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Abstract

Smullyan used abstract consistency properties to great effect in unifying
meta-theoretical results in first-order logic. By abstractly specifying when a
set of formulas is consistent, he proved a single model existence result for all
sets that met the specification, reusing this result in proving completeness,
compactness, etc. Fitting later defined abstract consistency properties for a
range of other logics.

In this work we use locales to mechanize abstract consistency properties
without fixing a particular logic or syntax, generalizing the work of Smullyan
and Fitting. We use Fitting’s technique for closing a consistency property
under limits to guarantee the existence of a maximal element. This yields
a maximal consistent set for any notion of consistency expressible in the
framework. The usual conjunctive, disjunctive, universal and existential
conditions of abstract consistency properties —based on Smullyan’s uniform
notation— arise as special cases of our abstract development. Users of the
framework can define an abstract consistency property for their own syntax
and logic, prove that it is well behaved, and receive a corresponding maximal
consistent set from which to prove model existence.

We provide three example instantiations. First, compactness and com-
pleteness for a first-order logic where we only instantiate universal quantifiers
with already occurring terms. Second, completeness over general models for
a second-order logic. Third, completeness of our own natural deduction
system for Prior’s Ideal Language, a recently developed hybrid logic with
propositional quantification.
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Chapter 1

Abstract Consistency
Properties

theory Abstract-Consistency-Property imports
HOL- Cardinals. Cardinal-Order-Relation
begin

1.1 Utility

lemma Set-Diff-Un: <X — (YU 2Z)=X -Y — Z»
{proof)

lemma infinite-diff-finite: <finite A = infinite (— B) = infinite (— (A U B))»
(proof)

lemma infinite-Diff-fin-Un: <infinite (X — Y) = finite Z = infinite (X — (Z
uY))
(proof )

lemma infinite-Diff-subset: <infinite (X — A) = B C A = infinite (X — B)»
(proof)

lemma finite-bound:
fixes X :: «(Ya :: size) set)
assumes <finite X» <X # {}
shows 3z € X. Vy € X. size y < size 1

{proof)

lemma infinite- UNIV-size:
fixes f :: <('a :: size) = ‘o>
assumes (\z. size z < size (f z)»
shows <infinite (UNIV :: 'a set)

(proof)



lemma infinite-left: <finite C = infinite A = |A| <o |- B] = |4| <o |- (C
U B)|»
{proof)

lemma card-of-infinite-smaller- Union:
assumes Vz. |f 2| <o |X]» «infinite X>
shows ¢|Uz € X. fz| <o |X]»
{proof)

context wo-rel
begin

lemma underS-bound: <a € underS ¢ = b € underS ¢ = a € under b V b €
under a)

(proof)

lemma finite-underS-bound:
assumes <finite X> <X C underS a» <X # {}
shows (da € X. Vb € X. b € under a»

{proof)

lemma finite-bound-under:
assumes <finite p» <p C (|Ja € Field r. f a)»
shows «3b. p C (Ja € under b. f a)
(proof )

lemma underS-trans: <a € underS b = b € underS ¢ = a € underS c¢»
(proof )

definition is-chain :: <(a = 'a set) = bool> where
<is-chain f =V a € Fieldr.¥Yb € Fieldr. b € under a — fb C fw

lemma is-chainD: <is-chain f = b € under a =z € fb =z € fw
{proof )

lemma chain-indez:
assumes ch: <is-chain f> and fin: <finite F» and ne: <Field r # {}
shows «F C ((Ja € Fieldr. fa) = Ja € Fieldr. F C fw

{proof)

end

1.2 Finite Character

definition close :: <'a set set = 'a set set> where
<close C ={S. (35 C.5CS"h

definition subset-closed :: <'a set set = bool> where
<subset-closed C =VS' '€ C.VS§CS. SeC



lemma subset-in-close: <S C S’ =z U S'€ C = 2 U S € close
(proof)

lemma close-closed: <subset-closed (close C)»
(proof)

lemma close-subset: <C C close C)»
(proof)

definition finite-char :: <'a set set = bool> where
<finite-char C =V S. S € C «— (VS'C S. finite S’ — S' € C)»

definition mk-finite-char :: 'a set set = 'a set set> where
«mk-finite-char C = {S. (VS' C S. finite S’ — S’ € )b

lemma finite-char: <finite-char (mk-finite-char C)»
{proof)

lemma finite-char-closed: «finite-char C = subset-closed C»
(proof )

lemma finite-char-subset: <subset-closed C = C C mk-finite-char C»
(proof)

lemma (in wo-rel) chain-union-closed:
assumes <finite-char C» <is-chain f» <NV a € Field r. fa € C» <Field r # {}p
shows ¢(|Ja € Field r. fa) € C»

{proof)

definition mazimal :: 'a set set = 'a set = bool> where
<mazimal C S +— (VS'e C.5C S — S=8)

1.3 Consistency Properties

locale Params =
fixes map-fm :: «('z = 'z) = fm = 'fm>
and params-fm :: <fm = 'z set)
and is-param :: 'z = bool
assumes map-fm-id: <map-fm id = id>
and finite-params-fm [simpl: <\p. finite (params-fm p)»
and map-params-fm: <\f g p. (V& € params-fm p. fx = g £) = map-fm f p
= map-fm g p>
begin

definition is-subst :: <("z = 'z) = bool) where
is-subst f =V x. is-param © <— is-param (f x)»

lemma is-subst-id [introl: <is-subst id>



{proof)

definition mk-alt-consistency :: 'fm set set = 'fm set set> where
«mk-alt-consistency C = {S. (3f. is-subst f A map-fm f S € C)}b

lemma mk-alt-consistency-subset: <C C mk-alt-consistency C»
(proof)

lemma mk-alt-consistency-closed:
assumes <subset-closed C»
shows <subset-closed (mk-alt-consistency C)»

{proof)

abbreviation params :: ('fm set = 'z set) where
<params S = Jp € S. params-fm p»

lemma infinite-params: <infinite (U — params B) = infinite (U — params (set
ps U B))
{proof)

lemma infinite-params-left:
assumes <infinite A> <|A| <o |U — params S|
shows ¢|A| <o |U — params (set ps U S)|»
(proof )

definition enough-new :: <'fm set = bool> where
cenough-new S = |UNIV :: 'fm set| <o |Collect is-param — params S|

lemma enough-new-countable:

assumes (3 to-nat :: 'fm = nat. inj to-naty <infinite (Collect is-param — params
Sy

shows <(enough-new S»

{proof)

lemma enough-new-all-param:
assumes (| UNIV :: 'fm set| <o |UNIV — params S|» < \z. is-param x>
shows <(enough-new S»

{proof)

end

datatype ('z, fm) kind
= Cond fm list = ('fm set set = 'fm set = bool) = bool> <'fm set = bools
| Wits <'fm = 'z = 'fm list>

inductive (in Params) satg :: <('z, 'fm) kind = 'fm set set = bool> where
satg-Cond [introl]: <(ANSps Q. S € C = setps C S = Pps Q = Q CY9)

= satg (Cond P H) C»

| satg-Wits [introl]: «(ASp. S € C = pe S = (Fz. is-param z A set (W p x)



USe() = satg (Wits W) C»

inductive-cases (in Params) satg-CondE[elim!]: «satg (Cond P H) C)
inductive-cases (in Params) satg-WitsE[elim!]: «satgp (Wits W) C»

inductive (in Params) sata :: <('z, 'fm) kind = 'fm set set = bool> where

sat o-Cond [introl]: (NS ps Q. S € C = set ps CS = Pps Q = Q C9)
= saty (Cond P H) C»
| sata-Wits [introl]: «(ASpz. S € C = pe S = x¢ params S = is-param
z = set (Wpz)US e ()= saty (Wits W) C»

inductive-cases (in Params) sata-CondE[elim!]: <sata (Cond P H) C»
inductive-cases (in Params) sata- WitsE[elim!]: <saty (Wits W) C»

definition (in Params) propg :: <('z, 'fm) kind list = 'fm set set = bool> where
<propg Ks C =V K € set Ks. satg K C)

definition (in Params) propa :: «('z, 'fm) kind list = 'fm set set = bool> where
<propa Ks C =V K € set Ks. sata K C»

inductive (in Params) saty :: <('z, 'fm) kind = 'fm set = bool> where
satg-Cond [introl]: <H S = saty (Cond P H) S»

| satp-Wits [introl]: «(Ap. p € S = (Jx. is-param z A set (W pz) C 5)) =

satg (Wits W) S»

inductive-cases (in Params) satp-CondE[elim!]: <saty (Cond P H) C)
inductive-cases (in Params) saty-WitsE[elim!]: <saty (Wits W) C»

definition (in Params) propg :: «('z, 'fm) kind list = 'fm set = bool> where
<propg Ks S =V K € set Ks. saty K S»

theorem (in Params) saty-Wits: <satg (Wits W) C = S € C = mazimal C
S = saty (Wits W) S»

{proof)

1.3.1 Consistency Kinds

locale Consistency-Kind = Params map-fm params-fm is-param
for
map-fm :: ('t = 'z) = fm = 'fm> and
params-fm :: <'fm = 'z set> and
is-param :: <'z = booly +
fixes K :: «('z, 'fm) kind>
assumes respects-close: «<\C. satg K C = satg K (close C)»
and respects-alt: <\C. satg K C = subset-closed C = sat 4 K (mk-alt-consistency
C)»
and respects-fin: <\ C. subset-closed C = sat4 K C = sat4 K (mk-finite-char
[OF
and hintikka: <\C S. satg K C = S € C = mazimal C S = saty K S)



locale Consistency-Kinds = Params map-fm params-fm is-param
for
map-fm :: <"z = 'z) = fm = 'fm» and
params-fm :: <'fm = 'z set) and
is-param :: 'z = bool> +
fixes Ks :: «('z, 'fm) kind list)
assumes all-kinds: <\\NK. K € set Ks = Consistency-Kind map-fm params-fm
is-param K
begin

lemma satp: (K € set Ks = propg Ks C = satg K C»
(proof)

lemma propg-close: <propg Ks C = propg Ks (close C)»
(proof )

lemma propg-alt: <propg Ks C = subset-closed C = propa Ks (mk-alt-consistency
Q)
(proof )

lemma propg-fin: (subset-closed C => propa Ks C = propa Ks (mk-finite-char
C)
(proof)

definition mk-alt-fin :: <'fm set set = 'fm set set) where
¢mk-alt-fin C = mk-finite-char (mk-alt-consistency (close C))»

lemma mk-alt-fin-subset-closed: <subset-closed (mk-alt-fin C)»
{proof)

lemma mk-alt-fin-finite-char: «finite-char (mk-alt-fin C)»
(proof )

lemma mk-alt-fin-in: «(§ € C = S € mk-alt-fin C»
(proof )

theorem propg: (propg Ks C = propa Ks (mk-alt-fin C)»
(proof )

end

fun (in Params) witness-kinds :: «('z, 'fm) kind list = 'fm = 'fm set = 'fm set
where
cwitness-kinds [| p S = {p
| «witness-kinds (Cond - - # Ks) p S = witness-kinds Ks p S»
| <witness-kinds (Wits W # Ks) p S =
(let
rest = witness-kinds Ks p S;
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a = SOME z. z € Collect is-param — params (rest U {p} U S)
in set (W p a) U rest)

lemma (in Params) witness-kinds-new:
assumes <infinite (UNIV :: 'fm set) <infinite (Collect is-param — params S)»
shows <infinite (Collect is-param — params (witness-kinds Ks p S U {p} U S))»

{proof)

lemma (in Params) witness-kinds:

assumes inf: <infinite (UNIV :: 'fm set)y and <infinite (Collect is-param —
params S)) «Wits W € set Ks»

shows <3 z. is-param = A set (W p z) C witness-kinds Ks p S»

{proof)

locale Maxzimal-Consistency = wo-rel | UNIV| :: 'fm rely + Consistency-Kinds
map-fm params-fm is-param Ks
for
map-fm :: «('z = 'z) = fm = 'fm) and
params-fm :: ('fm = 'z set) and
is-param :: <'z = bool> and
Ks :: «('z, 'fm) kind list> +
assumes inf-univ: <infinite (UNIV :: 'fm set))
begin

lemma Cinfinite-r: <Cinfinite |UNIV :: 'fm set|»
(proof )

lemma isLimOrd: isLimOrd
(proof )

lemma aboveS-ne: <aboveS a # {}
(proof)

lemma params-left: <enough-new S = enough-new (set ps U S)»
(proof)

definition witness :: <'fm = 'fm set = 'fm set) where
(witness = witness-kinds Ks»

definition extendS :: /fm set set = 'fm = 'fm set = 'fm set> where
cextendS C a prev = if ({a} U prev € C) then (witness a prev U {a} U prev) else

Prev)

definition extendL :: 'fm set set = ('fm = 'fm set) = 'fm = 'fm set> where
cextendL C rec a = |Jb € underS a. rec b

definition extend :: <'fm set set = 'fm set = 'fm = 'fm set> where
cextend C' S a = worecZSL S (extendS C) (extendL C) a)

11



lemma adm-woL-extendL: <adm-woL (extendL C)»
{proof)

definition Eztend :: <'fm set set = 'fm set = 'fm set> where
<Extend C S = Ja. extend C S a»

lemma finite-witness-kinds: <finite (witness-kinds Qs p S)»
(proof )

lemma finite-witness: <finite (witness p S)»
(proof )

lemma finite-witness-kinds-params: «finite (params (witness-kinds Qs p S))»
(proof )

lemma finite-witness-params: <finite (params (witness p S))»
(proof)

lemma extend-zero [simp|: <extend C S zero = §»
{proof)

lemma extend-succ [simp]: <extend C' S (succ a) =
(if {a} U extend C S a € C then witness a (extend C' S a) U {a} U extend C S
a else extend C S a)»

{proof)

lemma extend-isLim [simp]:
assumes <isLim a) <a # zero

shows <extend C' S a = (|Jb € underS a. extend C S b)»
{proof)

lemma extend-subset: «S C extend C' S a»

(proof)

lemma Eztend-subset: <S C Extend C S»
(proof)

lemma extend-underS: <b € underS a = extend C'S b C extend C S a»
(proof)

lemma extend-under: <b € under a = extend C S b C extend C' S a»
(proof)

lemma params-origin:

assumes <z € params (extend C S a)»

shows <z € params S V (3b € underS a. x € params (witness b (extend C S b)
u {eh)

(proof)

12



lemma is-chain-extend: <is-chain (extend C S)»
{proof)

lemma extend-in-C-step:
assumes <props Ks C» «{a} U extend C S a € C)
and inf: <infinite (Collect is-param — params ({a} U extend C S a))»
shows <extend C' S (succ a) € C)

(proof)

lemma extend-in-C-stop:
assumes <extend C' S a € C)
and ({a} U extend C S a ¢ C»
shows <extend C' S (succ a) € C

{proof)

lemma infinite-succ-extend:
assumes (S € C» <enough-new S» <isSucc p»
shows <infinite (Collect is-param — params (extend C' S p))»

{proof)

lemma extend-in-C':
assumes (propa Ks C» <finite-char C» «S € C» <enough-new S»
shows (extend C S a € C)

{proof)

lemma FEztend-in-C":
assumes (propa Ks C» <finite-char C» «§ € C» <enough-new S»
shows (Eztend C S € C»

{proof)

theorem Extend-mazximal:
assumes <subset-closed C»
shows (mazimal C (Eztend C S)»

{proof)

definition witnessed :: <'fm set = bool> where
cwitnessed S =V p € S. 38" infinite (Collect is-param — params S’) A witness
pS'CS»

theorem Eztend-witnessed:

assumes propa Ks C» <finite-char C» «§ € C» <enough-new S»
shows <witnessed (Extend C S)»

{proof)

abbreviation mk-mcs :: <'fm set set = 'fm set = 'fm set> where
«mk-mes C S = Extend (mk-alt-fin C) S»

theorem mk-mcs-rmaximal: <mazimal C (mk-mes C' S)»

13



{proof)

theorem mk-mcs-witnessed:
assumes (propg Ks C» <S € C) <enough-new S»
shows <witnessed (mk-mecs C S)»

{proof)

1.4 Hintikka Sets

lemma mk-mcs-hintikka:
assumes <propg Ks C» <S € C) <enough-new S»
shows <propy Ks (mk-mes C S)»

{proof)

end

locale Hintikka = Mazimal-Consistency map-fm params-fm is-param Ks
for
map-fm :: 'z = 'z) = fm = 'fm> and
params-fm :: <'fm = 'z set) and
is-param :: <’z = booly and
Ks :: «('z, 'fm) kind list> +
fixes H :: <'fm set»
assumes hintikka: <propg Ks H)»
begin

lemma saty: <K € set Ks =—> saty K H»
(proof)

end

context Maximal-Consistency
begin

theorem mk-mcs-Hintikka:
assumes (propg Ks C» <S € C) <enough-new S»
shows <Hintikka map-fm params-fm is-param Ks (mk-mcs C S)»

{proof)

end

1.5 Derivational Consistency

locale Derivational-Kind = Consistency-Kind map-fm params-fm is-param K
for
map-fm = «('z = 'z) = 'fm = 'fm) and
params-fm :: <'fm = 'z set» and
is-param :: <’z = booly and

14



K :: «('z, 'fm) kind> +
fixes consistent :: <'fm set = booly (<F - [51] 50)
assumes kind: <infinite (UNIV :: 'fm set) = satg K {A. enough-new A N F
Ah

locale Derivational-Consistency = Mazimal-Consistency map-fm params-fm is-param
Ks
for
map-fm = «("z = 'z) = 'fm = 'fm) and
params-fm :: <'fm = 'z set) and
is-param :: <’z = booly and
Ks :: «('z, 'fm) kind listy +
fixes consistent :: <'fm set = booly (<F -» [51] 50)
assumes all-consistent: <infinite (UNIV :: 'fm set) = propg Ks {A. enough-new
ANE A}
begin

theorem Consistency: <propg Ks {A. enough-new A AN+ A}»
(proof)

end

1.6 Weak Derivational Consistency

locale Weak-Derivational-Kind = Consistency-Kind map-fm params-fm is-param
K
for
map-fm :: 'z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: <'z = bool> and
K «('z, 'fm) kind> +
fixes consistent :: <'fm list = booly (<= - [51] 50)
assumes kind: <infinite (Collect is-param) = satg K {S. JA. set A =S A+
A}y

locale Weak-Derivational-Consistency = Mazimal-Consistency map-fm params-fm
is-param Ks
for
map-fm :: «('z = 'z) = 'fm = 'fm) and
params-fm 2 <'fm = 'z set» and
is-param :: <'z = bool> and
Ks :: «('z, 'fm) kind list> +
fixes consistent :: <'fm list = booly (<= - [51] 50)
assumes Consistency: <infinite (UNIV :: 'z set) = propg Ks {S. 3 A. set A =
SAE AL
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1.7 Conflicts

locale Confl = Params map-fm params-fm is-param
for
map-fm :: <('z = 'z) = fm = 'fm» and
params-fm :: <'fm = 'z set) and
is-param :: <’z = bool> +
fixes classify :: <'fm list = 'fm list = bool> (infix x> 50)
assumes confl-map: <\ps qs f. ps ~x qs => map (map-fm f) ps ~x map
(map-fm f) gs)
begin

inductive cond where
cond [intro]: «<ps ~x qs => cond ps (A\- S. set gs N S = {})»

inductive-cases condE[elim!]: <cond ps Q»

inductive hint where
hint [intro!]: «(Aps qs q. ps ~x qs = set ps C H = q € set gs = q ¢ H)
= hint H»

declare hint.simps|simp]

abbreviation kind :: <('z, 'fm) kind> where
<kind = Cond cond hint»

end

sublocale Confl C Consistency-Kind map-fm params-fm is-param kind
(proof)

locale Derivational-Confl = Confl map-fm params-fm is-param classify
for
map-fm :: <('z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: 'z = bool> and
classify = 'fm list = "fm list = bool) (infix <~x» 50) +
fixes consistent :: <'fm set = booly (<= - [51] 50)
assumes consistent: <\S ps qs z. set ps C S = ps ~x 8 = x € set g8 =
z€S=-FS5

sublocale Derivational-Confi C Derivational-Kind map-fm params-fm is-param
kind consistent

(proof)

locale Weak-Derivational-Confl = Confl map-fm params-fm is-param classify
for
map-fm :: ('t = 'z) = fm = 'fm»> and
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params-fm :: <'fm = 'z set» and
is-param :: 'z = bool> and
classify == fm list = 'fm list = bool) (infix ~x> 50) +
fixes consistent :: <'fm list = booly (<= - [51] 50)
assumes consistent: <\NA ps gs x. set ps C set A = ps ~x 8 = x € set gs
=z € set A= - F A

sublocale Weak-Derivational-Confi C Weak-Derivational-Kind map-fm params-fm
is-param kind consistent

(proof)

1.8 Alpha

locale Alpha = Params map-fm params-fm is-param
for
map-fm :: <('z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: 'z = booly +
fixes classify :: <'fm list = 'fm list = bool> (infix ~,» 50)
assumes alpha-map: <A\ps gs f. ps ~q qs — map (map-fm f) ps ~, map
(map-fm f) qs»
begin

inductive cond where
cond [introl]: «<ps ~¢o gs = cond ps (AC'S. set gs U S € C)»

inductive-cases condE[elim!]: <cond ps @»

inductive hint where
hint [introl]: <«(A\ps qs q. ps ~q g8 = set ps C H = q € set gs = q € H)
= hint H»

declare hint.simps|[simp]

abbreviation kind :: «('z, 'fm) kind> where
<kind = Cond cond hint»

end

sublocale Alpha C Consistency-Kind map-fm params-fm is-param kind
(proof)

locale Derivational-Alpha = Alpha map-fm params-fm is-param classify
for
map-fm :: <('z = 'z) = fm = 'fm) and
params-fm :: <'fm = 'z set) and
is-param :: <z = booly and
classify :: <'fm list = 'fm list = booly (infix ~y» 50) +
fixes consistent :: <'fm set = booly (<= - [51] 50)
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assumes consistent: <(\S ps gs. set ps C S = ps~y ¢s =+ S = F set gs
U S

sublocale Derivational-Alpha C Derivational-Kind map-fm params-fm is-param
kind consistent

{proof)

locale Weak-Derivational-Alpha = Alpha map-fm params-fm is-param classify
for
map-fm :: 'z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: 'z = bool> and
classify == <'fm list = 'fm list = booly (infix <~y 50) +
fixes consistent :: <'fm list = booly (<= - [51] 50)
assumes consistent: <\A ps gs. set ps C set A = ps~, ¢s = F A = F g¢s
@ A

sublocale Weak-Derivational-Alpha C Weak-Derivational-Kind map-fm params-fm
is-param kind consistent

(proof)

1.9 Beta

locale Beta = Params map-fm params-fm is-param
for
map-fm :: <('z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set» and
is-param :: 'z = booly +
fixes classify :: <'fm list = 'fm list = bool> (infix «~z> 50)
assumes beta-map: <\ps qs f. ps ~5 gs — map (map-fm f) ps ~3 map (map-fm
f) g
begin

inductive cond where
cond [introl]: «<ps ~p qs => cond ps (AC'S. Fq € set ¢s. {q} U S € C)

inductive-cases condE[elim!]: <cond ps @
inductive hint where

hint [intro]: «(Aps gs. ps ~p qgs = set ps C H = Jq € set ¢s. ¢ € H) =
hint H»

declare hint.simps|[simp]

abbreviation kind :: «('z, 'fm) kind> where
<kind = Cond cond hint»

end
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sublocale Beta C Consistency-Kind map-fm params-fm is-param kind
(proof)

locale Derivational-Beta = Beta map-fm params-fm is-param classify
for
map-fm :: <('z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set» and
is-param :: <'z = bool> and
classify = <'fm list = 'fm list = bool> (infix «~z> 50) +
fixes consistent :: <'fm set = booly (<= - [51] 50)
assumes consistent: <\S ps gs. set ps C S = ps~p ¢s =+ § = 3 q € set
gs. F{qt U S

sublocale Derivational-Beta C Derivational-Kind map-fm params-fm is-param kind
consistent

(proof)

locale Weak-Derivational-Beta = Beta map-fm params-fm is-param classify
for
map-fm :: ('t = 'z) = fm = 'fm> and
params-fm :: <'fm = 'z set» and
is-param :: <'z = bool> and
classify = <'fm list = 'fm list = booly (infix «~z> 50) +
fixes consistent :: <'fm list = booly (<F -» [51] 50)
assumes consistent: <\A ps gs. set ps C set A = ps~p ¢gs =+ A = ¢
€ set qs. - q # A

sublocale Weak-Derivational-Beta C Weak-Derivational-Kind map-fm params-fm
is-param kind consistent

{(proof)

1.10 Gamma

locale Gamma = Params map-fm params-fm is-param
for
map-tm :: «('z = 'r) = 'tm = "tm) and
map-fm :: 'z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: <'z = bool> +
fixes classify :: <'fm list = ('fm set = "tm set) x ("tm = 'fm list) = bool) (infix
(~oyy 50)
assumes gamma-map: <\ps F gs f. ps ~~ (F, gs) = (3 G rs. map (map-fm f)
ps ~ (G, 15) A
(VS. map-tm f “F'S C G (map-fm f S)) A
(Vt. map (map-fm f) (gs t) = rs (map-tm ft)))
and gamma-mono: <A\ps F qs S S'. ps ~, (F, ¢s) = S CS' = FSCF
S’
and gamma-fin: <A\ps F qgst A. ps ~. (F, ¢s) =t € F A= 3B C A. finite
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BANte FDB
begin

inductive cond where
cond [introl]: <ps ~ (F, qs) = cond ps (A\C' S.Vt € FS. set (¢st)U S € C)»

inductive-cases condE[elim!]: <cond ps Q»

inductive hint where
hint [introl]: «(Aps F gs. ps ~~ (F, qs) = set ps C H = (Vt € F H. set (gs
t) € H)) = hint H»

declare hint.simps|[simp]

abbreviation kind :: «('z, 'fm) kind> where
<kind = Cond cond hint)

end

sublocale Gamma C Consistency-Kind map-fm params-fm is-param kind

(proof)

locale Derivational-Gamma = Gamma map-tm map-fm params-fm is-param clas-
sify
for
map-tm :: «('z = 'z) = tm = "tm> and
map-fm :: 'z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: 'z = bool> and
classify == <'fm list = ('fm set = 'tm set) x ('tm = 'fm list) = bools (infix
(~oyy 50) +
fixes consistent :: <'fm set = booly (<= - [51] 50)
assumes consistent: <\S ps F gs t. set ps C S => ps~, (F, ¢s) =t € F S
= F S =Fset(gst) US

sublocale Derivational-Gamma C Derivational-Kind map-fm params-fm is-param
kind consistent

{proof)

locale Weak-Derivational-Gamma = Gamma map-tm map-fm params-fm is-param
classify
for
map-tm :: «('z = 'r) = 'tm = "tm) and
map-fm :: <('z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set» and
is-param :: <'z = bool> and
classify = <'fm list = ('fm set = "tm set) x ('tm = 'fm list) = bools (infix
(o 50) +
fixes consistent :: <'fm list = booly («F -» [51] 50)
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assumes consistent: <\NA ps F gs t. set ps C set A = ps ~, (F, ¢gs) =t €
F (setA) =—=FA=FgstQA

sublocale Weak-Derivational-Gamma C Weak-Derivational-Kind map-fm params-fm
is-param kind consistent

(proof)

locale Gamma-UNIV = Params map-fm params-fm is-param
for
map-tm 2 «('z = 'z) = tm = "tm> and
map-fm :: 'z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: 'z = booly +
fixes classify :: <'fm list = ("tm = 'fm list) = bool> (infix ~,"" 50)
assumes gamma-map-UNIV: <\ps gs f. ps ~~' gs => I rs. map (map-fm f) ps
~y ' s A
(Vt. map (map-fm f) (gs t) = rs (map-tm ft))
begin

abbreviation (input) classify-UNIV where
<classify-UNIV = Aps (F, ¢s). (F = (A-. UNIV)) A ps ~." ¢

end

sublocale Gamma-UNIV C Gamma map-tm map-fm params-fm is-param clas-
sify-UNIV

(proof)

1.11 Delta

locale Delta = Params map-fm params-fm is-param
for
map-fm :: 'z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set» and
is-param :: <'z = bool> +
fixes 0 :: </fm = 'z = 'fm lists
assumes delta-map: <\p f x. is-param & = is-subst f = & (map-fm fp) (f z)
= map (map-fm f) (6 p z))
begin

abbreviation (kind = Wits &»
end

sublocale Delta C Consistency-Kind map-fm params-fm is-param kind
(proof)

locale Derivational-Delta = Delta map-fm params-fm is-param

for
map-fm :: <('z = ') = 'fm = 'fm» and
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params-fm :: <'fm = 'z set» and
is-param :: 'z = bool> and
0 fm = 'z = fm listy +
fixes consistent :: <'fm set = booly (<= - [51] 50)
assumes consistent: <\Sp z. p € S = is-param x = = ¢ params S =+ S
= Ftset(0pz)US

sublocale Derivational-Delta C Derivational-Kind map-fm params-fm is-param
kind consistent

{(proof)

locale Weak-Derivational-Delta = Delta map-fm params-fm is-param ¢
for
map-fm :: <('z = 'z) = fm = 'fm» and
params-fm :: <'fm = 'z set) and
is-param :: <’z = booly and
0 fm = 'z = fm listy +
fixes consistent :: <'fm list = booly (< - [51] 50)
assumes consistent: <\NA p z. p € set A = is-param © => = ¢ params (set A)
—FA=FJjp2z@QA

sublocale Weak-Derivational-Delta C Weak-Derivational-Kind map-fm params-fm
is-param kind consistent

(proof)

1.12 Modal

The Hintikka property you want depends on the concrete logic. See Term-
Modal Logics by Fitting, Thalmann and Voronkov, p. 156 bottom.

locale Modal = Params map-fm params-fm is-param
for
map-fm :: <('z = ') = 'fm = 'fm» and
params-fm :: <'fm = 'z set> and
is-param :: 'z = booly +
fixes classify :: 'fm list = ('fm set = 'fm set) x 'fm list = bool> (infix >
50)
and hint :: 'fm set = bool»
assumes modal-map: <\ps F qs f. ps ~g (F, qs) = I G. map (map-fm f) ps
~oa (G, map (map-fm f) 45) A
(VS. map-fm f * F S C G (map-fm f < S))»
and modal-mono: <A\ps F qgs S S’. ps~pg (F, qs) = SCS'"—= FSCFS)
and modal-fin: <A\ps F qs S A. ps ~g (F, qs) = finite A— ACF S =
38’ C S. finite SN ACF S
begin

inductive cond where
cond [introl]: <ps ~q (F, gs) = cond ps (A\C' S. set s U F S € C)
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inductive-cases condE[elim!]: <cond ps Q»

abbreviation kind :: «('z, 'fm) kind> where
<kind = Cond cond hint»

end

locale ModalH = Modal map-fm params-fm is-param classify hint
for
map-fm :: ('t = 'z) = 'fm = 'fm> and
params-fm :: <'fm = 'z set» and
is-param :: <'z = bool> and
classify = 'fm list = ('fm set = 'fm set) x 'fm list = bools (infix ~g> 50)
and
hint :: <'fm set = booly +
assumes modal-hintikka: <\NC S. satg kind C = S € C = mazimal C S =
saty kind S»

sublocale ModalH C Consistency-Kind map-fm params-fm is-param kind
(proof)

locale Derivational-Modal = ModalH map-fm params-fm is-param classify
for
map-fm :: ('t = 'z) = fm = 'fm) and
params-fm :: <'fm = 'z set) and
is-param :: <z = booly and
classify :: 'fm list = ('fm set = 'fm set) x 'fm list = bool) (infix g 50)
Jr
fixes consistent :: <'fm set = booly (<F -» [51] 50)
assumes consistent: <(\S ps F gs. set ps C S = ps~qg (F, ¢s) = F S =F
set gs U F' S»
and params-subset: <Aps F qs S. ps ~q (F, ¢s) = params (F S) C params
Sy

sublocale Derivational-Modal C Derivational-Kind map-fm params-fm is-param
kind consistent

(proof)

locale Weak-Derivational-Modal = ModalH map-fm params-fm is-param classify
for
map-fm :: ('t = 'z) = fm = 'fm» and
params-fm :: <'fm = 'z set) and
is-param :: <’z = booly and
classify :: 'fm list = ('fm set = 'fm set) x 'fm list = bool) (infix ¢~pg) 50)
+
fixes consistent :: <'fm list = booly (<F -» [51] 50)
assumes consistent: <\S ps F gs S'. set ps C set S = ps~pg (F, ¢s) =+ S
= set §'=F (set §) = F ¢gs @ §"
and params-subset: <A\ps F gs S. ps ~g (F, qs) = params (F S) C params
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S»
and F-size: <A\ps F qs S. ps ~q (F, ¢s) = |F' S| <o |S]

sublocale Weak-Derivational-Modal C Weak-Derivational-Kind map-fm params-fm
is-param kind consistent

(proof)

end
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Chapter 2

Example: First-Order Logic
with Restricted Instantiation

theory Example-Bounded-FOL imports
Abstract-Consistency-Property
begin

2.1 Syntax

datatype (params-tm: 'f) tm
= Var nat («#»)
| Fun 'f <'f tm listy (:O»)

abbreviation Const («x») where (xa = Qa []»

datatype (params-fm: 'f, 'p) fm
= Fls (kL)
| Pre 'p f tm listy (<+»)
| Imp <('f, ') frvr <«(’f, 'p) fm» (infixr (—> 55)
| Uni <('f, 'p) fmy (V)

abbreviation Neg :: <(’f, 'p) fm = ('f, 'p) fm» (<= -» [70] 70) where
<mp=p— L

abbreviation has-subterm :: «(’f, 'p) fm) where
chas-subterm = -undefined [#0] — -undefined [#0]

abbreviation with-subterm :: <('f, 'p) fm = (’f, 'p) fm> where
cwith-subterm p = has-subterm — p»

2.2 Semantics

datatype (‘a, 'f, 'p) model = Model <'a sety <nat = 'a> 'f = 'a list = 'a> <'p
= 'a list = bool»
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primrec wf-model :: «(’a, 'f, 'p) model = bool> where
cwf-model (Model UE F G) <— (VYn. Ene€ U)AN(Vfts. Fftse U

fun semantics-tm :: «(nat = 'a) x ('f = 'a list = 'a) = fitm = "o ((-))
where

A(B, ) (#n) = B
| (B, F)) (Of ts) = F [ (map ((E, F)) ts)

primrec add-env :: <'a = (nat = 'a) = nat = ‘o (infix <>> 0) where
(t>s)0=1t
| <«(t > s) (Sucn) =smn

fun semantics-fm :: <(‘a, 'f, 'p) model = ('f, 'p) fm = bool> (infix <|=> 50) where
«(- = L) = Fualser

| «(Model - EF G |= -Pts) = G P (map {(E, F)) ts)»

| {(Model UEF Gl=p— q) = (Model UEF G=p — Model UEF G |=

q)

| «{(Model UEF GE=Vp) = Nz e U. Model U (x> E) F G = p)»

2.3 Operations

primrec lift-tm :: <'f tm = 'f tm> where
ift-tm (#n) = #(n+1)
| <lift-tm (Of ts) = Of (map lift-tm ts)»

primrec sub-tm :: «(nat = 'f tm) = 'f tm = 'f tm)» where
<sub-tm s (#n) = s w
| <sub-tm s (Of ts) = Of (map (sub-tm s) ts)»

primrec sub-fm :: «(nat = 'f tm) = ('f, 'p) fm = (’f, 'p) fm> where
<sub-fm - L = 1>

| <sub-fm s (+P ts) = -P (map (sub-tm s) ts)

| <sub-fm s (p —> ¢) = sub-fm s p —> sub-fm s @

| <sub-fm s (V¥ p) = V (sub-fm (#0 > An. lift-tm (s n)) p)

abbreviation inst-single :: <'f tm = ('f, 'p) fm = ('f, 'p) fm> (<(-)>) where
(t) = sub-fm (t > #)»

abbreviation psub :: <('f = ‘g) = ('f, 'p) fm = ('g, 'p) fm> where
<psub f = map-fm f id>

primrec size-fm :: <«('f, 'p) fm = nat> where
<size-fm L = 1)

| <size-fm (- -) = 1>

| <size-fm (p —> q) = 1 + size-fm p + size-fm ¢

| <size-fm (W p) = 1 + size-fm p»
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2.3.1 Lemmas
lemma wf-model-tm [simp]: <wf-model (Model U E F G) = ((E, F)) t € U>»
{proof)

lemma size-sub-fm [simp]: <size-fm (sub-fm s p) = size-fm p>
(proof)

|
E

lemma upd-params-tm [simp]: <f & params-tm t = ((E, F(f := z))) t
)t
{proof)

lemma upd-params-fm [simpl:
assumes (f ¢ params-fm p
shows «Model UE (F(f :==2z)) G = p<+— Model UEF G E p

(proof)

lemma finite-params-tm [simp]: <finite (params-tm t)»
(proof )

lemma finite-params-fm’ [simp]: «finite (params-fm p)»
(proof )

lemma env [simp]: <P ((z > E) n) = (Pz> An. P (En)) »
{proof)

lemma lift-lemma: <{(z > E, F)) (lift-tm t) = ((E, F)) &
(proof)

lemma sub-tm-semantics: <{(E, F)) (sub-tm s t) = {(An. {(E, F)) (s n), F)) &
(proof)

lemma sub-fm-semantics [simpl:

<Model U E F G |= sub-fm s p <— Model U (An. {(E, F)) (sn)) F G = p
{proof)

lemma map-tm-sub-tm [simpl: <map-tm [ (sub-tm g t) = sub-tm (map-tm f o g)
(map-tm f t)
(proof )

lemma map-tm-lift-tm [simp]: <map-tm f (lift-tm t) = lift-tm (map-tm f t)»
(proof )

lemma psub-sub-fm: <psub f (sub-fm g p) = sub-fm (map-tm f o g) (psub f p)
(proof )

lemma map-tm-inst-single: «(map-tm fo (u > #)) t = (map-tm fu > #) b
(proof)

lemma psub-inst-single [simp]: <psub f ({t)p) = (map-tm [ t)(psud f p)»
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{proof)

2.4 Terms

primrec terms-tm :: 'f tm = 'f tm set> where

<terms-tm (#n) = {#n}p
| <terms-tm (Of ts) = {Of ts} U | (set (map terms-tm ts))»

primrec terms-fm :: <('f, 'p) fm = 'f tm set> where
<terms-fm L = {}

| <terms-fm (-- ts) = | (set (map terms-tm ts))>

| <terms-fm (p —> q) = terms-fm p U terms-fm ¢

| <terms-fm (¥ p) = terms-fm p»

definition terms :: <(’f, 'p) fm set = 'f tm set> where
<terms S = Jp € S. terms-fm p»

2.4.1 Lemmas

lemma terms-mono: <S C S’ = terms S C terms S
(proof)

lemma terms-tm-refl [intro]: <t € terms-tm t»
(proof)

lemma terms-tm-trans [trans]: <s € terms-tm t = r € terms-tm s = r €
terms-tm t»

{proof)

lemma map-terms-tm [simp]: <terms-tm (map-tm f t) = map-tm f  terms-tm t»
(proof )

lemma map-terms-fm [simp]: <terms-fm (map-fm f g p) = map-tm [ ¢ terms-fm p»
(proof )

lemma terms-tm-closed [dest]: <t € terms-tm s = terms-tm t C terms-tm s
{proof)

lemma terms-fm-closed: <t € terms-fm p = terms-tm t C terms-fm p>
(proof )

lemma terms-source: <t € terms S = 38’ C S. finite S’ A t € terms S’
(proof )

lemma terms-tm-Fun: <QOf ts € terms-tm s => t € set ts = t € terms-tm &
(proof)

lemma terms-Fun: <Qf ts € terms S = set ts C terms S»
(proof)
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2.5 Guard

definition guard :: <'a = 'a set = ‘o> (infix <€ 50) where
«xx €28 =ifx € S then x else SOME y. y € S»

lemma guard-in: <S # {} = (z €2 5) € S
{proof)

lemma guard-refl [simp]: <t € S =t €25 =1t
(proof )

2.6 Model Existence

inductive
confi-class == <('f, 'p) fm list = ('f, 'p) fm list = bool> (infix ~x» 50) and
alpha-class :: <('f, 'p) fm list = ('f, 'p) fm list = bool> (infix ~,» 50) and
beta-class :: <('f, 'p) fm list = ('f, 'p) fm list = bool> (infix «~pg> 50) and
gamma-class :: <('f, 'p) fm list = (('f, 'p) fm set = -) x ('f tm = -) = bool»
(infix > 50)
where
CFls [intro): <[ L ] ~x
| CNeg [intro]: <[ = t
| CImpN [intro]: <
| CImpP [intro]: <[ p —> ¢
| CAUP [intro]: <[V p ] ~,

~g[=pq)
terms, At. [ (t)p |)»

~

fun § = «('f, 'p) fm = 'f = ('f, 'p) fm list) where
Wb (mVp)z=[- (xx)p ]
6=

interpretation P: Params psub params-fm «\-. True)
(proof )

interpretation C: Confl psub params-fm «A-. True> confi-class
(proof)

interpretation A: Alpha psub params-fm «\-. True> alpha-class
(proof )

interpretation B: Beta psub params-fm <A-. Trues beta-class
(proof)

interpretation G: Gamma map-tm psub params-fm <\-. True> gamma-class

(proof)

interpretation D: Delta psub params-fm <A-. True> §
(proof)

abbreviation Kinds :: <('f, ('f, 'p) fm) kind list> where
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«Kinds = [C.kind, A.kind, B.kind, G.kind, D.kind]>

lemma propg-Kinds [introl:

assumes (P.satg C.kind C» <P.satgp A.kind C» <P.satg B.kind C) «P.satg
G.kind C»y <P.satg D.kind C»

shows <P.propg Kinds C»

{proof)

interpretation Consistency-Kinds psub params-fm <A-. True> Kinds
(proof )

interpretation Maximal-Consistency psub params-fm «\-. True> Kinds
(proof)

abbreviation canonical :: <('f, 'p) fm set = ('f tm, 'f, 'p) model> where
<canonical H =
Model (terms H) (An. #n €2 terms H) (Af ts. Of ts €? terms H) (AP ts. +P s
€ Hy

lemma wf-canonical:
assumes <terms H # {}
shows <wf-model (canonical H)»

{proof)

lemma canonical-tm-id [simp]:
<t € terms H = {(An. #n €7 terms H, AP ts. OP ts €? terms H)) t = t»
(proof)

lemma canonical-tm-id-map [simpl:

«set ts C terms H = map ((An. #n €2 terms H, AP ts. OP ts €? terms H))
ts = ts»

(proof )

locale MyHintikka = Hintikka psub params-fm <A-. True» Kinds H
for H :: «('f, 'p) fm set> +
assumes terms-ne: <terms H # {}>

begin

lemmas
confl = saty|of C.kind] and
alpha = saty|of A.kind] and
beta = saty|of B.kind] and
gamma = satyg|of G.kind] and
delta = saty[of D.kind)

theorem model: «(p € H — canonical H = p) A (-~ p € H — — canonical H

= p)
(proof)
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end

theorem model-existence:

fixes S :: «('f, 'p) fm set>

assumes (P.propg Kinds C)
and S €
and <«P.enough-new S»
and <terms S # {}
and «p € S»

shows <canonical (mk-mes C S) = p

(proof)

2.7 Compactness

abbreviation semantics-set :: <('a, 'f, 'p) model = ('f, 'p) fm set = bool> (infix
(> 50) where
M=S=VpeS MEp

lemma compact-C: <P.satg C.kind {S :: ('f, 'p) fm set. P.enough-new S A
(VS C S. finite S" — (3(U :: 'a set) E F G. wf-model (Model U E F G) A

Model UEF G |= S")p

(proof)

lemma compact-A: <P.satg A.kind {S :: ('f, 'p) fm set. P.enough-new S A

(VS C S. finite S" — (3(U :: 'a set) E F G. wf-model (Model U E F G) A
Model UEF G |= S")p
(proof)

lemma compact-B: «P.satg B.kind {S :: ('f, 'p) fm set. P.enough-new S A

(VS C S. finite S" — (3(U :: 'a set) E F G. wf-model (Model U E F G) A
Model UEF G |= S")p
(proof)

lemma compact-G: <P.satg G.kind {S :: ('f, 'p) fm set. P.enough-new S A
(V8" C S. finite S" — (3(U :: 'a set) E F G. wf-model (Model U E F G) A

Model UEF G = S)p

(proof)

lemma compact-D: «<P.satg D.kind {S :: ('f, 'p) fm set. P.enough-new S A
(VS'C S. finite S" — (3(U :: 'a set) E F G. wf-model (Model U E F G) A

Model UEF G = S')p

(proof )

lemma compact-prop: <P.propg Kinds {S :: ('f, 'p) fm set. P.enough-new S A
(VS'C S. finite S" — (3(U :: 'a set) E F G. wf-model (Model U E F G) A

Model UE F G |= 8)b

(proof )

theorem compactness:
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fixes S :: «('f, 'p) fm sets

assumes < P.enough-new S»

shows «(3(U :: 'f tm set) E F G. wf-model (Model U E F G) AN Model U E F G
| S) «— (VS'C S. finite S’ — (3(U :: 'f tm set) E F G. wf-model (Model U
EF G) AN Model UEF G |= S")»
(proof )

2.8 Natural Deduction

locale Natural-Deduction
begin

inductive ND-Set :: <('f, 'p) fm set = ('f, 'p) fm = bool> (infix > 50) where
Assm [dest]: sp € A = At p

| FIsE [elim]: <A+ L —= At p

| ImpI [intro]: <{p} UA ¥ ¢ = A+ (p — q)»

| ImpE [dest]: <A (p — q) = Ak p= At ¢

| Unil [intro]: <A ¥ (xa)p = a ¢ P.params ({p} U 4A) = A Vp

| UniE [dest]: <A+ Vp =t € terms ({p} U A) = At (t)p

| Clas: {p — g} UAk+p= At p»

2.8.1 Soundness

theorem soundness-set:
assumes (A + p) <wf-model (Model U E F G)»
shows V¢ € A. Model UEF G = ¢ = Model UEF G = p

{proof)

2.8.2 Derivational Consistency

lemma Boole: «({-~p}UAF L = Ak p»
{proof)

sublocale DC': Derivational-Confl psub params-fm <A-. True> confi-class <\A. —
A L

(proof)

sublocale DA: Derivational-Alpha psub params-fm «A-. Trues alpha-class <AA. —
AF Ly

(proof)

sublocale DB: Derivational-Beta psub params-fm «\-. True> beta-class <AA. = A
= L

(proof)

sublocale DG: Derivational-Gamma map-tm psub params-fm <A-. True) gamma-class
M. - AF L

(proof)
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sublocale DD: Derivational-Delta psub params-fm «A-. True> § <AA. = A+ L
(proof)

sublocale Derivational-Consistency psub params-fm «\-. True> Kinds <\A. = A
1

{proof)

2.8.3 Strong Completeness

lemma with-subterm-elim: <A & with-subterm p = A+ p»
(proof )

theorem strong-completeness:
fixes p :: <('f, 'p) frv
assumes mod: <\(U :: 'f tm set) E F G. wf-model (Model U E F G) =
(Vge A. Model UEF G = q) = Model UEF G = p»
and <«P.enough-new A»
shows <A + p»

(proof)

2.8.4 Natural Deduction with Lists

inductive ND-List :: <('f, 'p) fm list = ('f, 'p) fm = booly (infix «F> 50) where
Assm [simp]: <p € set A= At p

| FIsE [elim]: <AF L = AFpm

| Impl [intro]: <p # A q¢g=— AF p— ¢

| ImpE [dest]: <Abp— ¢q=— At p=— AF ¢

| Unil [intro]: <A & (xa)p => a ¢ P.params ({p} U set A) = A+ Vp

| UniE [dest]: <A Yp =t € terms ({p} U set A) = A+ (t)p

| Clas: «(p — q) # AFp = A+ p

definition bounded :: 'a list = 'a set = ('a list = bool) = bool> where
<bounded K A P =set K C AN (VB. set K C set B—» set BC A — P B)»

lemma bounded-one [elim]:
assumes <bounded K A Py <\NA. PA = Q A
shows <(bounded K A ()

{proof)

lemma bounded-two [elim]:
assumes <bounded K A Py <bounded K' A @» <\NA. PA— QA= R A
shows <bounded (K @ K') A R»

{proof)

lemma bounded-removeAll [dest]:
assumes <bounded K ({p} U A) P»
shows <bounded (removeAll p K) A (AB. P (p # B))

{proof)

lemma bounded-terms:
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assumes <t € terms ({p} U A)
shows ¢ € terms-fm p A bounded [] A (AB. t € terms (set (p # B))) V
(3q € A. t € terms-fm g A bounded [q] A (AB. t € terms (set (p # B))))

{proof)

lemma bounded-params:
assumes <a ¢ P.params ({p} U A)» <bounded K A P»
shows <bounded K A (AB. a ¢ P.params (set (p # B)))»

{proof)

lemma finite-kernel: <A+ p = K. bounded K A (AB. B+ p)»
(proof)

corollary finite-assumptions: <At p = 3B. set BC AN BF p
(proof )

lemma to-set: <A+ p = set At p
(proof)

corollary soundness-list:

assumes (A b p) «wf-model (Model UE F G)) <Vq € set A. Model UE F G |=
@

shows «Model UE F G = p»

(proof )

corollary soundness-nil: <[] F p = wf-model (Model U E F G) = Model U E
FGEp
{proof )

corollary «— ([| F L)»
{proof)

corollary strong-completeness-list:
fixes p :: «('f, 'p) frv>
assumes mod: <A\(U :: 'f tm set) E F G. wf-model (Model UEF G) = (Vq €
A. Model UEF G = q) = Model UEF G E p»
and <P.enough-new A»
shows (IB. set BC AN BF p»

{proof)

theorem main:

fixes p = <«('f, 'p) frv>

assumes (| UNIV :: ('f, 'p) fm set| <o |UNIV :: 'f set|>

shows «[| F p «— (V(U :: 'f tm set) E F G. wf-model (Model U E F G) —
Model UE F G = p)

{proof)

end
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2.9 Tableau

locale Tableau
begin

inductive TC :: «('f, 'p) fm set = bool> («+ - [51] 50) where
Aziom [simp]: <— -Pts€ A= -Pts€ A = F A
| FIsP [simp]: <L € A = F A
| FIsN [intro]: <+ A = F{= L} U A
| ImpP [intro]: <+ {~ptUA=F{qJUA=F{p— ¢t UAD
| ImpN [intro]: ¢+ {p, " g} UA=F{=(p — ¢} U D
| UniP [intro]: <+ {(t)p} U A =t € terms ({p} U A) = F {Vp} U 4
| UniN [intro]: <+ {= (xa)p} U A = a ¢ P.params ({p} U A) = F {=Vp} U
A

2.9.1 Soundness

theorem soundness:
assumes - Ay «wf-model (Model U E F G)»
shows <3¢ € A. - Model UEF G = ¢

{proof)

2.9.2 Derivational Consistency

sublocale DC': Derivational-Confl psub params-fm <A\-. True> confi-class <\A. —
F A

(proof)

sublocale DA: Derivational-Alpha psub params-fm «A-. Trues alpha-class <AA. —
A

(proof)

sublocale DB: Derivational-Beta psub params-fm <A-. True> beta-class <AA. =
A»

(proof)

sublocale DG: Derivational-Gamma map-tm psub params-fm <A-. True) gamma-class
AA. = Ay

(proof)

sublocale DD: Derivational-Delta psub params-fm «\-. True> 6 <ANA. =+ A»
(proof)

sublocale Derivational-Consistency psub params-fm <A-. True> Kinds <(AA. = +
Ay

(proof)

2.9.3 Strong Completeness

theorem strong-completeness:
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fixes p :: <('f, 'p) fov
assumes mod: <A\(U :: 'f tm set) E F G. wf-model (Model UEF G) = (Vq €
A. Model UEF G = q) = Model UEF G = p
and <«P.enough-new A»
shows <+ {— with-subterm p} U A»

(proof)

end

end
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Chapter 3

Example: Second-Order
Logic

Generalizes [4] and [5] from first-order logic to second-order logic

theory Example-SOL imports
Abstract-Consistency-Property
begin

3.1 Syntax

datatype (params-sym:'f) sym
= VarS nat («#2>)
| SymS 'f («O2)

datatype (params-tm: 'f) tm
= Var nat («#»)
| Fun <'f sym> <f tm list» (1O»)
| Cst 'f (%)

datatype (params-fm: 'f) fm
= Falsity (<L)
| is-Pre: Pre <'f symy> f tm list> (<+»)
| Imp 'f fmy 'f fmy (infixr (—) 55)
| Uni f fmy (V)
| UniP {'f fmy» (<V p»)
| UniF 'f fmy (<Y )

abbreviation Neg (<= -» [70] 70) where <= p = p — L»

abbreviation And (infix <A» 50) where <p A ¢ == (p —> — q)»

abbreviation Iff (infix <+—» 50) where (p +— ¢ = (p — ¢) A (¢ — p)

abbreviation Eql (<- = -») where «t1 = t2 = (Vp ((:(#2 0) [t1]) «— ((#2
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0) [t2])))>
abbreviation EziF (<3 p») where (3 p p = =(V p(—p))
abbreviation EziP (<3 p») where <3 p p = —(V p(—p))»

term V(L — («(O2 "P") [O(O2 "f") [#0]]))

3.2 Semantics

definition shift (¢-(-:-)>) where
<E{n:xy m = if m < n then E m else if m = n then z else E (m—1))

primrec semantics-fn (<{-, -)2>) where
(EFp, F)2 (#21n) = Ep n
| {Ep, F)2 (O2 f) = F [

primrec semantics-tm (<{-,-, -, -)») where

(E, Ep, C, F) (#n) = En
| {E, Er, C, F) (Of ts) = ({EF, F)2 f) (map {E, Er, C, F) ts)
| {E, Ep, C, F) (x ¢)=Co

fun semantics-fm (infix <=> 50) where
(= = = = = =~ -) E L) = False
| (((E, EF, Ep, C, F‘7 G, PS7 FS) ': -P tS) = qu, GDQ P (map qE, E‘F7 C, FD
ts)»
|(((E Ep, Ep, C, F, G, PS, FS)':p—)q)
<((E Ep, Ep7 C, F, G PS FS) ):‘v’p) (Vz. (E(0:z), Ep, Ep, C, F, G, PS,
FS) = p)
| «((E, Ep, Ep, C, F, G, PS, FS) =V pp) = Yz € PS. (E, Er, Ep(0:x), C,
F, G, PS, FS) = p)»
| ((E, FEr, Ep, C, F, G, PS, FS) ': VF])) = (VEL’ € FS. (E, EF<0:I>, Ep, C, F,
G, PS, FS) |= p)

((E, Ep, Ep, C, F, G, PS, FS)

proposition «(E, Ep, Ep, C, F, G, PS, FS) = (Y (-P [# 0]) — -P [*a])
(proof)

3.3 Operations

3.3.1 Shift

context fixes n m :: nat begin

lemma shift-eq [simp]: <n = m = E(n:x) m = )
{proof)

lemma shift-gt [simp]: «<m < n = E{n:z) m = E m»
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{proof)

lemma shift-lt [simp]: «<n < m = E(n:z) m = E (m—1)»
{proof)

lemma shift-commute [simpl: <(E(n:y)(0:x)) = (E{0:x)(n+1:y))
(proof)

end

3.3.2 Parameters

abbreviation (params S = |Jp € S. params-fm p»

lemma upd-params-sym [simp]: <f ¢ params-sym fn = (Ep, F(f := x))a fn =
QEF, F[>2 fn>
(proof )

lemma upd-params-tm [simpl: <f ¢ params-tm t = (E, Ep, C, F(f := z)) t =
(E, Ep, C, F) b

(proof )
lemma upd-params-tm-c [simp]: <c ¢ params-tm t = (E, Er, C(c := z), F) t
— (B, Ep, C, F) b

(proof )
lemma upd-params-fm [simp]: <f ¢ params-fm p = (E, Ep, Ep, C, F(f := z),
@, PS, FS) = p < (E, Ep, Ep, C, F, G, PS, FS) = p>

(proof )
lemma upd-params-fm-c [simp|: <¢ ¢ params-fm p = (E, Ep, Ep, C(c := x),
F, G, PS, FS) = p «— (E, Ep, Ep, C, F, G, PS, FS) & p»

(proof )

lemma upd-params-fm-G [simp]: <P ¢ params-fm p = (E, Er, Ep, C, F, G(P
:==z), PS, FS) = p+— (E, Er, Ep, C, F, G, PS, FS) = p
(proof )

lemma finite-params-sym [simp]: <finite (params-sym fn))
(proof )

lemma finite-params-tm [simp]: <finite (params-tm t)»
(proof)

lemma finite-params-fm [simp]: <finite (params-fm p)»
(proof )

3.3.3 Instantiation

primrec lift-tm («1») where
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A(#n) = #(n+1)
| M(Of ts) = Of (map T ts)
| «t(xc) =% o

primrec lift-sym («T2)) where
Pa(#2 n) = #2 (n+1)
| 12(O2 p) = Oz p

primrec lift-fn («1F>) where
Ar(#n) = #n

| <Tr(Of ts) = O(T2 f) (map Tr ts)

| <tr(* ¢) =% o

primrec inst-tm (<{-'/-)») where

{s/m)(#n) = (if n < m then #n else if n = m then s else #(n—1))
| «(s/m)(Of ts) = Of (map {s/m) ts)
| <«{s/m)(*xc) = x>

primrec inst-sym (<{-'/-)2>) where
{s/mYa (#2 n) = (if n < m then #2 n else if n = m then s else #2 (n—1))
| ({s/m)2 (O2 p) = O2 p

primrec inst-fn (<{(-'/-) r») where

«(s/m)p(#n) = (#n)
| (s/m)r(Of ts) = O({s/m)2 f) (map (s/m)F ts)
| «{s/m)Fp(xc) = (kc)
primrec inst-fm («(-'/-)») where
-/ L =1,
| «(s/m)(-P ts) = -P (map {s/m) ts)
| (s/m)(p —> q) = (s/m)p —> (s/m)q
| «(s/m)(V p) =V ((Ts/m+1)p)
| «(s/m)(¥ pp) = V¥ p({s/m)p)>
| (s/m)(V rp) =V r((tr s/m)p)

primrec inst-fm-P («(-'/-)p>) where
(-/-ypL = Ly
s/myp(+P ts) = «({s/m)s P) ts»

|
| «(s/m)p(p — (1) (s/m)pp —> (s/m)pq>
| {s/m)p(¥p) =V ({s/m)pp)
| (s/m)p(¥ pp) =V p((T2 s/m+1)pp)
| {s/m)p(V rp) =V r((s/m)pp)
primrec inst-fm-F («{-'/-)p>) where
-/ pL =1
| «(s/m)p(-P ts) = -P (map {s/m)p ts)
| {s/m)r(p —> q) = (s/m)rp —> (s/m)F@
| s/m)e(¥ p) = ¥ ((s/m)rp)
| s/m)e(¥ pp) = ¥ p((s/m)pp)
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| {s/m)p(¥Y Fp) =V p((T2 s/m+1)Fp)

lemma lift-lemma [simp]: <(E(0:z), Ep, C, F) (1t) = (E, Ep, C, F) ¥
{proof)

lemma lift-lemma-P [simp]: <{Ep{(0:x), G)o (T2 P) = (Ep, G2 P>
{proof )

lemma lift-lemma-F [simp): <{E, Ep{0:z), C, F) (TFr tm) = {E, Ep, C, F) tm»
{proof)

lemma inst-tm-semantics [simp]: <(E, Er, C, F) ({s/m)t) = (E(m:(E, Ep, C,
F) s), Ep, C, F) t»
{proof)

lemma inst-sym-semantics [simp]: <(Ep, G)a ({s/m)2 fn) = (Ep(m:{Er, G)2
sy, Gha fn
{proof )

lemma inst-tm-semantics-F [simp]: <(E, Ep, C, F) ({s/m)Fr t) ={E, Ep(m:(EF,
FDQ S>7 C, F|> ty
{proof)

lemma inst-fm-semantics-F [simp]:
((E, Er, Ep, C, F, G, PS7 FS) lZ ((t/m>p p) — (E7 Ep<m:QEF, F|>2 t>,
Ep, C, F, G, PS, FS) = p
(proof )

lemma inst-fm-semantics [simpl:

«(E, Ep, Ep, C, F, G, PS, FS) = ((t/m)p) +— (E(m:(E, Er, C, F) t), Ep,
Ep, C, F, G, PS, FS) = p

(proof )

lemma inst-fm-semantics-P [simp|: «(E, Ep, Ep, C, F, G, PS, FS) = ((P/m)pp)
«— (E, Ep, Ep(m:(Ep, G)2 P), C, F, G, PS, FS) = p
{proof)

3.3.4 Size

The built-in size is not invariant under substitution.

primrec size-fm where
<size-fm L = 1>
| <size-fm (-- -) =

| <size-fm (p — q) = 1 + size-fm p + size-fm @
| <size-fm (W p) = 1 —|— size-fm p»

| <size-fm (V¥ pp) = 1 + size-fm p»

| <size-fm (¥ pp) = 1 + size-fm p»

lemma size-inst-fm [simpl: <size-fm ({t/m)p) = size-fm p»
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{proof)

lemma size-inst-fm-P [simp]: <size-fm ({(¢/m)pp) = size-fm p»
{proof)

lemma size-inst-fm-F [simp]: <size-fm ({t/m)pp) = size-fm p>
(proof)

3.4 Model Existence

inductive confl-class :: <'f fm list = 'f fm list = bool> (infix (~ x> 50) where
CFls: <[ L]~x [ L]
| CNeg: <[ = (+Pts) | ~x [ -Pts]

inductive alpha-class :: <'f fm list = 'f fm list = bools (infix (~,» 50) where
CImpN: <[~ (p— q) | ~a [P, 7 q)]

inductive beta-class :: <'f fm list = 'f fm list = bool) (infix (~p> 50) where
CImpP: ([p —> q]l~ps [~ p, q)

inductive gamma-class :: <'f fm list = ('f tm = 'f fm list) = bool> (infix ~.»
50) where
CAUP: <[V p ]~y (At [ (t/0)p ])

inductive gamma-class-P :: 'f fm list = ('f sym = 'f fm list) = bool> (infix
(~p» 50) where
CAUPP: ((Vp pl~yp (Xs. [ (s/0)p p )

inductive gamma-class-F :: 'f fm list = ('f sym = 'f fm list) = bool> (infix
(~p» 50) where
CAUFP: (([Np p]~yr (As. [ (s/0)F p])

fun § :: ('f fm = 'f = 'f fm list) where
CAIIN: & (=Vp)z=[—- (xz/0)p]
| CAII2PN: <6 (=Vpp)z=[—{(022/0)pp)
| CAIlI2FN: 6 ( —|VF p) r = [—| <OQ .Z'/0>F p])
| NOMATCH: <6 - - =[]

interpretation P: Params map-fm params-fm <\-. True»

{proof)

interpretation C: Confl map-fm params-fm «\-. True) confil-class
(proof)

interpretation A: Alpha map-fm params-fm <\-. True> alpha-class
(proof )

interpretation B: Beta map-fm params-fm <\-. Trues beta-class
(proof)
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lemma map-tm-inst-tm [simp]:
map-tm f ({t/n) z) = (map-tm ft/n) (map-tm f z)
(proof )

lemma map-tm-lift-tm [simp]: map-tm f (1 t) = 1 (map-tm [ t)
(proof)

lemma map-sym-lift-fn [simp]: <map-sym [ (T2 t) = T2 (map-sym f t)»
(proof)

lemma map-tm-lift-fn [simp]: map-tm f (Tr t) = T# (map-tm f t)
(proof )

lemma map-fm-inst-single [simp]: <map-fm f ((t/m)p) = (map-tm f t/m)(map-fm
fp)
(proof)

lemma map-sym-inst-sym [simpl: <map-sym [ ({¢/m)2 p) = {map-sym f t/m)s
(map-sym f p)>
(proof)

lemma psub-inst-single’ [simp]: <map-fm f ({t/m)p p) = (map-sym ft/m)p(map-fm
fp)
(proof )

lemma map-tm-inst-fn [simp]: <map-tm f ({¢/m)r s) = {map-sym ft/m)r (map-tm
fsp
(proof)

lemma psub-inst-single’ [simp]: <map-fm f ((t/m)F p) = (map-sym ft/m)p(map-fm
fp)
{proof )

interpretation G: Gamma-UNIV map-tm map-fm params-fm <A-. True) gamma-class
(proof )

interpretation Gp: Gamma-UNIV map-sym map-fm params-fm <\-. Truey gamma-class-P
(proof)

interpretation Gp: Gamma-UNIV map-sym map-fm params-fm <\-. Truey gamma-class-F
(proof )

interpretation D: Delta map-fm params-fm «\-. True) 0
(proof)

abbreviation Kinds :: <('z, 'z fm) kind list> where
«Kinds = [C.kind, A.kind, B.kind, G.kind, Gp.kind, Gp.kind, D.kind]
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lemma propg-Kinds:
assumes (P.satp C.kind C» <P.satp A.kind C» <P.satgp B.kind C)» (P.satg
G.kind C»y <P.satg Gp.kind C»
«<P.satg Gpg.kind Cy (P.satg D.kind C»
shows <P.propg Kinds C»

{proof)

interpretation Consistency-Kinds map-fm params-fm <\-. True> Kinds
(proof )

interpretation Maximal-Consistency map-fm params-fm <\-. True> Kinds

(proof)
abbreviation henvp where henvp H == An ts. -«(#2 n) ts € H

abbreviation hpred where hpred H == AP ts. -(QO2 P) ts € H

abbreviation hdomp where hdomp H == range (henvp H) U range (hpred H)
abbreviation henvy where henvp == Af. O (#2 f)

abbreviation hfun where hfun == A\f. O (O2 f)

definition hdomp where hdomp == range henvp U range hfun

abbreviation (input) hmodel (<[-]») where <[H] = (#, henvg, henvp H, %, hfun,
hpred H, hdomp H, hdomp)»

lemma semantics-tm-id [simp|: <(#, henvp , x , Af. O (O2 f) Pt =10
(proof)

lemma semantics-tm-id-map [simp]: <map {#, Nf. O (F=2 f) , x», Af- O (O2 f) )
ts = ts)

{proof)

lemma semantics-fn-h [simp]: <{henvp S, hpred S)o P ts «— -Pts € S
(proof)

lemma canonical-henvp:
Nt. (#, henvp, (henvp S){0:(henvp S, hpred S)o t), x, hfun, hpred S, hdomp
S, hdomp) = p =
(#, henvp, (henvp S)(0:henvp S n), *, hfun, hpred S, hdomp S, hdomp) |=
»
(proof)

lemma canonical-hpred:
NVt (#, henvp, (henvp S)(0:({henvp S, hpred S)a t), *, hfun, hpred S, hdomp
S, hdomp) E p =
(#, henvgp, (henvp S)(0:hpred S P), %, hfun, hpred S, hdomp S, hdomp) |E
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D>
{proof)

lemma canonical-henvg:
Nt (#, henvp(0:(henvp, hfun)s t), henvp S, %, hfun, hpred S, hdomp S,
hdomp) = p =
(#, henvp(0:henvg f), henvp S, x, hfun, hpred S, hdomp S, hdomp) = p
(proof )

lemma canonical-hfun:
Nt (#, henvp(0:(henvp, hfun)s t), henvp S, %, hfun, hpred S, hdomp S,
hdomp) = p =
(#, henvp(0:hfun f), henvp S, %, hfun, hpred S, hdomp S, hdomp) = p»
(proof)

locale MyHintikka = Hintikka map-fm params-fm <\-. True> Kinds S for S :: <z
fm sety
begin

lemmas
confl = saty|of C.kind] and
alpha = satglof A.kind] and
beta = saty|of B.kind] and
gammaFO = saty|of G.kind] and
gamma2P = saty|of Gp.kind] and
gamma2F = saty|of Gp.kind] and
delta = satp|of D.kind)

theorem model: «(p € S — [S]EP) A(mpe S — = [S] Epp
(proof )

end

theorem model-existence:
fixes S :: 'z fm set»
assumes <P.propg Kinds C»
and S € C»
and <«P.enough-new S»
and p € S
shows «[mk-mes C S| = p

(proof)

3.5 Propositional Semantics

primrec boolean where
<boolean - - 1 = Fulse»
| <boolean G - (-P ts) = G P ts»
| <boolean G A (p —> q) = (boolean G A p — boolean G A q)»
| <boolean - A (Vp) = A (Vp)
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| <boolean - A (V pp
| <boolean - A (V¥ pp

—~ —

abbreviation <tautology p =V G A. boolean G A p»

proposition <tautology (V (+P [#0]) —> VY (-P [#0]))
{proof)

lemma boolean-semantics: <boolean (Aa. {Ep,G)2 a o map (E, Ep, C, F)) (Ap.
(E, fap7 E‘p7 C, F, G, PS, FS) ': p) = ()\p (E‘7 EF, Ep, C, f‘j7 G’7 PS, FS) ':
p)

(proof )

lemma tautology[simp]: <tautology p = (E, Er, Ep, C, F, G, PS, FS) = p
(proof )

proposition <Ip. VE Er Ep CF G PSFS. (E, Ep, Ep, C, F, G, PS, FS) E
p) A — tautology p>
(proof )

3.6 Calculus

Adapted from System Q1 by Smullyan in First-Order Logic (1968).

inductive Aziomatic (<+ - [50] 50) where
TA: <tautology p = + p
| IA: <tV p —> (¢t/0)p>
| [APZ s Vpp e <8/0>Pp)
| ]AFZ = va e <8/0>Fp)
| MP: ¢t p — ¢ =Fp=1F ¢
| GR: <+ ¢ — (*a/0)p = a ¢ params {p, ¢} —=F ¢ — Vp
| GRp: <+ g —> (O2 a/0)pp = a ¢ params {p, ¢} =+ ¢ —> V pp
| GRp: <+ g —> (O2 a/0)rp = a & params {p, ¢} = F ¢ —> Vrp

We simulate assumptions on the lhs of - with a chain of implications on the
rhs.

primrec imply (infixr <~»» 56) where
f~a=0
| «(p# ps~ q) = (p —> ps~ q)

abbreviation Aziomatic-assms («- £ -» [50, 50] 50) where
psE q=F ps~ @

3.7 Soundness

fun wf-model where

<wf-model (E, Er, Ep, C, F, G, PS, F'S) +— range G C PS A range Ep C PS
A range F C FS A range Ep C FS»
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theorem soundness:

shows - p = wf-model (E, Fr, Ep, C, F, G, PS, FS) = (F, Ep, Ep, C,
F, G, PS, FS) E »
(proof)

corollary - (F L)
{proof)

3.8 Derived Rules

lemma Impl: <+ ¢ — p — @
and Imp2: «+ (p — q¢q—1r) — (p — q) — p —> 1
and Neg: (- == p — »
(proof )

The tautology axiom TA is not used directly beyond this point.
lemma Tran” «+ (¢ — 1) — (p — ¢) — p — 1

{proof)

lemma Swap: <k (p — ¢ —> 1) — ¢ —> p —> ™
(proof )

lemma Tran: <+ (p — ¢) — (¢ —> 1) —> p —> ™
{proof)

Note that contraposition in the other direction is an instance of the lemma
Tran.

lemma contraposition: <+ (= ¢ — = p) — p — @
(proof)

lemma GR" < = (xa/0)p — ¢ = a ¢ params {p, ¢} =+ - Vp) — ¢
(proof)

lemma GRp" <+ = (O2P/0)pp —> ¢ = P ¢ params {p, ¢} = + = (V pp)
— @
(proof)
lemma GRp” <+ = (O2F/0)rp — ¢ = F ¢ params {p, ¢} = F = (VFrp)
— @

(proof)

lemma imply-ImpE: <k ps~ p —> ps~ (p —> q) —> ps~ @

{(proof)

lemma MP'": <pstp — qg=—pst p = pst @
(proof )
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lemma imply-Cons [intro]: <pst q = p # pst ¢
(proof )

lemma imply-head [intro]: <p # ps F p
(proof )

lemma add-imply [simp]: <+ ¢ = ps F ¢
(proof )

lemma imply-mem [simp]: <p € set ps = pst+
(proof )

lemma deductl: <pskp — q¢q=p #H pst ¢
{proof)

lemma imply-append [iff]: «(ps Q gs ~ 1) = (ps~> ¢gs~ )
(proof)

lemma imply-swap-append: <ps Q gs = r = qs Q ps - r
(proof)

lemma deduct2: <p # pstq= pstp — @
(proof)

lemmas deduct [iff] = deductl deduct?

lemma cut: <p # pstr—=— q# pstp=— q#H psknr
(proof)

lemma Boole: «(— p) # pst+ L = pstk p
(proof )

lemma imply-weaken: <ps = q = set ps C set ps’ = ps’' - ¢
(proof )

3.9 Derivational Consistency

interpretation DC: Weak-Derivational-Confl map-fm params-fm <A-. True> confi-class
AA. - AF Ly

(proof)

interpretation DA: Weak-Derivational-Alpha map-fm params-fm <\-. True> al-
pha-class <\A. = A+ L»

(proof)

interpretation DB: Weak-Derivational-Beta map-fm params-fm <A-. True> beta-class
ANA. - AF L

(proof)
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interpretation DG: Weak-Derivational-Gamma map-tm map-fm params-fm <\-.
True> G.classify-UNIV (AA. = A+ L

(proof)

interpretation DG p: Weak-Derivational-Gamma map-sym map-fm params-fm <\-.
Truey Gp.classify-UNIV < AA. = AF L»

(proof)

interpretation DG g: Weak-Derivational-Gamma map-sym map-fm params-fm <\-.
Truey Gp.classify-UNIV (AA. = AF L

(proof)

lemma imply-params-fm: <params-fm (ps ~ q) = params-fm q¢ U ((Jp € set ps.
params-fm p)»
(proof )

interpretation DD: Weak-Derivational-Delta map-fm params-fm «\-. True> § <\A.
- AF L

(proof)
term P.params

interpretation Weak-Derivational-Consistency map-fm params-fm <A-. Truey Kinds
ANA. - AF L

(proof)

theorem weak-completeness:
fixes p :: 'z frv
assumes mod: <V (E :: - = 'z tm) Ep Ep C F G PS FS. wf-model (E, Er, Ep,
C,F, G, PS, FS) — (Vq € setps. (E, Er, Ep, C, F, G, PS, FS) = q) — (E,
EF, EP, C, F, G, PS, FS) ‘: »
and <P.enough-new (set ps)»
shows (ps - p»

(proof)

theorem completeness:
fixes p :: <z frmo
assumes <V (F :: nat = 'z tm) Ep Ep C F G PS FS. wf-model (E, Er, Ep,
C,F, G, PS, FS)— (E, Er, Ep, C, F, G, PS, FS) = p
and ¢|UNIV :: 'z fm set| <o |UNIV :: 'z set)
shows <+ p»
(proof )

3.10 Natural Deduction

locale Natural-Deduction
begin

inductive ND-Set :: 'z fm set = 'z fm = bool> (infix «+> 50) where
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Assm [dest]: «xp € A = At p
| FIsE [elim]: <A+ L = At p
| Impl [intro]: {p} UAF ¢q= At p— ¢
| ImpFE [dest]: <Ak p— q¢g= At p= At ¢
| Unil [intro]: <A ¥ (xa/0)p = a ¢ P.params ({p} U A) = A+ Vm
| UniE [dest]: <AFVp = At (t/0)p
| Unilp [intro]: <A ¥ (O2 a/0)p p = a ¢ P.params ({p} U A) = A+ Vp p
| UniEp [dest]: <AF-Vpp=— Akt (s/0)p »
| Unilp [intro]: <A ¥ (O2 a/0)r p = a ¢ P.params ({p} U A) = A+ Vr p
| UniER [dest]: <AV prpp=— Akt (s/0)Fr p
| Clas: {p — ¢} UAF+p= At p

3.10.1 Soundness

theorem soundness-set:

assumes (A = p» «wf-model (E, Ep, Ep, C, F, G, PS, FS)»

shows V¢ € A. (E, Er, Ep, C, F, G, PS, FS) ): q — (E, Er, Ep, C, F,
G, PS, FS) E p»

(proof)

3.10.2 Derivational Consistency

lemma Boole: <{~p}UAF+ L = A+ p»
{proof)

sublocale DC: Derivational-Confl map-fm params-fm «A-. True> confl-class <\A.
Ak L

(proof)

sublocale DA: Derivational-Alpha map-fm params-fm «\-. True> alpha-class <\A.
- Ak L

(proof)

sublocale DB: Derivational-Beta map-fm params-fm <\-. Trues beta-class <A\A. =
AF Ly

(proof)

sublocale DG: Derivational-Gamma map-tm map-fm params-fm «<A-. True> G.classify-UNIV
ANA. - AF L

(proof)

sublocale DGP: Derivational-Gamma map-sym map-fm params-fm <A-. True»
Gp.classify-UNIV <\A. = A+ L

(proof)

sublocale DGF: Derivational-Gamma map-sym map-fm params-fm <A\-. True»
Gp.classify-UNIV <\A. - A+ L

(proof)

sublocale DD: Derivational-Delta map-fm params-fm <\-. True) 6 <AA. = A+ L»
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(proof)

sublocale Derivational-Consistency map-fm params-fm <A-. True> Kinds <\A. —
AF Ly

(proof)

3.10.3 Strong Completeness

theorem strong-completeness:
fixes p :: 'z frv
assumes mod: <\(E :: nat = 'z tm) Ep Ep C F G PS FS. wf-model (E, Ep,
Ep, C, F, G, PS, FS) =
(Vq e A. (E, Er, Ep, C, F, G, PS, FS) ': q) - (l‘j7 Er, Ep, C, F, G,
PS, FS) = p
and <«P.enough-new A>
shows <A + p»

(proof)

proposition <3 M. wf-model M>»
(proof)

end

end
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Chapter 4

Example: Prior’s Ideal Logic

theory FExample-PIL imports
Abstract-Consistency-Property
HOL— Number-Theory. Number-Theory
begin

no-syntax
-Pi = pttrn = 'a set = 'b set = (‘a = 'b) set
(<(<indent=3 notation=<binder TIenIl -€-./ -)» 10)

4.1 Syntax

datatype (symbols-tm: 'x) tm
= Var nat (x#)
| Sym 'z (xO»)

datatype (symbols-fm: 'z) fm
= Tml 'z tmy (<)
| TmP 'z tm) (<)
| Neg 'z fmy (<= - [70] 70)
| Con <"z fmy <'z fm) (infixr <A> 35)
| Box 'z fmy ()
| Sat <z tmy 'z fmy ((@))
| Glo <z fmy (<A»)
| Dwn <z fm> ()
| All <’z fmy (k)

abbreviation Fls :: <z fm) (<L») where
<L = undefined A = undefined>

abbreviation Imp :: <z fm = 'z fm = 'z fm) (infixr <—» 55) where
p—>q="(pA g

abbreviation Dia :: <'z fm = 'z fm» («&») where
O p = (D (—| p)))
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type-synonym 'z Ibd = 'z tm x 'z fm>

4.2 Semantics

record 'w frame =
W fw sety
R 'w = 'w set

record 'w gframe = 'w frame> +
IT :: <'w set set
record ('z, 'w) model = 'w gframes +

Nz = "w

N :: <nat = 'w
Vi = 'w set
U i «<nat = 'w set>

abbreviation «Model WRPINe Vf=(W=W,R=R II=P[LN=NN
=e, V=V, 0=f)

definition admissible :: <'w frame = 'w set set = bool> where
<admissible M PI =
VX ePILWM-Xe€PI)A
(VXePIVYePlL.XNYePI)A
VXePlL.{weWMVYveRMuw ve X} e PI)

definition wf-frame :: <'w frame = bool> where
cwf-frame M =W M #{} N\R M ‘W M C Pow (W M)

definition wf-gframe :: ('w gframe = bool> where
«wf-gframe M = wf-frame (frame.truncate M) NTI M # {} AII M C Pow (W
M) A admissible (frame.truncate M) (I M)»

definition wf-env :: «('z, 'w) model = bool> where

(
<wf-env M = range (N M) CW M A range (Mt M) C W M A range (V M) C
II M A range (B M) CII M>

definition wf-model :: «('z, 'w) model = booly where
cwf-model M = wf-gframe (gframe.truncate M) N wf-env M>

lemmas unfolds =
model.defs gframe.defs frame.defs
model.select-convs gframe.select-convs frame.select-convs

context
fixes M :: «('z, 'w) model
assumes wf: <wf-model M)>
begin
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lemma wf-compl: <X e 1 M = W M — X € Il M»
(proof)

lemma wf-inter: < X ell M = YellM = XNYell M»
(proof )

lemma wf-modal: < X eI M = {weWM.YveR Mw. ve X} ell M
{proof)

lemma wf-empty: «({} € II M>»

(proof)
lemma wf-univ: W M € I1 M»
(proof)
lemma wf-Il: <P eIl M = P CW M
(proof)
lemma wf-N: N MieW M
(proof)
lemma wf-N: N MneW M
(proof)
lemma wf-V: <V M P € II M»
(proof)
lemma wf-V': <V Mn CW M)
(proof )
lemma wf-*0: <¥ M n € II M)
(proof)
lemma w0 <0 M n CW M)
(proof )
end
type-synonym ('z, ‘w) ctz = «('z, 'w) model x 'w»

primrec add-env :: <'a = (nat = 'a) = nat = ‘o (infixr <> 0) where
(t>e€) 0=1
| <(->¢€) (Sucn) =emn

fun semantics :: «('z, 'w) ctr = 'z fm = booly (infix =) 50) where
(M, w) E -t) = (case-tm (M M) (N M) t = w)

| «((M, w) = -P) = (w € case-tm (LB M) (V M) P)»

| (M, w) = (= p)) = (= (M, w) |= p)
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| (M, w) = (p A q)) = ((M,w)lsz( , w) = gqp

| (M, w) FOp)=(VveRMuw (M, v) [ p)

| (M. ) | @i'p) = (M, case-tm (R M) (N M) i) = p)>

| (M, -) = Ap)=(VveWM (M) p)p

(M, w) E 4 p) = (MR = (w > 2N M), w) E p)»

| «(M,w) =V p)=(Pecll M. (M(T := (P> T M)), w) = p)»

lemma (M, w) = J(-(#0))
{proof)

le<mm<"}><(M7 w) =V (@(OFk) («(#0))) — @(OFk) (V (-(#0)))
Proo

le<mma}><(M, w) | @(OFk) (V(:(#0))) — V(Q(Ok) (-(#0)))
PTOO,

lemma (wf-model M = (M, w) = V («(#0)) — P>
(proof )

ten;gna cwf-model M = (M, w) =V (@Q(Ok) (+«(#0))) — 1(-(Ok) — Q(#0)
<P))

{proof)
4.3 Operations

abbreviation map-lbd :: «('z = 'k) = 'z Ibd = 'k Ibd> where
<map-lbd f = map-prod (map-tm f) (map-fm f)

primrec symbols-lbd :: <’z lIbd = 'z set» where
<symbols-lbd (i, p) = symbols-tm i U symbols-fm p»

abbreviation symbols :: «'z Ibd set = 'z set> where
<symbols S = Jip € S. symbols-lbd ip»

abbreviation lift-tm :: <nat = 'z tm = 'z tm»> where
lift-tm m = case-tm (An. if n < m then #n else #(n + m + 1)) O»

primrec vars-tm :: <nat = 'z tm = nat set> where
wars-tm m (#n) = (if n < m then {} else {n})»
| <wars-tm - (O-) = {}

primrec vars-fm :: <nat = 'z fm = nat set> where

cvars-fm m (+t) = vars-tm m t»
| <vars-fm m (-P) = vars-tm m P»
| <wars-fm m (= p) = vars-fm m p
| <vars-fm m (p A q) = vars-fm m p U vars-fm m ¢
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| <vars-fm m (O p) = vars-fm m p

| <vars-fm m (@i p) = vars-tm m i U vars-fm m p
| <vars-fm m (A p) = vars-fm m p»

| <vars-fm m ({ p) = vars-fm (m + 1) p>

| <vars-fm m (¥ p) = vars-fm (m + 1) p
Nominals

primrec sub-tm :: <(nat = 'z tm) = 'z tm = 'z tm)» where
csub-tm s (#n) = s w

| <sub-tm - (Ok) = Ok>

primrec sub-nom :: «(nat = 'z tm) = 'z fm = 'z fm)» where

<sub-nom s (+t) = (sub tm s t)
| <sub-nom - (+P) =
| <sub-nom s (— p) = — sub-nom s p»
| <sub-nom s (p A q) = (sub-nom s p A sub-nom s q)»
| <sub-nom s (O p) = O(sub-nom s p)»
| <sub-nom s (Qi p) = (sub—tm s 1) (sub-nom s p)»
| <sub-nom s (A p) = A (sub-nom s p)»
| <sub-nom s (] p) = (sub nom (#0 > An. lift-tm 0 (s n)) p)
| <sub-nom s (VY p) =V (sub-nom s p)»

abbreviation inst-single-nom :: 'z tm = 'z fm = 'z fm» («(-);») where
«(t); = sub-nom (t > #)»

Propositions

fun softqdf :: <’z fm = bool> where

<softqdf (--) = False>
| <softqdf (-P) = True»
| «softqdf (= p) = softqdf p>
| <softqdf (p N q) = (softqdf p A softqdf q)»
| <softqdf (O p) = softqdf p»
| «softqdf (@i p) = softqdf p»
| <softqdf (A p) = softqdf p»
| <softqdf ({ p) = False
| <softqdf (¥ p) = False»

abbreviation softqdf-sub :: «(nat = 'z fm) = bool> where
<softqdf-sub s = Y n. softqdf (s n)»

primrec lift-fm-nom :: <nat = 'z fm = 'z fm> where
lift-fm-nom m (-t) = «(lift-tm m t)»

| <lift-fm-nom - (-P) = -P»

| <lift-fm-nom m (= p) = = lift-fm-nom m p»

| <lift-fm-nom m (p A q) = (lift-fm-nom m p A lift-fm-nom m q)»

| <lift-fm-nom m (O p) = T(lift-fm-nom m p)»

| <lift-fm-nom m (@i p) = Q(lift-tm m ) (lift-fm-nom m p)»

| <lift-fm-nom m (A p) = A (lift-fm-nom m p)»

Py
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| <lift-fm-nom m (4 p) = 4 (lift--fm-nom (m + 1) p)»
| <lift-fm-nom m (¥ p) =V (lift-fm-nom m p)»

primrec lift-fm-pro :: «<nat = 'z fm = 'z fm» where
dift-fm-pro - (+t) = -t

| <lift-fm-pro m (+P) = -(lift-tm m P)»

| <lift-fm-pro m (- p) = = lift-fm-pro m p»

| <lift-fm-pro m (p A q) = (lift-fm-pro m p A lift-fm-pro m q)»
| <lift-fm-pro m (O p) = O(lift-fm-pro m p)»

| <lift-fm-pro m (@i p) = @z (lift-fm-pro m p)»

| <lift-fm-pro m (A p) = A (lift-fm-pro m p)»

| diinpro m (4 p) = | (iftfnepmo m )

| <lift-fm-pro m (VY p) =V (lift-fm-pro (m + 1) p)»

primrec sub-pro :: «(nat = 'z fm) = 'z fm = 'z fm) where
<sub-pro - (+t) = -t

| <sub-pro s (+P) = case-tm s (- 0 O) P»

| <sub-pro s (— p) = = sub-pro s p»

| <sub-pro s (p N q) = (sub-pro s p A sub-pro s q)»

| <sub-pro s (O p) = O(sub-pro s p)»

| <sub-pro s (@i p) = Qi (sub-pro s p)»

| <sub-pro s (A p) = A (sub-pro s p)

| <sub-pro s (I p) = (sub—pm (lift-fm-nom 0 o s) p)»

| <sub-pro s (VY p) =V (sub-pro («(#0) > An. lift-fm-pro 0 (s n)) p)

abbreviation inst-single-pro :: 'z fm = 'z fm = 'z fm» («(-),>) where
«(q)p = sub-pro (g > + o #)»

primrec sz-fm :: <z fm = nat) where

<sz-fm (- )—1>

| <sz-fm (-P) =

|<sz—fm(ﬁp)= zfmp—|—1>

| <sz-fm (p A q) = sz-fm p + sz-fm g + 1>
| <sz-fm (O p) = sz-fmp + 1>

| <sz-fm (Qi p) = sz-fmp + 1>

| <sz-fm (A p) = sz-fmp + 1>

| <sz-fm ({ p) = sz-fmp + D>

| <sz-fm (VY p) = sz=-fm p + I»

primrec gs-fm :: 'z fm = nat> where
<gs-fm (-t) = O»

| <gs-fm (+P) = O

| <gs-fm (= p) = gs-fm p>

| <gs-fm (p A q) = maz (gs-fm p) (gs-fm q)>
| <gs-fm (O p) = gs-fm p>

| <gs-fm (@i p) = gs-fm p>

| <gs-fm (A p) = gs-fm p>

| <gs-fm (1 p) = gqs-fm p»

| <gs-fm (¥ p) = qs-fm p + 1>
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4.3.1 Lemmas
Finite
lemma finite-symbols-tm [simp]: «finite (symbols-tm t)»

{proof)

lemma finite-symbols-fm [simp]: «finite (symbols-fm p)»
(proof )

lemma finite-symbols-lbd: «finite (symbols-lbd p)»
(proof )

Terms
lemma env [simp]: <P ((z > E) n) = (Pxz > An. P (En)) m

{proof)

lemma lift-lemma [simp]: <case-tm (z > e) s (lift-tm 0 t) = case-tm e s t»
(proof)

lemma sub-tm-semantics [simp]: <case-tm e g (sub-tm s t) = case-tm (An. case-tm
eg(sn)) gt
(proof)

lemma semantics-tm-id [simp]: <case-tm # O t = &
{proof)

lemma semantics-tm-id-map [simp]: <map (case-tm # Q) ts = ts»
(proof)

lemma map-tm-sub-tm [simp: <map-tm f (sub-tm g t) = sub-tm (map-tm f o g)
(map-tm f t)
{proof)
lemma map-tm-lift-tm [simpl: <map-tm [ (lift-tm m t) = lift-tm m (map-tm f t)
{proof )
lemma semantics-tm-fresh [simpl: «x & symbols-tm t = case-tm e (g(xz := a)) t

= case-tm e g t»
(proof )

lemma map-tm-inst-single: <(map-tm f o (u > #)) t = (map-tm fu > #) b
(proof )

Nominals

lemma size-sub-nom [simpl: <sz-fm (sub-nom s p) = sz-fm p
(proof )
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lemma semantics-symbols-cong-nom:
assumes (Vi € symbols-fm p. Ni = N’
shows «(Model WR PINe Vf, w) = p +— (Model WRPIN' e Vf w)Ep
(proof)

corollary semantics-symbols-other-nom [simp]:

assumes (i ¢ symbols-fm p»

shows «(Model W R PI (N(i :==2x)) e Vf, w) = p<+— (Model WR PINeV
[y w) = p

(proof)

lemma sub-nom-semantics [simp]:

«((Model WR PIN eV f, w) = sub-nom s p <— (Model W R PI N (An. case-tm
eN (sn)) Vf w) =p

{proof)

lemma map-fm-sub-nom: <map-fm f (sub-nom s p) = sub-nom (map-tm f o s)
(map-fm f p)>
(proof )

lemma map-fm-inst-single-nom [simp]: <map-fm f ((t); p) = (map-tm ft); (map-fm
fpy
{proof )

Propositions

lemma semantics-symbols-cong-pro:
P € symbols-fmp. VP =V'P =
(Model WR PIN eV f, w) = p<+— (Model WRPINeV'f w)E p
(proof )

corollary semantics-symbols-other-pro [simp):

assumes (P ¢ symbols-fm p»

shows ((Model W R PINe (V(P :=z)) f, w) Ep <— (Model WR PIN eV
fyw) Ep

(proof)

lemma semantics-symbols-lbd-cong-pro:
P € symbols-lbd (i, p). VP =V' P =
(Model WR PIN eV f, w) = p<+— (Model WRPINeV'f w)E p
{proof)

lemma map-lift-fm-pro [simp]: <map-fm f (lift-fm-pro m p) = lift-fm-pro m (map-fm
fp)
(proof )

lemma map-lift-fm-nom [simpl: «<map-fm f (lift-fm-nom m p) = lift-fm-nom m

(map-fm f p)>
(proof )
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lemma map-fm-sub-pro: <map-fm f (sub-pro s p) = sub-pro (map-fm f o s) (map-fm

fo)
(proof)

lemma map-fm-inst-single: <(map-fm fo (¢ > + o #)) p = (map-fm f ¢ > - o

#) »
(proof )

lemma map-fm-inst-single-pro [simp: <map-fm f ({¢)p p) = (map-fm f q),, (map-fm

fr)
(proof )

4.3.2 softqdf

lemma softqdf-map-fm [simp|: <softqdf (map-fm f p) <— softqdf p
(proof)

lemma softqdf-lift-fm-nom [simp]: <softqdf (lift-fm-nom m q) «— softqdf ¢
(proof )

lemma softqdf-lift-fm-pro [simpl: <softqdf (lift-fm-pro m q) <— softqdf ¢
(proof)

4.3.3 Add env

lemma range-add-env:
assumes (range f C A> <a € A»
shows <range (a > f) C A»

(proof)

lemma softqdf-add-env: <softqdf ¢ = softqdf-sub (¢ > - o #)»
(proof)

lemma wf-env-add-nom: (wf-env (Model WR PINe Vf) = we W =
wf-env ((W=W,R=R II=PILN=NN=w>e V=V 0T=/[))
(proof )

lemma wf-model-add-nom: <wf-model (Model WR PINe Vf) —= we W =
wf-model ((W =W, R=R =PI N=NN=w>e V=V, 0=/f))
(proof )

lemma wf-env-add-pro: <wf-env (Model W R PINe V f) = P € PI =
wf-env ((W=W,R=R II=PILN=NN=e, V=V, 0=P> f))
(proof )

lemma wf-model-add-pro:
cwf-model (Model W R PI N eV f) = P € PI = wf-model (Model W R PI
NeV (P> f))

{proof)
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lemma softqdf-lift-fm-nom-add-env [simp):

<softqdf p = (Model W R PIN (v> e) Vf, w) | lift-fm-nom 0 p <— (Model
WRPINeVf w) = p

(proof )

lemma softqdf-lift-fm-pro-add-env [simp]:

<softqgdf p = (Model WR PINeV (P> f), w) E lift-fm-pro 0 p «— (Model
WRPINeVf wE=p

(proof )

4.3.4 Sizes

lemma gs-fm-sub-nom [simp]: <gs-fm (sub-nom s p) = gs-fm p
(proof)

lemma softqdf-qs-fm [simp]: <softqdf ¢ = qs-fm g = O»
(proof )

lemma softqdf-sub-pro: <softqdf-sub s => softqdf-sub (+(#0) > An. lift-fm-pro 0
(sn))
(proof )

lemma gs-fm-sub-pro [simp]: <softqdf-sub s = qs-fm (sub-pro s p) = gs-fm p>

(proof)

4.4 Propositional Quantification

definition worlds :: «('z, 'w) model = 'z fm = 'w set» where
worlds Mp={weWM. (M,w) Ep}b

lemma worlds-op [simp]:
assumes (wf-model M)
shows
cworlds M (= p) =W M — worlds M p»
cworlds M (p A q) = worlds M p N worlds M ¢
cworlds M (O p) ={weW M.Yve R Mw. ve worlds M p}

{proof)

lemma softqdf-worlds:
assumes <wf-model M» <softqdf p»
shows «worlds M p € 11 M»

{proof)

definition sqdfs :: «('z, 'w) model = 'w set set) where
<sqdfs M = { worlds M p |p. softqdf p

lemma sqdfs:
assumes (wf-model M)
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shows ¢sqdfs M C I1 M>
{proof )

lemma sqdfs-admissible:
assumes (wf-model M)
shows <admissible (frame.truncate M) (sqdfs M)»

{proof)

definition with-worlds :: «('z, 'w) model = (nat = 'z fm) = ('z, 'w) model
where
cwith-worlds M s = M0 = worlds M o s|)»

lemma sub-pro-with-worlds:

assumes (wf-model (Model W R PI N e V f) <w € W» «softqdf-sub s

shows ¢<(Model W R PIN e V f, w) = sub-pro s p «— (with-worlds (Model W
RPINeVf)s w) E p

(proof)

lemma worlds-id-sub:
assumes (wf-model (Model W R PI N e V f))
shows (worlds (Model W R PINe V f) (- (# n)) = fn

{proof)

lemma worlds-inst-single-pro:

assumes (wf-model (Model W R PI N e V f))

shows (worlds (Model W R PIN e V f) o (¢ > - o #) = (worlds (Model W R
PINeVf)g>fp

(proof)

corollary inst-single-worlds:
assumes (wf-model (Model W R PI N e V f)y «<w € W» <softqdf ¢
shows
«((Model WRPINeVf, w) E=(q)pp+—
(Model W R PI N e V (worlds (Model WR PINeVf)qg>f),wlkEp

(proof)

4.5 Model Existence

inductive confl-class :: 'z Ibd list = "z lbd list = bool> (infix «~x> 50) where
CNegP: <[ (i, = -P) | ~x (i, -P))
| CNegI: ([ (’[, - -k) ] ~ X [(l, k’)]>

inductive alpha-class :: <z Ibd list = 'z lbd list = booly (infix (~,> 50) where
CSym: <[ (i, k) | ~a [(k, -0)]

| CNom: <[ (i, +k), (i, p) | ~a [(k, P

| ONegN: <[ (i, = = p) | ~a (i, )]

| CConP: [ (i, p A q) | ~a [(4; p), (i, @]

| CSatP: <[ (i, @k p) | ~q [(k, p)]

| CSatN: <[ (i, = @k p) | ~q [(k, = p)]
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| CBozP: <[ (i, Op), (i, O(-k)) ] ~a [(k; p)
|CDWLPi[(,¢p)] i
| CDwnN: <[ (i, 7 4 p) ]| ~a [ (z = (i) p) D

inductive beta-class :: 'z Ibd list = "z Ibd list = bool) (infix (~p> 50) where
CConN': <[ (Zz - (p A Q)) ] ~p [(7’3 - p)7 (7’3 - Q)]>

inductive gamma-class-nom :: <z lbd list = ('z tm = -) = bool) (infix -
50) where

CRefl: <[] ~ni (Mi. [ (4, +7) )
| CGloP: <[ (i, A p) ] ~n~i (Mk. [ (K, p) )

inductive gamma-class-fm :: 'z lbd list = ('z Ibd set = 'z fm set) x ('z fm = -)
= booly (infix (~,,> 50) where
CAUP: <[ (i, ¥V p) | ~~p (A-. {q. softqdf ¢}, Aq. [ (¢, (¢)p ) ])»

fun 6 :: <z Ibd = 'z = 'z Ibd list> where

CBozN: <6 (i, - Op) k = [(Ok, = p), (¢, ¢ (- (O k)]
| CGIoN: 5 (i, = A p) k= [ (Ok, = p) ]
{ CAIIN: <[<]5 (4, =V p) P=[(i, = (-«(OP))p p)

0 --=1p

interpretation P: Params map-lbd symbols-lbd «<\-. True)
(proof)

interpretation C: Confl map-lbd symbols-lbd <\-. True> confi-class
(proof)

interpretation A: Alpha map-Ibd symbols-lbd «\-. True> alpha-class
(proof )

interpretation B: Beta map-lbd symbols-lbd «\-. True> beta-class
(proof)

interpretation GI: Gamma-UNIV map-tm map-lbd symbols-lbd <\-. True> gamma-class-nom
(proof )

interpretation GP: Gamma map-fm map-lbd symbols-lbd «<\-. True> gamma-class-fm
(proof)

interpretation D: Delta map-lbd symbols-lbd <\-. True) §
{proof )

abbreviation Kinds :: <('z, 'z Ibd) kind lists where
«Kinds = [C.kind, A.kind, B.kind, GI.kind, GP.kind, D.kind])

lemma propg-Kinds:
assumes (P.satgp C.kind C» «P.satg A.kind C) <P.satgp B.kind C»> <P.satg
GI.kind C» «P.satg GP.kind C» «P.satg D.kind C»
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shows «P.propg Kinds C»
(proof)

interpretation Consistency-Kinds map-lbd symbols-lbd <\-. True> Kinds
(proof )

interpretation Maximal-Consistency map-lbd symbols-lbd <\-. True> Kinds
(proof)

context begin

lemma (P.propg Kinds C = S € C = (i,-P) ¢ SV (i,~ :P) ¢ S
{proof)

lemma <P.propg Kinds C = S € C = (i, p A q) € S = {(i, p), (4, )} U S
e Oy
(proof)

lemma <P.propg Kinds C = S € C = (i, (pANq) e S={({ ~p}tUs
eCVv{li,mqtuSe
(proof)

lemma (P.propg Kinds C = S € C = (i, 0 p) € S = (i, O(-k)) € § =
{(k,pusSe
{proof)

lemma «P.propg Kinds C = S € C = (¢, -~ Op) € S = Fk. {(k, - p), (4,
O (E)uSe
(proof)

lemma (P.propg Kinds C = S € C = { (i,-0) } U S € O
{proof)

lemma <P.propg Kinds C —= S € C = (i, Ap)e S={ (k,p) }US e )
(proof)

lemma «P.propg Kinds C —= S € C = (i, " Ap) e S = Fk. {(k,~p) }
used
(proof)

lemma «P.propg Kinds C = S € C = (i, V p) € S = softqdf ¢ = { (i,
(g)pp) JUS €O
(proof )

lemma («P.propy Kinds C — S € C = (i, -V p) € § = 3IP. { (¢,
(-(OP))pp) fUS €O
(proof )

end
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definition equiv-nom :: <’z lbd set = 'z tm = 'z tm = bool> where
cequiv-nom S i k = (i, -k) € S»

definition assign :: <z tm = 'z lbd set = "z tmy (<[-]-» [0, 100] 100) where
(i]s = wo-rel.minim ( |UNIV| ) {k. equiv-nom S i k}»

definition reach :: <z lbd set = 'z tm = 'z tm set) where
<reach S i = {[k]s |k. (¢, © (-k)) € Sp

definition val :: 'z Ibd set = 'z tm = 'z tm set> where
«wal S P = {li]s |i. (i, -P) € Sh

lemma range-val-ne: <range (val S) # {}

(proof)

lemma admissible-Pow: <admissible F (Pow (W F))»
{proof)

definition admits :: <'w frame = 'w set set = 'w set set = bool> where
<admits F B PI = PI # {} A PI C Pow (W F) A B C PI A admissible F' PI)

definition adm-0 :: <'w frame = 'w set set = 'w set set» where
<adm-6 M PI =
{WM-X|X.XePl}U
{(XNY|XY.XePINYePI}U
{{weWMVYveRMw ve X} | X. Xe€Plh

abbreviation <grow FF B = API. BU PI U adm-§ F' (B U PI)

definition admit :: <'w frame = 'w set set = 'w set set> where
<admit F B = Ifp (grow F B)»

lemma mono-grow: «mono (grow F B)»
{proof)

lemma admissible-6: <admissible F B +— adm-6 F' B C B»
(proof)

lemma admit-B: <B C admit F B»
(proof)

lemma admit-Pow: «B C Pow (W F) = admit F B C Pow (W F)»
(proof)

lemma admissible-grow: <admissible F B <— grow F B B = B)

(proof)

lemma Ifp-grow: <grow F B (Ifp (grow F B)) = Ifp (grow F B)»
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{proof)

lemma admit-admissible: <admissible F' (admit F' B)»

{proof)

lemma admits-admit: <B # {} = B C Pow (W F) = admits F' B (admit F
B)»
{proof)

lemma admissible-admit:
assumes (B # {}» «<B C Pow (W F))
shows
<admit FF B # {}
<admit F B C Pow W F)»
<admissible F (admit F B)»

(proof)

abbreviation canonical-frame :: 'z Ibd set = ('z tm) frame)> where
<canonical-frame S = ( W = {[k]s | k. True}, R = reach S |»

abbreviation canonical-gframe :: <z Ibd set = ('z tm) gframe> where
<canonical-gframe S = frame.extend (canonical-frame S)
( II = admit (canonical-frame S) (range (val S)) |)»

definition canonical :: <’z lbd set = ('z, 'z tm) model> where
<canonical S =
gframe.extend (canonical-gframe S)

(N = Xi. [Ofls,
YV =wal S o Q,
B =wval S o #

B

lemma wf-canonical-frame: <wf-frame (canonical-frame S)»
(proof)

lemma val-Pow: <range (val S) C Pow (W (canonical-frame S))»
(proof)

lemma wf-cannonical-gframe: <wf-gframe (canonical-gframe S)»
(proof )

lemma admits-val: <admits (canonical-frame S) (range (val S)) PI = val S P €
P

{proof)

lemma admit-val: <val S P € admit (canonical-frame S) (range (val S))»

(proof)
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lemma wf-canonical-env: <wf-env (canonical S)»
{proof)

lemma wf-gframe-canonical: <wf-gframe (gframe.truncate (canonical S))»
(proof )

lemma wf-canonical: <wf-model (canonical S)»
{proof)

lemma admissible-sqdfs: <admissible (canonical-frame S) (sqdfs (canonical S))»
(proof)

lemma sqdfs-Pow: <sqdfs (canonical S) C Pow (W (canonical-frame S))»
{proof)

lemma val-sqdfs: <val S P € sqdfs (canonical S)»
{proof )

lemma admits-canonical-sqdfs: <admits (canonical-frame S) (range (val S)) (sqdfs
(canonical S))»

(proof)

definition canonical-ctz :: 'z lbd set = 'z tm = ('z, 'z tm) ctxy ([-, -]>) where
[S, i] = (canonical S, [i]s)

lemma sqdfs-canonical: <sqdfs (canonical S) = II (canonical S)»

(proof)

lemma canonical-tm-eta [simpl: <case-tm (N\i. [# i]s) (An. [O nls) k = [k]s»
{proof)

corollary canonical-tm-eta’ [simp]: <case-tm (M (canonical S)) (N (canonical S))
k= [k]s)
(proof)

locale MyHintikka = Hintikka map-lbd symbols-lbd <\-. Truey Kinds S
for S :: <z Ibd set»
begin

lemmas
confl = saty|of C.kind] and
alpha = saty|of A.kind] and
beta = saty|of B.kind] and
gammal = satg|of GI.kind] and
gammaP = satg[of GP.kind] and
6 = satglof D.kind]

lemma Nom-refl: «(i, i) € S

{proof)
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lemma Nom-sym:
assumes (7, -k) € &
shows «(k, +i) € S»
(proof )

lemma Nom-trans:
assumes (7, +j) € S» «(4, -k) € S»
shows «(i, -k) € S»
(proof)

lemma equiv-nom-ne: «{k. equiv-nom S i k} # {}
{proof)

lemma equiv-nom-assign: <equiv-nom S i ([i]g)
{proof)

lemma equiv-nom-Nom:
assumes <equiv-nom S i ky (i, p) € S
shows «(k, p) € S

(proof)

lemma assign-in-W: <[i]s € W (canonical S))
{proof)

theorem model: <((i, p) € S — [S,i] Ep) A ((i, mp) € S — =[S, 1] E p)»
(proof)

end

theorem model-existence:
fixes S :: 'z Ibd set»
assumes <P.propg Kinds C»
and S € C»
and ¢P.enough-new S»
and «(i, p) € S
shows ([mk-mcs C S, i] E p

(proof)

4.6 Natural Deduction

inductive Calculus-Set :: 'z Ibd set = 'z lbd = bool> (<~ -» [50, 50] 50) where
Assm [dest]: (i, p) € A= A ¥ (i, p)»

| Ref [simp]: <A b (4, +i)»

| Nom [dest]: <A ¥ (i, k) = A ¥ (i, p) = At (k, p)

| NotI [intro]: «{(i, p)} U AWK (i, L) = A ¥ (i, = p)
| NotE [elim]: <A ¥+ (i, np) = At (i, p) = At (k, q)»
| AndI [intro]: <A ¥ (i, p) = AF (i, q9) = A¥F (i, p A q)

| AndD1 [dest]: <A ¥ (i, p A q) = A ¥ (i, p)»



| AndD2 [dest]: <A ¥ (i, p A q) = A ¥ (i, q)»

| Satl [intro]: <A ¥ (i, p) = A+ (k, Qi p)»

| SatE [dest]: <A v (i, @k p) = A+ (k, p)

| BoxI [intro]: {(i, & (- (Ok))} U At (Ok, p) = k ¢ symbols ({(i, p)} U A)
= At (4,0 p)

| BozE [elim]: <At (4,0 p) = At (4, O (k) = At (k, p)»

| GloI [intro]: <A\ (Ok, p) = k ¢ symbols ({(¢, p)} U A) = A ¥ (i, A p)»

| GIoE [dest]: <A ¥ (i, A p) = Ak (k, p)

| Dwnl [intro]: <A ¥ (i, (i); p) = At (4, 4 p)

| DwnE [dest]: <A ¥ (i, 4 p) = At (4, (i); p)

| AUI [intro]: <A ¥ (¢, (-(OP))p p) => P ¢ symbols ({(i, p)} U A) = A F (4,

v p)
| AIIE [dest]: <AV (i, V p) = softqdf ¢ = A ¥ (4, (¢)p D)
| Clas: <{(i, " p)} UAF (i, p) = AF (4, p»

4.6.1 Soundness

theorem soundness:
assumes (A I (i, p)» «V(k, ¢) € A. (Model WR PINe V[, case-tm e Nk) |E

@
<wf-model (Model W R PI N eV f)
shows ((Model W R PI N e V f, case-tm e N i) = p»

{proof)

corollary soundness’:
assumes {} &+ (O1, p)» «i ¢ symbols-fm p>
and <wf-model M> «w € W M>»
shows (M, w) &= p»
(proof )

lemma no-bot: <— (M, w) E L»
{proof)

corollary = ({} + (Oi, L))
(proof )

4.6.2 Derived Rules

lemma Assm-head [simp]: {(p, ©)} U A+ (p, i)
{proof)

lemma Boole: «{(i, " p)} UAF (i, L) = A ¥ (i, p)»
(proof )

lemma FIsE [dest]: <At (i, L) = A+ (k, p)»
{proof)

4.6.3 Derivational Consistency

lemma calculus-confi:
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assumes (ps ~x s> <set ps C A» «q € set ¢8> «q € A
shows <A + (i, L)
(proof)

lemma calculus-alpha:
assumes (ps ~, ¢ <set ps C Ay <set gs U Ak (¢, L)
shows <A + (¢, L)
(proof )

lemma calculus-beta:
assumes (ps ~g ¢s» <set ps C A» Vg € set gs. {q} U A ¥ (i, L)
shows <A + (¢, L)
(proof)

lemma calculus-gammal:
assumes (ps ~; gs» <set ps C Ay «set (¢gs k) U At (7, L)
shows <A I (i, L)
(proof)

lemma calculus-gammalP:
assumes (ps ~, (F, ¢s)> <set ps C A <k € F A «set (¢gs k) U At (i, L)
shows (A t (i, L)
(proof)

lemma calculus-0:
assumes p € Ay <k ¢ symbols A» <set (§ p k) U A ¥ (a, L)
shows <A t (a, L)

{proof)

interpretation DC: Derivational-Confl map-lbd symbols-Ibd <\-. True> confi-class
AA. = AF (a, L)
(proof )

interpretation DA: Derivational-Alpha map-lbd symbols-Ibd <\-. True> alpha-class
AA. = Ak (a, L)
(proof )

interpretation DB: Derivational-Beta map-lbd symbols-lbd «\-. True> beta-class
AA. = Atk (a, L)
(proof)

interpretation DGI: Derivational-Gamma map-tm map-lbd symbols-lbd <\-. True>
GI.classify-UNIV <AA. = At (a, L)

{proof)

interpretation DGP: Derivational-Gamma map-fm map-lbd symbols-lbd «<\-. True»
gamma-class-fm <AA. = At (a, L)

(proof)
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interpretation DD: Derivational-Delta map-lbd symbols-lbd «<A-. Truey § (ANA. —
At (a, L)
(proof)

interpretation Derivational-Consistency map-lbd symbols-lbd <\-. True> Kinds
AA. =~ AF (a, L)
(proof)

4.6.4 Strong Completeness

theorem strong-completeness:
fixes p :: <z fro
assumes mod: <A\(M :: ('z, 'z tm) model) w. wf-model M — w e W M —
V(k, q) € A. (M, case-tm (M M) (N M) k) E ¢ =
(M, w) = p
and <«P.enough-new A>
shows <A t (i, p)»

(proof)

4.7 Natural Deduction with Lists

inductive Calculus :: 'z Ibd list = 'z Ibd = bools (infix - 50) where
Assm [dest]: «(i, p) € set A = A+ (i, p)»
| Ref [simp]: <A F (4, «i)»

| Nom [dest]: <A & (i, k) = AF (i, p) = AF (k, p)

| NotI [intro]: «(i, p) # AF (i, L) = A+ (i, - p)

| NotE [elim]: <AF (i, np) = AF (i,p) = AF (k, q)»

| AndI [intro]: <A & (i, p) = At (i, q) = AF (i, p A q)»

| AndD1 [dest]: <AF (i, p A q) = AF (i, p)»

| AndD2 [dest]: <AF (i, p A q) = AF (i, qp»

| Satl [intro]: <A & (i, p) = A+ (k, Qi p)»

| SatE [dest]: <A+ (i, @k p) = A+ (k, p)

| BozI [introl: «(i, ¢ (- (O F (Ok, p) = k ¢ symbols ({(i, p)} U set A)

A
k) # A
= A+ (4,0 p)
| BozE [elim]: <A+ (i, 0 p) = A
| GloI [intro]: <A F (Ok, p) =
| GIoE [dest]: <A F (i, A p) =
| Dwnl [intro): <A & (i, (i); p) = A+ (i, p)
| DwnE [dest]: <At (i, L p) = AF (4, (i); p)
| AUI [intro]: <A & (i, (-(OP))p p) = P ¢ symbols ({(i, p)} U set A) = A+
(i, V p)
| AIIE [dest]: <A (4, V p) = softqdf ¢ = A F (4, (¢)p p)
| Clas: «(i, ~p) # AF (i, p) = AF (i, p)»

= (i, © (+h) = A (k p)
k ¢ symbols ({(i, p)} U set A) = AF (i, A p)
AF (ks p)

definition bounded :: <'a list = 'a set = ('a list = bool) = bool> where
<bounded K A P =set KC AN (VB. set K C set B—» set BC A — P B)»

lemma bounded-one [elim]:
assumes <bounded K A Py (\NA. P A = Q A>
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shows <(bounded K A ()
(proof)

lemma bounded-two [elim]:
assumes <bounded K A Py <bounded K' A @» <\NA. PA— QA= R A
shows <bounded (K @ K') A R»

{proof)

lemma bounded-removeAll [dest]:
assumes <bounded K ({p} U A) P»
shows <bounded (removeAll p K) A (AB. P (p # B))

{proof)

lemma bounded-params:
assumes <a ¢ P.params ({p} U A)» <bounded K A P»
shows <bounded K A (AB. a ¢ P.params (set (p # B)))»

(proof)

lemma finite-kernel: <A+ (i, p) = I K. bounded K A (AB. BF (i, p))»
(proof)

corollary finite-assumptions: <A ¥ (i, p) = IB. set BC A A B+ (i, p)»
(proof)

lemma calculus-set: <A+ (i, p) = set A+ (i, p)»

(proof)

corollary soundness-list:
assumes (A F (i, p)» VY (k, q) € set A. (M, case-tm (M M) (N M) k) E ¢
and <wf-model M)
shows (M, case-tm (M M) (N M) i) E p
(proof )

corollary soundness-nil:
] F (O1, p) = i ¢ symbols-fm p = wf-model M — w e W M = (M, w)
=P

(proof)

corollary «— ([] F (¢, L))
{proof)

corollary strong-completeness-list:
fixes p :: <z frmo
assumes (\(M :: ('z, 'z tm) model) w. wf-model M — w € W M —
V(k, q) € A. (M, case-tm (M M) (N M) k) E ¢ = (M, w) = »
and <«P.enough-new A»
shows (3B. set BC A A B (i, p)»

(proof)
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theorem main:

fixes p :: 'z fm>

assumes <« ¢ symbols-fm p» <JUNIV :: 'z Ibd set| <o |UNIV :: 'z set]

shows «([] - (O1, p) +— V(M :: ('z, 'z tm) model). Yw € W M. wf-model M
— (M, w) |= p)

(proof )

4.8 The Need for SQDFs

4.8.1 Finite Unions of Arithmetic Progressions

From Manuel Eberl’s Furstenberg-Topology AFP entry

definition arith-prog :: int = nat = int set where
arith-prog a b = {z. [x = a] (mod int b)}

lemma arith-prog-0-right [simp): arith-prog a 0 = {a}
(proof )

lemma arith-prog-Suc-0-right [simp]: arith-prog a (Suc 0) = UNIV
(proof)

lemma in-arith-progl [intro]: [z = a] (mod b) = x € arith-prog a b
{proof)

lemma arith-prog-disjoint:
assumes [a # a'] (mod int b) and b > 0
shows arith-prog a b N arith-prog a’ b = {}
(proof)

lemma arith-prog-dvd-mono: b dvd b’ = arith-prog a b’ C arith-prog a b
(proof )

lemma bij-betw-arith-prog:

assumes b > 0

shows bij-betw (An. a + int b x n) UNIV (arith-prog a b)
(proof)

lemma arith-prog-altdef: arith-prog a b = range (An. a + int b % n)
(proof)

lemma infinite-arith-prog: b > 0 = infinite (arith-prog a b)

{proof)

lemma arith-prog-complement:

assumes b > 0

shows —arith-prog a b = (|Ji€{1..<b}. arith-prog (a + int i) b)
(proof)
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lemma arith-prog-distinguish:

assumes x #* y

shows Ja cb. b > 0 A x € arith-prog a b \ y € arith-prog ¢ b A\ arith-prog a b
N arith-prog ¢ b = {}
(proof)

Unions of Arithmetic Progressions
lemma arith-prog-offset-in: <k € arith-prog a b => arith-prog k b = arith-prog a
b»

{proof )

lemma arith-prog-mod: <arith-prog (a mod int b) b = arith-prog a b
(proof)

lemma mod-bounds: <b > 0 = a mod int b > 0 A a mod int b < by
(proof)

lemma mod-range: <{a mod int b |a. b > 0} C {0..<int b}
{proof)

lemma finite-mod-range: «<finite {a mod int b |a. b > 0}

(proof)

definition arith :: (nat set = int set = bool» where
<arith BU =Va € U.3b € B. b > 0 A arith-prog a b C U»

lemma arith-mono: <arith B U = B C C = arith C U»
(proof)

lemma arith-empty-steps: <arith BU — B={} = U = {}
(proof)

lemma arith-ne-steps: <arith BU — U # {} = B # {}
{proof)

lemma arith-decomp:
assumes <arith B U»
obtains abs where
<finite B = finite abs»
<Nab. (a,b) € abs = b>0ANbeE B
U = (U (a, b) € abs. arith-prog a b)>
(proof)

lemma arith-UNIV: <arith {1} UNIV»
{proof)
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lemma arith-empty: arith B {}
{proof)

lemma finite-case-prod-lem: <finite B = finite C = finite (case-prod lem * (B
x C))»
(proof)

lemma arith-inter:
assumes U: <arith B Uy and V: <arith C V>
shows (arith (case-prod lem ‘(B x C)) (U N V)

(proof)

lemma arith-Inter:
assumes (finite X» and X: VU € X. arith B U» <X # {}p
shows (3 B’. (finite B — finite B") A arith B’ (N X)»

(proof)

lemma arith-union:
assumes <arith B Uy <arith C V>
shows <arith (B U C) (U U V)

(proof)

lemma arith-ne-infinite:
assumes <arith B U» <U # {}
shows <infinite U

(proof)

lemma arith-prog-arith [introl:
assumes b > 0
shows <arith {b} (arith-prog a b)»
{proof)

lemma arith-prog-complement-arith [introl:
assumes b > 0
shows <arith {b} (— arith-prog a b)»
(proof)

lemma arith-complement-arith [intro|:
assumes <arith B U» «(finite B>
shows <3 B’. finite B’ A arith B’ (— U)»
(proof)

lemma arith-distinguish:
assumes (& # y»
shows <3 B U V. finite B A arith BU ANarith BV Nz e UNye VAUNTV

={b
{(proof)
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Finite Unions of Arithmetic Progressions
definition fin-arith :: <int set = bool> where

<fin-arith U = 3 B. finite B A\ arith B U»

lemma fin-arith-UNIV [intro]: <fin-arith UNIV»
{proof )

lemma fin-arith-empty [introl: fin-arith {}>
{proof)

lemma fin-arith-inter [introl: <fin-arith U = fin-arith V. = fin-arith (U N V)
(proof )

lemma fin-arith-union [intro): «fin-arith U => fin-arith V = fin-arith (U U V)»
(proof )

lemma fin-arith-compl [intro]: «fin-arith U = fin-arith (— U)»
{proof)

lemma fin-arith-distinguish:
assumes (x # >
shows <3 U V. fin-arith U A fin-arith VNz € UNye VAUNV ={}h

{proof)

Singletons

lemma arith-prog-singleton: () {arith-prog a b |a b. b > 0 A x € arith-prog a b}
= {zp
(proof)

lemma fin-arith-Inter-singleton: <\ {U |U. fin-arith U Az € U} = {z}
(proof)

lemma singleton-not-finarith: - fin-arith {z}
(proof )

4.8.2 Counterexample

definition Pss :: <int set set» where
«Pss = {U. fin-arith U}»

lemma Pss-empty: <{} € Pss»

{proof)

lemma Pss-UNIV: «(UNIV € Pss»
(proof )

lemma Pss-union: <X € Pss — Y € Pss —= X U Y € Pss»
(proof)
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lemma Pss-inter: <X € Pss — Y € Pss — X N Y € Pss»
(proof )

lemma Pss-compl: <X € Pss — — X € Pss)
(proof )

definition my-gframe :: <int gframe> where
<my-gframe = (| W = UNIV, R = Ax. UNIV, II = Pss |)»

lemma wf-frame-mygframe: <wf-frame (frame.truncate my-gframe)>
(proof)

lemma admissible-mygframe: <admissible (frame.truncate my-gframe) (II my-gframe)»

(proof)

lemma wf-mygframe: <wf-gframe my-gframe>
{proof )

definition my-model :: «(int, int) model> where
«my-model = gframe.extend my-gframe (N = Xi. 4, 0 = Ai. int 4, V = In. {},
U = An. {})

lemma wf-mymodel: <wf-model my-model»
(proof )

abbreviation GIloFE :: <z fm = 'z fm> (\E») where
(Ep =" (A (—\ p)))

Nowhere-or-twice says that if formula p holds somewhere, then it holds in
at least two distinct worlds.

(We ignore de Bruijn complications and only instantiate with closed formu-
las.)

abbreviation <nowhere-or-twice p =
(©p) —
(© [ (O
(@ (#1) p) A
(@ (#0) p) A
(@ (#0) (((#1))

Finite unions of arithmetic progressions are either empty or infinite.

lemma fin-arith-nowhere-or-twice:
assumes <fin-arith U>
shows «U={}V (3zy.zc UNnyec UAz#yp
(proof)

So nowhere-or-twice holds for all admissible propositions.

lemma nowhere-or-twice-admissible: <(my-model, x) =V (nowhere-or-twice (+(#0)))
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{proof)

However, propositional quantification lets us form a singleton.

abbreviation <singleton z =V ( Q(Qz) (+(#0)) — (#0) »»

lemma singleton: «((my-model, x) = singleton y) «+— x =
{proof)

lemma fin-arith-distinguish’:

~/P. fin-arith P — y € P—v € P=—= v#w=—3IP. y € PA fin-arith P
ANwé Py

(proof )

The singleton does not hold nowhere-or-twice.

lemma not-nowhere-or-twice-singleton: <— (my-model, x) = nowhere-or-twice (singleton

y)
(proof)

So we cannot always eliminate a quantifier with a non-quantifier-free for-
mula.

theorem counter:

shows <= (my-model, z) =V (nowhere-or-twice («(#0))) — nowhere-or-twice
(singleton y)»

{proof)

end
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