf

where a-transform (ae, a, as) (T, e, S) =
(map-transform Aeta-expand ae (map-transform ccTransform ae T),
ccTransform a e,
transform-alts as S)

fun restr-conf :: var set = conf = conf
where restr-conf V (T, e, S) = (restrictA V T, e, restr-stack V' S)

inductive consistent :: astate = conf = bool where
consistentl [intro!]:
a-consistent (ae, a, as) (T, e, S)
= (A z. ¢ € thunks T = ae z = up-0)
= consistent (ae, a, as) (T, e, S)
inductive-cases consistentE[elim!]: consistent (ae, a, as) (T, e, S)

lemma closed-consistent:
assumes fv e = ({}::var set)
shows consistent (L, 0,]) ([], e [))
by (auto simp add: edom-empty-iff-bot closed-a-consistent[ OF assms))

lemma arity-tranform-safe:
fixes ¢ ¢’
assumes ¢ =* ¢’ and - boring-step ¢’ and heap-upds-ok-conf ¢ and consistent (ae,a,as)
c
shows Jae’ a’ as’. consistent (ae’,a’as’) ¢’ A a-transform (ae,a,as) ¢ =* a-transform
(ae’,a’,as’) ¢’
using assms(1,2) heap-upds-ok-invariant assms(3—)
proof (induction ¢ ¢’ arbitrary: ae a as rule:step-invariant-induction)
case (app1 ' e z 5)
from app; have consistent (ae, inc-a, as) (I, e, Arg z # 5)
by (auto intro: a-consistent-app1)
moreover
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have a-transform (ae, a, as) (T, App e z, S) = a-transform (ae, inc-a, as) (T, e, Arg x #
5)
by simp rule
ultimately
show ?case by (blast del: consistent] consistentFE)
next
case (app2 T yex S)
have consistent (ae, pred-a, as) (I', e[y::=z], S) using apps
by (auto 4 3 intro: a-consistent-appsy)
moreover
have a-transform (ae, a, as) (T, Lam [y]. e, Arg x # S) = a-transform (ae, pred - a, as)
(T, e[y::=x], S) by (simp add: subst-transform[symmetric]) rule
ultimately
show ?case by (blast del: consistentI consistentE)
next
case (thunk I' z e S)
hence z € thunks I" by auto
hence [simp]: © € domA T by (rule subsetD[OF thunks-domA])

from <heap-upds-ok-conf (T, Var z, S)»
have = ¢ upds S by (auto dest!: heap-upds-okE)

have z € edom ae using thunk by auto
have ae © = up-0 using thunk «x € thunks ' by (auto)

have a-consistent (ae, 0, as) (delete x T, e, Upd x # S) using thunk <ae x = up-0»
by (auto intro!: a-consistent-thunk-0 simp del: restr-delete)

hence consistent (ae, 0, as) (delete x T, e, Upd  # S) using thunk <ae z = up-0)
by (auto simp add: restr-delete-twist)

moreover

from <map-of I' x = Some e» <ae z = up-0»
have map-of (map-transform Aeta-expand ae (map-transform ccTransform ae T')) z = Some
(transform 0 e)
by (simp add: map-of-map-transform,)
with <= isVal e
have a-transform (ae, a, as) (I, Var z, S) = a-transform (ae, 0, as) (delete z T', e, Upd x
#8)
by (auto simp add: map-transform-delete restr-delete-twist introl: step.intros simp del:
restr-delete)
ultimately
show ?case by (blast del: consistent] consistentFE)
next
case (lamvar T’ z e S)
from lamvar(1) have [simp]: x € domA T by (metis domI dom-map-of-conv-domA)

have up-a C (Aexp (Var z)-a f|‘ (domA T U upds S)) =

by (simp) (rule Aexp-Var)
also from lamvar have Aexp (Var z)-a f|* (domA T U upds S) C ae by (auto simp add:
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join-below-iff env-restr-join a-consistent.simps)
finally
obtain u where ae © = up-u by (cases ae x) (auto simp add: edom-def)
hence = € edom ae by (auto simp add: edomIff)

have a-consistent (ae, u, as) ((x,e) # delete z T', e, S) using lamvar <ae T = up-u
by (auto intro!: a-consistent-lamvar simp del: restr-delete)
hence consistent (ae, u, as) ((z, e) # delete z T, e, S)
using lamvar by (auto simp add: thunks-Cons restr-delete-twist elim: below-trans)
moreover

from «<a-consistent - -
have Astack (transform-alts as S) C u by (auto elim: a-consistent-stackD)

{

from <isVal e
have isVal (transform u e) by simp
hence isVal (Aeta-ezpand u (transform u e)) by (rule isVal-Aeta-expand)
moreover
from <map-of T' © = Some e <aex = up - w <isVal (transform u e)»
have map-of (map-transform Aeta-expand ae (map-transform transform ae I')) x = Some
(Aeta-expand u (transform u e))
by (simp add: map-of-map-transform)
ultimately
have a-transform (ae, a, as) (T, Var z, S) =*
((z, Aeta-expand u (transform u e)) # delete x (map-transform Aeta-expand ae
(map-transform transform ae I')), Aeta-expand u (transform u e), transform-alts as S)
by (auto intro: lambda-var simp del: restr-delete)
also have ... = ((map-transform Aeta-expand ae (map-transform transform ae ((z,e) #
delete x 1)), Aeta-expand u (transform u e), transform-alts as S)
using <ae x = up - w <isVal (transform u e)»
by (simp add: map-transform-Cons map-transform-delete del: restr-delete)
also(subst[rotated]) have ... =* a-transform (ae, u, as) ((z, €) # delete x T, e, S)
by (simp add: restr-delete-twist) (rule Aeta-expand-safe[OF <Astack - C w])
finally (rtranclp-trans)
have a-transform (ae, a, as) (I, Var z, S) =* a-transform (ae, u, as) ((z, €) # delete z T,
e, S).
}
ultimately show ?case by (blast del: consistent] consistentE)
next
case (varg ' z e §)
from wvars
have a-consistent (ae, a, as) (I', e, Upd x # S) by auto
from a-consistent-UpdD[OF this]
have ae z = up-0 and a = 0.

have a-consistent (ae, a, as) ((z, ) # T, e, S)

using vare by (auto intro!: a-consistent-vars)
hence consistent (ae, 0, as) ((z, €) # T, e, S)
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using vars <a = 0>

by (auto simp add: thunks-Cons elim: below-trans)
moreover
have a-transform (ae, a, as) (T, e, Upd © # S) = a-transform (ae, 0, as) ((z, €) # T, e,

S)

using <ae z = up-0> <a = 0> varsy

by (auto introl: step.intros simp add: map-transform-Cons)
ultimately show ?case by (blast del: consistent] consistentE)

next

case (lety AT e §)
let ?ae = Aheap A e-a

have domA A N upds S = {} using fresh-distinct-fo[OF let1(2)] by (auto dest: subsetD[OF
ups-fu-subset])
hence : A\ 2. z € upds S = = ¢ edom %ae by (auto simp add: dest!: subsetD[OF
edom-Aheap))
have restr-stack-simp2: restr-stack (edom (?ae U ae)) S = restr-stack (edom ae) S
by (auto intro: restr-stack-cong dest!: *)

have edom ae C domA T' U upds S using let; by (auto dest!: a-consistent-edom-subsetD)
from subsetD[OF this] fresh-distinct]OF lety(1)] fresh-distinct-fu[ OF let1(2)]
have edom ae N domA A = {} by (auto dest: subsetD[OF ups-fv-subset])

{
{ fix z ¢’

assume z € thunks T’
with let;
have (?ae U ae) © = up-0 by auto

}

moreover
{ fix z ¢’
assume z € thunks A
hence (ae U ae) x = up-0 by (auto simp add: Aheap-heap3)

moreover

have a-consistent (ae, a, as) (I', Let A e, S)
using let; by auto
hence a-consistent (?ae U ae, a, as) (A QT, e, S)
using let;(1,2) <edom ae N domA A = {}»
by (auto intro!: a-consistent-let simp del: join-comm)
ultimately
have consistent (?ae U ae, a, as) (A QT e, S)
by auto

}

moreover

{

have \ z. z € domA T = z ¢ edom %ae
using fresh-distinct| OF let;(1)]
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by (auto dest!: subsetD[OF edom-Aheap))

hence map-transform Aeta-expand (?ae U ae) (map-transform transform (?ae U ae) T)
= map-transform Aeta-expand ae (map-transform transform ae T')
by (auto intro!: map-transform-cong restrictA-cong simp add: edomlIff)

moreover

from <edom ae C domA I" U upds S»
have A z.z € domA A = z ¢ edom ae
using fresh-distinct| OF let1(1)] fresh-distinct-fu[ OF let1(2)]
by (auto dest!: subsetD[OF ups-fv-subset])
hence map-transform Aeta-expand (Zae U ae) (map-transform transform (Zae U ae) A)
= map-transform Aeta-expand ?ae (map-transform transform fae A)
by (auto intro!: map-transform-cong restrictA-cong simp add: edomlIff)
ultimately

have a-transform (ae, a, as) (I', Let A e, S) = a-transform (?ae U ae, a, as) (A QT e,
S)
using restr-stack-simp?2 let1(1,2)
apply (auto simp add: map-transform-append restrictA-append restr-stack-simp2[simplified]
map-transform-restrA)
apply (rule step.lety)
apply (auto dest: subsetD[OF edom-Aheap))
done
}
ultimately
show ?case by (blast del: consistent] consistentE)
next
case (if1 T scrut el e2 S)
have consistent (ae, 0, a#tas) (T, scrut, Alts el e2 # S)
using if1 by (auto dest: a-consistent-if;)
moreover
have a-transform (ae, a, as) (I, scrut ? el : e2, S) = a-transform (ae, 0, a#as) (T, scrut,
Alts el e2 # S5)
by (auto intro: step.intros)
ultimately
show ?case by (blast del: consistent] consistentFE)
next
case (ifa T b el e25)
hence a-consistent (ae, a, as) (I', Bool b, Alts el e2 # S) by auto
then obtain a’ as’ where [simp]: as = o’ # as’ a = 0
by (rule a-consistent-alts-on-stack)

have consistent (ae, a’, as’) (T, if b then el else e2, S)
using ifs by (auto dest!: a-consistent-ifs)
moreover
have a-transform (ae, a, as) (I, Bool b, Alts el e2 # S) = a-transform (ae, o', as’) (T, if
b then el else e2, S)
by (auto intro: step.ifs[where b = True, simplified] step.ifs[where b = False, simplified])
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ultimately

show ?case by (blast del: consistent] consistentF)

next
case refl thus ?case by auto
next
case (trans c ¢’ ¢”)
from trans(8)[OF trans(5))

obtain ae’ a’ as’ where consistent (ae’, o', as’) ¢’ and *: a-transform (ae, a, as) ¢ =

a-transform (ae’, a’, as’) ¢’ by blast

from trans(4)[OF this(1)]

obtain ae’’ a'’ as’ where consistent (ae”’, a

¢’ =* a-transform (ae”, o’ as') ¢ by blast
from this(1) rtranclp-trans[OF  *x]
show ?case by blast
qged
end

end

8 Cardinality Analysis

8.1 Cardinality-Domain

theory Cardinality— Domain
imports Launchbury. HOLCF— Utils
begin

type-synonym oneShot = one

1

*

, as’’) ¢'" and *x: a-transform (ae’, a’, as’)

abbreviation notOneShot :: oneShot where notOneShot = ONE
abbreviation oneShot :: oneShot where oneShot = L

type-synonym two = oneShot

abbreviation many :: two where many = up-notOneShot
abbreviation once :: two where once = up-oneShot

abbreviation none :: two where none = L

lemma many-maz[simp|: a © many by (cases a) auto

lemma two-conj: ¢ = many V ¢ = once V ¢ = none by (metis Exh-Up one-neg-iffs(1))

lemma two-cases|case-names many once nonel:
obtains ¢ = many | ¢ = once | ¢ = none using two-conj by metis

definition two-pred where two-pred = (A z. if © T once then L else x)

lemma two-pred-simp: two-pred-¢c = (if ¢ C once then L else ¢)

unfolding two-pred-def
apply (rule beta-cfun)
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apply (rule cont-if-else-above)
apply (auto elim: below-trans)
done

lemma two-pred-simps|simp]:
two-pred-many = many
two-pred-once = none
two-pred-none = none

by (simp-all add: two-pred-simp)

lemma two-pred-below-arg: two-pred - f C f
by (auto simp add: two-pred-simp)

lemma two-pred-none: two-pred-c = none <— ¢ C once
by (auto simp add: two-pred-simp)

definition record-call where record-call © = (A ce. (A y. if © = y then two-pred-(ce y) else ce

Y))

lemma record-call-simp: (record-call z - f) z' = (if x = z' then two-pred - (f z') else f z')
unfolding record-call-def by auto

lemma record-call[simp): (record-call x - f) x = two-pred - (f z)
unfolding record-call-simp by auto

lemma record-call-other[simp|: ¢/ # x = (record-call z - f) z' = f '

unfolding record-call-simp by auto

lemma record-call-below-arg: record-call x - f C f
unfolding record-call-def
by (auto intro!: fun-belowl two-pred-below-arg)

definition two-add :: two — two — two
where two-add = (A z. (A y. if x C L then y else (if y C L then x else many)))

lemma two-add-simp: two-add-z-y = (if x C L then y else (if y © L then z else many))
unfolding two-add-def
apply (subst beta-cfun)
apply (rule cont2cont)
apply (rule cont-if-else-above)
apply (auto elim: below-trans)[1]
apply (rule cont-if-else-above)
apply (auto elim: below-trans)[8]
apply (rule beta-cfun)
apply (rule cont-if-else-above)
apply (auto elim: below-trans)[1]
apply (rule cont-if-else-above)
apply auto
done
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lemma two-pred-two-add-once: ¢ T two-pred-(two-add-once-c)
by (cases ¢ rule: two-cases) (auto simp add: two-add-simp)

end

8.2 CardinalityAnalysisSig

theory CardinalityAnalysisSig
imports Arity AEnv Cardinality— Domain SestoftConf
begin

locale CardinalityPrognosis =
fixes prognosis :: AEnv = Arity list = Arity = conf = (var = two)

locale CardinalityHeap =
fixes cHeap :: heap = exp = Arity — (var = two)
end

8.3 CardinalityAnalysisSpec

theory CardinalityAnalysisSpec
imports ArityAnalysisSpec CardinalityAnalysisSig ConstOn
begin

locale CardinalityPrognosisEdom = CardinalityPrognosis +
assumes edom-prognosis:
edom (prognosis ae as a (I',; e, S)) C foT U foeU fvo S

locale CardinalityPrognosisShape = CardinalityPrognosis +

assumes prognosis-env-cong: ae f|* domA T = ae’ f|* domA T' = prognosis ae as u (T, e,
S) = prognosis ae’ as u (T, e, S)

assumes prognosis-reorder: map-of I' = map-of A = prognosis ae as u (I, e, S) = prognosis
ae as u (A, e, S)

assumes prognosis-ap: const-on (prognosis ae as a (T, e, S)) (ap S) many

assumes prognosis-upd: prognosis ae as u (I, e, S) C prognosis ae as u (T, e, Upd © # S)

assumes prognosis-not-called: ae x = 1 = prognosis ae as a (T, e, S) T prognosis ae as a
(delete z T, e, S)

assumes prognosis-called: once T prognosis ae as a (I', Var z, S) z

locale CardinalityPrognosisApp = CardinalityPrognosis +
assumes prognosis-App: prognosis ae as (inc-a) (T, e, Arg x # S) C prognosis ae as a (T,

App ez, S)

locale CardinalityPrognosisLam = CardinalityPrognosis +
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assumes prognosis-subst-Lam: prognosis ae as (pred-a) (U, e[y::=z], S) C prognosis ae as a
(T, Lam [y]. e, Arg x # 5)

locale CardinalityPrognosisVar = CardinalityPrognosis +

assumes prognosis- Var-lam: map-of I' x = Some e = ae x = up-u = isVal e = prognosis
ae as u (I', e, S) C record-call z - (prognosis ae as a (I', Var z, S))

assumes prognosis- Var-thunk: map-of I' © = Some e = ae © = up-u = - isVal e =
prognosis ae as u (delete x T, e, Upd z # S) T record-call x - (prognosis ae as a (T, Var z, S))

assumes prognosis-Var2: isVal e = x ¢ domA I’ = prognosis ae as 0 ((z, e) # T, e, S)
C prognosis ae as 0 (T, e, Upd z # S)

locale CardinalityPrognosislfThenFElse = CardinalityPrognosis +

assumes prognosis-IfThenElse: prognosis ae (a#tas) 0 (T, scrut, Alts el e2 # S) T prognosis
ae as a (D, scrut ? el : e2, S)

assumes prognosis-Alts: prognosis ae as a (L', if b then el else e2, S) T prognosis ae (a#as)
0 (T, Bool b, Alts el e2 # S)

locale CardinalityPrognosisLet = CardinalityPrognosis + CardinalityHeap + ArityAnalysisHeap
_|_

assumes prognosis-Let:

atom ‘ domA A §x I' = atom ‘ domA A x § = edom ae C domA ' U upds S = prognosis
(Aheap A e-a U ae) asa (A QT, e, S)C cHeap A e-a U prognosis ae as a (', Terms.Let A e,
S)

locale CardinalityHeapSafe = CardinalityHeap + ArityAnalysisHeap +

assumes Aheap-heap3: © € thunks ' = many C (cHeap ' e-a) x = (Aheap T' e-a) z =
up-0

assumes edom-cHeap: edom (cHeap A e-a) = edom (Aheap A e-a)

locale CardinalityPrognosisSafe =
CardinalityPrognosisEdom +
CardinalityPrognosisShape +
CardinalityPrognosisApp +
CardinalityPrognosisLam +
CardinalityPrognosis Var +
CardinalityPrognosisLet +
CardinalityPrognosisIfThenElse +
CardinalityHeapSafe +
ArityAnalysisLetSafe

end

8.4 NoCardinalityAnalysis

theory NoCardinalityAnalysis
imports CardinalityAnalysisSpec ArityAnalysisStack
begin

locale NoCardinalityAnalysis = ArityAnalysisLetSafe +
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assumes Aheap-thunk: x € thunks I = (Aheap T e-a) x = up-0
begin

definition a2c :: Arity, — two where a2c = (A a. if a © L then L else many)
lemma a2¢-simp: a2c-a = (if a © L then L else many)
unfolding a2c-def by (rule beta-cfun[OF cont-if-else-above]) auto

lemma a2c-equt[equt]: m - a2c¢ = a2c
unfolding a2c-def
apply perm-simp
apply (rule Abs-cfun-equt)
apply (rule cont-if-else-above)
apply auto
done

definition ae2ce :: AEnv = (var = two) where ae2ce ae v = a2c-(ae x)

lemma ae2ce-cont: cont ae2ce
by (auto simp add: ae2ce-def)
lemmas cont-compose[OF ae2ce-cont, cont2cont, simp)

lemma ae2ce-equt[equt]: 7 - aelce ae © = aelce (7 - ae) (7 - x)
unfolding ae2ce-def by perm-simp rule

lemma ae2ce-to-env-restr: aelce ae = (A- . many) f| edom ae
by (auto simp add: ae2ce-def lookup-env-restr-eq edom-def a2¢c-simp)

lemma edom-ae2ce[simp]: edom (aelce ae) = edom ae
unfolding edom-def
by (auto simp add: ae2ce-def a2c-simp)

definition cHeap :: heap = exp = Arity — (var = two)
where cHeap T e = (A a. ae2ce (Aheap T e-a))

lemma cHeap-simp[simp|: cHeap T' e-a = ae2ce (Aheap T e-a)
unfolding cHeap-def by simp

sublocale CardinalityHeap cHeap.

sublocale CardinalityHeapSafe cHeap Aheap
apply standard
apply (erule Aheap-thunk)
apply simp
done

fun prognosis where

prognosis ae as a (L', e, S) = ((A-. many) f|‘ (edom (ABinds I'-ae) U edom (Aezxp e-a) U edom
(AFEstack as S)))
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lemma record-all-noop|simp]:
record-call z-((A-. many) f|*S) = (A-. many) f|*S
by (auto simp add: record-call-def lookup-env-restr-eq)

lemma const-on-restr-constl [intro):
S'C S = const-on (A - z) f|*S) S'z
by fastforce

lemma ap-subset-edom-AEstack: ap S C edom (AFEstack as S)
by (induction as S rule:AEstack.induct) (auto simp del: fun-meet-simp)

sublocale CardinalityPrognosis prognosis.

sublocale CardinalityPrognosisShape prognosis
proof (standard, goal-cases)
case I
thus ?case by (simp cong: Abinds-env-restr-cong)
next
case 2
thus ?case by (simp cong: Abinds-reorder)
next
case 3
thus ?case by (auto dest: subsetD[OF ap-subset-edom-AEstack))
next
case 4
thus ?case by (auto intro: env-restr-mono2 )
next
case (5aezasal ef)
from <ae z = L»
have ABinds (delete © T")-ae = ABinds I'-ae by (rule ABinds-delete-bot)
thus “case by simp
next
case (6 ae as a T z 5)
from Aezp-Var[where n = ¢ and z = 7]
have (Aexp (Var z)-a) © # L by auto
hence z € edom (Aexp (Var z)-a) by (simp add: edomlIff)
thus “case by simp
qed

sublocale CardinalityPrognosisApp prognosis
proof (standard, goal-cases)
case [
thus ?case
using edom-mono|OF Aexp-App] by (auto introl: env-restr-mono2)
qed

sublocale CardinalityPrognosisLam prognosis
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proof (standard, goal-cases)
case (lacasal eyzS)
have edom (Aexp e[y::=z]-(pred-a)) C insert  (edom (env-delete y (Aexp e-(pred-a))))
by (auto dest: subsetD[OF edom-mono[OF Aexp-subst]] )
also have ... C insert z (edom (Aexp (Lam [y]. e)-a))
using edom-mono|OF Aexp-Lam] by auto
finally show ?case by (auto introl: env-restr-mono2)
qed

sublocale CardinalityPrognosisVar prognosis
proof (standard, goal-cases)

case prems: 1

thus ?case by (auto introl: env-restr-mono2 simp add: Abinds-reorder1|[OF prems(1)])
next

case prems: 2

thus Zcase

by (auto intro!: env-restr-mono2 simp add: Abinds-reorder1[OF prems(1)])
(metis Aexp-Var edomlIff not-up-less-UU)

next

case (3 ez T aeas S)

have fup-(Aexp e)-(ae z) T Aexp e-0 by (cases ae x) (auto intro: monofun-cfun-arg)

from edom-mono|OF this]

show ?case by (auto introl: env-restr-mono2 dest: subsetD|OF edom-mono|OF ABinds-delete-below]])
qed

sublocale CardinalityPrognosisIfThenElse prognosis
proof (standard, goal-cases)
case (1 ae a as T scrut el e2 S)
have edom (Aexp scrut-0 Ll Aexp el-a Ll Aexp e2-a) C edom (Aexp (scrut ? el : e2)-a)
by (rule edom-mono[OF Aexp-IfThenElse])
thus Zcase
by (auto intro!: env-restr-mono2)
next
case (2aeasal bele2S)
show ?case by (auto introl: env-restr-mono2)
qed

sublocale CardinalityPrognosisLet prognosis cHeap Aheap
proof (standard, goal-cases)
case prems: (I AT Saeea as)

from subsetD|OF prems(3)| fresh-distinct|OF prems(1)] fresh-distinct-fo]OF prems(2)]
have ae f|*domA A = L
by (auto dest: subsetD[OF ups-fv-subset])
hence [simp]: ABinds A-(ae U Aheap A e-a) = ABinds A-(Aheap A e-a) by (simp cong:
Abinds-env-restr-cong add: env-restr-join)

from fresh-distinct|OF prems(1)]
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have Aheap A e-a f|* domA T = L by (auto dest!: subsetD|OF edom-Aheap))
hence [simp]: ABinds T'-(ae Ul Aheap A e-a) = ABinds T'-ae by (simp cong: Abinds-env-restr-cong
add: env-restr-join)

have edom (ABinds (A Q T')-(Aheap A e-a U ae)) U edom (Aexp e-a) = edom (ABinds
A-(Aheap A e-a)) U edom (ABinds T-ae) U edom (Aexp e-a)
by (simp add: Abinds-append-disjoint|OF fresh-distinct]| OF prems(1)]] Un-commute)
also have ... = edom (ABinds T'-ae) U edom (ABinds A-(Aheap A e-a) U Aexp e-a)
by force
also have ... C edom (ABinds I'"-ae) U edom (Aheap A e-a L) Aexp (Let A e)-a)
using edom-mono[OF Aexp-Let| by force
also have ... = edom (Aheap A e-a) U edom (ABinds T'-ae) U edom (Aexp (Let A €)-a)
by auto
finally
have edom (ABinds (A QT')-(Aheap A e-a Ul ae)) U edom (Aexp e-a) C edom (Aheap A e-a)
U edom (ABinds I'-ae) U edom (Aexp (Let A e)-a).
hence edom (ABinds (A @QT)-(Aheap A e-a U ae)) U edom (Aexp e-a) U edom (AEstack as
S) C edom (Aheap A e-a) U edom (ABinds T'-ae) U edom (Aexp (Let A e)-a) U edom (AEstack
as S) by auto
thus ?case by (simp add: ae2ce-to-env-restr env-restr-join2 Un-assoc[symmetric| env-restr-monoZ2)
qed

sublocale CardinalityPrognosisEdom prognosis
by standard (auto dest: subsetD[OF Aexp-edom] subsetD[OF ap-fv-subset] subsetD[OF edom-AnalBinds]
subsetD[OF edom-AFstack])

sublocale CardinalityPrognosisSafe prognosis cHeap Aheap Aexp..
end

end

8.5 CardArityTransformSafe

theory CardArityTransformSafe
imports Arity Transform CardinalityAnalysisSpec AbstractTransform Sestoft SestoftGC ArityEta-
ExpansionSafe ArityAnalysisStack ArityConsistent

begin

context CardinalityPrognosisSafe

begin

sublocale AbstractTransformBoundSubst

Aa . inca
Aa . pred-a
AA ea. (a, Aheap A e-a)
fst
snd
A- 0

Aeta-expand
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snd
apply standard
apply (simp add: Aheap-subst)
apply (rule subst-Aeta-expand)
done

abbreviation ccTransform where ccTransform = transform

lemma supp-transform: supp (transform a e) C supp e
by (induction rule: transform.induct)
(auto simp add: exp-assn.supp Let-supp dest!: subsetD[OF supp-map-transform] subsetD|OF
supp-map-transform-step| )
interpretation supp-bounded-transform transform
by standard (auto simp add: fresh-def supp-transform)

type-synonym tstate = (AEnv x (var = two) x Arity x Arity list X var list)

fun transform-alts :: Arity list = stack = stack
where
transform-alts - [| = ||
| transform-alts (a#tas) (Alts el e2 # S) = (Alts (ccTransform a el) (ccTransform a e2))
# transform-alts as S
| transform-alts as (x # S) = x # transform-alts as S

lemma transform-alts-Nil[simp]: transform-alts [| S = S
by (induction S) auto

lemma Astack-transform-alts[simp):
Astack (transform-alts as S) = Astack S
by (induction rule: transform-alts.induct) auto

lemma fresh-star-transform-alts[intro]: a §x S = a t* transform-alts as S
by (induction as S rule: transform-alts.induct) (auto simp add: fresh-star-Cons)

fun a-transform :: astate = conf = conf

where a-transform (ae, a, as) (I', e, S) =
(map-transform Aeta-expand ae (map-transform ccTransform ae T),
ccTransform a e,
transform-alts as S)

fun restr-conf :: var set = conf = conf
where restr-conf V (T, e, S) = (restrictA V T, e, restr-stack V S)

fun add-dummies-conf :: var list = conf = conf
where add-dummies-conf 1 (T, e, S) = (T, e, S Q@ map Dummy (rev [))

fun conf-transform :: tstate = conf = conf

where conf-transform (ae, ce, a, as, r) ¢ = add-dummies-conf r ((a-transform (ae, a, as)
(restr-conf (— set r) ¢)))
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inductive consistent :: tstate = conf = bool where
consistentI [introl]:
a-consistent (ae, a, as) (restr-conf (— set r) (T, e, S))
= edom ae = edom ce
= prognosis ae as a (I', e, S) C ce
= (A 2. ¢ € thunks T = many C ce t = ae z = up-0)
= set r C (domA T U upds S) — edom ce
= consistent (ae, ce, a, as, r) (T, e, S)
inductive-cases consistentE[elim!]: consistent (ae, ce, a, as) (T, e, S)

lemma closed-consistent:

assumes fv e = ({}::var set)

shows consistent (L, L, 0, (], []) ([], & [])
proof—

from assms

have edom (prognosis L [] 0 ([], e, [])) = {}

by (auto dest!: subsetD[OF edom-prognosis))

thus ?thesis

by (auto simp add: edom-empty-iff-bot closed-a-consistent[OF assms])

qged

lemma card-arity-transform-safe:
fixes ¢ ¢’
assumes ¢ =* ¢’ and — boring-step ¢’ and heap-upds-ok-conf ¢ and consistent (ae,ce,a,as,r)
c
shows Jae’ ce’ a’ as’ r'. consistent (ae’;ce’,a’;as’;r’) ¢’ N\ conf-transform (ae,ce,a,as,r) c
=g* conf-transform (ae’,ce’;a’;as’,r’) ¢’
using assms(1,2) heap-upds-ok-invariant assms(3—)
proof (induction ¢ ¢’ arbitrary: ae ce a as r rule:step-invariant-induction)
case (app1 I' e z 5)
have prognosis ae as (inc-a) (I', e, Arg x # S) C prognosis ae as a (I, App e z, S) by (rule
prognosis-App)
with app; have consistent (ae, ce, inc-a, as, r) (T, e, Arg x # S)
by (auto intro: a-consistent-appy elim: below-trans)
moreover
have conf-transform (ae, ce, a, as, r) (I, App e z, S) = conf-transform (ae, ce, inc-a, as,
r) (T, e, Arg z # S)
by simp rule
ultimately
show ?case by (blast del: consistent] consistentFE)
next
case (app2 ' y ez 5)
have prognosis ae as (pred-a) (T, ely:=x], S) C prognosis ae as a (T, (Lam [y]. €), Arg x #
S)
by (rule prognosis-subst-Lam)
then
have consistent (ae, ce, pred-a, as, r) (I, e[y::=z], S) using app-
by (auto 4 3 intro: a-consistent-appy elim: below-trans)
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moreover
have conf-transform (ae, ce, a, as, r) (I, Lam [y]. e, Arg x # S) =g conf-transform (ae,
ce, pred - a, as, r) (I, e[y:=z], S) by (simp add: subst-transform[symmetric]) rule

ultimately
show ?case by (blast del: consistent] consistentE)

next

case (thunk T’ z e S)
hence z € thunks I by auto
hence [simp]: © € domA T by (rule subsetD[OF thunks-domA])

from thunk have prognosis ae as a (I', Var z, S) C ce by auto
from below-trans[OF prognosis-called fun-belowD[OF this] ]
have [simp]: © € edom ce by (auto simp add: edom-def)
hence [simp]: © ¢ set r using thunk by auto

from <heap-upds-ok-conf (T, Var z, S)»
have z ¢ upds S by (auto dest!: heap-upds-okE)

have = € edom ae using thunk by auto
then obtain u where ae x = up-u by (cases ae ) (auto simp add: edom-def)

show ?Zcase
proof(cases ce x rule:two-cases)
case none
with <z € edom ce) have False by (auto simp add: edom-def)
thus ?thesis..
next
case once

from <prognosis ae as a (T, Var z, S) C ce»
have prognosis ae as a (I', Var z, S)  C once
using once by (metis (mono-tags) fun-belowD)
hence z ¢ ap S using prognosis-aplof ae as a T (Var x) S] by auto

from <map-of I' x = Some e> <ae x = up-uy <— isVal e
have x*: prognosis ae as u (delete z T, e, Upd x # S) T record-call z - (prognosis ae as a
(T, Var z, S))
by (rule prognosis- Var-thunk)

from <prognosis ae as a (I, Var z, S) = C once
have (record-call - (prognosis ae as a (I', Var z, 5))) x = none
by (simp add: two-pred-none)
hence xx: prognosis ae as u (delete z T, e, Upd x # S) & = none using fun-belowD][OF x,
where z = z] by auto

have eq: prognosis (env-delete z ae) as u (delete ', e, Upd z # S) = prognosis ae as u
(delete x T, e, Upd = # S)
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by (rule prognosis-env-cong) simp

have [simp]: restr-stack (— set r — {x}) S = restr-stack (— set r) S
using <z ¢ upds S» by (auto intro: restr-stack-cong)

have prognosis (env-delete = ae) as u (delete x T, e, Upd x # S) C env-delete z ce
unfolding eq
using xx below-trans|OF below-trans[OF * Cfun.monofun-cfun-arg|OF <prognosis ae as
a (T, Var z, S) C ce)]] record-call-below-arg]
by (rule below-env-deletel)
moreover

have x: a-consistent (env-delete x ae, u, as) (delete z (restrictA (— set r) T'), e, restr-stack
(— setr) S)
using thunk <ae T = up-u>
by (auto introl: a-consistent-thunk-once simp del: restr-delete)
ultimately

have consistent (env-delete x ae, env-delete x ce, u, as, x # r) (delete x T, e, Upd © # S)
using thunk
by (auto simp add: restr-delete-twist Compl-insert elim:below-trans )
moreover

from =
have xx: Astack (transform-alts as (restr-stack (— set r) S) @ map Dummy (rev r) Q
[Dummy z|) T u by (auto elim: a-consistent-stackD)

{

from <map-of I' x = Some e <ae © = up-u> once
have map-of (map-transform Aeta-expand ae (map-transform ccTransform ae (restrictA
(— set r) I')) x = Some (Aeta-expand u (transform u e))
by (simp add: map-of-map-transform)
hence conf-transform (ae, ce, a, as, r) (I, Var z, S) =¢
add-dummies-conf r (delete © (map-transform Aeta-expand ae (map-transform ccTrans-
form ae (restrictA (— set r) T'))), Aeta-expand u (ccTransform u e), Upd x # transform-alts as
(restr-stack (— set ) S))
by (auto simp add: map-transform-delete delete-map-transform-env-delete insert-absorb
restr-delete-twist simp del: restr-delete)
also
have ... =¢* add-dummies-conf (x # r) (delete x (map-transform Aeta-expand ae
(map-transform ccTransform ae (restrictA (— set r) T"))), Aeta-expand u (ccTransform u e),
transform-alts as (restr-stack (— set r) S))
apply (rule r-into-rtranclp)
apply (simp add: append-assoc[symmetric] del: append-assoc)
apply (rule dropUpd)
done
also
have ... =¢* add-dummies-conf (z # r) (delete x (map-transform Aeta-expand ae
(map-transform ccTransform ae (restrictA (— set r) T))), ccTransform u e, transform-alts as
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(restr-stack (— set r) S))
by simp (intro normal-trans Aeta-expand-safe xx)

also(rtranclp-trans)
have ... = conf-transform (env-delete © ae, env-delete = ce, u, as, x # r) (delete x T, e,

Upd z # S)
by (auto introl: map-transform-cong simp add: map-transform-delete[symmetric] re-
str-delete-twist Compl-insert)
finally (back-subst)
have conf-transform (ae, ce, a, as, r) (T, Var z, S) =¢* conf-transform (env-delete x ae,

env-delete x ce, u, as, © # r) (delete z T, e, Upd x # S).

}

ultimately
show ?thesis by (blast del: consistent] consistentE)

next
case many

from <map-of I' x = Some e <ae x = up-u» = isVal e

have prognosis ae as u (delete x T, e, Upd x # S) C record-call z - (prognosis ae as a (T,
Var z, S))

by (rule prognosis- Var-thunk)

also note record-call-below-arg

finally

have *: prognosis ae as u (delete x T, e, Upd x # S) C prognosis ae as a (T, Var z, S) by
this simp-all

have ae z = up-0 using thunk many <z € thunks I'y by (auto)
hence v = 0 using <ae x = up-w> by simp

have prognosis ae as 0 (delete z T, e, Upd © # S) C ce using x[unfolded <u=0>] thunk by
(auto elim: below-trans)
moreover
have a-consistent (ae, 0, as) (delete x (restrictA (— set r) I'), e, Upd © # restr-stack (—
set r) S) using thunk <ae x = up-0>
by (auto intro!: a-consistent-thunk-0 simp del: restr-delete)

ultimately
have consistent (ae, ce, 0, as, r) (delete z T, e, Upd  # S) using thunk <ae x = up-u)
<u = 0
by (auto simp add: restr-delete-twist)
moreover

from <map-of I' x = Some e <ae z = up-0> many
have map-of (map-transform Aeta-ezpand ae (map-transform ccTransform ae (restrictA
(— set r) ') x = Some (transform 0 e)
by (simp add: map-of-map-transform)
with «— isVal e
have conf-transform (ae, ce, a, as, r) (T, Var z, S) =g conf-transform (ae, ce, 0, as, T)
(delete x T, e, Upd = # S)
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by (auto intro: gc-step.intros simp add: map-transform-delete restr-delete-twist intro!:
step.intros simp del: restr-delete)
ultimately
show %thesis by (blast del: consistentl consistentE)
qed
next
case (lamvar T' z e S)
from lamvar(1) have [simp]: x € domA T by (metis domI dom-map-of-conv-domA)

from lamvar have prognosis ae as a (I', Var z, S) C ce by auto

from below-trans|OF prognosis-called fun-belowD][OF this] |

have [simp]: © € edom ce by (auto simp add: edom-def)

then obtain ¢ where ce z = up-c by (cases ce x) (auto simp add: edom-def)

from lamvar
have [simp]: = ¢ set r by auto

then have z € edom ae using lamvar by auto

then obtain u where ae z = up-u by (cases ae z) (auto simp add: edom-def)

have prognosis ae as u ((z, €) # delete x T, e, S) = prognosis ae as u (T, e, S)
using «map-of T' z = Some e by (auto introl: prognosis-reorder)

also have ... C record-call z - (prognosis ae as a (T, Var z, S))
using <map-of T' © = Some e <ae x = up-ur <isVal es by (rule prognosis- Var-lam)
also have ... C prognosis ae as a (I', Var z, S) by (rule record-call-below-arg)

finally have x: prognosis ae as u ((z, €) # delete z T', e, S) C prognosis ae as a (I, Var z,
S) by this simp-all
moreover
have a-consistent (ae, u, as) ((x,e) # delete x (restrictA (— set r) T'), e, restr-stack (— set
r) §) using lamvar <ae ¥ = up-w
by (auto introl: a-consistent-lamvar simp del: restr-delete)
ultimately
have consistent (ae, ce, u, as, r) ((z, e) # delete z T, e, S)
using lamvar edom-mono[OF x| by (auto simp add: thunks-Cons restr-delete-twist elim:
below-trans)
moreover

from «<a-consistent - -»
have sx: Astack (transform-alts as (restr-stack (— set r) S) @ map Dummy (rev 1)) C u by
(auto elim: a-consistent-stackD)

{

from <isVal e»

have isVal (transform u e) by simp

hence isVal (Aeta-expand u (transform u e)) by (rule isVal-Aeta-expand)

moreover

from <map-of T' © = Some e» <ae xz = up - w <ce x = up-¢> <isVal (transform u e)»
have map-of (map-transform Aeta-expand ae (map-transform transform ae (restrictA (— set
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r) I))) z = Some (Aeta-expand u (transform u e))
by (simp add: map-of-map-transform)
ultimately
have conf-transform (ae, ce, a, as, v) (T, Var z, S) =¢*
add-dummies-conf r ((z, Aeta-expand u (transform w e)) # delete x (map-transform
Aeta-expand ae (map-transform transform ae (restrictA (— set r) T'))), Aeta-expand u (transform
u e), transform-alts as (restr-stack (— set r) S))
by (auto introl: normal-trans|OF lambda-var] simp add: map-transform-delete simp del:
restr-delete)
also have ... = add-dummies-conf r ((map-transform Aeta-expand ae (map-transform trans-
form ae ((xz,e) # delete x (restrictA (— set r) I')))), Aeta-expand u (transform u e), trans-
form-alts as (restr-stack (— set r) S))
using <ae x = up - w <ce x = up-¢> <isVal (transform u e)»
by (simp add: map-transform-Cons map-transform-delete restr-delete-twist del: restr-delete)
also(subst[rotated]) have ... =g* conf-transform (ae, ce, u, as, r) ((z, e) # delete z T, e,
S)
by (simp add: restr-delete-twist) (rule normal-trans|OF Aeta-expand-safe[OF xx ]))
finally (rtranclp-trans)
have conf-transform (ae, ce, a, as, r) (T, Var z, S) =¢* conf-transform (ae, ce, u, as, r)
((z, e) # delete z T, e, S).
}
ultimately show ?case by (blast del: consistent] consistentFE)
next
case (vars ' z e S)
show ?case
proof(cases z € set r)
case [simp]: False

from vary

have a-consistent (ae, a, as) (restrictA (— set r) T, e, Upd x # restr-stack (—set r) S) by
auto

from a-consistent-UpdD[OF this]

have ae x = up-0 and a = 0.

from «isVal e <x ¢ domA I
have x: prognosis ae as 0 ((z, e) # T', e, S) C prognosis ae as 0 (I', e, Upd x # S) by
(rule prognosis-Var2)
moreover
have a-consistent (ae, a, as) ((z, e) # restrictA (— set r) T, e, restr-stack (— set r) S)
using vare by (auto intro!: a-consistent-varsy)
ultimately
have consistent (ae, ce, 0, as, r) ((z, €) # T, e, 5)
using varse <a = 0>
by (auto simp add: thunks-Cons elim: below-trans)
moreover
have conf-transform (ae, ce, a, as, r) (I', e, Upd x # S) =g conf-transform (ae, ce, 0, as,
") (@ ¢) # T, ¢, )
using <ae x = up-0> <a = 0> varsg
by (auto intro: ge-step.intros simp add: map-transform-Cons)
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ultimately show ?thesis by (blast del: consistent] consistentE)
next

case True

hence ce x = L using vars by (auto simp add: edom-def)

hence z ¢ edom ce by (simp add: edomIff)

hence z ¢ edom ae using vary by auto

hence [simp]: ae z = L by (auto simp add: edom-def)

note <z € set r[simp]

have prognosis ae as a ((z, e) # T', e, S) C prognosis ae as a ((z, e) # ', e, Upd = # 5)
by (rule prognosis-upd)
also have ... T prognosis ae as a (delete © ((z,e) # T'), e, Upd x # S)
using <ae x = 1y by (rule prognosis-not-called)
also have delete z ((z,e)#I') = I' using <z ¢ domA I'y by simp
finally
have x: prognosis ae as a ((z, e) # T, e, S) C prognosis ae as a (T, e, Upd x # S) by this
stmp
then
have consistent (ae, ce, a, as, r) ((z, e) # T', e, S) using vars
by (auto simp add: thunks-Cons elim:below-trans a-consistent-vars)
moreover
have conf-transform (ae, ce, a, as, r) (I', e, Upd © # S) = conf-transform (ae, ce, a, as,
r) ((z, e) # L, e 9)
by (auto simp add: map-transform-restrA[symmetric])
ultimately show ?thesis
by (fastforce del: consistentI consistentE simp del:conf-transform.simps)
qed
next
case (lety AT e 5)
let 2ae = Aheap A e-a
let ?ce = cHeap A e-a

have domA A N upds S = {} using fresh-distinct-fo[OF let1(2)] by (auto dest: subsetD[OF
ups-fu-subset])
hence x: \ 2. z € upds S = = ¢ edom ?ae by (auto simp add: edom-cHeap dest!: subsetD[OF
edom-Aheap))
have restr-stack-simp2: restr-stack (edom (?ae U ae)) S = restr-stack (edom ae) S
by (auto intro: restr-stack-cong dest!: *)

have edom ce = edom ae using let; by auto

have edom ae C domA T' U upds S using let; by (auto dest!: a-consistent-edom-subsetD)
from subsetD[OF this] fresh-distinct| OF lety(1)] fresh-distinct-fu| OF let1(2)]

have edom ae N domA A = {} by (auto dest: subsetD[OF ups-fv-subset])

from <edom ae N domA A = {}»
have [simp]: edom (Aheap A e-a) N edom ae = {} by (auto dest!: subsetD[OF edom-Aheap])
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from fresh-distinct|OF let1(1)]
have [simp]: restrictA (edom ae U edom (Aheap A e-a)) T' = restrictA (edom ae) T
by (auto intro: restrictA-cong dest!: subsetD[OF edom-Aheap])

have set r C domA I' U upds S using let; by auto
have [simp]: restrictA (— set r) A = A
apply (rule restrictA-noop)
apply auto
by (metis Int] UnE <set v C domA T' U upds S» «domA A N domA T = {}> <domA A N
upds S = {}> contra-subsetD empty-iff)

{

have edom (%ae U ae) = edom (%ce L ce)
using let1(4) by (auto simp add: edom-cHeap)
moreover
{ fix z ¢’
assume z € thunks I'
hence z ¢ edom ?ce using fresh-distinct|OF let;(1)]
by (auto simp add: edom-cHeap dest: subsetD[OF edom-Aheap] subsetD[OF thunks-domA])
hence [simp]: ?ce v = L unfolding edomlIff by auto

assume many C (fce U ce)
with let; <x € thunks I'
have (Zae U ae) © = up -0 by auto

}

moreover
{fixze
assume z € thunks A
hence z ¢ domA T and z ¢ upds S
using fresh-distinct] OF let1(1)] fresh-distinct-fu[ OF let1(2)]
by (auto dest!: subsetD|OF thunks-domA] subsetD[OF ups-fv-subset))
hence z ¢ edom ce using <edom ae C domA T' U upds S» <edom ce = edom aes by auto
hence [simp]: ce z = L by (auto simp add: edomIff)

assume many T (%ce U ce) z with «x € thunks A»
have (%ae U ae) z = up-0 by (auto simp add: Aheap-heapd)
}
moreover
{
from let1(1,2) <edom ae C domA T U upds S»
have prognosis (?ae U ae) as a (A QT e, S) C 2ce U prognosis ae as a (I', Let A e, S) by
(rule prognosis-Let)
also have prognosis ae as a (T, Let A e, S) C ce using let; by auto
finally have prognosis (?ae U ae) as a (A QT e, S) C %ce U ce by this simp

}

moreover

have a-consistent (ae, a, as) (restrictA (— set r) T', Let A e, restr-stack (— set r) S)
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using let; by auto
hence a-consistent (?ae U ae, a, as) (A Q restrictA (— set r) T, e, restr-stack (— set r)
S)
using let;(1,2) <edom ae N domA A = {}»
by (auto introl: a-consistent-let simp del: join-comm)
hence a-consistent (?ae U ae, a, as) (restrictA (— set r) (A QT), e, restr-stack (— set r)
S)
by (simp add: restrictA-append)
moreover
have set r C (domA T U upds S) — edom ce using let; by auto
hence setr C (domA T U upds S) — edom (%ce U ce)
apply (rule order-trans)
using «domA A N domA T = {}» «domA A N upds S = {}
apply (auto simp add: edom-cHeap dest!: subsetD[OF edom-Aheap])
done
ultimately
have consistent (?ae U ae, Zce U ce, a, as, r) (A QT e, S) by auto

}

moreover
{
have \ z. z € domA T = = ¢ edom %ae \ z. v € domA T = x ¢ edom ?ce
using fresh-distinct| OF lety(1)]
by (auto simp add: edom-cHeap dest!: subsetD|OF edom-Aheap))
hence map-transform Aeta-expand (%ae U ae) (map-transform transform (%ae U ae)
(restrictA (—set r) T))
= map-transform Aeta-expand ae (map-transform transform ae (restrictA (—set r) I"))
by (auto introl: map-transform-cong restrictA-cong simp add: edomlIff)
moreover

from <edom ae C domA I' U upds S»> <edom ce = edom ae>
have \ z. z € domA A = z ¢ edom ce and A z.z € domA A = z ¢ edom ae
using fresh-distinct|OF let1(1)] fresh-distinct-ups|OF let1(2)] by auto
hence map-transform Aeta-expand (?ae U ae) (map-transform transform (%ae U ae)
(restrictA (— set r) A))
= map-transform Aeta-expand ?ae (map-transform transform ?2ae (restrictA (— set r)
A)
by (auto introl: map-transform-cong restrictA-cong simp add: edomlIff)
moreover

from <domA AN domAT ={}» <«domA AN updsS={h
have atom ¢ domA A fx set r
by (auto simp add: fresh-star-def fresh-at-base fresh-finite-set-at-base dest!: subsetD[OF
(set r € domA T' U upds S>])
hence atom ‘ domA A #x map Dummy (rev r)
apply —
apply (rule equt-fresh-star-congl [where f = map Dummy|, perm-simp, rule)
apply (rule equt-fresh-star-congl [where f = rev|, perm-simp, rule)
apply (auto simp add: fresh-star-def fresh-set)
done
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ultimately

have conf-transform (ae, ce, a, as, r) (I', Let A e, S) =¢ conf-transform (2ae U ae, %ce
U ce, a,as, ) (AQT, e, 5)
using restr-stack-simp2 let1(1,2) <edom ce = edom ae)
apply (auto simp add: map-transform-append restrictA-append edom-cHeap restr-stack-simp2[simplified]

apply (rule normal)
apply (rule step.lety)
apply (auto intro: normal step.let, dest: subsetD|OF edom-Aheap) simp add: fresh-star-list)
done
}

ultimately
show ?case by (blast del: consistent] consistentFE)
next

case (if1 T scrut el e2 S)

have prognosis ae as a (T, scrut ? el : e2, S) C ce using if1 by auto

hence prognosis ae (aftas) 0 (T, scrut, Alts el e2 # S) C ce
by (rule below-trans|OF prognosis-IfThenElse])

hence consistent (ae, ce, 0, a#as, r) (T, scrut, Alts el e2 # )
using if; by (auto dest: a-consistent-if;)

moreover

have conf-transform (ae, ce, a, as, r) (T, scrut ? el : €2, S) =¢ conf-transform (ae, ce, 0,

a#tas, r) (T, scrut, Alts el e2 # S)

by (auto intro: normal step.intros)

ultimately

show ?case by (blast del: consistent] consistentE)

next
case (ifo T' b el e25)
hence a-consistent (ae, a, as) (restrictA (— set r) I', Bool b, Alts el e2 # restr-stack (—set
r) S) by auto

then obtain o’ as’ where [simp]: as = o’ # as’ a = 0

by (rule a-consistent-alts-on-stack)

{
have prognosis ae (a'#as’) 0 (', Bool b, Alts el e2 # S) C ce using ifs by auto
hence prognosis ae as’ a’ (T, if b then el else e2, S) C ce by (rule below-trans|OF progno-
sis-Alts])
then
have consistent (ae, ce, a’, as’, ) (T, if b then el else 2, S)
using ify by (auto dest!: a-consistent-ifs)
}
moreover
have conf-transform (ae, ce, a, as, ) (I, Bool b, Alts el e2 # S) =¢ conf-transform (ae,
ce, o’y as’, r) (T, if b then el else e2, S)
by (auto intro: normal step.ifs[where b = True, simplified] step.ifz[where b = False,
simplified])
ultimately
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show ?case by (blast del: consistent] consistentE)
next
case refl thus ?case by force
next
case (trans c ¢’ ¢’
from trans(8)[OF trans(5))
obtain ae’ ce’ a’ as’ r’
where consistent (ae’, ce’, a’, as’, v') ¢/ and *: conf-transform (ae, ce, a, as, 1) ¢ =g*
conf-transform (ae’, ce’, a’, as’; r’) ¢’ by blast
from trans(4)[OF this(1)]

obtain ae’ ce’’ a' as’ r'"

where consistent (ae’, ce’’, o’ as”, r'’) ¢’ and *x: conf-transform (ae’, ce’, a’, as’, r’)
¢ =g* conf-transform (ae”; ce’’, a”, as”, r'") ¢’ by blast
from this(1) rtranclp-trans|OF x x|
show ?case by blast
qed
end

end

9 Trace Trees

9.1 TTree

theory TTree
imports Main ConstOn List—Interleavings
begin

9.1.1 Prefix-closed sets of lists

definition downset :: 'a list set = bool where
downset xss = (Vz n. x € xss — take n x € xss)

lemma downsetE[elim]:
downset xss = xs € xss = butlast rs € xss
by (auto simp add: downset-def butlast-conv-take)

lemma downset-appendE|elim]:
downset xss = 1sQys € 155 = 15 € TS
by (auto simp add: downset-def) (metis append-eg-conv-conj)

lemma downset-hdE|elim]:

downset zss = xs € 1ss = xs # || = |hd xs] € xss
by (auto simp add: downset-def) (metis take-0 take-Suc)

lemma downsetl[intro]:
assumes /\ zs. s € xss = 15 # [| = butlast zs € xss
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shows downset zss
unfolding downset-def
proof (intro impl alll )
from assms
have butlast: \ xs. s € xss = butlast zs € zss
by (metis butlast.simps(1))

fix zs n
assume s € ss
show take n xs € xss
proof(cases n < length xs)
case True
from this
show ?thesis
proof (induction rule: inc-induct)
case base with (xs € zssy show ?case by simp
next
case (step n’)
from butlast[OF step.IH| step(2)
show ?case by (simp add: butlast-take)
qed
next
case Fulse with (xs € xss» show ?thesis by simp
ged
qed

lemma [simp]: downset {[]} by auto

lemma downset-mapl: downset xss = downset (map [ * zss)
by (fastforce simp add: map-butlast[symmetric])

lemma downset-filter:
assumes downset zss
shows downset (filter P * xss)
proof (rule, elim imageE, clarsimp)
fix zs
assume zs € zss
thus butlast (filter P xs) € filter P * xss
proof (induction zs rule: rev-induct)
case Nil thus ?case by force
next
case snoc
thus ?case using <downset zss) by (auto intro: snoc.IH)
qed
qed

lemma downset-set-subset:

downset ({xs. set zs C S})
by (auto dest: in-set-butlastD)
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9.1.2 The type of infinite labeled trees

typedef ‘a ttree = {xss :: 'a list set . [| € zss A\ downset zss} by auto

setup-lifting type-definition-ttree

9.1.3 Deconstructors

lift-definition possible ::’a ttree = 'a = bool
is A\ zss . 3 wxs. z#xs € zss.

lift-definition nat ::'a ttree = ‘a = 'a ttree
is A wss z. insert [| {zs | zs. z#wxs € wss}
by (auto simp add: downset-def take-Suc-Cons[symmetric] simp del: take-Suc-Cons)

9.1.4 Trees as set of paths

lift-definition paths :: 'a tiree = 'a list set is (A z. z).

lemma paths-inj: paths t = paths t' => t = t’ by transfer auto

lemma paths-injs-simps[simp|: paths t = paths t' +— t = t’ by transfer auto
lemma paths-Nil[simp]: [| € paths t by transfer simp

lemma paths-not-empty[simp|: (paths t = {}) +— False by transfer auto

lemma paths-Cons-nxt:
possible t © => xs € paths (nzt t ) = (x#xs) € paths t
by transfer auto

lemma paths-Cons-nxt-iff:
possible t © => xs € paths (nat t ©) +— (z#xs) € paths t
by transfer auto

lemma possible-mono:
paths t C paths t' = possible t 1 = possible t’ x
by transfer auto

lemma nzt-mono:
paths t C paths t' = paths (nazt t ) C paths (nat t' )
by transfer auto

lemma ttree-eql: (N x xzs. z#xs € paths t <— z#xs € paths t') = t = ¢’
apply (rule paths-inj)
apply (rule set-eql)
apply (case-tac z)
apply auto
done
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lemma paths-nat]elim):

assumes zs € paths (nat t x)
obtains z#zs € paths t | zs = []
using assms by transfer auto

lemma Cons-path: x # xs € paths t «— possible t x N\ xs € paths (nzt t x)
by transfer auto

lemma Cons-pathl[intro:
assumes possible t x <— possible t’ x
assumes possible t ¥ = possible t' = xs € paths (nat t x) «— xs € paths (nat t’ z)
shows x # 15 € paths t «— x # x5 € paths t’

using assms by (auto simp add: Cons-path)

lemma paths-nat-eq: xs € paths (nzt t ©) <— xs = [| V z#xs € paths t
by transfer auto

lemma ttree-coinduct:
assumes P ¢ t’
assumes A tt'z . Ptt' = possible t © +— possible t'
assumes A t ¢’z . Pt t' = possible t t = possible t' © => P (nat t z) (nzt t' z)
shows t = t’
proof (rule paths-inj, rule set-eql)
fix zs
from assms(1)
show zs € paths t < xs € paths t’
proof (induction zs arbitrary: t t’)
case Nil thus ?case by simp
next
case (Cons ¢ zs t t')
show Zcase
proof (rule Cons-pathl)
from (P ¢ t"
show possible t © < possible t' x by (rule assms(2))
next
assume possible t z and possible t’
with «P ¢ ¢
have P (nzt t x) (nazt t' z) by (rule assms(3))
thus zs € paths (nzt t x) <— xs € paths (nat t' z) by (rule Cons.IH)
qed
qged
qed

9.1.5 The carrier of a tree

lift-definition carrier :: 'a ttree = ’a set is A wss. | (set ¢ wss).

lemma carrier-mono: paths t C paths t' = carrier t C carrier t' by transfer auto
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lemma carrier-possible:
possible t t => x € carrier t by transfer force

lemma carrier-possible-subset:
carrier t C A = possible t t = z € A by transfer force

lemma carrier-nat-subset:
carrier (nzt t ) C carrier t

by transfer auto

lemma Union-paths-carrier: (\J x€paths t. set x) = carrier t
by transfer auto

9.1.6 Repeatable trees

definition repeatable where repeatable t = (Vx . possible t t — nat t © = t)

lemma nat-repeatable[simpl: repeatable t = possible t ©t = nat t © = ¢
unfolding repeatable-def by auto

9.1.7 Simple trees
lift-definition empty :: ‘a ttree is {[|]} by auto

lemma possible-empty[simp]: possible empty z' <— False
by transfer auto

lemma nat-not-possible[simpl: — possible t ¥ = nat t © = empty
by transfer auto

lemma paths-empty[simp]: paths empty = {[|} by transfer auto
lemma carrier-empty[simp): carrier empty = {} by transfer auto
lemma repeatable-empty[simp]: repeatable empty unfolding repeatable-def by transfer auto
lift-definition single :: 'a = ’a ttree is X z. {[], [2]}
by auto

lemma possible-single[simp]: possible (single z) ' +— z =z’
by transfer auto

lemma nat-single[simp|: nzt (single ) ©' = empty

by transfer auto

lemma carrier-single[simpl: carrier (single y) = {y}
by transfer auto

lemma paths-single[simp]: paths (single ) = {[], [z]}
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by transfer auto

lift-definition many-calls :: 'a = 'a ttree is \ x. range (A n. replicate n x)
by (auto simp add: downset-def)

lemma possible-many-calls[simp|: possible (many-calls ©) z’ +— = = z’
by transfer (force simp add: Cons-replicate-eq)

lemma nzt-many-calls[simp]: nzt (many-calls ) ' = (if £’ = x then many-calls z else empty)
by transfer (force simp add: Cons-replicate-eq)

lemma repeatable-many-calls: repeatable (many-calls x)
unfolding repeatable-def by auto

lemma carrier-many-calls[simpl: carrier (many-calls ©) = {z} by transfer auto

lift-definition anything :: 'a ttree is UNIV
by auto

lemma possible-anything[simpl: possible anything ' <— True
by transfer auto

lemma nat-anything[simp|: nzt anything * = anything
by transfer auto

lemma paths-anything[simp):
paths anything = UNIV by transfer auto

lemma carrier-anything[simp:
carrier anything = UNIV
apply (auto simp add: Union-paths-carrier|[symmetric])
apply (rule-tac z = [z] in exl)
apply simp
done

lift-definition many-among :: ‘a set = 'a ttree is X S. {zs . set s C S}
by (auto intro: downset-set-subset)

lemma carrier-many-among[simp|: carrier (many-among S) = S
by transfer (auto, metis List.set-insert bot.extremum insertCI insert-subset list.set(1))

9.1.8 Intersection of two trees

lift-definition intersect :: ‘a ttree = 'a ttree = 'a ttree (infixl NNy 80)
is (N)
by (auto simp add: downset-def)

lemma paths-intersect[simp|: paths (¢t NN t’) = paths t N paths t’
by transfer auto
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lemma carrier-intersect: carrier (t NN t') C carrier t N carrier t'
unfolding Union-paths-carrier[symmetric]
by auto

9.1.9 Disjoint union of trees

lift-definition either :: 'a ttree = 'a ttree = 'a ttree (infixl «d®» 80)
is (V)
by (auto simp add: downset-def)

lemma either-emptyl [simp]: empty OD t =t
by transfer auto

lemma either-empty2[simp|: t ®® empty = ¢
by transfer auto

lemma either-sym[simp]: t B t2 = t2 &P t
by transfer auto

lemma either-idem[simp]: t ®H t =t
by transfer auto

lemma possible-either[simp]: possible (t &® t') © +— possible t x V possible t’ x
by transfer auto

lemma nat-either[simp): nzt (t & t') v = nat t © D nat t' x
by transfer auto

lemma paths-either[simpl: paths (t &@ t') = paths t U paths t’
by transfer simp

lemma carrier-either|simp]:
carrier (t ®® t') = carrier t U carrier t’
by transfer simp

lemma either-contains-argl: paths t C paths (t &P t')
by transfer fastforce

lemma either-contains-arg2: paths t' C paths (t & t')
by transfer fastforce

lift-definition FEither :: 'a ttree set = 'a ttree is A S. insert [| (US)
by (auto simp add: downset-def)

lemma paths-Either: paths (Fither ts) = insert [| (| (paths ‘ ts))
by transfer auto

9.1.10 Merging of trees

lemma ez-ex-eq-hint: (3z. (3zs ys. © = fasys N Pas ys) A Q z) +— (Fas ys. Q (f xs ys) A
P xs ys)
by auto
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lift-definition both :: ‘a ttree = 'a ttree = 'a tiree (infixl «®®> 86)
is X\ wss yss . U {xs @ ys | zs ys. xs € xss A ys € yss}
by (force simp: ex-ex-eq-hint dest: interleave-butlast)

lemma both-assoc[simp]: t ® (I’ @R t") = (t @ t') @R t”
apply transfer
apply auto
apply (metis interleave-assoc2)
apply (metis interleave-assocl)
done

lemma both-comm: t @® t' = t' @R ¢
by transfer (auto, (metis interleave-comm)-+)

lemma both-emptyl [simp]: empty @R t =t
by transfer auto

lemma both-empty2[simp]: t @R empty = t
by transfer auto

lemma paths-both: xs € paths (t @® t') «— (I ys € paths t. I zs € paths t'. 15 € ys ® zs)
by transfer fastforce

lemma both-contains-argl: paths t C paths (t @® t')
by transfer fastforce

lemma both-contains-arg2: paths t' C paths (t @® t')
by transfer fastforce

lemma both-monol:
paths t C paths t' = paths (t @® t"') C paths (' @ t")
by transfer auto

lemma both-mono2:
paths t C paths t' = paths (1" ®® t) C paths (1" @ t')
by transfer auto

lemma possible-both[simp]: possible (t ®® t') x +— possible t x \V possible t' x
proof
assume possible (1 @® t') x
then obtain zs where z#zs € paths (t @® t’)
by transfer auto

from <x#xs € paths (t @® t')
obtain ys zs where ys € paths t and zs € paths t' and z#xs € ys ® zs

by transfer auto

from «x#xs € ys ® zs»
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have ys Z[| Ahdys =2 V zs Z[| AN hd zs = x
by (auto elim: interleave-cases)
thus possible t x V possible t’
using <(ys € paths t» <zs € paths ¢
by transfer auto
next
assume possible t x \V possible t' x
then obtain zs where x#zsc paths t V z#xs€ paths t’
by transfer auto
from this have z#uxs € paths (t @® t') by (auto dest: subsetD[OF both-contains-argl] sub-
setD|OF both-contains-arg2])
thus possible (t @® t') z by transfer auto
qed

lemma nxt-both:
nzt (' @ t) © = (if possible t" x A possible t © then nat t' © Q® t ®D t' @R nat t x else
if possible t' z then nxt t' T QR t else
if possible t x then t' ®® nxt t T else
empty)
by (transfer, auto 4 4 intro: interleave-intros)

lemma Cons-both:
x # s € paths (t' @R t) +— (if possible t' x A possible t x then xs € paths (nat t' x @R t)
V xs € paths (t' @® nat t ) else
if possible t' x then xs € paths (nzt t' © @R t) else
if possible t = then xs € paths (t' @R nat t x) else
False)
apply (auto simp add: paths-Cons-nzt-iff [symmetric] nat-both)
by (metis paths.rep-eq possible.rep-eq possible-both)

lemma Cons-both-possible-leftE: possible t ¥ => xs € paths (nat t x @R t') = z#1xs € paths
(t @® t')

by (auto simp add: Cons-both)
lemma Cons-both-possible-rightE: possible t' © = xs € paths (t @® nat t' ©) = x#xs € paths
(t ©® ')

by (auto simp add: Cons-both)

lemma either-both-distr[simp):
R0t 0 t' oo t" = t' 90 (t & t")
by transfer auto

lemma either-both-distr2|simp]:
R tedt’ R t = (t'®d t") @ t
by transfer auto

lemma nat-both-repeatable[simpl:
assumes [simp]: repeatable t’
assumes [simp|: possible t’ x
shows nzt (t' @® t) z =t/ @® (t & nat t z)
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by (auto simp add: nat-both)

lemma nat-both-many-calls[simp): nzt (many-calls © @R t) x = many-calls x R (t &S nat ¢

7)

by (simp add: repeatable-many-calls)

lemma repeatable-both-self [simp]:
assumes [simp|: repeatable t
shows t ®® t =t
apply (intro paths-inj set-eql)
apply (induct-tac x)
apply (auto simp add: Cons-both paths-Cons-nat-iff [symmetric])
apply (metis Cons-both both-emptyl possible-empty)+
done

lemma repeatable-both-both[simp]:
assumes repeatable t
shows t @@ t' @® t = t @® t’
by (metis repeatable-both-self[OF assms] both-assoc both-comm)

lemma repeatable-both-both2|simp]:
assumes repeatable t
shows t' Q® t Q® t =t/ QR ¢
by (metis repeatable-both-self[OF assms] both-assoc both-comm)

lemma repeatable-both-nzt:

assumes repeatable t

assumes possible t'

assumes t' @® t = t’

shows nat t' z @® t = nat t' z
proof (rule classical)

assume nzt t' T QR t # nxt t’' x

hence (nat t' © & t') @R t # nat t' x by (metis (no-types) assms(1) both-assoc repeat-
able-both-self)

thus nzt t' © @® t = nat t’ x by (metis (no-types) assms either-both-distr2 nat-both nxt-repeatable)
qed

lemma repeatable-both-both-nzxt:
assumes t' Q® t = ¢’
shows ¢/ @® t" @ t = t' x t"
by (metis assms both-assoc both-comm)

lemma carrier-both[simp]:
carrier (t @® t') = carrier t U carrier t’
proof—

{

fix z
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assume z € carrier (t @® t’)

then obtain zs where zs € paths (t ®® t') and z € set zs by transfer auto

then obtain ys zs where ys € paths t and zs € paths t’ and zs € interleave ys zs

by (auto simp add: paths-both)

from this(3) have set zs = set ys U set zs by (rule interleave-set)

with <ys € -» <zs € - x € set xs»

have = € carrier t U carrier t' by transfer auto

}

moreover

note subsetD[OF carrier-mono[OF both-contains-argl [where t=t and t' = ¢']]]
subsetD|OF carrier-mono[OF both-contains-arg2[where t=t and t' = t']]]

ultimately

show ?thesis by auto

qed

9.1.11 Removing elements from a tree

lift-definition without :: ‘a = 'a ttree = 'a ttree
is A z xss. filter (X z'. x' # x) ‘ xss
by (auto intro: downset-filter)(metis filter.simps(1) imagel)

lemma paths-withoutl:
assumes zs € paths t
assumes z ¢ set s
shows s € paths (without x t)
proof—
from assms(2)
have filter (A 2'. 2’ # ) s = zs by (auto simp add: filter-id-conv)
with assms(1)
have zs € filter (A z'. ' # z)‘ paths t by (metis imagel)
thus ?thesis by transfer
qed

lemma carrier-without[simp): carrier (without x t) = carrier t — {z}
by transfer auto

lift-definition ttree-restr :: 'a set = 'a ttree = 'a ttree is X\ S wzss. filter (A z’. ' € S)  wss
by (auto intro: downset-filter)(metis filter.simps(1) imagel)

lemma filter-paths-conv-free-restr:
filter (A z’. 2’ € S)  paths t = paths (ttree-restr S t) by transfer auto

lemma filter-paths-conv-free-restr2:
filter (A z' . z" ¢ S)  paths t = paths (ttree-restr (— S) t) by transfer auto

lemma filter-paths-conv-free-without:
filter (A 2’ . ' # y) ‘ paths t = paths (without y t) by transfer auto

lemma ttree-restr-is-empty: carrier t N S = {} = ttree-restr S t = empty
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apply transfer

apply (auto del: iffT )

apply (metis SUP-bot-conv(2) SUP-inf inf-commute inter-set-filter set-empty)
apply force

done

lemma ttree-restr-noop: carrier t C S = ttree-restr St =t
apply transfer
apply (auto simp add: image-iff)
apply (metis SUP-le-iff contra-subsetD filter-True)
apply (rule-tac © = x in bezl)
apply (metis SUP-upper contra-subsetD filter-True)
apply assumption
done

lemma ttree-restr-tree-restr|simpl:
ttree-restr S (ttree-restr S’ t) = ttree-restr (S’ N 9) t
by transfer (simp add: image-comp comp-def)

lemma ttree-restr-both:

ttree-restr S (t @® t') = ttree-restr S t @ ttree-restr S t’

by (force simp add: paths-both filter-paths-conv-free-restr|symmetric] intro: paths-inj filter-interleave
elim: interleave-filter)

lemma ttree-restr-nat-subset: © € S = paths (ttree-restr S (nzt t x)) C paths (nat (ttree-restr
St)x)
by transfer (force simp add: image-iff)

lemma tiree-restr-nat-subset2: x ¢ S = paths (ttree-restr S (nat t x)) C paths (ttree-restr S
t)

apply transfer

apply auto

apply force
by (metis filter.simps(2) imagel)

lemma ttree-restr-possible: © € S = possible t x = possible (ttree-restr S t) x
by transfer force

lemma ttree-restr-possible2: possible (ttree-restr St') t = z € S
by transfer (auto, metis filter-eq-Cons-iff)

lemma carrier-ttree-restr[simp):
carrier (ttree-restr S't) = S N carrier t
by transfer auto

9.1.12 Muiltiple variables, each called at most once

lift-definition singles :: ‘a set = 'a ttree is X S. {zs. ¥V x € S. length (filter (A z’. 2’ = z) xs)
< 1)
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apply auto

apply (rule downsetI)

apply auto

apply (subst (asm) append-butlast-last-id[symmetric]) back
apply simp

apply (subst (asm) filter-append)

apply auto

done

lemma possible-singles[simp]: possible (singles S) x
apply transfer’
apply (rule-tac x = || in exl)
apply auto
done

lemma length-filter-monolintrol:

assumes (A z. Pz = Q x)

shows length (filter P zs) < length (filter Q xs)
by (induction xs) (auto dest: assms)

lemma nat-singles[simpl: nzt (singles S) z' = (if ' € S then without ' (singles S) else singles

S)
apply transfer’
apply auto
apply (rule rev-image-eql[where z = [|], auto)[!]
apply (rule-tac © = z in rev-image-eql)
apply (simp, rule balll, erule-tac © = za in ballE, auto)[1]
apply (rule sym)
apply (simp add: filter-id-conv filter-empty-conv)[1]
apply (erule-tac x = zb in ballE)
apply (erule order-trans|rotated))
apply (rule length-filter-mono)
apply auto
done

lemma carrier-singles|simp]:
carrier (singles S) = UNIV
apply transfer
apply auto
apply (rule-tac z = [z] in ex])
apply auto
done

lemma singles-mono:
S C S’ = paths (singles S') C paths (singles S)
by transfer auto

lemma paths-many-calls-subset:
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paths t C paths (many-calls © @R without x t)
proof

fix xs

assume zs € paths t

have filter (Az'. 2’ = x) xs = replicate (length (filter (Az'. 2’/ = z) zs)) =
by (induction xs) auto

hence filter (A\z’. ' = z) xs € paths (many-calls z) by transfer auto

moreover

from <xs € paths t»

have filter (Az'. 2’ # x) xs € paths (without z t) by transfer auto

moreover

have zs € interleave (filter (Az’. ' = z) xs) (filter (Az'. o’ # ) zs) by (rule inter-
leave-filtered)

ultimately show zs € paths (many-calls © ®® without x t) by transfer auto
qed

9.1.13 Substituting trees for every node

definition f-nzt :: (‘a = 'a ttree) = ‘a set = 'a = ('a = 'a tiree)
where f-nzt f T« = (if ¢ € T then f(z:=empty) else f)

fun substitute’ :: ('a = 'a ttree) = ‘a set = 'a ttree = 'a list = bool where
substitute’-Nil: substitute’ f T t [| «— True
| substitute’-Cons: substitute’ f T t (z#xs) <—
possible t x A substitute’ (f-nat f Tx) T (nattz ® fz) xs

lemma f-nzt-monol: (N z. paths (f ) C paths (f' x)) = paths (f-nzt f T z ') C paths (f-nxt
f'Txa’
unfolding f-nzt-def by auto

lemma f-nzt-empty-set[simp|: f-nat f {} z = f by (simp add: f-nat-def)

lemma downset-substitute: downset (Collect (substitute’ f T t))
apply (rule) unfolding mem-Collect-eq
proof—
fix z
assume substitute’ f T t
thus substitute’ f T t (butlast z) by (induction t © rule: substitute’.induct) (auto)
qed

lift-definition substitute :: ('a = 'a ttree) = 'a set = 'a ttree = 'a ttree
is A f T t. Collect (substitute’ f T t)
by (simp add: downset-substitute)

lemma elim-substitute’[pred-set-conv]: substitute’ f T t zs +— xs € paths (substitute f T t) by
transfer auto

lemmas substitute-induct|case-names Nil Cons| = substitute’.induct
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lemmas substitute-simps[simp] = substitute’.simps[unfolded elim-substitute’

lemma substitute-mono2:
assumes paths t C paths t’
shows paths (substitute f T t) C paths (substitute f T ')
proof
fix zs
assume zs € paths (substitute f T t)
thus xs € paths (substitute f T t')
using assms
proof (induction xs arbitrary:f t t')
case Nil
thus ?case by simp
next
case (Cons z zs)
from Cons.prems
show ?Zcase
by (auto dest: possible-mono elim: Cons.IH introl: both-monol nxt-mono)
ged
qed

lemma substitute-monol:
assumes Az. paths (f ) C paths (f' z)
shows paths (substitute f T t) C paths (substitute f' T t)
proof
fix zs
assume zs € paths (substitute f T t)
from this assms
show zs € paths (substitute f' T t)
proof (induction xs arbitrary: f ' t)
case Nil
thus ?case by simp
next
case (Cons z xs)
from Cons.prems
show Zcase
by (auto elim!: Cons.IH dest: subsetD dest!: subsetD]OF f-nzt-monol[OF Cons.prems(2)]]
subsetD[OF substitute-mono2[OF both-mono2[OF Cons.prems(2)]]])
qed
qed

lemma substitute-monoT:

assumes 7' C T’

shows paths (substitute f T' t) C paths (substitute f T t)
proof

fix xs

assume zs € paths (substitute f T' t)

thus zs € paths (substitute f T t)

using assms
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proof (induction f T t xs arbitrary: T rule: substitute-induct)
case Nil
thus ?case by simp
next
case (Cons fT'tzas T)
from «x # xs € paths (substitute f T' t)»
have [simp]: possible t x and xs € paths (substitute (f-nxt f T' z) T’ (nzt t z @R fz)) by
auto
from Cons.IH[OF this(2) Cons.prems(2)]
have zs € paths (substitute (f-nat f T' z) T (nzt t z QR [ x)).
hence zs € paths (substitute (f-nzt f T z) T (nat t v Q® f x))
by (rule subsetD[OF substitute-monol, rotated])
(auto simp add: f-nat-def subsetD[OF Cons.prems(2)])
thus ?case by auto
qged
qed

lemma substitute-contains-arg: paths t C paths (substitute f T t)
proof

fix zs

show zs € paths t = xs € paths (substitute f T t)

proof (induction zs arbitrary: f t)

case Nil
show ?case by simp
next

case (Cons x zs)

from «x # zs € paths t»

have possible t © by transfer auto

moreover

from <z # xs € paths t» have xs € paths (nzt t x)
by (auto simp add: paths-nat-eq)

hence zs € paths (nzt t © ® f ) by (rule subsetD[OF both-contains-argl])

note Cons.IH|OF this)

ultimately

show ?case by simp

qged
qed

lemma possible-substitute]simp|: possible (substitute f T t) z +— possible t x

by (metis Cons-both both-empty2 paths-Nil substitute-simps(2))
lemma nat-substitute[simpl: possible t x = nxt (substitute f T t) x = substitute (f-nzt f T x)
T (nzt t © R f )

by (rule ttree-eql) (simp add: paths-nzt-eq)

lemma substitute-either: substitute f T (¢t &® t’) = substitute f T t &G substitute f T t’
proof—
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have [simp]: N tt'z. (nattz &D nett' 2) @R fr =nrt tz QR fz B nat t’' © @R f z by
(metis both-comm either-both-distr)
{
fix xs
have xs € paths (substitute f T (t ®® t')) <+— xzs € paths (substitute f T t) V xzs € paths
(substitute f T t')
proof (induction xzs arbitrary: f ¢ t')
case Nil thus ?case by simp
next
case (Cons z zs)
note /H = Cons.IH[where f = f-nzt f Tx and t = nzt t' © ®® fz and t' = nat t © QR f
z]
show ?Zcase
apply (auto simp del: either-both-distr2 simp add: either-both-distr2[symmetric] IH)
apply (metis IH both-comm either-both-distr either-empty2 nxt-not-possible)
apply (metis IH both-comm both-emptyl either-both-distr either-emptyl nxt-not-possible)
done
qged
}
thus ?thesis by (auto intro: paths-inyj)
qed

lemma f-nxt-T-delete:

assumes fr = empty

shows f-nat f (T — {z}) 2’ = fnat f Tz’
using assms
by (auto simp add: f-nxt-def)

lemma f-nzt-empty[simp):
assumes fr = empty
shows f-nzt f T z’ © = empty
using assms
by (auto simp add: f-nxt-def)

lemma f-nzt-empty’[simp):
assumes [z = empty
shows fnat fT z = f

using assms

by (auto simp add: f-nxt-def)

lemma substitute-T-delete:

assumes [z = empty

shows substitute f (T — {z}) t = substitute f T t
proof (intro paths-inj set-eql)

fix zs
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from assms
show zs € paths (substitute f (T — {x}) t) «— xs € paths (substitute f T t)
by (induction xzs arbitrary: ft) (auto simp add: f-nzt-T-delete )

qed

lemma substitute-only-empty:
assumes const-on f (carrier t) empty
shows substitute f Tt = ¢
proof (intro paths-inj set-eql)
fix zs
from assms
show zs € paths (substitute f T t) +— xs € paths t
proof (induction zs arbitrary: f t)
case Nil thus ?case by simp
case (Cons z zs f t)

note const-onD[OF Cons.prems carrier-possible, where y = z, simp]

have [simp]: possible t t = fnat f Tz = f
by (rule f-nat-empty’, rule const-onD[OF Cons.prems carrier-possible, where y = z])

from Cons.prems carrier-nzt-subset
have const-on f (carrier (nxzt t x)) empty
by (rule const-on-subset)
hence const-on (f-nat f T z) (carrier (nat t x)) empty
by (auto simp add: const-on-def f-nzt-def)
note Cons.IH|OF this)
hence [simp]: possible t © = (zs € paths (substitute f T (nzt t z))) = (zs € paths (nzt

z))

by simp

show ?case by (auto simp add: Cons-path)
qged
qed

lemma substitute-only-empty-both: const-on f (carrier t') empty = substitute f T (t ®® t') =
substitute f T t @ t'
proof (intro paths-inj set-eql)
fix xs
assume const-on f (carrier t') TTree.empty
thus (zs € paths (substitute f T (t @® t'))) = (xzs € paths (substitute f T t @R t’))
proof (induction zs arbitrary: f ¢ t')
case Nil thus ?case by simp
next
case (Cons z zs)
show ?Zcase
proof (cases possible t' z)
case True
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hence z € carrier t' by (metis carrier-possible)
with Cons.prems have [simp]: f x = empty by auto
hence [simp]: f-nzt f T © = f by (auto simp add: f-nzt-def)

note Cons.IH[OF Cons.prems, where t = nzt t z, simp]

from Cons.prems
have const-on [ (carrier (nzt t' x)) empty by (metis carrier-nat-subset const-on-subset)
note Cons.IH[OF this, where t = t, simp]

show ?thesis using True
by (auto simp add: Cons-both nzt-both substitute-either)
next
case Fulse

have [simp]: nat t © @@ t' @@ fz =nattz R fr @ t’
by (metis both-assoc both-comm)

from Cons.prems
have const-on (f-nzt f T z) (carrier t') empty
by (force simp add: f-nxt-def)
note Cons.IH[OF this, where ¢t = nzt t * ® [z, simp)

show ?thesis using False
by (auto simp add: Cons-both nzt-both substitute-either)
qed
qed
qed

lemma f-nat-upd-empty[simpl:
fnat (f(z’ := empty)) Tz = (fnzt f T x)(z’ := empty)
by (auto simp add: f-nzi-def)

lemma repeatable-f-nat-upd[simp):
repeatable (f ©) = repeatable (f-nxt f T z' x)
by (auto simp add: f-nzi-def)

lemma substitute-remove-anyways-aux:
assumes repeatable (f x)
assumes xs € paths (substitute f T t)
assumes t Q® fxr =t
shows s € paths (substitute (f(x := empty)) T t)
using assms(2,3) assms(1)
proof (induction f T t xs rule: substitute-induct)
case Nil thus ?case by simp
next
case (Cons f Tt z' xs)
show Zcase
proof(cases z' = x)
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case Fulse
hence [simp]: (f(z := TTree.empty)) z' = f z' by simp
have [simp]: f-nat f T ' ¢ = f z using Fulse by (auto simp add: f-nzt-def)
show ?Zthesis using Cons by (auto simp add: repeatable-both-nzt repeatable-both-both-nxt
stmp del: fun-upd-apply)
next
case True
hence [simp]: (f(z := TTree.empty)) x = empty by simp

have x: (f-nzt f T xz) x = fz V (f-nzt f T z) v = empty by (simp add: f-nzt-def)
thus ?thesis
using Cons True
by (auto simp add: repeatable-both-nat repeatable-both-both-nxt simp del: fun-upd-apply)
qged
qed

lemma substitute-remove-anyways:
assumes repeatable t
assumes fz = ¢
shows substitute f T (t @® t') = substitute (f(z := empty)) T (t @R t’)
proof (rule paths-inj, rule, rule subsetl)
fix zs
have repeatable (f z) using assms by simp
moreover
assume zs € paths (substitute f T (t ® t'))
moreover
have t ®® t' ®® fz =t @ t'
by (metis assms both-assoc both-comm repeatable-both-self)
ultimately
show zs € paths (substitute (f(z := empty)) T (t R t'))
by (rule substitute-remove-anyways-aur)
next
show paths (substitute (f(x := empty)) T (t ®® t')) C paths (substitute f T (t @R t’))
by (rule substitute-monol) auto
qed

lemma carrier-f-nzt: carrier (f-nzt f T z z') C carrier (f z)
by (simp add: f-nzt-def)

lemma f-nat-cong: fz' = f'2' = fnat f Txz' = fnxt f' Txx'
by (simp add: f-nzt-def)

lemma substitute-cong’:
assumes xs € paths (substitute f T t)
assumes A\ zn. z € A = carrier (fz) C A
assumes carrier t C A
assumes A z. 2 € A = fa=f"z
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shows zs € paths (substitute f' T t)
using assms
proof (induction f T t zs arbitrary: f' rule: substitute-induct )
case Nil thus ?case by simp
next
case (Cons f T t z xs)
hence possible t © by auto
hence z € carrier t by (metis carrier-possible)
hence z € A using Cons.prems(3) by auto
with Cons.prems have [simp|: f' z = f z by auto
have carrier (f z) C A using <z € A by (rule Cons.prems(2))

from Cons.prems(1,2) Cons.prems(4)[symmetric]
show ?case
by (auto elim!: Cons.IH
dest!: subsetD[OF carrier-f-nat] subsetD[OF carrier-nat-subset] subsetD|OF Cons.prems(3)]
subsetD[OF «carrier (f ) C A)]
intro: f-nxt-cong
)
qed

lemma substitute-cong-induct:
assumes A z. z € A = carrier (fz) C A
assumes carrier t C A
assumes A z.z € A= fz=f"=z
shows substitute f T t = substitute f' T t
apply (rule paths-inj)
apply (rule set-eql)
apply (rule iffT)
apply (erule (2) substitute-cong’|OF - assms])
apply (erule substitute-cong’|OF - - assms(2)])
apply (metis assms(1,3))
apply (metis assms(3))
done

lemma carrier-substitute-auz:
assumes xs € paths (substitute f T t)
assumes carrier t C A
assumes A z. z € A = carrier (fz) C A
shows setzs C A
using assms
apply (induction f T t zs rule: substitute-induct)
apply auto
apply (metis carrier-possible-subset)
apply (metis carrier-f-nxt carrier-nzt-subset carrier-possible-subset contra-subsetD order-trans)
done
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lemma carrier-substitute-below:
assumes A z. z € A = carrier (fz) C A
assumes carrier t C A
shows carrier (substitute f T t) C A
proof—
have A zs. zs € paths (substitute f T t) = set xs C A by (rule carrier-substitute-auz[OF -
assms(2,1)])
thus ?thesis by (auto simp add: Union-paths-carrier[symmetric])
qed

lemma f-nxt-eq-empty-iff:
fnxt f Tzx' = empty +— fo' =emptyV (z' =z A2 eT)
by (auto simp add: f-nzi-def)

lemma substitute-T-cong':
assumes zs € paths (substitute f T t)
assumes A\ z. (z€ T +—z€ TV fz=empty
shows xs € paths (substitute f T' t)
using assms
proof (induction f T t zs rule: substitute-induct )
case Nil thus ?case by simp
next
case (Cons f T t z xs)
from Cons.prems(2)[where z = z]
have [simp]: f-nat f Tz = f-nzt f T' x
by (auto simp add: f-nzt-def)

from Cons.prems(2)
have (Az". ('€ T) = (¢’ € T) V f-nzt f T x ©' = TTree.empty)
by (auto simp add: f-nzt-eq-empty-iff)
from Cons.prems(1) Cons. IH[OF - this
show Zcase
by auto
qed

lemma substitute-cong-T:
assumes A\ z. (z€ T +—z€ T)V fz=empty
shows substitute f T = substitute f T"'
apply rule
apply (rule paths-inj)
apply (rule set-eql)
apply (rule iffI)
apply (erule substitute-T-cong’[OF - assms))
apply (erule substitute-T-cong’)
apply (metis assms)
done

lemma carrier-substitutel: carrier t C carrier (substitute f T t)
by (rule carrier-mono) (rule substitute-contains-arg)
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lemma substitute-cong:
assumes A z. x € carrier (substitute f Tt) = fz = f"=x
shows substitute f T t = substitute f' T t
proof (rule substitute-cong-induct[OF - - assms])
show carrier t C carrier (substitute f T t)
by (rule carrier-substitutel )
next
fix z
assume z € carrier (substitute f T t)
then obtain zs where zs € paths (substitute f T t) and z € set zs by transfer auto
thus carrier (f ) C carrier (substitute f T t)
proof (induction zs arbitrary: f t)
case Nil thus ?case by simp
next
case (Cons ¢’ xs f t)
from <z’ # s € paths (substitute f T t)»
have possible t ' and zs € paths (substitute (f-nat f T z') T (nzt t ' Q® fz')) by auto

from <z € set (z' # xs)
have z = 2’V (z # z' A © € set zs) by auto
hence carrier (f ) C carrier (substitute (f-nat f T 2') T (nat t 2’ @® fz'))
proof (elim conjE disjE)

assume z = z’

have carrier (f x) C carrier (nat t z ® fz) by simp

also have ... C carrier (substitute (fnzt f T z’) T (nzt t © ®® f x)) by (rule car-
rier-substitutel )

finally show ?thesis unfolding <z = z/.
next

assume 1 # z’

hence [simp]: (f-nat f T 2’ ) = fx by (simp add: f-nzt-def)

assume r € set 18
from Cons.IH[OF <xs € - this]
show carrier (f x) C carrier (substitute (f-nzt f T 2') T (nzt t 2’ @® fz')) by simp

qed

also

from <possible t z’)

have carrier (substitute (f-nat f T z') T (nat t 2’ @® fz')) C carrier (substitute f T t)
apply transfer
apply auto
apply (rule-tac = z'#xa in exl)
apply auto
done

finally show ?case.

qged
qed

lemma substitute-substitute:
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assumes A z. const-on f’ (carrier (f x)) empty
shows substitute f T (substitute f' T t) = substitute (A z. fz @® f'z) Tt
proof (rule paths-inj, rule set-eql)
fix xs
have [simp]: A\ ff' 2’ fnat Az, fz @® f'z) Ta'= Az, fnzt f T2’ 2 @R fnat f' Tz x)
by (auto simp add: f-nzt-def)

from assms
show s € paths (substitute f T (substitute f" T t)) «— xs € paths (substitute (Az. fz @ f’
z) Tt)

proof (induction zs arbitrary: ff't)
case Nil thus ?case by simp
case (Cons z xs)

thus Zcase

proof (cases possible t x)

case True

from Cons.prems
have prem”. \ z'. const-on (f-nat f' T x) (carrier (f z')) empty
by (force simp add: f-nxt-def)
hence Az’. const-on (f-nzt f' T z) (carrier ((f-nazt f T x) x')) empty
by (metis carrier-empty const-onl emptyE f-nat-def fun-upd-apply)
note Cons.IH[where f = f-nat f T z and f' = f-nat f' T x, OF this, simp]

have [simp]: nzt t 2 ®® fz 9 f'z=nat tz Q® f 2 @ fx
by (metis both-comm both-assoc)

show ?thesis using True
by (auto del: iffT simp add: substitute-only-empty-both[OF prem'[where z’ = x] , sym-
metric))
next
case Fulse
thus ?thesis by simp
qged
qged
qed

lemma ttree-rest-substitute:

assumes A z. carrier (fz) N S = {}

shows ttree-restr S (substitute f T t) = ttree-restr S t
proof (rule paths-inj, rule set-eql, rule iffI)

fix xs

assume zs € paths (ttree-restr S (substitute f T t))

then

obtain zs’ where [simp]: xs = filter (A z’. 2’ € S) xs’ and xs’ € paths (substitute f T t)

by (auto simp add: filter-paths-conv-free-restr|symmetric])
from this(2) assms
have filter (A z’. 2’ € S) xs’ € paths (ttree-restr S t)
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proof (induction xzs’ arbitrary: f t)
case Nil thus ?case by simp
next
case (Cons z zs f 1)
from Cons.prems
have possible t  and xs € paths (substitute (f-nzt f T ) T (nat t © @® fz)) by auto

from Cons.prems(2)
have (Az'. carrier (f-nat f Tz 2’) NS = {}) by (auto simp add: f-nxzt-def)

from Cons.IH|OF <xs € -» this]
have [z<xzs . ©' € S] € paths (ttree-restr S (nzt t ) @R ttree-restr S (f z)) by (simp add:
ttree-restr-both)
hence [z<—zs . 2’ € S] € paths (ttree-restr S (nxt t x)) by (simp add: ttree-restr-is-empty[OF
Cons.prems(2)])
with <possible t >
show [¢<—z#xs . ' € S| € paths (ttree-restr S t)
by (cases x € S) (auto simp add: Cons-path ttree-restr-possible dest: subsetD][OF ttree-restr-nt-subset2]
subsetD[OF ttree-restr-nxt-subset])
qged
thus zs € paths (ttree-restr S t) by simp
next
fix xs
assume zs € paths (ttree-restr S t)
then obtain zs’ where [simp|:zs = filter (A z’. ' € S) zs’ and zs’ € paths ¢
by (auto simp add: filter-paths-conv-free-restr|symmetric|)
from this(2)
have xs’ € paths (substitute f T t) by (rule subsetD[OF substitute-contains-arg))
thus xs € paths (ttree-restr S (substitute f T t))
by (auto simp add: filter-paths-conv-free-restr[symmetric])
qed

An alternative characterization of substitution

inductive substitute” :: ('a = 'a tiree) = 'a set = 'a list = 'a list = bool where
substitute’-Nil: substitute” f T [] ||
| substitute’-Cons:
zs € paths (f ) = xs’ € interleave xs zs => substitute’’ (f-nzt f T z) T xs’ ys
= substitute” f T (z#xs) (z#ys)
inductive-cases substitute’’-NilE[elim]: substitute’ f T xs [| substitute” f T || xs
inductive-cases substitute’’-ConsE]elim]: substitute’ f T (x#xs) ys

lemma substitute-substitute’”:
xs € paths (substitute f T t) «— (3 xzs’ € paths t. substitute” f T xs' xs)
proof
assume zs € paths (substitute f T t)
thus 3 zs’ € paths t. substitute” [ T zs’ s
proof (induction zs arbitrary: f t)
case Nil
have substitute” f T [] []..
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thus ?case by auto
next

case (Cons z zs f t)

from <z # xs € paths (substitute f T t)»

have possible t © and zs € paths (substitute (f-nzt f T x) T (nztt z ®® fx)) by (auto simp
add: Cons-path)

from Cons. TH[OF this(2)]

obtain zs’ where zs’ € paths (nzt t x ®® f x) and substitute” (f-nzt f T z) T xs’ zs by
auto

from this(1)

obtain ys’ zs’ where ys’ € paths (nat t x) and zs’ € paths (f z) and zs’ € interleave ys’ zs’

by (auto simp add: paths-both)

from this(2,3) «substitute’’ (f-nzt f T x) T xs’ zs»
have substitute” f T (x # ys') (z # zs)..
moreover
from «ys’ € paths (nxt t x)» <possible t >
have z # ys’ € paths t by (simp add: Cons-path)
ultimately
show ?case by auto
qed
next
assume 3 zs’ € paths t. substitute’ f T zs’ s
then obtain zs’ where substitute’” f T zs’ xs and zs’ € paths t by auto
thus xs € paths (substitute f T t)
proof (induction arbitrary: t rule: substitute’.induct|case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs x xs’ xs ys t)
from Cons.prems Cons.hyps
show ?case by (force simp add: Cons-path paths-both introl: Cons.IH)
qed
qed

lemma paths-substitute-substitute’”:
paths (substitute f T t) = |J (A zs . Collect (substitute” f T xzs))  paths t)
by (auto simp add: substitute-substitute’")

lemma ttree-rest-substitute2:
assumes A z. carrier (fz) C S
assumes const-on f (—S) empty
shows ttree-restr S (substitute f T't) = substitute f T (ttree-restr S t)
proof (rule paths-inj, rule set-eql, rule iffT)
fix zs
assume zs € paths (ttree-restr S (substitute f T t))
then
obtain zs’ where [simp]: zs = filter (A z’. 2’ € S) zs’ and zs’ € paths (substitute f T t)
by (auto simp add: filter-paths-conv-free-restr[symmetric])
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from this(2) assms
have filter (A z'. 2’ € S) s’ € paths (substitute f T (ttree-restr S t))
proof (induction f T t xs’ rule: substitute-induct)
case Nil thus ?case by simp
next
case (Cons f T t z xs)
from Cons.prems(1)
have possible t x and xs € paths (substitute (f-nzt f T z) T (nzt t z @R f x)) by auto
note this(2)
moreover
from Cons.prems(2)
have A z'. carrier (f-nzt f T x ") C S by (auto simp add: f-nat-def)
moreover
from Cons.prems(3)
have const-on (f-nzt f T z) (—S5) empty by (force simp add: f-nat-def)
ultimately
have [z'«zs . ' € S| € paths (substitute (f-nzt f T x) T (ttree-restr S (nat t z @® f x)))
by (rule Cons.IH)
hence *: [z'«xs . 2’ € S| € paths (substitute (f-nzt f T x) T (ttree-restr S (nzt t © @R f
x))) by (simp add: ttree-restr-both)
show ?Zcase
proof (cases z € §)
case True
show ?thesis
using <possible t x> Cons.prems(3) * True
by (auto simp add: ttree-restr-both ttree-restr-noop[ OF Cons.prems(2)] intro: ttree-restr-possible
dest: subsetD[OF substitute-mono2[OF both-monol|[OF ttree-restr-nzt-subset]|])
next
case False
with <const-on f (— S) TTree.emptys have [simp]: f z = empty by auto
hence [simp]: f-nat f T = = [ by (auto simp add: f-nxt-def)
show ?thesis
using * False
by (auto dest: subsetD]OF substitute-mono2[OF ttree-restr-nat-subset2]])
qed
qged
thus zs € paths (substitute f T (ttree-restr S t)) by simp
next
fix xs
assume zs € paths (substitute f T (ttree-restr S t))
then obtain zs’ where zs’ € paths t and substitute’’ f T (filter (A x'. z'€S) zs’) s
unfolding substitute-substitute’’
by (auto simp add: filter-paths-conv-free-restr[symmetric])

from this(2) assms

have 3 zs”. xs = filter (A z’. 2’€S) zs" A substitute” f T xs’ zs"

proof (induction (xzs',xs) arbitrary: f xs’ xs rule: measure-induct-rule[where f = A (zs,ys).
length (filter (X z'. ' ¢ S) xzs) + length ys])

case (less xs ys)
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note <substitute” f T [z'«zs . z' € S] ys»

show ?case
proof (cases xs)
case Nil with less.prems have ys = [| by auto
thus ?thesis using Nil by (auto, metis filter.simps(1) substitute’’-Nil)
next
case (Cons z zs')
show ?thesis
proof (cases z € S)
case True with Cons less.prems
have substitute’’ f T (x4 [z'<xs’. 2’ € S]) ys by simp
from substitute’’-ConsE[OF this)]
obtain zs zs” ys’ where ys = z # ys’ and zs € paths (f z) and xs”’ € interleave [x'<xs’
.z" € S| zs and substitute” (f-nat f T x) T zs’ ys'.
from «<zs € paths (f ) less.prems(2)
have set zs C S by (auto simp add: Union-paths-carrier[symmetric])
hence [simp]: [z'zs . ' € S] = zs [z™+2s . 2" ¢ S| = ||
by (metis UnCI Un-subset-iff eq-iff filter-True,
metis <set zs C S» filter-False insert-absorb insert-subset)

from <xs" € interleave [z'<1xs’ . z' € S| zs)
have xs"' € interleave [z'xs’ . z' € S| [t'zs . 2’ € S] by simp
then obtain zs'"' where zs”’ = [z'<uas'" . 2’ € S] and zs"" € interleave zs’ zs by (rule
interleave-filter)
from <xs'’ € interleave xs’ zs»
have I: A\ P. length (filter P xs"") = length (filter P xzs’) + length (filter P zs)
by (induction) auto

from <substitute” (f-nzt f T x) T xs' ys'» <xs” = -
have substitute’’ (f-nzt f T z) T [x'«xs""’ . ' € S| ys’ by simp
moreover
from less.prems(2)
have Aza. carrier (f-nzt f T x za) C S
by (auto simp add: f-nzt-def)
moreover
from less.prems(3)
have const-on (f-nzt f T z) (— S) TTree.empty by (force simp add: f-nzt-def)
ultimately
have Jys". ys' = [x4—ys” . ' € S] A substitute” (f-nxt f T z) T zs'" ys”
by (rule less.hyps[rotated])

(auto simp add: <ys = - » <xs =-» «x € S» «xs’ = -[symmetric] 1)[1]

then obtain ys”’ where ys' = [z+ys" . 2’ € S| and substitute’’ (f-nat f T ) T xzs'"
ys' by blast

hence ys = [x«z#ys" . ' € S] using <z € S) <ys = -» by simp
moreover
from «<zs € paths (f z)» «xs'"’ € interleave xs’ zs) «substitute’’ (f-nzt f T x) T zs'" ys'"
have substitute’’ f T (x#txs’) (xtys’’)

11
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by rule

ultimately

show ?thesis unfolding Cons by blast
next
case Fulse with Cons less.prems

have substitute’’ f T ([z'+xs’. z' € S]) ys by simp

hence Jys’. ys = [z'—ys’ . ' € S| A substitute’ f T zs’ ys’

by (rule less.hyps|OF - - less.prems(2,3), rotated]) (auto simp add: <xs =-» <z ¢
S»)
then obtain ys’ where ys = [z'+ys’ . 2’ € S| and substitute’” f T zs’ ys’ by auto

from this(1)
have ys = [z«—z#ys' . 2’ € S] using <z ¢ S» <ys = -» by simp
moreover
have [simp]: fz = empty using <z ¢ S) less.prems(3) by force
hence f-nat f T © = f by (auto simp add: f-nat-def)
with «substitute’’ f T xs’ ys’
have substitute’’ f T (xftxzs’) (z#tys’)
by (auto intro: substitute'.intros)
ultimately
show ?thesis unfolding Cons by blast
qed
qed
ged
then obtain zs’’ where zs = filter (A z'. '€S) xs'’ and substitute’ f T xs’ zs'' by auto
from this(2) <xzs’ € paths t
have zs'’ € paths (substitute f T t) by (auto simp add: substitute-substitute’’)
with <zs = -»
show zs € paths (ttree-restr S (substitute f T t))
by (auto simp add: filter-paths-conv-free-restr[symmetric])
qed

end

9.2 TTree-HOLCF

theory TTree— HOLCF
imports TTree Launchbury. HOLCF — Utils Set— Cpo Launchbury. HOLCF — Join— Classes
begin

instantiation ttree :: (type) below
begin
lift-definition below-ttree :: ‘a ttree = 'a ttree = bool is (C).
instance..
end

lemma paths-mono: t C t' = paths t T paths t’
by transfer (auto simp add: below-set-def)
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lemma paths-mono-iff: paths t C paths t' +— t C t'
by transfer (auto simp add: below-set-def)

lemma ttree-belowl: (N zs. xs € paths t = s € paths t') = t C t’
by transfer auto

lemma paths-belowl: () = xs. x#xs € paths t = z#as € paths t') = t C t’
apply (rule ttree-belowl)
apply (case-tac zs)
apply auto
done

instance ttree :: (type) po
by standard (transfer, simp)+

lemma is-lub-ttree:
S <<| Either S
unfolding is-lub-def is-ub-def
by transfer auto

lemma [ub-is-either: lub S = Either S
using is-lub-ttree by (rule lub-eql)

instance ttree :: (type) cpo
by standard (rule exl, rule is-lub-ttree)

lemma minimal-tiree[simp, intro!]: empty C S
by transfer simp

instance ttree :: (type) pepo
by standard (rule+)

lemma empty-is-bottom: empty = L
by (metis below-bottom-iff minimal-ttree)

lemma carrier-bottom[simp)|: carrier L = {}
unfolding empty-is-bottom[symmetric] by simp

lemma below-anything[simp):
t C anything

by transfer auto

lemma carrier-mono: t C t' = carrier t C carrier t’
by transfer auto

lemma nzt-mono: t C t' = nattx C nat t' x
by transfer auto

lemma either-above-argl: t C t & t’
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by transfer fastforce

lemma either-above-arg2: t' C t &® t’
by transfer fastforce

lemma either-belowl: tC t"' = t'C t" = t O t' C t"
by transfer auto

lemma both-above-argl: t C t QQ t'
by transfer fastforce

lemma both-above-arg2: t' C t @ t’
by transfer fastforce

lemma both-monol "
tCt =t t"Ctext"
using both-monol [folded below-set-def, unfolded paths-mono-iff].

lemma both-mono2’:
tCt = t"'ex tCt"ex t’
using both-mono2|folded below-set-def, unfolded paths-mono-iff].

lemma nxt-both-left:
possible t t = nat t x R t' C nat (t @R t')
by (auto simp add: nzt-both either-above-arg2)

lemma nxt-both-right:
possible t' z = t @® nxt t' © C nat (t @R t') z
by (auto simp add: nat-both either-above-argl)

lemma substitute-monol” [ T f'=> substitute f T t T substitute f' T t
using substitute-monol [folded below-set-def, unfolded paths-mono-iff] fun-belowD
by metis

lemma substitute-mono2’: t C t'=— substitute f T t T substitute f T t’
using substitute-mono2[folded below-set-def, unfolded paths-mono-iff].

lemma substitute-above-arg: t T substitute f T t
using substitute-contains-arg[folded below-set-def, unfolded paths-mono-iff].

lemma ttree-contl:
assumes A S. f (Fither S) = FEither (f ©5)
shows cont f
proof (rule contl)
fix Y :: nat = ‘a ttree
have range (Ai. f (Y i)) = f ‘ range Y by auto
also have FEither ... = f (FEither (range Y)) unfolding assms(1)..
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also have FEither (range Y) = lub (range Y) unfolding lub-is-either by simp
finally
show range (Ai. f (Y ©)) <<| f (I 4. Y i) by (metis is-lub-ttree)

qed

lemma ttree-contl2:
assumes A z. paths (f z) = J (¢ * paths x)
assumes [] € t [|
shows cont f
proof (rule contl)
fix Y :: nat = ’a tiree
have paths (Either (range (Mi. f (Y ©)))) = insert [| (J=. paths (f (Y z)))
by (simp add: paths-Fither)

also have ... = insert [| (Jz. (¢t  paths (Y z)))
by (simp add: assms(1))
also have ... = |J (¢ “insert [| (Uz. paths (Y z)))
using assms(2) by (auto cong add: SUP-cong-simp)
also have ... = |J(t ¢ paths (Either (range Y)))
by (auto simp add: paths-FEither)
also have ... = paths (f (Either (range Y)))
by (simp add: assms(1))
also have ... = paths (f (lub (range Y))) unfolding lub-is-either by simp
finally

show range (\i. f (Y ©)) <<| f (L] 4. Y i) by (metis is-lub-ttree paths-inj)
qed

lemma cont-paths[ THEN cont-compose, cont2cont, simpl:
cont paths
apply (rule set-contl)
apply (thin-tac -)
unfolding lub-is-either
apply transfer
apply auto
done

lemma ttree-contl3:
assumes cont (A z. paths (f ))
shows cont f
apply (rule contI2)
apply (rule monofunI)
apply (subst paths-mono-iff[symmetric])
apply (erule cont2monofunE[OF assms])

apply (subst paths-mono-iff [symmetric])

apply (subst cont2contlubE[OF cont-paths|OF cont-id]], assumption)
apply (subst cont2contlubE[OF assms|, assumption)

apply rule

done
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lemma cont-substitute| THEN cont-compose, cont2cont, simp):
cont (substitute f T)
apply (rule ttree-contI2)
apply (rule paths-substitute-substitute’")
apply (auto intro: substitute'.intros)
done

lemma cont-bothi:
cont (A x. both x y)
apply (rule ttree-contI2[where t = A\xs . {zs . ys€paths y. zs € s ® ys}])
apply (rule set-eql)
by (auto intro: simp add: paths-both)

lemma cont-both2:
cont (A z. both y x)
apply (rule ttree-conti2[where t = Ays . {zs . Jzs€paths y. zs € s ® ys}])
apply (rule set-eql)
by (auto intro: simp add: paths-both)

lemma cont-both[cont2cont,simp): cont f = cont g => cont (A z. fx R ¢ x)
by (rule cont-compose2[OF cont-both1 cont-both2])

lemma cont-intersect1:
cont (A z. intersect x y)
by (rule ttree-contI2 [where t = Axs . (if zs € paths y then {xs} else {})])
(auto split: if-splits)

lemma cont-intersect2:
cont (A z. intersect y x)
by (rule ttree-contI2 [where t = Axs . (if zs € paths y then {zs} else {})])
(auto split: if-splits)

lemma cont-intersect[cont2cont,simp|: cont f => cont ¢ => cont (A z. fz NN g x)

by (rule cont-compose2[OF cont-intersectl cont-intersect2])

lemma cont-without[ THEN cont-compose, cont2cont,simp): cont (without x)
by (rule ttree-contI2[where t = X zs.{filter (A z'. ' # 1) zs}])
(transfer, auto)

lemma paths-many-calls-subset:
t C many-calls x @R without = t
by (metis (full-types) below-set-def paths-many-calls-subset paths-mono-iff)

lemma single-below:
[z] € paths t = single x T t by transfer auto
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lemma cont-ttree-restr| THEN cont-compose, cont2cont,simpl: cont (ttree-restr S)
by (rule ttree-contI2[where t = X zs.{filter (A z'. z' € S) xs}])
(transfer, auto)

lemmas ttree-restr-mono = cont2monofunE[OF cont-ttree-restr| OF cont-id)]]

lemma range-filter[simp|: range (filter P) = {xs. set xs C Collect P}
apply auto
apply (rule-tac © = z in rev-image-eql)
apply simp
apply (rule sym)
apply (auto simp add: filter-id-conv)
done

lemma ttree-restr-anything-cont[ THEN cont-compose, simp, cont2cont]:
cont (A S. ttree-restr S anything)
apply (rule ttree-contl3)
apply (rule set-contl)
apply (auto simp add: filter-paths-conv-free-restr[symmetric] lub-set)
apply (rule finite-subset-chain)
apply auto
done

instance ttree :: (type) Finite-Join-cpo
proof
fix zy :: 'a ttree
show compatible x y
unfolding compatible-def
apply (rule exI)
apply (rule is-lub-ttree)
done
qed

lemma ttree-join-is-either:

tut' =topt’
proof—

have t ®® t' = FEither {t, t'} by transfer auto

thus t U t' = t &® t' by (metis lub-is-join is-lub-ttree)
qed

lemma ttree-join-transfer[transfer-rule]: rel-fun (pcr-ttree (=)) (rel-fun (per-ttree (=)) (per-ttree

=) (L) L)

proof—
have (U) = ((&®) :: ‘a ttree = 'a ttree = 'a ttree) using ttree-join-is-either by blast
thus ?thesis using either.transfer by metis

qed

lemma ttree-restr-join[simpl:
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ttree-restr S (t U t") = ttree-restr S t U ttree-restr S t’
by transfer auto

lemma nzxt-singles-below-singles:
nat (singles S) © C singles S
apply auto
apply transfer
apply auto
apply (erule-tac x = zc in ballF)
apply (erule order-trans|rotated))
apply (rule length-filter-mono)
apply simp
apply simp
done

lemma in-carrier-fup|simp):
z' € carrier (fup-f-u) +— (3 v’ v = up-u’ A 2’ € carrier (f-u'))
by (cases u) auto

end

10 Trace Tree Cardinality Analysis

10.1 AnalBinds

theory AnalBinds
imports Launchbury. Terms Launchbury. HOLCF — Utils Launchbury.Env
begin

locale ExpAnalysis =

fixes exp :: exp = 'a::cpo — 'bipepo
begin
fun AnalBinds :: heap = (var = 'ay) — (var = 'b)

where AnalBinds [| = (A ae. 1)

| AnalBinds ((z,e)#T') = (A ae. (AnalBinds T'-ae)(z := fup-(exp e)-(ae x)))

lemma AnalBinds-Nil-simp|simp|: AnalBinds [J-ae = L by simp
lemma AnalBinds-Cons[simp]:

AnalBinds ((z,e)#1')-ae = (AnalBinds T-ae)(z := fup-(exp e)-(ae z))

by simp

lemmas AnalBinds.simps[simp del]

lemma AnalBinds-not-there: © ¢ domA T' = (AnalBinds T-ae) z = L
by (induction T' rule: AnalBinds.induct) auto
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lemma AnalBinds-cong:
assumes ae f|‘ domA T = ae’ f|* domA T
shows AnalBinds I'-ae = AnalBinds T-ae’
using env-restr-eqD[OF assms]
by (induction T' rule: AnalBinds.induct) (auto split: if-splits)

lemma AnalBinds-lookup: (AnalBinds T'-ae) x = (case map-of T x of Some e = fup-(exp €)-(ae
z) | None = 1)
by (induction T' rule: AnalBinds.induct) auto

lemma AnalBinds-delete-bot: ae v = L = AnalBinds (delete © I')-ae = AnalBinds I'-ae
by (auto simp add: AnalBinds-lookup split:option.split simp add: delete-conv)

lemma AnalBinds-delete-below: AnalBinds (delete x T')-ae T AnalBinds T'-ae
by (auto intro: fun-belowl simp add: AnalBinds-lookup split:option.split)

lemma AnalBinds-delete-lookup[simp]: (AnalBinds (delete © T')-ae) z = L
by (auto simp add: AnalBinds-lookup split:option.split)

lemma AnalBinds-delete-to-fun-upd: AnalBinds (delete x T')-ae = (AnalBinds T'-ae)(z := 1)
by (auto simp add: AnalBinds-lookup split:option.split)

lemma edom-AnalBinds: edom (AnalBinds T'-ae) C domA T' N edom ae
by (induction T' rule: AnalBinds.induct) (auto simp add: edom-def)

end

end

10.2 TTreeAnalysisSig

theory TTreeAnalysisSig
imports Arity TTree—HOLCF AnalBinds
begin

locale TTreeAnalysis =
fixes Texp :: exp = Arity — var ttree
begin
sublocale Texp: FExpAnalysis Texp.
abbreviation FBinds == Texp.AnalBinds
end

end

10.3 Cardinality-Domain-Lists

theory Cardinality— Domain— Lists

141



imports Launchbury. Vars Launchbury. Nominal— HOLCF Launchbury. Env Cardinality— Domain
Set— Cpo Env—Set— Cpo
begin

fun no-call-in-path where
no-call-in-path z [| +— True
| no-call-in-path © (y#xs) <— y # = A no-call-in-path = s

fun one-call-in-path where
one-call-in-path z || +— True
| one-call-in-path x (y#xs) «— (if £ = y then no-call-in-path = xs else one-call-in-path z xs)

lemma no-call-in-path-set-conv:
no-call-in-path T p «— = ¢ set p
by (induction p) auto

lemma one-call-in-path-filter-conv:
one-call-in-path x p «— length (filter (A z’. ' = z) p) < 1
by (induction p) (auto simp add: no-call-in-path-set-conv filter-empty-conv)

lemma no-call-in-tail: no-call-in-path x (tl p) <— (no-call-in-path x p V one-call-in-path  p A
hd p = z)
by (induction p) auto

lemma no-imp-one: no-call-in-path © p = one-call-in-path x p
by (induction p) auto

lemma one-imp-one-tail: one-call-in-path & p = one-call-in-path = (tl p)
by (induction p) (auto split: if-splits intro: no-imp-one)

lemma more-than-one-setD:
- one-call-in-path x p => = € set p
by (induction p) (auto split: if-splits)

lemma no-call-in-path[equt]: no-call-in-path p x = no-call-in-path (7 « p) (7 « )
by (induction p x rule: no-call-in-path.induct) auto

lemma one-call-in-path[equt]: one-call-in-path p © = one-call-in-path (7 - p) (7 - z)
by (induction p z rule: one-call-in-path.induct) (auto dest: no-call-in-path)

definition pathCard :: var list = (var = two)
where pathCard p © = (if no-call-in-path = p then none else (if one-call-in-path x p then once

else many))

lemma pathCard-Nil[simp]: pathCard [] = L
by rule (simp add: pathCard-def)

lemma pathCard-Cons[simp]: pathCard (z#xs) © = two-add-once-(pathCard s x)
unfolding pathCard-def
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by (auto simp add: two-add-simp)

lemma pathCard-Cons-other[simp|: ' # & = pathCard (z#xs) ¢’ = pathCard zs z’
unfolding pathCard-def by auto

lemma no-call-in-path-filter[simp|: no-call-in-path © [x+zs . © € S] +— no-call-in-path © zs V
x ¢S

by (induction zs) auto

lemma one-call-in-path-filter[simp|: one-call-in-path z [z<xs . © € S| «— one-call-in-path z xs
Vegs

by (induction xs) auto

definition pathsCard :: var list set = (var = two)
where pathsCard ps © = (if (Y p € ps. no-call-in-path z p) then none else (if (V péEps.
one-call-in-path x p) then once else many))

lemma paths-Card-above:
p € ps = pathCard p C pathsCard ps
by (rule fun-belowl) (auto simp add: pathsCard-def pathCard-def)

lemma pathsCard-below:

assumes A p. p € ps = pathCard p C ce

shows pathsCard ps C ce
proof (rule fun-belowl)

fix z

show pathsCard ps © C ce x

by (auto simp add: pathsCard-def pathCard-def split: if-splits dest!: fun-belowD[OF assms,

where © = 2] elim: below-trans[rotated] dest: no-imp-one)
qed

lemma pathsCard-mono:
ps C ps’ = pathsCard ps C pathsCard ps’
by (auto intro: pathsCard-below paths-Card-above)

lemmas pathsCard-mono’ = pathsCard-monol[folded below-set-def]

lemma record-call-pathsCard:

pathsCard ({ t{p | p.p € fs A hd p = z}) C record-call z-(pathsCard fs)
proof (rule pathsCard-below)

fix p’

assume p’ € {tlp|p. p € fs A hd p = z}

then obtain p where p’ = ¢l p and p € fs and hd p = z by auto

have pathCard (tl p) C record-call x-(pathCard p)
apply (rule fun-belowl)
using <hd p = 2 by (auto simp add: pathCard-def record-call-simp no-call-in-tail dest:
one-imp-one-tail)
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hence pathCard (tl p) C record-call z-(pathsCard fs)
by (rule below-trans|OF - monofun-cfun-arg|OF paths-Card-above[OF <p € f9]]])
thus pathCard p’ C record-call z-(pathsCard fs) using <p’ = -» by simp
qed

lemma pathCards-noneD:
pathsCard ps x = none = x ¢ |J (set ‘ ps)
by (auto simp add: pathsCard-def no-call-in-path-set-conv split:if-splits)

lemma cont-pathsCard|[ THEN cont-compose, cont2cont, simpl:
cont pathsCard
by (fastforce introl: cont2cont-lambda cont-if-else-above simp add: pathsCard-def below-set-def)

lemma pathsCard-equt[equt]: w + pathsCard ps x = pathsCard (7 - ps) (7 - x)
unfolding pathsCard-def by perm-simp rule

lemma edom-pathsCard[simp]: edom (pathsCard ps) = | (set  ps)
unfolding edom-def pathsCard-def
by (auto simp add: no-call-in-path-set-conv)

lemma env-restr-pathsCard[simp]: pathsCard ps f|* S = pathsCard (filter (A z. x € S)  ps)
by (auto simp add: pathsCard-def lookup-env-restr-eq)

end

10.4 TTreeAnalysisSpec

theory TTreeAnalysisSpec
imports TTreeAnalysisSig ArityAnalysisSpec Cardinality— Domain— Lists
begin

locale TTreeAnalysisCarrier = TTreeAnalysis + EdomArityAnalysis +
assumes carrier-Fexp: carrier (Texp e-a) = edom (Aexp e-a)

locale T'TreeAnalysisSafe = TTreeAnalysisCarrier +
assumes Texp-App: many-calls ¢ @® (Texp e)-(inc-a) T Texp (App e z)-a
assumes Texp-Lam: without y (Texp e-(pred-n)) T Texp (Lam [y]. €) - n
assumes Texp-subst: Texp (e[y::=z])-a C many-calls £ @R without y ((Texp e)-a)
assumes Texp-Var: single v C Texp (Var v)-a
assumes Fun-repeatable: isVal e = repeatable (Texp e-0)
assumes Texp-IfThenElse: Texp scrut-0 @® (Texp el-a ®® Texp e2-a) C Texp (scrut ? el :
e2)-a

locale TTreeAnalysisCardinalityHeap =
TTreeAnalysisSafe + ArityAnalysisLetSafe +
fixes Theap :: heap = exp = Arity — var ttree
assumes carrier-Fheap: carrier (Theap T e-a) = edom (Aheap T' e-a)
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assumes Theap-thunk: x € thunks I' = p € paths (Theap T' e-a) = — one-call-in-path = p
= (Aheap T e-a) x = up-0

assumes Theap-substitute: ttree-restr (domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks
A) (Teap e-a)) E Theap A e-a

assumes Texp-Let: ttree-restr (— domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a)) T Texp (Terms.Let A e)-a

end

10.5 TTreelmplCardinality

theory TTreelmplCardinality
imports TTreeAnalysisSig CardinalityAnalysisSig Cardinality— Domain— Lists
begin

context TTreeAnalysis
begin

fun wunstack :: stack = exp = exp where
unstack [| e = e

| unstack (Alts el e2 # S) e = unstack S e

| unstack (Upd z # S) e = unstack S e

| unstack (Arg x # S) e = unstack S (App e x)

| unstack (Dummy x # S) e = unstack S e

fun Fstack :: Arity list = stack = var ttree
where Fstack - [| = L
| Fstack (a#tas) (Alts el e2 # S) = (Texp el-a &P Texp e2-a) @R Fstack as S
| Fstack as (Arg x # S) = many-calls x ®® Fstack as S
| Fstack as (- # S) = Fstack as S

fun prognosis :: AEnv = Arity list = Arity = conf = var = two

where prognosis ae as a (T, e, S) = pathsCard (paths (substitute (FBinds T-ae) (thunks T')
(Texp e-a ®® Fstack as 5)))
end

end

10.6 TTreelmplCardinalitySafe

theory TTreelmplCardinalitySafe
imports TTreelmplCardinality TTree AnalysisSpec CardinalityAnalysisSpec
begin
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lemma pathsCard-paths-nzt: pathsCard (paths (nat f x)) T record-call z-(pathsCard (paths f))
apply transfer
apply (rule pathsCard-below)
apply auto
apply (erule below-trans[OF - monofun-cfun-arg|OF paths-Card-above], rotated]) back
apply (auto intro: fun-belowl simp add: record-call-simp two-pred-two-add-once)
done

lemma pathsCards-none: pathsCard (paths t) © = none = x ¢ carrier t
by transfer (auto dest: pathCards-noneD)

lemma const-on-edom-disj: const-on f S empty «— edom f N S = {}
by (auto simp add: empty-is-bottom edom-def)

context TTreeAnalysisCarrier
begin
lemma carrier-Fstack: carrier (Fstack as S) C fu S
by (induction S rule: Fstack.induct)
(auto simp add: empty-is-bottom[symmetric| carrier-Fexp dest!: subsetD]|OF Aexp-edom))

lemma carrier-FBinds: carrier ((FBinds I'-ae) z) C fu T

apply (simp add: Texp.AnalBinds-lookup)

apply (auto split: option.split simp add: empty-is-bottom[symmetric] )

apply (case-tac ae x)

apply (auto simp add: empty-is-bottom[symmetric| carrier-Fexp dest!: subsetD[|OF Aexp-edom)])

by (metis (poly-guards-query) contra-subsetD domA-from-set map-of-fv-subset map-of-SomeD
option.sel)
end

context TTreeAnalysisSafe
begin

sublocale CardinalityPrognosisShape prognosis
proof
fix T :: heap and ae ae’ :: AEnv and u e S as
assume ae f|  domA T = ae’ f|* domA T
from Texp.AnalBinds-cong|OF this]
show prognosis ae as u (T, e, S) = prognosis ae’ as u (T, e, S) by simp
next
fix aeasal eS
show const-on (prognosis ae as a (I', e, S)) (ap S) many
proof
fix x
assume z € ap S
hence [z,z] € paths (Fstack as S)
by (induction S rule: Fstack.induct)
(auto 4 4 intro: subsetD[OF both-contains-argl] subsetD|OF both-contains-arg2]
paths-Cons-nat)
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hence [z,z] € paths (Texp e-a @R Fstack as S)
by (rule subsetD[OF both-contains-arg2])
hence [z,z] € paths (substitute (FBinds I'-ae) (thunks T') (Texp e-a ®® Fstack as S))
by (rule subsetD[OF substitute-contains-arg))
hence pathCard [z,z] x T pathsCard (paths (substitute (FBinds T'-ae) (thunks T') (Texp e-a
®® Fstack as S))) =
by (metis fun-belowD paths-Card-above)
also have pathCard [z,x] * = many by (auto simp add: pathCard-def)
finally
show prognosis ae as a (I', e, S) © = many
by (auto intro: below-antisym)
qed
next
fix I' A :: heap and e :: ezp and ae :: AEnv and as u S
assume map-of I' = map-of A
hence FBinds I' = FBinds A and thunks I' = thunks A by (auto intro!: cfun-eql thunks-cong
simp add: Texp.AnalBinds-lookup)
thus prognosis ae as u (T, e, S) = prognosis ae as u (A, e, S) by simp
next
fix I :: heap and e :: exp and ae :: AEnv and as u S x
show prognosis ae as u (I, e, S) C prognosis ae as u (I', e, Upd z # S) by simp
next
fix I' :: heap and e :: exp and ae :: AEnv and as a Sz
assume ae z = |

hence FBinds (delete x T')-ae = FBinds I'-ae by (rule Texp.AnalBinds-delete-bot)
moreover
hence ((FBinds T'-ae) z) = L by (metis Texp.AnalBinds-delete-lookup)
ultimately
show prognosis ae as a (T, e, S) C prognosis ae as a (delete x T, e, S)
by (simp add: substitute-T-delete empty-is-bottom)
next
fix aeasal z 8
have once C (pathCard [z]) z by (simp add: two-add-simp)
also have pathCard [z] T pathsCard ({[],[z]})
by (rule paths-Card-above) simp
also have ... = pathsCard (paths (single x)) by simp
also have single x C (Texp (Var z)-a) by (rule Texp-Var)
also have ... C Texp (Var z)-a ®® Fstack as S by (rule both-above-argl)
also have ... C substitute (FBinds T'-ae) (thunks T') (Texp (Var x)-a ®® Fstack as S) by
(rule substitute-above-arg)
also have pathsCard (paths ...) x = prognosis ae as a (I, Var z, S) z by simp
finally
show once C prognosis ae as o (T, Var z, S)
by this (rule cont2cont-fun, intro cont2cont)+
qged

sublocale CardinalityPrognosisApp prognosis
proof

147



fixaeasal ez S
have Texp e-(inc-a) ®@® many-calls © @® Fstack as S = many-calls © @® (Texp e)-(inc-a)
®R® Fstack as S
by (metis both-assoc both-comm)
thus prognosis ae as (inc-a) (T, e, Arg x # S) C prognosis ae as a (I, App e z, S)
by simp (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol’ Texp-App)
ged

sublocale CardinalityPrognosisLam prognosis
proof
fixaeasal eyz S
have Texp e[y::=z]-(pred-a) C many-calls © @® Texp (Lam [y]. €)-a
by (rule below-trans|OF Texp-subst both-mono2’|OF Texp-Laml]))
moreover have Texp (Lam [y]. e)-a ®® many-calls £ ®® Fstack as S = many-calls z @®
Texp (Lam [y]. €)-a ®® Fstack as S
by (metis both-assoc both-comm)
ultimately
show prognosis ae as (pred-a) (T, e[y::=xz], S) C prognosis ae as a (I, Lam [y]. e, Arg x #
5)
by simp (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol")
qged

sublocale CardinalityPrognosisVar prognosis

proof
fix I" :: heap and e :: exp and z :: var and ae :: AEnv and as u a S
assume map-of I' x = Some e
assume ae £ = up-u

assume isVal e
hence = ¢ thunks T using <map-of T © = Some e> by (metis thunksE)
hence [simp]: f-nat (FBinds I'-ae) (thunks T') x = FBinds I"-ae by (auto simp add: f-nzt-def)

have prognosis ae as u (T, e, S) = pathsCard (paths (substitute (FBinds I'-ae) (thunks T')
(Texp eu @R Fstack as S)))

by simp
also have ... = pathsCard (paths (substitute (FBinds I"-ae) (thunks T") (nat (single ) z @®
Texp e-u ®® Fstack as S)))
by simp
also have ... = pathsCard (paths (substitute (FBinds I'-ae) (thunks T') ((nzt (single z)

®® Fstack as S) @® Texp e-u )))
by (metis both-assoc both-comm)
also have ... C pathsCard (paths (substitute (FBinds T'-ae) (thunks T") (nzt (single ¢ ®®
Fstack as S) x @® Texp e-u)))
by (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol’ nxt-both-left) simp
also have ... = pathsCard (paths (nat (substitute (FBinds T'-ae) (thunks T') (single z @®
Fstack as S)) z))
using <map-of T' z = Some e <ae x = up-u» by (simp add: Texp.AnalBinds-lookup)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds T'-ae) (thunks I') (single
z @® Fstack as S))))
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by (rule pathsCard-paths-nzt)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds I'-ae) (thunks T') ((Texp
(Var z)-a) @® Fstack as S))))
by (intro monofun-cfun-arg pathsCard-mono’ paths-mono substitute-mono2’ both-monol’
Texp-Var)
also have ... = record-call z -(prognosis ae as a (T, Var z, 9))
by simp
finally
show prognosis ae as u (T, e, S) C record-call z-(prognosis ae as a (U, Var z, S)) by this
simp-all
next
fix I' :: heap and e :: exp and z :: var and ae :: AEnv and as v a S
assume map-of I' x = Some e
assume ae T = up-u
assume — isVal e
hence z € thunks ' using <map-of I' x = Some e» by (metis thunksI)
hence [simp]: f-nzt (FBinds T'-ae) (thunks T') x = FBinds (delete z T')-ae
by (auto simp add: f-nat-def Texp.AnalBinds-delete-to-fun-upd empty-is-bottom)

have prognosis ae as u (delete x T', e, Upd © # S) = pathsCard (paths (substitute (FBinds
(delete © T')-ae) (thunks (delete z T')) (Texp e-u @R Fstack as S)))
by simp
also have ... = pathsCard (paths (substitute (FBinds (delete z T')-ae) (thunks T') (Texp e-u
®® Fstack as 9)))
by (rule arg-cong[OF substitute-cong-T|) (auto simp add: empty-is-bottom)

also have ... = pathsCard (paths (substitute (FBinds (delete x T')-ae) (thunks I') (nat (single
z) z @® Texp eeu R® Fstack as 5)))
by simp
also have ... = pathsCard (paths (substitute (FBinds (delete x T')-ae) (thunks T') ((naxt

(single x) x ®® Fstack as §) @R Texp e-u )))
by (metis both-assoc both-comm)
also have ... C pathsCard (paths (substitute (FBinds (delete x T')-ae) (thunks I') (nat (single
z @® Fstack as S) © @® Texp e-u)))
by (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol’ nxt-both-left) simp
also have ... = pathsCard (paths (nzt (substitute (FBinds T-ae) (thunks T) (single x @®
Fstack as S)) z))
using <map-of I' z = Some e <ae x = up-u» by (simp add: Texp.AnalBinds-lookup)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds T-ae) (thunks T') (single
z @® Fstack as S))))
by (rule pathsCard-paths-nat)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds I'-ae) (thunks T') ((Texp
(Var z)-a) ®® Fstack as S))))
by (intro monofun-cfun-arg pathsCard-mono’ paths-mono substitute-mono2’ both-monol’
Texp-Var)
also have ... = record-call z -(prognosis ae as a (I, Var z, S))
by simp
finally
show prognosis ae as u (delete x T, e, Upd & # S) C record-call z-(prognosis ae as a (I, Var
z, S)) by this simp-all
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next
fix I :: heap and e :: exp and ae :: AEnv and z :: var and as S
assume isVal e
hence repeatable (Texp e-0) by (rule Fun-repeatable)

assume [simp]: z ¢ domA T

have [simp]: thunks ((z, e) # T') = thunks T
using <isVal e
by (auto simp add: thunks-Cons dest: subsetD|OF thunks-domA|)

have fup-(Texp e)-(ae ) C Texp e-0 by (metis fup2 monofun-cfun-arg up-zero-top)
hence substitute ((FBinds T'-ae)(z := fup-(Texp e)-(ae x))) (thunks T') (Texp e-:0 @® Fstack
as S) C substitute ((FBinds T-ae)(z := Texp e-0)) (thunks T') (Texp e-0 @K Fstack as S)
by (intro substitute-monol’ fun-upd-mono below-refl monofun-cfun-arg)
also have ... = substitute (((FBinds T'-ae)(x := Texp e-0))(z := empty)) (thunks T') (Texp
e-0 ®® Fstack as S)
using <repeatable (Texp e-0)> by (rule substitute-remove-anyways, simp)
also have ((FBinds T'-ae)(x := Texp e-0))(z := empty) = FBinds T'-ae
by (simp add: fun-upd-idem Texp.AnalBinds-not-there empty-is-bottom)
finally
show prognosis ae as 0 ((z, e) # T, e, S) C prognosis ae as 0 (T, e, Upd x # S)
by (simp, intro pathsCard-mono’ paths-mono)
ged

sublocale CardinalityPrognosislfThenFElse prognosis
proof
fix ae as " scrut el e2 S a
have Texp scrut-0 @® (Texp el-a P Texp e2-a) T Texp (scrut ? el : e2)-a
by (rule Texp-IfThenElse)
hence substitute (FBinds I'-ae) (thunks T') (Texp scrut-0 ®@® (Texp el-a &® Texp e2-a)
®® Fstack as S) T substitute (FBinds I'-ae) (thunks I') (Texp (scrut ? el : e2)-a ®® Fstack
as S)
by (rule substitute-mono2'[OF both-monol’])
thus prognosis ae (aftas) 0 (T, scrut, Alts el e2 # S) T prognosis ae as a (T, scrut ¢ el :
e2, S)
by (simp, intro pathsCard-mono’ paths-mono)
next
fix acasal bele2$
have Texp (if b then el else e2)-a C Texp el-a ®D Texp e2-a
by (auto simp add: either-above-argl either-above-arg2)
hence substitute (FBinds I'-ae) (thunks I') (Texp (if b then el else e2)-a ®® Fstack as S) C
substitute (FBinds I'-ae) (thunks I') (Texp (Bool b)-0 @® (Texp el-a &® Texp e2-a) @R Fstack
as S)
by (rule substitute-mono2’[OF both-monol’|OF below-trans|OF - both-above-arg2]]])
thus prognosis ae as a (I, if b then el else e2, S) T prognosis ae (a#as) 0 (T, Bool b, Alts
el e2 # 5)
by (auto intro!: pathsCard-mono’ paths-mono)
qed
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end

context TTreeAnalysisCardinalityHeap
begin

definition cHeap where
cHeap T' e = (A a. pathsCard (paths (Theap T e-a)))

lemma cHeap-simp: (cHeap T' e)-a = pathsCard (paths (Theap T' e-a))
unfolding cHeap-def by (rule beta-cfun) (intro cont2cont)

sublocale CardinalityHeap cHeap.

sublocale CardinalityHeapSafe cHeap Aheap
proof
fixzT ea
assume z € thunks I’
moreover
assume many C (cHeap T e-a) x
hence many C pathsCard (paths (Theap T' e -a)) = unfolding cHeap-def by simp
hence 3pe (paths (Theap T e-a)). = (one-call-in-path z p) unfolding pathsCard-def
by (auto split: if-splits)
ultimately
show (Aheap T' e-a) z = up-0
by (metis Theap-thunk)
next
fixTea
show edom (cHeap T e-a) = edom (Aheap T e-a)
by (simp add: cHeap-def Union-paths-carrier carrier-Fheap)
qged

sublocale CardinalityPrognosisEdom prognosis
proof
fix aeasal e S
show edom (prognosis ae asa (I, e, S)) CfuT U fuoeU fo S
apply (simp add: Union-paths-carrier)
apply (rule carrier-substitute-below)
apply (auto simp add: carrier-Fexp dest: subsetD|OF Aexp-edom| subsetD[OF carrier-Fstack]
subsetD[OF ap-fu-subset] subsetD[OF carrier-FBinds))
done
qed

sublocale CardinalityPrognosisLet prognosis cHeap
proof
fix AT :: heap and e :: exp and S :: stack and ae :: AEnv and a :: Arity and as
assume atom ‘ domA A fx T’
assume atom ‘ domA A #x S
assume edom ae C domA I' U upds S
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have domA A N edom ae = {}
using fresh-distinct[OF <atom ‘ domA A #x I'] fresh-distinct-fo] OF <atom ¢ domA A fx
S5)
cedom ae C domA I' U upds Sy ups-fv-subset[of S]
by auto

have const-onl: N z. const-on (FBinds A-(Aheap A e-a)) (carrier ((FBinds T-ae) 1))
empty
unfolding const-on-edom-disj using fresh-distinct-fo] OF <atom ‘ domA A #x ]
by (auto dest!: subsetD[OF carrier-FBinds] subsetD[OF Texp.edom-AnalBinds])
have const-on2: const-on (FBinds A-(Aheap A e-a)) (carrier (Fstack as S)) empty
unfolding const-on-edom-disj using fresh-distinct-fo|OF <atom ‘ domA A fx SH]
by (auto dest!: subsetD[OF carrier-FBinds] subsetD[OF carrier-Fstack] subsetD[OF Texp.edom-AnalBinds]
subsetD[OF ap-fu-subset |)
have const-on3: const-on (FBinds I'-ae) (— (— domA A)) TTree.empty
and const-onj: const-on (FBinds A-(Aheap A e-a)) (domA T') TTree.empty
unfolding const-on-edom-disj using fresh-distinct|OF <atom ‘ domA A #x T
by (auto dest!: subsetD[OF Texp.edom-AnalBinds])

have disj1: N\ z. carrier ((FBinds I'-ae) ) N domA A = {}

using fresh-distinct-fo] OF <atom ‘ domA A #x T

by (auto dest: subsetD[OF carrier-FBinds))
hence disj1”: \ z. carrier ((FBinds T-ae) ) C — domA A by auto
have disj2: N\ z. carrier (Fstack as S) N domA A = {}

using fresh-distinct-fo] OF <atom ¢ domA A tx S»] by (auto dest!: subsetD|OF car-
rier-Fstack])

hence disj2": carrier (Fstack as S) C — domA A by auto

{

fix z
have (FBinds (A Q T')-(ae U Aheap A e-a)) z = (FBinds T'-ae) x @® (FBinds A-(Aheap A
ea)) x
proof (cases © € domA A)
case True
have map-of T' © = None using True fresh-distinct|OF <atom ¢ domA A #x Tb] by (metis
disjoint-iff-not-equal domA-def map-of-eq-None-iff)
moreover
have ae © = | using True <domA A N edom ae = {}» by auto
ultimately
show ?thesis using True
by (auto simp add: Texp.AnalBinds-lookup empty-is-bottom[symmetric] cong: op-
tion.case-cong)
next
case Fulse
have map-of A z = None using False by (metis domA-def map-of-eq-None-iff)
moreover
have (Aheap A e-a) x = L using False using edom-Aheap by (metis contra-subsetD
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edomlff)
ultimately
show ?thesis using Fualse
by (auto simp add: Texp.AnalBinds-lookup empty-is-bottom[symmetric] cong: op-
tion.case-cong)
qed

}

note FBinds = ext[OF this]

{
have pathsCard (paths (substitute (FBinds (A Q I')-(Aheap A e-a U ae)) (thunks (A QT'))

(Texp e-a ®® Fstack as S)))
= pathsCard (paths (substitute (FBinds I"-ae) (thunks (A QT)) (substitute (FBinds A-(Aheap
A e-a)) (thunks (A QT)) (Texp e-a @R Fstack as S))))
by (simp add: substitute-substitute]OF const-onl1] FBinds)
also have substitute (FBinds I'-ae) (thunks (A @Q I')) = substitute (FBinds I'-ae) (thunks
r)
apply (rule substitute-cong-T)
using const-ond
by (auto dest: subsetD[OF' thunks-domA])
also have substitute (FBinds A-(Aheap A e-a)) (thunks (A @ T')) = substitute (FBinds
A-(Aheap A e-a)) (thunks A)
apply (rule substitute-cong-T)
using const-on4
by (auto dest: subsetD[OF thunks-domA])
also have substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a ®® Fstack as §) =
substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a) ®® Fstack as S
by (rule substitute-only-empty-both| OF const-on2])
also note calculation
}
note eq-imp-below[OF' this
also
note env-restr-splitfwhere S = domA A
also
have pathsCard (paths (substitute (FBinds T-ae) (thunks T') (substitute (FBinds A-(Aheap
A e-a)) (thunks A) (Texp e-a) @R Fstack as S))) f|* domA A
= pathsCard (paths (ttree-restr (domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks
A) (Tesp e-a))))
by (simp add: filter-paths-conuv-free-restr ttree-restr-both ttree-rest-substitute] OF disj1]
ttree-restr-is-empty| OF disj2])
also
have ttree-restr (domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a)) C
Theap A e-a by (rule Theap-substitute)
also
have pathsCard (paths (substitute (FBinds I'-ae) (thunks T') (substitute (FBinds A-(Aheap
A e-a)) (thunks A) (Texp e-a) @R Fstack as S))) f|* (— domA A) =
pathsCard (paths (substitute (FBinds I'-ae) (thunks T') (ttree-restr (— domA A) (substitute
(FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a)) ®® Fstack as S)))
by (simp add: filter-paths-conv-free-restr2 ttree-rest-substitute2[OF disj1’ const-on3]
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ttree-restr-both ttree-restr-noop|OF disj2’])

also have ttree-restr (— domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp
e-a)) C Texp (Terms.Let A e)-a by (rule Texp-Let)

finally

show prognosis (Aheap A e-a U ae) asa (A QT e, S) C cHeap A e-a U prognosis ae as a
(', Terms.Let A e, S)

by (simp add: cHeap-def del: fun-meet-simp)
ged

sublocale CardinalityPrognosisSafe prognosis cHeap Aheap Aexp ..
end

end

11 Co-Call Graphs

11.1 CoCallGraph

theory CoCallGraph
imports Launchbury. Vars Launchbury. HOLCF — Join— Classes Launchbury. HOL CF — Utils Set— Cpo
begin

default-sort type

typedef CoCalls = {G :: (var x var) set. sym G}
morphisms Rep-CoCall Abs-CoCall
by (auto intro: exI[where x = {}] syml)

setup-lifting type-definition-CoCalls

instantiation CoCalls :: po
begin
lift-definition below-CoCalls :: CoCalls = CoCalls = bool is (C).
instance
apply standard
apply ((transfer, auto)+)
done
end

lift-definition coCallsLub :: CoCalls set = CoCalls is A S. |J S
by (auto intro: syml elim: symE)

lemma coCallsLub-is-lub: S <<| coCallsLub S
proof (rule is-lubl)
show S <| coCallsLub S
by (rule is-ubl, transfer, auto)
next
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fix u

assume S <| u

hence Vz € S. z C u by (auto dest: is-ubD)

thus coCallsLub S C u by transfer auto
qed

instance CoCalls :: cpo
proof

fix S :: nat = CoCalls

show Jz. range S <<| z using coCallsLub-is-lub..
qed

lemma ccLubTransfer([transfer-rule]: (rel-set per-CoCalls ===> per-CoCalls) Union lub
proof—
have lub = coCallsLub
apply (rule)
apply (rule lub-eql)
apply (rule coCallsLub-is-lub)
done
with coCallsLub.transfer
show ?thesis by metis
qed

lift-definition is-cc-lub :: CoCalls set = CoCalls = bool is (A S z . x = Union S).

lemma ccis-lubTransfer|transfer-rule]: (rel-set per-CoCalls ===> pcr-CoCalls ===> (=)) (A
Sz .z = Union S) (<<|)
proof—

have A z za . is-cc-lub x za +— za = coCallsLub x by transfer auto
hence is-cc-lub = (<<])
apply —
apply (rule, rule)
by (metis coCallsLub-is-lub is-lub-unique)
thus “thesis using is-cc-lub.transfer by simp
qed

lift-definition coCallsJoin :: CoCalls = CoCalls = CoCalls is (U)
by (rule sym-Un)

lemma ccJoinTransfer[transfer-rule]: (per-CoCalls ===> pcr-CoCalls ===> pcr-CoCalls)
() (L)
proof—
have (U) = coCallsJoin
apply (rule)
apply rule
apply (rule lub-is-join)
unfolding is-lub-def is-ub-def
apply transfer
apply auto
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done
with coCallsJoin.transfer
show ?thesis by metis
qed

lift-definition ccEmpty :: CoCalls is {} by (auto intro: syml)

lemma ccEmpty-below[simp]: ccEmpty C G
by transfer auto

instance CoCalls :: pcpo

proof
have Vy . ccEmpty C y by transfer simp
thus Jz. Vy. (z::CoCalls) C y..

qed

lemma ccBotTransfer|transfer-rule]: per-CoCalls {} L
proof—

have Az. ccEmpty C z by transfer simp

hence ccEmpty = L by (rule bottomI)

thus ?thesis using ccEmpty.transfer by simp
qed

lemma cc-lub-below-iff:
fixes G :: CoCalls
shows lub X C G +— (V G'eX. G'C G)
by transfer auto

lift-definition ccField :: CoCalls = wvar set is Field.

lemma ccField-nil[simp]: ccField L = {}
by transfer auto

lift-definition
inCC :: var = var = CoCalls = bool (<-——-€-» [1000, 1000, 900] 900)
isA\zys. (z,y) € s.

abbreviation
notInCC' :: var = var = CoCalls = bool («-——-¢-» [1000, 1000, 900] 900)
where z——y¢S = - z——yeS

lemma notInCC-bot[simp]: x——yEL <— Fulse
by transfer auto

lemma below-CoCuallsl:
ANzy z—yeG@ = z——yeG) = G C G’

by transfer auto

lemma CoCalls-eql:
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(ANzy z—yelG +— 1——yeG) = G = G’
by transfer auto

lemma in-join[simp]:
z—y € (GUG') +— z——yeG V z——yeqG’
by transfer auto

lemma in-lub[simp]: x——y€(lub S) +— (I GES. z——yeq)
by transfer auto

lemma in-CoCallsLubl:
r——yeG@ = G € § = z——yclub S
by transfer auto

lemma adm-not-in[simp]:
assumes cont t
shows adm (Aa. z——yét a)
by (rule adml) (auto simp add: cont2contlubE[OF assms)])

lift-definition cc-delete :: var = CoCalls = CoCalls
is A z. Set.filter (A (z,y) .z # 2 Ny # 2)
by (auto introl: syml elim: symFE)

lemma ccFlield-cc-delete: ccField (cc-delete © S) C ccField S — {z}
by transfer (auto simp add: Field-def )

lift-definition ccProd :: var set = var set = CoCalls (infixr <G x> 90)
is A §1.52. 51 x S2U S2 x S1
by (auto intro!: symlI elim: symE)

lemma ccProd-empty[simp]: {} Gx S = L by transfer auto
lemma ccProd-empty’[simp]: S Gx {} = L by transfer auto

lemma ccProd-union2[simp]: S Gx (S'U S") =8 Gx S'U S Gx §”

by transfer auto

lemma ccProd-Union2[simpl: S Gx |JS' = (|| X€S'. ccProd S X)
by transfer auto

lemma ccProd-Union2'[simp]: S Gx (JXeS’ fX) = (] X€S" ccProd S (f X))
by transfer auto

lemma in-ccProd[simp]: t——ye(S Gx S ) =(zre SAye S'Vee S Ayebl)
by transfer auto

lemma ccProd-unionl[simp]: (S'U S") Gx § =8"Gx SUS" Gx S
by transfer auto
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lemma ccProd-insert2: S Gx insert £ S’ =8 Gx {z} U S Gx §’
by transfer auto

lemma ccProd-insertl: insert £ S’ Gx S = {z} Gx SU S Gx S
by transfer auto

lemma ccProd-monol: S'C " = S’ Gx SC S" Gx S
by transfer auto

lemma ccProd-mono2: S'C 8" = S Gx S'C S Gx S
by transfer auto

lemma ccProd-mono: S C S'=—= T C T'= SGx TC S'"Gx T'
by transfer auto

lemma ccProd-comm: S Gx S’ = 8’ Gx S by transfer auto

lemma ccProd-belowl:
ANzyrzelS=yeclS = 1——ycG) = SGx S'C G
by transfer (auto elim: symFE)

lift-definition cc-restr :: var set = CoCalls = CoCalls
is A S. Set.filter (A (z,y) .2 € SAyeSs)
by (auto intro!: symlI elim: symE)

abbreviation cc-restr-sym (infixl «G|% 110) where G G|* S = cc-restr S G

lemma elem-cc-restr[simp]: t——ye(G G| S) = (z——yeG Nz € S Ay € S)
by transfer auto

lemma ccField-cc-restr: ccField (G G| S) C ccField G N S
by transfer (auto simp add: Field-def)

lemma cc-restr-empty: ccField G C — S = G G|*S = L
apply transfer
apply (auto simp add: Field-def)
apply (drule Domain)
apply (drule (1) subsetD)
apply simp
done

lemma cc-restr-empty-set|[simpl: cc-restr {} G = L
by transfer auto

lemma cc-restr-noop[simpl: ccField G C S = cc-restr S G = G
by transfer (force simp add: Field-def dest: Domainl Rangel elim: subsetD)

lemma cc-restr-bot[simpl: cc-restr S L = L
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by simp

lemma ccRestr-ccDelete[simp]: cc-restr (—{z}) G = cc-delete x G
by transfer auto

lemma cc-restr-join|simp):
ce-restr S (G U G') = ce-restr S G U ce-restr S G’
by transfer auto

lemma cont-ce-restr: cont (cc-restr S)
apply (rule contl)
apply (thin-tac chain -)
apply transfer
apply auto
done

lemmas cont-compose[OF cont-cc-restr, cont2cont, simp)

lemma cc-restr-monol :
S C S'= cc-restr S G C cc-restr S’ G by transfer auto

lemma cc-restr-mono2:
G C G' = cc-restr S G C cc-restr S G' by transfer auto

lemma cc-restr-below-arg:
ce-restr S G T G by transfer auto

lemma cc-restr-lub[simp]:
ce-restr S (lub X) = (|| GeX. cc-restr S G) by transfer auto

lemma elem-to-ccField: z——yeG = z € ccField G N\ y € ccField G
by transfer (auto simp add: Field-def)

lemma ccField-to-elem: x € ccField G = 3 y. t——yeqG
by transfer (auto simp add: Field-def dest: symD)

lemma cc-restr-intersect: ccField G N (S — S) U (S' = §)) = {} = cc-restr S G = ce-restr
S' G
by (rule CoCalls-eql) (auto dest: elem-to-ccField)

lemma cc-restr-ce-restr[simpl: cc-restr S (cc-restr S' G) = cc-restr (SN S') G
by transfer auto

lemma cc-restr-twist: cc-restr S (cc-restr S’ G) = ce-restr S’ (cc-restr S G)
by transfer auto

lemma cc-restr-ce-delete-twist: cc-restr x (cc-delete S G) = cc-delete S (ce-restr z G)
by transfer auto
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lemma cc-restr-ccProd[simpl:
ce-restr S (ccProd S1 S2) = ccProd (S1 N S) (S2 N S)
by transfer auto

lemma ccProd-below-cc-restr:
ccProd S S C ce-restr S G +— ¢ccProd SS'C GA(S={}Vv S ={}vSCS"AS C
S//)

by transfer auto

lemma cc-restr-eq-subset: S C S’ = cc-restr S’ G = cc-restr S’ G2 = cc-restr S G = cc-restr
S G2
by transfer’ (auto simp add: Set.filter-def)

definition ccSquare (<-2) [80] 80)
where S? = c¢cProd S S

lemma ccField-ccSquare[simp): ccField (5%) = S
unfolding ccSquare-def by transfer (auto simp add: Field-def)

lemma below-ccSquare[iff]: (G € S?) = (ccField G C S)
unfolding ccSquare-def by transfer (auto simp add: Field-def)

lemma cc-restr-ccSquare[simpl: (S"?) G| S = (S’ N §)?
unfolding ccSquare-def by auto

lemma ccSquare-empty[simp]: {}? = L
unfolding ccSquare-def by simp

lift-definition ccNeighbors :: var = CoCalls = var set
is\z G {y .(yz) € GV (z,y) € G}.

lemma ccNeighbors-bot[simp]: ccNeighbors x L = {} by transfer auto

lemma cont-ccProdl:
cont (A S. ccProd S S')
apply (rule contl)
apply (thin-tac chain -)
apply (subst lub-set)
apply transfer
apply auto
done

lemma cont-ccProd2:
cont (A S’. ccProd S S')
apply (rule contl)
apply (thin-tac chain -)
apply (subst lub-set)
apply transfer
apply auto
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done
lemmas cont-compose2[OF cont-ccProdl cont-ccProd2, simp, cont2cont]

lemma cont-ccNeighbors[ THEN cont-compose, cont2cont, simp):
cont (Ay. ccNeighbors z y)
apply (rule set-contI)
apply (thin-tac chain -)
apply transfer
apply auto
done

lemma ccNeighbors-join|[simp]: ccNeighbors x (G U G') = ccNeighbors x G U ccNeighbors x
G/
by transfer auto

lemma ccNeighbors-ccProd:
ccNeighbors x (ccProd S S') = (if x € S then S’ else {}) U (if x € S’ then S else {})

by transfer auto

lemma ccNeighbors-ccSquare:
ceNeighbors © (ccSquare S) = (if © € S then S else {})
unfolding ccSquare-def by (auto simp add: ccNeighbors-ccProd)

lemma ccNeighbors-ce-restr|simp]:
ceNeighbors @ (ce-restr S G) = (if x € S then ccNeighbors x G N S else {})
by transfer auto

lemma ccNeighbors-mono:
G C G’ = ccNeighbors © G C ccNeighbors x G’
by transfer auto

lemma subset-ccNeighbors:
S C ccNeighbors © G <— ccProd {z} ST G
by transfer (auto simp add: sym-def)

lemma elem-ccNeighbors|simp:
y € ccNeighbors © G +— (y——2z€G)
by transfer (auto simp add: sym-def)

lemma ccNeighbors-ccField:
ccNeighbors x G C ccField G by transfer (auto simp add: Field-def)

lemma ccNeighbors-disjoint-empty|simp]:
ccNeighbors x G = {} +— x ¢ ccField G
by transfer (auto simp add: Field-def)

instance CoCulls :: Join-cpo
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by standard (metis coCallsLub-is-lub)

lemma ccNeighbors-lub[simp]: ccNeighbors x (lub Gs) = lub (ccNeighbors = ¢ Gs)
by transfer (auto simp add: lub-set)

inductive list-pairs :: ‘a list = ('a x 'a) = bool
where list-pairs s p = list-pairs (z#xs) p
| v € set xs = list-pairs (z#zs) (x,y)

lift-definition ccFromList :: var list = CoCalls is X zs. {(z,y). list-pairs zs (z,y) V list-pairs

zs (y,x)}
by (auto intro: syml)

lemma ccFromList-Nil[simp]: ccFromList [| = L
by transfer (auto elim: list-pairs.cases)

lemma ccFromList-Cons[simp|: ccFromList (x#xs) = ccProd {z} (set xs) U ccFromList xs
by transfer (auto elim: list-pairs.cases intro: list-pairs.intros)

lemma ccFromList-append[simp): ccFromList (zsQys) = ccFromList s U ccFromList ys U
ccProd (set xs) (set ys)
by (induction xs) (auto simp add: ccProd-insert! [where S’ = set zs for xs])

lemma ccFromlList-filter|[simp]:
ccFromList (filter P zs) = cc-restr {x. P z} (ccFromList xs)
by (induction xs) (auto simp add: Collect-conj-eq)

lemma ccFromlList-replicate[simp|: ccFromList (replicate n z) = (if n < 1 then L else ccProd

{z} {z})

by (induction n) auto

definition ccLinear :: var set = CoCalls = bool
where ccLinear S G = (V z€S5.V yeS. 2——y¢G)

lemma ccLinear-bottom[simp]:
ccLinear S L
unfolding ccLinear-def by simp

lemma ccLinear-empty[simp):
ccLinear {} G
unfolding ccLinear-def by simp
lemma ccLinear-lub[simp]:

ccLinear S (lub X) = (V GeX. ccLinear S G)
unfolding ccLinear-def by auto

lemma ccLinear-cc-restr|introl:
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ccLinear S G = ccLinear S (cc-restr S’ G)
unfolding ccLinear-def by transfer auto

lemma ccLinear-join|simpl:
ccLinear S (G U G') +— ccLinear S G A ccLinear S G’
unfolding ccLinear-def
by transfer auto

lemma ccLinear-ccProd[simp):
ccLinear S (ccProd S S3) «— S1NS={}Vv SanS={}
unfolding ccLinear-def
by transfer auto

lemma ccLinear-monol: ccLinear S’ G = S C 8’ = ccLinear S G
unfolding ccLinear-def
by transfer auto

lemma ccLinear-mono2: ccLinear S G' = G C G’ = ccLinear S G
unfolding ccLinear-def
by transfer auto

lemma ccField-join[simp]:
ccField (G U G') = ccField G U ccField G’ by transfer auto

lemma ccField-lub|simp]:
ccField (lub S) = | (ccField ¢ S) by transfer auto

lemma ccField-ccProd:
ccField (ccProd S S') = (if S = {} then {} else if S’ = {} then {} else S U S’)
by transfer (auto simp add: Field-def)

lemma ccField-ccProd-subset:
ccField (ccProd S §') € S U S’
by (simp add: ccField-ccProd)

lemma cont-ccField[ THEN cont-compose, simp, cont2cont]:
cont ccField
by (rule set-contl) auto

end

11.2 CoCallGraph-Nominal

theory CoCallGraph— Nominal
imports CoCallGraph Launchbury. Nominal—HOLCF
begin
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instantiation CoCalls :: pt
begin
lift-definition permute-CoCalls :: perm = CoCalls = CoCalls is permute
by (auto introl: symlI elim: symE simp add: mem-permute-set)
instance
apply standard
apply (transfer, simp)+
done
end

instance CoCalls :: cont-pt
apply standard
apply (rule contl2)
apply (rule monofunI)
apply transfer
apply (metis (full-types) True-equt subset-equt)
apply (thin-tac chain -)+
apply transfer
apply simp
done

lemmas lub-equt| OF exists-lub, simp, equt]

lemma cc-restr-perm:

fixes G :: CoCalls

assumes supp p fx S and [simp]: finite S

shows cc-restr S (p - G) = cc-restr S G

using assms

apply —

apply transfer

apply (auto simp add: mem-permute-set)

apply (subst (asm) perm-supp-eq, simp add: supp-minus-perm, metis (full-types) fresh-def
fresh-star-def supp-set-elem-finite)+

apply assumption

apply (subst perm-supp-eq, simp add: supp-minus-perm, metis (full-types) fresh-def fresh-star-def
supp-set-elem-finite)+

apply assumption

done

lemma inCC-equtfequt]: 7 + (z——y€G) = (m-2)——(m-y)E(m Q)
by transfer auto

lemma cc-restr-equt]equt]: 7 « cc-restr S G = ce-restr (w - S) (7 - G)
by transfer (perm-simp, rule)

lemma ccProd-equt[equt]: ® - ccProd S S’ = ccProd (w + S) (w -+ S)
by transfer (perm-simp, rule)

lemma ccSquare-equt|equt]: m - ccSquare S = ccSquare (mw - S)
unfolding ccSquare-def
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by perm-simp rule
lemma ccNeighbors-equt[equt]: m - ccNeighbors S G = ccNeighbors (w - S) (m - G)
by transfer (perm-simp, rule)

end

12 Co-Call Cardinality Analysis

12.1 CoCallAnalysisSig

theory CoCallAnalysisSig
imports Launchbury. Terms Arity CoCallGraph
begin

locale CoCallAnalysis =
fixes ccExp :: exp = Arity — CoCalls
begin
abbreviation ccEzp-syn (<G.»)
where G, = (Ae. ccEzp e-a)
abbreviation ccErp-bot-syn («G*_»)
where G+, = (Ae. fup-(ccExp e)-a)
end

locale CoCallAnalyisHeap =
fixes ccHeap :: heap = exp = Arity — CoCalls

end

12.2 CoCallAnalysisBinds

theory CoCallAnalysisBinds
imports CoCallAnalysisSig AEnv AList— Utils— HOLCF Arity— Nominal CoCallGraph— Nominal
begin

context CoCallAnalysis
begin
definition ccBind :: var = exp = ((AEnv x CoCalls) — CoCalls)
where ccBind v e = (A (ae, G). if (v——v¢G) V = isVal e then cc-restr (fv e) (fup-(ccExp
e)-(ae v)) else ccSquare (fu e))

lemma ccBind-eq:
ccBind v e-(ae, G) = (if v——v¢ G V = isVal e then G ye v e G| fu e else (fv €)?)
unfolding ccBind-def
apply (rule cfun-beta-Pair)
apply (rule cont-if-else-above)
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apply simp
apply simp
apply (auto dest: subsetD]OF ccField-cc-restr])[1]

apply (case-tac p, auto, transfer, auto)[1]

apply (rule adm-subst|OF cont-snd])

apply (rule adml, thin-tac chain -, transfer, auto)
done

lemma ccBind-strict[simp]: ccBind ve - L = 1
by (auto simp add: inst-prod-pcpo ccBind-eq simp del: Pair-strict)

lemma ccField-ccBind: ccField (ccBind v e-(ae,G)) C fu e
by (auto simp add: ccBind-eq dest: subsetD|OF ccField-cc-restr])

definition ccBinds :: heap = ((AEnv x CoCalls) — CoCalls)
where ccBinds T = (A i. (| | v—e€map-of T'. ccBind v e-i))

lemma ccBinds-eq:
ceBinds I'-i = (| | v—e€map-of T'. ccBind v e-i)
unfolding ccBinds-def
by simp

lemma ccBinds-strict[simp|: ccBinds T L=_1
unfolding ccBinds-eq
by (cases T' = []) simp-all

lemma ccBinds-strict’[simp]: ccBinds T-(L,L)=1
by (metis CoCallAnalysis.ccBinds-strict Pair-bottom-iff)

lemma ccBinds-reorderi:
assumes map-of I' v = Some e
shows ccBinds I' = ccBind v e U ccBinds (delete v T)
proof—
from assms
have map-of T' = map-of ((v,e) # delete v T') by (metis map-of-delete-insert)
thus ?thesis
by (auto intro: cfun-eql simp add: ccBinds-eq delete-set-none)
qed

lemma ccBinds-Nil[simp]:
ceBinds [| = L
unfolding ccBinds-def by simp
lemma ccBinds-Cons|simp]:
ccBinds ((z,e)#T') = ccBind z e U ccBinds (delete x T)

by (subst ccBinds-reorderl[where v = z and e = ¢]) auto

lemma ccBind-below-ccBinds: map-of I' x = Some e = ccBind x e-ae T (ccBinds I'-ae)
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by (auto simp add: ccBinds-eq)

lemma ccField-ceBinds: ccField (ccBinds T'-(ae,G)) C fo T
by (auto simp add: ccBinds-eq dest: subsetD|OF ccField-ccBind) intro: subsetD[OF map-of-Some-fv-subset])

definition ccBindsExtra :: heap = ((AEnv x CoCalls) — CoCalls)
where ccBindsExtra T = (A 4. snd i U ccBinds T - i U (| |a—e€map-of T. ccProd (fv e)
(ccNeighbors x (snd ©))))

lemma ccBindsExtra-simp: ccBindsExtra T' - i =snd i U ccBinds T - ¢ U (| |a—e€map-of T.
ccProd (fv ) (ccNeighbors x (snd 7)))
unfolding ccBindsEztra-def by simp

lemma ccBindsFEztra-eq: ccBindsExtra T-(ae,G) =
G U ccBinds I'-(ae,G) U (| |x—e€map-of T. fv e Gx ccNeighbors © G)
unfolding ccBindsEztra-def by simp

lemma ccBindsExtra-strict[simp|: ccBindsExtra T - L = L
by (auto simp add: ccBindsExtra-simp inst-prod-pcpo simp del: Pair-strict)

lemma ccField-ccBindsExtra:
ccField (ccBindsFExtra T-(ae,G)) C fo T' U ccField G
by (auto simp add: ccBindsExtra-simp elem-to-ccField
dest!: subsetD[OF ccField-ccBinds] subsetD[OF ccField-ccProd-subset] map-of-Some-fu-subset)

end

lemma ccBind-equt[equt]: m - (CoCallAnalysis.ccBind cccExp x e) = CoCallAnalysis.ccBind (7
- cccExp) (w - x) (7w - €)
proof—
{
fix m ae G
have 7 - ((CoCallAnalysis.ccBind cccEzp x €) - (ae,G)) = CoCallAnalysis.ccBind (7 - cccExp)
(m-xz)(m-e) - (m-ae,m- Q)
unfolding CoCallAnalysis.ccBind-eq
by perm-simp (simp add: Abs-cfun-equt)

thus ?thesis by (auto intro: cfun-equtl)
qed

lemma ccBinds-equt[equt]: m - (CoCallAnalysis.ccBinds cccExp I') = CoCallAnalysis.ccBinds (1
- cccEzp) (w - T)

apply (rule cfun-equtl)

unfolding CoCallAnalysis.ccBinds-eq

apply (perm-simp)

apply rule

done

lemma ccBindsExtra-equt[equt]: m - (CoCallAnalysis.ccBindsExtra cccExp T') = CoCallAnaly-
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sis.ccBindsExtra (w - cccExp) (w - T)
by (rule cfun-equtl) (simp add: CoCallAnalysis.ccBindsFEuxtra-def)

lemma ccBind-cong|fundef-cong]:

cccexpl e = cecexp?2 e = CoCallAnalysis.ccBind cccexpl © e = CoCallAnalysis.ccBind cccexp2
xe

apply (rule cfun-eql)

apply (case-tac za)

apply (auto simp add: CoCallAnalysis.ccBind-eq)

done

lemma ccBinds-cong|fundef-cong:
[ (A e e€ snd ‘set heap?2 = cccexpl e = cccexp? e); heapl = heap2 |
= CoCallAnalysis.ccBinds cccexpl heapl = CoCallAnalysis.ccBinds cccexp2 heap2
apply (rule cfun-eql)
unfolding CoCallAnalysis.ccBinds-eq
apply (rule arg-cong[OF mapCollect-cong))
apply (rule arg-cong[OF ccBind-cong))
apply auto
by (metis imagel map-of-SomeD snd-conv)

lemma ccBindsExtra-cong|fundef-cong]:

[ (A e e€ snd‘set heap?2 = cccexpl e = cccexp? e); heapl = heap2 |

= CoCuallAnalysis.ccBindsExtra cccexpl heapl = CoCallAnalysis.ccBindsExtra cccexp2

heap?2

apply (rule cfun-eql)

unfolding CoCallAnalysis.ccBindsExtra-simp

apply (rule arg-cong2[OF ccBinds-cong mapCollect-cong))

apply simp+

done

end

12.3 CoCallAritySig

theory CoCallAritySig
imports ArityAnalysisSig CoCallAnalysisSig
begin

locale CoCallArity = CoCallAnalysis + ArityAnalysis

end

12.4 CoCallAnalysisSpec

theory CoCallAnalysisSpec
imports CoCallAritySig ArityAnalysisSpec
begin
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locale CoCallArityEdom = CoCallArity + EdomArityAnalysis

locale CoCallAritySafe = CoCallArity + CoCallAnalyisHeap + ArityAnalysisLetSafe +
assumes ccEzp-App: ccExp e-(inc-a) U ccProd {z} (insert z (fve)) C ccExp (App e x)-a
assumes ccEzp-Lam: cc-restr (fu (Lam [y]. €)) (ccEzp e-(pred-n)) C ccExp (Lam [y]. e)n
assumes ccExp-subst: t ¢ S = y ¢ S = cc-restr S (ccExp ely:=x]-a) T cc-restr S (ccExp

e-a)
assumes ccEzp-pap: isVal e = ccExp e-0 = ccSquare (fv e)
assumes ccEzp-Let: cc-restr (—domA T') (ccHeap I e-a) C ccEzp (Let T' €)-a
assumes ccEzp-IfThenElse: ccExp scrut-0 U (ccExp el-a U ccExp e2-a) U ccProd (edom (Aexp

scrut-0)) (edom (Aexp el-a) U edom (Aexp e2-a)) C ccExp (scrut ? el : e2)-a

assumes ccHeap-FErp: ccExp e-a C ccHeap A e-a
assumes ccHeap-Heap: map-of A x = Some ¢/ = (Aheap A e-a) = up-a’ = ccExp e’a’
C ccHeap A e-a
assumes ccHeap-Ezxtra-Edges:
map-of A z = Some ¢/ => (Aheap A e-a) © = up-a’ = ccProd (fv e’) (ccNeighbors x
(ccHeap A e-a) — {z} N thunks A) C ccHeap A e-a

assumes aHeap-thunks-rec: — nonrec I' = z € thunks I' = z € edom (Aheap T" e-a) =
(Aheap T e-a) x = up-0

assumes aHeap-thunks-nonrec: nonrec T' => z € thunks T = z——x € ccExp e-a => (Aheap
T ea) z=up0

end

12.5 CoCallFix

theory CoCallFix

imports CoCallAnalysisSig CoCallAnalysisBinds ArityAnalysisSig Launchbury. Env—Nominal
ArityAnalysisFiz

begin

locale CoCallArityAnalysis =
fixes cccExp :: exp = (Arity — AEnv x CoCalls)
begin

definition Aexp :: exp = (Arity — AEnv)
where Aexp e = (A a. fst (cccEzp e - a))

sublocale ArityAnalysis Aexp.

abbreviation Aezp-syn’ (<A-») where A, = (Ae. Aexp e-a)
abbreviation Aezp-bot-syn’ («A+.>) where AL, = (\e. fup-(Aexp e)-a)

169



lemma Aezp-eq:
Ag e = fst (cccExp e - a)
unfolding Aexp-def by (rule beta-cfun) (intro cont2cont)

lemma fup-Aexp-eq:
fup-(Aexp e)-a = fst (fup-(cccExp €)-a)
by (cases a)(simp-all add: Aexp-eq)

definition CCezp :: exp = (Arity — CoCalls) where CCexp I' = (A a. snd (cccEzp I'-a))
lemma CCezp-eq:

CCexp e-a = snd (cccEzp e - a)

unfolding CCexp-def by (rule beta-cfun) (intro cont2cont)

lemma fup-CCexp-eq:
fup-(CCexp e)-a = snd (fup-(cccExp e)-a)
by (cases a)(simp-all add: CCexp-eq)

sublocale CoCallAnalysis CCexp.

definition CCfiz :: heap = (AEnv x CoCalls) — CoClalls
where CCfiz T = (A aeG. (u G'. ccBindsExtra T-(fst aeG , G') U snd aeQ))

lemma CCfiz-eq:
CCfix T-(ae,G) = (u G'. ccBindsExtra T-(ae, G') U G)
unfolding CCfiz-def
by simp

lemma CCfiz-unroll: CCfix T-(ae,G) = ccBindsExtra T-(ae, CCfix T-(ae,G)) U G
unfolding CCfiz-eq
apply (subst fiz-eq)
apply simp
done

lemma fup-ccEzp-restr-subst’:
assumes A\ a. cc-restr S (CCexp elx::=y|-a) = cc-restr S (CCexp e-a)
shows cc-restr S (fup-(CCexp e[z::=y])-a) = cc-restr S (fup-(CCexp €)-a)
using assms
by (cases a) (auto simp del: cc-restr-ce-restr simp add: cc-restr-cc-restr[symmetric])

lemma ccBindsExtra-restr-subst’:
assumes A z’ e a. (z',e) € set I' = cc-restr S (CCexp e[z::=y]-a) = cc-restr S (CCexp
e-a)
assumes z ¢ S
assumes y ¢ S
assumes domA T C S
shows cc-restr S (ccBindsExtra T[z::h=y]-(ae, G))
= cc-restr S (ccBindsExtra T'-(ae f|© S, cc-restr S G))
apply (simp add: ccBindsExtra-simp ccBinds-eq ccBind-eq Int-absorb2[OF assms(4)] fu-subst-int]| OF
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assms(3,2)])

apply (intro arg-cong2[where f = (U)] refl arg-cong[OF mapCollect-cong))

apply (subgoal-tac k € S)

apply (auto intro: fup-ccExp-restr-subst’|OF assms(1)[OF map-of-SomeD]| simp add: fv-subst-int|OF
assms(3,2)]  fo-subst-int2[OF assms(3,2)] ccSquare-def)[1]

apply (metis assms(4) contra-subsetD doml dom-map-of-conv-domA)

apply (subgoal-tac k € S)

apply (auto intro: fup-ccExp-restr-subst’|OF assms(1)[OF map-of-SomeD]]

simp add: fo-subst-int[OF assms(3,2)]  fu-subst-int2]OF assms(3,2)] ccSquare-def

ce-restr-twist[where S = S| simp del: cc-restr-cc-restr)|[1]

apply (subst fup-ccExp-restr-subst’|OF assms(1)[OF map-of-SomeD]], assumption)

apply (simp add: fo-subst-int[OF assms(3,2)]  fo-subst-int2[OF assms(3,2)] )

apply (subst fup-ccExp-restr-subst’|OF assms(1)[OF map-of-SomeD]], assumption)

apply (simp add: fo-subst-int[OF assms(3,2)]  fu-subst-int2[OF assms(3,2)] )

apply (metis assms(4) contra-subsetD doml dom-map-of-conv-domA)

done

lemma ccBindsFExtra-restr:

assumes domAT' C S

shows cc-restr S (ccBindsExtra I'-(ae, G)) = cc-restr S (ccBindsExtra T'-(ae f|© S, cc-restr S
@)

using assms

apply (simp add: ccBindsExtra-simp ccBinds-eq ccBind-eq Int-absorb2)

apply (intro arg-cong2[where f = (U)] refl arg-cong|OF mapCollect-cong))

apply (subgoal-tac k € S)

apply simp

apply (metis contra-subsetD doml dom-map-of-conv-domA)

apply (subgoal-tac k € S)

apply simp

apply (metis contra-subsetD domlI dom-map-of-conv-domA)

done

lemma CCfiz-restr:
assumes domA T C §
shows cc-restr S (CCfix T-(ae, G)) = cc-restr S (CCfix T-(ae f|* S, cc-restr S G))
unfolding CCfiz-def
apply simp
apply (rule parallel-fix-ind[where P = X\ z y . cc-restr S & = cc-restr S y))
apply simp
apply rule
apply simp
apply (subst (1 2) ccBindsExtra-restr|OF assms])
apply (auto)
done

lemma ccField-CCfiz:
shows ccField (CCfix T-(ae, G)) C fo T' U ccField G
unfolding CCfiz-def
apply simp
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apply (rule fiz-ind[where P = X z . ccField x C fo T' U ccField G))
apply (auto dest!: subsetD[OF ccField-ccBindsExtra))
done

lemma CCfix-restr-subst”:

assumes A z’ e a. (z',e) € set T = cc-restr S (CCexp e[x::=y]-a) = cc-restr S (CCexp
e-a)

assumes z ¢ S

assumes y ¢ S

assumes domAT' C S

shows cc-restr S (CCfix Tz::h=y|-(ae, G)) = cc-restr S (CCfix T-(ae f|* S, cc-restr S G))

unfolding CCfiz-def

apply simp

apply (rule parallel-fiz-ind[where P = X z y . cc-restr S x = cc-restr S y])

apply simp

apply rule

apply simp

apply (subst ccBindsExtra-restr-subst’|OF assms], assumption)

apply (subst ccBindsExtra-restr|OF assms(4)]) back

apply (auto)

done

end

lemma Aexp-equtequt]: 7 - (CoCallArityAnalysis. Aexp cccExp e) = CoCallArityAnalysis. Aexp
(m - cccEap) (m - e)
apply (rule cfun-equtl) unfolding CoCallArityAnalysis. Aexp-eq by perm-simp rule

lemma CCezp-equtlequt]: 7 - (CoCallArityAnalysis.CCexp cccExp e) = CoCallArityAnaly-
sis.CCexp (m + cccExp) (m « €)
apply (rule cfun-equtl) unfolding CoCallArityAnalysis. CCexp-eq by perm-simp rule

lemma CCfiz-equt[equt]: 7 - (CoCallArityAnalysis. CCfix cccExp T') = CoCallArityAnalysis. CCfix
(m + cecExp) (m - T)
unfolding CoCallArityAnalysis. CCfiz-def by perm-simp (simp-all add: Abs-cfun-equt)

lemma ccFliz-cong[fundef-congl:
[ (A e e€ snd‘set heap2 = cccexpl e = cccexp? e); heapl = heap2 |
= CoCallArityAnalysis. CCfix cccexpl heapl = CoCallArityAnalysis. CCfix cccexp2 heap?2
unfolding CoCallArityAnalysis. CCfix-def
apply (rule arg-cong) back
apply (rule ccBindsExtra-cong)
apply (auto simp add: CoCallArityAnalysis. CCexp-def)
done

context CoCallArityAnalysis
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begin
definition cccFix :: heap = ((AEnv x CoCalls) — (AEnv x CoCalls))

where cecFiz T' = (A 4. (Afiz T-(fst ¢ U (A-.up-0) f|¢ thunks T'), CCfiz T-(Afix T-(fst i U
(A-.up-0) f|° (thunks T')), snd 7)))

lemma cccFiz-eq:

ceccFix T-i = (Afix T-(fst ¢ U (A-.up-0) f|* thunks T'), CCfix T-(Afix T-(fst i U (A-.up-0) f|*
(thunks T)), snd i))

unfolding cccFix-def

by (rule beta-cfun)(intro cont2cont)
end

lemma cccFiz-equt[equt]: m - (CoCallArityAnalysis.cccFix cccExp T') = CoCallArityAnalysis.cccFix
(m + cccExp) (w - T)
apply (rule cfun-equtl) unfolding CoCallArityAnalysis.cccFiz-eq by perm-simp rule

lemma cccFiz-cong|fundef-congl:
[ (A e e€ snd ‘set heap?2 = cccexpl e = cccexp? e); heapl = heap2 |
= CoCuallArityAnalysis.cccFix cccexpl heapl = CoCallArityAnalysis. cccFix cccexp?2 heap?2
unfolding CoCallArityAnalysis.cccFiz-def
apply (rule cfun-eql)
apply auto
apply (rule arg-cong[OF Afiz-cong|, auto simp add: CoCallArityAnalysis. Aexp-def)[1]
apply (rule arg-cong2[OF ccFiz-cong Afiz-cong ])
apply (auto simp add: CoCallArityAnalysis. Aexp-def)
done

12.5.1 The non-recursive case

definition ABind-nonrec :: var = exp = AFEnv x CoCalls — Arity,
where
ABind-nonrec © e = (A i. (if isVal e V x——x¢(snd 1) then fst i x else up-0))

lemma ABind-nonrec-eq:
ABind-nonrec x e-(ae,G) = (if isVal e V x——x¢ G then ae z else up-0)
unfolding ABind-nonrec-def
apply (subst beta-cfun)
apply (rule cont-if-else-above)
apply auto
by (metis in-join join-self-below(4))

lemma A Bind-nonrec-equt|equt]: m « (ABind-nonrec x ¢) = ABind-nonrec (7 + z) (7 - €)
apply (rule cfun-equtl)
apply (case-tac za, simp)
unfolding A Bind-nonrec-eq
by perm-simp rule

lemma A Bind-nonrec-above-arg:
ae © = ABind-nonrec x e - (ae, G)
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unfolding A Bind-nonrec-eq by auto

definition Aheap-nonrec where
Aheap-nonrec x e = (A i. esing x-(ABind-nonrec z e-i))

lemma Aheap-nonrec-simp:
Aheap-nonrec x e-i = esing x-(ABind-nonrec x e-i)
unfolding Aheap-nonrec-def by simp

lemma Aheap-nonrec-lookup|[simp]:
(Aheap-nonrec x e-i) © = ABind-nonrec © e-i
unfolding Aheap-nonrec-simp by simp

lemma Aheap-nonrec-equt’[equt]:
7+ (Aheap-nonrec © e) = Aheap-nonrec (7 - z) (7 - e)
apply (rule cfun-equtl)
unfolding Aheap-nonrec-simp
by (perm-simp, rule)

context CoCallArityAnalysis
begin

definition Afiz-nonrec
where Afiz-nonrec x e = (A i. fup-(Aexp e)-(ABind-nonrec z e - i) U fst i)

lemma Afiz-nonrec-eq[simpl:
Afiz-nonrec x e - i = fup-(Aexp e)-(ABind-nonrec z e - i) U fst i
unfolding Afiz-nonrec-def
by (rule beta-cfun) simp

definition CCfiz-nonrec
where CCfiz-nonrec x e = (A i. ccBind x e - (Aheap-nonrec z e-i, snd i) U ccProd (fv e)
(ecNeighbors x (snd i) — (if isVal e then {} else {z})) U snd 7)

lemma CCfiz-nonrec-eq[simp):
CCfiz-nonrec x e - i = ccBind x e-(Aheap-nonrec z e-i, snd i) U ccProd (fv e) (ccNeighbors
z (snd ©) — (if isVal e then {} else {z})) U snd ¢
unfolding CCfiz-nonrec-def
by (rule beta-cfun) (intro cont2cont)

definition cccFiz-nonrec :: var = exp = ((AEnv x CoCalls) — (AEnv x CoCalls))
where cccFiz-nonrec © e = (A 1. (Afiz-nonrec x e -i , CCfiz-nonrec = e -7))

lemma cccFiz-nonrec-eq|simp):
cccFiz-nonrec © e-i = (Afiz-nonrec x e -i , CCfix-nonrec © e -7)
unfolding cccFiz-nonrec-def
by (rule beta-cfun) (intro cont2cont)
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end

lemma AFiz-nonrec-equt[equt]: m - (CoCallArityAnalysis. Afiz-nonrec cccExzp x ¢) = CoCallAr-
ityAnalysis. Afiz-nonrec (w + cccExp) (w - z) (7 + €)

apply (rule cfun-equtl)

unfolding CoCallArityAnalysis. Afix-nonrec-eq

by perm-simp rule

lemma CCFiz-nonrec-equt|equt]: m - (CoCallArityAnalysis. CCfiz-nonrec cccExp z €) = Co-
CallArityAnalysis. CCfiz-nonrec (m - cccExp) (w - x) (7 - €)

apply (rule cfun-equtl)

unfolding CoCallArityAnalysis. CCfiz-nonrec-eq

by perm-simp rule

lemma cccFiz-nonrec-equtequt]: m - (CoCallArityAnalysis.cccFiz-nonrec cccExp x e) = Co-
CallArityAnalysis.cccFiz-nonrec (7 - cccExp) (7 - x) (7 - e)

apply (rule cfun-equtl)

unfolding CoCallArityAnalysis.cccFix-nonrec-eq

by perm-simp rule

12.5.2 Combining the cases

context CoCallArityAnalysis
begin
definition cccFiz-choose :: heap = ((AEnv x CoCalls) — (AEnv x CoCalls))
where cccFiz-choose T' = (if nonrec T then case-prod cccFix-nonrec (hd T') else cccFix T)

lemma cccFiz-choose-simp1 [simp):
= nonrec I' = cccFiz-choose I' = cccFiz T
unfolding cccFiz-choose-def by simp

lemma cccFliz-choose-simp2|simp]:
z ¢ fu e = cccFiz-choose [(z,e)] = cccFiz-nonrec © e
unfolding cccFixz-choose-def nonrec-def by auto

end

lemma cccFiz-choose-equt[equt]: 7 - (CoCallArityAnalysis.cccFiz-choose cccExp T') = CoCallAr-
ityAnalysis. cccFiz-choose (m - cccExp) (m - T')

unfolding CoCallArityAnalysis.cccFiz-choose-def

apply (cases nonrec ™ rule: equt-cases[where z = T')

apply (perm-simp, rule)

apply simp

apply (erule nonrecFE)

apply (simp )

apply simp

175



done

lemma cccFiz-nonrec-cong[fundef-cong]:
cceexpl e = cecexpl e = CoCallArityAnalysis. cccFix-nonrec cccexpl v e = CoCallArityAnal-
ysis.cccFiz-nonrec cccexp2 x e
apply (rule cfun-eql)
unfolding CoCuallArityAnalysis.cccFiz-nonrec-eq
unfolding CoCallArityAnalysis. Afiz-nonrec-eq
unfolding CoCallArityAnalysis. CCfiz-nonrec-eq
unfolding CoCallArityAnalysis.fup-Aexp-eq
apply (simp only: )
apply (rule arg-cong[OF ccBind-cong)
apply simp
unfolding CoCallArityAnalysis. CCexp-def
apply simp
done

lemma cccFiz-choose-cong|fundef-congl:

[ (A e e€ snd ‘set heap?2 = cccexpl e = cccexp? e); heapl = heap2 |

= CoCallArityAnalysis.cccFix-choose cccexpl heapl = CoCallArityAnalysis. cccFix-choose

cccexp? heap2

unfolding CoCuallArityAnalysis.cccFiz-choose-def

apply (rule cfun-eql)

apply (auto elim!: nonrecE)

apply (rule arg-cong[OF cccFiz-nonrec-cong|, auto)

apply (rule arg-cong[OF cccFiz-cong|, auto)[1]

done

end

12.6 CoCallGraph-TTree

theory CoCallGraph— TTree
imports CoCallGraph TTree— HOLCF
begin

lemma interleave-ccFromList:
xs € interleave ys zs => ccFromList xs = ccFromList ys U ccFromList zs U ccProd (set ys)
(set 2s)
by (induction rule: interleave-induct)
(auto simp add: interleave-set ccProd-comm ccProd-insert2[where S’ = set zs for s
ccProd-insert! [where S’ = set xs for zs] )

lift-definition ccApproz :: var ttree = CoCalls
is A\ wss . lub (ccFromList © xss).

lemma ccApproz-paths: ccApprox t = lub (ccFromList ¢ (paths t)) by transfer simp
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lemma ccApproz-strict[simp|: ccApprox L = L
by (simp add: ccApproz-paths empty-is-bottom[symmetric])

lemma in-ccApproz: (x——y€&(ccApproz t)) «— (3 zs € paths t. (z——y€E(ccFromList xs)))
unfolding ccApproz-paths
by transfer auto

lemma ccApproz-mono: paths t C paths t' = ccApprox t T ccApproz t’
by (rule below-CoCallsI) (auto simp add: in-ccApprox)

lemma ccApproz-mono” t © t' = ccApprox t T ccApprox t’
by (metis below-set-def ccApproz-mono paths-mono-iff)

lemma ccApproz-belowl: (\ zs. xs € paths t = ccFromList xs C G) = ccApprox t C G
unfolding ccApproz-paths
by transfer auto

lemma ccApproz-below-iff: ccApprox t © G «+— (¥ xs € paths t. ccFromList zs C Q)
unfolding ccApproz-paths by transfer auto

lemma cc-restr-ccApproz-below-iff: cc-restr S (ccApprox t) C G «+— (V zs € paths t. cc-restr
S (ccFromlList zs) C G)

unfolding ccApproz-paths cc-restr-lub

by transfer auto

lemma ccFromList-below-ccApproz:
xs € paths t = ccFromList zs T ccApprox t
by (rule below-CoCallsI)(auto simp add: in-ccApprox)

lemma ccApproz-nzt-below:
ccApproz (nxzt t ) T ccApproz t
by (rule below-CoCallsI)(auto simp add: in-ccApproz paths-nat-eq elim!: bexI[rotated))

lemma ccApproz-ttree-restr-nat-below:
ccApprox (ttree-restr S (nat t x)) T ccApprox (ttree-restr S t)
by (rule below-CoCallsI)
(auto simp add: in-ccApprox filter-paths-conv-free-restr[symmetric| paths-nzt-eq elim!: bexl|[rotated))

lemma ccApproz-ttree-restr[simp): ccApprox (ttree-restr S t) = cc-restr S (ccApprox t)
by (rule CoCalls-eql) (auto simp add: in-ccApproz filter-paths-conv-free-restr[symmetric] )

lemma ccApproz-both: ccApproxz (t @R t') = ccApproz t U ccApprozx t' U ccProd (carrier t)
(carrier t')
proof (rule below-antisym)

show ccApproz (t @® t') C ccApprox t U ccApprox t' U ccProd (carrier t) (carrier t')

by (rule below-CoCallsI)

(auto 4 4 simp add: in-ccApproz paths-both Union-paths-carrier[symmetric] interleave-ccFromList)

next

have ccApproz t C ccApproz (t @® t')
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by (rule ccApproz-mono[OF both-contains-argl])
moreover
have ccApprox t' C ccApproz (t @R t')
by (rule ccApproz-mono[OF both-contains-arg2])
moreover
have ccProd (carrier t) (carrier t') C ccApproz (t @® t')
proof (rule ccProd-belowl)
fix zy
assume z € carrier t and y € carrier t’
then obtain zs ys where z € set zs and y € set ys
and zs € paths t and ys € paths t’ by (auto simp add: Union-paths-carrier[symmetric])
hence zs @ ys € paths (t @® t') by (metis paths-both append-interleave)
moreover
from <x € set sy <y € set ys»
have z——yé&(ccFromList (xsQys)) by simp
ultimately
show z——y€(ccApprox (t ®® t')) by (auto simp add: in-ccApprox simp del: ccFrom-
List-append)
ged
ultimately
show ccApproz t U ccApproz t' U ccProd (carrier t) (carrier t') C ccApproz (t @® t')
by (simp add: join-below-iff)
qed

lemma ccApproz-many-calls[simpl:
ccApproz (many-calls ) = ccProd {z} {z}
by transfer’ (rule CoCalls-eql, auto)

lemma ccApproz-single[simp]:
ccApproz (TTree.single y) = L
by transfer’ auto

lemma ccApproz-either[simpl: ccApproz (t &® t') = ccApprox t U ccApproz t’
by transfer’ (rule CoCalls-eql, auto)

lemma wild-recursion:
assumes ccAppror t C G
assumes A\ z. z ¢ S = fz = empty
assumes A\ z. z € S = ccApprox (fz) C G
assumes A z. x € S = ccProd (ccNeighbors © G) (carrier (fz)) C G
shows ccApproz (ttree-restr (—S) (substitute f T t)) T G
proof (rule ccApproz-belowl )
fix zs
define seen :: var set where seen = {}

assume zs € paths (ttree-restr (— S) (substitute f T t))
then obtain zs’ zs” where zs = [z+1xs’. z ¢ S| and substitute” f T zs" zs’ and xs'' € paths
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by (auto simp add: filter-paths-conv-free-restr2[symmetric] substitute-substitute’")

note this(2)
moreover
from <ccApprox t T G> and (xs’’ € paths t»
have ccFromList zs'' T G
by (auto simp add: ccApproz-below-iff)
moreover
note assms(2)
moreover
from assms(3,4)
have A\ z ys. ¢ € S = ys € paths (f ©) = ccFromList ys C G
and A\ z ys. z € S = ys € paths (f £) = ccProd (ccNeighbors x G) (set ys) C G
by (auto simp add: ccApproz-below-iff Union-paths-carrier[symmetric| cc-lub-below-iff)
moreover
have ccProd seen (set xs'") C G unfolding seen-def by simp
ultimately
have ccFromList [x<axs’ .z ¢ S] C G A ccProd (seen) (set zs’) C G
proof (induction f T xs"" xs’ arbitrary: seen rule: substitute’.induct]case-names Nil Cons))
case Nil thus ?case by simp
next
case (Cons zs fx xs’ xs T ys)

have seen-x: ccProd seen {z} C G
using <ccProd seen (set (z # xs)) T Gy
by (auto simp add: ccProd-insert2[where S’ = set xzs for zs| join-below-iff)

show ?case
proof(cases x € 5)
case True

from <ccFromList (z # zs) C G»
have ccProd {z} (set zs) C G by (auto simp add: join-below-iff)
hence subset!: set xs C ccNeighbors x G by transfer auto

from <ccProd seen (set (x # zs)) C G»
have subset2: seen C ccNeighbors x G
by (auto simp add: subset-ccNeighbors ccProd-insert2[where S’ = set xs for xs]
join-below-iff ccProd-comm)

from subset! and subset?

have seen U set s C ccNeighbors © G by auto

hence ccProd (seen U set xs) (set zs) T ccProd (ccNeighbors © G) (set zs)
by (rule ccProd-monol)

also

from <z € S) «zs € paths (f z)»

have ... C G
by (rule Cons.prems(4))
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finally
have ccProd (seen U set xs) (set zs) T G by this simp

with <z € S) Cons.prems Cons.hyps
have ccFromList [x<ys .z ¢ S] T G A ccProd (seen) (set ys) C G
apply —
apply (rule Cons.IH)
apply (auto simp add: f-nat-def join-below-iff interleave-ccFromList interleave-set
ccProd-insert2[where S’ = set xs for xs]
split: if-splits)
done
with <z € ) seen-x
show ccFromList [x<xz # ys . © ¢ S| T G A ccProd seen (set (z#ys)) C G
by (auto simp add: ccProd-insert2[where S’ = set zs for xs] join-below-iff)
next
case Fulse

from Fulse Cons.prems Cons.hyps
have x: ccFromList [z<ys . x ¢ S] T G A ccProd ((insert x seen)) (set ys) C G
apply —
apply (rule Cons.IH[where seen = insert © seen))
apply (auto simp add: ccApproz-both join-below-iff ttree-restr-both interleave-ccFromList
insert-Diff-if
sitmp add: ccProd-insert2[where S’ = set zs for zs]
sitmp add: ccProd-insertl [where S’ = seen))
done
moreover
from False
have ccProd {z} (set ys) C G
by (auto simp add: insert-Diff-if ccProd-insertl [where S’ = seen] join-below-iff)
hence ccProd {z} {z € setys. 2 ¢ S} C G
by (rule below-trans[rotated, OF - ccProd-mono2]) auto
moreover
note Fualse seen-x
ultimately
show ccFromList [x<z # ys . © ¢ S| © G A ccProd (seen) (set (z # ys)) C G
by (auto simp add: join-below-iff simp add: insert-Diff-if ccProd-insert2[where S’ =
set zs for zs] ccProd-insert! [where S’ = seen])

qed
qged
with «zs = -
show ccFromList xs © G by simp
qed

lemma wild-recursion-thunked:
assumes ccAppror t C G
assumes A\ z. 2 ¢ S = fz = empty
assumes A\ z. z € S = ccApprox (fz) C G
assumes A z. z € § = ccProd (ccNeighbors © G — {z} N T) (carrier (fz)) C G
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shows ccApproz (ttree-restr (—S) (substitute f T t)) C G
proof (rule ccApprox-belowl)
fix xs

define seen :: var set where seen = {}
define seen-T :: var set where seen-T = {}

assume zs € paths (ttree-restr (— S) (substitute f T t))
then obtain zs’ zs” where zs = [z<1zs’. x ¢ S| and substitute” f T zs" zs’ and xs'' € paths

by (auto simp add: filter-paths-conv-free-restr2[symmetric] substitute-substitute’”)

note this(2)
moreover
from <ccApproz t C G» and <xs”’ € paths t»
have ccFromList zs"' T G
by (auto simp add: ccApproz-below-iff)
hence ccFromList zs" G|‘(— seen-T) C G
by (rule rev-below-trans[OF - cc-restr-below-arg))
moreover
note assms(2)
moreover
from assms(3,4)
have A\ z ys. ¢ € S = ys € paths (f ©) = ccFromList ys C G
and A\ z ys. x € S = ys € paths (f ) = ccProd (ccNeighbors x G — {z} N T) (set ys)
CG
by (auto simp add: ccApproz-below-iff seen-T-def Union-paths-carrier[symmetric] cc-lub-below-iff)
moreover
have ccProd seen (set xs’"’ — seen-T) C G unfolding seen-def seen-T-def by simp
moreover
have seen N S = {} unfolding seen-def by simp
moreover
have seen-T C S unfolding seen-T-def by simp
moreover
have A z. = € seen-T = fz = empty unfolding seen-T-def by simp
ultimately
have ccFromList [z<as’ . z ¢ S| C G A ccProd (seen) (set zs' — seen-T) C G
proof (induction f T xs' xzs’ arbitrary: seen seen-T rule: substitute”.induct|case-names Nil
Conys))
case Nil thus ?case by simp
next
case (Cons zs fx s’ xs T ys)

let ?2seen-T = if x € T then insert x seen-T else seen-T

have subset: — insert x seen-T C — seen-T by auto

have subset2: set xs N — insert x seen-T C insert © (set xs) N — seen-T by auto
have subset3: set zs N — insert x seen-T C set zs by auto

have subset{: set zs N — seen-T C insert x (set xs) N — seen-T by auto

have subsets: set zs N — seen-T C set zs by auto
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have subset6: set ys — seen-T C (set ys — ?seen-T) U {z} by auto

show ?case
proof(cases z € seen-T)
assume ¢ € seen-1T'

[simp]: f© = empty using <z € seen-T» Cons.prems by auto

[simp]: f-nat f T x = f by (auto simp add: f-nxt-def split:if-splits)
have [simp]: zs = [] using <zs € paths (f z)> by simp

[simp]: s’ = zs using (xs’ € zs ® zs» by simp

[ |: © € S using <z € seen-T» Cons.prems by auto

stmp

from Cons.hyps Cons.prems

have ccFromList [z<ys . x ¢ S] T G A ccProd seen (set ys — seen-T) & G
apply —
apply (rule Cons.IH[where seen-T = seen-T1)
apply (auto simp add: join-below-iff Diff-eq)
apply (erule below-trans|OF ccProd-mono|OF order-refl subset4]])
done

thus ?thesis using «x € seen-T» by simp

next
assume z ¢ seen-T

have seen-x: ccProd seen {z} C G
using <ccProd seen (set (¢ # xs) — seen-T) C Gy «x ¢ seen-T»
by (auto simp add: insert-Diff-if ccProd-insert2[where S’ = set zs — seen-T for s
join-below-iff)

show “?case
proof(cases x € S)
case True

from <cc-restr (— seen-T) (ccFromList (x # xs)) C G»
have ccProd {z} (set xs — seen-T) C G using <z ¢ seen-T» by (auto simp add:
join-below-iff Diff-eq)
hence set xs — seen-T C ccNeighbors x G by transfer auto
moreover

from seen-x

have seen C ccNeighbors © G by (simp add: subset-ccNeighbors —ccProd-comm,)
moreover

have = ¢ seen using True <seen N S = {}> by auto

ultimately
have seen U (set s N — ?seen-T) C ccNeighbors © G — {z}NT by auto
hence ccProd (seen U (set xs N — Zseen-T)) (set zs) T ccProd (ccNeighbors x G —
{z}NT) (set zs)
by (rule ccProd-monol)
also
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from «z € S» <zs € paths (f z)»
have ... C @
by (rule Cons.prems(4))
finally
have ccProd (seen U (set xs N — ?seen-T)) (set zs) T G by this simp

with «z € ) Cons.prems Cons.hyps(1,2)
have ccFromList [x+ys .z ¢ S] T G A ccProd (seen) (set ys — ?seen-T) C G
apply —
apply (rule Cons.IH[where seen-T = ?seen-T1])
apply (auto simp add: Un-Diff Int-Un-distrib2 Diff-eq f-nxt-def join-below-iff inter-
leave-ccFromList interleave-set ccProd-insert2[where S’ = set zs for zs]
split: if-splits)
apply (erule below-trans[OF cc-restr-monol[OF subset]])
apply (rule below-trans|OF cc-restr-below-arg], simp)
apply (erule below-trans[OF ccProd-mono|OF order-refl Int-lower1]])
apply (rule below-trans|OF cc-restr-below-arg), simp)
apply (erule below-trans|OF ccProd-mono|OF order-refl Int-lower!]])
apply (erule below-trans|OF ccProd-mono[OF order-refl subset2]])
apply (erule below-trans|OF ccProd-mono[OF order-refl subset3]])
apply (erule below-trans|OF ccProd-mono[OF order-refl subset4]])
apply (erule below-trans|OF ccProd-mono[OF order-refl subset5]])
done
with <z € Sy seen-x «x ¢ seen-T»
show ccFromList [z<x # ys . x ¢ S] T G A ccProd seen (set (z#ys) — seen-T) C G
apply (auto simp add: insert-Diff-if ccProd-insert2[where S’ = set ys — seen-T for
xs] join-below-iff)
apply (rule below-trans|OF ccProd-mono|OF order-refl subset6]])
apply (subst ccProd-union2)
apply (auto simp add: join-below-iff)
done
next
case Fulse

from False Cons.prems Cons.hyps
have *: ccFromList [z<ys . x ¢ S] T G A ccProd ((insert z seen)) (set ys — seen-T) C
G
apply —
apply (rule Cons.IH[where seen = insert x seen and seen-T = seen-T1])
apply (auto simp add: <x ¢ seen-T> Diff-eq ccApprox-both join-below-iff ttree-restr-both
interleave-ccFromList insert-Diff-if
simp add: ccProd-insert2[where S’ = set zs N — seen-T for zs
simp add: ccProd-insert! [where S’ = seen))
done
moreover
{
from Fulse *
have ccProd {z} (set ys — seen-T) C G
by (auto simp add: insert-Diff-if ccProd-insertl [where S’ = seen] join-below-iff)
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hence ccProd {z} {z € set ys — seen-T. z ¢ S} C G
by (rule below-trans[rotated, OF - ccProd-mono2]) auto

also have {z € set ys — seen-T. z ¢ S} = {z € set ys. x ¢ S}
using <seen-T C S» by auto

finally

have ccProd {z} {z € set ys. x ¢ S} C G.

moreover
note False seen-z
ultimately
show ccFromList [z<xz # ys . ¢ ¢ S] C G A ccProd (seen) (set (x # ys) — seen-T) C
G
by (auto simp add: join-below-iff simp add: insert-Diff-if ccProd-insert2[where S’ =
set ys — seen-T for xs] ccProd-insert! [where S’ = seen))

qed
qed
qed
with «zs = -
show ccFromlList xs © G by simp
qed

inductive-set valid-lists :: var set = CoCalls = var list set
for S G
where [| € valid-lists S G
| set zs C ccNeighbors ¢ G = xs € wvalid-lists S G = z € S = z#us € valid-lists S G

inductive-simps wvalid-lists-simps[simp]: [| € valid-lists S G (z#xs) € valid-lists S G
inductive-cases vald-lists-ConsE: (z#xs) € valid-lists S G

lemma wvalid-lists-downset-aux:
zs € valid-lists S CoCualls = butlast zs € valid-lists S CoCalls
by (induction xs) (auto dest: in-set-butlastD)

lemma valid-lists-subset: xs € valid-lists S G = set 2s C S
by (induction rule: valid-lists.induct) auto

lemma valid-lists-monol:

assumes S C S’/

shows valid-lists S G C wvalid-lists S’ G
proof

fix zs

assume zs € valid-lists S G

thus zs € valid-lists S’ G

by (induction rule: valid-lists.induct) (auto dest: subsetD[OF assms])

qed

lemma valid-lists-chainl:
assumes chain Y
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assumes xs € valid-lists (J(Y ¢ UNIV)) G
shows 3 i. xs € valid-lists (Y i) G
proof—
note <chain Y»
moreover
from assms(2)
have set zs C |J(Y “ UNIV) by (rule valid-lists-subset)
moreover
have finite (set xs) by simp
ultimately
have 3i. set zs C Y i by (rule finite-subset-chain)
then obtain { where set zs C Y i..

from assms(2) this
have zs € wvalid-lists (Y i) G by (induction rule:valid-lists.induct) auto
thus ?thesis..

qed

lemma valid-lists-chain2:
assumes chain Y
assumes zs € valid-lists S (| |7 Y 9)
shows 3 i. zs € valid-lists S (Y i)
using assms(2)
proof (induction rule:valid-lists.induct[case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs 1)

from <chain Y)
have chain (A i. ccNeighbors x (Y 7))
apply (rule ch2ch-monofun|OF monofunl, rotated))
unfolding below-set-def
by (rule ccNeighbors-mono)
moreover
from <set zs C ccNeighbors x (| ] @. Y i)»
have set zs C (|J . ccNeighbors z (Y 1))
by (simp add: lub-set)
moreover
have finite (set zs) by simp
ultimately
have 3i. set s C ccNeighbors x (Y i) by (rule finite-subset-chain)
then obtain ¢ where i: set zs C ccNeighbors z (Y i)..

from Cons.IH
obtain j where j: zs € valid-lists S (Y j)..

from ¢

have set s C ccNeighbors z (Y (maz i j))
by (rule order-trans| OF - ccNeighbors-mono| OF chain-mono[OF <chain Y max.cobounded1]]])
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moreover

from j

have zs € valid-lists S (Y (max i j))

by (induction rule: valid-lists.induct)
(auto del: subsetl elim: order-trans[OF - ccNeighbors-mono[OF chain-mono[OF <chain Y

maz.cobounded2]]])

moreover

note «x € S)

ultimately

have z # xs € valid-lists S (Y (maz i j)) by rule

thus “case..
qed

lemma valid-lists-cc-restr: valid-lists S G = wvalid-lists S (cc-restr S G)
proof (rule set-eql)
fix zs
show (zs € walid-lists S G) = (xs € wvalid-lists S (cc-restr S G))
by (induction xs) (auto dest: subsetD[OF valid-lists-subset))
qed

lemma interleave-valid-list:

s € ys ® zs => ys € valid-lists S G = zs € valid-lists S’ G' = xs € wvalid-lists (S U )
(G U (G'"U ecProd S S"))
proof (induction rule:interleave-induct)

case Nil
show ?case by simp
next

case (left ys zs xs x)

from «x # ys € wvalid-lists S G»
have z € S and set ys C ccNeighbors © G and ys € valid-lists S G
by auto

from xs € ys ® zs»

have set zs = set ys U set zs by (rule interleave-set)

with (set ys C ccNeighbors x Gy valid-lists-subset[OF <zs € valid-lists S’ G)

have set zs C ccNeighbors ¢ (G U (G’ U ccProd S S"))
by (auto simp add: ccNeighbors-ccProd <z € S)

moreover

from «<ys € wvalid-lists S G» <zs € valid-lists S" G"

have zs € wvalid-lists (S U S’) (G U (G'U ccProd S S'))
by (rule left.1H)

moreover

from <z € S»

have z € S U S’ by simp

ultimately

show ?Zcase..

next
case (right ys zs xs x)
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from <z # zs € valid-lists S' G"
have z € S’ and set zs C ccNeighbors x G' and zs € wvalid-lists S’ G’
by auto

from (zs € ys ® zs

have set zs = set ys U set zs by (rule interleave-set)

with «set zs C ccNeighbors © G'» valid-lists-subset[OF <ys € valid-lists S G»]

have set s C ccNeighbors x (G U (G’ U ccProd S S'))
by (auto simp add: ccNeighbors-ccProd <z € S")

moreover

from «(ys € wvalid-lists S G» <zs € valid-lists S" G"

have xs € wvalid-lists (S U S’) (G U (G'U ccProd S S'))
by (rule right.IH)

moreover

from ¢z € §%

have z € S U S’ by simp

ultimately

show ?case..

qed

lemma interleave-valid-list”:
zs € walid-lists (S U S') G = 3 ys zs. xs € ys @ 28 N ys € valid-lists S G A zs € wvalid-lists
S G
proof (induction rule: valid-lists.induct[case-names Nil Cons])
case Nil show ?case by simp
next
case (Cons s x)
then obtain ys zs where xs € ys ® zs ys € wvalid-lists S G zs € valid-lists S’ G by auto

from <zs € ys ® zs» have set s = set ys U set zs by (rule interleave-set)
with <set zs C ccNeighbors x G»
have set ys C ccNeighbors x G and set zs C ccNeighbors x G by auto

from <z € SU S%
show ?case
proof
assume z € S
with «set ys C ccNeighbors © G <ys € wvalid-lists S G»
have z # ys € valid-lists S G
by rule
moreover
from <xs € ys ® zs»
have z#uxs € x#ys ® zs..
ultimately
show ?thesis using <zs € valid-lists S’ G» by blast
next
assume z € S’
with <set zs C ccNeighbors © G <zs € valid-lists S’ G»

187



have z # zs € valid-lists S’ G
by rule
moreover
from (xs € ys ® zs»
have z#uxs € ys ® x#zs..
ultimately
show ?thesis using <ys € wvalid-lists S G» by blast
ged
qed

lemma many-calls-valid-list:
xs € walid-lists {z} (ccProd {z} {z}) = xs € range (An. replicate n x)
by (induction rule: valid-lists.induct) (auto, metis UNIV-I image-iff replicate-Suc)

lemma filter-valid-lists:
zs € valid-lists S G = filter P xzs € valid-lists {a € S. P a} G
by (induction rule:valid-lists.induct) auto

lift-definition ccTTree :: var set = CoCalls = wvar ttree is A S G. valid-lists S G
by (auto intro: valid-lists-downset-auz)

lemma paths-ccTTree[simpl: paths (ccTTree S G) = valid-lists S G by transfer auto

lemma carrier-ccTTree[simp]: carrier (ccTTree S G) = S
apply transfer
apply (auto dest: valid-lists-subset)
apply (rule-tac z = [z] in bexl)
apply auto
done

lemma valid-lists-ccFromList:
s € valid-lists S G = ccFromList zs T cc-restr S G
by (induction rule:valid-lists.induct)
(auto simp add: join-below-iff subset-ccNeighbors ccProd-below-cc-restr elim: subsetD[OF valid-lists-subset])

lemma ccApproz-ccTTree[simpl: ccApprox (ccTTree S G) = cc-restr S G
proof (transfer’ fizing: S G, rule below-antisym)
show lub (ccFromList ‘ valid-lists S G) C cc-restr S G
apply (rule is-lub-thelub-ex)
apply (metis coCallsLub-is-lub)
apply (rule is-ubl)
apply clarify
apply (erule valid-lists-ccFromList)
done
next
show cc-restr S G T lub (ccFromList  valid-lists S G)
proof (rule below-CoCallsI)
fix x y
have z——y€e(ccFromList [y,z]) by simp

188



moreover
assume z——y€&(cc-restr S G)
hence [y,z] € valid-lists S G by (auto simp add: elem-ccNeighbors)
ultimately
show z——ye(lub (ccFromList ‘ valid-lists S G))

by (rule in-CoCallsLubI[OF - imagel))
ged
qed

lemma below-ccTTreel:
assumes carrier t C S and ccApprox t C G
shows ¢t C ccTTree S G
unfolding paths-mono-iff [symmetric] below-set-def
proof
fix zs
assume zs € paths t
with assms
have zs € valid-lists S G
proof (induction s arbitrary : t)
case Nil thus ?case by simp
next
case (Cons z xs)
from «x # zs € paths t»
have possible t = and zs € paths (nzt t z) by (auto simp add: Cons-path)

have ccProd {z} (set xs) C ccFromList (z # xs) by simp
also
from «x # zs € paths t»
have ... C ccApprox t

by (rule ccFromList-below-ccApprozx)
also
note <ccApprox t & G»
finally
have ccProd {z} (set zs) C G by this simp-all
hence set xs C ccNeighbors x G unfolding subset-ccNeighbors.
moreover
have xs € wvalid-lists S G
proof(rule Cons.IH)

show xs € paths (nazt t x) by fact
next

from «<carrier t C S»

show carrier (nzttz) C S

by (rule order-trans|OF carrier-nat-subset))

next

from <ccApprox t C G»

show ccApprox (nzt t z) & G

by (rule below-trans|OF ccApproz-nzt-below))

qed
moreover
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from <carrier t C S» and «<possible t x>
have z € S by (rule carrier-possible-subset)
ultimately
show ?case..

qged

thus zs € paths (ccTTree S G) by (metis paths-ccTTree)
qed

lemma ccTTree-monol:
S C S = ccTTree S G C ccTTree S' G
by (rule below-ccTTreel) (auto simp add: cc-restr-below-arg)

lemma cont-ccTTreel:
cont (A S. ccTTree S G)
apply (rule contI2)
apply (rule monofunl)
apply (erule ccTTree-monol [folded below-set-def])

apply (rule ttree-belowl)

apply (simp add: paths-FEither lub-set lub-is-either)
apply (drule (1) valid-lists-chain1 [rotated))

apply simp

done

lemma ccTTree-mono2:
GC G = ccTTree S G C ccTTree S G’
apply (rule ttree-belowl)
apply simp
apply (induct-tac rule:valid-lists.induct) apply assumption
apply simp
apply simp
apply (erule (1) order-trans|OF - ccNeighbors-mono))
done

lemma ccT Tree-mono:
SCS' = GLC G'= ccTTree S G C ccTTree S’ G’
by (metis below-trans|OF ccTTree-monol ccTTree-mono2])

lemma cont-ccTTree2:
cont (ccTTree S)
apply (rule contI2)
apply (rule monofunl)
apply (erule ccTTree-mono2)

apply (rule ttree-belowl)

apply (simp add: paths-FEither lub-set lub-is-either)
apply (drule (1) valid-lists-chain2)
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apply simp
done

lemmas cont-ccTTree = cont-compose2[where ¢ = ccTTree, OF cont-ccTTreel cont-ccTTree2,
sitmp, cont2cont)

lemma ccTTree-below-singlel:
assumes SN S’ = {}
shows ccTTree S G C singles S’
proof—
{
fix xs x
assume zs € valid-lists S G and = € S’
from this assms
have length [z'<zs . ' = z] < Suc 0
by (induction rule: valid-lists.induct|case-names Nil Cons|) auto

thus “thesis by transfer auto
qed

lemma ccTTree-cc-restr: ccTTree S G = ccTTree S (ce-restr S G)
by transfer’ (rule valid-lists-cc-restr)

lemma ccT Tree-cong-below: cc-restr S G C ce-restr S G' = ccTTree S G C ccTTree S G’
by (metis ccTTree-mono2 ccT Tree-cc-restr)

lemma ccTTree-cong: cc-restr S G = cc-restr S G' = ccTTree S G = ccTTree S G’
by (metis ccTTree-cc-restr)

lemma either-ccT Tree:
ccTTree S G &® ccTTree S’ G' T ccTTree (S U S’) (GU G
by (auto introl: either-belowl ccT Tree-mono)

lemma interleave-ccT Tree:
ccTTree S G @® ccTTree S G' C ccTTree (SU S’) (GU G'U ccProd S S)
by transfer’ (auto, erule (2) interleave-valid-list)

lemma interleave-ccTTree’:
ccTTree (SU S G E ccTTree S G @ ccTTree S’ G
by transfer’ (auto dest!: interleave-valid-list’)

lemma many-calls-ccT Tree:
shows many-calls © = ccTTree {z} (ccProd {z} {z})
apply(transfer’)
apply (auto intro: many-calls-valid-list)
apply (induct-tac n)
apply (auto simp add: ccNeighbors-ccProd)
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done

lemma filter-valid-lists”:
zs € valid-lists {z' € S. P2’} G = xs € filter P ‘ valid-lists S G
proof (induction xs )
case Nil thus ?case by auto (metis filter.simps(1) image-iff valid-lists-simps(1))
next
case (Cons z zs)
from Cons.prems
have set s C ccNeighbors x G and s € valid-lists {z' € S. P2’} G and z € S and P z by
auto

from this(2) have set zs C {z’ € S. P z'} by (rule valid-lists-subset)
hence Vz € set zs. P x by auto
hence [simp]: filter P xs = xs by (rule filter-True)

from Cons.IH[OF <xs € -]
have zs € filter P ‘ valid-lists S G.

from <zs € valid-lists {z' € S. P z'} G»
have zs € valid-lists S G by (rule subsetD|OF walid-lists-monol, rotated]) auto

from <set xs C ccNeighbors x G» this <z € S»
have = # zs € valid-lists S G by rule

hence filter P (x # xs) € filter P ‘ valid-lists S G by (rule imagel)
thus “case using <P z» <filter P xs =xs)> by simp
qed

lemma without-ccT Tree[simp):

without x (ccTTree S G) = ccTTree (S — {z}) G
by (transfer’ fizing: x) (auto dest: filter-valid-lists’ filter-valid-listsfwhere P = (\ z'. z'# 1)]
simp add: set-diff-eq)

lemma ttree-restr-ccTTree[simp]:

ttree-restr S’ (ccTTree S G) = ccTTree (SN S") G
by (transfer’ fizing: S") (auto dest: filter-valid-lists’ filter-valid-lists[where P = (\ z’. ' € S')]
stmp add:Int-def)

lemma repeatable-ccTTree-ccSquare: S C S’ = repeatable (ccTTree S (ccSquare S'))
unfolding repeatable-def
by transfer (auto simp add:ccNeighbors-ccSquare dest: subsetD[OF valid-lists-subset])

An alternative definition

inductive valid-lists’ :: var set = CoCalls = var set = var list = bool

for S G

where wvalid-lists’ S G prefiz ||

| prefic C ccNeighbors x G = valid-lists’ S G (insert x prefix) xs = z € S = walid-lists’
S G prefix (x#xs)
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inductive-simps valid-lists’-simps[simp|: valid-lists’ S G prefiz || valid-lists’ S G prefiz (z#xs)
inductive-cases vald-lists’-ConsE: valid-lists’ S G prefix (z#xs)

lemma valid-lists-valid-lists”:
xs € walid-lists S G => ccProd prefix (set zs) T G = walid-lists’ S G prefix xs
proof (induction arbitrary: prefiz rule: valid-lists.induct|[case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs 1)

from Cons.prems Cons.hyps Cons.IH[where prefiz = insert x prefiz]
show ?Zcase
by (auto simp add: insert-is-Un[where A = set xs] insert-is-Un|where A = prefiz]
join-below-iff subset-ccNeighbors elem-ccNeighbors ccProd-comm simp del:
Un-insert-left )
qed

lemma valid-lists’-valid-lists-aux:
valid-lists’ S G prefic xs = x € prefiv = ccProd (set xs) {z} C G
proof (induction rule: valid-lists’.induct|[case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons prefic © xs)
thus ?case
apply (auto simp add: ccProd-insert2|where S’ = prefiz] ccProd-insert! [where S’ = set
xs] join-below-iff subset-ccNeighbors)
by (metis Cons.hyps(1) dual-order.trans empty-subsetl insert-subset subset-ccNeighbors)
qed

lemma valid-lists’-valid-lists:

valid-lists’ S G prefiz xs = xs € valid-lists S G
proof (induction rule: valid-lists’.induct[case-names Nil Cons|)

case Nil thus ?case by simp
next

case (Cons prefic © xs)

thus ?case

by (auto simp add: insert-is-Un[where A = set xs] insert-is-Un[where A = prefiz]
join-below-iff subset-ccNeighbors elem-ccNeighbors ccProd-comm simp del:
Un-insert-left
intro: valid-lists’-valid-lists-auz)

qed

Yet another definition

lemma valid-lists-characterization:

xs € valid-lists S G <— set s C S A (VY n. ccProd (set (take n xs)) (set (drop n xs)) C G)
proof (safe)

fix =

assume zs € valid-lists S G
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from walid-lists-subset| OF this]
show z € set xs = = € S by auto
next
fix n
assume zs € valid-lists S G
thus ccProd (set (take n xs)) (set (drop n zs)) C G
proof (induction arbitrary: n rule: valid-lists.induct[case-names Nil Cons)])
case Nil thus ?case by simp
next
case (Cons zs x)
show Zcase
proof(cases n)
case 0 thus ?thesis by simp
next
case (Suc n)
with Cons.hyps Cons.IH[where n = n|
show ?thesis
apply (auto simp add: ccProd-insertl [where S’ = set zs for axs| join-below-iff sub-
set-ccNeighbors)
by (metis dual-order.trans set-drop-subset subset-ccNeighbors)
qed
qed
next
assume set s C S
and V n. ccProd (set (take n xs)) (set (drop n zs)) C G
thus zs € valid-lists S G
proof (induction xs)
case Nil thus ?case by simp
next
case (Cons z zs)
from «Vn. ccProd (set (take n (z # xs))) (set (drop n (z # zs))) C G»
have Vn. ccProd (set (take n xs)) (set (drop n zs)) T G
by —(rule, erule-tac x = Suc n in allE, auto simp add: ccProd-insertl [where S’ = set xs
for zs] join-below-iff)
from Cons.prems Cons.IH[|OF - this]
have zs € wvalid-lists S G by auto
with Cons.prems(1) spec|OF ¥ n. ccProd (set (take n (x # xs))) (set (drop n (x # xs)))
C G», where z = 1]
show ?case by (simp add: subset-ccNeighbors)
qged
qed

end

12.7 CoCalllmplTTree

theory CoCalllmplT Tree
imports TTreeAnalysisSig Env—Set— Cpo CoCallAritySig CoCallGraph— TTree
begin
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context CoCallArity
begin
definition Texp :: exp = Arity — var tiree
where Texp e = (A a. ccTTree (edom (Aexp e -a)) (ccExp e-a))

lemma Texp-simp: Texp e-a = ccTTree (edom (Aexp e -a)) (ccExp e-a)
unfolding Tezp-def
by simp

sublocale TTreeAnalysis Texp.
end

end

12.8 CoCalllmpIT TreeSafe

theory CoCalllmplTTreeSafe
imports CoCalllmplTTree CoCallAnalysisSpec T Tree AnalysisSpec
begin

lemma valid-lists-many-calls:
assumes — one-call-in-path x p
assumes p € valid-lists S G
shows z——2 € G
using assms(2,1)
proof (induction rule:valid-lists.induct[case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs ')
show ?Zcase
proof(cases one-call-in-path x xs)
case Fulse
from Cons.IH[OF this]
show ?thesis.
next
case True
with «— one-call-in-path z (¢’ # xs)
have [simp]: ' = z by (auto split: if-splits)

have z € set zs
proof (rule ccontr)
assume z ¢ set xs
hence no-call-in-path = xs by (metis no-call-in-path-set-conv)
hence one-call-in-path © (z # xs) by simp
with Cons show Fulse by simp
qed
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with <set zs C ccNeighbors ' G»
have z € ccNeighbors x G by auto
thus ?thesis by simp
qed
qed

context CoCallArityEdom

begin

lemma carrier-Fexp” carrier (Texp e-a) C fu e
unfolding Texp-simp carrier-ccT Tree
by (rule Aexp-edom)

end

context CoCallAritySafe
begin

lemma carrier-AnalBinds-below:
carrier ((Texp.AnalBinds A-(Aheap A e-a)) z) C edom ((ABinds A)-(Aheap A e-a))
by (auto simp add: Texp.AnalBinds-lookup Texp-def split: option.splits
elim!: subsetD[OF edom-mono|OF monofun-cfun-fun|OF ABind-below-ABinds]]])

sublocale TTreeAnalysisCarrier Texp
apply standard
unfolding Texp-simp carrier-ccTTree
apply standard
done

sublocale TTreeAnalysisSafe Texp
proof
fixzea

from edom-mono|OF Aexp-App]
have {z} U edom (Aexp e-(inc-a)) C edom (Aexp (App e z)-a) by auto
moreover
{
have ccApproz (many-calls z ®® ccTTree (edom (Aexp e-(inc-a))) (ccExp e-(inc-a)))
= cc-restr (edom (Aexp e-(inc-a))) (ccExp e-(inc-a)) U ccProd {x} (insert x (edom (Aexp
e:(inc-a))))
by (simp add: ccApproz-both ccProd-insert2|where S’ = edom e for e])
also
have edom (Aexp e-(inc-a)) C fve
by (rule Aexp-edom)
also(below-trans[OF eg-imp-below join-mono| OF below-refl ccProd-mono2[OF insert-mono
1N
have cc-restr (edom (Aexp e-(inc-a))) (ccEzp e-(inc-a)) T ccExp e-(inc-a)
by (rule cc-restr-below-arg)
also
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have ccEzp e-(inc-a) U ccProd {z} (insert x (fv e)) C ccExp (App e z)-a
by (rule ccExp-App)
finally
have ccApproz (many-calls x @® ccTTree (edom (Aexp e-(inc-a))) (ccExp e-(inc-a))) C ccExp
(App e x)-a by this simp-all

ultimately
show many-calls  ®® Texp e-(inc-a) T Texp (App e x)-a
unfolding Texp-simp by (auto intro!: below-ccTTreel)
next
fixyen
show without y (Texp e-(pred-n)) C Texp (Lam [y]. e)n
unfolding Texp-simp
by (auto dest: subsetD[OF Aexp-edom]
introl: below-ccTTreel below-trans|OF - ccExp-Lam] cc-restr-monol subsetD[OF
edom-mono[OF Aexp-Lam]))
next
fixeyza

from edom-mono|OF Aexp-subst]
have x: edom (Aexp ely:=z]-a) C insert x (edom (Aexp e-a) — {y}) by simp

have Texp e[y::=z]-a = ccTTree (edom (Aexp ely::=z]-a)) (ccExp e[y::=z]-a)
unfolding Texp-simp..

also have ... C ccTTree (insert x (edom (Aexp e-a) — {y})) (ccEzp e[y::=x]-a)
by (rule ccTTree-monol[OF x])

also have ... C many-calls z ®® without  (...)
by (rule paths-many-calls-subset)

also have without z (ccTTree (insert x (edom (Aexp e-a) — {y})) (ccExp e[y::=z]-a))
= ccTTree (edom (Aexp e-a) — {y} — {z}) (ccEzp e[y::=x]-a)
by simp

also have ... T ccTTree (edom (Aexp e-a) — {y} — {z}) (ccEzp e-a)
by (rule ccTTree-cong-below|OF ccExp-subst]) auto

also have ... = without y (ccTTree (edom (Aexp e-a) — {z}) (ccEzp e-a))
by simp (metis Diff-insert Diff-insert2)

also have ccTTree (edom (Aexp e-a) — {z}) (ccExp e-a) T ccTTree (edom (Aexp e-a)) (ccExp

e-a)

by (rule ccTTree-monol) auto

also have ... = Texp e-a
unfolding Texp-simp..

finally

show Texp ely:=z]-a C many-calls © @R without y (Texp e-a)
by this simp-all

next

fixva

have up-a C (Aexp (Var v)-a) v by (rule Aexp-Var)

hence v € edom (Aexp (Var v)-a) by (auto simp add: edom-def)

thus single v T Texp (Var v)-a
unfolding Texp-simp
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by (auto intro: below-ccT Treel)
next
fix scrut el a e2
have ccTTree (edom (Aexp el-a)) (ccExp el-a) &® ccTTree (edom (Aexp e2-a)) (ccExp
e2-a)
C ccTTree (edom (Aexp el-a) U edom (Aexp e2-a)) (ccExp el-a ) ccExp e2-a)
by (rule either-ccTTree)
note both-mono2’[|OF this]
also
have ccTTree (edom (Aexp scrut-0)) (ccEzp scrut-0) @® ccTTree (edom (Aexp el-a) U edom
(Aexp e2-a)) (ccExp el-a U ccExp e2-a)
C ccTTree (edom (Aexp scrut-0) U (edom (Aexp el-a) U edom (Aexp e2-a))) (ccExp scrut-0
U (ecExp el-a U ccExp e2-a) U ccProd (edom (Aexp scrut-0)) (edom (Aexp el-a) U edom (Aexp
€2-a)))
by (rule interleave-ccTTree)
also
have edom (Aexp scrut-0) U (edom (Aexp el-a) U edom (Aexp e2-a)) = edom (Aexp scrut-0
U Aexp el-a U Aexp e2-a) by auto
also
have Aexp scrut-0 U Aexp el-a U Aexp e2-a T Aexp (scrut ¢ el : e2)-a
by (rule Aexp-IfThenFElse)
also
have ccExp scrut-0 U (ccExp el-a U ccExp e2-a) U ccProd (edom (Aexp scrut-0)) (edom (Aexp
el-a) U edom (Aexp e2-a)) C
ccExp (scrut 7 el : e2)-a
by (rule ccExp-IfThenElse)

show Texp scrut-0 @ (Texp el-a & Texp e2-a) C Texp (scrut ? el : e2)-a
unfolding Texp-simp
by (auto simp add: ccApproz-both join-below-iff below-trans[OF - join-above2]
introl: below-ccTTreel below-trans|OF cc-restr-below-arg)
below-trans|OF - ccExp-IfThenFElse] subsetD[OF edom-mono|OF Aexp-IfThenElse]])
next
fix e
assume isVal e
hence [simp|: ccEzp e-0 = ccSquare (fv ) by (rule ccExp-pap)
thus repeatable (Texp e-0)
unfolding Texzp-simp by (auto intro: repeatable-ccTTree-ccSquare|OF Aexp-edom)])
qed

definition Theap :: heap = exp = Arity — var tiree

where Theap I' e = (A a. if nonrec I then ccTTree (edom (Aheap T' e-a)) (ccEzp e-a) else
ttree-restr (edom (Aheap T' e-a)) anything)
lemma Theap-simp: Theap T' e-a = (if nonrec T then ccTTree (edom (Aheap T' e-a)) (ccExp
e-a) else ttree-restr (edom (Aheap T e-a)) anything)

unfolding Theap-def by simp

lemma carrier-Fheap’.carrier (Theap T e-a) = edom (Aheap T e-a)
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unfolding Theap-simp carrier-ccTTree by simp

sublocale TTreeAnalysisCardinalityHeap Texp Aexp Aheap Theap
proof

fixI'ea

show carrier (Theap T’ e-a) = edom (Aheap T' e-a)

by (rule carrier-Fheap’)

next

fixzI'pea

assume z € thunks I’

assume — one-call-in-path x p
hence z € set p by (rule more-than-one-setD)

assume p € paths (Theap T' e-a) with «z € set p»
have z € carrier (Theap T e-a) by (auto simp add: Union-paths-carrier|symmetric])
hence z € edom (Aheap T' e-a)

unfolding Theap-simp by (auto split: if-splits)

show (Aheap T' e-a) x = up-0
proof(cases nonrec T")
case Fulse
from False <z € thunks T'y <z € edom (Aheap T e-a)»
show ?thesis by (rule aHeap-thunks-rec)
next
case True
with «p € paths (Theap T’ e-a)»
have p € valid-lists (edom (Aheap T e-a)) (ccEzp e-a) by (simp add: Theap-simp)

with <= one-call-in-path z p»
have z——z€ (ccExp e-a) by (rule valid-lists-many-calls)

from True <z € thunks I') this
show ?thesis by (rule aHeap-thunks-nonrec)
qged
next
fix Aea

have carrier: carrier (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks A) (Texp e-a))
C edom (Aheap A e-a) U edom (Aexp (Let A €)-a)
proof(rule carrier-substitute-below)
from edom-mono|OF Aexp-Let[of A e a
show carrier (Texp e-a) C edom (Aheap A e-a) U edom (Aexp (Let A e)-a) by (simp add:
Texp-def)
next
fix z
assume z € edom (Aheap A e-a) U edom (Aexp (Let A e)-a)
hence z € edom (Aheap A e-a) V z : (edom (Aexp (Let A €)-a)) by simp
thus carrier ((Tezp.AnalBinds A-(Aheap A e-a)) x) C edom (Aheap A e-a) U edom (Aexp
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(Let A e)-a)
proof
assume z € edom (Aheap A e-a)

have carrier ((Tezp.AnalBinds A-(Aheap A e-a)) x) C edom (ABinds A-(Aheap A e-a))
by (rule carrier-AnalBinds-below)
also have ... C edom (Aheap A e-a U Aexp (Terms.Let A e)-a)
using edom-mono[OF Aexp-Let[of A e a]] by simp
finally show ?thesis by simp
next
assume z € edom (Aexp (Terms.Let A e)-a)
hence z ¢ domA A by (auto dest: subsetD[OF Aexp-edom))
hence (Texp.AnalBinds A-(Aheap A e-a)) x = L
by (rule Texp.AnalBinds-not-there)
thus ?thesis by simp
qed
qed

show ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks A) (Texp
e-a)) C Texp (Let A e)-a
proof (rule below-trans|OF - eq-imp-below| OF Texp-simp[symmetric]]], rule below-ccTTreel)
have carrier (ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a)))
= carrier (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks A) (Texp e-a)) — domA
A by auto
also note carrier
also have edom (Aheap A e-a) U edom (Aexp (Terms.Let A e)-a) — domA A = edom (Aexp
(Let A e)-a)
by (auto dest: subsetD[OF edom-Aheap] subsetD[OF Aexp-edom])
finally
show carrier (ttree-restr (— domA A) (substitute (Texp. AnalBinds A-(Aheap A e-a)) (thunks
A)(Teap e-a)
C edom (Aexp (Terms.Let A e)-a) by this auto
next
let %z = ccApproz (ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a))
(thunks A) (Texp e-a)))

have %z = cc-restr (— domA A) ?z by simp
also have ... C cc-restr (— domA A) (ccHeap A e-a)
proof (rule cc-restr-mono2|[OF wild-recursion-thunked))
have ccEzp e-a C ccHeap A e-a by (rule ccHeap-Exp)
thus ccApprox (Texp e-a) T ccHeap A e-a
by (auto simp add: Texp-simp intro: below-trans|OF cc-restr-below-arg])
next
fix z
assume z ¢ domA A
thus (Texp.AnalBinds A-(Aheap A e-a)) x = empty
by (metis Texp.AnalBinds-not-there empty-is-bottom)
next
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fix z
assume z € domA A
then obtain ¢’ where e’ map-of A x = Some e’ by (metis domA-map-of-Some-the)

show ccApprox ((Texp.AnalBinds A-(Aheap A e-a)) z) T ccHeap A e-a
proof(cases (Aheap A e-a) x)

case bottom thus ?thesis using e’ by (simp add: Texp.AnalBinds-lookup)
next

case (up a’)

with e’

have ccEzp e-a’ C ccHeap A e-a by (rule ccHeap-Heap)

thus ?thesis using up e’

by (auto simp add: Texp.AnalBinds-lookup Texp-simp intro: below-trans|OF cc-restr-below-arg))

qed

show ccProd (ccNeighbors x (ccHeap A e-a)— {z} N thunks A) (carrier ((Texp.AnalBinds
A-(Aheap A e-a)) z)) C ccHeap A e-a
proof(cases (Aheap A e-a) x)
case bottom thus ?thesis using e’ by (simp add: Texp.AnalBinds-lookup)
next
case (up a’)
have subset: (carrier (fup-(Texp e’)-((Aheap A e-a) z))) C fu e’
using up e’ by (auto simp add: Texp.AnalBinds-lookup carrier-Fexp dest!: subsetD[OF
Aexp-edom])

from e’ up
have ccProd (fv e’) (ccNeighbors x (ccHeap A e-a) — {z} N thunks A) C ccHeap A e-a
by (rule ccHeap-Eztra-Edges)
then
show ?thesis using e’
by (simp add: Texp.AnalBinds-lookup Texp-simp ccProd-comm  below-trans|OF
ccProd-mono2[OF subset]])
qed
qged
also have ... C ccEzp (Let A e)-a
by (rule ccExp-Let)
finally
show ccApprox (ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a))
(thunks A) (Texp e-a)))
C ccExp (Terms.Let A e)-a by this simp-all
qged

note carrier
hence carrier (substitute (ExpAnalysis.AnalBinds Texp A-(Aheap A e-a)) (thunks A) (Texp
e-a)) C edom (Aheap A e-a) U — domA A
by (rule order-trans) (auto dest: subsetD[OF Aexp-edom))
hence ttree-restr (domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a))
= ttree-restr (edom (Aheap A e-a)) (ttree-restr (domA A) (substitute (Texp.AnalBinds

201



A-(Aheap A e-a)) (thunks A) (Texp e-a)))
by —(rule ttree-restr-noop[symmetric], auto)
also
have ... = ttree-restr (edom (Aheap A e-a)) (substitute (Texp.AnalBinds A-(Aheap A e-a))
(thunks A) (Texp e-a))
by (simp add: inf.absorb2[OF edom-Aheap ])
also
have ... T Theap A e -a
proof(cases nonrec A)
case Fulse
have ttree-restr (edom (Aheap A e-a)) (substitute (Texp. AnalBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a))
C ttree-restr (edom (Aheap A e-a)) anything
by (rule ttree-restr-mono) simp
also have ... = Theap A e-a
by (simp add: Theap-simp False)
finally show ?thesis.
next
case [simp]: True

from True
have ttree-restr (edom (Aheap A e-a)) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a))
= ttree-restr (edom (Aheap A e-a)) (Texp e-a)
by (rule nonrecE) (rule ttree-rest-substitute, auto simp add: carrier-Fexp fu-def fresh-def
dest!: subsetD[OF edom-Aheap] subsetD[OF Aexp-edom)])
also have ... = ccTTree (edom (Aezp e-a) N edom (Aheap A e-a)) (ccExp e-a)
by (simp add: Texp-simp)
also have ... C ccTTree (edom (Aexp e-a) N domA A) (ccEzp e-a)
by (rule ccTTree-monol[OF Int-mono[OF order-refl edom-Aheap)])
also have ... C ccTTree (edom (Aheap A e-a)) (ccEzp e-a)
by (rule ccTTree-monol[OF edom-mono|OF Aheap-nonrec|OF True], simplified]])
also have ... C Theap A e-a
by (simp add: Theap-simp)
finally
show ?thesis by this simp-all
qged
finally
show ttree-restr (domA A) (substitute (ExpAnalysis. AnalBinds Texp A-(Aheap A e-a)) (thunks
A) (Texp e-a)) T Theap A e-a.

qed
end

lemma paths-singles: xs € paths (singles S) <— (Vx € S. one-call-in-path z xs)
by transfer (auto simp add: one-call-in-path-filter-conv)
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lemma paths-singles’: xs € paths (singles S) «— (Y € (set zs N S). one-call-in-path x xs)
apply transfer
apply (auto simp add: one-call-in-path-filter-conv)
apply (erule-tac x = z in ballE)
apply auto
by (metis (poly-guards-query) filter-empty-conv le0 length-0-conv)

lemma both-below-singles1:

assumes t C singles S

assumes carrier t' NS = {}

shows t ®® t' C singles S
proof (rule ttree-belowl)

fix xs

assume zs € paths (t ®® t')

then obtain ys zs where ys € paths t and zs € paths t’ and zs € ys ® zs by (auto simp
add: paths-both)

with assms

have ys € paths (singles S) and set zs N S = {}

by (metis below-ttree.rep-eq contra-subsetD paths.rep-eq, auto simp add: Union-paths-carrier|symmetric])

with «zs € ys ® z$

show zs € paths (singles S)

by (induction) (auto simp add: paths-singles no-call-in-path-set-conv interleave-set dest:

more-than-one-setD split: if-splits)
qed

lemma paths-tiree-restr-singles: xs € paths (ttree-restr S’ (singles S)) «— set xzs C S'A (Vz €
S. one-call-in-path = xs)
proof

show zs € paths (ttree-restr S’ (singles S)) = set xs C S’ A (Vz € S. one-call-in-path
xs)

by (auto simp add: filter-paths-conv-free-restr[symmetric] paths-singles)

next

assume x*: set zs C S’ A (Vz€S. one-call-in-path z xs)

hence set zs C S’ by auto

hence [simp]: filter (A z’. ' € §') zs = xs by (auto simp add: filter-id-conv)

from x

have zs € paths (singles S)
by (auto simp add: paths-singles’)

hence filter (A z’. 2’ € §') zs € filter (A\z'. ' € S") ‘ paths (singles S)
by (rule imagel)

thus zs € paths (ttree-restr S’ (singles S))
by (auto simp add: filter-paths-conv-free-restr[symmetric] )

qed
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lemma substitute-not-carrier:
assumes z ¢ carrier ¢
assumes A\ z’. x ¢ carrier (f z')
shows z ¢ carrier (substitute f T t)
proof—
have ttree-restr ({z}) (substitute f T t) = ttree-restr ({z}) t
proof(rule ttree-rest-substitute)
fix z’
from «x ¢ carrier (f z')
show carrier (f z') N {z} = {} by auto
qed
hence z ¢ carrier (ttree-restr ({z}) (substitute f T t)) +— x ¢ carrier (ttree-restr ({z}) t)
by metis
with assms(1)
show ?thesis by simp
qed

lemma substitute-below-singlesl:
assumes t C singles S
assumes A z. carrier (fz) N S = {}
shows substitute f T t C singles S
proof (rule ttree-belowl)
fix zs
assume zs € paths (substitute f T t)
thus zs € paths (singles S)
using assms
proof (induction f T t xs arbitrary: S rule: substitute-induct)
case Nil
thus ?case by simp
next
case (Cons f Tt  xs)

from (x#xs € -
have zs: zs € paths (substitute (f-nzt f T x) T (nat t z @® fz)) by auto
moreover

from <t C singles S»
have nxzt t x C singles S

by (metis TTree— HOLCF .nzt-mono below-trans nat-singles-below-singles)
from this <carrier (fz) NS = {}p
have nat t £ @R fz C singles S

by (rule both-below-singles!)
moreover
{ fix z’

from <carrier (fz) NS ={}p

have carrier (fnat f Tz 2) N S = {}

by (auto simp add: f-nzt-def)
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}

ultimately
have IH: xs € paths (singles S)
by (rule Cons.IH)

show ?case
proof(cases x € 5)
case True
with <carrier (fz) N S ={}p
have = ¢ carrier (f ) by auto
moreover
from <t C singles S»
have nzt t © C nxt (singles S) x by (rule nzt-mono)
hence carrier (nxt t ) C carrier (nat (singles S) z) by (rule carrier-mono)
from subsetD[OF this| True
have = ¢ carrier (nzt t ) by auto
ultimately
have z ¢ carrier (nzt t  ® f z) by simp
hence z ¢ carrier (substitute (f-nat f T x) T (nazt t x QR fx))
proof (rule substitute-not-carrier)
fix =’
from <carrier (fz'y N S={b @e S
show z ¢ carrier (f-nzt f T z z') by (auto simp add: f-nzt-def)
qed
with s
have z ¢ set s by (auto simp add: Union-paths-carrier[symmetric])
with IH
have zs € paths (without z (singles S)) by (rule paths-withoutl)
thus ?thesis using True by (simp add: Cons-path)

next
case Fulse
with TH
show ?thesis by (simp add: Cons-path)
qged
qged
qed
end

13 CoCall Cardinality Implementation

13.1 CoCallAnalysisimpl

theory CoCallAnalysisImpl

imports Arity— Nominal Launchbury. Nominal— HOLCF Launchbury. Env— Nominal Env—Set— Cpo
Launchbury. Env— HOLCF CoCallFix

begin
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fun combined-restrict :: var set = (AEnv x CoCalls) = (AEnv x CoCalls)
where combined-restrict S (env, G) = (env f|* S, cc-restr S G)

lemma fst-combined-restrict[simp]:
fst (combined-restrict S p) = fst p f|*S
by (cases p, simp)

lemma snd-combined-restrict[simp):
snd (combined-restrict S p) = cc-restr S (snd p)
by (cases p, simp)

lemma combined-restrict-equt]equt]:
shows 7 - combined-restrict S p = combined-restrict (w - S) (7 « p)
by (cases p) auto

lemma combined-restrict-cont:
cont (Az. combined-restrict S x)

proof—
have cont (A(env, G). combined-restrict S (env, G)) by simp
then show %thesis by (simp only: case-prod-eta)

qed

lemmas cont-compose[OF combined-restrict-cont, cont2cont, simp]

lemma combined-restrict-perm:
assumes supp 7 fx S and [simp]: finite S
shows combined-restrict S (m « p) = combined-restrict S p
proof(cases p)
fix env :: AEnv and G :: CoCalls
assume p = (env, G)
moreover
from assms
have env-restr S (7 - env) = env-restr S env by (rule env-restr-perm)
moreover
from assms
have cc-restr S (m + G) = cc-restr S G by (rule cc-restr-perm)
ultimately
show ?thesis by simp
qed

definition predCC :: var set = (Arity — CoCalls) = (Arity — CoCalls)
where predCC S f = (A a. if a # 0 then cc-restr S (f-(pred-a)) else ccSquare S)

lemma predCC-eq:
shows predCC S f - a = (if a # 0 then cc-restr S (f-(pred-a)) else ccSquare S)
unfolding predCC-def
apply (rule beta-cfun)
apply (rule cont-if-else-above)
apply (auto dest: subsetD[OF ccField-cc-restr])
done
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lemma predCC-equt]equt, simpl: 7 - (predCC S ) = predCC (w - S) (7w - f)
apply (rule cfun-equtl)
unfolding predCC-eq
by perm-simp rule

lemma cc-restr-predCC:
ce-restr S (predCC S’ f-n) = (predCC (S’ N S) (A n. ce-restr S (f-n)))n
unfolding predCC-eq
by (auto simp add: inf-commute ccSquare-def)

lemma cc-restr-predCC’[simp]:
ce-restr S (predCC S f-n) = predCC S f-n
unfolding predCC-eq by simp

nominal-function
cCCexp :: exp = (Arity — AEnv x CoCalls)
where
cCCexp (Var z) = (A n. (esing x - (up - n), 1))
| cCCexp (Lam [z]. €) = (A n . combined-restrict (fv (Lam [z]. €)) (fst (cCCexp e-(pred-n)),
predCC (fv (Lam [z]. e)) (A a. snd(cCCezp e-a))-n))
| cCCexp (App ex) = (A n. (fst (cCCexp e-(inc-n)) U (esing x - (up-0)), snd (¢CCexp
e-(inc-n)) U ccProd {z} (insert x (fv e))))
| cCCexp (LetT e) = (A n. combined-restrict (fv (Let T e)) (CoCallArityAnalysis. cccFiz-choose
cCCexp T - (cCCezp e-m)))
| cCCexp (Bool b) = L
| cCCexp (scrut ? el : e2) = (A n. (fst (cCCexp scrut-0) U fst (¢cCCexp el-n) U fst (cCCexp
e2-m),
snd (cCCexp scrut-0) U (snd (¢cCCexp el-n) U snd (¢cCCexp e2-n)) U ccProd (edom (fst
(cCCexp scrut-0))) (edom (fst (¢CCexp el-n)) U edom (fst (¢cCCexp e2-n)))))
proof goal-cases
case 1
show Zcase
unfolding equt-def ¢cCCexp-graph-auz-def
apply rule
apply (perm-simp)
apply (simp add: Abs-cfun-equt)
done
next
case 3
thus ?case by (metis Terms.exp-strong-exhaust)
next
case prems: (10 x e 2’ e')
from prems(9)
show ?case
proof(rule equt-lam-case)
fix w :: perm
assume *: supp (—7) tx (fv (Lam [z]. e) :: var set)
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{

fix n
have combined-restrict (fv (Lam [z]. €)) (fst (cCCexp-sumC (7 - e)-(pred-n)), predCC (fv
(Lam [z]. €)) (A a. snd(cCCexp-sumC (7 « €)-a))-n)
= combined-restrict (fv (Lam [z]. €)) (— 7 « (fst (cCCexp-sumC (7 « e)-(pred-n)), predCC
(fo (Lam [z]. €)) (A a. snd(cCCexp-sumC (w - €)-a))n))
by (rule combined-restrict-perm[symmetric, OF x]) simp
also have ... = combined-restrict (fv (Lam [z]. e)) (fst (cCCexp-sumC e-(pred-n)), predCC
(= 7« fu (Lam [z]. €)) (A a. snd(cCCexp-sumC e-a))-n
by (perm-simp, simp add: equt-at-apply[OF prems(1)] pemute-minus-self Abs-cfun-equt)
also have — 7 - fv (Lam [z]. €) = (fv (Lam [z]. e) :: var set) by (rule perm-supp-eq(OF
)
also note calculation
}
thus (A n. combined-restrict (fv (Lam [z]. €)) (fst (cCCexp-sumC (7 - e)-(pred-n)), predCC
(fv (Lam [z]. €)) (A a. snd(cCCexp-sumC (m - €)-a))-n))
= (A n. combined-restrict (fv (Lam [z]. €)) (fst (¢cCCexp-sumC e-(pred-n)), predCC (fv
(Lam [z]. €)) (A a. snd(cCCexp-sumC e-a))-n)) by simp
ged
next
case prems: (19 T body T’ body’)
from prems(9)
show Zcase
proof (rule equt-let-case)
fix m :: perm
assume *: supp (—m) f* (fv (Terms.Let T body) :: var set)

{ fix n
have combined-restrict (fv (Terms.Let T body)) (CoCallArityAnalysis.cccFix-choose ¢CC-
exp-sumC (m - T')-(¢CCexp-sumC (7 - body)-n))
= combined-restrict (fv (Terms.Let T' body)) (— m « (CoCallArityAnalysis.cccFix-choose
cCCezp-sumC (m + T')-(cCCexp-sumC (m + body)-n)))
by (rule combined-restrict-perm|OF x, symmetric]) simp
also have — 7 - (CoCallArityAnalysis.cccFiz-choose ¢cCCexp-sumC (7 - T')-(cCCexp-sumC

(7 - body)-n)) =
CoCallArityAnalysis.cccFixz-choose (— m » ¢CCexp-sumC) T-((— 7 -
cCCexp-sumC') body-n)
by (simp add: pemute-minus-self)
also have CoCallArityAnalysis.cccFiz-choose (— w - ¢cCCexp-sumC) T' = CoCallArityAnal-
ysis.cccFiz-choose ¢cCCexp-sumC T’
by (rule cccFiz-choose-cong[OF equt-at-apply|OF prems(1)] refl])
also have (— 7 - ¢cCCexp-sumC) body = cCCexp-sumC body
by (rule equt-at-apply|OF prems(2)])
also note calculation

thus (A n. combined-restrict (fv (Terms.Let T' body)) (CoCallArityAnalysis.cccFiz-choose
cCCexp-sumC (mw - T')-(cCCexp-sumC (7 « body)-n))) =
(A n. combined-restrict (fv (Terms.Let T' body)) (CoCallArityAnalysis.cccFix-choose
cCCexp-sumC T-(cCCexp-sumC body-n))) by (simp only:)
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qed
qed auto

nominal-termination (equt) by lexicographic-order

locale CoCallAnalysisImpl

begin

sublocale CoCallArityAnalysis cCCexp.
sublocale ArityAnalysis Aexp.

abbreviation Aexp-syn’’ (<A.)) where A, e = Aexp e-a
abbreviation Aexp-bot-syn’’ (<A+.)) where At e = fup-(Aexp €)-a

abbreviation ccEzp-syn’ (1G-») where G, e = CCexp e-a
abbreviation ccExp-bot-syn’' («G+.)) where G14 e = fup-(CCezp e)-a

lemma cCCexp-eq[simp]:

c¢CCexp (Var x)-n = (esing z - (up - n), 1)

cCCexp (Lam [z]. €)-n = combined-restrict (fv (Lam [z]. €)) (fst (cCCexp e-(pred-n)), predCC
(fv (Lam [z]. €)) (A a. snd(cCCezxp e-a))-n)

cCCexp (App e z)-n =  (fst (cCCexp e-(inc-n)) U (esing x - (up-0)), snd (cCCezp
e-(inc-n)) U ccProd {z} (insert z (fv e)))
cCCexp (Let T e)-n =  combined-restrict (fv (Let T e)) (CoCallArityAnalysis.cccFiz-choose

cCCexp T - (cCCexp e-n))

c¢CCezxp (Bool b)n = L

cCCexp (scrut ? el : e2)-n = (fst (cCCexp scrut-0) U fst (cCCexp el-n) U fst (cCCexp
e2-n),

snd (cCCexp scrut-0) U (snd (cCCexp el-n) U snd (cCCexp e2-n)) U ccProd (edom (fst

(cCCexp scrut-0))) (edom (fst (cCCexp el-n)) U edom (fst (cCCexp e2-n))))
by (simp-all)
declare cCCezp.simps[simp del]

lemma Aexp-pre-simps:
Ag (Var z) = esing z-(up-a)
Ag (Lam [z]. €) = Aexp e-(pred-a) f|* fo (Lam [z]. €)
Aq (App e z) = Aexp e-(inc-a) U esing z-(up-0)
- nonrec I' =
Ag (Let T €) = (Afix T-(Ag e U (A-.up-0) f|* thunks T)) f|* (fv (Let T e))
z ¢ fve—=
Ag (let x be e in exp) =
(fup-(Aexp e)-(ABind-nonrec x e-(Aq exp, CCexp exp-a)) U Aq exp)
1< (fv (let z be e in exp))
Ag (Bool b) = L
Ag (scrut 2 el @ e2) = Ag scrut U Ag el U Ag e2
by (simp add: cccFiz-eq Aexp-eq fup-Aexp-eq CCexp-eq fup-CCexp-eq)+
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lemma CCezxp-pre-simps:
CCezxp (Var z)n = L
CCezxp (Lam [z]. €)-n = predCC (fv (Lam [z]. €)) (CCexp €)-n
CCexp (App e x)-n = CCexp e-(inc-n) U ccProd {z} (insert x (fv €))
- nonrec I' =
CCexp (Let T' e)-n = cc-restr (fv (Let ' e))
(CCfix T-(Afix T-(Aexp en U (A-.up-0) f|* thunks T'), CCexp e-n))
x & fve = CCexp (let x be e in exp)-n =
ce-restr (fv (let x be e in exp))
(ccBind x e -(Aheap-nonrec © e-(Aexp exp-n, CCexp exp-n), CCexp exp-n)
U ccProd (fv e) (ccNeighbors z (CCexp exp-n) — (if isVal e then {} else {z})) U CCexp
exp-n)
CCexp (Bool b)-n = L
CCexp (scrut ? el : e2)n =
CCezxp scrut-0 U
(CCexp el-n U CCexp e2-n) L
ccProd (edom (Aexp scrut-0)) (edom (Aexp el-n) U edom (Aexp e2-n))
by (simp add: cccFix-eq Aexp-eq fup-Aexp-eq CCexp-eq fup-CCexp-eq predCC-eq)+

lemma
shows ccField-CCexp: ccField (CCexp e-a) C fv e and Aexp-edom’: edom (Aq e) C fv e
apply (induction e arbitrary: a rule: exp-induct-rec)
apply (auto simp add: CCexp-pre-simps predCC-eq Aexp-pre-simps dest!: subsetD[OF cc-
Field-cc-restr] subsetD|OF ccField-ccProd-subset])
apply fastforce+
done

lemma cc-restr-CCexp|simpl:
ce-restr (fv e) (CCexp e-a) = CCexp e-a
by (rule cc-restr-noop[OF ccField-CCexpl)

lemma ccField-fup-CCezp:
ccField (fup-(CCexp e)-n) C fve
by (cases n) (auto dest: subsetD[OF ccField-CCexp))

lemma cc-restr-fup-ccExp-useless[simpl: cc-restr (fv €) (fup-(CCexp e)-n) = fup-(CCexp €)-n
by (rule cc-restr-noop| OF ccField-fup-CCezpl)

sublocale EdomArityAnalysis Aexp by standard (rule Aexp-edom”)

lemma CCexp-simps|simp]:
Go(Varz) = L
Go(Lam [1]. €) = (fv (Lam [z]. €))?
Ginc-a(Lam [z]. €) = cc-delete z (G e)
Ga (App e ) = Gipe.q € U {z} Gxinsert z (fve)
- nonrec ' = G4 (Let T e) =
(CCfix T-(Afix T-(Ag e U (A-.up-0) f|* thunks T'), Gq €)) G|‘(— domAT)
z ¢ fve = Gq (let z be e’ ine) =
cc-delete

210



(ceBind x €' -(Aheap-nonrec x e'-(Aqg e, Gg €), Gg €)
U fo e’ Gx (ccNeighbors z (Gg e) — (if isVal e’ then {} else {z})) U G4 e)
Gq (Bool b) = L
Ga (scrut 7 el : e2) =
Go scrut U (Gg el UGy e2) U
edom (Ag scrut) Gx (edom (Ag el) U edom (Aq €2))
by (auto simp add: CCexp-pre-simps Diff-eq cc-restr-cc-restr[symmetric] predCC-eq
simp del: cc-restr-cc-restr cc-restr-join
introl: cc-restr-noop
dest!: subsetD[OF ccField-cc-delete] subsetD[OF ccField-cc-restr] subsetD[OF cc-
Field-CCexpl
subsetD[OF ccField-CCfiz] subsetD[OF ccField-ccBind] subsetD[OF cc-
Field-ccProd-subset] elem-to-ccField

)

definition Aheap where
Aheap T' e = (A a. if nonrec T' then (case-prod Aheap-nonrec (hd T'))-(Aexp e-a, CCexp e-a)
else (Afix T - (Aexp e-a U (A-.up-0) f|* thunks T)) f|* domA T)

lemma Aheap-simp1[simp]:
- nonrec I' = Aheap T' e -a = (Afix T' - (Aexp e-a U (A-.up-0) f|* thunks ")) f|* domA T
unfolding Aheap-def by simp

lemma Aheap-simp2|[simp]:
z ¢ fue' = Aheap [(z,€')] e -a = Aheap-nonrec x e'-(Aexp e-a, CCexp e-a)
unfolding Aheap-def by (simp add: nonrec-def)

lemma Aheap-equt’[equt]:
7w - (Aheap T €) = Aheap (w - T') (7w - e)
apply (rule cfun-equtl)
apply (cases nonrec w rule: equt-cases[where x = T'))
apply simp
apply (erule nonrecE)
apply simp
apply (erule nonrecFE)
apply simp
apply (perm-simp, rule)
apply simp
apply (perm-simp, rule)
done

sublocale ArityAnalysisHeap Aheap.

sublocale ArityAnalysisHeapEqut Aheap
proof
fix m show 7 - Aheap = Aheap
by perm-simp rule
qed
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lemma Aexp-lam-simp: Aexp (Lam [z]. €) - n = env-delete x (Aexp e - (pred - n))
proof—
have Aexp (Lam [z]. €) - n = Aexp e-(pred-n) f|* (fv e — {z}) by (simp add: Aexp-pre-simps)
also have ... = env-delete x (Aexp e-(pred-n)) f|¢ (fv e — {z}) by simp
also have ... = env-delete x (Aexp e-(pred-n))
by (rule env-restr-useless) (auto dest: subsetD[OF Aexp-edom)])
finally show ?thesis.
qed

lemma Aexp-Let-simpl:
- nonrec I' = Ag (Let T' e) = (Afix I'-(Ag e U (A-.up-0) f|* thunks I')) f|* (— domA )
unfolding Aexp-pre-simps
by (rule env-restr-cong) (auto simp add: dest!: subsetD[OF Afiz-edom| subsetD[OF Aexp-edom)]
subsetD[OF thunks-domA])

lemma Aexp-Let-simp2:

z ¢ fve=> Ag(let z be e in exp) = env-delete x (A 4 Bind-nonrec = ¢ - (
el Agq exp)

unfolding Aexp-pre-simps env-delete-restr

by (rule env-restr-cong) (auto dest!: subsetD[OF fup-Aexp-edom| subsetD|OF Aexp-edom))

Aq exp, CCexp exp-a)

lemma Aexp-simps|[simp]:
Ag(Var z) = esing z-(up-a)
Aa(Lam [z]. e) = env-delete z (Appeq.q €)
Ag(App e x) = Aexp e-(inc-a) U esing z-(up-0)
- nonrec I' = Aq(Let T e) =
(Afix T-(Ag e U (A-up-0) f|* thunks T)) f|* (— domA T)
z ¢ fve = Ag(let z be e’ in e) =
env-delete (‘AJ_ABind—nonrec ze'(Aa e Ga e) e¢'UAq e)
Ag(Bool b) = L
Ag(scrut 7 el : e2) = Ag scrut U Ag el U Ag e2
by (simp-all add: Aexp-lam-simp Aexp-Let-simpl Aexp-Let-simp2, simp-all add: Aexp-pre-simps)

end

end

13.2 CoCalllmplSafe

theory CoCalllmplSafe
imports CoCallAnalysisImpl CoCallAnalysisSpec ArityAnalysisFizProps
begin

locale CoCalllmplSafe

begin
sublocale CoCallAnalysisImpl.
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lemma ccNeighbors-Int-ccrestr: (ccNeighbors © G N S) = ccNeighbors x (cc-restr (insert z S)
Gns

by transfer auto

lemma
assumes z ¢ Sand y ¢ S
shows CCexp-subst: cc-restr S (CCexp e|y::=z]-a) = cc-restr S (CCexp e-a)
and Aexp-restr-subst: (Aexp e[y:=z]-a) f|*S = (Aexp e-a) f|*S
using assms
proof (nominal-induct e avoiding: x y arbitrary: a S rule: exp-strong-induct-rec-set)
case (Var b v)
case 1 show Zcase by auto
case 2 thus ?case by auto
next
case (App e v)
case I
with App show ?Zcase
by (auto simp add: Int-insert-left fu-subst-int simp del: join-comm intro: join-mono)
case 2
with App show ?Zcase
by (auto simp add: env-restr-join simp del: fun-meet-simp)
next
case (Lam v e)
case 1
with Lam
show ?Zcase
by (auto simp add: CCezp-pre-simps cc-restr-predCC Diff-Int-distrib2 fu-subst-int env-restr-join
env-delete-env-restr-swap[symmetric] simp del: CCexp-simps)
case 2
with Lam
show ?Zcase
by (auto simp add: env-restr-join env-delete-env-restr-swap[symmetric] simp del: fun-meet-simp)
next
case (Let T e z y)
hence [simp|: © ¢ domA T y ¢ domAT
by (metis (erased, opaque-lifting) bn-subst domA-not-fresh fresh-def fresh-star-at-base fresh-star-def
obtain-fresh subst-is-fresh(2))+

note Let(1,2)[simp)

from Let(3)
have — nonrec (T'|y::h=2]) by (simp add: nonrec-subst)

case [simp]: 1
have cc-restr (S U domA T) (CCfiz T[y::h=x|-(Afix T[y::h=x]-(Aexp e[y:=z]-a U (A-. up-0)
f1¢ thunks T'), CCexp e[y::=z]-a)) =
ce-restr (S U domA T') (CCfix T (Afiz T (Aexp e a U (M- up-0) f|°
thunks T'), CCexp e- a))
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apply (subst CCfiz-restr-subst’)
apply (erule Let(4))
apply auto[5]
apply (subst CCfiz-restr) back
apply simp
apply (subst Afix-restr-subst’)
apply (erule Let(5))
apply auto[5]
apply (subst Afiz-restr) back
apply simp
apply (simp only: env-restr-join)
apply (subst Let(7))
apply auto[2]
apply (subst Let(6))
apply auto[2]
apply rule
done
thus ?case using Let(1,2) <— nonrec I'y <= nonrec (I'[y::h=z])»
by (auto simp add: fresh-star-Pair elim: cc-restr-eg-subset[rotated] )

case [simp]: 2
have Afiz T'[y:h=x]-(Aexp ely:=z]-a U (A-. up-0) f|* (thunks T)) f|* (S U domA T') = Afix
T-(Aexp e-a U (A-. up-0) f|* (thunks T)) f|* (S U domA T)
apply (subst Afiz-restr-subst’)
apply (erule Let(5))
apply autol5]
apply (subst Afiz-restr) back
apply auto[!]
apply (simp only: env-restr-join)
apply (subst Let(7))
apply auto[2]
apply rule
done
thus ?case using Let(1,2)
using - nonrec I') <= nonrec (I'[y::h=x])
by (auto simp add: fresh-star-Pair elim:env-restr-eq-subset|[rotated])
next
case (Let-nonrec z’ e exp z y)

from Let-nonrec(1,2)
have z # z' y # z’ by (simp-all add: fresh-at-base)

note Let-nonrec(1,2)[simp]
from <z’ ¢ fv er <y # z'» <x # )
have [simp]: ' ¢ fo (e[y::=x])

by (auto simp add: fo-subst-eq)

note «x’ ¢ fu es[simp] <y # x’s [simplcx # x5 [simp]
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case [simp]: 1

have A a. cc-restr {z'} (CCexp exply:=x]-a) = cc-restr {z'} (CCexp exp-a)
by (rule Let-nonrec(6)) auto

from arg-cong[where f = \z. x'——z'€x, OF this]

have [simp]: ©'——2'€CCexp exply::=z]-a +— z'——z'€ CCexp exp-a by auto

have [simp]: \ a. Aexp e[y:=z]-a f|* S = Aexp e-a f|*S
by (rule Let-nonrec(5)) auto

have [simp]: A\ a. fup-(Aexp ely::=z])-a f|*S = fup-(Aexp e)-a f|* S
by (case-tac a) auto

have [simp]: Aexp exply:=z]-a f|*S = Aexp exp-a f|* S
by (rule Let-nonrec(7)) auto

have Aexp exply::=z]-a f|* {z'} = Aexp exp-a f|* {z'}
by (rule Let-nonrec(7)) auto
from fun-cong[OF this, where z = z’]
have [simp]: (Aexp exply::=z]-a) ' = (Aexp exp-a) z’ by auto

have [simp]: A a. cc-restr S (CCexp exp|y::=z]-a) = cc-restr S (CCexp exp-a)
by (rule Let-nonrec(6)) auto

have [simp]: A a. cc-restr S (CCexp ely:=x]-a) = cc-restr S (CCexp e-a)
by (rule Let-nonrec(4)) auto

have [simp]: A\ a. cc-restr S (fup-(CCexp e
by (rule fup-ccExp-restr-subst’) simp

yu=x])-a) = cc-restr S (fup-(CCexp e)-a)

have [simp]: fu elyz=z] N S = foen §
by (auto simp add: fu-subst-eq)

have [simp]:
ceNeighbors ¢! (CCexp exply::=z]-a) N — {z'} N S = ccNeighbors z’ (CCexp exp-a) N —
{z'} n S
apply (simp only: Int-assoc)
apply (subst (1 2) ccNeighbors-Int-ccrestr)
apply (subst Let-nonrec(6))
apply auto[2]
apply rule
done

have [simp]:
ccNeighbors z' (CCexp exply::=z]-a) N S = ccNeighbors ' (CCexp exp-a) N S
apply (subst (1 2) ccNeighbors-Int-ccrestr)
apply (subst Let-nonrec(6))
apply auto[2]
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apply rule
done

show cc-restr S (CCexp (let x' be e in exp )[y::=z]-a) = cc-restr S (CCezp (let ' be e in exp
)a)
apply (subst subst-let-be)
apply auto[2]
apply (subst (1 2) CCexp-simps(6))
apply fact+
apply (simp only: cc-restr-cc-delete-twist)
apply (rule arg-cong) back
apply (simp add: Diff-eq ccBind-eq ABind-nonrec-eq)
done

show Aexp (let x’ be e in exp )[y:=x]-a f|* S = Aexp (let ' be e in exp )-a f|*S
by (simp add: env-restr-join env-delete-env-restr-swap|[symmetric] ABind-nonrec-eq)
next
case (IfThenFElse scrut el e2)
case [simp]: 2
from IfThenFElse
show cc-restr S (CCexp (scrut ? el : e2)[y:=x]-a) = cc-restr S (CCexp (scrut ? el : e2)-a)
by (auto simp del: edom-env env-restr-empty env-restr-empty-iff simp add: edom-env[symmetric])

from IfThenFElse(2,4,6)
show Aexp (scrut ? el : e2)[y==x]-a f|* S = Aexp (scrut ? el : e2)-a f|*S
by (auto simp add: env-restr-join simp del: fun-meet-simp)
qed auto

sublocale ArityAnalysisSafe Aexp
by standard (simp-all add: Aexp-restr-subst)

sublocale ArityAnalysisLetSafe Aexp Aheap
proof

fixI'ea

show edom (Aheap T e-a) C domA T

by (cases nonrec I")
(auto simp add: Aheap-nonrec-simp dest: subsetD[OF edom-esing-subset] elim!: nonrecE)

next

fix z y :: var and I :: heap and e :: exp

assume assms: ¢ ¢ domAT y ¢ domAT

from Aezxp-restr-subst|OF assms(2,1)]
have xx: A\ a. Aexp e[z:=y]-a f|* domA T = Aexp e-a f|* domAT.

show Aheap T[x::h=y] e[z::=y] = Aheap T e

proof(cases nonrec T)
case [simp|: False
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from assms
have atom ‘ domA T #x = and atom ‘ domA T #x y
by (auto simp add: fresh-star-at-base image-iff)
hence [simp]: = nonrec (T'[z::h=y])
by (simp add: nonrec-subst)

show ?thesis
apply (rule cfun-eqI)
apply simp
apply (subst Afiz-restr-subst|OF assms subset-refl])
apply (subst Afiz-restr|OF subset-refl]) back
apply (simp add: env-restr-join)
apply (subst xx)
apply simp
done
next
case True

from assms
have atom ¢ domA T tx = and atom ‘ domA T §x y
by (auto simp add: fresh-star-at-base image-iff)
with True
have *: nonrec (I[z::h=y]) by (simp add: nonrec-subst)

from True
obtain z’ ¢’ where [simp]: T = [(z’,e’)] 2’ ¢ fv e’ by (auto elim: nonrecE)

from * have [simp]: ¢’ ¢ fv (e/[z:=y])
by (auto simp add: nonrec-def)

from fun-cong[OF xx, where = = 2]
have [simp]: A\ a. (Aexp e[z::=y]-a) ' = (Aexp e-a) z' by simp

from CCexp-subst|OF assms(2,1)]

have A a. cc-restr {x'} (CCexp e[z::=y]-a) = cc-restr {x'} (CCezp e-a) by simp
from arg-cong|where f = \z. z'——2z'cx, OF this]

have [simp]: \ a. z'——2'€(CCezxp e[z::=y]-a) +— z'——z'€(CCezp e-a) by simp

show ?thesis
apply —
apply (rule cfun-eql)
apply (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq)
done
qed
next
fixT'ea
show ABinds I'-(Aheap T e-a) U Aexp e-a T Aheap T’ e-a U Aexp (Let T e)-a
proof(cases nonrec T")
case Fulse
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thus ?thesis
by (auto simp add: Aheap-def join-below-iff env-restr-join2 Compl-partition intro: be-
low-trans|OF - Afiz-above-arg))
next
case True
then obtain z e’ where [simp]: T = [(z,e’)] = ¢ fv e’ by (auto elim: nonrecE)

hence A a. z ¢ edom (fup-(Aexp €')-a)
by (auto dest:subsetD[OF fup-Aexp-edom])
hence [simp]: A\ a. (fup-(Aezp e)-a) x = L by (simp add: edomlff)

show ?thesis
apply (rule env-restr-below-splitfwhere S = {z}])
apply (rule env-restr-belowl2)
apply (auto simp add: Aheap-nonrec-simp join-below-iff env-restr-join env-delete-restr)
apply (rule ABind-nonrec-above-arg)
apply (rule below-trans|OF - join-above2])
apply (rule below-trans[OF - join-above2])
apply (rule below-refl)
done
qged
qed

A~~~

definition ccHeap-nonrec
where ccHeap-nonrec x e exp = (A n. CCfiz-nonrec x e-(Aexp exp-n, CCexp exp-n))

lemma ccHeap-nonrec-eq:
ccHeap-nonrec © e exp-n = CCfiz-nonrec © e-(Aexp exp-n, CCexp exp-n)
unfolding ccHeap-nonrec-def by (rule beta-cfun) (intro cont2cont)

definition ccHeap-rec :: heap = exp = Arity — CoCalls
where ccHeap-rec T' e = (A a. CCfix T-(Afiz T-(Aexp e-a U (A-.up-0) f|* (thunks I")), CCezp
e-a))

lemma ccHeap-rec-eq:
ccHeap-rec T e-a = CCfix T-(Afix T-(Aexp e-a U (A-.up-0) f|* (thunks T)), CCezp e-a)
unfolding ccHeap-rec-def by simp

definition ccHeap :: heap = exp = Arity — CoCalls
where ccHeap T' = (if nonrec T then case-prod ccHeap-nonrec (hd T') else ccHeap-rec T')

lemma ccHeap-simpl:

- nonrec I' => ccHeap I" e-a = CCfix T-(Afiz T-(Aexp e-a U (A-.up-0) f|* (thunks T')), CCexp
e-a)

by (simp add: ccHeap-def ccHeap-rec-eq)

lemma ccHeap-simp2:

z ¢ fv e = ccHeap [(z,€)] exp-n = CCfiz-nonrec x e-(Aexp exp-n, CCexp exp-n)
by (simp add: ccHeap-def ccHeap-nonrec-eq nonrec-def)

218



sublocale CoCallAritySafe CCexp Aexp ccHeap Aheap
proof
fixeax
show CCexp e-(inc-a) U ccProd {z} (insert x (fv e)) C CCexp (App e z)-a
by simp
next
fixyen
show cc-restr (fv (Lam [y]. e)) (CCexp e-(pred-n)) C CCexp (Lam [y]. €)-n
by (auto simp add: CCexp-pre-simps predCC-eq dest!: subsetD[OF ccField-cc-restr] simp del:
CCexp-simps)
next
fixzy:varand Sea
assume z ¢ S and y ¢ S
thus cc-restr S (CCexp ely::=z]-a) C cc-restr S (CCezp e-a)
by (rule eg-imp-below|OF CCexp-subst])
next
fix e
assume isVal e
thus CCexp e-0 = ccSquare (fv e)
by (induction e rule: isVal.induct) (auto simp add: predCC-eq)
next
fixT'ea
show cc-restr (— domA T') (ccHeap T' e-a) C CCezp (Let T' €)-a
proof(cases nonrec T")
case Fulse
thus cc-restr (— domA T') (ccHeap T' e-a) C CCexp (Let T e)-a
by (simp add: ccHeap-simpl|[OF False, symmetric] del: cc-restr-join)
next
case True
thus ?thesis
by (auto simp add: ccHeap-simp2 Diff-eq elim!: nonrecE simp del: cc-restr-join)
qged
next
fix A :: heap and e a

show CCexp e-a C ccHeap A e-a
by (cases nonrec A)
(auto simp add: ccHeap-simpl ccHeap-simp2 arg-cong| OF CCfiz-unroll, where f = (C) z
for z | elim!: nonrecE)

fixze a
assume map-of A z = Some e’
hence [simp]: © € domA A by (metis domI dom-map-of-conv-domA)
assume (Aheap A e-a) z = up-a’
show CCezp e’-a’ C ccHeap A e-a
proof(cases nonrec A)
case Fulse
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from <(Aheap A e-a) x = up-a’» False
have (Afix A-(Aexp e-a U (A-.up-0)f|* (thunks A))) z = up-a’
by (simp add: Aheap-def)
hence CCexp e"a’ C ccBind z e’ (Afic A-(Aexp e-a U (A-.up-0)f|* (thunks A)), CCfix A-(Afix
A-(Aexp e:a U (A-.up-0)f|* (thunks A)), CCezp e-a))
by (auto simp add: ccBind-eq dest: subsetD]OF ccField-CCexpl)
also
have ccBind z e'-(Afix A-(Aexp e-a U (A-.up-0)f|‘ (thunks A)), CCfix A-(Afix A-(Aexp e-a
U (A-.up-0)f|‘ (thunks A)), CCexp e-a)) T ccHeap A e-a
using <map-of A z = Some e’ False
by (fastforce simp add: ccHeap-simp1 ccHeap-rec-eq ccBindsExtra-simp ccBinds-eq arg-cong[OF
CCfiz-unroll, where f = (C) z for z |
intro: below-trans[OF - join-above2])
finally
show CCexp e-a’ C ccHeap A e-a by this simp-all
next
case True
with <map-of A x = Some e’y
have [simp]: A = [(z,e”)] x ¢ fv e’ by (auto elim!: nonrecE split: if-splits)

show ?thesis
proof(cases z——x¢ CCexp e-a V isVal e’)
case True
with <(Aheap A e-a) T = up-a’
have [simp]: (CoCallArityAnalysis. Aexp ¢cCCexp e-a) x = up-a’
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq split: if-splits)

have CCexp e’-a’' C ccSquare (fv e’)
unfolding below-ccSquare
by (rule ccField-CCexp)
then
show ?thesis using True
by (auto simp add: ccHeap-simp2 ccBind-eq Aheap-nonrec-simp ABind-nonrec-eq be-
low-trans|OF - join-above?2| simp del: below-ccSquare )
next
case Fulse

from («(Aheap A e-a) z = up-a’
have [simp]: o’ = 0 using False
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq split: if-splits)

show ?thesis using Fulse
by (auto simp add: ccHeap-simp2 ccBind-eq Aheap-nonrec-simp ABind-nonrec-eq simp
del: below-ccSquare )
qed
qged

show ccProd (fv e’) (ccNeighbors x (ccHeap A e-a) — {z} N thunks A) T ccHeap A e-a
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proof (cases nonrec A)
case [simp|: False

have ccProd (fv e’) (ccNeighbors © (ccHeap A e-a) — {z} N thunks A) T ccProd (fv e’)
(ccNeighbors x (ccHeap A e-a))
by (rule ccProd-mono2) auto
also have ... C (| |z—e’eémap-of A. ccProd (fv e’) (ccNeighbors x (ccHeap A e-a)))
using <map-of A z = Some e’y by (rule below-lubmapl)
also have ... C ccBindsExtra A-(Afic A-(Aexp e-a U (A-.up-0)f|‘ (thunks A)), ccHeap A
e-a)
by (simp add: ccBindsExtra-simp below-trans|OF - join-above2])
also have ... C ccHeap A e-a
by (simp add: ccHeap-simpl arg-cong[OF CCfiz-unroll, where f = (C) z for z])
finally
show ?thesis by this simp-all
next
case True
with <map-of A x = Some e’
have [simp]: A = [(z,e')] = ¢ fv e’ by (auto elim!: nonrecE split: if-splits)

have [simp]: (ccNeighbors z (ccBind  e'-(Aexp e-a, CCezp e-a))) = {}
by (auto simp add: ccBind-eq dest!: subsetD[OF ccField-cc-restr] subsetD[OF ccField-fup-CCexp))

show ?thesis
proof(cases isVal e/ N t——z€CCexp e-a)
case True

have ccNeighbors z (ccHeap A e-a) =
ccNeighbors x (ccBind © e’-(Aheap-nonrec © e'-(Aexp e-a, CCexp e-a), CCexp e-a)) U
ccNeighbors © (ccProd (fv e) (ccNeighbors © (CCexp e-a) — (if isVal e’ then {} else {z})))

ccNeighbors x (CCezp e-a) by (auto simp add: ccHeap-simp2 )
also have ccNeighbors x (ccBind x e’-(Aheap-nonrec x e’-(Aexp e-a, CCexp e-a), CCexp
e-a)) = {}
by (auto simp add: ccBind-eq dest!: subsetD[OF ccField-cc-restr] subsetD[OF ccField-fup-CCexp))
also have ccNeighbors x (ccProd (fv e’) (ccNeighbors x (CCexp e-a) — (if isVal e’ then {}
else {z}))
C ccNeighbors © (ccProd (fv ') (ccNeighbors x (CCexp e-a))) by (simp add: ccNeigh-
bors-ccProd)
also have ... C fv ¢’ by (simp add: ccNeighbors-ccProd)
finally
have ccNeighbors x (ccHeap A e-a) — {z} N thunks A C ccNeighbors © (CCexp e-a) U fu e’
by auto
hence ccProd (fv e’) (ccNeighbors x (ccHeap A e-a) — {x} N thunks A) T ccProd (fv e’)
(ecNeighbors © (CCexp e-a) U fu e’) by (rule ccProd-mono2)
also have ... T ccProd (fv e') (ccNeighbors x (CCexp e-a)) U ccProd (fv e’) (fv e’) by
simp
also have ccProd (fv e’) (ccNeighbors x (CCexp e-a)) T ccHeap A e-a
using «(map-of A z = Some ey <(Aheap A e-a) x = up-a’> True
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by (auto simp add: ccHeap-simp2 below-trans|OF - join-above2])
also have ccProd (fv e’) (fv e') = ccSquare (fv e') by (simp add: ccSquare-def)
also have ... C ccHeap A e-a
using <map-of A z = Some e’y «(Aheap A e-a) x = up-a’s True
by (auto simp add: ccHeap-simp2 ccBind-eq below-trans|OF' - join-above2])
also note join-self
finally show ?thesis by this simp-all
next
case Fulse
have ccNeighbors z (ccHeap A e-a) =
ccNeighbors © (ceBind z e’-(Aheap-nonrec x e’-(Aexp e-a, CCexp e-a), CCexp e-a)) U
ccNeighbors x (ccProd (fv e’) (ccNeighbors x (CCexp e-a) — (if isVal e’ then {} else {z})))

ccNeighbors x (CCexp e-a) by (auto simp add: ccHeap-simp2 )
also have ccNeighbors x (ccBind x e'-(Aheap-nonrec x e’-(Aexp e-a, CCexp e-a), CCexp
e-a)) = {}
by (auto simp add: ccBind-eq dest!: subsetD[OF ccField-cc-restr] subsetD[OF ccField-fup-CCexp))
also have ccNeighbors x (ccProd (fv e’) (ccNeighbors x (CCexp e-a) — (if isVal e’ then {}
else {z}) )
= {} using Fulse by (auto simp add: ccNeighbors-ccProd)
finally
have ccNeighbors z (ccHeap A e-a) C ccNeighbors x (CCezp e-a) by auto
henceccNeighbors x (ccHeap A e-a) — {x} N thunks A C ccNeighbors © (CCexp e-a) —
{z} N thunks A by auto
hence ccProd (fv e’) (ccNeighbors x (ccHeap A e-a) — {z} N thunks A ) T ccProd (fv €’)
(ecNeighbors © (CCexp e-a) — {z} N thunks A') by (rule ccProd-mono2)
also have ... C ccHeap A e-a
using «map-of A x = Some ey «(Aheap A e-a) x = up-a’> False
by (auto simp add: ccHeap-simp2 thunks-Cons below-trans|OF - join-above2])
finally show ?thesis by this simp-all
qed
qed

next
fixzlea
assume [simp]: = nonrec T
assume z € thunks I'
hence [simp]: z € domA T by (rule subsetD[OF thunks-domA])
assume z € edom (Aheap T' e-a)

from «x € thunks I
have (Afiz T-(Aexp e-a U (A-.up-0)f|¢ (thunks T"))) = = up-0
by (subst Afiz-unroll) simp

thus (Aheap T e-a) z = up-0 by simp
next
fixzT ea
assume nonrec I'
then obtain z’ ¢’ where [simp]: T = [(z/,e)] 2’ ¢ fv e’ by (auto elim: nonrecE)
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assume z € thunks I’
hence [simp]: © = 2’ = isVal e’ by (auto simp add: thunks-Cons split: if-splits)

assume z——x € CCezp e-a
hence [simp|: z'——x'€ CCezp e-a by simp

from <z € thunks I'
have (Afiz T-(Aexp e-a U (A-.up-0)f|* (thunks T))) z = up-0
by (subst Afiz-unroll) simp

show (Aheap I' e-a) z = up-0 by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq)
next

fix scrut el a e2

show CCezp scrut-0 U (CCexp el-a LI CCexp e2-a) U ccProd (edom (Aexp scrut-0)) (edom
(Aezxp el-a) U edom (Aexp e2-a)) C CCexp (scrut ? el : e2)-a

by simp

qed
end

end

14 End-to-end Saftey Results and Example

14.1 CallArityEnd2End

theory CallArityEnd2End
imports ArityTransform CoCallAnalysisImpl
begin

locale CallArityEnd2End
begin
sublocale CoCallAnalysisImpl.

lemma fresh-var-eqE|elim-format]: fresh-var e = x = z ¢ fve
by (metis fresh-var-not-free)

lemma examplel:

fixes e :: exp

fixes fgzyz:: var

assumes Aezp-e: \a. Aexp e-a = esing z-(up-a) U esing y-(up-a)

assumes ccEzrp-e: Na. CCexp e-a = L

assumes [simp]: transform 1 e = e

assumes isVal e

assumes disj: y # fy #gaFyz#fz# gy #w

assumes fresh: atom z f e

shows transform 1 (let y be App (Var f) g in (let z be e in (Var z))) =

let y be (Lam [z]. App (App (Var f) g) z) in (let x be (Lam [2]. App e z) in (Var x))

proof—
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from arg-cong[where f = edom, OF Aexp-e]
have = € fv e by simp (metis Aexp-edom’ insert-subset)
hence [simp]: = nonrec [(z,e)]

by (simp add: nonrec-def)

from «<isVal e
have [simp]: thunks [(z, e)] = {}
by (simp add: thunks-Cons)

have [simp]: CCfiz [(z, €)]-(esing z-(up-1) U esing y-(up-1), L) = L
unfolding CCfiz-def
apply (simp add: fiz-bottom-iff ccBindsExtra-simp)
apply (simp add: ccBind-eq disj ccExp-e¢)
done

have [simp]: Afiz [(z, e)]-(esing z-(up-1)) = esing z-(up-1) U esing y-(up-1)
unfolding Afiz-def
apply simp
apply (rule fix-eql)
apply (simp add: disj Aexp-e)
apply (case-tac z z)
apply (auto simp add: disj Aexp-e)
done

have [simp]: Aheap [(y, App (Var f) g)] (let x be e in Var x)-1 = esing y-((Aexp (let x be e in
Var z )-1) y)
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq pure-fresh fresh-at-base disj)

have [simp]: (Aexp (let x be e in Var z)-1) = esing y-(up-1)
by (simp add: env-restr-join disj)

have [simp]: Aheap [(z, )] (Var z)-1 = esing z-(up-1)
by (simp add: env-restr-join disj)

have 1: 1 = inc-0 apply (simp add: inc-def) apply transfer apply simp done

have [simp]: Aeta-ezpand 1 (App (Var f) g) = (Lam [z]. App (App (Var f) g) z)
apply (simp add: 1 del: exp-assn.eq-iff)
apply (subst change-Lam-Variable[of z fresh-var (App (Var f) g)])
apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj introl: flip-fresh-fresh elim!:
fresh-var-eqE)
done

have [simp]: Aeta-expand 1 e = (Lam [z]. App e 2)
apply (simp add: 1 del: exp-assn.eq-iff)
apply (subst change-Lam-Variable[of z fresh-var e])
apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj fresh introl: flip-fresh-fresh
elim!: fresh-var-eqF)
done
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show ?thesis
by (simp del: Let-eq-iff add: map-transform-Cons map-transform-Nil disj[symmetric])
qed

end
end

14.2 CallArityEnd2EndSafe

theory CallArityEnd2EndSafe

imports CallArityEnd2End CardArity TransformSafe CoCalllmplSafe CoCalllmplT TreeSafe TTreelm-
plCardinalitySafe

begin

locale CallArityEnd2EndSafe
begin

sublocale CoCalllmplSafe.
sublocale CallArityEnd2End.

abbreviation transform-syn’ (<T-») where T 4 = transform a

lemma end2end:

c =" =

= boring-step ¢/ =

heap-upds-ok-conf ¢ =

consistent (ae, ce, a, as, r) ¢ =

Jae’ ce’ a’ as’ r'. consistent (ae’, ce’, a’, as’, r') ¢’ A conf-transform (ae, ce, a, as, r) ¢ =g*
conf-transform (ae’, ce’, a’, as’, r') ¢’

by (rule card-arity-transform-safe)

theorem end2end-closed:
assumes closed: fo e = ({} :: var set)
assumes ([], e, []) =* (T',v,]]) and isVal v
obtains I'' and v’
where (], Tg e, [|) =* (I',v[]]) and isVal v’
and card (domA T') < card (domA T)
proof—
note assms(2)
moreover
have — boring-step (I',v,]]) by (simp add: boring-step.simps)
moreover
have heap-upds-ok-conf ([], e, []) by simp
moreover
have consistent (L, L,0,[],]]) ([], e, []) using closed by (rule closed-consistent)
ultimately
obtain ae ce a as r where
x: consistent (ae, ce, a, as, r) (T',v,[]]) and
wk: conf-transform (L, L, 0, [], ) ([l,e]]) =¢* conf-transform (ae, ce, a, as, r) (T,v,[])
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by (metis end2end)

let " = map-transform Aeta-expand ae (map-transform transform ae (restrictA (—set r) T'))
let ?v = transform a v

from * have set r C domA I' by auto

hav}elz conf-transform (L, L, 0, ], []) ([l,e[])) = ([J,transform 0 e,]]) by simp
with *x

have ([], transform 0 e, []) =¢* (7T, %v, map Dummy (rev r)) by simp
have isVal ?v using <isVal v> by simp

have fv (transform 0 e) = ({} :: var set) using closed
by (auto dest: subsetD[OF fo-transform))

note sestoftUnGC'[OF «([], transform 0 e, [|) =¢* (T, ?v, map Dummy (rev r))s <isVal 2v»
fo (transform 0 e) = {}]
then obtain I'/
where ([], transform 0 e, []) =* (I, %v, [])
and T = restrictA (— set r) I’
and set r C domA T/
by auto

have card (domA T') = card (domA T" U (set 7 N domA T))
by (rule arg-cong[where f = card]) auto
also have ... = card (domA I") + card (set v N domA T)
by (rule card-Un-disjoint) auto
also note «7I" = restrictA (— set r) I'»
also have set 7 N domA T = set r N domA T/
using (set 1 C domA Iy <set r C domA I'"y by auto
also have card (domA (restrictA (— set r) I'')) + card (set r N domAT') = card (domA T"')
by (subst card-Un-disjoint[symmetric]) (auto intro: arg-cong|where f = card])
finally
have card (domA T'') < card (domA T) by simp
with «([], transform 0 e, []) =* (T, %v, [|)» <isVal %v»
show thesis using that by blast
qed

lemma fresh-var-eqE|elim-format]: fresh-var e = x = z ¢ fve
by (metis fresh-var-not-free)

lemma examplel:
fixes e :: exp
fixes fgzyz: var
assumes Aezp-e: \a. Aexp e-a = esing z-(up-a) U esing y-(up-a)
assumes ccEzp-e: Na. CCexp era = L
assumes [simp|: transform 1 e = e
assumes isVal e
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assumes disj: y # fy #gaFyz#fz# gy #w
assumes fresh: atom z f e

shows transform 1 (let y be App (Var f) g in (let z be e in (Var z))) =
let y be (Lam [z]. App (App (Var f) g) z) in (let x be (Lam [z]. App e z) in (Var x))
proof—
from arg-cong[where f = edom, OF Aexp-e]
have = € fv e by simp (metis Aexp-edom’ insert-subset)
hence [simp]: = nonrec [(z,e)]
by (simp add: nonrec-def)

from «<isVal e
have [simp]: thunks [(z, e)] = {}
by (simp add: thunks-Cons)

have [simp]: CCfiz [(z, €)]-(esing z-(up-1) U esing y-(up-1), L) = L
unfolding CCfiz-def
apply (simp add: fiz-bottom-iff ccBindsExtra-simp)
apply (simp add: ccBind-eq disj ccExp-e)
done

have [simp]: Afix [(z, e)]-(esing z-(up-1)) = esing z-(up-1) U esing y-(up-1)
unfolding Afiz-def
apply simp
apply (rule fix-eql)
apply (simp add: disj Aexp-e)
apply (case-tac z z)
apply (auto simp add: disj Aexp-e)
done

have [simp]: Aheap [(y, App (Var f) g)] (let x be e in Var x)-1 = esing y-((Aexp (let z be e in
Var z )-1) y)
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq pure-fresh fresh-at-base disj)

have [simp]: (Aexp (let « be e in Var z)-1) = esing y-(up-1)
by (simp add: env-restr-join disj)

have [simp]: Aheap [(z, €)] (Var z)-1 = esing z-(up-1)
by (simp add: env-restr-join disj)

have [simp]: Aeta-expand 1 (App (Var f) g) = (Lam [z]. App (App (Var f) g) z)
apply (simp add: one-is-inc-zero del: exp-assn.eq-iff)
apply (subst change-Lam-Variable[of z fresh-var (App (Var f) g)])
apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj introl: flip-fresh-fresh elim!:
fresh-var-eqR)
done

have [simp]: Aeta-expand 1 e = (Lam [z]. App e 2)

apply (simp add: one-is-inc-zero del: exp-assn.eq-iff)
apply (subst change-Lam-Variable[of z fresh-var €])
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apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj fresh introl: flip-fresh-fresh
elim!: fresh-var-eqF)
done

show ?thesis
by (simp del: Let-eq-iff add: map-transform-Cons disj[symmetric])
qed

end
end

15 Functional Correctness of the Arity Analysis

15.1 ArityAnalysisCorrDenotational

theory ArityAnalysisCorrDenotational
imports ArityAnalysisSpec Launchbury. Denotational ArityTransform
begin

context ArityAnalysisLetSafe
begin

inductive eq :: Arity = Value = Value = bool where
eq 0vwv
| (A v.eqgn (vl |Fnov) (v2 [Fnv)) = eq (incn) vl v2

lemma [simp]: eq 0 v v’ +— v = v’
by (auto elim: eq.cases intro: eq.intros)

lemma eg-inc-simp:
eq (inc-n) vl v2 «— (Y v. eqn (vl [ Fnv) (v2 [ Fn v))
by (auto elim: eq.cases intro: eq.intros)

lemma eq-Fnl:

(A v eq (predm) (f1-0) (f2-0)) = eq n (F-f1) (Fnf2)
by (induction n rule: Arity-ind) (auto intro: eq.intros cfun-eql)

lemma eg-refi[simp]: eq a v v
by (induction a arbitrary: v rule: Arity-ind) (auto introl: eq.intros)

lemma eg-trans[trans]: eq a vl v2 = eq a V2 V8 = eq a vl V8
apply (induction a arbitrary: vl v2 v3 rule: Arity-ind)
apply (auto elim!: eq.cases intro!: eq.intros)
apply blast
done

lemma eg-Fn: eq a vl v2 = eq (pred-a) (vl |Fn v) (v2 |Fn v)
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apply (induction a rule: Arity-ind|case-names 0 inc])
apply (auto simp add: eq-inc-simp)
done

lemma eg-inc-same: eq a vl v2 = eq (inc-a) vl v2
by (induction a arbitrary: vl v2 rule: Arity-ind[case-names 0 inc]) (auto simp add: eg-inc-simp)

lemma eg-mono: a C a’ = eq a’ vl v2 = eq a vl v2
proof (induction a rule: Arity-ind[case-names 0 inc))
case 0 thus ?case by auto
next
case (inc a)
show eq (inc-a) vl v2
proof (cases inc-a = a’)
case True with inc show ?thesis by simp
next
case Fualse with <inc-a C a’» have a C o’
by (simp add: inc-def)(transfer, simp)
from this inc.prems(2)
have eq a v1 v2 by (rule inc.IH)
thus ?thesis by (rule eq-inc-same)
qed
qed

lemma eg-join[simp]: eq (a U a’) vl v2 +— eq a vl v2 A eq a’ vl v2
using Arity-total[of a a]
apply (auto elim!: eg-mono|OF join-abovel] eq-mono|OF join-above2))
apply (metis join-self-below(2))
apply (metis join-self-below(1))
done

lemma eg-adm: cont f = cont ¢ = adm (A z. eq a (fz) (g z))
proof (induction a arbitrary: f g rule: Arity-ind|case-names 0 inc])
case ( thus ?case by simp
next
case inc
show ?Zcase
apply (subst eq-inc-simp)
apply (rule adm-all)
apply (rule inc)
apply (intro cont2cont inc(2,3))+
done
qed

inductive eqo :: AEnv = (var = Value) = (var = Value) = bool where
eqol: (\ z a. ae x = up-a = eq a (01 z) (02 x)) = eqo ae ol 02

lemma eqoE: eqo ae 91 902 = ae z = up-a = eq a (01 z) (02 x)
by (auto simp add: eqo.simps)
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lemma eqo-refl[simpl: eqo ae o o
by (simp add: eqg.simps)

lemma eg-esing-up[simp]: eqo (esing z-(up-a)) o1 02 +— eqa (01 z) (02 x)
by (auto simp add: eqo.simps)

lemma egp-mono:
assumes ae C ae’
assumes eqp ae’ o1 02
shows eqp ae o1 02
proof (rule eqol)
fix z a
assume ae T = up-a
with <ae C ae”» have up-a C ae’ z by (metis fun-belowD)
then obtain o’ where ae’ x = up-a’ by (metis Exh-Up below-antisym minimal)
with <eqo ae’ o1 02»
have eq o’ (o1 z) (02 z) by (auto simp add: eqo.simps)
with <up-a C ae’ > and <ae’ z = up-a’
show eq a (o1 z) (02 x) by (metis eq-mono up-below)
qed

lemma eqp-adm: cont f = cont ¢ = adm (A z. eqo a (fz) (g z))
apply (simp add: eqo.simps)
apply (intro adm-lemmas eq-adm)
apply (erule cont2cont-fun)+
done

lemma up-join-eq-up[simp]: up-(n::'a:: Finite-Join-cpo) U up-n’ = up-(n U n’)
apply (rule lub-is-join)
apply (auto simp add: is-lub-def )
apply (case-tac u)
apply auto
done

lemma eqp-join[simp|: eqo (ae U ae’) oI 02 +— eqo ae 01 02 A eqo ae’ o1 02
apply (auto elim!: eqo-mono[OF join-abovel] eqo-mono[OF join-above2))
apply (auto introl: eqol)
apply (case-tac ae z, auto elim: eqoF)
apply (case-tac ae’ z, auto elim: eqoF)
done

lemma eqp-override[simpl:
eqo ae (o1 ++g 02) (01’ ++g02") «— eqo ae (o1 f|* (= 8)) (e1" f|* (= S)) A eqo ae (02
f178) (02" f1°9)

by (auto simp add: lookup-env-restr-eq eqo.simps lookup-override-on-eq)

lemma Aezp-heap-below-Aheap:
assumes (Aheap T e-a) z = up-a’
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assumes map-of I' x = Some e’
shows Aexp e-a’ C Aheap T' e-a U Aexp (Let T e)-a
proof—
from assms(1)
have Aexzp e’a’ = ABind z e'-(Aheap T e-a)
by (simp del: join-comm fun-meet-simp)
also have ... T ABinds I'-(Aheap T' e-a)

by (rule monofun-cfun-fun|OF ABind-below-ABinds|OF <map-of - - = -]])
also have ... C ABinds I'-(Aheap T e-a) U Aexp e-a
by simp
also note Aexp-Let
finally
show ?thesis by this simp-all
qed

lemma Aezp-body-below-Aheap:
shows Aexp e:a C Aheap T e-a U Aexp (Let T €)-a
by (rule below-trans|OF join-above2 Aexp-Let))

lemma Aezp-correct: eqo (Aexp e-a) o1 02 = eq a ([e]o1) ([e]o2)
proof (induction a e arbitrary: o1 02 rule: transform.induct|case-names App Lam Var Let Bool
IfThenElse))
case (Var a z)
from <eqo (Aexp (Var z)-a) ol 02>
have eqo (esing z-(up-a)) o1 02 by (rule eqo-mono[OF Aexp-Var-singleton))
thus “case by simp
next
case (App a e x)
from <eqo (Aexp (App e x)-a) o1 02>
have eqo (Aexp e-(inc-a) U esing z-(up-0)) o1 02 by (rule eqo-mono[OF Aexp-App))
hence eqp (Aezp e-(inc-a)) o1 02 and ol x = p2 z by simp-all
from App(1)[OF this(1)] this(2)
show ?case by (auto elim: eq.cases)
next
case (Lam a z e)
from <eqo (Aexp (Lam [z]. €)-a) o1 02»
have eqo (env-delete x (Aexp e-(pred-a))) ol 02 by (rule eqo-mono[OF Aexp-Lam])
hence A v. eqo (Aexp e-(pred-a)) (o1(z = v)) (02(z := v)) by (auto introl: eqol elim!:
eqoF)
from Lam(1)[OF this
show ?case by (auto intro: eq-Fnl simp del: fun-upd-apply)
next
case (Bool b)
show ?Zcase by simp
next
case (IfThenFElse a scrut e ey)
from <eqo (Aexp (scrut ? e1 : ez)-a) ol 02>
have eqo (Aexp scrut-0 U Aexp er-a Ul Aexp es-a) o1 02 by (rule eqo-mono|OF Aexp-IfThenElse])
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hence eqp (Aexp scrut-0) ol o2
and eqo (Aexp e1-a) ol 02
and eqo (Aexp ex-a) o1 02 by simp-all
from IfThenElse(1)[OF this(1)] IfThenElse(2)[OF this(2)] IfThenElse(3)[OF this(3)]
show ?case
by (cases [ scrut ] ,2) auto
next
case (Let a T e)

have eqp (Aheap T e-a U Aexp (Let T e)-a) ({T}ol) ({T}o2)
proof (induction rule: parallel-HSem-ind|case-names adm bottom step))
case adm thus ?case by (intro eqo-adm cont2cont)
next
case bottom show ?case by simp
next
case (step 01’ p2')
show ?Zcase
proof (rule eqol)
fix z a’
assume ass: (Aheap T e:a U Aexp (Let T e)-a) z = up-a’
show eq a’ ((o1 ttdomA T [[ r ]]Qj 1) z) ((02 ttdomA T [[ r ]]QQ’) )
proof(cases z € domA T)
case [simp]: True
then obtain e’ where [simp]: map-of T' x = Some e’ by (metis domA-map-of-Some-the)
have (Aheap T e-a) © = up-a’ using ass by simp
hence Aexp e¢’a’ C Aheap T e-a U Aexp (Let T' e)-a using <map-of - - = -» by (rule
Aexp-heap-below-Aheap)
hence eqo (Aexp e’a’) 01’ 02’ using step(1) by (rule eqo-mono)
hence eq o’ ([ e’]]gl N ([ el]]92/>

by (rule Let(1)[OF map-of-SomeD[OF <map-of - - = -]])
thus ?thesis by (simp add: lookupFEvalHeap')
next

case [simp]: False
with edom-Aheap have z ¢ edom (Aheap I e-a) by blast
hence (Aexp (Let T e)-a) x = up-a’ using ass by (simp add: edomIff)
with <eqo (Aexp (Let T €)-a) o1 02>
have eq a’ (o1 z) (02 z) by (auto elim: eqoE)
thus ?thesis by simp
qed
qed
qged
hence eqo (Aexp e-a) ({T}ol) ({T}o2) by (rule eqo-mono[OF Aexp-body-below-Aheap))
hence eq a ([ e ]]{]FI}‘QJ) ([ e ]]{]F[}QQ) by (rule Let(2)[simplified))
thus ?case by simp
qed

lemma ESem-ignores-fresh[simp]: [ e ]]g(fresh—var e:=v) = [elo

by (metis ESem-fresh-cong env-restr-fun-upd-other fresh-var-not-free)
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lemma eg-Aeta-expand: eq a ([ Aeta-expand a e ]o) ([e]p)
apply (induction a arbitrary: e o rule: Arity-ind|case-names 0 inc])
apply simp
apply (fastforce simp add: eg-inc-simp elim: eq-trans)
done

lemma Arity-transformation-correct: eq a ([ Ta e Jo) ([ € ]o)
proof (induction a e arbitrary: o rule: transform.induct[case-names App Lam Var Let Bool
IfThenElse])

case Var
show ?case by simp
next

case (App a e x)
from this[where p =p |
show ?Zcase
by (auto elim: eq.cases)
next
case (Lam z ¢€)
thus “case
by (auto intro: eq-FnlI)
next
case (Bool b)
show ?case by simp
next
case (IfThenFElse a e e1 e3)
thus Zcase by (cases [ e o) auto
next
case (Let a T e)

have eq a ([ transform a (Let I' e) HQ) ([ transform a e ]]ﬂmap—tmnsform Aeta-expand (Aheap T' e-a) (map-transform tran
by simp
also have ega... ([ e ]]ﬂmap—tmnsform Aeta-expand (Aheap T e-a) (map-transform transform (Aheap T' e-a) F)I}Q)
using Let(2) by simp
also have eqga ... ([ e Hﬂrﬁg)
proof (rule Aexp-correct)
have eqo (Aheap T’ e-a U Aexp (Let T' e)-a) ({map-transform Aeta-expand (Aheap T e-a)
(map-transform transform (Aheap T e-a) T')[}o) ({T}o)
proof (induction rule: parallel-HSem-ind]|case-names adm bottom step))
case adm thus ?case by (intro eqo-adm cont2cont)
next
case bottom show ?case by simp
next
case (step o1 02)
have eqo (Aheap T e-a U Aexp (Let T e)-a) ([ map-transform Aeta-ezpand (Aheap T e-a)
(map-transform transform (Aheap T' e-a) T') Jo1) ([T],2)
proof (rule eqol)
fix za’
assume ass: (Aheap T e-a U Aexp (Let T e)-a) © = up-a’
show eq a’ (([ map-transform Aeta-exzpand (Aheap T' e-a) (map-transform transform
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(Aheap T' e-a) T') Jop1) =) (([Fp2) )
proof(cases z € domAT)
case [simp]: True
then obtain e’ where [simp|: map-of T' © = Some e’ by (metis domA-map-of-Some-the)
from ass have ass”: (Aheap T e-a) z = up-a’ by simp

have ([ map-transform Aeta-expand (Aheap T e-a) (map-transform transform (Aheap
L ea)T) 1) o =
[Aeta-expand a' (transform a’ e)] ;1
by (simp add: lookupEvalHeap' map-of-map-transform ass’)
also have eq a’ ... ([transform a’ €] 51)
by (rule eg-Aeta-expand)
also have eqa’ ... ([e],1)
by (rule Let(1)[OF map-of-SomeD[OF <map-of - - = -]])
also have eq a’ ... ([e¢],2)
proof (rule Aexp-correct)
from ass’ «<map-of - - = -»
have Aexp e’-a’' C Aheap T e-a U Aexp (Let T' e)-a by (rule Aexp-heap-below-Aheap)
thus eqo (Aexp e’-a’) o1 02 using step by (rule eqo-mono)
qed
also have ... = ([['y2) =
by (simp add: lookupEvalHeap')
finally
show ?thesis.
next
case Fulse thus ?thesis by simp
qed
qed
thus ?case
by (simp add: env-restr-useless order-trans|OF edom-evalHeap-subset] del: fun-meet-simp
eqo-join)
qed
thus eqo (Aexp e-a) ({map-transform Aeta-exzpand (Aheap T e-a) (map-transform transform
(Aheap T' e-a) T)}o) ({Tfo)
by (rule eqo-mono[OF Aexp-body-below-Aheap])

qged
also have ... = [ LetT' e ],
by simp
finally show ?case.
qed

corollary Arity-transformation-correct':

[Toelo=1T[elo

using Arity-transformation-correctfwhere a = 0] by simp

end
end
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