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Abstract

Auto?2 is a saturation-based heuristic prover for higher-order logic,
implemented as a tactic in Isabelle.

This entry contains the instantiation of auto2 for Isabelle/HOL,
along with two basic examples: solutions to some of the Pelletier’s
problems, and elementary number theory of primes.
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1 Introduction

Auto2 [2] is a proof automation tool implemented in Isabelle. It uses a
saturation-based approach to proof search: starting with a list of initial
assumptions, it iteratively adds facts that can be derived from these as-
sumptions, with the aim of ultimately deriving a contradiction. Users can
add their own proof procedures to auto2 in the form of proof steps, in order
to implement domain-specific knowledge. Auto2 can be instantiated to both
Isabelle/HOL (for ordinary usage) and Isabelle/FOL (for formalization of
mathematics based on set theory).

This AFP entry contains the instantiation of auto2 to Isabelle/HOL, and
two basic applications:

e Pelletier’s problems: solutions to some of the problems in Pelletier’s
collection of problems for testing automatic theorem provers [1]. Auto2
is not intended to compete with ATPs. In our examples, we merely
show how to use the prover to solve some of the problems, sometimes
with hints.

e Elementary number theory: theory of prime numbers up to the in-
finitude of primes and unique factorization. This example follows the
development in HOL/Computational _Algebra/Primes.thy in the Is-
abelle distribution.

2 Pelletier’s problems
theory Pelletier
imports Logic-Thms
begin
theorem p!: (p — q) «— (—g — —p) by auto2
theorem p2: (-—p) +— p by auto2
theorem p3: =(p — ¢) = ¢ — p by auto?2
theorem p/: (-p — q) +— (—¢ — p) by auto?
theorem ps: (pV ¢q) — (pV r) = pV (¢ — r) by auto?
theorem p6: p V —p by auto?2

theorem p7: p V -——p by auto?2

theorem p8: ((p — q¢) — p) = p by auto?2



theorem p9:
theorem p10
theorem p11
theorem p12
@proof
Qcase p
Qcase g
@Qqed
theorem pi13
theorem pi14
theorem pi15
theorem pi16

theorem p17

theorem pI18
@proof

(V@ A(pVa AV g = =(-pV —q) by auto?
g —r=r—pANqg=p—qV r=— p<— qby auto?
: p <— p by auto2

((pe—= @ s— )= (pe— (ge— 1))

:pV(gAT)+— (pV g A (pVr) by auto2

1 (p+— q) «— ((¢ V =p) A (=g V p)) by auto2

:(p — q) «— (—p V ¢) by auto2

i (p — ¢) V (¢ — p) by auto?

c(pAN(g— 1) — 8)+— (-pV gV s)A(-pV rVs) by autol

:Jya. V. F(y) — F(x)

Qcase V. F(z) Quith
Q@Qobtain y::’a where y = y Qhave Vz. F(y) — F(z)

@Qend

@obtain y where —=F(y) @Qhave Vz. F(y) — F(z)

Qqged

theorem pi19
@proof

:3dx’a. Vy 2. (Ply) — Q(2)) — (P(z) — Q(x))

@case dz. P(z) — Q(z) Quith
@Qobtain = where P(z) — Q(z)

@have Yy
@end
@obtain z::
@have Vy z

Qqed

theorem p20

2. (P(y) — Q2)) — (P(z) — Q(z))

‘a where z = ¢
- (P(y) — Q2)) — (P(z) — Q(2))

:Voy 3z Vw P(z) A Qly) — R(2) A S(w) =

Jzy. P(x) A Q(y) = Fz. R(2)

@proof

@obtain z y where P(z) Q(y)
@obtain z where Y w. P(z) A Q(y) — R(z) A S(w)

@Qqged

theorem p21
@proof

3z p — F(z) = Jz. F(z) — p = Jz. p +— F(a)



@case p Quwith Qobtain = where F(z) @have p +— F(z) Qend
@case —p Quwith Qobtain z where —F(z) @Qhave p «+— F(z) Qend
@Qqged

theorem p22: Va::'a. p +— F(z) = p «— (Vz. F(x))
@proof

Qcase p Qobtain z::'a where z = z
Qqged

theorem p23: (Va::’a. p V F(z)) +— (p V (V. F(x))) by auto2

theorem p29: 3z. F(z) = Jz. G(z) =
(Vz. F(z) — H(z)) A Vz. G(z) — J(2))) «—
(Vay. F(z) A Gly) — H(z) A J(y))
@proof
@obtain a b where F(a) G(b)
Qcase Vz y. F(z) A G(y) — H(z) A J(y) Quith
@have Vz. F(z) — H(z) Quith @Qhave F(z) A G(b) @end
@have Vy. G(y) — J(y) Qwith @have F(a) A G(y) @end
@Qend
@Qqed

theorem p30: Vz. F(z) V G(z) — —H(z) =

Vz. (G(z) — —I(z)) — F(z) AN H(z) = Vz. I()
@proof

@have Vz. I(z) Quith Qcase F(z) Qend
@Qqed

theorem p31: —=(3z. F(z) A (G(z) V H(x))) = Fz. I(z) N F(z) = Y. -H(z)
— J(z) =
dz. I(z) A J(z) by auto?

theorem p32: Va. (F(z) A (G(z) V H(z))) — I(z) = V. I(z) AN H(z) —
J(z) =
V. K(z) — H(z) = Vaz. F(z) N K(z) — J(z) by auto2

theorem p33: (V. p(a) A (p(z) — p(b)) — p(c)) «—
(V. (=p(a) V p(z) V p(c)) A (=p(a) V —p(b) V p(c))) by auto?

theorem p35: 3 (z::'a) (y::'b). P(z,y) — (Vz y. P(z,y)) by auto2

theorem p39: —~(3z. Vy. F(y,x) +— —F(y,y))
@proof
@contradiction
@obtain = where Vy. F(y,z) +— —F(y,y)
Qcase F(z,z)
@Qqed



theorem p40: 3y. V. F(z,y) «— F(z,2) = (V. Jy. V2. F(z,y) «— —F(z,1))
@proof
@obtain A where Vz. F(z,4) +— F(z,x)
@have ~(Fy. Vz. F(z,y) +— —F(z,A)) Quith
@have (Qrule) Vy. ~(Vz. F(z,y) +— —F(z,A)) Quith
@have —(F(y,y) «+— —F(y,A)) Quwith Qcase F(y,y) Qend
Qend
@end
@Qqged

theorem p/2: =(Fy. V. F(z,y) +— (I 2. F(z,2) A F(z,1)))
@proof
@Qcontradiction
@Qobtain y where Vz. F(z,y) +— —(3z. F(x,2) A F(z,z))
Qcase F(y,y)
@Qqed

theorem p/3: Vzy. Q(z,y) +— (Vz. F(z,2) +— F(z,y9)) =
Vzy. Qz,y) «— Q(y,z) by auto?

theorem p47:

(Vz. P1(z) — PO(z)) A (3z. P1(z)) =
(Vz. P2(x) — PO(z)) A (3z. P2(z)) =
(Vz. P3(x) — PO(z)) A (Jz. P3(z)) =
(Vz. P4(z) — PO(m)) A (Jz. P4(z)) =
(Vz. P5(z) — PO(z)) A z. P5(z)) =
(HI Q1(z)) A (Va. Q1(z) — Q0(z)) =

V. PO(z) — (V3. QO(y) — R(z,y)) v

(V. PO(y) A S(ya) A (32 QO(=) A R(y.2) — R(z.y))) —
V. P3(y) A (P5() v P4(z) — S(ay) —
Vay. P3(z) AN P2(y) — S(z,y) =
Vay. P2(z) A P1(y) — S(z,y) =
Vay. P1(z) A (P2(y) V Q1(y)) — ~R(z.y) =
Vzy. P3(z) AN P{(y) — R(z,y) =
Vzy. P3(z) AN P5(y) — —R(z,y) =
Va. P4(z) V P5(z) — (Jy. Q0(y) N R(z,y)) =
Jz yf PO(z) AN PO(y) A (3z. Q1(2) N R(y,z2) A R(z,y))
@proo

@obtain =1 22 z3 x4 x5 where P1(z1) P2(z2) P3(x3) P4(x4) P5(x5)
@have S(z3,22) @have S(22,z1) Qhave R(z3,x4) Qhave —~R(z3,z5)
@Qqged

theorem p48: a=bVcec=d=a=cVb=d= a=dV b= c by auto2

theorem p49: Iz y. V(2:a). z=2V 2 =y = P(a) A P(b) = (a::)a) # b =
Vz. P(z)
@proof

@obtain r y where V (z::'a). 2z =2V 2 =y

Qhave zr =aVz=0>



@have Y c. P(c) Quwith @have ¢ = a V ¢ = b Qend
Qqged

theorem p50: V. F(a,x) V (Vy. F(z,y)) = Jz. Vy. F(z,y)
@proof

Qcase YVy. F(a,y)

@obtain y where —F(a,y)

@have (Qrule) Vz. F(a,y) V F(y,z)
@Qqged

theorem ps1: Jzw. Vry Floy) «—z=2ANy=w=—
Jz. V. Gw. Vy. Flz,y) «— y=w) >z =2

@proof
@Qobtain z w where Vz y. F(z,y) «+— 2z =2 Ay =w
@have Vz. (Juw. Vy. F(z,y) +— y = w) +— = = z Quith

Qcase z = z Quwith @have Vy. F(z,y) +— y = w Qend

@end

Qqed

theorem p52: 3z w. Vzy. Fla,y) +—z=2Ny=w—
Jw. Vy. (Jz. Va. Fla,y) «— 2 =2)+— y=w

@proof
@obtain z w where Vz y. F(z,y) «— =2 ANy =w
@haveVy. (Fz. Vz. F(z,y) «— = = 2z) «— y = w Quith

Qcase y = w Quwith Qhave Vz. F(z,y) +— = = z Qend

Qend

@Qqed

theorem pss:
Jz. L(z) AN K(z,0) =
L(a) A L(b) AN L(c) =
Ve. L(z) —z=aVz=bVzi=c=
Vyz. K(z,y) — H(z,y) =
Vey. K(z,y) — -R(z,y) =
Vz. H(a,x) — —H(c,z) =
Ve, z # b — H(az) =
Vz. -R(z,a) — H(byzx) =
V. H(a,x) — H(b,x) = — typo in text
Ve y. —H(z,y) =
a# b=
K(a,a)
@proof
Qcase K(b,a) Quith Qhave Vz. H(b,z) Qend
Qqed

theorem p56: (Vz. 3y. F(y) Az = f(y)) — F(z)) +— (V2. F(z) — F(f(2)))
by auto?2

theorem p57: F(f(a,b),f(b,c)) = F(f(b,c),f(a,c)) =



Veyz F(z,y) AN F(y,z) — F(x,2) = F(f(a,b),f(a,c)) by auto2

theorem p58: Vz y. f(z) = g(y) = Vzy. f(f(z)) = f(g9(y))

@proof
@have Vz y. f(f(z)) = f(g(y)) Quith
ahave f(x) = g(y)
@end
Qqged

theorem p59: Va::'a. F(z) «— —F(f(z)) = Fz. F(z) A F(f(x))
@proof

@obtain z::'a where x = z Qcase F(x)
@Qqged

theorem p60: Vz. F(z,f(z)) +— 3y. (Vz. F(z,y) — F(z,f(x))) A F(z,y)) by
auto?

theorem p61: Vo y 2. f(2.f(y.2)) = f(f(2.y),2) = Ve y 2 w. f(2.f(y.f(zw))) =

f(f(f(z),2),w)
by auto?2

end

3 Primes

theory Primes-Ezx
imports Auto2-Main
begin

3.1 Basic definition

definition prime :: nat = bool where [rewrite]:
primep= (1 <pAK¥m.mdvdp— m =1V m=p))

lemma primeD1 [forward]: prime p = 1 < p by auto2

lemma primeD2: prime p = m dvd p = m = 1 V m = p by auto?2

setup <add-forward-prfstep-cond @Q{thm primeD2} [with-cond ?m # 1, with-cond
m # ?p)

setup <del-prfstep-thm-eqforward Q{thm prime-def}»

theorem ezists-prime [resolve]: I p. prime p
@proof @have prime 2 Qqed
lemma prime-odd-nat: prime p = p > 2 = odd p by auto2

lemma prime-imp-coprime-nat [backward2]: prime p = — p dvd n => coprime
p n by auto?2



lemma prime-dvd-mult-nat: prime p = p dvd m x n = p dvd m V p dvd n by
auto?
setup <add-forward-prfstep-cond @Q{thm prime-dvd-mult-nat}

(with-conds [?m # ?p, n # ?p, fm # ?p x ?m'; n # ?p x ?n'])

theorem prime-dvd-intro: prime p = p*x ¢ = m x n = p dvd m V p dvd n
@proof @Qhave p dvd m * n Qqed
setup <add-forward-prfstep-cond @Q{thm prime-dvd-intro}

(with-conds [?m # ?p, n # ?p, fm # ?p x ?m'; ?n # ?p = ?n'])

lemma prime-dvd-mult-eq-nat: prime p = p dvd m = n = (p dvd m V p dvd n)
by auto2

lemma not-prime-eg-prod-nat [backwardl]: n > 1 = — prime n =
dmkn=mxkANlI<mAm<nAIl <kANE<n
@proof
@Qobtain m where m dvd n A m # 1 A m#n
@obtain k¥ where n = m * £k Qhave m < m * k£ Qhave k < m x k
@Qqged

lemma prime-dvd-power-nat: prime p = p dvd x ™ n = p dvd = by auto2
setup <add-forward-prfstep-cond Q{thm prime-dvd-power-nat} [with-cond ?p #
2x]»

lemma prime-dvd-power-nat-iff: prime p = n > 0 — p dvd z™n <— p dvd x
by auto2

lemma prime-nat-code: prime p = (1 <p A Vz. I <z ANz <p— - zdvdp))
by auto?2

lemma prime-factor-nat [backward]: n # 1 = Jp. p dvd n A prime p
@proof

@strong-induct n

@case prime n Qcase n = 0

@obtain k where k # 1 k # n k dvd n

@apply-induct-hyp %
@Qqed

lemma prime-divprod-pow-nat:
prime p = coprime a b= p ndvd a * b = p n dvd a V p"n dvd b by auto2

lemma prime-product [forward]: prime (p x ¢) = p =1V q¢=1
@proof @have p dvd g * p Qged

lemma prime-exp: prime (p ~n) <— n =1 A prime p by auto2

lemma prime-power-mult: primep — x xy=p k= 3Jij.c=p i ANy=
p
@proof



@induct k arbitrary z y Quwith
@subgoal k = Suc k’
Qcase p dvd x Quith
@Qobtain z’ where z = p * 2’ Qhave z *x y = p * (z' * y)
Qobtain 7 j where 2’ =p “ iy =p ~j Qhave z = p ~ Suc i Qend
Qcase p dvd y Quith
@obtain y’ where y = p * y’ Qhave z x y = p * (z * y’)
@obtain i j where z = p iy’ = p ~j Qhave y = p ~ Suc j Qend
@endgoal
@end
@Qqed

3.2 Infinitude of primes

theorem bigger-prime [resolve]: I p. prime p A n < p
@proof

@obtain p where prime p p dvd fact n + 1

@case n > p Quwith @have (p::nat) dvd fact n Qend

@Qqed
theorem primes-infinite: = finite {p. prime p}
@proof

@Qobtain b where prime b Maz {p. prime p} < b
@Qqed

3.3 Existence and uniqueness of prime factorization

theorem factorization-exists: n > 0 = I M. (V pe#M. prime p) A n = ([[ i€#M.

i

@proof
@strong-induct n
Qcase n = 1 Quwith Qhave n = ([[i€# {#}. i) Qend
Q@case prime n Quith @Qhave n = ([[ ie# {#n#}. i) Qend
@Qobtain m k where n=m*x k1 <mm<nli <kk<n
@apply-induct-hyp m
@Qobtain M where (Vpe#M. prime p) m = ([[i€#M. 7)
@apply-induct-hyp &
@obtain K where (VY pe# K. prime p) k = ([[ i€#K. i)
@have n = ([[ ie#(M+K). 1)

@Qqged

theorem prime-dvd-multiset [backwardl]: prime p = p dvd ([[i€#M. i) =
dn. ne#M N p dvd n
@proof
@strong-induct M
Qcase M = {#}
Q@obtain M’ m where M = M’ + {#m#}
Qcontradiction @apply-induct-hyp M’
Qqged
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theorem factorization-unique-auz:
Vpe#M. prime p = VpE#N. prime p = ([[i€#M. i) dvd ([[i€#N. i) =
M C# N
@proof
@strong-induct M arbitrary N
@Qcase M = {#}
@obtain M’ m where M = M’ + {#m#}
@have m dvd (J[]i€#M. i)
@obtain n where n €# N m dvd n
Q@Qobtain N’ where N = N’ + {#n#}
@have m = n
@have ([[ie#M’. i) dvd (J[i€#N'. 7)
@apply-induct-hyp M’ N’
@Qqged
setup <add-forward-prfstep-cond @Q{thm factorization-unique-auz} [with-cond ?M

# ZN]»

theorem factorization-unique:
VpE#M. prime p => VpE#N. prime p = ([[i€# M. i) = ([[i€#N. i) =
M =N
@proof @have M C# N Qqged
setup «del-prfstep-thm Q{thm factorization-unique-auz}>

end
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