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Abstract

This entry contains the application of auto2 to verifying functional
and imperative programs. Algorithms and data structures that are
verified include linked lists, binary search trees, red-black trees, inter-
val trees, priority queue, quicksort, union-find, Dijkstra’s algorithm,
and a sweep-line algorithm for detecting rectangle intersection. The
imperative verification is based on Imperative HOL and its separation
logic framework. A major goal of this work is to set up automation
in order to reduce the length of proof that the user needs to provide,
both for verifying functional programs and for working with separation
logic.
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1 Introduction

This AFP entry contains the applications of auto2 to verifying functional
and imperative programs. These examples are published in [9].

Functional programs (in directory Functional): we verify several func-
tional algorithms and data structures, including: linked lists, binary
search trees, red-black trees, interval trees, priority queue, quicksort,
union-find, Dijkstra’s algorithm, and a sweep-line algorithm for de-
tecting rectangle intersection.

Imperative programs (in directory Imperative): we verify imperative
versions of the above algorithms and data structures, using Isabelle’s
Imperative HOL framework [1]. We make use of separation logic,
following the framework set up by Lammich and Reis [5]. The general
outline of some of the examples also come from there.

2 Mapping

theory Mapping-Str
imports Auto2-HOL. Auto2-Main

begin

Basic

definitions of a mapping. Here, we enclose the mapping inside a struc-

ture, to make evaluation a first-order concept.

datatype (‘a, 'b) map = Map 'a = 'b option

fun meval :: (‘a, 'b) map = 'a = 'b option (<-(-)> [90]) where
(Map f) (h) = [ h

(ML)

lemm

a meval-ext: Vo. M(z) = N(z) = M = N

{proof)

(ML)

definition empty-map :: (‘a, 'b) map where
empty-map = Map (Ax. None)

(ML)

definition update-map :: (‘a, 'b) map = ‘a = b= (Ya ,’b) map x -{-— -}

(89,90

,90] 90) where

M {k — v} = Map (Az. if x = k then Some v else M(z))

(ML)

definition delete-map :: 'a = (‘a, 'b) map = (‘a, 'b) map where

delet
(ML)

e-map k M = Map (A\z. if x = k then None else M{z))



2.1 Map from an AList

fun map-of-alist :: ('a x 'b) list = ('a, 'b) map where

map-of-alist [| = empty-map
| map-of-alist (¢ # xs) = (map-of-alist xs) {fst © — snd z}
(ML)

definition has-key-alist :: (‘a x 'b) list = ‘a = bool where [rewrite]:
has-key-alist s a +— (I p€Eset zs. fst p = a)

lemma map-of-alist-nil [rewrite-back]:

has-key-alist ys © +— (map-of-alist ys){z) # None
(proof)
(ML)

lemma map-of-alist-some [forward):
(map-of-alist zs)(k) = Some v => (k, v) € set s
(proof)

lemma map-of-alist-nil":

z € set (map fst ys) «— (map-of-alist ys){x) # None
(proof)
(ML)

2.2 Mapping defined by a set of key-value pairs

definition unique-keys-set :: (‘a x 'b) set = bool where [rewrite]:
unique-keys-set S = Vizy. (i,2) € S — (i, y) € S — z=1y)

lemma unique-keys-setD [forward]: unique-keys-set S = (i, z) € S = (i, y) €
S = x = y (proof)
(ML)

definition map-of-aset :: (‘a x 'b) set = (‘a, 'b) map where

map-of-aset S = Map (Aa. if 3b. (a, b) € S then Some (THE b. (a, b) € S) else
None)
(ML)

lemma map-of-asetll [rewrite]: unique-keys-set S = (a, b) € S = (map-of-aset
S){a) = Some b
(proof)

lemma map-of-asetl2 [rewrite]: ¥b. (a, b) ¢ S = (map-of-aset S)(a) = None
(proof)

lemma map-of-asetD1 [forward]: (map-of-aset S){a) = None = Vb. (a, b) ¢ S
(proof)

lemma map-of-asetD2 [forward):
unique-keys-set S = (map-of-aset S){a) = Some b = (a, b) € S (proof)



(ML)

lemma map-of-aset-insert [rewrite]:

unique-keys-set (S U {(k, v)}) = map-of-aset (S U {(k, v)}) = (map-of-aset S)
{k — v}
(proof)

lemma map-of-alist-to-aset [rewrite]:
unique-keys-set (set xs) => map-of-aset (set xs) = map-of-alist xs

{(proof)

lemma map-of-aset-delete [rewrite]:

unique-keys-set S = (k, v) € S = map-of-aset (S — {(k, v)}) = delete-map k
(map-of-aset S)
(proof)

lemma map-of-aset-update [rewrite]:
unique-keys-set S = (k, v) € § =
map-of-aset (S — {(k, v)} U {(k, v')}) = (map-of-aset S) {k — v’} (proof)

lemma map-of-alist-delete [rewrite]:
set xs’ = set xs — {x} = unique-keys-set (set 1s) = = € set zs =
map-of-alist xs’" = delete-map (fst x) (map-of-alist xs)

(proof)

lemma map-of-alist-insert [rewrite]:
set xs’ = set xs U {z} = unique-keys-set (set xs’) =
map-of-alist xs’" = (map-of-alist xs) {fst x — snd =}
(proof)
lemma map-of-alist-update [rewrite]:
set xs’' = set xs — {(k, v)} U {(k, v)} = unique-keys-set (set xs) = (k, v) €
set Ts —>
map-of-alist xs' = (map-of-alist xs) {k — v’}
(proof)

2.3 Set of keys of a mapping

definition keys-of :: (‘a, 'b) map = 'a set where [rewrite]:
keys-of M = {x. M(x) # None}

lemma keys-of-iff [rewrite-bidir]: x € keys-of M +— M{(z) # None {proof)
(ML)

lemma keys-of-empty [rewrite]: keys-of empty-map = {} (proof)

lemma keys-of-delete [rewrite]:
keys-of (delete-map z M) = keys-of M — {z} (proof)



2.4 Minimum of a mapping, relevant for heaps (priority queues)

definition is-heap-min :: 'a = (’a, 'b::linorder) map = bool where [rewrite]:
is-heap-min x M <— x € keys-of M N (VY k€keys-of M. the (M (xz)) < the (M (k)))

2.5 General construction and update of maps

fun map-constr :: (nat = bool) = (nat = 'a) = nat = (nat, 'a) map where
map-constr S f 0 = empty-map

| map-constr S f (Suc k) = (let M = map-constr S fkin if Sk then M {k — fk}

else M)

(ML)

lemma map-constr-eval [rewrite]:
map-constr S f n = Map (Ai. if i < n then if S i then Some (f i) else None else
None)

(proof)

lemma keys-of-map-constr [rewrite]:
i € keys-of (map-constr S fn) <— (Si A i < n) (proof)

definition map-update-all :: (nat = 'a) = (nat, 'a) map = (nat, 'a) map where
[rewrite]:
map-update-all f M = Map (Ai. if i € keys-of M then Some (f ©) else M(i))

fun map-update-all-impl :: (nat = 'a) = (nat, 'a) map = nat = (nat, 'a) map
where

map-update-all-impl f M 0 = M
| map-update-all-impl f M (Suc k) =

(let M' = map-update-all-impl f M k in if k € keys-of M then M' {k — fk} else
M)
(ML)
lemma map-update-all-impl-ind [rewrite]:

map-update-all-impl f M n = Map (Mi. if i < n then if i € keys-of M then Some
(f ©) else None else M(i))
{proof)

lemma map-update-all-impl-correct [rewrite]:
Vi€keys-of M. i < n = map-update-all-impl f M n = map-update-all f M (proof)

lemma keys-of-map-update-all [rewrite]:
keys-of (map-update-all f M) = keys-of M (proof)

end

3 Lists

theory Lists-Fx

10



imports Mapping-Str
begin
Examples on lists. The itrev example comes from [7, Section 2.4].

The development here of insertion and deletion on lists is essential for veri-
fying functional binary search trees and red-black trees. The idea, following
Nipkow [6], is that showing sorted-ness and preservation of multisets for
trees should be done on the in-order traversal of the tree.

3.1 Linear time version of rev

fun itrev :: 'a list = 'a list = 'a list where

itrev ] Ys = ys
| itrev (z # xs) ys = itrev zs (z # ys)
(ML)
lemma itrev-eq-rev: itrev z [| = rev x
(proof)

3.2 Strict sorted

fun strict-sorted :: 'a::linorder list = bool where

strict-sorted [| = True
| strict-sorted (z # ys) = ((Vy€set ys. © < y) A strict-sorted ys)
(ML)

lemma strict-sorted-appendI [backward):

strict-sorted zs N\ strict-sorted ys N (V z€set xs. ¥V yEset ys. © < y) = strict-sorted
(zs @ ys)
(proof)

lemma strict-sorted-appendE1 [forward):
strict-sorted (s Q ys) = strict-sorted xs N strict-sorted ys

(proof)

lemma strict-sorted-appendE2 [forward):
strict-sorted (xs Q ys) = = € set xs = VyeEset ys. © < y

(proof)

lemma strict-sorted-distinct [forward): strict-sorted | = distinct |

(proof)

3.3 Ordered insert

fun ordered-insert :: 'a::ord = 'a list = 'a list where
ordered-insert x [| = [x]
| ordered-insert x (y # ys) = (
if v = y then (y # ys)
else if © < y then x # (y # ys)

11



else y # ordered-insert x ys)
(ML)

lemma ordered-insert-set [rewrite]:
set (ordered-insert x ys) = {x} U set ys
(proof)

lemma ordered-insert-sorted [forward):
strict-sorted ys == strict-sorted (ordered-insert x ys)

{(proof)

lemma ordered-insert-binary [rewrite]:
strict-sorted (zs Q a # ys) = ordered-insert © (xs Q a # ys) =
(if * < a then ordered-insert © zs @ a # ys
else if x > a then xs @Q a # ordered-insert x ys
else xs Q a # ys)

(proof)

3.4 Deleting an element

fun remove-elt-list :: 'a = 'a list = 'a list where
remove-elt-list © [| = |]
| remove-elt-list x (y # ys) = (if y = z then remove-elt-list © ys else y # re-
move-elt-list z ys)
(ML)

lemma remove-elt-list-set [rewrite]:
set (remove-elt-list x ys) = set ys — {z}

(proof)

lemma remove-elt-list-sorted [forward):
strict-sorted ys = strict-sorted (remove-elt-list © ys)

(proof)

lemma remove-elt-idem [rewrite]:
z ¢ set ys = remove-elt-list © ys = ys
(proof )

lemma remove-elt-list-binary [rewrite]:
strict-sorted (xs @Q a # ys) = remove-elt-list x (zs Q a # ys) =
(if © < a then remove-elt-list x xs Q a # ys
else if x > a then xs @ a # remove-elt-list x ys else zs Q ys)

(proof)

3.5 Ordered insertion into list of pairs

fun ordered-insert-pairs :: 'a::ord = 'b = ('a x 'b) list = ('a x 'b) list where
ordered-insert-pairs x v [| = [(z, v)]
| ordered-insert-pairs x v (y # ys) = (
if x = fst y then ((z, v) # ys)

12



else if x < fst y then (z, v) # (y # ys)
else y # ordered-insert-pairs x v ys)

(ML)

lemma ordered-insert-pairs-map [rewrite]:
map-of-alist (ordered-insert-pairs x v ys) = update-map (map-of-alist ys) x v
(proof)

lemma ordered-insert-pairs-set [rewrite):
set (map fst (ordered-insert-pairs x v ys)) = {z} U set (map fst ys)
(proof)

lemma ordered-insert-pairs-sorted [backward):
strict-sorted (map fst ys) = strict-sorted (map fst (ordered-insert-pairs x v ys))

(proof)

lemma ordered-insert-pairs-binary [rewrite]:
strict-sorted (map fst (xs @ a # ys)) = ordered-insert-pairs x v (zs Q a # ys)

(if x < fst a then ordered-insert-pairs x v s @Q a # ys
else if x > fst a then s Q a # ordered-insert-pairs v ys
else xs @Q (z, v) # ys)

(proof)

3.6 Deleting from a list of pairs

fun remove-elt-pairs :: 'a = (‘a x 'b) list = ('a x 'b) list where
remove-elt-pairs © [| = ||

| remove-elt-pairs x (y # ys) = (if fst y = x then ys else y # remove-elt-pairs x ys)

(ML)

lemma remove-elt-pairs-map [rewrite]:

strict-sorted (map fst ys) = map-of-alist (remove-elt-pairs x ys) = delete-map
z (map-of-alist ys)
(proof )

lemma remove-elt-pairs-on-set [rewrite]:

strict-sorted (map fst ys) = set (map fst (remove-elt-pairs = ys)) = set (map
fst ys) — {z}
(proof)

lemma remove-elt-pairs-sorted [backward):
strict-sorted (map fst ys) = strict-sorted (map fst (remove-elt-pairs = ys))

(proof)

lemma remove-elt-pairs-idem [rewrite]:
x ¢ set (map fst ys) = remove-elt-pairs x ys = ys
(proof)

13



lemma remove-elt-pairs-binary [rewrite]:
strict-sorted (map fst (zs @ a # ys)) = remove-elt-pairs z (zs Q a # ys) =
(if ¢ < fst a then remove-elt-pairs x s Q a # ys
else if x > fst a then s @ a # remove-elt-pairs © ys else s Q ys)

(proof)

3.7 Search in a list of pairs

lemma map-of-alist-binary [rewrite]:
strict-sorted (map fst (xs Q a # ys)) = (map-of-alist (xs Q a # ys))(z) =
(if z < fst a then (map-of-alist zs)(x)
else if x > fst a then (map-of-alist ys){(z) else Some (snd a))
(proof)

end

4 Binary search tree

theory BST
imports Lists-Ex
begin

Verification of functional programs on binary search trees. For basic tech-
nique, see comments in Lists_ Ex.thy.

4.1 Definition and setup for trees

datatype (‘a, 'b) tree =
Tip | Node (lsub: ('a, 'b) tree) (key: 'a) (nval: 'b) (rsub: (‘a, 'b) tree)

(ML)

4.2 Inorder traversal, and set of elements of a tree

fun in-traverse :: (‘a, 'b) tree = 'a list where
in-traverse Tip = |]
| in-traverse (Node 1 k v r) = in-traverse | @Q k # in-traverse r

(ML)

fun tree-set :: (‘a, 'b) tree = 'a set where

tree-set Tip = {}
| tree-set (Node 1k v r) = {k} U tree-set | U tree-set r
(ML)

fun in-traverse-pairs :: (‘a, 'b) tree = (‘a x 'b) list where

in-traverse-pairs Tip = ||
| in-traverse-pairs (Node 1 k v r) = in-traverse-pairs | @ (k, v) # in-traverse-pairs
r

(ML)

14



lemma in-traverse-fst [rewrite]:
map fst (in-traverse-pairs t) = in-traverse t

(proof)

definition tree-map :: ('a, 'b) tree = (‘a, 'b) map where
tree-map t = map-of-alist (in-traverse-pairs t)
(ML)

4.3 Sortedness on trees

fun tree-sorted :: ('a::linorder, 'b) tree = bool where
tree-sorted Tip = True
| tree-sorted (Node l kv r) = ((VaEtree-set I. x < k) N (Y xEtree-set r. k < x)
A tree-sorted | N\ tree-sorted 1)

(ML)

lemma tree-sorted-lr [forward):
tree-sorted (Node | k v r) => tree-sorted | A tree-sorted r (proof)

lemma inorder-preserve-set [rewrite]:
tree-set t = set (in-traverse t)

(proof)

lemma inorder-pairs-sorted [rewrite]:
tree-sorted t «— strict-sorted (map fst (in-traverse-pairs t))

(proof)

Use definition in terms of in traverse from now on.

(ML)

4.4 Rotation on trees

definition rotateL :: (‘a, 'b) tree = (‘a, 'b) tree where [rewrite]:
rotatel t = (if t = Tip then t else if rsub t = Tip then t else
(let rt = rsub t in

Node (Node (lsub t) (key t) (nval t) (Isub 1t)) (key rt) (nval rt) (rsub rt)))

definition rotateR :: (‘a, 'b) tree = ('a, 'b) tree where [rewrite]:
rotateR t = (if t = Tip then t else if lsub t = Tip then t else
(let it = lsub t in
Node (lsub It) (key It) (nval lt) (Node (rsub it) (key t) (nval t) (rsub t))))

lemma rotateL-in-trav [rewrite]: in-traverse (rotateL t) = in-traverse t {proof)
lemma rotateR-in-trav [rewrite]: in-traverse (rotateR t) = in-traverse t {proof)

lemma rotateL-sorted [forward]: tree-sorted t = tree-sorted (rotateL t) (proof)
lemma rotateR-sorted [forward]: tree-sorted t = tree-sorted (rotateR t) (proof)
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4.5 Insertion on trees

fun tree-insert :: ‘a:zord = 'b = ('a, 'b) tree = (‘a, 'b) tree where
tree-insert x v Tip = Node Tip x v Tip
| tree-insert x v (Node ly w r) =
(if © = y then Node l x v r
else if x < y then Node (tree-insert z vl) y wr
else Node | y w (tree-insert x v r))
(ML)

lemma insert-in-traverse-pairs [rewrite]:

tree-sorted t = in-traverse-pairs (tree-insert x v t) = ordered-insert-pairs x v
(in-traverse-pairs t)
(proof)

Correctness results for insertion.

theorem insert-sorted [forward):
tree-sorted t = tree-sorted (tree-insert x v t) (proof)

theorem insert-on-map:
tree-sorted t = tree-map (tree-insert x v t) = (tree-map t) {x — v} (proof)

4.6 Deletion on trees

fun del-min :: ('a, 'b) tree = (‘a x 'b) x (‘a, 'b) tree where
del-min Tip = undefined
| del-min (Node It z v rt) =
(if it = Tip then ((z, v), rt) else
(fst (del-min It), Node (snd (del-min It)) z v rt))
(M)

lemma delete-min-del-hd-pairs [rewrite]:

t # Tip => fst (del-min t) # in-traverse-pairs (snd (del-min t)) = in-traverse-pairs
t
(proof)

fun delete-elt-tree :: (‘a, 'b) tree = ('a, 'b) tree where
delete-elt-tree Tip = undefined
| delete-elt-tree (Node It x v rt) =
(if It = Tip then 1t else if rt = Tip then It else
Node It (fst (fst (del-min rt))) (snd (fst (del-min rt))) (snd (del-min 1t)))
(ML)

lemma delete-elt-in-traverse-pairs [rewrite]:
in-traverse-pairs (delete-elt-tree (Node It z v rt)) = in-traverse-pairs It @ in-traverse-pairs

rt (proof)
fun tree-delete :: 'a::ord = (‘a, 'b) tree = (‘a, 'b) tree where

tree-delete x Tip = Tip
| tree-delete x (Node l y w r) =
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(if £ = y then delete-elt-tree (Node |y w )
else if x < y then Node (tree-delete x 1) y w r
else Node | y w (tree-delete x 1))

(ML)

lemma tree-delete-in-traverse-pairs [rewrite]:
tree-sorted t = in-traverse-pairs (tree-delete x t) = remove-elt-pairs x (in-traverse-pairs

0
(proof)

Correctness results for deletion.

theorem tree-delete-sorted [forward):
tree-sorted t = tree-sorted (tree-delete x t) (proof)

theorem tree-delete-map [rewrite]:
tree-sorted t = tree-map (tree-delete x t) = delete-map x (tree-map t) (proof)

4.7 Search on sorted trees

fun tree-search :: (‘a::ord, 'b) tree = 'a = b option where
tree-search Tip x = None
| tree-search (Node l kv r) z =
(if x = k then Some v
else if x < k then tree-search |
else tree-search r 1)
(ML)

Correctness of search.

theorem tree-search-correct [rewrite]:
tree-sorted t = tree-search t © = (tree-map t)(z)

(proof)

end

5 Partial equivalence relation

theory Partial-Equiv-Rel
imports Auto2-HOL. Auto2-Main
begin

Partial equivalence relations, following theory Lib/Partial _Equivalence_ Re-
lation in [3].
definition part-equiv :: (‘a x ‘a) set = bool where [rewrite]:

part-equiv R <— sym R A trans R

lemma part-equivl [forward]: sym R = trans R = part-equiv R (proof)
lemma part-equivD1 [forward]: part-equiv R = sym R (proof)

lemma part-equivD2 [forward]: part-equiv R = trans R {proof)

(ML)
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5.1 Combining two elements in a partial equivalence relation
definition per-union :: (a x 'a) set = 'a = 'a = ('a x 'a) set where [rewrite]:

per-union R a b = R U { (z,y). (z,a)eR A (byy)eR } U { (z,y). (z,b)ER A
(a,y)€R }

lemma per-union-memlI1 [backward):
(z, y) € R = (z, y) € per-union R a b {proof)
(ML)

lemma per-union-memlI2 [backward):
(z,a) € R= (b, y) € R = (z, y) € per-union R a b (proof)

lemma per-union-meml3 [backward):
(z,0) € R= (a,y) € R = (z, y) € per-union R a b (proof)

lemma per-union-memD:
(z, y) € per-union R a b = (z, y) € RV ((z, a) € RN (b, y) € R) V ((z, b)
€ RA(a,y) €R)

{proof )
(ML)

lemma per-union-is-trans [forward):
trans R = trans (per-union R a b) (proof)

lemma per-union-is-part-equiv [forward):
part-equiv R = part-equiv (per-union R a b) (proof)

end

6 Union find

theory Union-Find
imports Partial-Equiv-Rel
begin

Development follows theory Union Find in [5].

6.1 Representing a partial equivalence relation using rep_ of
array

function (domintros) rep-of where
rep-of 1 = (if 1! i = i then i else rep-of I (1! 7)) {proof)

(ML)

definition ufa-invar :: nat list = bool where [rewrite):
ufa-invar | = (Vi<length l. rep-of-dom (I, i) A 1! i < length )
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lemma ufa-invarD:
ufa-invar | = i < length | = rep-of-dom (I, i) A 1! i < length l (proof)
(ML)

lemma rep-of-id [rewrite]: ufa-invar | = { < length | = 1! i = i = rep-of | i
= i {proof)

lemma rep-of-iff [rewrite]:

ufa-invar | = i < length | = rep-of 1 i = (if I | ¢ = i then i else rep-of I (1!
i)) (proof)
(ML)

lemma rep-of-min [rewrite]:
ufa-invar | = 1 < length | = 1! (rep-of 1 ©) = rep-of L i

(proof)

lemma rep-of-induct:
ufa-invar I A\ i < length | =
Vi<lengthl.l!i=4{— Pli—=
Vi<lengthl.11i#i— Pl (l'i) — Pli= Pli

(proof)

(ML)

lemma rep-of-bound [forward-argl):
ufa-invar | = i < length | = rep-of 1 i < length [

(proof)

lemma rep-of-idem [rewrite]:
ufa-invar | = i < length | = rep-of | (rep-of 1 i) = rep-of 1 { (proof)

lemma rep-of-idz [rewrite]:
ufa-invar | = i < length | = rep-of | (1! i) = rep-of l i {proof)

definition ufa-a :: nat list = (nat x nat) set where [rewrite]:
ufa-a 1 = {(z, y). x < length | A\ y < length I A rep-of l x = rep-of | y}

lemma ufa-a-meml [backward, forward-arg):
z < length | = y < length | => rep-of l x = rep-of l y = (=, y) € ufa-a |
(proof)

lemma ufa-a-memD [forward):
(z, y) € ufa-a | = z < length | A\ y < length | A rep-of l x = rep-of l y
(proof )

(ML)

lemma ufa-a-equiv [forward]: part-equiv (ufa-a 1) {proof)

lemma ufa-a-refl [rewrite]: (i, i) € ufa-a | +— i < length I (proof)
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6.2 Operations on rep_ of array

definition uf-init-rel :: nat = (nat X nat) set where [rewrite]:
uf-init-rel n = ufa-a [0..<n)

lemma ufa-init-invar [resolve]: ufa-invar [0..<n] {proof)

lemma ufa-init-correct [rewrite]:
(z, y) € uf-init-rel n +— ( =y A z < n)

(proof)

abbreviation ufa-union :: nat list = nat = nat = nat list where
ufa-union | x y = lrep-of l x := rep-of | y]

lemma ufa-union-invar [forward-arg):

ufa-invar | = x < length | = y < length | = I’ = ufa-union | z y =
ufa-invar 1’
(proof)

lemma ufa-union-auz [rewrite]:

ufa-invar | = x < length | = y < length | = I’ = ufa-union l z y =

i < length ' = rep-of ' i = (if rep-of i = rep-of | x then rep-of | y else rep-of
117)
(proof)

Correctness of union operation.

theorem ufa-union-correct [rewrite]:
ufa-invar | = 1 < length | = y < length | = I’ = ufa-union l z y —
ufa-a U’ = per-union (ufa-a l) z y

(proof )

abbreviation ufa-compress :: nat list = nat = nat list where
ufa-compress | z = [z := rep-of | 1]

lemma ufa-compress-invar [forward-arg):
ufa-invar | = = < length | = I’ = ufa-compress | t = ufa-invar 1’

(proof)

lemma ufa-compress-auzx [rewrite]:
ufa-invar | => 1 < length | = I’ = ufa-compress | t => i < length I’ =
rep-of 1’ i = rep-of 1 i

{proof )

Correctness of compress operation.

theorem ufa-compress-correct [rewrite]:
ufa-invar | = x < length | = ufa-a (ufa-compress | x) = ufa-a | (proof)

(ML)

end
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7 Connectedness for a set of undirected edges.

theory Connectivity
imports Union-Find
begin

A simple application of union-find for graph connectivity.

fun is-path :: nat = (nat x nat) set = nat list = bool where

is-path n S [| = False
| is-path n S (x # xs) =

(if zs =[] then x < n else ((z, hd zs) € S V (hd zs, ) € S) A is-path n S zs)
(ML)

definition has-path :: nat = (nat X nat) set = nat = nat = bool where [rewrite]:
has-path n S i j «— (Ip. is-pathn Sp A hd p = i A last p = j)

lemma is-path-nonempty [forward]: is-path n S p = p # [| {proof)
lemma nonempty-is-not-path [resolve]: —is-path n S || (proof)

lemma is-path-extend [forward):
is-pathn Sp =— S C T = is-path n T p
(proof )

lemma has-path-extend [forward):
has-path n Sij = S C T = has-path n T i j {proof)

definition joinable :: nat list = nat list = bool where [rewrite]:
joinable p q¢ +— (last p = hd q)

definition path-join :: nat list = nat list = nat list where [rewrite]:
path-join p g = p Q tl q
(ML)

lemma path-join-hd [rewrite]: p # [| = hd (path-join p q) = hd p (proof)

lemma path-join-last [rewrite]: joinable p ¢ = q # [| = last (path-join p q) =
last q
(proof)

lemma path-join-is-path [backward):
joinable p ¢ = is-path n S p = is-path n S ¢ = is-path n S (path-join p q)
(proof)

lemma has-path-trans [forward):
has-path n S i j = has-path n S j k = has-path n S i k

(proof)

definition is-valid-graph :: nat = (nat x nat) set = bool where [rewrite]:
is-valid-graph n S <— (VpeS. fst p < n A snd p < n)
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lemma has-path-singlel [backward!]:
is-valid-graph n S = (a, b) € S = has-path n S a b
(proof)

lemma has-path-single2 [backward!]:
is-valid-graph n S = (a, b) € S = has-path n S b a
(proof)

lemma has-path-refl [backward2]:
is-valid-graph n S = a < n = has-path n S a a

(proof)

definition connected-rel :: nat = (nat x nat) set = (nat X nat) set where
connected-rel n S = {(a,b). has-path n S a b}

lemma connected-rel-iff [rewrite]:
(a, b) € connected-rel n S <— has-path n S a b (proof)

lemma connected-rel-trans [forward):
trans (connected-rel n S) (proof)

lemma connected-rel-refl [backward2]:
is-valid-graph n S = a < n => (a, a) € connected-rel n S (proof)

lemma is-path-per-union [rewrite]:

is-valid-graph n (S U {(a, b)}) =

has-path n (S U {(a, b)}) i j +— (i, j) € per-union (connected-rel n S) a b
(proof)

lemma connected-rel-union [rewrite]:
is-valid-graph n (S U {(a, b)}) =
connected-rel n (S U {(a, b)}) = per-union (connected-rel n S) a b (proof)

lemma connected-rel-init [rewrite]:
connected-rel n {} = uf-init-rel n

(proof)

fun connected-rel-ind :: nat = (nat x nat) list = nat = (nat x nat) set where
connected-rel-ind n es 0 = uf-init-rel n
| connected-rel-ind n es (Suc k) =
(let R = connected-rel-ind n es k; p = es | k in
per-union R (fst p) (snd p))
(L)

lemma connected-rel-ind-rule [rewrite:
is-valid-graph n (set es) = k < length es =
connected-rel-ind n es k = connected-rel n (set (take k es))

(proof)
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Correctness of the functional algorithm.

theorem connected-rel-ind-compute [rewrite]:
is-valid-graph n (set es) =
connected-rel-ind n es (length es) = connected-rel n (set es) {proof)

end

8 Arrays

theory Arrays-Ex
imports Auto2-HOL. Auto2-Main
begin

Basic examples for arrays.

8.1 List swap

definition list-swap :: 'a list = nat = nat = 'a list where [rewrite]:
list-swap xs i j = xs[i == xs | j, j = xs | 1]
(ML)

lemma list-swap-eval:

i < length xs = j < length xs =

(list-swap zs 1 §) | k = (if k = i then xs | j else if k = j then zs | i else zs | k)
(proof)
(ML)

lemma list-swap-eval-triv [rewrite]:
i < length s = j < length zs = (list-swap zs i j) ! i = xs ! j
i < length s = j < length xs = (list-swap xs i j) | j = xs | i (proof)

lemma length-list-swap [rewrite-argl:
length (list-swap zs i j) = length xs (proof)

lemma mset-list-swap [rewrite]:
i < length s = j < length xs = mset (list-swap zs i j) = mset zs (proof)

lemma set-list-swap [rewrite]:

i < length s = j < length xs = set (list-swap s i j) = set xs (proof)
(ML)
8.2 Reverse

lemma rev-nth [rewrite]:
n < length xs => revxs ! n = zs ! (length s — 1 — n)

(proof)

fun rev-swap :: 'a list = nat = nat = 'a list where

23



rev-swap zs 1§ = (if © < j then rev-swap (list-swap zs i j) (i + 1) (j — 1) else
xs)
(ML)

lemma rev-swap-length [rewrite-arg):
j < length xs = length (rev-swap s i j) = length xs
(proof )

lemma rev-swap-eval [rewrite]:
j < length s = (rev-swap zs i j) | k =
(if k < ithen xs! kelse if k > jthen xs | kelse zs | (j — (k — 7))
(proof)

lemma rev-swap-is-rev [rewrite):
length s > 1 = rev-swap xs 0 (length s — 1) = rev xs (proof)

8.3 Copy one array to the beginning of another

fun array-copy :: 'a list = 'a list = nat = 'a list where

array-copy xs xs' 0 = xs’
| array-copy s xs’ (Suc n) = list-update (array-copy xzs xs' n) n (xs ! n)
(ML)

lemma array-copy-length [rewrite-arg]:
n < length xs = n < length xs’ = length (array-copy zs xs' n) = length xs’
(proof)

lemma array-copy-ind [rewrite]:
n < length s = n < length s’ = k < n = (array-copy xs s’ n) ' k = xs !
k

(proof)

lemma array-copy-correct [rewrite]:
n < length xs = n < length xs’ = take n (array-copy xs s’ n) = take n xs

(proof)

8.4 Sublist

definition sublist :: nat = nat = 'a list = 'a list where [rewrite]:
sublist | v xs = drop | (take r xs)
(M)

lemma length-sublist [rewrite-arg]:
r < length xs = length (sublist | r xs) = r — 1 (proof)

lemma nth-sublist [rewrite]:

r < length xs = xs’ = sublist | r xs = i < length s’ = xzs’ ! i = zs ! (i +

1) (proof)

lemma sublist-nil [rewrite]:
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r < length xs = r < | = sublist | r xs =[] (proof)

lemma sublist-0 [rewrite]:
sublist 0 1 xs = take | xs (proof)

lemma sublist-drop [rewrite]:
sublist I v (drop n xs) = sublist (I + n) (r + n) zs (proof)

(ML)

lemma sublist-single [rewrite]:
I+ 1 < length xs = sublist | (I + 1) zs = [zs ! []
(proof)

lemma sublist-append [rewrite]:
Il <m= m< r=r < length s = sublist | m xs Q sublist m r xs = sublist
lras

(proof)

lemma sublist-Cons [rewrite]:
r <lengthxs = | < r => xs | | # sublist (I + 1) r zs = sublist | r xs

(proof)

lemma sublist-equalityl:

i1 < j = j < length xs = length xs = length ys —

Vk. i<k—k<j— as!k=ys! k= sublistijxs= sublistijys (proof)
(ML)

lemma set-sublist [resolve]:
Jj < length xs = x € set (sublistijazs) = k. k>iNk<jAhz=uas!k

{(proof)

lemma list-take-sublist-drop-eq [rewrite]:
I < r = r < length xs = take | xs Q sublist l r s @Q drop r xs = xs

(proof)

8.5 Updating a set of elements in an array

definition list-update-set :: (nat = bool) = (nat = 'a) = 'a list = 'a list where
[rewrite]:
list-update-set S f xs = list (\i. if S i then f i else xs ! i) (length xs)

lemma list-update-set-length [rewrite-arg):
length (list-update-set S f xs) = length zs {proof)

lemma list-update-set-nth [rewrite]:

xs' = list-update-set S f xs = i < length xs' = xs’ ! i = (if S i then f i else xs
1) (proof)
(ML)
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fun list-update-set-impl :: (nat = bool) = (nat = 'a) = 'a list = nat = 'a list
where
list-update-set-impl S f xs 0 = ws
| list-update-set-impl S f zs (Suc k) =
(let zs' = list-update-set-impl S f xs k in
if Sk then zs’ [k := fk] else zs’)
(ML)

lemma list-update-set-impl-ind [rewrite]:

n < length ts = list-update-set-impl S f xs n =

list (Ni. if © < n then if S i then f i else zs | i else xs | i) (length xs)
(proof)

lemma list-update-set-impl-correct [rewrite]:
list-update-set-impl S f xs (length xs) = list-update-set S f zs (proof)

end

9 Dijkstra’s algorithm for shortest paths
theory Dijkstra

imports Mapping-Str Arrays-Ex
begin

Verification of Dijkstra’s algorithm: function part.
The algorithm is also verified by Nordhoff and Lammich in [8].

9.1 Graphs
datatype graph = Graph nat list list

fun size :: graph = nat where
size (Graph G) = length G

fun weight :: graph = nat = nat = nat where
weight (Graph G) mn = (G ! m)!n

fun wvalid-graph :: graph = bool where

valid-graph (Graph G) «— (Vi<length G. length (G ! i) = length G)
(M)

9.2 Paths on graphs

The set of vertices less than n.

definition wverts :: graph = nat set where
verts G = {i. i < size G}
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lemma verts-mem [rewrite]: i € verts G «— i < size G {(proof)
lemma card-verts [rewrite]: card (verts G) = size G (proof)
lemma finite-verts [forward): finite (verts G) (proof)

definition is-path :: graph = nat list = bool where [rewrite]:
is-path G p <— p # [| A set p C verts G

lemma is-path-to-in-verts [forward): is-path G p = hd p € verts G A last p €
verts G

{(proof)

definition joinable :: graph = nat list = nat list = bool where [rewrite]:
joinable G p q «— (is-path G p A is-path G q A last p = hd q)

definition path-join :: graph = nat list = nat list = nat list where [rewrite]:
path-join Gp ¢q=p Q tl q
(ML)

lemma path-join-is-path:

joinable G p ¢ = is-path G (path-join G p q)
(proof)
(ML)

fun path-weight :: graph = nat list = nat where

path-weight G [| = 0
| path-weight G (x # xs) = (if xs =[] then 0 else weight G x (hd xs) + path-weight
G zs)

(ML)

lemma path-weight-singleton [rewrite]: path-weight G [z] = 0 (proof)

lemma path-weight-doubleton [rewrite]: path-weight G [m, n] = weight G m n
(proof)

lemma path-weight-sum [rewrite]:

joinable G p ¢ = path-weight G (path-join G p q) = path-weight G p +
path-weight G q
(proof)

fun path-set :: graph = nat = nat = nat list set where
path-set G m n = {p. is-path G p A hd p = m A last p = n}

lemma path-set-mem [rewrite]:
p € path-set G m n <— is-path G p A hd p = m A last p = n {(proof)

lemma path-join-set: joinable G p ¢ = path-join G p q € path-set G (hd p) (last
q)

{(proof)
(ML)
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9.3 Shortest paths

definition is-shortest-path :: graph = nat = nat = nat list = bool where
[rewrite]:
is-shortest-path G m n p +—
(p € path-set G m n A (Vp’Epath-set G m n. path-weight G p’ > path-weight
G p))

lemma is-shortest-pathD1 [forward):
is-shortest-path G m n p = p € path-set G m n (proof)

lemma is-shortest-pathD2 [forward):

is-shortest-path G m n p = p’ € path-set G m n = path-weight G p’ >
path-weight G p {proof)
(ML)

definition has-dist :: graph = nat = nat = bool where [rewrite]:
has-dist G m n <+— (3 p. is-shortest-path G m n p)

lemma has-dist] [forward): is-shortest-path G m n p = has-dist G m n {proof)
lemma has-distD [resolve]: has-dist G m n = I p. is-shortest-path G m n p

(proof)

lemma has-dist-to-in-verts [forward]: has-dist G w v = u € verts G A\ v € verts

G (proof)

(ML)

definition dist :: graph = nat = nat = nat where [rewrite]:
dist G m n = path-weight G (SOME p. is-shortest-path G m n p)

(ML)

lemma dist-eq [rewrite]:
is-shortest-path G m n p = dist G m n = path-weight G p (proof)

lemma distD [forward):
has-dist G m n => p € path-set G m n = path-weight G p > dist G m n (proof)
(ML)

lemma shortest-init [resolve]: n € verts G = is-shortest-path G n n [n] {proof)

9.4 Interior points

List of interior points

definition int-pts :: nat list = nat set where [rewrite]:
int-pts p = set (butlast p)

lemma int-pts-singleton [rewrite]: int-pts [z] = {} (proof)
lemma int-pts-doubleton [rewrite]: int-pts [z, y] = {z} (proof)

definition path-set-on :: graph = nat = nat = nat set = nat list set where
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path-set-on G mn V = {p. p € path-set G m n A int-pts p C V}

lemma path-set-on-mem [rewrite]:
p € path-set-on G m n V <— p € path-set G m n A int-pts p C V (proof)

Version of shortest path on a set of points

definition is-shortest-path-on :: graph = nat = nat = nat list = nat set = bool
where [rewrite]:
is-shortest-path-on G m np V +—
(p € path-set-on G m n V A (V¥ p'Epath-set-on G m n V. path-weight G p' >
path-weight G p))

lemma is-shortest-path-onD1 [forward):
is-shortest-path-on G m np V = p € path-set-on G m n V {proof)

lemma is-shortest-path-onD2 [forward):

is-shortest-path-on G mnp V = p’ € path-set-on G m n V = path-weight G
p’ > path-weight G p (proof)
(ML)

definition has-dist-on :: graph = nat = nat = nat set = bool where [rewrite]:
has-dist-on G m n V <— (3 p. is-shortest-path-on G m n p V)

lemma has-dist-onl [forward]: is-shortest-path-on G m n p V = has-dist-on G
mn V (proof)

lemma has-dist-onD [resolve]: has-dist-on G m n V = 3 p. is-shortest-path-on G
mn p V (proof)

(ML)

definition dist-on :: graph = nat = nat = nat set = nat where [rewrite]:
dist-on G m n V = path-weight G (SOME p. is-shortest-path-on G m np V)
(ML)

lemma dist-on-eq [rewrite]:
is-shortest-path-on G m np V = dist-on G m n V = path-weight G p {(proof)

lemma dist-onD [forward):

has-dist-on G m n V = p € path-set-on G m n V = path-weight G p > dist-on
G m n V (proof)
(ML)

9.5 Two splitting lemmas

lemma path-split! [backward]: is-path G p = hdp € V = last p ¢ V —
Ipl p2. joinable G p1 p2 A p = path-join G pl p2 A int-pts pI C V A hd p2 ¢

%4

{proof )

lemma path-split2 [backward]: is-path G p = hd p # last p =
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3¢ n. joinable G q [n, last p] A p = path-join G q [n, last p]
(proof)

9.6 Deriving has_ dist and has_ dist_ on

definition known-dists :: graph = nat set = bool where [rewrite]:
known-dists G V +— (V Cwverts G A0 € V A
(Vicverts G. has-dist-on G 014 V) A
(VieV. has-dist G 0 i A dist G 0 i = dist-on G 011 V))

lemma derive-dist [backward2]:
known-dists G V —
m € verts G — V —
Vicverts G — V. dist-on G 01V > dist-on G 0m V =
has-dist G 0 m A dist G 0 m = dist-on G 0 m V

(proof)

lemma join-def’ [resolve]: joinable G p ¢ = path-join G p q = butlast p Q ¢
(proof)

lemma int-pts-join [rewrite]:
joinable G p ¢ = int-pts (path-join G p q) = int-pts p U int-pts q
(proof)

lemma dist-on-triangle-ineq [backward):

has-dist-on G km V = has-dist-on G knV — V C verts G = n € verts
G=meV =

dist-on G k m V + weight G m n > dist-on G kn V

(proof)

lemma derive-dist-on [backward2):

known-dists G V =

m € verts G — V =

Vicverts G — V. dist-on G 01V > dist-on G O0m V =

Vi=VUu{m} =

n € verts G — V' =

has-dist-on G 0n V' A dist-on G 0 n V' = min (dist-on G 0 n V) (dist-on G 0
m V + weight G m n)

(proof)

9.7 Invariant for the Dijkstra’s algorithm

The state consists of an array maintaining the best estimates, and a heap
containing estimates for the unknown vertices.

datatype state = State (est: nat list) (heap: (nat, nat) map)

(ML)

definition unknown-set :: state = nat set where [rewrite]:
unknown-set S = keys-of (heap S)
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definition known-set :: state = nat set where [rewrite]:
known-set S = {..<length (est S)} — unknown-set S

Invariant: for every vertex, the estimate is at least the shortest distance.
Furthermore, for the known vertices the estimate is exact.

definition inv :: graph = state = bool where [rewrite]:
inv G S +— (let V = known-set S; W = unknown-set S; M = heap S in
(length (est S) = size G A known-dists G V' A
keys-of M C wverts G A
(VieW. M (i) = Some (est S'! 1)) A
(VieV.est S i=dist GOi) A
(Vicverts G. est S| i = dist-on G 01 V)))

lemma invE! [forward]: inv G S = length (est S) = size G A known-dists G
(known-set S) A unknown-set S C verts G (proof)

lemma invE2 [forward]: inv G S = i € known-set S = est S | i = dist G 04
(proof)

lemma invE3 [forward]: inv G S = i € verts G = est S| i = dist-on G 0 i
(known-set S) {(proof)

lemma invE4 [rewrite]: inv G S = i € unknown-set S = (heap S)(i) = Some

(est S'! %) (proof)
(ML)

lemma inv-unknown-set [rewrite]:
inv G S = unknown-set S = verts G — known-set S (proof)

lemma dijkstra-end-inv [forward):
inv G S = unknown-set S = {} = Vicverts G. has-dist G 0i N est S| i =
dist G 0 i {proof)

9.8 Starting state

definition dijkstra-start-state :: graph = state where [rewrite]:
dijkstra-start-state G =
State (list (Mi. if © = 0 then 0 else weight G 0 i) (size G))
(map-constr (Ai. i > 0) (\i. weight G 0 17) (size G))
(ML)

lemma dijkstra-start-known-set [rewrite]:
size G > 0 = known-set (dijkstra-start-state G) = {0} (proof)

lemma dijkstra-start-unknown-set [rewrite]:
size G > 0 = unknown-set (dijkstra-start-state G) = verts G — {0} (proof)

lemma card-start-state [rewrite]:
size G > 0 = card (unknown-set (dijkstra-start-state G)) = size G — 1
(proof)

Starting start of Dijkstra’s algorithm satisfies the invariant.
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theorem dijkstra-start-inv [backward):
size G > 0 = inv G (dijkstra-start-state G)
(proof)

9.9 Step of Dijkstra’s algorithm

fun dijkstra-step :: graph = nat = state = state where
dijkstra-step G m (State e M) =
(let M' = delete-map m M,
e’ = list-update-set (\i. i € keys-of M') (Xi. min (e ! m + weight G m i)
(1) &
M = map-update-all (Ni. e’V i) M’
in State e’ M)
()

lemma has-dist-on-larger [backwardl]:

has-dist G m n = has-dist-on G m n V = dist-on G mn V = dist G m n
—

has-dist-on G m n (V U {z}) A dist-on G mn (V U {z}) = dist G m n
(proof)

lemma dijkstra-step-unknown-set [rewrite]:
inv G S = m € unknown-set S = unknown-set (dijkstra-step G m §) =
unknown-set S — {m} (proof)

lemma dijkstra-step-known-set [rewrite]:
inv G S = m € unknown-set S = known-set (dijkstra-step G m S) = known-set

S U {m} (proof)

One step of Dijkstra’s algorithm preserves the invariant.

theorem dijkstra-step-preserves-inv [backward):
inv G S = is-heap-min m (heap S) = inv G (dijkstra-step G m S)
(proof)

definition is-dijkstra-step :: graph = state = state = bool where [rewrite]:
is-dijkstra-step G S S’ <— (I m. is-heap-min m (heap S) N S’ = dijkstra-step G
m S)

lemma is-dijkstra-stepl [backward2]:
is-heap-min m (heap S) = dijkstra-step G m S = S’ = is-dijkstra-step G S S’
(proof)

lemma is-dijkstra-stepD1 [forward):
inv G S = is-dijkstra-step G S S' = inv G S’ (proof)

lemma is-dijkstra-stepD2 [forward):

inv G S = is-dijkstra-step G S S’ => card (unknown-set S') = card (unknown-set
) — 1 (proof)
(ML)
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end

10 Intervals

theory Interval
imports Auto2-HOL. Auto2-Main
begin

Basic definition of intervals.

10.1 Definition of interval

datatype ‘a interval = Interval (low: ‘a) (high: 'a)
(ML)

instantiation interval :: (linorder) linorder begin

definition int-less: (a < b) = (low a < low b | (low a = low b A high a < high b))
definition int-less-eq: (a < b) = (low a < low b | (low a = low b A high a < high

b))
instance (proof) end

definition is-interval :: (‘a::linorder) interval = bool where [rewrite]:
is-interval it <— (low it < high it)

10.2 Definition of interval with an index

datatype ‘a idz-interval = IdzInterval (int: 'a interval) (idz: nat)
(ML)

instantiation idz-interval :: (linorder) linorder begin

definition iint-less: (a < b) = (int a < int b | (int a = int b A idx a < idz b))
definition iint-less-eq: (a < b) = (int a < int b | (int a = int b A idz a < idx b))

instance (proof) end
lemma interval-less-to-le-low [forward):

(a::("a::linorder idz-interval)) < b = low (int a) < low (int b)
{proof)

10.3 Overlapping intervals

definition is-overlap :: ('a::linorder) interval = 'a interval = bool where [rewrite]:
is-overlap x y «— (high © > low y A high y > low x)

33



definition has-overlap :: ('a::linorder) idz-interval set = 'a interval = bool where
[rewrite]:
has-overlap xzs y <— (3z€xs. is-overlap (int x) y)

end

11 Interval tree

theory Interval-Tree
imports Lists-Fx Interval
begin

Functional version of interval tree. This is an augmented data structure on
top of regular binary search trees (see BST.thy). See [2, Section 14.3] for a
reference.

11.1 Definition of an interval tree

datatype interval-tree =

Tip
| Node (Isub: interval-tree) (val: nat idz-interval) (tmax: nat) (rsub: interval-tree)
where

tmaz Tip = 0

(ML)

11.2 Inorder traversal, and set of elements of a tree

fun in-traverse :: interval-tree = nat idx-interval list where
in-traverse Tip = |]
| in-traverse (Node 1 it m r) = in-traverse | Q it # in-traverse r

(ML)

fun tree-set :: interval-tree = nat idz-interval set where
tree-set Tip = {}

| tree-set (Node it m r) = {it} U tree-set | U tree-set r

(ML)

fun tree-sorted :: interval-tree = bool where
tree-sorted Tip = True
| tree-sorted (Node 1 it m r) = ((Vz€tree-set I. x < it) N (VazEtree-set r. it < x)
A tree-sorted | A tree-sorted 1)
(ML)

lemma tree-sorted-lr [forward]:
tree-sorted (Node 1 it m r) = tree-sorted | N\ tree-sorted r (proof)

lemma tree-sortedD1 [forward):
tree-sorted (Node l it m r) = x € tree-set | = x < it (proof)
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lemma tree-sortedD2 [forward):
tree-sorted (Node it m r) => x € tree-set r = © > it (proof)

lemma inorder-preserve-set [rewrite]:
tree-set t = set (in-traverse t)
(proof )

lemma inorder-sorted [rewrite]:
tree-sorted t «— strict-sorted (in-traverse t)

(proof)

Use definition in terms of in traverse from now on.

(ML)

11.3 Invariant on the maximum
definition maz3 :: nat idz-interval = nat = nat = nat where [rewrite]:

maz3 it b ¢ = max (high (int it)) (maz b c)

fun tree-maz-inv :: interval-tree = bool where
tree-maz-inv Tip = True
| tree-max-inv (Node | it m 1) «— (tree-maz-inv I A tree-maz-inv r A m = max3
it (tmaz 1) (tmaz 1))
(ML)

lemma tree-max-is-mazx [resolve]:
tree-maz-inv t = it € tree-set t = high (int it) < tmaz t
(proof)

lemma tmaz-exists [backward):
tree-maz-inv t = t # Tip = I pEtree-set t. high (int p) = tmaz t

(proof)

For insertion

lemma maz3-insert [rewrite]: maz3 it 0 0 = high (int it) (proof)
(ML)

11.4 Condition on the values

definition tree-interval-inv :: interval-tree = bool where [rewrite]:
tree-interval-inv t <— (V pEtree-set t. is-interval (int p))

definition is-interval-tree :: interval-tree = bool where [rewrite]:
is-interval-tree t <— (tree-sorted t A tree-maz-inv t A tree-interval-inv t)

lemma is-interval-tree-lr [forward):
is-interval-tree (Node | © m r) = is-interval-tree | A is-interval-tree v (proof)
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11.5 Insertion on trees

fun insert :: nat idx-interval = interval-tree = interval-tree where
insert x Tip = Node Tip x (high (int x)) Tip
| insert x (Node ly m 1) =
(if © = y then Node ly m r
else if x < y then
let I = insert z 1 in
Node U’ y (mazx3 y (tmaz 1) (tmaz r)) r
else
let r' = insert x r in
Node 1y (maz3 y (tmazx 1) (tmaz 1)) ')
(ML)

lemma tree-insert-in-traverse [rewrite]:
tree-sorted t = in-traverse (insert x t) = ordered-insert x (in-traverse t)

(proof)

lemma tree-insert-maz-inv [forward):
tree-maz-inv t = tree-maz-inv (insert x t)

(proof)

Correctness of insertion.

theorem tree-insert-all-inv [forward):
is-interval-tree t = is-interval (int it) = is-interval-tree (insert it t) (proof)

theorem tree-insert-on-set [rewrite]:
tree-sorted t = tree-set (insert it t) = {it} U tree-set t (proof)

11.6 Deletion on trees

fun del-min :: interval-tree = nat idx-interval x interval-tree where
del-min Tip = undefined
| del-min (Node It v m rt) =
(if It = Tip then (v, rt) else
let it’ = snd (del-min It) in
(fst (del-min It), Node It’ v (maz3 v (tmazx It") (tmaz rt)) rt))
(M)

lemma delete-min-del-hd:
t # Tip = fst (del-min t) # in-traverse (snd (del-min t)) = in-traverse t

(proof)
(ML)

lemma delete-min-maz-inv [forward-arg):
tree-maz-inv t = t # Tip = tree-maz-inv (snd (del-min t))

(proof)

lemma delete-min-on-set:
t # Tip = {fst (del-min t)} U tree-set (snd (del-min t)) = tree-set ¢t (proof)
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(ML)

lemma delete-min-interval-inv [forward-arg):
tree-interval-inv t = t # Tip = tree-interval-inv (snd (del-min t)) (proof)

lemma delete-min-all-inv [forward-arg|:
is-interval-tree t = t # Tip = is-interval-tree (snd (del-min t)) (proof)

fun delete-elt-tree :: interval-tree = interval-tree where
delete-elt-tree Tip = undefined
| delete-elt-tree (Node It x m 1t) =
(if It = Tip then rt else if rt = Tip then It else
let ' = fst (del-min rt);
rt’ = snd (del-min rt);
m' = mazx8 ¢’ (tmaz It) (tmaz 1t’) in
Node It (fst (del-min rt)) m' rt’)
(ML)

lemma delete-elt-in-traverse [rewrite]:
in-traverse (delete-elt-tree (Node It x m 1t)) = in-traverse It @ in-traverse rt

(proof)

lemma delete-elt-max-inv [forward-arg):
tree-maz-inv t => t # Tip = tree-maz-inv (delete-elt-tree t) (proof)

lemma delete-elt-on-set [rewrite]:
t # Tip = tree-set (delete-elt-tree (Node It © m 1t)) = tree-set It U tree-set rt

{proof)

lemma delete-elt-interval-inv [forward-arg):
tree-interval-inv t => t # Tip = tree-interval-inv (delete-elt-tree t) (proof)

lemma delete-elt-all-inv [forward-arg|:
is-interval-tree t => t # Tip = is-interval-tree (delete-elt-tree t) (proof)

fun delete :: nat idz-interval = interval-tree = interval-tree where
delete x Tip = Tip
| delete z (Node ly m r) =
(if ¢ = y then delete-elt-tree (Node |y m r)
else if © < y then
let I’ = delete x I;
m' = max3 y (tmazx ') (tmaz r) in Node " y m' r
else
let v’ = delete x r;
m’ = maz3 y (tmax ) (tmaz r’) in Node l y m' r’)
(ML)

lemma tree-delete-in-traverse [rewrite]:
tree-sorted t = in-traverse (delete x t) = remove-elt-list x (in-traverse t)
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(proof)

lemma tree-delete-maz-inv [forward):
tree-maz-inv t = tree-maz-inv (delete x t)

(proof)

Correctness of deletion.

theorem tree-delete-all-inv [forward):
is-interval-tree t = is-interval-tree (delete x t)

(proof)

theorem tree-delete-on-set [rewrite:
tree-sorted t = tree-set (delete x t) = tree-set t — {x} (proof)

11.7 Search on interval trees

fun search :: interval-tree = nat interval = bool where
search Tip x = False
| search (Node ly mr) z =
(if is-overlap (int y) x then True
else if | # Tip N tmax 1 > low x then search | x
else search r x)
(ML)

Correctness of search

theorem search-correct [rewrite]:
is-interval-tree t = is-interval £ = search t x <— has-overlap (tree-set t) x

(proof)

end

12 Quicksort

theory Quicksort
imports Arrays-Ex
begin
Functional version of quicksort.

Implementation of quicksort is largely based on theory Imperative Quick-
sort in HOL/Imperative_ HOL/ex in the Isabelle library.

12.1 Outer remains

definition outer-remains :: 'a list = 'a list = nat = nat = bool where [rewrite]:
outer-remains xs xs' 1 r <— (length xs = length zs' A (Vi. i <1V r < i — xs
Vi =as"11))

lemma outer-remains-length [forward):
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outer-remains xzs xs' I v = length zs = length xs’ (proof)

lemma outer-remains-eq [rewrite-back]:
outer-remains xs xs' lr = i <l = xzs ! i =uxs" i
outer-remains xs xs' lr = r < i = xs ! i = xs’ ! i (proof)

lemma outer-remains-sublist [backward2]:

outer-remains xs xs' | 1 => i < | = take i s = take i xs’

outer-remains xs xs' | r => r < i => drop i xs = drop i xs’

i < j = j < length s = outer-remains zs zs' | r = j < | = sublist i j xs
= sublist i j zs’

i < j=j < length zs = outer-remains zs xs' | r => i > r = sublist i j xs
= sublist i j xs’ (proof)
(ML)

12.2 partl function

function part! :: (‘a::linorder) list = nat = nat = 'a = (nat X ’a list) where
partl zslra = (
if r < lthen (r, xs)
else if zs 1 1 < a then partl zs (I + 1) ra
else partl (list-swap zs 1 r) 1 (r — 1) a)
(proof )
termination (proof)

(ML)

lemma parti-basic:
r < length xs = | < r = (rs, x8’) = part] xzslra =
outer-remains xs xs' L r N mset zs' = mset xts Nl < rs AN rs < r

(proof)
(ML)

lemma parti-partitions! [backward):
r < length s = (rs, xs’) = partl zslra = I <i= i<rs= s’ i< a

(proof)

lemma partl-partitions2 [backward):
r < length xs = (rs, zs’) = partl zslra = rs<i—= i <r=zs'li>a

{(proof)

12.3 Paritition function

definition partition :: (‘a::linorder list) = nat = nat = (nat x 'a list) where
[rewrite]:
partition zs [ r = (
letp=as!r;
(m, zs") = partl sl (r — 1) p;
m’ = ifxs'! m < p then m + 1 else m
n
(m’, list-swap xs" m' r))
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(ML)

lemma partition-basic:
| <r=r <length xzs = (rs, zs') = partition zs | r =
outer-remains xs xs’' L r A mset xs’ = mset xs Al < rs A rs < r (proof)
(ML)

lemma partition-partitions! [forward):
Il < r=r <length xzs = (rs, zs') = partition zs | r =
z € set (sublist l rs xs’) =z < xs’ ! rs

(proof)

lemma partition-partitions2 [forward):
| < r=r <length xzs = (rs, xs’") = partition zs | r =
z € set (sublist (rs + 1) (r + 1) zs") = x > zs”" ! rs

(proof)
(ML)

lemma quicksort-terml:
-r < | = - length s < r = z = partition zs l r = (p, 2s1) =z = p —
Sucl <r—1

(proof)

lemma quicksort-term2:
—-r < | = = length zs < r = x = partition zs | r = (p, 282) = © = r —
Sucp <r—1

(proof)

12.4 Quicksort function

function quicksort :: (‘a::linorder) list = nat = nat = 'a list where
quicksort zs I r = (
if | > r then s
else if r > length xs then xs
else let
(p, zs1) = partition xs l r;
xs2 = quicksort sl 1 (p — 1)
mn
quicksort xs2 (p + 1) r)
(proof) termination (proof)

lemma quicksort-basic [rewrite-arg]:
mset (quicksort xs [ r) = mset xs A\ outer-remains xs (quicksort xs lr) I r

(proof)

lemma quicksort-triviall [rewrite]:
Il > r = quicksort zs l r = xs

(proof)
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lemma quicksort-trivial2 [rewrite]:
r > length vs = quicksort zs | r = s

(proof)

lemma quicksort-permutes [resolve]:
xs' = quicksort xs | r = set (sublist | (r + 1) xs’) = set (sublist | (r + 1) xs)
(proof )

lemma quicksort-sorts [forward-arg|:
r < length xs = sorted (sublist | (r + 1) (quicksort zs 1 1))

(proof)

Main result: correctness of functional quicksort.

theorem quicksort-sorts-all [rewrite]:
zs # [| = quicksort xs 0 (length s — 1) = sort xs

(proof)

end

13 Indexed priority queues

theory Indered-PQueue
imports Arrays-Ex Mapping-Str
begin

Verification of indexed priority queue: functional part. The data structure
is also verified by Lammich in [4].

13.1 Successor functions, eq-pred predicate

fun si :: nat = nat where s1 m =2 * m + 1
fun s2 :: nat = nat where s2m =2 xm + 2

lemma s-inj [forward]:

sim=slm'= m=m's2m=s2m' = m=m' (proof)
lemma s-neq [resolve]:

s1m# s2m'slm>ms2m>ms2m > sl m (proof)
(ML)

inductive eg-pred :: nat = nat = bool where
eq-pred n n

| eg-pred n m = egq-pred n (s1 m)

| eg-pred n m = eq-pred n (s2 m)

(ML)

lemma eg-pred-parent! [forward):

eq-pred i (s1 k) = i # sl k = eq-pred i k
(proof)
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lemma eq-pred-parent2 [forward):
eq-pred i (s2 k) = i # s2k = eq-pred i k
(proof )

lemma eq-pred-cases:

eq-pred i j = eq-pred (s1 i) jV eg-pred (s2i) jVj=iVj=sliVj=s2i
(proof)
(ML)

lemma eg-pred-le [forward]: eq-pred i j = i < j

(proof)

13.2 Heap property

The corresponding tree is a heap

definition is-heap :: (‘a x 'b::linorder) list = bool where [rewrite]:
is-heap xs = (Vi j. eg-pred i j — j < length zs — snd (xs ! i) < snd (xs! 7))

lemma is-heapD:
is-heap ts = j < length 1s = eq-pred i j = snd (xzs ! i) < snd (xs ! j) (proof)
(ML)

13.3 Bubble-down

The corresponding tree is a heap, except k is not necessarily smaller than
its descendents.

definition is-heap-partiall :: ('a x 'b::linorder) list = nat = bool where [rewrite]:
is-heap-partiall xs k = (Vi j. eq-pred i j — i # k — j < length xs — snd (zs
14) < snd (zs! 7))

Two cases of switching with sl k.

lemma bubble-downl:
sl k < length xs = is-heap-partiall xs k = snd (zs | k) > snd (zs ! s1 k) =
snd (xs ! s1 k) < snd (zs ! s2 k) = is-heap-partiall (list-swap zs k (s1 k)) (s1
k) (proof)
(ML)

lemma bubble-down?2:
sl k < length xs = is-heap-partiall xs k = snd (xs | k) > snd (zs ! s1 k) =
s2 k > length s = is-heap-partiall (list-swap zs k (s1 k)) (s1 k) (proof)
(ML)

One case of switching with s2 k.

lemma bubble-down3:
s2 k < length zs = is-heap-partiall s k = snd (zs ! s1 k) > snd (zs ! s2 k)
=
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snd (zs ! k) > snd (zs ! s2 k) = xs’ = list-swap zs k (s2 k) = is-heap-partiall
zs’ (s2 k) (proof)
(ML)

13.4 Bubble-up

fun par :: nat = nat where
par m = (m — 1) div 2
(ML)

lemma ps-inverse [rewrite]: par (s1 k) = k par (s2 k) = k (proof)

lemma p-basic: m # 0 = par m < m {proof)
(ML)

lemma p-cases: m # 0 = m = s1 (par m) V m = s2 (par m) (proof)
(ML)

lemma eg-pred-p-next:
i % 0 = eqg-pred i ] = eq-pred (par i) j

(proof)
(ML)

lemma heap-implies-hd-min [resolve]:
is-heap s = 1 < length xs => xs # [| = snd (hd zs) < snd (zs! )
(proof)

The corresponding tree is a heap, except k is not necessarily greater than

its ancestors.

definition is-heap-partial2 :: (‘a x 'b::linorder) list = nat = bool where [rewrite]:
is-heap-partial2 xs k = (Vi j. eq-pred i j — j < length xs — j # k — snd (zs

14) < snd (zs! 7))

lemma bubble-upl [forward):

k < length xs = is-heap-partial2 zs k = snd (zs ! k) < snd (zs ! par k) = k
# 0 =

is-heap-partial2 (list-swap xs k (par k)) (par k) (proof)

lemma bubble-up?2 [forward):
k < length xs = is-heap-partial2 zs k = snd (zs ! k) > snd (zs ! par k) = k
#0 =
is-heap xs (proof)
(ML)
13.5 Indexed priority queue

type-synonym ‘a idz-pqueve = (nat x 'a) list X nat option list

fun index-of-pqueue :: 'a idr-pqueue = bool where
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indez-of-pqueue (s, m) = (
(Vi<length zs. fst (zs ! 1) < length m A m ! (fst (zs! 7)) = Some ©) A
(Vi. Vk<length m. m ! k = Some i — ¢ < length zs A fst (zs! i) = k))
(ML)

lemma index-of-pqueueD1:

i < length s = index-of-pqueuve (xs, m) =

fst (zs ! 9) < length m N m ! (fst (zs! 1)) = Some i (proof)
(ML)

lemma index-of-pqueweD2 [forward):
k < length m = index-of-pqueue (zs, m) =
m ! k= Some i = i < length zs A fst (zs ! i) = k (proof)

lemma index-of-pqueveD3 [forward):
indez-of-pqueue (zs, m) = p € set s = fst p < length m

(proof)
(ML)

lemma has-indez-unique-key [forward):
index-of-pqueve (s, m) = unique-keys-set (set xs)

(proof)

lemma has-index-keys-of [rewrite]:

index-of-pqueve (xs, m) = has-key-alist zs k +— (k < length m A m | k #
None)
(proof)

lemma has-index-distinct [forward):
index-of-pqueve (xs, m) = distinct s

{(proof)

13.6 Basic operations on indexed__queue

fun idz-pqueuve-swap-fun :: (nat x ‘a) list X nat option list = nat = nat = (nat
x 'a) list X nat option list where
idz-pqueve-swap-fun (xs, m) i j = (
list-swap zs i 7, ((m [fst (zs ! %) := Some j]) [fst (zs ! j) := Some i]))

lemma index-of-pqueve-swap [forward-arg]:
i < length s = j < length 1s = index-of-pqueve (xs, m) =
indez-of-pqueue (idz-pqueve-swap-fun (zs, m) i j)

(proof)

lemma fst-idz-pqueve-swap [rewrite]:
fst (idz-pqueve-swap-fun (xs, m) i j) = list-swap xs i j

(proof)

lemma snd-ida-pqueue-swap [rewrite]:
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length (snd (idz-pqueue-swap-fun (zs, m) i j)) = length m
(proof)

fun idz-pqueue-push-fun :: nat = 'a = 'a idz-pqueuve = ’a idz-pqueue where
idz-pqueve-push-fun k v (zs, m) = (zs Q [(k, v)], list-update m k (Some (length

2s)))

lemma idz-pqueve-push-correct [forward-arg):
index-of-pqueve (zs, m) = k < length m =—> —has-key-alist zs k =
r = idz-pqueuve-push-fun k v (xs, m) =
index-of-pqueve v A fst r = zs @ [(k, v)] A length (snd r) = length m
(proof)

fun idz-pqueue-pop-fun :: 'a idz-pqueue = 'a idz-pqueue where
idz-pqueue-pop-fun (xzs, m) = (butlast xs, list-update m (fst (last xs)) None)

lemma idz-pgqueuve-pop-correct [forward-arg):
indez-of-pqueue (s, m) = zs # [| = r = idz-pqueuve-pop-fun (zs, m) =
indez-of-pqueue r A fst v = butlast s A length (snd r) = length m

(proof )

13.7 Bubble up and down

function idz-bubble-down-fun :: 'a:linorder idr-pqueve = nat = 'a idr-pqueue
where
idz-bubble-down-fun (zs, m) k = (
if s2 k < length xs then
if snd (zs! s1 k) < snd (xzs! s2 k) then
if snd (zs ! k) > snd (xzs! sl k) then
idz-bubble-down-fun (idz-pqueve-swap-fun (xs, m) k (s1 k)) (s1 k)
else (zs, m)
else
if snd (zs ! k) > snd (xs ! s2 k) then
idz-bubble-down-fun (idz-pqueuve-swap-fun (xs, m) k (s2 k)) (s2 k)
else (zs, m)
else if s1 k < length xs then
if snd (zs 1 k) > snd (xs! sl k) then
idz-bubble-down-fun (idz-pqueue-swap-fun (xs, m) k (s1 k)) (s k)
else (zs, m)
else (xs, m))

(proof)
termination (proof)

lemma idz-bubble-down-fun-correct:
r = idz-bubble-down-fun © k = is-heap-partiall (fst ) k =
is-heap (fst ) A mset (fst r) = mset (fst ) A length (snd r) = length (snd z)

(proof)
(ML)
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lemma idz-bubble-down-fun-correct?2 [forward):
indez-of-pqueue x = index-of-pqueuve (idx-bubble-down-fun z k)
(proof )

fun idz-bubble-up-fun :: 'a::linorder idz-pqueve = nat = 'a idr-pqueue where
idz-bubble-up-fun (zs, m) k = (
if k = 0 then (zs, m)
else if k < length xs then
if snd (zs! k) < snd (xs ! par k) then
idz-bubble-up-fun (idz-pqueue-swap-fun (xs, m) k (par k)) (par k)
else (zs, m)
else (zs, m))

lemma idz-bubble-up-fun-correct:
r = idz-bubble-up-fun © k = is-heap-partial2 (fst z) k =
is-heap (fst ) A mset (fst r) = mset (fst ) A length (snd r) = length (snd z)

(proof)
(ML)

lemma idz-bubble-up-fun-correct? [forward):
index-of-pqueve © = indez-of-pqueue (idz-bubble-up-fun x k)

(proof)

13.8 Main operations

fun delete-min-ida-pqueuve-fun :: 'a::linorder idz-pqueue = (nat x 'a) X 'a idz-pqueuve
where
delete-min-idz-pqueuve-fun (xs, m) = (
let (xs', m') = idz-pqueve-swap-fun (xzs, m) 0 (length zs — 1);
a' = idz-pqueue-pop-fun (xs’, m’)
in (last xs’, idx-bubble-down-fun a' 0))

lemma delete-min-idx-pqueue-correct:

index-of-pqueve (zs, m) = xs # [| = res = delete-min-idx-pqueuve-fun (zs, m)
_—

index-of-pqueue (snd res)

(proof)
(ML)

lemma hd-last-swap-eval-last [rewrite]:
zs # [| = last (list-swap zs 0 (length xs — 1)) = hd s
(proof)

Correctness of delete-min.

theorem delete-min-idx-pqueuve-correct?2:
is-heap s = xs # [| = res = delete-min-idz-pqueue-fun (xs, m) = in-
dex-of-pqueue (xs, m) =
is-heap (fst (snd res)) A fst res = hd xs A length (snd (snd res)) = length m A
map-of-alist (fst (snd res)) = delete-map (fst (fst res)) (map-of-alist zs)
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(proof)
(ML)

fun insert-idz-pqueve-fun :: nat = 'a::linorder = 'a idr-pqueue = ’a idr-pqueue
where
insert-ide-pqueve-fun k v x = (
let ©' = idx-pqueue-push-fun k v x in
idz-bubble-up-fun =’ (length (fst ') — 1))

lemma insert-ide-pqueue-correct [forward-arg):
indez-of-pqueue (zs, m) = k < length m = —has-key-alist s k =
indez-of-pqueue (insert-idz-pqueue-fun k v (zs, m))

(proof)

Correctness of insertion.

theorem insert-idz-pqueuve-correct2:
index-of-pqueve (zs, m) = is-heap 1s = k < length m = —has-key-alist zs k
=
r = insert-idz-pqueue-fun k v (xs, m) =
is-heap (fst r) A length (snd r) = length m A
map-of-alist (fst ) = map-of-alist zs { k — v }
(proof)
(ML)

fun update-idz-pqueve-fun :: nat = 'a:linorder = 'a idz-pqueue = 'a idx-pqueue
where
update-idz-pqueue-fun k v (zs, m) = (
if m ! k = None then
insert-idz-pqueve-fun k v (zs, m)

else let

i = the (m ! k);

xs’ = list-update xs i (k, v)
m

if snd (xzs ! 4) < v then idx-bubble-down-fun (xs’, m) i
else idz-bubble-up-fun (xzs’, m) i)

lemma update-idz-pqueuve-correct [forward-arg:
index-of-pqueve (zs, m) = k < length m —
index-of-pqueve (update-idz-pqueve-fun k v (zs, m))

(proof)

Correctness of update.

theorem update-idz-pqueue-correct2:
indez-of-pqueue (xs, m) = is-heap s — k < length m —
r = update-idz-pqueuve-fun k v (zs, m) =
is-heap (fst r) A length (snd r) = length m A
map-of-alist (fst r) = map-of-alist zs { k — v }
(proof)
(ML)
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end

14 Red-black trees

theory RBTree
imports Lists-Ex
begin

Verification of functional red-black trees. For general technique, see Lists Ex.thy.

14.1 Definition of RBT

datatype color = R | B
datatype (‘a, 'b) rbt =
Leaf
| Node (Isub: ('a, 'b) rbt) (cl: color) (key: 'a) (val: 'b) (rsub: ('a, 'b) rbt)
where
cl Leaf = B

(ML)

lemma not-R [forward]: ¢ # R = ¢ = B (proof)
lemma not-B [forward]: ¢ # B = ¢ = R (proof)
lemma red-not-leaf [forward]: clt = R = t # Leaf (proof)

14.2 RBT invariants

fun black-depth :: ('a, 'b) rbt = nat where
black-depth Leaf = 0

| black-depth (Node | R k v r) = black-depth |

| black-depth (Node I B k v r) = black-depth | + 1

(ML)

fun cl-inv :: (‘a, 'b) rbt = bool where
cl-inv Leaf = True
| cl-inv (Node I R kv r) = (cl-invl A cl-invr A cll=DBA clr = B)
| cl-inv (Node Il B kv r) = (cl-inv I A cl-inv r)
(ML)
fun bd-inv :: (‘a, 'b) rbt = bool where
bd-inv Leaf = True
| bd-inv (Node | ¢ kv r) = (bd-inv I A bd-inv r A black-depth | = black-depth r)
(ML)

definition is-rbt :: (‘a, 'b) rbt = bool where [rewrite]:
is-rbt t = (cl-inv t A bd-inv t)

lemma cl-invl: cl-inv | = cl-inv r = cl-inv (Node | B k v r) (proof)
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(ML)

lemma bd-invl: bd-inv | = bd-inv r => black-depth | = black-depth r = bd-inv
(Node I ¢ k v r) (proof)
(ML)

lemma is-rbt-rec [forward]: is-rbt (Node | ¢ kv r) = is-rbt I A is-rbt r
(proof)

14.3 Balancedness of RBT
lemma two-distrib [rewrite]: (2::nat) * (a + 1) = 2 *x a + 2 (proof)

fun min-depth :: (‘a, 'b) rbt = nat where

min-depth Leaf = 0
| min-depth (Node l ¢ k v r) = min (min-depth ) (min-depth r) + 1
(ML)

fun maz-depth :: ('a, 'b) rbt = nat where

max-depth Leaf = 0
| maz-depth (Node | ¢ k v r) = max (maz-depth 1) (maz-depth r) + 1
(ML)

Balancedness of red-black trees.

theorem rbt-balanced: is-rbt t = maz-depth t < 2 x min-depth t + 1

{(proof)

14.4 Definition and basic properties of cl__inv’

fun cl-inv’ :: (‘a, 'b) Tbt = bool where
cl-inv’ Leaf = True

| cl-inv’ (Node l ¢ kv r) = (cl-invl A cl-inv r)

(ML)

lemma cl-inv'B [forward, backward1]:
c-inv' t = clt = B = cl-inv t
(proof)

lemma cl-inv'R [forward):
cl-inv’ (Node IR kvr) = ¢cll=B = clr = B = cl-inv (Node IR kvr)

(proof)

lemma cl-inv-to-cl-inv’ [forward]: cl-inv t = cl-inv’ ¢
(proof)

lemma cl-inv'l [forward-arg):
cl-inv | = cl-inv r = cl-inv’ (Node | ¢ k v r) (proof)
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14.5 Set of keys, sortedness

fun rbt-in-traverse :: (‘a, 'b) rbt = 'a list where

rbt-in-traverse Leaf = |]
| rbt-in-traverse (Node l ¢ k v r) = rbt-in-traverse | Q k # rbt-in-traverse r
(ML)

fun rbt-set :: ('a, 'b) rbt = 'a set where

rbt-set Leaf = {}
| rbt-set (Node l ¢ kv r) = {k} U rbt-set | U rbt-set r
(ML)

fun rbt-in-traverse-pairs :: (‘a, 'b) rbt = (‘a x 'b) list where
rbt-in-traverse-pairs Leaf = []
| rbt-in-traverse-pairs (Node l ¢ kv r) = rbt-in-traverse-pairs | Q (k, v) # rbt-in-traverse-pairs
r
(ML)

lemma rbt-in-traverse-fst [rewrite]: map fst (rbt-in-traverse-pairs t) = rbt-in-traverse
t

(proof)

definition rbt-map :: (‘a, 'b) bt = ('a, 'b) map where
rbt-map t = map-of-alist (rbt-in-traverse-pairs t)
(ML)

fun rbt-sorted :: ('a::linorder, 'b) rbt = bool where
rbt-sorted Leaf = True
| rbt-sorted (Node | ¢ kv r) = (Vzerbt-set l. x < k) N (Yzerbt-set r. k < x) A
rbt-sorted I N\ rbt-sorted r)
(ML)

lemma rbt-sorted-lr [forward):
rbt-sorted (Node l ¢ k v r) = rbt-sorted | A rbt-sorted r (proof)

lemma rbt-inorder-preserve-set [rewrite]:
rbt-set t = set (rbt-in-traverse t)

(proof)

lemma rbt-inorder-sorted [rewrite]:
rbt-sorted t «— strict-sorted (map fst (rbt-in-traverse-pairs t))

(proof)
(ML)

14.6 Balance function

definition balanceR :: (‘a, 'b) bt = 'a = 'b = (‘a, 'b) vbt = ('a, 'b) rbt where
[rewrite]:
balanceR I kv r =
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(if cl r = R then
let Ir = Isub r; rr = rsub r in
if ¢l lr = R then Node (Node | B k v (Isub Ir)) R (key Ir) (val Ir) (Node (rsub
Ir) B (key r) (val r) rr)
else if cl rr = R then Node (Node I B k v ir) R (key r) (val r) (Node (Isub rr)
B (key rr) (val rr) (rsub rr))
else Node l Bk v r
else Node L Bk vr)

definition balance :: (‘a, 'b) rbt = 'a = 'b = (‘a, 'b) rbt = (‘a, 'b) rbt where
[rewrite]:
balance L kv r =
(if Il = R then
let 1l = lsub l; vl = rsub lin
if ¢l ll = R then Node (Node (lsub ll) B (key ll) (val ll) (rsub l1)) R (key I)
(val 1) (Node (rsubl) Bk uvr)
else if cl rl = R then Node (Node (Isub 1) B (key 1) (val l) (lsub 1)) R (key
rl) (val rl) (Node (rsub rl) Bk v r)
else balanceR Lk v r
else balanceR 1 k v r)
(M)

lemma balance-non-Leaf [resolve]: balance 1 k v r # Leaf (proof)

lemma balance-bdinv [forward-arg):

bd-inv | = bd-inv r = black-depth | = black-depth r —> bd-inv (balance | k v
r)
(proof)

lemma balance-bd [rewrite]:
bd-inv | = bd-inv r => black-depth | = black-depth r =
black-depth (balance I k v r) = black-depth | + 1

(proof)

lemma balance-cll [forward]:
cl-inv’ | = cl-inv r = cl-inv (balance 1 k v r) (proof)

lemma balance-cl2 [forward]:
cl-inv | = cl-inv’ r = cl-inv (balance 1 k v r) (proof)

lemma balanceR-inorder-pairs [rewrite:
rbt-in-traverse-pairs (balanceR | k v r) = rbt-in-traverse-pairs 1| Q (k, v) #
rbt-in-traverse-pairs r (proof )

lemma balance-inorder-pairs [rewrite]:
rbt-in-traverse-pairs (balance L k v r) = rbt-in-traverse-pairs | Q (k, v) # rbt-in-traverse-pairs
r (proof)

(ML)
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14.7 ins function

fun ins :: ‘a:zorder = ‘b = (‘a, 'b) rbt = ('a, 'b) rbt where
ins ¢ v Leaf = Node Leaf R © v Leaf
| ins x v (Node lcywr) =
(if ¢ = B then
(if ¢ = y then Node I Bz v r
else if x < y then balance (insxvl) ywr
else balance | y w (ins z v 1))
else
(if © = y then Node IR z v r
else if x < y then Node (inszvl) Rywr
else Node I R y w (ins x v 1)))
(ML)

lemma ins-non-Leaf [resolve]: ins x v t # Leaf

(proof)

lemma cl-inv-ins [forward):
cl-inv t = cl-inv’ (ins z v t)

(proof)

lemma bd-inv-ins:
bd-inv t = bd-inv (ins v t) A black-depth t = black-depth (ins z v t)

(proof )
(ML)

lemma ins-inorder-pairs [rewrite]:
rbt-sorted t = rbt-in-traverse-pairs (ins x vt) = ordered-insert-pairs x v (rbi-in-traverse-pairs

t)
(proof)

14.8 Paint function

fun paint :: color = (‘a, 'b) rbt = (‘a, 'b) rbt where
paint ¢ Leaf = Leaf

| paint ¢ (Node l ¢’ zvr) = Nodelczvr

(ML)

lemma paint-cl-inv’ [forward]: cl-inv’ t = cl-inv’ (paint c t) (proof)
lemma paint-bd-inv [forward]: bd-inv t => bd-inv (paint c t) (proof)
lemma paint-bd [rewrite]:
bd-inv t = t # Leaf = clt = B = black-depth (paint R t) = black-depth t
— 1 (proof)

lemma paint-in-traverse-pairs [rewrite:
rbt-in-traverse-pairs (paint ¢ t) = rbt-in-traverse-pairs t {proof)
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14.9 Insert function

definition rbt-insert :: ‘a::order = 'b = (a, 'b) rbt = (‘a, 'b) rbt where [rewrite):
rbt-insert © v t = paint B (ins z v t)

Correctness results for insertion.

theorem insert-is-rbt [forward):
is-rbt t = is-rbt (rbt-insert x v t) (proof)

theorem insert-sorted [forward):
rbt-sorted t = rbt-sorted (rbt-insert x v t) (proof)

theorem insert-rbt-map [rewrite]:
rbt-sorted t = rbt-map (rbt-insert z v t) = (rbt-map t) {z — v} (proof)

14.10 Search on sorted trees and its correctness

fun rbt-search :: (‘a:zord, 'b) rbt = ‘a = 'b option where
rbt-search Leaf x = None
| rbt-search (Node l ¢ y wr) © =
(if x = y then Some w
else if x < y then rbt-search | x
else rbt-search r x)
(ML)

Correctness of search

theorem rbt-search-correct [rewrite]:
rbt-sorted t = rbt-search t © = (rbt-map t)(z)

(proof)

14.11 DballL and balR

definition balL :: (‘a, 'b) 10t = 'a = 'b = (‘a, 'b) rbt = (‘a, 'b) rbt where
[rewrite]:

balL 1 kv r = (let Ir = lsub r in

if ¢l l = R then Node (Node (Isub 1) B (key 1) (vall) (rsubl)) Rkovr

else if r = Leaf then Node [ R k v r

else if cl v = B then balance | k v (Node (Isub r) R (key r) (val r) (rsub r))

else if Ir = Leaf then Node [ R kv r

else if cl lr = B then

Node (Node | B kv (Isub Ir)) R (key Ir) (val lr) (balance (rsub Ir) (key r) (val

r) (paint R (rsub r)))

else Node I R k v r)
(ML)

definition balR :: (‘a, 'b) rbt = ‘a = 'b = (‘a, 'b) rbt = (‘a, 'b) rbt where
[rewrite]:

balR I kv r = (let rl = rsub lin

if cl v = R then Node |l R k v (Node (lsub ) B (key r) (val r) (rsub r))

else if | = Leaf then Node IR kv r
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else if cl | = B then balance (Node (lsub 1) R (key 1) (vall) (rsubl)) kv r
else if rl = Leaf then Node I R k v r
else if cl rl = B then
Node (balance (paint R (lsub 1)) (key 1) (val 1) (lsub rl)) R (key rl) (val rl)
(Node (rsub rl) Bk vr)
else Node IR kv r)
(ML)

lemma balL-bd [forward-arg]:
bd-inv | = bd-inv r = ¢l r = B = black-depth | + 1 = black-depth r —
bd-inv (balL L k v r) A black-depth (balL 1 k v r) = black-depth | + 1 {proof)

lemma balL-bd’ [forward-arg:
bd-inv | = bd-inv r = cl-inv r = black-depth | + 1 = black-depth r =
bd-inv (balL 1 k v r) A black-depth (balL 1 k v r) = black-depth | + 1 (proof)

lemma balL-cl [forward-arg]:
cl-inv’ | = cl-inv r = ¢l r = B = cl-inv (balL 1 k v r) (proof)

lemma balL-cl’ [forward):
cl-inv' | = cl-inv r = cl-inv’ (balL 1 k v 1) (proof)

lemma balR-bd [forward-arg|:
bd-inv | = bd-inv r = cl-inv | = black-depth | = black-depth r + 1 —
bd-inv (balR Lk v r) A black-depth (balR 1 k v r) = black-depth 1 (proof)

lemma balR-cl [forward-arg):
cl-inv | = cl-inv' r = ¢l l = B = cl-inv (balR 1 k v 1) (proof)

lemma balR-cl’ [forward):
cl-inv | = cl-inv’ r = cl-inv’ (balR 1 k v 1) (proof)

lemma balL-in-traverse-pairs [rewrite]:
rbt-in-traverse-pairs (balL L k v 1) = rbt-in-traverse-pairs l Q (k, v) # rbt-in-traverse-pairs
r (proof)

lemma balR-in-traverse-pairs [rewrite]:
rbt-in-traverse-pairs (balR 1 k v r) = rbt-in-traverse-pairs  Q (k, v) # rbt-in-traverse-pairs
r (proof)

(ML)

14.12 Combine

fun combine :: (‘a, 'b) rbt = ('a, 'b) rbt = (‘a, 'b) rbt where
combine Leaf t = t

| combine t Leaf =t

| combine (Node l1 c¢1 k1 vl r1) (Node (2 ¢2 k2 v2 r2) = (
if c1 = R then
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if c2 = R then
let tm = combine r1 12 in
if cl tm = R then
Node (Node l1 R k1 vl (Isub tm)) R (key tm) (val tm) (Node (rsub tm)
R k2 v2 r2)
else
Node l1 R k1 vl (Node tm R k2 v2 r2)
else
Node l1 R k1 v1 (combine r1 (Node 12 ¢2 k2 v2 r2))
else
if c2 = B then
let tm = combine r1 12 in
if cl tm = R then
Node (Node l1 B k1 vl (lsub tm)) R (key tm) (val tm) (Node (rsub tm) B
k2 v2 r2)
else
balL 11 k1 vl (Node tm B k2 v2 r2)
else
Node (combine (Node 11 c¢1 k1 v1r1) 12) R k2 v2 r2)
(M)

lemma combine-bd [forward-arg|:
bd-inv It = bd-inv rt = black-depth It = black-depth rt —
bd-inv (combine It 1t) A black-depth (combine It rt) = black-depth It

(proof)

lemma combine-cl:
cl-inv It = cl-inv rt =
(cllt = B — clrt = B — cl-inv (combine It 1t)) A cl-inv’ (combine It rt)

(proof )
(ML)

lemma combine-in-traverse-pairs [rewrite]:
rbt-in-traverse-pairs (combine It rt) = rbt-in-traverse-pairs It Q rbt-in-traverse-pairs
Tt

(proof)

14.13 Deletion

fun del :: 'a::linorder = (‘a, 'b) rbt = (‘a, 'b) rbt where
del x Leaf = Leaf
| del x (Node l-kvr)=
(if ¢ = k then combine [ r
else if v < k then
if | = Leaf then Node Leaf R k v r
else if ¢l 1l = B then balL (del x 1) kv r
else Node (del 1) Rkvr
else
if r = Leaf then Node l R k v Leaf
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else if cl r = B then balR 'k v (del z r)
else Node | R k v (del z 1))
(ML)

lemma del-bd [forward-arg):
bd-inv t = cl-inv t => bd-inv (del z t) A (
if cl t = R then black-depth (del z t) = black-depth t
else black-depth (del x t) = black-depth t — 1)

(proof)

lemma del-cl:
cl-inv t = if cl t = R then cl-inv (del z t) else cl-inv’ (del z t)

(proof)
(ML)

lemma del-in-traverse-pairs [rewrite]:
rbt-sorted t => rbt-in-traverse-pairs (del x t) = remove-elt-pairs © (rbt-in-traverse-pairs

t)
(proof)

definition delete :: ‘a::linorder = (‘a, 'b) rbt = (a, 'b) rbt where [rewrite]:
delete x t = paint B (del x t)

Correctness results for deletion.

theorem delete-is-rbt [forward):
is-rbt t = is-rbt (delete z t) (proof)

theorem delete-sorted [forward):
rbt-sorted t = rbi-sorted (delete x t) (proof)

theorem delete-rbt-map [rewrite]:
rbt-sorted t = rbt-map (delete x t) = delete-map z (rbt-map t) (proof)

(ML)

end

15 Rectangle intersection

theory Rect-Intersect
imports Interval-Tree
begin

Functional version of algorithm for detecting rectangle intersection. See [2,
Exercise 14.3-7] for a reference.

15.1 Definition of rectangles

datatype ‘a rectangle = Rectangle (zint: 'a interval) (yint: 'a interval)

o6



(ML)

definition is-rect :: (‘a::linorder) rectangle = bool where [rewrite]:
is-rect rect «— is-interval (xint rect) A is-interval (yint rect)

definition is-rect-list :: ('a::linorder) rectangle list = bool where [rewrite]:
is-rect-list rects «— (VY i<length rects. is-rect (rects ! 7))

lemma is-rect-listD: is-rect-list rects = i < length rects = is-rect (rects ! i)

{(proof)
(ML)

definition is-rect-overlap :: (‘a::linorder) rectangle = ('a::linorder) rectangle =
bool where [rewrite]:
is-rect-overlap A B <— (is-overlap (zint A) (zint B) A is-overlap (yint A) (yint

B))

definition has-rect-overlap :: ('a::linorder) rectangle list = bool where [rewrite]:
has-rect-overlap As +— (Fi<length As. Jj<length As. i # j A is-rect-overlap
(As @) (As! 7))

15.2 INS / DEL operations

datatype ’a operation =

INS (pos: 'a) (op-idz: nat) (op-int: 'a interval)
| DEL (pos: 'a) (op-idz: nat) (op-int: 'a interval)
(ML)

instantiation operation :: (linorder) linorder begin

definition less: (a < b) = (if pos a # pos b then pos a < pos b else
if is-INS a # is-INS b then is-INS a N —is-INS b
else if op-idx a # op-idz b then op-idz a < op-idzr b else
op-int a < op-int b)
definition less-eq: (a < b) = (if pos a # pos b then pos a < pos b else
if is-INS a # is-INS b then is-INS a N —is-INS b
else if op-idx a # op-idx b then op-idx a < op-idx b else
op-int a < op-int b)

instance (proof) end
(ML)

lemma operation-leD [forward):
(a::('a::linorder operation)) < b = pos a < pos b (proof)

lemma operation-lessl [backward):

pl < p2 = INS pl nl il < DEL p2 n2i2
(proof)
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(ML)

15.3 Set of operations corresponding to a list of rectangles

fun ins-op :: 'a rectangle list = nat = (‘a::linorder) operation where
ins-op rects i = INS (low (yint (rects | ©))) @ (zint (rects ! 7))
(ML)

fun del-op :: 'a rectangle list = nat = ('a::linorder) operation where
del-op rects i = DEL (high (yint (rects ! ©))) i (zint (rects ! 7))
(ML)

definition ins-ops :: 'a rectangle list = ('a::linorder) operation list where [rewrite]:
ins-ops rects = list (\i. ins-op rects i) (length rects)

definition del-ops :: 'a rectangle list = ('a::linorder) operation list where [rewrite]:
del-ops rects = list (Ai. del-op rects i) (length rects)

lemma ins-ops-distinct [forward]: distinct (ins-ops rects)
(proof)

lemma del-ops-distinct [forward): distinct (del-ops rects)

(proof)

lemma set-ins-ops [rewrite]:

oper € set (ins-ops rects) <— op-idx oper < length rects N\ oper = ins-op rects
(op-idzx oper)
(proof)

lemma set-del-ops [rewrite]:

oper € set (del-ops rects) <— op-idx oper < length rects N oper = del-op rects
(op-idzx oper)
(proof)

definition all-ops :: 'a rectangle list = (‘a::linorder) operation list where [rewrite]:
all-ops rects = sort (ins-ops rects Q del-ops rects)

lemma all-ops-distinct [forward]: distinct (all-ops rects)

(proof)

lemma set-all-ops-idz [forward):
oper € set (all-ops rects) = op-idx oper < length rects (proof)

lemma set-all-ops-ins [forward):
INS p n i € set (all-ops rects) = INS p n i = ins-op rects n {proof)

lemma set-all-ops-del [forward):
DEL p n i € set (all-ops rects) = DEL p n i = del-op rects n {proof)
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lemma ins-in-set-all-ops:
i < length rects = ins-op rects i € set (all-ops rects) {proof)
(ML)

lemma del-in-set-all-ops:
i < length rects = del-op rects i € set (all-ops rects) {proof)
(ML)

lemma all-ops-sorted [forward]: sorted (all-ops rects) (proof)

lemma all-ops-nonempty [backward): rects # [| = all-ops rects # |]
(proof)

(ML)

15.4 Applying a set of operations

definition apply-ops-k :: (‘a::linorder) rectangle list = nat = nat set where
[rewrite]:
apply-ops-k rects k = (let ops = all-ops rects in
{i. i < length rects A (Fj<k. ins-op rects i = ops ! j) A =(Fj<k. del-op rects
i = ops ! 7))
(M)

lemma apply-ops-set-mem [rewrite]:

ops = all-ops rects —

i € apply-ops-k rects k +— (i < length rects A (j<k. ins-op rects i = ops ! j)
A —(3j<k. del-op rects i = ops ! j))

(proof)
(ML)

definition zints-of :: ‘a rectangle list = nat set = (('a::linorder) idz-interval) set
where [rewrite]:
xints-of rect is = (Ai. IdzInterval (xint (rect ! 7)) @) ¢ is

lemma zints-of-mem [rewrite]:
IdzInterval it © € zints-of rect is <— (i € is A\ mint (rect | i) = it) (proof)

lemma zints-diff [rewrite]:
xints-of rects (A — B) = zints-of rects A — wints-of rects B

(proof)

definition has-overlap-at-k :: (‘a::linorder) rectangle list = nat = bool where
[rewrite]:
has-overlap-at-k rects k +— (
let S = apply-ops-k rects k; ops = all-ops rects in
is-INS (ops ! k) A has-overlap (zints-of rects S) (op-int (ops ! k)))
(ML)
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lemma has-overlap-at-k-equiv [forward):
is-rect-list rects => ops = all-ops rects = k < length ops —
has-overlap-at-k rects k = has-rect-overlap rects

(proof)

lemma has-overlap-at-k-equiv2 [resolve]:
is-rect-list rects => ops = all-ops rects => has-rect-overlap rects —
dk<length ops. has-overlap-at-k rects k

{(proof)

definition has-overlap-lst :: (‘a::linorder) rectangle list = bool where [rewrite]:
has-overlap-lst rects = (let ops = all-ops rects in (I k<length ops. has-overlap-at-k
rects k))

lemma has-overlap-equiv [rewrite]:
is-rect-list rects => has-overlap-lst rects +— has-rect-overlap rects (proof)

15.5 Implementation of apply_ops_ k

lemma apply-ops-k-next! [rewrite]:

is-rect-list rects = ops = all-ops rects = n < length ops = is-INS (ops ! n)
_—

apply-ops-k rects (n + 1) = apply-ops-k rects n U {op-idz (ops ! n)}
(proof)

lemma apply-ops-k-next2 [rewrite:

is-rect-list rects = ops = all-ops rects = n < length ops = —is-INS (ops !
n) =

apply-ops-k rects (n + 1) = apply-ops-k rects n — {op-idz (ops ! n)} (proof)

definition apply-ops-k-next :: (‘a::linorder) rectangle list = 'a idz-interval set =
nat = 'a idz-interval set where
apply-ops-k-next rects S k = (let ops = all-ops rects in
(case ops | k of
INS p ni= S U {IdzInterval i n}
| DEL p n i = S — {IdzInterval i n}))
(ML)

lemma apply-ops-k-next-is-correct [rewrite:

is-rect-list rects = ops = all-ops rects = n < length ops =

S = zints-of rects (apply-ops-k rects n) =

zints-of rects (apply-ops-k rects (n + 1)) = apply-ops-k-next rects S n
(proof)

function rect-inter :: nat rectangle list = nat idz-interval set = nat = bool where
rect-inter rects S k = (let ops = all-ops rects in
if k > length ops then False
else if is-INS (ops | k) then
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if has-overlap S (op-int (ops ! k)) then True

else if k = length ops — 1 then Fualse

else rect-inter rects (apply-ops-k-next rects S k) (k + 1)
else if k = length ops — 1 then Fulse

else rect-inter rects (apply-ops-k-next rects S k) (k + 1))

(proof)
termination (proof)

lemma rect-inter-correct-ind [rewrite]:
is-rect-list rects => ops = all-ops rects = n < length ops =
rect-inter rects (xzints-of rects (apply-ops-k rects n)) n +—
(Fk<length ops. k > n A has-overlap-at-k rects k)

(proof)

Correctness of functional algorithm.

theorem rect-inter-correct [rewrite]:
is-rect-list rects = rect-inter rects {} 0 <— has-rect-overlap rects

(proof)

end

theory SepLogic-Base
imports Auto2-HOL. Auto2-Main
begin

General auto2 setup for separation logic. The automation defined here can
be instantiated for different variants of separation logic.

(ML)

end

16 Separation logic

theory SepAuto
imports SepLogic-Base HOL— Imperative-HOL.Imperative-HOL
begin

Separation logic for Imperative_ HOL, and setup of auto2. The development
of separation logic here follows [5] by Lammich and Meis.

16.1 Partial Heaps

datatype pheap = pHeap (heapOf: heap) (addrOf: addr set)
(ML)

fun in-range :: (heap X addr set) = bool where
in-range (h,as) <— (Va€as. a < lim h)
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(ML)

Two heaps agree on a set of addresses.

definition relH :: addr set = heap = heap = bool where [rewrite]:
relH as b h' = (in-range (h, as) A in-range (h', as) A
(Vt.Vacas. refshta=refsh’taA arrays h t a = arrays b’ t a))

lemma relH-D [forward):
relH as h h' = in-range (h, as) A in-range (h', as) (proof)

lemma relH-D2 [rewrite]:

relH as hh' = a € as = refshta=refsh' ta

relH as h h' = a € as = arrays h t a = arrays b’ t a (proof)
(ML)

lemma relH-dist-union [forward):
relH (as U as’) h h' = relH as h h' A relH as’ h h' (proof)

lemma relH-ref [rewrite]:
relH as h h' = addr-of-ref r € as = Ref.get h r = Ref.get h' r
(proof)

lemma relH-array [rewrite]:
relH as h h' = addr-of-array v € as = Array.get h r = Array.get h' r

{proof)

lemma relH-set-ref [resolve]:
relH {a. a < lim h A\ a ¢ {addr-of-ref r}} h (Ref.set r z h)

(proof)

lemma relH-set-array [resolve]:
relH {a. a < lim h A a ¢ {addr-of-array r}} h (Array.set r x h)

{proof)

16.2 Assertions

datatype assn-raw = Assn (assn-fn: pheap = bool)

fun aseval :: assn-raw = pheap = bool where
aseval (Assn f) h = fh
(ML)

definition proper :: assn-raw = bool where [rewrite]:
proper P = (
(Vh as. aseval P (pHeap h as) — in-range (h,as)) A
(Vh h' as. aseval P (pHeap h as) — relH as h h' — in-range (h',as) —
aseval P (pHeap h' as)))

fun in-range-assn :: pheap = bool where
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in-range-assn (pHeap h as) «— (Y a€as. a < lim h)
(ML)

typedef assn = Collect proper
(proof)

(ML)

lemma Abs-assn-inverse’ [rewrite]: proper y = Rep-assn (Abs-assn y) = y
(proof )

lemma proper-Rep-assn [forward): proper (Rep-assn P) (proof)

definition models :: pheap = assn = bool (infix <= 50) where [rewrite-bidir]:
h = P <— aseval (Rep-assn P) h

lemma models-in-range [resolve]: pHeap h as = P = in-range (h,as) (proof)

lemma mod-relH [forward]: relH as h h' = pHeap h as | P = pHeap h’' as |=
P {proof)

instantiation assn :: one begin
definition one-assn :: assn where [rewrite]:

1 = Abs-assn (Assn (Ah. addrOf h = {}))
instance (proof) end

abbreviation one-assn :: assn (<emp>) where one-assn = 1

lemma one-assn-rule [rewrite]: h = emp <— addrOf h = {} (proof)
(ML)

instantiation assn :: times begin
definition times-assn where [rewrite]:
P x @ = Abs-assn (Assn (
Ah. (3as? as2. addrOf h = asl U as2 A asl N as2 = {} A
aseval (Rep-assn P) (pHeap (heapOf h) asl) A aseval (Rep-assn
Q) (pHeap (heapOf h) as2))))

instance (proof) end

lemma mod-star-conv [rewrite]:

pHeap h as |E A x B +— (Jasl as2. as = asl U as2 A asl N as2 = {} A pHeap
h aslt = A A pHeap h as2 |= B) (proof)
(M)

lemma aseval-ext [backward): ¥ h. aseval P h = aseval P' h = P = P’
{proof)

lemma assn-ext: ¥ h as. pHeap h as = P «— pHeap has = Q = P = @
(proof)
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(ML)

lemma assn-one-left: 1 x P = (P::assn)

(proof)

lemma assn-times-comm: P x Q = Q = (P::assn)
(proof )

lemma assn-times-assoc: (P * Q) x R = P % (Q = (R::assn))

{(proof)

instantiation assn :: comm-monoid-mult begin
instance (proof)
end

16.2.1 Existential Quantification

definition ez-assn :: (‘a = assn) = assn (binder <3 4> 11) where [rewrite]:
(Faz. Px) = Abs-assn (Assn (Ah. z. h = P 1))

lemma mod-ez-dist [rewrite]: (h = (3 az. P z)) +— (3z. h = P z) (proof)
(ML)

lemma ex-distrib-star: (3az. Pz x Q) = (3az. Px) % Q
(proof)

16.2.2 Pointers

definition sngr-assn :: 'a::heap ref = 'a = assn (infix «<—,»> 82) where [rewrite]:
r . x = Abs-assn (Assn (
Ah. Ref.get (heapOf h) r = © A addrOf h = {addr-of-ref r} A addr-of-ref r <
lim (heapOf h)))

lemma sngr-assn-rule [rewrite]:

pHeap h as = r —, © <— (Ref.get h r = x A as = {addr-of-ref r} A addr-of-ref
r < lim h) {proof)
(ML)

definition snga-assn :: 'a::heap array = ‘a list = assn (infix «—,> 82) where
[rewrite]:

T, & = Abs-assn (Assn (

Ah. Array.get (heapOf h) r = x A addrOf h = {addr-of-array r} A addr-of-array
r < lim (heapOf h)))

lemma snga-assn-rule [rewrite]:

pHeap h as = r —, © +— (Array.get h v = z A\ as = {addr-of-array r} A
addr-of-array r < lim h) (proof)
(ML)
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16.2.3

Pure Assertions

definition pure-assn :: bool = assn («1») where [rewrite]:
1b = Abs-assn (Assn (Ah. addrOf h = {} A b))

lemma pure-assn-rule [rewrite]: h = 1b +— (addrOf h = {} A b) {proof)

(ML)

definition top-assn :: assn (<truey) where [rewrite]:
top-assn = Abs-assn (Assn in-range-assn)

lemma
(ML)

16.2.4

top-assn-rule [rewrite]: pHeap h as |= true <— in-range (h, as) (proof)

Properties of assertions

abbreviation bot-assn :: assn (<falsey) where bot-assn = T False

lemma

(proof)

lemma

top-assn-reduce: true x true = true

mod-pure-star-dist [rewrite]:

hi=Pxtb<— (hl= P AD)

(proof)

lemma pure-conj: 1(P A Q) = TP x 1Q (proof)

16.2.5

Entailment and its properties

definition entails :: assn = assn = bool (infix <= 4> 10) where [rewrite]:
(P=4Q)«— VYh.hEP—hEQ)

lemma
lemma
lemma
lemma

(proof)
lemma

(proof)
lemma
lemma
lemma
lemma

lemma
lemma
lemma
lemma
lemma

entails-triv: A =>4 A (proof)

entails-true: A =>4 true (proof)

entails-frame [backward]: P =4 Q@ = P x R =>4 Q * R (proof)
entails-frame”: = (A« F =4 Q) = A =4 B—=— -~ (Bx F =4 Q)

entails-frame’: = (P =4 B*x F) = A=4 B= - (P =4 A% F)

entails-equiv-forward: P = Q = P =>4 Q (proof)
entails-equiv-backward: P = Q = Q =>4 P (proof)

entailsD [forward): P =4 Q = h = P = h = Q (proof)
entails-trans2: A =>4 D« B=— B =4 C = A =>4 D x C (proof)

entails-pure”: =(1h =4 Q) +— (—(emp =4 Q) A b) (proof)
entails-pure: =(P % 1b =>4 Q) +— (-(P =>4 Q) A b) {proof)
entails-ex: =((Faz. Px) =4 Q) «— (Fz. 2(Pz =4 Q)) (proof)
entails-ex-post: =(P =>4 (Faz. Q z)) = V. (P =4 Q z) (proof)
entails-pure-post: =(P =>4 @ x 1b) = P =4 Q = —b (proof)
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(ML)

16.3 Definition of the run predicate

inductive run :: ‘a Heap = heap option = heap option = 'a = bool where
run ¢ None None r

| execute ¢ h = None = run ¢ (Some h) None r

| execute ¢ h = Some (r, h') => run ¢ (Some h) (Some h') r

(ML)

lemma run-complete [resolve]:
do’ r.run c o o’ (r:'a)

(proof)

lemma run-to-execute [forward]:
run ¢ (Some h) o' r = if o' = None then execute ¢ h = None else execute ¢ h
= Some (r, the o)

(proof)

(ML)
lemma runE [forward):

run f (Some h) (Some h') r' = run (f >= g) (Some h) 0 r = run (g r’)
(Some k') o r (proof)

(ML)

16.4 Definition of hoare triple, and the frame rule.

definition new-addrs :: heap = addr set = heap = addr set where [rewrite]:
new-addrs h as h' = as U {a. lim h < a A a < lim h'}

definition hoare-triple :: assn = 'a Heap = ('a = assn) = bool (<<->/ -/ <->»)
where [rewrite]:
<P>c¢<Q@Q><+— (Yhaso r. pHeap h as | P — run ¢ (Some h) o0 r —
(o0 # None A pHeap (the o) (new-addrs h as (the o)) E Q r A relH {a . a <
limh A a ¢ as} h (the o) A
lim h < lim (the 0)))

lemma hoare-tripleD [forward):
<P> ¢ <Q> = run c (Some h) 0 r = Vas. pHeap h as = P —
(o0 # None A pHeap (the o) (new-addrs h as (the o)) = Q r A relH {a . a <
lim h A\ a ¢ as} h (the o) A
lim h < lim (the o))
(proof)
(ML)

abbreviation hoare-triple’ :: assn = 'r Heap = ('r = assn) = bool («<-> -

<->;)) where
<P>c<Q@Q> = <P>c<Ar. Q r x true>

66



theorem frame-rule [backward):
<P>c<@Q>= <P x R>c<\z. Qzx* R>
(proof)

This is the last use of the definition of separating conjunction.
(ML)
theorem bind-rule:

<P>f<Q>=Vz.<Quz>gz <R>= <P>f>=g<R>
(proof )

Actual statement used:
lemma bind-rule’:

<P>f<Q@Q>= - <P>f>=g<BR>= Jz. - <Q x> gz <R> (proof)

lemma pre-rule’:
= <PxR>f<Q>=— P =—,4 PP— <P xR>f<@Q>
(proof)

lemma pre-rule’”:
<P>f<Q>= P =, P+xR=— <P'>f<Az. Qu x R>
(proof)

lemma pre-ex-rule:
“ <3z Pa> f <@Q> +— 3z - <P x> f <Q>) (proof)

lemma pre-pure-rule:
S <P xTb> f <Q> «— - <P> f <@Q> A b {proof)

lemma pre-pure-rule’:
S <T> f <Q> +— o <emp> f <@Q> A b (proof)

lemma post-rule:
<P>f<@Q>=Vz. Qz =4 Rz = <P> f <R> (proof)

(ML)

Actual statement used:

lemma post-rule’:
<P>f<@Q> = - <P>f <R>= Jz. - (Q v =>4 R z) (proof)

lemma norm-pre-pure-iff: <P * 1b> ¢ <@Q> +— (b — <P> ¢ <@>) (proof)
lemma norm-pre-pure-iff2: <tb> ¢ <@Q> +— (b — <emp> ¢ <Q>) (proof)

16.5 Hoare triples for atomic commands

First, those that do not modify the heap.
(ML)
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lemma assert-rule:
<P(R z)> assert R x <Ar. T(r = z)> (proof)

lemma execute-return’ [rewrite]: execute (return z) h = Some (z, h) (proof)
lemma return-rule:
<emp> return © <Ar. N(r = z)> (proof)

(ML)
lemma nth-rule:
<a =g xs * T(i < length xs)> Array.nth a i <Ar. a —q xs % T(r = zs | ©)>

(proof)

(ML)
lemma length-rule:
<a o 18> Array.len a <Ar. a v, xs x T(r = length zs)> (proof)

(ML)
lemma lookup-rule:
<p e x> Ip <Arp ez ok N(r = 2)> (proof)

(M)
lemma freeze-rule:
<a 3, 18> Array.freeze a <Ar. a 4 s x T(r = z5)> (proof)

Next, the update rules.
(ML)

lemma Array-lim-set [rewrite]: lim (Array.set p s h) = lim h {proof)

(ML)
lemma upd-rule:
<a o x5 * T < length xs)> Array.upd i x a <Ar. a >, list-update zs i x * T(r

= a)> (proof)

(ML)
lemma update-rule:
<p e y> p = <AL p = 2> (proof)
Finally, the allocation rules.
lemma lim-set-gen [rewrite]: lim (h(lim := 1)) = 1 (proof)
lemma Array-alloc-def’ [rewrite]:

Array.alloc xzs h = (let | = lim h; r = Array lin (r, (Array.set v zs (h(lim =1

+ 1)))))
(proof )
(ML)

lemma refs-on-Array-set [rewrite]: refs (Array.set p xs h) t i = refs h t i
(proof)
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lemma arrays-on-Ref-set [rewrite]: arrays (Ref.set p x h) t i = arrays h t i
(proof )

lemma refs-on-Array-alloc [rewrite]: refs (snd (Array.alloc zs h)) t i = refs h t i
(proof)

lemma arrays-on-Ref-alloc [rewrite]: arrays (snd (Ref.alloc z b)) t i = arrays h t
)

(proof)

lemma arrays-on-Array-alloc [rewrite]: i < lim h = arrays (snd (Array.alloc xs
h)) ti= arrays h ti
{proof)

lemma refs-on-Ref-alloc [rewrite]: i < lim h = refs (snd (Ref.alloc z h)) t i =
refs h t i

{proof)

(ML)
lemma new-rule:
<emp> Array.new n r <Ar. r >, replicate n z> (proof)

(ML)
lemma of-list-rule:
<emp> Array.of-list xs <A\r. r >, xs> (proof)

(ML)
lemma ref-rule:
<emp> ref x <Ar. T >, > (proof)

(ML)

16.6 Definition of procedures

ASCII abbreviations for ML files.
abbreviation (input) ez-assn-ascii :: ('a = assn) = assn (binder <EXA> 11)

where ezx-assn-ascii = ex-assn

abbreviation (input) models-ascii :: pheap = assn = bool (infix <|=> 50)
where h |=P=h [P

(ML)

Some simple tests

theorem <emp> ref x <Ar. r v+, x> {proof)

theorem <a —, > ref z <Ar. a —, z * 1 —,. > (proof)

theorem <a —, z> (la) <Ar. a =, z * (r = z)> (proof)

theorem <a >, z x b+, y> (la) <Ar. a =, z % b=, y x T(r = 2)> (proof)
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theorem <a —, z % b, y> (10) <Ar. a v % b y * T(r = y)> (proof)
theorem <a —, 2> do { a := y; la } <Ar. a =, y * T(r = y)> (proof)
theorem <a >, 2> do{ a:=y; a:=z; la } <Ar. a =, z x T(r = 2)> (proof)
theorem <a —, 2> do { y < la; ref y} <Ar. a =, x % r . > (proof)
theorem <emp> return © <Ar. T(r = z)> (proof)

end

theory GCD-Impl
imports SepAuto
begin

A tutorial example for computation of GCD.

Turn on auto2’s trace

declare [[print-trace])

Property of gecd that justifies the recursive computation. Add as a right-to-
left rewrite rule.

(ML)
Functional version of ged.

fun gcd-fun :: nat = nat = nat where
gced-fun a b = (if b = 0 then a else ged-fun b (a mod b))

The fun package automatically generates induction rule upon showing ter-
mination. This adds the induction rule for the @fun_induct command.

(ML)

lemma gcd-fun-correct:
ged-fun a b = ged a b
(proof )

Imperative version of ged.

partial-function (heap) ged-impl :: nat = nat = nat Heap where
ged-impl a b = (
if b = 0 then return a
else do {
¢ « return (a mod b);
r < ged-impl b c;
return T

)

The program is sufficiently simple that we can prove the Hoare triple directly
(without going through the functional program).

theorem gcd-impl-correct:
<emp> ged-impl a b <Ar. 1(r = ged a b)>
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(proof )
Turn off trace.

declare [[print-trace = falsel]

end

17 Implementation of linked list

theory LinkedList
imports SepAuto
begin

Examples in linked lists. Definitions and some of the examples are based on
List_ Seg and Open__List theories in [5] by Lammich and Meis.

17.1 List Assertion

datatype ‘a node = Node (val: 'a) (nzt: 'a node ref option)
(ML)

fun node-encode :: 'a::heap node = nat where
node-encode (Node © r) = to-nat (z, r)

instance node :: (heap) heap
(proof )
fun os-list :: 'a::heap list = 'a node ref option = assn where
os-list [| p = 1(p = None)
| os-list (z # 1) (Some p) = (3 aq. p —+ Node x q x os-list | q)
| os-list (x # 1) None = false
(ML)

lemma os-list-empty [forward-ent]:
os-list [| p =>4 T(p = None) (proof)

lemma os-list-Cons [forward-ent)]:
os-list (x # 1) p =>4 (3 aq. the p —, Node x q x os-list I ¢ x T(p # None))
(proof)

lemma os-list-none: emp =>4 os-list [| None (proof)

lemma os-list-constr-ent:
p > Node z q x os-list | ¢ =>4 os-list (x # 1) (Some p) (proof)

(ML)

type-synonym ’‘a os-list = 'a node ref option
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17.2 Basic operations

definition os-empty :: 'a::heap os-list Heap where
os-empty = return None

lemma os-empty-rule [hoare-triple]:
<emp> os-empty <os-list [|> (proof)

definition os-is-empty :: 'a::heap os-list = bool Heap where
os-is-empty b = return (b = None)

lemma os-is-empty-rule [hoare-triple]:
<os-list £s b> os-is-empty b <Ar. os-list xs b * T(r <— zs = [])>
(proof )

definition os-prepend :: 'a = 'a::heap os-list = 'a 0s-list Heap where
os-prepend a n = do { p < ref (Node a n); return (Some p) }

lemma os-prepend-rule [hoare-triple):
<os-list s n> os-prepend x n <os-list (x # xs)> (proof)

definition os-pop :: 'a::heap os-list = ('a x 'a os-list) Heap where
os-pop 1 = (case T of
None = raise STR " Empty Os-list"" |
Some p = do {m <+ !p; return (val m, nzt m)})

lemma os-pop-rule [hoare-triple]:

<os-list zs (Some p)>

o0s-pop (Some p)

<Ma,r’). os-list (¢l zs) v’ * p —, (Node z ') * T(z = hd zs)>
(proof)

17.3 Reverse

partial-function (heap) os-reverse-auz :: 'a::heap os-list = 'a o0s-list = 'a os-list
Heap where
os-reverse-auz q p = (case p of
None = return q |
Some r = do {
v Ir;
r := Node (val v) g;
os-reverse-auz p (nzt v) })

lemma os-reverse-auz-rule [hoare-triple]:
<os-list xs p * os-list ys ¢>
05-TeVerse-auT q p
<os-list ((rev zs) @ ys)>
(proof)

definition os-reverse :: 'a::heap os-list = 'a os-list Heap where
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0S-TEVETSE P = 0S-TEVErse-aur None P

lemma os-reverse-rule:
<os-list zs p> os-reverse p <os-list (rev xs)> (proof)

17.4 Remove
(ML)

partial-function (heap) os-rem :: ‘a::heap = ‘a node ref option = ’a node ref
option Heap where
os-rem x b = (case b of
None = return None |
Some p = do {
n < p;
q < os-rem x (nzt n);
(if (valmn = 1)
then return q
else do {
p := Node (val n) g;
return (Some p) }) })

lemma os-rem-rule [hoare-triple]:
<os-list xs b> os-rem x b <Ar. os-list (removeAll x xs) r>

(proof)

17.5 Extract list

partial-function (heap) extract-list :: 'a::heap os-list = 'a list Heap where
extract-list p = (case p of
None = return ||
| Some pp = do {
v < pp;
ls < extract-list (nzt v);
return (val v # 1s)

)

lemma extract-list-rule [hoare-triple]:
<os-list | p> extract-list p <Ar. os-list L p x 1(r = 1)>
(proof )

17.6 Ordered insert

fun list-insert :: 'a::ord = 'a list = 'a list where
list-insert z || = [z]
| list-insert © (y # ys) = (
if © < ythen x # (y # ys) else y # list-insert = ys)
(ML)

lemma list-insert-length:
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length (list-insert = xs) = length xs + 1

(proof)
(ML)

lemma list-insert-mset [rewrite]:
mset (list-insert x xs) = {#z#} + mset xs
(proof )

lemma list-insert-set [rewrite]:
set (list-insert x xs) = {z} U set xs

(proof)

lemma list-insert-sorted [forward):
sorted s = sorted (list-insert x xs)

(proof)

partial-function (heap) os-insert :: 'a::{ord,heap} = 'a o0s-list = 'a o0s-list Heap
where
os-insert © b = (case b of
None = os-prepend x None
| Some p = do {
v« Ip;
(if < wval v then os-prepend = b
else do {
q < os-insert  (nat v);
p := Node (val v) g;
return (Some p) }) })

lemma os-insert-to-fun [hoare-triple]:
<os-list zs b> os-insert x b <os-list (list-insert x xs)>

{(proof)

17.7 Insertion sort

fun insert-sort :: 'a::ord list = 'a list where
insert-sort [| = []

| insert-sort (x # xs) = list-insert = (insert-sort xs)

(ML)

lemma insert-sort-mset [rewrite]:
mset (insert-sort xs) = mset s
(proof)

lemma insert-sort-sorted [forward):
sorted (insert-sort xs)

(proof)

lemma insert-sort-is-sort [rewrite]:
insert-sort s = sort zs (proof)
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fun os-insert-sort-auz :: 'a::{ord heap} list = 'a o0s-list Heap where
os-insert-sort-auz [| = (return None)
| os-insert-sort-auz (x # xs) = do {
b < os-insert-sort-auz xs;
b’ < os-insert x b;
return b’

}

lemma os-insert-sort-auz-correct [hoare-triple)]:
<emp> os-insert-sort-auz s <os-list (insert-sort xs)>

(proof)

definition os-insert-sort :: ‘a::{ord,heap} list = 'a list Heap where
os-insert-sort xs = do {
p < os-insert-sort-aur xs;
| <+ extract-list p;
return |

}

lemma insertion-sort-rule [hoare-triple]:
<emp> os-insert-sort s <Ays. T(ys = sort xs)>; (proof)

17.8 Merging two lists

fun merge-list :: ('a::ord) list = 'a list = 'a list where
merge-list zs [| = zs
| merge-list [| ys = ys
| merge-list (z # xs) (y # ys) = (
if © < y then x # (merge-list zs (y # ys))
else y # (merge-list (x # xs) ys))
(ML)

lemma merge-list-correct [rewrite]:
set (merge-list xs ys) = set xs U set ys

(proof)

lemma merge-list-sorted [forward):
sorted xs = sorted ys = sorted (merge-list xs ys)

(proof)

partial-function (heap) merge-os-list :: ('a::{heap, ord}) os-list = 'a os-list = 'a
0s-list Heap where
merge-os-list p ¢ = (
if p = None then return q
else if ¢ = Nomne then return p
else do {
np < !(the p); ng < !(the q);
if val np < wval ng then
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do { npq + merge-os-list (nzt np) g;
(the p) := Node (val np) npg;
return p }

else

do { png < merge-os-list p (nat nq);
(the q) := Node (val nq) png;
return q } })

lemma merge-os-list-to-fun [hoare-triple]:
<os-list xs p * os-list ys ¢>
merge-os-list p q
<Ar. os-list (merge-list xs ys) r>
(proof)

17.9 List copy

partial-function (heap) copy-os-list :: 'a::heap os-list = 'a os-list Heap where
copy-os-list b = (case b of
None = return None
| Some p = do {
v+ Ip;
q < copy-os-list (nzt v);
os-prepend (val v) q })

lemma copy-os-list-rule [hoare-triple]:
<os-list xs b> copy-os-list b <Ar. os-list zs b x os-list xs r>
(proof)

17.10 Higher-order functions

partial-function (heap) map-os-list :: ('a::heap = 'a) = 'a os-list = 'a os-list
Heap where
map-os-list f b = (case b of
None = return None
| Some p = do {
v« Ip;
q < map-os-list [ (nxzt v);
p := Node (f (val v)) g;
return (Some p) })

lemma map-os-list-rule [hoare-triple]:
<os-list xs b> map-os-list f b <os-list (map f xs)>
(proof )

partial-function (heap) filter-os-list :: (‘a::heap = bool) = 'a o0s-list = 'a os-list
Heap where
filter-os-list f b = (case b of
None = return None
| Some p = do {
v Ip;
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q < filter-os-list f (nxzt v);
(if (f (val v)) then do {
p := Node (val v) g;
return (Some p) }
else return q) })

lemma filter-os-list-rule [hoare-triple]:
<os-list xs b> filter-os-list f b <Ar. os-list (filter f xs) r x true>
(proof)

partial-function (heap) filter-os-list2 :: (‘a::heap = bool) = 'a os-list = 'a os-list
Heap where
filter-os-list2 f b = (case b of
None = return None
| Some p = do {
v« Ip;
q < filter-os-list2 f (nxzt v);
(if (f (val v)) then os-prepend (val v) ¢
else return q) })

lemma filter-os-list2-rule [hoare-triple]:
<os-list xs b> filter-os-list2 f b <Ar. os-list zs b x os-list (filter f xs) r>

(proof)
(ML)

partial-function (heap) fold-os-list :: (‘a::heap = 'b = 'b) = 'a os-list = 'b =
b Heap where
fold-os-list f b © = (case b of
None = return z
| Some p = do {
v < Ip;
r < fold-os-list f (nat v) (f (val v) x);
return r})

lemma fold-os-list-rule [hoare-triple]:
<os-list £s b> fold-os-list f b © <Ar. os-list xs b = T(r = fold f s x)>

(proof)

end

18 Implementation of binary search tree

theory BST-Impl
imports SepAuto ../ Functional/ BST
begin

Imperative version of binary search trees.
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18.1 Tree nodes
datatype (‘a, 'b) node =
Node (lsub: ('a, 'b) node ref option) (key: 'a) (val: 'b) (rsub: ('a, 'b) node ref

option)
(ML)

fun node-encode :: (‘a::heap, 'b::heap) node = nat where
node-encode (Node 1 k v r) = to-nat (I, k, v, r)

instance node :: (heap, heap) heap
(proof)

fun btree :: (‘a::heap, 'b::heap) tree = ('a, 'b) node ref option = assn where
btree Tip p = 1(p = None)

| btree (tree.Node It k v rt) (Some p) = (T alp rp. p > Node lp k v rp = btree It Ip

x btree rt rp)

| btree (tree.Node It k v rt) None = false

(ML)

lemma btree-Tip [forward-ent]: btree Tip p =>4 T(p = None) (proof)

lemma btree-Node [forward-ent):
btree (tree.Node It k v rt) p =>4 (F alp p. the p —, Node lp k v rp * biree It Ip
x btree 1t rp * T(p # None))

{(proof)
lemma btree-none: emp = 4 btree tree. Tip None {proof)

lemma btree-constr-ent:
p . Node lp k v rp = btree It Ip * btree rt rp =>4 btree (tree.Node It k v rt)

(Some p) (proof)
(ML)
type-synonym (‘a, 'b) btree = (‘a, 'b) node ref option

18.2 Operations

18.2.1 Basic operations

definition tree-empty :: ('a, 'b) btree Heap where
tree-empty = return None

lemma tree-empty-rule [hoare-triple]:
<emp> tree-empty <btree Tip> (proof)

definition tree-is-empty :: (‘a, 'b) btree = bool Heap where
tree-is-empty b = return (b = None)
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lemma tree-is-empty-rule:
<btree t b> tree-is-empty b <Ar. btree t b x 1(r +— t = Tip)> (proof)

definition btree-constr ::
("a::heap, 'b::heap) btree = 'a = 'b = ('a, 'b) btree = ('a, 'b) biree Heap where
btree-constr Ip k v rp = do { p < ref (Node lp k v rp); return (Some p) }

lemma btree-constr-rule [hoare-triple]:
<btree It lp * btree rt rp> btree-constr lp k v rp <btree (tree.Node It k v 1t)>
{(proof)

18.2.2 Insertion

partial-function (heap) btree-insert ::
‘a::{heap,linorder} = 'b::heap = ('a, 'b) btree = ('a, 'b) btree Heap where
btree-insert k v b = (case b of
None = btree-constr None k v None
| Some p = do {
t <+ lp;
(if k = key t then do {
p := Node (lsub t) kv (rsub t);
return (Some p) }
else if k < key t then do {
q < btree-insert k v (Isub t);
p := Node q (key t) (val t) (rsub t);
return (Some p) }
else do {
q < btree-insert k v (rsub t);
p := Node (Isub t) (key t) (val t) ¢;
return (Some p)}) })

lemma btree-insert-to-fun [hoare-triple]:
<btree t b>
btree-insert k v b
<btree (tree-insert k v t)>

{(proof)

18.2.3 Deletion

partial-function (heap) biree-del-min :: (‘a::heap, 'b::heap) btree = (('a x 'b) x
('a, 'b) btree) Heap where
btree-del-min b = (case b of
None = raise STR "del-min: empty tree’’
| Some p = do {
t <+ lp;
(if lsub t = None then
return ((key t, val t), rsub t)
else do {
T < btree-del-min (Ilsub t);
p := Node (snd 1) (key t) (val t) (rsub t);

79



return (fst r, Some p) }) })

lemma btree-del-min-to-fun [hoare-triple|:

<btree t b * (b # None)>

btree-del-min b

<A(r,p). btree (snd (del-min t)) p = 1(r = fst (del-min t))>;
(proof )

definition bitree-del-elt :: ('a::heap, 'b::heap) btree = (‘a, 'b) btree Heap where
btree-del-elt b = (case b of
None = raise STR "del-elt: empty tree’’
| Some p = do {
t <+ Ip;
(if lsub t = None then return (rsub t)
else if rsub t = None then return (lsub t)
else do {
7 < btree-del-min (rsub t);
p := Node (Ilsub t) (fst (fst r)) (snd (fst r)) (snd r);
return (Some p) }) })

lemma btree-del-elt-to-fun [hoare-triple]:
<btree (tree.Node It x v rt) b>
btree-del-elt b
<btree (delete-elt-tree (tree.Node It © v rt))>; (proof)

partial-function (heap) btree-delete :
'a::{heap,linorder} = ('a, 'b::heap) btree = ('a, 'b) btree Heap where
btree-delete z b = (case b of
None = return None
| Some p = do {
t <+ Ip;
(if x = key t then do {
r < btree-del-elt b;
return v }
else if x < key t then do {
q < btree-delete = (Isub t);
p := Node q (key t) (val t) (rsub t);
return (Some p) }
else do {
q < btree-delete © (rsub t);
p := Node (Isub t) (key t) (val t) ¢;
return (Some p)}) })

lemma btree-delete-to-fun [hoare-triple]:
<btree t b>
btree-delete x b
<btree (tree-delete x t)>,

(proof)
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18.2.4 Search

partial-function (heap) btree-search ::
‘a::{ heap,linorder} = ('a, 'b::heap) btree = 'b option Heap where
btree-search x b = (case b of
None = return None
| Some p = do {
t <+ lp;
(if x = key t then return (Some (val t))
else if © < key t then btree-search x (Isub t)
else btree-search © (rsub t)) })

lemma btree-search-correct [hoare-triple]:
<btree t b * T(tree-sorted t)>
btree-search x b
<Ar. btree t b x 1(r = tree-search t z)>

(proof)

18.3 Outer interface

Express Hoare triples for operations on binary search tree in terms of the
mapping represented by the tree.

definition btree-map :: (‘a, 'b) map = ('a::{heap,linorder}, 'b::heap) node ref op-
tion = assn where

btree-map M p = (3 at. btree t p * T(tree-sorted t) * (M = tree-map t))
(ML)

theorem btree-empty-rule-map [hoare-triple:
<emp> tree-empty <btree-map empty-map> (proof)

theorem btree-insert-rule-map [hoare-triple]:
<btree-map M b> btree-insert k v b <btree-map (M {k — v})> (proof)

theorem biree-delete-rule-map [hoare-triple):
<btree-map M b> btree-delete © b <btree-map (delete-map x M)>; {proof)

theorem btree-search-rule-map [hoare-triple]:
<btree-map M b> btree-search x b <Ar. btree-map M b « T(r = M{(z))> (proof)

end

19 Implementation of red-black tree

theory RBTree-Impl
imports SepAuto ../ Functional/ RBTree
begin

Verification of imperative red-black trees.
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19.1 Tree nodes
datatype (‘a, 'b) rbt-node =
Node (Isub: ('a, 'b) rbt-node ref option) (cl: color) (key: 'a) (val: 'b) (rsub: ('a,
'b) rbt-node ref option)
(ML)

fun color-encode :: color = nat where
color-encode B = 0
| color-encode R = 1

instance color :: heap
(proof)

fun rbt-node-encode :: ('a::heap, 'b::heap) rbt-node = nat where
rbt-node-encode (Node | ¢ k v r) = to-nat (I, ¢, k, v, 1)

instance rbt-node :: (heap, heap) heap
(proof )

fun btree :: (‘a::heap, 'b::heap) rbt = (‘a, 'b) rbt-node ref option = assn where
btree Leaf p = T(p = None)

| btree (rbt.Node It ¢ k v rt) (Some p) = (3 alp mp. p —, Node lp ¢ k v rp x btree

It lp % btree rt rp)

| btree (rbt.Node It ¢ k v rt) None = false

(M)

lemma btree-Leaf [forward-ent]: btree Leaf p =>4 1(p = None) (proof)

lemma btree-Node [forward-ent):
btree (rbt.Node lt ¢ kv rt) p =>4 (3 alp mp. the p —, Node lp ¢ k v rp * btree It
Ip % btree vt mp * T(p # None))

(proof)

lemma btree-none: emp = 4 btree Leaf None {(proof)

lemma btree-constr-ent:
p > Node lp ¢ k v rp * btree It lp x btree rt rp =>4 btree (rbt.Node It ¢ k v rt)
(Some p) (proof)

(ML)
type-synonym (‘a, 'b) btree = (‘a, 'b) rbt-node ref option

19.2 Operations

19.2.1 Basic operations

definition tree-empty :: (‘a, 'b) btree Heap where
tree-empty = return None
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lemma tree-empty-rule [hoare-triple]:
<emp> tree-empty <btree Leaf> (proof)

definition tree-is-empty :: (‘a, 'b) btree = bool Heap where
tree-is-empty b = return (b = None)

lemma tree-is-empty-rule:
<btree t b> tree-is-empty b <Ar. btree t b x 1(r «— t = Leaf)> (proof)

definition btree-constr :

("a::heap, 'b::heap) btree = color = 'a = 'b = ('a, 'b) btree = ('a, 'b) biree Heap
where

btree-constr lp ¢ kv rp = do { p + ref (Node lp ¢ k v rp); return (Some p) }

lemma btree-constr-rule [hoare-triple]:
<btree It Ip x btree rt rp>
btree-constr lp ¢ k v rp
<btree (rbt.Node It ¢ k v rt)> (proof)

definition set-color :: color = (a::heap, 'b::heap) btree = unit Heap where
set-color ¢ p = (case p of
None = raise STR "'set-color’’
| Some pp = do {
t < Ipp;
pp := Node (Isub t) ¢ (key t) (val t) (rsub t)

)

lemma set-color-rule [hoare-triple]:
<btree (rbt.Node a ¢ z v b) p>
set-color ¢’ p
<\-. btree (rbt.Node a ¢’ z v b) p> (proof)

definition get-color :: (‘a::heap, 'b::heap) btree = color Heap where
get-color p = (case p of
None = return B
| Some pp = do {
t < !pp;
return (cl t)

)

lemma get-color-rule [hoare-triple]:
<btree t p> get-color p <Ar. btree t p * T(r = rbt.cl t)>

(proof)

definition paint :: color = (‘a::heap, 'b::heap) biree = unit Heap where
paint ¢ p = (case p of
None = return ()
| Some pp = do {
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t <« !pp;
pp := Node (lsub t) ¢ (key t) (val t) (rsub t)
)

lemma paint-rule [hoare-triple]:
<btree t p>
paint ¢ p
<\-. btree (RBTree.paint c t) p>
(proof)

19.2.2 Rotation

definition btree-rotate-l :: (‘a::heap, 'b::heap) btree = (’a, 'b) biree Heap where
btree-rotate-l p = (case p of
None = raise STR ""Empty btree’’
| Some pp = do {
t < !pp;
(case rsub t of
None = raise STR ""Empty rsub’’
| Some rp = do {
rt < lrp;
pp := Node (lsub t) (cl t) (key t) (val t) (Isub rt);
rp := Node p (cl rt) (key rt) (val rt) (rsub rt);
return (rsub t) })})

lemma btree-rotate-lI-rule [hoare-triple]:
<btree (rbt.Node a cI x v (rbt.Node b c2 y w ¢)) p>
btree-rotate-l p
<btree (rbt.Node (rbt.Node a c¢1 z v b) c¢2 y w c)> (proof)

definition btree-rotate-r :: ('a::heap, 'b::heap) btree = (‘a, 'b) btree Heap where
btree-rotate-r p = (case p of
None = raise STR ""Empty btree’’
| Some pp = do {
t < lpp;
(case lsub t of
None = raise STR "Empty Isub"
| Some lp = do {
It + !lp;
pp := Node (rsub It) (clt) (key t) (val t) (rsub t);
Ip :== Node (Isub lt) (cl lt) (key It) (val lt) p;
return (lsub t) })})

lemma btree-rotate-r-rule [hoare-triple]:
<btree (rbt.Node (rbt.Node a ¢l x v b) ¢2 y w c) p>
btree-rotate-r p
<btree (rbt.Node a ¢l x v (rbt.Node b ¢2 y w ¢))> (proof)
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19.2.3 Balance

definition biéree-balanceR :: ('a::heap, 'b::heap) biree = (‘a, 'b) btree Heap where
btree-balanceR p = (case p of None = return None | Some pp = do {
t < !pp;
cl-r + get-color (rsub t);
if cl-r = R then do {
rt < (the (rsub t));
cl-lr + get-color (lsub rt);
cl-rr + get-color (rsub rt);
if cl-lr = R then do {
rp’ « biree-rotate-r (rsub t);
pp := Node (Isub t) (cl t) (key t) (val t) mp’;
p’ <+ btree-rotate-1 p;
t' « l(the p');
set-color B (rsub t');
return p’
} else if cl-rr = R then do {
p’ < btree-rotate-1 p;
t’' + l(the p');
set-color B (rsub t');
return p’
} else return p }
else return p})

lemma balanceR-to-fun [hoare-triple]:
<btree (rbt.Node | Bk v r) p>
btree-balanceR p
<btree (balanceR 1 kv r)>

(proof)

definition btree-balance :: ('a::heap, 'b::heap) btree = ('a, 'b) biree Heap where
btree-balance p = (case p of None = return None | Some pp = do {
t < !pp;
cl-l « get-color (lsub t);
if cl-l = R then do {
It < (the (lsub t));
cl-rl < get-color (rsub It);
cl-ll + get-color (lsub lt);
if cl-ll = R then do {
p’ <+ btree-rotate-r p;
t' « l(the p');
set-color B (lsub t');
return p’ }
else if cl-rl = R then do {
Ip’ + btree-rotate-l (lsub t);
pp := Node lp’ (cl t) (key t) (val t) (rsub t);
p' < btree-rotate-r p;
t' <« l(the p');
set-color B (lsub t');
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return p’
} else btree-balanceR p }
else do {
p’ < btree-balanceR p;

return p'}})

lemma balance-to-fun [hoare-triple]:
<btree (rbt.Node | B 'k v r) p>
btree-balance p
<btree (balance I k v r)>

(proof)

19.2.4 Insertion

partial-function (heap) rbt-ins ::
'a::{heap,ord} = 'b::heap = ('a, 'b) btree = (‘a, 'b) btree Heap where
rbt-ins k v p = (case p of
None = btree-constr None R k v None
| Some pp = do {
t < pp;
(if ¢l t = B then
(if k = key t then do {
pp := Node (lsub t) (cl t) kv (rsub t);
return (Some pp) }
else if k < key t then do {
q < rbt-ins k v (Isub t);
pp := Node q (clt) (key t) (val t) (rsub t);
btree-balance p }
else do {
q < rbt-ins k v (rsub t);
pp := Node (Isub t) (cl t) (key t) (val t) g;
btree-balance p })
else
(if k = key t then do {
pp := Node (Isub t) (cl t) kv (rsub t);
return (Some pp) }
else if k < key t then do {
q < rbt-ins k v (Isub t);
pp := Node q (clt) (key t) (val t) (rsub t);
return (Some pp) }
else do {
q < rbt-ins k v (rsub t);
pp := Node (lsub t) (cl t) (key t) (val t) g;
return (Some pp) }))})

lemma rbt-ins-to-fun [hoare-triple]:
<btree t p>
rbt-ins kv p
<btree (ins k v t)>
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(proof)

definition rbt-insert :
‘a::{heap,ord} = 'b::heap = (‘a, 'b) btree = (‘a, 'b) btree Heap where
rbt-insert k v p = do {
p’ + rbt-ins k v p;
paint B p’;
return p' }

lemma rbt-insert-to-fun [hoare-triple]:
<btree t p>
rbt-insert k v p
<btree (RBTree.rbt-insert k v t)> (proof)

19.2.5 Search

partial-function (heap) rbt-search ::
'a::{ heap,linorder} = ('a, 'b::heap) btree = 'b option Heap where
rbt-search © b = (case b of
None = return None
| Some p = do {
t <+ Ip;
(if x = key t then return (Some (val t))
else if x < key t then rbt-search x (Isub t)
else rbt-search © (rsub t)) })

lemma btree-search-correct [hoare-triple]:
<btree t b * 1(rbt-sorted t)>
rbt-search = b
<Ar. btree t b x T(r = RBTree.rbt-search t x)>

(proof)

19.2.6 Delete

definition btree-balL :: (‘a::heap, 'b::heap) btree = (‘a, 'b) btree Heap where
btree-balL p = (case p of
None = return None
| Some pp = do {
t < !pp;
cl-l + get-color (Isub t);
if cl-l = R then do {
set-color B (lsub t); — Case 1
return p}
else case rsub t of
None = return p — Case 2
| Some rp = do {
rt < lrp;
if cl 1t = B then do {
set-color R (rsub t); — Case 3
set-color B p;
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btree-balance p}
else case lsub rt of
None = return p — Case 4
| Some lrp = do {
Irt < lrp;
if ¢l lrt = B then do {
set-color R (lsub rt); — Case 5
paint R (rsub rt);
set-color B (rsub t);
rp’ < btree-rotate-r (rsub t);
pp := Node (lsub t) (cl t) (key t) (val t) rp’
p’ < btree-rotate-l p;
t’ + l(the p');
set-color B (Isub t');
rp'’ « btree-balance (rsub t');
the p’ := Node (Isub t') (cl t’) (key t) (val t') rp'’;
return p'}
else return p}}})

lemma balL-to-fun [hoare-triple]:
<btree (rbt.Node [ R kv r) p>
btree-balL p
<btree (balL 1 k v r)>

(proof)

definition btree-balR :: (‘a::heap, 'b::heap) btree = ('a, 'b) btree Heap where
btree-balR p = (case p of
None = return None
| Some pp = do {
t < lpp;
cl-r + get-color (rsub t);
if cl-r = R then do {
set-color B (rsub t); — Case 1
return p}
else case lsub t of
None = return p — Case 2
| Some lp = do {
It < !lp;
if el It = B then do {
set-color R (Isub t); — Case 3
set-color B p;
btree-balance p}
else case rsub It of
None = return p — Case 4
| Some rip = do {
rit < rip;
if ¢l rlt = B then do {
set-color R (rsub It); — Case 5
paint R (lsub lt);
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set-color B (lsub t);
Ip’ + btree-rotate-l (Isub t);
pp := Node Ip’ (cl t) (key t) (val t) (rsub t);
p’ < btree-rotate-r p;
t' « (the p");
set-color B (rsub t');
Ip" + btree-balance (Isub t');
the p’ := Node Ip" (cl t') (key t') (val t') (rsub t");
return p'}
else return p}}})

lemma balR-to-fun [hoare-triple]:
<btree (rbt.Node | R kv r) p>
btree-balR p
<btree (balR 1 k v r)>

(proof)

partial-function (heap) btree-combine ::
("a::heap, 'b::heap) btree = ('a, 'b) btree = ('a, 'b) btree Heap where
btree-combine lp rp =
(if lp = None then return p
else if rp = None then return Ip
else do {
It < (the lp);
rt < l(the rp);
if cl It = R then
if el rt = R then do {
tmp < btree-combine (rsub lt) (Isub rt);
cl-tm < get-color tmp;
if cl-tm = R then do {
tmt < !(the tmp);
the Ip := Node (lsub It) R (key It) (val lt) (Isub tmt);
the rp := Node (rsub tmt) R (key rt) (val rt) (rsub rt);
the tmp := Node lp R (key tmt) (val tmt) rp;
return tmp}
else do {
the rp := Node tmp R (key rt) (val rt) (rsub rt);
the Ip := Node (Isub it) R (key It) (val it) rp;
return Ip}}
else do {
tmp + btree-combine (rsub It) rp;
the lp := Node (lsub It) R (key lt) (val It) tmp;
return Ip}
else if cl rt = B then do {
tmp < btree-combine (rsub It) (lsub rt);
cl-tm <« get-color tmp;
if cl-tm = R then do {
tmt < !(the tmp);
the lp := Node (lsub It) B (key lt) (val It) (Isub tmt);
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the rp := Node (rsub tmt) B (key rt) (val rt) (rsub rt);
the tmp := Node lp R (key tmt) (val tmt) rp;
return tmp}

else do {
the rp := Node tmp B (key rt) (val rt) (rsub rt);
the lp := Node (Isub It) R (key lt) (val lt) rp;
btree-balL Ip}}

else do {

tmp < btree-combine lp (lsub 1t);

the rp := Node tmp R (key rt) (val rt) (rsub rt);

return rp}})

lemma combine-to-fun [hoare-triple):
<btree It Ip x btree rt rp>
btree-combine lp rp
<btree (combine It rt)>

(proof)

partial-function (heap) rbt-del :
‘a::{ heap,linorder} = ('a, 'b::heap) btree = ('a, 'b) btree Heap where
rbt-del x p = (case p of
None = return None
| Some pp = do {
t < !pp;
(if x = key t then btree-combine (Isub t) (rsub t)
else if x < key t then case lsub t of
None = do {
set-color R p;
return p}
| Some lp = do {
It < p;
if cl it = B then do {
q < rbt-del x (lsub t);
pp = Node q R (key t) (val t) (rsub t);
btree-balL p }
else do {
q < rbt-del z (lsub t);
pp := Node q R (key t) (val t) (rsub t);
return p }}
else case rsub t of
None = do {
set-color R p;
return p}
| Some rp = do {
rt < \rp;
if ¢l rt = B then do {
q < rbt-del x (rsub t);
pp := Node (Isub t) R (key t) (val t) ¢;
btree-balR p }
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else do {
q < rbt-del x (rsub t);
pp = Node (Isub t) R (key t) (val t) ¢;
return p }})})

lemma rbt-del-to-fun [hoare-triple]:
<btree t p>
rbt-del x p
<btree (del x t)>,

{(proof)

definition rbt-delete ::
‘a::{ heap,linorder} = ('a, 'b::heap) btree = ('a, 'b) btree Heap where
rbt-delete k p = do {
p’ + rbt-del k p;
paint B p’;
return p'}

lemma rbt-delete-to-fun [hoare-triple:
<btree t p>
rbt-delete k p
<btree (RBTree.delete k t)>; (proof)

19.3 Outer interface

Express Hoare triples for operations on red-black tree in terms of the map-
ping represented by the tree.
definition rbt-map-assn :: (‘a, 'b) map = ('a::{heap,linorder}, 'b::heap) rbt-node
ref option = assn where

rbt-map-assn M p = (3 at. biree t p x T(is-rbt t) = T(rbt-sorted t) * 1(M = rbt-map

t)
(ML)

theorem rbt-empty-rule [hoare-triple]:
<emp> tree-empty <rbt-map-assn empty-map> {proof)

theorem rbt-insert-rule [hoare-triple]:
<rbt-map-assn M b> rbt-insert k v b <rbt-map-assn (M {k — v})> (proof)

theorem rbt-search [hoare-triple]:
<rbt-map-assn M b> rbt-search © b <Ar. rbt-map-assn M b * 1(r = M(z))>

(proof)

theorem rbt-delete-rule [hoare-triple]:
<rbt-map-assn M b> rbt-delete k b <rbt-map-assn (delete-map k M)>; (proof)

end
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20 Implementation of arrays

theory Arrays-Impl
imports SepAuto ../ Functional/ Arrays-Ex
begin

Imperative implementations of common array operations.

Imperative reverse on arrays is also verified in theory Imperative Reverse
in Imperative. HOL/ex in the Isabelle library.

20.1 Array copy

fun array-copy :: 'a::heap array = 'a array = nat = unit Heap where
array-copy a b 0 = (return ())
| array-copy a b (Suc n) = do {
array-copy a b n;
T + Array.nth a n;
Array.upd n x b;
return () }

lemma array-copy-rule [hoare-triple]:
n < length as = n < length bs =
<a g aS * b, bs>
array-copy a b n
<A-. a >4 as * b, Arrays-Ex.array-copy as bs n>

(proof)

20.2 Swap

definition swap :: ‘a::heap array = nat = nat = unit Heap where
swap a ij = do {
z < Array.nth a i,
y < Array.nth a j;
Array.upd i y a;
Array.upd j x a;
return ()

}

lemma swap-rule [hoare-triple]:
i < length xs = j < length xs =
<P Frq TS>
swap p i j
<A-. p g list-swap xs i 5> (proof)

20.3 Reverse

fun rev :: ‘a::heap array = nat = nat = unit Heap where
rev a i j = (if { < j then do {
swap a 1 j;
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reva (i + 1) (j — 1)
}

else return ())

lemma rev-to-fun [hoare-triple]:
j < length zs =
<P +rq X8>
TeV P 1 j
<A-. P g TEV-SWAP TS T j>

{(proof)

Correctness of imperative reverse.

theorem rev-is-rev [hoare-triple]:
<P Frq TS>
rev p 0 (length zs — 1)
<A-. p g List.rev xzs> (proof)

end

21 Implementation of quicksort

theory Quicksort-Impl
imports Arrays-Impl ../ Functional/ Quicksort
begin

Imperative implementation of quicksort. Also verified in theory Impera-
tive_ Quicksort in HOL/Imperative_ HOL/ex in the Isabelle library.

partial-function (heap) part! :: ‘a::{heap,linorder} array = nat = nat = 'a =
nat Heap where
partl alrp = (
if r < I then return r
else do {
v < Array.nth a l;
if v < p then
partl a (Il + 1) rp
else do {
swap a lr;
partl al (r— 1) p }})

lemma partl-to-fun [hoare-triple]:

r < length ts = <p >, 5>

partl plra

<AT8. p o snd (Quicksort.part] xs 1 r a) * T(rs = fst (Quicksort.partl zs v
a))>

(proof)

Partition function
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definition partition :: 'a::{heap,linorder} array = nat = nat = nat Heap where
partition a l v = do {
p < Array.nth a r;
m < partl al (r — 1) p;
v < Array.nth a m;
m’ <+ return (if v < p then m + 1 else m);
swap a m’ r;
return m’

}

lemma partition-to-fun [hoare-triple]:

I <r=r <length xs = <a >, 5>

partition a l r

<ATS. a g snd (Quicksort.partition zs 1) = T(rs = fst (Quicksort.partition xs
Ir))>
(proof )

Quicksort function

partial-function (heap) quicksort :: 'a::{heap,linorder} array = nat = nat =
unit Heap where
quicksort a lr = do {
len + Array.len a;
if 1 > r then return ()
else if r < len then do {
p < partition a l T,
quicksort a l (p — 1);
quicksort a (p + 1) r

else return ()

}

lemma quicksort-to-fun [hoare-triple]:
r < length 1s = <a >, s>
quicksort a l r
<A-. a —q Quicksort.quicksort xs [ r>
(proof)

definition quicksort-all :: (‘a::{heap,linorder}) array = unit Heap where
quicksort-all a = do {
n < Array.len a;
if n = 0 then return ()
else quicksort a 0 (n — 1)

}

Correctness of quicksort.

theorem quicksort-sorts-basic [hoare-triple]:
<a g T8>
quicksort-all a
<A-. a = sort xs> (proof)

94



end

22 Implementation of union find

theory Union-Find-Impl

imports SepAuto ../ Functional/ Union-Find

begin

Development follows theory Union_ Find in [5] by Lammich and Meis.

type-synonym uf = nat array X nat array

definition is-uf :: nat = (natxnat) set = uf = assn where [rewrite-ent]:
issuf n R u = (alszl. sndu g 1 x fsturs, szl *
Mufa-invar 1) * P(ufa-a | = R) * T(length | = n) x T(length szl = n))

definition uf-init :: nat = uf Heap where

uf-init n = do {
I < Array.of-list [0..<n];
szl < Array.new n (1::nat);
return (szl, 1)

Correctness of uf init.

theorem uf-init-rule [hoare-triple]:

<emp> uf-init n <is-uf n (uf-init-rel n)> (proof)

partial-function (heap) uf-rep-of :: nat array = nat = nat Heap where

uf-rep-of p i = do {
n < Array.nth p i;

if n = i then return i else uf-rep-of p n

}

lemma uf-rep-of-rule [hoare-triple:
ufa-invar | = 1 < length | =
<p g 1>
uf-rep-of p @
<AT. p 3o Lk P(r = rep-of 11)>
(proof)

partial-function (heap) uf-compress :

where
uf-compress i ci p = (
if i = ci then return ()
else do {
ni < Array.nth p t;
uf-compress ni ci p;
Array.upd i ci p;

nat = nat = nat array = unit Heap
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return ()

H

lemma uf-compress-rule [hoare-triple]:
ufa-invar | = i < length | =
<p g 1>
uf-compress i (rep-of 1 i) p
<M. Tl p =g U s M(ufa-invar I’ A length I’ = length | A
(Vi<length l. rep-of l' i = rep-of 1 i))>
{proof)

definition uf-rep-of-c :: nat array = nat = nat Heap where
uf-rep-of-c p i = do {
ci < uf-rep-of p t;
uf-compress i ci p;
return ct

}

lemma uf-rep-of-c-rule [hoare-triple:
ufa-invar | = 1 < length | =
<p g 1>
uf-rep-of-c p @
<Ar. Al p =g U s P(r = rep-of i A ufa-invar I’ A length I’ = length I A
(Vi<length l. rep-of l' i = rep-of 1 i))>
(proof)

definition uf-cmp :: uf = nat = nat = bool Heap where
uf-emp u i j = do {
n < Array.len (snd u);
if (i>n V j>n) then return False
else do {
ci <+ uf-rep-of-c (snd u) i;
¢j < uf-rep-of-c (snd u) j;
return (ci = cj)
}
}

Correctness of compare.

theorem uf-cmp-rule [hoare-triple]:
<is-uf n R u>
uf-cmp u i j
<Ar. is-uf n R u * T(r «— (4,j)€R)> (proof)

definition uf-union :: uf = nat = nat = uf Heap where
uf-union u ¢ j = do {
ci < uf-rep-of (snd u) i;
¢j < uf-rep-of (snd u) j;
if (ci = c¢j) then return u
else do {
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si < Array.nth (fst u) ci;

sj < Array.nth (fst u) cj;

if si < sj then do {
Array.upd ci ¢j (snd u);
Array.upd cj (si+sj) (fst u);
return u

} else do {
Array.upd cj ci (snd u);
Array.upd ci (si+sj) (fst u);
return u

}

¥
¥

Correctness of union.

theorem uf-union-rule [hoare-triple]:
I<n=j<n=—=
<is-uf n R u>
uf-union u i j
<is-uf n (per-union R i j)> (proof)

(ML)

end

23 Implementation of connectivity on graphs

theory Connectivity-Impl
imports Union-Find-Impl ../ Functional / Connectivity
begin

Imperative version of graph-connectivity example.

23.1 Constructing the connected relation

fun connected-rel-imp :: nat = (nat x nat) list = nat = uf Heap where
connected-rel-imp n es 0 = do { p + uf-init n; return p }
| connected-rel-imp n es (Suc k) = do {
p < connected-rel-imp n es k;
p’ < uf-union p (fst (es ! k)) (snd (es! k));
return p’ }

lemma connected-rel-imp-to-fun [hoare-triple]:
is-valid-graph n (set es) = k < length es =
<emp>
connected-rel-imp n es k
<is-uf n (connected-rel-ind n es k)>

(proof)
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lemma connected-rel-imp-correct [hoare-triple]:
is-valid-graph n (set es) =
<emp>
connected-rel-imp n es (length es)
<is-uf n (connected-rel n (set es))> (proof)

23.2 Connectedness tests

Correctness of the algorithm for detecting connectivity.

theorem uf-cmp-correct [hoare-triple]:
<is-uf n (connected-rel n S) p>
uf-cmp p i j
<Ar. is-uf n (connected-rel n S) p * 1(r +— has-path n S i j)> (proof)

end

24 Implementation of dynamic arrays

theory DynamicArray
imports Arrays-Impl
begin

Dynamically allocated arrays.

datatype ‘a dynamic-array = Dyn-Array (alen: nat) (aref: 'a array)
(ML)

24.1 Raw assertion

fun dyn-array-raw :: 'a::heap list x nat = 'a dynamic-array = assn where
dyn-array-raw (zs, n) (Dyn-Array m a) = (a —q zs x T(m = n))
(ML)

definition dyn-array-new :: 'a::heap dynamic-array Heap where
dyn-array-new = do {
p — Array.new 5 undefined;
return (Dyn-Array 0 p)

}

lemma dyn-array-new-rule’ [hoare-triple]:
<emp>
dyn-array-new
<dyn-array-raw (replicate 5 undefined, 0)> {proof)

fun double-length :: 'a::heap dynamic-array = 'a dynamic-array Heap where
double-length (Dyn-Array al ar) = do {
am < Array.len ar;
p < Array.new (2 * am + 1) undefined;
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array-copy ar p am;
return (Dyn-Array am p)

}

fun double-length-fun :: 'a::heap list X nat = 'a list X nat where
double-length-fun (xs, n) =
(Arrays-Ez.array-copy xs (replicate (2 x n + 1) undefined) n, n)
(ML)

lemma double-length-rule’ [hoare-triple]:
length ©s = n =
<dyn-array-raw (zs, n) p>
double-length p
<dyn-array-raw (double-length-fun (xs, n))>; (proof)

fun push-array-basic :: 'a = 'a::heap dynamic-array = 'a dynamic-array Heap
where
push-array-basic x (Dyn-Array al ar) = do {
Array.upd al x ar;
return (Dyn-Array (al + 1) ar)

}

fun push-array-basic-fun :: 'a = 'a::heap list x nat = 'a list X nat where
push-array-basic-fun x (xs, n) = (list-update xs n x, n + 1)
(ML)

lemma push-array-basic-rule’ [hoare-triple]:
n < length zs —>
<dyn-array-raw (zs, n) p>
push-array-basic x p
<dyn-array-raw (push-array-basic-fun x (zs, n))> (proof)

definition array-length :: 'a dynamic-array = nat Heap where
array-length d = return (alen d)

lemma array-length-rule’ [hoare-triple]:
<dyn-array-raw (zs, n) p>
array-length p
<Ar. dyn-array-raw (zs, n) p * T(r = n)> (proof)

definition array-maz :: 'a::heap dynamic-array = nat Heap where
array-max d = Array.len (aref d)

lemma array-maz-rule’ [hoare-triple]:
<dyn-array-raw (xs, n) p>
array-mazx p

<Ar. dyn-array-raw (zs, n) p * T(r = length xs)> (proof)

definition array-nth :: ‘a::heap dynamic-array = nat = 'a Heap where
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array-nth d i = Array.nth (aref d) i

lemma array-nth-rule’ [hoare-triple]:
i < n=n < length xs =
<dyn-array-raw (zs, n) p>
array-nth p 1
<Ar. dyn-array-raw (zs, n) p * T(r = zs | {)> (proof)

definition array-upd :: nat = 'a = 'a::heap dynamic-array = unit Heap where
array-upd i x d = do { Array.upd i x (aref d); return () }

lemma array-upd-rule’ [hoare-triple]:
i < n= n < length zs =
<dyn-array-raw (zs, n) p>
array-upd © x p
<A-. dyn-array-raw (list-update xs i z, n) p> (proof)

definition push-array :: ‘a = ’a::heap dynamic-array = 'a dynamic-array Heap
where
push-array x p = do {
m <— array-mazx p;
l < array-length p;
if | < m then push-array-basic z p
else do {
u < double-length p;
push-array-basic x u

}
}

definition pop-array :: ‘a::heap dynamic-array = (‘a x 'a dynamic-array) Heap
where
pop-array d = do {
z + Array.nth (aref d) (alen d — 1);
return (x, Dyn-Array (alen d — 1) (aref d))

}

lemma pop-array-rule’ [hoare-triple]:
n > 0 = n < length zs =
<dyn-array-raw (zs, n) p>
pop-array p
<X, r). dyn-array-raw (xzs, n — 1) r * f(z = xs ! (n — 1))> {(proof)

(ML)

fun push-array-fun :: 'a = 'a::heap list X nat = 'a list X nat where
push-array-fun x (xs, n) = (
if n < length xzs then push-array-basic-fun © (s, n)
else push-array-basic-fun x (double-length-fun (xs, n)))
(1)
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lemma push-array-rule’ [hoare-triple]:
n < length rs =
<dyn-array-raw (zs, n) p>
push-array T p
<dyn-array-raw (push-array-fun z (zs, n))>; (proof)

24.2 Abstract assertion

fun abs-array :: 'a::heap list X nat = ’a list where
abs-array (zs, n) = take n xs
(ML)

lemma double-length-abs [rewrite]:
length xs = n = abs-array (double-length-fun (xs, n)) = abs-array (zs, n) {proof)

lemma push-array-basic-abs [rewrite]:

n < length s = abs-array (push-array-basic-fun © (xs, n)) = abs-array (xs, n)
Q [z]
(proof)

lemma push-array-fun-abs [rewrite]:
n < length xs = abs-array (push-array-fun x (zs, n)) = abs-array (zs, n) Q [z]

(proof)

definition dyn-array :: 'a::heap list = 'a dynamic-array = assn where [rewrite-ent]:
dyn-array s a = (3 ap. dyn-array-raw p a * 1(zs = abs-array p) * T(snd p <
length (fst p)))

lemma dyn-array-new-rule [hoare-triple]:
<emp> dyn-array-new <dyn-array [|> (proof)

lemma array-length-rule [hoare-triple]:
<dyn-array xs p>
array-length p
<Ar. dyn-array zs p = T(r = length xs)> (proof)

lemma array-nth-rule [hoare-triple]:
1 < length xs =
<dyn-array s p>
array-nth p i
<Ar. dyn-array zs p * T(r = zs | i)> (proof)

lemma array-upd-rule [hoare-triple]:
i < length s =
<dyn-array s p>
array-upd i T p
<A-. dyn-array (list-update zs i x) p> (proof)
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lemma push-array-rule [hoare-triple]:
<dyn-array xs p>
push-array x p
<dyn-array (zs Q [z])>; (proof)

lemma pop-array-rule [hoare-triple]:
xzs # [| =
<dyn-array xs p>
pop-array p
<Xz, r). dyn-array (butlast xs) r = (z = last zs)>

(proof)

(ML)

24.3 Derived operations

definition array-swap :: 'a::heap dynamic-array = nat = nat = unit Heap where
array-swap d i j = do {
x < array-nth d 1,
y < array-nth d j;
array-upd i y d;
array-upd j x d;
return ()

}

lemma array-swap-rule [hoare-triple]:
i < length xs = j < length xs =
<dyn-array xs p>
array-swap p i j
<A-. dyn-array (list-swap s i j) p> {proof)

end

25 Implementation of the indexed priority queue

theory Indexed-PQueue-Impl
imports DynamicArray ../ Functional/Indexed-PQueue
begin

Imperative implementation of indexed priority queue. The data structure is
also verified in [4] by Peter Lammich.

datatype ’a indexed-pqueue =
Indexed-PQueue (pqueue: (nat x 'a) dynamic-array) (index: nat option array)
(ML)

fun idz-pqueuve :: 'a::heap idz-pqueue = 'a indexed-pqueue = assn where

idz-pqueve (xzs, m) (Indexed-PQueue pq idx) = (dyn-array s pq * idz —, m)
(ML)
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25.1 Basic operations

definition idz-pqueue-empty :: nat = 'a::heap indexed-pqueue Heap where
idz-pqueue-empty k = do {
pq < dyn-array-new,
idx < Array.new k None;
return (Indexed-PQueue pq idx) }

lemma idz-pqueue-empty-rule [hoare-triple]:
<emp>
idz-pqueue-empty n
<idz-pqueue ([], replicate n None)> {proof)

definition idx-pqueue-nth :: ’‘a::heap indexed-pqueue = nat = (nat x ‘a) Heap
where
idz-pqueve-nth p i = array-nth (pqueue p) i

lemma idz-pqueue-nth-rule [hoare-triple]:
<idz-pqueue (xzs, m) p * 1(i < length xs)>
idx-pqueue-nth p 4
<Ar. idz-pqueve (zs, m) p * 1(r = zs | ©)> (proof)

definition idz-nth :: ‘a::heap indexed-pqueue = nat = nat option Heap where
idz-nth p i = Array.nth (indezx p) @

lemma idz-nth-rule [hoare-triple]:
<idz-pqueue (xs, m) p = (i < length m)>
idx-nth p i
<Ar. idz-pqueue (zs, m) p x T(r = m ! ©)> (proof)

definition idz-pqueue-length :: ’'a indexed-pqueue = nat Heap where
idz-pqueve-length a = array-length (pqueue a)

lemma idz-pqueuve-length-rule [hoare-triple]:
<idz-pqueuve (xs, m) p>
idx-pqueue-length p
<Ar. idz-pgqueue (xs, m) p * 1T(r = length xs)> (proof)

definition idx-pqueue-swap ::
‘a::{ heap,linorder} indered-pqueue = nat = nat = unit Heap where
idz-pqueue-swap p i j = do {
pr-i < array-nth (pqueuve p) i;
pr-j < array-nth (pqueue p) j;
Array.upd (fst pr-i) (Some j) (index p);
Array.upd (fst pr-j) (Some i) (index p);
array-swap (pqueue p) i j

}

lemma idz-pqueuve-swap-rule [hoare-triple]:
i < length s = j < length xs = index-of-pqueve (zs, m) =
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<idz-pqueuve (zs, m) p>
idx-pqueue-swap p i j
<A-. idz-pqueuve (idz-pqueue-swap-fun (zs, m) i j) p>

(proof)

definition idz-pqueue-push :: nat = 'a::heap = 'a indexed-pqueue = 'a indezed-pqueue
Heap where
idz-pqueue-push k v p = do {
len < array-length (pqueue p);
d' + push-array (k, v) (pqueue p);
Array.upd k (Some len) (index p);
return (Indexed-PQueue d’ (index p))

}

lemma idz-pqueue-push-rule [hoare-triple]:
k < length m = —has-key-alist xs k =
<idz-pqueuve (zs, m) p>
idx-pqueue-push k v p
<idz-pqueuve (idz-pqueue-push-fun k v (zs, m))>;

(proof)

definition idz-pqueue-pop :: 'a::heap indexed-pqueue = ((nat x 'a) X 'a indexed-pqueue)
Heap where
idz-pqueue-pop p = do {
(z, d") « pop-array (pqueue p);
Array.upd (fst x) None (index p);
return (x, Indexed-PQueue d’ (index p))

}

lemma idz-pqueue-pop-rule [hoare-triple]:

zs # [| = index-of-pqueve (zs, m) =

<idz-pqueuve (xs, m) p>

idx-pqueue-pop p

<Az, r). idz-pqueue (idz-pqueue-pop-fun (zs, m)) r = t(x = last zs)>
(proof)

definition idz-pqueue-array-upd :: nat = ’'a = ’a::heap dynamic-array = unit
Heap where
idx-pqueue-array-upd i x d = array-upd i v d

lemma array-upd-idz-pqueue-rule [hoare-triplel:
i < length 1s = k = fst (zs ! i) =
<idz-pqueuve (xs, m) p>
idz-pqueve-array-upd i (k, v) (pqueue p)
<A-. idz-pqueuve (list-update xs i (k, v), m) p> (proof)

definition has-key-idz-pqueue :: nat = ‘a::{heap,linorder} indexed-pqueue = bool

Heap where
has-key-idx-pqueue k p = do {
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i-opt < Array.nth (index p) k;
return (i-opt # None) }

lemma has-key-ida-pqueue-rule [hoare-triple]:
k < length m = index-of-pqueue (zs, m) =
<idz-pqueuve (xs, m) p>
has-key-idz-pqueue k p
<Ar. idz-pqueue (zs, m) p *x Nr <— has-key-alist s k)> {proof)

(ML)

25.2 Bubble up and down

partial-function (heap) idz-bubble-down :: 'a::{heap,linorder} indexed-pqueue =
nat = unit Heap where
idz-bubble-down a k = do {
len < idz-pqueue-length a;
(if s2 k < len then do {
vk < idz-pqueue-nth a k;
vslk < idz-pqueue-nth a (s1 k);
v82k < idz-pqueue-nth a (s2 k);
(if snd vs1k < snd vs2k then
if snd vk > snd vs1k then
do { idx-pqueue-swap a k (s1 k); idx-bubble-down a (s1 k) }
else return ()
else
if snd vk > snd vs2k then
do { idx-pqueue-swap a k (s2 k); idx-bubble-down a (s2 k) }
else return ()) }
else if s1 k < len then do {
vk < idx-pqueue-nth a k;
vslk <+ idz-pqueve-nth a (s1 k);
(if snd vk > snd vs1k then
do { idx-pqueue-swap a k (s1 k); idx-bubble-down a (s1 k) }
else return ()) }
else return ()) }

lemma idz-bubble-down-rule [hoare-triple]:
index-of-pqueuve x —>
<idx-pqueue T a>
idz-bubble-down a k
<A-. idz-pqueuve (idx-bubble-down-fun z k) a>
(proof)

partial-function (heap) idz-bubble-up :: ‘a::{ heap,linorder} indexed-pqueue = nat
= unit Heap where
idxz-bubble-up a k =
(if k = 0 then return () else do {
len < idz-pqueue-length a;
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(if k < len then do {
vk < idz-pqueue-nth a k;
vpk < idz-pqueue-nth a (par k);
(if snd vk < snd vpk then
do { idx-pqueve-swap a k (par k); idz-bubdle-up a (par k) }
else return ()) }
else return ())})

lemma idz-bubble-up-rule [hoare-triple]:
index-of-pqueue r =
<idx-pqueue T a>
idx-bubble-up a k
<A-. idz-pqueuve (idz-bubble-up-fun x k) a>
(proof)

25.3 Main operations

definition delete-min-idz-pqueue :: 'a::{heap,linorder} indexed-pqueue = ((nat x
'a) x 'a indexed-pqueue) Heap where
delete-min-idz-pqueue p = do {
len < idz-pqueue-length p;
if len = 0 then raise STR "'delete-min’’
else do {
idz-pqueue-swap p 0 (len — 1);
(z', r) « idz-pqueue-pop p;
idz-bubble-down r 0;
return (z', )
}
}

lemma delete-min-idz-pqueue-rule [hoare-triple]:
zs # [| = index-of-pqueve (zs, m) =
<idz-pqueue (zs, m) p>
delete-min-idz-pqueue p
<Mz, r). idz-pqueuve (snd (delete-min-idx-pqueve-fun (xs, m))) r *
Tz = fst (delete-min-idz-pqueve-fun (zs, m)))>
(proof)

definition insert-idz-pqueuve :: nat = 'a::{heap,linorder} = 'a indexed-pqueue =
'a indexed-pqueue Heap where
insert-ide-pqueve k v p = do {
p’ + idz-pqueue-push k v p;
len « idz-pqueue-length p';
idz-bubble-up p’ (len — 1);
return p’

}

lemma insert-idz-pqueuve-rule [hoare-triple]:
k < length m = —has-key-alist zs k = index-of-pqueuve (zs, m) =
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<idz-pqueuve (zs, m) p>
insert-idr-pqueue k v p
<idz-pqueuve (insert-idz-pqueue-fun k v (xs, m))>;

(proof)

definition update-idz-pqueue ::
nat = 'a::{heap,linorder} = 'a indezed-pqueue = 'a indexed-pqueue Heap where
update-idz-pqueue k v p = do {
i-opt < idx-nth p k;
case i-opt of
None = insert-idz-pqueue k v p
| Some i = do {
z 4 idr-pqueue-nth p i;
idz-pqueve-array-upd i (k, v) (pqueuve p);
(if snd < v then do {idx-bubble-down p i; return p}
else do {idz-bubble-up p i; return p}) }}

lemma update-idz-pqueve-rule [hoare-triple]:
k < length m = indez-of-pqueue (zs, m) =
<idz-pqueue (zs, m) p>
update-idx-pqueue k v p
<idz-pqueue (update-idz-pqueue-fun k v (xs, m))>,
(proof)

25.4 Outer interface

Express Hoare triples for indexed priority queue operations in terms of the
mapping represented by the queue.

definition idx-pqueue-map :: (nat, 'a::{heap,linorder}) map = nat = 'a indexed-pqueuve
= assn where
idz-pqueve-map M n p = (3 azs m. idz-pqueuve (zs, m) p *
T(index-of-pqueue (xs, m)) * 1(is-heap zs) * (M = map-of-alist zs) * T(n =
length m))
(ML)

lemma heap-implies-hd-min2 [resolve]:
is-heap xs = zs # [| = (map-of-alist xs)(k) = Some v = snd (hd xs) < v
(proof)

theorem idx-pqueue-empty-map [hoare-triple]:
<emp>
idx-pqueue-empty n
<idz-pqueue-map empty-map n> (proof)

theorem delete-min-idz-pqueue-map [hoare-triple):
<idz-pqueue-map M n p x (M # empty-map)>
delete-min-idz-pqueue p
<A(z, r). idz-pqueue-map (delete-map (fst ©) M) n r x 1(fst z < n) *
T(is-heap-min (fst ) M) x 1(M{fst z) = Some (snd z))> (proof)
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theorem insert-idz-pqueue-map [hoare-triple]:
k<n= k¢ keys-of M =
<idx-pqueuve-map M n p>
insert-idz-pqueue k v p
<idz-pqueve-map (M {k — v}) n>; (proof)

theorem has-key-idz-pqueue-map [hoare-triple:
E<n=
<idz-pqueuve-map M n p>
has-key-idz-pqueue k p
<Ar. idz-pqueve-map M n p x 1(r «— k € keys-of M)> (proof)

theorem update-idz-pqueue-map [hoare-triple:
k<n—=
<idz-pqueue-map M n p>
update-idx-pqueue k v p
<idz-pqueve-map (M {k — v}) n>; (proof)

(ML)

end

26 Implementation of Dijkstra’s algorithm

theory Dijkstra-Impl
imports Indezed-PQueue-Impl ../ Functional/ Dijkstra
begin

Imperative implementation of Dijkstra’s shortest path algorithm. The algo-
rithm is also verified by Nordhoff and Lammich in [8].

datatype dijkstra-state = Dijkstra-State (est-a: nat array) (heap-pq: nat indexed-pqueue)
(ML)

fun dstate :: state = dijkstra-state = assn where
dstate (State e M) (Dijkstra-State a pq) = a v, e * idz-pqueve-map M (length

e) pq
(ML)

26.1 Basic operations

fun dstate-pg-init :: graph = nat = nat indexed-pqueue Heap where
dstate-pg-init G 0 = idz-pqueue-empty (size G)
| dstate-pg-init G (Suc k) = do {
p < dstate-pg-init G k;
if k > 0 then update-idz-pqueve k (weight G 0 k) p
else return p }

lemma dstate-pg-init-to-fun [hoare-triple]:
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k < size G =

<emp>

dstate-pg-init G k

<idz-pqueue-map (map-constr (Ai. i > 0) (A\i. weight G 0 1) k) (size G)>¢
(proof)

definition dstate-init :: graph = dijkstra-state Heap where
dstate-init G = do {
a + Array.of-list (list (Ai. if i = 0 then 0 else weight G 0 i) (size G));
pq < dstate-pg-init G (size G);
return (Dijkstra-State a pq)

}

lemma dstate-init-to-fun [hoare-triple]:
<emp>
dstate-init G
<dstate (dijkstra-start-state G)>; (proof)

fun dstate-update-est :: graph = nat = nat = nat indezed-pqueue = nat array
= nat array Heap where
dstate-update-est G m 0 pq a = (return a)
| dstate-update-est G m (Suc k) pqg a = do {
b < has-key-idz-pqueue k pq;
if b then do {
ek «+ Array.nth a k;
em < Array.nth a m;
a’ < dstate-update-est G m k pq a;
a' « Array.upd k (min (em + weight G m k) ek) a’
return o'’ }
else dstate-update-est G m k pq a }

lemma dstate-update-est-ind [hoare-triple]:

k < length e = m < length e =

<a g e * idz-pqueue-map M (length e) pg>

dstate-update-est G m k pq a

<Ar. dstate (State (list-update-set-impl (A\i. i € keys-of M)

(Ai. min (e ! m + weight G m i) (e ! 7)) e k) M) (Dijkstra-State

T pg)>t
(proof )

lemma dstate-update-est-to-fun [hoare-triple]:
<dstate (State e M) (Dijkstra-State a pq) * T(m < length e)>
dstate-update-est G m (length €) pq a
<Ar. dstate (State (list-update-set (Mi. i € keys-of M)
(Ai. min (e ! m + weight G m i) (e! i) e) M) (Dijkstra-State r pq)>,
(proof)

fun dstate-update-heap ::
graph = nat = nat = nat array = nat indexed-pqueue = nat indered-pqueue
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Heap where
dstate-update-heap G m 0 a pq = return pq
| dstate-update-heap G m (Suc k) a pg = do {
b < has-key-idx-pqueuve k pq;
if b then do {
ek < Array.nth a k;
pq’ < dstate-update-heap G m k a pg;
update-idz-pqueuve k ek pq’ }
else dstate-update-heap G m k a pq }

lemma dstate-update-heap-ind [hoare-triple]:
k < length e = m < length e =—
<a v e * idz-pqueue-map M (length e) pg>
dstate-update-heap G m k a pq
<Ar. dstate (State e (map-update-all-impl (Ni. e ! i) M k)) (Dijkstra-State a
7”)>t

(proof)

lemma dstate-update-heap-to-fun [hoare-triple]:
m < length e =
Vi€keys-of M. i < length e =
<dstate (State e M) (Dijkstra-State a pq)>
dstate-update-heap G m (length e) a pq
<Ar. dstate (State e (map-update-all (Mi. e ! i) M)) (Dijkstra-State a 1)>4

(proof)

fun dijkstra-extract-min :: dijkstra-state = (nat x dijkstra-state) Heap where
dijkstra-extract-min (Dijkstra-State a pq) = do {
(z, pqg’) < delete-min-idz-pqueue pg;
return (fst x, Dijkstra-State a pq’) }

lemma dijkstra-extract-min-rule [hoare-triple]:

M # empty-map —>

<dstate (State e M) (Dijkstra-State a pq)>

dijkstra-extract-min (Dijkstra-State a pq)

<A(m, r). dstate (State e (delete-map m M)) r x T(m < length e) * 1(is-heap-min
m M)>; (proof)

(ML)

26.2 Main operations

fun dijkstra-step-impl :: graph = dijkstra-state = dijkstra-state Heap where
dijkstra-step-impl G (Dijkstra-State a pq) = do {
(z, S7) « dijkstra-extract-min (Dijkstra-State a pq);
a’ + dstate-update-est G x (size G) (heap-pg S”) (est-a S”);
pq'" + dstate-update-heap G z (size G) a' (heap-pq S');
return (Dijkstra-State a’ pq'’) }
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lemma dijkstra-step-impl-to-fun [hoare-triple]:
heap S # empty-map = inv G § =
<dstate S (Dijkstra-State a pq)>
dijkstra-step-impl G (Dijkstra-State a pq)
<Ar. 3487 dstate S’ r x T(is-dijkstra-step G S S')>; (proof)

lemma dijkstra-step-impl-correct [hoare-triple]:

heap S # empty-map = inv G § =

<dstate S p>

dijkstra-step-impl G p

<Ar. 348’ dstate 8" r x T(inv G S7) * 1(card (unknown-set S') = card (unknown-set
S) — 1)> (proof)

fun dijkstra-loop :: graph = nat = dijkstra-state = dijkstra-state Heap where
dijkstra-loop G 0 p = (return p)
| dijkstra-loop G (Suc k) p = do {
p’ + dijkstra-step-impl G p;
p'" « dijkstra-loop G k p’;
return p'’ }

lemma dijkstra-loop-correct [hoare-triple]:

<dstate S p * T(inv G S) * T(n < card (unknown-set S))>

dijkstra-loop G n p

<Ar.3 48" dstate S'r x t(inv G S7) * t(card (unknown-set S') = card (unknown-set
S) - n)>t
(proof)

definition dijkstra :: graph = dijkstra-state Heap where
digkstra G = do {
p < dstate-init G,
dijkstra-loop G (size G — 1) p }

Correctness of Dijkstra’s algorithm.

theorem dijkstra-correct [hoare-triple]:
size G > 0 =
<emp>
dijkstra G
<Ar. 348, dstate S v * 1(inv G S) * T(unknown-set S = {}) *
t(Vicverts G. has-dist G 09 A est S i = dist G 0 i)>; (proof)

end

27 Implementation of interval tree

theory IntervalTree-Impl
imports SepAuto ../ Functional/ Interval-Tree
begin

Imperative version of interval tree.
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27.1 Interval and IdxInterval

fun interval-encode :: (‘a::heap) interval = nat where
interval-encode (Interval I h) = to-nat (I, h)

instance interval :: (heap) heap
(proof)

fun idz-interval-encode :: (‘a::heap) ida-interval = nat where
idz-interval-encode (IdzInterval it i) = to-nat (it i)

instance idz-interval :: (heap) heap
{proof)

27.2 Tree nodes

datatype ‘a node =

Node (Isub: 'a node ref option) (val: 'a idx-interval) (tmaz: nat) (rsub: ‘a node
ref option)
(ML)

fun node-encode :: (‘a::heap) node = nat where
node-encode (Node I v m r) = to-nat (I, v, m, r)

instance node :: (heap) heap
(proof)

fun int-tree :: interval-tree = nat node ref option = assn where
int-tree Tip p = T(p = None)
| int-tree (interval-tree. Node It v m rt) (Some p) = (T alp rp. p —, Node Ip v m rp
* int-tree It Ip x int-tree 1t rp)
| int-tree (interval-tree.Node lt v m rt) None = false
(ML)

lemma int-tree-Tip [forward-ent]: int-tree Tip p =>4 T(p = None) (proof)
lemma int-tree-Node [forward-ent]:

int-tree (interval-tree.Node lt v m rt) p =>4 (3 alp rp. the p —, Node lp v m rp
x int-tree It Ip x int-tree vt rp * T(p # None))

(proof)
lemma int-tree-none: emp =>4 int-tree interval-tree. Tip None (proof)
lemma int-tree-constr-ent:
p = Node lp v m rp % int-tree It Ip x int-tree 1t rp =>4 int-tree (interval-tree. Node
It vmrt) (Some p) (proof)
(ML)

type-synonym int-tree = nat node ref option
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27.3 Operations
27.3.1 Basic operation

definition int-tree-empty :: int-tree Heap where
int-tree-empty = return None

lemma int-tree-empty-to-fun [hoare-triple]:
<emp> int-tree-empty <int-tree Tip> (proof)

definition int-tree-is-empty :: int-tree = bool Heap where
int-tree-is-empty b = return (b = None)

lemma int-tree-is-empty-rule [hoare-triple]:
<int-tree t b>
int-tree-is-empty b
<Ar. int-tree t b * T(r «— t = Tip)> (proof)

definition get-tmazx :: int-tree = nat Heap where
get-tmax b = (case b of
None = return 0
| Some p = do {
t <+ lp;
return (tmaz t) })

lemma get-tmaz-rule [hoare-triple]:
<int-tree t b> get-tmazx b <Ar. int-tree t b x T(r = interval-tree.tmax t)>

(proof)

definition compute-tmax :: nat idz-interval = int-tree = int-tree = nat Heap
where
compute-tmaz it I r = do {
Im < get-tmazx ;
rm < get-tmaz rT;
return (maz3 it lm rm)

}

lemma compute-tmaz-rule [hoare-triple:
<int-tree t1 b1 * int-tree t2 b2>
compute-tmazx it b1 b2
<Ar. int-tree t1 b1 * int-tree t2 b2 * T(r = mazx3 it (interval-tree.tmazx t1)
(interval-tree.tmazx t2))>

{proof)

definition int-tree-constr :: int-tree = nat idz-interval = int-tree = int-tree Heap
where
int-tree-constr lp v rp = do {
m < compute-tmaz v Ip rp;
p < ref (Node lp v m 1p);
return (Some p) }
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lemma int-tree-constr-rule [hoare-triple]:

<int-tree It lp * int-tree vt rp>

int-tree-constr lp v rp

<int-tree (interval-tree.Node It v (max3 v (interval-tree.tmaz It) (interval-tree.tmaz
rt)) rt)>

(proof)

27.3.2 Insertion

partial-function (heap) insert-impl :: nat idz-interval = int-tree = int-tree Heap
where
insert-impl v b = (case b of
None = int-tree-constr None v None
| Some p = do {
t + Ip;
(if v = val t then do {
return (Some p) }
else if v < wval t then do {
q < insert-impl v (lsub t);
m < compute-tmazx (val t) q (rsub t);
p := Node q (val t) m (rsub t);
return (Some p) }
else do {
q « insert-impl v (rsub t);
m <+ compute-tmazx (val t) (lsub t) g;
p := Node (lsub t) (val t) m g;
return (Some p) })})

lemma int-tree-insert-to-fun [hoare-triple]:
<int-tree t b>
insert-impl v b
<int-tree (insert v t)>
(proof)

27.3.3 Deletion

partial-function (heap) int-tree-del-min :: int-tree = (nat idz-interval X int-tree)
Heap where
int-tree-del-min b = (case b of
None = raise STR "del-min: empty tree’’
| Some p = do {
t <+ Ip;
(if lsub t = None then
return (val t, rsub t)
else do {
r < int-tree-del-min (lsub t);
m < compute-tmax (val t) (snd 1) (rsub t);
p := Node (snd r) (val t) m (rsub t);
return (fst v, Some p) })})
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lemma int-tree-del-min-to-fun [hoare-triple]:

<int-tree t b * 1(b # None)>

int-tree-del-min b

<Ar. int-tree (snd (del-min t)) (snd r) * T(fst(r) = fst (del-min t))>;
(proof )

definition int-tree-del-elt :: int-tree = int-tree Heap where
int-tree-del-elt b = (case b of
None = raise STR "'del-elt: empty tree’’
| Some p = do {
t <+ Ip;
(if lsub t = None then return (rsub t)
else if rsub t = None then return (lsub t)
else do {
7 < int-tree-del-min (rsub t);
m  compute-tmazx (fst r) (lsub t) (snd r);
p := Node (Isub t) (fst ) m (snd r);
return (Some p) }) })

lemma int-tree-del-elt-to-fun [hoare-triple]:
<int-tree (interval-tree.Node It v m rt) b>
int-tree-del-elt b
<int-tree (delete-elt-tree (interval-tree.Node It v m rt))>; (proof)

partial-function (heap) delete-impl :: nat idz-interval = int-tree = int-tree Heap
where
delete-impl x b = (case b of
None = return None
| Some p = do {
t <+ Ip;
(if x = wal t then do {
r < int-tree-del-elt b;
return v }
else if © < wal t then do {
q < delete-impl © (lsub t);
m < compute-tmax (val t) q (rsub t);
p := Node q (val t) m (rsub t);
return (Some p) }
else do {
q < delete-impl © (rsub t);
m < compute-tmax (val t) (lsub t) g;
p := Node (lsub t) (val t) m g;
return (Some p) })})

lemma int-tree-delete-to-fun [hoare-triple]:
<int-tree t b>
delete-impl x b
<int-tree (delete x t)>,
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(proof)

27.3.4 Search

partial-function (heap) search-impl :: nat interval = int-tree = bool Heap where
search-impl x b = (case b of
None = return False
| Some p = do {
t <+ Ip;
(if is-overlap (int (val t)) z then return True
else case lsub t of
None = do { b < search-impl z (rsub t); return b }
| Some lp = do {
It < lp;
if tmazx It > low x then
do { b « search-impl z (Isub t); return b }
else
do { b « search-impl z (rsub t); return b }})})

lemma search-impl-correct [hoare-triple]:
<int-tree t b>
search-impl z b
<Ar. int-tree t b x P(r +— search t z)>

(proof)

27.4 Outer interface

Express Hoare triples for operations on interval tree in terms of the set of
intervals represented by the tree.

definition int-tree-set :: nat idz-interval set = int-tree = assn where
int-tree-set S p = (3 at. int-tree t p x 1 (is-interval-tree t) * (S = tree-set t))
(ML)

theorem int-tree-empty-rule [hoare-triple]:
<emp> int-tree-empty <int-tree-set {}> (proof)

theorem int-tree-insert-rule [hoare-triple]:
<int-tree-set S b x 1(is-interval (int x))>
insert-impl = b
<int-tree-set (S U {z})> (proof)

theorem int-tree-delete-rule [hoare-triple]:
<int-tree-set S b x T(is-interval (int z))>
delete-impl x b
<int-tree-set (S — {z})>; (proof)

theorem int-tree-search-rule [hoare-triple]:

<int-tree-set S b x 1(is-interval z)>
search-impl z b
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<Ar. int-tree-set S b * 1(r <— has-overlap S z)> (proof)
(ML)

end

28 Implementation of rectangle intersection

theory Rect-Intersect-Impl
imports ../ Functional/ Rect-Intersect IntervalTree-Impl Quicksort-Impl
begin

Imperative version of rectangle-intersection algorithm.

28.1 Operations

fun operation-encode :: ('a::heap) operation = nat where
operation-encode oper =
(case oper of INS p i n = to-nat (is-INS oper, p, i, n)
| DEL p i n = to-nat (is-INS oper, p, i, n))

instance operation :: (heap) heap
(proof )

28.2 Initial state

definition rect-inter-init :: nat rectangle list = nat operation array Heap where
rect-inter-init rects = do {
p « Array.of-list (ins-ops rects Q del-ops rects);
quicksort-all p;
return p }

(ML)
lemma rect-inter-init-rule [hoare-triple]:

<emp> rect-inter-init rects <Ap. p 4 all-ops rects> (proof)
(ML)

definition rect-inter-next :: nat operation array = int-tree = nat = int-tree Heap
where
rect-inter-next a b k = do {
oper < Array.nth a k;
if is-INS oper then
IntervalTree-Impl.insert-impl (IdzInterval (op-int oper) (op-idz oper)) b
else
IntervalTree-Impl.delete-impl (IdzInterval (op-int oper) (op-idx oper)) b }

lemma op-int-is-interval:

is-rect-list rects => ops = all-ops rects => k < length ops =
is-interval (op-int (ops ! k))
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(proof)
(ML)

lemma rect-inter-next-rule [hoare-triple]:
is-rect-list rects = k < length (all-ops rects) =
<a >4 all-ops rects x int-tree-set S b>
rect-inter-next a b k
<AT. a >, all-ops rects * int-tree-set (apply-ops-k-next rects S k) r>; (proof)

partial-function (heap) rect-inter-impl ::
nat operation array = int-tree = nat = bool Heap where
rect-inter-impl a b k = do {
n < Array.len a;
(if k > n then return False
else do {
oper < Array.nth a k;
(if is-INS oper then do {
overlap < IntervalTree-Impl.search-impl (op-int oper) b;
if overlap then return True
else if k = n — 1 then return False
else do {
b’ < rect-inter-next a b k;
rect-inter-impl a b’ (k + 1)}}

else
if k =n — 1 then return False
else do {

b’ < rect-inter-next a b k;
rect-inter-impl a b’ (k + 1)})})}

lemma rect-inter-to-fun-ind [hoare-triple]:

is-rect-list rects = k < length (all-ops rects) =

<a >4 all-ops rects * int-tree-set S b>

rect-inter-impl a b k

<AT. a > all-ops rects * T(r «— rect-inter rects S k)>;
(proof)

definition rect-inter-all :: nat rectangle list = bool Heap where
rect-inter-all rects =
(if rects = [] then return False
else do {
a 4 rect-inter-init rects;
b < int-tree-empty;
rect-inter-impl a b 0 })

Correctness of rectangle intersection algorithm.

theorem rect-inter-all-correct:
is-rect-list rects —
<emp>
rect-inter-all rects
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<Ar. 1(r = has-rect-overlap rects)>; {proof)

end
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