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Abstract

We formalize in Isabelle/HOL a result [2] due to S. Banach and H.
Steinhaus [1] known as Banach-Steinhaus theorem or Uniform bound-
edness principle: a pointwise-bounded family of continuous linear op-
erators from a Banach space to a normed space is uniformly bounded.
Our approach is an adaptation to Isabelle/HOL of a proof due to A.
Sokal [3].
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1 Missing results for the proof of Banach-Steinhaus

theorem
theory Banach-Steinhaus-Missing
imports

HOL— Analysis. Bounded-Linear-Function
HOL— Analysis. Line-Segment

begin
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1.1 Results missing for the proof of Banach-Steinhaus theo-
rem

The results proved here are preliminaries for the proof of Banach-Steinhaus
theorem using Sokal’s approach, but they do not explicitly appear in Sokal’s

paper [3].
Notation for the norm

open-bundle norm-syntax begin
notation norm (¢||-||»)
end

Notation for apply bilinear function

open-bundle blinfun-apply-syntax begin
notation blinfun-apply (infixr <> 70)
end

lemma bdd-above-plus:
fixes f::¢'a = real
assumes <bdd-above (f *S)) and <bdd-above (g * S)»
shows <bdd-above (A z. fz + gx) *S)

Explanation: If the images of two real-valued functions f,g are bounded
above on a set S, then the image of their sum is bounded on S.

proof—
obtain M where <\ z. 2€S = fz < M)
using <bdd-above (f ¢ S)> unfolding bdd-above-def by blast
obtain N where (A z. z€S = gz < N»
using <bdd-above (g ¢ S)» unfolding bdd-above-def by blast
have <\ z. z€S = fz + gz < M + N»
using <Az. z € S = fz < M) <A\z. z € S = gz < N) by fastforce
thus ?thesis unfolding bdd-above-def by blast
qed

The maximum of two functions

definition pointwise-maz:: ('a = 'b::ord) = ('a = 'b) = (‘a = 'b) where
<pointwise-max f g = (Az. maz (fx) (g x))

lemma maz-Sup-absorb-left:

fixes f g::¢'a = real

assumes X # {}» and <bdd-above (f * X)» and <bdd-above (g * X)» and «Sup
(F*X) > Sup (g X)

shows <Sup ((pointwise-maz f g) * X) = Sup (f * X)»

Explanation: For real-valued functions f and g, if the supremum of f is
greater-equal the supremum of g, then the supremum of maz f ¢ equals the
supremum of f. (Under some technical conditions.)

proof—
have y-Sup: <y € (A z. maz (fz) (gz)) ‘X) = y < Sup (f * X)» for y



proof—
assume <y € (A z. maz (fz) (g9 x)) ‘X))

then obtain z where <y = maz (f z) (g ) and «z € X»
by blast
have «fz < Sup (f * X)»
by (simp add: <z € X» <bdd-above (f * X)» ¢SUP-upper)
moreover have gz < Sup (g ‘ X)»
by (simp add: <z € X» <bdd-above (g * X)» c¢SUP-upper)
ultimately have «maz (fz) (g ) < Sup (f * X)»
using «Sup (f * X) > Sup (g * X)» by auto
thus ?thesis by (simp add: <y = maz (f x) (g z))
qed
have y-f-X: <y € f X = y < Sup (A z. maz (fz) (g z)) ‘ X)» for y
proof—
assume <y € f ° X>
then obtain z where (z € X) and <y = f >
by blast
have <bdd-above ((\ §. maz (f £) (g &) ‘X))
by (metis (no-types) <bdd-above (f * X)) <bdd-above (g ‘ X)» bdd-above-image-sup
sup-maz)
moreover have ¢ > 0 = F k€ (A& maz (f&) (g¢&)) ‘X y<k+ e
for e::real
using «Sup (f “ X) > Sup (g * X)»
by (smt (verit, best) «x € X> <y = f x> imagel)
ultimately show #thesis
using x € X» <y = fx» cSUP-upper by fastforce
qed
have «Sup (A z. maz (fz) (g z)) * X) < Sup (f * X)»
using y-Sup by (simp add: <X # {}» cSup-least)
moreover have <Sup (A z. maz (fz) (g9 x)) “X) > Sup (f * X)
using y-f-X by (metis (mono-tags) cSup-least calculation empty-is-image)
ultimately show %thesis unfolding pointwise-mazx-def by simp
qed

lemma maz-Sup-absorb-right:
fixes f ¢g::¢'a = real

assumes X # {}» and <bdd-above (f * X)» and <bdd-above (g * X)» and <Sup
(f* X) < Sup (g * X)
shows «Sup ((pointwise-maz f g) * X) = Sup (g * X)»

Explanation: For real-valued functions f and g and a nonempty set X,
such that the f and ¢ are bounded above on X, if the supremum of f on
X is lower-equal the supremum of g on X, then the supremum of point-

wise-max f g on X equals the supremum of ¢g. This is the right analog of
maz-Sup-absorb-left.

proof—
have «Sup ((pointwise-maz g f) * X) = Sup (g * X)»
using assms by (simp add: maz-Sup-absorb-left)
moreover have <(pointwise-max g f = pointwise-maz f ¢



unfolding pointwise-mazx-def by auto
ultimately show ?thesis by simp
qed

lemma maz-Sup:
fixes f ¢g::¢'a = real
assumes (X # {} and <bdd-above (f * X)» and <bdd-above (g * X)»
shows (Sup ((pointwise-maz f g) * X) = maz (Sup (f < X)) (Sup (¢ * X))

Explanation: Let X be a nonempty set. Two supremum over X of the
maximum of two real-value functions is equal to the maximum of their
suprema over X, provided that the functions are bounded above on X.

proof(cases «Sup (f * X) > Sup (g * X)»)
case True thus ?thesis by (simp add: assms(1) assms(2) assms(83) maxz-Sup-absorb-left)
next
case Fulse
have f1: = 0 < Sup (f * X) + — 1 = Sup (g * X)
using Fulse by linarith
hence Sup (Banach-Steinhaus-Missing.pointwise-maz f g * X) = Sup (g ‘ X)
by (simp add: assms(1) assms(2) assms(3) max-Sup-absorb-right)
thus %thesis
using fI by linarith
qed

lemma identity-telescopic:
fixes = :: (- = ’a::real-normed-vector>
assumes (r —
shows ¢(A N. sum (A k. ¢ (Suc k) — z k) {n.N}) —— 1l —zmw

Expression of a limit as a telescopic series. Explanation: If x converges
to [ then the sum Y &k = n..N. x (Suc k) — = k converges to | — z n as N
goes to infinity.

proof—
have <A p. z (p + Sucn)) —— Db
using <z —— by by (rule LIMSEQ-ignore-initial-segment)
hence «(A p. z (Suc n + p)) —— D
by (simp add: add.commute)
hence «(A p. z (Suc (n + p))) —— D
by simp
hence «(At. (— (zn)) + A p. z (Suc (n+p)t)——(—(zn) +D
using tendsto-add-const-iff by metis
hence f1: (A p. z (Suc (n + p)) —azn)—— 1 — z
by simp
have <sum (A k. z (Suc k) — z k) {n..n+p} = z (Suc (n+p)) — z n» for p
by (simp add: sum-Suc-diff)
moreover have «(A N. sum (A k. z (Suc k) — 2 k) {n.N}) (n + 1)
= (A p. sum (A k. z (Suc k) — z k) {n..n+p}) t» for ¢
by blast



ultimately have <«(A p. (A N. sum (A k. z (Suc k) — z k) {n..N}) (n + p))
——l—zw
using fI by simp
hence (A p. (A N. sum (A k. z (Suc k) — xz k) {n.N}) (p + n)) —— 1l —z
n
by (simp add: add.commute)
hence <A p. (A N.sum (A k. z (Suck) — 2z k) {n.N}) p) —— 1l —zmw
using Topological-Spaces. LIMSEQ-offset[where f = (A N. sum (A k. z (Suc
k) — z k) {n..N})
and ¢ = [ — z n and k = n] by blast
hence <«(A M. (A N.sum (A k. z (Suck) —zk){n.N})) M) —— 1l —z
by simp
thus ?thesis by blast
qed

lemma bound-Cauchy-to-lim:

assumes <y —— 2> and <An. ||y (Suc n) — yn|| < ¢"n> and <y 0 = 0> and
c < I»

shows (||z — y (Sucn)|| < (c/ (1 —¢))*xc " mw

Inequality about a sequence of approximations assuming that the se-
quence of differences is bounded by a geometric progression. Explanation:
Let y be a sequence converging to x. If y satisfies the inequality ||y (Suc n)
—yn|] < ¢ " nfor some ¢ < I and assuming y 0 = 0 then the inequality
|z — y (Sucn)|| < (c¢/ (1 —¢)) * ¢ nholds.

proof—
have (¢ > 0»
using <A n. ||y (Sucn) — yn|| < cw
by (metis dual-order.trans norm-ge-zero power-one-right)
have norm-1: <norm (3> k = Suc n.N. y (Suc k) — y k) < (¢ ™ Suc n)/(1 —
c¢)» for N
proof(cases <N < Suc n»)
case True
hence «¢||sum (Mk. y (Suc k) — y k) {Sucn .. N}| = O
by auto
thus ?thesis using <c > 0) <¢ < 1) by auto
next
case False
hence <N > Suc n»
by auto
have <¢(Suc N) > 0»
using <c¢ > 0 by auto
have <1 — ¢ > 0>
by (simp add: <¢ < 1)
hence (1 — ¢)/(1 —¢) = 1>
by auto
have ¢|[sum (Ak. y (Suc k) — y k) {Suc n .. N}|| < (sum (Ak. ||y (Suc k) — y
E|) {Sucn .. N}
by (simp add: sum-norm-le)



hence «¢||sum (Ak. y (Suc k) — y k) {Suc n .. N}|| < (sum (power ¢) {Suc n ..
N}y
by (simp add: assms(2) sum-norm-le)
hence (1 — ¢) * ||sum (Mk. y (Suc k) — y k) {Suc n .. N}|
< (1 = ¢) * (sum (power ¢) {Suc n .. N})»
using <0 < I — ¢ mult-le-cancel-left-pos by blast
also have (... = ¢ (Suc n) — ¢ (Suc N)»
using Set-Interval.sum-gp-multiplied <Suc n < N)» by blast
also have (... < ¢ (Suc n)»
using ¢ (Suc N) > 0) by auto
finally have «(1 — ¢) = [|[>_k = Suc n.N. y (Suc k) — y k|| < ¢ ™ Suc n»
by blast
hence «((1 — ¢) * ||>_k = Suc n..N. y (Suc k) — y k||)/(1 — ¢)
< (¢ " Sucn)/(1 — cp
using <0 < 1 — ¢ divide-le-cancel by fastforce
thus (||D>°k = Suc n..N. y (Suc k) — y k|| < (¢ " Sucn)/(1 — )
using <0 < I — ¢ by auto
qed
have <(A N. (sum (Ak. y (Suc k) — y k) {Sucn .. N})) —— = — y (Suc n)»
by (metis (no-types) <y —— x> identity-telescopic)
hence «(A N. ||sum (Ak. y (Suc k) — y k) {Sucn .. N}||) —— ||z — y (Suc
)
using tendsto-norm by blast
hence ||z — y (Suc n)|| < (¢ ~ Sucn)/(1 — c)»
using norm-1 Lim-bounded by blast
hence <||z — y (Suc n)|| < (¢ ~Sucn)/(1 — c)»
by auto
moreover have (¢ "~ Sucn)/(1 —c¢)=(c/ (1 — ¢)) * (¢
by (simp add: divide-inverse-commute)
ultimately show «||z — y (Suc n)|| < (¢ / (1 — ¢)) * (¢ " n)» by linarith
qed

o~

n)

lemma onorm-open-ball:
includes norm-syntax
shows (|[f|| = Sup { [If *v Il [ z. ||zl] < 1 b

Explanation: Let f be a bounded linear operator. The operator norm of
f is the supremum of ||f %, z| for z such that ||z| < 1.

proof(cases <(UNIV::'a set) = 0)
case True
hence <z = 0) for z::'a
by auto
hence «f x, z = 0) for z
by (metis (full-types) blinfun.zero-right)
hence «||f|| = O»
by (simp add: blinfun-eql zero-blinfun.rep-eq)
have <[ ||f %, ol | z. 2] < 1} = {0}
by (smt (verit, ccfv-SIG) Collect-cong <\z. f %, © = 0 norm-zero single-
ton-conv)



hence Sup { If * il | o. 2l < 1} = 0>

by simp

thus ?thesis using «||f|| = 0> by auto

next

case False

hence «((UNIV::'a set) # 0»
by simp

have nonnegative: <||f *, z|| > 0» for z
by simp

have <3 z::'a. z # 0>
using «(UNIV # 0) by auto

then obtain z::’a where «z # 0>
by blast

hence «(||z|| # 0>
by auto

define y where <y = z /g |z|}

have (normy = || z /r ||z|| ||
unfolding y-def by auto

also have «... = ||z|| /r |z|]»
by auto

also have «... = 1)
using ¢||z|| # 0> by auto

finally have «||y|| = I»

by blast

hence norm-1-non-empty: «{ ||f %, z|| | z. ||z|]| = 1} # {p
by blast

have norm-1-bounded: <bdd-above { ||f *, z|| | z. ||z]| = 1}

unfolding bdd-above-def apply auto
by (metis norm-blinfun)
have norm-less-1-non-empty: {||f *» z| | z. ||z|| < 1} # {}
by (metis (mono-tags, lifting) Collect-empty-eq-bot bot-empty-eq empty-iff norm-zero

zero-less-one)
have norm-less-1-bounded: <bdd-above {||f *, z|| | z. [|z|| < I}
proof—
have 3r. |lar|]| < 1 — ||f #» (a7)|| < ™ for a :: real = 'a
proof—
obtain 7 :: (‘a = 'b) = real where
Nfz. 0 < rf A (bounded-linear f — ||f *, z|| < ||z]| * 7 f)
by (metis mult.commute norm-blinfun norm-ge-zero)
have = ||If|| < 0»
by simp
hence (Ar. ||f|| x|lar|| < r)V @r.flar| <1 —||[f xpar| <)
by (meson less-eq-real-def mult-le-cancel-left2)
thus ?thesis using dual-order.trans norm-blinfun by blast
qed
hence <3 M.V z. |z|| < 1 — ||f * z| < M
by metis
thus ?thesis by auto



qed
have Sup-non-neg: «Sup {||f *, 2| |z. ||z|| = 1} > O»
by (metis (mono-tags, lifting) <||y|| = 1> cSup-upper2 mem-Collect-eq norm-1-bounded
norm-ge-zero)
have «{0:real} # {}»
by simp
have <bdd-above {0::real}>
by simp
show (|f|| = Sup {|If *v [l | z. [l«] < 1}
proof(cases NV z. f %, © = 0»)
case True
have «||f %, z|| = 0» for z
by (simp add: True)
hence ({||f *, z| | z. ||z|| < 1 } C {0}
by blast
moreover have {||f %, z|| | z. ||z|| < 1 } 2 {0}
using calculation norm-less-1-non-empty by fastforce
ultimately have «{||f %, z|| | z. [|z|| < 1 } = {0}

by blast

hence Supl: «Sup {||f %, z|| | z. ||z]| < 1 } = O
by simp

have (||f]| = O»

by (simp add: True blinfun-eql)
moreover have Sup {||f *, z| | z. ||z|| < 1} = O»
using Sup! by blast
ultimately show ?thesis by simp
next
case Fulse
have norm-f-eq-leq: <y € {||f * 2| | z. ||z = 1} =
y < Sup {If *o z|| | 2. [Jz]| < 1} for y

proof—
assume <y € {||f %, z| | z. [|z]| = 1}
hence (3 z. y = ||f % z|| A ||z]| = D>
by blast
then obtain z where (y = ||f *, z|]> and «||z|]| = D>
by auto

define y’ where <y’ n = (1 — (inverse (real (Suc n)))) *r y> for n
have <y’ n € {||f *» z|| | z. ||z|| < 1} for n
proof—
have <y’ n = (I — (inverse (real (Suc n)))) *r ||f *o z|»
using y’-def <y = ||f *» z|> by blast
also have «... = |(1 — (inverse (real (Suc n))))| *g ||f *» z|>
by (metis (mono-tags, opaque-lifting) <y = ||f %, z||> abs-1 abs-le-self-iff
abs-of-nat
abs-of-nonneg add-diff-cancel-left’ add-eq-if cancel-comm-monoid-add-class. diff-cancel
diff-ge-0-iff-ge eq-iff-diff-eq-0 inverse-1 inverse-le-iff-le nat.distinct(1)
of-nat-0
of-nat-Suc of-nat-le-0-iff zero-less-abs-iff zero-neq-one)
also have «... = ||f %, ((I — (inverse (real (Suc n)))) xr )|



by (simp add: blinfun.scaleR-right)
finally have y’-1: <y’ n = ||f *, ( (I — (inverse (real (Suc n)))) *r z)||»
by blast
have «||(1 — (inverse (Suc n))) *g z|| = (I — (inverse (real (Suc n)))) *
Jal)
by (simp add: linordered-field-class.inverse-le-1-iff)
hence «||(1 — (inverse (Suc n))) *g z|| < I»
by (simp add: <||z|| = 1)
thus ?thesis using y’-1 by blast
qed
have «(An. (1 — (inverse (real (Suc n)))) ) —— I»
using Limits. LIMSEQ-inverse-real-of-nat-add-minus by simp
hence «(An. (1 — (inverse (real (Suc n)))) *p y) —— 1 *r P
using Limits.tendsto-scaleR by blast
hence «(An. (I — (inverse (real (Suc n)))) *g y) ——
by simp
hence «(An. y' n) ——
using y’-def by simp
hence <y’ —
by simp
have <y’ n < Sup {||f =, z|| | =. ||z|]| < 1}» for n
using cSup-upper <An. y' n € {||f * z| |2. ||z|| < 1}> norm-less-1-bounded
by blast
hence <y < Sup {||f *» || | z. [|z|| < I}
using <y’ —— y» Topological-Spaces.Sup-lim by (meson LIMSEQ-le-const2)
thus “thesis by blast
qed
hence «Sup {|If o ol | o. o = 1} < Sup {If % ] | 2 |lsl] < 1}
by (metis (lifting) cSup-least norm-1-non-empty)
have <y € {||f =, || | z. [|z]| < 1} = y < Sup {[|f v =l | z. [[z]| = 1}> for y
proof(cases <y = 0»)
case True thus ?thesis by (simp add: Sup-non-neg)
next
case Fulse
hence (y # 0> by blast
assume <y € {||f =, 2| | z. ||z]| < I}
hence (3 z. y = ||f =, z|| A ||z|| < D>
by blast
then obtain =z where <y = ||f %, z||> and «||z| < I»
by blast
have «(1/l|zl))  y = (1/[l]) = [If z|>
by (simp add: <y = ||f *, z|]»)

also have «... = |1/||z]|| * ||f *, z|]»
by simp

also have «... = ||[(Z/||z]) *r (f *, x)|]»
by simp

also have «... = ||f %, ((/||z|]) *r z)|>

by (simp add: blinfun.scaleR-right)
finally have «(1/|[z]]) « y = [If = ((1/]|zl]) xr )]



by blast

have «x # O

using «y # 0> <y = ||f *, z||> blinfun.zero-right by auto
have | (1/l[z]]) g @ || = [ (1/]|=[]) [ * [l=]>

by simp
also have «... = (1/||z]|) * ||z|»

by simp

finally have <||(1/||z|) *r z| = 1>
using <z # 0> by simp
hence «(1/[lal) + y € { If +, ol | @. sl = 1}
using (1 / a5 y = [If %, (2 / |al}) #r o by bast
hence «(1/|jall) * y < Sup { If * 2|l | @. Izl = 1}
by (simp add: cSup-upper norm-1-bounded)
moreover have «y < (1/]|z]]) *
by (metis <||z|]| < 1> <y = ||f *o z||» mult-le-cancel-right1 norm-not-less-zero

order.strict-implies-order <x # 0» less-divide-eq-1-pos zero-less-norm-iff)
ultimately show ?thesis by linarith
qed
hence <Sup { ||f = || | @ ||zl] < 1} < Sup { [If o 2| | 2. |[z]| = 1}
by (smt (verit, del-insts) less-cSupD norm-less-1-non-empty)
hence «Sup { |f o ol | o. all = 1} = Sup { If #, 2|l | z. |l2]l < 1}
using «Sup {||f *, x| |z. norm z = 1} < Sup { ||f %o z| |z. ||z]| < I}> by
linarith
have f1: «(SUP x. ||f o || / [lzl]) = Sup { [If o 2| / =l | z. True}>
by (simp add: full-SetCompr-eq)
have € { If # 2 / llsll |z True} = y € { |f , all [&. o)l = 1} U {0}
for y
proof—
assume <y € { ||f *, z|| / ||z|| |z. True}> show ?thesis
proof(cases <y = 0)
case True thus ?thesis by simp
next
case Fulse
have 3 2.y = ||f % | / Jlol)
using <y € { ||f * || / ||zl |z. True}» by auto
then obtain z where <y = ||f %, z| / ||z|]>

by blast

hence <y = [(1/]|z]])| * || f %o = [P
by simp

hence <y = ||(1/||z]]) *r (f *» T)|>
by simp

hence <y = [If ((1/IJs1]) *r o))
by (simp add: blinfun.scaleR-right)
moreover have (|| (1/||z|]) *gr z || = D>
using False <y = ||f *, z|| / ||z||» by auto
ultimately have <y € {||f %, z|| |z. ||lz|| = 1P
by blast
thus ?thesis by blast
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qed
qed
moreover have <y € {[|f z [z. [|lz]| = 1} U {0} = y € {[If = || / [l |=.
True}»
for y
proof(cases <y = 0»)
case True thus ?thesis by auto
next
case Fulse
hence «y ¢ {0}
by simp
moreover assume <y € {||f *, z| |z. |z|]| = 1} U {0}
ultimately have <y € {||f *, z| |z. ||z]| = 1P
by simp
then obtain z where (||z|| = 1> and <y = ||f *, z|
by auto
have <y = [If %, zl| / ol using dls]l = 1> <y = [If o o
by simp
thus ?thesis by auto
qed
ultimately have «{||f *, z| / ||z| |z. True} = {||f %o 2| |z. ||z|]| = 1} U {0}
by blast
hence <Sup {|f *, 2| / llz] |z. True} = Sup ({{If o o]l |a- 5] = 1} U {0})»
by simp
have Ars. = (rureal) < sV suprs=s
by (metis (lifting) sup.absorb-iff1 sup-commute)
hence «Sup ({||f *v | |z. ||z|| = 1} U {(0::real)})
= max (Sup {||f *» || |z. ||z]| = 1}) (Sup {0::real})>
using <0 < Sup {||f *, z| |z. ||z|| = 1} <bdd-above {0} {0} # {}
cSup-singleton
cSup-union-distrib maz.absorb-iff1 sup-commute norm-1-bounded norm-1-non-empty
by (metis (no-types, lifting) )
moreover have «Sup {(0::real)} = (0::real)
by simp
ultimately have «Sup ({[lf #, ol |z o]l = 1} U {0}) = Sup {|f *, o]l |z.
Jall = 1}
using Sup-non-neg by linarith
moreover have «Sup ( {[|f *v z[| |z. [|z]| = 1} U {0})
= maz (Sup {If *, 3l |z. 2] = 1}) (Sw {0}) >
using Sup-non-neg Sup ({|f *, 2| |z o]l = 1} U {0})
= maz (Sup {[|f *u | |z. ||| = 1}) (Sup {0})>
by auto
ultimately have f2: «Sup {||f *, z| / ||z|| | =. True} = Sup {||f *» z| | =. ||z]|
=1}p
using (Sup {[f *, 3|l / 2] |z. True} = Sup ({If *, 2| |s. ol = 1} U {0})
by linarith
have «(SUP z. ||f *y @l / ||zll) = Sup {If *v [l | . [l«] = 1}
using fI f2 by linarith
hence ((SUP . [If #o o / ll2l) = Sup {If %o all | & 2] < 1 b
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by (simp add: Sup {||f , 2| |o. llz] = 1} = Sup {If *0 =] |z. o]l < 1})

thus %thesis apply transfer by (simp add: onorm-def)
qed
qed

lemma onorm-r:
includes norm-syntax
assumes <r > ()
shows ¢||f]| = Sup ((Az. ||f *, x]|) < (ball O 7)) / T

Explanation: The norm of f is 1 / r of the supremum of the norm of f
%, @ for z in the ball of radius r centered at the origin.

proof—
have |f|| = Sup {If * all |o. =] < 1}
using onorm-open-ball by blast
moreover have x: {||f *, z|| |z. [|z]] < 1} = (Az. ||f *, x]|) ‘< (ball 0 1)»
unfolding ball-def by auto
ultimately have onorm-f: <||f]| = Sup ((Az. ||f *, z||) ¢ (ball 0 1))
by simp
have s2: <z € (At. r xg ||f * t||]) “ball 01 = x < 1« Sup (ML ||f *» t]]) *
ball 0 1) for z
proof—
assume <z € (At. 7 x5 ||f *o t||) < ball 0 1)
hence <3 t. x = r xg ||f * t|| A L] < I»
by auto
then obtain ¢ where t: <z = r xg ||f *, t|]» ¢||t]| < D>
by blast
define y where <y =z /g ™
have <z = r * (inverse r x z)»
using <z = r xg norm (f t)) by auto
hence «x — (r * (inverse r x z)) < O0»
by linarith
hence <z < r x (z /g )
by auto
have <y € (k. ||f *, k||) “ball 0 1>
unfolding y-def using assms t * by fastforce
moreover have «x < 7 *x 1
using ¢ < r x (z /g 1) y-def by blast
ultimately have y-norm-f: <y € (At. ||f *, t]|) “0all 01 Nz <71y
by blast
have «(At. ||f #, t||) “ball 01 # {}
by simp
moreover have (bdd-above ((At. ||f *, t||) ¢ ball 0 1)
by (simp add: bounded-linear-image blinfun.bounded-linear-right bounded-imp-bdd-above

bounded-norm-comp)

moreover have (3 y. y € (At ||f = ¢|]) “ball 01 ANz <71 *x
using y-norm-f by blast
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ultimately show ¢thesis
by (meson assms cSup-upper dual-order.trans mult-le-cancel-left-pos)
qed
have s3: «(A\z. z € (At. r* ||f % t])) “ball 01 = z < y) =
7 Sup (At ||f =0 E|]) “ball 0 1) <y for y
proof—
assume <A\z. z € (M. rx [|[f %, t]|) “ball 01 = z < i
have z-leq: <z € (At. ||f #, t]]) ‘ball01 = <y / r forz
proof—
assume <z € (At ||f %, t||) “ball 0 1>
then obtain ¢ where <t € ball (0::'a) 1> and <z = ||f *, t|]>
by auto
define 7’ where <z’ = 7 *p
have ' = r * ||f *, t|p
by (simp add: «x = ||f *, t|> z’-def)
hence «z' € (\t. 7 x ||f %, t||) “ball 0 1>
using <t € ball (0::'a) 1> by auto
hence <z’ <
using <Az. z € (At. 7 x ||f *, t]|) ‘ball 0 1 = z < y» by blast
thus «x <y / m
unfolding z’-def using «r > 0) by (simp add: mult.commute pos-le-divide-eq)

qed
have «(At. ||f *, t||) “ball 01 # {}>»
by simp
moreover have <bdd-above ((At. ||f =, t||) < ball 0 1)
by (simp add: bounded-linear-image blinfun.bounded-linear-right bounded-imp-bdd-above

bounded-norm-comp)
ultimately have «Sup (At. ||f *, ¢||) “ball 0 1) < y/m>
using z-leq by (simp add: <bdd-above ((At. ||f *, t]]) ¢ ball 0 1)) cSup-least)
thus ?thesis using «r > 0»
by (simp add: mult.commute pos-le-divide-eq)
qed
have norm-scaleR: <norm o ((xg) 7) = ((xg) |r|) o (norm::’a = real)»
by auto
have f-z1: <f (r xg ) = r *g fx» for z
by (simp add: blinfun.scaleR-right)
have <ball (0::'a) r = ((xg) ) “(ball 0 1)»
by (smt (verit) assms ball-scale nonzero-mult-div-cancel-left right-inverse-eq

scale-zero-right)
hence «Sup ((At. ||f *, t|]) < (ball 0 7)) = Sup (At. ||f *o ¢tl]) < (((xr) r) © (ball

0 1))
by simp
also have «... = Sup (((AL. ||f *o t]]) o ((xg) 7)) ¢ (ball 0 1))»
using Sup.SUP-image by auto
also have «... = Sup ((At. ||f *» (r *xg ¢)|) * (ball 0 1))
using f-z1 by (simp add: comp-assoc)
also have «... = Sup ((At. |r| g ||f *o t|]) ¢ (ball 0 1))
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using norm-scaleR f-z1 by auto

also have «... = Sup (At. r xg ||f *o t||) “ (ball 0 1))
using «r > 0» by auto
also have «... = 7 Sup (At. ||f =, t||) < (ball 0 1))

apply (rule cSup-eq-non-empty) apply simp using s2 apply auto using s3
by auto
also have «... = r x ||f|]»
using onorm-f by auto
finally have «Sup ((At. ||f =, t||) < ball 0 7) = v = ||f|>
by blast
thus ¢||f|| = Sup ((A\z. ||f % z||) “ (ball 0 7)) / r using <r > 0> by simp
qed

Pointwise convergence

definition pointwise-convergent-to ::
«( nat = ("a = 'butopological-space) ) = ('a = 'b) = bool
(«((-)/ —pointwise— (-))» [60, 60] 60) where
<pointwise-convergent-to x | = (V t:'a. (A n. (z n) t) —— 1 t)

lemma linear-limit-linear:
fixes f :: <- = (‘a:real-vector = 'b::real-normed-vector)»
assumes <An. linear (f n)> and «f —pointwise— F»
shows «(linear F'»

Explanation: If a family of linear operators converges pointwise, then the
limit is also a linear operator.

proof
show F (t +y) =Fz + Fyforzy
proof—
have Va. F a = lim (An. fn a)
using ¢f —pointwise— F» unfolding pointwise-convergent-to-def by (metis
(full-types) limI)
moreover have Vfb cg. (lim (An. gn + fn) = (b2'b) + ¢V o f —— ¢)
Voag——b
by (metis (no-types) liml tendsto-add)
moreover have Aa. (An. fna) —— Fa
using assms(2) pointwise-convergent-to-def by force
ultimately have
lim-sum: <lim (A n. (fn) z + (fn) y) = im (A n. (fn) ) + lim (A n. (fn)
y)
by metis
have «(fn) (x + y) = (fn) z + (fn) v for n
using <A n. linear (fn)> unfolding linear-def using Real- Vector-Spaces.linear-iff
assms(1)
by auto
hence (im (A n. (fn) (z + y)) =lim A n. (fn) 2 + (fn) yp
by simp
hence «im (A n. (fn) (z + y)) = lim (A n. (fn) z) + lim (A n. (fn) y)»

using lim-sum by simp
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moreover have <A n. (fn) (z + y)) —— F (z + y)»
using <f —pointwise— F» unfolding pointwise-convergent-to-def by blast
moreover have (A n. (fn) z) —— F o
using <f —pointwise— F» unfolding pointwise-convergent-to-def by blast
moreover have (A n. (fn) y) —— F
using «f —pointwise— F» unfolding pointwise-convergent-to-def by blast
ultimately show ¢thesis
by (metis limI)
qed
show F (r xg ) = r *xg F z for r and z
proof—
have «(fn) (r xg z) = r *xg (fn) 2> for n
using (A n. linear (f n)
by (simp add: Real-Vector-Spaces.linear-def real-vector.linear-scale)
hence «im (A n. (fn) (r xg x)) = lim (A n. r x5 (fn) z)»
by simp
have <convergent (A n. (f n) z)
by (metis assms(2) convergentl pointwise-convergent-to-def)
moreover have <isCont (A ¢::'b. r xg t) tt» for ¢t
by (simp add: bounded-linear-scaleR-right)
ultimately have «im (A n. 7 xg ((fn) )) = r *5 lim (A n. (fn) x)»
using «f —pointwise— F» unfolding pointwise-convergent-to-def
by (metis (mono-tags) isCont-tendsto-compose limI)
hence im (A n. (fn) (r xg z)) = r xg lim (A n. (fn) z)
using «im (A n. (fn) (r *xg z)) = lim (A n. r x5 (f n) z)» by simp
moreover have (A n. (fn) 1) —— F o
using «f —pointwise— F» unfolding pointwise-convergent-to-def by blast
moreover have (A n. (fn) (r xg 2)) —— F (r xg z)
using <f —pointwise— F» unfolding pointwise-convergent-to-def by blast
ultimately show #thesis
by (metis limI)
qed
qed

lemma non-Cauchy-unbounded:
fixes a ::<- = real>
assumes (An. an > 0> and <e > 0»
and VM. Im. In.m>M An>MAm>nA suma {Suc n.m} > e
shows ¢(An. (sum a {0..n})) —— oo

Explanation: If the sequence of partial sums of nonnegative terms is not
Cauchy, then it converges to infinite.

proof—
define S:ereal set where <S = range (An. sum a {0..n})
have (3s€S5. kxe < s for k:nat
proof (induction k)
case (
from WM. 3Im.In.m>M An>MAm>nA suma {Sucn.m} > e
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obtain m n where <m > 0)> and «n > 0> and ¢<m > n> and (sum a {Suc
n.m} > e by blast
have <n < Suc n»
by simp
hence «{0..n} U {Suc n..m} = {0..m}»
using Set-Interval.ivl-disj-un(7) <n < m» by auto
moreover have «finite {0..n}»

by simp

moreover have «finite {Suc n..m}»
by simp

moreover have <{0..n} N {Suc n.m} = {h
by simp

ultimately have «sum a {0..n} + sum a {Suc n..m} = sum a {0..m}>
by (metis sum.union-disjoint)
moreover have <sum a {Suc n..m} > 0»
using <e > 0 <sum a {Suc n..m} > e by linarith
moreover have «sum a {0..n} > 0>
by (simp add: assms(1) sum-nonneg)
ultimately have «sum a {0..m} > 0»
by linarith
moreover have sum a {0..m} € S»
unfolding S-def by blast
ultimately have «3s€S. 0 < s
using ereal-less-eq(5) by fastforce
thus Zcase
by (simp add: zero-ereal-def)
next
case (Suc k)
assume <Is€S5. kxe < s
then obtain s where «s€S) and <ereal (k * €) <
by blast
have «(3N. s = sum a {0..N}
using «s€S» unfolding S-def by blast
then obtain N where <s = sum a {0..N}
by blast
from WM. 3Im.In.m>M An>MAm>nA suma {Sucn.m} > e
obtain m n where (m > Suc N» and <n > Suc N> and <m > n» and <sum
a {Suc n.m} > e
by blast
have «finite {Suc N..n}>
by simp
moreover have «finite {Suc n..m}»
by simp
moreover have «({Suc N..n} U {Suc n..m} = {Suc N..m}»
using Set-Interval.ivl-disj-un
by (metis «Suc N < n» <n < m»y atLeastSucAtMost-greater ThanAtMost or-
der-less-imp-le)
moreover have ({} = {Suc N..n} N {Suc n..m}
by simp
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ultimately have «sum a {Suc N..m} = sum a {Suc N..n} + sum a {Suc
m}»
by (metis sum.union-disjoint)
moreover have <sum a {Suc N..n} > 0>
using «An. a n > 0> by (simp add: sum-nonneg)
ultimately have <sum a {Suc N.m} > e
using <e < sum a {Suc n..m}» by linarith
have «finite {0..N}»
by simp
have «finite {Suc N..m}»
by simp
moreover have ({0.N} U {Suc N..m} = {0..m}
using Set-Interval.ivl-disj-un(7) «Suc N < m» by auto
moreover have {0..N} N {Suc N.m} = {}
by simp
ultimately have «sum a {0..N} 4+ sum a {Suc N.m} = sum a {0..m}>
by (metis <finite {0..N}» sum.union-disjoint)
hence <e + k x e < sum a {0..m}>
using <ereal (real k x €) < s ¢<s = ereal (sum a {0..N})) <e < sum a {Suc
N.m}> by auto
moreover have <e + k x e = (Suc k) * e
by (simp add: semiring-normalization-rules(3))
ultimately have «(Suc k) *x e < sum a {0..m}>
by linarith
hence <ereal ((Suc k) * e) < sum a {0..m}>
by auto
moreover have (sum a {0..m}€S)
unfolding S-def by blast
ultimately show ?case by blast
qed
hence «3s€S5. (real n) < s for n
by (meson assms(2) ereal-le-le ex-less-of-nat-mult less-le-not-le)
hence <«Sup S = oo
using Sup-le-iff Sup-subset-mono dual-order.strict-trans1 leD less- PInf- Ex-of-nat
subset]
by metis
hence Sup: <Sup ((range (A n. (sum a {0..n})))::ereal set) = oco» using S-def
by blast
have «incseq (An. (sum a {..<n}))
using <An. a n > 0> using Eztended-Real.incseq-suml by auto
hence (incseq (An. (sum a {..< Suc n}))
by (meson incseq-Suc-iff)
hence (incseq (An. (sum a {0..n})::ereal)>
using incseg-ereal by (simp add: atLeastOAtMost lessThan-Suc-atMost)
hence «(An. sum a {0..n}) —— Sup (range (An. (sum a {0..n}):ereal))>
using LIMSEQ-SUP by auto
thus “thesis using Sup PInfty-neg-ereal by auto
qed
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lemma sum-Cauchy-positive:
fixes a ::<- = real
assumes (An. an > 0> and <3 K. Vn. (suma {0..n}) < K>
shows «Cauchy (An. sum a {0..n})

Explanation: If a series of nonnegative reals is bounded, then the series
is Cauchy.

proof (unfold Cauchy-altdef2, rule, rule)
fix e::real
assume e>0»
have <3M.Vm>M.Vn>M. m > n — sum a {Suc n.m} < e
proof (rule classical)
assume —(IM. Vm>M.Vn>M. m > n — sum a {Suc n.m} < e)
hence <VM.Im.In.m> M An> M A m>nA —(sum a {Suc n.m} <

e)
by blast
hence VM. 3m.In.m>M An>MAm>nA suma{Sucn.m} > e
by fastforce
hence «(An. (sum a {0..n}) ) —— oo
using non-Cauchy-unbounded <0 < ey assms(1) by blast
from (3K.Vn. suma {0.n} <K
obtain K where Vn. sum a {0..n} < K>
by blast
from <(An. sum a {0..n}) —— oo
have VB. IN.Vn>N. (A n. (sum a {0..n}) ) n> B
using Lim-PlInfty by simp
hence I n. (sum a {0..n}) > K+1»
using ereal-less-eq(3) by blast
thus %thesis using Vn. (sum a {0..n}) < K> by (smt (verit, best))
qed
have <sum a {Suc n.m} = sum a {0..m} — sum a {0..n}>
if m > n for mn
by (metis add-diff-cancel-left’ atLeastOAtMost less-imp-add-positive sum-up-index-split
that)
hence «(3M.VYm>M.¥Yn>M. m > n — sum a {0.m} — sum a {0..n} < e
using <AM.Vm>M.Vn>M. m > n — sum a {Suc n..m} < e» by presburger
then obtain M where Vm>M.Vn>M. m > n — sum a {0..m} — sum a
{0..n} < e
by blast
moreover have «m > n = sum a {0..m} > sum a {0..n}p> for m n
using <A\ n. a n > 0> by (simp add: sum-mono?2)
ultimately have «<3M. Vm>M. Vn>M. m > n — |sum a {0..m} — sum a
{0..n}| < e
by auto
hence <IM.Vm>M.Vn>M. m > n — |[sum a {0..m} — sum a {0..n}| < &
by (metis <0 < e» abs-zero cancel-comm-monoid-add-class. diff-cancel diff-is-0-eq’

less-irrefl-nat linorder-neqE-nat zero-less-diff)
hence «(3M.Vm>M.Vn>M. |sum a {0..m} — sum a {0..n}| < e

18



by (metis abs-minus-commute nat-le-linear)
hence <3 M. VYm>M. VY n>M. dist (sum a {0..m}) (sum a {0..n}) < &
by (simp add: dist-real-def)
hence I M.Vm>M.Vn>M. dist (sum a {0..m}) (sum a {0..n}) < e» by blast
thus «(3N.Vn>N. dist (sum a {0..n}) (sum a {0..N}) < e» by auto
qed

lemma convergent-series-Cauchy:

fixes a::¢nat = real> and @::<nat = 'a::metric-spaces

assumes 3 M. Vn. sum a {0..n} < M» and <An. dist (¢ (Suc n)) (¢ n) < a
n

shows «Cauchy ¢»

Explanation: Let a be a real-valued sequence and let ¢ be sequence in
a metric space. If the partial sums of a are uniformly bounded and the
distance between consecutive terms of ¢ are bounded by the sequence a,
then ¢ is Cauchy.

proof (unfold Cauchy-altdef2, rule, rule)
fix e::real
assume <e > 0
have <A\k. a k > 0»
using <An. dist (¢ (Suc n)) (¢ n) < a ny dual-order.trans zero-le-dist by blast
hence «Cauchy (Ak. sum a {0..k})»
using «IM. Vn. sum a {0..n} < M> sum-Cauchy-positive by blast
hence <(AM.Vm>M.Vn>M. dist (sum a {0..m}) (sum a {0..n}) < e
unfolding Cauchy-def using <e > 0) by blast
hence M. Vm>M.Vn>M. m > n — dist (sum a {0..m}) (sum a {0..n})
< e
by blast
have «dist (sum a {0..m}) (sum a {0..n}) = sum a {Suc n..m}> if <n<m> for
mn
proof —
have (n < Suc w
by simp
have «finite {0..n}»
by simp
moreover have <finite {Suc n..m}»
by simp
moreover have «({0..n} U {Suc n.m} = {0..m}»
using (n < Suc n» <n < m> by auto
moreover have {0..n} N {Suc n.m} = {p
by simp
ultimately have sum-plus: <(sum a {0..n}) + sum a {Suc n..m} = (sum a
{0.m})
by (metis sum.union-disjoint)
have «dist (sum a {0..m}) (sum a {0..n}) = |(sum a {0..m}) — (sum a {0..n})]
using dist-real-def by blast
moreover have «(sum a {0..m}) — (sum a {0..n}) = sum a {Suc n..m}p
using sum-plus by linarith
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ultimately show ¢thesis
by (simp add: <A\k. 0 < a k> sum-nonneg)
qed
hence sum-a: <AM.Vm>M.¥n>M. m > n — sum a {Suc n.m} < e
by (metis <IM.Vm>M. VY n>M. dist (sum a {0..m}) (sum a {0..n}) < &)
obtain M where <Vm>M.Vn>M. m > n — sum a {Suc n.m} < e
using sum-a <e > 0) by blast
hence «Vm.Vn. Suc m > Suc M N Sucn > Suc M AN Suc m > Suc n — sum
a {Suc n..Sucm — 1} < e
by simp
hence Ym>1.Vn>1.m > Suc M An > Suc M Am>n— suma {n.m
-1} <e
by (metis Suc-le-D)
hence sum-a2: AM.Vm>M.¥n>M. m > n — sum a {n.m—1} < e
by (meson add-leE)
have «dist (¢ (n+p+1)) (¢ n) < sum a {n..n+p}» for p n :: nat
proof (induction p)
case 0 thus ?case by (simp add: assms(2))
next
case (Suc p) thus ?case
by (smt(verit, ccfv-SIG) Suc-eq-plusl add-Suc-right add-less-same-cancell
assms(2) dist-self dist-triangle2
gr-implies-not0 sum.cl-ivl-Suc)
qed
hence «m > n = dist (p m) (¢ n) < sum a {n..m—1}> for m n :: nat
by (metis Suc-eq-plus1 Suc-le-D diff-Suc-1 gr0-implies-Suc less-eq-Suc-le less-imp-Suc-add

zero-less-Suc)
hence «(3M.VYm>M.Vn>M. m > n — dist (p m) (p n) < &
using sum-a2 <e > 0) by (smt (verit))
thus 3N. Vn>N. dist (p n) (¢ N) < e
using <0 < e» by fastforce
qed

unbundle blinfun-apply-syntax
unbundle no norm-syntaz

end

2 Banach-Steinhaus theorem

theory Banach-Steinhaus
imports Banach-Steinhaus-Missing
begin

We formalize Banach-Steinhaus theorem as theorem banach-steinhaus.
This theorem was originally proved in Banach-Steinhaus’s paper [1]. For the
proof, we follow Sokal’s approach [3]. Furthermore, we prove as a corollary
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a result about pointwise convergent sequences of bounded operators whose
domain is a Banach space.

2.1 Preliminaries for Sokal’s proof of Banach-Steinhaus the-
orem

lemma linear-plus-norm:
includes norm-syntax
assumes <(linear f)

shows «||f &|| < maz ||f (z + O| |If (z — |

Explanation: For arbitrary x and a linear operator f, ||f || is upper
bounded by the maximum of the norms of the shifts of f (i.e., f (z + &) and
f (@ =9)).
proof—

have «norm (f &) = norm ( (inverse (of-nat 2)) xgr (f (x + &) — f (x — &) »»
by (metis (no-types, opaque-lifting) add.commute assms diff-diff-eq2 group-cancel.subl
linear-cmul linear-diff of-nat-numeral real-vector-affinity-eq scaleR-2
scaleR-right-diff-distrib zero-neg-numeral)
also have «... = inverse (of-nat 2) * norm (f (x + &) — f (x — )
using Real- Vector-Spaces.real-normed-vector-class.norm-scaleR by simp
also have «... < inverse (of-nat 2) * (norm (f (x + &)) + norm (f (z — &)))
by (simp add: norm-triangle-ineq])
also have «... < maz (norm (f (z + &))) (norm (f (z — &)
by auto
finally show ?thesis by blast
qed

lemma onorm-Sup-on-ball:
includes norm-syntax
assumes <r > ()
shows ||f]| < Sup ( (Az. ||f *» z|]) “(ballzr)) /T

Explanation: Let f be a bounded operator and let z be a point. For
any 0 < r, the operator norm of f is bounded above by the supremum of f
applied to the open ball of radius r around z, divided by 7.

proof—
have bdd-above-3: <bdd-above (Az. ||f *, z||) ¢ (ball 0 1))
proof —
obtain M where <\ &. ||f %, &|| < M % norm & and <M > 0»
using norm-blinfun norm-ge-zero by blast
hence <A\ . £ € ball 0 r = ||f *, &|| < M = 1
using «r > 0> by (smt (verit) mem-ball-0 mult-left-mono)
thus ?thesis by (meson bdd-abovel2)
qed
have bdd-above-2: <bdd-above (A . ||f *» (z + &)|) ¢ (ball 0 7))»
proof—
have <bdd-above (A &. ||f *, x||) ¢ (ball 0 1))
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by auto
moreover have <bdd-above (A &. ||f %, &) < (ball 0 r))»
using bdd-above-3 by blast
ultimately have (bdd-above (A &. ||f =, || + ||f *o &|) “ (ball 0 1))
by (rule bdd-above-plus)
then obtain M where <A\ €. € € ball 0 r = ||f *, || + ||f =0 &I < M
unfolding bdd-above-def by (meson image-eql)
moreover have ¢||f %, (z + &)|| < ||f *o || + ||f *» &|]> for &
by (simp add: blinfun.add-right norm-triangle-ineq)
ultimately have <\ £. £ € ball 0 r = ||f *, (z + &)| < M)
by (simp add: blinfun.add-right norm-triangle-le)
thus ?thesis by (meson bdd-abovel2)
qed
have bdd-above-4: <bdd-above (A &. ||f *» (x — &)||) ¢ (ball 0 1))»
proof—
obtain K where K-def: <\ £&. £ € ball 0 7 = ||f *, (z + &)| < K>
using  <bdd-above (A & norm (f (xz + &))) ¢ (ball 0 r))> unfolding
bdd-above-def
by (meson image-eql)
have «¢ € ball (0::'a) r = —£ € ball 0 for ¢
by auto
thus ?thesis by (metis K-def ab-group-add-class. ab-diff-conv-add-uminus bdd-abovel?2)
qed
have bdd-above-1: <bdd-above (X §. maz ||f *, (z + )| |If %o (x — &) ¢ (ball
0r))
proof—
have <bdd-above (X &. ||f *, (z + &)]|) “ (ball 0 7))
using bdd-above-2 by blast
moreover have <bdd-above (A €. ||f %, (z — &)]|) “ (ball 0 7))
using bdd-above-4 by blast
ultimately show ?thesis
unfolding maz-def apply auto apply (meson bdd-above-Int1 bdd-above-mono
image-Int-subset)
by (meson bdd-above-Int1 bdd-above-mono image-Int-subset)

qed
have bdd-above-6: <bdd-above ((At. ||f *, t||) ¢ ball z 1)
proof—
have <bounded (ball z 1)»
by simp

hence <bounded ((At. ||f =, t||) < ball z T)»
by (metis (no-types) add.left-neutral bdd-above-2 bdd-above-norm bounded-norm-comp

image-add-ball image-image)
thus ?thesis
by (simp add: bounded-imp-bdd-above)
qed
have norm-1: <M. ||f *, (z + &)||) “ball 0 r = (At. ||f *o t]|) ‘ ball >
by (metis add.right-neutral ball-translation image-image)
have bdd-above-5: <bdd-above (AE. norm (f (z + &))) ‘ ball 0 r)»
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by (simp add: bdd-above-2)
have norm-2: (||&]| < r = ||f *» (x — )| € (A& NS *» (x + &) < ball 0 1
for ¢
proof—
assume <|[¢]| < 7
hence ¢ € ball (0::'a)
by auto
hence «—¢ € ball (0::'a)
by auto
thus %thesis
by (metis (no-types, lifting) ab-group-add-class.ab-diff-conv-add-uminus im-
age-iff)
qed
have norm-2": <||g|| < r = || %0 (& + | € N NS *0 (x = &)|]) € ball 0 r
for ¢
proof—
assume <norm & < 1
hence ¢ € ball (0::'a)
by auto
hence «—¢§ € ball (0::'a)
by auto
thus ?thesis
by (metis (no-types, lifting) diff-minus-eq-add image-iff)
qed
have bdd-above-6: <bdd-above (X. ||f *o (x — &)||) < ball 0 1)
by (simp add: bdd-above-4)
have Sup-2: <«(SUP £€ball 0 r. mazx ||f *, (z + O ||f *o (z = &)) =
mazx (SUP £€ball 0 7. ||f *» (z + &)]]) (SUP £€ball O 7. ||f * (z —
ol

proof—
have <ball (0::'a) r # {}
using <r > 0» by auto
moreover have <bdd-above (XE. ||f *» (x + &) ¢ ball 0 1)
using bdd-above-5 by blast
moreover have <bdd-above (XE. ||f *, (x — §)||) “ ball 0 r)»
using bdd-above-6 by blast
ultimately show Zthesis
using max-Sup
by (metis (mono-tags, lifting) Banach-Steinhaus-Missing.pointwise-maz-def
image-cong)
qed
have Sup-3" <||&|| < r = ||f * (z + | € (A& |If *0 (z = &) ‘ ball 0 r> for
&'a
by (simp add: norm-2")
have Sup-3": IE| < r = |If o (& — )| € (A |If #0 (& + E)]) *ball 0 1> for
&a
by (simp add: norm-2)
have Sup-3: <max (SUP £€ball 0 1. ||f *» (x 4+ &)||) (SUP £€ball 0 1. ||f *4 (z
-9l =
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(SUP &€ball O . ||f *o (z + O|)
proof—
have <(A&. ||f *, (z + ) < (ball 0 1) = (A |If *» (x — &)||) ¢ (ball 0 1)
apply auto using Sup-3’ apply auto using Sup-3'' by blast
hence «Sup (A6, [If * (z + E)l) * (ball 0 1)=Sup (€. If +, (z — ©)]) * (ball
0r))
by simp
thus ?thesis by simp
qed
have Sup-1: <Sup ((At. ||f *o t]]) “(ball 0 7)) < Sup ( (A& |If *0 &) ¢ (ball z 1)
)
proof—
have (AL [ %, ) € < maz |f %, (@ + &) |f * (& — )] for ¢
apply (rule linear-plus-norm) apply (rule bounded-linear.linear)
by (simp add: blinfun.bounded-linear-right)
moreover have (bdd-above (A & maz ||f %, (x + &) |f *v (z — &)|]) ¢ (ball
0r))
using bdd-above-1 by blast
moreover have <ball (0::'a) r # {}p
using «r > 0)» by auto
ultimately have «Sup (At. ||f =, ¢||) ‘< (ball 0 7)) <
Sup (A maz ||f *o (z + I [If #o (z = EI) * (ball 0 1))
using ¢SUP-mono by (smt (verit))
also have «... = maz (Sup (XE. ||f % (z + &)]|) < (ball 0 1)))
(Sup (A& If o (z = EII) * (ball 0 1)))»
using Sup-2 by blast

also have «... = Sup (A& ||f *o (z + &)|) “ (ball 0 1))
using Sup-3 by blast
also have «... = Sup (A& ||f =0 &) < (ball z r))»

by (metis add.right-neutral ball-translation image-image)
finally show ?thesis by blast
qed
have «||f|| = (SUP z€ball 0 r. ||f %, z||) / ™
using <0 < r» onorm-r by blast
moreover have <Sup ((At. ||f *, t]]) < (ball 0 7)) / 7 < Sup (A ||f *» &)
(ball z 1)) | T
using Sup-1 <0 < r divide-right-mono by fastforce
ultimately have «||f|| < Sup ((At. ||f *o» t]|) ‘ballz 1) [ T
by simp
thus ?thesis by simp
qed

lemma onorm-Sup-on-ball’:
includes norm-syntax
assumes r > (0> and 7 < 1)
shows <Iécball zr. 7 r* ||f]| < |If =0 &P

In the proof of Banach-Steinhaus theorem, we will use this variation of
the lemma onorm-Sup-on-ball.
Explanation: Let f be a bounded operator, let z be a point and let r be
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a positive real number. For any real number 7 < 1, there is a point £ in the
open ball of radius r around z such that 7 x r x ||f|| < ||f *» &||.

proof(cases <f = 0»)
case True
thus %thesis by (metis assms(1) centre-in-ball mult-zero-right norm-zero or-
der-refl
zero-blinfun.rep-eq)
next
case Fulse
have bdd-above-1: <bdd-above ((At. ||(*y) f¢||) ¢ ball z r)> for f:<'a = 'b
using assms(1) bounded-linear-image by (simp add: bounded-linear-image
blinfun.bounded-linear-right bounded-imp-bdd-above bounded-norm-comp)
have <norm f > 0»
using «f # 0> by auto
have <norm f < Sup ( (A ||(xy) f &) < (ballzr)) [/ ™
using «r > 0» by (simp add: onorm-Sup-on-ball)
hence <7 x norm f < Sup ( (A ||(x0) f &) “ (ball z 7))
using <0 < r by (smt (verit) divide-strict-right-mono nonzero-mult-div-cancel-left)

moreover have «r x r x norm f < r x norm f»
using «7 < 1) using <0 < norm f> <0 < r by auto

ultimately have v x r * norm f < Sup ( (norm o ((x,) f)) * (ball x T) )»
by simp

moreover have ((norm o ( (x,) f)) ‘(ball z ) # {}
using <0 < rm by auto

moreover have <bdd-above ((norm o ( (x,) f)) “ (ball z 7))
using bdd-above-1 apply transfer by simp

ultimately have 3¢ € (norm o ( (x,) f)) ‘(ball z 7). T x r *x norm f < &
by (simp add: less-cSup-iff)

thus ?thesis by (smt (verit) comp-def image-iff)

qed

2.2 Banach-Steinhaus theorem

theorem banach-steinhaus:
fixes f::</c = (‘a::banach =1, 'b::real-normed-vector)»
assumes (\z. bounded (range (An. (f n) *, z))
shows <(bounded (range f)»

This is Banach-Steinhaus Theorem.
Explanation: If a family of bounded operators on a Banach space is
pointwise bounded, then it is uniformly bounded.

proof(rule classical)
assume <—(bounded (range f))»
have sum-1: «(3 K. Vn. sum (k. inverse (real-of-nat 37k)) {0..n} < K>
proof—
have (summable (An. inverse ((3::real) ~ n))»
by (simp flip: power-inverse)
hence (bounded (range (An. sum (X k. inverse (real 3 " k)) {0..<n}))
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using summable-imp-sums-bounded[where f = (An. inverse (real-of-nat 37n))]
lessThan-atLeast0 by auto
hence (3 M. V he(range (An. sum (X k. inverse (real 8 " k)) {0..<n})). norm
h < M
using bounded-iff by blast
then obtain M where <h€range (An. sum (A k. inverse (real 3 " k)) {0..<n})
= norm h < M)
for h
by blast
have sum-2: «sum (A\k. inverse (real-of-nat 37k)) {0..n} < M>» for n
proof—
have <norm (sum (X k. inverse (real 3 " k)) {0..< Suc n}) < M>»
using «A\h. h€(range (An. sum (X k. inverse (real 3 ~ k)) {0..<n})) =
norm h < M»
by blast
hence <norm (sum (A k. inverse (real 3 " k)) {0..n}) < M>
by (simp add: atLeastLess ThanSuc-atLeastAtMost)
hence <(sum (A k. inverse (real 3 ~k)) {0..n}) < M>»
by auto
thus ?thesis by blast
qed
have <sum (\k. inverse (real-of-nat 37k)) {0..n} < M)» for n
using sum-2 by blast
thus ?thesis by blast

qed
have <of-rat 2/3 < (1::real)
by auto

hence Vg¢::'a =1 0. V2. Vr. 3. g# 0 AT >0
— (€€ball z v A (of-rat 2/8) * v x norm g < norm ((x,) g &))»
using onorm-Sup-on-ball’ by blast
hence <3¢. Vg::la = 'b.Va. Vr.g# 0 AT >0
— ((E gz r)€ball z v A (of-rat 2/3) x v x norm g < norm ((x,) g (£ ¢
xT)))

by metis
then obtain ¢ where f1: «Jg # 0; r > 0] =
Egxzrebalzr N (ofrat 2/3) x rx norm g < norm ((x,) g (£ gz 1))
for ¢g::¢<'a = 'b» and z and r
by blast
have «Vn. 3k. norm (fk) > 4w
using «—(bounded (range f))» by (metis (mono-tags, opaque-lifting) boundedl
image-iff linear)
hence 3k.Vn. norm (f (kn)) > 4w

by metis

hence k. Vn. norm ((f o k) n) > 4 "m
by simp

then obtain k& where norm ((f o k) n) > 4 n» for n
by blast

define T where <T = f o k»
have «T' n € range f» for n
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unfolding T-def by simp
have norm (T n) > of-nat (4 "n)» for n
unfolding T-def using <A\ n. norm ((f o k) n) > 4 n» by auto
hence «T' n # 0» for n
by (smt (verit) T-def <An. 4 ~n < norm ((f o k) n)» norm-zero power-not-zero
zero-le-power)
have <inverse (of-nat 37n) > (0::real)s for n
by auto
define y::¢nat = ‘a» where <y = rec-nat 0 (An z. £ (T n) z (inverse (of-nat
37n)))
have <y (Suc n) € ball (y n) (inverse (of-nat 3™n))> for n
using f1 <A\ n. T n # 0> <)\ n. inverse (of-nat $7n) > 0» unfolding y-def by
auto
hence norm (y (Suc n) — y n) < inverse (of-nat 37n)» for n
unfolding ball-def apply auto using dist-norm by (smt (verit) norm-minus-commaute)

moreover have (3 K. Vn. sum (k. inverse (real-of-nat 37k)) {0..n} < K>
using sum-1 by blast
moreover have «Cauchy 1>
using convergent-series-Cauchy[where a = An. inverse (of-nat 3™n) and ¢ =
y] dist-norm
by (metis calculation(1) calculation(2))
hence 3 z. y ——
by (simp add: convergent-eq-Cauchy)
then obtain z where (y —— o>
by blast
have norm-2: <norm (z — y (Suc n)) < (inverse (of-nat 2))x(inverse (of-nat
37n)) for n
proof—
have <inverse (real-of-nat 8) < 15
by simp
moreover have <y 0 = 0»
using y-def by auto
ultimately have <norm (z — y (Suc n))
< (inverse (of-nat 3))  inverse (1 — (inverse (of-nat 3))) * ((inverse (of-nat
3)) T n)

using bound-Cauchy-to-lim|where ¢ = inverse (of-nat 3) and y = y and z

power-inverse semiring-norm(77) <y —— x
<A\ n. norm (y (Suc n) — y n) < inverse (of-nat 37 n)» by (metis di-
vide-inverse)
moreover have <inverse (real-of-nat 3) * inverse (1 — (inverse (of-nat 3)))
= inverse (of-nat 2)»
by auto
ultimately show #thesis
by (metis power-inverse)
qed
have <norm (z — y (Suc n)) < (inverse (of-nat 2))*(inverse (of-nat 3™ n))> for
n
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using norm-2 by blast
have <3 M.V n. norm ((x,) (T n) z) < M>
unfolding T-def apply auto
by (metis < A\z. bounded (range (An. (x,) (fn) x))» bounded-iff rangel)
then obtain M where <norm ((x,) (T n) z) < M» for n
by blast
have norm-1: <norm (T n) * norm (y (Suc n) — x) + norm ((x,) (T n) z)
< inverse (real 2) * inverse (real 3 ~n) * norm (T n) + norm ((*,) (T n)
z)» for n
proof—
have <norm (y (Suc n) — z) < (inverse (of-nat 2))*(inverse (of-nat 37n))»

*
using <norm (z — y (Suc n)) < (inverse (of-nat 2))x(inverse (of-nat 37n))»
by (simp add: norm-minus-commute)
moreover have norm (T n) > 0»
by auto
ultimately have <norm (T n) * norm (y (Suc n) — x)
< (inverse (of-nat 2))x(inverse (of-nat 8" n))xnorm (T n)>
by (simp add: <An. T n # 0»)
thus ?thesis by simp
qed
have inverse-2: «(inverse (of-nat 6)) * inverse (real 3 ~n) * norm (T n)
< norm ((xy) (T n) z)» for n
proof—
have «(of-rat 2/3)x(inverse (of-nat 3™ n))xnorm (T n) < norm ((*,) (T n) (y
(Suc n)))»
using f1 <A\ n. T n # 0> <\ n. inverse (of-nat 3™ n) > 0 unfolding y-def
by auto

also have «... = norm ((x,) (T n) ((y (Suc n) — z) + z))»
by auto
also have «... = norm ((x,) (T'n) (y (Suc n) — z) + (%) (T'n) z

)
apply transfer apply auto by (metis diff-add-cancel linear-simps(1
also have «... < norm ((x,) (T n) (y (Suc n) — z)) + norm ((*,) (
by (simp add: norm-triangle-ineq)
also have «... < norm (T n) * norm (y (Suc n) — z) + norm ((x,) (T n) z)»
apply transfer apply auto using onorm by auto
also have «... < (inverse (of-nat 2))x(inverse (of-nat 3™n))xnorm (T n)
+ norm ((xy) (T n) z)»
using norm-1 by blast
finally have <(of-rat 2/3) * inverse (real 3 ~ n) *x norm (T n)
< inverse (real 2) * inverse (real 3 " n) * norm (T n)
+ norm ((x,) (T n) z)»
by blast
hence «(of-rat 2/3) * inverse (real 3 " n) * norm (T n)
— inverse (real 2) * inverse (real 8 ~n) = norm (T n) < norm ((x,) (T

)
T n) x)

n) )
by linarith
moreover have «(of-rat 2/3) * inverse (real 3 " n) * norm (T n)
— inverse (real 2) * inverse (real 3 ~ n) * norm (T n)
= (inverse (of-nat 6)) * inverse (real 3 "~ n) x norm (T n)»
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by fastforce
ultimately show «((inverse (of-nat 6)) * inverse (real 3 ~n) * norm (T n) <
norm ((x,) (T n) z)
by linarith
qed
have inverse-3: «(inverse (of-nat 6)) * (of-rat (4/3) n)
< (inverse (of-nat 6)) * inverse (real 8 ~ n) * norm (T n)» for n
proof—
have <of-rat (4/8) "n = inverse (real 3 ~ n) * (of-nat 4 "n)>
apply auto by (metis divide-inverse-commute of-rat-divide power-divide
of-rat-numeral-eq)
also have «... < inverse (real 3 ~ n) * norm (T n)»
using <An. norm (T n) > of-nat (4 n)) by simp
finally have <of-rat (//3) n < inverse (real 3 ~ n) * norm (T n)»
by blast
moreover have <inverse (of-nat 6) > (0::real))
by auto
ultimately show ¢thesis by auto
qed
have inverse-1: «(inverse (of-nat 6)) * (of-rat (4/3)"n) < M» for n
proof—
have «(inverse (of-nat 6)) = (of-rat (4/3) n)
< (inverse (of-nat 6)) * inverse (real 3 ~ n) *x norm (T n)»
using inverse-3 by blast
also have «... < norm ((xy) (T n) x)»
using inverse-2 by blast
finally have <(inverse (of-nat 6)) x (of-rat (4/3)"n) < norm ((x,) (T n) z)»
by auto
thus %thesis using «/\ n. norm ((x,) (T n) z) < M) by (smt (verit))
qed
have «3n. M < (inverse (of-nat 6)) * (of-rat (4/3) "n)»
using Real.real-arch-pow by auto
moreover have «(inverse (of-nat 6)) * (of-rat (4/3) n) < M» for n
using inverse-1 by blast
ultimately show ?thesis by (smt (verit))
qed

2.3 A consequence of Banach-Steinhaus theorem

corollary bounded-linear-limit-bounded-linear:
fixes f::«nat = ('a::banach =1, 'b::real-normed-vector)s
assumes (\z. convergent (An. (f n) *, x)»
shows «Jg. (An. (x,) (f n)) —pointwise— (x,) ¢»

Explanation: If a sequence of bounded operators on a Banach space
converges pointwise, then the limit is also a bounded operator.

proof—
have «31. (An. (%) (fn) 2) —— b for z
by (simp add: «A\z. convergent (An. (x,) (f n) x)» convergentD)
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hence <3 F. (An. (x,) (f n)) —pointwise— F»
unfolding pointwise-convergent-to-def by metis
obtain F' where <(An. (x,) (f n)) —pointwise— F»
using 3 F. (An. (x,) (f n)) —pointwise— F» by auto
have <Az. (A n. (%) (fn) 2) —— Fm
using «(An. (%) (fn)) —pointwise— F» apply transfer
by (simp add: pointwise-convergent-to-def)
have <bounded (range f)»
using «Az. convergent (An. (%) (f n) x)» banach-steinhaus
NAz. T (An. (%) (fn) 2) —— 1> convergent-imp-bounded by blast
have norm-f-n: <3 M.V n. norm (f n) < M>»
unfolding bounded-def
by (meson UNIV-I <bounded (range f)> bounded-iff image-eql)
have «isCont (X t::'b. norm t) y» for y::’b
using Limits.isCont-norm by simp
hence (A n. norm ((*,) (f n) £)) —— (norm (F z))» for z
using <A z::'a. (A n. (%) (f n) 2) —— F 2 by (simp add: tendsto-norm,)
hence norm-f-n-z: <3 M.V n. norm ((*,) (fn) z) < M» for z
using Elementary-Metric-Spaces.convergent-imp-bounded
by (metis UNIV-I <\ x::'a. (A n. (%) (f n) ©) —— F > bounded-iff im-
age-eql)
have norm-f: <3 K. Vn.Vz. norm ((x,) (fn) ) < norm z x K>
proof—
have <3 M.V n. norm ((x,) (fn) z) < M)» for z
using norm-f-n-x <Az. (An. (%) (fn) £) —— F x> by blast
hence <3 M.V n. norm (f n) < M>»
using norm-f-n by simp
then obtain M::real where <3 M.V n. norm (fn) < M)
by blast
have <V n. Vz. norm ((x,) (fn) ) < norm z * norm (f n)»
apply transfer apply auto by (metis mult.commute onorm)
thus %thesis using <3 M.V n. norm (fn) < M)
by (metis (no-types, opaque-lifting) dual-order.trans norm-eq-zero order-refl
mult-le-cancel-left-pos vector-space-over-itself .scale-zero-left zero-less-norm-iff)
qed
have norm-F-z: <3 K. V. norm (F z) < norm z * K>
proof—
have 3 K. Vn. Vz. norm ((x,) (fn) z) < norm x x K
using norm-f «Az. (An. (x,) (fn) ) —— F 2> by auto
thus ?thesis
using <A z:'a. (A n. (%) (fn) ) —— F x> apply transfer
by (metis Lim-bounded tendsto-norm)
qed
have <linear F>»
proof (rule linear-limit-linear)
show <(linear ((x,) (fn))» for n
apply transfer apply auto by (simp add: bounded-linear.linear)
show «f —pointwise— F»
using «(An. (x,) (f n)) —pointwise— F» by auto
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qed
moreover have <bounded-linear-axioms F»
using norm-F-z by (simp add: «\z. (An. (x,) (fn) ) —— F x» bounded-linear-azioms-def)

ultimately have <bounded-linear F»
unfolding bounded-linear-def by blast
hence 3g. (x,) g = F»
using bounded-linear-Blinfun-apply by auto
thus ?thesis using «(An. (x,) (f n)) —pointwise— F» apply transfer by auto
qed

end
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