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Abstract

Actuarial Mathematics is a theory in applied mathematics, which
is mainly used for determining the prices of insurance products and
evaluating the liability of a company associating with insurance con-
tracts. It is related to calculus, probability theory and financial theory,
etc.

In this entry, I formalize the very basic part of Actuarial Math-
ematics in Isabelle/HOL. It includes the theory of interest, survival
model, and life table. The theory of interest deals with interest rates,
present value factors, an annuity certain, etc. The survival model is a
probabilistic model that represents the human mortality. The life table
is based on the survival model and used for practical calculations.

I have already formalized the basic part of Actuarial Mathemat-
ics in Coq (https://github.com/Yosuke-Ito-345/Actuary) in a purely
axiomatic manner. In contrast, Isabelle formalization is based on the
probability theory and the survival model is developed as generally as
possible. Such rigorous and general formulation seems very rare; at
least I cannot find any similar documentation on the web.

This formalization in Isabelle is still at an early stage, and I cannot
guarantee the backward compatibility in the future development. If
you heavily depend on the “Actuarial Mathematics” library, please let
me know.
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theory Preliminaries
imports HOL— Library. Rewrite HOL— Library. Extended- Nonnegative- Real HOL— Library. Extended-Real
HOL~— Probability. Probability
begin
declare [[show-types]]
notation powr (infixr <. 80)

1 Preliminary Lemmas

lemma Collect-conj-eq2: {xr € A. Pz AN Qz} ={z € A. Pz} Nn{z € A. Qz}
by blast

lemma vimage-compl-atMost:
fixes f :: 'a = 'bu:linorder
shows —(f = {.y}) = f —"{y<..}
by fastforce

context linorder
begin

lemma Icc-minus-Ico:

fixes a b

assumes a < b

shows {a..b} — {a..<b} = {b}
proof

{ fix z assume z € {a..b} — {a..<b}

hence z € {b} by force }

thus {a..b} — {a..<b} C {b} by blast
next

show {b} C {a..b} — {a..<b} using assms by simp
qged

lemma Icc-minus-Ioc:
fixes a b
assumes a < b



shows {a..b} — {a<..b} = {a}
proof

{ fix z assume z € {a..b} — {a<..b}

hence z € {a} by force }

thus {a..b} — {a<..b} C {a} by blast
next

show {a} C {a..b} — {a<..b} using assms by simp
qed

lemma Int-atLeastAtMost-Unbounded[simp]: {a..} Int {..b} = {a..b}
by auto

lemma Int-greater ThanAtMost-Unbounded[simp]: {a<..} Int {..b} = {a<..b}
by auto

lemma Int-atLeastLess Than-Unbounded[simp]: {a..} Int {..<b} = {a..<b}
by auto

lemma Int-greater ThanLess Than-Unbounded[simp]: {a<..} Int {..<b} = {a<..<b}
by auto

end

lemma Ico-real-nat-disjoint:
disjoint-family (An:nat. {a + real n ..< a + real n + 1}) for a::real
proof —
{ fix m n :: nat
assume {a + realm .< a + realm + 1} N {a + realn ..< a + real n + 1}
#{}
then obtain z:real
where z € {a + real m .< a4+ realm + 1} N {a + real n ..< a + real n +
1} by force
hence m = n by simp }
thus ?thesis unfolding disjoint-family-on-def by blast
qed

corollary Ico-nat-disjoint: disjoint-family (An::nat. {real n ..< real n + 1})
using Ico-real-nat-disjoint[of 0] by simp

lemma Ico-real-nat-union: (|Jn:nat. {a + real n ..< a + real n + 1}) = {a..}
for a::real
proof
show (|Jn:nat. {a + real n .< a + real n + 1}) C {a..} by auto
next
show {a..} C (Un:nat. {a + real n ..< a + real n + 1})
proof
fix z assume z € {a..}
hence a < z by simp



hence nat |z—a| < z—a A x—a < nat |z—a| + 1 by linarith
hence a + nat |z—a] <z Az < a + nat |[z—a] + 1 by auto
thus z € (Un:nat. {a + real n ..< a + real n + 1}) by auto
qed
qed

corollary Ico-nat-union: (|Jn:nat. {real n ..< realn + 1}) = {0..}
using Ico-real-nat-union|of 0] by simp

lemma Ico-nat-union-finite: (|J (n::nat)<m. {real n .< real n + 1}) = {0..<m}
proof
show (| (n:nat)<m. {real n ..< real n + 1}) C {0..<m} by auto
next
show {0..<m} C (U (n:nat)<m. {real n ..< real n + 1})
proof
fix z::real
assume x: ¢ € {0..<m}
hence nat |z] < m using of-nat-floor by fastforce
moreover with x have nat |z] <z A z < nat |z| + 1
by (metis Nat.add-0-right atLeastLess Than-iff le-nat-floor
less-one linorder-not-le nat-add-left-cancel-le of-nat-floor)
ultimately show z € (|J (n:nat)<m. {real n ..< real n + 1})
unfolding atLeastLessThan-def by force
qed
qed

lemma seg-part-multiple: fixes m n :: nat assumes m # 0 defines A = \i::nat.
{ixm ..< (i+1)*m}
shows Vij. i #j— AiNAj={}and (Ji<n. A7) = {..< nxm}
proof —
{ fix ij :: nat
have i #j=—= AinNn Aj={}
proof (erule contrapos-np)
assume A i N Aj#{}
then obtain k where k € A i N A j by blast
hence ixm < (j+1)xm A jxm < (i+1)*m unfolding A-def by force
hence i < j+1 A j < i+1 using mult-less-cancel2 by blast
thus ¢ = j by force

qed }

thusVij. i #j— AinN Aj={} by blast
next

show (|Ji<n. A7) = {..< nxm}
proof

show (|Ji<n. A7) C {..< nxm}

proof

fix z::nat

assume z € (Ji<n. 4 9)
then obtain ¢ where i-n: i < n and i-z: z < (i+1)*m unfolding A-def by
force



hence i+1 < n by linarith
hence z < nxm by (meson less-le-trans mult-le-cancel? i-x)
thus z € {..< nxm}

using diff-mult-distrib mult-1 i-n by auto

qed
next
show {..< nxm} C (|Ji<n. A7)
proof
fix z::nat

let %0 = x div m
assume z € {..< nxm}
hence ?i < n by (simp add: less-mult-imp-div-less)
moreover have ?ixm < z A z < (%i+1)*m
using assms div-times-less-eq-dividend dividend-less-div-times by auto
ultimately show z € (|Ji<n. A i) unfolding A-def by force
qed
qed
qed

lemma frontier-Icc-real: frontier {a..b} = {a, b} if a < b for a b :: real
unfolding frontier-def using that by force

lemmal(in field) divide-mult-cancel[simp]: fixes a b assumes b # 0
shows a / bxb=a
by (simp add: assms)

lemma inverse-powr: (1/a).”b = a.”"—bif a > 0 for a b :: real
by (smt (verit) that powr-divide powr-minus-divide powr-one-eq-one)

lemma powr-eg-one-iff-gen[simp|: a. x = 1 +— 2 =0ifa > 0a # 1 for a x ::
real
by (metis powr-eq-0-iff powr-inj powr-zero-eq-one that)

lemma powr-less-cancel2: 0 < a —= 0 <z = 0<y=z. a<y. o= <
)
for a z y ::real
proof —
assume a-pos: 0 < a and z-pos: 0 < z and y-pos: 0 < y
show 2. a < y.a =z <y
proof (erule contrapos-pp)
assume ~ xr < Y
hence z > y by fastforce
hence z.7a > y."a
proof (cases T = y)
case True
thus ?thesis by simp
next
case Fulse
hence z.7a > y. a



using <z > y» powr-less-mono2 a-pos y-pos by auto
thus ?thesis by auto
qed
thus — 2.7a < y. a by fastforce
qed
qed

lemma geometric-increasing-sum-auz: (1—r)"2 % O k<n. (k+1)xr"k) = 1 —
(n+1)xr"n + nxr(n+1)
for n::nat and r::real
proof (induct n)
case ()
thus ?case by simp
next
case (Suc n)
thus ?case
apply (simp only: sum.lessThan-Suc)
apply (subst distrib-left)
apply (subst Suc.hyps)
by (subst power2-diff, simp add: field-simps power2-eq-square)
qed

lemma geometric-increasing-sum: (3> k<n. (k+1)xr’k) = (I — (n+1)xr'n +
nxr (n+1)) / (1—r)"2

if r £ 1 for n:nat and r:real

by (subst geometric-increasing-sum-auz[ THEN sym], simp add: that)

lemma Reals-UNIV|[simp]: R = {z::real. True}
unfolding Reals-def by auto

lemma Lim-cong:
assumes Vpxzin F. fr =gz
shows Lim F f = Lim F g
unfolding t2-space-class.Lim-def using tendsto-cong assms by fastforce

lemma LIM-zero-iff . (Az. 1 — fz) —— 0) F=(f — 1) F
for f :: 'a = 'b::real-normed-vector
unfolding tendsto-iff dist-norm
by (rewrite minus-diff-eql THEN sym)], rewrite norm-minus-cancel) simp

lemma antimono-onl:
(Ars.re A= se A= r<s= fr>fs) = antimono-on A f
by (rule monotone-onl)

lemma antimono-onD:
[antimono-on A f;r € A;s € A;r < s] = fr>fs

by (rule monotone-onD)

lemma antimono-imp-mono-on: antimono f = antimono-on A f



by (simp add: antimonoD antimono-onlI)

lemma antimono-on-subset: antimono-on A f = B C A = antimono-on B f
by (rule monotone-on-subset)

lemma mono-on-antimono-on:
fixes f :: 'a::order = 'b::ordered-ab-group-add
shows mono-on A f «— antimono-on A (Ar. — fr)
by (simp add: monotone-on-def)

corollary mono-antimono:
fixes [ :: 'a::order = 'b::ordered-ab-group-add
shows mono f «— antimono (Ar. — fr)
by (rule mono-on-antimono-on)

lemma mono-on-at-top-le:
fixes a :: ‘a::linorder and b :: 'b::{order-topology, linordered-ab-group-add}
and f :: ‘a="b
assumes f-mono: mono-on {a..} f and f-to-l: (f —— 1) at-top
shows Az. z € {a..} = fz <
proof (unfold atomize-ball)
{ fix b assume b-a: b > a and fb-I: = fb <
let ?eps = fb — 1
have lim-top: A\S. open S = | € S = eventually (A\z. fz € S) at-top
using assms tendsto-def by auto
have eventually (A\z. fz € {l — %eps <..< | + Zeps}) at-top
using fb-1 by (intro lim-top; force)
then obtain N where fn-in: An. n > N = fn € {l — %eps <..< | + %eps}
using eventually-at-top-linorder by metis
let n = maz b N
have f ?n < f b using fn-in by force
moreover have f ?n > f b using f-mono b-a by (simp add: le-maz-iff-disj
mono-on-def)
ultimately have Fulse by simp }
thus Vze{a..}. fz <1
apply —
by (rule notnotD, rewrite Set.ball-simps) auto
qged

corollary mono-at-top-le:
fixes b :: ‘b::{order-topology, linordered-ab-group-add} and f :: ‘a::linorder = 'b
assumes mono f and (f —— b) at-top
shows Az. fz < b

using mono-on-at-top-le assms by (metis atLeast-iff mono-imp-mono-on nle-le)

lemma mono-on-at-bot-ge:
fixes a :: ‘a::linorder and b :: 'b::{ order-topology, linordered-ab-group-add}
and f:: 'a="b
assumes f-mono: mono-on {..a} f and f-to-lI: (f —— 1) at-bot



shows Az. z € {.a} = fz >
proof (unfold atomize-ball)
{ fix b assume b-a: b < a and fb-I: = fb > 1
let ?eps=1—fb
have lim-bot: \S. open S = | € S = eventually (A\z. fz € S) at-bot
using assms tendsto-def by auto
have eventually (Az. fz € {l — %eps <..< | + ?eps}) at-bot
using fb-1 by (intro lim-bot; force)
then obtain N where fn-in: An. n < N = fn € {l — %eps <..< |l + ?eps}
using eventually-at-bot-linorder by metis
let on = min b N
have f ?n > f b using fn-in by force
moreover have f ?n < f b using f-mono b-a by (simp add: min.coboundedll
mono-onD)
ultimately have Fulse by simp }
thus Vze{..a}. fo > 1
apply —
by (rule notnotD, rewrite Set.ball-simps) auto
qed

corollary mono-at-bot-ge:
fixes b :: 'b::{order-topology, linordered-ab-group-add} and f :: 'a::linorder = b
assumes mono f and (f —— b) at-bot
shows Az. fz > b
using mono-on-at-bot-ge assms by (metis atMost-iff mono-imp-mono-on nle-le)

lemma antimono-on-at-top-ge:
fixes a :: ‘a::linorder and b :: 'b::{order-topology, linordered-ab-group-add}
and f :: ‘a="b
assumes f-antimono: antimono-on {a..} f and f-to-lI: (f —— 1) at-top
shows Az. z € {a..} = fz >1
proof (unfold atomize-ball)
{ fix b assume b-a: b > a and fb-I: = fb >
let Zeps =1—fb
have lim-top: \S. open S = | € S = eventually (\z. fz € S) at-top
using assms tendsto-def by auto
have eventually (Az. fo € {l — %eps <..< | + ?eps}) at-top
using fb-1 by (intro lim-top; force)
then obtain N where fn-in: An. n > N = fn € {l — %eps <..< | + %eps}
using eventually-at-top-linorder by metis
let n = maz b N
have f ?n > f b using fn-in by force
moreover have f ?n < f b using f-antimono b-a
by (simp add: antimono-onD le-maz-iff-disj)
ultimately have Fulse by simp }
thus Vze{a..}. fz > 1
apply —
by (rule notnotD, rewrite Set.ball-simps) auto
qed



corollary antimono-at-top-le:
fixes b :: ‘b::{order-topology, linordered-ab-group-add} and f :: ‘a::linorder = 'b
assumes antimono f and (f —— b) at-top
shows Az. fz > b
using antimono-on-at-top-ge assms antimono-imp-mono-on by blast

lemma antimono-on-at-bot-ge:
fixes a :: ‘a::linorder and b :: 'b::{order-topology, linordered-ab-group-add}
and f :: 'a="b
assumes f-antimono: antimono-on {..a} f and f-to-lI: (f —— 1) at-bot
shows Az. z € {.a} = fz <
proof (unfold atomize-ball)
{ fix b assume b-a: b < a and fb-I: = fb <
let ?eps = fb — 1
have lim-bot: \S. open S = | € S = eventually (A\z. fz € S) at-bot
using assms tendsto-def by auto
have eventually (Az. fz € {l — %eps <..< | + ?eps}) at-bot
using fb-1 by (intro lim-bot; force)
then obtain N where fn-in: An. n < N = fn € {l — %eps <..< | + ?eps}
using eventually-at-bot-linorder by metis
let on = min b N
have f ?n < f b using fn-in by force
moreover have f ?n > f b using f-antimono b-a by (simp add: min.coboundedl!
antimono-onD)
ultimately have Fulse by simp }
thus Vze{.a}. fo <1
apply —
by (rule notnotD, rewrite Set.ball-simps) auto
qed

corollary antimono-at-bot-ge:
fixes b :: 'b::{order-topology, linordered-ab-group-add} and f :: ‘a::linorder = b
assumes antimono f and (f —— b) at-bot
shows Az. fz <b
using antimono-on-at-bot-ge assms antimono-imp-mono-on by blast

lemma continuous-cdivide:

fixes c::’a::real-normed-field

assumes ¢ # 0 continuous F' f

shows continuous F (Az. fx / ¢)

using assms continuous-mult-right by (rewrite field-class.field-divide-inverse)
auto

lemma continuous-mult-left-iff:
fixes c::'a::real-normed-field
assumes ¢ # 0
shows continuous F f <— continuous F (Ax. ¢ * fz)
using continuous-mult-left continuous-cdivide assms by force

10



lemma continuous-mult-right-iff:
fixes c::'a::real-normed-field
assumes ¢ # 0
shows continuous F f <— continuous F (Az. fz * c)
using continuous-mult-right continuous-cdivide assms by force

lemma continuous-cdivide-iff:

fixes c::'a::real-normed-field

assumes ¢ # 0

shows continuous F f <— continuous F (Az. fz / ¢)
proof

assume continuous F f

thus continuous F (Az. fz / ¢)

by (intro continuous-cdivide) (simp add: assms)

next

assume continuous F (A\z. fz / ¢)

hence continuous F (Ax. fz / ¢ * ¢) using continuous-mult-right by fastforce

thus continuous F f using assms by force
qed

lemma continuous-cong:
assumes eventually (A\z. fo = gz) Ff (Lim F (Az. z)) = g (Lim F (Az. x))
shows continuous F f <— continuous F g
unfolding continuous-def using assms filterlim-cong by force

lemma continuous-at-within-cong:
assumes [z = g x eventually (Az. fz = g z) (at x within s)
shows continuous (at x within s) f «— continuous (at x within s) g
proof (cases <z € closure (s — {z})»)
case True
thus ?thesis
using assms apply (intro continuous-cong, simp)
by (rewrite Lim-ident-at, simp add: at-within-eg-bot-iff )+ simp
next
case Fulse
hence at x within s = bot using not-trivial-limit-within by blast
thus ?thesis by simp
qed

lemma continuous-within-shift:
fixes a z :: 'a :: {topological-ab-group-add, t2-space}
and s :: ‘a set
and [ :: 'a = 'b::topological-space
shows continuous (at x within s) (Az. f (z+a)) «— continuous (at (z+a) within
plus a “s) f
proof
assume continuous (at x within s) (Az. f (z+a))
moreover have continuous (at (z+a) within plus a * s) (plus (—a))

11



by (simp add: continuous-at-imp-continuous-at-within)
moreover have plus (—a) ‘ plus a ‘s = s by force
ultimately show continuous (at (z+a) within plus a ‘s) f
using continuous-within-compose unfolding comp-def by force
next
assume continuous (at (z+a) within plus a * s) f
moreover have continuous (at z within s) (plus a)
by (simp add: continuous-at-imp-continuous-at-within)
ultimately show continuous (at z within s) (Az. f (z+a))
using continuous-within-compose unfolding comp-def by (force simp add:
add.commute)
qed

lemma isCont-shift:
fixes a z :: 'a :: {topological-ab-group-add, t2-space}
and [ :: 'a = 'b::topological-space
shows isCont (Az. f (z+a)) z +— isCont f (z+a)
using continuous-within-shift by force

lemma has-real-derivative-at-split:
(f has-real-derivative D) (at z) +—
(f has-real-derivative D) (at-left x) A (f has-real-derivative D) (at-right x)
proof —
have at v = at z within ({..<z} U {z<..}) by (simp add: at-eq-sup-left-right
at-within-union)
thus (f has-real-derivative D) (at ) +—
(f has-real-derivative D) (at-left x) A (f has-real-derivative D) (at-right x)
using Lim-within-Un has-field-derivative-iff by fastforce
qed

lemma DERIV-cmult-iff:
assumes ¢ # 0
shows (f has-field-derivative D) (at x within s) «—
((Az. ¢ * fz) has-field-derivative ¢ x D) (at x within s)
proof
assume (f has-field-derivative D) (at x within s)
thus ((\z. ¢ x fx) has-field-derivative ¢ x D) (at x within s) using DERIV-cmult
by force
next
assume ((Az. ¢ x fz) has-field-derivative ¢ x D) (at z within s)
hence ((Az. ¢ * fz / ¢) has-field-derivative ¢ * D / ¢) (at x within s)
using DERIV-cdivide assms by blast
thus (f has-field-derivative D) (at x within s) by (simp add: assms field-simps)
qed

lemma DERIV-cmult-right-iff:
assumes ¢ # 0
shows (f has-field-derivative D) (at © within s) «—
((Az. fz * ¢) has-field-derivative D * ¢) (at x within s)

12



by (rewrite DERIV-cmult-iff[of c], simp-all add: assms mult-ac)

lemma DERIV-cdivide-iff:
assumes ¢ # 0
shows (f has-field-derivative D) (at x within s) +—
((Az. fz / ¢) has-field-derivative D | ¢) (at x within s)
apply (rewrite field-class.field-divide-inverse)+
using DERIV-cmult-right-iff assms inverse-nonzero-iff-nonzero by blast

lemma DERIV-In-divide-chain:
fixes f :: real = real
assumes fz > 0 and (f has-real-derivative D) (at x within s)
shows ((A\z. In (f z)) has-real-derivative (D / fz)) (at z within s)
proof —
have DERIV In (fz) :> 1 / f z using assms by (intro DERIV-In-divide) blast
thus ?thesis using DERIV-chain2 assms by fastforce
qed

lemma inverse-fun-has-integral-In:
fixes f :: real = real and f' :: real = real
assumes a < b and
Nz. ze{a..b} = fz > 0 and
continuous-on {a..b} f and
Nz. ze{a<..<b} = (f has-real-derivative f' z) (at )
shows ((Az. f' z / fz) has-integral (In (f b) — In (f a))) {a..b}
proof —
have continuous-on {a..b} (Az. In (fz)) using assms by (intro continuous-intros;
force)
moreover have Az. z€{a<..<b} = ((Az. In (f z)) has-vector-derivative f' z /
f2) (at 2)
apply (rewrite has-real-derivative-iff-has-vector-derivative| THEN sym))
using assms by (intro DERIV-In-divide-chain; simp)
ultimately show ?thesis using assms by (intro fundamental-theorem-of-calculus-interior;
stmp)
qed

lemma DERIV-fun-powr2:
fixes a::real
assumes a-pos: a > ()
and f: DERIV fz :> r
shows DERIV (Az. a. (fz)) z:> a. (fz) xr*xina
proof —
let 29 = (A\z. a)
have g: DERIV %9 z :> 0 by simp
have pos: ?g x > 0 by (simp add: a-pos)
show ?thesis
using DERIV-powr[OF g pos f] a-pos by (auto simp add: field-simps)
qed
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lemma has-real-derivative-powr2:

assumes a-pos: a > ()

shows ((A\z. a.7x) has-real-derivative a.”z * In a) (at x)
proof —

let ?f = (Az. z::real)

have f: DERIV ?fz :> 1 by simp

thus ?thesis using DERIV-fun-powr2[OF a-pos f] by simp
qed

lemma field-differentiable-shift:
(f field-differentiable (at (z + 2))) = ((Az. f (z + 2)) field-differentiable (at x))
unfolding field-differentiable-def using DERIV-shift by force

1.1 Lemmas on indicator for a Linearly Ordered Type

lemma indicator-Icc-shift:
fixes a b t x :: 'a::linordered-ab-group-add
shows indicator {a..b} x = indicator {t+a..t+b} (t+x)
by (simp add: indicator-def)

lemma indicator-Icc-shift-inverse:
fixes a b t x :: 'a::linordered-ab-group-add
shows indicator {a—t..b—t} = = indicator {a..b} (t+x)
by (metis add.commute diff-add-cancel indicator-Icc-shift)

lemma indicator-Ici-shift:
fixes a t z :: 'a::linordered-ab-group-add
shows indicator {a..} © = indicator {t+a..} (t+zx)
by (simp add: indicator-def)

lemma indicator-Ici-shift-inverse:
fixes a t z :: 'a::linordered-ab-group-add
shows indicator {a—t..} x = indicator {a..} (t+zx)
by (metis add.commute diff-add-cancel indicator-Ici-shift)

lemma indicator-Iic-shift:
fixes b t x :: 'a::linordered-ab-group-add
shows indicator {..b} = = indicator {..t+b} (t+x)
by (simp add: indicator-def)

lemma indicator-ITic-shift-inverse:
fixes b t x :: 'a::linordered-ab-group-add
shows indicator {..b—t} = = indicator {..b} (t+z)
by (metis add.commute diff-add-cancel indicator-Tic-shift)

lemma indicator-Icc-reverse:

fixes a b t x :: 'a::linordered-ab-group-add
shows indicator {a..b} z = indicator {t—b..t—a} (t—z)
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by (metis add-le-cancel-left atLeast AtMost-iff diff-add-cancel indicator-simps le-diff-eq)

lemma indicator-Icc-reverse-inverse:
fixes a b t x :: 'a::linordered-ab-group-add
shows indicator {t—b..t—a} = = indicator {a..b} (t—z)
by (metis add-diff-cancel-left’ diff-add-cancel indicator-Icc-reverse)

lemma indicator-Ici-reverse:
fixes a t z :: 'a::linordered-ab-group-add
shows indicator {a..} © = indicator {..t—a} (t—zx)
by (simp add: indicator-def)

lemma indicator-Ici-reverse-inverse:
fixes b t x :: 'a::linordered-ab-group-add
shows indicator {t—b..} © = indicator {..b} (t—x)
by (metis add-diff-cancel-left’ diff-add-cancel indicator-Ici-reverse)

lemma indicator-Iic-reverse:
fixes b t x :: 'a::linordered-ab-group-add
shows indicator {..b} = = indicator {t—b..} (t—x)
by (simp add: indicator-def)

lemma indicator-Iic-reverse-inverse:
fixes a t z :: 'a::linordered-field
shows indicator {..t—a} x = indicator {a..} (t—zx)
by (simp add: indicator-def)

lemma indicator-Icc-affine-pos:
fixes a b c t z :: 'a::linordered-field
assumes c > 0
shows indicator {a..b} x = indicator {t+cxa..t+cxb} (t + cxx)
unfolding indicator-def using assms by simp

lemma indicator-Icc-affine-pos-inverse:

fixes a b c t z :: 'a::linordered-field

assumes c > 0

shows indicator {(a—t)/c..(b—t)/c} x = indicator {a..b} (t + cxx)

using indicator-Icc-affine-posjwhere a=(a—t)/c and b=(b—t)/c and c=c and
t=t | assms by simp

lemma indicator-Ici-affine-pos:
fixes a c t x :: 'a::linordered-field
assumes ¢ > 0
shows indicator {a..} z = indicator {t+cxa..} (t + cxx)
unfolding indicator-def using assms by simp

lemma indicator-Ici-affine-pos-inverse:

fixes a c t x :: 'a::linordered-field
assumes ¢ > 0
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shows indicator {(a—t)/c..} © = indicator {a..} (¢t + cxx)
using indicator-Ici-affine-pos[where a=(a—t)/c and c=c and t=t| assms by
stmp

lemma indicator-Iic-affine-pos:
fixes b ¢ t z :: 'a::linordered-field
assumes ¢ > 0
shows indicator {..b} = = indicator {..t+cxb} (t + c*z)
unfolding indicator-def using assms by simp

lemma indicator-Iic-affine-pos-inverse:

fixes b c t x :: 'a::linordered-field

assumes ¢ >

shows indicator {..(b—t)/c} x = indicator {..b} (t + cxx)

using indicator-Tic-affine-pos|where b=(b—t)/c and c=c and t=t] assms by
simp

lemma indicator-Icc-affine-neg:
fixes a b c t z :: 'a::linordered-field
assumes c < 0
shows indicator {a..b} x = indicator {t+cxb..t+cxa} (t + cxx)
unfolding indicator-def using assms by auto

lemma indicator-Icc-affine-neg-inverse:

fixes a b c t z :: 'a::linordered-field

assumes c < 0

shows indicator {(b—t)/c..(a—t)/c} x = indicator {a..b} (t + cxx)

using indicator-Icc-affine-neglwhere a=(b—t)/c and b=(a—t)/c and c¢c=c and
t=t] assms by simp

lemma indicator-Ici-affine-neg:
fixes a c t x :: 'a::linordered-field
assumes ¢ < 0
shows indicator {a..} © = indicator {..t+cxa} (t + cxz)
unfolding indicator-def using assms by simp

lemma indicator-Ici-affine-neg-inverse:

fixes b ¢ t z :: 'a::linordered-field

assumes c < 0

shows indicator {(b—t)/c..} = = indicator {..b} (t + c*x)

using indicator-Ici-affine-neg[where a=(b—t)/c and c=c and t=t] assms by
simp

lemma indicator-Iic-affine-neg:
fixes b c t z :: 'a::linordered-field
assumes c <
shows indicator {..b} = = indicator {t+cxb..} (t + cxx)
unfolding indicator-def using assms by simp

16



lemma indicator-Ilic-affine-neg-inverse:

fixes a c t x :: 'a::linordered-field

assumes ¢ < 0

shows indicator {..(a—t)/c} = = indicator {a..} (t + c*z)

using indicator-Tic-affine-neg[where b=(a—t)/c and c=c and t=t] assms by
simp

2 Additional Lemmas for the HOL— Analysis Library

lemma differentiable-eq-field-differentiable-real:
fixes f :: real = real
shows f differentiable F' <— f field-differentiable F'
unfolding field-differentiable-def differentiable-def has-real-derivative
using has-real-derivative-iff by presburger

lemma differentiable-on-eq-field-differentiable-real:
fixes f :: real = real
shows [ differentiable-on s +— (Vz€s. f field-differentiable (at x within s))
unfolding differentiable-on-def using differentiable-eq-field-differentiable-real by
simp

lemma differentiable-on-cong :
assumes A\z. 2€s = fz = g z and f differentiable-on s
shows ¢ differentiable-on s
proof —
{ fix = assume z€s
hence f differentiable at x within s using assms unfolding differentiable-on-def
by simp
from this obtain D where (f has-derivative D) (at x within s)
unfolding differentiable-def by blast
hence (g has-derivative D) (at x within s)
using has-derivative-transform assms <x€s» by metis
hence g differentiable at © within s unfolding differentiable-def by blast }
hence V z€s. g differentiable at x within s by simp
thus ?thesis unfolding differentiable-on-def by simp
qed

lemma C1-differentiable-imp-deriv-continuous-on:
f C1-differentiable-on S = continuous-on S (deriv f)
using C1-differentiable-on-eq field-derivative-eq-vector-derivative by auto

lemma deriv-shift:
assumes | field-differentiable at (z+a)
shows deriv f (z+a) = deriv (As. f (z+3)) a
proof —
have (f has-field-derivative deriv f (z+a)) (at (z+a))
using DERIV-deriv-iff-field-differentiable assms
by force
hence ((As. f (z+s5)) has-field-derivative deriv f (z+a)) (at a)
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using DERIV-at-within-shift has-field-derivative-at-within by blast
moreover have ((As. f (z+3)) has-field-derivative deriv (As. f (z+s)) a) (at a)
using DERIV-imp-deriv calculation by fastforce
ultimately show ?thesis using DERIV-unique by force
qed

lemma piecewise-differentiable-on-cong:
assumes | piecewise-differentiable-on i
and \e. 2 €i = fa =gz
shows g piecewise-differentiable-on i
proof —
have continuous-on i g
using continuous-on-cong-simp assms piecewise-differentiable-on-imp-continuous-on
by force
moreover have 3S. finite S A (Vz € i — S. g differentiable (at x within 7))
proof —
from assms piecewise-differentiable-on-def
obtain S where fin: finite S and Vz € i — S. f differentiable (at x within 7)
by metis
hence Az. x € i — S = f differentiable (at x within i) by simp
hence Az. z € i — S = g differentiable (at © within i)
using has-derivative-transform assms by (metis Diff D1 differentiable-def)
with fin show ?thesis by blast
qed
ultimately show ¢thesis unfolding piecewise-differentiable-on-def by simp
qged

lemma differentiable-piecewise:
assumes continuous-on i f
and f differentiable-on ©
shows f piecewise-differentiable-on i
unfolding piecewise-differentiable-on-def using assms differentiable-onD by auto

lemma piecewise-differentiable-scaleR:
assumes [ piecewise-differentiable-on S
shows (A\z. a xg f ) piecewise-differentiable-on S
proof —
from assms obtain T where fin: finite T Ax. v € S — T = [ differentiable
at x within S
unfolding piecewise-differentiable-on-def by blast
hence A\z. 2 € S — T = (\z. a xg f z) differentiable at x within S
using differentiable-scaleR by simp
moreover have continuous-on S (Az. a *r fz)
using assms continuous-on-scaleR continuous-on-const piecewise-differentiable-on-def
by blast
ultimately show (Az. a xg f x) piecewise-differentiable-on S
using fin piecewise-differentiable-on-def by blast
qed
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lemma differentiable-on-piecewise-compose:
assumes [ piecewise-differentiable-on S
and g differentiable-on f < S
shows g o f piecewise-differentiable-on S
proof —
from assms obtain T where fin: finite T Ax. v € S — T = [ differentiable
at x within S
unfolding piecewise-differentiable-on-def by blast
hence Az. x € S — T = g o f differentiable at z within S
by (meson DiffD1 assms differentiable-chain-within differentiable-onD im-
age-eql)
hence 3 T. finite T A (VzeS—T. g o f differentiable at x within S) using fin
by blast
moreover have continuous-on S (g o f)
using assms continuous-on-compose differentiable-imp-continuous-on
unfolding piecewise-differentiable-on-def by blast
ultimately show ?thesis
unfolding piecewise-differentiable-on-def by force
qed

lemma MV T-order-free:

fixes r h :: real

defines I = {r..r+h} U {r+h..r}

assumes continuous-on I f and f differentiable-on interior I

obtains ¢t where ¢ € {0<..<1} and f (r+h) — fr = h % deriv f (r + txh)

proof —

consider (h-pos) h > 0| (h-0) h = 0 | (h-neg) h < 0 by force

thus ?thesis

proof cases
case h-pos
hence r < r+h I = {r..r+h} unfolding I-def by simp-all
moreover hence interior I = {r<..<r+h} by simp
moreover hence A\z. [r < z; z < r+h] = f differentiable (at x)

using assms by (simp add: differentiable-on-eg-differentiable-at)
ultimately obtain z where r < z A z < r+h A f (r+h) — fr = h * deriv f 2
using MVT assms by (smt (verit) DERIV-imp-deriv)

moreover hence (z—7) / h € {0<..<1} by simp
moreover have z = r + (z—r)/h x h using h-pos by simp
ultimately show ¢thesis using that by presburger

next
case h-0
have 1/2 € {0::real<..<1} by simp
moreover have f (r+h) — fr = 0 using h-0 by simp
moreover have h * deriv f (r + (1/2)xh) = 0 using h-0 by simp
ultimately show ?thesis using that by presburger

next case h-neg
hence r+h < r I = {r+h..r} unfolding I-def by simp-all
moreover hence interior I = {r+h<..<r} by simp
moreover hence A\z. [r+h < z; z < r] = f differentiable (at x)
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using assms by (simp add: differentiable-on-eg-differentiable-at)
ultimately obtain z where r+h < z A z <1 A fr — f (r+h) = —h * deriv
fz
using MVT assms by (smt (verit) DERIV-imp-deriv)
moreover hence (z—r) / h € {0<..<1} by (simp add: neg-less-divide-eq)
moreover have z = r + (z—r)/h x h using h-neg by simp
ultimately show ¢thesis using that mult-minus-left by fastforce
qed
qed

lemma integral-combine2:
fixes f :: real = 'a::banach
assumes a < cc<b
and f integrable-on {a..c} f integrable-on {c..b}
shows integral {a..c} f + integral {c..b} f = integral {a..b} f
apply (rule integral-unique[ THEN sym))
apply (rule has-integral-combine[of a ¢ b], simp-all add: assms)
using has-integral-integral assms by auto

lemma has-integral-null-interval: fixes a b :: real and f::real = real assumes a
>b

shows (f has-integral 0) {a..b}

using assms content-real-eq-0 by blast

lemma has-integral-interval-reverse: fixes f :: real = real and a b :: real
assumes a < b
and continuous-on {a..b} f
shows ((A\z. f (a+b—=x)) has-integral (integral {a..b} f)) {a..b}
proof —
let 2g=Xz.a+ 00—z
let 2¢' = Az. —1
have ¢-C0: continuous-on {a..b} ?g using continuous-on-op-minus by simp
have Dg-¢g" Az. z€{a..b} = (?g has-field-derivative %9’ x) (at x within {a..b})
by (auto intro!: derivative-eq-intros)
show ?thesis
using has-integral-substitution-general
[of {} ab ?gabf, simplified, OF assms g-C0 Dg-g', simplified]
apply (simp add: has-integral-null-interval|OF assms(1), THEN integral-unique))
by (simp add: has-integral-neg-iff)
qed

lemma FTC-real-deriv-has-integral:
fixes I' :: real = real
assumes a < b
and F piecewise-differentiable-on {a<..<b}
and continuous-on {a..b} F
shows (deriv F has-integral F b — F a) {a..b}
proof —
obtain S where fin: finite S and
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diff: Nz. z € {a<..<b} — § = F differentiable at x within {a<..<b} — S
using assms unfolding piecewise-differentiable-on-def
by (meson Diff-subset differentiable-within-subset)
hence Az. z € {a<..<b} — S = (F has-real-derivative deriv F z) (at z)
proof —
fix x assume z-in: © € {a<..<b} — S
have open ({a<..<b} — S)
using fin finite-imp-closed by (metis open-Diff open-greaterThanLessThan)
hence at z within {a<..<b} — S = at z by (meson x-in at-within-open)
hence F differentiable at © using diff z-in by (smt (verit))
thus (F has-real-derivative deriv F x) (at z)
using DERIV-deriv-iff-real-differentiable by simp
qed
thus ?thesis
by (intro fundamental-theorem-of-calculus-interior-strong[where S=.5];
simp add: assms fin has-real-derivative-iff-has-vector-derivative)
qed

lemma integrable-spike-cong:
assumes negligible S Ax. 2 € T — S = gz = fz
shows f integrable-on T +— g integrable-on T
using integrable-spike assms by force

lemma has-integral-powr2-from-0:
fixes a ¢ :: real
assumes a-pos: ¢ > 0 and a-neg-1: a # 1 and c-nneg: ¢ > 0
shows ((Az. a.7z) has-integral ((a.”c — 1) / (In a))) {0..c}
proof —
have ((Az. a.7x) has-integral ((a.”7¢)/(In a) — (a.70)/(In a))) {0..c}
proof (rule fundamental-theorem-of-calculus|OF c-nneg))
fix x::real
assume 1 € {0..c}
show ((Ay. a.7y / In a) has-vector-derivative a.”x) (at x within {0..c})
apply (insert has-real-derivative-powr2[OF a-pos, of x])
apply (drule DERIV-cdivide[where ¢ = In a], simp add: assms)
apply (rule has-vector-derivative-within-subset[where S=UNIV and T={0..c}],
auto)
by (rule iffD1[OF has-real-derivative-iff-has-vector-derivative])
qed
thus ?thesis
using assms powr-zero-eg-one by (simp add: field-simps)
qged

lemma integrable-on-powr2-from-0:
fixes a ¢ :: real
assumes a-pos: a > 0 and a-neq-1: a # 1 and c-nneg: ¢ > 0
shows (Az. a.7x) integrable-on {0..c}
using has-integral-powr2-from-0[OF assms] unfolding integrable-on-def by blast
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lemma integrable-on-powr2-from-0-general:
fixes a ¢ :: real
assumes a-pos: a > 0 and c-nneg: ¢ > 0
shows (Az. a.7x) integrable-on {0..c}
proof (cases a = 1)
case True
thus ?thesis
using has-integral-const-real by auto
next
case Fulse
thus ?thesis
using has-integral-powr2-from-0 False assms by auto
qed

lemma has-bochner-integral-power:
fixes a b :: real and k :: nat
assumes a < b
shows has-bochner-integral lborel (Az. z7k * indicator {a..b} z) (b7 (k+1) —
a(k+1)) / (k+1))
proof —
have Az. (Az. 27 (k+1) / (k+1)) has-real-derivative k) (at x)
using DERIV-pow by (intro derivative-eg-intros) auto
hence has-bochner-integral lborel (Axz. 27k * indicator {a..b} z) (b (k+1)/(k+1)
— a (k+1)/(k+1))
by (intro has-bochner-integral-FTC-Icc-real; simp add: assms)
thus ?thesis by (simp add: diff-divide-distrib)
qed

corollary integrable-power: (a::real) < b = integrable lborel (Az. 7k * indicator

{a..b} z)

using has-bochner-integral-power integrable.intros by blast

lemma has-integral-set-integral-real:

fixes f::'a::euclidean-space = real and A :: 'a set

assumes f: set-integrable lborel A f

shows (f has-integral (set-lebesque-integral lborel A f)) A

using assms has-integral-integral-real[where f=Az. indicat-real A x * f x|

unfolding set-integrable-def set-lebesgue-integral-def

by simp (smt (verit, ccfv-SIG) has-integral-cong has-integral-restrict-UNIV indi-
cator-times-eq-if )

lemma set-borel-measurable-lborel:
set-borel-measurable lborel A f +— set-borel-measurable borel A f

unfolding set-borel-measurable-def by simp

lemma restrict-space-whole[simpl: restrict-space M (space M) = M
unfolding restrict-space-def by (simp add: measure-of-of-measure)
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lemma deriv-measurable-real:
fixes f :: real = real
assumes f differentiable-on S open S f € borel-measurable borel
shows set-borel-measurable borel S (deriv f)
proof —
have A\z. 2 € S = deriv fz = lim (\i. (f (z + 1 / Suci) — fz) / (1 / Suc
)
proof —
fix z assume z-S: z € S
hence f field-differentiable (at x within S)
using differentiable-on-eq-field-differentiable-real assms by simp
hence (f has-field-derivative deriv f ) (at x)
using assms DERIV-deriv-iff-field-differentiable x-S at-within-open by force
hence (Ah. (f (z+h) — fz) / h) —0— deriv f z using DERIV-def by auto
hence Vd. (Vi. di € UNIV—{0:real}) — d —— 0 —
((Ah. (f (z+h) — fz) / h) o d) — deriv fz
using tendsto-at-iff-sequentially by blast
moreover have Vi. I / Suc i € UNIV — {0::real} by simp
moreover have (A\i. 1 / Suc i) —— 0 using LIMSEQ-Suc lim-const-over-n
by blast
ultimately have (Ah. (f (x + h) — fz) / h) o (Ai. 1 ]/ Suc i)) —— deriv
f z by auto
thus deriv fo = lim (Ai. (f (x + 1/ Suci) — fz) / (1 / Suci))
unfolding comp-def by (simp add: limI)
qged
moreover have (Az. indicator S = = lim (\i. (f (x + 1 / Suci) — fz) /(1 /
Suc 1)))
€ borel-measurable borel
using assms by (measurable, simp, measurable)
ultimately show “thesis
unfolding set-borel-measurable-def measurable-cong
by simp (smt (verit) indicator-simps(2) measurable-cong mult-eq-0-iff)
qed

lemma piecewise-differentiable-on-deriv-measurable-real:
fixes f :: real = real
assumes f piecewise-differentiable-on S open S f € borel-measurable borel
shows set-borel-measurable borel S (deriv f)
proof —
from assms obtain T where fin: finite T and
diff: Nz. z € S — T = f differentiable at x within S
unfolding piecewise-differentiable-on-def by blast
with assms have open (S — T) using finite-imp-closed by blast
moreover hence f differentiable-on (S — T)
unfolding differentiable-on-def using assms by (metis Diff-iff at-within-open
diff)
ultimately have set-borel-measurable borel (S — T) (deriv f)
by (intro deriv-measurable-real; simp add: assms)
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thus ?thesis
unfolding set-borel-measurable-def apply simp
apply (rule measurable-discrete-difference
[where X=T and f=M\z. indicat-real (S — T) x * deriv f x|, simp-all)
using fin uncountable-infinite apply blast
by (simp add: indicator-diff)
qed

lemma borel-measurable-antimono:

fixes f :: real = real

shows antimono f = f € borel-measurable borel

using borel-measurable-mono by (smt (verit, del-insts) borel-measurable-uminus-eq
monotone-on-def)

lemma set-borel-measurable-restrict-space-iff:
fixes f :: 'a = 'b:real-normed-vector
assumes {[measurable, simp]: Q N space M € sets M
shows f € borel-measurable (restrict-space M Q) <— set-borel-measurable M

f

using assms borel-measurable-restrict-space-iff set-borel-measurable-def by blast

lemma set-integrable-restrict-space-iff:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes A € sets M
shows set-integrable M A f <— integrable (restrict-space M A) f
unfolding set-integrable-def using assms
by (rewrite integrable-restrict-space; simp)

lemma set-lebesgue-integral-restrict-space:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes A € sets M
shows set-lebesque-integral M A f = integral” (restrict-space M A) f
unfolding set-lebesgue-integral-def using assms integral-restrict-space
by (metis (mono-tags) sets.Int-space-eq2)

lemma distr-borel-lborel: distr M borel f = distr M lborel f
by (metis distr-cong sets-lborel)

lemma AFE-translation:
assumes AFE z in lborel. P z shows AFE z in lborel. P (a+x)
proof —
from assms obtain N where P: Az. z € space lborel — N = P z and null:
N € null-sets lborel
using AFE-E3 by blast
hence {y. at+y € N} € null-sets lborel
using null-sets-translation[of N —a, simplified] by (simp add: add.commute)
moreover have A\y. y € space lborel — {y. a+y € N} = P (a+y) using P
by force
ultimately show AE y in lborel. P (a+y)
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by (smt (verit, del-insts) Diff-iff eventually-ae-filter mem-Collect-eq subsetl)
qed

lemma set-AE-translation:
assumes AE z€S in lborel. P x shows AFE z € plus (—a) © S in lborel. P (a+zx)
proof —
have AFE z in lborel. a+z € S — P (a+z) using assms by (rule AE-translation)
moreover have A\z. a+z € S +— = € plus (—a) ‘S by force
ultimately show ?thesis by simp
qed

lemma AE-scale-measure-iff:
assumes r > (
shows (AFE z in (scale-measure r M). P x) +— (AE z in M. P x)
unfolding ae-filter-def null-sets-def
apply (rewrite space-scale-measure, simp)
using assms by (smt (verit) Collect-cong not-gr-zero)

lemma nn-set-integral-cong2:
assumes AEzcAin M. fr =gz
shows ([ Tz€A. fz OM) = ([ Tz€A. gz OM)
proof —
{ fix z
assume z € space M
have (1 € A — fz = gx) — fz * indicator A x = g x % indicator A z by
force }
hence AEzin M. (x € A — fz =gx) — [z x indicator A z = g z *
indicator A x
by (rule AE-12)
hence AF xin M. fz * indicator A © = g x * indicator A z using assms AE-mp
by auto
thus ?thesis by (rule nn-integral-cong-AE)
qed

lemma set-lebesque-integral-cong-AE2:
assumes [measurable]: A € sets M set-borel-measurable M A f set-borel-measurable
MAg
assumes AExz € AinM. fr=gx
shows (LINT z:A|M. fz) = (LINT x:A|M. g x)
proof —
let ?fA = Az. indicator A x xg fr and ?gA = Ax. indicator A © *g g«
have ?fA € borel-measurable M ?gA € borel-measurable M
using assms unfolding set-borel-measurable-def by simp-all
moreover have AE x € A in M. ?fA x = ?gA = using assms by simp
ultimately have (LINT z:A|M. ?fA z) = (LINT z:A|M. ?gA x)
by (intro set-lebesgue-integral-cong-AE; simp)
moreover have (LINT z:A|M. f ) = (LINT z:A|M. ?2fA z) (LINT ©:A|M. ¢
z) = (LINT z:A|M. ?¢A x)
unfolding set-lebesgue-integral-def
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by (metis indicator-scaleR-eq-if )+
ultimately show ?thesis by simp
qed

proposition set-nn-integral-eq-set-integral:
assumes AF z€A in M. 0 < fz set-integrable M A f
shows ([ tz€A. fz OM) = ([ z€A. fz OM)
proof —
have ([ tz€A. fz OM) = [Tz ennreal (f z * indicator A ) OM
using nn-integral-set-ennreal by blast
also have ... = [z. fz x indicator A x OM
using assms unfolding set-integrable-def
by (rewrite nn-integral-eg-integral; force simp add: mult.commute)
also have ... = ([ z€A. fz OM) unfolding set-lebesque-integral-def by (simp
add: mult.commute)
finally show ?thesis .
qed

proposition nn-integral-disjoint-family-on-finite:
assumes [measurable]: f € borel-measurable M A(n::nat). n € S = B n € sets
M
and disjoint-family-on B S finite S
shows ([*z € (UneS. Bn). fz M) = (3 neS. ([ Tz € Bn. fz OM))
proof —
let ?A = An:nat. if n € S then B n else {}
have An:nat. A n € sets M by simp
moreover have disjoint-family 7A
unfolding disjoint-family-on-def
proof —
{ fix m n :: nat

assume m # n
hence (if m € S then B m else {}) N (if n € S then B n else {}) = {}
apply simp
using assms unfolding disjoint-family-on-def by blast }
thus Vm:nate UNIV. ¥V n::nate UNIV. m # n —
(if m € S then B m else {}) N (if n € S then B n else {}) = {}
by blast
qed
ultimately have set-nn-integral M (|J (range ?4)) f = (O_ n. set-nn-integral M
(74 n) f)
by (rewrite nn-integral-disjoint-family; simp)
moreover have set-nn-integral M (|J (range ?4)) f = ([ Tz € (UneS. B n).
fz oM)
proof —
have |J (range ?A) = (UneS. B n) by simp
thus ?thesis by simp
qed
moreover have (> n. set-nn-integral M (?A n) f) = (D n€S. set-nn-integral
M (B n) f)
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by (rewrite suminf-finite[of S]; simp add: assms)
ultimately show ?thesis by simp
qed

lemma nn-integral-distr-set:
assumes T € measurable M M’ and [ € borel-measurable (distr M M' T)
and A € sets M'and Az. z € space M = Tz e A
shows integral™ (distr M M' T) f = set-nn-integral (distr M M’ T) A f
proof —
have integral™ (distr M M' T) f = ([ Tz€(space M'). fx O(distr M M' T))
by (rewrite nn-set-integral-space] THEN sym], simp)
also have ... = ([ Tz€A. fz d(distr M M' T))
proof —
have [simp]: sym-diff (space M') A = space M’ — A
using assms by (metis Diff-mono sets.sets-into-space sup.orderE)
show ?thesis
apply (rule nn-integral-null-delta; simp add: assms)
unfolding null-sets-def using assms
apply (simp, rewrite emeasure-distr; simp)
unfolding vimage-def using emeasure-empty
by (metis (no-types, lifting) Diff-disjoint disjoint-iff-not-equal mem-Collect-eq)
qed
finally show ?thesis .
qed

lemma measure-eql-Ioc:
fixes M N :: real measure
assumes sets: sets M = sets borel sets N = borel
assumes fin: Aa b. a < b = emeasure M {a<..b} < o
assumes eq: Na b. a < b = emeasure M {a<..b} = emeasure N {a<..b}
shows M = N
proof (rule measure-eql-generator-eq-countable)
let ?Ioc = A(a:real,b::real). {a<..b} let ?E = range ?Ioc
show Int-stable ?F using Int-stable-def Int-greaterThanAtMost by force
show ?FE C Pow UNIV sets M = sigma-sets UNIV ?E sets N = sigma-sets UNIV
?F
unfolding sets by (auto simp add: borel-sigma-sets-Ioc)
show AI. I € ?E = emeasure M I = emeasure N I
proof —
fix I assume [ € ?F
then obtain ¢ b where I = {a<..b} by auto
thus emeasure M I = emeasure N I by (smt (verit, best) eq greaterThanAt-
Most-empty)
qed
show ?Joc ‘ (Rats x Rats) C ?E (|Ji€(Ratsx Rats). ?Ioc i) = UNIV
using Rats-no-bot-less Rats-no-top-le by auto
show countable (?Ioc ‘ (Rats X Rats)) using countable-rat by blast
show AI. I € ?loc ‘ (Rats x Rats) = emeasure M I # oo
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proof —
fix I assume I € ?loc ‘ (Rats x Rats)
then obtain o b where (a,b) € (Rats x Rats) I = {a<..b} by blast
thus emeasure M I # oo by (smt (verit, best) Ioc-inj fin order.strict-implies-not-eq)
qed
qed

lemma (in finite-measure) distributed-measure:
assumes distributed M N X f
and Az. z € space N = fz > 0
and A € sets N
shows measure M (X —“ A N space M) = ([ z. indicator A = x fz ON)
proof —
have [simp]: (Az. indicat-real A x = f x) € borel-measurable N
using assms apply (measurable; simp?)
using distributed-real-measurable assms by force
have emeasure M (X —* A N space M) = ([ Tz A. ennreal (f z) ON)
by (rule distributed-emeasure; simp add: assms)
moreover have enn2real ([ Tz€A. ennreal (f ) ON) = [ z. indicator A z * f
x ON
apply (rewrite enn2real-nn-integral-eq-integral
[where f=Axz. ennreal (indicator A © x fx), THEN sym]; (simp add: assms)?)
using distributed-emeasure assms
by (smt (verit) emeasure-finite indicator-mult-ennreal mult.commute
nn-integral-cong top.not-eq-extremum)
ultimately show ?thesis using measure-def by metis
qged

lemma set-integrable-const[simp]:
A € sets M = emeasure M A < co = set-integrable M A (X-. ¢)
using has-bochner-integral-indicator unfolding set-integrable-def by simp

lemma set-integral-const[simpl:

A € sets M = emeasure M A < co = set-lebesgue-integral M A (A-. ¢) =
measure M A *r ¢

unfolding set-lebesgue-integral-def using has-bochner-integral-indicator by force

lemma set-integral-empty-0[simp): set-lebesgue-integral M {} f = 0
unfolding set-lebesgque-integral-def by simp

lemma set-integral-nonneg[simp):
fixes f :: 'a = real and A :: 'a set
shows (Az. 1 € A = 0 < fz) = 0 < set-lebesgue-integral M A f
unfolding set-lebesgue-integral-def by (simp add: indicator-times-eq-if (1))

lemma
fixes f :: 'a = 'b::{banach, second-countable-topology} and w :: 'a = real
assumes A € sets M set-borel-measurable M A f
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Ni. set-borel-measurable M A (s i) set-integrable M A w
assumes lim: AE z€Ain M. (M. siz) —— fzx
assumes bound: Ni:nat. AE z€A in M. norm (siz) < wz
shows set-integrable-dominated-convergence: set-integrable M A f
and set-integrable-dominated-convergence2: \i. set-integrable M A (s )
and set-integral-dominated-convergence:
(Ni. set-lebesgue-integral M A (s 1)) ——  set-lebesque-integral M A f
proof —
have (Az. indicator A z g fz) € borel-measurable M and
Ni. (Az. indicator A x xg s i ) € borel-measurable M and
integrable M (\z. indicator A © g w x)
using assms unfolding set-borel-measurable-def set-integrable-def by simp-all
moreover have AF z in M. (\i. indicator A © xp s i ) —— indicator A z
*R f x
proof —
obtain N where N-null: N € null-sets M and
si-f: Ne. z € spagce M — N =z € A — (Ni.siz) —— fx
using lim AE-E3 by (smt (verit))
hence Az. z € space M — N = (\i. indicator A © xg s i t) — indicator
Axx*xp fzx
proof —
fix x assume asm: ¢ € space M — N
thus (A\i. indicator A z xg s i ©) — indicator A © g fx
proof (cases <z € A»)
case True
with si-f asm show ?thesis by simp
next
case Fulse
thus %thesis by simp
qed
qed
thus %thesis by (smt (verit) AE-I’ Diffl N-null mem-Collect-eq subsetl)
qed
moreover have A\i. AE x in M. norm (indicator A x xr s i x) < indicator A x
*R WX
proof —
fix ¢
from bound obtain N where N-null: N € null-sets M and
Nz. z € space M — N =z € A— norm (siz)<wz
using AE-E3 by (smt (verit))
hence Az. z € space M — N = norm (indicator A x g s i z) < indicator
Az xpwzx
by (simp add: indicator-scaleR-eq-if )
with N-null show AFE z in M. norm (indicator A © xg s i x) < indicator A x
R WX
by (smt (verit) DiffI eventually-ae-filter mem-Collect-eq subsetl)
qed
ultimately show set-integrable M A f \i. set-integrable M A (s i)
(Ni. set-lebesgue-integral M A (s i) ——  set-lebesque-integral M A f
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unfolding set-integrable-def set-lebesgue-integral-def
by (rule integrable-dominated-convergence, rule integrable-dominated-convergence2,
rule integral-dominated-convergence)

qed

lemma absolutely-integrable-on-iff-set-integrable:

fixes [ :: 'a::euclidean-space = real

assumes [ € borel-measurable lborel

and S € sets lborel

shows set-integrable lborel S f +— f absolutely-integrable-on S

unfolding set-integrable-def apply (simp, rewrite integrable-completion| THEN
sym])

apply measurable using assms by simp-all

corollary integrable-on-iff-set-integrable-nonneg:
fixes [ :: 'a::euclidean-space = real
assumes Az. 2 € S = fx > 0 f € borel-measurable lborel
and S € sets lborel
shows set-integrable lborel S f <— f integrable-on S
using absolutely-integrable-on-iff-set-integrable assms
by (metis absolutely-integrable-on-iff-nonneg)

lemma integrable-on-iff-set-integrable-nonneg-AE:
fixes [ :: 'a::euclidean-space = real
assumes AFE z€S in lborel. fx > 0 f € borel-measurable lborel
and S € sets lborel
shows set-integrable lborel S f <+— f integrable-on S
proof —
from assms obtain N where nonneg: \z. t € S — N = fz > 0 and null:
N € null-sets lborel
by (smt (verit, ccfv-threshold) AE-ES Diff-iff UNIV-I space-borel space-lborel)
let ?g = Az. if £ € N then 0 else fx
have [simp]: negligible N using null negligible-iff-null-sets null-sets-completionl
by blast
have N € sets lborel using null by auto
hence [simp]: ?g € borel-measurable borel using assms by force
have set-integrable lborel S f +— set-integrable lborel S ?g
proof —
have AFE z€S in lborel. f x = %9 x by (rule AE-I'[of N|, simp-all add: null,
blast)
thus ?thesis using assms by (intro set-integrable-cong-AE[of f - ?g S]; simp)
qed

also have ... «— g integrable-on S
using assms by (intro integrable-on-iff-set-integrable-nonneg; simp add: nonneg)
also have ... «— fintegrable-on S by (rule integrable-spike-conglof NJ; simp)
finally show ?thesis .

qed

lemma set-borel-integral-eg-integral-nonneg:
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fixes [ :: 'a::euclidean-space = real
assumes A\z. 2 € S = fz > 0 f € borel-measurable borel S € sets borel
shows (LINT z : S | lborel. f x) = integral S f
— Note that 0 = 0 holds when the integral diverges.
proof (cases <set-integrable lborel S f»)
case True
thus ?thesis using set-borel-integral-eq-integral by force
next
case Fulse
hence (LINT z : S | lborel. fz) = 0
unfolding set-lebesgue-integral-def set-integrable-def
by (rewrite not-integrable-integral-eq; simp)
moreover have integral S f = 0
apply (rule not-integrable-integral)
using False assms by (rewrite in asm integrable-on-iff-set-integrable-nonneg;
sitmp)
ultimately show ¢thesis ..
qed

lemma set-borel-integral-eq-integral-nonneg-AE:
fixes [ :: 'a::euclidean-space = real
assumes AF z€S in lborel. fx > 0 f € borel-measurable borel S € sets borel
shows (LINT z : S | lborel. f x) = integral S f
— Note that 0 = 0 holds when the integral diverges.
proof (cases «set-integrable lborel S f»)
case True
thus ?thesis using set-borel-integral-eq-integral by force
next
case Fulse
hence (LINT z : S | lborel. fz) = 0
unfolding set-lebesgue-integral-def set-integrable-def
by (rewrite not-integrable-integral-eq; simp)
moreover have integral S f = 0
apply (rule not-integrable-integral)
using False assms by (rewrite in asm integrable-on-iff-set-integrable-nonneg-AE,
sitmp)
ultimately show ?thesis ..
qged

2.1 Set Lebesgue Integrability on Affine Transformation

lemma set-integrable-Icc-affine-pos-iff:
fixes f :: real = 'a::{banach, second-countable-topology} and a b c t :: real
assumes c > (
shows set-integrable lborel {(a—t)/c..(b—t)/c} (Az. f (t + cxz))
«— set-integrable lborel {a..b} f
unfolding set-integrable-def using assms
apply (rewrite indicator-Icc-affine-pos-inverse, simp)
by (rule lborel-integrable-real-affine-iff) simp
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corollary set-integrable-Icc-shift:
fixes f :: real = 'a::{banach, second-countable-topology} and a b t :: real
shows set-integrable lborel {a—t..b—t} (Az. f (t+z)) +— set-integrable lborel

{a..b} f
using set-integrable-Icc-affine-pos-iff [where c=1] by simp

lemma set-integrable-Ici-affine-pos-iff:
fixes f :: real = 'a::{banach, second-countable-topology} and a c t :: real
assumes c > 0
shows set-integrable lborel {(a—t)/c..} (Az. f (t + cxx))
+— set-integrable lborel {a..} f
unfolding set-integrable-def using assms
apply (rewrite indicator-Ici-affine-pos-inverse, simp)
by (rule lborel-integrable-real-affine-iff) simp

corollary set-integrable-Ici-shift:
fixes [ :: real = 'a::{banach, second-countable-topology} and a t :: real
shows set-integrable lborel {a—t..} (Az. f (t+x)) <— set-integrable lborel {a..} f
using set-integrable-Ici-affine-pos-iff[where c=1] by simp

lemma set-integrable-Ilic-affine-pos-iff:
fixes [ :: real = 'a::{banach, second-countable-topology} and b ¢ t :: real
assumes ¢ > 0
shows set-integrable lborel {..(b—t)/c} (Az. f (t + cxx))
+— set-integrable lborel {..b} f
unfolding set-integrable-def using assms
apply (rewrite indicator-TIic-affine-pos-inverse, simp)
by (rule lborel-integrable-real-affine-iff) simp

corollary set-integrable-Iic-shift:
fixes f :: real = 'a::{banach, second-countable-topology} and b t :: real
shows set-integrable lborel {..b—t} (Az. f (t+x)) <— set-integrable lborel {..b} f
using set-integrable-Iic-affine-pos-iff [where c=1] by simp

lemma set-integrable-Icc-affine-neg-iff:
fixes f :: real = ‘a::{banach, second-countable-topology} and a b ¢ t :: real
assumes ¢ < 0
shows set-integrable lborel {(b—t)/c..(a—t)/c} (Az. f (t + cxx))
+— set-integrable lborel {a..b} f
unfolding set-integrable-def using assms
apply (rewrite indicator-Icc-affine-neg-inverse, simp)
by (rule lborel-integrable-real-affine-iff) simp

corollary set-integrable-Icc-reverse:
fixes f :: real = 'a::{banach, second-countable-topology} and a b t :: real
shows set-integrable lborel {t—b..t—a} (Az. f (t—z)) +— set-integrable lborel

{a..b} f
using set-integrable-Icc-affine-neg-iff [where ¢c=—1] by simp
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lemma set-integrable-Ici-affine-neg-iff:
fixes f :: real = 'a::{banach, second-countable-topology} and b ¢ t :: real
assumes c < 0
shows set-integrable lborel {(b—t)/c..} (Az. f (t + cxx))
+— set-integrable lborel {..b} f
unfolding set-integrable-def using assms
apply (rewrite indicator-Ici-affine-neg-inverse, simp)
by (rule lborel-integrable-real-affine-iff) simp

corollary set-integrable-Ici-reverse:
fixes f :: real = 'a::{banach, second-countable-topology} and b t :: real
shows set-integrable lborel {t—b..} (Az. f (t—x)) «— set-integrable lborel {..b} f
using set-integrable-Ici-affine-neg-iff [ where ¢c=—1] by simp

lemma set-integrable-Ilic-affine-neg-iff:
fixes [ :: real = 'a::{banach, second-countable-topology} and a ¢ t :: real
assumes ¢ <
shows set-integrable lborel {..(a—t)/c} (Az. f (t + cxxz))
+— set-integrable lborel {a..} f
unfolding set-integrable-def using assms
apply (rewrite indicator-Iic-affine-neg-inverse, simp)
by (rule lborel-integrable-real-affine-iff) simp

corollary set-integrable-lic-reverse:
fixes f :: real = ‘a::{banach, second-countable-topology} and a t :: real
shows set-integrable lborel {..t—a} (Az. f (t—x)) +— set-integrable lborel {a..} f
using set-integrable-Tic-affine-neg-iff [where c=—1] by simp

2.2 Set Lebesgue Integral on Affine Transformation

lemma lborel-set-integral-Icc-affine-pos:

fixes f :: real = 'a :: {banach, second-countable-topology} and a b ¢ :: real

assumes c > 0

shows ([ ze{a..b}. fz dlborel) = ¢ xg ([ ze{(a—t)/c..(b—t)/c}. [ (t + cxx)
dlborel)

unfolding set-lebesgue-integral-def using assms

apply (rewrite indicator-Icc-affine-pos-inverse, simp)

using lborel-integral-real-affine[where c=c| by force

corollary lborel-set-integral-Icc-shift:
fixes [ :: real = 'a :: {banach, second-countable-topology} and a b :: real
shows ([ z€{a..b}. fz dlborel) = ([ z€{a—t..b—t}. f (t+z) Olborel)
using lborel-set-integral-Icc-affine-pos[where c=1] by simp

lemma lborel-set-integral-Ici-affine-pos:
fixes f :: real = 'a :: {banach, second-countable-topology} and a c¢ :: real
assumes ¢ > (
shows ([ z€{a..}. fz dlborel) = ¢ xg ([ z€{(a—t)/c..}. f (t + cxx) Olborel)
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unfolding set-lebesgue-integral-def using assms
apply (rewrite indicator-Ici-affine-pos-inverse, simp)
using lborel-integral-real-affine[where c=c| by force

corollary [borel-set-integral-Ici-shift:
fixes [ :: real = 'a :: {banach, second-countable-topology} and a::real
shows ([ z€{a..}. fz dlborel) = ([ ze{a—t..}. f (t+z) Olborel)
using lborel-set-integral-Ici-affine-pos[where c=1] by simp

lemma lborel-set-integral-Iic-affine-pos:
fixes f :: real = ’a :: {banach, second-countable-topology} and b ¢ :: real
assumes ¢ > 0
shows ([ z€{..b}. fz Olborel) = ¢ *p ([ ze{..(b—t)/c}. f (t + cxx) Olborel)
unfolding set-lebesgue-integral-def using assms
apply (rewrite indicator-Iic-affine-pos-inverse, simp)
using lborel-integral-real-affine[where c=c] by force

corollary lborel-set-integral-Tic-shift:
fixes f :: real = ’'a :: {banach, second-countable-topology} and b::real
shows ([ z€{..b}. fz Olborel) = ([ ze{..b—t}. f (t+z) Dlborel)
using lborel-set-integral-Tic-affine-pos[where c=1] by simp

lemma lborel-set-integral-Icc-affine-neg:
fixes f :: real = ’'a :: {banach, second-countable-topology} and a b ¢ :: real
assumes c <

shows ([ z€{a..b}. fz dlborel) = —c xp ([ z€{(b—t)/c..(a—t)/c}. f (t + cxx)

Olborel)
unfolding set-lebesgue-integral-def using assms
apply (rewrite indicator-Icc-affine-neg-inverse, simp)
using lborel-integral-real-affine[where c=c| by force

corollary lborel-set-integral-Icc-reverse:
fixes [ :: real = 'a :: {banach, second-countable-topology} and a b :: real
shows ([ z€{a..b}. fz Olborel) = ([ ze{t—b..t—a}. f (t—z) Dlborel)
using lborel-set-integral-Icc-affine-neglwhere c=—1] by simp

lemma lborel-set-integral-Ici-affine-neg:
fixes f :: real = 'a :: {banach, second-countable-topology} and b ¢ :: real
assumes ¢ <
shows ([ z€{..b}. fz Olborel) = —c *g ([ ze{(b—t)/c..}. f (t + cxz) Olborel)
unfolding set-lebesgue-integral-def using assms
apply (rewrite indicator-Ici-affine-neg-inverse, simp)
using lborel-integral-real-affine[where c=c] by force

corollary lborel-set-integral-Ici-reverse:
fixes f :: real = ’a :: {banach, second-countable-topology} and b::real
shows ([ z€{..b}. fz dlborel) = ([ ze{t—b..}. f (t—z) Dlborel)
using lborel-set-integral-Ici-affine-neg[where c=—1] by simp

34



lemma lborel-set-integral-Tic-affine-neg:
fixes [ :: real = 'a :: {banach, second-countable-topology} and a ¢ :: real
assumes c <
shows ([ z€{a..}. fz dlborel) = —c xg ([ z€{..(a—t)/c}. f (t + cxx) Dlborel)
unfolding set-lebesgue-integral-def using assms
apply (rewrite indicator-Tic-affine-neg-inverse, simp)
using lborel-integral-real-affine[where c=c| by force

corollary lborel-set-integral-Tic-reverse:
fixes f :: real = ’a :: {banach, second-countable-topology} and a::real
shows ([ z€{a..}. fz dlborel) = ([ ze{..t—a}. f (t—z) dlborel)

using lborel-set-integral-Tic-affine-neg[where c=—1] by simp

lemma set-integrable-Ici-equiv-aux:
fixes f :: real = ‘a::{banach, second-countable-topology} and a b :: real
assumes Ac d. set-integrable lborel {c..d} fa < b
shows set-integrable lborel {a..} f +— set-integrable lborel {b..} f
proof
assume set-integrable lborel {a..} f
thus set-integrable lborel {b..} f by (rule set-integrable-subset; simp add: assms)
next
assume set-integrable lborel {b..} f
moreover have set-integrable lborel {a..b} f using assms by blast
moreover have {a..} = {a..b} U {b..} using assms by auto
ultimately show set-integrable lborel {a..} f using set-integrable-Un by force
qged

corollary set-integrable-Ici-equiv:
fixes f :: real = 'a::{banach, second-countable-topology} and a b :: real
assumes /c d. set-integrable lborel {c..d} f
shows set-integrable lborel {a..} f +— set-integrable lborel {b..} f
using set-integrable-Ici-equiv-aur assms by (smt (verit))

lemma set-integrable-Iic-equiv:
fixes f :: real = real and a b :: real
assumes /c d. set-integrable lborel {c..d} f
shows set-integrable lborel {..a} f «— set-integrable lborel {..b} f (is ?LHS «—
?RHS)
proof —
have ?LHS <— set-integrable lborel {—a..} (Az. f (—x))
using set-integrable-Ici-reverse[where t=0] by force
also have ... +— set-integrable lborel {—b..} (Az. f (—1x))
proof —
have Ac d. set-integrable lborel {c..d} (M\z. f (—z))
apply (rewrite at {xX..-} minus-minus|THEN sym))
apply (rewrite at {-..x} minus-minus|THEN sym])
using assms set-integrable-Icc-reverselwhere t=0] by force
thus ?thesis by (rule set-integrable-Ici-equiv)
qed
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also have ... «+— ?RHS using set-integrable-Ici-reverse[where t=0] by force
finally show ?thesis .
qed

2.3 Alternative Integral Test

lemma nn-integral-suminf-Ico-real-nat:
fixes a::real and f :: real = ennreal
assumes f € borel-measurable lborel
shows ([ tze{a..}. fz dlborel) = (3 k. [Tze{atk..<at+k+1}. fz Dlborel)
apply (rewrite Ico-real-nat-union| THEN sym])
using Ico-real-nat-disjoint assms by (intro nn-integral-disjoint-family; simp)

lemma set-integrable-iff-bounded:
fixes [ :: 'a = 'b::{banach, second-countable-topology}
assumes A € sets M
shows set-integrable M A f «— set-borel-measurable M A f A ([ Tz€A. norm
(fz) OM) < o
unfolding set-integrable-def set-borel-measurable-def using integrable-iff-bounded
by (smt (verit, ccfu-threshold) indicator-mult-ennreal indicator-pos-le
mult.commute nn-integral-cong norm-scaleR)

theorem set-integrable-iff-summable:
fixes a::real and f :: real = real
assumes antimono-on {a..} f N\z. a <z = fz > 0 f € borel-measurable lborel
shows set-integrable lborel {a..} f +— summable (\k. [ (a+k))
proof
assume asm: set-integrable lborel {a..} f
have [measurable]: (Az. ennreal (f z)) € borel-measurable lborel using assms by
simp
have Vk>0. norm (f (a+(k+1::nat))) < ([ z€{a+k..<a+k+1}. fx Dlborel)
proof —
{ fix k:nat
have norm (f (a+(k+1::nat))) = f (a+k+1)
using assms by (smt (verit) of-nat-0-le-iff of-nat-1 of-nat-add real-norm-def)
also have ... = ([z€{a+k..<a+k+1}. f (at+k+1) Olborel)
unfolding set-lebesque-integral-def by simp
also have ... < ([z€{a+k..<a+k+1}. fz Olborel)
apply (rule set-integral-mono, simp)
apply (rule set-integrable-restrict-space|of lborel {a..}], simp add: asm)
apply (rewrite sets-restrict-space, force)
using assms unfolding mono-on-def monotone-on-def by simp
finally have norm (f (a+(k+1:nat))) < ([ z€{a+k..<a+k+1}. fz dlborel)
-}
thus ?thesis by simp
qed
moreover have summable (M. [ z€{a+k..<a+k+1}. fz Olborel)
proof —
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have ([ Tz€{a..}. ennreal (f z) dlborel) # oo
using asm unfolding set-integrable-def apply simp
by (smt (verit) indicator-mult-ennreal infinity-ennreal-def mult.commute
nn-integral-cong real-integrable-def)
thus ?thesis
apply (rewrite in asm nn-integral-suminf-Ico-real-nat, simp)
apply (rule summable-suminf-not-top)
using assms apply (intro set-integral-nonneg, force)
apply (rewrite set-nn-integral-eq-set-integral| THEN syml], simp add: assms)
by (rule set-integrable-subset|of lborel {a..}], simp-all add: asm) force
qed
ultimately have summable (Ak. f (a+(k+1::nat)))
using summable-comparison-test by (smt (verit, del-insts))
thus summable (Ak. f (a+k)) using summable-iff-shift by blast
next
assume asm: summable (\k. [ (a+k))
hence ([ tze{a..}. ennreal |f x| Dlborel) < oo
proof —
have ([ Tz€{a..}. ennreal |f z| dlborel) = ([ Tz€{a..}. ennreal (f z) dlborel)
using assms by (metis abs-of-nonneg atLeast-iff indicator-simps(2) mult-eq-0-iff )
also have ... = (3" k. [Tze{a+k..<a+k+1}. ennreal (f z) dlborel)
using assms by (rewrite nn-integral-suming-Ico-real-nat; simp)
also have ... < (3 k. [tze{a+tk..<a+k+1}. ennreal (f (a+k)) Olborel)
proof —
have A(k:nat) z. ze{at+k.<a+k+1} = fz < f (a+k)
using assms unfolding monotone-on-def by auto
thus ?thesis
apply (intro suminf-le, simp-all)
by (rule nn-integral-mono)
(metis (no-types, opaque-lifting) atLeastLessThan-iff dual-order.refl en-
nreal-lel
indicator-simps(2) mult-eq-0-iff mult-mono zero-le)
qed
also have ... = (3" k. ennreal (f (a+k)))
apply (rule suminf-cong)
by (rewrite nn-integral-cmult-indicator; simp)
also have ... <
unfolding infinity-ennreal-def apply (rewrite less-top| THEN sym])
using asm assms by (smt (verit) of-nat-0-le-iff suminf-cong suminf-ennreal2
top-neg-ennreal)
finally show ?thesis .
qed
moreover have set-borel-measurable lborel {a..} f
using assms unfolding set-borel-measurable-def by simp
ultimately show set-integrable lborel {a..} f by (rewrite set-integrable-iff-bounded)
auto
qed
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2.4 Interchange of Differentiation and Lebesgue Integration

definition measurable-extension :: ‘a measure = 'b measure = (‘a = 'b) = 'a =
‘b where

measurable-extension M N f =

(SOME g. g € M —p N A (3S€(null-sets M). {x € space M. fz # ga} C

S))

— The term measurable-extension is proposed by Reynald Affeldt.

— This function is used to make an almost-everywhere-defined function measur-
able.

lemma
fixes f g
assumes g € M —p N S € null-sets M {z € space M. fz # ga} C S
shows measurable-extensionl: AE x in M. f © = measurable-extension M N f z
and
measurable-extensionI2: AE z in M. g x = measurable-extension M N f x and
measurable-extension-measurable: measurable-extension M N f € measurable M
N
proof —
let /G = XAg. g € M —p N and 25 = Ag. 3Senull-sets M. {x € space M. fx
#gz} €S
show AE z in M. f © = measurable-extension M N [ x
unfolding measurable-extension-def
apply (rule somel2[of Ag. ?G g A 25 g g])
using assms apply blast
using AE-I' by auto
moreover have AEzin M. gz = fzx
using assms by (smt (verit, best) AE-I" Collect-cong)
ultimately show AF z in M. g x = measurable-extension M N f x by force
show measurable-extension M N f € measurable M N
unfolding measurable-extension-def
apply (rule conjE[of ?G g 25 g])
using assms apply auto[!]
using somel-ez[of Ag. ?G g N 25 g] by auto
qed

corollary measurable-measurable-extension-AE:
fixes f
assumes f € M —p N
shows AE z in M. f © = measurable-extension M N f x
by (rule measurable-extensionl [where g=f and S={}]; simp add: assms)

definition borel-measurable-extension ::
'a measure = (‘a = 'b::topological-space) = 'a = 'b where
borel-measurable-extension M f = measurable-extension M borel f

lemma

fixes f g
assumes g € borel-measurable M S € null-sets M {x € space M. fz # gz} C S
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shows borel-measurable-extensionl: AE x in M. f x = borel-measurable-extension

M fz and
borel-measurable-extensionl2: AE x in M. g x = borel-measurable-extension M

fz and

borel-measurable-extension-measurable: borel-measurable-extension M f € borel-measurable
M

unfolding borel-measurable-extension-def using assms

apply —

using measurable-extensionl apply blast

using measurable-extensionI?2 apply blast

using measurable-extension-measurable by blast

corollary borel-measurable-measurable-extension-AE:

fixes f

assumes f € borel-measurable M

shows AFE x in M. f x = borel-measurable-extension M f x

using assms measurable-measurable-extension-AE unfolding borel-measurable-extension-def
by auto

definition set-borel-measurable-extension ::
'a measure = 'a set = ('a = 'b::topological-space) = 'a = 'b
where set-borel-measurable-extension M A f = borel-measurable-extension (restrict-space

M A) f

lemma
fixes f g :: 'a = 'b::real-normed-vector and A
assumes A € sets M set-borel-measurable M A g S € null-sets M {x € A. fx #
gz} C S
shows set-borel-measurable-extensionl:
AE z€A in M. f x = set-borel-measurable-extension M A f x and
set-borel-measurable-extensionl?:
AFE z€A in M. g x = set-borel-measurable-extension M A f x and
set-borel-measurable-extension-measurable:
set-borel-measurable M A (set-borel-measurable-extension M A f)
proof —
have g € borel-measurable (restrict-space M A)
using assms by (rewrite set-borel-measurable-restrict-space-iff; simp)
moreover have S N A € null-sets (restrict-space M A)
using assms null-sets-restrict-space by (metis Int-lower2 null-set-Int2)
moreover have {z € space (restrict-space M A). fz # gz} C SN A
using assms by (rewrite space-restrict-space2; simp)
ultimately show AFE z€A in M. f x = set-borel-measurable-extension M A f x
and
AE z€A in M. g x = set-borel-measurable-extension M A f x and
set-borel-measurable M A (set-borel-measurable-extension M A f)
unfolding set-borel-measurable-extension-def using assms
apply —
apply (rewrite AE-restrict-space-iff[THEN sym], simp)
apply (rule borel-measurable-extensionlI[of g - S N A]; simp)
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apply (rewrite AE-restrict-space-iff [ THEN sym)], simp)

apply (rule borel-measurable-extensionI2[of g - S N A]; simp)

apply (rewrite set-borel-measurable-restrict-space-iff[THEN sym], simp)

by (rule borel-measurable-extension-measurable[of g - S N A]; simp)
qed

corollary set-borel-measurable-measurable-extension-AE:
fixes f::'a = 'b::real-normed-vector and A
assumes set-borel-measurable M A f A € sets M
shows AFE z€A in M. f x = set-borel-measurable-extension M A fx
using set-borel-measurable-restrict-space-iff

borel-measurable-measurable-extension-AFE A E-restrict-space-iff

unfolding set-borel-measurable-extension-def
by (smt (verit) AE-cong sets.Int-space-eq2 assms)

proposition interchange-deriv-LINT-general:
fixes a b :: real and f :: real = 'a = real and g :: 'a = real
assumes f-integ: \r. re{a<..<b} = integrable M (f r) and
f~diff: AE zin M. (Ar. fr z) differentiable-on {a<..<b} and
Df-bound: AE x in M.V re{a<..<b}. |deriv (Ar. fr ) r| < g z integrable M g
shows Ar. re{a<..<b} = ((Ar. [=. fr 2z OM) has-real-derivative
[ x. borel-measurable-extension M (Az. deriv (Ar. frz) r) z M) (at 1)
proof —

Preparation

have f-msr: \r. re{a<..<b} = fr € borel-measurable M using f-integ by
auto
from f-diff obtain NI where Ni-null: NI € null-sets M and
Nz. © € space M — N1 = (Xs. f s z) differentiable-on {a<..<b}
by (smt (verit) AE-E3)
hence f-diffN1: Az. z € space M — N1 = (Xs. f s z) differentiable-on {a<..<b}
by (meson Diff-iff sets.sets-into-space subset-eq)
from Df-bound obtain N2 where N2-null: N2 € null-sets M and
Nz. z € space M — N2 = Vre{a<..<b}. |deriv (As. fsz) r|< gz
by (smt (verit) AE-E3)
hence Df-boundN2:A\z. © € space M — N2 = Vre{a<..<b}. |deriv (As. f s z)
rf<gz
by (meson Diff-iff sets.sets-into-space subset-eq)
define N where N = NI U N2
let ?CN = space M — N
have N-null: N € null-sets M and N-msr: N € sets M
unfolding N-def using N1-null N2-null by auto
have f-diffCN: \z. 2€?CN = (Xs. f s ) differentiable-on {a<..<b}
unfolding N-def using f-diff N1 by simp
define Df :: real = 'a = real where
Df r z = indicator ({a<..<b}x ?CN) (r,x) % deriv (As. fsz) r for rx
have Df-boundCN: Az. 1€ ?CN = Vre{a<..<b}. [Dfrz| < g=z
unfolding Df-def N-def using Df-boundN2 by simp

Main Part of the Proof
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fix r assume r-ab: re{a<..<b}
then obtain e where e-pos: ¢ > 0 and ball-ab: ball r e C {a<..<b}
by (meson openE open-greater ThanLessThan)
have Ad::nat=real. [Vi. d i € UNIV—{0}; d —— 0] =
(Mo ([ f (r+h) 2 OM) — [z fraz M) [ h) o d) —
[ x. borel-measurable-extension M (\y. deriv (Xs. fsy) r) z OM
proof —
fix d::nat=real assume d-neq0: Vi. d i € UNIV—{0} and d-to0: d —— 0
then obtain m where Vi>m. |d i — 0| < e using LIMSEQ-def e-pos
dist-real-def by metis
hence rd-ab: An. r + d (n+m) € {a<..<b} using dist-real-def ball-ab by (simp
add: subset-eq)
hence fd-msr: An. (Az. (f (r + d (n+m)) z — frz) / d (n+m)) € borel-measurable
M
using r-ab by (measurable; (intro f-msr)?; simp)
hence limf-msr: (Az. lim (An. (f (r + d (n+m)) z — frz) / d (n+m))) €
borel-measurable M
by measurable
moreover have limf-Df: Az. 2€?CN = (An. (f (r + d (n+m)) x — fr x)
/ d (n+m)) —— Dfrzx
proof —
fix x assume z-CN: z€ ?CN
hence (\s. f s x) field-differentiable (at r)
using f-diffCN r-ab
by (metis at-within-open differentiable-on-eq-field-differentiable-real
open-greater ThanLess Than)
hence ((Mh. (f (r+h) z — frz) / h) —— Dfrz) (at 0)
apply (rewrite in asm DERIV-deriv-iff-field-differentiablel THEN sym])
unfolding Df-def using r-ab 2-CN by (simp add: DERIV-def)
hence (\i. (f (r+di)z— frz)/di)—— Dfrz
apply (rewrite in asm tendsto-at-iff-sequentially)
apply (rule allE'[where z=d], simp)
unfolding comp-def using d-neq0 d-to0 by simp
thus (An. (f (r + d (n+m)) 2 — frz) / d (n+m)) —— Dfrz
by (rule LIMSEQ-ignore-initial-segment[where k=m])
qed
ultimately have Df-eq:
NAz. Df r z = indicator ?CN z x lim (An. (f (r + d (n4+m)) 2 — frz) / d
(n+-m))
proof —
fix x
show Df r x = indicator ?CN z  lim (An. (f (r + d (n+m)) 2 — frz) / d
(n+m))
proof (cases «x€ ?CN»)
case True
hence lim (An. (f (r + d (n+m)) 2 — frz) / d (n+m)) = Dfrz
by (intro limlI, rule limf-Df)
thus ?thesis using True by simp
next
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case Fulse
thus ?thesis unfolding Df-def by simp
qed
qed
hence Df-msr: Df r € borel-measurable M
apply (rewrite in Az. X Df-eq)
apply (measurable; (rule limf-msr)?)
using N-null unfolding null-sets-def by force
have ((A\h. ((['z. f (r4+h) 2 OM) — [z frazdM) / h)o d) ——
[z lim An. (f (r + d (n+m)) z — frz)/ d(n+m)) OM
proof —
have (An. [z. (f (r + d (n+m)) z — frz) / d (n+m) OIM) ——
[z lim (An. (f (r + d (n+m)) z — frz)/ d(ntm)) OM
proof — — by Lebesgue’s Dominated Convergence Theorem
have AEzin M. (An. (f (r + d (n+m)) 2 — frz) / d (n+m)) ——
lim (An. (f (r +d (n+m)) z — frz)/ d(n+tm))
using limf-Df Df-eq N-null by (smt (verit) Diffl AE-I" limI mem-Collect-eq
subset-eq)
moreover have An. AE z in M. norm ((f (r + d (n+m)) z — frz) / d
(n+m)) < g o
proof —
fix n
{ fix z assume z-CN: z€ ?CN
let I = {r.(r + d (n+m))} U{(r + d (n+m))..r}
have f-diffI: (\s. f s z) differentiable-on 21
apply (rule differentiable-on-subset[where t={a<..<b}|, rule f-diffCN,
rule z-CN)
using 7-ab rd-ablof n] by (rewrite Un-subset-iff, auto)
hence continuous-on ?I (As. f s x) (As. fs x) differentiable-on interior ¢1
apply —
using differentiable-imp-continuous-on apply blast
by (metis differentiable-on-subset interior-subset)
then obtain ¢ where ¢-01: te{0<..<1} and
FMVT: f (r +d (n+m)) z — fraz=d (n+m) x deriv (As. fsz) (r
Tt (d (nrm)))
by (rule MV T-order-free)
hence 0 < tt < 1 by simp-all
hence rtd-ab: r + t x (d (n+m)) € {a<..<b}
using r-ab rd-ablof n]
by simp (smt (verit, ccfu-threshold) mult-less-cancel-left mult-less-cancel-right2)
have d (n+m) x deriv (As. fs z) (r + t * (d (n+m))) =
d (n+m) x Df (r + t * (d (n+m))) =
proof —
have r + t % (d (n+m)) € {a<..<b}
using r-ab rd-ab[of n] t-01
by (smt (verit) ball-eq-greaterThanLessThan dist-real-def
greaterThanLess Than-eq-iff greaterThanLessThan-eq-ball mem-ball
mult-le-cancel-right1 mult-minus-right mult-pos-neg)
thus ?thesis unfolding Df-def using z-CN by simp
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qed
with fMVT have (f (r + d (n+m)) x — frz) / d (n+m) = Df (r +
t* (d (n+m)))
using d-neq0 by simp
moreover have |Df (r + ¢ * (d (n+m))) z| < g = using Df-boundCN
z-CN rtd-ab by simp
ultimately have |(f (r + d (n+m)) ¢ — frz) / d (n+m)| < g z by
simp }
thus AFE xz in M. norm ((f (r + d (n+m)) z — fra) / d (n+m)) < gx
unfolding real-norm-def using AE-I' N-null
by (smt (verit, ccfo-threshold) Diff-iff mem-Collect-eq subsetl)
qed
ultimately show ((An. [z. (f (r + d (n+m)) z — frz) / d (n+m) OM)
—
[z lim (An. (f (r +d (n+m)) 2 — frz)/ d(n+m)) OM)
using limf-msr fd-msr Df-bound
by (intro integral-dominated-convergence[where w=g|, simp-all)
qed
moreover have An. (([z. f (r + d (n+m)) 2 OM) — [z fraz dM) / d
(n+m) =
[z (f (r +d (n+m)) x — frz)/ d(n+m) OM
using d-neq0 apply simp
by (rewrite Bochner-Integration.integral-diff;
(rule f-integ | simp); (rule rd-ab | rule r-ab))
ultimately show ?Zthesis
unfolding comp-def using d-neq0
apply —
by (rule LIMSEQ-offset[where k=m]) simp
qed
moreover have ([ z. lim (An. (f (r + d (n+m)) z — frz) / d (n+m)) OM)

[ z. borel-measurable-extension M (Ay. deriv (Xs. fsy) r) x OM
proof —
have ([ z. lim (An. (f (r + d (n+m)) z — frz) / d (n+m)) OM) = [z. Df
rx OM

proof —
have AE z in M. lim (An. (f (r + d (n+m)) 2 — frz) / d (n+m)) = Df

proof —
{ fix z assume 2-CN: z€?CN
hence lim (An. (f (r + d (n+m)) 2 — frz) / d (n+m)) = Df r z by
(simp add: Df-eq) }
thus ?thesis using AE-1" N-null by (smt (verit, del-insts) DiffI mem-Collect-eq

subsetl)
qed
thus ?thesis using limf-msr Df-msr by (intro integral-cong-AE; simp)
qed
also have ... = [ z. borel-measurable-extension M (Ay. deriv (As. fs y) r)
x OM
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proof —
have AE z in M. Df r x = borel-measurable-extension M (\y. deriv (As. [ s
y) r) ¢ and
borel-measurable-extension M (Ay. deriv (As. f s y) r) € borel-measurable

M
proof —
have {z € space M. deriv (As. fsz) r# Dfra} C N
proof —
{ fix = assume z€ ?CN
hence deriv (As. f s ) r = Df r © unfolding Df-def using r-ab by
simp }
thus ?thesis by blast
qed
thus AE z in M. Df r ¢ = borel-measurable-extension M (\y. deriv (As. f
sy) r) zand
borel-measurable-extension M (Ay. deriv (As. fsy) r) € borel-measurable
M
using Df-msr N-null
apply —
apply (rule borel-measurable-extensionI2[where S=N]; simp)
by (rule borel-measurable-extension-measurablelwhere g=Df r]; simp)
qged
thus ?thesis using Df-msr by (intro integral-cong-AFE; simp)
qed
finally show ?Zthesis .
qged

ultimately show ((Ah. (([z. f (r+h) 2 OM) — [z. fr o OM) / h) o d)
—
[ x. borel-measurable-extension M (Ny. deriv (As. fsy) r) x OM
using tendsto-cong-limit by simp
qed
thus ((As. [z. fs  OM) has-real-derivative
J x. borel-measurable-extension M (Ay. deriv (Xs. fsy) r) z OM) (at r)
by (rewrite DERIV-def, rewrite tendsto-at-iff-sequentially) simp
qed

proposition interchange-deriv-LINT:
fixes a b :: real and f :: real = 'a = real and g :: 'a = real
assumes Ar. re{a<..<b} = integrable M (f r) and
AE zin M. (Ar. fr ) differentiable-on {a<..<b} and
NAr. refa<.<b} = (Az. (deriv (Ar. frz) r)) € borel-measurable M and
AE zin M. Vre{a<..<b}. |deriv (Ar. frx) r| < g x integrable M g
shows Ar. re{a<.<b} = ((Ar. [=. fr z OM) has-real-derivative
[ z. deriv (Ar. frz) r OM) (at r)
proof —
fix r assume r-ab: re{a<..<b}
hence Df-msr: (Az. deriv (As. f s z) r) € borel-measurable M using assms by
stmp
have ((As. [z. fs x OM) has-real-derivative
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| x. borel-measurable-extension M (Ay. deriv (Xs. fsy) r) z OM) (at r)
using assms r-ab by (intro interchange-deriv-LINT-general; simp)
moreover have ([ z. borel-measurable-extension M (\y. deriv (As. fsy) r) z
oM) =
[z deriv (Xs. fsx) rOM
apply (rule integral-cong-AFE)
apply (rule borel-measurable-extension-measurable
[where g=My. deriv (As. fs y) r and S={}|, simp-all add: Df-msr)
using borel-measurable-measurable-extension-AE Df-msr by (smt (verit) AE-cong)
ultimately show ((Ar. [z. fr z OM) has-real-derivative [ z. deriv (Ar. fr z)
r OM) (at r)
by simp
qed

proposition interchange-deriv-LINT-set-general:
fixes a b :: real and f :: real = 'a = real and g :: ‘a = real and A :: ‘a set
assumes A-msr: A € sets M and
frinteg: \r. re{a<..<b} = set-integrable M A (f r) and
f-diff: AE z€A in M. (Ar. fr x) differentiable-on {a<..<b} and
Df-bound: AE z€A in M.V re{a<..<b}. |deriv (Ar. frz) r| < gz set-integrable
MAg
shows Ar. re{a<.<b} = ((Ar. [z€A. fr x OM) has-real-derivative
([ z€A. set-borel-measurable-extension M A (Az. deriv (Ar. frz) r) z OM))
(at r)
proof —
let ?M-A = restrict-space M A
have Ar. re{a<..<b} = integrable ?M-A (f r)
using A-msr f-integ set-integrable-restrict-space-iff by auto
moreover have AFE z in ?M-A. (A\r. fr x) differentiable-on {a<..<b}
using AFE-restrict-space-iff A-msr f-diff by (metis sets.Int-space-eq2)
moreover have AE z in ?M-A. Vre{a<..<b}. |deriv (Ar. frz) r| < g z and
integrable ?M-A g
using A-msr Df-bound set-integrable-restrict-space-iff
apply —
by (simp add: AE-restrict-space-iff, auto)
ultimately have A\r. re{a<..<b} = ((\r. integral® ?M-A (fr)) has-real-derivative
integral® ?M-A (borel-measurable-extension ?M-A (\z. deriv (Ar. frz) r))) (at
r)
by (rule interchange-deriv-LINT-generallwhere M=restrict-space M A]) auto
thus Ar. re{a<..<b} = ((Ar. [z€A. fr x OM) has-real-derivative
(J z€A. set-borel-measurable-extension M A (Az. deriv (Ar. fr z) r) © OM))
(at )
unfolding set-borel-measurable-extension-def using assms
by (rewrite set-lebesque-integral-restrict-space, simp)+
qed

proposition interchange-deriv-LINT-set:

fixes a b :: real and f :: real = 'a = real and g :: ‘a = real and A :: ‘a set
assumes A € sets M and
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Nr. re{a<..<b} = set-integrable M A (f r) and
AE z€A in M. (Ar. fr z) differentiable-on {a<..<b} and
Ar. re{a<..<b} = set-borel-measurable M A (Az. (deriv (Ar. frz) r)) and
AE z€A in M. Vre{a<..<b}. |deriv (A\r. frax) r| < gz set-integrable M A g
shows Ar. re{a<.<b} = ((Ar. [z€A. fr z OM) has-real-derivative
([ z€A. deriv (Ar. fraz) r OM)) (at )
proof —
fix r assume r-ab: re{a<..<b}
hence Df-msr: set-borel-measurable M A (Az. deriv (As. f s z) r) using assms
by simp
have ((As. [z€A. f sz OM) has-real-derivative
([ z€A. set-borel-measurable-extension M A (Ay. deriv (Xs. f s y) r) z OM))
(at r)
using assms r-ab by (intro interchange-deriv-LINT-set-general; simp)
moreover have ([ z€A. set-borel-measurable-extension M A (A\y. deriv (As. f s
y) r) x OM) =
([ z€A. deriv (Xs. fsz) r OM)
apply (rule set-lebesgue-integral-cong-AE2, simp add: assms)
apply (rule set-borel-measurable-extension-measurable
[where g=M\y. deriv (As. f s y) r and S={}], simp-all add: Df-msr assms)
using set-borel-measurable-measurable-extension-AE Df-msr assms by (smt
(verit) AE-cong)
ultimately show
((Ar. [z€A. fra OM) has-real-derivative ([ z€A. deriv (Ar. frz) r OM)) (at
r)
by simp
qged

3 Additional Lemmas for the HOL— Probability Li-
brary

lemma (in finite-borel-measure)
fixes F' :: real = real
assumes nondecF : N zy. 2 < y=— Fa < Fyand
right-cont-F : Na. continuous (at-right a) F and
lim-F-at-bot : (F —— 0) at-bot and
lim-F-at-top : (F —— m) at-top and
m:0<m
shows emeasure-interval-measure-Ioi: emeasure (interval-measure F) {z<.} =
m— Fuz
and measure-interval-measure-loi: measure (interval-measure F) {x<.} = m
- Fz
proof —
interpret F-FM: finite-measure interval-measure F'
using finite-borel-measure.axioms(1) finite-borel-measure-interval-measure lim-F-at-bot
lim-F-at-top m nondecF' right-cont-F by blast
have UNIV = {..z} U {z<..} by auto
moreover have {..z} N {z<..} = {} by auto

46



ultimately have emeasure (interval-measure F) UNIV =
emeasure (interval-measure F) {..x} + emeasure (interval-measure F') {x<..}
by (simp add: plus-emeasure)
moreover have emeasure (interval-measure F) UNIV = m
using assms interval-measure-UNIV by presburger
ultimately show x: emeasure (interval-measure F) {z<..} = m — F z
using assms emeasure-interval-measure-Iic
by (metis ennreal-add-diff-cancel-left ennreal-minus measure-interval-measure-Iic
measure-nonneg top-neg-ennreal)
hence ennreal (measure (interval-measure F) {z<..}) =m — Fz
using emeasure-eq-measure by (metis emeasure-eq-ennreal-measure top-neg-ennreal)
moreover have Az. Fz < m
using lim-F-at-top nondecF by (intro mono-at-top-lejlwhere f=F]; simp add:
mono-def)
ultimately show measure (interval-measure F) {z<..} = m — F ¢
using ennreal-inj F-FM.emeasure-eq-measure by force
qed

lemma (in prob-space) cond-prob-nonneg[simp|: cond-prob M P Q > 0
by (auto simp: cond-prob-def)

lemma (in prob-space) cond-prob-whole-1: cond-prob M P P = 1 if prob {w €
space M. P w} # 0
unfolding cond-prob-def using that by simp

lemma (in prob-space) cond-prob-0-null: cond-prob M P Q = 0 if prob {w € space
M. Qw} =20
unfolding cond-prob-def using that by simp

lemma (in prob-space) cond-prob-AE-prob:
assumes {w € space M. P w} € events {w € space M. Q w} € events
and AF win M. Q w
shows cond-prob M P Q = prob {w € space M. P w}
proof —
let ?setP = {w € space M. P w}
let ?set@ = {w € space M. Q w}
have [simp]: prob ?setQ = 1 using assms prob-Collect-eq-1 by simp
hence cond-prob M P @ = prob (?setP N %setQ)
unfolding cond-prob-def by (simp add: Collect-conj-eq2)
also have ... = prob ?setP
proof (rule antisym)
show prob (?setP N %setQ) < prob ?setP
using assms finite-measure-mono inf-sup-ord(1) by blast
next
show prob ?setP < prob (?setP N %set()
proof —
have prob (?setP N %setQ) = prob ?setP + prob ?setQ) — prob (?setP U

?set@Q)

using assms by (smt (verit) finite-measure-Diff’ finite-measure-Union’
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sup-commute)
also have ... = prob ?setP + (1 — prob (?setP U ?set@Q)) by simp
also have ... > prob ?setP by simp
finally show ?thesis .
qed
qed
finally show ?thesis .
qed

3.1 More Properties of cdf’s

context finite-borel-measure
begin

lemma cdf-diff-eq2:

assumes z < ¥y

shows cdf My — cdf M © = measure M {z<..y}
proof (cases «x = y»)

case True

thus ?thesis by force
next

case Fulse

hence z < y using assms by simp

thus ?thesis by (rule cdf-diff-eq)
qed

end

context prob-space
begin

lemma cdf-distr-measurable [measurable]:
assumes [measurable]: random-variable borel X
shows cdf (distr M borel X) € borel-measurable borel
proof (rule borel-measurable-mono)
show mono (cdf (distr M borel X))
unfolding mono-def
using finite-borel-measure. cdf-nondecreasing
by (simp add: real-distribution.finite-borel-measure-M)
qed

lemma cdf-distr-P:
assumes random-variable borel X
shows cdf (distr M borel X) z = P(w in M. X w < z)
unfolding cdf-def apply (rewrite measure-distr; (simp add: assms)?)
unfolding vimage-def by (rule arg-cong[where f=prob|, force)

lemma cdf-continuous-distr-P-It:
assumes random-variable borel X isCont (cdf (distr M borel X))
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shows cdf (distr M borel X) © = P(w in M. X w < x)
proof —
have P(w in M. X w < z) = measure (distr M borel X) {..<z}
apply (rewrite measure-distr, simp-all add: assms)
unfolding vimage-def by simp (smt (verit) Collect-cong Int-def mem-Collect-eq)
also have ... = measure (distr M borel X) ({..<z} U {z})
apply (rewrite finite-measure.measure-zero-union, simp-all add: assms finite-measure-distr)
using finite-borel-measure.isCont-cdf real-distribution.finite-borel-measure-M
assms by blast

also have ... = measure (distr M borel X) {..z} by (metis ivl-disj-un-singleton(2))
also have ... = cdf (distr M borel X) z unfolding cdf-def by simp
finally show ?thesis by simp

qed

lemma cdf-distr-diff-P:
assumes 7 < y
and random-variable borel X
shows cdf (distr M borel X) y — cdf (distr M borel X) z = Plwin M.z < X w
ANXw<y)
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X
using real-distribution.finite-borel-measure-M real-distribution-distr assms by
simp
have cdf (distr M borel X) y — cdf (distr M borel X) x = measure (distr M borel
X) {z<..y}
by (rewrite distrX-FBM .cdf-diff-eq2; simp add: assms)
alsohave ... =Pwin M.z < X wA X w < y)
apply (rewrite measure-distr; (simp add: assms)?)
unfolding vimage-def by (rule arg-cong|where f=prob|, force)
finally show ?thesis .
qed

lemma cdf-distr-maz:
fixes c::real
assumes [measurable]: random-variable borel X
shows cdf (distr M borel (Ax. maz (X z) ¢)) u = cdf (distr M borel X) u *
indicator {c..} u
proof (cases <¢ < wy)
case True
thus ?thesis
unfolding cdf-def
apply (rewrite measure-distr; simp?)+
by (smt (verit) Collect-cong atMost-iff vimage-def)
next
case Fulse
thus ?thesis
unfolding cdf-def
apply (rewrite measure-distr; simp?)+
by (smt (verit, best) Int-emptyl atMost-iff measure-empty vimage-eq)
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qed

lemma cdf-distr-min:
fixes c:real
assumes [measurable]: random-variable borel X
shows cdf (distr M borel (Az. min (X z) ¢)) u =
1 — (1 — cdf (distr M borel X) u) x indicator {..<c} u
proof (cases <c < wy)
case True
thus ?thesis
unfolding cdf-def
using real-distribution.finite-borel-measure-M real-distribution-distr
apply (rewrite measure-distr; simp?)
by (smt (verit, del-insts) Int-absorbl atMost-iff prob-space subset-vimage-iff)
next
case Fulse
thus ?thesis
unfolding cdf-def
using real-distribution.finite-borel-measure-M real-distribution-distr
apply (rewrite measure-distr; simp?)+
using prob-space-azioms assms
by (smt (verit) Collect-cong Int-def atMost-iff prob-space prob-space.cdf-distr-P
vimage-eq)
qed

lemma cdf-distr-floor-P:
fixes X :: 'a = real
assumes [measurable]: random-variable borel X
shows cdf (distr M borel (Az. | X z])) u=Pzin M. Xz < |u|] + 1)
unfolding cdf-def
apply (rewrite measure-distr; simp?)
apply (rule arg-cong[where f=prob))
unfolding vimage-def using floor-le-iff le-floor-iff by blast

lemma expectation-nonneg-tail:
assumes [measurable]: random-variable borel X
and X-nonneg: A\z. z € space M — Xz > 0
defines F u = cdf (distr M borel X) u
shows ([ *z. ennreal (X z) OM) = ([ tue{0..}. ennreal (1 — F u) dlborel)
proof —
let ?distrX = distr M borel X
have ([ *z. ennreal (X z) OM) = ([ tu. ennreal u 0 ?distrX)
by (rewrite nn-integral-distr; simp)

also have ... = ([ Tue{0..}. ennreal u 0?distrX)

by (rule nn-integral-distr-set; simp add: X-nonneg)
also have ... = ([ Tue{0..}. (J Tve{0..}. indicator {..<u} v dlborel) O ?distrX)
proof —

have Au::real. ue{0..} = ennreal u = ([ Tve{0..}. indicator {..<u} v dlborel)
apply (rewrite indicator-inter-arith| THEN sym))
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apply (rewrite nn-integral-indicator, measurable, simp)
by (metis atLeastLessThan-def diff-zero emeasure-lborel-Ico inf.commute)
thus %thesis by (metis (no-types, lifting) indicator-eq-0-iff mult-eq-0-iff)
qed
also have ... = ([ Tve{0..}. ([ Tue{0..}. indicator {..<u} v d?distrX) dlborel)
proof —
have ([ tue{0..}. ([ Tve{0..}. indicator {..<u} v Olborel) & ?distrX) =
[ Tu. ([ o indicator {..<u} v * indicator {0..} v * indicator {0..} u dlborel)
0 ?distrX
by (rewrite nn-integral-multc; simp)
also have ... =
J To. ([ Tu. indicator {..<u} v * indicator {0..} v * indicator {0..} u
0%distrX) Olborel
apply (rewrite pair-sigma-finite. Fubini'; simp?)
using pair-sigma-finite.intro assms
prob-space-distr prob-space-imp-sigma-finite sigma-finite-lborel
apply blast
by measurable auto
also have ... = ([tve{0..}. ([ Tue{0..}. indicator {.<u} v O?distrX)
dlborel)
apply (rewrite nn-integral-multc] THEN sym]; measurable; simp?)
apply (rule nn-integral-cong)+
using mult.assoc mult.commute by metis
finally show ?thesis by simp
qed
also have ... = ([ Tve{0..}. ([ Tu. indicator {v<..} u d?distrX) Olborel)
apply (rule nn-integral-cong)
apply (rewrite nn-integral-multc|[ THEN sym], measurable; (simp del: nn-integral-indicator) 9)+
apply (rule nn-integral-cong)
using lessThan-iff greater Than-iff atLeast-iff indicator-simps
by (smt (verit, del-insts) mult-1 mult-eq-0-iff)
also have ... = ([ Tve{0..}. ennreal (1 — F v) Dlborel)
apply (rule nn-integral-cong, simp)
apply (rewrite emeasure-distr; simp?)
apply (rewrite vimage-compl-atMost| THEN sym))
unfolding F-def cdf-def
apply (rewrite measure-distr; simp?)
apply (rewrite prob-compl[THEN sym], simp)
by (metis (no-types, lifting) Diff-Compl Diff-Diff-Int Int-commute emeasure-eq-measure)
finally show ?thesis .
qed

lemma expectation-nonpos-tail:
assumes [measurable]: random-variable borel X
and X-nonpos: \z. © € space M — Xz < 0
defines F u = cdf (distr M borel X) u
shows ([ *z. ennreal (— X z) OM) = ([ Tue{..0}. ennreal (F u) dlborel)
proof —
let ?distrX = distr M borel X
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have ([ *z. ennreal (— X z) OM) = ([ Tu. ennreal (—u) 0?distrX)
by (rewrite nn-integral-distr; simp)
also have ... = ([ Tue{..0}. ennreal (—u) 0?distrX)
proof —
have [simp]: {..0::real} U {0<..} = UNIV by force
have ([ Tu. ennreal (—u) 0%distrX) =
(f Tue{..0}. ennreal (—u) 82distrX) + ([ Tue{0<..}. ennreal (—u) 0 ?distrX)
by (rewrite nn-integral-disjoint-pair|[ THEN sym)], simp-all, force)

also have ... = ([ tue{..0}. ennreal (—u) 0 ?distrX)
apply (rewrite nn-integral-zero'lof Au. ennreal (—u) * indicator {0<..} ul;
simp?)

unfolding indicator-def using always-eventually ennreal-lt-0 by force
finally show ?thesis .
qed
also have ... = ([ Tue{..0}. ([ Tve{..0}. indicator {u..} v dlborel) d?distrX)
proof —
have Au:real. ue{..0} = ennreal (—u) = ([ Tve{..0}. indicator {u..} v
Olborel)
by (rewrite indicator-inter-arith| THEN sym)) simp
thus ?thesis by (metis (no-types, lifting) indicator-eq-0-iff mult-eq-0-iff)
qged
also have ... = ([ Tve{..0}. (J Tue{..0}. indicator {u..} v d?distrX) Olborel)
proof —
have ([ Tue{..0}. (J Tve{..0}. indicator {u..} v dlborel) d?distrX) =
[ Tu. ([ To. indicator {u..} v * indicator {..0} v * indicator {..0} u dlborel)
0 ?distrX
by (rewrite nn-integral-multe; simp)
also have ... =
J o ([ Tu. indicator {u..} v = indicator {..0} v x indicator {..0} u 0 ?distrX)
dlborel
apply (rewrite pair-sigma-finite. Fubini'; simp?)
using pair-sigma-finite.intro assms
prob-space-distr prob-space-imp-sigma-finite sigma-finite-lborel
apply blast
by measurable auto
also have ... = ([ Tve{..0}. ([ Tue{..0}. indicator {u..} v d?distrX) dlborel)
apply (rewrite nn-integral-multc] THEN sym]; measurable; simp?)
apply (rule nn-integral-cong)+
using mult.assoc mult.commute by metis
finally show ?thesis by simp
qed
also have ... = ([ Tve{..0}. ([ Tu. indicator {..v} u 8?distrX) dlborel)
apply (rule nn-integral-cong)
apply (rewrite nn-integral-multc|[ THEN sym], measurable; (simp del: nn-integral-indicator) 9)+
apply (rule nn-integral-cong)
using atMost-iff atLeast-iff indicator-simps by (smt (verit, del-insts) mult-1
mult-eq-0-iff)
also have ... = ([ Tve{..0}. ennreal (F v) Olborel)
apply (rule nn-integral-cong, simp)
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apply (rewrite emeasure-distr; simp?)
unfolding F-def cdf-def
by (rewrite measure-distr; simp add: emeasure-eg-measure)
finally show ?thesis .
qed

proposition ezpectation-tail:
assumes [measurable]: integrable M X
defines F u = cdf (distr M borel X) u
shows ezpectation X = (LBINT w:{0..}. 1 — Fu) — (LBINT w:{..0}. F u)
proof —
have expectation X = expectation (Ax. maz (X z) 0) + expectation (Azx. min (X
z) 0)
using integrable-mazx integrable-min
apply (rewrite Bochner-Integration.integral-add| THEN sym], measurable)
by (rule Bochner-Integration.integral-cong; simp)

also have ... = expectation (Az. maz (X z) 0) — expectation (Az. — min (X z)
0) by force
also have ... = (LBINT uw:{0..}. 1 — Fu) — (LBINT w:{..0}. F u)
proof —
have expectation (Az. maz (X z) 0) = (LBINT w:{0..}. 1 — F u)
proof —

have ezpectation (Az. maz (X z) 0) = ennZreal ([ Txz. ennreal (maz (X z)
0) OM)
by (rule integral-eq-nn-integral; simp)
also have ... = enn2real ([ Tue{0..}. ennreal (1 — F u) dlborel)
apply (rewrite expectation-nonneg-tail; simp?)
apply (rewrite cdf-distr-maz, simp)
unfolding F-def
by (metis (opaque-lifting) indicator-simps mult.commute mult-1 mult-eq-0-iff)

also have ... = enn2real ([ Tu. ennreal ((1 — F u) * indicator {0..} u)
Olborel)
by (simp add: indicator-mult-ennreal mult.commute)
also have ... = (LBINT w:{0..}. 1 — F u)

apply (rewrite integral-eq-nn-integral| THEN sym], simp add: F-def)
unfolding F-def using real-distribution.cdf-bounded-prob apply force
unfolding set-lebesgue-integral-def by (rule Bochner-Integration.integral-cong;
stmp)
finally show ?thesis .
qed
moreover have expectation (Az. — min (X z) 0) = (LBINT w:{..0}. F u)
proof —
have expectation (A\z. — min (X z) 0) = ennZ2real ([ Tx. ennreal (— min (X
x) 0) OM)
by (rule integral-eq-nn-integral; simp)
also have ... = enn2real ([ Tue{..0}. ennreal (F u) dlborel)
proof —
let ?distrminX = distr M borel (A\z. min (X z) 0)
have [simp]: sym-diff {..0} {..<0} = {0::real} by force
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have enn2real ([ *xz. ennreal (— min (X z) 0) OM) =
enn2real ([ Tue{..0}. ennreal (cdf ?distrminX u) Olborel)
by (rewrite expectation-nonpos-tail; simp)

also have ... = enn2real ([ tue{..<0}. ennreal (cdf ?distrminX u) dlborel)
by (rewrite nn-integral-null-delta, auto)
also have ... = enn2real ([ Tue{..<0}. ennreal (F u) dlborel)

apply (rewrite cdf-distr-min, simp)

apply (rule arg-cong[where f=enn2real], rule nn-integral-cong)
unfolding F-def by (smt (verit) indicator-simps mult-cancel-left1 mult-eq-0-iff)
also have ... = enn2real ([ Tue{..0}. ennreal (F u) dlborel)

by (rewrite nn-integral-null-delta, auto simp add: sup-commute)
finally show ?thesis .

qed

also have ... = enn2real ([ Tu. ennreal (F u  indicator {..0} u) dlborel)
using mult.commute indicator-mult-ennreal by metis

also have ... = (LBINT w:{..0}. F u)

apply (rewrite integral-eq-nn-integral| THEN sym)], simp add: F-def)
unfolding F-def
using finite-borel-measure. cdf-nonneg real-distribution.finite-borel-measure-M
apply simp
unfolding set-lebesque-integral-def by (rule Bochner-Integration.integral-cong;
stmp)
finally show ?thesis .
qed
ultimately show ?thesis by simp
qged
finally show ?thesis .
qed

proposition distributed-deriv-cdf:
assumes [measurable]: random-variable borel X
defines F u = cdf (distr M borel X) u
assumes finite S \z. x ¢ S = (F has-real-derivative f z) (at z)
and continuous-on UNIV F f € borel-measurable lborel
shows distributed M Iborel X f
proof —
have FBM: finite-borel-measure (distr M borel X)
using real-distribution.finite-borel-measure-M real-distribution-distr assms by
stmp
then interpret distrX-FBM: finite-borel-measure distr M borel X .
have FBMI: finite-borel-measure (distr M lborel X) using FBM distr-borel-lborel
by (smt (verit))
then interpret distriX-FBM: finite-borel-measure distr M lborel X .
have [simp]: (Az. ennreal (f x)) € borel-measurable borel using assms by simp
moreover have distr M lborel X = density lborel f
proof —
have Aa b. a < b = emeasure (distr M lborel X) {a<..b} < T
using distriX-FBM .emeasure-real less-top-ennreal by blast
moreover have \a b. a < b =

54



emeasure (distr M lborel X) {a<..b} = emeasure (density lborel f) {a<..b}
proof —
fix a b :: real assume a < b
hence [simp]: sym-diff {a<..b} {a..b} = {a} by force
have emeasure (density lborel f) {a<..b} = ([ Tze{a<..b}. ennreal (f )
Olborel)
by (rewrite emeasure-density; simp)

also have ... = ([ tz€{a..b}. ennreal (fz) dlborel) by (rewrite nn-integral-null-delta,
auto)
also have ... = [ Tz. ennreal (indicat-real {a..b} z * f ) dlborel
by (metis indicator-mult-ennreal mult.commute)
also have ... = ennreal (F b — F a)
proof —

define g where g z = (if x € S then 0 else f z) for z :: real
have [simp]: Az. gz > 0
unfolding g-def
apply (split if-split, auto)
apply (rule mono-on-imp-deriv-nonneg[of UNIV F|, auto)
unfolding F-def mono-on-def using distrX-FBM .cdf-nondecreasing apply
blast
using assms unfolding F-def by force
have ([ Tz. ennreal (indicat-real {a..b} = x f x) dlborel)
= [ *a. ennreal (indicat-real {a..b} = * g z) dlborel
apply (rule nn-integral-cong-AFE)
apply (rule AE-mp|where P= A\z. z ¢ S])
using assms finite-imp-null-set-lborel A E-not-in apply blast
unfolding g-def by simp
also have ... = ennreal (F b — F a)
apply (rewrite nn-integral-has-integral-lebesque, simp)
apply (rule fundamental-theorem-of-calculus-strong|of S], auto simp: <a
< by g-def assms)
using has-real-derivative-iff-has-vector-derivative assms apply presburger
using assms continuous-on-subset subsetl by fastforce
finally show ?thesis .
qed
also have ... = emeasure (distr M lborel X) {a <.. b}
apply (rewrite distriX-FBM .emeasure-Ioc, simp add: <a < by)
unfolding F-def cdf-def
apply (rewrite ennreal-minus[THEN sym], simp)+
by (metis distr-borel-lborel)
finally show emeasure (distr M lborel X) {a<..b} = emeasure (density lborel
f) {a<..b}
by simp
qed
ultimately show ?thesis by (intro measure-eql-Ioc; simp)
qed
ultimately show ¢thesis unfolding distributed-def by auto
qed
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end

Define the conditional probability space. This is obtained by rescaling the
restricted space of a probability space.

3.2 Conditional Probability Space

lemma restrict-prob-space:
assumes measure-space 0 Ay a € A
and 0 < papa<oo
shows prob-space (scale-measure (1 / u a) (restrict-space (measure-of Q@ A )
2)
proof
let ?M = measure-of Q A
let ?Ma = restrict-space ?M a
let rMa = scale-measure (1 | p a) ?Ma
have emeasure ?rMa (space ?rMa) = 1 |/ u a x emeasure ?Ma (space ?rMa) by
stmp
also have ... = 1 / p a * emeasure ?M (space ?rMa)
using assms
apply (rewrite emeasure-restrict-space)
apply (simp add: measure-space-def sigma-algebra.sets-measure-of-eq)
by (simp add: space-restrict-space space-scale-measure) simp

alsohave ... = 1 / i a * emeasure M (space ?Ma) by (rewrite space-scale-measure)
stmp
also have ... = 1 / p a * emeasure ?M a

using assms
apply (rewrite space-restrict-space2)
by (simp add: measure-space-closed)+
also have ... = 1
using assms measure-space-def
apply (rewrite emeasure-measure-of-sigma, blast+)
by (simp add: ennreal-divide-times)
finally show emeasure ?rMa (space ?rMa) = 1 .
qed

definition cond-prob-space :: 'a measure = 'a set = 'a measure (infix <|» 200)
where M| A = scale-measure (1 / emeasure M A) (restrict-space M A)

context prob-space
begin

lemma cond-prob-space-whole[simp): M | space M = M
unfolding cond-prob-space-def using emeasure-space-1 by simp

lemma cond-prob-space-correct:
assumes A € events prob A > 0
shows prob-space (M| A)
unfolding cond-prob-space-def
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apply (subst(2) measure-of-of-measure[of M, THEN sym))

using assms

by (intro restrict-prob-space; (simp add: measure-space)?; simp-all add: emea-
sure-eq-measure)

lemma space-cond-prob-space:
assumes A € events
shows space (M|A) = A
unfolding cond-prob-space-def using assms by (simp add: space-scale-measure)

lemma sets-cond-prob-space: sets (M| A) = (N) A * events
unfolding cond-prob-space-def by (metis sets-restrict-space sets-scale-measure)

lemma measure-cond-prob-space:
assumes A € events B € events
and prob A > 0
shows measure (M|A) (BN A) = prob (BN A) / prob A
proof —
have 1 / emeasure M A = ennreal (1 / prob A)
using assms by (smt (verit) divide-ennreal emeasure-eq-measure ennreal-1)
hence measure (M|A) (BN A) = (1 / prob A) x measure (restrict-space M A)

(BN A)
unfolding cond-prob-space-def using measure-scale-measure by force
also have ... = (1 / prob A) x prob (BN A)
using measure-restrict-space assms by (metis inf.cobounded? sets.Int-space-eq?2)
also have ... = prob (BN A) / prob A by simp
finally show ?thesis .
qed

corollary measure-cond-prob-space-subset:
assumes A € events B € events B C A
and prob A > 0
shows measure (M |A) B = prob B / prob A
proof —
have B = B N A using assms by auto
moreover have measure (M| A) (BN A) = prob (BN A) / prob A
using assms measure-cond-prob-space by simp
ultimately show %thesis by auto
qed

lemma cond-cond-prob-space:
assumes A € events B € events B C A prob B > 0
shows (M|A)|B = M|B
proof (rule measure-eql)
have pA-pos[simp|: prob A > 0 using assms by (smt (verit, ccfv-SIG) fi-
nite-measure-mono)
interpret MA-PS: prob-space M| A using cond-prob-space-correct assms by simp
interpret MB-PS: prob-space M |B using cond-prob-space-correct assms by simp
have 1 / emeasure M A = ennreal (1 / prob A)
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using pA-pos by (smt (verit, ccfo-SIG) divide-ennreal emeasure-eq-measure
ennreal-1)
hence [simp]: 0 < MA-PS.prob B
using assms pA-pos
by (metis divide-eq-0-iff measure-cond-prob-space-subset zero-less-measure-iff)
have [simp]: B € MA-PS.events
using assms by (rewrite sets-cond-prob-space, unfold image-def) blast
have [simp]: finite-measure ((M|A)|B)
by (rule prob-space.finite-measure, rule prob-space.cond-prob-space-correct,
simp-all add: MA-PS.prob-space-axioms)
show sets-MAB: sets (M| A)|B) = sets (M|B)
apply (rewrite prob-space.sets-cond-prob-space)
using MA-PS.prob-space-azioms apply presburger
apply (rewrite sets-cond-prob-space, unfold image-def )+
using assms by blast
show A\C. C € sets (M|A)|B) = emeasure (M| A)|B) C = emeasure (M|B)
c
proof —
fix C assume C € sets ((M|A)|B)
hence C € sets (M|B) using sets-MAB by simp
from this obtain D where D € events C = BN D
by (rewrite in asm sets-cond-prob-space, auto)
hence [simp]: C € events and [simp]: C C B and [simp]: C C A using assms
by auto
hence [simp]: C € MA-PS.events
using assms by (rewrite sets-cond-prob-space, unfold image-def) blast
show emeasure ((M|A)|B) C = emeasure (M|B) C
apply (rewrite finite-measure.emeasure-eq-measure, simp)+
apply (rewrite ennreal-inj, simp-all)
apply (rewrite prob-space.measure-cond-prob-space-subset,
simp-all add: assms prob-space-azioms MA-PS.prob-space-axioms)+
using pA-pos by fastforce
qed
qed

lemma cond-prob-space-prob:
assumes|measurable]: Measurable.pred M P Measurable.pred M Q
and P(zin M. Q z) > 0
shows measure (M | {z € space M. Q z}) {z € space M. Pz A Q z} = P(z in
M. Pz| Q)
proof —
let ?SetP = {z € space M. P z}
let ?2Set@ = {z € space M. Q =}
have measure (M|?2SetQ) {x € space M. P x A Q z} = measure (M]?SetQ)
(2SetP N 2SetQ)
by (smt (verit, ccfo-SIG) Collect-cong Int-def mem-Collect-eq)

also have ... = prob (?SetP N ?SetQ) / prob ?SetQ
using assms by (rewrite measure-cond-prob-space; simp?)
also have ... =P(zin M. Pz | Q z)
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unfolding cond-prob-def assms by (smt (verit) Collect-cong Int-def mem-Collect-eq)
finally show ?thesis .
qed

lemma cond-prob-space-cond-prob:
assumes [measurable]: Measurable.pred M P Measurable.pred M @
and P(zin M. Q z) > 0
shows P(zin M. Pz | Q z) = P(zin (M | {z € space M. Q z}). P z)
proof —
let ?set@ = {z € space M. Q z}
have P(zin M. Pz | Q ) = measure (M| ?set@Q) {z € space M. Pz A Q z}
using cond-prob-space-prob assms by simp
also have ... = P(z in (M|%setQ). P z)
proof —
have {z € space M. Pz N Q z} = {z € space (M|?setQ). P x}
using space-cond-prob-space assms by force
thus ?thesis by simp
qed
finally show ?thesis .
qed

lemma cond-prob-neg:
assumes|measurable]: Measurable.pred M P Measurable.pred M Q
and P(zin M. Q z) > 0
shows P(zin M. ~ Pz | Qz)=1—-Plzin M. Pz | Qx)
proof —
let ?setP = {z € space M. P z}
let %setQ = {z € space M. Q x}
interpret setQ-PS: prob-space M| ?setQ) using cond-prob-space-correct assms by
stmp
have [simp]: {z € space (M|?setQ). P z} € setQ-PS.events
proof —
have {z € space (M| ?setQ). P x} = ?set@Q N ?setP using space-cond-prob-space
by force
thus ?thesis using sets-cond-prob-space by simp
qed
have P(zin M. -~ Pz | Q ) = P(x in M|?setQ. - P z)
by (rewrite cond-prob-space-cond-prob; simp add: assms)

also have ... = 1 — P(z in M|%setQ. P x) by (rewrite setQ-PS.prob-neg,
stmp-all add: assms)
alsohave ... =1 —Plzin M. Pz | Qx)

by (rewrite cond-prob-space-cond-prob; simp add: assms)
finally show ?thesis .
qed

lemma random-variable-cond-prob-space:
assumes A € events prob A > 0
and [measurable]: random-variable borel X
shows X € borel-measurable (M| A)
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proof (rule borel-measurablel)
fix S :: b set
assume [measurable]: open S
show X —‘ S N space (M | A) € sets (M | A)
apply (rewrite space-cond-prob-space, simp add: assms)
apply (rewrite sets-cond-prob-space, simp add: image-def)
apply (rule bezl[of - X —¢S N space M]; measurable)
using sets.Int-space-eq2 Int-commute assms by auto
qed

lemma AE-cond-prob-space-iff:
assumes A € events prob A > 0
shows (AE zin M|A. Pz) <— (AEzin M.z € A — Pux)
proof —
have [simp]: 1 / emeasure M A > 0
using assms divide-ennreal emeasure-eq-measure ennreal-1
by (smt (verit) divide-pos-pos ennreal-eq-0-iff not-gr-zero)
show ?thesis
unfolding cond-prob-space-def
apply (rewrite AE-scale-measure-iff, simp)
by (rewrite AE-restrict-space-iff; simp add: assms)
qged

lemma integral-cond-prob-space-nn:
assumes A € events prob A > 0
and [measurable]: random-variable borel X
and nonneg: AExzin M.z € A — 0< Xz
shows integral® (M| A) X = expectation (\z. indicator A x x X x) / prob A
proof —
have [simp]: X € borel-measurable (M|A)
by (rule random-variable-cond-prob-space; (simp add: assms))
have [simp]: AE zin (M|A). 0 < Xz
by (rewrite AE-cond-prob-space-iff; simp add: assms)
have [simp]: random-variable borel (Azx. indicat-real A z x X x)
using borel-measurable-indicator assms by force
have [simp]: AE z in M. 0 < indicat-real A z * X x using nonneg by fastforce
have integral” (M|A) X = enn2real ([ z. ennreal (X z) O(M|A))
by (rewrite integral-eq-nn-integral; simp)
also have ... = enn2real (1 / prob A = [ z. ennreal (X z) O(restrict-space M
1))
unfolding cond-prob-space-def
apply (rewrite nn-integral-scale-measure, simp add: measurable-restrict-spacel)
using divide-ennreal emeasure-eq-measure ennreal-1 assms by (smt (verit))
also have ... = ennZreal (1 / prob A * ([ * z. ennreal (indicator A z * X z)
oM))
apply (rewrite nn-integral-restrict-space, simp add: assms)
by (metis indicator-mult-ennreal mult.commute)
also have ... = integral” M (\z. indicator A © + X z) / prob A
apply (rewrite integral-eg-nn-integral; simp?)
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by (simp add: divide-nonneg-pos enn2real-mult)
finally show ?thesis by simp
qed

end

Define the complementary cumulative distribution function, also known as
tail distribution. The theory presented below is a slight modification of the
subsection "Properties of cdf’s" in the theory Distribution-Functions.

3.3 Complementary Cumulative Distribution Function

definition ccdf :: real measure = real = real
where ccdf M = Az. measure M {z<..}
— complementary cumulative distribution function (tail distribution)

lemma ccdf-def2: cedf M x = measure M {z<..}
by (simp add: ccdf-def)

context finite-borel-measure
begin

lemma add-cdf-ccdf: cdf M x + cedf M x = measure M (space M)
proof —
have {..z} U {z<..} = UNIV by auto
moreover have {..z} N {z<..} = {} by auto
ultimately have emeasure M {..x} + emeasure M {z<..} = emeasure M UNIV
using plus-emeasure M-is-borel atMost-borel greaterThan-borel by metis
hence measure M {..z} + measure M {z<..} = measure M UNIV
using finite-emeasure-space emeasure-eq-measure ennreal-inj
by (smt (verit, ccfv-SIG) ennreal-plus measure-nonneg)
thus ?thesis unfolding cdf-def ccdf-def using borel-UNIV by simp
qed

lemma ccdf-cdf: ccdf M = (Ax. measure M (space M) — cdf M x)
by (rule ext) (smt (verit) add-cdf-ccdf)

lemma cdf-ccdf: cdf M = (Az. measure M (space M) — ccdf M x)
by (rule ext) (smt (verit) add-cdf-ccdf)

lemma isCont-cdf-cedf: isCont (cdf M) © <— isCont (ccdf M) x
proof

show isCont (cdf M) x = isCont (ccdf M) z by (rewrite ccdf-cdf) auto
next

show isCont (ccdf M) © = isCont (cdf M) x by (rewrite cdf-ccdf) auto
qed

lemma isCont-ccdf: isCont (cedf M) x +— measure M {z} = 0
using isCont-cdf-ccdf isCont-cdf by simp
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lemma continuous-cdf-ccdf:

shows continuous F (cdf M) «— continuous F (ccdf M)

(is /LHS +— ?RHS)

proof

assume ?LHS

thus YRHS using continuous-diff continuous-const by (rewrite ccdf-cdf) blast
next

assume ?RHS

thus ?LHS using continuous-diff continuous-const by (rewrite cdf-cedf) blast
qged

lemma has-real-derivative-cdf-cedf:
(cdf M has-real-derivative D) F <— (cedf M has-real-derivative —D) F
proof
assume (cdf M has-real-derivative D) F
thus (ccdf M has-real-derivative —D) F
using ccdf-cdf DERIV-const Deriv.field-differentiable-diff by fastforce
next
assume (ccdf M has-real-derivative —D) F
thus (cdf M has-real-derivative D) F
using cdf-ccdf DERIV-const Deriv.field-differentiable-diff by fastforce
qed

lemma differentiable-cdf-cedf: (cdf M differentiable F) «— (cedf M differentiable
P)

unfolding differentiable-def

apply (rewrite has-real-derivative-iff THEN sym])+

apply (rewrite has-real-derivative-cdf-ccdf)

by (metis verit-minus-simplify(4))

lemma deriv-cdf-ccdf:
assumes cdf M differentiable at x
shows deriv (cdf M) z = — deriv (ccdf M) z
using has-real-derivative-cdf-ccdf differentiable-cdf-ccdf assms
by (simp add: DERIV-deriv-iff-real-differentiable DERIV-imp-deriv)

lemma cedf-diff-eq2:
assumes z < y
shows ccdf M © — ccdf M y = measure M {z<..y}

proof —

have ccdf Mz — ccdf My = cdf M y — cdf M z using add-cdf-cedf by (smt
(verit))

also have ... = measure M {z<..y} using cdf-diff-eq2 assms by simp

finally show ?thesis .
qed

lemma cedf-nonincreasing: * < y = cedf M x > ccdf My
using add-cdf-ccdf cdf-nondecreasing by (smt (verit))
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lemma cedf-nonneg: ccdf Mz > 0
using add-cdf-cedf cdf-bounded by (smt (verit))

lemma ccdf-bounded: cedf M x < measure M (space M)
using add-cdf-cedf cdf-nonneg by (smt (verit))

lemma ccdf-lim-at-top: (cedf M —— 0) at-top
proof —
have ((Az. measure M (space M) — cdf M ©) —— measure M (space M) —
measure M (space M)) at-top
apply (intro tendsto-intros)
by (rule cdf-lim-at-top)
thus ?thesis
by (rewrite ccdf-cdf) simp
qed

lemma ccdf-lim-at-bot: (ccdf M —— measure M (space M)) at-bot
proof —
have ((Az. measure M (space M) — cdf M x) —— measure M (space M) — 0)
at-bot
apply (intro tendsto-intros)
by (rule cdf-lim-at-bot)
thus ?thesis
by (rewrite ccdf-cdf) simp
qged

lemma ccdf-is-right-cont: continuous (at-right a) (ccdf M)
proof —
have continuous (at-right a) (Ax. measure M (space M) — cdf M z)
apply (intro continuous-intros)
by (rule cdf-is-right-cont)
thus ?thesis by (rewrite ccdf-cdf) simp
qed

end

context prob-space
begin

lemma ccdf-distr-measurable [measurable]:

assumes [measurable]: random-variable borel X

shows ccdf (distr M borel X) € borel-measurable borel

using real-distribution. finite-borel-measure-M by (rewrite finite-borel-measure. cedf-cdf;
stmp)

lemma cedf-distr-P:

assumes random-variable borel X
shows ccdf (distr M borel X) z = P(w in M. X w > x)
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unfolding ccdf-def apply (rewrite measure-distr; (simp add: assms)?)
unfolding vimage-def by (rule arg-cong|where f=prob|) force

lemma cedf-continuous-distr-P-ge:
assumes random-variable borel X isCont (ccdf (distr M borel X)) x
shows ccdf (distr M borel X) x = P(w in M. X w > 1)
proof —
have ccdf (distr M borel X) x = measure (distr M borel X) {z<..} unfolding
ccdf-def by simp
also have ... = measure (distr M borel X) ({z<..} U {z})
apply (rewrite finite-measure.measure-zero-union, simp-all add: assms finite-measure-distr)
using finite-borel-measure.isCont-ccdf real-distribution.finite-borel-measure-M
assms by blast
also have ... = measure (distr M borel X) {z..} by (metis Un-commute ivl-disj-un-singleton(1))
also have ... = P(w in M. X w > z)
apply (rewrite measure-distr, simp-all add: assms)
unfolding vimage-def by simp (smt (verit) Collect-cong Int-def mem-Collect-eq)
finally show ?thesis .
qed

lemma ccdf-distr-diff-P:
assumes r < y
and random-variable borel X
shows ccdf (distr M borel X) x — ccdf (distr M borel X) y = P(win M. z < X
wAXw<y)
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X
using real-distribution.finite-borel-measure-M real-distribution-distr assms by
stmp
have cedf (distr M borel X) x — ccdf (distr M borel X) y = measure (distr M
borel X) {z<..y}
by (rewrite distrX-FBM .ccdf-diff-eq2; simp add: assms)
alsohave ... =Pwin M.z < X wA X w < y)
apply (rewrite measure-distr; (simp add: assms)?)
unfolding vimage-def by (rule arg-conglwhere f=prob|, force)
finally show ?thesis .
qed

end

context real-distribution
begin

lemma ccdf-bounded-prob: Nz. ccdf Mz < 1
by (subst prob-space| THEN sym)], rule ccdf-bounded)

lemma ccdf-lim-at-bot-prob: (ccdf M —— 1) at-bot
by (subst prob-space| THEN sym)], rule ccdf-lim-at-bot)
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end

Introduce the hazard rate. This notion will be used to define the force of
mortality.

3.4 Hazard Rate

context prob-space
begin

definition hazard-rate :: (‘a = real) = real = real
where hazard-rate X t =
Lim (at-right 0) (Adt. P(xin M.t < Xa AXaz<t+dt|Xz>t)/dt)
— Here, X is supposed to be a random variable.

lemma hazard-rate-0-ccdf-0:
assumes [measurable]: random-variable borel X
and cedf (distr M borel X) t = 0
shows hazard-rate X t = 0
— Note that division by 0 is calculated as 0 in Isabelle/HOL.
proof —
have Adt. Pain M. t < Xao ANXz<t+dt| Xz>1t)=10
unfolding cond-prob-def using ccdf-distr-P assms by simp
hence hazard-rate X t = Lim (at-right 0) (Adt::real. 0)
unfolding hazard-rate-def by (rewrite Lim-cong; simp)

also have ... = 0 by (rule tendsto-Lim; simp)
finally show ?thesis .
qed

lemma hazard-rate-deriv-cdf:
assumes [measurable]: random-variable borel X
and (cdf (distr M borel X)) differentiable at t
shows hazard-rate X t = deriv (cdf (distr M borel X)) t / ccdf (distr M borel X)
t
proof (cases <ccdf (distr M borel X) t = 0»)
case True
with hazard-rate-0-ccdf-0 show ?thesis by simp
next
case Fulse
let ?F = cdf (distr M borel X)
have Vp dtin at-right 0. Plxin M. t < Xz AXz<t+dt| Xz >1t)/dt =
(2F (t + dt) — 2F t) / dt / ccdf (distr M borel X) t
apply (rule eventually-at-rightl[where b=1]; simp)
unfolding cond-prob-def
apply (rewrite cdf-distr-diff-P; simp)
apply (rewrite ccdf-distr-P[THEN sym], simp)
by (smt (verit) Collect-cong mult.commute)
moreover have ((Adt. (?F (¢t + dt) — ¢F t) / dt / ccdf (distr M borel X) t)
—
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deriv ?F t | ccdf (distr M borel X) t) (at-right 0)
apply (rule tendsto-intros, simp-all add: False)
apply (rule Lim-at-imp-Lim-at-within)
using DERIV-deriv-iff-real-differentiable assms DERIV-def by blast
ultimately show ?thesis
unfolding hazard-rate-def using tendsto-cong by (intro tendsto-Lim; force)
qed

lemma deriv-cdf-hazard-rate:
assumes [measurable]: random-variable borel X
and (cdf (distr M borel X)) differentiable at t
shows deriv (cdf (distr M borel X)) t = cedf (distr M borel X) t x hazard-rate
Xt
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X
using real-distribution.finite-borel-measure-M real-distribution-distr assms by
stmp
show ?thesis
proof (cases <ccdf (distr M borel X) t = 0)
case True
hence cdf (distr M borel X) t = 1
using distrX-FBM . cdf-ccdf
by simp (metis assms(1) distrX-FBM .borel-UNIV prob-space.prob-space
prob-space-distr)
moreover obtain D where (cdf (distr M borel X) has-real-derivative D) (at
t)

using assms real-differentiable-def by atomize-elim blast
ultimately have (cdf (distr M borel X) has-real-derivative 0) (at t)
using assms
by (smt (verit) DERIV-local-max real-distribution. cdf-bounded-prob real-distribution-distr)
thus ?thesis using True by (simp add: DERIV-imp-deriv)
next
case Fulse
thus ?thesis using hazard-rate-deriv-cdf assms by simp
qed
qed

lemma hazard-rate-deriv-ccdf:
assumes [measurable]: random-variable borel X
and (ccdf (distr M borel X)) differentiable at t
shows hazard-rate X t = — deriv (cedf (distr M borel X)) ¢ / ccdf (distr M borel
X)t
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X
using real-distribution. finite-borel-measure-M real-distribution-distr assms by
stmp
show ?thesis
using hazard-rate-deriv-cdf distrX-FBM .deriv-cdf-ccdf assms distrX-FBM .differentiable-cdf-ccdf
by presburger
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qed

lemma deriv-ccdf-hazard-rate:
assumes [measurable]: random-variable borel X
and (cedf (distr M borel X)) differentiable at t
shows deriv (ccdf (distr M borel X)) t = — ccdf (distr M borel X) t * hazard-rate
Xt
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X
using real-distribution.finite-borel-measure-M real-distribution-distr assms by
stmp
show ?thesis
using deriv-cdf-hazard-rate distrX-FBM .deriv-cdf-ccdf assms distrX-FBM . differentiable-cdf-ccdf
by simp
qed

lemma hazard-rate-deriv-In-ccdf:
assumes [measurable]: random-variable borel X
and (ccdf (distr M borel X)) differentiable at t
and cedf (distr M borel X) t # 0
shows hazard-rate X t = — deriv (A\t. In (ccdf (distr M borel X) t)) t
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X
using real-distribution.finite-borel-measure-M real-distribution-distr assms by
stmp
let Zsrvl = cedf (distr M borel X)
have ?srvl t > 0 using distrX-FBM .ccdf-nonneg assms by (smt (verit))
moreover have (?srvl has-real-derivative (deriv 2srvl t)) (at t)
using DERIV-deriv-iff-real-differentiable assms by blast
ultimately have ((At. In (?srvl t)) has-real-derivative 1 / ?srvl t % deriv Zsrvl
t) (at t)
by (rule derivative-intros)
hence deriv (\t. In (%srvl t)) t = deriv ?srvl t / ?srvl ¢t by (simp add: DE-
RIV-imp-deriv)

also have ... = — hazard-rate X t using hazard-rate-deriv-ccdf assms by simp
finally show ?thesis by simp
qed

lemma hazard-rate-has-integral:
assumes [measurable]: random-variable borel X
and t < u
and (cedf (distr M borel X)) piecewise-differentiable-on {t<..<u}
and continuous-on {t..u} (cedf (distr M borel X))
and As. s € {t.u} = ccdf (distr M borel X) s # 0
shows
(hazard-rate X has-integral In (ccdf (distr M borel X) t / ccdf (distr M borel X)
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X

67



using real-distribution.finite-borel-measure-M real-distribution-distr assms by
stmp
let Zsrvl = ccdf (distr M borel X)
have [simp]: As. t < s A s < u= Zsrvls> 0
using distrX-FBM .ccdf-nonneg assms by (smt (verit) atLeastAtMost-iff)
have (deriv (As. — In (%srvl s)) has-integral — In (%srvl u) — — In (?srvl t))
{t..u}
proof —
have continuous-on {t..u} (As. — In (?srvl s))
by (rule continuous-intros, rule continuous-on-ln, auto simp add: assms)
moreover hence (As. — In (?srvl s)) piecewise-differentiable-on {t<..<u}
proof —
have %srvl ‘ {t<..<u} C {0<..}
proof —
{ fix s assume s € {t<..<u}
hence ?srvl s # 0 using assms by simp
moreover have ?srvl s > 0 using distrX-FBM.ccdf-nonneg by simp
ultimately have ?srvl s > 0 by simp }
thus ?thesis by auto
qed
hence (Ar. — In r) o ?srvl piecewise-differentiable-on {t<..<u}
apply (intro differentiable-on-piecewise-compose, simp add: assms)
apply (rule derivative-intros)
apply (rule differentiable-on-subset|[of In {0<..}], simp-all)
apply (rewrite differentiable-on-eq-field-differentiable-real, auto)
unfolding field-differentiable-def using DERIV-In by (metis has-field-derivative-at-within)
thus ?thesis unfolding comp-def by simp
qed
ultimately show %thesis by (intro FTC-real-deriv-has-integral; simp add:
assms)
qed
hence In: (deriv (As. — In (2srvl s)) has-integral In (?srvl t | Zsrol uw)) {t..u}
by simp (rewrite In-div; force simp: assms)
thus ((hazard-rate X) has-integral In (?srvl t | ?srvl w)) {t..u}
proof —
from assms obtain S0 where finS0: finite SO and
diffS0: Ns. s € {t<..<u} — S0 = ?srvl differentiable at s within {t<..<u}
unfolding piecewise-differentiable-on-def by blast
from this obtain S where finite S and As. s € {t.u} — S = Zsrvl differ-
entiable at s
proof (atomize-elim)
let 25 = S0 U {t, u}
have finite 25 using finS0 by simp
moreover have Vs. s € {t..u} — 25 — ccdf (distr M borel X) differentiable
at s
proof —
{ fix s assume s-in: s € {t.u} — 25
hence ?srvl differentiable at s within {t<..<u} using diffS0 by simp
hence ?srvl differentiable at s
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using s-in by (rewrite at-within-open| THEN sym), simp-all) }
thus ?thesis by blast
qed
ultimately show
3S. finite S A (Vs. s € {t.u} — S — cedf (distr M borel X) differentiable
at s)
by blast
qed
thus ?thesis
apply (rewrite has-integral-spike-finite-eq [of S - deriv (As. — In (?srvl 5))],
sitmp)
apply (rewrite hazard-rate-deriv-In-ccdf, simp-all add: assms)
apply (rewrite deriv-minus, simp-all)
apply (rewrite in asm differentiable-eq-field-differentiable-real)
apply (rewrite comp-def[THEN sym], rule field-differentiable-compose[of
2srvl], simp-all)
unfolding field-differentiable-def apply (rule exI, rule DERIV-In, simp)
using In by simp
qed
qed

corollary hazard-rate-integrable:

assumes [measurable]: random-variable borel X
and t < u
and (cedf (distr M borel X)) piecewise-differentiable-on {t<..<u}
and continuous-on {t..u} (cedf (distr M borel X))
and As. s € {t.u} = cedf (distr M borel X) s # 0

shows hazard-rate X integrable-on {t..u}

using has-integral-integrable hazard-rate-has-integral assms by blast

lemma cedf-exp-cumulative-hazard:
assumes [measurable]: random-variable borel X
and t < u
and (ccdf (distr M borel X)) piecewise-differentiable-on {t<..<u}
and continuous-on {t..u} (cedf (distr M borel X))
and As. s € {t..u} = ccdf (distr M borel X) s # 0
shows ccdf (distr M borel X) u / ccdf (distr M borel X) t =
exp (— integral {t..u} (hazard-rate X))
proof —
interpret distrX-FBM: finite-borel-measure distr M borel X
using real-distribution.finite-borel-measure-M real-distribution-distr assms by
simp
let 2srvl = ccdf (distr M borel X)
have [simp]: As. t < s A s<u= %srvls> 0
using distrX-FBM .ccdf-nonneg assms by (smt (verit) atLeastAtMost-iff)
have integral {t..u} (hazard-rate X) = In (?srol t | ?srvl u)
using hazard-rate-has-integral has-integral-integrable-integral assms by auto
also have ... = — In (%srvl u / %srvl t) using In-div assms by simp
finally have — integral {t..u} (hazard-rate X) = In (?srvl u / ?srvl t) by simp
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thus ?thesis using assms by simp
qed

lemma hazard-rate-density-ccdf:
assumes distributed M lborel X f
and As. fs > 0t < u continuous-on {t..u} f
shows hazard-rate X t = ft / ccdf (distr M borel X) t
proof (cases <ccdf (distr M borel X) t = 0»)
case True
thus ?thesis
apply (rewrite hazard-rate-0-ccdf-0, simp-all)
using assms(1) distributed-measurable by force
next
case Fulse
have [simp]: t < u using assms by simp
have [measurable]: random-variable borel X
using assms distributed-measurable measurable-lborell by blast
have [measurable]: f € borel-measurable lborel
using assms distributed-real-measurable by metis
have [simp]: integrable lborel f
proof —
have prob (X —¢ UNIV N space M) = LINT x|lborel. indicat-real UNIV z * fx
by (rule distributed-measure; simp add: assms)
thus ?thesis
using prob-space not-integrable-integral-eq by fastforce
qged
have ((Adt. (LBINT s:{t..t+dt}. fs) / dt) —— ft) (at-right 0)
proof —
have A\dt. ([ z. ennreal (indicat-real {t..t+dt} z * f z) dlborel) < oo
proof —
fix dt :: real
have ([ z. ennreal (indicat-real {t..t+dt} = * f z) dlborel) =
set-nn-integral lborel {t..t+dt} f
by (metis indicator-mult-ennreal mult.commute)
moreover have emeasure M (X —¢ {t..t+dt} N space M) = set-nn-integral
lborel {t..t+dt} f
by (rule distributed-emeasure; simp add: assms)
moreover have emeasure M (X —* {t..t+dt} N space M) < oo
using emeasure-eqg-measure ennreal-less-top infinity-ennreal-def by presburger
ultimately show ([ z. ennreal (indicat-real {t..t+dt} x * f z) Olborel) <
oo by simp
qed
hence Adt. (LBINT s:{t..t+dt}. f s) = integral {t..t+dt} f
apply (intro set-borel-integral-eq-integral)
unfolding set-integrable-def
apply (rule integrablel-nonneg; simp)
by (rule AE-I2, simp add: assms)
moreover have ((Adt. (integral {t..t+dt} f) / dt) —— ft) (at-right 0)
proof —
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have ((Az. integral {t..x} f) has-real-derivative f t) (at t within {t..u})
by (rule integral-has-real-derivative; simp add: assms)
moreover have (at t within {t..u}) = (at (t+0) within (+)t ‘ {0..u—t}) by
stmp
ultimately have
((Az. integral {t..x} f) o (+)t has-real-derivative f t) (at 0 within {0..u—t})
by (metis DERIV-at-within-shift-lemma)
hence ((Adt. (integral {t..t+dt} f) / dt) —— ft) (at 0 within {0..u—t})
using has-field-derivative-iff by force
thus ?thesis using at-within-Icc-at-right assms by (smt (verit))
qed
ultimately show ¢thesis by simp
qed
moreover have Adt. dt > 0 = P(z in M. X © € {t <.. t+dt}) = (LBINT
s{t..t+dt}. fs)
proof —
fix dt :: real assume dt > 0
hence [simp]: sym-diff {t<..t + dt} {¢t..t + dt} = {t} by force
have prob (X —* {t<..t+dt} N space M) = [ s. indicator {t<..t+dt} s * fs
Olborel
by (rule distributed-measure; simp add: assms)
hence P(z in M. X z € {t <.. t+dt}) = (LBINT s:{t<..t+dt}. f s)
unfolding set-lebesgque-integral-def vimage-def Int-def by simp (smt (verit)
Collect-cong)
moreover have (LBINT s:{t<..t+dt}. fs) = (LBINT s:{t..t+dt}. fs)
by (rule set-integral-null-delta; force)
ultimately show P(z in M. X z € {t <.. t+dt}) = (LBINT s:{t..t+dt}. f s)
by simp
qed
ultimately have ((Adt. P(zin M. t < Xz A Xz <t + dt) / dt) — 1)
(at-right 0)
by simp (smt (verit) Lim-cong-within greaterThan-iff)
hence (Adt. Pein M. t < Xa ANXz<t+dt| Xz >t)/dt) —
ft/ ccdf (distr M borel X) t) (at-right 0)
unfolding cond-prob-def
apply (rewrite ccdf-distr-P[THEN sym]; simp)
apply (rewrite mult.commute, rewrite divide-divide-eq-left{ THEN sym])
by (rule tendsto-intros; (simp add: False)?) (smt (verit) Collect-cong Lim-cong-within)
thus ?thesis unfolding hazard-rate-def by (intro tendsto-Lim; simp)
qed

end
end
theory Interest

imports Preliminaries
begin
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4 Theory of Interest

locale interest =

fixes i :: real — 7 stands for an interest rate.
assumes v-futr-pos: 1 + 1 > 0 — Assume that the future value is positive.
begin

definition i-nom :: nat = real («$:7{-}> [0] 200)
where $i {m} = m % ((1+¢).({/m) — 1) — nominal interest rate

definition i-force :: real (<$6> 200)
where $6 = In (1+i¢) — force of interest

definition d-nom :: nat = real («<3d7{-}> [0] 200)
where $d7{m} = $:{m} / (1 + $i{m}/m) — discount rate

abbreviation d-nom-yr :: real («$d> 200)
where $d = $d7{1} — Post-fix yr stands for "year".

definition v-pres :: real («$v> 200)
where $v = 1 / (1+4) — present value factor

definition ann :: nat = nat = real (<$a™{-}'-- [0,101] 200)
where $a {m}-n =3 k<nxm. $v. ((k+1::nat)/m) / m
— present value of an immediate annuity

abbreviation ann-yr :: nat = real (<$a’-- [101] 200)
where $a-n = $a7{1}-n

definition acc :: nat = nat = real («$s7{-}'--» [0,101] 200)
where $s{m}-n = > k<nxm. (1+i). ((k:nat)/m) / m
— future value of an immediate annuity
— The name acc stands for "accumulation”.

abbreviation acc-yr :: nat = real («$s’--> 200)
where $s-n = $s{1}-n

definition ann-due :: nat = nat = real («$a’"""7{-}'-- [0,101] 200)
where $a”’ " {m}-n = > k<nxm. $v. ((k::nat)/m) / m

— present value of an annuity-due

abbreviation ann-due-yr :: nat = real («$a’"""--» [101] 200)
where $a"-n = $a”" " {1}-n

definition acc-due :: nat = nat = real (<$s""7{-}"-- [0,101] 200)
where $s"”" {m}-n = > k<nxm. (1+7). ((k+1::nat)/m) / m

— future value of an annuity-due

abbreviation acc-due-yr :: nat = real («$s”""--» [101] 200)
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where $5"'-n = $s”"{1}-n

definition ann-cont :: real = real (<$a’"’--» [101] 200)
where $a’-n = integral {0..n} (At:real. $v.7%)
— present value of a continuous annuity

definition acc-cont :: real = real («$s'’--» [101] 200)
where $s'-n = integral {0..n} (At:real. (141).7¢)
— future value of a continuous annuity

definition perp :: nat = real (<$a"{-}'-00> [0] 200)
where $a {m}-co =1 / $:{m}
— present value of a perpetual annuity

abbreviation perp-yr :: real («$a’-00> 200)
where $a-co = $a7{1}-00

definition perp-due :: nat = real («3a’"""7{-}'-00s [0] 200)
where $a" {m}-co = 1 / $d{m}
— present value of a perpetual annuity-due

abbreviation perp-due-yr :: real (<$a’"""’-00y 200)
where $a"-00 = $a”{1}-00

definition ann-incr :: nat = nat = nat = real (3 (I'{-}a")7{-}'-- [0,0,101]
200)
where $(I {i}a) {m}-n = > k<nxm. $v. ((k+1::nat)/m) * [Ix(k+1:nat)/m]
/ (Ixm)
— present value of an increasing annuity
— This is my original definition.
— Here, [ represents the number of increments per unit time.

abbreviation ann-incr-ll :: nat = nat = real («$'(la’) {-}'--» [0,101] 200)
where $(la) {m}-n = $(I {1}a) {m}-n
— The post-fix vl stands for "level".

abbreviation ann-incr-yr :: nat = real (x$'(1a’)’--» [101] 200)
where $(la)-n = $(Ia) {1}-n

definition acc-incr :: nat = nat = nat = real ($(I'{-}s"){-}'-- [0,0,101] 200)
/vzflher)e $(I{}s) {m}-n =5 k<nxm. (1+0). (n—(k+1:nat)/m) * [Ix(k+1::nat)/m]

— future value of an increasing annuity

abbreviation acc-incr-ll :: nat = nat = real («$'(Is"){-}'-- [0,101] 200)
where $(Is) {m}-n = $(I {1}s) {m}-n

abbreviation acc-incr-yr :: nat = real («$'(Is’)’--» [101] 200)
where $(Is)-n = $(Is) {1}-n
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definition ann-due-incr :: nat = nat = nat = real ($'(I'{-}a’""")y{-}'-- [0,0,101]
200)

where $(I {i}a”) {m}-n = > k<nxm. $v. ((k::nat)/m) * [Ix(k+1:nat)/m] /
(Ixm)

abbreviation ann-due-incr-lvl :: nat = nat = real («$'(Ia’"""){-}'-- [0,101]
200)
where $(la”) {m}-n = $(I {1}a") {m}-n

abbreviation ann-due-incr-yr :: nat = real («$'(Ia’""")’-- [101] 200)
where $(la’)-n = $(la’) {1}-n

definition acc-due-incr :: nat = nat = nat = real (<$3'(I{-}s""""){-}'-- [0,0,101]
200)

where $(I{l}s") {m}-n = k<nxm. (1+3). (n—(k::nat)/m) * [Ix(k+1::nat)/m]
/ (Ixm)

abbreviation acc-due-incr-lvl :: nat = nat = real (<$'(Is"""""){-}'-- [0,101] 200)
where $(Is”) {m}-n = $(I{1}s") {m}-n

abbreviation acc-due-incr-yr :: nat = real (<$'(Is’""")'--» [101] 200)
where $(Is”)-n = $(Is") {1}-n

definition perp-incr :: nat = nat = real («3'(I"{-}a’) {-}'-00> [0,0] 200)
where $(I {l}a) {m}-co = lim (An. $(I"{l}a) {m}-n)

abbreviation perp-incr-lvl :: nat = real («$'(Ia’) {-}'-00> [0] 200)
where $(la) {m}-co = $(I{1}a) {m}-00

abbreviation perp-incr-yr :: real (¢$'(Ia’)’-00» 200)
where $(Ia)-co = $(1a) {1}-00

definition perp-due-incr :: nat = nat = real («3'(I"{-}a""")™{-}"-c0s [0,0] 200)
where $(I {i}a”) {m}-c0 = lim (An. $(I"{i}a”) {m}-n)

abbreviation perp-due-incr-ll :: nat = real (<$'(Ia’""")"{-}'-00» [0] 200)
where $(la") {m}-co = $§(I {1}a") {m}-c0

abbreviation perp-due-incr-yr :: real (¢$'(Ia’"""")’"-00) 200)
where $(Ia’")-co = $(Ia’’) {1 }-00

lemma v-futr-m-pos: 1 + $i{m}/m > 0 if m # 0 for m::nat
using v-futr-pos i-nom-def by force

lemma i-nom-1[simpl: $i {1} = i
using v-futr-pos i-nom-def by force

lemma i-nom-eff: (1 + $i{m}/m)"m =1 + i if m # 0 for m::nat
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unfolding i-nom-def using less-imp-neq v-futr-pos that
apply (simp, subst powr-realpow| THEN sym|, simp)
by (subst powr-powr, simp)

lemma i-nom-i: 1 + $i{m}/m = (1+1i).7(1/m) if m # 0 for m::nat
unfolding i-nom-def by (simp add: that)

lemma i-nom-0-iff-i-0: $i {m} = 0 <— i = 0 if m # 0 for m:nat
proof
assume $i7{m} = 0
hence x: (1+4).7(1/m) = (1+4).70
unfolding i-nom-def using v-futr-pos that by simp
show 7 = 0
proof (rule ccontr)
assume 7 # 0
hence 1/m = 0 using powr-inj x v-futr-pos by (smt (verit))
thus False using that by simp
qed
next
assume % = ()
thus $i{m} = 0
unfolding i-nom-def by simp
qed

lemma i-nom-pos-iff-i-pos: $i {m} > 0 +— i > 0 if m # 0 for m::nat
proof
assume $i{m} > 0
hence x: (1+i).(1/m) > 1.7(1/m)
unfolding i-nom-def using v-futr-pos that by (simp add: zero-less-mult-iff)
thus i > 0
using powr-less-cancel2[of 1/m 1 1+i] v-futr-pos that by simp
next
assume i > (
hence (1+44).7(1/m) > 1.7(1/m)
using powr-less-mono2 v-futr-pos that by simp
thus $i{m} > 0
unfolding i-nom-def using that by (simp add: zero-less-mult-iff’)
qed

lemma e-delta: exp (36) = 1 + i
unfolding i-force-def by (simp add: v-futr-pos)

lemma delta-0-iff-i-0: $6 = 0 +— i = 0

proof
assume $6 = 0
thus i = 0
using e-delta by auto
next

assume 7 = (
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thus $5 = 0
unfolding i-force-def by simp
qed

lemma lim-i-nom: (Am. $i{m}) —— $¢
proof —
let 2f = Ah. (1+4)."h— 1)/ h
have DIipwr: DERIV (Ah. (1+i).7h) 0 :> $§
unfolding i-force-def
using has-real-derivative-powr2[OF v-futr-pos, where z=0] v-futr-pos by simp
hence limf: (?f —— $6) (at 0)
unfolding DERIV-def using v-futr-pos by auto
hence (Am. $:{Suc m}) —— $6
unfolding i-nom-def using tendsto-at-iff-sequentially[of ?f $6 0 R, THEN
iffD1]
apply simp
apply (drule-tac z=Am. 1 / Suc m in spec, simp, drule mp)
subgoal using lim-1-over-n LIMSEQ-Suc by force
by (simp add: o-def mult.commute)
thus ?thesis
by (simp add: LIMSEQ-imp-Suc)
qed

lemma d-nom-0-iff-i-0: $d{m} = 0 <— i = 0 if m # 0 for m::nat
proof —
have $§d™{m} = 0 +— $i{m} =0
unfolding d-nom-def using v-futr-m-pos by (smt (verit) divide-eq-0-iff of-nat-0)
thus ?thesis
using i-nom-0-iff-i-0 that by auto
qed

lemma d-nom-pos-iff-i-pos: $d{m} > 0 <— i > 0 if m # 0 for m::nat
proof —
have $d{m} > 0 <— $i{m} > 0
unfolding d-nom-def using zero-less-divide-iff i-nom-pos-iff-i-pos v-futr-m-pos
that by (smt (verit))
thus ?thesis
using i-nom-pos-iff-i-pos that by auto
qed

lemma d-nom-i-nom: 1 — $d{m}/m=1 /(1 + $i{m}/m) if m # 0 for m::nat
proof —
have 1 — $d{m}/m =1 — ($i{m}/m) / (1 + $i{m}/m)
by (simp add: d-nom-def)
also have ... =1 / (1 + $i{m}/m)
using v-futr-m-pos
by (smt (verit, ccfv-SIG) add-divide-distrib that div-self)
finally show ?thesis .
qed
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lemma lim-d-nom: (Am. $d{m}) —— $¢
proof —
have (Am. $: {m}/m) —— 0
using lim-i-nom tendsto-divide-0 tendsto-of-nat by blast
hence (Am. 1 + $i{m}/m) —— 1
by (metis add.right-neutral tendsto-add-const-iff)
thus ?thesis
unfolding d-nom-def using lim-i-nom tendsto-divide div-by-1 by fastforce
qed

lemma v-pos: $v > 0
unfolding v-pres-def using v-futr-pos by auto

lemma v-1-iff-i-0: $v =1 +— i =0
proof
assume $v = 1
thus i = 0
unfolding v-pres-def by simp
next
assume ¢ = ()
thus $v = 1
unfolding v-pres-def by simp
qed

lemma v-lt-1-iff-i-pos: $v < 1 +— i > 0
proof
assume $v < 1
thus i > 0
unfolding v-pres-def by (simp add: v-futr-pos)
next
assume ¢ > (
thus $v < 1
unfolding v-pres-def by (simp add: v-futr-pos)
qed

lemma v-i-nom: $v = (1 + $i"{m}/m)."—m if m # 0 for m::nat
proof —
have $v = (1 + ). "1
unfolding v-pres-def using v-futr-pos powr-real-def that by (simp add: powr-neg-one)

also have ... = ((1 + $i{m}/m)"m). —1
using i-nom-eff that by presburger
also have ... = (1 + $i{m}/m).—m

using i-nom-eff i-nom-i powr-powr that by fastforce
finally show ?thesis .
qed

lemma i-v: 1 + 7= $v.7—1
unfolding v-pres-def powr-real-def using v-futr-pos powr-neg-one by simp
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lemma i-v-powr: (1 + ¢). a = $v."—a for a::real
by (subst i-v, subst powr-powr, simp)

lemma v-delta: In ($v) = — $6
unfolding i-force-def v-pres-def using v-futr-pos by (simp add: In-div)

lemma is-derive-vpow: DERIV (At. $v.7¢) t :> — 8§ * $v.7¢
using v-delta has-real-derivative-powr2 v-pos by (metis mult.commute)

lemma d-nom-v: $d{m} = m * (1 — $v.7(1/m)) if m # 0 for m:nat
proof —
have $d {m} =m* (1 — 1 / (1 + $:{m}/m))
using d-nom-i-nom[THEN sym] that by force

alsohave ... =m=x* (1 — 1 / (1 +4).7(1/m))
using i-nom-i that powr-minus-divide by simp
also have ... = m x (1 — $v.7(1/m))

using v-pres-def v-futr-pos powr-divide by simp
finally show ?thesis .
qed

lemma d-nom-i-nom-v: $d"{m} = $i{m} x $v.7(1/m) if m #0 for m:nat
unfolding d-nom-def v-pres-def using i-nom-i powr-divide v-futr-pos that by
auto

lemma a-calc: $a"{m}-n = (1 — $v™n) / $i{m} if m # 0 # 0 for n m ::nat
proof —
have Al:nat. I/m = (1/m) = | by simp
hence x: Al::nat. $v.7(I/m) = ($v.(1/m)) 1
using powr-powr powr-realpow v-pos by (metis powr-gt-zero)
hence $a ™ {m}-n = O  k<nxm. ($v.7(1/m)) (k+1:nat) / m)
unfolding ann-def by presburger
also have ... = $v.7(1/m) x 3 k<nxm. ($v.(1/m))7k) / m
by (simp, subst sum-divide-distrib THEN sym)|, subst sum-distrib-left| THEN
sym, simp)
also have ... = $v. (1 /m) * ((($v. (1 /m)) (nxm) — 1) / ($v.(1/m) — 1)) /
m
apply (subst geometric-sum[of $v.7(1/m) nxm]|; simp?)
using powr-zero-eq-onelof $v] v-pos v-1-iff-i-0 powr-inj that
by (smt (verit, del-insts) divide-eq-0-iff of-nat-eq-0-iff)
also have ... = (($v.(1/m)) (nxm) — 1) / (m * ($v. (1 /m) — 1) / $v.7(1/m))
by (simp add: field-simps)
alsohave ... = ($vn— 1)/ (m=* (1 — 1/ $v.7(1/m)))
apply (subst x[of nxm::nat, THEN sym)|, simp only: of-nat-simps)
apply (subst nonzero-mult-div-cancel-rightlwhere ‘a=real, of m n|, simp add:
that)
apply (subst powr-realpow[OF v-pos))
apply (subst times-divide-eq-right[of - - $v. (1 /m), THEN sym))
using v-pos by (subst diff-divide-distriblof - - $v.7(1/m)], simp)

78



alsohave ... = (1 —$v ™) / (m* (1 / $v.(I/m) — 1))
using minus-divide-divide by (smt (verit) mult-minus-right)
also have ... = (I — $v™n) / $i"{m}
unfolding i-nom-def v-pres-def using v-futr-pos powr-divide by auto
finally show ?thesis .
qed

lemma a-calc-i-0: $a {m}-n = nif m # 0 i = 0 for n m :: nat
unfolding ann-def v-pres-def using that by simp

lemma s-calc-i-0: $s{m}-n = nif m # 0 ¢ = 0 for n m :: nat
unfolding acc-def using that by simp

lemma s-a: $s{m}-n = (1+4) "n * $a{m}-n if m # 0 for n m :: nat
proof —
have (1+i) n x $a™{m}-n = 3 k<nxm. (14+17) "n * ($v. ((k+1::nat)/m) / m))
unfolding ann-def using sum-distrib-left by blast
also have ... = (3 k<nxm. (1+17). ((nxm — Suc k)/m) / m)
proof —
have Ak:nat. k < nxm = (1+i) "n* ($v. ((k+1:nat)/m) / m) = (1+7). ((nxm
— Suc k)/m) / m
unfolding v-pres-def
by (simp add: v-futr-pos inverse-powr diff-divide-eq-iff that flip: powr-realpow

powr-add)
thus ?thesis by (meson lessThan-iff sum.cong)
qged
also have ... = (3" k<nxm. (1417).(k/m) / m)

apply (subst atLeastOLessThan|THEN sym])+
by (subst sum.atLeastLessThan-rev| THEN sym, of - nxm 0, simplified add-0-right],
stmp)
also have ... = $s{m}-n
unfolding acc-def by simp
finally show ?thesis ..
qed

lemma s-cale: $s{m}-n = (I1+i)™m — 1) / $i{m} if m # 04 # 0 for n m ::
nat

using that v-futr-pos

apply (subst s-a, simp, subst a-calc; simp?)

apply (rule disjlI2)

apply (subst right-diff-distrib, simp)

apply (rule left-right-inverse-power)

unfolding v-pres-def by auto

lemma a"-a: $a” {m}-n = (1+10).(1/m) * $a{m}-n if m # 0 for m::nat
unfolding ann-def ann-due-def
apply (subst sum-distrib-left, subst times-divide-eq-right, simp)
by (subst i-v, subst powr-powr, subst powr-add| THEN sym), simp, subst add-divide-distrib,
stmp)
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lemma a-a’”: $a{m}-n = $v.(1/m) * $a’"{m}-n if m # 0 for m::nat
unfolding ann-def ann-due-def
apply (subst sum-distrib-left, subst times-divide-eq-right, simp)
by (subst powr-add[THEN sym), subst add-divide-distrib, simp)

lemma a'’-calc-i-0: $a’ {m}-n = nif m # 047 = 0 for n m :: nat
unfolding ann-due-def v-pres-def using that by simp

lemma s''-calc-i-0: $s"”" {m}-n = nif m # 047 = 0 for n m :: nat
unfolding acc-due-def using that by simp

lemma a’"-calc: $a”" {m}-n = (1 — $v™n) / $d{m} if m # 0i # 0 for n m =
nat
proof —

have $a”" " {m}-n = (1+4).7(1/m) * (I — $v™n) / $:{m})

using a’’-a a-calc times-divide-eq-right that by simp

also have ... = (1 — $v™n) / (Sv.7(1/m) * $i {m})
by (subst i-v, subst powr-powr, simp, subst powr-minus-divide, simp)
also have ... = (1 — $v™n) / $d7{m}

using d-nom-i-nom-v that by simp
finally show ?thesis .
qed

lemma s'-s: $s”" {m}-n = (1+0).7(1/m) * $s{m}-n if m # 0 for m::nat
unfolding acc-def acc-due-def
apply (subst sum-distrib-left, subst times-divide-eq-right)
by (subst powr-add[THEN sym|, simp, subst add-divide-distrib, simp)

lemma s-s": $s{m}-n = $v.7(1/m) x $s”" {m}-n if m # 0 for m::nat
unfolding acc-def acc-due-def v-pres-def using v-futr-pos
apply (subst sum-distrib-left, subst times-divide-eq-right, simp)
by (subst inverse-powr, simp, subst powr-add][ THEN sym), subst add-divide-distrib,
stmp)

lemma s'-calc: $s”" {m}-n = (1+i) ™ n — 1) / $d{m} if m # 0i+# 0 for n m
: nat
proof —
have $s”" {m}-n = (1+4).(1/m) * (1+9)"n — 1) / $: {m}
using s'’-s s-calc times-divide-eq-right that by simp

also have ... = ((I+i)™m — 1) / ($v.7(1/m) * $i{m})
by (subst i-v, subst powr-powr, simp, subst powr-minus-divide, simp)
also have ... = ((14+i)™n — 1) / $d{m}

using d-nom-i-nom-v that by simp
finally show ?thesis .
qed

lemma s"-a’: $s"" {m}-n = (1+i) "n * $a’"{m}-n if m # 0 for m::nat
using that s''-s a'’-a s-a by simp
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lemma a’-calc: $a’-n = (1 — $v."n) / $5if i # 0 n > 0 for n::real
unfolding ann-cont-def
apply (rule integral-unique)
using has-integral-powr2-from-0[OF v-pos - that(2)] v-delta v-1-iff-i-0 that
by (smt (verit) minus-divide-divide)

lemma a’-calc-i-0: $a’-n = nif i = 0 n > 0 for n::real
unfolding ann-cont-def
apply (subst iff D2[OF v-1-iff-i-0], simp add: that)
by (simp add: integral-cong that)

lemma s’-calc: $s’-n = ((1+i).™n — 1) / $5if i # 0 n > 0 for n::real
unfolding acc-cont-def
apply (rule integral-unique)
using has-integral-powr2-from-0[OF v-futr-pos - that(2)] i-force-def that
by simp

lemma s’-calc-i-0: $s’-n = n if i = 0 n > 0 for n::real
unfolding acc-cont-def
apply (subst <i = 0>, simp)
by (simp add: integral-cong that)

lemma s’-a”: $s’-n = (1+i)."n * $a’-n if n > 0 for n::real
proof —
have (1+14).7n x $a’-n = integral {0..n} (At. (1+4). (n—t))
unfolding ann-cont-def
using integrable-on-powr2-from-0-general[of $v n] v-pos v-futr-pos that
apply (subst integral-mult, simp)
apply (rule integral-cong)
unfolding v-pres-def using inverse-powr powr-add[ THEN sym] by (smt (verit))
also have ... = $s'-n
unfolding acc-cont-def using v-futr-pos that
apply (subst has-integral-interval-reverse|of 0 n, simplified, THEN integral-unique);
stmp?)
by (rule continuous-on-powr; auto)
finally show ?thesis ..
qged

lemma lim-m-a: (Am. $a{m}-n) —— $a’-n for n:nat
proof (rule LIMSEQ-imp-Suc)
show (Am. $a {Suc m}-n) —— $a’-n
proof (cases i = 0)
case True
show ?thesis
using a-calc-i-0 a’-calc-i-0 True by simp
next
case Fulse
show ?thesis
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using False v-pos delta-0-iff-i-0
apply (subst a-calc; simp?)
apply (subst a’-calc; simp?)
apply (subst powr-realpow, simp)
apply (rule tendsto-divide; simp?)
by (rule LIMSEQ-Suc[OF lim-i-nom))
qed
qed

lemma lim-m-a’: (Am. $a”{m}-n) —— $a’-n for n::nat
proof (rule LIMSEQ-imp-Suc)
show (Am. $a”" {Suc m}-n) —— $a’-n
proof (cases i = 0)
case True
show ?thesis
using a’’-calc-i-0 a’-calc-i-0 True by simp
next
case Fulse
show ?thesis
using False v-pos delta-0-iff-i-0
apply (subst a'’-cale; simp?)
apply (subst a’-calc; simp?)
apply (subst powr-realpow, simp)
apply (rule tendsto-divide; simp?)
by (rule LIMSEQ-Suc[OF lim-d-nom)])
qged
qed

lemma lim-m-s: (Am. $s{m}-n) —— $s’-n for n::nat
proof (rule LIMSEQ-imp-Suc)
show (Am. $s7{Suc m}-n) —— $s'-n
proof (cases i = 0)
case True
show ?thesis
using s-calc-i-0 s’-calc-i-0 True by simp
next
case Fulse
show ?thesis
using Fulse v-futr-pos delta-0-iff-i-0
apply (subst s-calc; simp?)
apply (subst s’-calc; simp?)
apply (subst powr-realpow, simp)
apply (rule tendsto-divide; simp?)
by (rule LIMSEQ-Suc|[OF lim-i-nom))
qed
qed

lemma lim-m-s"": (Am. $s”"{m}-n) —— $s’-n for n:nat
proof (rule LIMSEQ-imp-Suc)
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show (Am. $s""{Suc m}-n) —— 8$s’-n
proof (cases i = 0)
case True
show ?thesis
using s’’-calc-i-0 s’-calc-i-0 True by simp
next
case Fulse
show ?thesis
using Fualse v-futr-pos delta-0-iff-i-0
apply (subst s’'-calc; simp?)
apply (subst s’-cale; simp?)
apply (subst powr-realpow, simp)
apply (rule tendsto-divide; simp?)
by (rule LIMSEQ-Suc[OF lim-d-nom)])
qed
qed

lemma lim-n-a: (An. $a {m}-n) —— $a{m}-c0 if m # 04 > 0 for m:nat
proof —
have $i"{m} # 0 using i-nom-pos-iff-i-pos that by (smt (verit))
moreover have (An. $v™n) —— 0
using LIMSEQ-realpow-zero[of $v] v-pos v-lt-1-iff-i-pos that by simp
ultimately show ?thesis
using that apply (subst a-calc; simp?)
unfolding perp-def apply (rule tendsto-divide; simp?)
using tendsto-diff [ where a=1 and b=0] by auto
qed

lemma lim-n-a’": (An. $a”’{m}-n) —— $a’"{m}-c0 if m # 04 > 0 for m::nat
proof —
have $d"{m} # 0 using d-nom-pos-iff-i-pos that by (smt (verit))
moreover have (An. $v™n) —— 0
using LIMSEQ-realpow-zero[of $v] v-pos v-lt-1-iff-i-pos that by simp
ultimately show ?thesis
using that apply (subst a'’-cale; simp?)
unfolding perp-due-def apply (rule tendsto-divide; simp?)
using tendsto-diff [ where a=1 and b=0] by auto
qed

lemma Ilsm-Ilam: $(I{1}s) {m}-n = (14+i)"n * $(I {l}a) {m}-n
ifl £ 0m # 0 for I nm :: nat
unfolding acc-incr-def ann-incr-def v-pres-def using v-futr-pos powr-realpow
apply (subst inverse-powr, simp)
apply (subst sum-distrib-left)
by (subst minus-real-def, subst powr-add, subst times-divide-eq-right, subst mult.assoc,
stmp)

lemma Iam-calc: $(1a) {m}-n= (> j<n. (j+1)/m = 3 k=jxm..<(j+1)xm. $v. ((k+1)/m)))
if m # 0 for n m :: nat
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proof —
let 21 = {..<n}
let 24 = A\j. {jxm..<(j+1)*m}
let 2g = Ak. $v. 7 ((k+1::nat)/m) * [(k+1:nat)/m] / m
have $(Ja) {m}-n = > j<n. Y k=jxm..<(j+1)*m. $v. ((k+1)/m) * [(k+1)/m]
/ m)
unfolding ann-incr-def using seq-part-multiple that
apply (simp only: mult-1)
by (subst sum.UNION-disjoint[of 21 ?A ?g, THEN sym]; simp)
also have ... = (3 j<n. (j+1)/m x (O k=jxm..<(j+1)*m. $v. (k+1)/m)))
proof —
{fixjk
assume jxm < k Ak < (j+1)xm
hence jxm < k+1 A k+1 < (j+1)*m by force
hence j < (k+1)/m A (k+1)/m < j+1
using pos-less-divide-eq pos-divide-le-eq of-nat-less-iff of-nat-le-iff that
by (smt (verit) of-nat-le-0-iff of-nat-mult)
hence [(k+1)/m] = j+1
by (simp add: ceiling-unique) }
hence A\j k. jxm < k ANk < (j+1)xm = [(k+1)/m] = j+1
by (metis (no-types) of-nat-1 of-nat-add)
with v-pos show Zthesis
apply —
apply (rule sum.cong, simp)
apply (subst sum-distrib-left, rule sum.cong; simp)
by (smt (verit, ccfv-SIG) of-int-1 of-int-diff of-int-of-nat-eq)
qed
finally show ?thesis .
qed

lemma Ism-calc: $(Is) {m}-n = O j<n. (j+1)/m* O k=jxm..<(j+1)xm. (1+13). (n—(k+1)/m)))
if m # 0 for n m :: nat
using v-pos that
apply (subst Ilsm-Ilam; simp)
apply (subst Iam-calc[simplified]; simp?)
apply ((subst sum-distrib-left, rule sum.cong; simp))+
unfolding v-pres-def using v-futr-pos
apply (subst inverse-powr; simp)
apply (subst powr-realpow| THEN sym], simp)
by (subst powr-add[THEN sym]; simp)

lemma Imam-calc-auz: $(I {m}a) {m}-n = (3 k<nxm. $v. ((k+1)/m) * (k+1)
/ m”2)

if m # 0 for m::nat

unfolding ann-incr-def power-def

apply (rule sum.cong, simp)

apply (subst of-nat-mult)

using v-pos that

apply (subst nonzero-mult-div-cancel-left, simp)
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by (subst ceiling-of-nat; simp)

lemma Imam-calc:
$(I'{m}a) {m}-n = ($v.(1/m) * (I — (nxm~+1)x$v"n + nxmx$v. (n+1/m)))
/ (mx(1—=8v.7(1/m))) "2
if i 2 0m # 0 for n m :: nat
proof —
have x: $v.7(1/m) > 0 using v-pos by force
hence $(I {m}a) {m}-n = O k<nxm. (k+1)*(3v.(1/m)) (k+1)) /| m™2
using that
apply (subst Imam-calc-auzx, simp)
apply (subst sum-divide-distrib| THEN sym], simp)
apply (rule sum.cong; simp)
using powr-realpow| THEN sym| powr-powr by (simp add: add-divide-distrib

powr-add)
also have ... = $v.7(1/m) x (3 k<nxm. (k+1)x($v.7(1/m))7k) / m™2
by (subst sum-distrib-left, simp add: that, rule sum.cong; simp)
also have ... = $v.7(1/m)

((1 = (nxm+1)%($v.7(1/m)) (nxm) + nxmx($v.7(1/m)) (nxm+1)) / (1 —
$v.(1/m))"2) )/ m™2

using v-pos v-1-iff-i-0 that by (subst geometric-increasing-sum; simp?)

also have ... = ($v.7(1/m) * (1 — (nxm~+1)*$v"n + nxmx$v. (n+1/m))) /
(m*(107$v.A(1/m)))A2
using *

apply (subst powr-realpow|of $v.7(1/m), THEN sym]|, simp)+
apply (subst powr-powr)+
apply (subst times-divide-eq-right| THEN sym], subst divide-divide-eg-left)
apply (subst power-mult-distrib)
using powr-eg-one-iff-gen v-pos v-1-iff-i-0 apply (simp add: field-simps)
by ((subst powr-realpow, simp)+, simp)
finally show ?thesis .
qed

lemma Imam-calc-i-0: $(I {m}a) {m}-n = (nxm-+1)xn / (2«+m) if i = 0m # 0
for n m :: nat
proof —
have $(I'{m}a) {m}-n = (O k<nsxm. $v. " ((k+1)/m) = (k+1) / m™2)
by (subst Imam-calc-auz, simp-all add: that)
also have ... = (> k<nxm. k+1) / m™2
apply (subst v-1-iff-i-0[THEN iffD2], simp-all add: that)
by (subst sum-divide-distrib| THEN sym)], simp)

also have ... = (nxm*(nxm+1) div 2) / m™2
apply (subst Suc-eq-plus1 [THEN sym], subst sum-bounds-lt-plusi[of id, simpli-
fied))
by (subst Sum-Icc-nat, simp)
also have ... = (nxm+1)*xn / (2xm)

apply (subst real-of-nat-div, simp)
using that by (subst power2-eg-square, simp add: field-simps)
finally show ?thesis .
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qed

lemma Imsm-calc:
$(I'{m}s) {m}-n = ((1+4). (n+1/m) — (nxm+1)*(144).(1/m) + nxm) /
(m((1+). (1 fm)—1)) 2
if i 2 0m # 0 for n m :: nat
proof —
have $(I"{m}a) {m}-n =
(Sv"nx ((1+17). (n+1/m) — (nxm+1)x(144).7(1/m) + nxm)) / (mx((1+7). (1/m)—1))"2
proof —
have $(I{m}a) {m}-n =
($v.7(1/m) x (1 — (nxm+1)x$v"n + nxmx$v. (n+1/m))) / (mx(1—8$v.7(1/m))) "2
using that by (subst Imam-calc; simp)
also have ... = (1 — (nxm+1)x$v™n + nxmx$v. (n+1/m)) / ($v.7(1/m)x(m*($v. (—1/m)—1))"2)
apply (subgoal-tac $v. (—1/m) = 1 / $v.7(1/m), erule ssubst)
apply ((subst power2-eq-square)+, simp add: field-simps that)
by (simp add: powr-minus-divide)
also have ...
($v.(n+1/m) * ($v. (—n—1/m) — (nxm+1)x$v.(—1/m) + nxm)) /
($0.7(1/m)*(m*($v. (—=1/m)—1))"2)
apply (subgoal-tac $v. (—n—1/m) =1 / $v. (n+1/m) $v. (—1/m) = $v™n
/ $v.(n+1/m))
apply ((erule ssubst)+, simp-all add: field-simps)
using v-pos
apply (simp add: powr-diff [ THEN sym| powr-realpow| THEN sym))
by (smt (verit) powr-minus-divide)
also have ... =
($v7n x ($v. (—n—1/m) — (nxm+1)x$v. (—1/m) + nxm)) / ((mx($v.(—1/m)—1))"2)
apply (subst powr-add[of - n 1/m])
using v-pos powr-realpow by simp
also have ... =
($v"n * ((144). (n+1/m) — (nxm—+1)*x(144).(1/m) + nxm)) / ((m*x((1413). (1/m)—1))"2)
apply (subgoal-tac —n—1/m = —(n+1/m) —1/m = —(1/m), (erule ssubst)+)
apply (subst i-v-powr|THEN sym])+
by simp-all
finally show ?thesis .
qged
thus ?thesis
apply —
using that v-futr-pos
apply (subst llsm-Ilam, simp)
apply (erule ssubst, simp)
apply (rule disjI2)
by (subst power-mult-distrib| THEN sym)], simp add: v-pres-def)
qed

lemma Imsm-calc-i-0: $(I{m}s) {m}-n = (nxm~+1)xn / (2xm) if i = 0m # 0
for n m :: nat
using that
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apply (subst Ilsm-Ilam, simp)
by (subst Imam-calc-i-0; simp)

lemma Ila"'m-Ilam: $(I{i}a”) {m}-n = (1+4).7(1/m) = $(I {i}a) {m}-n
ifl£0m# 0 for Ilmn :: nat
unfolding ann-incr-def ann-due-incr-def using that
apply (subst i-v, subst powr-powr, simp)
apply (subst sum-distrib-left)
apply (rule sum.cong; simp)
apply (rule disjI2)
by (smt (verit) add-divide-distrib powr-add)

lemma Ia"'m-calc: $(Ia") {m}-n = O j<n. (j+1)/m x (3 k=jxm..<(j+1)*m.
$0.7(k/m)))

if m # 0 for n m :: nat

using that

apply (subst Ila"'m-Ilam; simp del: One-nat-def)

apply (subst Iam-calc; simp)

apply (subst sum-distrib-left)

apply (rule sum.cong; simp)

apply (subst sum-distrib-left)+

apply (rule sum.cong; simp)

apply (subst i-v-powr)

using powr-add[of $v, THEN sym| by (simp add: field-simps)

lemma Ima’’m-calc-auz: $(I {m}a’) {m}-n = (3 k<nxm. $v. (k/m) * (k+1) /
m”2)

if m # 0 for m::nat

using that

apply (subst Illa""m-Ilam, simp)

apply (subst Imam-calc-aux, simp)

apply (subst sum-distrib-left)

apply (rule sum.cong; simp)

using powr-add|of $v, THEN sym] i-v-powr by (simp add: field-simps)

lemma Ima’'m-cale: $(I{m}a’”) {m}-n = (1 — (nxm+1)x$v"n + nxm*x$v. (n+1/m))
J ({18071 /m))) 2

if i 2 0m # 0 for n m :: nat

using that v-pos

apply (subst Illa"'m-Ilam, simp)

apply (subst Imam-calc; simp)

by (simp add: powr-divide v-pres-def)

lemma Ils"'m-Ilsm: $(I{1}s”) {m}-n = (1+4).7(1/m) x $(I {l}s) {m}-n
if l# 0m # 0 for Il m n :: nat
unfolding acc-incr-def acc-due-incr-def using that
apply (subst sum-distrib-left)
apply (rule sum.cong; simp)
apply (rule disjI2)
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by (subst powr-add[THEN sym), subst add-divide-distrib, simp)

lemma Ims''m-calc:
$(I{m}s") Am}-n =
(1419).7(1/m) = ((149).(n+1/m) — (nxm+1)x(1+3).7(1/m) + nxm) /
(mx((1+7).7(1/m)—1))"2
if i # 0m # 0 for n m :: nat
using that by (simp add: Ils"'m-Ilsm Imsm-calc)

lemma lim-Imam: (An. $(I" {m}a) {m}-n) —— 1 / (i {m}x$d"{m}) if m #
01> 0 for m:nat
proof —
have (An. $(I {m}a) {m}-n) =
(An. $v.7(1/m) x (1 — (nxm+1)x$v"n + nxmx$v. (n+1/m)) / (m*x(1—8%v.7(1/m))) 2)
using that by (subst Imam-calc; simp)
moreover have (An. $v.7(1/m) * (1 — (nxm+1)*$v"n + nxmx$v. (n+1/m))
/ (ma(1-80.7(1/m)))"2)
—— 1/ ($i{m}«8d{m})
proof —
have x: |$9| < 1
using v-lt-1-iff-i-pos v-pos that by force
hence (An. (nxm+1)*$v™n) —— 0
apply (subst tendsto-cong[of - (An. nxm*$v™n + $v™n)])
apply (rule always-eventually, rule alll)
apply (simp add: distrib-right)
apply (subgoal-tac 0 = 0 + 0, erule ssubst, intro tendsto-intros; simp)
apply (subst mult.commute, subst mult.assoc)
apply (subgoal-tac 0 = real m = 0, erule ssubst, intro tendsto-intros; simp?)
by (rule powser-times-n-limit-0; simp)
moreover have (An. nxmx$v. (n+1/m)) —— 0
apply (subst tendsto-cong[of - (An. (m*$v. (1 /m))*(nx$v™n))])
apply (rule always-eventually, rule alll)
apply (subst powr-add, subst powr-realpow; simp add: v-pos)
apply (subgoal-tac 0 = mx$v.7(1/m) * 0, erule ssubst, intro tendsto-intros;
stmp?)
by (rule powser-times-n-limit-0, simp add: )
ultimately have (An. $v.7(1/m) x (I — (nxm+1)%$v"n + nxmx$v. (n+1/m))
/ (mx(1=$v.7(1/m)))"2)
— $u.7(I/m) * (1 — 0+ 0)/ (mx(1—8v.7(1/m))) "2
using v-lt-1-iff-i-pos v-pos that by (intro tendsto-intros; simp)
thus ?thesis
unfolding i-nom-def using v-pos that
apply (subst i-v-powr, subst powr-minus-divide, subst d-nom-v; simp)
by (subst(asm)(2) power2-eq-square, simp add: field-simps)
qed
ultimately show ?thesis by simp
qed

lemma perp-incr-cale: $(I'{m}a) {m}-co =1 / ($i {m}+$d{m}) if m # 0 >
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0 for m:nat
unfolding perp-incr-def by (rule liml, rule lim-Imam; simp add: that)

lemma lim-Ima’”'m: (An. $(I"{m}a’) {m}-n) —— 1 / ($d{m})" 2 if m # 0
i > 0 for m:nat
unfolding perp-due-incr-def using that
apply (subst Ila’'m-Ilam, simp, subst mult.commute, subst i-v-powr, subst powr-minus-divide)
apply (subgoal-tac 1/($d™{m}) 2 = (1 /($i {m}x$d{m}))=(1/$v. (1/m)), erule
ssubst)
apply (intro tendsto-intros, simp add: lim-Imam)
by (subst power2-eg-square, subst(1) d-nom-i-nom-v; simp add: field-simps that)

lemma perp-due-incr-cale: $(I {m}a") {m}-oo =1 / ($d{m}) 2 if m # 0i >
0 for m::nat
unfolding perp-due-incr-def by (rule limlI, rule lim-Ima''m; simp add: that)

end

end
theory Survival-Model
imports HOL— Library. Rewrite HOL— Library. Extended- Nonnegative- Real HOL— Library. Extended-Real
HOL— Probability. Probability Preliminaries
begin

5 Survival Model

The survival model is built on the probability space 9t. Additionally, the
random variable X : space 91 — R is introduced, which represents the age
at death.

locale prob-space-actuary = MM-PS: prob-space 9 for I
— Since the letter M may be used as a commutation function, adopt the letter
M instead as a notation for the measure space.

locale survival-model = prob-space-actuary +
fixes X :: ‘a = real
assumes X-RV[simp]: MM-PS.random-variable (borel :: real measure) X
and X-pos-AE[simp]: AE £ in M. X &> 0
begin

5.1 General Theory of Survival Model

interpretation distrX-RD: real-distribution distr 9 borel X
using MM-PS.real-distribution-distr by simp

lemma X-le-event[simp]: {§ € space M. X & < z} € MM-PS.events
by measurable simp

lemma X-gt-event[simp]: {{ € space M. X £ > x} € MM-PS.events
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by measurable simp

lemma X-compl-le-gt: space M — {£ € space M. X £ < 2} = {£ € space M. X ¢
> zx} for z::real
proof —
have space M — {£ € space M. X £ < x} = space M — (X —“{..z}) by blast
also have ... = (X — {z<..}) N space M using vimage-compl-atMost by
fastforce
also have ... = {¢ € space M. X £ > z} by blast
finally show ?thesis .
qed

lemma X-compl-gt-le: space M — {£ € space M. X £ > z} = {£ € space M. X &
< z} for z::real
using X-compl-le-gt by blast

5.1.1 Introduction of Survival Function for X

Note that ccdf (distr 9 borel X) is the survival (distributive) function for
X.

lemma ccdfX-0-1: ccdf (distr 9 borel X) 0 = 1
apply (rewrite MM-PS.ccdf-distr-P, simp)
using X-pos-AFE MM-PS.prob-space
using MM-PS.prob-Collect-eq-1 X-gt-event by presburger

lemma ccdfX-unborn-1: cedf (distr MM borel X) v =1 if 2 < 0
proof (rule antisym)
show ccdf (distr O borel X) x < 1
show cedf (distr 9 borel X) x > 1
proof —
have cedf (distr 9 borel X) x > ccdf (distr O borel X) 0
using finite-borel-measure.ccdf-nonincreasing distrX-RD.finite-borel-measure-M
that by simp
also have cedf (distr MM borel X) 0 = 1 using ccdfX-0-1 that by simp
finally show ?%thesis .
qed
qed

using MM-PS.ccdf-distr-P by simp

definition death-pt :: ereal («$1»)
where $i = Inf (ereal ‘ {x € R. cedf (distr M borel X) z = 0})
— This is my original notation, which is used to develop life insurance mathe-
matics rigorously.

lemma psi-nonneg: $p > 0
unfolding death-pt-def
proof (rule Inf-greatest)
fix z":ereal
assume z’ € ereal ‘ {z € R. cedf (distr M borel X) z = 0}
then obtain z::real where z’ = ereal  and ccdf (distr 9 borel X) z = 0 by
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blast

hence ccdf (distr 9 borel X) 0 > cedf (distr M borel X) z using ccdfX-0-1
X-pos-AE by simp

hence z > 0

using mono-invE finite-borel-measure.ccdf-nonincreasing distrX-RD.finite-borel-measure-M
X-RV

by (smt(verit))

thus z’ > 0 using (z’ = ereal > by simp

qed

lemma ccdfX-beyond-0: cedf (distr MM borel X) x = 0 if z > $¢ for z::real
proof —
have ereal ‘ {y € R. ccdf (distr M borel X) y = 0} # {} using death-pt-def that
by force
hence Jy’e(ereal ‘ {y € R. ccdf (distr M borel X) y = 0}). y' < ereal
using that unfolding death-pt-def by (rule cInf-lessD)
then obtain g’
where y’ € (ereal ‘ {y € R. ccdf (distr M borel X) y = 0}) and y’ < ereal x
by blast
then obtain y::real
where y’ = ereal y and cedf (distr 9 borel X) y = 0 and ereal y < ereal x
by blast
hence ccdf (distr M borel X) y = 0 and y < z by simp-all
hence ccdf (distr 9 borel X) xz < 0
using finite-borel-measure.ccdf-nonincreasing distrX-RD. finite-borel-measure-M
X-RV
by (metis order-less-le)
thus ?thesis using finite-borel-measure.ccdf-nonneg distrX-RD.finite-borel-measure-M
X-RV by (smt (verit))
qed

lemma ccdfX-psi-0: ccdf (distr 9 borel X) (real-of-ereal $1p) = 0 if $ < oo
proof —
have |$v¢| # oo using that psi-nonneg by simp
then obtain u::real where $¢ = ereal u using ereal-real’ by blast
hence real-of-ereal $1p = u by simp
moreover have ccdf (distr MM borel X) u = 0
proof —
have Az:real.  # v = z € {u<..} = ccdf (distr I borel X) xz = 0
by (rule ccdfX-beyond-0, simp add: «$1p = ereal uy)
hence (ccdf (distr MM borel X) —— 0) (at-right u)
apply —
by (rule iffD2[OF Lim-cong-within|where ?g=(A\z.0)]], simp-all+)
moreover have (ccdf (distr M borel X) —— ccdf (distr M borel X) u)
(at-right w)
using finite-borel-measure.ccdf-is-right-cont distrX-RD.finite-borel-measure-M
continuous-within X-RV by blast
ultimately show ?thesis using tendsto-unique trivial-limit-at-right-real by
blast
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qed
ultimately show ?thesis by simp
qed

lemma ccdfX-0-equiv: cedf (distr MM borel X) © = 0 «+— z > $¢ for z::real
proof
assume ccdf (distr 9 borel X) z = 0
thus ereal z > $¢ unfolding death-pt-def by (simp add: INF-lower)
next
assume $9 < ereal x
hence $¢) = ereal z vV $¢) < ereal z unfolding less-eg-ereal-def by auto
thus cedf (distr 9 borel X) © = 0
proof
assume *: $1) = ereal
hence $¢ < oo by simp
moreover have real-of-ereal $1) = z using x by simp
ultimately show ccdf (distr O borel X) x = 0 using ccdfX-psi-0 by simp
next
assume $¢) < ereal z
thus cedf (distr 9 borel X) z = 0 by (rule ccdfX-beyond-0)
qged
qed

lemma psi-pos[simp]: $1 > 0
proof (rule not-le-imp-less, rule notl)
show $1) < (0::ereal) = False
proof —
assume $yp < (0::ereal)
hence ccdf (distr M borel X) 0 = 0 using ccdfX-0-equiv by (simp add:
zero-ereal-def)
moreover have ccdf (distr MM borel X) 0 = 1 using ccdfX-0-1 by simp
ultimately show Fulse by simp
qed
qed

corollary psi-pos’[simp]: $1p > ereal 0
using psi-pos zero-ereal-def by presburger

5.1.2 Introdution of Future-Lifetime Random Variable T(z)

definition alive :: real = 'a set
where alive z = {£ € space M. X £ > z}

lemma alive-event[simp]: alive v € MM-PS.events for z:real
unfolding alive-def by simp

lemma X-alivex-measurable[measurable, simp]: X € borel-measurable (M | alive

z) for z:real
unfolding cond-prob-space-def by (measurable; simp add: measurable-restrict-spacel)
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definition futr-life :: real = ('a = real) (<T)
where Tz = (M. X £ — z)
— Note that T(z) : space 9 — R represents the time until death of a person
aged z.

lemma T0-eq-X[simp]: T 0 = X
unfolding futr-life-def by simp

lemma Tz-measurable[measurable, simpl: T x € borel-measurable M for x::real
unfolding futr-life-def by (simp add: borel-measurable-diff)

lemma Tz-alivex-measurable[measurable, simp|: T x € borel-measurable (M | alive
z) for z:real
unfolding futr-life-def by (simp add: borel-measurable-diff)

lemma alive-T: alive x = {£ € space M. T xz £ > 0} for x::real
unfolding alive-def futr-life-def by force

lemma aliver-Tx-pos[simp]: 0 < T z £ if & € space (M | alive z) for z::real
using MM-PS.space-cond-prob-space alive-T that by simp

lemma PT0-eq-PX-lborel: P(Ein M. TOEE€A|TOE>0)=PEin M XE
€ A)

if A € sets lborel for A : real set

apply (rewrite MM-PS'.cond-prob-AE-prob, simp-all)

using that X-RV measurable-lborell predE pred-sets2 by blast

5.1.3 Actuarial Notations on the Survival Model

definition survive :: real = real = real («$p’-{-&-}» [0,0] 200)
where $p-{t&z} = cedf (distr (MM | alive x) borel (T x)) ¢
— the probability that a person aged z will survive for t years
— Note that the function $p-{-&z} is the survival function on (9 | alive z) for
the random variable T'(z).
— The parameter ¢t is usually nonnegative, but theoretically it can be negative.

abbreviation survive-1 :: real = real («$p’-- [101] 200)
where $p-z = $p-{1&z}

definition die :: real = real = real (\$q'-{-&-}> [0,0] 200)
where $¢-{t&z} = cdf (distr (M | alive z) borel (T z)) t
— the probability that a person aged z will die within ¢ years
— Note that the function $¢-{-&z} is the cumulative distributive function on
(M | alive z) for the random variable T'(z).
— The parameter t is usually nonnegative, but theoretically it can be negative.

abbreviation die-1 :: real = real («$¢’-- [101] 200)
where $¢-z = $¢-{1&z}
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definition die-defer :: real = real = real = real («$¢'-{-|-&-}> [0,0,0] 200)
where $¢-{f|t&z} = |$¢-{f+t&z} — $¢-{f&z}|
— the probability that a person aged z will die within ¢ years, deferred f years
— The parameters f and ¢ are usually nonnegative, but theoretically they can
be negative.

abbreviation die-defer-1 :: real = real = real («$q’-{-|&-}> [0,0] 200)
where $q¢-{f|&z} = $q¢-{f|1&z}

definition life-expect :: real = real (<$e‘c’--y [101] 200)
where $e‘o-z = integral” (MM | alive z) (T )
— complete life expectation
— Note that $e‘o-z is calculated as 0 when nn-integral (9 | alve z) (T z) =
0.

definition temp-life-expect :: real = real =real ($e‘c’-{-:-}> [0,0] 200)
where $e‘o-{z:n} = integrall (M | alive z) (AE. min (T z €) n)
— temporary complete life expectation

definition curt-life-expect :: real = real («$e’--» [101] 200)
where $e-v = integral® (M | alive x) (N, | T z £])
— curtate life expectation
— Note that $e-z is calculated as 0 when nn-integral (9 | alive z) | T z] = oo.

definition temp-curt-life-expect :: real = real = real (s$e’-{-:-}> [0,0] 200)
where $e-{z:n} = integral® (M | alive 7) (\. [min (T x &) n))
— temporary curtate life expectation
— In the definition n can be a real number, but in practice n is usually a natural
number.

5.1.4 Properties of Survival Function for T'(z)

context

fixes z::real

assumes z-lt-psi[simp]: © < $1
begin

lemma PXz-pos[simp]: P(§ in M. X € > z) > 0
proof —
have P(¢ in M. X £ > z) = ccdf (distr M borel X) x
unfolding alive-def using MM-PS.ccdf-distr-P by simp
also have ... > 0
using ccdfX-0-equiv distrX-RD.ccdf-nonneg z-lt-psi by (smt (verit) linorder-not-le)
finally show ?thesis .
qed

lemma PTz-pos[simp]: P(§ in M. Tz &> 0) > 0
apply (rewrite alive-T[THEN sym))
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unfolding alive-def by simp

interpretation alivex-PS: prob-space M | alive x
by (rule MM-PS.cond-prob-space-correct, simp-all add: alive-def)

interpretation distrTz-RD: real-distribution distr (I | alive x) borel (T z) by
stmp

lemma cedfTz-cond-prob:

cedf (distr (M | alive ) borel (T'z)) t=PEinM. Tz >t| Taxé > 0) for
t::real

apply (rewrite alivez-PS.ccdf-distr-P, simp)

unfolding alive-def

apply (rewrite MM-PS.cond-prob-space-cond-prob]l THEN sym], simp-all add:
pred-def)

unfolding futr-life-def by simp

lemma ccdfTx-0-1: ccdf (distr (9 | alive ) borel (T x)) 0 = 1
apply (rewrite ccdfTx-cond-prob)
unfolding futr-life-def cond-prob-def
by (smt (verit, best) Collect-cong PXxz-pos divide-eq-1-iff)

lemma cedfTz-nonpos-1: cedf (distr (I | alive x) borel (T x)) t = 1 if t < 0 for
t :: real

using antisym ccdfTz-0-1 that

by (metis distrTz-RD.ccdf-bounded-prob distrTz-RD.ccdf-nonincreasing)

lemma cedfTz-0-equiv: cedf (distr (MM | alive x) borel (T x)) t = 0 <— z+t >
$4 for t::real
proof —
have cedf (distr (MM | alive x) borel (T z)) t =
PElinMXE>a+tANXE>z) /P inM X > x)
apply (rewrite ccdfTz-cond-prob)
unfolding cond-prob-def futr-life-def by (smt (verit) Collect-cong)
hence ccdf (distr (90 | alive x) borel (T z)) t = 0 <—
PEinMXES>artAXE>a) /PENMXE>a) =0
by simp
alsohave ... «+— Pl in M X E> a2+t ANXE>2) =0
using z-lt-psi PXz-pos by (smt (verit) divide-eq-0-iff)
also have ... +— z+t > $o
using ccdfX-0-equiv MM-PS. ccdf-distr-P
by (smt (verit) Collect-cong X-RV le-ereal-le linorder-not-le x-lt-psi)
finally show ?thesis .
qed

lemma ccdfTx-continuous-on-nonpos|simp):

continuous-on {..0} (ccdf (distr (M | alive z) borel (T x)))
by (metis atMost-iff ccdfTz-nonpos-1 continuous-on-cong continuous-on-const)
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lemma ccdfTz-differentiable-on-nonpos|simpl:
(ccdf (distr (O | alive x) borel (T x))) differentiable-on {..0}
by (rewrite differentiable-on-conglwhere f=\-. 1]; simp add: ccdf Tz-nonpos-1)

lemma cedfTz-has-real-derivative-0-at-neg:
(cedf (distr (M | alive x) borel (T x)) has-real-derivative 0) (at t) if t < 0 for
t::real
apply (rewrite has-real-derivative-iff-has-vector-derivative)
apply (rule has-vector-derivative-transform-within-open[of A-. 1 - - {..<0}])
using ccdfTx-nonpos-1 that by simp-all

lemma cedfTx-integrable-Icc:
set-integrable lborel {a..b} (ccdf (distr (9 | alive x) borel (T z))) for a b :: real
proof —
have ([ Tt. ennreal (indicat-real {a..b} t * ccdf (distr (M | alive z) borel (T z))
t) Olborel)
<T
proof —
have ([ *t. ennreal (indicat-real {a..b} t = ccdf (distr (M | alive z) borel (T
z)) t) Olborel)
< ([ Tt. ennreal (indicat-real {a..b} t) dlborel)
apply (rule nn-integral-mono)
using distrTz-RD. ccdf-bounded
by (simp add: distrTz-RD.ccdf-bounded-prob indicator-times-eq-if (1))
also have ... = nn-integral lborel (indicator {a..b}) by (meson ennreal-indicator)
also have ... = emeasure lborel {a..b} by (rewrite nn-integral-indicator; simp)
also have ... < T
using emeasure-lborel-Icc-eq ennreal-less-top infinity-ennreal-def by presburger
finally show ?thesis .
qed
thus ?thesis
unfolding set-integrable-def
apply (intro integrableI-nonneg, simp-all)
using distrTz-RD.ccdf-nonneg by (intro always-eventually) auto
qed

corollary ccdfTz-integrable-on-Icc:
cedf (distr (9 | alive x) borel (T x)) integrable-on {a..b} for a b :: real
using set-borel-integral-eq-integral ccdfTz-integrable-Icc by force

lemma cedfTz-PX:

cedf (distr (M | alive x) borel (T z)) t = P(§ in M. X & > z+t) / P(§ in M.
X &> x)

if t > 0 for t::real

apply (rewrite ccdfTx-cond-prob)

unfolding cond-prob-def futr-life-def PXa-pos by (smt (verit) Collect-cong that)

lemma ccdfTz-ccdfX: cedf (distr (MM | alive x) borel (T z)) t =
cedf (distr M borel X) (x + t) / ccdf (distr M borel X)
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if t > 0 for t::real
using ccdfTz-PX that MM-PS.ccdf-distr-P X-RV by presburger

lemma cedfT0-eq-ccdfX: cedf (distr (M | alive 0) borel (T 0)) = ccdf (distr M
borel X)
proof
fix z
show cedf (distr (I | alive 0) borel (T 0)) © = ccdf (distr 9 borel X)
proof (cases «x > 0)
case True
thus ?thesis
using survival-model. ccdf Tx-ccdfX [where =0] cedfX-0-1 survival-model-azioms
by fastforce
next
case False
hence = < 0 by simp
thus ?thesis
apply (rewrite ccdfX-unborn-1, simp)
by (rewrite survival-model.ccdf Tx-nonpos-1; simp add: survival-model-azioms)
qed
qed

lemma continuous-ccdfX-ccdfTx:
continuous (at (z+t) within {z..}) (ccdf (distr 9 borel X)) +—
continuous (at t within {0..}) (ccdf (distr (9 | alive z) borel (T x)))
if t > 0 for t::real
proof —
let Zsrvl = ccdf (distr 9 borel X)
have [simp]: P(§ in M. X £ > x) # 0 using PXz-pos by force
have x: Au. u > 0 = cedf (distr (MM | alive x) borel (T x)) u =
Zsrvl (x + u) / P in M X &> 1)
using survive-def MM-PS.ccdf-distr-P ccdfTz-PX that by simp
have continuous (at t within {0..}) (ccdf (distr (M | alive z) borel (T z))) +—
continuous (at t within {0..}) (Au. ?srvl (z+u) / P& in M. z < X &))
proof —
have V r u in at t within {0..}. ccdf (distr (M | alive z) borel (T x)) u =
Zsrvl (z+u) / P in M. X & > 1)
using * by (rewrite eventually-at-topological, simp-all) blast
thus ?thesis
by (intro continuous-at-within-cong, simp-all add: x that)

qed
also have ... +— continuous (at t within {0..}) (Au. Zsrvl (z+u))
by (rewrite at - = X continuous-cdivide-iff [of P(£ in M. X € > xz)], simp-all)
also have ... «— continuous (at (z+t) within {z..}) ?srul
proof

let Zsubx = A\v. v—z

assume LHAS: continuous (at t within {0..}) (Au. 2srvl (z+u))

hence continuous (at (?subx (z+t)) within Zsubz ‘ {z..}) (Au. Zsrovl (z+u))
proof —
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have ?subz ‘ {z..} = {0..}
by (metis (no-types, lifting) add.commute add-uminus-conv-diff diff-self
image-add-atLeast image-cong)

thus ?thesis using LHS by simp
qed
moreover have continuous (at (z+t) within {z..}) ?subz by (simp add: con-

tinuous-diff)
ultimately have continuous (at (z+t) within {z..}) (Au. ?srvl (z + (?subz

w)))
using continuous-within-compose2 by force
thus continuous (at (x+t) within {z..}) ?srvl by simp
next
assume RHS: continuous (at (x+t) within {z..}) ?srvl
hence continuous (at ((plus ) t) within (plus x) *{0..}) ?srvl by simp
moreover have continuous (at t within {0..}) (plus z) by (simp add: contin-
uous-add)
ultimately show continuous (at ¢t within {0..}) (Au. 2srvl (z+u))
using continuous-within-compose2 by force
qed
finally show ?thesis by simp
qed

lemma isCont-ccdfX-ccdfTx:
isCont (ccdf (distr I borel X)) (z+t) +—
isCont (ccdf (distr (M | alive z) borel (T z))) t
if t > 0 for t::real
proof —
have isCont (ccdf (distr M borel X)) (z+t) «—
continuous (at (z+t) within {z<..}) (ccdf (distr M borel X))
by (smt (verit) at-within-open greater Than-iff open-greater Than that)
also have ... +— continuous (at (z+t) within {x..}) (ccdf (distr MM borel X))
by (meson Ioi-le-Ico calculation continuous-within-subset top-greatest)
also have ... «— continuous (at t within {0..}) (ccdf (distr (M | alive x) borel
(7 )
using that continuous-ccdfX-ccdfTx by force
also have ... <— continuous (at t within {0<..}) (ccdf (distr (M | alive z)
borel (T x)))
by (metis loi-le-Ico at-within-open continuous-at-imp-continuous-at-within
continuous-within-subset greater Than-iff open-greater Than that)
also have ... «— isCont (ccdf (distr (O | alive z) borel (T z))) t
by (metis at-within-open greaterThan-iff open-greaterThan that)
finally show ?thesis .
qged

lemma has-real-derivative-cedfX-ccdfTx:

((cedf (distr O borel X)) has-real-derivative D) (at (z+t)) +—

((ccdf (distr (M | alive x) borel (T z))) has-real-derivative (D | P(£ in M. X &
> 1))) (at t)

if ¢t > 0 for t D :: real
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proof —
have ((ccdf (distr (O | alive x) borel (T x))) has-real-derivative
(D /P inM X &> ) (at t) +—
((At. (ccdf (distr O borel X)) (z+t) / P(§ in M. X £ > z)) has-real-derivative
(D/PEin M X &> x))) (at t)
proof —
let 2d = t/2
{ fix u::real assume dist u t < 2d
hence v > 0 by (smt (verit) dist-real-def dist-triangle-half-r)
hence ccdf (distr (M | alive z) borel (T z)) u =
cedf (distr 9 borel X) (x + u) /| MM-PS.prob {{::'a € space M. z < X &}
using survive-def MM-PS.ccdf-distr-P ccdfTx-PX that by simp }
moreover have ?d > 0 using that by simp
ultimately show #thesis
apply —
apply (rule DERIV-cong-ev, simp)
apply (rewrite eventually-nhds-metric, blast)
by simp
qed
also have ... «— ((At. (ccdf (distr M borel X)) (z+t)) has-real-derivative D)
(at t)
using PXz-pos by (rewrite DERIV-cdivide-iff [of P(€ in M. X £ > z), THEN
syml]; force)
also have ... «— (ccdf (distr 9 borel X) has-real-derivative D) (at (z+t))
by (simp add: DERIV-shift add.commute)
finally show ?thesis by simp
qged

lemma differentiable-ccdfX-ccdfTx:
(ccdf (distr O borel X)) differentiable at (z+t) <—
(cedf (distr (MM | alive x) borel (T x))) differentiable at t
if t > 0 for t::real
apply (rewrite differentiable-eq-field-differentiable-real)+
unfolding field-differentiable-def using has-real-derivative-ccdfX-ccdfTz that
by (smt (verit, del-insts) PXz-pos nonzero-mult-div-cancel-left)

5.1.5 Properties of $p-{t&z}

lemma p-0-1: $p-{0&z} = 1
unfolding survive-def using ccdfTz-0-1 by simp

lemma p-nonneg[simp|: $p-{t&z} > 0 for t::real
unfolding survive-def using distrTx-RD.ccdf-nonneg by simp

lemma p-le-1[simp]: $p-{t&z} < 1 for t::real
unfolding survive-def using distrTx-RD.ccdf-bounded-prob by auto

lemma p-0-equiv: $p-{t&z} = 0 «— x+t > $¢ for t::real
unfolding survive-def by (rule ccdfTx-0-equiv)
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lemma p-PTx: $p-{t&z} =P in M. Tz &> t| Tax& > 0) for t:real
unfolding survive-def using ccdfTz-cond-prob by simp

lemma p-PX: $p-{t&z} =PE in M X > +t) /PEinIM XE>x)ift >
0 for t::real
unfolding survive-def using ccdfTz-PX that by simp

lemma p-mult: $p-{t+t' & z} = $p-{t&az} * $p-{t’ & z+t}
ift>0t'>0x+t < $yY for tt':: real
proof —
have $p-{t+t' & z} = P(€ in M. X € > z+t+t’) / P& in M. X € > 1)
apply (rewrite p-PX; (simp add: that)?)
by (rule disjI2, smt (verit, best) Collect-cong)
also have ... = (P(§ in M. X & > z+t+t)) / P(€ in M. X € > z+1)) =
(P& in M. X &> ax+t) /[ P(Ein M X &> 1))
using that survival-model. PXz-pos survival-model-axioms by fastforce
also have ... = $p-{t&z} = $p-{t’ & z+t}
apply (rewrite p-PX, simp add: that)
by (rewrite survival-model.p-PX, simp-all add: that survival-model-azioms)
finally show ?thesis .
qged

lemma p-PTz-ge-ccdf-isCont: $p-{t&a} =Pl in M. Tax &>t | Tz &> 0)
if isCont (ccdf (distr O borel X)) (z+t) t > 0 for t:real
unfolding survive-def using that isCont-ccdfX-ccdfTx
apply (rewrite alivez-PS.ccdf-continuous-distr-P-ge, simp-all)
by (rewrite MM-PS.cond-prob-space-cond-prob, simp-all add: alive-T)

end

5.1.6 Properties of Survival Function for X

lemma ccdfX-continuous-unborn[simp|: continuous-on {..0} (ccdf (distr 9 borel
X))
using ccdfTz-continuous-on-nonpos by (metis ccdfT0-eq-ccdfX psi-pos’)

lemma ccdfX-differentiable-unborn[simp): (ccdf (distr MM borel X)) differentiable-on
{..0}

using ccdfTz-differentiable-on-nonpos by (metis ccdfT0-eq-ccdfX psi-pos’)

lemma ccdfX-has-real-derivative-0-unborn:
(ccdf (distr O borel X) has-real-derivative 0) (at x) if z < 0 for z::real
using ccdfTz-has-real-derivative-0-at-neg by (metis ccdfT0-eq-ccdfX psi-pos’ that)

lemma cedfX-integrable-Icc:

set-integrable lborel {a..b} (cedf (distr MM borel X)) for a b :: real
using ccdfTz-integrable-Icc by (metis ccdf T0-eq-ccdfX psi-pos’)
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corollary ccdfX-integrable-on-Icc:
cedf (distr 9 borel X) integrable-on {a..b} for a b :: real
using set-borel-integral-eq-integral ccdfX-integrable-Icc by force

lemma ccdfX-p: ccdf (distr M borel X) z = $p-{z& 0} for z::real
by (metis ccdfT0-eq-ccdfX survive-def psi-pos’)

5.1.7 Introduction of Cumulative Distributive Function for X

lemma cdfX-0-0: cdf (distr M borel X) 0 = 0
using ccdfX-0-1 distrX-RD.ccdf-cdf distrX-RD.prob-space by fastforce

lemma cdfX-unborn-0: cdf (distr 9 borel X) x = 0 if z < 0
using ccdfX-unborn-1 cdfX-0-0 distrX-RD.cdf-ccdf that by fastforce

lemma cdfX-beyond-1: cdf (distr 9 borel X) z = 1 if x > $¢ for z::real
using ccdfX-beyond-0 distrX-RD.cdf-ccdf that distrX-RD.prob-space by force

lemma cdfX-psi-1: cdf (distr 9 borel X) (real-of-ereal $1) = 1 if $p < oo
using ccdfX-psi-0 distrX-RD.cdf-ccdf distrX-RD.prob-space that by fastforce

lemma cdfX-1-equiv: cdf (distr MM borel X) x = 1 +— = > $¢ for z::real
using ccdfX-0-equiv distrX-RD.cdf-ccdf distrX-RD.prob-space by force

5.1.8 Properties of Cumulative Distributive Function for T(z)

context

fixes x::real

assumes z-lt-psi[simp]: z < $
begin

interpretation alivez-PS: prob-space M | alive z
by (rule MM-PS.cond-prob-space-correct, simp-all add: alive-def)

interpretation distrTz-RD: real-distribution distr (9 | alive z) borel (T z) by
stmp

lemma cdfTz-cond-prob:

cdf (distr (M | alive x) borel (Tz)) t=PEinM Tx&<t| Tz > 0)for
t::real

apply (rewrite distrTz-RD.cdf-ccdf, rewrite distrTz-RD.prob-space)

apply (rewrite ccdfTx-cond-prob, simp)

by (rewrite not-less] THEN sym)], rewrite MM-PS.cond-prob-neg; simp)

lemma cdfTz-0-0: cdf (distr (M | alive ) borel (T x)) 0 = 0
using cedfTx-0-1 distrTx-RD.cdf-cedf distrTz-RD.prob-space by force

lemma cdfTx-nonpos-0: cdf (distr (MM | alive x) borel (T z)) t = 0 if t < 0 for

t :: real
using ccdfTz-nonpos-1 distrTx-RD.cdf-ccdf distrTz-RD.prob-space that by force
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lemma cdfTx-1-equiv: cdf (distr (M | alive z) borel (T z)) t = 1 — x+t > $
for t::real
using ccdfTx-0-equiv distrTx-RD.cdf-cedf distrTz-RD.prob-space by force

lemma cdfTx-continuous-on-nonpos[simp):
continuous-on {..0} (cdf (distr (9 | alive x) borel (T x)))
by (rewrite continuous-on-cong[where g=\t. 0]) (simp-all add: cdfTz-nonpos-0)+

lemma cdfTz-differentiable-on-nonpos|simpl:
(cdf (distr (M | alive x) borel (T x))) differentiable-on {..0}
by (rewrite differentiable-on-cong[where f=At. 0]; simp add: cdfTx-nonpos-0)

lemma cdfTz-has-real-derivative-0-at-neg:
(edf (distr (M | alive x) borel (T x)) has-real-derivative 0) (at t) if t < 0 for
t::real
apply (rewrite has-real-derivative-iff-has-vector-derivative)
apply (rule has-vector-derivative-transform-within-openfof A-. 0 - - {..<0}])
using cdfTz-nonpos-0 that by simp-all

lemma cdfTx-integrable-Icc:
set-integrable lborel {a..b} (cdf (distr (M | alive x) borel (T z))) for a b :: real
proof —
have set-integrable lborel {a..b} (A-. 1::real)
unfolding set-integrable-def
using emeasure-compact-finite by (simp, intro integrable-real-indicator; force)
thus ?thesis
apply (rewrite distrTz-RD.cdf-ccdf, rewrite distrTx-RD.prob-space)
using ccdfTz-integrable-Icc by (rewrite set-integral-diff; simp)
qed

corollary cdfTz-integrable-on-Icc:
cdf (distr (MM | alive x) borel (T x)) integrable-on {a..b} for a b :: real
using cdfTx-integrable-Icc set-borel-integral-eq-integral by force

lemma cdfTz-PX:

cdf (distr (M | alive ) borel (T x)) t =P in M o< X EN X E < z+t) /
P in M. X &> 1)

for t::real

apply (rewrite cdfTz-cond-prob)

unfolding cond-prob-def futr-life-def PXx-pos by (smt (verit) Collect-cong)

lemma cdfT0-eq-cdfX: cdf (distr (M | alive 0) borel (T 0)) = cdf (distr 9 borel
X)
proof
interpret alive0-PS: prob-space M | alive 0
apply (rule MM-PS.cond-prob-space-correct, simp)
using PXz-pos alive-def psi-pos’ by presburger
interpret distrT0-RD: real-distribution distr (9 | alive 0) borel (T 0) by simp
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show Az. cdf (distr (MM | alive 0) borel (T 0)) z = cdf (distr M borel X) x
using ccdfT0-eq-ccdfX distrX-RD.ccdf-cdf distrT0-RD.ccdf-cdf
by (smt (verit, best) distr TO-RD.prob-space distrX-RD.prob-space psi-pos’)
qed

lemma continuous-cdfX-cdfTx:
continuous (at (z+t) within {z..}) (cdf (distr O borel X)) +—
continuous (at ¢t within {0..}) (cdf (distr (M | alive z) borel (T z)))
if ¢ > 0 for t::real
proof —
have continuous (at (z+t) within {z..}) (cdf (distr MM borel X)) +—
continuous (at (z+t) within {z..}) (ccdf (distr O borel X))
by (rule distrX-RD.continuous-cdf-ccdf)
also have ... «— continuous (at t within {0..}) (ccdf (distr (9 | alive ) borel
(T 1))
using continuous-ccdfX-ccdfTx that by simp
also have ... «— continuous (at t within {0..}) (cdf (distr (9 | alive x) borel
(T 2)))
using distrTz-RD.continuous-cdf-ccdf by simp
finally show ?thesis .
qed

lemma isCont-cdfX-cdfTx:
isCont (cdf (distr 9 borel X)) (z+t) +—
isCont (cdf (distr (M | alive z) borel (T z))) t
if t > 0 for t::real
apply (rewrite distrX-RD.isCont-cdf-ccdf)
apply (rewrite isCont-ccdfX-ccdfTz, simp-all add: that)
by (rule distrTz-RD.isCont-cdf-ccdf[THEN sym))

lemma has-real-derivative-cdfX-cdfTx:
((cdf (distr 9 borel X)) has-real-derivative D) (at (z+t)) «—
((cdf (distr (9 | alive x) borel (T x))) has-real-derivative (D / P(€ in M. X &
> 2)) (at 1
ift > 0 for ¢t D :: real
proof —
have ((cdf (distr O borel X)) has-real-derivative D) (at (z+t)) +—
(ccdf (distr O borel X) has-real-derivative —D) (at (z+t))
using distrX-RD.has-real-derivative-cdf-ccdf by force
also have ... +—
((cedf (distr (M | alive z) borel (T x))) has-real-derivative (—D | P(& in ON.
X &> ) (at 1)
using has-real-derivative-ccdfX-cedf Tz that by simp
also have ... +—
((cdf (distr (M | alive x) borel (T z))) has-real-derivative (D / P(§ in M. X &
> 2)) (at 1
by (simp add: distrTz-RD.has-real-derivative-cdf-ccdf)
finally show ?thesis .
qed
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lemma differentiable-cdfX-cdfTx:
(cdf (distr 9 borel X)) differentiable at (z+t) «—
(cdf (distr (MM | alive x) borel (T x))) differentiable at t
if t > 0 for t::real
apply (rewrite differentiable-eq-field-differentiable-real)+
unfolding field-differentiable-def using has-real-derivative-cdfX-cdfTx that
by (meson differentiable-ccdfX-ccdfTx distrTz-RD.finite-borel-measure-azioms
distrX-RD. finite-borel-measure-azxioms finite-borel-measure. differentiable-cdf-ccdf
real-differentiable-def x-lt-psi)

5.1.9 Properties of $¢-{t&z}
lemma g-nonpos-0: $¢-{t&z} = 0 if t < 0 for t::real
unfolding die-def using that cdfTxz-nonpos-0 by simp

corollary ¢-0-0: $¢-{0&z} = 0
using ¢-nonpos-0 by simp

lemma g¢-nonneg[simp]: $q-{t&z} > 0 for t::real
unfolding die-def using distrTz-RD.cdf-nonneg by simp

lemma g-le-1[simp: $¢-{t&z} < 1 for t::real
unfolding die-def using distrTz-RD.cdf-bounded-prob by force

lemma ¢-1-equiv: $¢-{t&z} = 1 «— x+t > $¢ for t::real
unfolding die-def using cdfTz-1-equiv by simp

lemma ¢-PTz: $¢-{t&z} =P in M T < t| Tz &> 0) for t:real
unfolding die-def using cdfTz-cond-prob by simp

lemma ¢-PX: $¢-{t&az} =Pl M < X EANXE<z+ 1)/ PEin M X ¢
> )
unfolding die-def using cdfTz-PX by simp

lemma g-defer-0-g[simp]: $¢-{0|t&z} = $¢-{t&z} for ¢::real
unfolding die-defer-def using ¢-0-0 by simp

lemma g-defer-0-0: $q-{f|0&z} = 0 for f::real
unfolding die-defer-def by simp

lemma g-defer-nonneg[simp]: $¢-{f|t&z} > 0 for ft :: real
unfolding die-defer-def by simp

lemma g-defer-q: $q-{f|t&z} = $¢-{f+t & z} — $q¢-{f&z} if t > 0 for f ¢ :: real
unfolding die-defer-def die-def using distrTz-RD.cdf-nondecreasing that by

stmp

corollary g-defer-le-1[simp]: $q-{f|t&z} < 1 if t > 0 for [t :: real
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by (smt (verit, ccfo-SIG) g-defer-q g-le-1 g-nonneg that)

lemma g¢-defer-PTxz: $¢-{f|t&z} =PEin M f< Tz éENTzEL<f+t| Tx

£>0)
if t > 0 for ft :: real
proof —
have $¢-{f|t&z} = $¢-{f+t & 2z} — $¢-{f&z} using g¢-defer-q that by simp
alsohave ... =Pl inM Tz{<f+t|Txl>0)—PEinM Tzl f
| Tz &> 0)
using ¢-PTz by simp
also have ... = P(£in (M | alivex). Tz & < f+t) — P& in (M | alive x).
Tzg<f)
using MM-PS.cond-prob-space-cond-prob alive-T by simp
also have ... =P(in (M | alivex). f < Tz EANTax < f+ 1)
proof —

have {¢ € space (M | alive z). Tz § < f + t} — {£ € space (M | alive z). T
z€&< f}=
{€ € space M | alivezx). f< TxéEANTzE<f+ t}
using that by force
hence alivez-PS.prob
({€ € space (M | alive z). Tz € < f + t} — {& € space (M | alive ). Tz &
</} =
P in (M | alivex). f< TxéENTxéLf+t)
by simp
moreover have {{ € space (M | alive x). Tx & < f} C {¢€ € space (M | alive
). Te & < f+t}
using that by force
ultimately show ?thesis by (rewrite alivex-PS.finite-measure-Diff[THEN sym];
stmp)
qed
alsohave ... =Pl inM f<TzlANTzELSf+t| Taé>0)
using MM-PS.cond-prob-space-cond-prob alive-T by simp
finally show ?thesis .
qed

lemma ¢-defer-PX: $¢-{f|t&z} =Pl in M s+ f< X EANXEL<z+[f+1)/
P in M X &> 1)
iff>0t>0for ft:: real
proof —
have $q-{f|t&z} =P Ein M f < Tz EANT2ESf+tANTxE>0) /) P
m M Tzxé>0)
apply (rewrite g-defer-PTx; (simp add: that)?)
unfolding cond-prob-def by simp
alsohave ... =Pl in M f<TaxéANTz < f+8)/PElEinIM Txé >
0)
proof —
have N\§. £ €space M = fF< Ta ATz ES<f+tANTzE>0+—f<
TxéENTzELf+t
using that by auto
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hence {{ € space M. f < Tz EANTzES<fHEtANTxE> 0} =
{Ee€space M f<TaxéNTxE < f+ t} by blast
thus ?thesis by simp
qed
alsohave... =P inM e+ f<XEANXE<z+f+1t)/PEinMXE
> 1)
unfolding futr-life-def by (smt (verit) Collect-cong)
finally show ?thesis .
qed

lemma g-defer-old-0: $¢-{f|t&z} = 0 if z+f > $p t > 0 for ft :: real
proof —
have $¢-{f|t&z} = $¢-{f+t & 2z} — $¢-{f&z} using g¢-defer-q that by simp
moreover have $¢-{f+t & z} = 1 using ¢-1-equiv that le-ereal-le by auto
moreover have $¢-{f&z} = 1 using ¢-1-equiv that by simp
ultimately show %thesis by simp
qed

end

5.1.10 Properties of Cumulative Distributive Function for X

lemma cdfX-continuous-unborn[simpl: continuous-on {..0} (cdf (distr M borel X))
using cdfTz-continuous-on-nonpos by (metis cdfT0-eq-cdfX psi-pos’)

lemma cdfX-differentiable-unborn[simp]: (cdf (distr O borel X)) differentiable-on
{..0}

using cdfTz-differentiable-on-nonpos by (metis cdfT0-eq-cdfX psi-pos’)

lemma cdfX-has-real-derivative-0-unborn:
(cdf (distr 9 borel X) has-real-derivative 0) (at z) if z < 0 for z::real
using cdfTz-has-real-derivative-0-at-neg by (metis cdfT0-eq-cdfX psi-pos’ that)

lemma cdfX-integrable-Icc:
set-integrable lborel {a..b} (cdf (distr O borel X)) for a b :: real
using cdfTz-integrable-Icc by (metis cdfT0-eq-cdfX psi-pos’)

corollary cdfX-integrable-on-Icc:
cdf (distr 9 borel X) integrable-on {a..b} for a b :: real
using cdfX-integrable-Icc set-borel-integral-eq-integral by force

lemma cdfX-q: cdf (distr MM borel X) xz = $¢-{z& 0} if © > 0 for z::real
by (metis cdfT0-eq-cdfX die-def psi-pos’)

5.1.11 Relations between $p-{t&z} and $¢-{t&z}

context

fixes x::real

assumes z-lt-psi[simp]: © < $
begin
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interpretation alivex-PS: prob-space M | alive x
by (rule MM-PS.cond-prob-space-correct, simp-all add: alive-def)

interpretation distrTz-RD: real-distribution distr (9 | alive z) borel (T z) by
stmp

lemma p-¢-1: $p-{t&z} + $¢-{t&z} = 1 for t::real
unfolding survive-def die-def using distrTz-RD.add-cdf-ccdf
by (smt (verit) distrTax-RD.prob-space x-lt-psi)

lemma g-defer-p: $q-{f|t&z} = $p-{f&=x} — $p-{f+t & z} if t > 0 for f 1 :: real
using g-defer-q p-g-1 that z-lt-psi by (smt (verit))

lemma g-defer-p-q-defer: $p-{f&z} * $¢-{f'|t & z+f} = $¢-{f+/|t & z}
ifot+f <SP f>0f>0t>0for ff't: real
proof —
have $p-{f&z} * $¢-{f'|t & z+f} =
PEin M XE>at+f)/PEinMXE>x)*
P in M. o+f+f' < X ENX & S atf+f/+t) | P in M X € > z+f)
apply (rewrite p-PX, (simp-all add: that)[2])
by (rewrite survival-model.q-defer-PX, simp-all add: that survival-model-azioms)
also have ... = P in M. z+f+f ' < X EANX & < a+f+f"+t) / P(E in M. X
§> 1)
using survival-model. PXz-pos[of M X z+f] nonzero-mult-div-cancel-left that
by (smt (verit, ccfv-SIG) survival-model-azioms times-divide-eq-left times-divide-eq-right)
also have ... = $¢-{f+/f'|t & z}
by (rewrite g-defer-PX; simp add: that group-cancel.addl)
finally show ?thesis .
qed

lemma g¢-defer-pg: $¢-{f|t&z} = $p-{f&z} * $¢-{t & z+f}
ife+f <$t>0f>0for ft:: real
using ¢-defer-p-q-defer[where f'=0] that
by (simp add: survival-model.q-defer-0-q survival-model-azioms)

5.1.12 Properties of Life Expectation

lemma e-nonneg: $e‘o-z > 0
unfolding life-expect-def
by (rule Bochner-Integration.integral-nonneg, simp add: less-eq-real-def)

lemma e-P: $e‘o-z =
MM-PS.expectation (AE. indicator (alivez) Ex Tx &) [/ P(E in M. Tz &> 0)
unfolding life-expect-def
by (rewrite MM-PS.integral-cond-prob-space-nn, auto simp add: alive-T)

proposition nn-integral-T-p:

(f T¢. ennreal (T z &) O(M | alive z)) = ([ Tte{0..}. ennreal ($p-{t&z}) lborel)
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apply (rewrite alivez-PS.expectation-nonneg-tail, simp-all add: less-imp-le)
apply (rule nn-integral-cong)

unfolding survive-def using distrTax-RD.prob-space distrTz-RD. ccdf-cdf by pres-
burger

lemma nn-integral-T-pos: ([ €. ennreal (T z &) O(M | alive z)) > 0
proof —
let 2f = At. — cedf (distr (MM | alive x) borel (T x)) t
have At u. t < uw = ?ft < ?f u using distrTz-RD.ccdf-nonincreasing by simp
moreover have continuous (at-right 0) ?f
using distrTz-RD.ccdf-is-right-cont by (intro continuous-intros)
ultimately have Ve>0. 3d>0. 29f (0 + d) — ?f0 < e
using continuous-at-right-real-increasing by simp
hence 3d>0. ?f (0 + d) — 70 < 1/2 by (smt (verit, del-insts) field-sum-of-halves)
from this obtain d where d-pos: d > 0 and $p-{d&z} > 1/2
using p-0-1 unfolding survive-def by auto
hence At. te{0..d} = $p-{t&z} > 1/2
unfolding survive-def using distrTx-RD.ccdf-nonincreasing by force
hence ([ Tt€{0..d}. ennreal ($p-{t&z}) dlborel) > ([ Tt€{0..d}. ennreal (1/2)
dlborel)
apply (intro nn-set-integral-mono, simp-all)
unfolding survive-def using Tz-alivex-measurable apply force
by (rule AE-I2) (smt (verit) ennreal-half ennreal-leI half-bounded-equal)
moreover have ([ Tt€{0..}. ennreal ($p-{t&z}) Olborel) > ([ Tte{0..d}. en-
nreal ($p-{t&x}) dlborel)
by (rule nn-set-integral-set-mono) simp
moreover have ([ tte{0..d}. ennreal (1/2) dlborel) > 0
apply (rewrite nn-integral-cmult-indicator, simp-all)
using d-pos emeasure-lborel-Icc ennreal-zero-less-mult-iff by fastforce
ultimately show ¢thesis using nn-integral-T-p by simp
qed

lemma e-pos-Tx: $e‘o-x > 0 if integrable (M | alive z) (T x)
unfolding life-expect-def
apply (rewrite integral-eq-nn-integral, simp-all)
apply (smt (verit, ccfv-SIG) AE-I2 alivez-Tx-pos)
using nn-integral-T-pos that
by (smt (verit) AE-I2 alivex-Tz-pos enn2real-ennreal ennreal-less-zero-iff
nn-integral-cong nn-integral-eg-integral)

proposition e-LBINT-p: $e‘o-z = (LBINT t:{0..}. $p-{t&=x})
— Note that 0 = 0 holds when the integral diverges.
unfolding life-expect-def apply (rewrite integral-eq-nn-integral, simp-all add:
less-imp-le)
unfolding set-lebesque-integral-def apply (rewrite integral-eg-nn-integral, simp-all)
apply (measurable, simp add: survive-def)
by (rewrite nn-integral-T-p) (simp add: indicator-mult-ennreal mult.commute)

corollary e-integral-p: $e‘o-z = integral {0..} (\t. $p-{t&z})
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— Note that 0 = 0 holds when the integral diverges.

proof —
have $e‘o-z = (LBINT t:{0..}. $p-{t&x}) using e-LBINT-p by simp
also have ... = integral {0..} (At. $p-{t&z})

apply (rule set-borel-integral-eq-integral-nonneg, simp-all)
unfolding survive-def by simp
finally show ?thesis .
qed

lemma e-pos: $e‘o-z > 0 if set-integrable lborel {0..} (\t. $p-{t&z})
proof —
have ([ Tt€{0..}. ennreal ($p-{t&z}) Olborel) = ennreal ([ t€{0..}. $p-{t&z}
Olborel)
by (intro set-nn-integral-eg-set-integral; simp add: that)
also have ... < oo using that by simp
finally have ([ T¢. ennreal (T z £) (O | alive z)) < oo using nn-integral-T-p
by simp
hence integrable (M | alive z) (T z)
by (smt (verit) alivex-Tx-pos integrablel-bounded nn-integral-cong real-norm-def
survival-model. Tz-aliver-measurable survival-model-axioms)
thus ?thesis by (rule e-pos-Tz)
qged

corollary e-pos”: $e‘o-z > 0 if (At. $p-{t&a}) integrable-on {0..}
apply (rule e-pos)
using that apply (rewrite integrable-on-iff-set-integrable-nonneg; simp)
unfolding survive-def by simp

lemma e-LBINT-p-Icc: $e‘o-x = (LBINT t:{0..n}. $p-{t&z}) if z+n > $¢ for
n::real
proof —
have [simp]: {0..n} N {n<..} = {} using wi-disj-int-one(7) by blast
have [simp]: {0..n} U {n<..} = {0..}
by (smt (verit) ereal-less-le iwi-disj-un-one(7) leD that x-lt-psi)
have [simp]: At. n < t = 0 < t using that z-lt-psi by (smt (verit) ereal-less-le
leD)
have [simp]: At. n < t => $1p < ereal (z+1t) using that by (simp add: le-ereal-le)
have gt-n-0: has-bochner-integral lborel (At. indicat-real {n<..} t = $p-{t&=x}) 0
apply (rewrite has-bochner-integral-congl[where N=lborel and g=M\¢.0 and
y=0], simp-all)
using p-0-equiv that x-lt-psi
apply (smt (verit, ccfo-SIG) greater Than-iff indicator-simps le-ereal-le linorder-not-le)
by (rule has-bochner-integral-zero)
hence gi-n: set-integrable lborel {n<..} (At. $p-{t&z})
unfolding set-integrable-def using integrable.simps by auto
moreover have le-n: set-integrable lborel {0..n} (At. $p-{t&z})
unfolding survive-def by (intro cedfTxz-integrable-Icc) simp
ultimately have set-integrable lborel ({0..n} U {n<..}) (At. $p-{t&z})
using set-integrable-Un by force
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hence set-integrable lborel {0..} (At. $p-{t&x}) by force
thus ?thesis
apply (rewrite e-LBINT-p, simp)
apply (rewrite set-integral-Un[of {0..n} {n<..}, simplified], simp-all add: gt-n
le-n)
unfolding set-lebesgue-integral-def using gt-n-0 has-bochner-integral-integral-eq
by fastforce
qed

lemma e-integral-p-Icc: $e‘o-x = integral {0..n} (At. $p-{t&z}) if z+n > $¢ for
n::real

using that apply (rewrite e-LBINT-p-Icc, simp-all)

using ccdfTx-integrable-Icc unfolding survive-def

by (rewrite set-borel-integral-eq-integral; simp)

lemma temp-e-le-n: $e‘o-{z:n} < n if n > 0 for n::real
proof —
have nni-n: ([ *-. ennreal n O(M | alive z)) = ennreal n
by (rewrite nn-integral-const, rewrite alivex-PS.emeasure-space-1) simp
hence hbi-n: has-bochner-integral (M | alive z) (A-. n) n
by (intro has-bochner-integral-nn-integral; simp add: that)
hence integrable (MM | alive z) (A-. n) by simp
moreover have integrable (M | alive z) (A,. min (T z §) n)
proof —
have ([ *¢. ennreal (norm (min (T z &) n)) O(M | alive z)) < [ T-. ennreal
n O(M | alive x)
apply (rule nn-integral-mono, rule ennreal-lel)
apply (rewrite real-norm-def, rewrite abs-of-nonneg; simp add: that)
by (smt (verit) alivez-Tz-pos)
also have ... < oo using nni-n by simp
finally have ([ T¢. ennreal (norm (min (T z &) n)) (M | alive z)) < oo .
thus ?thesis by (intro integrablel-bounded; simp)
qed
ultimately have $e‘o-{z:n} < integrall (M | alive z) (A-. n)
unfolding temp-life-expect-def by (intro integral-mono; simp)

also have ... = n using hbi-n has-bochner-integral-iff by blast
finally show ?thesis .
qged

lemma temp-e-P: $e‘o-{z:n} =

MM-PS.expectation (XE. indicator (alive z) & x min (Tz &) n) / Pl in M. Tz
£>0)

if n > 0 for n::real

unfolding temp-life-expect-def

by (rewrite MM-PS .integral-cond-prob-space-nn; simp add: alive-T that)

lemma temp-e-LBINT-p: $e‘o-{z:n} = (LBINT t:{0..n}. $p-{t&z}) if n > 0 for

n::real
proof —
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let ?minTzn = X min (T z &) n
let ?F = cdf (distr (M | alive z) borel (T x))
let ?Fn = cdf (distr (M | alive x) borel ?minTzn)
interpret distrTan-RD: real-distribution distr (9 | alive x) borel ?minTxn by
(simp add: that)
have [simp]: N\&. € € space (M | alive ) = 0 < T z & by (smt (verit)
alivex- Tz-pos)
have ([ T¢. ennreal (min (T z &) n) O(M | alive z)) = ([ Tt{0..}. ennreal (1
— 9Fn t) Olborel)
by (rewrite alivez-PS.expectation-nonneg-tail; simp add: that)
also have ... = ([ *te{0..}. (ennreal (1 — ?F t) = indicator {..<n} t) dlborel)
apply (rule nn-integral-cong)
by (rewrite alivez-PS. cdf-distr-min; simp add: indicator-mult-ennreal mult.commute)
also have ... = ([ Tte{0..<n}. ennreal (1 — ?F t) dlborel)
apply (rule nn-integral-cong) using nn-integral-set-ennreal
by (smt (verit, best) Int-def atLeastLessThan-def ennreal-mult-right-cong
indicator-simps mem-Collect-eq mult.commute mult-1)
also have ... = ([ Tt€{0..n}. ennreal (1 — 2F t) Olborel)
proof —
have sym-diff {0..<n} {0..n} = {n} using that by force
thus ?thesis by (intro nn-integral-null-delta; force)
qed
also have ... = ennreal (LBINT t:{0..n}. $p-{t&z})
proof —
have set-integrable lborel {0..n} (At. $p-{t&z})
unfolding survive-def by (intro ccdfTz-integrable-Icc) simp
thus ?thesis
unfolding set-lebesgue-integral-def unfolding set-integrable-def
apply (rewrite nn-integral-eg-integral| THEN sym]; simp)
apply (rule nn-integral-cong, simp)
unfolding survive-def using distrTz-RD.ccdf-cdf distrTz-RD.prob-space
nn-integral-set-ennreal
by (simp add: indicator-mult-ennreal mult.commute)
qed
finally have ([ T¢. ennreal (min (T z &) n) O(IM | alive z)) =
ennreal (LBINT t:{0..n}. $p-{t&z}) .
thus ?thesis
unfolding temp-life-expect-def by (rewrite integral-eq-nn-integral; simp add:
that)
qed

lemma temp-e-integral-p: $e‘o-{z:n} = integral {0..n} (At. $p-{t&a}) if n > 0
for n::real

using that apply (rewrite temp-e-LBINT-p, simp-all)

using ccdfTx-integrable-Icc unfolding survive-def

by (rewrite set-borel-integral-eg-integral; simp)

lemma e-eg-temp: $e‘o-z = $e‘o-{z:n} if n > 0 x+n > $¢ for n::real
using that e-LBINT-p-Icc temp-e-LBINT-p by simp
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lemma curt-e-P: $e-z =

MM-PS.expectation (N. indicator (alive z) € x |Tx &)/ PE in M. Tz &>
0)

unfolding curt-life-expect-def

apply (rewrite MM-PS.integral-cond-prob-space-nn; simp add: alive-T)

by (metis (no-types, lifting) Bochner-Integration.integral-cong indicator-simps
of-int-0 of-int-1)

lemma curt-e-sum-P: $e-z = (D k. P(§ in M. Tz &
if summable (M\k. P(Ein M. Tx &> k+ 1| Tz &> 0)
proof —
let ?F-firTx = cdf (distr (M | alive z) borel (XE. |T = £]))
have [simp]: NE. § € space (M | alive ) = 0 < T z £ by (smt (verit)
alivex-Tz-pos)
have integral™ (M | alive 7) (\. ennreal | T z £|) =
(J *tte{0..}. ennreal (1 — ?F-firTx t) Olborel)
by (rewrite alivez-PS.expectation-nonneg-tail; simp)
also have ... = ([ tte{0=real..}. ennreal P(Ein M. T &> [t] + 1| T
> () Olborel)
proof —
{ fix t::real assume ¢t > 0
hence 1 — ?F-firTx t = P(£ in M. T x € > real-of-int [t] + 1 | Tx & > 0)
proof —
have 1 — ?F-firTxt =1 — P(§ in (M | alive z). T z £ < real-of-int |t]

>k+1|Tzxz&>0))
> 0))

+ 1)
by (rewrite alivez-PS.cdf-distr-floor-P; simp)
alsohave ... =1 — P in M. Tz & < real-of-int [t] + 1| Tz&>0)
using alive-T by (rewrite MM-PS.cond-prob-space-cond-prob; simp)
also have ... = P(§in M. Tz & > real-of-int [t| + 1| Tz &> 0)
by (rewrite not-le] THEN sym)], rewrite MM-PS.cond-prob-neg; simp)
finally show ?thesis .
qed }
thus ?thesis
apply —
by (rule nn-set-integral-cong2, rule AE-12) simp
qged
also have ... = (3" k. [ Tte{k.<k+1}. ennreal P(E in M. Tz & > |t] + 1 |

Tz &> 0) dlborel)
apply (rewrite nn-integral-disjoint-family| THEN sym]; simp)
apply (rewrite add.commute, rule Ico-nat-disjoint)
by (rewrite Ico-nat-union| THEN sym], simp add: add.commute)

also have ... = (3" k. [ Tte{k..<k+1:nat}. ennreal P(E in M. Tz & >k + 1
| Tz & > 0) Olborel)
proof —

{ fix k::nat and t:real
assume real k < tand t < I + real k
hence real-of-int |t| = real k
by (metis add.commute floor-eq2 of-int-of-nat-eq)
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hence P(§ in M. T x & > real-of-int [t| + 1 | Tz &> 0) =
PElmMTaeeE>1 +realk | Tz &> 0)
by (simp add: add.commute) }
thus ?thesis
apply —
apply (rule suminf-cong, rule nn-set-integral-cong2, rule AE-I12)
by (rule impl) simp

qed

also have ... = O k. ennreal P in M. T E>k+ 1| Tx &> 0))
by (rewrite nn-integral-cmult-indicator; simp add: add.commute)

also have ... = ennreal (O k. PElin M T &> k+ 1| Tz >0))

by (rewrite suminf-ennreal2; simp add: that)
finally have integral™¥ (9 | alive ) (AE. ennreal | T x £]) =
ennreal (O k. PEin M Tax>k+ 1| Tz >0)).
hence integral” (MM | alive ) (N6 [Tz €]) = O k- PEin M Taé&>k+ 1
| Tz &> 0))
apply (rewrite integral-eg-nn-integral; simp)
apply (rewrite enn2real-ennreal; simp add: add.commute)
apply (rule suminf-nonneg; simp?)
by (rewrite add.commute, simp add: that)
thus ?thesis unfolding curt-life-expect-def by (simp add: add.commute)
qged

lemma curt-e-sum-P-finite: $e-x = (3 k<n. P(Ein M. T E>k+ 1| Tz &>
0))
if z+n+1 > $¢ for n::nat
proof —
from that have psi-fin: $1p < oo by force
let 2P = Akznat. P(Ein M. T &>k+ 1| Txé>0)
let ?P-fin = Ak:nat. if ke{..<n} then ?P k else 0
have Ak. ?P k = ?P-fin k
proof —
fix k
show ?P k = ?P-fin k
proof (cases <k € {..<n})
case True
thus “thesis by simp
next
case Fulse
hence — k£ < n by simp
hence z + k + 1 > real-of-ereal $1)
using that psi-nonneg real-of-ereal-ord-simps(4) by fastforce
hence {{ € space M. Tz &>k + 1 ANTaxé> 0} C{€€ space M X &>
real-of-ereal $1)}
unfolding futr-life-def using that less-ereal-le of-nat-1 of-nat-add by force
hence P(( in M. Tz > k+ 1 ANTz&>0) <P inIM X &> real-of-ereal
$)
by (intro MM-PS.finite-measure-mono, simp-all)
also have ... = 0 using MM-PS.ccdf-distr-P X-RV ccdfX-psi-0 psi-fin by
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presburger
finally have P(§ in M. Tx > k+ 1 A Tx &> 0) = 0 using measure-le-0-iff
by blast
hence 7P k = 0 unfolding cond-prob-def by (simp add: add.commute)
thus ?thesis by simp
qed
qed
moreover have ?P-fin sums (> k<n. ?P k) using sums-If-finite-set by force
ultimately have x: 2P sums (3 k<n. ?P k) using sums-cong by simp
moreover hence summable 7P using sums-summable by blast
ultimately have 7P sums $e-z using curt-e-sum-P by force
hence $e-x = (3 k<n. ?P k) by (rewrite sums-unique2|of ?P); simp add: x)
thus ?thesis by (simp add: add.commute)
qed

lemma curt-e-sum-p: $e-x = (3 k. $p-{k+1&z})
if summable (\k. $p-{k+1&z}) Ak:nat. isCont (At. $p-{t&z}) (k+1)
proof —
have Ak:nat. $p-{k+1&z} =PEin M Tz &>k+ 1| Tx€>0)
apply (rewrite p-PTz-ge-ccdf-isCont, simp-all)
using that(2) isCont-cedfX-ccdfTr unfolding survive-def by simp
thus ?thesis using that p-PTx-ge-ccdf-isCont curt-e-sum-P by presburger
qed

lemma curt-e-rec: $e-x = $p-x * (I + $e-(z+1))
if summable (Ak. $p-{k+1&z}) Ak:nat. isCont (\t. $p-{t&z}) (real k + 1) x+1
< $
proof —
have pa-neg-0[simp|: $p-x # 0 using p-0-equiv that by auto
have (k. $p-{k+1&z}) sums $e-x
using that apply (rewrite curt-e-sum-p, simp-all add: add.commute)
by (rule summable-sums, simp add: that)
hence (Ak. $p-z * $p-{k&a+1}) sums $e-z
apply (rewrite sums-cong|where g=\k. $p-{k+1&zx}]; simp?)
using p-mult by (smt (verit) of-nat-0-le-iff that(3) z-lt-psi)
hence (\k. $p-{k&z+1}) sums ($e-z / $p-x)
using sums-mult-D that by (smt (verit, best) linorder-not-le p-0-equiv sums-cong
x-lt-psi)
hence p-e-p: (\k. $p-{Suc k & z+1}) sums ($e-x / $p-v — $p-{0&z+1})
using sums-split-initial-segment[where n=1] by force
moreover have (\k. $p-{Suc k & z+1}) sums $e-(z+1)
proof —
have [simp]: summable (Ak::nat. $p-{real k + 1 & z + 1})
apply (intro sums-summablelwhere [=$e-z / $p-x — $p-{0&z+1}])
using p-e-p by (simp add: add.commute)
have [simp]: Ak:nat. isCont (At. $Sp-{t&x+1}) (real k + 1)
proof —
fix k:nat
have isCont (At. $p-z * $p-{t—1&z+1}) (real k + 2)
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proof —
let ?2S={real k + 1 <..< real k + 3}
have open ?S by simp
moreover have real k + 2 € 25 by simp
moreover have At. t € 25 = $p-z * $p-{t—1&z+1} = $p-{t&x}
using p-mult
by (smt (verit, del-insts) greater ThanLessThan-iff of-nat-0-le-iff that(3)
x-lt-psi)
ultimately show ?thesis
apply (rewrite isCont-cong[where g=At. $p-{t&z}])
apply (rewrite eventually-nhds, blast)
using that by (smt (verit) of-nat-1 of-nat-add)
qed
hence isCont (At. $p-z * $p-{t—1&z+1} / $p-x) (real k + 2)
by (intro isCont-dividelwhere g=At. $p-z], auto)
hence isCont ((At. $p-{t—1&z+1}) o (At. t+1)) (real k + 1)
by simp (rule continuous-at-compose, simp-all add: add.commute)
thus isCont (At. $p-{t&z+1}) (real k + 1) unfolding comp-def by simp
qed
show ?thesis
apply (rewrite survival-model.curt-e-sum-p; simp add: survival-model-azioms
that)
using summable-sums by (rewrite add.commute) force
qed
ultimately have $e-z / $p-z — $p-{0&z+1} = $Se-(z+1) by (rule sums-unique2)
thus ?thesis
using p-0-1 that
by (smt (verit) pz-neg-0 divide-mult-cancel mult.commute mult-cancel-left2
p-mult that(3))
qed

lemma curt-e-sum-p-finite: $e-z = (3 k<n. $p-{k+1&z})

if Akunat. k < n = isCont (At. $p-{t&z}) (real k + 1) z+n+1 > $¢ for
n:nat
proof —

have Ak:nat. k < n = $p-{k+1&z} =PEin M Tzl >k+ 1| Taé >
0)

apply (rewrite p-PTz-ge-ccdf-isCont, simp-all)

using that isCont-ccdfX-ccdfTr unfolding survive-def by (smt (verit) of-nat-0-le-iff
x-lt-psi)

thus ?thesis using that p-PTz-ge-ccdf-isCont curt-e-sum-P-finite by simp
qged

lemma temp-curt-e-P: $e-{z:n} =

MM-PS.expectation (NE. indicator (alive x) & x [min (T'z &) n]) / P(Ein M. T
z&>0)

if n > 0 for n::real

unfolding temp-curt-life-expect-def

apply (rewrite MM-PS.integral-cond-prob-space-nn; simp add: alive-T that)
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apply (rule disjI2, rule Bochner-Integration.integral-cong; simp)
using indicator-simps of-int-0 of-int-1 by (smt (verit))

lemma temp-curt-e-sum-P: $e-{z:in} = O k<n. PEin M Tz &> k+1 | T
& > 0)) for n:nat
proof —
let ?F-flrminTx = cdf (distr (I | alive ) borel (N, |min (T z &) n]))
have [simp]: NE. & € space (M | alive ) = 0 < T z £ by (smt (verit)
alivex-Txz-pos)
have integral™ (I | alive x) (\E. ennreal |[min (T x &) n)) =
(Jtte{0..}. ennreal (1 — ?F-flrminTx t) dlborel)
by (rewrite alivez-PS.expectation-nonneg-tail; simp)
also have ... = ([ Tte{0:real..}. ennreal
(1 =P in (M | alivex). Tx & < [t] + 1)) * of-bool (|t] + 1 < n)) dlborel)
proof —
have A\t. t > 0 = ennreal (1 — ?F-flrminTx t) =
ennreal ((1 — P(& in (M | alive ). Tx & < |t] + 1)) * of-bool ([t] + 1 <
")
proof —
fix t::real assume ¢t > 0
thus ennreal (1 — ?F-flrminTx t) =
ennreal (1 — P(§ in M | alive ). Tx & < |t] + 1)) * of-bool (|t] + 1
< n))
proof (cases <[t] + 1 < ny)
case True
thus ?thesis
apply (rewrite alivex-PS.cdf-distr-floor-P; simp)
using min-less-iff-disj
by (smt (verit, ccfo-SIG) Collect-cong
floor-eq floor-less-cancel floor-of-nat of-int-floor-le)
next
case Fulse
thus ?thesis
apply (rewrite alivex-PS.cdf-distr-floor-P; simp)
using min-less-iff-disj
by (smt (verit, ccfo-SIG) Collect-cong MM-PS.space-cond-prob-space alive-T
alive-event
alivex-PS.prob-space mem-Collect-eq of-int-of-nat-eq of-nat-less-of-int-iff)
qed
qed
thus ?thesis
by (intro nn-set-integral-cong2, intro AE-12) auto
qed
also have ... = ([ Tte{0..<n}. ennreal (1 — P(£ in (M | alive z). Tz £ <
[t] + 1)) Olborel)
proof —
{ fix t::real
have (|t] + 1 < n) = (t < n) by linarith
hence Ar::real.
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ennreal (1 % of-bool (|t| + 1 < n)) * indicator {0..} t = ennreal r x indicator
{0..<n} t
unfolding atLeastLessThan-def by (simp add: indicator-def) }
thus ?thesis by simp
qged
also have ... = ([ *te{0..<n}. ennreal P(§ in (M | alive z). T z £ > [t] +
1) Olborel)
by (rewrite alivex-PS.prob-neg| THEN sym]; simp add: not-less)
also have ... = ()} k<n. [ Tte{k..<k+1}. ennreal P(§ in (M | alive z). Tz €
> |t| + 1) Olborel)
apply (rewrite Ico-nat-union-finite[of n, THEN sym))
apply (rewrite nn-integral-disjoint-family-on-finite; simp add: add.commute)
apply (rule disjoint-family-on-monolof - {0..}]; simp)
by (rewrite add.commute, rule Ico-nat-disjoint)
also have ... = (3 k<n. ennreal P({ in M. Tx &> k+ 1| Tz &> 0))
proof —
{ fix k:nat
assume k£ < n
hence ([ tte{k..<(1 + real k)}.
ennreal P(§ in (M | alive x). T x & > real-of-int [t| + 1) Olborel) =
PElinM Txé>1+realk | Tx € > 0) (is 2LHS = ?RHS)
proof —
have ?LHS = ([ Tte{k..<(1 + real k)}. ennreal P( in (M | alive z). T x
&>k + 1) Olborel)
proof —
{ fix ¢::real
assume k < tt < 1 + real k
hence real-of-int |t| = real k by (smt (verit) floor-eq2 of-int-of-nat-eq)
hence P(¢ in (M | alive z). T x € > real-of-int |[t| + 1) =
P in (M | alivex). Tx &> 1 + real k)
by (simp add: add.commute) }
thus ?thesis by (intro nn-set-integral-cong2, intro AE-I2) auto

qed

also have ... = ennreal P(§ in (M | alivex). Tz &>k + 1)
by (rewrite nn-integral-cmult-indicator; simp)

also have ... = ?RHS

by (rewrite MM-PS.cond-prob-space-cond-prob, simp-all add: alive-T)
finally show ?thesis .

qed }
thus %thesis by (intro sum.cong) auto
qed
also have ... = ennreal (O k<n. PEin M. Tz &> k+ 1| Tz > 0)) by
simp

finally have integral¥ (9 | alive x) (. ennreal |min (T x &) n)) =
ennreal (D k<n. P in M Taxé&>k+1|Tz&>0)).

hence integral® (M | alive x) (N, |min (T z €) n]) =
SCk<n.PElinM TaeéE>k+1|Taxé>0))
apply (intro nn-integral-eq-integrable] THEN iffD1, THEN conjunct2]; simp)
using MM-PS.cond-prob-nonneg by (meson sum-nonneg)
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thus ?thesis unfolding temp-curt-life-expect-def by simp
qed

corollary curt-e-eq-temp: $e-x = $e-{z:n} if z+n+1 > $¢ for n:nat
using curt-e-sum-P-finite temp-curt-e-sum-P that by simp

lemma temp-curt-e-sum-p: $e-{z:n} = (3 k<n. $p-{k+1&z})
if Ak:nat. k < n = isCont (A\t. $p-{t&=x}) (real k + 1) for n::nat
proof —
have Ak:nat. k < n = $p-{k+1&z} =PEin M Tz l>k+ 1| Taé >
0)
apply (rewrite p-PTz-ge-ccdf-isCont, simp-all)
using that isCont-ccdfX-ccdfTr unfolding survive-def by (smt (verit) of-nat-0-le-iff
x-lt-psi)
thus ?thesis
apply (rewrite temp-curt-e-sum-P)
by (rule sum.cong) simp-all
qed

lemma temp-curt-e-rec: $e-{xz:n} = $p-z * (1 + $e-{z+1:n—1})
if Ak:nat. k < n = isCont (At. $p-{t&z}) (real k + 1) z+1 < $¢p n # 0 for
n::nat
proof —
have [simp]: $p-z # 0 using p-0-equiv that by auto
have [simp]: Ak. k < n—1 = isCont (At. $p-{t&z+1}) (real k + 1)
proof —
fix k::nat assume k-n: k < n—1
have isCont (At. $p-z * $p-{t—1&az+1}) (real k + 2)
proof —
let 25={real k + 1 <..< real k + 3}
have open 25 by simp
moreover have real k + 2 € 25 by simp
moreover have At. t € 25 = $p-z * $p-{t—1&az+1} = $p-{t&z}
using p-mult
by (smt (verit, del-insts) greaterThanLessThan-iff of-nat-0-le-iff that(2)
x-lt-psi)
ultimately show ?thesis
apply (rewrite isCont-conglwhere g=At. $p-{t&z}])
apply (rewrite eventually-nhds, blast)
using that k-n by (smt (verit) less-diff-conv of-nat-1 of-nat-add)
qed
hence isCont (At. $p-z x $p-{t—1&z+1} / $p-z) (real k + 2)
by (intro isCont-divide][where g=\t. $p-z], auto)
hence isCont ((At. $p-{t—1&z+1}) o (At. t+1)) (real k + 1)
by simp (rule continuous-at-compose, simp-all add: add.commute)
thus isCont (At. $p-{t&az+1}) (real k + 1) unfolding comp-def by simp
qed
have $p-z x (1 + $e-{z+1:n—1}) =%p-z x (1 + O k<(n—1). $p-{k+1&2z+1}))

by (rewrite survival-model.temp-curt-e-sum-p; simp add: survival-model-azioms
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that)
also have ... = $p-z + O k<(n—1). $p-x * $p-{k+1&z+1})
apply (rewrite distrib-left, simp)
by (rewrite vector-space-over-itself .scale-sum-right, simp)
also have ... = $p-z + O k<(n—1). $p-{k+2&z})
apply (rewrite sum.cong, simp-all add: add.commute)
using p-mult by (smt (verit) of-nat-0-le-iff that(2) z-lt-psi)
also have ... = (3 k<Suc(n—1). $p-{k+1&x})
apply (rewrite lessThan-atLeast0)+
by (rewrite sum.atLeast0-less Than-Suc-shift) simp

also have ... = $e-{x:n} using that by (rewrite temp-curt-e-sum-p; simp)
finally show ?thesis by simp

qed

end

lemma p-set-integrable-shift:
set-integrable lborel {0..} (At. $p-{t&0}) <— set-integrable lborel {0..} (At.
$p-{t&a})
if © < $v for z::real
proof —
have set-integrable lborel {0..} (\t. $p-{t&0}) +— set-integrable lborel {z..} (At.
$p-{t&0})
by (rule set-integrable-Ici-equiv)
(metis (no-types, lifting) ccdfX-integrable-Icc cedfX-p set-integrable-cong)
also have ... +— set-integrable lborel {0..} (At. $p-{z+t&0})
using set-integrable-Ici-shift[of = x| by force
also have ... +— set-integrable lborel {0..} (\t. $p-{z+t&0} / $p-{x&0})
using that p-0-equiv by (rewrite set-integrable-mult-divide-iff; simp)
also have ... «— set-integrable lborel {0..} (At. $p-{t&z})
by (rule set-integrable-cong; simp) (simp add: ccdfTx-cedfX cedfX-p survive-def
that)
finally show ?thesis .
qed

lemma e-p-e: $e‘o-z = $e‘o-{z:n} + $p-{n&a} x $e‘o-(z+n)
if set-integrable lborel {0..} (At. $p-{t&z}) n > 0 z+n < $3 for z n :: real
proof —
have [simp]: ereal x < $ using that by (simp add: ereal-less-le)
hence $e‘o-x = (LBINT ¢{0..}. $p-{t&z}) by (simp add: e-LBINT-p)
also have ... = (LBINT t:{0..n}. $p-{t&z}) + (LBINT t:{n..}. $p-{t&z})
proof —
have AE t in lborel. = (t€{0..n} A te{n..}) using AE-lborel-singleton by force
moreover have {0..} = {0..n} U {n..} using that by auto
moreover have set-integrable lborel {0..n} (At. $p-{t&z})
using that
by (metis Icc-subset-Ici-iff atLeastAtMost-borel order.refl set-integrable-subset
sets-lborel)
moreover have set-integrable lborel {n..} (At. $p-{t&z})
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using that by (metis atLeast-borel atLeast-subset-iff set-integrable-subset
sets-lborel)
ultimately show #thesis
using set-integral-Un-AE
by (metis (no-types, lifting) AE-cong atLeastAtMost-borel atLeast-borel sets-lborel)
qed
also have ... = (LBINT t:{0..n}. $p-{t&z}) + $p-{n&az} x (LBINT t:{0..}.
$p-{t & z+n})
proof —
have (LBINT t:{n..}. $p-{t&z}) = (LBINT t:{0..}. $p-{n+t & z})
using [lborel-set-integral-Ici-shift[of n - n, simplified] by force
also have ... = (LBINT ¢:{0..}. $p-{n&z} * $p-{t & z+n})
apply (rule set-lebesgue-integral-cong; simp)
using that p-mult by force
finally show ?thesis by simp
qged
also have ... = $e‘o-{z:n} + $p-{n&z} * $e‘o-(z+n)
apply (rewrite temp-e-LBINT-p, (simp-all add: that)[2])
by (rewrite e-LBINT-p; simp add: that)
finally show ?thesis .
qed

proposition z-ez-mono: x + $e‘o-z < y + $e‘o-y if 2 < y y < $¢ for z y :: real
proof —
have z-lt-psi[simp]: ereal x < $1 using that ereal-less-le by simp
show ?thesis
proof (cases <set-integrable lborel {0..} (At. $p-{t&z})»)
case True
hence $e‘o-z = $e‘o-{z:y—z} + $p-{y—a&z}«$e‘o-y by (rewrite e-p-elof z
y—zx|; simp add: that)
also have ... <y — z + $e‘o-y
proof —
have $e‘o-{z:y—z} < y — = using that by (intro temp-e-le-n; simp)
moreover have $p-{y—z&z}x$e‘o-y < $eo-y
using p-le-1 z-lt-psi that
by (smt (verit, ccfv-threshold) e-nonneg mult-less-cancel-right1)
ultimately show ?thesis by simp
qed
finally show ?thesis by simp
next
case Fulse
hence $e‘o-z = 0
using e-LBINT-p not-integrable-integral-eq
unfolding set-integrable-def set-lebesgue-integral-def
by simp
moreover have $e‘o-y = 0
proof —
have — set-integrable lborel {0..} (At. $p-{t&y})
using that False
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apply (rewrite p-set-integrable-shift{ THEN sym)], simp)
by (rewrite p-set-integrable-shift[of x]; simp)
thus ?thesis

using e-LBINT-p not-integrable-integral-eq that
unfolding set-integrable-def set-lebesgue-integral-def
by simp

qed

ultimately show ¢thesis using that by simp

qed
qed

proposition z-ez-const-equiv: T + $e‘o-z = y + $eo-y +— $g-{y—a&z} = 0
if set-integrable lborel {0..} (At. $p-{t&0}) x < yy < $¢ for z y :: real
proof —
have ey: set-integrable lborel {0..} (At. $p-{t&y}) using that p-set-integrable-shift
by blast
have z-lt-psi[simp]: ereal x < $1 using that ereal-less-le by simp
hence ez: set-integrable lborel {0..} (At. $p-{t&x}) using that p-set-integrable-shift
by blast
show ?thesis
proof
assume const: ¢ + $e‘o-z = y + $eo-y
hence 0 = y — = — $e‘o-x + $e‘o-y by simp

also have ... =y — 2z — $e‘o-{z:y—z} — $p-{y—z&az}xBe‘o-y + Fe‘o-y
using e-p-e[of z y—z] ex that by simp
also have ... = (y — z — $e‘o-{zmy—z}) + (I — $p-{y—z&z})xBe‘o-y

by (simp add: left-diff-distrib)
finally have 0 = (y — = — $eo-{z:y—x}) + (I — $p-{y—az&z})*$e‘o-y .
moreover have y — ¢ — $e‘o-{z:y—z} > 0 using temp-e-le-n that by simp
ultimately have (I — $p-{y—z&z})*$e‘o-y = 0

by (smt (verit, ccfu-threshold) e-nonneg mult-nonneg-nonneg p-le-1 that
x-lt-psi)
moreover have $e‘o-y > 0 using that e-pos ey by simp
ultimately have 1 — $p-{y—a&z} = 0 by simp
thus $¢-{y—z&z} = 0 by (smt (verit) p-¢-1 z-lt-psi)
next

interpret alivex-PS: prob-space M | alive x

by (rule MM-PS.cond-prob-space-correct, simp-all add: alive-def)
interpret distrTz-RD: real-distribution distr (I | alive z) borel (T x) by simp
assume $¢-{y—z&z} = 0
hence p1: $p-{y—z&z} = 1 using p-¢-1 by (metis add.right-neutral x-lt-psi)
hence At. te{0..y—z} = $p-{t&z} = 1

unfolding survive-def using distrTx-RD.ccdf-nonincreasing

by simp (smt (verit) distrTx-RD.ccdf-bounded-prob)
hence $e‘o-{z:y—z} =y — =

using that apply (rewrite temp-e-LBINT-p; simp)

by (rewrite set-lebesgue-integral-conglwhere g=\-. 1]; simp)
moreover have $e‘o-r = Se‘o-{z:y—z} + $p-{y—z&z}*Seo-y

by (rewrite e-p-elof x y—xl; simp add: that ex)
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ultimately show z + $e‘o-z = y + $e‘o-y using p! by simp
qed
qed

end

5.2 Piecewise Differentiable Survival Function

locale smooth-survival-function = survival-model +
assumes ccdfX-piecewise-differentiable[simpl:
(ccdf (distr D borel X)) piecewise-differentiable-on UNIV
begin

interpretation distrX-RD: real-distribution distr 9% borel X
using MM-PS .real-distribution-distr by simp

5.2.1 Properties of Survival Function for X

lemma ccdfX-continuous[simp]: continuous-on UNIV (ccdf (distr O borel X))
using ccdfX-piecewise-differentiable piecewise-differentiable-on-imp-continuous-on
by fastforce

corollary ccdfX-borel-measurable[measurable]: ccdf (distr M borel X) € borel-measurable
borel
by (rule borel-measurable-continuous-onl) simp

lemma ccdfX-nondifferentiable-finite-set|simp]:
finite {x. = ccdf (distr M borel X) differentiable at x}
proof —
obtain S where
fin: finite S and Az. z ¢ S = (ccdf (distr 9 borel X)) differentiable at x
using ccdfX-piecewise-differentiable unfolding piecewise-differentiable-on-def
by blast
hence {z. = cedf (distr M borel X) differentiable at z} C S by blast
thus ?thesis using finite-subset fin by blast
qed

lemma ccdfX-differentiable-open-set: open {z. ccdf (distr MM borel X) differentiable
at z}

using ccdfX-nondifferentiable-finite-set finite-imp-closed

by (metis (mono-tags, lifting) Collect-cong open-Collect-neg)

lemma ccdfX-differentiable-borel-set|measurable, simpl:
{z. ccdf (distr MM borel X) differentiable at x} € sets borel
using ccdfX-differentiable-open-set by simp

lemma cedfX-differentiable-AE:
AE z in lborel. (ccdf (distr I borel X)) differentiable at x
apply (rule AE-I'[of {x. = ccdf (distr O borel X) differentiable at x}|, simp-all)
using ccdfX-nondifferentiable-finite-set by (simp add: finite-imp-null-set-lhorel)
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lemma deriv-ccdfX-measurable[measurable]: deriv (ccdf (distr MM borel X)) € borel-measurable
borel
proof —
have set-borel-measurable borel UNIV (deriv (ccdf (distr 9 borel X)))
by (rule piecewise-differentiable-on-deriv-measurable-real; simp)
thus ?thesis unfolding set-borel-measurable-def by simp
qed

5.2.2 Properties of Cumulative Distributive Function for X

lemma cdfX-piecewise-differentiable[simp]:
(cdf (distr 9 borel X)) piecewise-differentiable-on UNIV
by (rewrite distrX-RD.cdf-ccdf) (rule piecewise-differentiable-diff; simp)

lemma cdfX-continuous[simp|: continuous-on UNIV (cdf (distr O borel X))
using cdfX-piecewise-differentiable piecewise-differentiable-on-imp-continuous-on
by fastforce

corollary cdfX-borel-measurable[measurable]: cdf (distr M borel X) € borel-measurable
borel
by (rule borel-measurable-continuous-onl) simp

lemma cdfX-nondifferentiable-finite-set|simp]:
finite {x. = cdf (distr O borel X) differentiable at x}
using distrX-RD.differentiable-cdf-ccdf ccdfX-nondifferentiable-finite-set by simp

lemma cdfX-differentiable-open-set: open {x. cdf (distr 9 borel X) differentiable
at =}
using distrX-RD.differentiable-cdf-ccdf ccdfX-differentiable-open-set by simp

lemma cdfX-differentiable-borel-set[measurable, simpl:
{z. cdf (distr MM borel X) differentiable at z} € sets borel
using cdfX-differentiable-open-set by simp

lemma cdfX-differentiable-AE:
AFE x in lborel. (cdf (distr MM borel X)) differentiable at x
using ccdfX-differentiable-AE distrX-RD.differentiable-cdf-ccdf AE-iffl by simp

lemma deriv-cdfX-measurable[measurable]: deriv (cdf (distr 9 borel X)) € borel-measurable
borel
proof —
have set-borel-measurable borel UNIV (deriv (cdf (distr 9 borel X)))
by (rule piecewise-differentiable-on-deriv-measurable-real; simp)
thus ?thesis unfolding set-borel-measurable-def by simp
qed
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5.2.3 Introduction of Probability Density Functions of X and
T(z)

definition pdfX :: real = real
where pdfX z = if cdf (distr MM borel X) differentiable at x
then deriv (cdf (distr 9 borel X)) z else 0
— This function is defined to be always nonnegative for future application.

definition pdfT :: real = real = real
where pdfT z t = if cdf (distr (9 | alive ) borel (T x)) differentiable at ¢
then deriv (cdf (distr (M | alive x) borel (T x))) t else 0
— This function is defined to be always nonnegative for future application.

lemma pdfX-measurable[measurable]: pdfX € borel-measurable borel
proof —
let ZcdfX = cdf (distr 9 borel X)
have countable {z. = ?cdfX differentiable at x}
using cdfX-nondifferentiable-finite-set uncountable-infinite by force
thus ?thesis
unfolding pdfX-def
apply —
by (rule measurable-discrete-difference
[where X={z. = ?cdfX differentiable at x} and f=deriv ?cdfX]; simp)
qed

lemma distributed-pdfX: distributed 9 lborel X pdfX
proof —
let ?cdfX = cdf (distr 9 borel X)
obtain S where fin: finite S and diff: \t. t ¢ S = ?2cdfX differentiable at t
using cdfX-piecewise-differentiable unfolding piecewise-differentiable-on-def
by blast
{ fix t::real assume t-notin: t ¢ S
have ?cdfX differentiable at t using diff t-notin by simp
hence (?cdfX has-real-derivative pdfX t) (at t)
unfolding pdfX-def using DERIV-deriv-iff-real-differentiable by auto }
thus ?thesis
by (intro MM-PS.distributed-deriv-cdf[where S=S]; simp add: fin)
qed

lemma pdfT0-X: pdfT 0 = pdfX
unfolding pdfT-def pdfX-def using cdfT0-eq-cdfX psi-pos’ by fastforce
5.2.4 Properties of Survival Function for T'(z)

context

fixes z::real

assumes 2-lt-psi[simp]: © < $¢
begin

interpretation alivex-PS: prob-space M | alive x
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by (rule MM-PS.cond-prob-space-correct; simp add: alive-def)

interpretation distrTz-RD: real-distribution distr (90T | alive ) borel (T z) by
stmp

lemma ccdfTz-continuous-on-nonneg|simp):
continuous-on {0..} (ccdf (distr (M | alive z) borel (T z)))
apply (rewrite continuous-on-eg-continuous-within, auto)
apply (rewrite continuous-ccdfX-cedf Tt THEN sym)], auto)
by (metis UNIV-I cedfX-continuous continuous-at-imp-continuous-at-within
continuous-on-eq-continuous-within)

lemma cedfTz-continuous|[simp|: continuous-on UNIV (ccdf (distr (9 | alive x)
borel (T x)))
proof —
have [simp]: {..0::real} U {0..} = UNIV by auto
have continuous-on {..0} (ccdf (distr (9 | alive x) borel (T x)))
by (rule ccdfTz-continuous-on-nonpos) simp
moreover have continuous-on {0..} (ccdf (distr (MM | alive z) borel (T z))) by
simp
ultimately have continuous-on ({..0} U {0..}) (ccdf (distr (9 | alive ) borel
(T 2)))
by (intro continuous-on-closed-Un) simp-all
thus ?thesis by simp
qed

corollary ccdfTx-borel-measurablemeasurable):
cedf (distr (MM | alive x) borel (T x)) € borel-measurable borel
by (rule borel-measurable-continuous-onl) simp

lemma ccdfTa-nondifferentiable-finite-set|simpl:
finite {t. = ccdf (distr (MM | alive x) borel (T z)) differentiable at t}
proof —
let ?P = At. cedf (distr (O | alive x) borel (T x)) differentiable at t
have {t. t < 0 A= 7P t} = {}
proof (rule equalsOI)
fix t assume asm: t € {t. t < 0 A = ?P t}
hence ?P t using ccdfTz-has-real-derivative-0-at-neg real-differentiable-def
z-lt-psi by blast
with asm show Fulse by simp
qed
hence {t. = ?P t} C insert 0 {t. t > 0 A = ?P t} by force
moreover have finite {¢t. t > 0 A = 7P t}
proof —
have {t. = ccdf (distr O borel X) differentiable at (z+1t)} =
plus (—x) “{s. = ccdf (distr M borel X) differentiable at s}
by force
hence finite {t. = ccdf (distr 9 borel X) differentiable at (z+t)}
using ccdfX-nondifferentiable-finite-set by simp
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thus ?thesis
using finite-subset differentiable-ccdfX-ccdfTx
by (metis (no-types, lifting) mem-Collect-eq subsetl z-lt-psi)
qed
ultimately show %thesis using finite-subset by auto
qed

lemma cedfTz-differentiable-open-set:
open {t. ccdf (distr (M | alive ) borel (T x)) differentiable at t}
using ccdfTx-nondifferentiable-finite-set finite-imp-closed
by (metis (mono-tags, lifting) Collect-cong open-Collect-neg)

lemma ccdfTz-differentiable-borel-set[measurable, simp):
{t. ccdf (distr (9 | alive ) borel (T x)) differentiable at t} € sets borel
using ccdfTz-differentiable-open-set by simp

lemma cedfTx-differentiable-AE:

AE t in lborel. (cedf (distr (MM | alive x) borel (T x))) differentiable at t

apply (rule AE-I'[of {t. = ccdf (distr (MM | alive z) borel (T z)) differentiable
at t}]; simp?)

using cedfTx-nondifferentiable-finite-set by (simp add: finite-imp-null-set-lborel)

lemma ccdfTz-piecewise-differentiable]simp]:
(ccdf (distr (MM | alive x) borel (T x))) piecewise-differentiable-on UNIV
proof —
have Vte UNIV—{t. = ccdf (distr (I | alive z) borel (T x)) differentiable at t}.
cedf (distr (M | alive x) borel (T x)) differentiable at t
by auto
thus ?thesis
unfolding piecewise-differentiable-on-def
using ccdfTx-continuous ccdfTx-nondifferentiable-finite-set by blast
qed

lemma deriv-cedf Tx-measurable[measurable):
deriv (cedf (distr (9 | alive z) borel (T x))) € borel-measurable borel
proof —
have set-borel-measurable borel UNIV (deriv (ccdf (distr (MM | alive x) borel (T

z))))

by (rule piecewise-differentiable-on-deriv-measurable-real; simp)
thus ?thesis unfolding set-borel-measurable-def by simp
qed
5.2.5 Properties of Cumulative Distributive Function for T(z)

lemma cdfTx-continuous|simp]:
continuous-on. UNIV (cdf (distr (9 | alive ) borel (T x)))
using distrTz-RD.cdf-ccdf ccdf Tx-continuous by (simp add: continuous-on-eg-continuous-within)

corollary cdfTz-borel-measurable[measurable]:
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cdf (distr (MM | alive x) borel (T x)) € borel-measurable borel
by (rule borel-measurable-continuous-onl) simp

lemma cdfTx-nondifferentiable-finite-set|simpl:
finite {t. = cdf (distr (MM | alive x) borel (T z)) differentiable at t}
using distrTz-RD.differentiable-cdf-ccdf by simp

lemma cdfTx-differentiable-open-set:
open {t. cdf (distr (M | alive z) borel (T x)) differentiable at t}
using distrTz-RD.differentiable-cdf-ccdf ccdfTx-differentiable-open-set by simp

lemma cdfTz-differentiable-borel-set[measurable, simp):
{t. cdf (distr (M | alive z) borel (T x)) differentiable at t} € sets borel
using cdfTz-differentiable-open-set by simp

lemma cdfTx-differentiable-AFE:
AE t in lborel. (cdf (distr (M | alive z) borel (T x))) differentiable at t
by (rewrite distrTz-RD.differentiable-cdf-ccdf, simp add: ccdfTx-differentiable-AFE)

lemma cdfTx-piecewise-differentiable[simp]:
(cdf (distr (MM | alive z) borel (T x))) piecewise-differentiable-on UNIV
using piecewise-differentiable-diff piecewise-differentiable-const ccdf Tz-piecewise-differentiable
by (rewrite distrTz-RD.cdf-ccdf) blast

lemma deriv-cdf Tx-measurable[measurable]:

deriv (cdf (distr (M | alive z) borel (T x))) € borel-measurable borel
proof —

have set-borel-measurable borel UNIV (deriv (cdf (distr (9 | alive x) borel (T
)

by (rule piecewise-differentiable-on-deriv-measurable-real; simp)

thus “thesis unfolding set-borel-measurable-def by simp

qed

5.2.6 Properties of Probability Density Function of T'(z)

lemma pdfTz-nonneg: pdfT z t > 0 for t::real
proof —
fix t
show pdfT xt > 0
proof (cases <cdf (distr (M | alive x) borel (T z)) differentiable at t»)
case True
have mono-on UNIV (cdf (distr (O | alive x) borel (T z)))
unfolding mono-on-def using distrTz-RD.cdf-nondecreasing by blast
moreover have (cdf (distr (9 | alive x) borel (T x)) has-real-derivative pdfT
z t) (at t)
unfolding pdfT-def using True DERIV-deriv-iff-real-differentiable by pres-
burger
ultimately show ?thesis by (rule mono-on-imp-deriv-nonneg) simp
next
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case Fulse
thus ?thesis unfolding pdfT-def by simp

qed
qed
lemma pdfTz-neg-0: pdfT zt = 0 if t < 0 for t:real
proof —

let %e = —t/2

have (cdf (distr (M | alive x) borel (T z)) has-real-derivative 0) (at t)
apply (rewrite DERIV-cong-ev[of t t - A-. 0 0 0], simp-all add: that)
apply (rewrite eventually-nhds)
apply (rule exI[of - ball t ?e], auto simp add: that)
by (rule cdfTz-nonpos-0; simp add: dist-real-def)

thus ?thesis unfolding pdfT-def by (meson DERIV-imp-deriv)

qed

lemma pdfTz-0-0: pdfT z 0 = 0
proof (cases <cdf (distr (M | alive ) borel (T x)) differentiable at 0>)
case True
let Zcdfr = cdf (distr (M | alive z) borel (T x))
have (?cdfr has-real-derivative 0) (at 0)
proof —
from True obtain ¢ where cdfz-deriv: (?cdfr has-real-derivative c) (at 0)
unfolding differentiable-def using has-real-derivative by blast
hence (?cdfx has-real-derivative ¢) (at 0 within {..0})
by (rule has-field-derivative-at-within)
moreover have (?cdfr has-real-derivative 0) (at 0 within {..0})
proof —
have Vp ¢ in at 0 within {..0}. %cdfr t = 0
proof —
{ fix ¢t assume ¢ € {..0:real} t # 0 dist t 0 < 1
hence ?cdfr t = 0 using cdfTz-nonpos-0 z-lt-psi by blast }
hence 3d>0::real. Vie{..0}. t£0 N dist t 0 < d — ?Pedfr t = 0 by (smt
(verit))
thus ?thesis by (rewrite eventually-at) simp
qed
moreover have ?cdfr 0 = 0
proof —
have continuous (at 0 within {..0}) Zcdf
using True differentiable-imp-continuous-within differentiable-subset by
blast
thus ?thesis by (simp add: cdfTz-nonpos-0)
qed
ultimately show ?thesis
by (rewrite has-field-derivative-cong-eventually[of - A-. 0::real 0 {..0} 0];
stmp)
qed
ultimately have ¢ = 0
using has-real-derivative-iff-has-vector-derivative
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apply (intro vector-derivative-unique-within[of 0 {..0} ?cdfz ¢ 0]; blast?)
by (rewrite at-within-eq-bot-iff)
(metis closure-lessThan islimpt-in-closure limpt-of-closure
trivial-limit-at-left-real trivial-limit-within)
thus (?cdfr has-real-derivative 0) (at 0) using cdfz-deriv by simp
qed
thus ?thesis unfolding pdfT-def by (meson DERIV-imp-deriv)
next
case Fulse
thus “thesis unfolding pdfT-def by simp
qged

lemma pdfTz-nonpos-0: pdfT x t = 0 if t < 0 for t::real
using pdfTz-neg-0 pdfTz-0-0 that by force

lemma pdfTz-beyond-0: pdfT z t = 0 if z+t > $1 for t::real
proof (cases <t < 0»)

case True

thus ?thesis using pdfTx-nonpos-0 by simp
next

let ZcdfTx = cdf (distr (MM | alive x) borel (T x))

case Fulse

hence t-pos: t > 0 by simp
thus ?thesis
proof —
have (?cdfTz has-real-derivative 0) (at-right t)
apply (rewrite has-field-derivative-cong-eventually[where g=\-. 1], simp-all)
apply (rewrite eventually-at-right-field)
using that cdfTz-1-equiv
by (intro exI[of -t+1], auto simp add: le-ereal-less less-eq-ereal-def)
thus ?thesis unfolding pdfT-def
by (meson has-real-derivative-iff-has-vector-derivative has-vector-derivative-at-within
DERIV-deriv-iff-real-differentiable trivial-limit-at-right-real
vector-derivative-unique-within)
qed
qed

lemma pdfTr-pdfX: pdfT = t = pdfX (z+t) / P(§ in M. X £ > z) if t > 0 for
t::real
proof (cases <cdf (distr O borel X) differentiable at (z+t)»)

case True

let ?cdfX = cdf (distr M borel X)

let ?cdfTr = cdf (distr (I | alive x) borel (T x))

have [simp]: ?cdfTx differentiable at t using differentiable-cdfX-cdfTz that True
by simp

have pdfT x t = deriv ?cdfTx t unfolding pdfT-def using that differentiable-cdfX-cdfTx
by simp

hence (?cdfTz has-field-derivative (pdfT x t)) (at t)

using True DERIV-deriv-iff-real-differentiable by simp
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moreover have Au. dist ut < t =
ZedfX (x+u) /PEIMM X E>a)— (L /PEmM XE>zx)— 1) = cdfTx
u
proof —
fix u::real
assume dist u t < ¢
hence [simp]: u > 0 using dist-real-def by fastforce
have 2cdfX (z+u) /PEinM X E>2) — (1 /PEmM XE>a)— 1) =
(I —PEinMXE>a+u) /PEmMXE>z)— (1 /PEinIM XE

>zxz)— 1)
using MM-PS.ccdf-distr-P X-RV distrX-RD.cdf-ccdf distrX-RD.prob-space by
presburger
alsohave ... =1 — P& in M. X € > z+u) / P in M. X & > x)
by (simp add: diff-divide-distrib)
also have ... = %cdfTr u

apply (rewrite ccdfTx-PX[THEN sym], simp-all add: less-eq-real-def)
using distrTz-RD.cdf-ccdf distrTz-RD.prob-space by presburger
finally show ZcdfX (z+u) /PEin M X E>2) — (1 /PEin M X &> x)
— 1) = %cdfTz u .
qed
ultimately have ((Au. ?edfX (z+u) / P(E in M X & > z) — (1 / P(§ in M.
X¢E>2) — 1))
has-field-derivative (pdfT z t)) (at t)
apply —
by (rule has-field-derivative-transform-within[where d=t; simp add: that)
hence ((Au. ?cdfX (z+u) / P(£ in M. X € > x)) has-field-derivative (pdfT z t))
(at t)
unfolding has-field-derivative-def
using has-derivative-add-constjwhere c=1 / P( in M. X & > z) — 1] by
force
hence ((Au. 2cdfX (z+u) / P(€ in M. X € > z) * P(€ in M. X £ > 1))
has-field-derivative
pdfT zt * P( in M. X & > x)) (at t)
using DERIV-cmult-right[where ¢=P (£ in M. X £ > z)] by force
hence ((Au. ZcdfX (z+uw)) has-field-derivative pdfT © t x P(£ in M. X € > x))
(at t)
unfolding has-field-derivative-def using has-derivative-transform PXx-pos z-lt-psi

by (smt (verit) Collect-cong UNIV-I nonzero-mult-div-cancel-right times-divide-eq-left)

hence (?cdfX has-field-derivative pdfT x t * P(§ in M. X £ > z)) (at (z+1))
using DERIV-at-within-shift by force

moreover have (?cdfX has-field-derivative deriv 2cdfX (z+t)) (at (z+t))
using True DERIV-deriv-iff-real-differentiable by blast

ultimately have pdfT z t «+ P(§ in M. X & > z) = deriv 2cdfX (z+t)
by (simp add: DERIV-imp-deriv)

thus pdfT z t = pdfX (z+t) / P(§ in M. X € > 1)
unfolding pdfX-def using True

by simp (metis PXxz-pos nonzero-mult-div-cancel-right x-lt-psi zero-less-measure-iff )

next
case Fulse
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hence [simp]: = cdf (distr (I | alive ) borel (T x)) differentiable at ¢
using differentiable-cdfX-cdfTx that by simp
thus pdfT z t = pdfX (z+t) / P(§ in M. X £ > z) unfolding pdfT-def pdfX-def
using Fualse by simp
qed

lemma pdfTz-measurable[measurable]: pdfT x € borel-measurable borel
proof —
let ZcdfTr = cdf (distr (O | alive x) borel (T z))
have countable {x. = ZcdfTx differentiable at x}
using cdfX-nondifferentiable-finite-set uncountable-infinite by force
thus ?thesis
unfolding pdfT-def
apply —
by (rule measurable-discrete-difference
[where X={z. = ?cdfTx differentiable at z} and f=deriv ?cdfTz]; simp)
qed

lemma distributed-pdfTz: distributed (I | alive x) lborel (T z) (pdfT z)
proof —
let ZcdfTx = cdf (distr (MM | alive x) borel (T x))
obtain S where fin: finite S and diff: \t. t ¢ S = 2cdfTx differentiable at t
using cdfTz-piecewise-differentiable unfolding piecewise-differentiable-on-def
by blast
{ fix t::real assume t-notin: t ¢ S
have ?cdfTz differentiable at t using diff t-notin by simp
hence (?cdfTz has-real-derivative pdfT x t) (at t)
unfolding pdfT-def using DERIV-deriv-iff-real-differentiable by force }
thus ?thesis
by (intro alivez-PS.distributed-deriv-cdf[where S=S|; simp add: fin)
qed

lemma nn-integral-pdfTz-1: ([ *s. pdfT x s dlborel) = 1
proof —
have ([ *s. pdfT x s Olborel) = emeasure (density lborel (pdfT x)) UNIV
by (rewrite emeasure-density) simp-all

also have ... = emeasure (distr (M | alive x) lborel (T x)) UNIV
using distributed-pdfTr unfolding distributed-def by simp
also have ... = 1

by (metis distrTz-RD.emeasure-space-1 distrTz-RD.space-eq-univ distr-cong
sets-lborel)
finally show ?thesis .
qed

corollary has-bochner-integral-pdfTz-1: has-bochner-integral lborel (pdfT z) 1
by (rule has-bochner-integral-nn-integral; simp add: pdfTz-nonneg nn-integral-pdfTx-1)

corollary LBINT-pdfTxz-1: (LBINT s. pdfT x s) = 1
using has-bochner-integral-pdfTa-1 by (simp add: has-bochner-integral-integral-eq)
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corollary pdfTx-has-integral-1: (pdfT = has-integral 1) UNIV
by (rule nn-integral-has-integral; simp add: pdfTz-nonneg nn-integral-pdfTz-1)

lemma set-nn-integral-pdfTz-1: ([ *s€{0..}. pdfT z s dlborel) = 1
apply (rewrite nn-integral-pdfTz-1[THEN sym))
apply (rule nn-integral-cong)
using pdfTx-nonpos-0
by (metis atLeast-iff ennreal-0 indicator-simps(1) linorder-le-cases
mult.commute mult-1 mult-zero-left)

corollary has-bochner-integral-pdfTx-1-nonpos:
has-bochner-integral lborel (A\s. pdfT x s % indicator {0..} s) 1
apply (rule has-bochner-integral-nn-integral, simp-all)
using pdfTz-nonneg apply simp
using set-nn-integral-pdfTx-1 by (simp add: nn-integral-set-ennreal)

corollary set-LBINT-pdfTz-1: (LBINT s:{0..}. pdfT x s) = 1
unfolding set-lebesgue-integral-def
using has-bochner-integral-pdfTz-1-nonpos has-bochner-integral-integral-eq
apply (simp, rewrite mult.commute)
by (smt (verit) Bochner-Integration.integral-cong has-bochner-integral-integral-eq)

corollary pdfTx-has-integral-1-nonpos: (pdfT x has-integral 1) {0..}
proof —
have set-integrable lebesque {0..} (pdfT x)
unfolding set-integrable-def
apply (rewrite integrable-completion, simp-all)
using has-bochner-integral-pdf Tx-1-nonpos by (rewrite mult.commute, rule in-
tegrable.intros)
moreover have (LINT s:{0..}|lebesgue. pdfT z s) = 1
using set-LBINT-pdfTz-1 unfolding set-lebesgue-integral-def
by (rewrite integral-completion; simp)
ultimately show ?thesis using has-integral-set-lebesgue by force
qed

lemma set-nn-integral-pdfTe-PTx: ([ Ts€A. pdfT z s dlborel) = P(& in M. T x €
cA| Tx &> 0)
if A € sets lborel for A :: real set
proof —
have [simp]: A € sets borel using that by simp
have ([ *s€A. pdfT x s Olborel) = emeasure (density lborel (pdfT z)) A
using that by (rewrite emeasure-density; force)

also have ... = emeasure (distr (9 | alive x) lborel (T z)) A
using distributed-pdfTz unfolding distributed-def by simp
also have ... = ennreal P(§ in (M | alivex). Tz & € A)

apply (rewrite emeasure-distr, simp-all)
apply (rewrite finite-measure.emeasure-eq-measure, simp)
by (smt (verit) Collect-cong vimage-eq Int-def)
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also have ... = ennreal P((in M. Tz € A| Tz &> 0)
unfolding alive-def
apply (rewrite MM-PS.cond-prob-space-cond-prob| THEN sym]|, simp-all add:
pred-def futr-life-def)
using borel-measurable-diff X-RV that by measurable
finally show ?thesis .
qed

lemma pdfTz-set-integrable: set-integrable lborel A (pdfT x) if A € sets lborel
unfolding set-integrable-def
using that pdfTz-nonneg apply (intro integrableI-nonneg, simp-all)
apply (rewrite mult.commute)
using set-nn-integral-pdfTz-PTx that
by (metis (no-types, lifting) ennreal-indicator ennreal-less-top ennreal-mult’ nn-integral-cong)

lemma set-integral-pdfTz-PTxz: (LBINT s:A. pdfT x s) = P in M. Tz &€ A
Tz&>0)

if A € sets lborel for A :: real set

unfolding set-lebesgue-integral-def

apply (rewrite integral-eq-nn-integral)

using that apply (simp-all add: pdfTx-nonneg)

apply (rewrite indicator-mult-ennreal| THEN sym)], rewrite mult.commute)

by (rewrite set-nn-integral-pdfTz-PTzx; simp)

lemma pdfTz-has-integral-PTx: (pdfT x has-integral P(E in M. Tz € A| Tx

£>10)) A

if A € sets lborel for A :: real set
proof —

have ((As. pdfT z s = indicat-real A s) has-integral P(§ in M. Tx € A| Tz
&> 0)) UNIV

using that pdfTx-nonneg apply (intro nn-integral-has-integral, simp-all)
using set-nn-integral-pdfTz-P Tz that by (simp add: nn-integral-set-ennreal)
thus ?thesis
by (smt (verit) has-integral-cong has-integral-restrict-UNIV
indicator-eq-0-iff indicator-simps(1) mult-cancel-left2 mult-eq-0-iff)
qed
corollary pdfTz-has-integral-PTz-Icc:
(pdfT z has-integral P(( in M. a < Tz EA Tz E<b| Tz &> 0)) {a.b} for
ab :: real

using pdfTz-has-integral-PTx[of {a..b}] by simp

corollary pdfTz-integrable-on-Icc: pdfT x integrable-on {a..b} for a b :: real
using pdfTz-has-integral-PTz-Icc by auto

end
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5.2.7 Properties of Probability Density Function of X

lemma pdfX-nonneg: pdfX © > 0 for z::real
using pdfTz-nonneg pdfTO-X psi-pos’ by (smt (verit))

lemma pdfX-nonpos-0: pdfX x = 0 if x < 0 for x::real
using pdfTz-nonpos-0 pdfT0-X psi-pos’ that by (smt (verit))

lemma pdfX-beyond-0: pdfX z = 0 if z > $¢ for z::real
using pdfTz-beyond-0 pdfT0O-X psi-pos’ that by (smt (verit))

lemma nn-integral-pdfX-1: integral™ lborel pdfX = 1
using nn-integral-pdfTx-1 pdfT0-X psi-pos’ by metis

corollary has-bochner-integral-pdfX-1: has-bochner-integral lborel pdfX 1
by (rule has-bochner-integral-nn-integral; simp add: pdfX-nonneg nn-integral-pdfX-1)

corollary LBINT-pdfX-1: (LBINT s. pdfX s) = 1
using has-bochner-integral-pdfX-1 by (simp add: has-bochner-integral-integral-eq)

corollary pdfX-has-integral-1: (pdfX has-integral 1) UNIV
by (rule nn-integral-has-integral; simp add: pdfX-nonneg nn-integral-pdfX-1)

lemma set-nn-integral-pdfX-PX: set-nn-integral lborel A pdfX = P(§ in M. X &
€ A)

if A € sets lborel for A :: real set

using PT0-eq-PX-lborel that

by (rewrite pdfTO-X[THEN sym)], rewrite set-nn-integral-pdfTz-PTz; simp)

lemma pdfX-set-integrable: set-integrable lborel A pdfX if A € sets lborel for A :
real set
using pdfTz-set-integrable pdfT0-X psi-pos’ that by (smt (verit))

lemma set-integral-pdfX-PX: (LBINT s:A. pdfX s) = P in M. X £ € A)

if A € sets lborel for A :: real set

using PT0-eq-PX-lborel that by (rewrite pdfTO-X[THEN sym)], rewrite set-integral-pdfTz-PTz;
simp)

lemma pdfX-has-integral-PX: (pdfX has-integral P(§ in M. X £ € A)) A

if A € sets lborel for A :: real set

using that apply (rewrite pdf T0-X[THEN sym)], rewrite PT0-eq-PX-lborel| THEN
sym], simp)

by (rule pdfTx-has-integral-PTx; simp)
corollary pdfX-has-integral-PX-Icc: (pdfX has-integral P(§ in M. a < X E N X &
< b)) {a..b}

for a b :: real

using pdfX-has-integral-PX[of {a..b}] by simp

corollary pdfX-integrable-on-Icc: pdfX integrable-on {a..b} for a b :: real
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using pdfX-has-integral-PX-Icc by auto

5.2.8 Relations between Life Expectation and Probability Den-
sity Function

context

fixes z::real

assumes z-lt-psi[simp]: © < $1
begin

interpretation alivex-PS: prob-space M | alive x
by (rule MM-PS.cond-prob-space-correct; simp add: alive-def)

interpretation distrTz-RD: real-distribution distr (I | alive x) borel (T z) by
stmp

proposition nn-integral-T-pdfT"
(J*¢ ennreal (g (T z £)) (M | alive z)) = ([ Ts€{0..}. ennreal (pdfT z s * g
s) Olborel)
if g € borel-measurable lborel for g :: real = real
proof —
have ([ T¢. ennreal (g (T z €)) O(M | alive z)) = [Ts. ennreal (pdfT z s) *
ennreal (g s) Olborel
proof —
have distributed (M | alive ) lborel (T z) (As. ennreal (pdfT x s))
by (intro distributed-pdfTz) simp
moreover have (As. ennreal (g s)) € borel-measurable borel using that by
measurable
ultimately show ?thesis by (rewrite distributed-nn-integral; simp)
qed

also have ... = [Ts. ennreal (pdfT z s x g s) Olborel using ennreal-mult’
pdfTx-nonneg by force
also have ... = ([ Ts€{0..}. ennreal (pdfT x s = g s) dlborel)

apply (rule nn-integral-cong, simp)
by (metis atLeast-iff ennreal-0 indicator-simps linorder-not-le mult-1 mult-commute-abs
mult-zero-left pdfTx-neg-0 z-lt-psi)
finally show ?thesis .
qed

lemma expectation-LBIN T-pdfT-nonneg:
alivex-PS.expectation (NE. g (T z £)) = (LBINT s:{0..}. pdfT x s * g s)
if As. s> 0= gs> 0g € borel-measurable lborel for ¢ :: real = real
— Note that 0 = 0 holds when the integral diverges.
using that apply (rewrite integral-eg-nn-integral, simp)
apply (rule AE-I2, metis alivex-Txz-pos less-imp-le)
unfolding set-lebesque-integral-def apply (rewrite integral-eg-nn-integral, simp-all)
apply (rule AE-I2,
metis indicator-pos-le pdfTxz-nonpos-0 z-lt-psi zero-le-mult-iff zero-le-square
pdfTz-nonneg)
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by (rewrite nn-integral-T-pdfT) (simp-all add: indicator-mult-ennreal mult.commute)

corollary expectation-integral-pdfT-nonneg:
alivex-PS.expectation (N. g (T z £)) = integral {0..} (As. pdfT x s % g )
if As. s> 0 = g s> 0g € borel-measurable lborel for g :: real = real
— Note that 0 = 0 holds when the integral diverges.
proof —
have alivex-PS.expectation (X. g (T x &)) = (LBINT s:{0..}. pdfT z s % g s)
using expectation-LBINT-pdfT-nonneg that by simp
also have ... = integral {0..} (As. pdfT z s * g )
using that pdfTz-nonneg by (intro set-borel-integral-eq-integral-nonneg; simp)
finally show ?thesis .
qed

proposition expectation-LBINT-pdfT":
alivex-PS.expectation (N. g (T x §)) = (LBINT s:{0..}. pdfT x s * g s)
if set-integrable lborel {0..} (As. pdfT x s x g s) g € borel-measurable lborel
for g :: real = real
proof —
have py-fin: ([ T¢. ennreal (g (T z £)) O(M | alive )) # oo
using that apply (rewrite nn-integral-T-pdfT, simp)
using that unfolding set-integrable-def apply (rewrite in asm real-integrable-def,
stmp)
by (simp add: indicator-mult-ennreal mult.commute)
moreover have mg-fin: ([ €. ennreal (— g (T z £)) O(M | alive z)) # oo
using that apply (rewrite nn-integral-T-pdfT[of As. — g s|, simp)
using that unfolding set-integrable-def apply (rewrite in asm real-integrable-def,
stmp)
by (simp add: indicator-mult-ennreal mult.commute)
ultimately have [simp]: integrable (M | alive z) (A. g (T z €))
using that by (rewrite real-integrable-def; simp)
have ([ *se{0..}. ennreal (pdfT x s x maz 0 (g s)) Olborel) =
(J tse{0..}. ennreal (pdfT x s * g s) Olborel)
using SPMF.ennreal-max-0 ennreal-mult’ pdfTx-nonneg x-lt-psi by presburger
also have ... < o0
using pg-fin nn-integral-T-pdfT that top.not-eq-extremum by auto
finally have ([ *s€{0..}. ennreal (pdfT x s x maz 0 (g s)) dlborel) < oo .
hence [simp]: set-integrable lborel {0..} (As. pdfT x s * maz 0 (g s))
unfolding set-integrable-def using that apply (intro integrablel-nonneg, simp-all)
using pdfTz-nonneg apply (intro AE-12, force)
by (metis (no-types, lifting) indicator-mult-ennreal mult.commute nn-integral-cong)
have ([ *s€{0..}. ennreal (pdfT x s x maz 0 (— g s)) dlborel) =
([ tse{0..}. ennreal (pdfT z s * — g s) dlborel)
using SPMF .ennreal-max-0 ennreal-mult’ pdfTx-nonneg x-lt-psi by presburger
also have ... < oo
using mg-fin nn-integral-T-pdfT[of As. — ¢ s] that top.not-eq-extremum by
force
finally have ([ "s€{0..}. ennreal (pdfT z s x maz 0 (— g s)) dlborel) < oo .
hence [simp]: set-integrable lborel {0..} (As. pdfT x s * max 0 (— g s))
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unfolding set-integrable-def using that apply (intro integrablel-nonneg, simp-all)
using pdfTz-nonneg apply (intro AE-12, force)
by (metis (no-types, lifting) indicator-mult-ennreal mult.commute nn-integral-cong)
have alivex-PS.expectation (A. g (T z &)) =
alivez-PS.expectation (. maz 0 (g (T z &))) — alivez-PS.expectation (AE. max
0 (=g (Tzg)))
by (rewrite Bochner-Integration.integral-cong
[where N=9 | alive z and g=\¢. maz 0 (¢ (T z§)) — maz 0 (— g (T z
£)l; simp)
moreover have alivex-PS.expectation (A. maz 0 (g (T z §))) =
(LBINT s:{0..}. pdfT z s x maz 0 (g s))
using that by (rewrite expectation-LBINT-pdfT-nonneglwhere g=\s. maz 0
(g 8)]) simp-all
moreover have alivex-PS.expectation (M. maz 0 (— g (T z §))) =
(LBINT s:{0..}. pdfT z s * maz 0 (— g s))
using that by (rewrite expectation-LBINT-pdfT-nonneglwhere g=MAs. maz 0
(= g 9)]) simp-all
ultimately have alivex-PS.expectation (M. g (T z &)) =
(LBINT s:{0..}. pdfT z s * maz 0 (g s)) — (LBINT s:{0..}. pdfT x s x maz 0
(= g 5)) by simp
also have ... = (LBINT s:{0..}. (pdfT x s x maz 0 (g s) — pdfT = s * maz 0
(—99))

by (rewrite set-integral-diff; simp)

also have ... = (LBINT s:{0..}. pdfT x s * (maz 0 (g s) — maz 0 (— g s)))
by (simp add: right-diff-distrib)
also have ... = (LBINT s:{0..}. pdfT z s % g s)

using minus-maz-eg-min
by (metis (no-types, opaque-lifting) diff-zero maz-def min-def minus-diff-eq)
finally show ?thesis .
qed

corollary expectation-integral-pdfT:
alivex-PS.expectation (N. g (T z §)) = integral {0..} (As. pdfT xz s % g s)
if (\s. pdfT z s x g s) absolutely-integrable-on {0..} g € borel-measurable lborel
for g :: real = real
proof —
have [simp]: set-integrable lborel {0..} (As. pdfT z s * g s)
using that by (rewrite absolutely-integrable-on-iff-set-integrable; simp)
show ?thesis
apply (rewrite set-borel-integral-eq-integral(2)[THEN sym], simp)
using that by (rewrite expectation-LBINT-pdfT; simp)
qged

corollary e-LBINT-pdfT: $e‘o-z = (LBINT s:{0..}. pdfT z s * s)
— Note that 0 = 0 holds when the life expectation diverges.
unfolding life-expect-def using expectation-LBINT-pdfT-nonneg by force

corollary e-integral-pdfT: $e‘o-x = integral {0..} (As. pdfT x s * )
— Note that 0 = 0 holds when the life expectation diverges.
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unfolding life-expect-def using expectation-integral-pdfT-nonneg by force
end

corollary e-LBINT-pdfX: $e‘c-0 = (LBINT x:{0..}. pdfX z * x)
— Note that 0 = 0 holds when the life expectation diverges.
using e-LBINT-pdfT pdfT0-X psi-pos’ by presburger

corollary e-integral-pdfX: $e‘o-0 = integral {0..} (Az. pdfX z * x)
— Note that 0 = 0 holds when the life expectation diverges.
using e-integral-pdfT pdfT0-X psi-pos’ by presburger

5.2.9 Introduction of Force of Mortality

definition force-mortal :: real = real («$p'-- [101] 200)
where $p-z = MM-PS.hazard-rate X z

lemma mu-pdfX: $p-z = pdfX x / ccdf (distr M borel X) x
if (cdf (distr O borel X)) differentiable at z for x::real
unfolding force-mortal-def pdfX-def
by (rewrite MM-PS.hazard-rate-deriv-cdf, simp-all add: that)

lemma mu-unborn-0: $u-z = 0 if © < 0 for z::real
apply (rewrite mu-pdfX)
using cdfX-has-real-derivative-0-unborn real-differentiable-def that apply blast
using pdfX-nonpos-0 that by auto

lemma mu-beyond-0: Su-x = 0 if x > $1) for z::real

— Note that division by 0 is defined as 0 in Isabelle/HOL.

unfolding force-mortal-def using MM-PS.hazard-rate-0-ccdf-0 ccdfX-0-equiv that
by simp

lemma mu-nonneg-differentiable: $pu-x > 0
if (cdf (distr O borel X)) differentiable at z for x::real
apply (rewrite mu-pdfX, simp add: that)
using pdfX-nonneg distrX-RD.ccdf-nonneg by simp

lemma mu-nonneg-AE: AFE z in lborel. $p-x > 0
using cdfX-differentiable-AE mu-nonneg-differentiable by auto

lemma mu-measurable[measurable]: (A\z. $u-z) € borel-measurable borel
proof —
obtain S where
finite S and Az. z ¢ S = (cdf (distr 9 borel X)) differentiable at
using cdfX-piecewise-differentiable unfolding piecewise-differentiable-on-def
by blast
thus ?thesis
apply (rewrite measurable-discrete-difference
[where f=A\z. pdfX x / ccdf (distr I borel X) z and X=S5], simp-all)

138



by (simp-all add: MM-PS.ccdf-distr-measurable borel-measurable-divide count-
able-finite mu-pdfX)
qed

lemma mu-deriv-ccdf: $p-x = — deriv (ccdf (distr MM borel X)) x / cedf (distr M
borel X) z

if (cedf (distr O borel X)) differentiable at © x < $3p for z::real

unfolding force-mortal-def

by (rewrite MM-PS.hazard-rate-deriv-ccdf; simp add: that)

lemma mu-deriv-In: $p-z = — deriv (Az. In (ccdf (distr 9 borel X) z)) z
if (cedf (distr O borel X)) differentiable at z x < $3p for z::real
unfolding force-mortal-def
apply (rewrite MM-PS.hazard-rate-deriv-In-cedf, simp-all add: that)
using ccdfX-0-equiv that by force

lemma p-ezxp-integral-mu: $p-{t&z} = exp (— integral {z..z+1t} (Ay. $p-y))
ifz>0t>0z+t < %Y for zt :: real
proof —
have [simp]: © < $ using that by (simp add: ereal-less-le)
have $p-{t&z} = (ccdf (distr M borel X) (z+t)) / (ccdf (distr M borel X) x)
apply (rewrite p-PX, simp-all add: that)
by (rewrite MM-PS.ccdf-distr-P, simp)+ simp
also have ... = exp (— integral {z..s+t} (MM-PS.hazard-rate X))
apply (rule MM-PS.ccdf-exp-cumulative-hazard, simp-all add: that)
using ccdfX-piecewise-differentiable piecewise-differentiable-on-subset apply
blast
using ccdfX-continuous continuous-on-subset apply blast
using ccdfX-0-equiv that ereal-less-le linorder-not-le by force

also have ... = exp (— integral {z..xz+t} (Ay. $u-y)) unfolding force-mortal-def
by simp

finally show ?thesis .
qed

corollary ccdfX-exp-integral-mu: cedf (distr 9 borel X) x = exp (— integral {0..2}
(Ay. Sp-y))

if 0 <z Az <8y for x::real

by (rewrite p-exp-integral-mu|where t=z and z=0, simplified, THEN sym]; simp
add: that ccdfX-p)

5.2.10 Properties of Force of Mortality

context

fixes x::real

assumes z-lt-psi[simp]: z < $
begin

interpretation alivex-PS: prob-space MM | alive x
by (rule MM-PS.cond-prob-space-correct; simp add: alive-def)
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interpretation distrTz-RD: real-distribution distr (9 | alive ) borel (T z) by
stmp

lemma hazard-rate-Tz-mu: alivex-PS.hazard-rate (T z) t = Su-(z+t)
if t > 0 z+t < $¢ for t::real
proof —
have [simp]: P(§ in M. X £ > x) > 0 by force
moreover have [simp]: P(§ in M. X & > z + t) > 0 using that by force
moreover have [simp|: {£ € space (M | alive x). X £ > z + t} = {£ € space
M X E>a+ t}
unfolding alive-def using that by (rewrite MM-PS.space-cond-prob-space,
stmp-all, force)
hence [simp]: {€ € space (M | alive z). X & > z + t} € MM-PS.events by simp
ultimately have x[simp]: P(§ in (M | alivez). X € >z + t) > 0
unfolding alive-def
apply (rewrite MM-PS.cond-prob-space-cond-prob| THEN sym], (simp-all add:
pred-def)[3)
unfolding cond-prob-def by (smt (verit) Collect-cong divide-pos-pos)
have alivex-PS.hazard-rate (T z) t =
Lim (at-right 0) (Adt. P(& in (I |
§>1t)/ db)
unfolding alivez-PS.hazard-rate-def by simp
also have ... = Lim (at-right 0)
(Adt. P(Ein (M | alivez). 2+t < XEANXE<z+t+dt| XE>n+ 1)
/ dt)
apply (rule Lim-cong, rule eventually-at-rightI[of 0 1], simp-all)
unfolding futr-life-def cond-prob-def using Collect-cong by (smt (verit))
also have ... =
Lim (at-right 0) Adt. PE I M s+t < XEANXE<z+t+dt | XE>a
+ t) / dt)
proof —
have Adt. P(§in (M | alivex). s+t < X EANXE<z+t+dt| XE>
+ 1) =
PEinMae+t<XEANXELz4+t+dt|XE>a+1)
proof —
fix dt
let 2rngX =M.z +t< XEANXE<z+1t+ dt
have P(§ in (M | alive z). orngX € | X § >z + t) =
P& in (M | alive z) | {n € space (M | alive ). X n > z + t}). 2rngX &)
using * by (rewrite alivez-PS.cond-prob-space-cond-prob) simp-all
also have ... = P(§in M | {n € space M. X n > z + t}). ?rngX &)
proof —
have (M | alive x) | {n € space (M | alive x). X n > x + t} =
M | {n € space (M | alivex). X n >z + t}
apply (rewrite MM-PS.cond-cond-prob-space, simp-all)
unfolding alive-def using that by force
also have ... =M | {n € space M. X n > z + t} by simp
finally have (9 | alive z) | {n € space (M | alive ). X n > = + t} =

aliver). t < Tz éENTexéE<t+dt | Tx
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M| {n € space M. X n>z+t}.
thus ?thesis by simp
qed
alsohave ... =Pl inMar+t< XEANXE<z+t+dt| XE>a+ 1)
by (rewrite MM-PS.cond-prob-space-cond-prob, simp-all add: pred-def
sets.sets-Collect-conj)
finally show P (£ in (M | alive z). orngX £ | X E >z + 1) =
PEimMae+t< XEANXELz4+t+dt|XE>z+1).
qed
thus ?thesis
apply —
by (rule Lim-cong, rule eventually-at-rightI[of 0 1]; simp)
qed

also have ... = $u-(z+t) unfolding force-mortal-def MM-PS.hazard-rate-def
by simp

finally show ?thesis .
qed

lemma pdfTz-p-mu: pdfT x t = $p-{t&z} * Su-(z+1)
if (cdf (distr (O | alive x) borel (T x))) differentiable at t t > 0 for t::real
proof (cases x4+t < $u»)
case True
hence [simp]: t > 0 and (ccdf (distr (O | alive x) borel (T z))) t # 0
using that p-0-equiv unfolding survive-def by auto
have deriv (cdf (distr (M | alive z) borel (T z))) t =
cedf (distr (M | alive x) borel (T x)) t x alivex-PS.hazard-rate (T z) t
by (rule alivex-PS.deriv-cdf-hazard-rate; simp add: that)
thus ?thesis unfolding survive-def pdfT-def using hazard-rate-Tz-mu True that
by simp
next
case Fulse
hence z+t > $¢ by simp
thus ?thesis using pdfTz-beyond-0 mu-beyond-0 by simp

qed

lemma deriv-t-p-mu: deriv (As. $p-{s&z}) t = — $p-{t&x} * $u-(z+1)
if (As. $p-{s&x}) differentiable at t t > 0 for t::real

proof —

let ZcdfTr = cdf (distr (I | alive x) borel (T x))
have diff: ?cdfTz differentiable at t
using that distrTz-RD.differentiable-cdf-ccdf unfolding survive-def by blast
hence deriv ?cdfTr t = $p-{t&z} * $u-(z+t) using that pdfTz-p-mu pdfT-def
by simp
moreover have deriv ?cdfTr t = — deriv (As. $p-{s&zx}) t
using that diff distrTz-RD.deriv-cdf-ccdf unfolding survive-def by presburger
ultimately show ?thesis by simp
qed

lemma pdfTz-p-mu-AE: AE s in lborel. s > 0 — pdfT x s = $p-{s&x} = $pu-(z+s)
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proof —
let ZcdfX = cdf (distr 9 borel X)
let ?cdfTr = cdf (distr (MM | alive z) borel (T x))
from cdfX-differentiable-AE obtain N
where diff: \r. r € space lborel — N = ?cdfX differentiable at r
and null: N € null-sets lborel
using AFE-E3 by blast
let 2N’ = {s. z+s € N}
have ?N’ € null-sets lborel
using null-sets-translation[of N —x, simplified] null by (simp add: add.commute)
moreover have {s € space lborel. = (s > 0 — pdfT z s = $p-{s&a} x*
Su-(s-+5))} C 7N’
proof (rewrite Compl-subset-Compl-iff[THEN sym], safe)
fix s::real
assume s € space lborel and z+s ¢ N and s > 0
thus pdfT z s = $p-{s&z} * $u-(z+s)
apply (intro pdfTx-p-mu, simp-all)
by (rewrite differentiable-cdfX-cdfTx[THEN sym]; simp add: diff)
qed
ultimately show ?thesis using AE-I'[of ?N’'] by simp
qed

lemma LBINT-p-mu-q-defer: (LBINT s:{f<..f+t}. $p-{s&z} * $p-(z+5)) = $q-{f|t&=}
ift>0f>0fortf: real
proof —
have (LBINT s:{f<..f+t}. $p-{s&z} * $u-(z+s)) = (LBINT s:{f<..f+t}. pdfT
xs)
apply (rule set-lebesgque-integral-cong-AFE; simp)
apply (simp add: survive-def)
using pdfTz-p-mu-AE apply (rule AE-mp)
using that by (intro always-eventually; simp add: ereal-less-le)

also have ... = enn2real ([ Tse{f<..f+t}. ennreal (pdfT x s) dlborel)
proof —

have ([ tse{f<..f+t}. ennreal (pdfT z s) Olborel) < T

proof —

have ([ tse{f<..f+t}. ennreal (pdfT z s) Olborel) < [*s. ennreal (pdfT
s) Olborel
by (smt (verit) indicator-simps le-zero-eq linorder-le-cases
mult.right-neutral mult-zero-right nn-integral-mono)
also have ... < T using nn-integral-pdfTz-1 by simp
finally show ?Zthesis .
qed
thus ?thesis
unfolding set-lebesque-integral-def
by (rewrite enn2real-nn-integral-eq-integral[where g=M\s. pdfT x s * indicator
{f<.f+t} s))
(simp-all add: pdfTz-nonneg mult.commute ennreal-indicator ennreal-mult’)
qged
also have ... = measure (density lborel (pdfT x)) {f<..f+t}
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unfolding measure-def by (rewrite emeasure-density; simp)
also have ... = measure (distr (9 | alive x) lborel (T z)) {f<..f+1t}
using distributed-pdfTz unfolding distributed-def by simp
also have ... =
cdf (distr (M | alive x) lborel (T x)) (f+t) — cdf (distr (M | alive x) lborel (T
z)) [
using that finite-borel-measure. cdf-diff-eq2
by (smt (verit) distrTz-RD.finite-borel-measure-axioms distr-cong sets-lborel)
also have ... = $¢-{f|t&=}
using ¢-defer-q die-def that by (metis distr-cong sets-lborel x-lt-psi)
finally show ?thesis .
qed

corollary LBINT-p-mu-q: (LBINT s:{0<..t}. $p-{s&az} * $p-(z+s)) = $¢-{t&z}
if t > 0 for t::real
using LBINT-p-mu-q-defer that by force

lemma set-integrable-p-mu: set-integrable lborel {f<..f+t} (As. $p-{s&x} * $pu-(z+s))
ift>0f>0fortf:: real
proof —
have (As. $p-{s&z}) € borel-measurable borel unfolding survive-def by simp
moreover have AFE s in lborel. f < s A s < f + t — $p-{s&a} * $p-(z+s) =
pdfT x s
using pdfTz-p-mu-AE apply (rule AE-mp)
using that by (intro always-eventually; simp add: ereal-less-le)
moreover have set-integrable lborel {f<..f+t} (pdfT z) using pdfTx-set-integrable
by simp
ultimately show ?thesis by (rewrite set-integrable-cong-AE[where g=pdfT z];
stmp)
qed

lemma p-mu-has-integral-q-defer-Ioc:
((Xs. $p-{s&z} * $u-(z+s)) has-integral $q-{f|t&=z}) {f<..f+t}
ift>0f>0fortf: real
apply (rewrite LBINT-p-mu-q-defer[THEN sym)], simp-all add: that)
apply (rewrite set-borel-integral-eq-integral, simp add: set-integrable-p-mu that)
by (rewrite has-integral-integral| THEN sym);
simp add: set-borel-integral-eq-integral set-integrable-p-mu that)

lemma p-mu-has-integral-q-defer-Icc:

((As. $p-{s&x} * $pu-(z+s)) has-integral $q-{f|t&a}) {f..f+t} if t > 0 f > 0 for
tf o real
proof —

have negligible {f} by simp

hence [simp|: negligible ({f..f+t} — {f<..f+1})

by (smt (verit) Diff-iff atLeastAtMost-iff greater ThanAtMost-iff insertl1
negligible-sing negligible-subset subsetl)
have [simp]: negligible ({f<..f+t} — {f..f+t}) by (simp add: subset-eq)
show ?thesis
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apply (rewrite has-integral-spike-set-eq[where T={f<..f+t}])
apply (rule negligible-subset[of {f..f+t} — {f<..f+t}], simp, blast)
apply (rule negligible-subset[of {f<..f+t} — {f..f+t}], simp, blast)
using p-mu-has-integral-q-defer-Ioc that by simp
qed

corollary p-mu-has-integral-q-Icc:
((As. $p-{s&z} * Su-(z+5)) has-integral $¢-{t&x}) {0..t} if t > 0 for ¢::real
using p-mu-has-integral-g-defer-Icc[where f=0] that by simp

corollary p-mu-integrable-on-Icc:
(As. $p-{s&z} * $u-(z+s)) integrable-on {0..t} if t > 0 for t::real
using p-mu-has-integral-g-Icc that by auto

lemma e-ennreal-p-mu: ([ €. ennreal (T z §) O(IM | alive z)) =
(J tse{0..}. ennreal ($p-{s&x} * $p-(z+s) * s) Alborel)
proof —
have [simp]: sym-diff {0..} {0<..} = {0::real} by force
have ([ T¢. ennreal (T z &) (M | alive z)) = ([ Ts€{0..}. ennreal (pdfT z s *
s) Olborel)
by (rewrite nn-integral-T-pdf T[where g=\s. s]; simp)

also have ... = ([ Tse{0<..}. ennreal (pdfT x s * s) dlborel)
by (rewrite nn-integral-null-delta; force)
also have ... = ([ Tse{0<..}. ennreal ($p-{s&x} = $pu-(z+s) * s) dlborel)

apply (rule nn-integral-cong-AFE)
using pdfTz-p-mu-AE apply (rule AE-mp, intro AE-12) by force
also have ... = ([ Tse{0..}. ennreal ($p-{s&z} * $u-(z+s) * s) dlborel)
by (rewrite nn-integral-null-delta| THEN sym]; force)
finally show ?thesis .
qed

lemma e-LBINT-p-mu: $e‘o-x = (LBINT s:{0..}. $p-{s&z} * $u-(z+s) * s)
— Note that 0 = 0 holds when the life expectation diverges.
proof —
let 2f = Xs. $p-{s&z} * Spu-(z+s) * s
have [simp]: (As. ?f s * indicat-real {0..} s) € borel-measurable borel
by measurable (simp-all add: survive-def)
hence [simp]: (As. indicat-real {0..} s * ?f s) € borel-measurable borel
by (meson measurable-cong mult.commute)
have [simp]: AE s in lborel. ?f s x indicat-real {0..} s > 0
proof —
have AFE s in lborel. pdfT x s % s * indicat-real {0..} s > 0
using pdfTx-nonneg pdfTr-nonpos-0 z-lt-psi
by (intro AE-12) (smt (verit, del-insts) indicator-pos-le mult-eq-0-iff mult-nonneg-nonneg)
thus ?thesis
apply (rule AE-mp)
using pdfTz-p-mu-AE apply (rule AE-mp)
by (rule AE-12) (metis atLeast-iff indicator-simps(2) mult-eq-0-iff order-le-less)
qed
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hence [simp|: AE s in lborel. indicat-real {0..} s x 2f s> 0
by (metis (no-types, lifting) AE-cong mult.commute)
show ?thesis
proof (cases <integrable (M | alive x) (T x)»)
case True
hence ennreal ($e‘o-z) = [ 1€ ennreal (T z &) O | alive x)
unfolding life-expect-def apply (rewrite nn-integral-eq-integral, simp-all)
by (smt (verit) AE-12 alivex-Tz-pos)

also have ... = [ Ts. ennreal (?f s x indicat-real {0..} s) Olborel
by (simp add: nn-integral-set-ennreal e-ennreal-p-mu)

also have ... = ennreal (LBINT s:{0..}. ?f s)

proof —
have integrable lborel (As. ?f s x indicat-real {0..} s)
proof —

have ([ Ts. ennreal (?f s = indicat-real {0..} s) dlborel) < oo
by (metis calculation ennreal-less-top infinity-ennreal-def)
thus ?thesis by (intro integrablel-nonneg; simp)
qed
thus ?thesis
unfolding set-lebesque-integral-def
by (rewrite nn-integral-eg-integral, simp-all) (meson mult.commute)
qed
finally have ennreal ($e‘o-z) = ennreal (LBINT s:{0..}. ?f s) .
moreover have (LBINT s:{0..}. ?fs) > 0
unfolding set-lebesgue-integral-def by (rule integral-nonneg-AE) simp
ultimately show ?thesis using e-nonneg by simp
next
case Fulse
hence $e‘o-z = 0 unfolding life-expect-def using not-integrable-integral-eq by
force
also have ... = (LBINT s:{0..}. ?fs)
proof —
have oo = [1¢. ennreal (T z &) O(M | alive )
using nn-integral-nonneg-infinite False
by (smt (verit) AE-cong Tz-alivex-measurable alivex-PS.AE-prob-1 alivez-PS.prob-space
alivez-Tx-pos nn-integral-cong)
hence 0 = ennZreal ([ Ts€{0..}. ennreal (?f s) dlborel) using e-ennreal-p-mu
by simp
also have ... = (LBINT s:{0..}. ?f s)
unfolding set-lebesgue-integral-def apply (rewrite integral-eg-nn-integral,
simp-all)
by (simp add: indicator-mult-ennreal mult.commute)
finally show ?thesis by simp
qed
finally show ?thesis .
qed
qed

lemma e-integral-p-mu: $e‘o-z = integral {0..} (As. $p-{s&zx} * Su-(z+s) * 5)
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— Note that 0 = 0 holds when the life expectation diverges.
proof —
have (LBINT s:{0..}. $p-{s&z} * Su-(z+s) * s) = integral {0..} (As. $p-{s&z}
* $u-(z+s) * )
proof —
have AF s in lborel. s > 0 — $p-{s&x} * $p-(x+s) * s > 0
proof —
have AFE s in lborel. $y-(z+s) > 0 by (rule AE-translation, rule mu-nonneg-AFE)
with p-nonneg show ?thesis by force
qed
moreover have (As. $p-{s&z} * Su-(z+s) * s) € borel-measurable borel
unfolding survive-def by simp
ultimately show ?thesis by (intro set-borel-integral-eq-integral-nonneg-AFE;,
stmp)
qed
thus ?thesis using e-LBINT-p-mu by simp
qed

end

lemma p-has-real-derivative-x-ccdfX :
((Ay. $p-{t&y}) has-real-derivative
((deriv svl (z+t) * svl @ — svl (z+t) * deriv svl z) / (svl 2)?)) (at 7)
if svl = cedf (distr 9 borel X) svl differentiable at x svl differentiable at (x+1)
t> 0z < $Y for zt:: real
proof —
have open {y. svl differentiable at y} using ccdfX-differentiable-open-set that by
simp
with that obtain el where e0-pos: e0 > 0 and ball-e0: ball x e0 C {y. svl
differentiable at y}
using open-contains-ball by blast
define e where e = if $1) < oo then min e0 (real-of-ereal $1p — z) else el
have ¢ > 0 A ball z e C {y. svly # 0 A svl differentiable at y}
proof (cases ($9 < c0»)
case True
hence e > 0
proof —
have real-of-ereal $1p — z > 0 using not-inftyl True that by force
with e0-pos show ?thesis unfolding e-def using True by simp
qed
moreover have ball z e C {y. sl y # 0}
proof —
have e < real-of-ereal $1p — z unfolding e-def using True by simp
hence ball z e C {..< real-of-ereal $10} unfolding ball-def dist-real-def by
force
thus ?thesis using that ccdfX-0-equiv
using True ereal-less-real-iff psi-nonneg by auto
qed
moreover have ball z e C {y. svl differentiable at y}
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proof —
have e < e0 unfolding e-def using True by simp
hence ball z e C ball  e0 by force
with ball-e0 show ?thesis by simp
qed
ultimately show ?thesis by blast
next
case Fulse
hence ball z e C {y. svl y # 0} using cedfX-0-equiv that by simp
with Fualse show ?thesis unfolding e-def using e0-pos ball-e0 by force
qed
hence e-pos: e > 0 and ball-e: ball z e C {y. svl y # 0 A svl differentiable at y}
by auto
hence ball-svl: \y. y € ball z e => svl y # 0 A svl field-differentiable at y
using differentiable-eq-field-differentiable-real by blast
hence Ay. y € ball z e = $p-{t&y} = svl (y+t) / svl y
unfolding survive-def using that ccdfX-0-equiv by (rewrite ccdfTz-cedfX,
sitmp-all) force
moreover from ball-svl have ((Ay. svl (y+t) / svl y) has-real-derivative
((deriv svl (z+t) * svl @ — svl (z+t) * deriv svl z) / (svl 2)?)) (at T)
apply (rewrite power2-eq-square)
apply (rule DERIV-divide)
using DERIV-deriv-iff-real-differentiable DERIV-shift that apply blast
using that DERIV-deriv-iff-real-differentiable apply simp
by (simp add: e-pos)
ultimately show “thesis
using e-pos
apply (rewrite has-field-derivative-cong-eventually[where g=\y. svl (y+t) /
svl y|, simp-all)
by (smt (verit) dist-commute eventually-at)
qed

lemma p-has-real-derivative-z-p-mu:
((A\y. $p-{t&y}) has-real-derivative $p-{t&z} * (Sp-z — Su-(z+t))) (at )
if cedf (distr 9 borel X) differentiable at © ccdf (distr I borel X) differentiable
at (z+t)
t>0x < $¢ for z t :: real
proof (cases «z+t < $»)
case True
let ?svl = cedf (distr 9 borel X)
have [simp]: ?svl © # 0 using that ccdfX-0-equiv by (smt (verit) le-ereal-le
linorder-not-le)
have [simp]: ?svl field-differentiable at (x+1)
using that differentiable-eq-field-differentiable-real by simp
have ((Ay. $p-{t&y}) has-real-derivative
((deriv ?svl (z+1t) * 2svl & — ?2svl (z+t) * deriv ?svl z) / (%svl 2)?)) (at )
using p-has-real-derivative-z-ccdfX that by simp
moreover have (deriv ?svl (z+t) * 2svl © — ?svl (x+t) * deriv ?svl ) / (Zsvl
1)? =

147



$p-{t&a} * (Su-z — Sp-(z+t)) (is 2LHS = ?RHS)
proof —
have deriv ?svl (z+t) = deriv (Ay. ?svl (y+t)) z
using that by (metis DERIV-deriv-iff-real-differentiable DERIV-imp-deriv

DERIV-shift)
hence ?LHS = (deriv (\y. ?svl (y+1)) z = ?svl x — Zsvl (z+t) * deriv ?svl x)
/ (%svl x)?
by simp
also have ... = (deriv (Ay. ?svl (y+t)) © — 2svl (z+t) * deriv 2svl z | Zsvl
z) [ ?svl x
by (simp add: add-divide-eq-if-simps(4) power2-eq-square)
also have ... = (— %svl (z+t) * Su-(z+t) + %svl (z+t) * Sp-z) / ?svlx
proof —
have deriv (A\y. ?svl (y+t)) z = — ?svl (z+t) * $p-(x+1)

apply (rewrite add.commute, rewrite deriv-shift| THEN sym], rewrite add.commute,
sitmp)
using add.commute that by (metis MM-PS.deriv-ccdf-hazard-rate X-RV
force-mortal-def)
moreover have — ?svl (z+t) * deriv ?svl x / ?svl x = ?svl (z+1t) * Sp-z
using that by (simp add: MM-PS.deriv-ccdf-hazard-rate force-mortal-def)
ultimately show ?thesis by simp
qed
also have ... = %svl (z+t) * (Sp-z — Su-(z+t)) / ?svl = by (simp add:
mult-diff-mult)
also have ... = ?RHS unfolding survive-def using ccdfTz-ccdfX that by
stmp
ultimately show ?thesis by simp
qed
ultimately show ?thesis by simp
next
case Fulse
hence ptz-0: $p-{t&z} = 0 using p-0-equiv that by simp
moreover have ((Ay. $p-{t&y}) has-real-derivative 0) (at )
proof —
have \y. 2 < y = y < $¥ = $p-{t&y} = 0
using Fualse p-0-equiv that by (smt (verit, ccfv-SIG) ereal-less-le linorder-not-le)
hence V ¢ z in at-right z. $p-{t&z} = 0
apply (rewrite eventually-at-right-field)
using that by (meson ereal-dense2 ereal-le-less less-eq-ereal-def less-ereal.simps)
hence ((\y. $p-{t&y}) has-real-derivative 0) (at-right z)
using ptz-0 by (rewrite has-field-derivative-cong-eventually[where g=\-. 0];
simp)
thus ?thesis
using vector-derivative-unique-within p-has-real-derivative-z-cedfX that
by (metis has-field-derivative-at-within has-real-derivative-iff-has-vector-derivative
trivial-limit-at-right-real)
qed
ultimately show %thesis by simp
qed
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corollary deriv-z-p-mu: deriv (\y. $p-{t&y}) © = $p-{t&z} x ($p-z — Su-(z+t))
if cedf (distr 9 borel X) differentiable at © ccdf (distr I borel X) differentiable
at (z+t)
t> 0z < $Y for zt:: real
using that p-has-real-derivative-z-p-mu DERIV-imp-deriv by blast

lemma e-has-derivative-mu-e: ((Az. $e‘o-z) has-real-derivative ($u-x * $e‘o-z —
1)) (at x)
if Az. ze{a<..<b} = set-integrable lborel {z..} (ccdf (distr MM borel X))
cedf (distr 9 borel X) differentiable at z x€{a<..<b} b < $9
for a b x :: real
proof —
let ?svl = cedf (distr 9 borel X)
have z-lt-psi[simp]: © < $1) using that ereal-le-less by simp
hence svlz-neq0[simp]: ?svl © # 0 by (simp add: ccdfX-0-equiv linorder-not-le)
define d ::real where d = min (b—z) (z—a)
have d-pos: d > 0 unfolding d-def using that ereal-less-real-iff by force
have e-svl: Ay. y < $¢ = $Se‘o-y = (LBINT t:{0..}. ?svl (y+t)) / %svly
apply (rewrite e-LBINT-p, simp)
apply (rewrite set-integral-divide-zero| THEN sym))
apply (rule set-lebesgue-integral-cong, simp-all)
unfolding survive-def using ccdfTz-ccdfX by force
have ((Ay. LBINT t:{0..}. ?svl (y+1)) has-real-derivative (— ?svl z)) (at x)
proof —
{ fix y assume dist y z < d
hence y-ab: y € {a<..<b} unfolding d-def dist-real-def by force
hence set-integrable lborel {y..} ?svl using that by simp
hence set-integrable lborel (einterval y co) ?svl
by (rewrite set-integrable-discrete-difference[where X={y}]; simp) force
moreover have Au. ((A\u. u—y) has-real-derivative (1—0)) (at u)
by (rule derivative-intros) auto
moreover have Au. y < u = isCont (At. Zsvl (y+t)) (u—y)
apply (rewrite add.commute, rewrite isCont-shift, simp)
using ccdfX-continuous continuous-on-eq-continuous-within by blast
moreover have ((ereal o (Au. u—y) o real-of-ereal) —— 0) (at-right (ereal

by (smt (verit, ccfo-SIG) LIM-zero Lim-cong-within ereal-tendsto-simps1(2)
ereal-tendsto-simps2(1) tendsto-ident-at zero-ereal-def)
moreover have ((ereal o (Au. u—y) o real-of-ereal) —— 00) (at-left oo)
proof —
have Ar u. r+y+1 < u = r < u—y by auto
hence Ar. YV p u in at-top. r < u — y by (rule eventually-at-top-linorderl)
thus ?thesis by (rewrite ereal-tendsto-simps, rewrite tendsto-Plnfty) simp
qed
ultimately have (LBINT t=0..c0. ?svl (y+t)) = (LBINT u=y..c0. ?svl
(y+(u—y)) = 1)
using distrX-RD.ccdf-nonneg by (intro interval-integral-substitution-nonneg(2);
stmp)
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moreover have (LBINT t:{0..}. ?svl (y+t)) = (LBINT t=0..c0. ?svl (y+t))
unfolding interval-lebesque-integral-def einterval-def apply simp
by (rule set-integral-discrete-difference[where X={0}|; force)
moreover have (LBINT u=y..co. ?svl (y+(u—y))x1) = (LBINT u:{y..}.
2svl u)
unfolding interval-lebesque-integral-def einterval-def apply simp
by (rule set-integral-discrete-difference[where X={y}]; force)
ultimately have (LBINT ¢:{0..}. ?svl (y+t)) = (LBINT u:{y..}. ?svl u) by
simp }
hence V r y in nhds x. (LBINT t:{0..}. ?svl (y+t)) = (LBINT u:{y..}. ?svl u)
using d-pos by (rewrite eventually-nhds-metric) auto
moreover have ((A\y. LBINT w:{y..}. ?svl u) has-real-derivative (— ?svl x))
(at z)
proof —
have ((A\y. integral {y..b} ?svl) has-real-derivative (— ?svl x)) (at x within
{a..b})
using that apply (intro integral-has-real-derivative’; simp)
using ccdfX-continuous continuous-on-subset by blast
hence ((A\y. integral {y..b} ?svl) has-real-derivative (— ?svl z)) (at x)
using that apply (rewrite at-within-open|where S={a<..<b}, THEN sym],
simp-all)
by (rule DERIV-subset[where s={a..b}]) auto
moreover have V p y in nhds xz. (LBINT w:{y..b}. ?svl u) = integral {y..b}
?svl
apply (rewrite eventually-nhds-metric)
using d-pos by (metis ccdfX-integrable-Icc set-borel-integral-eq-integral(2))
ultimately have ((A\y. LBINT u:{y..b}. ?svl u) has-real-derivative (— ?svl
7)) (at 2)
by (rewrite DERIV-cong-ev; simp)
hence ((Ay. (LBINT u:{y..b}. ?svlu) + (LBINT w:{b<..}. ?svl u)) has-real-derivative
(— %svl 1)) (at )
by (rewrite to — ?svl © + 0 add-0-right| THEN sym], rule DERIV-add; simp)
moreover have Vg y in nhds z.
(LBINT wu:{y..}. %svl v) = (LBINT w:{y..b}. %svl u) + (LBINT wu:{b<..}.
Zsvl u)
proof —
{ fix y assume dist y z < d
hence y-ab: y € {a<..<b} unfolding d-def dist-real-def by force
hence set-integrable lborel {y..} ?svl using that by simp
hence set-integrable lborel {y..b} ?svl set-integrable lborel {b<..} Zsvl
apply (rule set-integrable-subset, simp-all)+
using y-ab by force
moreover have {y..0} N {b<..} = {} {y..} = {y..b} U {b<..} using y-ab
by force+
ultimately have
(LBINT u:{y..}. ?svl u) = (LBINT u:{y..b}. ?svl u) + (LBINT w:{b<..}.
Zsvl u)
using set-integral-Un by simp }
thus ?thesis using d-pos by (rewrite eventually-nhds-metric) blast
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qed
ultimately show ?thesis by (rewrite has-field-derivative-cong-ev; simp)
qed
ultimately show ?thesis by (rewrite DERIV-cong-ev; simp)
qed
moreover have (?svl has-real-derivative (deriv ?svl z)) (at x)
using that DERIV-deriv-iff-real-differentiable by blast
ultimately have ((A\y. (LBINT t:{0..}. ?svl (y+t)) / ?svl y) has-real-derivative
((— %svl z) * 2svl & — (LBINT t:{0..}. ?svl (z+t)) * deriv ?svl x) /| (Zsvl z *
?svl z)) (at )
by (rule DERIV-divide) simp
moreover have eventually (Ay. (LBINT t:{0..}. ?svl (y+t)) / ?svl y = $e‘o-y)
(at z)
proof —
{fix yassume dist yz < dy # «
hence y < $7
unfolding dist-real-def d-def using that ereal-le-less by fastforce
hence $e‘o-y = (LBINT t:{0..}. ?svl (y+t)) / ?svl y by (rule e-svl) }
thus ?thesis
apply (rewrite eventually-at-filter, rewrite eventually-nhds-metric)
using d-pos that by metis
qed
ultimately have ((Ay. $e‘o-y) has-real-derivative
((— %svl z) % 2svl x — (LBINT t:{0..}. ?svl (z+1)) * deriv ?svl x) / (?svl © =
?svl z)) (at )
using e-svl by (rewrite has-field-derivative-cong-eventually THEN sym]; simp)
moreover have
((— %svl z) * Zsvl ¢ — (LBINT t:{0..}. ?svl (z+1)) * deriv ?svl x) / (?svl z *

Zsvl ) =
$p-z * $e‘o-x — 1 (is LHS = ?RHS)
proof —
have ?LHS = —1 + (LBINT ¢:{0..}. ?svl (z+t)) / %svl z * (— deriv %svl z /
2svl )

by simp (smt (verit) svlz-neq0 add-divide-distrib divide-eq-minus-1-iff
mult-minus-left real-divide-square-eq)

also have ... = —1 + $e‘o-1 * $u-z using e-svl mu-deriv-ccdf that by force
also have ... = ?RHS by simp
finally show ?%thesis .
qed
ultimately show ?thesis by simp
qed

corollary e-has-derivative-mu-e’: ((Az. $e‘o-z) has-real-derivative ($p-z x $e‘o-x
1)) (at 2)
if Az. ze{a<..<b} = ccdf (distr O borel X) integrable-on {z..}
cedf (distr 9 borel X) differentiable at © ze{a<..<b} b < $p
for a bz :: real
using that apply (intro e-has-derivative-mu-e[where a=a], simp-all)
using distrX-RD.ccdf-nonneg by (rewrite integrable-on-iff-set-integrable-nonneg;
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stmp)

5.2.11 Properties of Curtate Life Expectation

context

fixes x::real

assumes z-lt-psi[simp]: © < $
begin

lemma isCont-p-nat: isCont (At. $p-{t&x}) (k + (1::real)) for k::nat
proof —
fix k::nat
have continuous-on {0<..} (At. $p-{t&z})
unfolding survive-def
using ccdfTz-continuous-on-nonneg continuous-on-subset loi-le-Ico z-lt-psi by
blast
hence Vitc{0<..}. isCont (At. $p-{t&z}) ¢
using continuous-on-eq-continuous-at open-greaterThan by blast
thus isCont (A\t. $p-{t&z}) (real k+1) by force
qged

lemma curt-e-sum-p-smooth: $e-x = (3 k. $p-{k+1&z}) if summable (Ak. $p-{k+1&z})
using curt-e-sum-p isCont-p-nat that by simp

lemma curt-e-rec-smooth: $e-x = $p-z * (1 + Se-(z+1)) if summable (Ak. $p-{k+1&x})

z+1 < $¢
using curt-e-rec isCont-p-nat that by simp

lemma curt-e-sum-p-finite-smooth: $e-x = (> k<n. $p-{k+1&z}) if z+n+1 >
$4 for n:nat

using curt-e-sum-p-finite isCont-p-nat that by simp

lemma temp-curt-e-sum-p-smooth: $e-{z:n} = (3>  k<n. $p-{k+1&=z}) for n::nat
using temp-curt-e-sum-p isCont-p-nat by simp

lemma temp-curt-e-rec-smooth: $e-{z:n} = $p-x * (1 + $e-{z+1:n—1})
if z+1 < $¢ n # 0 for n::nat
using temp-curt-e-rec isCont-p-nat that by simp

end

end

5.3 Limited Survival Function

locale limited-survival-function = survival-model +
assumes psi-limited[simp]: $1) < oo
begin

definition ult-age :: nat (<3w»)
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where $w = LEAST z::nat. ccdf (distr O borel X) xz = 0
— the conventional notation for ultimate age

lemma ccdfX-ceil-psi-0: ccdf (distr MM borel X) [real-of-ereal $1p] = 0
proof —

have real-of-ereal $1 < [real-of-ereal $1] by simp

thus %thesis using ccdfX-0-equiv psi-limited ccdfX-psi-0 le-ereal-le by presburger
qed

lemma ccdfX-omega-0: ccdf (distr 9 borel X) $w = 0
unfolding ult-age-def
proof (rule Leastl-ex)
have [real-of-ereal $1p] > 0 using psi-nonneg real-of-ereal-pos by fastforce
thus Jz:nat. cedf (distr M borel X) (real ) = 0
using ccdfX-ceil-psi-0 by (metis of-int-of-nat-eq zero-le-imp-eq-int)
qed

corollary psi-le-omega: $9 < $w
using ccdfX-0-equiv ccdfX-omega-0 by blast

corollary omega-pos: $w > 0
using psi-le-omega order.strict-iff-not by fastforce

lemma omega-ceil-psi: $w = [real-of-ereal $1)]
proof (rule antisym)
let ?cpsi = [real-of-ereal $1]
have x: Zcpsi > 0 using psi-nonneg real-of-ereal-pos by fastforce
moreover have ccdf (distr MM borel X) ?epsi = 0 by (rule cedfX-ceil-psi-0)
ultimately have $w < nat Zcpsi
unfolding ult-age-def using wellorder-Least-lemma of-nat-nat by (smt (verit))
thus int $w < ?cpsi using le-nat-iff * by blast
next
show [real-of-ereal $1p] < int $w
using psi-le-omega by (simp add: ceiling-le-iff real-of-ereal-ord-simps(2))
qed

lemma ccdfX-0-equiv-nat: ccdf (distr M borel X) z = 0 +— x > $w for z::nat
proof
assume ccdf (distr 9 borel X) (real ) = 0
thus z > $w unfolding uli-age-def using wellorder-Least-lemma by fastforce
next
assume z > $w
hence ereal (real x) > $1p using psi-le-omega le-ereal-le of-nat-mono by blast
thus cedf (distr MM borel X) (real ) = 0 using ccdfX-0-equiv by simp
qed

lemma psi-le-iff-omega-le: $p < z +— $w < z for z:nat
using ccdfX-0-equiv ccdfX-0-equiv-nat by presburger
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context

fixes z::nat

assumes z-lt-omega[simp|: © < $w
begin

lemma z-lt-psi[simp]: T < $2
using z-lt-omega psi-le-iff-omega-le by (meson linorder-not-less)

lemma p-0-1-nat: $p-{0&z} = 1
using p-0-1 by simp

lemma p-0-equiv-nat: $p-{t&z} = 0 +— z+t > $w for t::nat
using psi-le-iff-omega-le p-0-equiv by (metis of-nat-add z-lt-psi)

lemma g¢-0-0-nat: $¢-{0&z} = 0
using p-q-1 p-0-1-nat by (smt (verit) x-lt-psi)

lemma ¢-1-equiv-nat: $g-{t&z} = 1 +— z+t > $w for t::nat
using p-g-1 p-0-equiv-nat by (smt (verit) x-lt-psi)

lemma g-defer-old-0-nat: $¢-{f|t&z} = 0 if $w < z+f for ft :: nat
using ¢-defer-old-0 psi-le-iff-omega-le that by (metis of-nat-0-le-iff of-nat-add
x-lt-psi)

lemma curt-e-sum-P-finite-nat: $e-x = (3 k<n. P(Ein M. T &> k+ 1| T
£>0))

if z4+n > $w for n:nat

apply (rule curt-e-sum-P-finite, simp)

using that psi-le-iff-omega-le by (smt (verit) le-ereal-less of-nat-add)

lemma curt-e-sum-p-finite-nat: $e-x = (3 k<n. $p-{k+1&z})
if Akinat. k < n = isCont (At. $p-{t&z}) (real k + 1) z+n > $w for n::nat
apply (rule curt-e-sum-p-finite, simp-all add: that)
using that psi-le-iff-omega-le by (smt (verit) le-ereal-less of-nat-add)

end
lemma g-omega-1: $¢-($w—1) = 1
using ¢-1-equiv-nat
by (metis diff-less dual-order.refl le-diff-conv of-nat-1 omega-pos zero-less-one)
end
end
theory Life-Table

imports Survival-Model
begin
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6 Life Table

Define a life table axiomatically.

locale life-table =
fixes [ :: real = real (<$1'-- [101] 200)
assumes [-0-pos: 0 < 10
and l-neg-nil: Ne. 2 < 0 = lz =10
and I-PlInfty-0: (I —— 0) at-top
and [-antimono: antimono 1
and [-right-continuous: A\z. continuous (at-right x) 1
begin

6.1 Basic Properties of Life Table

lemma [-0-neg-0[simp]: $I-0 # 0
using [-0-pos by simp

lemma [-nonneg[simp): $l-x > 0 for z:real
using l-antimono I-Plnfty-0 by (rule antimono-at-top-le)

lemma [-bounded[simp]: $i-z < $I-0 for z::real
using [-neg-nil l-antimono by (smt (verit) antimonoD)

lemma l-measurable[measurable, simp|: | € borel-measurable borel
by (rule borel-measurable-antimono, rule l-antimono)

lemma [-left-continuous-nonpos: continuous (at-left x) 1 if x < 0 for x::real
proof —
have $l-x = $1-0 using I-neg-nil that by blast
moreover have continuous (at-left x) (A-. $1-0) by simp
moreover have eventually (A\y. $l-y = $1-0) (at-left x)
apply (rule eventually-at-leftl[of x—1], simp-all)
using that I-neg-nil by (smt (verit))
ultimately show ?thesis by (rewrite continuous-at-within-cong[where g=\-.
$1-0]; simp)
qed

lemma [-integrable-Icc: set-integrable lborel {a..b} | for a b :: real
unfolding set-integrable-def
apply (rule integrablel-bounded-set{where A={a..b} and B=8$I-0], simp-all)
using emeasure-compact-finite by auto

corollary [l-integrable-on-Icc: 1 integrable-on {a..b} for a b :: real
using [l-integrable-Icc by (rewrite integrable-on-iff-set-integrable-nonneg| THEN
syml; simp)

lemma [-integrable-Icc-shift: set-integrable lborel {a..b} (At. $i-(z+t)) for a b x ::

real
using set-integrable-Icc-shift l-integrable-Icc by (metis (full-types) add-diff-cancel-right’)
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corollary I-integrable-on-Icc-shift: (At. $I-(z+t)) integrable-on {a..b} for z a b ::
real

using [-integrable-Icc-shift by (rewrite integrable-on-iff-set-integrable-nonneg| THEN
sym]; simp)

lemma [-normal-antimono: antimono (Az. $l-z / $1-0)
using divide-le-cancel I-0-pos l-antimono unfolding antimono-def by fastforce

lemma compl-l-normal-right-continuous: continuous (at-right x) (A\z. 1 — $l-x /
$1-0) for z:real
using [-0-pos I-right-continuous by (intro continuous-intros; simp)

lemma compl-l-normal-NInfty-0: (Az. 1 — $l-x / $1-0) —— 0) at-bot
apply (rewrite tendsto-conglwhere g=X\-. 0], simp-all)
by (smt (verit) div-self eventually-at-bot-linorder I-0-pos l-neg-nil)

lemma compl-l-normal-PInfty-1: (Az. 1 — $l-x / $1-0) —— 1) at-top
using [-0-pos I-PInfty-0 by (intro tendsto-eq-intros) simp-all+

lemma compl-l-real-distribution: real-distribution (interval-measure (A\z. 1 — $l-z
/ $1-0))
using l-normal-antimono compl-l-normal-right-continuous
compl-l-normal-NInfty-0 compl-I-normal-Plnfty-1
by (intro real-distribution-interval-measure; simp add: antimono-def)

definition total :: real = real (<$T'--» [101] 200) where $T-z = LBINT y:{z..}.
$l-y

— the number of lives older than the ones aged z

— The parameter x must be nonnegative.

lemma T-nonneg[simpl: $T-z > 0 for z:real
unfolding total-def by simp

definition total-finite = set-integrable lborel {0..} 1

lemma total-finite-iff-set-integrable-Ici:
total-finite <— set-integrable lborel {x..} | for z::real
unfolding total-finite-def using set-integrable-Ici-equiv l-integrable-Icc by blast

lemma total-finite-iff-integrable-on-Ici: total-finite +— 1 integrable-on {z..} for
x::real
using total-finite-iff-set-integrable-Ici integrable-on-iff-set-integrable-nonneg l-nonneg
by (metis atLeast-borel I-measurable measurable-lborel2 sets-lborel)

lemma total-finite-iff-summable: total-finite +— summable (k. $I-(z+k)) for z::real
apply (rewrite total-finite-iff-set-integrable-Ici)
apply (rule set-integrable-iff-summable[of z, simplified], simp-all)
using l-antimono unfolding antimono-def monotone-on-def by simp
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lemma T-tendsto-0: (A\x. $T-z) —— 0) at-top if total-finite
proof —
have Az. © > 0 = $T-z = $T7-0 — (LBINT y:{0..z}. $l-y)
proof —
fix z::real assume asm: z > 0
let A = {z..} and ?B = {0..z}
have {0..} = ?A U ¢B using asm by auto
thus $7-x = $T7-0 — (LBINT y:{0..z}. $l-y)
unfolding total-def apply (rewrite eq-diff-eq)
using that total-finite-iff-set-integrable-Ici l-integrable-Icc
apply (rewrite set-integral-Un-AE[THEN sym), simp-all)
using AE-lborel-singleton add-0 asm le-add-same-cancel2 le-numeral-extra(3)
by force
qed
hence V r z in at-top. $T-x = $T-0 — (LBINT y:{0..z}. $l-y)
by (rule eventually-at-top-linorderI|of 0])
moreover have ((Az. LBINT y:{0..z}. $l-y) —— $T-0) at-top
using that unfolding total-def total-finite-def
by (intro tendsto-set-lebesgue-integral-at-top; simp)
ultimately show ?thesis
apply (rewrite tendsto-cong, simp-all)
using LIM-zero-iff ' by force
qed

definition lives :: real = real = real (¢$L'-{-&-}» [0,0] 200)
where $L-{n&z} = LBINT y:{z..z+n}. $l-y
— the number of lives between ages = and z+n
— The parameter £ must be nonnegative.
— The parameter n is usually nonnegative, but theoretically it can be negative.

abbreviation lives-1 :: real = real (<$L'--» [101] 200)
where $L-z = $L-{1&z}

lemma [-has-integral-L: (I has-integral $L-{n&z}) {z..z+n} for x n :: real
unfolding lives-def by (rule has-integral-set-integral-real) (rule l-integrable-Icc)

lemma L-neg-0[simp]: $L-{n&z} = 0 if n < 0 for z n :: real
unfolding lives-def using that by (rewrite to {} atLeastatMost-empty; simp)

lemma L-nonneg[simp|: $L-{n&z} > 0 for z n :: real
unfolding lives-def by simp

lemma L-T: $L-{n&z} = $T-z — $T-(z+n) if total-finite n > 0 for = n :: real
proof —
have {z..z+n}U{z+n..} = {z..} using that by force
moreover have
(LBINT y:{z..x+n}U{z+n..}. $l-y) = (LBINT y:{z..x+n}. $l-y) + (LBINT
y{z+n..}. $l-y)
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proof —
have AE y in lborel. = (y € {z..z+n} A y € {z+n..}) by (rule AE-I'[where
N={z+n}]; force)
moreover have set-integrable lborel {z..x+n} | by (rule l-integrable-Icc)
moreover have set-integrable lborel {x+n..} |
using that total-finite-iff-set-integrable-Ici by simp
ultimately show ?thesis by (intro set-integral-Un-AE; simp)
qed
ultimately show ¢thesis unfolding total-def lives-def by simp
qed

lemma L-sums-T: (Ak. $L-(z+k)) sums $T-z if total-finite for x::real
proof —
have (Ak:nat. $T-(z+k)) —— 0
using T-tendsto-0
apply (rule filterlim-compose[where f=Ak::nat. z+k and g=total], simp add:
that)
using filterlim-real-sequentially filterlim-tendsto-add-at-top by blast
hence (A\k. $T-(z+k) — $T-(x + Suc k)) sums $T-z
by (simp) (rule telescope-sums’[of Ak. $T-(z+k) 0, simplified])
thus ?thesis using that L-T by (rewrite sums-cong, simp-all) (smt (verit))
qged

definition death :: real = real = real («$d’-{-&-}> [0,0] 200)
where $d-{t&z} = maz 0 ($i-x — $i-(z+1))
— the number of deaths between ages = and x+t
— The parameter ¢ is usually nonnegative, but theoretically it can be negative.

abbreviation death! :: real = real («$d’-- [101] 200)
where $d-z = $d-{1&z}

lemma death-def-nonneg: $d-{t&z} = $l-x — $l-(z+¢) if ¢ > 0 for t z :: real
using that [-antimono unfolding death-def antimono-def by simp

lemma d-nonpos-0: $d-{t&az} = 0 if t < 0 for t z :: real
using that [-antimono unfolding death-def antimono-def by simp

corollary d-0-0: $d-{0&z} = 0 for z::real
using d-nonpos-0 by simp

lemma d-nonneg[simp|: $d-{t&z} > 0 for ¢ x :: real
unfolding death-def by simp

lemma dz-l: $d-x = $l-z — $i-(z+1) for z::real
using death-def-nonneg by simp

lemma sum-dz-l: (3 k<n. $d-(z+k)) = $l-2 — $I-(z+n) for z::real and n::nat

proof (induction n)
case (
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thus ?case by simp
next
case (Suc n)
thus Zcase
using dz-l
by (metis Set-Interval.comm-monoid-add-class.sum.less Than-Suc
add-diff-cancel-left’ diff-diff-eq2 of-nat-Suc)
qed

corollary d-sums-l: (Ak. $d-(x+k)) sums $l-z for x::real
unfolding sums-def
apply (rewrite sum-dz-l)
apply (rule tendsto-diff[where b=0, simplified], simp)
using [-PInfty-0 filterlim-compose filterlim-real-sequentially filterlim-tendsto-add-at-top
tendsto-const by blast

lemma add-d: $d-{t&z} + $d-{t' & z+t} = $d-{t+t' & z} if t > 0t' > 0 for ¢
t':: real
using death-def-nonneg that by (smt (verit))

definition die-central :: real = real = real («$m’-{-&-}» [0,0] 200)
where $m-{n&z} = $d-{n&z} / $L-{n&z}

— central death rate

abbreviation die-central-1 :: real = real (x<3m’-- [101] 200)
where $m-z = $m-{1&z}

6.2 Construction of Survival Model from Life Table

definition life-table-measure :: real measure (<))
where I = interval-measure (Az. 1 — $l-x / $1-0)

lemma prob-space-actuary-MM: prob-space-actuary M
unfolding life-table-measure-def using compl-Il-real-distribution real-distribution-def
by (intro prob-space-actuary.intro) force

definition survival-model-X :: real = real («X»>) where X = \z.

lemma survival-model-MM-X: survival-model 9t X
proof —
let 9F = Az. 1 — $l-z / $I-0
show survival-model M X
unfolding life-table-measure-def survival-model-X-def
proof (rule survival-model.intro)
show prob-space-actuary (interval-measure ?F)
using prob-space-actuary-MM unfolding life-table-measure-def by simp
show survival-model-azioms (interval-measure ?F) (Az. x)
proof —
have [simp]: {€:real. £ < 0} = {..0} by blast
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have measure (interval-measure (A\z. 1 — $l-x / $1-0)) {..0} = 0

using [-normal-antimono compl-l-normal-right-continuous compl-l-normal-NInfty-0
by (rewrite measure-interval-measure-Iic, simp-all add: antimono-def)

hence emeasure (interval-measure (A\z. 1 — $l-x / $1-0)) {..0} = ennreal 0
apply (rewrite finite-measure.emeasure-eq-measure, simp-all)
using compl-l-real-distribution prob-space-def real-distribution-def by blast

thus ?thesis
apply (intro survival-model-azioms.intro, simp)
apply (rewrite AE-iff-null, simp)
by (rewrite not-less) auto

qed
qed
qed

end

sublocale life-table C survival-model 9 X
by (rule survival-model-MM-X)

context life-table
begin

interpretation distrX-RD: real-distribution distr 9% borel X
using MM-PS.real-distribution-distr by simp

6.2.1 Relations between Life Table and Survival Function for X

lemma ccdfX-l-normal: ccdf (distr O borel X) = (Az. $l-z / $1-0)
proof (rule ext)
let ?2F = Az. 1 — $i-z / $I-0
interpret F-FBM: finite-borel-measure interval-measure ?F
using compl-l-real-distribution real-distribution.finite-borel-measure-M by blast
show Az. ccdf (distr 9 borel X) z = $l-x / $1-0
unfolding ccdf-def life-table-measure-def survival-model-X-def
apply (rewrite measure-distr, simp-all)
using l-normal-antimono compl-l-normal-right-continuous
compl-l-normal-NInfty-0 compl-l-normal-Plnfty-1
by (rewrite F-FBM .measure-interval-measure-Ioi; simp add: antimono-def)
qed

corollary deriv-cedfX-1: deriv (ccdf (distr O borel X)) x = deriv iz / $1-0
if [ differentiable at = for z::real
using differentiable-eq-field-differentiable-real that
by (rewrite ccdfX-l-normal, rewrite deriv-cdivide-right; simp)

notation death-pt («$¢)

lemma I-0-equiv: $l-x = 0 <— z > $1 for z::real
using ccdfX-l-normal ccdfX-0-equiv by simp

160



lemma d-old-0: $d-{t&z} = 0 if v > $p t > 0 for = ¢ :: real
unfolding death-def using [-0-equiv that by (smt (verit) le-ereal-le)

lemma d-l-equiv: $d-{t&z} = $l-x +— z+t > $p if t > 0 for = t :: real
using death-def-nonneg I-0-equiv that by simp

lemma continuous-ccdfX-1l: continuous F' (ccdf (distr 9 borel X)) «— continuous
Fl
for F :: real filter
proof —
have continuous F (ccdf (distr O borel X)) <— continuous F (Az. $l-z / $1-0)
using ccdfX-l-normal by simp

also have ... <— continuous F | using continuous-cdivide-iff I-0-neq-0 by blast
finally show ?thesis .
qed

lemma has-real-derivative-cedfX-I:
(ccdf (distr O borel X) has-real-derivative D) (at z) +—
(I has-real-derivative $1-0 % D) (at z)
for D z :: real
proof —
have (ccdf (distr MM borel X) has-real-derivative D) (at ) +—
((Az. $l-xz / $1-0) has-real-derivative D) (at z)
by (rule has-field-derivative-cong-eventually; simp add: ccdfX-l-normal)
also have ... +— ((Az. $1-0 * ($l-x / $1-0)) has-real-derivative $I-0 * D) (at x)
by (rule DERIV-cmult-iff, simp)

also have ... «— (I has-real-derivative $1-0 * D) (at z) by simp
finally show ?thesis .
qed

corollary differentiable-ccdfX-I:
cedf (distr 9 borel X) differentiable (at x) <— 1 differentiable (at x)
for D z :: real
using has-real-derivative-ccdfX-1
by (metis I-0-neg-0 mult.commute nonzero-divide-eq-eq real-differentiable-def)

lemma PX-l-normal: P(§ in M. X € > z) = $l-x / $1-0 for z::real
using MM-PS.ccdf-distr-P ccdfX-l-normal X-RV by (metis (mono-tags, lifting)
Collect-cong)

lemma set-integrable-ccdfX-1:
set-integrable lborel A (ccdf (distr MM borel X)) «— set-integrable lborel A |
if A € sets lborel for A :: real set
proof —
have set-integrable lborel A (cedf (distr 9 borel X)) <—
set-integrable lborel A (Az. $i-x / $I-0)
by (rule set-integrable-cong; simp add: ccdfX-I-normal)
also have ... «+— set-integrable lborel A | by simp
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finally show ?thesis .
qed

corollary integrable-ccdfX-l: integrable lborel (ccdf (distr O borel X)) <— inte-
grable lborel |
using set-integrable-ccdfX-l[where A=UNIV] by (simp add: set-integrable-def)

lemma integrable-on-ccdfX-I:
cedf (distr 9 borel X) integrable-on A <— 1 integrable-on A for A :: real set
proof —
have cedf (distr 9 borel X) integrable-on A <— (Az. $l-z / $1-0) integrable-on
A
by (rule integrable-cong) (simp add: ccdfX-l-normal)
also have ... «— [ integrable-on A
using integrable-on-cdivide-iff [of $I-0 1] by simp
finally show ?thesis .
qed

6.2.2 Relations between Life Table and Cumulative Distributive
Function for X

lemma cdfX-l-normal: cdf (distr 9 borel X) = (Az. 1 — $l-z / $1-0) for z::real
using ccdfX-l-normal distrX-RD.cdf-ccdf distrX-RD.prob-space by presburger

lemma deriv-cdfX-1: deriv (cdf (distr O borel X)) x = — deriv iz / $I-0
if [ differentiable at x for x::real
using distrX-RD.cdf-ccdf differentiable-eq-field-differentiable-real that differen-
tiable-ccdfX-1
deriv-diff deriv-ccdfX-l that by simp

lemma continuous-cdfX-1: continuous F (cdf (distr 9 borel X)) «— continuous
Fl

for F :: real filter

using distrX-RD.continuous-cdf-ccdf continuous-ccdfX-1 by simp

lemma has-real-derivative-cdfX-I:
(cdf (distr O borel X) has-real-derivative D) (at x) —
(I has-real-derivative — ($1-0 * D)) (at x)
for D z :: real
using distrX-RD.has-real-derivative-cdf-ccdf has-real-derivative-ccdfX-1 by simp

lemma differentiable-cdfX-I:
cdf (distr O borel X) differentiable (at ) <— [ differentiable (at z) for D z :
real
using differentiable-eq-field-differentiable-real distrX-RD.differentiable-cdf-ccdf
differentiable-ccdfX-1 by simp

lemma PX-compl-l-normal: P(§ in M. X { < z) =1 — $l-z / $1-0 for z::real
using PX-l-normal by (metis MM-PS.prob-compl X-compl-gt-le X-gt-event)
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6.2.3 Relations between Life Table and Survival Function for
T(z)

context

fixes x::real

assumes z-lt-psi[simp]: z < $¢
begin

notation futr-life («<T)

interpretation alivex-PS: prob-space M | alive x
by (rule MM-PS.cond-prob-space-correct, simp-all add: alive-def)

interpretation distrTz-RD: real-distribution distr (I | alive z) borel (T z) by
stmp

lemma lz-neg-0[simp]: $l-z # 0
using I-0-equiv x-lt-pst linorder-not-less by blast

corollary lz-pos[simp]: $l-x > 0
using lz-neg-0 I-nonneg by (smt (verit))

lemma ccdfTz-lI-normal: ccdf (distr (M | alive x) borel (T z)) t = $I-(x+t) / $i-x
if t > 0 for t::real
using ccdfTx-PX PX-l-normal I-0-neq-0 that by simp

lemma deriv-ccdfTz-I:
deriv (cedf (distr (M | alive z) borel (T z))) t = deriv (\t. $I-(z+t) / $l-z) t
if t > 01 differentiable at (z+1t) for t::real
proof —
have V i s in nhds t. cedf (distr (MM | alive z) borel (T xz)) s = $l-(z+s) / $l-x
apply (rewrite eventually-nhds-metric)
using that cedfTz-l-normal dist-real-def by (intro exl[of - t]) auto
thus ?thesis by (rule deriv-cong-ev) simp
qed

lemma continuous-at-within-ccdfTx-1:
continuous (at t within {0..}) (ccdf (distr (M | alive ) borel (T z))) «—
continuous (at (z+t) within {z..}) 1
if t > 0 for t::real
using continuous-ccdfX-cedfTx that continuous-ccdfX-1 by force

lemma isCont-ccdfTx-1:

isCont (ccdf (distr (O | alive x) borel (T x))) t «— isCont [ (z+1t) if t > 0 for
t::real

using that continuous-ccdfX-l isCont-ccdfX-ccdf Tz by force

lemma has-real-derivative-ccdfTx-1:

(ccdf (distr (M | alive x) borel (T x)) has-real-derivative D) (at t) +—
(I has-real-derivative $l-x * D) (at (z+t))
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ift > 0 for ¢t D :: real
proof —
have (ccdf (distr (0 | alive z) borel (T z)) has-real-derivative D) (at t) <—
(ccdf (distr (MM | alive x) borel (T x)) has-real-derivative
(8l / $1-0 + D / P({ in M. X & > 1)) (at 1)
using PX-l-normal by force

also have ... = (ccdf (distr I borel X) has-real-derivative ($1-x / $I-0 % D))
(at (z+1t))
using has-real-derivative-ccdfX-cedf Tz that by simp
also have ... = (I has-real-derivative ($l-z x D)) (at (z+t))

using has-real-derivative-ccdfX-1 by simp
finally show ?thesis .
qed

lemma differentiable-ccdfTx-I:

cedf (distr (M | alive x) borel (T x)) differentiable at t <— 1 differentiable (at
(2+1))

if t > 0 for t::real

using differentiable-ccdfX-ccdfTx differentiable-ccdfX-1 that by force

lemma PTz-l-normal: P(Ein M. Tz &>t | Txé > 0) =$l-(z+t) / Sl if t >
0 for t::real
using ccdfTz-l-normal that by (simp add: ccdfTz-cond-prob)

6.2.4 Relations between Life Table and Cumulative Distributive
Function for T'(z)

lemma cdfTz-compl-l-normal: cdf (distr (M | alive z) borel (T z)) t = 1 —
$i-(z+t) / $l-x

if t > 0 for t::real

using distrTz-RD.cdf-ccdf ccdfTz-lI-normal that distrTz-RD.prob-space by auto

lemma deriv-cdfTz-1:
deriv (cdf (distr (M | alive z) borel (T x))) t = — deriv (At. $i-(x+t) / $l-x) ¢
if ¢ > 01 differentiable at (z+t) for t:real
using deriv-ccdfTx-l differentiable-cdfX-cdfTx differentiable-cdfX-1 distrTz-RD.deriv-cdf-ccdf
that by fastforce

lemma continuous-at-within-cdfTz-1:
continuous (at t within {0..}) (cdf (distr (M | alive x) borel (T x))) +—
continuous (at (z+t) within {z..}) 1
if t > 0 for t::real
using that continuous-cdfX-1 continuous-cdfX-cdfTx by force

lemma isCont-cdfTz-I:

isCont (cdf (distr (I | alive x) borel (T x))) t +— isCont | (z+t) if t > 0 for
t::real

using that continuous-cdfX-1 isCont-cdfX-cdfTx by force

164



lemma has-real-derivative-cdfTx-1:
(cdf (distr (M | alive x) borel (T x)) has-real-derivative D) (at t) <—
(I has-real-derivative — $l-z = D) (at (z+t))
ift > 0 for ¢t D :: real
using has-real-derivative-ccdfTx-1 that distrTz-RD.has-real-derivative-cdf-ccdf by
auto

lemma differentiable-cdfTz-I:

cdf (distr (MM | alive x) borel (T x)) differentiable at t «— [ differentiable (at
(z+1))

if t > 0 for t::real

using differentiable-cdfX-l that differentiable-cdfX-cdfTx by auto

lemma PTz-compl-l-normal: P(§ in M. Tx <t | Tx &> 0)=1— $l-(z+t) /
$l-z

if t > 0 for t::real

using cdfTz-compl-l-normal that by (simp add: cdfTx-cond-prob)

6.2.5 Life Table and Actuarial Notations

notation survive («$p’-{-&-}» [0,0] 200)

notation survive-1 («$p’-- [101] 200)

notation die («$¢’-{-&-}> [0,0] 200)

notation die-1 («$q'-- [101] 200)

notation die-defer («$¢’-{-|-&-}» [0,0,0] 200)
notation die-defer-1 (<$¢'-{-|&-}> [0,0] 200)
notation life-expect («$e‘o’--y [101] 200)

notation temp-life-expect («$e‘o’-{-:-}» [0,0] 200)
notation curt-life-expect («$e’--» [101] 200)
notation temp-curt-life-expect (<$e’-{-:-p> [0,0] 200)

lemma p-l: $p-{t&z} = $l-(z+t) / $l-z if t > 0 for t::real
unfolding survive-def using ccdfTz-I-normal that by simp

corollary p-1-1: $p-z = $l-(z+1) / $l-z
using p-l by simp

lemma isCont-p-l: isCont (As. $p-{s&z}) t «— isCont | (z+t) if ¢ > 0 for t::real
proof —
have V g s in nhds t. $p-{s&z} = $i-(z+s) / $l-z
apply (rewrite eventually-nhds-metric)
apply (rule exI[of - t], auto simp add: that)
by (rewrite p-l; simp add: dist-real-def)
hence isCont (As. $p-{s&z}) t <— isCont (As. $l-(z+s) / $l-z) t by (rule
isCont-cong)
also have ... <— isCont (As. $i-(z+s)) t using continuous-cdivide-iff lx-neg-0
by metis
also have ... +— isCont | (z+t) using isCont-shift by (force simp add:
add.commute)
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finally show ?thesis .
qed

lemma total-finite-iff-p-set-integrable-Ici:
total-finite <— set-integrable lborel {0..} (At. $p-{t&z})
apply (rewrite set-integrable-cong-AE[where g=M\t. $i-(z+t) / $i-z]; simp)
using survive-def apply simp
using p-l apply (intro AE-12, simp)
by (metis l-integrable-Icc-shift set-integrable-Ici-equiv set-integrable-Ici-shift
total-finite-iff-set-integrable-1ci)

lemma p-PTz-ge-l-isCont: $p-{t&a} =P in M Tax &>t | Tz &> 0)
if isCont | (z+t) t > 0 for t::real
using p-PTz-ge-cedf-isCont that continuous-ccdfX-1 by force

lemma g-defer-l: $¢-{f|t&z} = ($I-(z+f) — $l-(z+f+1)) / $l-xif f > 0t > 0 for
ft: real

apply (rewrite g-defer-p, simp-all add: that)

using that by (rewrite p-l, simp)+ (smt (verit) diff-divide-distrib)

corollary g-defer-d-l: $q-{f|t&z} = $d-{t & z+f} / $lxif f > 0t > 0 for f i ::
real
using g-defer-1 that death-def-nonneg by simp

corollary g¢-defer-1-d-1: $¢-{f|&z} = $d-(z+f) / $l-x if f > 0 for f::real
using ¢-defer-d-l that by simp

lemma ¢-d-I: $¢-{t&z} = $d-{t&z} / $l-z for t::real
proof (cases <t > 0»)

case True

thus ?thesis using ¢-defer-d-l[of 0] by simp
next

case Fulse

thus ?thesis using ¢-nonpos-0 d-nonpos-0 by simp
qed

corollary ¢-1-d-lI: $¢-z = $d-z / $l-x
using ¢-d-l by simp

lemma LBINT-p-l: (LBINT t:A. $p-{t&z}) = (LBINT t:A. $i-(z+t)) / $l-=
if AC {0..} A e setslborel for A :: real set
— Note that 0 = 0 holds when the integral diverges.
proof —
have [simp]: A\t. t € A = $p-{t&z} = $l-(z+t) / $i-z using p-I that by blast
hence (LBINT t:A. $p-{t&x}) = (LBINT t:A. $i-(z+t) / $i-x)
using that by (rewrite set-lebesque-integral-cong|where g=\t. $i-(z+t) / $l-z];
simp)
also have ... = (LBINT t:A. $1-(z+t)) / $l-z by (rewrite set-integral-divide-zero)
simp
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finally show ?thesis .
qed

corollary e-LBINT-I: $e‘o-x = (LBINT t:{0..}. $I-(z+t)) / $l-z
— Note that 0 = 0 holds when the integral diverges.
by (simp add: e-LBINT-p LBINT-p-l)

corollary e-LBINT-l-Icc: $e‘o-x = (LBINT t:{0..n}. $i-(z+¢)) / $l-z if z+n
$v for n::real
using e-LBINT-p-Icc by (rewrite LBINT-p-l[THEN sym]; simp add: that)

v

Y

lemma temp-e-LBINT-I: $e‘o-{z:n} = (LBINT t:{0..n}. $i-(z+t)) / $l-z if n
0 for n::real
using temp-e-LBINT-p by (rewrite LBINT-p-l[THEN sym]; simp add: that)

lemma integral-p-l: integral A (At. $p-{t&z}) = (integral A (At. $I-(z+1))) / $l-z
if A C {0..} A€ setslborel for A :: real set

— Note that 0 = 0 holds when the integral diverges.

using that apply (rewrite set-borel-integral-eg-integral-nonneg| THEN sym), simp-all)
apply (simp add: survive-def)

apply (rewrite set-borel-integral-eq-integral-nonneg THEN sym)], simp-all)

by (rule LBINT-p-1; simp)

corollary e-integral-l: $e‘o-z = integral {0..} (At. $i-(z+1)) / $i-z
— Note that 0 = 0 holds when the integral diverges.
by (simp add: e-integral-p integral-p-I)

corollary e-integral-I-Icc:
$e‘o-z = integral {0..n} (At. $l-(z+1¢)) / $l-z if z+n > $¢ for n::real
using e-integral-p-Icc by (rewrite integral-p-l[ THEN sym]; simp add: that)

lemma e-pos-total-finite: $e‘o-r > 0 if total-finite
using e-pos total-finite-iff-p-set-integrable-Ici that by simp

lemma temp-e-integral-I:
$e‘o-{z:n} = integral {0..n} (At. $I-(z+t)) / $l-z if n > 0 for n::real
using temp-e-integral-p by (rewrite integral-p-l[THEN sym]; simp add: that)

lemma curt-e-sum-l: $e-x = (O_ k. $i-(x+k+1)) / $l-x if total-finite Nk::nat. is-
Cont | (z+k+1)
proof —

have summable (Ak. $i-(z+(k+1::nat)))

using that total-finite-iff-summable by (rewrite summable-iff-shift[of \k. $I-(z+Fk)
1]) simp

moreover hence summable (A\k. $p-{k+1&z}) by (rewrite p-l, simp-all add:
add.commute)

moreover have Ak:nat. isCont (At. $p-{t&a}) (k+1)

using isCont-p-1 that by (simp add: add.assoc)
ultimately show %thesis
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apply (rewrite curt-e-sum-p, simp-all)

apply (rewrite p-1, simp)

by (rewrite suminf-divide) (simp add: add.commute, simp add: add.assoc)
qed

lemma curt-e-sum-l-finite: $e-x = (> k<n. $l-(x+k+1)) / $l-x
if Akinat. k < n = isCont | (z+k+1) z+n+1 > $ for n:nat
apply (rewrite curt-e-sum-p-finite[of = n], simp-all add: that)
using isCont-p-I that apply (simp add: add.assoc)
apply (rewrite sum-divide-distrib, rule sum.cong, simp)
using p-I by (smt (verit) of-nat-0-le-iff)

lemma temp-curt-e-sum-p: $e-{z:n} = (3 k<n. $i-(x+k+1)) / $l-z
if Ak:nat. k < n = isCont | (z+k+1) for n:nat
apply (rewrite temp-curt-e-sum-p[of « n], simp-all add: that)
using isCont-p-I that apply (simp add: add.assoc)
apply (rewrite sum-divide-distrib, rule sum.cong, simp)
using p-I by (smt (verit) of-nat-0-le-iff)

lemma e-T-I: $e¢‘o-z = $T-z / $i-x
unfolding total-def
apply (rewrite e-LBINT-1, simp-all)
by (metis add-cancel-left-left diff-add-cancel lborel-set-integral-Ici-shift)

lemma temp-e-L-l: $e‘o-{z:n} = $L-{n&z} / $l-x if n > 0 for n::real
unfolding lives-def using that
apply (rewrite temp-e-LBINT-1, simp-all)
using diff-self add-diff-cancel-left’ lborel-set-integral-Icc-shift by metis

lemma m-g-e: $m-{n&z} = $¢-{n&z} / $e‘o-{a:n} if n > 0 for n::real
proof —
have $m-{n&z} = ($d-{n&z} / $i-z) / ($L-{n&z} / $l-z) unfolding die-central-def
by simp
thus ?thesis using ¢-d-I temp-e-L-1 that by simp
qed

end

lemma [-p: $l-z / $1-0 = $p-{z&0} for z::real
using ccdfX-l-normal ccdfX-p by force

lemma e-p-e-total-finite: $e‘o-z = $e‘o-{z:n} + $p-{n&z} * $e‘o-(z+n)
if total-finite n > 0 z+n < $ for z n :: real
using e-p-e that total-finite-iff-p-set-integrable-Ici by (smit (verit) ereal-less-le)

proposition z-ex-const-equiv-total-finite: x + $e‘o-z = y + $e‘o-y +— $¢-{y—z&a}
=0

if total-finite © < y y < $ for z y :: real

using z-ex-const-equiv that total-finite-iff-p-set-integrable-Ici p-set-integrable-shift
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by blast

corollary z-ex-const-iff-l-const: © + $e‘o-r = y + $e‘o-y +— $l-z = $l-y
if total-finite x < y y < $4 for z y :: real
using z-ez-const-equiv-total-finite that
by (smt (verit, ccfu-threshold) divide-cancel-right ereal-less-le
I-0-equiv life-table.death-def-nonneg life-table.q-d-1 life-table-axioms q-1-equiv)

end

6.3 Piecewise Differentiable Life Table

locale smooth-life-table = life-table +
assumes [-piecewise-differentiable[simp]: | piecewise-differentiable-on UNIV
begin

lemma smooth-survival-function-MM-X: smooth-survival-function 9t X
proof (rule smooth-survival-function.intro)
show survival-model MM X by (rule survival-model-axioms)
show smooth-survival-function-azioms I X
proof
show ccdf (distr O borel X) piecewise-differentiable-on UNIV
apply (rewrite ccdfX-l-normal)
apply (rewrite divide-inverse, rewrite mult.commute)
using [-piecewise-differentiable piecewise-differentiable-scaleR[of I] by simp
qed
qed

end

sublocale smooth-life-table C smooth-survival-function 9t X
by (rule smooth-survival-function-MM-X)

context smooth-life-table
begin

notation force-mortal («$u’-- [101] 200)
lemma [-continuous[simp]: continuous-on UNIV |
using [-piecewise-differentiable piecewise-differentiable-on-imp-continuous-on by

fastforce

lemma [-nondifferentiable-finite-set[simp): finite {z. — [ differentiable at x}
using differentiable-ccdfX-l ccdfX-nondifferentiable-finite-set by simp

lemma [-differentiable-borel-set[measurable, simpl: {z. | differentiable at x} € sets

borel
using differentiable-ccdfX-1 ccdfX-differentiable-borel-set by simp
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lemma I-differentiable-AE: AFE x in lborel. | differentiable at x
using differentiable-ccdfX-1 ccdfX-differentiable-AE by simp

lemma deriv-I-measurable[measurable]: deriv I € borel-measurable borel
proof —
let 25 = {z. = [ differentiable at z}
have A\z. z ¢ 25 = $1-0 x deriv (ccdf (distr M borel X)) x = derivl z
using deriv-ccdfX-1 by simp
thus %thesis
apply —
by (rule measurable-discrete-difference
[where X=795 and f=M\z. $1-0 * deriv (ccdf (distr M borel X)) x])
(simp-all add: countable-finite)
qed

lemma pdfX-l-normal:
pdfX x = (if | differentiable at z then — deriv iz / $1-0 else 0) for x::real
unfolding pdfX-def
using differentiable-eq-field-differentiable-real differentiable-cdfX-1 deriv-cdfX-1 by
simp

lemma mu-deriv-l: $u-x = — deriv i x / $i-z if | differentiable at x for x::real
using mu-pdfX that ccdfX-l-normal that pdfX-l-normal by (simp add: differen-
tiable-cdfX-1)

lemma mu-nonneg-differentiable-l: $p-x > 0 if | differentiable at x for z::real
using differentiable-cdfX-l mu-nonneg-differentiable that by simp

lemma mu-deriv-in-I:
$p-x = — deriv (Az. In (8l-z)) z if | differentiable at x x < $1 for z::real
proof —
have Vg z in nhds z. In ($i-x / $1-0) = In ($1-z) — In ($1-0)
proof (cases $p < 00»)
case True
thus ?Zthesis
apply (rewrite eventually-nhds-metric)
apply (intro exI|[of - real-of-ereal $1p — z], auto)
using that True not-inftyl apply fastforce
apply (rewrite In-div, simp-all)
using lz-pos dist-real-def not-inftyl that(2) by fastforce
next
case Fulse
hence Az. $1-z > 0 using [-0-equiv by force
thus ?thesis
by (simp add: In-divide-pos)
qed
hence deriv (Az. In ($l-z / $1-0)) z = deriv (\z. In ($l-2)) =
apply (rewrite deriv-cong-ev|of - Az. In ($i-x) — In ($1-0)], simp-all)
apply (rewrite deriv-diff, simp-all)
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unfolding field-differentiable-def using that
by (metis DERIV-In-divide-chain la-pos real-differentiable-def)
thus ?thesis using ccdfX-I-normal mu-deriv-In that differentiable-ccdfX-1 by force
qed

lemma deriv-lI-shift: deriv | (z+t) = deriv (At. $I-(z+t)) ¢
if [ differentiable at (z+t) for z ¢ :: real
using deriv-shift differentiable-eq-field-differentiable-real that by simp

context

fixes z::real

assumes z-li-psi[simp]: © < $3
begin

lemma p-mu-l: $p-{t&z} * $p-(z+t) = — deriv I (z+t) / $l-z
if | differentiable at (x+t) t > 0 z+t < $3 for t::real
using p-l mu-deriv-l that by simp

lemma p-mu-I-AE: AE s in lborel. 0 < s A z+s < $3p — $p-{s&a} = Su-(z+s)
= — derivl (z+s) / $l-x
proof —
have AFE s in lborel. | differentiable at (z+35)
apply (rule AE-borel-affine[of 1 Au. | differentiable at u x, simplified])
unfolding pred-def using [-differentiable-AFE by simp-all
moreover have AFE s in lborel.
I differentiable at (z+s) — 0 < s A z+s < $p — $p-{s&z} * $u-(z+s) =
— deriv l (z+s) / $l-x
using p-mu-l by (intro AE-I2) simp
ultimately show ?thesis by (rule AE-mp)
qed

lemma LBINT-l-mu-q: (LBINT s:{f<..f+t}. $I-(z+3s) * Su-(z+s)) / $l-x = $¢-{f|t&=z}
ift>0f>0fortf: real
proof —
have As. se{f<..f+t} = $p-{s&kx} = $I-(z+s) / $l-x using p-I that by simp
hence $¢-{f|t&z} = (LBINT s:{f<..f+t}. $l-(z+s) / $l-z * Su-(z+s5))
using LBINT-p-mu-q-defer
by (smt (verit) greaterThanAtMost-borel set-lebesgue-integral-cong sets-lborel
that z-lt-psi)
also have ... = (LBINT s:{f<..f+t}. $I-(z+s) * Su-(z+s)) / $l-=
using set-integral-divide-zero by simp
finally show ?thesis by simp
qed

lemma set-integrable-I-mu: set-integrable lborel {f<..f+t} (As. $i-(z+s) * $p-(z+s))
ift>0f>0fortf: real
proof —
have set-integrable lborel {f<..f+t} (As. $i-(z+s) * $pu-(z+s) / $l-z)
using p-l set-integrable-p-mu that
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by (rewrite set-integrable-conglwhere f'=\s. $p-{s&z} * $pu-(z+s)]) simp-all+
thus ?thesis by simp
qed

lemma [-mu-has-integral-q-defer:
((As. $l-(z+s) * Su-(z+s) / $l-z) has-integral $q-{f|t&z}) {f..f+t}
ift>0f>0fortf: real
using p-I that p-mu-has-integral-q-defer-Icc
by (rewrite has-integral-conglof - - As. $p-{s&x} * $u-(z+3)]; simp)

corollary [-mu-has-integral-q:
((As. $1-(z+s) * $p-(z+s) / $l-x) has-integral $q-{t&x}) {0..t} if t > 0 for t::real
using [-mu-has-integral-g-defer[where f=0] that by simp

lemma [-mu-has-integral-d:
((As. $l-(z+3s) * Su-(z+s)) has-integral $d-{t & z+f}) {f..f+t}
ift>0f>0fortf: real
proof —
have ((As. $l-z * (3p-{s&z} * S$p-(z+3))) has-integral $l-x = $¢-{f|t&a}) {f..f+1}
apply (rule has-integral-mult-right)
by (rule p-mu-has-integral-q-defer-Icc; simp add: that)
thus ?thesis
using that apply (rewrite in asm g-defer-d-l, simp-all)
apply (rewrite has-integral-cong[where g=MXs. $l-z * ($p-{s&z} * Su-(z + s))])
by (rewrite p-l; simp)
qged

corollary I-mu-has-integral-d-1:

((As. $l-(z+s) * Spu-(z+s)) has-integral $d-(xz+f)) {f..f+1}ift > 0f > 0 for t
f o real

using [-mu-has-integral-d[where t=1] that by simp

lemma e-LBINT-I: $e‘o-z = (LBINT s:{0..}. $l-(z+3s) * $u-(z+s) * s) / $l-x
— Note that 0 = 0 holds when the life expectation diverges.
proof —
have As. s€{0..} = $p-{s&z} = $I-(z+s) / $i-x using p-l by simp
hence $e‘o-xr = (LBINT s:{0..}. $i-(z+5) / $l-x * $pu-(z+s) * s)
using e-LBINT-p-mu
by (smt (verit) atLeast-borel set-lebesgue-integral-cong sets-lborel x-lt-psi)
also have ... = (LBINT s:{0..}. $l-(z+s) * $u-(z+s) * s) / $l-x
using set-integral-divide-zero by simp
finally show ?thesis .
qed

lemma e-integral-l: $e‘o-x = integral {0..} (As. $l-(z+s) * Su-(z+s) x s) / $l-z
— Note that 0 = 0 holds when the life expectation diverges.

proof —
have AFE s in lborel. $p-(z+s) > 0 by (rule AE-translation, rule mu-nonneg-AE)
hence (LBINT s:{0..}. $i-(z+s) * $u-(z+s) * s) = integral {0..} (As. $l-(z+5)
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* Su-(z+s) x )
by (intro set-borel-integral-eg-integral-nonneg-AE; force)
thus ?thesis using e-LBINT-I by simp
qed

lemma m-LBINT-p-mu: $m-{n&z} = (LBINT t:{0<..n}. $p-{t&z} * Su-(z+t))
/ (LBINT t:{0..n}. $p-{t&z})

if n > 0 for n::real

using that

apply (rewrite m-g-e, simp-all)

apply (rewrite LBINT-p-mu-q[simplified], simp-all)

by (rewrite temp-e-LBINT-p; simp)

lemma m-integral-p-mu:

$m-{n&z} = integral {0..n} (At. $p-{t&z} * Sp-(z+t)) / integral {0..n} (At
$p-{t&a})

if n > 0 for n::real

using that

apply (rewrite m-g-e, simp-all)

apply (rewrite integral-unique[OF p-mu-has-integral-g-Icc])

apply simp-all[2]
by (rewrite temp-e-integral-p; simp)

end

lemma deriv-z-p-mu-l: deriv (Ay. $p-{t&y}) z = $p-{t&z} « (Su-x — Su-(z+1¢))
if [ differentiable at z | differentiable at (z+t) t > 0z < $ for x ¢ :: real
using deriv-z-p-mu that differentiable-ccdfX-1 by blast

lemma e-has-derivative-mu-e-l: ((Az. $e‘o-z) has-real-derivative ($u-z * $e‘o-z —
1)) (at )
if total-finite | differentiable at v ze{a<..<b} b < $3 for a b z :: real
using total-finite-iff-set-integrable-Ici that
e-has-derivative-mu-e differentiable-ccdfX-1 set-integrable-ccdfX-1
by force

corollary e-has-derivative-mu-e-1": ((Az. $e‘o-z) has-real-derivative ($pu-z * $e‘o-z
— 1)) (at x)

if total-finite | differentiable at x x€{a<..<b} b < $¢ for a b z :: real

using that by (intro e-has-derivative-mu-e-l[where a=al; simp)

context

fixes z::real

assumes 2-lt-psi[simp]: © < $
begin

lemma curt-e-sum-l-smooth: $e-x = (3 k. $l-(x+k+1)) / $l-z if total-finite

proof —
have [simp]: summable (Ak. $I-(z+k+1))
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using total-finite-iff-summableof x+1] that

by (metis (no-types, lifting) add.commute add.left-commute summable-def sums-cong)
hence summable (Ak. $p-{k+1&z}) by (rewrite p-l; simp add: add.assoc)
hence $e-x = (3 k. $p-{k+1&x}) using curt-e-sum-p-smooth by simp

also have ... = (>_ k. $l-(z+k+1) / $l-z) by (rewrite p-l; simp add: add.assoc)
also have ... = (3" k. $l-(z+k+1)) / $l-x by (rewrite suminf-divide; simp)
finally show ?thesis .

qed

lemma curt-e-sum-I-finite-smooth: $e-x = (3 k<n. $i-(z+k+1)) / $l-z if z+n+1
> $1 for n::nat

apply (rewrite curt-e-sum-p-finite-smooth[of x n|, simp-all add: that)

apply (rewrite p-l, simp-all)

by (smt (verit) sum.cong sum-divide-distrib)

lemma temp-curt-e-sum-l-smooth: $e-{z:n} = (3 k<n. $i-(z+k+1)) / $l-z for
n:nat

apply (rewrite temp-curt-e-sum-p-smooth[of x n|, simp)

apply (rewrite p-l, simp-all)

by (smt (verit) sum.cong sum-divide-distrib)

end

end

6.4 Interpolations

context life-table
begin

definition linear-interpolation =
V(zunat)(tureal). 0 <t ANt < 1 — §l-(z+1t) = (1 —1t)%$l-x + tx$l-(z+1)

lemma linear-l: $I-(z+t) = (1 —1t)x$l-2 + tx$1-(z+1)
if linear-interpolation 0 < t t < 1 for z::nat and t::real
using that unfolding linear-interpolation-def by (metis of-nat-1 of-nat-add)

lemma linear-I-d: $l-(z+t) = $l-x — t+x$d-x
if linear-interpolation 0 < t t < 1 for z::nat and t:real

using death-def-nonneg that unfolding linear-interpolation-def
by (smt (verit) distrib-left left-diff-distrib’)

lemma linear-p-q: $p-{t&z} = 1 — t+$q-z
if linear-interpolation 0 < tt < 1 z < $1) for z::nat and t::real
using that
apply (rewrite p-l, simp-all)
apply (rewrite ¢-d-1, simp-all)
using divide-self[of $i-(real )] linear-l-d
by (smt (verit, ccfv-SIG) add-divide-distrib lz-neq-0)
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lemma linear-q: $¢-{t&z} = tx$q-z
if linear-interpolation 0 < tt < 1 z < $1) for z::nat and t::real
using that linear-p-q p-g-1 by (smt (verit))

lemma linear-L-I-d: $L-z = $l-x — $d-z / 2 if linear-interpolation for x::nat
proof —
have $L-(real z) = (LBINT t:{0..1}. $l-(real z + 1))
unfolding lives-def using lborel-set-integral-Icc-shift[of real © real z + 1 1 real

7]
by (simp add: add.commute)
also have ... = (LBINT t:{0..1}. $l-(real z) — t*x$d-(real z))
using linear-I-d that by (intro set-lebesgue-integral-cong; simp)
also have ... = $l-(real z) — $d-(real z) / 2
proof —

have (LBINT t:{0::real..1}. t) = 1/2
unfolding set-lebesgque-integral-def using integral-power[of 0 1 1] by (simp
add: mult.commute)
hence (LBINT t:{0..1}. tx3d-(real z)) = $d-(real z) / 2 by auto
moreover have set-integrable lborel {0..1} (At. tx$d-(real z))
apply (rule set-integrable-mult-left[where f=id and a=$d-(real x), simplified])
unfolding set-integrable-def using integrable-power[of 0 1 1] by (simp add:
mult.commute)
moreover have (LBINT t:{0::real..1}. $l-(real )) = $1-(real x)
unfolding set-lebesgue-integral-def by simp
ultimately show ?thesis using set-integrable-def by (rewrite set-integral-diff;
force)
qed
finally show ?thesis .
qed

lemma linear-L-I-d’: $L-x = $1-(z+1) + $d-z / 2 if linear-interpolation for z::nat
proof —

have $L-(real x) = $l-(real ) — $d-(real ) + $d-(real z) / 2 using that lin-
ear-L-1-d by simp

also have ... = $i-(real (x+1)) + $d-(real z) / 2 using dz-l by (smt (verit)
of-nat-1 of-nat-add)

finally show ?thesis .
qed

lemma linear-I-continuous: continuous-on UNIV [ if linear-interpolation

unfolding continuous-on-def
proof

fix w::real

show | —u— $l-u

proof (cases <u < 0)

case True

hence (I —— $i-u) (at-left u) using I-left-continuous-nonpos continuous-within

by auto
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thus ?thesis
apply (rule filterlim-split-at-real)
using [-right-continuous continuous-within by auto
next
case Fulse
hence u-pos: u > 0 by simp
thus ?thesis
proof (cases <u = real-of-int |u]»)
case True
from this u-pos obtain z::nat where uz: v = Suc z
by (metis gro-implies-Suc of-int-0-less-iff of-int-of-nat-eq pos-int-cases)
have ((At. (1—¢)*$l-(real z) + tx8l-(real x + 1)) —— $l-(real z + 1)) (at-left
1)
apply (rewrite in (- —— X) - add-0[THEN sym], rule tendsto-add)
apply (simp add: LIM-zero-iff " tendsto-mult-left-zero)
by (rewrite in (- —— X) - mult-1[THEN sym], rule tendsto-mult-right)
stmp
hence ((At. $l-(real z + t)) —— $i-(real x + 1)) (at-left 1)
apply (rewrite tendsto-cong; simp)
apply (rule eventually-at-leftI[of 0]; simp)
using that by (rewrite linear-l; simp add: add.commute)
moreover have ((At. $i-(real z + t)) —— $l-(real © + 1)) (at-right 1)
using [-right-continuous apply (rule continuous-within-tendsto-compose,
stmp-all)
apply (rule eventually-at-right-less)
by (rule tendsto-intros, simp-all)
ultimately show ?Zthesis
apply (rewrite uz)+
apply (rewrite filterlim-shift-iff where d=x, THEN sym)])
by (rule filterlim-split-at-real; simp add: comp-def add.commute)
next
case Fulse
let %2 = nat |u]
let %t = u — real ?z
let e = min 2t (1 — %)
from Fulse have ?t > 0 using u-pos by linarith
moreover have ?t < 1 by linarith
ultimately have e-pos: ?e > 0 by simp
hence
Y g vinnhds u. $l-v = (1 — (v — real 2z))*3$1-(real ?x) + (v — real 2z)x$1-(real
fx + 1)
proof —
{ fix v::real assume vu-e: dist v u < Ze
hence v — real ?x > 0 using dist-real-def by force
moreover have v — real %z < 1 using dist-real-def vu-e by force
ultimately have $l-v = (I — (v — real %z))*$l-(real ?z) + (v — real
21)x$l-(real %z + 1)
using linear-1 that by (smt (verit, ccfv-threshold) linear-interpolation-def)
}
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thus ?thesis using eventually-nhds-metric e-pos by blast
qed
moreover have
isCont (Av. (1 — (v — real ?x))x$l-(real ?z) + (v — real ?z)*$l-(real 7z +
1)) u

by (rule continuous-intros)+
ultimately have isCont [ v using isCont-cong by force
thus ?thesis by (simp add: isContD)
qed
qged
qged

lemma linear-l-sums-T-1: (\k. $I-(z + Suc k)) sums (3T-z — $l-x / 2)
if linear-interpolation total-finite for x::nat
proof —
have Ak:nat. $l-(real (x + Suc k)) = $L-(real (z+Fk)) — $d-(real (z+k)) / 2
using linear-L-I-d’ that by (smt (verit) Suc-eq-plusl add-Suc-right)
moreover have (Ak:nat. $L-(real (z+k))) sums $T-z using L-sums-T that by
stmp
moreover have (\k::nat. $d-(real (z+k)) / 2) sums ($1-(real ) / 2)
using sums-divide d-sums-l by auto
ultimately show %thesis
apply (rewrite sums-cong, simp)
by (rule sums-diff; simp)
qed

corollary linear-T-suminf-l: $T-r = (3_ k. $l-(z+k+1)) + $l-z / 2

if linear-interpolation total-finite for z::nat

using linear-I-sums-T-1 that sums-unique

by (metis (no-types, lifting) diff-diff-eq2 nat-arith.addl right-minus-eq semir-
ing-norm(174) suminf-cong)

lemma linear-mz-q: $m-z = $q-z / (1 — $q¢-x / 2) if linear-interpolation © < $1p
for z::nat
proof —
have [simp]: $I-(real ) # 0 using that by simp
have $m-(real x) = $d-(real z) / ($i-(real x) — $d-(real ) / 2)
unfolding die-central-def using linear-L-I-d that by simp

also have ... = ($d-(real z) / $i-(real z)) | (($I-(real x) — $d-(real z) / 2) /
$l-(real z))
by simp
also have ... = ($d-(real z) / $i-(real x)) / (1 — ($d-(real z) / $i-(real z)) / 2)
by (rewrite diff-divide-distrib) simp
also have ... = $¢-(real ) / (1 — $q-(real z) / 2) using that ¢-d-l by simp
finally show ?thesis .
qed

lemma linear-e-curt-e: $e‘o-r = $e-z + 1/2
if linear-interpolation total-finite x < $1p for z::nat
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proof —
have $e‘o-(real x) = (3 k:nat. $i-(real (z+k+1))) + $l-(real ) / 2) / $l-(real

7)
using e-T- linear-T-suminf-l that by simp
also have ... = (> kunat. $l-(real (x+k+1))) / $i-(real z) + ($i-(real z) / 2)
/ $l-(real x)
using add-divide-distrib by blast
also have ... = $e-(real z) + 1/2
using that apply (rewrite curt-e-sum-l, simp-all)
using linear-l-continuous by (rule continuous-on-interior, simp-all add: that
add.commute)
finally show ?thesis .
qed

end

context smooth-life-table
begin

lemma linear-I-has-derivative-at-frac:
((As. $l-(z+3)) has-real-derivative — $d-z) (at t)
if linear-interpolation 0 < tt < 1 for z::nat and t::real
proof —
let %z = real x
have ((As. $1-%¢ — sx$d-?z) has-real-derivative (0 — $d-?z)) (at t)
apply (rule derivative-intros, simp)
apply (rule DERIV-cmult-right[of id 1, simplified])
by (metis DERIV-ident eq-id-iff)
moreover have V p s in nhds t. $1-(?z + s) = $l-%2 — sx$d-2z
proof —
let ?r = min t (1—t)
have ?r > 0 using that by simp
moreover
{ fix s assume dist s t < r
hence $i-(?z + s) = $I-2z — $x8d-?z using linear-I-d that dist-real-def by
force }
ultimately show ?thesis using eventually-nhds-metric that by blast
qed
ultimately show ?thesis by (rewrite DERIV-cong-ev; simp)
qed

lemma linear-l-has-derivative-at-frac’:

(I has-real-derivative — $d-x) (at y)

if linear-interpolation r < y y < z+1 for z::nat and y::real

apply (rewrite DERIV-at-within-shiftjwhere z=y — real x and z=real z and
S=UNIV, simplified])

using linear-l-has-derivative-at-frac that by simp

lemma linear-l-differentiable-on-frac:
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[ differentiable-on {z<..<z+1} if linear-interpolation for z::nat
proof —
{ fix y::real assume y € {real z <..< real (z+1)}
hence [ differentiable at y
using linear-I-has-derivative-at-frac’ that real-differentiable-def by auto }
thus ?thesis unfolding differentiable-on-def by (metis differentiable-at-withinl)
qed

lemma linear-I-has-right-derivative-at-nat:
(I has-real-derivative — $d-x) (at-right ) if linear-interpolation for z::nat
proof —
let 2z = real z
have [simp]: plus %z < {0<..} = {%z<..}
unfolding image-def greaterThan-def apply simp
by (metis Groups.ab-semigroup-add-class.add.commute
add-minus-cancel neg-less-iff-less real-0-less-add-iff)
have ((As. $1-(%z + s)) has-real-derivative — $d-?z) (at-right 0)
apply (rewrite has-field-derivative-cong-eventuallyjwhere g=M\s. $1-%z — sx$d-?z])
using linear-I-d that apply (intro eventually-at-rightI[of 0 1], simp-all)
apply (rule has-field-derivative-at-within)
apply (rewrite diff-0[of $d-?z, THEN sym)])
apply (rule DERIV-diff, simp)
apply (rule DERIV-cmult-right[of id 1, simplified])
by (metis DERIV-ident eq-id-iff)
thus ?thesis
by (rewrite DERIV-at-within-shiftfwhere z=%: and z=0 and S={0<..},
simplified]) simp
qed

lemma linear-I-has-left-derivative-at-nat:
(I has-real-derivative — $d-(real x — 1)) (at-left z) if linear-interpolation for
zrinat
proof (cases x)
case ()
hence (I has-real-derivative 0) (at-left (real x))
apply (rewrite has-field-derivative-cong-eventually[where g=\-. $I-0]; simp)
apply (rule eventually-at-leftI[of —1]; simp)
using [-neg-nil less-eq-real-def by blast
moreover have $d-(real © — 1) = 0 using 0 dz-l l-neg-nil less-eq-real-def by
fastforce
ultimately show #?thesis by auto
next
case (Suc y)
let 2z = real z and 2y = real y
have [simp|: ?y + 1 = %z using Suc by simp
have [simp]: plus %y ‘{.<1} = {.<%z}
using Suc unfolding image-def lessThan-def apply simp
by (metis (no-types, opaque-lifting) Groups.ab-semigroup-add-class.add.commute
add-less-cancel-right diff-add-cancel)
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have $i-?z = $l-real y — $d-real y using Suc by (simp add: dz-)
moreover have Vg s in at-left 1. $1-(%y + s) = $1-2y — sx8d-%y
apply (rule eventually-at-leftl[of 0], simp-all)
using Suc linear-I-d that by simp
moreover have ((As. $1-%y — sx$d-?y) has-real-derivative — $d-?y) (at-left 1)
apply (rule has-field-derivative-at-within)
apply (rewrite diff-0[of $d-%y, THEN sym))
apply (rule DERIV-diff, simp)
apply (rule DERIV-cmult-right[of id 1, simplified])
by (metis DERIV-ident eq-id-iff)
ultimately have ((As. $I-(?y + s)) has-real-derivative — $d-?y) (at-left 1)
by (rewrite has-field-derivative-cong-eventually[where g=\s. $I-?y — sx$d-?y|;
stmp)
thus ?thesis
apply (rewrite DERIV-at-within-shiftfwhere S={..<1} and z=%y and z=1,
simplified])
using Suc by simp
qed

lemma linear-I-has-derivative-at-nat-iff-d:
(I has-real-derivative — $d-z) (at ) +— $d-x = $d-(real x — 1)
if linear-interpolation for x::nat
proof —
let %z = real x
have (I has-real-derivative — $d-?z) (at ?z) +—
(I has-real-derivative — $d-2z) (at-right ?z) A
(I has-real-derivative — $d-?z) (at-left ?x)
using has-real-derivative-at-split by auto
also have ... «— $d-%x = $d-(?x — 1) (is YLHS = ?RHS)
proof
assume ?LHS
hence (I has-real-derivative — $d-%z) (at-left ?z) by simp
moreover have (I has-real-derivative — $d-(%z — 1)) (at-left ?z)
using that linear-lI-has-left-derivative-at-nat by simp
ultimately show ?RHS
using has-real-derivative-iff-has-vector-derivative vector-derivative-unique-within
trivial-limit-at-left-real by (smt (verit, ccfv-SIG))
next
assume ?RHS
thus ?LHS
using that linear-I-has-right-derivative-at-nat linear-I-has-left-derivative-at-nat
by metis
qed
finally show ?thesis .
qed

lemma linear-I-differentiable-at-nat-iff-d:

! differentiable at v <— $d-x = $d-(real z — 1)
if linear-interpolation for z::nat
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proof
let %z = real x
assume [ differentiable at x
from this obtain D where DERIV-I: (I has-real-derivative D) (at ?z)
using real-differentiable-def by blast
hence (I has-real-derivative D) (at-right ?z)
using has-field-derivative-at-within by blast
moreover have at 7z within {real z<..} # L by simp
moreover have (I has-real-derivative — $d-?z) (at-right ?z)
using linear-l-has-right-derivative-at-nat that by simp
ultimately have D = — $d-%z
using that has-real-derivative-iff-has-vector-derivative vector-derivative-unique-within
by blast
thus $d-%2 = $d-(%2 — 1)
using linear-l-has-derivative-at-nat-iff-d that DERIV-l by blast
next
assume $d-(real z) = $d-(real z — 1)
thus [ differentiable at (real x)
using linear-l-has-derivative-at-nat-iff-d that real-differentiable-def by blast
qed

lemma linear-I-limited: $) < oo if linear-interpolation
proof —
let YND = {y. = [ differentiable at y}
obtain zn::nat where zn-def: Max ?ND < real xn using reals-Archimedean2
by blast
hence zn-dif: Az::nat. © > xn = [ differentiable at (real x)
proof —
fix z::nat assume z > zn
with an-def have real x > Maxz ?ND by simp
hence real x ¢ ?ND using notl Max.coboundedl l-nondifferentiable-finite-set
leD by blast
thus [ differentiable at (real x) by simp
qed
hence d-const: Az:nat. z > zn = $d-(real z) = $d-(real zn)
proof —
fix z::nat assume z > zn
moreover have
Ny:nat. on < y = $d-(real y) = $d-(real zn) = $d-(real (Suc y)) = $d-(real
an)
using linear-I-differentiable-at-nat-iff-d that
by (smt (verit, best) of-nat-Suc of-nat-le-iff xn-dif)
ultimately show $d-(real z) = $d-(real zn)
using nat-induct-at-leastfwhere P=MAz::nat. $d-(real z) = $d-(real zn)] by
stmp
qed
have - $d-(real zn) > 0
proof (rule notl)
assume $d-(real zn) > 0
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from this obtain N::nat where N-def: N * $d-(real zn) > $1-(real zn)
using reals-Archimedean3 by blast
hence $i-(real (zn+N)) < 0
proof —
have $i-(real (zn+N)) = $i-(real zn) — (O k<N. $d-(real zn + real k)) using
sum-dz-l by simp

also have ... = $i-(real zn) — (3. k<N. $d-(real zn))
using d-const by (metis le-add1 of-nat-add)
also have ... = $i-(real zn) — N * $d-(real zn) by simp

also have ... < 0 using N-def by simp
finally show ?thesis .
qed
thus False by (smt (verit, ccfv-SIG) l-nonneg)
qed
hence dzn0: $d-(real zn) = 0 by (smt (verit) d-nonneg)
hence Az:nat. © > zn = $l-(real ) = $I-(real zn)
proof —
fix z::nat
assume rn <
moreover have
Ny:nat. an < y = $l-(real y) = $l-(real an) = $l-(real (Suc y)) = $i-(real
an)
by (smt (verit, ccfv-threshold) dzn0 d-const dz-1 of-nat-Suc)
ultimately show $i-(real z) = $i-(real zn)
using nat-induct-at-leastiwhere P=MAz::nat. $1-(real ) = $1-(real zn)] by
stmp
qed
hence (Az::nat. $l-(real )) —— $1-(real zn)
using eventually-sequentially by (intro tendsto-eventually) blast
moreover have (A\z:nat. $-(real z)) —— 0
using [-PInfty-0 by (simp add: filterlim-compose filterlim-real-sequentially)
ultimately have $i-(real zn) = 0 by (simp add: LIMSEQ-unique)
thus ?thesis by force
qed

lemma linear-mu-q: $Su-(z+t) = $q-z / (1 — tx3¢-x)
if linear-interpolation 1 differentiable at (x+t) 0 < tt < 1 z+t < $¢
for z::nat and t::real
proof —
have [simp]: ereal z < $¢) using that by (simp add: ereal-less-le)
have [simp]: $l-(real z) # 0 by simp
have [simp]: [ field-differentiable at (real x + t)
using differentiable-eq-field-differentiable-real that by simp
define d where d = min t (1—t)
have d-pos: d > 0 unfolding d-def using that by simp
have $p-{t & real £} # 0 using that by (simp add: ereal-less-le p-0-equiv)
moreover have (As. $p-{s & real z}) differentiable at t
proof —
have (As. $l-(real z + s) / $l-(real x)) field-differentiable at t
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using that apply (intro derivative-intros)

apply (rewrite add.commute, rewrite field-differentiable-shift| THEN sym])

by (rewrite add.commute) simp-all

thus ?thesis

apply (rewrite differentiable-eq-field-differentiable-real)

apply (rule field-differentiable-transform-within[where d=d|, simp-all add:
d-pos)

apply (rewrite p-l, simp-all) unfolding d-def using dist-real-def by auto

qed

ultimately have $u-(real © + t) = — deriv (As. $p-{s & real z}) t / $p-{t &
real z}
using that deriv-t-p-mu by simp
also have ... = $¢-(real ) / (1 — t*x$q-(real x))
proof —
have As. dist st < d = $p-{s & real 2} = 1 — sx$¢-(real 1)
proof —

fix s assume dist s t < d
hence 0 < s s < 1 unfolding d-def using that dist-real-def by auto
thus $p-{s & real 2} = 1 — $x8¢-(real z) by (intro linear-p-q; simp add: that)
qed
hence deriv (As. $p-{s & real z}) t = deriv (As. 1 — sx$q-(real z)) ¢
using d-pos apply (intro deriv-cong-ev, simp-all)
by (rewrite eventually-nhds-metric) auto
also have ... = — $¢-(real z)
apply (rewrite deriv-diff, simp-all)
by (rule derivative-intros) auto
finally have deriv (As. $p-{s & real z}) t = — $¢-(real z) .
thus ?thesis using linear-p-q that by simp
qed
finally show ?thesis .
qed

definition exponential-interpolation =
YV (zunat)(tureal). 4+1 < $p — 0 <t At < 1 —> $p-(z+t) = Sp-z
— Without z+1 < $1), the smooth life table could not be limited.

lemma exponential-mu: $u-(z+t) = Sp-x
if ezponential-interpolation z+1 < $p 0 < t t < I for z::nat and t::real
using that unfolding exponential-interpolation-def by simp

corollary exponential-mu’: $u-y = $u-x

if exponential-interpolation © < yy < z+1 z+1 < $¢ for z::nat and y::real
proof —

let 2t = y — real x

have 0 < ?¢t and %t < 1 using that by simp-all

moreover have $u-y = $u-(real z + %t) by simp

ultimately show ?thesis using exponential-mu that by presburger
qed
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lemma exponential-integral-mu: integral {z..<x+t} (Ay. Su-y) = Sp-z * ¢
if ezponential-interpolation z+1 < $¢ 0 < tt < I for z::nat and t::real
proof —
have integral {real x ..< real z + t} (\y. $u-y) =
integral {real x ..< real z + t} (A\y. $p-(real x))
using exponential-mu’ that by (intro integral-cong; simp)
also have ... = integral {real x .. real x + t} (\y. $p-(real z))
apply (rule integral-subset-negligible, force)
using that by (rewrite Icc-minus-Ico; simp)
also have ... = $u-z * t using that by (rewrite integral-const-real) simp
finally show integral {real z ..< real z + t} (Ay. $u-y) = $p-(real z) * ¢ .
qed

lemma exponential-p-mu: $p-x = exp (—3u-z) if exponential-interpolation x+1 <
$¢ for z::nat
proof —
have $p-z = exp (— integral {real z ..< real z + 1} (Ay. Su-y))
using that apply (rewrite p-exp-integral-mu; simp add: add.commute)
apply (rule integral-subset-negligiblel THEN sym)], force)
by (rewrite Icc-minus-Ico; simp)

also have ... = exp (— $u-(real z)) using that by (rewrite exponential-integral-mu;
stmp)

finally show ?thesis .
qed
corollary exponential-mu-p: $u-z = — In ($p-z) if exponential-interpolation x+ 1

< $1) for z::nat
using exponential-p-mu that by simp

corollary exzponential-mu-xt-p: $u-(z+t) = — In ($p-z)
if exponential-interpolation z+1 < $1p 0 < t t < 1 for z::nat and t::real
using that exponential-mu exponential-mu-p by presburger

corollary exponential-¢-mu: $q-z = 1 — exp (—Su-z)
if exponential-interpolation z+1 < $1 for z::nat
using exponential-p-mu that p-q-1
by (smt (verit, ccfv-SIG) ereal-less-le not-add-less! of-nat-less-imp-less)

lemma exponential-p: $p-{t&z} = ($p-z). ¢
if exponential-interpolation z+1 < $¢ 0 < t ¢ < 1 for z::nat and t:real
proof —
have [simp]: real = + t < $t) using that ereal-less-le by auto
have $p-{t & real £} = exp (— integral {real z ..< real z + t} (Ay. $p-y))
using that apply (rewrite p-exp-integral-mu, simp-all)
apply (rule integral-subset-negligible] THEN sym), force)
by (rewrite Icc-minus-Ico; simp)

also have ... = exp (— $u-(real x) * t)
using that by (rewrite exponential-integral-mu; simp)
also have ... = ($p-(real x))."t
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using exponential-p-mu that
by (smt (verit) exp-not-eq-zero exponential-mu-p mult.commute powr-def)
finally show ?thesis .
qed

lemma exponential-q: $q-{t&z} = 1 — (1 — $¢-x).7¢t
if ezponential-interpolation z+1 < $ 0 < tt < I for z::nat and t::real
proof —
have $¢-{t & real 2} = 1 — $p-{t & real z}
using p-¢-1 that by (smt (verit) ereal-less-le le-addl of-nat-mono)
also have ... = 1 — ($p-(real z))."t using that by (rewrite exponential-p; simp)
also have ... = 1 — (1 — $q-(real z))."t
using p-g¢-1 that by (smt (verit) ereal-less-le not-add-less1 of-nat-less-imp-less)
finally show ?thesis .
qed

lemma exponential-l-p: $l-(z+t) = $l-z * ($p-z). "¢

if exzponential-interpolation z+1 < $¢ 0 < tt < I for z::nat and t::real
proof —

have ereal (real ) < $1) using that ereal-less-le by auto

hence $i-(real z 4+ t) = $l-z * $p-{t & real x} using that by (rewrite p-l; simp)

also have ... = $i-(real z) * ($p-(real x)). "t using that by (rewrite exponential-p;
stmp)

finally show ?thesis .
qed

lemma exponential-l-has-derivative-at-frac:
((As. $1-(z+s)) has-real-derivative (— $l-x * Sp-z * ($p-x).7t)) (at t)
if ezponential-interpolation x+1 < $¢p 0 < t t < 1 for z::nat and t::real
proof —
let %z = real x
have ((As. ($p-?x).7s) has-real-derivative (— $pu-2x * ($p-2x).7t)) (at t)
using that exponential-p-mu has-real-derivative-powr2
by (metis Groups.ab-semigroup-mult-class.mult.commute exp-gt-zero In-exp)
hence ((As. $1-2z * ($p-?z).7s) has-real-derivative (— $1-2x x $p-21 * ($p-22).71))
(at t)
by (rewrite minus-mult-commute, rewrite mult.assoc) (rule DERIV-cmult)
moreover have Vr s in nhds t. $1-(?x + s) = $l-%z = ($p-?x). s
proof —
let 2r = min ¢t (1—t)
have ?r > 0 using that by simp
moreover have As. dist s t < ?r = $I-(%z + s) = $i-%z « ($p-22). s
using dist-real-def that exponential-l-p by force
ultimately show ¢thesis using eventually-nhds-metric by blast
qed
ultimately show ?thesis by (rewrite DERIV-cong-ev[where g=M\s. $1-?2z x
($p-?x).7s]; simp)
qed
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lemma exponential-lI-has-derivative-at-frac’:
(I has-real-derivative (— $l-z * $u-z * ($p-z). (y—1))) (at y)
if exponential-interpolation z+1 < $¢ z < y y < z+1 for x::nat and y:real
apply (rewrite DERIV-at-within-shiftfwhere z=y — real * and z=real x and
S=UNIV, simplified])
using exponential-l-has-derivative-at-frac that by simp

lemma exponential-I-differentiable-on-frac:
I differentiable-on {z<..<x+1} if exponential-interpolation z+1 < $t for z::nat
proof —
{ fix y::real assume y € {real xz <..< real (z+1)}
hence [ differentiable at y
using exponential-I-has-derivative-at-frac’ that real-differentiable-def by auto
}

thus ?thesis unfolding differentiable-on-def by (metis differentiable-at-withinI)
qed

lemma exponential-lI-has-right-derivative-at-nat:
(I has-real-derivative (— $l-x * $u-z)) (at-right )
if exponential-interpolation z+1 < $1 for z::nat
proof —
let %z = real x
have [simp]: plus 7z < {0<..} = {%z<..}
unfolding image-def greaterThan-def apply simp
by (metis Groups.ab-semigroup-add-class.add.commute
add-minus-cancel neg-less-iff-less real-0-less-add-iff)
have [simp]: $p-z > 0 using exponential-p-mu that by auto
hence [simp]: $p-z # 0 by force
have ((As. $-(?z 4 s)) has-real-derivative (— $1-2z * $p-2x)) (at-right 0)
apply (rewrite has-field-derivative-cong-eventually[where g=\s. $1-?z x ($p-?x).7s])
using exponential-l-p that apply (intro eventually-at-rightI[of 0 1]; simp)
using powr-zero-eq-one apply simp
apply (rewrite minus-mult-commute, rule DERIV-cmult)
apply (rule has-field-derivative-at-within)
using that apply (rewrite exponential-mu-p; simp)
using has-real-derivative-powr2[of $p-x 0] powr-zero-eq-one by force
thus ?thesis
by (rewrite DERIV-at-within-shiftfwhere z=%: and z=0 and S={0<..},
sitmplified]) simp
qed

lemma exponential-I-has-left-derivative-at-nat:
(I has-real-derivative (— $l-x * $p-(real x — 1))) (at-left x)
if exponential-interpolation x < $1 for z::nat
proof (cases x)
case ()
hence (I has-real-derivative 0) (at-left (real x))
apply (rewrite has-field-derivative-cong-eventually[where g=\-. $I-0]; simp)
apply (rule eventually-at-leftI[of —1]; simp)
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using l-neg-nil less-eq-real-def by blast
moreover have — $l-z x $u-(real x —1) = 0 using mu-unborn-0 0 by simp
ultimately show #¢thesis by auto
next
let ?z = real
case (Suc y)
let 2y = real y
have [simp]: ?y + 1 = %z using Suc by simp
hence [simp]: ereal ?y < $1 using that by (smt (verit) ereal-less-le)
have [simp]: $p-?y > 0 using Suc exponential-p-mu that by auto
have [simp]: plus %y ‘{.<1} = {.<?z}
using Suc unfolding image-def lessThan-def apply simp
by (metis (no-types, opaque-lifting) Groups.ab-semigroup-add-class.add.commute
add-less-cancel-right diff-add-cancel)
have ((\t. ($p-2y)."t) has-real-derivative ($p-2y x —$u-2y)) (at-left 1)
apply (rule DERIV-subsetjwhere s=UNIV]; simp)
using that apply (rewrite exponential-mu-p; simp add: add.commutelof 1 ?y])
by (rule has-real-derivative-powr2|of $p-?y 1, simplified])
hence ((At. $1-%y * ($p-?y)."t) has-real-derivative ($1-2y * $p-2y = —$u-2y))
(at-left 1)
by (metis DERIV-cmult mult-ac(1))
moreover have $I-%y x $p-?y = $1-7z using Suc p-1-1 by simp
ultimately have ((At. $1-2y x (3p-?y). t) has-real-derivative (— $1-2x * $u-2y))
(at-left 1)
by simp
moreover have V i t in at-left 1. $I-(?y + t) = $I-7y = ($p-2y). "t
apply (rule eventually-at-leftI[of 0]; simp)
by (rewrite exponential-lI-p; simp add: that add.commute[of 1 ?y])
ultimately have ((At. $I-(?y + t)) has-real-derivative (— $1-?z % $u-?y)) (at-left
1)
by (rewrite has-field-derivative-cong-eventually[where g=\t. $I-?y = ($p-?y). t];
simp add: p-1-1)
thus ?thesis
apply (rewrite DERIV-at-within-shiftwhere S={..<1} and z=%y and z=1,
simplified])
using Suc by simp
qed

lemma exponential-l-has-derivative-at-nat-iff-mu:
(I has-real-derivative (— $l-x x Su-z)) (at z) «— Sp-z = $p-(real z — 1)
if exponential-interpolation z+1 < $1 for z::nat
proof —
let ?z = real
have [simp]: ?z < $¢ using that by (simp add: ereal-less-le)
hence [simp]: $I-2z # 0 by simp
have (I has-real-derivative (— $1-?z * $u-?22)) (at %z) +—
(I has-real-derivative (— $1-2z x $u-?z)) (at-right ?z) A
(I has-real-derivative (— $1-%z x $u-?x)) (at-left ?x)
using has-real-derivative-at-split by auto
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also have ... «— — $l-%z * $u-2c = — $1-2z x $pu-(%z — 1) (is ?LHS +—
¢RHS)
proof
assume ?LHS
hence (I has-real-derivative (— $i-?z * $u-2z)) (at-left ?z) by simp
moreover have (I has-real-derivative (— $1-2z * $u-(?z — 1))) (at-left ?z)
using that exponential-l-has-left-derivative-at-nat by force
ultimately show ?RHS
using has-real-derivative-iff-has-vector-derivative vector-derivative-unique-within
trivial-limit-at-left-real by blast
next
assume ?RHS
thus ?LHS
using that exponential-l-has-right-derivative-at-nat exponential-I-has-left-derivative-at-nat
by force
qged
also have ... +— $u-%z = $u-(%z — 1) by simp
finally show ?thesis .
qed

lemma exponential-I-differentiable-at-nat-iff-mu:
[ differentiable at © +— $pu-x = Su-(real z — 1)
if ezponential-interpolation z+1 < $1 for z::nat
proof
let %z = real x
assume [ differentiable at ?x
from this obtain D where DERIV-I: (I has-real-derivative D) (at ?x)
using real-differentiable-def by blast
hence (I has-real-derivative D) (at-right ?z)
using has-field-derivative-at-within by blast
moreover have at ?z within {real z<..} # L by simp
moreover have (I has-real-derivative (— $l-real x % $p-real x)) (at-right ?z)
using exponential-l-has-right-derivative-at-nat that by simp
ultimately have D = — $l-%2 x $u-%2
using that has-real-derivative-iff-has-vector-derivative vector-derivative-unique-within
by blast
thus $u-%0 = Su-(%z — 1)
using exponential-l-has-derivative-at-nat-iff-mu that DERIV-l by blast
next
assume $p-(real z) = Sp-(real z — 1)
thus [ differentiable at (real x)
using exponential-I-has-derivative-at-nat-iff-mu that real-differentiable-def by
blast
qed

lemma exponential-L-d-mu: $L-z = $d-z / $p-x

if exponential-interpolation $u-z # 0 z+1 < $3 for z::nat
proof —

have [simp]: ereal (real x) < $1 using that ereal-less-le by simp
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have [simp]: $I-(real ) # 0 by simp
have p-pos[simp]: $p-(real ) > 0 using that by (simp add: exponential-p-mu)
have [simp]: $p-(real z) # 1 using that exponential-p-mu by simp
have $L-(real ) = (LBINT ¢:{0..1}. $l-(real = + t))
unfolding lives-def by (rewrite lborel-set-integral-Icc-shiftjwhere t=x]) simp

also have ... = integral {0..1} (\t. $i-(real z + t))
by (rule set-borel-integral-eq-integral-nonneg; simp)
also have ... = integral {0..1} (At. $i-(real z) = (3p-(real x))."t)

apply (rule integral-cong)
using that by (rewrite exponential-l-p; simp)

also have ... = $i-(real z) * integral {0..1} (At. ($p-(real x)).7¢t)
using integral-mult-right by blast

also have ... = $i-(real z) * ($¢-(real x) / — In ($p-(real z)))

proof —

have integral {0..1} (At. ($p-(real x))."t) = (($p-(real z)).”1 — 1) / In ($p-(real
z))
apply (rule integral-unique)
by (intro has-integral-powr2-from-0; simp)
also have ... = $¢-(real z) / — In ($p-(real z))
using p-pos apply (rewrite powr-one, linarith)
using that by (rewrite in - — X p-g-1[of © 1, THEN sym]; simp)
finally show ?thesis by simp

qed

also have ... = $d-(real z) / $u-(real ) using that exponential-mu-p by (rewrite
g-d-l; simp)

finally show ?thesis .
qged

lemma ezponential-mz-mu: $m-z = $u-x if exponential-interpolation z+1 < $
for z::nat
proof (cases $u-(real z) = 0»)

have lz-neq0: $1-(real x) # 0 using ereal-less-le that by simp

case True

hence $¢-(real ) = 0 using exponential-g-mu that by simp

hence $d-(real ) = 0

using ¢-1-d-l that by (metis lz-neq0 d-old-0 divide-eq-0-iff linorder-not-less

zero-le-one)

hence $m-(real ) = 0 unfolding die-central-def by simp

also have ... = $u-(real z) using True by simp
finally show ?thesis .

next
case Fulse

thus ?thesis unfolding die-central-def using exponential-L-d-mu that
by (smt (verit) divide-eq-0-iff divide-mult-cancel exp-eq-one-iff exponential-g-mu
linorder-not-less mu-beyond-0 nonzero-mult-div-cancel-left q-1-d-1)
qed

lemma exponential-d-mu-sums-T: (Ak. $d-(z+k) / Sp-(z+k)) sums $T-x
if exponential-interpolation total-finite N\k::nat. Su-(z+k) # 0 for z::nat
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proof —
have - $¢ < c©
proof
assume $ < oo
from this obtain y::nat where $¢ < ereal (real y) using less-PInf-FEz-of-nat
by fastforce
hence zy: $1) < ereal (real (z+y)) by (simp add: less-ereal-le)
hence $u-(real (z+y)) # 0 using that by simp
moreover have $u-(real (z+y)) = 0 using zy mu-beyond-0 by simp
ultimately show Fulse ..
qed
hence $¢ = oo by simp
moreover hence Ak:nat. $d-(real (z+Fk)) / $p-(real (z+k)) = $L-(real (z+Fk))
using that by (rewrite exponential-L-d-mu; simp)
ultimately show “thesis
apply (rewrite sums-cong; simp)
by (rule L-sums-T, simp add: that)
qed

lemma exponential-e-d-l-mu: (Ak. $d-(z+k) / ($l-z * $u-(z+k))) sums $e‘o-x
if exponential-interpolation total-finite N\k::nat. $u-(z+k) # 0 for z::nat
proof —
let %z = real x
have — ereal %z > $1 using that mu-beyond-0 by (metis add-cancel-right-right)
hence [simp]: ereal ?z < $1) by simp
have (Ak. $d-(real (z+k)) / Su-(real (x+k)) / $1-%2z) sums ($3T-%z / $1-%z)
using sums-divide exponential-d-mu-sums-T that by force
thus ?thesis by (rewrite e-T-1; simp add: mult.commute)
qed

end

6.5 Limited Life Table

locale limited-life-table = life-table +
assumes [-limited: I x::real. $l-z = 0
begin

lemma limited-survival-function-MM-X: limited-survival-function 90 X
proof (rule limited-survival-function.intro)
show survival-model MM X by (rule survival-model-MM-X)
show limited-survival-function-axioms 9 X
unfolding limited-survival-function-axzioms-def using [-limited death-pt-def by
fastforce
qged

end

sublocale limited-life-table C limited-survival-function 9 X
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by (rule limited-survival-function-MM-X)

context limited-life-table
begin

notation ult-age («$w>)

lemma l-omega-0: $1-$w = 0
using ccdfX-l-normal ccdfX-omega-0 by simp

lemma I-0-equiv-nat: $1-x = 0 +— = > $w for z::nat
using ccdfX-l-normal ccdfX-0-equiv-nat by simp

lemma d-l-equiv-nat: $d-{t&xz} = $l-x +— z+t > Sw if t > 0 for x ¢ :: nat
by (metis d-l-equiv of-nat-0-le-iff of-nat-add psi-le-iff-omega-le)

corollary d-1-omega-l: $d-($w—1) = $1-(3w—1)
using d-l-equiv-nat[of 1 $w—1] omega-pos by simp

lemma limited-life-table-imp-total-finite: total-finite
proof —
have {0..} = {0 .. real $w} U {real $w <..} by force
moreover have set-integrable lborel {0 .. real $w} | by (rule l-integrable-Icc)
moreover have set-integrable lborel {real $w <..} [
apply (rewrite set-integrable-cong[where f'=\-. 0], simp-all)
using [-0-equiv-nat apply (meson I-0-equiv le-ereal-le order-le-less)
unfolding set-integrable-def by simp
ultimately have set-integrable lborel {0..} 1
using set-integrable-Un
by (smt (verit, del-insts) Ici-subset-Ioi-iff add-mono-thms-linordered-field(1)
atLeast-borel I-0-pos set-integrable-subset sets-lborel total-finite-iff-set-integrable-Ici)
thus ?thesis unfolding total-finite-def by simp
qed

context

fixes z::nat

assumes z-lt-omega[simp|: ¢ < $w
begin

lemma curt-e-sum-I-finite-nat: $e-z = (3 k<n. $l-(x+k+1)) / $l-z
if Ak:nat. k < n = isCont ! (z+k+1) z+n > Sw for n:nat
apply (rewrite curt-e-sum-I-finite[of x n], simp)
using that le-ereal-less psi-le-omega apply (metis of-nat-1 of-nat-add, force)
by (simp add: add.commute)

end

end

191



end

theory Fxamples
imports Life-Table

begin

7 Examples

The following lemma is a verification of the solution to the multiple choice
question No. 3 of Exam LTAM Spring 2022 by Society of Actuaries.

context smooth-survival-function
begin

lemma SoA-LTAM-2022-Spring-MCQ-No3:
assumes Az:real. 0 < z = z < 100 = cedf (distr MM borel X) z = (1 —
0.01xx).70.5
shows |1000%$u-25 — 6.7| < 0.05
proof —
let ?svl = cedf (distr 9 borel X)
have [simp]: ereal 25 < $1)
apply (rewrite not-lef THEN sym])
using assms by (rewrite ccdfX-0-equiv| THEN sym]) simp
have x: ((Az. In (1 — 2/100)) has-real-derivative (—1/75)) (at 25)
proof —
have ((Az. (I — z/100)) has-real-derivative (0 — 1/100)) (at 25)
apply (intro derivative-intros)
by (rule DERIV-cdivide) simp
hence ((Az. In (1 — 2/100)) has-real-derivative (1 / (1 — 25/100) = (—1/100)))
(at 25)
by (intro derivative-intros) auto
thus ?thesis by simp
qged
have ezp o (Az::real. 0.5 x In (1 — 0.01xx)) field-differentiable at 25
apply (rule field-differentiable-compose, simp-all)
apply (rule derivative-intros, simp-all)
using * field-differentiable-def apply blast
using field-differentiable-within-exp by blast
hence ?svl differentiable at 25
apply (rewrite differentiable-eq-field-differentiable-real)
by (rule field-differentiable-transform-within[where d=1])
(simp-all add: powr-def dist-real-def assms)

hence $u-25 = — deriv (Az. In (?svl ) 25 by (rule mu-deriv-In; simp)
also have ... = 0.005 / (1 — 0.01%25)
proof —

have Vg z in nhds 25. In (?svlz) x 2 = In (1 — 2/100)

proof —

{ fix x::real assume dist x 25 < 1
hence asm: 0 < z & < 100 using dist-real-def by auto
hence in (?svlz) x 2 = In ((I — 0.01%x).70.5) % 2 using assms by (smt
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(verit))
also have ... = (0.5 * In (1 — 0.01xx)) * 2 using asm by (rewrite
In-powr) auto
finally have In (?svl z) * 2 = In (1 — z/100) by simp }
thus ?thesis by (rewrite eventually-nhds-metric) (smt (verit, del-insts))
qed
hence ((Az. In (?svl z)) has-real-derivative (—0.005 / (1 — 0.01x25))) (at 25)
using x apply (rewrite DERIV-cong-evlwhere g=Xz. 0.5 * In (1 — 0.01x*z)],
simp-all)
by (rule derivative-eq-intros) auto
thus ?thesis using DERIV-imp-deriv by force
qed
finally show ?thesis by simp
qed

end

The following lemma is a verification of the solution to the problem No. 2.
(1)-1 of Life Insurance Mathematics 2016 by the Institute of Actuaries of
Japan, slightly modified; see the remark below.

context smooth-life-table
begin

lemma [AJ-Life-Insurance-Math-2016-2-1-1:
fixes a b :: real
assumes —1 < aa< 00 <b—-b/a < $pand
total-finite and
Nz. 0 < 2 = z < —b/a = [ differentiable at z and
Ne. 0 <z = 1< —b/a = $eo-z = axz + b
shows Az. 0 <z = 2 < —b/a = $l-x = 81-0 = (b / (axz + b)). ((a+1)/a)
proof —
fix x assume asm-z: 0 < zz < —b/a
hence z-lt-psi[simp]: ereal x < $ using assms ereal-le-less by presburger
from asm-x have azb-pos[simp]: axz + b > 0
using assms by (smt (verit, ccfv-threshold) mult.commute neg-less-divide-eq)
have mu: At. te{0<.<=b/a} = Spu-t = (a + 1) / (axt + b)
proof —
fix t assume asm-t: te{0<..<—b/a}
with assms have ((Au. $e‘o-u) has-real-derivative ($u-t * $e‘o-t — 1)) (at t)
by (intro e-has-derivative-mu-e-l'[where a=0]; simp)
moreover have ((Au. $e‘o-u) has-real-derivative a) (at t)
proof —
let ?d = min t (—b/a — t)
have ?d > 0 using assms asm-t by simp
moreover have Au. dist u t < ?d = $e‘o-u = axu + b using assms
dist-real-def by auto
ultimately have V p u in nhds t. $e‘o-u = axu + b by (rewrite eventu-
ally-nhds-metric) blast
thus ?thesis
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using assms apply (rewrite DERIV-cong-ev[where g=M\t. axt + b], simp-all)
by (intro derivative-eg-intros) auto
qed
ultimately have $u-t * $e‘o-t — 1 = a using DERIV-unique by blast
moreover have $e‘o-t = axt + b using assms asm-t by simp
ultimately show $u-t = (a + 1) / (axt + b)
using assms by (smt (verit) mult-eq-0-iff nonzero-mult-div-cancel-right)
qed
hence $p-{z&0} = (b / (axz + b)). ((a+1)/a)
proof —
have integ-mu: integral {0..x} (At. $p-t) = (a + 1) / a x In ((axxz + b) / b)
proof —
have integral {0..x} (At. $p-t) = integral {0<..x} (At. $p-1)
apply (rule integral-spike-set)
apply (rule negligible-subset[where s={0}]; force)
by (rule negligible-subset|where s={}]; simp)

also have ... = integral {0<..x} (At. ((a + 1) / a) * (a / (axt + b)))
using asm-z assms by (intro integral-cong) (rewrite mu; simp)

also have ... = (a + 1) / a * integral {0<..z} (\t. a / (axt + b))
by (metis integral-mult-right)

alsohave ... =(a+ 1)/ axIn ((axz + b) / b)

proof —

have integral {0<..z} (At. a / (axt + b)) = integral {0..x} (At. a / (axt +
b))
apply (rule integral-spike-set)
apply (rule negligible-subset[where s={}]; simp)
by (rule negligible-subset[where s={0}]; force)
also have ... = In (axz + b) — In (ax0 + b)
apply (rule integral-unique)
using assms asm-z apply (intro inverse-fun-has-integral-ln, simp-all)
using azb-pos assms apply (smt (verit) mult-less-cancel-left)
apply (intro continuous-intros)
by (intro derivative-eg-intros) auto
also have ... = In ((axz + b) / b) using assms by (simp add: In-divide-pos)
finally have integral {0<..z} (At. a / (axt + b)) = In ((axz + b) / b) .
thus ?thesis by simp
qed
finally show ?thesis .
qed
thus ?thesis
apply (rewrite p-exp-integral-mu, simp-all add: asm-z)
unfolding powr-def using assms
by simp (smt (verit) azb-pos In-div
nonzero-minus-divide-divide nonzero-minus-divide-right right-diff-distrib’)
qed
thus $l-z = $1-0 % (b / (axxz + b)). ((a+1)/a)
using assms asm-z apply (rewrite in asm p-l, simp-all)
by (metis divide-mult-cancel I-0-neq-0 mult.commute)
qed
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REMARK. The original problem lacks the following hypotheses: (i) 0 < b,
(i) =b/a < $9, (iii) Vz. 0 < © < —b/a — [ differentiable at z, (iv) Vz. 0
< x < —b/a — lintegrable-on {x..}. Moreover, the hypothesis Vz. 0 < z
< —b/a is originally Vz. 0 < z < —b/a.

end

end
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