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Abstract

This article provides a foundational framework for the formalization of category theory in the
object logic ZFC in HOL ([51], also see [47]) of the formal proof assistant Isabelle [49]. More
specifically, this article provides a formalization of canonical set-theoretic constructions inter-
nalized in the type V associated with the ZFC in HOL, establishes a design pattern for the
formalization of mathematical structures using sequences and locales [33, 8, 9], and showcases
the developed infrastructure by providing formalizations of the elementary theories of digraphs
and semicategories. The methodology chosen for the formalization of the theories of digraphs
and semicategories (and categories in future articles) rests on the ideas that were originally
expressed in [28]. Thus, in the context of this work, each of the aforementioned mathematical
structures is represented as a term of the type V embedded into a stage of the von Neumann
hierarchy [59].
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Chapter 1

Introduction

1.1 Background

This article presents a foundational framework that will be used for the formalization of elements
of the theory of 1-categories in the object logic ZFC in HOL ([51], also see [47]) of the formal
proof assistant Isabelle [49] in future articles. It is important to note that this chapter serves
as an introduction to the entire development and not merely its foundational part.

There already exist several formalizations of the foundations of category theory in Isabelle. In
the context of the work presented here, the most relevant formalizations (listed in the chrono-
logical order) are [25, 24], [48], [34] and [58]. Arguably, the most well developed and maintained
entry is [58]: it subsumes the majority of the content of [48] and [34].

From the perspective of the methodology that was chosen for the formalization, this work differs
significantly from the aforementioned previous work. In particular, the categories are modelled
as terms of the type V and no attempt is made to generalize the concept of a category to
arbitrary types. The inspiration for the chosen approach is drawn from [28], [52] and [57].

The primary references for this work are Categories for the Working Mathematician [39] by
Saunders Mac Lane, Category Theory in Context by Emily Riehl [56] and Categories and Func-
tors by Bodo Pareigis [15]. The secondary sources of information include the textbooks [7] and
[32], as well as several online encyclopedias (including [3], [5], [4] and [2]). Of course, inspiration
was also drawn from the previous formalizations of category theory in Isabelle.

It is likely that none of the content that is formalized in this work is original in nature. However,
explicit citations are not provided for many results that were deemed to be trivial.

1.2 Related and previous work

To the best knowledge of the author, this work is the first attempt to develop a formalization of
elements of category theory in the object logic ZFC in HOL by modelling categories as terms of
the type V. However, it should be noted that the formalization of category theory in [34] largely
rested on the object logic HOL/ZF [47], which is equiconsistent with the ZFC in HOL [51].
Nonetheless, in [34], the objects and arrows associated with categories were modelled as terms
of arbitrary types. The object logic HOL/ZF was used for the exposition of the category Set of
all sets and functions between them and a variety of closely related concepts. In this sense, the
methodology employed in [34] could be seen as a combination of the methodology employed in
this work and the methodology followed in [48] and [58]. Furthermore, in [26], the authors have
experimented with the formalization of category theory in Higher-Order Tarski-Grothendieck
(HOTG) theory [17] using a methodology that shares many similarities with the approach that
was chosen in this study.

The formalizations of various elements of category theory in other proof assistants are abundant.
While a survey of such formalizations is outside of the scope of this work, it is important to
note that there exist at least two examples of the formalization of elements of category theory
in a set-theoretic setting similar to the one that is used in this work. More specifically, elements
of category theory were formalized in the Tarski-Grothendieck Set Theory in the Mizar proof
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assistant [1] (and published in the associated electronic journal [30]) and the proof assistant
Metamath [40]. The following references contain some of the relevant articles in [30], but the
list may not be exhaustive: [18, 19, 21, 61, 20, 43, 60, 44, 45, 13, 22, 62, 23, 10, 63, 11, 64, 46,
36, 37, 12, 38, 53, 29, 54, 55].



Chapter 2

Set Theory for Category Theory

2.1 Introduction

2.1.1 Background

This chapter presents a formalization of the elements of set theory in the object logic ZFC
in HOL ([51], also see [47]) of the formal proof assistant Isabelle [49]. The emphasis of this
work is on the improvement of the convenience of the formalization of abstract mathematics
internalized in the type V.

2.1.2 References, related and previous work

The results that are presented in this chapter cannot be traced to a single source of information.
Nonetheless, the results are not original. A significant number of these results was carried over
(with amendments) from the main library of Isabelle/HOL [6]. Other results were inspired
by elements of the content of the books Introduction to Axiomatic Set Theory by G. Takeuti
and W. M. Zaring [59], Theory of Sets by N. Bourbaki [16] and Algebra by T. W. Hungerford
[32]. Furthermore, several online encyclopedias and forums (including Wikipedia [5], ProofWiki
[4], Encyclopedia of Mathematics [2], nLab [3] and Mathematics Stack Exchange) were used
consistently throughout the development of this chapter. Inspiration for the work presented
in this chapter has also been drawn from a similar ongoing project in the formalization of
mathematics in the system HOTG (Higher Order Tarski-Grothendieck) [17, 26].

It should also be mentioned that the Isabelle/HOL and the Isabelle/ML code from the main
distribution of Isabelle2020 and certain posts on the mailing list of Isabelle were frequently
reused (with amendments) during the development of this chapter. Some of the specific examples
of such reuse are
e The adoption of the implementation of the command lemmas-with that is available as
part of the framework Types-To-Sets in the main distribution of Isabelle2020.
e The notation for the “multiway-if” was written by Manuel Eberl and appeared in a post
on the mailing list of Isabelle: [27].

hide-const (open) list.set Sum subset

lemmas ord-of-nat-zero = ord-of-nat.simps(1)

2.1.3 Notation

abbreviation (input) ¢m («(- ¢ -:-)» [0, 0, 10] 10)
where C ? A: B = if C then A else B
abbreviation (input) if2 where if2 a b= (Xi. (i =0 ? a: b))

2.1.4 Further foundational results

lemma theD:
assumes Ilz. Pz and z = (THE z. P x)
shows Pzrand Py =z =y

11
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(proof)
lemmas [intro] = bij-betw-imagel

lemma bij-betwE|[ elim]:
assumes bij-betw f A Band [[ inj-on fA; f‘A=B]] = P
shows P

{proof)

lemma bij-betwD] dest]:
assumes bij-betw f A B
shows inj-on fAand f ‘A =B
{proof)

lemma ex1D: 3lz. Px = P 1 — Py = z = y (proof)

12
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2.2 Further set algebra and other miscellaneous results

2.2.1 Background

This section presents further set algebra and various elementary properties of sets.

Many of the results that are presented in this section were carried over (with amendments) from
the theories Set and Complete-Lattices in the main library.

declare elts-sup-iff[simp del]

2.2.2 Further notation

Set membership

abbreviation vmember = V. = V = bool («(-/ € -)» [51, 51] 50)
where vmember x A = (z € elts A)

notation vmember (<'(e,’)»)
and vmember («(-/ € -)» [51, 51] 50)

abbreviation not-vmember = V. = V = bool ((-/ ¢ -)» [51, 51] 50)
where not-vmember x A = (z ¢ elts A)

notation
not-vmember (¢'(¢,")>) and
not-vmember (<(-/ ¢, -)» [51, 51] 50)

Subsets

abbreviation vsubset :: V = V = bool
where vsubset = less

abbreviation vsubset-eq : V = V = bool
where vsubset-eq = less-eq

notation vsubset (<'(c,’)»)
and vsubset («(-/ co -)» [51, 51] 50)
and vsubset-eq (¢'(S5")»)
and wvsubset-eq (<(-/ S -)» [51, 51] 50)

Ball

syntax
-VBall = pttrn = V = bool = bool (<(3Y (-/€,-)./ -)» [0, 0, 10] 10)
-VBex :: pttrn = V = bool = bool («(33(-/€.-)./ -)» [0, 0, 10] 10)
-VBex1 :: pttrn = V = bool = bool («(33!(-/¢5-)./ -)» [0, 0, 10] 10)

syntax-consts
-VBall = Ball and
-VBex = Ber and
-VBezxl = Ezl

translations
Ve, A. P = CONST Ball (CONST elts A) (Az. P)
Jze,A. P = CONST Bex (CONST elts A) (Az. P)
Alze,A. P~ 3lx. z e ANP

VLambda

The following notation was adapted from [50].

syntax -vlam = [pttrn, V, V] = V («(3\-€-./ -)» 10)
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syntax-consts -vlam = VLambda
translations \ze,A. f = CONST VLambda A (Az. f)

Intersection and union

abbreviation vintersection = V = V = V (infixl <n,» 70)
where (n,) = (M)
notation vintersection (infixl <ng» 70)

abbreviation vunion = V = V = V (infixl (Us» 65)
where vunion = sup
notation vunion (infixl <U,> 65)

abbreviation Vinter = V = V (xNo»)
where N, A = (elts A)
notation VInter (¢No)

abbreviation VUnion = V = V (\Uo)
where U.A = || (elts A)
notation VUnion (<U,>)

Miscellaneous

notation app («-(-)> [999, 50] 999)
notation vtimes (infixr <x,» 80)

2.2.3 Elementary results.

lemma vempty-nin[simp]: a ¢, 0 (proof)

lemma vemptyF:
assumes A # 0
obtains z where z ¢, A

{proof)

lemma in-set-Collect!:
assumes P z and small {z. P z}
shows z €, set {z. P z}

{proof)

lemma small-setcompr2:

assumes small {fry|zy. Pzxy}and a € set {fzy|zy. Pzy}

obtains z’ y’ where a = fz' y’and P z' y’

{proof)

lemma in-small-setl:
assumes small A and z € A
shows z €, set A

{proof)

lemma in-small-setD:
assumes 7 €, set A and small A
shows z € A

{proof)

lemma in-small-setk:
assumes a €, set A and small A
obtains a € 4

{proof)

14
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lemma small-set-vsubset:
assumes small A and A ¢ elts B
shows set A ¢, B

{proof)

lemma some-in-set-if-set-neq-vempty[ simp]:
assumes A # 0
shows (SOME z. x €, A) €, A

{proof)

lemma small-vsubset-set[intro, simp]:
assumes small B and A ¢ B
shows set A <, set B

{proof)

lemma wvset-neq-1:
assumes b ¢, A and a €, A
shows b # a

{proof)

lemma wvset-neq-2:
assumes b e, A and a ¢, A
shows b # a

{proof)

lemma nin-vinsertl:
assumes ¢ # b and a ¢, A
shows a ¢, vinsert b A

{proof)

lemma wvsubset-if-subset:
assumes elts A C elts B
shows A ¢, B

{proof)

lemma small-set-comprehension[simp]: small {A i | . i € I}
(proof)

2.2.4 VBall

lemma wvball-cong:
assumes A = Band Az. 1€, B=— Pz «— Q=
shows (Vze,A. P x) «— (Vze,B. Q 1)
(proof )

lemma vball-cong-simp| cong]:
assumes A = Band Az. z €, B =simp=> Pz «— Q=
shows (Vze,A. P x) «— (Vze,B. Q 1)
(proof )

2.2.5 VBex

lemma vbez-cong:
assumes A = Band Az.z¢6, B=— Pz« Q=
shows (Fz€,A. P ) < (Fxe.B. Q z)
(proof)

15
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lemma vbez-cong-simp[ cong]:
assumes A = Band Az. z €, B =simp=> Pz «— Q=
shows (Jze,A. P x) «— (Jze.B. Q 1)
(proof )

2.2.6 Subset

Rules.

lemma vsubset-antisym:
assumes A ¢, Band B ¢, 4
shows A = B

{proof)

lemma vsubsetl:
assumes Az. 2 €c A =— z €, B
shows A ¢, B

{proof)

lemma vpsubsetl:
assumes A c, Band z ¢, A and z ¢, B
shows A c, B

{proof)

lemma vsubsetD:
assumes A ¢, B
shows Az. 2 €, A =— 2z ¢, B

{proof)

lemma vsubsetE:
assumes A S, Band (Az. 1€, A=— 1€, B)=— P
shows P

{proof)

lemma vpsubsetF:
assumes A c, B
obtains z where A ¢, Band z ¢, A and z ¢, B

{proof)
lemma vsubset-iff: A o B «— (V. t €c A — t €, B) (proof)

Elementary properties.

lemma vsubset-eq: A €, B «— (Vx€,A. z €, B) (proof)

lemma vsubset-transitive[ intro]:
assumes A S, Band B¢, C
shows A ¢, C

{proof)

lemma vsubset-reflexive: A ¢, A (proof)

Set operations.

lemma vsubset-vempty: 0 S, A (proof)
lemma vsubset-vsingleton-left: set {a} Co A < a €, A (proof)

lemmas vsubset-vsingleton-leftD| dest] = vsubset-vsingleton-left[ THEN iffD1]
and vsubset-vsingleton-leftI[ intro] = vsubset-vsingleton-left[ THEN iffD2]
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lemma vsubset-vsingleton-right: A c, set {a} «— A = set {a} v A=0

{proof)

lemmas vsubset-vsingleton-rightD[ dest] = vsubset-vsingleton-right THEN iffD1]
and vsubset-vsingleton-rightl[intro] = vsubset-vsingleton-right| THEN iffD2]

lemma vsubset-vdoubleton-leftD[ dest]:
assumes set {a, b} S, A
shows a €, A and b e, A

{proof)

lemma vsubset-vdoubleton-leftI[ intro]:
assumes a €, A and b e, A
shows set {a, b} S, A
(proof)

lemma vsubset-vinsert-leftD[ dest]:
assumes vinsert a A ¢, B
shows A ¢, B

{proof)

lemma vsubset-vinsert-leftI[intro):
assumes A S, Band a ¢, B
shows vinsert a A ¢, B

{proof)

lemma vsubset-vinsert-vinsertl [ intro]:
assumes A S, vinsert b B
shows vinsert b A <, vinsert b B

{proof)

lemma vsubset-vinsert-rightI[intro]:
assumes A S, B
shows A ¢, vinsert b B

{proof)

lemmas vsubset-VPow = VPow-le- VPow-iff

lemmas vsubset- VPowD = vsubset-VPow[ THEN iffD1]
and wvsubset- VPowl = vsubset-VPow[ THEN iffD2]

Special properties.

lemma wvsubset-contraD:
assumes A ¢, B and c ¢, B
shows ¢ ¢, A

{proof)

2.2.7 Equality
Rules.

lemma vequalityD1:
assumes A = B
shows A ¢, B

{proof)

lemma vequalityD2:
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assumes A = B
shows B ¢, A

{proof)

lemma vequalityF:
assumes A=Band[[ A, BB, A]]=— P
shows P

{proof)

lemma vequalityCE[ elim]:
assumes A=Band [[ ce A;ce, B]]= Pand [[ cé¢, A;c ¢, B]] = P
shows P

{proof)

2.2.8 Binary intersection

lemma vintersection-def: A N, B = set {x. x €, A A z €, B}
(proof)

lemma small-vintersection-set[simp]: small {x. z €, A A x €, B}

(proof)
Rules.

lemma vintersection-iff[simp]: x €c A Noe B«— €, ANz € B

{proof)

lemma vintersectionl[intro!]:
assumes z €, A and z €, B
shows z €, A n, B

{proof)

lemma vintersectionD1[ dest]:
assumes z €, A n, B
shows z €, A

(proof)

lemma vintersectionD2[ dest]:
assumes z €, A n, B
shows z ¢, B

{proof)

lemma vintersectionE[ elim!]:
assumes z €, An, Band z ¢, A = v ¢, B=— P
shows P

{proof)

Elementary properties.

lemma vintersection-intersection: A N, B = set (elts A n elts B)

(proof)

lemma vintersection-assoc: A N, (B N, C) = (A ne B) n, C {proof)

lemma vintersection-commute: A N B = B n, A (proof)

Previous set operations.

lemma vsubset-vintersection-right: A o (Bne C) = (A S, BA A S, C)
(proof)
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lemma vsubset-vintersection-rightD[ dest]:
assumes A S, (B n, C)
shows A ¢, Band A ¢, C

{proof)

lemma vsubset-vintersection-rightI[ intro]:
assumes A S, Band A ¢, C
shows A4 ¢, (B n, C)

{proof)

Set operations.

lemma vintersection-vempty: 0 €, A (proof)
lemma vintersection-vsingleton: a €, set {a} (proof)

lemma vintersection-vdoubleton: a €, set {a, b} and b €, set {a, b}

{proof)

lemma vintersection- VPow[simp]: VPow (A n, B) = VPow A n, VPow B {proof)

Special properties.

lemma vintersection-function-mono:
assumes mono f
shows f (An, B) S, fAn, fB
(proof)

2.2.9 Binary union

lemma small-vunion-set: small {x. x €, AV z €, B}

(proof)
Rules.

lemma vunion-def: A U, B = set {z. z €, AV © €, B}

{proof)

lemma vunion-iff[simp]: © €c A U, B<+— z€, AV z € B

{proof)

lemma vunionl1:
assumes a €, A
shows a €, A U, B

{proof)

lemma vunionl2:
assumes a €, B
shows a ¢, A U, B

{proof)

lemma vunionCI[intro!]:
assumes z ¢, B=— 16, A
shows z ¢, A u, B

{proof)

lemma vunionE[elim!]:
assumes 7 €, AU, Band z ¢, A =— Pand z ¢, B— P
shows P

{proof)

19
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Elementary properties.

lemma vunion-union: A U, B = set (elts A U elts B) (proof)
lemma vunion-assoc: A U, (B U, C) = (A U, B) U, C {proof)

lemma vunion-commute: A U, B = B U, A (proof)

Previous set operations.

lemma vsubset-vunion-left: (A U, B) €, C «— (A S, C A B S, C) (proof)

lemma vsubset-vunion-leftD[ dest]:
assumes (4 U, B) ¢, C
shows A ¢, Cand B¢, C
{proof)

lemma vsubset-vunion-leftI[intro]:
assumes A ¢, C and B¢, C
shows (A u, B) ¢, C
{proof)

lemma vintersection-vunion-left: (A U, B) N, C = (A n, C) U, (B n, C)

{proof)
lemma vintersection-vunion-right: A Ny (B U, C) = (A no B) U, (A N, C)

{proof)

Set operations.
lemmas vunion-vempty-left = sup-V-0-left
and vunion-vempty-right = sup-V-0-right

lemma vunion-vsingleton[simp]: set {a} U, A = vinsert a A (proof)

lemma vunion-vdoubleton[simp]: set {a, b} U, A = vinsert a (vinsert b A)

{proof)

lemma vunion-vinsert-comm-left:
(vinsert a A) Uo B = A U, (vinsert a B)
{proof)

lemma vunion-vinsert-comm-right:
A U, (vinsert a B) = (vinsert a A) U, B
{proof)

lemma vinsert-def: vinsert y B = set {z. © = y} U, B (proof)
lemma vunion-vinsert-left: (vinsert a A) U, B = vinsert a (A U, B) (proof)

lemma vunion-vinsert-right: A U, (vinsert a B) = vinsert a (A U, B) (proof)

Special properties.

lemma vunion-fun-mono:
assumes mono f
shows fA u, fB<, f (A u, B)
(proof)

2.2.10 Set difference
definition vdiff = V = V = V (infixl <—,» 65)
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where A —, B = set {z. x €, A A z ¢, B}
notation vdiff (infixl <—,> 65)

lemma small-set-vdiff [ simp]: small {z. z ¢, A A z ¢, B}

{proof)

Rules.

lemma vdiff-iff[simp]: x €c A —s B<«— 1€, ANz ¢ B
(proof)

lemma vdiffI[intro!]:
assumes 7z €, A and z ¢, B
shows z ¢, A -, B

{proof)

lemma vdiffD1:
assumes 7 €, A —, B
shows z €, A

{proof)

lemma vdiffD2:
assumes ¢ €, A —» Band z ¢, B
shows P

(proof)

lemma vdiffE[ elim!]:
assumes z €, A —c Band [[ 26 4; 2 ¢ B]] = P
shows P

{proof)

Previous set operations.

lemma vsubset-vdiff:
assumes A ¢, B -, C
shows A ¢, B

{proof)

lemma vinsert-vdiff-nin[ simp):
assumes a ¢, B
shows vinsert a (A —, B) = vinsert a A -, B

{proof)

Set operations.

lemma vdiff-vempty-left] simp]: 0 - A = 0 {proof)

lemma vdiff-vempty-right[ simp]: A —, 0 = A (proof)

lemma vdiff-vsingleton-vinsert] simp): set {a} —, vinsert a A = 0 {proof)

lemma vdiff-vsingleton-in[ simp):
assumes a €, A
shows set {a} —s A =0
{proof)

lemma vdiff-vsingleton-nin[ simp]:
assumes a ¢, A
shows set {a} -, A = set {a}
{proof)
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lemma vdiff-vinsert-vsingleton[ simp]: vinsert a A -, set {a} = A —, set {a}

{proof)

lemma vdiff-vsingleton[simp]:
assumes a ¢, A
shows A —, set {a} = A
(proof )

lemma vdiff-vsubset:
assumes A ¢, Band D ¢, C
shows A -, C ¢, B -, D
(proof )

lemma vdiff-vinsert-left-in[ simp]:
assumes a €, B
shows (vinsert a A) - B=A -, B
{proof)

lemma vdiff-vinsert-left-nin:
assumes a ¢, B
shows (vinsert a A) —, B = vinsert a (A —, B)
(proof)

lemma vdiff-vinsert-right-in: A —, (vinsert a B) = A -, B —, set {a} (proof)

lemma vdiff-vinsert-right-nin[ simp]:
assumes a ¢, A
shows A -, (vinsert a B) = A -, B
(proof )

lemma vdiff-vintersection-left: (A n, B) = C = (A -5 C) ny (B —5 C) (proof)
lemma vdiff-vunion-left: (A U, B) — C = (A = C) U, (B —5 C) {proof)
Special properties.

lemma complement-vsubset: I —, J S, I (proof)

lemma vintersection-complement: (I -, J) no J = 0 {proof)

lemma vunion-complement:
assumes J S, [
shows I — Ju, J =1
(proof)

2.2.11 Augmenting a set with an element

lemma vinsert-compr: vinsert y A = set {x. x = y v x &, A}

{proof)
Rules.
lemma vinsert-iff [ simp]: z €, vinsert y A «— z =y v x €&, A (proof)

lemma vinsertl1: x €, vinsert x A (proof)

lemma vinsertl2:
assumes 7 €, A
shows z €, vinsert y A

22
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{proof)

lemma vinsertE1[ elim!]:
assumes x €, vinsert y Aand rt =y — Pand z ¢, A =— P
shows P

{proof)

lemma vinsertCI[intro!]:
assumes z ¢, A = =y
shows x €, vinsert y A

{proof)

Elementary properties.

lemma vinsert-insert: vinsert a A = set (insert a (elts A)) {proof)

lemma vinsert-commute: vinsert a (vinsert b C) = vinsert b (vinsert a C)

{proof)

lemma vinsert-ident:
assumes 7 ¢, A and v ¢, B
shows vinsert x A = vinsert t B <— A = B

{proof)

lemmas vinsert-identD[dest] = vinsert-ident[| THEN iffD1, rotated 2]
and vinsert-identl[intro] = vinsert-ident| THEN 1iffD2]

Set operations.

lemma vinsert-vempty: vinsert a 0 = set {a} {proof)

lemma vinsert-vsingleton: vinsert a (set {b}) = set {a, b} (proof)

lemma vinsert-vdoubleton: vinsert a (set {b, c}) = set {a, b, ¢} {proof)
lemma vinsert-vinsert: vinsert a (vinsert b C) = set {a, b} U, C (proof)
lemma vinsert-vunion-left: vinsert a (A U, B) = vinsert a A U, B {proof)
lemma vinsert-vunion-right: vinsert a (A U, B) = A U, vinsert a B {proof)

lemma vinsert-vintersection: vinsert a (A N, B) = vinsert a A n, vinsert a B

(proof )
Special properties.

lemma vinsert-set-insert-empty-anyl:
assumes P (vinsert a 0)
shows P (set (insert a {}))

(proof)

lemma vinsert-set-insert-anyl:
assumes small B and P (vinsert a (set (insert b B)))
shows P (set (insert a (insert b B)))

{proof)

lemma vinsert-set-insert-eq:
assumes small B
shows set (insert a (insert b B)) = vinsert a (set (insert b B))

{proof)
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lemma vsubset-vinsert:
A S, vinsert x B «— (if v €, A then A —, set {z} S, B else A S, B)
(proof)

lemma vinsert-obtain-ne:
assumes A # 0
obtains a A’ where A = vinsert a A’ and a ¢, A’

{proof)

2.2.12 Power set
Rules.

lemma VPowl:
assumes A ¢, B
shows A ¢, VPow B

{proof)

lemma VPowD:
assumes A ¢, VPow B
shows A c, B

{proof)

lemma VPowE][elim]:
assumes A ¢, VPow Band A<, B=— P
shows P

(proof)
Elementary properties.
lemma VPow-bottom: 0 €, VPow B (proof)
lemma VPow-top: A €, VPow A (proof)
Set operations.

lemma VPow-vempty[simp]: VPow 0 = set {0} (proof)

lemma VPow-vsingleton|simp]: VPow (set {a}) = set {0, set {a}}
{proof)

lemma VPow-not-vempty: VPow A # 0 (proof)

lemma VPow-mono:
assumes A ¢, B
shows VPow A ¢, VPow B

{proof)

lemma VPow-vunion-subset: VPow A U, VPow B S, VPow (A u, B) (proof)

2.2.13 Singletons, using insert

Rules.
lemma wvsingletonI[intro!]: = €, set {z} {proof)
lemma vsingletonD[dest!]:

assumes y € set {x}
shows y =z
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{proof)

lemma wvsingleton-iff: y €, set {x} «— y = z (proof)

Previous set operations.

lemma VPow-vdoubleton[simp):
VPow (set {a, b}) = set {0, set {a}, set {b}, set {a, b}}
{proof)

lemma wvsubset-vinsertl:
assumes A —, set {z} <, B
shows A ¢, vinsert ¢ B

(proof )
Special properties.

lemma vsingleton-inject:
assumes set {z} = set {y}
shows z = y

{proof)

lemma wvsingleton-insert-inj-eq[ iff |:
set {y} = vinsert x A «— z =y A A S, set {y}
(proof)

lemma wvsingleton-insert-inj-eq'[ iff |:
vinsert A = set {y} «— =y A A S, set {y}
(proof)

lemma vsubset-vsingletonD:
assumes A S, set {z}
shows A =0 v A = set {z}
{proof)

lemma vsubset-vsingleton-iff: a S, set {x} < a =0V a = set {z} (proof)

lemma vsubset-vdiff-vinsert: A €, B —, vinsert x C «— A<, B-, C A x ¢, A

{proof)

lemma vunion-vsingleton-iff:
A U, B = set {z} «—
A=0AB=set{z} v A=set{z} AB=0v A= set {z} A B = set {z}
(proof)

lemma vsingleton-Un-iff:
set {z} = AU, B «—
A=0AB=gset{z} v A=set{z} AB=0v A= set {z} A B = set {z}
(proof)

lemma VPow-vsingleton-iff[simp]: VPow X = set {Y} «—> X =0A Y =0
(proof)

2.2.14 Intersection of elements

lemma small-VInter[simp]:
assumes A # 0
shows small {a. VI €, A. a & z}

{proof)
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lemma Vinter-def: No A = (if A = 0 then 0 else set {a. V& €, A. a € z})
(proof)

Rules.

lemma Vinter-iff[ simp]:
assumes [simp]: A # 0
shows a €, No A «— (Vac,A. a & )

{proof)

lemma VinterI[intro]:
assumes A # 0 and Az. z €6 A = a &
shows a €, N, A

{proof)

lemma Vinter0I[intro]:
assumes A = 0
shows N, A =0
(proof)

lemma VinterD[dest]:
assumes a €, (o Aand z ¢, A
shows a €, z

{proof)

lemma VinterE1[elim]:
assumes a €, (o Aand 2 ¢, A =— Rand a e, 1 =— R
shows R

{proof)

lemma VinterE2[elim]:
assumes a €, (o 4
obtains z where a €, z and z ¢, A

{proof)

lemma VinterE3:
assumes a € No A and (Ay. y €c A = a ¢, y) = P
shows P

{proof)

Elementary properties.
lemma Vinter-Inter: N, A = set (N (elts “ (elts A)))
(proof)

lemma Vinter-eq:
assumes [simp]: A # 0
shows N, A = set {a. Vz €, A. a & z}
(proof )

Set operations.

lemma Vinter-vempty[simp]: No 0 = 0 {proof)
lemma Vinf-vempty[simp]: [1{} = (0:V) {proof)

lemma Vinter-vdoubleton: N, (set {a, b}) = an, b
(proof)

lemma Vinter-antimono:
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assumes B # 0 and B ¢, A
shows N, A S, No B

{proof)

lemma ViInter-vsubset:
assumes Az. 26, A == 2z S, Band A 40
shows N, A ¢, B
(proof )

lemma Vinter-vinsert:
assumes A # 0
shows N, (vinsert a A) = an, No A

{proof)

lemma Vinter-vunion:
assumes A # 0 and B # 0
shows No(4 U, B) = N.A ne NoB
(proof )

lemma ViInter-vintersection:
assumes A N, B4 0
shows No 4 Us N6 B S N6 (A ne B)

{proof)
lemma Vinter-VPow: N, (VPow A) S, VPow (No A) (proof)

Elementary properties.

lemma Vinter-lower:
assumes 1 €, A
shows N, A S, =
(proof)

lemma Vinter-greatest:
assumes A # 0 and Az. 16, A =— B S, x
shows B¢, N, 4

{proof)

2.2.15 Union of elements

lemma Union-eq-VUnion: U (elts “ elts A) = {a. Iz €, A. a € z} {proof)

lemma small-VUnion[simp]: small {a. 32 € A. a € z}

{proof)

lemma VUnion-def: UoA = set {a. 3z €, A. a & z}
{proof)

Rules.
lemma VUnion-iff [simp]: A €o UoC «— (J26,C. A €, x) (proof)

lemma VUnionl[intro]:
assumes z €, A and a € =
shows a €, U.A

{proof)

lemma VUnionE[elim!]:
assumes a €, UoAand Az. a o 1 =—> 16, A =— R
shows R
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{proof)

Elementary properties.

lemma VUnion-Union: U.A = set (U (elts * (elts A)))
(proof)

Set operations.

lemma VUnion-vempty[simp]: U.0 = 0 {proof)

lemma VUnion-vsingleton[simp]: Uo(set {a}) = a (proof)
lemma VUnion-vdoubleton[simp]: Uo(set {a, b}) = a U, b (proof)
lemma VUnion-mono:

assumes A ¢, B
shows U.A4 S, U.B

{proof)

lemma VUnion-vinsert: Uo(vinsert ¢ A) =  Us UoA (proof)
lemma VUnion-vintersection: Uo(A no B) So UoA No UoB {proof)
lemma VUnion-vunion[simp]: Uo(A Us B) = UoA Us UoB (proof)
lemma VUnion-VPow[simp]: Uo(VPow A) = A (proof)

Special properties.

lemma VUnion-vempty-conv-left: 0 = U, A «— (Vae,A. z = 0) (proof)

lemma VUnion-vempty-conv-right: U.A = 0 «— (Vze, A. z = 0) {proof)

lemma vsubset-VPow-VUnion: A €, VPow (U.A) (proof)

lemma VUnion-vsubsetl:
assumes Az. £ €, A = Jy. yec BAT S,y
shows U.A ¢, U.B
(proof )

lemma VUnion-upper:
assumes 7 €, A
shows z ¢, U4

{proof)

lemma VUnion-least:
assumes A\z. £ €c A =— z S, B
shows U.,A ¢, B
(proof)

2.2.16 Pairs

Further results

lemma small-elts-of-set| simp, intro]:
assumes small
shows elts (set z) = x

{proof)

lemma small-vpair[intro, simp]:
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assumes small {a. P a}
shows small {(a, b) | a. P a}

{proof)

UPaiTs
definition vpairs = V = V where

vpairs r = set {z. z €&c 7 A (Ja b. z = (a, b))}

lemma small-vpairs[simp]: small {{a, b) | a b. {a, b) € T}
(proof)

Rules.

lemma vpairsl|[intro):
assumes z & r and z = (a, b)
shows z €, vpairs r

{proof)

lemma vpairsD[dest]:
assumes z €, Upairs v
shows z €, r and Ja b. z = (a, b)

{proof)

lemma vpairsE[ elim]:
assumes z €, Upairs T
obtains a b where z = (qa, b) and (a, b) € r

{proof)
lemma vpairs-iff: © €, vpairs r «<— z €, v A (Fa b. x = (a, b)) (proof)
Elementary properties.

lemma vpairs-iff-elts: {a, b) €, vpairs r «— (a, b) €, r {proof)

lemma vpairs-iff-pairs: {(a, b) €, vpairs r < (a, b) € pairs r

(proof)
Set operations.
lemma vpairs-vempty[ simp]: vpairs 0 = 0 (proof)

lemma vpairs-vsingleton|simp]: vpairs (set {{a, b)}) = set {{a, b)} (proof)

lemma vpairs-vinsert: vpairs (vinsert {(a, b) A) = set {(a, b)} U, vpairs A

{proof)

lemma vpairs-mono:
assumes 1 G, §
shows wpairs r S, vpairs s

(proof)
lemma vpairs-vunion: vpairs (A U, B) = vpairs A U, vpairs B (proof)
lemma vpairs-vintersection: vpairs (A no B) = vpairs A N, vpairs B (proof)
lemma vpairs-vdiff: vpairs (A -, B) = vpairs A —, vpairs B (proof)

Special properties.

lemma vpairs-ex-vfst:
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assumes z €, Upairs v
shows 3b. (ufst z, b) € 7
{proof)

lemma wvpairs-ez-vsnd:
assumes y €, vpairs r
shows Ja. (a, vsnd y) € r

{proof)

2.2.17 Cartesian products

The following lemma is based on Theorem 6.2 from [59].

lemma vtimes-vsubset-VPowVPow: A x, B S, VPow (VPow (A U, B))

{proof)

2.2.18 Pairwise

definition vpairwise = (V = V = bool) = V = bool
where vpairwise R S «— (VY 26,5. Vye,S. 2 # y — R z y)

Rules.

lemma vpairwisel[intro?]:
assumes Az y. 16, S = ye, S=—2x¢y— Ruay
shows wvpairwise R S

{proof)

lemma vpairwiseD| dest]:
assumes vpairwise R S and z €, Sand y &, S and z £ y
shows Rxyand Ry x

{proof)

Elementary properties.

lemma vpairwise-trivial[ simp|: vpairwise (Ni j. j # @) I

{proof)

Set operations.

lemma vpairwise-vempty| simp]: vpairwise P 0 (proof)

lemma vpairwise-vsingleton[simp]: vpairwise P (set {A})

{proof)

lemma vpairwise-vinsert:
vpairwise r (vinsert T s) «—
(Vy. ye SAYy#+z— 12y ATryx) A vpairwise r s

{proof)

lemma vpairwise-vsubset:
assumes vpairwise P S and T ¢, S
shows wvpairwise P T

{proof)

lemma vpairwise-mono:
assumes vpairwise P Aand Az y. Pxy=— Qxzyand B, A
shows wvpairwise Q B

{proof)
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2.2.19 Disjoint sets

abbreviation vdisjnt = V = V = bool
where vdisint A B= An, B=0

Elementary properties.

lemma vdisjnt-sym:
assumes vdisjnt A B
shows wvdisjnt B A

{proof)
lemma vdisjnt-iff: vdisint A B «— (Y.~ (z €, A A x € B)) (proof)

Set operations.
lemma vdisjnt-vemptyl[simp]: vdisjnt 0 A

and vdisjnt-vempty2[ simp]: vdisint A 0
(proof )

lemma vdisjnt-singleton0[ simp]: vdisjnt (set {a}) (set {b}) «— a # b
and vdisjnt-singletonl[simp]: vdisjnt (set {a}) A «— a ¢, A
and vdisjnt-singleton2[ simp]: vdisint A (set {a}) «<— a ¢, A
{proof)

lemma vdisjnt-vinsert-left: vdisjnt (vinsert a X) Y «— a ¢o Y A vdisjnt X Y
(proof)

lemma vdisjnt-vinsert-right: vdisint Y (vinsert a X) <— a ¢, Y A vdigjnt Y X

{proof)

lemma wvdisjnt-vsubset-left:
assumes vdisjnt X YV and Z ¢, X
shows vdisjnt Z Y

{proof)

lemma vdisjnt-vsubset-right:
assumes vdisjnt X YV and Z ¢, YV
shows wvdisjnt X Z

{proof)

lemma vdisjnt-vunion-left: vdisint (A U, B) C <— wvdisjnt A C A vdisjnt B C
(proof)

lemma vdisjnt-vunion-right: vdisint C (A U, B) «— vdisjnt C A A vdisjnt C B
(proof )

Special properties.

lemma vdisjnt-vemptyl[intro]:
assumes Az. £ €c A = z ¢, B = Fulse
shows wvdisjnt A B

(proof)
lemma vdisjnt-self-iff-vempty[ simp]: vdisjnt S S «<— S = 0 (proof)

lemma vdisjntl:
assumes Nz y. 1€, A = yec B= 1 #y
shows vdisjnt A B

{proof)
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lemma vdisjnt-nin-right:
assumes vdisjnt A B and a €, A
shows a ¢, B

{proof)

lemma vdisjnt-nin-left:
assumes vdisjnt B A and a €, A
shows a ¢, B

{proof)
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2.3 Further properties of natural numbers

2.3.1 Background

The section exposes certain fundamental properties of natural numbers and provides convenience
utilities for doing arithmetic within the type V.

Many of the results that are presented in this sections were carried over (with amendments)
from the theory Nat that can be found in the main library of Isabelle/HOL.

notation ord-of-nat (<-n> [999] 999)
named-theorems nat-omega-simps
declare One-nat-def[simp del]

abbreviation (input) vpfst where vpfst a = a(0))
abbreviation (input) vpsnd where vpsnd a = a(1ln])
abbreviation (input) vpthrd where vpthrd a = a(2n])
2.3.2 Conversion between V and nat

Primitive arithmetic
lemma ord-of-nat-plus[ nat-omega-simps]: an + bn = (a + b)N

{proof)

lemma ord-of-nat-times[ nat-omega-simps]: an * by = (a * b)N

(proof )
lemma ord-of-nat-succ[ nat-omega-simps]: succ (an) = (Suc a)n {proof)
lemmas [nat-omega-simps| = nat-cadd-eq-add

lemma ord-of-nat-csucc| nat-omega-simps): csucc (an) = succ (an)

(proof)
lemma ord-of-nat-succ-vempty[ nat-omega-simps): succ 0 = 1y (proof)

lemma ord-of-nat-vone[ nat-omega-simps]: 1 = 1y {proof)

Transfer

definition cr-omega = V = nat = bool
where cr-omega a b < (a = ord-of-nat b)

Transfer setup.

lemma cr-omega-right-total[ transfer-rule]: right-total cr-omega

{proof)

lemma cr-omega-bi-ungie[ transfer-rule]: bi-unique cr-omega
(proof)

lemma omega-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-omega = (Az. z €, w)

{proof)

lemma omega-transfer|transfer-rule]:
(rel-set cr-omega) (elts w) (UNIV:nat set)

{proof)
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lemma omega-of-real-transfer|transfer-rule]: cr-omega (ord-of-nat a) a

{proof)

Operations.

lemma omega-succ-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-omega ===> cr-omega) succ Suc
(proof)

lemma omega-plus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-omega ===> cr-omega ===> cr-omega) (+) (+)

{proof)

lemma omega-mult-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-omega ===> cr-omega ===> cr-omega) (*) (*)

{proof)

lemma ord-of-nat-card-transfer| transfer-rule]:
includes lifting-syntax
shows (rel-set (=) ===> cr-omega) (Az. ord-of-nat (card x)) card
(proof)

lemma ord-of-nat-transfer| transfer-rule]:
(rel-fun cr-omega (=)) id ord-of-nat

{proof)

2.3.3 Elementary results

lemma ord-of-nat-vempty: 0 = On (proof)

lemma set-vzero-eg-ord-of-nat-vone: set {0} = Iy

(proof)
lemma vone-in-omega[simpl: 1 €, w (proof)

lemma nat-of-omega:
assumes n €, w
obtains m where n = my

{proof)

lemma omega-prev:
assumes n €, w and 0 €, n
obtains k£ where n = succ k

{proof)

lemma omega-vplus-commutative:
assumes a €, w and b €, w
shows a + b=0b+ a

{proof)

lemma omega-vinetrsection[intro]:
assumes m € w and n € w
shows m N, n € w

{proof)
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2.3.4 Induction

lemma omega-induct-all[ consumes 1, case-names step]:
assumes 71 €, w and Az. [z €& w; Ay. y €& x => P y]] = Pz
shows P n

{proof)

lemma omega-induct| consumes 1, case-names 0 succ]:
assumes 1 €, w and P 0and An. [[ n €& w; Pn J] = P (succ n)
shows P n

{proof)

2.3.5 Methods

The following methods provide an infrastructure for working with goals of the form a €, nn
= P a.

lemma in-succk:
assumes a €, succn and Aa. a €, n = Paand P n
shows P a

{proof)

method Suc-of-numeral =

unfold numeral.simps add.assoc,
use nothing in <unfold Suc-eq-plusl-left[ symmetric], unfold One-nat-def»

)

method succ-of-numeral =
(
Suc-of-numeral,
use nothing in <unfold ord-of-nat-succ[ symmetric] ord-of-nat-zero

)

method numeral-of-succ =
(
unfold nat-omega-simps,
use nothing in
¢
unfold numeral.simps| symmetric] Suc-numeral add-num-simps,
(unfold numerals(1))?
y

)

method elim-in-succ =

(
(

elim in-succk;
use nothing in <(unfold triv-forall-equality) ?; (numeral-of-succ)

),
simp

)

method elim-in-numeral = (succ-of-numeral, use nothing in <elim-in-succy)

2.3.6 Auxiliary

lemma one: 1y = set {0} (proof)
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lemma two: 25 = set {0, In} {proof)
lemma three: 3N = set {0, 1n, 2n} (proof)
lemma four: 4y = set {0, 1N, 2N, 3n} (proof)

lemma two-vdiff-zero[ simp]: set {0, 1N} —o set {0} = set {In} (proof)
lemma two-vdiff-one[simp]: set {0, In} —o set {In} = set {0} (proof)
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2.4 Elementary binary relations

2.4.1 Background

This section presents a theory of binary relations internalized in the type V and exposes ele-
mentary properties of two special types of binary relations: single-valued binary relations and
injective single-valued binary relations.

Many of the results that are presented in this section were carried over (with amendments) from
the theories Set and Relation in the main library.

2.4.2 Constructors

Identity relation

definition vid-on = V = V
where vid-on A = set {{a, a) | a. a €, A}

lemma vid-on-small[ simp]: small {{a, a) | a. a €, A}

(proof)
Rules.

lemma vid-on-eql:
assumes o = band a €, A
shows (a, b) €, vid-on A

{proof)

lemma vid-onI[introl]:
assumes a €, A
shows (a, a) €, vid-on A

(proof)

lemma vid-onD|[dest!]:
assumes (a, a) € vid-on A
shows a €, A
{proof)

lemma vid-onE[ elim!]:
assumes z €, vid-on A and Jac,A. © = (a, a) = P
shows P

{proof)

lemma vid-on-iff: {(a, b) €, vid-on A «<— a = b A a €, A (proof)

Set operations.

lemma vid-on-vempty|simp]: vid-on 0 = 0 (proof)

lemma vid-on-vsingleton[simp]: vid-on (set {a}) = set {{a, a)} (proof)

lemma vid-on-vdoubleton[simp]: vid-on (set {a, b}) = set {(a, a), (b, b)}

{proof)

lemma vid-on-mono:
assumes A ¢, B
shows vid-on A ¢, vid-on B

{proof)

lemma vid-on-vinsert: (vinsert {a, a) (vid-on A)) = (vid-on (vinsert a A))
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(proof)
lemma vid-on-vintersection: vid-on (A N, B) = vid-on A N, vid-on B (proof)
lemma vid-on-vunion: vid-on (A U, B) = vid-on A U, vid-on B (proof)
lemma vid-on-vdiff: vid-on (A -, B) = vid-on A —, vid-on B (proof)

Special properties.

lemma vid-on-vsubset-vtimes: vid-on A S, A xo A {proof)

lemma VLambda-id[simp]: VLambda A id = vid-on A
(proof)

Constant function

definition vconst-on = V = V = V
where vconst-on A ¢ = set {{a, ¢) | a. a €, A}

lemma small-vconst-on[simp]: small {{a, ¢} | a. a €, A}

(proof)
Rules.

lemma vconst-onl[introl]:
assumes a €, A
shows (a, c) €, vconst-on A c

{proof)

lemma vconst-onD[dest!]:
assumes (a, c) € vconst-on A ¢
shows a €, 4

{proof)

lemma vconst-onE[ elim!]:
assumes z €, vconst-on A ¢
obtains ¢ where a ¢, A and z = (a, c)

{proof)

lemma vconst-on-iff: (a, ¢) €, vconst-on A ¢ «— a €, A {proof)

Set operations.

lemma vconst-on-vempty| simp]: vconst-on 0 ¢ = 0

(proof)
lemma vconst-on-vsingleton|simp]: vconst-on (set {a}) ¢ = set {{a, ¢)} (proof)

lemma vconst-on-vdoubleton[simp]: vconst-on (set {a, b}) ¢ = set {{a, ¢), (b, c)}

{proof)

lemma wvconst-on-mono:
assumes A ., B
shows vconst-on A ¢ S, vconst-on B ¢

{proof)

lemma vconst-on-vinsert:
(vinsert {(a, ¢) (vconst-on A ¢)) = (vconst-on (vinsert a A) c)

{proof)
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lemma vconst-on-vintersection:
veonst-on (A N, B) ¢ = vconst-on A ¢ N, vconst-on B ¢

{proof)

lemma vconst-on-vunion: vconst-on (A Uo B) ¢ = veonst-on A ¢ U, vconst-on B ¢

{proof)

lemma vconst-on-vdiff: veconst-on (A —, B) ¢ = vconst-on A ¢ —, vconst-on B ¢

(proof )
Special properties.

lemma vconst-on-eg-vtimes: vconst-on A ¢ = A x, set {c}
(proof)

VLambda
Rules.

lemma VLambdal|intro!]:
assumes a €, A
shows (a, f a) €, (Aac.A. [ a)
(proof)

lemma VLambdaD[dest!]:
assumes (a, f a) €, (Aac. A. fa)
shows a €, A

{proof)

lemma VLambdaE[elim!]:
assumes 7 €, (Aac,A. fa)
obtains a where a ¢, A and = = (qa, f a)

(proof)
lemma VLambda-iff1: z €, (Aa€.A. fa) «— (Jac, A. z = (a, f a)) (proof)
lemma VLambda-iff2: (a, b) €, (Aa€A. fa) < b=fa A a € A (proof)
lemma small-VLambda[ simp]: small {{a, f a) | a. a €, A} (proof)
lemma VLZambda-set-def: (Aac. A. f a) = set {{a, fa) | a. a €x A} (proof)

Set operations.

lemma VLambda-vempty[simp]: (Aa€,0. f a) = 0 (proof)

lemma VLambda-vsingleton: (Aacoset {a}. fa) = set {{a, fa)}
{proof)

lemma VLambda-vdoubleton:
(Aaesset {a, b}. fa) = set {{a, fa), (b, fb)}
(proof)

lemma V_Lambda-mono:
assumes A ¢, B
shows (Aac, A. fa) S, (Aa&B. f a)
(proof)

lemma VLambda-vinsert:
(Aae,vinsert a A. f a) = (Aaesset {a}. fa) Uo (Aac.A. fa)
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{proof)

lemma VLambda-vintersection: (Aag, A No B. fa) = (Aac.A. fa) no (Aa&oB. f a)
(proof)

lemma VLambda-vunion: (Aa€.A U, B. fa) = (Aac.A. fa) Us (Aa€oB. f a) {proof)
lemma VLambda-vdiff: (AaccA — B. fa) = (MacA. fa) - (Aa&sB. f a) (proof)

Connections.

lemma VLambda-vid-on: (Aa€,A. a) = vid-on A (proof)

lemma VLambda-vconst-on: (Aa€,A. ¢) = veonst-on A ¢ (proof)

Composition

definition vcomp = V = V = V (infixr (o, 75)
where 7 o, s = set {{a, ¢) | a c. 3b. (a, b) €& s A (b, ¢) & T}
notation vcomp (infixr o,» 75)

lemma vcomp-small[ simp]: small {{a, ¢) | a c. 3b. {(a, b) €; s A (b, ¢) & T}
(is «<small ?sy)
{proof)

Rules.

lemma vecompl[intro!]:
assumes (b, ¢) €, 7 and (a, b) € s
shows (a, ¢) € r o, s

(proof)

lemma vcompD|dest!]:
assumes (a, ¢) €& 7 0, §
shows 3b. (b, ¢) & 7 A (a, b) & s

(proof)

lemma vcompE|[ elim!]:
assumes ac € T o, S
obtains a b ¢ where ac = {(a, ¢) and (a, b) €, s and (b, ¢) & r

{proof)

Elementary properties.

lemma vcomp-assoc: (1 o, 8) 0o t = 1 05 (s 05 t) (proof)

Set operations.

lemma vcomp-vempty-left[ simp]: 0 o, r = 0 (proof)
lemma vcomp-vempty-right[simp]: r o, 0 = 0 {proof)

lemma vcomp-mono:
assumes r' ¢, r and s’ ¢, s
shows 7/ o, 8" S, 1 04

{proof)

lemma vcomp-vinsert-left[ simp]:
(vinsert {a, b) s) oo 7 = (set {{a, b)} oo T) Uy (8 06 7)
(proof)
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lemma vcomp-vinsert-right[ simp]:
r oo (vinsert (a, b) s) = (1 o, set {(a, b)}) Us (7 05 8)
(proof)

lemma vcomp-vunion-left[ simp]: (s Us t) o5 7 = (8 06 T) Uy (t 05 1) (proof)
lemma vcomp-vunion-right[simp]: oo (8 Us t) = (1 06 8) Uo (7 04 t) (proof)

Connections.

lemma vcomp-vid-on-idem[simp]: vid-on A o, vid-on A = vid-on A (proof)
lemma vcomp-vid-on[simp]: vid-on A o, vid-on B = vid-on (A n, B) {proof)

lemma vcomp-vconst-on-vid-on[ simp]: vconst-on A ¢ o, vid-on A = vconst-on A ¢

{proof)

lemma vcomp-VLambda-vid-on[simp]: (Aac,A. f a) o, vid-on A = (AacA. f a)
(proof)

Special properties.

lemma vcomp-vsubset-vtimes:
assumes r C, B x, C and s S, A x, B
shows 7 o, s €, A x, C

{proof)

lemma vcomp-obtain-middle[ elim]:
assumes (a, ¢) € 7 0, §
obtains b where (a, b) €, s and (b, ¢) € r
{proof)

Converse relation

definition vconverse = V = V
where vconverse A = (Are,A. set {{b, a) | a b. {a, b) € r})

abbreviation app-vconverse (<(-"1,)» [1000] 999)
where 77!, = vconverse (set {r}) (r)

lemma app-vconverse-def: v, = set {(b, a) | a b. (a, b) € 7}

{proof)

lemma vconverse-small[ simp]: small {{b, a) | a b. (a, b) € 7}
(proof)

Rules.

lemma vconversel[intro!]:
assumes r €, A
shows (r, r71,) €, vconverse A

{proof)

lemma vconverseD[dest]:
assumes (r, s) €, vconverse A

shows 7 ¢, A and s = 1,

{proof)

lemma vconverseE| elim]:
assumes T €, vconverse A
obtains r where z = (r, r!,) and r ¢, A
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{proof)

lemma app-vconversel [ sym, intro!]:

assumes (a, b) € r

shows (b, a) €, 1,

{proof)

lemma app-vconverseD[sym, dest]:
assumes (a, b) € 771,
shows (b, a) € r

{proof)

lemma app-vconverseE[ elim!]:
assumes z €, 71,
obtains a b where z = (b, a) and (a, b) € r
(proof)

lemma vconverse-iff: (b, a) €, 71y «— (a, b) € r (proof)

Set operations.

lemma vconverse-vempty[simp]: 071, = 0 (proof)
lemma vconverse-vsingleton: (set {{a, b)})™'s = set {(b, a)} {proof)

lemma vconverse-vdoubleton[simp]: (set {{a, b), (¢, d)})™'s = set {(b, a), (d, c)}
{proof)

lemma vconverse-vinsert: (vinsert {a, b) r)™1, = vinsert (b, a) (r71,) (proof)

1

lemma vconverse-vintersection: (1 No s)’lo =71, N, 571, (proof)

1

lemma vconverse-vunion: (r U, s)™1, = r71, U, 571, (proof)

Connections.
lemma vconverse-vid-on[simp]: (vid-on A)~', = vid-on A (proof)
lemma vconverse-vconst-on[simp]: (vconst-on A ¢)™t, = set {c} xo A (proof)

lemma vconverse-vcomp: (1 0, 8) ™o = 571, 0, 771, (proof)

lemma vconverse-vtimes: (A x, B) ™ = (B x, A) (proof)

Left restriction

definition virestriction = V = V
where vlrestriction D =
VLambda D (X(r, A). set {{a, b) | ab. a €, A A {a, b) & 1})

abbreviation app-virestriction = V = V = V (infixr (},) 80)
where 7 !, A = virestriction (set {(r, A)}) ((r, A))

lemma app-virestriction-def: r 1y A = set {(a, b) | a b. a €, A A (a, b) € 7}
(proof )

lemma virestriction-small[ simp]: small {{a, b) | a b. a €c A A (a, b) & T}

(proof)
Rules.
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lemma virestrictionl [intro!]:
assumes (r, A) €, D
shows ((r, A), r t!, A) e, virestriction D

{proof)

lemma virestrictionD[ dest]:
assumes ((r, A), s) €, virestriction D
shows (r, Ay e, Dand s=1r !, A
(proof)

lemma vlrestrictionE[ elim]:
assumes z €, vlrestriction D and D ¢, R x, X
obtains r A where z = ((r, A), 7 ', A)and 7 ¢, R and A ¢, X

{proof)

lemma app-virestrictionl [ intro!]:
assumes a €, 4 and (a, b) & r
shows (a, b) €, r M, A

{proof)

lemma app-virestrictionD| dest]:
assumes (a, b) & r [, A
shows a €, A and (a, b) € r

(proof)

lemma app-virestrictionE[ elim]:
assumes z €, 7 |l A
obtains a b where z = (a, b) and a €, A and (a, b) € r

{proof)

Set operations.

lemma virestriction-on-vempty[simp]: 7 Mo 0 = 0

(proof )
lemma virestriction-vempty[simp]: 0 1y A = 0 {proof)

lemma virestriction-vsingleton-in[ simp]:
assumes a €, A
shows set {{a, b)} Mo A = set {{a, b)}
{proof)

lemma virestriction-vsingleton-nin[ simp]:
assumes a ¢, A
shows set {{a, b)} Mo A =0
(proof)

lemma vlrestriction-mono:
assumes A ¢, B
shows r ' Ac, r s B

{proof)

lemma virestriction-vinsert-nin[ simp):
assumes a ¢, A
shows (vinsert (a, b) r) Mo A =1 !y A
(proof)

lemma vlrestriction-vinsert-in:
assumes a €, A
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shows (vinsert (a, b) r) M, A = vinsert (a, b) (r t's A)
{proof)

lemma virestriction-vintersection: (r no s) o A =1 Mo Ay sty A (proof)
lemma virestriction-vunion: (r U, s) 1o A =1 Mo A U, s My A (proof)
lemma virestriction-vdiff: (1 —o s) Mo A =1 1o A =4 s Mo A (proof)
Connections.

lemma virestriction-vid-on[simp]: (vid-on A) Mo B = vid-on (A n, B) {proof)

lemma virestriction-vconst-on: (vconst-on A ¢) Mo B = (vconst-on B ¢) M, A

{proof)

lemma virestriction-vconst-on-commute:
assumes z €, vconst-on A ¢ rlo B
shows z €, vconst-on B ¢ !y A

{proof)

lemma virestriction-vcomp[simp]: (r oo 8) Mo A =7 0, (5 1y A) (proof)

Previous connections.
lemma vcomp-rel-vid-on[simp]: r o, vid-on A = r 'y A (proof)
lemma vcomp-vconst-on:

7 o, (vconst-on A ¢) = (r M set {c}) o, (vconst-on A c)

(proof )
Special properties.
lemma virestriction-vsubset-vpairs: r Mo A co Upairs

{proof)

lemma vlrestriction-vsubset-rel: v 1'g A S, r (proof)

lemma virestriction-VLambda: (Mag,A. f a) Mo B = (Mag,A no B. f a) (proof)

Right restriction

definition vrrestriction = V = V
where vrrestriction D =
VLambda D (X(r, A). set {{a, b) | a b. bes A A (a, b) € 1})

abbreviation app-vrrestriction = V = V = V (infixr (}",» 80)
where r |, A = vrrestriction (set {{r, A)}) ({r, 4)|

lemma app-vrrestriction-def: r |7 A = set {{a, b) | a b. b€, A A (a, b) & 1}

{proof)

lemma vrrestriction-small[ simp): small {{a, b) | a b. b €, A A (a, b) € 7}

(proof )
Rules.

lemma vrrestrictionl [intro!]:
assumes (r, A) €, D
shows ((r, A), r 1", A) € wvrrestriction D

{proof)
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lemma vrrestrictionD[ dest]:
assumes ((r, A), s) €, vrrestriction D
shows (r, A) e, Dand s =1 ", 4
(proof)

lemma vrrestrictionE[ elim]:
assumes z €, vrrestriction D and D S, R x, X
obtains r A where z = ((r, A), r |"s A) and r ¢, Rand 4 ¢, X

{proof)

lemma app-vrrestrictionl[intro!]:
assumes b €, A and (a, b) €
shows (a, b) €, r |7 A

{proof)

lemma app-vrrestrictionD[ dest]:
assumes (a, b) & r |7, A
shows b €, A and (a, b) & 7

{proof)

lemma app-vrrestrictionE[ elim]:
assumes z €, r |7, A
obtains a b where z = (a, b) and b ¢, 4 and (a, b) & r

{proof)

Set operations.

lemma vrrestriction-on-vempty[simpl: v {76 0 = 0
(proof)

lemma vrrestriction-vempty[simp]: 0 "o A = 0 (proof)

lemma vrrestriction-vsingleton-in|[ simp]:
assumes b €, A
shows set {(a, b)} 1" A = set {{a, b)}
(proof)

lemma vrrestriction-vsingleton-nin[ simp]:
assumes b ¢, A
shows set {{a, b)} 1" A =0
(proof)

lemma vrrestriction-mono:
assumes A ¢, B
shows r |"c Ac, r s B

{proof)

lemma vrrestriction-vinsert-nin[ simp]:
assumes b ¢, A
shows (vinsert {(a, b) ) e A=71|"s A
{proof)

lemma vrrestriction-vinsert-in:
assumes b €, A
shows (vinsert (a, b) r) 1" A = vinsert {a, b) (r |"s A)
(proof)

lemma vrrestriction-vintersection: (r N 8) "o A =1 |"g AN s 1" A (proof)
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lemma vrrestriction-vunion: (r Uo 8) "o A =1 "9 A Us s "o A (proof)
lemma vrrestriction-vdiff: (r — s) "o A=1r "6 A =5 s "o A (proof)

Connections.
lemma vrrestriction-vid-on[simp]: (vid-on A) "o B = vid-on (A n, B) (proof)
lemma vrrestriction-vconst-on:

assumes c €, B

shows (vconst-on A ¢) "o B = vconst-on A ¢

{proof)

lemma vrrestriction-vcomp[simp]: (r oo 8) 176 A = (1 175 A) oo s (proof)

Previous connections.
lemma vcomp-vid-on-rel[ simp]: vid-on A oo 7 =1 |75 A

(proof)

lemma vcomp-vconst-on-rel: (vconst-on A ¢) o, r = (veonst-on A ¢) o (1 o A)
(proof)

lemma virestriction-vconverse: 74, Mo A = (r "o A)~L, (proof)

lemma vrrestriction-vconverse: 71, 7o A = (r ty A)7, (proof)

Special properties.

lemma vrrestriction-vsubset-rel: v "o A S, 1 {proof)

lemma vrrestriction-vsubset-vpairs: v "o A S, vpairs r (proof)

Restriction

definition vrestriction = V = V
where vrestriction D =
VLambda D (X(r, A). set {{a, b) | ab. aec AANbes AA{a,d)e r})

abbreviation app-vrestriction = V. = V = V (infixr > 80)
where 7 |, A = vrestriction (set {{r, A)}) ((r, A))

lemma app-vrestriction-def:
1o A=set {{a, b)|ab acc Anbe, AN (a,b)e r}
(proof)

lemma vrestriction-small[ simp]:
small {{a, b) | a b. a €c ANbes, AN (a, d) e r}
(proof)

Rules.

lemma vrestrictionI[intro!]:
assumes (r, A) ¢, D
shows ((r, A), r 1, A) €, vrestriction D

{proof)

lemma vrestrictionD[ dest]:
assumes ((r, A), s) €, vrestriction D
shows (r, A) e, Dand s=1r |, A
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{proof)

lemma vrestrictionE[ elim]:
assumes z €, vrestriction D and D S, R xo X
obtains r A where z = ({(r, A), r 1, A)and r ¢, Rand A ¢, X

{proof)

lemma app-vrestrictionI[intro!]:
assumes a €, A and b €, A and (a, b) € r
shows (a, b) €, r I A
(proof)

lemma app-vrestrictionD|[ dest]:
assumes (a, b) €, 7 [, A
shows a ¢, A and b €, A and (a, b) & 7
(proof)

lemma app-vrestrictionE[ elim]:
assumes 1 €, 1 [, A

obtains ¢ b where z = (a, b) and a ¢, A and b ¢, A and (a, b) & r

{proof)

Set operations.

lemma vrestriction-on-vempty[simp]: r [, 0 = 0

(proof)
lemma vrestriction-vempty[ simp]: 0 to A = 0 (proof)

lemma vrestriction-vsingleton-in[ simp]:
assumes a €, A and b e, A
shows set {(a, b)} 1o A = set {{a, b)}
(proof)

lemma vrestriction-vsingleton-nin-left[ simp]:
assumes a ¢, A
shows set {{(a, b)} 1o A =0
(proof)

lemma vrestriction-vsingleton-nin-right[ simp|:
assumes b ¢, A
shows set {{(a, b)} 1o A =0
{proof)

lemma vrestriction-mono:
assumes A ¢, B
shows r |, Ac,r o B

{proof)

lemma vrestriction-vinsert-nin[ simp]:
assumes a ¢, A and b ¢, A
shows (vinsert (a, b) r) 1o A=711, A
(proof)

lemma vrestriction-vinsert-in:
assumes a €, A and b e, A
shows (vinsert (a, b) r) 1o A = vinsert {a, b) (r |, A)
(proof )
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lemma vrestriction-vintersection: (r Ny 8) 1o A =1 1o ANy s o A (proof)
lemma vrestriction-vunion: (r U, s) to A =1 1o A Us s 1o A (proof)

lemma vrestriction-vdiff: (r —o 8) 1o A =1 1o A — s to A (proof)
Connections.

lemma vrestriction-vid-on[simp): (vid-on A) o B = vid-on (A n, B) (proof)

lemma vrestriction-vconst-on-ex:
assumes c €, B
shows (vconst-on A ¢) 1o B = vconst-on (A n, B) ¢

{proof)

lemma vrestriction-vconst-on-nex:
assumes ¢ ¢, B
shows (vconst-on A ¢) 1o B=0

(proof)
lemma vrestriction-vcomp[simp]: (r oo 8) to A = (1 |75 A) 0, (s Mo A) (proof)
lemma vrestriction-vconverse: 71, 1o A = (r 1o A)7L, (proof)
Previous connections.
lemma vrrestriction-virestriction[simp]: (r 7o A) Mo A = 7 1o A (proof)
lemma virestriction-vrrestriction[simp]: (r Mo A) 7o A =1 o A (proof)

lemma vrestriction-virestriction[simp]: (r to A) Mo A =1 }o A {proof)

lemma vrestriction-vrrestriction[simp]: (r 1o A) 1" A =r s A (proof)
Special properties.
lemma vrestriction-vsubset-vpairs: v 1o A Co vpairs v {proof)

lemma vrestriction-vsubset-vtimes: v o A S5 A xo, A (proof)

lemma vrestriction-vsubset-rel: r {o A S, 1 (proof)

2.4.3 Properties
Domain
definition vdomain = V = V

where vdomain D = (Are,D. set {a. 3b. (a, b) & r})

abbreviation app-vdomain = V = V (<Do»)
where D, r = vdomain (set {r}) (r)

lemma app-vdomain-def: D, v = set {a. 3b. (a, b) € r}

{proof)

lemma vdomain-small[simp]: small {a. 3b. (a, b) € 7}
{proof)

Rules.

lemma vdomainlI[intro!]:
assumes r €, A
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shows (r, D, r) €, vdomain A

{proof)

lemma vdomainD[ dest]:
assumes (r, s) €, vdomain A
shows r ¢, Aand s =D, r

{proof)

lemma vdomainE[elim]:
assumes z €, vdomain A
obtains r where z = (r, D, r) and r €, A

{proof)

lemma app-vdomainl[intro]:
assumes (a, b) € r
shows a €, D, r

{proof)

lemma app-vdomainD[ dest]:
assumes a €, D, r
shows 3. (a, b) € r
(proof)

lemma app-vdomainE[elim]:
assumes a €, D, r
obtains b where (a, b) € r

(proof)
lemma vdomain-iff: a €, Do v «— (Jy. {a, y) €& ) {proof)
Set operations.
lemma vdomain-vempty[ simp]: Do 0 = 0 {proof)

lemma vdomain-vsingleton[simp]: D, (set {{a, b)}) = set {a} (proof)

lemma vdomain-vdoubleton[simp]: Do (set {{a, b), (¢, d}}) = set {a, ¢}
(proof)

lemma vdomain-mono:
assumes 7 C, §
shows D, r S, D, s

{proof)

lemma vdomain-vinsert[ simp]: Do (vinsert {(a, b) r) = vinsert a (Do 1)

{proof)

lemma vdomain-vunion: D, (A U, B) = D, A U, D, B

(proof)
lemma vdomain-vintersection-vsubset: D, (A Ny B) S, Do A Ny Dy B (proof)
lemma vdomain-vdiff-vsubset: Do A =5 Do B S5 Do (A =5 B) {proof)

Connections.

lemma vdomain-vid-on[simp]: Do (vid-on A) = A

{proof)

lemma vdomain-vconst-on[simp]: Do (vconst-on A ¢) = A
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{proof)

lemma vdomain-VLambda[ simp]: Do (Aac.A. fa) = A
(proof)

lemma vdomain-virestriction: Do (r Mo A) = Do 7 N A {proof)

lemma vdomain-virestriction-vsubset:
assumes A ¢, D, r
shows D, (r 1!, A) = A
(proof)

Special properties.

lemma vdomain-vsubset-vtimes:
assumes vpairs 1 So T Xo Y
shows D, r S, x

(proof)

Range

definition vrange = V = V
where vrange D = (Are,D. set {b. Ja. {a, b) € 1})

abbreviation app-vrange = V = V (\Ro»)
where R, r = vrange (set {r}) (r|

lemma app-vrange-def: Ro v = set {b. Fa. (a, b) & 7}
{proof)

lemma vrange-small[ simp]: small {b. Ja. (a, b) € 1}
(proof)

Rules.

lemma vrangel[intro]:
assumes 7 €, A
shows (r, R, r) € vrange A
(proof)

lemma vrangeD[dest]:
assumes (r, s) €, vrange A
shows r ¢, A and s = Ro r
{proof)

lemma vrangeE|[ elim]:
assumes z €, vrange A
obtains r where = = (r, R, r) and r ¢, A

{proof)

lemma app-vrangel[intro]:
assumes (a, b) €, 1
shows b e, Ro r

{proof)

lemma app-vrangeD|[dest]:
assumes b €, R, r
shows Ja. (a, b) & 7

{proof)
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lemma app-vrangeE[ elim]:
assumes b €, R, r
obtains ¢ where (a, b) € 7

{proof)

lemma vrange-iff: b € Ro 7 < (Ja. (a, b) €& r) (proof)

Set operations.

lemma vrange-vempty[simp]: Ro 0 = 0 (proof)

lemma vrange-vsingleton[simp]: Ro (set {{a, b)}) = set {b} (proof)

lemma vrange-vdoubleton| simp]: Ro (set {{a, b}, (c, d)}) = set {b, d}
{proof)

lemma vrange-mono:
assumes 7 S, s
shows R, 7 S, Ro s

{proof)

lemma vrange-vinsert[simpl: Ro (vinsert (a, b) r) = vinsert b (Ro 1)

{proof)

lemma vrange-vunion: Ro (r Us 8) = Ro 7 Us Ro 8

(proof)
lemma vrange-vintersection-vsubset: Ro (1 No 8) So Ro 7 No Ro 8 (proof)
lemma vrange-vdiff-vsubset: Ro r — Ro § So Ro (1 —o 8) (proof)
Connections.
lemma vrange-vid-on[simp]: Ro (vid-on A) = A (proof)
lemma vrange-vconst-on-vempty[ simp]: Ro (veconst-on 0 ¢) = 0 (proof)

lemma vrange-vconst-on-ne[ simp|:
assumes A # 0
shows R, (vconst-on A ¢) = set {c}

{proof)

lemma vrange-VLambda: Ro (Aac.A. fa) = set (f ‘ elts A)
(proof)

lemma vrange-vrrestriction: Ro (r "o A) = Ro 7 No A (proof)

Previous connections
lemma vdomain-vconverse[simp]: Do (r71s) = Ro T

{proof)

lemma vrange-vconverse[ simpl: Ro (r7 1) = Do

(proof)
Special properties.

lemma vrange-iff-vdomain: b €, Ro v «— (JacsDs r. {a, b) € 1) {proof)

lemma vrange-vsubset-vtimes:
assumes vpairs v So T Xo Y
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shows R, r S, y

{proof)

lemma vrange- VLambda-vsubset:
assumes Az. x €, A =— fzx e, B
shows R, (VLambda A f) <o B

{proof)

lemma vpairs-vsubset-vdomain-vrange[ simp): vpairs r S, Do 7 xo Ro T

{proof)

lemma vrange-vsubset:
assumes Az y. (2, y) €c r = y &, A
shows R, r <, 4

{proof)

Field

definition vfield = V = V
where vfield D = (Are;D. Dy 7 Uy Ro 1)

abbreviation app-vfield = V = V («Fo»)
where F, r = ufield (set {r}) (r)

lemma app-vfield-def: Fo r = Do 1 Uy Ro 7 (proof)

Rules.

lemma vfieldl[intro!]:
assumes r €, A
shows (r, Fo 1) € vfield A
{proof)

lemma vfieldD| dest]:
assumes (r, s) €, vfield A
shows r ¢, A and s = F, r

{proof)

lemma vfieldE[ elim]:
assumes €, vfield A
obtains r where z = (r, 7, r) and r ¢, 4

{proof)

lemma app-vfieldI1[intro]:
assumes a €, Do 7 Uy, Ro T
shows a e, Fo r

{proof)

lemma app-vfieldI2[intro]:
assumes (a, b) € r
shows a €, F, r

{proof)

lemma app-vfieldI3[intro]:
assumes (a, b) €, 1
shows b e, Fo 1
(proof)

lemma app-vfieldD[ dest]:
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assumes a €, Fo, 7
shows a €, Do 7 U Ro T

{proof)

lemma app-vfieldE| elim]:
assumes a €, Fo rand a €, D, r Uy Ro 7 =— P
shows P

{proof)

lemma app-vfield-vpairE[ elim]:
assumes a € F,
obtains b where (a, b) €, r v (b, a) € 1

{proof)
lemma vfield-iff: a €, Fo < (3b. {a, b) €, v v (b, a) & 1) (proof)
Set operations.
lemma vfield-vempty[simp]: Fo 0 = 0 (proof)

lemma vfield-vsingleton[simp]: Fo (set {{a, b)}) = set {a, b}
{proof)

lemma vfield-vdoubleton[simp]: Fo (set {{a, b}, (¢, d)}) = set {a, b, ¢, d}
(proof)

lemma vfield-mono:
assumes 1 S, §
shows F, r S, Fo s

{proof)

lemma vfield-vinsert[simp]: Fo (vinsert {a, by ) = set {a, b} Uo Fo T

(proof)

lemma vfield-vunion|simp]: Fo (r Uo 8) = Fo 7 Uy Fo 8
(proof)

Connections.
lemma vid-on-ufield[ simp]: Fo (vid-on A) = A (proof)
lemma vconst-on-vfield-ne[intro, simp]:

assumes A # 0
shows F, (vconst-on A ¢) = vinsert ¢ A

(proof )
lemma vconst-on-vfield-vempty[ simpl: Fo (veonst-on 0 ¢) = 0 {proof)

lemma vfield-vconverse[simpl: Fo (r71s) = Fo r

{proof)

Image

definition vimage = V = V
where vimage D = VLambda D (Mr, A). Ro (r Mo A))

abbreviation app-vimage = V = V = V (infixr <%, 90)
where 7 4, A = vimage (set {{r, A)}) ({r, 4))

lemma app-vimage-def: r s A = R, (r t's A) (proof)
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lemma vimage-small[simp]: small {b. Fac, A. (a, b) € 1}
(proof)

lemma app-vimage-set-def: r ‘5 A = set {b. Jac, A. (a, b) € r}
(proof)

Rules.

lemma vimagel[intro!]:
assumes (r, A) €, D
shows ((r, A), r 5 A) €, vimage D
{proof)

lemma vimageD|[dest]:
assumes ((r, A), s) €, vimage D
shows (r, A) e, Dand s =1 %, A
{proof)

lemma vimageE[ elim]:
assumes z €, vimage (R x, X)
obtains r A where z = ((r, A), r 5 A)and r ¢, Rand A ¢, X
(proof)

lemma app-vimagell:
assumes z €, R, (r s A)
shows z ¢, r %, A

{proof)

lemma app-vimagel2[intro]:
assumes (a, b) €, r and a €, A
shows be, 5 A

{proof)

lemma app-vimageD| dest]:
assumes z €, r 5 A
shows = ¢, R, (r I A)
(proof)

lemma app-vimageE[ elim]:
assumes b e, r 5 A
obtains ¢ where (a, b) ¢, r and a €, A

{proof)
lemma app-vimage-iff: b €, 1 ‘5 A «— (Fac, A. (a, b) & 1) (proof)
Set operations.
lemma vimage-vempty[simp]: 0 5 A = 0 (proof)
lemma vimage-of-vempty[ simp]: v % 0 = 0 (proof)

lemma vimage-vsingleton: r ‘5 set {a} = set {b. (a, b) € 7}
{proof)

lemma vimage-vsingleton-in[intro, simp]:
assumes a €, A
shows set {{(a, b)} % A = set {b}
(proof )
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lemma vimage-vsingleton-nin[intro, simp]:
assumes a ¢, A
shows set {{(a, b)} 5 A =0
(proof )

lemma vimage-vsingleton-vinsert[ simp]: set {{(a, b)} % vinsert a A = set {b}

{proof)

lemma vimage-mono:
assumes r' S, rand A’ c, A
shows (r' 5 A') S, (r % A)
(proof)

lemma vimage-vinsert: v ‘, (vinsert a A) = r % set {a} U, r % A

{proof)

lemma vimage-vunion-left: (r Us s) 5 A=r % Au,s % A

{proof)

lemma vimage-vunion-right: v 5 (A U, B) =1 % Au, r 5 B

(proof )
lemma vimage-vintersection: r 5 (A no B) So r 5 A no 1 % B (proof)
lemma vimage-vdiff: r 5 A —s 1 ‘s B So 1 %5 (A =5 B) (proof)

Previous set operations.
lemma VPow-vinsert:

VPow (vinsert a A) = VPow A U, ((Azeo VPow A. vinsert a x) ‘s VPow A)
{proof)

Special properties.

lemma vimage-vsingleton-iff [iff |: b € 7 % set {a} «— (a, b} €5  {proof)
lemma vimage-is-vempty[iff|: v v A = 0 «— wvdisjnt (D, 1) A (proof)

lemma vcomp-vimage-vtimes-right:
assumes r , Y = 7
shows 7 0, (X x, Y) = X x, Z
{proof)

Connections.

lemma vid-on-vimage[ simp]: vid-on A 5 B= A n, B

{proof)

lemma vimage-vconst-on-ne[ simp]:
assumes Bn, A #0
shows vconst-on A ¢ ‘5 B = set {c}

{proof)

lemma vimage-vconst-on-vempty[ simp]:
assumes vdisjnt A B
shows wvconst-on A ¢ %5 B=10

{proof)

lemma vimage-vconst-on-vsubset-vconst: veconst-on A ¢ 5 B S, set {c} (proof)
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lemma vimage-VLambda-vrange: (Aac.A. fa) 5 B = Ro (AaccA Ny B. f a)
{proof)

lemma vimage- VLambda-vrange-rep: (Aa.A. fa) 5 A = Ro (Aac. A. f a)
(proof)

lemma vcomp-vimage: (r o, 8) 5 A =1 % (s % A)

{proof)

lemma vimage-virestriction[simp]: (r t's A) % B=r‘ (A n, B)
(proof)

lemma vimage-vrrestriction[simp]: (r 1" A) % B = A no r %5 B {proof)
lemma vimage-vrestriction[simp]: (r to A) 5 B=An, (r % (A ne B)) (proof)
lemma vimage-vdomain: v 5 Do v = R, 1 (proof)

lemma vimage-eq-imp-vcomp:
assumes r 4. A =5 ‘% B
shows (t o, 1) %5 A= (to, 8) % B

{proof)
Previous connections.
lemma vcomp-rel-vconst: r o, (vconst-on A ¢) = A x, (r % set {c})

{proof)

lemma vcomp-VLambda:
(Abeo((NacoA. g a) 5 A). fb) o5 (MacoA. g a) = (Aac.A. (f o g) a)
(proof )

Further special properties.

lemma vimage-vsubset:
assumes r S, A x, B
shows r 4, C ¢, B

(proof)
lemma vimage-vdomain-vsubset: v ‘5 A S, 1 % Do 1 (proof)

lemma vdomain-vsubset-VUnion2: Dy 1 S5 Uo(Uor)
(proof)

lemma vrange-vsubset-VUnion2: Ro 7 So Uo(UoT)
(proof )

lemma vfield-vsubset-VUnion2: Fo 1 So Uo(Uor)
(proof)

Inverse image

definition invimage = V = V
where invimage D = VLambda D (X(r, A). r™1, 4 A)

abbreviation app-invimage = V = V = V (infixr (-4 90)
where r - A = invimage (set {(r, A)}) ((r, 4))

lemma app-invimage-def: r —‘5 A = r™*, 5 A (proof)



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

lemma invimage-small[ simp]: small {a. Fbe,A. (a, b) € r}
(proof)

Rules.

lemma invimagel[intro!]:
assumes (r, A) €, D
shows ((r, A), r =% A) € invimage D

{proof)

lemma invimageD| dest]:
assumes ((r, A), s) € invimage D
shows (r, A) e, Dand s=r -5 A
(proof)

lemma invimageE[ elim]:
assumes z €, invimage D and D S, R x, X
obtains r A where z = ((r, A), r -5 A)and r ¢, Rand 4 ¢, X

{proof)

lemma app-invimagel[intro):
assumes (a, b) €, rand b e, A
shows a e, r -4 A

{proof)

lemma app-invimageD| dest]:
assumes a €, r —% A
shows a €, D, (r ", A4)
(proof )

lemma app-invimageE|[ elim]:
assumes a €, 7 -5 A
obtains b where (a, b) €, rand b e, A

{proof)

lemma app-invimagel 1:
assumes a €, D, (7 |7 A)
shows a e, r -5 A

{proof)

lemma app-invimageD]1:
assumes a €, 7 -5 A
shows a €, D, (r "o A)
(proof)

lemma app-invimageFE1:
assumes a &, 7 -5 A and a e, D, (r |7 A) = P
shows P

{proof)

lemma app-invimagel2:
assumes a €, 7 1, 4 A
shows a e, r —% A

(proof)

lemma app-invimageD2:
assumes a €, r —% A
shows a €, 11, 4 A

{proof)
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lemma app-invimageE2:
assumes a €, r -, Aand a €, ', 4 A= P
shows P

{proof)
lemma invimage-iff: a €, 7 =% A «— (Fbe,A. (a, b) € r) (proof)

lemma invimage-iff1: a €, 7 =% A «— a €, Dy (1 1" A) (proof)

¢

lemma invimage-iff2: a €, 7 —% A < a €, 71, 5 A (proof)

Set operations.

lemma invimage-vempty[simp]: 0 =%, A = 0 (proof)
lemma invimage-of-vempty[simp]: r =% 0 = 0 (proof)

lemma invimage-vsingleton-in[intro, simp):
assumes b €, A
shows set {(a, b)} —% A = set {a}
(proof)

lemma invimage-vsingleton-nin[intro, simp]:
assumes b ¢, A
shows set {{a, b)} =% A =0
{proof)

lemma invimage-vsingleton-vinsert[intro, simp]:
set {{a, b)} —% wvinsert b A = set {a}
(proof)

lemma invimage-mono:
assumes ' S, rand A’ ¢, A
shows (r' =% A") <, (r =% A)
(proof )

lemma invimage-vinsert: r —% (vinsert a A) = r =% set {a} U, r =% A

{proof)

lemma invimage-vunion-left: (r U, s) =% A=r -5 Au, s -4 A

{proof)

lemma invimage-vunion-right: v =5 (AU, B) =71 -% AU, r =% B

{proof)
lemma invimage-vintersection: r =% (A No B) So 7 =% A N, r =% B (proof)
lemma invimage-vdiff: r -5 A —s v =% B S 1 —% (A -5 B) (proof)

Special properties.

lemma invimage-set-def: r —%, A = set {a. Jbe, A. {a, b) €& r} (proof)
lemma invimage-eq-vdomain-vrestriction: r —5 A = Do (r 1" A) (proof)

lemma invimage-vrange[simpl: 7 =% Ro = Do T

{proof)

lemma invimage-vrange-vsubset| simp]:
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assumes R, r S, B
shows r -, B=D, r

{proof)

Connections.
lemma invimage-vid-on[simp]: vid-on A -, B=An, B

(proof)

lemma invimage-vconst-on-vsubset-vdomain[ simp): vconst-on A ¢ =% B S, A

{proof)

lemma invimage-vconst-on-ne[ simp]:
assumes c €, B
shows vconst-on A ¢ -5 B=A

{proof)

lemma invimage-vconst-on-vempty[ simp]:
assumes ¢ ¢, B
shows vconst-on A ¢ -, B =0

(proof)

lemma invimage-vcomp: (r o5 8) =% =8 =% (r =% )
(proof)

lemma invimage-vconverse[simp]: ™o -5 A=1r% A

{proof)
lemma invimage-virestriction[simp]: (r t's A) =% B = A n, r - B (proof)

lemma invimage-vrrestriction[simp): (r 1”5 A) =% B = (r =% (A no B))

{proof)

lemma invimage-vrestriction[simp]: (r 1o A) =% B=An, (r =% (A n, B))

{proof)

Previous connections.

lemma vcomp-vconst-on-rel-vtimes: vconst-on A ¢ o, 7 = (r =% A) %, set {c}
{proof)

lemma vdomain-vcomp|simp]: Do (1 o5 8) = s =% Do T (proof)

lemma vrange-vcomp[simp]: Ro (1 05 8) = r 5 Ro s {proof)

lemma vdomain-vcomp-vsubset:
assumes R, s S, D, r
shows D, (r o, s) = D, s
(proof)

2.4.4 Classification of relations

Binary relation

locale vbrelation =
fixes r = V
assumes vbrelation: vpairs r = r

Rules.

lemma vpairs-eql[intro!]:
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assumes Az. z €, r = Ja b. z = (a, b)
shows wvpairs r = r

{proof)

lemma vpairs-eqD[ dest]:
assumes vpairs r = r
shows Az. z €, 7 = Ja b. z = (a, b)

{proof)

lemma vpairs-eqE[ elim!]:
assumes vpairs r = r and (Az. x €, r = Ja b. z = (a, b)) = P
shows P

{proof)

lemmas vbrelationl[intro!] = vbrelation.intro
lemmas vbrelationD[dest!] = vbrelation.vbrelation

lemma vbrelationE[ elim!]:
assumes vbrelation r and (vpairs r = r) = P
shows P

{proof)

lemma vbrelationE1[ elim]:
assumes vbrelation r and = €, r
obtains a b where z = (a, b)

{proof)

lemma vbrelationD1[dest]:
assumes vbrelation r and = €, r
shows Ja b. z = (a, b)

{proof)

lemma (in vbrelation) vbrelation-vink:
assumes z € r
obtains o b where z = (a, b) and a €, D, rand b€, R, r

{proof)

Set operations.

lemma vbrelation-vsubset:
assumes vbrelation s and r S, s
shows vbrelation r

{proof)

lemma vbrelation-vinsert[ simp|: vbrelation (vinsert (a, b) r) «— vbrelation r

{proof)

lemma (in vbrelation) vbrelation-vinsertl[intro, simp]:
vbrelation (vinsert (a, b) r)

{proof)

lemma vbrelation-vinsertD[ dest):
assumes vbrelation (vinsert (a, b) r)
shows vbrelation r

{proof)

lemma vbrelation-vunion: vbrelation (r U, s) <— vbrelation r A vbrelation s

{proof)
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lemma vbrelation-vunionl:
assumes vbrelation r and vbrelation s
shows vbrelation (r U, s)

{proof)

lemma vbrelation-vunionD| dest]:
assumes vbrelation (r U, 8)
shows vbrelation r and vbrelation s

{proof)

lemma (in vbrelation) vbrelation-vintersectionl: vbrelation (r Ny )

{proof)

lemma (in vbrelation) vbrelation-vdiffI: vbrelation (r —o )

{proof)

Connections.

lemma vbrelation-vempty: vbrelation 0 (proof)

lemma vbrelation-vsingleton: vbrelation (set {{a, b)}) (proof)
lemma vbrelation-vdoubleton: vbrelation (set {{a, b), (¢, d)}) (proof)
lemma vbrelation-vid-on[simp]: vbrelation (vid-on A) {proof)
lemma vbrelation-vconst-on[simp]: vbrelation (vconst-on A ¢) {proof)

lemma vbrelation-VLambda[ simp]: vbrelation (VLambda A f)
(proof)

global-interpretation rel-VLambda: vbrelation « VLambda U f»
(proof)

lemma vbrelation-vcomp:
assumes vbrelation r and vbrelation s
shows vbrelation (1 o, §)

(proof)

lemma (in wvbrelation) vbrelation-vconverse: vbrelation (r71,)
{proof)

lemma vbrelation-vlrestriction[intro, simp): vbrelation (r M, A) (proof)
lemma vbrelation-vrrestriction|intro, simp]: vbrelation (r "o A) (proof)

lemma vbrelation-vrestriction[intro, simp]: vbrelation (r . A) (proof)

Previous connections.

lemma (in vbrelation) vconverse-vconverse[simp]: (r~1)71o = r

(proof)

lemma vconverse-mono[ simp]:
assumes vbrelation r and vbrelation s
shows 71, ¢, slo «> r o s

{proof)

lemma vconverse-inject| simp]:
assumes vbrelation r and vbrelation s
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shows 71, = sl «> r=3s

{proof)

lemma (in vbrelation) vconverse-vsubset-swap-2:

assumes 7,—10 G S

-1
shows r ¢, s

{proof)

lemma (in wvbrelation) virestriction-vdomain[simp]: r o Do 7 = 1

{proof)

lemma (in vbrelation) vrrestriction-vrange[simpl: r "o Ro 7 =1

(proof)
Special properties.

lemma brel-vsubset-vtimes:
vbrelation 7 «— 1 S, set (ufst © elts 1) %o set (vsnd * elts 1)

{proof)

lemma vsubset-vtimes-vbrelation:
assumes 7 S, A x, B
shows vbrelation r

{proof)

lemma (in vbrelation) vbrelation-vintersection-vdomain:
assumes vdisjnt (Do 1) (Do 8)
shows wvdisjnt r s

(proof)

lemma (in vbrelation) vbrelation-vintersection-vrange:
assumes vdisint (R, ) (Ro $)
shows wvdisjnt r s

{proof)

lemma (in vbrelation) vbrelation-vintersection-vfield:
assumes vdisjnt (vfield r) (vfield s)
shows wvdisjnt r s

{proof)

lemma (in vbrelation) vdomain-vrange-vtimes: r S, Do T xo Ro T

{proof)

lemma (in vbrelation) vbrelation-vsubset-vtimes:
assumes D, r ¢, A and R, r S, B
shows r ¢, A x, B

(proof)

lemma (in vbrelation) virestriction-vsubset-vrange[intro, simp]:
assumes D, r C, A
shows r [l A =7

(proof)

lemma (in vbrelation) vrrestriction-vsubset-vrange[intro, simp]:
assumes R, r S, B
shows r ", B=1r

(proof)

lemma (in vbrelation) vbrelation-vcomp-vid-on-left[ simp]:
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assumes R, r S, A
shows vid-on A o, r =1

{proof)

lemma (in vbrelation) vbrelation-vcomp-vid-on-right[ simp]:
assumes D, r S, A
shows r o, vid-on A = r

{proof)

Alternative forms of existing results.

lemmas [intro, simp] = vbrelation.vconverse-vconverse
and [intro, simp] = vbrelation.virestriction-vsubset-vrange
and [intro, simp] = vbrelation.vrrestriction-vsubset-vrange

Simple single-valued relation

locale vsv = vbrelation r for r +
assumes vsv: [ (a, b) €& 75 (a, c) o 7 ]] = b = ¢

Rules.

lemmas (in wvsv) [intro] = vsv-azioms

mk-ide rf vsv-def[unfolded vsv-axioms-def]
|intro vsvl[intro]|
|dest vsvD|dest]|
|elim vsvE[elim]|

Set operations.

lemma (in vsv) vsv-vinsert[simp):
assumes a ¢, D, T
shows vsv (vinsert {(a, b) )

{proof)

lemma vsv-vinsertD:
assumes vsv (vinsert x 1)
shows vsv r

{proof)

lemma vsv-vunion|intro, simp]:
assumes vsv r and vsv s and vdisjnt (Do 1) (Do s)
shows vsv (r U, §)

{proof)

lemma (in vsv) vsv-vintersection|intro, simpl: vsv (r Ny §)

{proof)

lemma (in vsv) vsv-vdiff [intro, simp]: vsv (r —o s) {proof)

Connections.

lemma vsv-vempty|[ simp]: vsv 0 {proof)
lemma vsv-vsingleton[simp]: vsv (set {{a, b)}) {proof)

global-interpretation rel-vsingleton: vsv <set {{a, b)}»

{proof)

lemma vsv-vdoubleton:
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assumes a # ¢
shows vsv (set {{a, b), (c, d)})
(proof )

lemma vsv-vid-on[simp]: vsv (vid-on A) (proof)
lemma vsv-vconst-on[simp]: vsv (veonst-on A ¢) {proof)
lemma vsv-VLambda[ simp]: vsv (AaeA. f a) (proof)

global-interpretation rel-VLambda: vsv <(Aa€A. f a)»
(proof)

lemma vsv-vcomp:
assumes vsv r and vsv §
shows vsv (1 o, $)

{proof)

lemma (in wvsv) vsv-vlrestriction[intro, simp]: vsv (r 1y A)

{proof)

lemma (in vsv) vsv-vrrestriction|intro, simp]: vsv (r "o A)

{proof)

lemma (in vsv) vsv-vrestriction[intro, simp]l: vsv (r 1o A)

(proof )
Special properties.

lemma small-vsv[simp]: small {f. vsv f A Do f = AANRo f S B}
{proof)

context vsv
begin

lemma vsv-exl:
assumes a €, D, r
shows 31b. (a, b) € r

{proof)

lemma vsv-exl-appl:

assumes a €, D, r

shows b = r(a)) < (a, b) & r
{proof)

lemma vsv-exl-app2[iff]:
assumes a €, D, r
shows r(a]) = b < (a, b) & r

{proof)

lemma vsv-appl[intro, simp]:
assumes (a, b) € r
shows r(a]) = b

(proof)

lemma vsv-appE:
assumes r(a) = band a €, D, r and (a, b) ¢, r = P
shows P

{proof)
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lemma vdomain-vrange-is-vempty: Do r = 0 «— Ro r = 0 (proof)

lemma vsv-vrange-vempty:
assumes R, r =0
shows =0

{proof)

lemma vsv-vdomain-vempty-vrange-vempty:
assumes D, r # 0
shows R, r # 0

{proof)

lemma vsv-vdomain-vsingleton-vrange-vsingleton:
assumes D, r = set {a}
obtains b where R, r = set {b}

(proof)

lemma vsv-vsubset-vimagek:
assumes Bc, r % A
obtains C where C ¢, Aand B=1r ‘% C

(proof)

lemma vsv-vimage-eqI[intro]:
assumes a €, D, 7 and r(a]) = band a €, A
shows be, 7% A

{proof)

lemma vsv-vimagell:
assumes a €, D, 7 and a €, A
shows r(a) € r 5 A
(proof)

lemma vsv-vimagel?2:
assumes a €, D, r
shows r(al) €& Ro 7

{proof)

lemma vsv-vimagel2":
assumes b = r(a]) and a &, D, 7
shows b e, R, 1

{proof)

lemma vsv-value:
assumes a €, D, T
obtains b where r(a]) = band b e, R, r

{proof)

lemma vsv-vimagekL:
assumes b e, r 5 A
obtains z where r(z) = band z ¢, A

{proof)

lemma vsv-vimage-iff: b €, r 5 A < (Ja. a €c AN a € Do v A r(a]) =)

{proof)

lemma vsv-vimage-vsingleton:
assumes a €, D, r
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shows r % set {a} = set {r(a)}
(proof)

lemma vsv-vimage-vsubsetl:
assumes Aa. [[ a €&, A; a €, Do 17 ]] = r(a)) € B
shows r 5 A<, B

{proof)

lemma vsv-image-vsubset-iff:
r s ACS B+« (Yac,A. a €, Do r — r(al) €& B)
(proof )

lemma vsv-vimage-vinsert:
assumes a €, D, r
shows r ‘, vinsert a A = vinsert (r(al)) (r % A)
(proof)

lemma vsv-vinsert-vimage[intro, simp]:
assumes a €, D, 7 and a €, A
shows vinsert (r(al)) (r %5 A) =r % A
(proof)

lemma vsv-is-VLambda[ simp]: (Az€.Do . r(zf)) = r

(proof)

lemma vsv-is- VLambda-on-virestriction|intro, simp]:
assumes A S, D, 1
shows (\ze, A. r(z) = r t!s A
{proof)

lemma pairwise-vimagel:
assumes Az y.

[ # € Doriye Dorswityr(a) £ r(y) I = P (r(z)) (r(y))

shows vpairwise P (Ro 1)

{proof)

lemma wvsv-vrange-vsubset:
assumes Az. z €, D, r = r(z)) & A
shows R, r S, 4

(proof)

lemma vsv-virestriction-vinsert:
assumes a €, D, T
shows r M, vinsert a A = vinsert (a, r(al)) (r 1% A)

{proof)

end

lemma wvsv-eql:
assumes vsv 1
and wvsv s
and D, r =D, s
and Aa. a €, Do 1 = r(a]) = s(a
shows r = s
{proof)

lemma (in vsv) vsv-VLambda-cong:
assumes Aa. a €, Do r = r(a) = fa
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shows (Aae.D, r. fa) =r
{proof)

lemma Axiom-of-Choice:
obtains f where Az. 1 €, A = 2 # 0 = f(z]) €&, =z and vsv f

(proof)

lemma VLambda-eql:
assumes X = Yand Az. z ¢, X = fr =gz
shows (Aze. X. fz) = (A\ye. Y. g y)

{proof)

lemma VLambda-vsingleton-def: (Aiesset {j}. fi) = (Mieoset {j}. fj) (proof)

Alternative forms of the available results.

lemmas [iff] = vsv.vsv-ex1-app2
and [intro, simp] = vsv.vsv-appl

and [elim] = vsv.vsv-appE

and [intro] = vsv.vsv-vimage-eql

and [simp] = vsv.vsv-vinsert-vimage

and [intro] = vsv.vsv-is- VLambda-on-vlrestriction
and [simp] = vsv.vsv-is- VLambda

and [intro, simp] = vsv.vsv-vintersection

and [intro, simp] = vsv.vsv-vdiff

and [intro, simp| = vsv.vsv-vlrestriction

and [intro, simp] = vsv.vsv-vrrestriction

and [intro, simp] = vsv.vsv-vrestriction

Specialization of existing properties to single-valued relations.

Identity relation.

lemma vid-on-eg-atl[intro, simp]:
assumes a = band a €, A
shows vid-on A (a]) = b
(proof )

lemma vid-on-atl[intro, simp]:
assumes a €, A
shows vid-on A (a]) = a

{proof)

lemma vid-on-at-iff [ intro, simp]:
assumes a €, A
shows vid-on A (a)) =b<«—> a=b

{proof)

Constant function.

lemma vconst-on-atl[simp]:
assumes a €, A
shows vconst-on A ¢ (a]) = ¢

{proof)

Composition.

lemma vcomp-atl[intro, simp]:
assumes vsv
and vsv s
and a €, D,
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and b & D, s

and s(b)) = ¢

and r(a]) = b
shows (s o, r)(a]) = ¢

{proof)

lemma vcomp-atD| dest]:

assumes (s o, r)(a)) = ¢

and vsv r

and vsv s

and a &, D, r

and r(a]) € D, s
shows 3b. s(b) = ¢ A r(a]) = b
{proof)

lemma vcomp-atFE1:
assumes (s o, 7)(a)) = ¢
and vsv r
and wvsv s
and a €, D, r
and r(a)) €& Do s
and 30b. (b)) = c A r(a) =b = P
shows P

(proof)

lemma vcomp-atE[elim]:
assumes (s o, 7)(a)) = ¢
and vsv 1
and vsv s
and a € D, r
and r(a)) €& D, s
obtains b where r(a]) = b and s(b)) = ¢
{proof)

lemma vsv-vcomp-at[simp]:
assumes vsv r and vsv s and a €, D, r and r(a|) € D, s
shows (s o, 7)(a) = s(r(a))
(proof)

context vsv
begin

Converse relation.

lemma vconverse-atl|[intro]:
assumes a €& D, r and r(a]) = b
shows (b, a) €, !,

{proof)

lemma vconverse-atD[ dest]:
assumes (b, a) €, 771,
shows r(a]) = b

{proof)

lemma vconverse-atE[ elim]:
assumes (b, a) €, 1, and 7(a) = b = P
shows P

{proof)
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lemma vconverse-iff:
assumes a €, D, r
shows (b, a) €, v}

{proof)

Left restriction.

o« r(a) = b

interpretation virestriction: vsv <r 1, Ay (proof)

lemma virestriction-atl[intro, simp):
assumes a €& D, r and a €, A and r(a]) = b
shows (7 M, A)(al) = b
{proof)

lemma virestriction-atD[ dest]:
assumes (7 M, A)(a) = band a ¢, D, r and a €, A
shows r(a]) = b

{proof)

lemma virestriction-atE1[ elim]:
assumes (r M, A)(a)) = b
and a &, D, r
and a €, A
and r(a)) = b= P
shows P

{proof)

lemma vlrestriction-atE2[ elim]:
assumes z €, 1 o A
obtains a b where z = (a, b) and a €, A and r(a]) = b

{proof)

Right restriction.

interpretation vrrestriction: vsv <r 1" Ay {proof)

lemma vrrestriction-atl[intro, simp]:
assumes a €, D, 7 and b ¢, A and r(a]) = b
shows (r 1", A)(a]) = b
(proof)

lemma vrrestriction-atD[ dest]:
assumes (7 |7 A)(a)) =band ae, r -5 A
shows b €, A and r(a]) = b
(proof)

lemma vrrestriction-atE1[ elim]:
assumes (r "y A)(a)) =band a e r - A and r(a) = b = P
shows P

{proof)

lemma vrrestriction-atE2[ elim]:
assumes z €, 1 |7, A
obtains a b where z = (a, b) and b €, A and r(al) = b

{proof)

Restriction.

interpretation vrestriction: vsv <r o A» (proof)
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lemma vlirestriction-app|intro, simp]:
assumes a €, D, r and a €, A
shows (7 M, A)(al) = r(al)
(proof )

lemma vrestriction-atD][ dest]:
assumes (7 | A)(a) =band ae, r -5 Aand a e, A
shows b €, A and r(a]) = b

{proof)

lemma vrestriction-atE1[ elim]:
assumes (r |, A)(a)) = b
and a e, 7 % A
and a €, A
and r(a) = b= P
shows P

{proof)

lemma vrestriction-atE2[ elim]:
assumes T €, 7 |, A

obtains a b where z = (a, b) and a ¢, A and b €, A and r(a]) = b

{proof)

Domain.

lemma vdomain-atD:
assumes a €, D, r
shows Fbe, R, r. r(a) = b

{proof)

lemma vdomain-atE:
assumes a €, D, r
obtains b where b ¢, R, r and r(a]) = b

{proof)
Range.

lemma vrange-atD:
assumes b €, R, r
shows Jae, D, 7. r(a]) = b

{proof)

lemma vrange-atE:
assumes b €, R, r
obtains a where a ¢, D, r and r(a]) = b

{proof)

Image.

lemma vimage-set-eq-at:
{b. Jaec A ny Do . 7(al) = b} = {b. Jac, A. (a, b) & 1}
{proof)

lemma vimage-small[ simp]: small {b. Jac, A Ny Do 7. 7(al) = b}

{proof)

lemma vimage-set-def: r 5 A = set {b. Jac, A No D, 7. r(al) = b}
(proof)

lemma vimage-set-iff: b €, r 5 A «— (Facc A no Do r. r(al) = b)
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{proof)

Further derived results.

lemma vimage-image:
assumes A S, D, r
shows elts (r 5 A) = (Az. r(z))) ‘ (elts A)

{proof)

lemma vsv-vinsert-match-appl[intro, simp]:
assumes a ¢, D, r
shows vinsert (a, b) v (a) = b

{proof)

lemma vsv-vinsert-no-match-appl:
assumes a ¢, D, r and ¢ €, D, r and r (c]) = d
shows vinsert {a, b) r (c) = d

{proof)

lemma vsv-is-vconst-onl:
assumes D, r = A and R, r = set {a}
shows r = vconst-on A a

{proof)

lemma vsv-vdomain-vrange-vsingleton:
assumes D, r = set {a} and R, r = set{b}
shows r = set {{a, b)}
{proof)

end

Alternative forms of existing results.

lemmas [intro] = vsv.vconverse-atl
and vsv-vconverse-atD[ dest] = vsv.vconverse-atD[rotated]
and vsv-vconverse-atE[ elim] = vsv.vconverse-atE|[rotated]
and [intro, simp] = vsv.vlrestriction-atl
and vsv-virestriction-atD| dest] = vsv.vlrestriction-atD[rotated]
and vsv-virestriction-atE1[ elim] = vsv.vlrestriction-atE1[ rotated]
and vsv-virestriction-atE2[ elim] = vsv.vlrestriction-atE2[ rotated)
and [intro, simp] = vsv.vrrestriction-atl
and wvsv-vrrestriction-atD[ dest] = vsv.vrrestriction-atD[ rotated]
and vsv-vrrestriction-atE1[ elim] = vsv.vrrestriction-atE1[ rotated)
and vsv-vrrestriction-atE2[ elim] = vsv.vrrestriction-atE2[rotated]
and [intro, simp] = vsv.virestriction-app
and vsv-vrestriction-atD[ dest] = vsv.vrestriction-atD|rotated]
and vsv-vrestriction-atE1[elim] = vsv.vrestriction-atE1[ rotated)
and vsv-vrestriction-atE2[ elim] = vsv.vrestriction-atE2[ rotated]
and vsv-vdomain-atD = vsv.vdomain-atD[rotated]
and vsv-vdomain-atE = vsv.vdomain-atE|rotated]
and vrange-atD = vsv.vrange-atD|rotated]
and vrange-atE = vsv.vrange-atE[rotated]

and vsv-vinsert-match-appl[intro, simp] = vsv.vsv-vinsert-match-appl

and vsv-vinsert-no-match-appl[intro, simp] =
vsv.vsv-vinsert-no-match-appl| rotated 3]
Corollaries of the alternative forms of existing results.

lemma vsv-virestriction-vrange:
assumes vsv s and vsv (r !y R, 5)
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shows vsv (1 o, $)
(proof)

lemma vsv-vunion-app-right[ simp]:
assumes vsv r and vsv s and vdisjnt (D, 1) (D, s) and z €, D, s
shows (7 U, s)(z)) = s(z|

{proof)

lemma vsv-vunion-app-left[ simp]:
assumes vsv r and vsv s and vdisjnt (D, 1) (D, s) and z € D, r
shows (7 U, s)(z]) = r(z)

{proof)

One-to-one relation

locale v11 = wsv r for r +
assumes vsv-vconverse: vsv (r71,)

Rules.

lemmas (in v11) [intro] = vll-azioms

mk-ide rf vl11-def[unfolded v11-azioms-def]
|intro v111I[intro]|
|dest v11D[dest]
|elim v11E[elim]|

Set operations.

lemma (in v11) vl1-vinsert[intro, simp]:
assumes a ¢, D, rand b ¢, Ro r
shows o1l (vinsert (a, b) 1)

{proof)

lemma v11-vinsertD:
assumes vll (vinsert x )
shows v11 r

{proof)

lemma v11-vunion:
assumes vll r
and vll s
and vdisjnt (Do 1) (Do 8)
and vdisjnt (Ro 1) (Ro 8)
shows v1l (r U, s)
{proof)

lemma (in v11) vl1-vintersection|intro, simp]: v1l (r Ny 8)

{proof)

lemma (in v11) v11-vdiff [intro, simp]: v11 (r — 8)
(proof)
Special properties.

lemma (in vsv) vsv-valneg-v11I:
assumes Az y. [[ 26 Do 13y € Do ;24 y ]| = r(z) # r(y)
shows v11 r

{proof)

lemma (in vsv) vsv-valeg-v111:
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assumes Az y. [[2 6 Doy o Dormyr(z) =rQy) ] =z =y
shows v11 r

{proof)

Connections.

lemma vl1-vempty[simp]: v11 0 (proof)
lemma vl1-vsingleton[simp]: v11 (set {{a, b)}) {proof)

lemma vl1-vdoubleton:
assumes a # cand b # d
shows v11 (set {(a, b), (¢, d)})

{proof)
lemma v11-vid-on[simp]: v11 (vid-on A) (proof)

lemma v11-VLambda[intro]:
assumes inj-on f (elts A)
shows v1l (Aac,A. f a)

(proof)

lemma v11-vcomp:
assumes vll r and vll s
shows vll (r o, s)

{proof)

context vll
begin

lemma v11-veonverse: v11 (r~1,) (proof)
interpretation vl1l <r~1,) (proof)

lemma vl1-virestriction[intro, simp]: v11 (r M, A)

{proof)

lemma vll-vrrestriction[intro, simp]: v11 (r 1" A)

{proof)

lemma vll-vrestriction[intro, simp]: v11 (r 1o A)

{proof)

end

Further Special properties.

context vll
begin

lemma v11-injective:
assumes a €& D, r and b €, D, r and r(a]) = r(b)
shows a = b

{proof)

lemma v11-double-pair:
assumes a €& D, r and a’ €, D, r and r(a]) = b and r(a’) = b’
shows a = a' «— b =10’

{proof)
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lemma vll-vrange-exl-eq: b €, Ro r «— (IlacoDs 1. r(al) = b)
(proof)

lemma v11-VLambda-iff: inj-on f (elts A) «— vl1l (Aac,A. f a)
(proof)

lemma v11-vimage-vpsubset-neq:
assumes A S, D, rand B<S, D, r and A # B
shows r 5 A4 r % B

(proof)

lemma v11-eq-iff [ simp]:
assumes a €, D, rand b e, D, r
shows r(a]) = r(b)) < a =10

{proof)

lemma v11-vcomp-vconverse: =1

{proof)

o 0o 1 = vid-on (D, 1)

lemma v11-vcomp-vconverse” r o, v, = vid-on (Ro 1)

{proof)

lemma vll-vconverse-app[simp]:
assumes r(a) = band a & D, r
shows r~1,(b) = a

{proof)

lemma v11-vconverse-app-in-vdomain:
assumes y €, R, r
shows 77 1,(y) € Do

{proof)

lemma v11-app-if-vconverse-app:
assumes y €, R, r and r1,(y) = =
shows r(z) = y

{proof)

lemma v11-app-vconverse-app:
assumes a € Ro r
shows r(r1,(a)) = a

{proof)

lemma v11-vconverse-app-app:
assumes a €, D, r
shows r71,(r(a)) = a

{proof)

end

lemma vl1-vilrestriction-vsubset:
assumes v1l (f ', A) and B c, A4
shows v11 (f ', B)

{proof)

lemma vll-vlrestriction-vrange:
assumes vll s and v1l (r t! R, )
shows v11 (r o, s)

{proof)
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lemma vl11-virestriction-vcomp:
assumes vll (f s A) and v11 (g M (f % A))
shows v11 ((g oo f) Mo A)

{proof)

Alternative forms of existing results.

lemmas [intro, simp] = v11.v11-vinsert
and [intro, simp] = v11l.vl1-vintersection

and [intro, simp] = v11.v11-vdiff

and [intro, simp] = vll.vl1l-vrrestriction
and [intro, simp] = v1l.vll-virestriction
and [intro, simp] = v11l.vll-vrestriction
and [intro] = v11.v11-vimage-vpsubset-neq

2.4.5 Tools: mk-VLambda
ML«

(* low level unfold *)
(*Designed based on an algorithm from HOL-Types_To_Sets/unoverload_def.ML*)
fun pure_unfold ctxt thms = ctxt
/>
(
thms
|> Conv.rewrs_conv
[> Conv.try_conv
[> K
|> Conv.top_conv
)

|> Conv.fconv_rule;
val msg_args = "mk_VLambda: invalid arguments"

val vsv_VLambda_thm = @{thm vsv_VLambda};
val vsv_VLambda_match = vsv_VLambda_thm
[> Thm.full_prop_of
|> HOLogic.dest_Trueprop
|> dest_comb
[> #2;

val vdomain_VLambda_thm = @{thm vdomain_VLambda};
val vdomain_VLambda_match = vdomain_VLambda_thm

[> Thm.full_prop_of

|> HOLogic.dest_Trueprop

|> HOLogic.dest_eq

[> #1

|> dest_comb

[> #2;

val app_VLambda_thm = @{thm ZFC_Cardinals.beta};
val app_VLambda_match = app_VLambda_thm

|> Thm.concl_of

|> HOLogic.dest_Trueprop

|> HOLogic.dest_eq

[> #1

[> strip_comb

[> #2
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[> hd;

fun mk_VLabmda_thm match_t match_thm ctxt thm =
let
val thm_ct = Thm.cprop_of thm
val (_, rhs_ct) = Thm.dest_equals thm_ct
handle TERM ("dest_equals", _) => error msg_args
val insts = Thm.match (Thm.cterm_of ctxt match_t, rhs_ct)
handle Pattern.MATCH => error msg_args
in
match_thm
|> Drule.instantiate_normalize insts
|> pure_unfold ctxt (thm [> Thm.symmetric [> single)
end;

val mk_VLambda_vsv =
mk_VLabmda_thm vsv_VLambda_match vsv_VLambda_thm;

val mk_VLambda_vdomain =
mk_VLabmda_thm vdomain_VLambda_match vdomain_VLambda_thm;

val mk_VLambda_app =
mk_VLabmda_thm app_VLambda_match app_VLambda_thm;

val mk_VLambda_parser = Parse.thm --

(
Scan.repeat
(
(keyword < |vsv> -- Parse_Spec.opt_thm_name "|") ||
(keyword < |app> -- Parse_Spec.opt_thm_name "[") ||
(keyword < |[vdomain> -- Parse_Spec.opt_thm_name "[")
)
J;

fun process_mk_VLambda_thm mk_VLambda_thm (b, thm) ctxt =
Jet
val thm' = mk_VLambda_thm ctxt thm
val (res, ctxt') = ctxt
|> Local_Theory.note (b [[|> map (Attrib.check_src ctxt), single thm')
val _ = Proof_Display.print_theorem (Position.thread_data ()) ctxt' res

in ctxt' end;

fun folder_mk_VLambda (("|vsv", b), thm) ctxt =
process_mk_VLambda_thm mk_VLambda_vsv (b, thm) ctxt
| folder_mk_VLambda (("|app", b), thm) ctxt =
process_mk_VLambda_thm mk_VLambda_app (b, thm) ctxt
| folder_mk_VLambda (("|vdomain", b), thm) ctxt =
process_mk_VLambda_thm mk_VLambda_vdomain (b, thm) ctxt
| folder_mk_VLambda _ _ = error msg_args
fun process_mk_VLambda (thm, ins) ctxt =
Jet
val _ = ins |> map fst [|> has_duplicates op= [> not orelse error msg_args
val thm' = thm
|> singleton (Attrib.eval_thms ctxt)
|> Local_Defs.meta_rewrite_rule ctxt;
in fold folder_mk_VLambda (map (fn x => (x, thm')) ins) ctxt end;

val _ =
Outer_Syntax.local_theory
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command-keyword <mk_VLambda>
"VLambda"
(mk_VLambda_parser >> process_mk_VLambda) ;

>{ML)

7



CHAPTER 2. SET THEORY FOR CATEGORY THEORY 78

2.5 Operations on indexed families of sets

2.5.1 Background

This section presents results about the fundamental operations on the indexed families of sets,
such as unions and intersections of the indexed families of sets, disjoint unions and infinite
Cartesian products.

Certain elements of the content of this section were inspired by elements of the content of

[50]. However, as previously, many other results were ported (with amendments) from the main
library of Isabelle/HOL.

abbreviation (input) imVLambda = V = (V = V) = V
where imVLambda A f = (Aac.A. fa) 5 A

2.5.2 Intersection of an indexed family of sets

syntax -VIFINTER = pttrn = V = V = V («(3Ns-€-./ -)» [0, 0, 10] 10)
syntax-consts -VIFINTER = Vlinter

translations Noze, A. f = CONST Vinter (CONST imVLambda A (Az. f))
Rules.

lemma vifintersectionl[intro]:
assumes [ # 0and Ai. i€, | = a & f1i
shows a €, (Noic.l. [ 1)
(proof)

lemma vifintersectionD[ dest]:
assumes a € (NoicI. fi) and i € [
shows a €, fi

{proof)

lemma vifintersectionE1][ elim]:
assumes a € (Noi€I. fi)and a €, fi = Pand i ¢, [ =— P
shows P

{proof)

lemma vifintersectionE3[ elim]:
assumes a € (Noi€.I. [ 1)
obtains Ai. ie,] = a & f1

{proof)

lemma vifintersectionE2[ elim]:
assumes a € (Noi€.I. [ 1)
obtains ¢ where i ¢, I and a &, f1

{proof)

Set operations.

lemma vifintersection-vempty-is[ simp]: (No+i€.0. f ) = 0 (proof)

lemma vifintersection-vsingleton-is[ simp): (Noicoset{i}. fi) = f1
{proof)

lemma vifintersection-vdoubleton-is[ simp]: (Noi€oset {i, j}. fi) =fin. fj

{proof)

lemma vifintersection-antimonol:
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assumes [ # 0and [ ¢, J
shows (Noj€J. fj) So (Noi€ol. f1)
(proof)

lemma vifintersection-antimono2:
assumes [ # 0and IS, Jand Ai. i€, [ = fiCo g
shows (Nojeod. ) So (Noicol. g 7)
(proof)

lemma vifintersection-vintersection:
assumes [ # 0 and J #£ 0
shows (NoicoI. fi) No (Noi€od. fi) = (Noieo] Uy J. f1)
{proof)

lemma vifintersection-vintersection-family:
assumes [ # 0
shows (Noiel. A i) No (Noteol. B i) = (Noiccl. Ain, Bi)
(proof)

lemma vifintersection-vunion:
assumes [ # 0 and J #£ 0

shows (Noieol. fi) Us (Nojeod. g7) = (Noi€ol. Nojeod. fi Us g7)

{proof)

lemma vifintersection-vinsert-is[intro, simp):
assumes [ # 0
shows (Noi € vinsert jI. fi) = fjne (Noi€ol. fi)
(proof)

lemma vifintersection- VPow:
assumes [ # 0
shows VPow (Noic.l. fi) = (Noiccl. VPow (f 7))
(proof)

Elementary properties.

lemma vifintersection-constant[intro, simp]:
assumes [ # 0
shows (Noyeol. ¢) = ¢
(proof)

lemma vifintersection-vsubset-iff:
assumes [ # 0
shows A ¢, (Noicl. fi) «— (Vie . A<, fi)
(proof)

lemma vifintersection-vsubset-lower:
assumes 7 €, |
shows (Noi€I. f1i) So fi
(proof)

lemma vifintersection-vsubset-greatest:
assumes [ # Oand Ai. i € | = A S, fi
shows A ¢, (Noic.I. [ 1)
(proof)

lemma vifintersection-vintersection-value:
assumes i €, |

shows [ i N, (Noicol. i) = (Noi€ol. [ 1)
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{proof)

lemma vifintersection-vintersection-single:
assumes [ # 0
shows B U, (Noicol. A7) = (Noi€l. B U, A ©)
(proof)

Connections.

lemma vifintersection-vrange-VLambda: (Noi€ol. fi) = No (Ro (Aa&oI. [ a))
(proof)

2.5.3 Union of an indexed family of sets

syntax -VIFUNION : pttrn = V = V = V (:(3U.-€-./ -)» [0, 0, 10] 10)
syntax-consts -VIFUNION = VUnion

translations U.ze, A. f = CONST VUnion (CONST imVLambda A (Az. f))

Rules.
lemma vifunion-iff: b €, (Uoi€ol. fi) «— (Fic. 1. b &, f 1) (proof)

lemma vifunionl[intro]:
assumes i & [ and a &, fi
shows a €, (Uoieol. f1)
(proof)

lemma vifunionD[ dest]:
assumes a € (Uoi€.I. f1)
shows Jie,I. a & f1i

{proof)

lemma vifunionE[elim!]:
assumes a € (Uoi6I. fi)and Ai. [ i & [; a6 fi]] = R
shows R
{proof)

Set operations.

lemma vifunion-vempty-family[ simp]: (UoicsI. 0) = 0 (proof)
lemma vifunion-vsingleton-is[ simp]: (Uoi€oset {i}. fi) = f i (proof)
lemma vifunion-vsingleton-family[ simp: (Uoi€ol. set {i}) = I {proof)

lemma vifunion-vdoubleton: (Uoi€oset {4, j}. fi) =fi Uo f]

{proof)

lemma vifunion-mono:
assumes [ S, Jand Ai. t €, I = fi S, gt
shows (Uoi€I. f1i) So (Uojeod. g 7)
(proof)

lemma vifunion-vunion-is: (Uoi€ol. 1) Uo (Uojeod. f7) = (Uoteod Uy J. f i)
(proof )

lemma vifunion-vunion-family:
(UoteoI. fi) Us (Uoieol. g i) = (Uoicol. fi Uy g i)
{proof)
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lemma vifunion-vintersection:
(Uoieol. f1) Nno (Uoj€od. g97) = (Uoieol. Usjeod. fiNo g7j)
(proof)

lemma vifunion-vinsert-is:
(Uoteovinsert j I. fi) = fj Uo (Uot€ol. [ 1)
(proof)

lemma vifunion-VPow: (Uoi€.I. VPow (f 7)) So VPow (Uoiesl. f 1) (proof)

Elementary properties.

lemma vifunion-vempty-conv:
0= (Uoteol. fi) «— (Vie . fi=0)
(Uoicol. f1) = 0« (Vie . fi=0)
(proof)

lemma vifunion-constant[simpl: (Uoi€I. ¢) = (if I = 0 then 0 else ¢)
(proof)

lemma vifunion-upper:
assumes 7 €, [
shows fi S, (Uoie.I. [ 1)
(proof )

lemma vifunion-least:
assumes Ai. i €, [ = fic, C
shows (Uoi€.I. fi) S, C
(proof )

lemma vifunion-absorb:
assumes j €, [
shows fj U, (Uoi€ol. fi) = (Uoi€oI. f1)
(proof)

lemma vifunion-vifunion-flatten:
(Uojeo(UoieoI. fi). g j) = (Usi€ol. Uojéof i g )
(proof)

lemma vifunion-vsubset-iff: ((Uoi€ol. fi) So B) = (Vi€ I. fi S B) (proof)

lemma vifunion-vsingleton-eq-vrange: (Uoi€ol. set {fi}) = Ro (Ma&.I. f a)

{proof)

lemma vball-vifunion[simp]: (V z6c(Uoi€ol. f1). P 2) «— (Vael. V zeof z. P z)
{proof)

lemma vbez-vifunion[simp]: (3 zes(Uotol. fi). P z) «— (Jae.l. Jzeof x. P 2)
(proof)

lemma vifunion-vintersection-indez-right[ simp]: (UoCe.B. A n, C) = A n, UoB

{proof)

lemma vifunion-vintersection-index-left[ simp]: (Uo,CeoB. C ny A) = UoB no A

{proof)

lemma vifunion-vunion-indez[intro, simp]:
assumes B # 0
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shows (N.Ce.B. AU, C) = AU, N.B
(proof)

lemma vifunion-vintersection-single: B No (Uotcol. f i) = (Uoi€ol. B Ny f 1)

{proof)

lemma vifunion-vifunion-flip:
(UobeoB. UoacoA. fba) = (UosacoA. UobeoB. fb a)
{proof)

Connections.

lemma vifunion-disjoint: (UoC N, A = 0) «— (V Be, C. vdisjnt B A)
(proof)

lemma vdisjnt-vifunion-iff:
vdisjnt A (Uoieol. f i) «— (Vie 1. vdisjnt A (f 7))
{proof)

lemma vifunion-VLambda: (Uoic.A. set {{i, fi)}) = (Nac. A. f a)
(proof)

lemma vifunion-vrange- VLambda: (Ui 1. f 1) = Uo(Ro (Macol. f a))
(proof)

lemma (in vsv) vsv-vrange-vsubset-vifunion-app:
assumes D, r = [ and Ai. i €, I = r(ji) ¢c A i
shows R, r S, (UoieI. A7)

{proof)

lemma vl1-virestriction-vifintersection:
assumes [ # 0 and Ai. i €, [ = vll (f I (4 1))
shows v11 (f 1o (Noico. A 7))

{proof)

2.5.4 Additional simplification rules for indexed families of sets.

Union.

lemma vifunion-simps| simp):
Aa B I. (Uoieol. vinsert a (B 7)) =
(if I=0 then 0 else vinsert a (UoicI. B 7))
AA B I. (UoiesI. A i Uy B) = ((if I=0 then 0 else (Uoic.l. A i) Us B))
AA B I. (UoicoI. A U, B i) = ((if I=0 then 0 else A U, (Uoi€ol. B i)))
AA BI. (Uoicol. A ing B) = ((UoieI. A i) no B)
AA BI. (Uoicol. Any Bi)=(An, (UoioI. B 1))
AA B I. (Uoicol. A i o B) = ((Uoicol. A ) —o B)
AA B. (UsicoUoA. B 3) = (UoyeoA. Uoicoy. B 7)
{proof)

lemma vifunion-simps-ext:
Aa B I. vinsert a (Uoicol. B i) =
(if I=0 then set {a} else (Uoi€ol. vinsert a (B 1)))
ANA B I. (UoieI. A i) Us B = (if I=0 then B else (Uoic.I. A i Uy B))
ANA BI. Au, (Uoi€I. B i) = (if I=0 then A else (Uoi€I. A U, B 1))
AA BI. (Uoieol. A %) no B) = (Uoicol. A i N B)
AA BT. (Usi€ol. A i) —o B) = (Uoi€ol. A i 5 B)
AA B. (UoycoA. Uosicoy. B i) = (Uoic€cUoA. B 1)
(proof)
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lemma vifunion-vball-vbex-simps[ simp]:
AA P. (Vae,UoA. P a) «— (Vye,A. Vacoy. P a)
AA P. (Fas,UoA. P a) < (Fye.A. Facoy. P a)
(proof )

Intersection.

lemma vifintersection-simps| simp]:
AL A B. (Noieol. Aine B) = (if I =0 then 0 else (Noico!. A7) Ny B)
AL A B. (Noicol. Ang Bi) = (if I = 0 then 0 else A no (Noicol. B 7))
AL A B. (Noi€ol. Ai -, B) = (if I =0 then 0 else (Noi€.I. A i) —s B)
Al A B. (Noi€l. A —; Bi)=(if [ =0 then 0 else A -, (Uoicol. B 1))
Nl a B.

(Noteol. vinsert a (B i)) = (if I = 0 then 0 else vinsert a (Noic.I. B 1))
Al A B. (NoicsI. Aiu, B) = (if I = 0 then 0 else ((Noic.I. A i) U, B))
Al A B. (Noi€l. AU, Bi)=(if I =0 then 0 else (A U, (Noi€.I. B i)))
(proof)

lemma vifintersection-simps-ext:
ANA B 1. (Noicol. A i) ne B=(if I =0 then 0 else (Noic.l. A i No B))
ANA BI. An, (Noi€.I. Bi) = (if I =0 then 0 else (Noicol. A Ny B 1))
AA BI. (NoicI. A i) — B = (if I =0 then 0 else (NoicI. A i — B))
ANA BI. A -, (UoieoI. Bi) = (if I =0 then A else (Noicol. A —5 B 7))
Aa B I. vinsert a (Noicol. B i) =

(if I = 0 then set {a} else (Noic.1. vinsert a (B 7)))

AA B 1. ((Noi€I. A ) Uo B) = (if I =0 then B else (Noic.I. A i U, B))
ANA BI. Au, (Noi€.I. Bi) = (if I =0 then A else (Noi€ol. A U, B 7))
(proof)

2.5.5 Knowledge transfer: union and intersection of indexed families

lemma SUP-vifunion: (SUP Eeelts a. A ) = (Uo€eor. A §)
{proof)

lemma INF-vifintersection: (INF Eeelts a. A €) = (Noéotr. A £)
(proof )

lemmas Ord-induct3’[ consumes 1, case-names 0 succ Limit, induct type: V] =
Ord-induct3[unfolded SUP-vifunion]

lemma Limit-vifunion-def[ simp]:
assumes Limit o
shows (Uoea. &) = «
(proof )

lemmas-with[unfolded SUP-vifunion INF-vifintersection]:
TC = ZFC-Cardinals. TC
and rank-Sup = ZFC-Cardinals.rank-Sup
and TC-def = ZFC-Cardinals. TC-def
and Ord-equality = ZFC-in-HOL. Ord-equality
and Aleph-Limit = ZFC-Cardinals. Aleph-Limit
and rank = ZFC-Cardinals.rank
and Vset = ZFC-in-HOL. Vset
and mult = Kirby.mult
and Aleph-def = ZFC-Cardinals. Aleph-def
and times-V-def = Kirby.times-V-def
and mult-Limit = Kirby.mult-Limit
and Vfrom = ZFC-in-HOL. Vfrom
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and Vfrom-def = ZFC-in-HOL. Vfrom-def

and rank-def = ZFC-Cardinals.rank-def

and add-Limit = Kirby.add-Limit

and Limit-Vfrom-eq = ZFC-in-HOL.Limit- Vfrom-eq
and VSigma-def = ZFC-Cardinals. VSigma-def

and add-Sup-distrib-id = Kirby.add-Sup-distrib-id

and Limit-add-Sup-distrib = Kirby. Limit-add-Sup-distrib
and TC-mult = Kirby. TC-mult

and add-Sup-distrib = Kirby.add-Sup-distrib

2.5.6 Disjoint union

See the main library of ZFC in HOL for further information and elementary properties.

syntax -VSIGMA : pitrn = V = V = V («(3[1.-€-./ -)» [0, 0, 10] 10)
syntax-consts -VSIGMA = VSigma

translations [[.i€,I. A = CONST VSigma I (Ni. A)

Further rules.
lemma vdunion-def: (11oi€ol. A i) = (Uoti€ol. UoxeoA i. set {(i, z)})
(proof)

lemma vdunionl:
assumes iz = (i, z) and i €&, [ and z €, A ¢
shows iz €, (I]oic.I. A 7)
{proof)

lemmas vdunionD = VSigmaD1 VSigmaD?2
and vdunionE = VSigmaFE

Set operations.
lemma vdunion-vsingleton: (1] .i€.set{c}. A i) = set {c} x, A ¢ (proof)
lemma vdunion-vdoubleton:
(LI oieoset{a, b}. A i) = set {a} xo A a U, set {b} x, A b
{proof)
Connections.

lemma vdunion-vsum: (I oi€.set{0, 1}. if i=0 then A else B) = A ¥ B
{proof)

2.5.7 Canonical injection

definition vcinjection = (V = V) = V =V
where vcinjection A i = (Axe. A i. (i, x))

Rules.

mk-VLambda vcinjection-def
|vsv veinjection-vsv|intro]|
|vdomain veinjection-vdomain| simp]|
|app veinjection-app| simp, intro|

Elementary results.

lemma vcinjection-vrange-vsubset:
assumes 7 €, [
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shows R, (vcinjection A ©) So (11oi€ol. A 7)
{proof)

lemma vcinjection-vrange:

assumes i €, [and Aj. je. I = A j+0

shows R, (vcinjection A i) = (Uoz€.A i. set {{i, z)})
{proof)

2.5.8 Infinite Cartesian product

definition vproduct = V= (V=V) =V
where vproduct I A = set {f. vsv f AN Do f =1 A (VieI. f(i]) €c A7)}

syntax -VPRODUCT : pttrn = V = V = V («(3[1.-¢-./ -)» [0, 0, 10] 10)
syntax-consts -VPRODUCT = wvproduct
translations [J.ic.I. A = CONST wvproduct I (Xi. A)

lemma small-vproduct[ simp]:
small {f. vsv f A Do f=1n (VieI. fi]) €c A 0)}
(is «small ?A»)

(proof)

Rules.

lemma vproductl[intro!]:
assumes vsv f and D, f = [ and Vie.l. f(i]) € A i
shows f €, ([ToicI. A 1)
{proof)

lemma vproductD[dest]:
assumes [ €, ([Toicol. A7)
shows wvsv f

and D, f =1
and Vie I. f(li) o A ©
(proof)

lemma vproductE[ elim!]:
assumes f €, ([Toic.l. A Q)
obtains vsv f and D, f = I and Vie,I. f(i]) €, A 4
(proof)

Set operations.

lemma vproduct-indez-vempty[ simp]: ([1oi€,0. A i) = set {0}
{proof)

lemma vproduct-vsingletonl:
assumes f(c]) €&, A c and [ = set {{c, f(c])}
shows f €, ([Toicoset{c}. A i)
{proof)

lemma vproduct-vsingletonD:

assumes | €, ([Toicoset{c}. A i)

shows vsv f and f(c]) €, A c and [ = set {{c, f(c]))}
(proof)

lemma vproduct-vsingletonE:
assumes [ €, ([Toicoset{c}. A7)
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obtains vsv f and f(c|) €. A c and f = set {{c, f(c])}
{proof)

lemma vproduct-vsingleton-iff:
[ e (IToteoset{c}. A i) «— f(c]) ec A ¢ A f=set {{c, f(c]))}
(proof)

lemma vproduct-vdoubletonl[intro]:

assumes vsv f

and f(a)) €&, A a

and f(b) €c A b

and D, f = set {a, b}

and R, fSo Aau, A D
shows [ €, ([Toi€oset {a, b}. A7)
{proof)

lemma vproduct-vdoubletonD[ dest]:

assumes [ €, ([]oic.set{a, b}. A )
shows wvsv f

and f(la]) &x 4 a

and f(b) €, A b

and D, f = set {a, b}

and f = set {(a, f(a)), (b, f(0))}
(proof)

lemma vproduct-vdoubletonE:

assumes [ €, ([]oic.set{a, b}. A Q)
obtains vsv f

and f(la)) & A a

and f(b) €, A b

and D, f = set {a, b}

and f = set {(a, /(a)), (b, /(ID)}
(proof)

lemma vproduct-vdoubleton-iff:
f € (IToicoset {a, b}. A i) «—
vsv f A
f(a) e A an
fQb) €c A b A
D, [ = set {a, b} A
[ = set {{a, f(al)), (b, F(0D)}
(proof)

Elementary properties.

lemma vproduct-eq-vemptyl:
assumes i €,  and A i =0
shows ([Toicol. A i) =0
{proof)

lemma vproduct-eq-vemptyD:
assumes ([Joic.I. A i) # 0
shows Ni. i€, [ = Ai#0
{proof)

lemma vproduct-vrange:
assumes f €, ([Toicol. A7)
shows R, f S, (Uoicol. A7)
(proof)
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lemma vproduct-vsubset-VPow: ([1oi€ol. A i) So VPow (I xo, (Uoicol. A 7))
{proof)

lemma VLambda-in-vproduct:
assumes Ai. 1 €, [ = fie, Ai
shows (XieoI. 1) € ([Toi€ol. A i)
(proof)

lemma vproduct-cong:
assumes A\i. i €, [ = fi=g1
shows ([Toi€o1. fi) = ([Toi€ol. g i)
(proof)

lemma vproduct-ez-in-vproduct:
assumes z € ([ToicoJ. Ad)and J S, Tand Ai. i6, [ = A i 40
obtains X where X ¢, (J[Toicol. A4) and z = X Mo J

{proof)

lemma vproduct-vsingleton-def: ([Toi€.s¢et {j}. A i) = ([Toicoset {j}. A j)
(proof)

lemma vprojection-in-VUnionl:
assumes A S, ([Toi€./. Fi) and f e, Aand i €, [
shows f(i]) €, Uo(Uo(UoA4))

(proof)

2.5.9 Projection

definition vprojection = V= (V= V) =V =V
where vprojection I A i = (M\feo([Tot€1. A 7). f(])

Rules.

mk-VLambda vprojection-def
|vsv vprojection-vsv[intro]|
|vdomain vprojection-vdomain[ simp]|
|app vprojection-app[simp, intro]|

Elementary results.

lemma vprojection-vrange-vsubset:
assumes i €, |
shows R, (vprojection I A i) S, A i
{proof)

lemma vprojection-vrange:
assumes i €, [and Aj. jec I = A j+0
shows R, (vprojection [ A i) = A

{proof)

2.5.10 Cartesian power of a set

definition vcpower = V = V = V (infixr ¢ "> 80)
where A 7 n = ([Toicon. A)

Rules.

lemma vepower!I[intro:
assumes f €, ([Toicon. A)
shows f ¢, (A % n)
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{proof)

lemma vepowerD| dest]:
assumes f €, (A "% n)
shows f €, ([Toicon. A)
(proof)

lemma vepowerE|[ elim]:
assumes [ €, (A % n) and f € ([Toi€on. A) = P
shows P
(proof)

Set operations.

lemma vepower-indez-vempty[ simp]: A 7 0 = set {0}

{proof)

lemma vepower-of-vempty:
assumes n # 0
shows 0 5 n =0

{proof)

lemma vcpower-vsubset-mono:
assumes A ¢, B
shows A ., nS, B x n

{proof)

Connections.

lemma vcpower-vdomain:
assumes f €, (A "% n)
shows D, f =n
(proof)

lemma vcpower-vrange:
assumes f €, (A "% n)
shows R, f S, A
(proof )
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2.6 Equipollence
2.6.1 Background

The section presents an adaption of the existing framework Equipollence in the main library of
Isabelle/HOL to the type V.

Some of content of this theory was ported directly (with amendments) from the theory
HOL- Library. Equipollence in the main library of Isabelle/HOL.

2.6.2  wveqpoll

abbreviation veqpoll = V = V = bool (infixl <~,> 50)
where A ~, B = elts A ~ elts B

Rules

lemma (in v11) v11-vegpolll[intro]:
assumes D, r = Aand R, r = B
shows A ~, B

{proof)

lemmas v11-vegpolll[intro] = v11l.v11-vegpolll

lemma v11-vegpollE[elim]:
assumes A ~, B
obtains f where v1l fand D, f = Aand R, f = B

{proof)

Set operations.

lemma vegpoll-vsingleton: set {z} =~, set {y}

{proof)

lemma vegpoll-vinsert:
assumes A ~, Band a ¢, A and b ¢, B
shows vinsert a A ~, vinsert b B

{proof)

lemma vegpoll-pair:
assumes ¢ # band ¢ # d
shows set {a, b} ~, set {c, d}
{proof)

lemma vegpoll-vpair:
assumes a # band c # d
shows (a, b) ~, (c, d)
{proof)

2.6.3 wvlepoll

abbreviation vlepoll = V = V = bool (infixl <S> 50)
where A S, B = elts A S elts B

Set operations.

lemma vlepoll-vsubset:
assumes A ¢, B
shows A S, B

{proof)
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Special properties.
lemma viepoll-singleton-vinsert: set {x} S, vinsert y A

{proof)

lemma vlepoll-vempty-iff [ simp]: A o 0 «— A = 0 (proof)

2.6.4 wlespoll

abbreviation vlesspoll = V = V = bool (infixl (<,» 50)
where A <, B = elts A < elts B

lemma viesspoll-def: A <, B = (A So B A (A ~, B)) (proof)

Rules.
lemmas vlesspolll[intro] = vlesspoll-def[ THEN 1ffD2]

lemmas vlesspollD|dest] = vlesspoll-def[ THEN iffD1]

lemma vlesspollE[ elim]:
assumes A <, Band A $o B=— (A ~, B) = P
shows P

{proof)

lemma (in v11) v11-vlepolll[intro]:
assumes D, r = A and R, r S, B
shows A <, B

{proof)

lemmas v11-vlepolll[intro] = v1l.v11-vlepolll

lemma v11-vlepollE[ elim]:
assumes A <, B
obtains f where vll fand D, f = Aand R, f S, B

(proof)
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2.7 Cardinality
2.7.1 Background

The section presents further results about the cardinality of terms of the type V. The emphasis
of this work, however, is on the development of a theory of finite sets internalized in the type
V.

Many of the results that are presented in this section were carried over (with amendments) from
the theory Finite in the main library of Isabelle/HOL.

declare One-nat-def[simp del]

2.7.2 Cardinality of an arbitrary set

Elementary properties.

lemma vcard-vegpoll: vcard A = vcard B «— A ~, B

{proof)

lemma vcard-viepoll: veard A < veard B «— A $o B
(proof)

lemma vcard-vempty: vcard A =0 «— A =0
{proof)

lemmas vcard-vemptyD = vcard-vempty[ THEN iffD1]
and vcard-vemptyl = vcard-vempty[ THEN iffD2]

lemma vcard-neg-vempty: vcard A # O «— A # On

{proof)

lemmas vcard-neg-vemptyD = vcard-neg-vempty[ THEN 4ffD1]
and vcard-neg-vemptyl = vcard-neg-vempty[ THEN iffD2]

Set operations.

lemma vcard-mono:
assumes A ., B
shows vcard A < vecard B

{proof)

lemma vcard-vinsert-in[ simp]:
assumes a €, A
shows vcard (vinsert a A) = veard A

{proof)

lemma vcard-vintersection-left: vcard (A N, B) < vcard A

{proof)

lemma vcard-vintersection-right: vcard (A N, B) < vcard B

{proof)

lemma vcard-vunion:
assumes vdisjnt A B
shows vcard (A U, B) = veard A & vcard B

{proof)

lemma vcard-vdiff [ simp]: veard (A —s B) & vcard (A no B) = veard A
{proof)



CHAPTER 2. SET THEORY FOR CATEGORY THEORY

lemma vcard-vdiff-vsubset:
assumes B ¢, A
shows vcard (A -, B) @ vcard B = vcard A

{proof)

Connections.

lemma (in vsv) vsv-veard-vdomain: vcard (Do r) = veard r

(proof )
Special properties.
lemma vcard-vunion-vintersection:

veard (A U, B) @ veard (A no B) = veard A & vcard B
{proof)

2.7.3 Finite sets

abbreviation vufinite = V = bool
where vfinite A = finite (elts A)

lemma vfinite-def: vfinite A «— (Inecow. n ~, A)
{proof)

Rules.
lemmas vfinitel[intro!] = vfinite-def[ THEN iffD2]

lemmas vfiniteD[dest!] = vfinite-def[ THEN 4ffD1]

lemma vfiniteE1[ elim!]:
assumes vfinite A and Ine.w. n v, A = P
shows P

{proof)

lemma vfinite£2[ elim]:
assumes vfinite A
obtains n where n ¢, w and n ~, A

{proof)

Elementary properties.

lemma vegpoll-omega-vcard[intro, simp]:
assumes n €, w and n ~, A
shows vcard A = n

{proof)

lemma (in vsv) vfinite-vimage[intro]:
assumes vfinite A
shows vfinite (r 5 A)

{proof)

lemmas [intro] = vsv.vfinite-vimage
lemma vfinite-vegpoll-trans:

assumes vfinite A and A ~, B
shows vfinite B

{proof)

lemma vfinite-vlepoll-trans:
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assumes vfinite A and B S, A
shows vfinite B

{proof)

lemma vfinite-vlesspoll-trans:
assumes vfinite A and B <, A
shows vfinite B

{proof)

Induction.

lemma vfinite-induct| consumes 1, case-names vempty vinsert]:
assumes vfinite F
and P 0
and Az F. [[vfinite F; x ¢, F; P F]] = P (vinsert ¢ F)
shows P F
{proof)

Set operations.

lemma vfinite-vempty[ simp]: vfinite (On) (proof)
lemma vfinite-vsingleton| simp): vfinite (set {z}) (proof)
lemma vfinite-vdoubleton[simp]: vfinite (set {z, y}) {proof)

lemma vfinite-vinsert:
assumes vfinite F'
shows vfinite (vinsert x F')

{proof)

lemma vfinite-vinsertD:
assumes vfinite (vinsert x F)
shows vfinite F'

{proof)

lemma vfinite-vsubset:
assumes vfinite B and A ¢, B
shows vfinite A

{proof)

lemma vfinite-vunion: vfinite (A U, B) <— uvfinite A A vfinite B

{proof)

lemma vfinite-vunionl:
assumes vfinite A and vfinite B
shows vfinite (A U, B)
(proof)

lemma vfinite-vunionD:
assumes vfinite (A U, B)
shows vfinite A and vfinite B

{proof)

lemma vfinite-vintersectionl:
assumes vfinite A and vfinite B
shows ufinite (A N, B)
(proof)

lemma vfinite- VPowl:
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assumes vfinite A
shows vfinite (VPow A)

{proof)

Connections.

lemma vfinite-vcard-vfinite: vfinite (vecard A) = vfinite A

{proof)

lemma vfinite-vcard-omega-iff: vfinite A < vcard A €, w
(proof)

lemmas vcard-vfinite-omega = vfinite-vcard-omega-iff[ THEN iffD2]
and vfinite-vcard-omega = vfinite-veard-omega-iff[ THEN iffD1]

lemma vfinite-csucclintro, simp]:
assumes vfinite A
shows csucc (vcard A) = suce (veard A)

{proof)

lemmas [intro, simp] = finite-csucc

Previous connections.

lemma vcard-vsingleton[simp]: veard (set {a}) = 1N (proof)

lemma vfinite-vcard-vinsert-nin[ simp]:
assumes vfinite A and a ¢, A
shows vcard (vinsert a A) = csucc (veard A)

{proof)
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2.8 Further results about ordinal numbers

2.8.1 Background

The subsection presents several results about ordinal numbers. The primary general reference
for this section is [59].

lemmas [intro] = Limit-is-Ord Ord-in-Ord

2.8.2 Further ordinal arithmetic and inequalities

lemma Ord-succ-mono:
assumes Ord $ and «a €, 3
shows succ a €, succ 8

(proof)

lemma Limit-right- Limit-mult:
— Based on Theorem 8.23 in [59].
assumes Ord o and Limit 5 and 0 €, «
shows Limit (o * ()

{proof)

lemma Limit-left- Limit-mult:
assumes Limit o and Ord $ and 0 ¢, 3
shows Limit (a * ()

(proof)

lemma zero-if-Limit-eq- Limit-plus-vnat:
assumes Limit o« and Limit fand o = f + nand n € w
shows n = 0

(proof)

lemma Ord-vsubset-closed:
assumes Ord « and Ord v and a S, § and 8 € ¥
shows a €, v

(proof)

lemma
— Based on Exercise 1, page 53 in [59].
assumes Ord oo and Ord v and a + 8 & 7y
shows Ord-plus-Ord-closed-augend: « €, 7y
and Ord-plus-Ord-closed-addend: B €, ~y

{proof)

lemma Ord-ex1-Limit-plus-in-omega:
— Based on Theorem 8.13 in [59].
assumes Ord a and w S, «
shows 3!5. dAln. ne, w A Limit BAa=0+n

{proof)

lemma not-Limit-if-in- Limit-plus-omega:
assumes Limit « and o €, f and [ € a + w
shows ~ Limit 3

{proof)

lemma Limit-plus-omega-vsubset-Limit:
assumes Limit o and Limit § and « €,
shows a + w G, 8

{proof)
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lemma Limit-plus-nat-in-Limit:
assumes Limit o and Limit f and « €,
shows a + an € f

{proof)

lemma omega2-vsubset-Limit:
assumes Limit a and w € «
shows w + w S,

{proof)
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2.9 Finite sequences

2.9.1 Background

The section presents a theory of finite sequences internalized in the type V. The content of this
subsection was inspired by and draws on many ideas from the content of the theory List in the
main library of Isabelle/HOL.

2.9.2 Definition and common properties

A finite sequence is defined as a single-valued binary relation whose domain is an initial segment
of the set of natural numbers.

locale vfsequence = vsv s for xs +

assumes vfsequence-vdomain-in-omega: Do x5 €5 W

locale vfsequence-pair = ri: vfsequence xsy + ro: vfsequence xso for xs; xso

Rules.

lemmas [intro] = vfsequence.axioms(1)

lemma vfsequencel[intro]:
assumes vsv zs and D, xs €, w
shows vfsequence xs

{proof)

lemma vfsequenceD[ dest]:
assumes vfsequence Ts
shows D, zs €, w

(proof)

lemma vfsequenceE[ elim]:
assumes vfsequence zs and D, s €, w == P
shows P

{proof)

lemma vfsequence-iff: vfsequence s < vsv xs A Dy x5 €5 w

{proof)

Elementary properties.
lemma (in vfsequence) vfsequence-vdomain: Do xs = vcard xs

{proof)

lemma (in vfsequence) vfsequence-vcard-in-omega[simp]: veard xs €, w

(proof)
Set operations.

lemma vfsequence-vempty[intro, simp]: vfsequence 0 {proof)

lemma vfsequence-vsingleton[intro, simp|: vfsequence (set {(0, a)})

{proof)

lemma (in vfsequence) vfsequence-vinsert:
vfsequence (vinsert (vcard xs, a) xs)

{proof)

Connections.
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lemma (in vfsequence) vfsequence-vfinite[ simp]: vfinite xs

{proof)

lemma (in vfsequence) vfsequence-virestriction|intro, simp]:
assumes k €, w
shows vfsequence (zs Mo k)

{proof)

lemma vfsequence-vproduct:
assumes 71 €, w and zs €, ([Toicon. A 7)
shows vfsequence xs

{proof)

lemma vfsequence-vepower:
assumes n €, w and zs €, A x n
shows vfsequence xs

{proof)

lemma vfsequence-vcomp-vsv-vfsequence:
assumes vsv [ and vfsequence s and R, zs S, D, f
shows vfsequence (f o, xs)

(proof)

Special properties.

lemma (in vfsequence) vfsequence-vdomain-vlrestriction[intro, simp]:

assumes k €, vcard xs
shows D, (zs M k) = k
(proof)

lemma (in vfsequence) vfsequence-vlrestriction-vcard[simp):
zs Mo (veard xs) = s

{proof)

lemma vfsequence-vfinite-vcardl:
assumes vsv zs and vfinite zs and D, xs = vcard xs
shows vfsequence xs

(proof)

lemma (in vfsequence) vfsequence-vrangeE:
assumes a €, R zs
obtains n where n €, vcard zs and zs(n|) = a

{proof)

lemma (in vfsequence) vfsequence-vrange-vproduct:
assumes Ai. i € vcard xs = xs(i]) €, A @
shows zs €, ([Tot€ovcard xs. A i)

{proof)

lemma (in vfsequence) vfsequence-vrange-vepower:
assumes R, zs C, A
shows zs €, A~ (vcard zs)

{proof)

Alternative forms of existing results.

lemmas [intro, simp] = vfsequence.vfsequence-vcard-in-omega
and [intro, simp] = vfsequence.vfsequence-vfinite
and [intro, simp] = vfsequence.vfsequence-virestriction
and [intro, simp] = vfsequence.uvfsequence-vdomain-vlrestriction
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and [intro, simp] = vfsequence.uvfsequence-virestriction-vcard

2.9.3 Appending an element to a finite sequence: vcons

Definition and common properties

definition veons : V = V = V (infixr «#,> 65)
where zs #., © = vinsert (vcard zs, x) s

Syntax.

abbreviation vempty-vfsequence (<[]o») where
vempty-vfsequence = 0:V

notation vempty-vfsequence (¢[]o>)

nonterminal fsfields
nonterminal vlist

syntax
=V = fsfields (¢-))
-fsfields = fsfields = V = fsfields («-,] -»)
-vlist = fsfields = V (<[(-)]o>)
~vapp = V. = fsfields = V (x- ((-))s> [100, 100] 100)

syntax-consts

-vlist == vcons and
-vapp == app
translations

[z8, x]o == [x8]o #0 T
[2]o == [Jo #o 2

translations
fas, 2o == f([zs, z]o)
flzDe == f([=]o]

Rules.

lemma vconsl[intro!]:
assumes a €, vinsert (vcard zs, x) xs
shows a €, s #, x

{proof)

lemma vconsD[dest!]:
assumes a €, IS #o T
shows a €, vinsert (vcard zs, z) s

{proof)

lemma vconsE[ elim!]:
assumes a €, IS #, T
obtains a where a €, vinsert (vcard zs, x) xs

{proof)
Elementary properties.
lemma vcons-neg-vempty[simpl: ys #o y # [Jo (proof)

Set operations.

lemma vcons-vsingleton: [a], = set {(On, a)} {proof)
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lemma vecons-vdoubleton: [a, blo = set {(On, a), (In, b)}

(proof)
lemma vcons-vsubset: zs Co xs #o x (proof)

lemma vcons-vsubset”:
assumes vcons ¥s T S, Ys
shows wvcons xs © S, vcons ys y

{proof)

Connections.

lemma (in vfsequence) vfsequence-vcons|intro, simp]: vfsequence (xs #o )
{proof)

lemma (in vfsequence) vfsequence-vcons-vdomain|simp]:
D, (1s #o x) = succ (veard zs)

(proof)

lemma (in vfsequence) vfsequence-vcons-vrange[simp:
Ro (xs #o z) = vinsert & (Ro xs)
(proof)

lemma (in vfsequence) vfsequence-vrange-veonsl:
assumes R, s S, X and z €, X
shows R, (s #. z) So X
(proof )

lemmas vfsequence-vrange-veonsl = vfsequence.vfsequence-vrange-veonsl|rotated 1]

Special properties.

lemma vcons-vrange-mono:
assumes s S, YS
shows R (zs #o ©) So Ro (ys #o )
{proof)

lemma (in vfsequence) vfsequence-virestriction-succ:
assumes [simp]: k €, vcard zs
shows xs 1, succ k = s 1o k #o (ws(k]))

(proof)

lemma (in vfsequence) vfsequence-vremove-vcons-vfsequence:
assumes zs = s’ #, T
shows vfsequence zs’

(proof)

lemma (in vfsequence) vfsequence-vcons-ex:
assumes zs # []o
obtains zs’ x where zs = zs’ #, r and vfsequence s’

(proof)

Induction and case analysis

lemma vfsequence-induct| consumes 1, case-names 0 vcons]:
assumes vfsequence xs
and P [].
and Axs z. [[vfsequence xs; P xs]] = P (xs #, )
shows P zs
{proof)
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lemma vfsequence-cases| consumes 1, case-names 0 vcons):
assumes vfsequence xs
and zs = [J[o = P
and Awxs’ z. [[xs = xs’ #. z; vfsequence zs']] = P
shows P
{proof)

Evaluation

lemma (in vfsequence) vfsequence-vcard-vcons| simp]:
veard (zs #o ) = suce (veard zs)
{proof)

lemma (in vfsequence) vfsequence-at-last[intro, simp]:
assumes i = vcard s
shows (zs #, z)(i]) = =
{proof)

lemma (in vfsequence) vfsequence-at-not-last[intro, simp]:
assumes i €, vcard s
shows (zs #. z)(i]) = xs(i)

(proof)

Alternative forms of existing results.

lemmas [intro, simp] = vfsequence.vfsequence-vcons
and [intro, simp] = vfsequence.vfsequence-veard-vcons
and [intro, simp] = vfsequence.vfsequence-at-last
and [intro, simp] = vfsequence.uvfsequence-at-not-last
and [intro, simp] = vfsequence.uvfsequence-vcons-vdomain
and [intro, simp] = vfsequence.uvfsequence-vcons-vrange

Congruence-like properties

context vfsequence-pair
begin

lemma vcons-eq-vcard-eq:
assumes 15| #o T1 = TSy Ho To
shows vcard xs, = vecard sy

{proof)

lemma vcons-eqD[ dest]:
assumes 1s| #o T1 = TSy Ho To
shows zs; = zs9 and z1 = 2o
{proof)

lemma vcons-eql:
assumes zs; = 5o and 1 = I
shows xs; #, T1 = TS2 #o To

{proof)

lemma vcons-eq-iff[simp]: (xs1 #o 1 = 282 H#o T2) < (181 = T2 A T1 = T3)

{proof)

end

Alternative forms of existing results.
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context
fixes zs1 xso
assumes zs1: vfsequence sy
and zs9: vfsequence sy
begin

lemmas-with[ OF vfsequence-pair.intro[ OF zsy zs2]]:
veons-eqD’ = vfsequence-pair.vcons-eqD
and vcons-eq-iff [intro, simp] = vfsequence-pair.vcons-eq-iff

end

lemmas vcons-eqD[dest] = vcons-eqD'[rotated —1]

2.9.4 Transfer between the type V [ist and finite sequences
Initialization

primrec vfsequence-of-vlist = V list = V
where
vfsequence-of-vlist [] = 0
| vfsequence-of-vlist (x # xs) = vfsequence-of-vlist xs #, x

definition vlist-of-vfsequence == V = V list
where vlist-of-vfsequence = inv-into UNIV vfsequence-of-vlist

lemma vfsequence-vfsequence-of-vlist: vfsequence (vfsequence-of-vlist xs)

{proof)

lemma inj-vfsequence-of-vlist: inj vfsequence-of-vlist
{proof)

lemma range-vfsequence-of-vlist:
range vfsequence-of-vlist = {xs. vfsequence s}
(proof)

lemma vlist-of-vfsequence-vfsequence-of-vlist[ simp]:
vlist-of-vfsequence (ufsequence-of-vlist xs) = xs

{proof)

lemma (in vfsequence) vfsequence-of-vlist-vlist-of-vfsequence[ simp):
vfsequence-of-vlist (vlist-of-vfsequence xs) = s

{proof)

lemmas vfsequence-of-vlist-vlist-of-vfsequence[ intro, simp] =
vfsequence.vfsequence-of-vlist-vlist-of-vfsequence

lemma vlist-of-vfsequence-vempty[ simp]: vlist-of-vfsequence [Jo = []

{proof)

Transfer relation 1.

definition cr-vfsequence :: V.= V list = bool
where cr-vfsequence a b < (a = vfsequence-of-vlist b)

lemma cr-vfsequence-right-total[ transfer-rule]: right-total cr-vfsequence

{proof)

lemma cr-vfsequence-bi-ungie[ transfer-rule]: bi-unique cr-vfsequence
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{proof)

lemma cr-vfsequence-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-vfsequence = (Azs. vfsequence xs)

{proof)

lemma cr-vfsequence-vconsD:
assumes cr-vfsequence (1s #o ) (y # ys)
shows cr-vfsequence s ys and = = y

{proof)

Transfer relation 2.

definition cr-cr-vfsequence :: V.= V list list = bool
where cr-cr-vfsequence a b <
(a = vfsequence-of-vlist (map vfsequence-of-vlist b))

lemma cr-cr-vfsequence-right-total[ transfer-rule]:
right-total cr-cr-vfsequence

{proof)

lemma cr-cr-vfsequence-bi-ungie[ transfer-rule]: bi-unique cr-cr-vfsequence

{proof)

Transfer relation for scalars.

definition cr-scalar = (V = 'a = bool) = V = 'a = bool
where cr-scalar Rz y = (3a. z = [a]o A R a y)

lemma cr-scalar-bi-unique[ transfer-rule]:
assumes bi-unique R
shows bi-unique (cr-scalar R)

{proof)

lemma cr-scalar-right-total[ transfer-rule]:
assumes right-total R
shows right-total (cr-scalar R)

{proof)

lemma cr-scalar-transfer-domain-rule[ transfer-domain-rule]:
Domainp (cr-scalar R) = (Az. Ja. = [a]o A Domainp R a)
{proof)

Transfer rules for previously defined entities

context
includes lifting-syntax
begin

lemma vfsequence-vempty-transfer|transfer-rule]: cr-vfsequence [Jo []

{proof)

lemma vfsequence-vempty-ll-transfer| transfer-rule]:
cr-cr-vfsequence [[Jo]o [[1]
{proof)

lemma vcons-transfer|transfer-rule]:

((=) ===> cr-ufsequence ===> cr-vfsequence) (Azx xs. s #o x) (Ax zs. T # xs)

{proof)
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lemma vcons-ll-transfer| transfer-rule]:

(cr-vfsequence ===> cr-cr-vfsequence ===> cr-cr-vfsequence)
Az 8. 18 #0 ) (N 18. T # 15)
(proof)

lemma vfsequence-vrange-transfer|transfer-rule]:
(cr-ufsequence ===> (=)) (Aws. elts (Ro xs)) list.set
{proof)

lemma vcard-transfer|transfer-rule]:
(cr-vfsequence ===> cr-omega) vcard length
{proof)

lemma vcard-ll-transfer|transfer-rule]:
(cr-cr-ufsequence ===> cr-omega) vcard length
(proof)

end

Corollaries.

lemma vdomain-vfsequence-of-vlist: D, (ufsequence-of-vlist xs) = length xs

(proof)

lemma vrange-vfsequence-of-vlist:
Ro (vfsequence-of-vlist xs) = set (list.set xs)
{proof)

lemma cr-cr-vfsequence-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-cr-yfsequence =
(Axss. vfsequence xss A (VY zs€,Ro T8s. vfsequence xs))
{proof)

Appending elements

definition vappend = V = V = V (infixr (Q,) 65)
where zs Q, ys =
vfsequence-of-vlist (vlist-of-vfsequence ys Q vlist-of-vfsequence xs)

Transfer.

lemma vappend-transfer|transfer-rule]:
includes lifting-syntax

shows (cr-ufsequence ===> cr-uvfsequence ===> cr-vfsequence)
(Axs ys. vappend ys xs) append
(proof)

lemma vappend-li-transfer| transfer-rule]:
includes lifting-syntax

shows (cr-cr-ufsequence ===> cr-cr-vfsequence ===> cr-cr-vfsequence)

(Axs ys. vappend ys xs) append
(proof)

Elementary properties.

lemma (in vfsequence) vfsequence-vappend-vempty-uvfsequence| simp]:
[Jo @, zs = s

{proof)

lemmas vfsequence-vappend-vempty-vfsequence[ simp] =
vfsequence.vfsequence-vappend-vempty-vfsequence
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lemma (in vfsequence) vfsequence-vappend-uvfsequence-vempty[simp):
xs Q, [Jo = s
(proof )

lemmas vfsequence-vappend-vfsequence-vempty[ simp] =
vfsequence.vfsequence-vappend-vfsequence-vempty

lemma vappend-vcons| simp]:
assumes vfsequence s and vfsequence ys
shows zs @, (ys #. y) = (zs Q, ys) #o y
(proof)

Distinct elements

definition vdistinct :: V = bool
where vdistinct xs = distinct (vlist-of-vfsequence s)

Transfer.

lemma vdistinct-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-ufsequence ===> (=)) wvdistinct distinct

{proof)

lemma vdistinct-ll-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-cr-vfsequence ===> (=)) vdistinct distinct

{proof)

Elementary properties.

lemma (in vfsequence) vfsequence-vdistinct-if-veard-vrange-eq-veard:
assumes vcard (Ro zs) = vcard s
shows vdistinct xs

(proof)

lemma vdistinct-vempty[intro, simp]: vdistinct []o
(proof)

lemma (in vfsequence) vfsequence-vcons-vdistinct:
assumes vdistinct (xs #o )
shows wvdistinct xs

{proof)

lemma (in vfsequence) vfsequence-vcons-nin-vrange:
assumes vdistinct (xs #o )
shows z ¢, R zs

{proof)

lemma (in vfsequence) vfsequence-v111[intro]:
assumes vdistinct xs
shows v11 zs

{proof)

lemma (in vfsequence) vfsequence-vcons-vdistinctl:
assumes vdistinct s and z ¢, Ro xs
shows vdistinct (s #, x)

{proof)
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lemmas vfsequence-vcons-vdistinct][intro] =
vfsequence.vfsequence-vcons-vdistinct]

lemma (in vfsequence) vfsequence-nin-vrange-vcons:
assumes y ¢, R, zs and y # z
shows y ¢, Ro (s #o )

{proof)

lemmas vfsequence-nin-vrange-vcons|intro] =
vfsequence.vfsequence-nin-vrange-vcons

Concatenation of sequences

definition vconcat = V = V
where vconcat zss =
vfsequence-of-vlist(
concat (map vlist-of-vfsequence (vlist-of-vfsequence xss))

)

Transfer.

lemma vconcat-transfer|transfer-rule]:

includes lifting-syntax

shows (cr-cr-ufsequence ===> cr-ufsequence) vconcat concat
{proof)

Elementary properties.

lemma vconcat-vempty[ simp]: veconcat []o = [Jo

{proof)

lemma vconcat-append[simp]:
assumes vfsequence rss
and V xse, R, wss. vfsequence s
and vfsequence yss
and V xse, R, yss. vfsequence xs
shows vconcat (zss Q, yss) = vconcat zss Q, veconcat yss

{proof)

lemma vconcat-vcons| simp]:

assumes vfsequence zs and vfsequence xss and YV 156, R, ss. vfsequence xs

shows vconcat (zss #. xs) = veoncat xss Q, s

{proof)

lemma (in vfsequence) vfsequence-vconcat-fsingleton|simp]: veoncat [zs]o

{proof)

lemmas vfsequence-vconcat-fsingleton[ simp] =
vfsequence.vfsequence-vconcat-fsingleton

2.9.5 Finite sequences and the Cartesian product

lemma vfsequence-vecons-vproductI [ intro!]:
assumes n €, w
and zs €, ([T1oicovcard xs. A i)
and z €, A (vcard zs)
and n = veard (zs #o )
shows zs #, = € ([Totcon. A i)
{proof)

= IS
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lemma vfsequence-vecons-vproductD[ dest]:
assumes s #o z € ([Toicon. A i) and n €, w
shows zs €, ([Toi€ovcard xs. A i)
and z €, A (vcard zs)
and n = veard (zs #o )
{proof)

lemma vfsequence-vcons-vproductE[ elim!]:
assumes s #o 2 €& ([Toicon. A i) and n €, w
obtains s €, ([]oic,vcard zs. A i)
and z €, A (vcard xs)
and n = vcard (xzs #. )

{proof)

2.9.6 Binary Cartesian product based on finite sequences: ftimes

definition ftimes = V = V = V (infixr (x4 80)
where ftimes a b = ([Toi€2N. if ¢ = 0 then a else b)

lemma small-fpairs[simp]: small {[a, blo | a b. [a, blo € 7}

(proof)
Rules.

lemma ftimesI1[intro]:
assumes = = [a, b]o and a €, A and b€, B
shows z €, A x, B

{proof)

lemma ftimesI2[intro!]:
assumes a €, A and b €, B
shows [a, b], €, A x, B
(proof)

lemma fproductE1[elim!]:
assumes z €, A x, B
obtains a b where z = [a, b], and a €, A and b €, B

{proof)

lemma fproductE2[elim!]:
assumes [a, b], €&, A x, B obtains a €, A and b €, B

{proof)

Set operations.
lemma vfinite-0-left[simp]: 0 xo b =0
(proof )

lemma vfinite-0-right[simp]: a x¢ 0 =0
(proof)

lemma fproduct-vintersection: (a No b) xo (¢ No d) = (a xe ¢) No (b x4 d)

{proof)
lemma fproduct-vdiff: a xe (b =5 ¢) = (a x¢ b) =5 (a %o ¢) {proof)

lemma vfinite-ftimesl[intro!]:
assumes vfinite o and vfinite b
shows vfinite (a x4 b)

{proof)
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ftimes and vepower

lemma vproduct-vpair: [a, blo € ([Toi€2n. f 1) <= (a, b) & f (On) %o f (IN)
{proof)

Connections.

lemma vepower-two-ftimes: A * 28 = A x4 A

{proof)

lemma vepower-two-ftimesl [intro]:
assumes z €, A x, A
shows z €, A 7% 2n

{proof)

lemma vepower-two-ftimesD[ dest]:
assumes 7 €, 4  2n
shows z €, A x, A

(proof)

lemma vepower-two-ftimesE| elim]:
assumes 7 €, A w2y and 7 €, A xg A = P
shows P

{proof)

lemma vfsequence-vepower-two-vpair: [a, bl €6 A "x 2N «— (a, b) €5 A x, A
{proof)

lemma vsv-vfsequence-two:
assumes vsv gf and D, gf = 2N
shows [vpfst gf, vpsnd gf]e = gf
(proof)

lemma vsv-vfsequence-three:

assumes vsv hgf and D, hgf = 3n

shows [vpfst hgf, vpsnd hgf, vpthrd hgflo = hgf
{proof)

2.9.7 Sequence as an element of a Cartesian power of a set

lemma vcons-in-vepowerl [intro!]:
assumes n €, w
and xs €, A 7 vcard zs
and z €, A
and n = vcard (xs #. )
shows xs #, 1 €6, A x n
{proof)

lemma vcons-in-vepowerD| dest]:
assumes 1s #, £ €, A x nand n € w
shows zs €, A ~ vecard zs
and z €, A
and n = vcard (zs #. )
(proof)

lemma vcons-in-vepowerE1[ elim!]:
assumes 1s #, T €6 A x nand n € w
obtains zs €, A "\ vcard xs and z €, A and n = vcard (xs #o x)

{proof)
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lemma vcons-in-vepowerE?2:
assumes s €, A ynand n < wand 0 ¢ n
obtains z zs’ where zs = zs' #, «
and zs’ €, A 7 wvcard xs’
and z €, A
and n = veard (zs' #. 1)
{proof)

lemma vcons-vepowerl E:
assumes 75 €, A y In
obtains z where zs = [z], and z €, A

(proof)

2.9.8 The set of all finite sequences on a set

Definition and elementary properties

definition vfsequences-on = V = V
where ufsequences-on X = set {z. vfsequence x A (Vi€ Do . 2(i]) €o X)}

lemma vfsequences-on-subset-w-set:
{z. vfsequence x A (Vicelts (Do ). z(i]) € X)} S elts (VPow (w x, X))
(proof)

lemma small-vfsequences-on[simp]:
small {z. vfsequence x A (Vi Do z. (i) €o X)}
(proof )

Rules.

lemma vfsequences-onl:
assumes vfsequence xs and Ai. i €, Do s = xs(i]) €, X
shows s €, vfsequences-on X

{proof)

lemma vfsequences-onD[dest]:
assumes s €, vfsequences-on X
shows ufsequence xs and Ai. i €, Do s = xs(i]) €, X

{proof)

lemma vfsequences-onE[ elim]:
assumes s €, vfsequences-on X
obtains vfsequence xs and Ai. i €, Do xs = x5(i]) €, X

{proof)

Further properties

lemma vfsequences-on-vsubset-mono:
assumes A ¢, B
shows ufsequences-on A c, vfsequences-on B

{proof)
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2.10 Binary relation as a finite sequence

2.10.1 Background

This section exposes the theory of binary relations that are represented by a two element finite
sequence [a, b], (as opposed to a pair (a, b)). Many results were adapted from the theory
CZH-Sets-BRelations.

As previously, many of the results that are presented in this section can be assumed to have
been adapted (with amendments) from the theory Relation in the main library.

lemma fpair-iff[simp]: ([a, blo = [a’, b']6) = (a = a’ A b =b") (proof)

lemmas fpair-inject| elim!] = fpair-iff[ THEN iffD1, THEN conjE]

2.10.2 fpairs
definition fpairs : V = V where

foairs r = set {z. z €, v A (Ja b. x = [a, blo)}

lemma small-fpairs[simp]: small {z. z €c r A (Fa b. = [a, b]o)}

(proof)
Rules.

lemma fpairsI[intro]:
assumes 7 € r and z = [a, b],
shows z €, fpairs r

{proof)

lemma fpairsD[dest]:
assumes t €, fpairs r
shows z €, r and Ja b. = = [a, b]o

{proof)

lemma fpairsE[ elim]:
assumes t €, fpairs r
obtains a b where z = [a, b], and [a, b, €& 7

{proof)

lemma fpairs-iff: z €, fpairs r «<— x €, 7 A (Fa b. © = [a, blo) (proof)
Elementary properties.

lemma fpairs-iff-elts: [a, bl €, fpairs r «— [a, b, € 7 (proof)

Set operations.

lemma fpairs-vempty[simp]: fpairs 0 = 0 (proof)

lemma fpairs-vsingleton[simp]: fpairs (set {[a, blo}) = set {[a, b]o} (proof)

lemma fpairs-vinsert: fpairs (vinsert [a, blo A) = set {[a, blo} Uo fpairs A

{proof)

lemma fpairs-mono:
assumes r S, §
shows fpairs r S, fpairs s

{proof)

lemma fpairs-vunion: fpairs (A Uo B) = fpairs A U, fpairs B {proof)



CHAPTER 2. SET THEORY FOR CATEGORY THEORY 111

lemma fpairs-vintersection: fpairs (A N, B) = fpairs A N fpairs B {proof)
lemma fpairs-vdiff: fpairs (A — B) = fpairs A —, fpairs B {proof)

Special properties.

lemma fpairs-ex-vfst:
assumes z €, fpairs r
shows 3b. [z(0n]), blo & T
{proof)

lemma fpairs-ex-vsnd:
assumes z € fpairs r
shows Ja. [a, z(In)]o € 7
{proof)

lemma fpair-vepower2I[intro]:
assumes a €, A y Iy and b e, A
shows vconcat [a, blo €6 A "% 2N
{proof)

o~

><1]N

2.10.3 Constructors

Identity relation

definition fid-on = V = V
where fid-on A = set {[a, a]o | a. a €, A}

lemma fid-on-small[simp]: small {[a, alo | a. a €, A}
(proof)

Rules.

lemma fid-on-eql:
assumes ¢ = band a €, A
shows [a, b], € fid-on A
(proof )

lemma fid-onI[introl]:
assumes a €, A
shows [a, a], € fid-on A
(proof)

lemma fid-onD[dest!]:
assumes [a, a], € fid-on A
shows a €, A
(proof)

lemma fid-onE[ elim!]:

assumes z € fid-on A and Jac.A. z = [a, a]o = P
shows P

(proof )
lemma fid-on-iff: [a, blo € fid-on A «— a = b A a €, A (proof)

Set operations.

lemma fid-on-vempty[simp): fid-on 0 = 0 (proof)

lemma fid-on-vsingleton[simp): fid-on (set {a}) = set {[a, a]o} {proof)
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lemma fid-on-vdoubleton: fid-on (set {a, b}) = set {[a, a]o, [b, b]o} (proof)

lemma fid-on-mono:
assumes A ¢, B
shows fid-on A ¢, fid-on B
(proof)

lemma fid-on-vinsert: vinsert [a, alo (fid-on A) = fid-on (vinsert a A)

(proof)
lemma fid-on-vintersection: fid-on (A N, B) = fid-on A n, fid-on B {proof)
lemma fid-on-vunion: fid-on (A U, B) = fid-on A U, fid-on B (proof)
lemma fid-on-vdiff: fid-on (A -, B) = fid-on A —, fid-on B {proof)

Special properties.

lemma fid-on-vsubset-vepower: fid-on A €, A "% 2N (proof)

Constant function

definition fconst-on =V = V = V
where fconst-on A ¢ = set {[a, c]o | a. a €, A}

lemma small-feonst-on[simp]: small {[a, c]o | a. a €, A}

(proof)
Rules.

lemma feonst-onl[intro!]:
assumes g €, A
shows [a, c], € fconst-on A ¢
(proof)

lemma fconst-onD[ dest!]:
assumes [a, c]o € feonst-on A ¢
shows a €, A

{proof)

lemma fconst-onE[elim!]:
assumes z €, fconst-on A ¢
obtains ¢ where a ¢, A and z = [qa, c]o

{proof)

lemma feonst-on-iff: [a, clo € feconst-on A ¢ «— a €, A (proof)

Set operations.
lemma fconst-on-vempty[simp]: fconst-on 0 ¢ = 0

{proof)

lemma fconst-on-vsingleton[simp]: fconst-on (set {a}) ¢ = set {[a, c]o}

{proof)

lemma fconst-on-vdoubleton: fconst-on (set {a, b}) ¢ = set {[a, clo, [b, ¢]o}

{proof)

lemma fconst-on-mono:
assumes A ¢, B
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shows fconst-on A ¢ <, fconst-on B ¢

{proof)

lemma feonst-on-vinsert:
(vinsert [a, c]o (fconst-on A ¢)) = (feonst-on (vinsert a A) c)

{proof)

lemma fconst-on-vintersection:
feonst-on (A n, B) ¢ = feonst-on A ¢ no feonst-on B ¢

{proof)

lemma fconst-on-vunion: feonst-on (A U, B) ¢ = feonst-on A ¢ U, fconst-on B ¢

{proof)

lemma fconst-on-vdiff: feonst-on (A —o B) ¢ = feconst-on A ¢ — fconst-on B ¢
(proof)

Special properties.

lemma fconst-on-eq-ftimes: fconst-on A ¢ = A x, set {c} (proof)

Composition

definition fcomp = V = V = V (infixr (o, 75)
where 7 o, s = set {[a, c]o | a c. 3b. [a, blo €5 s A [, c]o € T}
notation fcomp (infixr (o4 75)

lemma fcomp-small[ simp]: small {[a, clo | @ c. 3b. [a, blo € s A [b, c]o € 7}
(is «<small ?sy)
(proof)

Rules.

lemma fcompl|intro]:
assumes [b, ¢], € r and [a, b], & s
shows [a, c]o €& 7 04 8

{proof)

lemma fcompD[dest]:
assumes [a, clo € T 04 §
shows 3b. [b, ¢]o €& 7 A [a, b]s € s

{proof)

lemma fcompE[elim]:
assumes ac € T o, §
obtains a b ¢ where ac = [a, ¢], and [a, b, € s and [b, ¢]o € T

(proof)
Elementary properties.
lemma fcomp-assoc: (1 o4 8) 04 t = T 04 (8 04 t) {proof)
Set operations.
lemma fcomp-vempty-left[simp]: 0 oo T = 0 (proof)

lemma fcomp-vempty-right[simp]: r os 0 = 0 {proof)

lemma fcomp-mono:
assumes r’' ¢, r and s’ ¢, s
shows 1/ 0, 8" C, 1 04
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{proof)

lemma fcomp-vinsert-left[ simp]:
vinsert ([a, blo) s o 7 = (set {[a, blo} ce T) Us (8 08 1)
(proof)

lemma fcomp-vinsert-right[ simp]:
T 04 vinsert [a, blo s = (r os set {[a, blo}) Us (7 0u $)

(proof)
lemma fcomp-vunion-left[simp]: (s Uo t) oe 7 = (8 08 7) Uy (¢ 04 ) {proof)
lemma feomp-vunion-right[simp]: v o (8 Uo t) = (7 04 8) Uy (1 04 t) (proof)

Connections.

lemma fcomp-fid-on-idem|[simp]: fid-on A o, fid-on A = fid-on A (proof)
lemma fcomp-fid-on[simp]: fid-on A o, fid-on B = fid-on (A n, B) (proof)

lemma fcomp-fconst-on-fid-on[simp]: feonst-on A ¢ o, fid-on A = fconst-on A ¢

{proof)
Special properties.

lemma fcomp-vsubset-vtimes:
assumes 7 S, B x, Cand s S, A x, B
shows r oy s S, A x4 C

(proof)

lemma fcomp-obtain-middle[ elim]:
assumes [a, ¢lo €& f oe ¢
obtains b where [a, b], €, g and [b, c]o € f
{proof)

Converse relation

definition fconverse = V = V («(-"1,)» [1000] 999)
where 77!, = set {[b, alo | a b. [a, b], € 7}

lemma fconverse-small[ simp]: small {[b, a]o | a b. [a, b]o € 7}
(proof)

Rules.

lemma fconversel[sym, intro!]:
assumes [a, bl & 1
shows [b, a], €, 771,

{proof)

lemma fconverseD|[sym, dest]:
assumes [a, b], € 771
shows [b, a]o € r

{proof)

lemma fconverseE|[elim!]:
assumes 7 €, 11,
obtains a b where z = [b, a], and [a, b & 7
(proof)

1

lemma fconverse-iff: [b, alo € 77 'e <— [a, blo € T (proof)
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Set operations.

lemma feonverse-vempty[simp]: 0714 = 0 (proof)
lemma feonverse-vsingleton: (set {[a, b]o}) e = set {[b, a]o} (proof)

lemma fconverse-vdoubleton: (set {[a, blo, [c, d]o}) ™ e = set {[b, alo, [d, c]o}
(proof)

lemma feonverse-vinsert: (vinsert [a, blo 7)"te = vinsert [b, alo (rts) (proof)

lemma feconverse-vintersection: (r N, 8)™te = 7714 Ny 5714 (proof)

1

lemma feonverse-vunion: (1 Uy 8) e = 7714 U, 51, (proof)

Connections.

lemma feonverse-fid-on[simp]: (fid-on A)™'4 = fid-on A (proof)

lemma feonverse-feconst-on[simp]: (feonst-on A ¢)™'y = set {c} x4 A (proof)
lemma fconverse-fcomp: (1 o4 8) 14 = 5714 04 714 (proof)

lemma feonverse-ftimes: (A xo B)™te = (B x4 A) (proof)

Special properties.

lemma fconverse-pred:
assumes small {[a, b]o | a b. P a b}
shows (set {[a, b]o | a b. P a b})™t, = set {[b, a]o | a b. P a b}
(proof)

Left restriction

definition flrestriction = V = V = V (infixr (}le) 80)
where r !, A = set {[a, b]o | a b. a €, A A [a, b, € T}

lemma flrestriction-small simp]: small {[a, b]o | a b. a €c A A [a, blo & 7}

(proof)
Rules.

lemma flrestrictionl[intro!]:
assumes a €& A and [a, b], & 7
shows [a, b], € 7 e A

(proof)

lemma flrestrictionD[ dest]:
assumes [a, b, & 7 Mo A
shows a €, A and [a, b]o € 1

{proof)

lemma firestrictionE[ elim!]:
assumes z € 1 Mo A
obtains a b where z = [a, b], and a €, A and [a, b], & 7

{proof)

Set operations.

lemma flrestriction-on-vempty[simp]: 7 e 0 = 0 (proof)

lemma flrestriction-vempty[simp]: 0 1y A = 0 (proof)
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lemma flrestriction-vsingleton-in[ simp]:
assumes a €, A
shows set {[a, b]o} e A = set {[a, b]o}
(proof )

lemma flrestriction-vsingleton-nin[ simp]:
assumes a ¢, A
shows set {[a, b]o} Mo A =0
(proof )

lemma firestriction-mono:
assumes A ¢, B
shows r [l Ac, r ' B

{proof)

lemma flrestriction-vinsert-nin[ simp]:
assumes a ¢, A
shows (vinsert [a, b]o r) Me A =1 My A

{proof)

lemma flrestriction-vinsert-in:
assumes a €, A
shows (vinsert [a, blo 7) e A = vinsert [a, b]o (r ts A)
(proof)

lemma flrestriction-vintersection: (r no s) e A =1 My ANy s My A (proof)
lemma flrestriction-vunion: (r Uy s) e A =1ty AU, s My A (proof)
lemma flrestriction-vdiff: (r —o s) Mo A =1 Mg A -5 s My A (proof)
Connections.

lemma flrestriction-fid-on[simp]: (fid-on A) M4 B = fid-on (A n, B) {proof)

lemma flrestriction-fconst-on: (fconst-on A ¢) o B = (fconst-on B c) o A

(proof)

lemma firestriction-fconst-on-commute:
assumes z €, feconst-on A ¢ ' B
shows z €, feconst-on B ¢ |y A

{proof)

lemma flrestriction-fcomp[simp]: (7 o4 8) Mo A = 17 04 (5 1 A) {proof)

Previous connections.
lemma fecomp-rel-fid-on[simp]: r o, fid-on A = r M, A (proof)
lemma fcomp-feconst-on:

 os (feonst-on A ¢) = (r Mo set {c}) oo (feonst-on A c)
(proof)

Special properties.

lemma flrestriction-vsubset-fpairs: v My A S, fpairs r

{proof)

lemma flrestriction-vsubset-frel: v My A S, 7 (proof)
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Right restriction

definition frrestriction = V = V = V (infixr (|"¢> 80)
where 7 |7y A = set {[a, b]o | a b. bes A A [a, b]o €& 1}

lemma frrestriction-small[ simp]: small {[a, b]o | a b. b s A A [a, bo € 7}

(proof )
Rules.

lemma frrestrictionl[intro!]:
assumes b €, 4 and [a, b]o € T
shows [a, b]o €, 7 1"7e A

{proof)

lemma frrestrictionD[ dest]:
assumes [a, blo €& 7 17e A
shows b ¢, A and [a, b, €& T

{proof)

lemma frrestrictionE[ elim!]:
assumes z €, 1 |7, A
obtains a b where z = [a, b], and b €, 4 and [a, b]o & 7

{proof)

Set operations.

lemma frrestriction-on-vempty[simp]: v 1"« 0 = 0 (proof)
lemma frrestriction-vempty[simp]l: 0 1" A = 0 (proof)

lemma frrestriction-vsingleton-in[ simp]:
assumes b €, A
shows set {[a, b]o} 1"e A = set {[a, b]o}
{proof)

lemma frrestriction-vsingleton-nin[ simp]:
assumes b ¢, A
shows set {[a, b]o} 1"e A =0
(proof)

lemma frrestriction-mono:
assumes A ¢, B
shows r |"¢ ACo r |"e B

{proof)

lemma frrestriction-vinsert-nin[ simp):
assumes b ¢, A
shows (vinsert [a, blo ) |Te A =1 1"y A

{proof)

lemma frrestriction-vinsert-in:
assumes b €, A
shows (vinsert [a, blo ) |"e A = vinsert [a, b]o (7 |"e A)
(proof)

lemma frrestriction-vintersection: (r No 8) |"e A =17 1"e ANy s |"e A (proof)

lemma frrestriction-vunion: (r U, §) "¢ A =1 "¢ A Uy s 17 A (proof)
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lemma frrestriction-vdiff: (r — s) |"e A =17 "¢ A —5 s |"e A (proof)

Connections.
lemma frrestriction-fid-on[simp]: (fid-on A) 1"e B = fid-on (A n, B) {proof)
lemma frrestriction-fconst-on:

assumes c €, B
shows (fconst-on A ¢) |"e B = feconst-on A ¢

{proof)

lemma frrestriction-fcomp[simp]: (1 ce s) "¢ A = (1 |"e A) 0u s (proof)
Previous connections.
lemma fcomp-fid-on-rel[ simp]: fid-on A og 7 =1 1" A (proof)

lemma fcomp-feonst-on-rel: (feonst-on A ¢) os 1 = (fconst-on A ¢) oy (1 1" A)

(proof)
lemma flrestriction-fconverse: r1, My A = (r 1"e A)™ts (proof)
lemma frrestriction-fconverse: r1y 174 A = (r ty A)7Y, (proof)

Special properties.

lemma frrestriction-vsubset-rel: v "o A S, 1 (proof)

lemma frrestriction-vsubset-vpairs: r "o A Co fpairs r (proof)

Restriction

definition frestriction = V = V = V (infixr ¢}.» 80)
where r s A = set {[a, b]o | ab. aec ANDbe AN Ja, bl 1}

lemma frestriction-small[ simp]:
small {[a, b]lo | a b. aesc AAbe, ANAJa, bl € 1}
(proof)

Rules.

lemma frestrictionl [intro!]:
assumes a €&, A and b €, A and [a, blo & 7
shows [a, b]o €s 7 s A

{proof)

lemma frestrictionD[ dest]:
assumes [a, blo €, 7 s A
shows a ¢, A and b €, A and [a, b, € r

{proof)

lemma frestrictionE[ elim!]:
assumes r €, 7 o A
obtains ¢ b where z = [a, b], and a €, A and b ¢, A and [a, b, & 7
{proof)

Set operations.

lemma frestriction-on-vempty[simp]: r te 0 = 0 {proof)

lemma frestriction-vempty[simp]: 0 e A = 0 (proof)
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lemma frestriction-vsingleton-in[ simp]:
assumes a €, A and b e, A
shows set {[a, b]o} te A = set {[a, blo}
(proof )

lemma frestriction-vsingleton-nin-left[ simp]:
assumes a ¢, A
shows set {[a, b]o} te A =0
(proof )

lemma frestriction-vsingleton-nin-right| simp]:
assumes b ¢, A
shows set {[a, b]o} te A =0
(proof)

lemma frestriction-mono:
assumes A ¢, B
shows r | AC, r e B

{proof)

lemma frestriction-vinsert-nin[ simp]:
assumes a ¢, A and b ¢, A
shows (vinsert [a, blo ) te A=171s A
(proof)

lemma frestriction-vinsert-in:
assumes a €, A and b €, A
shows (vinsert [a, blo r) te A = vinsert [a, blo (7 e A)
(proof)

lemma frestriction-vintersection: (r N, s) le A =17 1¢ ANy s 1e A (proof)
lemma frestriction-vunion: (r U, s) te A =1 s A U, s e A (proof)

lemma frestriction-vdiff: (r — s) e A =17 1¢ A =5 s 1e A (proof)
Connections.

lemma fid-on-frestriction]simp]: (fid-on A) te B = fid-on (A n, B) (proof)

lemma frestriction-fconst-on-ex:
assumes c €, B
shows (feonst-on A ¢) te B = feconst-on (A n, B) ¢

{proof)

lemma frestriction-fconst-on-nex:
assumes c¢ ¢, B
shows (feconst-on A ¢) | B=0

(proof)
lemma frestriction-fcomp[simp]: (1 0a 8) te A = (1 |74 A) o4 (s Mo A) (proof)
lemma frestriction-fconverse: 11y 1 A = (r 1o A)7Le (proof)

Previous connections.

lemma frrestriction-flrestriction[simp]: (r 1" A) Mo A =1 Iy A (proof)

lemma flrestriction-frrestriction[simp]: (r te A) "o A = 1 s A (proof)
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lemma frestriction-flrestriction[simp]: (r 1o A) Mo A = r }o A (proof)
lemma frestriction-frrestriction[simp]: (r te A) |"e A =1 1o A (proof)

Special properties.

lemma frestriction-vsubset-fpairs: v e A So fpairs v (proof)
lemma frestriction-vsubset-ftimes: r e A o A "% 2N {proof)

lemma frestriction-vsubset-rel: v s A S, 1 (proof)

2.10.4 Properties

Domain
definition fdomain = V = V («D,»)

where D, r = set {a. 3b. [a, b]o € r}
notation fdomain (<D,»)

lemma fdomain-small[ simp]: small {a. 3b. [a, bl & r}
(proof)

Rules.

lemma fdomainI[intro]:
assumes [a, b]o € T
shows a €, D, 1

(proof)

lemma fdomainD[dest]:
assumes a €, Do 7
shows 3. [a, b, & T

{proof)

lemma fdomainE[ elim]:
assumes a €, Doy 7
obtains b where [a, b], € 1

(proof)
lemma fdomain-iff: a €, De 7 «— (Fy. [a, ylo €& 1) (proof)
Set operations.
lemma fdomain-vempty[simp]: De 0 = 0 {proof)
lemma fdomain-vsingleton[simp]: Ds (set {[a, blo}) = set {a} (proof)

lemma fdomain-vdoubleton[simp): Do (set {[a, blo, [¢, d]o}) = set {a, ¢}
(proof)

lemma fdomain-mono:
assumes r S, §
shows D, 1 S, D, s

{proof)

lemma fdomain-vinsert[simp]: Do (vinsert [a, blo r) = vinsert a (Do )

{proof)

lemma fdomain-vunion: De (A U, B) = De A U, De B (proof)
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lemma fdomain-vintersection-vsubset: Dy (A No B) S, Do A No Ds B {proof)
lemma fdomain-vdiff-vsubset: Dy A -3 Dy B S, Dy (A —5 B) (proof)

Connections.

lemma fdomain-fid-on[simp]: D (fid-on A) = A (proof)
lemma fdomain-feconst-on[simp]: De (feconst-on A ¢) = A (proof)
lemma fdomain-flrestriction: Dy (r t'4 A) = Dy r o A (proof)

Special properties.

lemma fdomain-vsubset-ftimes:
assumes fpairs r S, A x4 B
shows D, 7 C, A

{proof)

lemma fdomain-vsubset-VUnion2: Dy 1 S0 Uo(Uo(UoT))
(proof)

Range
definition frange = V = V (\Rs»)

where frange r = set {b. Ja. [a, b]o € 7}
notation frange (<R4»)

lemma frange-small[simp]: small {b. Ja. [a, blo € 7}
(proof)

Rules.

lemma frangel[intro]:
assumes [a, bl & T
shows b e, Re 7
{proof)

lemma frangeD[dest]:
assumes b €, R, 7
shows Ja. [a, b], & T

{proof)

lemma frangeE[elim!]:
assumes b €, Re 7
obtains a where [a, 0], € r

{proof)

lemma frange-iff: b €, Re 7 <— (I a. [a, b]s € 1) (proof)

Set operations.

lemma frange-vempty[simp]: Re 0 = 0 {proof)

lemma frange-vsingleton[simp]: Re (set {[a, blo}) = set {b} (proof)

lemma frange-vdoubleton[simp]: Re (set {[a, blo, [¢, d]o}) = set {b, d}
{proof)

lemma frange-mono:
assumes r G, s
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shows Re 7 S, Re

(proof)
lemma frange-vinsert[ simp]: Re (vinsert [a, bl 7) = vinsert b (Re 1) (proof)
lemma frange-vunion: Re (7 Us 8) = Re 7 Uy Re s {proof)
lemma frange-vintersection-vsubset: Re (7 Ny 8) So Re T No Re s {proof)
lemma frange-vdiff-vsubset: Re 7 —o Re s So Re (1 —o 8) (proof)
Connections.
lemma frange-fid-on[simp]: R (fid-on A) = A (proof)
lemma frange-fconst-on-vempty[ simp]: Re (fconst-on 0 ¢) = 0 {proof)
lemma frange-fconst-on-ne[ simp]:

assumes A # 0
shows R, (feonst-on A ¢) = set {c}

{proof)

lemma frange-vrrestriction: Re (1 1"e A) = Re 7 No A {proof)

Previous connections

lemma fdomain-fconverse[simp]: Dy (r™1s) = Re 7 (proof)
lemma frange-fconverse[simp]: Re (r714) = Do 1 {proof)

Special properties.
lemma frange-iff-vdomain: b €, Re 7 <— (Fac.De 7. [a, blo € 1) (proof)
lemma frange-vsubset-ftimes:

assumes fpairs r S, A x4 B

shows R, r S, B

{proof)

lemma fpairs-vsubset-fdomain-frange[ simp]: fpairs v S, (Do 1) %o (Re T)

{proof)

lemma frange-vsubset-VUnion2: Re 1 So Uo(Uo(Uor))
{proof)

Field

definition ffield = V = V
where ffield r = Dy 7 Uy Re T

abbreviation app-ffield = V = V («F.»)
where F, r = ffield r

Rules.

lemma ffieldI1[intro]:
assumes a €, Dy 7 Uy Re T
shows a €, ffield r

{proof)

lemma ffieldI2[intro]:
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assumes [a, b, €& T
shows a €, ffield r
(proof)

lemma ffieldI3[intro]:
assumes [a, b, €& T
shows b €, ffield r
(proof)

lemma ffieldD[intro]:
assumes a €, ffield r
shows a €, Dy 7 Uy Re T

{proof)

lemma ffieldE[ elim]:
assumes a €, ffield r and a €, Dy 7 Uy, Re 7 =— P
shows P

{proof)

lemma ffield-pair|elim]:
assumes a €, ffield r
obtains b where [a, b]o €, 7 V [b, a]o €& T

{proof)
lemma ffield-iff: a €, ffield r «<— (3b. [a, blo € r Vv [b, a]o € 1) (proof)

Set operations.

lemma ffield-vempty|simp]: ffield 0 = 0 (proof)
lemma ffield-vsingleton[simp): ffield (set {[a, b]o}) = set {a, b} (proof)

lemma ffield-vdoubleton| simp]:
field (set {[a, b]o, [c, d]o}) = set {a, b, ¢, d}
{proof)

lemma ffield-mono:
assumes 1 S, §

shows ffield r S, ffield s
{proof)

lemma ffield-vinsert] simp]:
ffield (vinsert [a, blo r) = set {a, b} U, (ffield r)
{proof)

lemma ffield-vunion[simp]: ffield (r U, s) = ffield r U, ffield s
(proof)

Connections.

lemma fid-on-ffield[simp]: ffield (fid-on A) = A (proof)

lemma fconst-on-ffield-ne[ intro, simp]:
assumes A # 0
shows ffield (fconst-on A ¢) = vinsert ¢ A

{proof)

lemma fconst-on-ffield-vempty[ simp]: ffield (feonst-on 0 ¢) = 0 (proof)

lemma ffield-feconverse[ simp]: ffield (r~t4) = ffield r {proof)
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Special properties.

lemma ffield-vsubset-VUnion2: Fe 1 So Uo(Uo(UoT))
(proof )

Image

definition fimage = V = V = V (infixr ‘> 90)
where r 4 A =R, (r tls A)
notation fimage (infixr ‘> 90)

lemma fimage-small[ simp]: small {b. Fae, A. [a, blo € T}
{proof)

Rules.

lemma fimagell:
assumes z €, R, (7 'y A)
shows z e, 7 % A

{proof)

lemma fimagel2[intro]:
assumes [a, bl €, r and a €, A
shows be, r % A

{proof)

lemma fimageD|dest]:
assumes z & r ‘o A
shows z €, R, (r Mo A)
{proof)

lemma fimageE[ elim]:
assumes b e, r Y A
obtains a where [a, b], €, 7 and a €, A

(proof )
lemma fimage-iff: b €, ‘4 A «— (Fac,A. [a, blo €5 1) {proof)

Set operations.

lemma fimage-vempty[simp]l: 0 4 A = 0 (proof)
lemma fimage-of-vempty[simp]: r ‘4 0 = 0 (proof)

lemma fimage-vsingleton-in[intro, simp]:
assumes a €, A
shows set {[a, b]o} ‘¢ A = set {b}
(proof )

lemma fimage-vsingleton-nin|[intro, simp):
assumes a ¢, A
shows set {[a, b]o} % A =0
(proof )

lemma fimage-vsingleton-vinsert[intro, simp]:
set {[a, blo} ‘ vinsert a A = set {b}
{proof)

lemma fimage-mono:
assumes r' S, rand A’ c, A
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shows (1’ ¢ A') S, (1 % A)
{proof)

lemma fimage-vinsert: v ‘o (vinsert a A) = r ‘ set {a} U, 7 ‘s A (proof)
lemma fimage-vunion-left: (r U 8) 4 A=1"% AU, s 4 A (proof)
lemma fimage-vunion-right: ‘4 (A U, B) =1 ‘% A U, 7 4 B {proof)
lemma fimage-vintersection: v ‘4 (A No B) So 1 4 A No 1 ‘s B (proof)
lemma fimage-vdiff: r v A —o r 4« B S v % (A =5 B) (proof)

Special properties.

lemma fimage-vsingleton-iff [iff ]: b €c 1 % set {a} «— [a, b]o € r {proof)
lemma fimage-is-vempty[iff]: r e A = 0 «— vdisjnt (De 1) A (proof)
Connections.

lemma fid-on-fimage[ simp]: (fid-on A) ¢ B = A n, B (proof)

lemma fimage-fconst-on-ne[ simp]:

assumes Bn, A #0
shows (feonst-on A ¢) 4 B = set {c}

{proof)

lemma fimage-feonst-on-vempty| simp]:
assumes vdisjnt A B
shows (feconst-on A ¢) 4 B =0

{proof)

lemma fimage-fconst-on-vsubset-const[ simp]: (feonst-on A ¢) ‘o B S, set {c}

(proof)
lemma fcomp-frange: Re (17 0o 8) = 17 ‘s (R ) {proof)
lemma fcomp-fimage: (1 oe 8) 6« A =1 " (s ‘% A) {proof)
lemma fimage-flrestriction[simp]: (r e A) ‘4 B =1 ‘% (A no B) {proof)
lemma fimage-frrestriction|simp]: (r 1"s A) ¢ B = A n, v ‘s B (proof)
lemma fimage-frestriction[simp]: (r ts A) e B=A N, (r % (A no B)) (proof)
lemma fimage-fdomain: r ‘¢ Do 1 = Re 7 {proof)
lemma fimage-eq-imp-fcomp:

assumes fc A=g ‘% B

shows (ho, f) 4 A=(hosg) *“ B
(proof)

Previous connections.

lemma fcomp-rel-fconst-on-ftimes: r os (fconst-on A ¢) = A x4 (r ‘% set {c})

{proof)

Further special properties.

lemma fimage-vsubset:
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assumes 7 S, A x, B
shows r 4 C ¢, B

{proof)

lemma fimage-set-def: r ‘e A = set {b. Jac, A. [a, b, & 1}
(proof)

lemma fimage-vsingleton: v ‘s set {a} = set {b. [a, b]o € T}
{proof)

lemma fimage-strict-vsubset: f ¢ A S, f s Do f {proof)

Inverse image

definition finvimage = V = V = V (infixr - 90)
where r -4 A =r"1, 4\ A

lemma finvimage-small[ simp]: small {a. 3be, A. [a, blo € 1}
{proof)

Rules.

lemma finvimagel[intro]:
assumes [a, b]o €&, rand b e, A
shows a e, 7 —% A

{proof)

lemma finvimageD[dest]:
assumes a €, 7 —‘% A
shows a €, D, (1 |"e A)
(proof)

lemma finvimageE|[ elim]:
assumes a €, 7 —‘ A
obtains b where [qa, b], €, 7 and b €, A

{proof)

lemma finvimagell:
assumes a €, D, (7 |7y A)
shows ae, r -4 A
(proof)

lemma finvimageD1:
assumes a €, 7 —‘ A
shows a €, D, (17 |"e A)
(proof)

lemma finvimageE1:
assumes a & r -6 A and a €, D, (1 |"e A) = P
shows P

{proof)

lemma finvimagel2:
assumes a €, 1y W A
shows a e, r -4 A

{proof)

lemma finvimageD2:
assumes a €, r — A
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shows a ¢, r 1, 4 A

{proof)

lemma finvimageE2:
assumes a €, 7 -5 Aand ae, rt, L A= P
shows P

(proof)
lemma finvimage-iff: a €, v =4 A «— (b, A. [a, bls € 1) (proof)
lemma finvimage-iff1: a €, 7 —‘¢ A «— a €& Do (r I"s A) (proof)
lemma finvimage-iff2: a €, v —‘e A < a € 71, 4 A (proof)
Set operations.
lemma finvimage-vempty[simpl: 0 -4 A = 0 (proof)
lemma finvimage-of-vempty[simpl: v —% 0 = 0 (proof)
lemma finvimage-vsingleton-in[intro, simp]:
assumes b €, A

shows set {[a, b]o} —‘% A = set {a}
(proof)

lemma finvimage-vsingleton-nin[intro, simp]:
assumes b ¢, A
shows set {[a, b]o} % A =0
(proof)

lemma finvimage-vsingleton-vinsert[intro, simp]:
set {[a, b]o} —‘ vinsert b A = set {a}
{proof)

lemma finvimage-mono:

assumes ' ¢, rand A’ ¢, A

shows (r' =% A') ¢, (r =% A)

(proof)
lemma finvimage-vinsert: v —‘ (vinsert a A) = r =% set {a} U, T —‘s A (proof)
lemma finvimage-vunion-left: (r U, s) =% A =1 -% AU, s =% A (proof)
lemma finvimage-vunion-right: r —‘e (A U, B) =1 =4 A U,  —*s B (proof)
lemma finvimage-vintersection: r —=‘y (A Ny B) So r = A N 1 =4 B (proof)
lemma finvimage-vdiff: r =4 A = r =%« B S 17 =% (A —5 B) {proof)

Special properties.

lemma finvimage-set-def: r —‘4 A = set {a. 3be, A. [a, blo € 1} (proof)
lemma finvimage-eq-fdomain-frestriction: r —‘e A = Dy (1 1"e A) (proof)

lemma finvimage-frange[simp]: 7 —‘e Re 7= Do T

{proof)

lemma finvimage-frange-vsubset[simp]:
assumes R, 7 S, B
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shows r -, B=D, r

{proof)

Connections.

lemma finvimage-fid-on[simp]: (fid-on A) -4 B = A n, B (proof)

lemma finvimage-fconst-on-vsubset-fdomain[simp]: (fconst-on A ¢) —‘¢ B S, A

{proof)

lemma finvimage-fconst-on-ne[ simp]:
assumes c €, B
shows (fconst-on A ¢) -4 B=A
(proof)

lemma finvimage-fconst-on-vempty[ simp):
assumes c ¢, B

shows (fconst-on A ¢) -« B =0
{proof)

lemma finvimage-fcomp: (g oe f) =% z=f =% (g =% )

(proof )
lemma finvimage-fconverse[simpl: r™t4 —‘ A = r ‘o A (proof)

lemma finvimage-flrestriction[simp]: (r t'4 A) =4 B = A n, v ‘s B (proof)

lemma finvimage-frrestriction]simp]: (r 1"e A) =% B = (r =% (A n, B)) (proof)

lemma finvimage-frestriction[simp]: (r te A) =%« B= A no (r =% (A Ny B))
{proof)

Previous connections.

lemma fdomain-fcomp[simp]: De (1 04 5) = s —‘s Do 1 (proof)

2.10.5 Classification of relations

Binary relation

locale fbrelation =
fixes r = V
assumes fbrelation[simp]: fpairs r = r

locale fbrelation-pair = ry: forelation r1 + ro: fbrelation ro for ri 7o

Rules.

lemma fpairs-eql[intro!]:
assumes Az. £ €, r = Ja b. z = [a, bo
shows fpairs r = r

{proof)

lemma fpairs-eqD|[dest]:
assumes fpairs r = r
shows Az. z €, r = Ja b. z = [a, b],

{proof)

lemma fpairs-eqE[ elim!]:
assumes fpairs r = r and (Az. z €, r = Ja b. z = [a, b]o) = P
shows P
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{proof)

lemmas fbrelationl[intro!] = forelation.intro
lemmas fbrelationD[dest!] = fbrelation.fbrelation

lemma forelationE[ elim!]:
assumes fbrelation r and (fpairs r = r) =— P
shows P

{proof)

lemma fbrelationE1:
assumes fbrelation r and z €, r
obtains a b where z = [a, ],

{proof)

lemma forelationD1[ dest]:
assumes fbrelation r and z €, r
shows Ja b. z = [a, b]s

{proof)

Set operations.

lemma fbrelation-vsubset:
assumes fbrelation s and 17 S, s
shows fbrelation r

{proof)

lemma fbrelation-vinsert: forelation (vinsert [a, blo 1) <— fbrelation r

{proof)

lemma (in fbrelation) forelation-vinsertl: forelation (vinsert [a, blo )

{proof)

lemma fbrelation-vinsertD[dest]:
assumes fbrelation (vinsert (a, b) 1)
shows fbrelation r

{proof)

lemma fbrelation-vunion: fbrelation (r Us s) «— forelation r A forelation s

{proof)

lemma (in fbrelation-pair) forelation-vunionl: fbrelation (r1 U, 72)

{proof)

lemma fbrelation-vunionD| dest]:
assumes fbrelation (r U, s)
shows fbrelation r and fbrelation s

{proof)

lemma (in fbrelation) fbrelation-vintersectionl: forelation (r No s)

{proof)

lemma (in fbrelation) forelation-vdiffI: forelation (r -, s)

(proof)

Connections.

lemma fbrelation-vempty: forelation 0 (proof)

lemma fbrelation-vsingleton: forelation (set {[a, blo}) {proof)
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global-interpretation frel-vsingleton: forelation <set {[a, blo}>

{proof)

lemma fbrelation-vdoubleton: forelation (set {[a, blo, [¢, d]o}) {proof)
lemma fbrelation-sid-on[simp]: forelation (fid-on A) (proof)
lemma fbrelation-fconst-on[simp]: forelation (feconst-on A ¢) (proof)

lemma (in fbrelation-pair) forelation-fcomp: forelation (r1 oe 72)

{proof)

sublocale fbrelation-pair c fcompaq: forelation <ro oo 71>

{proof)

sublocale fbrelation-pair  fcompio: forelation <rq oe T9»

{proof)

lemma (in fbrelation) fbrelation-fconverse: fbrelation (r=1,)

(proof)
lemma fbrelation-flrestriction[intro, simp]: fbrelation (r t'4 A) (proof)
lemma fbrelation-frrestriction[intro, simp]: forelation (r \"s A) (proof)

lemma fbrelation-frestriction[intro, simp]: forelation (r te A) (proof)

Previous connections.

lemma (in fbrelation) feconverse-fconverse[simp]: (r1e) ™ e = r

{proof)

lemma (in fbrelation-pair) fconverse-mono[simpl: r17te Co T2~

{proof)

lemma (in fbrelation-pair) fconverse-inject[simp]: r17te = 797 te <= 71 = 19

(proof)

lemma (in fbrelation) feconverse-vsubset-swap-2:
assumes 7!, S, s
shows r ¢, s71,

{proof)

lemma (in fbrelation) flrestriction-fdomain[simp]: r g Dy 7 = 1
(proof)

lemma (in fbrelation) frrestriction-frange[simpl: v 1" Re 7 =1

(proof )
Special properties.

lemma vsubset-vtimes-forelation:
assumes r S, A x, B
shows fbrelation r

{proof)

lemma (in fbrelation) fbrelation-vintersection-vdomain:
assumes vdisjint (De 1) (Ds $)
shows wvdisjnt r s

o <> T1 S5 T2
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(proof)

lemma (in fbrelation) fbrelation-vintersection-vrange:
assumes vdisint (Re 1) (Re 8)
shows vdisjnt r s

{proof)

lemma (in fbrelation) fbrelation-vintersection-vfield:
assumes vdisjnt (ffield r) (ffield s)

shows wvdisjnt r s
(proof)

lemma (in fbrelation) vdomain-vrange-vtimes: r S, Do T xe Re T

{proof)

lemma (in fbrelation) feconverse-eq-frel[intro, simp):
assumes Aa b. [a, blo € 7 = [, a]o €& T
shows 1, = r

{proof)

lemma fcomp-fconverse-frel-eq-frel-fbrelationl:
assumes 71, of 7 =1
shows fbrelation r

(proof)

Alternative forms of existing results.

lemmas [intro, simp] = fbrelation.fconverse-fconverse
and fconverse-eq-frel[intro, simp] = forelation.fconverse-eg-frel

context
fixes r1 7o
assumes r: forelation rq
and ro: forelation ro
begin

lemmas-with[ OF fbrelation-pair.intro[ OF r1 ra]] :

forelation-feconverse-mono[intro, simp| = fbrelation-pair.fconverse-mono

and fbrelation-frrestriction-srangelintro, simp] =
forelation-pair.fconverse-inject

end
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2.11 Further results related to the von Neumann hierarchy of
sets

2.11.1 Background

The subsection presents several further auxiliary results about the von Neumann hierarchy of
sets. The primary general reference for this section is [59)].

2.11.2 Further properties of Vfrom

Reusable patterns.

lemma Vfrom-Ord-bundle:
assumes A = A and i = ¢
shows Vfrom A i = Vfrom A (rank i) and Ord (rank 7)

{proof)

lemma Vfrom-in-bundle:
assumes i €, jand A = Aand B=B
shows Vfrom A i = Vfrom A (rank 1)
and Ord (rank 7)
and Vfrom B j = Vfrom B (rank j)
and Ord (rank j)
and rank i €, rank j

{proof)

Elementary corollaries.

lemma Ord-Vset-in- Vset-succl[intro):
assumes Ord «
shows Vset « €, Vset (succ «)

{proof)

lemma Ord-in-in-VsetI[intro]:
assumes Ord o and a €, a
shows a €, Vset «

(proof )
Transitivity of the constant Vfrom.

lemma Vfrom-trans[intro]:
assumes Transset A and z €, X and X €, Vfrom A i
shows z €, Vfrom A i

{proof)

lemma Vset-trans[intro]:
assumes z €, X and X ¢, Vset ¢
shows z €, Vset ¢

{proof)

Monotonicity of the constant Vfrom.

lemma Vfrom-in-mono:
assumes A S, Band i ¢, j
shows Vfrom A i €, Vfrom B j

{proof)
lemmas Vset-in-mono = Vfrom-in-mono[ OF order-refl, of - - 0]

lemma Vfrom-vsubset-mono:
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assumes A S, Band i S, j
shows Vfrom A i <, Vfrom B j

{proof)

lemmas Vset-vsubset-mono = Vfrom-vsubset-mono[ OF order-refl, of - - 0]
lemma argl-vsubset-Vfrom: a S, Vfrom a i (proof)

lemma VPow-vsubset- Vset:
— Based on Theorem 9.10 from [59]
assumes X €, Vset i
shows VPow X S, Vset i

(proof)

lemma Vfrom-vsubset-VPow-Vfrom:
assumes Transset A
shows Vfrom A i ¢, VPow (Vfrom A )

{proof)

lemma argl-vsubset- VPow-Vfrom:
assumes Transset A
shows A ¢, VPow (Vfrom A 7)

{proof)

2.11.3 Operations closed with respect to Vset

Empty set.

lemma Limit-vempty-in- Vsetl:
assumes Limit «
shows 0 ¢, Vset a

(proof)
Subset.

lemma vsubset-in-VsetI[intro]:
assumes a S, A and A €, Vset 1
shows a €, Vset ¢

(proof)

lemma Ord-vsubset-in- Vset-succl:
assumes Ord o and A ¢, Vset «
shows A €, Vset (succ a)

{proof)

Power set.

lemma Limit- VPow-in-VsetI[intro]:
assumes Limit o« and A €, Vset «
shows VPow A €, Vset «

(proof)

lemma VPow-in-Vset-revD:
assumes VPow A €, Vset i
shows A ¢, Vset i

{proof)

lemma Ord- VPow-in- Vset-succl:
assumes Ord o and a €, Vset a
shows VPow a €, Vset (succ «)
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{proof)

lemma Ord-VPow-in-Vset-succD:
assumes Ord o and VPow a €, Vset (succ )
shows a €, Vset a

{proof)

Union of elements.

lemma VUnion-in-VsetI[intro]:
assumes A €, Vset i
shows U.A €, Vset ¢

{proof)

lemma Limit-VUnion-in-VsetD:
assumes Limit « and U.A €, Vset a
shows A ¢, Vset a

(proof)

Intersection of elements.

lemma Vinter-in-VsetI[intro):
assumes A e, Vset «
shows N.A €, Vset «

(proof)

Singleton.

lemma Limit-vsingleton-in- VsetI[intro]:
assumes Limit « and a €, Vset o
shows set {a} €, Vset «

{proof)

lemma Limit-vsingleton-in-VsetD:
assumes set {a} €, Vset «
shows a €, Vset a

{proof)

lemma Ord-vsingleton-in- Vset-succl:
assumes Ord o and a €, Vset o
shows set {a} €, Vset (succ a)

(proof)
Doubleton.

lemma Limit-vdoubleton-in-VsetI[intro]:
assumes Limit o and a €, Vset o and b &, Vset o
shows set {a, b} €, Vset «

{proof)

lemma vdoubleton-in-VsetD:
assumes set {a, b} €, Vset a
shows a €, Vset o and b €, Vset «

{proof)

lemma Ord-vdoubleton-in- Vset-succl:
assumes Ord o and a €, Vset o and b €, Vset o
shows set {a, b} €, Vset (succ a)

{proof)

Pairwise union.
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lemma vunion-in-VsetI[intro]:
assumes a €, Vset i and b €, Vset ¢
shows a U, b €, Vset i

{proof)

lemma vunion-in-VsetD:
assumes a U, b €, Vset o
shows a €, Vset o and b €, Vset a

{proof)

Pairwise intersection.

lemma vintersection-in- Vsetl[intro]:
assumes a €, Vset o and b €, Vset o
shows a n, b €, Vset o

{proof)

Set difference.

lemma vdiff-in- VsetI[ intro]:
assumes a €, Vset o and b €, Vset «
shows a —, b ¢, Vset o

(proof)

vinsert.

lemma vinsert-in- VsetI[intro]:
assumes Limit o« and a €, Vset o and b €, Vset «
shows vinsert a b €, Vset a

{proof)

lemma vinsert-in- Vset-succl [ intro]:
assumes Ord o and a €, Vset o and b &, Vset o
shows vinsert a b €, Vset (succ «)

{proof)

lemma vinsert-in- Vset-succl [ intro]:
assumes Ord o and a €, Vset o and b €, Vset (succ «)
shows vinsert a b €, Vset (succ a)

{proof)

lemma vinsert-in- VsetD:
assumes vinsert a b €, Vset «
shows a €, Vset o and b €, Vset «

{proof)

lemma Limit-insert-in-Vsetl:
assumes [intro]: Limit «
and [simp]: small z
and set z €, Vsel o
and [intro]: a €, Vset «
shows set (insert a x) €, Vset o
(proof)

Pair.

lemma Limit-vpair-in- VsetI[intro]:
assumes Limit o« and a €, Vset o and b €, Vset o
shows (a, b) €, Vset a

{proof)
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lemma vpair-in- VsetD[intro:
assumes (a, b) €, Vset «
shows a €, Vset o and b &, Vset a

{proof)

Cartesian product.

lemma Limit-vtimes-in- VsetI[intro]:
assumes Limit o« and A €, Vset o« and B €, Vset o
shows A x, B €, Vset a

(proof)

Binary relations.

lemma (in vbrelation) vbrelation-Limit-in- VsetI[intro]:
assumes Limit « and D, r €, Vset « and R, r €, Vset «
shows r e, Vset «

{proof)

lemma
assumes r €, Vset «
shows vdomain-in-Vsetl: D, r €, Vset a
and vrange-in-Vsetl: Ro r €, Vset «
and vfield-in-Vsetl: Fo 17 €, Vset o
{proof)

lemma (in vbrelation) vbrelation-Limit-vsubset- Vsetl:
assumes Limit « and D, r S, Vset « and R, r S, Vset o
shows r ¢, Vset «

(proof)

lemma
assumes r €, Vset «
shows fdomain-in-Vsetl: D, 1 €, Vset «
and frange-in-Vsetl: Ry 1 €, Vset a
and ffield-in-Vsetl: Fo 7 €, Vset a
{proof)

lemma (in vsv) vsv-Limit-vrange-in- Vsetl [ intro]:
assumes Limit o and Ro r S, Vset o and vfinite (D, )
shows R, 7 €, Vset «

{proof)

lemma (in vsv) vsv-Limit-vsv-in- VsetI [ intro]:
assumes Limit «
and D, r e, Vset «
and R, r S, Vset
and vfinite (D, 1)
shows r €, Vset «

{proof)

lemma Limit-vcomp-in- Vsetl:
assumes Limit o and r €, Vset o and s €, Vset «
shows r o, s €, Vset a

(proof)

Operations on indexed families of sets.

lemma Limit-vifintersection-in-Vsetl:

assumes Limit « and Ai. i €, | = A i €, Vsel o and vfinite 1
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shows (Noicl. A i) €, Vset a
{proof)

lemma Limit-vifunion-in- Vsetl:
assumes Limit « and Ai. i €, [ = A i €, Vset o and vfinite 1
shows (UoieI. A i) €, Vset a

(proof)

lemma Limit-vifunion-in- Vset-if- VLambda-in- Vsetl:
assumes Limit o« and VLambda I A €, Vset o
shows (UoieI. A i) €, Vset o

(proof)

lemma Limit-vproduct-in- Vsetl:
assumes Limit «
and [ ¢, Vset o
and Ai. 1 € I = A i €, Vset
and vfinite T
shows ([Toic.I. A ) €, Vset «
{proof)

lemma Limit-vproduct-in- Vset-if-VLambda-in- Vsetl:
assumes Limit « and VLambda I A e, Vset
shows ([T.ic.I. A 7) € Vset «

{proof)

lemma Limit-vdunion-in- Vset-if-VLambda-in- VsetlI:
assumes Limit « and VLambda I A €, Vset
shows (I].ic.I. A 7) € Vset «

{proof)

lemma vrange-vprojection-in-Vsetl:
assumes Limit «
and A &, Vset a
and Af. fec A = wvsv f
and A\f. fec A= 2¢, D, f
shows R, (AfeA. f(z) € Vset «
{proof)

lemma Limit-vcpower-in- Vsetl:
assumes Limit o« and n €, Vset o and A €, Vset a and vfinite n
shows A * n e, Vset a

{proof)

Finite sets.

lemma Limit-vfinite-in- Vsetl:
assumes Limit « and A S, Vset a and vfinite A
shows A €, Vset o

{proof)

Ordinal numbers.

lemma Limit-omega-in-Vsetl:
assumes Limit «
shows an €, Vset a

(proof)

lemma Limit-succ-in-Vsetl:
assumes Limit o and a €, Vset «
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shows succ a €, Vset «

{proof)

Sequences.

lemma (in vfsequence) vfsequence-Limit-vcons-in-Vsetl:
assumes Limit o and = €, Vset o and zs €, Vset «
shows vcons zs €, Vset o

{proof)

ftimes.

lemma Limit-ftimes-in- Vsetl:
assumes Limit o« and A €, Vset o« and B €, Vset «
shows A x, B €, Vset a

{proof)

Auxiliary results.

lemma vempty-in- Vset-succ[ simp, intro]: 0 €, Vfrom a (succ b)
(proof)

lemma Limit-vid-on-in- Vset:
assumes Limit o and A €, Vset «
shows vid-on A €, Vset o

{proof)

lemma Ord-vpair-in-Vset-succl [ intro]:
assumes Ord o and a €, Vset o and b &, Vset o
shows (a, b) €, Vset (succ (succ )

{proof)

lemma Limit-vifunion-vsubset- Vsetl:
assumes Limit « and Ai. 1 €. [ = A i€, Vset o
shows (Uoic,I. A i) S, Vset «

(proof)

lemma Limit-vproduct-vsubset- Vset-succl:

assumes Limit « and [ €, Vset o and Ai. 1 €c I = A i S, Vset

shows ([Toi€ol. A i) S, Vset (succ «)
{proof)

lemma Limit-vproduct-vsubset- Vset-succl

assumes Limit « and [ €, Vset o and Ai. 1 € I = A i €, Vset o

shows ([Toicol. A i) S, Vset (succ «)
{proof)

lemma (in vfsequence) vfsequence-Ord-vcons-in-Vset-succl:
assumes Ord «
and w & «
and z €, Vset «
and s €, Vset (succ (suce (suce av)))
shows wvcons zs x €, Vset (succ (suce (succ a)))

{proof)

lemma Limit-VUnion-vdomain-in- Vsetl:
assumes Limit a and @ €, Vset
shows (Uor€. Q. D, 1) € Vset «
{proof)
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lemma Limit-VUnion-vrange-in- Vsetl:
assumes Limit o and @Q €, Vset «
shows (UoT€,Q. Ro T) € Vset a
{proof)

2.11.4 Axioms for Vset o

The subsection demonstrates that the axioms of ZFC except for the Axiom Schema of Replace-

ment hold in Vset « for any limit ordinal « such that w €, al.

locale Z =
fixes «
assumes Limit-a[intro, simp]: Limit «
and omega-in-afintro, simp]: w €, «
begin

lemmas [intro] = Z-axioms
lemma vempty-Z-def: 0 = set {x. x # =} (proof)

lemma vempty-is-zet[intro, simp]: 0 €, Vset a

{proof)

lemma Axiom-of-Extensionality:
assumes a €, Vset « and z = y and z €, a
shows y €, a and z ¢, Vset o and y €, Vset a

{proof)

lemma Azxiom-of-Pairing:
assumes a €, Vset a and b €, Vset o
shows set {a, b} €, Vsel «

{proof)

lemma Axiom-of-Unions:
assumes a €, Vset «
shows U.a €, Vset a

{proof)

lemma Azxiom-of-Powers:
assumes a €, Vset «
shows VPow a €, Vset a

{proof)

lemma Axiom-of-Regularity:
assumes ¢ # 0 and a €, Vset «
obtains z where z ¢, a and z N, a =0

{proof)

lemma Axiom-of-Infinity: w €, Vset «

{proof)

lemma Azxiom-of-Choice:

assumes A €, Vset «

obtains f where f ¢, Vset c and Az. 2 €c A = 2 # 0 = [f(z)) & =
(proof)

!The presentation of the axioms is loosely based on the statement of the axioms of ZFC in Chapters 1-11 in
[59].
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end

Trivial corollaries.

lemma (in Z) Ord-a: Ord o (proof)

lemma (in Z) Z-Vset-w2-vsubset- Vset: Vset (w + w) S, Vset a

{proof)
lemma (in Z) Z-Limit-aw: Limit (a + w) (proof)

lemma (in Z) Z-a-aw: @ €, a + w

(proof)

lemma (in Z) Z-w-aw: w € a + w
{proof)

lemma Z-ww: Z (w + w)

{proof)

lemma (in Z) in-omega-in-omega-plus|intro]:
assumes a €, w
shows a €, Vset (o + w)

{proof)
lemma (in Z) ord-of-nat-in-Vset[simp]: an €5 Vset o (proof)

vfsequences-on.

lemma (in Z) vfsequences-on-in-VsetI:
assumes X €, Vset «
shows vfsequences-on X €, Vset o

(proof)

2.11.5 Existence of a disjoint subset in Vset «

definition mk-doubleton = V = V = V
where mk-doubleton X a = set {a, X}

definition mk-doubleton-image = V= V = V
where mk-doubleton-image X Y = set (mk-doubleton Y * elts X)

lemma inj-on-mk-doubleton: inj-on (mk-doubleton X) (elts X)
(proof)

lemma mk-doubleton-image-vsubset-veqpoll:
assumes X S, YV
shows mk-doubleton-image X X », mk-doubleton-image X Y

{proof)

lemma mk-doubleton-image-veqpoll:
assumes X S, YV
shows X », mk-doubleton-image X Y

{proof)

lemma vdisjnt-mk-doubleton-image: vdisjnt (mk-doubleton-image X Y) Y

(proof)

lemma Limit-mk-doubleton-image-vsubset- Vset:
assumes Limit « and X ¢, Y and Y ¢, Vset «
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shows mk-doubleton-image X Y <, Vset «
{proof)

lemma Ord-mk-doubleton-image-vsubset- Vset-succ:
assumes Ord o and X ¢, Y and Y ¢, Vset a
shows mk-doubleton-image X Y <, Vset (succ «)

(proof)

lemma Limit-ex-eqpoll-vdisjnt:
assumes Limit « and X ¢, Y and Y €, Vset «
obtains Z where X ~, Z and vdisjnt Z Y and Z ¢, Vset a

{proof)

lemma Ord-ex-egpoll-vdisjnt:
assumes Ord a and X ¢, Y and Y ¢, Vset «

obtains Z where X »~, Z and vdisjnt Z Y and Z <, Vset (succ «)

{proof)
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2.12 n-ary operation

2.12.1 Partial n-ary operation

locale pnop = vsv f for An f =V +
assumes pnop-n: n €, w
and pnop-vdomain: D, f o A "% n
and pnop-vrange: R, f S, A

Rules.

lemma pnopl|[intro]:
assumes vsv f
and n € w
and D, f S, A "« n
and R, f <, A
shows pnop A n f
(proof)

lemma pnopD|dest]:
assumes pnop A n f
shows wvsv f
and n €, w
and D, f S, A "« n
and R, f S, A
(proof)

lemma pnopE[ elim]:
assumes pnop A n f
obtains vsv f
and n € w
and D, f S, A "« n
and R, f S, A
(proof)

2.12.2 Total n-ary operation

locale nop = vsv f for Anf:= V +
assumes nop-n: n €, w
and nop-vdomain: Do f = A "« n
and nop-vrange: R, f S, A

sublocale nop ¢ pnop A n f
{proof)

Rules.

lemma nopl[intro]:
assumes vsv f
and n €, w
and D, f=A ' n
and R, f S, A
shows nop A n f
(proof)

lemma nopD[dest]:
assumes nop A n f
shows wvsv f
and n €, w
and D, f=A4 "« n
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and R, f S, A
(proof )

lemma nopE[ elim]:
assumes nop A n f
obtains vsv f
and n € w
and Do f =A A>< n
and R, f S, A
(proof)

2.12.3 Injective n-ary operation

locale nop-vll = v1l ffor Anf=V +
assumes nop-vll-n: n € w
and nop-vll-vdomain: D, f = A "x n
and nop-vll-vrange: R, f S, A

sublocale nop-vll ¢ nop
{proof)

Rules.

lemma nop-v111[intro]:
assumes vll f
and n € w
and D, f=A4 "« n

and R, f S, A
shows nop-vll A n f
(proof)

lemma nop-v11D[dest]:
assumes nop-vll A n f
shows vl1 f
and n € w
and D, f=4 "« n
and R, f S, A
(proof)

lemma nop-vl1E[elim]:
assumes nop-vll A n f
obtains vll f
and n €, w
and D, f=A ' n
and R, f S, A
(proof)

2.12.4 Surjective n-ary operation

locale nop-onto = vsv f for Anf=V +
assumes nop-onto-n: n €, w
and nop-onto-vdomain: D, f = A x n
and nop-onto-vrange: R, f = A

sublocale nop-onto € nop
{proof)

Rules.

lemma nop-ontol|[intro]:
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assumes vsv f
and n €, w
and Do f =A Ax n

and R, f=A
shows nop-onto A n f
(proof)

lemma nop-ontoD[ dest]:
assumes nop-onto A n f
shows wvsv f
and n € w
and D, f=A4 "« n
and R, f=A
(proof)

lemma nop-ontoE[elim]:
assumes nop-onto A n f
obtains vsv f
and n € w
and D, f=A4 "« n
and R, f=A
(proof)

2.12.5 Bijective n-ary operation
locale nop-bij = v1l ffor Anf =V +
assumes nop-bij-n: n €, w
and nop-bij-vdomain: D, f = A "« n
and nop-bij-vrange: R, f = A

sublocale nop-bij € nop-vll
{proof)

sublocale nop-bij € nop-onto
{proof)

Rules.

lemma nop-bijI[intro]:
assumes vll f
and n € w
and D, f=A "« n

and R, f=A
shows nop-bij A n f
(proof)

lemma nop-bijD[dest]:
assumes nop-bij A n f
shows v11 f
and n €, w
and D, f=A4A "« n
and R, f=A
(proof)

lemma nop-bijE[ elim]:
assumes nop-bij A n f
obtains v11 f
and n € w
and D, f=A4 "« n
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and R, f=A
(proof)

2.12.6 Scalar

locale scalar =
fixes A f
assumes scalar-nop: nop A 0 f

sublocale scalar € nop A O f
rewrites scalar-vdomain[simp]: A "% 0 = set {0}
(proof)

Rules.

lemmas scalarl[intro] = scalar.intro

lemma scalarD[dest]:
assumes scalar A f
shows nop A 0 f

{proof)

lemma scalarE[elim]:
assumes scalar A f
obtains nop A 0 f

(proof)

2.12.7 Unary operation
locale unop = nop A <1n» f for A f

Rules.

lemmas unopl[intro] = unop.intro

lemma unopD[dest]:
assumes unop A f
shows nop A (In) f

{proof)

lemma unopE[elim]:
assumes unop A f
obtains nop A (In) f

{proof)

2.12.8 Injective unary operation

locale unop-vll = nop-vll A <1n» f for A f

sublocale unop-v1l € unop A f (proof)

Rules.

lemma unop-v11I[intro]:
assumes nop-vll A (In) f
shows unop-vll A f

{proof)

lemma unop-v11D[dest]:
assumes unop-vll A f
shows nop-vll A (In) f
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{proof)

lemma unop-v11E[elim]:
assumes unop-vll A f
obtains nop-vll A (In) f

{proof)

2.12.9 Surjective unary operation

locale unop-onto = nop-onto A <1n» f for A f

sublocale unop-onto € unop A f (proof)

Rules.

lemma unop-ontol[intro]:
assumes nop-onto A (1) f
shows unop-onto A f

{proof)

lemma unop-ontoD[dest]:
assumes unop-onto A f
shows nop-onto A (1n) f

{proof)

lemma unop-ontoE[ elim]:
assumes unop-onto A f
obtains nop-onto A (1n) f

{proof)

lemma unop-ontol Tintro]:
assumes unop A fand A S, R, f
shows unop-onto A f

(proof)

2.12.10 Bijective unary operation

locale unop-bij = nop-bij A <1n> f for A f

sublocale unop-bij € unop-vll A f

{proof)

sublocale unop-bij € unop-onto A f

(proof )
Rules.

lemma unop-bijl[intro]:
assumes nop-bij A (In) f
shows unop-bij A f
{proof)

lemma unop-bijD[dest]:
assumes unop-bij A f
shows nop-bij A (In) f
{proof)

lemma unop-bijE[elim]:
assumes unop-bij A f
obtains nop-bij A (1n) f
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{proof)

lemma unop-bijl [intro]:
assumes unop-vll A fand A S, R, f
shows unop-bij A f

{proof)

2.12.11 Partial binary operation
locale pbinop = pnop A 22N> f for A f

sublocale pbinop € dom: fbrelation <D, f»
{proof)

Rules.

lemmas pbinopl|[intro] = pbinop.intro

lemma pbinop D[ dest]:
assumes pbinop A f
shows pnop A (2n) f
(proof)

lemma pbinopE[elim]:
assumes pbinop A f
obtains pnop A (2n) f
{proof)

Elementary properties.

lemma (in pbinop) fbinop-vcard:
assumes z €, D, f
shows vcard x = 2N

(proof)

2.12.12 Total binary operation
locale binop = nop A 2N f for A f

sublocale binop ¢ pbinop (proof)

Rules.

lemmas binopl[intro] = binop.intro

lemma binopD[dest]:
assumes binop A f
shows nop A (2n) f

{proof)

lemma binopE[elim]:
assumes binop A f
obtains nop A (2n) f
{proof)

Elementary properties.

lemma binop-eql:
assumes binop A g
and binop A f
and Aab. [[ae A; b Al = g(a, b)e = f(a, b).
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shows g = f
{proof)

lemma (in binop) binop-app-in-vrange[intro]:
assumes a €, A and b e, A
shows f(la, b))e €c Ro |

{proof)

2.12.13 Injective binary operation

locale binop-vll = nop-vll A 2N f for A f

sublocale binop-vll < binop A f (proof)

Rules.

lemma binop-v11I[intro]:
assumes nop-vll A (2n) f
shows binop-vll A f

(proof)

lemma binop-v11D[dest]:
assumes binop-vll A f
shows nop-vll A (2n) f

{proof)

lemma binop-v11E[elim]:
assumes binop-vll A f
obtains nop-vll A (2n) f

{proof)

2.12.14 Surjective binary operation

locale binop-onto = nop-onto A 22N> f for A f

sublocale binop-onto ¢ binop A f (proof)

Rules.

lemma binop-ontol[intro]:
assumes nop-onto A (2n) f
shows binop-onto A f

(proof)

lemma binop-ontoD[dest]:
assumes binop-onto A f
shows nop-onto A (2n) f

{proof)

lemma binop-ontoE[ elim]:
assumes binop-onto A f
obtains nop-onto A (2n) f

{proof)

lemma binop-ontol [intro]:
assumes binop A f and A ¢, R, f
shows binop-onto A f

(proof)
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2.12.15 Bijective binary operation
locale binop-bij = nop-bij A 22N> f for A f

sublocale binop-bij ¢ binop-vll A f
(proof)

sublocale binop-bij € binop-onto A f

(proof)
Rules.

lemma binop-bijl[intro]:
assumes nop-bij A (2N) f
shows binop-bij A f
(proof)

lemma binop-bijD[ dest]:
assumes binop-bij A f
shows nop-bij A (2N) f
(proof)

lemma binop-bijE[ elim]:
assumes binop-bij A f
obtains nop-bij A (2n) f
(proof)

lemma binop-bijl [intro]:
assumes binop-vll A fand A S, R, f
shows binop-bij A f

{proof)

2.12.16 Flip

definition fflip = V = V
where fflip f = (Aabeo(Do f)'s. f(ab(1n), ab(O0)).)

Elementary properties.
lemma [flip-vempty[simp]: fflip 0 = 0 (proof)

lemma fflip-vsv: vsv (fflip f)
(proof)

lemma vdomain-fflip[simp]: Do (fflip f) = (Do f)7 s
(proof)

lemma (in pbinop) vrange-fflip: Ro (fflip f) = Ro f
(proof)

lemma fflip-app[simp]:
assumes [a, b, € D, f

shows fflip f(b, a))s = f(a, b))
(proof)

lemma (in pbinop) pbinop-fflip-fflip: fflip (fflip f) = f
(proof)

lemma (in binop) pbinop-fflip-app[simp]:
assumes a €, A and be, A
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shows fflip f(b, a)e = f(a, b))
(proof)

lemma fflip-vsingleton: fflip (set {{[a, blo, ¢)}) = set {{[b, alo, ¢)}
(proof)
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2.13 Construction of integer numbers, rational numbers and
real numbers

2.13.1 Background

The set of real numbers R, is defined in a way such that it agrees with the set of natural
numbers w. However, otherwise, real numbers are allowed to be arbitrary sets in Vset (w + w).?
Integer and rational numbers are exposed via canonical injections into the set of real numbers
from the types int and rat, respectively. Lastly, common operations on the real, integer and
rational numbers are defined and some of their main properties are exposed.

The primary reference for this section is the textbook The Real Numbers and Real Analysis by
E. Bloch [14]. Nonetheless, it is not claimed that the exposition of the subject presented in this
section is entirely congruent with the exposition in the aforementioned reference.

declare One-nat-def[simp del]
named-theorems vnumber-simps

lemmas [vnumber-simps] =
Collect-mem-eq Ball-def [ symmetric] Bex-def[symmetric] vsubset-eq symmetric]

Supplementary material for the evaluation of the upper bound of the cardinality of the contin-
uum.

lemma inj-image-ord-of-nat: inj (image ord-of-nat)

{proof)

lemma vlepoll- VPow-omega-if-vreal-lepoll-real:
assumes z S (UNIV:real set)
shows set © $o VPow w

(proof)
2.13.2 Real numbers

Definition

abbreviation real :: nat = real
where real = of-nat

definition nat-of-real :: real = nat
where nat-of-real = inv-into UNIV real

definition vreal-of-real-impl :: real = V
where vreal-of-real-impl = (SOME V-of:real=V. inj V-of)

lemma inj-vreal-of-real-impl: inj vreal-of-real-impl

{proof)

lemma inj-on-inv-vreal-of-real-impl:
inj-on (inv vreal-of-real-impl) (range vreal-of-real-impl)

{proof)

lemma range-vreal-of-real-impl-viepoll- VPow-omega:
set (range vreal-of-real-impl) So VPow w
{proof)

definition vreal-impl = V

>The idea itself is not new, e.g., see [26].
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where vreal-impl =
(
SOME y.
range vreal-of-real-impl ~ elts y A
vdisjnt y w A
Y € Vset (w + w)

)

lemma vreal-impl-eqpoll: range vreal-of-real-impl ~ elts vreal-impl
and vreal-impl-vdisjnt: vdisjnt vreal-impl w
and vreal-impl-in- Vset-ss-omega: vreal-impl €, Vset (w + w)
{proof)
definition vreal-of-real-impl’ = V = V
where vreal-of-real-impl’ =

(SOME f. bij-betw f (range vreal-of-real-impl) (elts vreal-impl))

lemma vreal-of-real-impl’-bij-betw:

bij-betw vreal-of-real-impl’ (range vreal-of-real-impl) (elts vreal-impl)

(proof)

definition vreal-of-real-impl’ :: real = V

where vreal-of-real-impl'’ = vreal-of-real-impl’ o vreal-of-real-impl

lemma vreal-of-real-impl’": disjnt (range vreal-of-real-impl’") (elts w)
(proof)

lemma inj-vreal-of-real-impl’": inj vreal-of-real-impl"’
(proof)
Main definitions.

definition vreal-of-real :: real = V
where vreal-of-real x =
(if x € N then (nat-of-real x)N else vreal-of-real-impl"" z)

notation vreal-of-real (<-g> [1000] 999)
declare [[coercion vreal-of-real :: real = V1]

definition vreal = V (<Ro»)
where vreal = set (range vreal-of-real)

definition real-of-vreal :: V = real
where real-of-vreal = inv-into UNIV vreal-of-real

Rules.
lemma vreal-of-real-in-vreall [ intro, simp]: ar €, R,

{proof)

lemma vreal-of-real-in-vreal E[ elim]:
assumes a €, R,
obtains b where br = ¢

{proof)

Elementary properties.

lemma vnat-eg-vreal: ©n = zr (proof)
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lemma omega-vsubset-vreal: w S, R,
{proof)

lemma inj-vreal-of-real: inj vreal-of-real
(proof)

lemma vreal-in-Vset-w2: R, €, Vset (w + w)

{proof)

lemma real-of-vreal-vreal-of-real[ simp|: real-of-vreal (ar) = a
{proof)

Transfer rules

definition cr-vreal = V = real = bool
where cr-vreal a b < (a = vreal-of-real b)

lemma cr-vreal-right-total[ transfer-rule]: right-total cr-vreal

{proof)

lemma cr-vreal-bi-unigie[ transfer-rule]: bi-unique cr-vreal

{proof)

lemma cr-vreal-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-vreal = (Az. z € R,)

{proof)

lemma vreal-transfer|transfer-rule]:
(rel-set cr-vreal) (elts Ro) (UNIV:real set)

{proof)

lemma vreal-of-real-transfer| transfer-rule]: cr-vreal (vreal-of-real a) a

{proof)

Constants and operations

Auxiliary.

lemma vreal-fsingleton-in-fproduct-vreal: [ar]o €0 Ro “x 1n (proof)

lemma vreal-fpair-in-fproduct-vreal: [ar, br]o €0 Ro “x 2N (proof)

Zero.

lemma vreal-zero: Og = (0:V)

(proof)
One.

lemma vreal-one: 1g = (1:V)

(proof)
Addition.

definition vreal-plus = 'V
where vreal-plus =
(Aze R, "k 2N. (real-of-vreal (z(On)) + real-of-vreal (z(1n])))R)

abbreviation vreal-plus-app = V = V = V (infixl <+R» 65)
where vreal-plus-app a b = vreal-plus(a, b))e
notation vreal-plus-app (infixl <+R» 65)
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lemma vreal-plus-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-vreal ===> cr-vreal ===> cr-vreal)
(+r) (+)
(proof)

Multiplication.

definition vreal-mult = 'V
where vreal-mult =
(AzeoRo "% 2N (real-of-vreal (z(On]) * real-of-vreal (z(1n)))R)

abbreviation vreal-mult-app (infixl (xg» 70)
where vreal-mult-app a b = vreal-mult(a, b)),
notation vreal-mult-app (infixl (xg»> 70)

lemma vreal-mult-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vreal ===> cr-vreal ===> cr-vreal) (*r) (*)

{proof)

Unary minus.

definition vreal-uminus :: V
where vreal-uminus = (Az€,Ro. (uminus (real-of-vreal z))R)

abbreviation vreal-uminus-app (—r - [81] 80)
where —g a = vreal-uminus(al)

lemma vreal-uminus-transfer[transfer-rule]:
includes lifting-syntax
shows (cr-vreal ===> cr-vreal) (vreal-uminus-app) (uminus)

{proof)

Multiplicative inverse.

definition vreal-inverse :: V
where vreal-inverse = (Az€.R,. (inverse (real-of-vreal z))R)

abbreviation vreal-inverse-app («(-"'g)» [1000] 999)
where a™'g = vreal-inverse(al)

lemma vreal-inverse-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-vreal ===> cr-vreal) (vreal-inverse-app) (inverse)

(proof)
Order.

definition vreal-le :: V
where vreal-le =
set {[a, blo | @ b. [a, blo €6 Ro "% 2N A real-of-vreal a < real-of-vreal b}

abbreviation vreal-le’ (<(-/ <g -)» [51, 51] 50)
where a <g b = [a, b], € vreal-le

lemma small-vreal-le[ simp]:
small
{[a, blo | a b. [a, b]o € Ro "x 2N A real-of-vreal a < real-of-vreal b}
{proof)



CHAPTER 2. SET THEORY FOR CATEGORY THEORY 155

lemma vreal-le-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-vreal ===> cr-vreal ===> (=)) wvreal-le’ (<)

{proof)

Strict order.

definition vreal-ls = V
where vreal-ls =
set {[a, blo | a b. [a, blo €& Ro “x 2N A real-of-vreal a < real-of-vreal b}

abbreviation vreal-ls’ (<(-/ <r -)» [51, 51] 50)
where a <g b = [a, b]o € vreal-ls

lemma small-vreal-ls| simp]:
small
{[a, blo | a b. [a, b]o € Ro "x 2N A real-of-vreal a < real-of-vreal b}
{proof)

lemma vreal-ls-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-vreal ===> cr-vreal ===> (=)) vreal-ls’ (<)

{proof)

Subtraction.

definition vreal-minus :: V
where vreal-minus =
(AzeoRo " 2n. (real-of-vreal (z(0n)) — real-of-vreal (z(1n))))r)

abbreviation vreal-minus-app (infixl (—r> 65)
where vreal-minus-app a b = vreal-minus(|a, b))e

lemma vreal-minus-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-vreal ===> cr-vreal ===> cr-vreal) (-r) (-)

{proof)

Axioms of an ordered field with the least upper bound property.

The exposition follows the Definitions 2.2.1 and 2.2.3 from the textbook The Real Numbers and
Real Analysis by E. Bloch [14].

lemma vreal-zero-closed: Og €, R,
{proof)

lemma vreal-one-closed: 1r €o R
(proof )

lemma vreal-plus-closed:
assumes z €, R, and y €, R,
shows z +r ¥ €& R,

{proof)

lemma vreal-uminus-closed:
assumes z €, R,
shows —Rr z €, R,

{proof)
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lemma vreal-mult-closed:
assumes z €, R, and y ¢, R,
shows z *R y €, R,

{proof)

lemma vreal-inverse-closed:
assumes z €, R,
shows z7'g € R,

{proof)

Associative Law for Addition: Definition 2.2.1.a.

lemma vreal-assoc-law-addition:
assumes z €, R, and y ¢, R, and z ¢, R,
shows (z +Rr ¥) +r 2 = 2 +r (¥ +R 2)

(proof)
Commutative Law for Addition: Definition 2.2.1.b.

lemma vreal-commutative-law-addition:
assumes 1 €, R, and y ¢, R,
shows z +r ¥y = y +r ©

{proof)

Identity Law for Addition: Definition 2.2.1.c.

lemma vreal-identity-law-addition:
assumes r €, R,
shows z +g Or = =

{proof)

Inverses Law for Addition: Definition 2.2.1.d.

lemma vreal-inverses-law-addition:
assumes z €, R,
shows z +r (-r z) = Or

{proof)

Associative Law for Multiplication: Definition 2.2.1.e.

lemma vreal-assoc-law-multiplication:
assumes z €, R, and y ¢, R, and z ¢, R,
shows (7 *r y) *r 2 = 7 *R (Y *R 2)
{proof)

Commutative Law for Multiplication: Definition 2.2.1.f.

lemma vreal-commutative-law-multiplication:
assumes z €, R, and y €, R,
shows z *gr y = y *Rr T

{proof)

Identity Law for Multiplication: Definition 2.2.1.g.

lemma vreal-identity-law-multiplication:
assumes z €, R,
shows z xg Igr = =

{proof)

Inverses Law for Multiplication: Definition 2.2.1.h.

lemma vreal-inverses-law-multiplication:
assumes 7 € R, and z # O

shows z *g 7' = lg
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(proof )
Distributive Law: Definition 2.2.1.1.

lemma vreal-distributive-law:
assumes z €, R, and y €, R, and z €, R,
shows z g (y +R 2) = T *R Y +R T *R 2
{proof)

Trichotomy Law: Definition 2.2.1.j.

lemma vreal-trichotomy-law:
assumes 7 €, R, y ¢, R,
shows
(z<rynr“(@=y)r"(y<rz)) Vv
(((z<ry)rz=yAr~(y<rz)) Vv
("(z<ry) A7 (z=y) A y<r )
{proof)

Transitive Law: Definition 2.2.1.k.

lemma vreal-transitive-law:
assumes z €, R,
and y ¢, R,
and z ¢, R,
and z <g y and y <R 2
shows z <R 2

(proof)
Addition Law of Order: Definition 2.2.1.1.

lemma vreal-addition-law-of-order:
assumes z €, R, and y ¢, R, and 2z ¢, R, and z <R ¥
shows = +Rr 2 <R ¥ +R 2

{proof)

Multiplication Law of Order: Definition 2.2.1.m.

lemma vreal-multiplication-law-of-order:
assumes z €, R,
and y ¢, R,
and 7z ¢, Ry
and z <R ¥y
and Or <R 2
shows z *R 2z <R ¥ *R 2
{proof)

Non-Triviality: Definition 2.2.1.n.

lemma vreal-non-triviality: Or # 1r
{proof)

Least upper bound property: Definition 2.2.3.

lemma least-upper-bound-property:
defines vreal-ub S M = (S So Ro A M €5 Ro A (V 26,5, z <g M))
assumes A ¢, R, and A # 0 and 3 M. vreal-ub A M

obtains M where vreal-ub A M and AT. vreal-ub A T —=— M <gp T

{proof)

Fundamental properties of other operations

Minus.
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lemma vreal-minus-closed:
assumes z €, R, and y ¢, R,
shows z —-r ¥ €&, R,

{proof)

lemma vreal-minus-eq-plus-uminus:
assumes z €, R, and y ¢, R,
shows z —r ¥y = z +r (-R ¥)

{proof)

Unary minus.

lemma vreal-uminus-uminus:
assumes = €, R,
shows z = - (-Rr )
(proof )
Multiplicative inverse.

lemma vreal-inverse-inverse:
assumes 7 €, R,
shows z = (z71R) 7'
{proof)

Further properties
Addition.

global-interpretation vreal-plus: binop-onto <R, vreal-plus
{proof)
Unary minus.

global-interpretation vreal-uminus: v11 vreal-uminus
rewrites vreal-uminus-vdomain[simp): D, vreal-uminus = R,
and vreal-uminus-vrange[ simp]: R, vreal-uminus = R,
{proof)
Multiplication.

global-interpretation vreal-mult: binop-onto <Ro» vreal-mult
{proof)

Multiplicative inverse.

global-interpretation vreal-inverse: v11 wvreal-inverse
rewrites vreal-inverse-vdomain[simp]: D, vreal-inverse = R,
and vreal-inverse-vrange[ simp]: R, vreal-inverse = R,

(proof)

2.13.3 Integer numbers

Definition

definition vint-of-int = int = V
where vint-of-int = vreal-of-real

notation vint-of-int (<-z> [999] 999)
declare [[coercion vint-of-int = int = V]

definition vint = V («Zo»)
where vint = set (range vint-of-int)
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definition int-of-vint = V = int
where int-of-vint = inv-into UNIV vint-of-int

Rules.
lemma vint-of-int-in-vintI[intro, simpl: az €, Z, {proof)
lemma vint-of-int-in-vintE[ elim]:

assumes a €, Z,
obtains b where b7 = a

{proof)

Elementary properties
lemma vint-vsubset-vreal: Z.. So R,

{proof)

lemma inj-vint-of-int: inj vint-of-int

{proof)

lemma vint-in- Vset-w2: Z, €, Vset (w + w)

{proof)

lemma int-of-vint-vint-of-int[ simp): int-of-vint (az) = a

{proof)

Transfer rules.
definition cr-vint = V = int = bool

where cr-vint a b «— (a = vint-of-int b)

lemma cr-vint-right-total[ transfer-rule]: right-total cr-vint

{proof)

lemma cr-vint-bi-ungie[ transfer-rule]: bi-unique cr-vint

{proof)

lemma cr-vint-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-vint = (Az. x €, Zo)

{proof)

lemma vint-transfer|transfer-rule]:
(rel-set cr-vint) (elts Zo,) (UNIV:int set)

{proof)

lemma vint-of-int-transfer| transfer-rule]: cr-vint (vint-of-int a) a

{proof)

Constants and operations

Auxiliary.

lemma vint-fsingleton-in-fproduct-vint: [az]o €0 Zo “x 1IN {proof)
lemma vint-fpair-in-fproduct-vint: [az, bzlo € Zo “x 2n {(proof)

Zero.

lemma vint-zero: 0z = (0:V) (proof)
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One.

lemma vint-one: 1z = (1:V) (proof)

Addition.

definition vint-plus = V
where vint-plus =
(Aze6Zo % 2n. (int-of-vint (z(0n]) + int-of-vint (z(1n))))z)

abbreviation vint-plus-app (infixl <+z»> 65)
where vint-plus-app a b = vint-plus(a, b))e

lemma vint-plus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vint ===> cr-vint ===> cr-vint) (+z) (+)

(proof)
Multiplication.

definition vint-mult = V
where vint-mult =
(AzesZo "« 2N. (int-of-vint (z(0n|)) * int-of-vint (z(1n)))z)

abbreviation vint-mult-app (infixl (xz» 65)
where vint-mult-app a b = vint-mult(a, b))

lemma vint-mult-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-vint ===> cr-vint ===> cr-vint) (*z) (*)
(proof)

Unary minus.

definition vint-uminus :: V

where vint-uminus = (Az€.Z,. (uminus (int-of-vint t))z)

abbreviation vint-uminus-app (<—z - [81] 80)
where —z a = vint-uminus(|al)

lemma vint-uminus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vint ===> cr-vint) (vint-uminus-app) (uminus)

(proof )
Order.

definition vint-le = V
where vint-le =

set {[a, blo | a b. [a, blo €6 Zo "« 2N A int-of-vint a < int-of-vint b}

abbreviation vint-le’ («(-/ <z -)» [51, 51] 50)
where a <z b = [a, b]s € vint-le

lemma small-vint-le[ simp]:

small {[a, blo | a b. [a, b]o €6 Zo "x 2N A int-of-vint a < int-of-vint b}

(proof)

lemma vint-le-transfer( transfer-rule]:
includes lifting-syntax
shows (cr-vint ===> cr-vint ===> (=)) vint-le’ (<)

{proof)
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Strict order.

definition vint-ls = V
where vint-ls =
set {[a, blo | a b. [a, blo € Zo "« 2N A int-of-vint a < int-of-vint b}

abbreviation vint-ls’ (<(-/ <z -)» [51, 51] 50)
where a <z b = [a, b]o € vint-ls

lemma small-vint-ls[ simp]:
small {[a, blo | a b. [a, blo €6 Zo “x 2N A int-of-vint a < int-of-vint b}
(proof)

lemma vint-ls-transfer[ transfer-rule]:
includes lifting-syntax
shows (cr-vint ===> cr-vint ===> (=)) vint-ls’ (<)
{proof)

Subtraction.

definition vint-minus = V
where vint-minus =
(Az€sZo "% 2n. (int-of-vint (z(On|)) — int-of-vint (z(1n])))z)

abbreviation vint-minus-app (infixl <—z> 65)
where vint-minus-app a b = vint-minus(a, b)e

lemma vint-minus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vint ===> cr-vint ===> cr-vint) (-z) (-)

{proof)

Axioms of a well ordered integral domain

The exposition follows Definition 1.4.1 from the textbook The Real Numbers and Real Analysis
by E. Bloch [14].

lemma vint-zero-closed: Oz €, Zo (proof)
lemma vint-one-closed: 1z €, Z, (proof)

lemma vint-plus-closed:
assumes z €, Z, and y €, Z,
shows z +7 y €, Z,

{proof)

lemma vint-mult-closed:
assumes z €, Z, and y €, Z,
shows z *z y € Zo

{proof)

lemma vint-uminus-closed:
assumes z €, Z,
shows —z z €, Z,
{proof)

Associative Law for Addition: Definition 1.4.1.a.

lemma vint-assoc-law-addition:
assumes z €, Z, and y €, Z, and z €, Z,
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shows (2 +z y) +z 2 = ¢ +z (y +z 2)
(proof)

Commutative Law for Addition: Definition 1.4.1.b.

lemma vint-commutative-law-addition:
assumes z €, Z, and y €, Z,
shows z +z y =y +z =

{proof)

Identity Law for Addition: Definition 1.4.1.c.

lemma vint-identity-law-addition:
assumes [simp]: x € Zo
shows z +7 0z = z

(proof)

Inverses Law for Addition: Definition 1.4.1.d.

lemma vint-inverses-law-addition:
assumes [simp]: x € Zo
shows 1 +z (-z z) = 0z

{proof)

Associative Law for Multiplication: Definition 1.4.1.e.

lemma vint-assoc-law-multiplication:
assumes z €, Z, and y €, Z, and z €, Z,
shows (1 %z y) *z 2 = x *z (y *z 2)
{proof)

Commutative Law for Multiplication: Definition 1.4.1.f.

lemma vint-commutative-law-multiplication:
assumes = €, Z, and y €, Z,
shows z *z y=y *z ¢

(proof)

Identity Law for multiplication: Definition 1.4.1.g.

lemma vint-identity-law-multiplication:
assumes z €, Z,
shows z xz 17 = x

{proof)

Distributive Law for Multiplication: Definition 1.4.1.h.

lemma vint-distributive-law:
assumes z €, Z, and y €, Z, and z €, Z,
shows z xz (y +z 2) = (z *z y) +z (z *z 2)
{proof)

No Zero Divisors Law: Definition 1.4.1.1.

lemma vint-no-zero-divisors-law:
assumes z €, Z, and y €, Z, and z *z y = 0z
shows z =0z v y = 0z

{proof)

Trichotomy Law: Definition 1.4.1.j

lemma vint-trichotomy-law:
assumes = €, Z, and y €, Z,
shows
(z<zyn~(z=y)r"(y<zz))V
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(((z<zy)rz=yn~(y<zz))V
("(@<zy) A (z=y) Ay<z7)
(proof )

Transitive Law: Definition 1.4.1.k

lemma vint-transitive-law:
assumes z €, Z,
and y €, Z,
and z €, Z,
and z <z y
and y <z 2
shows z <z z
{proof)

Addition Law of Order: Definition 1.4.1.1

lemma vint-addition-law-of-order:
assumes z €, Z, and y €, Z, and z €, Z, and <z y
shows z +7 2 <z y +z 2

{proof)
Multiplication Law of Order: Definition 1.4.1.m

lemma vint-multiplication-law-of-order:
assumes r €, Z,
and y €, Z,
and z ¢, Z,
and z <z y
and 0z <z 2
shows © %7 2 <z y *z 2
{proof)

Non-Triviality: Definition 1.4.1.n

lemma vint-non-triviality: Oz # 1z
{proof)

Well-Ordering Principle.

lemma well-ordering-principle:
assumes A ¢, Z,
and a €, Z,
and A £ 0
and A\z. 2 €. A = a <z
obtains b where be, Aand A\z. 1€, A =— b<z x

(proof)

Fundamental properties of other operations

Minus.

lemma vint-minus-closed:
assumes t €, Z, and y €, Z,
shows z —z y € Z,

(proof)

lemma vint-minus-eq-plus-uminus:
assumes 1 €, Z, and y €, Z,
shows z -z y =z +z (-z vy)
{proof)

Unary minus.
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lemma vint-uminus-uminus:
assumes z €, Z,
shows z = -z (-7 )
{proof)

Further properties
Addition.

global-interpretation vint-plus: binop-onto Z.» vint-plus
{proof)

Unary minus.

global-interpretation vint-uminus: v11 vint-uminus
rewrites vint-uminus-vdomain|simp)|: Do vint-uminus = Zo
and vint-uminus-vrange[ simp]: Ro vint-uminus = Zo
(proof)

Multiplication.

global-interpretation vint-mult: binop-onto <Z.> vint-mult
{proof)

Misc.

lemma (in Z) vint-in- Vset[intro]: Z, €, Vset «
(proof)

2.13.4 Rational numbers

Definition

definition vrat-of-rat :: rat = V
where vrat-of-rat x = vreal-of-real (real-of-rat x)

notation vrat-of-rat (<-g» [999] 999)
declare [[coercion vrat-of-rat = rat = V]

definition vrat = V (<Qo»)
where vrat = set (range vrat-of-rat)

definition rat-of-vrat = V = rat
where rat-of-vrat = inv-into UNIV vrat-of-rat

Rules.
lemma vrat-of-rat-in-vratl[intro, simp): aq € Qo (proof)
lemma vrat-of-rat-in-vratE[ elim]:

assumes a €, Q,
obtains b where bg = a

{proof)

Elementary properties
lemma vrat-vsubset-vreal: Q, So R,

{proof)

lemma vrat-in- Vset-w2: Q, €, Vset (w + w)

{proof)
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lemma inj-vrat-of-rat: inj vrat-of-rat

{proof)

lemma rat-of-vrat-vrat-of-rat[ simp]: rat-of-vrat (aq) = a
{proof)

Transfer rules.

definition cr-vrat = V = rat = bool

where cr-vrat a b «— (a = vrat-of-rat b)

lemma cr-vrat-right-total[ transfer-rule]: right-total cr-vrat

{proof)

lemma cr-vrat-bi-ungie[ transfer-rule]: bi-unique cr-vrat

{proof)

lemma cr-vrat-transfer-domain-rule[ transfer-domain-rule]:
Domainp cr-vrat = (A\z. © €, Qo)

{proof)

lemma vrat-transfer| transfer-rule]:

(rel-set cr-vrat) (elts Qo) (UNIV:rat set)
{proof)

lemma vrat-of-rat-transfer|transfer-rule]: cr-vrat (vrat-of-rat a) a

{proof)

Operations

lemma vrat-fsingleton-in-fproduct-vrat: [aglo € Qo “x In (proof)
lemma vrat-fpair-in-fproduct-vrat: [ag, bglo € Qo “x 2n {(proof)

Zero.

lemma vrat-zero: Og = (0:V') (proof)

One.

lemma vrat-one: 1g = (1:V) (proof)

Addition.

definition vrat-plus = V
where vrat-plus =

(Az€oQo "k 2n. (rat-of-vrat (z(On]) + rat-of-vrat (z(1n)))g)

abbreviation vrat-plus-app (infixl <+¢> 65)
where vrat-plus-app a b = vrat-plus(a, b))

lemma vrat-plus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vrat ===> cr-vrat ===> cr-vrat) (+q) (+)

{proof)

Multiplication.

definition vrat-mult = V
where vrat-mult =
(Az€5Qo "k 2. (rat-of-vrat (z(On)) * rat-of-vrat (z(1n))))o)
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abbreviation vrat-mult-app (infixl ¢+g» 65)
where vrat-mult-app a b = vrat-mult(a, b))e

lemma vrat-mult-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vrat ===> cr-vrat ===> cr-vrat) (*q) (*)

(proof)

Unary minus.

definition vrat-uminus = V
where vrat-uminus = (Az€,Qo. (uminus (rat-of-vrat z))g)

abbreviation vrat-uminus-app (<—q -» [81] 80)
where —¢ a = vrat-uminus(al)

lemma vrat-uminus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vrat ===> cr-vrat) (vrat-uminus-app) (uminus)

{proof)

Multiplicative inverse.

definition vrat-inverse = V
where vrat-inverse = (Az€,Q,. (inverse (rat-of-vrat x))q)

abbreviation vrat-inverse-app (<(-"'g)» [1000] 999)
where a ' = vrat-inverse(al)

lemma vrat-inverse-transfer| transfer-rule]:
includes lifting-syntax
shows (cr-vrat ===> cr-vrat) (vrat-inverse-app) (inverse)

(proof)
Order.

definition vrat-le = V
where vrat-le =

set {[a, blo | a b. [a, b]o €6 Qo "x 2N A Tat-of-vrat a < rat-of-vrat b}

abbreviation vrat-le’ («(-/ <g -)» [51, 51] 50)
where a <g b = [a, b]s € vrat-le

lemma small-vrat-le[ simp]:

small {[a, blo | a b. [a, b]o €& Qo “x 2N A rat-of-vrat a < rat-of-vrat b}

{proof)

lemma vrat-le-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vrat ===> cr-vrat ===> (=)) vrat-le’ (<)

{proof)

Strict order.

definition vrat-ls = V
where vrat-ls =

set {[a, blo | @ b. [a, blo €& Qo "« 2N A rat-of-vrat a < rat-of-vrat b}

abbreviation vrat-ls’ («(-/ <¢ -)» [51, 51] 50)
where a <q b = [a, b]o € vrat-ls
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lemma small-vrat-ls[ simp]:
small {[a, blo | a b. [a, blo €& Qo “x 2N A rat-of-vrat a < rat-of-vrat b}
{proof)

lemma vrat-ls-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vrat ===> cr-vrat ===> (=)) wvrat-ls’ (<)

{proof)

Subtraction.

definition vrat-minus = 'V
where vrat-minus =

(Az€oQo “x 2. (rat-of-vrat (z(On)) — rat-of-vrat (z(1n))))e)

abbreviation vrat-minus-app (infixl <—q» 65)
where vrat-minus-app a b = vrat-minus(a, b))

lemma vrat-minus-transfer|transfer-rule]:
includes lifting-syntax
shows (cr-vrat ===> cr-vrat ===> cr-vrat)
(-e) (=)
{proof)

Axioms of an ordered field

167

The exposition follows Theorem 1.5.5 from the textbook The Real Numbers and Real Analysis

by E. Bloch [14].

lemma vrat-zero-closed: Og €, Qo (proof)
lemma vrat-one-closed: 1g € Qo (proof)

lemma vrat-plus-closed:
assumes 7 €, Q, ¥ €, Qo
shows z +¢q ¥ €& Qo

(proof)

lemma vrat-mult-closed:
assumes z €, Q, and y €, Q,
shows z *q ¥ €& Q.

{proof)

lemma vrat-uminus-closed:
assumes z €, Q,
shows —¢ z € Q.
{proof)

lemma vrat-inverse-closed:
assumes z €, Q,
shows 771 €, Q.
{proof)

Associative Law for Addition: Theorem 1.5.5.1.

lemma vrat-assoc-law-addition:
assumes z €, Q, and y €, Q, and z €, Q,
shows (z +q y) +¢ 2 = = +¢ (y +¢ 2)
{proof)
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Commutative Law for Addition: Theorem 1.5.5.2.

lemma vrat-commutative-law-addition:
assumes z €, Q, and y €, Q,
shows 2 +q y = y +¢

{proof)

Identity Law for Addition: Theorem 1.5.5.3.

lemma vrat-identity-law-addition:
assumes [simp]: = € Qo
shows z +¢ Og = =

{proof)

Inverses Law for Addition: Theorem 1.5.5.4.

lemma vrat-inverses-law-addition:
assumes [simp]: z € Qo
shows z +¢ (—¢ z) = Og

(proof)

Associative Law for Multiplication: Theorem 1.5.5.5.

lemma vrat-assoc-law-multiplication:
assumes z €, Q, and y €, Q, and z €, Q,
shows (z *q y) *q 2 = = *¢ (Y *q 2)
{proof)

Commutative Law for Multiplication: Theorem 1.5.5.6.

lemma vrat-commutative-law-multiplication:
assumes z €, Q, and y €, Q,
shows z g y = y *¢

{proof)

Identity Law for multiplication: Theorem 1.5.5.7.

lemma vrat-identity-law-multiplication:
assumes z €, Q,
shows z +qg 1o = =

{proof)

Inverses Law for Multiplication: Definition 2.2.1.8.

lemma vrat-inverses-law-multiplication:
assumes z €, Q, and z # 0Og
shows 7 xq 771 = 1g

{proof)

Distributive Law for Multiplication: Theorem 1.5.5.9.

lemma vrat-distributive-law:
assumes z €, Q, and y €, Q, and z & Q.
shows z *q (y +g 2) = (z *¢ ¥) +¢ (% *q@ 2)
{proof)

Trichotomy Law: Theorem 1.5.5.10.

lemma vrat-trichotomy-law:
assumes z €, Q, and y €, Q,
shows
(z<qynr(z=y)r"(y<qu))V
((z<qy)rhz=yAr"(y<qu))V
("(z<qy) A" (z=y) Ay<qu)
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(proof )
Transitive Law: Theorem 1.5.5.11.

lemma vrat-transitive-law:
assumes z €, Q,
and y € Q.
and z €, Q,
and z <q ¥
and y <q 2
shows z <q 2
{proof)

Addition Law of Order: Theorem 1.5.5.12.

lemma vrat-addition-law-of-order:
assumes 7 € Q, and y €, Q, and z €, Q, and z <g ¥
shows z +¢ 2 <q ¥ +q #

{proof)

Multiplication Law of Order: Theorem 1.5.5.13.

lemma vrat-multiplication-law-of-order:
assumes z €, Q,
and y € Q,
and z €, Q,
and z <q ¥
and OQ <Q %
shows = *g 2 <q ¥ *q 2
(proof)

Non-Triviality: Theorem 1.5.5.14.

lemma vrat-non-triviality: Og # 1o
(proof)

Fundamental properties of other operations

Minus.

lemma vrat-minus-closed:
assumes z €, Q, and y €, Q.
shows z —¢ ¥ €& Qo

{proof)

lemma vrat-minus-eq-plus-uminus:
assumes z €, Q, and y €, Q.
shows z —q y = = +¢ (- ¥)
{proof)

Unary minus.

lemma vrat-uminus-uminus:
assumes z €, Q,
shows z = —¢ (—q )
{proof)

Multiplicative inverse.

lemma vrat-inverse-inverse:
assumes z € Q,
shows 7 = (z71¢) g
{proof)
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Further properties
Addition.

global-interpretation vrat-plus: binop-onto Qo> vrat-plus
{proof)

Unary minus.

global-interpretation vrat-uminus: v11 vrat-uminus
rewrites vrat-uminus-vdomain|simp]: Do vrat-uminus = Q.
and vrat-uminus-vrange[ simp]: Ro vrat-uminus = Qo
(proof)

Multiplication.

global-interpretation vrat-mult: binop-onto <Q.> vrat-mult
{proof)

Multiplicative inverse.

global-interpretation vrat-inverse: v11 vrat-inverse
rewrites vrat-inverse-vdomain|simp]: D, vrat-inverse = Q,
and vrat-inverse-vrange[ simp|: Ro vrat-inverse = Qo
(proof)

Misc.

lemma (in Z) vrat-in- Vset[intro]: Q. €, Vset a

{proof)

2.13.5 Upper bound on the cardinality of the continuum for V

lemma inj-on-inv-vreal-of-real: inj-on (inv vreal-of-real) (elts Ry)

{proof)

lemma vreal-vlepoll-VPow-omega: R, $o VPow w
{proof)

lemma (in Z) vreal-in-Vset[intro]: R, €, Vset «

{proof)
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2.14 Example I: absence of replacement in V.,

The statement of the main result presented in this subsection can be found in [5]?

definition repl-ex-fun = V
where repl-ez-fun = (Nieow. Vfrom w i)

mk-VLambda repl-ez-fun-def
|vsv repl-ex-fun-vsv|
|vdomain repl-ex-fun-vdomain)|
|app repl-ex-fun-appl

lemma repl-ex-fun-vrange: R, repl-ex-fun S, Vset (w + w)
{proof)

lemma Limit-vsv-not-in- Vset-if-vrange-not-in- Vset:
assumes Limit a and R, [ ¢, Vset a
shows f ¢, Vset a

{proof)

lemma Ord-not-in- Vset:
assumes Ord «
shows o ¢, Vset a

{proof)

lemma Ord-succ-vsusbset- Vfrom-succ:
assumes Transset A and Ord a and a €, Vfrom A i
shows succ a S, Vfrom A (succ )

{proof)

lemma Ord-succ-in- Vfrom-succ:
assumes Transset A and Ord a and a €, Vfrom A i
shows succ a €, Vfrom A (succ (succ 7))

(proof)

lemma w-vplus-in- Vfrom-w:
assumes j €, w
shows w + j €& Vfrom w (suce (2n * 7))

{proof)

lemma repl-ex-fun-vrange-not-in-Vset: Ro repl-ex-fun ¢, Vset (w + w)
(proof)

lemma repl-ex-fun-not-in- Vset: repl-ex-fun ¢, Vset (w + w)
(proof)

3https://en.wikipedia.org/wiki/Zermelo_set_theory
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2.15 Example II: topological spaces
2.15.1 Background

The section presents elements of the foundations of the theory of topological spaces formalized
in ZFC in HOL. The definitions were adopted (with amendments) from the main library of
Isabelle/HOL and [35].

named-theorems ts-struct-field-simps

2.15.2 Z-sequence

locale Z-vfsequence = Z o + vfsequence G for a & +
assumes vrange-vsubset-Vset: R, & S, Vset «

Rules.

lemma Z-vfsequencel[intro]:
assumes Z « and vfsequence G and R, G S, Vset
shows Z-vfsequence o &

{proof)

lemmas Z-uvfsequenceD|dest] = Z-vfsequence.azioms

lemma Z-vfsequenceE|elim]:
assumes Z-vfsequence a &
obtains Z a and vfsequence G and R, 6 S, Vset «

(proof)
Elementary properties.
context Z-uvfsequence

begin

lemma (in Z-ufsequence) Z-vfsequence-vdomain-in-Vset[intro, simp]:
D, G & Vset a
(proof)

lemma (in Z-vfsequence) Z-vfsequence-vrange-in-Vset[intro, simp):
Ro 6 €, Vset o
{proof)

lemma (in Z-vfsequence) Z-uvfsequence-struct-in-Vset: & €, Vset «

{proof)

end

2.15.3 Topological space

=0
In

definition A where [ts-struct-field-simps]: A
definition 7 where [ts-struct-field-simps]: T

locale Z-ts = Z-vfsequence o G for a G +
assumes Z-ts-length: 2N < veard &
and Z-ts-closed[intro]: A €, S(T|) = A <, &(A)
and Z-ts-domain[intro, simpl: S(A]) € &S(T)
and Z-ts-vintersection[intro]:
Ae, 6(T)) = Be S(T) = An, Be, S(T)
and Z-ts-VUnion[intro]: X ¢ S(T)) = U.X € &(T)

Rules.
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lemma Z-tsl[intro]:

assumes Z-vfsequence a &
and 2y < veard &
and AA. A e, 6(T) = A <, 6(A)
and S(A) e &(7)
and ANA B. A ¢, S(T) = B e, &(T) = A n, Be, 6(T)
and AX. X ¢, §(T) = U.X ¢ &(T)

shows Z-ts a &

(proof)

lemma Z-tsD[dest]:

assumes Z-ts o« S

shows Z-vfsequence a &
and 2y < veard &
and AA. A e, 6(T) = A < 6(A)
and S(A) e &(T)
and ANA B. A e, S(T) = B e, 6(T)) = A n, Be, &(T)
and AX. X S, S(T)) = U.X & &(T)

(proof)

lemma Z-tsE[elim]:

assumes Z-ts o« S

obtains Z-vfsequence o &
and 2y < veard &
and AA. A e, 6(T) = A <, 6(A)
and S(A) « &(7T)
and ANA B. A e, S(T) = B e, 6(T)) = A n, Be, 6(T)
and AX. X ¢, §(T) = U.X € &(T)

(proof)

Elementary properties.

lemma (in Z-ts) Z-ts-vempty-in-ts: 0 €, &(T))
(proof)

2.15.4 Indiscrete topology
definition ts-indiscrete = V = V
where ts-indiscrete A = [A, set {0, A}],

named-theorems ts-indiscrete-simps

lemma ts-indiscrete- Al ts-indiscrete-simps]: ts-indiscrete A(A]) = A

{proof)

lemma ts-indiscrete-T [ ts-indiscrete-simps]: ts-indiscrete A(T|) = set {0, A}

{proof)

lemma (in Z) Z-ts-ts-indiscrete:
assumes A €, Vset «
shows Z-ts a (ts-indiscrete A)

(proof)
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2.16 Example III: abstract algebra
2.16.1 Background

The section presents several examples of algebraic structures formalized in ZFC in HOL. The
definitions were adopted (with amendments) from the main library of Isabelle/HOL.

named-theorems sgrp-struct-field-simps

lemmas [sgrp-struct-field-simps] = A-def

2.16.2 Semigroup

Foundations

definition mbinop where [sgrp-struct-field-simps]: mbinop = 1y

locale Z-sgrp-basis = Z-ufsequence a & + op: binop «S(A])> «S(mbinop))
for o & +
assumes Z-sgrp-length: vcard & = 2N

abbreviation sgrp-app = V = V = V = V (infixl <0,1» 70)
where sgrp-app & a b = S(mbinop|)(a, b))
notation sgrp-app (infixl (@, 70)

Rules.

lemma Z-sgrp-basisl|[intro]:
assumes Z-vfsequence o S
and vcard & = 2y
and binop (S(A])) (&(mbinop)))
shows Z-sgrp-basis a &

{proof)

lemma Z-sgrp-basisD[ dest]:
assumes Z-sgrp-basis a G
shows Z-vfsequence a &
and wvcard G = 2n
and binop (S(A)) (&(mbinop|))
(proof)

lemma Z-sgrp-basisE[elim]:
assumes Z-sgrp-basis a &
shows Z-vfsequence o &
and vcard & = 2y
and binop (&(A))) (&(mbinopl))
{proof)

Simple semigroup

locale Z-sgrp = Z-sgrp-basis a S for a G +
assumes Z-sgrp-assoc:
[ ac S(A); b e S(AD; c e S(A) [| —
(a ®°6 b) 606 c=a @OG (b QOG C)

Rules.

lemma Z-sgrpl[intro]:
assumes Z-sgrp-basis a &
and Aabec. [ ae G(A); be, G(A); c e G(A) J] =
(CL (906 b) 906 c=a @OG (b 606 C)
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shows Z-sgrp o &
(proof)

lemma Z-sgrpD[dest]:
assumes Z-sgrp a &
shows Z-sgrp-basis o &
and Aabec. [[ ae G(A); bes G(A); c e G(A) ]| =
(a Oox b) O € = 0 O (b O2YC c)
(proof)

lemma Z-sgrpE[elim]:
assumes Z-sgrp a &
obtains Z-sgrp-basis a &
and Aabec. [ a e G(A); be G(A); c e G(A) || =
(@ Gog b) Gog ¢ = 0 Qg (b Oog €)
(proof)

2.16.3 Commutative semigroup

locale Z-csgrp = Z-sgrp a G for a G +
assumes Z-csgrp-commutative:
[aec 6(A); beo S(A) [] = a Gog b =0 0og a

Rules.

lemma Z-csgrpl[intro]:
assumes Z-sgrp o G
and Aa b. [[ a & S(A); b e S(A) J] = a Gog b= b Oog a
shows Z-csgrp o &
(proof)

lemma Z-csgrpD|dest]:
assumes Z-csgrp o &
shows Z-sgrp o &
and Aab. [[ a & S(A); be S(A) ]] = a Gog b= b Oog a
(proof)

lemma Z-csgrpE[elim]:
assumes Z-csgrp o S
obtains Z-sgrp a &
and Aa b. [[ a e, G(A]); be S(A) ] = a Gog b= b Gog a
(proof)

2.16.4 Semiring
Foundations
definition vplus : V where [sgrp-struct-field-simps]: vplus = 1N

definition vmult = V where [sgrp-struct-field-simps]: vmult = 2N

abbreviation vplus-app = V = V = V = V (infix] <+,1 65)
where a +,g b = S(vplus))(a,b))e
notation vplus-app (infixl +,1> 65)

abbreviation vmult-app = V = V = V = V (infix]l <+,1 70)
where a *.g b = S(vmult)(a,b).
notation vmult-app (infixl «x,1» 70)
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Simple semiring

locale Z-srng = Z-vfsequence a G for a 6 +
assumes Z-srng-length: vcard & = 3N
and Z-srng-Z-csgrp-vplus: Z-csgrp o [S(A)), S(vplus))]o
and Z-srng-Z-sgrp-vmult: Z-sgrp o [S(A)]), &(vmult])],
and Z-srng-distrib-right:
[ ae S(AD; b e S(A); c e S(A) ]| —
(@ +ox b) *og ¢ = (@ *og €) +oi (b *og €)
and Z-srng-distrib-left:
[ ac SA); b e S(A); c & S(A) | =
a *ox (b +og €) = (a *og b) +og (a *og ©)
begin

sublocale vplus: Z-csgrp o [S(A]), S(vplus)]o>
rewrites [G(A)), S(vplus)].(A) = S(A)
and [&(A]), &(vplus)].(mbinop]) = &S(uvplus))
and sgrp-app [S(A), S(vplus|)]o = vplus-app &
{proof)

sublocale vmult: Z-sgrp a «[S(A)), &(vmult)]s>
rewrites [S(A), S(vmult)].(A) = S(.A)
and [&(A]), S(vmult)]o(mbinop) = S(vmult]
and sgrp-app [S(A), S(vmult)]o = vmult-app &
{proof)

end

Rules.

lemma Z-srngl[intro]:
assumes Z-vfsequence a &
and vcard & = 3y
and Z-csgrp a [6(A), &(vplus)]o
and Z-sgrp a [S(A]), S(vmult])]o
and Aabe. [[ ae G(A); be, G(A); c e G(A) J]| =
(@ +ox b) *og € = (@ *og €) +og (b *og €)
and Aa bc. [ ac S(A]); b e S(A); ceo S(A) ]| =
a *ox (b +og €) = (0 *og b) +og (a *og ©)
shows Z-srng o &
(proof)

lemma Z-srngD[dest]:
assumes Z-srng a &
shows Z-vfsequence o &
and vcard & = 3y
and Z-csgrp o [S(A]), S(vplus)]o
and Z-sgrp a [&(A]), S(vmult])],
and Aa bc. [ a € S(A); b e S(A); c o S(A) ]| =
(@ +ox b) *og € = (@ *og €) +oi (b *og €)
and Aabe [ ae G(A); b e G(A); ¢ e S(A) ]| =
a *oa (b +og ¢) = (a *ox D) +oi (a *og ©)
(proof)

lemma Z-srngE[elim]:
assumes Z-srng o &
obtains Z-uvfsequence o &
and vcard & = 3y
and Z-csgrp o [S(A]), S(vplus)]s
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and Z-sgrp a [6(A), S(vmult)]o
and Aa bc. [ a € S(A); b e S(A); c e S(A) [] =

(@ +ox b) *og € = (@ *og €) +oi (b *og €)
and Aabec. [ a e G(A); be, G(A); c e G(A) || =

a *og (b +og €) = (0 *og b) +og (a *og ©)
{proof)

2.16.5 Integer numbers form a semiring

definition vint-struct = V («Sz»)
where vint-struct = [Z,, vint-plus, vint-mult],

named-theorems vint-struct-simps

lemma vint-struct-A[ vint-struct-simps): Sz (A) = Zo

{proof)

lemma vint-struct-vplus| vint-struct-simps|: Sz (vplus)) = vint-plus

{proof)

lemma vint-struct-vmult[ vint-struct-simps): Sz (vmult]) = vint-mult

(proof)

context Z
begin

lemma Z-srng-vint: Z-srng a Gz
{proof)

Interpretation.

interpretation vint: Z-srng o <Gz
rewrites 6z(A) = Z,
and Sz (vplus)) = vint-plus
and Sz(vmult]) = vint-mult
and vplus-app (&z) = vint-plus-app
and vmult-app (6z) = vint-mult-app
(proof)
thm vint.vmult. Z-sgrp-assoc
thm vint.vplus.Z-sgrp-assoc

thm vint. Z-srng-distrib-left

end
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Digraphs

3.1 Introduction

3.1.1 Background

Many concepts that are normally associated with category theory can be generalized to directed
graphs. It is the goal of this chapter to expose these generalized concepts and provide the
relevant foundations for the development of the notion of a semicategory in the next chapter. It
is important to note, however, that it is not the goal of this chapter to present a comprehensive
canonical theory of directed graphs. Nonetheless, there is little that could prevent one from
extending this body of work by providing canonical results from the theory of directed graphs.

3.1.2 Preliminaries

declare One-nat-def[simp del]

named-theorems slicing-simps
named-theorems slicing-commute
named-theorems slicing-intros

named-theorems dg-op-simps
named-theorems dg-op-intros

named-theorems dg-cs-simps
named-theorems dg-cs-intros

named-theorems dg-shared-cs-simps
named-theorems dg-shared-cs-intros

3.1.3 CS setup for foundations

named-theorems V-cs-simps
named-theorems V-cs-intros

named-theorems Ord-cs-simps
named-theorems Ord-cs-intros

Basic HOL

lemma (in semilattice-sup) sup-commute”:
shows b'=b=—=a'=a=—=aub=0"uad’
andb' =b=—=a'=a=audb ' =buad
and b'=b=—=da'=a=ad'ub=>bua
and b'=b=—=da'=a=—=aub =bua
andb'=b=a'=a=ad' ub' =bua

{proof)

lemma (in semilattice-inf) inf-commute”:
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shows b'=b=—=a'z=a=anb=0b'na’
and b =b=a'=a=anb' =bna
and b'=b=—=da'=a=a'nb=>bnNna
and b ' =b=—=0a'=a=anb =bna
and b'=b=—=a'=a=a'nb =bna

{proof)

lemmas [ V-cs-simps] =
if-P
if-not-P
inf.absorbl
inf.absorb2
sup.absorbl
sup.absorb2
add-0-right
add-0

lemmas [ V-cs-intros] =
congl
sup-commute’
inf-commute’
sup.commute
inf.commute

Lists for HOL
lemma list-all-singleton: list-all P [z] = P z {proof)

lemma replicate-one: replicate 1 x = [x]

{proof)

lemma list-all-mono:
assumes list-all P zs and P < @)
shows list-all Q) xs

{proof)

lemma pred-in-set-mono:
assumes S ¢ T
shows (A\z. ¢ 5) < (A\z. 2 ¢ T)

(proof)

lemma elts-subset-mono:
assumes S ¢, T
shows elts S c elts T

{proof)

lemma list-all-replicate:
assumes P z
shows list-all P (replicate n )

{proof)

lemma list-all-set:
assumes list-all P zs and z € list.set zs
shows P z

{proof)

lemma list-map-id:
assumes list-all (\z. fz = z) s
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shows map f xs = zs

{proof)

lemmas [ V-cs-simps] =
List.append.append-Nil
List.append-Nil2
List.append.append-Cons
List.rev.simps(1)
list.map(1,2)
rev.simps(2)
List.map-append
list-all-append
replicate.replicate-0
rev-replicate
semiring-1-class.of-nat-0
group-add-class.minus-zero
group-add-class.minus-minus
replicate.replicate-Suc
replicate-one
list-all-singleton

lemmas [ V-cs-intros] =
exl
pred-in-set-mono
elts-subset-mono
list-all-replicate

Foundations

abbreviation (input) if3 =V =V =V =V =V

where if3 a b c =

(
Ai.ifi=0=a
|i:1][\]:>b
| otherwise = ¢

)

lemma if3-0[ V-cs-simps]: if3 a b ¢ 0 = a (proof)
lemma if3-1[ V-cs-simps]: if3 a b ¢ (1n) = b {proof)
lemma if3-2[ V-cs-simps]: if3 a b ¢ (2n) = ¢ {proof)

lemma vinsert/1":
assumes 2’ = z
shows z ¢, vinsert ¢’ A

{proof)

lemma in-vsingleton| V-cs-intros]:
assumes f = a
shows [ €, set {a}
(proof)

lemma a-in-succ-a: a €, succ a {proof)
lemma a-in-succ-zl:

assumes a €, T
shows a €, succ x

(proof)

lemma vone-ne[ V-cs-intros]: 1n # 0 (proof)
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lemmas [ V-cs-simps] =
vinsert-set-insert-eq
beta
set-empty
veard-0

lemmas [ V-cs-intros] =
mem-not-refl
succ-notin-self
vset-neq-1
vset-neq-2
nin-vinsertl
vinsertl1’
vinsertl2
vfinite-vinsert
vfinite-vsingleton
vdisjnt-nin-right
vdisjnt-nin-left
vuntonl1
vunionl 2
vunion-in- Vsetl
vintersection-in- Vset]
vsubset-reflexive
vsingletonl
small-insert small-empty
Limit-vtimes-in- Vset]
Limit- VPow-in- Vset]
a-in-succ-a
vsubset-vempty

Binary relations

lemma vtimesI [ V-cs-intros]:
assumes ab = (a, b) and a €, A and b€, B
shows ab €, A x, B

{proof)

lemma vrange-vcomp-vsubset[ V-cs-intros]:
assumes R, 7 S, B
shows R, (r o, ) S, B
{proof)

lemma vrange-vconst-on-vsubset[ V-cs-intros]:
assumes a €, R
shows R, (vconst-on A a) S, R

{proof)

lemma vrange-vcomp-eq-vrange[ V-cs-simps]:
assumes D, r = R, s
shows R, (r o, 8) =Ro 1
(proof)

lemmas [ V-cs-simps] =
vdomain-vsingleton
vdomain-virestriction
vdomain-vlrestriction-vsubset
vdomain-vcomp-vsubset
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vdomain-vconverse
Vrange-vconverse
vdomain-vconst-on
veonverse-vtimes
vdomain-VLambda

lemmas [ V-cs-intros] = vepower-vsubset-mono

Single-valued functions

lemmas (in vsv) [ V-cs-intros] = vsv-azioms

lemma vpair-app:
assumes j = a
shows set {{a, b)}(j) = b
{proof)

lemmas [ V-cs-simps] =
vpair-app
vsv.vlrestriction-app
Vsv-vcomp-at
vid-on-atl

lemmas (in wvsv) [ V-cs-intros] = vsv-vimagel2'

lemmas [ V-cs-intros] =
vsv-vsingleton
vsv.vsv-vimagel 2’
VSV-vCOMP

Injective single-valued functions

lemmas (in v11) [ V-cs-intros] = vll-azioms

lemma (in v11) v1l-vconverse-app-in-vdomain'”:
assumes y €, R, rand A =D, r
shows 71, (y) € A
{proof)

lemmas (in v11) [ V-cs-intros] = vll-vconverse-app-in-vdomain'

lemmas [ V-cs-intros] = vll.v11-vconverse-app-in-vdomain’

lemmas (in v11) [ V-cs-simps] =
v11-app-if-vconverse-app|rotated —2]
vl1-app-vconverse-app
vl1l-vconverse-app-app

lemmas [ V-cs-simps] =
v1l.v11-vconverse-app[ rotated —1]
vll.v11-app-vconverse-app
vll.v11-vconverse-app-app

lemmas [ V-cs-intros] =
v11D(1)
vll.v11-vconverse
vll-vcomp
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Operations on indexed families of sets

lemmas [ V-cs-simps] =
vprojection-app
vprojection-vdomain

lemmas [ V-cs-intros] = vprojection-vsv

Finite sequences

lemmas (in vfsequence) [ V-cs-intros] = vfsequence-azioms

lemmas (in vfsequence) [ V-cs-simps] = vfsequence-vdomain
lemmas [ V-cs-simps] = vfsequence.vfsequence-vdomain

lemmas [ V-cs-intros] =
vfsequence.vfsequence-vcons
vfsequence-vempty

lemmas [ V-cs-simps] =
vfinite-0-left
vfinite-0-right

Binary relation as a finite sequence

lemmas [ V-cs-simps] =
feonverse-vunion
feonverse-ftimes
vdomain-[flip

lemmas [ V-cs-intros] =
ftimesI2
vepower-two-ftimesl

Ordinals

lemmas [ Ord-cs-intros] =
Limit-right- Limit-mult
Limit-left- Limit-mult
Ord-succ-mono
Limit-plus-omega-vsubset-Limit
Limit-plus-nat-in- Limit

von Neumann hierarchy

lemma (in Z) omega-in-any[ V-cs-intros]:
assumes « S, 3
shows w €, g

{proof)

lemma Ord-vsubset-succ[ V-cs-intros]:
assumes Ord o and Ord $ and o S, 8
shows o S, succ

{proof)

lemma Ord-in-Vset-succ| V-cs-intros]:
assumes Ord o and a €, Vset o
shows a €, Vset (succ «)

{proof)
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lemma Ord-vsubset- Vset-succ[ V-cs-intros]:
assumes Ord o and B S, Vset o
shows B ¢, Vset (succ )

{proof)

lemmas (in Z) [ V-cs-intros] =
omega-in-o
Ord-a

Limit-a

lemmas [ V-cs-intros] =
vempty-in- Vset-succ
Z.ord-of-nat-in- Vset
Vset-in-mono
Limit-vpair-in- Vsetl
Vset-vsubset-mono
Ord-succ
Limit-vempty-in- Vsetl
Limit-insert-in- Vset]
vfsequence.vfsequence-Limit-vcons-in- Vsetl
vfsequence.vfsequence-Ord-vcons-in- Vset-succl
Limit-vdoubleton-in- Vsetl
Limit-omega-in- Vsetl
Limit-ftimes-in- Vsetl

n-ary operations

lemmas [ V-cs-simps] =

[ip-app
vdomain-fflip

Countable ordinals as a set

named-theorems omega-of-set
named-theorems nat-omega-simps-extra

lemmas [nat-omega-simps-extra] =
add-num-simps
Suc-numeral
Suc-1
le-num-simps
less-numeral-simps(1,2)
less-num-simps
less-one
nat-omega-simps

lemmas [omega-of-set] = nat-omega-simps-extra
lemma set-insert-succ| omega-of-set]:
assumes [simp]: small b and set b = an

shows set (insert (an) b) = succ (an)

{proof)

lemma set-0[ omega-of-set]: set {0} = suce 0 (proof)

Sequences

named-theorems vfsequence-simps
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named-theorems vfsequence-intros

lemmas [vfsequence-simps] =
vfsequence.vfsequence-at-last[ rotated)]
vfsequence.vfsequence-veard-vcons| rotated
ufsequence.vfsequence-at-not-last] rotated]

lemmas [vfsequence-intros]| =
vfsequence.vfsequence-vcons
vfsequence-vempty

Further numerals

named-theorems nat-omega-intros

lemma [nat-omega-intros]:
assumes g < b
shows an €. bn

{proof)

lemma [nat-omega-intros]:
assumes 0 < b
shows 0 €, by

(proof)

lemma [nat-omega-intros):
assumes a = numeral b
shows (0:nat) < a

{proof)

lemma nat-le-if-in[ nat-omega-intros):
assumes Iy € YN
shows zn < YN

{proof)
lemma vempty-le-nat[ nat-omega-intros]: 0 < yn (proof)

lemmas [nat-omega-intros| =
preorder-class.order-refi
preorder-class. eq-refl

Generally available foundational results

lemma (in Z) Z-4:
assumes [ = «
shows Z

{proof)

lemmas (in Z) [dg-cs-intros] = Z-8
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3.2 Digraph
3.2.1 Background

named-theorems dg-field-simps

definition Obj :: V where [dg-field-simps]: Obj = 0
definition Arr :: V where [dg-field-simps]: Arr = 1n
definition Dom :: V where [dg-field-simps]: Dom = 2N
definition Cod : V where [dg-field-simps]: Cod = 3N

3.2.2 Arrow with a domain and a codomain

The definition of and notation for an arrow with a domain and codomain is adapted from
Chapter I-1 in [39]. The definition is applicable to digraphs and all other relevant derived
entities, such as semicategories and categories, that are presented in the subsequent chapters.

In this work, by convention, the definition of an arrow with a domain and a codomain is nearly
always preferred to the explicit use of the domain and codomain functions for the specification
of the fundamental properties of arrows. Thus, to say that f is an arrow with the domain a, it
is preferable to write f : a —¢ b (b can be assumed to be arbitrary) instead of f €, €(Arr|) and

e(Dom)(f) = a.

definition is-arr = V = V = V = V = bool
where is-arr € a b f «— f €, €(Arr]) A €(Dom))(f]) = a A €(Cod))(f]) = b

syntax -is-arr = V=V = V = V = bool («-: - ~1- [51, 51, 51] 51)
syntax-consts -is-arr = is-arr
translations f : a =g b = CONST is-arr € a b f

Rules.

mk-ide is-arr-def
|intro is-arrl]|
|dest is-arrD[dest]|
|elim is-arrE[ elim]|

lemmas [dg-shared-cs-intros, dg-cs-intros] = is-arrD(1)
lemmas [dg-shared-cs-simps, dg-cs-simps] = is-arrD(2,3)

3.2.3 Hom-set

See Chapter I-8 in [39].

abbreviation Hom =V = V = V = V
where Hom € a b = set {f. f: a —¢ b}

lemma small-Hom[simp]: small {f. f : a =g b} (proof)
Rules.

lemma Homl[dg-shared-cs-intros, dg-cs-intros]:
assumes f:a —¢ b
shows f ¢, Hom € a b
(proof )

lemma in-Hom-iff [ dg-shared-cs-simps, dg-cs-simps]:
fe& HmCab<«— f:argb
(proof)
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The Hom-sets in a given digraph are pairwise disjoint. This property was exposed as Axiom
(v) in an alternative definition of a category presented in Chapter I-8 in [39]. Within the scope
of the definitional framework employed in this study, this property holds unconditionally.

lemma Hom-vdisjnt:
assumes a # o' v b# b’
and a €, €(0bj)
and a’ €, €(O0bj)
and b €, €(0bj)
and b’ €, €(0bj)
shows vdisjnt (Hom € a b) (Hom € o’ b')
(proof)

3.2.4 Digraph: background information

The definition of a digraph that is employed in this work is similar to the definition of a directed
graph presented in Chapter I-2 in [39]. However, there are notable differences. More specifically,
the definition is parameterized by a limit ordinal «, such that w < «; the set of objects is assumed
to be a subset of the set V, in the von Neumann hierarchy of sets (e.g., see [59]). Such digraphs
are called a-digraphs to make the dependence on the parameter o explicit.! This definition was
inspired by the ideas expressed in [28], [52] and [57].

In ZFC in HOL, the predicate small is used for distinguishing the terms of any type of the form
'a set that are isomorphic to elements of a term of the type V (the elements can be exposed via
the predicate elts). Thus, the collection of the elements associated with any term of the type V
(e.g., elts a) is always small (see the theorem small-elts in [51]). Therefore, in this study, in an
attempt to avoid confusion, the term “small” is never used to refer to digraphs. Instead, a new
terminology is introduced in this body of work.

Thus, in this work, an a-digraph is a tiny a-digraph if and only if the set of its objects and
the set of its arrows both belong to the set V. This notion is similar to the notion of a small
category in the sense of the definition employed in Chapter I-6 in [39], if it is assumed that the
“smallness” is determined with respect to the set V, instead of the universe U. Also, in what
follows, any member of the set V, will be referred to as an a-tiny set.

All of the large (i.e. non-tiny) digraphs that are considered within the scope of this work have
a slightly unconventional condition associated with the size of their Hom-sets. This condition
implies that all Hom-sets of a digraph are tiny, but it is not equivalent to all Hom-sets being
tiny. The condition was introduced in an attempt to resolve some of the issues related to the
lack of an analogue of the Axiom Schema of Replacement closed with respect to V.

3.2.5 Digraph: definition and elementary properties

locale digraph = Z a + vfsequence € + Dom: vsv «€(Doml)» + Cod: vsv «€(Cod|)»
for a € +
assumes dg-length[ dg-cs-simps]: vcard € = 4y
and dg-Dom-vdomain[dg-cs-simps]: Do (€(Dom))) = €(Arr)
and dg-Dom-vrange: Ro (€(Dom])) S, €(0bj)
and dg-Cod-vdomain[dg-cs-simps]: D, (€(Cod))) = €(Arr])
and dg-Cod-vrange: Ro (€(Cod])) co €(0bj)
and dg-Obj-vsubset- Vset: €(0bj]) . Vset «
and dg-Hom-vifunion-in- Vset[ dg-cs-intros]:
[ AS €(0bj]); B <o €(0bj); A e Vset a; B e, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vset «

! The prefix “a-” may be omitted whenever it is possible to infer the value of @ from the context. This applies
not only to the digraphs, but all other entities that are parameterized by a limit ordinal « such that w < a.
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lemmas [dg-cs-simps] =
digraph.dg-length
digraph.dg-Dom-vdomain
digraph.dg-Cod-vdomain

lemmas [dg-cs-intros] =
digraph.dg-Hom-vifunion-in- Vset

Rules.

lemma (in digraph) digraph-azioms'[ dg-cs-intros):
assumes o’ = «
shows digraph o’ €

{proof)

mk-ide rf digraph-def[unfolded digraph-azioms-def]
|intro digraphl|
|dest digraphD| dest]|
|elim digraphE| elim]|

Elementary properties.

lemma dg-eql:
assumes digraph o A
and digraph o B
and A(O0bj)) = B(0bj)
and 2A(Arr)) = B(Arr)
and A(Dom|) = B(Dom))
and A(Cod)) = B(Cod))
shows 2l =B
{proof)

lemma (in digraph) dg-def: € = [€(0bj), €(Arr]), €(Dom]), €(Cod))],
(proof)

lemma (in digraph) dg-Obj-if-Dom-vrange:
assumes a €, Ro (€(Dom)))
shows a €, €(Obj)
(proof)

lemma (in digraph) dg-Obj-if-Cod-vrange:
assumes a € R, (€(Cod))
shows a €, €(Obj)
(proof )

lemma (in digraph) dg-is-arrD:
assumes f : a ¢ b
shows [ €, C(Arr|
and a €, €(0bj)
and b €, €(0bj)
and €(Dom|)(f]) = a
and €(Cod)(f]) = b
{proof)

lemmas [dg-cs-intros] = digraph.dg-is-arrD(1-3)

lemma (in digraph) dg-is-arrE[elim]:
assumes f : a ~¢ b
obtains f €, €(Arr|
and a €, €(O0bj)
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and b €, €(0bj)
and €(Dom|)(f]) = a
and €(Cod))(f) = b

{proof)

lemma (in digraph) dg-in-ArrE[elim]:
assumes [ €, €(Arr)
obtains a b where f : a »¢ b and a €, €(0bj)) and b €, €(Obj)
{proof)

lemma (in digraph) dg-Hom-in-Vset[dg-cs-intros]:
assumes a € €(0bj)) and b €, €(O0bj|
shows Hom € a b e, Vset o

{proof)
lemmas [dg-cs-intros] = digraph.dg-Hom-in- Vset

Size.

lemma (in digraph) dg-Arr-vsubset-Vset: €(Arr]) S, Vset «
(proof)

lemma (in digraph) dg-Dom-vsubset-Vset: €(Doml|) S, Vset «
(proof)

lemma (in digraph) dg-Cod-vsubset-Vset: €(Cod|) S, Vset a
{proof)

lemma (in digraph) dg-digraph-in-Vset-4: € €, Vset (o + 4n)
{proof)

lemma (in digraph) dg-Obj-in-Vset:
assumes Z  and a €, 3
shows €(0Obj]) €, Vset

{proof)

lemma (in digraph) dg-in-Obj-in-Vset[ dg-cs-intros]:
assumes a € €(0bj)
shows a €, Vset

{proof)

lemma (in digraph) dg-Arr-in- Vset:
assumes Z § and « &,
shows C(Arr|) e, Vset 8

{proof)

lemma (in digraph) dg-in-Arr-in-Vset[ dg-cs-intros]:
assumes a €, C(Arr)
shows a €, Vset

{proof)

lemma (in digraph) dg-Dom-in-Vset:
assumes Z § and « €, 3
shows €(Dom|) €, Vset S

{proof)

lemma (in digraph) dg-Cod-in-Vset:
assumes Z § and a €, 3
shows €(Cod)|) €, Vset
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{proof)

lemma (in digraph) dg-in-Vset:
assumes Z (§ and « &
shows € ¢, Vset

(proof)

lemma (in digraph) dg-digraph-if-ge-Limit:
assumes Z § and « &
shows digraph 5 €

{proof)

lemma small-digraph[simp]: small {€. digraph o €}
{proof)

lemma (in Z) digraphs-in-Vset:
assumes Z § and a €, 3
shows set {€. digraph o €} €, Vset

{proof)

lemma digraph-if-digraph:
assumes digraph § €
and Z «
and €(0bj) <, Vset a
and AA B. [[ A S, €(0bj)); B <, €(Obj]); A €5 Vset a; B e, Vset a || =
(UoacoA. Uobeo B. Hom € a b) €, Vsel «
shows digraph o €

(proof)

Further properties.

lemma (in digraph) dg-Dom-app-in-Obj:
assumes [ €, C(Arr))
shows €(Dom))(f]) €. €(O0bj)
(proof)

lemma (in digraph) dg-Cod-app-in-Obj:
assumes [ €, €(Arr)
shows €(Cod))(f]) €. €(0bj)
(proof)

lemma (in digraph) dg-Arr-vempty-if-Obj-vempty:
assumes €(0bj) = 0
shows €(Arr)) =0
(proof)

lemma (in digraph) dg-Dom-vempty-if-Arr-vempty:
assumes C(Arr) =0
shows €(Doml|) = 0

{proof)

lemma (in digraph) dg-Cod-vempty-if-Arr-vempty:
assumes C(Arr) =0
shows €(|Cod|) = 0

{proof)
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3.2.6 Opposite digraph

Definition and elementary properties

See Chapter II-2 in [39].

definition op-dg = V = V
where op-dg € = [€(O0bj)), €(Arr)), €(Cod)), €(|Doml)]s

Components.
lemma op-dg-components| dg-op-simps]:
shows op-dg €(0bj]) = €(0bj)
and op-dg €(Arr)) = C(Arr|
and op-dg €(Doml|) = €(Cod)
and op-dg €(Cod|) = €(Dom)
(proof)

lemma op-dg-component-intros| dg-op-intros]:
shows a €, €(0bj)) = a €, op-dg €(0bj)
and f ¢, €(Arr) = [ €, op-dg €(Arr)
{proof)
Elementary properties.
lemma op-dg-is-arr[dg-op-simps]: f : b P op-dg € @ < framgb
(proof)
lemmas [dg-op-intros| = op-dg-is-arr[ THEN iffD2]

lemma op-dg-Hom|[dg-op-simps]: Hom (op-dg €) a b= Hom € b a
(proof)

Further properties

lemma (in digraph) digraph-op[dg-op-intros]: digraph o (op-dg €)

{proof)

lemmas digraph-op[dg-op-intros] = digraph.digraph-op

lemma (in digraph) dg-op-dg-op-dg[ dg-op-simps]: op-dg (op-dg €) = €
(proof)

lemmas dg-op-dg-op-dg[ dg-op-simps| = digraph.dg-op-dg-op-dg

lemma eg-op-dg-iff [ dg-op-simps]:
assumes digraph o A and digraph o ‘B
shows op-dg A = op-dg B «— A =B
{proof)
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3.3 Smallness for digraphs
3.3.1 Background

named-theorems dg-small-cs-simps
named-theorems dg-small-cs-intros

3.3.2 Tiny digraph
Definition and elementary properties

locale tiny-digraph = Z a + vfsequence € + Dom: vsv «&(Doml)y + Cod: vsv <€(Cod])»
for o € +
assumes tiny-dg-length[ dg-cs-simps]: vcard € = 4y
and tiny-dg-Dom-vdomain| dg-cs-simps]: Do (€(Doml|)) = C(Arr|)
and tiny-dg-Dom-vrange: Ro (€(Dom|)) S, €(0bj)
and tiny-dg-Cod-vdomain[ dg-cs-simps]: Do (€(Cod])) = €(Arr|
and tiny-dg-Cod-vrange: Ro (€(Cod))) S, €(Obj))
and tiny-dg-Obj-in- Vset| dg-small-cs-intros]: €(0bj) €, Vset «
and tiny-dg-Arr-in- Vset[ dg-small-cs-intros]: €(Arr)) €, Vset «

lemmas [dg-small-cs-intros] =
tiny-digraph.tiny-dg- Obj-in- Vset
tiny-digraph.tiny-dg-Arr-in- Vset

Rules.

lemma (in tiny-digraph) tiny-digraph-axioms'[ dg-small-cs-intros]:
assumes o’ = «
shows tiny-digraph o' €
(proof)

mk-ide rf tiny-digraph-def[unfolded tiny-digraph-azioms-def]
|intro tiny-digraphl|
|dest tiny-digraphD| dest]|
|elim tiny-digraphE[ elim]

lemma tiny-digraphl”:
assumes digraph « € and €(0bj) €, Vset o and C(Arr|) €, Vset «
shows tiny-digraph o €
(proof)

Elementary properties.

sublocale tiny-digraph < digraph
{proof)

lemmas (in tiny-digraph) tiny-dg-digraph = digraph-azioms
lemmas [dg-small-cs-intros]| = tiny-digraph.tiny-dg-digraph

Size.
lemma (in tiny-digraph) tiny-dg-Dom-in-Vset: €(Dom|) €, Vset a
{proof)

lemma (in tiny-digraph) tiny-dg-Cod-in-Vset: €(Cod)) €, Vset «
{proof)

lemma (in tiny-digraph) tiny-dg-in-Vset: € €, Vset «
{proof)
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lemma small-tiny-digraphs|simp]: small {€. tiny-digraph « €}
{proof)

lemma tiny-digraphs-vsubset-Vset: set {€. tiny-digraph o €} S, Vset «
(proof)

lemma (in digraph) dg-tiny-digraph-if-ge-Limit:
assumes Z § and « &
shows tiny-digraph § €

{proof)

Opposite tiny digraph
lemma (in tiny-digraph) tiny-digraph-op: tiny-digraph o (op-dg €)
(proof)

lemmas tiny-digraph-op[ dg-op-intros] = tiny-digraph.tiny-digraph-op

3.3.3 Finite digraph

Definition and elementary properties

A finite digraph is a generalization of the concept of a finite category, as presented in nLab [3]2.

locale finite-digraph = digraph o € for o € +
assumes fin-dg-Obj-vfinite[ dg-small-cs-intros]: vfinite (€(Obj)))
and fin-dg-Arr-vfinite[ dg-small-cs-intros): vfinite (€(Arr))

lemmas [dg-small-cs-intros] =
finite-digraph.fin-dg- Obj-vfinite
finite-digraph.fin-dg- Arr-vfinite

Rules.

lemma (in finite-digraph) finite-digraph-axioms'[ dg-small-cs-intros]:
assumes o’ = «
shows finite-digraph o' €
(proof )

mk-ide rf finite-digraph-def[unfolded finite-digraph-azioms-def]
|intro finite-digraphl]|
|dest finite-digraphD[ dest]|
|elim finite-digraphE] elim]|
Elementary properties.
sublocale finite-digraph < tiny-digraph
{proof)
lemmas (in finite-digraph) fin-dg-tiny-digraph = tiny-digraph-axioms
lemmas [dg-small-cs-intros] = finite-digraph. fin-dg-tiny-digraph

Size.

lemma small-finite-digraphs[simp]: small {€. finite-digraph o €}
{proof)

https://ncatlab.org/nlab/show /finite+category
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lemma finite-digraphs-vsubset- Vset: set {€. finite-digraph o €} S, Vset «
(proof)
Opposite finite digraph

lemma (in finite-digraph) fininte-digraph-op: finite-digraph « (op-dg €)
(proof)

lemmas fininte-digraph-op[ dg-op-intros] = finite-digraph.fininte-digraph-op
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3.4 Homomorphism of digraphs
3.4.1 Background

named-theorems dghm-cs-simps
named-theorems dghm-cs-intros

named-theorems dg-cn-cs-simps
named-theorems dg-cn-cs-intros

named-theorems dghm-field-simps

definition ObjMap == V where [dghm-field-simps]: ObjMap = 0
definition ArrMap :: V where [dghm-field-simps]: ArrMap = 1N
definition HomDom :: V where [dghm-field-simps]: HomDom = 2y
definition HomCod :: V where [dghm-field-simps]: HomCod = 3n

3.4.2 Definition and elementary properties

A homomorphism of digraphs, as presented in this work, can be seen as a generalization of
the concept of a functor between categories, as presented in Chapter I-3 in [39], to digraphs.
The generalization is performed by removing the axioms (1) from the definition. It is expected
that the resulting definition is consistent with the conventional notion of a homomorphism of
digraphs in graph theory, but further details are considered to be outside of the scope of this
work.

The definition of a digraph homomorphism is parameterized by a limit ordinal « such that
w < a. Such digraph homomorphisms are referred to either as a-digraph homomorphisms or
homomorphisms of a-digraphs.

Following [39], all digraph homomorphisms are covariant (see Chapter II-2). However, a special
notation is adapted for the digraph homomorphisms from an opposite digraph. Normally, such
digraph homomorphisms will be referred to as the contravariant digraph homomorphisms, but
this convention will not be enforced.

locale is-dghm =
Z « + vfsequence § + HomDom: digraph o 2 + HomCod: digraph o 5
for a A B §F +
assumes dghm-length[dg-cs-simps]: veard § = 4N
and dghm-HomDom[dg-cs-simps]: §(HomDom]) = 2
and dghm-HomCod[dg-cs-simps]: F(HomCod|) = B
and dghm-ObjMap-vsv: vsv (F(ObjMap)))
and dghm-ArrMap-vsv: vsv (F(ArrMap)))
and dghm-ObjMap-vdomain[ dg-cs-simps]: Do (F(O0bjMap))) = 2A(Obj))
and dghm-ObjMap-vrange: R, (§(0bjMap))) o B(Obj)
and dghm-ArrMap-vdomain[ dg-cs-simps]: Do (§(ArrMapl)) = A(Arr)
and dghm-ArrMap-is-arr:
F 0oy b= §(ArrMap)(f) : $(ObMaph(a) > F(ObMap) ()

syntax -is-dghm =V = V = V = V = bool
(«(-:/ - »rpe1-)y [51, 51, 51] 51)
syntax-consts -is-dghm = is-dghm
translations § : A »—pga B = CONST is-dghm o A B §

abbreviation (input) is-cn-dghm = V. = V = V = V = bool
where is-cn-dghm o A B § = § : op-dg A »—>paa B

syntax -is-cn-dghm =V = V = V = V = bool
(«(-:/ - pg—r1 ) [51, 51, 51] 51)
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syntax-consts -is-cn-dghm = is-cn-dghm
translations § : A pg—o—q B = CONST is-cn-dghm o A B §

abbreviation all-dghms = V = V
where all-dghms a = set {§. 3A B. F: A »>pga B}

abbreviation dghms =V = V =V = V
where dghms o A B = set {§. §: A »—>pga B}

sublocale is-dghm < ObjMap: vsv «<F(ObjMap])>
rewrites D, (F(0bjMap))) = A(Obj)
(proof)

sublocale is-dghm < ArrMap: vsv «F(ArrMapl)»
rewrites D, (F(ArrMap|)) = A(Arr)
{proof)

lemmas [dg-cs-simps] =
is-dghm.dghm-HomDom
is-dghm.dghm-HomCod
is-dghm.dghm-ObjMap-vdomain
is-dghm.dghm-ArrMap-vdomain

lemma (in is-dghm) dghm-ArrMap-is-arr''[ dg-cs-intros]:
assumes f : a =g b and §f = F(ArrMap))(f]
shows §f : F(ObjiMap))(a)) —o §(ObjMap|) (b))
(proof)

lemma (in is-dghm) dghm-ArrMap-is-arr'[ dg-cs-intros]:
assumes f: a —g b
and A = F(ObjMap))(al)
and B = §(0bjMap|) (b))
shows §(ArrMap)(f]) : A » B
{proof)

lemmas [dg-cs-intros] = is-dghm.dghm-ArrMap-is-arr’

Rules.

lemma (in is-dghm) is-dghm-azioms'[ dg-cs-intros]:
assumes o' = o and A’ = A and B' = B
shows § : A" —»pg B’

{proof)

mk-ide rf is-dghm-def[unfolded is-dghm-azioms-def |
|intro is-dghml|
|dest is-dghmD][ dest]|
|elim is-dghmE[ elim]|

lemmas [dg-cs-intros] = is-dghmD(3,4)

Elementary properties.

lemma dghm-eql:
assumes & : A »—>poo B
and §: € »paa ©
and &(O0bjMap)) = §(ObjMap))
and &(ArrMap)) = F(ArrMap))
and A =¢C
and B =9
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shows & = §
{proof)

lemma (in is-dghm) dghm-def: § = [F(ObjMap)), §(ArrMap)), F(HomDoml]|), F(HomCCod)])].

{proof)

lemma (in is-dghm) dghm-ObjMap-app-in- Hom Cod-Obj[ dg-cs-intros):
assumes a € 2A(0bj)
shows F(ObjMapl|)(al) €, B(O0bj)
(proof)

lemmas [dg-cs-intros] = is-dghm.dghm-ObjMap-app-in-Hom Cod-Obj

lemma (in is-dghm) dghm-ArrMap-vrange: Ro (F(ArrMap))) o B(Arr)
{proof)

lemma (in is-dghm) dghm-ArrMap-app-in-HomCod-Arr| dg-cs-intros]:
assumes a € A(Arr)
shows F(ArrMap|)(a)) €, B(Arr)

(proof)
lemmas [dg-cs-intros] = is-dghm.dghm-ArrMap-app-in-HomCod-Arr

Size.

lemma (in is-dghm) dghm-ObjMap-vsubset-Vset: F(ObjMap)) S, Vset a
(proof)

lemma (in is-dghm) dghm-ArrMap-vsubset-Vset: F(|ArrMap|) S, Vset «
(proof)

lemma (in is-dghm) dghm-ObjMap-in-Vset:
assumes « €, 3
shows F(ObjMap]|) €, Vset 8
(proof)

lemma (in is-dghm) dghm-ArrMap-in- Vset:
assumes « € (3
shows F(ArrMap|) €, Vset 8

{proof)

lemma (in is-dghm) dghm-in-Vset:
assumes Z § and a €, 3
shows § €, Vset 3

{proof)

lemma (in is-dghm) dghm-is-dghm-if-ge-Limit:
assumes Z § and « €, 3
shows § : 2 ndadoYel] B

(proof)

lemma small-all-dghms[simp]: small {F. IA B. F: A »—>pga B}
{proof)

lemma (in is-dghm) dghm-in-Vset-7: § €, Vset (a + Tn)
(proof)

lemma (in Z) all-dghms-in- Vset:
assumes Z § and « & (3
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shows all-dghms o €, Vset 3
{proof)

lemma small-dghms[simp]: small {§. § : A »>pea B}
(proof)

Further properties.

lemma (in is-dghm) dghm-is-arr-HomCod:
assumes f:a —g b
shows F(ArrMap))(f]) € B(Arr) F(ObiMap|)(a]) €x B(O0bj) F(ObiMap))(b]) €. B(Obj)
{proof)

lemma (in is-dghm) dghm-vimage-dghm-ArrMap-vsubset-Hom:
assumes a € A(O0bj) and b €, A(Obj)
shows §(ArrMap)) < Hom A a b S, Hom B (F(0bjMap))(a))) (F(ObjMap])(d]))

{proof)

3.4.3 Opposite digraph homomorphism

Definition and elementary properties

See Chapter II-2 in [39].

definition op-dghm = V = V
where op-dghm § =
[§(0bjMap)), F(ArrMap), op-dg (§(HomDom))), op-dg (§(HomCod)))]s

Components.
lemma op-dghm-components| dg-op-simps]:
shows op-dghm F(ObjMap|) = F(ObjMap))
and op-dghm §(ArrMap|) = F(ArrMap])
and op-dghm F(HomDom]) = op-dg (F(HomDom)))
and op-dghm F(HomCod)) = op-dg (F(HomCod)))
{proof)

Further properties

lemma (in is-dghm) is-dghm-op: op-dghm § : op-dg 2 —»+—pga op-dg B
{proof)

lemma (in is-dghm) is-dghm-op'[ dg-op-intros]:
assumes 2’ = op-dg 2A and B’ = op-dg B and o’ = «
shows op-dghm § : A" =»—pg B’
(proof)

lemmas is-dghm-op[ dg-op-intros] = is-dghm.is-dghm-op’

lemma (in is-dghm) dghm-op-dghm-op-dghm[dg-op-simps]: op-dghm (op-dghm §) = §
(proof)

lemmas dghm-op-dghm-op-dghm[ dg-op-simps] = is-dghm.dghm-op-dghm-op-dghm

lemma eq-op-dghm-iff[ dg-op-simps]:
assumes & : A »—>pogg Band §F: € »>pga D
shows op-dghm & = op-dghm § «— & = §
{proof)
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3.4.4 Composition of covariant digraph homomorphisms

Definition and elementary properties

See Chapter I-3 in [39].

definition dghm-comp = V. = V = V (infixl <opgyam> 55)
where & opgpgy § =
[6(0biMap)) oo F(ObjiMap)), &(ArrMap)) oo F(ArrMap|), F(HomDom|), &(HomCCod))],

Components.

lemma dghm-comp-components:
shows (& opgrm §)(0bjMap]) = &(0bjMap)) oo F(ObjMap))
and (& opguum §)(ArrMap|) = S(ArrMap)) oo F(ArrMap))
and [dg-shared-cs-simps, dg-cs-simps]: (& cpguy §)(HomDom|) = F(HomDom))
and [dg-shared-cs-simps, dg-cs-simps]: (& cpgum §)(HomCod]) = &(HomCCod))
(proof)

Object map

lemma dghm-comp-ObjMap-vsv[ dg-cs-intros]:
assumes & : B »—>pgg Cand § : A »—>pge B
shows vsv ((& opepm §)(0bjMap))

{proof)

lemma dghm-comp-ObjMap-vdomain[ dg-cs-simps):
assumes & : B »—opoa Cand §F: A »—>pga B
shows D, ((& opgum §)(0biMap))) = 2A(0bj)
(proof )

lemma dghm-comp-ObjMap-vrange:
assumes & : B »—opoa Cand §F: A »—>pga B
shows R, ((& opgum §)(0bjMap))) c. €(0bj)
(proof)

lemma dghm-comp-ObjMap-app[ dg-cs-simps]:
assumes & : B »opoq Cand §F: A »—pea B and a & A(Obj))
shows (& opgrm §)(0bjMap|)(al) = &(0bjMap|) (F(ObjMap))(a))
{proof)

Arrow map

lemma dghm-comp-ArrMap-vsv[ dg-cs-intros]:
assumes & : B »—opoa Cand F: A »—>paga B
shows vsv ((& opeum §)(ArrMap))

{proof)

lemma dghm-comp-ArrMap-vdomain[ dg-cs-simps):
assumes & : B »—>pgg Cand §: A »—>pge B
shows D, ((& opaum §)(ArrMap))) = A(Arr)
(proof)

lemma dghm-comp-ArrMap-vrange[ dg-cs-intros]:
assumes & : B »—>pgg Cand § : A »—>pge B
shows R, ((& opgum §)(ArrMap|)) co €(Arr)

{proof)

lemma dghm-comp-ArrMap-app[ dg-cs-simps]:
assumes & : B »poq Cand §F: A »—pea B and f e, A(Arr)
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( shO}’;/s (& cparm T)(ArrMap)(f]) = &(ArrMap]) (F(ArrMap]) (f)])
proo,

Opposite of the composition of covariant digraph homomorphisms

lemma op-dghm-dghm-compl dg-op-simps]:
op-dghm (& opgum §) = op-dghm & opggum op-dghm §
(proof )

Further properties

lemma dghm-comp-is-dghm[dg-cs-intros]:
assumes & : B »—>pgg Cand § : A »—>pge B
shows & opguy §: /A »pea €

{proof)

lemma dghm-comp-assoc|dg-cs-simps]:
assumes $) : € »>pog D and & : B »—opoa Cand §: A »—>paa B
shows () ocpagum &) opeum § =9 opagum (& opcrm T)

{proof)

3.4.5 Composition of contravariant digraph homomorphisms

Definition and elementary properties

See section 1.2 in [15].

definition dghm-cn-comp = V = V = V (infix]l <pggpo> 55)
where & DGHM®° 3 =
[
&(ObjMap) 0. §(ObjMap),
&(ArrMap)) oo F(ArrMap)),
op-dg (F(HomDoml)),
&(HomCod))

o

Components.

lemma dghm-cn-comp-components:
shows (& pgrue §)(0bjMap)) = &(0biMap)) o, §(ObjMap])
and (& pgume §)(ArrMap)) = S(ArrMap)) oo F(ArrMap))
and [dg-cn-cs-simps]: (& pgume §)(HomDom|) = op-dg (F(HomDom)))
and [dg-cn-cs-simps]: (& perme §)(HomCod]) = &(HomCod))
{proof)

Object map: two contravariant digraph homomorphisms

lemma dghm-cn-comp-ObjMap-vsv[ dg-cn-cs-intros]:
assumes & : B poog Cand F: A pgog B
shows vsv ((& paume §)(0bjiMap)))

(proof)

lemma dghm-cn-comp-ObjMap-vdomain| dg-cn-cs-simps]:
assumes & : B pgog Cand F: A pgog B
shows D, ((& pgrmo §F)(0bjiMap))) = A(Obj)
(proof)

lemma dghm-cn-comp-ObjMap-vrange:
assumes & : B pgog Cand F: A pgog B
shows Ro ((& peame §)(0bjMap|)) <, €(0bj)
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{proof)

lemma dghm-cn-comp-ObjMap-app[ dg-cn-cs-simps]:
assumes & : B pooq Cand §: A peo—a B and a €, A(O0b))
shows (& peugmo §)(0biMap))(al) = &(0bjMap))(F(ObiMap))(al)
{proof)

Arrow map: two contravariant digraph homomorphisms

lemma dghm-cn-comp-ArrMap-vsv[ dg-cn-cs-intros]:
assumes & : B pgog Cand §: A pgoa B
shows vsv ((& parme §)(ArrMap|))

(proof)

lemma dghm-cn-comp-ArrMap-vdomain[ dg-cs-simps]:
assumes & : B poog Cand §: A pagra B
shows D, ((6 pgumo §)(ArrMap))) = A(Arr)
(proof)

lemma dghm-cn-comp-ArrMap-vrange:
assumes & : B pooog Cand §: A par—og B
shows R, ((& peume §)(ArrMap))) <, €(Arr)
(proof)

lemma dghm-cn-comp-ArrMap-app[ dg-cn-cs-simps]:
assumes & : B peoog Cand §: A peog B and a €, A(Arr)
shows (6 pgrume §)(ArrMap|)(al) = &(ArrMap)) (F(ArrMap))(al))
{proof)

Object map: contravariant and covariant digraph homomorphisms

lemma dghm-cn-cov-comp-ObjMap-vsv| dg-cn-cs-intros):
assumes & : B pgog Cand §F: A »>paa B
shows vsv ((& parme §)(0bjiMap)))

{proof)

lemma dghm-cn-cov-comp-ObjMap-vdomain| dg-cn-cs-simps]:
assumes & : B pgog Cand §F: A »>paa B
shows D, ((& pgrume §)(0biMap))) = A(Obj))
{proof)

lemma dghm-cn-cov-comp-ObjMap-vrange:
assumes & : B paoog Cand §: A »—>pga B
shows Ro ((& peume §)(0bjMap))) . €(0bj))
(proof)

lemma dghm-cn-cov-comp-ObjMap-app[ dg-cn-cs-simps]:
assumes & : B peog Cand §F: A »—pea B and a €, A(Ob)))
shows (& pgrme §)(0bjMap|)(al) = &(0bjMap|)(F(ObjMap))(a))
{proof)

Arrow map: contravariant and covariant digraph homomorphisms

lemma dghm-cn-cov-comp-ArrMap-vsv| dg-cn-cs-intros]:
assumes & : B pgoq Cand §F: A »>paa B
shows vsv ((& parme §)(ArrMap)))

{proof)

lemma dghm-cn-cov-comp-ArrMap-vdomain| dg-cn-cs-simps]:
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assumes & : B pgog Cand §F: A »>paa B
shows D, ((6 pgrme §)(ArrMap))) = A(Arr)

{proof)

lemma dghm-cn-cov-comp-ArrMap-vrange:
assumes & : B pogg Cand §F: A »opoa B
shows R, ((& parmo §)(ArrMap|)) . €(Arr)

{proof)

lemma dghm-cn-cov-comp-ArrMap-app| dg-cn-cs-simps]:
assumes & : B pg—q Cand F: A »—pea B and a €, A(Arr)
shows (6 parume §)(ArrMap))(al) = &(ArrMap)) (F(ArrMap))(al)))
{proof)

Opposite of the contravariant composition of the digraph homomorphisms

lemma op-dghm-dghm-cn-comp| dg-op-simps]:
op-dghm (& parmo §F) = op-dghm & pgmuo op-dghm §
(proof)

Further properties

lemma dghm-cn-comp-is-dghm[ dg-cn-cs-intros]:
— See section 1.2 in [15].
assumes digraph a A and & : B por—q Cand §: A pgoog B
shows & pgpuo §: ™A »poa €

(proof)

lemma dghm-cn-cov-comp-is-dghm[ dg-cn-cs-intros]:
— See section 1.2 in [15].
assumes & : B porrg Cand §: A »>pee B
shows & pegyye §: A pga €

{proof)

lemma dghm-cov-cn-comp-is-dghm:
— See section 1.2 in [15]
assumes & : B »—>pgq Cand §: A pgog B
shows & opgyy §: A pagra €

{proof)

3.4.6 Identity digraph homomorphism

Definition and elementary properties

See Chapter I-3 in [39].
definition dghm-id = V = V

where dghm-id € = [vid-on (€(0bj))), vid-on (€(Arr])), €, €],
Components.

lemma dghm-id-components:
shows dghm-id €(ObjMap|) = vid-on (€(Obj)))
and dghm-id €(ArrMap)) = vid-on (E(Arr])
and [dg-shared-cs-simps, dg-cs-simps]: dghm-id €(HomDom]) = €
and [dg-shared-cs-simps, dg-cs-simps]: dghm-id €(HomCod|) = €
(proof)

Object map
mk-VLambda dghm-id-components(1)[folded VLambda-vid-on)
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|vsv dghm-id-ObjMap-vsv[ dg-shared-cs-intros, dg-cs-intros]|
|vdomain dghm-id-ObjMap-vdomain[ dg-shared-cs-simps, dg-cs-simps]|
lapp dghm-id-ObjMap-app[ dg-shared-cs-simps, dg-cs-simps]|

lemma dghm-id-ObjMap-vrange[ dg-shared-cs-simps, dg-cs-simps]:
Ro (dghm-id €(|ObjMap|)) = €(Obj))
(proof)

Arrow map

mk-VLambda dghm-id-components(2)[folded VLambda-vid-on)
|vsv dghm-id- ArrMap-vsv[ dg-shared-cs-intros, dg-cs-intros]|
|vdomain dghm-id-ArrMap-vdomain| dg-shared-cs-simps, dg-cs-simps]|
lapp dghm-id-ArrMap-app[ dg-shared-cs-simps, dg-cs-simps]|

lemma dghm-id-ArrMap-vrange[ dg-shared-cs-simps, dg-cs-simps]:
Ro (dghm-id €(ArrMap))) = €(Arr))
(proof)
Opposite identity digraph homomorphism
lemma op-dghm-dghm-id|[ dg-op-simps]: op-dghm (dghm-id €) = dghm-id (op-dg €)
(proof)
An identity digraph homomorphism is a digraph homomorphism
lemma (in digraph) dg-dghm-id-is-dghm: dghm-id € : € »—>pga €
{proof)

lemma (in digraph) dg-dghm-id-is-dghm":
assumes 2 = Cand B = €
shows dghm-id € : A »—~pga B
(proof )

lemmas [dg-cs-intros] = digraph.dg-dghm-id-is-dghm’

Further properties

lemma (in is-dghm) dghm-dghm-comp-dghm-id-left: dghm-id B opgum F =&
— See Chapter I-3 in [39]).
{proof)

lemmas [dg-cs-simps] = is-dghm.dghm-dghm-comp-dghm-id-left

lemma (in is-dghm) dghm-dghm-comp-dghm-id-right: § opgun dghm-id A = §
— See Chapter I-3 in [39]).
{proof)

lemmas [dg-cs-simps] = is-dghm.dghm-dghm-comp-dghm-id-right

3.4.7 Constant digraph homomorphism
Definition and elementary properties

See Chapter III-3 in [39].

definition dghm-const = V=V =V =V =V
where dghm-const € D a f =
[vconst-on (€(0bj)) a, vconst-on (E€(Arr]) f, €, D],
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Components.

lemma dghm-const-components:
shows dghm-const € © a f(ObjMap|) = vconst-on (€(0bj)) a
and dghm-const € © a f(ArrMap|) = vconst-on (€(Arr)) f
and [dg-shared-cs-simps, dg-cs-simps]: dghm-const € ® a f(HomDom|) = €
and [dg-shared-cs-simps, dg-cs-simps]: dghm-const € © a f(HomCod)) = ©
(proof)

Object map

mk-VLambda dghm-const-components(1)[folded VLambda-vconst-on]
|vsv dghm-const-ObjMap-vsv[ dg-shared-cs-intros, dg-cs-intros]|
|vdomain dghm-const-ObjMap-vdomain| dg-shared-cs-simps, dg-cs-simps]|
lapp dghm-const-ObjMap-app| dg-shared-cs-simps, dg-cs-simps]|

Arrow map

mk-VLambda dghm-const-components(2)[folded VLambda-vconst-on]
|vsv dghm-const-ArrMap-vsv[ dg-shared-cs-intros, dg-cs-intros]|
|vdomain dghm-const-ArrMap-vdomain| dg-shared-cs-simps, dg-cs-simps]|
lapp dghm-const-ArrMap-app| dg-shared-cs-simps, dg-cs-simps]|

Opposite constant digraph homomorphism

lemma op-dghm-dghm-const[ dg-op-simps]:
op-dghm (dghm-const € ® a f) = dghm-const (op-dg €) (op-dg D) a f
(proof)

A constant digraph homomorphism is a digraph homomorphism

lemma dghm-const-is-dghm:
assumes digraph o € and digraph o ® and f: a —g a
shows dghm-const €D a f: € »—>paa D

(proof)

lemma dghm-const-is-dghm'[ dg-cs-intros]:
assumes digraph a €
and digraph o ©
and f:a~p a

and A = ¢

and %8 =9
shows dghm-const €D a f : A »—>pga B
(proof)

Further properties

lemma (in is-dghm) dghm-dghm-comp-dghm-const[dg-cs-simps]:
assumes digraph o € and f : a ¢ a
shows dghm-const B € a f opguym § = dghm-const A € a f

{proof)
lemmas [dg-cs-simps] = is-dghm.dghm-dghm-comp-dghm-const

3.4.8 Faithful digraph homomorphism

Definition and elementary properties

See Chapter I-3 in [39]).
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locale is-ft-dghm = is-dghm o A B § for o A B F +
assumes ft-dghm-v11-on-Hom:
[ a e A(Obj); b e, A(OB) || = v11 (F(ArrMap)) t's Hom A a b)

syntax -is-ft-dghm =V = V = V = V = bool
(((— :/ - PP DG faithfull —)) [51, 51, 51] 51)
syntax-consts -is-ft-dghm = is-ft-dghm
translations § : A =~pg raithfuia B = CONST is-ft-dghm o A B §

Rules.

lemma (in is-ft-dghm) is-ft-dghm-azioms'[ dghm-cs-intros]:
assumes o' = v and 2’ = 2A and B’ =B
shows § : A" == pa faithfuly’ B’

{proof)

mk-ide rf is-ft-dghm-def[unfolded is-ft-dghm-axioms-def]
|intro is-ft-dghml|
|dest is-ft-dghmD] dest]|
|elim is-ft-dghmE[ elim]|

lemmas [dghm-cs-intros] = is-ft-dghmD(1)

lemma is-ft-dghmI'"
assumes § : A »—>paga B
and Aa b g /.
[ g:ary b;f:amg b F(ArrMap)(g) = F(ArrMap)(f) | = g = f
shows § : A = pa raithfuia B
{proof)

Opposite faithful digraph homomorphism

lemma (in is-ft-dghm) ft-dghm-op-dghm-is-ft-dghm:
op-dghm § : op-dg A —»—pG tasthfula 0p-dg B
(proof )

lemma (in is-ft-dghm) ft-dghm-op-dghm-is-ft-dghm'[ dg-op-intros]:
assumes 2’ = op-dg 2 and B’ = op-dg B
shows op-dghm § : A" »~paG raithfula B’
(proof )

lemmas ft-dghm-op-dghm-is-ft-dghm[ dg-op-intros] =
is-ft-dghm. ft-dghm-op-dghm-is-ft-dghm’

The composition of faithful digraph homomorphisms is a faithful digraph homo-
morphism.
lemma dghm-comp-is-ft-dghm[ dghm-cs-intros]:
— See Chapter I-3 in [39].
assumes & : B > pa raithfuia € and § A »=>pg raithfuia B
shows & opgpy §: A = pag.faithfuia €
{proof)

Further properties

lemma (in is-ft-dghm) ft-dghm-ArrMap-eqD:
assumes g : ¢ —g band f: a —o band F(ArrMap))(g) = F(ArrMap)) (f)
shows g = f

{proof)
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3.4.9 Full digraph homomorphism

Definition and elementary properties

See Chapter I-3 in [39].

locale is-fl-dghm = is-dghm o A B § for a A B § +
assumes fl-dghm-surj-on-Hom:
[ a e A(0bj); b e, A(Ob)) ]| =
S(ArrMap)) ‘5 (Hom A a b) = Hom B (F(ObjMap|)(a))) (F(ObjMap|) (b))

syntax -is-fl-dghm =V = V = V = V = bool
(((— :/ - P DG fulll -)) [5]., 5]., 5].] 51)
translations § : A =~ pa fuiia B = CONST is-fl-dghm o A B §

Rules.

lemma (in is-fl-dghm) is-fl-dghm-azioms’[ dghm-cs-intros]:
assumes o' = v and 2’ = A and B’ =B
shows § : A’ B DG fully! B’

{proof)

mk-ide rf is-fl-dghm-def[unfolded is-fl-dghm-azioms-def]
|intro is-fl-dghml|
|dest is-fl-dghmD][ dest]|
|elim is-fl-dghmE][ elim]

lemmas [dghm-cs-intros] = is-fl-dghmD(1)

Opposite full digraph homomorphism

lemma (in is-fl-dghm) fl-dghm-op-dghm-is-fl-dghm:
op-dghm § : op-dg A »=pa. fulia 0p-dg B
(proof )

lemma (in is-fl-dghm) fl-dghm-op-dghm-is-fl-dghm'[ dg-op-intros]:
assumes 2’ = op-dg A and B’ = op-dg B
shows op-dghm § : op-dg 2 =»~pg. fuiia op-dg B
(proof )

lemmas fl-dghm-op-dghm-is-fl-dghm[ dg-op-intros] =
is-fl-dghm.fl-dghm-op-dghm-is-fl-dghm'
The composition of full digraph homomorphisms is a full digraph homomorphism

lemma dghm-comp-is-fl-dghm[ dghm-cs-intros]:
— See Chapter I-3 in [39].
assumes & : B »pa ruia € and §: A =»=pafuiia B
shows & opgpy §: A = pag.fuila €

{proof)

3.4.10 Fully faithful digraph homomorphism

Definition and elementary properties

See Chapter I-3 in [39].
locale is-ff-dghm = is-ft-dghm o A B §F + is-fl-dghm o A B § for a A B §F

syntax -is-ff-dghm = V. = V = V = V = bool
(((— :/ - pagrl —)) [51, 51, 51] 51)
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syntax-consts -is-ff-dghm = is-ff-dghm
translations § : A »—~pg.rra B = CONST is-ff-dghm o A B §

Rules.

lemma (in is-ff-dghm) is-ff-dghm-axioms'[ dghm-cs-intros]:
assumes o' = ¢ and 2’ = A and B’ =B
shows § : A" =»pg sr,r B’
(proof )

mk-ide rf is-ff-dghm-def
|intro is-ff-dghmlI|
|dest is-ff-dghmD][ dest]|
|elim is-ff-dghmE[elim]|

lemmas [dghm-cs-intros] = is-ff-dghmD

Opposite fully faithful digraph homomorphism.
lemma (in is-ff-dghm) ff-dghm-op-dghm-is-ff-dghm:

op-dghm § : op-dg A —»—pg.rra op-dg B
(proof )

lemma (in is-ff-dghm) ff-dghm-op-dghm-is-ff-dghm[ dg-op-intros]:
assumes 2’ = op-dg 2 and B’ = op-dg B
shows op-dghm § : A" »—pi fra B’
(proof )

lemmas ff-dghm-op-dghm-is-ff-dghm[dg-op-intros] =
is-ff-dghm.ff-dghm-op-dghm-is-ff-dghm
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The composition of fully faithful digraph homomorphisms is a fully faithful digraph

homomorphism.

lemma dghm-comp-is-ff-dghm[ dghm-cs-intros]:
assumes & : B »>-pg rrq € and §: A »>-pa o B
shows & opguy §: A »epafra €

{proof)

3.4.11 Isomorphism of digraphs

Definition and elementary properties

See Chapter I-3 in [39)].

locale is-iso-dghm = is-dghm o A B F for a A B F +
assumes iso-dghm-ObjMap-v11: v11 (F(ObjMap)))
and iso-dghm-ArrMap-v11: v11 (F(ArrMap)))
and iso-dghm-ObjMap-vrange[ dghm-cs-simps]: Ro (§(0bjMapl|)) = B(Obj)
and iso-dghm-ArrMap-vrange[ dghm-cs-simps]: Ro (F(ArrMap))) = B(Arr)

syntax -is-iso-dghm =V = V = V = V = bool
(((— :/ - pDaiisol —)) [51, 51, 51] 51)
syntax-consts -is-iso-dghm = is-iso-dghm
translations § : A »—>pg.isoa B = CONST is-iso-dghm o A B §

sublocale is-iso-dghm < ObjMap: v11 <F(ObjMap])»
rewrites D, (F(0bjMap))) = A(0bj) and R, (F(ObjMap))) = B(Obj)
(proof)
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sublocale is-iso-dghm < ArrMap: v11 <F(ArrMapl)»
rewrites D, (F(ArrMap))) = A(Arr) and R. (§(ArrMap))) = B(Arr)
(proof)

lemmas [dghm-cs-simps] =
is-iso-dghm.iso-dghm-ObjMap-vrange
1s-iso-dghm.iso-dghm-ArrMap-vrange

Rules.

lemma (in is-iso-dghm) is-iso-dghm-axioms’[ dghm-cs-intros]:
assumes o’ = o and 2’ = 2l and B’ =B
shows § : A" >-pg iso, B’
(proof )

mk-ide rf is-iso-dghm-def[ unfolded is-iso-dghm-axioms-def]
|intro is-iso-dghml|
|dest is-iso-dghmD][ dest]|
|elim is-iso-dghmE| elim]|

Elementary properties.

lemma (in is-iso-dghm) iso-dghm-Obj-HomDom-if-Obj-HomCod| elim]:
assumes b €, B(0bj)
obtains ¢ where a ¢, A(0bj)) and b = F(ObjMap))(a))
(proof )

lemma (in is-iso-dghm) iso-dghm-Arr-HomDom-if-Arr-HomCod][ elim]:
assumes g €, B(Arr)
obtains f where f €, A(Arr]) and g = F(ArrMap|)(f)

{proof)

lemma (in is-iso-dghm) iso-dghm-ObjMap-eqE| elim]:
assumes §(0bjMapl))(al) = F(ObiMap|) (b))
and a ¢, 2A(O0bj))
and b €, A(0bj)
and a = b= P
shows P

{proof)

lemma (in is-iso-dghm) iso-dghm-ArrMap-eqE| elim]:
assumes §(ArrMap))(f]) = F(ArrMap))(g))
and f €, A(Arr)
and g €, A(Arr|
and f =g =— P
shows P

{proof)

sublocale is-iso-dghm < is-ft-dghm

{proof)

sublocale is-iso-dghm ¢ is-fl-dghm
{proof)

sublocale is-iso-dghm < is-ff-dghm {proof)

lemmas (in is-iso-dghm) iso-dghm-is-ff-dghm = is-ff-dghm-azioms
lemmas [dghm-cs-intros| = is-iso-dghm.iso-dghm-is-ff-dghm
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Opposite digraph isomorphisms
lemma (in is-iso-dghm) is-iso-dghm-op:

op-dghm § : op-dg A »—pg.isoa 0p-dg B
(proof)

lemma (in is-iso-dghm) is-iso-dghm-op"
assumes 2’ = op-dg 2 and B’ = op-dg B
shows op-dghm § : A" »—>pg.isoa B’
(proof)

lemmas is-iso-dghm-op[ dg-op-intros] = is-iso-dghm.is-iso-dghm-op’

The composition of isomorphisms of digraphs is an isomorphism of digraphs

lemma dghm-comp-is-iso-dghm[ dghm-cs-intros]:
assumes & : B > paisoa Cand §F A »>paisoa B
shows & opgum §: A > pGisoa €

{proof)

An identity digraph homomorphism is an isomorphism of digraphs.

lemma (in digraph) dg-dghm-id-is-iso-dghm: dghm-id € : € »—>pa . isoa €
(proof)

lemma (in digraph) dg-dghm-id-is-iso-dghm'[ dghm-cs-intros]:
assumes 2’ = € and B'= ¢
shows dghm-id € : A’ »—pg.isoa B’
(proof)

lemmas [dghm-cs-intros]| = digraph.dg-dghm-id-is-iso-dghm’

3.4.12 Inverse digraph homomorphism

Definition and elementary properties

definition inv-dghm == V = V
where inv-dghm § = [(§(ObiMap))) s, (F(ArrMap)))~Ls, F(HomCod)), F(HomDom))],

Components.

lemma inv-dghm-components:
shows inv-dghm F(ObjiMap)) = (§(ObjMap)))~",
and inv-dghm F(ArrMap)) = (F(ArrMap)))~'s
and [dghm-cs-simps]: inv-dghm F(HomDom|) = F(HomCod))
and [dghm-cs-simps]: inv-dghm F(HomCod]) = F(HomDom))
{proof)

Object map

lemma (in is-iso-dghm) inv-dghm-ObjMap-v11[dghm-cs-intros]:
v11 (inv-dghm F(ObjiMap)))
(proof )

lemmas [dghm-cs-intros] = is-iso-dghm.inv-dghm-ObjMap-v11
lemma (in is-iso-dghm) inv-dghm-ObjMap-vdomain[ dghm-cs-simps]:

D, (inv-dghm F(ObjMap))) = B(0bj)
(proof)
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lemmas [dghm-cs-simps] = is-iso-dghm.inv-dghm-ObjMap-vdomain

lemma (in is-iso-dghm) inv-dghm-ObjMap-app[ dghm-cs-simps]:
assumes o’ = F(ObjMap))(a) and a €, A(Obj)
shows inv-dghm §(O0bjMap))(a’) = a
(proof)

lemmas [dghm-cs-simps] = is-iso-dghm.inv-dghm-ObjMap-app

lemma (in is-iso-dghm) inv-dghm-ObjMap-vrange[ dghm-cs-simps]:
Ro (inv-dghm F(ObjiMap|)) = A(Obj)
(proof)

lemmas [dghm-cs-simps] = is-iso-dghm.inv-dghm-ObjMap-vrange

Arrow map

lemma (in is-iso-dghm) inv-dghm-ArrMap-v11[ dghm-cs-intros]:
vll (inv-dghm §(ArrMap)))
(proof )

lemmas [dghm-cs-intros] = is-iso-dghm.inv-dghm-ArrMap-v11

lemma (in is-iso-dghm) inv-dghm-ArrMap-vdomain| dghm-cs-simps]:
D, (inv-dghm F(ArrMap))) = B(Arr)
{proof)

lemmas [dghm-cs-simps] = is-iso-dghm.inv-dghm-ArrMap-vdomain

lemma (in is-iso-dghm) inv-dghm-ArrMap-app[ dghm-cs-simps]:
assumes o’ = F(ArrMap))(a]) and a €, A(Arr)
shows inv-dghm §(ArrMap))(a’) = a
{proof)

lemmas [dghm-cs-simps] = is-iso-dghm.inv-dghm-ArrMap-app

lemma (in is-iso-dghm) inv-dghm-ArrMap-vrange[ dghm-cs-simps]:
Ro (inv-dghm §(ArrMap))) = A(Arr|
(proof)

lemmas [dghm-cs-simps] = is-iso-dghm.inv-dghm-ArrMap-vrange

Further properties

lemma (in is-iso-dghm) iso-dghm-ObjMap-inv-dghm-ObjMap-app[ dghm-cs-simps]:
assumes a €, B(0bj)
shows F(ObjMap)|) (inv-dghm §(ObjMap))(a))) = a
(proof )

lemmas [dghm-cs-simps] = is-iso-dghm.iso-dghm-ObjMap-inv-dghm- ObjMap-app
lemma (in is-iso-dghm) iso-dghm-ArrMap-inv-dghm-ArrMap-app[ dghm-cs-simps]:
assumes f : a ~eqp b

shows §(ArrMap)) (inv-dghm F(ArrMap|)(f)) = f
(proof)

lemmas [dghm-cs-simps] = is-iso-dghm.iso-dghm-ArrMap-inv-dghm-ArrMap-app
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lemma (in is-iso-dghm) iso-dghm-HomDom-is-arr-conv:
assumes f €, A(Arr)
and a €, 2(00bj)
and b €, A(0bj)
and §(ArrMap))(f]) : F(ObiMap))(a]) —a5 F(ObjMap)) (b))
shows f:a g b
(proof)

lemma (in is-iso-dghm) iso-dghm-HomCod-is-arr-conuv:
assumes [ €, B(Arr|)
and a €, B(0bj)
and b & B(0bj))
and inv-dghm §(ArrMap|)(f]) : inv-dghm F(ObjMap|)(al) —o inv-dghm F(ObjMap|)(b])
shows f: a ey b
{proof)

3.4.13 An isomorphism of digraphs is an isomorphism in the category GRPH

See Chapter I-3 in [39]).

lemma is-iso-arr-is-iso-dghm:
assumes § : A »—>paga B
and & : 8B == DG A
and & opgyym § = dghm-id A
and g ODGHM 6 = dghm-ld B
shows 175: 22 ==DGisox B
(proof)

lemma is-iso-dghm-is-iso-arr:
assumes § : A > paisoa B
shows [dghm-cs-intros]: inv-dghm § : B —»—>pg.isoa oA
and [dghm-cs-simps]: inv-dghm § oparm § = dghm-id
and [dghm-cs-simps]: § opaum nv-dghm § = dghm-id B
{proof)

Further properties

lemma (in is-iso-dghm) iso-inv-dghm-ObjMap-dghm-ObjMap-app[ dghm-cs-simps]:
assumes a €, A(O0bj)
shows inv-dghm §(ObjMap|)(F(ObiMap))(a))]) = a

{proof)

lemmas [dghm-cs-simps] = is-iso-dghm.iso-inv-dghm-ObjMap-dghm-ObjMap-app

lemma (in is-iso-dghm) iso-inv-dghm-ArrMap-dghm-ArrMap-app[ dghm-cs-simps]:
assumes f:a —g b
shows inv-dghm F(ArrMap)) (F(ArrMap)(f)) = f

{proof)

lemmas [dghm-cs-simps] = is-iso-dghm.iso-inv-dghm-ArrMap-dghm-ArrMap-app

3.4.14 Isomorphic digraphs
Definition and elementary properties

See Chapter I-3 in [39]).

locale iso-digraph =
fixesa A B =V
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assumes iso-digraph-is-iso-dghm: 3§. § : A »—>pa.isoa B
notation iso-digraph (infixl <~pg 50)

sublocale iso-digraph ¢ HomDom: digraph o 2l + HomCod: digraph o B
(proof)

Rules.

lemma iso-digraphl":
assumes 3§. F: A »>pgisoa B
shows A ~pga B

{proof)

lemma iso-digraphl:
assumes § : A »—>pa.isoa B
shows A ~pgo B

{proof)

lemma iso-digraphD[ dest]:
assumes A ~paa B
shows 3F. § : A »=>pg.isoa B
(proof)

lemma iso-digraphE[elim]:
assumes A ~paa B
obtains § where § : 2 »—>pg.isoa B

{proof)

A digraph isomorphism is an equivalence relation

lemma iso-digraph-refi:
assumes digraph a A
shows A ~paga A

{proof)

lemma iso-digraph-sym[sym]:
assumes A ~paa B
shows B ~pga A

{proof)

lemma iso-digraph-trans|trans]:
assumes A ¥paa B and B ~#pga €
shows A xpga €

{proof)
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3.5 Smallness for digraph homomorphisms

3.5.1 Digraph homomorphism with tiny maps

Definition and elementary properties

The following construction is based on the concept of a small functor used in [57] in the context
of the presentation of the set theory ZF(C/S.

locale is-tm-dghm =
is-dghm o A B § +
HomDom: digraph o 2 +
HomCod: digraph o B
for a A B F +
assumes tm-dghm-ObjMap-in- Vset| dg-small-cs-intros]: F(ObjMap)) €, Vset a
and tm-dghm-ArrMap-in- Vset[ dg-small-cs-intros]: F(ArrMap|) €, Vset «

syntax -is-tm-dghm =V = V = V = V = bool
(((— :/ - > paitml —)) [51, 51, 51] 51)
syntax-consts -is-tm-dghm = is-tm-dghm
translations § : A »—pg.tma B = CONST is-tm-dghm o A B F

abbreviation (input) is-cn-tm-dghm = V = V = V = V = bool
where is-cn-tm-dghm a A B F = F : op-dg A »~pg.tma B

syntax -is-cn-tm-dghm = V. = V = V = V = bool
(«(-:/ - pg.tm—+1 -)» [B1, 51, 51] 51)
syntax-consts -is-cn-tm-dghm = is-cn-tm-dghm
translations § : A pg.tm——a B = CONST is-cn-tm-dghm o A B §

abbreviation all-tm-dghms = V = V
where all-tm-dghms a = set {§. IA B. F: A »—>pa.tma B}

abbreviation small-tm-dghms =V = V = V = V
where small-tm-dghms a A B = set {F. §F: A »~>pag.tma B}

lemmas [dg-small-cs-intros] =
is-tm-dghm.tm-dghm-ObjMap-in- Vset
is-tm-dghm.tm-dghm-ArrMap-in- Vset

Rules.

lemma (in is-tm-dghm) is-tm-dghm-axioms'[ dg-small-cs-intros]:
assumes o' = o and A’ = A and B' = B
shows § : A" ==pa tmy B’

(proof)

mk-ide rf is-tm-dghm-def[unfolded is-tm-dghm-axioms-def]
|intro is-tm-dghml|
|dest is-tm-dghmD[ dest]|
|elim is-tm-dghmE[ elim]|

lemmas [dg-small-cs-intros] = is-tm-dghmD(1)

Elementary properties.
sublocale is-tm-dghm ¢ HomDom: tiny-digraph o 2
{proof)

lemmas (in is-tm-dghm)
tm-dghm-HomDom-is-tiny-digraph = HomDom.tiny-digraph-axioms
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lemmas [dg-small-cs-intros] = is-tm-dghm.tm-dghm-HomDom-is-tiny-digraph

Further rules.

lemma is-tm-dghmlI":
assumes § : A »—>paga B
and [simp]: F(ObjMap)) €, Vset a
and [simp]: F(ArrMap)) €, Vset a
shows § : A »~pg.tma B
(proof)

Size.

lemma small-all-tm-dghms[simp]: small {F. 3A B. F: A »~>pg.tma B}
{proof)

Opposite digraph homomorphism with tiny maps

lemma (in is-tm-dghm) is-tm-dghm-op: op-dghm § : op-dg A —»—>paG.tma 0p-dg B
(proof)

lemma (in is-tm-dghm) is-tm-dghm-op'[ dg-op-intros]:
assumes 2’ = op-dg A and B’ = op-dg B and o’ = «
shows op-dghm F : ' DG tmg,! B!

{proof)

lemmas is-tm-dghm-op[ dg-op-intros] = is-tm-dghm.is-tm-dghm-op’

Composition of a digraph homomorphism with tiny maps

lemma dghm-comp-is-tm-dghm[ dg-small-cs-intros]:
assumes & : B »—>paima Cand §: A »—>pa ima B
shows & opopm §: A »~pc.tma €

{proof)

Finite digraphs and digraph homomorphisms with tiny maps

lemma (in is-dghm) dghm-is-tm-dghm-if-HomDom-finite-digraph:
assumes finite-digraph o A
shows § : A »~>pg.tma B

{proof)

Constant digraph homomorphism

lemma dghm-const-is-tm-dghm:
assumes tiny-digraph o € and digraph o ® and f : a —»g a
shows dghm-const €D a f: € »>pg.tma D

(proof)

lemma dghm-const-is-tm-dghm'[ dg-small-cs-intros]:
assumes tiny-digraph o €
and digraph o ©
and f:a~p a
and ¢' = ¢
and D'=9
shows dghm-const €D a f: €' =»—>pg ima D’

{proof)
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3.5.2 Tiny digraph homomorphism

Definition and elementary properties
locale is-tiny-dghm =

is-dghm o A B § +

HomDom: tiny-digraph o A +

HomCod: tiny-digraph o B

for a A B §

syntax -is-tiny-dghm = V. = V = V = V = bool
(«(-:/ - =P paG.inyt -)» [51, 51, 51] 51)
syntax-consts -is-tiny-dghm = is-tiny-dghm
translations § : A =~ pg.rinya B = CONST is-tiny-dghm o A B §

abbreviation (input) is-cn-tiny-dghm = V= V = V = V = bool
where is-cn-tiny-dghm o A B § = § : op-dg A »~pg.tinya B

syntax -is-cn-tiny-dghm =V = V = V = V = bool
(«(-:/ - pG.tiny=r1 -)» [B1, 51, 51] 51)
syntax-consts -is-cn-tiny-dghm = is-cn-tiny-dghm
translations § : A pg.iiny=>—a B = CONST is-cn-tiny-dghm o A B §

abbreviation all-tiny-dghms = V = V
where all-tiny-dghms o = set {F. IA B. §F: A »—>pa tinya B}

abbreviation small-dghms =V =V = V =V
where small-dghms o A B = set {§. §: A »~>pa tinya B}

Rules.

lemma (in is-tiny-dghm) is-tiny-dghm-azioms'[ dg-small-cs-intros]:
assumes o’ = ¢ and 2’ = 2 and B’ =B
shows § : A" =D g ting, B’

(proof)

mk-ide rf is-tiny-dghm-def
|intro is-tiny-dghml|
|dest is-tiny-dghmD| dest]
|elim is-tiny-dghmE[ elim]|

lemmas [dg-small-cs-intros] = is-tiny-dghmD(2,3)

Size.

lemma (in is-tiny-dghm) tiny-dghm-ObjMap-in- Vset| dg-small-cs-intros]:
F(ObjMapl|) €, Vset «
{proof)

lemmas [dg-small-cs-intros] = is-tiny-dghm.tiny-dghm-ObjMap-in- Vset

lemma (in is-tiny-dghm) tiny-dghm-ArrMap-in- Vset| dg-small-cs-intros]:
F(ArrMap|) €, Vset «

{proof)

lemmas [dg-small-cs-intros]| = is-tiny-dghm.tiny-dghm-ArrMap-in- Vset

lemma (in is-tiny-dghm) tiny-dghm-in-Vset: § €, Vset «
{proof)

sublocale is-tiny-dghm < is-tm-dghm
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(proof)
lemmas (in is-tiny-dghm) tiny-dghm-is-tm-dghm = is-tm-dghm-axioms
lemmas [dg-small-cs-intros] = is-tiny-dghm.tiny-dghm-is-tm-dghm

lemma small-all-tiny-dghms[simp]: small {§. 3A B. F: A >~>pa.tinya B}
{proof)

lemma tiny-dghms-vsubset- Vset[ simp]:
set {F. IAB. §: A > pepinga B} So Vset a
(proof)

lemma (in is-dghm) dghm-is-tiny-dghm-if-ge-Limit:
assumes Z § and a &
shows § : A »—pa.tinyg B

(proof)

Opposite tiny digraph homomorphism

lemma (in is-tiny-dghm) is-tiny-dghm-op:
op-dghm § : op-dg 2 =~ pG.tinya 0p-dg B
(proof )

lemma (in is-tiny-dghm) is-tiny-dghm-op’[ dg-op-intros]:
assumes 2’ = op-dg A and B’ = op-dg B and o’ = «
shows op-dghm § : A" =—pa.tiny,’ B’

{proof)

lemmas is-tiny-dghm-op| dg-op-intros] = is-tiny-dghm.is-tiny-dghm-op’

Composition of tiny digraph homomorphisms

lemma dghm-comp-is-tiny-dghm|[ dg-small-cs-intros]:
assumes & : B »->pg iinya Cand § A »=painya B
shows & opgpy § A »=pag.tinya €

{proof)

Tiny constant digraph homomorphism

lemma dghm-const-is-tiny-dghm:
assumes tiny-digraph o € and tiny-digraph a © and f: a =g a
shows dghm-const €D a f: € »—pag tinya D

{proof)

lemma dghm-const-is-tiny-dghm'[ dg-small-cs-intros]:
assumes tiny-digraph a €
and tiny-digraph o ©
and f:a~p a
and ¢’ = ¢
and 9'=9
shows dghm-const €D a f: €' > pa tinga D'

{proof)
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3.6 Transformation of digraph homomorphisms

3.6.1 Background

named-theorems tdghm-cs-simps
named-theorems tdghm-cs-intros
named-theorems nt-field-simps

definition NTMap :: V where [nt-field-simps]: NTMap = 0
definition NTDom :: V where [nt-field-simps]: NTDom = 1n
definition NTCod :: V where [nt-field-simps]: NTCod = 2N
definition NTDGDom :: V where [nt-field-simps]: NTDGDom = 3N
definition NTDGCod : V where [nt-field-simps]: NTDGCod = 4y

3.6.2 Definition and elementary properties

217

A transformation of digraph homomorphisms, as presented in this work, is a generalization
of the concept of a natural transformation, as presented in Chapter I-4 in [39], to digraphs
and digraph homomorphisms. The generalization is performed by excluding the commutativity

axiom from the definition.

The definition of a transformation of digraph homomorphisms is parameterized by a limit ordinal
« such that w < a. Such transformations of digraph homomorphisms are referred to either as
a-transformations of digraph homomorphisms or transformations of a-digraph homomorphisms.

locale is-tdghm =
Z o+
vfsequence N +
NTDom: is-dghm o A B § +
NTCod: is-dghm o A B &
for a AB F SN +
assumes tdghm-length[ dg-cs-simps]: veard N = by
and tdghm-NTMap-vsv: vsv (M(NTMap)))
and tdghm-NTMap-vdomain[dg-cs-simps]: Do (M(NTMap))) = A(0bj))
and tdghm-NTDom[dg-cs-simps]: M(NTDom|) = §
and tdghm-NTCod[ dg-cs-simps]: M(NTCod|) = &
and tdghm-NTDGDom][dg-cs-simps]: W(NTDGDom|) = A
and tdghm-NTDG Cod[ dg-cs-simps]: M(NTDGCod|) = B
and tdghm-NTMap-is-arr:
a € A(Obj)) = N(NTMap)(a) : F(ObjMap)(al) —e &(ObiMap))(a)

syntax -is-tdghm = V=V =V =V = V = V = bool
(«(-:/ -=peHMm -/ - »—pc1 -)» [51, 51, 51, 51, 51] 51)
syntax-consts -is-tdghm = is-tdghm
translations N : § »pguy ® : A »—>paa B =
CONST is-tdghm o A B F & N

abbreviation all-tdghms = V = V
where all-tdghms o = set {M. IF S AB. N:F »peum 6 : A »—>pga B}

abbreviation tdghms = V=V = V = V
where tdghms o A B = set (M. IF S N:F opegum 6 : A »—>paa B}

abbreviation these-tdghms =V =V == V=V =V =V
where these-tdghms a A B F & = set (M. N:F opoum & : A »—>poa B}

sublocale is-tdghm c NTMap: vsv <N(NTMapl)>
rewrites D, (M(NTMap|)) = A(Obj)
{proof)
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lemmas [dg-cs-simps] =
is-tdghm.tdghm-length
is-tdghm.tdghm-NTMap-vdomain
is-tdghm.tdghm-NTDom
is-tdghm.tdghm-NTCod
is-tdghm.tdghm-NTDGDom
is-tdghm.tdghm-NTDGCod

lemma (in is-tdghm) tdghm-NTMap-is-arr'[ dg-cs-intros]:
assumes a €, A(O0bj)
and A = §(ObjMap])(al)
and B = &(0bjMap))(al)
shows M(NTMap))(a]) : A »g B
{proof)

lemmas [dg-cs-intros] = is-tdghm.tdghm-NTMap-is-arr’
Rules.

lemma (in is-tdghm) is-tdghm-axioms'[ dg-cs-intros]:
assumes o' =acand A'=Aand B'=Band §F' =Fand &' = &
shows 1 : 3' =>DGHM s A '—>'—>DGaI B’

{proof)

mk-ide rf is-tdghm-def[unfolded is-tdghm-azioms-def)
|intro is-tdghml|
|dest is-tdghm.D][dest]|
|elim is-tdghmE[ elim]|

lemmas [dg-cs-intros] =
is-tdghmD(3,4)

Elementary properties.

lemma tdghm-eql:
assumes N : §F »pagum ®: A »—>paga B
and N : §' »poum & A »paa B’
and N(NTMap)) = N'(NTMap))

and § = g’
and & = ¢’
and 2 = A’
and B = B’
shows 91 = 9/
{proof)

lemma (in is-tdghm) tdghm-def:
N = [N(NTMap|), R(NTDom|), N(NTCod|), W(NTDGDom|), N(NTDGCod))],
{proof)

lemma (in is-tdghm) tdghm-NTMap-app-in-Arr( dg-cs-intros):

assumes a €, 2A(0bj)
shows M(NTMap))(al) €. B(Arr)

(proof )
lemmas [dg-cs-intros] = is-tdghm.tdghm-NTMap-app-in-Arr

lemma (in is-tdghm) tdghm-NTMap-vrange-vifunion:

Ro (M(NTMap)) So (UoacoRo (F(0bjMap))). UobeoRo (&(0bjMap))). Hom B a b)

(proof)
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lemma (in is-tdghm) tdghm-NTMap-vrange: Ro (N(NTMap))) <o B(Arr)
{proof)

Size.

lemma (in is-tdghm) tdghm-NTMap-vsubset-Vset: W(NTMap|) S, Vset «
(proof)

lemma (in is-tdghm) tdghm-NTMap-in-Vset:
assumes « €, 3
shows MM(NTMap)) €, Vset 8

{proof)

lemma (in is-tdghm) tdghm-in-Vset:
assumes Z § and « €, 3
shows 9t ¢, Vset 3

{proof)

lemma (in is-tdghm) tdghm-is-tdghm-if-ge-Limit:
assumes Z § and « €, 3
shows M :§F »pagum & : A sadolel B

(proof)

lemma small-all-tdghms[ simp]:
small (M. IF S AB. N:F =»porm & : A »—>poa B}

{proof)

lemma small-tdghms[simp]: small {MN. IF . N: F »peum G : A »—>pga B}
(proof)

lemma small-these-tdghms[simp]: small {M. N:F »peum & : A »>poa B}
(proof)

Further elementary results.

lemma these-tdghms-iff:
N e, these-tdghms a A B F & «— N: §F »pepm 6 : A »—>pga B
{proof)

3.6.3 Opposite transformation of digraph homomorphisms

Definition and elementary properties

See section 1.5 in [15].

definition op-tdghm = V = V
where op-tdghm N =
[

N(NTMap)),

op-dghm (M(NTCod)),
op-dghm (N(NTDom)),
op-dg (M(NTDGDom))),
op-dg (M(NTDGCod))

lo

Components.

lemma op-tdghm-components| dg-op-simps]:
shows op-tdghm N(NTMap|) = N(NTMap))
and op-tdghm N(NTDom)) = op-dghm (M(NTCod)))
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and op-tdghm N(NTCod|) = op-dghm (N(NTDom)))
and op-tdghm M(NTDGDom|) = op-dg (M(NTDGDom)))
and op-tdghm NM(NTDGCod|) = op-dg (N(NTDGCod)))

{proof)

Further properties

lemma (in is-tdghm) is-tdghm-op:
op-tdghm N : op-dghm & —»payym op-dghm § : op-dg A ——pge op-dg B
{proof)

lemma (in is-tdghm) is-tdghm-op'[ dg-op-intros]:
assumes &' = op-dghm &
and §' = op-dghm §
and 2" = op-dg 2
and B’ = op-dg B
shows op-tdghm N : &' =»pgryu ' A »—>pga B’

{proof)
lemmas is-tdghm-op[ dg-op-intros] = is-tdghm.is-tdghm-op’

lemma (in is-tdghm) tdghm-op-tdghm-op-tdghm[dg-op-simps]:
op-tdghm (op-tdghm M) = N
{proof)

lemmas tdghm-op-tdghm-op-tdghm[dg-op-simps] =
is-tdghm.tdghm-op-tdghm-op-tdghm

lemma eg-op-tdghm-iff:
assumes N : § »pogagy ® : A »—>paa B
and N : §' »poum & A »—paa B’
shows op-tdghm N = op-tdghm N’ < N =N’
{proof)

3.6.4 Composition of a transformation of digraph homomorphisms and a
digraph homomorphism

Definition and elementary properties

definition tdghm-dghm-comp = V = V = V (infixl <ocrpeum-peum’ 55)
where N orpgrm-pagrm H =

(AaesH(|HomDom|)(Obj]). M(NTMap|) ($H(0bjMap))(a)))),
N(NTDom|) ecpcrm 9,

N(NTCod)) opcrm 9,

$H(HomDom)),

NINTDGCod)

lo

Components.

lemma tdghm-dghm-comp-components:
shows (N ocrpegum-parm H)(NTMap)) =
(AaeoH(HomDom|)(Obj]). M(NTMap|) ($H(ObjMap))(al)))
and [dg-shared-cs-simps, dg-cs-simps):
MNorpeum-perm H)(NTDom|) = W(NTDom|) cpcrm 9
and [dg-shared-cs-simps, dg-cs-simps):
MNorpeum-perm H)(NTCod) = N(NTCod) ocpcrm $H
and [dg-shared-cs-simps, dg-cs-simps]:
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(‘ﬂ STDGHM-DGHM ﬁ)qNTDGDomD = ﬁQHomDomD
and [dg-shared-cs-simps, dg-cs-simps):
(fﬁ OSTDGHM-DGHM f_))(lNTDGCOdD = quTDGCOdD
(proof )

Transformation map

mk-VLambda tdghm-dghm-comp-components(1)
|vsv tdghm-dghm-comp-NTMap-vsv[ dg-shared-cs-intros, dg-cs-intros]|

mk-VLambda (in is-dghm)
tdghm-dghm-comp-components(1)[where $=F, unfolded dghm-HomDom]
|vdomain tdghm-dghm-comp-NTMap-vdomain|
lapp tdghm-dghm-comp-NTMap-app|

lemmas [dg-cs-simps] =
is-dghm.tdghm-dghm-comp-NTMap-vdomain
is-dghm.tdghm-dghm-comp-NTMap-app

lemma tdghm-dghm-comp-NTMap-vrange:
assumes N :§ ~>pogam ®: B »opaga Cand H : A »—>paa B
shows R, ((M orperm-perm H)(NTMap))) <o C(Arr)
(proof)

Opposite of the composition of a transformation of digraph homomorphisms and a
digraph homomorphism

lemma op-tdghm-tdghm-dghm-comp| dg-op-simps]:
op-tdghm (M orpaam-peam ) = op-tdghm N orpaum-paam op-dghm $

{proof)

Composition of a transformation of digraph homomorphisms and a digraph homo-
morphism is a transformation of digraph homomorphisms

lemma tdghm-dghm-comp-is-tdghm:

assumes N : § »pagaym & : B »—opaga Cand H : A »—>paa B

shows M orpergm-parm H: 8 opcum H =poum & opoguu H A =»pga €
{proof)

lemma tdghm-dghm-comp-is-tdghm'[ dg-cs-intros]:
assumes N: § =»pagum & : B »—>pga €
and ) : A »—>pga B
and §' = F ocpagum 9
and &' = & opgum H
shows N orpegrm-peam H: 8 »peam &'+ A »—pea €

{proof)

Further properties

lemma tdghm-dghm-comp-tdghm-dghm-comp-assoc:
assumes N : H ~»paggm H € »>poa D
and & : B »—paga €
and §: A »—>poa B
shows (M ocrpgum-peam ®) orpeam-peum § = Norpegum-peam (Y opgum §)
{proof)

lemma (in is-tdghm) tdghm-tdghm-dghm-comp-dghm-id[ dg-cs-simps]:
Norpgam-paam dghm-id A =N
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(proof)

lemmas [dg-cs-simps] = is-tdghm.tdghm-tdghm-dghm-comp-dghm-id

3.6.5 Composition of a digraph homomorphism and a transformation of di-
graph homomorphisms

Definition and elementary properties

definition dghm-tdghm-comp = V = V = V (infixl <~ocpcrm-rpcrm’ 55)
where ) ocpgry-rTpeHM N =

[
(Aae.N(NTDGDom)|)(Obj)). $H(ArrMap))(N(NTMap))(a))])),

fJ ODGHM ‘DT(|NTDOm|),
fj OSDGHM quTCOdD,
N(NTDGDom)),
$H(HomCod))

]o

Components.

lemma dghm-tdghm-comp-components:

ShOWS (fj S DGHM-TDGHM 9‘()(|NTMap|) =
(AaecN(NTDGDoml|) (0bj]). H(ArrMap))(N(NTMap))(a))))
and [dg-shared-cs-simps, dg-cs-simps):

® opgum-rpaum M)(NTDom|) = $ opgum NINTDom])
and [dg-shared-cs-simps, dg-cs-simps]:

(9 opgum-rparm M)(NTCod)) = H oparm N(NTCod)
and [dg-shared-cs-simps, dg-cs-simps):

(fJ S DGHM-TDGHM ‘ﬁ)(]NTDGDomD = m(]NTDGDomD
and [dg-shared-cs-simps, dg-cs-simps]:

O opeum-rpaam N)(NTDGCod) = H(HomCCod))

(proof )

Transformation map

mk-VLambda dghm-tdghm-comp-components(1)
|vsv dghm-tdghm-comp-NTMap-vsv| dg-shared-cs-intros, dg-cs-intros]|

mk-VLambda (in is-tdghm)
dghm-tdghm-comp-components(1)[where NMN=N, unfolded tdghm-NTDGDom]
|vdomain dghm-tdghm-comp-NTMap-vdomain|
lapp dghm-tdghm-comp-NTMap-app|

lemmas [dg-cs-simps] =
is-tdghm.dghm-tdghm-comp-NTMap-vdomain
is-tdghm.dghm-tdghm-comp-NTMap-app

lemma dghm-tdghm-comp-NTMap-vrange:
assumes $) : B o>->pog Cand N:F opogym B A »>paa B
shows R, ((9 ocpaum-roarm MN)(NTMap))) S, €(Arr)
{proof)

Opposite of the composition of a digraph homomorphism and a transformation of
digraph homomorphisms
lemma op-tdghm-dghm-tdghm-comp| dg-op-simps]:

op-tdghm (9 opcum-rpcum M) = op-dghm $ opcum-rpcum op-tdghm N

{proof)
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Composition of a digraph homomorphism and a transformation of digraph homo-
morphisms is a transformation of digraph homomorphisms

lemma dghm-tdghm-comp-is-tdghm:

assumes ) B oopag Cand N :§F »paegay B A »—>paa B

shows ) ocpgrm-Tpaam N H opeum § =»peum H opgam G+ A »pga €
(proof )

lemma dghm-tdghm-comp-is-tdghm'[ dg-cs-intros]:
assumes ) : B »>paa €
and N:F =pocay ®: A =»>poa B
and §' =9 operm §
and &' = Hopgum &
shows 9 ocpgum-rpeam N F' »poum &'+ A »pga €

{proof)

Further properties

lemma dghm-comp-dghm-tdghm-comp-assoc:
assumes N : H ~»pgam H A »>pga B
and §: B »—pga €
and & : € »—>poa D
shows (& opgum §) cpgum-TpaaM N =& opgum-rpaum (§ cpaum-Toaam N)
{proof)

lemma (in is-tdghm) tdghm-dghm-tdghm-comp-dghm-id[ dg-cs-simps]:
dghm-id B ocpgum-rpcum N =N
{proof)

lemmas [dg-cs-simps] = is-tdghm.tdghm-dghm-tdghm-comp-dghm-id

lemma dghm-tdghm-comp-tdghm-dghm-comp-assoc:
assumes N : § »paagy ® :B »—paga €
and ) : € »opaa D
and £ : 2 I=dud pYels B
< ShOV;/S (D opeav-rpeam N) ocrpeuM-peEM R =9 opgum-rpeam N orpeam-paam R)
proof
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3.7 Smallness for transformations of digraph homomorphisms

3.7.1 Transformation of digraph homomorphisms with tiny maps
Definition and elementary properties

locale is-tm-tdghm =
Z o+
NTDom: is-tm-dghm o A B § +
NTCod: is-tm-dghm o A B & +
is-tdghm a A B § & N
for a AB F BN

syntax -is-tm-tdghm =V = V = V = V = V = V = bool
(((- 3/ -=>DGHM.tm - I/ -=>=>pa.tml -)) [51, 517 51, 51, 51] 51)
syntax-consts -is-tm-tdghm = is-tm-tdghm
translations N : § »pocam.im ® : A »—>pg.ima B =
CONST is-tm-tdghm o A B F & N

abbreviation all-tm-tdghms = V = V
where all-tm-tdghms a =
set (M IFSEAB. N:F =>peum.im 6 : A =>=>pc.ima B}

abbreviation tm-tdghms = V =V = V = V
where tm-tdghms o 2 B =
set {M. 3F & N:F =poam.tm O A =>=>pa tma B}

abbreviation these-tm-tdghms = V=V =V =V =V =V
where these-tm-tdghms o A B § & =
set M. N:F »peam.im & : A >~paima B}

Rules.

lemma (in is-tm-tdghm) is-tm-tdghm-axioms’[ dg-small-cs-intros]:
assumes o' =aand A' =A and B'=VBand §F' =Fand &' = &
shows N : §' =>perm.m &' A >=>pimy B’
{proof)

mk-ide rf is-tm-tdghm-def
|intro is-tm-tdghml|
|dest is-tm-tdghmD[ dest]|
|elim is-tm-tdghmFE[ elim]|

lemmas [dg-small-cs-intros] = is-tm-tdghmD(2,3,4)

Size.
lemma (in is-tm-tdghm) tm-tdghm-NTMap-in-Vset: M(NTMap)) €, Vset «
{proof)

lemma small-all-tm-tdghms[ simp]:
small {‘ﬁ 33 S AB.N: S SDGHM.tm A == DGE tmo %}
(proof)

lemma small-tm-tdghms| simp]:
small {fN. 3F S N: F »peam.im & A »=paima B
(proof)

lemma small-these-tm-tdghms| simp]:
small (M. N:F >peam.im &+ A =>=>pa.tma B}
(proof)
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Further elementary results.

lemma these-tm-tdghms-iff:
N €, these-tm-tdghms a A B §F & «—
N:F opeam.tm © A >-pGima B

{proof)

Opposite transformation of digraph homomorphisms with tiny maps

lemma (in is-tm-tdghm) is-tm-tdghm-op:
op-tdghm M : op-dghm & =paum.tm op-dghm § : op-dg A =~pG.tma op-dg B
(proof )

lemma (in is-tm-tdghm) is-tm-tdghm-op'[ dg-op-intros]:
assumes &' = op-dghm &
and §' = op-dghm §
and 2" = op-dg 2
and B’ = op-dg B
shows op-tdghm N : &' =paum.tm §' A »~>pG.tma B’

{proof)

lemmas is-tm-tdghm-op| dg-op-intros] = is-tm-tdghm.is-tm-tdghm-op’

Composition of a transformation of digraph homomorphisms with tiny maps and a
digraph homomorphism with tiny maps

lemma tdghm-dghm-comp-is-tm-tdghm:

assumes N : F =»pagaM.em & B >=>poima €and H A »—>pa.ima B

shows N orperym-peam H S opeam H =»peam.tm © opeum H A =»=>pg.ima €
(proof)

lemma tdghm-dghm-comp-is-tm-tdghm'[ dg-small-cs-intros]:
assumes N : § =>peam.tm & B = paima €
and 9 : A »=pa.tma B
and §' = § cpgum H
and QﬁlZ & ODGHM f’:)
shows N orpogum-perm H 8 »peum.im &+ A »—paima €
(proof )

Composition of a digraph homomorphism with tiny maps and a transformation of
digraph homomorphisms with tiny maps

lemma dghm-tdghm-comp-is-tm-tdghm:

assumes 9 : B > pgima Cand N: Foporm.tm 6 1 A »>pa.ima B

shows $ ocpgrm-Tpaam N Hopeum T »peaM.tm H opcam & A »=>pg.ima €
{proof)

lemma dghm-tdghm-comp-is-tm-tdghm'[ dg-small-cs-intros]:
assumes 9 : B >=>pgima €
and N:§ »peam.tm 6 : ™A »=>pg.tma B
and §' =9 opagum §
and &' = Hopguu &
shows 9 ocpgum-rpeam N:F »peam.im &+ A »=>pa tma €

{proof)

3.7.2 Transformation of homomorphisms of tiny digraphs

Definition and elementary properties

locale is-tiny-tdghm =
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Z o+

NTDom: is-tiny-dghm o A B § +
NTCod: is-tiny-dghm o A B & +
is-tdghm a A B § & N

for a AB F BN

syntax -is-tiny-tdghm =V =V = V = V = V = V = bool

(((- 3/ -=DGHM.tiny ~ I/ - '_)’_)DG.tinyl -)) [51, 51, 51, 517 51] 51)
syntax-consts -is-tiny-tdghm <= is-tiny-tdghm
translations M : § =»poum.tiny ® : A =»=>pg.tinya B =

CONST is-tiny-tdghm o A B F & N

abbreviation all-tiny-tdghms = V. = V
where all-tiny-tdghms o =
set M. IAF G ADB. N:F »peaM.tiny © A =»pG rinya B}

abbreviation tiny-tdghms = V=V = V = V
where tiny-tdghms a 2 B =
set (M. 3F &. N:F =»peam.ting © A >=>pG tinya B}

abbreviation these-tiny-tdghms = V =V = V=V =V =V
where these-tiny-tdghms a A B § & =
set {m N: 3’ S DGHM.tiny 6 A =P DGE . tinya %}
Rules.
lemmas (in is-tiny-tdghm) [dg-small-cs-intros] = is-tiny-tdghm-axioms
mk-ide rf is-tiny-tdghm-def
|intro is-tiny-tdghml[intro]|

|dest is-tiny-tdghmD][ dest]|
|elim is-tiny-tdghmE[elim]|

lemmas [dg-small-cs-intros] = is-tiny-tdghmD(2,3,4)
Elementary properties.
sublocale is-tiny-tdghm < is-tm-tdghm
(proof)
lemmas (in is-tiny-tdghm) tiny-tdghm-is-tm-tdghm = is-tm-tdghm-azioms
lemmas [dg-small-cs-intros] = is-tiny-tdghm.tiny-tdghm-is-tm-tdghm

Size.

lemma (in is-tiny-tdghm) tiny-tdghm-in-Vset: M €, Vset «
(proof)

lemma small-all-tiny-tdghms[ simp]:
small {(N. IF S ADB. N:F =>peam.ting © : A >=pa tinya B}
{proof)

lemma small-tiny-tdghms[ simp]:
small {m HS 6. N g S DGHM.tiny G A PP DG . tinya %}
(proof )

lemma small-these-tiny-tdghms[ simp):
small {m N: g = DGHM.tiny G2 P DG tinya sB}

{proof)
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lemma tiny-tdghms-vsubset- Vset[ simp]:
set {fM. IF . N: F »peam.ting O+ A =>=>pa tinya B} So Vset
(is «set Ztdghms S, -)

{proof)

lemma (in is-tdghm) tdghm-is-tiny-tdghm-if-ge-Limit:
assumes Z $ and a €, 3
shows N : § »paum.tiny & : A »=pa.tinyg B

(proof)

Further elementary results.

lemma these-tiny-tdghms-iff:
N €, these-tiny-tdghms a A B §F & «—
N:F »peHM. ting O A >=>pa tinya B

{proof)

Opposite transformation of homomorphisms of tiny digraphs

lemma (in is-tiny-tdghm) is-tm-tdghm-op: op-tdghm O :
op-dghm & =pGHM.tiny 0p-dghm § : op-dg A »—pG.rinya op-dg B
(proof )

lemma (in is-tiny-tdghm) is-tiny-tdghm-op'[ dg-op-intros]:
assumes &' = op-dghm &
and §' = op-dghm §
and 2’ = op-dg A
and B’ = op-dg B
shows Op'tdghm N: &' = DGHM.tiny %I s PP DG tinya B’

(proof)

lemmas is-tiny-tdghm-op[ dg-op-intros| = is-tiny-tdghm.is-tiny-tdghm-op’
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3.8 Product digraph
3.8.1 Background

The concept of a product digraph, as presented in this work, is a generalization of the concept
of a product category, as presented in Chapter II-3 in [39)].

named-theorems dg-prod-cs-simps
named-theorems dg-prod-cs-intros

3.8.2 Product digraph: definition and elementary properties

definition dg-prod = V = (V= V)=V
where dg-prod I 2 =
[
(IMoteoI. 2 i(Obj)),
(MMoteoI. A i(Arr])),
(Meo(TToteol. A i(|Arr])). (Nieod. A i(Dom))(f (D)),
(Meo(TToteo. A i(Arr])). (NieoI. 2 i(Cod)(f (D))

o

syntax -PDIGRAPH : pttrn = V = (V= V)=V
(«(3T1 pa-€---/ -)» [0, 0, 10] 10)

syntax-consts -PDIGRAPH = dg-prod

translations [] pgic. . A = CONST dg-prod I (Ai. A)

Components.

lemma dg-prod-components:
shows ([T pgicoI. A i)(0bj]) = ([ToicoI. A i(Obj))
and (I pgic. . A 0)(Arr]) = (TToicol. A i(Arr])
and (H DgiEo]. A Z)(|D0m|) =
(Meo(IToieoI. A i(Arr])). (Nieod. 2 i(Dom])(f(2)]))
and ([T pgic.l. A 0)(Cod)) =
(Mfeo(TToieoI. A i(Arr])). (NieoI. A i(Cod)(f (D))
(proof)

3.8.3 Local assumptions for a product digraph

locale pdigraph-base = Z a for c« T and A = V = V +
assumes pdg-digraphs| dg-prod-cs-intros]: i €, I = digraph « (2 7)
and pdg-index-in- Vset| dg-cs-intros]: I €, Vset a

Rules.

lemma (in pdigraph-base) pdigraph-base-azioms'] dg-prod-cs-intros]:
assumes o' = and ['=1T
shows pdigraph-base o’ I" 2
(proof )

mk-ide rf pdigraph-base-def[unfolded pdigraph-base-azioms-def]
|intro pdigraph-basel|
|dest pdigraph-baseD[ dest]|
|elim pdigraph-baseE[ elim]|

Elementary properties.

lemma (in pdigraph-base) pdg-Obj-in-Vset:
assumes Z J and a &, 3
shows ([Toic. 1. 2A i(Obj])) €; Vset
{proof)
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lemma (in pdigraph-base) pdg-Arr-in-Vset:
assumes Z  and « ¢, 3
shows ([Toicol. A i(Arr])) €, Vset 8
{proof)

lemmas-with (in pdigraph-base) [folded dg-prod-components]:
pdg-dg-prod-Obj-in- Vset[ dg-cs-intros] = pdg-Obj-in-Vset
and pdg-dg-prod-Arr-in- Vset| dg-cs-intros] = pdg-Arr-in-Vset

lemma (in pdigraph-base) pdg-vsubset-index-pdigraph-base:
assumes J S, [
shows pdigraph-base o« J 2

{proof)

Object

lemma dg-prod-ObjlI:
assumes vsv ¢ and D, a = I and Ai. i €, I = a(i]) €, A i(Obj)
shows a €, ([T pgic.. A 7)(Obj)
(proof)

lemma dg-prod-ObjD:
assumes a & ([] pgic.. A i) (Obj)
shows vsv a and D, a = I and Ai. i €, I = a(Ji]) €, 2 i(Obj)
(proof )

lemma dg-prod-ObjE:
assumes a & ([] pgic.. A i) (Obj)
obtains vsv ¢ and D, a = I and Ai. i €, I = a(ji]) €, 2 i(Obj)
(proof)

lemma dg-prod-Obj-cong:
assumes g € ([ pgic.d. 2 i)(Obj)
and f & ([1pgic.I. A 7)(Obj)
and Ai. i €, I = g(i)) = f(i)
shows ¢ = f
(proof)

Arrow

lemma dg-prod-Arri:
assumes vsv f and D, f = I and Ai. i €, | = f(ji]) €, A i(Arr)
shows f €, ([1pgic.I. A i)(Arr]
{proof)

lemma dg-prod-ArrD:
assumes [ € ([ pgic.I. A 7)(Arr)
shows vsv f and D, f = I and Ai. i €, [ = f(ji]) €, A i(Arr|
{proof)

lemma dg-prod-ArrE:
assumes [ €, (ITpgic.l. A i)(Arr)
obtains vsv f and D, f = I and Ai. i €, [ = [f(ji]) €, A i(Arr|
{proof)

lemma dg-prod-Arr-cong:
assumes ¢ € ([1pgicod. A 7)(Arr)
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and f ¢ ([1pgic.I. A 7)(Arr)
and Ai. i €, I = g(i]) = (i)
shows g = f
(proof)

Domain

mk-VLambda dg-prod-components(3)
|vsv dg-prod-Dom-vsv[ dg-cs-intros]|
|vdomain dg-prod-Dom-vdomain[folded dg-prod-components, dg-cs-simps]|
|app dg-prod-Dom-app|folded dg-prod-components]|

lemma (in pdigraph-base) dg-prod-Dom-app-in-Obj[ dg-cs-intros]:
assumes f € ([1pgic.I. A 7)(Arr)
shows ([T pgic.I. A i)(Dom))(f]) € (ITpgicod. 2A i)(Obj))
(proof )

lemma dg-prod-Dom-app-component-app| dg-cs-simps]:
assumes [ €, ([Tpgicol. A i)(Arr) and i€, T
shows ([T pgicoI. A ©)(Doml)(f]) (i) = A i(Dom|)(f ()
(proof)

Codomain

mk-VLambda dg-prod-components(4)
|vsv dg-prod-Cod-vsv[ dg-cs-intros]|
|vdomain dg-prod-Cod-vdomain[folded dg-prod-components, dg-cs-simps]|
lapp dg-prod-Cod-applfolded dg-prod-components]|

lemma (in pdigraph-base) dg-prod-Cod-app-in-Obj[ dg-cs-intros]:
assumes f € ([1pgic.I. A 7)(Arr)
shows ([1pgic.l. A i)(Cod)(f]) € (I1paicol. A 7)(Obj)
(proof )

lemma dg-prod-Cod-app-component-app| dg-cs-simps]:
assumes f €, ([ pgic.l. A 7)(Arr]) and i €, T
shows ([T paic.]. 2 §)(Cod) (£ (i) = 2 i( Cod)(f(i))
(proof)

A product a-digraph is a tiny g-digraph

lemma (in pdigraph-base) pdg-tiny-digraph-dg-prod:
assumes Z § and a &, 3
shows tiny-digraph 5 (I1pgic.l. 2A )

{proof)

lemma (in pdigraph-base) pdg-tiny-digraph-dg-prod”:
tiny-digraph (o + w) ([1pgic.I. A 1)
(proof)

Arrow with a domain and a codomain

lemma (in pdigraph-base) dg-prod-is-arrl:
assumes vsv f

and D, f=1
and vsv a
and D, a =1

and vsv b
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and D, b=1
and Ai. i €, I = f(i)) : a(i) o ; ()
ShOWSf La '_)HDGiEoI~ A g b
{proof)

lemma (in pdigraph-base) dg-prod-is-arrD|dest]:
assumes f : a P17 gieol. A i 0
shows wvsv f

and D, f =1

and vsv a

and D, a =1

and vsv b

and D, b=1

and Ai. i €, I = f(i)) : a(i]) g ; b(7)
{proof)

lemma (in pdigraph-base) dg-prod-is-arrE[elim]:
assumes [ : a T poicol. A i b
obtains vsv f

and D, f =1

and vsv a

and D, a =1

and vsv b

and D, b=1

and Ai. i €, I = f(i)) : a(i]) g ; b(7)
(proof)

3.8.4 Further local assumptions for product digraphs

Definition and elementary properties

locale pdigraph = pdigraph-base o I A for o T A +
assumes pdg-Obj-vsubset-Vset: J €, I = ([1 pgic.J. A 1)(0bj]) S, Vset a
and pdg-Hom-vifunion-in- Vset:

[
J S I
A S, (Tl pgicod. A i)(Obj);
B S, (Il pgicoJ. A i)(Obj);
A e, Vset a;
B e, Vset «

]l = (UoacoA. UobeoB. Hom ([ pgicsd. A i) a b) € Vset a

Rules.

lemma (in pdigraph) pdigraph-azioms’[ dg-prod-cs-intros]:
assumes o'’ =aqand I'=1
shows pdigraph o' I' 2
(proof)

mk-ide rf pdigraph-def[unfolded pdigraph-axioms-def]
|intro pdigraphl|
|dest pdigraphD[ dest]|
|elim pdigraphE|[elim]]

lemmas [dg-prod-cs-intros] = pdigraphD(1)

Elementary properties.

lemma (in pdigraph) pdg-Obj-vsubset-Vset" ([1 paicol. A i)(Obj]) So Vset a
(proof )

231
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lemma (in pdigraph) pdg-Hom-vifunion-in-Vset"
assumes A S, ([T pgic.I. 2 i) (Obj))
and B ¢, (H paleod. A Z)GOZ)]I)
and A e, Vset
and B ¢, Vset a
shows (Uoac,A. Uobeo B. Hom (1 pgicol. A i) a b) €, Vset «

{proof)

lemma (in pdigraph) pdg-vsubset-indez-pdigraph:
assumes J S, [
shows pdigraph o J 2

(proof)

A product a-digraph is an a-digraph

lemma (in pdigraph) pdg-digraph-dg-prod: digraph o (T pgicol. A ©)
{proof)

3.8.5 Local assumptions for a finite product digraph

Definition and elementary properties

locale finite-pdigraph = pdigraph-base o I 2 for o I 21 +
assumes fin-pdg-indez-vfinite: vfinite I

Rules.

lemma (in finite-pdigraph) finite-pdigraph-azioms’[ dg-prod-cs-intros]:
assumes o’ =aqand I'=1
shows finite-pdigraph o’ I' 2
(proof)

mk-ide rf finite-pdigraph-def[unfolded finite-pdigraph-azioms-def]
|intro finite-pdigraphl|
|dest finite-pdigraphD| dest]|
|elim finite-pdigraphE[ elim]|

lemmas [dg-prod-cs-intros] = finite-pdigraphD(1)

232

Local assumptions for a finite product digraph and local assumptions for an arbi-

trary product digraph

sublocale finite-pdigraph ¢ pdigraph o I 2
{proof)

3.8.6 Binary union and complement

Application-specific methods

method vdiff-of-vunion uses rule assms subset =
(
rule
rule
[
OF wintersection-complement assms,
unfolded vunion-complement| OF subset]

]
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method vdiff-of-vunion’ uses rule assms subset =
(
rule
rule
[
OF vintersection-complement complement-vsubset subset assms,
unfolded vunion-complement[ OF subset]

]
)

Results

lemma dg-prod-vunion-Obj-in-Obj:
assumes vdisjnt J K
and b & ([Ipgje.d. A 7)(0bj)
and c ¢ ([ pgke. K. 2 k)(Obj)
shows b U, ¢ & ([ pgic.d Us K. 2 i)(Obj)
{proof)

lemma dg-prod-vdiff-vunion- Obj-in- Obj:
assumes J S, [
and b & ([ poke.d — J. A k)(Obj)
and c € ([1 pgjc.d. 2 5)(0bj)
shows b U, ¢ & ([1 pgic.I. A 7)(Obj))
(proof)

lemma dg-prod-vunion-Arr-in-Arr:
assumes vdisjnt J K
and b € ([1pgjc.d. A 5)(Arr|
and c & ([ pgkeo K. A k)(Arr|
shows b U, ¢ € (ITpgicod Us K. 2 i) (Arr]
(proof)

lemma dg-prod-vdiff-vunion-Arr-in-Arr:
assumes J S, [
and b & ([1pgkeod — J. A k)(Arr|
and ¢ & ([1pagjcod. A j)(Arr)
shows b U, ¢ & ([1 pgic.l. A 7)(Arr)

{proof)

lemma (in pdigraph) pdg-dg-prod-vunion-is-arr:
assumes vdisjnt J K
and J &, I
and K ¢, I
and g : a P (M pajeo . 2 ) b
and f: ¢ o ke K. A k) ¢
shows g U f 0 Vo ¢ =>(11 e, g Uo K. 21 d) OV d
{proof)

lemma (in pdigraph) pdg-dg-prod-vdiff-vunion-is-arr:
assumes J S, [
and g a = okeod —o J.AK) D

andf: ¢ '_)(HDGjGOJ. Q[]) d
shows g Uo f La U, C '_)HDG’L'EOI‘Q‘Z» b Yo d

{proof)
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3.8.7 Projection

Definition and elementary properties

See Chapter II-3 in [39].

definition dghm-proj = V = (V= V)= V = V (xnpg)
where mpg I A i =

[
(Aags((TT peicoI. A 1) (|Ob)). a(i])),
(Meo((IT paieod. A i) (Arr]). f(i]),
(H DGWL'GOI. Q[ Z),
A g

Jo

Components.

lemma dghm-proj-components:
shows mpg I A i(ObjMap)) = (Maco((TT pgicoI. 2 ©)(Obj]). a(i])
and mpg [ A i(ArrMap)) = (Mfeo((TT paicod. A 0)(Arr])). f(i])
and mpg [ A i(HomDom|) = (Il pgic.d. 2 )
and mpg [ A i(HomCod)) = A i
(proof)

Object map.

mk-VLambda dghm-proj-components(1)
|vsv dghm-proj-ObjMap-vsv| dg-cs-intros]|
|vdomain dghm-proj-ObjMap-vdomain| dg-cs-simps]|
lapp dghm-proj-ObjMap-app| dg-cs-simps]|

lemma (in pdigraph) dghm-proj-ObjMap-vrange:
assumes 7 €, |
shows R, (mpg I A i(ObjMap))) <o A i(Obj))
(proof)

Arrow map.

mk-VLambda dghm-proj-components(2)
|vsv dghm-proj- ArrMap-vsv[ dg-cs-intros]|
|vdomain dghm-proj-ArrMap-vdomain| dg-cs-simps]|
lapp dghm-proj-ArrMap-app[ dg-cs-simps]|

lemma (in pdigraph) dghm-proj-ArrMap-vrange:
assumes 7 €, [
shows R, (rpg I A i(ArrMap))) <o A i(Arr))
(proof)

A projection digraph homomorphism is a digraph homomorphism
lemma (in pdigraph) pdg-dghm-proj-is-dghm:

assumes ¢ €, [

shows mpg I A i: ([ pgicol. A i) »—>pga A i
{proof)

lemma (in pdigraph) pdg-dghm-proj-is-dghm':
assumes i €, [ and € = ([ pgic.]. A i) and © = A ¢
shows Tpg I A i: € —»>paga D

{proof)

lemmas [dg-cs-intros] = pdigraph.pdg-dghm-proj-is-dghm’

234
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3.8.8 Digraph product universal property digraph homomorphism

Definition and elementary properties

The following digraph homomorphism is used in the proof of the universal property of the
product digraph later in this work.

definition dghm-up = V= (V=>V)=>V=>(V=>V)=V
where dghm-up I 24 € ¢ =

[
(Aaeo€(Obj). (Mieol. ¢ i|ObjMap])(a))),
(Afe€(Arr]). (Mieol. ¢ i(ArrMap))(f]))),
¢,
(H DGz’eoI. A Z)

Io

Components.

lemma dghm-up-components:
shows dghm-up I 2% € p(ObjMap)) = (Aac.€(0bj]). (NieoI. ¢ i(ObjiMap|)(al))
and dghm-up I A € (ArrMap)) = (Afe.€(Arr]). (MiesI. ¢ i(ArrMap))(f])))
and dghm-up I A € o(HomDom]|) = €
and dghm-up I A € o(HomCod|) = ([1 pgic.d. A 7)
(proof)

Object map

mk-VLambda dghm-up-components(1)
|vsv dghm-up-ObjMap-vsv| dg-cs-intros]|
|vdomain dghm-up-ObjMap-vdomain[dg-cs-simps]|
lapp dghm-up-ObjMap-app|

lemma dghm-up-ObjMap-vrange:
assumes N\i. i €, [ = p i : € »>pga A i
shows R, (dghm-up I A € p(0bjMap|)) S ([1 paic.I. A 7)(Obj)
(proof)

lemma dghm-up-ObjMap-app-vdomain| dg-cs-simps]:
assumes a €, €(|Obj)
shows D, (dghm-up I 2A € o(0bjMap|)(al)) = I
(proof )

lemma dghm-up-ObjMap-app-component| dg-cs-simps]:
assumes a € €(0bj)) and i € I
shows dghm-up I 2 € @(ObjMap))(a)) (i) = ¢ i(ObjMap])(al)
(proof)

lemma dghm-up-ObjMap-app-vrange:
assumes a € €(0bj)) and Ai. i€, [ = ¢ i : € »pga A i
shows R, (dghm-up I A € p(0bjiMap|)(a])) So (UoicsI. A i(Obj]))
{proof)

Arrow map

mk-VLambda dghm-up-components(2)
|vsv dghm-up-ArrMap-vsv[ dg-cs-intros]|
|vdomain dghm-up-ArrMap-vdomain[dg-cs-simps]|
lapp dghm-up-ArrMap-app|

lemma (in pdigraph) dghm-up-ArrMap-vrange:
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assumes N\i. i €, [ = p i: € »>pga A 1
shows R, (dghm-up I A € p(ArrMap|)) So ([1 paicoI. A i)(Arr)
(proof)

lemma dghm-up-ArrMap-vrange:

assumes N\i. i €, [ = p i: € »>pga A 1

shows R, (dghm-up I A € p(ArrMap|)) So ([1 paic.I. A 7)(Arr)
{proof)

lemma dghm-up-ArrMap-app-vdomain| dg-cs-simps]:
assumes a €, E(Arr|)
shows D, (dghm-up I A € p(ArrMap))(a))) = I
{proof)

lemma dghm-up-ArrMap-app-component| dg-cs-simps]:
assumes a € E(Arr) and i €, [
shows dghm-up I A € p(ArrMap))(a)) (i) = ¢ i(ArrMap])(al)
(proof )

lemma dghm-up-ArrMap-app-vrange:
assumes a € C(Arr) and Ai. i€, I = ¢ i : € »pga A @
shows R, (dghm-up I A € o(ArrMap))(a))) So (UoieoI. A i(Arr])
{proof)

Digraph product universal property digraph homomorphism is a digraph homo-
morphism
lemma (in pdigraph) pdg-dghm-up-is-dghm:
assumes digraph a €and Ai. i €, | = ¢ i : € »pge A @
shows dghm-up I A € ¢ : € »—>pga (ITpgic.d. 2A Q)
{proof)

Further properties

lemma (in pdigraph) pdg-dghm-comp-dghm-proj-dghm-up:
assumes digraph a €
and Ai. i 6 I = ¢ i: Cpga A i

and 7 €, [
shows ¢ i = wpg I A i opauyy dghm-up I A € ¢
(proof )

lemma (in pdigraph) pdg-dghm-up-eq-dghm-proj:
assumes § : € »—>paa ([Tpgicod. 2A i)
and A\i. 16, | = pi=nmpg I Aiopeum §
shows dghm-up I A € ¢ = §
{proof)

3.8.9 Singleton digraph
Object

lemma dg-singleton-Objl:
assumes A = set {(j, a)} and a €, €(Obj)
shows A ¢, (] pgico.set {j}. €)(0bj)
(proof)

lemma dg-singleton-ObjE:
assumes A € ([] pgic.set {j}. €)(0bj)
obtains a where A = set {(j, a)} and a ¢, €(0bj|
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(proof)

Arrow

lemma dg-singleton-Arrl:
assumes F = set {(j, a)} and a €, €(Arr|
shows F ¢, (I pgjc.set {j}. €)(Arr)
(proof)

lemma dg-singleton-ArrE:
assumes F ¢, ([] pgjeoset {j}. €)(Arr)
obtains a where F = set {(j, a)} and a €, €(Arr)

(proof)

Singleton digraph is a digraph

lemma (in digraph) dg-finite-pdigraph-dg-singleton:
assumes j €, Vset a
shows finite-pdigraph « (set {j}) (\i. €)
(proof)

lemma (in digraph) dg-digraph-dg-singleton:
assumes j €, Vset a
shows digraph o ([ paje.set {j}. €)
{proof)

Arrow with a domain and a codomain

lemma (in digraph) dg-singleton-is-arrl:
assumes j €, Vset cand f:a —¢g b

shows set {<.]a f)} s set {<j7 a>} H(H DGjeoset {]} Q:) set {(]7 b>}

(proof)

lemma (in digraph) dg-singleton-is-arrD:

assumes set {(j, f)} : set {(j, a)} = (17, qjeoset (). @) set {4, b}

and j &, Vset a
shows f: a g b
{proof)

lemma (in digraph) dg-singleton-is-arrE:

assumes set {(j, f)} : set {(j, a)} = (11, gjeoset (). @) s€t {{G, b}

and j &, Vset a
obtains f: a —¢ b
{proof)

3.8.10 Singleton digraph homomorphism

definition dghm-singleton = V = V = V
where dghm-singleton j € =
[
(Aae,C(Obj)). set {(j, a)}),
(Afeo€(Arr)). set {(j, [)}),
<,
(H DGjeoset {]} Q:)

o

Components.

lemma dghm-singleton-components:

237
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shows dghm-singleton j €(0bjMap|) = (Aae.€(Obj]). set {{4, a)})
and dghm-singleton j €(ArrMap)) = (A\fe.€(Arr)). set {{j, /}})
and dghm-singleton j €(HomDom]|) = €
and dghm-singleton j €(HomCod|) = ([1 pajeo.set {j}. €)

(proof)

Object map

mk-VLambda dghm-singleton-components(1)
|vsv dghm-singleton-ObjMap-vsv[ dg-cs-intros]|
|vdomain dghm-singleton-ObjMap-vdomain| dg-cs-simps]|
lapp dghm-singleton-ObjMap-app[ dg-prod-cs-simps]|

lemma dghm-singleton-ObjMap-vrange[ dg-cs-simps]:
Ro (dghm-singleton j €(0bjMap))) = (I1 pajeoset {j}- €)(0bj)
{proof)

Arrow map

mk-VLambda dghm-singleton-components(2)
|vsv dghm-singleton- ArrMap-vsv[ dg-cs-intros]|
|vdomain dghm-singleton-ArrMap-vdomain[ dg-cs-simps]|
lapp dghm-singleton-ArrMap-app[ dg-prod-cs-simps]|

lemma dghm-singleton-ArrMap-vrange[ dg-cs-simps]:
Ro (dghm-singleton j €(ArrMap))) = (T1 pgjcoset {j}. €)(Arr)
{proof)

Singleton digraph homomorphism is an isomorphism of digraphs

lemma (in digraph) dg-dghm-singleton-is-dghm:

assumes j €, Vset a

shows dghm-singleton j € : € »—>pa is0a (I1 pajcoset {j}. €)
{proof)

3.8.11 Product of two digraphs

Definition and elementary properties

See Chapter II-3 in [39].

definition dg-prod-2 = V = V = V (infixr (xpg> 80)
where 2 xpg B = dg-prod (2n) (if2 2A B)

Product of two digraphs is a digraph

context

fixes a 2 B

assumes 2l: digraph o A and B: digraph o B
begin

interpretation Z « (proof)
interpretation 2: digraph o 2L (proof)
interpretation 9B: digraph o B (proof)

lemma finite-pdigraph-dg-prod-2: finite-pdigraph « (2n) (if2 2A B)
{proof)

interpretation finite-pdigraph o 2N <if2 A B>
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{proof)

lemma digraph-dg-prod-2[ dg-cs-intros]: digraph o (2 xpg B)
{proof)

end

Object

context

fixes a 2 B

assumes 2l: digraph o A and B: digraph o B
begin

lemma dg-prod-2-0Objl:
assumes a € A(0bj) and b €, B(Obj)
shows [a, b]o € (A xpg B)(O0bj)
(proof)

lemma dg-prod-2-0bjI'[ dg-prod-cs-intros]:
assumes ab = [a, b], and a €, A(0bj]) and b €, B(0bj)
shows ab €, (A xpg B)(0bj)
(proof)

lemma dg-prod-2-ObjE:

assumes ab €, (A xpg B)(0bj)

obtains a b where ab = [a, b], and a €, 2A(O0bj]) and b €, B(Obj)
(proof)

end

Arrow

context

fixes a 2 B

assumes 2l: digraph o 2 and B: digraph o B
begin

lemma dg-prod-2-Arrl:
assumes g €, A(Arr)) and f e, B(Arr)
shows (g, flo €& (A xpg B)(Arr|
{proof)

lemma dg-prod-2-Arrl'[ dg-prod-cs-intros]:
assumes ¢gf = [g, f]o and g € A(Arr]) and f e, B(Arr|
shows [g, flo €0 (U xpg B)(Arr)
(proof)

lemma dg-prod-2-ArrE:

assumes gf € (A xpg B)(Arr)

obtains ¢ f where gf = [g, f]o and g €, A(Arr]) and f €, B(Arr)
{proof)

end

Arrow with a domain and a codomain

context
fixes o 2 B
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assumes 2l: digraph o A and B: digraph o B
begin

interpretation Z « (proof)

interpretation 2: digraph o 2 (proof)

interpretation 9B: digraph o B (proof)

interpretation finite-pdigraph o <2n> <if2 A B>
(proof)

lemma dg-prod-2-is-arrl:
assumes g: a g cand f: b d
shows [g, flo : [a, blo =g« 3 [€ dlo
{proof)

lemma dg-prod-2-is-arrl'[ dg-prod-cs-intros]:
assumes ¢f = [g, ]
and ab = [a, ],
and cd = [¢, d]
and g: a g c
and f: b d
shows gf : ab g ., B cd
(proof)

lemma dg-prod-2-is-arrE:
assumes gf : ab >y . B cd
obtains g fa b c d
where ¢f = [g, flo
and ab = [a, b],
and cd = [¢, d]o
and g:a g c
and f: by d
{proof)

end

Domain

context

fixes a 2 B

assumes 2l: digraph o A and B: digraph o B
begin

lemma dg-prod-2-Dom-vsv: vsv ((A xpg B)(Dom))
{proof)

lemma dg-prod-2-Dom-vdomain[ dg-cs-simps]:
Do ((91 XDaG %)(IDO’ITLD) = (Q[ Xpa %)GA?”’I‘D
(proof)

lemma dg-prod-2-Dom-app|[ dg-prod-cs-simps]:

assumes [g, flo € (A xpg B)(Arr|
( ShOP)/S (A xpe B)(Dom|) (g, fNe = [A(Dom])(g), B(Dom)(f)]o
PTOO,

lemma dg-prod-2-Dom-vrange: Ro ((2 xpg B)(Dom)) S, (A xpg B)(0bj)

(proof)

end
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Codomain

context

fixes a A B

assumes 2l: digraph o A and B: digraph o B
begin

lemma dg-prod-2-Cod-vsv: vsv ((A xpa B)(Cod))
(proof)

lemma dg-prod-2-Cod-vdomain[ dg-cs-simps]:
Do (A xpg B)(Cod)) = (A xpg B)(Arr)
(proof)

lemma dg-prod-2-Cod-app[ dg-prod-cs-simps]:

assumes [g, f]o € (A xpg B)(Arr)

shows (A xpg B)(Cod)) (g, f). = [A(Cod)(g)), B(Cod)(f)]
{proof)

lemma dg-prod-2-Cod-vrange: Ro ((2 xpg B)(Cod))) o (A xpa B)(O0bj)
(proof)

end

Opposite product digraph

context

fixes a 2 B

assumes 2l: digraph o A and B: digraph o B
begin

interpretation 2I: digraph o 2 (proof)
interpretation 9B: digraph o B (proof)

lemma dg-prod-2-op-dg-dg-Obj[ dg-op-simps]:
(op-dg A xpg B)(0bj)) = (A xpe B)(0bj)
{proof)

lemma dg-prod-2-dg-op-dg-Obj[ dg-op-simps]:
(A xpe op-dg B)(0bj]) = (A xpe B)(0bj)
{proof)

lemma dg-prod-2-op-dg-dg-Arr[ dg-op-simps]:
(op-dg A xpe B)(Arr) = (A xpe B)(Arr)
{proof)

lemma dg-prod-2-dg-op-dg-Arr[ dg-op-simps]:
(A xpg op-dg B)(Arr) = (A xpg B)(Arr)
{proof)

end

context

fixes a 2 B

assumes 2l: digraph o A and B: digraph o B
begin

lemma op-dg-dg-prod-2[ dg-op-simps]: op-dg (A xpg B) = op-dg A xpg op-dg B

(proof)
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end

3.8.12 Projections for the product of two digraphs

Definition and elementary properties

definition dghm-proj-fst = V.=V = V (xwpg.1)
where mpg.1 A B = dghm-proj (2n) (if2 A B) 0

definition dghm-proj-snd = V=V = V («npg.2})
where mpg.o A B = dghm-proj (2n) (if2 A B) (In)

Object map for a projection of a product of two digraphs

context

fixes a 2 ‘B

assumes 2l: digraph o 2 and *B: digraph o B
begin

lemma dghm-proj-fst-ObjMap-app[ dg-cs-simps]:
assumes [a, b], € (A xpg B)(O0bj)
shows mpg.1 A B(0ObjMap))(a, b)e = a
{proof)

lemma dghm-proj-snd-ObjMap-app| dg-cs-simps]:
assumes [a, b]o € (A xpg B)(0bj)
shows mpg.o A B(ObjMap|)(a, b)e = b
{proof)

end

Arrow map for a projection of a product of two digraphs

context

fixes a 2 B

assumes 2l: digraph o A and B: digraph o B
begin

lemma dghm-proj-fst-ArrMap-app| dg-cs-simps]:
assumes [g, f]o €& (A xpg B)(Arr)
shows mpg.1 A B(ArrMap)) (g, fe = ¢

{proof)

lemma dghm-proj-snd-ArrMap-app[ dg-cs-simps]:
assumes [g, f]o €& (A xpg B)(Arr)
shows mpg.o A B(ArrMap))(g, f)e = f

(proof)

end

Domain and codomain of a projection of a product of two digraphs

lemma dghm-proj-fst-HomDom: mpg.1 A B(HomDom|) = A xpg B
(proof)

lemma dghm-proj-fst-HomCod: mpg.1 A B(HomCod]) = A
(proof)

lemma dghm-proj-snd-HomDom: ntpg.o A B(HomDom|) = A xpe B
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{proof)

lemma dghm-proj-snd-HomCod: mpg.o A B(HomCod|) = B
(proof )

Projection of a product of two digraphs is a digraph homomorphism

context

fixes a 2 B

assumes 2l: digraph o A and B: digraph o B
begin

interpretation finite-pdigraph o 2N <if2 A B>
(proof)

lemma dghm-proj-fst-is-dghm:
assumes ¢ €, [
shows Tpg.1 A B : A xpg B »>paa AU

{proof)

lemma dghm-proj-fst-is-dghm'[ dg-cs-intros]:
assumes i €, [l and € = A xpg B and D = A
shows 1pg1 A B : € »—>paa D

{proof)

lemma dghm-proj-snd-is-dghm:
assumes 7 €, |
shows Tpg o A B : A xpag B »—>pga B

{proof)

lemma dghm-proj-snd-is-dghm'[ dg-cs-intros]:
assumes i €, [ and € = A xpg B and D =B
shows T™DG.2 AB:C IndudsYels D

{proof)

end

3.8.13 Product of three digraphs

definition dg-prod-3 = V= V = V = V («(- xpgs - xpgs -)» [81, 81, 81] 80)
where 2A xpas B xpas € = ([ pei€odn. if3 A B € i)

Product of three digraphs is a digraph

context

fixes a A B ¢

assumes 2l: digraph o 2 and B: digraph « B and €: digraph o €
begin

interpretation Z « (proof)

interpretation 2A: digraph o 2 (proof)
interpretation B: digraph o B (proof)
interpretation B: digraph o € (proof)

lemma finite-pdigraph-dg-prod-3:
finite-pdigraph o (3n) (if3 A B €)
{proof)

interpretation finite-pdigraph o <3n> <if3 A B &
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{proof)

lemma digraph-dg-prod-3[ dg-cs-intros]: digraph o (A xpgz B xpg3 €)
{proof)

end

Object

context

fixes a A B ¢

assumes 2l: digraph o A and B: digraph o ‘B and ¢: digraph o €
begin

lemma dg-prod-3-0Objl:
assumes a € A(0bj) and b €, B(O0bj]) and c €, €(Obj)
shows [a, b, c]o €& (A xpes B xpas €)(0bj)
(proof)

lemma dg-prod-3-0bjI'[ dg-prod-cs-intros]:
assumes abc = [a, b, c]o and a €, A(0bj]) and b €, B(O0bj)) and c €, €(Obj))
shows abc €, (2 xpas B xpgsz €)(0bj)
{proof)

lemma dg-prod-3-ObjE:
assumes abc €, (A xpa3 B xpas €)(O0bj)
obtains a b ¢
where abc = [a, b, c]o
and a €, A(0bj)
and b €, B(0bj)
and c €, €(0bj)
{proof)

end

Arrow

context

fixes a A B ¢

assumes 2l: digraph o A and B: digraph o ‘B and ¢: digraph o €
begin

lemma dg-prod-3-Arrl:
assumes h €, A(Arr]) and g €, B(Arr)) and f e, €(Arr)
shows [h, g, flo € (A xpas B xpas €)(Arr)
(proof)

lemma dg-prod-3-Arrl'[ dg-prod-cs-intros]:
assumes hgf = [h, g, f]o
and h €, A(Arr|)
and g €, B(Arr)
and f e, C(Arr)
shows [h, g, flo €0 (| xpg3 B xpgs €)(Arr|
(proof)

lemma dg-prod-3-ArrE:
assumes hgf € (A xpas B xpas €)(Arr))
obtains & g f
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where hgf = [h, g, f].
and h €, A(Arr)
and g €, B(Arr)
and f e, €(Arr)

(proof)

end

Arrow with a domain and a codomain

context

fixes a A B €

assumes 2l: digraph o A and B: digraph o ‘B and ¢: digraph o €
begin

interpretation Z « (proof)

interpretation 2: digraph o 2L (proof)

interpretation 9B: digraph a B (proof)

interpretation ¢: digraph o € (proof)

interpretation finite-pdigraph o <35> <if3 A B &
(proof)

lemma dg-prod-3-is-arrl:
assumes f:a g band f':a" »g b and f": a" =g 0"
ShOWS [f7 f’? f”]o : [a’7 a”? a’”]o '_)Q[ XpD@a3 B XD@G3 ¢ [b7 b,) b”]o
{proof)

lemma dg-prod-3-is-arrl'[ dg-prod-cs-intros):

assumes F = [f, f', f"]o

and A = [a, a', a"]o

and B = [b, b, b""],

and f:a g b

and f': a' > b’

and f”: a! e B!
shows F : A = xpa3 B xpgs € B
(proof)

lemma dg-prod-3-is-arrE:
assumes F': A =g o0 B xpes ¢ B
obtains ff' f""aa’ a’ b b b"”
where F' = [f, f', f"]o
and A = [a, a’, a"]o
and B = [b, b', b'"'],
and f:a g b
and f': a’' g b’
and flI: a’ . b
{proof)

~

end

Domain

context

fixes a A B ¢

assumes 2l: digraph o A and B: digraph o ‘B and ¢: digraph o €
begin

interpretation Z « (proof)
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interpretation 2: digraph o 2L (proof)
interpretation 9B: digraph a B (proof)
interpretation ¢: digraph o € (proof)

lemma dg-prod-3-Dom-vsv: vsv ((A xpas B xpas €)(Dom)))
{proof)

lemma dg-prod-3-Dom-vdomain[ dg-cs-simps]:
D, ((A xpas B xpas €)(Dom)) = (A xpas B xpas €)(Arr)
(proof)

lemma dg-prod-3-Dom-app| dg-prod-cs-simps]:
assumes [f, f', f"']o €& (A xpa3 B xpas €)(Arr)
shows (A xpa3 B xpaz )(Dom)(f, [, [ De =
[2(Dom|)(f]), B(Dom|)(f"), €(Dom|)(f"D]
{proof)

lemma dg-prod-3-Dom-vrange:
Ro (A xpas B xpas €)(Dom)) So (A xpas B xpas €)(0bj)
{proof)

end

Codomain

context

fixes a A B ¢

assumes 2l: digraph o A and B: digraph o ‘B and ¢: digraph o €
begin

interpretation Z « (proof)
interpretation 2I: digraph o 2 (proof)
interpretation 9B: digraph o B (proof)
interpretation €: digraph « € (proof)

lemma dg-prod-3-Cod-vsv: vsv ((A xpgs B xpas €)(Cod)))
(proof )

lemma dg-prod-3-Cod-vdomain[ dg-cs-simps]:
D, ((A xpas B xpas €)(Cod)) = (A xpes B xpas €)(Arr)
(proof )

lemma dg-prod-3-Cod-app| dg-prod-cs-simps]:
assumes [f, f', ["]o € (A xpas B xpas €)(Arr|
shows
(& xpgs B xpas €)(Cod)(f, ', f"De =
( %‘(lCodD(lfD, B(Cod)(f), €(Cod)(f"D]o
pTOO,

lemma dg-prod-3-Cod-vrange:
Ro ((22[ Xp@a3 % XD@G3 Q)(ICOdD) S (22[ XpD@a3 % Xpa3s Q)(IObjD
{proof)

end
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3.9 Subdigraph
3.9.1 Background

In this body of work, a subdigraph is a natural generalization of the concept of a subcategory,
as defined in Chapter I-3 in [39], to digraphs. It should be noted that a similar concept also
exists in the conventional graph theory, but further details are considered to be outside of the
scope of this work.

named-theorems dg-sub-cs-intros

named-theorems dg-sub-bw-cs-intros
named-theorems dg-sub-fw-cs-intros
named-theorems dg-sub-bw-cs-simps

3.9.2 Simple subdigraph

Definition and elementary properties

locale subdigraph = sdg: digraph o B + dg: digraph o € for o B € +
assumes subdg- Obj-vsubset| dg-sub-fw-cs-intros]:
a €, B(Obj) = a &, €(0bj)
and subdg-is-arr-vsubset| dg-sub-fw-cs-intros]:
frarg b= framgb

abbreviation is-subdigraph (<(-/ Spgt -)» [51, 51] 50)
where B Cpga € = subdigraph o B €

lemmas [ dg-sub-fw-cs-intros] =
subdigraph.subdg- Obj-vsubset
subdigraph.subdg-is-arr-vsubset

Rules.

lemma (in subdigraph) subdigraph-azioms'[ dg-cs-intros]:
assumes o’ = o and B’ = B
shows B’ cpg /€

{proof)

lemma (in subdigraph) subdigraph-azioms''[ dg-cs-intros]:
assumes o’ = ¢ and ¢’ = €
shows B cpg /€’

{proof)

mk-ide rf subdigraph-def[unfolded subdigraph-azioms-def]
|intro subdigraphl|
|dest subdigraphD][dest]|
|elim subdigraphE[ elim!]]

lemmas [dg-sub-cs-intros] = subdigraphD(1,2)

The opposite subdigraph.
lemma (in subdigraph) subdg-subdigraph-op-dg-op-dg: op-dg B Spga op-dg €
{proof)

lemmas subdg-subdigraph-op-dg-op-dg[ dg-op-intros] =
subdigraph.subdg-subdigraph-op-dg-op-dg

Further rules.

lemma (in subdigraph) subdg-objD:
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assumes a €, B(0bj)
shows a €, €(Obj)

(proof )
lemmas [dg-sub-fw-cs-intros]| = subdigraph.subdg-objD

lemma (in subdigraph) subdg-arrD[dg-sub-fw-cs-intros]:
assumes [ €, B(Arr)
shows f e, €(Arr)

{proof)

lemmas [dg-sub-fw-cs-intros] = subdigraph.subdg-arrD

lemma (in subdigraph) subdg-dom-simp:
assumes [ €, B(Arr)
shows B(Dom))(f) = €(Dom))(f)

{proof)
lemmas [dg-sub-bw-cs-simps] = subdigraph.subdg-dom-simp

lemma (in subdigraph) subdg-cod-simp:
assumes [ €, B(Arr)
shows B( Cod))(f) = €(Cod) (/)
{proof)

lemmas [dg-sub-bw-cs-simps| = subdigraph.subdg-cod-simp

lemma (in subdigraph) subdg-is-arrD:
assumes f: a e b
shows f: a g b

{proof)

lemmas [dg-sub-fw-cs-intros] = subdigraph.subdg-is-arrD

The subdigraph relation is a partial order

lemma subdg-refi:
assumes digraph o A
shows A Spga A

(proof)

lemma subdg-trans|trans]:
assumes 2A Cpao B and B Cpga €
shows A Spga €

{proof)

lemma subdg-antisym:
assumes A Cpaa B and B Spga A
shows 2 =B

{proof)
3.9.3 Inclusion digraph homomorphism
Definition and elementary properties

See Chapter I-3 in [39].
definition dghm-inc = V=V = V

where dghm-inc B € = [vid-on (B(O0bj)), vid-on (B(Arr)), B, €],
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Components.

lemma dghm-inc-components:
shows dghm-inc B €(0bjMap|) = vid-on (B(0bj)))
and dghm-inc B €(ArrMap)) = vid-on (B(Arr))
and [dg-cs-simps]: dghm-inc B €(HomDom|) = B
and [dg-cs-simps]: dghm-inc B €(HomCod|) = €
{proof)

Object map

mk-VLambda dghm-inc-components(1)[folded VLambda-vid-on]
|vsv dghm-inc-ObjMap-vsv[ dg-cs-intros]|
|vdomain dghm-inc-ObjMap-vdomain[ dg-cs-simps]|
lapp dghm-inc-ObjMap-app| dg-cs-simps]|

Arrow map

mk-VLambda dghm-inc-components(2)[folded VLambda-vid-on]
|vsv dghm-inc-ArrMap-vsv| dg-cs-intros]|
|vdomain dghm-inc-ArrMap-vdomain| dg-cs-simps]|
lapp dghm-inc-ArrMap-app| dg-cs-simps]|
Canonical inclusion digraph homomorphism associated with a subdigraph

sublocale subdigraph < inc: is-ft-dghm o B € <dghm-inc B &
(proof)

lemmas (in subdigraph) subdg-dghm-inc-is-ft-dghm = inc.is-ft-dghm-azioms

The inclusion digraph homomorphism for the opposite digraphs

lemma (in subdigraph) subdg-dghm-inc-op-dg-is-dghm[ dg-sub-cs-intros]:
dghm-inc (op-dg B) (op-dg €) : op-dg B ~~pa faithfuia 0p-dg €
(proof)

lemmas [dg-sub-cs-intros] = subdigraph.subdg-dghm-inc-op-dg-is-dghm

lemma (in subdigraph) subdg-op-dg-dghm-inc[dg-op-simps]:
op-dghm (dghm-inc B €) = dghm-inc (op-dg B) (op-dg €)
(proof)

lemmas [dg-op-simps] = subdigraph.subdg-op-dg-dghm-inc

3.9.4 Full subdigraph

See Chapter I-3 in [39].

locale fi-subdigraph = subdigraph +
assumes fl-subdg-is-fl-dghm-inc: dghm-inc B € : B »=pag fulia €

abbreviation is-fl-subdigraph (<(-/ Spg.fuinn -)» [61, 51] 50)
where B Cp¢ fuiia € = fl-subdigraph o B €

sublocale fi-subdigraph < inc: is-fl-dghm o B € «dghm-inc B &
(proof)

Rules.
lemma (in fl-subdigraph) fl-subdigraph-azioms'[ dg-cs-intros):
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assumes o' = o and B’ =B
shows B’ Spg.fui,’ €

{proof)

lemma (in fl-subdigraph) fl-subdigraph-axioms''[ dg-cs-intros]:
assumes o' = ¢ and ¢’ = ¢
shows B Spg fui, €'

(proof)

mk-ide rf fl-subdigraph-def[unfolded fl-subdigraph-azioms-def]
|intro fl-subdigraphl]|
|dest fl-subdigraphD[ dest]|
|elim fl-subdigraphE[ elim!]]

lemmas [dg-sub-cs-intros] = fl-subdigraphD(1)

Elementary properties.

lemma (in fl-subdigraph) fl-subdg-Hom-eq:
assumes A €, B(O0bj) and B ¢, B(0bj)
shows Hom %6 A B= Hom € A B

(proof)

3.9.5 Wide subdigraph

Definition and elementary properties

See [3]?).

locale wide-subdigraph = subdigraph +
assumes wide-subdg- Obj[ dg-sub-bw-cs-intros]: a €, €(0bj) = a €, B(Obj)

abbreviation is-wide-subdigraph (<(-/ Spg.widel =) [51, 51] 50)
where B Cpe widea € = wide-subdigraph o B €

lemmas [ dg-sub-bw-cs-intros] = wide-subdigraph.wide-subdg-Obj

Rules.

lemma (in wide-subdigraph) wide-subdigraph-azioms'] dg-cs-intros]:
assumes o’ = « and B' =B
shows B’ gDG.widea’ ¢

{proof)

lemma (in wide-subdigraph) wide-subdigraph-azioms’’[ dg-cs-intros]:
assumes o’ = ¢ and €' = €
shows B gDG.widea’ ¢’

{proof)

mk-ide rf wide-subdigraph-def[unfolded wide-subdigraph-azioms-def]
|intro wide-subdigraphl|
|dest wide-subdigraphD[dest]|
|elim wide-subdigraphE[ elim!]|

lemmas [dg-sub-cs-intros] = wide-subdigraphD(1)

Elementary properties.

lemma (in wide-subdigraph) wide-subdg-obj-eq[ dg-sub-bw-cs-simps]:

3https:/ /ncatlab.org/nlab/show/wide+subcategory
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B(0bjl) = €(Obj)
(proof)

lemmas [dg-sub-bw-cs-simps| = wide-subdigraph.wide-subdg-obj-eq

The wide subdigraph relation is a partial order

lemma wide-subdg-refl:
assumes digraph a A
shows 2 CpG widea A

(proof)

lemma wide-subdg-trans|trans]:
assumes A Spg yidea B and B Spg.yidea €
shows 2 Spg. widea €

{proof)

lemma wide-subdg-antisym:
assumes A Spg widea B and B Spg widea A
shows 2 =B

{proof)
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3.10 Simple digraphs
3.10.1 Background

The section presents a variety of simple digraphs, such as the empty digraph 0 and a digraph
with one object and one arrow 1. All of the entities presented in this section are generalizations
of certain simple categories, whose definitions can be found in [39].

3.10.2 Empty digraph 0

Definition and elementary properties

See Chapter I-2 in [39].

definition dg-0 = V
where dg-0 = [0, 0, 0, 0],

Components.

lemma dg-0-components:
shows dg-0(Obj]) = 0
and dg-0(Arr]) =0
and dg-0(Dom|) =0
and dg-0(Cod|) = 0
(proof)

0 is a digraph
lemma (in Z) digraph-dg-0[ dg-cs-intros]: digraph o dg-0
{proof)

lemmas [dg-cs-intros] = Z.digraph-dg-0

Opposite of the digraph 0

lemma op-dg-dg-0[ dg-op-simps]: op-dg (dg-0) = dg-0
{proof)

Arrow with a domain and a codomain

lemma dg-0-is-arr-iff [simp]: § : A = g0 B «— False
{proof)

A digraph without objects is empty

lemma (in digraph) dg-dg-0-if-Obj-0:
assumes €(O0bj]) = 0
shows € = dg-0
(proof)

3.10.3 Empty digraph homomorphism

Definition and elementary properties
definition dghm-0 = V = V

where dghm-0 2 = [0, 0, dg-0, 2],
Components.

lemma dghm-0-components:
shows dghm-0 21(ObjMap)) = 0
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and dghm-0 A(ArrMap]) = 0

and dghm-0 2A(HomDom|) = dg-0

and dghm-0 2A(HomCod|) = A
(proof)

Opposite empty digraph homomorphism.

lemma op-dghm-dghm-0: op-dghm (dghm-0 €) = dghm-0 (op-dg €)
{proof)

Object map

lemma dghm-0-0bjMap-vsv[ dg-cs-intros]: vsv (dghm-0 €(ObjMap)))
(proof)

Arrow map

lemma dghm-0-ArrMap-vsv| dg-cs-intros]: vsv (dghm-0 €(ArrMapl))
(proof)

Empty digraph homomorphism is a faithful digraph homomorphism

lemma (in Z) dghm-0-is-ft-dghm:

assumes digraph o A

shows dghm-0 A : dg-0 =»~pg.faithfuia A
{proof)

lemma (in Z) dghm-0-is-ft-dghm'[ dghm-cs-intros]:
assumes digraph a A
and B’ =2
and 2’ = dg-0
shows dghm-0 2 : A" »~pa faithfuia B’
(proof )

lemmas [dghm-cs-intros| = Z.dghm-0-is-ft-dghm’

lemma (in Z) dghm-0-is-dghm:
assumes digraph o 2
shows dghm-0 A : dg-0 »—>pga AU
(proof)

lemma (in Z) dghm-0-is-dghm'[ dg-cs-intros]:
assumes digraph o 2
and B’ =2
and 2’ = dg-0
shows dghm-0 2 : A =—pga B’
(proof)

lemmas [dg-cs-intros] = Z.dghm-0-is-dghm '

Further properties

lemma is-dghm-is-dghm-0-if-dg-0:
assumes § : dg-0 »—>pga €
shows § = dghm-0 €

{proof)
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3.10.4 Empty transformation of digraph homomorphisms

Definition and elementary properties

definition tdghm-0 :: V = V
where tdghm-0 € = [0, dghm-0 €, dghm-0 €, dg-0, €],

Components.

lemma tdghm-0-components:
shows tdghm-0 €(NTMap]) = 0
and [dg-cs-simps]: tdghm-0 €(NTDom]) = dghm-0 €
and [dg-cs-simps]: tdghm-0 €(NTCod|) = dghm-0 €
and [dg-cs-simps]: tdghm-0 €(NTDGDom|) = dg-0
and [dg-cs-simps]: tdghm-0 C(NTDGCod|) = €
(proof)

Duality.

lemma op-tdghm-tdghm-0: op-tdghm (tdghm-0 €) = tdghm-0 (op-dg €)
(proof )

Transformation map

lemma tdghm-0-NTMap-vsv[ dg-cs-intros]: vsv (tdghm-0 €(NTMap)))
(proof)

lemma tdghm-0-NTMap-vdomain[dg-cs-simps]: Do (tdghm-0 €(NTMap|)) = 0
(proof )

lemma tdghm-0-NTMap-vrange[ dg-cs-simps]: Ro (tdghm-0 €(NTMap))) = 0
{proof)

Empty transformation of digraph homomorphisms is a transformation of digraph
homomorphisms

lemma (in digraph) dg-tdghm-0-is-tdghml:
tdghm-0 € : dghm-0 € »pggny dghm-0 € : dg-0 »~>pga €
{proof)

lemma (in digraph) dg-tdghm-0-is-tdghmlI'[ dg-cs-intros]:

assumes §' = dghm-0 €

and 6’ = dghm-0 €

and 2’ = dg-0

and B'=¢

and §' =%

and &' = &
shows tdghm-0 € : §' »pery &' : A »>pga B’
(proof )

lemmas [dg-cs-intros] = digraph.dg-tdghm-0-is-tdghmI’

lemma is-tdghm-is-tdghm-0-if-dg-0:

assumes N : § »pgagym ® : dg-0 »—>pga €

shows 91 = tdghm-0 € and § = dghm-0 € and & = dghm-0 €
{proof)

3.10.5 10: digraph with one object and no arrows

Definition and elementary properties

definition dg-10 = V = V
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where dg-10 a = [set {a}, 0, 0, 0],

Components.

lemma dg-10-components:
shows dg-10 a(Obj]) = set {a}
and dg-10 a(Arr) = 0
and dg-10 a(Dom|) = 0
and dg-10 a((Cod)) = 0
(proof)

10 is a digraph

lemma (in Z) digraph-dg-10:
assumes a €, Vset o
shows digraph o (dg-10 a)
{proof)

Arrow with a domain and a codomain

lemma dg-10-is-arr-iff: § : 2 = dg-10 a B «— False
(proof)

3.10.6 1: digraph with one object and one arrow

Definition and elementary properties

definition dg-1 = V = V = V
where dg-1 a f = [set {a}, set {f}, set {(§, a)}, set {{f, a)}]o

Components.

lemma dg-1-components:
shows dg-1 a f(Obj]) = set {a}
and dg-1 a f(Arr]) = set {f}
and dg-1 a f(Dom|) = set {(f, a)}
and dg-1 a §(Cod)) = set {(f, a}}

{proof)

1 is a digraph

lemma (in Z) digraph-dg-1:
assumes a €, Vset o and § €, Vset a
shows digraph « (dg-1 a f)

{proof)

Arrow with a domain and a codomain

lemma dg-1-is-arrl:
assumes ¢ =aand b=aand f =§
shows f : a dg-1af b
{proof)

lemma dg-1-is-arrD:
assumes [ a g0 g5 0
shows a=aand b=aand f =§

{proof)

lemma dg-1-is-arrE:
assumes f :a g5 g5 b

255



CHAPTER 3. DIGRAPHS 256

obtains a =aand b=aand f = §

{proof)

lemma dg-1-is-arr-iff: f : a =ggq q 5 b < (a=anb=anf=F)

{proof)
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3.11 GRPH as a digraph
3.11.1 Background

Conventionally, GRPH defined as a category of digraphs and digraph homomorphisms (e.g.,
see Chapter II-7 in [39]). However, there is little that can prevent one from exposing GRPH as
a digraph and provide additional structure gradually later. Thus, in this section, a-GRPH is
defined as a digraph of digraphs and digraph homomorphisms in V.

named-theorems GRPH-cs-simps
named-theorems GRPH-cs-intros

3.11.2 Definition and elementary properties

definition dg-GRPH =V = V
where dg-GRPH « =
[
set {€. digraph o €},
all-dghms «,
(AFeoall-dghms o. F(HomDom))),
(AFeoall-dghms «. F(HomCod)))

lo

Components.

lemma dg-GRPH-components:
shows dg-GRPH «(O0bj)) = set {€. digraph o €}
and dg-GRPH «(Arr]) = all-dghms «
and dg-GRPH a(Dom)) = (AFeoall-dghms o. F(HomDom]))
and dg-GRPH a(Cod|) = (A\Fe.all-dghms «. F(HomCod)))

{proof)

3.11.3 Object

lemma dg-GRPH-0ObjI:
assumes digraph o A
shows 2 €, dg-GRPH a(Obj)

{proof)

lemma dg-GRPH-ObjD:
assumes 2 €, dg-GRPH a(0bj)
shows digraph o 2

{proof)

lemma dg-GRPH-ObjE:
assumes 2 €, dg-GRPH «(0bj))
obtains digraph o 2

{proof)

lemma dg-GRPH-Obj-iff GRPH-cs-simps]:
A €, dg-GRPH «(O0bj)) < digraph o A
{proof)

3.11.4 Domain

mk-VLambda dg-GRPH-components(3)
|vsv dg-GRPH-Dom-vsv[ GRPH-cs-intros]|
|vdomain dg-GRPH-Dom-vdomain| GRPH-cs-simps]|
|app dg-GRPH-Dom-app[ GRPH-cs-simps]|
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lemma dg-GRPH-Dom-vrange: R, (dg-GRPH a(Doml) S, dg-GRPH «(Obj))
{proof)

3.11.5 Codomain

mk-VLambda dg-GRPH-components(4)
|vsv dg-GRPH-Cod-vsv[ GRPH-cs-intros]|
|vdomain dg-GRPH-Cod-vdomain] GRPH-cs-simps]|
|app dg-GRPH-Cod-app] GRPH-cs-simps]|

lemma dg-GRPH-Cod-vrange: R, (dg-GRPH a(Cod))) S, dg-GRPH «(Obj))
(proof)

3.11.6 GRPH is a digraph

lemma (in Z) tiny-digraph-dg-GRPH:
assumes Z J and a €, 3
shows tiny-digraph  (dg-GRPH «)
{proof)

3.11.7 Arrow with a domain and a codomain

lemma dg-GRPH-is-arrl:
assumes § : A »—>paa B
shows g : A Hdg—GRPH a B
{proof)

lemma dg-GRPH-is-arrD:
assumes § : A = dg-GRPH o B
shows § : A »—~paga B

{proof)

lemma dg-GRPH-is-arrE:
assumes § : A = dg-GRPH o B
obtains § : A »~paa

{proof)

lemma dg-GRPH-is-arr-iff [ GRPH-cs-simps]:
§:AgeGRPH o B <= §: A =rpea B
(proof)
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3.12 Rel as a digraph
3.12.1 Background

Rel is usually defined as a category of sets and binary relations (e.g., see Chapter I-7 in [39]).
However, there is little that can prevent one from exposing Rel as a digraph and provide addi-
tional structure gradually later. Thus, in this section, a-Rel is defined as a digraph of sets and
binary relations in V.

named-theorems dg-Rel-shared-cs-simps
named-theorems dg-Rel-shared-cs-intros

named-theorems dg-Rel-cs-simps
named-theorems dg-Rel-cs-intros

3.12.2 Canonical arrow for V

named-theorems arr-field-simps

definition ArrVal :: V where [arr-field-simps]: ArrVal = 0
definition ArrDom :: V where [arr-field-simps]: ArrDom = 1y
definition ArrCod :: V where [arr-field-simps]: ArrCod = 2N

lemma ArrVal-eq-helper:
assumes f = g
shows f(ArrVal)(a) = g(ArrVal)(a)

{proof)

3.12.3 Arrow for Rel

Definition and elementary properties

locale arr-Rel = Z « + vfsequence T + ArrVal: vbrelation < T(ArrVal)) for a T +
assumes arr-Rel-length[ dg-Rel-shared-cs-simps, dg-Rel-cs-simps]:
veard T = 3N
and arr-Rel-ArrVal-vdomain: Do (T(ArrVal)) o T(ArrDom))
and arr-Rel-ArrVal-vrange: Ro (T (ArrVal])) co T(ArrCod))
and arr-Rel-ArrDom-in-Vset: T(ArrDom|) €, Vset «
and arr-Rel-ArrCod-in-Vset: T(ArrCod|) €, Vset a

lemmas [dg-Rel-shared-cs-simps, dg-Rel-cs-simps] = arr-Rel.arr-Rel-length

Components.

lemma arr-Rel-components| dg-Rel-shared-cs-simps, dg-Rel-cs-simps]:
shows (f, A, Blo(ArrVal) = f
and [f, A, B]o(ArrDom|) = A
and [f, A, Blo(A4rrCod) = B
(proof)

Rules.

lemma (in arr-Rel) arr-Rel-axioms'[ dg-cs-intros, dg-Rel-cs-intros]:
assumes o’ = «
shows arr-Rel o' T

{proof)

mk-ide rf arr-Rel-def[unfolded arr-Rel-axioms-def]
|intro arr-Rell|
|dest arr-RelD| dest]|
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lelim arr-RelE[ elim!]|

lemma (in Z) arr-Rel-vfsequencel:
assumes vbrelation r
and D, r S, a
and R, r S, b
and a €, Vset «
and b e, Vset «
shows arr-Rel a [r, a, b]o

{proof)

Elementary properties.

lemma arr-Rel-eql:
assumes arr-Rel o S
and arr-Rel a T
and S(ArrVal) = T(ArrVal))
and S(ArrDom|) = T(ArrDom))
and S(ArrCod|) = T(ArrCod)
shows S =T

(proof)

lemma (in arr-Rel) arr-Rel-def: T = [T(ArrVal]), T(ArrDom|), T(ArrCod))].
(proof)

Size.

lemma (in arr-Rel) arr-Rel-ArrVal-in-Vset: T(ArrVal)) €, Vset o
(proof)

lemma (in arr-Rel) arr-Rel-in-Vset: T €, Vset «
{proof)

lemma small-arr-Rel[ simp]: small {T. arr-Rel o T}

{proof)

Other elementary properties.
lemma set-Collect-arr-Rel[ simp]:

x € set (Collect (arr-Rel «)) «— arr-Rel a x
(proof)

lemma (in arr-Rel) arr-Rel-ArrVal-vsubset-ArrDom-ArrCod:
T(ArrVal) co T(ArrDom|) x, T(ArrCod))

{proof)

Composition

See Chapter I-7 in [39].

definition comp-Rel = V = V = V (infixl <op.p 55)
where comp-Rel S T = [S(ArrVal]) oo T(ArrVal)), T(ArrDom|), S(ArrCod|)],

Components.

lemma comp-Rel-components:
shows (S ore; T)(ArrVal) = S(ArrVal]) oo T(ArrVal))
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]:
(S orer T)(ArrDom)) = T(ArrDom))
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]:
(S oger T)(ArrCod]) = S(ArrCod))
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{proof)

Elementary properties.

lemma comp-Rel-vsv[ dg-Rel-shared-cs-intros, dg-Rel-cs-intros]:
vsv (S orer T)
(proof)

lemma arr-Rel-comp-Rel[ dg-Rel-cs-intros]:
assumes arr-Rel o S and arr-Rel o T
shows arr-Rel a (S oge; T)

{proof)

lemma arr-Rel-comp-Rel-assoc| dg-Rel-shared-cs-simps, dg-Rel-cs-simps]:
(H ORel G) ORel F=H ORel (G ORel F)
(proof)

Inclusion arrow

The definition of the inclusion arrow is based on the concept of the inclusion map, e.g., see [5]4

definition incl-Rel A B = [vid-on A, A, B],

Components.

lemma incl-Rel-components:
shows incl-Rel A B(ArrVal]) = vid-on A
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]: incl-Rel A B(|ArrDoml|) = A
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]: incl-Rel A B(ArrCod|) = B
(proof)

Arrow value.
lemma incl-Rel-ArrVal-vsv[ dg-Rel-shared-cs-intros, dg-Rel-cs-intros]:

vsv (incl-Rel A B(ArrVal))
(proof)

lemma incl-Rel-ArrVal-vdomain[ dg- Rel-shared-cs-simps, dg-Rel-cs-simps]:
D, (incl-Rel A B(ArrVal))) = A
(proof)

lemma incl-Rel-ArrVal-app[ dg- Rel-shared-cs-simps, dg-Rel-cs-simps]:
assumes a €, A
shows incl-Rel A B(ArrVal)(al) = a

{proof)

Elementary properties.

lemma incl-Rel-vfsequence[ dg- Rel-shared-cs-intros, dg-Rel-cs-intros]:
vfsequence (incl-Rel A B)
(proof)

lemma incl-Rel-vcard[ dg- Rel-shared-cs-simps, dg-Rel-cs-simps]:
veard (incl-Rel A B) = 3N
(proof )

lemma (in Z) arr-Rel-incl-Rell:
assumes A ¢, Vset « and B ¢, Vset « and A ¢, B
shows arr-Rel « (incl-Rel A B)

{proof)

“https://en.wikipedia.org/wiki/Inclusion_ map
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Identity

See Chapter I-7 in [39].

definition id-Rel = V = V
where id-Rel A = incl-Rel A A

Components.

lemma id-Rel-components:
shows id-Rel A(ArrVal]) = vid-on A
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]: id-Rel A(ArrDom|) = A
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]: id-Rel A(ArrCod]) = A
(proof)

Elementary properties.

lemma id-Rel-vfsequence[ dg-Rel-shared-cs-intros, dg-Rel-cs-intros]:
vfsequence (id-Rel A)
(proof)

lemma id-Rel-vcard[ dg-Rel-shared-cs-simps, dg-Rel-cs-simps]:
veard (id-Rel A) = 3n
(proof)

lemma (in Z) arr-Rel-id-Rell:
assumes A ¢, Vset «
shows arr-Rel « (id-Rel A)

{proof)

lemma id-Rel-ArrVal-app[ dg- Rel-shared-cs-simps, dg-Rel-cs-simps]:
assumes a €, A

shows id-Rel A(ArrVal)(la) = a
(proof)

lemma arr-Rel-comp-Rel-id-Rel-left[ dg-Rel-cs-simps]:
assumes arr-Rel o F and F(ArrCod)) = A
shows id-Rel A ope; F = F

(proof)

lemma arr-Rel-comp-Rel-id-Rel-right[ dg- Rel-cs-simps]:
assumes arr-Rel o F and F(ArrDom|) = A
shows F op.; id-Rel A = F

{proof)

Converse

As mentioned in Chapter I-7 in [39], the category Rel is usually equipped with an additional
structure that is the operation of taking a converse of a relation. The operation is meant to be
used almost exclusively as part of the dagger functor for Rel.

definition converse-Rel = V = V («(-"1re;)» [1000] 999)
where converse-Rel T = [(T(ArrVal))™t., T(ArrCod)), T(ArrDoml|)].

lemma converse-Rel-components:
shows T71x . (ArrVal) = (T(ArrVal))™t,
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]: T gei(ArrDom)) = T(ArrCod))
and [dg-Rel-shared-cs-simps, dg-Rel-cs-simps]: T~ re1(ArrCod]) = T(ArrDom))
(proof)

Elementary properties.
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lemma (in arr-Rel) arr-Rel-converse-Rel: arr-Rel o (T ' gey)
(proof)

lemmas [dg-Rel-cs-intros] =
arr-Rel.arr-Rel-converse-Rel

lemma (in arr-Rel)
arr-Rel-converse-Rel-converse- Rel[ dg- Rel-shared-cs-simps, dg-Rel-cs-simps]:
(T'ret) 'Rer = T

{proof)

lemmas [dg-Rel-cs-simps] =
arr-Rel.arr-Rel-converse-Rel-converse-Rel

lemma arr-Rel-converse-Rel-eq-iff [ dg-Rel-cs-simps):
assumes arr-Rel a F and arr-Rel a G
shows Flp. = G lrey < F =G

{proof)

lemma arr-Rel-converse-Rel-comp-Rel[ dg-Rel-cs-simps]:
assumes arr-Rel a G and arr-Rel o F
shows (F ore; G) 'Ret = G Ret °rRet F 7' Rel
(proof)

lemma (in Z) arr-Rel-converse-Rel-id-Rel:
assumes c¢ €, Vset «

shows arr-Rel o ((id-Rel ¢)™ ' rei)
{proof)

lemma (in Z) arr-Rel-converse-Rel-id- Rel-eq-id-Rel[
dg-Rel-shared-cs-simps, dg-Rel-cs-simps

]:
assumes c €, Vset

shows (id-Rel ¢) ™' ge; = id-Rel ¢
(proof)

lemmas [dg-Rel-shared-cs-simps, dg-Rel-cs-simps] =
Z.arr-Rel-converse- Rel-id- Rel-eq-id- Rel

lemma arr-Rel-comp-Rel-converse-Rel-left-if-v11[ dg- Rel-cs-simps]:
assumes arr-Rel a T
and D, (T(ArrVal)) = A
and T(ArrDom|) = A
and vl1l (T(ArrVal))
and A &, Vset a
shows T 'r.; ore; T = id-Rel A
{proof)

lemma arr-Rel-comp-Rel-converse-Rel-right-if-v11[ dg- Rel-cs-simps]:
assumes arr-Rel a T
and R, (T(ArrVal)) = A
and T(ArrCod|) = A
and v11 (T(ArrVal))
and A &, Vset «
shows T ope; T 'pet = 9d-Rel A
{proof)
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3.12.4 Rel as a digraph

Definition and elementary properties

definition dg-Rel = V = V
where dg-Rel o =

[

Vset

set {T. arr-Rel o T},

(ATesset {T. arr-Rel o T}. T(ArrDom))),
(ATeoset {T. arr-Rel a T}. T(ArrCod))

]o

Components.

lemma dg-Rel-components:
shows dg-Rel a(Obj]) = Vset «
and dg-Rel a(Arr]) = set {T. arr-Rel o T}
and dg-Rel a(Dom|) = (ATe.set {T. arr-Rel o T}. T(ArrDom)))
and dg-Rel a(Cod|) = (ATeqset {T. arr-Rel o T}. T(ArrCod)))

{proof)

Object

lemma dg-Rel-Obj-iff: x €, dg-Rel a(Obj]) «— z €, Vset a
(proof )

Arrow

lemma dg-Rel-Arr-iff[ dg-Rel-cs-simps]: © €, dg-Rel a(Arr]) «— arr-Rel o x
{proof)

Domain

mk-VLambda dg-Rel-components(3)
|vsv dg-Rel-Dom-vsv[ dg-Rel-cs-intros]|
|vdomain dg-Rel-Dom-vdomain[ dg-Rel-cs-simps]|
|app dg-Rel-Dom-app[unfolded set-Collect-arr-Rel, dg-Rel-cs-simps]|

lemma dg-Rel-Dom-vrange: Ro (dg-Rel a(Dom))) S, dg-Rel a(Obj))
{proof)

Codomain
mk-VLambda dg-Rel-components(4)
|vsv dg-Rel-Cod-vsv[ dg-Rel-cs-intros]|
|vdomain dg-Rel-Cod-vdomain[ dg-Rel-cs-simps]|
|app dg-Rel-Cod-app[unfolded set-Collect-arr-Rel, dg-Rel-cs-simps]|

lemma dg-Rel-Cod-vrange: Ro (dg-Rel a(Cod))) S, dg-Rel a(Obj)
(proof)

Arrow with a domain and a codomain

Rules.

lemma dg-Rel-is-arrl[ dg-Rel-cs-intros]:
assumes arr-Rel o S and S(ArrDom|) = A and S(ArrCod)) = B
shows S : A '_’dg—Rel a B

{proof)
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lemma dg-Rel-is-arrD:
assumes S : A = dg-Rel o B
shows arr-Rel o S
and [dg-cs-simps]: S(ArrDom|) = A
and [dg-cs-simps]: S(ArrCod|) = B
(proof)

lemma dg-Rel-is-arrE:
assumes S : A = dg-Rel a B
obtains arr-Rel o S and S(ArrDom|) = A and S(ArrCod)) = B
(proof)

Elementary properties.

lemma (in Z) dg-Rel-incl-Rel-is-arr:
assumes A ¢, Vset « and B €, Vset « and A ¢, B
shows incl-Rel A B: A = dg-Rel o B

(proof)

lemma (in Z) dg-Rel-incl-Rel-is-arr'[ dg-Rel-cs-intros]:
assumes A €, Vset a
and B e, Vset «
and A ¢, B
and A'= A
and B'= B
shows incl-Rel A B: A’ = dg-Rel a B’

{proof)
lemmas [dg-Rel-cs-intros] = Z.dg-Rel-incl-Rel-is-arr’

lemma dg-Rel-is-arr-ArrValE:
assumes 1': A — g, p. o B and ab e T(ArrVal)
obtains a b
where ab = (a, b) and a €, D, (T(ArrVal))) and b €, Ro (T(ArrVal])

{proof)

Rel is a digraph

lemma (in Z) dg-Rel-Hom-vifunion-in- Vset:
assumes X €, Vset o and Y €, Vset a
shows (Uo4e.X. UoBe, Y. Hom (dg-Rel o) A B) €, Vset «

{proof)

lemma (in Z) digraph-dg-Rel: digraph o (dg-Rel «)
{proof)

3.12.5 Canonical dagger for Rel

Dagger categories are exposed explicitly later. In the context of this section, the “dagger” is
viewed merely as an explicitly defined homomorphism. A definition of a dagger functor, upon
which the definition presented in this section is based, can be found in nLab [3]%. This reference
also contains the majority of the results that are presented in this subsection.

Definition and elementary properties

definition dghm-dag-Rel = V = V (<{pg.re’)

®https://ncatlab.org/nlab/show/Rel)
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where {pg.per a0 =

[
vid-on (dg-Rel a(Obj))),
VLambda (dg-Rel a(Arr))) converse-Rel,
op-dg (dg-Rel &),
dg-Rel o
lo

Components.

lemma dghm-dag-Rel-components:
shows Tpg.rer @(ObjiMap)) = vid-on (dg-Rel a(Obj))
and {pg. rer a(ArrMap|) = VLambda (dg-Rel a(Arr])) converse-Rel
and fpg.rer a(HomDom|) = op-dg (dg-Rel «)
and Tpg.re; @(HomCod)) = dg-Rel «
(proof)

Object map

mk-VLambda dghm-dag-Rel-components(1)[folded VLambda-vid-on]
|vsv dghm-dag-Rel-ObjMap-vsv[ dg-Rel-cs-intros]|
|vdomain
dghm-dag- Rel-ObjMap-vdomain|[unfolded dg-Rel-components, dg-Rel-cs-simps)]

|
|app dghm-dag-Rel-ObjMap-app|unfolded dg-Rel-components, dg-Rel-cs-simps]

lemma dghm-dag-Rel-ObjMap-vrange[ dg-cs-simps]: Ro (Tpc. rei a(ObjMap))) = Vset «
(proof )

Arrow map

mk-VLambda dghm-dag-Rel-components(2)
|vsv dghm-dag-Rel- ArrMap-vsv[ dg-Rel-cs-intros]|
|vdomain dghm-dag-Rel-ArrMap-vdomain[ dg- Rel-cs-simps]|
lapp dghm-dag-Rel-ArrMap-app|unfolded dg-Rel-cs-simps, dg-Rel-cs-simps]|

lemma dghm-dag-Rel-ArrMap-app-vdomain| dg-cs-simps]:

assumes T : A = dg-Rel o B

shows D, (Tpg.rer a(ArrMap))(T)(ArrVal)) = Ro (T (ArrVal)))
{proof)

lemma dghm-dag-Rel-ArrMap-app-vrange[ dg-cs-simps]:

assumes T : A = dg-Rel o B

shows R, (Tpg.ret a(ArrMap))(T))(ArrVal))) = Do (T(ArrVal])
{proof)

lemma dghm-dag-Rel-ArrMap-app-iff [ dg-cs-simps]:

assumes T : A = dg-Rel o B

shows (a, b) € Tpa. rer a(ArrMap))(T)(ArrVal) < (b, a) €; T(ArrVal)
{proof)

Further properties

lemma dghm-dag-Rel-ArrMap-vrange[ dg-Rel-cs-simps]:
Ro (Tpc. ret a(ArrMap|)) = dg-Rel a(Arr|
{proof)

lemma dghm-dag-Rel-ArrMap-app-is-arr:
assumes T : b = dg-Rel o @
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shows
toG.ret a(ArrMap)(T) : tpc.rer a(ObjMap)(a) = gg-Rel o TG Ret @(ObjMap|)(b)
{proof)

Canonical dagger for Rel is a digraph isomorphism

lemma (in Z) dghm-dag-Rel-is-iso-dghm:
TpG.Rret @t op-dg (dg-Rel o) = pc.isoa dg-Rel o
{proof)

Further properties of the canonical dagger

lemma (in Z) dghm-cn-comp-dghm-dag-Rel-dghm-dag-Rel:
TDG.Rel @ DGHM® TDG. Ret @ = dghm-id (dg-Rel «)
{proof)
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3.13 Par as a digraph
3.13.1 Background

Par is usually defined as a category of sets and partial functions (see nLab [3]%). However, there
is little that can prevent one from exposing Par as a digraph and provide additional structure
gradually in subsequent installments of this work. Thus, in this section, a-Par is defined as a
digraph of sets and partial functions in V,

named-theorems dg-Par-cs-simps
named-theorems dg-Par-cs-intros

lemmas [dg-Par-cs-simps]| = dg-Rel-shared-cs-simps
lemmas [dg-Par-cs-intros] = dg-Rel-shared-cs-intros

3.13.2 Arrow for Par

Definition and elementary properties

locale arr-Par = Z « + vfsequence T + ArrVal: vsv «T(ArrVal))» for o T +
assumes arr-Par-length| dg-Rel-shared-cs-simps, dg-Par-cs-simps]:
veard T = 3N
and arr-Par-ArrVal-vdomain: Do (T(ArrVal)) So T(ArrDom)
and arr-Par-ArrVal-vrange: Ro (T(ArrVal))) co T(ArrCod)
and arr-Par-ArrDom-in-Vset: T(ArrDom|) €, Vset «
and arr-Par-ArrCod-in-Vset: T(ArrCod|) €, Vset «

Elementary properties.

sublocale arr-Par ¢ arr-Rel

{proof)
lemmas (in arr-Par) [dg-Par-cs-simps] = dg-Rel-shared-cs-simps

Rules.

lemma (in arr-Par) arr-Par-azioms'[ dg-cs-intros, dg-Par-cs-intros]:
assumes o’ = «
shows arr-Par o’ T

{proof)

mk-ide rf arr-Par-def[unfolded arr-Par-azioms-def]
|intro arr-Parl|
|dest arr-ParD][dest]
|elim arr-ParE[ elim!]|

lemma (in Z) arr-Par-vfsequencel:
assumes vsv 1
and D, 7 S, a
and R, r S, b
and a & Vset «
and b e, Vset o
shows arr-Par « [r, a, b,

{proof)

lemma arr-Par-arr-Rell:
assumes arr-Rel a T and vsv (T (ArrVal])
shows arr-Par o« T

(proof)

Shttps://ncatlab.org/nlab/show /partial+function
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lemma arr-Par-arr-RelD:
assumes arr-Par o T
shows arr-Rel a T and vsv (T(ArrVal))

{proof)

lemma arr-Par-arr-RelE:
assumes arr-Par o T
obtains arr-Rel o T and vsv (T (ArrVal]))

{proof)

Further properties.

lemma arr-Par-eql:
assumes arr-Par a S
and arr-Par o T
and S(ArrVal) = T(ArrVal)
and S(ArrDoml|) = T(ArrDom))
and S(ArrCod|) = T(ArrCod))
shows S =T

(proof)

lemma small-arr-Par[simp]: small {T. arr-Par o T}
{proof)

lemma set-Collect-arr-Par| simp]:
T &, set (Collect (arr-Par o)) <— arr-Par o T

{proof)

Composition

abbreviation (input) comp-Par = V = V = V (infixl (op,,» 55)
where comp-Par = comp-Rel

lemma arr-Par-comp-Par|dg-Par-cs-intros]:
assumes arr-Par o S and arr-Par a T
shows arr-Par « (S opg, T)

{proof)

lemma arr-Par-comp-Par-ArrVal-app:
assumes arr-Par o S
and arr-Par a T
and z €, D, (T(ArrVal)))
and T(ArrVal)(z)) €c Do (S(ArrVal)))
shows (S op,, T)(ArrVal)(z) = S(ArrVal)( T (ArrVal]) ()]

{proof)

Inclusion
abbreviation (input) incl-Par = V=V = V

where incl-Par = incl-Rel

lemma (in Z) arr-Par-incl-Parl:
assumes A ¢, Vset « and B ¢, Vset « and A ¢, B
shows arr-Par « (incl-Par A B)

{proof)

Identity
abbreviation (input) id-Par = V = V
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where id-Par = id-Rel

lemma (in Z) arr-Par-id-Parl:
assumes A ¢, Vset «
shows arr-Par « (id-Par A)

{proof)

lemma arr-Par-comp-Par-id-Par-left[ dg- Par-cs-simps]:
assumes arr-Par o f and f(ArrCod]) = A
shows id-Par A op,, [ = f

(proof)

lemma arr-Par-comp-Par-id-Par-right[ dg- Par-cs-simps]:
assumes arr-Par o f and f(ArrDom|) = A
shows f opg,, id-Par A = f

(proof)

3.13.3 Par as a digraph
Definition and elementary properties

definition dg-Par = V = V
where dg-Par o =

[

Vset «,

set {T. arr-Par o T},

(ATeoset {T. arr-Par o T}. T(ArrDom)),
(ATeoset {T. arr-Par a T}. T(ArrCod))

lo

Components.

lemma dg-Par-components:
shows dg-Par a(Obj)) = Vset a
and dg-Par «(Arr]) = set {T. arr-Par « T}
and dg-Par a(Dom|) = (ATe,set {T. arr-Par o T}. T(ArrDom]))
and dg-Par a(Cod)) = (\Te,set {T. arr-Par o T}. T(ArrCod)))

{proof)

Object

lemma dg-Par-Obj-iff: x €, dg-Par a(Obj)) «— = €, Vset a
{proof)

Arrow

lemma dg-Par-Arr-iff [ dg-Par-cs-simps]: x €, dg-Par a(Arr]) «— arr-Par o z
{proof)

Domain

mk-VLambda dg-Par-components(3)
|vsv dg-Par-Dom-vsv[ dg-Par-cs-intros]|
|vdomain dg-Par-Dom-vdomain| dg-Par-cs-simps]|
|app dg-Par-Dom-app|unfolded set-Collect-arr-Par, dg-Par-cs-simps]|

lemma dg-Par-Dom-vrange: Ro (dg-Par o(Dom))) S, dg-Par «(O0bj))
(proof)
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Codomain

mk-VLambda dg-Par-components(4)
|vsv dg-Par-Cod-vsv| dg-Par-cs-intros]|
|vdomain dg-Par-Cod-vdomain| dg-Par-cs-simps]|
|app dg-Par-Cod-app[unfolded set-Collect-arr-Par, dg-Par-cs-simps]|

lemma dg-Par-Cod-vrange: R, (dg-Par a(Cod))) S, dg-Par a(Obj)
(proof)

Arrow with a domain and a codomain

Rules.

lemma dg-Par-is-arrl:
assumes arr-Par o S and S(ArrDom|) = A and S(ArrCod) = B
shows §: A ~40 por o B

{proof)
lemmas [dg-Par-cs-intros] = dg-Par-is-arrl

lemma dg-Par-is-arrD:
assumes 5 : A =g, por o B
shows arr-Par o S
and [dg-cs-simps]: S(ArrDom|) = A
and [dg-cs-simps]: S(ArrCod]) = B
{proof)

lemma dg-Par-is-arrE:
assumes S : A = dg-Par a B
obtains arr-Par o S and S(ArrDom|) = A and S(ArrCod) = B
(proof)

Elementary properties.

lemma dg-Par-is-arr-dg-Rel-is-arr:
assumes 1 : a = go pgr o b
shows r : a = dg-Rel a b

{proof)

lemma dg-Par-Hom-vsubset-dg-Rel-Hom:
assumes a € dg-Par a(O0bj]) b €, dg-Par a(0bj)
shows Hom (dg-Par «) a b S, Hom (dg-Rel ) a b
(proof)

lemma (in Z) dg-Par-incl-Par-is-arr:
assumes A €, dg-Par a(0bj]) and B €, dg-Par a(Obj) and A ¢, B
shows incl-Par A B : A w44 por o B

{proof)

lemma (in Z) dg-Par-incl-Par-is-arr'| dg-Par-cs-intros):
assumes A €, dg-Par «(Obj)
and B €, dg-Par a(Obj))

and A c, B
and A'= A
and B'= B

shows incl-Par A B: A’ = dg-Par o B’
(proof )
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lemmas [dg-Par-cs-intros| = Z.dg-Par-incl-Par-is-arr’

Par is a digraph

lemma (in Z) dg-Par-Hom-vifunion-in- Vset:
assumes X €, Vset « and Y €, Vset a
shows (UoA4eX. UoBe, Y. Hom (dg-Par o) A B) €, Vset «

(proof)
lemma (in Z) digraph-dg-Par: digraph « (dg-Par «)
(proof)

Par is a wide subdigraph of Rel

lemma (in Z) wide-subdigraph-dg-Par-dg-Rel: dg-Par o Spg.widea dg-Rel a
{proof)
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3.14 Set as a digraph
3.14.1 Background

Set is usually defined as a category of sets and total functions (see Chapter I-2 in [39]). However,
there is little that can prevent one from exposing Set as a digraph and provide additional
structure gradually later. Thus, in this section, a-Set is defined as a digraph of sets and binary
relations in the set V.

named-theorems dg-Set-cs-simps
named-theorems dg-Set-cs-intros

lemmas [dg-Set-cs-simps] = dg-Rel-shared-cs-simps
lemmas [dg-Set-cs-intros] = dg-Rel-shared-cs-intros

3.14.2 Arrow for Set

Definition and elementary properties

locale arr-Set = Z a + vufsequence T + ArrVal: vsv <T(ArrVal)> for o T +
assumes arr-Set-length[ dg- Rel-shared-cs-simps, dg-Set-cs-simps]:

veard T = 3N

and arr-Set-ArrVal-vdomain[ dg- Rel-shared-cs-simps, dg-Set-cs-simps]:
Do (T(ArrVal)) = T(ArrDom)

and arr-Set-ArrVal-vrange: Ro (T(ArrVal)) <o T(ArrCod))

and arr-Set-ArrDom-in-Vset: T(ArrDom]) €, Vset a

and arr-Set-ArrCod-in-Vset: T(ArrCod)) €, Vset «

lemmas [dg-Set-cs-simps] = arr-Set.arr-Set-Arr Val-vdomain

Elementary properties.

sublocale arr-Set € arr-Par

(proof)
Rules.

lemma (in arr-Set) arr-Set-azioms’[ dg-cs-intros, dg-Set-cs-intros]:
assumes o' = «
shows arr-Set o’ T

{proof)

mk-ide rf arr-Set-def[unfolded arr-Set-azioms-def]
|intro arr-Setl]|
|dest arr-SetD[ dest]|
|elim arr-SetE[ elim!]|

lemma (in Z) arr-Set-vfsequencel:
assumes vsv 1
and D, r = a
and R, 7 S, b
and a €, Vset
and b &, Vset a
shows arr-Set o [r, a, blo

{proof)

lemma arr-Set-arr-Parl:
assumes arr-Par o T and D, (T'(ArrVal)) = T(ArrDom))
shows arr-Set o T

{proof)
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lemma arr-Set-arr-ParD:
assumes arr-Set a T
shows arr-Par o T and D, (T(ArrVal)) = T(ArrDom))

{proof)

lemma arr-Set-arr-ParkE:
assumes arr-Set a T
obtains arr-Par o T and D, (T(ArrVal))) = T(ArrDom)|)

{proof)

Further properties.

lemma arr-Set-eql:
assumes arr-Set a S
and arr-Set a T
and S(ArrVal) = T(ArrVal))
and S(ArrDom|) = T(ArrDom))
and S(ArrCod|) = T(ArrCod)
shows S =T

(proof)

lemma small-arr-Set[ simp]: small {T. arr-Set « T}
(proof)

lemma set-Collect-arr-Set[ simp]:
T €, set (Collect (arr-Set a)) «— arr-Set a T

{proof)

Composition

See [39]).

abbreviation (input) comp-Set = V. = V = V (infix] <og.;» 55)
where comp-Set = comp-Rel

lemma arr-Set-comp-Set| dg-Set-cs-intros]:
assumes arr-Set a S and arr-Set o T and R, (T (ArrVal)) So Do (S(ArrVal))
shows arr-Set o (S oger T)

(proof)

lemma arr-Set-comp-Set-ArrVal-app:
assumes arr-Set a S
and arr-Set o T
and z €, D, (T(ArrVal))
and T'(ArrVal)(z) € Do (S(ArrVal])
shows (S oger T)(ArrVal)(z)) = S(ArrVal)( T (ArrVal]) ()|

{proof)

Inclusion

abbreviation (input) incl-Set = V = V = V
where incl-Set = incl-Rel

lemma (in Z) arr-Set-incl-Setl:
assumes A ¢, Vset « and B ¢, Vset « and A ¢, B
shows arr-Set « (incl-Set A B)

{proof)
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Identity

abbreviation (input) id-Set = V = V
where id-Set = id-Rel

lemma (in Z) arr-Set-id-Setl:
assumes A €, Vset «
shows arr-Set o (id-Set A)

{proof)

lemma arr-Set-comp-Set-id-Set-left[ dg-Set-cs-simps]:
assumes arr-Set o F and F(ArrCod]) = A
shows id-Set A og.y F = F

{proof)

lemma arr-Set-comp-Set-id-Set-right[ dg-Set-cs-simps]:
assumes arr-Set o F and F(ArrDom|) = A
shows F og.; id-Set A = F

{proof)

3.14.3 Set as a digraph

Definition and elementary properties

definition dg-Set :: V = V
where dg-Set a =

[

Vset

set {T. arr-Set o T},

(ATesset {T. arr-Set o T}. T(ArrDom)),
(ATeoset {T. arr-Set o T}. T(ArrCod))

lo

Components.

lemma dg-Set-components:
shows dg-Set a(Obj]) = Vset «
and dg-Set a(Arr)) = set {T. arr-Set o T}
and dg-Set a(Dom|) = (A\Te,set {T. arr-Set « T}. T(ArrDom))
and dg-Set a(Cod) = (ATesset {T. arr-Set « T}. T(ArrCod)))

(proof)

Object

lemma dg-Set-Obj-iff: © €, dg-Set a(Obj]) «— = €, Vset a
(proof )

Arrow

lemma dg-Set-Arr-iff [ dg-Set-cs-simps]: © €, dg-Set a(Arr) < arr-Set a
(proof)

Domain

mk-VLambda dg-Set-components(3)
|vsv dg-Set-Dom-vsv| dg-Set-cs-intros]|
|vdomain dg-Set-Dom-vdomain| dg-Set-cs-simps]|
lapp dg-Set-Dom-app|unfolded set-Collect-arr-Set, dg-Set-cs-simps]|

lemma dg-Set-Dom-vrange: R, (dg-Set a(Doml)) S, dg-Set a(Obj])
(proof)
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Codomain

mk-VLambda dg-Set-components(4)
|vsv dg-Set-Cod-vsv[ dg-Set-cs-intros]|
|vdomain dg-Set-Cod-vdomain| dg-Set-cs-simps]|
|app dg-Set-Cod-app| unfolded set-Collect-arr-Set, dg-Set-cs-simps]|

lemma dg-Set-Cod-vrange: Ro (dg-Set a(Cod])) So dg-Set a(Obj))
(proof )

Arrow with a domain and a codomain

Rules.

lemma dg-Set-is-arrl[ dg-Set-cs-intros]:
assumes arr-Set « S and S(ArrDom|) = A and S(ArrCod|) = B
shows S : A = dg-Set o B

{proof)

lemma dg-Set-is-arrD:
assumes S : A = dg-Set o B
shows arr-Set o S
and [dg-cs-simps]: S(ArrDom)) = A
and [dg-cs-simps]: S(ArrCod|) = B
{proof)

lemma dg-Set-is-arrE:
assumes S : A = dg-Set a B
obtains arr-Set a S and S(ArrDom|) = A and S(ArrCod|) = B
(proof)

lemma dg-Set-ArrVal-vdomain[ dg-Set-cs-simps, dg-cs-simps]:
assumes T : A = dg-Set o B
shows D, (T(ArrVal)) = A

{proof)

Elementary properties.

lemma dg-Set-ArrVal-app-vrange| dg-Set-cs-intros]:
assumes F : A = dg-Set o Band ae, A
shows F(ArrVal)(al) e, B

{proof)

lemma dg-Set-is-arr-dg-Par-is-arr:
assumes T : A = dg-Set o B
shows T : A = dg-Par o B

{proof)

lemma dg-Set-Hom-vsubset-dg-Par-Hom:
assumes a €, dg-Set a(O0bj]) b €, dg-Set a(Obj)
shows Hom (dg-Set &) a b €, Hom (dg-Par o) a b
(proof)

lemma (in Z) dg-Set-incl-Set-is-arr:
assumes A €, dg-Set a(O0bj]) and B €, dg-Set a(0bj]) and A <, B
shows incl-Set A B: A = dg-Set a B

{proof)

lemma (in Z) dg-Set-incl-Set-is-arr'[ dg-cs-intros, dg-Set-cs-intros]:
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assumes A €, dg-Set a(Obj)
and B ¢, dg-Set a(Obj)

and A ¢, B
and A'= A
and B'= B

and ¢’ = dg-Set a
shows incl-Set A B : A’ e B’
(proof )

lemmas [dg-Set-cs-intros| = Z.dg-Set-incl-Set-is-arr’

Set is a digraph

lemma (in Z) dg-Set-Hom-vifunion-in- Vset:
assumes X €, Vset « and Y €, Vset «
shows (Uo.4e.X. UoBe, Y. Hom (dg-Set o) A B) €, Vset

{proof)
lemma (in Z) digraph-dg-Set: digraph o (dg-Set «)
{proof)

Set is a wide subdigraph of Par

lemma (in Z) wide-subdigraph-dg-Set-dg-Par: dg-Set o Spg.widea dg-Par «
{proof)



Chapter 4

Semicategories

4.1 Introduction

4.1.1 Background

Many concepts that are normally associated with category theory can be generalized to sem-
icategories. It is the goal of this chapter to expose these generalized concepts and provide a
foundation for the development of the notion of a category in [41].

4.1.2 Preliminaries

named-theorems smc-op-simps
named-theorems smc-op-intros

named-theorems smc-cs-simps
named-theorems smc-cs-intros

named-theorems smc-arrow-cs-intros

4.1.3 CS setup for foundations

lemmas (in Z) [smc-cs-intros] = Z-3

278
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4.2 Semicategory

4.2.1 Background

lemmas [smc-cs-simps] = dg-shared-cs-simps
lemmas [sme-cs-intros] = dg-shared-cs-intros

Slicing

Slicing is a term that is introduced in this work for the description of the process of the con-
version of more specialized mathematical objects to their generalizations.

The terminology was adapted from the informal imperative object oriented programming, where
the term slicing often refers to the process of copying an object of a subclass type to an object
of a superclass type [5]'. However, it is important to note that the term has other meanings in
programming and computer science.

definition smc-dg = V = V
where smc-dg € = [€(0bj]), €(Arr]), €(Dom)), €(Cod)].

Components.
lemma smc-dg-components| slicing-simps]:
shows smc-dg €(Obj)) = €(0bj))
and smc-dg €(Arr) = €(Arr)
and smc-dg €(Dom|) = €(Dom))
and smec-dg €(Cod|) = €(Cod)
(proof)

Regular definitions.
lemma smc-dg-is-arr[slicing-simps]: f : a P sme-dg € b < framgb

{proof)

lemmas [slicing-intros] = smc-dg-is-arr| THEN iffD2]

Composition and composable arrows

The definition of a set of composable-arrs is equivalent to the definition of composable pairs
presented on page 10 in [39] (see theorem dg-composable-arrs’ below). Nonetheless, the definition
is meant to be used sparingly. Normally, the arrows are meant to be specified explicitly using
the predicate is-arr.
definition Comp = V

where [dg-field-simps]: Comp = 4y

abbreviation Comp-app = V = V = V = V (infix] <o41) 55)
where Comp-app € a b = €(Compl|)(a, b|).

definition composable-arrs = V. = V
where composable-arrs € = set

{lo: flolgf - Fabec g:bmgcAnfiarg b}

lemma small-composable-arrs[ simp]:
small {{g, flo | gf-Fabec. g:brgcAf:arg b}
{proof)

Rules.

lemma composable-arrsI|smc-cs-intros]:

"https://en.wikipedia.org/wiki/Object_slicing
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assumes gf = [g, floand g: b g cand f:a g b
shows gf €, composable-arrs €

{proof)

lemma composable-arrsE[elim!]:
assumes ¢gf €, composable-arrs €
obtains g fa b ¢ where gf = [g, floand g: b~y cand f: a g b
(proof)

lemma small-composable-arrs'| simp]:

( smC}Z; {lg: flo 1 9 f g €0 €(Arr) A [ eo €(Arr) A €(Doml)(g) = €(Cod)(f)}
proo,

lemma dg-composable-arrs”:
set {[g, flo | 9 f. g € €(Arr) A [ e €(Arr)) A €(Dom))(gl) = €(Cod) ()} =
composable-arrs €
{proof)

4.2.2 Definition and elementary properties

The definition of a semicategory that is used in this work is similar to the definition that was
used in [42]. It is also a natural generalization of the definition of a category that is presented
in Chapter I-2 in [39]. The generalization is performed by omitting the identity and the axioms
associated with it. The amendments to the definitions that are associated with size have already
been explained in the previous chapter.

locale semicategory = Z « + vfsequence € + Comp: vsv <€(Compl|)» for o € +
assumes smc-length[ smc-cs-simps]: veard € = 5n
and smec-digraph[ slicing-intros]: digraph o (smc-dg €)
and smc-Comp-vdomain: gf €, Do (€(Comp|)) «—
(3gfbca gf =[g. flong:bmgcnfiargb)
and smc-Comp-is-arr:
fg:brgefiamghb]l = goag fiargc
and smc-Comp-assoc[ sme-cs-simps]:
[h:crpegdig:bregcfiaregb]] =
(hoag g) cag f=hoag (90ag [)

lemmas [smc-cs-simps] =
semicategory.smc-length
semicategory.smc-Comp-assoc

lemma (in semicategory) smc-Comp-is-arr'[sme-cs-intros]:
assumes g : b ¢ c
and f:a ¢ b
and ¢'=¢€
shows goag f:a g c

{proof)

lemmas [smc-cs-intros] =
semicategory.smc-Comp-is-arr’
semicategory.smc-Comp-is-arr

lemmas [slicing-intros] = semicategory.sme-digraph

Rules.

lemma (in semicategory) semicategory-axioms'[ sme-cs-intros]:
assumes o' = «
shows semicategory o’ €
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{proof)

mk-ide rf semicategory-def[unfolded semicategory-azioms-def]
|intro semicategoryl|
|dest semicategoryD| dest]|
|elim semicategoryE|[elim]|

lemma semicategoryl "
assumes Z «
and vfsequence €
and vsv (€(Comp)))
and vcard € = by
and vsv (€(Dom]))
and vsv (€(Cod)))
and D, (€(Dom|) = €(Arr)
and R, (€(Dom|)) S, €(O0bj)
and D, (€(Cod))) = €(Arr)
and R, (€(Cod])) S, €(0bj)
and Agf. gf € Do (€(Comp)) «—
(Bgfbeca gf =[g, flong:bogcnfiargbd)
and Abcgaf [[g:brgcefiampgb]l=goagf:argc
and Acdhbgaf [[h:icrgdig:brgcifiaregb] =
(hoag g) oag f=hoag (goagf)
and €(0bj) <, Vset a
and AA B. [[ A S, €(0bj)); B <, €(Obj]); A €5 Vset a; B e, Vset a || =
(UoacoA. Uobeo B. Hom € a b) €, Vsel «
shows semicategory a €

{proof)

lemma semicategoryD":

assumes semicategory o €

shows Z o
and vfsequence €
and vsv (€(]Comp)))
and vcard € = by
and vsv (€(Dom)))
and wvsv (€(Cod))
and D, (€(Doml))) = €(Arr|
and R, (€(Dom|)) S, €(Obj)
and D, (€(Cod))) = €(Arr|
and R, (€(Cod])) S, €(0bj)
and Agf. gf € Do (€(Compl)) «—

(Fgfbeca gf =g, florng:bogcnfiargbd)
and Abcgaf. [[g:brgcifiamgb]]= goagf:argc
and Acdhbgaf [[h:icrgdig:brgcifiaregb] =
(hoag g) cag f=hoag (goagf)
and €(0bj)) S, Vset a
and AA B. [[ A S, €(0bj]); B o €(0bj]); A €5 Vset a; B €, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vsel «
{proof)

lemma semicategoryE":
assumes semicategory o €
obtains Z «
and vfsequence €
and wvsv (€(Comp)))
and wvcard € = 5N
and wvsv (€(Dom]))



CHAPTER 4. SEMICATEGORIES 282

and vsv (€(Cod))

and D, (€(Dom|) = €(Arr)

and R, (€(Doml)) S, €(0bj)

and D, (€(Cod])) = €(Arr|

and R, (€(Cod))) S, €(0bj)

and Agf. gf € Do (€(Comp))) «—
(3gfbca gf =19, flong:brgcnf:argh)

and Abcgaf. [[g:brgcifiargb]]= goagfiargc

and Acdhbgaf [[hicrgdig:brgcifiaregb]] =

(hoag g) cag f=hoag (9g0a¢ f)

and €(0bj) <, Vset «

and AA B. [[ A <, €(0bj]); B ¢, €(0bj]); A € Vset a; B e, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vset «

(proof )

While using the sublocale infrastructure in conjunction with the rewrite morphisms is plausible
for achieving automation of slicing, this approach has certain limitations. For example, the
rewrite morphisms cannot be added to a given interpretation that was achieved using the com-
mand sublocale?. Thus, instead of using a partial solution based on the command sublocale,
the rewriting is performed manually for selected theorems. However, it is hoped that better
automation will be provided in the future.

context semicategory
begin

interpretation dg: digraph « <smc-dg € (proof)

sublocale Dom: vsv <€(Doml)> (proof)
sublocale Cod: vsv <€(Cod|)» (proof)

lemmas-with [unfolded slicing-simps]:
smc-Dom-vdomain| smc-cs-simps] = dg.dg-Dom-vdomain
and smc-Dom-vrange = dg.dg-Dom-vrange
and smc-Cod-vdomain[ smc-cs-simps] = dg.dg-Cod-vdomain
and smc-Cod-vrange = dg.dg-Cod-vrange
and smc-Obj-vsubset-Vset = dg.dg-Obj-vsubset- Vset
and smc-Hom-vifunion-in- Vset[ smc-cs-intros| = dg.dg-Hom-vifunion-in- Vset
and smc-O0bj-if-Dom-vrange = dg.dg-Obj-if-Dom-vrange
and smc-0bj-if-Cod-vrange = dg.dg-Obj-if-Cod-vrange
and smc-is-arrD = dg.dg-is-arrD
and smc-is-arrE[elim] = dg.dg-is-arrE
and smc-in-ArrE[elim] = dg.dg-in-ArrE
and smc-Hom-in- Vset[ smc-cs-intros] = dg.dg-Hom-in-Vset
and smc-Arr-vsubset-Vset = dg.dg-Arr-vsubset-Vset
and smc-Dom-vsubset-Vset = dg.dg-Dom-vsubset- Vset
and smc-Cod-vsubset- Vset = dg.dg-Cod-vsubset- Vset
and smc-0bj-in-Vset = dg.dg-Obj-in- Vset
and smc-in-Obj-in- Vset| smc-cs-intros] = dg.dg-in-Obj-in- Vset
and smc-Arr-in-Vset = dg.dg-Arr-in-Vset
and smc-in-Arr-in- Vset[ sme-cs-intros] = dg.dg-in- Arr-in- Vset
and smc-Dom-in-Vset = dg.dg-Dom-in- Vset
and smc-Cod-in-Vset = dg.dg-Cod-in- Vset
and smc-digraph-if-ge-Limit = dg.dg-digraph-if-ge-Limit
and smc-Dom-app-in-0bj = dg.dg-Dom-app-in-Obj
and smc-Cod-app-in-0bj = dg.dg-Cod-app-in-Obj
and smc-Arr-vempty-if-Obj-vempty = dg.dg-Arr-vempty-if-Obj-vempty
and smc-Dom-vempty-if-Arr-vempty = dg.dg-Dom-vempty-if-Arr-vempty

https://lists.cam.ac.uk/pipermail /cl-isabelle-users/2019-September /msg00074.html
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and smc-Cod-vempty-if-Arr-vempty = dg.dg-Cod-vempty-if-Arr-vempty
end

lemmas [smc-cs-intros] =
semicategory.smc-is-arrD(1-3)
semicategory.smc-Hom-in- Vset

Elementary properties.

lemma smc-eql:

assumes semicategory a A
and semicategory a B
and A(0bj)) = B(O0bj)
and A(Arr)) = B(Arr)
and A(Dom|) = B(Dom))
and A(Cod)) = B(Cod))
and A(|Comp|) = B(Comp))

shows 2 =B

(proof)

lemma smc-dg-eql:
assumes semicategory a A
and semicategory o B
and 2((Comp|) = B(Comp))
and smc-dg A = smc-dg ‘B
shows 2 =B
{proof)

lemma (in semicategory) sme-def: € = [€(0bj)), €(Arr]), €(Dom|), €(Cod)), €(Comp))].
{proof)

lemma (in semicategory) smc-Comp-vdomainl | smc-cs-intros]:
assumes g: b ¢ cand f: a ¢ band gf = [g, flo
shows gf €, D, (€(Comp)))
(proof)

lemmas [smc-cs-intros] = semicategory.smc-Comp-vdomainl

lemma (in semicategory) smc-Comp-vdomainE[elim!]:
assumes gf €, D, (€(Comp)))
obtains g fa b ¢ where gf = [g, floand g: b~y cand f: a g b

(proof)

lemma (in semicategory) smc-Comp-vdomain-is-composable-arrs:
D, (€(Comp|)) = composable-arrs €

{proof)

lemma (in semicategory) smc-Comp-vrange: Ro (€(Compl)) S, €(Arr|
{proof)

sublocale semicategory € Comp: pbinop «€(Arr])y <«€(|Comp))>
{proof)

Size.

lemma (in semicategory) smc-Comp-vsubset-Vset: €(Comp|) S, Vset «
{proof)

lemma (in semicategory) smc-semicategory-in-Vset-4: € €, Vset (a0 + 4n)
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(proof)

lemma (in semicategory) smc-Comp-in-Vset:
assumes Z (§ and « &
shows €(Comp)|) €, Vset

{proof)

lemma (in semicategory) smc-in-Vset:
assumes Z § and « &
shows € ¢, Vset

(proof)

lemma (in semicategory) smc-semicategory-if-ge-Limit:
assumes Z  and a €, 3
shows semicategory B €

{proof)

lemma small-semicategory[simp]: small {€. semicategory o €}
{proof)

lemma (in Z) semicategories-in-Vset:
assumes Z § and a €, 3
shows set {€. semicategory o €} €, Vset

(proof)

lemma semicategory-if-semicategory:
assumes semicategory 5 €
and Z «
and €(0bj)) <, Vset «
and AA B. [[ A S, €(0bj)); B <, €(Obj]); A € Vset a; B €, Vset a || =
(UoacoA. UobeoB. Hom € a b) €, Vset
shows semicategory o €

(proof)

Further properties.

lemma (in semicategory) smc-Comp-vempty-if-Arr-vempty:
assumes €(Arr)) =0
shows €(Comp|) = 0

{proof)

4.2.3 Opposite semicategory

Definition and elementary properties

See Chapter II-2 in [39].

definition op-smc = V = V
where op-smc € = [€(Obj]), €(Arr)), €(Cod)), €(Doml), fflip (€(Comp)))]o

Components.

lemma op-smc-components:
shows [smc-op-simps]: op-smc €(0bj]) = €(Obj))
and [smc-op-simps]: op-sme €(Arr) = €(Arr)
and [smc-op-simps]: op-smc €(Doml)) = €(Cod))
and [smc-op-simps]: op-smc €(Cod|) = €(Dom))
and op-smc €(Compl|) = [flip (€(Comp)))
(proof)
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lemma op-smc-component-intros| sme-op-intros]:
shows a €, €(0bj)) = a €, op-smc €(Obj)
and f ¢, €(Arr) = f €, op-smc €(Arr)
(proof)
Slicing,.
lemma op-dg-sme-dg[ slicing-commute]: op-dg (sme-dg €) = sme-dg (op-sme €)
(proof)
Regular definitions.

lemma op-smc-Comp-vdomain[ sme-op-simps]:
D, (op-sme €(|Comp))) = (Do (€(Comp))))~s
(proof)

lemma op-smc-is-arr[smc-op-simps]: f : b = op-sme € G < framgb

{proof)
lemmas [smc-op-intros] = op-smc-is-arr[ THEN iffD2]

lemma (in semicategory) op-smc-Comp-vrange[ sme-op-simps]:
Ro (op-sme €(Comp|)) = Ro (€(Comp)))
(proof)

lemmas [smc-op-simps] = semicategory.op-smc-Comp-vrange

lemma (in semicategory) op-smc-Comp[smec-op-simps]:
assumes f: b+g cand g: a g b
shows g vop-smc ¢ f = f %A@ 9

(proof)
lemmas [smc-op-simps] = semicategory.op-smec-Comp

lemma op-sme-Hom[smc-op-simps]: Hom (op-smec €) a b= Hom € b a
{proof)
Further properties

lemma (in semicategory) semicategory-op[smc-op-intros]:
semicategory o (op-sme €)
{proof)

lemmas semicategory-op[ smec-op-intros| = semicategory.semicategory-op

lemma (in semicategory) smc-op-smc-op-sme| sme-op-simps]: op-sme (op-sme €) = €

(proof)
lemmas smc-op-smc-op-smc| smc-op-simps| = semicategory.sme-op-smce-op-smc

lemma eg-op-sme-iff [ sme-op-simps]:
assumes semicategory a A and semicategory o B
shows op-smc A = op-smc B «— A =B

{proof)

4.2.4 Arrow with a domain and a codomain

lemma (in semicategory) smc-assoc-helper:
assumes f:a g b
and g: b g c

285
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and h:c g d

and hoyg g=¢q
shows h oag (9 oag f) = goag f
(proof)

lemma (in semicategory) smc-pattern-rectangle-right:
assumes aa’: a ~g a’
and a'a": a" —g a’
and a//b’l: a// '_)Q: b//
and ab: a —g b
and bb': b g b’
and 0" : b' ¢ b
and a'b’: a’ =g b’
and a'b’ oqg aa’ = bb' op¢ ab
and b'b"’ oag a'd' = o' oug a'a
shows a”’b" op¢ (a'a" opg aa’) = (b’ og¢ bb') 0pg ab
{proof)

lemmas (in semicategory) smec-pattern-rectangle-left =
sme-pattern-rectangle-right[ symmetric]

4.2.5 Monic arrow and epic arrow

See Chapter I-5 in [39)].

definition is-monic-arr = V= V = V = V = bool
where is-monic-arr € b ¢ m «~—
m:brg cA
(

Vfga.

)

syntax -is-monic-arr =V = V = V = V = bool
(¢- 1 - Pmont - [51, 51, 51] 51)
syntax-consts -is-monic-arr = is-monic-arr

frarmregb—giarmgb—moyg f=moygeg—f=yg

translations m : b = 0n¢ ¢ = CONST is-monic-arr € b cm

definition is-epic-arr = V. = V = V = V = bool
where is-epic-arr Cabe=e: b S monop-sme € @

syntax -is-epic-arr = V= V = V = V = bool
(¢- 1 - mepit - [51, 51, 51] 51)
syntax-consts -is-epic-arr = is-epic-arr
translations e : a =epie¢ b = CONST is-epic-arr € a b e

Rules.

mk-ide rf is-monic-arr-def
|intro is-monic-arrl|
|dest is-monic-arrD| dest]|
|elim is-monic-arrE[ elim!]|

lemmas [smc-arrow-cs-intros] = is-monic-arrD(1)

lemma (in semicategory) is-epic-arrl:
assumes ¢: a =g b

and Afge. [[f:brgcg:bogcfoage=goage] =

f=9

286
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shows € : a =¢pige b

{proof)

lemma is-epic-arr-is-arr[ smec-arrow-cs-intros, dest]:
assumes e : a Fepige b
shows e¢: a ¢ b

{proof)

lemma (in semicategory) is-epic-arrD|dest]:
assumes ¢ : a ~epig b
shows e: a ¢ b
and Afge. [[f:brgcg:brogcforge=goage] =
f=9
{proof)

lemma (in semicategory) is-epic-arrE[elim!]:
assumes e : a Sepie b
obtains e: a g b
and Nfge [[f:brgeg:ibrgcfoage=goace]l =
f=9
(proof)

Elementary properties.

lemma (in semicategory) op-smc-is-epic-arr|sme-op-simps]:
[ b'_)epiop-smc ca<>fiarmong b

{proof)

lemma (in semicategory) op-smc-is-monic-arr|smc-op-simps|:
f + b ’_)monop-smc ¢ a<— f A Pepig b

{proof)

lemma (in semicategory) smc-Comp-is-monic-arr| sme-arrow-cs-intros]:
assumes ¢ : b = pong cand f:a =pone b
shows g oae¢ f 1 a =mong ¢

{proof)

lemmas [smc-arrow-cs-intros] = semicategory.smc-Comp-is-monic-arr

lemma (in semicategory) smc-Comp-is-epic-arr|smc-arrow-cs-intros):
assumes g : b epie cand f:aepip b
shows g oag f:a=epig C

{proof)

lemmas [smc-arrow-cs-intros] = semicategory.smc-Comp-is-epic-arr

lemma (in semicategory) smc-Comp-is-monic-arr-is-monic-arr:
assumes g: by cand f:a g band gogg f:a =nong €
shows f : a =mong b

{proof)

lemma (in semicategory) smc-Comp-is-epic-arr-is-epic-arr:
assumes g: a+g band f: by cand foge g aepig C
shows f : b =cpig ¢

{proof)

4.2.6 Idempotent arrow

See Chapter I-5 in [39].



CHAPTER 4. SEMICATEGORIES 288

definition is-idem-arr = V. = V = V = bool
where is-idem-arr € b f «— f:bg bA foae f=f

syntax -is-idem-arr = V.= V = V = bool (¢-: =441 - [51, 51] 51)
syntax-consts -is-idem-arr = is-idem-arr
translations [ : ;4.0 b = CONST is-idem-arr € b f

Rules.

mk-ide rf is-idem-arr-def
|intro is-idem-arr]]|
|dest is-idem-arrD[dest]|
|elim is-idem-arrE[elim!]|

lemmas [smc-cs-simps] = is-idem-arrD(2)

Elementary properties.

lemma (in semicategory) op-smc-is-idem-arr[smc-op-simps]:
f : ’_)idegp_smc ¢ b «— f CPideg b

{proof)

4.2.7 Terminal object and initial object

See Chapter I-5 in [39)].

definition obj-terminal = V = V = bool
where obj-terminal € t «—
t e C(ObI) A (Va. a e €(Ob)) — (3!f. f:argt))

definition obj-initial = V = V = bool
where obj-initial € = obj-terminal (op-smc €)

Rules.

mk-ide rf obj-terminal-def
|intro obj-terminall|
|dest obj-terminalD[ dest]|
|elim obj-terminalE[ elim]]

lemma obj-initiall:
assumes a €, €(0bj) and Ab. b e, €(Obj) = T!f. f:a g b
shows obj-initial € a

{proof)

lemma obj-initialD[ dest]:
assumes obj-initial € a
shows a €, €(0bj) and Ab. b e, €(0bj) = 3f. f:a ¢ b
(proof)

lemma obj-initialE[ elim]:
assumes obj-initial € a
obtains a €, €(0bj)) and Ab. b e, €(0bj)) = 3!f. f:arge b
{proof)

Elementary properties.

lemma op-smc-obj-initial] sme-op-simps]:
obj-initial (op-smc €) = obj-terminal €

{proof)
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lemma op-smc-obj-terminal[ sme-op-simps):
obj-terminal (op-smc €) = obj-initial €

{proof)

4.2.8 Null object

See Chapter I-5 in [39)].

definition obj-null = V = V = bool
where obj-null € a «<— obj-initial € a A obj-terminal € a

Rules.

mk-ide rf obj-null-def
|intro obj-nulll|
|dest obj-nullD][ dest]
|elim obj-nullE[elim]|

Elementary properties.

lemma op-smc-obj-null[ sme-op-simps]: obj-null (op-sme €) a = obj-null € a

{proof)

4.2.9 Zero arrow

definition is-zero-arr = V. = V = V = V = bool
where is-zero-arr € a b h <
(3zgf. obj-null € zAh=goag fAfiargzAg:zrgh)

syntax -is-zero-arr = V=V = V = V = bool
(¢-: - o1 - [51, 51, 51] 51)
syntax-consts -is-zero-arr = is-zero-arr
translations & : a =og b = CONST is-zero-arr € a b h

Rules.

lemma is-zero-arrl:
assumes obj-null € z
and h=gogg f
and [ : a ¢ 2
and g: z+¢ b
shows h: a o b

{proof)

lemma is-zero-arrD[ dest]:
assumes 1 : a —og b
shows 3z g f. obj-null € 2 A h=goag fAfiamg2Ag:ized
(proof)

lemma is-zero-arrE[ elim]:
assumes h : a —og b
obtains z g f
where obj-null € 2

and h = goa¢ f
and f:a ~¢ 2
and g: z ¢ b

(proof)

Elementary properties.

lemma (in semicategory) op-smc-is-zero-arr|smc-op-simps]:

289
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f:bHOOp—SWLCQa‘(_)f:aHOQb

{proof)

lemma (in semicategory) smc-is-zero-arr-Comp-right:
assumes h : b =g c and h':a e b
shows h oge h': a g

{proof)

lemmas [smc-arrow-cs-intros] = semicategory.smc-is-zero-arr-Comp-right
lemma (in semicategory) smc-is-zero-arr-Comp-left:
assumes h': b ¢ cand h:aop b

shows h'oa¢ h:a g c
{proof)

lemmas [smc-arrow-cs-intros] = semicategory.smc-is-zero-arr-Comp-left
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4.3 Smallness for semicategories

4.3.1 Background

An explanation of the methodology chosen for the exposition of all matters related to the size
of the semicategories and associated entities is given in the previous chapter.

named-theorems smc-small-cs-simps
named-theorems smc-small-cs-intros

4.3.2 Tiny semicategory

Definition and elementary properties

locale tiny-semicategory = Z « + vfsequence € + Comp: vsv «€(Comp))) for o € +
assumes tiny-smc-length[ smc-cs-simps]: veard € = 5N
and tiny-smc-tiny-digraph[ slicing-intros|: tiny-digraph o (smc-dg €)
and tiny-smec-Comp-vdomain: gf €, Do (€(Comp|)) «—
(Fgfbeca gf =[g, flong:bogcnfiargbd)
and tiny-smc-Comp-is-arr| smc-cs-intros):
Lg:brgafiamgb]l = goag fiargc
and tiny-smc-assoc| smc-cs-simps|:
[h:cregdig:bregcfraregb]] =
(hoag 9) cag f="hoag (goag f)

lemmas [smc-cs-simps] =
tiny-semicategory.tiny-smc-length
tiny-semicategory.tiny-smc-assoc

lemmas [slicing-intros] =
tiny-semicategory.tiny-smc- Comp-is-arr

Rules.

lemma (in tiny-semicategory) tiny-semicategory-axioms'[ smec-small-cs-intros]:
assumes o’ = «
shows tiny-semicategory o’ €

{proof)

mk-ide rf tiny-semicategory-def[unfolded tiny-semicategory-axioms-def]
|intro tiny-semicategoryl|
|dest tiny-semicategoryD|[ dest]|
|elim tiny-semicategoryE[ elim]|

lemma tiny-semicategoryl "
assumes semicategory o € and €(0bj)) €, Vset o and C(Arr|) e, Vset a
shows tiny-semicategory o €

(proof)

lemma tiny-semicategoryl '
assumes Z «

and vfsequence €
and vsv (€(]Comp)))
and vcard € = by
and vsv (€(Dom]))
and vsv (€(Cod)))
and D, (€(Dom|) = €(Arr)
and R, (€(Dom|)) S, €(O0bj)
and D, (€(Cod))) = €(Arr)
and R, (€(Cod])) S, €(0bj)
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and Agf. gf € Do (€(Comp))) «—
(Fgfbecagf =[g, flong:bogcnfiargbd)

and Abcgaf.[[g:brgcifiargb]]= goagfiargc

and Acdhbgaf [[hicrgdig:brgcifiaregb]] =
(hoag g) oag f=hoag (g0ag [)

and €(0bj]) €, Vset «

and C(Arr|) €, Vset «

shows tiny-semicategory o €

(proof)
Slicing.
context tiny-semicategory
begin
interpretation dg: tiny-digraph o <smc-dg € {proof)

lemmas-with [unfolded slicing-simps]:
tiny-smc-Obj-in- Vset[ sme-small-cs-intros] = dg.tiny-dg- Obj-in- Vset
and tiny-smc-Arr-in- Vset[ sme-small-cs-intros] = dg.tiny-dg-Arr-in-Vset
and tiny-smc-Dom-in- Vset| smc-small-cs-intros] = dg.tiny-dg-Dom-in- Vset
and tiny-smc-Cod-in- Vset[ sme-small-cs-intros] = dg.tiny-dg-Cod-in- Vset

end

Elementary properties.
sublocale tiny-semicategory C semicategory
{proof)
lemmas (in tiny-semicategory) tiny-smc-semicategory = semicategory-azioms
lemmas [smc-small-cs-intros] = tiny-semicategory.tiny-sme-semicategory

Size.

lemma (in tiny-semicategory) tiny-smc-Comp-in-Vset: €(Compl) €, Vset «
{proof)

lemma (in tiny-semicategory) tiny-smc-in-Vset: € €, Vset a
{proof)

lemma small-tiny-semicategories[ simp]: small {€. tiny-semicategory o €}
{proof)

lemma tiny-semicategories-vsubset- Vset:
set {€. tiny-semicategory o €} S, Vset «

{proof)

lemma (in semicategory) smc-tiny-semicategory-if-ge-Limit:
assumes Z J and a €, 3
shows tiny-semicategory § €

(proof)
Opposite tiny semicategory

lemma (in tiny-semicategory) tiny-semicategory-op:
tiny-semicategory « (op-smc €)

{proof)

lemmas tiny-semicategory-op[ smc-op-intros] =



CHAPTER 4. SEMICATEGORIES 293

tiny-semicategory.tiny-semicategory-op

4.3.3 Finite semicategory

Definition and elementary properties

A finite semicategory is a generalization of the concept of a finite category, as presented in nLab
[3] °.

locale finite-semicategory = Z o + uvfsequence € + Comp: vsv <€(Compl)» for o € +
assumes fin-smc-length| sme-cs-simps]: veard € = 5y
and fin-smc-finite-digraph| slicing-intros]: finite-digraph o (smc-dg €)
and fin-smc-Comp-vdomain: gf €, D, (€(Compl)) «—
(Fgfbecagf =g, flong:bogcnfiargbd)
and fin-smc-Comp-is-arr| sme-cs-intros]:
Lg:brgefiamgb]l = goag f:argc
and fin-smc-assoc| smc-cs-simps]:
Lhicredigibregcefiared]] =
(hoag g) oag f=hoag (9g0ag [)

lemmas [smc-cs-simps] =
finite-semicategory. fin-smc-length
finite-semicategory. fin-smc-assoc

lemmas [slicing-intros] =
finite-semicategory. fin-smc-Comp-is-arr

Rules.

lemma (in finite-semicategory) finite-semicategory-axioms' sme-small-cs-intros]:
assumes o’ = «
shows finite-semicategory o’ €
(proof)

mk-ide rf finite-semicategory-def[unfolded finite-semicategory-axioms-def |
|intro finite-semicategoryl|
|dest finite-semicategoryD[dest]|
|elim finite-semicategoryE| elim]

lemma finite-semicateqoryl "
assumes semicategory o € and vfinite (€(O0bj])) and vfinite (C(Arr]))
shows finite-semicategory o €

(proof)

lemma finite-semicategoryl "
assumes tiny-semicategory o € and vfinite (€(0bj))) and vfinite (E(Arr]))
shows finite-semicategory o €

{proof)
Slicing.

context finite-semicategory
begin

interpretation dg: finite-digraph « <smec-dg € (proof)

lemmas-with [unfolded slicing-simps]:
fin-smc-Obj-vfinite[ sme-small-cs-intros] = dg.fin-dg-Obj-vfinite

Shttps://ncatlab.org/nlab/show/finite+category
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and fin-sme-Arr-vfinite[ sme-small-cs-intros] = dg.fin-dg-Arr-vfinite
end

Elementary properties.
sublocale finite-semicategory < tiny-semicategory

{proof)

lemmas (in finite-semicategory) fin-sme-tiny-semicategory =
tiny-semicategory-axioms

lemmas [smc-small-cs-intros] = finite-semicategory.fin-sme-tiny-semicategory

lemma (in finite-semicategory) fin-smc-in-Vset: € €, Vset

{proof)

Size.

lemma small-finite-semicategories simp): small {€. finite-semicategory o €}
{proof)

lemma finite-semicategories-vsubset- Vset:
set {€. finite-semicategory o €} S, Vset «
(proof)

Opposite finite semicategory

lemma (in finite-semicategory) finite-semicategory-op:
finite-semicategory o (op-smc €)

(proof)

lemmas finite-semicategory-op[ smc-op-intros| =
finite-semicategory. finite-semicategory-op
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4.4 Semifunctor

4.4.1 Background

named-theorems smcf-cs-simps
named-theorems smcf-cs-intros

named-theorems smc-cn-cs-simps
named-theorems smc-cn-cs-intros

lemmas [smc-cs-simps] = dg-shared-cs-simps
lemmas [smc-cs-intros] = dg-shared-cs-intros

Slicing

definition smcf-dghm =V = V
where smcf-dghm € =
[€(ObjMapl)), €(ArrMapl), smec-dg (€(HomDom))), sme-dg (€(HomCod)))]o

Components.

lemma smcf-dghm-components:
shows [slicing-simps]: smef-dghm F(ObjMap]) = F(ObjMap))
and [slicing-simps]: smcf-dghm §F(ArrMap|) = §F(ArrMap))
and [slicing-commute]: smcf-dghm F(HomDoml|) = smc-dg (§(HomDoml))
and [slicing-commute]: smef-dghm F(HomCod]) = sme-dg (F(HomCod)))
{proof)

4.4.2 Definition and elementary properties

See Chapter I-3 in [39] and the description of the concept of a digraph homomorphism in the
previous chapter.

locale is-semifunctor =
Z o+
vfsequence § +
HomDom: semicategory o 2 +
HomCod: semicategory o B
for a A B § +
assumes smcf-length sme-cs-simps]: veard § = 4N
and smcf-is-dghm[ slicing-intros]:
smef-dghm § @ sme-dg A »—paga sme-dg B
and smcf-HomDom[ smc-cs-simps]: F(HomDom]|) = A
and smcf-HomCod[ smc-cs-simps]: §(HomCod|) = B
and smcf-ArrMap-Comp[smc-cs-simps]: [[ g: b =g ¢; f:amg b ]] =
3(ArrMap) (g oag /) = S1ArrMap)(g) oags F(ArrMap)(f)

syntax -is-semifunctor = V = V = V = V = bool
(«(-:/ - »—gmer - [51, 51, 51] 51)
syntax-consts -is-semifunctor = is-semifunctor
translations § : A »—gy0a B = CONST is-semifunctor a A B §

abbreviation (input) is-cn-semifunctor = V. = V = V = V = bool
where is-cn-semifunctor o A B F = F : op-smec A »>5pyca B

syntax -is-cn-semifunctor = V. = V = V = V = bool
(«(-:/ - sme=r1 -)» [51, 51, 51] 51)
syntax-consts -is-cn-semifunctor = is-cn-semifunctor
translations § : A gy o——a B = CONST is-cn-semifunctor a A B §
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abbreviation all-smcfs = V = V
where all-smefs a = set {§. IA B. F: A »—5p0a B}

abbreviation smcfs = V=V = V=V
where smcfs « A B = set {§F. F: A »~spmca B}

lemmas [smec-cs-simps] =
is-semifunctor.smcf-HomDom
is-semifunctor.smcf-HomCod
is-semifunctor.smcf-ArrMap-Comp

lemma smcf-is-dghm[ slicing-intros):
assumes § : A »—>g5170a0 B
and 2" = smc-dg 2
and B’ = smc-dg B
shows smcf-dghm § : A’ »—>pga B’
(proof)

lemma cn-dghm-comp-is-dghm:
assumes § : op-smc A »—>gpca B
shows smcf-dghm § : op-dg (smc-dg ) »—paa sme-dg B
(proof)

lemma cn-dghm-comp-is-dghm'[ slicing-intros]:
assumes § : op-smc A »—>gpca B
and 2" = op-dg (smc-dg )
and B’ = smc-dg B
shows smcf-dghm § : A" »—>pga B’
{proof)

Rules.

lemma (in is-semifunctor) is-semifunctor-axioms'[ sme-cs-intros]:
assumes o’ = o and 2’ = 2 and B’ =B
shows § : A" >g0 0, B’

{proof)

mk-ide rf is-semifunctor-def[unfolded is-semifunctor-axioms-def]
|intro is-semifunctorl|
|dest is-semifunctorD[ dest]|
|elim is-semifunctorE[ elim]|

lemmas [smc-cs-intros] =
is-semifunctorD(3,4)

lemma is-semifunctorl
assumes Z «

and vfsequence §
and semicategory a A
and semicategory a B
and wvcard § = 4N
and §(HomDom]) = 2
and F(HomCod]) = B
and vsv (F(ObjMap)))
and vsv (F(ArrMap)))
and D, (F(0bjMap))) = 2A(Obj))
and R, (F(0ObjiMap))) <. B(Obj)
and D, (F(ArrMap|)) = A(Arr)
and Aabf. frawg b=
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§(ArrMap))(f) : F(ObjMap))(a) —oq F(|ObiMap))(b)
and Abcgaf. [[g:brgofiaryb] =

S(ArrMap))(g oag f) = S(ArrMap))(g]) casg S(ArrMap))(f)

shows § : A »—>gyca B

{proof)

lemma is-semifunctorD"

assumes § : A »—>gpr00 B

shows Z «
and vfsequence §
and semicategory o 2
and semicategory o B
and vcard § = 4N
and F(HomDom|) = A
and §F(HomCod|) = B
and vsv (F(ObjMap)))
and vsv (F(ArrMap)))
and D, (F(0bjMap)) = A(Obj)
and R, (F(ObjMap))) <, B(Obj)
and D, (F(ArrMap))) = A(Arr)
and/\abf.f:aHQ[b:

§(ArrMap) (f) : F(0bjMap)(a) g5 F10bMap)(b)

and Abcgaf [[g:brgofiaryb] =

§(ArrMapl)(g oag f) = F(ArrMap))(g) oagg S(ArrMap))(f)

{proof)

lemma is-semifunctorE":

assumes § : A »—>g5170a0 B

obtains Z «
and vfsequence §
and semicategory o A
and semicategory a B
and vcard § = 4N
and F(HomDom]) = 2
and F(HomCod|) = B
and vsv (F(ObjMap)))
and vsv (F(ArrMap)))
and D, (F(ObjMap))) = A(0bj)
and R, (F(0bjMap))) <o B(Obj)
and D, (F(ArrMap))) = A(Arr|
and Aa b f. f:arg b=—

3(ArrMap) () : $(ObjMap)(a) ~a3 F(ObiMap) ()

and Abcgaf. [[g:brgcframyb]] =

§(ArrMapl)(g oagy f) = F(ArrMap))(gl) oag S(ArrMap))(f)

{proof)
Slicing.

context is-semifunctor
begin

interpretation dghm: is-dghm « <smc-dg 0y <smc-dg B> <smcf-dghm §>

{proof)

sublocale ObjMap: vsv <F(ObjMap))>

{proof)
sublocale ArrMap: vsv «F(ArrMap))

{proof)
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lemmas-with [unfolded slicing-simps]:

smef-ObjMap-vsv = dghm.dghm-ObjMap-vsv

and smcf-ArrMap-vsv = dghm.dghm-ArrMap-vsv

and smcf-ObjMap-vdomain| sme-cs-simps] = dghm.dghm-ObjMap-vdomain

and smcf-ObjMap-vrange = dghm.dghm-ObjMap-vrange

and smcf-ArrMap-vdomain| smc-cs-simps] = dghm.dghm-ArrMap-vdomain

and smcf-ArrMap-is-arr = dghm.dghm-ArrMap-is-arr

and smcf-ArrMap-is-arr’'[ sme-cs-intros] = dghm.dghm-ArrMap-is-arr'’

and smcf-ArrMap-is-arr'[ sme-cs-intros] = dghm.dghm-ArrMap-is-arr’

and smcf-ObjMap-app-in-Hom Cod-Obj[ smc-cs-intros] =
dghm.dghm-ObjMap-app-in-Hom Cod-Obj

and smcf-ArrMap-vrange = dghm.dghm-ArrMap-vrange

and smcf-ArrMap-app-in-HomCod-Arr[ smc-cs-intros]| =
dghm.dghm-ArrMap-app-in-HomCod-Arr

and smcf-ObjMap-vsubset-Vset = dghm.dghm-ObjMap-vsubset- Vset

and smcf-ArrMap-vsubset- Vset = dghm.dghm-ArrMap-vsubset-Vset

and smcf-ObjMap-in-Vset = dghm.dghm-ObjMap-in-Vset

and smcf-ArrMap-in-Vset = dghm.dghm-ArrMap-in- Vset

and smcf-is-dghm-if-ge-Limit = dghm.dghm-is-dghm-if-ge-Limit

and smcf-is-arr-HomCod = dghm.dghm-is-arr-HomCod

and smcf-vimage-dghm-ArrMap-vsubset-Hom =
dghm.dghm-vimage-dghm-ArrMap-vsubset-Hom,

end

lemmas [smc-cs-simps] =
is-semifunctor.smcf-ObjMap-vdomain
is-semifunctor.smcf-ArrMap-vdomain

lemmas [smc-cs-intros] =
is-semifunctor.smcf-ObjMap-app-in-Hom Cod-Obj
is-semifunctor.smcf-ArrMap-app-in-Hom Cod-Arr
is-semifunctor.smcf-ArrMap-is-arr’

Elementary properties.

lemma cn-smcf-ArrMap-Comp[ smc-cs-simps]:
assumes semicategory a A
and § : op-smc A sy 0a B
and g:crg b
and f:bwg a
( ShOV;/S S(ArrMap))(f oag ) = S(ArrMap])(g) cass S(ArrMap))(f))
proof

lemma smcf-eql:
assumes & : A »—>gy 00 B
and §: € »=gyca D
and &(0bjMap|) = F(ObjiMap))
and & (ArrMap)) = F(ArrMap))

and 2 = €

and B =9

shows & = §
{proof)

lemma smcf-dghm-eql:
assumes & : A »—>gy00 B
and §: € =gy ca D
and A =¢C
and 8 =9
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and smcf-dghm & = smcf-dghm §
shows & = §
{proof)

lemma (in is-semifunctor) smcf-def:
T = [§(ObiMap)), F(ArrMap)), §(HomDom|), F(HomCod))].
{proof)

lemma (in is-semifunctor) smcf-in-Vset:
assumes Z J and a &, 3
shows § €, Vset 8

(proof)

lemma (in is-semifunctor) smcf-is-semifunctor-if-ge-Limit:
assumes Z § and a &
shows § : 2 P SMCp B

(proof)

lemma small-all-smcfs[simp]: small {§. A B. §F: A »—>gp0a0 B}
(proof)

lemma (in is-semifunctor) smcf-in-Vset-7: § €, Vset (a + Tn)
{proof)

lemma (in Z) all-smcfs-in-Vset:

assumes Z § and a €, 3
shows all-smcfs a €, Vset 8

{proof)

lemma small-smcfs[simp]: small {§. § : A »—>srp0a B}

{proof)

4.4.3 Opposite semifunctor

Definition and elementary properties

See Chapter II-2 in [39].

definition op-smcf = V = V
where op-smcf § =
[§(ObjMapl), F(ArrMapl), op-sme (§(HomDoml)), op-sme (F(HomCod)))]o

Components.
lemma op-smcf-components| smc-op-simps|:
shows op-smef F(ObjMap|) = F(ObjMap))
and op-smcf F(ArrMap)|) = F(ArrMap))
and op-smcf F(HomDom|) = op-sme (F(HomDom)))
and op-smcf F(HomCod)) = op-smc (F(HomCod)))

(proof)
Slicing.
lemma op-dghm-smcf-dghm]slicing-commute]:
op-dghm (smcf-dghm §) = smcf-dghm (op-smcf §)
{proof)
Further properties

lemma (in is-semifunctor) is-semifunctor-op:
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op-smcef § 2 op-sme A »—gpr0q 0p-sme B
{proof)

lemma (in is-semifunctor) is-semifunctor-op”:
assumes 2’ = op-smc A and B’ = op-smc B and o’ = «
shows op-smcf § : A" »=smc, B’

(proof)
lemmas is-semifunctor-op’[ smc-op-intros] = is-semifunctor.is-semifunctor-op’

lemma (in is-semifunctor) smcf-op-smcf-op-smcf[smec-op-simps]:
op-smef (op-smef §) = §
{proof)

lemmas smcf-op-smef-op-smef[ sme-op-simps] = is-semifunctor.smcf-op-smcf-op-smcef

lemma eg-op-smcf-iff [ sme-op-simps]:
assumes & : A g0 B and §: € gy 00 D
shows op-smcf & = op-smef § «— & =F

{proof)

4.4.4 Composition of covariant semifunctors

Definition and elementary properties

abbreviation (input) smcf-comp = V = V = V (infixl <ogpcp> 55)
where smcf-comp = dghm-comp

Slicing.

lemma smcf-dghm-smcf-comp| slicing-commute]:
smcf-dghm & opguy smef-dghm § = smef-dghm (& ospyor §)
{proof)

Object map

lemma smcf-comp-ObjMap-vsv[ smc-cs-intros]:
assumes & : B »—gy0q0 Cand §: A >y ca B
shows vsv ((& ospor §)(0bjMapl)

{proof)

lemma smcf-comp-ObjMap-vdomain| sme-cs-simps]:
assumes & : B »—gy0q0 Cand §: A >y ca B
shows D, ((& osmcr §)(0bjMap))) = A(Obj))
{proof)

lemma smcf-comp-ObjMap-vrange:
assumes & : B »—g 00 Cand §: A »>gy 00 B
shows R, ((& osycor §)(0bjMap))) So €(O0b3)
{proof)

lemma smcf-comp-ObjMap-app| smc-cs-simps]:
assumes & : B g0 €
and §: A »—>gp00 B
and [simp]: a € 2A(0bj)
: ShOV;s (& osmer §)(0biMap))(al) = &(ObMap|) (F(ObjMap))(a))
proof
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Arrow map

lemma smcf-comp-ArrMap-vsv[ sme-cs-intros]:
assumes & : B »>—g 00 Cand § A >y ca B
shows vsv ((& ospor §)(ArrMap)

(proof)

lemma smcf-comp-ArrMap-vdomain[ sme-cs-simps]:
assumes & : B »>—g 00 Cand § A >y ca B
shows D, ((& osyor §)(ArrMap))) = A(Arr)

(proof)

lemma smcf-comp-ArrMap-vrange:
assumes & : B »>—gp 00 Cand § A >y c0a B
shows R, ((& osyor §)(ArrMap))) o €(Arr)

(proof)

lemma smcf-comp-ArrMap-app[ sme-cs-simps]:
assumes & : B g0 €
and S : Q[ oM Co %
and [simp]: f €, A(Arr]
( ShOV‘;S (& osmcr §)(ArrMap)(f) = &(ArrMap)) (F(ArrMap)) (f))
proof

Further properties

lemma smcf-comp-is-semifunctor| smc-cs-intros]:
assumes & : B »—gy0q0 Cand § : A >y 0a B
shows & ogyor §: ™A PPsmca €

{proof)

lemma smcf-comp-assoc smc-cs-simps]:
assumes 9 : € »—>gy 0 D
and & : B »—g50a €
and §: A »—5p0a B
shows () ospor 8) osmcr § =9 osmor (B osmcr §)
{proof)

lemma op-smcf-smef-comp[ sme-op-simps]:
op-smef (& osmcor §) = op-smef & ogycor op-smef §
(proof)

4.4.5 Composition of contravariant semifunctors

Definition and elementary properties

See section 1.2 in [15].

definition smcf-cn-comp = V = V = V (infixl <gprcpo> 55)
where & gy cp0 § =
[
&(0bjMap)) oo F(ObjMap)),
&(ArrMap)) oo §(ArrMap)),
op-sme (F(HomDom))),
&(HomCCod))

]o

Components.

lemma smcf-cn-comp-components:

301
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shows (& sy cro §)(0bjMap)) = &(0bjMap)) oo §(ObjMap])
and (& gy core §)(ArrMap)) = 8(ArrMap)) o F(ArrMap))
and [smc-cn-cs-simps]: (6 sy ore §)(HomDoml|) = op-sme (F(HomDom)))
and [smc-cn-cs-simps]: (6 syore §)(HomCod]) = &(HomCod)

(proof)

Slicing.
lemma smcf-dghm-smcf-cn-comp| slicing-commute]:

smef-dghm & paryo smef-dghm § = smef-dghm (& spyoro F)
(proof)

Object map: two contravariant semifunctors

lemma smcf-cn-comp-ObjMap-vsv| sme-cn-cs-intros]:
assumes & : B gy oo~ Cand § A spyo~—a B
shows vsv ((& gsaroro §)(0bjMap)))

{proof)

lemma smcf-cn-comp-ObjMap-vdomain| smc-cn-cs-simps]:
assumes & : B gy oo~ Cand § A spyo~—a B
shows D, ((& syoro §)(0ObiMap))) = A(Obj)

{proof)

lemma smcf-cn-comp-ObjMap-vrange:
assumes & : B gy oo~ Cand § A spyo——a B
shows R, ((& smcoro §F)(0bjiMap))) <o €(0bj)
{proof)

lemma smcf-cn-comp-ObjMap-app| sme-cn-cs-simps]:
assumes & : B gy o—q Cand §F: A syoa B and a €, A(Obj)
shows (& sy cre §)(0bjMap))(a) = &(0biMap)(F(ObiMap|)(al))
{proof)

Arrow map: two contravariant semifunctors

lemma smcf-cn-comp- ArrMap-vsv[ sme-cn-cs-intros]:
assumes & : B gy oo Cand §: A syc--a B
shows vsv ((& sy coro §)(ArrMapl)

{proof)

lemma smcf-cn-comp-ArrMap-vdomain[ smc-cn-cs-simps]:
assumes & : B gy oo~ Cand § A spyo~—a B
shows D, ((& sycore §F)(ArrMap))) = A(Arr)

{proof)

lemma smcf-cn-comp-ArrMap-vrange:
assumes & : B gy o~ Cand § A syro—a B
shows R, ((& sy coro §F)(ArrMap))) o €(Arr))
{proof)

lemma smcf-cn-comp-ArrMap-app| sme-cn-cs-simps]:
assumes & : B gy o—q Cand §F: A syo—a B and a €, A(Arr)
shows (6 syrore §)(ArrMap))(al) = &(ArrMap)) (F(ArrMap))(a))
(proof )

Object map: contravariant and covariant semifunctors

lemma smcf-cn-cov-comp-ObjMap-vsv[ sme-cn-cs-intros):
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assumes & : B gy oo Cand § A >y 0a B
shows vsv ((& sycoro §)(0bjMapl)
(proof )

lemma smcf-cn-cov-comp-ObjMap-vdomain| smc-cn-cs-simps|:
assumes & : B gy oo Cand § A >y ca B
shows D, ((& syrcro F)(0ObiMap))) = A(Obj)

(proof )

lemma smcf-cn-cov-comp-ObjMap-vrange:
assumes & : B gy oo Cand §: A »>gy0a B
shows R, ((& samcoro §F)(ObjiMap))) <o €(0bj)
{proof)

lemma smcf-cn-cov-comp-ObjMap-app| sme-cn-cs-simps]:
assumes & : B gy o—q Cand §F: A »ogyca B and a €, A(Obj)
shows (& sy cro §)(ObjMap))(a) = &(ObiMap))(F(ObjMap|)(al))
{proof)

Arrow map: contravariant and covariant semifunctors

lemma smcf-cn-cov-comp-ArrMap-vsv[ sme-cn-cs-intros|:
assumes & : B gy oo~ Cand § A »>gpy0a B
shows vsv ((& sy oro §)(ArrMapl)

{proof)

lemma smcf-cn-cov-comp-ArrMap-vdomain[ smc-cn-cs-simps):
assumes & : B gy oo Cand § A »>gpy0a B
shows D, ((& syrcre §)(ArrMap)) = A(Arr)

{proof)

lemma smcf-cn-cov-comp-ArrMap-vrange:
assumes & : B gy oo Cand § A >y ca B
shows R, ((& sy cro §F)(ArrMap))) o €(Arr))
{proof)

lemma smcf-cn-cov-comp-ArrMap-app| sme-cn-cs-simps]:
assumes & : B gy c—q Cand §F: A »>syoa B and f €, A(Arr)
shows (& smcro §)(ArrMap)(f) = &(ArrMap)) (F(ArrMap))(f))
(proof)

Opposite of the contravariant composition of semifunctors

lemma op-smcf-smcf-cn-comp| sme-op-simps]:
op-smef (& gyoro §) = op-smef & spyopo op-smef §

{proof)

Further properties

lemma smcf-cn-comp-is-semifunctor| sme-cn-cs-intros]:
— See section 1.2 in [15].
assumes semicategory a A and & : B gy o Cand §: A syoa B
shows & gycro §: A »sp0a €

(proof)

lemma smcf-cn-cov-comp-is-semifunctor| sme-cs-intros|:
— See section 1.2 in [15].
assumes & : B gy o Cand §: A »-gp0a B
shows & gyrcro §: A spro=~a €
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(proof)

lemma smcf-cov-cn-comp-is-semifunctor| smc-cn-cs-intros):
— See section 1.2 in [15].
assumes & : B gy 00 Cand § : A syro—a B
shows & ogyor §: A suo—a €
(proof)
4.4.6 Identity semifunctor
Definition and elementary properties
See Chapter I-3 in [39)].
abbreviation (input) smcf-id = V = V where smcf-id = dghm-id
Slicing.

lemma smcf-dghm-smcf-id[ slicing-commute]:
dghm-id (smc-dg €) = smcf-dghm (smcf-id €)
(proof )

context semicategory
begin

interpretation dg: digraph « <smc-dg € {proof)

lemmas-with [unfolded slicing-simps]:
sme-dghm-id-is-dghm = dg.dg-dghm-id-is-dghm

end

Object map
lemmas [smc-cs-simps]| = dghm-id-ObjMap-app

Arrow map

lemmas [smc-cs-simps] = dghm-id-ArrMap-app

Opposite identity semifunctor

lemma op-smcf-smcf-id[ smc-op-simps]: op-smcf (smcf-id €) = smef-id (op-sme €)

{proof)

An identity semifunctor is a semifunctor

lemma (in semicategory) sme-smcf-id-is-semifunctor: smef-id € : € »>gpy o0 €

{proof)
lemma (in semicategory) smc-smcf-id-is-semifunctor”:

assumes A = € and B = ¢
shows smcf-id € : A »—~gp10a B

{proof)

lemmas [smc-cs-intros] = semicategory.smc-smcf-id-is-semifunctor’

Further properties

lemma (in is-semifunctor) smcf-smcf-comp-smef-id-left[ smc-cs-simps]:

304
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— See Chapter I-3 in [39]).
smcf-id B ogyor § = §
(proof)

lemmas [smc-cs-simps] = is-semifunctor.smef-smef-comp-smef-id-left

lemma (in is-semifunctor) smcf-smcf-comp-smef-id-right[ smc-cs-simps]:
— See Chapter I-3 in [39]).
S osmcor smef-id A = §
(proof)

lemmas [smc-cs-simps| = is-semifunctor.smcf-smcf-comp-smef-id-right

4.4.7 Constant semifunctor

Definition and elementary properties

See Chapter III-3 in [39].

abbreviation (input) smcf-const = V=V =V =V =V
where smcf-const = dghm-const

Slicing.

lemma smcf-dghm-smcf-const| slicing-commute]:
dghm-const (smec-dg €) (sme-dg D) a f = smcf-dghm (smcf-const €D a f)
(proof )

Object map

lemmas [smec-cs-simps] =
dghm-const-ObjMap-app

Arrow map

lemmas [smc-cs-simps] =
dghm-const-ArrMap-app

Opposite constant semifunctor

lemma op-smcf-smcf-const| smc-op-simps|:
op-smcf (smcf-const € D a f) = smcf-const (op-sme €) (op-sme D) a f
(proof )

A constant semifunctor is a semifunctor

lemma smcf-const-is-semifunctor:
assumes semicategory a €
and semicategory o D
and f:a~p a
and [simp]: f oap f=f
shows smcf-const €D a f: € o5y 0a D
{proof)

lemma smcf-const-is-semifunctor’[ sme-cs-intros):
assumes semicategory a €
and semicategory o ®
and f:a~p a
and foap f=f
and A =¢C
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and B =9
shows smcf-const €D a f : A =500 B
(proof)

Further properties

lemma (in is-semifunctor) smcf-smcf-comp-smcf-const| sme-cs-simps]:
assumes semicategory o Cand f:a =g aand fope f=f
shows smcf-const B € a f ogpyor § = smef-const A € a f

{proof)

lemmas [smc-cs-simps] = is-semifunctor.smef-smef-comp-smef-const

4.4.8 Faithful semifunctor

Definition and elementary properties

See Chapter I-3 in [39].

locale is-ft-semifunctor = is-semifunctor a A B § for a A B §F +
assumes ft-smcf-is-ft-dghm:
smcf-dghm § : sme-dg A ==pa.faithfula Smc-dg B

syntax -is-ft-semifunctor = V. = V = V = V = bool
(«(-:/ - »esme.faithfunt <) [51, 51, 51] 51)
syntax-consts -is-ft-semifunctor = is-ft-semifunctor
translations § : A =gy 0 faithfula B = CONST is-ft-semifunctor o A B §

lemma (in is-ft-semifunctor) ft-smcf-is-ft-dghm'[ slicing-intros]:
assumes 2’ = smc-dg 2 and B’ = sme-dg B
shows smcf-dghm § : A’ »—pa raithfuia B’

(proof)
lemmas [slicing-intros] = is-ft-semifunctor.ft-smcf-is-ft-dghm’

Rules.

lemma (in is-ft-semifunctor) is-ft-semifunctor-azioms’[ smcf-cs-intros):
assumes o' = o and A’ = A and B' = B
shows § : A" =gp 0 faithfuly’ B’

{proof)

mk-ide rf is-ft-semifunctor-def[unfolded is-ft-semifunctor-axioms-def|
|intro is-ft-semifunctorl|
|dest is-ft-semifunctorD[ dest]|
|elim is-ft-semifunctorE[ elim]|

lemmas [smcf-cs-intros] = is-ft-semifunctorD(1)

lemma is-ft-semifunctorl
assumes § : A »—>g5170a0 B
and Aa b. [ a € A(0bj]); b €, A(Obj) ]| = w1l (F(ArrMap)) 1's Hom A a b)
shows § : /A =gy o faithfuia B

{proof)

lemma is-ft-semifunctorD":
assumes § : A =500 faithfula B
shows § : A »—>gyca B
and Aa b. [ a € A(0bj]); b e, A(Obj) ]| = v11 (F(ArrMap)) t's Hom A a b)
(proof )
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lemma is-ft-semifunctorE":
assumes § : A =500 faithfula B
obtains § : A »—>g30a0 B
and Aa b. [ a € A(0bj); b e, A(Obj) ]| = v11 (F(ArrMap)) 1o Hom A a b)
(proof)

lemma is-ft-semifunctorl '
assumes § : A gy 00 B
and Aa b g f.

[ g:amy bif:amy b S(ArMap)(g) = F0ArrMap)(f) | — ¢ - f
shows § : A =gy faithfula B

{proof)

Elementary properties.

context is-ft-semifunctor
begin

interpretation dghm: is-ft-dghm « <smc-dg 2> <sme-dg B> <smcf-dghm §>
(proof)

lemmas-with [unfolded slicing-simps]:
ft-smcf-vll-on-Hom = dghm.ft-dghm-v11-on-Hom
and ft-smcf-ArrMap-eqD = dghm.ft-dghm-ArrMap-eqD

end

Opposite faithful semifunctor

lemma (in is-ft-semifunctor) is-ft-semifunctor-op:
op-smcf § : op-smc A 5010 faithfula 0p-smc B

{proof)

lemma (in is-ft-semifunctor) is-ft-semifunctor-op’[ smc-op-intros|:
assumes 2’ = op-smc A and B’ = op-smc B
shows op-smcf §: A" =g faithfuia B’

(proof)

lemmas is-ft-semifunctor-op[ smc-op-intros] =
is-ft-semifunctor.is-ft-semifunctor-op’

The composition of faithful semifunctors is a faithful semifunctor

lemma smcf-comp-is-ft-semifunctor| smef-cs-intros):
— See Chapter I-3 in [39].
assumes & : B =910 faithfula € and § 1 A =0 faithfula B
shows & ogyor §: A = sme. faithfula €

{proof)

4.4.9 Full semifunctor
Definition and elementary properties

See Chapter I-3 in [39].

locale is-fl-semifunctor = is-semifunctor a A B §F for a A B F +
assumes fl-smcf-is-fl-dghm:
smcf-dghm § : sme-dg A =+—pag.fulia sme-dg B
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syntax -is-fl-semifunctor = V= V = V = V = bool
(«(-:/ - P»Psmo.pan -) [61, 51, 51] 51)
syntax-consts -is-fl-semifunctor = is-fl-semifunctor
translations § : A =gy e futia B = CONST is-fl-semifunctor o A B §

lemma (in is-fl-semifunctor) fl-smcf-is-fl-dghm'[ slicing-intros]:
assumes 2’ = smc-dg 2 and B’ = sme-dg B
shows smcf-dghm § : A" —»~pa. fuiia B’

(proof )
lemmas [slicing-intros| = is-fl-semifunctor.fl-smcf-is-fl-dghm’

Rules.

mk-ide rf is-fl-semifunctor-def[ unfolded is-fl-semifunctor-azioms-def]
|intro is-fl-semifunctorl|
|dest is-fl-semifunctorD[ dest]|
|elim is-fl-semifunctorE[ elim]|

lemmas [smcf-cs-intros] = is-fl-semifunctorD(1)

lemma is-fl-semifunctorl "
assumes § : A > 00 B
and Aa b. [ a €, A(0bj)); b €, A(Ob)) || =
3(ArrMap)) ‘s (Hom 2 a b) = Hom B (3(ObjMap)(a)) (00bjMap)(8))
shows § : A »—grc futia B

{proof)

lemma is-fl-semifunctorD":
assumes § : A =50 fulia B
shows § : A »—>gp0a B
and Aa b. [ a & A(0bj]); b €, A(Obf) || =
Sl " (tom 2 ) = Hom 5 (§(OWMar)eh) (S0 (3)
proof

lemma is-fl-semifunctorE":
assumes § : A =970 fulia B
obtains § : / »~gsyca B
and Aa b. [ a €, A(0bj); b €, A(Ob)) || =
( S(If)lTTMapl) o (Hom 2 a b) = Hom B (§(0bjMap))(al)) (F(ObiMap))(b))
proof

Elementary properties.
context is-fl-semifunctor

begin

interpretation dghm: is-fl-dghm « <smc-dg A <smc-dg B <smcf-dghm §>
(proof)

lemmas-with [unfolded slicing-simps]:
fl-smcf-surj-on-Hom = dghm.fl-dghm-surj-on-Hom

end

Opposite full semifunctor

lemma (in is-fl-semifunctor) is-fl-semifunctor-op:
op-smcf § : op-sme A =g 0. fuila 0p-smc B
(proof )
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lemma (in is-fl-semifunctor) is-fl-semifunctor-op'[ sme-op-intros):
assumes 2’ = op-smc A and B’ = op-smc B
shows op-smef §: A =gy e fulia B’

{proof)

lemmas is-fl-semifunctor-op[ sme-op-intros] =
is-fl-semifunctor.is-fl-semifunctor-op

The composition of full semifunctors is a full semifunctor
lemma smcf-comp-is-fl-semifunctor| smcf-cs-intros]:

— See Chapter I-3 in [39].

assumes 6 : B »-g5y o fuliac € and § : A »osy 0 fulla B

shows & ogycr § A »=syc.fulla €

{proof)

4.4.10 Fully faithful semifunctor

Definition and elementary properties

See Chapter I-3 in [39]).

locale is-ff-semifunctor =
is-ft-semifunctor o A B § + is-fl-semifunctor a A B § for a A B §F

syntax -is-ff-semifunctor = V. = V = V = V = bool
(((— :/ Mindnd ) Vael sy —)} [51, 51, 51] 5].)
syntax-consts -is-ff-semifunctor = is-ff-semifunctor
translations § : A =gy o pra B = CONST is-ff-semifunctor a A B §

Rules.

mk-ide rf is-ff-semifunctor-def
|intro is-ff-semifunctor]]|
|dest is-ff-semifunctorD[ dest]|
|elim is-ff-semifunctorE[ elim]|

lemmas [smcf-cs-intros] = is-ff-semifunctorD

Elementary properties.
lemma (in is-ff-semifunctor) ff-smcf-is-ff-dghm:

smcf-dghm § : sme-dg A ——>pg.fra sme-dg ‘B
(proof)

lemma (in is-ff-semifunctor) ff-smcf-is-ff-dghm'[ slicing-intros]:
assumes 2’ = smc-dg 2 and B’ = smc-dg B
shows smcf-dghm § : A’ »—pa rra B’
(proof )

lemmas [slicing-intros] = is-ff-semifunctor.ff-smcf-is-ff-dghm’

Opposite fully faithful semifunctor

lemma (in is-ff-semifunctor) is-ff-semifunctor-op:
op-smcf § i op-smc A =gy o fra op-sme B

{proof)

lemma (in is-ff-semifunctor) is-ff-semifunctor-op’[ smc-op-intros]:
assumes 2’ = op-smc A and B’ = op-smc B
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shows op-smcf §: A »—>spc.fra B’

{proof)

lemmas is-ff-semifunctor-op[ smc-op-intros] =
is-ff-semifunctor.is-ff-semifunctor-op’

The composition of fully faithful semifunctors is a fully faithful semifunctor

lemma smcf-comp-is-ff-semifunctor| smcf-cs-intros]:
assumes & : B =gy o fra Cand § ™A =gy pra B
shows & osyor §: A »esme.fra €

{proof)

4.4.11 Isomorphism of semicategories

Definition and elementary properties

See Chapter I-3 in [39].

locale is-iso-semifunctor = is-semifunctor a A B § for a A B §F +
assumes iso-smcf-is-iso-dghm:
smef-dghm § : sme-dg A »—>pa.isoa SMC-dg B

syntax -is-iso-semifunctor = V= V = V = V = bool
(((— Z/ -9 M Clisol —)) [517 517 51] 51)
syntax-consts -is-iso-semifunctor = is-iso-semifunctor
translations § : A »—gs10.is0a0 B = CONST is-iso-semifunctor a A B §

lemma (in is-iso-semifunctor) iso-smcf-is-iso-dghm/[ slicing-intros]:
assumes 2’ = smc-dg A B’ = smc-dg B
shows smcf-dghm § : A" »-pg isoa B’

(proof)
lemmas [slicing-intros] = is-iso-semifunctor.iso-smcf-is-iso-dghm’

Rules.

lemma (in is-iso-semifunctor) is-iso-semifunctor-azioms'| smcf-cs-intros):
assumes o' = o and A’ = A and B' = B
shows § : A" =507 ¢iso, B’

{proof)

mk-ide rf is-iso-semifunctor-def[unfolded is-iso-semifunctor-axioms-def |
|intro is-iso-semifunctorl|
|dest is-iso-semifunctorD[ dest]|
|elim is-iso-semifunctorE[ elim]|

lemma is-iso-semifunctorl”:

assumes § : A »—>gy0a B

and v1l (F(ObjMap]))

and v1l (F(ArrMap)))

and R, (F(O0bjiMap))) = B(O0bj)

and R, (F(ArrMap))) = B(Arr|
shows § : A =570 050 B
(proof)

lemma is-iso-semifunctorD":
assumes § : A g0 isoa B
shows § : A »>gp00 B
and v11 (F(ObjMap)))
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and v11 (F(ArrMap)))

and R, (F(O0bjiMap))) = B(O0bj)
< and )Ro (S(ArrMap))) = B(Arr)
proof

lemma is-iso-semifunctorE":

assumes § : A »>—>g5170.550a0 B
obtains § : 2 »—>gyca B

and v11 (F(ObjMap)))

and vll (F(ArrMap)))

and R, (F(0ObjMap))) = B(Obj)

and R, (F(ArrMap))) = B(Arr)
(proof)

Elementary properties.

context is-iso-semifunctor
begin

interpretation dghm: is-iso-dghm « <smc-dg A> <smc-dg B> <smcf-dghm §»
(proof)

lemmas-with [unfolded slicing-simps]:
iso-smcf-ObjMap-vrange[ smcf-cs-simps| = dghm.iso-dghm-ObjMap-vrange
and iso-smcf-ArrMap-vrange[ smcf-cs-simps] = dghm.iso-dghm-ArrMap-vrange

sublocale ObjMap: v11 «F(ObjMap))
rewrites D, (F(0bjMap))) = A(0bj) and R, (F(ObjMap))) = B(Obj)
{proof)

sublocale ArrMap: v11 «F(ArrMap))»
rewrites D, (F(ArrMap))) = A(Arr) and R. (§(ArrMap))) = B(Arr)
{proof)

lemmas-with [unfolded slicing-simps]:
iso-smcf-Obj-HomDom-if-Obj-HomCod| elim] =
dghm.iso-dghm-Obj-HomDom-if-Obj-HomCod
and iso-smcf-Arr-HomDom-if-Arr-HomCod|[ elim] =
dghm.iso-dghm-Arr-HomDom-if- Arr-HomCod
and iso-smcf-ObjMap-eqE[ elim] = dghm.iso-dghm-ObjMap-eqE
and iso-smcf-ArrMap-eqE|[ elim] = dghm.iso-dghm-ArrMap-eqFE

end

sublocale is-iso-semifunctor < is-ff-semifunctor
(proof)

lemmas (in is-iso-semifunctor) iso-smcf-is-ff-semifunctor =
is-ff-semifunctor-axioms

lemmas [smcf-cs-intros] = is-iso-semifunctor.iso-smcf-is-ff-semifunctor

Opposite isomorphism of semicategories

lemma (in is-iso-semifunctor) is-iso-semifunctor-op:
op-smef § 1 op-sme A =50 cisoa OP-sme B
(proof)

lemmas is-iso-semifunctor-op[ smc-op-intros] =

311
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1s-iso-semifunctor.is-iso-semifunctor-op

312

The composition of isomorphisms of semicategories is an isomorphism of semicat-

egories

lemma smcf-comp-is-iso-semifunctor| smef-cs-intros]:
assumes & : B =gy 0500 € and § A =90 500 B
shows & ogpor §: A »Hspcisoa €

{proof)

4.4.12 Inverse semifunctor

abbreviation (input) inv-smcef = V = V
where inv-smcf = inv-dghm

lemmas [smc-cs-simps] = inv-dghm-components(3,4)

Slicing.

lemma dghm-inv-smcf| slicing-commute]:
inv-dghm (smcf-dghm §) = smcf-dghm (inv-smcef §)
(proof)

context is-iso-semifunctor
begin

interpretation dghm: is-iso-dghm « <smc-dg A> <smc-dg B <smcf-dghm §»
(proof)

lemmas-with [unfolded slicing-simps slicing-commute]:

inv-smcf-ObjMap-v1l = dghm.inv-dghm-ObjMap-v11

and inv-smcf-ObjMap-vdomain = dghm.inv-dghm-ObjMap-vdomain

and inv-smcf-ObjMap-app = dghm.inv-dghm-ObjMap-app

and inv-smcf-ObjMap-vrange = dghm.inv-dghm-ObjMap-vrange

and inv-smcf-ArrMap-v11 = dghm.inv-dghm-ArrMap-v11

and inv-smcf-ArrMap-vdomain = dghm.inv-dghm-ArrMap-vdomain

and inv-smcf-ArrMap-app = dghm.inv-dghm-ArrMap-app

and inv-smcf-ArrMap-vrange = dghm.inv-dghm-ArrMap-vrange

and iso-smcf-ObjMap-inv-smcf-ObjMap-app| smcf-cs-simps] =
dghm.iso-dghm-ObjMap-inv-dghm-ObjMap-app

and iso-smcf-ArrMap-inv-smcf-ArrMap-app[ smcf-cs-simps] =
dghm.iso-dghm-ArrMap-inv-dghm-ArrMap-app

and iso-smcf-HomDom-is-arr-conv = dghm.iso-dghm-HomDom-is-arr-conv

and iso-smcf-HomCod-is-arr-conv = dghm.iso-dghm-Hom Cod-is-arr-conv

and iso-inv-smcf-ObjMap-smcf-ObjMap-app| smcf-cs-simps] =
dghm.iso-inv-dghm-ObjMap-dghm-ObjMap-app

and iso-inv-smcf-ArrMap-smcf-ArrMap-app[ smcf-cs-simps] =
dghm.iso-inv-dghm-ArrMap-dghm-ArrMap-app

end

lemmas [smcf-cs-intros] =
is-iso-semifunctor.inv-smcf-ObjMap-v11
is-iso-semifunctor.inv-smcf-ArrMap-v11

lemmas [smcf-cs-simps] =
is-iso-semifunctor.inv-smcf-ObjMap-vdomain
is-iso-semifunctor.inv-smcf-ObjMap-app
is-iso-semifunctor.inv-smcf-ObjMap-vrange
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is-iso-semifunctor.inv-smcf-ArrMap-vdomain
is-iso-semifunctor.inv-smcf-ArrMap-app
is-iso-semifunctor.inv-smcf-ArrMap-vrange
is-iso-semifunctor.iso-smcf-ObjMap-inv-smcf-ObjMap-app
is-iso-semifunctor.iso-smcf-ArrMap-inv-smcf-ArrMap-app
is-iso-semifunctor.iso-inv-smcf-ObjMap-smcf-ObjMap-app
is-iso-semifunctor.iso-inv-smcf-ArrMap-smcf-ArrMap-app

4.4.13 An isomorphism of semicategories is an isomorphism in the category
SemiCAT

lemma is-iso-arr-is-iso-semifunctor:
— See Chapter I-3 in [39].
assumes § : A »—>gp0a B
and & : ‘B oM Ca 2
and & ogyor § = smef-id A
and S OSMCF 6 = Sme—id B
shows § : A =570 is0a B
{proof)

lemma is-iso-semifunctor-is-iso-arr:
assumes § : A >—>g5y 0. isoa B
shows [smcf-cs-intros]: inv-smef § : B sy 0.isoa A
and [smcf-cs-simps]: inv-smef §F ospor § = smef-id A
and [smcf-cs-simps]: §F ospor inv-smef § = smef-id B
{proof)

An identity semifunctor is an isomorphism of semicategories

lemma (in semicategory) smc-smcf-id-is-iso-semifunctor:
S’ﬂLCf—Z'd ¢: ¢ PP SMC.isoq ¢

{proof)

lemma (in semicategory) smc-smcf-id-is-iso-semifunctor’[ smcf-cs-intros]:
assumes 2’ = € and B' = ¢
shows smcf-id € : A’ =gy 0. is0a B’

{proof)

lemmas [smcf-cs-intros] = semicategory.smc-smcf-id-is-iso-semifunctor’

4.4.14 Isomorphic semicategories
Definition and elementary properties

See Chapter I-3 in [39]).

locale iso-semicategory = L: semicategory o 2 + R: semicategory o B
for a A B +
assumes iso-smc-is-iso-semifunctor: 3F. § : A »—>gp0.is0a0 B

notation iso-semicategory (infixl <~gp 1> 50)

Rules.

lemma iso-semicategoryl:
assumes § : A =570 5500 B
shows A ~gyrca B

{proof)

lemma iso-semicategoryD| dest]:
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assumes A ~¥sprca B
shows 3F. §: A »—>5m0.is00 B

{proof)

lemma iso-semicategoryE| elim]:
assumes 2 ~gp o0 B
obtains § where § : A »—>g170.i50a B

{proof)

Elementary properties.

lemma (in iso-semicategory) iso-smc-iso-digraph: smc-dg 2 ~pga sme-dg B

{proof)

A semicategory isomorphism is an equivalence relation

lemma iso-semicategory-refi:
assumes semicategory a A
shows A 2gprca A

(proof)

lemma iso-semicategory-sym[sym]:
assumes 2A ~gy 00 B
shows B ~gpr0a A

{proof)

lemma iso-semicategory-trans|trans]:
assumes A ~sprca B and B =gy ca €
shows A ~gpr0a €

(proof)
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4.5 Smallness for semifunctors

4.5.1 Semifunctor with tiny maps

Definition and elementary properties

locale is-tm-semifunctor = is-semifunctor a A B § for a A B § +
assumes tm-smcf-is-tm-dghm[ slicing-intros]:
smcf-dghm § : sme-dg A =~ pg.itma sSme-dg B

syntax -is-tm-semifunctor = V=V = V = V = bool
(((— Z/ -B=>Eonotml —)) [51, 51, 51] 51)
syntax-consts -is-tm-semifunctor = is-tm-semifunctor
translations § : A »—gsy0.tma B = CONST is-tm-semifunctor a A B §F

abbreviation (input) is-cn-tm-semifunctor = V.= V = V = V = bool
where is-cn-tm-semifunctor a A B F = § : op-dg A »—>spc.tma B

syntax -is-cn-tm-semifunctor = V. = V = V = V = bool
(«(-:/ - smc.tm—+1 -)» [61, 51, 51] 51)
syntax-consts -is-cn-tm-semifunctor = is-cn-tm-semifunctor
translations § : A sy o.tm——a B = CONST is-cn-tm-semifunctor a A B §

abbreviation all-tm-smcfs = V = V
where all-tm-smcfs o = set {§. IAB. §F: A =510 tma B}

abbreviation small-tm-smcfs = V=V = V =V
where small-tm-smcfs @ A B = set {F. §F: A > smc.tma B}

lemma (in is-tm-semifunctor) tm-smcf-is-tm-dghm":
assumes o’ = «
and 2" = smc-dg A
and B’ = smc-dg B
shows smcf-dghm § : 2’ DG tmg,! B’

(proof)
lemmas [slicing-intros] = is-tm-semifunctor.tm-smcf-is-tm-dghm’

Rules.

lemma (in is-tm-semifunctor) is-tm-semifunctor-axioms'[ smc-small-cs-intros]:
assumes o’ = ¢ and 2’ = A and B’ =B
shows § : A" =50 ¢ty B’

{proof)

mk-ide rf is-tm-semifunctor-def [ unfolded is-tm-semifunctor-azioms-def]
|intro is-tm-semifunctorl|
|dest is-tm-semifunctorD| dest]|
|elim is-tm-semifunctorE[ elim]|

lemmas [smc-small-cs-intros] = is-tm-semifunctorD(1)

Slicing.

context is-tm-semifunctor
begin

interpretation dghm: is-tm-dghm « <smc-dg > <smc-dg By <smcf-dghm §>
(proof)

lemmas-with [unfolded slicing-simps]:
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tm-smcf-ObjMap-in- Vset] smc-small-cs-intros] = dghm.tm-dghm-ObjMap-in- Vset
and tm-smcf-ArrMap-in- Vset| sme-small-cs-intros] = dghm.tm-dghm-ArrMap-in- Vset

end

Elementary properties.

sublocale is-tm-semifunctor ¢ HomDom: tiny-semicategory a A
{proof)

Further rules.

lemma is-tm-semifunctorl
assumes [simp]: § : A =gy 00 B
and [simp]: F(ObjMap)) €, Vset a
and [simp]: F(ArrMap)) €, Vset a
and [simp]: semicategory o B
shows § : A »g5y 0. tma B
{proof)

lemma is-tm-semifunctorD":
assumes § : A »>—>g517 0. tma B
shows semicategory o B
and § : A =gy ca B
and §(ObjMap)) €, Vset a
and F(ArrMap|) €, Vset a
(proof)

lemmas [smc-small-cs-intros] = is-tm-semifunctorD'(1)

lemma is-tm-semifunctorE":
assumes § : A ~>—>gpy o tma B
obtains semicategory a ‘B
and § : A »=gyca B
and §(0ObjMap)) €, Vset a
and F(ArrMap|) €, Vset a
(proof)

Size.

lemma small-all-tm-smcfs[simp]: small {§. IA B. F: A = spmc.tma B}
(proof)

Opposite semifunctor with tiny maps

lemma (in is-tm-semifunctor) is-tm-semifunctor-op:
op-smcf § : op-smc A —»—>gp 0. tma Op-smc B

{proof)

lemma (in is-tm-semifunctor) is-tm-semifunctor-op’[ smc-op-intros]:
assumes 2’ = op-smc A and B’ = op-smc B and o’ = «
shows op-smcf § : ' =500 tmy, B’

{proof)

lemmas is-tm-semifunctor-op[ smc-op-intros] = is-tm-semifunctor.is-tm-semifunctor-op’

Composition of semifunctors with tiny maps

lemma smcf-comp-is-tm-semifunctor| smc-small-cs-intros):
assumes & : B »—gy0ima Cand § A »—s5p 0 tma B
shows & ogpor §: A »syc.tma €
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(proof)

Finite semicategories and semifunctors with tiny maps

lemma (in is-semifunctor) smcf-is-tm-semifunctor-if-HomDom-finite-semicategory:

assumes finite-semicategory o A
shows § : A »—~gsrc.tma B

{(proof)

Constant semifunctor with tiny maps

lemma smcf-const-is-tm-semifunctor:
assumes tiny-semicategory o« €
and semicategory o ®
and f:a~p a
and fosp f=f
shows smcf-const €D a f: € =5y 0. tma D
{proof)

lemma smcf-const-is-tm-semifunctor”:
assumes tiny-semicategory o €
and semicategory o ®
and f:a~p a
and foap f=f

and ¢' = ¢

and ®' =9
shows smcf-const €D a f: €' =510 tma D
(proof)

lemmas [smc-small-cs-intros] = smef-const-is-tm-semifunctor’

4.5.2 Tiny semifunctor

Definition and elementary properties

locale is-tiny-semifunctor = is-semifunctor o A B § for o A B F +
assumes tiny-smcf-is-tiny-dghm| slicing-intros]:
smcf-dghm § : sme-dg A =~ paG.tinya sSme-dg B

syntax -is-tiny-semifunctor = V. = V = V = V = bool
(«(-:/ - PP sme.tingt -)» [01, 51, 51] 51)
syntax-consts -is-tiny-semifunctor = is-tiny-semifunctor
translations § : A =gy tinya B = CONST is-tiny-semifunctor o A B §

abbreviation (input) is-cn-tiny-smef = V=V = V = V = bool
where is-cn-tiny-smcf o A B § = § : op-smec A »—>gp . tinya B

syntax -is-cn-tiny-smcf = V= V = V = V = bool
(«(-:/ - smc.tiny=>r1 -) [51, 51, 51] 51)
syntax-consts -is-cn-tiny-smcf = is-cn-tiny-smcf
translations § : A gy o tiny=ra B = CONST is-cn-tiny-smef a A B §

abbreviation all-tiny-smcfs = V = V
where all-tiny-smefs o = set {F. A B. F: A > 500 tinya B}

abbreviation tiny-smcfs = V=V =V =V
where tiny-smcfs o A B = set {§. §F: A =>—>gm ¢ tinya B}

lemmas [slicing-intros]| = is-tiny-semifunctor.tiny-smcf-is-tiny-dghm
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Rules.

lemma (in is-tiny-semifunctor) is-tiny-semifunctor-axioms’] sme-small-cs-intros]:
/I _ I _ I _
assumes o' = ¢ and A’ = A and B' =B
shows § : " =500 tinyy B’

{proof)

mk-ide rf is-tiny-semifunctor-def[unfolded is-tiny-semifunctor-azioms-def]
|intro is-tiny-semifunctorl|
|dest is-tiny-semifunctorD[ dest]|
|elim is-tiny-semifunctorE[ elim]

lemmas [smc-small-cs-intros] = is-tiny-semifunctorD(1)

Elementary properties.

sublocale is-tiny-semifunctor € HomDom: tiny-semicategory o 2
{proof)

sublocale is-tiny-semifunctor € HomCod: tiny-semicategory o B
{proof)

sublocale is-tiny-semifunctor < is-tm-semifunctor
{proof)

Further rules.

lemma is-tiny-semifunctorl "
assumes § : A »—>g5170a0 B
and tiny-semicategory o A
and tiny-semicategory o B
shows § : /A =gy c tinya B

{proof)

lemma is-tiny-semifunctorD":
assumes § : A =900 tinya B
shows § : A »—>gyca B
and tiny-semicategory o A
and tiny-semicategory o B

(proof)
lemmas [smc-small-cs-intros] = is-tiny-semifunctorD’(2,3)

lemma is-tiny-semifunctorE":
assumes § : 2 s C.vinya B
obtains § : / »~gsyca B
and tiny-semicategory a A
and tiny-semicategory o B

{proof)

lemma is-tiny-semifunctor-iff:
g 22 PP SM O tinya B <+
(F: A gar0a B A tiny-semicategory « A A tiny-semicategory o B)

{proof)

Size.

lemma (in is-tiny-semifunctor) tiny-smcf-in-Vset: § €, Vset «
{proof)

lemma small-all-tiny-smcfs[ simp]: small {F. IA B. F: A »—>snm ¢ tinya B}
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(proof)

lemma tiny-smcfs-vsubset- Vset[ simp]:
set {§. IAB. F: A »>smc.tinya B} So Vset a
(proof)

lemma (in is-semifunctor) smcf-is-tiny-semifunctor-if-ge- Limit:
assumes Z $ and a €, 3
shows S A "’"’SMCAtinyB B

(proof)

Opposite tiny semifunctor

lemma (in is-tiny-semifunctor) is-tiny-semifunctor-op:
op-smcf § : op-sme A =gy c o tinya 0p-smc B

{proof)

lemma (in is-tiny-semifunctor) is-tiny-semifunctor-op’[ smc-op-intros]:

assumes 2’ = op-smc A and B’ = op-smc B and o’ = «
shows op-smcf §: A" ==sm 0 tingy’ B’

{proof)

lemmas is-tiny-semifunctor-op[ sme-op-intros] =
is-tiny-semifunctor.is-tiny-semifunctor-op’

Composition of tiny semifunctors

lemma smcf-comp-is-tiny-semifunctor| sme-small-cs-intros]:
assumes & : B PP SMC. tinya ¢ and ,1?5: 22U PP SMC. tinya B
shows & ogyor § A »=suc.tinga €

{proof)

Tiny constant semifunctor

lemma smcf-const-is-tiny-semifunctor:
assumes tiny-semicateqory o €
and tiny-semicategory o ©
and f:a~p a
and foap f=f
shows smcf-const €D a f: € »gmc tinya D
(proof)

lemma smcf-const-is-tiny-semifunctor’[ sme-small-cs-intros):
assumes tiny-semicategory o €
and tiny-semicategory o O
and f:a~p a
and fosp f=f
and ¢’ = ¢
and ®'=9
shows smcf-const €D a f: € gy c tinya D'

{proof)
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4.6 Natural transformation of a semifunctor

4.6.1 Background

named-theorems ntsmcf-cs-simps
named-theorems ntsmcf-cs-intros

lemmas [smc-cs-simps] = dg-shared-cs-simps
lemmas [smc-cs-intros] = dg-shared-cs-intros

Slicing

definition ntsmcf-tdghm = V = V
where ntsmcf-tdghm 2N =
[

N(NTMap)),

smef-dghm (M(NTDom))),
smef-dghm (N(NTCod))),
sme-dg (M(NTDGDom))),
sme-dg (M(NTDGCod))

lo

Components.

lemma ntsmcf-tdghm-components:
shows [slicing-simps]: ntsmef-tdghm N(NTMap)) = N(NTMap))
and [slicing-commute]: ntsmef-tdghm M(NTDoml|) = smef-dghm (N(NTDom))
and [slicing-commute]: ntsmcf-tdghm NM(NTCod)) = smcf-dghm (M(NTCod)))
and [slicing-commute]: ntsmcf-tdghm M(NTDGDom|) = sme-dg (N(NTDGDoml))
[ - ntsmef-tdghm NM(NTDGCod)) = sme-dg (M(NTDGCod)))

and [slicing-commute

{proof)

4.6.2 Definition and elementary properties

A natural transformation of semifunctors, as presented in this work, is a generalization of the
concept of a natural transformation, as presented in Chapter I-4 in [39], to semicategories and
semifunctors.

locale is-ntsmcf =
Z o+
vfsequence N +
NTDom: is-semifunctor a A B § +
NTCod: is-semifunctor a A B &
for a AB F S I +
assumes ntsmcf-length| sme-cs-simps]: veard N = 5y
and ntsmecf-is-tdghm|slicing-intros]: ntsmef-tdghm 9 :
smef-dghm § = parm smef-dghm & : sme-dg A »—paga sme-dg B
and nitsmef-NTDom[ sme-cs-simps]: W(NTDom|) = §
and ntsmcf-NTCod[ sme-cs-simps]: M(NTCod)) = &
and ntsmcf-NTDGDom[sme-cs-simps]: M(NTDGDom]) = 2
and ntsmcf-NTDG Cod[ sme-cs-simps]: M(NTDGCod|) = B
and ntsmcf-Comp-commute[ smc-cs-intros]: f : a =g b =—
NANTMap) () oags FQArrMap)(f) = &(ArrMap)(f) o493 RANTMap)(a)

syntax -is-ntsmef = V=V =V =V =V = V = bool
(((— :/ - >SMCF - :/ - >—>gp ol -)) [517 51, 51, 5]., 51] 51)
syntax-consts -is-ntsmcf = is-ntsmcf
translations N : § ~spcr B : A >y ca B =
CONST is-ntsmef a A B F SN
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abbreviation all-ntsmcfs = V = V
where all-ntsmefs o = set (M. IF S AB. N:Fosyor & : A syoa B

abbreviation ntsmefs: V=V =V =V
where ntsmefs a A B = set N IF S N:F —»smor & : A >s10a0 B}

abbreviation these-ntsmcfs = V=V =V=V=V=>1VV
where these-ntsmefs a A B F & = set N N:F —smor 6 : A —»>sca B}

lemmas [smc-cs-simps] =
is-ntsmcf .ntsmcf-length
is-ntsmef .ntsmef-NTDom
is-ntsmef .ntsmef-NTCod
is-ntsmef .ntsmef-NTDGDom
is-ntsmef .ntsmef-NTDGCod
is-ntsmcf .ntsmef-Comp-commute

lemmas [smc-cs-intros] = is-ntsmef .ntsmef-Comp-commute

lemma (in is-ntsmcf) ntsmcf-is-tdghm'”:
assumes §' = smcf-dghm §
and &' = smcf-dghm &
and 2" = smc-dg 2
and B’ = smc-dg B
shows ntsmcf-tdghm N : F' »poum &'+ A »>pga B’

(proof )
lemmas [slicing-intros] = is-ntsmcf.ntsmef-is-tdghm’

Rules.

lemma (in is-ntsmcf) is-ntsmcf-axioms’[ sme-cs-intros]:
assumes o' =aand A' =A and B' =B and §F' =Fand &' = &
shows 1 : S' =>SMCF e A PP SMCe’ B’

{proof)

mk-ide rf is-ntsmef-def[ unfolded is-ntsmcf-azioms-def]
|intro is-ntsmcfI|
|dest is-ntsmefD[ dest]|
|elim is-ntsmcfE[ elim]|

lemmas [smec-cs-intros] =
is-ntsmcfD(3,4)

lemma is-ntsmcfl":
assumes Z «

and vfsequence N
and § : A =gy ca B
and & : 2 =9V Co B
and vcard N = Sy
and M(NTDom|) = §
and N(NTCod)) = &
and M(NTDGDom|) = A
and N(NTDGCod) = B
and vsv (M(NTMap))
and D, (MN(NTMap|)) = A(Obj))

and Aa. a & A(0bj)) = N(NTMap))(a) : F(ObjMap|)(a]) — &(ObjMap])(al)

and Aabf. frawmg b=—
N(NTMap) (b)) casg S(ArrMap))(f) = &(ArrMap))(f]) oags N(NTMap)(al)
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shows M: §F —»sycr 6 : A —»—g10ca B

{proof)

lemma is-ntsmefD"
assumes N : F »sypcr 6 : A >y ca B
shows Z «
and vfsequence N
and §: A »—g5p0a B
and & : 2 =>Eo M Ca B
and vcard N = 5y
and N(NTDom|) = §F
and N(NTCod)) = &
and NM(NTDGDom|) = A
and N(NTDGCod)) = B
and vsv (M(NTMap))
and D, (M(NTMap))) = A(0bj)
and Aa. a & A(0bj)) = N(NTMap))(a)) : F(ObjMap)(al) g &(ObiMap])(al)
and Aabf. frawmg b=
1 XTI 4 SUA M) = ©QAT MDD a3 SV I (o
proof

lemma is-ntsmcfE"
assumes N : § —sycr B A sy ca B
obtains Z «
and vfsequence N
and S : A =>Eo M Co B
and & : 2 =>=>9MCa B
and vcard N = 5y
and NM(NTDom|) = §
and N(NTCod)) = &
and M(NTDGDom|) =AU
and M(NTDGCod)) = B
and vsv (M(NTMap)))
and D, (M(NTMap))) = 2A(Obj)
and Aa. a & A(0bj)) = N(NTMap))(a)) : §(ObjMap)(al) g &(ObiMap])(al)
and Aa b f. f:arg b=—
1 JNTM ) o SOATHaRDUD = ST 2 UNTH) (o
proof

Slicing.

context is-ntsmcf
begin

interpretation tdghm: is-tdghm
a «sme-dg Ay <sme-dg By <smcf-dghm §> «smef-dghm & <ntsmcf-tdghm I
(proof)

lemmas-with [unfolded slicing-simps]:
ntsmcf-NTMap-vsv = tdghm.tdghm-NTMap-vsv
and ntsmcf-NTMap-vdomain| smc-cs-simps] = tdghm.tdghm-NTMap-vdomain
and nitsmcf-NTMap-is-arr = tdghm.tdghm-NTMap-is-arr
and ntsmcf-NTMap-is-arr'[ sme-cs-intros] = tdghm.tdghm-NTMap-is-arr’

sublocale NTMap: vsv <NM(NTMapl|)»
rewrites D, (M(NTMap))) = 2A(0bj)
{proof)

lemmas-with [unfolded slicing-simps]:
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ntsmef-NTMap-app-in-Arr[ sme-cs-intros] = tdghm.tdghm-NTMap-app-in-Arr
and nitsmcf-NTMap-vrange-vifunion = tdghm.tdghm-NTMap-vrange-vifunion
and nitsmcf-NTMap-vrange = tdghm.tdghm-NTMap-vrange

and ntsmcf-NTMap-vsubset-Vset = tdghm.tdghm-NTMap-vsubset- Vset

and ntsmcf-NTMap-in-Vset = tdghm.tdghm-NTMap-in- Vset

and nitsmcf-is-tdghm-if-ge-Limit = tdghm.tdghm-is-tdghm-if-ge-Limit

end
lemmas [smc-cs-intros| = is-ntsmef .ntsmef-NTMap-is-arr’

lemma (in is-ntsmef) ntsmef-Comp-commute”:
assumes f : a =g band g: ¢ =g F(ObiMap])(al)
shows
N(NTMap) () cags (S(ArrMap)(f]) oasg 9) =
(&(ArrMap) (f) g N(NTMap))(al)) oass g
(proof)

lemma (in is-ntsmcf) ntsmcf-Comp-commute’:
assumes f : a =g band g: ¢ =g F(0biMap)(a
shows
&(ArrMap))(f]) cass (M(NTMap))(al) oass 9) =
(M(NTMap))(b) oasg F(ArrMap|)(f]) oass g
(proof)

Elementary properties.

lemma ntsmcf-eql:
assumes N : §F »sycr 6 : A oy ca B
and N : § »syucr 6 : A =900 B’
and N(NTMap)) = N'(NTMap))

and § = §’
and & = &’
and 2 = A’
and B = B’
shows 91 = 9/
{proof)

lemma ntsmcf-tdghm-eql:
assumes N: §F rsycr & A »—gyca B
and N : §' »smer 8 A »gpyca B’

and § = g’
and & = 6’
and A = A’
and B = B’
and ntsmcf-tdghm N = ntsmef-tdghm N’
shows 91 = 9/
{proof)

lemma (in is-ntsmcf) ntsmef-def:
N = [N(NTMap)), W(NTDoml|), NM(NTCod)), M(NTDGDom|), N(NTDGCod)) ],
{proof)

Size.

lemma (in is-ntsmcf) ntsmcf-in- Vset:
assumes Z § and « €,
shows 9t ¢, Vset 3

{proof)
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lemma (in is-ntsmcf) ntsmcf-is-ntsmcf-if-ge-Limit:
assumes Z § and « &,
shows M : F »oycr & : A >oSMCg B

{proof)

lemma small-all-ntsmefs[ simp]:
Sma” {‘ﬁ Els 6 Ql % m : 8" =SMCF 6 : Q[ =9 M Co %}

{proof)

lemma small-ntsmefs[simp]: small {N. 3F G. N: F osyor & : A g5y ca B}

{proof)

lemma small-these-ntcfs[simp]: small {M. N:F —»smeor & : A 500 B}

{proof)

Further elementary results.

lemma these-ntsmcfs-iff:
N e, these-ntsmefs a A B F B «— N:F sycr & : A —syca B
{proof)

4.6.3 Opposite natural transformation of semifunctors

Definition and elementary properties

See section 1.5 in [15].

definition op-ntsmcf = V = V
where op-ntsmef N =
[

N(NTMap)),
op-smef (M(NTCod))),
op-smef (M(NTDom))),
op-sme (M(NTDGDom))),
op-sme (M(NTDGCod)))

]o

Components.

lemma op-ntsmcf-components| sme-op-simps|:
shows op-ntsmef M(NTMap)) = N(NTMap))
and op-ntsmef M(NTDom|) = op-smef (M(NTCod)))
and op-ntsmef MINTCod)) = op-smef (N(NTDom)))
and op-ntsmef M(NTDGDoml) = op-sme (M(NTDGDom)))
and op-ntsmef NM(NTDGCod)) = op-sme (N(NTDGCod)))

{proof)
Slicing.

lemma op-tdghm-ntsmecf-tdghm|[ slicing-commute]:
op-tdghm (ntsmef-tdghm M) = ntsmcf-tdghm (op-ntsmef HN)
{proof)

Further properties

lemma (in is-ntsmcf) is-ntsmcf-op:
op-ntsmef N : op-smef & »gpror op-smef § : op-sme A »—>g 0 0p-smc B
{proof)

lemma (in is-ntsmcf) is-ntsmcf-op’[ sme-op-intros):
assumes &' = op-smcf &
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and §' = op-smcf §
and 2’ = op-smc A
and B’ = op-smc B
shows op-ntsmcf M: G »5ycr § A »5p0a B’

(proof )
lemmas [smc-op-intros]| = is-ntsmcf.is-ntsmef-op’

lemma (in is-ntsmcf) ntsmcf-op-nismef-op-nismef[ sme-op-simps]:
op-ntsmcf (op-ntsmef M) =N
{proof)

lemmas ntsmcf-op-ntsmef-op-ntsmef[ sme-op-simps] =
is-ntsmcf .ntsmef-op-ntsmcef-op-ntsmcf

lemma eg-op-ntsmcf-iff:
assumes N : § —spycr B : A sy ca B
and N': §' =syor & A mgyca B
shows op-ntsmcf N = op-ntsmef N’ «— N =N’
{proof)

4.6.4 Vertical composition of natural transformations

Definition and elementary properties

See Chapter II-4 in [39].

definition ntsmcf-vcomp = V. = V = V (infixl ¢-yrspycr’ 55)
where ntsmcf-vcomp M N =
[

(AacNINTDGDom)(Ob). (MINTMap)(a)) oanqrpGcod) (UNTMap)(a))).
N(NTDom)),

M(NTCod)),

N(NTDGDom)),

M(NTDGCod))

lo

Components.

lemma ntsmcf-vcomp-components:
shows
M -nrsmcor M)(NTMap)) =
(AaeeN(NTDGDom|) (0bj). (M(NTMap))(a)) caqqnTDGCO0d) (VINTMap)(al)))
and [dg-shared-cs-simps, smc-cs-simps]: (M *nrsmcr N)(NTDom|) = N(NTDom)
and [dg-shared-cs-simps, smc-cs-simps]: (M +yrsmcr N)(NTCod)) = M(NTCod))
and [dg-shared-cs-simps, smc-cs-simps]:
(M -y rsarcr N)(NTDGDoml) = N(NTDGDoml)
and [dg-shared-cs-simps, smc-cs-simps]:
(Dﬁ *‘NTSMCF m)(INTDGCOdD = quTDGCOdD
(proof)

Natural transformation map

lemma ntsmcf-vcomp-NTMap-vsv[ dg-shared-cs-intros, smc-cs-intros]:
vsv (M nvrsmcr N)(NTMap))
(proof)

lemma ntsmcf-vcomp-NTMap-vdomain| sme-cs-simps):
assumes N : F »symcr 6 : A >y ca B
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shows D, (M -nyrsmcr N)(NTMap|)) = A4(Obj)
(proof)

lemma ntsmcf-vcomp-NTMap-app| sme-cs-simps]:
assumes M : B gy cr H A gy ca B
and N: § =sycor & : A =51 0a B
and a €, 2A(0bj)
( ShOV‘)’S (M vrsmer N)(NTMap)(al) = MINTMap))(a) oagg N(NTMap))(al)
proof

lemma ntsmcf-vcomp-NTMap-vrange:
assumes M : B gy o H: A 5100 B
and N: § »sycr & : A =500 B
shows R, (M nvrsmer M)(NTMap|)) o B(Arr)
(proof)

Further properties

lemma nitsmcf-vcomp-composable-commute[ sme-cs-simps]:
— See Chapter II-4 in [39]).
assumes M : & »gpyor H A 5100 B
and N: § =sycor & : A =500 B
and f:a g b
shows
(MANTMap)(b) o495 RANTMap) (8)) 0ags FArrMap)(f) -
9(ArrMap)(f) o1 (MANTMap)(a) o495 RANTMap))(a))
(is <«(?MC oye5 ?NC) ogsg ?R = 7T o535 (?MD o ?ND)»)
{proof)

lemma nitsmcf-vcomp-is-ntsmcf[ sme-cs-intros]:
— See Chapter II-4 in [39)].
assumes M : B gy cr H A g ca B
and N: § =sycor & : A =500 B
shows M -nrspmer N:F sucr H: A »ospca B
{proof)

lemma nitsmcf-vcomp-assoc| sme-cs-simps]:
— See Chapter II-4 in [39)].
assumes £: 9 »gyocr R: A »syca B
and M : & msycer H: A Pospca B
and N: § »spcor & : A --gsyca B
shows (£ ‘nrsmcr M) ‘vrsmcr N =L vrsmcr M nvrsmcr N)
{proof)

Opposite of the vertical composition of natural transformations of semifunctors

lemma op-ntsmcf-ntsmef-vcomp| sme-op-simps|:
assumes M : B »gycr H A 5y ca B
and N: F »sycr & : A o000 B
shows op-ntsmef (M -yrsycor N) = op-ntsmef N -yrsmor op-ntsmef M
{proof)

4.6.5 Horizontal composition of natural transformations
Definition and elementary properties

See Chapter II-5 in [39].

definition ntsmcf-hcomp = V = V = V (infixl <oy rspmcr> 55)
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where ntsmcf-hcomp MM N =

[

(
Aae.N(NTDGDoml)(Obj)).
M(NTCod) (ArrMap) (N(NTMap))(a)) °agn(NTDGCod)
M(NTMap)) (D(NTDom])(|ObjMap|)(al)))
),

(M(NTDoml|) o5 cr M(NTDom))),
(M(NTCod)) os1rcr MINTCod))),
(M(NTDGDom))),

(M(NTDGCod))

]o

Components.

lemma ntsmcf-hcomp-components:
shows
(E)JT ONTSMCF ‘ﬂ)(INTMapD =

Aag.N(NTDGDoml)(Obj)).

M(NTMap)) (N(NTDom|)(ObiMap|)(al)

and [dg-shared-cs-simps, smc-cs-simps]:
(f)ﬁ ONTSMCF ‘JI)(|NTDom|) = WQNTDOTIZD OSMCF quTDOTTLD
and [dg-shared-cs-simps, smc-cs-simps]:
(m ONTSMCF ‘ﬁ)(|NTCod|) = f)ﬁ(INTCOdD OSMCF s)’t(]]\/vTCOdD
and [dg-shared-cs-simps, smc-cs-simps]:
(M oy rsarcr N)(NTDGDom]) = N(NTDGDom))
and [dg-shared-cs-simps, smc-cs-simps]:
(Dﬁ ONTSMCF ‘ﬂ) (|NTDGCOdD = DJT(INTDGCOdI)
(proof )

Natural transformation map

lemma ntsmef-hcomp-NTMap-vsv[ sme-cs-intros]: vsv (M onrspmor N)(NTMap))
(proof )

lemma ntsmcf-hcomp-NTMap-vdomain| sme-cs-simps]:
assumes N : § —»syor 6 : A »>5100 B
shows D, (M oyrsmor N)(NTMap))) = A(Obj)
{proof)

lemma ntsmcf-hcomp-NTMap-app| sme-cs-simps]:
assumes M : §' =symcr ' B =500 €
and N : § =sycr 6 : A =»gp0a B
and a €, 2A(O0bj))
shows (M onrsyor N)(NTMap))(a]) =
2 (RN () .1 TUNTMas) G301 )
proof

lemma ntsmcf-hcomp-NTMap-vrange:
assumes M : F' »spcr &' B »510a €
and N: § »spor & : A >-gsyca B
shows R, (M onyrsmor N)(NTMap))) S, €(Arr)

327
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(proof)

Further properties

lemma nitsmcf-hcomp-composable-commute:
— See Chapter II-5 in [39)].
assumes M : §' =»smcr & B »>g510a €
and N : § »sycr 6 : A »gy0a B
and f:a g b
shows
(M onrsmcr M(NTMap)(b) cag (8" osucr §)(ArrMap)(f) =
( (Q)ﬁ’ osmcor &)(ArrMap)(f) cag (M onrsmcr N)(NTMap))(al)
proof

lemma ntsmcf-hcomp-is-ntsmcf:
— See Chapter II-5 in [39)].
assumes M : F' —»gpcr &' B »g110a €
and N: § »spycr & : ™A »>ogyoa B
shows M onrsycr N:F osmcr § »smcer 8 ospeor & A »ogyca €
{proof)

lemma ntsmcf-hcomp-is-ntsmef [ sme-cs-intros]:
assumes M : §' =»smcr & B =500 €
and N: § »sycr & : A =500 B
and & = §' ogycr §
and 6’ = 6' OSMCF &
shows M oxrsper N: 6 Payer & A ogyca €

{proof)

lemma ntsmcf-hcomp-assoc| sme-cs-simps]:
— See Chapter II-5 in [39)].
assumes £ : §"" —»goycor & € sg00 D
and M : §' »spcr 6B »gyca €
and N : §F =spycr & : ™A »>gyoa B
shows (£ onrsmor M) onrsmor N =L onrsmor (M onrsmcr N)
{proof)

Opposite of the horizontal composition of the natural transformation of semifunc-
tors

lemma op-ntsmcf-ntsmcf-hcomp[ smc-op-simps]:
assumes M : §' =»symcr B »>g5170a €
and N: § »sycor 6 : A >ogsyca B
shows op-ntsmef (M onrsycor N) = op-ntsmef M oyrsmcr op-ntsmef N
(proof)

4.6.6 Interchange law

lemma ntsmcf-comp-interchange-law:
— See Chapter II-5 in [39)].
assumes M : B gy o H A 5100 B
and N: § »sycr & : A =500 B
and M : & »oycr H' B »gyca €
and N’ : §' =sycr 8B »ogyca €
shows
(M nrsmcr W) onrsmer M svrsmcr N)) =
(M onrsmcr M) ‘nrsmcr M onrsmor N)
{proof)
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4.6.7 Composition of a natural transformation of semifunctors and a semi-
functor

Definition and elementary properties

abbreviation (input) ntsmcf-smcf-comp = V. = V = V (infixl <oxrsmor-smcor® 55)
where ntsmcf-smcf-comp = tdghm-dghm-comp

Slicing.

lemma ntsmef-tdghm-ntsmcf-smef-comp[ slicing-commaute]:
ntsmef-tdghm N orpeum-perm smef-dghm $ = ntsmef-tdghm (N onrsmcr-smcor $)

{proof)

Natural transformation map

mk-VLambda (in is-semifunctor)
tdghm-dghm-comp-components(1)[where H=F, unfolded smcf-HomDom]
|vdomain ntsmcf-smcef-comp-NTMap-vdomain| smc-cs-simps]|
|app ntsmcf-smef-comp-NTMap-app| sme-cs-simps]|

lemmas [smc-cs-simps] =
is-semifunctor.ntsmcf-smcf-comp-NTMap-vdomain
is-semifunctor.ntsmcf-smcf-comp-NTMap-app

lemma ntsmcf-smcf-comp-NTMap-vrange:
assumes N: § »sycor & B »—gyca Cand H: A 500 B
shows R, (M onrsmcr-smcr H)(NTMap))) . €(Arr)

{proof)

Opposite of the composition of a natural transformation of semifunctors and a
semifunctor

lemma op-ntsmcf-ntsmcf-smef-comp| sme-op-simps]:
op-ntsmef (M onrsmcr-smcr H) = op-ntsmef Moyrsmcr-smcr op-smef $H

(proof)

Composition of a natural transformation of semifunctors and a semifunctors is a
natural transformation of semifunctors

lemma ntsmcf-smef-comp-is-ntsmef| intro]:

assumes N : §F —sycr BB »gyca Cand H A g0 B

shows N oyrspmor-smcr H:§ osmcr H =smucor G osycr H: A syca €
{proof)

lemma ntsmcf-smcf-comp-is-semifunctor’[ sme-cs-intros]:
assumes N : F 2spmcr 6 B »g510a €
and 9 : A =gy 00 B
and §' = § osypcor 9
and &' = 6 ogpycr 9
shows M oyrspor-smcr H:F »sucr & A =»ogyca €

{proof)

Further properties

lemma ntsmcf-smcf-comp-ntsmcf-smef-comp-assoc:
assumes N: H =>gycr H' €00 D
and & : B =>Eo M Ca ¢
and § : A »=gyca B
shows (M onyrsmor-smcr ®) onrsmor-sucr § = Nonrsucr-smor (B ospcor §)



CHAPTER 4. SEMICATEGORIES 330

(proof)

lemma (in is-ntsmcf) ntsmef-ntsmef-smef-comp-smef-id[ sme-cs-simps]:
Nonrsmer-smcr smef-id A =N
{proof)

lemmas [smc-cs-simps] = is-ntsmcf .ntsmef-ntsmef-smef-comp-smef-id

lemma ntsmcf-vcomp-ntsmcf-smef-compl sme-cs-simps|:
assumes R : A g5y 0a B
and M : & »spycr H: B »osyca €
and N : § »sycr & :B =»gyoa €
shows
(M onrsmcr-smcr R) ‘nrsmcr N ovrsucr-smcor R) =
(M nrsmcr N) onTsmor-smcr R
{proof)

4.6.8 Composition of a semifunctor and a natural transformation of semi-
functors

Definition and elementary properties

abbreviation (input) smcf-ntsmcf-comp = V. = V = V (infixl <ogprop-nTsmor 55)
where smcf-ntsmcf-comp = dghm-tdghm-comp

Slicing.

lemma nitsmcf-tdghm-smef-ntsmef-comp| slicing-commaute]:
smcf-dghm $ opauym-1peHM ntsmef-tdghm N = ntsmef-tdghm (9 ocspor-nrsmor N)

{proof)

Natural transformation map

mk-VLambda (in is-ntsmcf)
dghm-tdghm-comp-components(1)[where N=N, unfolded ntsmcf~-NTDGDom]
|vdomain smef-ntsmef-comp-NTMap-vdomain[ sme-cs-simps]|
lapp smcf-ntsmef-comp-NTMap-app[ sme-cs-simps]|

lemmas [smc-cs-simps] =
is-ntsmecf.smcef-ntsmef-comp-NTMap-vdomain
is-ntsmcf.smcf-ntsmcf-comp-NTMap-app

lemma smcf-ntsmcf-comp-NTMap-vrange:
assumes ) : B o>y oq Cand N : §F »spyor 6 A »—>5100 B
shows R, ((9 osycer-nTsmor N)(NTMap))) S, €(Arr)

{proof)

Opposite of the composition of a semifunctor and a natural transformation of semi-
functors

lemma op-ntsmcf-smef-ntsmef-comp[ sme-op-simps]:

op-ntsmef (9 osmcr-nrsmcr N) = op-smef H ospycr-nTsmcr op-ntsmef N
(proof)

Composition of a semifunctor and a natural transformation of semifunctors is a
natural transformation of semifunctors

lemma smcf-ntsmcf-comp-is-ntsmef|[intro]:
assumes §) : B »gycq Cand N: F ooycr & A »=syca B
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shows ) osycr-nTsmcr N H osycr § =smcr N osmcr © A »gyca €
(proof )

lemma smcf-ntsmcf-comp-is-semifunctor’[ sme-cs-intros]:
assumes ) : B 5100 €
and N: § =sycor & : A =51 0a B
and §' = 9 osypcor §
and &' = f) OSMCF &
shows 9 osyor-NTsmcr M F »sucr & A »ogyca €

{proof)

Further properties

lemma smcf-comp-smcf-ntsmef-comp-assoc:
assumes N : H >gycr H A gryrca B
and § : B »gp0a €
and & : € »g0a0 D
shows (& osyor §) csmor-nrsmor N =6 osyor-nrsmor (8 csmor-nrsmor N)
{proof)

lemma (in is-ntsmcf) ntsmef-smef-ntsmef-comp-smef-id[ sme-cs-simps|:
smcf-id B ogyop-NTsmcor N =N
{proof)

lemmas [smc-cs-simps] = is-ntsmcf .ntsmcef-smef-ntsmef-comp-smef-id

lemma smcf-ntsmcf-comp-ntsmef-smef-comp-assoc:
assumes N: § »sycr B =500 €
and ) : € »g0a D
and £: 2 =9V Ca B
shows (9 osycr-nTsmcr N) onrsmcr-smcr R=Hosucr-nrsmcr (Movrsmcr-smcr R)
{proof)

lemma smcf-ntsmcf-comp-ntsmef-vcomp:
assumes R : B »—g5y 00 €
and M : & »gpycor H: A =»—gpyca B
and N : § »gycr & : ™A »gyca B
shows
Rosyor-nrsmcr M yrsycr N) =
(Rosmor-nrsmcor M) ‘nrsmcr (Rosuer-nrsmor N)
{proof)
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4.7 Smallness for natural transformations of semifunctors

4.7.1 Natural transformation of semifunctors with tiny maps

Definition and elementary properties

locale is-tm-ntsmcf = is-ntsmef a A B F S Nfor a A B F & N +
assumes tm-ntsmcf-is-tm-tdghm| slicing-intros]: ntsmef-tdghm 0N :
smef-dghm § »pagm.tm smef-dghm & : sme-dg A =~ pa.itma sme-dg B

syntax -is-tm-ntsmef = V=V =V =>V= V=V = bool
(((— 1/ -P>SMCF.tm - Z/ - MO.tml —)) [51, 51, 51, 51, 51] 51)
syntax-consts -is-tm-ntsmcf = is-tm-ntsmcf
translations N : § ~sycr.im ® A 510 tma B =
CONST is-tm-ntsmcf a A B F S N

abbreviation all-tm-ntsmcfs = V = V
where all-tm-ntsmcfs a =
set M AT G ADB.N:F psmcr.im & Ay tma B}

abbreviation tm-ntsmcfs = V=V =V =V
where tm-ntsmcfs a A B =
set (M. I3F & N:F spmcr.eim A =>=gyctma B

abbreviation these-tm-ntsmcfs = V=V =V =>V= V=V
where these-tm-ntsmcfs o A B F & =
set {m N: S P SMCF.tm G A P SMCO.tma EB}

lemma (in is-tm-ntsmcf) tm-ntsmcf-is-tm-tdghm'"
assumes o’ = «
and §' = smcf-dghm §
and &' = smcf-dghm &
and A’ = sme-dg A
and B’ = smc-dg B
shows ntsmcf-tdghm N :
§' =peaM.tm B A >pa tm B

(proof )
lemmas [slicing-intros]| = is-tm-ntsmcf.tm-ntsmcf-is-tm-tdghm’

Rules.

lemma (in is-tm-ntsmcf) is-tm-ntsmcf-azioms’] sme-small-cs-intros]:
assumes o' =acand A'=Aand B'=Band §F' =Fand &' = &
shows N : §' =spor.im &+ A >osyc ima B’

{proof)

mk-ide rf is-tm-ntsmcf-def[ unfolded is-tm-ntsmcf-azioms-def]
|intro is-tm-ntsmcfI|
|dest is-tm-ntsmefD[ dest]|
|elim is-tm-ntsmcfE[ elim]|

lemmas [smc-small-cs-intros] = is-tm-ntsmcefD(1)

Slicing.
context is-tm-ntsmcf

begin

interpretation tdghm: is-tm-tdghm
a «smce-dg Ay <sme-dg B>y <smcf-dghm §> <smef-dghm & <ntsmcef-tdghm I
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{proof)

lemmas-with [unfolded slicing-simps]:
tm-ntsmcf-NTMap-in-Vset = tdghm.tm-tdghm-NTMap-in- Vset

end

Elementary properties.

sublocale is-tm-ntsmcf ¢ NTDom: is-tm-semifunctor o A B §

{proof)

sublocale is-tm-ntsmcf € NTCod: is-tm-semifunctor o A B &
(proof)

Further rules.

lemma is-tm-ntsmcfl":
assumes N: F rsyor & : A »>>5y0a0 B
and § : A »—5y 0 tma B
and & : 2 =9 M O tmo B
shows N : § »sycr.om A »=spc.tma B
{proof)

lemma is-tm-ntsmcfD"
assumes N : § >syor.tm € A =>>sy0 tma B
shows N : §F »syor G : A »->syca B
and § : A »o5p0.tma B
and & : A »ospc.ima B

(proof)
lemmas [smc-small-cs-intros] = is-tm-ntsmefD’(2,3)

Size.

lemma small-all-tm-ntsmefs[ simp]:
small M. IF S AB. N:F »smcr.im & A sy ima B
(proof)

lemma small-tm-ntsmcfs| simp]:
small {M. 3F & N: F rspmcr.im & A »>smc.tma B}
(proof)

lemma small-these-tm-ntsmefs| simp]:
small (M. N:F =»spor.im A =>osy0tma B}

{proof)

Further elementary results.

lemma these-tm-ntsmcfs-iff:
N €, these-tm-ntsmefs a A B F & «—
N:F smucr.im 6 A »ogycima B

{proof)
Opposite natural transformation of semifunctors with tiny maps

lemma (in is-tm-ntsmcf) is-tm-ntsmcf-op: op-ntsmef N :
op-smcef & —>gprop.em op-smef § i op-sme A »g0 0 tma Op-sme B

{proof)

lemma (in is-tm-ntsmcf) is-tm-ntsmcf-op’[ sme-op-intros]:
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assumes &' = op-smcf &
and §' = op-smcf §
and ' = op-smc A
and B’ = op-smc B
shows op-ntsmef M: S >gpyor.im § A »5m0.tma B’

{proof)

lemmas is-tm-ntsmcf-op[ sme-op-intros] = is-tm-ntsmcf .is-tm-ntsmcf-op’

Vertical composition of natural transformations of semifunctors with tiny maps

lemma ntsmef-vcomp-is-tm-ntsmef [ sme-small-cs-intros):
assumes M : & »gycp.im H A P>sycima B
and N: § =spor.im G A =>>sycima B
shows M -nrsycer N:F smucr.im H: A >ospme tma B
{proof)

Composition of a natural transformation of semifunctors and a semifunctor

lemma ntsmcf-smcf-comp-is-tm-ntsmcf:

assumes N : §F =sycr.im G B »=gycima €and 9 0 A »=g00 tma B

shows N oyrsymcor-smcr 98 osmcor H =smcr.im © osucr H A »=sycima €
{proof)

lemma ntsmcf-smcf-comp-is-tm-ntsmef [ sme-small-cs-intros]:
assumes N : § >sycr.im & B »oguc.ima €
and 9 : A »—gyc.tma B
and §' = § osypcor 9
and 6,: & OSMCF 573
shows M oyrsyor-smcr 9§ Bsucr.om ' A o510 tma €

{proof)

Composition of a semifunctor and a natural transformation of semifunctors

lemma smcf-ntsmcf-comp-is-tm-ntsmcf:

assumes 9 : B »=>gycima €Cand N F =sycr.im 6 A =500 tma B

shows 9 osycr-NTsmcr NN osmcr § =smcr.im H osmcr 6 A »=gycima €
(proof )

lemma smcf-ntsmcf-comp-is-tm-ntsmef'[ sme-small-cs-intros]:
assumes $) : B >—>5y 0 tma €
and N: § =sycr.im © A »=>syc.tma B
and §' =9 osycr §
and ' = 9 ogpyor &
shows 9 osyror-NTsmcr M Bsucr.om ' A o510 tma €

{proof)

4.7.2 Tiny natural transformation of semifunctors

Definition and elementary properties

locale is-tiny-ntsmcf = is-ntsmef a A B F S Nfor a AB F & N +
assumes tiny-ntsmcf-is-tdghm| slicing-intros]: ntsmcf-tdghm N :
smcf-dghm § »pGaHM.tiny Smcf-dghm & : sme-dg A »=pa tinya sSme-dg B

syntax -is-tiny-ntsmcf = V=V =V =V = V = V = bool
(«(=+/ - > CF.tiny - | - >+sac.0ingt - [BL, 51, 51, 51, 51] 51)

syntax-consts -is-tiny-ntsmcf = is-tiny-nitsmcf

translations N : S P SMCF.tiny G A PP SMC . tinya B =
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CONST is-tiny-ntsmef o A B F & N

abbreviation all-tiny-ntsmcfs = V = V
where all-tiny-ntsmcfs o =
set (M. IAF S ADB. N:F Psymcer.ting A =>>gmc tinya B}

abbreviation tiny-ntsmcfs = V=V =V =V
where tiny-ntsmcfs a 2 B =
set {fM. A3F &. N : F =spmcr.ting O A »>sm0 tinga B

abbreviation these-tiny-ntsmcfs = V=V =V =V =V =V
where these-tiny-ntsmcfs a A B F & =
set {m N: 175’ = SMCF.tiny G2 P SMCO. tinya %}

lemma (in is-tiny-ntsmcf) tiny-ntsmcf-is-tdghm”
assumes o’ = «
and §' = smcf-dghm §
and &' = smcf-dghm &
and 2" = smc-dg 2
and B’ = smc-dg B
shows ntsmcf-tdghm N : §F' =»peum.tiny &+ A’ P DG iy B’

(proof)
lemmas [slicing-intros] = is-tiny-ntsmcf .tiny-ntsmef-is-tdghm’

Rules.

lemma (in is-tiny-ntsmcf) is-tiny-ntsmcf-axioms’[ sme-small-cs-intros):
assumes o' =aand A'=A and B'=VBand §F' =Fand &' = &
shows N : § =symcr.ting © A =500 tinga B

{proof)

mk-ide rf is-tiny-ntsmcf-def[ unfolded is-tiny-ntsmcf-axioms-def]
|intro is-tiny-ntsmcfI|
|dest is-tiny-ntsmcfD[ dest]|
|elim is-tiny-ntsmcfE[ elim]|

Elementary properties.

sublocale is-tiny-ntsmcf € NTDom: is-tiny-semifunctor a A B §

{proof)

sublocale is-tiny-ntsmcf ¢ NTCod: is-tiny-semifunctor a A B &
(proof)

sublocale is-tiny-ntsmcf < is-tm-ntsmcf

{proof)

Further rules.

lemma is-tiny-ntsmcfI":
assumes N: § »sycr ® : A »5yca B
and § : A =510 tinya B
and & : 2 P SM O tinya B
shows 91 : S P SMCF.tiny G A PP SM O tinya B

{proof)

lemma is-tiny-ntsmcfD":
assumes N : §F =5y cF.tiny G A =500 tinya B
shows M : F »s5yor & : A »gp0a B



CHAPTER 4. SEMICATEGORIES 336

and §: A PP SMC. tinya ‘B
and & : A =5y 0 tinya B
(proof )

lemmas [smc-small-cs-intros] = is-tiny-ntsmcfD'(2,3)

lemma is-tiny-ntsmcfE":
assumes N : 8 P SMCF.tiny G A P SMCO. tinya B
obtains M: §F »oycr & : A »>g510a B
and §: 2 PP SMC. tinya B
and & : 2 PP SMC . tinya B

{proof)

lemma is-tiny-ntsmcf-iff:
N:F »smcr.ting O A =500 tinga B <

(

N:F sucr G : A ogyca B A
S 22 P SMC. tinya B A
G A P> SMC. tinya B

)
{proof)

Size.

lemma (in is-tiny-ntsmcf) tiny-ntsmcf-in-Vset: M €, Vset «
{proof)

lemma small-all-tiny-ntsmcfs| simp):
small {‘J”t HS S AB. N: S >SMCF.tiny @A PP SMCO. tinya %}
{proof)

lemma small-tiny-ntsmcfs| simp]:
small {m 3175: 6. g S SMCF.tiny 6 PP SMC . tinya %}
(proof )

lemma small-these-tiny-ntcfs| simp]:
small {m N S P SMCF.tiny G A P SM O tinya %}

{proof)

lemma tiny-ntsmcfs-vsubset- Vset[ simp]:
set {M IF G N:F ogmor.ting © AP smotinga B So Vset a
(is ¢set ?ntsmcfs So -»)

{proof)

lemma (in is-ntsmcf) ntsmef-is-tiny-ntsmef-if-ge-Limit:
assumes Z J and a &, 3
shows N : § »gycor.ting & A »gymotingg B

{proof)

Further elementary results.

lemma these-tiny-ntsmcfs-iff:
N €, these-tiny-ntsmefs a A B F & «—
N: 3’ P SMCF.tiny 62U PP SMC. tinya ‘B

{proof)

Opposite natural transformation of tiny semifunctors

lemma (in is-tiny-ntsmcf) is-tm-ntsmcf-op: op-ntsmef N :
op-smcf & = garor.tiny op-smef § 1 op-sme A g0 tinga 0p-sme B
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{proof)

lemma (in is-tiny-ntsmcf) is-tiny-ntsmcf-op’[ sme-op-intros]:
assumes &' = op-smcf &
and §' = op-smcf §
and A’ = op-smc A
and B’ = op-smc B
shows op-ntsmcf N: &' P SMCF.tiny g, gy PP SMCO. tinya B’
(proof )

lemmas is-tiny-ntsmcf-op[ sme-op-intros| = is-tiny-ntsmcf.is-tiny-ntsmef-op’

Vertical composition of tiny natural transformations of semifunctors

lemma ntsmcf-vcomp-is-tiny-ntsmcf[ sme-small-cs-intros]:
assumes M : & =gy cr ting H A =»Psmc tinga B
and N : 8’ P SMCF.tiny G2 PP SMC. tinya ‘B
shows M -nyrsyrcr N § »smcoF.ting D A =»suc tinga B
{proof)
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4.8 Product semicategory

4.8.1 Background

The concept of a product semicategory, as presented in this work, is a generalization of the
concept of a product category, as presented in Chapter II-3 in [39].

named-theorems smc-prod-cs-simps
named-theorems smc-prod-cs-intros

4.8.2 Product semicategory: definition and elementary properties

definition smc-prod = V= (V= V)=V
where smc-prod I 2 =
[ (T oieI. A i(Obf)),
(TToieol. A i(Arr)),
(Meo([Toteo. A i(Arr])). (NieoI. A i(Doml))(f(2)]))),
(Meo(TToieod. A i(Arr])). (Nieod. 2 i(Cod)(f(i])])),
| (Agfescomposable-arrs (dg-prod I 2A). (NieoI. gf (0) (%) cag ; of (InD(7]))

syntax -PSEMICATEGORY = pttrn = V = (V= V)=V
(«(3T smc-€-/ -)» [0, 0, 10] 10)

syntax-consts -PSEMICATEGORY = smc-prod

translations [ sy cicol. A = CONST smc-prod I (Ni. 2A)

Components.

lemma smc-prod-components:
shows ([Tsmciccl. A )(Obj) = (TToic. 1. A i(Ob)))
and ([Tsycicod. A 0)(Arr) = (TToieod. A i(Arr)))
and ([TsycicI. A i)(Dom| =
(Meo(ToteoI. A i(Arr])). (Aie I. A i(Doml)(f()])))
and ([T smcicol. A i)(Cod|) =
(Meo(TToted. A i(Arr])). (NieoI. A i(Cod))(f (D))
and ([Tsycic. A 7)(Compl) =
(Agfescomposable-arrs (dg-prod I 2). (NieoI. gf (0) (%)) cag ; of (InD(7]))
{proof)

Slicing.

lemma smc-dg-sme-prod| slicing-commute]:
dg-prod I (Ni. smc-dg (2 i) = smce-dg (sme-prod I )
(proof )

context
fixesAp=V=>V
and € == V
begin

lemmas-with
[where 2=«\i. sme-dg (2 7)», unfolded slicing-simps slicing-commute]:
sme-prod-0bjl = dg-prod-Objl
and smc-prod-ObjD = dg-prod-ObjD
and smc-prod-ObjE = dg-prod-ObjE
and smc-prod-Obj-cong = dg-prod-Obj-cong
and smc-prod-Arrl = dg-prod-Arrl
and smc-prod-ArrD = dg-prod-ArrD
and smc-prod-ArrE = dg-prod-ArrE
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and smc-prod-Arr-cong = dg-prod-Arr-cong

and smc-prod-Dom-vsv| sme-cs-intros] = dg-prod-Dom-vsv

and smc-prod-Dom-vdomain| smc-cs-simps] = dg-prod-Dom-vdomain

and smc-prod-Dom-app = dg-prod-Dom-app

and smc-prod-Dom-app-component-app| smc-cs-simps| =
dg-prod-Dom-app-component-app

and sme-prod-Cod-vsv[ sme-cs-intros] = dg-prod-Cod-vsv

and smc-prod-Cod-app = dg-prod-Cod-app

and smc-prod-Cod-vdomain| smc-cs-simps] = dg-prod-Cod-vdomain

and smc-prod-Cod-app-component-app| smc-cs-simps] =
dg-prod-Cod-app-component-app

and smc-prod-vunion-Obj-in-Obj = dg-prod-vunion-Obj-in-Obj

and smc-prod-vdiff-vunion-Obj-in-Obj = dg-prod-vdiff-vunion- Obj-in-Obj

and smc-prod-vunion-Arr-in-Arr = dg-prod-vunion-Arr-in-Arr

and smc-prod-vdiff-vunion-Arr-in-Arr = dg-prod-vdiff-vunion- Arr-in-Arr

end

lemma smc-prod-dg-prod-is-arr:

90 paiead. Ai €< 9 b gncied. A €
(proof)

lemma smc-prod-composable-arrs-dg-prod:
composable-arrs (I1pgicol. A i) = composable-arrs ([1smcicod. 2A 7)

{proof)

4.8.3 Local assumptions for a product semicategory

locale psemicategory-base = Z a for ao I A +
assumes psmec-semicategories| sme-prod-cs-intros):
i € I = semicategory o (A 7)
and psmc-index-in-Vset] sme-cs-intros]: I €, Vset «

Rules.

lemma (in psemicategory-base) psemicategory-base-axioms'| sme-prod-cs-intros):
assumes o' =« and ['=1T
shows psemicategory-base o’ I" 2

{proof)

mk-ide rf psemicategory-base-def[unfolded psemicategory-base-axioms-def]
|intro psemicategory-basel|
|dest psemicategory-baseD| dest]|
|elim psemicategory-baseE|[ elim]|

lemma psemicategory-base-pdigraph-basel:
assumes pdigraph-base o I (\i. sme-dg (2 7))
and Ai. i €, [ = semicategory o (2 1)
shows psemicategory-base o I A
{proof)

Product semicategory is a product digraph.

context psemicategory-base
begin

lemma psmc-pdigraph-base: pdigraph-base o I (Mi. sme-dg (2 7))
{proof)

interpretation pdg: pdigraph-base o I <\i. sme-dg (2 7)»
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{proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
psmec-0bj-in-Vset = pdg.pdg-Obj-in- Vset
and psmc-Arr-in-Vset = pdg.pdg-Arr-in- Vset
and psmc-smc-prod-Obj-in-Vset = pdg.pdg-dg-prod-Obj-in- Vset
and psmc-smc-prod-Arr-in-Vset = pdg.pdg-dg-prod-Arr-in- Vset
and smc-prod-Dom-app-in-Obj[ smc-cs-intros] = pdg.dg-prod-Dom-app-in-Obj
and smc-prod-Cod-app-in-Obj[ sme-cs-intros] = pdg.dg-prod-Cod-app-in-Obj
and smc-prod-is-arrl = pdg.dg-prod-is-arrl
and smc-prod-is-arrD[dest] = pdg.dg-prod-is-arrD
and smc-prod-is-arrE[elim] = pdg.dg-prod-is-arrE

end
lemmas [smec-cs-intros] = psemicategory-base.sme-prod-is-arrD(7)

Elementary properties.

lemma (in psemicategory-base) psmc-vsubset-indez-psemicategory-base:
assumes J S, [
shows psemicategory-base oo J A

{proof)

Composition

lemma smc-prod-Comp:
(M smcieol. A i)(|Comp)) =
(

Agfescomposable-arrs ([T smcicol. A ©).
(Aieol. gf (OD(i) oagr 4 of (InD(4D)

{proof)

lemma smc-prod-Comp-vdomain[ smc-cs-simps]:
Do ((ITsmcicol. A i)(Comp))) = composable-arrs ([1smcicol. A 7)
{proof)

lemma smc-prod-Comp-app:
assumes ¢ : b T sacico]. A i © ar.ld f: @ ST gy cico]. A i b
Shows § o (] nyoiert. o 1) J = (Nical. gi oag 1 F01D)
{proof)

lemma smc-prod-Comp-app-component[ smc-cs-simps]:
assumes ¢ : b=y e A C
and [ : a =g, cie I 2 i b
and 7 €,
shows (g oa(7 gy cie.r. 2 1) 1D = 9(i) canr 4 F(i)
(proof)

lemma (in psemicategory-base) smc-prod-Comp-vrange:
Ro (IMsmcicoI. A 0)(Comp)) So (ITsmcicc. A i)(Arr])
{proof)

lemma smc-prod-Comp-app-vdomain| smc-cs-simps|:
assumes g : b HHSMc’L'GoI. Ag € and f sa '_)HSMCZ'%L A g b
shows D, (g OA(T] sarcicol. 2 4) =1
(proof )
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A product a-semicategory is a tiny ($-semicategory

lemma (in psemicategory-base) psmc-tiny-semicategory-smc-prod:
assumes Z (§ and « &
shows tiny-semicategory 5 (I1smcicod. A 7)

(proof)

4.8.4 Further local assumptions for product semicategories

Definition and elementary properties

locale psemicategory = psemicategory-base a I A for o I A +
assumes psmc-0bj-vsubset- Vset:
J S I = (I1smciccd. A i)(0bj) So Vset «
and psmc-Hom-vifunion-in- Vset:
[
J S I
A co (TTsmcieod. A 1) (Obj));
B <o (1 smcieod. A i)(Obj);
A e, Vset a;
B e, Vset o
] = (UoaeA. UobeoB. Hom ([Tsmcicsd. A i) ab) €, Vset o

Rules.

lemma (in psemicategory) psemicategory-axioms’[ sme-prod-cs-intros):
assumes o' = o and I'=1
shows psemicategory o' I" 2

(proof)

mk-ide rf psemicategory-def[unfolded psemicategory-axioms-def]
|intro psemicategoryl|
|dest psemicategoryD| dest]
|elim psemicategoryE[ elim]]

lemmas [smc-prod-cs-intros] = psemicategoryD(1)

lemma psemicategory-pdigraphl:
assumes pdigraph o I (\i. sme-dg (2 7))
and Ai. i €, [ = semicategory o (2 )
shows psemicategory o I A
(proof)

Product semicategory is a product digraph.

context psemicategory
begin

lemma psmc-pdigraph: pdigraph o I (Ni. sme-dg (21 7))
{proof)

interpretation pdg: pdigraph o I <\i. sme-dg (2L ©)» (proof)

lemmas-with [unfolded slicing-simps slicing-commaute]:
psmc-0bj-vsubset-Vset' = pdg.pdg-Obj-vsubset- Vset'
and psmc-Hom-vifunion-in-Vset' = pdg.pdg-Hom-vifunion-in-Vset’
and psmc-smc-prod-vunion-is-arr = pdg.pdg-dg-prod-vunion-is-arr
and psmc-smc-prod-vdiff-vunion-is-arr = pdg.pdg-dg-prod-vdiff-vunion-is-arr

end
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Elementary properties.

lemma (in psemicategory) psmc-vsubset-index-psemicategory:
assumes J S, [
shows psemicategory o J 2

{proof)

A product a-semicategory is an a-semicategory

lemma (in psemicategory) psmec-semicategory-sme-prod:
semicategory o ([1smcicol. A Q)
(proof)

4.8.5 Local assumptions for a finite product semicategory

Definition and elementary properties

locale finite-psemicategory = psemicategory-base a I A for o I A +
assumes fin-psmc-index-vfinite: vfinite 1

Rules.

lemma (in finite-psemicategory) finite-psemicategory-axioms| sme-prod-cs-intros):
assumes o' = and I'=1
shows finite-psemicategory o’ I' 2

{proof)

mk-ide rf finite-psemicategory-def[unfolded finite-psemicategory-azioms-def]
|intro finite-psemicategoryl|
|dest finite-psemicategoryD[ dest]|
|elim finite-psemicategoryE[ elim]|

lemmas [smc-prod-cs-intros] = finite-psemicategoryD(1)

lemma finite-psemicategory-finite-pdigraphl:
assumes finite-pdigraph o I (Ai. sme-dg (2 7))
and Ai. i €, [ = semicategory « (2 1)
shows finite-psemicategory o I A
{proof)

Local assumptions for a finite product semicategory and local assumptions for an
arbitrary product semicategory

sublocale finite-psemicategory c psemicategory a I 2
{proof)

4.8.6 Binary union and complement

lemma (in psemicategory) psmc-sme-prod-vunion-Comp:
assumes vdisjnt J K
and J &, 1
and K ¢, 1
and g: b =1 g, pje, . A ) ©
and g": b (o cke K2 k) €
and f:a P (M sarcjeod. A §) b
and f': a’ (M suckeK. 2A k) b’
shows (g CA(T1 smcjeod. A §) f) e (g’ CA(T] smojeo K. A §) f) =
99 9" oA smejet o K. % j) F Yo I
{proof)
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lemma (in psemicategory) psmc-smc-prod-vdiff-vunion-Comp:
assumes J S, [
and g: b (M smcjeol —o J. A j) €
and g": 0" = (o0 cheo g, 2 k) €
and f:a (7, pje.l —, J. 20 j) b
and f': o' (M smckeoJ. A k) b’
shows (g CA(TI smcjeel —o J. A j) f) ve (¢’ CA( smcjesd. A j) =
9 g’ CA(TT smcjeol. A j) foe f!
(proof)

4.8.7 Projection

Definition and elementary properties

See Chapter II-3 in [39].

definition smcf-proj = V= (V= V)=V =V («msmc?)
where gy o I A i =

[
(Naco(TToico. A i(Obj)). ali)).
(Meo(TToted. A i Arr])). f(i)),
(H SMCZ'GO[' A i),
2A g

]O

Components.

lemma smcf-proj-components:
shows (mgpye I A 7)(0bjMap)) = (Naco([Toieo1. 2 i(ObY])). a(i]))
and (rspye I A i)(ArrMap)) = (Mfeo(TToteol. A i(Arr))). ()
and (7TSMC A z)QHomDomD = (H SMCieoL A Z)
and (nspc I A 0)(HomCod)) = A i
{proof)

Slicing

lemma smcf-dghm-smcf-proj[ slicing-commute]:
mpc I (Ni. sme-dg (21 1)) i = smef-dghm (mspe I A7)
(proof )

context psemicategory
begin

interpretation pdg: pdigraph o I «\i. sme-dg (2 @) (proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
smcf-proj-is-dghm = pdg.pdg-dghm-proj-is-dghm

end

Projection semifunctor is a semifunctor

lemma (in psemicategory) psmc-smcf-proj-is-semifunctor:
assumes 7 €, |
shows TSMC IT2A7q: (H SMCieoL 2A ’L) =>=>9MCa A g
{proof)

lemma (in psemicategory) psmc-smcf-proj-is-semifunctor”:

343
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assumes i €, [ and € = ([Tgpcic.]. A i) and D =2 ¢
shows tgpyc IR i:C 5100 D

{proof)

lemmas [smc-cs-intros] = psemicategory.psme-smcf-proj-is-semifunctor’

4.8.8 Semicategory product universal property semifunctor

Definition and elementary properties

The following semifunctor is used in the proof of the universal property of the product semicat-
egory later in this work.

definition smcf-up = V= (V=>V)=V=>(V=V)=T
where smcf-up I A € ¢ =

[
(Aae.€(0bj). (Nieo1. ¢ i(|ObjMap)(a))),
(Mfeo€(Arr)). (NieoI. ¢ i(|ArrMap))(f])),
¢,
(H smcoicod. A 1)

Jo

Components.

lemma smcf-up-components:
shows smcf-up I A € p(0bjMap)) = (Aac.€(0bj]). (MieoI. v i(ObjiMap))(al)))
and smcf-up I A € p(ArrMap)) = (AfeoC(Arr]). (NieoI. @ i(ArrMap))(f]))
and smcf-up I A € o(HomDom]|) = €
and smcf-up I A € o(HomCod|) = ([T smcic.l. A 0)
(proof)

Slicing.

lemma smcf-dghm-smcf-up[ slicing-commute]:
dghm-up I (Mi. sme-dg (2 7)) (sme-dg €) (Ni. smef-dghm (¢ ©)) =
smef-dghm (smef-up I A € @)
(proof)

context
fixesAp=z V=1V
and € = V
begin

lemmas-with
[
where A=«\i. sme-dg (2 i)y and p=«\i. smcf-dghm (p i) and €=<smc-dg €,
unfolded slicing-simps slicing-commute
]:
smef-up-ObjMap-vdomain[ sme-cs-simps] = dghm-up-ObjMap-vdomain
and smcf-up-ObjMap-app = dghm-up-ObjMap-app
and smcf-up-ObjMap-app-vdomain| smc-cs-simps] = dghm-up-ObjMap-app-vdomain
and smcf-up-ObjMap-app-component| smc-cs-simps]| = dghm-up-ObjMap-app-component
and smcf-up-ArrMap-vdomain| smc-cs-simps] = dghm-up-ArrMap-vdomain
and smcf-up-ArrMap-app = dghm-up-ArrMap-app
and smcf-up-ArrMap-app-vdomain| sme-cs-simps] = dghm-up-ArrMap-app-vdomain
and smcf-up-ArrMap-app-component| smc-cs-simps] = dghm-up-ArrMap-app-component

lemma smcf-up-ObjMap-vrange:
assumes N\i. i €, [ = p i : € »>gpy0aq A7
shows R, (smcf-up I A € o(ObjMap))) So (I1smcicod. A 7)(Obj)
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(proof)

lemma smcf-up-ObjMap-app-vrange:
assumes a € €(0bj)) and Ai. i€, [ = ¢ i : € »gyca A1
shows R, (smcf-up I A € o(ObjMap|)(a))) So (UoieI. 2 i(Obj))
{proof)

lemma smcf-up-ArrMap-vrange:

assumes N\i. i €, [ = ¢ i: € »gyoaq A i

shows R, (smcf-up I A € p(ArrMap))) So (ITsmcieol. A 7)(Arr)
{proof)

lemma smcf-up-ArrMap-app-vrange:
assumes a € E(Arr) and Ai. i €o [ = 0 i: Egyca A i
shows R, (smcf-up I A € p(ArrMap))(al) So (Uoieol. A i(Arr))
(proof)

end

context psemicategory
begin

interpretation pdg: pdigraph o I <\i. sme-dg (2L ©)» (proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
psme-dghm-comp-dghm-proj-dghm-up = pdg.pdg-dghm-comp-dghm-proj-dghm-up
and psmc-dghm-up-eq-dghm-proj = pdg.pdg-dghm-up-eq-dghm-proj

end

Semicategory product universal property semifunctor is a semifunctor

lemma (in psemicategory) psmc-smecf-up-is-semifunctor:
assumes semicategory a« Cand Ni. t €, I = p 1 : C g0 A 0
shows smcf-up I A € ¢ : € »gprca (TsmoicaI. A i)

{proof)

Further properties

lemma (in psemicategory) psmc-Comp-smef-proj-smef-up:
assumes semicategory o €
and \i. i 6o [ = pi: € »gy0a A

and i€, [
shows ¢ i =gy I A iogpyor smefup I A C @
{proof)

lemma (in psemicategory) psmec-smcf-up-eq-smcef-proj:
assumes § : € »—>gyoa ([Tsmoicd. A i)
and A\i. i 6o = o i=mgyc I A iosycor T
shows smcf-up I A€ o = §
{proof)

4.8.9 Singleton semicategory
Slicing

context
fixes € = V
begin
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lemmas-with [where €=(smc-dg €, unfolded slicing-simps slicing-commute):
sme-singleton-Objl = dg-singleton-Objl
and smc-singleton-ObjE = dg-singleton-ObjE
and smc-singleton-Arrl = dg-singleton-Arrl
and smc-singleton-ArrE = dg-singleton-ArrE

end

context semicategory
begin

interpretation dg: digraph « <smc-dg € {proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
sme-finite-pdigraph-smc-singleton = dg.dg-finite-pdigraph-dg-singleton
and smc-singleton-is-arrl = dg.dg-singleton-is-arrl
and smc-singleton-is-arrD = dg.dg-singleton-is-arrD
and smc-singleton-is-arrE = dg.dg-singleton-is-arrE

end

Singleton semicategory is a semicategory

lemma (in semicategory) smc-finite-psemicategory-sme-singleton:
assumes j €, Vset a
shows finite-psemicategory o (set {j}) (\i. €)
(proof)

lemma (in semicategory) smc-semicategory-sme-singleton:
assumes j €, Vset a
shows semicategory a (I1smci€oset {j}. €)

(proof)

4.8.10 Singleton semifunctor
Definition and elementary properties

definition smcf-singleton = V = V = V
where smcf-singleton j € =
[
(Aae.€(0bj)). set {{j, a)}),
(Afe€(Arr]). set {(j, f)}),
¢,
(Il smcicoset {j}. €)

o

Components.

lemma smcf-singleton-components:
shows smcf-singleton j €(0bjMap|) = (Aae.€(0bj)). set {{j, a)})
and smcf-singleton j €(ArrMap)) = (Afe.C(Arr]). set {{4, f)})
and smcf-singleton j €(HomDom|) = €
and smcf-singleton j €(HomCod|) = ([1smcic.set {j}. €)
{proof)

Slicing.

lemma smcf-dghm-smcf-singleton| slicing-commute]:
dghm-singleton j (smc-dg €)= smef-dghm (smcf-singleton j €)
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{proof)

context
fixes € = V
begin

lemmas-with [where €=(smc-dg €, unfolded slicing-simps slicing-commute):

smcf-singleton- ObjMap-vsv[ sme-cs-intros] = dghm-singleton-ObjMap-vsv

and smcf-singleton-ObjMap-vdomain[ smc-cs-simps] =
dghm-singleton-ObjMap-vdomain

and smcf-singleton-ObjMap-vrange = dghm-singleton-ObjMap-vrange

and smcf-singleton-ObjMap-app| sme-prod-cs-simps] = dghm-singleton-ObjMap-app

and smcf-singleton-ArrMap-vsv[ sme-cs-intros] = dghm-singleton- ArrMap-vsv

and smcf-singleton-ArrMap-vdomain[ smc-cs-simps] =
dghm-singleton-ArrMap-vdomain

and smcf-singleton-ArrMap-vrange = dghm-singleton-ArrMap-vrange

and smcf-singleton-ArrMap-app[ sme-prod-cs-simps]| = dghm-singleton-ArrMap-app

end

context semicategory
begin

interpretation dg: digraph « <smc-dg € (proof)

lemmas-with [unfolded slicing-simps slicing-commute]:
sme-smcef-singleton-is-dghm = dg.dg-dghm-singleton-is-dghm

end

Singleton semifunctor is an isomorphism of semicategories

lemma (in semicategory) smc-smcf-singleton-is-iso-semifunctor:
assumes j €, Vset a
shows smcf-singleton j € : € =gy 0. isoa (ITsmotcoset {j}. €)
{proof)

lemmas [smc-cs-intros] = semicategory.smc-smcf-singleton-is-iso-semifunctor

4.8.11 Product of two semicategories

Definition and elementary properties.

See Chapter II-3 in [39].

definition smc-prod-2 = V = V = V (infixr «xgp ¢ 80)
where 2 xgp o B = sme-prod (2n) (Ai. (1 =0 72A : B))

Slicing.

lemma smc-dg-sme-prod-2] slicing-commute]:
sme-dg A xpg sme-dg B = sme-dg (A xspyc B)
(proof )

context

fixes a 2 B

assumes 2A: semicategory o A and B: semicategory o B
begin

interpretation 2: semicategory o A (proof)
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interpretation 9B: semicategory a B (proof)

lemmas-with
[
where 2A=<smc-dg 2> and B=(smc-dg B>,
unfolded slicing-simps slicing-commudte,
OF A.smc-digraph B.smc-digraph

sme-prod-2-0bjl = dg-prod-2-0bjl

and smc-prod-2-0bjl | sme-prod-cs-intros] = dg-prod-2-ObjI’

and smc-prod-2-ObjE = dg-prod-2-ObjE

and smc-prod-2-Arrl = dg-prod-2-Arrl

and smc-prod-2-Arrl'[ sme-prod-cs-intros] = dg-prod-2-Arrl’

and smc-prod-2-ArrE = dg-prod-2-ArrE

and smc-prod-2-is-arrl = dg-prod-2-is-arrl

and smc-prod-2-is-arrl'[ sme-prod-cs-intros] = dg-prod-2-is-arrl’

and smc-prod-2-is-arrE = dg-prod-2-is-arrE

and smc-prod-2-Dom-vsv = dg-prod-2-Dom-vsv

and smc-prod-2-Dom-vdomain| smc-cs-simps] = dg-prod-2-Dom-vdomain
and smc-prod-2-Dom-app[ smc-prod-cs-simps] = dg-prod-2-Dom-app

and smc-prod-2-Dom-vrange = dg-prod-2-Dom-vrange

and smc-prod-2-Cod-vsv = dg-prod-2-Cod-vsv

and smc-prod-2-Cod-vdomain| sme-cs-simps] = dg-prod-2-Cod-vdomain
and smc-prod-2-Cod-app[ smc-prod-cs-simps] = dg-prod-2-Cod-app

and smc-prod-2-Cod-vrange = dg-prod-2-Cod-vrange

and smc-prod-2-op-sme-sme-0bj| sme-op-simps] = dg-prod-2-op-dg-dg-Obj
and smc-prod-2-smc-op-sme-Obj[ sme-op-simps| = dg-prod-2-dg-op-dg-Obj
and smc-prod-2-op-smc-sme-Arr[ sme-op-simps] = dg-prod-2-op-dg-dg-Arr
and smc-prod-2-smc-op-sme-Arr[ sme-op-simps] = dg-prod-2-dg-op-dg-Arr

end

Product of two semicategories is a semicategory

context

fixes a A B

assumes 2l: semicategory o A and ‘B: semicategory a B
begin

interpretation Z « (proof)
interpretation 2: semicategory o A (proof)
interpretation B: semicategory o B (proof)

lemma finite-psemicategory-smc-prod-2:
finite-psemicategory « (2n) (if2 2A B)
{proof)

interpretation finite-psemicategory o <2n> <if2 A B>

{proof)

lemma semicategory-smc-prod-2[ sme-cs-intros]: semicategory o (A xspr o B)

{proof)

end

Composition

context
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fixes a 2 B
assumes 2l: semicategory o A and ‘B: semicategory o ‘B
begin

interpretation Z « (proof)

interpretation finite-psemicategory o <2n> <«if2 A B>

{proof)

lemma smc-prod-2-Comp-app[ smec-prod-cs-simps]:
assumes [g. 9']. ¢ (b, bl g xgyy0 3 L6: '
and [f, f']o : [a, alo =g xg 0 [0, 0]
shows [g, ¢'lo cag( xgp o B [fs [lo = [90ag9 [ 9" cag f'lo
{proof)

end

Opposite product semicategory

context

fixes a 2 B

assumes 2l: semicategory a A and B: semicategory o B
begin

interpretation 2(: semicategory o 2A (proof)
interpretation 9B: semicategory o B (proof)

lemma op-smc-smce-prod-2[ sme-op-simps]:
op-sme (A xgpe B) = op-sme A xgpy o op-sme B
{proof)

end

4.8.12 Projections for the product of two semicategories

Definition and elementary properties

See Chapter II-3 in [39].

definition smcf-proj-fst = V.=V = V («mspmc.1)

where mgpc.1 A B = smef-proj (2n) (Mi. (i=022A:98))0
definition smcf-proj-snd = V=V = V (kmsmc.2?)

where msyc.2 A B = smef-proj (2n) (Ai. (1 =0 72 :B)) (In)

Slicing
lemma smcf-dghm-smcf-proj-fst| slicing-commute]:

mpag.1 (sme-dg ) (sme-dg B) = smef-dghm (mspyoq A B)
(proof)

lemma smcf-dghm-smcef-proj-snd| slicing-commute]:
mpa.2 (sme-dg ) (sme-dg B) = smef-dghm (mspc.2 A B)
(proof)

context

fixes a 2 B

assumes 2A: semicategory o A and B: semicategory o B
begin

interpretation Z « (proof)
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interpretation 2(: semicategory o 2 (proof)
interpretation 9B: semicategory a B (proof)

lemmas-with
[
where 2A=<smc-dg 2> and B=(smc-dg B>,
unfolded slicing-simps slicing-commudte,
OF A.smc-digraph B.smc-digraph
]:
smcf-proj-fst-ObjMap-app| smc-cs-simps| = dghm-proj-fst-ObjMap-app
and smcf-proj-snd-ObjMap-app[ smc-cs-simps] = dghm-proj-snd-ObjMap-app
and smcf-proj-fst-ArrMap-app| smc-cs-simps] = dghm-proj-fst-ArrMap-app
and smcf-proj-snd-ArrMap-app[ smc-cs-simps] = dghm-proj-snd-ArrMap-app

end

Domain and codomain of a projection of a product of two semicategories

lemma smcf-proj-fst-HomDom: wspyc.1 A B(HomDom|) = A xsyc B

{proof)

lemma smcf-proj-fst-HomCod: wgprc.1 A B(HomCod|) = A
(proof)

lemma smcf-proj-snd-HomDom: wsarc.2 A B(HomDom|) = A xgpc B

{proof)

lemma smcf-proj-snd-HomCod: wgprc.2 A B(HomCod|) = B
(proof)

Projection of a product of two semicategories is a semifunctor

context

fixes a 2 B

assumes 2l: semicategory a A and B: semicategory o B
begin

interpretation Z « (proof)
interpretation finite-psemicategory o <2n> <if2 A B>

(proof)

lemma smcf-proj-fst-is-semifunctor:
assumes i €, [
shows mgaprc.1 A B : A xgpyr¢ B =»spca U

{proof)

lemma smcf-proj-fst-is-semifunctor’[ sme-cs-intros|:
assumes i €, [ and € = A xgyyoc B and D = A
shows Tgpyc1 A DB : C sy ca D

{proof)

lemma smcf-proj-snd-is-semifunctor:
assumes 7 €, |
shows mspc2 A DB : A xgye B »spca B

{proof)

lemma smcf-proj-snd-is-semifunctor’[ sme-cs-intros]:
assumes i €, [ and € = A xgyyc B and D =B
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shows Tsyc 2 A B : € »>g170a0 D

{proof)

end

4.8.13 Product of three semicategories

Definition and elementary properties.

definition smc-prod-3 = V=V = V =V
(«(- xsmes - xsmes -)» [81, 81, 81] 80)
where A xgy03 B xsmeos € = ([1smcicodn. if3 A B € i)

Slicing.

lemma smc-dg-sme-prod-3| slicing-commute]:
sme-dg A xpas sme-dg B xpas sme-dg € = sme-dg (A xsproz B xspeos ©)

{proof)

context
fixes a A B C
assumes 2l: semicategory a A
and B: semicategory o B
and ¢: semicategory o €
begin

interpretation 2I: semicategory o A (proof)
interpretation 9B: semicategory a B (proof)
interpretation €: semicategory o € (proof)

lemmas-with
[
where 2A=<smc-dg 2> and B=(smc-dg B> and C=«smc-dg >,
unfolded slicing-simps slicing-commudte,
OF A.smc-digraph B.smc-digraph €.smc-digraph
]:
sme-prod-3-0bjl = dg-prod-3-0bjl
and smc-prod-3-0bjl'[ sme-prod-cs-intros] = dg-prod-3-Objl’
and smc-prod-3-ObjE = dg-prod-3-ObjE
and smc-prod-3-Arrl = dg-prod-3-Arrl
and smc-prod-3-Arrl'[ sme-prod-cs-intros] = dg-prod-3-Arrl’
and smc-prod-3-ArrE = dg-prod-3-ArrE
and smc-prod-3-is-arrl = dg-prod-3-is-arrl
and smc-prod-3-is-arrl'[ sme-prod-cs-intros] = dg-prod-3-is-arrl’
and smc-prod-3-is-arrE = dg-prod-3-is-arrE
and smc-prod-3-Dom-vsv = dg-prod-3-Dom-vsv
and smc-prod-3-Dom-vdomain[ smc-cs-simps] = dg-prod-3-Dom-vdomain
and smc-prod-3-Dom-app[ smc-prod-cs-simps] = dg-prod-3-Dom-app
and smc-prod-3-Dom-vrange = dg-prod-3-Dom-vrange
and smc-prod-3-Cod-vsv = dg-prod-3-Cod-vsv
and smc-prod-3-Cod-vdomain| sme-cs-simps] = dg-prod-3-Cod-vdomain
and smc-prod-3-Cod-app| sme-prod-cs-simps| = dg-prod-3-Cod-app
and smc-prod-3-Cod-vrange = dg-prod-3-Cod-vrange

end

Product of three semicategories is a semicategory

context
fixesa A B ¢
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assumes 2A: semicategory o A
and B: semicategory o B
and €: semicategory o €

begin

interpretation Z « (proof)

interpretation 2: semicategory o A (proof)
interpretation B: semicategory o B (proof)
interpretation ¢: semicategory a € (proof)

lemma finite-psemicategory-smc-prod-3:
finite-psemicategory o (3n) (if3 A B €)
{proof)

interpretation finite-psemicategory o <3n> <if3 A B &
(proof)

lemma semicategory-smc-prod-3[ smc-cs-intros]:
semicategory o (A xgpro3 B xspmes €)

{proof)

end

Composition

context
fixes a A B ¢
assumes 2A: semicategory o A
and ‘B: semicategory o B
and ¢&: semicategory o €
begin

interpretation Z « (proof)

interpretation finite-psemicategory o <3n> <if3 A B &

{proof)

lemma smc-prod-3-Comp-app[ sme-prod-cs-simps]:

assumes [g, g, ¢"]o : [b, V', b"']o oy xsmcs B xsmes € e, ¢!, ¢"o
and [f, f', f""]o : [a, @', a"]o A xsmos B xsmes € [b, b', b""],

shows

(9, 9" 9" AN xgargs B xsucy € Lf, £ e =
( [!;OAQ[fv!] oagy [y 9" oag f"]o
proof

end

352
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4.9 Subsemicategory
4.9.1 Background

named-theorems smc-sub-cs-intros

named-theorems smc-sub-bw-cs-intros
named-theorems smc-sub-fw-cs-intros
named-theorems smc-sub-bw-cs-simps

4.9.2 Simple subsemicategory

Definition and elementary properties

See Chapter I-3 in [39].

locale subsemicategory =
sdg: semicategory o B + dg: semicategory o € for a B € +
assumes subsmc-subdigraph[slicing-intros]: smec-dg B Spga sme-dg €
and subsmc-Comp[ sme-sub-fw-cs-intros]:
[g:bPpcfiargb]l=— goag f=goac/

abbreviation is-subsemicategory (<(-/ Ssmc1 -)» [51, 51] 50)
where ‘B Cgproa € = subsemicategory o B €

lemmas [smc-sub-fw-cs-intros| = subsemicategory.subsmc-Comp

Rules.

lemma (in subsemicategory) subsemicategory-axioms'[ sme-cs-intros]:
assumes o’ = ¢ and B’ =B
shows B’ coyc, €

{proof)

lemma (in subsemicategory) subsemicategory-axioms’'[ sme-cs-intros):
assumes o' = v and ¢' = €
shows B Csyo,, €'

{proof)

mk-ide rf subsemicategory-def[unfolded subsemicategory-azioms-def]
|intro subsemicategoryl|
|dest subsemicategoryD[dest]|
|elim subsemicategoryE| elim!]|

lemmas [smc-sub-cs-intros] = subsemicategoryD(1,2)

lemma subsemicategoryl "
assumes semicategory o B
and semicategory o €
and Aa. a €& B(0bj)) = a €, €(0bj)
and Aabf.framrmg b= frargb
and Abcgaf.[[g:brgcfiamygb] —
goay f=goagf
shows B Cgyroa €
(proof)

Subsemicategory is a subdigraph.

context subsemicategory
begin

interpretation subdg: subdigraph o <smc-dg B> <smc-dg €
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{proof)

lemmas-with [unfolded slicing-simps]:
subsmec-Obj-vsubset = subdg.subdg-Obj-vsubset
and subsmc-is-arr-vsubset = subdg.subdg-is-arr-vsubset
and subsmc-subdigraph-op-dg-op-dg = subdg.subdg-subdigraph-op-dg-op-dg
and subsmc-objD = subdg.subdg-objD
and subsmc-arrD = subdg.subdg-arrD
and subsmc-dom-simp = subdg.subdg-dom-simp
and subsmc-cod-simp = subdg.subdg-cod-simp
and subsmc-is-arrD = subdg.subdg-is-arrD
and subsmc-dghm-inc-op-dg-is-dghm = subdg.subdg-dghm-inc-op-dg-is-dghm
and subsmc-op-dg-dghm-inc = subdg.subdg-op-dg-dghm-inc
and subsmc-inc-is-ft-dghm-azioms = subdg.inc.is-ft-dghm-azxioms

end

lemmas subsmc-subdigraph-op-dg-op-dg[intro] =
subsemicategory.subsmc-subdigraph-op-dg-op-dg

lemmas [smc-sub-fw-cs-intros] =
subsemicategory.subsmc-Obj-vsubset
subsemicategory.subsmc-is-arr-vsubset
subsemicategory.subsmc-objD
subsemicategory.subsmc-arrD
subsemicategory.subsmc-is-arrD

lemmas [ smc-sub-bw-cs-simps] =
subsemicategory.subsmc-dom-simp
subsemicategory.subsmc-cod-simp

The opposite subsemicategory.

lemma (in subsemicategory) subsmc-subsemicategory-op-smc:
op-smc B Sgpoa op-sme €
{proof)

lemmas subsmc-subsemicategory-op-sme[intro, smc-op-intros] =
subsemicategory.subsmc-subsemicategory-op-smc

Further rules.

lemma (in subsemicategory) subsme-Comp-simp:
assumes g: b gy cand f:a >y b
shows g oam f = goag f
(proof)

lemmas [sme-sub-bw-cs-simps] = subsemicategory.subsmc-Comp-simp

lemma (in subsemicategory) subsmc-is-idem-arrD:
assumes f : ;4.3 b
shows f : —;qep b

(proof)

lemmas [ sme-sub-fw-cs-intros] = subsemicategory.subsmc-is-idem-arrD

Subsemicategory relation is a partial order

lemma subsmc-refi:
assumes semicategory a A

354
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shows A Sgproa A
{proof)

lemma subsmc-trans|trans]:
assumes A Csyrca B and B Cgprca €
shows A Ssproa €

(proof)

lemma subsmc-antisym:
assumes 2A Csyroa B and B Cspyroa A
shows A =B

(proof)

4.9.3 Inclusion semifunctor

Definition and elementary properties

See Chapter I-3 in [39].

abbreviation (input) smcf-inc = V=V =V
where smcf-inc = dghm-inc

Slicing.

lemma dghm-smcf-inc[ slicing-commute]:
dghm-inc (sme-dg B) (sme-dg €) = smef-dghm (smcf-inc B €)
(proof)

Elementary properties.

lemmas [smc-cs-simps] =
dghm-inc-ObjMap-app
dghm-inc-ArrMap-app

Canonical inclusion semifunctor associated with a subsemicategory

sublocale subsemicategory C inc: is-ft-semifunctor a B &€ <smcf-inc B €
(proof)

lemmas (in subsemicategory) subsmc-smcf-inc-is-ft-semifunctor =
inc.is-ft-semifunctor-axioms
Inclusion semifunctor for the opposite semicategories

lemma (in subsemicategory)
subsemicategory-smcf-inc-op-sme-is-semifunctor| sme-sub-cs-intros|:
smef-inc (op-sme B) (op-sme €) @ op-sme B =>—>gmC . faithfula 0p-sme €

{proof)

lemmas [smc-sub-cs-intros] =
subsemicategory.subsemicategory-smcf-inc-op-smc-is-semifunctor

lemma (in subsemicategory) subdg-op-smc-smcf-inc[sme-op-simps]:
op-smef (smef-inc B €) = smef-inc (op-sme B) (op-sme €)
(proof)

lemmas [smc-op-simps] = subsemicategory.subdg-op-sme-smcf-inc

4.9.4 Full subsemicategory

See Chapter I-3 in [39].

355



CHAPTER 4. SEMICATEGORIES

locale fi-subsemicategory = subsemicategory +
assumes fl-subsemicategory-fl-subdigraph: smc-dg B Spg.fuiia sme-dg €

abbreviation is-fl-subsemicategory (<(-/ Ssmc.fuit -)> [61, 51] 50)
where B Conrc fuiia € = fl-subsemicategory o B €

Rules.

lemma (in fl-subsemicategory) fl-subsemicategory-azioms'[ smc-cs-intros]:
assumes o’ = « and B’ =B
shows B’ QSMC.fulla’ ¢

{proof)

lemma (in fl-subsemicategory) fl-subsemicategory-azioms’'[ smc-cs-intros]:
assumes o' = ¢ and ¢’ = ¢
shows B Csrro fuily’ €

{proof)

mk-ide rf fl-subsemicategory-def[unfolded fl-subsemicategory-axioms-def|
|intro fl-subsemicategoryl|
|dest fl-subsemicategoryD[ dest]|
|elim fl-subsemicategoryE| elim!]]

lemmas [smc-sub-cs-intros] = fl-subsemicategoryD(1)

Full subsemicategory.

sublocale fi-subsemicategory € inc: is-fl-semifunctor a B € (smcf-inc B &
(proof)

4.9.5 Wide subsemicategory

Definition and elementary properties

See [3]%).

locale wide-subsemicategory = subsemicategory +
assumes wide-subsmc-wide-subdigraph: smc-dg B Spa.widea SMC-dg €

abbreviation is-wide-subsemicategory (<(-/ Ssamrc.widel -)» [61, 51] 50)
where B Cgpro. widea € = wide-subsemicategory o B €

Rules.

lemma (in wide-subsemicategory) wide-subsemicategory-azioms’[ sme-cs-intros]:

assumes o' = « and B’ = B
shows B’ oo widey €

{proof)

lemma (in wide-subsemicategory) wide-subsemicategory-axioms’'[ sme-cs-intros]:

assumes o' =aand €' = ¢
shows B Cs1/ 0 widey’ €

{proof)

mk-ide rf wide-subsemicategory-def[unfolded wide-subsemicategory-azioms-def]

|intro wide-subsemicategoryl|
|dest wide-subsemicategoryD[ dest]|
|elim wide-subsemicategoryE| elim!]|

“https:/ /ncatlab.org/nlab/show/wide+subcategory
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lemmas [smc-sub-cs-intros| = wide-subsemicategoryD(1)

Wide subsemicategory is wide subdigraph.

context wide-subsemicategory
begin

interpretation wide-subdg: wide-subdigraph o <smc-dg B> <(smc-dg &

{proof)

lemmas-with [unfolded slicing-simps]:
wide-subsmc-0bj[ dg-sub-bw-cs-intros]| = wide-subdg.wide-subdg- Obj
and wide-subsmc-obj-eq[ dg-sub-bw-cs-simps| = wide-subdg.wide-subdg-obj-eq

end

lemmas [dg-sub-bw-cs-intros] = wide-subsemicategory.wide-subsmc-0bj
lemmas [dg-sub-bw-cs-simps| = wide-subsemicategory.wide-subsmc-obj-eq

The wide subsemicategory relation is a partial order

lemma wide-subsmc-refi:
assumes semicategory a A
shows 2 Ssyc widea &
{proof)

lemma wide-subsme-trans|trans]:
assumes A Ssyc.widea B and B gy o widea €
shows 2l S5y c.widea €

{proof)

lemma wide-subsmc-antisym:
assumes A Cgio. widea B and B Sgy o widea A
shows 2 =B

{proof)
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4.10 Simple semicategories

4.10.1 Background

The section presents a variety of simple semicategories, such as the empty semicategory 0 and
a semicategory with one object and one arrow 1. All of the entities presented in this section are
generalizations of certain simple categories, whose definitions can be found in [39].

4.10.2 Empty semicategory 0

Definition and elementary properties

See Chapter I-2 in [39)].
definition smc-0 :: V

where smc-0 = [0, 0, 0, 0, 0],
Components.

lemma smc-0-components:
shows smc-0(0bj]) = 0
and smc-0(Arr]) =0
and smc-0(Dom|) = 0
and smc-0(Cod|) = 0
and smc-0(Comp|) = 0
(proof)

Slicing.
lemma smc-dg-smc-0: sme-dg sme-0 = dg-0

{proof)

lemmas-with (in Z) [folded smc-dg-smc-0, unfolded slicing-simps]:
smc-0-is-arr-iff = dg-0-is-arr-iff

0 is a semicategory

lemma (in Z) semicategory-smc-0[ sme-cs-intros]: semicategory « smc-0

{proof)

lemmas [smec-cs-intros] = Z.semicategory-smc-0

Opposite of the semicategory 0

lemma op-smec-sme-0[ sme-op-simps]: op-sme (sme-0) = sme-0
(proof)

A semicategory without objects is empty

lemma (in semicategory) smc-smc-0-if-Obj-0:
assumes €(0bj)) = 0
shows € = smc-0

{proof)

4.10.3 Empty semifunctor

An empty semifunctor is defined as a semifunctor between an empty semicategory and an
arbitrary semicategory.
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Definition and elementary properties

definition smcf-0:: V = V
where smcf-0 2 = [0, 0, smc-0, A,

Components.

lemma smcf-0-components:
shows smcf-0 2(ObjMap|) = 0
and smcf-0 A(ArrMap]) = 0
and smcf-0 A(HomDoml|) = smc-0
and smcf-0 A(HomCCod|) = A

{proof)
Slicing.

lemma smcf-dghm-smcf-0: smef-dghm (smcf-0 ) = dghm-0 (sme-dg A)
(proof)

Opposite empty semicategory homomorphism.

lemma op-smcf-smef-0: op-smef (smef-0 €) = smef-0 (op-sme €)

{proof)

Object map

lemma smcf-0-ObjMap-vsv[ sme-cs-intros]: vsv (smef-0 €(0bjMap)))
{proof)

Arrow map

lemma smcf-0-ArrMap-vsv[ sme-cs-intros]: vsv (smef-0 €(ArrMap)))

{proof)

Empty semifunctor is a faithful semifunctor

lemma (in Z) smcf-0-is-ft-semifunctor:
assumes semicategory o A
shows smcf-0 2 : smc-0 >~ e faithfuia A

{proof)

lemma (in Z) smcf-0-is-ft-semifunctor'| smcf-cs-intros]:
assumes semicategory a A
and B' =2
and A’ = smc-0
shows smcf-0 2 : A" =>—gsr 0. faithfuia B’

(proof )
lemmas [smcf-cs-intros] = Z.smef-0-is-ft-semifunctor’

lemma (in Z) smcf-0-is-semifunctor:
assumes semicategory a A
shows smcf-0 2 : smec-0 »—>gpr0a0 AU

{proof)

lemma (in Z) smcf-0-is-semifunctor’| sme-cs-intros):
assumes semicategory o 2
and B’ =2
and A’ = smc-0
shows smcf-0 A : A »—>g100 B’

{proof)
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lemmas [smc-cs-intros] = Z.smef-0-is-semifunctor’

Further properties

lemma is-semifunctor-is-smcf-0-if-sme-0:
assumes § : smc-0 »—gp o0 €
shows § = smcf-0 €

{proof)

4.10.4 Empty natural transformation of semifunctors

Definition and elementary properties

definition ntsmcf-0 = V = V
where ntsmcf-0 € = [0, smcf-0 €, smef-0 €, sme-0, €],

Components.

lemma ntsmcf-0-components:
shows ntsmcf-0 C(NTMap|) = 0
and [sme-cs-simps]: ntsmef-0 E(NTDoml|) = smef-0 €
and [smc-cs-simps]: ntsmef-0 E(NTCod)) = smef-0 €
[
[

]:
and [smec-cs-simps]: ntsmcf-0 E(NTDGDom|) = smc-0
and [smc-cs-simps]: ntsmef-0 E(NTDGCod|) = €
{proof)
Slicing.

lemma ntsmcf-tdghm-ntsmef-0: ntsmef-tdghm (ntsmef-0 ) = tdghm-0 (smc-dg )
(proof)

Duality.

lemma op-ntsmcf-ntsmcf-0: op-ntsmef (ntsmef-0 €) = ntsmef-0 (op-sme €)

{proof)

Natural transformation map

lemma ntsmcf-0-NTMap-vsv[ sme-cs-intros]: vsv (ntsmef-0 €(NTMap)))
(proof)

lemma ntsmcf-0-NTMap-vdomain[ smc-cs-simps): Dy (ntsmef-0 C(NTMapl)) = 0
{proof)

lemma ntsmef-0-NTMap-vrange[ sme-cs-simps]: Ro (ntsmef-0 €(NTMap))) = 0
(proof )

Empty natural transformation of semifunctors is a natural transformation of semi-
functors

lemma (in semicategory) smc-ntsmcf-0-is-ntsmecfI:
ntsmef-0 € : smef-0 € »gpror smef-0 € : sme-0 500 €
(proof)

lemma (in semicategory) smc-ntsmcf-0-is-ntsmefl'[ sme-cs-intros]:
assumes §' = smcf-0 €
and &' = smcf-0 €
and A’ = smc-0
and B'=¢
and §' =%
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and &' =6
shows ntsmcf-0 € : §F' »syor & : A gy B’
(proof )

lemmas [smc-cs-intros] = semicategory.smc-ntsmef-0-is-ntsmefl’

lemma is-ntsmcf-is-ntsmef-0-if-smc-0:
assumes N : § 2>sycr B sme-0 »—>gp0a €
shows 91 = ntsmef-0 € and § = smcf-0 € and & = smcf-0 €

{proof)

Further properties

lemma nitsmcf-vcomp-ntsmef-ntsmef-0[ sme-cs-simps]:
assumes N : §F —syor & : sme-0 »—>gy0a0 €
shows N -y rsmor ntsmef-0 € = ntsmef-0 €
{proof)

lemma ntsmcf-vcomp-ntsmef-0-ntsmef | sme-cs-simps]:
assumes N : §F —sycr & : sme-0 »>gyca €
shows ntsmcf-0 € -yrspyor N = ntsmef-0 €
{proof)

4.10.5 10: semicategory with one object and no arrows

Definition and elementary properties

definition smc-10 = V = V
where smc-10 a = [set {a}, 0, 0, 0, 0],

Components.

lemma smc-10-components:
shows smc-10 a(Obj]) = set {a}
and smc-10 a(Arr)) = 0
and smc-10 a(Doml|) = 0
and smc-10 a((Cod)) = 0
and smc-10 a((Comp]) = 0
(proof)

Slicing.
lemma smc-dg-smc-10: sme-dg (sme-10 a) = (dg-10 a)

{proof)

lemmas-with (in Z) [folded smc-dg-smc-10, unfolded slicing-simps]:
sme-10-is-arr-iff = dg-10-is-arr-iff

10 is a semicategory

lemma (in Z) semicategory-smc-10:
assumes a €, Vset o
shows semicategory a (sme-10 a)

(proof)
Arrow with a domain and a codomain

lemma smec-10-is-arr-iff: § : A = gme10 o B <« False

(proof)
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4.10.6 1: semicategory with one object and one arrow

Definition and elementary properties

definition smec-1 =V =V =V
where smec-1 a | =

[set {a}, set {F}, set {(f, a)}, set {(F, a)}, set {({[f; flo, F)}]o

Components.

lemma smc-1-components:
shows smc-1 a f(Obj]) = set {a}
and smc-1 a f(Arr|) = set {f}
and smc-1 a f(Doml|) = set {(f, a)}
and smec-1 a f(Cod|) = set {{f, a)}
and smc-1 a §(Comp)) = set {{[f, flo, f)}
(proof)

Slicing.

lemma dg-smc-1: sme-dg (sme-1 a ) = dg-1 a f

{proof)

lemmas-with [folded dg-smc-1, unfolded slicing-simps]:
sme-1-is-arrl = dg-1-is-arrl
and smc-1-is-arrD = dg-1-is-arrD
and smc-1-is-arrE = dg-1-is-arrE
and smc-1-is-arr-iff = dg-1-is-arr-iff

Composition

lemma smc-1-Comp-app[simp]: f oagmet afF =1

{proof)

1 is a semicategory

lemma (in Z) semicategory-sme-1:
assumes a €, Vset o and § €, Vset o
shows semicategory a (sme-1 a f)

(proof)
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4.11 Rel as a semicategory
4.11.1 Background

The methodology chosen for the exposition of Rel as a semicategory is analogous to the one
used in the previous chapter for the exposition of Rel as a digraph. The general references for
this section are Chapter I-7 in [39] and nLab [3]°.

named-theorems smc-Rel-cs-simps
named-theorems smc-Rel-cs-intros

lemmas (in arr-Rel) [smc-Rel-cs-simps] =
dg-Rel-shared-cs-simps

lemmas (in arr-Rel) [smc-cs-intros, sme-Rel-cs-intros] =
arr-Rel-axioms’

lemmas [smc-Rel-cs-simps] =
dg-Rel-shared-cs-simps
arr-Rel.arr-Rel-length
arr-Rel-comp-Rel-id- Rel-left
arr-Rel-comp- Rel-id- Rel-right
arr-Rel.arr-Rel-converse- Rel-converse- Rel
arr-Rel-converse- Rel-eq-iff
arr-Rel-converse-Rel-comp-Rel
arr-Rel-comp-Rel-converse- Rel-left-if-v11l
arr-Rel-comp-Rel-converse- Rel-right-if-v11

lemmas [smec-Rel-cs-intros] =
dg-Rel-shared-cs-intros
arr-Rel-comp-Rel
arr-Rel.arr-Rel-converse-Rel

4.11.2 Rel as a semicategory

Definition and elementary properties

definition smc-Rel = V = V
where smc-Rel a =

[
Vset a,
set {T. arr-Rel o T},
(ATesset {T. arr-Rel o T}. T(ArrDom))),
(ATeoset {T. arr-Rel o T}. T(ArrCod))),
(ASTe,composable-arrs (dg-Rel «). ST(0) orer ST (1))

]o

Components.

lemma smc-Rel-components:
shows smc-Rel a(Obj]) = Vset o
and smc-Rel a(Arr]) = set {T. arr-Rel o T}
and smc-Rel a(Dom|) = (ATe.set {T. arr-Rel a T}. T(ArrDom]))
and smc-Rel a(Cod|) = (ATe,set {T. arr-Rel a T}. T(ArrCod))
and smc-Rel a(Comp)) = (ASTe,composable-arrs (dg-Rel o). ST(0)) oger ST(1In])
(proof)

Slicing.

®https://ncatlab.org/nlab/show/Rel
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lemma smc-dg-sme-Rel: sme-dg (sme-Rel o) = dg-Rel «
(proof)

lemmas-with [folded smc-dg-smc-Rel, unfolded slicing-simps]:
smc-Rel-0bj-iff = dg-Rel-Obj-iff
and smc-Rel-Arr-iff [ smc-Rel-cs-simps| = dg-Rel-Arr-iff
and smec-Rel-Dom-vsv[ sme-Rel-cs-intros]| = dg-Rel-Dom-vsv
and smc-Rel-Dom-vdomain| sme-Rel-cs-simps] = dg-Rel-Dom-vdomain
and smc-Rel-Dom-app[ smc-Rel-cs-simps| = dg-Rel-Dom-app
and smc-Rel-Dom-vrange = dg-Rel-Dom-vrange
and smc-Rel-Cod-vsv[ sme-Rel-cs-intros] = dg-Rel-Cod-vsv
and smc-Rel-Cod-vdomain[ smc-Rel-cs-simps] = dg-Rel-Cod-vdomain
and smc-Rel-Cod-app[ smc-Rel-cs-simps]| = dg-Rel-Cod-app
and smc-Rel-Cod-vrange = dg-Rel-Cod-vrange
and smc-Rel-is-arrI[ smc-Rel-cs-intros] = dg-Rel-is-arrl
and smc-Rel-is-arrD = dg-Rel-is-arrD
and smc-Rel-is-arrE = dg-Rel-is-arrE
and smc-Rel-is-arr-ArrValE = dg-Rel-is-arr-ArrValE

lemmas [smc-cs-simps] = smce-Rel-is-arrD(2,3)

lemmas-with (in Z) [folded smc-dg-smc-Rel, unfolded slicing-simps]:
sme-Rel-Hom-vifunion-in- Vset = dg-Rel-Hom-vifunion-in- Vset
and smc-Rel-incl-Rel-is-arr = dg-Rel-incl-Rel-is-arr
and smc-Rel-incl-Rel-is-arr'[ smc-Rel-cs-intros] = dg-Rel-incl-Rel-is-arr’

lemmas [smc-Rel-cs-intros] = Z.sme-Rel-incl-Rel-is-arr’

Composable arrows

lemma smc-Rel-composable-arrs-dg-Rel:
composable-arrs (dg-Rel o) = composable-arrs (sme-Rel o)

{proof)

lemma smc-Rel-Comp:
sme-Rel a(Compl) = (ASTe,composable-arrs (sme-Rel o). ST(0]) oger ST(1N])
(proof)

Composition

lemma smc-Rel-Comp-app| smc-Rel-cs-simps]:
assumes S : b =g pei o cand T :a -
shows S CAsme-Rel o T=2-5 ORel T
{proof)

b

sme-Rel «

lemma smc-Rel-Comp-vdomain: Dy (smc-Rel a(Comp|)) = composable-arrs (sme-Rel «)

{proof)

lemma (in Z) smc-Rel-Comp-vrange: Ro (sme-Rel a(Compl|)) S, set {T. arr-Rel o T}
(proof)
Rel is a semicategory

lemma (in Z) semicategory-smc-Rel: semicategory a (sme-Rel «)
(proof)
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4.11.3 Canonical dagger for Rel

Definition and elementary properties

definition smcf-dag-Rel = V = V ({fsmc.re)
where sy rel @ =

[
vid-on (smc-Rel a(Obj)),
VLambda (sme-Rel a(Arr])) converse-Rel,
op-sme (sme-Rel o),
smc-Rel o

]o

Components.

lemma smcf-dag-Rel-components:

shows sy c.ret @(|ObjMap|) = vid-on (smc-Rel a(Obj))
and fsyco.ret @(ArrMap|) = VLambda (sme-Rel a(Arr])) converse-Rel
and fsyc.rer @(HomDom|) = op-sme (sme-Rel @)

and Tsyc.ret @(HomCod|) = smc-Rel o

(proof)
Slicing.

lemma smcf-dghm-smcf-dag-Rel: smcf-dghm (Tspmc.rel @) = TDG.Rel @

{proof)

lemmas-with |

folded smec-dg-sme-Rel smef-dghm-smcf-dag-Rel, unfolded slicing-simps

]:

smcf-dag-Rel-ObjMap-vsv| sme-Rel-cs-intros] = dghm-dag-Rel-ObjMap-vsv
and smcf-dag-Rel-ObjMap-vdomain| smc-Rel-cs-simps]

dghm-dag- Rel-ObjMap-vdomain

and smcf-dag-Rel-ObjMap-app[ smc-Rel-cs-simps] = dghm-dag-Rel-ObjMap-app
and smcf-dag-Rel-ObjMap-vrange[ smc-Rel-cs-simps] = dghm-dag-Rel-ObjMap-vrange
and smcf-dag-Rel-ArrMap-vsv[ sme-Rel-cs-intros] = dghm-dag-Rel-ArrMap-vsv
and smcf-dag-Rel-ArrMap-vdomain| smc-Rel-cs-simps]

dghm-dag-Rel-ArrMap-vdomain

and smcf-dag-Rel-ArrMap-app[ smc-Rel-cs-simps]| = dghm-dag-Rel-ArrMap-app
and smcf-dag-Rel-ArrMap-app-vdomain[ sme-cs-simps| =

dghm-dag-Rel-ArrMap-app-vdomain

and smcf-dag-Rel-ArrMap-app-vrange[ sme-cs-simps]

dghm-dag-Rel-ArrMap-app-vrange

and smcf-dag-Rel-ArrMap-vrange[ smc-Rel-cs-simps]| = dghm-dag-Rel-ArrMap-vrange
and smcf-dag-Rel-ArrMap-app-iff [ smc-cs-simps]| = dghm-dag-Rel- ArrMap-app-iff
and smcf-dag-Rel-app-is-arr = dghm-dag-Rel-ArrMap-app-is-arr

Canonical dagger is a contravariant isomorphism of Rel

lemma (in Z) smcf-dag-Rel-is-iso-semifunctor:

TsMc.Rel @ i op-sme (sme-Rel ) =g ¢ isoa SMC-Rel a

{proof)

Further properties of the canonical dagger

lemma (in Z) smcf-cn-comp-smef-dag-Rel-smcf-dag-Rel:
fsMc.Rel @ sMCFO Tsmo Ret @ = smef-id (sme-Rel a)

(proof)

lemma smcf-dag-Rel-ArrMap-sme-Rel-Comp:

assumes S : b =g pei o cand T :a

sme-Rel «

365
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shows g o rer a|ArrMap)) (S CAsmc-Rel a T) =
Tsmo.rer a(ArrMap))(T)) ©Asme-Rel a TSMC. Rel o ArrMapl) (S))
(proof )

4.11.4 Monic arrow and epic arrow

The conditions for an arrow of Rel to be either monic or epic are outlined in nLab [3]°.

context
begin

private lemma smc-Rel-is-monic-arr-vsubset:
assumes T : A =g per o B
and R: A' A
and §: A’ = sme-Rel o 4
and T oagneRel o B =T oagme-Rel o S
and Ay z X.
[ySod; 2S A; T(ArrVal) 5 y=X; T(ArrVal) 5 z2=X ]| =y =2
shows R(ArrVal) <, S(ArrVal)
{proof)

sme-Rel «

lemma smc-Rel-is-monic-arrl:
assumes T : A =g per o B
and Ay 2 X. [[ y So A; 2 S A; T(ArrVal) 5y =X; T(ArrVal) 5 z2=X ]| =

y=z
shows T : A P mongsme-Rel o B
{proof)
end

lemma smc-Rel-is-monic-arrD| dest]:
assumes T : A = ongme-Rel o B
and y S, A
and z S, A
and T(ArrVal) - y=X
and T(ArrVal) % 2= X
shows y = z
(proof)

lemma smc-Rel-is-monic-arr:
T:Avmonsme-Rel a B <
T: A+~ B A
(
VyzX.
Yy So A —
2C, A —
(T(ArrVal)) %5 y=X —
(T(ArrVal)) % 2= X —
Y=z
)
(proof)

sme-Rel «

lemma smc-Rel-is-monic-arr-is-epic-arr:
assumes T : Ay po o B
and (fsmc.ret @)(ArrMap)(T) : B =monsme-Rel o A
shows T': A = cpigmeRel o B
{proof)

Shttps://ncatlab.org/nlab/show /Rel
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lemma smc-Rel-is-epic-arr-is-monic-arr:

assumes T : A = epignc Rel o B

shows tsy o ret a(ArrMap)(T)) : B »monsme-Rel o A
(proof)

lemma smc-Rel-is-epic-arrl:

assumes T : A — B

sme-Rel «

and Ay z X. [ y S B; 2So B; T(ArrVal) —% y = X; T(ArrVal) -5 2= X ]| =

Y=z
shows T : A —
{proof)

B

epismc-Rel a

lemma smc-Rel-is-epic-arrD| dest]:
assumes 7T : A — B
and y S, B
and z S, B
and T(ArrVal) -5 y=X
and T(ArrVal) -% 2 =X
shows y = 2
(proof)

episme-Rel o

lemma smc-Rel-is-epic-arr:
T: A~
T:A
(
VyzX.
Yy So B—
2C, B —
T(ArrVal) =% y=X —
T(ArrVal) -% 2= X —
Y=z

episme-Rel o B

B A

P sme-Rel o

)
(proof)

4.11.5 Terminal object, initial object and null object

367

An object in the semicategory Rel is terminal/initial/null if and only if it is the empty set (see

nLab [3])7.

lemma (in Z) smc-Rel-obj-terminal: obj-terminal (smec-Rel o) A «— A =0

(proof)

lemma (in Z) smc-Rel-obj-initial: obj-initial (smc-Rel o) A «— A =0
{proof)
lemma (in Z) smc-Rel-obj-terminal-obj-initial:

obj-initial (smc-Rel a) A < obj-terminal (smc-Rel o) A

{proof)

lemma (in Z) smc-Rel-obj-null: obj-null (smc-Rel o) A «— A =0
{proof)

Thttps://ncatlab.org/nlab/show/database-+of+categories
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4.11.6 Zero arrow

A zero arrow for Rel is any admissible V-arrow, such that its value is the empty set. A reference
for this result is not given, but the result is not expected to be original.
lemma (in Z) smc-Rel-is-zero-arr:
assumes A €, smc-Rel a(|0bj]) and B €, smc-Rel a(Obj))
shows T : A ~ogme-Rel o B<— T =10, A, B],
{proof)
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4.12 Par as a semicategory

4.12.1 Background

The methodology chosen for the exposition of Par as a semicategory is analogous to the one
used in the previous chapter for the exposition of Par as a digraph.

named-theorems smc-Par-cs-simps
named-theorems smc-Par-cs-intros

lemmas (in arr-Par) [smc-Par-cs-simps] =
dg-Rel-shared-cs-simps

lemmas (in arr-Par) [smc-cs-intros, smc-Par-cs-intros] =
arr-Par-azioms’

lemmas [smc-Par-cs-simps] =
dg-Rel-shared-cs-simps
arr-Par.arr-Par-length
arr-Par-comp-Par-id-Par-left
arr-Par-comp-Par-id-Par-right

lemmas [smc-Par-cs-intros] =
dg-Rel-shared-cs-intros
arr-Par-comp-Par

4.12.2 Par as a semicategory

Definition and elementary properties

definition smc-Par = V = V
where smc-Par o =
[
Vset «,
set {T. arr-Par o T},
(ATeoset {T. arr-Par o T}. T(ArrDom))),
(ATeoset {T. arr-Par a T}. T(ArrCod])),
(ASTe,composable-arrs (dg-Par o). ST(0) oger ST(1n])

lo

Components.

lemma smc-Par-components:
shows smc-Par a(0bj)) = Vset «
and smc-Par «(Arr)) = set {T. arr-Par o T}
and smc-Par a(Dom|) = (ATesset {T. arr-Par o T}. T(ArrDom)|)
and smc-Par oCod)) = (ATeoset {T. arr-Par o T}. T(ArrCod)))
and smc-Par a(Comp)) = (ASTe,composable-arrs (dg-Par o). ST(0) orer ST(1n]))

(proof)
Slicing.

lemma smc-dg-smc-Par: sme-dg (sme-Par «) = dg-Par o
{proof)

lemmas-with [folded smc-dg-smc-Par, unfolded slicing-simps]:
sme-Par-0bj-iff = dg-Par-Obj-iff
and smc-Par-Arr-iff [ sme-Par-cs-simps] = dg-Par-Arr-iff
and smc-Par-Dom-vsv| smc-Par-cs-intros| = dg-Par-Dom-vsv
and smc-Par-Dom-vdomain| sme-Par-cs-simps] = dg-Par-Dom-vdomain
and smc-Par-Dom-vrange = dg-Par-Dom-vrange
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and smc-Par-Dom-app[ smc-Par-cs-simps] = dg-Par-Dom-app

and smc-Par-Cod-vsv[ sme-Par-cs-intros] = dg-Par-Cod-vsv

and smc-Par-Cod-vdomain| sme-Par-cs-simps] = dg-Par-Cod-vdomain
and smc-Par-Cod-vrange = dg-Par-Cod-vrange

and smc-Par-Cod-app[ sme-Par-cs-simps]| = dg-Par-Cod-app

and smc-Par-is-arrl = dg-Par-is-arrl

and smc-Par-is-arrD = dg-Par-is-arrD

and smc-Par-is-arrE = dg-Par-is-arrE

lemmas [smc-cs-simps] = sme-Par-is-arrD(2,3)
lemmas [smc-Par-cs-intros] = sme-Par-is-arr]

lemmas-with (in 2Z) [folded smc-dg-smc-Par, unfolded slicing-simps]:
smc-Par-Hom-vifunion-in-Vset = dg-Par-Hom-vifunion-in- Vset
and smc-Par-incl-Par-is-arr = dg-Par-incl-Par-is-arr
and smc-Par-incl-Par-is-arr'[ sme-Par-cs-intros]| = dg-Par-incl-Par-is-arr’

lemmas [smc-Par-cs-intros] = Z.sme-Par-incl-Par-is-arr’

Composable arrows

lemma smc-Par-composable-arrs-dg-Par:
composable-arrs (dg-Par «) = composable-arrs (sme-Par «)

{proof)

lemma smc-Par-Comp:
sme-Par a(Comp|) = (ASTe,composable-arrs (sme-Par «). ST(0) orer ST(1n])

{proof)

Composition

lemma smc-Par-Comp-app[ sme-Par-cs-simps]:
assumes S : B puro Cand T: A g por o B
shows S ougme-pPara T =S ora T

{proof)

lemma smc-Par-Comp-vdomain: Do (sme-Par a|Compl)) = composable-arrs (sme-Par o)

{proof)

lemma (in Z) smec-Par-Comp-vrange: Ro (sme-Par aCompl)) S, set {T. arr-Par o T}
(proof)

Par is a semicategory

lemma (in Z) semicategory-smc-Par: semicategory a (sme-Par «)
{proof)

Par is a wide subsemicategory of Rel

lemma (in Z) wide-subsemicategory-smc-Par-sme-Rel:
sme-Par o Ssyo.wideaw STC-Rel o
(proof)

4.12.3 Monic arrow and epic arrow

lemma smc-Par-is-monic-arrl[intro]:
assumes T : A >y por o B and v1l (T(ArrVal)) and D, (T'(ArrVal)) = A
shows T : A = onsme-Par o B
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(proof)

lemma smc-Par-is-monic-arrD:
assumes T : A = ponsme-Par o B

shows T : A =g par o B and v1l (T(ArrVal))) and D, (T(ArrVel)) = A
(proof)

lemma smc-Par-is-monic-arr:
T:Amonsme-Par o B <
T:Avgnepar o BAvll (T(ArrVal)) A D, (T(ArrVal)) = A
(proof)

context
begin

private lemma smc-Par-is-epic-arr-vsubset:
assumes T : A g . por o B
and R, (T(ArrVal)) = B
and R: B g, porq C
and S : B =g por o C
and Roagnepara T =95 casme-Par o T
shows R(ArrVal) <, S(ArrVal)
{proof)

lemma smc-Par-is-epic-arrl:
assumes T : A g pur o B and R, (T'(ArrVal)) = B
shows T : A —

{proof)

epismc-Par «

lemma smc-Par-is-epic-arrD:
assumes T : A = cpigme-Par o B
shows T : A e par o B and Ro (T(ArrVal)) = B

(proof)

end

lemma smc-Par-is-epic-arr:
T:A “episme-Par o B« T:A = smc-Par o B AR, (T(IATTVGZD) =B
(proof)

4.12.4 Terminal object, initial object and null object

lemma (in Z) smc-Par-obj-terminal: obj-terminal (smc-Par a) A «— A =0
{proof)

lemma (in Z) smc-Par-obj-initial: obj-initial (smc-Par a) A «— A =0
(proof)

lemma (in Z) smc-Par-obj-terminal-obj-initial:
obj-initial (smc-Par «) A «<— obj-terminal (smc-Par o) A

{proof)

lemma (in Z) smc-Par-obj-null: obj-null (smc-Par a) A «— A =0

{proof)

4.12.5 Zero arrow

lemma (in Z) sme-Par-is-zero-arr:
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assumes A €, smc-Par a(O0bj]) and B €, smc-Par a(O0bj)
shows T : A »ogne-Par o B < T =[0, A, B],
{proof)
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4.13 Set as a semicategory

4.13.1 Background

The methodology chosen for the exposition of Set as a semicategory is analogous to the one
used in the previous chapter for the exposition of Set as a digraph.

named-theorems smc-Set-cs-simps
named-theorems smc-Set-cs-intros

lemmas (in arr-Set) [smc-Set-cs-simps] =
dg-Rel-shared-cs-simps

lemmas (in arr-Set) [smc-cs-intros, sme-Set-cs-intros] =
arr-Set-azioms’

lemmas [smc-Set-cs-simps] =
dg-Rel-shared-cs-simps
arr-Set.arr-Set-ArrVal-vdomain
arr-Set-comp-Set-id-Set-left
arr-Set-comp-Set-id-Set-right

lemmas [smc-Set-cs-intros] =
dg-Rel-shared-cs-intros
arr-Set-comp-Set

4.13.2 Set as a semicategory

Definition and elementary properties

definition smc-Set = V = V
where smc-Set o =
[
Vset «,
set {T. arr-Set o T},
(ATeoset {T. arr-Set a T}. T(ArrDom))),
(ATeoset {T. arr-Set oo T}. T(ArrCod))),
(ASTe,composable-arrs (dg-Set o). ST(0]) cger ST(1n])

lo

Components.

lemma smc-Set-components:
shows smc-Set a(|Obj]) = Vset «
and smc-Set a(Arr]) = set {T. arr-Set o T}
and smec-Set a(Dom|) = (ATeoset {T. arr-Set a T}. T(ArrDom)))
and smc-Set a|Cod)) = (ATeoset {T. arr-Set a T}. T(ArrCod)))
and smec-Set a(Comp|) = (ASTe,composable-arrs (dg-Set o). ST(0) oge; ST(1N])

(proof)
Slicing.

lemma smc-dg-smc-Set: sme-dg (sme-Set ) = dg-Set «
{proof)

lemmas-with [folded smc-dg-smc-Set, unfolded slicing-simps]:
sme-Set-Obj-iff = dg-Set-Obj-iff
and smc-Set- Arr-iff [ sme-Set-cs-simps] = dg-Set-Arr-iff
and smc-Set-Dom-vsv[ sme-Set-cs-intros] = dg-Set-Dom-vsv
and smc-Set-Dom-vdomain| smc-Set-cs-simps]| = dg-Set-Dom-vdomain
and smc-Set-Dom-vrange = dg-Set-Dom-vrange
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and smc-Set-Dom-app| sme-Set-cs-simps] = dg-Set-Dom-app

and smc-Set-Cod-vsv[ sme-Set-cs-intros] = dg-Set-Cod-vsv

and smc-Set-Cod-vdomain| smc-Set-cs-simps]| = dg-Set-Cod-vdomain

and smc-Set-Cod-vrange = dg-Set-Cod-vrange

and smc-Set-Cod-app| smc-Set-cs-simps| = dg-Set-Cod-app

and smc-Set-is-arrl = dg-Set-is-arr]

and smc-Set-is-arrD = dg-Set-is-arrD

and smc-Set-is-arrE = dg-Set-is-arrE

and smc-Set-ArrVal-vdomain| smc-Set-cs-simps| = dg-Set-ArrVal-vdomain
and smc-Set-ArrVal-app-vrange[ smc-Set-cs-intros]| = dg-Set-ArrVal-app-vrange

lemmas [smec-cs-simps] = sme-Set-is-arrD(2,3)

lemmas-with (in 2Z) [folded smc-dg-smc-Set, unfolded slicing-simps]:
sme-Set-Hom-vifunion-in- Vset = dg-Set-Hom-vifunion-in- Vset
and smc-Set-incl-Set-is-arr = dg-Set-incl-Set-is-arr

lemmas [smec-Set-cs-intros] =
sme-Set-is-arr]

lemma (in Z) smec-Set-incl-Set-is-arr'[ sme-cs-intros, smc-Set-cs-intros]:
assumes A €, smc-Set a(Obj))
and B €, smc-Set a(Obj))

and A c, B
and A'= A
and B'= B

and €’ = smc-Set o
shows incl-Set A B : A’ e B’
(proof )

lemmas [smc-Set-cs-intros]| = Z.sme-Set-incl-Set-is-arr’

Composable arrows

lemma smc-Set-composable-arrs-dg-Set:
composable-arrs (dg-Set o) = composable-arrs (sme-Set )

{proof)

lemma smc-Set-Comp:
sme-Set a(Comp|) =
VLambda (composable-arrs (smc-Set a)) (AST. ST(0) orer ST(1n])
{proof)

Composition

lemma smc-Set-Comp-app[ sme-Set-cs-simps]:
assumes S : b =g, oo cand T :a -
shows S ognc 6ot o T =5 05er T
{proof)

b

sme-Set a

lemma smc-Set-Comp-vdomain: D, (sme-Set a(Comp|)) = composable-arrs (sme-Set )

{proof)

lemma (in Z) smc-Set-Comp-vrange:
Ro (sme-Set a(Compl)) S, set {T. arr-Set a T}
(proof)

lemma smc-Set-composable-vrange-vdomain| smc-Set-cs-intros]:
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assumes g : b —g,0 6ot o cANd [ a g0 gop o b
shows R, (f(ArrVal)) S, Do (g(ArrVal)))

{proof)

lemma smc-Set-Comp-ArrVal[ sme-cs-simps]:
assumes S : y Pome-Set o 2and T :x g o, yand a &
shows (S oagme-Set o T)(ArrVal)(a) = S(ArrVal)( T (ArrVal])(a))

(proof)

Set is a semicategory

lemma (in Z) semicategory-smc-Set: semicategory a (sme-Set )
(proof)

Set is a wide subsemicategory of Par

lemma (in Z) wide-subsemicategory-smc-Set-sme-Par:
sme-Set o Csapro.wideaw STC-Par «

{proof)

4.13.3 Monic arrow and epic arrow

lemma smc-Set-is-monic-arrl:
— See Chapter I-5 in [39]).
assumes T : A g ¢ Band vll (T(ArrVal)) and D, (T(ArrVal)) = A
shows T : A = ongme-Set o B

(proof)

lemma smc-Set-is-monic-arrD:
assumes T : A = ongme-Set o B
shows T : A — B and v11 (T(ArrVal)) and D, (T(ArrVal)) = A

{proof)

sme-Set «

lemma smc-Set-is-monic-arr:
T:Avmonsgme-Set o B <
T:Aw~ B A vll (T(ArrVal)) A Dy (T(ArrVal)) = A
(proof)

sme-Set a

An epic arrow in Set is a total surjective function (see Chapter I-5 in [39]).

lemma smc-Set-is-epic-arrl:
assumes T : A —
shows T : A —

{proof)

B and R, (T(ArrVal)) = B
B

sme-Set a
episme-Set «

lemma smc-Set-is-epic-arrD:
assumes T : A —
shows T : A —

(proof)

epigme-Set a B

B and R, (T(ArrVal)) = B

sme-Set «

lemma smc-Set-is-epic-arr:
T:Aw B«—sT:Aw
(proof )

B AR, (T(ArrVal)) = B

epigme-Set a sme-Set «

4.13.4 Terminal object, initial object and null object

An object in Set is terminal if and only if it is a singleton set (see Chapter I-5 in [39]).

lemma (in Z) smc-Set-obj-terminal:
obj-terminal (smc-Set o) A «— (3 Be, Vset a. A = set {B})



CHAPTER 4. SEMICATEGORIES 376

{proof)
An object in Set is initial if and only if it is the empty set (see Chapter I-5 in [39]).

lemma (in Z) smc-Set-obj-initial: obj-initial (smc-Set o) A «— A =0
{proof)

There are no null objects in Set (this is a trivial corollary of the above).

lemma (in Z) smc-Set-obj-null: obj-null (smc-Set «) A <— False
(proof)

4.13.5 Zero arrow

There are no zero arrows in Set (this result is a trivial corollary of the absence of null objects).

lemma (in Z) smc-Set-is-zero-arr: T @ A =g gme et o B < False

{proof)
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4.14 GRPH as a semicategory

4.14.1 Background

377

The methodology for the exposition of GRPH as a semicategory is analogous to the one used

in the previous chapter for the exposition of GRPH as a digraph.

named-theorems smc-GRPH-cs-simps
named-theorems smc-GRPH-cs-intros

4.14.2 Definition and elementary properties

definition smc-GRPH =V = V
where smc-GRPH « =

[
set {€. digraph o €},
all-dghms «,
(A\Feoall-dghms o. F(HomDom))),
(AFeoall-dghms a. F(HomCod))),
(A&Fe, composable-arrs (dg-GRPH «). &F(0) cperm SF(1n))

]O

Components.

lemma smc-GRPH-components:
shows smc-GRPH a(Obj) = set {€. digraph o €}
and smc-GRPH o(Arr]) = all-dghms «
and smc-GRPH «o(Doml|) = (AFeoall-dghms o. F(HomDoml]))
and smc-GRPH «o(Cod)) = (A§e.all-dghms a. F(HomCod)))
and smc-GRPH o(Comp)) =
(ABFe, composable-arrs (dg-GRPH «). &F(0) cpgrm BF(In))
(proof)

Slicing.

lemma smc-dg-GRPH: smc-dg (sme-GRPH «) = dg-GRPH «
{proof)

lemmas-with [folded smc-dg-GRPH, unfolded slicing-simps]:
smce-GRPH-0bjI = dg-GRPH-ObjI
and smc-GRPH-0bjD = dg-GRPH-0ObjD
and smc-GRPH-ObjJE = dg-GRPH-ObjE
and smc-GRPH-Obj-iff [ smc-GRPH-cs-simps] = dg-GRPH-Obj-iff
and smc-GRPH-Dom-app[smc-GRPH-cs-simps| = dg-GRPH-Dom-app
and smc-GRPH-Cod-app| smc-GRPH-cs-simps| = dg-GRPH-Cod-app
and smc-GRPH-is-arrl = dg-GRPH-is-arrl
and smc-GRPH-is-arrD = dg-GRPH-is-arrD
and smc-GRPH-is-arrE = dg-GRPH-is-arrE
and smc-GRPH-is-arr-iff[ smc-GRPH-cs-simps] = dg-GRPH-is-arr-iff

4.14.3 Composable arrows

lemma smc-GRPH-composable-arrs-dg-GRPH:
composable-arrs (dg-GRPH «) = composable-arrs (smc-GRPH «)

{proof)

lemma smc-GRPH-Comp:

sme-GRPH a(Comp|) = (A&Fe,composable-arrs (sme-GRPH «). 8F(0) oparm BF(In))

{proof)
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4.14.4 Composition

lemma smc-GRPH-Comp-app:
assumes & : B . opprr, Cand §: A = oppr o B
shows & o4 GRPH o § = ® °perm §

{proof)

lemma smc-GRPH-Comp-vdomain:
D, (sme-GRPH «o(Compl|)) = composable-arrs (sme-GRPH «)

{proof)

4.14.5 GRPH is a semicategory

lemma (in Z) tiny-semicategory-smc-GRPH:
assumes Z § and a €, 3
shows tiny-semicategory 8 (smc-GRPH «)

(proof)

4.14.6 Initial object

lemma (in Z) smc-GRPH-obj-initiall: obj-initial (sme-GRPH «) dg-0
(proof)

lemma (in Z) smc-GRPH-obj-initialD:
assumes obj-initial (smce-GRPH «) 2
shows 2 = dg-0
(proof)

lemma (in Z) smec-GRPH-obj-initialE:
assumes obj-initial (sme-GRPH o) 2
obtains 2 = dg-0
{proof)

lemma (in Z) smc-GRPH-obj-initial-iff [ smc-GRPH-cs-simps):
obj-initial (sme-GRPH o) A «— A = dg-0
{proof)

4.14.7 Terminal object

lemma (in Z) sme-GRPH-obj-terminall [ sme-GRPH-cs-intros]:
assumes a €, Vset a and f €, Vset «
shows obj-terminal (sme-GRPH «) (dg-1 a f)

(proof)

lemma (in Z) sme-GRPH-obj-terminalE:
assumes obj-terminal (sme-GRPH «) B
obtains a f where a ¢, Vset a and f €, Vset « and B = dg-1 a f

{proof)
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4.15 SemiCAT as a digraph
4.15.1 Background

SemiCAT is usually defined as a category of semicategories and semifunctors (e.g., see [3]%).
However, there is little that can prevent one from exposing SemiCAT as a digraph and provide
additional structure gradually in subsequent theories. Thus, in this section, a-SemiCAT is
defined as a digraph of semicategories and semifunctors in V.

named-theorems dg-SemiCAT-simps
named-theorems dg-SemiCAT-intros

4.15.2 Definition and elementary properties

definition dg-SemiCAT =V = V
where dg-SemiCAT « =
[
set {€. semicategory « €},
all-smcfs a,
(AFeoall-smefs . F(HomDom))),
(A§eoall-smefs . F(HomCod)))

lo

Components.

lemma dg-SemiCAT-components:
shows dg-SemiCAT a(Obj]) = set {€. semicategory o €}
and dg-SemiCAT a(Arr]) = all-smcfs a
and dg-SemiCAT a(Dom)) = (A\Feoall-smcfs a. F(HomDom|))
and dg-SemiCAT a(Cod|) = (AFeoall-smefs a. F(HomCod)))
{proof)

4.15.3 Object

lemma dg-SemiCAT-0bjl:
assumes semicategory o A
shows 2 e, dg-SemiCAT a(Obj)
(proof)

lemma dg-SemiCAT-0bjD:
assumes 2 €, dg-SemiCAT «a(O0bj)
shows semicategory a 2

{proof)

lemma dg-SemiCAT-ObjE:
assumes 2 €, dg-SemiCAT a(Obj)
obtains semicategory a U

{proof)

lemma dg-SemiCAT-Obj-iff [ dg-SemiCAT-simps]:
A €, dg-SemiCAT a(O0bj]) < semicategory a A
(proof )

4.15.4 Domain and codomain

lemma [dg-SemiCAT-simps]:
assumes § €, all-smcfs «

shows dg-SemiCAT-Dom-app: dg-SemiCAT a(Dom))(F)) = F(HomDom])

®https://ncatlab.org/nlab/show /semicategory


https://ncatlab.org/nlab/show/semicategory

CHAPTER 4. SEMICATEGORIES 380

and dg-SemiCAT-Cod-app: dg-SemiCAT a(Cod))(F)) = F(HomCCod)
(proof)

4.15.5 SemiCAT is a digraph

lemma (in Z) tiny-digraph-dg-SemiCAT:
assumes Z  and « ¢,
shows tiny-digraph  (dg-SemiCAT «)
{proof)

4.15.6 Arrow with a domain and a codomain

lemma dg-SemiCAT-is-arrl:
assumes § : A »—>g5170a0 B
shows § : 2 ™ dg-SemiCAT « B
{proof)

lemma dg-SemiCAT-is-arrD:

assumes § : 2 =g GoriCAT o B
shows § : A »—g170a B

{proof)

lemma dg-SemiCAT-is-arrE:

assumes § : A ™ dg-SemiCAT « B
obtains § : /) »—~gsyca B

(proof)

lemma dg-SemiCAT-is-arr-iff [ dg-SemiCAT-simps]:
5 = dg-SemiCAT o B« F:Asyca B
(proof)
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4.16 SemiCAT as a semicategory
4.16.1 Background

The subsection presents the theory of the semicategories of a-semicategories. It continues the
development that was initiated in section 4.15.

named-theorems smc-SemiCAT-simps
named-theorems smc-SemiCAT-intros

4.16.2 Definition and elementary properties

definition smc-SemiCAT = V = V
where smc-SemiCAT o =

[
set {€. semicategory o €},
all-smcfs a,
(AFeoall-smefs a. F(HomDom))),
(A§eoall-smefs . F(HomCod))),
(A&Fe, composable-arrs (dg-SemiCAT «). &F(0) cspor BF(1InN]))

]O

Components.

lemma smc-SemiCAT-components:
shows smc-SemiCAT «a(Obj]) = set {€. semicategory o €}
and smc-SemiCAT a(Arr]) = all-smefs «
and smc-SemiCAT a(Dom|) = (AFeoall-smefs a. F(HomDom)))
and smc-SemiCAT a(Cod|) = (AFesall-smefs a. F(HomCod)))
and smc-SemiCAT a(Comp|) =
(ABFe, composable-arrs (dg-SemiCAT «). &F(0) csmor BF(In]))
(proof)

Slicing.

lemma smc-dg-SemiCAT[sme-SemiCAT-simps]: sme-dg (sme-SemiCAT «) = dg-SemiCAT «
(proof)

lemmas-with [folded smc-dg-SemiCAT, unfolded slicing-simps]:
sme-SemiCAT-0bjl = dg-SemiCAT-0bjl
and smc-SemiCAT-0bjD = dg-SemiCAT-0ObjD
and smc-SemiCAT-ObjE = dg-SemiCAT-ObjE
and smc-SemiCAT-0bj-iff [ sme-SemiCAT-simps] = dg-SemiCAT-O0bj-iff
and smc-SemiCAT-Dom-app[ sme-SemiCAT-simps] = dg-SemiCAT-Dom-app
and smc-SemiCAT-Cod-app[ smec-SemiCAT-simps] = dg-SemiCAT-Cod-app
and smc-SemiCAT-is-arrl = dg-SemiCAT-is-arrl
and smc-SemiCAT-is-arrD = dg-SemiCAT-is-arrD
and smc-SemiCAT-is-arrE = dg-SemiCAT-is-arrE
and smc-SemiCAT-is-arr-iff [ smc-SemiCAT-simps] = dg-SemiCAT-is-arr-iff

4.16.3 Composable arrows

lemma smc-SemiCAT-composable-arrs-dg-SemiCAT:
composable-arrs (dg-SemiCAT «) = composable-arrs (smc-SemiCAT «)

{proof)

lemma smc-SemiCAT-Comp:
sme-SemiCAT a(Comp|) =
(ABFe, composable-arrs (sme-SemiCAT «). &F(0) cperm SF(1In]))
{proof)
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4.16.4 Composition

lemma smc-SemiCAT-Comp-app[ sme-SemiCAT-simps]:
assumes & : B . oo o Cand F A g coioAT o B
shows & o4 0 SemiCAT o § = © osmcer §

{proof)

lemma smc-SemiCAT-Comp-vdomain[ sme-SemiCAT-simps]:
D, (sme-SemiCAT a(Comp|)) = composable-arrs (sme-SemiCAT «)
{proof)

lemma smc-SemiCAT-Comp-vrange: Ro (sme-SemiCAT a(Comp))) So all-smefs
{proof)

4.16.5 SemiCAT is a semicategory

lemma (in Z) tiny-semicategory-smc-SemiCAT:
assumes Z § and « &
shows tiny-semicategory § (smc-SemiCAT «)

(proof)

4.16.6 Initial object

lemma (in Z) sme-SemiCAT-obj-initiall: obj-initial (sme-SemiCAT o) smc-0
{proof)

lemma (in Z) smc-SemiCAT-obj-initialD:
assumes obj-initial (smc-SemiCAT o) A
shows 2 = smc-0

{proof)

lemma (in Z) smc-SemiCAT-obj-initial E:
assumes obj-initial (smc-SemiCAT «) A
obtains 2 = smc-0

{proof)

lemma (in Z) sme-SemiCAT-obj-initial-iff [ smc-SemiCAT-simps]:
obj-initial (smc-SemiCAT a) A <— A = smec-0
(proof)

4.16.7 Terminal object

lemma (in Z) smc-SemiCAT-obj-terminall [ sme-SemiCAT-intros):
assumes a €, Vset o and f €, Vset o
shows obj-terminal (smc-SemiCAT «) (smce-1 a f)

{proof)

lemma (in Z) smc-SemiCAT-obj-terminalE:
assumes obj-terminal (smc-SemiCAT o) B
obtains a f where a €, Vset a and f €, Vset a and B = smc-1 a f

{proof)
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