Abstract

We present the verification of the normalisation of a binary deci-
sion diagram (BDD). The normalisation follows the original algorithm
presented by Bryant in 1986 and transforms an ordered BDD in a re-
duced, ordered and shared BDD. The verification is based on Hoare
logics.
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1 Introduction

In [1] we describe the partial correctness proofs for BDD normalisation. We
extend this work to total correctness in these theories.

2 BDD Abstractions

theory BinDag
imports Simpl.Simpl-Heap
begin

datatype dag = Tip | Node dag ref dag

lemma [simp|: Node It a rt # It
by (induct It) auto

lemma [simp]: It # Node It a ¢
by (induct It) auto

lemma [simp|: Node lt a rt # rt
by (induct rt) auto

lemma [simp]: rt # Node It a rt
by (induct rt) auto

primrec set-of:: dag = ref set where
set-of-Tip: set-of Tip = {}
| set-of-Node: set-of (Node It a rt) = {a} U set-of It U set-of rt

primrec DAG:: dag = bool where
DAG Tip = True
| DAG (Node l a 1) = (a ¢ set-of L A a ¢ set-of r AN DAG I AN DAG r)

primrec subdag:: dag = dag = bool where
subdag Tip t = False
| subdag (Node l a r) t = (t=1 V t=r V subdag [ t V subdag r t)

lemma subdag-size: subdag t s => size s < size t
by (induct t) auto

lemma subdag-neq: subdag t s = t#s
by (induct t) (auto dest: subdag-size)

lemma subdag-trans [trans]: subdag t s = subdag s r = subdag t r
by (induct t) auto

lemma subdag-NodeD:



subdag t (Node It a rt) = subdag t It N\ subdag t rt
by (induct t) auto

lemma subdag-not-sym: \t. [subdag s t; subdag t s] = P
by (induct s) (auto dest: subdag-NodeD)

instantiation dag :: order
begin

definition
less-dag-def: s < (t::dag) «— subdag t s

definition
le-dag-def: s < (t::dag) +— s=t V s < t

lemma le-dag-refl: (z::dag) < z
by (simp add: le-dag-def)

lemma le-dag-trans:
fixes z::dag and y and z
assumes z-y: ¢ < y and y-z: y < 2
shows z < z
proof (cases z=y)
case True with y-z show ?thesis by simp
next
case Fulse
note z-neq-y = this
with z-y have z-less-y: © < y by (simp add: le-dag-def)
show ?thesis
proof (cases y=z)
case True
with z-y show %thesis by simp
next
case Fulse
with y-z have y < z by (simp add: le-dag-def)
with z-less-y have z < 2
by (auto simp add: less-dag-def intro: subdag-trans)
thus ?thesis
by (simp add: le-dag-def)
qed
qed

lemma le-dag-antisym:
fixes z::dag and y
assumes z-y: ¢ < yand y-z: y < x
shows z = y
proof (cases z=y)
case True thus ?thesis .
next



case Fulse
with z-y y-z show ?thesis
by (auto simp add: less-dag-def le-dag-def intro: subdag-not-sym)
qed

lemma dag-less-le:
fixes x::dag and y
shows (z < y) = (z <y Az # y)
by (auto simp add: less-dag-def le-dag-def dest: subdag-neq)

instance
by standard (auto simp add: dag-less-le le-dag-refl intro: le-dag-trans dest: le-dag-antisym)

end

lemma less-dag-Tip [simp]: = (z < Tip)
by (simp add: less-dag-def)

lemma less-dag-Node: x < (Node l a 1) =
(z<IVvz<r)
by (auto simp add: order-le-less less-dag-def)

lemma less-dag-Node” © < (Node l a 1) =
(z=lVez=rvz<lVz<r)
by (simp add: less-dag-def)

lemma less-Node-dag: (Node lar) <z = l<zAr<z
by (auto simp add: less-dag-def dest: subdag-NodeD)

lemma less-dag-set-of: © < y = set-of © C set-of y
by (unfold less-dag-def, induct y, auto)

lemma le-dag-set-of: © < y = set-of © C set-of y
apply (unfold le-dag-def)
apply (erule disjE)
apply simp
apply (erule less-dag-set-of)
done

lemma DAG-less: DAG y — © < y = DAG x
by (induct y) (auto simp add: less-dag-Node’)

lemma less-DAG-set-of:

assumes z-less-y: ¢ < y

assumes DAG-y: DAG y

shows set-of x C set-of y
proof (cases y)

case Tip with z-less-y show ?thesis by simp
next



case (Node l a )
with DAG-y obtain a: a ¢ set-of l a ¢ set-of r
by simp
from Node obtain [-less-y: | < y and r-less-y: r < y
by (simp add: less-dag-Node)
from Node a obtain
l-subset-y: set-of | C set-of y and
r-subset-y: set-of r C set-of y
by auto
from Node z-less-y have z=IV z=r Vz <IVz <r
by (simp add: less-dag-Node')
thus ?thesis
proof (elim disjE)
assume z=|
with [-subset-y show ?thesis by simp
next
assume r=r
with r-subset-y show ?thesis by simp
next
assume z < [
hence set-of © C set-of |
by (rule less-dag-set-of)
also note [-subset-y
finally show ?thesis .
next
assume z < r
hence set-of © C set-of r
by (rule less-dag-set-of)
also note r-subset-y
finally show ?thesis .
qed
qed

lemma in-set-of-decomp:
p € set-of t = (31 r. t=(Node I p r) V subdag t (Node I p r))
(is ?A = ?B)
proof
assume ?A thus ?B
by (induct t) auto
next
assume ?B thus 74
by (induct t) auto
qed

primrec Dag:: ref = (ref = ref) = (ref = ref) = dag = bool
where

Dag p lr Tip = (p = Null) |

Dagplr (Nodelt art) = (p=a A pF# Null A



Dag (Ip) lr it A Dag (rp)lr 1)

lemma Dag-Null [simp]: Dag Null lr t = (¢t = Tip)
by (cases t) simp-all

lemma Dag-Ref [simp]:
p#Null = Dag p lr t = (3t rt. t=Node It p 1t N
Dag (Ip) L r it A Dag (rp) I rrt)
by (cases t) auto

lemma Null-notin-Dag [simp, intro]: Ap L. Dag p l vt = Null ¢ set-of t
by (induct t) auto

theorem notin-Dag-update-1 [simp]:
N\ p. q ¢ set-of t = Dagp (l(g:=y)) r t=Dagplrt
by (induct t) auto

theorem notin-Dag-update-r [simp]:

N\ p. q¢ set-oft = Dagpl(r(¢q:=y))t=Dagplrt
by (induct t) auto

lemma Dag-upd-same-l-lemma: A\p. p#ANull = — Dag p (I(p:=p)) rt
apply (induct t)
apply simp
apply (simp (no-asm-simp) del: fun-upd-apply)
apply (simp (no-asm-simp) only: fun-upd-apply refl if-True)
apply blast
done

lemma Dag-upd-same-1 [simp]: Dag p (I(p:=p)) rt = (p=Null A t="Tip)
apply (cases p=Null)
apply simp
apply (fast dest: Dag-upd-same-l-lemma)
done

Dag-upd-same-1 prevents p # Null = Dag p (I(p := p)) r t = X from
looping, because of Dag-Ref and fun-upd-apply.

lemma Dag-upd-same-r-lemma: A\p. p£Null = — Dag p | (r(p:=p)) t
apply (induct t)
apply simp
apply (simp (no-asm-simp) del: fun-upd-apply)
apply (simp (no-asm-simp) only: fun-upd-apply refl if-True)
apply blast
done

lemma Dag-upd-same-r [simp]: Dag p | (r(p:=p)) t = (p=Null N t=Tip)
apply (cases p=Null)
apply simp



apply (fast dest: Dag-upd-same-r-lemma)
done

lemma Dag-update-l-new [simp]: [set-of t C set alloc]
= Dag p (I(new (set alloc) := z)) rt = Dagplrt
by (rule notin-Dag-update-l) fastforce

lemma Dag-update-r-new [simp]: [set-of t C set alloc]
= Dag p | (r(new (set alloc) == x)) t = Dagplrt
by (rule notin-Dag-update-r) fastforce

lemma Dag-update-lI [introl:

[Dag p lrt; q ¢ set-of t] = Dag p (I(q :=y)) rt
by simp

lemma Dag-update-rl [intro]:

[Dag p lrt; q ¢ set-of t] = Dagpl (r(q:=y)) t
by simp

lemma Dag-unique: \ p t2. Dag plrtl = Dagp lrt2 = t1=t2
by (induct t1) auto

lemma Dag-uniquel: Dagp lrt = 3!t. Dagplrt
by (blast intro: Dag-unique)

lemma Dag-subdag: \ p. Dag p lrt = subdagt s = 3 q. Dag qlrs
by (induct t) auto

lemma Dag-root-not-in-subdag-l [simp,intro]:
assumes Dag (I p) lrt
shows p ¢ set-of ¢
proof —
{
fix It rt
assume t: t = Node It p rt
from assms have Dag (I p) I rlt
by (clarsimp simp only: t Dag.simps)
with assms have t=It
by (rule Dag-unique)
with ¢ have Fulse
by simp
}
moreover
{
fix It rt
assume subdag: subdag t (Node It p rt)
with assms obtain ¢ where Dag ¢ | v (Node It p rt)
by (rule Dag-subdag [elim-format]) iprover
hence Dag (I p) I rlt



by auto
with assms have t=I[t
by (rule Dag-unique)
moreover
have subdag t It
proof —
note subdag
also have subdag (Node It p rt) It by simp
finally show ?Zthesis .
qed
ultimately have Fulse
by (simp add: subdag-neq)
}
ultimately show ?thesis
by (auto simp add: in-set-of-decomp)
qed

lemma Dag-root-not-in-subdag-r [simp, introl:
assumes Dag (rp) I rt
shows p ¢ set-of ¢
proof —
{
fix It rt
assume t: t = Node It p rt
from assms have Dag (r p) [ r rt
by (clarsimp simp only: t Dag.simps)
with assms have t=rt
by (rule Dag-unique)
with ¢t have Fulse
by simp
}
moreover
{
fix It rt
assume subdag: subdag t (Node It p rt)
with assms obtain ¢ where Dag q | v (Node It p rt)
by (rule Dag-subdag [elim-format]) iprover
hence Dag (rp) I rrt
by auto
with assms have t=rt
by (rule Dag-unique)
moreover
have subdag t rt
proof —
note subdag
also have subdag (Node lt p rt) rt by simp
finally show ?thesis .
qed
ultimately have Fulse
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by (simp add: subdag-neq)
}
ultimately show ?thesis
by (auto simp add: in-set-of-decomp)
qed

lemma Dag-is-DAG: Aplr. Dagplrt = DAG t
by (induct t) auto

lemma heaps-eq-Dag-eq:
Ap.-Vz € set-of t. lz=U'zsANrz=r'z
= Dagplrt=Dagpl' r't
by (induct t) auto

lemma heaps-eq-Dagl1:
[Dag p lrt;Vaeset-of t. le =1z Arz=r'1]
= Dagpl'r't
by (rule heaps-eq-Dag-eq [THEN iffD1])

lemma heaps-eq-Dagl2:
[Dag p U v’ t;Vaeset-of t. lx ="z Ara=r'2]
= Dagplrt
by (rule heaps-eq-Dag-eq [THEN iffD2]) auto

lemma Dag-unique-all-impl-simp [simp]:
Dagplrt= (Vt. Dagplrt— Pt)=Pt
by (auto dest: Dag-unique)

lemma Dag-unique-ex-conj-simp [simp):
Dagplrt= (3t. Dagplrt NPt)=Pt
by (auto dest: Dag-unique)

lemma Dags-eq-hp-eq:
Ap p'. [Dag p lrt; Dagp'l' r' t] =
p'=p A (Vno € set-of t. I’ no =1no A r' no = r no)
by (induct t) auto

definition isDag :: ref = (ref = ref) = (ref = ref) = bool
where isDag p I r = (3t. Dag p L 7 t)

definition dag :: ref = (ref = ref) = (ref = ref) = dag
where dag p lr = (THE t. Dag p I 1 t)

lemma Dag-conv-isDag-dag: Dag p lrt = (isDagp lr A t=dag p L T)
apply (simp add: isDag-def dag-def)
apply (rule iffT)
apply (rule conjl)
apply blast
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apply (subst thel-equality)
apply (erule Dag-uniquel)
apply assumption

apply (rule refl)

apply clarify

apply (rule thel)

apply assumption

apply (erule (1) Dag-unique)

done

lemma Dag-dag: Dagp lrt = dagplr =1
by (simp add: Dag-conv-isDag-dag)

end

3 General Lemmas on BDD Abstractions

theory General imports BinDag begin

definition subdag-eq:: dag = dag = bool where
subdag-eq t1 to = (t1 = to V subdag t1 t3)

primrec root :: dag = ref
where

root Tip = Null |

root (Node lar) = a

fun isLeaf :: dag = bool where

isLeaf Tip = False

| isLeaf (Node Tip v Tip) = True

| isLeaf (Node (Node l vy 1) vo Tip) = False
| isLeaf (Node Tip vi (Node l vy 1)) = False

datatype bdt = Zero | One | Bdt-Node bdt nat bdt

fun bdi-fn :: dag = (ref = nat) = bdt option where
bdt-fn Tip = (Abdtvar . None)
| bdt-fn (Node Tip vref Tip) =
(Abdtvar .
(if (bdtvar vref = 0)
then Some Zero
else (if (bdtvar vref = 1)
then Some One
else None)))
| bdt-fn (Node Tip vref (Node l vrefl r)) = (Abdtvar . None)
| bdt-fn (Node (Node I vrefl r) vref Tip) = (Abdtvar . None)
| bdt-fn (Node (Node 1 vrefl r1) vref (Node 12 vref2 r2)) =
(Abdtvar .
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(if (bdtvar vref = 0 V bdtvar vref = 1)
then None
else
(case (bdt-fn (Node 11 vrefl r1) bdtvar) of
None = None
|(Some b1) =
(case (bdt-fn (Node 12 vref2 r2) bdtvar) of
None = None
[(Some b2) = Some (Bdt-Node b1 (bdtvar vref) b2)))))

abbreviation bdt == bdt-fn

primrec eval :: bdt = bool list = bool

where
eval Zero env = False |
eval One env = True |

eval (Bdt-Node l v r) env = (if (env ! v) then eval r env else eval | env)

fun ordered-bdt:: bdt = bool where
ordered-bdt Zero = True
| ordered-bdt One = True
| ordered-bdt (Bdt-Node (Bdt-Node 11 vl r1) v (Bdt-Node 12 v2 12)) =
((v1 < v) A (V2 < v) A
(ordered-bdt (Bdt-Node 11 vl r1)) A (ordered-bdt (Bdt-Node 12 v2 r2)))
| ordered-bdt (Bdt-Node (Bdt-Node 11 vl r1) vr) =
((v1 < v) A (ordered-bdt (Bdt-Node l1 vl r1)))
| ordered-bdt (Bdt-Node | v (Bdt-Node 12 v2 r2)) =
((v2 < v) A (ordered-bdt (Bdt-Node 12 v2 12))
| ordered-bdt (Bdt-Node l v r) = True

fun ordered:: dag = (ref=-nat) = bool where
ordered Tip = (A var. True)
| ordered (Node (Node 1y v1 1) v (Node Iy vg 1r3)) =

(A var. (var v < var v A var vy < var v) A

(ordered (Node l; vy 1) var) A (ordered (Node ly vo 12) var))

| ordered (Node Tip v Tip) = (X var. (True))
| ordered (Node Tip v r) =

(A var. (var (root r) < var v) A (ordered r var))
| ordered (Node | v Tip) =

(A war. (var (root l) < var v) A (ordered [ var))

primrec maz-var :: bdt = nat
where
maz-var Zero = 0 |
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maz-var One = 1 |
maz-var (Bdt-Node v r) = maz v (maz (maz-var 1) (maz-var r))

lemma eval-zero: [bdt (Node l v r) var = Some z;
var (root (Node l v r)) = (0:nat)] = x = Zero
apply (cases 1)

apply (cases 1)

apply simp

apply simp

apply (cases r)

apply simp

apply simp

done

lemma bdt-Some-One-iff [simp]:
(bdt t var = Some One) = (3 p. t = Node Tip p Tip N\ var p = 1)
apply (induct t rule: bdt-fn.induct)
apply (auto split: option.splits)
done

lemma bdt-Some-Zero-iff [simp]:
(bdt t var = Some Zero) = (3 p. t = Node Tip p Tip A var p = 0)
apply (induct t rule: bdt-fn.induct)
apply (auto split: option.splits)
done

lemma bdt-Some-Node-iff [simp:
(bdt t var = Some (Bdt-Node bdt1 v bdt2)) =
(3 plr.t= Nodelpr A bdtlvar = Some bdtl A bdt r var = Some bdt2 A

I <vAvarp=wv)

apply (induct t rule: bdt-fn.induct)

prefer 5

apply (fastforce split: if-splits option.splits)

apply auto

done

lemma balanced-bdt:
A\ p bdtl. [ Dag p low high t; bdt t var = Some bdt1; no € set-of t]
= (low no = Null) = (high no = Null)
proof (induct t)
case Tip
then show ?Zcase by simp
next
case (Node It a 1t)
note NN= this
have bdt1: bdt (Node It a rt) var = Some bdtl by fact
have no-in-t: no € set-of (Node It a rt) by fact
have p-tree: Dag p low high (Node It a rt) by fact
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from Node.prems obtain
lt: Dag (low p) low high It and
rt: Dag (high p) low high rt
by auto
show ?Zcase
proof (cases lt)
case (Node [t [ rit)
note Nit=this
show ?thesis
proof (cases rt)
case (Node Irt r rrt)
note Nrt=this
from NIt Nrt bdt1 obtain [bdt rbdt where
Ibdt-def: bdt It var = Some Ibdt and
rbdt-def: bdt rt var = Some rbdt and
bdt1-def: bdt1 = Bdt-Node Ibdt (var a) rbdt
by (auto split: if-split-asm option.splits)
from no-in-t show ?thesis
proof (simp, elim disjE)
assume 1o = a
with p-tree Nit Nrt show ?thesis
by auto
next
assume no € set-of It
with Node.hyps lbdt-def It show ?thesis
by simp
next
assume no € set-of rt
with Node.hyps rbdt-def rt show ?thesis
by simp
qed
next
case Tip
with Nit bdt! show ?thesis
by simp
qed
next
case T'ip
note [tTip=this
show ?thesis
proof (cases rt)
case Tip
with [tTip bdt1 no-in-t p-tree show ?thesis
by auto
next
case (Node rlt r rrt)
with bdt1 [tTip show ?thesis
by simp
qed
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qed
qed

primrec dag-map :: (ref = ref) = dag = dag

where

dag-map f Tip = Tip |

dag-map f (Node l a r) = (Node (dag-map f1) (f a) (dag-map f r))

definition wf-marking :: dag = (ref = bool) = (ref = bool) = bool = bool
where
wf-marking t mark-old mark-new marked =
(case t of Tip = mark-new = mark-old
| (Node It p rt) =
(V n. n ¢ set-of t — mark-new n = mark-old n) A
(V n. n € set-of t — mark-new n = marked))

definition dag-in-levellist:: dag = (ref list list) = (ref = nat) = bool
where dag-in-levellist t levellist var = (t # Tip —
(V st. subdag-eq t st — root st € set (levellist | (var (root st)))))

lemma set-of-nn: [ Dag p low high t; n € set-of t] = n # Null
apply (induct t)

apply simp

apply auto

done

lemma subnodes-ordered [rule-format]:
Vp. n € set-of t — Dag p low high t — ordered t var — var n <= var p
apply (induct t)

apply simp

apply (intro alll)

apply (erule-tac x=low p in allF)
apply (erule-tac x=high p in allE)
apply clarsimp

apply (case-tac t1)

apply (case-tac t2)

apply simp

apply fastforce

apply (case-tac t2)

apply fastforce

apply fastforce
done

lemma ordered-set-of:

N z. [ordered t var; © € set-of t] = var © <= var (root t)
apply (induct t)

apply simp
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apply simp

apply (elim disjE)
apply simp

apply (case-tac t1)
apply simp

apply (case-tac t2)
apply fastforce
apply fastforce
apply (case-tac t2)
apply simp

apply (case-tac t1)
apply fastforce

apply fastforce
done

lemma dag-setofD: A\ p low high n. [ Dag p low high t; n € set-of t | =
(3 nt. Dag n low high nt) A (VY nt. Dag n low high nt — set-of nt C set-of t)

apply (induct t)

apply simp

apply auto

apply fastforce

apply (fastforce dest: Dag-unique)

apply (fastforce dest: Dag-unique)

apply blast

apply blast

done

lemma dag-setof-exD: [Dag p low high t; n € set-of t] = 3 nt. Dag n low high
nt

apply (simp add: dag-setofD)

done

lemma dag-setof-subsetD: [Dag p low high t; n € set-of t; Dag n low high nt] =
set-of nt C set-of t

apply (simp add: dag-setofD)

done

lemma subdag-parentdag-low: not <= lt => not <= (Node It p rt) for not
apply (cases not = It)

apply (cases It)

apply simp

apply (cases rt)

apply simp

apply (simp add: le-dag-def less-dag-def)
apply (simp add: le-dag-def less-dag-def)
apply (simp add: le-dag-def less-dag-def)
apply (simp add: le-dag-def less-dag-def)
done
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lemma subdag-parentdag-high: not <= rt = not <= (Node It p rt) for not
apply (cases not = rt)

apply (cases It)

apply simp

apply (cases rt)

apply simp

apply (simp add: le-dag-def less-dag-def)
apply (simp add: le-dag-def less-dag-def)
apply (simp add: le-dag-def less-dag-def)
apply (simp add: le-dag-def less-dag-def)
done

lemma set-of-subdag: )\ p not no.
[Dag p low high t; Dag no low high not; no € set-of t] = not <=1
proof (induct t)
case Tip
then show Zcase by simp
next
case (Node It po 1t)
note rtNode=this
from Node.prems have ppo: p=po
by simp
show ?Zcase
proof (cases no = p)
case True
with ppo Node.prems have not = (Node It po 1t)
by (simp add: Dag-unique del: Dag-Ref)
with Node.prems ppo show %thesis by (simp add: subdag-eq-def)
next
assume 10 # p
with Node.prems have no-in-ltorrt: no € set-of lt V no € set-of rt
by simp
show ?thesis
proof (cases no € set-of It)

case True

from Node.prems ppo have Dag (low po) low high It
by simp

with Node.prems ppo True have not <= It
apply —

apply (rule Node.hyps)
apply assumption+
done

with Node.prems no-in-ltorrt show ?thesis
apply —
apply (rule subdag-parentdag-low)
apply simp
done

next
assume no ¢ set-of It
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with no-in-ltorrt have no-in-rt: no € set-of rt

by simp

from Node.prems ppo have Dag (high po) low high rt
by simp

with Node.prems ppo no-in-rt have not <= rt
apply —

apply (rule Node.hyps)
apply assumption+
done
with Node.prems no-in-rt show ?thesis
apply —
apply (rule subdag-parentdag-high)
apply simp
done
qed
qged
qed

lemma children-ordered: [ordered (Node It p rt) var] =
ordered It var A ordered rt var
proof (cases lt)
case Tip
note [tTip=this
assume orderedNode: ordered (Node It p 1t) var
show ?thesis
proof (cases rt)
case Tip
note rtTip = this
with [tTip show ?thesis
by simp
next
case (Node Irt r rrt)
with orderedNode ItTip show ?thesis
by simp
qed
next
case (Node [t [ rit)
note [tNode=this
assume orderedNode: ordered (Node It p rt) var
show ?thesis
proof (cases rt)
case Tip
note rtTip = this
with orderedNode ltNode show ?thesis by simp
next
case (Node Irt r rrt)
note rtNode = this
with orderedNode ltNode show ?thesis by simp
qed
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qed

lemma ordered-subdag: [ordered t var; not <= t] = ordered not var for not
proof (induct t)
case Tip
then show %thesis by (simp add: less-dag-def le-dag-def)
next
case (Node It p rt)
show ?case
proof (cases not = Node It p 1t)
case True
with Node.prems show ?thesis by simp
next
assume notnt: not # Node It p rt
with Node.prems have notstitorrt: not <= It V not <= rt
apply —
apply (simp add: less-dag-def le-dag-def)
apply fastforce
done
from Node.prems have ord-lt: ordered It var
apply —
apply (drule children-ordered)
apply simp
done
from Node.prems have ord-rt: ordered rt var
apply —
apply (drule children-ordered)
apply simp
done
show ?thesis
proof (cases not <= lt)
case True
with ord-lt show ?thesis
apply —
apply (rule Node.hyps)
apply assumption+
done
next
assume — not < [t
with notstltorrt have notinrt: not <= rt
by simp
from Node.hyps have hyprt: Jordered rt var; not < rt] = ordered not var
by simp
from notinrt ord-rt show ?thesis
apply —
apply (rule hyprt)
apply assumption+
done
qed
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qed
qed

lemma subdag-ordered:
N\ not no p. [ordered t var; Dag p low high t; Dag no low high not;
no € set-of t] = ordered not var
proof (induct t)
case Tip
from Tip.prems show ?Zcase by simp
next
case (Node It po 1)
note nN=this
show ?Zcase
proof (cases lt)
case Tip
note [tTip=this
show ?thesis
proof (cases rt)
case Tip
from Node.prems have ppo: p=po
by simp
from Tip itTip Node.prems have no=p
by simp
with ppo Node.prems have not=(Node It po rt)
by (simp del: Dag-Ref add: Dag-unique)
with Node.prems show ?thesis by simp
next
case (Node lrnot rn rrnot)
from Node.prems ltTip Node have ord-rt: ordered rt var
by simp
from Node.prems have ppo: p=po
by simp
from Node.prems have ponN: po # Null
by auto
with ppo ponN ltTip Node.prems have x: Dag (high po) low high 1t
by auto
show ?thesis
proof (cases no=po)
case True
with ppo Node.prems have not = Node It po rt
by (simp del: Dag-Ref add: Dag-unique)
with Node.prems show #thesis
by simp
next
case Fulse
with Node.prems It Tip have no € set-of rt
by simp
with ord-rt x <Dag no low high not> show ?thesis
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by (rule Node.hyps)
qed
qed
next
case (Node 11t 1 rlt)
note [tNode=this
show ?thesis
proof (cases rt)
case Tip
from Node.prems Tip ltNode have ord-lt: ordered It var
by simp
from Node.prems have ppo: p=po
by simp
from Node.prems have ponN: po # Null
by auto
with ppo ponN Tip Node.prems ltNode have x: Dag (low po) low high [t
by auto
show ?thesis
proof (cases no=po)
case True
with ppo Node.prems have not = (Node It po rt)
by (simp del: Dag-Ref add: Dag-unique)
with Node.prems show ?thesis by simp
next
case Fulse
with Node.prems Tip have no € set-of It
by simp
with ord-lt * <Dag no low high not> show f?thesis
by (rule Node.hyps)
qed
next
case (Node Irt r rrt)
from Node.prems have ppo: p=po
by simp
from Node.prems Node ltNode have ord-lt: ordered It var
by simp
from Node.prems Node ltNode have ord-rt: ordered rt var
by simp
from Node.prems have ponN: po # Null
by auto
with ppo ponN Node Node.prems ltNode have lt-Dag: Dag (low po) low high
It
by auto
with ppo ponN Node Node.prems ltNode have rt-Dag: Dag (high po) low high
Tt
by auto
show ?thesis
proof (cases no = po)
case True
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with ppo Node.prems have not = (Node It po t)
by (simp del: Dag-Ref add: Dag-unique)
with Node.prems show ?thesis by simp
next
assume no # po
with Node.prems have no-in-lt-or-rt: no € set-of It V no € set-of rt
by simp
show ?thesis
proof (cases no € set-of It)
case True
with ord-lt lt-Dag Node.prems show ?thesis
apply —
apply (rule Node.hyps)
apply assumption+
done
next
assume no ¢ set-of It
with no-in-lt-or-rt have no-in-rt: no € set-of rt
by simp
from Node.hyps have hyp2:
A\p no not. [ordered 1t var; Dag p low high rt; Dag no low high not; no
€ set-of rt]
—> ordered not var
apply —
apply assumption
done
from no-in-rt ord-rt rt-Dag Node.prems show ?thesis
apply —
apply (rule hyp2)
apply assumption+
done
ged
qed
qed
qed
qed

lemma elem-set-of: \ z st. [x € set-of st; set-of st C set-of t] = z € set-of t
by blast

definition wf-ll :: dag = ref list list = (ref = nat) = bool
where
wf-1l t levellist var =
((Vp. p € set-of t — p € set (levellist | var p)) A
(Vk < length levellist. ¥V p € set (levellist | k). p € set-of t A var p = k))

23



definition cong-eval :: bdt = bdt = bool (infix «~» 60)
where cong-eval bdt; bdty = (eval bdty = eval bdts)

lemma cong-eval-sym: | ~ r =1r ~ |
by (auto simp add: cong-eval-def)

lemma cong-eval-trans: [l ~r;r ~ 1] = I~ t
by (simp add: cong-eval-def)

lemma cong-eval-child-high: | ~ r = r ~ (Bdt-Node l v )
apply (simp add: cong-eval-def )
apply (rule ext)
apply auto
done

lemma cong-eval-child-low: | ~ r => | ~ (Bdt-Node [ v r)
apply (simp add: cong-eval-def )
apply (rule ext)
apply auto
done

definition null-comp :: (ref = ref) = (ref = ref) = (ref = ref) (infix 0> 60)
where null-comp a b = (A p. (if (b p) = Null then Null else ((a o b) p)))

lemma null-comp-not-Null [simp]: h ¢ # Null = (g < h) ¢ = g (h q)
by (simp add: null-comp-def)

lemma id-trans: (a « id) (b (¢ p)) = (a x b) (¢ p)
by (simp add: null-comp-def)

definition Nodes :: nat = ref list list = ref set
where Nodes i levellist = (|Jke{k. k < i} . set (levellist | k))

inductive-set Dags :: ref set = (ref = ref) = (ref = ref) = dag set
for nodes low high
where
DagslI: [ set-of t C nodes; Dag p low high t; t # Tip]|
= t € Dags nodes low high

lemma empty-Dags [simp|: Dags {} low high = {}
apply rule
apply rule
apply (erule Dags.cases)
apply (case-tac t)
apply simp
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apply simp
apply rule
done

definition isLeaf-pt :: ref = (ref = ref) = (ref = ref) = bool
where isLeaf-pt p low high = (low p = Null A high p = Null)

definition repNodes-eq :: ref = ref = (ref = ref) = (ref = ref) = (ref = ref)
= bool
where
repNodes-eq p q low high rep ==
(rep o< high) p = (rep o high) g A (rep o low) p = (rep x low) ¢

definition isomorphic-dags-eq :: dag = dag = (ref = nat) = bool
where
isomorphic-dags-eq sty sty var =
(Y bdty bdty. (bdt sty var = Some bdt; A bdt sto var = Some bdty A (bdt; =
bdts))
— Sst1 = St2)

lemma isomorphic-dags-eq-sym: isomorphic-dags-eq st1 sta var = isomorphic-dags-eq
sty st1 var
by (auto simp add: isomorphic-dags-eq-def)

definition shared :: dag = (ref = nat) = bool
where shared t var = (V sty sta. (st1 <=t A sty <= t) — isomorphic-dags-eq
sty sty var)

fun reduced :: dag = bool where
reduced Tip = True
| reduced (Node Tip v Tip) = True
| reduced (Node lvr) = (I # 1 A reduced | N reduced 1)

primrec reduced-bdt :: bdt = bool
where
reduced-bdt Zero = True
| reduced-bdt One = True
| reduced-bdt (Bdt-Node lbdt v rbdt) =
(if Ibdt = rbdt then False
else (reduced-bdt Ibdt N reduced-bdt rbdt))

lemma replicate-elem: i < n ==> (replicate n z i) = z
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apply (induct n)
apply simp
apply (cases 1)
apply auto
done

lemma no-in-one-li:

[wf-Ul pret levellista var; i<length levellista; j < length levellista;
no € set (levellista ! 7); i#j]
= no ¢ set (levellista ! 7)

apply (unfold wf-li-def)

apply (erule conjF)

apply (rotate-tac 5)

apply (frule-tac z = i and ?R= no € set-of pret A var no = ¢ in allF)

apply (erule impE)

apply simp

apply (rotate-tac 6)

apply (erule-tac x=no in ballE)

apply assumption

apply simp

apply (cases no ¢ set (levellista ! j))

apply assumption

apply (erule-tac z=j in allE)

apply (erule impE)

apply assumption

apply (rotate-tac 7)

apply (erule-tac x=no in ballE)

prefer 2

apply assumption

apply (elim conjFE)

apply (thin-tac ¥ q. q € set-of pret — q € set (levellista | var q))

apply fastforce
done

lemma nodes-in-wf-11:

[wf-1l pret levellista var; © < length levellista; no € set (levellista ! )]
= wvar no = i A no € set-of pret

apply (simp add: wf-li-def)

done

lemma subelem-set-of-low:
A p. [ z € set-of t; © # Null; low z # Null; Dag p low high t ]
= (low z) € set-of t
proof (induct t)
case Tip
then show ?case by simp
next
case (Node It po rt)
note tNode=this
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then have ppo: p=po by simp
show ?Zcase
proof (cases z=p)
case True
with Node.prems have lzrootlt: low © = root It
proof (cases lt)
case Tip
with True Node.prems show ?thesis
by auto
next
case (Node 1t [ rlt)
with Node.prems True show ?thesis
by auto
qed
with True Node.prems have low © € set-of (Node It p rt)
proof (cases It)
case Tip
with lzrootlt Node.prems show ¢thesis
by simp
next
case (Node 1t [ rlt)
with lzrootlt Node.prems show ¢thesis
by simp
qed
with ppo show Zthesis
by simp
next
assume Inp: T # p
with Node.prems have z € set-of It V © € set-of rt
by simp
show ?thesis
proof (cases x© € set-of It)
case True
note zinlt=this
from Node.prems have Dag (low p) low high It
by fastforce
with Node.prems True have low = € set-of It
apply —
apply (rule Node.hyps)
apply assumption+
done
with Node.prems show ?thesis
by auto
next
assume znotinlt: x ¢ set-of It
with aznp Node.prems have zinrt: x € set-of rt
by simp
from Node.prems have Dag (high p) low high 1t
by fastforce
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with Node.prems xinrt have low x € set-of rt
apply —
apply (rule Node.hyps)
apply assumption+
done

with Node.prems show ?thesis
by auto

qed
qed
qed

lemma subelem-set-of-high:
A p. [ = € set-of t; x # Null; high x # Null; Dag p low high t ]
= (high z) € set-of t
proof (induct t)
case Tip
then show Zcase by simp
next
case (Node It po 1t)
note tNode=this
then have ppo: p=po by simp
show ?Zcase
proof (cases z=p)
case True
with Node.prems have lrrootlt: high x = root rt
proof (cases rt)
case Tip
with True Node.prems show ?thesis
by auto
next
case (Node Irt 1 rrt)
with Node.prems True show ?thesis
by auto
qed
with True Node.prems have high x € set-of (Node It p 1t)
proof (cases rt)
case Tip
with lzrootlt Node.prems show ¢thesis
by simp
next
case (Node Irt | rrt)
with lzrootlt Node.prems show ?thesis
by simp
qed
with ppo show ?thesis
by simp
next
assume Inp: T £ p
with Node.prems have z € set-of It V © € set-of rt
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by simp
show ?thesis
proof (cases © € set-of It)
case True
note zinlt=this
from Node.prems have Dag (low p) low high lt
by fastforce
with Node.prems True have high © € set-of It
apply —
apply (rule Node.hyps)
apply assumption+
done
with Node.prems show ?thesis
by auto
next
assume znotinlt: z ¢ set-of It
with znp Node.prems have zinrt: x € set-of rt
by simp
from Node.prems have Dag (high p) low high 1t
by fastforce
with Node.prems zinrt have high x € set-of rt
apply —
apply (rule Node.hyps)
apply assumption+
done
with Node.prems show ?thesis
by auto
qed
qed
qed

lemma set-split: {k. k<(Suc n)} = {k. k<n} U {n}
apply auto
done

lemma Nodes-levellist-subset-t:
[wf-Ul t levellist var; i<= length levellist] = Nodes i levellist C set-of t
proof (induct 7)
case ()
show ?case by (simp add: Nodes-def)
next
case (Suc n)
from Suc.prems Suc.hyps have Nodesn-in-t: Nodes n levellist C set-of t
by simp
from Suc.prems have V z € set (levellist | n). x € set-of t
apply —
apply (rule balll)
apply (simp add: wf-ll-def)
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apply (erule conjE)
apply (thin-tac Y q. q € set-of t — q € set (levellist | var q))
apply (erule-tac z=n in allE)
apply (erule impE)
apply simp
apply fastforce
done

with Suc.prems have set (levellist | n) C set-of ¢
apply blast
done

with Suc.prems Nodesn-in-t show ?case
apply (simp add: Nodes-def)
apply (simp add: set-split)
done

qed

lemma bdt-child:
[ bdt (Node (Node lit I rit) p (Node lrt r rrt)) var = Some bdt1]
= 3 Ibdt rbdt. bdt (Node Uit [ rit) var = Some lbdt A
bdt (Node lrt r rrt) var = Some rbdt
by (simp split: option.splits)

lemma subbdt-ezx-dag-def:
N bdtl p. [Dag p low high t; bdt t var = Some bdtl; Dag no low high not;
no € set-of t] = 3 bdt2. bdt not var = Some bdt2 for not
proof (induct t)
case Tip
then show ?case by simp
next
case (Node It po rt)
note pNode=this
with Node.prems have p-po: p=po by simp
show ?Zcase
proof (cases no = po)
case True
note no-eq-po=this
from p-po Node.prems no-eg-po have not = (Node It po rt) by (simp add:
Dag-unique del: Dag-Ref)
with Node.prems have bdt not var = Some bdt1 by (simp add: le-dag-def)
then show #?thesis by simp
next
assume no # po
with Node.prems have no-in-lt-or-rt: no € set-of It V no € set-of rt by simp
show ?thesis
proof (cases no € set-of It)
case True
note no-in-lt=this
from Node.prems p-po have lt-dag: Dag (low po) low high It by simp
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from Node.prems have [bdt-def: 3 lbdt. bdt It var = Some lbdt
proof (cases lt)
case Tip
with Node.prems no-in-lt show ?thesis by (simp add: le-dag-def)
next
case (Node 11t 1 rit)
note [Node=this
show ?thesis
proof (cases rt)
case Tip
note rNode=this
with [Node Node.prems show ?thesis by simp
next
case (Node Irt r rrt)
note rNode=this
with [Node Node.prems show ?thesis by (simp split: option.splits)
qged
qed
then obtain [bdt where bdt It var = Some [bdt..
with Node.prems lt-dag no-in-lt show ?thesis
apply —
apply (rule Node.hyps)
apply assumption+
done
next
assume no ¢ set-of It
with no-in-lt-or-rt have no-in-rt: no € set-of rt by simp
from Node.prems p-po have rt-dag: Dag (high po) low high rt by simp
from Node.hyps have hyp2: A\ rbdt. [Dag (high po) low high rt; bdt rt var =
Some rbdt; Dag no low high not; no € set-of rt] = I bdt2. bdt not var = Some
bdt2
by simp
from Node.prems have lbdt-def: 3 rbdt. bdt rt var = Some rbdt
proof (cases rt)
case Tip
with Node.prems no-in-rt show ?thesis by (simp add: le-dag-def)
next
case (Node Irt 1 rrt)
note rNode=this
show ?thesis
proof (cases lt)
case Tip
note [Tip=this
with rNode Node.prems show ?thesis by simp
next
case (Node [t r rit)
note [Node=this
with rNode Node.prems show ?thesis by (simp split: option.splits)
qged
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qed

then obtain rbdt where bdt rt var = Some rbdt..

with Node.prems rt-dag no-in-rt show ?thesis
apply —
apply (rule hyp2)
apply assumption+
done

qed
qed
qed

lemma subbdt-ex:
N bdi1. [ (Node lst stp rst) <= t; bdt t var = Some bdt1]
= 3 bdt2. bdt (Node st stp rst) var = Some bdt2
proof (induct t)
case Tip
then show ?case by (simp add: le-dag-def)
next
case (Node It p rt)
note pNode=this
show ?Zcase
proof (cases Node Ist stp rst = Node It p rt)
case True
with Node.prems show ?thesis by simp
next
assume Node Ist stp rst # Node It p 1t
with Node.prems have Node st stp rst < Node It p rt apply (simp add:
le-dag-def) apply auto done
then have in-ltrt: Node Ist stp rst <= It V Node lst stp rst <= rt
by (simp add: less-dag-Node)
show ?thesis
proof (cases Node Ist stp rst <= It)
case True
note in-lt=this
from Node.prems have [bdt-def: 3 [bdt. bdt It var = Some lbdt
proof (cases It)
case Tip
with Node.prems in-it show ?thesis by (simp add: le-dag-def)
next
case (Node [t [ rlt)
note [Node=this
show ?thesis
proof (cases rt)
case Tip
note rNode=this
with [Node Node.prems show ?thesis by simp
next
case (Node Irt r rrt)
note rNode=this
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with [Node Node.prems show ?thesis by (simp split: option.splits)
qged
qed
then obtain lbdt where bdt It var = Some [bdt..
with Node.prems in-lt show ?thesis
apply —
apply (rule Node.hyps)
apply assumption+
done
next
assume — Node Ist stp rst < [t
with in-ltrt have in-rt: Node Ist stp rst <= rt by simp
from Node.hyps have hyp2: A\ rbdt. [Node Ist stp rst <= rt; bdt rt var =
Some rbdt] = 3 bdt2. bdt (Node Ist stp rst) var = Some bdt2
by simp
from Node.prems have rbdt-def: 3 rbdt. bdt rt var = Some rbdt
proof (cases rt)
case Tip
with Node.prems in-rt show ?thesis by (simp add: le-dag-def)
next
case (Node Irt | rrt)
note rNode=this
show ?thesis
proof (cases It)
case Tip
note [Node=this
with rNode Node.prems show ?thesis by simp
next
case (Node Irt r rrt)
note [Node=this
with rNode Node.prems show ?thesis by (simp split: option.splits)
ged
qed
then obtain rbdt where bdt rt var = Some rbdt..
with Node.prems in-rt show ?thesis
apply —
apply (rule hyp2)
apply assumption+
done
qed
qed
qed

lemma var-ordered-children:
N p. [ Dag p low high t; ordered t var; no € set-of t;

low no # Null; high no # Null]

= wvar (low no) < var no A var (high no) < var no
proof (induct t)
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case Tip
then show ?case by simp
next
case (Node It po rt)
then have ppo: p=po by simp
show ?Zcase
proof (cases no = po)
case True
note no-po=this
from Node.prems have var (low po) < var po A var (high po) < var po
proof (cases It)
case Tip
note ltTip=this
with Node.prems no-po ppo show ?thesis by simp
next
case (Node 1t [ rit)
note [Node=this
show ?thesis
proof (cases 1t)
case Tip
note rTip=this
with Node.prems no-po ppo show ?thesis by simp
next
case (Node Irt r rrt)
note rNode=this
with Node.prems ppo no-po INode show ?thesis by (simp del: Dag-Ref)
qed
qed
with no-po show ¢thesis by simp
next
assume no #* po
with Node.prems have no-in-ltrt: no € set-of It V no € set-of rt
by simp
show ?thesis
proof (cases no € set-of It)
case True
note no-in-lt=this
from Node.prems ppo have lt-dag: Dag (low po) low high It
by simp
from Node.prems have ord-lt: ordered It var
apply —
apply (drule children-ordered)
apply simp
done
from no-in-lt lt-dag ord-It Node.prems show ?thesis
apply —
apply (rule Node.hyps)
apply assumption+
done
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next

assume no ¢ set-of It

with no-in-ltrt have no-in-rt: no € set-of rt by simp

from Node.prems ppo have rt-dag: Dag (high po) low high rt by simp

from Node.hyps have hyp2: [Dag (high po) low high rt; ordered rt var; no €

set-of rt; low no # Null; high no # Null]
= wvar (low no) < var no A var (high no) < var no

by simp

from Node.prems have ord-rt: ordered rt var
apply —
apply (drule children-ordered)
apply simp
done

from rt-dag ord-rt no-in-rt Node.prems show ?thesis
apply —
apply (rule hyp2)
apply assumption+
done

qed
qed
qed

lemma nort-null-comp:
assumes pret-dag: Dag p low high pret and
prebdt-pret: bdt pret var = Some prebdt and
nort-dag: Dag (repc no) (repb o« low) (repb o< high) nort and
ord-pret: ordered pret var and
wf-1lb: wf-ll pret levellistb var and
nbsll: nb < length levellistb and
repbc-nc: ¥V nt. nt ¢ set (levellistb | nb) — repb nt = repc nt and
xzsnb-in-pret: ¥ x € set-of nort. var x < nb A\ x € set-of pret
shows V z € set-of nort. ((repc o low) © = (repb o low) x A
(repc o< high) x = (repb  high) x)
proof (rule balll)
fix z
assume z-in-nort: x € set-of nort
with nort-dag have xnN: © # Null
apply —
apply (rule set-of-nn [rule-format])
apply auto
done
from z-in-nort xsnb-in-pret have zsnb: var x <nb
by simp
from z-in-nort xsnb-in-pret have z-in-pret: x € set-of pret
by blast
show (repc < low) © = (repb o low) x A (repc x high) x = (repb < high)
proof (cases (low z) # Null)
case True
with pret-dag prebdt-pret z-in-pret have highnN: (high x) # Null

35



apply —
apply (drule balanced-bdt)
apply assumption+
apply simp
done
from z-in-pret ord-pret highnN True have children-var-smaller: var (low x) <
var x A var (high ) < var
apply —
apply (rule var-ordered-children)
apply (rule pret-dag)
apply (rule ord-pret)
apply (rule z-in-pret)
apply (rule True)
apply (rule highnN)
done
with zsnb have lowzsnb: var (low x) < nb
by arith
from children-var-smaller xsnb have highzsnb: var (high ) < nb
by arith
from a-in-pret anN True pret-dag have lowzinpret: (low x) € set-of pret
apply —
apply (drule subelem-set-of-low)
apply assumption
apply (thin-tac x # Null)
apply assumption+
done
with wf-llb have low z € set (levellisth | (var (low x)))
by (simp add: wf-ll-def)
with wf-llb nbsll lowzsnb have low x ¢ set (levellisth | nb)
apply —
apply (rule-tac ?i=(var (low z)) and ?j=nb in no-in-one-ll)
apply auto
done
with repbc-nc have repclow: repe (low z) = repb (low z)
by auto
from a-in-pret anN highnN pret-dag have highzinpret: (high z) € set-of pret
apply —
apply (drule subelem-set-of-high)
apply assumption
apply (thin-tac x # Null)
apply assumption+
done
with wf-llb have high x € set (levellistb | (var (high z)))
by (simp add: wf-ll-def)
with wf-llb nbsll highzsnb have high x ¢ set (levellistb | nb)
apply —
apply (rule-tac ?i=(var (high z)) and ?j=nb in no-in-one-ll)
apply auto
done
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with repbc-nc have repchigh: repc (high z) = repb (high x)
by auto

with repclow show ?thesis
by (simp add: null-comp-def)

next

assume - low x # Null

then have lowzNull: low x = Null by simp

with pret-dag x-in-pret prebdt-pret have highaNull: high © =Null
apply —
apply (drule balanced-bdt)
apply simp
apply simp
apply simp
done

from lowzNull have repclowNull: (repc < low) z = Null
by (simp add: null-comp-def)

from lowzNull have repblowNull: (repb < low) z = Null
by (simp add: null-comp-def)

with repclowNull have lowzrepbe: (repc o low) z = (repb x low) x
by simp

from highzNull have repchighNull: (repc o< high) = Null
by (simp add: null-comp-def)

from highzNull have (repb o high) © = Null
by (simp add: null-comp-def)

with repchighNull have highxzrepbe: (repc o< high) x = (repb o high) x
by simp

with lowzrepbc show ?thesis
by simp

qed
qed

lemma wf-ll-Nodes-pret:

[wf-Ul pret levellista var; nb < length levellista; © € Nodes nb levellista]
= z € set-of pret \ var x < nb

apply (simp add: wf-ll-def Nodes-def)

apply (erule conjE)

apply (thin-tac ¥ q. q € set-of pret — q € set (levellista | var q))
apply (erule exFE)

apply (elim conjFE)

apply (erule-tac x=za in allE)

apply (erule impE)

apply arith

apply (erule-tac x=z in ballE)

apply auto

done

lemma bdt-Some-varl-One:

N z. [ bdt t var = Some x; var (root t) = 1]
= x = One A t = (Node Tip (root t) Tip)
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proof (induct t)
case Tip
then show ?Zcase by simp
next
case (Node It p rt)
note tNode = this
show ?Zcase
proof (cases It)
case Tip
note [tTip=this
show ?thesis
proof (cases rt)
case Tip
note rtTip = this
with [tTip Node.prems show ?thesis by auto
next
case (Node Irt r rrt)
note rtNode=this
with Node.prems It Tip show ?thesis by auto
qed
next
case (Node 11t 1 rit)
note [tNode=this
show ?thesis
proof (cases rt)
case Tip
with [tNode Node.prems show ?thesis by auto
next
case (Node Irt r rrt)
note rtNode=this
with [tNode Node.prems show ?thesis by auto
qed
qed
qed

lemma bdt-Some-var0-Zero:
N z. [ bdt t var = Some z; var (root t) = 0]
= x = Zero A\ t = (Node Tip (root t) Tip)
proof (induct t)
case Tip
then show ?Zcase by simp
next
case (Node It p rt)
note tNode = this
show ?Zcase
proof (cases lt)
case Tip
note [tTip=this
show ?thesis
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proof (cases rt)
case Tip
note rtTip = this
with [tTip Node.prems show ?thesis by auto
next
case (Node Irt r rrt)
note rtNode=this
with Node.prems It Tip show ?thesis by auto
qed
next
case (Node 11t 1 rit)
note [tNode=this
show ?thesis
proof (cases rt)
case Tip
with [tNode Node.prems show ?thesis by auto
next
case (Node Irt r rrt)
note rtNode=this
with [tNode Node.prems show ?thesis by auto
qed
qed
qed

lemma reduced-children-parent:

[ reduced l; I= (Node Uit lp rit); reduced r; r=(Node lrt rp rrt);
Ip# ]

= reduced (Node | p r)
by simp

lemma Nodes-subset: Nodes i levellista C Nodes (Suc i) levellista
apply (simp add: Nodes-def)
apply (simp add: set-split)
done

lemma Nodes-levellist:
[ wf-ll pret levellista var; nb < length levellista; p € Nodes nb levellista]
= p ¢ set (levellista | nb)

apply (simp add: Nodes-def)

apply (erule exE)

apply (rule-tac i=z and j=nb in no-in-one-I1)

apply auto

done

lemma Nodes-var-pret:

[wf-Ul pret levellista var; nb < length levellista; p € Nodes nb levellista]
= var p < nb N\ p € set-of pret

apply (simp add: Nodes-def wf-ll-def)
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apply (erule conjF)

apply (thin-tac V q. q € set-of pret — q € set (levellista ! var q))
apply (erule exFE)

apply (erule-tac z=z in allE)

apply (erule impE)

apply arith

apply (erule-tac x=p in ballF)

apply arith

apply simp

done

lemma Dags-root-in-Nodes:
assumes t-in-DagsSucnb: t € Dags (Nodes (Suc nb) levellista) low high
shows 3 p . Dag p low hight A p € Nodes (Suc nb) levellista
proof —
from t-in-DagsSucnb obtain p where t-dag: Dag p low high t and t-subset-Nodes:
set-of t € Nodes (Suc nb) levellista and t-nTip: t# Tip
by (fastforce elim: Dags.cases)
from t-dag t-nTip have p#Null by (cases t) auto
with t-subset-Nodes t-dag have p € Nodes (Suc nb) levellista
by (cases t) auto
with t-dag show ?Zthesis
by auto
qed

lemma subdag-dag:
N p. [Dag p low high t; st <= t] = 3 stp. Dag stp low high st
proof (induct t)
case Tip
then show ?case
by (simp add: less-dag-def le-dag-def)
next
case (Node It po rt)
note t-Node=this
with Node.prems have p-po: p=po
by simp
show ?Zcase
proof (cases st = Node It po 1)
case True
note st-t=this
with Node.prems show ?thesis
by auto
next
assume st-nt: st = Node It po rt
with Node.prems p-po have st-subdag-lt-rt: st<=Ilt V st <=rt
by (auto simp add:le-dag-def less-dag-def)
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from Node.prems p-po obtain Ip rp where lt-dag: Dag lp low high It and
rt-dag: Dag rp low high rt
by auto
show ?thesis
proof (cases st<=lt)
case True
note st-lt=this
with lt-dag show ?thesis
apply—
apply (rule Node.hyps)
apply auto
done
next
assume — st < [t
with st-subdag-lt-rt have st-rt: st <= rt
by simp
from Node.hyps have rhyp: [Dag rp low high rt; st < rt] = I stp. Dag stp
low high st
by simp
from st-rt rt-dag show ?thesis
apply —
apply (rule rhyp)
apply auto
done
qed
qged
qed

lemma Dags-subdags:
assumes t-in-Dags: t € Dags nodes low high and
st-t: st <=t and
st-nTip: st # Tip
shows st € Dags nodes low high
proof —
from t-in-Dags obtain p where t-dag: Dag p low high t and t-subset-Nodes:
set-of t C nodes and t-nTip: t# Tip
by (fastforce elim: Dags.cases)
from st-t have set-of st C set-of ¢
by (simp add: le-dag-set-of)
with t-subset-Nodes have st-subset-fnctNodes: set-of st C nodes
by blast
from st-t t-dag obtain stp where Dag stp low high st
apply —
apply (drule subdag-dag)
apply auto
done
with st-subset-fnctNodes st-nTip show ?thesis
apply —
apply (rule DagsI)
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apply auto
done
qed

lemma Dags-Nodes-cases:
assumes P-sym: A t1 t2. P t1 t2 var = P t2 t1 var and
dags-in-lower-levels:
N\ t1 t2. [t1 € Dags (fnct (Nodes n levellista)) low high;
t2 € Dags (fnct (Nodes n levellista)) low high]
= P t1 t2 var and
dags-in-mized-levels:
N t1 t2. [t1 € Dags (fnct (Nodes n levellista)) low high;
t2 € Dags (fnct {(Nodes (Suc n) levellista)) low high;
t2 ¢ Dags (fnct {Nodes n levellista)) low high]
= P t1 t2 var and
dags-in-high-level:
N\ t1 t2. [t1 € Dags (fnct (Nodes (Suc n) levellista)) low high;
t1 ¢ Dags (fnct (Nodes n levellista)) low high;
t2 € Dags (fnct (Nodes (Suc n) levellista)) low high;
t2 ¢ Dags (fnct {Nodes n levellista)) low high]
= P t1 t2 var
shows V t1 t2. t1 € Dags (fnct (Nodes (Suc n) levellista)) low high A
t2 € Dags (fnct (Nodes (Suc n) levellista)) low high
— P {1 t2 var
proof (intro alll impI , elim conjE)
fix t1t2
assume t1-in-higher-levels: t1 € Dags (fnct * Nodes (Suc n) levellista) low high
assume t2-in-higher-levels: t2 € Dags (fnct * Nodes (Suc n) levellista) low high
show P t1t2 var
proof (cases t1 € Dags (fnct © Nodes n levellista) low high)
case True
note t1-in-ll = this
show ?thesis
proof (cases t2 € Dags (fnct * Nodes n levellista) low high)
case True
note t2-in-ll=this
with t1-in-ll dags-in-lower-levels show ?thesis
by simp
next
assume t2-notin-ll: t2 ¢ Dags (fnct © Nodes n levellista) low high
with t1-in-ll t2-in-higher-levels dags-in-mized-levels show ?thesis
by simp
qed
next
assume tI-notin-ll: t1 ¢ Dags (fnct * Nodes n levellista) low high
show %thesis
proof (cases t2 € Dags (fnct * Nodes n levellista) low high)
case True
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note t2-in-ll=this
with dags-in-mized-levels t1-in-higher-levels t1-notin-ll P-sym show f¢thesis
by auto
next
assume t2-notin-ll: t2 ¢ Dags (fnct  Nodes n levellista) low high
with t1-notin-ll t1-in-higher-levels t2-in-higher-levels dags-in-high-level show
Zthesis
by simp
qed
qged
qged

lemma Null-notin-Nodes: [Dag p low high t; nb <= length levellista; wf-1l t level-
lista var] = Null ¢ Nodes nb levellista
apply (simp add: Nodes-def wf-ll-def del: Dag-Ref)
apply (rule alll)
apply (rule impI)
apply (elim conjFE)
apply (thin-tac V q. P q for P)
apply (erule-tac z=z in allE)
apply (erule impE)
apply simp
apply (erule-tac x=Null in ballFE)
apply (erule conjFE)
apply (drule set-of-nn [rule-format))
apply auto
done

lemma Nodes-in-pret: [wf-Il t levellista var; nb <= length levellista] = Nodes
nb levellista C set-of t

apply —

apply rule

apply (simp add: wf-ll-def Nodes-def)

apply (erule exE)

apply (elim conjE)

apply (thin-tac ¥ q. q € set-of t — q € set (levellista | var q))

apply (erule-tac z=xa in allF)

apply (erule impE)

apply simp

apply (erule-tac z=z in ballE)

apply auto

done

Py

lemma restrict-root-Node:
[t € Dags (repc ‘Nodes (Suc nb) levellista) (repc o low) (repc o high); t ¢ Dags
(repc ‘Nodes nb levellista) (repc o« low) (repc < high);
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ordered t var; ¥ no € Nodes (Suc nb) levellista. var (repc no) <= var no A repc
(repc no) = repe no; wf-ll pret levellista var; nb < length levellista;repc ‘Nodes (Suc
nb) levellista C Nodes (Suc nb) levellista]
= 3 ¢. Dag (repc q) (repc x low) (repc x high) t A q € set (levellista ! nb)
proof (elim Dags.cases)
fix p and ta :: dag
assume t-notin-DagsNodesnb: t ¢ Dags (repc * Nodes nb levellista) (repe o low)
(repc o< high)
assume t-ta: t = ta
assume ta-in-repc-NodesSucnb: set-of ta C repc * Nodes (Suc nb) levellista
assume ta-dag: Dag p (repc < low) (repc o< high) ta
assume ta-nTip: ta # Tip
assume ord-t: ordered t var
assume varrep-prop: ¥ no € Nodes (Suc nb) levellista. var (repc no) <= var no
A repe (repe no) = repe no
assume wf-lla: wf-ll pret levellista var
assume nbslla: nb < length levellista
assume repcNodes-in-Nodes: repc ‘Nodes (Suc nb) levellista C Nodes (Suc nb)
levellista
from ta-nTip ta-dag have p-nNull: p# Null
by auto
with ta-nTip ta-dag obtain [t rt where ta-Node: ta = Node It p rt
by auto
with ta-nTip ta-dag have p-in-ta: p € set-of ta
by auto
with ta-in-repc-NodesSucnb have p-in-repcNodes-Sucnb: p € repc ‘Nodes (Suc
nb) levellista
by auto
show ?thesis
proof (cases p € repc (set (levellista | nb)))
case True
then obtain ¢ where
p-repca: p=repc q and
a-in-llanb: q € set (levellista | nb)
by auto
with ta-dag t-ta show ?thesis
apply —
apply (rule-tac z=q in exl)
apply simp
done
next
assume p-notin-repe-llanb: p ¢ repe * set (levellista | nb)
with p-in-repcNodes-Sucnb have p-in-repc-Nodesnb: p € repc ‘Nodes nb
levellista
apply —
apply (erule imageE)
apply rule
apply (simp add: Nodes-def)
apply (simp add: Nodes-def)
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apply (erule exE conjFE)
apply (case-tac za=nb)
apply simp
apply (rule-tac z=xa in exl)
apply auto
done
have t € Dags (repc ‘Nodes nb levellista) (repc < low) (repc o high)
proof —
have set-of t C repc ‘Nodes nb levellista
proof (rule)
fix z :: ref
assume z-in-t: r € set-of t
with ord-t have var © <= var (root t)
apply —
apply (rule ordered-set-of)
apply auto
done
with t-ta ta-Node have varz-varp: var x <= var p
by auto
from p-in-repc-Nodesnb obtain k where ksnb: k < nb and p-in-repc-llak:
p € repe (set (levellista ! k))
by (auto simp add: Nodes-def ImageF)
then obtain ¢ where p-repcg: p=repc ¢ and g-in-llak: q € set (levellista
1 k)
by auto
from ¢-in-llak wf-lla nbslla ksnb have vargk: var q = k
by (simp add: wf-ll-def)
have Nodesnb-in-NodesSucnb: Nodes nb levellista C Nodes (Suc nb)
levellista
by (rule Nodes-subset)
from g-in-llak ksnb have ¢ € Nodes nb levellista
by (auto simp add: Nodes-def)
with varrep-prop Nodesnb-in-NodesSucnb have var (repc q) <= var q

by auto

with vargk ksnb p-repcq have var p < nb
by auto

with varz-varp have varz-snb: var r < nb
by auto

from z-in-t t-ta ta-in-repc-NodesSucnb obtain a where
x-repea: = repc a and
a-in-NodesSucnb: a € Nodes (Suc nb) levellista
by auto
with varrep-prop have rz-z: repc © = x
by auto
have z € set-of pret
proof —
from wf-lla nbslla have Nodes (Suc nb) levellista C set-of pret
apply —
apply (rule Nodes-in-pret)
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apply auto
done
with z-in-t t-ta ta-in-repc-NodesSucnb repcNodes-in-Nodes show ?thesis
by auto
qed
with wf-lla have z € set (levellista ! (var x))
by (auto simp add: wf-li-def)
with varz-snb have © € Nodes nb levellista
by (auto simp add: Nodes-def)
with rz-z show = € repc ‘Nodes nb levellista
apply —
apply rule
apply (subgoal-tac z=repc x)
apply auto
done
qged
with ta-nTip ta-dag t-ta show ?thesis
apply —
apply (rule DagsI)
apply auto
done
qed
with t-notin-DagsNodesnb show ?thesis
by auto
qed
qged

lemma same-bdt-var: [bdt (Node lt1 p1 rt1) var = Some bdtl; bdt (Node lt2 p2
rt2) var = Some bdt1]
= var pl = var p2
proof (induct bdt1)
case Zero
then obtain var-p1: var pI = 0 and var-p2: var p2 = 0
by simp
then show ?case
by simp
next
case One
then obtain var-p1: var pl = 1 and var-p2: var p2 = 1
by simp
then show ?case
by simp
next
case (Bdt-Node lbdt v rbdt)
then obtain var-p1: var pI = v and var-p2: var p2 = v
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by simp
then show ?case by simp
qed

lemma bdt-Some-Leaf-var-le-1:
[Dag p low high t; bdt t var = Some z; isLeaf-pt p low high]
= varp <=1
proof (induct t)
case Tip
thus “case by simp
next
case (Node It p rt)
note tNode=this
from Node.prems tNode show ?case
apply (simp add: isLeaf-pt-def)
apply (case-tac var p = 0)
apply simp
apply (case-tac var p = Suc 0)
apply simp
apply simp
done
qed

lemma subnode-dag-cons:
N p. [Dag p low high t; no € set-of t] = 3 not. Dag no low high not
proof (induct t)
case Tip
thus ?case by simp
next
case (Node It q rt)
with Node.prems have ¢-p: p = ¢
by simp
from Node.prems have lt-dag: Dag (low p) low high It
by auto
from Node.prems have rt-dag: Dag (high p) low high rt
by auto
show ?case
proof (cases no € set-of t)
case True
with Node.hyps lt-dag show ?thesis
by simp
next
assume no-notin-lt: no ¢ set-of It
show ?thesis
proof (cases no=p)
case True
with Node.prems ¢-p show ¢thesis
by auto
next
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assume no-neg-p: no % p

with Node.prems no-notin-lt have no-in-rt: no € set-of rt
by simp

with rt-dag Node.hyps show ?thesis
by auto

qed
qed
qed

lemma nodes-in-taken-in-takeSucn: no € set (take n nodeslist) = no € set (take
(Suc n) nodeslist)
proof —
assume no-in-taken: no € set (take n nodeslist)
have set (take n nodeslist) C set (take (Suc n) nodeslist)
apply —
apply (rule set-take-subset-set-take)
apply simp
done
with no-in-taken show ?thesis
by blast
qed

lemma ind-in-higher-take: An k. [n < k; n < length zs]
= zs | n € set (take k xs)

apply (induct xs)

apply simp

apply simp

apply (case-tac n)

apply simp

apply (case-tac k)

apply simp

apply simp

apply simp

apply (case-tac k)

apply simp

apply simp

done
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lemma take-length-set: An. n=length xs = set (take n zs) = set xs
apply (induct xs)

apply (auto simp add: take-Cons split: nat.splits)

done

lemma repNodes-eq-ext-rep: [low no # nodeslist! n; high no # nodeslist ! n;

low sn # nodeslist | n; high sn # nodeslist | n]

= repNodes-eq sn no low high repa = repNodes-eq sn no low high (repa(nodeslist
I'n := repa (low (nodeslist | n))))

by (simp add: repNodes-eq-def null-comp-def)

lemma filter-not-empty: [z € set zs; P 2] = filter P xs # ||
by (induct zs) auto

lemma z € set (filter P zs) = Pz
by auto

lemma hd-filter-in-list: filter P zs # [| = hd (filter P xs) € set xs
by (induct zs) auto

lemma hd-filter-in-filter: filter P xs # [| = hd (filter P xs) € set (filter P xs)
by (induct zs) auto

lemma hd-filter-prop:
assumes non-empty: filter P xs # |]
shows P (hd (filter P zs))
proof —
from non-empty have hd (filter P xs) € set (filter P xs)
by (rule hd-filter-in-filter)
thus ?thesis
by auto
qed

lemma indez-elem: x € set rs = Fi<length zs. z = zs ! i
apply (induct xs)
apply simp
apply (case-tac z=a)
apply auto
done

lemma filter-hd-P-rep-indep:

[Vz. Pra;Vab. Pra— Pab— Pxb; filter (Px)as#[] =
hd (filter (P (hd (filter (P z) zs))) zs) = hd (filter (P z) xs)

apply (induct xs)

apply simp

apply (case-tac P z a)

using [[simp-depth-limit=2]]
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apply (simp)

apply clarsimp

apply (fastforce dest: hd-filter-prop)
done

lemma take-Suc-not-last:

An. [z € set (take (Suc n) xs); z#£xsn; n < length zs] = x € set (take n xs)
apply (induct xs)

apply simp

apply (case-tac n)

apply simp

using [[simp-depth-limit=2]]

apply fastforce

done

lemma P-eg-list-filter: Yz € set xs. P x = Q x = filter P xs = filter Q zs
apply (induct xs)
apply auto
done

lemma hd-filter-take-more: An m.[filter P (take n zs) # []; n < m] =
hd (filter P (take n xs)) = hd (filter P (take m xs))

apply (induct xs)

apply simp

apply (case-tac n)

apply simp

apply (case-tac m)

apply simp

apply clarsimp

done

end

4 Definitions of Procedures

theory ProcedureSpecs
imports General Simpl. Veg
begin

record globals =
var-':: ref = nat
low-" :: ref = ref
high-" :: ref = ref
rep-' :: ref = ref
mark-" :: ref = bool
next-' :ref = ref
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record 'g bdd-state = 'g state +
varval-' :: bool list
p-" o oref
R-":: bool
levellist-' :: ref list
nodeslist-' :: ref
node-":: ref
m-':: bool

n-" 1 nat

procedures
Eval (p, varval | R) =
IF ("p—var = 0) THEN 'R :==Fulse
ELSE IF (‘p—var = 1) THEN 'R :==True
ELSE IF (‘varval | (‘p— war)) THEN CALL Eval ("p— "high, “varval, 'R)
ELSE CALL Eval ('p—low, "varval, 'R)
FI
FI
FI

procedures
Levellist (p, m, levellist | levellist) =
IF ("p # Null)

THEN
IF ('p — ‘mark # 'm)
THEN
levellist :== CALL Levellist ( 'p — ‘low, ‘m, ‘levellist );;
Tevellist :== CALL Levellist ( ‘p — ‘high, ‘m, ‘levellist );;
» — ‘next :== ‘levellist | ('p— "var);;
Tevellist ! ('p— var) === "p;
p = ‘mark :=="m
FI
FI
procedures

ShareRep (nodeslist, p) =
IF (isLeaf-pt p low “high)
THEN p — ‘rep :== nodeslist
ELSE
WHILE (’nodeslist # Null) DO
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IF (repNodes-eq ‘nodeslist p “low "high ‘rep)

THEN ‘p— ‘rep :== "nodeslist;; modeslist ;== Null
ELSE 'nodeslist :=== "nodeslist— next
FI
oD
FI
procedures
ShareReduceRepList (nodeslist | ) =
‘node :== ‘nodeslist;;

WHILE ('node # Null) DO
IF (- isLeaf-pt ‘node ‘low ‘high A
‘node — ‘low — ‘rep = ‘node — ‘high — ‘rep )
THEN ’‘node — ‘rep :== "node — “low — “rep
ELSE CALL ShareRep ("nodeslist , ‘node )
FI;
‘node :=="node — "next
oD

procedures
Repoint (p|p) =
IF ( 'p # Null)
THEN
P == "p = ‘rep;
IF ( 'p # Null)
THEN 'p — ‘low :== CALL Repoint ('p — ’low);;
‘» — ’high :== CALL Repoint ('p — ‘high)
FI
FI

procedures
Normalize (p|p) =
Tevellist :==replicate ('p— var +1) Null;;
levellist :== CALL Levellist ("p, (— ‘p— ‘mark) , ‘levellist);;
(n:==03
WHILE ('n < length ‘levellist) DO
CALL ShareReduceRepList(levellist | n);;
n:=="n+ 1
OD);;
‘p :== CALL Repoint ('p)

end
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5 Proof of Procedure Eval

theory FuvalProof imports ProcedureSpecs begin

lemma (in Eval-impl) Fval-modifies:
shows Vo. T'H{o} PROC Ewval ('p, varval, 'R)
{t. t may-not-modify-globals o'}
apply (hoare-rule HoarePartial. ProcRecl)
apply (vcg spec=modifies)
done

lemma (in Eval-impl) Eval-spec:
shows Vo t bdt1. '+
{o. Dag 'p ‘low "high t A bdt t var = Some bdt1}

‘R :== PROC Fuval(’p, varval)

{'R = eval bdt! ®varval |}

apply (hoare-rule HoarePartial. ProcRecl)

apply vcg

apply clarsimp

apply safe

apply (case-tac bdt1)

apply stmp

apply  fastforce

apply fastforce

apply simp

apply (case-tac bdtl)

apply  fastforce

apply  fastforce

apply fastforce

apply (case-tac bdt1)

apply fastforce

apply fastforce

apply fastforce

apply (case-tac bdt1)

apply fastforce

apply fastforce

apply fastforce
done

end

6 Proof of Procedure Levellist

theory LewvellistProof imports ProcedureSpecs Simpl. HeapList begin

hide-const (open) DistinctTreeProver.set-of tree. Node tree. Tip
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lemma (in Levellist-impl) Levellist-modifies:
shows Vo. I'H{o} “levellist :== PROC Levellist ('p, ‘m, levellist)
{t. t may-only-modify-globals o in [mark,next]}
apply (hoare-rule HoarePartial. ProcRecl)
apply (vcg spec=modifies)
done

lemma all-stop-cong: (Vz. P z) = (V. P x)
by simp

lemma Dag-RefD:
[Dag p 1 rt; p£Null] =
3t rt. t=Node It p rt A Dag (I p) L r it A Dag (rp) lrrt
by simp

lemma Dag-unique-ex-conjl:
[Dagplrt; Pt] = (3t. Dagplrt A Pt)
by simp

lemma dag-Null [simp]: dag Null I r = Tip
by (simp add: dag-def)

definition first:: ref list = ref where
first ps = (case ps of [| = Null | (p#rs) = p)

lemma first-simps [simp]:
first [] = Null

first (r#rs) = r

by (simp-all add: first-def)

definition Levellist:: ref list = (ref = ref) = (ref list list) = bool where
Levellist hds next 1l «— (map first Il = hds) A
(Vi < length hds. List (hds ! i) next (11!7))

lemma Levellist-unique:
assumes [l: Levellist hds next [l
assumes [l Levellist hds next 11’
shows =11’
proof —
from [l have length Il = length hds
by (clarsimp simp add: Levellist-def)
moreover
from [l’ have length I’ = length hds
by (clarsimp simp add: Levellist-def)
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ultimately have leq: length Il = length I’ by simp
show ?thesis
proof (rule nth-equalityl [OF leq, rule-format])
fix ¢
assume ¢ < length [l
with ] [l
show [l = (1"
apply (clarsimp simp add: Levellist-def)
apply (erule-tac z=i in allFE)
apply (erule-tac z=i in allF)
apply simp
by (erule List-unique)
qed
qed

lemma Levellist-unique-ez-cong-simp [simp):
Levellist hds next 1l = (31l. Levellist hds next Il A P ll) = P 1l
by (auto dest: Levellist-unique)

lemma in-set-concat-idz:
x € set (concat xss) = i < length xss. © € set (wssi)
apply (induct xss)
apply simp
apply clarsimp
apply (erule disjE)
apply (rule-tac x=0 in exl)
apply simp
apply auto
done

definition wf-levellist :: dag = ref list list = ref list list =
(ref = nat) = bool where
wf-levellist t levellist-old levellist-new var =
(case t of Tip = levellist-old = levellist-new
| (Node It p rt) =
(V q. q € set-of t — q € set (levellist-new ! (var q))) A
(V i < war p. (3 prz. (levellist-new ! i) = przQ(levellist-old ! 7)
A (V pt € set prz. pt € set-of t A var pt = i))) A
(V i. (var p) < i — (levellist-new ! i) = (levellist-old ! 7)) A
(length levellist-new = length levellist-old))

lemma wf-levellist-subset:

assumes wf-ll: wf-levellist ¢ 11 1l var

shows set (concat 1l) C set (concat ll) U set-of ¢
proof (cases t)

case Tip with wf-ll show ?thesis by (simp add: wf-levellist-def)
next

case (Node It p rt)
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show ?thesis
proof —
{
fix n
assume n € set (concat ')
from in-set-concat-idz [OF this)
obtain ¢ where i-bound: i < length I’ and n-in: n € set (lI"! ©)
by blast
have n € set (concat ll) U set-of ¢
proof (cases i < var p)
case True
with wf-l/] obtain prz where
W-: 'V i=prz @Il i and
prz: ¥V pt € set prx. pt € set-of t and
leq: length 1’ = length 11
apply (clarsimp simp add: wf-levellist-def Node)
apply (erule-tac x=i in allF)
apply clarsimp
done
show ?thesis
proof (cases n € set prz)
case True
with prz have n € set-of ¢
by simp
thus ?thesis by simp
next
case Fulse
with n-in [1'-11
have n € set (Il 1)
by simp
with i-bound leq
have n € set (concat 1)
by auto
thus ?thesis by simp
qed
next
case Fulse
with wf-Il obtain [1"'i = ll!i length I’ = length [l
by (auto simp add: wf-levellist-def Node)
with n-in i-bound
have n € set (concat )
by auto
thus ?thesis by simp
qed
}
thus ?thesis by auto
qed
qed
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lemma Levellist-ext-to-all: ((31l. Levellist hds next Il A P ll) — Q)

(V1. Levellist hds next Il A P 1l — Q)
apply blast
done

lemma Levellist-length: Levellist hds p Il = length Il = length hds
by (auto simp add: Levellist-def)

lemma map-update:
Ni. © < length xss => map f (wss[i = zs]) = (map f xss) [i := [ xs]
apply (induct xss)
apply simp
apply (case-tac )
apply simp
apply simp
done

lemma (in Levellist-impl) Levellist-spec-total’:
shows VIl o t. ',0F,
{o. Dag p ‘low “high t A ('p # Null — ("p— var) < length ‘levellist) N
ordered t var N Levellist levellist next [l N
(Vn € set-of t.
(if ‘mark n = "m
then n € set (11! “war n) A
(Vnt p. Dag n “low ‘high nt A\ p € set-of nt
— ‘mark p = ‘m)
else n ¢ set (concat U1)))[
‘levellist :== PROC' Levellist ("p, ‘'m, ‘levellist)
{311". Levellist “levellist next 1l N wf-levellist t 11 11" var A
wf-marking t Cmark ‘mark “m A
(Vp. p & set-of t — “next p = ‘next p)
b
apply (hoare-rule HoareTotal. ProcRecl
[where r=measure (A(s,p). size (dag %p Slow *high))])
apply vcg
apply (rule conjI)
apply clarify
apply (rule conjl)
apply clarify
apply (clarsimp simp del: BinDag.set-of .simps split del: if-split)
defer
apply (rule impl)
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apply (clarsimp simp del: BinDag.set-of .simps split del: if-split)
defer
apply (clarsimp simp add: wf-levellist-def wf-marking-def)
apply (simp only: Levellist-ext-to-all )
proof —
fix Il var low high mark next nexta p levellist m It rt
assume pnN: p # Null
assume mark-p: mark p = (= m)
assume [t: Dag (low p) low high It
assume 71t: Dag (high p) low high 1t
from pnN it rt have Dag-p: Dag p low high (Node It p rt) by simp
from Dag-p rt
have size-rt-dec: size (dag (high p) low high) < size (dag p low high)
by (simp only: Dag-dag) simp
from Dag-p It
have size-lt-dec: size (dag (low p) low high) < size (dag p low high)
by (simp only: Dag-dag) simp
assume [l: Levellist levellist next 1l

assume marked-child-l1:
Vn € set-of (Node lt p rt).
if markn = m
then n € set (11! var n) A
(VY nt p. Dag n low high nt A p € set-of nt — mark p = m)
else n ¢ set (concat i)
with mark-p have p-notin-ll: p ¢ set (concat )
by auto
assume varsll”: var p < length levellist
with [l have varsll: var p < length [l
by (simp add: Levellist-length)
assume orderedt: ordered (Node It p rt) var
show (low p # Null — var (low p) < length levellist) A
ordered It var N
(Vn € set-of lt.
if markn = m
then n € set (11! var n) A
(Vnt p. Dag n low high nt A\ p € set-of nt — mark p = m)
else n ¢ set (concat 1)) N
size (dag (low p) low high) < size (dag p low high) A
(V marka nexta levellist lla.
Levellist levellist nexta lla A
wf-levellist It 11 lla var N wf-marking It mark marka m A
(Vp. p & set-of lt —> next p = nexta p)—
(high p # Null — wvar (high p) < length levellist) N
ordered rt var A
(3 lla. Levellist levellist nexta lla N
(VY n € set-of rt.
if marka n = m
then n € set (lla ! var n) A
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(Vnt p. Dag n low high nt A p € set-of nt —
marka p = m)
else n ¢ set (concat lla)) A
size (dag (high p) low high) < size (dag p low high) A
(V markb nextb levellist 11b.
Lewvellist levellist nextb llb N
wf-levellist rt lla 1lb var A
wf-marking rt marka markb m A
(Vp. p & set-of rt — nexta p = nextb p) —
(3. Levellist (levellist{var p := p])
(nextb(p = levellist | var p)) 1’ A
wf-levellist (Node It p rt) 11 11" var A
wf-marking (Node It p 1t) mark (markb(p := m)) m A
(Vpa. pa ¢ set-of (Node lt p rt) —
next pa =
(if pa = p then levellist | var p
else nexth pa))))))
proof (cases It)
case Tip
note [t-Tip = this
show ?thesis
proof (cases rt)
case Tip
show ?thesis
using size-rt-dec Tip lt-Tip Tip It rt
apply clarsimp
subgoal premises prems for marka nexta levellista lla markb nextb levellisth
1lb
proof —
have lla: Levellist levellista nexta lla by fact
have [lb: Levellist levellistb nextb lIb by fact
have wfil-lit: wf-levellist Tip Ul lla var
wf-marking Tip mark marka m by fact+

then have ll-lla: 1l = lla
by (simp add: wf-levellist-def)

moreover
with wfil-it lt-Tip It have marka = mark

by (simp add: wf-marking-def)
moreover
have wfil-rt:wf-levellist Tip lla 1lb var

wf-marking Tip marka markb m by fact+

then have lla-llb: lla = 1lb

by (simp add: wf-levellist-def)
moreover
with wfil-rt Tip rt have markb = marka

by (simp add: wf-marking-def)
moreover
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from wvarsll 11b ll-lla lla-11b
obtain var p < length levellistb var p < length llb
by (simp add: Levellist-length)
with [lb pnN
have llc: Levellist (levellistb[var p := p]) (nextb(p := levellistb | var p))
(liblvar p :== p # Ub ! var p])
apply (clarsimp simp add: Levellist-def map-update)
apply (erule-tac z=i in allFE)
apply clarsimp
apply (subgoal-tac p ¢ set (1lb! 7))
prefer 2
using p-notin-ll ll-lla lla-1lb
apply simp
apply (case-tac i=var p)
apply simp
apply simp
done
ultimately
show ?thesis
using t-Tip Tip varsll
apply (clarsimp simp add: wf-levellist-def wf-marking-def)
proof —
fix ¢
assume varsllb: var p < length llb
assume ¢ < var p
show I prz. lb[var p := p#llblvar p)li = prz Q bl A
(V pteset pra. pt = p A\ var pt = 17)
proof (cases i = var p)
case True
with pnN It rt varsllb It-Tip Tip show ?thesis
apply —
apply (rule-tac z=[p] in exI)
apply (simp add: subdag-eg-def)
done
next
assume i # var p
with varsllb show ?thesis
apply —
apply (rule-tac z=[] in exl)
apply (simp add: subdag-eg-def)
done
qed
qed
qed
done
next
case (Node dagl a dag2)
have rt-node: vt = Node dagl a dag2 by fact
with rt have high-p: high p = a
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by simp
have s: Anexta. (Vp. next p = nexta p) = (next = nesta)
by auto
show ?thesis
using size-rt-dec size-lt-dec rt-node lt-Tip Tip It 1t
apply (clarsimp simp del: set-of-Node split del: if-split simp add: s)
subgoal premises prems for marka levellista lla
proof —
have lla: Levellist levellista next lla by fact
have wfil-lt:wf-levellist Tip Ul lla var
wf-marking Tip mark marka m by fact+
from this have li-lla: Il = lla
by (simp add: wf-levellist-def)
moreover
from wfil-lt It-Tip It have marklrec: marka = mark
by (simp add: wf-marking-def)
from orderedt varsll lla ll-lla rt-node It-Tip high-p
have var-highp-bound: var (high p) < length levellista
by (auto simp add: Levellist-length)
from orderedt high-p rt-node lt-Tip
have ordered-rt: ordered (Node dagl (high p) dag2) var
by simp
from high-p markilrec marked-child-ll It rt It-Tip rt-node ll-lla
have mark-rt: (V neset-of (Node dagl (high p) dag2).
if marka n = m
then n € set (lla ! var n) A
(Vnt p. Dag n low high nt A p € set-of nt — marka p = m)
else n ¢ set (concat lla))
apply (simp only: BinDag.set-of .simps)
apply clarify
apply (drule-tac z=n in bspec)
apply blast
apply assumption
done
show ?thesis
apply (rule congl)
apply (rule var-highp-bound)
apply (rule conjI)
apply (rule ordered-rt)
apply (rule conjI)
apply (rule mark-rt)
apply clarify
apply clarsimp
subgoal premises prems for markb nextb levellistb 1lb
proof —
have [lb: Levellist levellistb nextb llb by fact
have wfll-rt: wf-levellist (Node dagl (high p) dag2) lla llb var by fact
have wfmarking-rt: wf-marking (Node dagl (high p) dag2) marke markb
m by fact
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from wfll-rt varsll b 1l-lla
obtain var-p-bounds: var p < length levellistb var p < length llb
by (simp add: Levellist-length wf-levellist-def)
with p-notin-ll ll-lla wfll-rt
have p-notin-llb: Vi < length llb. p ¢ set (1Ib! i)
apply —
apply (intro alll impl)
apply (clarsimp simp add: wf-levellist-def)
apply (case-tac i < wvar (high p))
apply (drule-tac z=i in spec)
using orderedt rt-node lt-Tip high-p
apply clarsimp
apply (drule-tac z=i in spec)
apply (drule-tac z=i in spec)
apply clarsimp
done
with b pnN var-p-bounds
have lic: Levellist (levellistb[var p := p])
(nextb(p = levellisth | var p))
(lIblvar p := p # b ! var p))
apply (clarsimp simp add: Levellist-def map-update)
apply (erule-tac x=i in allF)
apply (erule-tac x=i in allF)
apply clarsimp
apply (case-tac i=var p)
apply simp
apply simp
done
then show ?thesis
apply simp
using wfil-rt wfmarking-rt
lt-Tip rt-node varsll orderedt It rt pnN ll-lla marklrec
apply (clarsimp simp add: wf-levellist-def wf-marking-def)
apply (intro conjI)
apply (rule alll)
apply (rule conjl)
apply (erule-tac z=gq in allE)
apply (case-tac var p = var q)
apply  fastforce
apply fastforce
apply (case-tac var p = var q)
apply hypsubst-thin
apply fastforce

apply fastforce
apply (rule alll)

(
apply (rotate-tac 4)

apply (erule-tac z=i in allE)
apply (case-tac i=var p)
apply simp
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apply (case-tac var (high p) < 1)
apply simp

apply simp

apply (erule exE)

apply (rule-tac z=prz in exl)
apply (intro conjI)

apply simp

apply clarify

apply (rotate-tac 15)

apply (erule-tac z=pt in ballE)
apply fastforce

apply fastforce
done

qed
done
qged
done
qed
next
case (Node 11t 1 rlt)
have [t-Node: It = Node lit | rit by fact
from orderedt It varsll’ lt-Node
obtain ordered-It:
ordered It var (low p # Null — var (low p) < length levellist)
by (cases rt) auto
from It It-Node marked-child-1l
have mark-lt: ¥V neset-of It.
if mark n = m
then n € set (Il'! var n) A
(Vnt p. Dag n low high nt A p € set-of nt — mark p = m)
else n ¢ set (concat I1)
apply (simp only: BinDag.set-of .simps)
apply clarify
apply (drule-tac z=n in bspec)
apply blast
apply assumption
done
show ?thesis
apply (intro conjl ordered-lt mark-lt size-lt-dec)
apply (clarify)
apply (simp add: size-rt-dec split del: if-split)
apply (simp only: Levellist-ext-to-all)
subgoal premises prems for marka nexta levellista lla
proof —
have lla: Levellist levellista nexta lla by fact
have wfll-lt: wf-levellist It 1l lla var by fact
have wfmarking-lt:wf-marking It mark marka m by fact
from wfil-It lt-Node
have lla-eq-ll: length lla = length [l
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by (simp add: wf-levellist-def)
with [l lla have lla-eq-ll": length levellista = length levellist
by (simp add: Levellist-length)
with orderedt rt lt-Node It varsll’
obtain ordered-rt:
ordered rt var (high p # Null — var (high p) < length levellista)
by (cases rt) auto
from wfil-it It-Node
have nodes-in-lla: V¥V q. q € set-of It — q € set (lla ! (¢g—var))
by (simp add: wf-levellist-def)
from wfil-it it-Node It
have lla-st: (Vi < (low p)—var.
Fprz. (lla ! i) = praQll ! §) A
(Vpt € set prz. pt € set-of It A pt—var = 17)))
by (simp add: wf-levellist-def)
from wfil-it it-Node It
have lla-nc: Vi. ((low p)—wvar) < i — (lla ! 7) = (11! 9)
by (simp add: wf-levellist-def)
from wfmarking-lt It-Node [t
have mot-nc: V n. n ¢ set-of It — mark n = marka n
by (simp add: wf-marking-def)
from wfmarking-lt lt-Node [t
have mit-marked: Vn. n € set-of It — marka n = m
by (simp add: wf-marking-def)
from marked-child-1l nodes-in-lla mot-nc mit-marked lla-st
have mark-rt: V n€set-of rt.
if marka n = m
then n € set (lla ! var n) A
(VY nt p. Dag n low high nt A p € set-of nt — marka p = m)
else n ¢ set (concat lla)
apply —
apply (rule balll)
apply (drule-tac z=n in bspec)
apply (simp)
proof —
fix n

assume nodes-in-lla: ¥V q. q¢ € set-of It — q € set (lla! var q)
assume mot-nc: Vn. n ¢ set-of it — mark n = marka n
assume mit-marked: Vn. n € set-of it — marka n = m
assume marked-child-ll: if mark n = m
then n € set (Il ! var n) A

(Vnt p. Dag n low high nt A p € set-of nt — mark p = m)
else n ¢ set (concat Il)

assume lla-st: Vi<var (low p).

dprz. lla!' i=pre QUi A
(V pteset pra. pt € set-of It A var pt = i)
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assume n-in-rt: n € set-of rt
show n-in-lla-marked: if marka n = m
then n € set (lla ! var n) A
(Vnt p. Dag n low high nt A p € set-of nt — marka p = m)
else n ¢ set (concat lla)
proof (cases n € set-of It)
case True
from True nodes-in-lla have n-in-ll: n € set (lla ! var n)
by simp
moreover
from True wfmarking-lt
have marka n = m
apply (cases It)
apply (auto simp add: wf-marking-def)
done
moreover
{
fix nt p
assume Dag n low high nt
with It True have subset-nt-lt: set-of nt C set-of It
by (rule dag-setof-subsetD)
moreover assume p € set-of nt
ultimately have p € set-of It
by blast
with mit-marked have marka p = m

by simp
}

ultimately show ¢thesis
using n-in-rt
apply clarsimp
done
next
assume n-notin-lt: n ¢ set-of It
show ?thesis
proof (cases marka n = m)
case True
from n-notin-lt mot-nc have marka-eqg-mark: mark n = marka n
by simp
from marka-eq-mark True have n-marked: mark n = m
by simp
from 7t n-in-rt have nnN: n # Null
apply —
apply (rule set-of-nn [rule-format])
apply fastforce
apply assumption
done
from marked-child-1l n-in-rt marka-eqg-mark nnN n-marked
have n-in-ll: n € set (Il ! var n)
by fastforce
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from marked-child-1l n-in-rt marka-eq-mark nnN n-marked It rt
have nt-mark: ¥ nt p. Dag n low high nt A\ p € set-of nt — mark p =

by simp
from nodes-in-lla n-in-ll lla-st
have n-in-lla: n € set (lla ! var n)
proof (cases var (low p) < (var n))
case True
with lla-nc have (lla ! var n) = (1l ! var n)
by fastforce
with n-in-ll show ?thesis
by fastforce

next
assume varnslp: — var (low p) < var n
with [la-st
have ll-in-lla: Iprz. lla ! (var n) = pre @ 11! (var n)
apply —

apply (erule-tac z=var n in allE)
apply fastforce
done
with n-in-ll show ?thesis
by fastforce
qed
{
fix nt pt
assume nt-Dag: Dag n low high nt
assume pt-in-nt: pt € set-of nt
have marka pt = m
proof (cases pt € set-of It)
case True
with mit-marked show ?thesis
by fastforce
next
assume pt-notin-lt: pt ¢ set-of It
with mot-nc have mark pt = marka pt
by fastforce
with nt-mark nt-Dag pt-in-nt show Zthesis
by fastforce
qed
}
then have nt-marka:
V nt pt. Dag n low high nt N\ pt € set-of nt — marka pt = m
by fastforce
with n-in-lla nt-marka True show ¢thesis
by fastforce
next
case Fulse
note n-not-marka = this
with wfmarking-It n-notin-lt
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have mark n # m
by (simp add: wf-marking-def It-Node)
with marked-child-ll
have n-notin-ll: n ¢ set (concat I1)
by simp
show ?thesis
proof (cases n € set (concat lla))
case Fulse with n-not-marka show ?thesis by simp
next
case True
with wf-levellist-subset [OF wfll-lt] n-notin-ll
have n € set-of It
by blast
with n-notin-It have Fualse by simp
thus ?thesis ..
qged
qed
qed
qed
show ?thesis
apply (intro conjl ordered-rt mark-rt)
apply clarify
subgoal premises prems for markb nextb levellistb 1lb
proof —
have [ib: Levellist levellistb nextb llb by fact
have wfil-rt: wf-levellist rt lla llb var by fact
have wfmarking-rt: wf-marking rt marka markb m by fact
show ?thesis
proof (cases 1t)
case Tip
from wfil-rt Tip have lla-llb: lla = [Ib
by (simp add: wf-levellist-def)
moreover
from wfmarking-rt Tip rt have markb = marka
by (simp add: wf-marking-def)
moreover
from wfil-lit varsll 1Ib lla-11b
obtain var-p-bounds: var p < length levellistb var p < length llb
by (simp add: Levellist-length wf-levellist-def lt-Node Tip)
with p-notin-1l lla-11b wfil-it
have p-notin-llb: Vi < length llb. p ¢ set (1Ib! 7)
apply —
apply (intro alll impI)
apply (clarsimp simp add: wf-levellist-def It-Node)
apply (case-tac i < var )
apply (drule-tac x=t in spec)
using orderedt Tip lt-Node
apply clarsimp
apply (drule-tac z=i in spec)
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apply (drule-tac z=i in spec)
apply clarsimp
done
with b pnN var-p-bounds
have llc: Levellist (levellistblvar p := p])
(nextb(p = levellisth | var p))
(liblvar p :== p # Ub ! var p])
apply (clarsimp simp add: Levellist-def map-update)
apply (erule-tac z=i in allE)
apply (erule-tac z=i in allE)
apply clarsimp
apply (case-tac i=var p)
apply simp
apply simp
done
ultimately show ?thesis
using Tip lt-Node varsll orderedt It vt pnN wfll-lt wfmarking-lt
apply (clarsimp simp add: wf-levellist-def wf-marking-def)
apply (intro conjI)
apply (rule alll)
apply (rule congl)
apply (erule-tac z=gq in allE)
apply (case-tac var p = var q)
apply fastforce

apply fastforce
apply (case-tac var p = var q)

apply hypsubst-thin

apply fastforce

apply fastforce

apply (rule alll)

apply (rotate-tac 4)

apply (erule-tac x=i in allFE)
apply (case-tac i=var p)
apply simp

apply (case-tac var (low p) < 17)
apply simp

apply simp

apply (erule exFE)

apply (rule-tac z=prz in exl)
apply (intro conjI)

apply simp

apply clarify

apply (rotate-tac 15)

apply (erule-tac x=pt in ballE)
apply fastforce

apply fastforce
done

next
case (Node Irt r rrt)

68



have rt-Node: rt = Node lrt r rrt by fact
from wfll-rt rt-Node
have llb-eq-lla: length lIb = length lla
by (simp add: wf-levellist-def)
with b lla
have llb-eq-lla’: length levellistb = length levellista
by (simp add: Levellist-length)
from wfil-rt rt-Node
have nodes-in-llb: ¥ q. q € set-of rt — q € set ({lb! (g—var))
by (simp add: wf-levellist-def)
from wfil-rt rt-Node rt
have [lb-st: (V i < (high p)—var.
(3 prz. (b1 i) = pre@(lla ! ©) A
(Vpt € set prz. pt € set-of rt N pt—var = 1)))
by (simp add: wf-levellist-def)
from wfil-rt rt-Node rt
have [lb-nc:
Vi. ((high p)—var) < i — (b1 4) = (lla ! )
by (simp add: wf-levellist-def)
from wfmarking-rt rt-Node rt
have mort-nc: Vn. n ¢ set-of rt — marka n = markb n
by (simp add: wf-marking-def)
from wfmarking-rt rt-Node rt
have mirt-marked: ¥V n. n € set-of rt — markb n = m
by (simp add: wf-marking-def)
with p-notin-ll wfil-rt wfil-it
have p-notin-llb: Vi < length llb. p ¢ set (1lb! 7)
apply —
apply (intro alll impl)
apply (clarsimp simp add: wf-levellist-def lt-Node rt-Node)
apply (case-tac i < var r)
apply (drule-tac x=i in spec)
using orderedt rt-Node [t-Node
apply clarsimp
apply (erule disjE)
apply clarsimp
apply (case-tac i < varl)
apply (drule-tac =1 in spec)
apply clarsimp
apply clarsimp
apply (subgoal-tac llb! i = lla ! 7)
prefer 2
apply clarsimp
apply (case-tac i < wvar )
apply (drule-tac x=i in spec, erule impE, assumption)
apply clarsimp
using orderedt rt-Node lt-Node
apply clarsimp
apply clarsimp
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done
from wfll-it wfll-rt varsll lla 11b
obtain var-p-bounds: var p < length levellistb var p < length llb
by (simp add: Levellist-length wf-levellist-def It-Node rt-Node)
with p-notin-llb lIb pnN var-p-bounds
have lic: Levellist (levellistb[var p := p])
(nextb(p = levellisth | var p))
(lIblvar p := p # b ! var p))
apply (clarsimp simp add: Levellist-def map-update)
apply (erule-tac z=i in allE)
apply (erule-tac x=i in allF)
apply clarsimp
apply (case-tac i=var p)
apply simp
apply simp
done
then show ?thesis
proof (clarsimp)
show wf-levellist (Node It p rt) Il (lIb[var p := p#llb | var p]) var A
wf-marking (Node It p rt) mark (markb(p := m)) m
proof —
have nodes-in-upllb: ¥V q. q € set-of (Node It p rt)
— q € set (lb[var p :==p # Ub ! var p] ! (var q))
apply —
apply (rule alll)
apply (rule impl)
proof —
fix ¢
assume ¢-in-t: ¢ € set-of (Node It p rt)
show ¢-in-upllb:
q € set (lblvar p :=p # Ub ! var p] ! (var q))
proof (cases q € set-of rt)
case True
with nodes-in-1lb have g-in-1lb: q € set (lIb! (var q))
by fastforce
from orderedt rt-Node lt-Node It 1t
have ordered-rt: ordered rt var
by fastforce
from True rt ordered-rt rt-Node It lt-Node have var ¢ < var r
apply —
apply (drule subnodes-ordered)
apply fastforce
apply fastforce

apply fastforce
done

with orderedt rt It rt-Node lt-Node have var ¢ < var p
by fastforce

then have
Ublvar p :==p#llb ! var p| ! var ¢ =
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b ! var q
by fastforce
with g-in-1lb show ?thesis
by fastforce
next
assume ¢-notin-rt: q ¢ set-of rt
show ¢ € set ({lblvar p :=p # Ub ! var p] ! var q)
proof (cases q € set-of It)
case True
assume ¢-in-lt: g € set-of It
with nodes-in-lla have g¢-in-lla: ¢ € set (lla ! (var q))
by fastforce
from orderedt rt-Node lt-Node It rt
have ordered-lt: ordered It var
by fastforce
from g-in-lt It ordered-lt rt-Node rt lt-Node
have var ¢ < varl
apply —
apply (drule subnodes-ordered)
apply fastforce
apply fastforce

apply fastforce
done

with orderedt rt It rt-Node lt-Node have gsp: var ¢ < var p
by fastforce
then show ?thesis
proof (cases var g < var (high p))
case True
with [lb-st
have I prz. (1Ib ! (var q)) = pra@(lla ! (var q))
by fastforce
with nodes-in-lla g-in-lla
have g-in-llb: ¢ € set (1Ib ! (var q))
by fastforce

from gsp
have llb[var p :=p#llb ! var pllvar ¢ =
b ! (var q)

by fastforce

with g¢-in-1lb show ?thesis
by fastforce

next

assume — var ¢ < var (high p)

with [lb-nc have [lb ! (var q) = lla ! (var q)
by fastforce

with ¢-in-lla have g-in-llb: ¢ € set (1lIb! (var q))
by fastforce

from ¢sp have
lb[var p :==p # b ! var p] ! var ¢ = 1Ib ! (var q)
by fastforce
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with g¢-in-1lb show ?thesis
by fastforce
qed
next
assume g-notin-lt: q¢ ¢ set-of It
with g-notin-rt rt It ri-Node lt-Node g-in-t have gp: ¢ = p
by fastforce
with varsll lla-eq-1l llb-eq-lla have var p < length llb
by fastforce
with ¢p show ?thesis
by simp
qed
qed
qed
have prz-ll-st: Vi < var p.
(Fprz. lblvar p :=p#liblvar plli = pre@(lil) A
(Vpt € set prz. pt € set-of (Node lt p rt) A\ var pt = 7))
apply —
apply (rule alll)
apply (rule implI)
proof —
fix i
assume isep: ¢ < var p
show Jprz. lib[var p :=p#liblvar plli = pre@lili A
(V pteset pra. pt € set-of (Node lt p rt) A var pt = i)
proof (cases i = var p)
case True
with orderedt It It-Node rt rt-Node
have Ipsp: var (low p) < var p
by fastforce
with orderedt It It-Node rt rt-Node
have hpsp: var (high p) < var p
by fastforce
with Ipsp lla-nc
have [llall: lla ! var p = 11! var p
by fastforce
with hpsp llb-nc have b ! var p = 1l ! var p
by fastforce
with [lb-eq-lla lla-eq-1l isep True varsll it vt show ?thesis
apply —
apply (rule-tac z=[p] in exl)
apply (rule congl)
apply simp
apply (rule balll)
apply fastforce
done
next
assume np: i # varp
show ?thesis
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proof (cases var (low p) < 1)
case True
with lla-nc have lall: lla! i =111
by fastforce
assume vpsi: var (low p) < i
show ?thesis
proof (cases var (high p) < )
case True
with llall llb-nc have llb ! i =114
by fastforce
with inp True vpsi varsll It rt show ?thesis
apply —
apply (rule-tac z=[] in exI)
apply (rule conjI)
apply simp
apply (rule balll)
apply fastforce
done
next
assume isehp: — var (high p) < i
with vpsi lla-nc have la-ll: lla ! i =111
by fastforce
with isehp l1b-st
have prz-lla: Ipre. lb! i = pra Q lla ! i A
(V pteset pra. pt € set-of rt A\ var pt = 1)
apply —
apply (erule-tac x=i in allFE)
apply simp
done
with lla-ll inp rt show ?thesis
apply —
apply (erule exF)
apply (rule-tac z=prz in exl)
apply simp
done
qed
next
assume iselp: — var (low p) < i
show ?thesis
proof (cases var (high p) < 17)
case True
with [lb-nc have [Ib-1l: 1lb! i =lla! i
by fastforce
with iselp lla-st
have pra-ll: Apre. lla i = pra Q Il 1 4 A
(V pteset pra. pt € set-of It N\ var pt = 7)
apply —
apply (erule-tac x=i in allE)
apply simp
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done
with [1b-1] inp It show Zthesis
apply —
apply (erule exE)
apply (rule-tac z=prz in exl)
apply simp
done
next
assume isehp: — var (high p) < i
from iselp lla-st
have przl: Iprz. lla ! i = pre Q Il ¢ A
(V pteset pra. pt € set-of It N\ var pt = 17)
by fastforce
from isehp 1lb-st
have przh: Ipre. b i = pre Q lla ! ¢ A
(V pteset pra. pt € set-of 1t A var pt = i)
by fastforce
with przl inp It pnN rt show ?thesis
apply —
apply (elim exE)
apply (rule-tac z=prza Q prz in exl)
apply simp
apply (elim conjFE)
apply fastforce
done
qged
qed
qed
qed
have big-Nodes-nc: Vi. (p—>var) < i
— (Iblvar p :=p # Wbl wvarp)) ! i=1"11%
apply —
apply (rule alll)
apply (rule impI)
proof —
fix 7
assume psi: var p < 1
with orderedt It rt lt-Node rt-Node have Ipsi: var (low p) < i
by fastforce
with lla-nc have lla-ll: lla ! i =111
by fastforce
from psi orderedt It rt lt-Node rt-Node have hpsi: var (high p) < i
by fastforce
with [lb-nc have [lb-lla: 1Ib! i =1lla! i
by fastforce
from psi
have uplib-1ib: lib[var p :=p#liblvar p]li = bl
by fastforce
from upllb-11b 1ib-lla lla-11
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show [lb[var p :=p # lb ' varp] ! i =111
by fastforce
qed
from lla-eq-11 11b-eq-lla
have length-eq: length (1lblvar p :=p # b ! var p]) = length Il
by fastforce
from length-eq big-Nodes-nc prz-ll-st nodes-in-upllb
have wf-ll-uplib:
wf-levellist (Node It p rt) 1l (Iblvar p :=p # b ! var p)) var
by (simp add: wf-levellist-def)
have mark-nc:
YV n. n ¢ set-of (Node lt p rt) — (markb(p:=m)) n = mark n
apply —
apply (rule alll)
apply (rule implI)
proof —
fix n
assume nnit: n ¢ set-of (Node It p 1)
with [t rt have nnilt: n ¢ set-of It
by fastforce
from nnit It rt have nnirt: n ¢ set-of rt
by fastforce
with nnilt mot-nc mort-nc have mb-eqg-m: markb n = mark n
by fastforce
from nnit have n#p
by fastforce
then have upmarkb-markb: (markb(p :=m)) n = markb n
by fastforce
with mb-eq-m show (markb(p :=m)) n = mark n
by fastforce
qed
have mark-c: V n. n € set-of (Node It p rt) — (markb(p :=m)) n

apply —
apply (intro alll)
apply (rule impl)
proof —
fix n
assume nint: n € set-of (Node lt p rt)
show (markb(p :=m)) n = m
proof (cases n=p)
case True
then show ?thesis
by fastforce
next
assume nnp: n £ p
show ?thesis
proof (cases n € set-of rt)
case True
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with mirt-marked have markb n = m
by fastforce
with nnp show ?thesis
by fastforce
next
assume nninrt: n ¢ set-of 1t
with nint nnp have ninlt: n € set-of It
by fastforce
with mit-marked have marka-m: marka n = m
by fastforce
from mort-nc nninrt have marka n = markb n
by fastforce
with marka-m have markb n = m
by fastforce
with nnp show ?thesis
by fastforce
qed
qed
qed
from mark-c mark-nc
have wf-mark: wf~marking (Node It p rt) mark (markb(p :=m)) m
by (simp add: wf-marking-def)
with wf-ll-upllb show ?thesis
by fastforce
qed
qged
qed
qed
done
qed
done
qed
next
fix var low high p It rt and levellist and
l::ref list list and mark::ref = bool and next
assume pnN: p # Null
assume [l: Levellist levellist next [l
assume vpsll: var p < length levellist
assume orderedt: ordered (Node It p 1t) var
assume marked-child-1l: V neset-of (Node It p rt).
if mark n = mark p
then n € set (Il ! var n) A
(V nt pa. Dag n low high nt A pa € set-of nt — mark pa = mark p)
else n ¢ set (concat Il)
assume [t: Dag (low p) low high [t
assume 7t: Dag (high p) low high rt
show wf-levellist (Node It p rt) 1l 1l var A
wf-marking (Node It p rt) mark mark (mark p)
proof —
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from marked-child-1l pnN It rt have marked-st:
(Y pa. pa € set-of (Node It p rt) — mark pa = mark p)
apply —
apply (drule-tac x=p in bspec)
apply simp
apply (clarsimp)
apply (erule-tac x=(Node It p rt) in allE)
apply simp
done
have nodest-in-Ii:
YV q. g € set-of (Node lt p rt) — q € set (Il ! var q)
proof —
from marked-child-ll pnN have pinll: p € set (Il ! var p)
apply —
apply (drule-tac x=p in bspec)
apply simp
apply fastforce
done
from marked-st marked-child-ll It rt show ?thesis
apply —
apply (rule alll)
apply (erule-tac x=q in allE)
apply (rule impI)
apply (erule impFE)
apply assumption
apply (drule-tac x=q in bspec)
apply simp
apply fastforce
done
qed
have levellist-nc: ¥V i < war p. (3 pre. 1) i = pra@Q(Il ! i) A
(V pt € set prx. pt € set-of (Node lt p rt) A var pt = 1))
apply —
apply (rule alll)
apply (rule impl)
apply (rule-tac =[] in exl)
apply fastforce
done
have ll-ne: ¥V 4. (varp) < i — W 1i=1l11
by fastforce
have length-ll: length Il = length [l
by fastforce
with ll-nc levellist-nc nodest-in-ll
have wf: wf-levellist (Node It p rt) 1l 1l var
by (simp add: wf-levellist-def)
have m-nc: V n. n ¢ set-of (Node It p rt) — mark n = mark n
by fastforce
from marked-st have V n. n € set-of (Node It p 1t) —> mark n = mark p
by fastforce
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with m-nc have wf-marking (Node It p rt) mark mark (mark p)
by (simp add: wf-marking-def)
with wf show ?Zthesis
by fastforce
qged
qed

lemma allD: V1. Pll = Pl
by blast

lemma replicate-spec: [Vi < n. zs ! i = z; n=length zs]
= replicate (length zs) x = xs

apply hypsubst-thin

apply (induct xs)

apply simp

apply force

done

lemma (in Levellist-impl) Levellist-spec-total:
shows Vo t. I',0H,
{o. Dag p low “high t A (Vi < length ‘levellist. Tlevellist | i = Null) A
length ‘levellist = ‘p — war + 1 A
ordered t var A (Vn € set-of t. ‘mark n = (= ‘m) )}
‘levellist :== PROC' Levellist ("p, ‘'m, ‘levellist)
{311 Levellist “levellist ‘next 1l A wf-Il t 1l “var A

length ‘levellist = °p — %var + 1 A

wf-marking t “mark ‘mark °m A

(Vp. p ¢ set-of t — “next p = ‘next p)}
apply (hoare-rule HoareTotal.conseq)
apply (rule-tac ll=replicate (°p—%var + 1) [| in allD [OF Levellist-spec-total’])
apply (intro alll implI)
apply (rule-tac =0 in exl)
apply (rule-tac z=t in ezl)
apply (rule conjI)
apply (clarsimp split:if-split-asm simp del: concat-replicate-trivial)
apply (frule replicate-spec [symmetric])
apply (simp)
apply (clarsimp simp add: Levellist-def )
apply (case-tac 7)
apply simp
apply simp
apply (simp add: Collect-conv-if split:if-split-asm)
apply vcg-step
apply (elim exE conjFE)
apply (rule-tac z=I1l" in exl)
apply simp
apply (thin-tac ¥V p. p ¢ set-of t — next p = nexta p)
apply (simp add: wf-levellist-def wf-li-def)
apply (case-tac t = Tip)
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apply simp

apply (rule conjl)

apply clarsimp

apply (case-tac k)

apply simp

apply simp

apply (subgoal-tac length 1I'=Suc (var Null))
apply (simp add: Levellist-length)
apply fastforce

apply (split dag.splits)

apply simp

apply (elim conjFE)

apply (intro conjI)

apply (rule alll)

apply (erule-tac z=pa in allF)
apply clarify

prefer 2

apply (simp add: Levellist-length)
apply (rule alll)

apply (rule impl)

apply (rule balll)

apply (rotate-tac 11)

apply (erule-tac x=Fk in allE)
apply (rename-tac dagl ref dag2 k pa)
apply (subgoal-tac k <= var ref)
prefer 2

apply (subgoal-tac ref = p)
apply simp

apply clarify

apply (erule-tac ?P = Dag p low high (Node dagl ref dag2) in rev-mp)
apply (simp (no-asm))

apply (rotate-tac 14)

apply (erule-tac x=Fk in allE)
apply clarify

apply (erule-tac x=Fk in allE)
apply clarify

apply (case-tac k)

apply simp

apply simp

done

end

7 Proof of Procedure ShareRep

theory ShareRepProof imports ProcedureSpecs Simpl.HeapList begin

lemma (in ShareRep-impl) ShareRep-modifies:
shows Vo. I'={o} PROC ShareRep ('nodeslist, 'p)
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{t. t may-only-modify-globals o in [rep]}
apply (hoare-rule HoarePartial. ProcRecl)
apply (vcg spec=modifies)
done

lemma hd-filter-cons:
N i. [ P (zs!i) p; i< length zs; ¥V no € set (take i xzs). -~ Pnop; ¥V ab. Pab
= Pba]
= zs ! i = hd (filter (P p) zs)
apply (induct xs)
apply simp
apply (case-tac P a p)
apply simp
apply (case-tac 7)
apply simp
apply simp
apply (case-tac )
apply simp
apply auto
done

lemma (in ShareRep-impl) ShareRep-spec-total:
shows
Vo ns. I',0H,
{o. List ‘nodeslist mext ns A
(Vno € set ns. no # Null A
((no—"low = Null) = (no— "high = Null)) A
(isLeaf-pt "p ‘low "high — isLeaf-pt no low “high) A
no— var = p—var) A
p € set ns|
PROC ShareRep ('nodeslist, p)
{ (°p — rep = hd (filter (A sn. repNodes-eq sn %p ®low “high %rep) ns)) A
(Vpt. pt # %D — pt—rep = pt— rep) A
(Pp— rep—var = %p — %var)}
apply (hoare-rule HoareTotal. ProcNoRecl)
apply (hoare-rule anno=
IF (isLeaf-pt p low “high)
THEN p — ‘rep :== "nodeslist
ELSE
WHILE ('nodeslist # Null)
INV {3 prz sfr. List ‘nodeslist mext sfr N ns=przQsfr A
= isLeaf-pt ‘p ‘low ‘high A
(Vno € set ns. no # Null A
((no—=%low = Null) = (no—Chigh = Null)) A
(isLeaf-pt °p %low high —> isLeaf-pt no %low ®high) N
no—%var = “p—%var) A
9p € set ns A
((3pt € set prz. repNodes-eq pt “p ®low Chigh “rep)
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— rep %p = hd (filter (X sn. repNodes-eq sn p ®low Chigh “rep) prz) A
(Vpt. pt # %p — pt—rep = pt—rep)) A
((Vpt € set pre. — repNodes-eq pt “p low Chigh “rep) — %rep = rep) A
("nodeslist # Null —
(Vpt € set prz. = repNodes-eq pt “p low high “rep)) A
("p = %p A “high = %high A “low = %low)|
VAR MEASURE (length (list nodeslist ‘next))

DO
IF (repNodes-eq ‘nodeslist ‘p ‘low ‘high ‘rep)
THEN “p— rep :== "nodeslist;; ‘nodeslist :== Null
ELSE ‘nodeslist :=== "nodeslist— next
FI

0D

FI in HoareTotal.annotatel)
apply veg

using [[simp-depth-limit = 2]]

apply (rule conjl)

apply clarify

apply (simp (no-asm-use))

prefer 2

apply clarify

apply (rule-tac z=[] in exI)

apply (rule-tac z=ns in exl)

apply (simp (no-asm-use))

prefer 2

apply clarify

apply (rule conjl)

apply clarify

apply  (rule conjI)

apply (clarsimp simp add: List-list)
apply (simp (no-asm-use))

apply  (rule conjI)

apply  assumption

prefer 2

apply clarify

apply (simp (no-asm-use))

apply  (rule conjI)

apply  (clarsimp simp add: List-list)
apply  (simp only: List-not-Null simp-thms triv-forall-equality)
apply clarify

apply  (simp only: triv-forall-equality)

apply (rename-tac sfr)

apply (rule-tac z=prxQ[nodeslist] in exl)
apply  (rule-tac z=sfzr in exl)

apply  (rule conjI)

apply assumption
apply  (rule conjI)
apply Stmp
prefer 4
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apply (elim exE conjE)

apply (simp (no-asm-use))
apply hypsubst

using [[simp-depth-limit = 100]]
proof —

fix ns var low high rep next p nodeslist
assume ns: List nodeslist next ns
assume no-prop: Y no€set ns.
no #= Null A
(low no = Null) = (high no = Null) A
(isLeaf-pt p low high — isLeaf-pt no low high) A var no = var p
assume p-in-ns: p € set ns
assume p-Leaf: isLeaf-pt p low high
show nodeslist = hd [sn<ns . repNodes-eq sn p low high rep] A
var nodeslist = var p
proof —
from p-in-ns no-prop have p-not-Null: p#Null
using [[simp-depth-limit=2])
by auto
from p-in-ns have ns # ||
by (cases ns) auto
with ns obtain ns’ where ns’: ns = nodeslist#ns’
by (cases nodeslist=Null) auto
with no-prop p-Leaf obtain
isLeaf-pt nodeslist low high and
var-eq: var nodeslist = var p and
nodeslist# Null
using [[simp-depth-limit=2]]
by auto
with p-not-Null p-Leaf have repNodes-eq nodeslist p low high rep
by (simp add: repNodes-eq-def isLeaf-pt-def null-comp-def)
with ns’ var-eq
show ?thesis
by simp
qed
next

fix var::ref=>nat and low high rep repa p prz sfx next
assume sfz: List Null next sfx
assume p-in-ns: p € set (prr Q sfr)
assume no-props: ¥V no€set (prr Q sfx).
no # Null N
(low no = Null) = (high no = Null) A
(isLeaf-pt p low high — isLeaf-pt no low high) A var no = var p
assume match-prz: (I pteset prz. repNodes-eq pt p low high rep) —
repa p = hd [sn<prx . repNodes-eq sn p low high rep] A
(Vpt. pt # p —> rep pt = repa pt)
show repa p = hd [sn<prz @ sfx . repNodes-eq sn p low high rep] N
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(Vpt. pt # p —> rep pt = repa pt) A var (repa p) = var p
proof —
from sfz
have sfr-Nil: sfr=]]
by simp
with p-in-ns have ex-match: (3 pt€set pra. repNodes-eq pt p low high rep)
apply —
apply (rule-tac z=p in bexl)
apply (simp add: repNodes-eq-def)
apply simp
done
hence not-empty: [sn<prz . repNodes-eq sn p low high rep] # |]
apply —
apply (erule bezE)
apply (rule filter-not-empty)
apply auto
done
from ez-match match-prx obtain
found: repa p = hd [sn«prz . repNodes-eq sn p low high rep|] and
unmodif: ¥ pt. pt # p — rep pt = repa pt
by blast
from hd-filter-in-list [OF not-empty] found
have repa p € set prz
by simp
with no-props
have var (repa p) = var p
using [[simp-depth-limit=2]]
by simp
with found unmodif sfx-Nil
show ?thesis
by simp
qed
next

fix var low high p repa next nodeslist prz sfx
assume nodeslist-not-Null: nodeslist # Null
assume p-no-Leaf: — isLeaf-pt p low high
assume no-props: V no€set prz U set (nodeslist # sfz).

no # Null A (low no = Null) = (high no = Null) A var no = var p
assume p-in-ns: p € set pre V p € set (nodeslist # sfx)
assume match-prz: (3 pt€set prz. repNodes-eq pt p low high repa) —

repa p = hd [sn<prz . repNodes-eq sn p low high repal
assume nomatch-prz: ¥V pt€set prx. = repNodes-eq pt p low high repa
assume nomatch-nodeslist: = repNodes-eq nodeslist p low high repa
assume sfz: List (next nodeslist) next sfc
show (V noeset prz U set (nodeslist # sfx).

no # Null A (low no = Null) = (high no = Null) A var no = var p) A
((3 pteset (prz Q [nodeslist]). repNodes-eq pt p low high repa) —
repa p = hd [sn<prz @Q [nodeslist] . repNodes-eq sn p low high repa)) A
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(next nodeslist # Null —
(V pte€set (prz Q [nodeslist]). = repNodes-eq pt p low high repa))
proof —
from nomatch-prz nomatch-nodeslist
have ((3 pteset (prz Q [nodeslist]). repNodes-eq pt p low high repa) —
repa p = hd [sn<—prz Q [nodeslist] . repNodes-eq sn p low high repal)
by auto
moreover
from nomatch-prz nomatch-nodeslist
have (next nodeslist # Null —
(V pteset (prz Q [nodeslist]). = repNodes-eq pt p low high repa))
by auto
ultimately show #thesis
using no-props
by (intro conjl)
qged
next

fix var low high p repa next nodeslist prz sfx
assume nodeslist-not-Null: nodeslist # Null
assume sfz: List nodeslist next sfx
assume p-not-Leaf: = isLeaf-pt p low high
assume no-props: ¥V no€set prx U set sfz.
no # Null A
(low no = Null) = (high no = Null) A
(isLeaf-pt p low high — isLeaf-pt no low high) A var no = var p
assume p-in-ns: p € set prr V p € set sfr
assume match-prz: (3 ptEset prz. repNodes-eq pt p low high repa) —>
repa p = hd [sn<prz . repNodes-eq sn p low high repal
assume nomatch-prz: V pteset prz. = repNodes-eq pt p low high repa
assume match: repNodes-eq nodeslist p low high repa
show (Vno€set prz U set sfz.
no # Null A
(low no = Null) = (high no = Null) A
(isLeaf-pt p low high — isLeaf-pt no low high) A var no = var p) A
(p € set prz V p € set sfr) A
((F pteset prx U set sfz. repNodes-eq pt p low high repa) —>
nodeslist =
hd ([sn<prz . repNodes-eq sn p low high repa] Q
[sn«—sfx . repNodes-eq sn p low high repa])) A
((V pteset prz U set sfr. - repNodes-eq pt p low high repa) —
repa = repa(p := nodeslist))
proof —
from nodeslist-not-Null sfz
obtain sfr’ where sfr’: sfr=nodeslist#sfr’
by (cases nodeslist=Null) auto
from nomatch-prz match sfr’
have hd: hd ([sn<prz . repNodes-eq sn p low high repa] Q
[sn<—sfz . repNodes-eq sn p low high repa]) = nodeslist
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by simp
from match sfx’

have triv: ((V pteset prz U set sfr. = repNodes-eq pt p low high repa) —

repa = repa(p := nodeslist))
by simp
show ?thesis
apply (rule conjI)
apply (rule no-props)
apply (intro conjl)
apply (rule p-in-ns)
apply (simp add: hd)
apply (rule triv)
done
qed
qed

end

8 Proof of Procedure ShareReduceRepList

theory ShareReduceRepListProof imports ShareRepProof begin

lemma (in ShareReduceRepList-impl) ShareReduceRepList-modifies:
shows Vo. I'H{c} PROC ShareReduceRepList ('nodeslist)
{t. t may-only-modify-globals o in [rep]}
apply (hoare-rule HoarePartial. ProcRecl)
apply (vcg spec=modifies)
done

lemma hd-filter-app: [filter P xs # [|; zs=xsQys] —

hd (filter P zs) = hd (filter P xs)
by (induct zs arbitrary: n m) auto

lemma (in ShareReduceRepList-impl) ShareReduceRepList-spec-total:

defines var-eq = (Ans var. (Vnol € set ns. Vno2 € set ns. nol —var = no2—war))

shows
Vo ns. T'H
{o. List ‘nodeslist ‘next ns N
(Vno € set ns.
no # Null A ((no—low = Null) = (no— "high = Null)) A
no—low ¢ set ns A no—high & set ns A
(isLeaf-pt no ‘low ‘high = (no— var < 1)) A
(no—"low # Null — (no—low)— rep # Null) A
(('rep o ‘low) no ¢ set ns)) A
var-eq ns “varl}
PROC ShareReduceRepList (nodeslist)
{(¥no. no ¢ set ns — no—%rep = no— rep) A
(Vno € set ns. no—rep # Null A
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(if (("rep x low) no = (“rep < high) no A no— %low # Null)
then (no— rep = (‘rep « %low) no )
else ((no— rep) € set ns A no— rep— rep = no— rep A
(V nol € set ns.
(("rep o %high) nol = (‘rep x ®high) no A
("rep x Clow) nol = (rep x %low) no) = (no— rep = nol— rep)))))}
apply (hoare-rule HoareTotal. ProcNoRec1)
apply (hoare-rule anno=
‘node :== "nodeslist;;
WHILE ('node # Null )
INV {3 prz sfr. List ‘node ‘next sfr A
List ‘nodeslist ‘next ns A\ ns=prxQsfr A
(Vno € set ns.
no # Null A ((no—=%low = Null) = (no—%high = Null)) A
no—%low ¢ set ns A no—high ¢ set ns A
(isLeaf-pt no low high = (no—%var < 1)) A
(no—%low # Null — (no—low)—rep # Null) A
((°rep < %low) no ¢ set ns)) A
var-eq ns ‘var A
(Vno. no ¢ set prx — no—%rep = no —rep) A
(V no € set prx. no— rep # Null A
(if (("rep x Zlow) no = (‘rep x Chigh) no A no—%low # Null)
then (no— ‘rep = (‘rep x %low) no )
else ((no— rep)=hd (filter (Asn. repNodes-eq sn no ®low “high “rep)
prz) A
((no— "rep)— rep) = no— rep A
(Vnol € set pra.
(("rep o %high) nol = (‘rep x %high) no A
("rep x %low) nol = (‘rep x low) no) =
(no—"rep = nol— 'rep))))) A
‘nodeslist= nodeslist N\ "high=high N low=low A var=var}
VAR MEASURE (length (list ‘node ‘next))
DO
IF (- isLeaf-pt node ‘low "high A
‘node — ‘low — rep = node — ‘high — rep )

THEN “node — ‘rep :== ‘node — ‘low — rep
ELSE CALL ShareRep (“nodeslist , ‘node)

FI;

‘node :=="node — ‘next

OD in HoareTotal.annotatel)
apply (vcg spec=spec-total)
apply (rule-tac =[] in exl)
apply (rule-tac z=ns in exl)
using [[simp-depth-limit = 2]]
apply (simp (no-asm-use))
prefer 2
using [[simp-depth-limit = 4]]
apply (clarsimp)
prefer 2
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apply (rule conjl)

apply clarify

apply (rule conjl)

apply (clarsimp simp add: List-list)

apply (simp only: List-not-Null simp-thms triv-forall-equality)
apply clarify

apply (simp only: triv-forall-equality)

apply (rename-tac sfx)

apply (rule-tac x=prz@[node] in exl)
apply (rule-tac x=sfr in exl)

apply (rule conjl)

apply  assumption

apply (rule conjl)

apply (simp (no-asm))

apply (rule conjI)

apply  (assumption)

prefer 2

apply clarify

apply (simp only: List-not-Null simp-thms triv-forall-equality)
apply clarify

apply (simp only: triv-forall-equality)
apply (rename-tac sfx)

apply (rule-tac z=przQnode#sfr in exl)
apply (rule conjl)

apply assumption

apply (rule conjI)

apply  (rule balll)

apply  (frule-tac z=no in bspec, assumption)
apply  (drule-tac z=node in bspec)
apply  (simp (no-asm-use))

apply (elim conjFE)

apply  (rule conjI)

apply assumption

apply  (rule conjI)

apply assumption

apply  (unfold var-eg-def)

apply  (drule-tac z=node in bspec, simp)
apply  (drule-tac z=no in bspec,assumption)
apply  (simp add: isLeaf-pt-def )

apply (rule conjl)

apply (simp (no-asm))

apply (clarify)

apply (rule conjl)

apply  (subgoal-tac List node next (nodeftsfx))
apply (simp only: List-list)

apply  (simp (no-asm))

apply (simp (no-asm-simp))

apply (rule-tac x=przQ[node] in exl)

apply (rule-tac z=sfz in exl)
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apply (rule conjl)
apply  assumption
apply (rule conjl)
apply  (simp (no-asm))
apply (rule conjl)
apply  (assumption)
using [[simp-depth-limit = 100]]
proof —
fix var low high rep nodeslist ns repa next no
assume ns: List nodeslist next ns
assume no-in-ns: no € set ns
assume while-inv: ¥V no€set ns.
repa no # Null A
(if (repa  low) no = (repa x high) no A high no # Null
then repa no = (repa < low) no
else repa no = hd [sn<ns . repNodes-eq sn no low high repa] A
repa (repa no) = repa no A
(Vnoleset ns.
((repa o< high) nol = (repa x high) no A
(repa  low) nol = (repa x low) no) =
(repa no = repa nol)))
assume pre: V no€set ns.
no # Null A
(low no = Null) = (high no = Null) A
low no ¢ set ns A
high no ¢ set ns A
isLeaf-pt no low high = (var no < Suc 0) A
(low no # Null — rep (low no) # Null) A (rep x low) no ¢ set ns
assume same-var: ¥V nol €set ns. ¥V no2€set ns. var nol = var no2
assume share-case: (repa < low) no = (repa < high) no — high no = Null
assume unmodif: ¥V no. no ¢ set ns — rep no = repa no
show hd [sn<ns . repNodes-eq sn no low high repa] € set ns A
repa (hd [sn<ns . repNodes-eq sn no low high repa]) =
hd [sn<ns . repNodes-eq sn no low high repa)
proof —
from no-in-ns pre obtain
no-nNull: no # Null and
no-balanced: (low no = Null) = (high no = Null) and
isLeaf-var: isLeaf-pt no low high = (var no < Suc 0)
by blast
have repNodes-eq-same-node: repNodes-eq no no low high repa
by (simp add: repNodes-eq-def)
from no-in-ns have ns-nempty: ns # [|
by auto
from no-in-ns repNodes-eq-same-node
have repNodes-not-empty: [sn<ns . repNodes-eq sn no low high repa] # |]
by (rule filter-not-empty)
then have hd-term-in-ns: hd [sn<ns . repNodes-eq sn no low high repa] € set
ns
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by (rule hd-filter-in-list)
with while-inv obtain
repa-hd-nNull: repa (hd [sn<ns . repNodes-eq sn no low high repa]) # Null
by auto
let ?hd = hd [sn<ns . repNodes-eq sn no low high repal
from hd-term-in-ns pre obtain
hd-nNull: ?hd # Null and
hd-balanced:
(low (hd [sn<ns . repNodes-eq sn no low high repa]) = Null) =
(high (hd [sn<ns . repNodes-eq sn no low high repa]) = Null) and
hd-isLeaf-var:
isLeaf-pt (hd [sn<—ns . repNodes-eq sn no low high repa)) low high =
(var (hd [sn<—ns . repNodes-eq sn no low high repa]) < Suc 0)
by blast
have repa (hd [sn<ns . repNodes-eq sn no low high repa]) =
hd [sn<—ns . repNodes-eq sn no low high repa]
proof (cases high no = Null)
case True
with no-balanced have low no = Null
by simp
with True have no-Leaf: isLeaf-pt no low high
by (simp add: isLeaf-pt-def)
with isLeaf-var have varno: var no <= 1
by simp
from same-var [rule-format, OF no-in-ns hd-term-in-ns] varno
have var (hd [sn<ns . repNodes-eq sn no low high repa]) < 1
by simp
with hd-isLeaf-var have
isLeaf-pt (hd [sn<ns . repNodes-eq sn no low high repa)) low high
by simp
with while-inv hd-term-in-ns repNodes-not-empty show ?thesis
apply (simp add: isLeaf-pt-def)
apply (erule-tac x=
hd [sn<ns . repNodes-eq sn no low high repa] in ballE)
prefer 2
apply simp
apply (simp (no-asm-use) add: repNodes-eq-def)
apply (rule filter-hd-P-rep-indep)
apply (simp (no-asm-simp))
apply (simp (no-asm-simp))
apply assumption
done
next
assume hno-nNull: high no # Null
with share-case have repchildren-neq: (repa o low) no # (repa o high) no
by simp
from repNodes-not-empty have
repNodes-eq (hd [sn<ns . repNodes-eq sn no low high repa)) no low high
repa
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by (rule hd-filter-prop)
then
have (repa x low) (hd [sn<ns . repNodes-eq sn no low high repa)) =
(repa o low) no A
(repa o< high) (hd [sn<ns . repNodes-eq sn no low high repa]) =
(repa o< high) no
by (simp add: repNodes-eq-def)
with repchildren-neq have
(repa  low) (hd [sn<ns . repNodes-eq sn no low high repa))
# (repa o high) (hd [sn<ns . repNodes-eq sn no low high repa))
by simp
with while-inv hd-term-in-ns repNodes-not-empty show ?thesis
apply (simp add: isLeaf-pt-def)
apply (erule-tac z=
hd [sn<mns . repNodes-eq sn no low high repa] in ballE)
prefer 2
apply simp
apply (simp (no-asm-use) add: repNodes-eq-def)
apply (rule filter-hd-P-rep-indep)
apply simp
apply fastforce

apply fastforce
done

qed
with hd-term-in-ns
show ?thesis
by simp
qed
next

fix var low high rep nodeslist repa next node prx sfx
assume ns: List nodeslist next (prz @ node # sfr)
assume sfz: List (next node) next sfr
assume node-not-Null: node # Null
assume nodes-balanced-ordered: ¥ no€set (prz @ node # sfx).
no # Null A
(low no = Null) = (high no = Null) A
low no ¢ set (prx @ node # sfr) A
high no ¢ set (prz @ node # sfx) A
isLeaf-pt no low high = (var no < (1:nat)) A
(low no # Null — rep (low no) # Null) A
(rep  low) no ¢ set (prz Q node # sfx)
assume all-nodes-same-var: ¥ nol €set (prrz @ node # sfr).
Vno2€set (pre Q node # sfr). var nol = var no2
assume rep-repa-nc: ¥ no. no ¢ set prc — rep no = repa no
assume while-inv: ¥V no€set prz.
repa no # Null A
(if (repa x low) no = (repa x high) no A low no # Null
then repa no = (repa < low) no
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else repa no = hd [sn<prz . repNodes-eq sn no low high repa] A
repa (repa no) = repa no A
(Vnoleset prz.
((repa o high) nol = (repa x high) no A
(repa o low) nol = (repa x low) no) =
(repa no = repa nol)))
assume not-Leaf: — isLeaf-pt node low high
assume repchildren-eg-nin: repa (low node) = repa (high node)
show (Vno. no ¢ set (prz Q [node]) —
rep no = (repa(node := repa (high node))) no) A
(Vno€set (prz Q [node]).
(repa(node := repa (high node))) no # Null A
(if (repa(node := repa (high node)) « low) no =
(repa(node := repa (high node)) x high) no A
low no # Null
then (repa(node := repa (high node))) no =
(repa(node := repa (high node)) x low) no
else (repa(node := repa (high node))) no =
hd [sn<prz Q [node] .
repNodes-eq sn no low high
(repa(node := repa (high node)))] A
(repa(node := repa (high node)))
((repa(node := repa (high node))) no) =
(repa(node := repa (high node))) no A
(Vnoleset (prz @ [nodel).

((repa(node := repa (high node)) x high) nol =
(repa(node := repa (high node)) o high) no A
(repa(node := repa (high node)) x low) nol =
(repa(node := repa (high node)) x low) no) =
((repa(node := repa (high node))) no =
(repa(node := repa (high node))) nol))))

(is ?NodesUnmodif N\ ?NodesModif)

proof —

— This proof was originally conducted without the substitution repa (low node)
= repa (high node) preformed. So don’t be confused if we show everythin for repa
(low node).

from rep-repa-nc

have nodes-unmodif: ?NodesUnmodif

by auto
hence rep-Sucna-nc:
(Vno. no ¢ set (prz Q [node])
— rep no = (repa(node := repa (low (node )))) no)
by auto

have nodes-modif: ?NodesModif (is ¥V nocset (prz Q [node]). ?P no A 2Q no)

proof (rule balll)

fix no

assume no-in-take-Sucna: no € set (prz Q [node])
show 2P no A ?Q no

proof (cases no = node)
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case Fulse

note no-noteqg-nin=this

with no-in-take-Sucna

have no-in-take-n: no € set prz
by auto

with no-in-take-n while-inv obtain
repa-no-nNull: repa no # Null and
repa-cases: (if (repa o< low) no = (repa o< high) no A low no # Null
then repa no = (repa < low) no
else repa no = hd [sn«prz . repNodes-eq sn no low high repa)
A repa (repa no) = repa no A
(Vnoleset prr. ((repa o< high) nol = (repa  high) no
A (repa < low) nol = (repa < low) no)
= (repa no = repa nol)))
using [[simp-depth-limit = 2]]
by auto

from no-in-take-n

have no-in-nodeslist: no € set (prz @ node # sfx)
by auto

from repa-no-nNull no-noteq-nin have ext-repa-nNull: ?P no
by auto

from no-in-nodeslist nodes-balanced-ordered obtain
nin-nNull: node # Null and
nin-balanced-children: (low node = Null) = (high node = Null) and
Inln-notin-nodeslist: low node ¢ set (prz @ node # sfr) and
hnln-notin-nodeslist: high node ¢ set (prz Q node # sfr) and
isLeaf-var-nin: isLeaf-pt node low high = (var node < 1) and
node-nNull-rap-nNull-nin: (low node # Null
— rep (low node) # Null) and
nin-varrep-le-var: (rep « low) node ¢ set (prz Q node # sfz)
apply (erule-tac r=node in ballF)
apply auto
done

from no-in-nodeslist nodes-balanced-ordered no-in-take-Sucna

obtain
no-nNull: no # Null and
balanced-children: (low no = Null) = (high no = Null) and
Ino-notin-nodeslist: low no ¢ set (prz @ node # sfr) and
hno-notin-nodeslist: high no ¢ set (prx @ node # sfr) and
isLeaf-var-no: isLeaf-pt no low high = (var no < 1) and
node-nNull-rep-nNull: (low no # Null — rep (low no) # Null) and
varrep-le-var: (rep « low) no ¢ set (pre @ node # sfx)
apply —
apply (erule-tac x=no in ballE)
apply auto
done

from Ino-notin-nodeslist

have ext-rep-null-comp-low:
(repa (node = repa (low node)) x low) no = (repa x low) no
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by (auto simp add: null-comp-def)
from hno-notin-nodeslist
have ext-rep-null-comp-high:
(repa (node := repa (low node)) o high) no = (repa < high) no
by (auto simp add: null-comp-def)
have share-reduce-if: ?Q no
proof (cases (repa (node := repa (low node)) o low) no =
(repa(node := repa (low node)) o< high) no A low no # Null)
case True
then obtain
red-case: (repa (node := repa (low node)) x low) no =
(repa(node := repa (low node))  high) no and
Ino-nNull: low no # Null
by simp
from Ino-nNull balanced-children have hno-nNull: high no # Null
by simp
from True ext-rep-null-comp-low ext-rep-null-comp-high
have repchildren-eg-no: (repa x low) no = (repa x high) no
by simp
with repa-cases Ino-nNull have repa no = (repa < low) no
by auto
with ext-rep-null-comp-low no-noteg-nin
have (repa(node := repa (low node))) no =
(repa (node := repa (low node)) x low) no
by simp
with True repchildren-eq-nln show ?thesis
by auto
next
assume share-case-ext:
= ((repa(node := repa (low node)) x low) no =
(repa(node := repa (low node)) o high) no A low no # Null)
from not-Leaf isLeaf-var-nin
have 1 < var node
by simp
with all-nodes-same-var
have all-nodes-nl-SucO-l-var: ¥V z € set (prz @ node # sfr). 1 < var x
using [[simp-depth-limit=1]]
by auto
with nodes-balanced-ordered
have all-nodes-nl-noLeaf:
Yz € set (prz Q node # sfx). - isLeaf-pt x low high
apply —
apply rule
apply (drule-tac z=x in bspec,assumption)
apply (drule-tac z=xz in bspec,assumption)
apply auto
done
from nodes-balanced-ordered
have all-nodes-nl-balanced:
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repal

VYV € set (pre Q node # sfr). (low x = Null) = (high © = Null)
apply —
apply rule
apply (drule-tac x=x in bspec,assumption)
apply auto
done
from all-nodes-nl-SucO-l-var no-in-nodeslist
have Suc0-l-var-no: 1 < var no
by auto
with isLeaf-var-no have no-nLeaf: — isLeaf-pt no low high
by simp
with balanced-children have Ino-nNull: low no # Null
by (simp add: isLeaf-pt-def)
with balanced-children have hno-nNull: high no # Null
by simp
with share-case-ext ext-rep-null-comp-low ext-rep-null-comp-high Ino-nNull

have repchildren-neg-no: (repa < low) no # (repa o< high) no
by (simp add: null-comp-def)
with repa-cases
have share-case-inv:
repa no = hd [sn<prz . repNodes-eq sn no low high repa] A
repa (repa no) = repa no A
(Vnoleset pra. ((repa o< high) nol = (repa  high) no A
(repa  low) nol = (repa x low) no) = (repa no = repa nol))
by auto
then have repa-no: repa no = hd [sn<prz . repNodes-eq sn no low high

by simp
from Suc0-l-var-no have Vz € set (prz Q node # sfr). 1 < var no
by auto
from no-in-take-n have [sn<prz . repNodes-eq sn no low high repa] # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
done
then have repNodes-eq
(hd [sn<prz. repNodes-eq sn no low high repa]) no low high repa
by (rule hd-filter-prop)
with repa-no
have rep-children-eq-no-repa-no:
(repa o low) (repa no) = (repa x low) no A
(repa o< high) (repa no) = (repa o high) no
by (simp add: repNodes-eq-def)
from Ino-notin-nodeslist rep-repa-nc
have rep-repa-nc-low-no: rep (low no) = repa (low no)
apply —
apply (erule-tac z=low no in allE)
apply auto
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done
have Vz € set (prz @Q [node]).
repNodes-eq © no low high (repa(node := repa (low node))) =
repNodes-eq x no low high repa
proof (rule balll, unfold repNodes-eq-def)
fix z
assume z-in-take-Sucn: = € set (prz @ [node))
hence z-in-nodeslist: x € set (prz Q node # sfx)
by auto
with all-nodes-nl-noLeaf nodes-balanced-ordered
have children-nNull-z: low x # Null A high © # Null
apply —
apply (drule-tac z=x in bspec,assumption)
apply (drule-tac z=x in bspec,assumption)
apply (auto simp add: isLeaf-pt-def)
done
from z-in-nodeslist nodes-balanced-ordered
have low = ¢ set (prz @ node # sfr) A high x ¢ set (prz @ node # sfx)
apply —
apply (drule-tac x=x in bspec,assumption)
apply auto
done
with Ino-notin-nodeslist hno-notin-nodeslist
children-nNull-z Ino-nNull hno-nNull
show ((repa(node := repa (low node)) x high) © =
(repa(node := repa (low node)) o high) no A
(repa(node := repa (low node)) x low) = =
(repa(node := repa (low node)) x low) no) =
((repa o high) x = (repa o high) no A
(repa  low) z = (repa < low) no)
by (simp add: null-comp-def)
qed
then have filter-extrep-rep:
[sn<(prz @ [node]). repNodes-eq sn no low high
(repa(node := repa (low node)))] =
[sn«(prz Q [node]) . repNodes-eq sn no low high repa)
by (rule P-eq-list-filter)
from no-in-take-n
have filter-n-notempty: [sn<prz. repNodes-eq sn no low high repa] # []
apply (rule filter-not-empty)
apply (simp add: repNodes-eq-def)
done
then have hd [sn«prz. repNodes-eq sn no low high repa] =
hd [sn<przQ[node]. repNodes-eq sn no low high repal
by auto
with no-noteg-nin filter-extrep-rep repa-no
have ext-repa-no: (repa(node:= repa (low node))) no =
hd [sn<prz@[node] . repNodes-eq sn no low high
(repa(node := repa (low node)))]
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by simp
have (repa(node := repa (low node))) (repa no) = repa no
proof (cases repa no = node)
case True
note rno-nin=this
from rep-repa-nc-low-no rep-children-eq-no-repa-no Ino-nNull
node-nNull-rep-nNull
have low-rep-no-nNull: low (repa no) # Null
apply (simp add: null-comp-def)
apply auto
done
with nodes-balanced-ordered rno-nin
have high-rap-no-nNull: high (repa no) # Null
apply —
apply (drule-tac x=repa no in bspec)
apply auto
done
with low-rep-no-nNull rno-nin rep-children-eq-no-repa-no
have repa (low node) = (repa x low) no A
repa (high node) = (repa o high) no
by (simp add: null-comp-def)
with repchildren-eg-nln have (repa < low) no = (repa o high) no
by simp
with repchildren-neq-no show #thesis
by simp
next
assume rno-not-nln: repa no # node
from share-case-inv have repa (repa no) = repa no
by auto
with rno-not-nin show ?thesis
by simp
qed
with no-noteqg-nin have ext-repa-ext-repa:
(repa(node := repa (low node)))
((repa(node := repa (low node))) no)
= (repa(node := repa (low node))) no
by simp
have (¥ nol€set (pre@Q[node]).

((repa(node := repa (low node)) o high) nol =
(repa(node := repa (low node)) o< high) no A
(repa(node := repa (low node)) o low) nol =
(repa(node := repa (low node)) x low) no) =
((repa(node := repa (low node))) no =
(repa(node := repa (low node))) nol))

proof (rule balll)

fix nol

assume nol-in-take-Sucn: nol € set (pre@[node])

hence nol-in-nodeslist: nol € set (prxz @Q node # sfx)
by auto
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show ((repa(node := repa (low node)) o high) nol =
(repa(node := repa (low node)) o high) no A
(repa(node := repa (low node)) x low) nol =
(repa(node := repa (low node)) x low) no) =
((repa(node := repa (low node))) no =
(repa(node := repa (low node))) nol)
proof (cases nol = node)
case True
show ?thesis
proof (rule, elim conjE)
assume ext-repa-no-nol:
(repa(node := repa (low node))) no =
(repa(node := repa (low node))) nol
with True no-noteq-nin
have repa-no-repa-low-nin: repa no = repa (low node)
by simp
from filter-n-notempty
have repa-no-in-take-n:
hd [sn<«prz. repNodes-eq sn no low high repa)
€ set prx
apply —
apply (rule hd-filter-in-list)
apply auto
done
with repa-no
have repa-no-in-nodeslist: repa no € set (prr @ node # sfx)
by auto
from Inin-notin-nodeslist rep-repa-nc
have rep-repa-low-nin: rep (low node) = repa (low node)
by auto
from all-nodes-nl-noLeaf nin-balanced-children
have low node # Null
by (auto simp add: isLeaf-pt-def)
with rep-repa-low-nin Inin-notin-nodeslist Ino-nNull
nin-varrep-le-var
have repa (low node) ¢ set (pra @ node # sfx)
by (simp add: null-comp-def)
with repa-no-repa-low-nin repa-no-in-nodeslist
show (repa(node := repa (low node)) o high) nol =
(repa(node := repa (low node)) o high) no A
(repa(node := repa (low node)) < low) nol =
(repa(node := repa (low node)) < low) no
by simp
next
assume no-nol-high:
(repa(node := repa (low node)) o< high) nol =
(repa(node := repa (low node)) o high) no
assume no-nol-low:
(repa(node := repa (low node)) < low) nol =
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(repa(node := repa (low node)) « low) no
from True repchildren-eq-nin
have repachildren-eq-nol: repa (low nol) = repa (high nol)
by simp
from not-Leaf True nin-balanced-children
have children-nNull-nol: (low nol) # Null A high nol # Null
by (simp add: isLeaf-pt-def)
with repachildren-eq-nol
have repchildren-eq-nol: (repa o low) nol = (repa  high) nol
by (simp add: null-comp-def)
from no-nol-low children-nNull-nol Ino-nNull
Inln-notin-nodeslist Ino-notin-nodeslist True
have rep-low-eq-no-nol: (repa « low) nol = (repa x low) no
by (simp add: null-comp-def)
from no-nol-high children-nNull-nol hno-nNull
hnln-notin-nodeslist hno-notin-nodeslist True
have rep-high-eq-no-nol: (repa o< high) nol = (repa  high) no
by (simp add: null-comp-def)
with rep-low-eq-no-nol repchildren-eq-nol
have (repa «x low) no = (repa x high) no
by simp
with repchildren-neq-no
show (repa(node := repa (low node))) no =
(repa(node := repa (low node))) nol
by simp
qged
next
assume nol-neg-nin: nol # node
from nol-in-nodeslist nodes-balanced-ordered
have children-notin-nl-noi:
low nol ¢ set (prz @ node # sfr) A high nol ¢ set (prz @ node # sfx)
apply —
apply (drule-tac z=nol in bspec,assumption)
by auto
from noi-neg-nin nol-in-take-Sucn
have nol-in-take-n: nol € set prx
by auto
from nol-in-nodeslist all-nodes-nl-noLeaf all-nodes-nl-balanced
have children-nNull-no1: (low nol) # Null A high nol # Null
by (auto simp add: isLeaf-pt-def)
show ?thesis
proof (rule, elim conjE)
assume ext-repa-high-nol-no:
(repa(node := repa (low node)) o< high) nol
= (repa(node := repa (low node)) o high) no
assume ext-repa-low-nol-no:
(repa(node := repa (low node)) x low) nol
= (repa(node := repa (low node)) x low) no
from children-nNull-nol hno-nNull ext-repa-high-nol-no
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children-notin-nl-nol
hno-notin-nodeslist
have repa-high-no1-no: (repa o high) nol = (repa x high) no
by (simp add: null-comp-def)
from children-nNull-nol Ino-nNull ext-repa-low-nol-no
children-notin-nl-nol Ino-notin-nodeslist
have repa-low-nol-no: (repa < low) nol = (repa x low) no
by (simp add: null-comp-def)
from repchildren-neq-no repa-high-nol-no repa-low-nol-no
have (repa «x low) nol # (repa  high) nol
by simp
from nol-in-take-n share-case-inv repa-high-nol-no repa-low-nol-no
have repa no = repa nol
by auto
with no-noteg-nin nol-neg-nin
show (repa(node := repa (low node))) no =
(repa(node := repa (low node))) nol
by simp
next
assume (repa(node := repa (low node))) no =
(repa(node := repa (low node))) nol
with no-noteg-nin nol-neg-nin
have repa no = repa nol
by simp
with share-case-inv nol-in-take-n
have ((repa x high) nol = (repa < high) no A
(repa < low) nol = (repa x low) no)
by auto
with children-notin-nl-nol children-nNull-nol Ino-notin-nodeslist
hno-notin-nodeslist Ino-nNull hno-nNull
show (repa(node := repa (low node)) o« high) nol =
(repa(node := repa (low node)) o< high) no A
(repa(node := repa (low node)) x low) nol =
(repa(node := repa (low node)) o low) no
by (auto simp add: null-comp-def)
qed
qed
qed
from ext-repa-ext-repa ext-repa-no share-case-ext repchildren-eq-nin this
show ?thesis
using [[simp-depth-limit=4]]
by auto
qged
with ext-repa-nNull show ?thesis
by auto
next
assume no-nin: no = node
hence no-in-nodeslist: no € set (prz Q node # sfx)
by simp

99



from no-nin not-Leaf no-in-nodeslist
nodes-balanced-ordered [rule-format, OF this| obtain
low-no-nNull: low no # Null and
high-no-nNull: high no # Null and
rep-low-no-nNull: rep (low no) # Null and
Ino-notin-nl: low no ¢ set (prz Q node # sfzr) and
hno-notin-nl: high no ¢ set (prz @ node # sfr) and
children-nNull-no: (low no # Null) A\ (high no # Null)
apply (unfold isLeaf-pt-def)
apply blast
done

then have low no ¢ set prx
by auto

with rep-repa-nc no-nin rep-low-no-nNull

have (repa(node := repa (low node))) no # Null
by simp

moreover

have (if (repa(node := repa (low node)) x low) no =

(repa(node := repa (low node)) o high) no A low no # Null
then (repa(node := repa (low node))) no =
(repa(node := repa (low node)) « low) no
else (repa(node := repa (low node))) no =
d [sn<—przQ[node]. repNodes-eq sn no low high
(repa(node := repa (low node)))] A
(repa(node := repa (low node)))
((repa(node := repa (low node))) no) =
(repa(node := repa (low node))) no A

(Vnoleset (pre@[node).

((repa(node := repa (low node)) o high) nol =
(repa(node := repa (low node)) o< high) no A
(repa(node := repa (low node)) « low) nol =
(repa(node := repa (low node)) x low) no) =
((repa(node := repa (low node))) no =
(repa(node := repa (low node))) nol)))
proof (cases (repa(node := repa (low node)) x low) no =

(repa(node := repa (low node)) o high) no A low no # Null)

case True

note red-case=this

with children-nNull-no Ino-notin-nl hno-notin-nl

have (repa « low) no = (repa x high) no
by (auto simp add: null-comp-def)

from children-nNull-no Ino-notin-nl

have ezt-repa-eq-repa-low: (repa(node := repa (low node)) x low) no
= (repa x low) no

by (auto simp add: null-comp-def)

from children-nNull-no hno-notin-nl
have ext-repa-eq-repa-high:

(repa(node := repa (low node)) o high) no

= (repa o high) no
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by (auto simp add: null-comp-def)
from no-nin children-nNull-no
have repa (low node) = (repa x low) no
by (simp add: null-comp-def)
with red-case ext-repa-eq-repa-high ext-repa-eq-repa-low no-nin
show ?thesis
using [[simp-depth-limit=2]]
by (auto simp del: null-comp-not-Null)
next
assume share-case: — ((repa(node := repa (low node)) < low) no
= (repa(node := repa (low node)) o< high) no A low no # Null)

with low-no-nNull have (repa(node := repa (low node)) x low) no
# (repa(node := repa (low node)) o high) no
by simp

with children-nNull-no Ino-notin-nl hno-notin-nl
have (repa « low) no # (repa < high) no
by (auto simp add: null-comp-def)
with children-nNull-no have repa (low no) # repa (high no)
by (simp add: null-comp-def)
with repchildren-eq-nin no-nin show ?thesis
by simp
qged
ultimately show ?thesis
using repchildren-eq-nin
apply —
apply (simp only:)
apply (simp (no-asm))
done
qed
qed
from nodes-unmodif nodes-modif
show ?thesis by iprover
qed
next
fix var low high rep nodeslist repa next node prz sfx repb
assume ns: List nodeslist next (prz @ node # sfx)
assume sfr: List (next node) newt sf
assume nodes-balanced-ordered: ¥ no€set (prr @ node # sfx).
no # Null A
(low no = Null) = (high no = Null) A
low no ¢ set (prz Q node # sfr) A
high no ¢ set (prz @Q node # sfr) A
isLeaf-pt no low high = (var no < (1::nat)) A
(low no # Null — rep (low no) # Null) A
(rep o low) no ¢ set (prz Q node # sfx)
assume all-nodes-same-var: ¥ nol €set (prr @Q node # sfr).
Vno2€set (prz Q node # sfx). var nol = var no2
assume rep-repa-nc: ¥ no. no ¢ set prx — rep no = repa no
assume while-inv: ¥V no€set prz.
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repa no # Null A
(if (repa o low) no = (repa x high) no A low no # Null
then repa no = (repa x low) no
else repa no = hd [sn<prz . repNodes-eq sn no low high repa] A
repa (repa no) = repa no A
(Vnoleset pra.
((repa o high) nol = (repa x high) no A
(repa o low) nol = (repa x low) no) =
(repa no = repa nol)))
assume share-cond:
= (= isLeaf-pt node low high A repa (low node) = repa (high node))
assume repb-node:
repb node = hd [sn«prz @ node # sfx . repNodes-eq sn node low high repal
assume repa-repb-nc: V pt. pt # node — repa pt = repb pt
assume var-repb-node: var (repb node) = var node
show (Vno. no ¢ set (prz Q [node]) — rep no = repb no) A
(Vno€set (prz Q [node).
repb no # Null A
(if (repb o< low) no = (repb o< high) no A low no # Null
then repb no = (repb « low) no
else repb no =
hd [sn<prz Q [node] . repNodes-eq sn no low high repb] A
repb (repb no) = repb no A
(Vnoleset (prz @ [nodel).
((repb o high) nol = (repb < high) no A
(repb  low) nol = (repb x low) no) =
(repb no = repb nol))))
proof —
have rep-repb-nc: (VY no. no ¢ set (prz Q [node]) — rep no = repb no)
proof (intro alll impl)
fix no
assume no-notin-take-Sucn: no ¢ set (prz @ [node))
with rep-repa-nc
have rep-repa-nc-Sucn: rep no = repa no
by auto
from no-notin-take-Sucn have no # node
by auto
with repa-repb-nc have repa no = repb no
by auto
with rep-repa-nc-Sucn show rep no = repb no
by simp
qed
moreover
have repb-no-share-def:
(Vnoeset (prz Q [node]).
= ((repb o low) no = (repb < high) no A low no # Null) —
repb no = hd [sn<(prz Q [node]) . repNodes-eq sn no low high repb))
proof (intro balll impI)
fix no
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assume no-in-take-Sucn: no € set (prz @Q [node])
assume share-prop: = ((repb  low) no = (repb o< high) no A low no # Null)
from share-prop have share-or:
(repb o low) no # (repb o high) no V low no = Null
using [[simp-depth-limit=2]]
by simp
from no-in-take-Sucn have no-in-nl: no € set (prez Q node # sfr)
by auto
from nodes-balanced-ordered [rule-format, OF this] obtain
no-nNull: no # Null and
balanced-no: (low no = Null) = (high no = Null) and
Ino-notin-nl: low no ¢ set (prz @Q node # sfr) and
hno-notin-nl: high no ¢ set (prz @ node # sfr) and
isLeaf-var-no: isLeaf-pt no low high = (var no < 1)
by auto
have nodes-notin-nl-neg-nin: Vp. p ¢ set (prr Q node # sfr) — p # node
by auto
show repb no = hd [sn«(prz @ [node]). repNodes-eq sn no low high repb
proof (cases no = node)
case Fulse
note no-notin-nl=this
with no-in-take-Sucn have no-in-take-n: no € set prx
by auto
from Fulse repa-repb-nc have repb-repa-no: repb no = repa no
by auto
with while-inv [rule-format, OF no-in-take-n] no-in-take-n obtain
repa-no-nNull: repa no # Null and
while-share-red-exp:
(if (repa o low) no = (repa  high) no A low no # Null
then repa no = (repa o low) no
else repa no = hd [sn<prz . repNodes-eq sn no low high repa] A
repa (repa no) = repa no A
(Vnoleset prr. ((repa < high) nol = (repa  high) no A
(repa o low) nol = (repa x low) no) = (repa no = repa nol)))
using [[simp-depth-limit = 2]]
by auto
from no-in-take-n
have filter-take-n-notempty: [sn<prz.
repNodes-eq sn no low high repa] # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
done
then have hd-term-n-Sucn:
hd [sn<prz. repNodes-eq sn no low high repa)
= hd [sn+przQ[node] . repNodes-eq sn no low high repal
by auto
thus ?thesis
proof (cases low no = Null)
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case True
note [no-Null=this
with balanced-no have hno-Null: high no = Null
by simp
from Ino-Null hno-Null have isLeaf-no: isLeaf-pt no low high
by (simp add: isLeaf-pt-def)
from True while-share-red-exp
have while-low-Null:
repa no = hd [sn<prz. repNodes-eq sn no low high repa] A
repa (repa no) = repa no N
(VY noleset prr. ((repa o< high) nol = (repa  high) no
A (repa x low) nol = (repa x low) no) = (repa no = repa nol))
by auto
have all-nodes-in-nl-Leafs:
Vi € set (pre @Q node # sfr). isLeaf-pt x low high
proof (intro balll)
fix z
assume z-in-nodeslist: x € set (prz Q node # sfx)
from isLeaf-no isLeaf-var-no have var no < 1
by simp
with all-nodes-same-var [rule-format, OF z-in-nodeslist no-in-nl]
have var xz < 1
by simp
with nodes-balanced-ordered [rule-format, OF x-in-nodeslist]
show isLeaf-pt x low high
by (auto simp add: isLeaf-pt-def)
qed
have V = € set (pre@[node]). repNodes-eq z no low high repb
= repNodes-eq x no low high repa
proof (rule balll)
fix z
assume z-in-take-Sucn: x € set (pre@[node])
hence z-in-nodeslist: x € set (prz Q node # sfx)
by auto
with all-nodes-in-nl-Leafs have isLeaf-pt x low high
by auto
with isLeaf-no repa-repb-nc show repNodes-eq = no low high repb
= repNodes-eq x no low high repa
by (simp add: repNodes-eq-def null-comp-def isLeaf-pt-def)
qed
then have [sn«(prz@[node]). repNodes-eq sn no low high repa)
= [sn«(przQ@[node]) . repNodes-eq sn no low high repb]
apply —
apply (rule P-eq-list-filter)
apply simp
done
with hd-term-n-Sucn while-low-Null repb-repa-no show ?thesis
by auto
next

104



assume Ino-nNull: low no # Null
with balanced-no have hno-nNull: high no # Null
by simp
with Ino-nNull have no-nLeaf: — isLeaf-pt no low high
by (simp add: isLeaf-pt-def)
with isLeaf-var-no have Sucn-s-varno: 1 < var no
by auto
with no-in-nl all-nodes-same-var
have all-nodes-nl-var: ¥V z € set (prz Q node # sfzr). 1 < var x
apply —
apply (rule balll)
apply (drule-tac z=no in bspec,assumption)
apply (drule-tac z=xz in bspec,assumption)
apply auto
done
with nodes-balanced-ordered
have all-nodes-nl-nLeaf:
Vz € set (prz Q node # sfr). — isLeaf-pt x low high
apply —
apply (rule balll)
apply (drule-tac x=x in bspec,assumption)
apply (drule-tac z=x in bspec,assumption)
apply auto
done
from Ino-nNull share-or
have repbchildren-eg-no: (repb < low) no # (repb < high) no
by simp
with Ino-nNull hno-nNull Ino-notin-nl hno-notin-nl repa-repb-nc
nodes-notin-nl-neq-nin
have repachildren-eg-no: (repa < low) no # (repa o high) no
using [[simp-depth-limit=2]]
by (simp add: null-comp-def)
with while-share-red-exp
have repa-no-def:
repa no = hd [sn<prz . repNodes-eq sn no low high repal
by auto
with no-notin-nl repa-repb-nc
have repb no = hd [sn<prz. repNodes-eq sn no low high repal
by simp
with hd-term-n-Sucn
have repb-no-hd-term-repa: repb no =
hd [sn«przQ@[node] . repNodes-eq sn no low high repa)
by simp
have Vz € set (przQ[node]).
repNodes-eq x no low high repa = repNodes-eq x no low high repb
proof (intro balll)
fix z
assume z-in-take-Sucn: x € set (pre@[node])
hence z-in-nodeslist: € set (prz Q node # sfz)
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by auto
with all-nodes-nl-nLeaf have z-nLeaf: — isLeaf-pt x low high
by auto
from nodes-balanced-ordered [rule-format, OF x-in-nodeslist] obtain
balanced-z: (low x = Null) = (high £ = Null) and
lx-notin-nl: low x ¢ set (prz Q node # sfr) and
hz-notin-nl: high x ¢ set (prz Q node # sfr)
by auto
with nodes-notin-nl-neg-nin Ino-notin-nl hno-notin-nl Ino-nNull
hno-nNull repa-repb-nc
show repNodes-eq © no low high repa = repNodes-eq x no low high repb
by (simp add: repNodes-eq-def null-comp-def)
qed
then have [sn«(prz@[node]). repNodes-eq sn no low high repa] =
[sn«—(prz@[node]). repNodes-eq sn no low high repb)
apply —
apply (rule P-eq-list-filter)
apply auto
done
with repb-no-hd-term-repa show ?thesis
by simp
qged
next
assume no-nln: no = node
with repb-node have repb-no-def: repb no =
hd [sn«(prz @Q node # sfx). repNodes-eq sn node low high repal
by simp
show ?thesis
proof (cases isLeaf-pt no low high)
case True
note isLeaf-no=this
have Vz € set (prz @ node # sfx). repNodes-eq x no low high repb
= repNodes-eq x no low high repa
proof (rule balll)
fix z
assume z-in-nodeslist: x € set (prz Q node # sfx)
have all-nodes-in-nl-Leafs:
Vz € set (prz Q node # sfz). isLeaf-pt x low high
proof (intro balll)
fix z
assume z-in-nodeslist: x € set (prz Q node # sfz)
from isLeaf-no isLeaf-var-no have var no < 1
by simp
with all-nodes-same-var [rule-format, OF z-in-nodeslist no-in-nl]
have var x < 1
by simp
with nodes-balanced-ordered [rule-format, OF z-in-nodeslist]
show isLeaf-pt x low high
by (auto simp add: isLeaf-pt-def)
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qed

with z-in-nodeslist have isLeaf-pt x low high
by auto

with isLeaf-no repa-repb-nc

show repNodes-eq © no low high repb = repNodes-eq x no low high repa

by (simp add: repNodes-eq-def null-comp-def isLeaf-pt-def)
qed
with repb-no-def no-nin have repb-no-whole-nl: repb no =
hd [sn« (prz @ node # sfx). repNodes-eq sn node low high repb]
apply —
apply (subgoal-tac
[sn< (prz@node#sfzr). repNodes-eq sn node low high repa)
= [sn«(prz Q node # sfr) . repNodes-eq sn node low high repb])
apply simp
apply (rule P-eg-list-filter)
apply auto
done
from no-in-take-Sucn no-nin
have [sn« (prz@Q[node]). repNodes-eq sn node low high repb] # []
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
done
then
have hd [sn+(prz@Q[node]). repNodes-eq sn node low high repb] =
hd [sn«(prz @ node # sfr). repNodes-eq sn node low high repb]
apply —
apply (rule hd-filter-app [symmetric])
apply auto
done
with repb-no-whole-nl no-nin show ?thesis
by simp
next
assume no-nLeaf: — isLeaf-pt no low high
with share-or balanced-no have (repb o« low) no # (repb o high) no
using [[simp-depth-limit=2]]
by (simp add: isLeaf-pt-def)
from no-nLeaf share-cond no-nin have repa (low no) # repa (high no)
by auto
with no-nLeaf balanced-no have (repa  low) no # (repa o high) no
by (simp add: null-comp-def isLeaf-pt-def)
have V = € set (pre@Qnode#tsfz). repNodes-eq x no low high repb
= repNodes-eq x no low high repa
proof (rule balll)
fix z
assume z-in-nodeslist: = € set (pre@node# sfx)
have all-nodes-in-nl-Leafs:
Vi € set (pre@nodeftsfx). — isLeaf-pt x low high
proof (intro balll)

107



fix z
assume z-in-nodeslist: = € set (pra@Qnodefsfx)
from no-nLeaf isLeaf-var-no have 1 < var no
by simp
with all-nodes-same-var [rule-format, OF z-in-nodeslist no-in-nl]
have 1 < var z
by auto
with nodes-balanced-ordered [rule-format, OF z-in-nodeslist]
show — isLeaf-pt x low high
apply (unfold isLeaf-pt-def)
apply fastforce
done
qed
with z-in-nodeslist have x-nLeaf: — isLeaf-pt x low high
by auto
from nodes-balanced-ordered [rule-format, OF x-in-nodeslist]
have (low x = Null) = (high © = Null)
A low x ¢ set (pra@node#tsfzr) A high x ¢ set (przQnode# sfr)
by auto
with z-nLeaf balanced-no no-nLeaf repa-repb-nc
nodes-notin-nl-neg-nin Ino-notin-nl hno-notin-nl
show repNodes-eq = no low high repb = repNodes-eq x no low high repa
using [[simp-depth-limit=2]]
by (simp add: repNodes-eq-def null-comp-def isLeaf-pt-def)
qed
with repb-no-def no-nin
have repb-no-whole-nl:
repb no = hd [sn(pre@node# sfr). repNodes-eq sn node low high repb]
apply —
apply (subgoal-tac
[sn«—(pre@Qnode# sfx). repNodes-eq sn node low high repal
= [sn«(pre@Qnode#sfx). repNodes-eq sn node low high repb])
apply simp
apply (rule P-eq-list-filter)
apply auto
done
from no-in-take-Sucn no-nin
have [sn«(przQ@[node]) . repNodes-eq sn node low high repb] # []
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
done
then have
hd [sn+ (prz@[node]) . repNodes-eq sn node low high repb] =
hd [sn«(pre@node# sfr) . repNodes-eq sn node low high repb]
apply —
apply (rule hd-filter-app [symmetric])
apply auto
done
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with repb-no-whole-nl no-nin show ?thesis
by simp
qed
qed
qed
have repb-no-red-def: (¥ nocset (preQ[node]).(repb < low) no = (repb < high)
no
A low no # Null — repb no = (repb x low) no)
proof (intro balll impl)
fix no
assume no-in-take-Sucn: no € set (pre@[node))
assume red-cond-no: (repb x low) no = (repb  high) no A low no # Null
from no-in-take-Sucn have no-in-nl: no € set (pre@node# sfx)
by auto
from nodes-balanced-ordered [rule-format, OF thisjobtain
no-nNull: no # Null and
balanced-no: (low no = Null) = (high no = Null) and
Ino-notin-nl: low no ¢ set (pre@Qnode#tsfr) and
hno-notin-nl: high no ¢ set (prezQnode#sfr) and
isLeaf-var-no: isLeaf-pt no low high = (var no < 1)
by auto
have nodes-notin-nl-neg-nin: ¥V p. p ¢ set (praQnode#tsfxr) — p # node
by auto
show repb no = (repb «x low) no
proof (cases no = node)
case Fulse
note no-notin-nl=this
with no-in-take-Sucn have no-in-take-n: no € set prz
by auto
from Fulse repa-repb-nc have repb-repa-no: repb no = repa no
by auto
with while-inv [rule-format, OF no-in-take-n] obtain
repa-no-nNull: repa no # Null and
while-share-red-exp:
(if (repa o< low) no = (repa  high) no A low no # Null
then repa no = (repa < low) no
else repa no = hd [sn<prz. repNodes-eq sn no low high repa] A
repa (repa no) = repa no A
(Vnoleset prz. ((repa o< high) nol = (repa o high) no A
(repa o low) nol = (repa x low) no) = (repa no = repa nol)))
using [[simp-depth-limit=2]]
by auto
from red-cond-no nodes-notin-nil-neq-nin Ino-notin-nl
hno-notin-nl while-share-red-exp balanced-no repa-repb-nc
have red-repa-no: repa no = (repa < low) no
by (auto simp add: null-comp-def)
from red-cond-no nodes-notin-nl-neq-nin Ino-notin-nl repa-repb-nc
have (repb  low) no = (repa x low) no
by (auto simp add: null-comp-def)
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with red-repa-no no-notin-nl balanced-no repa-repb-nc
have repb no = (repb x low) no
by auto
with red-cond-no show ?thesis
by auto
next
assume no = node
with share-cond
have share-cond-pre:
isLeaf-pt no low high V repa (low no) # repa (high no)
by simp
show ?thesis
proof (cases isLeaf-pt no low high)
case True
with red-cond-no show ?thesis
by (simp add: isLeaf-pt-def)
next
assume no-nLeaf: = isLeaf-pt no low high
with share-cond-pre
have repa (low no) # repa (high no)
by simp
with no-nLeaf Ino-notin-nl hno-notin-nl nodes-notin-nl-neq-nin
balanced-no repa-repb-nc
have repb (low no) # repb (high no)
using [[simp-depth-limit=2]]
by (auto simp add: isLeaf-pt-def)
with no-nLeaf balanced-no have (repb o< low) no # (repb o high) no
by (simp add: null-comp-def isLeaf-pt-def)
with red-cond-no show ?thesis
by simp
qed
qed
qed
have while-while: (V no€set (preQlnodel).
repb no # Null N
(if (repb o low) no = (repb o< high) no A low no # Null
then repb no = (repb o low) no
else repb no = hd [sn<(prz@[node]). repNodes-eq sn no low high repb] A
repb (repb no) = repb no A
(Vnoleset ((praQ[nodel)). ((repb o high) nol = (repb x high) no
A (repb « low) nol = (repb x low) no) = (repb no = repb nol))))
(is V no€set (prz@Q[node]). ?P no A ?2Q no)
proof (intro balll)
fix no
assume no-in-take-Sucn: no € set (pre@Q[node))
hence no-in-nl: no € set (pre@node# sfx)
by auto
from nodes-balanced-ordered [rule-format, OF this] obtain
no-nNull: no # Null and
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balanced-no: (low no = Null) = (high no = Null) and
Ino-notin-nl: low no ¢ set (pre@Qnode#tsfr) and
hno-notin-nl: high no ¢ set (preQnode#sfr) and
isLeaf-var-no: isLeaf-pt no low high = (var no < 1)
by auto
from no-in-take-Sucn
have filter-take-Sucn-not-empty:
[sn«(prz@[node]). repNodes-eq sn no low high repb] # [|
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eg-def)
done
then have hd-filter-Sucn-in-Sucn:
hd [sn<(prz@[node]). repNodes-eq sn no low high repb] €
set (pre@Q[node])
by (rule hd-filter-in-list)
have nodes-notin-nl-neg-nln: ¥V p. p ¢ set (pre@node#sfr) — p # node
by auto
show ?P no A ?Q no
proof (cases no = node)
case Fulse
note no-notin-nl=this
with no-in-take-Sucn
have no-in-take-n: no € set prz
by auto
from Fualse repa-repb-nc have repb-repa-no: repb no = repa no
by auto
with while-inv [rule-format, OF no-in-take-n] obtain
repa-no-nNull: repa no # Null and
while-share-red-exp:
(if (repa o< low) no = (repa x high) no A low no # Null
then repa no = (repa < low) no
else repa no = hd [sn<prz. repNodes-eq sn no low high repa] N
repa (repa no) = repa no A
(Vnoleset prr. ((repa < high) nol = (repa o high) no A
(repa  low) nol = (repa x low) no) = (repa no = repa nol)))
using [[simp-depth-limit=2]]
by auto
from repb-repa-no repa-no-nNull have repb-no-nNull: P no
by simp
have ?Q no
proof (cases (repb x low) no = (repb  high) no A low no # Null)
case True
with no-in-take-Sucn repb-no-red-def show ?thesis
by auto
next
assume share-case-repb:
= ((repb o low) no = (repb o< high) no A low no # Null)
with repb-no-share-def no-in-take-Sucn
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have repb-no-def: repb no = hd [sn+ (prz@[node]).
repNodes-eq sn no low high repb]
by auto
with share-case-repb
have (repb o low) no # (repb < high) no V low no = Null
using [[simp-depth-limit=_2]]
by simp
thus ?thesis
proof (cases low no = Null)
case True
note Ino-Null=this
with balanced-no have hno-Null: high no = Null
by simp
from Ino-Null hno-Null have isLeaf-no: isLeaf-pt no low high
by (simp add: isLeaf-pt-def)
from True while-share-red-exp
have while-low-Null:
repa no = hd [sn«prz. repNodes-eq sn no low high repa] A
repa (repa no) = repa no A
(Vnoleset pra. ((repa < high) nol = (repa o high) no
A (repa x low) nol = (repa x low) no) = (repa no = repa nol))
by auto
from no-in-take-n
have [sn«prz. repNodes-eq sn no low high repa) # |]
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eg-def)
done
then have hd-term-n-Sucn: hd [sn<prz. repNodes-eq sn no low high

repa) =
hd [sn«(przQ[node]) . repNodes-eq sn no low high repa)
apply —
apply (rule hd-filter-app [symmetric])
apply auto
done

have all-nodes-in-nl-Leafs:
YV € set (pre@Qnode#sfx). isLeaf-pt © low high
proof (intro balll)
fix z
assume z-in-nodeslist: = € set (pre@Qnode#sfx)
from isLeaf-no isLeaf-var-no have var no < 1
by simp
with all-nodes-same-var [rule-format, OF z-in-nodeslist no-in-nl]
have var x < 1
by simp
with nodes-balanced-ordered [rule-format, OF z-in-nodeslist]
show isLeaf-pt x low high
by (auto simp add: isLeaf-pt-def)
qed
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from no-in-take-Sucn have
filter-Sucn-no-notempty:
[sn«(prz@[node)). repNodes-eq sn no low high repb] # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eg-def)
done
then have hd-term-in-take-Sucn:
hd [sn«(prz@[node]) . repNodes-eq sn no low high repb]
€ set (przQ[node])
by (rule hd-filter-in-list)
then have hd-term-in-nl:
hd [sn«(prz@[node]) . repNodes-eq sn no low high repb]
€ set (preQnode#tsfr)
by auto
with all-nodes-in-nl-Leafs
have hd-term-Leaf: isLeaf-pt (hd [sn+ (prz@[node]).
repNodes-eq sn no low high repb]) low high
by auto
from while-low-Null have repa (repa no) = repa no
by auto
with no-notin-nl repa-repb-nc
have repa-repb-no-repb: repa (repb no) = repb no
by auto
have repb-repb-no: repb (repb no) = repb no
proof (cases repb no = node)
case Fulse
with repa-repb-nc repa-repb-no-repb show ?thesis
by auto
next
assume repb-no-nin: repb no = node
with hd-term-Leaf isLeaf-no all-nodes-in-nl-Leafs
have nested-hd-repa-repb:
hd [sn<(pre@Qnode#t sfx). repNodes-eq sn
(hd [sn+(przQ[node]) . repNodes-eq sn no low high repb))
low high repa) =
hd [sn«(pre@Qnode# sfx). repNodes-eq sn
( hd [sn<(prz@[node]). repNodes-eq sn no low high repb))
low high repb]
by (simp add: isLeaf-pt-def repNodes-eq-def null-comp-def)
from hd-term-in-take-Sucn
have [sn«(pre@[node]). repNodes-eq sn
(hd [sn<(przQ[node]). repNodes-eq sn no low high repb])
low high repb] # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
done
then have hd [sn«(przQ[node]). repNodes-eq sn
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( hd [sn<(prz@Q[nodel). repNodes-eq sn no low high repbl)
low high repb] =
hd [sn«(przQ@Qnode#sfz). repNodes-eq sn
( hd [sn<(prz@[node]). repNodes-eq sn no low high repb))
low high repb]
apply —
apply (rule hd-filter-app [symmetric])
apply auto
done
then have hd-term-nodeslist-Sucn:
hd [sn<(pre@Qnode#sfx). repNodes-eq sn
( hd [sn<(przQ[nodel). repNodes-eq sn no low high repbl)
low high repb] =
hd [sn«(przQ@[node]). repNodes-eq sn
( hd [sn<(prz@[node]). repNodes-eq sn no low high repb))
low high repb]
by simp
from no-in-take-Sucn filter-Sucn-no-notempty
have filter-filter: hd [sn<(przQ[node]). repNodes-eq sn
(hd [sn+(przQ[node]). repNodes-eq sn no low high repb])
low high repb] =
hd [sn+(prz@[node]). repNodes-eq sn no low high repb)
apply —
apply (rule filter-hd-P-rep-indep)
apply (auto simp add: repNodes-eq-def)
done
from repb-no-def repb-no-nin repb-node
have repb (repb no) = hd [sn+(pre@Qnode# sfx). repNodes-eq sn
( hd [sn<(przQ[node]). repNodes-eq sn no low high repbl)
low high repa)
by simp
with nested-hd-repa-repb
have repb (repb no) = hd [sn«(pre@Qnode# sfr). repNodes-eq sn
(hd [sn<(przQ[node]). repNodes-eq sn no low high repb])
low high repb]
by simp
with hd-term-nodeslist-Sucn
have repb (repb no) = hd [sn«(pra@[node]). repNodes-eq sn
( hd [sn«(prz@Q[nodel). repNodes-eq sn no low high repbl)
low high repb]
by simp
with filter-filter
have repb (repb no) = hd [sn<(prz@[node]).
repNodes-eq sn no low high repb)
by simp
with repb-no-def show ?thesis
by simp
qed
have two-nodes-repb: (¥ nol €set (przQ@[node]).
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((repb o high) nol = (repb o high) no
A (repb o low) nol = (repb x low) no) = (repb no = repb nol))
proof (intro balll)
fix nol
assume nol-in-take-Sucn: nol € set (pre@[node])
then have nol € set (pra@Qnode#tsfxr) by auto
with all-nodes-in-nl-Leafs
have isLeaf-nol: isLeaf-pt nol low high
by auto
with isLeaf-no
have repbchildren-eq-no-nol: (repb o« high) nol = (repb < high) no
A (repb « low) nol = (repb x low) no
by (simp add: null-comp-def isLeaf-pt-def)
from isLeaf-nol isLeaf-no
have repachildren-eq-no-nol: (repa  high) nol = (repa  high) no
A (repa o< low) nol = (repa x low) no
by (simp add: null-comp-def isLeaf-pt-def)
from while-low-Null
have while-low-same-rep: (¥ nol €set prz.
((repa o high) nol = (repa o high) no
A (repa < low) nol = (repa x low) no) = (repa no = repa nol))
by auto
show ((repb o high) nol = (repb o high) no A
(repb o low) nol = (repb  low) no) = (repb no = repb nol)
proof (cases nol = node)
case Fulse
with nol-in-take-Sucn have nol € set prx
by auto
with while-low-same-rep repachildren-eq-no-nol
have repa no = repa nol
by auto
with repa-repb-nc no-notin-nl False repbchildren-eg-no-nol
show ?thesis
by auto
next
assume nol-nin: nol = node
hence nol-in-take-Sucn: nol € set (prz@Q[node])
by auto
hence nol-in-nl: nol € set (pre@node#sfr)
by auto
from nodes-balanced-ordered [rule-format, OF this| have
balanced-nol: (low nol = Null) = (high nol = Null)
by auto
with nol-in-take-Sucn repb-no-share-def isLeaf-nol
have repb-nol: repb nol = hd [sn<(przQ@[node]).
repNodes-eq sn nol low high repb
by (auto simp add: isLeaf-pt-def)
from balanced-nol isLeaf-nol isLeaf-no balanced-no
have repbchildren-eg-no1-no: (repb x high) nol = (repb  high) no
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A (repb o low) nol = (repb x low) no
by (simp add: null-comp-def isLeaf-pt-def)
have V z € set (przQ@[node]). repNodes-eq x no low high repb
= repNodes-eq x nol low high repb
proof (intro balll)
fix z
assume z-in-take-Sucn: = € set (pre@[node])
with repbchildren-eq-nol-no show repNodes-eq x no low high repb
= repNodes-eq x nol low high repb
by (simp add: repNodes-eq-def)
qed
then have [sn<(prz@[node]). repNodes-eq sn no low high repb]
= [sn«(przQ@[node]). repNodes-eq sn nol low high repb]
by (rule P-eq-list-filter)
with repb-no-def repb-nol have repb-no-nol: repb no = repb nol
by simp
with repbchildren-eqg-nol-no show ?thesis
by simp
qed
qed
with repb-repb-no repb-no-share-def no-in-take-Sucn share-case-repb
show ?thesis
using [[simp-depth-limit=4]]
by auto
next
assume [no-nNull: low no # Null
with share-case-repb
have repbchildren-neg-no: (repb o low) no # (repb x high) no
by auto
from balanced-no Ino-nNull
have hno-nNull: high no # Null
by simp
with repbchildren-neg-no Ino-nNull repa-repb-nc
Ino-notin-nl hno-notin-nl nodes-notin-nl-neg-nin
have repachildren-neg-no: (repa x low) no # (repa x high) no
using [[simp-depth-limit=2]]
by (auto simp add: null-comp-def)
with while-share-red-exp
have repa-while-inv: repa (repa no) = repa no
A (Vnoleset prr. ((repa o< high) nol = (repa o high) no
A (repa o low) nol = (repa x low) no) = (repa no = repa nol))
by auto
from Ino-nNull hno-nNull
have no-nLeaf: — isLeaf-pt no low high
by (simp add: isLeaf-pt-def)
have all-nodes-in-nl-nLeafs:
Va € set (pra@Qnode#sfx). — isLeaf-pt z low high
proof (intro balll)
fix z
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assume z-in-nodeslist: = € set (pra@Qnodeftsfx)
from no-nLeaf isLeaf-var-no have 1 < var no
by simp
with all-nodes-same-var [rule-format, OF z-in-nodeslist no-in-nl]
have I < varzx
by simp
with nodes-balanced-ordered [rule-format, OF z-in-nodeslist]
show — isLeaf-pt x low high
using [[simp-depth-limit = 2]]
by (auto simp add: isLeaf-pt-def)
qed
have repb-repb-no: repb (repb no) = repb no
proof —
from repa-while-inv no-notin-nl repa-repb-nc
have repa (repb no) = repb no
by simp
from hd-filter-Sucn-in-Sucn repb-no-def
have repb-no-in-take-Sucn: repb no € set (prz@[node])
by simp
hence repb-no-in-nl: repb no € set (pre@node#tsfr)
by auto
from all-nodes-in-nl-nLeafs repb-no-in-nl
have repb-no-nLeaf: — isLeaf-pt (repb no) low high
by auto
from nodes-balanced-ordered [rule-format, OF repb-no-in-nl]
have (low (repb no) = Null) = (high (repb no) = Null)
A low (repb no) ¢ set (pra@Qnodeftsfx) A
high (repb no) ¢ set (pra@node+#sfr)
by auto
from filter-take-Sucn-not-empty
have repNodes-eq (hd [sn+(prz@[node]).
repNodes-eq sn no low high repb]) no low high repb
by (rule hd-filter-prop)
with repb-no-def have repNodes-eq (repb no) no low high repb
by simp
then have (repb o low) (repb no) = (repb x low) no
A (repb o high) (repb no) = (repb o high) no
by (simp add: repNodes-eq-def)
with repbchildren-neg-no have (repb o low) (repb no)
# (repb o high) (repb no)
by simp
with repb-no-in-take-Sucn repb-no-share-def
have repb-repb-no-double-hd:
repb (repb no) = hd [sn«(prz@[node]).
repNodes-eq sn (repb no) low high repb]
by auto
from filter-take-Sucn-not-empty
have hd [sn«(prz@[node]).
repNodes-eq sn (repb no) low high repb] = repb no
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apply (simp only: repb-no-def )
apply (rule filter-hd-P-rep-indep)
apply (auto simp add: repNodes-eq-def)
done
with repb-repb-no-double-hd show ?thesis
by simp
qed
have (Vnol€set (pre@[node]).
((repb o< high) nol = (repb < high) no A
(repb o low) nol = (repb x low) no) = (repb no = repb nol))
proof (intro balll)
fix nol
assume nol-in-take-Sucn: nol € set (pre@[nodel)
hence nol-in-nl: nol € set (pre@Qnode#sfz)
by auto
from all-nodes-in-nl-nLeafs nol-in-nl
have nol-nLeaf: = isLeaf-pt nol low high
by auto
from nodes-balanced-ordered [rule-format, OF nol-in-nl]
have nol-props: (low nol = Null) = (high nol = Null)
A low nol ¢ set (pre@node#sfr) A high nol ¢ set (preQ@node#sfr)
by auto
show ((repb  high) nol = (repb  high) no
A (repb o< low) nol = (repb x low) no) = (repb no = repb nol)
proof (cases nol = node)
case Fulse
note nol-neq-nin=this
with nol-in-take-Sucn
have noi-in-take-n: nol € set prx
by auto
with repa-while-inv have ((repa < high) nol = (repa x high) no
A (repa o low) nol = (repa x low) no) = (repa no = repa nol)
by fastforce
with nol-props nol-nLeaf no-nLeaf balanced-no Ino-notin-nl
hno-notin-nl nodes-notin-nl-neq-nln no-notin-nl
nol-neq-nin repa-repb-nc
show ?thesis
using [[simp-depth-limit=1])
by (auto simp add: null-comp-def isLeaf-pt-def)
next
assume nol-nin: nol = node
show ?thesis
proof
assume repbchildren-eq-nol-no:
(repb o< high) nol = (repb o< high) no
A (repb o low) nol = (repb o low) no
with repbchildren-neq-no
have (repb o< high) nol # (repb x low) nol
by auto

118



with repb-no-share-def nol-in-take-Sucn
have repb-nol-def: repb nol = hd [sn«(prz@[node]).
repNodes-eq sn nol low high repd]
by auto
have filter-no1-eq-filter-no: [sn<(prz@[node]).
repNodes-eq sn nol low high repb] =
[sn<(prz@[node]). repNodes-eq sn no low high repb]
proof —
have Vz € set (pre@[node]).
repNodes-eq © nol low high repb =
repNodes-eq = no low high repb
proof (intro balll)
fix z
assume z-in-take-Sucn: x € set (preQ[node])
with repbchildren-eq-no1-no
show repNodes-eq © nol low high repb =
repNodes-eq © no low high repb
by (simp add: repNodes-eq-def)
qed
then show ?Zthesis
by (rule P-eq-list-filter)
qed
with repb-nol-def repb-no-def show repb no = repb nol
by simp
next
assume repb-no-nol-eq: repb no = repb nol
from noi-nin repb-node repb-no-def have repb-noi-def:
repb nol =
hd [sn«(pre@Qnode# sfx). repNodes-eq sn node low high repal
by auto
with nol-nin repb-no-def repb-no-nol-eq
have repb-Sucn-repa-nl-hd: hd [sn«(pre@[node]).
repNodes-eq sn no low high repb] =
hd [sn«(pre@Qnode#t sfx). repNodes-eq sn nol low high repa)
by simp
from filter-take-Sucn-not-empty
have hd [sn«(przQ[node]). repNodes-eq sn no low high repb)
= hd [sn<(pre@Qnode#sfx) . repNodes-eq sn no low high repb)
apply —
apply (rule hd-filter-app [symmetric])
apply auto
done
then have hd-Sucn-hd-whole-list:
hd [sn+(prz@[node]) .
repNodes-eq sn no low high repb] =
hd [sn« (prz@node#tsfr). repNodes-eq sn no low high repb)
by simp
have hd-nl-repb-repa:
[sn< (prz@node#sfr). repNodes-eq sn no low high repb)
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= [sn«(preQnodeft sfx). repNodes-eq sn no low high repal
proof —
have YV € set (pre@node#sfz).
repNodes-eq x no low high repb =
repNodes-eq = no low high repa
proof (intro balll)
fix z
assume z-in-nl: ¢ € set (pre@Qnode#t sfx)
from all-nodes-in-nl-nLeafs z-in-nl
have z-nLeaf: — isLeaf-pt x low high
by auto
from nodes-balanced-ordered [rule-format, OF z-in-nl]
have z-props: (low x = Null) = (high © = Null) A
low z ¢ set (preQnodeftsfzr) A high x ¢ set (przQnode#sfr)
by auto
with z-nLeaf Ino-nNull hno-nNull Ino-notin-nl hno-notin-nl
nodes-notin-nl-neg-nin repa-repb-nc
show repNodes-eq x no low high repb =
repNodes-eq x no low high repa
using [[simp-depth-limit=1]]
by (simp add: repNodes-eq-def isLeaf-pt-def null-comp-def)
qed
then show ?thesis
by (rule P-eq-list-filter)
qed
with repb-Sucn-repa-nl-hd hd-Sucn-hd-whole-list
have filter-nl-no-noti:
hd [sn+(pre@Qnode#t sfx). repNodes-eq sn no low high repal
= hd [sn«(przQ@node#sfr). repNodes-eq sn nol low high repal
by simp
from no-in-nl have filter-no-not-empty:
[sn«(pre@Qnode# sfx). repNodes-eq sn no low high repa] # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eg-def)
done
from nol-in-nl have filter-no1-not-empty:
[sn<(preQ@Qnode# sfx). repNodes-eq sn nol low high repa] # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
done
from repb-no-def hd-Sucn-hd-whole-list hd-nl-repb-repa
have repb no =
hd [sn«(pre@Qnode# sfx). repNodes-eq sn no low high repal
by simp
with hd-filter-prop [OF filter-no-not-empty |
have repNodes-no-repa: repNodes-eq (repb no) no low high repa
by auto
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from repb-nol-def nol-nin
have
repb nol = hd [sn+(przQnode#tsfr). repNodes-eq sn nol
low high repa)
by simp
with hd-filter-prop [OF filter-nol-not-empty |
have repNodes-eq (repb nol) nol low high repa
by auto
with filter-nl-no-nol repNodes-no-repa repb-no-nol-eq
have (repa x high) nol =
(repa o< high) no A (repa x low) nol = (repa < low) no
by (simp add: repNodes-eq-def)
with hno-nNull nol-props nol-nLeaf Ino-nNull Ino-notin-nl
hno-notin-nl nodes-notin-nl-neq-nln repa-repb-nc
show (repb o high) nol =
(repb o< high) no A (repb o low) nol = (repb x low) no
using [[simp-depth-limit=1]]
by (auto simp add: isLeaf-pt-def null-comp-def)
qed
qed
qed
with repb-repb-no repb-no-share-def share-case-repb no-in-take-Sucn
show ?thesis
using [[simp-depth-limit=1]]
by auto
ged
ged
with repb-no-nNull show ?thesis
by simp
next
assume no-nin: no = node
with repb-node have repb-no-def:
repb no = hd [sn«(pre@node# sfx). repNodes-eq sn no low high repa)
by simp
from no-nin have no € set (pre@node# sfx)
by auto
then have filter-nl-repa-not-empty:
[sn<—(pre@Qnode# sfx). repNodes-eq sn no low high repa) # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
done
then have hd-filter-nl-in-nl:
hd [sn+(pre@Qnode# sfx). repNodes-eq sn no low high repa] € set (pre@node# sfx)
by (rule hd-filter-in-list)
with repb-no-def
have repb-no-in-nodeslist: repb no € set (pre@node#sfx)
by simp
from nodes-balanced-ordered [rule-format,OF this]
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Null

have repb-no-nNull: repb no # Null
by auto
from share-cond no-nin have share-cond-or:
isLeaf-pt no low high V repa (low no) # repa (high no)
by auto
have share-reduce-if: (if (repb o< low) no = (repb o high) no A low no #

then repb no = (repb o low) no
else repb no = hd [sn<(prz@[node]). repNodes-eq sn no low high repb)

repb (repb no) = repb no
A (Vnoleset (preQlnode]). ((repb o high) nol = (repb  high) no
A (repb o low) nol = (repb < low) no) = (repb no = repb nol)))
proof (cases isLeaf-pt no low high)
case True
note isLeaf-no=this
then have lno-Null: low no = Null by (simp add: isLeaf-pt-def)
from isLeaf-no no-in-take-Sucn repb-no-share-def
have repb-no-repb-def: repb no
= hd [sn+(przQ[node]). repNodes-eq sn no low high repb]
by (auto simp add: isLeaf-pt-def)
from isLeaf-no nodes-balanced-ordered [rule-format, OF no-in-nl)
have var-no: var no < 1
by auto
have all-nodes-nl-var-I-1: Vz € set (pra@Qnode#sfx). var x < 1
proof (intro balll)
fix z
assume z-in-nl: = € set (pre@node# sfr)
from all-nodes-same-var [rule-format, OF z-in-nl no-in-nl] var-no
show wvarx < 1
by auto
qed
have all-nodes-nl-Leafs: V x € set (pra@node#sfz). isLeaf-pt x low high
proof (intro balll)
fix z
assume z-in-nl: z € set (pre@Qnode# sfx)
with all-nodes-nl-var-I-1 have var x < 1
by auto
with nodes-balanced-ordered [rule-format, OF x-in-nl ]
show isLeaf-pt x low high
by auto
ged
have repb-repb-no: repb (repb no) = repb no
proof —
from repb-no-share-def no-in-take-Sucn Ino-Null
have repb-no-def: repb no =
hd [sn«(prz@[node]). repNodes-eq sn no low high repb)
by auto
with hd-filter-Sucn-in-Sucn
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have repb-no-in-take-Sucn: repb no € set (prz@[node])
by simp
hence repb-no-in-nl: repb no € set (preQ[node])
by auto
with all-nodes-nl-Leafs
have repb-no-Leaf: isLeaf-pt (repb no) low high
by auto
with repb-no-in-take-Sucn repb-no-share-def
have repb-repb-no-def: repb (repb no) =
hd [sn<(prz@[node]). repNodes-eq sn (repb no) low high repb)
by (auto simp add: isLeaf-pt-def)
from filter-take-Sucn-not-empty
show ?thesis
apply (simp only: repb-repb-no-def )
apply (simp only: repb-no-def)
apply (rule filter-hd-P-rep-indep)
apply (auto simp add: repNodes-eg-def)
done
qed
have two-nodes-repb: (V¥ nol €set (preQ[node]).
((repb o< high) nol = (repb < high) no A
(repb o low) nol = (repb < low) no) = (repb no = repb nol))
proof (intro balll)
fix nol
assume nol-in-take-Sucn: nol € set (pre@[node))
from noi-in-take-Sucn
have nol € set (pra@Qnode#tsfx)
by auto
with all-nodes-nl-Leafs
have isLeaf-nol: isLeaf-pt nol low high
by auto
with repb-no-share-def nol-in-take-Sucn
have repb-nol-def: repb nol =
hd [sn<(prz@[node]). repNodes-eq sn nol low high repb]
by (auto simp add: isLeaf-pt-def)
show ((repb o high) nol = (repb o high) no
A (repb « low) nol = (repb x low) no) = (repb no = repb nol)
proof
assume repbchildren-eg-nol-no: (repb o high) nol = (repb < high) no
A (repb o< low) nol = (repb x low) no
have [sn«(prz@[node]). repNodes-eq sn nol low high repb]
= [sn«(przQ[node]). repNodes-eq sn no low high repb]
proof —
have Vz € set (przQ[node]).
repNodes-eq x nol low high repb = repNodes-eq x no low high repb
proof (intro balll)
fix z
assume z-in-take-Sucn: = € set (pra@[node])
with repbchildren-eq-nol-no
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show repNodes-eq x nol low high repb = repNodes-eq x no low high
repb
by (simp add: repNodes-eq-def)
qed
then show ?%thesis
by (rule P-eq-list-filter)
qed
with repb-nol-def repb-no-repb-def
show repb no = repb nol
by simp
next
assume repb-no-nol: repb no = repb nol
with isLeaf-no isLeaf-nol
show (repb o high) nol = (repb o high) no
A (repb « low) nol = (repb x low) no
by (simp add: null-comp-def isLeaf-pt-def)
qed
qed
with repb-repb-no Ino-Null no-in-take-Sucn repb-no-share-def show ?thesis
by auto
next
assume no-nlLeaf: = isLeaf-pt no low high
with balanced-no obtain
Ino-nNull: low no # Null and
hno-nNull: high no # Null
by (simp add: isLeaf-pt-def)
from no-nLeaf nodes-balanced-ordered [rule-format, OF no-in-nl]
have var-no: 1 < var no
by auto
have all-nodes-nl-var-l-1: Yz € set (preQnode#sfr). 1 < var x
proof (intro balll)
fix z
assume z-in-nl: = € set (pre@node#sfr)
with all-nodes-same-var [rule-format, OF z-in-nl no-in-nl] var-no
show 1 < var x
by simp
qged
have all-nodes-nl-nLeafs: ¥ x € set (pre@node#sfr). — isLeaf-pt x low
high
proof (intro balll)
fix z
assume z-in-nl: z € set (pre@Qnode# sfx)
with all-nodes-nl-var-lI-1 have 1 < var x
by auto
with nodes-balanced-ordered [rule-format, OF z-in-nl] show - isLeaf-pt
x low high
by auto
qed
from no-nLeaf share-cond-or
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have repachildren-neg-no: repa (low no) # repa (high no)
by auto
with Ino-nNull hno-nNull
have (repa x low) no # (repa x high) no
by (simp add: null-comp-def)
with repa-repb-nc Ino-notin-nl hno-notin-nl
nodes-notin-nl-neg-nin Ino-nNull hno-nNull
have repbchildren-neg-no: (repb o low) no # (repb x high) no
using [[simp-depth-limit=1]]
by (auto simp add: null-comp-def)
have repb-repb-no: repb (repb no) = repb no
proof —
from repb-no-share-def no-in-take-Sucn repbchildren-neq-no
have repb-no-def: repb no =
hd [sn«(prz@[node]). repNodes-eq sn no low high repb)
by auto
from filter-take-Sucn-not-empty
have repNodes-eq (repb no) no low high repb
apply (simp only: repb-no-def)
apply (rule hd-filter-prop)
apply simp
done
with repbchildren-neg-no
have repbchildren-neg-repb-no: (repb o< low) (repb no) # (repb < high)
(repb no)
by (simp add: repNodes-eq-def)
from filter-take-Sucn-not-empty
have repb no € set (prz@Q[node])
apply (simp only: repb-no-def )
apply (rule hd-filter-in-list)
apply simp
done
with repbchildren-neq-repb-no repb-no-share-def
have repb-repb-no-def: repb (repb no) =
hd [sn«(prz@[node]) . repNodes-eq sn (repb no) low high repb]
by auto
from filter-take-Sucn-not-empty show ?thesis
apply (simp only: repb-repb-no-def )
apply (simp only: repb-no-def)
apply (rule filter-hd-P-rep-indep)
apply (auto simp add: repNodes-eq-def)
done
qed
have two-nodes-repb: (¥ nol€set (pre@[node]).
((repb o< high) nol = (repb x high) no A
(repb  low) nol = (repb  low) no) = (repb no = repb nol))
(is (Vnoleset (przQnode]). ?P nol))
proof (intro balll)
fix not
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assume nol-in-take-Sucn: nol € set (prz@[nodel)
hence noi-in-nodeslist: nol € set (pra@Qnode#tsfx)
by auto
with all-nodes-nl-nLeafs
have noil-nLeaf: = isLeaf-pt nol low high
by auto
show ?P nol
proof
assume repbchildren-eqg-nol-no: (repb o high) nol = (repb o< high) no
A (repb « low) nol = (repb x low) no
with repbchildren-neg-no have (repb o< high) nol # (repb o low) nol
by auto
with nol-in-take-Sucn repb-no-share-def have repb-nol-def: repb nol

hd [sn«(prz@[node]). repNodes-eq sn nol low high repb)
by auto
from repb-no-share-def no-in-take-Sucn repbchildren-neg-no
have repb-no-def: repb no =
hd [sn«(prz@[node]). repNodes-eq sn no low high repb]
by auto
have [sn«(pre@[node]). repNodes-eq sn nol low high repb] =
[sn<(przQ@[node]). repNodes-eq sn no low high repb]
proof —
have V z € set (prz@[node)).
repNodes-eq x nol low high repb = repNodes-eq x no low high repb
proof (intro balll)
fix z
assume z-in-take-Sucn: = € set (pre@[node])
with repbchildren-eq-nol-no
show repNodes-eq x nol low high repb = repNodes-eq x no low high
repb
by (simp add: repNodes-eq-def)
qed
then show ?thesis
by (rule P-eq-list-filter)
qed
with repb-no-def repb-nol-def show repb no = repb nol
by simp
next
assume repb-no-nol: repb no = repb nol
from repb-no-share-def no-in-take-Sucn repbchildren-neg-no
have repb-no-def: repb no =
hd [sn«(przQ@[node]). repNodes-eq sn no low high repb]
by auto
from filter-take-Sucn-not-empty
have repb no € set (pre@[node])
apply (simp only: repb-no-def)
apply (rule hd-filter-in-list)
apply simp
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done
then have repb-no-in-nl: repb no € set (pra@Qnode#sfx)
by auto
from filter-take-Sucn-not-empty
have repNodes-repb-no: repNodes-eq (repb no) no low high repb
apply (simp only: repb-no-def)
apply (rule hd-filter-prop)
apply simp
done
show (repb o high) nol = (repb < high) no
A (repb o low) nol = (repb < low) no
proof (cases (repb o low) nol = (repb < high) nol)
case True
note red-cond=this
from nol-in-nodeslist all-nodes-nl-nLeafs
have noil-nLeaf: — isLeaf-pt nol low high
by auto
from nodes-balanced-ordered [rule-format, OF nol-in-nodeslist]
have nol-props: (low nol ¢ set (pre@node# sfz))
A (high nol ¢ set (pre@node#sfr)) N(low nol = Null) = (high
nol = Null)
A ((rep o< low) nol ¢ set (pre@node# sfr))
by auto
with red-cond nol-nLeaf nol-in-take-Sucn repb-no-red-def
have repb-nol-def: repb nol = (repb x low) nol
by (auto simp add: isLeaf-pt-def)
with nol-nLeaf nol-props have repb nol = repb (low nol)
by (simp add: null-comp-def isLeaf-pt-def)
from nol-props nol-nLeaf have rep (low nol) ¢ set (pre@node#sfr)
by (auto simp add: isLeaf-pt-def null-comp-def)
with rep-repb-nc nol-props
have repb (low nol) ¢ set (pre@node# sfx)
by auto
with repb-nol-def repb-no-nol nol-props nol-nLeaf
have repb no ¢ set (pra@Qnode sfx)
by (simp add: isLeaf-pt-def null-comp-def)
with repb-no-in-nl show ?thesis
by simp
next
assume (repb o low) nol # (repb o< high) nol
with repb-no-share-def nol-in-take-Sucn
have repb-nol-def: repb nol =
hd [sn<(przQ[node]). repNodes-eq sn nol low high repb]
by auto
from noli-in-take-Sucn
have [sn«(przQ[node]). repNodes-eq sn nol low high repb] # ||
apply —
apply (rule filter-not-empty)
apply (auto simp add: repNodes-eq-def)
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done
then
have repNodes-repb-nol: repNodes-eq (repb nol) nol low high repb
apply (simp only: repb-nol-def )
apply (rule hd-filter-prop)
apply simp
done
with repNodes-repb-no repb-no-nol
have repNodes-eq nol no low high repb
by (simp add: repNodes-eq-def)
then show ?thesis
by (simp add: repNodes-eq-def)
qed
qed
qed
with repb-repb-no repb-no-share-def no-in-take-Sucn repbchildren-neq-no
show ?thesis
using [[simp-depth-limit=2]]
by fastforce
qed
with repb-no-nNull show ?thesis
by simp
qed
qed
with rep-repb-nc show ?thesis
by (intro conjI)
qed
qed

end

9 Proof of Procedure Repoint

theory RepointProof imports ProcedureSpecs begin
hide-const (open) DistinctTreeProver.set-of tree. Node tree. Tip

lemma (in Repoint-impl) Repoint-modifies:
shows Vo. I'H{o} p :== PROC Repoint ('p)
{t. t may-only-modify-globals o in [low,high]}
apply (hoare-rule HoarePartial. ProcRecl)
apply (veg spec=modifies)
done

lemma low-high-exchange-dag:
assumes pt-same: ¥V pt. pt ¢ set-of It — low pt = lowa pt A high pt = higha pt
assumes pt-changed: ¥V pt € set-of lt. lowa pt = (rep o low) pt A
higha pt = (rep o< high) pt
assumes rep-pt: V pt € set-of rt. rep pt = pt
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shows Aq. Dag q (rep x low) (rep  high) rt =
Dag q (rep  lowa) (rep x higha) rt
using rep-pt
proof (induct rt)
case Tip thus ?case by simp
next
case (Node Irt q’ rrt)
have Dag q (rep o low) (rep o< high) (Node lrt q' rrt) by fact
then obtain
q" ¢ =q' and
g-notNull: g # Null and
Irt: Dag ((rep o low) q) (rep o low) (rep o< high) Irt and
rrt: Dag ((rep o< high) q) (rep o low) (rep o high) rrt
by auto
have rlowa-rlow: ((rep x lowa) q) = ((rep x low) q)
proof (cases q € set-of It)
case True
note g-in-lt=this
with pt-changed have lowa-q: lowa ¢ = (rep x low) ¢
by simp
thus (rep « lowa) ¢ = (rep x low) ¢
proof (cases low ¢ = Null)
case True
with lowa-q have lowa ¢ = Null
by (simp add: null-comp-def)
with True show ?thesis
by (simp add: null-comp-def)
next
assume lg-nNull: low q¢ # Null
show ?thesis
proof (cases (rep o< low) ¢ = Null)
case True
with lowa-q have lowa ¢ = Null
by simp
with True show ?thesis
by (simp add: null-comp-def)
next
assume 7lg-nNull: (rep x low) q # Null
with Irt lowa-q have lowa q € set-of Irt

by auto

with Node.prems Node have lowa q € set-of (Node lrt q’ rrt)
by simp

with Node.prems have rep (lowa q) = lowa q
by auto

with lowa-q rlg-nNull show ?thesis
by (simp add: null-comp-def)
qed
qed
next
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assume g-notin-lt: q ¢ set-of It
with pt-same have low q = lowa q
by auto
thus ?thesis
by (simp add: null-comp-def)
qed
have rhigha-rhigh: ((rep o higha) q) = ((rep x high) q)
proof (cases q € set-of It)
case True
note ¢-in-lt=this
with pt-changed have higha-q: higha q¢ = (rep < high) q
by simp
thus ?thesis
proof (cases high ¢ = Null)
case True
with higha-q have higha ¢ = Null
by (simp add: null-comp-def)
with True show ?thesis
by (simp add: null-comp-def)
next
assume hg-nNull: high ¢ # Null
show ?thesis
proof (cases (rep o high) ¢ = Null)
case True
with higha-q have higha q¢ = Null
by simp
with True show ?thesis
by (simp add: null-comp-def)
next
assume rhg-nNull: (rep < high) q # Null
with rrt higha-q have higha q € set-of rrt

by auto

with Node.prems Node have higha q € set-of (Node lrt q' rrt)
by simp

with Node.prems have rep (higha q) = higha q
by auto

with higha-q rhg-nNull show ?thesis
by (simp add: null-comp-def)
qed
qed
next
assume ¢-notin-lt: q ¢ set-of It
with pt-same have high g = higha ¢
by auto
thus ?thesis
by (simp add: null-comp-def)
qed
with rrt have rhigha-mized-dag:
Dayg ((rep x higha) q) (rep x low) (rep o high) rrt
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by simp

from Irt rlowa-rlow have rlowa-mized-dag:
Dag ((rep x lowa) q) (rep o low) (rep o< high) lrt
by simp

from Node.prems have Irt-rep-eq: V pteset-of lrt. rep pt = pt
by simp

from Node.prems have rri-rep-eq: V pteset-of rrt. rep pt = pt
by simp

from rlowa-mized-dag Irt-rep-eq have lowa-lrt:
Dayg ((rep x lowa) q) (rep x lowa) (rep < higha) Irt
apply —
apply (rule Node.hyps)
apply auto
done

from rhigha-mized-dag rrt-rep-eq have higha-rrt:
Dag ((rep o higha) q) (rep o< lowa) (rep o higha) rrt
apply —
apply (rule Node.hyps)
apply auto
done

with lowa-Irt ¢’ ¢-notNull

show Dag q (rep x lowa) (rep < higha) (Node lrt q' rrt)
by simp

qed

lemma (in Repoint-impl) Repoint-spec’:
shows
Vo.TF {0}
‘p :== PROC Repoint (p)
{V rept. ((Dag ((°rep x id) %p) (°rep x %low) (°rep o “high) rept)
A (Y no € set-of rept. “rep no = no))
— Dag p “low ‘high rept N
(Vpt. pt & set-of rept — %low pt = “low pt A Chigh pt = ‘high pt)]}
apply (hoare-rule HoarePartial. ProcRecl)
apply vcg
apply (rule conjl)
apply clarify
prefer 2
apply (intro impl alll )
apply (simp add: null-comp-def)
apply (rule conjI)
prefer 2
apply (clarsimp)
apply clarify
proof —
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fix low high p rep lowa higha pa lowb highb pb rept
assume p-nNull: p # Null
assume rp-nNull: rep p # Null
assume rec-spec-lrept:
Y rept. Dag ((rep o id) (low (rep p))) (rep o low) (rep o< high) rept
A (V no€set-of rept. rep no = no)
— Dag pa lowa higha rept N\
(Vpt. pt ¢ set-of rept — low pt = lowa pt A high pt = higha pt)
assume rec-spec-rrept:
Y rept. Dag ((rep  id) (higha (rep p))) (rep o lowa(rep p := pa)) (rep x higha)
rept
A (V no€set-of rept. rep no = no)
— Dag pb lowb highb rept A
(Vpt. pt & set-of rept — (lowa(rep p := pa)) pt = lowb pt A higha pt =
highb pt)
assume rept-dag: Dag ((rep < id) p) (rep o low) (rep o< high) rept
assume rno-rept: ¥V no€set-of rept. rep no = no
show Dag (rep p) lowb (highb(rep p := pb)) rept A
(Vpt. pt & set-of rept — low pt = lowb pt A high pt = (highb(rep p := pb))
pt)
proof —
from rp-nNull rept-dag p-nNull obtain lrept rrept where
rept-def: rept = Node lrept (rep p) rrept
by auto
with rept-dag p-nNull have lrept-dag:
Dayg ((rep o low) (rep p)) (rep o low) (rep o< high) lrept
by simp
from rept-def rept-dag p-nNull have rrept-dag:
Dag ((rep o high) (rep p)) (rep o low) (rep o< high) rrept

by simp

from rno-rept rept-def have rno-lrept: ¥ no € set-of lrept. rep no = no
by auto

from rno-rept rept-def have rno-rrept: ¥V no € set-of rrept. rep no = no
by auto

have repoint-post-low:
Dag pa lowa higha lrept N\
(Vpt. pt ¢ set-of lrept — low pt = lowa pt A high pt = higha pt)
proof —
from lrept-dag have Dag ((rep o id) (low (rep p))) (rep o low) (rep < high)
lrept
by (simp add: id-trans)
with rec-spec-lrept rno-lrept show ?thesis
apply —
apply (erule-tac x=lrept in allE)
apply (erule impFE)
apply simp
apply assumption
done
qed
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hence low-lowa-nc: (Vpt. pt ¢ set-of lrept — low pt = lowa pt N high pt =
higha pt)
by simp
from lrept-dag repoint-post-low obtain
pa-def: pa = (rep x low) (rep p) and
lowa-higha-def: (V no € set-of lrept. lowa no = (rep x low) no A higha no =
(rep o< high) no)
apply —
apply (drule Dags-eq-hp-eq)
apply auto
done
from rept-dag have rept-DAG: DAG rept
by (rule Dag-is-DAG)
with rept-def have rp-notin-lrept: rep p ¢ set-of lrept
by simp
from rept-DAG rept-def have rp-notin-rrept: rep p ¢ set-of rrept
by simp
have Dag ((rep o id) (higha (rep p))) (rep x lowa(rep p := pa)) (rep x higha)
rrept
proof —
from low-lowa-nc rp-notin-lrept have (rep o high) (rep p) = (rep x higha)
(rep p)
by (auto simp add: null-comp-def)
with rrept-dag have higha-mized-rrept:
Dag ((rep o id) (higha (rep p))) (rep o< low) (rep o< high) rrept
by (simp add: id-trans)
thm low-high-exchange-dag
with low-lowa-nc lowa-higha-def rno-rrept have lowa-higha-rrept:
Dag ((rep o id) (higha (rep p))) (rep x lowa) (rep o higha) rrept
apply —
apply (rule low-high-exchange-dag)
apply auto
done
have Dag ((rep x id) (higha (rep p))) (rep o lowa) (rep x higha) rrept =
Dag ((rep o id) (higha (rep p))) (rep x lowa(rep p := pa)) (rep o higha)

rrept
proof —
have V no € set-of rrept. (rep x lowa) no = (rep x lowa(rep p := pa)) no
N
(rep o higha) no = (rep o higha) no
proof
fix no

assume no-in-rrept: no € set-of rrept
with rp-notin-rrept have no # rep p
by blast
thus (rep « lowa) no = (rep x lowa(rep p := pa)) no A
(rep  higha) no = (rep « higha) no
by (simp add: null-comp-def)
qged
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thus ?thesis
by (rule heaps-eq-Dag-eq)
qed
with lowa-higha-rrept show ?thesis
by simp
qed
with rec-spec-rrept rno-rrept have repoint-rrept: Dag pb lowb highb rrept N
(Vpt. pt & set-of rrept —
(lowa(rep p := pa)) pt = lowb pt A higha pt = highb pt)
apply —
apply (erule-tac x=rrept in allFE)
apply (erule impE)
apply simp
apply assumption
done
then have ab-nc: (Vpt. pt ¢ set-of rrept —
(lowa(rep p := pa)) pt = lowb pt A higha pt = highb pt)
by simp
from repoint-rrept rrept-dag obtain
pb-def: pb = ((rep x high) (rep p)) and
lowb-highb-def: (¥ no € set-of rrept. lowb no = (rep o low) no A highb no =
(rep o< high) no)
apply —
apply (drule Dags-eq-hp-eq)
apply auto
done
have rept-end-dag: Dag (rep p) lowb (highb(rep p := pb)) rept
proof —
have V no € set-of rept. lowb no = (rep  low) no A (highb(rep p := pb)) no
= (rep  high) no
proof
fix no
assume no-in-rept: no € set-of rept
show lowb no = (rep o low) no A (highb(rep p := pb)) no = (rep x high)
no
proof (cases no € set-of rrept)
case True
with lowb-highb-def pb-def show ?thesis
by simp
next
assume no-notin-rrept: no ¢ set-of rrept
show ?thesis
proof (cases no € set-of lrept)
case True
with no-notin-rrept rp-notin-lrept ab-nc
have ab-nc-no: lowa no = lowb no A higha no = highb no
apply —
apply (erule-tac x=no in allE)
apply (erule impE)
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apply simp
apply (subgoal-tac no # rep p)
apply simp
apply blast
done
from lowa-higha-def True have
lowa no = (rep « low) no A higha no = (rep x high) no
by auto
with ab-nc-no have lowb no = (rep x low) no A highb no =(rep o high)

no
by simp
with rp-notin-lrept True show ?thesis
apply (subgoal-tac no # rep p)
apply simp
apply blast
done
next
assume no-notin-lrept: no ¢ set-of lrept
with no-in-rept rept-def no-notin-rrept have no-rp: no = rep p
by simp
with rp-notin-lrept low-lowa-nc have a-nc:
low no = lowa no N\ high no = higha no
by auto
from rp-notin-rrept no-rp ab-nc have
(lowa(rep p := pa)) no = lowb no A higha no = highb no
by auto
with a-nc pa-def no-rp have (rep < low) no = lowb no A high no =
highb no
by auto
with pb-def no-rp show ?thesis
by simp
qed
qed
qed
with rept-dag have Dag (rep p) lowb (highb(rep p := pb)) rept =
Dag (rep p) (rep « low) (rep o high) rept
apply —
thm heaps-eq-Dag-eq
apply (rule heaps-eq-Dag-eq)
apply auto
done
with rept-dag p-nNull show ?thesis
by simp
qed
have (V pt. pt ¢ set-of rept — low pt = lowb pt A high pt = (highb(rep p :=
pb)) pt)
proof (intro alll impl)
fix pt

assume pit-notin-rept: pt ¢ set-of rept
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with rept-def obtain
pt-notin-lrept: pt ¢ set-of lrept and
pt-notin-rrept: pt ¢ set-of rrept and
pt-neq-rp: pt # rep p
by simp
with low-lowa-nc ab-nc show low pt = lowb pt A high pt = (highb(rep p =
pb)) pt
by auto
qed
with rept-end-dag show ?thesis
by simp
qed
qed

lemma (in Repoint-impl) Repoint-spec:
shows
Vo rept. TF {o. Dag (("rep < id) p) (‘rep x Tow) (‘rep x ‘high) rept
A (Y no € set-of rept. ‘rep no = no) |
p :== PROC Repoint (p)
{Dag p “low ‘high rept A
(Vpt. pt & set-of rept — %low pt = “low pt A ®high pt = ‘high pt)]}
apply (hoare-rule HoarePartial. ProcRecl)
apply vcg
apply (rule conjI)
prefer 2
apply (clarsimp simp add: null-comp-def)
apply clarify
apply (rule conjI)
prefer 2
apply clarsimp
apply clarify
proof —
fix rept low high rep p
assume rept-dag: Dag ((rep o id) p) (rep o low) (rep o high) rept
assume rno-rept: ¥V no€set-of rept. rep no = no
assume p-nNull: p # Null
assume rp-nNull: rep p # Null
show Flrept.
Dag ((rep x id) (low (rep p))) (rep o low) (rep o< high) lrept A
(Y no€set-of lrept. rep no = no) A
(Y lowa higha pa.
Dag pa lowa higha lrept N
(V pt. pt ¢ set-of lrept —
low pt = lowa pt A high pt = higha pt) —
(I rrept.
Dag ((rep o id) (higha (rep p))) (rep o lowa(rep p := pa))
(rep o higha) rrept A
(V no€set-of rrept. rep no = no) A
(W lowb highb pb.
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Dag pb lowb highb rrept A
(V pt. pt & set-of rrept —
(lowa(rep p := pa)) pt = lowb pt A
higha pt = highb pt) —
Dag (rep p) lowb (highb(rep p := pb)) rept A
(V pt. pt ¢ set-of rept —»
low pt = lowb pt A
high pt = (highb(rep p := pb)) pt))))
proof —
from rp-nNull rept-dag p-nNull obtain lrept rrept where
rept-def: rept = Node lrept (rep p) rrept
by auto
with rept-dag p-nNull have lrept-dag:
Dag ((rep x low) (rep p)) (rep x low) (rep o< high) lrept
by simp
from rept-def rept-dag p-nNull have rrept-dag:
Dag ((rep o high) (rep p)) (rep o low) (rep o< high) rrept
by simp
from rno-rept rept-def have rno-lrept: ¥V no € set-of lrept. rep no = no
by auto
from rno-rept rept-def have rno-rrept: ¥V no € set-of rrept. rep no = no
by auto
show ?thesis
apply (rule-tac z=lrept in exI)
apply (rule conjI)
apply (simp add: id-trans lrept-dag)
apply (rule conjI)
apply (rule rno-lrept)
apply clarify
subgoal premises prems for lowa higha pa
proof —
have lrepta: Dag pa lowa higha lrept by fact
have low-lowa-nc:
YV pt. pt ¢ set-of lrept — low pt = lowa pt A high pt = higha pt by fact
from lrept-dag lrepta obtain
pa-def: pa = (rep x low) (rep p) and
lowa-higha-def: ¥ no € set-of lrept.
lowa no = (rep  low) no A higha no = (rep o high) no
apply —
apply (drule Dags-eq-hp-eq)
apply auto
done
from rept-dag have rept-DAG: DAG rept
by (rule Dag-is-DAG)
with rept-def have rp-notin-lrept: rep p ¢ set-of lrept
by simp
from rept-DAG rept-def have rp-notin-rrept: rep p ¢ set-of rrept
by simp
have rrepta: Dag ((rep o id) (higha (rep p)))

137



(rep o lowa(rep p := pa)) (rep o higha) rrept
proof —
from low-lowa-nc rp-notin-lrept
have (rep o high) (rep p) = (rep o higha) (rep p)
by (auto simp add: null-comp-def)
with rrept-dag have higha-mized-rrept:
Dag ((rep o id) (higha (rep p))) (rep o low) (rep o high) rrept
by (simp add: id-trans)
thm low-high-exchange-dag
with low-lowa-nc lowa-higha-def rno-rrept
have lowa-higha-rrept:
Dag ((rep o id) (higha (rep p))) (rep x lowa) (rep o< higha) rrept
apply —
apply (rule low-high-exchange-dag)
apply auto
done
have Dag ((rep x id) (higha (rep p))) (rep o lowa) (rep o higha) rrept =
Dag ((rep  id) (higha (rep p)))
(rep o lowa(rep p := pa)) (rep x higha) rrept
proof —
have Vno € set-of rrept.
(rep o lowa) no = (rep x lowa(rep p := pa)) no A
(rep o higha) no = (rep  higha) no
proof
fix no
assume no-in-rrept: no € set-of rrept
with rp-notin-rrept have no # rep p
by blast
thus (rep « lowa) no = (rep < lowa(rep p := pa)) no A
(rep o< higha) no = (rep o higha) no
by (simp add: null-comp-def)
qed
thus ?thesis
by (rule heaps-eq-Dag-eq)
qed
with lowa-higha-rrept show ?thesis
by simp
qed
show ?thesis
apply (rule-tac z=rrept in exl)
apply (rule conjI)
apply (rule rrepta)
apply (rule conjI)
apply (rule rno-rrept)
apply clarify
subgoal premises prems for lowb highb pb
proof —
have rreptb: Dag pb lowb highb rrept by fact
have ab-nc: V pt. pt ¢ set-of rrept —
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(lowa(rep p := pa)) pt = lowb pt A higha pt = highb pt by
fact
from rreptb rrept-dag obtain
pb-def: pb = ((rep x high) (rep p)) and
lowb-highb-def: ¥ no € set-of rrept.
lowb no = (rep x low) no A highb no = (rep < high) no
apply —
apply (drule Dags-eq-hp-eq)
apply auto
done
have rept-end-dag: Dag (rep p) lowb (highb(rep p := pb)) rept
proof —
have Vno € set-of rept.
lowb no = (rep < low) no A (highb(rep p := pb)) no = (rep x
high) no
proof
fix no
assume no-in-rept: no € set-of rept
show lowb no = (rep < low) no A
(highb(rep p := pb)) no = (rep x high) no
proof (cases no € set-of rrept)
case True
with lowb-highb-def pb-def show ¢thesis
by simp
next
assume no-notin-rrept: no ¢ set-of rrept
show ?thesis
proof (cases no € set-of lrept)
case True
with no-notin-rrept rp-notin-lrept ab-nc
have ab-nc-no: lowa no = lowb no N\ higha no = highb no
apply —
apply (erule-tac x=no in allE)
apply (erule impFE)
apply simp
apply (subgoal-tac no # rep p)
apply simp
apply blast
done
from lowa-higha-def True have
lowa no = (rep  low) no A higha no = (rep < high) no
by auto
with ab-nc-no
have lowb no = (rep  low) no A highb no =(rep x high) no
by simp
with rp-notin-lrept True show ?thesis
apply (subgoal-tac no # rep p)
apply simp
apply blast
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done
next
assume no-notin-lrept: no ¢ set-of lrept
with no-in-rept rept-def no-notin-rrept have no-rp: no = rep p
by simp
with rp-notin-lrept low-lowa-nc
have a-nc: low no = lowa no A high no = higha no
by auto
from rp-notin-rrept no-rp ab-nc
have (lowa(rep p := pa)) no = lowb no A higha no = highb no
by auto
with a-nc pa-def no-rp
have (rep x low) no = lowb no A high no = highb no
by auto
with pb-def no-rp show ?thesis
by simp
qed
qed
qed
with rept-dag
have Dag (rep p) lowb (highb(rep p := pb)) rept =
Dag (rep p) (rep x low) (rep o< high) rept
apply —
apply (rule heaps-eq-Dag-eq)
apply auto
done
with rept-dag p-nNull show ?Zthesis
by simp
qed
have (V pt. pt ¢ set-of rept — low pt = lowb pt A
high pt = (highb(rep p := pb)) pt)
proof (intro alll impI)
fix pt
assume pit-notin-rept: pt ¢ set-of rept
with rept-def obtain
pt-notin-lrept: pt ¢ set-of lrept and
pt-notin-rrept: pt ¢ set-of rrept and
pt-neq-rp: pt # rep p
by simp
with low-lowa-nc ab-nc
show low pt = lowb pt A high pt = (highb(rep p := pb)) pt
by auto
qed
with rept-end-dag show ?thesis
by simp
qed
done
qed
done
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qed
qed

lemma (in Repoint-impl) Repoint-spec-total:
shows
Vo rept. TH; {o. Dag ((rep x id) "p) (“rep < ‘low) (‘rep o 'high) rept
A (VY no € set-of rept. rep no = no) |
p :== PROC Repoint (p)
{Dag p “low ‘high rept A
(Vpt. pt & set-of rept — %low pt = “low pt A %high pt = ‘high pt)]}

apply (hoare-rule HoareTotal. ProcRecl
[where r=measure (A(s,p). size
(dag ((°rep o< id) “p) (Prep o< low) (*rep o< *high)))])
apply veg
apply (rule conjI)
prefer 2
apply (clarsimp simp add: null-comp-def)
apply clarify
apply (rule conjl)
prefer 2
apply clarsimp
apply clarify
proof —
fix rept low high rep p
assume rept-dag: Dag ((rep « id) p) (rep  low) (rep o< high) rept
assume rno-rept: ¥ no€set-of rept. rep no = no
assume p-nNull: p # Null
assume rp-nNull: rep p # Null
show dlrept.
Dag ((rep x id) (low (rep p))) (rep o low) (rep o< high) lrept A
(Y no€set-of lrept. rep no = no) A
size (dag ((rep o id) (low (rep p))) (rep x low) (rep x high))
< size (dag ((rep o id) p) (rep x low) (rep o< high)) A
(VY lowa higha pa.
Dag pa lowa higha lrept A
(Vpt. pt ¢ set-of lrept —
low pt = lowa pt A high pt = higha pt) —
(I rrept.
Dag ((rep o id) (higha (rep p))) (rep o lowa(rep p := pa))
(rep o< higha) rrept A
(V no€set-of rrept. rep no = no) A
size (dag ((rep  id) (higha (rep p)))
(rep o lowa(rep p := pa)) (rep o< higha))
< size (dag ((rep o id) p) (rep  low) (rep o< high)) A
(VY lowb highb pb.
Dag pb lowb highb rrept A
(Vpt. pt ¢ set-of rrept —
(lowa(rep p := pa)) pt = lowb pt A
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higha pt = highb pt) —
Dag (rep p) lowd (highb(rep p := pb)) rept A
(Vpt. pt ¢ set-of rept —
low pt = lowdb pt A
high pt = (highb(rep p := pb)) pt))))
proof —
from rp-nNull rept-dag p-nNull obtain lrept rrept where
rept-def: rept = Node lrept (rep p) rrept
by auto
with rept-dag p-nNull have lrept-dag:
Dag ((rep o< low) (rep p)) (rep o low) (rep o< high) lrept
by simp
from rept-def rept-dag p-nNull have rrept-dag:
Dag ((rep o< high) (rep p)) (rep  low) (rep o high) rrept
by simp
from rno-rept rept-def have rno-lrept: ¥ no € set-of lrept. rep no = no
by auto
from rno-rept rept-def have rno-rrept: ¥V no € set-of rrept. rep no = no
by auto
show ?thesis
apply (rule-tac z=lrept in exI)
apply (rule conjI)
apply (simp add: id-trans lrept-dag)
apply (rule conjI)
apply (rule rno-lrept)
apply (rule congl)
using rept-dag rept-def
apply (simp only: Dag-dag)
apply (clarsimp simp add: id-trans Dag-dag)
apply clarify
subgoal premises prems for lowa higha pa
proof —
have lrepta: Dag pa lowa higha lrept by fact
have low-lowa-nc:
Vpt. pt ¢ set-of lrept — low pt = lowa pt A high pt = higha pt by fact
from lrept-dag lrepta obtain
pa-def: pa = (rep x low) (rep p) and
lowa-higha-def: ¥ no € set-of lrept.
lowa no = (rep  low) no A higha no = (rep < high) no
apply —
apply (drule Dags-eq-hp-eq)
apply auto
done
from rept-dag have rept-DAG: DAG rept
by (rule Dag-is-DAG)
with rept-def have rp-notin-lrept: rep p ¢ set-of lrept
by simp
from rept-DAG rept-def have rp-notin-rrept: rep p ¢ set-of rrept
by simp
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have rrepta: Dag ((rep o id) (higha (rep p)))
(rep o lowa(rep p := pa)) (rep x higha) rrept
proof —
from low-lowa-nc rp-notin-lrept
have (rep o< high) (rep p) = (rep  higha) (rep p)
by (auto simp add: null-comp-def)
with rrept-dag have higha-mized-rrept:
Dag ((rep x id) (higha (rep p))) (rep o< low) (rep o high) rrept
by (simp add: id-trans)
thm low-high-exchange-dag
with low-lowa-nc lowa-higha-def rno-rrept
have lowa-higha-rrept:
Dag ((rep o id) (higha (rep p))) (rep x lowa) (rep o higha) rrept
apply —
apply (rule low-high-exchange-dag)
apply auto
done
have Dag ((rep x id) (higha (rep p))) (rep o lowa) (rep o higha) rrept =
Dag ((rep o id) (higha (rep p)))
(rep o lowa(rep p := pa)) (rep x higha) rrept
proof —
have Vno € set-of rrept.
(rep o lowa) no = (rep o lowa(rep p := pa)) no A
(rep o higha) no = (rep  higha) no
proof
fix no
assume no-in-rrept: no € set-of rrept
with rp-notin-rrept have no # rep p
by blast
thus (rep « lowa) no = (rep « lowa(rep p := pa)) no A
(rep o< higha) no = (rep  higha) no
by (simp add: null-comp-def)
qed
thus ?thesis
by (rule heaps-eq-Dag-eq)
qed
with lowa-higha-rrept show ?thesis
by simp
qed
show ?thesis
apply (rule-tac z=rrept in exl)
apply (rule conjI)
apply (rule rrepta)
apply (rule conjI)
apply (rule rno-rrept)
apply (rule conjI)
using rept-dag rept-def rrepta
apply (simp only: Dag-dag)
apply (clarsimp simp add: id-trans Dag-dag)
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apply clarify
subgoal premises prems for lowb highb pb
proof —
have rreptb: Dag pb lowb highb rrept by fact
have ab-nc: Vpt. pt ¢ set-of rrept —
(lowa(rep p := pa)) pt = lowb pt A higha pt = highb pt by
fact
from rreptb rrept-dag obtain
pb-def: pb = ((rep x high) (rep p)) and
lowb-highb-def: ¥ no € set-of rrept.
lowb no = (rep x low) no A highb no = (rep < high) no
apply —
apply (drule Dags-eq-hp-eq)
apply auto
done
have rept-end-dag: Dag (rep p) lowb (highb(rep p := pb)) rept
proof —
have Vno € set-of rept.
lowb no = (rep  low) no A (highb(rep p := pb)) no = (rep x
high) no
proof
fix no
assume no-in-rept: no € set-of rept
show lowb no = (rep  low) no A
(highb(rep p := pb)) no = (rep x high) no
proof (cases no € set-of rrept)
case True
with lowb-highb-def pb-def show ¢thesis
by simp
next
assume no-notin-rrept: no ¢ set-of rrept
show ?thesis
proof (cases no € set-of lrept)
case True
with no-notin-rrept rp-notin-lrept ab-nc
have ab-nc-no: lowa no = lowb no N\ higha no = highb no
apply —
apply (erule-tac x=no in allE)
apply (erule impFE)
apply simp
apply (subgoal-tac no # rep p)
apply simp
apply blast
done
from lowa-higha-def True have
lowa no = (rep o low) no A higha no = (rep x high) no
by auto
with ab-nc-no
have lowb no = (rep x low) no A highb no =(rep x high) no
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by simp
with rp-notin-lrept True show ?thesis
apply (subgoal-tac no # rep p)
apply simp
apply blast
done
next
assume no-notin-lrept: no ¢ set-of lrept
with no-in-rept rept-def no-notin-rrept have no-rp: no = rep p
by simp
with rp-notin-lrept low-lowa-nc
have a-nc: low no = lowa no A high no = higha no
by auto
from rp-notin-rrept no-rp ab-nc
have (lowa(rep p := pa)) no = lowb no A\ higha no = highb no
by auto
with a-nc pa-def no-rp
have (rep x low) no = lowb no A high no = highb no
by auto
with pb-def no-rp show ?thesis
by simp
qed
qed
qed
with rept-dag
have Dag (rep p) lowb (highb(rep p := pb)) rept =
Dag (rep p) (rep < low) (rep o< high) rept
apply —
apply (rule heaps-eq-Dag-eq)
apply auto
done
with rept-dag p-nNull show ?thesis
by simp
qed
have (V pt. pt ¢ set-of rept — low pt = lowb pt A
high pt = (highb(rep p := pb)) pt)
proof (intro alll impl)
fix pt
assume pit-notin-rept: pt ¢ set-of rept
with rept-def obtain
pt-notin-lrept: pt ¢ set-of lrept and
pt-notin-rrept: pt ¢ set-of rrept and
pt-neq-rp: pt # rep p
by simp
with low-lowa-nc ab-nc
show low pt = lowb pt A high pt = (highb(rep p := pb)) pt
by auto
qed
with rept-end-dag show ?thesis
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by simp
qed
done
qed
done
qed
qed

end

10 Proof of Procedure Normalize

theory NormalizeTotalProof imports LevellistProof ShareReduceRepListProof
RepointProof begin

hide-const (open) DistinctTreeProver.set-of tree.Node tree. Tip

lemma (in Normalize-impl) Normalize-modifies:
shows
Vo.TH{o} p:== PROC Normalize ('p)
{t. t may-only-modify-globals o in [rep,mark,low,high,next]}
apply (hoare-rule HoarePartial. ProcRecl)
apply (vcg spec=modifies)
done

lemma (in Normalize-impl) Normalize-spec:
shows Vo pret prebdt. Tt
{o. Dag "p ‘low ‘high pret A ordered pret “var A
p# Null A (Vn. n € set-of pret — ‘mark n = ‘mark p) A
bdt pret ‘var = Some prebdt]
p :== PROC Normalize('p)
{(Vpt. pt & set-of pret
— Prep pt = rep pt A %low pt = “low pt A Chigh pt = "high pt A
Pmark pt = ‘mark pt A\ next pt = ‘next pt) A
(I postt. Dag p ‘low ‘high postt A reduced postt N
shared postt var A ordered postt Cvar A
set-of postt C set-of pret A
(3 postbdt. bdt postt var = Some postbdt A prebdt ~ postbdt)) A
(V no. no € set-of pret — ‘mark no = (= mark %p)) |}
apply (hoare-rule HoareTotal. ProcNoRec1)
apply (hoare-rule anno=
levellist :==replicate ('p— var + 1) Null;;
levellist :== CALL Levellist ("p, (— ‘p— ‘mark) , ‘levellist);;
(ANNO (7,l1). {7. Levellist “levellist next Il N
Dag %p %low ®high pret A ordered pret “var A %p # Null A
(bdt pret var = Some prebdt) A
wf-Ul pret 1l “var A
length “levellist = ((%p — %var) + 1) A
wf-marking pret “mark ‘mark (= “mark %p) A
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(V pt. pt ¢ set-of pret — “neat pt = ‘next pt) A
low = %low A “high = high N p = %p A rep = %rep N\
var = %varl}

WHILE ('n < length ‘levellist)
INV {Levellist “levellist next 1l A
Dag %p %low Chigh pret A ordered pret var N p # Null A
(bdt pret Cvar = Some prebdt) A wf-ll pret Il Cvar A
length Tlevellist = ((°p — %wvar) + 1) A
wf-marking pret “mark Tmark (= “mark %p) A
Tlow = %low A Thigh = ®high N "p = %p A Trep = %rep A Twar = var A
n < length Tlevellist A
(Vpti. (pt & set-of pret V ('m <=1 A pt € set (Il 47) A
i <length Tlevellist )
— %rep pt = rep pt)) A
rep ¢ Nodes ‘n ll C Nodes m Il A
(Vno € Nodes n ll.
no— rep—%var <= no—%var A
(3 not nort. Dag (‘rep no) (‘rep x %low ) (‘rep  ®high ) nort A
Dag no %low high not A reduced nort A
ordered nort “var A set-of nort C ‘rep ‘ Nodes n ll A
(V no € set-of nort. ‘rep no = no) A
(I nobdt norbdt. bdt not “var = Some nobdt N
bdt nort “var = Some norbdt A nobdt ~ norbdt))) A
(V1 t2.
t1€Dags (‘rep (Nodes n ll))(‘rep x %low )(‘rep < “high)A
t2€Dags (‘rep (Nodes n l1))(‘rep o %low )(‘rep o< Zhigh)
—
isomorphic-dags-eq t1 t2 %var) A
Tevellist = Tlevellist A next = Tnext A ‘mark = "mark A “low = %low A
‘high = ®high N p =% A “var = %var |}
VAR MEASURE (length ‘levellist — 'n)

DO

CALL ShareReduceRepList( levellist | n);;
ni==n+ 1

0D

{(3 postnormt. Dag (“rep “p) (‘rep  %low ) (‘rep x Chigh ) postnormt A

reduced postnormt A shared postnormt var A

ordered postnormt “var A set-of postnormt C set-of pret A

(3 postnormbdt. bdt postnormt var = Some postnormbdt A prebdt ~ post-
normbdt) A

(V no € set-of postnormt. (‘rep no = no))) A

ordered pret var A “p # Null A

(V pt. pt & set-of pret — %rep pt = “rep pt) A

‘levellist = "levellist N ‘next = Tnext A ‘mark = "mark A low = %low A “high
= high A

=% A (VY no. no € set-of pret — ‘mark no = (= “mark °p)) })

p ;== CALL Repoint ('p)
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in HoareTotal.annotatel )
apply (vcg spec=spec-total)
prefer 2

apply  (simp add: Nodes-def null-comp-def)

apply (rule-tac z=pret in exl)
apply clarify

apply (rule congl)

apply clarsimp

apply (case-tac 7)

apply simp

apply simp
apply (rule conjl)
apply simp
apply (rule conjl)
apply simp
apply (rule conjl)
apply simp

apply clarify

apply (simp (no-asm-use) only: simp-thms)

apply (rule-tac z=Il in exl)

apply (rule conjl)

apply assumption

apply clarify

apply (simp only: simp-thms triv-forall-equality True-implies-equals)
apply (rule-tac z=postnormt in exl)

apply (rule conjl)

apply simp
apply (rule conjl)
apply simp

apply clarify
apply (simp (no-asm-simp))
prefer 2

apply clarify
apply (simp only: simp-thms triv-forall-equality True-implies-equals)

apply (rule-tac z=Il'n in exl)
apply (rule conjl)

apply (simp add: Levellist-def)
prefer 3

apply (clarify)
apply (simp (no-asm-use) only: simp-thms triv-forall-equality True-implies-equals)

proof —
— End of while (invariant + false condition) to end of inner SPEC
fix var p rep mark vara lowa higha pa levellista repa marka nexta varb [l
nb pret prebdt and low :: ref = ref and
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high :: ref = ref and repb :: ref = ref
assume [l: Levellist levellista nexta [l
assume wf-lla: wf-1l pret Il var
assume length-lla: length levellista = var p + 1
assume ord-pret: ordered pret var
assume pnN: p # Null
assume rep-repb-nc:
Vpt i. pt ¢ set-of pret V nb < i A pt € set (Il 1) A
i < length levellista
— rep pt = repb pt

assume wf-marking-prop: wf-marking pret mark marka (— mark p)
assume pret-dag: Dag p low high pret

assume prebdt: bdt pret var = Some prebdt

assume not-nbslla: = nb < length levellista

assume nb-le-lla: nb < length levellista

assume normalize-prop: ¥ no€ Nodes nb .
var (repb no) < wvar no A
(3 not nort. Dag (repb no) (repb o low) (repb o< high) nort A
Dag no low high not A reduced nort A ordered nort var N
set-of nort C repb ‘ Nodes nb Il N
(Y no€set-of nort. repb no = no) A
(I nobdt norbdt. bdt not var = Some nobdt N
bdt nort var = Some norbdt A nobdt ~ norbdt))
assume repbNodes-in-Nodes: repb © Nodes nb Il C Nodes nb 1l
assume shared-mult-dags:
Vt1t2. t1 € Dags (repb ¢ Nodes nb ll) (repb o low) (repb o< high) A
t2 € Dags (repb ¢ Nodes nb ll) (repb o< low) (repb o high)
— isomorphic-dags-eq t1 t2 var
show (3 postnormt. Dag (repb p) (repb o low) (repb o high) postnormt A
reduced postnormt A shared postnormt var A
ordered postnormt var A set-of postnormt C set-of pret N
(3 postnormbdt.
bdt postnormt var = Some postnormbdt N prebdt ~ postnormbdt) A
(V no € set-of postnormt. repb no = no)) A
ordered pret var A\ p # Null A
(V pt. pt ¢ set-of pret — rep pt = repb pt) A
(VY no. no € set-of pret — marka no = (- mark p))

proof —

from [l have length-ll-eq: length levellista = length [l
by (simp add: Levellist-length)

from rep-repb-nc have rep-nc-post: ¥ pt. pt ¢ set-of pret — rep pt = repb pt
by auto

from pnN pret-dag obtain It rt where pret-def: pret = Node It p rt
by auto

from wf-marking-prop pret-def

have marking-inverted: (¥ no. no € set-of pret — marka no = (= mark p))
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by (simp add: wf-marking-def)
from not-nbslla nb-le-lla have nb-length-lla: nb = length levellista
by simp
with length-lla have varp-s-nb: var p < nb
by simp
from pret-def have p-in-pret: p € set-of pret
by simp
with wf-lla have p € set (Il ! (var p))
by (simp add: wf-ll-def)
with varp-s-nb have p-in-Nodes: p € Nodes nb 1
by (auto simp add: Nodes-def)
with normalize-prop obtain not nort where
varrepno-varno: var (repb p) < var p and
nort-dag: Dag (repb p) (repb o< low) (repb o< high) nort and
not-dag: Dag p low high not and
red-nort: reduced nort and
ord-nort: ordered nort var and
nort-in-repNodes: set-of nort C repb ‘ Nodes nb Il and
nort-repb: (¥ no€set-of nort. repb no = no) and
bdt-prop: I nobdt norbdt. bdt not var = Some nobdt A bdt nort var = Some
norbdt A
nobdt ~ norbdt
by auto

from wf-lla nb-length-lla have Nodes-in-pret: Nodes nb Il C set-of pret
apply —
apply (rule Nodes-in-pret)
apply (auto simp add: length-ll-eq)
done
from pret-dag wf-lla nb-length-lla have Null ¢ Nodes nb 1l
apply —
apply (rule Null-notin-Nodes)
apply (auto simp add: length-ll-eq)

done

with p-in-Nodes repbNodes-in-Nodes have rp-nNull: repb p # Null
by auto

with nort-dag have nort-nTip: nort# Tip
by auto

have 3 postnormt. Dag (repb p) (repb o low) (repb o high) postnormt A
reduced postnormt A shared postnormt var A
ordered postnormt var A set-of postnormt C set-of pret N\
(3 postnormbdt.
bdt postnormt var = Some postnormbdt A prebdt ~ postnormbdt) A
(VY no € set-of postnormt. repb no = no)
proof (rule-tac x=nort in exl)
from nort-in-repNodes repbNodes-in-Nodes Nodes-in-pret
have nort-in-pret: set-of nort C set-of pret
by blast
from not-dag pret-dag have not-pret: not = pret
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by (simp add: Dag-unique)
with bdt-prop prebdt have pret-bdt-prop:
d postnormbdt.
bdt nort var = Some postnormbdt A prebdt ~ postnormbdt
by auto
from shared-mult-dags have shared nort var
proof (auto simp add: shared-def isomorphic-dags-eg-def)
fix st1 st2 bdt1
assume shared-imp:
Vt1 t2. t1€Dags (repb ¢ Nodes nb 1) (repb o low) (repb o< high) A
t2 € Dags (repb © Nodes nb 1) (repb o low) (repb o high)
—
(3 bdt1. bdt t1 var = Some bdtl A bdt t2 var = Some bdtl) — t1 = 2
assume stl-nort: st1 < nort
assume st2-nort: st2 < nort
assume bdt-st1: bdt st1 var = Some bdt1
assume bdt-st2: bdt st2 var = Some bdt1
from nort-in-repNodes nort-dag nort-nTip
have nort-in-DagsrNodes:
nort € Dags (repb {Nodes nb ll)) (repb o low) (repb o high)
apply —
apply (rule DagsI)
apply auto
done
show st1 = st2
proof (cases stl)
case Tip
note st1-Tip=this
with bdt-st1 bdt-st2 show ?thesis
by auto
next
case (Node Ist1 stlp rstl)
note st1-Node=this
then have st1-nTip: st1 # Tip
by simp
show ?thesis
proof (cases st2)
case T'ip
with bdt-st1 bdt-st2 show Zthesis
by auto
next
case (Node Ist2 st2p rst2)
note st2-Node=this
then have st2-nTip: st2 # Tip
by simp
from nort-in-DagsrNodes st1-nort ord-nort wf-lla st1-nTip
have st1-in-Dags:
st € Dags (repb ¢ Nodes nb ll) (repb o low) (repb o high)
apply —
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apply (rule Dags-subdags)
apply auto
done
from nort-in-DagsrNodes st2-nort ord-nort wf-lla st2-nTip
have st2-in-Dags:
st2 € Dags (repb “ Nodes nb 1) (repb o low) (repb o< high)
apply —
apply (rule Dags-subdags)
apply auto
done
from st1-in-Dags st2-in-Dags bdt-st1 bdt-st2 shared-imp show st1=st2
by simp
qed
qed
qed
with nort-dag red-nort ord-nort nort-in-pret pret-bdt-prop nort-repb
show Dag (repb p) (repb o low) (repb  high) nort A
reduced nort N\ shared nort var A ordered nort var A
set-of nort C set-of pret A
(3 postnormbdt.
bdt nort var = Some postnormbdt N\ prebdt ~ postnormbdt) N
(Vno € set-of nort. repb no = no)
apply —
apply (intro conjI)
apply assumption+
done
qed
with wf-lla length-lla ord-pret pnN rep-nc-post marking-inverted
show ?thesis
by simp
qed
next
— From postcondition inner SPEC to final postcondition
fix var low high p rep levellist marka next
nexta lowb highb pb levellista [l repa pret prebdt
and mark::ref=-bool and postnormt postnormbdt
assume [l: Levellist levellista nexta [l
assume repoint-spec:
Dag pb lowb highb postnormt
YV pt. pt ¢ set-of postnormt — low pt = lowb pt A high pt = highb pt
assume pret-dag: Dag p low high pret
assume ord-pret: ordered pret var
assume pnN: p # Null
assume onemark-pret:
Vn. n € set-of pret — mark n = mark p (is Vn. Zin-pret n — 2eqg-mark-p n)
assume pret-bdt: bdt pret var = Some prebdt

assume wf-ll: wf-ll pret Il var and
length-ll:length levellist =var p + 1 and
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wf-marking-ll: wf-marking pret mark marka (— mark p)
assume
postnormi-dag: Dag (repa p) (repa o low) (repa o high) postnormt and
reduced-postnormt: reduced postnormt and
shared-postnormt: shared postnormt var and
ordered-postnormt: ordered postnormt var and
subset-pret: set-of postnormt C set-of pretand
sim-bdt: bdt postnormt var = Some postnormbdt prebdt ~ postnormbdt and
postdag-repa: ¥ no € set-of postnormt. repa no = no and
rep-eq: V pt. pt & set-of pret — rep pt = repa pt and
pret-marked: ¥ no. no € set-of pret — marka no = (= mark p)
assume unmodif-next: Vp. p ¢ set-of pret — next p = nexta p
show (V pt. pt ¢ set-of pret
— low pt = lowb pt A high pt = highb pt N
mark pt = marka pt )

proof —
from [l have length-ll-eq: length levellista = length 1
by (simp add: Levellist-length)
from repoint-spec pnN subset-pret
have repoint-nc: (¥ pt. pt ¢ set-of pret
— low pt = lowb pt A high pt = highb pt) A Dag pb lowb highb postnormt
by auto
then have lowhigh-b-eq: V pt. pt ¢ set-of pret
— low pt = lowb pt A high pt = highb pt
by fastforce
from wf-marking-ll pret-dag pnN
have mark-b-eq: V pt. pt ¢ set-of pret — mark pt = marka pt
apply —
apply (simp add: wf-marking-def)
apply (split dag.splits)
apply simp
apply (rule alll)
apply (rule impI)
apply (elim conjFE)
apply (erule-tac z=pt in allE)
apply fastforce
done
with lowhigh-b-eq rep-eq unmodif-next
have pret-nc: ¥V pt. pt ¢ set-of pret
— rep pt = repa pt A low pt = lowb pt N\ high pt = highb pt A
mark pt = marka pt A\ next pt = nexta pt
by blast

from pret-nc

show ?thesis

by fastforce
qged
next
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— invariant to invariant

fix var low high p rep mark pret prebdt levellist Il next marka n repc
and repb :: ref = ref

assume [l: Levellist levellist next 1l

assume pret-dag: Dag p low high pret

assume ord-pret: ordered pret var

assume pnN: p # Null

assume prebdt-pret: bdt pret var = Some prebdt

assume wf-1l: wf-ll pret Il var

assume [l length levellist = var p + 1

assume n-Suc-var-p: n < var p + 1

assume wf-marking-m-ma: wf-marking pret mark marka (— mark p)

assume rep-nc: Vpt i.
pt & set-of pret V. n < i Apt € set (lVi)ANi<warp+ 1 —
rep pt = repb pt
assume repbNodes-in-Nodes: repb ‘ Nodes n Il C Nodes n ll
assume
normalize-prop: ¥ no€ Nodes n ll.
var (repb no) < var no A
(I not nort. Dag (repb no) (repb < low) (repb o< high) nort A
Dag no low high not A reduced nort A ordered nort var N
set-of nort C repb ¢ Nodes n Il N
(V no€eset-of nort. repb no = no) A
(3 nobdt. bdt not var = Some nobdt N
(I norbdt. bdt nort var = Some norbdt N
nobdt ~ norbdt)))
assume
isomorphic-dags-eq:
Vt1t2. t1 € Dags (repb ‘ Nodes n ll) (repb < low) (repb o< high)A
t2 € Dags (repb © Nodes n ll) (repb o< low) (repb o< high)
— isomorphic-dags-eq t1 t2 var
show (VY noeset (Il ! n).
no # Null A
(low no = Null) = (high no = Null) A
low no ¢ set (11! n) A
high no ¢ set (11! n) A
isLeaf-pt no low high = (var no < 1) A
(low no # Null — repb (low no) # Null) A (repb < low) no ¢ set (1
I'n)) A
(Vnoleset (11! n). Vno2eset (11! n). var nol = var no2) A
(Vrepa. (VY no. no & set (Il'! n) — repb no = repa no) A
(Vnoeset (11! n).
repa no # Null A
(if (repa o low) no = (repa  high) no A low no # Null
then repa no = (repa x low) no
else repa no € set (11! n) A
repa (repa no) = repa no A
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(Vnoleset (11! n).
((repa o< high) nol = (repa < high) no A
(repa x low) nol = (repa x low) no) =
(repa no = repa nol)))) —
varp+ 1 —(n+1)<warp+1—nA
n+1<wvarp+ 1A
(Vpti. pt & set-of pret V. (n+ 1 <iAptéeset(ll'i)ANi<wvarp

+1)—
rep pt = repa pt) A
repa * Nodes (n + 1) 1l C Nodes (n + 1) Il A
(Vno€Nodes (n + 1) 1.
var (repa no) < var no A
(3 not nort.
Dag (repa no) (repa < low) (repa < high) nort A
Dag no low high not N\
reduced nort A
ordered nort var A
set-of nort C repa ‘ Nodes (n + 1) Il A
(V no€set-of nort. repa no = no) A
(3 nobdt.
bdt not var = Some nobdt N
(I norbdt. bdt nort var = Some norbdt A nobdt ~ norbdt))))
A
(V1 t2.
t1 € Dags (repa ‘ Nodes (n + 1) ll) (repa x low) (repa o< high) A
t2 € Dags (repa “ Nodes (n + 1) 1) (repa  low) (repa o high)
H
isomorphic-dags-eq t1 t2 var))
proof —

from [l have length-ll-eq: length levellist = length [l
by (simp add: Levellist-length)
from n-Suc-var-p lll have nsll: n < length levellist by simp
hence nseqll: n < length levellist by simp
have srri-precond: (VY no € set (Il n).
no # Null A
(low no = Null) = (high no = Null) A
low no ¢ set (11! n) A
high no ¢ set (11! n) A
isLeaf-pt no low high = (var no < 1) A
(low no # Null — repb (low no) # Null) A
(repb o low) no ¢ set (Il n))
proof (intro balll)
fix no
assume no-in-lin: no € set (Il'! n)
with wf-ll nsll have no-in-pret-var: no € set-of pret \ var no = n
by (simp add: wf-ll-def length-ll-eq)
with pret-dag have no-nNull: no # Null
apply —
apply (rule set-of-nn)
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apply auto
done
from pret-dag prebdt-pret no-in-pret-var
have balanced-no: (low no = Null) = (high no = Null)
apply —
apply (erule conjF)
apply (rule-tac p=p and low=Ilow in balanced-bdt)
apply auto
done
have low-no-notin-lin: low no ¢ set (11! n)
proof (cases low no = Null)
case True
note [no-Null=this
with balanced-no have hno-Null: high no = Null
by simp
show ?thesis
proof (cases low no € set (1! n))
case True
with wf-Il nsll have low no € set-of pret A var (low no) = n
by (auto simp add: wf-ll-def length-ll-eq)
with pret-dag have low no # Null
apply —
apply (rule set-of-nn)
apply auto
done
with no-Null show ?thesis
by simp
next
assume Ino-notin-lln: low no ¢ set (11! n)
then show ?thesis
by simp
ged
next
assume Ino-nNull: low no # Null
with balanced-no have hno-nNull: high no # Null
by simp
with Ino-nNull pret-dag ord-pret no-in-pret-var
have var-children-smaller: var (low no) < var no A var (high no) < var no
apply —
apply (rule var-ordered-children)
apply auto
done
show ?thesis
proof (cases low no € set (Il'! n))
case True
with wf-Il nsll have low no € set-of pret A var (low no) = n
by (simp add: wf-ll-def length-ll-eq)
with var-children-smaller no-in-pret-var show ?thesis
by simp
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next
assume low no ¢ set (11! n)
thus ?thesis
by simp
qged
qed
have high-no-notin-lln: high no ¢ set (11! n)
proof (cases high no = Null)
case True
note hno-Null=this
with balanced-no have Ino-Null: low no = Null
by simp
show ?thesis
proof (cases high no € set (1l ! n))
case True
with wf-Il nsll have high no € set-of pret A var (high no) = n
by (auto simp add: wf-ll-def length-ll-eq)
with pret-dag have high no # Null
apply —
apply (rule set-of-nn)
apply auto
done
with hno-Null show ?thesis
by simp
next
assume hno-notin-lln: high no ¢ set (11! n)
then show ?thesis
by simp
qed
next
assume hno-nNull: high no # Null
with balanced-no have Ino-nNull: low no # Null
by simp
with hno-nNull pret-dag ord-pret no-in-pret-var
have var-children-smaller: var (low no) < var no A var (high no) < var no
apply —
apply (rule var-ordered-children)
apply auto
done
show ?thesis
proof (cases high no € set (1l ! n))
case True
with wf-Il nsll have high no € set-of pret A var (high no) = n
by (simp add: wf-ll-def length-ll-eq)
with var-children-smaller no-in-pret-var show ?thesis
by simp
next
assume high no ¢ set (11! n)
thus ?thesis
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by simp
qged
qed
from no-in-pret-var pret-dag no-nNull obtain not where
no-dag-ex: Dag no low high not
apply —
apply (rotate-tac 2)
apply (drule subnode-dag-cons)
apply (auto simp del: Dag-Ref)
done
with pret-dag prebdt-pret no-in-pret-var obtain nobdt
where nobdt-ex:
bdt not var = Some nobdt
apply —
apply (drule subbdt-ex-dag-def)
apply auto
done
have isLeaf-var: isLeaf-pt no low high = (var no < 1)
proof
assume no-isLeaf: isLeaf-pt no low high
from nobdt-ex no-dag-ex no-isLeaf show var no < 1
apply —
apply (rule bdt-Some-Leaf-var-le-1)
apply auto
done
next
assume varno-le-1: var no < 1
show isLeaf-pt no low high
proof (cases var no = 0)
case True
with nobdt-ex no-nNull no-dag-ex have not = Node Tip no Tip
apply —
apply (drule bdt-Some-var0-Zero)
apply auto
done
with no-dag-ex show isLeaf-pt no low high
by (simp add: isLeaf-pt-def)
next
assume var no # 0
with varno-le-1 have var no = 1
by simp
with nobdt-ex no-nNull no-dag-ex have not = Node Tip no Tip
apply —
apply (drule bdt-Some-var1-One)
apply auto
done
with no-dag-ex show isLeaf-pt no low high
by (simp add: isLeaf-pt-def)
qged
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qed
have repb-low-nNull: (low no # Null — repb (low no) # Null)
proof
assume Ino-nNull: low no # Null
with no-nNull no-in-pret-var pret-dag have Ino-in-pret: low no € set-of pret
apply —
apply (rule-tac low=low in subelem-set-of-low)
apply auto
done
from Ino-nNull balanced-no have hno-nNull: high no # Null
by simp
with Ino-nNull pret-dag ord-pret no-in-pret-var
have var-children-smaller: var (low no) < var no A var (high no) < var no
apply —
apply (rule var-ordered-children)
apply auto
done
with no-in-pret-var have var-lno-l-n: var (low no) <n
by simp
with wf-Il Ino-in-pret nsll have low no € set (I ! (var (low no)))
by (simp add: wf-ll-def length-ll-eq)
with Ino-in-pret var-ino-l-n have low no € Nodes n [l
apply (simp add: Nodes-def)
apply (rule-tac z=var (low no) in exl)
apply simp
done
hence repb (low no) € repb ¢ Nodes n
by simp
with repbNodes-in-Nodes have repb-lno-in-Nodes:
repb (low no) € Nodes n 1l
by blast
from pret-dag wf-1l nsll have Null ¢ Nodes n Il
apply —
apply (rule Null-notin-Nodes)
apply (auto simp add: length-ll-eq)
done
with repb-lno-in-Nodes show repb (low no) # Null
by auto
qed
have Null-notin-lln: Null ¢ set (1! n)
proof (cases Null € set (11! n))
case True
with wf-1l nsll have Null € set-of pret A var (Null) = n
by (simp add: wf-ll-def length-ll-eq)
with pret-dag have Null # Null
apply —
apply (rule set-of-nn)
apply auto
done
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thus ?thesis
by auto
next
assume Null ¢ set (Il! n)
thus ?thesis
by simp
qed
have (repb  low) no ¢ set (Il n)
proof (cases low no = Null)
case True
with Null-notin-lin show ?thesis
by (simp add: null-comp-def)
next
assume [no-nNull: low no # Null
with no-nNull no-in-pret-var pret-dag have Ino-in-pret: low no € set-of pret
apply —
apply (rule-tac low=low in subelem-set-of-low)
apply auto
done
from Ino-nNull have propto-eg-comp: (repb x low) no = repb (low no)
by (simp add: null-comp-def)
from Ino-nNull balanced-no have hno-nNull: high no # Null
by simp
with Ino-nNull pret-dag ord-pret no-in-pret-var
have var-children-smaller: var (low no) < var no A var (high no) < var no
apply —
apply (rule var-ordered-children)
apply auto
done
with no-in-pret-var have var-lno-l-n: var (low no) <n
by simp
with wf-1l lno-in-pret nsll have low no € set (11! (var (low no)))
by (simp add: wf-ll-def length-ll-eq)
with Ino-in-pret var-lno-I-n have Ino-in-Nodes-n: low no € Nodes n [l
apply (simp add: Nodes-def)
apply (rule-tac z=var (low no) in exl)
apply simp
done
hence repb (low no) € repb * Nodes n Il
by simp
with repbNodes-in-Nodes have repb-lno-in-Nodes:
repb (low no) € Nodes n 1
by blast
with Ino-in-Nodes-n normalize-prop have var (repb (low no)) < var (low
10)
by auto
with var-lno-l-n have var-rep-lno-l-n: wvar (repb (low no)) < n
by simp
with repb-lno-in-Nodes have 3 &k < n. repb (low no) € set (Il k)
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by (auto simp add: Nodes-def)
with wf-1l propto-eq-comp nsll show (repb o« low) no ¢ set (11! n)
apply —
apply (erule exE)
apply (rule-tac i=k and j=n in no-in-one-ll)
apply (auto simp add: length-ll-eq)
done
qed
with no-nNull balanced-no low-no-notin-lin high-no-notin-lin isLeaf-var repb-low-nNull
show no # Null A
(low no = Null) = (high no = Null) A
low no ¢ set (11! n) A high no & set (Il'! n) A
isLeaf-pt no low high = (var no < 1) A
(low no # Null — repb (low no) # Null) A
(repb o low) no ¢ set (11! n)
by auto
qed
have all-nodes-same-var: ¥Ynol € set (Il! n). Vno2 € set (Il'! n). var nol =
var no2
proof (intro balll impl)
fix nol no?2
assume nol € set (ll! n)
with wf-ll nsll have var-lin-i: var nol = n
by (simp add: wf-ll-def length-ll-eq)
assume no2 € set (Il n)
with wf-ll nsll have var no2 = n
by (simp add: wf-ll-def length-ll-eq)
with var-lin-i show var nol = var no2
by simp
qed
have (Vrepa. (Vno. no ¢ set (Il'! n) — repb no = repa no) A
(Vnoeset (11! n).
repa no # Null A
(if (repa o low) no = (repa  high) no A low no # Null
then repa no = (repa x low) no
else repa no € set (Il ! n) A
repa (repa no) = repa no A
(Vnoleset (11! n).
((repa o high) nol = (repa  high) no A
(repa x low) nol = (repa x low) no) =
(repa no = repa nol)))) —
varp+ 1 —(n+1)<warp+1—nA
n+ 1 <wvarp+ 1A
(Vpti. pt ¢ set-of pret V. (n+ 1 <iApteset(ll'i)ANi<wvarp
+1)—
rep pt = repa pt) A
repa * Nodes (n + 1) 1l C Nodes (n + 1) 1l A
(Vno€Nodes (n + 1) 1.

var (repa no) < var no A
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(3 not nort.
Dag (repa no) (repa o low) (repa o high) nort A
Dag no low high not N\
reduced nort N\
ordered nort var A
set-of nort C repa * Nodes (n + 1) 1l A
(V no€set-of nort. repa no = no) A
(3 nobdt.
bdt not var = Some nobdt N
(I norbdt. bdt nort var = Some norbdt A nobdt ~ norbdt))))

(Vi1 2.
t1 € Dags (repa ‘ Nodes (n + 1) Ul) (repa o< low) (repa o high) A
t2 € Dags (repa ‘ Nodes (n + 1) ) (repa x low) (repa o high)

isomorphic-dags-eq t1 t2 var))
(is (Y repc. ?srri-post repc — ?norm-inv repc) )
proof (intro alll impl, elim conjE)
fix repc
assume repbe-nc: Vno. no ¢ set (11! n) — repb no = repe no
assume rep-prop: YV no€set (11! n).
repc no # Null A
(if (repc x low) no = (repc o high) no A low no # Null
then repc no = (repc x low) no
else repc no € set (111 n) A
repc (repc no) = repc no A
(Vnoleset (11! n).
((repc o high) nol = (repc x high) no A
(repc o low) nol = (repc x low) no) =
(repe no = repe nol)))
show ?norm-inv repc
proof —
from n-Suc-var-p have termi: var p + 1 — (n+ 1) <wvarp+ 1 — n
by arith
from wf-1l repbe-nc nsll
have Nodes-n-rep-nc: Vp. p € Nodes n ll — repb p = repc p
apply —
apply (rule alll)
apply (rule impI)
apply (simp add: Nodes-def)
apply (erule exFE)
apply (erule-tac z=p in allF)
apply (drule-tac i=z and j=n in no-in-one-Il)
apply (auto simp add: length-ll-eq)
done
from repbNodes-in-Nodes
have Nodes-n-rep-in-Nodesn:
V p. p € Nodes n ll — repb p € Nodes n ll
by auto
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from wf-ll nsll have Nodes n Il C set-of pret
apply —
apply (rule Nodes-in-pret)
apply (auto simp add: length-ll-eq)
done
with Nodes-n-rep-in-Nodesn
have Nodes-n-rep-in-pret: Vp. p € Nodes n Il — repb p € set-of pret
apply —
apply (intro alll impl)
apply blast
done
have Nodes-repbc-Dags-eq: ¥V p t. p € Nodes n ll
— Dag (repb p) (repb  low) (repb x high) t =
Dag (repc p) (repc o low) (repe o< high) t
proof (intro alll impI)
fix pt
assume p-in-Nodes: p € Nodes n ll
then have repp-nc: repb p = repc p
by (rule Nodes-n-rep-nc [rule-format])
from p-in-Nodes normalize-prop obtain nort where
nort-repb-dag: Dag (repb p) (repb o low) (repb o< high) nort and
nort-in-repbNodes: set-of nort C repb ‘ Nodes n ll
apply —
apply (erule-tac x=p in ballE)
prefer 2
apply auto
done
from nort-in-repbNodes repbNodes-in-Nodes
have nort-in-Nodesn: set-of nort C Nodes n [l
by blast
from pret-dag wf-1l nsll have Null ¢ Nodes n 1l
apply —
apply (rule Null-notin-Nodes)
apply (auto simp add: length-ll-eq)
done
with p-in-Nodes repbNodes-in-Nodes have repp-nNull: repb p # Null
by auto
from nort-repb-dag repp-nc
have nort-repbc-dag: Dag (repc p) (repb o low) (repb o< high) nort
by simp
from nort-in-Nodesn have Vz € set-of nort. © € Nodes n 1l
apply —
apply (rule balll)
apply blast
done
with wf-ll nsll have Vz € set-of nort. x € set-of pret A\ var x < n
apply —
apply (rule balll)
apply (rule wf-1l-Nodes-pret)
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apply (auto simp add: length-ll-eq)
done
with pret-dag prebdt-pret nort-repbe-dag ord-pret wf-l1l nsll repbe-nc
have
YV z € set-of nort. (repc x low) z = (repb  low) x A
(repc o< high) x = (repb o high) =
apply —
apply (rule nort-null-comp)
apply (auto simp add: length-ll-eq)
done
with nort-repbe-dag repp-nc
have Dag (repc p) (repb o low) (repb o high) nort =
Dag (repc p) (repc o low) (repc o< high) nort
apply —
apply (rule heaps-eq-Dag-eq)
apply (rule balll)
apply (erule-tac x=z in ballF)
apply (elim conjF)
apply (rule conjI)
apply auto
done
with nort-repbc-dag repp-nc show
Dag (repb p) (repb o low) (repb o< high) t =
Dag (repc p) (repc o low) (repc o< high) t
apply auto
apply (rotate-tac 2)
apply (frule-tac Dag-unique)
apply (rotate-tac 1)
apply simp
apply simp
apply (frule Dag-unique)
apply (rotate-tac &)
apply simp
apply simp
done
qed
from rep-prop have repbc-changes: ¥V nocset (11! n).
repc no £ Null A
(if (repc x low) no = (repc o high) no A low no # Null
then repc no = (repc x low) no
else repc no € set (11! n) A repc (repc no) = repc no A
(Vnoleset (11! n). ((repc x high) nol = (repc  high) no A
(repc x low) nol = (repc x low) no) = (repc no = repc nol)))
by blast
from nsll lll have n-var-prop: n + 1 <= var p + 1
by simp
from rep-nc have Sucn-repb-nc: (V pt. pt & set-of pret V
(Fin+1<iApteset(llli)ANi<wvarp+ 1)
— rep pt = repb pt)
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apply —
apply (intro alll impl)
apply (erule-tac z=pt in allE)
apply auto
apply (rule-tac z=i in exl)
apply auto
done
have repc-nc:
(Vpt. pt & set-of pret V
Fin+1<iApteset(ll'i)ANi<wvarp+ 1)
— rep pt = repe pt)
proof (intro alll impl)
fix pt
assume pt-notin-lower-1l: pt & set-of pret V
Fin+1<iApteset(l'i)ANi<wvarp+ 1)
show rep pt = repc pt
proof (cases pt ¢ set-of pret)
case True
with wf-1l nsll have pt ¢ set (Il! n)
apply (simp add: wf-li-def length-li-eq)
apply (case-tac pt € set (11! n))
apply (subgoal-tac pt € set-of pret)
apply (auto)
done
with repbc-nc have repb pt = repc pt
by auto
with Sucn-repb-nc True show ?thesis
by auto
next
assume pi-in-pret: = pt ¢ set-of pret
with pt-notin-lower-ll have pt-in-higher-ll:
Jiin+1<iApteset(ll!i)Ni<wvarp+ 1
by simp
with nsll wf-1l lll have pt-notin-lin: pt ¢ set (11! n)
apply —
apply (erule exE)
apply (rule-tac i=i and j=n in no-in-one-li)
apply (auto simp add: length-ll-eq)
done
with repbc-nc have repb pt = repc pt
by auto
with Sucn-repb-nc pt-in-higher-ll show ?thesis
by auto
qed
qed
from wf-1l nsil
have Nodesn-notin-lln: ¥ no € Nodes n ll. no ¢ set (1l! n)
apply (simp add: Nodes-def)
apply clarify
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apply (drule no-in-one-ll)
apply (auto simp add: length-ll-eq)
done
with repbc-nc
have Nodesn-repnc: ¥ no € Nodes n ll. repb no = repc no
apply —
apply (rule balll)
apply (erule-tac z=no in allE)
apply simp
done
then have repbNodes-repcNodes:
repb {(Nodes n ll) = repc (Nodes n 1)
apply —
apply rule
apply blast
apply rule
apply (erule imageE)
apply (erule-tac x=za in ballE)
prefer 2
apply simp
apply rule
apply auto
done
have repcNodes-in-Nodes:
repc “ Nodes (n + 1) 1l C Nodes (n + 1) Il
proof
fix z
assume z-in-repcNodesSucn: = € repc * Nodes (n + 1) 1
show z € Nodes (n + 1) Il
proof (cases x € repc ‘Nodes n 1)
case True
with repbNodes-repcNodes repbNodes-in-Nodes have x € Nodes n [l
by auto
with Nodes-subset show ?thesis
by auto
next
assume z ¢ repc ‘Nodes n 1l
with z-in-repcNodesSucn have z-in-repclin: x € repc ‘set (11! n)
apply (auto simp add: Nodes-def)
apply (case-tac k<n)
apply auto
apply (case-tac k = n)
apply simp
apply arith
done
from z-in-repclln show ?Zthesis
proof (elim imageE)
fix y
assume z-repcy: T = Tepc Y
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assume y-in-repclin: y € set (11! n)
from rep-prop y-in-repclin obtain
repcy-nNull: repc y # Null and
red-prop: (repc o< low) y = (repc o< high) y A
lowy # Null — repc y = (repe < high) y and
share-prop: ((repc « low) y = (repc < high) y — low y = Null)
— repc y € set (11! n) A repe (repc y) = repc y A
(Vnoleset (Il! n).
((repc o< high) nol = (repc o< high) y A
(repe « low) nol = (repc x low) y) = (repc y = repe nol))
using [[simp-depth-limit = 4]]
by auto
from wf-ll nsll y-in-repclin obtain
y-in-pret: y € set-of pret and
vary-n: var y = n
by (auto simp add: wf-ll-def length-ll-eq)
from y-in-pret pret-dag have y-nNull: y # Null
apply —
apply (rule set-of-nn)
apply auto
done
show z € Nodes (n + 1) 1l
proof (cases low y = Null)
case True
from pret-dag prebdt-pret True y-in-pret
have highy-Null: high v = Null
apply —
apply (drule balanced-bdt)
apply auto
done
with share-prop True obtain
repey-in-llb: repc y € set (11! n) and
rry-ry: repc (repc y) = repc y and
y-other-node-prop: ¥ nol€set (I1l! n).
((repc o< high) nol = (repc o high) y A
(repe o< low) nol = (repe x low) y) = (repc y = repe nol)
by simp
from repcy-in-llb z-repcy show ?thesis
by (auto simp add: Nodes-def)
next
assume lowy-nNull: low y # Null
with pret-dag prebdt-pret y-in-pret
have highy-nNull: high y # Null
apply —
apply (drule balanced-bdt)
apply auto
done
show ?thesis
proof (cases (repc x low) y = (repc < high) y)
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case True

with red-prop lowy-nNull have repc y = (repc < high) y
by auto

with highy-nNull have red-repc-y: repc y = repc (high y)
by (simp add: null-comp-def)

from pret-dag ord-pret y-in-pret lowy-nNull highy-nNull

have var (low y) < var y A var (high y) < vary
apply —
apply (rule var-ordered-children)
apply auto
done

with wvary-n have varhighy: var (high y) < n
by auto

from y-in-pret y-nNull highy-nNull pret-dag

have high y € set-of pret
apply —
apply (drule subelem-set-of-high)
apply auto
done

with wf-ll varhighy have high y € Nodes n ll
by (auto simp add: wf-ll-def Nodes-def)

with red-repc-y have repc y € repc ‘Nodes n 1
by simp

with z-repcy have z € repc ‘Nodes n Il
by simp

with repbNodes-repcNodes repbNodes-in-Nodes

have =z € Nodes n Il
by auto

with Nodes-subset show ?thesis
by auto

next

assume (repc « low) y # (repc < high) y

with share-prop obtain
repcy-in-llbn: repc y € set (Il'! n) and
rry-ry: repe (repc y) = repc y and
y-other-node-share: ¥V nol€set (11! n).
((repc o< high) nol = (repc o high) y A
(repc o low) nol = (repe x low) y) = (repc y = repc nol)
by auto

with repcy-in-llbn z-repcy have x € set (11! n)
by auto

then show ?thesis
by (auto simp add: Nodes-def)

qed
qed
qed
qed
qged
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have (Vno€Nodes (n + 1) Il
var (repc no) < var no A
(I not nort. Dag (repc no) (repc x low) (repc < high) nort A
Dag no low high not A
reduced nort A\ ordered nort var A
set-of nort C repc “ Nodes (n + 1) 1l A
(V no€set-of nort. repc no = no) A
(I nobdt. bdt not var = Some nobdt N
(3 norbdt. bdt nort var = Some norbdt A nobdt ~ norbdt))))
(is Vno€Nodes (n + 1) ll. 2Q i no)
proof (intro balll)
fix no
assume no-in-Nodes: no € Nodes (n + 1)
from wf-1l no-in-Nodes nsll have no-in-pret: no € set-of pret
apply (simp add: wf-ll-def Nodes-def length-li-eq)
apply (erule conjE)
apply (thin-tac ¥V q. q € set-of pret — q € set (11! var q))
apply (erule exE)
apply (erule-tac z=z in allF)
apply (erule impFE)
apply arith
apply (erule-tac x=no in ballE)
apply auto
done
from pret-dag no-in-pret have nonNull: no# Null
apply —
apply (rule set-of-nn [rule-format))
apply auto
done
show ?Q i no
proof (cases no € Nodes n ll)
case True
note no-in-Nodesn=this
with wf-ll nsll no-in-Nodes
have no-notin-llbn: no ¢ set (11! n)
apply —
apply (simp add: Nodes-def length-ll-eq)
apply (elim exE)
apply (drule-tac ?i=za and ?j=n in no-in-one-ll)
apply arith
apply simp
apply auto
done
with repbc-nc have repb-no-eq-repc-no: repb no = repc no
by simp
from repbc-nc no-in-Nodes no-notin-llbn normalize-prop True
have varrep-eq-var: var (repc no) < var no
apply —
apply (erule-tac x=no in ballE)
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prefer 2

apply simp

apply (erule-tac x=no in allE)
apply simp

done

moreover
from True normalize-prop no-in-Nodes obtain not nort where

nort-dag: Dag (repb no) (repb o low) (repb o high) nort and
ord-nort: ordered nort var and

subset-nort-not: set-of nort C repb (Nodes n ll) and
not-dag:  Dag no low high not and

red-nort: reduced nort and

nort-repb: (V¥ no€set-of nort. repb no = no) and

bdt-prop: I nobdt norbdt. bdt not var = Some nobdt A

bdt nort var = Some norbdt N\ nobdt ~ norbdt

by blast

moreover
from Nodesn-notin-lin repbc-nc nort-repb subset-nort-not repbN-

odes-in-Nodes

Null)

have nort-repc:

(V no€set-of nort. repc no = no)
apply auto

apply (subgoal-tac no € Nodes n 1)
apply fastforce

apply blast

done

moreover
from nort-dag have nortnodesnN: (¥ no. no € set-of nort — no #

apply —

apply (rule olll)
apply (rule impI)
apply (rule set-of-nn)
apply auto

done

moreover
have Dag (repc no) (repc o low) (repe o< high) nort
proof —

from no-notin-llbn repbc-nc have repbc-no: repc no = repb no
by fastforce
with nort-dag
have nortrepbc-dag: Dag (repc no) (repb o< low) (repb o< high) nort
by simp
from wf-ll nseqll have Nodes n Il C set-of pret
apply —
apply (rule Nodes-levellist-subset-t)
apply assumption+
apply (simp add: length-ll-eq)
done
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with repbNodes-in-Nodes subset-nort-not
have subset-nort-pret: set-of nort C set-of pret
by simp
have vzsn-in-pret: V = € set-of nort. var x < n A x € set-of pret
proof (rule balll)
fix z
assume z-in-nort: x € set-of nort
from z-in-nort subset-nort-not repbNodes-in-Nodes
have z € Nodes n Il
by blast
with wf-ll nsll have zsn: var z < n
apply (simp add: wf-ll-def Nodes-def length-ll-eq)
apply (erule conjE)
apply (thin-tac Vq. q € set-of pret — q € set (Il ! var q))
apply (erule ezE)
apply (erule-tac x=xa in allE)
apply (erule impFE)
apply arith
apply (erule-tac z=z in ballE)
apply auto
done
from z-in-nort subset-nort-pret have z-in-pret: © € set-of pret
by blast
with zsn show var x < n A = € set-of pret by simp
qed
with pret-dag prebdt-pret nortrepbe-dag ord-pret wf-l1l nsll
repbe-nc
have V z € set-of nort. ((repc  low) z = (repb  low) = A
(repc < high) x = (repb x high) x)
apply —
apply (rule nort-null-comp)
apply (auto simp add: length-ll-eq)
done
with nort-dag
have Dag (repc no) (repc o low) (repc o high) nort =
Dag (repc no) (repb o low) (repb o« high) nort
apply —
apply (rule heaps-eq-Dag-eq)
apply simp
done
with nortrepbc-dag show ?thesis
by simp
qed
moreover
have set-of nort C repc (Nodes (n + 1) ll)
proof —
have Nodesn-in-NodesSucn: Nodes n Il C Nodes (n + 1) Il
by (simp add: Nodes-def set-split)
then have repbNodesn-in-repbNodesSucn:
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repb {(Nodes n ll) C repb (Nodes (n + 1) )
by blast
from wf-Il nsll
have Nodes-n-notin-lin: Y no € Nodes n ll. no ¢ set (Il ! n)
apply (simp add: Nodes-def length-1l-eq)
apply clarify
apply (drule no-in-one-ll)
apply auto
done
with repbc-nc have VY no € Nodes n ll. repb no = repc no
apply —
apply (rule balll)
apply (erule-tac x=no in allE)
apply simp
done
then have repbNodes-repcNodes:
repb {(Nodes n ll) = repc (Nodes n 1)
apply —
apply rule
apply blast
apply rule
apply (erule imageE)
apply (erule-tac x=za in ballE)
prefer 2
apply simp
apply rule
apply auto
done
from Nodesn-in-NodesSucn
have repc (Nodes n ll) C repc (Nodes (n + 1) )
by blast
with repbNodes-repcNodes subset-nort-not repbNodesn-in-repbNodesSucn

show ?thesis by simp

qed

ultimately show Zthesis
by blast

next

assume no ¢ Nodes n [l

with no-in-Nodes have no-in-llbn: no € set (Il'! n)
apply (simp add: Nodes-def)
apply (erule exE)
apply (erule-tac x=z in allF)
apply (case-tac z<n)
apply simp
apply simp
apply (elim conjE)
apply (case-tac z=n)
apply simp
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apply arith
done
with wf-ll nsll have varno: var no = n
by (simp add: wf-ll-def length-ll-eq)
from repbc-changes no-in-llbn
have repbcno-changes: repc no # Null N
((repe o low) no = (repc  high) no A low no # Null
— repe no = (repc < high) no) A
(((repc o low) no = (repc x high) no — low no = Null)
— repc no € set (111 n) A repc (repc no) = repe no A
(Vnoleset (11! n). ((repc o< high) nol = (repc  high) no A
(repc o low) nol = (repe x low) no) = (repc no = repc nol)))
(is ?rnonN A ?repreduce N ?repshare)
using [[simp-depth-limit=4]]
by (simp split: if-split)
then obtain
rnonN: ?rnonN and
repreduce: ?repreduce and
repshare: ?repshare
by blast
have repcn-normalize: var (repc no) < var no A
(3 not nort. Dag (repe no) (repc x low) (repc o< high) nort A
Dag no low high not A reduced nort A ordered nort var N
set-of nort C repc  Nodes (n + 1) ll A
(V no€set-of nort. repc no = no) A
(I nobdt. bdt not var = Some nobdt N
(I norbdt. bdt nort var = Some norbdt A nobdt ~ norbdt)))
(is Pvarrep A Prepcn-prop
is Zvarrep N
(I not nort. ?nort-dag nort A ?not-dag not A ?red nort A
2ord nort N\ ?nort-in-Nodes nort A\ ?repcno-no-n nort A ?bdt-equ not
nort))
proof (cases high no = Null)
case True
note highnoNull=this
with pret-dag prebdt-pret no-in-pret
have lownoNull: low no = Null
apply —
apply (drule balanced-bdt)
apply assumption+
apply simp
done
with repshare have repcnoinlin:repc no € set (11! n)
by simp
with wf-ll nsll have varrno-n: var (repc no) = n
by (simp add: wf-ll-def length-ll-eq)
with varno have varrep: ?varrep
by simp
from wf-ll nsll no-in-llbn varrno-n
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have varrno-varno: var (repc no) = var no
by (simp add: wf-ll-def length-ll-eq)
from wf-1l nsll repcnoinlin
have rno-in-pret: repc no € set-of pret
by (simp add: wf-l1l-def length-ll-eq)
from repcnoinlin repshare lownoNull
have reprep-eg-rep: repc (repc no) = repc no
by simp
with repcnoinlin repshare lownoNull
have repchildreneq:
((repc o< high) (repc mno) = (repc o high) no A
(repc < low) (repc no) = (repc x low) no)
by simp
have repcn-prop: ?repen-prop
apply —
apply (rule-tac z=(Node Tip no Tip) in exl)
apply (rule-tac x=(Node Tip (repc no) Tip) in exl)
apply (intro conjI)
apply simp
prefer 3
apply simp
prefer 3
apply simp
proof —
from pret-dag pnN rno-in-pret have rnonN: repc no # Null
apply (case-tac repc no = Null)
apply auto
done
from highnoNull repchildreneq
have rhighNull: (repc < high) (repc no) = Null
by (simp add: null-comp-def)
from lownoNull repchildreneq
have rlowNull: (repc < low) (repc no) = Null
by (simp add: null-comp-def)
with rhighNull rnonN
show repc no # Null A (repe « low) (repc no) = Null A
(repe o< high) (repc no) = Null
by simp
next
from nonNull lownoNull highnoNull
show ?not-dag (Node Tip no Tip)
by simp
next
from no-in-Nodes
show set-of (Node Tip (repc no) Tip) C repc * Nodes (n + 1) Il
by simp
next
show V no€set-of (Node Tip (repc no) Tip). repc no = no
proof
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fix pt
assume pi-in-repcLeaf: pt € set-of (Node Tip (repc no) Tip)
with reprep-eq-rep show repc pt = pt
by simp
qged
next
show ?bdt-equ (Node Tip no Tip) (Node Tip (repc no) Tip)
proof (cases var no = 0)
case True
note vno-Null=this
then have nobdt: bdt (Node Tip no Tip) var = Some Zero by simp
from varrep wvno-Null have varrno: var (repc no) = 0 by simp
then have norbdt: bdt (Node Tip (repc no) Tip) var = Some Zero

by simp
from nobdt norbdt vno-Null varrno show ?thesis
by (simp add: cong-eval-def)
next
assume vno-not-Null: var no # 0
show ?thesis
proof (cases var no = 1)
case True
note vno-One=this
then have nobdt: bdt (Node Tip no Tip) var = Some One by simp
from varrno-varno vno-One
have bdt (Node Tip (repc no) Tip) var = Some One by simp
with nobdt show ?thesis by (auto simp add: cong-eval-def)
next
assume vno-nOne: var no # 1
with vno-not-Null have onesvno: 1 < var no by simp
from nonNull lownoNull highnoNull
have no-dag: Dag no low high (Node Tip no Tip)
by simp
with pret-dag no-in-pret have not-in-pret: (Node Tip no Tip) <
pret
by (metis set-of-subdag)
with prebdi-pret have 3bdt2. bdt (Node Tip no Tip) var = Some
bdt2
by (metis subbdt-ex)
with onesvno show ?thesis
by simp
qed
qed
qged
with varrep reprep-eq-rep show #thesis by simp
next

assume hno-nNull: high no # Null
with pret-dag prebdt-pret no-in-pret have Ino-nNull: low no # Null
by (metis balanced-bdt)
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from no-in-pret nonNull hno-nNull pret-dag
have hno-in-pret: high no € set-of pret
by (metis subelem-set-of-high)
with wf-ll
have hno-in-ll: high no € set (Il'! (var (high no)))
by (simp add: wf-ll-def)
from pret-dag ord-pret no-in-pret Ino-nNull hno-nNull

have varhnos-varno: var (high no) < var no
by (metis var-ordered-children)
with varno have varhnos-n: var (high no) < n by simp
with hno-in-ll have hno-in-Nodesn: high no € Nodes n 1
apply (simp add: Nodes-def)
apply (rule-tac z=var (high no) in exl)
apply simp
done
from wf-ll nsll hno-in-1l  varhnos-n
have high no ¢ set (11! n)
apply —
apply (rule no-in-one-1l)
apply (auto simp add: length-ll-eq)
done
with repbc-nc have repb-repc-high: repb (high no) = repc (high no) by
stmp
with normalize-prop hno-in-Nodesn varhnos-varno varno
have high-normalize: var (repc (high no)) < var (high no) A
(Inot nort. Dag (repc (high no)) (repb o low) (repb o high) nort A
Dag (high no) low high not A reduced nort A
ordered nort var A set-of nort C repb (Nodes n ll) A
(V no€set-of nort. repb no = no) A
(3 nobdt norbdt. bdt not var = Some nobdt A bdt nort var =
Some norbdt A nobdt ~ norbdt))
(is Pvarrep-high A
(3 not nort. ?repbchigh-dag nort N\ ?high-dag not A
?redhigh nort A Zordhigh nort A ?rephigh-in-Nodes nort A
?repbno-no nort A\ ?highdd-prop not nort)
is Pvarrep-high N\ ?not-nort-prop)
apply simp
apply (erule-tac x=high no in ballE)
apply (simp del: Dag-Ref)
apply simp
done
then have varrep-high: ?varrep-high by simp
from varhnos-n varrep-high have varrephno-s-n:
var (repc (high no)) < n
by simp
from Nodes-subset
have Nodes n ll C Nodes (Suc n) 1l
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by auto
with hno-in-Nodesn repcNodes-in-Nodes
have repc (high no) € Nodes (Suc n) Il
apply simp
apply blast
done
with wf-1l nsll have repc (high no) € set-of pret
apply (simp add: wf-ll-def Nodes-def length-ll-eq)
apply (elim conjE exE)
apply (thin-tac Vq. q € set-of pret — q € set (Il ! var q))
apply (erule-tac x=z in allE)
apply (erule impFE)
apply simp
apply (erule-tac z=repc (high no) in ballE)
apply auto
done
with wf-ll varrephno-s-n
have 3 k<n. repc (high no) € set (1l ! k)
by (auto simp add: wf-ll-def)
with wf-ll nsll have repc (high no) ¢ set (1l'! n)
apply —
apply (erule exFE)
apply (rule-tac i=k and j=n in no-in-one-ll)
apply (auto simp add: length-ll-eq)
done
with repbc-nc
have repbchigh-idem: repb (repc (high no)) = repc (repe (high no))
by auto
from high-normalize
have not-nort-prop-high: ?not-nort-prop by (simp del: Dag-Ref)
from not-nort-prop-high obtain hnot where high-dag: ?high-dag hnot
by auto
from wf-ll nsll
have Vno € Nodes n ll. no ¢ set (Il n)
apply (simp add: Nodes-def length-li-eq)
apply clarify
apply (drule no-in-one-ll)
apply auto
done
with repbc-nc have Vno € Nodes n ll. repb no = repc no
apply —
apply (rule balll)
apply (erule-tac x=no in allFE)
apply simp
done
then
have repbNodes-repcNodes:
repb {(Nodes n ll) = repc (Nodes n 1)
apply —
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apply rule
apply blast
apply rule
apply (erule imageFE)
apply (erule-tac z=xa in ballFE)
prefer 2
apply simp
apply rule
apply auto
done
then have repcNodes-repbNodes:
repc ‘(Nodes n ll) = repb (Nodes n 1)
by simp
from pret-dag nsll wf-11
have null-notin-Nodesn: Null ¢ Nodes n Il
apply —
apply (rule Null-notin-Nodes)
apply (auto simp add: length-ll-eq)
done
from hno-in-Nodesn have repc (high no) € repc (Nodes n 1)
by blast
with repbNodes-in-Nodes repcNodes-repbNodes
have repc (high no) € Nodes n ll
apply simp
apply blast
done
with null-notin-Nodesn have rhn-nNull: repc (high no) # Null
by auto

from no-in-pret nonNull Ino-nNull pret-dag
have Ino-in-pret: low no € set-of pret
by (rule subelem-set-of-low)
with wf-[]
have Ino-in-ll: low no € set (11! (var (low no)))
by (simp add: wf-ll-def)
from pret-dag ord-pret mno-in-pret Ino-nNull hno-nNull
have varinos-varno: var (low no) < var no
apply —
apply (drule var-ordered-children)
apply assumption+
apply auto
done
with varno have varlnos-n: var (low no) < n by simp
with Ino-in-ll have Ino-in-Nodesn: low no € Nodes n [l
apply (simp add: Nodes-def)
apply (rule-tac z=var (low no) in exl)
apply simp
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done
from varlnos-n wf-1l nsll Ino-in-1l
have low no ¢ set (Il! n)
apply —
apply (rule no-in-one-1l)
apply (auto simp add: length-ll-eq)
done
with repbc-nc have repb-repc-low: repb (low no) = repc (low no) by
stmp
with normalize-prop Ino-in-Nodesn varlnos-varno varno
have low-normalize: var (repc (low no)) < var (low no) A
(Inot nort. Dag (repc (low no)) (repb o low) (repb < high) nort A
Dag (low no) low high not A reduced nort A ordered nort var N\
set-of nort C repb {(Nodes n ll) A
(V no€set-of nort. repb no = no) A
(3 nobdt norbdt. bdt not var = Some nobdt A bdt nort var = Some
norbdt N\
nobdt ~ norbdt))
(is Pvarrep-low A
(3 not nort. Zrepbclow-dag nort A 2low-dag not A ?redhigh nort A
2ordhigh nort N\ ?replow-in-Nodes nort A Zlow-repno-no nort
A Zlowdd-prop not nort)
is Pvarrep-low N ?not-nort-prop-low)
apply simp
apply (erule-tac z=low no in ballE)
apply (simp del: Dag-Ref)
apply simp
done
then have varrep-low: ?varrep-low by simp
from low-normalize have not-nort-prop-low: ?not-nort-prop-low
by (simp del: Dag-Ref)
from Ino-in-Nodesn have repc (low no) € repc (Nodes n 1)
by blast
with repbNodes-in-Nodes repcNodes-repbNodes
have repc (low no) € Nodes n 1l
apply simp
apply blast
done
with null-notin-Nodesn have rin-nNull: repc (low no) # Null
by auto

show ?thesis
proof (cases repc (low no) = repe (high no))
case True
note red-case=this
with repreduce Ino-nNull hno-nNull
have rno-eg-hrno: repc no = repc (high no)
by (simp add: null-comp-def)
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stmp

auto

no))

from varhnos-varno rno-eq-hrno varrep-high have varrep: ?varrep by

from not-nort-prop-high not-nort-prop-low have repcn-prop: ?repcn-prop

apply —

apply (elim ezE)

apply (rename-tac rnot Inot rnort Inort )
apply (rule-tac z=(Node Inot no rnot) in exl)
apply (rule-tac z=rnort in exl)

apply (elim conjE)

apply (intro conjl)

prefer 7

apply (elim exE)

apply (rename-tac rnot Inot rnort Ilnort rnobdt Inobdt rnorbdt Inorbdt)

apply (elim conjE)
apply (case-tac Suc 0 < var no)
apply (rule-tac z=(Bdt-Node Inobdt (var no) rnobdt) in exl)
apply (rule conjI)
prefer 2
apply (rule-tac z=rnorbdt in exl)
apply (rule congl)
proof —
fix rnot Inot rnort Inort
assume highnort-dag:
Dag (repc (high no)) (repb o low) (repb o< high) rnort
assume ord-nort: ordered rnort var
assume rnort-in-repNodes: set-of rnort C repb ‘ Nodes n 1l
from rnort-in-repNodes repbNodes-in-Nodes
have nort-in-Nodes: set-of rnort C Nodes n Il
by blast
from varhnos-n varrep-high
have vrhnos-n: var (repc (high no)) < n by simp
from rhn-nNull highnort-dag
have Jino rno. rnort = Node Ino (repc (high no)) rno by fastforce
with highnort-dag rhn-nNull have root rnort = repc (high no) by

with ord-nort have Vx € set-of rnort. var x <= var (repc (high

apply —
apply (rule balll)
apply (drule ordered-set-of)
apply auto
done

with vrhnos-n have vzsn: YV € set-of rnort. var z < n
by fastforce

from nort-in-Nodes have YV x € set-of rnort. x € Nodes n ll
by auto

with wf-ll nsll

have z-in-pret: YV € set-of rnort. € set-of pret
apply —
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apply (rule balll)
apply (drule wf-ll-Nodes-pret)
apply (auto simp add: length-ll-eq)
done
from vzsn z-in-pret
have vzsn-in-nort: YV € set-of rnort. var x <n A x € set-of pret
by auto
with pret-dag prebdt-pret highnort-dag ord-pret wf-ll nsll
repbc-nc
have Vz € set-of rnort. (repc x low) x = (repb  low) = A
(repc o< high) x = (repb < high) x
apply —
apply (rule nort-null-comp)
apply (auto simp add: length-ll-eq)
done
with rno-eqg-hrno
have Dag (repc no) (repc  low) (repc o high) rnort =
Dag (repc no) (repb o low) (repb o< high) rnort
apply —
apply (rule heaps-eq-Dag-eq)
apply simp
done
with highnort-dag rno-eq-hrno
show Dag (repc no) (repc  low) (repc o< high) rnort by simp
next
fix rnot Inot rnort Inort
assume [not-dag: Dag (low no) low high Inot
assume rnot-dag: Dag (high no) low high rnot
with Inot-dag nonNull
show Dag no low high (Node Inot no rnot) by simp
next
fix rnot Inot rnort Inort
assume reduced rnort
then show reduced rnort by simp
next
fix rnort
assume ordered rnort var
then show ordered rnort var by simp
next
fix rnort
assume rnort-in-Nodes: set-of rnort C repb © Nodes n 1
have Nodes n 1l C Nodes (n + 1) Il
by (simp add: Nodes-def set-split)
then have repc ‘ Nodes n 1l C repc “ Nodes (n + 1) Il
by blast
with rnort-in-Nodes repbNodes-repcNodes
show set-of rnort C repc * Nodes (n + 1) 1l
by (simp add: Nodes-def)

next
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fix rnort rnorbdt

assume bdt rnort var = Some rnorbdt

then show bdt rnort var = Some rnorbdt by simp
next

fix rnot Inot rnort Inort rnobdt Inobdt rnorbdt Inorbdt

assume rcongeval: rnobdt ~ rnorbdt

assume Inort-dag:

Dag (repc (low no)) (repb o< low) (repb o< high) Inort
assume rnort-dag:

Dag (repc (high no)) (repb o low) (repb o< high) rnort
assume Inorbdt-def: bdt Inort var = Some Inorbdt
assume rnorbdt-def: bdt rnort var = Some rnorbdt
assume Icongeval:lnobdt ~ Inorbdt
from red-case Inort-dag rnort-dag
have lnort-rnort: Inort = rnort

by (simp add: Dag-unique del: Dag-Ref)
with Inorbdt-def lcongeval rnorbdt-def
have Inobdt-rnorbdt: Inobdt ~ rnorbdt by simp
with rcongeval have Inobdt ~ rnobdt

apply —

apply (rule cong-eval-trans)

apply (auto simp add: cong-eval-sym)

done
then have Bdi-Node Inobdt (var no) rnobdt ~ rnobdt

apply —

apply (simp add: cong-eval-sym [rule-format))

apply (rule cong-eval-child-high)

apply assumption

done
with rcongeval show Bdt-Node Inobdt (var no) rnobdt ~ rnorbdt

apply —

apply (rotate-tac 1)

apply (rule cong-eval-trans)

apply auto

done

next
fix Inot rnot Inobdt rnobdt
assume [not-dag: Dag (low no) low high Inot
assume rnot-dag: Dag (high no) low high rnot
assume Inobdt-def: bdt Inot var = Some Inobdt
assume rnobdt-def: bdt rnot var = Some rnobdt
assume onesvarno: Suc 0 < var no
with rnobdt-def Inot-dag rnot-dag Inobdt-def
show bdt (Node Inot no rnot) var =

Some (Bdt-Node Inobdt (var no) rnobdt)

by simp

next
fix rnot Inot rnort Inort rnobdt Inobdt rnorbdt Inorbdt
assume Inobdt-def: bdt Inot var = Some Inobdt
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assume rnobdt-def: bdt rnot var = Some rnobdt
assume rnorbdt-def: bdt rnort var = Some rnorbdt
assume cong-rno-rnor: rnobdt ~ rnorbdt
assume [lnot-dag: Dag (low no) low high Inot
assume rnot-dag: Dag (high no) low high rnot
assume - Suc 0 < var no
then have varnoseql: var no = 0 V var no = 1 by auto
show 3 nobdt. bdt (Node Inot no rnot) var = Some nobdt A
(I norbdt. bdt rnort var = Some norbdt A nobdt ~ norbdt)
proof (cases var no = 0)
case True
note vnoNull=this
with pret-dag ord-pret no-in-pret ino-nNull hno-nNull
show ?thesis
apply —
apply (drule var-ordered-children)
apply auto
done
next
assume var no # 0
with varnoseql have vnoOne: var no = 1 by simp
from pret-dag ord-pret no-in-pret Ino-nNull hno-nNull
vnoOne
have vlvrNull: var (low no) = 0 A var (high no) = 0
apply —
apply (drule var-ordered-children)
apply auto
done
then have vINull: var (low no) = 0 by simp
from vlurNull have vrNull: var (high no) = 0 by simp
from Inobdt-def Inot-dag vINull Ino-nNull
have Inobdt-Zero: Inobdt = Zero
apply —
apply (drule bdt-Some-var0-Zero)
apply auto
done
from rnobdt-def rnot-dag vrNull hno-nNull
have rnobdt-Zero: rnobdt = Zero
apply —
apply (drule bdt-Some-var0-Zero)
apply auto
done
from Inobdt-Zero Inobdt-def have bdt Inot var = Some Zero by
stmp
with Inot-dag vINull
have [not-Node: Inot = (Node Tip (low no) Tip)
by auto
from rnobdt-Zero rnobdt-def rnot-dag vrNull
have rnot-Node: rnot = (Node Tip (high no) Tip)
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by auto
from pret-dag no-in-pret obtain not where
not-ex: Dag no low high not
apply —
apply (drule dag-setof-exD)
apply auto
done
with pret-dag no-in-pret have not-ez-in-pret: not <= pret
apply —
apply (rule set-of-subdag)
apply auto
done
from not-ex Inot-dag rnot-dag nonNull
have not-def: not = (Node Inot no rnot)
by (simp add: Dag-unique del: Dag-Ref)
with not-ex-in-pret prebdt-pret
have nobdt-ex: Inobdt. bdt (Node Inot no rnot) var = Some nobdt
apply —
apply (rule subbdt-ex)
apply auto
done
then obtain nobdt where
nobdt-def: bdt (Node Inot no rnot) var = Some nobdt by auto
from not-def have root not = no by simp
with nobdt-def vnoOne not-def have not = (Node Tip no Tip)
apply —
apply (drule bdt-Some-var1-One)
apply auto
done
with not-def have rnot = Tip by simp
with rnot-Node show ?thesis by simp
qed
next
fix rnot Inot rnort Inort
assume rnort-in-repb-Nodesn: set-of rnort C repb  Nodes n [l
assume rnort-repb-no: ¥V no€set-of rnort. repb no = no
from repbNodes-in-Nodes rnort-in-repb-Nodesn
have rnort-in-Nodesn: set-of rnort C Nodes n Il
by blast
show V no€set-of rnort. repc no = no
proof
fix pt
assume pt-in-rnort: pt € set-of rnort
with rnort-in-Nodesn have pt € Nodes n Il

by blast

with Nodesn-notin-lln have pt ¢ set (Il n)
by auto

with repbc-nc have repb pt = repc pt
by auto
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with rnort-repb-no pt-in-rnort show repc pt = pt
by auto
qed
qed
with varrep show ?thesis by simp
next
assume share-case-cond: repc (low no) # repc (high no)
with Ino-nNull hno-nNull
have share-case-cond-propto: (repc  low) no # (repc < high) no
by (simp add: null-comp-def)
with repshare obtain
rno-in-llbn: repc no € set (1! n) and
rrno-eg-rno: repc (repc no) = repc no and
twonodes-in-llbn-prop: (Vnole€set (11! n).
((repc o high) nol = (repc x high) no A
(repc o low) nol = (repc x low) no) = (repc no = repc nol))
by auto
from wf-ll rno-in-llbn nsll
have varrepno-n: var (repc no) = n
by (simp add: wf-ll-def length-ll-eq)
with varno have varrep: ?varrep
by simp
from not-nort-prop-high not-nort-prop-low have repcn-prop: ?repcn-prop
apply—
apply (elim ezE)
apply (rename-tac rnot Inot rnort Inort)
apply (rule-tac z=Node Inot no rnot in exl)
apply (rule-tac z=Node Inort (repc no) rnort in exl)
apply (elim conjE)
apply (intro conjl)
prefer 7
apply (elim exE)
apply (rename-tac rnot Inot rnort lnort rnobdt Inobdt rnorbdt Inorbdt)
apply (elim conjE)
apply (case-tac Suc 0 < var no)
apply (rule-tac x=(Bdt-Node Inobdt (var no) rnobdt) in exl)
apply (rule conjl)
prefer 2
apply (rule-tac x=(Bdt-Node Inorbdt (var (repc no)) rnorbdt) in

apply (rule congl)
proof —

fix rnot Inot rnort Inort
assume rnort-dag:

Dag (repc (high no)) (repb o low) (repb o< high) rnort
assume [nort-dag:

Dag (repc (low no)) (repb o low) (repb o high) Inort
assume rnort-in-repNodes: set-of rnort C repb  Nodes n 1
assume Inort-in-repNodes: set-of Inort C repb ‘ Nodes n Il
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from rnort-in-repNodes repbNodes-in-Nodes

have rnort-in-Nodes: set-of rnort C Nodes n [l
by simp

from [nort-in-repNodes repbNodes-in-Nodes

have lnort-in-Nodes: set-of Inort C Nodes n [l
by simp

from rnort-in-Nodes

have rnortz-in-Nodes: ¥V z € set-of rnort. © € Nodes n [l
by blast

with wf-ll nsll

have V z € set-of rnort. x € set-of pret A var x < n
apply —
apply (rule balll)
apply (rule wf-ll-Nodes-pret)
apply (auto simp add: length-ll-eq)
done

with pret-dag prebdt-pret rnort-dag ord-pret wf-l1l nsll
repbc-nc

have Vz € set-of rnort. (repc x low) x = (repb < low) z A
(repc o high) = = (repb  high)
apply —
apply (rule nort-null-comp)
apply (auto simp add: length-ll-eq)
done

then have Dag (repc (high no)) (repe o low) (repc o< high) rnort =

Dag (repc (high no)) (repb o low) (repb o< high) rnort
apply —
apply (rule heaps-eq-Dag-eq)
apply assumption
done

with rnort-dag

have rnort-dag-repe:
Dag (repc (high no)) (repc o low) (repc o high) rnort
by simp

from Ilnort-in-Nodes

have Inortz-in-Nodes: ¥V x € set-of Inort. x € Nodes n 1l
by blast

with wf-ll nsll

have V z € set-of lnort. x € set-of pret A var x < n
apply —
apply (rule balll)
apply (rule wf-ll-Nodes-pret)
apply (auto simp add: length-ll-eq)
done

with pret-dag prebdt-pret Inort-dag ord-pret wf-ll nsll
repbc-nc

have V z € set-of lnort. (repc  low) x = (repb o low) z A
(repc o< high) x = (repb < high) x
apply —
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rnort)

apply (rule nort-null-comp)
apply (auto simp add: length-ll-eq)
done
then have
Dayg (repc (low no)) (repc  low) (repc < high) Inort =
Dag (repc (low no)) (repb o< low) (repb o< high) Inort
apply —
apply (rule heaps-eq-Dag-eq)
apply assumption
done
with [nort-dag
have Inort-dag-repc:
Dag (repc (low no)) (repc x low) (repc o high) Inort
by simp
from Ino-nNull hno-nNull
have propto-comp: (repc  low) no = repc (low no) A
(repc o< high) no = repc (high no)
by (simp add: null-comp-def)
from rno-in-llbn twonodes-in-llbn-prop rrno-eq-rno
have (repc o< high) (repc no) = (repc o high) no A
(repe o low) (repe no) = (repc x low) no
by simp
with propto-comp Inort-dag-repc rnort-dag-repc Ino-nNull hno-nNull

rnonN
show Dag(repc no)(repc x low)(repc o high)(Node Inort (repc no)

by auto
next

fix rnot Inot rnort Inort

assume rnot-dag: Dag (high no) low high rnot

assume Inot-dag: Dag (low no) low high Inot

with rnot-dag nonNull

show Dag no low high (Node Inot no rnot)
by simp

next

fix rnort Inort

assume rnort-dag:
Dag (repc (high no)) (repb o low) (repb o high) rnort

assume Inort-dag:
Dag (repc (low no)) (repb o< low) (repb o high) Inort

assume red-rnort: reduced rnort

assume red-lnort: reduced Inort

from rhn-nNull rnort-dag obtain lrnort rrnort where
rnort-Node: rnort = (Node lrnort (repc (high no)) rrnort)
by auto

from rin-nNull Inort-dag obtain linort rinort where
Inort-Node: Inort = (Node llnort (repc (low no)) rinort)
by auto
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Ino-nNull

from twonodes-in-llbn-prop rrno-eq-rno rno-in-llbn hno-nNull

have ((repc o high) (repc no)) = repc (high no) A
((repe  low) (repc no)) = repe (low no)
apply —
apply (erule-tac x=repc no in ballF)
apply (auto simp add: null-comp-def)
done
with share-case-cond
have ((repc o high) (repc no)) # ((repc x low) (repc no))
by auto
with red-Inort red-rnort rnort-Node Inort-Node share-case-cond
show reduced (Node lnort (repc no) rnort)
apply —
apply (rule-tac lp=repc (low no) and rp=repc (high no) and
lt=llnort and rit = rinort and Irt=Irnort and rrt=rrnort
in reduced-children-parent)
apply auto
done
next
fix Inort rnort
assume Inort-dag:
Dag (repc (low no)) (repb o< low) (repb o< high) Inort
assume ord-lnort: ordered Inort var
assume rnort-dag:
Dag (repc (high no)) (repb o low) (repb o< high) rnort
assume ord-rnort: ordered rnort var
assume [nort-in-repNodes: set-of Inort C repb ‘Nodes n [l
assume rnort-in-repNodes: set-of rnort C repb ‘Nodes n 1
from [nort-in-repNodes repbNodes-in-Nodes
have [nort-in-Nodes: set-of Inort C Nodes n [l
by simp
from rnort-in-repNodes repbNodes-in-Nodes
have rnort-in-Nodes: set-of rnort C Nodes n [l
by simp

from rhn-nNull rnort-dag obtain lrnort rrnort where
rnort-Node: rnort = (Node lrnort (repe (high no)) rrnort)
by auto

from rin-nNull Inort-dag obtain llnort rinort where
Inort-Node: Inort = (Node llnort (repc (low no)) rinort)
by auto

from Ilnort-dag rin-nNull Inort-in-Nodes

have repc (low no) € set-of Inort
by auto

with [nort-in-Nodes

have repc (low no) € Nodes n Il
by blast

with wf-l1l nsll
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have vrino-sn: var (repc (low no)) < n
apply —
apply (drule wf-ll-Nodes-pret)
apply (auto simp add: length-ll-eq)
done
from rnort-dag rhn-nNull rnort-in-Nodes
have repc (high no) € set-of rnort
by auto
with rnort-in-Nodes
have repc (high no) € Nodes n 1
by blast
with wf-ll nsll have vrhno-sn: var (repc (high no)) < n
apply —
apply (drule wf-ll-Nodes-pret)
apply (auto simp add: length-ll-eq)
done
with varrepno-n vrino-sn Ilnort-dag ord-inort rnort-dag rnort-Node
Inort-Node ord-rnort
show ordered (Node Inort (repc no) rnort) var
by auto
next
fix Inort rnort
assume [nort-in-Nodes: set-of Inort C repb ‘Nodes n [l
assume rnort-in-Nodes: set-of rnort C repb ‘Nodes n [l
from Inort-in-Nodes repbNodes-repcNodes
have [nort-in-repcNodes: set-of Inort C repc ‘Nodes n [l
by simp
from rnort-in-Nodes repbNodes-repcNodes
have rnort-in-repcNodes: set-of rnort C repc ‘Nodes n Il
by simp
have nNodessubset: Nodes n Il C Nodes (n+1) Il
by (simp add: Nodes-subset)
then have repc-Nodes-subset:
repc ‘Nodes n ll C repc ‘Nodes (n+1) 1l
by blast
from no-in-Nodes have repc no € repc ‘Nodes (n+1) 1l
by blast
with repc-Nodes-subset Inort-in-repcNodes rnort-in-repcNodes
show set-of (Node Inort (repc no) rnort) C
repc ‘Nodes (n + 1) 1l
apply simp
apply blast
done
next
fix rnot Inot rnort Inort rnobdt Inobdt rnorbdt Inorbdt
assume Inobdt-def: bdt Inot var = Some Inobdt
assume rnobdt-def: bdt rnot var = Some rnobdt
assume rnorbdt-def: bdt rnort var = Some rnorbdt
assume cong-rno-rnor: rnobdt ~ rnorbdt
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assume [not-dag: Dag (low no) low high Inot
assume rnot-dag: Dag (high no) low high rnot
assume — Suc 0 < var no
then have varnoseql: var no = 0 V var no = 1 by auto
show I nobdt. bdt (Node Ilnot no rnot) var = Some nobdt A
(I norbdt. bdt (Node Inort (repc no) rnort) var = Some norbdt N
nobdt ~ norbdt)
proof (cases var no = 0)
case True
note vnoNull=this
with pret-dag ord-pret no-in-pret Ino-nNull hno-nNull
show ?thesis
apply —
apply (drule var-ordered-children)
apply auto
done
next
assume var no # 0
with varnoseql have vnoOne: var no = 1 by simp
from pret-dag ord-pret no-in-pret Ino-nNull hno-nNull
vnoOne
have vlvrNull: var (low no) = 0 A var (high no) = 0
apply —
apply (drule var-ordered-children)
apply auto
done
then have vINull: var (low no) = 0 by simp
from vlvrNull have vrNull: var (high no) = 0 by simp
from Inobdt-def Inot-dag vINull Ino-nNull
have lnobdt-Zero: lnobdt = Zero
apply —
apply (drule bdt-Some-var0-Zero)
apply auto
done
from rnobdt-def rnot-dag vrNull hno-nNull
have rnobdt-Zero: rnobdt = Zero
apply —
apply (drule bdt-Some-var0-Zero)
apply auto
done
from Inobdt-Zero Inobdt-def
have bdt Inot var = Some Zero by simp
with Inot-dag vINull
have [not-Node: Inot = (Node Tip (low no) Tip)
by auto
from rnobdt-Zero rnobdt-def rnot-dag vrNull
have rnot-Node: rnot = (Node Tip (high no) Tip)
by auto
from pret-dag no-in-pret obtain not
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where not-ex: Dag no low high not
apply —
apply (drule dag-setof-exD)
apply auto
done
with pret-dag no-in-pret have not-ez-in-pret: not <= pret
apply —
apply (rule set-of-subdag)
apply auto
done
from not-ex Inot-dag rnot-dag nonNull
have not-def: not = (Node Inot no rnot)
by (simp add: Dag-unique del: Dag-Ref)
with not-ex-in-pret prebdt-pret
have nobdt-ex: 3 nobdt. bdt (Node Inot no rnot) var = Some nobdt
apply —
apply (rule subbdt-ex)
apply auto
done
then obtain nobdt where
nobdt-def: bdt (Node Inot no rnot) var = Some nobdt by auto
from not-def have root not = no by simp
with nobdt-def vnoOne not-def
have not = (Node Tip no Tip)
apply —
apply (drule bdt-Some-vari-One)
apply auto
done
with not-def have rnot = Tip by simp
with rnot-Node show ?thesis by simp
qed
next
fix Inot rnot Inobdt rnobdt
assume [not-dag: Dag (low no) low high Inot
assume rnot-dag: Dag (high no) low high rnot
assume Inobdt-def: bdt Inot var = Some Inobdt
assume rnobdt-def: bdt rnot var = Some rnobdt
assume onesvarno: Suc 0 < var no
with rnobdt-def Inot-dag rnot-dag Inobdt-def
show bdt (Node Inot no rnot) var =
Some (Bdt-Node Inobdt (var no) rnobdt) by simp
next
fix rnot Inot rnort Inort rnobdt Inobdt rnorbdt Inorbdt
assume rnort-dag:
Dag (repc (high no)) (repb o low) (repb o< high) rnort
assume [nort-dag:
Dag (repc (low no)) (repb o low) (repb o high) Inort
assume rnorbdt-def: bdt rnort var = Some rnorbdt
assume Inorbdt-def: bdt Inort var = Some Inorbdt
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assume varno-bOne: Suc 0 < var no
with varno have Suc 0 < n by simp
with varrepno-n have Suc 0 < var (repc no) by simp
with rnorbdt-def Inorbdt-def
show bdt (Node Inort (repc no) rnort) var =
Some (Bdt-Node lnorbdt (var (repe no)) rnorbdt)
by simp
next
fix rnobdt Inobdt rnorbdt Inorbdt
assume [cong-eval: Inobdt ~ Inorbdt
assume rcong-eval: rnobdt ~ rnorbdt
from warno varrepno-n have var (repc no) = var no by simp
with Ilcong-eval rcong-eval
show Bdt-Node Inobdt (var no) rnobdt ~
Bdt-Node Inorbdt (var (repc no)) rnorbdt
apply (unfold cong-eval-def)
apply (rule ext)
by simp
next
fix rnot Inot rnort Inort
assume Inort-repb: ¥ no€set-of Inort. repb no = no
assume rnort-repb: V¥ no€set-of rnort. repb no = no
assume rnort-in-repb-Nodesn: set-of rnort C repb ‘ Nodes n [l
assume Inort-in-repb-Nodesn: set-of Inort C repb © Nodes n Il
from repbNodes-in-Nodes rnort-in-repb-Nodesn
have rnort-in-Nodesn: set-of rnort C Nodes n Il
by blast
from repbNodes-in-Nodes Inort-in-repb-Nodesn
have [nort-in-Nodesn: set-of Inort C Nodes n [l
by blast
have rnort-repc: V¥ no€set-of rnort. repc no = no
proof
fix pt
assume pt-in-rnort: pt € set-of rnort
with rnort-in-Nodesn have pt € Nodes n [l
by blast
with Nodesn-notin-lln have pt ¢ set (11! n)
by auto
with repbc-nc have repb pt = repc pt
by auto
with rnort-repb pt-in-rnort show repc pt = pt
by auto
qed
have lnort-repc: ¥ no€set-of Inort. repc no = no
proof
fix pt
assume pt-in-lnort: pt € set-of Inort
with [nort-in-Nodesn have pt € Nodes n [l
by blast
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with Nodesn-notin-lln have pt ¢ set (11! n)
by auto
with repbc-nc have repb pt = repc pt
by auto
with Inort-repb pt-in-lnort show repc pt = pt
by auto
qed
show V noeset-of (Node Inort (repc no) rnort). repc no = no
proof
fix pt
assume pi-in-rept: pt € set-of (Node Inort (repc no) rnort)
show repc pt = pt
proof (cases pt € set-of Inort)
case True
with Inort-repc show ?thesis
by auto
next
assume pt-notin-lnort: pt ¢ set-of lnort
show ?thesis
proof (cases pt € set-of rnort)
case True
with rnort-repc show ?thesis
by auto
next
assume pt-notin-rnort: pt ¢ set-of rnort
with pt-notin-Ilnort pt-in-rept have pt = repc no
by simp
with rrno-eq-rno show repc pt = pt
by simp
qed
qed
qed
qed

with varrep rrno-eq-rno show ?thesis by simp
qed

qed
with rnonN show ?thesis by simp

note while-while-prop=this
from wf-1l nsil
have Vno € Nodes n ll. no ¢ set (ll! n)
apply (simp add: Nodes-def length-li-eq)
apply clarify
apply (drule no-in-one-ll)
apply auto
done
with repbc-nc have VY no € Nodes n ll. repb no = repc no
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apply —
apply (rule balll)
apply (erule-tac z=no in allE)
apply simp
done
then have repbNodes-repcNodes:
repb {(Nodes n ll) = repc (Nodes n 1)
apply —
apply rule
apply blast
apply rule
apply (erule imageE)
apply (erule-tac z=za in ballE)
prefer 2
apply simp
apply rule
apply auto
done
then have repcNodes-repbNodes:
repc {(Nodes n ll) = repb {(Nodes n 1)
by simp
have repbc-dags-eq:
Dags (repc  Nodes n ll) (repc < low) (repc o< high) =
Dags (repb ‘ Nodes n ll) (repb o< low) (repb o< high)
apply —
apply rule
apply rule
apply (erule Dags.cases)
apply (rule DagsI)
prefer 4
apply rule
apply (erule Dags.cases)
apply (rule DagsI)
proof —
fixxpt
assume t-in-repcNodes: set-of t C repc * Nodes n 1
assume z-t: r=t¢
with t-in-repcNodes repcNodes-repbNodes
show set-of x C repb ‘ Nodes n [l
by simp
next
fixxpt
assume t-in-repcNodes: set-of t C repc * Nodes n 1
assume t-dag: Dag p (repc o low) (repc o< high) t
assume t-nTip: t # Tip
assume z-t: =t
from t-nTip t-dag have p # Null
apply —
apply (case-tac p=Null)

194



apply auto
done
with t-nTip t-dag obtain It rt where t-Node: t=Node It p rt
by auto
from t-in-repcNodes t-dag t-nTip t-Node obtain ¢ where
rg-p: repc ¢ = p and g-in-Nodes: ¢ € Nodes n 1l
apply simp
apply (elim conjFE)
apply (erule imageFE)
apply auto
done
from g-in-Nodes have repb ¢ = repc q
by (rule Nodes-n-rep-nc [rule-format))
with r¢-p have repbq-p: repb ¢ = p by simp
from ¢-in-Nodes
have Dag (repb q) (repb  low) (repb o< high) t =
Dag (repc q) (repc o low) (repc o high) t
by (rule Nodes-repbc-Dags-eq [rule-format])
with t-dag r¢-p have Dag (repb q) (repb o low) (repb  high) t by simp
with repbg-p z-t show Dag p (repb x low) (repb x high) x
by simp
next
fixxpt
assume t-in-repcNodes: set-of t C repb ‘ Nodes n [l
assume z-t: =t
with t-in-repcNodes repbNodes-repcNodes
show set-of © C repc © Nodes n 1l
by simp
next
fixzpt
assume t-in-repcNodes: set-of t C repb ‘ Nodes n [l
assume t-dag: Dag p (repb < low) (repb o< high) ¢
assume t-nTip: t # Tip
assume z-t: =t
from t-nTip t-dag have p # Null
apply —
apply (case-tac p=Null)
apply auto
done
with t-nTip t-dag obtain It rt where t-Node: t=Node It p rt
by auto
from t-in-repcNodes t-dag t-nTip t-Node obtain ¢ where
rg-p: epb ¢ = p and g¢-in-Nodes: q € Nodes n 1
apply simp
apply (elim conjFE)
apply (erule imageE)
apply auto
done
from ¢-in-Nodes have repb ¢ = repc q

195



by (rule Nodes-n-rep-nc [rule-format))
with r¢-p have repbq-p: repc ¢ = p by simp
from ¢-in-Nodes
have Dag (repb q) (repb o low) (repb o< high) t =
Dayg (repc q) (repe o< low) (repe o< high) t
by (rule Nodes-repbc-Dags-eq [rule-format])
with t-dag r¢-p have Dag (repc q) (repc  low) (repc < high) t by simp
with repbg-p z-t show Dag p (repc o low) (repc o high) x
by simp
next
fix z p and t :: dag
assume z-t: z = ¢
assume t-nTip: t # Tip
with z-t show z# Tip by simp
next
fix z p and t :: dag
assume z-t: z = ¢
assume t-nTip: t # Tip
with 2-t show z# Tip by simp
qed
from pret-dag wf-1l nsll
have null-notin-Nodes-Suc-n: Null ¢ Nodes (Suc n) Il
by — (rule Null-notin-Nodes,auto simp add: length-ll-eq)
{ fix t1 2
assume tI-in-DagsNodesn:
t1 € Dags (repc * Nodes n ll) (repc « low) (repc o high)
assume t2-notin-DagsNodesn:
t2 ¢ Dags (repc * Nodes n ll) (repc  low) (repe o< high)
assume t2-in-DagsNodesSucn:
t2 € Dags (repc © Nodes (Suc n) Ul) (repc o< low) (repc o< high)
assume isomorphic-dags-eq-asm:
Vi1 t2. t1 € Dags (repb * Nodes n ll) (repb o< low) (repb o< high)
A t2 € Dags (repb ‘ Nodes n 1) (repb o< low) (repb o< high)
— isomorphic-dags-eq t1 t2 var
assume repbc-Dags:
Dags (repc ¢ Nodes n ll) (repc  low) (repc o< high) =
Dags (repb © Nodes n 1) (repb o low) (repb o< high)
from ti-in-DagsNodesn repbc-Dags
have t1-repb-subnode:
t1 € Dags (repb ¢ Nodes n ll) (repb o< low) (repb o< high)
by simp
from t2-in-DagsNodesSucn
have t2-in-DagsNodesSucn:
t2 € Dags (repc  Nodes (Suc n) ll) (repc  low) (repc o< high)
by simp
from repbNodes-in-Nodes repbNodes-repcNodes
have repcNodesn-in-Nodesn: repc ‘Nodes n [l C Nodes n 1
by simp
from t1-in-DagsNodesn obtain ¢ where
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Dag-q-Nodes-n:
Dag (repc q) (repc o< low) (repc o< high) t1 N q € Nodes n 1l
proof (elim Dags.cases)
fix pt
assume tI1-t: t1 =1
assume t-in-repcNodesn: set-of t C repc  Nodes n [l
assume t-dag: Dag p (repc « low) (repc o< high) t
assume t-nTip: t # Tip
assume obtain-prop: \q. Dag (repc q) (repc  low) (repc o high) t1 A
q € Nodes n ll = ?thesis
from t-nTip t-dag have p # Null
apply —
apply (case-tac p=Null)
apply auto
done
with t-nTip t-dag obtain It rt where t-Node: t=Node It p 1t
by auto
from t-in-repcNodesn t-dag t-nTip t-Node obtain k where
rk-p: repc k = p and k-in-Nodes: k € Nodes n ll
apply simp
apply (elim conjE)
apply (erule imageE)
apply auto
done
with t1-t t-dag obtain-prop rk-p k-in-Nodes show ?thesis
by auto
qed
with wf-Il nsll have varg-sn: (var ¢ < n)
apply (simp add: Nodes-def)
apply (elim conjFE)
apply (erule ezE)
apply (simp add: wf-ll-def length-ll-eq)
apply (elim conjF)
apply (thin-tac ¥ q. q € set-of pret — q € set (Il'! var q))
apply (erule-tac z=z in allF)
apply auto
done
from Dag-q-Nodes-n have ¢-in-Nodesn: q € Nodes n 1
by simp
then have 3 k<n. ¢ € set (Il ! k)
by (simp add: Nodes-def)
with wf-ll nsll have g ¢ set (Il! n)
apply —
apply (erule exE)
apply (rule-tac i=k and j=n in no-in-one-ll)
apply (auto simp add: length-ll-eq)
done
with repbc-nc have repbc-q: repc ¢ = repb q
apply —
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apply (erule-tac x=¢q in allE)
apply auto
done

from normalize-prop g-in-Nodesn have var (repb q) <= var g
apply —
apply (erule-tac z=q in ballF)
apply auto
done

with repbc-q have var-repc-q: var (repe q) <= var q
by simp

with varg-sn have var-repc-g-n: var (repc q) < n
by simp

from Nodes-subset Dag-q-Nodes-n while-while-prop
have ord-t1-var-rep: ordered t1 var A var (repc q) <= var q
apply (elim conjF)
apply (erule-tac z=gq in ballF)
apply auto
done
then have ord-t1: ordered t1 var by simp
from ord-t1-var-rep have varrep-q: var (repc q¢) <= var q by simp
from t2-in-DagsNodesSucn have ord-t2: ordered t2 var
proof (elim Dags.cases)
fixpt
assume t-in-repcNodes: set-of t C repc ‘ Nodes (Suc n) Il
assume t-nTip: t # Tip
assume t2t: t2 =t
assume t-dag: Dag p (repc « low) (repc < high) t
from t-in-repcNodes have z-in-repcNodesSucn:
Va. z € set-of t — x € repe * Nodes (Suc n) 1l
apply —
apply auto
done
from t-nTip t-dag have p # Null
apply —
apply (case-tac p=Null)
apply auto
done
with ¢-nTip t-dag obtain It rt where t-Node: t=Node It p rt
by auto
then have p € set-of ¢
by auto
with z-in-repcNodesSucn have p € repc © Nodes (Suc n) Il
by simp
then obtain ¢ where repca-p: p=repc a and
a-in-NodesSucn: a € Nodes (Suc n)
by auto
with repca-p while-while-prop t-dag t2t show ?thesis
apply —
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nort N\

no)

apply (erule-tac x=a in ballF)
apply (elim conjE ezE)

apply (subgoal-tac nort = t)
prefer 2

apply (simp add: Dag-unique)
apply auto

done

qed
from while-while-prop have while-prop-part:

Vno € Nodes (Suc n) ll.
var (repc no) <= var no
by auto

from while-while-prop have rep-rep-nort:

Vno€Nodes (n + 1) ll. (3nort. Dag (repe no) (repc x low) (repc o high)

(Y no€set-of nort. repc no = no))
by auto

from repcNodes-in-Nodes null-notin-Nodes-Suc-n
have Vno € Nodes (n+1) ll. repc no # Null

by auto
with rep-rep-nort have ¥V no € Nodes (n+1) ll. repc (repc no) = (repc

apply —

apply (rule balll)

apply (erule-tac x=no in ballE)

prefer 2

apply simp

apply (erule-tac x=no in ballE)

apply (erule exFE)

apply (subgoal-tac repc no € set-of nort)
apply (elim conjE)

apply (erule-tac z=repc no in ballE)
apply simp

apply simp

apply (simp)

apply (elim conjE)

apply (thin-tac ¥V no€set-of nort. repc no = no)
apply auto

done

with t2-in-DagsNodesSucn t2-notin-DagsNodesn ord-t2 while-prop-part

wf-1l nsll repcNodes-in-Nodes obtain a where

t2-repc-dag: Dag (repc a) (repc o low) (repc o high) t2 and
a-in-lln: a € set (1! n)

apply —

apply (drule restrict-root-Node)

apply (auto simp add: length-ll-eq)

done

with wf-ll nsll have a-in-pret: a € set-of pret

by (simp add: wf-ll-def length-ll-eq)
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from wf-ll nsll a-in-lln have vara-n: var a = n
by (simp add: wf-ll-def length-ll-eq)
from a-in-lin rep-prop obtain
repp-nNull: repc a # Null and
repp-reduce: (repc x low) a = (repc o high) a A low a # Null
— repc a = (repc o< high) a and
repp-share: ((repc o low) a = (repc  high) a — low a = Null)
— repc a € set (11! n) A
repc (repc a) = repc a A
(Vnoleset (11! n). ((repc < high) nol = (repc  high) a A
(repc o< low) nol = (repc x low) a) = (repc a = repe nol))
using [[simp-depth-limit=4]]
by auto
from t2-repc-dag a-in-lin repp-nNull obtain [t2 rt2 where
t2-Node: t2 = (Node lt2 (repc a) 1t2)
by auto
have isomorphic-dags-eq t1 t2 var
proof (cases (repc < low) a = (repc  high) a A low a # Null)
case True
note red=this
then have red-case: (repc « low) a = (repc < high) a
by simp
from red have low-nNull: low a # Null
by simp
with pret-dag prebdt-pret a-in-pret have highp-nNull: high a # Null
apply —
apply (drule balanced-bdt)
apply auto
done
from pret-dag ord-pret a-in-pret low-nNull highp-nNull
have var-children-smaller: var (low a) < var a A var (high a) < var a
apply —
apply (rule var-ordered-children)
apply auto
done
from pret-dag a-in-pret have a-nNull: a # Null
apply —
apply (rule set-of-nn [rule-format))
apply auto
done
with a-in-pret highp-nNull pret-dag have high a € set-of pret
apply —
apply (drule subelem-set-of-high)
apply auto
done
with wf-ll have high o € set (II! (var (high a)))
by (simp add: wf-ll-def)
with a-in-lin t2-repc-dag var-children-smaller vara-n
have 3 k<n. (high a) € set (11! k)
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by auto
then have higha-in-Nodesn: (high a) € Nodes n Il
by (simp add: Nodes-def)
then have rhigha-in-rNodesn: repc (high a) € repc ¢ Nodes n 1l
by simp
from higha-in-Nodesn normalize-prop obtain rt where
rt-dag: Dag (repb (high a)) (repb o low) (repb o< high) rt and
rt-in-repbNort: set-of rt C repb ‘Nodes n Il
apply —
apply (erule-tac z=high a in ballE)
apply auto
done
from rt-in-repbNort repbNodes-repcNodes
have rt-in-repcNodesn: set-of rt C repc ‘Nodes n [l
by blast
from rt-dag higha-in-Nodesn
have repcrt-dag: Dag (repc (high a)) (repc < low) (repc o< high) rt
apply —
apply (drule Nodes-repbc-Dags-eq [rule-format])
apply auto
done
have rt-nTip: rt # Tip
proof —
have repc (high a) # Null
proof —
note rhigha-in-rNodesn
also have repc ‘Nodes n 1l C repc ‘Nodes (Suc n) 1l
using Nodes-subset
by blast
also have ... C Nodes (Suc n) l
using repcNodes-in-Nodes
by simp
finally show ?thesis
using null-notin-Nodes-Suc-n
by auto
qed
with repcrt-dag show ?thesis by auto
qed
from a-nNull a-in-pret low-nNull pret-dag have low a € set-of pret
apply —
apply (drule subelem-set-of-low)
apply auto
done
with wf-ll have low a € set (1! (var (low a)))
by (simp add: wf-ll-def)
with a-in-lin t2-repc-dag var-children-smaller vara-n
have Fk<n. (low a) € set (1l k)
by auto
then have (low a) € Nodes n ll
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by (simp add: Nodes-def)
then have rlow-in-rNodesn: repc (low a) € repc ‘ Nodes n [l
by simp
show ?thesis
proof —
from repp-reduce low-nNull highp-nNull red-case
have repc-p-def: repc a = repc (high a)
by (simp add: null-comp-def)
with rt-in-repcNodesn repcrt-dag rhigha-in-rNodesn a-in-lin t2-repc-dag
repc-p-def rt-nTip
have t2-in-Dags-Nodesn:
t2 € Dags (repc ‘ Nodes n ll) (repc o low) (repc o high)
apply —
apply (rule Dagsl)
apply simp
apply (subgoal-tac t2=rt)
apply (auto simp add: Dag-unique)
done
from tI-in-DagsNodesn t2-in-Dags-Nodesn repbc-dags-eq isomor-
phic-dags-eq-asm
show shared-t1-t2: isomorphic-dags-eq t1 t2 var
apply —
apply (erule-tac x=t1 in allF)
apply (erule-tac z=t2 in allF)
apply simp
done
qed
next
assume share: — ((repc o low) a = (repc x high) a A low a # Null)
then
have share: (repc x low) a # (repc < high) a V low a = Null
using [[simp-depth-limit=1]]
by simp
with repp-share obtain
ra-in-llbn: repc a € set (11! n) and
rra-ra: repc (repc a) = repe o and
two-nodes-share: (¥ nol€set (11! n).
((repc o< high) nol = (repc o high) a A
(repc o low) nol = (repe x low) a) = (repc a = repe nol))
using [[simp-depth-limit=3]]
by simp
from wf-ll ra-in-llbn nsll have var-repc-a-n: var (repc a) = n
by (auto simp add: wf-ll-def length-ll-eq)
show ?thesis
proof (auto simp add: isomorphic-dags-eq-def)
fix bdt1
assume bdt-t1: bdt t1 var = Some bdtl
assume bdt-t2: bdt t2 var = Some bdtl
show t1 = t2
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proof (cases t1)
case Tip
with bdi-t1 show ?thesis
by simp
next
case (Node lt1 p1 rtl)
note t1-Node=this
with Dag-g-Nodes-n have p1=(repc q)
by simp
with t2-Node bdi-t1 bdt-t2 t1-Node have var (repc q) = var (repc a)
apply —
apply (rule same-bdt-var)
apply auto
done
with var-repc-q-n var-repc-a-n show ?thesis
by simp
qed
qed
qed }
note mixed-Dags-case = this
from repbc-dags-eq isomorphic-dags-eq
have dags-shared:
V1 t2. t1 € Dags (repc * Nodes (Suc n) ll)(repc o low)(repc o< high)A
t2 € Dags (repc * Nodes (Suc n) ll) (repc o« low) (repc o< high)
— isomorphic-dags-eq t1 t2 var
apply —
apply (rule Dags-Nodes-cases)
apply (rule isomorphic-dags-eq-sym)
proof —
fix t1 t2
assume tI-in-Dagsn:
t1 € Dags (repc “ Nodes n ll) (repc o< low) (repc o< high)
assume t2-in-Dagsn:
t2 € Dags (repc * Nodes n ll) (repc o low) (repc o< high)
assume isomorphic-dags-eq-asm:
Vt1 t2. t1 € Dags (repb ¢ Nodes n ll) (repb o low) (repb o< high) A
t2 € Dags (repb ‘ Nodes n ll) (repb o low) (repb o high)
— isomorphic-dags-eq t1 t2 var
assume repb-repc-Dags:
Dags (repc ¢ Nodes n ll) (repe o« low) (repe o high) =
Dags (repb “ Nodes n 1) (repb o low) (repb o< high)
with t1-in-Dagsn t2-in-Dagsn isomorphic-dags-eq-asm
show isomorphic-dags-eq t1 t2 var by simp
next
fix t1t2
assume tI-in-DagsNodesn:
t1 € Dags (repc * Nodes n ll) (repc  low) (repc o high)
assume t2-notin-DagsNodesn:
t2 ¢ Dags (repc ‘ Nodes n 1) (repc  low) (repe o< high)
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assume t2-in-DagsNodesSucn:
t2 € Dags (repc ‘ Nodes (Suc n) Ul) (repc o low) (repc < high)
assume isomorphic-dags-eq-asm:
Vt1 t2. t1 € Dags (repb ‘ Nodes n ll) (repb o low) (repb o< high) A
t2 € Dags (repb ‘ Nodes n ll) (repb o low) (repb o high)
— isomorphic-dags-eq t1 t2 var
assume repbc-Dags:
Dags (repc ¢ Nodes n ll) (repe o low) (repc o high) =
Dags (repb © Nodes n 1) (repb o low) (repb o< high)
from ti-in-DagsNodesn t2-notin-DagsNodesn t2-in-DagsNodesSucn
isomorphic-dags-eq-asm repbc-Dags
show isomorphic-dags-eq t1 t2 var
apply —
apply (rule mized-Dags-case)
apply auto
done
next
fix t1t2
assume t1-in-DagsNodesSucn:
t1 € Dags (repc  Nodes (Suc n) ll) (repc  low) (repc o< high)
assume t1-notin-DagsNodesn:
t1 ¢ Dags (repc “ Nodes n ll) (repc < low) (repc o< high)
assume t2-in-DagsNodesSucn:
t2 € Dags (repc * Nodes (Suc n) Ul) (repc o< low) (repc o< high)
assume t2-notin-DagsNodesn:
t2 ¢ Dags (repc * Nodes n 1) (repe « low) (repe o high)

from t1-in-DagsNodesSucn have ord-t1: ordered t1 var
proof (elim Dags.cases)
fixpt
assume {-in-repcNodes: set-of t C repc  Nodes (Suc n) i
assume t-nTip: t # Tip
assume t2t: t1 =1
assume t-dag: Dag p (repc o low) (repe o< high) t
from t-in-repcNodes
have z-in-repcNodesSucn:
YV x. x € set-of t — © € repc ¢ Nodes (Suc n) Il
apply —
apply auto
done
from t-nTip t-dag have p # Null
apply —
apply (case-tac p=Null)
apply auto
done
with t-nTip t-dag obtain It rt where t-Node: t=Node It p rt
by auto
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then have p € set-of ¢
by auto
with z-in-repcNodesSucn have p € repc © Nodes (Suc n) Il
by simp
then obtain a where
repca-p: p=repc a and a-in-NodesSucn: a € Nodes (Suc n) 1l
by auto
with repca-p while-while-prop t-dag t2t show ?thesis
apply —
apply (erule-tac z=a in ballE)
apply (elim conjE ezE)
apply (subgoal-tac nort = t)
prefer 2
apply (simp add: Dag-unique)
apply auto
done
qed
from while-while-prop
have while-prop-part: ¥ no € Nodes (Suc n) [l.
var (repc no) <= var no
by auto
from while-while-prop have rep-rep-nort:
Vno€Nodes (n + 1) Il.
(3 nort. Dag (repc no) (repc o low) (repc o high) nort A
(V no€set-of nort. repc no = no))
by auto
from repcNodes-in-Nodes null-notin-Nodes-Suc-n
have V no € Nodes (n+1) ll. repc no # Null
by auto
with rep-rep-nort
have rep-rep-no: VY no € Nodes (n+1) ll. repc (repc no) = (repc no)
apply —
apply (rule balll)
apply (erule-tac x=no in ballE)
prefer 2
apply simp
apply (erule-tac x=no in ballE)
apply (erule exE)
apply (subgoal-tac repc no € set-of nort)
apply (elim conjFE)
apply (erule-tac z=repc no in ballE)
apply simp
apply simp
apply (simp)
apply (elim conjFE)
apply (thin-tac ¥ no€set-of nort. repc no = no)
apply auto
done
with t1-in-DagsNodesSucn t1-notin-DagsNodesn ord-t1 while-prop-part
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wf-l

nsll repcNodes-in-Nodes obtain a1 where
t1-repc-dag: Dag (repc al) (repc o low) (repc o< high) t1 and
al-in-lin: al € set (11! n)
apply —
apply (drule restrict-root-Node)
apply (auto simp add: length-ll-eq)
done

with wf-ll nsll have al-in-pret: al € set-of pret
by (simp add: wf-ll-def length-ll-eq)

from wf-ll nsll al-in-lln have varal-n: var al = n
by (simp add: wf-ll-def length-ll-eq)

from al-in-lin rep-prop obtain
repal-nNull: repc al # Null and
repal-reduce: (repc < low) al = (repc < high) al A low al # Null
— repc al = (repc o< high) al and
repal-share: ((repc o< low) al = (repc < high) al — low al = Null)
— repc al € set (Il! n) A repc (repc al) = repc al A
(Vnoleset (11! n). ((repc o< high) nol = (repc o< high) al A
(repe o< low) nol = (repc x low) al) = (repc al = repc nol))
using [[simp-depth-limit=4]]
by auto

from t1-repc-dag al-in-lin repal-nNull obtain lt1 rt1 where
t1-Node: t1 = (Node lt1 (repc al) 1t1)
by auto

from t2-in-DagsNodesSucn have ord-t2: ordered t2 var
proof (elim Dags.cases)
fixpt
assume {-in-repcNodes: set-of t C repc  Nodes (Suc n) i
assume t-nTip: t # Tip
assume t2t: t2 =1
assume t-dag: Dag p (repc o low) (repe o< high) t
from t-in-repcNodes
have z-in-repcNodesSucn:
YV x. x € set-of t — © € repc ¢ Nodes (Suc n) Il
apply —
apply auto
done
from t-nTip t-dag have p # Null
apply —
apply (case-tac p=Null)
apply auto
done
with t-nTip t-dag obtain It rt where t-Node: t=Node It p rt
by auto
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then have p € set-of ¢
by auto
with z-in-repcNodesSucn have p € repc © Nodes (Suc n) Il
by simp
then obtain a where
repca-p: p=repc a and a-in-NodesSucn: a € Nodes (Suc n) 1l
by auto
with repca-p while-while-prop t-dag t2t show ?thesis
apply —
apply (erule-tac z=a in ballE)
apply (elim conjE ezE)
apply (subgoal-tac nort = t)
prefer 2
apply (simp add: Dag-unique)
apply auto
done
qed
from rep-rep-no t2-in-DagsNodesSucn t2-notin-DagsNodesn ord-t2 while-prop-part
wf-11
nsll repcNodes-in-Nodes obtain a2 where
t2-repc-dag: Dag (repc a2) (repe « low) (repc < high) t2 and
a2-in-lin: a2 € set (1! n)
apply —
apply (drule restrict-root-Node)
apply (auto simp add: length-ll-eq)
done
with wf-ll nsll have a2-in-pret: a2 € set-of pret
by (simp add: wf-ll-def length-ll-eq)
from wf-1l nsll a2-in-lln have vara2-n: var a2 = n
by (simp add: wf-ll-def length-ll-eq)
from a2-in-lin rep-prop obtain
repa2-nNull: repc a2 # Null and
repa2-reduce: (repc x low) a2 = (repc  high) a2 A low a2 # Null
— repc a2 = (repc < high) a2 and
repa2-share: ((repc « low) a2 = (repc < high) a2 — low a2 = Null)
— repc a2 € set (11! n) A repc (repc a2) = repc a2 A
(Vnoleset (11! n). ((repc < high) nol = (repc < high) a2 A
(repc o low) nol = (repc x low) a2) = (repc a2 = repc nol))
using [[simp-depth-limit = /]|
by auto
from t2-repc-dag a2-in-lln repa2-nNull obtain [t2 rt2 where
t2-Node: t2 = (Node lt2 (repc a2) 1t2)
by auto
show isomorphic-dags-eq t1 t2 var
proof (cases (repc < low) al = (repc o high) al A low al # Null)
case True
note ti1-red-cond=this
with t1-red-cond have t1-red-case: (repc x low) al = (repc x high) al
by simp
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from ti-red-cond have lowal-nNull: low al # Null
by simp
with pret-dag prebdt-pret al-in-pret have highal-nNull: high a1l # Null
apply —
apply (drule balanced-bdt)
apply auto
done
from pret-dag ord-pret al-in-pret lowal-nNull highal-nNull
have var-children-smaller-al: var (low al) < var al A var (high al) <
var al
apply —
apply (rule var-ordered-children)
apply auto
done
from pret-dag al-in-pret have al-nNull: a1 # Null
apply —
apply (rule set-of-nn [rule-format])
apply auto
done
with al-in-pret highal-nNull pret-dag have high al € set-of pret
apply —
apply (drule subelem-set-of-high)
apply auto
done
with wf-ll have high al € set (Il (var (high al)))
by (simp add: wf-ll-def)
with al-in-lln ti-repc-dag var-children-smaller-al varal-n
have Jk<n. (high al) € set (Il ! k)
by auto
then have highal-in-Nodesn: (high al) € Nodes n
by (simp add: Nodes-def)
then have rhighal-in-rNodesn: repc (high al) € repc ‘ Nodes n [l
by simp
from highal-in-Nodesn normalize-prop obtain rt1 where
rt1-dag: Dag (repb (high al)) (repb o low) (repb o< high) rt1 and
rt1-in-repbNort: set-of rt1 C repb ‘Nodes n I
apply —
apply (erule-tac x=high al in ballF)
apply auto
done
from rt1-in-repbNort repbNodes-repcNodes
have rti1-in-repcNodesn: set-of rt1 C repc ‘Nodes n ll
by blast
from rt1-dag highal-in-Nodesn
have repcrti-dag: Dag (repc (high al)) (repc o low) (repc o< high) rt1
apply —
apply (drule Nodes-repbe-Dags-eq [rule-format])
apply auto
done
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have rt1-nTip: rt1 # Tip
proof —
have repc (high al) # Null
proof —
note rhighal-in-rNodesn
also have repc ‘Nodes n 1l C repc ‘Nodes (Suc n) 1l
using Nodes-subset
by blast
also have ... C Nodes (Suc n) Il
using repcNodes-in-Nodes
by simp
finally show ?thesis
using null-notin-Nodes-Suc-n
by auto
qed
with repcrt1-dag show ?thesis by auto
qed
from repal-reduce lowal-nNull highal-nNull t1-red-case
have repc-al-def: repc al = repc (high al)
by (simp add: null-comp-def)
with rt1-in-repcNodesn repcrt1-dag rhighal-in-rNodesn al-in-lin
t1-repc-dag repc-al-def rt1-nTip
have t1-in-Dags-Nodesn:
t1 € Dags (repc * Nodes n ll) (repc o low) (repc o high)
apply —
apply (rule DagsI)
apply simp
apply (subgoal-tac t1=rt1)
apply (auto simp add: Dag-unique)
done
show ?thesis
proof (cases (repc < low) a2 = (repc o< high) a2 A low a2 # Null)
case True
note t2-red-cond=this
with t2-red-cond have t2-red-case: (repc < low) a2 = (repc o< high) a2
by simp
from t2-red-cond have lowa2-nNull: low a2 # Null
by simp
with pret-dag prebdt-pret a2-in-pret have higha2-nNull: high a2 # Null

apply —

apply (drule balanced-bdt)

apply auto

done
from pret-dag ord-pret a2-in-pret lowa2-nNull higha2-nNull
have var-children-smaller-a2:

var (low a2) < var a2 A var (high a2) < var a2

apply —

apply (rule var-ordered-children)
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apply auto
done
from pret-dag a2-in-pret have a2-nNull: a2 # Null
apply —
apply (rule set-of-nn [rule-format])
apply auto
done
with a2-in-pret higha2-nNull pret-dag have high a2 € set-of pret
apply —
apply (drule subelem-set-of-high)
apply auto
done
with wf-ll have high a2 € set (Il ! (var (high a2)))
by (simp add: wf-ll-def)
with a2-in-lin t2-repc-dag var-children-smaller-a2 vara2-n
have 3 k<n. (high a2) € set (Il ! k)
by auto
then have higha2-in-Nodesn: (high a2) € Nodes n 1l
by (simp add: Nodes-def)
then have rhigha2-in-rNodesn: repc (high a2) € repc ¢ Nodes n 1l
by simp
from higha2-in-Nodesn normalize-prop obtain rt2 where
rt2-dag: Dag (repb (high a2)) (repb o low) (repb < high) rt2 and
rt2-in-repbNort: set-of rt2 C repb ‘Nodes n Il
apply —
apply (erule-tac x=high a2 in ballE)
apply auto
done
from rt2-in-repbNort repbNodes-repcNodes
have rt2-in-repcNodesn: set-of rt2 C repc ‘Nodes n 1
by blast
from rt2-dag higha2-in-Nodesn
have repcrt2-dag: Dag (repe (high a2)) (repc o low) (repe o< high) rt2
apply —
apply (drule Nodes-repbc-Dags-eq [rule-format])
apply auto
done
have rt2-nTip: 1t2 # Tip
proof —
have repc (high a2) # Null
proof —
note rhigha2-in-rNodesn
also have repc ‘Nodes n 1l C repc ‘Nodes (Suc n) 1l
using Nodes-subset
by blast
also have ... C Nodes (Suc n)
using repcNodes-in-Nodes
by simp
finally show ?thesis
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using null-notin-Nodes-Suc-n
by auto
qed
with repcrt2-dag show ?thesis by auto
qged
from repa2-reduce lowa2-nNull higha2-nNull t2-red-case
have repc-a2-def: repc a2 = repc (high a2)
by (simp add: null-comp-def)
with rt2-in-repcNodesn repcrt2-dag rhigha2-in-rNodesn a2-in-lin
t2-repc-dag repc-a2-def rt2-nTip
have t2-in-Dags-Nodesn:
t2 € Dags (repc ‘ Nodes n ll) (repc o low) (repc o high)
apply —
apply (rule Dagsl)
apply simp
apply (subgoal-tac t2=rt2)
apply (auto simp add: Dag-unique)
done
from isomorphic-dags-eq t1-in-Dags-Nodesn t2-in-Dags-Nodesn
repbc-dags-eq
show ?thesis
by auto
next
assume t2-share-cond:
= ((repc  low) a2 = (repc o high) a2 A low a2 # Null)
from t1-in-Dags-Nodesn t2-notin-DagsNodesn t2-in-DagsNodesSucn
isomorphic-dags-eq repbc-dags-eq
show ?thesis
apply —
apply (rule mized-Dags-case)
apply auto
done
qed
next
assume tI-share-cond:
=((repe o low) al = (repc x high) al A low al # Null)
with repal-share obtain
repcal-in-llbn: repc al € set (Il! n) and
reprepal: repc (repc al) = repc al and
twonodes-llbn-al:
(Vnoleset (11! n). ((repc x high) nol = (repc  high) al A
(repe o low) nol = (repc x low) al) = (repc al = repc nol))
using [[simp-depth-limit=2]]
by auto
show ?thesis
proof (cases (repc < low) a2 = (repc o high) a2 A low a2 # Null)
case True
note t2-red-cond=this
with ¢2-red-cond have t2-red-case: (repc x low) a2 = (repc «x high) a2
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by simp
from t2-red-cond have lowa2-nNull: low a2 # Null
by simp
with pret-dag prebdt-pret a2-in-pret have higha2-nNull: high a2 # Null

apply —
apply (drule balanced-bdt)
apply auto
done
from pret-dag ord-pret a2-in-pret lowa2-nNull higha2-nNull
have var-children-smaller-a2:
var (low a2) < var a2 A var (high a2) < var a2
apply —
apply (rule var-ordered-children)
apply auto
done
from pret-dag a2-in-pret have a2-nNull: a2 # Null
apply —
apply (rule set-of-nn [rule-format])
apply auto
done
with a2-in-pret higha2-nNull pret-dag have high a2 € set-of pret
apply —
apply (drule subelem-set-of-high)
apply auto
done
with wf-l]
have high a2 € set (11! (var (high a2)))
by (simp add: wf-ll-def)
with a2-in-lln t2-repc-dag var-children-smaller-a2 vara2-n
have 3 k<n. (high a2) € set (Il k)
by auto
then have higha2-in-Nodesn: (high a2) € Nodes n 1l
by (simp add: Nodes-def)
then have rhigha2-in-rNodesn: repc (high a2) € repc ‘ Nodes n [l
by simp
from higha2-in-Nodesn normalize-prop obtain rt2 where
rt2-dag: Dag (repb (high a2)) (repb x low) (repb o high) 12 and
rt2-in-repbNort: set-of rt2 C repb ‘Nodes n ll
apply —
apply (erule-tac z=high a2 in ballE)
apply auto
done
from rt2-in-repbNort repbNodes-repcNodes
have rt2-in-repcNodesn: set-of 12 C repc ‘Nodes n Il
by blast
from rt2-dag higha2-in-Nodesn
have repcrt2-dag: Dag (repc (high a2)) (repc o low) (repc o< high) rt2
apply —
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apply (drule Nodes-repbc-Dags-eq [rule-format])
apply auto
done
have rt2-nTip: rt2 # Tip
proof —
have repc (high a2) # Null
proof —
note rhigha2-in-rNodesn
also have repc ‘Nodes n Il C repc ‘Nodes (Suc n) 1l
using Nodes-subset
by blast
also have ... C Nodes (Suc n) Il
using repcNodes-in-Nodes
by simp
finally show ?thesis
using null-notin-Nodes-Suc-n
by auto
qed
with repcrt2-dag show ?thesis by auto
qed
from repa2-reduce lowa2-nNull higha2-nNull t2-red-case
have repc-a2-def: repc a2 = repc (high a2)
by (simp add: null-comp-def)
with rt2-in-repcNodesn repcrt2-dag rhigha2-in-rNodesn a2-in-lin
t2-repc-dag repc-a2-def rt2-nTip
have t2-in-Dags-Nodesn:
t2 € Dags (repc “ Nodes n ll) (repc o low) (repc o< high)
apply —
apply (rule DagsI)
apply simp
apply (subgoal-tac t2=rt2)
apply (auto simp add: Dag-unique)
done
from t2-in-Dags-Nodesn t1-notin-DagsNodesn t1-in-DagsNodesSucn
isomorphic-dags-eq repbc-dags-eq
have isomorphic-dags-eq t2 t1 var
apply —
apply (rule mized-Dags-case)
apply auto
done
then show ?thesis
by (simp add: isomorphic-dags-eq-sym,)
next
assume t2-shared-cond:
= ((repe < low) a2 = (repc o high) a2 A low a2 # Null)
with repa2-share obtain
repca2-in-llbn: repc a2 € set (11! n) and
reprepa2: repc (repe a2) = repc a2 and
twonodes-llbn-a2: (VY nole€set (Il! n).
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Null

Null

((repe o< high) nol = (repc x high) a2 A
(repe o low) nol = (repc x low) a2) = (repc a2 = repc nol))
using [[simp-depth-limit=2]]
by auto
from twonodes-llbn-a2 al-in-lin
have share-al-a2:
((repc o< high) al = (repc  high) a2 A
(repe « low) al = (repc x low) a2) = (repc a2 = repc al)
by auto
from twonodes-llbn-al repcal-in-llbn reprepal
have children-repc-eq-al: (repc o< high) (repc al) = (repc o high) al

(repc < low) (repc al) = (repc x low) al
by auto
from twonodes-llbn-a2 repca2-in-llbn reprepa2
have children-repc-eq-a2: (repc o< high) (repc a2) = (repc < high) a2

(repe o low) (repc a2) = (repc x low) a2
by auto
from t1-Node t2-Node show ?thesis
proof (clarsimp simp add: isomorphic-dags-eq-def)
fix bdt1
assume t1-bdt: bdt (Node lt1 (repc al) rt1) var = Some bdt1
assume t2-bdt: bdt (Node [t2 (repc a2) 1t2) var = Some bdt1
show [t1 = t2 A repc al = repc a2 N rt1 = rt2
proof (cases bdt1)
case Zero
with t7-bdt t1-Node obtain
lt1-Tip: It1 = Tip and
rt1-Tip: rt1 = Tip
by simp
from Zero t2-bdt t2-Node obtain
lt2-Tip: t2 = Tip and
rt2-Tip: rt2 = Tip
by simp
from t1-repc-dag t1-Node lt1-Tip have (repc x low) (repc al) =

by simp

with children-repc-eq-al

have repc-low-a1-Null: (repc « low) al = Null
by simp

from t1-repc-dag t1-Node rt1-Tip

have (repc o< high) (repc al) = Null
by simp

with children-repc-eq-al

have repc-high-al-Null: (repc < high) al = Null
by simp
from t2-repc-dag t2-Node 1t2-Tip have (repc o low) (repc a2) =
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by simp
with children-repc-eq-a2
have repc-low-a2-Null: (repc < low) a2 = Null
by simp
from t2-repc-dag t2-Node rt2-Tip
have (repc o high) (repc a2) = Null
by simp
with children-repc-eq-a2
have repc-high-a2-Null: (repc  high) a2 = Null
by simp
with share-a1-a2 repc-low-al-Null repc-high-a1-Null
repc-low-a2-Null repc-high-a2-Null
have repc a2 = repc al
by auto
with [t1-Tip rti1-Tip It2-Tip rt2-Tip show ?thesis
by auto
next
case One
with t1-bdt t1-Node obtain
lt1-Tip: It1 = Tip and
rt1-Tip: rt1 = Tip
by simp
from One t2-bdt t2-Node obtain
lt2-Tip: It2 = Tip and
rt2-Tip: rt2 = Tip
by simp
from t1-repc-dag t1-Node lt1-Tip have (repc x low) (repc al) =
Null
by simp
with children-repc-eq-al
have repc-low-al-Null: (repc < low) al = Null
by simp
from t1-repc-dag t1-Node rt1-Tip have (repc x high) (repc al) =
Null
by simp
with children-repc-eq-al
have repc-high-a1-Null: (repc < high) a1l = Null
by simp
from t2-repc-dag t2-Node It2-Tip have (repc x low) (repc a2) =
Null
by simp
with children-repc-eq-a2
have repc-low-a2-Null: (repc x low) a2 = Null
by simp
from t2-repc-dag t2-Node rt2-Tip have (repc « high) (repc a2) =
Null
by simp
with children-repc-eq-a2
have repc-high-a2-Null: (repc  high) a2 = Null
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by simp
with share-a1-a2 repc-low-al-Null repc-high-a1-Null
repc-low-a2-Null repc-high-a2-Null
have repc a2 = repc al
by auto
with [t1-Tip rt1-Tip [t2-Tip rt2-Tip show ?thesis
by auto
next
case (Bdt-Node Ibdt v rbdt)
note bdt-Node-case=this
with t1-bdt t1-Node obtain
Ibdt-def-1t1: bdt lt1 var = Some lbdt and
rbdt-def-rt1: bdt rt1 var = Some rbdt
by auto
from t2-bdt bdt-Node-case t2-Node obtain
lbdt-def-1t2: bdt It2 var = Some lbdt and
rbdt-def-rt2: bdt rt2 var = Some rbdt
by auto
from [bdt-def-It1 t1-Node t1-repc-dag children-repc-eq-al
have (repc o low) al # Null
by auto
then have low-al-nNull: (low al) # Null
by (auto simp: null-comp-def)
from rbdt-def-rt1 t1-Node t1-repc-dag children-repc-eq-al
have (repc o< high) al # Null
by auto
then have high-a1-nNull: (high al) # Null
by (auto simp: null-comp-def)
from [bdit-def-1t2 t2-Node t2-repc-dag children-repc-eq-a2
have (repc o low) a2 # Null
by auto
then have low-a2-nNull: (low a2) # Null
by (auto simp: null-comp-def)
from rbdt-def-rt2 t2-Node t2-repc-dag children-repc-eq-a2
have (repc o high) a2 # Null
by auto
then have high-a2-nNull: (high a2) # Null
by (auto simp: null-comp-def)

from pret-dag ord-pret al-in-pret low-al-nNull high-al-nNull
have var-children-smaller-a1:

var (low al) < var al A var (high al) < var al

apply —

apply (rule var-ordered-children)

apply auto

done
from pret-dag al-in-pret have al-nNull: al # Null

apply —
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apply (rule set-of-nn [rule-format])
apply auto
done

with al-in-pret high-a1-nNull pret-dag have high al € set-of pret
apply —
apply (drule subelem-set-of-high)
apply auto
done
with wf-1l
have high a1 € set (Il'! (var (high al)))
by (simp add: wf-ll-def)
with al-in-lin t1-repc-dag var-children-smaller-al varal-n
have 3 k<n. (high al) € set (1l ! k)
by auto
then have highal-in-Nodesn: (high al) € Nodes n 1l
by (simp add: Nodes-def)
then have rhighal-in-rNodesn:
repc (high al) € repc ¢ Nodes n 1l
by simp
from highal-in-Nodesn normalize-prop obtain rtih where
rt1-dag: Dag (repb (high al)) (repb < low) (repb o high) rt1h and
rt1-in-repbNort: set-of rt1h C repb ‘Nodes n [l
apply —
apply (erule-tac z=high al in ballE)
apply auto
done
from rt1-in-repbNort repbNodes-repcNodes
have rti-in-repcNodesn: set-of rt1h C repc ‘Nodes n 1l
by blast
from rt1-dag highal-in-Nodesn
have repcrti-dag:
Dag (repc (high al)) (repe < low) (repc o high) rt1h
apply —
apply (drule Nodes-repbc-Dags-eq [rule-format])
apply auto
done
from t1-Node ti-repc-dag high-al-nNull children-repc-eq-al
have Dag (repc (high al)) (repc x low) (repc o high) rtl
by (auto simp add: null-comp-def)
with repcrt1-dag have rtih-rt1: rt1h = rt1 by (simp add: Dag-unique)
have rt1-nTip: rt1 # Tip
proof —
have repc (high al) # Null
proof —
note rhighal-in-rNodesn
also have
repc ‘Nodes n 1l C repc ‘Nodes (Suc n) I
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using Nodes-subset
by blast
also have ... C Nodes (Suc n)
using repcNodes-in-Nodes
by simp
finally show ?thesis
using null-notin-Nodes-Suc-n
by auto
qed
with repcrtil-dag rt1h-rt1 show ?thesis by auto
qed
with rt1-in-repcNodesn repcrti-dag rhighal-in-rNodesn al-in-lin
ti-repc-dag rtih-rt1
have rt1-in-Dags-Nodesn:
rt1 € Dags (repc “ Nodes n 1) (repc < low) (repe o high)
apply —
apply (rule DagsI)
apply auto
done

from al-nNull al-in-pret low-al-nNull pret-dag
have low al € set-of pret
apply —
apply (drule subelem-set-of-low)
apply auto
done
with wf-ll have
low al € set (11! (var (low al))) by (simp add: wf-ll-def)
with al-in-lin t1-repc-dag var-children-smaller-al varal-n
have 3 k<n. (low al) € set (11! k)
by auto
then have lowal-in-Nodesn: (low al) € Nodes n [l
by (simp add: Nodes-def)
then have rlowal-in-rNodesn: repc (low al) € repc “ Nodes n 1l
by simp
from lowal-in-Nodesn normalize-prop obtain [t1h where
lt1-dag: Dag (repb (low al)) (repb < low) (repb o high) lt1h and
lt1-in-repbNort: set-of lt1h C repb ‘Nodes n [l
apply —
apply (erule-tac z=low al in ballFE)
apply auto
done
from [t1-in-repbNort repbNodes-repcNodes
have [t1-in-repcNodesn: set-of lt1h C repc ‘Nodes n 1
by blast
from It1-dag lowal-in-Nodesn
have repclti-dag: Dag (repc (low al)) (repc o low) (repe o< high)
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lt1h
apply —
apply (drule Nodes-repbc-Dags-eq [rule-format])
apply auto
done
from t1-Node t1-repc-dag low-al-nNull children-repc-eq-al
have Dag (repc (low al)) (repc o low) (repc o high) It1
by (auto simp add: null-comp-def)
with repcltl-dag have lt1h-1t1: lt1h = lt1 by (simp add: Dag-unique)
have [t1-nTip: It1 # Tip
proof —
have repc (low al) # Null
proof —
note rlowal-in-rNodesn
also have
repc ‘Nodes n Il C repc ‘Nodes (Suc n) 1l
using Nodes-subset
by blast
also have ... C Nodes (Suc n)
using repcNodes-in-Nodes
by simp
finally show ?thesis
using null-notin-Nodes-Suc-n
by auto
qed
with repclti-dag lt1h-1t1 show ?thesis by auto
qed
with [t1-in-repcNodesn repclti-dag rlowal-in-rNodesn al-in-lln
ti-repc-dag lt1h-lt1
have It1-in-Dags-Nodesn:
It1 € Dags (repc ¢ Nodes n ll) (repc o low) (repc o< high)
apply —
apply (rule DagsI)
apply auto
done

from pret-dag ord-pret a2-in-pret low-a2-nNull high-a2-nNull
have var-children-smaller-a2:
var (low a2) < var a2 A var (high a2) < var a2
apply —
apply (rule var-ordered-children)
apply auto
done
from pret-dag a2-in-pret have a2-nNull: a2 # Null
apply —
apply (rule set-of-nn [rule-format))
apply auto
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done

with a2-in-pret high-a2-nNull pret-dag have high a2 € set-of pret
apply —
apply (drule subelem-set-of-high)
apply auto
done
with wf-ll have high a2 € set (Il! (var (high a2)))
by (simp add: wf-ll-def)
with a2-in-lln t2-repc-dag var-children-smaller-a2 vara2-n
have 3 k<n. (high a2) € set (Il k)
by auto
then have higha2-in-Nodesn: (high a2) € Nodes n
by (simp add: Nodes-def)
then have rhigha2-in-rNodesn:
repc (high a2) € repe © Nodes n
by simp
from higha2-in-Nodesn normalize-prop obtain rt2h where
rt2-dag: Dag (repb (high a2)) (repb o low) (repb  high) rt2h and
rt2-in-repbNort: set-of rt2h C repb ‘Nodes n Il
apply —
apply (erule-tac x=high a2 in ballF)
apply auto
done
from rt2-in-repbNort repbNodes-repcNodes
have rt2-in-repcNodesn: set-of rt2h C repc ‘Nodes n 1l
by blast
from rt2-dag higha2-in-Nodesn
have repcrt2-dag:
Dag (repc (high a2)) (repe « low) (repe o high) rt2h
apply —
apply (drule Nodes-repbc-Dags-eq [rule-format])
apply auto
done
from t2-Node t2-repc-dag high-a2-nNull children-repc-eq-a2
have Dag (repc (high a2)) (repc x low) (repc < high) rt2
by (auto simp add: null-comp-def)
with repcrt2-dag have rt2h-rt2: rt2h = rt2 by (simp add: Dag-unique)
have rt2-nTip: 12 # Tip
proof —
have repc (high a2) # Null
proof —
note rhigha2-in-rNodesn
also have
repc ‘Nodes n Il C repc ‘Nodes (Suc n) Il
using Nodes-subset
by blast
also have ... C Nodes (Suc n) 1l
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lteh

using repcNodes-in-Nodes
by simp
finally show ?thesis
using null-notin-Nodes-Suc-n
by auto
qed
with repcrt2-dag rt2h-rt2 show ?thesis by auto
qed
with rt2-in-repcNodesn repcrt2-dag rhigha2-in-rNodesn a2-in-lin
t2-repc-dag Tt2h-1t2
have rt2-in-Dags-Nodesn:
rt2 € Dags (repc “ Nodes n ll) (repc < low) (repc < high)
apply —
apply (rule DagsI)
apply auto
done

from a2-nNull a2-in-pret low-a2-nNull pret-dag
have low a2 € set-of pret
apply —
apply (drule subelem-set-of-low)
apply auto
done
with wf-ll have low a2 € set (Il! (var (low a2)))
by (simp add: wf-ll-def)
with a2-in-lln t2-repc-dag var-children-smaller-a2 vara2-n
have 3 k<n. (low a2) € set (Il ! k)
by auto
then have lowa2-in-Nodesn: (low a2) € Nodes n 1l
by (simp add: Nodes-def)
then have rlowa2-in-rNodesn: repc (low a2) € repc “ Nodes n 1l
by simp
from lowa2-in-Nodesn normalize-prop obtain [t2h where
It2-dag: Dag (repb (low a2)) (repb o low) (repb o< high) lt2h and
lt2-in-repbNort: set-of lt2h C repb ‘Nodes n [l
apply —
apply (erule-tac x=low a2 in ballFE)
apply auto
done
from [t2-in-repbNort repbNodes-repcNodes
have [t2-in-repcNodesn: set-of It2h C repc ‘Nodes n 1
by blast
from [t2-dag lowa2-in-Nodesn
have repclt2-dag: Dag (repe (low a2)) (repc o low) (repc o high)

apply —
apply (drule Nodes-repbc-Dags-eq [rule-format])
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apply auto
done
from t2-Node t2-repc-dag low-a2-nNull children-repc-eq-a2
have Dag (repc (low a2)) (repe x low) (repc o< high) 1t2
by (auto simp add: null-comp-def)
with repclt2-dag have [t2h-1t2: 1t2h = 1t2 by (simp add: Dag-unique)
have t2-nTip: 1t2 # Tip
proof —
have repc (low a2) # Null
proof —
note rlowa2-in-rNodesn
also have
repc ‘Nodes n 1l C repc ‘Nodes (Suc n)
using Nodes-subset
by blast
also have ... C Nodes (Suc n) Il
using repcNodes-in-Nodes
by simp
finally show ?thesis
using null-notin-Nodes-Suc-n
by auto
qed
with repclt2-dag lt2h-1t2 show ?thesis by auto
qed
with [t2-in-repcNodesn repclt2-dag rlowa2-in-rNodesn a2-in-lln
t2-repc-dag t2h-1t2
have [t2-in-Dags-Nodesn:
t2 € Dags (repc ¢ Nodes n ll) (repc o low) (repc x high)
apply —
apply (rule DagsI)
apply auto
done

from isomorphic-dags-eq lt1-in-Dags-Nodesn [t2-in-Dags-Nodesn
repbc-dags-eq
have shared-lt1-1t2: isomorphic-dags-eq lt1 It2 var
by auto
from isomorphic-dags-eq rti-in-Dags-Nodesn rt2-in-Dags-Nodesn
repbec-dags-eq
have shared-rt1-rt2: isomorphic-dags-eq rt1 rt2 var
by auto

from shared-lt1-1t2 Ibdi-def-It1 Ibdi-def-It2 have t1-1t2: lt1 = It2
by (auto simp add: isomorphic-dags-eq-def)
then have root-lt1-t2: root lt1 = root lt2

by auto
from It1-nTip t1-repc-dag t1-Node have (repc x low) (repc al) #

Null
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Null

Null

by auto
with [t1-nTip t1-repc-dag t1-Node obtain [it1 It1p rit1 where
lt1-Node: It1 = Node llt1 It1p rit1
by auto
with t1-repc-dag t1-Node children-repc-eq-al lt1-nTip
have root-lt1: root lt1 = (repc x low) al
by auto
from [t2-nTip t2-repc-dag t2-Node have (repc < low) (repc a2) #

by auto
with [t2-nTip t2-repc-dag t2-Node obtain [t2 It2p rit2 where
lt2-Node: 1t2 = Node lit2 1t2p rit2
by auto
with t2-repc-dag t2-Node children-repc-eq-a2 t2-nTip
have root-lt2: root It2 = (repc < low) a2
by auto
from root-lt1-1t2 root-1t2 root-lt1
have low-al-a2: (repc x low) al = (repc x low) a2
by auto
from shared-rti1-rt2 rbdt-def-rt1 rbdt-def-rt2 have rt1-rt2: rtl = rt2
by (auto simp add: isomorphic-dags-eq-def)
then have root-rti-rt2: root rt1 = root rt2
by auto
from rt1-nTip t1-repc-dag t1-Node have (repc o high) (repc al) #

by auto
with rt1-nTip ti-repc-dag t1-Node obtain Irt1 rtip rrtl where
rt1-Node: rt1 = Node Irtl rtip rril
by auto
with t1-repc-dag t1-Node children-repc-eq-al rt1-nTip
have root-rt1: root rt1 = (repc x high) al
by auto
from rt2-nTip t2-repc-dag t2-Node
have (repc o< high) (repc a2) # Null
by auto
with rt2-nTip t2-repc-dag t2-Node obtain Irt2 rt2p rrt2 where
rt2-Node: rt2 = Node Irt2 rt2p rrt2
by auto
with t2-repc-dag t2-Node children-repc-eq-a2 rt2-nTip
have root-1t2: root rt2 = (repc x high) a2
by auto
from root-rti-rt2 root-rt2 root-rt1
have high-al-a2: (repc < high) al = (repc x high) a2
by auto
from low-al-a2 high-al-a2 share-al-a2
have repc al = repc a2
by auto
with [t1-1t2 rt1-rt2 show ?thesis
by auto
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qed
qged
qed
qed
qged
from termi dags-shared while-while-prop repcNodes-in-Nodes repc-nc n-var-prop

wf-marking-m-ma
show ?thesis
by auto
qed
qed
with srri-precond all-nodes-same-var
show ?thesis
apply —
apply (intro conjI)
apply assumption+
done
qed
qed

end
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